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U3 MPEIMCIIOBUS K NMEPBOMY U3JAHMIO

B cBA3M ¢ nOTPeGHOCTAMH HOBOH TeXHHKH WMHXKEHepHAf [PAKTHKA
HAUIMX AHell BCe ualle M yallle RCTPeudeTCs ¢ MaTEMATHYECKUMH 3a0a4aMHu,
TOYHOE pelleHye KOTOPHX BECHMA CJOXHO WIH HensBecTHo, B 3THX
Cyuasx OO6H4HO NMpuGeraloT K TeM WM HHBM NPHOAMKEHHHM BBIYHC/IC-
uusM, BoT nouemy RPuOAMKEHHBIC M YMC/AECHHEIE METOAB MATEMATHUYCCKOTO
amanua3a MONyHMAW 3a NOCAEAHMe TOJH INHPOKOE pa3suThe M npuobpenn
HCK/HOYMTENBHO BAXKHOE 3HAUEHUeE.

Poct npousBopuTedbHHX CHA B XX cToneTuu 06yCnOBUA PEUIMTENbHEIH
nporpect B OONACTH BHIYMCAMTENBHOM TeXHHKH, NMPHBELMMH K CO3XaAHHIO
COBPEMEHHBIX 3JIEKTPOHHBIX BRYHCAHTENBHBIX MAIIMH C IPOTPAMMHLIM yTIPAB-
AcHMeM, ITO HEOTPAHHUEHHO PACHIMPH/IO BHYUCAUTE/NbHBIE BO3MOXHOCTH
MaTEMATHKY: 3amauu, NS Pellienus KOTOPHX IPU PydnoM cuerte Tpedo-
BaAuCh TOLH, cefiuac cnnoumb ¥ PSAOM PemtdioTCs 3a HECKO/BKO 4acoR,
NpHUEM HEMOCPENCTBEHHBIH CYeT 3aHUMAET MHHYTH,

B ¢BOI0 Ouepenb, HOBHE REIYMCAUTENbHHE CPELCTRA BLI3RAAHM Repe-
OLEHKY M3BECTHEIX METOXOB DellleHHs 3axau ¢ TOUKM 3pehus lenecool-
PA3HOCTH X PEaNH3AlMM HA CORPEMEHHBLIX BHUYHCAHUTENBHBIX MAIIHHAX H
CTUMYJHMPORAAU cO3MaHue Oo0Nee 3QQeKTHBHBIX NPHEMOB.

YMes0e npuMeHeHHe BHYHCAUTENLHOH TEXHUKH HEMBICAMMO Oe3 3uaHud
BHIYHCAUTENbHOM MareMaTHku, B Hactosdliiee mpems Tpymno cefe npen-
CTaBHTb TROPYECKH pPabOTAIOLIEro HHXeHepa-uCCAeIORATe/sl HAH CHELH-
anucra MO0 3KOHOMHYECKOMY [JIAHUPOBAHAIO, He BAAJCIOLIEr0 MeTOAaMH
npuSAMKEeHHOrO ananmusa. MaccoBOe TMOABICHHE BHYHC/AUTENbHRX LEHT-
POB, KAK CAMOCTOATENbHBIX, TAK U MpPH psale yueOubix H HAy4HO-uCChe-
IOBATENbCKUX HHCTHTYTOB, TaKwe HeM3CEKHO CTABHT BOMPOC O HEoBX0-
JMMOCTH TOBHIIEHHS MATEMATHUECKOH IOATOTOBKH HHXKEHEPOB, B NEPBYIO
ouepens B 06aCTH NPUOGIHIKEHHBIX BHUHCIEHUH.

Yxazaunme BHIE 00CTOATENBCTBA JENAIOT AaKTyaNbHbIM HaMHcanKe
yueSHBIX mnocobuit MO BHYMCAUTENBHOH MarTeMaTHKe JUIA HHXEHEpOB,
3KONOMHCTOB H T. 1.

Hacrosiuiass kHHra nocBsilieHa w30pavHmM BOAPOCAM UYHC/IEHHOrO aHa-
nM3a; npubnmkenuio GyHKuMi 1 npHOMMXKEHHOMY pelieHHI0 auddeped-
IHaNbHBIX  ypaBHeHHH (OOBLIKHOBEHHBX M C YAcTHHIMM TNPOU3BOJHBIMH).
Takoit sniGop MaTepuana OOYCIOBAEH TeM, YTO ROMPOcH, cBA3AHHBIE C



H3 TNPENHCAOBHS K TEPBOMY H3JAAHHIO 7

pellleHHeM alreGpaN¥ecKnX YpaBHEHHH H YHCIEHHLIMH METONAMU JnHeHnOH
anredput 11 1p., uMeloTcss B Bhienmed B 1960 r. kuure anTopon «OcHOBH
BRIYHC/IUTENBHOR MaTeMaTHKHY #),

Lens aTolt KnHrH, KaK ¥ yKa3asHHOH BHILE, JAaTh CHCTEMATHYECKOe
U COBRpPEMEHHOE H3NOKeHHe BaHeHIUUX NPUEMOB NPUOAMWEHHOTO ¥ YHC-
JIBHHOrO ananusa (B npelenaXx paccMaTpuBaeMHX TeM) na 6ase obuiero
BTY30BCKOI'0 KypCa BeICUIeH MATeMaTHKH.

Hns pacimperust MaTeMaTH4eCKOTO KPYro3opa uHmeHepa 1aeTcs MOHS-
THE O HEeTPAJMIHOHHRIX MeTOjax BoluucAeHufit Merofe Monte-Kapno u
METONE MOMENUPOBaHHA,

Kak u B nepBOi KHure, OCHOBHBE M@TOMbl JOBeJEHBl 10 YHCIEHHBIX
TIPUAOKEHNI! fladbl pacdeTHHIE CXeMbl W NpHUBeJeHb YHCJAOBLIE MPUMEPH
¢ nonpoOHBIM XOAOM peweHHss. B ueasgx A0XOAYHBOCTH GO/bLIIMHCTBO
TIPUMEPOR PACCMATPHBAETCS B YIPOUIEHHOM TPAKTOBKE ¥ HOCHT MJMIOCT-
paTHBRHBIH XapaxTep,

s NOHMMAHUST OCHOBHOIO TEKCTd KHHTH JOCTATOYHO 3HAHUSA BHICIUeH
MaTeMaTuku B OGbeMe NByX IEPBHIX KYPCOB BTY30B MAauIMHOCTPOUTENb-
HelX cneuuanbHocTeff, Heob6xonumnie cBeleHHs MO MaTeMaTHke, He BXO-
Ispe B OoOGLLY0 TIPOrpaMMy BTY30B, M3/4raioTcH B COOTBETCTBYIOULHX
rnarax. Mcnonpsopannast ¥ IONOJHHTeNLHAS /MMTEPATYpa yKazaHa mocle
KawmoH raagmsl,

Knura npennasHageda mJisi CTYNEHTOB BTY30B C NORKILEHHOM Mporpam-
MOH 1O BpicIIefl MATEMATHKE U HHWEHePOB, 3aHUMAIOUMIMXCS TPHKAATHEIMH
BONPOCAMH, a TaKXKe Ias PAGOTHUKOR BBIYHCAUTE/LHBEIX GIOPO ¥ IIEHTPOB.
Kpome TOro, KHuTa OkaxceTcs HOJe3HOH CTymeHTaM (H3MKO-MATEMATH-
YeckHX (aKy/IbTETOB MeNarOrHYeCKHX WHCTUTYTOB M CTYHEHTaM SKOHOMHU-
YeCKUX BY30B.

B 3amady 4BTOPOR He BXOAUNO H3JIOKeHHe CBefeHHH MO TeXHUKe
PELIeHNST MHMCEHEPHBIX 3aay HA SJEKTPOHHHX BLIMHCIMTEMbHHX MallMBax
u TporpaMMuposanui, [To aTuM Bompocam cienyer oSpATHTHCS K ClIeiH-
AJbHBIM PYKOBOACTBAM,

ARTOpH NpHHOCSHT 6GJATONAPHOCTE KOJJIEKTHBY Kadeapw Buiclleft
MaTeMaTHKM ApTuniepuifickofl vixenepHol axanemuu um. . 3. L3epKun-
CKOTO, IPUHHMABILEMY yuaCTHe B OGCYXKIEHUH PYKONHCH, ARTOpH BHpaxa-
I0T TaKXe HCKPEHHIOI NMPU3HATENbHOCTD 3a 0OCTOATeAbHK e PereH3un npod.
b. M. JleButany u npod. X. JI. CmonunkoMy, KpHTHuecKue 3aMeyanus
KOTOPHX OBIJIH YYTEHH IPH OKOHYATENLHOM PelaKTHPORAHHM TEKCTA.

*) Bropoe H TpeThbe WM3gaHUsl YKA3aHHOH KHUCH BHIIH COOTBETCTBEHIIO
B 1963 n 1966 rr,

Mockaa 1961 r, Asmopot



APEJUCNOBUE KO BTOPOMY U3JAHULO

Bo BTopoM H3ZaHuM HCHPABJCHH 3aMe4eHHule OWHOKY W moOaBnesa
VIl rnaga «Murerpannunie ypasneuunst», Kpome Toro, B KoHue pBelenus
# rnaB IV u V cxenansl HeKOTOpble 3aMeuaHHd,

Mocksa, 1963 r. Aamopet

NPEJAUCIOBUE K TPETbEMY U3 AHUIO

B TtperbeM wu3lanuu KuMra MNoABEpriach HEKOTOPOH mepepaboTke,
I1enb KOTOpOil — caenarh ee Gojee HOCTYNHOMR s JIHL, UMEOWHX JHLIL
BTYy30Bckoe ofpa3oBaune. [l 9TOro m3bATH MM YACTHYHO COKPALUEHEI
HEKOTOpHIE COXHBE TeopeTuueckHe OGOCHOBAHMA METOJOB M YBENMYEHO
YHCAO OPUMEPOB, HAMOCTPHPYIOLME TEOPHIO.

HauGoabuine naMeHeHHs BHecennl B riasy l. 3mech Hanucansl HaHORO
§ 3 «MutepnonuponaHne NepHognuecknx QyHKUHHA C NOMOWBID TPHUTOHO-
METPHUUECKHX TNONHHOMOBY, § O «PyHKIUH, OPTOTOHANbHLIE HA TOYEYHOM
mHoxectsey; usMmeden § 6 «lloaunomun YeOwiesa, 0pToroHansHuie HA
cHCTeMe DABHOOTCTOMALIMX TOYeKy; H3BAT naparpad «llonstue o npu-
GMIKEHHOM TOCTPOEHUN MOJMHOMA HAWAYYIIero paBHOMEpPHOro NpHOAH-
Weuusi», B KoHUe KHUrM [JONONHUTE/IbHO MOMEUIeHb [MPHIOKEHUs W Tpel-
MeTHHH yKasaredb,

ABTOpH TpOCAT uuTaTeNeH O BCEX CBOUX MNOXENdHHAX M 3aMEYAHHAX
coobwarb no agpecy: Mocksa, B-71, Jlenuncknit npocnekr, 15, usna-
trenpcTBO «Haykay, TnaBnag pepmakums @usnko-maTematnueckolt nure-
paTyphi.

Mockea, 1967 r. - Aamopsi



BBEJEHUE

3uauenue BHIYHC/IUTENbHLHIX MAUHH U IABHBIM O0GPa3OM 3MEKTPOHHRX
BHIYUC/UTE/N6GHBX MALKH B Jejle TeXHUYECKOro nporpecca Hamel crpatmt
HCKAOuHTENbHO Reanko. CoBpemeHHbe 3JeKTPOHHWE HUPPOBHIE BHIYHC-
JHTeNIbHbIE MANIHHL NPOU3BOASAT AECATKH THICHY apHMETHYeCKHX U JIOTH-
YeCKHX onepauuf B cexynly H cnocoGHm B HCK/IIOUUTENbHO KOpPOTKHE
CPOKM JaBaTh pelIeHHs CHOWHeHIIX MATEMATHYECKHX H TeXHHYEeCKUX
3aJla4, HEMBLIC/HMbBIE MPH PYYHOM CueTe,

OrpoMHoe 6BICTPOSEHCTBHE BLIMUCAUTENbHBIX MALINH OTKPHIRAET HOBLE
IIUPOKHE BO3MOXHOCTY IJ%i MpuMeHeHus OOL{MX MATEMaTHYECKUX METOLOB
uccienoBanus B rpobiaemax (U3UKM, MEXAHUKH, XUMHH, acTPOHOMUH,
TeXHUKH, IKOHOMHKH H MHOTHX ADPYrux O6aacteil.

[TpuaUMIHaNBHOE OT/AMYME OT MPEKHEro MOJOXEHHN Belnell CoCToHT
B TOM, uTO CJOYHeHlUne Texnnyeckue H KOHOMHYECKHE ROMPOCH MOryT
pemraTbCsl B TOYHOH MOCTAHOBKE, HEAOCTYNHOH 1nd MajbiX BBYHC-
JHTEJbHBIX MaiiMH H3-3a upeaMepHoro obGnwema pabortel. B wacTHocTH,
HanpuMep, MPeACTARIAETCA NO-HOBOMY OPraHH3allus 1poliecca TeXHHue-
CKOTQ NPOEKTHPORAHHS C OTKA30M OT rpy6O OpPHEHTHPOBOYHBIX PACYETOB.

HickniounTenpbnoe 3Hadenue MMeEIOT 3J/IeKTPOHHLIE MAlIMHEHW LIS aBTO-
MATHYECKOrO ynpasfieHus OLICTPO ABHXKYILMMUCA OODBEKTaMH, HANPHMep
MEXIAHETHLIME paKeTHbIMH cnapsmaMu. Belnka Takwke POJb 371EKTPOH-
HWX BBRIYUCJHTENBHEIX MAUIHH SAA PA3BHTHR caMoil MateMatukn., Mawyau
HCNOAB3YIOTCA AR N0ACYETA MATEMATHYECKUX NOCTOSHHLIX; AMS Peurennit
anrebpanuecknx, TPAHCUEHIEHTHHX KW Jud@epeHuHaNbHbX YPaBHEHUH;
I/l pelleHns CAoXHeHIINX (GyHKUHOHANbHLHIX HepaBeHcTR U T. i, [loasn-
JIMCh HOBbIE CTATHCTHYeCKUE METOXB MAUHHHOIO peuledHdd 347a4 MaTe-
MaTHYeckOH @H3UKK, CTAN0 BO3SMOXHEIM 3KCMEPHMEHTAJBHOE peILUeHHE
NOTHYECKNX 3a4a4 M MHOroe japyroe.

TakuMm 06pa3oM, cO3JAHHE 23/IEKTPOHHBIX BHUHC/AHTEIbHBX MalHH
3HAMeHyeT PeluTe/bHEH CKauoK MO NYTH NpPOrpecca TOYHHX H TEXHH-
YecKMX HAYK Hallero peMeHH,

Bce 310 chmenano mecbMa akTyasibHBEIM  yCOBEPIIEHCTBOBAHHE W pa3-
BUTHE YHCJIEHHBIX H NPHOAMKEHHBIX METOXOB pemienud 3apay, Heno B oM,
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4TO MaUIHHA CNOCOCHA BHINMOMHATHL OYeHb GOMABIIOE, HO KOHEYHOE YHCIO
onepauut., IlostomMy TouHbleé npejgefibHBE MPOIECCH pelIeHHs 3alad,
CBSI3aHHME ¢ GECKOHEUHHM YHCNOM Omnepauui, npu padoTe HA MAIIMHE 110
HEOOXOIUMOCTH JOMKHB OHTb 3aMEHEHH MPUOMIKEHHBIMU AJATOPHTMAMH,
COLEPWAILUMHU JIHILB KOHeYHOe ync/o geficTauit, Hanpumep, npn mamunaom
BHIUMCIEHHH ONpEeNEeNeHHOr0 HHTEerpana nocjesHdf oOb4HO 3aMenfeTcs
KOHeuHOH uHTerpanpHOH cymmoifi, BMecTo auddepesuuanbHoro ypasxe-
HHA PACCMATPHMBAETCA KOHEYHast CuCTeMa YpARHEHHE B KOHEYHBIX pas-
HocTaXx M T, n. Kpome TOro, Mammna o6nagaer KOHEYHOH NaMATHIO
W MOXET ONepUpPOBATb C YHCAAMH JMlib KOHeuHoH ganun, TTostomy
NPOMEXYTOUHHE pe3ynAbTAThl OKPYLAAIOTCA, B pe3ynbTaTe 4YEro Jnawe
TOYHWH MeToa € KOHEYHBIM YHCHOM JeHCTBHH CTAHOBUTCH npubau-
JKEHHRIM,

B HacTOsiuee BpeMs pa3pabOTKA YHCJAEHHBIX H TPHOJMKEHHBIX METO-
0B peuienus 3aJa4 B OCHOBHOM NIPOTEKAET B ABYX HANpARAEHHIX! C OXHOM
CTOPOHBI, co3jaloTCd Gonee addeKTHBHHE NETEPMHHUPOBAHHLIE CIIOCOGH
pemlenus 3ajxad, yuyuThiBalomue crnenuduueckHe OCOGEHHOCTH CUETHHIX
MauiMH; ¢ APYrofd CTOPOHH, B MPAKTUKY yCNewfHO BHEAPAIOTCA CTAaTHUC-
THUeCKHe HeleTepMHHHUPOBAHHHE METOLb, OCHOBAHHHWE HA CAyyadHbIX
ucnutanusix (Meron Monte-Kapno n mpyrue) [1], [2].

Beicokast TNPOM3BOAUTENBHOCTL 3MeKTPOHHBIX MALIMH CYLiECTBEHHBIM
006pa30M M3MeHWJIAa NMOJAXOJ K OLEHKe TOT0 WIH HMHOrO BHIUHCIHTENBHOrO
meTtona. lleHHbIM OKaswBaeTCsd TOT METOM, KOTOpWi sBnasercs HauConee
YHUBEDPCANBHEIM U KOTOPBIH 100yCKaeT NPOCTYI0 peanu3alyio Ha MaufHax.,
Hanporum, MeTOHX, OCHOBAaHHBI}I Ha YACTHHX OCOGEHHOCTAX 3aXa4H HKAH
Ha MCKYCCTBE BHYUCAHTENs, OKa3blBAaeTCH Terlepb Mano npHTOIHbIM.
B cBfi3n ¢ 3TEM npousolsna czoeolpaznasi nepeoileHKa IeHHOCTeH: MHO-
THe BHYHMC/IUTEILHBIE METOJb, NPUBOAMUBILHE K TPOMO3NKOMY CUETY H
CYMTABIIMECH paHbllie, NpH PYYHOM CHeTe, HeNpaKTHUYHBIMH, OKAa3a/HCh
ceiiyac BronHe pabounMu, B TO we BpeMA yMCTO AHANHTHYECKHE KOMNCT-
PYKUHH, BeAylliHe K HEeYAOOHHM BHUMCAMTENbHHIM aJCOPHTMAM, NOTEPSIH
CBOI0 OBINYI0 [@HHOCTh. BOT mouemy cefiuac Gonbllioe pacnpocTpaneHue
NOJMyYUAY HWTEPATHBHBIE, PA3HOCTHHIE, BaPHAIMOHHBIE, BEPOATHOCTHHE
H T. I, METOAB pewmeHHd 3ajady, AONycKauine yaoOHbe CXeMbl Cuera
H NpPUMEHUMbIE K HIMPOKOMY Kpyry Tnpobnaem,

[Ipn npuGameHHOM pelieHHH 3a0a4 HeoGXOAMMA OLLeHKA IOTPEUIHOCTH
(O/IYYeHHOTO DPe3yNbTaTa., 3Jech NPH BHYUC/AEHHSX C OOJBIIMM 4HCIOM
1aroR Mol CTafK¥BaeMCsl ¢ HOBOH BecbMa BawHoH npoGaemoit — BONPOCOM
YCTOHUMBOCTH BHYHCJIHTENLHOH CxeMbl, MOMer cayuuThed, uto Hendbex-
Hble 11OTPEelIHOCTH OKPYTAeHHH GRCTPO HAKATUIMBAIOTCS (HaNpUMep, HMEeT
noxkasatenvHbitt pocr). Takasa BhiuMCAMTENbHAS CXeMa HeycTOHuHMBA H
HenpuroaHa nid npaktuku. JonycTuMo nonb3oBaThea Auilb YCTOHUHBBHIMH
BLIYHC/HTENbHBIMH  CXEMaMM, KOTJa TIOTpEIIHOCTH OKDYrineHH#t B3aHMHO
KOMIIEHCHPYIOTCA H BeI3piBaeMas MU OlIHOKA pe3yabTaTa OCTaeTCa Manow
1Sl BCero mpolecca BuIUUCAGHHH,
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BuiGupas uncaenunif METOX Cpemu M3BECTHHX METONOR MJHM pa3paba-
THIBAS HOBMIM, Mbl HOMKHL, €CTECTBEHHO, YUMTHIBATL CEUHPHKY MALIHHEL,
Ha KOTOpOM mpenno/araeTcs pemaTh 3afady.

Omncanne npuuunnor ycrpofictea IBM, a Takwe TeXHWKy pereHus

Ha HAX MaTeMaTHYeCKHX 3aa4 4HTaTesb HaliNeT B CMEUHANbHBIX PYKO-
BoncTeax (cm., mampumep, [3]—[10]).
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FTITABA 1
NPUBJIVKEHUE SYHKLMM

§ 1. MocTtanobka 3azaun o NpHEAMMeHHH QyHKUHH

TlycTep Ba HekoTOpOM MHOXecCTBe 3ajaHa cuctema Gyskuait @4 (x),
Py(x), ..., ¢,(x), ..., KoTopule B AanbHeiiuieM GyxeM CYHTAaTb ROCTa-
TOYHO TJAQJAKMMH (HATIPUMEp, HenpephiBHO AHdGEpesuHpyeMuMHa) GyHK-
unsivu, Hazorem 3ty cuereMmy ocuosHoil.

®yHKUUA BHAA

Q (%) = CoPg (x) -+ €191 (%) + o o v - €,9,, (%), (1)

TRE Cq, Cq, « .., C,,—MOCTOANHRE KOIPPHUHECHTH, HA3HBAKOTCA 0000Lyen-
Hboimu noaunomamy (0606uennbiny Mnozo4renami) nopsaiaka m. B wacr-
HOCTH, €CJH OCHOBHAfl CHCTeMa COCTOMT H3 UeJBX HEOTPHHATENbHHX
CTem’enHeﬁ nepementofi x, T. e. Qo (X)=1, @ (¥)=x, ..., @, (X)=
=x", ..., TO ’

Q,(X)=co+c x4 ... F %"
ecTh OOBIYHBI MMOTMHOM CTENEHH m.

Eemn o (x)=1, @ (x)=cosx, @,(x)=sinx, ..., @y, ((X)=
=COSmx, @y,{x)=sinmx, ..., TO

Q.(X)=ay+a,cosx+b sinx-L.,.+4a,cosmx-b, sinmx

Ha3biBAeTCHA TPULOHOMETPULECKUM NOAUHOMOM (HJIPI TPUSOHOMETPUYECKUM
MHO204AeHOM) NOPACGKa m.

3anaya o npubamxenuH GYHKUNM CTABUTCA CAeAyomHMM 06pa3om:
nandyo  Qyukunio  f(x) TpeGyeTcd 3aMeHlith 06OGlIEHHRIM TNOJAHHO-
MOM @, (X) 3a4aHHOro MOpPAAKA m TaK, uTOOH OTK/IOHEHUe (B H3BECTHOM
cMuicae) dyskunn f{x) or oBobuienHoro noaunoMa @, (X) Ha yKa3aHHOM
MHowecTBe X ={x} Obiio naumenbutuM. [lpn 3Tom nommmoM Q, (¥)
B oflueM c/yyae HA3HBARTCA QARNPOKCUMUPYHOUUM,

Ecan mMHO¥ecTBO X COCTOMT H3 OTAEHbHHX TOYEK Xg4, R ITIRERTE
TO UPHOGMDKEHHE HA3KBAETCA ToueunsiM, Lemi ke X eCThb OTPeIoK
< x<h, To npubiuxeHile HAIBIBACTCA WUHTE2PAAbHLIM,
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Hns mpakTukn BechbMa BawHLIM  sIRAfeTca npubauwende §yHiimil
OOGBIYHBIMH H TPHUTOHOMETPHYECKHMH [O/AHHOMAMH,

Yto kacaercss TepMHHAa oTKJOHeHHWe ABYx GyHKuuif, TO OH
B 3BHCHMOCTH OT O6CTOSATeNLCTB NoHUMARTCA no-pasnoMy. Ilpn sTom mut
NOJyYaeM Pa3MHuibe THMB 337a4 TEOPHH NPUGTHKEHHI: HHTepnomMpo-
BaHMe, CPeXHeKBaJpaTHYHOe TNPUOIMNKEHHe, PABHOMEpHOE TIPHOJNKEHHE
u T, I, B crenyiounx naparpapax octaHoBUMCH NOAPOGHO HA HEKOTOPHIX
13 3THX 3anaq,

§ 2. Uarepnoauposanve yaxuul

Byxem cuutaTe nannyio dyukunio f(x) u nomnom Q, (X)=a,-}
-1—a1x-1—a2x2—|-...-1—amx”‘ 6MU3KHUMH, €cJH OHH CORMAZAIOT Ha
3a1aHHOM CHCTeMe TOYeK X4, Xy, ..., X,. ITH TOUYKH HASHIBAIOTCA Y34AMU
UHTEPROAUPOBAHUA WIH Yy3aramu unTepnoaayuu. Takum ofpa3oMm, Ml
NPUXOAMM K CJeRyolelt 3axavye MHTEpNOJMPORAHMA: a1 AanHo#t dyHk-
upe  f(x) Haltty nonunom @, (x) BO3MOXHO HM3MWIeH# CTermewu m, npu-
HUMappwuid B 3amaHublx  Touwkax X, (i=0,1,2, ..., m; X;5=%, npa
[ == J) Te ae 3naqeHud, 4TO0 U f(x), T. €. TaKo#, 4TO

Q. (X )=r1(x;) (i=0,1,2,...,n).
Taxo#i mosvuom @, (x) HA3LIBAGTCA UHTEPNOAAYLOHHGIM,

Kax u3BecTno [1], CYILECTBYeT eAHHCTBCHHBI MOJHHOM CTENeHH He
BEILIE 72, TIPHHUMAKU(ME B TOYKAX X4, X1, ..., X, 3a/dHABIE 3HAYEHHS.
[Toatomy Mowmno nosownTe m=n. Koagpduunento a; nommuoma Q, (x)
MOXHO Olfpefe/suTh M3 CHCTEMBsl yPaBHEHHH

g+ a; X0+ ay X5+ .. 4 a,xi=y,, "
g+ 0%, Faxi .. e, xt =y,

M
aotax,taxi+.. Faxn=y,
e y;,=f(x;) ({=0,1,2, ..., 7). Onpereautenp 3TO# CHCTEMH €CThb
TaK Ha3wlBaeMulit onpedeautens Bandepmonda [1]
2
1 x, x5 ... x}
1 x;, x} ... x}
e N s | G kel
R 0<Jp<<q=in
1 x, xi ... x;

H, ClemoBaTe/bHO, cucTeMa (1) MMeeT eAMHCTBEHHOE pelleHHe.
[Mosunom L, (x), ko3bdHunenTH KOTOpOro onpependioTes W3 CHCTe-
Mbl (1), HA3bLIBARTCA UHTEPNOAAYUOHHBIM noaunosom Jlaezpansca pnf
dynkuun f(x) 1 Moxer 6uTh 3amucan B fisnom Buae [1], [2]:
n
Ln(x')—‘: (x —xp) (x—x1) ... (x_'xl..l) (x—xi41) oo (X—xp) Y. (2)
(%7 —xg) (x; —x1) . o (g ;1) (¢ -—~x,+1)...(xl-—-x,,) !

i=0
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Jast cnyvafl paBHOOTCTOALIMX Y3JI0B x; = xo ik (i=0,1,2, ..., n)
nonunoM Jlarpamxa L, (x) MOXeT GbiThb 3anucad B BUAE MHTEPMONALHGH-
noro moauxHoma Heiorona [2}:

. A?
P () = gy +228 (2 — )+ 5 (6 — ) (8 — 1) 4 o
An
-I*T,gﬂ (X—xg) vou (x—x,), (3)
rxe
yI:Af(x[) ::f(xt'+1) _f(xi),
Ay, =Nf(x)=ADy;,, —Ay,
Ay;=A"f(x,)=A""ly, ,—A"" 1y,
(i=0,1,2, ..., n—1)

— KOHEYHHE PA3HOCTH pPA3MMUYHbIX TOPAAKOB.
{lonaras
X—Xq

=49

MOMWHO HHTepmonAuMOHHLid NosuHom Helotona (3) 3anMcare B crenywo-
UiEM BHIE:

P (x)= yo’l"quo‘L‘Q(q )A2y 4. +4(q—1) (q—n—H)An o (3)

n!

Ecnn dysrkuug y=jf(x) 3agasa ta6auyno, IpUYyeM H3IBECTHA €€ 3HA=
vennst y;=f(x;) (i=0,1,2, ..., %) MWL B y37aX Xg, Xy, 4.y X, TO
MHTEPNONSINHOHEKE momnnoM Jlarpamka L, (X) MOxeT ObiTb HCNOMB3OBAH
AN npuGMDKEHHOTO HAXOXWACHHA HeTaOMMUHKX 3HavyeHHdl Qyskunu. JTa
Omepauusi HOCHT HA3BAHHUE UHTEPNOAUPOBaHus (pynxyuu. B cayvae paBuo-
OTCTOSIILUX Y3/MOB 1Js HHTEPNONHPOBAHNA (YHKUHM MOXHO BOCIOJb30-
BaTbCS HHTepnoJsUnolHbM nonnHomoM HeioTona P, (x), B vacTHocTH,
npu n=1 umeem GOpMyJy AUHEHHO20 UHTEPROAUPOBAHUS

J’z)’o‘l‘&;—y—ﬂ(x‘_xo), (4)

a npu h=2—¢opMyny k8adpaTU4H020 UHTEPNOAUPOBAHUS

- —2
YR PoF T () 4 BT (e ) (x— ), (9)

me h=Ax;=x; ,—x; ({=0,1,2, ...)—war TaGmuk,

Ilpu onpenenenuu 3mavenuit Gynxknuu y B TOuKe X mo opmyne (3)
B Ka4€eTBe &y pooOuie rOBOpsl; BHIOLHO dpaTb Omxafmyd K x ysen
HHTEPNOJMPOBAHUA; TOTAA, €C/M War 7 J0CTATOYHO MAaJ, TO NepBoe
caraemoe 3roft dopmyne GyjueT riiaBHbIM 4/1€HOM, & OCTa/bHple cjarae-
Mbie OyAYT HOCHTL XapaKTep NONpaBokK,
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Ecin ¢ynkuus y = f (x) venpepeisno nuddepennspyema 1o (n -+ 1)-ro
NopfiAKa BKJIOYHTENLHO, TO OCTATOHHGLA 4AeH €€ UHTEepnoJAUAOHHOrO
nosuioma Jlarpanwa nMeer Bux [2]

- B e 9]
Rn(x)_f(x)—l‘n(x)" (n+1) (x—xo) (x—xl)"'(x_—xn)r (6)

TAe §-—BHYTPEHHSAS TOUKA MHHMMANBHOIO OTpe3Ka, COMAEPWKAILEro Y3JIH
HHTEPNOHPOBAHAS Xo, Xy, ..., X, H TOUKY X. B caydae, ecmn ¢ynx-
uns f(x) 3anana TaG/IMYHO HA CHCTeME PABHOOTCTOSILUX TOMEK X = X, iA
({=0,1,2, ..., n), T0 npu nocra-

TOYHO MaJOM Lare /4 OpoN3BOAHYIO ¥
ST (E) npHOGMMWEHHO MOXHO 3aMe-
HATb KOWEYHO-PA3HOCTHLIM OTHOILIEHHEM

Ar+ly
fmﬂ’(g)%ﬁ‘ﬂ—o,

riae
Yo =1 (%,).

Mpumep 1. INocTpouts uxrepnons-
puoHUBIH nonnnoMm L (x), comnapaomuii
¢ o¢yuknmmedn [(x)=3"(—1<<x<<]) 8
TOYKax Xo=—1, x=0, x;=1.

Pewenmne. Ilonaraem L (x)=a,-
“ax--ay,x?. Jlna onpepeneHus Kospou:
LMEHTOB gy, @) H @, HMEEM CHCTEMY

1 — )
B—ata=z, 1} y ; @
o =1 Puc. 1.
a+ay+ay=3.
4 2
Otcona ap=1, al———?, @=-3, W, CIeROBaTeJbHO (puc. 1),

3¢~ H—%x{-%xz npy —I<x<<I.
1

Hanpawep, 3% =13 ~ 1+—§—+% ~ 1.8

Npumep 2. IloctporTe HHTEpNOAAUMOHHKIH mMoJiHoM Jlarpanka Ly (x),
X

coBnapawomuil ¢ ¢pynkuned y=2cos 3

B TOUKAX Xq=— 2, x1=——3 , X,=0,
4
x3=§, x4:2.

Pewenne. Buuucnasem 3HayeHHe ZanuOoX GyHKHHMHM B yKa3aHHeX y3uiax
K COCTaBJisIeM TaGaHLy:

x —2 [—4/3| 0 | 43| 2
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Mogerapasa 3TH 3HaueHdd B dopMyday (2), xaxopum

(2 (=0 (x—3 ) =2
R (3

, (x+2) (x—}—%> (x——%> (x—2)

* 042 (0+%> (0_% (0—2)

(x+2) <x+%) (x—0) (x—2) 9t — 19612 4-640 _

4 4 4 4 4 I 320
(?""2) (?T§> (?—0> <F—2>
=0,0281x%*—0,6125x2 4- 2,

3amerum, wro Ly (1)=1,4156, a yu):zcos%zl,um, e L(1)—y (1) =

=0,0014.
Mpumep 3. Ucnoabaya naTepnodauuonublil moandoMm Helotowa, Bhivuc-
ants f(0,14), roe dyHkuus y=f(x) 3apana Ta6auuen

Ly(x) =1 +

1

x 0 0,1 0,2 0,3 0,4 \ 0,5

Y 0 10,1002|0,2013| 0,8045 | 0,4108 | 0,5211

Pewenne CocraBasem Ta6JHIy KOHEYHLIX PasHOCTeM:

x y Ay Aty Aty Aty Asy
0, 0 0,1002 0, 0009 0,0012 | —0,0002| 0,0001
01 0,1002 0,1011 0,0021 0,0010 | —0,0001

0,2 0,2013 0,1032 0,0031 0,0009

0,3 0,3045 0,1063 0,0040

0.4 0,4108 0,1103

0.5 0.5211

Jas suuucaennsa f(0,14) Bocnosb3yemcst HHTEPNOJALNMOHNHBIM HOJIHHOMOM Hbro-
Tona (3), nonaraa x,-=0,1 u h=0,1; Toraa
0,14—0,1
=g =%
u

0'0,?21 Ob)+(u()—1—004 (—0,6) (—1,6) =

=~ 0,1406.

{(0,14) =~ 0,1002+0,1011.0,4-
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Ipu atom norpewrsocrs Npu6aUKenns

0,0
Ry=1F(0,14)—P, (0,14) | < 22006 4.0.6.1,6.2,6—4,16-10-¢ < -L.10-s,

4' ] ’ ’ ) ] 2

ITpu uaTepronupoBanun GyHKUNH OGOOLIEHHBIMH [OJHHOMAMH

Qn (X):CO(PO (x) +CI(P1 (x)+ LA +CII(PII (x)
KO3pHUIMENTH €4, €1, ..., €, HAXONHUM H3 CHCTEMH ypaBHEHUM
CoPo (%o)FC10y (x 0)+ o, (x5)=1(x), 1
O(PO (xl)_l_clq)l (xl) l +Clz(Pn (xl) f(xl)) (7)
€%y (x )+51(P1( )+- .. +Cn(Pn( n) f(vn)
Ecmn dynkunn @, (1), ¢ (x), .y ¢, (x) nuneitno HesaBHcuML, TO
onpenenuTent CHCTeMu
=4(z)
B0 (10) B1(%0) . BnlXo) y !
A= (Po( R IRCIV (Pn( 1) £0 f(z) ll
- . . v . . . ’ |
B0t @) - 05 | Yo
H, CNeA0BATE/IbHO, CHCTEMA (7) HMEET eJMI- " ||
CTBEHHOE peLIeHHe. f |
BaxnuM caygaem o6uiere uurepmoanpo- 7 o T Z
BaHHA QYHKUMM SR/IAETCH TPUTOHOMETpHYec- Puc. 2.

KOe HHTeprnoanposaHue (cM. § 3).

MuTepnonupoBanue He BCeraa MaeT yAOBACTBOPHUTE/bHOE DellenHe
jafayn O npubanwcenHy QyHKOMM C 3aAaHHOR TOUHOCThRIO Ha JAHHOM
NPpOMEXYTKe, TaKk Kak CoBnajeHne QyHKkUMM f(x) ¢ nojHHoMoM Q (x)
,naxce B 6nn3xux TOYKAX X; M X, , HE TapaHTUPyeT MAajOCTh BEJIHYHHBL
| f(x x)| Ha oTpeske [x,, xl+1] (puc. 2).

§ 3. Uutepnonuposane nepHoamyeckux yuxuni
¢ TMOMOWBLY0 TPHTOHOMETPHYECKHX MOJHHOMOB

MycTh f(x) nepuoanyeckas u 3aJaua Ha OCH — 00 < X < ~+ oo dyHK-
yus. Ilyrem nHueitnoit 3aMenbl He3aRMCHMOI nepemMenHO nepHod dyHKINH
MOWHO caenath paBbM T=2n. B artom cayuae ¢pyukuwmo f(x) nese-
€006pa3Ho HHTEPHOJIMPOBATh TPUTOHOMETPHYECKHUM [10/HOMOM

Q,(x)y=ay- é (a, cos kx -+ b, sin kx) (N
k=1

TaK, 4pboH

Qn (xi) :f(x[) (l:O’ 1: 2; 1 2”); (2)
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rae 0<Cxy <<y <<...<<X,,<C 21 — TOukH npomexyTka [0, 2x). To-
IMHOM Q) (x) Oylem Ha3HBATh TPUZOHOMETPUYECKUM NOAUHOMOM no-
padka n.

Mycte y,=f(x;) (i=0,1,2,..,,2n). Tpebyerca nonobpars
koadpduumentat nomuuoMa (1) Tak, UYTOGH BHNOJHSJIMCH CJACAYIOLLHE
paBeHCTBa:

M=

y0=a0—}—

\ ) (@, cos kx, -+ b, sin kx,),

1

uM;

ylz—_ao-{ (ak cos kxy - b, sin kx,), ! (3)

n
y“:ao—{-;(ak cos kx,, b, sinkx,,).
=1
Met nonyuunn cucremy 2n-F1 nuHefinnix ypamuesu#t ¢ 2741 Heus-

BECTHRIMH @, ay, by, ..., @, b,.
Kak ussecto [1], ompeaenutenh 3TOf cHcTeMH

1 cosx, sinx, ... cosnx, sinnx,

1 cosx, sinx cosnx, sinnx —
1 1 e 1 1 . X
A= =2 Il sin
o<p<a<an

1 cosx,, sinx,, ... cosnx,, sinnx,,

H, CAeNOBATE]bHO, OTAMYEH OT HyJAf MJId Haweill cuCTeMbl TOYeK, AJf
koTopo# 0<x,— x,<2m. [loaTOMy naHHas HMHTEPNOJALKOHHAN 3adada
HMeeT pellieHHe, M NPHTOM €NMHCTBEHHOE.

Takum oGpasom, crnpaBeAIMBO CieAylollee yTBepwAeHHe:

TeopemMa eAUHCTBEHHOCTH. TpueoHoMeTpudeckul nOAUHOM
(1) nopadka n 00HO3HAUHO OnpedeAReTCA ceouml 3naueHuAMu 8 2n--1
Pa3AUdHbLY TOYKAX, PACNOAOKCEHHbLX Ha npomescyTre [0, 27).

Hnsa nocTpoenus nonmsoma Q, (X) BO3bMeM NpPOHU3BOJLHYIO TOUKY X,
He CoBmajamwwyw ¢ yanamn x; ((=0, 1, 2, ..., 2nr), u Anq 3THX
2n4-2 Ttoyex cocraBum cHcTeMy M3 2n-}-2 ypaBHeHHi

M;

Q,(x)—a,— D (a,cos kx -b,sin kx) =0,

k

flxg) —a,— Z(akcos kx, 4 b, sin kxg) =0,

/=
-

e T

JFx)—a,—

(ak cos kxy, +b,sinkx;) =0,

flx,,)—a, —kzl(ak cos ki, -1- b, Sin kx,,) =0,
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JMHEHHHX ¥ OJHOPOAHHEIX OTHOCHTENBHO KO3pdHUMeHTOR ¢=1 npH
Q.(x), f(x,) u a, b, (=0, 1, ..., 21). O1a cucrema, oue-
BMHO, MMeeT HeHY/NeBOe peuleHHe M MO3TOMy ee Omnpeje/HTelb paBed
HYJI0, T, €.

(%) 1 cosx sinx .., cosax sinax
Flxg) 1 cosx, sinx, ... cosnx, sinnx,
S{xq) 1 cosx, sinx; ... cosnx; sinnx; (=0,

S(x,,) 1 cos x,, sinx,, ... coSnx,, sinnx,,

PacknanpiBafi 3TOT onpenefHTelb N0 3JEMEHTAM TNEpPROro croadua ™
paspeluas NOJyHeHHOe ypaBHEHHME OTHOCHMTenbino @, (X), mocje ynpoie-
Huft [1] HAXOMMM HCKOMBIH TPUrOHOMETPHYECKHH NOJIHHOM

. X—X . X—X; X—X; X—X
2an 0 =1 i+1 : 2n

sin «ee SIN Sin eee SII1 —g—
2 2 2 2

sinfiTX0 | gin KT X o1 M Kk in ¥ Yen

i=o 9 2 ) eee SIII T
(4)
Jlerko HenocpejacTBeHHo yOeduThcd, UTO mpaBas vacTh dopmyin (4)

ecTh TPUrOHOMETPHYeCKM#l nONMHOM nopAaka #, YIORJETBOPAOUWIAH
yenoeuaM (2), JeftcTBHTENMbHO, HCNOAB3IYA GOPMYJIH

sinasinﬁ—?[cos a—f)—cos (a + )],
cosacosﬁ_%[cos B) +4-cos (a -+ B)),
sino cos p = %[sin(a—ﬁ)-’rsm(“”l‘ﬁ)]

¥ yYHTHBAfl, 4TO MHCTUTENb KAKAOrO claraeMoro dopmysn (4) conep-
WHT 272 COMHOWHTeself, moayyuM, uto cymMa Q, (X) eCTb TPHIoHOMeT-
pHYECKH#t NOJMHOM 1IopsAka n, Kpome TOro, OYEBHAHO, HMeeM

Quixp=rfix) (=0, 1, ..., 2n).

B cuay teopeMbl €IMHCTBEHHOCTM HaHIeHHH TONUHOM HCKOMBIH.
[fo ceoe#t crpyktype noauHOM (J, (X) HaOMUHAET WHTEPIOJALHON-
HEE nonunom Jlarpanwa L, (x).

ITpumep 1. ITocTpouTb TPHrOHOMETPHYECKHH NOJHHOM BTOPOro MOPSAKA,
npuuuMalomuil B TOuKax xq=0, x;=m/4, xa=1/2, x3=m, x,=31/2 cOOTBeT-
CTBEHHO 3Hayenus yo=2, h=1, ya=0, y3=4, yy=—2,
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Pemenune. Cormacio dopMmyne (4) HCKOMEH NOJHHOM GYAeT C/AELYIOLLUM:

x—m/4 sin x—1/2 sin X0 Sinx—Sn/Z

sin in

2 2 2 2
Qz(x)=2's.n0—n/4 0= .no—nsin0—3n/2+
i g Sit 5 Si 5 3
x—0 . x—=na/2 . x—n . x—31/2
sin sin sin sin
+1 2 2 2 2
TnA=0 WA= afA—w_A—3ma
2 SIT 5 1 ) 3
. x—0  x—q/4 . x—n/2 , x—3n[2
sin sin sin sin
4 2 2 2 2
+ .sinn_o .nﬂ—n/4 .nn—n/Q in.’)‘[——3ﬂ/2—
5~ S 5 i 5~ 8 3
Smx—O . x—n/4s.1x—n/2smx——n
2 9 sSin g [§¢ 9 9
T B3m2—0 . 31/2—mj4 |, 3w/2—mn/2 | 32— "
sin 3 sin 5 sin 3 sin 5

Tlocne ynpomennii okonuarensso nojsyuaem Q, {x)=1-sin x—cos x 4- 2 cos 2.

3ameuanne, Ecan f(x), nepomnueckas Qyxuna nepuoaa 7T,
3a7aHa B TOYKAX X4, Xy, ... , X,, npomexyika [a, a4 T) (a—umo-

2n
6oe uMe/I0), TO ¢ NOMOILbID JIHHEHHOTO npeoGpasoRraHuf t:T(x——a)

n

nojayuaem

f=r(a+Ft) =0,

rae @ (f) uMeer mepuox 20T W 3aXAHA B TOUKAX
=T (—a)e (0,21 (=0, 1,2, ..., 2n),
Takum 06pasoM, Mbl MPHXOAMM K DPa30GPAHHOMY BHIIE Cy4aio.
Ecan Toukn untepnonuposauua x,(p=0,1, ..., 2n) paBHOOTCTO-
alune, T.e. x, 2%
TPHTIOHOMETPHYCCKOMyY TIONHHOMY (4) MOXKHO NpHAaTh 60Jiee NMPOCTOH BHA:

(p=0, 1, ..., 2n), TO UHTEPNONAUHOHHOMY

X—X
- sin (2n--1) 2”
Q, (%) =5 +IE e (5)
pP=0 2

Henocpencrsenno nerko y6eanThes, 4TO
Q. (x,)=7(x,) (=0, 1, ..., 2n).
HefictBATRAbHO, npH p 5~ YHTHBAA, 4TO X —X = 2n(g—p)
b p p ql y ] q P - 2n+] )
umeeMm

xq—x

sin (2n4-1) = P —sinn(g—p)=0,
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W, CRENOBATENbHO, COOTBETCTBYIOUME CJlaraeMbie CyMMul (D) paBuu
nymo. [Ipy p=g¢q, ncnoanays npepenbHufl Mepexol, MoxyyaeMm

. XX,
sin (2n+ 1) 5

lim

x—»xq

=2n+1.

X—x
2

sin ki

Nosromy Q, (x,)=f(x,).
Mpumep 2. Pyukunua y=f(x) saagana Tabauueii:

0 21 41 6m 8n 10 12n

okl = —-— == —_ == 21

7 7 7 7 7 7

] 0 0,5029 | 0,8600 | 1,1058 | 1,2058 | 1,1227 | 0,7855 | O

Hcnonp3ya TpUroHomeTpHUeCc KOE HHTEPTOJAHPOBANME, HadTH f (/7).
Pemenne, 3geck 2n--1=7, x=mn/7. CoraacHo dopmyse (3} HaxoLuM

n(%) Qs () =1 [ 0-—+0,5029. ———£ 10,8600 — %+
7 sml—4 sin (—l—) sin(—l—4>
sm< ) sin (—72—") sin (—%‘)
-+41,058. 5n\+1 2053. ——7n—+1,1227-——9n’ +-
sm( sm(—ﬁ> sin(—ﬁ

. ( lln)
sin —‘T
—}-0,7355-—;1_11”:
sin (—47
0,5029 0,8600 1,058 1,1227 0,7855

1 — o
-7 (0"'0 5295 0,623 10,0010 2% 5535 0,9010) =0,2617.

3amerum, uTo npHBejeHHas Tabauua cocTaBdeHa AT QyHKuMH [ (x)=
x
=(2——I> sh—;_%. Tak xax [ (n/7)=0,2618, To0 a6comoTHas NOrpelUIHOCTB

HafljeHHOro 3HayeHua He npespimaer 1074,

§ 4. Toueynoe KBaAPaTAYHOS ANNPOKCUMUPOBAHNE (hYyHKUHI

Ha npaxtuxe wuacto 6blBaeT, uTO 3aRaHHBl 1NOpAACK m npubmixka-
I0lLero noJunoMa (Q, (X) 3HauMTeJBHO MEHbINE YHCJA y3JOB 7. B 3ToM
Cyyae HHTEPNOAHPOBaHHE, BOOOWE FOBOPSA, CTAHOBHTCH HEBOIMOMSHLIM
H NPHUXOAHTCH NPUGEraTh X MHLIM MpHEMAM OOCTPOEHHS MNpHGIIHIKAIOUIEr O
noJuAoMa aad navdoit gysaxkunn, OOBYHO 3m€Ch UCHOJb3YIOT To¢edrold
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cnocob naumenowux Keadparos. Cornacuo 3TOMy cnocoBy 3a Mepy
OTK/IOHEHHA NOJIMHOMA

Q,(x)=ay+ax+...+.a,x" (1)
ot nauno# Qynkuun f(X) HA MHOWECTBE TOUEK Xg, Xy, +.., X, NpU-
HHMAIOT BEIUUYHHY

n
Sa=2Q, (x)—f(x)]2, (2)
i=o

paBuyl0 CymMe KBagpaToB oTkJIoHeHuH monnnoMa Q, (x) oT dyuxuunu
f(x) ua 3amauHOll CucTeMe TOYeK.

Quennano, uto §, ectb Pyukuns KO3QOUUMEHTOB €y, €1y +ue , Cppe
Atu xosbduuments Hano nomobparte Tak, YToOb BenuuuHa S, Oniia
nanMeuplteft, [loaydenHn#t nNoOMMHOM HA3LIBAETCH ANNPOKCUMUPYIOUUM
Ansl NanHoi dyHKOuM, a [pounece INOCTPOEHHA 3TOrC NONTHHOMA —
Toueunol Keadpatuunod annpokcumayued WK TOoueuHblM KaadpaTud-
HblM annpokcumuposanues Qyuxuum.

Ilns peuntenns 3amauu  TOUEYHOrO KBAajapaTHUHOTO ANNPOKCHMHPOBA-
HH BOCNOJb3yeMca o6muM npuemoM nuddepennnanbHOro HCYHCIEHHUS,
Ha#inem vacrHbie npousBojgHble OT BEJIMUHHE

11
Sp=D 2o+ ayx;+as ¥+ ... +a, 50 —y)?,
t=0

rie y;=f{x;), M0 BCeM neEpeMeHHHM a4, &y, ..., &,. llpHupaBHuBas
3TH YaCTHBE NPOHM3BOAHHE HYMIO, NOJAYUHM JAH ONpeneieHHsl HeH3BECT-
HbIX @5, Gy, wa. 4 O, CHCTEMY m+ 1 ypaBuenn#t ¢ m 41 Heu3BeCTHHIMM!

n

5 58 = X (g 4y agxt g —y) 1 =0,

=
—é—@i‘%"=i=o (ag+ax,+a,xi+ ...+ a,x*—y)x,=0, 3)
%a—j-le (ag+ax;,Layxi+...4a,x—y;)xi=0. ]

=0

Beenem o6o03Havenns:

sy=Xbtxbt ... +xt (B=0, 1,2, ...),
t,=xkyo+ xhy, + ..+ Xy, (=0, 1,2, ...).
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[lpeoGpasyst cucremy (3) M wucCnonb3ys BBedeHunle 0603HavyeHHd,
OGynem HMETh

aySg + a8+ agsy+ ...+ a,s,=1,, )
oSy + 1Sy + aySgt oo 0+ ApSp . =1,
QoSs+ aySg+ g4+ .. F a8, .=1, (4)

oS+ 1Sy +AoSpyyt - oo+ auSen =1, J

roe sy=n-1.

Moxuo noxazaTh, YTO €CAH CpeIM TOYEK X, Xy, .., , X, HET
COBNajalomux M m< 27, TO ONpeleNHTelb CHCTeMH (4) OT/MMYeH OT
Hy/la M, clenoBaTelbHO, 3Ta CHCTeMa MMEET eIHHCTBEHHOE pelllenHe
ag=ag, =0y, ..., Q,=day [3]. Moamuom (1) ¢ Takumn kosddu-
uuenTamu Oyner o61agaTh MU HUMAJbHBM KBagpaTHYHHM OT-
KaouenneMm Spin.

Eemt m=n, To annpoxcumupyiowu#t nosnsoM Q (x) coBnagaer
¢ nonmunoMoM Jlarpamka ans CUCTeMH TOYEK Xg, X;, «.. , X, (pHUEM
Smin:()-

Takum o06pasom, annpoxcumupoBanne QyHxum# npencrasiser CoGo
6osiee o6muft mnpouecc, uem wunrepnoauposanne, [lpu pabore Ha
CYETHO-3/IEKTPOHHBIX MAIIMHAX JJg pelteHds JaudeHHoi cucremMu (4)
BLIFOAHO HCNOAL3OBAaTh HTepaunonnse Meroam [2]. B wacrHoctn, Tak
KaKk MaTpulla cucreMmbl (4) NMOJOKHTENbHO ONpenesexHas, TO AJd 3TOH
cucTeMul Gyner cxomswmMMcs npouece 3efinenn [2].

Jlna cocraBieHuss cucTeMH (3) pexomenayerca cxema crnocofa Hau-
MEHbIIMX KBAJApaTOR, DpHBeLeHHas B Ttabauue 1, rae npuadgro m=2.

mr

Ta6aruuwa 1

CxeMa cnocofa HAHMeHbIIHX KBAAPATOB

x0 X x2 x? x4 Y xy x2y
2 3 4 2
1 Xp Xp Xo Xg Yo XoYo | XoYo
2 3 4 2
1 Xy Xy X1 X1 Yy X1l | X1l
2 3 4 2
1 Xy Xy Xa Xo Ya Xolfo | X2la
1 2 3 a 2
X3 X3 X3 X3 Ys X3Yg | X3Ys
2 3 4 2
1 X4 X4 X4 X4 Ya Xelfy | Xala
o 8, Sy 53 N tp t, 1q
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[ca, 1

Mpumep 1. TlogoGpats anapokcUMHPYIOWAH [OANHOM BTOPOil cTeneHn
Y=a3+dx+ a,x* pnn jauawx [3]:

X

0,78

1,56 l 2,34

3,12 | 3,81

Yy

2,50

1,20

{,12

2,25 | 4,28

Pewenmne, BH‘IHCJIQHHR, KOTOphi€ Ham HYXHO OpOvH3BeCTH, DACNONOXKHM
no cxeme (qna m=2, n=4), npusejeHnoi B Tagauue I.
Ina panboro npumepa moflydaem Ta6aduy 2 (BelYHC/IEHHS OpOBOAATCH
C TpeMf JeCATUYHBIMHA 3HAKAMH).

Ta6anuwa 2

Bouncaenus no CﬂOCOﬁy HAUMEHLIMHUX KBaaparos

x0 X x2 x3 x4 y xy x2y

11 0,78 0,608 0,475 0,370 2,50 1,950 1,520
1y 1,56 2,434 3,796 5,922 1,20 1,872 2,921
1] 2,34 5,476 12,813 29,982 1,12 2,621 6,133
ty 3,12 9,734 30,371 94,759 2,25 7,020 | 21,902
1} 3,81 14,516 55,306 210,717 4,28 16,307 | 62,128
5| 11,61 | 32,768 102,761 341,750 11,35 29,770 | 94,604

Orciofa cucreMa JJfl onpefeneHus Ko3hhHUHEHTOB &g, @y, d;, UMEET BHJ

5ag+ 11,61a,+ 32,768a,=11,350,
11,61a, 4 32,768a, + 102,761a, = 29,770, 1 (5)
32,7684, + 102,76 12, + 341,750a, = 94,604. )
Pewus cucremy (5), GyleM umerh: a,=05,045; a,= —4,043; a,=1,009
CnefosaTelhHO, MCKOMBIA TOJHHOM €CTh
y=5,045—4,043x + 1,009x2. (6)

CpasHHM MCXOfHble 3HAUYEHHA QAR § C COOTBETCTBYIOUMMH 3HAUCHHAMH g,
NoJIy4eHHBIMH H3 TpuGanxenHoid dopmyau (6). CooTsercTByiowHe pesyabTatnl

npusefeHsl 8 TaGaHue 3.

Ta6nuua 3

MorpewtHocT! BEMMKCAEHHA N0 cnocoly
HAMMEHBIIMX KBALPATOR

x v I ] 1 Y=y
0,78 2,50 2,505 0,005
1,56 1,20 1,194 | —0,006
2,34 1,12 1,110 | —0,010
3,12 2,25 2,252 0,002
3,81 4,28 4,288 (1,008
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B o6wem clyvde, KOraa anfupoKCHMHPYIOUHE MOMHHOM AJAf JAHHOM
Gynkunn f(x) aeasercs 06OGULeHHMM

Q%) =¢4Pg (%) +- €191 (X) 4 oot 4 €,9,, (%),

It HAXOKILEHAR ero Ko3gduumenton ¢,, €, ..., ¢, N0 cnocolGy Hau-
MEHBIIWX KRaapaTor apuxoanuTcd MHHHMHSHPOBaTb CYMMY KBaIlpaTOB

n
N
Sp= 2:, [ca®o () 410 (X)) 4+ oo €9, () —F (2 )],
=
PO Xg, X1, o4, X, —3aJaHHafl CHCTEMA TOHEK. VICHOJIbSyﬂ HeoOXO0oAUMREle
yC/IOBHA IKCTPeMyMa (PyHKUMH, nojyyaeMm CuCTeMy ypaBHedd#l
108, _ «
im_Z[co(Po () 419y (X4 oo €0, (¥)—
i=0
—F(x)] 9o (x)=0,

%%Sf =2[c0q’o (X)+ e300 (X)) 4 oo 2,0, (x)—
(=0 [ (7)
—f(x)] @1 (x)=0

%%f—:=2[00‘90 () 4104 ()4 o0 0, (X)) —

—f(*)] @p (%) =0

Baonsi coxpauieHnblie 0603HaueHHS

n

(@, )= 2 ()b (%),

cuuemy (7) npuBoauM K BULY

Co (Par Po)+ €1 (D1, Do)+« 2 (P @)=, @)
Co (Por P1)+Ci(Py @)+ . ‘|‘C (P (P1)—(f’ P1))

Co ((Pm <p,,,)+61(<pl. q>,,.)+ +c (<p,,,. Pm) = (f- q>m)

N3 3710l cHCTemn onpenenaioTcs KOIPHHUMEHTH Co, €1, ..

8)

«r Cppe

MMpumep 2. dyuxudio
x2
f;(x)=1—F

Mo cmocofy HAMMEHBUIXX KBAaJADPAaTOB aMMNPOKCHMHpPOBATL HA npoMmexyTtke [0, n]
TPUrOHOMETPHUYECKHM TOJHHOMOM
Q (x)=cy+c cosx

I CHCTeMBI Touek xp==0, X, =n/3, xy=n/2, x3=20/3, xy=71,
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Pewenue, IMonaran
Qo(x):=l’ Ql(x)==cosxt
cocrasifaeM Ta6auuny 4 n rabauny 4a.

TaGunuuna 4
3naqennn ocHosHmX GYHRUME B y3Nax

ANNPOKCHMHPORAHKA

x Qo ()] @0 |9 |90 () @) 9 (x)

0 1 1 1 1 1
/3 1 1/2 1 1/2 1/4
/2 1 0 1 0 0
2n/3 1 | —1/2 1| —1/2 1/4

n 1 —1 1 —1 1
> 5 0 2,5

Taénuua 4a

BenoMoratesbHble BHUHCAEHHSA
AJs HOPMAJbHOH CHCTeMsl
cnoco6a HAMMEHBUIMX KBAJPATOB

x F@y  [Fx) oo (2)| Fx) @0 (x)
0 1 1 1
/3 8/9 8/9 4/9
/2 3/4 3/4 0
2n/3 5/9 5/9 —5/18
E 0 0 0
> 115/36 7/6

OTcioga HaxonuM:

(Pos Qo) =25, (f» o) =115/36,
(9o P1)=0, {f, 9 =7/6.

(P PU=2,5,
CrnefoBaTelbHO, CHCTEMa AAA onpejesenind KO3QPUUNEHTOB ¢y M ¢y HMEeT BHJ
115 7
5¢p=-—q, 2,00,=—,
=36 =%

1
~15
Q (x)=0,64-+0,47 cos x.

OTKYyJa c0=2—3x0,64; Cy

36 == 0,47. Taxkum oGpasoM,
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§ 5. PyHKUMN, OPTOrOHANbHBIE HA TOYEYHOM MHOKECTBE

Ecan crenenr anmpoxcHMUPYIOWEro NONMHOMA CPABHMTENLHO BENHKA,
TO BHYHCJIEHHSA MO0 Croco6y HAMMEHbIAX KBaApATOB CTAHOBATC IpPOMO3I-
xkaMH. B 3ToM cnydae HMHOraa BBHIFOAHO MCHOJB30BaTh HOBHIH MeTOL
NOCTPOEHHA aTMpPOKCUMHUPYIOIIEr0 NOMHHOMA, OCHOBAHHWH HA MOHATHA
OPTOTOHaNpHBX GyHKUHHA

Onpenenenne 1. dynkunn ¢ (x) # P (x) HasuwpawTCA 0pTo20-
HanbHbLMU Ha mAHodKcecT8e TOYeK X={X,, %X, X5, «.., X,}, €CIM

n
[2 P (%) (x;) =0.
=0
Hanpumep, dymaumn @ (x) =3x2—15x 410
TOHAMbHE HAa CHCTeMe Toyek X,=[ (i=0, 1
aene, TaK Kak

9(0)=10, ¢(1)=—2, ¢(2)=—8, ¢(3)=—8, 9(4)=—2,
9 (5) =10,

TO

5
2 @ (x) P (x;)=0.
L=0
Cucrema ¢yuxuuit {q,(x)} naswBaercs oprozorassnod na danHom
mrogcectee X, ecnn QyuxuHH CHCTeMbl N0OapHO OPTOrOHANbHH MEKALY
coboit Ha 3TOM MHOXecTBe X,
Ouesnpno, ¢ynkuua ¢ (¥) obpawmamiliascs B HyJab B TOUKAX X,
Xy, +e+, ¥,, OPTOTOHANEHA HA ITOM MHONKECTBe TOYeK K JHOGOH apyrolt
$yuxuun. [osromy Bcioay B aanbHeitniem OyaeM Ipeanosarath, 4TO

Z @ (x) >0,

T. €. He Bce ToukM x; (i=0, 1, 2, ..., n) ABAKOTCH HyAAMH pac-
cmarpuBaeMpix gynxuuft @ (x).
Onpeneneunne 2. Hazosem Benmuunny

1/ S w=lal

Hopmod ¢yukyun @ (x) Ha mHosxcectse X.
Ecnu cncrema {q,(x)} oproronanbua Ha MuoxecrBe X W 11 Bcex
R BRIMOJHEHD PABEHCTBO

TO TAKaf CHCTEMAa (yHKIMHA HA3LIBACTCS. OPTOHOPMUPOSAHHOLU,
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Jlerko Bunets, 410 ecan cucrema dyskumit {@,(x)} oproronansHa
HAa MHOWKeCTBe X H.He colepxuT (GyHKUME ¢ vyneBoH HoOpMOH, TO cu-
creMa dyukunit {g, (x)/|! @, ||y} — opTonopmuposannan Ha X.

Onpenenenne 3. dyukuun f,{(x) (=0, 1, 2, ..., m) Ha3m-
BAIOTCR AUHRLHO Hesasucumbimu Ha mHoxecTse X =[x, Xy, Xy - -+, X}
€C/In OHH OTNpele/eHH HA 3TOM MHOXECTBe H U3 paBeHCTB ¢qofq (X;) -
Fofie)+ . .o, f(x)=0 (i=0,1,2 ... n) ClelyeT, 4TO
Bce nocrosuuee a,=0 (k=0, 1, 2, ..., m). B nporusHom cayuae
Gyuxnun f, (¥) HasuBaOTC AuHedHO 3asucumetmu Ha X.

Nlevmma., Pyuxyuu @, (x) (=0, 1, 2, ..., m), oprozoHaivHble
na muoscectee X ={xy, x,, X5, ..., X,} U umeouue nenyregole HOp-
Mbl, AUHEIHO He3QBUCUMBL HA STOM MHOJNCECTEE.

Hoxazateancrno. [ycrs

Qg (%) a9y (%) + 0@ () ... Fa,9,(x,)=0 (H
(i=0,1, 2, ..., n).

Ymuoxkan o6e yactu paBencTBa (1) Ha @, (X,) H CyMMHpYs 1O BCEM X,
HOAYYHM

ay R ACHREA % P {x)Po(x)+ ...

i=q
cor iy 3 (50 9o (%)) = 0. (2)
B cuny oproronansnocTn dyuxkumit @, (x) (=0, 1, ..., m) Ha mHo-

wecTBe X BCe CyMMbl B paBeucTBe (2), HauuHasm cO BTOPOH, PaBHH HYJIO,
Ilosromy

a, X 93 (x;)=0. (3)

L=0
Tak xax mH npeanonaraem

K “3( =[§' @5 (%) > 0,

To U8 papeucrBa (3) umeem 0y =0.

Ananoruuno jpoxasmiBaercd, uro a,=0 (=0, 1, 2, ..., n).

Taxkum o6pasom, Gyuxunn {q, (¥)} THHEHHO He3aBMCHMH Ha MHOXe-
cree X.

3amvevwaune. [louarne nuneifHol nezaBuCHMOCTH (yHKUMI Jerxo
nepeHocHTes Ha caydalt cucremm dynxunit {f, (x)} (k=0,1,2, ..., m),
OTpeneieHHbix HAa KOHEYHOM MM GCCKOHEUHOM npoMexyTtke a < x < b.
A umenno, ¢yukuun {f, (x)} auneidno wnesueucumor na (@, b), ecin
TOWAECTRO

kgﬂ a, f, (x) =0 npu x € (a, b)
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HMEeT MeCTO JIRWb TOTAA, KOLAA Oy =0;=0y=...=0,=0. Oue-
BUAHO, ecan dynxunn f (x) (=0, 1,2, ..., m) nuHeHHO HE3aBUCHME
Hd HEKOTODOM TOYEUHOM MHOWecTBe X (a, ), TO oA GyIHyT TaKwe
AMHeHHO He3aBHCHMB Ha npoMexyTke (a, B).

PacemoTpum cucremy nonuHoMoB

Po(x)v Pl(x)) ooy Pm(x)t (4)

OPTOTOHANbHBIX HA NAHHOM MHOXecTBe X={X,, X3, «.., X,}, T. €.

; Pi(x)Pp(x)=0 npu j=£k, (5)

H TaKUX, YTO
s;=11P;lk= 2 P x) > 0.

Bynem npeamonarath, 4TO WHIEKC MOMHHOMA P;(x) B ToyHocTH C€OOT-
BETCTBYET er0 CTereHu.

B cuny nemwn nommwomm P;(x) (j=0, 1, 2, ..., m) muneitno
He3aBHCHMH Ha X H, CIIe,lIOBaTeIIbHO m»mei’mo He3aBUCHMB TaKXe Ha
HeTepBane (—oo, oo), [losromy moGolt nonuuom Q,(x) cTenend He
BHILUE 7 MOXKET OnTh MPeiACTaBleH B BHAe MMHEHHOW KOMOHHAUMM MOJH-
nomoe (5), T. e.

Q (x)—bp (x)+bpl(x)+"'+bln m(x)r (6)
rae by, by, ..., b,—HeKOTOpPHE nOCTOfHHBIE 4ucaa, DTO npeacTaBie-
HHe HA3BIBaeTCHA paaﬁoofceuuem noauroma Q,, (x) no cucreme (4). Kosdpgu-
UHeHTH &y, by, ..., b, pasnoxedns (6) moryr OHTh HafiLeHH MyTeM

nocaenoBaTe/IbHOro .lleIIEHHS[.

Mpumep 1. TloaunoM Q, (x)=x3 pasnoxhrs 10 CHCTEME (QYHKILHR
Py(x)=1, Py (x)=x—1, Py (x) =x2—x, Py(x)=x3—x2
Pewenue., Jleas x® na x3—x2, umeem
B=1(3—x?) 2
Nanee, pasnesius octatok x? Ha x2—yx, noayqum
X2=1 (x2—x)+x.
Hakouneu, npoussofs JeNeHHe HOBOro octaTka x HA x — 1, HAxXoAHM
r=1(x—141.
Takum o6paszom,

¥B=1—x)+ 1 (2—x) 41 (x—1)4-1.

B cnyuae, ecom nommmomm P, (x) (/=0, 1, ..., m) oprorouasbuu
HA MHOXeCTBe TOUEK X, MOXHO ,lIaTb fIBHHE (popmynbl Aas xoddduuuen-
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TOB by, &y, ..., b, paznoxeuns (6). lna aToro ymuoxum t1oxnecrro (6)
Ha NoMHOM P, (X) (k< m) H mpoCyMMHpyeM MONy4yeHHOe PABEHCTBO MO
CHCTEME TOYEK Xg, Xy, «.., X, Torma

n

Y Q%) Pylx;)=0b,

i=o i

it

P, (xi)Pk(xi)+b1i§0P1(xi)Pk(xi)‘l‘---

"'+bk.iPi%(xi)+"‘+bm‘_§mopm(xi)Pk(xi)°

1=0

Orciona, yuuThiBas yCNOBHS OPTOTOHANbHOCTH (D), HAXOXHM

> Q, (%) P, (x;) =10, ign Pi{x)),

i=0

H, cllefoBaTelbHO,

n

:0 Qm (%) Pr (%)

; P} (x)

bk= ¢ (k:(), 1, 2, ey m)‘ (7)

Kosdduunenrn b, (=0,1, 2, ..., m), Buuucaednne no hopmynam (7),
nashwiRalOTCH Ko3ppuyuenramu Pypee noaunoma Q (X) OTHOCUTEABHO
dannotl cucremvr oproeoHaavHmx Ha X pyukyuld P,(x) (£=0, 1,
2, ..., m). Ecim 9ra cucrema opTOHOpMMUpOBAHA HA X, T. e.

2P (x)=1 (=0, 1, 2, ..., m),
10 dopmynn (7) npHuuMmaloT Gosee NpoCTOH BHAL:
b= 2Qu(x) P lx)  (B=0,1,2, oo, m. (7T
=0

Mpumep 2. Moaunomel Py (x)=1, Py (x)=2x—5 4 P, (x)=3x2—15x 4-10
OpTOTOHANBHL HA cHCTeMe Touek X,=0, x;=1, X, =2, x3=3, x,=4 1 x;="5.
Paznoxutk noaumHoMm

Q, (x)=x3—3x-1-6
O 3TOH CHCTEME.
Pewesnue, INonaraem

Qy (x)=bo Py () -5, Py (x) + b, P,y ().

3annmem pesy/ibTaThl BRUHC/AeHH B Bife Tadauul 5 H TaGannm Sa.
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Ta6nanuma 5
3nayeHus OPTOr OHANBHLIX MoNuHOMOB P, (x) (=0, 1, 2)

H HX KBaJpaTos Pz (xX) B y3nax annpoxcHMaiHH

x Po () { Py (x) | Pat®) | P2 (x) P2 (x) P2 (x)
0 1 —5 10 1 25 100
1 1 —3 | —2 1 9 4
2 1 —1{ -8 1 1 64
3| 1 1| -8 1 1 64
4 1 31 —2 1 9 4
5 1 5 10 1 25 100
> 6 70 336

Ta6auma 5a

Tabauna pasi onpefefedusa KoadduiuueHTOB
®yppe noanHoma @, (x)

x Qa(2)| Po(x) Q5 (% Py (%) Qp (%) Py (x) Q4 (%)
0 6 6 —30 60
1 4 4 —12 —8
2 4 4 —4 —32
3 6 6 6 —48
4 10 10 30 —20
5 16 16 80 160
> 46 70 112

31

Otcrofa cornacuo dopmyne (7) naxogum: b, =46/6=23/3, b, =70/70=1,
b,=112/336 =1/3. CnejfoBaTebHO,

x3—3x—}—6=2T3 P,(x)+ P, (x)—l—% P, (x).

Kak nerko npoBepuTh, TOT K€ Pe3yJBTAT Mbl MOJAYYHM, HCHOJNB3Yys MeToj mo-

CAeaoBRaTe/NIbHOro JesjIeHHs

Bepuemcsa k 3amadye anmpoKcHUMHpoBaHus 3amannoii Gyuxuuy y = f(x)
Ha mHowecTBe Toyek X ={x,, %;, ..., X,} TOJIMHOMOM NaHHO# cTeme-

HU m (m < n).

Hckonnitt monuuom Q, (x), A KOTOPOro KBafApaTHY#HOE OTKIOHEHHE

Sp= [=20[Qm (x)—f (x)]* = min,



32 NPUBNMKEHHE &YHKILUH [ra. 1

OyjieM HcKaTh B BHJe 0606LIERHOTO NOMMHOMA
Qi (x)=0coPy (%) 4 1Py (x)+ ... + ¢, P, (%),

rae noausomu {P,(x)} (=0, 1, 2,
Me touex X. Orcioga
n

Sp= XlcoPy (X)) + ;P (X)) + oo b, (x)—F (£) ]

=0

m) OpTOroHanpHH Ha CHCTE-

“ .y

M3 Heo6x0auMOroe yci0BHR MHHHMyMa S, maa onpeaesennst K03¢guun-
eHTOR ¢, (k=0, 1, 2, ..., m) umeem cucreMy m--1 ypaBHedui

T A= SleoPu )ty (e) o

+cm P (x)—F(x)]P(x)=0 (k=0,1,2, ..., m)
0]

c°i§P° (%) Pplx,) -+ Cilz Py Pp(x)+ .-+

+ck2Pk Dt te, ZP %) Py ( x)—Zf () Py (%))
(k=0, 1, 2, ..., m).
B cuny oprorosanbHOCTH CHCTEMb {P}.(x)} (j=0, 1, ..., m) umeem:

n
2 Py(x) Py(x)=0 npu jok
H, KpOMe€ TOTO,
n
2 Pi(x)=[|Pyliy > 0.

=0
CnenoBarensto,

)=

ﬁ(x)Ph(xt)
L A — (k=0,1, 2, ..., m). (8)

n

> P

=0
Taxum oGpasowm, ¢, ABAsOTCA xoaqbqbuqueummu Dypse pynryuu f(x)
orxocuTeasno oprozonansnotl cucremst {P, (x)} na X.

Jng 10kasaTesbcTBa TOrO, 4TO SHHLIeHHﬂ ¢; Q0T MEHHMYM BJUM-
ne §,, cocrasum BTOPO#H )m(pq)epemman Tak kax

I W EYE)
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TO
0 npu £ A
»s, ! P #J
9eade 2% Pix,) =2[|P|P>0 npu k=
(=0
Caenosarennho, .
o~ %S
d28m=2 "‘dck>0 ﬂ"pl/lyd"k>0
b= =9

Ha ocnoBannu wuapecTHOH TeopeMbp MaTeMaTHYECKOTO aHA/NM33 MOJY-
yaeM, 4TO NPH 3haUCHHAX c,, onpelensiemwx dopmynol (8), Bemmunna S
umeeT muHAMyM., Tak Kax 3TOT MURHUMYM eNMHCTBEHHHI, TO HeTpPyIHO
BHJETH, UTO OH SBASETCH HAUMEHBINUM 3HAYeHUeM M8 S npu QHKCHPOBAH-
nom m, Ilonunom ¢ koaddguumentamy Pypbe Ha3LIBAETCS NOAUHOMOM
dypse nna Gysaxuuy f(x)

Takum o6Gpasom, MoxHO copMynupoBaTh Clelylomiuil BHIBOL

06061enHbUL NOAUHOM (PUKCUPOBAHKRO20 NOPROKA m € KO3PHUYuenTa-
nu Pypve dannod Qyukyuu f(x) Ha mnomecree X={xq, Xy, ..., %,}
o6 i000eT HOUMEHbUUM KBAOPATU4HbBIM OTKAOHEHUEeM OT 3TOl pynkyun
Ha X no CPABHEHUIO €O BCeMU NOAUHOMAMI TOZ20 e nop;z&lca m,

Bpuucnum penuunny S ang caydas, Koria ¢, apasiorcs xoadduun-

entamu Pypve. HMmeem

Z[cP ) PUE) + e P () —f(x) =

[ Py (X)) + AP (X)) + .o+ P (x3)] +

ll
nM:

Z i -2Z[Cof NPy (x) e flx;) Py(x) -
. + e f ()P (x)]
+2 23., [cocs Py (%) Py{x)) + o€ Py (;) Py (x;) -
+ LI +COCmP0 (xl') Pm (xi) + L + cmcm-lpm (.’C‘-) Pm—] (xi)]'
B cuny oproronanbHocTh cucTeMul [P, (x)] BHNOMHEHH COOTHOWIERHS
Epk(x,-) P,(x;)=0 ang k== Jj,
Kpome Ttoro, e

2_.. () Py (x)

g}o P} ()

Ck:
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Hin
n

2F(x) Py (x)= ckgo PE () =c, | Pyll%-

(=0
Moaromy

Su= 4Pl Pall 4 oo P+ 3 77 ) —
—2c2 || Py |z —262 || Py || — oo - —2¢2, | P, |15 =
=7 g =i I Po k=31 Pullse—- .- =Ll Pallk
UM, B COKpaLleHHOH 3anucH,

Sa=I7 () IZ =2 etll Pully-

B uwactHocy, ecam cucrema {P,(x)} opronopmmposana, 10 || B, ||x =1
H, Cle10BaTe/bHO,

Sp=Ilf(x)|3— kz: ¢z, rae c,= F(x) P, (x).

=9
§ 6. Moansomm Ye6hinesa, OPTOroHalibHbie HA CHCTEeMe
PABHOOTCTOSMKUX TOUYSK

[lyctb mana cucrema n+41 papHooTcrosauiux Tonexk X = {x,, X;,..., x,}
¢ maroMm k. C nomonipio Jaudefinoro npeobpaszoBanus f= (X —x,)/h

nepeBelleM 3TU TOukM cooTBercTBenno B =0, 1, 2, ..., n.
Honunomsr Py, (f), Py, (), ..y P, ,(f) (m<{n) coorBercrnen-
Ho cremene#t 0, 1, ..., m, OpTOroHaibHhe HAa MHOXecTBe TOyex {0, 1,

2, ..., n} 1 OTAMYHEE OT Hy/S Ha STOM MHOMKECTAE, HA3HBAIOTCSH OpPTO-
20HarbHbimu noaunomamy Yeboiuesa.
3ametum, uto B O603nauennn noaunoma YeOwumiepa P, , (f) nepsuill
uHnexkc k mnpeacrapaseT coGoil cTenenb TOJAHHOMA, 4 BTOPOH HRAEKC
7—4UCN0 TOYeK, yMeHbUIeHHOe HA eAMHHILY.
Honunomsr Ye6oiwesa moryT 6mTh 3anasbl ¢opmynoh [3}:
i s 4051
Py n =2 (=1 GGy o
=0 (1
(=0, 1, 2, ..., m),

rie tW=r({—1...(t—s+1) u n=n@n—1)... (n—s+1)
COOTB8ETCTByIOWMEe 0606IEeHHBIE CTENEHH,
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3anuileM HeCKO/NbKO MEPBHX OPTOroHaJbHLX MNOJUHOMOB YeOwirena:

o,,(t)—l P =1—2L (=1,

£t
p2 n (t) 6 +6 nzn 1)) (ﬂ >2)1 (2)
1o L t(t—l)_ {(t—1)(t—2)
LBy =1—12 +3o( =200 a=nm—y =3

Boaspawasace K npextel nepeMeHHoll x, NoNyyAM CHCTEMY NONHHOMOB
x—xo .
P, | —— (k=0, 1,..., m; m<n),

OPTOTOHAJNbHHX Ha MHOWKecTBe X,
Cuctema noannomos {P, ,({)} #e ABAseTcs HOpMHPOBAHHOK. Moxno
nokasare (3], uro

2 (n-th 1yl 3
Pern O = 3 P 0 = ST 3)

i=0

Pasnenns muorouneunl P,  (f) #a #X HOPMBI, MB NONYYHM HOpMUPOBAH-
HYK CUCTEMY OPTO20HAABHBLLX noAiurHomos Yebviuiesa

- Pk n(t)
P y=— - "

e (=00
Opumep 1, [MoayunTb cHUCTeMY NOJHHOMOB IO TpeThell CTemeHY BK/MOUH-

TeJlbHO, OPTOHODMHPOBAHHBIX Ha cHcTeMe Touek xy==1/2, x; =1, x,=3/2, x3=2;
X3=5[2; xg=2.

(k=0, 1, 2,...,m m<n). (4)

Pewmwenne, [lonaras

_x—xy 2 ___l_
b= T T (x 2)’

2

nepesefieM TOYKH X; B uejouncaennne Toukn t=0, 1, 2, 3, 4, 5. Tenepo
B ¢dopmynax (1) npunumaeMm fn=3.
HUmeem:

Pos(h=1, Pis()=1—04t,  P,g(t)=1—12t+0,3t (t—1),
Pys (1) =1—2,4t+ 1,51 (t—1)—0,333¢ (¢ — 1) (£ —2).
Hopumbt dynxamit Pyg () (k=0, 1, 2, 3) BouucaseM no dopmyne (3)i

- 7-6 4
s wi=VE =) = ) B,

8.7.6 2
”P2,5 (t)”= m:.g_ l/Ql,

9.8.7:6 G
1Py = V T35 = 75
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Paszenus nonunomet Py ({) Ha MX HOPME M Nepexons OT NepeMmentofl ¢ k ne-

PEMEHHON X, MOJNYYMM HOPMHPOBAHHYE CHCTEMY OPTOFOHAABLHBIX MOJMHOMOB
Yebnimena:

130:5 ("7)=—16:y Bysv)= Vf4 [1—08(.\:——;—)],
3 b (b (o) o= 3)]
Poat= Y2 [1—4-8 (+—g)+3(—5) (x——%)._

— 0,666 (x__é> (x——%) (x——%)] .

Ecan  Qyskuud y=:f(x) 3agata Ha MHOKeCTBe y3i0B X =

i)z‘s (x)=

= {Xg, Xq,..., X,} C 1WMaroM A, 1O HauNydwIH# KBAAPATHYHO ATIMPOK-
CUMHPYIOUHA ee Ha X NONUHOM cTeneHd m GYAET HUMeTb BUX
m
X—Xq
n ()= €, Py, (S572), (5)
k=0
rae

D) Pryw ()

__"=0 —
e (e (k=0,1,2, ..., m (6)

— ko03dduunenTel dypbe QyskiUHH f(X) OTHOCUTENBHO CHCTEMH OpPTOrO-
Hanbibix NOAUHOMOB Yebpunesa P, , ((x —x,)/h) (R=0, 1, 2, ..., m).

M3 dopmyn (5) u (6) caenyer, uto nonunom Q,, (x) He U3MEHUTCH, eCaH
OpTOroHanbuue nojunaomn Yebnimesa P, . ((x —xy)/h) (k=0,1,2,..., m)
YMHOKHTE HA HEKOTOphHe INOCTOAHHBIE MHOWHUTENH, OTAHUHBIE OT HYyJd.
DTUM 06CTOATENBCTBOM NONB3YIOTCA MPH BHMUCAEHHIX, YTOGH! MOAYYATH
Henne 3HaueHuss MOANGUUUPOBAHEKX OpPTOTOHANBHHX MONMMHOMOB Ye6H-
HIeBa B Yy3NnaxX annpoKCHMHUPOBAaHHMA.

B gactrocTH, ecan BOCNONH30BAThHCH HOpMHpOBaHHb[MH OpTOTOHAB-

HHIMH MOAUHOMAMH Yebwimesa P, , (¢), TO Gymem HMeTh

x)=§zk ﬁk'n<x—;xo)’ (7

ra¢

Ek=§] (X)) Peon (i) (B=0, 1, ..., m). (8)
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MMpumep 2 [loayuuts no cnoco6y HauMeHbIUINX KBAJAPAaTOB TOJHHOM
nATOH cTenexn, UpnGMIKEHHO NPeACTaBAAWHKIA Tabauuuylo dyHkouio [3):

x| 0 2,1 2,4 2,7

0,3 | 0,6

0,9 )1,2 1,5 l 1,8

1,245] 1,095 —0,600| —1,295—1,767 | —1,914

y‘l,SOO

0,855‘0,514 0,037

Pewmenmne. 3gece m=>5, n=9. Ilonaraem ¢=x/0,3.
Jlna yno6cTBa BHIKAAAOK BOCNOAL3yeMCf NOJHHOMaMH

f’k n(t)=pkn Pk a(t)

OT/IMYAIOMHUMHCH OT OPTOrOHAJBHELX MOJIUHOMOB YebniuieBa Pk n (¢) nMuwe yucao-
BLIMH MHOXHUTENAMH Op "_Pk n (O), nouoﬁpalmmMM Tak, uTO6Hl AJA 1eJOYHC/IeH-
HBIX 3HAYeHWH AaprymeHta ! 3HaueHHs Pk n (1) 6BLIN TaKKe UEJOUMCTCHHBIMH.

IMonaraem
5
Q=2 6P, (D)
=0
b Ek -~ 2 5 N 91 22
rpe bp==, cp= Z YiPp o (i), Sp= Pk, ¢ (i). 3Havenna nOAHHOMOB

1]

!

Pk o (¢) mpuBefens B npuaoienun 1.
BriuncneHNa pacnonoxiM Tak, Kak noxasano B TaGaune 6.
Otciofa annpoKCHMHP YiolMil NOAMHOM HMeeT BHI

Q (t)=—10,053 40,2028, , (1)—0,057P, , (£)—0,005P4 , (¢)+-
+0,005P, 4 () —0,002B; , (£)

Ry

Q (t)=— 0,083+ 1,818P, (1) —0,342P, , () —0,210Py (1) +
4 0,090P, o (£)—0,012P4 4 (1).

Mpuwmep 3. Tlo cnocoby HAUMeHbWIMX KBajpPaToB MNONYYUTb NOJHHOM
TpeThell cTeneHu, annpoKcuMmupylomni ¢ynkunio y=f(x), 3alaHnyi0 Tabanuef

0,10} 0,15 0,20‘0,25 0,30 { 0,35 | 0,40 | 0,45 | 0,50

0 ' 0,05

Y ‘ 0 \0,040}0,080 0,119\0,158‘0,197 0,236 0,274

0,311 | 0,347 ' 0,383

PemeHnne. HckoMblil nMonuHoM HuieM B Bupe

Qs (@)= Qs () =CoPo,10 (D +C1P 130 (4GP DV +CaPao (), (9)
rae t=(x—xg)/h=1x/0,00=20x u Py a0 () (B=0, 1, 2, 3)—nonuHOMb1 Yebu-
wesa (4), OpPTOHOPMHPOBAHHELE HA_ MHOXKECTBE TOUEK {O vy 2y ., 10}

Koatdnuuenta ¢y, ¢y, € 1 ca B paBeHCTBe (9) HaXxoauM mo dopmyJe
10
Gn= 2 UiPap)  (m=0, 1,2, 3), (10)
1=qQ

rue y;=|(x;).
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§ 6] OPTOrOHANBHBIE MOJNMHOMB YEBBIIERA 39

3HaueHuA OPTOHODPMHPOBAHHEIX NOJUHOMOB UYe6nleBa B HEJTOUHCACHHHX
Touxax (t=0, 1, 2, ..., 10) Gepem B3 coorseTcTBYIOWMX Tabmuy *). Bunumem
5TH sHadenud (Tabnnua 7)) pisn=10um=1, 2, 3, octaBnAf B HUX 4 3HAKA Nocae
sanstoil (Tabmupsl paecsiTuuunie). [locTpoeHwe AMNPOKCHMHDYIOMEro NMOJHHOMA
npupefieno B Tabauie 7a.

Ta6nuuwa 7
3HaueHus OPTOHOPMHPOBAHHKIX MOAHMHOMOB YeOnimena

t Py,10 Py 10 (0 P3,10 @)
0 0,4767 0,5121 0,4580
1 0.3814 0.2048 | —0.0916
2 0,2860 —0,0341 —0,3359
3 0,1907 —0,2048 —0,3516
4 0,0953 —0,3073 —0,2137
5 0,0000 —0,3414 0, 0000
6 —0.0953 | —0.3073 0.2137
7 —0,1907 —0,2048 0,3516
8 —0,2860 —0,0341 0,3359
9 —0.3814 0.2048 00916
10 —0.4767 05121 | —0.4580

Ta6numa 7a

MocTpoenne annpoxcuMupyouero MNOJHHOMA € NOMOLIBIO
OPTOHOPMMPOBAHHBIX NOJMHOMOB YeGoimena

t y=f () yPI,IO (1) yPg,lo ) 4P3 19 (7) Y g=y—y
0 0 0 0 0 0 0

1 0,040 0,0153 0,0082 —0,0036 0,0399 0,0001
2 0,080 0,0229 —0,0027 —0,0269 0,079 0,0004
3 0,119 0.0227 | —0.0244 | —0.0418 | 0.1191 | 0,0009
4 0,158 0,0151 —0,0486 —0,0338 0,1592 |—0,0012
5 0,197 0 —0.0673 0 0.1970 | 0,000
6 0,936 | —0,0225 | —0.07%5 0,0504 | 0,9352 | 0.0008
7 0,274 | —0,0523 —0,0561 0,0963 0,2727 0,0013
8 0.311 | —0.0896 | —0.0106 0.1045 | 0.3097 | 0,0013
9 0,347 | —0,1323 —0,0711 0,0318 0,3406 0,0n94
10 0,383 | —0.1826 0.1961 | —0.1754 | 0,3708 | 0.0092
3 9,145 | —0,4033 | —0,0066 0,0014

¥y JI.I. FpacGaps, Ta6auunl nonunomor YeGuinena, OpTOHOPMHPOBAH-
MEX Ha CUCTEME PAaBHOOTCTOAUMX ToueK. Bwuncaurenwnntii nedrp AH CCCP,
Mockea, 1965.



40 NPUBMIKEHRE GYHKUHAN {ra. 1

Orciopa, ygquTsiBag, 4TO ﬁolm(t)ml U T)o,m (©)=1/[1Py 1 (t)|]=1/}/1-1,
6YIEM HUMeTh

n n 10
=5 11 1
oPo 10 ()= 2 g ——= =t 2' 9;=0,0909 ¥y,

i=0 ‘ Vi V” 11:,‘=0 i=0
H, c/ieJ0BarenbHo,

Qs (£)=0,1950—0,4033P, ., (£) —0,0066P 1 (£)+0,0014P;,0 (1).  (11)
Tak kak

A Pp 1o (£)
P )=,
k10 ® ”Pk,lo“
rjpe
(P10l =2,0976, [Py 1oll=1,9528, ||Pjyll=2,1833,
TO UMeeM
Q3 (£)=0,1950—0,1919P, 3, (£)—0,0034P, 1o (t)+0,0006P3,1o ()=
=0,1950 —0,1919 (1—%) —0,0034 [ t(t—l)] .
66  t(t—1) i({—1) (t—2)
-+0,0006 [1_.5_+ L ) ] (2

TMonaraa ¢==20x, oKOHYATENLHO HOAYyYaeM
Qs (x) =0,1333x3-1-0,0093x2 -+ 0,7938x -+ 0,0003.

B MocNejHUX ABYX croaGuax Tabnunel 7a OpuBefAeHbi 3HAYEHUS MOJMHOMA
g = Qs (¢) B Toykax ¢=0, I, , 10, Bbluuc/iennsie no gopmyne (12), u coor-
BETCTBYIOUIHE PA3HOCTH €= Y — J

§ 7. Uurerpanptoe KBagpaTHYHOE ANNMPOKCHMHPOBAHHE
¢ysxuni Ha oTpesKe

B nHTerpansHOM croco6e HaMMeHbIIHX KBAjApaTO8 34 Mepy OTKIOHe-
Aua Gynkunu f(x¥) ot nonuuoma

CoFerx+ ...+, x"=Q, (%)

Ha otpe3ke [a, b] npunumaeTcss BenUUMHA

b
= S (Q,, (%) —f (x)]? dx.
Ouennnno, [, ecTb dyHknua xospduuHEHTOB ¢4, €y, ..., C,. g Hauayy-

nieft KkpagpaTHUHOA annpoxcuManuu 3TH KO3PPUUUEHTH HYXHO MOAO06paATH
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§ 7] HHTETPANGHOE KBAJZPATHYHOE ANNPOKCHMHPOBAHHE

Tak, 4toOu J, npHHHMAano cBOe HauMeHbliee 3daveune. OTcioga mony-
4aeM CHCTEMY YpaBHeHH#

b
732 = (Qn (9 —F (1) ax =0,
ab
3o = (1@ () —7 (%)) x dx =0, f "

b
752 = [ 1Qn ) —r (M) 5" dx =0

HIH, y'-lHTblBaﬂ 4TO
bk+l ak+1

sk—sx ax="2T00 (h=0,1, 2, m),
GyseMm HMMeTh:

b

SeCo+ 8161+ oS, = Sf(x) dx
%

$1€q+8aCy F oo+ 8010, S xf(x)dx, | 2)

a

h

SmlotSmprlrt - e+ SynCp= Sx £ (%) dx.

Hetpyano yGeantbes, uTo cHcTeMa (2) HMeer eXHHCTBEHHOE pelIeHHE.
HoxasniBaetca [2], 4YTO PEUICHHSA Cy, €y, ..., C, HAAIOT HAHMEHbLIEE 3HA-
yenHe senuuuue [,
[Tpumep 1. HaliTh Hauayumy0 KBajpaTHUHYIO ANNPOKCHMALMUIO OCPed-
CTBOM [0JIMHOMA BTOPOil cTeneHH GyHKUUU f (x) = V'x ua orpeske [0, 1].
Pemenne. Tak kak

1
1
L
‘S‘x dx = T
(1}
T0 Ko3hduuueHTH nofuHOMA Q (x)=Cy -+ C1x 1 Cax? oupepefsOTCA M3 CHCTEMH
1 1
o+ 5 a +§ [4 ' ]
1 1 1
Fatyatya=g,

1 1 1
F Ot g Ot g =

=N o o eof o
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Orcropa ¢y =6/35, ¢, ==48/35, ¢, = —4/7, u, caegopateanHo (puc. 3),

6 48 4
Q (x)=3—5—}—§5x—7x2.

Mpumep 2. dynkumo 3*¥ KBagpaTHYHO aNIPOKCMMHUPOBATH HA OTpE3Ke

[—1. 1] monunoMOM TpeTbeil cremeHH.
Pemenne. Tlonaras Qz(x)=1¢y+cix4cax?+cax3, 119 Kosdpdpuunenton
nojuHomMa Qg (x) moaydaeM cucTeMy ypaBHe-

4 HU
7 =¥z ; )
y =z | 2cu+£ €g= S 3% dx,
7
=4y
: 3 — (3= S x-3%dx
, 3 5 '
/ ' -
|
2,42, 2.3%
f 5 ot S 3dx,
h s
g 7 2 0
Puc. 3. 5 C1+—7‘ Cg= S x8.3% dx
-1
HJH

6cy+2co =7,2819, 2c;+ 1,25 =2,4739, 2¢y+-1,2¢, =2,7779, 2,8¢;+} 2c53=3,5366.
Orciopa uaxopum: ¢, =0,9944, ¢;=1,1000, ¢,=0,6576 n c3=0,2335.
CrefoBatesbHo,
Q (£)=0,9944 -+ 1,1000x 4 0,6576x2 + 0,23352.

B ofuem ciyvae RaHHYI0 HENPEPHBHYI0 QYHKIHIO f(X) MOXHO an-
MPOKCHMHPORATh HA KOHEYHOM oTpeake [a, b] ¢ momomibio 0606LIEHHEIX
MOJHHOMOB

m (x) = Co(po(x) +Cl(pl (X) + e +Cm(pm (X),

rae {®; (x)}—3anannan cucTema nenpepuBHEX (QyHKLUEHA W C,—NOCTO-
fiHHbe KO3 HIHeHTH,

Cornacuo cnoco6y HauMeHbIIHX KBAAPATOB KO3ddHuUCH-
T ¢;(i=0, 1, 2, ..., m) noabupalorcas Taxk, yTOOH XBAaApATHUY-

Hoe OTKNOHeHHe NonuHoma Q(x) oT Qyskuun f(x), parHoe

b
L= {10 —r @ ax = Do, (0 —7 (0 ax,

a

=]

Dl/')v

MMEJN0 HauMeHbllee 3Hayenue,
Ina naxompenus munumyma bynkuun /=17, (cq, €1, ..., C,), Kax
M3BeCTHO, HYXHO COCTABMTh BCE YACTHHWE MNPOH3BOAHKIE

ol

’a‘C[ (l=0, 1, 2, ...,m)



§ 8] OPTOTOHAJ/IBHBIE HA NPOMEWYTKE CHUCTEMH oYHKIHMH 43

H NPHPABHATH WX HyM0. JTO AT CHCTEMY AAA ONpesedeHus KoahdH-

UHEHTOB Cq, €y, +.., €,

b m
?a—m S chﬁP:(X)—f(x)] Po (¥) dx =0,

ab 1;0
F) a_m=5‘ Z ¢ (x) —f(x)] @y (x)dx =0,

e 3)
5*’"=S Ecqa (x)—f (% )]q:,,,(x)dx:O.

a "' )

Broas cokpalliesnne 0603Ha'{6HHH
Scp P (x)dx,

cucteMy (3) MOWHO 3anucaTh B CAEAYIOUIEM BHAE:

o (Por Po) +c1 (P, @) A oo €, (R o) = (F, o)y
co (Por P1)F ¢ (@1, )+ oo+ (9, P)=C(f, 9y),

o (Po, ®p)4¢y (P, @)+ ...+, (0, 9,)=(/, ).

Hokasupaerca [2], 4to ecnn QymkumH @y (¥), P, (%), ..., @, (%)
nusedHo uesapucumu Ha (@, ), TO cucTema (4) uMeeT eAHHCTBEHHOE
pelieHHe, KOTOpPOE COOTBETCTBYET HaHMEHhIIEMY KRaAPaTHYHOMY  OT-
knoneduo [ .

3aMeTHM, YTO HeyAOOCTBOM HHTErpaNbhHOU KBAMPATHYHOM aNMpOKCH-
MAILHH ABAAETCH HCOOXOAHMOCTH BLIYHCIEHHSA ONpEAeNeHHNX HHTErpanos,
KOTOpHE MOryT OHWTh BECEMA CHOMHHMH H JIawe He BHPAXAThCA 4Yepel
anemeHTapHbie GyHKuuKH. B aTOM cMBlcie cmoco6 ToyewHOH KBaApaTHu-
HOH annpoKcHMAUHH MPEeANnOYTHTENbHEE,

§ 8. OproronaJnknie HA MPOMEKYTKe CHCTeMul (PYHKUHi

B cayuae, xorja creneHb anmpOKCHMUDPYIOUIErO NOJNKHOMA BeJiHKa,
METOA OTHICKAHMS TaKOrO [1OJHHOMA, YyKasauHeih B § 6, cravomuTtcH
rPOMO3AKHM ¥ €r0 3aMeHAIOT JADPYLHM MEeTONOM, OCHOBAaHHWM Ha HIee
OpPTOTOHANBHLIX (YHKIHM.

Onpenenenne. CuCrema MHTerpHpyeMux QyHxuui

Po (.’C), P1 (JC), ey @ (x) (1)



44 NPUBJANKERRE GYHKIRHU [rn. 1

Ha3kiRaeTCa opTozonaabxoil Ha [a, b), ecawm
)

(P @)= S P (%) @, (X)dx =0 npu m==n.

Yucao

- b
Nom () 1=V (9, Pn)= ]/S o (x) dx

Ha3HRAeTC Hopmol GyHKUMH @, (x) Ba oTpeske [a, b}.

Ecau Hopmm Bcex ¢yHkuuit crcremn (1) paBHm eAHHHUE, TO 9Ta
CHCTEMA MA3KBACTCT OPTOHOPMUPOBARKOIL (OPTOrOHAABLHOR M HOPMHPO-
BanHOM). Jlnst OPTOHOPMHPOBAHHON CUCTEMH BHIOJNHAETCH YCAOBUE

b

S (pm (JC) (Pn (JC) dx: 6mn‘

a

rae §,,—cumsos Kponexepa, T, e. 8, =0 npu m==n; &, =1 npu
m=rn.

OueruAHO, BCAKYI0 CHCTEMYy, He COAepwaumlyo (yHKIUH# ¢ HyXesoh
HOpPMOHt, MOXHO HOPMHpPOBATh. A 3TOrO AOCTATOYHO KaWAYIO PYHKLHIO
pa3fenuTh Ha ee Hopmy. Cucrema ¢yHukumit

Qo0 P, . —_Bulx)
b ()= o T =TT 0 W) = mT

HOpMHpDBaHa TaK KaK

b
B 1
S“’”" dox = ann, ) ua""zllw‘)nﬁg"’“")d":l'

a

Mpumep 1. IlporopmupoBare cucreMy gynruui
1, x, 22, ..., x™, ..., 2)
8ajaHHy0 Ha orpeske [0,1].
Pewenne Hwmeem

Po (%) = e — 1,

1
]/ S 12 dx
0

xm xm —

4 _]/ 1 =V 2mFixm (m=1,2, ...).
]/ Sxﬂmdx Im -1

0

Mocae RopMUpOBAHHS cHeTeMa (2) wMmeeT BHJ

,V 3%, ¥V 5x% v.., V2mFIx™, ...

Py (x)=



§ 8] OPTOTOHAJIBHHBIE HA HPOMEXYTKE CHCTEMH @YHKUHH 45

Ecmu cucreMa dyukunit {9, (x)} oproronansua na orpeske [a, 8], TO
327a4a 0 KBAAPAaTHYHOM anMPOKCHMALHMH RAHHOH HermpepnBHOH QyHKuuH
f(x) na samannom orpeske [@, b] ¢ momowk0 0606IIEHHOCO MOJAHHOMA

Q, (X) = oo (¥) + €191 (X) 4 -+ . +¢,9, (%)
noay4aeT npoctoe pewieHue,

B camom nene, ua HBOﬁxo,zmMOl‘O YCI0BHA MHHHMyMa HHTerpafa

-1 Sewn—rinpa @)

ana onpenenedus kosddunuentos ¢; (i=0, 1, 2, ..., m) umeeM cuc-
Temy m -+ 1 ypasueuuid
b

%%’Tyzy [i;‘]ciq)[(x)—f(x)] 9,(x)dx=0 (j=0, 1, 2, ..., m).(4)

Tocne uvecnoxunx ynpouwtennit cucrema (4) npuHuMaer BUA
b
n
> e S ()9, (5)dx = £ (%) g; () dx. (5)
=0 a
B cuny oproronanbHocTH cHCTeMsl {@; (¥)} BIOMHEHO pameHCTBO
b

(o0 g (x)de=0 npn o).

a

[Tostomy Bce cnaraemme jaerofi wacTu ypasHewuil (D), 3a HCKIIOUEHHEM
j-ro, obpawmatTca B Hyns. CregoBaTensHo,

b b
¢ Sq;%(x)dx=gf(x)cpj(x)dx

Mpeanoaaras, yto cpean dyuxkunit ¢;(x) (=0, 1, 2, ..., m) ner
¢yukuru ¢ Hynesod wopmoit, T, e.

b
lo; ) 12={ g2 (x)ax >0,

NOoAYYHM OKOHYATEAbHO
b

{t o dx
(=t (j=0, 1,2, ..., m). (6)
S(pl?(x) dx
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B anamenarene ¢Qopmyan (6) €TOMT KBaApaT ROpPMA  YHKLHH

@, (%), T. e.
b

10 @00

A P Y e (7)

B cayvae opronopmMHpoBaHHOH cucTembl KO3(QHUHEHTH BHYHCATIOTCH

0co6eHH0 npoCTO!
b

= {7019, () dx
(=0, 1,2, ..., m). (8)

Koadgpuunentn c;, onpenensemnie dopmynolt (7), wasmBaiorces Ko-
sppuyuentamu Pypse Gynxyuu f(X) OTHOCHTENLHO 34AAHHOH OPTOrO-
HanbuOl cHcTeMm {@; (x)}.

HJIH JAOKa3aTeabCTBA TOrO, YTO 3HAYCHUA Cj AAXT MHHHUMYM HHTeEr-
pany [, cocragum gropoi audipepesuman d% . Va3 dopmynu (4) umeenm

ack (%) @ (¥) dx =0 npu j== k.

nc_ljc_

CrnenoratennHo,

=0

m m
22/ z 921
2 E : m 2 m = . 2 H
Pln= i=0 (7012' aeit? i<k Oc,0cy de,dey, 2 2 I P; (%) [*dc;>0

npu

/S

-~
It
e

Ha ocrosauuu H3BeCTHOH TeopeMH MaTeMAaTH4eCKOrO aHa/IH3a NOAY-
YaeM, HYTO NPH 3HAYEHHAX C, OOpeNesTeMHX dopmynoir (7), wunTCr-
pan [, umeer munumym. Bosee Toro, Tak Kak uurerpan [, uMeeT exHH-
CTREHHBIH MHHHMYM, TO 3Hauenue / _, COOTBETCTBYIOLLEE koadumenTaM
dypbe ¢;, SABASETCH HAUMEHBIUHM B NPOCTPanHCTBE KO3(HUHEHTOR
Coy €15 +onsy Cpy

Taxkum oépasom MOWHO CHOPMYIMPOBATH CHENYIOWNH BBIROA: 0606-
wennotii noaunom ¢ Koappuyuentanmu Gypee Oannol Gynkylu o6aa-
Oaer HauMeHbUM KEAOPATU4HBIM OTKAOHEHUEM OT 3T0i (yuxyuu no
cpasrenuro co ecemu Opyzumi 0GOOULEHHBINK NOAUHOMAMU TO20 e
nopsadka m (cp. § 9).
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Hagum oueuxy otkaoHexun (3) mns caydas, Korma ¢; ABAAOTCH
koadduunentamy dypoe. Vmeem

4
=17 —3 e toa

m

S 0 =2 () B e (9)+ 3 ciol () +

+2 3 e, (9 0y (9] ax
<<

Hepexonﬂ oT HHTeI‘paJla CYMME K CyMMe unrerpanog [OMY4UM

1~Sf2 dx-22 S q>l<x)dx+2 §q>, x)dx 4

+2 Ek Ci% S P; (¥) @ (¥)dx. (9)
Tak kak 4
b b
Sf(x)%(x)dx=cigq>?(x)dx ((=0,1, 2 ... m

b
Cpp(0) @ (x)dx =0 npn £k,

TO 0OCAe OPHBEAEHHA NOMOGHLIX uieHoB B Gopmyne (9) umeem
b m b
={rrmax=3 aletxax (10)

a =0 a

HJIH, B TEPMHHAX HOpME GyHKUHY,

=17 @ =3 o ()] (11)

=

Tak xak 7/,>==0, 10 u3 dopmynw (11) monydaercs Tak Ha3HBAEMOE
HepaeencTe0 becceas

403
ZO cillo: ()P <
B wacthocTH, npu m—s 0o moayuaem

cll @: () P <[ F () |I°

(12)

8

(=0
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Ecan cucrema @q(x), @q(x), ..., ¢,(x), ... OpTOHOpPMHpPORAHZ,
To dopmynw (11) u (12) ynpowalortca. B atom cayuae
m
L=\ F(x)*— Xci (13)
(=0

3 a<is]

OtMeTum, uyTO0 0600WeHAN noAuHOM Q. (X) ¢ ko3addHuHeHTaMH
Jypre 06namaeT BAWHLIMH cBOHCTBAMH:

1) npu yBeJMYEHHH YHCAA CAATAEMHIX m MAafitHe Ko3hHUMEHTH ¢,
Kak caeayer H3 Qopmyall (7), OCTAOTCA HEH3MEHHRIMH, T. €. MNPH A0~
0aBaeHHH HOBHIX Y/EHOB fpOJAeJaHHas mnpexae paboTa cOXpaHsercd
DOJIHOCTLIO;

2} npu yBeJHYEHUH /M KBaAPATHYHAH NOCPEUIHOCTD

2, (14)

b
In={[Qn () —F (x) P dx

8 cuny Qopmyan (10) MOHOTOHHO YOGHBACT B WIHPOKOM CMRICHIE, T. €.
hz=zL=...21,>21,,,>2... Takum o6pasom, npucoesuHenve
HOBhIX C/JIAraeMbIX YBEIHYHBAET TOYHOCTH ANMPOKCHMALHH,
Auanoruysnie cBOMCTBA AJA NOAHHOMOBR Pyphbe HMEIOT MECTO TaKike
B Ciayyde TO4eYHON annpOKCHMalMH,
Ecan cucrema oprorosanbsuix Gyukunil {@;(x)} takoma, uro nas
a0boil wenpepeisrott GyHKIHH f(x) cnpagefHBO COOTHOUIEHHE
lim /,=0,
m—w
TO 3Ta CHCTEMAa Ha3WBAETCA noaAxod. B NpoTHBHOM cayyae cHCTeMa
Ha3LIBAETCA HeNnoAHOd,
Ipeanonaras, uyto cucrema {g, (x)} monnas, w nepexoAs x npeneny
s pasencTBe (11), Oynem umern

o=l 7= llo I 1o B lon =@ P (15)
B yacTHOCTH, ec/M nmOJHAA CHCTeMa OPTOHOPMHPOBAHA, TO
X a=lr . (16)

Pasencreo (15) HaswBaeTca pasencreom llapcesarn WiH  ycaosuem
noasorer, Bcan ¢; paccMaTpHBATh KaK KOMMOHeHTH (ryHkuHH f{x) oTHO-
CHTENBHO OPTOHOPMHDOBaHHOM cHcTeMbl {@; (X)), To MOXHO cKa3aTs,
yto pasenctBo [lapcesans (16) aenserca awanorom Tteopemul [lugaropa
B ¢yHKUHOHANLHOM MpPOCTPAHCTRE,
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§ 9. MonaTHe O rapMOHHYECKOM aHAIM3E
B kayectse mpuMmepa OpTOrOHANLHOM CHCTEMH PACCMOTPHM TPHIOHO-
MeTpH‘leCKle CHCTeMY
1, sinx, cosx, sin2x, cos2x, ..., sinx, cosnx, ... (1)

TMokaxeM, yTO 3Ta CHCTEMa OPTOTOHAJbLHA HA JI060M OTpeaKe ANKHBI 27,

Hanpumep Ha orpeske [—m, n]. [ns sToro npomepum o6pautesne B Hy/b
HHTETpason:

I. \sinmxsinnxdx, ecnhi m U n—uensle H m =71,

ey 2

cosmx cosnx dx, ecnu m W g—ueabe U m =~ 1.

-t
n
o §
-3t
n
MI. Scos mxsinnx dx Ana BceX UEJWX m H 11,
-t

HelicTBuTENBHO,
n
. . 1 [sin(m—n)x sin(m+n)x|® _
1. Ssmmxsmnxdx— 5 [ m—n P _n_O,
—1t
eCIH m W pg—lelhne H MmN,
n
1 sin (m+n)x , sin (m—n)x|®
II. Scosmxcosnxdx—--Z—[ min -+ pre— _n——O
~t
npy m == 1.

HUurerpan 1l o6pawtaercs B Hynis Ha otpeake [—m, m] B cuny
HEYETHOCTH noabHTerpansHoil ¢ynknuu. [lonaras BO BTOPOM W TpeTheM
uuterpanax m= 0, noayyaem

T n
Sl-cosnxdx.—_o, Sl-sinnxdx=0.
—-n ~T

Urax, tpuroHomeTpuueckas cuctema (1) OpTOroHanpHa Ha OTpesKe
[—m, x], a caenosarensso, u na moGom orpeske [a, 2m4-al.
Boyucanm vopMu QiyHKIHE, sXomamux B cucremy (1). Mmeem:

||1“=l/r§l2dx=l/ﬁ, []sinnx”=l/1§sin2nxdx=]/?, (2)
||cosnx“=l/:§cosznxdx=]/z (n=1, 2, ...).

-n
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Myers nana nenpepniBHas nepuomvyeckasds QyHKIHS ¢ NEPHOAOM 21T,
CocTaBum TpuzonoOMeTpuUECCKUDL NOAUROM

Q,(x)= —|— 2 (a, cos kx - b, sin kx); (3)

cnaraemble Uy = a4/2, 4, =a,coskx b, sinkx (=1, 2, ...) 06nuHO
HA3LBIBAIOTCH 2apmoruKamu,

Hdns TOro uToOw KBajpaTHYHOE OTK/JIOHeHMe mnoauuoMa Q, (x) ot
GyuxuHR f(X) OBIO MUHHMAJLHEM, KO3QHUHEHTH @, @, b, AOMKHH
O6nTh KO3diuuuenTaMn dypre PYHKURHE f(X) OTHOCHTENBHO TPHTOHOMET-
puueckoit cucremnl. Otciona Ha ocHomanuu § 8 (dhopmyna (7)), yuurbiBas
COOTHOLIEHHA (2), Tonyyaem

a,=

Cyq

m
L{f0) coshedn, b= Sf(x)sinkxdx (4)
-1t

-
(k::O’ 1) 2) L] m)'

Koaddnuuentn @,, b, HA3HBAIOTCA TPUSOHOMETpUHECKUMU KOSPDu-
yuenramu Pypee QYHKUMH f(X), a2 COOTBETCTRYIOLHH TPUCOHOMETpHYE-
ckuil noanwoM (3) — rpuzonomerpuseckum nosunomon dypee. CROGOMHbI
4leH 3aMHCHBAIOT B BHIE aQ4/2 mns TOro, uTo6H K03dPHUUEHT @, NO-
Ayvancs u3 nepsod ¢opmynnm (4) npu k=0.

W3 dopmyn (4) cneayer: ecnn dyskuus f(x) ueTHass, TO Koadqdmu-
HHEHTH

( A ] m):
n
2 (5)
:ES f(x)coskxdx (k=0, 1, 2, ..., m),
0
npHyem

Q,(x) ———%‘3-}—2 a, cos kx.
=1

Ecnu xe f(x)—neueTnas dyuxkuud, T0
=0 (k=0,1, 2, ..., m),

J
2 S _
:ESf(x)smkxdx (=1, 2, ..., m),
]

TpHYeM
1
Q, (x)= ) b,sin kx.
k=1
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ITopctapass B dopmyny (3) kosdpduunents (4), npu m—oo nojyuaeM
Ins GyRuHH f(x) ee Tpuzonomerpuueckuil pad Pdypee

.02_0—{-2 (a, coskx + b, sin kx),
k=1

[lpencrasnende ¢yHKUMH TPHTOHOMETPHYECKHM NOJHHOMOM ®dypbe HAH
TPUTOHOMETPHUECKHM pPAAOM (Pypbe HA3BBACTCH 2APMOHUYECKUM AHAAU-
soM. B nmpoctefininx caydagx kosddHIHEHTH TPHIOHOMETPHUYECKOTO HO-
aunoma @dypbe ganHoll @QyHKUMM HENOCPEACTBEHHO BhIYHC/AITCA 10
dopmynam (4).

Ecnn ke BhuHC/IEHWMe WHTErpaioB (4) rpomosnxo MM dynxuus f(x)
3amana tabGiAMyHO, TO ANA BHuucAeHus KoadduuuentoB Pdypbe HMeIOTCH
pazinyHne npubaHKeHHHe CNoco0bl. OmHH M2 3THX CHOCOGOB COCTOHT
B TOM, 4TO MHTErpaisl (4) BpuMCAAIOTCA NpHOAHKEHHO TO dopMyne
Tpanenn#t (M. [2]).

PacemoTtpum oTpenbHo TpH caydas.

Cnyuaun 1. dynxunsa f(x)—vuernaq. [Ipumenss ¢opmyny Tpaneunst

b—a
n

b
fomars"22 (Lot +o )+ . o l5)+5 0]

K HHTerpaiaam (5), monydaem

akzl._“l [%f(xo) cos kxy + f (%) coskx + ...

It n
eer HF(%,_q)cos kx,,_l—’r-;—f(xn) cos kxn] ,

rae x;=mni/n ({=0, 1, 2, ..., n).
Beenas o6o3nayenus:

Vo= ol E) B=F () oeny Ypor =/ (Faca) Ya=3F ),

HOJyYUM
2
ak=7

(Vo €OS kx o+ €08 kxy 4 ... £ ¥, COs kX)) = (7)

=En2yl.coskxl- (=0, 1, 2, ..., m),
i=0

Npumep 1. [Toctpoute TpHUronomerprdeckuit nonnHoM ®ypre 118 yeTHOMN
¢yHKUHY, 3ajaHHON C/IEeYIOIHMH JAHIBIMH:

g o |[E|E [ Epm5m | x| Tn )2 3a ) bn | 1ln
i 2|6 || 3|12 |23 |78 | 12"
fx;)|9,55(9,46(9,25 ’8,96‘8,58\8,10 7,59|7,00(6,34!5,56(4,80(4,21(4,00
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Pemenune. B dopmyne (7) GepeM n=12, HHBIMH CJIOBAMH, OTPe30K
[—mx, sw] mpeauM Ha 24 yactH., OrpaHHUYNMCA MECTBIO FapMOHMKAaMM, He cudTad
HyJeBoit, T. €. npHMeM m==6. Bce BhUHCAEHHA NJA OTHICKAHHA Ko3(PhuuHeH-
TOB @ pacmosaraeM o cxeme A (rta6auua 8).

n
B ctpoke Zsanﬂcuaaem cCyMMY 2 y; coskx=sp qna k=0, 1, 2, ..., 6
i=0
n
Pa3sjeniua s, Ha 5:6, nostyyaeM npubJuKenlbe 3Ha4eRud ko3hPUUUCHTOB Ay,

npuBeieHHLHE B NOCJegHell CTpoKe cXeMbl A,

Ta6nuua 8

Cxema A. Buuncienue xoapdpuuueHtoB Qypbe pas cayvan
YeTHOM PyHKUHK

{ Yi <08 x; cos 2x; cos 3x; co8 4x; cos Hxg cos 6x;
0 4,78 1 1 1 1 1 1
1 9,46 0,96593 | 0,86603| 0,70711 0,5 0,25882 0
2 9,25 0,86603| 0,5 0 —0,5 |[—0,86603 —1
3 8,96 0,70711 0 —0,70711| —I1 —0,70711 0
4 8,58 0,5 —0,5 —1 —0,5 0,5 1
5 8,10 0,25882 | —0,86603 | —0,70711 0,5 0,96593 0
6 | 7,59 0 —1 0 1 0 —1
7 7,00 | —0,25882| —0,86603 0,70711 0,5 |—0,96593 0
8 6,34 | —0,5 —0,5 1 —0,56 [—0,5 1
9 5,56 | —0,70711| © 0,70711] —1 0,70711 0
10 4,80 | —0,86603| 0,5 0 —0,5 0, 86603 —1
11 4,21 { —0,96593| 0,86603 —0,70711 0,5 |-—0,25882 0
12 2,00 | —1 1 —1 1 —1 1
> |s6.63| 1552 | —2,48 1,06 |—0,25 0 0,06
a, (14,44 2,59 —0,41 0,18 —0,04 0 0,01

HckoMmblit moJinHOM HMeEET BHJ
Qs (x) = 7,224-2,59 cos x—0,41 cos 2x + 0,18 cos 3x — 0,04 cos 4x - 0,01 cos bx.

s npoBepKH BLIYHCIHM:
Qs (0)=7,2242,59—0,41 +0,18—0,04 40,01 =9,55.

[MoaydeHHstd pe3y/ibTaT XOpOWIO corJacyercs ¢ 3ajlaHHO# TabGJHilei.

Cnyuaét 2. dymxuua f(x)—wueuvetHas. B stom caydae 3amaua
HAXOKJEHHA TPHTOHOMeTPHIECKOrO TOMHHOMA CBOJAMUTCH K ONpeNeleHHio
rxo3pduunentos b, (popmyna (6)):

n
b, = %Sf (%) sin kx dx.
0



§ 9] NMOHATHE O TAPMOMHYECKOM AHAJH3E 53

IpuMensist Kk aToMy MuTerpaly ¢Gopmyny Tpaneunst, NOJYYHM

b/z:'?? : ‘g‘ [;_f(xo) sin kxq +
FF() sinkty + oo 7 (X, ) sinkx,_, 4 f (x,) sin kxn] ,
rae x;=umni/n (i=0,1, ..., n).

Beens o6osnavenns y;=f(x;) (=0, 1, ..., n) 1 3ameuad, uro
Sin kxy = sinkx, =0, noayyaem

2 . . .
by = (yysinkx,+y,sinkxy+ ...y, ysinkx, ,)=

n-1
2 ]
=72yismk,xi (=1, 2, ..., m).
i=1
Mpuwmep 2. ToctpouTh TpUroHoMerpuuecknii nonunoM dypee Q4 (x) Ans
HeveTHol ¢yHkuuu f(x), 3aJaHHOA TaGJHYHBIMH JaHHBIMMH:

g lof 2| 2| 2z 5m a7 2 3n) bnlln
Pl el sl 7|32l 2|3 2| e | 12|
E(xp) 0‘——0,07—0,10—0,110,16 0,65/1,19/1,55(1,49(1,11]0,58|0,13] 0

Pemenne. Bce BouHcienHsa pacrnonaraemM ne cxeme B (ra6aupa 8a),
aHasordyHofl cxeme A s ueTHOH (YHKIHH.

Ta6banuna 8a

Cxewma B. Bouncaense xosdpbuunentos dypse aas cayvas
HeYeTHOH GYHKUHA

i Yy sin x; sin 2x; sin 3x, sin 4x; sin 5x; sin 6x;
1 —0,07 | 0,25882 0,00000 0,70711 0,86603; 0,96593 1
2 —0,10 | 0,50000 0,86603 1 0,86603| 0,50000 0
3 —0,11 | 0,70711 1 0,70711 0 —0,70711| —1
4 0,16 | 0,86603 0,86603| O —0,86603 | —0, 86603 0
5 0,65 | 0,96593 0,50000 | —0,70711 | —0,86603 | 0,25882 1
6 1,19 | 1 0 —1 0 1 0
7 1,55 | 0,96593 —0,50000 | —0,70711 0,86603 0,25882| —1
8 1,49 | 0,86603 |—0,86603| O 0,86603 | —0, 86603 0
9 1,11 | 0,70711 —1 0,70711 0 —0,70711 1
10 0,58 | 0,50000 |—0,86603 1 —0,86603 0,50000 0
11 0,13 | 0,25882 |—0,50000| 0,70711|—0,86603¢ 0,96593| —1
> - 5,7066 |—0,178 |—1,5161 | 1,1691 |—0,338 |0,120
by, — 0,952 |—0,030 |—0,252 0,194 |—0,056 |0,020
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B nocniegneft crpoke cxembt B sanucaum npu6iHxenunle 3HAaYeHHS Kodd-
tunHeHTOB by,
HckoMBll TOJIHAOM HMeeT BHJ

Qq (x) = 0,952 sin x —0,030 sin 2x — 0,252 sin 3x 4-0,194 sin 4x —
—0,056 sin 5x 40,020 sin 6x,

Jas upoBepku BeIUHCAHM Qg (m/2). Hmeem
Qe (1/2) = 0,952 4- 0,262 — 0,056 = 1,148

smecto f (n/2)=1,19.

Cayuatt 3. dywxuus f(x) He obnamaer dernocTbio. OUEBHJIHO
FE) =2 [F () +F (= 0]+ 2 [F () —F (— )],

npHYeM TepBH ulieH MpapoH uacTH UYeTeH, a BTOPOH—HeYeTeH. O60-
3Havas

Flx) =40 +7(—0] 1 Gx) =4[ () —F(—x)

rae F(x)—uernasd, a G(x)—HeueTHas QYHKUHH, TPENCTABHM BCAKYIO
GyHKUMIO f(x) B Buie CyMMH 4YeTHOH M HeueTHOH (ynKUMH:

F(x)=F(x)+G(x).

TpuroHoMeTpHuyeckuit nonuoM dypbe ¢GysKuMH f(X) CcKIanMBaeTCA
M3 TPUTOHOMETPHYECKHX MoAMHoMOB Pypbe dywxuuét F(x) u G(x). Ho
TpuroHomMeTpuuecknd noaunom Qymkuuu F(x), copepkauwui auub Kocu-
Hychl KpPaTHHIX Ayr, HAXOAMTCA no cxeMe A, a aas ¢ysxuun G (x)—
no cxeme B. TakuM o6pa3oM, o6wmnH caydall CBOAUTCA K PasoGpaHHmIM
BhILIIE.

MMpramep 3. INocTpours TpurowomerpHueckuil nosunoM Dypbe dyHKUHH

f (%), 3apannoii cielyOUHMH Ta6JIHUHBIMH HAHHBIMH!

x| 6o | _3n | 2m) 7n) ;o 5n

i T 13 ® ) 3 2|2 2

£ (x) ‘ 0,04328 ‘ 0,05613 ' 0,07353 | 0,09536 |O,1237‘0,1604 0,2080{ 0,2698
n| _a| _nl =) | 52} z| x| =
T3 re 2 2 6 1 3

f(x;) |0,3535|0,4584 | 0,5945{0,7711|1,0000 | 1,2969 | 1,6820 | 2,1815 | 2,8292
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PP A T LT (2 1 fn ) llm
1112 9 2 3 1 6 2 n
f(x;) 13,7062 | 4,8066|6,2399 | 8,0849 | 10,4860 | 13,5993 | 17,8142 | 23,1040

Pemenne. Ol‘lpe}le.ﬂﬂEM 3HaYeRHd Gynxuuil
1

Fx )——[f(xH-f(-—x)] n G (x)={f ()= F(—x)]

H pe3ylnTarThl 3anuchiBaeM B Ta6auuax 9 H 92 COOTBETCTBEHHO.

3navenus dpyuxuuu F(x)

Ta6nuua 9

) 0 o I & T %01 b4
i 12 3 ) El 12 Pl
Y; 0,6000 ' 1,0340 } 1,13825 | 1,31095 | 1,59135 | 1,9880 2,5073
N EE B 3 5n Mz
& 2 | 3 1 6 2 m
y; 13,20015| 4,1043 | 5,29068 6,83642 ' 8,93516 ’ 5,78682
1
(yoz—jf(xo); Yn= f( n))
TaGauua 9a
3uauenus dynkunn G (x)
‘ 0 I T T T 5n I
*i 2 6 T 3 12 )
Y; 0,0000 | 0,2629 | 0,54735 | 0,86155 ‘ 1,23785 | 1,7182 } 2,993
|
) n 2n 3n 5n I
i 12 3 T 6 12 T
y; |3,03975| 3,9806 | '5,19532 6,76288 8,87904 11,53036
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Butancaenne koadppunuentos pyuxkuuu F (x) no cxeme A jpaer
La(,=3.686; ay= —3,705; a,=1,510; a3=—0,776;

2
a,=0,488; a;=—0,366; a,=0,250.
Takum 06pasom,
F4 (%) =3,686—3,705 cos x + 1,510 cos 2x — 0,776 cos 3x -

40,488 cos 4x— 0,366 cos 5x -+ 0,250 cos 6x. 8
Hdns pyuxunn G (x) ucnonnayem cxemy B u nonyuaem:
by =3,475; by=—2,699; by=2,066;

by=—1,698; b;=1,347; bg=—0,934.

ClegoBarellbHO,
Gg (x) = 3,476 sin x—2,699 sin 2x + 2,066 sin 3x — 1,698 sin 4x -
-+ 1,347 sin bx — 0,934 sin 6x. 9

CkaajgpBada fodutomnl (8) H (9), noJlyd4aeM MCKOMBIH TPHIOHOMETDPHUECKHIi
NOJIHHOM

Qg (x) =3,686 —3,705 cos x -+ 3,475 sin x4+ 1,510 cos 2x —

—2,699 sin 2x — 0,776 cos 3x 4-2,066 sln 3x-}-0,488 cos 4x —

—1,698 sin 4x—0,366 cos bx - 1,347 sin 5x 4- 0,250 cos 6x —0,934 sin 6x.
Jlns npoBepKH BHIYHCAHM Qg4 (n/2). HmMeem

Qg (1/2)=23,686 1-3,475—1,510 —2,066 -|-0,488 1- 1,347 — 0,250 = 5,170

smecro f (1/2) =4,8066.
OTHOCHTE/NLHAT [OrPEIHOCTs NPUGJIMKenHs == HY/,.

§ 10. Hoanunomut Jlewaunpa

Honaunomer Jlescandpa onpepensorcs caenyowelt gopmynoit Poapura:
1

P, (x)= an]dxn(xz n* (n=0, 1, 2, ...). (1)
B uactHOCTH, HMeeM:
Po (JC): 1’ _ 1
P, (x)=x, Py (x) -—? (5x3—3x), @
P, (%) = (352 —1), Py(x) = 4 (35x4—30x2 1 3)

n 1. & (cM. npunoxenne 1), Cpadukn stux nosunomos mna n=0, 1,
2, 3 u 4. npusenenw ua puc. 4. Ua dopuymu (1) sumno, uto P, (x)
ABMAIOTCA YCTHHMH QYHKUMAMA NPH 72 == 2/m U HEUETHRIMH — DU 72 = 2m+1;
npuuem P, (1)=11u P, (—1)=(—1)".
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§ 10} MOJHUHOME JIEWAHIPA

Teopema 1. Hoaunomsr Jlewandpa o6pasyor 0pTO2OHAALHYIO
cucremy na orpesxe [—1, 1], 7. e.

1
(P ()P, (x)dx=0 npu ms£n (m, n=0, 1, 2, ...).
-1

¥
/ Fy(x) o

p (z)

JdoxaszartenbcTBO. MMeem
1

Imn:" Spn(x)Pm(x)dx=
1 T dm dn
= A Al M—m(xa—-l)"‘m(xz—l)"dx. (3)

-1

Mycre m < n. Tlpumenssi K uuTerpanay, crofilleMy B npaso#t uacru
pasexcTBa (3), ¢OpMy/ny HHTETPHPOBAHMA 1O 4ACTAM M YYATHBAA, YTO

d* (x2—1)" jr=1
'——d;k——‘ =0 pu k <n (4)

X¥==1
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(Tak Kak 3HaYeRHS X = - 1 ABAAIOTCA HYASMH KPATHOCTH A ANA (PyHK-
nue (x2—1)"), noiyunm

1 an
I’”"—m{dx”‘(x " o= (2 — 1)

-1
dm+1

dm+1 dn—1
g (28— 1) = (2 — 1) }
dn-
2”‘+"n!m!5 g (71— 1) 7

— 1(x — 1) dx.

TMocne n-xpaTHOrO HHTErpHPOBaHUA Mo vacTaM dopmyan (3) B cunry
coornomenust (4) Gyjnem HMeTh

1
— N dm+n
Imn=2ns+nn)lml dx”‘+"(x2_‘1)m(x2——1)"dx. (5)
-1
m4n

Ho rax xak m < n, To, oueBHiRO, pp (x2—1)" =0 u, crenosaTebro,
1

Inn={ Pa(x) P, (x)dx=0 npu m=n.
-1
3ameuanne 1. [loacuntaem wopMmy noaunoma P, (x). [lonaras
m=n 8 Qopmyie (5) H mpUAUMad BO BHHMARHE, YTO

d2I1 n d2rl 1
dx>" (=1 =dx2n(x""—C"x2"-2+ co) = (2n),
X
nonquM
2 (—“1)" a*" 2 noL.9 n .
SP (x)d 22"(n|)2 dxzn(x — 1) (x2—1)dx =

1
_ (=" @t IV (1 2V i — @n)1 e )
237 (nl)2 S( ¢ Vldx = (n1)? 51(1 x)" (14 x)"dx. (6)

[Mocnenunit HHTErpaj BbHIYUCAACTCHA NPH NOMOUIH 71-KPATHOUO MHTEr-
PHPOBARHUSA [0 YaCTAM:

j (1 — 2)" (1 4 x) dox =

1
n 1 " n— n
=(1—x) %‘%ﬂ 1_}+ﬂ_’; S(I*x) L1+ x)" 1 dx =
nin—1). yan g _(u)z 221
CET)) ) 2n S 1+ =G mrie D
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[Moncrasaaa nonyuenHwit pesynbrar (7) B dopmyny (6), 6Gydem UMeTh

@n)! (a2 221 9
22 (2 @0)l 2nt 1 2nl

jPZ(x)dx=

-1

(n=0, 1, 2, ...). (8)

Takum o6pa3zom,

2

| P, (%)]]*= e

g H[IP ()] =

HopwmupoBauusie monunoMst Jlexanapa

Buo=Y 2 p 0 =012 ..

06pasyloT na oTpeske [—1, 1] OpTOHOPMHPOBAHBYIO CHCTEMY MOJUHO-
MOB, 151 KOTOpHIX

1
j ﬁn (x)?’,,, (x)dx={0 npu m =4,

1 mpn m=n.

3ameuanue 2. [Nommuomn Jlewanapa 06/aTal0T YCHJACHHHM CBOH-
CTBOM OPTOrOHAaJABHOCTH

ng(x) R, (x)dx=0 (k<m), (9)
-1

rae R, (x)—moboit moaunom cTenesu R, Menbluel m.
B camom Jjesne, oueBHAHO, COPABEIINBO COOTHOIICHHE

R (%) =Py (X) 1Py (X) 4 o oo - ¢,P (%),
KO3 QHUUEBTH KOTOPOTO Cg, €1, «.., €, MOTYT ORITb ONpene/eHu C Mo~

MOLIbI0 TNOCJeNOBATE/NbHLIX LeJeHuil. OTciona

1

k
S P, (x)R,(x)d SP (%) X €Pyoy (¥) dx =

k

ZE C‘- Spm(x) pk_l(x) dxzo.
i=0 -1

3amewydtue 3, C nOMOWbK TUHEHHOTO Mpeobpasoranius

b—a b+a
z= x4+ —5—,
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rre —1<Cx <1, MOXHO [OJAYYHUTh TIOJIHHOME

i /Z_b—;a\
pm(z)=Pm TT)’
2

oproroxainhuhie Ha orpeske [a, b], T. e. Tawue, uro

i’m (2) f’n (2)dz=0 npn m=~4n.

R e

Ucnoanays dopmyny (8), nerko mokasats, 4To
b

Si)i(z)d2=2—n——}j (n=20, 1, 2, ...).

Teopema 2. Moaunom Jlewandpa P, (x) npu n=1 umeer n pas-
AunHblX 0edcTeUTENbHOLX KOpHEl, KOTOpble pPACNOAONCEHbL HA UHTEpBane
(—1, 1).

JOokxazatenbcTtBo. llyerh ry,ry, o ooyry, (ry<<ry<<...<<r,)—
JeHCTBUTE/IbHEE KOPHY NMOJAMHOMA P, (X), HMEIOIHE HEYCTHYIO KPATHOCTD
u newauiie Ha Hurteppanse (—1, 1), OueBnpno, uro k< n. Tlpousse-
Jende (x—ry) (x—ry) ... (x—r,) P, (x) He Menfier 3naxka Ha HATEp-
pane (—1, 1), rak xak Bce ero neHcTBUTE/bHbE KOPIH HA STOM HH-
Tepeaje HMeOT 4eTHyio kpaThocTb. [lostomy

1
S (x—rp) (X—Tg)...(x—r,) P, (£)dx == 0.

~1

Otciona, corjacso 3amedanHio 2 (cM. dopmyay (9)), crenxyer, uTo cTe-
neus nodHHoMa R, (x)=(x—r)(x—r,) ... (x—r,) He MOXeT OuiTb
uwmxe 71, T. €, B >n. Ho tax xax k<(n, TO monyyaem, uto k=rn,
T. e. Bce n Kophed moanpoMa P, (x) neAcTBUTeNbHLE, TPOCTHE U JI€XKAT
na untepmane (—1, 1),

Sameuanne. [Norunomu Jlekanapa MOKHO ompelelUTh TAK¥Ke NpH
NOMOWM TaK Ha3biBaeMOH npoussodawjei dynxyuu [1]

1
= Py (X) + Py () +
(1—2xr 4 r?)

F+ P (x)rr . P (). (r|<). (10)
dopmyna (10) urpaer BaxHnyio Poab B TEOPHH NOTEHLMANa,

B yactHocTH, nonarags x=1 B ¢opmyae (10), noayunm

=P ()P () T oo+ P (1)

H(x, ri=
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Ho 1ax xax

=14r4r4...,

10 P, (1)_1 (n=0, 1 2, ...). Awanormydo, mnonoxme x=-—1,
nonyqaeM (——l)__(-—l)" (n—O 1, 2, ...).

Us pasnomeum (10) nerxo nonyuuth pexyppentnylo dopmyny, Ces-
3BIBAIOILYI0 TPH NMOCACAORATENbHNX noAUHOMA Jlexauapa. HdefcTauTeAbHO,
nupgepennupys H(x, r) mo r, umeem

OH x—r . x—r
o (1 —2xr + ,2)% | —2xr+r3

Orcioga, yuutwBasg, 410

0_H~p (X)+ 2Py () r+ oo 40P, (X)L

uMeeM
(1—2xr4r2) [P () + 2P (%) r+ ... 1P, (x)r" 1 | —
—(x—n) [Py ()P (x)r+ ...+ P (x)r"+...]=0,
CoGupan Bce u/edsl, cofepxauiue r", ¥ NPUPABHMBAA HYMO NOAY-
yeuutl K03dduuuent npu r", HAXOAMM HYKHHI peayanaT

(n+1) P, 1 (%)—x(2n+1) P, (x)+nP,_, (x)= (11)
(n=1,2, ...).

C nomoweio dopmyast (11) yro6uo HaXOAMTh NOC/ELOBATE/NbHLIE
nonuuomu Jlewauapa. Hanpumep, nonaras n =4, 6ynem umethb

Py (x) =5 [9% Py (x)—4Py(x)] =
1

=1 [—g- (35x5 — 30x3 4 3x) — (10x3——6x)] —

= 25 (31525 — 3507 - 75x) = 4 (63x5—70x% | 15x).

Croaxa dopmyn xas noannomor Jlexanjapa n ux oGo6uiennil, a Takwke
Tabamus ¥ rpaguiu uMmerotcs B Kuure fuke u dmme [4).

Mycts Ha orpeske [—1, 1] 3anana ¢yuxkuus f(x). [lpubausum sty
hyukupo nHuelHolt komMGuHauuelt M3 noauMdomor Jlexanapa

f(x)Nco ( )+cl (x)+“'+cmpm(x)v

mpuyeM KOIDQDULHMEHTH C4, Cy, - .., C, TOAOEpEM TaK, 4TOOH BEAHYHHA
OTK/10HEeHUS

= { [f(x) chPk (x)] dx
Oni/la MHHHMaNbHAA, -
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B § 8 nokasano, 4To B 3TOM chayude ¢, ABASIOTCH KOIdwpullenTaMH
dypbe OTHOCHMTEeNBHO NonMHOMOB P, (X), T. e,

1 : ;
=Tl _Slf(x) P, (x)dx —_—”‘% 51f(x) P, (¥)dx. (12)

N3 § 8 (fopmyna (10)) cnemyer

¥ TaKxe
’T 1 m 2
. 7 — 2 — 2
\ Ry S, = Sf (*)dx— Y 2T
N -0, -t k=0
s\\\ //I, 4 (13)
L Mpumep (. Pymkuuio [{x)=
., _ ) =|x| wna orpeaxe [—1, 1] xBanmpa-
-1 g § & TWYHO anNpOKCHMHPOBATh NOJHHOMOM
nATOH cTeneHy.
Puc. 5. Pemenue. INoauaoMm Qg(x) uieM

B CJAefylomeM Buje:

Qs (¥) =¢4Po (x) +¢1Py (x) + 2Py (x)+¢3P3 (x) -+ 4Py () + Py (%), (14)
rae Pp(x) (k=0, |, ...)—mnoanuomu Jlexanppa. Tak Kak ¢yHKUHA [x| ger-
Hafl H P, (x) 4eTHn 0ODY R UETHOM M HeYeTHbl OPH R HeueTHOM, TO H3 dop-
myJar (12) moJayuyaeM

L
Cap=4k+1) g ¥Pyp (X) dx ot capyy=0 (k=0, 1, 2).
0
Orciona, Hcnoabaysi GopMyasl (2), HaXoaHM:
1

1
60=Sxdx=—;-. c,:—g—gx(&?—-l)dx:—s—,
o
1

0

s =%Sx (35x4—30x2 3) dx= —%
0

c=C3=105=0.
[Moxctapasis 21d 3nadenns xosdduupentos B dopmyay (14), nomyunm
Qe (x)=—é—+T56 3x2—1)——%(35x4—30x2+3)=%(—7x4+14x2+1).
CuaepoBaresnbio (puc. 9),
15
128

Mpemep 2. dyuxkumo f(x)=3* na orpeske (—1, 1] xBagpardunc an-
NPOKCHMEPOBATL MOJNHOMOM TPeThell CTeNneHd {cM. MpHMEp 2 us § 7).

(14 14x2—7x%) npu |x|<< L

| 2]~
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Pemwenne. [TonuHoMm HuieM B BHAE
Qi (x)=¢yP, (x)+¢1Py (x) + 3Py (x) +¢3P5 (%),
rae Py (x) (k=0, 1, 2, 3)—nonunomn Jlexangpa. CormacHo dgopmynam (12)
gonyyaem:
1
c,,=% S 3%dx = 1,2137,

-1

1
cl:% S‘x.axdx=1,2371,
-1
1
o=2 S‘(Sxﬂ——l) 5 * 3% dx=0,4384,
-1
1
b=t S & (539 —3x)3¥dx =0,09345.
-1
CiuepoBartens o,
Qs () = 1,217+ 1,2871 + 2% 3o 1y
+0 09345 (5x3 3x) =0’2336x3+0,6576xg+ 1,0968}5*—‘-0,9945-

Kak n caefoBano oxujath, Mb IOJYyYHJIH NOATBEPXKAEHHe De3ysnTaTa, HaHjeH-
HOro OGHYEBIM CMOCOGOM HAHMEHBUINX KBajpaToB, 6€3 NpHMEHeHHS OPTOrOHANb-
HBIX DoJanHOMOB (CcM. § 7, mpumep 2).

§ 11. OpToroHannHOCTh C BECOM

Tlycrs Ha oTpeake [a, 4] 3akZana NONOKHTENbHAN HeNpPepHBHAs yHK-
uns p (x).

Onpenenenne, Cucrema dyuxuuit {@,(x)}, 3anandas na orpeske
[a, &), nasniBaeTcs 0pTO2ZOHAALHOL HA DTOM OTpeaKe C 6ecoM p (X), ecu

b
(0(2) @ (%) @ (#)dx =0 npu km, (1)
a
M3 opTOroHanbHOCTH CHCTEMEI {(pn (x)} ¢ Becom p(x )cnenyeT 0O0hY-
Hasg OPTOTOHANBHOCTDL CHCTEMB 1P, (X ]/p ()@, (x) (n=0,1,2,...).
JefictBurensHo,

b b

Slpk(x)lpm(x)dx =Sp (€)@, (x) ¢, (¥)dx=0 npu k=£m,

a

a 3TO M ecTb YCJOBHE OPTOrOHANbLHOCTH,
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Tlycts na otpeske [a, 4] 3amana uenpepriBRas dyukuus f(x) u cu-
ereMa ¢yHRuUMH @4 (%), @ (X), ..., @,(X), ... OPTOroHaNbHA HA STOM
oTpeske ¢ BecoM P (x). CocraBuM 0600UEHHH NOAHHOM

Qu (%) =€o@o (%) €101 () + « o +€,9, (%)
B nonGepeM KoshduUHeHTH ¢4, €y, ..., €, TAK, 4TOOB OTKJIOHEHHE, OIl-
penensieMoe ¢opmy ol

] =

m

P (x) [f(x)—Q,(x)]*dx, (2)

By o

GHJIO MMHAMAJIBHO NPH (UKCUPORAHAOM 7,
dopmyny (2) MoxHO 3anucaTh B CAeAyIOLLEM BHje:

b m 2
In= [f (0 V m—; & Vo (%) g m] ax.

a

Orciona BHTeKaeT, YTO Halla 3ajxaya cBOAMTCS K pasobpannofi Bme
sanase (§ 8) o Hamnyyiueil HenpephBHOH KBaApaTHYHOM annpoxcumanuu
¢ysxuun f(x)]/p (%) ¢ noMoUEIO JuHelHol KOMOHHAIUM OPTOTOHAJbHEIX
Ha orpeske [a, b] odyukmuit Vp ()@, (x¥) (=0, 1,2, ..., m).

Ha ocuomauuu pesynbrator § 8 nonyyaem, uro Koabuuuentn ¢,
Raomue MuHuMyM uuterpally [/, mpeactamasior co60# koO3(duuneHTH
dyppe  dyugumu  f(x) Vp (x) oOTHOoCHTeNnbHO CuCTeMH  (yHKIMil

Vo (x) e, (x)} [cm. § 8, (6)]:
b

Vombn Vit eemds  § o) ep 0 dr

B o

G b =% (3)
(Vo0 or )] dx (o0 @hnax

(=0, 1, 2, ..., m).

BenuuHa MMHEMAABHOTO OTKAOHeHus [ onpemensercs no ¢opwmyne
(10) us § 8 n Gyner paBna B HameM cayyae

b m b
1= o)/ (x)dx—3 ek § o (x) @i (x) dx.
a k=0 a

A1H GOpMyAbH MOXKHO NONYYMTb TaKKe HEMOCPENCTBEHHO, peluas co-
OTBETCTRYIONLYIO 321a4y H3 HAXOXJEHHE MHHUMyMa QyHKNin

1,==1,(cq, €1, €gr -+, Cp)

B uacrmocTn, ecam BeC p (x)=1, To npuxoaum K npewnuM Qopmynam.
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§ 12. Noannombl Yeboimena

B kasectme mpumepa cucreMm QyHKUHE, OpPTOronanbHoll ¢ Becom,
npuBefieM NoauHoMH Yeb6Hmena, KOTOPHE U3BECTHH cLle M TeM,
YTO AIBAAIOTCA NOJMHOMAMM, HAUMEHEE YK/OHSIOWMUMHUCE OT HYJf.

[Monunomm Yebnimesa T, (x) onpemensiorcs Qopmyaamu

=(x+l/'xz_1)112_}r:(x——l/-x2_l)" (n=1, 2, ...). (1)

T, (x)

dyukuun (1) meifcrBurenvHo fiBasercs moanHomom. B camom xene,
TpH BO3BENieHHH B CTeneHb nepBoft M BTOPOH CkOOGOK paJHKanH CcOXpa-
HAI0TCAd BO BCex 4YETHHX 4YJenax, NpHYeM B nepBoll ckoOKe C NIIOCOM,
a Bo BTOpOi ¢ MunycoMm. [loaToMy mpu Ca0XeHHHM OHM YHHYTOWKAElOTCH
W OCTAHYTCH JMIUDL Yn€HH, COAEpWwauine x B Ue/lblx CTenmeHfix, NpHYeM
cTapuias cTeneHp paBHa n.

3amuimem Tpn mepemX nommuoma YeGwilliea B pasBepHyTOM Buae:

TO (x)= 1)
L) =1[(x4+ V=) +(x—V @ =1)]=x,

Ty ()= [(x+VE=IR + (x—VBZIp | = 02— £

Mokawkem, yto Koag@duiMenT NMpU CTaplieM yneHe x” B noaunome 7T, (x)
paBeH eguHHIE.
Heficreutensyo, crapmui  kxosdPuuuedt @, BCAKOrO TNOAMHOMA
n
R,(x)=ay+a x4 ...+a,x" crenenn n MOXHO OnNpenenuTs € ro-

MOULBIO NpenenbHoOro nepexona

B namem cayyae

Tn(x)=< r Vl_xlﬂ>"+( - 1/1_9"

xn an ’

oTKyna

Tlpusenem apyryio ¢opmyly Ans nodusomos YeGnimesa, OBhuRO
nonusomss YeOwiuiera paccMatpusalorcs na orpeske [—1, 1]. Tostomy
MOXHO HNONOWUTH X ==CO0Sf, T, €. {=arccos x, Frae f—HOBAA TepeMeH-
vasi (0 <Cft<C n). Toraa sin =Y 1T—x*u ¢dopmyna (1) npeobpasyercst
K Buly
__{cost4-isln £)” 4 (cos t—isin §)"

o npn n > 0.

T (x)

n
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Tax xak (cos?f 4 isint)®=cosnf 4 isinnf, To OKONYATENLHO UMEEM

T (x)=—"1?] cos nt (n=1, 2, ...) (2)

[}
HIu

T, (x)= cos (7 arccos x). (3)

971
3amerum, uyto GopMynn (2) u (3) Heepun npu n=0.
W3 dopmyan (2) nerko noayualorea pexyppentuaie GOpMynn ans
BpuMcaeHnsl moAHHOMOB YeGniuera npn Goawmmx n. Tax Kak

cos(n-+1)t-4cos(n—1)t=2cos nt cost,
a cornacso (2) cosnt=2""1T (x), 10
2T () 2"72 T, _ (x)=2"T, (x) x, (4)

i

T or (%) = 2T, (£) = T,y (). (5)

Monaras, nanpumep, n=2 u n=3 B popmyne (5), nocrenOBaTEAbHO
nonyyaem '
Ty (xy=xT (x)——iT (X)=x (x2-—i)—lx=x3—1x
3 2 g1 2) " 3 i
1 1

Ty(0) = 3Ty (9) =g Ty =% (=g x)—5 (2 —g) =

=x4—x2+%.

Tem xe cnocoGom Moxno BhuncIuTb T4 (X), Ty (X) u T. 1.

[epsue 12 nosmuomos YeGormmera T, (x) manw B npuaowenun I

Ha puc. 6 opusenenn rpaduku nomudomoB YeGuuiera jas n =0,
1, 2, 3.

MokaxeMm HexoTopble cROWcTBAa nonuuomoB YeGuimena.

Teopema 1. (CBolicTBO OpTOroHanspHOCTH nonHOMOB YeGhiena.)
Moaunomer Yebouuesa T, (x) obpasywor na orpesce [—1, 1] oprozo-
HAALRYO CUCTeMy ¢ 8eCom

I
pPX)=F——,
v

1 —x2

j’l‘k(x )V x'—O npu m=£k,
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Aokazatensvcrro. llpy >0, m>0 u R=m, nonaras x =
=cos? u ucnoabays Gopmyiy (2), umeem

A 0
S T, (x) Tm(x)v%:_yzkl  cos kt le cosmt df —
gy —x J
l ki1
=2k+,,,_2 ( cos kf cos mt dt =0, (6)
in

Tak KaKk Tpurosomerpuueckne dynkuum {cos kf} opToroHasbHE Ha

¥

1 T (x)

Puc. 6.

orpeske [—m, ). Jlerko nposeputs, uTO pasedcTro (6) ocTaercy
CpaBedauBHM M upH k=0, m==0.
Samevyanue. llpy m=k=5=0 umeem

14
1 Fi4 Fi4

1 2
S T (x — 22m 2 S‘ cos® mt dt 222m—2 R gam=1"°

o
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[pu m=Fk=0 nomyyaem
1

| neryims | vises

-1

Teopema 2. (Kopun nosmunoma Yebnimesa.) Bce kOpHit neiuHoma
Yebotute8a HenyaeB80U cTenenll OelcT8UTeAbHbL, PA3AUYHBL L AeHCAT HA
unrepgase (—1, 1).

Howasartenncrro. llycte X, —aeHCTBUTENbHHE KOpHH M0Au-
woma T, (x), pacnonowenunie Ha otpeske [—1, 1], Tlonaran x,=cosf,
(0t <Cm), B cuay dopmyin (2) moayuyum

1
Tn (xk) = ?l_“_l cos fltk = 0.
Orciopa cos nf, =0, u, cnenosarensto,

2k —1
2n

t, =
Taxkum oOGpasoM, noqanuom T, (x) uMeeT KOpHH

X —cost_l
kT on

n k=1, 2, ..., n), (7)

KOTODHE AefCTRUTENbHB, PA3AMYHK W JexaT #a uuteprane (—1, 1).
Tak xak yncrno sTux KopHel pagHO CTefleny MOJMMHOMA, TO APYTMX KOP-
nef, KaKk JefiCTBHTENBMBIX, TaK W KOMmJekcuwx, mnomudom T, (X) e
uMmeer, T. e. ¢opmyna (7) ZaeT COBOKYNHOCTDH Beex kopHeti nmomnnoma T, (x).

Teopema 3. (DxcTpemannHoe cBOMCTBO NoauHOMOB YeOnimena.)
Moaunom Yebouuesa T,(x) (n > 0) na orpeske [-~1, 1] umeer n+ |
IKCTpeMANbHLLX 3HAYeHWIE, pasHolx Mewdy €00608 no abcoaoTHOL ge-
AULUHE,

JokazareabcrBo. VMeem

T, (x)= cos nf, (8)

1
271

rae x=cost (0<C7#<mn). Orcrona 3akmoyaem, yro T, (X) nocruraer
3KCTPEMyMa B TeX TOYKAX, /e

|cosnf|=1. (9)

Kopuu ypasuenns (9), newawume na orpeske [0, m), cyTb t,=kn/n
(k=0, 1, ..., n). M COOTBETCTBYIOT TOYKH IKCTpeEMyMa

Ek:cos%rt (k=0, 1, ..., n) - (10)
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nonunoMa Yebnuresa T, (x), npuyeMm Ha ochoBaHun Gopmynd (8) nmeenm

(—1)*

gk 21:-1 cos kit = Ton=T1

CnenosatenbHo,

T &) =gems  (5=0, 1, ...,m), o

rae £, NpH & YeTHOM CyTh TOYKM MAKCHMYMA, a IDH K HEYETHOM — TOUKH
munpmyma nomnoma T, (x).
ClencTsne. MaKCHMANbHOE 3HAYEHHE Mony/s noanHoma YeGuimesa

T,(x) (n> 0) na orpeske [ —1, 1] pasho 5,71_—1, T. €.

| T, ()| < npu —1<Cx<< 1, (12)

1
=971
3ameyanune. B cuny dopmyn (7) u (10) KOpHu N TOYKH IKCTpe-
myma nonunomMa T, (x) MOXKHO MOCTPOMTHL CaenyiomuM o€Gpa3oM: pasje-
JIHB TIONYOKPYMXHOCTb, OMNMpa-
lowylocs na orpesox [—1, 1]
K3aK Ha aMaMeTp, Ha 2n yacrTeif,
CIIpOEKTHpYeM BCe NOJyYEeHHbIe
TOUKM Ba Auametp (puc. 7, rie
n:=4),

HyMmepyd mnpoekuun copapsa
HaJleBO, MOJYyUUM, YTO BCe MPOEK-
MM € HEYETHHIMH HHAEKCaMH
fIBAAKOTCA KOPDHAMH TNOJHHOMA Pnc. 7.

T, (x) (na puc. 7 oTMeUeHH Kpy-
WOYKAMH), @ C ueTHHIMH HHZEKCAMH — er0 TOYKaMH 3KCTpeMyMa (Hd
puc. 7 OTMEYeHH KPECTHKAMA).

W3 reomerpuyecknx cooOpaeHHH BHITEKaeT, 4TO KAk KOpHH, TaK
M TOYKH 3KCTpeMyma nommnoMa T, (X) CrymialoTcs K KOHHAM OTpeska

[—1, 1]

e e e
b e —— ————

I
i
}
|
I
I
|
|
I
&
[}

NMpumep 1. Haiitn xkBapparnusoe npeGamxenne QyHKWHH Hy=|x|
B npoMexyTHe [—1, 1] mojauHOoMOM yeTBEepPTON CTENely NpH BeEce

1

X)=—F—
) Vi
Pewewnne, INoannom Q4 (x) GyleM HCKaTL B BHJE

Qs (x)=coTo ()11 (X) -+ €Ty (x)-F €575 (¥) s Ty (*), (13)
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rae Ty(x) (k=0, 1, 2, 3, 4)—nomnoMmer YeOniwesa. KoapduunenTt ¢, Boium-
casieM no topmyaam (3) u3 § 11:

SVI [x[Tk(x)dx

S‘Vl

Tak kax Typ+q(x)—dyurunn veveTHsie, a Ty (X)— UeTHBIE, TO Cypyy=0 H

X
S\_—_—— T?k (X) dx
o Vi—«2

C-‘kz 1 .

1
S‘—_.——.— T2k(x) dx
4 V1—x2

Hecnombsya ans Typ (x) dopmyny (3), Hmeem:

ng——ﬁ

SVl—x“

)
g‘_’f__ . %cos (2arccos x)dx 9 S cos ¢ cos 2 dep

' 2
=5

.2
Vi Ny 4
€a= T T 3r’
S .1 cos? (2 arccos x) dx S cos? 2¢ dg
]/1-—)62 4 0
l n/2
S =+ o5 €08 (4 arccosx)dx 93 S cos @ cos 4¢ do
]/ 1 —x _ R B 16
es=* T A RS

1
S‘ 1. % cos? (4 arccos x) dx S cos® 49 do
0

lfl——xi
0
TMoxcrasaas uaiifenuble 3HaueHnd kosdduuventos 8 dopmyny (13), waxopum

2 4 1 16 1
Q4(x)=-?t——}-33—t<x2 —?>—ﬁ<x4—x2 \— 5 (-— 16x4+36x2—}—3\



§ 131 fIOHATHE O PABHOMEPHOM MPHBAMXEHWHH OYHKUNH 71

1
[loiteano samernuts cneayrowee. Tak kak Bec p(.ﬂc)=———l/1 = BO3-
—x
pacTaeT npH NPHOAHMEHHH K KOHLAM OTpe3Ka, TO OTCIAd MOXHO 3a-
KAOUHTD, 4TO APHOMIKEHHd, I0JAyyaeMelé C TOMOILLK TOJAHHOMOB Ye-
Obimena T, (x), yuuTHBa10T B GOubluel CTeNEHH 3HAYEHHA ANNPOKCUMH-
pyemodt dynxiuu f(x) y xonuoB orpeaka [—1, 1].

CpaBuuM, HanpmMep, pesy/bTaT NOCJefHEro npuMepac npamepom 1 ua § 10,
B KOTOpOM GYHKLUA [ (x)=|x| annpokcHMHpoBaJachk MHOro4YJIeHOM

-~ n
Q)= 1 1+ 142 —78), x| <1,

npu Bece p (x)=1.
B nanrem cayuae npH x=1 umeem

|x]|—Q,4 (")21_%; (—16+ 36+ 3) = 10,0239,

TOI'la Kak

| x]—Qalx)= 1—11—2‘1 (14 14—7)=0,0695.

§ 13. Ilousitne 0 paBHOMepHOM HpAGAMKeHAn yHkmuil

Kpanpatnusas annpokcumauus ¢yukuuii OcHOBwBajachk Ha crnocobe
HANMEHBIUAX KBaAPATOR. YTOuHAd MOHATHE KBAAPATHYHOIO OTKAOHEHHS,
BBEIEM COOTBETCTBYIOIUEE PACCTOAHHE A Mexay nannoll Henpephe-
HOH dynkumnell f(x) M RenpepLiBHEIM ANMNPOKCHMHPYIOWAM 0G00LIERHEM
nio/mdoMon @ (x) (BooGwie rosopsi, 60jee NPOCTOH NpPHPOAH), TAK Ha-
3biBaeMOe cpedHee Keadparuunoe OTKAOHEHUE.

Onpenenenne 1, [lon cpednum xeadparuutvism OTKAOHEHUEM
bynkwni f(x) 1 Q(x) na MHOMecTBE TOueK X ={x,, X, ..., X,}
NOHUMAETCA 4YHCHO

- 1<
An=|/7 2 () —Qx) P ()

i=1

Ecan annpoKCHMauMs HHTerpaibHas, TO CpeiHee KBafpaTHYHOE OT-
KaoHenne Ha oTpeske [a, H] onpenensercs Gopmynoi

b
A:l/ = | F () —Q P ax. 2)

dopmyny (2) MOWHO paccMaTpuBaTh KaK NpenebHu caysalt ¢op-
Myas (1) npu n— oo, [leficTBureabno, BHOMpas na oTpeske [a, O]
CHCTEMY PABHOOTCTOSILIUX TOYEK @ = X, Xg, ..., X, =0, Tll€
b—a
n

A)C[:JC[+1-—)C[: (i=1,2, ..., n—=1),
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OyaeM HMeTh

n

By = Y[ (6 — Q)] =g 2L [F () — QU7 Axy,

i=1 =1

OTciona  npu 7 — 00 NOAYYHM

b
At fim By =p=2 (7 () Q) ax.

n— ®

Ecnu cpensee KBampaTuduwoe OTK/AOHEHHe A Mano, TO AAd «[MOHABAA-
ouero GomblMHCTBAY 3HAYECHHH apryMenTa X M3 OTpes3ka [a, &) (r. e.

Y
y=1(z)
9-4(2) Vo
‘@
b
|
| ) .
NV Lo
! :t 1 ]
g a 0; 52 4 z

Puc. 8.

B «cpendeM» Ha [a, b]) abcomornas Beanunua |f(x)—Q(x)| Takwke
Mana npu a <, x < b. Boaee Touno, nycrb |f(x)—Q(x)| wmmeeT na
[a, b] xoueunoe umcao SKCTPeMyMOB H O — 34an2HHOE MOJOXHTENbHOE
uncno, O603HaYUM uepes 0 =0, + 0, + ... -+ 0, MAKCUMA/IbHYIO CHCTEMY
HeMepeceKaoLuXca O0Tpe3kos u3 [a, b] raxnx, uro |f(x)—Q(x)| =«
npu x €g; (i=1, 2, ..., k) (puc. 8), 0 nyctp ®@ —cCymMMa AAHH 3TUX
orpesxoB. Ecan A <e, TO nmeem

b

e2(b—a)> { [/ —Q@dx = { [f(0) Q)P dx > ato.

a g

g \2
Orcmuam<(b—a)(z>, H, CAEA0BATE]bHO, O —CKOJAb YLOAHO

Majaoe 4YHCAOQ, eCnad E JOCTATOYHO Malo,
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Takum o6paszom, ecan A < e, rae € mOCTATOMHO Majo, TO HA OT=
peske [a, b), 3a ucklouenneM, OBTL MOXET, MHOWECTBA TOYEK O, CKO/b
yroanHo Mano#t JuHelHOH Mephl @, BHIMIOAHEHO HEPAaBEHCTBO

|f(x)—Q(x)| < o,

rie o —rmponu3Bo/bHOe, 3apaHee 3afaHHOS MOJNOWHTENbHOE UHCAO,
Bo MHorux cayuasx, Hanpumep npu 06paboTke pe3yiAbTaToB Ha60-
IeHnfl, kBagpaTH4YnOE NpUOAHKEHHE ABJACTCA NPHEMAEMBIM, TAK KAaK OHO

Puc. 9.

CriakuBaeT OTAE/BbHHIE NOKANbHBIE HEMPABHALHOCTH Gynkunn f(x) (Bos3-
HHKIIHE, BO3MOXHO, OT outn6ok nabmonenufl) 1 maer gOCTATOYHO TOYHOE
ofuiee npeacTanieHHe O MPOTEKAHHAM COOTBeTCTByloMmero npouecca. Ox-
WAKO MHOrAa Aas NpHOAMweHHd cTaBurT Ooslee KeCTKHe yCaoBHdA, a
MM@HHO TpeOGyeTCA TrapaHTHpOBaTb, 4TOGH Ha BceM oTpeske [a, b] or-
KAoHeHne yHKkuMl f(x) u Q(x) Ob0 MeHbUIE 3aJAHHOH BEIHYHHLL
[Tostomy smemem Apyroe paccTosinie Mewnay GYHKUMAMH, TAK Ha3biBaeMmoe
a6Co/OTHO® OTK/JOHEHHE.

Onpenenenne 2. AbcomorHom oTkaoxeruem na [a, b] 0606-
WEHROTO noJMHOMa @, (¥) OT manxo# HempepuiBrO# dynkunn f(x) na-
3bIBACTCA YKCTIO

A(f, Q) =A,= max |[f(x)—Q,(x)]. (3)
a<xKh

Eciu A, <&, 10 u3 dopmyan (3) crenyer |f(x) —Q, (¥)|<e ann
BCeX TOYeK X Ha oTpeske [a, b] (puc. 9).

B aroM cayyae roopar, uto 060Gwendbi#t nomuoM @, (x) #a or-
peske [a, b] pasrnomepro npubruscaer Pynkyuto f(x) ¢ TOUHOCTDLIO 1O €,

[asn cayuas OOHYHBIX MOMHHOMOB

Qalw) = X ot

[
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COPaBeN/NBA BaXhas annpokcHMannoudas Teopema Beltepuitpacca, ko-
TOPYI0 Mel npusoaum Oe3 nokasarenbcrea (cM. [1]).

Teopema Befiepmrpacca. Ecau ¢yuxyun f(x) Henpepbiena
na orpeske [a, b], T0, KoK Gb. MaA0 Hu BbLAO NOAGKHUTEABHOE YUCAO €,
naiiderca noaurom @, (x) OocTATO4HO BbLCOKOL creneny m, AGCOAKOT-
HOe OTK.AOHeHue KOTOP020 0T danuoii Gywryuu f(x) Ha orpeske (a, b)
Mexvuwe, yem €, T. e. 048 acex Touex x €|a, b] umeer mecro nepaeercreo

|/ (x) —Q, (x)| <e.

B uacthoM caydae, ecmu ¢yHkumua f(x) anaamTuyeckas Ha OTpe3ke
[a, 8], 1. e. pasnaraeTcs Ha 9TOM OTpE3Ke B PABHOMEPHO CXOAmLuMHCH
crenenuoll pax (par Tefinopa)

rape
c€la,bl,  a=-r ) (R=0, 1,2, ...),

TO 3a MoanHoM @, (X) MOXHO BasTb OTpe3ok psna Teiiropa

Q,(x)= E (x —c)f,

IpHYeM cTenenp /m NOROHPAeTCHd B 3aBHCHMOCTH OT 3afidHHOR TOYHOCTH €.

[lycte crenenp m noiunoma @, (X¥) QuUKCHpOBaHna U 3apa4a COCTOMT
B TOM, 4TOGH NPHOJAH3UTH RaHHyi0 HenpepuiBHyio ysxuno f{x) nomm-
HOMOM (urcHpoBawHOH cTenmewn m Hauaydwum obpaszom Ha 3aNAHHOM

MHOXecTBe X. DTO 3HAUHT, 94TO KOIPGUUHERTH G, Ay, + .., &, TOAHHOMA
Q. (X)=a,+ a, x5+ ...+ a,x" (4)
caenyer noao6patbh Tak, 4ro6el BEIHYHHA
A, =max|f(x)—@Q, (¥)] (5)
xeX

6hljta MHHHMAdbHOM,

Takoft nonnsom @, (x), AaowRit MARAMYM BeaHunte A, HasnBaercs
NOAUHOMOM HAUAYYUIE20 PABHOMEPHO20 npubauscenis UAH NOALHOMOM,
HOQUuMeHee OTKAOHSIOWUMCE 0T Gyuryue f(x) na mrosxcecTae X.

[Tpn 3ToM MuHHManbHOE OTKJOHEHBHE

E,[f, X]=minA (6)

HA3LIBAETCA HOUMEHbUUM OTKAOHeHueM GyBRKLHH f(X) Ba mpoxecTBe X.

B rteopun npuGuukenns ¢Gysxuufli nokaswBaeTcs CyLECTBORAHHE U
eNMHCTBEHHOCTL IOJAMHOMAa HaWMAydmiero Hupub/jmmenHs Aas n06ofl He-
npepuigofl dysxunu [5] —[8].
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Teopema 1. Jaa ar06oi pyrryun f(x), HenpepolsHol HX 3aAMKHY-
TOM o2panuderHom muoxcectse X *), u 06020 HaTypaienozo ducia m

cywecrayer noaunom Q, (x) crenenu He souue m, obiadarowsut! mumy-
MQALHOIM OTKAOHCHILEM

A(f» Qm):Em[f' X]' (7)
npudem TAKoU noAuUMOM eQuHCT8eHHbll.

B uekoropeix cayuagx ma nosmnom Q, (X) HaKAaIWBAIOT HOTIOJIHH-
Te/lbHhie¢ OrpaHlveHyus, HanpuMep, noaaralotT craputid ko3 PrIMeHT
a,=1. Torna

QuxX)=a,+ta x4 a,x?+ ... 4 x". (8)

B uactroctu, nycrs f(x)=0; torma noaunom Q, (x), Aawouwnit Ma-

HAMYM Besuuine
Pw= max |Q, (x)],
ax<b

Ha3LIBAGTCH NOAUHOMOM, HAUMEHEe OTKAOHAOWUMCS OT HyAa **) na pap-
Hom otpeske [a, &].

[Tokaxem, 4yT0 3THM CBOHCTBOM O6namaeT noaiHoM Yefniuesa.

Teopesa 2. [Moaunom Yebowesa crenenu m (m > 1) Haumcuee
OTKAOHAeTcs OT Hyaa Ha orpeske [—1, 1] no cpasnenuo ¢ dpyeum
NOAUHOMOM CTENEHU M U CO CTAP UM KO3PPUYUeHTOM, padHoly eduHuye.

Hoxazarenbcrro. Jonycrum, uro cyuecTayer noanHom @, (x)
co crapunM x03QdUUMenTOM, paBHBIM emHHAUE, W TaKod, 4YTO

max |Q, (¥)|<< max [T, (x)|=p,. (9)
-1 -1l

B cany teopemunt 3 § 12 n ee caexcrsna p,=1/2""1, npuyeM Ha
otpeake [—1, 1] cymecrsyer m-+1 touek 1=E,, &, ..., §,=—1
Takux, uro (puc. 10)

Ty (B =(—1)p,. (10)
Tm

Paccmorpum pasnocts R (x) (x)—@Q, (x¥). Tax xax crapune
koadpduunentl noaunomos T, (x) u Q, (x¥) oaunakoss, 70 R(x) ecTh
HOJHHOM CTeNeHH He Bhiue m— 1.

U3 ycaosua (9) n dopmuyan (10) suitTexaer, uTo

R(§0)>Ov R(§1)<01 ct R(Em)(—l)m>o (11)

Ha ocroBanun ueparenctr (11) sakaiouaeM, yto nomudom R (x) umeer
N0 MeHblUeit Mepe oMM Hyis Ha kawaoMm H3 orpeakos [y, E,,

*) B jfansHefintem X Gyper npeicTaBasTh OGO UM OTPe30K, HJIH KOHENHYIO
CHCTEMY TOUEK Xy, Xay .., X,

**) 3apaya o pasbiCKaHMK NOJMHHOMA Bujia (4), HAUMEHEe OTKJOHSIOULErocs
OT HYJA, HMEET TPHAHAABHOE peleHHe Qp, (x)=0.
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(8o, &4}y <oy [Eps Enoy) (82 puc. 10 37TH wyam cyTh aGeudmcch TOYEK
nepecevenss KpupHx y=7T,(x) u y=Q,(x)), npuueMm obuiee KOIH-
4eCTBO HyleH ¢ yueTOM HX KpaTHOcTel OyneT He Melbuie m.

Tax wak cTemenmb nonnHoMa R (x) He npeRwmaer m—1, TO 3T0
BO3MOMHO Juib B caydae, ecmu R(x)=0, 1. e. Q,(x)=T,(x).
Teopema mokasana.

Puc. 10.

Cnencreue 1. Jas moboro noantoma Q,, (x) creneHn m €o crap-
DM k03P HUIHEHTOM, PaBHBIM €AHHHIE, UMERT MECTO HEePaBeHCTBO

max | Q,, (%)= guey (—1 <5< 1),

Cnemcrerue 2. Haa dyskuun f(x)=x" (m>=1) noausomom
-1
Hauayuuero npubamxenus Q. _, (x)=a,+a, x4+ ... 4 a cTe-
nenn m—1 Ha orpeaxe [-—1, 1] sArasgercs

Qp_1 (X)=%x"—T, (%), o (12)

roe T, (x)—noannoM YeGnuesa.
JefcTBUTEbHO, COTIACHO CMBICAY 3aKaYH PA3UOCTh

fx)—Q,_(x)=x"—a,_x" 1 —. .. —a,x—aq,

m=1

€CTb MOAHHOM, HAHMEHee OTKAORAIOUIMACA OT Hyas Ha oTpeske [—1, 1],
T. e. mpeacrasaser cob6offt momuuom Yebroiuena T, (x). Orciona neno-
CpeAcCTBEHHO BHITekaer dopmynaa (12),

3amevanne. [lonpsydace TeopeMOR 2, Jerko nmOCTpoHTh HANMEHEE
OTKNOHAIOWMICA OT HYAS Ha XauHoM oTpeske [a, b] momnnom T, (%)

CTENeHH m CO CTapuM KoddduuuenToM, paphuiM exnnnue [7].
HeicTRATENbHO, NOXCTAHOBKA

_b4a  b—a
r=mm gt
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npeofipasyer 0TpesoK a < x < b 8 orpe3ok —-1=<C7< 1, npuyem crap-
—_— m
wut kosduuuent (npu ¢”) Gyner pasen <b—§—a) . Otcrona
/x_b-l—a-
~ h—a\m b—a\™ 2
Tm(JC)=< 5 ) Tm(f)z(—2—> Tm TE—). (]3)
2

Us dopmyan (13) crenyer, uto orkaonenne noannoma 7, (xX) or nyns

paBto
) _(b—a)”‘ 1 _2<b-—a)"£
n=\7") == )"

IMpuwmep 1. C nomoupio moauHoMa nepmoii creneHn Qy (x)= Ax-4{-B ua-
uiayqumeM o6pasoM paBHOMepHO MPHGIU3UTE BYyHKUHIO [ (x) = x? Ha oTpeske (0, 1].
Pewenne. TpeGyercs ompepe-
JuTh KodhduuueaTsl A U B TaK, 4To6bl

BeJIMYHHA y
E,= max |x2—Ax—B][ (l14) / A 1
(= £ | 27|
’
6nna  Haumedbnineidl, CaepoBaTesibHO, / Z_
noavtoM Q, (x) =x2— Ax —B Haume- // !
HEE OTKJIOHSETCH OT HYJ/Sl Ha OTpe3ke -4, " Pl
{0, 1]. Tlonarasa=0 u b=1, B cuny , - !
dopmyasl (13) nonyuaem e !
0 =(4 )'1a (35 02) = g |
2 “\?2 2 s o /// I
1 1 1 a2 // |
2 I N 1y — = ‘
~4T,(2x )= 1 [(2x 1) 2] ’r 7 Il i
mxz—x—l-—l- 8 //
8
(cM. § 12). Orciona Pue. 11.
Qy (x)=x—1/4,

npausm E;=2(1/,)2="1/s. 3amernM, urto orkJoneHHe E; peanusyerca B Tpex

TOYKAX:
Ql (0)= Ql (1/2) = Ql (l) = El‘

ATO ABJNEHUE XaDAKTEDPHO AN NMOJHUHOMOB HAHAYHIIero npHONHMKeHUS.

Teomerpuueckt rpadux dpyHxuun y=Q, (x) npexcrasaser coGoil cpejgHw©
napanneis MEXay cexyileit, npoxonaue# yepea kpaiune Touxkn 0 (0, 0)n A (1, 1),
u xacaTennHoll, mapajnelsHOH 3To# cexywe#t (cMm. puc. 11, rie Kpusas—rpa-
odnk pyHRuun y=x2).

Teopema Yeb6unuena 06 anbrepHance, Cpedu noauHomos
cTenenu He 8siute m .NoAUHOM @, (X) ABAAETCA NOAUHOMOM HAUAY4YILEEO
pasHomeproeo npubiuscenun Henpepusnold Gynxyuu f(x) Ha danuom
muoncecrse X t020a u toask0 TO20a, K02da Ha X cywecTéyer cucrtema
(me+-2)-x Touex

Eo <§1< <§m+1
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(4ebviuescuil arsrepranc) Takux, uro paswocrs f(x)—Q, (%) npunu-
raer noovepedno snavenus L uw —L, ade

L=max £ (6)—Qp (5)]. (15)

NMpumep 2. las pynkunu f(x)=cos2x (0= x < 2n) no/iuHOMOM TPETbEil
cTeneHW (B WMPOKOM CMBICJe) HaWJYyllero DaBHOMEPHOro NPHOJIMKEHHS SAB-
nserca Qg (x)=0.

JeficTBuTreibHo, 3jech L= r{nax ]] cos 2x—0 | =1 u passocts f (x) — Qg(x)=

x€f0, 27
= C0$ 2x OpHHHUMAET INOCJefoRaTeNbHO 3Hauends +1 u —1 B naTe Toukax
0, n/2, n, 3n/2, 2m.

3anaua NMOCTPOEHUs TOUHOTO anbrepHanca BecbMa tpyana. [lpubau-
Weduoe NOCTPOeHne adbTepHaHCa W CBA3aHHOE C HHM [OCTPOeHHe TONH-
HOMa Hamayuilero npHOGAmkenus npeanoxeno Pemesom [7], [5].
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FTABA I
SMNIUPUYECKUE POPMYJIbI

§ 1. Beonusie 3amenanus

fTycts, mayyas yHKIMOHABHYIO 3dARHCHMOCTh
y=f(x), (1)

MBl MPOU3RENH PAN H3MEpPEHMH BeMNYMH X H 4 W B pe3yabTare Moay-
guan Tabmuy 3HaveHnit

Xy Xy cen Xp

Y , L3 Ys Yn

BaAx rpadik, CBA3LIBAOUIHA 3HAYCHHA X U Y.

Ecean  anaamTudeckoe BeIpaxedle QyHxkuHH f(X) HEM3BeCTHO WHJHM
BECbMA CJAOXHO, TO BO3HUKAET DPAKTHYECKH BAXHA® 3agaua: waifiTa IM-
nupuueckyro gopmyary

y=r(x), (2)
3Ha4YeHAs] KOTOPOH Npn X = X; BO3MOXHO MAaj0 OTAHYAAHCH Obl OT ONMT-
HBIX JaHHnX y; (i=1, 2, ..., n). B rakofi nocranoBke Hawma 3amada

BECbMa HeoNpeaeneHna; NnodToMy oObMHO 1o pAAy coobpawenuit yxa-
3BIBAIOT HOCTaTOUHO Y3KUl knace dyukuuft K (nampumep, MHOKeCTBO
GyHKUMR AHHEHRHHIX, CTenenhlX, MOKa3aTeAbHHX # T. M.), KOTOpOMY
NO/MKHa TIpHHAAAeXaTb Hckomas QyHKUMA f(X), 1 Aeno, TakuM obpasowm,
CBOANTCS K HAXOWAEHHIO /HIUb HAMAYHLINX 3Hayewuit napamerpor. Bo
MHOTHX cayuadx kaace K onpegenserca TpebGopanueM NPOCTOTH SMIHPH-
yeckolt opmynan; HHOCAZ 3TOT KJACC NOACKa3kBaeTcs CaMoit npupoaoH
fiBJACHAA,

TeoMerpuyeckn 3aga4ya MOCTpOEHNE IMNUpHUECKOH GOPMyabl COCTOHT
B nposeaennn kpusott [' suma (2) 3 nekortoporo xaacca K, «BO3MOXHO
Omxe» mpuMblkaioulell k cHcreme touek M;(x;, y,) (i=1,2, ..., n)
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(pnc. 12). PasymeeTca, npm 3TOM AOMKeH OHTb BHACHEH TOYHMt Mate-
MaTHUeCKMH CMBICA NOHATHA «Bansocth» kpHsoh ' x woudurypaunu
Touyek M.

3aMeTnM, 4T0 3a424a NOCTPOEHHA BMMHPHYECKON GOPMYJaH OTAKUHA OT
3agaun uurepnouposauns (ra. 1, § 2). Ilpn nnTepnoAHpOBaHHU OTHICKH-
BaeTCq ¢yHKIHUA U3 AAHHOrO Kadacca QyHKUAH (HanpuMep, IOMHHOMOB 3axaH-
HOH crenenn), 3naueHus KoTopol

J B 3afdHHBIX TOYKAX X; COB-
r nasaas 6bl C TaGAHYHBIMU 3Ha-
yendsamu y; (i=1,2, ..., n).

[Ipn HaxoxpeHHH IMIUPHYECKOR
¢opmynw ne Tpebyercsd, uTOOH
snauenns f(x;) cosmaza ¢
Y;, LOCTATOUHO, YTOOH PA3HOCTD
flx;)—f(x;) 6una mana B n3-
BECTHOM CMpbic/l€ B JaHHOH 006-
nacti. Cnegyer umeTs B BUAY
TaKKe, YTO CAMH HCXOZHbIE IM-
mIpHYecKne AaHHbie x; H Y,
KaK npasuno, ABAAIOTCH NPUGaN-
WeHHbIMY H copepwaTt OoiHbKH,
Tloaromy unrepnoasunonrag ¢opmyna, NOBTOPSOMAA 3TH OWHOKH, He
roBOpsl JNd®e O ee CAOXHOCTH, HE SABAAercd HAeaJbHBIM pellleHHeM Io-
crasneqHoil 3agaul; 4acTo npocta# IMMUpHUYecKaq ¢opMyna, CriaaxHusalo-
mas MeCTHbie HenpaBHABHOCTH, MOWeT Jyymie oTobpasutb aeHcTsu-
TeJBLHOCTD.,

[TocTpoenne sMnHupHyeckOW ¢QopMyan ciaaraetcd M3 JABYX 3T2MOB:
1) sniicuenne ofutero Buga 3tofl dopMyan 1 2) onpenenenHe Haunay'l-
WYX fapaMeTpos ee.

Ec/in HeH3BeCTeH xapakTep 3aBHCHMOCTH MeXIy LaHHKWIMH BeTHYNHAMH
X Wy, TO BUA 3MnupHYeckol GopMyan ssasercs npou3poaphuiM. [lpen-
NOYTEHHEe OTAAeTCs NpocThM dopmynaM, 061amaloumM xopoiueHd TOYHO-
¢Tbi0. Ecam OTCcyTCTBYIOT CBEACHUA O NPOMEKYTOUHBIX HAHHHX, TO O6HYHO
npeanoaaraeTcst, Yr0 IMOHPHuecKas (YHKUHA anaaATHYeckas Ges Touek
paspeiea U rpadMk ee—maasuas Kpueaa. Henbss ykasate o6utero me-
TOda I HAXOXAEBHS HamAyqmiero TUna QopMyast, COOTBETCTBYOWLeH
OTBITHHIM [AHHEIM.

Ynauumit nondop sMnupuueckoit GopMyan B 3HauHTeabHOR Mepe 3a-
BHCHT OT OMNBITA M MCKYCCTBA COCTABHTENSI.

B nexortopeix ciyuasx Bw6op Tina amnupHyeckoR ¢GOpPMyan MOWET
ObITH NPOHU3BENEH HA OCHOBE TEOPeTHUYECKMX mpefcTamieHuit o xapaktepe
u3yyaeMoil 3aBUCMMOCTH. B 1pyrux cayyasx ymaercs moAoGparb Taxyto
dopmyny, cpaBHHBas KPHBYIO, MOCTPOEHHYI0 [0 XaHHHIM HAGJI04eHHs
B ZIEKapTOBHIX KOOPAKMHATAX HIAH B CHEUHANBHMX CHCTEMaX KOOpHHBAT
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§ 1] BBOLHLIE 3AMEUAHAA 8]

(noaynorapudmuveckofl, morapudpmmyeckoit 1 r. 1), ¢ obpasnamu u3-
BECTHLIX KPHBLIX (OTHE/NbHLIE HEIIPABHALHOCTH [PH 3TOM HIHODHPYIOTCH).
Hnsa o6neruenus BuGopa MOne3HO HCMOAb30OBATH CMEUHAAbHHE aabGOMA
KpuBbiX. [Ipn H3BECTHOM HAaBhLIKE MO TOJOWEHHIO TOYEK, OMpelresiouiax
HEKOTOPYI0 TAAAKYK KPHBYIO, MOXIO IpHMEpHO yramaTh oOuiui BHA
3aBHCHMOCTH.

Bo wmHorux CNAy4asiX MOXHO OrpaHU4YNTLCH MONMHOMOM

nt

N q
y=k2 a5t (3)

=90

Hepeaxo ynotpeGasiioTes ApyTHe aneMenTaphble QyHkuuH (ZpoGRO-IH-
ueiinas, CTeMeHHas, MoxasateapHad, jnorapudmuteckas u T. M.). B paan-
ueillileM GynyT ykadadsl npueMu, o6aeryawpuie BHOOp BHLA aMIHpHUE-
cKoli dopMy i,

Uro xacaercsl onpemeseHus HaHAYYIUHX 3HAueHHH MapameTpoB, BXO-
AAUMX B 3MOHpuyeckylo ¢opMyay, TO aTa 3anava 0oaee Jerkas u pe-
WaeTesl perylfpHbiMH MeTOdaMH.

AMnuprueckne GOpMy s He NMPeTeHAYIOT HA POJb 3aKOHOB MPHPOAL,
a ABAAIOTCA NHIMbL rHNoTe3aMu, 6oJsee MM MeHee YIOBJETBOPHTE/BHO
COTJACYIOUIMMACS € HAGMOAEHHBIMA OMBITHRIME RanHbiMA, ONHaKO 3Haye-
HHe WX BechMa BEJIMKO; B HCTOPHH HAYKI H3BeCTHH MHOTOYUC/EHHHE
npHUMepbl TOrO, KAK MOJyYeHHe ydadHod amnuppueckoii GopMyasl NMpHBO-
A1n0 K OONbLIMM HAaydHBIM OTKPbITHAM,

3ameuvanne., [lpu nocrpoeunn ISMIHPHUECKOH OPMYyIn MOXKHO
npeianonaraTh, YTO MUCXOAHbE HaHuue (X, y;) (i=1, 2, ..., n) nouo-
WHUTeNbHH.

JeiicteuTensHo, ecan 6ui, nanpumep, Bce x; < 0 (uan Bce y; < 0),
TO HOCTATOYHO pPacCMOTpeTh TaGaduy 3HaueHn#t (—x;, y;) (nid CoOv-
BeTCTBEHHO (X; —¥;)). Auanornuuo npn x; <0 u y; <0 mocTaTouHO
MOCTPOHThL AMIHPHHECKYIO dopMyny Aas Tabanuu (—x;, —y;).

ITycts Temeps umeem oOuinii caydall, KOr;a 3uaxkn 3uauvennd Xx;
1 y; nepemennste. Tax kax Tabanua 3uavenndh (x;, y,) xoHena, TO BCerna
MOXKHO Ton06GpaTh MOJNOXHTEAbHBE HACAA m W 7 TaKle, 4TO

E;i=m+x; >0, n,=n+y; > 0.

Qrciopa TodyuaeM, 4TO pelileHde NOCTABAEHHOH 3ajnaih CBOAUTCS
K HaXOXKneHHio aMmupHyeckoft QopMynbl nJf CHCTEMB MOJOXHTENbHKX
anauednit (§;, m,).

Moatomy B nanpHeffuieM Mul, KaKk MpaBuao, OyieM paccMaTpHBAThH
TabaMLb C MOJOKHTENLHBIME 2JIeMEHTAMA,

3aMeTuM, uTO Mb B JajbHelilleM He OyaeM KacaThCd BOfIPOCOR,
CBA3AHHNIX ¢ OLEHKOH HMOOGPOKAYECTBEHHOCTH HCXOIHKX AaHHMX, B 4acT-
HOCTH, He ByIeM YYHThBATh OLIMOGKH 3THX AAHHBIX,
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§ 2. Jluneilnan 3aBUCAMOCTD

TlycTe nns nepeMeHdnix X M Y H3BECTHH HX 3HaYEHHR X, H y;
(I=1, 2, ..., n), pacnonowenubie B OOPAAKE BO3PACTAHMA OEPBOH
nepementoit: ¥, < x, < ... < x,.

Ha koopaunatho#t nnockoctn Oxy noctponm cuctemy touek M; (x;, u,)
(ans ynoGcrsa macwrtalGul Ha ocsix Ox w Oy moryT OuiTe BHIGpaHb

pasuwmu). Ecnu okaxercst, 410 atn
\I/ TOUYKH pacnoJararTcs NOPpUMEPHO Ha
HeKOTOpOo# npamo# amunn L, TO
L €CTEeCTBEHHO MNPERNONO¥HTh, YTO
/ }/ 3ABUCUMOCTb MEXAY X U Y AUHEUNAA:

P4 y=ax+b, (1)

Vi rae a 1 & —nocTosHHLE,
Vi {IpuknagniBag Mpo3paunyr JH-
V. Hefiky (MM HATACMBAg HHTL) Tak,
// 4ToOL NOROXEHHE ee OHIO BO3MOXK-
’ HO OaM3KUM K Kawaofl M3 Touex,
e ONBITHEIM NyTE€M MOKHO HAWTH HAan-
7 nyuilee noJoxeHue mpaMmoit L.
[TocTpoenne npamoit L o6wyno npo-
H3BOANTCH HAa OyMare ¢ MHIAJIHUMET-
posofi ceTkoll, mnpuuem pesynbTaT
Puc. 13. HEe ABAAETCA OMHO3HAYHO ONpene-
TIEHHDBIM,

Ing Haxoxnewus napaMeTpoB a H & H3MePSIOT KOOPHMHATH HByX
Toyex (He 06f13aTeNbrO u3 mannux) N, (x;, y;) 0 N, (x,, 1}2), TieKAUInX
Ha mpaMoil L (HanpHMep, HAXOLAT TOUKH NEPeCeUEHHs ee C 0CIMA KOOop-
OHHAT) ¥ 1O BO3MOXHOCTH JHaNexko yAaleHsuX npyr oT apyra. Torpa
a u b mMoryT OHITh OnpeneNleH M3 CHCTeMb ypaBHeHu# (crnocob eetbpan-
HbLX TOUEK)

45

g 1 2R3

yy=ax,+b, y,=ax,+b. (2)

Pesyaptat nckmiouenns koaghduunesToB a U b M3 ypaBHennit (2)
MOXeT ObTh 3aMucaH B BHIE OmpeaenuTens:

i
1| =0, (3)
1

QISIQ
M h

o
o

leomeTpuueckn ypasuenne (3) npexcrtapnsger coGo#t ypasueHne mps-
MO, mpoxonsiuel uepes Touknm N; u N,.
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MeTon BuOpaHHLX TOuek BecbMa HArasaeH, Ho o6aagaeT Masofl
TOYHOCTBI). B paspueitiiem (cM. §§ 5—8) Gyayr ykasanu Goaee Tounwe
AHAJHTHYECKUE METOAH onpemeieHus KoadduuueHtoB a u b.

Mpumep 1. [Mogo6pats amnupuueckyto GopMyny nas TaGluuHbiX AaHHKIX]

x 2

4 ' 6 8

0,725 0,947

y ’ 0,350 ( 0,573

Pewenne. Iloctpous cooTercTBylouie Toukd M; (x; y;) (i=1, 2, 3, 4)
B NOAXOASAWEM MaciuTade, yGexpaemcd, YTO OHH Paclnofiaralorcsi NpUMEepHO Ha
npsiMoil annur y=ax-+b (puc. 13).

N3 rpaduka HaxonuM 0TpPesoK, OTCEKaeMbiil TP siMoil Ha ocu opauuar: b=0,147.

Kpowme rtoro, nipu x =10 uveem y=1,138. [Tosromy

1,138—0,147
4= "' "

0 =0,099.

MoXHO MpHHATDL
§=0,099x 4+ 0,147. 4)
Das cpaBsenus 8 Tabauue 10 npuBepeinl 3Hauenus, noaydyenuste no ¢op-
myae (4), 4 pasHocTd A=y—y.
Ta6nuwa 10

3uavyeHds aMOHpuyeckoli Qyukinu 3}

x 2 4 6 8
Yy 0,345 | 0,543 0,741 0,939 |.
A=y—y 0,005 0,050 —0,016 0,008

Jlerko maTh aHanHTHYCCKHH KpUTEPHH ANH NPHMOJMHEHHOCTH pana
Touck M, (x;, y;).

[oJowxm
Ax;=x,,,—x; Ay;=Yyiy1—Y, (8)
"
LU _
vy (i=1, 2, ..., n—1). (6)

Ecan k; = const, T0 Toukn M;(x,, y,;), 0YEBHAHO, AEKAT TO4HO HA
ondo#t npamolt munnn. Ecau )
iRy ... R, 4, (7)
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T0 Touku M, (x,, ;) npubinsuTennno pacnonoxeHs Ha mpamoit. B aa-
BHCHMOCTH OT TOYHOCTH BHINOJHEHHS coOTHOIUenni (7) pewraeTcsa Bonpoc:
creflyeT MAM Me CAeIyeT HCKATh SMIAPHYECKY!0 3aBHCHMOCTb Mexay
BEJHUAHAMA X W y B Buae JAHeRHOH (yHKunn?

B uvacTHOCTH, ecqM SHAYEGHUS X; PaBHOOTCTOSMAE, T. . Ax; = const,
TO OCTaTO4HO yOenuThes, 4TO 3HadeHus Ay, ABASIOTCA TaKKe 00CTO-
AHHLIMH (HM TTOYTH TIOCTOSHHBIMH).

ITpumep 2. INposepHTs Na NPSMONHHEHHOCT, CACAYIOLIMA PHA TOYEK:

‘ 1 2 3 4 5 6

X 0,5 (1,0 1,5 201 25] 3,0

Y 0,62 |1,64|2,68|3,70| 5,02 | 6,04

Pemenne, Tak Kak 3Haueuus x; paBHOQTCTOAWHE, TO cocTas/ifem TaG-
Jiny pasdocret Ay; (ra6auua 11).

Ta6nanuya 11
Mposepka Ha npaMoaHHEHHOCTH

‘l‘l

Ay;

2‘345

1,12

1,02 ’ 0,94

1,32‘ 1,02

Met BuuM, uTO 3HaueHHs Ay; GAM3IKH APYT K APYTY (32 HCKwYeHHEM Ay,).
IMostomy 8 Kauectse rpy6o#t sMnupHuecKoil GopMyJInl MOXKHO BHIOPATE JHHEHHYIO.

§ 3. MeToa BbipaBHuBAHUA

Hycrb Oad nepeMeHHblX X u Yy UX COOTBETCTByIOUIHME 3HAYEHHS X,

ny, (i=1,2, ... n) takosul, 410 TOuKH M, (X, ¥;) ne pacnonaraoTcs
Ha NpaMOl JuuuM. Torna BO MHOTHX CAy4YasX, BBOAA HOBHIE MEpEMEHHLIe
X=¢(x, ), Y=y y), (1)

MOXHO A0OHTbCA TOro, 4ToOm npeoGpa3oBannbie TOUKH N;(X;, V)),
rne X;=q(x; y,) v Y;=v¢(x;, y;), nexani na HexoTopoil npamotii
mandn naockocTy OXY (merod evpasnusanusn). O6a3aTeabHuM Tpebo-
BAHUEM NIPH ITOM ABAAETCH B3AMMHAT OXHO3HAYHOCTb NpeolpasoBarug (1),
Paccvortpam, nanpamep, neanmeliuyio 3aBHCHMOCTH BUAA

P ly) =aq(x)-b, (2)
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Tie a u b—mocTosinnbie, @ (x) H P (y) —CTPOro MOHOTOHHHE PyHKLUM.
Ha naockoctn Oxy dynxuns (2) nsobpanaercs HeKOTOPOi Kpueoil.
Bronst noswe nepemennne X =g (x) 1 Y=1(y), Oynem nmern

Y=aX b, (3)

M, CAeLOBATE/LHO, MPH HAMHYAR 3aBHCHMOCTH (2) Touxkn N, (¢ (X;), P (y,))
(=1, 2, ..., n) ua nosoit xoopauuatHoii maockoct OXY pacmona-
raitcs Ha apaMoil auuud. O6paTHO, ecaH ApPH MOCTPOEHHH HA MJAOCKOCTH
OXY o6uapyxutcs, 4to Toukn N, NpaKTHYeCKH JexaTt Ha [ps-
MOH NHHHK, TO MeXLy UEPEMEHHBIMH X H Yy HMeeT MeCTO 3aBHCH-
MoCTh (2).

byt @ (x) H P (y) oOLIYHO HAXOAATCH METOROM NpPoB, HA OCHO-
BAHANR OOGHADYXeHUd CXONCTBA JHHAMA (2) C H3BECTHRIMA KDPHBHIMH, HAH
NPOBEPKOH  BLIIOJHEHHS COOTBEeTCTBYIOWUX aHANHTHYECKAX KPHTEpHEB
(cM. § 4).

K Buny (2) cBOmMTCA, HaNpUMeEp, CTeNeRHAs 306UCUMOCTb

Y == cx®, (4)

rie @ 1 ¢—rnocTosuHble, ApHueM x>0 n y >0,
Jlorapudmupys dopmyay (4), Oyzem ameTn

lgy=algx+lgec.
Otciona, nonaras X =1g x, Y=1gy, noayuum
Y=aX1tb b=Ilgc. (5)

Taxkum oOpa3oM, cTenenHas 3aBHCAMOCTL (4) MeXAY NepeMeHnHMH X
v y obuapyxupaercs, ecau touxu N;(lgx; lgy,) (i=1, 2, ..., n)
nexaT Ha ofnoli npamoii B naockoctd OXY. Jlns moctpoenns npamoit (5)
BHITOIHO HCHOAL30BATH JorapudMuyeckylo ©ymary, mpeacTaBasioniyio
€060t HEPABHOMEPHYIO CeTKy, MOCTPOEHHYI0 Ha TOPH3OHTAJbHOH M Bep-
THKaAbHOH JNorapudMuuecknx wxanax. [loaTomy, oTknankBags Ha ocax
YHC/eHHHE 3HAYeHHd X; W y;, Mbl moayyaeM Touky N; ¢ KoopauHaTamu
lgx; n lgy; (B nasectHom macmTtaGe), T. e. mabasasemcs OT HEOGXo-
JUMOCTH BHIYHUCAAATH 3HAYEHAS NOTapH@MOB HCXOAHBIX KOODLHHAT,

3amernMm, YTO B JoraprdMuueckoii KoopaunaTHol ceTke OXY uava-
0M KOOPAMHAT CAYXHT Touka x =1, y=1. [lostomy Hcxonxbe nan-
HEle x; H Y; (KOTOpHE JOMKHH OhITh MOJOKHTENbHHME) BLIIOAHO HpeoC-
pasoBaTe Tak, 4TOOW HMean MecTo cooTHomweHus x;=1 u y;>=1
(HanpuMep, YMHOXXHATb HX HA HOAXORAIIMHE AONOKHTENLHBIA MHOXKHTEIb).
Tlonaras x=1 B cootHowennn (4), GyneM uUmeTh y =c; Takum 0Opa-
30M, MOCTOAHHAS € MpencTaBaseT coOoM oOpaMHATy TOYKH iepeceyeHnd
¢ ocslo OY cooTBeTeTBYIOU(ETO TNpPAMOJUHEHOTO rpadmka B 1110~
ckoctH OXW4
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NDpumep 1. Tabauuune gaHHKE

X 10 20 30 40 l 50 ‘ 60 70 80

1,81 | 1,91 | 2,01 | 2,11

y 1,06 { 1,33} 1,52 | 1,68

oTBeualoT ¢opmyse BHAa
y=cx?. (6)

Haiitn napameTps @ u c.
Pewenue Hanoca nawwsle Touku na norapudmnueckyio OGymary, 3ame-
YaeM, uTO STH TOYKH ¢ JOCTATOYHON TOYHOCTBIO PpACROJArawTcs Ha npaAMoi

[ 4
g 3
2 i : 2
it 1
11'5 i "5
/0 i } i T

152 3 4 567890 52 X 40 5060 70 800

Puc. 14.

nuuuu (puc. 14). TeMm camms nopTeRepxufercd Haue npepnosoxcrue (6) o xa-

paKTepe 3aBHCHUMOCTH MexRAYy X H Y.
g onpepeneHus napaMerpoB @ U ¢ BOCHOJb3yeMCH KpaﬁHHMl’l TOUKAMH

A(10; 1,068) u B (80; 2,11).
JlorapudpMupysa coornowernne (6), noayuum

lgy=lgectalgx.
Orciofa, noAcTaasAs KoopAaudate Touek A u B, Haxoaum

lg 1,06 =1g c+alg 10, Ilg2,11=1gc+alg80

Han
g ¢ +a=0,0253, g ¢+ 11,9031 a =0,32434

CJIe/10BATRIILHO,
_0,3243—0,0253 _ 0,2990

1,9031 —1- 0’9031———0,331],

lg ¢ =0,0253—0,3311 = — 0,3058 =1,6942; ¢=0,4945.

Takum o6pazom,
7 =0,4945x0,3811, )
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B rta6aune 12 npusepenwt smauwenns y=y (x), BhulcaeHEme 1m0 dopmyle (7),
H UX GTKJOHEHHS A=y—y oT TaGJMYHHX JAHHBIX.

Ta6auua 12
3uaueHHs SMNHPHYecKOH QPyHKUHH (7)
x 10 20 30 40 50 60 70 80
y 1,060/1,320( 1,525 {1,67771,806} 1,919 2,012 {2,110

A=y—ygy | 0 |0,010{—0,005 |0,003]0,004]|—0,009 | —0,002 | 0

Jpyrofi BaxHmit ciayyall NpeNCTaBIfeT AOKA3ATEAbHARL 3QBUCUMOLTS
y=ce*, ¢>0. (8)
Jlorapudmupys, Gyaem nmeth
Iny=ax-+Ilnc.
OTciona, nonarag X=wx, Y=Ilny, nonyynm Juuefinyioc 3aBHCHMOCTb
Y=aX+b, b=Ilnc.

Ecan umeeTcs monoapeHue Ha noxasaTenbHyio 3aBAcUMOCTb (8), TO
a8 mocTpoenus B naockocth OXY yno6Ho UCIONB30BaThb nQJayaorapug-
MHueckylo Oymary ¢ paBHO- y
mepuolt mxano#t no ocn OX — .
U norapupmuuyeckoil wxanofi
no ocn OY, \

Hauano koopaunar B no- \
AyJOTapHMHUECKOH  ceTke \
COOTBETCTByeT Touke x =0, \
y=1;, nosromy yao6uo g4 N
Gpath y; = 1.]las npamonn- N
HEHHOTO rpadHKa B IJOCKOCTH N
0oXy, COOTBETCTByIOLLEr0 .
dopmyae (8), nocrosnnag ¢ ]
nipencTapaser coboft opanHa-
Ty TOYKHA liepeceyenus 3TOro
rpadmka ¢ ocsio OY (x =0, ¢ ! 2 g 4 g z
y=c). Puc. 15.

B ofuieMm cayuae BuGOp BUAA aMnHPHYECKON fopmyns obGaeruaercs
3HAKOMCTBOM € TrpadHkaMi 3/7EMEHTAPHHX QyHKUAH,
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Mpumep 2. PeaynnTatel uaMepennil Bupawaiores Tabmuued. [9]: .

x|010,2

05| 1 1,5 ' 2 2,5 3 3,5 4 4,5 5

y | 1 |0,833/0,667|0,540)0,400| 0,333 |0,286| 0,250 0,222 | 0,200 | 0,182 | 0,167

CocTaBuTs NOAXONALULYI0O 3MIHpUUECKYI0 dopmyay.

Pewenue. Hanoca Toukn M;(x; Y;) ma Koopasnuatayio cerxky Oxy,
06HADYKHBAEM, UYTO OHH DACHOJAraloTC# NDPHMEPHO HA KDUBOH, NoxoXed Ha
BeTBbL rUnepOonsl, ACUMNTOTHYECKH MNpuGImKAloWyiocs K ocH Ox ‘(puc. 15).
[Toaromy monaraem

1
Y=Fb &
Otcroza
1
?=ax+ b.

1
T. e. UMeeM 3aBucHMOCTs BuAa (2). Beeas nosme mepeMensnte X =x, V=—,
Yy

moAyyus JIMHelHYo 32BUCHMOCTH

Y =aX4-b. (10)
CooTReTCTBYIOULHE NaHHbie mpuBescHHl B taGauue 13.
Y
L
/‘

0 45 1 15 2 25 3 35 4 45 5 X

Puc. 16. ‘ ‘
Ta6auga 13
Moa6op amnupuyeckoii GopMyasl METOAOM BHIPABHHBAHHA

X 0 [0,210,5 1 1,51 2 |26 3 ‘3,5 4 14,5 5

4,014,5(50]| 55| 6

Y 1 1,21 1,672,01}2,5 3,0{3,5

Moctpous B maockocr OXY rtouku N;(X; Y,), yoexgaemcs, 'wT0 OHH NeKAT
npubanzntensiio Ha npaMoit aduum L (puc. 1 : :
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CnenosatespHo, Halla CEflOTE3a O XapaKTepe 3aBHCHMOCTH OflpaBaafach H
Bua ¢opmyant (9) BmGpaw npasuabno. I[1o puc. 16 ompenensem napamerpsl
npamod Li

_6—1

=l1.
1
x41°

Takum o6pa3oM, HCKoMasi amnupuueckas dopmyna ects y=

§ 4. Ksagpatuasas (mapabo.udeckas) 3asucuMOCTh

Ecam nns maunpix auavenu#h (x; y;) ({=1, 2, ..., n) ue onpag-
IwBaeTCl NuHefinag 3aBHCUMOCTL, TO MOXHO HcnpofoBarb Ooiee oBuiylo
K8adparudnyo 306UCUMOCTS ¥

y=ax4+bx+c (as=0). (1)

dopMyna (1) umeer Mecro, KOTHA
ToukH M, (x;, y;} pacnonaraprcs Ha \
oTpeske mnapaboln C BepTHKaJbHOH \
ocbto (puc, 17). Jas  obuapywxenus
3Toro ¢akra ¢ Hapdexaued TuaTelb-
HOCTHIO MPOBOIHM NJaBHYIO KpuByIo I,
86Gau3n  KoTOpOH rpynmoupyloTcs
nauiwie TOUKu M; (x;, y;), 0 BuOHpa- 0
em Ha uelt Touky N (x4, ¥o), 1O
BO3MOKHOCTH COBOAAAMOULYIO C OLHON Pue. 17.
us touek My (x,, y,) (1 <Ck<n).

[lpexnonaras, 4ro xpuBas [ ecrb napaGona (1), Oynem uMmers

Yo = ax3+ bxy +c. @)
Buluutan u3 ypaBuenus (1) paBedcTBO (2), HaXOAHM

Y —yp=a (x*—x5)+b(x—x,)
HJAA

y—yo=a(x—x4)" + by (¥ —x,), (3)

rae b, =b+ 2ax,.
Ecau Tenepb BBECTH HOBLIE MMEDEMEHHbIE

— —Y—Yo
X=x—x Y=i—. (4)

To M3 ypasHenns (3) noayuuM HueRHYIO 3aBHCHMOCTD

V=aX}b,. (3)

Takum oOpasom, napaboae (1) na naockoctn Oxy CoOOTBETCTBYET
npavan () wa anockoctn OXY (cm. § 2). O6partao, ecan  Gyner
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o6uapyxeno (em. § 2), uto Towknm N,(X;, Y)(i=1, 2, ..., n), rae

— Yi—Ya
Xi_xi—xo’ Y—x._xo
Jexart ua npavod (3), TO TOuKM M, (X, y,) pacnono¥eHn Ha mapa-
Gone (1), npuuem

b=b—2ax,, C¢=y,+axj—bx,. (6)

BuiBenem ananntnueckuit xpuTepuit 4nM  KBaapaTHUHOH 3aBHCHMO-
cta (1), Tlyets M, (x;, y;)—nannasg tabauua 3uayeHuit, npHuem

Ax;=x, ,—x; >0 (i=1,2 ..., n—1),

Ilpn wamumunn 3aBacumocty (1) NOCAGHOBATCNLUOCTD ¥y, Ygy ssey Y,
HJAH MOHOTOWHAf, T. €. Ay,=y, ,—y; (=1 2, ..., n—1) co-
XpanaeT TNOCTOMHHEN 3HAaK, MAM K€ 3Ta HOCAENOBATEABHOCTH HMEET
€IMHCTBeHHEM 9KCTPEMYM, T, €. PasHoCTb Ay, UL OLUN Pa3 MEHHET 3HUK,

BeeseMm pasnenessne pasHOCTH NEPBOCO H BTOPOTO NOPSIKOB (CM.,
nanpumep, [15]):

Ay;
[%: xi+1]:A—x:.
"
[%i+1, Xipal— (%0, Xita)
[xi’ Xit1 xi+2]= - ;::2_)5‘.! —
Hau
A <Ayi>
Ax;
[xi! xi+1? xi+2]=—317il_' (7)

tne Ayx;=x;,,— %, =Ax;+Ax,,

ﬂOKthleeTCﬂ [15] 4T0  TOUKH M, (x;, y;) pacnonokedw Ha napa-
Gose (1) Torma M TONBKO TOCZA, KOTAA COXPAHSIOT NOCTOSHHOE 3Haue-
HHE BCe PA3/e/ICHHbIE PA3HOCTH BTOPOrO MOPSILKA.

B uyacthocTn, ecauw 3uauenus X, X4, ..., X, PaBHOOTCTOALIHE,
T.e. Ax,; —h—const TO A4 CyULeCTBOBAHHS smnupuqecxoﬁ KBanpa-
THUHON  32BHCAMOCTH (1) neobxomuMo W nocrtarouso, 4T06H OhiNa 10-
CTORHNHOM BTOpas paswocts A%, =y, ,—2y;  +y;=cli=1,2, ...,
n—2), npuuem toraa Aly;=2h%a.

3aMeTuM, yTO BTOphIE PA3HOCTH BeCbMa YyBCTBHTE/bHH K OTKJIOHE-
HAAM OT napaGo/inyeckoro 3aKowa,

[Tpumep 1. Jaunyw cucTemy aHaueHuit

x 1 2 l 4 5 6

OI 0,5

y 0 [ —1,76 |—3,00] —3,96 | 0,24 | 5,40 { 13,34

HCccneloBATL HAa KBAAPATUUHYIO 3ABHCHMOCTB.
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Pemenune. Cocramnsem no dopmyne (7) Tabnuily pasfesleHHBIX DaaHo-
cTeit (TaGnnna 14).

Tak Kak BTOpas pa3sjeleHHAA DA3HOCTL NMPHMEPHO MOCTOAHHA, TO MOKHO
CYHTATh, YTO MEXKAY MePEeMEHHBIMH X H y HMCET MeCTO NPHONHUMEeHHAsA KBanpa-
THYHAA 3aBHCHMOCTb.

Ta6nuna 14
Mposepka Ha KBaXPATHYHYID 3aBHCHUMOCTD
| ax ¢ Ay & A(i—i) A lf@_
Ax

0 0
0,5 —1,76 | —38,52

0,5 —1,76 1,04 1 1,04
0,5 —1,24 | —2,48

1 — 3,00 1,52 1,5 1,01
| —0,9 | —0,9

2 — 3,96 2,92 3 0,97
2 3,72 1,86

4 —0,24| 3,78 3 1,26
1 5,64 5,64

5 5,40 2,30 2 1,15
| 7,94 7,94

6 13,34

§ 5. Ompepesnenne mapamMeTpos SMUUPUAECKOX oOpPMyInI

Ecan sun asmnupuueckoit ¢opMmyas BuGpaH, TO RO3HHKaeT 3aXa4d
onpeneNeHHs HaWAydwnX ko0dPPHUHEHTOR (napamerpos), BXOAAIHUK
B 3Ty ¢dopmyany.
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B ofuwem Bujge ara 3ajaua cramutcd creAywowium o6pa3om: nycrtb
JanHas cuctema sunadenuit M, (x;, y;) (i=1, 2, ..., n) npubnuxenno
ouncoipaerca ¢GopMynoil Buma

y=f(x; alv [12, a0y am)r (])

rie f—usBecThan QyHKUHS U @y, @y, ..., @, —HCHIBCCTHHE MOCTOAH-
HhIC, 9HCA0 KOTOPHX M OGHYHO Medblue upcaa todek M;, 1. e. m < n.
Tpebyerca onpenenuTh 8TH NOCTOSIHHBIE,

Ecan auavenns (x;, y;) TOuUHO cBA3aHH 3aeMUcMMOCTbio (1), TO ma-

paMeTpbl @y, d,, ..., @, MOTYT GbITL HaligeHbl U3 CHUCTEME ypaBHEHHH

y,=rf(x; ay, a5, ..., a,) (=1,2, ..., n). (2)

Onuako Ha mnpaKTHKe 3HA4YeHHs! (X;, Y;) COMEPKAT HeH30EKHHE
OWHUOKH W YHCIO ypaBHeHMH cHcTeMmnl (2) 3HaunTeabHO OGonbiie yucaa
HEH3BECTHbIX; MOATOMy <CucTema (2), Kak MNpaBUAO, #BAdeTCs HecCOB-

MeCTHOM. anXOIlHTCﬂ OTHICKHBATb Hauayyliue 3Ha4YeHud a,,

Qy, +.., @,, DPUGAIKEHHO yIORAETBOPHIOIIHE CUCTeMe (2), T. . TakKue,

YTO HesA3Ku (yxaonenus)
yj—f(xj; 211, ;12, ...,Nam)zaj (J=1, 2, ..., n) (3)

ARASIOTCA BO3MOHO MAJBIMM MO abCOMOTHOH BeAHYHHE.
[eomerpHueckn salaya CBOAMTCH K OpoBeneHuid Kpusoit Bupa (1),
Haubo/ee TECHO NPUMBLIKAMWULEH K MaHHOH CHCTEMe TOuek.
Hau6onee pacnpocTpaHeHHHMH aBAAIOTCH 3MnupHyYeckue GOPMyInl,
AMHEHHO 3aBUCALIHE OT MapaMerpoB, T. €. GOpMyJH BHIA

Y=g (%) 4 019, (£) + @@y (¥) .. . 2,0, (%). 4

B 3rom caysae cucrema (2) nnueilnas W MccregoBaHHE ee CPaBHH-
tenbuo npocrto. [lpn uemnueitnoit 3amucumocts B (1) OT napamerpos
ay, @y, ..., @, cucreMa (2) TaKKe HEIHHRHHAA M HAXOW/eHAE TOYHBIX
AR NpHOMMEHHBIX PelIeHUH ee TpeucTaBasier TPYRHYIO 3anady; OGHYHO
TaKyKl CHCTEMY NpHOMKEHHO 3aMeHdAIOT fuuefiHoit (cM. § 12).

B caenyiownx naparpagax Mbl paccMoTpHM TPH Hanbosee ymorpe-
6uTenbHbIX METONA OnpexeleHdss MapaMeTpoB IMIHMPHUECKOH (OPMYIH:
1) MeTon BHOPAaHHBIX TOUEK, 2) MeTOn CpeaHux U 3) me-
TONL HAUMEHBIIHX KBanpaTos.

§ 6. Meron sbIGpaHHBIX TOUYEK

[lycre mns cucremst onbiTHbix pauubix M, (x;, y;) (i
noCTpoeHa aMmupuueckad dopMmyna

y=F(x ay, a3, ..., a,), (1)

i
—
}\3
.
=
~—
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conepxawan m (m < n) cBOOOAHBIX I[4DPAMETPOB @,, @

Tre f—u3BecTHas QyHkUmA.

Ha xoopaunarno#i naockoctn Oxy ¢ BO3MONKHOH 4AKKYpaTHOCTHIO
nposoauM NaasuHyi0 kpueyio I', nanGonee 6/1M3KO MPUMLIKAIOILYIO K TOY-
kam M, Ha xpuso#t I’ BmGupaem cHCTeMy m (MO 4MC/y napameTpos)
TOYeK N/(}/, ;l-) (j=1, 2, ..., m), He 006493aTeNbHO COBNAZAIOLIUX
¢ royxamu M,;. lipn arom wenarensno (3], uto6bl BeiGpanHele TOUKHM N
OuH 10 BO3MOXWHOCTH DABHOMEPHO pacmpeneneHn 110 Beedl paboded
uact# xpuBoft ' # BO3MONHO Hanbuie OTCTOAMH APYT OT APYyra, a B To
e BpeMs He Jexan Obl CMMIIKOM 6JH3KO K Mad0 HaZeXHHIM KOHLLEBhIM
Toukam My u M,. Hns yno6eTsa o6uuno 6epyT abcuucchl x~j 3THX TO-
4eK COBMAAAIOUIMMHM C KpPyNHHME gefedusaMH ocd Ox KoopauHaTuoH
cetku. [locne aroro co Bceft TIATEILHOCTHI0 3aMEPHAIOT KOOPXMHATH

g1 seaey A,

;:j, 571. (f/=1, 2, ..., n). Toraa napamerpul a,, @,, ..., @, B O0UIEM
C/lyqae MOTYT ObITh OmpeneneHs W3 CHCTEMB m ypaBHeHui
yj:f(x]; a]_a [I.;, LA ) [Im) (j=1) 2- ey m)- (2)

Ilpumenenne sTOro Meroma /8 JHMHEHHOH 3ABMCHMOCTH y=ax+b
paccmoTpero Buiwe (§ 2).

Hna cayuas ksapparuuHo#t 3aBHcHMOCTH y = ax? -+ bx - ¢ x0agdu-
UHEHTH @, & ¥ ¢ OnpenensdiOTCd U3 CHCTeMbl Tpex YpaBHeHHH

yy = axi4-bx,+c,  yy=axitbr,tc,  yy=axi-tbi;+ec.

3amMeTdM, YTO METOA BRHOPAHHBIX TOYEK CONEPKUT TreOMeTpHYECKHe
NOCTpOEHHs, NOMYyCKaouHe H3BeCTHHIH MNPOW3BOJ, W MO3TOMY sABIAETCHA
rpy6uM. K HemMy caemyer npuberaTh B Tex C/yyasX, KOrja TOYHOCTh
UCXOMIHHX XAHHBIX OTHOCHTENbHO HeBeauka. Jlas yseauuenns TOUHOCTH
METO/Ia PEKOMEHAYETCH MOJb30BATbCA CETKOH ¢ MeaKHMH He/IeHnsIMH,
JlocTOMHCTBO METORA — MPOCTOTA MPHMEHEHWS M HATAATHOCTD.

B nansnedimux mnaparpadax (§ 7 u 8) ykaweMm 6oaee TOYHble aua-
TUTHYRCKHE METONB OmpemeseHHs Koa(pHUHEHTOB 3aMnupnydeckoit ¢op-
Myas (1}.

§ 7. Meroa cpensnx
Ecan B amnupuyeckyi dopmyay
y=Flx ay, a3 ..., a,) (1)
MOACTABHTE HCXOAHble mauuble M;(x;, y;), 10 nemad yacte GOpMyJH,
soofuie roeops, He Oymer paBHa mpapoil. PasnocTH (HeBA3KH)
fleg ay oo, a)—y;=¢;, (i=1,2, ..., n) (2)

HA3KBAIOTCA YKAOHEHUAMU W TPEICTAaBAMIOT COOOH paccrosinusg no Bep-
tukanu rtodek M; ot rpadmka smnupuuecko#t ¢yukuuu (1), B3aTHE CO
3HAKOM Mmaioc () HAH €O 3HakOM Muuyc (—) (puc. 18).



94 IMIUPHIECKHE ®OPMYJIbI [rn.

Cornacno merody cpeduux 3a Haniyuuiee MOAOEHHE IMITHPHYECKOH
KPHBOA K upunuMaercs TO, I/As KOTOPOTO PaBHA Hyao aareGpandecKas
cymma E Bcex ykJOMeHMH g€ T. €. LOMKHO UMETh MECTO PABEHCTBO

n
E=2¢=0. (3)
1=1
Iins onpenencuns NO MeTOMY CPeAHMX MOCTOAHHBIX @, gy vuu, @,
TRe m < n, BCe YKIAOHEHUS &; DasGHBAIOT HAa /M CPYMN, COXEPHAILHX
J £
[
|
1
|
! f
| | 1
i ! !
| L [
] I flx, !
* I /i) !
t \ i I
| ] | |
1 | I !
I | } i
! | f !
[ ] ! 1
! I ! !
H 1 1 i
7 z, z; z, D
Puc. 18.
MpUMEPHO  ONMHAKOBHE KOMHueCTBa yKjaoHeuuid. [lpupamuupas wytio
anreGpanueckyro cymmy £, (j=1, 2, ..., m) YKAOHEHH#H, BXOAALIMX
B KaXAYI0 M3 3THX TIpynn, mojyuaeM CUCTEMY, COaepXamyl CTOALKO
yPaBHeHHH, CKOMbKO HMeeTCH HeU3BECTHHX KOIDDHUNEHTOB €4, Ay, ..., & .
Peunp 3ty cucremy, Ml Hailnem koadduumentn @, (i=1,2, ..., m).

3aMeTHM, YTO TaK KaKk cymma E; yxnonewn#t ang KaXKAO0H rpynnu pasHa
HyJl0, TO pPaBHAa HYyMO Takwe M cymMMa E Bcex ykiaoneuuft, T. e. mid
Hauied cucTeMe pagenctso (3) OyneT BHINOAHEHO.

3ameTum, UTO Pe3ynbTATH MeTONd CPELHUX CYLIECTBEHHO 34BHCAT OT
cnocoBa rpynnuposku ykjaonenuft, [lpakTuxka nokasmpaer, yro Hauboee
ylaunnie aMnupiyeckne GOpMynsl MOAY4alOTCs, €CAH YKAOHEHHS TPyUNH-
PyIOTCS B MOpALKe MNOCACNOBATEJLHOCTH WX HOMEPOB (npeanosaraem,
YTO HMCXOLHBIE HaHHBE YNOPALOYCHb 110 OnHOR U3 MepeMesHuX) U Kawmnas
Tpynna ykaoHeHui COXCPXHUT MO BO3MOXHOCTH ONHMHAKOBOE YHCJO 4/1eHOB.

[MTpumep 1. Koauuectso Q sentectsa B %, ocrapiterocs B CHCTEME
uepes ! MUHYT OT Hauyasja XMMHueckofl peakuu, Aaercq ta6auueir {13]:

t |7 | o2 | a7 |22 | 2 | 82 | @7
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CocTaBUTE  sMTIUDUUECKYIO (QOPMYAY HJAR 3aBUCUMOCTH BEJWIHHAH () 07
BpEMEHH ¢

Pemenne. Ha nnockoctn OfQ pannas cuctema Touek (t;s Q;) npu-
MepHO pacroJaraercd Ha napalofe ¢ BepTHKAanwHO# ocbio. [lostromy Gynem
HCKATh 3MIHPHUYECKYIO QOpMYAY B gulle

Q =at?4 bt 4-c. 4

Ona onpepenenus koaQhrUHeHTOB @, b W ¢ TNPHAMEHUM METOL CPeRHHX.
[oncrapass TabGanunbie naHHsie B GopMyay (4), nMoayuaem supaxedus A%
COOTBETCTBYIOWHAX YKJOHEHHH:

8, =4%9a+7b4-¢—83,7, s = 7292+ 27b+4- ¢ —47,5;
gg=144a 4+ 12b 4 ¢ —72,9; g, =1024a4- 326 +0—41,43
23 =28%a 4 17b4-c—63,2; €,==1369a 4 3764 ¢ —36,3.
g, =1484a+4- 2264 c—54,7;

Hdaga onpenenenns Koadduumentos @, b M ¢ 0o MeTony CpPefHUX YK.IOHe-
HUSl €; HyXHO pa3GuTe Ha TpH rpynnst. OGbenuuuM, Hanpumep, B rpynmy [
yKJOHEHUAA €, &,, €3, B rpynny ll—e, € u B rpynny Ill—gg e, Torasa
HOJIYUHM CHCTEMY

8,485+ 8;=0,
84+85=0, f . (5)

gg1 ;=0
HAH i
482a 4- 366+ 3¢ =219,8,
1213a 4495 4-2¢ = 102,2, (6)
2393a 4696+ 2c =T77,7. f

Pemas cucremy (6), Haxommm @=0,0235; b=—2,6115 ¢==100,8295.
CaepoBaTesbHO, UCKOMas aMIHPHUecKas GopMy/a HMEET BHA

0 =0,0235¢2 —2,6115¢ 4 100,8295. 0

Jlns cpasHenus 8 TabMuue 15 npuBepeHsl peayAbTarel pacueToB Ho op-
myae (7).
Ta6awna 15

OueHKa TOYHOCTH BMIKpHueckoR ¢opmyas (7)

! Gy owawenmo |y yonenns
Qs sMn x?ny.ne o p =0,y
! 83,7 83,70 0,00
3 | & 72,88 +0,02
3 63,2 63,23 20003
p 54,7 54,75 0005
2 47,5 47,45 L0005
6 41,4 41,33 Too7
7| %3 36,38 +0,08
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§ 8. MeToa nHauMeHbIIAX KBAAPATOB

[Tycts uaBecren Bum sMnupuueckolt Gopmynn

y::}(x; Qyy By ey @) (1)

el=f(xi; Ay, Ay, «ooy am)—yi (i=11 21 seey fl) (2)

— YKJIOHEHHA DMINPHYecKOH GOopMyan (1) OT MCXOAMBIX RAHHHX (X, Y;).

Cornacno MeTony HAaWMeHbIIHX KBagpatoB (cM. ra. I, § 4) naunyu-
mHMH KOIUUHEHTAMH @y, Qy, ..., &, CYATAOTCH Te, JIA KOTOPHIX
CyMMa KBaJApaToB yKJOHeHHH

n

S(ay, ay, «ov, am)=2 [f(xi; Qi Ay ve, am)_'yi]2 3)

i=1

6yuer Munumanbuoi. OTclona, HCOOAL3YS HEOOXOAUMBIE YCAOBHA 3KCTPE-
MyMa QyHKUMH HeCKOJbKHxX [epeMeHHbIX, MNO/yd4aeM TaK HasnlBaeMylo

HOPMANLHYIO cucremy 111 onpefenedns k03 duunenTon
a;(i=1, 2, ..., m)

as aS as

5&;—0, 6772—0’ vee éa—,,,_o' (4)

Ecnu cucrema (4) umeeT eAWHCTBEHHOE pemlende, TO oOno Oyner
nckombiM,  Cuerema  (4)  ynpowaercd, €cld  aMnoupuyeckas  pynkuus

flx; a;, a, ..., a,) nudeHHas OTHOCHTEAbHO NapameTPOR 4y,
@y, ..., a,. le#icreurensHo, nonaras '

F(x; ay, ay, ooy 8,) =@ (%) +a19, (%) + ... + 2,9, (%),
6yneM uMeTb

n

S(ay, a5 ..., a,)= Z (@19 () + o oo+ 2,9, (£)— Vi

i=1

rie V,=y,—q@,(x,). Orcona

1 a8 - !
Sl K NESICUNCAR S TROMNCAES AL {

.. A ()
105 _ S0 0 () @y (£ -+ « oo -+ (£0 —Ti] = 0. |
—Q_thm—l.___lcpm i 1P X cee nPm \ X i . J

BBens cokpauwieHubie 0603HaYeHHs

@ cp,,>='_§l @ () (%) M (D) Y>=l§1 9 (%)Y,
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cucreMy (5) MOXHO 3amHCaTh B BHIE HOPMANGHOL CUCTEMbL

2y (91, @)+ a2 (Fy, )+ .ot (@1, 0u)=(pn, V), )

- (8")

a4y (P P1) 42 (P <P2)+---+a (cpm. <Pm)=(q>m, Y).

B uyacTHOM caydae, ecam 3IMiHpHYeckas QYHKUHA eCTh nomaiom */
y=0ay+ax+...Fa,x", 10 @ix)=x" (j=0, 1, 2, ..., m)
OT1ciona umeem

n

@, ®,) = . N} x{:+k — [xj+k], (@) V)= ((Pi’y) = ,-Zl x{y[ = [x/y],

-

Crenosarennio, HopMaapHast cucrema (5) Oyuner uMmerb BUK

agt+ay [¥]4+a, [+ ... +a, [x"]=y],

ao[x]+al[x2]+% %]+ +a,lx ""”]=[x.l/], (6)

aq % ]+f1 [ ”‘“]+a [x’"+2]+ +a,,.[x2"’ [£”y].

MeToX HaHMEHbLIMX KBaJAPaTOR 06JMaAdeT TEM HPEHMYU{eCTBOM, YTO
ecad cyMMa S KBaJIpaTOB yK/IOHGHHH €; Ma/ja, TO CAMH 3TH YKAOHEHHs
Takke Maaw no aGecomorHo#t Benuuude. Jas meToma cpelHHX, rle co-
craBisercd anre6paudeckas CyMMa yKJOHEHWH, TaKOro BHBOLA CAEMNATh
Hesb3d,

HexocraTkoM Merona HauMenbll¥X KBAnpaTOB fBASETCS TPOMO3LKOCTE
suiuncsennii, [TosroMy k nemy mpu6eraioT oObuuo npH 06paboTke HabMO-
neHuit BbICOKOH TOYHOCTH, KOTAA HYAHO TOJYYUTb TAK#E€ BEChMA TO4-
Hble¢ 3HAYEHWs rMapaMerpoB. 3aMETHM, UYTO B 3TOM C/Ayyae MPOMExy-
TOUYHHE BBLIYHCACHHS HYXKHO IPOBOMHTbL € HALJEKAUWHM KOMHYECTBOM
HECATUYHBIX 3HAKOB, TAK KaK B NPOTHRHOM Cjyyae npu HeGaaronpusrt-
HBIX YCJOBHSIX HCcKOMbie KO03(¢$uUMCHTh OyIyT HMEeTb Mano BepHbiX
anakoB. B yacTHOCTH, ec/iM ApOUCXOMUT NOTEps UMD NPH BLYUTAHHH, TO
BHYAC/IEHHS] KOMKHH ObITh TPOREAEHH € JOCTATOYHBIM KOJHYeCTBOM
3a1aCHBIX BEPHbIX 3HaYawux undp. 3mech caAexyeT PyKOBOACTBOBATHCH
CACLYIOWHM MIPABHIIOM: €CAH YHCACHHKE 3HAaUeHus Ko3pHUHeHTOB Kena-
TeNbHO MMETb € M BEPHbIMH 3HAYaliuMd undpaMu H eclM nperBapu-
TeNbHLIE BHIYHCAEHHS MOKA3WBAKOT, YTO NEpBbie p LHOP UCUE3HYT MpH
BLIYHTAHHH, TO BHYMCIEHUS JOMKHBL ObTh mpou3sefenbl ¢ m-+p -+ 1
BEPHBIMH 3Ha4allUMK undpaM# Ha BCex cramusax pa6orm [5].

Ho rpyGbie 3nadennsi 3tux x03ddULHEHTOR MOryT OBITh [OJY-
ueHbl 3HAYHUTEABHO NpPOLE, T. €. npUMEHeHHe MeTola ue OymeT ompas-
IaHo.,

*) Jana yno6cTBa o603RaueHIi MBI H3MENdeM hyMmepanmo kKosddunueiros g,
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[ITpumep 1. Ucnoneays MeTos HaUMeHbUINX KBAJAPATOB, BHIBECTH SMIMH-
prnuecKywo dopmyny pas TabauuHoi Gynknur Q= f (¢) npumepa us § 7.
Pemenne. [lonaraem

y=ax?-+bx+tec. 7)
Jlnqa BbUHCIEHHS KO3bhHUHEHNTOB HOPMAalbHOW CHCTeMbl cOcTaBastieM Tal-
auny 16. Torga uMeem craepyioulyio CHCTEMY HOPMaAbHBIX YPABHEHHIA:
4088a+- 1546+ Tc= 3997,
1207362+ 40886+ 154c= 7688,9,
3795092a + 1207366 4 4088c = 186054, 3. ]

Pewns a1y chcremy, mosyunm ¢=0,023381; b=-—2,6066; ¢=100,791.

Ta6anuuwa 16
Oapenenenne napameTpos aMnupHueckoi dopmyan (7) meropom
HAHMEHbIIMX KBAAPATOB

P i £ # t Q tQ £?Q

1 7 49 343 2401 83,7 585,9 4101,3
1 12 144 1728 20736 72,9 874,8 10497.,6
1 17 289 4913 83521 63,2 1074,4 18264,8
1 22 484 10648 234256 54,7 1203,4 26474,8
1 27 729 19683 531441 47,5 1282,5 34627,5
1 32 1024 32768 1048576 41,4 1324,8 42393,6
1 37 1369 50653 1874161 36,3 1343,1 49694, 7

7 154 | 4088 | 120736 3795092 399,7 7688,9 186054, 3

Cneuoaarenbﬂo, HUCKOMast aMmnuprueckas qJOpMlea 3anyuIeTCsl Tak:
{ =0,02338¢2 —2,6066¢ + 100,79. (8)

Ta6auna 17 nokaselBaeT COrAacOBAHHOCTb NOJYYEHHON sSMORpHUeCKOi
(bOopMYJIBl C ONBITHHIME NAaHHBIMH.
Ta6auua 17

QueHxa TOYHOCTH aMOkpuyeckoii dopmynn (8)

. @, bblunca. o Yknouenue
t Q dopmyne (8) £=Q—a
1 83,7 83,69 40,01
2 72,9 72,88 40,02
3 63,2 63,24 —0,04
4 54,7 54,76 —0,06
5 47,5 47,46 +0,04
6 41,4 41,32 +0,08
7 36,3 36,36 —0,06
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§ 81
7

HmeeM E e; =0,0173.
i=1

Mal BupuM, uro ¢opmysa (8) cornacyeresl ¢ 3KCHePHMEHTANbHLME JaHHBLIMH
HecKoJbKo aydwe, deM ¢opmyaa (7) us § 7, BelYHMC/IeHHAs METOAOM CpPeAHHX.

[Tpumep 2. Chepyowas rabauua [1]

t 14,5 30,0 64,5 74,5 86,7 94,5 98,9

0 0,004 0,051 | 0,073 { 0,090

0,018 l 0,029

JaeT 3HaveHusi yHEAbHOI 3/1€KTPOIPOBOLHMOCTH K CTeKja B 3aBHCHUMOCTH OT

Temneparypsl ¢ B rpaaycax C.
Ilopobpare sMmnupHueckyio ¢op- A
Myay Aad ¢pyuaxuuu k== f (). 100 08
Peurenue. Bece ToukuM ' '
M; (8, 1gk)(i=1,2, ...,7),3a 809 10
HCKJ/II0UeHHEM NepBoil, npuMepHo 8 12
pacmosioKeHbl Ha OPAMOH JHHHU 4 / '
(prc. 19). 807 14
[Tosromy BHGHpaeM amnupH- / )!
ueckyio GopMyay B Bupe nokaza- 006 y, 16 -
TeNbHOH (PyHKIHH 005 Q‘b X / wé
ho=be, a0k o A
Jnst yao6era NOJOXHM 43 D / 22
3 ’
1000k = ce, 4
IR e
rae ¢==10006. Jlorapudmupys % ,
(9), 6ynem umeThb 0 xet—T"" )
0 10 20 30 40 50 60 70 & 40 W0 ¢
y=1g 1000k =1g c{-aM¢, (10)
Puc. 19.
rae M =I1ge==0,43429,
[TpeofpasoBanHbie JanHble NOMelleHE B Tabauue 18.
Ta6anuga 18
3HaueHns NepeMeHHBIX ¢ H
H 10004 y=lg 1000k &y Ay=k—k, LT Ap=k=ky
14,5 0 — 0,0019 —0,0019 0,0025 —0,0025
30,0 4 0,6021 0,0039 —0,0001 0,0048 —0,0008
64,5 18 1,2553 0,0185 —0,0005 0,0200 —0,0020
74,5 29 1,4624 0,0293 —0,0003 0,0302 —0,0012
86,7 51 1,7076 0,0512 —0,0002 0,0499 +0,0011
94,5 73 1,8633 0,073l —0,0001 0,0688 +0,0042
98,9 90 1,9542 0,0893 —0,0007 0,0825 -0,0075
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pdunentsr lge u aM B ¢popmyne (10) onpegenum ABYMs crocoGamd,
SPUPYA TePBY TOYKY.
I Meropn cpepguux. OnpegenfaeM yKNOHeHHA:
e, =0,6021 — (lg ¢ 4- 30aM); e,=1,7076 —(lg ¢+ 86,7aM);
€,=1,2553 — (Ig ¢ {-64,5aM); &5=1,8633 —(lg c+94,5aM);
ey =1,4624 —(Ig c 4-74,5aM); eq=1,9542—(lg ¢ 98,9aM).
Orciofa, nonaras e;4-e,+€3=0, e,+¢e;-+€4=0, noayunm cucremy
31gc4169aM =3,3198, 31g c-1-280,1aM =5,5251. (11)
Pewan cucremy (11), Haxogum
12,2053
T

- 0,01985=2,30258.0,01985 =0,0457

aM =0,01985,

gL
=M

lge= % (3,3198 —169.0,01985) = — 0,0116 —=1,9884,
¢=0,9737.
Cacjosarensno,
k=0,9737.10~8.¢0,0452¢ (12)

I1. Meron HaumeHnswux kpanpatoe. [IpoMexyTouHsle BoYHCE-
Hit7 npyvsereHsl B Tabauue 19.

Ta6anuya 19

Oupepenenue napamMerpoB dopmyast (10) MeTOAOM HAHMEHBUIUX
KBaJparos

T i { ¢ y ty

1 30,0 90) 0,6021 18,063
1 64,5 4169,25 1,2553 80,967
1 74,5 5550,25 1,4624 108,949
1 86,7 7515,89 1,7076 148,049
1 94,5 8932,25 1,8633 176,082
1 98,9 9781,21 1,9542 193,70

6 449,1 36848,80 8,8449 725,380

OTCi0/A [0JAyYaeM HOPMANBHYK CHCTEMY
6 lgc+449,1aM =8,8449, 449,1 1g ¢+ 36 839aM = 725,380

Hin
g c4-74,185aM = 1,4742, 1g ¢+ 82,026aM = 1,6145.
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Pewasn nocaeanioo cucreMy, HaxopuM aM =0,01789; a=10,0412 u 1g c=0,1471;

c¢=1,403. TakuM o6pasom, . .
k=1,403.10~3.g0,0012¢ (13)

PesyapTaThl BHiuMcaeHHE no dopMyaam (12) u (13) npusenenr B ®abanue 18.

§ 9. Hexkotopnte coobpakenna 0 Bbi6Ope BHAA
SMOUPHYECKOH (OpPMYJbl ¢ ABYMA MapaMeTpamu

Mycte pns nansolt cucreMw 3uavennit x;, y; (i=1, 2, ..., ny,
rne n=3 u Xy <Xy < ovo < X, Tpebyercs HafTH IMIUPHYECKYIO
dopmMyny BHnA

y=r(x; a, b), (1)
COLepkallyl0 MHWb TBa Mapamerpa ¢ u b,
Ecm okaxercd, 4To
Ay;
r}é:const, (2)
TO HCKOMAaf 3aBUCUMOCThb ANWHCHHASA:

y=ax+b, (3)
H 3aaaya, T4dKHM O6p330M, JIETKO pemaeTcd.
ﬂpyI‘HM NpOCThIM Cﬂy‘-laeM ABJMACTCH HaJHYyHE KBaleaTlrquOﬁ 34aBH-
CHMOCTH
y—ylza(x—x1)2—}—b(.\c——x1), (4)

KoTopas oOHADy)KHBaeTCA M3BECTHRIMM mpieMaMu (cm, § 3).

PaccmoTpum 06w ciyyvait, koraa cooTHowenne (1), Boobuie rosops,
e cBomuTca k dopmynam (3) u (4).

JocTaTouHbIM YCIOBHEM CYLIECTBOBAHHS 3MINpuyeckoil GopMyns BU-
xa (1), rie f—wu3BecTHas QyHKUuA, fABAdeTCH COBMECTHOCTh (€ 3axaH-
HOfl TOYHOCTBIO) CHCTEMB ypaBHendit y,=j(x; a, &) (i=1, 2, ..., n).
Wcknouass OTCIOAA HEH3BeCTHbie @ H b, TOAyYyaeM CHCTEMY yCJIOBHH
Ing TOYeK (X;, Y;), o6ecneydBaOUyI0 CYIULECTBOBanHe 3aBHCHMOCTH (1).
Ho rakoit nogxon sBnsieTcs BeChMa CJAOXHBIM,

BriBenem Heo6xoxuMo€ yCJAOBHE CYLIECTBOBAHMA SMIHMDPHYECKOH 3aBU-
cuMocTH Bnga (1) mas sagannoit cucremsl Touex (X, y;). Myete M; (x;, ),
M(x; Yy), My (X, Yp)—TPH CHCTEMH 3HAYEHHH M3 Haurell COBOKYyR-
noctu. Ilpeanonaras, yro kpusas (1) npoxomur uyepes touky M; M,
M,, Oynem HMerb.

yi=Fxs a, b), y;=F(x; a, b), yy=F(xg a, 8.  (5)

Wckniouast U3 cucTeMbl (D) mapameTpet @ M &, 1N0Xy4UM COOTHOlUE-
HHE BHIA

(D(xh xj! xkv Yi y/: yk):O. (6)
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Bunonnenne paBenctBa (6) ans mobwx snavennit 4, J, B (1<<i <<
<L j<k<Ln) neobxonumo JNT cyulecTBOBanus sasucuMoctd (1),

Tax kaxk npoeepxa cooTHOmenus (6) cBfisaHa ¢ TPYMOGMKHMH BhIMHC-
JIeHHsIMH, TO Ha MpakTHke OOBYHO OrPaHUUMBAIOTCE OAHOH TpOKOH
TOYEK: HAYaNbHOH (Xy, y;), NPOMEMYTOUHOH (X, y.) M KOHEUHOH (X, ¥,)
(c uenpio DOCTHHERMS HanOOMbiiero AMANa3oHa), T. e, mojaratr =1,
j=s 1 <s<n), k=n.

Touky M, Bubupaior Tak, 4T06n cooTHoweHue (6) GuA0 Gkl MO BO3-
MOXHOCTH NpOCThM, 3aMeTHM, YTO HHOCJAA BMECTO OPOMENYTOYHOM
ToukH M, BHIORHO 6paTh TOYKY MS(;cS, Ysh He NpHHAIAKAULYID HA-

wemy pany Touex M;; TOrma KOOPAHMHATE X H Yy, ONPENENAIOTCS HHTep-
NOJIHPOBAHKEM.

Mpumep 1. Ilonyuurs HeoGxoauMmoe ycJaoBHe ANH CYLECTBOBAHHA CTe-
NMeHHON 3aBUCHMOCTH

y= axb, )

npeanonaras, uro x; >0, y; >0 (i=1, 2, ..., n).
Pewenne. Bubepem

£ =V x,.
W3 dpopmyant (7) nmeem

b
5 22
yy=ax,, yS:ax’S’-——axf X}, y,,=ax2. 8)
Hckmouast w3 coorHouwennit (8) mapaMerpnl a N b, Hoayuum
Yin=1s T e gs=V hw, @

TakuM o6pa3zoM, gAd cYulecTBORAHMS CTeneHHo# 3aBucHMocTH (7) HeoGXo-
IHMO, YTOGH CPeliHeMYy TeoMETPHUECKOMY Xg 3HAYEHHH x; M X, COOTBETCTBOBAJY
cpejiHee TeOMeTPHUeCcKOe ¢, 3Hauenuit y, W y,. Boobue, ecnn HMeer MecTo
CTeneHHas 3aBHCHMOcThb (7) M 3HaueHusi x; 06PA3YIOT reoMeTPUUYECKYIO nporpec-
CHI0, TO 3HAYEHHs Y; TAKKe 06Pa3yIOT FE€OMETPHYECKYIO NPOrpeccHio,

Ecau 3snauenve xg=V x,x, He asasercs TaGJW4YHEIM, TO COOTBETCTBYIOllEE
3HaueHMe y, onpelefieTCA C MOMOWbIO HHTEPMONUPOBaHUS.

B nageneitiuem B aTOM naparpacge Mo GyleM paccMaTpuBaTh HaHOO-
Jee 4acTo BCTpeuailuecs 3aBUCHMOCTH:
b

l. y=ax--6. 1V, y=a—i——x-. VI.

1
ax+b"

_ X
y—ax+b :
VII. y=alnx-b.

1. y=ax® V. y=
1. y=ab”.
AHanornyHo TOMy, KaK 3TO CAenaHo B mpuMepe 1, L CylecTBOBa-

uusg 3aBucumocTed [—VII nerxo BoBeCTH mpocTeie HeOGXOIUMEE YC/IO-
8HA BHIA

x_s:x_ﬂ ys :"ysr
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rae X,=@ (%, X,) U y;="P(yy, Y,), NPUYEM MpEINONAraeTcs, YTO
x;>0um y; >0({=1, 2, ..., n). Bupaxenus 111 %, 1 y; NpuBeLeHsl
B Tabanue 20,

sasucumMocten | — Vi1

Ta6nauua 20

MpocTeiine HeoGXOAHMbBIE YCAOBUA IS HAJMUYHSA SMIHPHYECKHX

— — Bug smoupuyecHon Criocob
Ne xs Ys Gopmy bl BbIPABHUBAHU R
X1+ Xp ot Uy
| 2 2 y=ax-+b
(cpennee apud- | (cpefsee apud-
MEeTHYecKoe) METUYECKOE,
V%, V 4919s b V=a+bX,
1 (cpenHee reo- | (cpeanee reo- y=ax rie X=Igx,
MeTpHuiecKoe) MeTpuueckoe) Y=lgy,a=lga
X+ x - Y =a+px,
m == ( V v, z;gfxx U rne Y =lgy,
(cpeanee apud- cpeinee reo- Ce B—lnp | E=1g8ap=1gb
MeTHueCKOe) MeTpUUeCKoe) Ae p=In
2x1xn Y1 + yn y + b
v X1+ x 2 — = =axTb
(cpeanee l‘;pMO- (cpennee apug- y=a+ rpe Y =uxy
HHUECKOg) METHYECKOE)
X1+xg, 2y1yn . Y =ax-b,
\4 2 Y14Yn Y= 1
(cpeadee apug- | (cpeasee rapmo- ax-+b rie Y =5
METHYECKOE) HUYecKoe)
251Xy, 2Y1Yn . Y =ax+b,
VI L1+ 2, Y1+ Yu y=— X
(cpenuee rapMo- | (cpentee rapmo- ax+0b rge ¥ =-—
HHYECKOE) HUYECKOe) y
Vx p U + Yn ax b
1*n =
Vil {cpentee reo- & y=algxr4-b 4 o
MgT” socKkoe) | (cPennee apug- rie X=Igx
puueckoe) MeTHYeCKOE)
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Tabnnua 20 ob6neryaer BuIGOD BHAA SMNUPHUECKOH GOpPMYyaH cpeln
ykasauunx. Pexomenayercs noctynatsh caeryiowium oGpasom: Aas IIpo-
BepKH TMPHIOAHOCTH ONpPENeIeHHOR IMIUputeckod GOPMYALI, NOAB3YACH
MCXOLHBIMH NAaHHHIMH, HAXOJMMM 3HAUCHHR X =X, W Yy, W CPABHHBAEM

nocaefiHee cO 3HAUYCHHEM ¢ (Yq, Y,) = Y5, NOMeuenHsM B TaGimue. [Ipen-
NOYTHTEAbHEE T4 SMIHpuueckas QOpMyna, Aas KOTOPOHR pacxowienHe

|ys—ysl BOaMOWHO Man0. J/sl OKOHYATEeNBHOrO BHGOPA c/EAYET Y4ecTh

TaKke NMPOMENYTOUHHE nannne. Ecau memwuuna |y, —y,| 6oabwas, To
COOTBETCTRYIOLLAS ANMHpHYecKas GOpPNy/Ia HENnpuroaHa.

Ecnu 3nauenne (p(xl, xn)=xs HE HAXOMHMTCH CpPedH HMCXOAHBIX
danHblX X, TO OTBe4alowiee ed 3HayeHue MOXUO ONperelUTh MOcpencT-
BOM JAHHE#HOH WUHTEpnOJIsUHNH

Doy iYL
ys_yz+x[+1_x[(xs x:)’

fHe X; ¥ X;, { —POMEKYTOUHEIE 3HAUEHNS, MEXIY KOTOPHMH COMEMKUTCH
X (.’C[ < X < xi+1)-

Crneayer MMeTh B BHAY, YTO TaKO#l MOIXOX B LENOM sBAsieTCs rpy6o
OpPHEHTHPOBOUHEIM, TaK Kak MLl HE YYHTHLIBACM MOBEJCHHE BCEX NpoMe-
WYTOYRHIX Aanubix (X;, y;). Kpome toro, rabaunma 20 oxmaThBaer
re6oablIoe KOJAHYECTBO 3aBHCHMOCTEH ¥ MOXKET CayyuThesl, UTO Iepe-
MeHHBlE X M Y NOTUHHAIOTCA HEKOTOPOH 3aKOHOMEPHOCTH, He Bouleallei
B LAl CIIHCOK.

3aMeTHM, 4TO BCE 3dBHCUMOCTH, NpuBenenHsle B TaGanie 20, MeTOIOM
BLIPaBHHBAHUA MOTYT GHTH NPOCTO NMpeoBpasoBankl B AuHelHBe (cp. § 2).
[TosToMy 3pxech MOWHO JICHOAB30OBATH TAKKE KPHTEPUH NpsMoauHelHOCTH
(§ 2, dopmyna (6)) n1s npeoBpa3oBAHHBIX HCXOTHBIX TAHHLIX (X;, Y;).

dydknun 1—VII MmounoTOHHB e, §, C1eI0BATENLHO, OTBeYdiouLle
HM yNOPAJIOYEHHBE JaHHBE (X; 4;) npH Ax,=x; ,—x; >0 (i=
=1, 2,..., n—1) xomxHn 061314Th NOCTOSHHEIM 3HAKOM [IPHpALLEHUN
Ayi=y;y—y; (E=1,2, ..., n—1).

Eci 3To 06CTOATENBCTBO He HMEET MecTd, TO 3aBHCHMOCTH [—VII
NpPOTHBONOKA3AHAI,

[Tpumep 2. OnpemennTe BHJI ISMOHpUUYECKOl GOPMYJB, OTBevawLlel
caepylouweit Tabauitel

x 273 283 288 293 313 333 353 373

y 29,4 33,3 35,2 37,2 45,8 55,2 65,6 77,3
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Pewenne. ByaeM HCKaTh aMNUPHYECKYI0 GOPMYJAY CPeiH 3aBHCHMOCTEN
I—VII, amelomuxca B tabanue 20, corsiacHo ykasaHuomy pementy. Peayns-
TAThl BHIUKCJEHUH NpHBefleHnl B Tabsanue 21, npuuem B HEOGXOJMMEIX CAYUZAX
npuMeHeHa JHHeWHAd MHTEPNONAus.

Ta6auuna 21 noxaawiBaeT, uTO COrNaCHO HEOGXOAMMOMY KDUTEPHIO CleLYeT
OCTAHOBHTECA Ha CTEeNMEHHOH 33BMCHMOCTH gy=ax’.

[Ipumep 3. Crepyoman Ta6nuua AaeT AaBNEHUE p HACHIEHOTO Napa
B k['/cM?, COOTBeTCTBYWOUEE YjenbHoMy o6bemy v B m3/kl .

v ‘ 3,334 1,630 0,8657 | 0,4323 | 0,2646 | 0,1699 | 0,1146

0,482 1,034 2,027 4,247 7,164 11,48 17,60

p

Haitn amnupnueckyio dopmyay aias 3asucumocti F (v, p)=0[1].
Pewmenne. TNoabepem Bnj ctopMyasl, nonsaysce tabauneit 20. OcraHo-
BUBLIKCL Ha Qopmyse II, umeewm

Vo=V vv,=V3,334.0,1146 =0,618,
Ps=V pipn=V 0,482-17,60=2,99.

3nauenne ﬁs, COOTBETCTBYIOLEE 6,:0,618, Hallem JuHeHHOH WHTeplend-
Med:
4,247 —2,027

Ps=2,02T+ 5o 5 G657

- (0,618—0,8657) = 3,295.

Tar Kak OTKlioMeHHne [E,—ps|=0,375 CparunTeNbHO HE3HaAYMHTeJbHOE, TO
MOXHO BhIOPaTh smmuphueckylo dopmyay Buaa

p=av’. (10

310 cornacyeTcs TAKXKe € NPAPOJioil ras’oBHX 33KOHOB
Jlorapudmupys popmyay (10), 6yaem nmetsb

lgp=lga+blguo.
Orciona, noaaras
X=lgv, Y=lgp,
DOAYYHM JIMHEHHYIO 3aBHCHMOCTD
Y =bX 4 iga. (i
3Hauenus
X[=lg0[ H Yl:‘]gpl (l=1, 2, oo\, 7)
NpHBeseHBl B TabJaume 22.
IMoctpour 1oukn M;(lgv;, lgp;)*), ybexiaemcs, YTO OHM pPaCnOJOKEHH
Ha npsamoi Juruu (puc. 20); cnegoBaresbHO, BHGOP aMIHpHuUeCKod Popmy.Jibt
npou3Bejen NpaBUNLHO.

*) Ilpu nocTpoeHun perOMeHAYeTCA N0b30BaTLCR JorapudmudecKon 6ymaroi.
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Kosddunuents: dopmynast (11) soiuncasem aetogom cpeaHux. Cocran-
A yRJOHeHMA ¢&;=lga-+blgv;—

—lgp; (=1, 2, ..., 7) u pas- g lgy
6HBAa UX Ha [BE rPyNNsi: -08-05 -04-82 0 42 04 46
El+82+63=0, } 16 "i\ ,'2
€4+ €5+ €+ 83 =0, 14 X 10
P
MOYYNM CHCTEMY 12 - h;\{o 18
31g a-0,67256 =0,0043, 10 N 2 46 o,
41ga—2,65225 = 3,7886, 6 4z »f\‘;/ ge =
OTKY 2 8 b a2
b=—1,066, \! R
lg a=0,2102 4
H
a=1,740. 2N b2
ClleJlOBaTeJ!bHO, OKOHYaTeAbHO 0 [Zj ['ﬂ ],5 zﬂ 2'15 ‘5"0 ‘35 4‘0 )
nMeem
pol,088 —1 740, (12) Puc. 20.

B TaGmmue 22 nausl pacxomaenus adaueuuil Py NONYUEHHHX TO Gop-
MyJdie (12), ¢ Ta6/HUHBIMH ZaHHbLIMH p.

Ta6bnuua 22
Ouenka TO4HOCTHM aMmupuueckoli dopmymu (12)

o p g0 le p ‘:130’ ;:";'L"ii’;'; A=p-p, A?

3,33¢ | 0,482 | 0,5229|—0,3170| 0,482 0,000 0
1,630 | 1,034 0,2122) 0,0145{ 1,033 0,001 1.10-6
0,8657 | 2,027 | —0,0626| 0,3068| 2 028 —0,001 11078
0,4323 | 4,247 | —0,3642| 0,6281| 4,241 0,006 36. 1078
0,2646 | 7,164 | —0,5774] 0,8551| 7,176 —0,012 | 144.107¢

0,1699 | 11,48 |—0,7698| 1,0599| 11,48 0,00 0
0,1146 | 17,60 |—0,9408| 1,2455| 17,51 0,090 | 8100-107¢
>1=0,084 | 31=0,0083

§ 10. dmnupuyeckue GOPMyin,, Copepxammue TPH ImApamerpa

B atoM naparpadie Mbl pacCMOTpPHM, a4 3a1aHuoll CHCTeMB 3HAYeHH{l

(x; y) (i=1, 2, ..., n) TaGauuHbIX AAHHBIX, BaKHEHUIME UPELCTABH-
TeNd SMIOUpDHYECKHX ¢dopMya BUIA
y=f(x; a, b, c), (1)

rie a, b ¥ C—HEKOTOpHe MNOCTOSHHBIE,
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1° KpanpaTuunas 3aBHcHMOcTh. [lycts
y=ax?®-}-bx 4 c. (2)
KpiuTepun mns KBaIpaTHYHOH 3aBHCHMOCTH ObliM ykasaHe B § 4.
2° Ctenennasa 3aBHCHMOCTb. [lonowum
y=ax®}c. 3)

O1ciona y—c = ax®. JlorapugMupys 3TO BripaxkeHWe, 6yneM HMETh

lgly—c)=lga-+dlgx.
Orcona, nonaraw Ig(y—c)=Y n Igx =X, noayunm JMaeAnyI0 3aBH-

CHUMOCTDB
Y=bX+lga. (4)

Onpeneneuue mapameTpoB dopmyasl (3) cneldyeT HayaThb ¢ HAaXOxwne-
g ¢. Jlas aToro cocTaBUM cpeaHee reoMeTpHYeCKoe xS:]/xlxn, rue
X, M Xx,—Kpailuue 3Hauenus nNepeMeHHOH X, H, TOAb3yACh YepPTEKOM
MAH METOJIOM JIHHEHHON HMHTEpPHONALHH AR X, HalilleM COOTBETCTBYIO-
uwee snaueue y,. [lpemnonaras, uto Touku My (%q, ¥1), M, (X, Y,),

M, (x,, y,) pacmonoxeHu Ha KpuBo# (3), OyleM UMeTh TPH PaBeHCTBA:

ylzc_*_ax[l)y yg=C+ax§1 yn=¢+ax2-

Boapons x,=) x,x, B cTenesb b U yMHOMAS HA @, MOJYYHM

b b — -
=V axbaxt wunu yo—¢ =V {y,—0) (y,—¢).
Pewas nocnefnee paBeHcTBO OTHOCHTENBHO €, HAXOLHM

axg

_ ylyu—yg
Y1+ Ya—2s’
Korna ¢ oupeneneno, crpoum Toukm N;(X; Y;), rae X,=lgx,
Yi=lg(y;—c¢) (i=1,2, ..., n). Ecau atd TOukm pacnonaraircs nps-

MOJIMHEHHO (Mau nOYTH mpaMONHHeHHO), TO ONpaBiaHA 38BHCHMOCTH (3),
npHYeM MOCTOSIHHBIE @ M b HAXOASNTCH OGBLYHBIM CnOCOOOM.

ITpumep 1. Jina nepemenHux x # y paHa Tabauma adaueHnil:

900 1200

X \ 250 500 1600 2000

Y , 0,10 0,28 ' 0,80 1,38 ) 2,56 4,10

Ha#itn smnupuueckywo QopMysay, CBRabiBawllylo 9TH TepemeHHme [12].
Pemenne. ITocTpoum smnupuyeckyw Qopmysny BHIa

y:axb—l—c.
Haxopum xg= V x;x,= ¥ 250-2000=707. Ha rpapuke sToMy sHaveHuo x4
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coorsetcTBYer Y;=~0,507, orcroga

_0,10-4,10—(0,507)*
C=5.1012.70 =2.0,507 — 048

OcranpHble mapameTpol @ ¥ b Hailjem MeTOIOM CpejHUX.
CocraBnseM nauanbHbE yPaBHEH U

lg (y; —0,048) =lga+-blgx; (=1,2, ..., 6).
Bynem nmethb
—1,2840=1ga+2,39796, 0,1245=1ga-}3,0792 b,
—0,6345=1g a 42,6990 5, 0,4000=1lg a--3,2041 b,
—0,1238=Ig a+2,9542 86, 0,6077 ==1ga-3,3010 5.
Cpynmupyst 3TH ypaBHeHHWs HO TPH, MOJYUHM
—2,0423==31ga--8,00114, 1,1322=31ga-9,5843 b. (5)

Pemast cucremy (5), Haxogum =05,789-1077 n #=2,071. Crejosarennsuo,
HCKOMast smnupHueckas Qopmyna 6yleT UmeTh BuL

§=5,789.1077x2,071 0,048, (6)

CpapileHue 3Hauenuii y, nonyueHunx no ¢opmyie (6), ¢ TaBJINIHBIMA JAHHLIMT Y
noxKasato B rtabaime 23.

Ta6numa 23
QueHka TO4YHOCTH aMmupu4ecKoil dopmydui (6)

e
250 0,10 0,102 | —0,002 1200 1,38 1,426 | —0,046

500 0,28 0,273 | 40,007 1600 2,56 2,652 | -+0,008
900 0,80 0,808 | —0,008 2000 4,10 4,020 | 40,080

x 4 7 e=y~y

<t
m
Il
<
|
=3

3° flokasaTtenbHast 3aBUCHMOCTE. llycts
y=ae’ fc. (7)
[Tepenocs cmaraemoe ¢ BReBO M JOrapudMHpyH, [OAYUiIM
lg(y—cy=I1ga+(bM) x,
rae M=10,43429.
Taxam 006pa3om,
VY=I1ga+4 bMx, (8)
rie Y=1g(y—c).
Cuayana omnpesenum napametp ¢. Jns 3toro, Kak M B NpeLbaylUeM

ciydae, anbepeM kpaiinue TOukn M, (x,, y,) © M, (x,, y,) H cocrasuM
cpenuee apudmeTuyeckoe

¥ =x1—[—x".

s

s snadenns X nalfem cOOTBETCTBylOLIEE 3HAYCHHE & (MM M3 YePTeNa,
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HAu JanetiHoit wutepnoasiuvelt). [loxctaBndas aTH 3nayeHHs B IMIHDH-
yeckylo opmyay (7), 6yaeM HMETh

b
— (X1 +Xn)
yy=ae’* 4-¢; y, = aetn+t¢; y . =ae?

Orciona yl-—c=ae’”‘1, Yy,—¢€= aeb*n, 1, CJIENOBATENBHO,
(42— ) (Y — ) = (ys— ).
PewnB nociennee yparHeHHe OTHOCHTEABHO ¢, TMOAYYHM
. ylyn_y‘g
Y. — 2
Ecan oGuapyxeHa Junefinad 3aBHCHMOCTh (8), TO OCTanbHble mapa-
METPH @ H b HAXOAATCH OGBLIYHBIMH [PHEMAaMH,
BuiBefiem asasMTHYCCKAH KpHTepu# AANf MOKA3aTeAbHOH 3asucHMO-
ctu (7), mpemnonaras, 4TO 3HayeHHs X; DABHOOTCTOMILUHE, T. €.

Ax,=h=const (i=1,2,...,n—1).
M3 qopmynn (7) umeem y,=aeb -¢ U y, ,=ae’ @ ¢ Orciona
yi+1_yiEAyi:alebx" (9)

rae a,=a (e —1). Jlorapudmupys pasecTrO (9), 1OJyuum

lgAy;, =1g a, +bMx,.
Takum 0G6Gpa3om, 0pH HajuuuK 33aBACHMOCTH (7) Touku N, (x;, 1g8Ay;)

(i=1,2, ..., n—1) pacnonoxenn ua npaMoit aunun, CrenoBaTeNbHO,
YYHTHIBAS, 4TO AX; NOCTOAMHBI, [0J]y4aeM HCKOMBIH KpHTepHH
A(igAy;)=const (i=1,2,...,n—2). (10)

3ameyanue. Yro kacaercs sMmnupuueckux GopMmyn, COMEPKALLX
CBbillE TPEX MapaMeTpoB, TO OHH PeXKO BCTPEYAIOTCH HA MPAKTHKE, H Mbl
JleTanpi0 paccMaTpiBaTbh MX He GyleMm.

I[TpuMep 2. Jlna nepeMeHunlx X M y AaHa Tabjuuna 3HaueHuH:

] 0o |o1}o2]03]04]|05]06]|07}08]09]T1,0
y |1,30 |1,44 ] 1,59 | 1,78 | 1,97 [ 2,19 | 2,46 | 2,74 | 3,06 | 3,42 | 3,84

Haiity sMnupuueckyio Gopmyay s 3aBUCHMOCTH MeXAY ¥ U y.
Pewenne. Coctanum Tabauny pasnoctell Ay; (Tabunna 24).

Tabnpuma 24
{lpoBepka Ha MOKa3aTelbHYI® 3aBHCHMOCTb

x v lay |lg(ay) | A (g Ay ' x ‘ y Ay |lg Ay | Adg Ay
0 1,30 | 0,14 {—0,854| 0,030 0,6 | 2,46 | 0,28 |—0,553] 0,058
0,1 1,44 | 0,156 {—0,824| 0,103 0,7 | 2,74 | 0,32 |—0,495] 0,051
0,2 | 1,59 | 0,19 |—o0,721] 0,000 | 0,8 | 3,06 | 0,36 |[—0,444| 0,067
0,3 | 1,78 | 0,19 |—0,721| 0,137 | 0,9 | 3,42 | 0,42 |—0,377

0,4 1,97 | 0,22 |—0,658] 0,089 1,0 | 3,84

0,5 | 2,19 | 0,27 |—0,569| 0,016
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Tak Kak pasHocTh Ay MOHOTOHHO pAacTeT, TO 3aBHCHMOCTh MEXKAY X M y He
ABJAAETCA JHUHEHHOMR.

TlpoBepsiem kputepuit (10) Aasd mokasateadpHoli 3asHcHMocTH (7). M3 Ta6-
Janlbl 24 BHAHO, YTO HMeeTCA 3HAYMTedbHHE pa3bpoc zas A (lg Ay): TTostomy
popmyay y=aeP® 4 ¢ MOXHO TPUHATL JMIb B KAUeCTBE IPy6Oro MpHOMKEHHH,

Haitaem

=?(x1 + x,l)=7 0-1,0)=0,5, ys=2,19,

OTCIOpa
_ 3,84-1,30—(2,19)
1,304 3,84 —2.2,19

=0,258.

Tlapamerpn @ u b onpegesuM no metoay cpefnux. Hwmeem
lg (y; —0,258) =Ig at-(bM) x; ({=0,1, ..., 10).

CocTraBuM JBa ypaBHEHHS:

6 5
Dia(y;—0,258) =6 lga+bM ) x;,

i=o i=0
10 10
Mg (y; —0,258) =5 Iga+bM Y x;.
i=e i=0

MogcrasuB sHaueHus x; ¢ Yy, MOJYUIM CHCTEMY
0,9169=6 1g a+ 1,56 M, 2,2392=51ga-4,0bM,

oTKyxa a=1,044; 6=1,234. Caeobate/ b0, HCKOMas 3Mndpnueckas dopmyna
UMEET BHJ

g =1,044e1:234% L 0,958, (1

Cor/acoBadHOCTs MoJayueHHO#H (OPMYJaBl C UCXOMIBIMH  JaHHBLIMH [IOKa3aHJ
B Tabauine 25.

Ta6auuwa 25

Vraonenus amnupuyeckoit gopmyant (11)
OT Ta6AMYHBIX AAHHBIX

U—' BBHIYUCH. -

x y nmo dopmy-| A=y ~y
Je (11)

0 1,30 1,302 —0,002
0,1 1,44 1,439 —|—0,001
0,2 1,59 1,594 — 0,004
0.3 1,78 1,770 | 40,010
0,4 1,97 1,968 -+ 0,002
0,5 2,19 2,193 —0,003
0,6 2,46 2,447 +0 013
0,7 2,74 2,735 -+0,005
0,8 3,06 3,048 40,012
0,9 3,42 3,428 | —0,008
1,0 3,84 3,844 — 0,004
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§ 11. YTogHenue moaydeHHoil aMmupuyeckoit dropmysinl

YkaweM npoctoit ripueM yTOUYHEHHS NOJydYeHHOH ammupuueckoi dop-
MYJH B Cly4ae, €CJM OHA JaeT CYMMY KBaapaTOB YKJIOHeHHH Goiee
3HAYMTENbHYIO, YEM HTO KEI4ATEJbHO.

Mycts nas sapannoit cuctemsl 3uavennit (x;, y,) ((=1,2,...,n)
Hajinena amnupuueckas dopmyaa

= f(x). (1)
TpebyeTcss yMeHbUIMTb CYMMy KRAanpaTOB YKJOHEeHHH
n H
s=Xet= 2 [y;—f(x) (2)

(=1 t=1

me g;=y;—f(x;) ({=1,2,...,n)%.
PacemoTtpum Qynkunio

g=r(x)+e,

rie ¢—HEKOTOpad NOCTORHHAS BeJUUYHHA.
IlonGepem 4YnCJAO ¢ Tak, YyTOOH CyMMa KBaJpaTOB HOBBIX YKJIOHeHHi

§= 25 = gl[yi—f () —c)? (3)

Obiia munuManbuoii, OueBHIHO, HMeeM
n
= De—e)

Jdna munumyma Qynkiuuu §=s (¢) He0BX0AUMO, 4TaOH

n
Orciona nc= Z €;, H, C1el0BaTeNbHO,

=13 (4)

i=1

925
Tak kaxk 5E = 2n > 0, To 3nauenue (4) naeT Haumenbuniee 3HAYEHHE

AN CYMMBI KBaJIpaToB §.
Urak, namnydweil nocrosunoit ¢ apagerca cpeliee apudmeTHyeckoe
YKJIOHEHUH &,

*) Ilnn ynpowenuss AanbHeAlNXx QopMyJ Mb H3MEHAEM 8HAK YKJOHEHUS,
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Takum 06pa3om, ecan ¢ == 0, To npubapiaenne K Npapoil YacTH SMIU-
puyeckoit dopMyas (1) MOCTORHHOTO YHCaAA ¢, ONpefieasieMOro GopmMyno
(4), MPHBOIMT K YTOYHEHHIO 3TOH (POPMYMIBl B CMHCIE CYMMbl KBANIPATOR

yxaonenunHd, tak Kak s <s, Ecam ¢=0 umm 6ausko K Hylo, To ykKa-
3annbit mpueM He naeT Hywknoro adgdekra. B aToM cayyae MowHO 1MOJO-
XUTL

g==F(%)+ cg (x),

rie ¢ (x)—musBectuas QyHKuuda, ne obpallaouiascs B HyJb BO BCeX
n

TOUKax Xx;, T. €. Takag, 4TO 2 ¢ (x;)* > 0. Orciona

i=1

s= 2 [y~ (%) — o x)]*’—Z[ccp(x J—e

Heo6xonumoe ycnomue naa munumyma QyHxuun s mpaet

'ga—‘ZCP(x)[“P(x) g;]=0;

i=1
CJEIOBATENbHO,

£ (x;)
—_— (9)
P (x)]?

Dl

o
I

—

Tax kak
PE-Eee

TO HauJayymeH NocToanHOH naa wauleit 1eau sIBA9€TCd «CpelpHee B3Re-
HIeHHOe» yKNOoHeHHH &;, ompeleasemoe d¢opmyaoi (D). B dyactHocTH,
ecan @ (X) =X, TO HMeeM

Npurumep 1. Jlad TabJnurbIX AaHHBIX

x 8 10 15 20 30

)

40 i 60 80

16,3 17,2 | 17,8 | 18,5 | 18,8

y |1,30] 14,0 | 15,4
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nojyuena smuoupudeckas dopMmyna
- X
Y =0,051x+0.209

[Iyrem npuGaBJieHUs NOCTOSAHHOH yTOUHHTB 3Ty GopMyay.
Pewenue. [lonaraem

®

|
&
T x = _ 0,47 _
Y =smmroan T e = g =—g — 00
(cm. tabauny 26). [losromy

1,0031x +0,0125
0,05lx+0,209 °

X

Y=505Tx Too09 T 006=

M

PeayabTaTsl yTOUHEHUS TNpUBeleHn B Tabaune 26.

Ta6nawona 26
Cpasneune sMnnpuuecknx tgopmya (6) n (7)

y o dop- y no — ~ ~ -
% y MWIer(Gp) d}":"e"”(‘ﬂ E=y—y e e=y—y e

8 13,0 12,97 13,02 +0,03 9.1074 —0,02 4.10™1

10 14,0 13,91 13,96 | +0,09 | 8:-10~4 40,04 | 16-107¢
15 15,4 15,40 15,45 0,00 0 —0,05 | 25.1074
20 16,3 16,27 16,32 | 40,03 | 9-107¢ —0,02 | 4.10"¢
30 17,2 17,25 17,30 | —0,05 | 25-10=4 —0,10 |100.10™4
40 17,8 17.79 17,84 | 40,01 1-1074{ —0,04 | 16.107¢
60 18.5 18,39 18,44 | 40,11 |121.10-4 40.06 | 36-10-*

80 | 18.8 18,65 18,70 | 40,15 |225.10~4| 40,10 | 100-101

2 0,47 0,0471 | —0,03 | 0,030l

§ 12. O6muii MeTon ompefe/eHHs MapaMeTpos
IMOUPUYECKOU OpMY ikl

Ilo cux mop Mol paccMaTpHBAaJM B OCHOBHOM 3MmupHYeckue ¢opmy-
M, ausefiHo 3aBUCAULME OT TapaMeTpPoOB (Ml TPHBOAHUMBE K TaKOMYy
Bajy), U AJAd 3TOr0 uyaCTHOrO CJAyyad NABAJIUCH IPPeKTUBHbIE METOAN
onpenaenedns mapamerpoB. Cefluac Mbl ykaxwem OGLUHI MeTON onpenese-
HHY MapaMeTpoB aMnupuyeckol ¢opMyan, He rMpeanoaarad ee JHHel-
HOCTH OTHOCHUTEJIbHQ MapaMeTpoB.

Myets aas coBokymwocTH 3nadenuit (x;, y,) (i=1, 2, ..., n)
nocTpoena amnupuyeckas dopmyaa

y=F(x ay, ay, ..., a,), (1)
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comepxaiian m napameTpoR (m <C n), npuuem ¢GyHKuUs f UMEET Hempe-
pPHBHLIE YacTHble MPOM3ROAHHIE [0 BCeM CROUM aprymenTam. Tpebyercs

ONpPEAeIHTDh Napamerpul a,, @,, ..., @, TaK, 4ro6u dopmyaa (1) oxa-
3a/1aCb COMIACORAHHON ¢ MCXOJHBIMH AAHHBIMH, T. €. HEBA3KH (YKJOHEHH:)
et':yi_f(x[; @y, Ay, ""am) (i=1,2,...,ll)

LOMKHB GHITh BO3MOXKHO MAaJdhiMH A0 a6COMIOTHOH BeNMUdUHE.
Ecan 6bl nexonnbie Jannbie (X;, y;) HC COxepxain owuGOK H 33BH-

cumocTb f Obina Onl TOMHOH, TO 3a1a4a OTHCKAaHU§l 3HAayeHUi Mapamer-
poB a;(i=1, 2, ..., m) cBenacb 6 K pellennio m yparueuuit (m < n)
n3 caenytoued CUCTEMbl 77 YPaBHEHHH!

ylzf(xl; aly a2) ey am):

Yo =1 (245 @y, @y, ..., @),

=y, 0y, o0, a,).

Omnako Ha nPaKTHKe, BBUAY OTCYTCTBHAl YKA3AHHHX OOCTORTEALCTR,
cuctemMa (2) o6biMHO HBNAETCA HECOBMECTHOHM, T. e, 3HAYEHUA MapaMeT-
por a;(i=1, 2, ..., m), nalifedusle M3 MEKOTOPLX m yPaBHEHHI CH-
creMbl (2), ne yAOBNETBOPAKT OCTANbHHIM 72— ypPaBHEHHAM.

Ias npn6aumennoro peuieHns cUCTeMbl (2) MOCTYMAWT CAEAYIOLLHM
o6pazom, Kakum-nn60 cmocoGoM (HalipuMmep, rpaduqeckd W nNyTeM
pellenus BHOpPaHHLIX m ypaBHeHHH cUCTeMu (2)) HaxXoasaT rpyOwie 3Ha-
aennst napamerpos al®, at®, ..., al.

MycTe

2)

a=ata, (=12, ... m), @

rage o.;—nompaBk#, KOTOph€ CYUTAIOTCH «MaAJ/bLIMH), H

(0)"‘!// f—(le a(la)a 0(20)1 .y al(;:)) (.’:1,2) -"7n)

—cootBercTBytowHe ueBsa3ku. [lomcraBagas suavewus (3) B ypaBHeHus
cucTeM (2) 4 pas3naras NPaBbie YaCTH NOJYYEHHLIX YPAaBHEHHH MO CTe-
NneHsiM NONPaBOK 0., YAEPXHBASl JHILL 4/ieHH NEPBOT0 MopAAKa OTHOCH-
TeNbHO 3THX MONPABOK, OyldeM HUMETb

7 . al0) (0) (g) (0 0) o
yj:‘f(xjr lor Qg 'y eeo,y am _i_Zfak x/! 1)) (2 ) ---)a:(‘n))ak
U=12 ...,n).

Beosst coxpawennnie 0603Havenus Far (x5 ™, al™, ..., al® =by,
/=12, ...,m k=1,2, ..., m), naxosum

1!

2 =t (j=1,2,...,n). (4)
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Cucrema (4) nuHeiina OTHOCHTENbHO HEW3BECTHHX MOMPABOK «, (B =
=1,2, ..., m) u ARaseTCs, BOOGIIE IOBOPA, HECORMECTHOM, TaK Kak
4UC/IO yparHeHu# ee OOJblLIE YUCIA HEHU3RECTHBIX.

YpaBHenns cucrtemnbl (4) HA3LIRAIOTCH YCAOBHBIMWL, 4 CAMA CHCTEMA —
CUCTEeMOU YCAOBHBIX YPABHEHUL.

Cucrema ycnoBHbIX ypaBHenuH (4) Moxker GhiThb «pelU€HAay, B H3BecT-
HOM CMEIC/Ie, ONMHCAHHMIM BHUIe MeToloM cpeanux (§ 7) wiam metofoM
naumetblinx keaapator (§ 8).

[Toncragnsia B Henunednyo cucremy (2) HafifieHHble 3HaYeHHs

1 (o 1
a([ ):a[ )_*_ai ([:1, 2, ey m))

MOXHO OnpeAe/iuTh HOBBE HEBA3KIU 85-1)

RTOPHUTH lIpOlIece,

3ameyanne. Ecnu snauenns y, B cncreMe (2) noiayuyexo B pe-
3ynbrate uU3MepeHui, TO clemxyerT no3aBoTHTbCd, 4TOOL ITH 3HAYEHHA
Ooind  paBHOTOYHLIMH. B npoTuBHOM cAydae HeoOXOAMMO BRECTH COOT-
BercTBytowe peca [11].

U B chyuae HeoOXOAUMOCTH NO-

Mpumep 1. PesynnTaTol 3sKCHEPHUMEHTA XapaKTepPUIYIOTCH CJelylomeil
raGnuaueir [L1]:

X 0|l‘2

1,21 { 0,74 | 0,45

ﬂpeﬂ\nonaraﬂ, 4yTo nepeMenHbie X U Yy MONJYUHAKTCH nokasare/inHol 3aBH-
CHMOCTH

y=ae~b%, (5)

onpenesUTh HaWayuluHe 3HAYeHHUS MapaMmeTpoB & H b.
Pewenue. [logcraBiass Tab6nuuHbie Jaunvle B dopmyay (D), moaydum
cucTeMy

a=2,01, ae~?=1,21, ae~b2=0,74, ae~93=0,45. (6)
Pewast, Hanpumep, nepiple fBa YPaBHEeHHA 3ToH CHCTeMbl, GyleM HMETh
rpy6uie 3HaueHus napaserpos al®=2,01, b'®=0,51.

Jlnf HaxoxpaeHns nonpasok a=a—a'®), f=>b—b® cocraBum cucTemy yc-
JoBHbIX ypasuernnil (4). CooTBercTBYIOUIHe 3HAYEHHA TPOUSBOJHBIX

ay b0y 6y> 0) o= b
=) = = | =—aYxe
(3(1)0 ¢ ’ (ab 0 “

' _pt
H HeBs30K €=y —qallle bx omewens 8 Tabauune 27.
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§ 12]
Ta6nuuma 27
KoaddpHuHeHTH yC0BHEIX YypaBHeHnil

2. @) ] -
* ((?ao ob/o €

0 1 0 0

1 0,600 | —1,206 | 0,004
2 0,361 | —1,451 | 0,014
3 0,216 | —1,302| 0,016

OTcl02 NONydaeM CHCTEMY YCJOBHBIX YpaBHEHHH
=0,
0,600 — 1,206 = 0,004,
0,36la—1,451p =0,014, }
0,216a—1,302p ==0,016.

(@

Hnga pewenna cdcTembl (7) TPUMENHM MeTOL HaHMeHbLINX KBaaparor. [lpome-
KYTOuHBIE BHIYHC/JEHNA NpUBelieHbl B TabJaune 28, rge ¢, 1 ¢y 0603HAYAIOT
KosbbHuuenTHl nMpH o u P B cucteMe (7) H Cp— COOTBETCTBYIOLHE CBOGOAMBIE
qJ1eHbl.

Ta6éawuna 28

Pemenue cHcTeMBbl (7) MeTOJOM HAHMEHLUINX KBAJPaTOB

o B € pg. ca B cé cq o g Co
1 0 0 1 0 0 0 0
0,600 | —1,206 0,004 0,3600 | —0,7236| 1,4544 | 0,00240 { —0,00482
0,361 | —1,451 0,014 0,1303 |—0,5238| 2,1054 | 0,00505 | —0,02031
0,216 | —1,302 0,016 0,0467 | —0,2812] 1,6952 | 0,00345 | —0,02083
> 1,6370 | —1,5286| 5,2550 | 0,01090 | —0,04596

C/eoBaTebHO, HOPMAJIbHAS CHCTEMA ypaBHeHHHA MMeeT Buj
1,5370a — 1,5286( =0,01090,

Pemns 3Ty cucreMy, yaigem a=-—0,004, p=-—0,009. Orciona nosayuaem

HCPABJEHHBIE 3HAYEHHST MAPAMETPOB
a=2,01-—0,004 = 2,006,

7 =2,006g~0801%,

=0,51—0,009 =0,501.

Takum ofpasoMm, UcKOMasi aMmMpHueckas ¢GopmyJaa ecTo

—1,52860,+ 5,2550p = — 0,04596.

(8)

B Tabauue 29 npusejeHo cpaBHEHIIE pe3yJbTaToB, AaBAEMbIX SMOHPHYECKOMH
dopmy nojt (8), ¢ TaGAHYHBIMH JAHHBIMH,
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Ta6anuwa 29

CpasHeHHe 3Ha4eHHil aMNAPAyecKo#
dopMyant (8) ¢ TAGAAYHBLIMA AAHHBIMM

x Y 7 E=y-3 gt

0 2, 2,006 0,004 | 1,6.10"8
1 1,21 1,215 —0,005 | 2,5-10786
2 10,74 0,736 0,004 ) 1,6.10-8
3 0,45 | 0,446 0,004 1,6-10~8%

Ner=7,3-10"°

3ameTtumM, 4T0 ¢ Tomodibio JorapudpMuposains dopmynas (5) Jerxko noay-
YATL 3KBUBANEHTHYO GopMYAy, JHHEHHO 3aBHUCHILYI0 OT MOLXOLAWMX Tapa-
MeTPOB.

Mpumep 2. HOna nepeMeHHBIX X H Yy, 3ilaueHuns KOTOPBX 3afaHbl CJe-
Aywoweit TaGauned:

0 |0,2 lO,G 1,2 1,6 ‘ 2

2,05 | 1,944

1,638 {0,907 0,423'0,028

yCTaHOBJIeHA 3IMMHPHYECKAA 3aBHCHMOCTH

¥ =¢* (asin x4 b cos x). (9)

Onpepe/uTe 3HaueHnsl nmapamMeTpos a, b u ¢ 8 dopmyae (9).
Pemenne. [logcrapus B aMmupuyeckywo dopmyny (9) ZaHnble 3HAUEHHH
(%, 4;), MONYUHM CJAELYIOWYIO CHCTEMY YpaBHeHHH:

2,05 =b, \
1,944 = ¢%2¢ (0,1987a -+ 0,98015),
1,638 = £%-4¢ (0,5646a -+ 0,8253), l
0,907 =e2¢ (0,9320a - 0,3624#),
0,493 = '%¢ (0,9996a — 0,02925),
0,098 =22 (0,9090a — 0,41695).

(10)

Pewas npubauKeHHo, HanpuMep, NepBsle Tpu ypaBHenus cuctems (10),
natigem ag=1, by=2,05, ¢;= —0,495,

Monowum a=ay,4a, b-_bo—}—ﬁ c=¢Co+9.

Hast onpelesents MONPABOK &, B H Y COCTABHM JHHEHAHYI CHCTeMY yCJ0B-
HHX ypaBHennil (4). 3nayenus TMPOH3BOIHBHIX

ay . ay ay ,
(—o%>O=e¢o~ sin x, <5—Z—)0 =gCoX COS X, (a—z>0=xe6o)ﬁ (@ sint x -+ by cos x)
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€W = y—ecox (a, sin x - by cos x)

nomeiiensl B Tabuaune 30.

ONPEAE/EHUE NMAPAMETPOB IMOHUPHUYECKOH ®OPMY/IbI

Taébnunma 30
KoaddpnuuenTn ycaosHbiX ypapheHwuil

ay ay ay

* (%), | (&), | ), elo)
0 0 1 0 0

0,2 0,179 0,0886 0,3992 -—0,0540
0,6 0,4183 0,6114 1,0030 —0,0336
1.2 0.5167 0,2009 11141 —0,0214
1,6 0,4536 —0,0132 0,6832 —0,0034
2 0,3378 —0,1549 0,0404 —0,0072

119

Orciona cu¢Tema ypaBHEHMH IJI4 NOMPaBOK MMeeT BHJ
f=0,
0,1795a-+0,0886( 40,3992y = — 0,0540,
0,4183a +0,61148 41,0030y = —0,0336,
0,5167a-+0,20098 +1,1141y = —0,0214,
0,45360—0,0132p 40,6823y = —0,0034,
0,3378a—0,1549p -+0,0404y = —0,0072.

Pewtenne cuetemMm (11) Gymem HckaTe MmeTojomM cpeauux. [pynmupys mo gBa
YPABHEHHA CHUCTEMBI, IOJYUYHM

0,1795a -1, 0886f +-0,3992y = — 0,0540, }

(11

0,93500+ 0,81238 +2,1171y= —0,0550,

0,79140.—0,1681p+0,7227y= —0,0106.

Pemas ob6biuHbiM MeToOM cucteMmy (12), Haxouum o= —0,0266; f= —0,0466;
v=0,0036. CaenoBaresibyo,

a=1—0,0266-=0,9734; b=2,05—0,0466=2,0034;

¢=—0,495-40,0036 = —0,4914,
Takum o6pasom, uCKoMas amOupuueckas GOpMyJa HMeeT BUJ
3 =e~04914% (0 9734 sin x 42,0034 cos x).

(12)

(13)

B ra6auue 31 HaHbl pacxoxaeHdHs MewJy SHAUEHUSMM QYHKOUU ¢, Hai-
JEHHbIMU TIO 3MNHpHueckoil dopmyse (13), 1 TaGIHUHEIMH 3HAYCHHAMH Y.

Ta6nnna 31
XapakTepncTHKa TOYHOCTH SMmupHueckoil dopMyani (13)

x Yy v A=y-y x y pr A=y-y
0 2,050 2,003 0,047 1,2 0,907 0,906 0,001
0,2 1,944 1,960 —0,016 1,6 0,423 0,417 0,006
0,6 1,638 1,640 —0,002 2 0,028 0,019 0,007
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ra1ABA III

NMPUBANXKEHHOE PELIEHHE
OBbIKHOBEHHBIX JH®SEPEHLUUANBHBIX YPABHEHUH

§ 1. O6mue 3amedanus

Mpoctedtmnm o6ukuHoBenuwmM auddeptHunanbtbM ypasiennem [1]—
[8] sBnserca ypaexetne neproro mopsaka

Yy =rF(x, 9. (1)

OcunoBHast 3aaya, OTHOCAWAACH K STOMY YpaBtelunio, ecth sanada Kowm:
HalTH peulerue ypandenus (1)

y=y(x), (2}

YIOBACTBOPAIOUIRE HAYAABHOMY YCAOBUIO Yy (X,) =Y, HHBIMH CIOBaMH,
TpebyeTcd HaUTH MUTErPaJbHYI0 KDHBYIO

Y=y (X), NPOXOAAULYl0 Hepe3 3BajAAYIO Y=4(x)
10uKky Mylxe, 4o) (puc. 21). Ecau npasaa
vacte f(¥, y) HenpepnBHa B 06GaaCTH P
R, onpenensemoit nepasesicTRaMH ’

|x—x4] < a, |y—y,| <8, 90 y

TO CytecTByeT N0 Mexnluelt Mepe oxno peute- & Zg z z
HHe (2), onpefeseHnoe B HEKOTOPOL OKpecT- Puc. 9I.

HOCTH | X — xo] < A, rAe A—mon0NHTEMB-

HOe YHCJA0. DTO pellieHHe eJUIHCTBeHHO, eC/M B R BLINOJHEHO ycaosue
Junwuyo

| £ (x, y—7Fx, 9| <N|lg—y| (3)

rae N—uocroansaa (koscrauta Jlummuua), 3asHcswas B obuiem

cnydae ot a wu b, Ecmm  f(x, y) wuMeer orpauHueHuyio rpou3-
’

goauyto f, (X, y) B R, T0 MOXHO MONOWHUTH

N==max|f; (%, 4)| np (x, 4) € R



122 PEUIEHHE OBHIKHOBEHHLIX JIMOOGEPEHUMA/bHWX YPABHEHUH [rJl. Ii

HOns mnddepennnansuoro ypasnesuss n-ro nopsika
vy =r(x, 4 ¥, ..., y" D)

sagaua Kown cocTouT B HAXOXKIEHHH peuledus y =y (X), yHLOBJETBO-
PRIOWETO HAYAALHEIM YCAOBUAM

_ : _ n-1 — pn-1
y(X)=yo Y (Xo)=vo .., 4"V (xe)=¢7",
Loe Xg, Yo, Yo « -+ , YE YV —3ananupe uucsa.

Mpuwmep 1. Jlupoepennnansire ypaBueuns CBOGORHHIX KojeGauni
MafTHHKA B ConpoTuBiswuleiica cpete (6], [7].
[lycte ©-—yron orkjonenust (puc. 22), ¢t—spema. [lpepnonaras,
¥TO  COMPOTHBJEHME CPeAbl R NPONOPUMOMA/IBHO CKODOCTH, MOJAY4aeM AJs
=0 ({) HennHelinoe AupdepeHnHaNbHOE YpPaB-
HeHne BTOpOI‘O nopﬂ;u(a

i)

Tl +a 5 —l—bsm@ 0, 4)

rpe a n b-—nosnoxurelbHsie TMOCTOAHHLIE,
HauanbHule yclOBUA HMEWOT BHE

0 (ty) =6, ©(f)=28,,
e
de
dt’
T, €. B HaualbUBil MoMeuT =1, 3apawrca:
1) Hasa/bHOE OTKJIOHEHHE 8,
2) HavannLHasm YrJaoeasd cxopocTs 6.

8:

Puc. 29. B npuioweHnsix 4acTo BCTPEYAlOTCs cucre-

MB OORKHOBeHHLIX AH(dEpernalbiLbX ypaBHe-

gu#, OrpaHH4UMCs PaAcCMOTPEHHEM HOPMAAbBHOU CHCTEMH 71-TO
nopajka o6HKHOBelHLIX AuGdepennnanbupx ypasuenni:

dy
TE=[1(X, Y1y gy oo Ya)s
dy
Z}E:f2 (xv yl) Ygy oo 0y yn)v (5)
dy
T =FulX v Yay s ) )
rle X—He3ABHCHMAS NePEMEHHAR, Yy, Yg, - .+, Y,— HMCKOMHE dynkunn,

CucreMy, cogepkautyio NpPoU3BOAHLE BRICUIMX NOPHAAKOB H pa3pelien-
HYI0 OTHOCHTENLHO CTapUIMX NPOM3BOAHKX HCkOMbix QyHkUuil, nyTeM
BREJIGHUS HOBHIX HEU3BECTHWX (WWHKUMHA MOXHO TPMBECTH K BHAY (0).
B uyactHoct, ans AuddeperuransHoro ypasHeddss p7-ro Nopsaaka

Yy =F(x, oy oo, gy, (6)
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nonarast Yy, =y', o =4", «vvy Yo_1=4y""D, Oyzem umMerp 3KBuHBA-
JEHTHYI0 HODPMaJBHYIO cHCTEMY
dy
d_xzyl'
dyx__
E"—yz,
e e e ( (7)
dyn_s _
de  In-vr
dnet —f(x, y, y ‘
dx - ) ] 1) 4«6 yn—1/~

Bocnonp30BaRUIACh BEKTOPHHME 0603HAYCHHSAMH

49
_| % gy _| %
y= . s E = : ,
y dn
" [, dx -
cuctemy ypasuenu# (5) MowHO 3amucath Gonee NpoCcTo:
d
d;::f(x, J’)’ (8)
h
rae f=| : |—3ananHag BeKTOP-QYHKUMA.
In

TMon pewenuey cuctemst (5) MNoHuMaercs moGas COBOKYOHOCTB

byurumit
_yl
y=| : | (9)
) L
v, Yn
My
rneylz(pl(x), [ ,’J,,ﬁ(Pn(x)y |
|

KOTOpas, OyAyuyM NOACTABACHA B
yparuenus (5), o6pauiaer ux B
tTowaectea. ['eoMerpuyeckn Kax-

)
noe pewetne () npencragisier / I x
{7

co6oi HekoTOpyIo MuuuI L (uKTe-

2paspbHas  Kpusdd B NpocCTpan-

cree E'l={x yy ..., 4.} Puc. 23.

prc. 23), a  COBOKYMHOCTh

Bcex  peuteHuit o6pasyer  nosne MH TEerpandbHHX KPpHBH X,
Tax wax cucrema auddepedumanbHblx ypaBHedHit uMeeT GeCHHC/IEH-

HOe MHOWECTBO peuleHnit, TO IAfl BBIACJCHHS OJAHOFO KOHKPETHOro
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peulenus ¥ =3 (X), KpoMe YpaBHeuusi, HYXHH JOTOJHUTeNbHHE YCJIO0BUSA,
B upocTefliiem caydae 3afaI0TCA HAYAAbHbLE YCAOBUS
¥ (x0) =37, (10)
yto IpuBOAMT K 3adave Kowu,
3anaua Kowu, Hattru pemenne y=3y (x) cacremn (5§) wuan

COOTBETCTBYIOUIEr0 BeKTOPHOTrO ypasuenus (8), ymoBJersopfiloliee 3a-

IaHHBIM HayanbhwM ycaosuam (10), rae x,— QUKCHpPOBaHHOE 3Hauexue
He3aBUCUMOH epeMentoil u

yi"
yO = .
g
— JaHHag cucteMa 4Ypcesl.
FeomeTpuqecxu 3TO 3HAYUT, UYTO TpeéyeTcn OTHICKATh MHTErpanbityio

KprByI0 L, NpOXOAS1yio 1epes 3afauuyio Touky My (xo, 45, - .. , y2)
npocrpancrea E**1 (puc. 23).
Ecau x uHTepripeTHpoBaTh KaK BpeMs, a yy, ..., Y,—Kak 00606-

HIeHULIE KOODAMHATH HEKOTOPOH MexaHMyecKOH ClICTeMH, TO MOJY4YHM
caepyoui acnext 3anavn Kowmu: snas anddepenyuansibe ypasHenus,
yUPABAfOUIME MEXAHUYECKOH CHCTEMOM, a TaKke COCTOSIHUME ee B Hayallp-

HbIi MOMEHT BpPEMEHM x,, ONpefesMTb COCTOAHME CHCTEMH B J06oii
MOMEHT BpEMEHH X.

laparTus oAno3HauHo# paspelinMoct sanauu Koum paetcs npuse-
NEHHBIMH HIDKE NOCTATOUHHMH YCIOBHAMH,

TeopemMa CcywecTBOBAHUS U eAHHCTBEHHOCTH pe-
nmenus., ITycrs 8 HeKOTOPOL OKPECTHOCTU HAUAAbMbLY 3HAHERU

Ufjx—xo| <a, [4:—¢) <byy «ovs |9,—yi0 < b,}

cuctema (5) obaadaer caedyowumu CEOLCTEAMUL:
1) npassie 4actd fy, fay «.. , [, Onpedenenvt u senpepoisror 6 U;

9) pyuxyuu f; (=1, 2, ..., n) 6 oxpectrocru U ydosrersopaor
ycaosuam JIunuuya no 3a8UcCUMbIM NEPEMEHHOIM Y1, Yy «ov o Y, T. €.

- ~ noo.
|fi (%, Yrs ooy 4)—Fil®s Yo oves yn)lgNEXI y;—yl (1)
]:
(izl, 2, AL ] n),
2de
()C, yl"“1yn)€U, ()C, .Jp"".l;n)eu

u N—rnexoropas nocroannas (kowcranta Jlumuuya). B stom caywae
cyujecTeyer  eQuHcTEennoe pewenue cucTembt () Yy =y, (¥),
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< Yo=Y, (%), onpedesennoe & Hekoropod oxpectnoctw | x—x,| << h
U ydosaereopaouee 3adAHROIM HAYALbHBIM 1fCAOBUAM:

Yy (%) :’J(lo)’ ceva Y, (%) :ygo)‘

Mtimu crosamu, npu Buinondenuu ycioeudt 1), 2) sanaua Kowu paa-
PelIHMA U pellleHHe eIMHCTREHNO, T. €. Hepes Touky M, (x,, ¥, ..., yflO))

IPOXOJHUT eAHHCTREHHAs MHTerpaibHas KpHBas cHcremul (5).

g 0

Puc. 24

3ametuM, 4To BMecTO ycjoeud Jlummina KoctaTouHo MOTPEOGOBAThH
o+
HANHYHS OTPAHHMENHLIX NPOHM3BOAHMIX 0—;1 ({, j=1,2, ..., n) B oxpe-
/

criocty U; rtoraa 3a kowcTafty JIHuUIMNa MOXHO OPHHATBH

N =max aﬁl
ii 199y

PacemoTpus npumeps! HekOTOPLIX cucreM atipdepenuuaisuX  ypan-
HEHU.

Mpumep 2. (OcnosHas 3agaua suewHei 6anaucruru [8].) [Ipusegem gud-
depeHlHaibHble YPAaBHCHHS JBHMXKEHHS MaTepualbHOH TOYKH (CHApHIa) B coOmpo-
TUaAsouweicst cpege (puc. 24).

TlycTts m—macca TOYKIN; X, Y—TeKyllUe KOOPAHHATH TOUKH B BepPTIUKA/b-
Holl miockoctu Oxy; {—BpeM%; U-—BeKTOp CKOpPOCTH; @ —YyroJ, o6pasoBaHusli
BEKTOPOM CKOPOCTH C TOPH3OHTANbHOH ochio Ox; R—BEKTOD CONPOTHBJEHHS
cpenbl (HanpaeJeH MO KacaTeNnHOH K TPAaeKTOPHH); g— YCKOpPEeHHe CHJBL TH-
KECTH.

Ha ocHosauuu BTOporo 3akoua Hriorona mnonyuaem aupdeperinasnsHble
YPAaBHEHHA JBHKEHUS

d2x d?y

mmz—le cos 8, mm:—mg—R sin © (12)

OGuiyto mpegrionaraor [8], uro BejMYlHAa CHABL CONPOTHBJEHHA CpPegul
R=mF (v) H (y), (13}
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rae MHOXHTeNs F (U) 3aBUCHT TOJBKO OT BEJUYHHB CKOPOCTH U=} ¥ |, a BTOpOil
H (y)—ort Buicorn! noauatua y. Pyukunu F(v) 1 H (y) 3agawotca TabanuHo,
C yYeTOM peanbHON OOGCTaHOBKH.
MopcTasaas eupaxende (13) B cucremy (12), nocse coxpalleRus Ha m
6yleM HMETb
dx )
Et-ﬂ:-—H(y)F(v)cos@, |
dry

(14)
R —g—H (y) F (v)sin 0.

Uro6nt mpusectu cucreMy (14) K usopMaibHoMy BKAY (5), BBEZEM HOBHIE
nepeMentnte

u=0c0s®, w=vsin®o,

KOTOpHE TPEeJCTaBJAIOT c060li COOTBETCTBEMHO TOPH3OHTANLHYIO (K =U,) H Bep-
THKa/bHYIO (w=10y) NPOEKUHH CKOPOCTH D.
O] x o dy
v Y T
sMecTO cuctemnl (14} nmonyumMm HOpMaaepuyio
My(Zy,47,2;) CHCTEMY YETBEPTOro. MopsifKa:
dx
dt
dy
T )
73 du (
Sr=—HWG Wy,
dw
= e HW W,

: . d
Beoxs o6o3uauenne G (v) = W YunTHBAA, HTO U=

:u’

I

(%3, 45, 23)

iz, y,z) tae v="V urtwt.
Ecnu npeanonoxurb, u4to cuapda Obla
Puc. 25. 6powen B moMeHT BpeMend {=0 u3 Toukn
0 (0, 0) co cKopocTblo, NO BeJHYHMHE pas-
1ol vy M HanpasJenHoilt HoX yrjoM 6, K TOPH3OHMTY, TO Haua/lbHhie YCJIOBHS
GyLYT UMETb BMA

x (0) =0, Yy (0) =0, u (0)=Uo Ccos @0, w (0) = sin 00. (16)

Cuyuras, yto pynknun H (y) u G (v) HenpeprsHO HlddepeHnHpyeMhl, JETKO
y6eauTbes, qro 3azava Kowmm (15), (16) wmeer epuHcTBeHHOe pelleHHe, T. e.
HaualbHble ycnosus (16) ofHo3HauHO ompejensilOT TPAEKTOPHIO CHApAHa.

B o6uweM cayuae cucrema (15) snemedTapHO He UHTErpuUpyercs, TeM GoJee
yto Gyuknud H (y) n G (v) HOCAT smnmpUuyecKHil XapakTep H 3ajalorTcs Tab-
anuro. [MostoMmy cucremy (15) mpuxomuTcs pemath UHCIEHHO.

O6LiuHO HHTePecyloTcsl €lle MAKCHMAaJlbHOW BBICOTOH NOABeMa CHapAjaa
Ymox =Y (1) B AAJBLHOCTBIO NOJIETA Xpmay =4 (I,). JLAA HAXOWACHHS 3THX BeJH4UH
HYKHO COOTBETCTBEHHO pEWNThH Kpaeevie 3adaqu (cM, ra. IV)

Yy (t)=0 n yty) =0

[MIpumep 3. (3apaua tpex Tten [9]). Peur nger o auddeperuuansHuix
ypaBHeUHsAX [ABHMKEHHS TPeX MarepuasjbiblX Tel, B3auMofefcTBYIOLIHX MEXKAY
co6oli Mo 3aKouy BceMupioro TaroreHns Hriortona,
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Tycrs 8 npocTpanctee Oxyz HMEIOTCH TPU TENa C MACCAMH My, My W i
(pnc. 25), 3auuMaOulHe B MOMEHT BPeMeHH ! COOTBETCTBEHHO TMOJIOKEHHS X
Yir 2y (i=1, 2, 3). KoHKpeTHO! MOJesbi0 HaLledl 3a5auM MOXET CAYKUTh, Ha-
npuMep, cucteMa 3emast —JlyHa —COyTHHK,

B MexaHuke pokasuBaercs [9], uTo ans cucremsl m; (i=1, 2, 3) cywect-
Byer motehunadbHad GpyuKunsa

 mym, + memg + mafm,
rs ry rs

U

Orciopa quddeperunanbune ypasHeHHA IBHKEHUA CHCTEMbl Tpex Ted GyxyT

dx; dUu d?y; aUu d?z; _dU i
m; dtz—a—x[', miw—(ﬁ, m; dtz—&; (l—l, 2, 3)- (17)
ITonaras
dx!' _ dyl . le'_
7R TR S T
GyneM MMeTh HOPMaJbHYW cucremy 18-ro mopspka:
dx; dy; dz;
@i G G|
du; dU dv; aU dw; AU (i=1, 2, 3). (18)

m,—t—="" m,—te=ma—, m;—t—-—
tdt Ox[ ' Lodt 0yl Lde 62,-
HavanpHeie yCJOBHA CBOAATCH K 3aJdHHI0O CHCTeMbI BO‘CeMHHﬂuaTH yuceda
rt)=x", )=y, z =2, \

(=1, 2, 3) . 19)
up(t)=ul® v (t)=0v", wity)=w}® | (

—HanaJbHHX TOJOXKEHNH Ted H Hpoeknnil uX HAYAJLHBIX cKopocTed.
Pemne 3agauy Koum (18), (19), nosyuum 3aKOHb ABHKEHHS TeJ B KoneY.
Hoét opme:
=@ (), yi=vP; (), z;=x; () (i=1, 2, 3)

1 JONOJHHUTENbHO 3aKOHB! H3MeHeHUA UX cxopomeﬁ:

w;=@t), v;=%(), w=x (=1 2, 3.

Haxe paas npocrefiuiero auddepeHunanbHoro ypaBHeHUst [EPBOro
nopstaka (1) Haxoxaerue petlleHils, OTBEHAIOMIEro 3aJaHHLIM YCAOBUSIM,
BOOOLUIE HEBHIMOMHMMO € TIOMOULBIO KOHEYHOrO YHCJAA MaTeMaTHYeCKHX
otnepauuit, Tem Gonee 3ro HeocymiecTBUMO st cuctemsl auddepenuu-
anbHBIX ypaBfienui.

YkazanHoe OOCTOATENBCTBO MPHBENO K CO3AaHUI0 OGOABLIOTO YHChA
METONOB npubauscenno20 pewenus anddeperudansnbiX ypaBHeHUui, oc-
HOBAHHWX HAa CAMBIX Da3MMYHKX HAEAX,

Bce atu meropn B 3aBucumoctu ot (opmbl, B KoTOpoli oHH npes-
CTABAMIOT pelledue, B OCHOBHOM MOKHBO Pa3fne/INThL HA TPU CPYNMNH!:

1. Avanaurvueckue MeTO N, AatouMe NPpUGIHIKEHHOE PelueHue
AvPdepesnanbEoro ypaBHeEMa B BHIAE AHAMMTUUECKOFO BBIDANEHUS,
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2. Tpaduyeckue MeTonH, Aaowme npubiinkeHHoe pelnente
B BuAe rpaduxa.

3. UYucneunne MeTOAHW, Jalomue NpUOTHMIKEHHOE — pelneHue
B BRAE TaG/nlH.

Crneayer OTMETHTBh, YTO NpHBeferHast KaaCCUPUKallUg METOROB IpH-
OMMKEHHOTO HHTErPUpPOBAHHA ABASETCH B U3BECTHOW Mepe YCJOBHOM.
Tak, nanpumep, epaguueckuil metod aomaneix IJisepa JNder ONHOBpeE-
MEHHO ¢moco6 ynucnenHoro pewesus AuddepenumransHoro ypaatenus,

[Npu paxbHelineM W3M0XeHUMH GyAeM OpPeANOJaraTh, He OroBapHBas
3TOro KawJni pa3, 4To AJAA paccmatpusaemhix anddepennuanbipix ypas-
HeHRH BhIMONHEHH oO6bluHbie yCA0BMA CYHIECTBOBAHHUSA W €AMHCTBEHHOCTH
peuteanii, Jind npEMEHHMOCTH HEKOTODPHX MeTOZOB MoTpebdyiorcs OGoJee
WECTKHE YCNOBHs, KOTOPHE GyAyT yKa3anbl B COOTBETCTBYIOLLMX MECTAx,

§ 2. Unterpuporanue nuddepennnalbiblXx YPasHeHHH ¢ NOMOWBIO
CTeNeHHbIX PALOB

Pacemorpum cHavana anddepennuanpioe ypaBHeHne nepBoro nopsaaxa
y=r(x, 9 (1)

¢ HAYal/IbHbIM YC/JOBHEM
Y (%q) = Y. (2)

Tlycrs npaBas uyacth ypaenenus (1) ABnserca aHaauTHueckodl dynxumedt
B HauyaJbHOM TOuKe (x4, Y,), T. €. B HEKOTOPOH OKPECTHOCTH ITOH TOUKH
Mower OHITh pa3noxeHa B CTenedHofl psax Buna

@®
f(x, 9= E Cop (£ —x0)F (y—1,)?,
Pq
P.9=0
rie p, g —uenble HEOTPULATENbHEE YHCAA H C,, — NOCTORHHHE K03d-
¢uumentn. Torma cyulecTByeT eaMHCTBEHHOE pelieHMe y =y (x) Zud-
tepenumanbioro ypasnenus (1), ynomneTBopsiowee HadaabHOMY YCIO-
Bulo (2), MpudYeM 3TO pellleHHe ABAAETCH dRANUTHUECKHM B TOUKE X, H,
cleJ0BaTeNbAO, MOWET OnTh NpeacrasneHo B Buae paga Telnopa (2]
@®
yx) = e (e —x))  (|x—x,] <h), (3)
p=0
rae

1
cp=o7 8" (%) (P=0, 1,2, ...)
W h— HEKOTOpOE MNoJOKHTEeNbHOEe YUCIO.

Koadduuuent ¢, pasnoxenus (3) onperenserca HENOCPEACTBEHHO
H3 HaYaJbHOrO ycaoBHd (2):

o= Y (¥o) = Yo;
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crepyouit kK03GGUUARHT ¢; HAXOAUTCA HA OCHOBANHM AH(ideperuuab-
HOTO ypaBHeHus (1):

¢y =y (%) =1 (¥4, Yo).

Hro kacaerct oCtanbumx KosQduuuentoB ¢, (p > 1) pana (3), 10 omn
MOryT OnlTb 1IAr 3a WaroM Haijenst nyTeM nocnenoBatensHoro  aud-
depenunposanus AanHoro anddepeninaibioro ypasuenns (1). Hanpumep,
Anddepennupys no x o6e 4acTH ypasHerus (1) # ucnoap3ys npagmio
auddepeHuHpoBanus cnokHoll gynkiuu, OygeM umers

Y =fe (X, )+ Fy(x, 9y
Orciona

Gy = 4" (%g) = o 15 (%00 00) 15 (on v0) 0],

rie HCAO0 Yo =7 (Xy, Yo) YKE U3IBECTHO,
Hanee Haxomum

11

1
Cs=7%4Y (x4) =
1 " " . " , , "
=§[fxx {x0, o) + 2f.«y (X0, Yo} Yo +fw {xg, Yo) yg - f;/ (x4, _L/O)yo].

Ananoruuso MoryT OmTh onpesenesst KosdgduuMentw ¢,, ¢, W T. 4.4,
cnenoBarTensHo, GOpManbHO NOCTPOCHO AHANHTHUYECKOE peuteHue g (x).

Bonpoc 06 ouenke paamyca cXOANMOCTH A CTemexdoro psza (3)
Gonee cnoxes {2], [11], m 3mecr Mm ero paccMatpusaTh He GyneM.
3aMmetum TOABKO, 4TO ecan aMddepeHnnanpHoe ypasHenune JuHelHoe
y'=fo (%) fi(x)y v dysunn fy (x), f;(x) nonyckawoT pasioxkenus
B CTeNeHHbe Psiibl B HAYaJBHOH TOuKe X, C OOIIUM paaMyCcoM CXOAM-
MOCTH R, TO MOXHO NONOKNTH A=R.

fTpumep 1. Hampcarsh HecKONbKO WjieHOB Da3slioXkenud B CcTenennoil pAf
pewenust y=y (x) AUdPepeaiHaiLHOTO YPaBHERHs

’ y
= ) 4
Y Ty “
YAoBNEeTBOPSIOUIEro HavaabHOMY ycaosHi: y(l) = 2.
[Tonb3yAck NOJYUYEHHBM DPA3JOXKEHHeM, MpubaKeHno naith y (1, 2).
Pewedne. [lonaraa xo=1 u

. 1 " 1 o
Y= Yo+ Yo (x—Xo) + 51 Yo (x“xo)z—i‘-?’!— Yo (x—x)¥+ ...

(ytf)zy(Pl (xo);p=0, 1, 2, ...,
6yneM UMeThb

=2 Yy =
o 142 3

Juddepennupysa ypasnenue (4), noaydaum

o Yty —ydty)_xy'—y
B (x-+y)? (x+p?
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O1croga
2
PR B
T2 T T art

Juddepennupysa eume pas, GyieM HMETL
e XY ) =204y (' —y)

¥

(x+y)p
INosromy 5
4 4
,,,_-ﬁ'?’*‘?"g'g*i
o = 7 =57

AHanorHuno Moryt GMTL HalijleHBl OcTafbHble 1POU3BOAHBIE y‘o‘” (p > 3.
Takum o6pasom,

2 2 2
Y=24+5 (x—D—gm =1+ =10 +... (5)
W3 dopmynn (5) umeem y(l, 2)=2-0,1333—0,0030 40,0002+ ... =~ 2,1305.

H3anomenHbt Bhie ¢cnoco6 HaxomaeHus pelleHus nuddepernsanb-
HOTO YpaBHeHWd METOAOM CTeMNEeHHHX pHAOB Jerko ofobuiaercs Ha Cay-
vait nudipepennrannnoro ypaBHenus n-ro mnopaaka. [lycts, nanpumep,
Mb uMeem IudipepeHunasbHoe ypaBHeHHe BTOPOrO NOpAaKa

y'=r(x 4, 4) (6)
C Ha4YaJbHRMH vyCIIOBI/IFIMI/I: .
Y(X)="Yo, Y (X)=9s. (7)

Npennonaran, uro ¢yskuus f(x, y, y') asaigTuueckas B HayanbHOW
TOuKe (X4, Yo, Y,), OyaeM uckaTp pemreHue 3agayu Kowwm (6), (7) B
Bujne pana Teinopa . .

SPRC
=2 T (x—x0)”. (8)

.

3nech y, M y, M3BECTHW M3 HayaabuuX ycnoBu#l, M3 ypasnenns (6)
1o /yyaem

Yo=1F (%o, Yo, Yo)-
IOuddepentnpys nocneporarensio ypannenne (6) no nepemensoli x
cornacko npasuny auddeperHuuporanna caokuol GyHKuUMH W nojarad
X=X, Oyrem UMeThb

"!

Yo =7 (X4, Yo, Yo) + [y (£4» Yoo Yo) Yo +fy (X0, Yor Yo) Yo

n 1. a. Taknm ofpasom wiar sa maroM MOXeT OWTh mocTpoed pax (8).
Boupoc o cxonumocTd 3TOrO pAna OCTABMM OTKPHITHM,



§ 21 HHTEFPHPOBAHHE C TOMOIULIO CTENEHHBIX PSIOB 131

Mpumep 2. Hanucath HECKONbKO YJiEHOB Da3NOXKEHUSl B CTENeHHoH PAX
peluenust Yy =y (x) ypaBueuus

¢ +xy +y=0, )

YIAOBNETBOPSIIOILErO0 HAadanbHBIM yeaoBuam: y (0)=0, y’ (0)=1.
Peuwenne. [lonaraem

g =y O +y O+ ey

rae y(0)=0u y' (O)=1.
M3 ypaesenns (9) nonyuaem

y0=_ X_’JI—!/. (10)
Orciopa y" (0)=—y (0)=0. Onddepenunpys nocneirosarelpHo ypaBHeHHe
(10), 6yiem nmetb
ylll xy _2y ylvs_- Xylll_syll, .”V:_xylv_“ylll' e

W3 aTuX paBeHCTE BHITEKAET, YTO
¥y’ (0)=—2.1=—2, yW({0)=—3.0=0, yv(0)=—4.(—2)=8.
CnepoBartenbHo,

w3 x5
y)=x——+gg+... - (11)

Hanucare o6imit 4nen papa (11) H wuccneposarh ero CXOAMMOCTE He Dpef:
cTaBasieT GONbLUKUX 3aTPyLHEHUH.
Npumep 3. 3nas puddepenunanHoe” ypapHeHue ABMKeHus Touku [10]

“+ (140,1#) x40, <‘;’;) =0, (12)

¢ MOMOIUBIO Pa3JiOKeHUs! PelieHHd B cTenedHoll psaa HailTd CKOpPocTs x' H YCKO-
peHue x” TOUKM p/isl MOMeATOB BpeMmedd f, pasuwmx 0,1; 0,2; 0,3; 0,4; 0,5, eciu
x(0)y=1, x'(0)=2.

Pewenue K3 ypassenusn (12) 6ynem uMerb

¥'=—x—0,1tx—0,1x"% (13)
OTcio4a ¢ NOMOINBK NOC/]E/0BaTeNbHOTO IH(pEPeHIUPOBAHAR TOTYHHM
¥ = —x'—0,1 (x4 x)—0,2¢"x",
2V = —x"—0,1 (tx"+2x)—0, Q(x' "4 g,
xV = — x'" 0 1 (tx"'+3x")—0 2(x le+3xu ur)
V1 = ——le 0,1 (£x1V - 4x""")— 0,2 (x*x1V + 4x"x1V 4+ 3x"""%)

T I
Tlonaras B sTux pabeHctBax {=0 u ucnonp3ys HadalbHbE YCIoBHS Xxa=1,
x9g=2, HaXOAUM

rer 1

Yo=— 14, xo =—154, xV=1224, xY=0,1768, x}'=—0,7308.

Tak Kak Ha ochoBaliny pspa Teitnopa
2 s xMVi y Vs xViga

x. i
xe=xot ¥t g gt g+ R
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TO AJA HCKOMOCO petleHrA ¢ TOYHOCTbIO 10 ¢8 (1oJiyqaeMm

x=1-4-2¢—0,7¢2—0,2567¢340,051¢4 4-0,00147¢5—0,00101¢8, (144
Crefosares Ho,

X' =2—~—1,4{—0,77¢%-40,204¢34-0,00735¢4 — 0,00606¢5, (15

X"=— 1,4—1,54 4 0,612¢2 +0,00294£3 — 0,0303¢4. (16

B TaGauue 32 nomeuteHw 3HayeHus x, x’ w x” pnas ¢, pasuoro 0; 0,1; 0,2;
0.3; 0,4; 0,5, nopcunranHuie cooTBetcTBeHUO NO opmynam (14), (I8) u (18). [aa
KOHTPOJIl IPHBEJeHnl 3HAYEHHA X7, NOJNYYeHHLIE HENOCPeACTBEHHO H3 TOYIIOCO
ypasueuun (13).

Ta6bnuuwa 32

Botuncaenne anageHuii pemenns x andiepenunalbuord ypasuennsa (12)
M ero npou3soaHbiX X' n X" Npn NOMOWM Pa3IOKENHN B CTENEHHOH PaAj

¢ x ¢ e x =
0 1,000 2,000 —1,400 —1,400 0,000
0.1 1,193 852 —1'548 | —1549 +0.001
0.2 1'370 1,602 1683 | —1I 684 10,001
0,3 1,530 1,517 —1,806 —1,806 0,000
0.4 1,673 1,330 —1917 | —1.917 0,000
0,5 1,796 1,137 —2,015 —2,016 0,000

Takum ofpasoM, BupHo, uto npu 0=t <C1/2 gopmynm (14), (15) u (16)
7la10T pelleHue 3ajauy, TOYHOE 0 TPETLero IecATHYHOro 3Haka. [1pu yBenuyeHud ¢
TOYHOCTb 3THX GopmMyn 6yaer, BooGuie roBOps, YObIBaTb, W npH GOJbIWHX £ npH-
JeTCsl YYUTHIBATb JONOJIHUTRJibHBE Yledn psjga Tefinopa.

3amerum, gto popMyna (l4) coBepuieHnO HenpuFOAHA AJifl aHaiM3a YCToil-
YHBOCTH [BHXKeHNd Npu f-—r 00; ANA 3TOH UeJH UCNOJAb3YIOT PALL HHOTO BHAA.

Merton cTeneHHnx pAAOB NPHMEHHM TAK¥KE K HODPMAJbHBIM CHCTEMaM
nuddepenutanbibix ypasHeHHk

dy,;

E-_—f[(x’yll"'lyn) (i=1,...,fl)
C HAYAJbHBIMH YCHOBHAMKH Y, (Xo) =y, (i=1, ..., n).

Ecnn dyukumn f;(x, y;, ..., 4,) (i=1, ..., n) aHaauTHYECKHE, TO
KOMIOHEHTH pewenns y={y, (X), ..., ¥, (X)} cHCTeMB MOWHO HCKAThL
B sune psnos Teisopa

% 4 x)

g0 =2 o (E—x)? (=1, ..,

p=0
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KoadduinenThl 9TuX pANOB MOTYT ObiTh HalZedn C yueroM HavadibHbiX
yeinoBHiE nocnenoBaTeNbHuM aHbdepenunpoBaHHeM YpaBHEHH# Xannoit
CHCTEMBI.

Npumep 4. Ina cucremnt

dy

dx
~ == t—uy si =7
X COS Yy sint, YT,

Tl =xsin{-}-ycost (17)
NOCTPOUTL peweHyde B dopMe CTeNeHHOro paja, YIOBIeTBOpSiouUlee HAYaJbLHBIM
yeaoBusm x (0)=1, y (0)=

Pewmwenne. [NTonoxum

% (£)=x (0) -+ x* (0)t+" (0)

e Oy (18)

y0=5O+y O 1+L D 2 T Opy (19)

W3 navaneipix ycaoBuit umeem x (0)=1, y (0)=0. Ilonaraa { =08 cucreme (17),
noayuum x’ (0) =1, y’ (0)=0. [dnddepenunpys no ¢ cucremy (17), 6ynem umeTn

R .
.d_xz—xsint—ycost—f-ﬂcost—d— sint, |

de? dt dt 20
iy {20)

. dx . dy
m—x cos t—y sin t_l_ﬁ smt+m cos t.

Orciona x” (0) =1, y" (0)=1. Ouddepenunpys cucremy (20), noayunm

dix . dx dy dy .
45 = xcost+ysmt+2< a7 sinf— ar C05t>+dt2 cost— i sin ¢,
diy dx dy d3x
P xsmt-——ycost—}—?(dt cost — il Smt>+dt2smt+dt2 cos ¢.
Cnenopatenbtio, x''* (0)=—1+1=0, y'*' (0)=3. AHAJOTHYHBLIM [YyTEM MOry7T
ObiTb HaligeHbl W JalibHelwie MPOU3BOAHBIE.
Henoneays dopmynst (18) u (19), okonuaresibuo nMeem
1 1 1
x(t)=l+t—}—?t2+..., y(t)=? tz—}—?ﬂ—l—... (21)

U3 dopmya (21) MOXHO B OKPECTHOCTH HaualbHOfi Toukn ¢=0 npn6anxeno
HailTH YHCJeHHble 3HAYeHHS UCcKoMoro pewennsa. Hanpumep:

X (0,1)=1+0,14 -+ 0,01 = 1,105,

Yy (0,1)=% - 0,01 —1-1? .0,001 =0,0055 n 1. 1.

Meton paaiowenus peuicunsi nuddepeHInaibHOrO ypPABHEHHS B CTe-
MeHHHIE PANB YacTO WCMOJb3YeTCsl KaK 3JjeMeHT 6oJee NMpaKTHYHBIX Me-
TONOB TPHOTHKEHHOrO MHTErpHPOBAHHA A epeHlHasbHLIX ypaBHeHHi.
B uacTHOCTH, HAf HEKOTOPBIX HHCAEHHWMX MeTONOB HHTErpupOBaHus
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Auddepeniinanbipix ypasaenni Tpe6yeTcd Onpepe/iHTh 3HaYEHN HCKOMEIX
QyHRUNI B HECKONLKHX TOYKAX. ITH 3HAUYEHHS 0pu coOMONEHHH H3Be-
CTHHX yCaoBnRH TrAaJAKOCTH JAHHOTO YPaBHEHHT MOTYT OHTh ¢ J06O0#H
CTEMenbl0 TOUHOCTH MOLCUIITAHB C MOMOUIBIO CTENelHHX PAd0B.

§ 3. MeTox MOCALA0BATENbHBIX MPUGIMKEHHI

CHauaja M3/J10KHM 3TOT METO/A NpHMEHHTenbHO K AHddepentnaiHoMy
YPaBHEHHIO HEepBOro MOpPHALKa

y = %y (H
C Ha4aJIbHbIM yCJlOBHEM
y{x4) =y, (2)

[Ipeanonaraercst, yto 8 nHexkoropo#t okpectrocTH TOUKM My (Xg, Yo)
ypaBuenne (1} yNOB/AGTROpAET YCJAOBIAM TEOpPEMH CYWIECTBOBAHHA H
eHHCTBEHHOCTH peLlieHn .

Bynem crpouth HCKOMOE pedrenHe y =y (X) ANA 3nauenudl x == x,.
Cayyait x <C x, sioane anajoruuen. VnTerpupys npasyio u JieByt0 yactu
ypasrenns (1) B npedenax oT X, RO X, NOJYUHM

x
y () —y e = fx, y)ax
. xa
HAH, B CHJY HavyalnHOIO YC/IOBHA (2), Gynem HMeTh
x ‘ .
y () =yo+ § 7 (x, ) dx. 3)
Xo

Tak wak uckoman GyHKHHAA y =y (X) HAXOAMTCH MOJ 3HAKOM HHTEr-
pana, To ypasuenue {3) ssnsercs murerpaJtbub M. Ouesnnuo, pe-
HieHHe uHTerpaibHOro ypaBreuns (3) ynosaersopsier nauddepeHuHans-
HoMy ypapdenuio (1) u Havaabuomy ycnosuio (2).

Jna Haxowpedus 3TOr0 pelleHHss MPHMEHHM METON nNOCAenOBa-
TeNbHHX NPpHOMTUXKEHNH 3aMends B paBeHcTBe (3) HEH3BECTHYIO
QYHKUMIO y JanHLIM 3HAYEHHEM y,, TNoayyuM nepsoe npubJuKe-

HHE
X

gy =0+ § £ (%, y,) dx.
Xa
Ilanee, NOACTaBuB B PABEHCTBO (3) BMECTO HEM3BECTHOH (YHKIUH y
HAPIEHHYIO QYHKUHIO Y, OyAeM UMETh BTOpPOe MpHOIMMKeHME
X

ys= o+ \ £ (%, gy ax.

Xo
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Boo6ue, Bce panbreftiine npubamkenns cTPoATCT no dopmyiie

X

Yo=to+  Flx g dx (m=1,2,...). (4)

Xo

FeoMeTpuuecKH NOCAENORATENbHLE APUGAMKEHUS 11peACTABNSIOT co0OMH
kpusne y =y, (x) (n=1, 2, .,.), npoxonsine 4eped 06wy TOYKY

M, (x4, yo) (puc. 26).
9

/—-

y 4
I M '\iz
1
,——— Y

| M, Y=Yo
Yo
1] I, I .2'00/] 4

Puc. 26

B yue6unkax no muddepenunanbubiv ypasuennsm [1], [2], [4] mo-
Ka3LBAETCH, 4TO NPH BHIIOAHEHHH ycnosud Jlnmwuna

[f(x, —f(x, )| <N|y—y]| (5)

nocnenoBaresbibie NpuéanmKenass y, =y, (X) na HeKOTOPOM MOCTATOYHO
ManoM oTpedke [Xg, Xg-+A] HMEIOT CMBIC/ H DABHOMEPHO CXOAATCA, NpH-
yeM mpepeabuas ¢yHkUnAA
y (x)=limy, (x) (6)
n—>w
ynosaetropsier nuddepeninaabuomy  ypasuennio (1) M HayambHOMy
ycnosuo (2).

Ecan npamas wacth f(X, y) nuddepernunantvoro ypasuenus (1) on-
penesena u uenpepmsua 8 ob6nacth R{0<Cx—x,< ¢, ly —yo | << b}
u MZmax|f(x, y)| npu (X, ¥) ER, TO 3a Benmuudy A MOXKHO npH-
atTh [1]

h = min (a, b >, (7)

M
fipuYeM MHTErpajbHas KpuBas y=y (X) NpH X, < X< Xo+h Oyner
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CollepKaTbcs B yrae Mewiy npamnimu (puc. 27)

y=yo+ M(x—x¢) U y=1y,—M(x—x).
Jin oueHku MOrpelwHocTy

B, (%) =|y (¥)—y, (%]

u3 Gopmyin (3) Beiutem dopuyay (4), Torma Gymem umeTs
v y(x) —y, (x) =
= S[f (X)) —f (%, y,_0)
Xo
Ortciona mpu . Xy << X <<
b < x4+ h voayuum

e, () =]y (X) —y, (0| <

<S lf(xiy) —f(x) yn—ldex‘

B cuay ycnosua Jlunuwu-
Z  ua (B) naxoaum

|f(x, y)—f(x' yn_1)|<

Puc. 27. <Ny (x)—y, (0
< Ne, _; (x).

CnenopaTenbHO,
X

€, (x)<SNsn_1(x) dx (n=1,2,...), (8)

=
Xy

rae Beemeno oGo3Hauenue €, (X)=|y(X)—y,|. [lpumenss dopmyny
Jlarpamka npn x, < x <{ x, -+ h, Oynem umerh

gy (X) = |y (¥) —y (¥,) | = (¥ — x,) ly" &)1,
re x, <§ <L x.
Orcrona, Tak wax |y’ (§)] =|f(E, y(§) | <M, nonyqum
By (X) I M(x—X,).

Ilanee, ucnonvays ¢dopmyiy (8), n0cnenoBaTenbHO HAXOANM

X X
— A
e, (x) éNSeo (x) dx < NM S (x— xo) dx = MNEZ 2L
Xo X N

X X .
oy )2 X —x,)?
s (0) <N { g () die < e [ U0l g — e el

Xo Xg
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H T. I B HTOre OKOHYATEeJ/ILHO l'IOJIy‘-lHM
(x—xp)" *!
(n+ D!

Uz dopmyan (9) BuiTexaer, 4T0 €, (X)~— 0 npd n-— oo paBuoMEpIO HA
otpeske {x,, X,+ k).

3ameuanue. [Ipn mMerone nocnepoBartennnnix npubamxennit B kKa-
YeCTBE HAYANBHOTO UPHUOGIHKEHHS y,, BOOGLIE TOBOPS, MOXHO BHIGHDATH
MO0y (PYHKUMIO, ROCTATOYHO OMH3KYI0 K TOYHOMY peLIEHHI) .

Hanpumep, uHorna Bunironano B kayecTse y, OpaTh xkOHEYHbIH OTPE3OK
psna Teitnopa HCKOMOro peieHus.

3ameTuM, 4TO npd NOJb3OBAHHH METOLOM MOCAEOBATENbHLIX NPHGIH-
WeHHH aHaJMTHYHOCTL npaBol dacTH anddepeHlHanbHOrO ypaBHEHUd He
o0fi3aTenbHa, NO3TOMY METOL 3TOT MOMKHO HPUMEHATL W B Tex cAyyafx,
KOrJa pasnoxexne peurenuf anddepeHuuansHoro ypaBueHHs B cTetteHHOH
psA HeBO3MOXKHO,

e, (xX) << MN" (n=0, 1, 2, ...). (9)

[Tpumep 1. MeTogoM mnocliefoBaTeNbHbIX NPHOAHKEHHI HafTH MpHEAH-
JKeHHOe peuleHHe AUpdepeHUHaNbHOr0 YPaBHEHH R

Yy =x—y, (10)

yIOBJieTBOPAKOLIEe HAuaAbHOMY ychoBHio y(0)=1.
Peweunne. B KavecTBe Hayasibuoro npubAMIKEHUA BO3bMEM f, (¥)==1,
Tak Kak

X
y=1+4+ S (x—y) dx,
0

TO 6YAEeM HMETH
X x2
y1=1+5\ (x—l)dx:l—x+7.
0
Ananoruuuo

n 2 2
y,:l—k‘s‘ (x——l—l—x—'—‘;—) dx:l—x—}—x'z-—% .
o

Tlogo6ueiM ke 06pa3oM MONyuuM
x3 KA
=1— 2
Yz=1—x+x 3+24,
x3 ot x®
=1 — T 4 C o
po=l—rt¥—3+ 51

u T. .

OueHNM MOrPeHOCTb, HANPUMED, YETBEPTOro NpUGIKEHUus Yy =y, (x). Pac:
cMoTpHM HeKoTOpyio o6nacTh R{0<<x<Ca, |y|<<b}, rie mpasas sacts gud-
depennuasibroro ypasneunus (10)

fle, g)=x—y (10
onpegesieHa H HenpepbiBHa.
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PEIUEHHE OBHIKHOBEHHBIX NHOGEPEHUHAJLHBIX YPABHEHHE [ri. ul
Tak kak ¢yHkuusa (1) nenpepwiBua Bo Beeit maockocTw Oxy, To 38 a U b
MOTyT GbITh B3ATHI JIOOBIE MONOKHTENLHbIE UHC/IA
MMpu (x, y) €ER nmeem
FRCAIRES

<|x—y|<|x|+|yl<a+tb=
Mostomy, npepnonaras a == 1

=M
H3 ¢opmynnl (7) nonyuaem

h mm(a b)-min a b =5
M) "atb) a+4b’
Brui6pas ans onpefeneHdocTn a=1 n b=1, Gyiem
Koucraura Jlunwuua gas ofuacru R B jJladHom cjaydae 6yaer

HMeThb A=1/2,
N

=max |
Henonesya gopmyany (9) npu

y % 9 =1

0=<Cx=<Cl/2, OKOHuaTeNbHO NOJYUUM
e () =1y () —ps (1) | <2- 14 5=
H, C1eJOBaTeNbHO, g£,=Max g, (x)<C

Yn=1—x42 [2!

H, cleloBaTtelibHO

xf-

1
60.39 = 1920 " Herpygno BuAeTh, uTO

+ +("—l)n ] +(—l)n+1 (n+l)l
(n=3,4,5, ...

n—-»r o

y= lim y,=1—x-+2[e"*—(1—x)]|=2¢"*—(1—2x),
npuyeMm CXOAUMOCTE pPaBHOMEpPHa Ha Jiwb6om eTpeske |0, a)

, al.
3amerum, uto anddepenunanbroe ypapHenue (10) —auHeiitloe, ¢ NOCTOAH-

HEIMH KO3hduuuenTaMn, ¥ NMO3TOMY TOYHOE pellleHue, YAOBJETBOPAIOLLES 3aRaH-
HOMY HauyaJbHOMY YCJOBHIO, MOXeT 6bITb HalileHO 21eMeHTapHO

Herpymio Takwe paspuThb METOJ NOC/e10BRATENbHHX NPHOAHMEHHI 15
cucteMn pH@depeniinaibibX ypaBHENHi

rie

%:f(xi y)

(12)
y (X)) =

(13)
3anuceBas BexkTOpHoe ypaBuenne (12) B murerpanwHoit gopme, Gymem
NMeThb

x

y=3o+ Sf(x: y) dx,

Xo

Iie 101 HHTErpasoM OT BeKTOpP-hyHKIHH
S 1
L /a J

(14)
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MOHUMAeTCH BEKTOP

\e

gfldx

Lo

§fﬂdx

Xa

[ocnenonatenpune npubamxenns y (p=1, 2, ...) onpenensorcs
no dgopmyie
X

¥y =y,4 { £ (6, y771) dx, (15)

Xo
npuyeM OGBIYHO MOJAraIOT
¥ =y,.
JTOT MeTox roxmTcd Takke M AU ePeHIHATBHOTO YPaBHEHUT 71-rO
nopaaKa, eCIM ero 3anucaTh B BHJAE CHCTEMBHI.

Npumep 2. IlocTpouth HECKOJibKO MOC/ief0BATENLHLIX NPUGAMKEHHH Last
PEIUEHUST CHCTEMb

dy dy
dl X+ Y14a, dxe ——Eli,

YAOBJIeTBOPAIOMEro HauaibHHIM yenoBaam 4y (0)=1, y,(0)==
PeweHue, HMMeey

X

X
y1=1+g(x+y1y2)dx, y2=S(x“—yf)dx‘
0
@1ci08a, ToJaras y(l"):l, y("’ 0, monyaaem

3
y‘l”=1+S(x+0)dx=1+%.

X
Y = S x'z—l)dx——x—}-—-
0

. x2 x3 . xt  x8
y(2)=1+5[x+<1+7> <—x+7>] dr=1-5 15,

=[] omrg
0

nT I
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§ 4. MeTOa 9UCJAEHHOTO MHTerpupoOBaHus

[TocnenoBateabntbie npUGIMIKeHNss HAXOANTCH UpH NOMOLLH KBaAPaTyp.
MOXeT cnysnThcs, 4TO 3TH KBaJApaTyphl He BHIPAaXalOTCd B DJIEMEHTAp-
Hux Gydkuuax. B TakoM cayvae npuxoAuTcs mpréerath K NPHOIMKEHHBIM
METONAM HHTErplupoBaHmsl. .

[lpuBenem oans M3 npueMoB [14] YHCNEHHOrO HAXOXAEHNS NOCAENO0-
BATEJbHBX NPUOANKEHAN IR pelieHna ypaBHenus

Yy =f(xy) (1

NIPR HAYAJbHOM YC/OBHH y (X,) =Y.
Mycte X, =X, + ik ({=0,1,2, ..., m)— paBHOOTCTOSIHE 3HnA-
Yelys 4PryMenta X ¢ HEKOTOPHIM IIaroM A n

yi=y(x), =75 (%;,y).

W3 yparnenns (1) nveewm

X i
yi—yo=gy'dx=hgy’dq, (2)
Xq 0

X—x;
rae g=-—-"-. OTcioNa, NpPUMEHsis ONNY W3 KBAAPATYPHHX (OpMyT,

NPHOIMIKEHHO TIOJYYHM

m
y,‘—yo=h]21 AP y.. (3)

Koadduunentnt A}') 06bIYHO ONpPeneadIoTcs U3 TOTO YCIOBHS, UTOOh
dopMysa (3) sBigdach TOYBOH AN BCeX 1e/biX NOAUHOMOB CTeleHu He
gaie m -+ 1. Jaa 370ro HEOG6X0AHMO H NOCTaTOuHO, YTOOH 3Ta dopmyna

Omna cnpaBenanBoil xas Gywkunit y=x, x2, ..., £, x™*! npu suGope
Touex X, =0, x,=h, x,=2h, ..., x,=mh.

MMoncrapasin 3t 3Hadenns B GopMyly (3), MOAyuynM Ias onpenene-
nig m 4 1 Hen3pecTHbIX Af-" (j=0, 1,2, ..., m) npu kaxnom uxcupo-

panioM § (i==1,2,...) cucremy m-1 ypasHeunit
iFe=k X AV R-D (k=1,2, ..., m+1), (4)
=0

mptien

L I8
3 AP =i .
=0
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Hanpumep, upu m =4, ucn0oNb3yd yka3auueifl npuem, moaydacM cie-
nywouie dopMmyst:

n : , . : ,
91— Y% :756(251!/0""64691“‘26492 + 106y, — 194,),
h o0 . C A

Yo — o = g5 (2990 +- 12491 4 24y; + 4y — ya),
n ‘ , : : :
Ys— Yo = g5 (2740 + 1029, - T2y, + 424, —34)).

4h , , . , ,
Y49— % =g (Tyo+ 32yy + 1254 3245 + Tya).

(9)

Ecau y € C"|[x,, x,], To cOOTBRTCTBYIOLIME OCTATOYHBIE YAeHbB GyRyT
paBun [14}):

3 3
R, = 160 hoy® (&), R, = 160 hoy® (&),
| —8
Rzzg)hﬂy(m (&,), R, :mmym (E,),

ree E; € (x4, x4) (i=1,2, 3, 4.

s Buruncaenus 3Hayeuii nocne10BateabHb X MPpUGIIDiceHi y“” l’(x,.) ==
=y%*Y (p=0, 1,2, ...) noaowum
m
(p+1) @ (p)
g’ —yy=h 20 A" ", (6)
(=0

rae yi O =f(x;, 4", g =flx; 40 (p=1,2, ...), ADV—xkosd-
duLMenThl, onpeneaseMne U3 cuctemnl (4), npuuem y‘® —mu3pectHoe wHa-
YaneHoe HPUBAMIKEHUe; B YACTHOCTH, MOWHO MPUHATE y'™ ==y .

MMpumep 1. Yncsienno HallTH HECKOJILKO NpPUGAMKEHH peweHus ypas-
wenus {14

y' =sinx-Fcosy, y(0)=0. (7)

Pewenue TouHoe BHIUMC/EHHE [OC/AENOBATEAbHBIX MpHOAHKeHHH gy}
(n=1, 2, ...) npuBoguT K He6epywHmca KBajapatypam. [ToatoMy aas Haxomxae-
HUA MPUOAKUKEHUl TpHMEHHM YHCJAEHHBIH meTol.

BeiGepem war £#=0,2 u, noamsysice ¢opmyaoil (6), onpegesum 3HaueHuf
noc/efoBateJabHHX npubnuwenuir yld (n=1, 2, 3, 4, b), HanpuMmep, B NATH
Toykax (m=4): x=0; 0,2; 0,4; 0,6; 0,8.

3a Hauanbuoe mnpubaumenue npumem YO =y (0)4-xy’ (0)=x. Orciona
y:(‘” =s8in x;4- cos x;. Vcnosb3ys 3ror pesysasrar, no dopmyaan (6), rae xoap-
puuMeHTH Aﬁ.') G6epyTtcst 13 dopmyn (5), maxoldum 3HAYEHHUS y(,,” nepsoro npu-
GAVKEHHA H, C/eJOBATENbHO, MOJAYYAEM

y; M = sin x; 4- cos 41,

JTOT mpouecc MOBTOpAeM HYKHoe uHCJA0 pa3. Pe3yabTatel BulYucC/IeHn X
npusefennl B TaGanue 33.
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Ta6nuuma 33

YuclleHHOe HAXOXKJAEHME NOC/efoBaTEeAbHLIX NPUGAMKennd uxTerpana
aupdeperunaisioro ypasHenua (7)

. , IprnGauxe-
x Y sin x cos y Yy HHe
0 0 0 1 1
0,2 0,2 0,19867 0, 98007 1,17874
0,4 0,4 0,38942 0,92106 1,31048 Yo (X)
0,6 0,6 0,56464 0,82534 1,38998
0,8 0,8 0,71736 0,69671 1,41407
0 0 0 1 1
0,2 0,21860 0,19867 0,97620 1,17487
0,4 0,46836 0,38942 0,80231 1,28173 Yy (%)
0,6 0,73931 0,56464 0,73893 1,30357
0,8 1,02065 0,71736 0,52281 1,24017
0 0 0 1 1
0,2 0,21839 0, 19867 0,97625 1,17492
0,4 0,46538 0,38942 0,89365 1,28307 Ys (%)
0,6 0,72538 0,56464 0,74825 1,31289
0,8 0,98108 0,71736 0,55612 1,27348 .
0 0 0 1 1
0,2 0,21840 0,19867 0,97625 1,17492
0,4 0,46547 0,38942 0,89361 1,28303 Y3 (%)
0,6 0,72636 0,56464 6,74760 1,31224
0,8 0,98596 0,71736 0,55206 1,26942
0 0 0 1 1
0,2 0,21840 0,19867 0,97625 1,17492
0,4 0,46547 0,38942 0,89361 1,28303 Y, (X)
0,6 0,72631 0,56464 0,74763 1,31227
0,8 0,98552 0,71736 0,55243 1,26979
0 0 1
0,2 0,21840 1,17492
0,4 0,46547 1,28303 ys (x)
0,6 0,72631 1,31227
0,8 0,98555 1,26976

Moxuo npusnate Y (x) ==y (x) € TOUHOCTBIO L0 10~% (3a HCKJHOYEHHEM
x=0,8). B cayuae neo6xonumocts TaGauLy MONKHO MPOJOIKHTL, NPUHNA MO-
CAEHIO CTPOKY NMPUGAUIKEHHA Yy (x) 3a NMEPBYIO CTPOKY HOBOW Tab/mubl ¥ TaK

najee,

Cnefyer OTMETHTb, YTO Jy4UIyil0 CXOAMMOCTH NPOLECCA YUCHAEHHHX
npubmnKennd noJAyuuM, ecau BMecTo GopMy (3) OyneM 110/b30BATHCH
UEHTPAAbHBIMH CHMMETPHYHBIME (OPMYJIaMU, KOTOPbIE OPEAENFIOT 3nade-
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HUA nocneaoBaTenbHhX ﬂpl{6ﬂH)KeHHﬁ B TOYKAX, JeWAUIUX CHMMETPUYHO
no 06e CTOPOHHI OT HAUANBHOI TOUKH.

Hng cuctemb TSITH PaBHOOTCTORANIMX TONEK X _,, X_,, Xg, X, X, 9TH
dopmyns umeror Bux [14):

P ) , . , , 41/5y®)
Yoo = —5 (294, + 1244 +24y,+ 44, —-yz)+—lgzoo(g) '
h ’ ’
Y_1— Yy _—;_—m(——IQy_z—}—:S‘le_l—{—
, , , 1149y (E
+ 4564, — T4y, +- 11¢3) + OB (8)

5 ' ) ) . , 111646
Yi—Yo =551 1y_, —T4y_, -+ 456y, | 346y, —19y;) + —1154_0(2)'

h ’ , , . y 4115y
Yo—Yo =gg (—y_p+4y_, + 24y, + 1244, - 29¢;) +Tyoo(—§),

rae hB=x; ,—X; ¥ 3HaUCHHA NPOU3BOLHHX y'® GepyTca B HEKOTOPHX
MPOMENYTOYHDIX TOYKAX, APHUEM mpeanoaraercs, uto y € CO[x_,, x,].

[Ipumep 2. [lpounterpupomats Ha orpeske [—1,2; —0,8] ypassue-
Hue [14]
Yy =xt—yr

OpH HayalbHOM ycloBun Y (—1)=0.
Pewmenne. Hcnoneayem Merol moc/iefoBaTenbBux npuGamxkenuii. [Tonc-
wum yo=0, torma :
x

X
s = S [ﬂ—% (t“+2t3+1)] dt=ég(33—14x+42x3—7x4—2x7),

x
1 .

= —_— —_ 2__ T4 __92{N)2 —

Y3 = S‘ [t2 5876 (33— 14¢ 4 4242744 --24%) J dt =

-

—_ — 2 2__
SETeqG (724780 — 179685 + 76230x - 862400«
— 114345x4 + 54054x5— 5300x5 — 41580x7 — 148508 —

—1925x® 4 25201 — 385x12 — 4415),

Orciona BHIHO, K K2aKHM I'DOMO3JKHM BBIUHCJACHHAM MOMET MPHBECTH METOH
noCe/l0BAaTebHEIX MPHGAHMKEeNHIT,

3ameTuM KcTaTH, 4TO ueTRepTOe NPUGIHMKEHHE y, BHIPA3HTCA MOAHHOMOM
31-fi cTemeHu, a y,—nomuHoMOM 63-if cTeneHH,

Ilna ynpomeH#st BbIYHCAEHHH NpUMEHHM MPOLECC HHCJIEHHOTO HaXOXKIeHHA
npubnukenuil, BNO/AHE aHAJOT HYHLIH pasofpaHHOMY BHIlE, UCTIOMBL3YS AR 3TOTO
dopmynu (8). 3a HavasbHoe mpuGMHKEHHe MpHMeM

yO=x-t1.
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Pesy/bTaThl BHIUMC/EHUIT NPUBegeHEl B Tabaule 34.
Ta6nuna 34

YncaeHuoe HaxoxIeHHEe HOCJEROBATENbHLIX NPUOINKEHN HHTErpagaa
xudiepeHUHANLHOrO YPaBHEHHA € NMOMOWbI0 HEHTPAAbHBX ¢opmyn

x y y Mpubanxenue ¥ Y y Mpubanmenve
—1,1 —0,2 [,40 —1,2|—0,23914] 1,38281
Tl Tol [t |t memom| T 0109 10RO se npuoan:
—0,9| 0,1 0,80 HEHHE ) __0.9| 0,09005)0,80184  Hewne
—0,8 0,2 0,60 —0,8] 0,16074|0,61416
—1,2 | —0,240 1,3823 —1,21—0,23916] 1,38280

1,1} —0,110 ,197 —1,1 0, 2 16
—1.0] o0 1 },0000 2 upuGan-| | ,(1) g 10998 {,(1)838(]) 4-e npu6an-
—0.,9| 0,09 | 0,8019 HEHHE 79| 0,00005 0,8018¢  Kewue
—0, 0,160 | 0,6144 —0,8( 0,16073 0,61417

Mnul BuzuM, 910 3-e M 4-e npuGarKeHus coBnafaloT Mexpy co6oil ¢ Tou-

HOCTBK 10 4-TO JEcATHUYHOrO 3HaKa.

Ykasauun# 11006 YHCACHHOTO HAXOWIECHUA MOCACAOBATENLHHX MpH-
Omnxenutt pewenus auddepeHIlMasLHOro ypaBRenus ¢ HCNO/ib3OBaHUEM
KBanpaTypunx GopMya ssnsgercs BechMa IGPEKTHBHHM IS MOJAYYEHHS
HECKO/IbKUX HAYaJIbHEIX 3HAYEHHH HUCKOMOTO PCHIEHMS, HEOGXONHUMBIX Aast
Haua/la BLMUCJACHHH B psile METOA0B MPHUOINKEHHOrO WHTErPHPORANAS
(cM. unxe).

§ 5. Meton 3Jitnepa

flycte nanwo nuddepennunanbioe ypasienue
y' =r(x, y) (M
€ HayanbHbIM YCIOBUEM y (Xo) = y,.
Boibpas 10¢TaTOYHO Majbift war #, fOCTPOUM CHCTEMY PABHOOTCTOR
HIHX TOYEK
X, =Xx,+ih (=0, 1, 2, ...). (2)
HckoMylo HHTErpaneByl0 KPUBYID y =y (X), TPOXOASLLYI0 uYeped TOYKY
Mg (xq, 4q), npubmuenno aamenum (puc. 28) nomanoit MyMM, . .. {3),
[4] ¢ sepuwnuamu M;(x, y;} (=0, 1,2, ...), 38enns kotopoit MM, ,
NPAMOMMHEHHE MENCLY TPAMBIMU X =X, X=X, ,; H MMEIOT NOxbeM

YV — f %, 42 (3)

(Tak HasniBaemas aomadas Fdarepa).

Takum o6pasom, 3senns MM, , 71omadoit 3itmepa B Kawaoh

BepliiHe M; HMeloT Hanpasienne y; = f (X, y;), COBNAnaloUIee ¢ Hanpa-
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BieHHeM HWHTerpambnoif  kPHBOR  ypaBuenua (1), mpoxoasuwell 4epes
Touky M,.

M3 ¢opmyam (3) BhiTexaer, uTo 3naueHus y; MOryT 6uThL Ompese-
Aetnl (meTod Jiiaepa) no dopmynam

Y=Y+ Ay, Ay,;=hf(x, y) (i=0,1,2, ...). (4)

Ilas reomeTpuueckoro moctTpoennst nomano Jiiaepa BuGepem nomOC
P (—1, 0) n na ocu opaunat otaokuM otpesox OAy = f(x,, yo) (puc. 28),

¥

Ay

o>

P10

Ouesnano, yrnosoit koadduuuent ayua PA, Gymet paBed f(x,, Y4);
Nno3ToMy, YTOGh NOAYYMTh NMepBOe 3BeHO JoManoi 3itnepa, HOCTATOUYHO
"3 rouxku M, npoeecth npamyie MyM,, napaanensnyo ayuy PA,, 10
nepecedeHus ¢ pamMol X = x; B HexkoTOpo# Touke M| (x;, ¢,).

Mpunas  rouky M, (X, y;} 23a HCXOAHYIO, OTKN3aALBAEM HA OCH
opaunar orpesok OA, = f(x,, y,} ¥ uepe3 Touky M, nposoaum nps-
myio MM, || PA, no nepeceyenns B Touke M, ¢ npamott x=x, u T. A

Meton Jinepa gapadercs mpocTefiuinM Y4ucJeHHHM METOIOM HMHTErpH-
poBanns auddepenunanbuoro ypasuenus. Hepocrartkn ero:

1) Manasd TOUYHOCTb;

2) cucremaTHueckOe HaKoNJIeHUe OLHOOK,

Mowxuo nokasate [1], uto ecqu npasas vacth f(x, y) ypasneuus (1)
HeNnpephiBHA, TO MOCAENOBATENRHOCTL JoMaubix itnepa npn A — 0 Ha
AOCTATOMHO MaJIOM oTpeske [Xg, x,-+ H| paBHOMepuo cTpemuTCs K HC-
KOMOH HHTerpannHo#t KpUBOH y= y(Xx).

Meron dinepa nerko pacnpocTpansieTcs Ha cucremb Auddepenunaib-
HREIX YypaBHeHui.

Mpumep 1. [Npumensin merox Ditnepa, cocraBaTh Ha otpe3dke [0, 1]
rabauuy 3Hauenuii wHTerpana anddepeHuUHa/IbHOr0 YpaBHeHHs

— 5
y—-21 ()

YIOBJETEOPAIOLIET0 HauadbHOMY ycaoBuio y (0)=1, BwGpap war h=0,1.
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Pemenwne Peaygprars esuncaednii npusegensl B tabauue 35 [as
CP4BHEHHA B MOCNEfHEM CTONGUE HOMElIeHb 3HAYEHUA TOUHOrO pelerus y==e* /4,
U3 mpusenennoit Tabanusl BUAHO, uTo a6COMIOTHAS NOCPEMINOCTL 3HAUEHHS I,
cocTaBnsier &,,==0,0361. Orciona or-
HOCHTC/IEHASL [OrPELIHOCTE MPHMCPHO
pasHa 3%.

Ilas cpaBHentst NPHBOIAM Tpadrk
" TOYHOro pedleHis (BbIAEJAEeHHbIA KHP-
g HOW NUHHeN) B COOTBETCTBYIOILYIO JO-
Manyto diaepa MM M,. .. (puc. 29).

Meton Ditaepa, Boo6UIE TOBO-
pd, ob61anaer MajJoH TOUHOCTHIO H
JlaeT CPABHINTENLHO  YLOBJACTBODH-
TellbHHe PEe3yabTaThi (R CMbiCae
TIOTPELIHOCTH) JIHIIb NPH  MaJhiX
3Havenusx h. 310 06CTOATENbCT-
BO IMOHATHO, TAK KaKk MO CylecTBy
meTon Jiaepa 3aKT0HAETCH B TOM,
YTO uuTerpan auddeperuuanpsoro
ypasHennd (1) Ha KawaOM gacrau-
noMm oTpeake [X;, X;.4] npeacran-
asgetca A8yms unenamu pama Tei-
14 ”I, Ty Ty Iy Iy z 10pa

y(x;+h)=y(x)-+hy (x;)
(=0, 1,2, ...),

T. €. ANf 3TOr0 OTPEe3Ka UMEeeTcs NOrpellHoCcTh mopanka A2,

Al 4

i e — =

e —

Puc. 29.

Ta6anuna 35

HnTerpupoBanne Andipepenunannuoro ypasHenus (5) metonom 3Jiinepa

i % y f(x. ”):_x?u Ay=o0.tf (¢, v 10“"2‘;::2736""9
0 0 \ 0 0 1

1 0,1 1 0,05 0,006 1,0025
2 0,2 1,005 0,1005 0,0101 1,0100
3 0,3 1,0151 0,1523 0,0152 1,0227
4 0,4 1,0303 0,2067 0,0206 1,0408
5 0,5 1,0509 0,2627 0,0263 1,0645
6 0,6 1,0772 0,3232 0,0323 1,0942
7 0,7 1,1095 0,3883 .« 0,0388 1,1303
8 0,8 1,1483 0,4593 0,0459 1,1735
9 | 0,9 1,1942 0,h374 0,0537 1,2244
10 1.0 1,2479 1,2840
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Kpome Toro, npu BhvHCHeHnH 3HavyeHHi Ha CJemylolleM OTpe3ke
UCXOJHbIE J(@HHBIE HE SBJAIOTCH TOYHBIMH H COACPWAT MNOTPEUIHOCTH,
33BUCALINE OT HETOUHOCTH NPeALIeCTBYIOLIMX BbIYHC/IEHUIY,

B caeayrowiem naparpage 6yAyT paccMOTPEHH HEKOTOPhIE OPHEMb
yTounenus Meroja Oiijepa.

§ 6. Mopndpukanun meroga ijepa
Paccmorpum cHoBa angdepenunainioe ypasicdne
Yy =7(x v (M

Y (Xq) = ¥o. (2)
Bu6pas mar A, 11010mHm

x1=x0+[h (l.:Oa 17 21 "')'
Cornacuo Meroay 3Jitfepa noc/jefoBaTe/]bHble 3HA4YEdHA HCKOMOrO peuie-
HUS BRIYHCIAIOTCA no npubamkensoft dopmyse

y[+1=yi+hfi1 f[=f(xi1 y;) (3)

Bonee TounniM npagerca YCOBEPDINEHCTRO BAHHKH MeTOA JA0Ma-

C HayaJbHLIM YCJGBUEM

)
.‘/l'OI
//——"‘ jurctg f,
Yi yléf
4 % Zye Tt z
B —
Puc. 30.

b x [18], mpr KOTOPOM cHaua/a BHYUCAAIOT MPOMEKYTOHHbIE 3HAYEHHA

h h
X a=X+5, y 1=y;+5/;
2

t+ i+
2
M HAXOAAT 3HAYeHue HANpPABJIeHUs NO0AA HHTErpasbHeIX KPHUBLIX B CpeA-
et Touke /x , y N\, T.e.f =f(x ., y 1), & 3aTem
L+'2— I+—2- t‘+—2- l+—2- :+?

nonarawT (puc. 30)
Y=Y+ 1. (4)
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Npyro# monudukanueh metona Jitnepa A8/deTCH ycoBepuUl eHC T-
Bosaunui metron dnepa—Kowu [18], npu koropom cuauana
onpegenfercd «rpy6oe npuGanxe-

HHE» pelieHHs
74 P
yi+1=yi+ hfi-
Hexond U3 KOTOpOFO HAX0AHuTCA Ha-
npanjaenue noaa HHTErpanbHoiX
KPUBHIX
fi+1 = f(xi+1' yi+1)'
w34 6.u 1 .
7T - CPI 3atem npuOAMIKEHHO NOAAraioT
; plitlan ()
Puc. 31. Yo =4t
{puc. 31).
[MTpumep 1| [lepswM U B10PBIM YCOBEPUIEHCTBOBAHHBIME MeTOfaMu Jije-
pa NPOHHTErPUDORATL YpPaBHEHHE
2x
'=y—?. y(O)y=1 (6)

Ha orpeske {0, 1]
Pewewnue. [lpumem war h=0,2 u f(x, yy=y—2xy~1

[Tpn6ymkenusle 3HaueHUS] HCKOMOTO DPeuweHds y==y (x), onpegeleunsie
€ MOMOLLBIO yCOBEPLIEHCTBOBAHHONG METONA JOMAHBIX (4), NoMewenbl & Tabuue 36.

Ta6aunuua 36

Huterpuposanne auddepenunanisioro ypasHenun (6) ycoBepuweHCTBOBaAHHLIM
METOAOM JOMAHLIX

h

! X Yi 5 i Food Y, Ayi= hfl_+_1_

2 2 2
0 0, 1 0,1 0,1 1,1 0,1836
1 0,2 11,1836 | 0 0846 0,3 1,2682 0,1590
2 0.4 | 1,3426 | 00747 0,5 1,4173 0,1424
3 0,6 | 1,4850 0,0677 0,7 1,6527 0,1302
1 0,8 | 1,6152 | 0,0625 0,9 1,6777 0,1210
5 1,0 | 1,7362

B rabnuue 37 npupeseHb! pesysbTaThl BhIYMCJAEHNH WHTErpaia ypasHeHns
(6) ycomeplleHCcTBOBaHHBIM MeTofoM Jftnepa— Koun, npxuem lWar coxpanet
npexuuii; h=0,2.
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Hns  cpaBHeHMA  OPHBOAHM TOYHOE peleHHe Y= V2x+ 1, oTKyaa
y ()= V¥ 3=1,73205. ..
Ta6nuwua 37

Unterpuposanue puddepeHynansnoro ypapHeHnn (6) ycoBepWeNCTBOBAHHEIM
MeToaom diinepa — Kown

i X ¥i -;Lf( Xig, Yits %/:+1 A‘/J‘=‘§‘Ui+/i+-)
010 1 0,1 0,2 1,2 0,0867 0,1867

1 0,2 1,1867 | 0,0850 | 0,4 1,3666 | 0,0767 |- 0,1617

2 0,4 1,3484 0,0755 0,6 1,4993 0,0699 0, 1454

31 0,6 1,4938 | 0,0690 | 0,8 1,618 0,0651 0,1341

41 0,8 1,6279 | 0,0645 1,0 1,7569 | 0,0618 0,1263

5 1,0 {,7542

YcoBepuiencTsoBaHnnit Meton Jinepa —Kowmm Mowdo enie  Gonee
YTOUHATB, NPUMEHAS HTepauuoHuylo o6pa6oTky [19] kaknoro
3HaueHus y,;. A MMeHHO, HCxoaa H3 rpyboro npubanxenus

B =y hf (g,

HOCTPOUM HTePAUHOHHBI Mpouece

(k=1)

W =05 [0 0 +f G 80 (R=1,2, 0. (D)

Wtepaunio npomo/saaeM A0 Tex I[10p, NOKA HEKOTOPbIE [IBa NOCJeld0OBa-

(m) (m+1) &
TEALHH X I'lpH6./lH)l<eHHﬂ Yiv1 Y Yip HE COBIIAAYT MEeway co0oit B cOOT~

BErCTBYIOUIMX AeCATHUHLIX 3nakax. [locne 3roro monaraem y;, zyﬁ'ﬁ’,,

rae ymh, — obwas vacte npubmikeruit yirh u yitTY

Ecan anroput™ yTOUHEHHs yMC/EHHOTO 3HAaueHHs y; HCKOMOTO pelle-
HHA pOC/AE TPEX-4YeThiPeX HTepauuil He NPHBOAMT K COBnalenur Tpebye-
MOro 4iuC/a JeCATUYHHX 3HAKOB, TO CJAEAYeT yMeHbLUTb ar BHYH-
ciennsa h.

OrMeTuM B 3aK/IOUenHe, 4YTO MeTON IHnepa ¢ UTEpauHonHOB obpa-
GOTKOM OpAMHAT JaeT Ha KaWIOM 1UAre OOTPeUiHOCTb nopsaka f3
W HepesKO NMpuMeHsieTcd B BHUUCIHTENBHOH mpakTuke.

[Tpumep 2. [IpuMennan meTon HrepanvoHHoil 06paGoOTKH, C TOYHOCTHIO JIO
yeTHIPEX COBMAAlOU{MX AeCSATHYHBIX 3HAKOB Haitn anauenue y (0,1} murerpana
Iubdepernuaibaoro ypaBsHeHus .

¥ =x+y yO@)=1
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Peuwenne. [Npumem war £#=0,05 [lpumeHss urepaunonuuil npouece Q)
U yuHThIBaf, 4To f (x(, y)=0,05-}y, nocnegoBatensHo OYIeM UMETH:

y{» =14-0,05-1==1,05,

y1) = 140,05 .Ltgl_"_o= 1,0525.
yii) =14 0’05.%.1.0_2?: 1,05256,
yfzr) =1 _}_0‘05.L+_1'2%E= 1,05256.

CnexopaTefbHo, YAepPKAB 3aNACHOH 3HaK, MOKHO MOJOKHTL y; = 1,0026.
Auanornuno, npmusas x;=0,05 v y,=1,0526 3a ucxofume XaHHBe H NpR-
HHMAsg BO BHHMaHHe, YTO f (xy, y)=0,1--y, c momMoLIbIO TOFO Xe HTepauxOH-
Horo npouecca (7) Ooayuum:
y'» =1,052640,05-1,1026 = 1,1077,

1,10264-1,2077
7
1,1026 41,2104
2

y{"'=1,05264-0,05 - =1,1104,

y;z)=1‘0525+0,05. =1,1104.

Orciona g, =1,1104,
s cpasnenus UPUBOAHM TOUHOE 3lAYeHHE

§(0,1) =281 —1,1 =1,1102.

[Tpumep 3. C noMoibld UTEPANHOHHOH 0GPAGOTKM YTOUHUTH 3HAYEHHS
y; (i=0, 1, ..., 10) unrerpana ypasuenuss (§ 5, mpumep 1)
X
y'=7y; y (=L
Pewenne. [locne tpex-dyersipex nepecyetor no dopmysam (7) npn
h=0,1 MB nOpUXOZHM K COBMajeHHI UYETBEPTOro 3HAKa NoCJe 3aMATOl B
snavennax opaunar gi® m yl¥*+ 1) PesyanTaThl 3THX BHUHCIEHHE NOMeleHbl
g8 Tabauue 38.
Ta6nuna 38

HuTerpaposanue audibepetunaibrorO ypaBHelns MeToaom
disepa ¢ Mocenywomeit uTepanueil anavenui

! x y Fx o =»§3 f (9 Toq";’z:ﬁ’/ﬂe""e
0 0 1 0 0 1

1 0,1 1,0025 0,0601 0,0050 1,0025
2 0,2 1,0100 0, 1010 0,0101 1,0100
3 0,3 1,0227 0,15634 0,0153 1,0227
4 0,4 1,0408 0,2082 0,0208 1,0408
5 0,5 1,0646 0,2661 0,0266 1,0645
6 0,6 1,0943 0,3283 0,0328 1,0942
7 0,7 1,1305 0,3957 0,0396 1,1303
] 0,8 1,1738 0,4695 0,0470 1,1735
9 0,9 1,2248 0,5512 0,0551 1,2244
10 1,0 1,2812 1,2840
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N3 ta6nunsl BHAHO. 4TO NpepesbHas a6comoTHAas NMOrPellHOCTE NPUGIHKeH-
HOro pemeHus Ha otpeske [0,1] menbue 3.1073, T. e. nmpepesbHas OTHOCHTEJb-
Hasl NOrPemHOCTb COCTaBasfeT npumepro 0,29,

Meron Jitnepa u ero mMoanpHKAUMA ABIAIOTCA NpocTedmwnmu Open-
CT2BUTENAMH KOHEUHO-PG3HOCTHbLY METOLOB (iaz08btx MeT0008) NAs npH-
Omkennoro pewenus oObkHOBeunbX auddepenunanbibix ypastennil Buia

Y=Ly (X, Uy, Yoy «oey U,)  (R=1,2, ..., n) (8)
npn 3aJaHHLIX HadanbUbixX yCJIOBHﬂX
U (%)=t (k=1,2, ..., n. (9)

(Ipy up¥MeHEeHHH KOHEYHO-Pa3HOCTHOrC MeTOMAa HCKOMOE pelleHHe
y, =Yy, (x) (=1, 2, ..., n) nocnenosaTenbHo CTPOUTCA HA CACTEME
Touek (ysnos) x;=x,-+ih (i=0, 1, 2, ...), rpe A—BuGpauHmit
war, Tlpouecc swyucaennit pacynensercs Ha 0110006pasHo nosTopaloLULKE-
€ UMK/IH, KaxAh# U3 KOTOPHX ofecneynBaeT NepPeXOX OT 3HAYEHHA
y, (%;) x 3Hauehnw y,(x;,,), Haynuas ¢ navanshoro yi®). TosTomy cxe-
Ma BhMHcAeHuH, Boobuie rosops, NErko Oporpammupyercs M yAaobua s
peanuaalMi Ha BAEKTPOHHO-CYETHhX Maluuhax, Ecam npasbe yacta f,
cucreMn (8) CAOXHB, TO TpeOYKOTCH ChEUHanbHbEe NOANPOrpaMMel I/
noAcyeTa Yy (X;).

- § 7. Meron Pyure —Kyrra

HNycre mano auddepenunanibHoe ypaBHeHHe HEpBOro MOPsSAKa
y'=f(x y) (h

¢ HavanbHBIM YyCN0BHEM U (X¢) = Yq.

Bu6epem mwar k W 1aa KpaTKOCTH BBeeM 0603HAYEHHS X; = X+ ik
H yl:y(xt) (1201 1) 2) '-')-

PaccMoTpum uucna:

i i h Pyl
k(1)=hf(xi7 vi), k(al):hf <x.t+—2- ) y-,—}-_;') ’

0 / h Ry @ @ @
N R 8 B e e 4B

Cornacio o6wunoMy Mmetony Pyure—Kyrra [18]—([20] nocnenoBarelb-
Hble 3HAYCHHA y; HCKOMOH (YHKLMH y ohperessiores no dopmyne

Yir1=Y:+ Ay
rue
Ay = (&0 + 280 + 260 +£0) (1=0,1,2,..0.  (3)
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MowHO NOKa3aTh, 4TO MOrPEIIHOCTh STOr0 METOAA HA KAWAOM are
ecth BenuwyuHa nopaaka k% [18], B npemnonowenuu, yro f(x, y) € C®.
[Monydyens Takwe dopmyns Ttuna Pyure —KyTta ¢ UBBIMH nopaakamu
rouroctn [18], [24].

Nna Boiaucnaesns no ¢opmyne (3) yRoOHO NONB30BAThCA CXEMOH,
npuzeneHnoit 1 tabauue 39.

Ta6nuuwa 39
Cxema meroga Pyure — Kytra
{ x y k=hf (x, y) Ay
X Yo k(lo) k(lﬂ)
(0)
h k

o vt 2 Y 2
’ h kfzo) 0) (0

x0+§ Yot —5— kG 265"

Xo--h Yo - kf“” k&m kf“”

1

- — - - I3 Z=Ay,
i Xy Yy .

AdpdexTurHan oleHKa HOCpPeuIHOCTH MeToAd Pydre—Kyrtra 3atpyiuu-
tenbua (cq. [18]). [loatomy ana onpemenenns npasmabHOCTH BHIGOPA
wara B Ha npakTHKe OOWYHO HAa KAaXAOM 3Tafe M3 JABYX UI4COB MpUMe-
HAIOT ABOHHOH mepecuer (26]. A UMEHHO, HCXONS M3 TEKYULErO BEPHOTO
3Hadenus g (x;), BHUNCASIOT BeaMuHny g (X;+ 2h) nRyMs cnocoGamu:
ONWH pa3 ¢ waroMm #, a Apyro# pas c asoliuptM warom H=2h. Ecau
pacxokIeHue MOJYYEHHHX 3HAYeHHH He npesbliiaeT AONYCTHMO# norpews-
HOCTH, TO L14ar A XA JaHHOro 3Tama BLI6PAH NPaBuAbHO M MOJydeHHOE
C ero rOMollblo 3HAYeHHE MOKHO MPHUHATHL 3a ¥ (x; + 2k). B nporusdom
cayyae war yMeHbIlaloT B XBa pasa. Takoro poaa BuIMHCAHTENBHYIO CXEMY
JErKQ 3aipOrpaMMUpoOBATh AAs PAOOTH HAa SNEKTPOHHO-CUCTHHEX MAaUIU-
nax [26]. YnorpeGaserca rakke (PUGMIDKEHHAas OLEHKA [OFPELIHOCTH
(cm. § 13).

Meton Pyare —KyTTa 0o6nanaet sHa4nTeNbHOR TOYHOCTBIO H, HECMOTPS
Ha CBOI0 TPYAOEMKOCTh, LIMPOKO HCNOAb3yeTcd NMPH YACACHHOM pelieHHy
nudepeHnanblbX ypaRHEHAR C (OMOULbIO 31EKTPOHHHX BbIYACAHTENb-
HBX Mamud, KpoMe TOro, BaXHLIM 1IPEMMYU1ecTBOM 3TOr0 METOoNd fB-

nMeTcl BO3MOXHOCTb MPUMEHCHUS «liepEMCHHOI0 Lara», .
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3amerum, 1TO a9 Ha4ana suiuncaenuit no merogy Pyure— Kytra
HE HYWKHO CTPO#MTH Hadaneuuil orpesok (cm., § 8).

Mpumep | Merogom PyHre —Kyrra suluHc/IHTe Ha orpeske ([0, 0,5]
HHTerpan AugdepeHUHaNbHOr0 YPaBHEHH A

y=x+y yO =1, 4)
npuaas war i1=0,1.
Peueune, [Mokaxem Hauamo npouecca.
Boiuucaneunue y,. [Mocnesosareanto nMeem:

0= (0+1)-0,1=0,1,
K®) =0,05+ (14-0,05)-0,1 =0,11,
k(" = 0,05+ (14-0,055)-0,1=0,1105,

B =0,1 4 (14-0,1105)-0,1 =0,12105.
Orcrofa .

Ay, =%(0,1 42.0,1142.0,11054-0,12105) =0.1103,

H, cnaejgoBaTensbHo,
Yi=yp+ Ay,=14-0,1103=1,1103

Auanornuno BBUUCIAIOTCS fasbHefine npubanKenus. PeayabTarsl BBIYHCACHHA
npusefiennl 8 tabnuue 40. Takum o6pasom, y (0,5)=1,7974. [Ina cpasneuus

NPUBOSHM TOHHOE pemenne y=2e¥—x—1, orkyna y (0,5) =2} e—1,5=1,79741...

" Merton Pyure—KyTTa npuMenuM Takxe nad NpUOMMKEHHOTO pefeHus
cHeTeM OObIKHOBEHHBIX AUddepeHnanpHblx ypasHeHHHA.
{lycte mana cucrema muddepedinuanbueix ypasHeHui

Yofix 9 (5)

U HavalibHbie YyCA0BuA Y (X,) =¥,.
3anaBilinch HEKOTOpPLIM 11ArOM A W BBEeAA CTaHIAPTHble 0603HAYEHHS

X = XoFih o Y =9;(%), AY; =Y. —y; mpr (=0, 1,2, ...,

HOYIOKHM!

k(l(”:hf (%4, Yoh
o) kY
k, =hf<xo+2-.vo+ 5] ):

o) k(o)
k3 :hf(x+2y—v0+2)| l
B = hf (x, B, v, + £, )
' Cornacno merony Pyare—Kyrtra Ay, npuGmixenno onpeaensior mo
topuyne
Ayy =3 (A0 2k 10 1), ()

orciaa y; ==y, + Ay,.
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Ta6nuna 40

Hurterpupopanne puddepenunansioro ypaenenuns (4) merogom
Pynre— KyTtra

f x Yy k=01 (x+y) Ay
0 0 1 0,1 0, 1000
0,05 1,05 0,11 0,2200
0,05 1,055 0,1105 0,2210
0,1 1,1105 0,1210 0,1210
% .0,6620=0,1103
] 0,1 1,1103 0,1210 0,1210
0,15 1,1708 0,1321 0,2642
0,15 1,1763 0,1326 0,2652
0,2 1,2429 01443 0,1443
% .0,7947 =9,1324
2 0,2 1,2427 0,1443 0,1443
0,25 1,3149 0, 1565 0,3130
0,95 1,3209 0,1571 0,3142
0,3 1,3998 0,1700 0,1700
& 0,9415=0,1569
3 0,3 1,3996 0,1700 €,1700
0.35 1,4846 0,1835 0,3670
0,35 1,4904 0,1840 0,3680
0,4 1,5836 0,1984 0,1984
%-1,1034:0,1840
4 0,4 1,5836 0,1984 0,1984
0,45 1,6828 0,2133 0,4266
0,45 1,6902 0,2140 0,4280
0,5 1,7976 0,2298 0,2298
%-1,2828=0,2138
5 0,5 1,7974
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Hanee, npunsiz (x;, ¥;) 32 HCXOAHHE [NanHke W MOBTOpAA TOT Xe
pOIECC, HAXONUM Y,. AHAJOTHYHO BHUHCAAOTCH ¥; ({ =3, 4,...).

Mpumep 2. Metonom Pyure—Kyrra npouHTerpHposaTh ypaBHeHHE
KOMeGaKHil MasiTHHKA B compoTusJafoueics cpene (eM. § 1, npumep 1)

2o 40292 4 105n@=0 @)

npH HauadbHX ycnomusix € (0)=0,3, ©(0)=0 (é:d{t—)) .
Ta6auua 41

HUHrerpuporanne cucreml auddepenynanbtsix ypasHeHunid (9) metomom
Pynre — Kyrra

i ¢ a ® £V =016 P =0,1 & A8 Ao
i
I\] 0,3 0 0 —0,2955 0, —0,2955
o 10,08[0;3000) —0, 1478 | —0,0148 | —0,2926(  —0}0296 —0.5852
0,05{0,2926} —0,1463) -—0,0146 | —0,2855 —0,0292 -—0,5710
0,1 |0,2854| —0,2855| —0,0286 | —0,2810 —0,0286 —0,2810
—0,0874 —1~— 1,327 ! =
0874 == | —1,307 =
——0,0146 =—0,2888
0,1 |0,2834| —0,2888 | —0,0289 | —0,2759 —0,0289 —0,2759
1 0,15(0,2710 —0,4267 { —0,0427 | —0,2592 —0,0854 -—0,5184
0,15]0,2641| —0,4184 | —0,0418 { —0,2527 —0,0836 —0,5054
0.2 |02436| —0.5415 | —0.0541 | —0.2304|  —0,0541 —0.2304
l 1 1
—0,2520-E-= —1,5301~€=
—=—0,0420 | =—0,2550
0,2 |0,2434| —0,5438| —0,0544| —0,2301 —0,0544 —0,2301
5 [0,250,2162 —0,6589 | —0,0659| —0,2013|  —0,1318 —0.4026
0'95(0/2105| —0.4645 | —0,0644| —0.1960|  —O0,1288 —0/3920
0'3 (0.1790| —0.7398| —0.0740| —0,1633|  —0.0740 —0'1633
0,3889 ! = 1,1895. —l~—
~0,3889. = | —1, L
——0,0648 | =—0,1980
310,30,1786| —0,7418 | —0,0742 | —0,1647
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o .
Pewenne. Menaras — ==@®, sanuem ypaenenne (8) B BUAE CHCTEMH

dt
JmpdepeHunanbHLIX YpaBHeRni
=0, ©=—0,20—10sin8, )
npiuem 6,=0,3, wy=10. Bubepem war ‘
h=At=0,1
H TION0X KM
) L)
f: N k= '
® k2
e =0, = —020—10sin ® U KOMNOHEHTH EN, k2 onpepensioTcst 13
dopmya (6).
PeayabraTh BhluMCAeHU 1O Gopmynam (6) n (7) nomewens B Tabaune 41.

XO]I lLaJ]bHel/lLLll/lX BLIYUCJEHUN MOHSTEH U3 npHuBejeHHoOro oﬁpaaua

§ 8. Meron Anamca

OTOT METON 4YHCIEHUHOTO HHTErpHpOBaHus paspadoTaH AmaMcoM 8
1855 r. no npockfe uasectHoro anraufickoro apriiaepucra Bawdopra,
3anuMaBwerocs BHeweh Oaannctakofl. Bnocnencrsnu sror MeTom Obin
320uIT ¥ BHOBb OTKpWIT B Hayaje BeKa HOpBeKCKHUM Matemartikom [lltep-
mepoM. [lonynspusauns meroma Anamca m nanbHeilwee ero ycosepen-
cTBOBaHMe cBs3aHp ¢ uvedem A. H. Kprinosa [10].

WManoxnm meron Amamca [10], [19], [20] npumenntensno k ypasHe-
HHIO NEPBOTO NOpsAIKa

y'=r(x, v (1)

€ HayalbHhIM yCNOBHEM
Y (Xe) =4, (2)
Hyere x,;(i=90, 1, 2, ...)—cHcTeMa paBHOOTCTOSILMUX  3HAueH: il

¢ waroM £ n y;=y(x;). Ouernano, umeem
X+ 1
Ay; = S y'dx. (3

xl

B cuny BTOpoit matepnonsunonuoit ¢opmyan Heiorona (cm., Hanpumep,
[13]) ¢ TouHocThiO MO pasHoCTeli 4eTBEPTOro NOpsAKAa nonyyae

! 1) (g4-2
¥ =yi+9hy;- 1+"(q+ Lazy, +‘I(q+ )(q+ L83y, (4)

X—x;
h r

rae g = HaH

3242 ,
y' =y +ghy,, + L2 J“'Az 2+q—tq—+—f’A”,a- (4')
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{lonctasnan seipancenne (4') 8 dopmyny (3) u yuuthisad, uto dx == kdq,
OyleM HMeTb

1
, , 2 , 34 392 42 .
Ay‘.=h S<Yt+qAYI~1 +"q _;_qA2J’f-?+q + Z + qu z—a)dq'
°

Orcrona nony4vaeM 3IKCTPANONAYUORHYIO ¢OpMy/ly Adamca
4 l 4 5 ’ 3 ’
Ay( = hyt + '2_ A (hyt-l) _I_E A2 (hy[~2) + —8— A" (hyi—~:;)- (5)

HOnn wauana npouecca HYWHbl Y4eTHIPE HAYANBHBIX 3HAYEHNN Yo, Yy, Yo, Ya,
TaK Ha3uBaeMblil Hauasouold OTPE30K, KOTOPHH ONpereasioT, UCXOoms U3
HAYAABHOTO Ycnosrf (2), KakHM-HUGYAL 4YHCAeHHBIM MeTodoM. MowHo,
HanpuMmep, Mcnonn3oBate Meron Pydwre —KyrTa wan pasnomenne B pan
Teitnopa

Yo=Y (%o +ih) = yo + by (ih) + - (i) + .. .,

rae i=1, 2, 3 (nm i= —1, 1, 2 ¢ COOTRETCTBYIOULUM H3MEHEHHEM
Hymepauuu). 3Haf 3Tu 3HA4YeHHd, u3 ypaBHenus (1) mowHo mHailTu 3Ha-
YeHUA MPOU3ROMHBIX Yy, Y1, Yy, Y3 M COCTABATH TaGAHLy pa3nocTeil:

A(hy), Alky)), A(hy,), A% (hyg), A% (hyy), AP (hy,). (6)

Hanpneiiune 3vavenus y; ({=4, 5, ...) HCKOMOro pelIenHs MOXHO
war 3a (1aroM BuYHCAATH 10 (OpMyne AXamca, NHOMOJKHAS MO Mepe He-
o6xoaumocT Tabauny pasuocteit (6).

Has xoutpons pexomennyercs [8], [9], Buuncnius neppoe npu6an-
keune 1ag Ay, no dopmyrie

’ { . 5 , 3 .
Ayi = hy;+ 5 (BAy;_1) + 35 A% (hyi_a) -+ 5 A% (hy;),

anpenennTb y{+l=y,-—}—Ay,!, MNOACYNTATh KOHEYHbIE PA3HOCTH
A(hy,-), A2 (hy[—l)’ Aa(hyi—z) (7)

W 3aTeM HalTH RTopoe npubmniedde no 6onee To4HON Gopmyne (cM. § 9)

AYH =y o A (hy) — 15 A (hyf ) —oy AT (i) (8)

Ecmn Ay} n Ay[” OT/AMYAIOTCA JiHUIP HA HECKONbKO EIHHHL Mo¢nef-
HErO COXPaHAEMOr0 AeCATHYHArO paspaja, TO MOXKHO MONOKATE Ay; = Ay,
a 3atem, Hafina Ay, ,=y;+ Ay;, NEPEBHYUCAHTL KOHEUHBE PABHOCTH
(7). Mocae storo, cTporec roeops, cleayer CHOBAa HAlTH Ay,” no ¢op-
myse (8). [NosToMmy war £ gonwen ObiTh TAKUM, YTOGW 3TOT nepecqeT
oLt H3JIMILHUM,
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Ha ppakTuke wmar £ BLOMPAIOT CTOAL ManbM, YTOOHW MOWHO Onu10
1 ;
npesefpedn 4JNEHOM 2—4A"(hy,_2) B ¢opuyne (8).

Ecam ke pacxoxaenne seanunt Ay, n Ayl 3HaUHTEAbHO, TO CleLyeT
yMeHbIUUTL WIar £,

O6niyno war £ yMmeHblialoT poBHO B aBa pasa. [lokawmem, KaKk B 3TOM
clyvae, uMed A0 HEKOTOpOro 3uauenus { Tabauuy BeJUYHH X Y
Y,=hy; (j <) c warom Ax; =1, '\‘lOzKHO NpoCTO TNOCTPOUTH TabaHny

BEJNHUUHH x—f-/e— <x —}—k‘)> Tl/,=§J <xi—|—k§> (=0, 1,
2, ...) ¢ warom 5[28], Hna kpatkocti BBeieM cokpaiueHHHe 0603HA-
ueHug:
h h h 3
X =X +k-7‘ =L(.’C-—]—k;—>, ‘ = ( -
pk TR Y A SRR e Y “3)

i=0,1,2 ...: k=0, 1, =2, ...).
Ha ocnoBannn dopmyas (4) Gynem umerh

! 1 2
=Y, +4qAY; +‘17—(5’FA2Y/_2+‘1—(1%A3Y;_3, (9)

rie Y=hy'. Otciona, nonarag j=i—2 u ¢=1/2 ¥ yudTuBag, 4TO
h
x=x1_2—}--2—=x 4 » HaXoLUM

1 3 5
Vs =Yiat gAY s+ g A%, 4+ 5 8%, (10)

2

Ananernuno npm j=i—1, ¢=1/2 u3 dopmyas (9) Boayuaem, 4to
APryMeHTy X =X;_;+h/2=X | COOTBETCTBYET 3Hauenue

2

1 3 5
Y =Vt MYt g Ao gAY (11)
2

Yr1o kacaercqa 3Hauenmit Y;_, m Y, TO onu umerotca B crapodl tabanue,
Iocne storo cocrasnsieM HauanbHul OTPe30K A/ HOBOH TAaGAMIBIL

1 1 1 1
7]—3=ijl_i: 7]_2=?Y,-_1, n—lzfyl_i, 710:?}’1'
2

2
M HAXONHM KOHEUHble PA3HOCTH:
8Ny = 14—, (k=—3, —2, —1),
62nk:6nk+1—6nk (k=—3, _2)¢
3, =06,,,—0n, (k=—3).
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Haneiwre Ta6auua nponomKaeTcs OGBYHHEM NyTeM, NOCPEACTROM COOTBET-
creyowmeil Mmorndurauny GopMyant (9):

1 5 3 <.
8!/“_]_: Tlf-l—-g 61]/—1 +1—2 ‘527]/-2 + gﬁdﬂ/_a;
2
oy A4S =0, 1, 2, ...).
yz+’+T‘ i+]—+ YL U )

Ilng pa6oTh HA SNEKTPOHHBIX CYeTHHX MauiHuax dopmyny Anxamca (5)

BLICOJHO MPHUMEHATb B PacKphiTOM BHAe, YdUTbBAaf, 4TO

Ayia =Y, — Y,

Ay s =y, —2y4; 1+ Y s

Ay s=y;—3y;y +3Yi2—Yia»
nocie ppuBeleHHs DOXOOHBLIX 4NEHOB HMEeM

h ] . , ,
Yiv1=Y:F 55 (556, — 591 + 37y, —9y;-5),

npuaem x;, ., =Xx,4 h.

[Tpumep 1. Merogom Apamca naiiTm na orpeske [0, 1] unrterpasn ypag«
HeHusd . .

y=x+y, yO)=L

Pewenune. [Mpumem mar A=0,1. [ag wauana npouecca HCNOJb3yeM
3KaueHHd, Hall nenunle metooMm Pyure — Kyrra (cM. § 7, npumep 1), T. e. ypo=1;
yy=1,1103; yo=1,2427; y4=1,3996.

NanbHelinive BbiUACTEHUA pacnofaraeM B I8yx G6JaHKax'. OCHOBHOM
(ra6auna 42) 1 BcnoMoratenabuoM (TaGnuna 43).

Ta6nuuma .42

OcHOBHOM GnaHk A0 WHTerpuposanns RuddepeHinajbHOre ypaBHEHUWH
MeTonom AjgaMca

i x y Ay hy A(hy'y | At (hyn) | A% (hyY) y*

0} o, 1, l 0,1000 210 ' 23 ‘ 1 1

1| 0,1 1,1103 0,1210 333 24 2 1,1103
2( 0,2 1,2427 0,1443 257 26 5 1,2428
30,3 1,3996 | 0,1838 | 0,1700 283 31 2 1,3997
41 0,4 1,5834 | 0,2137 | 0,1983 314 33 3 1,5836
51 0,5 1,7971 0,2469 | 0,2297 347 36 5 1,7974
6| 0,6 | 2,0440 0,2833 | 0,2644 383 41 3 2,0442
741 0,7 { 2,3273 | 0,3235 | 0,3027 424 44 2,327H
81 0,8 | 2,6508 | 0,3682 { 0,3451 | 468 92,6511
9| 0,9 3,0190 0,4172 | 0,3919 3,0192
10| 1,0 | 3,4362 3,4366
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Ecnu npasas uacts juddeperHaIbHCTC ypaBHEHUT CAOXKHA, TO B OCHOBHOM
6nanke NPUXOAUTCS BBOAUTH npoMexyTounnie rpadbr [10]. [pu sanonuenu
BCNIOMOTaTeNLHOrO G/aHKA MCNOAB3YIOTCA cordacHo dopmysae (5) HaKNoHHLIE
CTPOKH.

Ta6auna 43

BenomoratennHniil GaaHk AMA HHTErpuposaHus aupdepenuuannHoro
ypagHeHHsl MeToloM Anamca

i 3 ¢ 5 6 7 , 8 ( a
hy; 0,1700 | 0,1983 | 0,2297 | 0,2644 | 0,3027 | 0,3451 [0,3919
%A (hy' _1) 128 142 157 174 192 212 234
1—52A2 (hy' —2) 10 11 13 14 15 17 18
g— A3 (hy' _3) 0 1 2 1 1 2 1
Ay, = 2 0,1838 | 0,2137 | 0,2469 | 0,2833 | 0,3235 ’ 0,3682 | 0,4172

B nocaeguem ctonGue tabanub 42 npusepenbl [ CPABHEHUS] TOUHbIE 3HA-
ueHust pemenus y*=2¢%¥—x—1. Orcioa BHINO, YTO MaKcHMaJbHast OIIUOKA
npuGJKeHHOTO pellelids y He NPeBOCXOAMT HeThipeX eAHHHIL MOC/ELHETO aecsi-
THUHOro paspsjga MOXHO 6bin0 Gbl yMEHBLIUWTh 3Ty OWIHOKY, MpHMEHUB JBOHHOI
BepecueT Mo KOHTpoabHOH (opMyle M BBeffl coOoTBeTCTBYMOmMe nonpasku {18).

Meroxn Anamca [10], [19], [20] nerko pacnpocTpansiercst Ha cucremy.
dnddeperiinanbibix  ypaBHeHni

d
d_-::f(x-y y)

NpR  HA4aNbHBX  YCJAOBHAIX ¥ (X,)=213,. A HMEHHO, HMes BeKTOpHHIL,
HauYalbHHI OTPE30K Y, Vi, Vo V3, AdNbHelIUNE 3HAUCHUA KOOD-
IMHAT HCKOMOM BeKTOp-PyHKIMH Yy =y (X) onpemensieM, HCNOAb3ys
topmyny

1 5 3 .
Ay, =hy; +5 A(hy; 1) + 5 A% (hy; ) +5 A% (hy, ) (=4, 5, ...).
Jns 4UCNeHHOTO HAXOWEHMS PEIeHHST MOWHO HCIOJAL30BATh Onanku,
a11aM0TUYHLE DPUBEIEHHBIM BHIllE.

Mpumep 2. VYpasueHue KoneGanuii MafATHHKA uMeeT BHL (cM. § 7,:
npumep 2)

d2e 4,40 in@—
S o,zd—t—}—lOsm 8=0, (12)
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npuuem @ (0)=0,3, 6 (0)=0. MeTosoM AaMca onpejleHTh YrIOBYO €KOROLTh
MasTHHKA NPH NepROM NPOXOXKICHHH NMOJNOXKEHHA pasHOBecHs 6 =0.
Pemwenne 3anuceiBaem ypasHeHue (12) B Buje CUCTEMH

G=w, 0= —0,20— 10sin 8.

METOL AJXAMCA

Hauanpuuit orpesok aas mara A=Af=0,1, nopcuuranHsiil Metolom Pynre—
Kyrra, 3aumetByem u3 § 7 (npuMep 2), npuyeM orpaHHUHBAeMCH TPpeMA AeesTHY-
IbIMK 31 AKAMU:

{=0; 8,=0,300; ©,=0;

t=0,1; 6,=0,285; ©;=—0,389;
t=0,2;, 6,=0,243; w,=—0,544;
1=0,3; ©,=0,179; o= —0,742.

Tloab3ysick 8TUMYM paHHBIMK, 3anosHgeM octiopHoil 6aank (tab6anua 44) n weno-
Moraresbublil 6aank (Ta6nnna 45).

Ta6anwupa 44

OcHOBHON 6naHK ANA pelieHHA CHCTeMul ARGdepeHUHANBHBIX ypaBHEHHil
MeToloM Apamca

‘ { ) A® ne A (h6) A? (h8)
0 8] 0,300 0 —29 4
1 0,1 0,285 —0,029 —25 5
2 0,2 0,243 —0,054 —20 8
3 0,3 0,181 —0,082 —0,074 —12 8
4 0,4 0,099 —0,088 —0,086 — 4
5 0’5 0,11 —0.089 | —0.000
6 0,6 —0,078
A h8) w A i A thay At thay | A (ha))
1 0 —0,296 20 26 — &
3 —0,289 —0.976 46 21 —5
0 —0.544 0.930 67 16 —10
—0,742 —0,122 —0,163 83 6
—0,864 —0,033 —0,080 89
—0,897 +0,051 +0,009
—0.846

Takum ofpasom, unTepecyomuii Hac MOMEHT EpéMeHH, ANH KOTOPOFO OTKJO-

nene O (£)=0, ynoeneropser Hepasenctey 0,0 < t < 0,6.

Dng yrounennsa coctaBuMm TaGaumy -pasnocrteil (ta6nnua 46).

6 B. I1. lemuponnn u pp,




162 PELIEHUE OBHKHOBEHHBIX JMOOEPEHIMA/NBHHX YPABHEHHE [ri.

Ta6anua
BcnomorareanHbiit 6aaMK AAA pemieHHsi cHCTeMbl RHPPEPEHUHAABHBIX
ypaBHeHuit MeTOAOM Afamca

i 3 4 i i)
h8; —0,074 —0,086 —0,090
QiA (h8;_)) — 10 — 6 — 2
%A* (h8; _1) + 2 |+ 3 | + 3
% A3 (18 _o) o | 4+ 1 0
AQ; =D —0,082 —0,088 —0,089
{ 3 4 5
hay —0,163 —0,080 40,009
%A (hw; _y) + 34 + 42 441
DA% (i) TN S 2
5;_ A3 (h6; _) T I - 4
Aw; = 22 —0,122 —0,033 +0,051
Ta6anunua
KoHeuHbie pasHOCTH BeaHYHH O M ®
t e AB A'Q m Ao Alw
0,3 0,181 —82 —6 —0,742 —122 89
0.4 0,099 —88 —0,864 -3
0,5 0,011 —0,897
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IMycte 4= (—0,5)/0,1 =10 (¢ —0,5). [TpuMenas BTOpYy0 HHTEPNOJALHOHHYIO
¢popmyny HploTona, 6yfieM HUMeTb
0=8=0,0114g¢(—0,088)+2 "+”( 0,006).

Otcropa

0,011 0,003
=G 088~ 0ogs ¢ (9 ' =0.125—0,034 (g+ ).

[Mpumensia MeToR nocllefoBaTeNbHLIX NPUEAKKEHHA, MONYUHM
¢'9=0,125,
¢1=0,125—0,034-0,102-1,102 =0,125—0,004 = 0,121,
4 =0,125-—0,034.0,098-1,098 =0,125— 0,004 = 0,121.

CnefioBate/ibHO, MOXHO NpuHATs ¢=0,121 u =0,5+40,1¢=0,512.
CHoBa mose3yficb Bropoil uurepnonsuuonnoi gopmyoit Horotona, naxonum

0= —0,897+ g (—0,033) +&"2+—” « 0,080 = — 0,897 — 0,004 0,006 = — 0,895.

Takum 06pa3oM, OKOH4YATENbHO HMeeM ®=0=—0,805.

§ 9. Metog A. H. Kpbinosa mocsnenosatesbHblX COasmenni

Kak BMAHO M3 npelbiiyliux naparpadioB, MHOIHE METOJMbl YHC/AEHHOTO
unTerpupoBanua auddepenunanbunix ypasrenuil, Bkatoyaa Meton Apamca,
pacnamatoTca Ha JBa sTana:

1) saxowaenue HayanbHOro OTPE3Ka HCKOMOrO pelleHus, T. €. Ha-
yano pemeHHs AW BXOA B Tabanly;

2) Buiunciene panpHeHIINX 3naYeHAH Ha OCHOBE HalpeHHLIX BEJIMYUH,
T.€ NpPOLONKEHHE TabanuL

3nech Mn M3anowum npunaanewawmit A, H. Kpunosy {10], [8], [22]
cnoco6 NOCTPOEHHA HAYAALHOTO OTpe3xa MeTodoM ROCAeJ0B8ATEAbHbLX
cOaumcenuil, ATOT MeTon ocobeHHO ynoGeH, Korpa MpaBas uacTb AHMQ-
¢epeHuMaNbHOrO ypaBHEHHsl 3afava TabaAM4HO, 4TO, HanpuaMep, HMeeT
MeCTO B 3ajadax BHellHeH GajNUCTHKH,

Jina npoCTOTH 3anucH OrpaHMyYHMCH paccMoTpenueM AnddepenuHans-
HOrO ypaBHEHHS WEpBOTO MOpAlKa

'
y'=rlx, y) (1)
C HAYANBHBLIM YCNOBHEM ¥ (X,) = y,.
BuiBeneM csauana psj BCnOMOTraTenbhbix QOPMyJ, nonarag

y,=y(x0+lh) " yi:f(xia y,) (1207 11 27 .. )
B cuny ¢opmyan Anamca (cm. § 8, (D)) nmeem
1 5 3
Ayf=711'+7A711'—1+T‘2'A2ni-2+§ Aani—aa (2)
Lae pajaM KpaTKOCTH BBepeHo oGosnauenne v); = hy;= hf (x;, y,).

6*
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dopmyna (2) 06LYHO HA3BIBAETCH (POPMYAOL HAKAGHHOL CTPOKWU, TAK
Kak B #ell MCMOAb3yIOTCH Ppa3HOCTH, CTOSIMHE HA JHATOHAMH TaGaHuLs
pazHocTell. YuurtniBasf, 4TO

— 3
Anl‘-].:Anl.—Azni—]_i A2n[—2 —'A2'][—1_A n[—21
M nofaras MOCTOAHHLIMI KOHEYHble PA3HOCTH TPETHEry MOPAAKaA
3 ~
A & Ay,
u3 Qopmyan (2) 6yneM HUMeThb

1 5 3
Ay;=";+5 (An,— A% )+ 55 (A%, — A, ) +5 A%,

Orciona nodyuaeM NepBY10 BCcnoMorarTelbnylo popmyny—
TAK HA3BIBAEMYIO nepeyio (POPMyry AOMAHOU CTPOKU

1 1 1
Ay, ="M+ 5 An— 5 A — 5 A™, . ()

Hanee, yuutnisas, 470 A%n,_; = An,—A%M,_, v A%n,_,~A%M,_,, u3
¢opmyas (3) BeBOAMM BTOpPY BcnomoraTenanunyw Gopmy-
Ny —TaK Da3biBAEMYIO 8TOPYH0 (PopMyry AOMAHOL CTPOKU

1 1 1
Ay;=n+ 5 AN, — 5 A+ 5 A%y (4)

Hakoneu, nonaras A®n,_ =A%, noayuaem ¢opmyry zopusonrasnod
CTPOKU

1 1 1 [
Ay;=n;+ 5 An;— 5 A%, + 57 A%, )

3amerum, uTo Qopmyty (5) MOKHO NOYUHTb HENOCPEACTBEHHO C [MO-
MOU(BIO UHTETPHPOBAHMA, B npeaenax OT X; L0 X, ,, Pasfoxeddna y’
1o nepsoil unTepnoasunouuoil gopmyne HeroToua:

.y . P32 s
§' = yigAy, + Ly Ay TR sy,

[TepexomnuM « onncanuio Merona KpeinoBa nocaegoBarenbHsix C6JiH-
weHntt,

[lepBoe c6amweHne COCTOMT B BBIYHC/JAEHMH TNPUG/HXKEHHOTO 3HAYEUHN
Ay, (Aas ACHOCTH 3TO 3HAYEHME H AHAJOTHUHBIE eMY MOLYEPKHYTH OAHON
Anxueil) no omHouNeHHOR dopmye

Ayy=1,. (6)
Mocae storo naxomum yy =y, + Ay, u cocrasasem pasuocts Any =

=1, —"Ng, rae m—hf(xh !/1)

Hallnennwe 3uavenus 3anocum B pasnen 1 ocHoBHOrO Oaanka (Ta6-
auna 47).
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Ta6anua 47
CxeMa BHIMHCIAEHHA HAYAJALHOTO OTPE3KA METOROM
NOCAeAOBATENALHLIX COAMKEHRE

Ne cBauskeHnsn i x Y Ay n An A2y Ay

0 Xo Yo Ay To Any

l LA —_—
1 X L Jn
0 | *o Yo Ao ‘ No Ane | Ang l

1 1. Xy Y Ay, N Anyg
2 X2 173 N
0 Xo Yo Ay . Yo ‘ Ang !_Airh, Adr,
| Xy TL/l _A?l M 21'—]_1 Kz'h

H 2 | x| owm | A |, An,
3 X5 Ya o ny -

f

lanee nepexonum ko BTOopomy cOmmicenno. [as 3Toro, Mcnonbsys
Jaxusie NepBoOro pasiena, BHYHCAAEM NPpUGAHKeHHbE 3Hauennst Ay, u Ay,
(3TH 3HaYeHHs, KAK M 3HAYCHHR, CBA3BAHHBIE C HHMU, TOJYEPKUBAEM ABYMS
Yyepramu) 1o LBYXUWICHHHIM GopMmyham:

1

Ayy=mn,+ ?Alluv (7)
1

Ay, =mn, —}—3 Av)g. (8)

HByxunenunie GopMy bl 110J4yYaI0TCH COOTBETCTBCHHO U3 popmyant ()
npn {=0 u u3 ¢opmyas (2) opu i=1 B pesyabTaTe OTKHILIBAHUSY
pasHocTel NQpaiKa Bblle (€PBOro.

Takum oGpasom, noiaydaem BOIMOXKHOCTHL Hafitu

B pe3yJ/ibTaTe 4Ye€ro MOXHO BbLI'tHCIAITHL

h=hf (51, o) e =AS (%, 4o)

B COCTABUTH PA3HOCTH
S A =131, A =N, A% =21 ,—An,.
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[Tonayyeunbie pesyasTaThH BrucwWBaem B paspen Il ocnosuoro 6aauxa
(rabauua 47).

Has naxowpenust TpeTbero COMMKeHUs NPHMEHAEM TPexu/eHHble Qop-
MyaH, KOTOpbie noaydaorcs u3 Gopmyas (5) npu [ =0, u3 dopmyan (3)
npu i=1 n dopmyast (2) mpu =2 nocae OTKUAKBAHHUI PA3HOCTEH
TPeThero nopsKa. A MMeHHO, UCNOAb3yA AaHHble pasfena [, BHuuciasiem
npubmpxenusie 3nauenns Ay,, Ay;, Ay, (NOO4epKRYTH TpeMms JAHHUSMH)
N0 TPEXYJIEHHHIM QOpMyaaM:

Ago =1y +5 ANy —5 AN, )
! 1

B =ty Am—pil, (10)
1 5

Ays=ny+5A 1+§A2VI0- (1)

OT1ci0A2 MOXHO HaliTH
h=Yy+Ayy, Y=y +Ay, uys=y,+Ay,

U BHIYHCAUTL 1)y, TN,, Ng. [lOcae 3Toro Mowuo 3amonsuts pasgen Il

ocHoBHOTO 6aanka (rabauua 47), Hallagw HYxHbe PA3HOCTH OOLIYHLIM
NOPANKOM,

Hast konTpoan nepesmuncasiem Ay,, Ay, u Ay, N0 NOMHEM YeTHpeXx-
YiaenHnM dopmyaam (5)—npu i =0, (4)—npn i=1u (3)—unopn i=2:

1 1 I

Agy="Mo -+ g Ay — g5 A + 57 A%y, 42
1 1 !

Ay =1+ 5 Al —75 Ay + 53 Ao, (1
1

Ays =1y -+ Aty — 5 Atny — g7 Ay, (o

O6nuno nepespiyncaedne Ay, u Ay, no dopmyaam (12) u (13) B upe-
Jdenax 3ajaHHOM TOYHOCTH He JaeT HHYEro HOBOTO MO CpaBHEHHIO C Ay,

1 Ay,. Yto kacaercsd 3nauenns Ay,, TO, KaK NPABHIO, OHO OTJIAYHO OT Ay,.

B srom caydae caeayer wucnpasuts Ay, Ha Ay,. Ilpakruyecku wawe

BCEro MnMpuXoIUTCA MEHATH nocnennuil JeCATHYHLP 3HaK, W npoueaypa
CBOJMTCH K TOMYy, 4TO 3TOT 3HaK OeperCss B CKOGKHM M JOMUCHLIBACTCH
HOBHLIft necATHYHLIN 3HaK. 3aTeM BHOCATCH COOTBETCTBYyOWHE HCNpaB/e-
HUS B 3HAYCHUS Y4, Mg, AM,, A%n; u Ay, [locae sT0r0 MOXHO MepelTH

K HOPMANbHOMY XOHy BeluucCTexuit no ¢opMyaam Agamca,
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Ecan Ay, u Ay, otamunsl coorBercTBerHo oT Ayy u Ay, B 3anan-

HbX JECATHYHBIX 3HAKAX, TO npoiuecc cOMMKEHHH He MOMXET CYUTATLCA
3aKkoHYEHHRM, B TakoM cayuae caexyeT uau HaiTu yerBepToe cOMMKeHne,
NOMHOCTBIO MepeBbMNCAHE ¢ nomowblo ¢opmya (12)—(14) pasaea I
OCHOBHOLO GJIaHKa, H 3aTEM I8 KOHTPO/AS NPOBEPUTH MO TeM ke GopMylam
yeroilunsocTs  Bednyuy Ayg, Ay,, Ay,, UaM Xe NOBTOPUTH BeCb X0
BBIYUC/IEBUH C MeHbILUM ILATOM,

3amerum, uTo npn BhGOpe wara A Ais MeTona COMMKeEHHi nque
omu6aThC B MEHbUIYIO CTOPOHY, ueM B Odubwyio. [lerto B ToM, 4TO
npy MajaOM IHare MOwHO ObICTPO 3aKOHUUTH COMMXKeHus, a 3aTeM, yJNBOHB
1Uar, OonpejenuTh HENOCTalolMe 3HAYEHHUH OJHUM H3 PEryJsipHBIX MeTO-

JI0B, B TO BPEM# KaK MpH 3aBbileHHOM IlUare BCIO paGoOTy UPUXOAMTCS
nepeiebBaTh 3aHOBO.

3ameuanne, MoxnHo yka3zaTh 6Goiaee TOyHHH BapnaHT MeTOMa
moC/JAe10BaATE/bHBIX cOARMKEeHuH.

A umenno, uaitas Ay, no dopmyae (7), Mbl uMeeM BO3MOMXHOCTD
BHIUMCAATD Yy, V], H An,, nocae yero Ay, onpepenserca no 6onee Tou-
Holt gopmyie

-+

An,.

2=

AnanoruunpiM 06pasoM MOXKHO nOCTYNHTL NpH Buiuncaenun Ay,. A umenno,

BHIYHCIIHB % u Ayy no popmyaan (9) u (10), Haxomum leyz W BHUKC-

aseM 1)y, T, Ano, Any, APn,. 3atem Aﬂ onpesensercs no Gopmyae

s
i

5
Ay + 15 A%,

0o —
=

|

..l_.

>
o
l
[{E

I

Mpumep 1. MeTogoM nocsaepoBaTeNsHBIX COMMKEHHH An8 HHTErpasa
AndbepeRUNaNLHOTO YPaBHeHUs

y'=x+y, y0)=l1 (15)

Haitu 3Hauenusd y,=y(0,1), y,=y(0,2), y;=y(0,3), npuusgs wmar h=0,1.
Pemenue. Buuucnenue 6ypeM Bectd ¢ TpeMs JeCSITHUHLIMH 3HAKaMu
poc/ae 3anATo#.

Ilonarag n=0,1 (x+y) n npaMenas gopmyny (6), moayuaem
Ay,=0,100, y,=1,0004-0,100=1,100.

[locne atoro sanonudgeM pasjen 1 ocHoBHoro 6G.aaHka (ra6anua 48), Lanee
€ NOMOMIbI) ABYXuJeHHbX dopmya (7) u (8) raxomum

1
Ago=0,100-+70,020=0,110,  Ay;=0,120+75 L 0,020=0,130,
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YTG AaeT BO3MOIKHOCTb 3aNOJMHUTb pasnent Il ocHoBHoro 6.aHka (Ta6iuua 48).
Hakonew, ucnoab3dys rpexuneHuste dopmyss (9) — (11), 6ynem umers:
1

%:0,100+l-0,021——2-0,002=o,110,

y1=0,121+ -0 023—1—2 -0,002=0,132,

=0,144+—1—-0,023+—-0,002:0,156.
2 12

B

£ 1l

C nomombl0 NoAydYeHHHX fAauHblX 3anosHAeM paspgen Il ocwosnoro Gaanka
(trab6anua 48).
Ta6numa 48

BoiyucaeHHe HayalbHOTO OTpe3dka HHTerpana pauddepeHiKaapHoro
ypasHeHHs (15) MeTONoM NOCJEROBATENbHBIX CONMKEHHH

{ x Yy Ay n an An'| A'
I 0 0 1,000 0, 100 0, 100 20
1 0,1 1,100 0,120
[l 0 0 1,000 0,110 0,100 21 2
1 0,1 1,110 0,130 0,121 23
2 0,2 1,240 0,144
0 0 1,000 0,110 0,100 21 2 1
111 1 0,1 1,110 0,132 0,121 23 3
2 0,2 1,242 0,15(6)7 0,144 26
3 0,3 1,39(8)9 0,170 :

JIas KoHTpoJs npou3soaum nNepecuer Ay, Ay; ¥ Ay, 0 ueTbipeXdJeHHBIM
dopmynam (12)—(14). B pesysbTaTe NPHXOAHTCA UCNPaBJaATb Ha eAHHULY
Noc/elHero paspsjia JHIUb 3HaueHue AY,, NOMeNasa HeTOUHYIO uudpy B CKOOKH.

AnanoruuHsiM cnocoGoM B cJayuyae HeoOXOLMMOCTH HCNPaBAsiOTCA H 3Ha-
ueHust Yz, N3, AN, A2n; B A%, B xaHiiom ciayuae ¢ TOYHOCTBHIO 1O TPeTbeEro
AECATHUHOTO 3HAKA 3TH BeJHUMHBI OCTAIOTCA HEU3MeHHBIMH.

Takum obpasoM, oxoHuatennno umeem y (0, 1)=1,110, y (0, 2)=1,242,
y {0, 3)=1,399.

Jns cpaBHeHHA NMPUBOAYUM TO4HBle 3HaueHud (cm. § 7):

y(0, 1)=1,1103. .; y(0, 2)=12498...; y (0, 3)=1,3997...

§ 10. Meron Mnana

OpnuM U3 Han60/ee MPOCTLIX M MPAKTHYSCKH YAOOHBIX MET0A0B
YHC/AEHHOTO HHTErpUpoBalHsg nmpq)epeuuuanbuux ypaBHeHuft sBasercs
meton Muawa (W. E. Milne) {19], [21]. daaum cuauana omucanue
9TOro METOAa, a 3aTeM OCTAHOBHUMCH Ha BblBOI[e Heo6xonHMblx (popMyn
npuMénsieMex B Meroie Muuua, !
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[lycte nano nuddepenunansnoe ypasuenue

y' =7(x, y) (1

¢ HaYaAbHHEM YCAOBHEM
Y (X4) = ¥, (2)
Bu6par war k, noaowum, kak 0O6blI'iHO,

x['=x0+ih| y,=£/(x[), y;:f(xu yl) (i::O' 11 21 "‘)'

[leppbie uernipe 3HaueHuss NCKOMOTO PRIUEHUS Yq, Yy, Yy, Ya (<M AH A B~
Hlft OTpPe30K») HAXONHM, HCMNOAL3YyA HayaabHOe ycjaoBHe (2) H
ApUMERAs KAKOH-nGO  MeTOJ, ONHCAHHHIH Bhile, HanpHMep Merton
nocnenozarefshuix npubamuenat uan meron Pynre—Kyrra. Tem camum
GynyT ussecthnl y; (=0, 1, 2, 3).

Hanpueitiune 3navenns y; =y(x;) ({=4, 5, ...) nocnenosarennto
onpeneNsioTca NoO cAeLylollet cxeMme: npeanonaaras, 4TO Y;_,, Y;_g,
Yi_a, Y;_q N3BECTHHI,

1) Bbiuucasem nepsoe npubamxenue yf-” ans Ganka#nlero caepylo-
uero 3Hayenud y,; 1o qopmyne

4h . . , .
!/ﬁl):!/{—r*‘jl(Qyt—a_!/i—z—i—gyt-l) (i=4, 5,...) (3)

2) snavenne yi"' noacrasasem s auddepenmansuoe ypasuenue (1) u

onpeaeasem COOTBETCTBylOlLIEE 3Hayeuue y}“’:f(x,., yf”);
3) Haxoaum BTOpOE npubAMKEHUe yﬁ-“ no ¢opmyae

ho oo .
4 =yt 3 Wity tu) (=4, 5,..0). (4)

Muss 10ka3an, yTo abGCoMOTHAA NOTPELIHOCThL 3HAUEHHH y(,-” npH6IIn~
KEHHO pagHa

1
e, =550 41— yi"] . (5)

[Tostomy, ecau e,<C €, rae £€—3ajaduas npenenbHas NOrPeIUHOCTD
pellieHis, TO MOXHO noaokuTs y, ~ y'* oy = f(x,; i)
HOCTH, 3TO HMEeT MecTo, ec/d ¢ w g cosnanaior 8 HHTEpECyI0HInX
HAC AECATHYHBIX 3HAKaX.

Hanee nepexoium K BoiYHCAEHHIO GJAMNAHINErO CAELyIOMEro 3Haue-
HHAL Y;,,, NOBTOPAA yKasauHell Bele npollecc, B npoTusrom cayuae,
eCAH TOYHOCTb € He obecneueHa, ClenyeT yMeWbIUHTh lar k (HaudHas
¢ usBectnoro mecra). [lpu 3ToM MLl BeTperumcs ¢ nenpusiTHOR Hep6Xo-
AMMOCTBIO nepecyeTa COOTBETCTBYIOU(ErO «HAYaNbHOrO OTpeskay.

Tawum o6pasoM, Mo BHAUM, 4TO MeToa MH/AHA BBIFOAHO OT/IHYAETCH
OT Apyrux MeToaQB (nanpumep, oT Mertond Pynwre—Kyrra) Tewm, uto
B HEM [POM3BOAUTCH KOPPEKTHPOBAHHE KAXAOCO BHOBbL [10/YYEHHOrO

B uwact-
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YaCTHOTO 3HAaYeHds uWHTerpaja ypaBHenus Oe3 fepeciera ¢ H3MEHEHHLIM
11arom,

lMpuctynum Tenepb K BuiBoly ¢opmyn Mnara (3)—(5). Has atoro
BOCMO/IbL3YEMCS  [1€PBOH  uHTepioaAauMonHoit ¢gopmyaoit Helorona [23],
HANMCAHHOW A8 NPOM3BOAHOW y', B moaxoifume BHOpauHOH TOuKe X,
npyYeM OTPAHHUMMCSH PAa3HOCTAMH TpPeThero NOPAAKA, 4TO PaBHOCH/ABHO

TOMy, 4TO wuHTerpan y=y(x) auddepesunasbioro ypasuenusn (1)
ANNPOKCUMHPYETCS MOJHHOMOM 4YeTBepTON crencnn. Mmeem

, . . —1 , ‘ (g —1 —9 ,
¥ = Y+ g0y + LD pry, 4 LEZ O ps
Wl
ey o1 L1 ,
v = U+ a0+ 5 (F—4) Ay, + 5 @ —3¢*+29) A’yi, ()
rae
X Xp
=% - ‘ (7)

[Monaraa £=i—4 e dopmyae (6) u nounesno HHTErpUpys NOJy4eHHYIO

Tig  Tpg Tpp Tg-p o Ay
e Q—C

\-q—l\q__d >
hh h Ok z
Puc. 32.

dopMyay Mo X B npenenax ot X;_, 10 X; (puc. 32), Oynem uMeTh

xi

X, . )
S y dx = S [!/z—c’f'qA!/'z»n —i—%iA?yi._,—}—
Xi—4

Xi~u
—3g2. ,
pem ey D,

X—X;
Ortciona, y4YuThHBasg, 4YTO q=—h—‘—‘—‘3 u dx = hdg, naxonum

4 q
Yi—Yi—a=h {yl-_anq+Ay}-4Sqdq—l~
0 0

4 1
, 2__ , 33929
+ 8% { L2 dg o doy, [ SR dq} -

] Q

/. ‘ 20 , 8 .,/
= b (4t B+ A F G A% ) )
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Tak wax
Ay a=Yis=—Yia,
Ay o= y; s —24; 3+ Yios,
Ay g=y;y—3Yi-s+3Gia— Vi s
TO, DOACTaRAsA ITH 3uauenud B dopmysny (B8), mocne OGHUHKX yrpouies
HUtt NoNyyuM mepBy o Kt)opMley Muanmna:
=Yi-s +  (20iy— s+ 20im). (9)

Ins Bueoaa sTopoft gopMyan Musna nosowum k=i—2 B gopmyne
(6) u npomnTerpupyeMm o6e YacCTM MOAY4MBUICTOCH BHPAKEHHA 00 X
K—Xi_»

B npegenax OT X, , Xo X, Torma, ywnTeeas, 4To0 ¢=—p

H

dq-_— GyneM uUMeTh

S y' dx= hS [yl 2 +qAy;- z+—(4 —q) A%y, +

Xty .
+4 (47— 307+ 2) 8%, | dg.
OTciona, BLINOAHAA KBAAPATYPH, MOAYTUM

, , 1 ’
bi—bioa =1 2ia + 2800+ 5 A% ) (10)

Moncrasasst B ¢opmy.1y (10) u3BecTHHE BEIpAWEHHSA
AYis=Yia—Yi-s A=y —241 s+ Y1,

npuaeM ko BTOpo# popmyne Muauna
ho o, . .
Yi=Yi-n T3 Wie 4+ 4. (11

3aMeTuM, 4To AAq auddeperunanbHoro ypasaenud
y' =f(x), y(xX5)=4,,
npaBasg 9acTk KOTOPOro He 3aBUCUT OT McKOMOH Pynxuud y, PpopMmyna
(11) unentnyna ¢ ¢opmynott Cumncona mna unTErpana
¥
i—Yi-s= g f(x)dx‘

Ki—s

Jna suiBOma KOHTpOnbHOH opMynsl (5) And mOTPLUIHOCTH &; BTOPOTQ

npubmnkenns 4 ouenum raasnme waenn norpewnoctedt ¢t u ef*) nep-

Boft w BTOpo#t Gopmyss Munna. YuuTeiBas OTODOUIEHHHE B HHTEPOOAA-
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uhongoﬂ ¢opmyae Heiotona (6) pasnocTd yeTBepTOra nopsalKa, ¢ TOY-
HOCTBIO N0 pasHocTedl natoro Nopanka 6ynem wMeTh

“’ hS%(lI —6¢° + 11g* —6¢) Ay, dg = hA‘y‘;-.,

2
ggi q* —6¢° + 114> —6¢) Aty;_, dg = (12)
(, 4

Otciona, cunTad, uTo yersepTas pasHocTh Ay noCTOsHHA Ha WHTepRaje
Mune 4k, nodywum e = —28¢{?,

Tak kax, ouepnano, y; =yt + et = yi"' —28 e u y, = y{¥ 4 e{*,
TO
(2) _ (1) _ )
&y 29(J Yi )
CnenoBareeHo, nMeeM KoHTpodbHyto GpopmMyany Mmuana:

(1) @2)
e, = e |= ly—TL. (13)

3aMeTuM, UTO ecau HIar A IOCTAaTOUHO MaJ, TO OPUOIKEHHO MOXKIIO
NOAMKUTDh
A“y
i
— =YY ().

Iycts a<x<b—umepecylouu|ﬂ Hac OTPe30K, Ha KOTOPOM CTpoO-
b—a
uTca peltenne auddepenunanbnoro ypasnenns (1), u h:—;——. Torna

u3 ¢gopmyan (12) caenyer, 4TO npelenbHas aBCOMOTHAS OOTPEILKOC L
Ha otpeake [a, b] opubmikeHnoro pewenus g;=gy(x,;) BBpamacTcy
caenylouumM obpaaom:
hb b—a
—_— — A
o E= 30 Mn 5 Mkt
rie My=max|[yV(x)| npn a << x<bh.
Takum o06pasom, cymMmapHan owubka MeTona MiHa €CTh BeAHIHHA
nopsaxa hé,

MNpumep 1. laro nuddepeHiliajbioe ypaBHenie
y'=x+y (14)

¢ nauaJeHelM ycaoshem y (0)=1. Meronom Mnna BhlllHCJIHTb y 0,5 ¢ TOU-
woeTeio jo 0,001,



§ 10| 4 METOL MHAHA 173

Peweuue. 3agaemcs h=0,1; Tak Kak norpemHocTs pesy/bTara noay-
yaercs nopapka A*=0,0001, T0O 3ajaHHaf TOUHOCTb MPAaKTHYECKH AOCTUCAeTCH.
Beluscsenuss BefieM € ORHHYM 3aMacHLIM 3HAKOM.

3nayenus H I(aM HM3BECTHB! HelocpejCTBEHHO H3 HAYasjbHOTO YCAOBHA
Ya 0 !
u ypasweuus (14): yo=1, yo=1. OcTasibiible NepPBbie TPH 3HAUEHHS

y(‘zy(xl) ([:11 21 3)
HaXo[UM KaKHM-Jan60 APYrum CNMocoO0M YHCJEHHOTO HIITerpUpOBaHUA Au(bi)epeu-

IMAJBHOFO ypaBHEHHA,
M3 ypapHenns (14) monyuaeM COOTBeTCTRYIOUME 3HAYEHHT

yr=y" (x)) (i=1, 2, 3).
B taGauue 49 npusenedsl 3TH 3HaYeHus, mnafjgeHHble MertogoMm Pyiire —Kyrtra
(cm. § 7, Ta6a. 40).

Ta6oanunuwa 49
HavafibHbiil OTPE30K AAs MeTOAd

Munna
{ 1 X ‘ vi 9,
0 0O 1 1
11 0,1 1,1103 1,2103
21 0,2 1,2427 1,4427
31 0,3 1,3996 1,6996

3aiimeMcA BEIUMC/IEHWEM 3HAYEHMit g, u Y, 1o dopmysam Muaua.
1) Boyucnenue gy, Tlpumedas nepeyw dopmyay Muaua (3), nonyunm

) 4.0,1
1 101

(2-1,2103—1,4427 +2-1,6996) = 1,5836.

Ortciona, nogcTasis 8 AuddepeniiHasbHoe ypasnenie, 6yieM HMeTb y}”: 1,9836.
Ilanee, npumensas sropyio ¢opmyay Munna (4), iaxoium

¥ =1, 2427+Oé_1(1 ,4427 - 4.1,6996 4 1,9836) = 1,5835.

Takum o6pa3om, HafileHHble 3HAYEHHA yf‘" u yff’ COBMAjal0T B COXPaksAeMhiX
HAMU TpeX JeCATHUHLIX 3HAKaX, I03TOMY CUMTaeM y4-——yg2):=l,5835. Orcioaa
g, =y P =1,0835.

2) BuluucnenHne y; [lo mepnoit popmyte Muana uMeem
40,1
3

AV =1,1108 + (2-1,4427 —1,6096 - 2-1,9835) = 1,7973;

COOTBETCTBEHHO
’ g =05 -+ ,B73 =2 2973 .
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ITo Bropoit ¢opMmyne Munua 6yrem uMerhb

y§”’=1,3996+9é—1 (1,6996+ 4-1,9835+2,2973) — 1,7973.

Tak Kak y(ﬁ” u y{® coBnanaloT, TO MOKHO NMONOKHTL ys==1,7973. Cnejo-
paresabHa, y (0,5)=1,797.
OrmetHm, uro Garopaps MaJjIOCTH wWara ki 3pecb HeT HeOOXOAHUMOCTH Ope-
HHBATbL TNOTPemHocTs NpUOIHAKEeRHBIX 3Ha'leHH UCKOMOTO pelueHus.
HUnrerpupoBauue auddepenunanbnoro ypasueuui no merosy Muana yRoGHO
NpoM3BOUTL Mo clleAywwmel cxeme (tabauusl 50, 51).
Tacauua 50

OcHoBsHas TaGauua And Metopa Muana

; x5 M #P=y | g gtV v B=y)
0 0 1 1

1 0,1 1,1103 1,2103
2 0,2 1,2427 1.,4427
3 0,3 1,3996 1,6996
4 0,4 1,5836 1,5835 0 1,9836 1,9835
5 0,5 1,7973 1,7973 4] 2,2973 2,2972

Mertopx MnJina Moxer OuITb MpHMENEH TaKXKe K HHTErPUPOBAHHUIO CHC1EM
middeperuanbHUX ypaBHeHuil.
ITycte pana cucrema pudpdepeHnnaIbHBIX ypaBHEHHH

dy

¢ Haya/lbHbIMH YCJAOBUAMU

Y (X0} =Jo. (16)
BolGepem mar h ¥ Monoxum :

x;=xo-+ih, Y=y (x;) (i=0,1, 2 ...),

rie y=y (x) —vckomas seKTop-QyHKUuS.
KaKHM-MGO MeTOLOM oONpeje/uM [ONMOJuHTE/NtHHEe HayaabHble 3HayeHWs

Y Vo Vs . .
Ha ypaBHenusa (15) HafijeM COOTBETCTBYIOHE 3HAYEHUA [1POUBBOJHON
yf=f (Xl', ,V[) (1:01 11 27 3)
Toraa najbHeHide 3Hayenusa y; (i==4, 5, 6, ...) HcKomo# BeKTOpP-YHKIHA

MPHOIKKEHHO [IAT 33 IHATOM MOF'YT GBITh BBIYHCJEHK MO cJedyiouium Gopmytam:
) 4h ’ ‘4 .
Loy =3 a5 @iy —io, +250)).
R .o
Ly =yist5 Wi, T 9 ),

' (1}

rae y; V=71 (x; yi).
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Ta6nuiwa 51
Bcnomorareabdan Tabauua gasd merona Muada
{ 4 5
24;_, 2,4206 2,8854
—yi_, —1,4427 | —1,6996
2, 3,3992 3,9670
DI 4,3771 5,1528
LA SR 0,5836 | 0,6870
3 e
Yi_s 1 1,1103
v 1,5836 1,7973
Y, 1,4427 1,6996
dy;_, 6,7984 | 17,9340
TASY 1,9836 | 2,2973
> 10,2247 | 11,9309
h (2) 0,3408 0,3977
3 Zr '
Yia 1,2427 1,3996
Y2 1,5835 1,7973
II1. Ecau
v —yiy
(=g <t

rfle € —3alaHHad OpeJeNbHas MorpeiHocTb, TO NoJaraeM §; = y}“.

*) ITon wopmod sektopa y=(Y1, Ya --

Ily|l=m/axly/l-

175

. Yn) 3lleCk MOHHMAETCA 4YHUC/IO
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Mpumep 2. Meronom Mnana uaiity wa orpeske [0, 1] nurerpan cucremsl
AndepeHIHaNbHEIX YPaBHeHHUIT

dy 2z dz
= i 17
dx  x ' d¢ Al (47
YAOBJETBOpPSIOUIM HavanbHeIM ycaosiaM y (0)=1, z(0)=0.

Peumwenne. as ypo6cTBa 3amicy NOJOKHM

141
rjie flc-% n fo=— xu.

3ameruM, urto cucreMa (17) oG.anaer ocoGexnocrsto npH x=0. Benencraue
storo Y’ (0) nmeeT GopMy HeompejeeHHOCTH, KOTOPY!O PACKPHIBAEN 1O MpPAaBHIY
Jlonurans:

’
Yy’ (0y= lim 2= 1limZ 2’ (0y=0.
x—>a X x>0 1
BriGepem mar #=0,2. Havanbublil oTpesok Aisi Metoja MuaHa Beiuncisiem
merofoM Pyure —Kyrra ¢ naAThio JecATHUHBIMU 3MaKamil NMocie 3ansroii. Cxema
Bulicennil faercs B rabauue 52.
Hues nauvaibuble 3Hauenns Y;=(y;, z;) (i=0, 1, 2, 3), nanpHeinune BH-
upC/eHUs TPOROAMM Merojom MiuiHa, wenoaesys gopmyaw I, 11, 111
PeayabrtaThl BbigucJaeHuil paHsl B tabaunax 53 w 54.
Taxnm obpasom, Mbl DoJlyyaem

y (1y=0,76520; z(1)=— 0,44000.
Mo euiuscnennsm meroiom Anamca (cm. [20]) umeen
y(1)=0,76520; 2z (1)=— 0,44005.

3ameruM, YTO B HalleM cJ/yuae H3BECTHO TOUI0e pellenne cucremnl (17),
a HMeHHO:
y=Jox), z=—xJy(x),

rue Jo 0 J,—dynkunn Becceas Hysneporo u mepmoro iHAeKca COOTBETCTHENNO.
IMo Tabnauuam [17] nmeem

g(1)=Jo(1)=0,765198 ..., z (1)=—J, (1)=— 0,440051 ...

IMTpumep 3, Merogom Muana nafith Ha orpeske O0=<Ci=C0,5 wmacrtuce
pewiesniie cuCTEMBL

li

— (1l —sin ) x—y- 3z,
=—x-2z,

= — 2x-} bz,
} (18;

x!

’
Y
2'
YAOBJETBOpSIOUiCEe HavafbllbiM YCJIOBHIM

x(Oy=x9=2, y(0)=yo=1, 2(0)=2,=1.
War h= At npuuste paBuum Q,1.
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179
Taoaunma 54

Bcnomorateabnas raGauna aas Meroma Muana B cayqae cHcTeMbl
AuddepeHnHaabHBIX ypaBHEHHHA

i 4
Yi Zi Hi 2;
2 _, —0,19866 | —0,39600 —0,39184 —0,76832
—Y_, 0,19592 0,38416 0,28862 0,5472
2v; —0,57324 | —0,09442 —0,73774 —1,35408
e —0,57238 |. —1,10626 —0,84296 —1,57519
23" | —0,1523 | —0,29500 —0,22478 —0,42000
3 i
Yi_4 1,00000 0,00000 0,99000 —0,01987
yiv 0,84737 | —0,29500 —0,76522 ~0,43987
Yi_, —0,19592 | —0,38416 —0,28662 —0,54721
ay;_, —1,14648 | —2,18884 —1,47548 —2,70808
y; v —0,36875 —0,67790 —0,43987 —0,76522
PN —1,71115 —3,25090 —2,20197 —4,02051
% 29’ —0,11408 —0,21673 —0,14680 —0,26803
Yi_s 0,96038 —0,07837 0,91200 —0,17197
Y 0,84630 —0,29510 0,76520 —0,44000

Pemeuue Hauanoubit orpesok fas MCKOMOro pellieHHst BbIYHC/IsSeM Me-
toaomM Pynre—Kyrra. [las KpaTKOCTH NOJOXKHUM

X x
X=|y!|, k=X=011\Yy
2 2’

l
"AX=E‘Z’ E=41k1+qzkz+43k3+44k4- rae  gy=g4=1, gg=g3=2.

Pesy/braTthl Bblyuc/IeHHi TpHBedeHs B Taba. 55.
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1ET

Ta6auua 53
HaxoxpeHue HauaabHOro oTpeska peweHua X merofiom Pyure — Kyrra
i ¢ X k=0,1X qk AX=-(:72‘,
0 0 2 0,1 0,1 0,08984
1 0 0 0,00497
1 0 0 —0,00500
0,05 2,05 0,09 0,18
1 0,00525 0,01059
1 —0,005 —0,010
0,05 2,045 0,08975 0,17950
1,00262 0,00471 0,00942
0,99750 —0,00500 —0,01000
0,1 2,08975 0,07955 0.07955
1,00471 0,00992 0,00992
0,99500 —0,00998 —0,00998
1 0,1 2,08984 0,07953 0,07953 0,06896
1,00497 0,00988 0,00988 0,01456
0,99500 —0,00998 —0,00998 —0,01494
0,15 2,12960 0,06908 0,13816
1,00991 0,01480 0,02960
0,99001 —0,01496 —0,02992
0,15 2,12438 0,06288 0,13777
1,01237 0,01433 0,02866
0,98752 —0,01493 —0,02986
0,2 2,15872 0,05829 0,05829
1,01930 0,01911 0,01911
0,98007 —0,01986 —0,01986
2 0,2 2,15880 0,05827 0,05827 0,04739
1,01953 0,01907 0,01907 0,02313
0, 98006 —0,01987 —0,01987 —0,02473
0,25 2,18794 0,04747 0,09494
1,02907 0,02346 0,04692
0,97012 —0,02477 —0,04954
0,25 2,18254 0,04733 0,09466
1,03126 0,02292 0,04584
0,96758 —0,02472 —0,04944
0,3 2,20613 0,03644 0,03644
" 1,04245 0,02694 0,02694
0,95534 0,02954 0, 02954
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HJanvueiiuine seluucnaerust npoussenedst no dopmynam I, I1 n 111, Hoay-
YeHHBE pPe3yJbTaTel NoMeleHsl B TaGunie 56, nprueM npoMeyTOUHEIE BHIKAANKH
onyumenel. [Iar cpapHeHHs B nocJdepiei rpade Ta6aHUE 56 NpuUBeAeHb’ ROMIO-
HEeHTH TOYHOro peienus X ¢ MNATbIO BEPHHMH JeCATHYHBIMHU 3HaKaMH RnocJe
aandroil.

Ta6nanna 56
Briuncaenne pewenns X metonoM Muina

i ! X=x(2} xr=x(2) x(1 x(1y £=I&”‘?_;"ﬂ X
01 0 2 1 2
1 0 1
1 0 1
10,1 | 2,08984 0,79532 2,08983
1,00497 0,09882 1,00497
0,99500 | —0,09984 0,99500
210,21 2/15880 0,58270 2,15881
1,01953 0,19074 1,01954
0,98006 | —0,19868 0,98007
30,3 2,20619 0,36427 2,20620
1,04266 0,26911 §,04267
0,955633 | —0,29553 0,95534
410,47 2,23153 0,14224 | 2,23152 | 0,36427 0 2,23154
1,07270 0,32795 | 1,07268 | 0,32798 0 1,07271
0,92106 0,38941 | 0,92106 | 0,38940 0 0,92106
510,51 2,23459 2,23458 —0,08126 0 2,23459
1,10742 1,10740 0,36209 0 1,10743
0,87758 0,87758 |—0,47942 0 0,87758

§ 11. MeTonnl, OCHOBAaHHDIE HA MPHUMEHEHNWH NMPOU3IBOAHEIX
BLICIINX MOPAAKOB

Jo cux nop AAs uvcAeHHOro uHTErpupoBanns  anddepennuHalbHoro
yPaRHEHHS NEPBOrO nop#jiKa

Yy =f(x 4 (N
C HAYAJbHLIM yC.’]OBHeM
Y (X)) =Y, 2)

MBl NPUMEHSAM (POPMYJi, B KOTOPhiX SIBHO HCIOJAB3YETCR AHubL NEpBas
NPOM3IBORHAA y; = Y (X,;) MCKOMOrO peeHis,



182 PEINEHUE OBHKHOBEHHHIX JUGSEPEHUMAIbHBLIX YPABHEHHH {ra. (il

OnHaKo ecH MCNOAB30BaTh QOpMyJsl, FBHO COMepKallMe MPOU3BON-
Hole BLICUIMX TNOPAAKOB OT HCKOMOrO peureHds, TO MOXHO YKasarb
MeTonn, Aaliue 60nee TOuHHit pedynbTaT HA JAHHOM npomexyTke 6es
YBENMYEHHN YMCA WIATOR.

BoireaeM coOTBETCTBylolHe ¢OpPMyinl, npeanojaras, 4TOo npasas
yacTe ypaeHenus (1) auddepenunpyema n0CTaATOYHOE YHMCI0 pa3,

(ycthb y;, Y, Y;—3HAYeHH HCKOMOTO peuiends y=y(X) 4, COOT-
BeTCTBEHHO, 3HAYEHHHA €ro NPOM3BOAHHX MePBOr0 U BTOPOro MOPSAKOB
B TOuKax x,;=X,-+ A (i=0, 1, 2, ...). Paanarag meanunHu

Yim1=¥Y (xi+ h), y’l+1 = yl ("cl'+h)t y;H =y” ()C’—*—h)

R PAAN MO CTeneusiM f, HAXOMHM:
yv e

Yin1= y+yzll+yl h2+ h3+ h4+ B4,

1"t y J
hy,+1——y,h+yh2-}———h3—|-—:;!—h4+#ho+ ,

v v
p " e y y;
By =Y+ y B e B
U3 nonayuenisix OPMyJ HCKAOYHM 4ieHsl, comepkaume y;” u ylv,
Hna atoro BTOPYI0 GOpMyay yMHOWKHM Ha ——;—, a TPEThIO — Ha
ILQ H caowuM ¢ nepsoft. Bymem uMmers:
h . 2, . 1
U[+1—§yi+1+ﬁy[+1=yi+yi(1—~)h+
" w1 1 1
2 e\ hB
+yt< 2+l2)h+y (6 4+12)h+
w /1 4 vt 1 1Y ..
+ i (2—4—]—2+?ﬂ>h + 9: (TW)_IE+’]_2)h + ..

Hnu
L " h v
Y =ity 7 (Wit Vi) + g Wr—Y) 7590 + e

Taxum 006pa3oMm, ¢ TOUYHOCTBIO A0 A® umeeMm npubamkennyio ¢op-
wyay [14]

o B
Yimr=Vi+sg (yi+y¢+1)+ﬁ(yi—y¢-+l)- 13)

MowHO MoKa3aTh, 4TO OCTATOUHHN unen dopmynn (3) pased

V e
5
Ry= y72(() s,
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rie x;<<E<x; ,. AHanoruuso umeem:
Yis1— Yo=Y (x,-+h)—y (x;—2h) =

, ht ., on ., I
=<y‘-+hyz+7y,-+Ty¢ + 57 o +120J: )
4 h? g 811 1614 w 32 kb v
(yl_QI’yl+ 7 Vi~ Ut o Y — g Y )3
., 3k, 3K . 5h 11 At v
=3hy——5 yi+—5 Y4 — N 0 Y -
H
Yi—Yia=y;i—y(x,—h) =
o ht
=Y;— < hy1+_J[ 5 Y; +24 myi—-}—...>=
o e noo., LN By
—hyi—7y1+'fi_yt —2g ¥ +iggyr— -
Orciona
Y ALY Aty
Yisr—Yima—3 (y;—y,; 1) =Ry, 5 Y +THA R
C npyro#t croposu,
" " " M " ” h? v
y¢~—yi_1=yi—yi(x,-—h)=yi—<y,-—hy,- +5u
h8 v h h8
—_6—.‘!1+- )——h_}, __l‘ytw‘*"“ﬁ‘yfv—"---

[Toaromy
20, " R v
Yir1—Yi-2— 3=y )= (g —yim) +5 90 + - ..

Takum 06pasoM, € TOYHOCTHIO 1O A uMmeeM npubankennyio dopMmyny

Yir1=Yi—a T3, — ;) + B (yi—yi-y). 4)
MowHO HOKa3aTh, 4TO OCTATOUHHH uneH ¢opmyan (4) ecth

o ,
Rz ="1—§‘ yV (E, )1

rae X;_,<b'<x;,,.

K dopmynam (3) u (4) DpHCOENHHHM BBIpaXKEHUS LAS NpPOH3BOAHBIX
y' ¥ y”, a uMeHHo:

y' =f(x, v), (3)
g =rfex, n)+fylx, 9y (6)

[Tpotecc umMcneHHOTO HHTErpUpoBaHuH IHMDEpEHIIHANBHOrO ypaBHe-
Hug (1) npu  Haauumu  HayanbHoro  ycaosma (2), wucnoas3ymouwiuf
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dopmyan (3) © (4), nporcxomut caeaytowium o6pasom. KakuM-au6o
MeTOAOM BHIYHC/AAEM TPH Hauajblhe CTPOKH (Hauarsnaa Tabauya):

X4, Yor Yoo Yoi

Xy Y Yo Yo

Xoy Yas Yoy Ya-

l/ls dopmyan (4) npu { =2 noayuaem neproe npHOAHKEHHE JAA yg:
Ys="Yo +3(y2—yy) + A (43 —y0) (7

M, HOAB3YACH cpopmynamu (0) wu (6), naxoaum mnM COOTBETCTRYIGULHK
NPOUSBOAHKIX Ky 11 Y, WX NEpBbie NpubAMKenus:

ga =f (%, —!;3) H Zg =fx (x3, gs)“*“y;fy’(xa’ 53)

Bropoe npubamxenue Ans y, onpeleasiem ipu i =2 u3 opuyas (3):

’ = B o, e L =

‘ Ys=Y2+ 5 (Ya + ¥2) + 43 (Y2 — ¥s)- (3)
[Mocse 3TOrG HCMPABJASEM 3HAUEHHS NPOM3BOMMBIX Yy W Y3, NOACHH-

TRBAX HX BTOpPHIE NPHOMMKEHHN:

U:;:f(xs; y3) o .!;;:fx(’ca, _;/—3)+!l:3f!;(x3» gs)
Hna gowtpona ewle pa3 BhuHCAdeM 00 dopumyae (3) Tperbe upn-

GaHKeHHE I, 3HAYEHHH g, HCIOJL3ys Hafllendule 3HaueHH: ys u yg
Ecau war h Buﬁpau NOAXOASALLIM, TO nepecier He aaer HOBOTO pe-

3yNbTATa, H B ITOM CAYHAE MOWHO HOJOMITDH J@-—Ja, Ja—-_js, gh =4

B upotusHoM caydae C/RLYET yMEHbUIMTB 1Uar. AHanoOruuHO Haxo-
nAtces RanbHediue 3HaweHHA y;, Y, Y; upm {>>3. '

Ilna oaydedus HaYaabHBIX 3HAYEHHH Yy, M g, OOWYHO HCOO/IB3YIOT
METOX NMOC/AEA0RATEARHBIX HpHOAMNenitid unn Meroa Pynre —Kyrra, nocne
uero HyWume NPOH3BOAHBE y; n y; (=0, 1, 2) onpexengwTca 110
opuynan (5) u (6).

MOXHO Takxe NPHUMEHHTb CNeAylouiHl mpHeM: CHayana, HCNO/Ab3Y#
JAHHOE HauyaNbHOE 3HAYeHHe y (X,)==y,, HENOCPeACTBEHHO BbLIYHCAAM

y;:f(xo» yo) 1 ylc;_:f;: (xo, y0)+y;f;(x0, !/o)-

Tem cambiMm OyaeT 3ano/iHesa l-si CTPOKA Hawa/ibuOH TaG/MUH.
Jlanee na ochoBannu dopmyan Teftnopa npubnmxento nony4azm

, 1 ”
1:Uo+hyo+j2'h2yu
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U, CAeNORATEMALHO, MOXHO OyaeT HAHTH
Cyi=S (% ) m g =S5y 0yl (e G).
[lonbaysice 3tuMH madHBIMH, YTounseM 3nadenwe Yy, no dopmyne (3):
y11y0+%(yé+y{)+%(y3—yi)

¥ 3aTeM nepeBblUHCAfeM 3HaueHHs Y, U y;. TeMm camoim 3anonusiem 2-i0
CTPOKY HayanbHOH Tabiuilbi. AHANOrHYHO, HCXOAS H3 2-H CTPOKH, HAXO-
JUM 3NeMEHTH Y, Y, U Y, nocaepredt, 3-ff CTPOKH HAyalpHOH TAGIHUM.

OTMeTHM, YTO ECAH TEpecYeTn 3J1eMeHTOB CTPOK AAI0T 3HAUMTE/bHbLIE
PAcXOWAEHHS, TO 3TOT mpHEM He ARNAETCH HagewHbM. B Takom cayuae
cAeayeT WAH YMeHblUTh War A BHuyHcAeUHH, A ke 0OPaTHTHCA K
6o/1ee TOYHLIM METOAAM,

[Tpumep 1. dna nuddepenunadbHoro ypasueHua
' Y =xr—y?
HAlTH HECKONbKO 3HA4YeHHil HHTerpaaa y(x), YAOBJIETBOPAOIErO HAYAABHOMY
yenosuwo y (0)=1.
Pemenne. Ipumem wmar pasueim h=0,1. M3 wuauvanesoro ycrosus
umeem (o= 1. Meronon Pynre—KyTra naxognm
‘ gy =1 (0,1)=0,909410, y, =y (0,2) =0,835786.

Orcioga, no/b3ysick gopmysiaMu

yi=xi—yi @
“ ’
yr=2 (e;—yyr) (i=0, 1, 2, 3, ...) (10)
BHIUHCIAEM:
Yo = — 1,000000, yo=2,0000;
g1 = —0,817026, y1=1,6860;
o= —0,658538, y2=1,5008.

HManeueiiuie 3HayeHus y; (/ =>3) HAXOLUM, HCMONAL3YHA ONUCAHHbIA Buliue
peryaspusiil npoitecc. Hanpumep, ans i =3 ua dopmyant (7) nomyyaem
Ba=Yot3 (e —ya) + 0,12 (42 —y1) =

=1,000+4-3.(0,835786 —0,909410) 4- 0,01.(1,5008 — 1,6860) = 0,777276.

MHoncrasus 310 anaveriume B Gopmynsl (9) u (10), rae noyioeHo (=3,
6ynemMm MMeTb

Y3 =0,32—0,7772762 = —0,514158,
s =21[0,3—0,777276-(—0,514158)] = 1,3994.

3Hauenue Yz yTouHfAeM, Moss3ysck Qopmyloit (8):

= 0,1 —  « 0,01 —» &
ys=y2+—§"'(ys -le)‘—v'(ys —lp) =

0,01

=0,835786 +0,05-( —0,514158 —0,658538) — ——

(1,3994 —1,5008) =0,777236.
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N3 popmyn (9) ¥ (10) naxopuM COOTBETCTBEHHO
Vo= —0,514096 u gy=1,3991.

MonyueHHoe NpuGNHKEHHE Yy NOJBEPraeM ANs YTOUHEHHS HTEPalUOHHOI
o6pa6oTke, NOACTABIAA €ro CHOBA B ¢opmyny (8):
= 0,1 =, 4 0,0l =" s
Ys=vy2+ 5 (Fytya)——5 (da—ys) =
=0,835,'»786-}-0,05-(-—0,514096—0,658538)—Oi—gl - (1,3991 —1,5008) = 0,777239.

Moabsysch dopMynamu (9) 4 (10), nOAyuMM COOTBETCTBEHHO
2 =0,514100 n Fs=1,3992.
Tak Kak pacxOxjeHHe BTOPOro H TPETbero NPUONUXKEHWH He3HAYHTENblIO,
TO NpUHHMAEM:
ys=0,777239,  y3=0,514100, y3=1,3992,
npnqu nochepHue AeCATHUHBIE 3HAKKH NPUBeleHHBIX 3HAUYCHUI] COMHUTEJbHEL,

AHaloruyHo BLIUUCASIOTCA JanbHeliulde 3HAYERMS Uy, Yp, ...
PeayibTaTh OKOHYaTelbHbIX BLIYHCAEHHH nomeweHs B TaGaume 57.

Ta6nuua 57

HuterprupoBanue auddepernHaabHoro
YPaBHEHHS METONOM NPOH3BOAHBIX
BLICHIHX NOPRAKOB

x y v vy’
0 1,000000 { —1,000000 2,00000
0,1 10,909410 | —0,817026 1,6860
0,2 |0,835786 | —0,658538 1,5008

0,3 [0,777239 | —0,514100 1,3992
0,4 [0,732728 | —0,376890 1,3523
0,5 10,701769 | —0,242480 1,3403
0,6 10,684230 | —0,108169 1,3480

B 3akmouenne npuBenem Gopmynan, obecrnednBalouiue 6osiee BLCOKYIO
CTenlenb TOUHOCTH, HO TpeDbylOliHe BLIYHCNEHHH, KPOME BTOPOi, eLic u
TpeTsefl NPOM3BOAHOH HCKOMOrO pelledHs. A HMEHHO, HCNOAL3ys bop-
myny Tefinopa B ynoTpeSasis npuem, dHaJOTMYHBIA YKA3aHHOMYy Builue,
nojy4aeM GopMmyu

7]
FTZ

h3 .
y[+1:y[—2+3(y[—y[—1)+'_2’(yi T y:) Ry, (11)



§ 12) YUCAEHHOE HMHTEFPUPOBAHHE 187

42017y (8,)

rae Ry =jgog00 > ¥
h ” he , L. e
Yim1=Y;+v 5 (!/¢+1+.‘/1)—— (9i1 — ¥ 455 120 (Ui + 9V + Ry, (12)
. h7y(7) (E )
rae Ry = — —mg00 -

®opmyra (11) ynorpebasercs A HAXOKAEHHS nepeoro npuGaHKe-
HeA g, dopmyaa (12) naer yrouydennoe 3suauenue y,,,. Camo coGow
pa3ymeeTcs,, YTO K NOCAEAHHM ABYM opMynaM Ue/1ecoO6pasHo NpUBerats
toraa, korga dopMa auddepeHHalbHOr0 yPaBHEHHA TIO3RONSET CPABHH-
T€/IhHO MPOCTO HAXOAHTb BTOPYID H TPETbIO NMPOH3BOAHKE OT HCKOMOH
byukuun g,

§ 12. Yucsennoe unterpuposaue AudpepeHnUaNbHBIX YPABHEHHN
BTOpOro MOpHAAKa

3anaua Kowwn mns nuddepenunanbroro ypaBHeHua £-00 NOPAAKA

y(n)':f(xv yv y’! A | y(ﬂ—l)) ' (l)
npH Havanbuwx ycaosuax y® (xg) =y (£=0, 1, 2, ..., n—1), kax
6b10 nokazano B § 1, cromuTca K 3amade Kown agas cucremu

y’ =y1|

yl =y2!

(2)

y;l—lzf(x! yl y],- ey yn—l)r

e g, (xe) =yl (=0, 1, 2, ..., n—1; y,=uy).

[TostoMy H3nOKeHHWe METOAN NPHGIHIKEHHOTO HHTET PHPOBAHUA CHCTEM
audepenuHaibibiX  yPABHEHHH DPHUMEHHMBEl TaKXe K ypaBsenuio (1).

Opnako o6uue cxemu AAA NPHOAHKEHHOrO peuternn AuddepeHunann-
HBIX CHCTEM, HE YUHTHBAIOUHE Cnetuduyueckux ocobentocTedt cuctemsl (2),
OKA3KBAIOTCH H3anuHe CcaowHuMH, [loatomy Illenecoo6pa3zso BHBECTH
dopMyabl, cnelHansHO MpUcNocoBIedHsie KA YHCACHHOTO MHTErpuposa-
uua nuddepedunansioro ypaervenua euaa (1). Mo orpasuyumca pac-
cmoTpenveM AnddepeHLHaNbHOrO  YpaBHEHHA BTOPOro NOPSAKA

y'=r(x, 9, 9" (3)
NpH HAYAIBHHX YCAOBUAX Y (Xg) =y,, 4 (X¢) =Y.
BueeseM ¢opMyast mas  nNpHOAHKEHHOTO BHIYHC/AeHMd HHTErpaja

y =y (x) nmuddepenunanbuoro ypassenus (3) ¢ IoMoOmbIo meToAa Agamca.
g atoro BeGepeM wiar Ax = i ¥ BReieM CTaHAApTHHE 0603HAYEHHH;

xf=xl)+ih1 y[:y(x[)v y;:yl(xi)v
yl;:y”(x[)=f(x1) y;‘) yl) (l=’-—0, 1» 2v "‘)'
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JlotycTHmM, UTO H3BECTHB 3HAaYeHH:

Yo, Y oo n YUps
Yoy Y1r «oes Yps
Yoy Y1v « 00 Yi

(i=3). Torna MOXHO BLIUMCAHTH pa3HocTH Ay, A%y, N3y ,.
[MpuMenns BTOPyi0 HHTEPROAAUHOHHYlO dopmyay HewoTona, ¢ TOuU-
HOCTBIO 10 Pa3HOCTe#l YeTREPTOro nopsaka 6yneM umeTn (cM. § 8)

" " " 1 " 1 2 "
Y =yi+qui—l+q(qQT )AZ!/i-z+‘M‘i—‘3)yﬂ+—)A3yi-av (4)
rae ‘
X—x; ‘
=" - (5)
Tax kak B cuay dopmynn (5) dx = hdg, 1O, 0uCBUAHO, HMEEM
x q
y’=y2+gy”dx=yé+hgu” dg (6)
Xi 0
n
x g
y=y+ g de=y, +1{y dg. (7)

xi 1]

VnTerpupys nociepnosatennno #a otpeaxe [0, ¢| asa pasa no g ¢op-
myay (4), Ha OcHOBaHHH Gopmyn (6) u (7) monyuum

2 . 2 3 ” .
v —yi=h [qy'H— LAyt <% + %) Ay, +
2 3 4 : i
+(E 5 +97) M) )
H
2 3
4

3 4 3 B
(G o) Mt (i) Awina] ()

Orcrona, nonaras ¢=1 8 opmynax (6) u (77), Haxonnm
, " 1 ” 5 " 3 "
Ay'=h <Ul +5 Ay 10—2 Ay + 7 Aayi—a) (8)
n

, 1 1 o l. " l wa » Y
Ayz! :hy,—{—h2 (7 Ui+§Ayi—1 +§ A2yt—2+‘ﬁ‘)A3yi—3> ’ (9)
JOM LA MoXcHO npuus
FAE NOJAOKEHV 1%~ 10 NpUHATD

Yo =Y+ A0 i =y A0 (10)
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Bonee TouHmi BapHaHT cyera cleaywumit [14): watina y;,,, mO
dopmynam (8) u (10) wmuucasior Ay, Ay;_,, A’y;_,, nocne uwero on-
perensior Ay, no Gonee tounofi gopmyne (e, § 8):

i P , l . 1 ,
Ay, =h <y¢- +5 Ay — 5 A — 55 A3!/l—2) .
3ateM, npuuss
1 . . "
Yinr=v;+Avi, via=yi+ Ay, (1n
13 auddepentnansHOro ypaBHenua MOXKHO HaHTH
Yie =f{Xien Yivnr Yie1)

H, ONOANAB TaGaHIly, BLMHCANTL yj,., 10 dopMyne

Y=y + Ay,

, R B . o
Ayi” =5 (y‘ —f—? Ay,_ﬁ Azyi—l —ﬂ A.{y[-2 > . (12)

B cayuae HeoGXOAMMOCTH HOBTOPSIOT aHANOrUJHLIA Nepecyer Besy-
GHH ;.4 M Ui AO TEX TOp, NOKAa He npekpaTaTcA n3MeHenusn. Peko-
MeHayeTcss wiar A BwOUpAaTh CTO/MAbL MaibiM, 4TobH dopMyan (10) u (11)
NaBaiy ONMHAKOBHE pely/bTaThl B Ipeaenax 3aiaHHOH TOYHOCTH,

YT0 Kacaercs HAYANLHOTO OTPE3KA Uy, Yy, Ya» Yz Yor Yis Yor Ui

TO OH npeABapuTe/lbHO OlpeaeaseTcs KaKHM-HH6yIlb HOAXOAALUINM
METOHdOM.

PaspaboTans Takxue ApyrHe npHeMh s npubAMXKEHHOro HHTC! pH-
posanns audipepentmannuoro ypasueuns (3) (cm. [14], [18], [27]).
B uactroctu, aas nuddepeHiiHansHOro ypaRHeHus BUIA

y'=f(x, )
umeercss seceMa Tounmit meron B. B. Hymepoma [27].

[Tpumep 1. Ha orpeske [0, 1] Haiitu uuterpan y=y (x) ypasuenus

y' +ychx=0, (13)
YIOBIETBOPAKMUHA HAUAILHBM YCIOBUAM
y(0)=0, y'(0)=1. (14)

Pewenue. lpuvem war h=02. JIna noicyeTa HayalbHOro OTpedka
NpHUMEeRHM METOJX CTeneHHHX pafos. HMmeem

Yy =—ychx
oTCiofa
y''=—{(ysh x4y chx),
YW= —(ych x+4-2¢y" sh x4 y" ch x),
YW=—(yshx+43y chx4+3y"shx+4y"""chx) u 1. A
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CliepoBarenibHo, B CHIy HauanbHHX ycioBuil (14) nonygaem:

Yo=0, yo=1, yo=0, yg =—1,
yiV=o0, yY=—2, ...

NO3TOMY
x3 x® , x? x4
y_—x——-?——m‘l—... H Yy —I—T—W‘F.- (15)
Nonaraa x;=0,2{ (i=—1, 0, 1, 2), us dopmys (15) ¢ Tounoctsio g0 1073 pa-
XOLHM:

Y1 =— y_,=0,200—0,001 =0,199,

y1=y_1=1—0,020=0,980,
Y, =0,400—0,011 =0,389,

yo =1—0,080—0,002=0,918.

Hanbteiimine BbiudcNeHHs npousBoinM no dopmynam (8), (9), (10) Ge3 ne-
pecuera. Pe3ynbTaTel BuudCHenuit npupejedbl B Tabaxuax 58 u 59

Ta6nuua 58
OcHoBHOll Gaanx gns pewenus 3agayv Kown (13) — (14)

p] x y Ay Yy Ay chx [Tag Ay’ Azy” Ay
—1}—0,2{—0,199 0,980 1,020] 0,203| —203 0 | —15
0 0 0 1 1 0 —203| —156 1 —13
1 0,2 0,199 0,980 1,020|—0,203} —218] —28 | — 8
2 0,4| 0,389|0,174{0,918|—0,108{1,081 |—0,421| —246| —36
3 0,6/ 0,563(0,147{0,810]—0,161 1,185 |—0,667 | —282
4 0,8| 0,710]0,109|0,649 1,337 {—0,949
5 1,01 0,819

Tabauna 59
Bcnomoratenbbiit 6laHk s pemeswns 3apays Kows (13) — (14)

i 2 3 4
gtV — 0,421 — 0,667

%Ay',:_l —0,109 —0,123

15—2A2y'é-2 — 0,006 — 0,012

% Ady;_g — 0,006 — 0,005
3, — 0,542 —0.807

Ayi=hZ, —0,108 — 0,161
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Mpononxeuue Tta6an 59

‘ 2 3 4
éy; - 0,210 —0.334 —0,474
%Ay}'_l 36 —0,041 —0,047
%Azy'[’_z 9 —0,004 —0.004
%A“yz_s 2 —0,001 —0,001
%, —0,250 —0,380 —0,526
K23, —0.,010 —0,015 —0,021
hy 40,184 40,162 40,130
Ay; 0,174 0,147 0,109

§ 13. Metoa Yanaviruna

PacemoTpennsie Bbillle npHGRMKEHHHE METOAH HATErpHpOBaHUd mu-
({epeHuNanbHbEIX ypasHeHutt ObimM NpeuMyliecTBEHHO YHC/ICHHEIMHE. B aTom
naparpade Mbl H3M0XUM aHAMUTHYECKHH MeTOL npubAUXEHHOr0 WHTErpu-
posand AMddepenunanbabpX ypaBueruil, npuaannexawnit Yanaurudy u

OCHOBAHHBIA Ha COBePLICHHO HOBON Hiee,

Merod Yanaseuna [15), {16], [5], [2] sBnsercs onmum u3 HauGonee
TOYHBIX AHANMHTHUECKWX METOLOB npUBIMIKEHHOrO HWHTerpuposanus aud-
(depenunanbubx ypasuexu#t M B TO Xe BpeMA AOMYCKAIOWHM OPOCIYHD
OleHKy nOrpetrHocTH peurenys. CyulHOCTL €r0 COCTOHT B TOM, 4TO HCKO-
Moe pellleHHe y =y (X) (¥, << x < X) annpokcumupyeTcd AByMs mocie-
HLOBaTeNLHOCTAMY yHKIUA

yAOBNETBOPSIOIUMH IBOHHOMY HEpaBeHCTBY

H HA4anbHOMy YyCJAOBUIO

u,=u,(x) n v,=v,(x) (n==1, 2, 3,

u, (£) <y (x)<v,(x) npn x €[x,, X]

un (x()) =’U" ("'.0) :y (x())»

npHyeM TakuMu, u4T0 U, (x) —u,(x)==0 na [x,, X] npy n— oo.
1 €OMETPHYRCKH 3TO 3HAYUT, YTO HCKOMAS HHTErPANbHAA KPUBAA y = y (X)
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3aMHUMAETC B CKOJMbL YrOAHO Y3KHMH KpUBO/MHeHHbH cexktop A B,C,
(puc. 33).

Takum 06pasom, Anst peiienns y (x) CTponTca «BUIKay (U, (x), ¥, (x)]
¥ yKashBaeTcs PeCy/lAPHBIE nponece, ¢ MOMOMIbI KOTOPOro MOXHO Cy-
INTH 3Ty «BHJKY» MO We/naeMbX paaMmepoB. B atom cmbicne meton Ya-
NALITYAA HATIOMHHAeT KOMOUHH-
poBaHnkil MeTOL petenny
O6hiunbX ypaBHenH#t (cm. [23],
¥=4(7) ra. 1V).

Ecau nonoxkurs y, = u,, (¥),

2) TO npeneijbHas a6coMOTHAR NO-
rpeIHocTb npHOJIMKEHHOTO pe-

uieus u, (x) Oyner pasna

¥ Y=Up (%)

an (JC) = vn ()C) -—lln (x)u

|
|
|
!
X

T. €. 373 NOLPEUIHOCTh HA KaX-
Pne. 33. JIOM ulare onpenenserTca uneio-
CpPedCTBEHNO,
Jan npocTOoTh M3NOWHUM WAelo MeTofa YauJLTHHA (pUMEHHTENbHO
1t andpepeHuraNLHOMY YPABHEHHIC NMEPBOr0 NOPALKA

y =flx, v (1)
¢ HavaJbHEIM yCﬂOBHeM
Y (xo) =Yy, (2)

ppuuem OyaeM [peanosdararts, 4TO npaBas yacTb f (X, y) ueipepniBha u
lIMeeT HenpepeiBHbIC Upou3BOAHHE f, (X, y) M fy, (X, y) B HeKoTOPOH
OKPeCTHOCTH HayanbHOH Toukn M, (X, yo). Merton ocworan wna oanoi
AeMMe, NPeAcTARMAOIEH TaKKe CaMOCTOATENbHBH MaTeMaTH4YeCKHI Hn-
Tepec.

Jlemma Yanawruna 06 HuTerpaabHbHX HepaBeHCT-
eax. [lycro

Iz]=2"—f(x, 2)

— Qupepenyuanvroill onepatop, cooTeeTcTeyonull duddepenyuarsrony
ypaearenuro (1), u y=y(x) —unrezpar ypaenenusn (1), 7. e.

1[y] =0, (3)
pao6aeTaOp AOUULEL HAYAALHOMY YCA0BUI Y (Xg)=1Y, U onpedeenHoLi
npu x, < x < X.

Ecau ¢ynxyus u==u(x) €C' ydosaeraopaer ycroauam:

Hu) <0 npu 2y << X 4)

u (xo) Zyoy
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10 Ha oTpeake [x,, X| evinosneno nepasencreo
Uy, 6)

T. e. (PYHKYUR U ABAAETCA HUNCHUM NpubAUsCeruem pettenus y.
Ananozuuno, ecau drn pynkyuu v=1(x) €C' annoanens ycarosua:

I[v] =20 npu xo < x<C X (6)
u
v (xO) = yo:
70 Ha oTpedke [x,, X| umeer mecTo HepasencTeo
y<v, (7

T. €. (PYHKYUA U ABAAETCA BePXHUM npubiulceruem petienua Y.
HokasatenbcTBo, O4eBHANO, LOCTATOYHO OKA3aTh MHilib OLHO
u3 nepanencth (8) wmm (7). Hokawmewm, nanpumep, HepaseHcTBG (5).
U3 dopmyn (3) un (4) umeem gy’ — f(x, y)=0 u &' —f(x, 1) <<O.

Orciona
(y—u) —p(x)(y—u) =0, (8)
Fle
p(x) =ft(x1y(x)!3:£(xv“(x))' (9)

dynkuua p(x) TepdaeT CMHCA NP X, A KOTOPOro y=u. B sTom
cayuyae no/naraxr

plx)=tim EEDZTE ooy ().

u—y y—u

B cuny npueezesHux Bboiie ycnosu#t Qyekuus p(x) onpenenena W He-
npepHBHa Ha oTpeske [x,, X].

YMuoxum o6e dactu andipepeninanbHOr0 HepaBenctBa (8) Ha mono-
WUTENBHBH UHTErpUPYHOLUUH MHOKUTEb

X
fp(x)dx
(%) = e¥o :
OyneMm WMeTb

;;{H (%) [y (x)—u(x)}} =0. (10)

Orciona, unrerpupyst uepasenctzo (10) B npenenax oOT X, A0 X, rae
x, < x < X, nonyuum

i (%) [y () — 2 (£)] — 1 (x0) [y (%) — 2 (%0)] =0
WM, TaK Kak ¥ (X,)=u(xy) ¥ p(x) > 0, TO OKOHUATENbHO HAXOAUM
u (%) <y (x) mpu X, <x <A,
Y10 ¥ TpeGORANOCH HOKABATh.,

7 B. I1. Hemuporns u zp.
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CnenmctBue, Tlycts dyvkunu y=y(x), #=u(x) n 2=0(x)
npu x, << x <X YAOBACTBOPSAIOT COOTBETCTBEHHO auddepeHunansHEM

ypanHenusM
y' =r(x,y), (11)
u=f(x,u), v=[ (1), A (12)
rie
Silx, 2) < fx, 2) < fo (%, 2), (13)

B o6lleMy HAYaAbHOMY YCIOBMIO Y (X,)=u (X,) =0 (%,) =y,. Torna
CIIpaBeIINBO HEPABEHCTBO

)Lyl <o(x) mpu x, <X <X (14)

Hetictaurensno, monaras I[z]=z'—f(x, 2), us ycnosu#t (12)
(13) nmeem
Iu]=u'—f (%, &)= f; (x, ©) — [ (%, ) <O,
Iv]=v —f(x, v)=F, (x, v)—f (x, v) >0.

Orciona Ha OCHOBAHMM npenwiayuied nemmbl cienyet HepaBedcTo (14).

ly

|

|

|
0 /7// It z
Puc. 34.

Hertpynno seiicHuth reoMerpudeckuft cvbicn nepaBencrsa (13),

PaccMoTpum ceMeficTBO MHTErpanbHbIX KPUBBIX ..., C_,, C_;, Cq, Cy,
Cy, ... (K) ypaeuenus (11), rame C,—munTterpansnas kpueas, npoxosis-
wasd yepes touky M, (x,, ¥,), T. €. rpacdux peurenus y =y (x) (puc. 34).

M3 neproii wactm HepaBeHcTBAa (13) BHTEKaeT, 4TO UHTErpajbHaf
KpuBas mepeoro u3 ypamaenuil (12) y==u(X), npoxondulas yepe3 T04-
Ky M,, mepecexkas nocnemoBaTenpnne kpuswe C cemeficraa (K), omy-
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CKAaeTCH MO OTHOWIEHHIO K STHM KPUBHIM H, CeMOBATENLHO, JEKAT
Huxke kpusoh C, (puc. 34).

Hao6opor, u3 sropo#t 4yacTu uepasenctra (13) ycMaTpusaeM, uTo
MHTErpaapHasg KPUBafl BTOPOTO M3 ypamnenutt (12) y=v(x), npoxons-
was 4yeped Touky M,, nepecekas mnocaefopateabHo kpusne C cemeii-
ctRa (K), NnoAHNMAETCH NO OTHOUIEHNIO K STUM KPHBHLIM U nMQ3TOMY
pacnonowena Beiue kpusol C, (puc. 34).

Takum o6pasoM, HmeeT MecTo nepasenctno (14).

TlokaweM Tenepr Meron NOCTpoeHus mnoCJenOBaTenbHOCTeH GyHkuHi
u, v, (n=0,1,2, ...), amnpokcumupyounx peuienue y audpepen-
nwHaabHOro ypasHenus (1).

2

[Tpeanonoxum cnauana, 4To g—yﬁ COXpaHsfieT MOCTOMHAKHN 3naK B pac-
cMaTpuBaeMolt o6aacTH, Hampumep:
o2}

0—y2>0' (13)

Metonom npo6 mnonGepem nBe GYHKUMM H#y=#,(X) N v,= vy (x), rie
Uy(x) << vp{x), ANA KOTOPHX BHINOAHAIOTCH COOTRETCTBEHHO HEPAREHCTBA
Htgl= —q () <O u {[vy] =1, (x) >0,

rie @y (X) u P, (¥)— COOTBETCTRYIOLINE HE8A3KU,

B cayuae satpyauennmft npu uaxowdeuuun ¢yHKuuMfl 4, m U, MOKHO
npumenuth crenywouwmit npuem. Ilycts npaBas uacte f(x, y) audde-
peduuanbroro ypassenus (1) onpeleneHa M HenpepniBHa B HeKOTOPOH
npamoyroasuofi obnactn R{x, <{x <K x5t a, |y—y,|<<b), rae an
b—noaowutenbabe yucna. Ionowum

m=min f (x, y) npn (£, y) € R; M=max f(x, y) npu (x, y) €R; (16)

h == min {a, _I:l—’ I—/\Z_I} - (7

Torna wa otpeske [x, X|, rae X=x,+h, B KaueCTBe HAaya/JbHHX NPH=
Gawwenul MOWHO BHGpaTh crelyloliue ¢ynkuun (puc. 335):

u0=y0+m(x"—x0)n 'Ug=y0+M(X—xD).
Heftcreurensuo, u3 dopmyn (16) u (17) Buitexaer, uto
l[u0]=m_—f(x) u0)<0, 1['00]=M-—f(x, ’00)20

npu X, < X << xo-+h.

HOns yrounenns npubGnawxenu#t 4, W v, noaaraeM U,=U;-} P, H
V) =Ug—0,, TAe Pq=p,(X) H 0y=0,(x)—dyskuuu, onpenejseMole
u3 nunelnpx auddepennnanbibpiX ypasHeHu#

4(;)—.’60:[’0 (%) Po+ Po (%), Po (%0)=0 (18%)

7*
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n
2% = g4 (%) 04 + o (X), 04 (x6) =0, (18")
e Qg (x) = —1{ug], Py (¥)=1[1,],
po(¥) =1 (. ), gy () ==l ), (19)

Tax wax coGoauble unenb o (x) u P, (¥) aunetinbix ypasHenuii (18")

§

Zptd £

Puc. 35.

n (18”) HeoTpuuaTeAbHbl, TO M3 M3BECTHHIX o6wux ¢opMya aas pelie-
HUI 3ITUX YypaBHeHuH caeayeTt, 4TO

Po(X) =0 n g, (x) =0 npu x, < x << X,
Moxuo mokasarb [16], uto
Ie,]<<0 n I[v,]=0 na [x, X].

Takum o6pa3doM, #; ¥ U, ABAAIOTCH COOTBETCTBEHHO HMKHUM H BEPXHUM
npubamKenusiMH i TOYHOTO pellierus g, o6pasyowumu Gonee ysKyio
«BHJIKY», 9eM Hauaabible QYHKUMU 4y ¥ U,.

BooGue, ecan [[u,]=—¢,(x) <0 u I[v,]=1,(x) =0, 10 MOX-
HO NGNOXHTh

Uy =Up+ 0, B Uyyy=7,—0,,
npuuem QyHKUMM O, ¥ O, HEOTPUUATENbHB W ONPENeAsIOTCH W3 JHHeH-
uolx auddepentpansunx ypaBnenuit

d&;); =Pn (x) pn+(Pn (%), Pn (%4)=0 (20')
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u

d

T:x_”zqn(x)cn_l_wn (xo)’ Gn (JCO)"—“O (’l:11 2' 31 )' (20”)
rae
f(x’ Un)"' f (x, Ll,,) .

Up— Uy

pa(x)=f, (%, 1), q,(x)=
JokaswBaercs, yTto
Hup]<<0 n Io,,4]=0. 21
Orciona nonyuaem (puc. 36)
By <<Uy<Uy <o, KUy << o 6DY
Y<...<, 1 SU, 5. .U =T,
3amerum, 4yTo ecau 3apUKCUPORATE X W TOCTPOUTHL rpaduk dynkunu

z2=f (%, 9), (22)
TO LB KauOro 3HaYeHHd X NOAYYMM, 4TO p, (X)==1{g a, NPeAcTaBASeT

&Y

cofoft . yrnoso#t ko3puunent kacavensHoll k kpusoft (22) B Touke
y=1u, a q,(x)=1g P, ectv yrnoso#t kospduuuenr cexyuwe# x KpHsoH
(22), npoxonsutelt yepes Touku y=u, u y=wo, (puc. 37).

MMosTomy nonyueuse &, yCAOBHO Momer OBITh HA3BAHO M@TOAOM
KacaTenbHHX, a nolyyenHe v,—MeTOJAOM XG0P

Ha ypamueunit (20°) u (20”) 6ynem umeThb

X X
fpu (0de X -f Palx)dx
P,=ev P,lx)e %o dx (23)

X
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"

X X

j‘ qn(x) dx X -_rqn(x)dx

g, =ev P, (x) e *o dx (n=0,1,2, ...). (24)
Xa

H. H. Jlyaws [16] mokaszan, uto mpm n— 00 Da3uoCTh v,—U,
pechMa OLICTPO cTpPemMHTcS K Rymio. Bcam mas HeKOTOpOTO 2 uMeeM
v,—u, <&, The &-—3ajlanHas npejenbHas MOrpPewHocTs, TO Npubau-
KEHHO MOKHO [O0J0WHUTD

1
y= ? (un ——I—-’Un).

3amerum, 4TO ecau ve TPEGYeTcsd OUEHKH MOrpentHOCTH NMPUO/IHIKeHHO-
[0 pellienys, TO HeT HEOOXOAMMOCTH CTPOUThL J[Be mOCAeN0BaTeNbHOCTH

Puc. 37.

-

u, v v, (n=1,2,...,n). B 9TOM caydyae NOCTATOYHO OrPAHHUYHUTH-
¢ moC/aen0OBaTeAbHOCTBIO 4, (MM U,), TaK KaK

y=limu,,
n—+om
Ecau Bmecto nepasenctsa (15) BunoaHeHO 06paTHOE HEPABEHETBO
0f
ap ="
TO GYHKUMH £, ¥ U, MEHAIOTCS CBOMMH MeCTaMmi.
42
Cayya#t, xorama 5;; Ha orpeske [x,, X] menser snak, Goaee Ci10-
ke, NO3TOMY 3/eCh er0 paccmaTpusath He Gymem [15], [16].
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lTpumep 1. MerogoM Hannurusa noCTpOMTE HA OTpe3Ke [O, —;—] He-

CKOJbLKO NMPUGJMKEHUH A8 MHTerpayia ypasnenrus Pukammu

y'=x4+22% y(0)=
Pemeunde. B HameMm cayuae
P, y=x+242 n [[2]=2"—x—222.

”
Tak xak fyy (x, y)=4>0, TO MOKHO DNPUMEHHTb H3JIOKEHHYIO BHIIE TeO.

puto. Ilna npo6ul noJIOEKUM

up=0 " ty==x.
Hmeem
Ifi)= —x=—q, ()<< 0,

Iygl=1—x—2x2=1, (x)=0
npu 0<x<— . CnenoBarennHo, noay:

qUM 0<y<x npy 0<< x << 1/2 (puc. 38).
CornacHo ofuiefi TeopHH nojaraem

Po (X)={, (x, u))=4u,=0

H
gty =& U"):Z:x “) 0 g0 VA
(x—l—?vo) ~(x+42u2) Puc. 38.

=2y tuy =

o — Ug

Iyers “1=“o+po R Uy=vy—0a,. B cuny oopmyns (23) wnHaxopHm

x x
[ rocyax « “frema  x ,
po=¢e" Sq*ﬂ(x)e 0 dx = xdx:%—.
0 1]

x2
[MTosTomy h=7. Ha ocuomanun dopmynn (24) nonyuaem

X
J g0 (%) dx jt‘ —J‘ qo (x) dx
00—8 0 (x)e 0 dx =
x x
fzxdx x —Jq gxdx x
=" S (1—x—2x%)e ° dx =e** S (1 —x—2x2%) e~ *¥*dx,
0

0

Hurerpan
X

@ (x)= S et dy

0
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apasercsa nealemeurtapHofi dyHKuuell, KOTOpas TONbKO YHCIAOBEIM MHOMKHTEJEM
OTJIMYAETCA OT HHTEerpana BeposTunocTten [17].

OuesnjpHo,
x % x p
S (1—x—2x%) e~ dx———S e~ ** dx—S xe~*? dx - S xd ™% =
0 0 h ;
=0 (1) g T ) e ()= g (e e
ITostomy

1 .., 1
G=—5e+5+x
M, CJen0BATENBHO,

— g _1_ 1 x2 _1 x2
v =X (2+x-—?e )—i(e —1).

Ilna kouTpona npon3BejeM NPOBepKy 3uaxka onepatopa [/ [z] npu z=uy,
H z=uv;. Vimeem
) =x—x—2x2= —2x2 0.
Hanee,

I{v;]=xe*®*—x -—% (€2** —2e%* 1) =

=140 " —1)—5 @ —1])=

=(ex2—1)<1+x—-ex22+l)=(ex’—,1)—————'+2’;""”'.

Mpu 0<Cx << 1/2 na ocnoBauny ¢opMyan Teitsopa mojydaem
e = 1 4 2209 < 122,

rite 0<0<1; nosromy
[[v,]> (€ —1) (x—x}) =0.

1
2

OueHnm pasHoCTb
. %2

U —ly = (e"’—-—l)—T .

Tak xaK (0;—u;) =x € —1)=>0 npu 05 x << 1/2, TO
max (vl-—ul)=—é— (e"‘—l)—%=%(1,2840—1)-—0,125:0,017.

Hrak,

y:::zl (e** — 1+ x2) ¢ Tounoctuio jo 0,02.

AHAJOTMYHO B cJiydae HEOGXOAMMOCTH MOXKHO MONYYHTh H janbHefimme
NPAGJIHKEHHA UCKOMOro peIIeHH.

3ameyatne, BoablEM HEyIOGCTBOM MeTOAA 1an/birHHA ABAAETCA
BO3MOXKHOCTL NOfB/eHUs neGepyuiuxcs KBagpaTyp. B oToM cayuae us-
Terpajsl OpUXOIAUTCH BBIYUCAATH MPUOTMKEHHO.
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§ 14. Meton Hetotona — KanToposuua

O606uast ussectHulft MeTox Hbioroua nas waxoxaenust wopweit a-
re6panyeckoro MaM TpaucuesneuTHoro ypasuenns [23], JI. B. Kautopo-
Buy [30] ykasan crmoco6 pewenus 3anayd Ko, a Taike KpaeBux 3a-
nau mas  auddeperunanniux  ypaBuenuiél. CyllHOCTh 3TOra cmnocofa
3aKMOYAeTCt B HAXOMWIEHHM pettenus anddepenunanbHoro ypasHenud
NyTeM MOCAEnOBaTeNbHHX YTOYHEHHH HayaAbHOro npUOMUNEHUA, HaXO-
JIUMbIX M3 nuneftnblx AHGQepeHunanbuuX ypasnenui.

[yctb, wanpumep, mano auddeperminannHoe ypaBHeHHe NepBOro mo-
pAaKa

y'=f(x, y) (N

y (Xo) =y, (2)

rne dyukuns f (X, y) asaxcan nuddepenunpyema  o6nactu R {[x— x,[<a,
|y — 4o | < b).

Tlpennonowum, 4TO Yy, ==y, (X) ABJACTCH NPHONMIKEHHHLIM pelIeHHEM
ypaBdeuns (1), npuyem

C HA4YaJNbHBIM YC/JIOBHUEM

Yo (¥0) =Yo-

Torga nmanpuefiutne npuGamwenns y, (n=1, 2, . ..) pewenna aamauu
Kown (1), (2) nocaenoratensno moryT OwThb onpeflenenn mo dopmyne

y;l+l_pn {x) Yne1= 495 (%), (3)

rae p, (X)=fy (X, Y, (X)) 1 q, (%) =f{x, 4, (X)) —fy (£, Y, (£)) y, (£).
OTcona

x T
[ patty at x ~[ patt) at
Ypiq (X) = %o yo+Sq,,(T)e *e duv(,
Xo
(n=0,1, 2, ...).
Ilokaamsaetcs [30], uto ecnw y,(x)€ER (n=1, 2, ...), TO

y(x)= lim y,_ (x)

npu | ¥ —x,|<Ch, rne h gocTaTouHo Mano, npHueM OLICTPOTA CXOAH-
MOCTH OUEHHBAETCH HEPABEHCTROM

1 n
|,V,. (x)"}' (x) | < ou=1 72 —lp)

rne
. X [

p= max |go(¥) ~yo—{ S (2, yo () dt|, y=2hpMerM
| x-xo| <k xo i
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H
If_l;(x1 y)lngt If_t;l/ (x) y)I<M2 B R'
Meton 6HCTPO CXOMHTCH HA MpOMeXyTKe |X—x,|<Ch, rae p<< 1.

§ 15. HekoToprie 3ameqanus o6 oOueHKe HmOrpemwrHocTeii pewennii
nuddepenunaisnnlx ypasHenuii

OcHoBHAas 1eb NPHGIMKEHHBIX BbIYUCIEHHI 3aKAIOYAETCA B HAXOWKIE-
HHM HYXHOFQO pe3y/bTaTa C 34JaHHON CTeneHbio ToyHocTH. Jns sTtoro
npexne BCEro MeoO6X0mHMO, YTOOB BCE MPOM3BEHEHHHE BHKJALKH He CO-
JepxalM OpHHUMOHANbHBIX H apudMerHueckux owH6ok. [locaennee
OOCTONTENLCTBO OCOOEHRO BaXHO MOAYEPKHYTb I/ UYMCAEHHHX METONOB
pewenns aHddepeHunanbHeX ypaBHeHHH, rle CXeMnl BLIYHCJIEHHIT NOCTa-
TOYHO CIOXHB W Manedmaa owubxa 6Ge3HANeKHO NOPTHT BCHW pafbHeti-
myto paboTty.

Ecnu BuuMCAHTENb (0 KOCBEHHHIM TNPH3HAKAM 3aMONO3PUT Hanau4ne
Takol OWMOKW, TO NAS TOHCKOB M yCTpaHeHus ee TpeGyeTcs MHOTIO
BpemenH. I103TOMy pasyMHO MPOBOAMTH MPEBEHTHRUYIO MOMMUTHKY, T. €.
He HONYCKATb [OABMEHHS TaKUX OWHKOOK UM OpONXOMKATHL CYET JNWb
B TOM C/y4ae, €caM HMeercd a0cO/MOTHAafg YBEPEHHOCTb B MPABHJLHOCTH
BCEX OpenuIeCTBYIOU{HX BHIYHCJICHUH.

IlpakTuka noKa3wBaeT, 4TO B cueTe CJAeRyeT H30eraTbh MOCMEHHOCTH
H OPHAEPHHBATBCA 30JI0TOrO MOpaBUAa: «Jaydllle MeHblie, 11 JAydwer,

OnbiTUwifl BHYNCAUTENb 3HAET, YTO HENb3si BEPUTH CBOMM OJHOKPATHO
nposeaeHsuiM BbikaaakaM, Heo6xoanm pellcTBedHmil Texywufl KOHTPOADL
Hal [poueccOM BhYHCIEHHH, MO3BOAIOUINI HEMENNEHHO OGHAPYXHTh
BO3HUKWHe owHGKku, Jag 9Tofl meam caywar pasinyHOro poma KOHT-
poibHbie ¢opPMylN u BCHoMoraTenbHbe cooOpaxenus. Hauunaouuin
BHYUCAHTENb HaCTO CYHTART KOHTPO/b H3MUWMUMM M MPHMEHEHHE KOHT-
ponbHBIX (OPMYJI HenpuATHOH AOMONHHTENbHOH Harpy3koft. OaHako Ha
CBOEM MedaslbHOM OMWTE OH CKOpo yOewnaercs, yTo MOMUCKH JONYiieH-
Holl ommGkH TpeGYIOT OGonbluefi 3aTpaThl BpeMeHH, 3HAYHTEJbLHO 1pe-
BOCXOAfALLEH BPEMsi, HEOGXOMMMOE 1a KOHUTPOIb.

FapanTtueit npaBHIBHOCTH peIEHHT MOXET CJAYKHTb:

1) ntpoBepka BonoAHEHHUd yCAOBHUH 3anauu (HanpuMep,
s nuddepenlinanbHOro ypaBHeHHSA HalileHHOE NPHOMHMEHHOE pelienue
MOXHO MOACTABHTL B 3TO ypaBHEHHE HJH IKBHBAJEHTHOE eMY M mnpose-
PuUTh pacxoxaeHHe npasod M JNeBolt wacreft);

2) nBotHOW NMepecyeT MO BO3SMOXHOCTH APYrHM Me-
TONLOM UIH APYIrHM BHUYHCIHTENE M,

3) npumedHenne 60nee rpy6oil cxeMH M Ka4uecTBEH-
Hulif aHAaJTH3 3anavd.

Ec/iH n3BecTeH anropHTM HAXOXAEHHH TOYHOro pellleHMa 3a7auH, TO
APYrHX omu6OK, KpOMe BHIYUCAMTENbHHX, He uMeercd. Tlonowxenne ycaox-
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HAETCH, eCNH AT HAXOWACHHA peleHHH MPUXOAUTCH MOAb30BATHCA NPH-
GNMKEHHLIM METONOM. 3aech HapALy CO CAY4aWHBLIMM BLIYHCIHTENhHBIMH
OmHOKAMH TIOABAAIOTCH HEeH30exKHue NOrPeliHOCTH NPUGINKEHHOTO Peuie-
nua BooGue. OTMETHM, 4TO OLEHKA MOrpemHOCTH MPHGMHNKEHHOTO pele-
HUE uan obmue cooOpaweHus O ero XapaKTepe CyllecTBeHHO HeoGXo0-
AMMBl, TAK KaK B NPOTHBHOM CJy4ae MNOJAyYeHHHH (OPMalbHO NpaBH/Ib-
HRI pe3ynbTaT MOWET HMeTb YHCTO HIMIO30PHOE 3HayeHue, )

HMnst namocrpauun npusexem mpumep [18]. [lycth TpeGyerca uma-
JleHHo HaiitH pemtende 3agaun Komu:

Y =10y 411y, y(O)=1; y' ()= —1 (1)

na otpesge [0, 3].
O6iee pewenne nuddepenunansioro ypasdeuns (1) umeer sug

-X X
y=ce" " fc,ett”,

rae ¢, U ¢,—MNPON3BOJAbHHE MOCTOSHHKIE.
Ilng nckomoro peLleHust 9TH MOCTOSHHBIE HMEIOT 3HadeHHs ¢; =1 &
¢, =0, noatomy y=e~*, u, cllenoBareibHO,

y (3) =e~% 20,0498, (2)

[TpuMenenne OGHUHHX TPUOAHKKEHHHX METOIOB, B CHAY HEH3OEWHLIX
norpemocTefl OKpyrieHnus, ZacT NPuUGAUIKERHOe pEeIleHde Buia

y=(l-4e,)e " fe,etr”,

rae & H £, —Manue No a6CoNOTHOR BefHuMHE NOCTOSHHKE.
[lycts, nanpumep, TOouHOCTH MeTORa TaKoBa, 4TO &, = 10710 g
g, =4 10710, Torna

Y(3)=(1 4 10710) ™8 - 1071033 x |- 2.10%, (3)

T. €. Jaxe NpH NMPUMEHeHHH NPUONNKEHHOTO METOAd BhICOKOH TOUHOCTH
MoJyyeHHoe 3HAayeHHe (3) MOMeT He UMETb HHYero OOWEro C TOUHHIM
3nauenuem (2).

Ha npakTmke npuMepn Takoro pojsa BCTpe4aloTCsi CPaBHHTENABHO
PenKo, OAHAKO ¢ BOIMOKHOCTHIO UX NPHXOHUTCH cuMTathed. B coMuu-
TeJAbHHX CJAy4adX peKOMeHAYeTCH COCTaBAATh oblee npeicTrapjenue o
NOBEIEHHY WHTErpasbHbIX KPUBBIX, B 38BUCHMOCTH OT 4Yero H BHIOUPATH
nonaxonfimuil crnocol BHUUCAEHUS,

[pn manpuefiiux paccyxaeHusix GyaeM [PEANONaraTh, YTO BHIYHCIH-
TeJbHBE OWHOKH TeM HJH HHBM crnoc060M yCTpaHeHH MOJHOCTbIO. Jafi-
MeMcs ceHvac aHanM3oM OMMOOK, HCTOYHHKOM KOTODPHX fIBASieTCH TpH-
OMHKEHHOCTh BBIYHCIEHRHU,

Obwas cxema npumedeuua NPUSMIKEHHHY MeTOR0R Takopa. [lycTh

y (x) —uckoman ¢yukuus, 3vaveHus y (x;) kortopoft oGwuyHo ompenens-
IOTCA AN CHCTEMB PABHOOTCTORILMX TOUeK X; = X, ih({=0,1,2,...).
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O6osnauum uepes y, =y (X;, Yg, Y1, «++, Y;~1) NOCILNOBATENbHEIE 3HA-
yeHus npulaHxkenHoro pemwenus. Torda npepenbHas aOCONAIOTHAA NO-
CPEUIHOCTD MPUOAHKEHROTO pelelins y BHPAZHTCA CACAYIOLAM 06pa3oM:

=>lyi—yil. (4)
~ %

fycth ¥y, ecTb pesynbTaT mupuMeHenus npUOTHKEHHOro MeToNa

e
K TOYHOMY DEWICHHIO, T. €. ¥, =y (X;, g, Y1, - - -+ Yi—1)- TOrna moxno
npunate E;=FE}-}-¢;, 1ae

" Tx

Ei=|yi—y,l (5)

~— TaK Ha3hlBAeMAf n02PewHocTs Meroda, a
- ~ %

er=ly;—uil (6)
— TaK Ha3wlBaeMmasl TeKyuan fo2peuinocTs.

Horpewnocts mMerona Ej npencrapaser co6oét owmoKy, RPOUCXOAS-
ULyl0 OT 3aMeHB TOYHOTO aNrOpHTMAa pelweHHsl NpubauxeHHnM. JrTa no-
rpeiocth Heyctpanuma. [loaromy wmerond Buuucienuit Aomken OunTh
BHOpaH TaK, 4TOOL NOTPeltoCTh ero Ha NOCAenHeM Ware BHYHCAeHHH
He MpeBullla/a 3anaHHOK BeHYUHbL.

Yro kacaercs TeKyilell NOrpemHOCTH MeTona €; TO UCTOYHHKOM ee
ABAAETCH DACXOXIEHHE MeXy pe3ylbTaTaM#d OPHMEHEHHS NAHHOTO Me-
TOZA K TOYHOMY H OPHGIMMEHHOMY peuIeHHAM, 3HAUHTEeNbHYI pOJb
anech Urpaer OKpyrjieHue [IPOMEKYTOUHBIX JAHHBIX.

O6ruuHO NOPADOK TOYHOCTH NPUBIMKEHHOTO MeTona BhiBaeT H3BeCTeH,
Ton stum nonumMaercs caenyouree. [lycTh U3BECTHH 3HAYEHHA TOYHOTO
PeWeHts Ko, Yy, Yg, --., Y; H OUGPENHOE 3HAYEHUE g, ; PAITIOKEHO
no creneHam wmara A 8 pay Tehinopa, 1. e.

' t
yl“_af,') +aln4almr ...,

) p)
rac aP = lyi (p=07 15 2; "')'
HanmueM paanoxcenne B pai Teftnopa no cremenaMm A anaveHns

yi+1=y(xi+ka Yoy Y1y » - > yi)v

nafineHHoe B Pe3ynbTATE TPUMEHEHHs AAHHOrO TNpuO/IHKEHHOTO MeToRa
K TOYHBIM 3HAYEHHAM Yq, Y1, -.., Y;. Dylem uMeThb

Gior=b" 4690+ PR ..,

Ecmn nna Bcex [ Bbl[lO.HHEHbl paBeHcTRa b,, —-ag) npup=0,1,.,.,m

npuueM by, & aly,, AT HEKOTOPHX i, TO UMCAO m Wa3WBaercs T o-
PAAKOM TOYHOCTH npubauxennoro Mertonaa, Ilpu satom po-
rPeUlHOCTh MeTOfA Ha KawAoM liare umeer nopsiaok O (A™*Y),
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Ecau yucno m onpemeneno, To Aaa rpyGoll OLEHKH OOrpeutHocTH
METONa MOXHO NPHMEHHTb TaK HaswBaembii npunuun Pyure [18].

[lycTh, HampuMep, Ha KawmoM imare Ak nonyiieHa norpeiHocTh, Npu-
6AMaMTENBHO nponopuHonanshas k"Y' (mZ>=1), m 2n npencrasnser
coboit o6wee yucaA0 WATOB BBHIYUCIICHUS.

B TakoM cnydae, npelnonaras, 4TO TOrPeiHOCTb HA KAWAOM Ilare
onHa W Ta xe, pasHam AA™'Y mpuBimKeHHO noayyaem

;;n_y%:QnAh’”‘“l’ (7)

rae A —Heu3BeCTHbll YHCIOBOH MHOXHTENb.

CornacHo PyHre mpoM3BoaMM TeM e MeTOLOM BTOPUYHBH nmepecuer
HCKOMOTO peleHnst y ¢ nBOiHnM marom f/=2h. Torma B cuny namero
npeanoioxenns GyneT ROMyLleHA [OTPEIULHOCTD

Vi—y,, =nA(20)"*1, (8)

-5
ree ¥, (=0, 1, 2, ..., n)—cOOTBEeTCTBYIOIHE 3HAYEHHA B TOUKAX
§;=x,4 Hi pesynsTata, MojyueHHoro NpHMeHeHHeM JanHOro npuGiu-
WEHHOro Merona ¢ waroM M =2h.

Us dopmyn (7) u (8) suBomuM

n—2ART = ¥, — 2Pt g AR,

OTclopa HaxoaHM HeH3BECTHYI0 NOCTORHHYIO
~ -
A= yn'_yzn
o9n (27— ) P +1?
H, CAeN0BATENbHO,

i‘,t -!-Jt
y2n=y2,,——2"7__—ff. (9)
Takum oGpasoM, npubIMNKEHHO MOXHO TOJNOXKHTH
¥.—v,
_I 2m_“l‘” (10)

3ameruMm, uyro dopmyny (9), npenebperas Tekyuiell nOrpeuIHoCTLIO,
MHOFAA HCNOJb3YIOT NS OLUEHKH MOJHOH MOTpPeumHOCTH PelleHds,
NpHOAHKEHHO MoJjarad

- 1% —y
y2n=y2n——Hﬁ (ll)
rae Yn:y(xﬁnt YO) Y11 vy Yn—l)'
Mpumennm npudauun Pydre mas ouenkd morpeltHocT# metoaos Pywu-
re—Kyrra u Apamca, npuuyeM OrpaHuyuMCH JHUIb paccMoTpeHneM and-
(epeniManbHOrO ypaBsHeHUst MepPBOro MopsiaKa

y'=f(%, y) (12)
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NpY HavaJbHOM YCAOBHH
Yy (Xy) =y,. (13)
1. Metoan Pynre—Kyrra. lMopanok Tounoctu merona Pynre —
KyTtra mns ypasuenus (1) ectb m=4 [20], [18] (cm. § 7). Tloatomy
u3 ¢opmyan (11), npu coxpaHeHMH BBEZEHHHX Bbie 0603HAYEHHH,
HMeeM

~

~ 1 -
y?n:y2n_'ﬁ(yn—y2n)' (14’)

2. Meton Agawmca. llpumensis BTOPYIO HHTEPOONANHOHHYIO dop-
myny Hptotona ¢ ocrtatounmm umesom (cMm. [23]), monyuum dopmyny
NOrPeIHOCTH MeTONA

x(+h
- 1 2

X5

5l
< max | V(%) |57 (6" + 602 + 1147 + 69) dg =28 5 max |71V (x) . (15)

IMpubauxeHHo MOXHO NOJIOKHUTH
251 1 ,
7—56%3 H hﬁflV (x)=A4 (hy )-
CneaoBaTtenbHo,

E; =+ max | A (hy') . (16)

W3 dopmynn (13) BeTekaer, 4TO NOPRloK TOYHOCTH MeTORa AxaMmca
m=4. Kpome Toro, ecnu A? (hy') 004TH NOCTONHHH, TO MOXHO NOJb-
3oBathcq Gopmynoft (10). Bosee Toynas oneHka MOrpeltHOCTH MeTOnA
Anamca nmeerca y Konnatua [18].

Hr1o kacaetcs Tekyuwell mOTpeiHOCTH MeTOxa &;, TO OlieHKa ee B 06-
LIeM Cnyyae 3aTPYJAHUTENbHA, M 3THM BOMPOCOM 37eCh 3dHUMATHCH He
OyneM, 3aMeTHM, OIHAKO, YTO PA3NUYAIOT YcToldussle cXxembl Bviiuce-
Hui, KOrga HeOO/bIUME HayajlbHBle OTK/IOHEHHS 3aTyxaloT 8 Mnpoiuecce
PeWeHUsl, U HeycTolvusble cxemsl ssiducAenuid, TPH KOTOPHX JHaxe
HHYTOXKHO Majbie HayajlbHHe OTKJOHEHHS HeOTPaHHYEHHO BO3DPacTaloT
C yBe/HYeHHeM YHCH2 1aros.

Hasn nuddepenunansuoro ypasuenus (12) MowHO yKa3aTh elle OLHH
crnoco6 3akmounTenbHoOH npoBepku. Vimeem

Xg
y(£)=yo+ flx, v(¥)]ax. (17)

Xo

Ucnonbsys maitneunne npubamiennpie sHavenns
g(x,) (=0, 1,2, ..., n)
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M npHMensa ¥ mnpasofl uyacTH paBenctBa (17) omHy M3 KBagpaTypHH X
dopmya, noayuum

Y () = Yo + 2, Anf % 1 (2],

k=0

rle A, —HeKoTopbie MocTOAHHble KO3(dHIHeHTH.
3a nperenbHy0 aGCOMOTHYIO NOCPEIIHOCTH NPUGANNEHHOTO pelleHHsd

g(x) IpH Xy < X < X, MOWHO NPHHATH BeMMunny E, = Iy (%) —¥ (¥,) ]
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FriTABA IV

KPAEBBIE 3AAYU /i1 OBbIKHOBEHHBIX
JUSDEPEHLUANILHBIX YPABHEHUM

§ 1. O6mas mocranoska Kpaesoii 3anagu

Paccmorpum anddepedunansnoe ypapstenne n-ro nopaska (n=2)
Flxe, g, 9 -, y™)=0. (h
Kpaesana 3amaua 1/ ypasvenus (1) 3akmouaeTcds B C/AGLYIOLICM:

HafiTH peuledne y = Yy (X) yparnenus (1), A9 KOTOPOr0 3HAYCHHS €FO
TIPOH3BOAHLIX

¥ =y (%) (s=0,1, ..., 0)

B 3ajlaHHOH cHcTeMe TOueK x=x; (i=1, 2, ..., k; £ >2) ynosner-
BOPAIOT 72 HE3AaBHCUMBIM Mexny C0Boft kpaesbim ycaosuam, B obmeM cay-
yde HeauHeH Hb M

Valgs, 4y wee s 9009 oty U B vy YD) =0 (2)
(v=1,2, ..., n).

Tak kak B cuiny ypasuenus (1) npousponwsie y'* nopsaxa n u Benie
MoryT ObiTh B OOLIEM C/yyae BBIPAXKEHH 4Yepe3 HCKOMYIO (YHKUHIO y
M ee maagwiMe NponsBomHbe y', ¥”, ... , ¥, TO MOWHO CYHTATH, YTO

g, <<n—1 (=12, ..., kv=12, ..., n). ()

Kpaesas 3anmaua (1) —(2) wacto BerTpevaercs B npuaokenusx. [Ipmu-
BeJleM NPUMephl KOHKPETHBIX KpPaeBhX 3alau.

Npuwmep 1. [Ipocmeiwan dsyxmouewnan Kpaeéaa sadawa. Haitn dynk-
w0 Y=y (x), yHoBJeTROpsmOILY0 AUddepeHUHaJbHOMY YyPaBHEHRIO BTODOFO

nopaaka
y'=Fx y y') )

H MpUHUAMALILYI0 NpH X==a H x=0>0 (a < b) 3ajaHupe 3HAuEHUA
y(a)=A4; y (b)=B.
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T'eoMeTpuMyeCcKH 3TO O3HauaeT, uTo TpeGyeTcsi HaHTH HHTETrpa/ibHYI0 KPUBYIO

Anddepennuansuoro ypassenus (4),

y\ § DPOXOAAWLYI0 uYepe3 JaHHbIE TOYKH
| M (a, A) u N (b, B) (puc. 39).

% ODpumep 2. B ugousmeHenyvem

( 3ajayu, npuBefeHHoit B mpHmepe 1,

Gyner: HaliTM Takoe petlieH¥e Y=Y (x)

L] 9-9® B ﬂ,H(bg)epeHlLHaJIbHOI‘O ypasrenusa (4),

4TOGH!

y'(@y=4, 1y (b)=8,.

FeoMeTpuuecky 3Ta 3ajaua cBoAuT:

Puc. 39. Cfl K OTHICKAHWIO MHTErpasbHOH KpH-
Boii ypaBHenus (4), nNepeceKatoueit

NpsiMbie X==g u X=b N0J 3aJaHHBHMH COOTBETCTBEHHO YIiamm o U {§ TaKuMmu, uTo

0 p— —
o fp———

tga=4; u tgp=2>5

(puc. 40).
P Mpumep 3. MowHo paccMoTpeTh TaKXe CMelllaHHYIO KpaeByio 3amaqyt
HalTH peileHne Y=Y (x) andde-
peHuualibHoro ypaBHeHust (4),
YZOBIETBOPRAIOILEE YCIOBUAM g

ylay=A, y (b)=B,.

WueiMu ciiopamu, Tpebyercs
HaliTH MHTErpalibuyl0 KpHBYIO
ypasHenHs (4), MPOXOZAWLYIO ue-
pes 3ajmaHuY Touky M (a, A)
U Mepecekaollyo npaMyw x=~a
rnoj  AauueM  yraom f}, rae
tg p=B, (puc. 41). 7] a bz

U

010107072 70/ TO 111111279

3amerum, uTo obuLas Kpa- Puc. 40.
esad 3apmaya (1)—(2) moxer

a) He uMeTb pelleHHit;

6) UMeTh  ERUHCTBEHHOE v
peleHue;

B) MMEeThb HECKOJILKO ¥
naxe OECKOHEYHO MHOro pe-
nieHuid.

Opumep 4. Kpaesas 3a-
[ELE!

Y +y=0, y0)=y()=0 (5

umeer GecKoHeulo MHOro perie-
Hu#t BMZa y=csinx, rie Puc. 41.
C—T1pOH3BOJLHAN  TOCTOAHHAL.
Kpaesasn sagaua y'-+y=0, y(0)=0, y(b)=1npu0 < b Hmeer efuH:

sin x
CTBEHHO® PelllenHe yp= 7, a NpH b=m coBceM He uMeeT peirerHufi (puc. 42).




§ 1] OBUIAS TIOCTAHOBKA KPAEROH 3AIAYM 211

B nanbhefiyiiem, xak npaBuno, 6yaeM npeanojaraTh, 9TO pelleHHe
KpaeBOl 3amauM cCyulecTByeT M OHO enmHcTBenwHo, Hawa uenws Gyner
3aK/MI0YaThCA B HAXQXKICHAM 3TOTO pelleHHd.

Cneundnueckyio 0COOCHHOCTh MMEIOT KpaeBhe 3amaum (1) —(2), rae
ofHa MM JBe M3 a0CUMCC X; NPHHRAMAIOT 3HaueHHs o- oo, C Taxkumu
3apadyamMyl NpUXOANTCHA CTaNKHBATh-
Cd, HaupuMep, B KBaHTOBOH Mexa-
unxe, TlpuBeleM THmMuuyl nocra-
HOBKY ONHOH M3 TaxkMxX 3anady.

Mpuwmep 5. Haijitu pewenne
x=x (t) nenuneiinoro aupdepennuanb-
HOTO YpaBHeHH#

(6)

YJOBJIETEOPAKOIIEE KPAEBLHIM YCJIOBHAM

x (0)=x9, x (+0)=A,rze A=A (x,).

Puc. 42.

Taxkum 06pasoM, peun MJIET O PasHICKAHHH WHTerpaiabHOi RpHBOR judie-
peniuanbHoro ypasHewus (6), npoxoasmeis depes pauuyio Touky M (0, x,),
orpandyeHHod HA GeckoeuHom uuTepsane (0, --oo) u umeomeft npu {— 4 o

Z
S L R
L/Tz{t)
M
/
Zy
g t

Puc. 43,

HeKOTOPYIO FTOPH3OHTAJbHYI0 aCHMNTOTY x =A, NpHYeM BeJHuHHa A TaKxKe J0JKHa
6LITh OnpejesieHda NoO 3alJaRHOMY 3HaueHHI0 x¢ (puc. 43).

AHaJOrMYHO cTaBATCA Kpaeene 3amauu 174 cuctem amddepesunalib-
HBIX YypaBHeHumi.

3aMmeTuM, UTO KpaeBne ycnoBHA Buaa (2) HE HCYepPRHIBAIOT BCEX
KpaeBhIx 3aj1ay. B HexOTOpHIX ciAyyadx OTAE/bHBE 3HayeHus abCumce X,
B KOTOPHX 3aal0TcAd 3HAYEeHHd HMcKOMOH QyHKUMH y MJAM €€ npOou3Bof-
HEIX, TAKXE OCTAIOTCA HEM3BECTHHIMM M JO/MKHH OBITh Haltmess u3 ycao-
puit 3anaun. K umeny Takux 3ajad OTHOCUTCR, HAanpuMmep, 3ada4a O no-
pasicenuuw yeaw 6asaucTudecKum cHapsadom,
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Mpumep 6- Kak ussectno, Auddepernuasniible ypaBHeHHA ABHMKEHH
CHAapAja € y4YeTOM CONPOTHBJIEHHA BO3JyXa HMEIOT BHJ
x=— F cos O,

y=—Esin®—g I @

(Toukn ofo3HayaoT AudupepeHnupoBanne no Bpemend t), rae E=E (y, v)—us-
BecTHan QYHKIHA BHICOTBL § H CKOPOCTH U=|/ )}2+y2, g=4g (Y) —ycropeHie

cunnt TAmecTH; © =arctg i—yron HAaKJIOHE K FOPU3OHTY KacaTelbuofl K Tpa-
X

eKTOpPUH CHapsAa.
Mpepnonaras, 4ro B MoMeHT f=1{, cHapaj O6wn OpoweH B Toske O (0, 0)
C HAuaJbLHOM CKOPOCTbIO Uy, HANPABJECHHOW NOJA YrJaoM 90 K TOpH3OHTY, H B

y=y(x)
Y
Uy
M
9 i.’/t
] z, Z
Pnc. 44

MOMeHT BpeMeHH [ =/, NOpa3us HEeNOJBMKHYI0 uesJb M ¢ KOOpEHHATAMH x=X;
i y=y; (puc. 44), nonyyaem cleiylOIYy0 CHCTEMY KPaeBHX YCJOBHH:

x=0, y=0, x=uycos Oy, y=uvysin @, npu f=1, } (8
=X Y=y npu t=ty;

afece yros 6pocanufi €, (napaMeTp) a1 MOMEHT HOpaMellus UeJH f; TaKike HB-
JAOTCH HEH3BECTHHMH.
Pemrvis kpaeryio 3anauy (7) —(8), noJayuaem BO3MOXKHOCTb HAATH HAYaJbHHA
yroa 6pocaunns
0, =arctg @ ,
Xo

rae Xo= X (ty) n y'0=y'(t0), NpH KOTOPOM JOCTHraetcs MopaxkeHue mesd. 3agaua
YCJOKHARTCA, ecH llesqb NOJBHMKHA.

§ 2. Juneitnan xpaesan 3ajaya

PaccmoTpum 60see moapo6HO BawHHH 4acTHHH caydyalh, Koraa aung-
¢depenlManTbHOe ypaRHeHHe M KpaeBhe ycnoBHA nMnefinn. Takan Kpaemas
3anaya HaablBaercd Aunelnofl kpaesod 3adaveil.

Jluneftnoe mnddepenunansuoe ypasHenue 7-ro NOPAAKA COKPALeHHO
MOXHQ 3anHcaTb B BHAeE

L{y]l=1(x), (1
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rne  L{y]=po(x) 4™ +py(x) g™V ... +p,(X)y, npuueMm 06uuHO
npeanonaraercs, 4to p;(x) ({=0, 1, ..., n) ¥ f(x)— uspecTnue
HenipepHBHHE (YHKUMM HA NaHHOM oTpeske [a, b).

Inst npoctorw Gynem npexnosaraTsh, 4TO B KpaeBHe YCJOBHH BXOAAT
nBe aGClUHCCH Xy =a H X, =0b (a < b)—xonun orpeska [a, b]. Taxue
KpaeBne yCcAOBHA Ha3npaloTes Osyxroxednnimu. Kpaesne ycnoeds Haabl-
BAIOTCA JUHERHLIMH, eclN OHH HMEIOT BHI

Rilyl=v, (v=1,2, ..., n), 2
rae

R,[y]= E [aly™ () + BLy™ (5)]

noa, BV, y, —3anannse nocTOAHKLE, NPHYEM

n—-1
kz (|af?|+B”|)5=0 mpu v=1,2, ..., n

Haripumep, kpaesbe ycnoens, npueeneHnuie B § 1 (mpumepw 1, 2, 3),
JuHeliHbl, TaK KaK HX MOXHO 3aniCaTb B Bule

a.y (@) + C’-]_y’ (a) = Y11 ﬁoy 0+ ﬁly' (b) = Y2

rie ag, o5, By, By, Y, Yo— 3anannbe nocrosinhbe, JedcTBUTenbHO, ANE
3ana4n npuMepa | umeem

=1 a,=0; y;=4; fo=1; f;=0; y,=Bur 1

JlunelubiME KpaeBbIMH YCJOBHAIME (BJIAIOTCH TAKXKe yCJIOBHA NepHe-
IHYHOCTH, KOTOpHe B cayyae AuddepennnanbHOro ypaBHenHs BTOPOro
nopsjika HMMEIOT BHI

y(a)=y(b), y'(a)==y’(b).

Jlnneitnag Kpaesas 3amaya COCTOMT B HaXOWACHHH QYHKUHM y =y (X},
yaoeneTeopsaoulei n1nddepennHanisiomy ypaBuendio (1) u kpaesnM ycno-
BHAM (2), npHYeM [QC/eNHHEe DNDeNNOJIAralTCs JHHEeHHO He3aBHCHMbING,
Jlunetinan kpaesas 321244 Ha3bBAETCH o0HopodHOod, ecau, BO-lepPBHX,
f(x)=0 opn a <L x < b, 1. e. nudepeHuranbioe ypassenne (1) oawo-
pomio, H, BO-BTOpPHX, y,=0 (v=1, 2, ..., n), T. e. HMEIOT MecTO
OIHOPOJAHLIE KpaeBhle yclOBHY; B NPOTHBHOM Ciy4yae Kpaepas 3ana4a
(1)—(2) nasuBaercn neoOHOPOOHOU.

I]'pumep 1. PaccMoTtpim 3anayy o6 HaruGe ropnaomanbnoﬁ 6aJaKH AAH-
ol [, nexautelt Ha pByX omopax x=0 H x= 1, mog geﬁc’ranemracnpenenex-moﬂ
nonepeqﬂoﬁ HAarpy3kH c JHHEHHOH NJOTHOCTIO ¢=¢ (x) (pHe.

Hs KypCd conpoTHBJEHHST MaTepUAJIOB H3BECTHO, 4TO BCPTHKaﬂbHHﬁ npornd
OfHOpOAHOH BasKy MPUOTHIKENHO YAOBJIETBOPSET InHeHHOMY JH(depeH i Ha b oMY

ypaBHeHHIO
[E] () §") =g (x) &)
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rae E[ (x)— xectkocTs Gankw npm Harube, Nphuem HaruGawowuil momeur M
H nonepeyHas cuaa Q onpejessIOTCS W3 COOTHOLICH Hil

M=ElI(x)y" u Q=M'=[EI x)y")’.

Kpaesbe yc/ioBus 3aBHCAT OT cnoco6a 3afeskH koHnoB 6anku. Ilpusenem
OCHOBHBIE ClyYau.

1Y
Pnc. 45.

1. Kouen cro6ones. Hynw paBust usrubaomuii Momenr M u none-
peunas cnaa Q. [Toatomy «paesoe ycaosus dan c80600n020 KoHya GaNKH CYTb

yll=0 H ylll=0‘ (4)
2. Koneyy wapaupHuo onepr. Hymo pasHe nporué y ¥ usru6amo-
wuii MoMenT M. [losToMy kpaeavie ycao8uf OAR WAPHUPHO ONEPMOZ0 KOHUA CYTb
y=0 u y"=0. 4"
3. Konen xectko 3agenad. Hymo paeubl nporv6 y ¥ yroa noso-
pora @=arctg y’. [lostoMy xpaesvie ycaosua Hecmwo 3a0eAAHHO20 KOHYR CYTh
y=0 u y' =0 4"
Bo3MOXEBL TakKe npyrue, Gojee CJOMHBE CAyUan KPAaeRhX ycJoBHH,
3apaua (3)—(4), ouesuxnHo, ABAAeTcs JAMHEHHOH xpaeBod 3ajgauei.
[Tpuwmep 2. Ilyers xectkoctb Ganku E/ nocrosnHa, Torja ypaeuenue (3)
IJia mporufa y 3aMeHsieTcsl ClelylOU(HM ypaBHeHHeM:
ElylV =g (x). (5)
[Mpennonoxum, uro GajKa WapHupHO 3aKpensjexa Ha KoHue x=0 u KecTKo
3ajzenaia Ha xoHne x=/[. B Takom cayuae pnf mporu6a y BHINOJIHEHBl KpAeBbie
(rpaHuuHbE) YCJIOBHSA! ,
y(0)=0, y"(0)=0, } ©)
) (1)=0, y' ([)=0.
Kpaesbie ycnoBus (6) sBAMIOTCA JHHeHHHIMH OfHOPOLHBIMH, TaK KaK HX
MOXKHO 3anMcaTh B BHRE
1y (0) 404" (0)+0y (1) 4-0y° (1) =0,
0y (0)+ 1y” () + 0y () +0y" (1)=0,
Oy (0) +0y” (0) + 1y () -+ 04" () =0,
Oy (0)+0y" (O)+0y (1) +-1y” (1) =0.
Kpaeeyio 3agauy (5)—(6) pemnts HerpyaHo. [Ipexnosaraa gnsd npocToThi,
4TO MJIOTHOCTE HArpy3KH NocTosHua: ¢ (x)==p, OyneM HUMeThb

pxt
Ely= —2T+clx3+c2x2+c3x+c4.
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H3 rpaungHnx ycjosuil (6) BbiTeKaeT

/) 3
Cl=—;l)_6’ ¢ =0, Ca’—‘z—s, ¢;=0.

Takum o06pasom, HCKOMoOe pelieHHe ecTb

y= 4”8%1 (2x% — 31x3 -} [3x).

9TOT NpHMep NOKA3bLBAET, YTO B cAyyae, KOrna MOXHO HaMTH obutee
pewenre AnddepeHUnansHOro ypasHeHHd, IBYXTOueYHasw KpaeBas 3a-
naua He Gojee TPyAHA, YeM 3aldya ¢ HadalbHHMH ycaosuamn, Onxaxo
ecad ofutee pelieHHe ypasHeHHS He MOweT OWTh HAMAEHO pEryasipHEIM
NyTeM, TO pellexHde kpaesodl 3amayn nNpPUBOAHT K HOBRIM TPYAHOCTAM,
TAK KaK HE HMeeTcd HadalbHON TQUKH, MCXONd M3 KOTOPOH MOXHG 60
6Hl MOCTPOUTH pQIUEHHe QAHUM H3 paCCMOTIJEHHHX Bbilll¢ METOHQOB,

r—_z———ﬂ
0 4

Puc. 46.

Onuoponnas xpaesasd 3amaya (1) —(2) Bcerna wumeer TpPHBHAJALHOE
pewenre y (x) =0. OnHako BO MHOTHX cAyiafX MPeACTaBAAT HHTEpec
HEeTPHBHANbHKHE pelleHHMd 3TOR 3alayd, KOTOPHe CYLleCTBYKT
ne Bceraa. [loaromy B nuddepenunainuoe ypasuene (1) nan B xpaeBnie
ycnosnsi (2) BBONAT MapaMeTp A, Bapbupyd KOTOPHHA MOXHO NOGHTHCH,
4TOOB MPM HEKOTOPHX €ro 3Hd4eHHAX COOTBETCTBYIOUIAS KpaeBas 3ajaya
HMena HeTpuUBHAJbHbE pellleHHs. ITH HCKAIOUHTENbHRIE 3HAYEHHS TNapa-
METPa Ha3KBAIOTCH COBCTBEHHbIMU SHAYEHUAMI U XADAKTEPUCTULECKUMU
qucaramuy 3afa4Yd, a OTBEYAKLINE HM HETPHBHAJNbHHE pelleHHs — cabCT-
enHoiMl ynryuamy 3anaud. Taxkum 06pa3oM, MOPHXOLMM K TaK HA3bi-
BaeMolt 3adaue © cobcTeenHelx 3HaveHuax — Baxueluieft 3amave cospe-
MEHHOI'O MaTEMATHYECKOrQ aHaan3a.

[Mpumep 3. PaccmoTpum 3azauy o OpojoJbHOM H3ruGe cTepXHH MoCTOS!I-
Hoil wecTtrocty EJ mop gefictBueM cumawmed cuas P, HanpasJeHHOH BLOJb
ocu crepxkHs (3adauwa Jiizepa). Ilpexnonoxum, uto nesblfi KOren cTepkHA x=0
3ajenaH, a npaeuil x=1/ onepr (puc. 46). Kak u3pectHO, BeJHYMHA Y=y (x) —
OTKJIOHe HUE CTEPXKH$ OT ero oCH — yAOBRNETBOPseT AudQepeHIlHATEHOMY yPaBHEHHIO

P
y1v+E7 y" =0, (7
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rie P urpaer posn napamerpa. Kpome roro, corzacuo cnocefy 3aliefKu CTepHs
Iid ero KOHUAX AOJXKHBI GbITH BBHIMOMHEHB! KpaeBble YCIOBHA!

y(O)=y (00=0, y(h)=y" ()=0. (8)

Tpe6yercsi HaliTH MUHUMaJNbHOe 3HaueHWe CHJBl P —TaK HasnBaemylo Kpd-
muyeckyo cuay, TPH KOTOpPOH BO3MOXKEH TpPOLoJbHbIA H3ruG. MartemaTuueckn
8TOT ROIIPOC CBOAMTCS K ONpeJeseHHl0 HAHMEHbIUEro NONOKHTENbHOro 3HAYEHHS
napamerpa P, npu Kotopom KpaeBas 3anaua (7)—(8) umeer nerpusuanbuoe
petteH ue.

Obuwee pemenue Anddepennuansuoro ypaBuenus (7) umeer Bug

Y = Cy -+ Cpx -+ ¢3 €05 Qx + ¢,y SIN Qlx,

o= l/; (W]

H Cy, Ca, C3, C4— TPOU3BOJILHLIE TMOCTOSHHBIE.
Ha ocvoBanuM HepBbX IBYX KpaesblX ycJoBuil (8) nmosyuaem

O0=c¢y+c3, O0=cy-tcy0.

rje

¢
Orciofia cg= —¢y, C4= —?’, H, CJieJloBATeJbHO,

Yy=rc; (1—cos ax)-+cy (x——-s—lﬂaix-) )

Jlsa BTOpHIX KpaeBHiX ycioBus (8) B cBA3M € TeM, uTo & 3 0, naiwoT

O=¢, (1— cosal)+c, (I—Slr;al) .

. (10)
O=c,cosal-tc, sinod .

TaguM o6pa3oM, [Af ONpefesleHHs HOCTOSHHBIX C; H Cg TOAYYEHA OTHOPOA-
Han gasedyan cucrema. CorjacHo cMelcay 32AauM NpefiCTaBAAIOT HHTEPEC JHILB
peuteHus, OTMHYHLIE OT HYJS; NO3TOMY onpejeautefib cucrembl (10) possxen GbITh
paBeH Hysmo, T. €. .

nal
1 —cos a! l—si &
sinat | =0 an
cos ol
uiu
sin al—al cosal=0.

Orciopa GyaeM umets tg a=al, n, cjejoBaTe/bHO, . .

o=y, (12)
re p=4,493... — HauMeHb WU IONOKHTENIbHBI KOPEHb TPAHCUEHZEHTHONO Y paB-

Hennnt tg p=yp.
H3 iopMyn (9 ¢ (12) BuiBOgUM
2ET El

me—_-“l, 20,187 55 +
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TouHoe pellleHHe KpaeBOM 3aayM BO3MOKHO B PENKHX Cly4asx.
[Moatomy B nannHefillem GyILyT paccMOTpeHbi NPHONMMEHHBIE METOIW pe-
LleHHd KpaeBHX 3aJay, NPHYEM IS NPOCTOTH B OCHOBHOM OrPaHHYMMCH
NMuHeHHBIM A QepeHtnabHuM  ypaBHEHHEM BTOPOrO0 MOPAAKA M JuHeH-
HHIMH KPACBHIMH yCIOBHAMH NPOCTeHIera Buila — 704e4no pasdesennsimi *).

§ 3. Peaykuus x 3apave Komu aByxToYeunoii Kpaesoit sanauu
AMa JuHeflHOTO ypaBHeHUs BTOPOro AOPRAKA
Haro nuueiinoe nuddepenunanbioe ypaBHeHue
Yy +p(x)y +q(x)y=f(x), (1

rae ¢ysxkund p (x), g (x), f(x) wHenpepuBHn, H TpebyeTcn HaliTH ero
pelllende, ynoBJjerBopfiOulee KPaeBhIM yCJIOBHAM:

ooy (a)+ oy (a)=A4, Boy(d)+PB (5)=8 (2)
(2, @y, Bo, By, A, B—3anannue nocrosuube, npuueM [, |4|a,[5£0
n|Bol+16:]5=0).
Pelienne G6ynem uckars B BHAe JuueftHolt xomGunauum
y=cu4v, (3)

rie 4= (x)—HeHy/]eBOE pElIeHHe COOTBETCTBYIOUEr0 OIHOPOIAHOrO
ypaBHeHHs

u'+p(x)a'+q(x)u=0, 4)
a v =1v(X) —HeKOTOPOE pellleHNe AAHHOrO HEOAHOPOAHOro ypasHenHs (1)
v +p(6) 0 +q(x)v=/[(x). (5)

Ouesnano, dyuxuns y, onpenensemas ¢opmynott (3), rae ¢ npon3snonsHo,
ecTb pellieHHe ypasHenHs (1).

[TorpeGyem, uToGH Nepeoe Kpaeeoe YCJOBHe (2) BHIONHAAOCL ANS
GyHKuMH y npu ar6om ¢. Menonbs3ya aTo xpaepoe ycnoBHe, 6yaeM HMeTh
caol (a) 4+ ayv (a) 4-co e’ (a) +av (@) = A

HJH

c[agu (@) 4 au’ (a)]+ a,v (@) + a0’ (a) =A. (6)

Has toro uto6m paBencteo (6) 6w cnpaeef/MBO npH JMioGoM ¢,
HEeO6X0AMMO H JAOCTATOUHO, UTOOGH K03dpdHuveHT npH ¢ oO6pawmancs
B Hylb, T. €. MOMKHH GbiTb BHIMOJHEHH PABEHCTBA

ot (a) + a,u’ (a) =0, (7

047 () -+ 0,0 (a) = A. (8)

Hns o6ecrieyenus pasencte (7), (8) nocTaTouHo, HanpuMep, MOJAOKHTDH
u(a)=ak, o' (a)=—a,k, 9

*) Kaxpoe u3 atux ycaosu#t GyjeT cozepxarbh JHIUL OZHY H3 aGcuuce.
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rae noCTosaxHas B OTAHYHA OT HYy 145

vle) =2, v (a) =0, (10)
ectn aq,%~0, u p
v (a)=0, 'v'(a)=71-, (1

ecan o, 5= 0.

Orclona BHANO, YTO 4 ecTh pewenne 3axayd Komm nas onuoponsoro
ypaBHeHus (4), ynoBieTBOpAIOUIEE HayaJbHhM ycaoeuaM (9), a v ecTb
peutenne 3agaun Koww nas neomHopomnoro ypasuenwus (5), yloBiaeTso-
paoutee HayanbHbM ycaosuam (10) nam (11). Ilpm stom mna moboro ¢
$YHKUMA y = ci -} v yLOBAETBOPAET KPAaeBOMY YCJOBHIO HA KOHILE X = 4.

[MonGepem Temeph NOCTOAHHYIO ¢ TaK, YTOGW QYyHKUHA y YAOBJIETBO-
pAna xpaeBOMy ycaoBHio (2) Ha xOoHue x =25, IT0 paer

c[Bou () + B4’ )]+ [Bov (8) + By’ (6)] =B,
OTKyZa
B—[Bov (b) -+ B1v’ (B)]
Bou (B)+-Byu’ () °

[Ipn aTom npennonaraercd, 4TO 3HaMeHaTelb
Bou (5) -+ Byu’ (&) 5£0. (12)

Takum o6pa3om, xpaeBas 3amaya (1) —(2) ceemena ¥ neyM 3amauam
Kown ana dysxumii u(x) v v(x).

3ameruM, yto ecan ofecnedyeno ycaosue (12), TO xpaeBad 3anaya
(1Y —(2) umeerT enwHcTBeHHOe pewleHHe. B mpoTuBHOM cayyae oHa HaH
COBCEM He MMeeT pelledH#, HAM HX OecyHCJeHHOE MHOXECTBO.

3ameuvanue, Ecanm ucxopuoe ypasnenne (1) onuopoxHoe, T. e.
f(x)=0u, kpome Toro, A=0, T0 B cuay ycaosn (10) uan (11) nmeem
v(a)=0 u v’ (¢)=0 u, caenosareasno, v=_0. Tloaromy y=cu(x),
rie #(x) ecTb pelledde ypaBHeuns (4), yAOBJECTBOPSAIOULEE HAYANbHBIM
ycaosuam (9). B atom cayuae

=

C—,—_E____
T Bou (B)F i)

MMpumep 1. Halitu pewenne oxnoponnoro ypaBHeRus

y-tychx=Q0, (13)
y}losneTBopmomee KPaeBhM YCJoBUAM
y(0)=0, y()=1 (14)

Pewmernune. Cpapuusas ycaoeus (14) ¢ o6EMH KpaeBuMH ycJoBHAMU (2),
BHIMM, 4TO g =1, a;=0, A=0; Po=1, B;=0, B=1. B cuny npusepentoro
BHIIE 3aMEUaNH#A pPELIeHHe HILEeM B BULE

y=cu (x),
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rie u{x)—pelieHue OJHOPOLHOTO YPaBHEHHA

¢ 4-uch x=0, (15)
YAOBJeTBOPAIOLLeE HAauanbHbIM ycnopuaMm (9), rae mpussamo k= —1, 1. e.
u(0)=0, u'(0)=L. (16)

M3 BToporo kpaeBoro yeciaoeus {14) nosyuaem cu (1)=1, orciofa c=——

Pewas moGeiM YHCTEHHbIM MeTofoM 3azauy Kowrd (15)—(16), naxonnwm « (x),
a cJaejoBaTesIbHO, H MOCTOSIHHYIO ¢, fl0CJe Yero ompefjelsem y.

Ta6auma 60

Pewenue Kpaesoil s3apadd A OBHOPOAHOIO
ypaBueHus (13)

x 0 {0,2 0,4 0,6 0,8 1

ax) | 0 |0,199 | 0,389 | 0,563 | 0,710 | 0,819

Yy (x) 0 |0,243 | 0,475 | 0,687 | 0,867 | 1

B jaHHOM C/Aydae coOTBeTcTByloliad 3apaua Koum pewena 8 ra. III, § 12
Heofixonumsle fautsie HaxoasTes B Tabanue 58. Tak kak u (1)=0,819, Too=1,221
ny=1,221 « (x). OKonuare/isHble peaybTarsl Boltucaennii npasefenst 8 Tadauue 60.

§ 4. MeTox KoueuuslX pa3HoCcTeil

Paccmorpum nnuetinoe Auddepenunanbioe ypastiende
Yy +px) Y +qx)y=1(x) (M
C JNBYXTOUEYHBIMH NHHEHHBIMH KDPaeBhIMH YC/I0BUAMA
oy (a) -+ ey’ (a) =4, }
Boy () +PBuy’ (5)=B
(logl+]ey [0, [Bol+|B1l7=0),
rie p(x), ¢(x) n f(x) venpepniBuH Ha oTpesxe [a, &)
Onuum u3 nanboaee UPOCTHXx METOAOB pellends 3TOH Kpaesoh sanayu
ABAAETCA CBEeJEHHE €€ K CHMCTeMe KOHEeYHO-pPasuHoOCTHHX

ypasuenui, Jag sroro pazo6peM ocuoBuo#t orpesox [a, &) wa n pas-
BHIX yactell paumuw h (war), rae -

Toukn pasbuends AMelOT a6CUHCCHI
X;=x,+ih (i=0,1,2, ..., n), xy=a, x,=b.
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3nauenns B TOUKAX lesienHd X; HCKOMOH dynkuMu y =y (x) (puc. 47)

1 ee mpOM3BOIHHX y' ==y’ (x), y”"=y" (x) 0603HAYUM COOTBETCTBEHHO

yepes y; =y (x;), y;=y’' (x,), yi=y" (x;). BeeneM taxwe o6o3Hauenus:
pi=p(x), ¢;=9q(x)), fi=F(x).

3amensis NPOU3BOJIHHE CHMMETPHYHBIMH KOHEYHO-DA3HOCTHHIMH OTHO-

WIeHHIMH IS8 BHYTPEHHHX TOueK

4 /’ \ x; orpesxa [a, b], Gynem umern
| N g = U:‘+1;Uz‘_1 ,
4y Y

" Yivo—2; ;
n g = Yiva ;'/21'{”‘!/1..1 (3)

UTATRTANRY

§ Zpma o I=b Z (i=1,2, ..., n—1),
Puc. 47 Hng xoHUEBEIX TOUex Xo=a
M x,=b, 4rofu He BHXONUTH
3a npenenu orpeska [a, ], MOXHO NOMOKUTD
v _ Wil ’ Yn_1—Yn
=T Yn=T {4)
Onnako ecad ¢yukuua y =y (X) A0CTaTOYHO raagkas, To Gosee TOunHe
3HaueHud naloT popmynn [2]

’ —_ —l—4 —3
yo Ys 291 Yo (5)
n
’ 3y,—4 +
Yn=— Yn y"2711 Yn=3 y n > 2. . (6)

HellcTBHTEnbHO, nOMaras, HanpuMep, y, =4y (x,--1) n y, =y (x, 4+ 2h)
u ucnoas3ys dopmyny Teftnopa, Gynem umerhb

rer

. h o, h3
Y1=yo-+hy, +”2T.L/o “!“3‘(90 +...,

. 2hn)2 . 2h)8 ..,
yazyn+2h.‘/o+("§!iyo +(:J,—1)yo + ...

OTciona

—_ 4y,—3 , 5
Tt g+ 0 (),

rae yepez O(h?), rxax o6HYHO, O0G6GO3nHaYewa BeIHYHHA nopsaxa k2,
Ananoruuuo noKasbiBaercs, YTo

3y —4Yy 1+ Yu_ ‘
Y, y2h1+l/n 2—y, + O (h?).

Hcnonbays  ¢opuyas  (3), auddepesunanshoe. ypassenne (1) se
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BHYTpeHHHX ToYKax x=x,; ({=1, 2, ..., n—1) npubauuenio MOXHO
3aMenuTh JauHedHofl cucTemo# ypaBHenuit

o1 —9y; . e qr:
Yi+1 h.‘él'}"yl-l_l_pi !/1+12h!/1..1 +qiyi=fi (7)

(i=1, 2, . ey Il—-])

Kpome Ttoro, B cuny dopmyn (3) u (6) xpaesbie ycaosua (2) monosn-
HUTENbHO JAI0T elfe NBA YPABHEHUSA:
— st 4y, —3
oo 10y yn+2;:1_—y_0 == A, (8)

3Yn—4Yn -
ﬁoyn’l‘ﬁl n yr12h1+.‘/n 2=B.

Takum oGpazom nonyyedna mmueftnas cucrema n--1 ypasuesutt ¢ n-1
HEN3BECTHBIMA Yo, Yy, Yo,y « « «y Y,y MPEACTARAAIOUMMU COOOMH 3HAYEHUS UCKO-
MOH dyukumn y=y(x)B TOUKAX

Xoy X1y X9y « 0y X,. Pewng a1y cu- J

CTeMy, ec/iH STO BO3MOXHO, MOJY-

4YuUM Tabauny 3HadyeHufi  uMckomoM

byuimn y. S
[pumep 1. Merogom KoHEUHEIX 4, ,’ r
pa3socTeil HaHTH peluenue KpaeBoll 3a- -1 —%— U -é—

nadyu .
y”+(1+x“)y=—l,} Puc. 48.
y(—==y(1)=0.

Mexannuecku ypassenna (9) npeiacTariaior cobofi augepenuuadnHble ypaBHe-
HHA /1A u3rubaluero MOMEHTa HeKoToporo Gpyca ¢ nepeMeHHbIM MomepPeqHniM
ceyeHHeM H WAPHUPHO 3aKpenJIGHHHWIMU KOHIAMH.

Jna rpyGoro pewenus BniGepem mar h=1/2.

Monaraa x_g=—1, x_;=—1/2, xo=0, xy=1/2, x, =1, BBUAY CHMMeTPHH
YPaBHEHHA H KpaeBuiX YCJOBH{t 6yJdeM HMeTb y_g=Ye=0, y_y=y, (puc. 48).
Takum o6pasom, HyKHO ONpeAeNHTb JHIb ABE OPAWHATH Yo H Y.

Moaaras x=0 u nosb3yach CHUMMeTPHUHBIMH (OPMY/IaMH BAs MPOU3BOAHBIX,
6yneM KmeTs

9

Y_1—240+ 1
1/4

rae y_,=4y;. AHajornuHo npu x==1/2 nonyuaem
Yo—241-F 4 Y,
/4 +(1+4 fn=—L
CrnepoBaTe/lbHO, UCNOAL3YA KDaeBoe YC/IoBHe y,==0, HmeeM cucremy

3
—T79o+ 8y, = —1, 4!/0—6'4‘ y=—1,

+y==—1

OTKyAa yo==0,967;, y,=0,721.
[lpu Gonbwom n uenocpencTseHHoe pewenue cucrems (7)—(8) cra-
HOBMTCH 3aTPYAHHTENbHBM. B aTom ciayuae pelneHne xpaeBolt 3auaum
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11eN1ec006Pa3HO 3aMEHHTb, HCMOAL3YS Pe3yAbTaTH MpeibIywlero napar-
pada, pemennem nByx 3amay Kowm,

Hanpumep, npennoaaras, 4ro a, =0, uMeeM y = cu-} v, roe 4 Haxo-
auTed, Kak pemende samaun Kommn

tpx)e' +qxX)u=0, u(a)=oa, ¢ (a)=-—a, (10)

a v-—xKak pemeHne zafaun Kowmu
V+4p(x)v g (x)v=F(x), v(a):a’%, v’ (a) = 0. (1)

MMocToduHad ¢ B cuny KpaeRwx ycaoBult (2) HmeeT 3uauenue

B—[Bo0 ' b)+ B’ (B)]
Bo GV Po’ @) ° (12)

3amensns anddepenimansuoe ypannerne (10) COOTBETCTRYIOWMUM KO-
HEYHO-PA3HOCTHLIM YPABHEHMEM, MOTYYUM

=

Ui _— 2u;+u1+1+ ut+1 ui 1 +qu;=0 i=1,2, ..., n—1),

— g 4uy —3u

u,=a,, 5

= —0Cq.
Orclona Gynem uMeThb
oy (14 pyh)—atg ( 1+54)

g =0y, i, = 7 )
l+p1h+—§1—h’

@—qh?) uy— (1= El By u; g

Biyr=

Pi
I+ Sih
(I=1, 2, ..., n—1). C noMoutblo 3TOro npoiecca HAXOLUM
u)=u, u(p)=Te—tatie (13)

Auanoruyno, 3amenss auddepenunansHoe ypaBHenue (11) Koneuno-
PaSHOCTHEIM ypaBHeHHeM, 6ymeM HMETb

vi_1—2vi-}; v V1 — 0 _ _
i1 h; +1 +p; t+12hl 1+qi =1

(i=1) 2) DR ”-])) (]4)
A —0, + 40, —3v
N=g Tm =0
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Orciona nmomyuaem
1 A
A 5 f1h’+a“)(1+P1h)

Y=g 1T ‘N
1+piat5 42

(15)

—

(2—q;h?) v,—( — %h) vy ikt

1+”_2"h

(=1,2, ..., n—1).

Takum o06pa3oMm, TOCAENOBATEAbHEIM NPOIECCOM MOXHO BEYHCAUTH
v(b)=uv, u

UI (b) — 3yn~—4y412711+yn—2 .

Tem caMEM MH NoJayyaeM BoO3MOXHOCTb u3 ¢dopmyan (12) Haiit
NIOCTOSHHYIO ¢, a 3aTeM onpefeauTe 3dayenus y;({=0, 1, 2, ..., n)
no ¢dopmyne

y;=cu;+v;, (i=0, 1,2, ..., n).

dopmyH 1K pacyera yHpouULAOTCs, eC/M KPaeBbie YCJAORHS HMEIOT RHJL
y(a)=A, y(®)=B. B stom cayvae a,=f,=1, a;,=p;=0, u mu

Noay4H™m
P
h(l—}————2 h)
1 h ﬂhz’
+piht-2

A (Lpyh)-5 ot

u, =0, o =—
(16)

v,=4, 9=

1

I phf- T2 e

npuiem ¢ = (B—w,)/u,.
3ameyanune., [lpubmmkedHole 3HaYeHns y MOXHO YTOUHHTB, MPO-
H3BOAA BHYHCAEGHUH C ABYMS pa3NHYHBIMH marame. IlycTe y, w yup—
npudmmKeHHne 3HaYeHHS y TpH Ware A U, COOTBETCTBEHHO, mare f1.

[pennonaras, 4ro owHOKa MpoMoplHOHAMBHA KBAaApaTy mmara, Oynem
HMETH

y—yp = c*h?, y—yp =~ c*HE
Orclona, cyuTad, YTO INOCTOAHHAR® ¢¥ He 3aBUCHT OT Wara, HOJYyYUM

Y—Yn _Y—YH
AT T T HE !

H, CJELOBATE/bHO,

H2y, —h2y h2
='—'th—_72—H= Yn+ ez Wa—Yn)- (17)
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§ 5. MeTon nporonku

[Ipn nmpuMeHeHMH MeTONA KOHEYHMX Pa3HOCTEH K KpaeBhIM 3aKauam
219 auddepeHHaNbHEIX ypaBHeHHH BTOPOro NopsiaKa HOJTy4aercs «Tpex-
uNeHHas CHCTeMa» JHHeHHHX ajrefpanyeCKHx ypaBHenuH, Kawaoe H3
KOTOPHIX COLEPKHT TPH CoCeXHuXx HensBecTubix, Jas pemenus raxoft
cucTeMb pa3paCoTaH crenHaJbHol MeTOX, MOJAYYHBIUHI HaSBaHHe MeTOdA
npo20HKU.

PaccmoTpum smmueltioe nnddepedunanstoe ypasHedne

Y +p(x)y' +q(x)y=Ff(x) (1)
C EByXTO'—Ie‘leIMH JlHHGﬁHblMH KpaEBblMH yCJIOBHﬂMH
aey (a)+oy (@) =4, Py (0)+py (6)=B (2)

(Jagl+lay ]5=0; [Bo]|+IB]5=0)

B npeanosioxelnd, 4to GyHxunn p (x), ¢ (x), f(x) nenpepnrrn Ha [a, b).
Ot muddepenunansioro ypastenus (1) oObYHHM TpHEMOM mepemem
K KOHEYHO-Da3HOCTHOMy ypaBHenHi. JLaf 9Toro pasoGbeM oTpe3ok [a, &)

=2 Monaras X;= X4 + ih,
xXo=a, X,=b (i=0, 1, 2, ..., n) n ssona o6osHayexna: p(x;)=p;,
glx))=q;, F(x;)=/fn y(%;)==y; DLag BHyTpEeHHUX TOUeK X =x; (i=1,
2, ..., n—1) orpeaka [e, &] Bmecto auddepenunansHoro yparue-
Hus (1) NOJAyyaeM CHCTEMY KOHeEUHOP33HOCTHHX ypaBHEeHui}

Ha 71 paBublXx wacTeit ¢ wmarom A=

Yis1 =2+ yi. Yit1—Yi
i+1 h; i 1+P1 1+12h1 1+qiyi=fi

(i=1,2, ..., n—1).

OTciona nocne COOTBETCTBYWOUIHX TpeoGpasoBaduit OymeM HMeThb
Yigr+my+ny;, =}ih2 (i=1,2,..., n—1), (3)

rae AJjs KpaTKkoCTu TOJ0XKEHO

Pi
l—>%h
m. o= 2 aif? no—— % y I [ (4)
i . ’ { . ) t . .
t+5in l+p—2‘h 14 h

I npoussonHbiX HA KOHUAX X,=a H X,==b OepeM OIHOCTOpOH-
HHE TPOH3BOXHHIE

e __ MY o _Ynoa—Y
Yo= lh (] H Y= nihn.

OTciona CoraacHo ycloBHEM (2), HOMYYHM

Qolo + 0y yl;y(]:Ar ﬁoyO'l‘ﬁl'yn_.l_.;yn:B' (5)
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Jluneitnan cucrema (3), (5) cocroHT w3 n-+ 1 ypaBHedn#t nepsoii
CTENEHH OTHOCUTENBHO HEM3RECTHHX Yy, Y1, ++. , Y,. OTYy CHCTEMY
MOKHO pewnTs 00buHbIM cnocoboM, OnHako M cefuac ykamem Apyrod,
Oos1ee KOPOTKHH MyTb, MOJAYYMBIUMA Ha3BaHNE MeTOO@ NPO2OHKU.

Paspewas ypaedeHne (3) OTHOCHTenbHO Y, OymeM HMETb

f ng
y‘,:*“hﬂ_—__‘ y[-}-l—',#‘.yi—l- (6)

Tpennmonokum, uTO ¢ nomollbio moaHolt cucremut (3), (5) u3 ypas-
nenus (6) HckaloueHa HemasecrtHas y,_;. Torma 3T0 ypaBHeHHe npumer
BUN

Yi=¢;(d;—Yip1), (7)
rae ¢;, d; (i=1,2, ..., n—1)—nexoropse koapduunents. Orciona
Yis1=¢i1(d;1—yy)

Hoxctasass 3to BulpaXeHue B ypasHeHwe (3), NOAYyUUM

7
Yigr+my;+nici (Ao —y) =Ffh?
W, CNesoBATebHO,

. (fihz“'"ifi_1di_1)—'!/i+1
Yi= mi—nic;_1 ' @

CpapuuBas ¢opmymn (7) u (8), moayyum pas onpenededns ¢; d d;

peKyppeHTHbe GOpPMyIbl:

szzt.—_“,],i_cl.‘__l1 di=fh"—ne, d; y (=1, ..., n—1). 9
Onpenenum Ttenepp ¢, H d,. W3 mnepporo xpaesoro ycaosus (5)

noJjyyaem

_ Ah—ayy,

Yo= ah—a,; *

C npyroit cTopoHn, H3 topmyan (7) npu i =0 HMeeM

Yo = Co (dg—y1)- (10)
CpaBHHBaf MOCJAENHUE IB3 PABEHCTBA, HAXOILUM
—_ % _. Ak

Co_aoh_ala 0_a1' (11)

Ha ocuosanunt ¢opmyn (9), (11) nocnenosaredbuo omnpeneasiorcs
kospbuanmentnl ¢;, d; (i=1, 2, ..., n—1) 10 ¢,_; ud,_; sK1ioun-
TeAbHO (IpaAMOf Xo0n),

O6paTun#t xon Haymnaercd C onpenenesus y,. Mcnoawsays sro-
poe kpaeroe ycaosue (5) u dopmyay (7) npu i=n—1, noayium cuc-
TeMy JIBYX ypaBHEHHH

ﬁoyﬂ—}-ﬁl_yl::l—.;—yg:B’ yll—lzcn-—l(dn—l_—'yn)' (12)

8 B. Il. NembaoenY K Ap.



226 KPAEBHIE 3AJIAYH JIJf OBBIKHOBEHHHIX IH®®, YPABHEHHH [ra. IV

Pemag ee oTHOCHTenbHO y,, Oylem HMeThb
y, = BhtPBicn1dn_y
B Boh-tPalcpoa+1)°
Tenepr 1o dopmyne (7) NOCASNOBATENbHO HAXOMUM Y, _y, Yp_ 9, Ypy_gy -+

ceey Yoo
Hna KOHTpONS MOXHO TIpOBEpPHTH BHLINOJHEHHE NEPBOrO KpaeBoro
ycioBHsi, Boluucienus ynoOHo pacnosowuts 8 Buge Tabmuum 61,

Ta6nuna 61

(13)

Cxema MeTOaa HNPOrOHKH

i 0 1 2 n—2 n—1 n
ct ¢ (11) cy Cq Cu_a Cn_1

d; do(11) | dy dg d,_s dy_y

X; Xp=a Xy Xg Xp_a Xpo1 X, =b
Yi Yo % Ys e Un—s | Yn-1 | 4= (13)

Iaa npocretiuux kpaesntx ycaoeult y(a)=A, y(b)=B dopmyin
LAs ¢y, do, Yo W Y, ynpouwatrcs. A uMmenHo, monarag a, =1, o, =0
u Bo=1, P, =0, u3 dopmyn (11) Oymem wumern: ¢,=0, d,= o0,
codys =A. Orciona

€y =—, d1=f1h2—n1A; (14)

npuyeM
yn=Bl y():A' (15)
3aMeTuM, 4TO MeToN MPOroOHKH 06/a1aeT yCTOHYHBHIM BBIYHCIHTE/b-

HaM asroput™om [3], [4], T. e. owmOxu OKpyrienus He BH3HBAIOT
HEOrPAHHYECHHOTO BOBpaCTaHHﬂ NOrpewHOCTH peumeHus.

Ilpumep 1. Meroiom NPOroHKH peUIHTH KPaeeylo 32javy
y"'=x-+y; (16)
y (=0, y(1)=0 (17)

Pemenwne, Ilpumem h=0,1 u or ypaBHenns (16) W KpaeBHIX yCJOBHH
(17) nmepeiifeM K COOTBETCTBYIOIUHM KOHEUHO-DA3HOCTHHIM YPaBHeHHSIM

Yisrtmigit+ngioi=LE (=1, 2 ..., n—1), po=0, §=0,
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rae mye= —2—h?, n;=1, fie=ax;eih, Cornaco Qopmynam (14) mumeeMm
¢y= —0,498, d,=0,001. Popmyns (9) 8 HauweMm clydyae gawT
1 . .
Cl‘——‘——_—2_—h2——-—_0i—1, dil=1h3-—ci_1di_1 (l=1, 2, cae s ﬂ.'—l).

Halineunele aunaueung ¢; v d; (i=1, 2, ..., 9) 3anucoiBaeM 8 NEPBHX ABYX
cTpokax rta6auub 62. 3arteMm, Hcnonbays Gopmydy (7) i A3BecTHOR 3HaueHHe
Y10=0, BHUHCIAEM Yy, Yg, ... 1 Y1.

Jna cpaBHeHHs B nocnegHeil cTpoke Tabanubl 62 jaHbl SHAYEHHSA TOYHOrE

peieHus Y = sh x—x.

e?—1
Ta6nuua 62
Peulenne kpaemoil 3afaun (16) — (17) mMeronoM NporoHKH

i ] 1 2 3 4 6
c; 0 —0,498| —0,662 —0,878 —0,890 —0,900
d; 0,001 0,002 0,004 0,008 0,012
Yt 0 —0,025{ —0,049 —0,072 —0,078 —0,081
B, 0 | —0,015| —0,029 —0,041 —0,050 —0,057
[Mpononxenne Ta6auun 62
i 6 7 8 9 10
¢ —0,908 —0,915 —0,921 —0,926
d; 0,016 0,022 0,028 0,035
Y; —0,078 —0,070 —0,055 —0,032 0
Y —0,058 —0,054 —0,044 —0,026 0
[Ipumep 2. Merojom NporoHKR PeWNTE KPaesyi 3afaqy
Yy’ —2xy' —2y = —4x; (18)
y(0)—y' 0)=0, y(1)=3,718. (19)

8’
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Pewenne. Ilpumem h=0,1 1 or ypasuenu#t (18) u (19) nepelineM K
KOIIEYHO-PA3HOCTHBIM COOTHOIIEHH AM

YirrHmuy gy =1k (i=1,2 ..., n—1),
w—i5?@=0, ¥ =3,718,
rne
24w 14 ik? 5 4ih
ST M T T

3uauenua m;, n; u f:h% ana (=0, 1, 2, ..., 9 3anuceiBaiorcs B tab6auuny 63.

Ta6nuuma 63

i 0 1 2 3 4

my —2,020 —2,040 —2,060 —~2,083 —2,105
Y 1 1,020 1,040 1,062 1,084
fiht 0 —0,004 —0,008 —0,012 —0,017

[Mpoaponxkenne Ta6auub 63

{ [} 6 7 8 9

m; —2,127 —2,149 —2,172 —2,196 —2,20
n; 1,106 1,128 1,150 1,174 1,198
fin? —0,021 —0,025 —0,030 —0,035 —0,040

[Monbaysick aToil Tabauueil, no ¢opmynam ( 1) nax o;mM 3HaueHHd ¢y u d,,
a 3ateM no dopmynam (9) naxoaum ¢; u d; (i=1, 2, 3, 9). 3ty 3uauveuns
3anychiBaeM B NMePBBEIX ABYX CTpoxax tabauub 61

Ucnonbaysa anauenue y, =3,718, HaunHaem o6paTHHH Xxoj u no hopMmyJdam
(7), TmocneoBaTeNlbHO BLIUHCHAS Yy, Yz, -+» » Ho. [lONydeMHLE pe3yNbTaThl
3anuceHiBaeM B TpeThelt crpoke Tabauubl 64.

ng cpaBHeHHd B noclefHell CTpOKe TaGaHLM JaHBL 3U3aYeHHS TOUHOrO
petnenns j=x-e*

W3 nocnepHux ABYX CTPOK TaGuibl BHAHO, YTO PacXomieHue NpHGIHIKEH-
HOro peweHns ¢y W TOYHOro y ROBOJIBLHO 3HauuTennHO. Boobuwe c nomolysio
KOHEYHO-DAIHOCTHHIX METOJOB TPYAHO MOJYHWTb pellieHHe ¢ GoJbiIoil CTENeHbIo
TOYHOCTH.
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Ta6nanuna 64
Pewenue kpaeroit 3apauu (18) — (19) meTonoM nporonku

i 0 1 2 3 4

¢ —0,909 —0,899 —0,889 —0,878 —0,868
d; 0 —0,004 —0,012 —0,023 —0,039
;i 1,050 1,154 1,280 1,428 1,603
Y 1 1,110 1,241 1,394 1,574

[pogonkeHue Tabanyw 64

i 5 6 7 8 9 10

¢; —0,856 —0,845 —0,833 | —0,822}| —0,810

d; —0,058 —0,081 —0,109 | —0,142 | —0,180

Ut 1,808 2,054 2,350 2,712 3,167 3,718
g,‘ 1,784 2,033 2,332 2,696 3,148 3,718

[Tpu TpeGoBaHHH MNOBHIUEHHOM TOYHOCTH TIPUXOLMTCH MPHMEHATH
60/ee TPOMO3IKHE TPHEMB WM BBOLMTH COOTBETCTRYyIOU(ME MOMpaB-
kn [1]. B uactHoctd, 3TOT Metom naer OGonee TOuHble PE3yAbTaTHl,
ec/iM TNpH MNepexone OT KpaemnX YcaoBuH (2) K KOHEYHO-Pa3HOCTHHIM
COOTHOIIEHHAM BOCHOJB30BATACA TPEXU/EHHBIMH (OpPMyNaMH nJsi MpOM3-
ROIHKWX B TOUKAX X =a H x=254 (cm. § 4):

r_ —Yat4y1—3Y r p—4yg 1t Yn_a
Yo=—""3p — 1+ Un= 5h .

Torma ua xpaeBnX ycaoBHH (2) GyAem HMeTb
— 4y, —3 3Yyy—4
@Yo+ 0y !-In+2f.;/1 !-10=A, ﬂ0y0+ﬂ1 Yn yréﬁL“i‘yn-a:B' (20)
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Jnn souuciedds ¢, 0 d, 6epem nepeoe kpacroe ycaosue (20) u ypas-
HeHune
Ya+myyy -+ nyyg = f1h?,

gasgToe H3 cucremn (3) mpu i=1,
Wckmoyan y, U3 3THX ABYX ypaBHeHd#l, HAXoIuM

_ Rh—im+4 a4l
Yo = [a,—3) ay + 2agh ° (21

rae R=24 al}lh. C npyro#i ctropoHbl, H3 dopmyabl (7) npu { = 0 numeem
Yo ="Co (dg—1).
CpasumBas nocnefHee paseHcTBo c (21), monyyaem

(my+-4) oy Rh

Cpg—="7"—"b——m——— _—————,
07 (ny—3) ;- 20h 07 (my+4)0,

(22)
[lo wu3smecTHbiM 3HaueHusiM ¢, H d, MNOCAENOBaTeNbHO ONpEAENsOTCH
kosbduumentn ¢;, d; (=0, 1, ..., n—1) no ¢c,_y u d,_, rxio-
yuteasHo (cm. dopmyan (9)).

OGpaTHbift XOA HAYMHAETC ¢ ONpeNeNeHus Y.

Hcnonb3ys sropoe kpaesoe ychaosue (20) u dopmyan (7), BasiThe
npu i=n—2 u i=n-—1, NOAyYuM CHUCTeMy Tpex ypaBHenu#

Yp—4Yn_1+4n_
oy, + By fn .l/n2h1 2=% =B,
Ypoa=Cp_a(dy_s—¥n_1)
yn—lzcu—l(dn-—l_yn)‘
Pewas 3Ty cuCTeMy OTHOCHTENLHO Y., GyleM HMeTh
=2Bh+ﬁ1 [(4+Clz_2)Cn—ldn—l—cn_zdn_ﬂ
" ﬁl [3+4cn—1+cn—2cn—1]+2ﬁ0h :

Tenepp no dopmynam (7) noclenosaTeNbHO HAXOAUM §,_y, Y, o, - - -
..., Yp. Boiutc/ienus u B sTom ciyuae pacnofaraem B sune Tabiamum 61,

(23)

(24)

Mpumep 3. Ucnoabays Tpexunetiiibie GopMyan AJjs NPOH3BOJHHX B Ipa-
HHYHBEIX TOYKAX, MeTOJZOM IIPOrOHKH HAaHTH NPHONHXKEHHoe peuleHHe KpaeBOH
3agayn (18), (19).

Pewenne. Or ypasnenuii (18), (19) nepefiieM K KOHEYHO-DPA3ZHOCTHHLIM
COOTHOLIEHHAM

- — 4y, 13
Yiortmeyi g =Tms, g 2T gy g (o)
rje
h=0,1; A=0; B=3,718,
2427 14 ih? " 4ih
lﬂ[--———--l_—ihz—, f”:-m-, flh -—(P[———m.

3navenwst m;, n; w @; pas (=0, 1, 2, 3, ..., 9 npuBegennt B TaGnuue 65.
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Ta6aunuma 65

3navenna xoadduunenToB ypasHeHus (25)

r 0 1 2 3 4 B ’ 6 ’ 7 ’ 8 9

m; |—2,020,—2,040|—2,060|—2,083|—2,105|—2,127,—2,149(—2,172|—2,196|—2,920
n; 1 1,020 | 1,040 | 1,062 {1,084 (1,106 | 1,128 11,150 | 1,174 {1,198
®; 0 [—0,004/—0,008/—0,012|—0,017|—0,021{—0,025|—0,030|—0,035|—0,040

[o dopmynam (22) Haxoaum 3HaueHHA ¢q H dy, a 3aTeM TGO DEKYPpPEHTHLIM

cooTHOIWEHHAM (9) onpefendeM ¢; u d; (i=1, 2

. ., 9). Orr 3nayeHud npu-

BeJlenbl B TIepBHIX JBYX CTpoKax Tabautel 66. O6patubili X0 NpoBOAHTCA NO
tdopmynam (7) ¢ yuetom, 410 Y= 3,718.

Pewenne Kpaesod 3apaum (18)—(19) MeToROM npOroHKH

Ta6anuuwa 66

C HLNOAbL3oBaHHEM

TPexulledHbiX HOPMYJ ANl NPOM3BOAHBIX B KOHUEBBIX TOYKAX

i o | | 2 | 3 4 3

¢; | —0,899 | —0,800 — 0,883 — 0,873 — 0,863 — 0,853

d; 0 — 0,006 | —0,013 — 0,024 — 0,040 — 0,059

Yy 1,003 1,114 1,247 1,399 1,578 1,789

Y ; 1 1,110 1,241 1,394 1,574 1,784
Mpononxenne Ta6auuu 66

i | 7 8 9 10

¢ — 0,842 — 0,831 — 0,820 — 0,809

d; — 0,083 —0,110 — 0,142 — 0,180

y; 2,038 2,337 2,702 3,153 3,718

i 2,033 2,332 9,696 3,148 3,718
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Halipeunble aHaueHUs gy, Yg, ..., Yo NpPHBEJEHB B Tperbeil CTpoKe Ta6-

aunst 66. B nocaefHell cTPOKe yKa3aHbl 3HAUEHHA TOYHOTO PelIeHHs § = x 4% .

CpaBunBaa Ttabanubt 64 n 66, yGexpaeMcs, 4ro pelueHHe, IOJyUeHlOe
C IIOMOILbI0 TPeXuJeHHHX ¢opmya (20), O6auxke K HCTUHHOMY, HeEXean
B npumepe 2.

§ 6. Meton Koanokauuu

Manowenuulit BLLIIE METON KOHEYHLIX DA3HOCTEH A/ pelIeHHa Kpae-
BHIX 3a1d4 HOCHT YUC/AEHHBI{l XapakTep U II03BOJSET NOJNYYHTh raG/HLy
3HaveHuft UCKOMOH (yHKuuu. Mul cefiyac 03HaKOMHUMCH ¢ METONOM, HAK0-
UMM  BO3MOXHOCTL HaHTH NpUOJMXEHHOE 3HAYEHME KpaeBOM 3amauu
B BHAC aHAAUTUYECKOTO BbiPAWCHHS.

[Tycts Tpebyerca onpenenuts GyHKUHIO ¢y = Y (X), YAORJIETROPAWOLLYO
aueftvomy nuddepeHuuansnHOMy ypaBHEHHIO

Liyl=y"+p(x)y +q(x)y=F(x) (1)
N JTHHEHHBIM KpPAaeBniM YCJAOBHAM
L lyl=ae(a)+oy (a) =4, T,[y]=Boy(®)+By (&)=8B, (2)
rae [oo| 4]0 |50, |fo|+]|Py|%0. Bubepen wekoTopyio coso-
KYMHOCTH JMHEHHO HE3ABUCHMBIX (yuKuUH
Ug(x), Uy (x), ..., u,(x) (3)
(6asuchole gynkyuu), U3 KOTOpsiXx @YHKUMA U, (X) YLOBJETBOpPHET He-
OJHOPONHEIM KPaeBuM YCAOBHAM

T[] =4, Tyluy)=5, (4)

a ocranbHbie Qyukuuu #,(x) (=1, 2, ..., n) ynoBaeTBOpaAIGT COOT-
BETCTBYIOWHM OJHOPOAHLIM KPAaEBMM YCI0BHAM

Fa[ui]:()' Fb[ui]:() (i=1, 2, ..., n). (9)

Bcau xpaeeole ycnosus (2) omdopozdn (A= B=0), T0 MOXHO uO-
JOXHTh Uy (x) =0 u paccMaTpHBaTL JAulllL CHCTemy (yHKUMA

u(x) (i=1,2, ..., n),

Byaem uckath npubnamxendoe peuwlenue Kpaeeod 3amauu (1) —(2)
8 pune amtiefinoi xomOunanun 6azucHbIX YHKLHHA

y=1u, (x)+t§1 Cutt; (). (6)

Torma (yuxuds y, OYEBHAHO, YHOBIETBOPAET KPAaeBEIM yc/a0BHAM (2),
B camom nesne, B cuay nusefHOCTH KpaessnlX YCHAOBHR umeem

I‘a [.yJ:Fa [u0]+i§1CiFa [ui]::A’i_lzl Ci-0=A4
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u awanoruyno [’y [y] = B. loacrasnas suipaxenue (6) 8 ypasuenne (1),
NONyYUM

R(x, C, Cy ..., CY=L[y]—f(x) [uo]—f(x)—f—ZICL [1;). (
Ecmy npu HexkoTtopom BmOope xoaddunuentos C; (i==1,2, ..., n)
BHIO/HCHO pABEHCTBO

R(x, C;, Cy ..., C)=0 npu a<<x <},

To QyHKUESl y SBSeTcs TOYHBIM peliedueM Kpaesoft 3samaun (1)—(2).
Oanako nopobpath Tak ypauno koadduunents C;, Boobule rOBOpH,
nesoamoxcHo. [lostomy ofpaunyuBaiTca Tem, 4TO TpeGywT, uTOOH
¢ynkuus R(x, C}, C,, ..., C,) obpamanacs B Hyib B 3aAAHHON m0-
CTATOYHO TyCTOM CHCTEME TOUeK Xy, X,, ..., X, u3 [a, B] (roaxu
KOAAOKAYUL), B KOTODbIX, Takum oOpa3om, auddepeHurannHoe ypasHe-
nde (1) 6yneT ypOB/ACTBOPEHO TOYHO;, B KAYECTBE TOYEK KOJINOKAUMH,
Hanpumep, MOXHO BHODATL TOYKH, Aenslide OTPE30K [a@, b] na pasube
yacTH, B pesynbrare nosyyaem CcHCTEMY JuMHelHuX ypaBHeHHH

R(xl’ Cl' C2’ L ] Cn):()) ]
(8)

R{x,, C, G, ..., C)=0.

Us cucremun (8) B cayuae ee COBMECTHOCTH OGLIYHBIM CNOCOGOM MOXHO

onpegenuth kosdduuuentu Cy, C,, ., C, nocae yero npubIRWKEH-

n'

HOE pelleHue Hawe#t kpaesBoft 3agaun gaercs gopmyioft (6).

IMMpumep 1. Merogom xoanokaiuuy pewruts xpaesyio zagauy [1]

Y +(A+£) y+1=0, y(£1)=0 9)

(cm. §4 npumep 1).
Pemenne. B xauectBe 6a3sHCHHX QyHKuufi BbGEpeM  NOJHHOMBI
Up (x)=x2""2(1—x? (n==1, 2, ...), OYEBHIHO, Y/(OBNETBOPSIOLINE KpaeBLIM

ychoBusM u, (4 1)=0. 3a ToukH KOAJNOKAuuH Bo3bMeM x,=0, xt = £ 1/2,
OrpaHnyusasich fByMs 0a3HCHBIMH (YHKUHSMH, MONQKUM

Yy=Cy (1—23+Cy (x*—x*).
ToacranoBka 8 auddepedunanstioe ypaBHenue (9) paer

R ()=—2CCy 2—126%) 4 (1 +4%) [C; (1 —x?) +
+C (P —xH)]+1=1—C (142 +C; 2—11x2—x%).  (10)

B Toukax xonnoRauMn xg=0 u X+ = 4 1/2 umeem R (x)=0, R (x1x)=0. Or
ciolla, ucno/idyst dopmydy (10), nonywaem pna onpexgefieHHs KosddHuHEHTOB
Cy u C, NHHeltHyI0 cUCTeMY ypaBHEHHH

17 49

1—C, +2C, =0, 1—15C1— g C2a=0. (11)

Peurns cuctemy (11), naxogum C;=0,957; C,=—0,022. Cnegorare/bHo,
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BMeeM TPROJNKEHHOE pelueHHe
Y= 0,957 (1 —x?)—0,022 (x2—x*) = 0,957 —0,979x2 4 0,022x1.

B uyacTHOCTH, monyyaem y (0)=0,957. JIas cpaBHeHHs NPUBOJHM COOTBETCTBYIO-
uee 3Hayenne y(0), noayyeHHOe METOJOM KOHEYHHX pasHocTeit (cM. § 4):
y (0) = yp=0,967.

§ 7. MeToxn nauMeHbIINX KBAAPATOB
CHOBA paccMOTPHM KPaeByl 3amady
Lly]=7(x), T,[v]=4, T4[y]=5, (1)

r/le CMHC/A CokpauleHsbix 0603HayeHuil 6bIN yCTAHOBJEH B MpelbiylueM
naparpage. IlpunepxuBasct oGoznauennit § 6, momaraem

g =u, (x) +,§ Cau; (%), (2)

rae QyHKUMH ;= u; (X) TaKOBH, 4TO

r A npu i =0, r B npy =0,
olui]= 0 npu i> 0, o[ui]= 0 npu i > 0.

[oncrasaasn swpawenue (2) B anddepenunansroe ypasuenme (1),
NOJIy4aeM HeBs3Ky

n
R(x, C;, Cyy vuvy C)=L[ug] =f(¥)+ X C:L{uy], (3)
i=1
KOTOpa# AOMKHA OHTb Npu @ <  x < b KAk MOXHO MeHbue mo abco-
aoTHOM Bennuuue. [ToatoMy shiaeurdem TpeGosanue, HTOOL!

1={RrR(x, ¢, G ..., C))ax=min (4)

(unTezparbrlil meTod Haumenbuilx Keadparos).
HAna muunmymMa udterpana / Heo6XOAHMO BHLINOJIHEHHE YCAOBHM

b
Ta6, = § Rac, 45=0,
{ dal ab d
736~ ) Rig, 4 =0, (5)
;
l' al .b. OR B
. ?ac,,=§Rb_c7,dx=0

B pesyibTare nonydaeTcd Ccucrema JnuHeHHbix ypaBreHHH OTHOCHTENbHO
ko3hduumenton C;, G, ..., C,, U3 KOTOPOK U ONpere/IOTCH 3TH
noc/ientne,
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Hpumep 1. UhrerpanvibiM MeTOOM HaHMEHbLIKX KBagpaToB PEUIHTBb
KpaeByi0 3afauy
Yy +(1+x)y+1=0, y(£1)=0, 6)
paso6pauHyio B § 6.
Pewenne. IMonarasg u,=1-—x2, uy=x2—x, 6Gysem HUMeTb
y=C; (1 —x} 4-C5 (x*—x%).

Toxucrabasa 3To BelpaweHue B ypaBHeHue (6), monydaeM HemA3KY (cM. § 6,
dopmyna (10))
R(x)=1—(14x%C,4(2—11x2—x8) C,. )

BBHiy cuMMeTpHM 3aaud B KaYeCTBE OCHOBHOrO OTPE3KA JOCTaTOYHO paccMart-
puBaTte orpesox [0, 1].

CoraacHo npHBejeHHOMY Brillle CNOCO0Y HAUMEHBUIHX KBAJpaTOB COCTARAfAEM
BhipakeHHe

1

1
=S R2(x) dx=g [1—(1 4+ x%) C;+(2— 11x3—x8) C,]? dx
1]

0

u noabupaem Koddduuuentst C; v C, Tak, uTo6bl HHTErpan |/ uMell HaUMeHbluee
3HadeHHe. 1O JaeT HaM CHCTeMy ypaBHeHHH

'L%§=r—g<b+ﬂ>n—41+ﬂ)q+ww—nﬂ—wﬂCAdx=Q
1

QD

1
a7 It 2
'2"T 5 (2—11x2—x8) [1—(14-x4) C, +
[}
+(2—11x2—x8) C,] dx =0
WK
3548 5 3548 63404 38
BOTTEG =T 110+ 0gs g
Orciopa C;=0,985; C;=—0,078. CrnegoBarennHo,
¥ =0,985 (1—x2) —0,078 (x2— x4). (8)
B uacruoctu, y (0)=0,985 (cp. § 6).

Bmecto muuuMyma wunterpana (7) MOXKHO UCKAThH MHHMMYM KOHEYHOH
CyMMBl (TOueHHbLll MeTOO HauMeHsulux K8adparos)

N
Iy= 2R x;, Cy, G5 ..., Cp),

1=1

rle X;, X, ..., Xpy—HEKOTOpasg MOCTATOYHO TycTag CHCTEMA TOYEK
orpeska [a, b] (a9 npOCTOTH 06HYHO BHOHPAKTCA PABHOOTCTONALME
TOUKH),

[Ipu npumeHeHuu TOYEYHOTO METONA HAHUMEHBUIMX KBAAPATOB CAEAYyET
nosarate N >n, T, e, 4ucao Touek x; (=1, 2, ..., N) Homkuo
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OuiTb GoAnmme uyucna mapamerpos C, (j=1, 2, ..., n). B cayuae, ecim
N=n, napamerput C; MOXHO onpenenm‘b H3 CUCTeMH YypaBHenuit
R(xll Cl! CZ! LA ) C};)—O (1-11 21 LR | ﬂ)!

T. e. Mb OPUXOXHM K METONY KoO/Ioxkauuu (§ 6).
Mpumep 2. ToueunbiM METONOM HaBMeHbIUUX KBaJpaToB HAaNTH pelleHHe
KpaeBo#l 3axaun (6), BH6upas ysnm
1 3
% =0, x;};lzj:T' e, = 5. Xpa=H

Pewenune. BBupy cunmMerpuu 3agauu 3a OoCHOBHOH NpPOMEMYTOR NDHMEM
orpesok [0, 1]. Monoxum
y=0C; (1—x2)+4C, (x2—x4);
Torfa HeBsidKa R (x) Bhipaxaercs dopmyqoit (7). [lycrs

R(x,-)=l-}—al-Cl+ﬁl-Cz (l=0, 1, 2. 3),

e a;=—(1+=xf), P;=2—11x]—x"; Torna
3 3
=2 R (x)) =2 (1+@;Cy+p;Ca)2.
i=0 i=q

Hcnoab3ys Heo6XoHMBE YCJIOBHA A8 MHHUMYMa ¢yHKUMR ], neayunm
HOPMalbHYIO cucremy

5 E‘F—Zai'l'cl Ecx +Cy 20‘15;—0

—;-6361—2=,25;+61’Za,~ﬁ,-+02 2 pr=0.

COOTBETCTBYIOIHE YHCJOBHIE JaHHLie, BHYUCJEHHBE ¢ TOYHoCThio Jo 1074, npu-
pefednt B TaGanue 67,
Ta6bauua 67

©

Kosdduunentm HOpMasbHoil chcrempl (9)

. « 8 o op g
0 —1 2 1 —2 4

} — 11,0039 1,3123 1,078 | —1,3174 | 1,7920
—;- — 1,065 | —0,7656 1,1289 0,813 | 05861
% —1,3164 | —4,3655 1,7329 B,7465 | 19,0576
3 4,388 | —1,8188 | 4,869 3,0495 | 25,3650
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Otciona ana onpejenenns Koshduinentos C; U C, nolyuaeM CHCTeMY
4,8696C, - 3,2425C,=4,3828,
3,2425C, -+ 25,3659C, = 1,8188.

Peurns cucremy (10), 6yaem wumers C,=0,9317; Cq=—0,0474, u, caego-
BaTeNLHO,

(10)

y=0,9317 (1 —x?) —0,0474 (x2 — x4).

§ 8. Merton Tanepkuna

Metoa T[anepkunHa ocHOBaH Ha OJHOH TeopeMe M3 TeopuM OOUHX
panos dypee,

Teopema, [ycro {u,(x)}—nosnan cuctema Qyukyuii ¢ neny-
aecod HopMod, opTozonaasheix Ha oTpeske [a, b]. Ecau wenpepoistan
pynryus f(x) oprozonarsna Ha orpeske [a, b] ko scem Pynxyuam
u,(x), 7. e.

o>

(o u,(x)de=0 (n=0, 1,2, ..., (1)
a
10 f(¥)=0 npu a<T x<Cbh.
Hokaszatenscreo., PacemoTpum pax dypre dyuxuun f(¥) ot-
HOCHTENhHO 3afaHHON cHCTEMH OpTOroHa/bHMX (QyHKUUH

[«
f(x) ~ 2 Cully, (x). (2)
a=0
Kak wuasecrno (5], xosdduuments ®ypoe ¢, onpesensiores no dopmyie
b b
1
Ca = ) f ()t (e dx, e u, |t = () dx >0,
a a

B cuny ycnosus (1) umeem
c,=0 (n=0,1 2, ...). (3)

Ias nomnoit cucremnt {u,(x)} no oTHowenuo Kk Mmo6oit Henpepusuok
¢Gynkuun f(x) BHMOMHEHO DAaBEHCTBO MOAHOTH [4]

b [
§ 72 (0 ax= XN, | ci. (4)
a n=0
Orclona, yuuTeiBasg paseHcTBO (3), nmeem
6
{ raxyax=o,
a

u, cnepoparensto, f(x)=0 npu a < x<Ch,
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3amevanne. U3 ¢dopmynn (4) BuITeKkaeT, UYTO eC/iM HelpepuiBHAf
Gywukuus f(x) oprorosanbHa K KOHedHOfl cHcTeme yukuud ugy(x),
Uy (x), Uy(x), oo, Upy(x) (T. & cp=c;=Cy=...=cp=0), 10
b o
— ) 3 .2
{rrma= 3 fu,lPec<e
a n=N+1
npu N mocrartouno GonnuwoM. B atom cayuae dynxuus f(x) 6 cpeduen
Ha otpeske [a, b] Oymer ckoms yroano mana. [Ipu ponoanmTenbHBIX
OrpaHdueHufix 0TCOga ciepyer, 4To |f(x)| Takke Man Ha OTpe3ke
a<x< b,
[Tepeiinem Tenepr k u3anoxenuto Mmerona [anepkuuna. IlycTn umeem
JuHelinylo kpaeByro 3apauy (cMm. § 2)

L{y}=f(x), (5)
rne L{yl=v"-+p(x)y +¢(x)y, NpM HAIMUHM JHHEAHBIX KDaeBHX
ycaoBuit
I s]=00y (@) oy (@) =4 Tyly]=Poy (0)+Bry’ () =B (6)

(lagl+]ay]5=0, [Bol+|By|5=0).

BuiGepem KkoueuHyl0 cdcTeMy Gasuchbix yuxuuit  {u;(x)} (i=0,
1, ..., n), COCTaBAfIOMWMHUX YACTh HEKOTOPOH MO/HO| CHCTeMH, IpHYeM
nozaboTumce, 4TOOH QYHKUUA U, (X) YAOBAETBOPsiNa HEOJHOPOLHBIM
KPaeBHM YCHOBHAM

Iy[ue]=4, Tylu]=B5,

a gynaxumn 4, (x) (=1, 2, ..., #) YLOBAETBOPAAU Obl OAHOPOTHHIM
KPaeBhiM YCIOBHAM

r, [ui] =T, [4;]=0 (i=1, 2
Peuweune kpaepoft 3anaun (5)— (6) Gynem, kak o6kluto, UCKATh B BUAE

Y=ty (£)+ 2 Cit; (). (7)

=1

n).

vy

[lpn nawem non6ope OasucHbix Gyuxuuit u,(x) Pynkuus y, onpene-
asemas Gopmynoft (7), oueBHaHO, YMOBJIETBOPAET KpaeRnM yCa0Buam (6)
npu mo6om Bubope xkoadpduunentos C;. Buipawenne (7) nomcTaBum
B nuddepenunannnoe ypardedde (3), YTO NaeT HesAa3KY

R(x, Cy, Cyy ..., C")=L[u0]+i§1 C;L[u;}—f(x).

Ias Tounoro peurends y wawed xpaerofl 3amaun ¢yukuus R=0; no-

3TOMY 19 N0JdyyeHud npubauxendHoro peitennsd, 6auakoro K TOYHOMY,
HaM BEITOAHO noaofpaTh ko3addumuentn C; Tak, 4To6H yHkuHa R Gnlaa
B KAKOM-TO CMhIC/€ Mana,
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Cornacuo meropy Fanepxuna tpeGyem, yTOOH HeBfdka R Onina op-
TOroHa/ibHa Kk Oa3ucHbiM byskumam 4, (x) (i=1, 2, ..., n), 410 npH
JOCTATOYHO GONBLIOM UHC/AE 3THX (PYHKUMHA, B CH/Y NPHBEAEHHOrO Bhille
3ameuanus, 06eCNeYMBAET MANOCTh HEBA3KH B CPeAHEM.

Hackonbko 370 npuBAmkeHHOe pellleHe ONH3KO K ToUHoMy, B 00-
uieM cayYae Bonpoc ocraercs OTKpuThiM. Takum oOpasom, ans onpele-
nenust koaddrunentod C; (i=1, 2, ..., #) MpUXONHUM K CUCTeMe /H-
HeHHuIX ypaBHeruft

b

Sul(x)R(x, C, Cyy «.., C)dx=0,

Re oy o B
=
(]
5
o)
x
:.Q
o
b
2
a
®
I
o

(e, R(x, G, Gy ..., C)dx=0

a

unu, Gonee moapoGHO,

n b b
2 C; S u;(x) L{u;)dx= S ug (XY {f (x) — L[]} dx

i=1

(i=1, 2, ..., n.

JoctaTounpe ycnosust cxoaumocTd Metofa lanepkuna npuseseHbl B KHHre
Muxnuna [4].

TMpumep 1. Merogom I'anepknua Ha#iTH npubAMKeHHOE DelieHUE ypaBHe:
Hus [2]

Y +xy - y=2x @)
YAOBJETBOPAIOUI2e KDAEBbIM YCJAOBHAM
y(0)=1, y(1)=0. ®

Pewenne. B xauectBe cucreMsl 6asucHux dyuxkunit u; (x) (i=0, 1, 2, 3)
BhbHpaeM caelyioliHe QYHKUHU:

g (X)=1—x, u(x)=x(1—x),
Uy (X)=x2(1—x), ug(x)=x%(1—x).
[IpuGaHsKeHHOe pelleHHE 337ayH HUleM B Buje noJMHoMa
Yy=1—x)+Cyx (1 —x) 4 Cox? (1 —x) 4 Cqx3 (1 —x).
TloxcraBnss y B JeByW 4acTh 3ajadHoro JH(depeHunuanbHoro yparueHus (8),
noayyaem HEBA3KY

R (%, Cyp Cy Cy)=(1—48)+C;(—2+2x—3x2)+
o Cy (2—6x 352 —433) 4 Cy (6x—12x3 - 428—5x1).  (10)
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YcaoBHs OpTOroBadbHOCTY QYHKUMH R K QyHKURAM U, (x), Uy (X), 43 (¥) npaBOLAT
K cHCTeme

1

{—mR @, Cu G € dr=0,

(A=) R (x, C1, Cy, Cy) dx=0,

(x8—xY) R (x, €y, Cy, C3)dx=0.

Sl Sy ©

TMoxcraensisi BMecTo R (x) ero anauenue (10), nocne CoOTBETCTBYIONIEro HHTEFPH-
poBaHUA TIOAYYaeM CHCTEMY

133C,+ 63C,+ 36C,= — 70,
140C, -+ 108C, + 79C;= — 98, }
964C, -+ 252C, - 211Cy = —210.

Orciofa Haxoaum C;= —0,2090; C,= —0,783%4; C;=0,2090, n, caefoBareanno,
y=(1—x) (1 —0,2090x — 0,7894x2 - 0,2090x3).

§ 9. MousATue 0 MpuOAMKEHHBIX METOAAX pellleBHsH
ofieii Kpaesoil 3ajpaym

Paccmorpum 06uiee nuddepenunanbioe ypaBHedde 7-r0 MOpAaKa
F(x: y) y’) R | y("))=0 (1)
¢ 3alauHBIMH, BOOOUIE TOBOpHA, HeluHeHHBIMU KpaeBHIMM YCAOBHAMH

(ay),

Vv(.‘/p y’lv ey Y15 3 yk, y;z, ey y;zoh))":Av (2)
(’V:l, 2: sy n)’

rie yP =y (x) (s=0,1,2, ...,0,) ucHCTEMa TOEK X, X, .
3apana (cm. § 1).

Iina npubaumxkeHHOTo pelredus Kkpaesolt aamaun (1) —(2) BHOGHpaoT
dyHKUMI0 .

oy Xp

Y=Y(x, C, Cyy -, Cph, (3)

copepwawylo Hesasucumme napamerpul Cy, C,, ..., €, W TaKylwo, 4TO
npu mo6om BHOOpe 9THX NapamerpoB yHkuns Y yAoBIeTBOpHET Kpae-
BuM ycaosusaM (2), Tlomcrasass Buipawenue Y 8 /NeBYyl0 4acTh AAHHOrO
puddepenunanbioro ypaBuenun (1), monyuaeM He8A3sKY

R(x1 Cl’ CZ) M Cp)EF(xy ya yla R | y("))' (4)

Hama nenn cocrour 8 ToM, 4ToGbi crenaTh QyHKUUIO R HaUMeHee yKAO-
nsoulelca OT Hyasa B KakOM-To CMbiCIe AJd MHTEpecylomeidl Hac obaacru,
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Paanuynasn peamusauns 3T0ro TpEGOBaHHﬂ IPUBOAHT K PAa3NuyHbM METO/LaM
peuieHus KpaeBo# 3ajpauu.
Mui axech paccMorpum nanbosee yrnotpeGutenbHbie U3 3Tux MeTofos [ 1),
I. Meton koanoxkauuu. BuiGupaem cucremy Ttouek &, &y, ..., E,
(To4Ky KOaAOKayuu), 10 BO3MOXHOCTH YYUTHIBAs NpH 3TOM OCOGEHHOCTH
ypapienuss (1), n Tpebyem, uTOo6H B 3THX TouKax mudrpepenunanbHoe
ypaBhenue (1) yAOBNETBOPAJOCH TOYHO. JTO AaET CHCTEMY

RE, G, Gy --ry C=0,
R(E,,, C,, C2, .., C)=0,

H3 KOTOpO#, BooGiue roBOpsi, MOXHO onpenenuth napametpn G, C,, ...
.oy Cp (cp. § 6).
11. Meron HauMenbINX KBaAPaTOB, OTHCKHBAIOTCA 3Havenun C),C,, . . .
, C,, Haolline MHHUMYM unTerpany (unTezpaibublil MeTo0 HauMero-
wiix xeadparoa)

b
(R a ... c)ax
a

Tae oTpe3ok [a, b] comepwuT 3ananuwe ToukH X, (=1, 2, ..., k).
Jron MeTox NpHBOOMT K CuCTEMe ypaBHeHuit (cp. § 7)

al al al

e, =% =% o a3, =

Bmecto unterpana / Mowuo 6paTh KOHEUHyIO CymMy (ToveuHouli MmeTod
HauMmenswiLx K6adparos)

]NZZRz(EfY C]; ng ey CP)’

i=1

rae §;(i=1, 2, ..., N; NZ=p)—Bubpasnas CHCTEMA TOueK.

II. Meton Iagepkusa. Ecnu kpaeBunie ycnosus (2) nunelinbie (mud-
¢depeaunanbuoe ypapdeaue (1) mpu aToM mower ObITh HelMHEHHBIM), TO
MOWHO MONOXHTh

Y=u0 (x)‘l‘z C[u,' (

i=1

npuyeM ¢yHkuus Y LoJkHAa YILOBNETBOPATH KPAaeBHM yCNoBUsM (2) npu
mobom BeGope kosgpduuuentor C; (i=1, 2, ..., n).

Cornacno meropy [anepkuna koadduumentn C; onpefensioTcs u3
YCAOBHS ODTOFOHANLHOCTH HeBA3KH R K GYRKUHAM Uty (X), iy (X),. .., 4, (X),
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T. €. U3 CHCTeMn NUHEHHHX ypapHeHHH

b

(R €, G ..., C)dx=0,

ab

(i, (R, ¢, € ..., CYdx=0, ©)
.b C

Cu, (0 R(x, € Gy ooy G dx =0,

IV. O606mennbi meTon Fanepknna (Merod 0pTOZOHQAALHBLX NPOEK-
yuit). BeibupaeM p tunefiHO He3aBUCHMBIX QYHKUAH @ (X), @3 (X), . . ., @ ,(X)
(mo uucny napameTpoB) M onpepenstem mnapamerpn C;, C,, ...,
H3 YCNOBHA OPTOrOHANbHOCTH GyHKUMU R kKO BceM 3THM QYHKLMSM, T, €.
nocTosiHaHe C; onmpeneNsioTcs U3 CHCTEMB

¢, (X)R(x, €, G, ..., Cp)dx=0,

(P2 (x)R (xy C]_y Cz, .« ey CP) dx:o,

Doy Do

[ ()

b
(e, (x)R(x,CpCyy vy Cp)dx=0.

B xkavecrse ¢ynxkunfi ¢, {(x) o6nuno GepyT nepewe p dhyHKLHH n3 Kakoi-
HuOyIb NMONHOH CHCTeMHl, HallpUMep CHCTEMH CTelleHell X MAM CHCTEMB
TPUrOHOMETPHYECKHX NMOAHHOMOB U T, II.

V. Meton mogo6aacreil. PasGusaeM oTpesox [a, b), comepwaninit
Hauuble TOukM x; (i=1, 2, ..., k), Ha p yacTuunwX oTpeskos [&,, &},
(EnBale - J[E,-1, Bp) rmeEg=aut, =b.llocrosnnme C; (i=1,2,...,p)
onpefensioTCs U3 CHCTEMbl ypaBHEHHH

£ ’
VR, G o, Crde=0  (j=1,2, ..., p).

Ej—1

Kpome Toro, npuMeHAIOT TaKke &apuayuOHHble METOOb. pelleHus
wpaeBux 3azad (cm. ra. VI). ConocTaBnenne atux Mertomos cM, [1].

B 3aknioyenne OTMETHM, YTO HMEIOTCH M ADYrHe MeTONH pelICHHS
KpaeBHX 3afla4 15 o0HKHOBeHHHX Auddepenunansubx ypasuennii, Heko-
TOpHE H3 HHX: METOJ BO3Mynlenuil, MeTOA pa3HOCTHOH daxkTOpHsauuu
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ApyrHe — xopouo onucads B kaure [6]. Tam ke paccMoTpen Bompoc u 06
Ol eHKe ﬂOFpemHOCTH KOHeqHO-pa3HOCTHHX METOIOB HPH peﬂ]eHHH Kpae-
BHX 3a1a4. MOXHO TaKie NOPEKOMEHIOBATH IepeBeNeHHYI0 HA PyccKuh
a3k kuury Jow, H. Jlauca [8].
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FTABAV

NPUBIMXEHHBIE METOAbI PEIIEHUA KPAEBDLIX 3AXAY
I IUGPEPEHUMAIIBHBIX YPABHEHUH
C YACTHbIMUA TTPOU3BOAHBIMU

§ 1. Knacenduxauns nuddepenuanbipix ypaBHeHui
C YAaCTHBLIMU NPOU3BOJHBIMU

B aroit rnage GyayT paccMOTpeHb NPUG/AHMKEHHbIE METOIH pelueHud
nexoTOpNHX 3alad Ans auddepeHranbHEIX YpaBHEHHH ¢ YACTHHMHU npou3-
BO/AHLIMH BTOPOro fopsalIKa C AByMs HE3aBHCHMEIMY nepeMennbiMi, B ofuiem
cllyuae Takoe ypaBHeupue HMeeT BHA

Fx, y, u, u,, u, v, ty,u

xx? Xy yy) __—0’ (1)

x?

rie X, y-—He3aBUCHMbE MepeMeHubie, U — ucKoMas QyHKuus, u,, U,
Uy, Uy, U, —€e NepBHE U BTOpHE YACTHLE NPOU3BOLHKIE N0 apryMeHTAM

x u y (aas ynoGCTBa 3aNHCH TPOM3BOL-
(hIX CWTPHXU» ONYCKAIOTCH).

Pewenuen ypasnenun (1) nazmBaercs
dbyuxuus 4 =u(x, y), o6pawauias 3To
ypasnenue B TowaecTBo. ['paduk peure-
Huf TpencTasaserT cofol NOBEpXHOCThL B
npoctpaucTBe Oxyu (unTezpasvHas no-
sepxrocTs) (puc. 49).

[Tpumep 1. Pemnrs ypasueuue

Puc 49. @ = 0.
oy?

Uurerpupys ato ypaeHedHe mno y ARa Dpa3sa, 6yjieM HMeTe u=y@ (x)-+ P (x),
rae ¢ (x) H Y (x) —mnpousroisHule byHKuHH. HHTerpansHuie MoBepXHOCTH npej-
CTaBJIAOT coBoil JnHuefiuatele NMOBEDPXIOCTH, 06Pa3ylolUlHe KOTOPHIX NapasyelbHbl
KOODAUHATHOH miocKoeTH Oyu.

YpaBuenue (1) HasulBaeTcs auseiinsim, ToUHEE, 6nOAHE AuHeliHbim,
ec/qu OHO NEepBoft CTeneHH OTHOCHTENbHO HCKOMOH (PyHKUHH M BCex ee
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NPOU3BOAHKX U HE COLEPHHMT HX NpOu3BeleHMH, T. e, €cau 3TO ypapHe-
HHe MoxeT GHTh 3allMCaHO B BHue

+236xay+c yz+ ax+bay+cu— *, 9), 2)

npuueM Koacpqmuuemu A, B, C, a, b, ¢ MOTyT 3aBHCETb NHUIIb OT X H .
B uacTHocTH, ecnM 3TH KoaddHUHEHTH He 3aBHUCAT OT X U y, TO ypas-
Hetue (2) nmpencraBaseT cobo# auneinoe Ouddepenyuarsnoe ypasrenue
¢ nocroannsmu Kosgguyuentamu, QOctaHoBuMmcs noipo6GHee Ha ciyuae
auneffiHoro ypasHenus (2).

Mycry D =AC — B*—0uckpumunanr ypasnenus, B 3aBHCUMOCTH OT
3naka ¢yuakunu D nudetinoe auddepenuvanbnoe ypapaenue (2) oTHocuTCs
B ZaHHOH 06NacTH K ONHOMY M3 clelylouHX THMOOB:

D> 0—saauntuueckutl tun:

D = 0—napaboauveckuii Tun;

D < 0 —eunepboaunecxutl run;

D He coxpaHsieT NOCTOSHHOI'O 3HAKA — CMEWLAHHbLE Tun,

Tun nunefiHoro ypaBuenus (2) ABAACTCH €ro BawHOll 0COGEHAOCTHIO
W CcoXpaHsieTcst NpH Ai060M HEBHPOKIEHHOM nNpeo6pa3GBaHUK

E=q(x,4), n=1v(x ), 3
T. € TaKoM, uTO AKoOHaH
(e, V)
0 (x, y)’_"&

MMpumep 2. Temneparypa u=u (x, y) TOUKH (x, §) NASCTHHKH NPH CTALHO-
HapHoM pacnpelejeHun (T. e. MpU pacnpefeseHHH, HE 3aBUCAUEM OT BPEMEHH)
¥ OTCYTCTBHH WCTOYHHKOB TENJa YJIOBJETBOPsieT ypaBHeHHio Jlanaaca [1]—[5]

a2y
— +-——=0. 4
ox2 +6y2 4

3pece A=1, B=0, C=1 n D=AC—B?> 0, 7. e. ypannenue (4) sAAUNTH-
uyecKoro THna.

Mpumep 3. Temneparypa u=u (x, ) TOUKH OQHOPOIMOTO TOHKOTO CTEPHHA
¢ aGcuuccofl X N KaKAO0TO MOMEHTa BPEMEeHH ! YL0BJIETBOPHer OLHOMEPHOMY
ypaBHenHio Temsonposojsoctu {4], [5]

du d%u
—&———a —_F(x 1), (5)

rie a-—nocTofAHHAsA, 3aBHCAILafA OT (PU3HUYECKHX CBOHCTB cTepkHA, M F (x, {)—
$YHKUHA, CBA3aHHAA ¢ TJOTHOCTBIO HCTOYHHKOB pacmpejeeHds Tensa. Ecau
B CTEDKHE OTCYTCTEYIOT HCTOYHHKH Tensa, TO YpaBHEHHEe TenJsolNpoBOIHOCTH
HMeeT BH]

o, o
at " axE e’

Boeas HOBoe BpeMsi @2l =T, noJiyuaeM npudedennoe ypasrenue menaon posodrocmu
du 0%

o ©)
T ox
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Ypasuenust Tensonporofsactd () u (6), ovesuamo, uapaGonmueckoro THRa.

MMpumep 4. [Tonepeyroe cMewenue u=u (x, t) TOUKH ONHOPOLHOH CTPYHH
¢ abeusccoit x (puc. 50) B cayyae HANMUMS BHEMIHER CMJIBL JI1A KaXJOTO MOMEHTa ¢
YAOBJIETBOPSieT HEOLHOPOUHOMY OLHOMEPHOMY 60AHOSOMY YpagsHeniio [1]—I(5]

d*u

5?;'-‘22 ﬁ:F(xv ?), (7)

rae a—noctosindad M F (x, {)—dbyHKuus, 3aBHCAMAA OT BHEIIHeR CHABL. Y paBs-

nenue (7) HOCHT Ha3BamHe ypasuenuAd Kosebanud cmpyuei. Ecnu BRewnss cHia

OTCYTCTBYeT (cBoGopnble KoJaefa-

/4 HUsA), TO ypaBHEHHe KoJe6aHMH
CTpyHbl MMeeT BHJ

u 0%u d%u
. GE= " o 8)
a1 z L v .
paBHenusl KoJje6auuii crpynsl (7)
Puc. 50. u (8) oTHOcATcs K THnep6oJHyec-
KoMy THIY.

C nunetiHmM andgepesHanbHBM  ypaBHEHHEM

0%u 0% 0%u ou ou _
AW—FQBW/—}-C()—W-{—a&—I—b@-{—cu—F(x, y) (9)

cBAizaHo OOGmKHOBeHHoe nuddepeHnnansHoe ypaBHEHHE
A(dy):—2Bdx dy + C (dx)* =0, (10)

HA3LIBAEMOE XapAKTepucTudeckum; peuredus ypasredus (10) naswBalorcs
XApAKTEPUCTUKAMU  YpOABHEHUA
(9).

Ins ypaeuenus (9) runep-
6ONHYECKOTO THNA CyUECTBYET
[Ba ceMelicTBA XapaKTePHCTUK

@ (x, .‘/)=C1

Yx, y) =06,
(puc. 51). Tlponssoas B ypae- ,
nennu (9) npeo6pasopanye &= K]

=q(x, ¥), n=Y (x, ¥, T. & Puc. 51

npuHHMad IIapaMeTpel 3THX cCe-

MeilcTB 32 HOBHE KpHUBOJMHe#HbE KOOPAMHATHI, 6yneM uWMeTh KaHOHHYE-
ckuil BUL ypaBHeHusi runepGonuueckoro THIA:

t, o (& n) 2B (€ My, v (E Mue=rE M.

Ypasnenue (9) mapaGonuueckoro THIA HMEET OJHO cemeiicTBO Xa-
PaKTepHCTHK

@ (¥, y)=C.
B pesyabtare npeoGpasosanua §=¢q (X, y), M=y ypaBHeHHe napa6o-
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NHYECKOro Tuna HpHBOﬂHTCH K KaHOHH'{eCKOle BHAY!
u,+o(E e +pE e, -y E Mue=7E, ).

Haxonen, ypaesenue (9) s/naMnTHyeckOro THNAa JIODYCKaeT iBa ce-
MelCTBa KOMITJIEKCHKX XapaKTepPUCTHK:

(P(x: .‘/)"}‘”p (x’ y):Cli (P(xr !/)—“P (xl y)=C2

Ilpoussoas mnpeoGpasoBauus E=¢q(x, ¥), N=1Y(x, y), noayuum
KauOHHWYecKHH BHA ypaBHedus 3JNNHMITHYECKOrO THIMA:

Au+ta(g Mu+PE M, +vE e=rE n),

rae Au=u;~+u, —oneparop Jlaniaca.

lMpocretiinee ypaBHeHHe 3AauOTHYeckoro THNAa Au=0 HOCHT Ha3Ba-
HHe gypasuernuna Jlanasaca. Heomnopoznoe ypapsenue Jlannaca Au=
= f(E, m) vaswiBaercs ypasuenuem Ilyaccoxa.

§ 2. HayansHble u kpaesbie ycaomud. 3apaga Komu.
Cmemanuas 3apava.
KoppeKTHOCTh NMOCTAHOBKM CMellaMHOil 3apadu

Muddepennnanbroe ypaBHeHMe ¢ YHaCTHHMH TPOH3BOANHBIMH HMeeT
B o6inem caydyae GecuucnenHoe mHoxwectBo pelrennti. [losTomy, ecnu
¢QM3uvecKuii npouecc OMUCHBAETCS ¢ MOMOLULILIO YPABHEHHS ¢ M4ACTHHIMH
NPOU3BOAHBIMH, TO AN OJAHO3HAYHOH
XapaKTepueTHKN 3TOTO npoiecca . Z )
HYKHO K ypPaBHEHHMIO MNPUCOCAMHUTE g ! z
KakHe-TO JONOJIHHTe/IbHHE yCNOoBHA.
Ity dononHUTeNbHEE JAHHBIE B IpO- Puc. 52.
crefiluem cnyuae COCTOAT U3 HAYAAbL-
HolX W Kpaeebtx (TpanuyHbIX) YCNOBHI, B CyLIHOCTH, pasnAuyuTb STH ycno-
BHSL MOHO JIMUIb B TOM C/y4de, eC/IM OJHA W3 HE3ABHCHMBIX LiCPEeMEHHbIX
auddepenyalbHOro ypaBHeHHs HIpaeT poJb BpeMeHM, a Apyras—1ipo-
CTPAHCTBEHHOH KOOPAHHATH (A1 CAYyas ABYX HE3aBHCHMHX MEPEMeHHBIX).
Ilpn atom ycnoBus, OTHOCSAL(HECA K HAYAIBHOMY MOMEHTY BpPEMEHHM, Ha-
3LBAIOTCH  HA4AAbHBIMU, A YCIOBHSA, OTHoCAHIMeCH K (UKCHPOBAHHKIM
3HAYEHUAM KOOPAMHAT (OGBIYHO 3TO KOOPAMHATE TPAHHYHKLIX TOYEK pac-
CMATPHBAEMOTO JIMHEMHOrO KOHTHHYYMa)— Kkpaessimu.

[Tpamep 1. Ilycte nMeercsi TenjoH3omHpoBannblii (kpoMe, MOXeT ObiTh,
KOHIIOB) ONHODOZHEI Harperbld cTepxeds Q<<x </, rle [—pjuHa cTepxHus
(puc. 52). Temneparypa crepxHA u=u(x, t) B Touke x (0 < x < !) Ana moboro
MOMEHTA BpeMeHH ¢ YJOBMeTBOPAET YpaBHEHUo TENJoNpoBoAHOCTH (cM. § 1,
npumep 3)

2
0u_ , W
ot dx?
TAe a-—TnoCcTOsiHHAS,
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B HavanbHefl MOMEHT { =1/, /sl BHYTPEHHHMX TOYeK CTEPKHA OGHIYHO 3aja-

€rci HayajlbHOe paclipelle/leHHe TEMNepaTyphl. 310 NPHBOAMT K HAYAJLHOMY
ycloBuUio

u(x, ) =f(x) (2

npn 0 < x <!, rae | {x)—nspectHan ¢yHKuus. ¥Ycaosue (2) He ofecnedvrBaer
0HO3HAYHOCTH peluenust Jnpdepenunansuoro ypasuenus (1), Tak Kax ¢u3inue-
CKH #ACHO, 4TO pacnpejejieHue Temnepatyphl «(x, {) B CTEPIKHE puA MOCAEAYIO-
WHX MOMEHTOB BPEMEHM f > [; CYI(ECTBeHHO 3aBHCHT OT TOFO, B KAKOM COCTOSi-
HHH HAXORATCH KOHUGl cTepHs x=0 u x ={ (ecTb Jiu Tam yTeuka Tensa, Kaxos
TEeNNOBOA pexuMm ¥ T. 0O.).

B 3aBucumocTH oT cocToAIliMA KoHua x=0 Hmeem CJEAYIOU(ME OC HOB 1 bl e
KpaesBble yCHnHOBHH.

1. Koney cmepwna x=0 noddepyueaemca npu 3a0anHoi memnepamype

u (0, =0 (f), (3)

rae ¢ (¢f)—mu3ssectnass ¢yunxkuusa. B uyactnocTH, ecsam sTa Temneparypa panrua
HyJIO, TO KPaeBoe yCJIOBHE HMEET BUJ

u (0, t)=0. (1)

2. Kowney cmepoucnn x =0 menaou3oiupoear, T. €. yreuka Tensa B OKpyKalo-
Y0 CPefy OTCYTCTByeT:

uy (0, £)=0. (5)

3. Ha koruye cmepucnn x=0 npoucxodum ayueucnyckanue menasa 8 oKpy-
acarowyro cpedy, TeMueparypa KoTopoii MeHseTcl Nno 3ajaHHOMY 3aKOHY

w©, t)+ouy, (0, H=e¢ (), (6)

rlle o.—nocToAHnan H @ (f)—u3BecTHast QyHKUHA. B uacTHOCTH, ecnH Temnepa-
Typa BHellHefl cpeisl paBHA HYMO, TO NOJyYHM

u (0, t)+au, (0, £)=0. (7)

CuelwranHoe Kpaesoe ycjlopue (6) B HeKOTOPOM CMEIC/IE MOJKHO CYUHTATL OGILHM,
a umenHo, nojaran o=0, noayunM Kpaepoe YycJoBue (3), a npu &= o0 Gyjaem
HMeTt KpaeBoe ycjoede (5). B0O3MOXHB W ApYrMe THOLI KpaeBsiXx YCJHOBHIl.
AHnanoruunble Kpaessie ycJAoBHA MOTYT ObITh TaKiKe Jns KoHua x=1I. KomGuuu-
pys KpaeBble ycnoBHA AJAR KOHUOB X=0 u x=1[, 6yreM HMeTb KpaeBrle 33334l
IJA cTepHsS, KOTOPHE [PH HANMYHHE Ha4aJbHOrO ycjoBus (2), BooGie roBop,.
HMEIOT EJUHCTBEHHbIe DEINEeHui.

Mpumep 2. PaccmoTpuM cBoGORHbie KoJeGaHusi oRHOPOANOH orpaHHueH-
Ho# cTpyHel AaHEK { (0 < x < I). [lonepeynoe cvemenne u=u (x, ¢) upu 0 < x <!
I8 Jio60oro MoMeHTa BpeMeHM ! yROBJeTBODSieT BOJHOBOMY ypaeuexuwo (eMm. § 1,
npumep 4)

0%u , 0%u

Fro ®
rae a-—mnofTosinHas. B pavanbdeli momeHT f=1{, o6uludo 3apaiotces dopma
CTPYHBI H pacnpefiefieHHe CKopocTeH ee Touek. 3To JaeT HAuaNbHBE YCJIOBMA

(X, to=0 (x), ut(x, L) =@ (), (9)
rjie ¢ (x) ¥ @y (x¥) — u3BecTHble (GYyHKUMH, OnpegesneHHsle B uHTepBate 0 < x < L

B 3aBUCUMOCTH OT crioco6oB 3ajleAKH KOHLOB CTPYHH x=0 0 x=1[ 6yieM uMeTb
clelyoHe OCHOBHBIE KpaeBble YCHAOBHS.
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1. Koney dgicecmko 3akpenien:
u(@©, t)y=0 (man u (I, t)=0). (10")
2. Koney ynpyzo saxpenaen:
e (0, 1) —kauw (0, 1) =0 (wn uy (I, £)-+kyu (I, £)=0), (107)

‘ge k; H Ry — MOJOK UTENbHBIE NMOCTOTHHBLIE.
3. Koney ceob00en:

e (0, t)=0 (umn uy (I, £)=0). (1077

[Ipu nocratounoil rmagkocTH byHkunf @ (x) H @, (x) 3apaua (9)—(10) numeer
JAHHCTBEHHOE pClUeHHE.

PaccmoTrpum o6iiyl0 DOCTAHOBKY 3a4aud € HAYANbHHEIMH YCJIOBHAMH,
[ycTb mano nunefinoe AnddepeHunanbHoe ypaBHenHe

L{u]=F(x, y), (11)
rae . \ N
Llu]=A(x, )35 +2Bx, y)é‘%‘yJFC(x, W 5t
+a(x, y)g—fﬁ—b(x, y)g—‘;+c(x, Hu.  (12)

Otnickanne pelienns u#=u (x, y) ypapdesnna (11), ymosaerBopdiouiero
HaYabHLIM YCNOBHAM

u(x, go) =@ (x), u,(%, yo) =@y (¥), (13)

HaselBaeTcH 3adaueif Koww, a caMu yCNOBHA HOCAT HA3BAHHE HQYAAbHOLX
danuvtx Kowu.

3apaya Kowwu nonycKaeT npOCTYyI0 reOMETpHYECKYI) HHTeprnperainio
(puc. 53): Tpe6yeTc HaWiTH HWHTErpalblyl0 NOBEPXHOCTb u=u(x, y)
ypaBuennst (11), npoxoasulyio yepes AaHHY0 NPOCTPAHCTBEHHYIO KPHBYIO

Y=ty t=¢(x) ("

H Kacaiowylocs B touxax M(x, yo, #) 9TO# kpuBOH 3amanHoi cHCTeMH
BEKTOPOB @, pacrnoNoOXeHHbIX B NNOCKOCTAX X = const u COoCTaBaflOUX
¢ ocsio Oy yroa B, onpesensemmit paBeHCTBOM

tg f =@, (x).

Ecan paccmarpuBaTte y xak BpeMsi, TO 3amaya Kows umeer caeayio-
1y MexaHquCKy'lO TpﬂKTOBKy: B HayanbHuH# MOMEHT BpeMeHHu Y=Yy
3ajann opma nnockol MUHEM U= @ (X, y,) U pacnpenenenve ckopocTeft

du 0 M
ee TOUeK a—y:(p1 (x,-yo). Upexnonarag, uTo kawmas Touka (x, u)

JMHHH JBHKeTCA MapannembHo ocH Ou, npuyem auddepedunanrpiuft 3a-
KOH JIBHKeHHd Haetcs ypaBuedneMm (11), TpeGyercs onpemenuts Gopmy
JUHMM JJM DOCTeLYHLHX MOMEHTOB BpeMeHn y >y, (pHc. 54).
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Yenosus (13) samalor savanbuse pannnie Kown wa npsmoit y=y,.
Onnako 970 HE ABAseTcst 06A3aTENbHBM: MOWIO 3afaBaTh HAYANBHHE

u
g
f; ) A, |
z
Puc. 53.
uh
/\/_\l‘l'”{‘rly}
/ U=p(z,4)
i 1M(z,u)
b
g z z
Pruic. 54,
JadHHble Ha n000# rnaakoil Xpueott
@ (x, y)=0. (v)
Takum o6pasom, npuxoaum Kk obujeti sadawe Koutw—wnaliTH pelucdue
u=u(x, y) (14)

nuddepennnanpuoro ypasnenua (11), yloBreTBOpaiomee HAYalbHB M
YCAOBHAM

0 .
=g x o) 5| =0l o). (15)
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du du

BmecTto nponasonnoH 3y MOWHO 3a/aBaTk NPOH3BOAHYIO a0 TaK Kak
Ha KPHBOH 7y HmeeM
du du o0 oD
adX—f-a?/dy:d(P(x, Y), de+0—y~dy=0. (16)

MoxHO Takke 3a1aBaTb HOPMA/AbLHYIO MPOH3BOLHYIO
du __du du
3= a5 <08 (7, x) +5§ cos (1, y).

3anaya Kown o6nyno crasatcd aid auxeinoro ypassenus (11) ru-
nepGoO/HYECKOro M Mapabo/HYeCKOrO THMOB.

¥

My (zy)

£ a b z
Puc. 55 Puc. 56.

Ecan ypaBnenne (11) runepGosnyeckoro Tuna, TO A/ €IHHCTBEHHO-
crn peuleuns 3amayd Koun HeoGxoaumo, uToOb HA4alAbHAS KpuBad 7y
ne apadnace Xapakrepuctukoit [1]. Ecam aro nocnennee yciosue Bh-
MO/IHEHO M Haya/abHble NAHHHE 3aJaHB HA KoHeuHOH ayre PQ kpusoit vy,
TO pelleHHe 3agaun Koinm, BooOuie roBops, ONpeae/]eHo H OXHO3HAYHO
B KpHBO/JWHEHHOM TpeyroabHuke PQR (obaacte pacnpocTpanenun), o6-
pasoBanHoM ayro#t PQ W ayramu xapakrepuctHK PR u QR pa3inudbix
ceMelcTB, Npoxoaduivx uepe3 kouusl P u Q (puc. 53). [lpeanonaraercy,
KOHEYHO, 4TO KO3pPuuHEHTH aH(depeHnHalpbHOrO ypaBHEeAnd onpene-
7IeHbl H HEempepniBHbI B COOTBETCTBylOwe# obaacti.

[lycts HavaibHbie nanibie Komw and ypasneans (11) 3amauw ua ot-
pe3ke a<Cx< b a pemeHne u=u(x, y) STOr0 ypaBHeHHA HAIAD
onpenenutp B noaynonoce K{a <{x<{b 0Ly <<oo} (puc. 56). Torna
st OAHO3HAYHOCTH  ITOr0 PEIICHHA IONOJHMTE/NbHO HYXHO 3alathb
yclI0BAS uHa MOPAMBIX X=a& H X=24, 4TO OPHBOAUT K CMewandol
3ada4e. Jocratouro oGuieH 3anadeit STOro THOA AB/A4eTCH HAXOKIEHHE
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8 noaynonoce K pettenus u=u (x, y) AdddepeHHANLHOrO ypaBHe-
Hust (11), ynoBaeTBOPAIOWIEr0 HAYAMbHEIM M FPAHMYHHIM YCAOBHAM:

u(x, )= (x), u,(x, O)=9,(x) (e<x¥<b, y=0) (17)

ﬁﬁu (bv y)"}‘ﬁlu,‘ (b, y)z:'lpl (y)’ (18)

[ag|4]ay[5£0; |Bol+]By 150, 0<<y<Too.

Ocoforo BHUMaHHA 3aC/AyKHBAET Npele/bHbI cayyall, Korga & =-—oo
WM b= o0o. 3pecb Kpaeeble ycnoBHd (18) uaM coBceM oTNAmatOT, HAH
3aMEHAIOTCH HEKOTOPHMH YCJIOBHAMH
«Ha GecKOHEYHOCTHY,

Crewannaa 3adaya nad ypabHe-
uag (11) B8 oOwem acnekte MOXeT
ObiTh  CHOPMYNHPOBAHA  CJIeYIOLUM
06pa3oM: jgaHa KoHeyHad HJAH Oec-
KoHeyHad o6Gaacte G B NJIOCKOCTH
Oxy, UMeowas KycOYHO-T1aAKyI0 rpa-
sy I' (pac. 87). TpebGyercd HalTH
B obGnactu G pewenne nuddepedun-
/] % @/1bHOrO ypaBHeHuS

Puc. 57. L[u]=F(x) y)) (19)

ec/NM Ha HEKOTOpbIX 4actax rpawuus I'y, I'y, ..., I', BuDOAHeHH coOT-
HOLIEHHS

agu(a, y)+au, (a, y) =P (1), }

L, [u)=q;(x, ),
(6, ) €T, (i=1,2, ... m j=1,2, ... p) (20)
rae L, y—hau duppeperyuaronble onepaTropst MO NepPEMEHHBIM X W Y

nopﬂm(a HE BHIIE NEPBOrO, W/H KOKEeYHble COOTHOUEHUA, & @, (X, y)—
sagandule pyHkuud. 3anavy Kowm, oyemnuHO, MOXHO paccmarpnaan: KaK
YacTHHH clyuafl aTo#t obuiei cMelanHol 3anau,

[pu paccmorpennn ¢usudecknx npoGieM QYHKUHA @, (X, y) 06buHO
onpenendwrcsd npuGamkeHHo us onwta. [loaToMy pemende TakoM cMe-
DIAHHOM 3aj7a4d MMEET MPAKTHYECKYI0 LEHHOCTh JIHUID B TOM ClYy4ae,
ecau HeGO/MbllHe OWIHOKH B HAYa/bHBIX M KPAEBbIX YC/AOBHAX HE MOryT
npuBecTd K GOJbLIAM OTK/IOHEHHAM COOTBETCTRYIOWEro peiuenud. B stom
cAyyae rosopdr, 4YTO CMeEllaHHas 3a7a4Ya nocCTaBslieda KOPPEKTHO, W,
HHAaye roBOpf, HENPEePHBHO 3aBHCHT OT HAYa/bHHX H KpPaeBHIX yc/a0Buil.

Onpenenenne. Cmewannas 3anava (19)—(20) uasbiBaerca xop-
pexTHo noctaéaentod B 00aacth G, ecin A4 100600 &€ >0 MOXHO
ykazate umucno N=n(g) > raxkoe, uro npn u3MeHenun dyuxunit
@iy (%, y) Ha BeaHUnHHW, MOXY/b KOTOPHIX MeHbUle, 4eM 1}, pelleuue
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=u(x, y) uamensieTca Bo Bcell o6sactn G meHbnuie yeM Ha e. B mpo-
THBHOM C/yuae CYMTAeTCAl, YTO 3a74a4a HOCTABAEHA HEKOPPEKTHO.

Jina ypastenut sannnruyeckoro tana 3amada Koumn o6niuno we pac-
cMarpuBaerca. 10 OODBACHASTCA TeM, UTO,
KaK npaeuno, s3afaua Kown /a8 ypasHeHu#
ANIKIITHYECKOro Tuna T1ocras/ieHa HEKOp-
PEKTHO, T. €. HMHUTOWHO Ma/he H3MeHEHHs
#a4a/ikHEX JIAHHHIX MOTYT [IOBIEYb Cyille-
crBedHoe u3medenwe pewenud. [lokawem
3TO Ha npuUMepe, HWies KOTOPOro nputanie- Puc. 58.
WMHT GpaHIy3CcKOMY MateMatuky Agamapy.

Mpumep 3. [lycts TpeGyerca HaliTh B Bepxtefl noaynsockoct# y > 0
(puc. 58) pemenue ypasunenus Jlansaca

u | 0%u
o W_—_O' (21)

yaosaereopsioutee npu y=0 nauvanpieiv ycnosuam Komu:
1
u(x, 0)=0, u,(x, 0)=—n— cos nx, (22)
rie n-—HAaTtypalbHoe YHcllo.
Jlerko NpoBepHTL, YTO pelledne 3TOH 3ajadH ecThb

ulx, y) =% cosnx sh ny. (23)

Xor npe A0OCTATOUHO GosbiuoM f HayaJdbHBE faHHele (22) Moryr GoiTh cpaeslausl
CKOQJIb YTOZHO MaJIbIMH:

lu(x, O] < Juylx, Ol <m,
TeM He Menee pemedue (23) mam mo6oro 13 > 0 He orpaHmyeHo npu N — o
B xamao#d nosoce 0 < y < h. HeficTeutenso, ecnu y > 0, To, l1ANPUMED, UMEEM
1
u (0, y)='ﬁshny—> @ NpH N —+ 0.
Ecnu e B3ATL 4UCTO HyJ/eBue HayanbHee YcioBHA « (x, 0)=0, uy(x, 0)=0,
TO pelnerune uy (x, y) 310f nocneaveil 3agaun Kowwu, oueBupno, Gyner
ty (x, y)==0.

Taxnm o6pa3oM, 3jeck CKOJIb YrogHo MaJoe H3MEHeHHMe HaualbHbIX YCJOBH
NPHBOJUT K HEOrPaHHYeHHo GO/bIIOMY PaCXOMKACHUIO pelleHHi.

§ 3. Kpaesble 3ajaua JUIA ypasHenuil 3JUIANTHYECKOrO THNA

Mccnenosanus  CTAUMOHAPHBIX  MPOLECCOB  DA3AHYHOM  du3uyecKOH
npupoisl (Ko/e6anns, TeNoNPOBOAHOCTE M AP.) 4ACTO NPHBOLAT K ypas-
HEeHHAIM S/UIMOTHYECKOro THNA

Llu}=Au+ au, +bu,|-cu=F(x, y), (1)
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rae a=a(x, y), b=b(x, y), ¢=c(x, y) u F(x, y)—HempepuBHHE
dyukuun. g stux ypaBHeHMH OGHYHO CTARATCH JHIIbL Kpaesble 3a-
jdauM, TaK Kak 3afavya Koum, kak OnJ0 NOKa3an0 B npelsiyuieM ma-
parpade, AAd ypaBHEHWH SAMHOTHYECKOrO THNAa MOXeT OHTb He-
KOPPeKTHOH,

Hau6osnee wacTo BcTpeyaroTcd CHEAyiOUNe kpaesste 3ada4il.

Nepsaa kpaemaa sanmaua. Ha kourype I', orpannunsaioniem
o6aacte G (puc. 59), 3amana uenpepniBHas dyHkuus @ (P)=q (x, y).
Tpebyerca wafitn dyukunio & (P)=u(x, y), yLOBJIeTBOPAICWIYIO BHY-
tpn G ypaesennro (1) u npu-
¥ HUMAIOWY0 Ha TpaHHue 3ajat-
Hole 3payednd @ (P), 1. e. A0/MK-
Hb OBITh BHINOJHEHH YCAOBHS:

L{u(P)]=F(P) npn PEG;
u(Py=¢(P) npu P€T.

Bropasa kpaesasa 3a-

naua, Ha kourype I', orpa-

z  HuuMBamoweMm o6aacte G, 3a-

Puc. 59. nana  HenpepnBHad  (QyHKIuA

@, (P). Tpebyerca nHaitn Qyuk-

wiro u(P)y=u(x, y), yhosiersopsoulyo BHyTpH G ypapuenHio (1),

HOpMa/bHasl MpousBodHasd koTopo#t Ha I' npunuMaeT 3apannbie 3HaucHus
@, (P), T. e. TpeGyercs, uTobu

LiuP))=FP) npn PG, LB _¢ () npu Per.

Tpernsa kpaerad 3amaua, Ha xoarype I', orpanuuusaiouiem
o6nacTe G (puc. 59), samasa uenpepwBHadg GyHkund P (P) =1 (¥, y).
Tpebyerca Halitn ¢ynkumo u (P)=u(x, y) Takyio, 4TodH

L[u(P))=F(P) npn PgQG,

aqu (P)+ay, 2L — () npu PeT,

rae |ag|+|ay|5=0.

Tperbio KpaeBylo 3ajady MOXHO paccMaTpuBath Kak ofiyio. [eii-
CTBHTEJBHO, 0pH Og=1 u @; =0 nojay4aeM nepByI0 KpaeBywo 3ajauy,
a npn dy=0 M a;=1—BTOPYIO Kpaesyl0 3anauy. 3aMETHM, 4TO €c/H
o6nacte G orpaHHyeHHas, TO COOTBeTCTBylOWiIad KpaeBas 3aKaya Haaw-
Baercd 6HyTpenneld, B NMPOTHBHOM Caydyae— srewned.

Hdns ypapuenus Jlannaca Au=0 nepsas kpaeBad 3ajfaya nadelBaerce
3adauedl [upuxae, Bropasi—3zada4ved Helmana M TPEThA — CMeUAHHOL
xkpaesoil 3adaued.
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§ 4. Hekotopnie cBejenusi 0 rapmMoHHuecKHEX (YHKIMAX,
EnMHCTBEHHOCTb pemieHua 3apayd Jupuxie

Onpenenenne. dyukuua u(x, y), HMeWAasd HeNpephBHLHE 4aCT-
Hele TPOM3BOAHEE BTOPOrO uOpdaAka B o6iaactH U n yaoB/eTBOpAOLIAs
BHyTpy G ypasuennio Jlannaca, HaswBaeTcsl 2apMOHudeckol (ynryued.

[pocreftiinmn rapMonnyeckumn ¢GyHKIHAMY IBYX NePEMEHHBIX X U Y
ABAMIOTCA: AUHeHHad QyHKuMa u==ax -+ by | ¢; yHkuua suma u=Ior,
tae r =V (x—x,)%+ (y—y,)? (ocHoBHOE peutenne ypapnenns Jlannaca).

3agaua [upuxie B WHBHIX TepMuHax Moxer O6biTb CHOPMYIMPOBaHA
crepyiomumM o6pasoM: HalTn (QYHKUHMIO, HenpephHBHYI0 B JAHHOH 3aMK-
Hyroit ofnacty G= G4-I', rapmoumueckyo B o6nactu G u npHHHMAIO-
alyio Ha ee rpadune I' HenpepbiBHbie 3ajadHble 3HAUEHWA.

EauHcrBeddocTs pelniedus 3agayu Jinpunxje ¥ HenpepbiBHAf 3aBMCH-
MOCTb €€ OT KpaeBblX yCJOBHH (KOPPEKTHOCTh KpaeBoH 3azaud) BuiTe-
KatoT H3 CAEAYIOUUX CBOKCTB TapMOHHYECKHX (YHKUHI.

Ceoitcrao I (npunyun maxcumyma). Tapmounyeckad B orpaHnyes-
HOM oGsactH (YHKUMA, HenpepriBHad B 3aMKHyToH oGaactn G=G+T,
{e MOXeT MpuHUMaTh BHYTpH 3TOH oGjaacty 3HaueHnH GO/bIINX, yeM
MaKCUMYM ee 3aveHuft Ha rpanune I', H MeHbLIMX, 4YEM MUHHMYM ee
3Hadenntt va T,

HJokaszatenncrso. [lycrs M—makcamym 3uadennit u(x, y) Ha
rpannie I'. Jonycram, uro ¢yHkumd u#(x, y) B HekoTopoft TOUKe

Py (x4, Yo) BuyTpH G NpHHUMAET 3HAYEHHE W = U (X4, Yo), NPHUEM p > M.
CocTaBUM BCNOMOTATENBHYIO (YHKIMIO

v (%, g)=u(¥, §)+ o (86— %)+ (y—wo)?],

rae d—nanamerp o6Gaactn G. OQueBuaHO, MMeeM
V{Xo, Yo) =u(Xy, Yo) =,

npuueM npu (¥, y) €' BEnO/NHeHO HepaBeHCTBO

M
’U(}C, y) M_l_pgdz = '2}“” < K.

CaenoBarensHo, @yHukuud v (x, y) aocruraer cBoero HauGoJbHIEro
3HayeHud BHYTDH oG/acTu (G B HeKOTOPOH TOuke (X, Y), IpHYeM B BTOH
TOYKe OYAyT BHIIONHEHD HEOGXOAMMEIE YCIOBHA NI MaKCHMyMa QyHKUHH

v dv % d%v
5}——37——0 WQO, a—y2<0

M3 coorHomenus
0%v

0% o 2(p M)
’a_xi”i“aﬁ“‘axa“}_ayn'*‘
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BBITE€KAeT, 4TO MO MeHblie# Mepe O/fHA H3 NPOU3IBOAHBIX %;% " _3’71‘;
nonoxurensha BHyTpu G. IlosTomy ¢yukums o (x, y) HE B KaKoH BHY-
TpenHeli Touke o6naactu G ne MOKeT UMeThb MaKCHMyMa, H, cJaelOBa-
TeabHo, npuxoauM K nporuBopeydio. Takum o6pasom, u(x, y) <M.

Anmajorsyno aokasuHBaercd, 4T0 # (X, y) < m, rie Mm—HauMeHbliee
sHavyende QyHkuMu u (X, y) va rpanune I.

Cnencrrue. llycrs dyuxuns u=u(x, y) — rapMonnueckad 8 orpa-
HiuenHol o6aactH G W HelpepmBHas B 3amkuyToli o6nacth G=G + T
B rakom cayyae cnpaBelnnBO HepaBEHCTBO

uLu(x, y)<u,

roe u=minu(x, y) na I', wu=maxu(x, y) na I'.

3aMeuanne. MoXHO N0Ka3aTh Go/ee CUIBHOE YTBEPKIEHHE, YTO
rapMouM4ecKkas B OrpaHuueHno#t W 3aMkHyToH obnactu G yHKuUHA, OT-
AuMyHasg OT KOHCTAaHTH, He npHHuMaeT BHYTpH G HauboJsbulero W Hamu-
MeHbUlero 3HayeHud.

Ceo#ctao Il (eduncraennocrs 3adatu Jupuxae). 3anava Hupuxne
s 3aMKHYTOM H orpanmyenHoft o6acTy MOXeT MMEThb JHMIIb eAWHCT-
BEHHOe pejlleHHe, T. €. HE CYyuecTBYeT IBYX HENPEPHLIBHBIX FaPMOHH-
yeckux GyHkuu# B 3aMkHyTOM OrpanudeHHod o6nactu G, MPHHHMAIOLAX
Ha rpaHdlie OAHM W Te e 3HAYEHUHA.

NokasarteabcTro. Hdonycrum, 4ro xse ¢ynkuun u, (¥, y) ©
u, (%, y), rapMoHuyeckne B o6aactu (G, COBNANAIOT BCIOAY HA ee Fpauulle,
PaccMoTpuM yHKLHIO

u(x, y)=“1 (x, y)'—u2<x) y)

QueBuaHa, uto u(x, y)-—rapMoHudeckad @yukuus, obpawanancs
B nyabp na rpanuue. [lo cBoicrBy I sra ¢yHKUuA He MOXET NPUHUMATE
BHyTpH G 3Havenufi OGoJiblle HAH MEHbILE HYJIA, CJAeJ0BaTeNLHO,
u(x)=0 suytpu G n i (x)=u, (x).

3aMmevaunne., Mz ceoficrea Il ne cregyer, uro 3amaua Hupnxne
nag orpaHuyeHdof 3amkHytofl oGaactu G uMeeT petllenne; 3TO CBOMCTBO
AL YTREPKIAET, YTO €C/AM CylecTByer pewredne 3agaun Jupnxne
nas ob6iaactd G, TO OHO €ILHHCTBEHHO.

MoxHo pokasate [20], uTo ecan o6aacts G Bhnykuaas, T. €. BMecTe
C IBYMsl CBOHMU TOYKAMH COJEPKUT COEAHMHAIOWHA HX OTPe30K, ¥ CpaHHIa
ee I' kycoudo-rnaxkas, to 3ajaa Hupuxne nnw Tako#t oGnacta ¢ He-
NMpepHBHEIMM JAHHEIMA Ha ee rpanuue I' meficTBuTE/bHO HMeeT pellienne
(reopema Hefimana).

Csoticrro [l (koppexrnocts sadauuw Qupuxae). Pewenne 3anaun
Iupnxne nnd 3aMKHYTOH M OorpaHuyendHofl o6acTH HeNpepuLiBHO 3aBUCHT
OT FpaHAYHHIX JaHHLIX,
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HLokasareanncTBo. [MHonyctum, 410 #;(X, y) u Uy(X, y)—
pettienns 3anayn JlupHxie, COOTBeTCTBEHHO FNPHHMMAIOLIME HA TPAHHLE

aHaueHnd @ (¥, y) 1 @, (¥, y).
Mycrs Bclony Ha rpadnue I' puinoiHeHo sepaBeHCTBO

[y (%, ) =@y (%, )| <e,

rpe € — NPOH3BOJABHO MAaJO€ NMOJOXKHTENbLHOE YHCNO.
Paccmorpum rapmonndeckyio ¢yHKUHIO

u(x, y)=u (%, y)—u, (x, y).
Ha rpannue I' 3ta Qynxuus npuHumaer 3sHayenue
@ (x, y) =@ (%, y) — ¢ (¥, v).
Tax kak —e < ¢ (x, y) <€ Ha I', 1o no croilcTry [ umeem
—e <Zu(x, y)<e npu {x, y) €G,
T. e, —E <Ly (X, y)—iy (¥, y) <& nm |u (x, y)—i, (X, y)| <e.

Takum o6GpasoM, Iaa 3agaud [Lupnxae TtpeGoBaHne KOPpPeKTHOCTH
BuIIOHEHO npu N=¢ (cM. § 3).

§ 5. Ypasuenne Jlamnaca B KOHEUHBIX PasHOCTAX

Jlil no/yueHHs KOHEYHO-DA3HOCTHOIO ypaBHeHHs, COOTBETCTBYIOLIEro

ypasdennio Jlanmaca
0% |, 0%
T =0 (1)

0%u 0%u
JOCTaToyHO, BHGpaB mar >0, 3aMennTh NPOH3BOIKKE i W OTHOLIE-

HUAMH KOHEUHHX pastoctedi mo (opmynam

P u(xAh, y)—2u (x, Y)+ulx—h, y)
axt "~ n2 !
u _ u(n y+h)—2u(x, g)tu(x y—h)
o h? -
Torna Gynem umeTn
u(x+hv y)—zu (xv y)+u(x_hl y)__l_
hZ

L g2 Dt y=h) g

U, €Jen0BaTel/IbHO,

ux, y)=5(u(e+h g tule—h o)+
Fuls, gt h (e, g—h). (@)

9 B. Il. Jemupoeny u Ap.
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Onnako, 4TOGH WMETh BO3MOXHOCTH OUEHHTb TOYHOCTH TaKOM 34aMEHH,
CAeqyeT MATH 00 HECKO/NBLKO MHOMY [NyTH, HCAOAb3YA /IS NOJyYeHHs

2 KOHEYHO-PA3HOCTHOTO ypaBuenus ¢oOpMyny
- Teitnopa
h f(\x—l_hy y+k)=
d )
—Flr 0+ (gt g k) 70 o)+
B(L ;J‘fx-.!/) /Lc 1 a d 3 y
7 7 +oi (g htak) 7 B+ ..
B 1 /0 0 n 0 ok
) "'+'—l_! "}h_l_a—y'k f(x"l_ h1y+ )1
(3)
£ rme 0<O <1,
Puc. 60. [Tpn aToM nonp3yloTcd pasnuyHbIME CXe-

Mamu. PacecmoTpuM  Be OCHOBHBIE CXeMHI,

[TepBas ocHomsnaa cxema, Paccmotpum Toukm A(x, y),

B(x—h, y), C(x+h, y), D(x, y+h), E(x, y—h), nexamue 8

IleHTPe KBaApara M Ha cepeanHax ero cropod (puc. 60), u Bbpa3um

3HavyeHns ¢yskuun g B touxax B, C, D, E d4epe3 aHauedusd 31Ok

QyHKLAH ¥ ee NPOM3BOAHLIX B LieHTPaJbHOH Touke kBaapata A (x, y).
Cornacio dopmyae (3), nonaras 8 uellt 7 =4, umeem:

u(x—h, y) =
1

=u (%, §)—ht, o Ko — g B g Y
u(x+h, y)=

= (%, §) o B o B b
ul(x, y—h)= *

1 1 1 ~
=u(x, y)—hu,+5 Ru,, —5 Ku,,, +71T htu

yyyy?

1 1 Vo,”
=u(x, y)+ hﬂy+2—,h2“yy+§Th3uyyy+Eh4"

yyyy?

rne u,, u u u u u y—anaqenuﬂ IPOH3BOJHbLIX B TOUYKe

xXx) Yy XxXx Yy
A(x, y), a uxxxx’ uxxxx' uyyyy’ uyyyy—-npOHSBOHHble B  HEKOTOpPbIX
IIPOMEXKYTOUYHBIX TOYKAX,

CxnanpiBad paseHctsa (4), moayuaem

U(X~hy y)TuE+h y)+ux, y—h)+ux, y+h=
=du(x, Y+ (U, +u)+Ry(x, v), (5)

y!
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e OCTQTOUHbLA YAeH
h4 —_ = -~ =
Rylx, y)= @ (#yxxn T Uynxet Uyyyy T uyyyy]

npu 1 € CY nmeer nopanok O (h%). Orciona Gynem MMeTb

ux—h, yytu(s+h g)tulx, y—h+ulx, y+h=
=4u (%, y)+H*Aut O (hY),
1, CJeROBaATC/bHO,
Mu= g (u(s—h, o) u(cth o)+ule, y—h)+
tu(x, y+h)—dule, ]+00H).  (6)

dopmyna (6) Boipakaer omepatop Jlamnaca Ay depe3 KOHeuHmle pas-
HOCTH M HA3HBAETCH MNeEPBOH OCHOBHOU KOHEeWHO-pa3HOCTHOU popmod

YolH

8

™
STe

Puc. 61.

oneparopa Janaaca, Otkunnisas 8 ypasienuu (6) unen O (h%), nonyuum,
410 ypasHenuio Jlanmaca Au =0 npuGaxkeHHO COOTBETCTBYET cClelyio-
€€ ypaBHEHHE B KOHEYHLIX Pa3HOCTHX:

u(x, )= lele-th g9)+us—h o)+
+ll(x, y_I—h)—l—u(x: y—_h’)], {7)

4TO COoBmajaer C ypaBueHuem (2).

Brtopas ocnoBuan cxewma. Paccmorpum roukn A(x, y),
B(x—ha y—l—h’)) C(x+h1 y+h), D(x+h1 y—h)i E(x—ha y—h)1
JexXalliHe B UEHTPe M BepuUIMHAX KBajparta (puc. 61),

Kak u B nepsoft cxeMe, BHpa3uM 3Hauenus ¢GyHKUMH 4 B Toukax B,
C, D, E uepes 3Hauenus 510# QydkuHH H ee MPOU3BORHHX B TOuke A,

9*
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lMonaras n=4 B ¢opmyne (3), noaydnm:
w(X4h, y—h) =u(x, y)+h o, —u)+ )
h?

gy (e, — 20, )

h3
-+ En (uxxx - 3uxxy + Suxyy - uuuy) +

ht /9 J\14
+71!_<6_x_'@> u(E, M),

u(x—h, y—h=ulx, Yy +h{—u, —u)+

h?

—l—g(u“—l—gl’xu—l—"yy)—l—
+E‘(—"xxx_suxxy—3uxyy_uyyy)+
ht a a\1T .
+ 4 (— =) # Ea ),
wix—h, y+hy =%, o)+ h(— )+

h2
.{— :rF (ux;c - quy + uyy) —I—

h
+ ar (—eo o+ 3uxxy — 3uxyy -3~ uyyy) L

n

a d\4
+H(—a—x+@) u(§3| n3)v
u(X+h, y+h)y=u(x, y)+h(e, +u)+

2
2 ) -
’3
+§lf_ (uxxx + 3uxxy+ 3uxuy + ulluy) —I—
ht [0 a -
+qr (~+(3—y)4"(541 ).

X

Cunannsan papexcrsa (8), GyaeM uMeTb

U(xA-h, g—h) du(x—h, g—h tu(x—h, y-+h) -+
tu(x4h, g4k =4u(x, y)+ 202 A0+ O (1Y),

OTKyna
Au= oy (4 (x+ b, y—h)Fulx—h, y—h)+
ule b, g B e —h, gy —du(x, )]+ 0K,

OrxuAmBans ocrartouynstit uien O (h?), nonyuaeM, 4TO ypaBHeHue
Jlanraca Az =0 npubaukeHHO MOKHO 3aMEHHTb KOHEYHO-Pa3HOCTHHIM
yparHeHHem

w(, y) = [0 (x+h, y—h)+u(c—h, y—h)+
Ful—h, g+h)fulcth, y+n] (9)
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§ 6. Pemenve 3anauu Jupuxje MeTOnOM CeTOX

Wnes meroda ceTox (WiH, MHAaue, METONA KOMEYHbix pasHocTell) pig
npubAHKEeHHOTO pellieHHss KPaeBHIX 3alay A8 ABYMEPHHX IugdepeH-
WHaJsHBX YPAaBHEHHH 34KJIOYAETCH B CENYIOLLEM:

1) B naocko# o6nacth G, B KOTOpPOiHl pashCKHBAaeTcs peLIeHHe, ¢Tpo-
uTca cerounan 06aacte Gy, COCTOAILAN H3 ONMHAKOBHX fyeek (pnec, 62)
u npubamkaowas LanHyw obgacte G

2) 3anannoe mHQdepeHUMaIsHOE YpaBHEHHe 3ameHsieTcd B y3Jax
NOCTPOCHHON CeTKH COOTBETCTBYIOLIHM KOHEUHO-PA3HOCTHHM YpaBHEHHEM;

3) na OCHOBaHMH TPaHHUHBIX YCJOBHH yCTAHABJIMBAIOTCH 3HAYenus
HCKOMOTO pelleHHsi B rpanddnbiX y3nax obnacthn G,

PemnB nojyvenHyl0 CHCTEMY KOHEYHO-PA3HOCTHBIX ypaBHEHUH, any
yero, BOOGUIE FOBOPS, HYWHO pelinTh anreGpaHyeckyld cucteMy c 60ab-
MM YHCJIOM HEH3BECTHHX, Mh HaHeM B3HayeHHs HCKoMoM ynkuuu B
yanax ceTkH, T. e. OyleM HMeTb YHCJEHHOE peilleHHe Halled 3anayu.

Bu6op cerounoft o61acTh ApPOA3BOAUTCH B 3aBHCHMOCTH OT KOMKpeT-
noll 3azayn, Ho Bo BCex caydasx koHTyp I', cetounoft o6aactu G, cie-
AyeT BHOHpaTh Tax, 4TOGH OH BO3MOXHO Jyullle aNnpoKCHMHPOBAIL
xontyp I' sazannoft o6aactn G.

Cetoynan o6aacTh MOXeT COCTOSATh M3 KBAAPATHBIX, NPAMOYIOAbHLIX,
TpeyroJbnux H Jpyrux kaetoxk. OT BuOOpa OCHOBHOIO pa3Mepd K/ETKH
h 34BHCHT BeIHUHHA oCTaTounoro unena R, mnpn 3amene LH(depen-
WWHANBHOTO ypaBHeHHs KoHeuno-pasHocThuM. CienosatensbHo, pasmep h
TeOpeTHYECKH JMOMKen OnpenelaTbcsi TpeGOBaHueM, 4TOGH ITOT OCTa-
TOuHpH uJen OwJ MeHblIE NOrpeulHoCcTH, AONMYyCTHMOH npu peuleHnd.
Onnaxo Takofi nyTh He Bcerma llefecoobpa3zeH, Tak K4K HOJydaemnH
npH 3TOM pasMep A HACTOJBKO MAl H, CNeA0BaTeNbHO, YHC/IO K1€1UK
HACTOABKO BEJIMKO, MTO pellleHHE OKAa3LIBAETC HPAKTHUECKN HEBBINOJ-
HAMBIM,
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OG6niyno samaua peltaercss cHauana mpH GONpLIOM 3HAYEHHH A, T. e.
NpH ManoM YHCJAe K/AGTOK, H Juip MOCAE TOTO, Xak 3azada rpyGo npH-
GmmKeHHO pelllena 14s aTofl KpynmHOH cerTkn, mepexoadT K Gojee Mmen-
Kol ceTke MaM BO BceH paccmMaTpuBaeMoM 061acTH, HJAH B KaKoH-AHOyAn
ee 4YacTH,

Maes Meroma ceTOK M3BeCTHZ JaBHO W BOCXOAHT elfe k Jiilepy.
Ofnako npakTHYecKOe HCI0/b30BAHHE STOTO METOJNA HATAJKHBANOCH Ha

8, G cepbeaunle TPYAHOCTH, TaK Kak [0]y-
- --.,, YyeHHe ¢ €r0 MOMOLLbI0 LOCTATOYHO TOY-
HOrO pelIeHHsi kpaeBol 3anadud OOLMHO
NpHBOAHAO K KOJOCCalihHBM CHCTEMaM
anreGpandyeckHX ypaBHEHHH, Ha peilleHHe
KOTOpPHIX MpH py4YyHOM CyeTe TpeboBamich
FroiH BHYHCARTENABHOTO Tpyaa. [loxo-
WeHHEe DPe3Ko M3IMEeHH/IOCh C MOsiB/AEHHEM
GHICTPONEHCTBYIOMIHX 3MEKTPOHHHX  BH-
YHCAHTENbHHWX  MailiHH. MeTon CeTok
JonyckaeT yHOGRYI0  peajd3auyio Ha
3/eKTPOHHBIX  CYETHHIX MAWIMHAax, TaK
KaK NpHMEHEHHE ero OOBIYHO CBOAMTCA
K MaccOBOW NOBTOPSIEMOCTH OJHOPOAHBIX
uuk/aoe. B Hacrofumiee Bpemsi MeTol
Puc. 63. ceTox fBAfieTcsl OIHHM H3 Hanbosee
3¢ deKTHBHHX METOAOB peuleHds JH-
HefiHHX, @ TaKke OTYaCTH HeAMHeHHBIX 3aZay MaTeMaTmyeckKoh
dbnanku [15].

Tlokaxem npnMenende MeTOZa CeTOK IS TNOCTPOGHHS pelieHHs 3a-

daun upuxne
o%u , d%u
0x2 T dy?

.

=0 npu (x,y)€Gn u(P)=¢(P) npu PET, (1)

rie @ (P)=@(x, y)—3anannas HenpephBHas GYHKUMS, OpHYEM 5
[IPOCTOTH paccMOTPHM JARWIb clyuyall KBagpaTHol ceTkn, Byazem npeano-
faraTh, 910 06sacTh G OrpaHHdeHa NPOCTHIM 3AMKHYTHM KYCOYHO-T/1af-
kum koHTypom T,

Bui6Gpas war £, noctpoum ksaapataymo CeTKy

Xi=Xo i, yy=y,--jh (Sy)
([’ j=0’ :L_-li iQ’ "')

C TAKHM pacyerToM, utobbl yanb (X; y,) CETKH S, WIH NpHHALIENKANH
o6nacth G, uaM OTCTOAMM OT ee rpaHiun [’ Ha DAcCTOsAHHM MeHblleM,
deM A.

Toukn (y3anl) ceTkn S, HA3LIBAIOTCH COceOHuMU, €CIM OHH yaaneHhi
Apyr ot apyra B wuampaBaennu ocn Ox nan ocn Oy wa paccrosinme,
paBroe wary cerkn A. Ysed A, ceTkn S, Ha3LIBACTCH GHYTPeMHUM,
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€M OH ApHHamlexut obnactH G, a BCe YeTHPE COCEMHHX C HUM y31a—
MHOWeCTBY S, B NPOTHBHOM C/Ay4ae OH Ha3HIBAETCH 2paHutHbLM (na-
npumep, y3iaul B, n C, cetkn S,) (na puc, 63 BuyTpennHe yans 060-
3HAYEHH CRET/BLIMH KPYWKAMH, d TDAHHYHBE — TEeMHBIMH KDyXKaMH H
TEeMHBIMH TPEyroJbHHKAMA),

Cpannysnift y3en cerkn S, Ha3nlBaetcs y3JlOM nepsoeo poda, ecau
OH HMeeT CcoceiHiil BHyTpPeHHHMH y3en 3TOl cerxku (Manpumep, ysea B,
Ha puc. 63); B NPOTHBHOM C/ydyae TPAHHYHHIH y3e] HABWBAETCA y310M
8T0pozo poda (ysen C, ua puc. 63). Buyrpennme yanw H rpannunbe
Y3JH MepROro poja CeTkM S, Ha3wBalOTCA pacueTHolmu TOukamu, I'pa-
HWUHBIE Yy3/AH BTOPOTO pOAA HE BXONAT B BHYHC/IEHHE H MOTYT OhlThb
H3BATH M3 ceTkH §, (Ha puc. 63 rpanuddbie y3an Broporo poma 060-
3HAYeHbl TEMHBLIMH TPEyroNbHHKAMH).

OtHOCHTENRHO CeTKH S, HPEeANoNoXuM, YTO MHOKECTBO ee pacuer-
HBIX TOYEK «CBA3HOE», T. e. JOObe JBe pacyeTibie TOUKH MOIKHO
COGJIHHUTDL LENOYKOH y3/10B, Kawible [BA CMEXKHBIX 3/EMEHTa KOTOPO#
AABNAI0TCA coceaduMu y3namu. Kpome toro, 6ymem CuMTaTbhb MHOTOYro/b-
Hylo ceTtounyio o6nactb @, BuGpaHHOH Tak, uTOoGbl €e reoMerpuveckas
rpanuua I', Boamowno Gmnke npumbikana k rpavnue [N obractn G, 3a-
METHM, YTO y3/oBHe Toukn Koutypa I', moryr newars kak BHyTpu, Tak
1 sde obnractn G.

3Hauenne HcKoMOH Qynkumn u=u (X, y) B TOuKax (x, y,;) obosna-
unm uepes u;=u(x; y,). Cnenys obweit cxeme (eMm. § 5 (2)), nan
KaKJOi BHYTpeHHeH TOUKM (x;, y;) ceTku §, samenseM auddepenun-
anbHoe ypaBdeHne (1) KOHEYHO-PA3HOCTHHLIM ypaBHEHHEM

1 .
W=y, gy, g8, oy 8y, ), (2)

Tie (Xryy, ¥je1)—pacyeTHbE TOUKH,
B rpannunmx ysnax nepsoro posa B, cerkm S, nonaraem

u(B,)=u(B)=9(8), 3)

rie B—OGmnkafivas k B, Touka rpannum I,

Cucrema (2) nABasiercd HeoZHOpOIHOH nuneftHofl cucremoft, npuuem
YUHC/JO Hen3peCTHHX (T. €. YHC/I0 BHYTPEHHUX Y3JIOB CEeTKH) pPaBHO uuCay
ypaBiennfl. Cucrema (2) Bcerjla COBMECTHa M MMEeT eAMHCTBEHHOE pelle-
nite. Hrobbr gokasars ato, AocTatouHo yOemMThCA B TOM, YTO COOTReT-
CTByMOILasl OAMOPOAHAS CcHCTEMa HMeeT Aullib Hynesoe peisedane, OnHo-
pomnas CHCTeMa, O4YeBHAHO, (OpMalbHO MOWET OLITb 3aNHcaH4 B BHje
cucteMb (2), ¢ Toft Anmb pasnuuell, yto 3nadvenne Gynkuunr @ (P) na
rpatuie I' crexyer nonowurs TOXAECTBEHHO PaBHHM Hymo: @ (P)= 0.

Onnoponas cucrema (2) Bcerza coBMeCTH3a, TaK KaK 9Ta CHCTEMa
WMEET TpHBMaAbHoe pewenne ¢;;=0, [lokakem, uro oaHopoanas
cAcrema (2) He Mmower HMeTb pewenuit u;; 3 0. Tlycte, wnanpuwmep,
A7 HEKOTODOro DEIIEHHA OIHO H3 ee HeHIBECTHWX ,, 0. [l
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onpeneseHtocTH GydeM CYnTaTh ,, > 0. OGo3nadMM 4depe3 upq Hau-
60/1bL1YI0 KOMOOHEHTY paccmarpuaaemoro peuleHud, T. €. MOAOKHM

Upy =U;y (4)

Ans Bcex ysaoe cetkn S,. B cuny nepaBenctsa (4) Oymem uMers
Upg = upq > 0. (5)
Ha ocHosamnn cucremnt (2) noaydaes

1
Upg = Wp-1,Q+Ups1, q+Ur g1 Up g+1) (6)

Yyuthipas vepapencTrO (4), 3akawdaeMm, 4TO
Upoy, Q<SUpq, Upyy, QL Upg, Up, g-1 5 Upq, Up, Q41 Upg.

Hi oamo u3 nocaemnix ueTbipex HEPAaBEHCTR He sIBJAAETCA CTPOrHM,
TaK KaKk ecad Obl 3TO MMeJO MeCTO, TO, CKNAAHRAA BCe YEThipe Hepa-
BEHCTBA M yuuThBaf cpopMmyny (6), Mu HOAyuyHAH O Upg < upq (21).
[Tosromy

Up_1, q=Up41, q=1Up q-1=Up, q+1=1UpQ. (7

Tlposons aHanornUHble PACCYIACHHS AN TOUEK Upiy, g, Uppa, Qy- - s
HA  KOHEeYHOM [Iare  JOCTHCHEM  HEKOTOPOrQ  FpasuyHOro  ysna
Upym, o CeTkn S, ¢ Oamwattwelt touko#r MET, rae nonoweno

Upim, q= ¢ (M) =0.

Taknv o6pasom, U3 ueln pasencTs (7) HveeM u£po =0, uTO Npo-
TURODEYHT Hepaseuctsy ().

Urak, ondopoaHas cuctema (2) He MOXKeT HUMETb MOJOWHTEAbHHIX
peinenni. AHAaNOTHUHO NOKA3LIBAETCH, YTO 3Ta CHCTEMA HE MOXET MMeTb
oTpuiatenbubix pewennit. Cnemosareapto, u,, =0 and Kkaxaoro pe-
LleHMs, H, 3HAUMT, HeomuoOpoaHad CHcTemMa (2) COBMeCTHa M HMeer
eHHCTBRHHOE pellieHne.

Pemue cucreMmy (2), mnoayusM 0pnb/inwedHble 3HaueHHd HCKOMOH
dyHxkunrn g=u(x, y) 8 ysaax cerouHod oGaactn G,. Tem cambim Gyner
HalileHo OpHOAMKEHHOe 4ucaenHOe pelledne 3agadn Apuxae aas o6-
nacth G,. MowHO mNOKa3aTh, Yto B OOCWEM cyyae IOrPelIHOCTh IPH-
6mnkenHoro pewenis usmeer nopagok O (A).

§ 7. Mpouecc Jin6mana

EBcau uncno y3nos ceTkH S, BENMKO, TO HelOCpencTBeHHOe pellle-
Hie cucteMnr (2) u3 § 6 CranosuTCH 3aTpyAnMTENbHLIM. KpoMe TOCO,
ana  KprBOAHHeinoll o6nacTH G 3naueHHA QYHKUHA & B rpadivyHbHX
y3nax cetkn S, BuOpaHn ciMuikoM rpy6Go. Atu obGcToATenbCTBA  3a-
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CTARMNAIOT ANA  pelleHHs ykasadHHofl cucreMsl npuberath K wuTepa-
IHOHHBIM METOAaM C OJHOBPEMEHHBIM HCOPaB/JAEHHEM TCpPAaHUYABLIX 3Haye-
HpHl,

Cornacvo npoyeccy ycpednenun Jlubmana, BGpaB HayanbHHE MPH-
OnHKeHns uﬁ(,)-), noc/JenoBaTeNbabpe MPAGIIKENHS uf-’i) I BHYTPEHHHX
Y3/0B (X;, y,;) CeTKH S, onpemensemM no dopmyne

k 1 - k- k= (k=1
up = (W54 el el T Fulial k=12, 0000 ()

Uro kacaeTcst Ipanuuuelx y3nos A, cetku §,, TO 3HaueHus dyHKuHH
u(A,) B aTux ysnax nocnegosatelb-

HO wucmpasaseM no dopmynam auHed- %
HOU WHTepnoARYUL: °

9
u® (4,) = (A) = g(A), / ;
(4 w1 (B) —u (A) '
(k=1,2,...), @
1
rie  A—Oauxaiimas Kk A, TOuKa \
rpannuet ' (e (A)=¢ (4)), B— B
omkatiumit kA, BHyTpeHunit y3en 8 \‘-—h——"/
cetkn S, (puc. 64) u 8 —yna-
Jenne yana A, or Toukn A, npu- Puc. 64.

uem §>0, ecan A,—sHyTpeHHsan

Touka obnacth G, u §<C0, ecam A, —puewnsas Toyka o6Gaactu G.
B yactHoum caywae, ecin ysen A, newut na rpanuue I' (4,=A4, §=0)
TO HMMeeM TOYHO

1 (A,) = u (A) = ¢ (4).

Ha npaxtnke nocle HexoToporo mara £ MOXHO CUHTaTh u""(Ah)
HEH3IMEHHBIME (HanpUMep, ec/it 3TH 3HAYEHHA YCTAHORATCA ¢ 3aZaHHON
CTeNeHbi0 TOYHOCTH).

3a HauanwHble 3HaveHNs u{} TeopeTHHECKH MOWHO RB3ATb A106YI0 CH-
cremy 4ncen. OnHakKo ciaelyet HMeTb B BHAY, YTO B CHAY NPHHUANA
makcumyma (cm. § 4, csoficrBo ) nas 3uauennit wckomoit dynknuu
4 (X, y) DONKHB GHITh BHIIO/JHEHB HEpaBEHCTRA

mu; << M,

rae m=min¢@ (P) 1 M=max ¢ (P). Ilostomy pa3ymHO noaarath
r r

m<u§?) <M.
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MNpaxrnueckn nas BHGOpa u}}” rpyGo pemaior 3amauy Jupuxae B o6-
nactn G ¢ noMOMIBI0 KpyNHO# CeTKH, a 3areM HaiijennHHe 3HaueHus
HCNOJB3ylOT AA8 pewedns 3agauyn  JIupuxae wHa paudoft  mesaxoit
cetke. Jlaf navana mpouecca OGBIMHO NPHMEHAIOT AuHeHHyw0 HHTEpNO-
AAUHIO.

Dokaswsaercs (1), [3], [6], uro mns aw0Goro mara cetku h npo-
necc JInGmana HesaBucuMOo oT Bhifopa HauanbHBIX 3HaveHuft cxoamTes,
T. €. CyulecTByer

limal) = u

k> x

ij1

npHyeM NorpemHocTs nprGAmKeH-
HOTO pelledHs uMeeT MNOPANOK
O (h?).

Jlaa npaktuyeckoro mnposeje-
Hufl BBYHCAGHHH 0[O METOAy HTe-
pauAu mo/e3H0 NpHTOTOBHTh JAOC-
TATOYHOE YHCAQ CnelHanbHblX Bbl-
wucautenvrvlx wabaonos [9). Cno-
co6 3aroTOBJCHHSl ATHX Wa6aOHOB
INfl cayvyas HEH3MEHHBIX TpaHpd-
HHX 3HadennHl caenylowmit. Ilycts
o6nacte G, B KOTOpOH HOMKHO OnTh Haiijeno pelnedne 3amadn Jn-
puxae, nokpnita cerkoif (puc. 65). BuyTpenune y3au aTtolt ceTKH oTMe-
ueHn GeNBMH KPYMKKaMH; TDaHAYHbie y3/bl, B KOTOPbIX H3BECTHH 3Ha-
deHHst HcKOMOH (YHKIMH, OTMEUEHhl YEpHBIMH KPYWKaMH.

Ins nocTpoeHAs BHIYHCANTENBHOTO wL1aB/A0HAa CTPOMM BTOPYI0 CceT-
Ky, JIHHHH KOTODOH NpoXOoAAT mo-

CpenyHe MexAy JHHHAMH Nepsod, o|loe|eoe|e|e
npuyeM TaK, 4TO Y34  HepROH | . | | ]
ceTKn (BHyYTpPeHHHE W TrpaHHyHbE) | @ o —(ID- -(ID— —(I)—
nonajflal0T B WEHTPH K/AETOK BTO- 7 T ] 7 7 ;
poit cetkn (puc. 66), ® [-O--0—-0~-0-[-0-|-0-{ @
Knerkn BTopo#i ceTkn, B LeHT- ] I i i i
pax KOTOPHIX J/IeX4aT TCpaHHuHble o '9' '(.)_ '9“(,3"(.3' L
31K 0epBOfl CeTKH, OOBELEM Wup- ! ! I ] !
:oﬁ weptofi. ToTORM Buqucng- hl I O 0 0 B
Teapunift wabsos Ne 1 npusenen o Lo--o--0-1-4-1 @
Ha pHc, 67. ! ; ! ]
B o6Benennbie xupHOl depTolt ole|leoe]| e
KAeTKH wa6aona Ne 1 BoucHBaoTCA
HeH3MeHHble TpaHHYHble 3HAYeHud, Puc. 66.

onpeneaennue na xoutype I'y. Buyr-
peHHHe KJeTKH OyIyT B3amO/JHATBCS MOC/AeIOBATEIbHO HTECPALHOHHBIM
npoueccou. [10aTomy HyKHO 3aTOTOBHTb AOCTATOYHOE UHCAQ OLHHAKOBHIX
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wabaonos Ne 2, 3, ..., cOCTOAIAX H3 OJXHHX BHYTPEHHHX KJETOK *)
TaKOrO e pasMepa, KaKk kaeTkd wmabnona Ne 1 (puc. 68),

BryTpesnne kaetku wadaona Ne 1 3anonnsem HaualbHBIMH 3Hade-
HHIMH TIpOlleccd HTepalli¥ (MPOH3BOJNLHBLIMH UYHCJAAMH HJIH pelICHASAMH
3agaun dupuxne, noaydedmuwmn nas Gosdee kpynno#t certkn), Koraa

wabaon Ne 1 3aponved, nas
M1 YHHAeTCH 3anojHeHHe 1ab-

aona Ne 2 rtakum oGpasowm,
yTo0h B KawaoH ero kJerke
M2
Puc. 67. Puc. 68.

6b10 3amuCano cpenHee apHdMerdyeckoe 4YETHIpex uHCed, CTOAUIHX B
COOTBeTCTBylOWUX kaeTkax abaona Ne 1.

Ouemngno, 4TO mNpH 3anoideHnH mwabaona Ne 2 TaKwe yvyacTBYIOT
¥ 3HavyeHHd, CTOSLHE B TPaHHUHBIX KJeTKax wabaoHa Ne 1,

[Tocne 3anoauennss mwabiaona Ne 2 ero naxaagwBarT HA wabaoH Ne 1,
OCTaBASA NpPH 3TOM OTKPHTHWMH IPaHHYHHE TOUYKH NoC/JeAHero, H aHa-
JornydseiM cnoco6oM 3anoansior mwabaon Ne 3, mcnoab3aysl mabaon Ne 2,

[Tporiecc npomomkaercs mo Tex mHop, Noka B Npemeiax 3agasHoit
TOYHOCTH HEe COBMAaLyT ABa MocAeqHHX InabaoHa.

[Mpumep 1. Haittw npuGauikenHoe peureHue ypaBHedus
0% | Q%
o Tap=
yaosnersopdtoniee Ha okpyxuoctn x2-+y2=16 (I') ycaosuio
u(x, y)|p=xw=

Pewenune B CHaIy  CHUMMETDUYHOCTH peUIeHHA pPACCMOTPHM  4eTREePTh
Kpyra.

*) INodnTHO, YTO ecAM TpPaHWuUHBIE 3HAUEHHS TOAJNENKAT HCIDABISHHI, TO B
waGaoHaX caAejlyeT COXPAHATL TaKKe W rpaHHyHble KJETKH.
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I-d sman. BepeMm KpYmHYIO ceTKy ¢ waroM h=2 (puc. 69). Bammahmas

K yany A(4, 2) cetkn Touxa rpanuus I' ectn M (V' 12, 2), To3TOMY TIOJAraém
u(Ay~u (M)=12.22=48, Ananornudo pas yana cerkn A’ (2, 4) Ganxaitwasn

Y
[e—— 2
1
c'(g4) A'(2,4)
2 M'(2,VZ)
i ) M(ViZ 2)
¢ A(42)
2
2
B b Li4g) =
Puc. 69.

touka rpannun T ects M’ (2, V 12), nostomy u(A’)=u(M’)=48. B yanax
C (4, 0) nm C' (0, 4) ceTku, OueBUAIO, HMeeM

u(Cy=u(C"y=0.
OGo3Hauas dyepe3 a, b W ¢ 3Hadvennsa GYHKUNH # Bo BHYTPEHHWX y3aax

ceTku (puc 69) M yunThLiBast CUMMETPHIO 3ajauM, COCTaBJigeM CHCTEMY KOHeUr.o-
Pa3HOCTHLIX YpPaBHEHUH

a:%-4b, b:%(2¢+a+o), c=%(48+48+2b).
W3 310ii cuCcTEMBl HAXOMHM:
a=24, b=24, ¢=136.

2-if aman. Depem Gosee wMeakylo ceTKy (puc. 70) ¢ marom h=1 npn He-
YTIOuHeHHHX TpaHUYHbIX 3naueHnsix. [lonaraem

u(A)y=u(A')=15, u(By=u(B')=48, u(C)=63.

Hcnoabaya 3naveHust QyHKuUMH u (x, y) B y3hax KpymHoli ceTKH C LIAaroM
h=2 n B TrpaHuyHBIX Yy3]1aX H YYHTHIRA® CHMMETPHIO 33jadH, COCTaBJAAEM
KOHeUHO-Pa3HOCTHHIE YpaBHEeHHA 1O TepBoil H BTOPOH ¢XeMe ANA 3HAueHHil a,
%l ¢, d, e, [ MCKOMONl (GyYHKUMH & B y3JaX CeTKM ¢ marom A==1 (pue. 70).

MeeM:

e =— (04 36-+48--24), [=%(48—}—e—‘¢—63—}-36), )

1

b=—(e+et+0+24), o= (24-+24+24+ 36),

A]—-A]b—-

(24 24+ c o).

N— . —

d=%(e+c+24+36), a=

OTciona npubIHKeHHO HaXOoJuM:
a=26, b=20, c=27, d=28, ¢=27, [=44.
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3-4 9man. Vrtounsem amaueHus u (x, y) B TPaHHUHHX y3nax. Ucmonbiysa
bopmyant (2) ¥ noayueuHble 3HAYEHWS BO BHYTPEHHHX Y3JIaX CETKH, HAXOAWM:

e(A)=u(A)=13, u(B)=u(B')=49, u(C)=73.

4-d sman. Ha ocHoee noJyuenmHBIX ARAaHHEIX CTPOHUM CHCTEMY IMa6AOHOR
(Na 1—7) u nocnegoeateAbHO YTOYHSEM (C TOYHOCTBIO AO €NHHHILB) 3HAYEHUA
uckomoit dyHkutmn uw (x, y) BO BHYTpeHHHX y3naax.

HIa6nousr N2 6 1 7 COBNanaloT ¢ TOYHOCTBIO AC €AHHULIBL.

OrMeTum, YTO TOYUHLIM pelieHHeM 3TO 3a7a4M ABJAAETCH GyHKIHA

1
u=x2y2—{—-8— (256 —(x2 4 y2)?].
IOnst cpapuenus mpusoiMM  3HAYSHAA  TOYHONO peweHHSl B y3JdaX CeTKH

(uradyon Ne 7al.

Jdaa ouedkd TOYHOCTH petiieHdsi, NOJAYYEHHOrO N0 MeTOdy CeToK,
CYILecTBYIOT Teoperiyeckue onenku. Kak 11paBuno, 3TH OlEHKH BecbMa
CAOKHB H MpUMeHeHHe MX 3aTpyauntennHo. [loaToMy Ha mnpakTHKe

No 1 Ne 2

B
20 | 927 | 44 73( 20 1 27 | 46
94 | 98 | 36 | 44 | 49 26 | 29 | 37 46
% | 27 | 28 | 27 13 26 | 27T | 29 27
24 | 26 | 24 | 20 0 % | 26 | 2 | 2
N 3 N 4
2 | 27 | 45 20 | 28 | 47
2 | 30 | 38 46 26 | 30 | 38 47
% | 28 | 30 27 27 | 28 | 30 | 28
% | 26 | 2 20 27 | 27 | 26 |
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Ne 5 Ne 6
20 28 47 21 28 47
27 30 38 47 27 30 38 47
28 28 30 28 28 29 30 28
28 28 27 20 28 28 27 21
Ne 7 Ne 7a
21 28 47 0 12 46
27 30 38 47 22 28 47 73
28 29 30 28 30 33 40 47 46
28 28 27 21 32 32 33 28 12
32 32 30 22 0

YCMoAb3yloT JBORHOI mepecyer peuiends ¢ maramu A 1 2A. Ecan coor-
BETCTBYIOL(HE Pe3yAbTaTh COBMANAIOT C 3agaHHON TOYHOCTBIO, TO CUH-
TAlOT, YTO MCKOMOE pemieHHe 3amayH HafmeHo NpaBuJbHO. B mpoTHBHOM
¢/lyyae MPAMEHAIOT TepecyeT ¢ wmaroM A/2 ¥ CPaBHHBAIOT MOAydeHHbH
pe3ynbTaT ¢ MPEWHHM Pe3yJbTaTOM, COOTBETCTRVIOWMM INAry 72, ¥ T. I.
OtaenbHO c/eoyeT OpPOAHAM3HPOBATh BANSAHHE OMMOOK OKpyrAeHHs.
Cxema BhlyHcaenn#t ponkHa OHWTH ycToduugod, T. e. oulnGKA pelleHHs,
CBfI3AHHBIE C OKPyr/JeHHeM, He MOAXHB BO3PACTaTb HeEOrpaHHYEHHO.

§ 8. Monsitne o pewienun 3amauu JIupuxje MeTONOM MOHEIUPOBAHUA

[lpuGaukennoe peutenne 3apaun dupnxie Mower OHTb H0Jy4eHO
Takke ¢ moMowbl Mopeanpyiownx yctpoiicrs., [lon modeauposanuen
¢ obuieil TOYKM 3PEHAS I[IOHMMaeTCsl MCNOAb30BaHHE aAHAJOTHH mexay
dH3nYeCKIMH SBAEHHAMH H COOTBeTCTBYIOWHMH AH(GepeHIHaIbHBIMA
yPasHEHNAMH,
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3anaga Hupuxne
Au(x, y)=0 mpu (x, y) €G, u(x, y)=9¢(, y) npu (x, y) €T,

rae koutyp I' orpammumsaer o6nacte G, npubiimeHHO pemraeTcs ¢
MOMOMIBIO CeTO4H020 34eKTpountezparopa [16]—18]. [punuun nocren-
nero cnepyiomufi, B nanwott o6nactw G mOCTPOMM NBE CHCTEMH PaBHO-
OTCTOSILKX TIPAMOJAHHEHHEIX TIPOBOLHHKOB, NAPaienbHuX COOTRRTCTRRHHO
ocam Ox u Oy, Tlycts Toukm mepeceuenus

xp==ih, yy=jh (G, j=0, £1, £2, ...)

(h—paccTosinne MeWAYy COCELHHMH TNPOBOAHMKAMH} STUX NPOBOAHUKOB
ABAKIOTCH BHYTPEHHUMH Yy3/AMH CEeTKH, 4 KOHUK TPOBOAHUKOB COOT-
BeTCTBYIOT TpanuyusiM y3naMm. [lpenmonowum, 4Tto B TNOCTPOEHHOHN
cHCTeMe TPOBOIHHKOB NMPOTeKAaeT MOCTOAHHKI anexkTpudeckuit Tox. Torna
3HaYeHHe ul-jzu(x,-, y/) MOWHO HHTEPOpPEeTHPOBATH KaK NOTEHUHAA
TOKa B yane (x; y,) TpPH yCnOBHH, HTO B TPAHHYHBIX y3/aX (X, Yg)
NOTeHUHAN TOKa MMeeT 3alaHHyl BeJHiHHy @ (X, yq). HeltlcrBuTenbho,
B cuily 3axona Kupxroda cymMmapHoe KONMMYECTBO 31eKTPUYECTBA, IpO-
TeKalollero uepes KawAmd BayTpemHuH y3en (X;, y;), paBHO HyMIO.
[lostomy, o6o3nauyas yepe3 R OMHYECKOE COTNPOTHBJACHHE ENHHHLIA
Laues TpoBoaHuka (R ==const), Ha ocHoRaHmH 3akoua Oma Oynes
HMETh

u(x;—h, yp)—uix;, yj)+u(xi+h: Yyp)—ulx; yp)

RA RA +
a(Xp Yy—h)—ule, ¥ wle yy+n—ul yy)
+ Rh + 7 =0.
Ortcrona
1
Yy=7 (U gttt o1 ) (N
ecan (x;, y;) € G, npudem
Upg =@ (X,, y,), ecmd (x,, y,) €T. (2)

W3 ¢opmyn (1) u (2) BHTeKaeT, 4TO 4;; ABNAIOTCS 3HAYEHUAMH peHIe-
WMS waurell 3agaud JlEpHX/e, OOJNYYEHHOTO METOOM CETOK 10 TepBOH
OCHOBHO# KOHeuHO-pa3socTHOl cxeme (§ 5, (7); § 6, (2)). Benuunun «;,
onpelenfloTCd OyTeM  HEMOCPEACTBEHHOTO H3aMepeHHs IOTeHLHA/0B
yCTaHOBHBLIETOCS TOKa B yanax (x; y;). [lis noBbilIesns TOYHOCTH
MeTOna TPUMEHHIOT ChelyajbHbie npHeMbl BBOJAA TPAHHYHBIX  yCA0BHH

(cm. [16]).



272 NPUBJIMIEHHBIE METOAB PEIIEHHS KPAEBHX 3ARAY {ra. v
§ 9. MNousitue o pemeunnn sanaun Jupuxae MeTonom Monte-Kapao

[Mycte wna nnockoctw Oxy nana o6nacts G ¢ KYCOYHO-THALKON
rpadniteft I'. B o6nacty G nocrponn xBaapaTnylo ceTky S, ¢ warom h:

xi:x0+ihi l/j=y0+]h (l) /:01 ____l_l’ —_."2, "')1 (1)

rie Ax;=x; ,—x;=h, Ay;=y, ,—u;=h(h>0).

Msl npeanonaraeM, 4TO CeTKA S, COCTOMT M3 BHYTPEWHHX y3NOB H
TPaHUYHBIX Y3J0B nepeoro poxa (cm. § 6). Ipannyusie y3am cetkn S,
o6pasyior ee epanuyy I',. Tpy6o rosops, rpanruna I', npeacraraser
coGofi munedtumit pan rtouex M, (% g Y,), aNIPOKCHMIDYIOWHH KDPHBO-
nnveiinylo rpanuny I' o6nactu G ¢ TOYHOCTBIO N0 £,

[pencrasum ceGe vacTuuy M, KOTODaH COBEpIIAET PAaBHOMEpHOE
cayuaitHoe 6aywnanue no ysaam cerkn (1). A umeuno, wvaxo-
ASICb BO BHYTpeHueMm y3ne M, (x;, y;) cetku Sy, 3Ta yACTHNA 32 OmuH
nepexon ¢ ofHolt M Toi We BepOATHOCTbIO, paBHoi 1/4, Moker nepeme-
CTHTBCH B ONHH M3 YeThpex cocejunx yanos: wan B M;_, . (x;—Ah, y;)
(mar Breso), wm B M, (x;+ 4, y;) (mar  BnpaBo), nam B
M; j1 (X, y;—h) (war Bunz), uan B8 M; ;4 (X, y,-+I) (war Bsepx),
NpHYEM KAWAbIH TakoH enmnuynblil Nepexon coBepluenne Ciayyaen H HE
3ABHCAT OT TOJIOWKEHHs 4AaCTHIE H €€ NPOULIOH HCTOPHI. Bylem cYHTATS,
yTo GAyknaHme uacTHus M 3akapyuBaeTCs, KakK TOJALKO 3Td 4acTyna

nonanaeT na rpamiy Iy B
TaGanuna 68  4pon cumicae rpannna [,
Onpepefenne wara 4acTHibl B 3aBHCHMOCTH  MpEICTaBAKET CO6O#H «norno-

OT BblOaBlIero ClellaﬁHOFO 4yHCJaA ulaloul“ﬂ Eﬂ(pﬂﬂ)/. MO)KHO no-

kasatb [11], uT0 ¢ BeEposr-

Cayuattnoe HOCTbIO, paBHoit 1, 6ayxana-
YHCHO XapakTep ncpeMewenns

nue Touku M uepes KoneyHoe
YHCAO 1IAr0B 34KaHYUBAETCH
0 nan 4 Ax;=h (war Bnpaso) Ha TrpaHuuE.

Ecmm vactuna M navana
¢cBOe Gaywnanne ¢ uKcHpo-
BaHHOM BRyTpeHrell TOYKH
M; j, ceTkn S, TO Koneunas
COBOKYINHOCTb nocJ/enoBa-
TeNbHHX NOJOKEHHH 3TOH ua-
eruubl: Migj, Mgy, oo oy Migjas
3 » 7 Ay;= —h (war Bhu3) rue M, i, EX, (=0,
1, cee S"‘]) H Miai.«el-‘hz
Ha3bIBaeTcH TPaeKTGpUel
wacTuysl (¢ § WaraMu) WM ucropued Oaymcdanun.

ParHomepHoe cyyaiHoe OMyKAaHHE YaCTHIH Ha HAOCKOCTH  MOMHO
OpraHu3oRaTb ¢ MOMOLULIO PABHOMEPHO pacnpefesieHHOR nocneioBaTelb-
HOCTH OJHOPa3pAlHbIX CAydalumix uwucen [11]), [12], ppunumaromux

1 » 5 Ay;=h (mar sBepx)

2 » 6 Ax;= —I (war Bneso)
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anavennss 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. Ias sroro, nanpuMep, A0cTa-
TOYHO NPOM3BOAKTb PORWITPHL, T. €. CAydafinylo BHOGOpKY H3 uyucen
0—9, npunepkuBasicb MHCTPYKUHH, yka3anuol B Tabuuue 68; npuuem
yucaa 8 u 9 nepeurpriBaioTcs,

Cayuaiinnie yucna GepyTcs H3 FOTOBHIX TaGJull UIW BLPaGaTHRAIOTCS
asexTponnot mawmuoil [19]. [Nocnennnit c1oco6 npr pabGote Ha cueTHOH
MawdHe TNpPeANOYTHTENbHEE, TAK KaK OH [O03BOAAET HE B3arpywaTh
CHNBHO NAMATHL MallUMHEL,

[ycrb 8 roukax rpannus I' o6ractu G onpenenena wekoropasn
¢Gynxuus @ (x, y). [lepenecem atw 3Hauenns Ha rpaunily ') cetxn S,
Hanpumep (cM. § 6), Ana KawIOro rpaHMyHOro ysna MM(xP, Yy, € r,
onpenenum GJMmKadiIyl0 N0 rOPU30OHTAnM (MM BepTikanu) Touky N ¢ T

n 10J0KHM
¢ (M,) =g (N).
Haa kpatkocru BBeseM 06G03HayeHHE
(‘qu-_——(P(xp? yq)'
Ilycts P(i, ji p, 9) —BepOATHOCTL TOr0, YTO TP2EKTOPHS YaCTHILM,
Bollenmel U3 yana M;, ceTkn S,, 3aKOHYHTCA B IpaHudHoOM yane

M,, €'y Tak Kak Gnyxnanue TOYKM Hen3GEXHO 33KAHUHBACTCSH Ha
rpabune I'y, B nepro#t Xe TOUKE BHIXOARZ ee Ha rpawily, TO

pZ‘]]P(i, ipgy=1, (2

[1e CYMMMpPOBaHHE PaCNPOCTpaHseTcs Ha BCE TOukn M, rpaHuilE r,,
npuyem

. 1 npu p"=p, ¢’ =g,
P a5 b, q)={0 » | P —pl+1g —ql50, ©)
rae Mpig—rpanuunnii yses.
CocraBuM cyMmy
vf,=gp(i, 1 Py @) @y (4)

rae rtouka M, (x,, y,) npoberaer gcio rpanduy I[,. Ecau ¢ynxumio
@ (x, y) paccMaTpuBaTh Kak ChaydaiiHylo BENHYHHY, NMPUHUMAIOWLYIO 3HA-
YEHHS @, HA TpaHULe I',, To cymma (4) npeactaBasieT coGo#t mare-
MaTHYeCKOe OXHIAanHe (cpeanee 3HadeHue) QyHKkuus @ (x, y)
ra rpanuue I'y ans Tpaekrtopuft, naunnalowmxcs B touke M (x;, y;)
(«npemusi 3a BHXOJ HA FpaHHIly» u3 Hauanbno# Touku M, ).

Yactuna, nauaBuias cBOe cayvafinoe OGAyxjaaHHe H3 BHYTPEHHErO
yana M;;, nocie nepsoro wara ¢ BReposiTHOCTbIO, pasHOH 1/4, nonanaet

OIHH 113 YeThipeXx coceanux y3anoB. Jlostomy cayyaiivnie Gnyxnauus,
gﬁquna}omuecn B ysne M;;, B 3aBHCHMOCTH OT BHI4 TPaeKTOpu# pacna-
JAlOTCH Ha& 4eThpe KATEropuu HOBbIX ciayvafinbx Onyxaanuft:

M. M, n. M, M,

¢ ij1 i=1, 70 *+» ifr [EW A LA
n. M, M,.H_j, . Mii’ MG e
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Mo dopMyne nonuo# BepORTHOCTH UMeEeM
P(, jip,9) =5 Pli—1, jip, ) +5 P(i+1, j: p, 9) +
4 PU J— L )+ 5P+ p, ) ()

Orciona, yMuokas o0e 4wacTH paBeHCTRA (D) HA FPaHHYHHE 3HAYEHHH
Qpg M CYMMHPYS 1O BCEM BOSMOWHHWIM 3HaYeHMAM P H ¢, Ha OCHOBAHHH
dopmynw (4) noayuum (ecm. [11])

1
V=g @1, )t Vi 0 o1 F Y ) (6)
KpoMe Ttoro, B cuay dopmynn (3) umeeM
Vpg = Ppq (7)

ecan 1ouka M, €T,

PaccMoTpum  Tenepb 3amayy Jupuxse 06 oThckanuH (QyHKUHHA
u=u(x, y), rapmonudeckoti ob6ractu G U npudauMalomwefi Ha ee rpa-
vuue I' 3amandbie HenpepuBHbie 3Hauenns @ (X, y). Cornacio Mertoxdy
ceTok (§ 6) 9Ta 3anava cBOAUTCH K HAXOWICHHMIO 3HaueHnl i, =u (X, y;)
uckomolt Qyuxuum u (x, y) BO BHyTpenHux yanax M, (X, y;) wexoTopo#
ceTKH S, NpH yCIOBHH, YTO BHAYEHHA B rPARKYHLX y3nax My, (%, 4,) € r,
M3BECTHH W PaBuB @, =@ (X, y,). Henssectune 4, onpenensiorcs u3
cucTeMbl JHHeitublx ypaBueHul (cM. § 6, dopmyna (2))

1
by=7 TIPS o PTNE o TRPIRE L TR PRI I }

Bpg== Ppq-

Cpasrusan ¢opmynn (8) ¢ dopmynamn (6), (7), MH ycMaTpuBaeM, 4to
OHH COBNAAIOT € TOYHOCTBIO 10 0603Havenuit. CrnelaoBaTenbuo, HCK O-
Mbe HEM3BECTHL @ #,;; MOXKHO PacCMaTPHBATL KaK MaTe-
MaTHueCKHe OKHLAHUA T,

Benmumibl v, MOMycKaiOT 3KcrepuMedTanbHoe onpenenenue. Pac-
CMOTPUM  pocTaTodHo Gonbuioe 4YHeno N paBHOMEpHHIX  CaryyaffHbIx
GnyXIaHHH YACTHIE MO y3/1aM ceTKH S, HCXOAAWHX 3 (DUKCHPOBAHAOrO

(8)

y31a M;; W 3akaHYMBAIOWHXCA HA rpaHulle [,. [ycrs (xﬁ,k), y‘qk)) (k=
=1, 2,7 ..., N)— coorBercTBylOmHe TOYKH BHXOHA YaCTHIW Ha Fpa-

nuiy I',. 3amends MateMaTHYeCcKoe OWHIaHHe U;; IMIUPHYECKHM MaTeMa-
THUECKHM OxHIaHHewm, 6yleM HMeTh

N

1 (k) (k)
uij::'vi/%'j\TZ P (X", Yg )- (9)

k=1
dopMmyna (9) naeT CTATHCTHYECKYIO OUEHKY BeNUYHHBI £y W MOKET OHITh
npUMeHeHa Inf npuOMMKEHHOTO pelleHus 3amadd Jupuxne. Meron pe-
IeHus 3ajad, OCHOBAHHBIY HA WCMONAB3OBAHHM CAyyaHHubX BeIMUYHH, 0O-
nyuun obuiee waspauue meroda Monre-Kapao (em. [13]).
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3ameTum, YTO ¢ NOMOLLIBI0 GOpMynsl (9) MOXHO HemocpenCTBEHHO
HaliTH npuGnMKeHHOe 3HAaYeHHe 4, pewetus 3anauu Jupuxie B e LU H-
CTBEeHHOH PUKCHPOBAHHOH TOUKE M, cerku S,, He 3unag
pPeUieHdA 3agayd AJsl OCTaJNbHRIX TOYEK CeTKH, ITUM O6GCTOHTENbCTBOM
meton Motte-Kapno nng sanauu Mupuxne peaxo oTnuyaercs ot 06bUHEX
CTAaHAAPTHBIX Crnoco6oBR pemnleAus 3T0H 3amayd.

UnTepecio oTMeTHTh, uTO BeposiThoctTs P (I, ji p, ¢), B cuay dop-
Myaw (4), npeacraBaseT co60fl aHanor @yuxyun {puna ANA 3anadd
Hupuxne B o6aacty S,. dta Be-
ayuHa MoxeT OnTh Hafizena 3kc- y
NepuUMeHTanbLHO Ha OcHoBaHuM Gop- (04)
Mynn (9), eclM 3a1aTh clegyloute
rPaHAYHLIE YCROBHA:

(P(xp, yq)zlv (P(xﬂ" _l[q/)‘:O 7

npu |p'—p|+[qg —q|70.
[TocrponB rakylo pynkunwo pu- 7
Ha, Mbl NOAyYyaeM BO3IMOKHOCTD,
npumenss ¢dopmyay (9), npocro
HAXOIHTb NpHOMIDKEHHOR pelleHHe
sanauu Jlupuxne nns ob6nacru G ¢
S e S S B B
) Y).
HenocrarkoM paccMOTpeHHOro Puc. 71.
BapuatTa Metona Moute-Kapsno nas
aanagu Jupuxne gpngerca cnabas CXOAMMOCTb 1O BEpOATHOCTH NpH
N-—> 00 3MMUPHYECKOTO MATEMATHYECKOrO OXHIAHNA

(44)

N
~ 1 (k k)
'Uijz’]v;: @ (%, yf; )
=1

K MaTeMaTUYeCKOMY OXHIAHHIO U YT106H yCTpaHUTh 3TO HeOnaronpusaTt-

HOe OOCTOATE/NbCTRBO, WUCMOMBL3YIOT pasiHyHbie MOANPHKANHA ChyyaifHbix

Gaysknanuit (cm.[11]). Kpome Ttoro, mpu pellieHnH 3alauu MnonesHo yuu-

THBaTh TaKxke, 4TO Gnyxkianue yacTuun M, HauuHaloweecs B Touke M,

ABTOMATHYECKH sBasercss cayyafueiM OJNyXAaHUEeM YacTHIBL, HAYMHAIO-

mUMcH B M060H MPOMexyTOYHOH TOYKE TPAEKTOPHM 3TOH 4YacTHIlH.
ITpumep 1. Metonom Monre-Kapao uaiitn u (2, 2), ecan

Au(x, y)=0 B obnactn G{0<r<<4; O<y<<4} (10)

ux, 0)=0, O0<<r=<4, ux, 4y=x, 0<<x<<4 (11)
u(4, y)=y, O0<Ty<<4 u(0, y)=0, O0<Cy=<4
Pewenue. Ilng xBagpara G c rpanrnueil I noctponM KBaJpaTHYIO CCTKY Sp
¢ maroM h=1 (puc. 71). PaccmarpuBaeM cepHio pPaBHOMEPMBIX GAYXKAaHNH yac-
THUE TI0 Y3J1aM walled CeTKH Sy, HCXOZAIMMX M3 HAyaslbHOTO TOJIOKeHHS (2, 2)
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(ua puc. 71 3ra ToyKa OTMeueHa ABONHBIM KPYKKOM) M 3aKaHUHBAIOMHXCA HA
rpasnde [' B rpadHuuHbIX y3uax ceTkM Gy (Ha PUCYHKE 9TH Y3inl oTMedeHb! KBaf-
patuxamu). Jas oprauvaauud caydafiHeIX GJYXKAaHHUl HCTONB3YeM PABHOMEPHO
pacnipeneseHHYI0 MO0C/eA0BaTeNbHOCTs CaydailHbiX uHeen [14] (cm.tabnuuy 69).

[TepememnieHne 4aCTHU B ONPeesIAJOCh COTNACHO Y KA3aHHON BLIIIE HHCTPYKUHH
(raGmuua 68), npuyem BeINajeHHe uwucel 8 H 9 pacCMaTpPHBAJIOCh KaK CTOAHME
qactyunl Ha Mecre. Hanpuwmep, noclegosatensHo paswrpeiBas qyucna Ta6nnusi 69,

Ta6anua 69
MocnegoraTeNnbHOCTE CaAy9afiHBIX HKCEN
57705 71618 73710 70131 16961 53324 43166
26275 05926 66289 35483 09393 30304 55186
64003 20514 00188 55709 86977 31303 11578
93045 93011 42844 52906 09461 99602 69962

HauuHAR C MepBOro, HMeeM:
cayualinoe uucno b—war ssepx (2, 2)— (2, 3);
cayuaiiHoe qneso 7—iwar Buuz (2, 3) — (2, 2);
cnyuaitHoe uucao 7—iuar BHU3 (2, 2) — (2, 1);
cayuaitiioe uucao 0—mwmar snpaso (2, 1) — (3, 1);
cayuaiiHoe wHeno S—mar Beepx (3, 1) — (3, 2);

caydaiinoe yucao 7—mar BHH3 (3, 2) — (3, 1);
cayuaitnoe gucho 1—iuar seepx (3, 1) — (3, 2);
cayuaiintoe uucao 6-—1ar Bueso (3,2) — (2, 2);
cayuaiinoe uncno | —wmar Beepx (2, 2) — (2, 3);
cayuaiidoe uuciao 8—mna mecte (2, 3) — (2, 3);
cayuaiinoe umcao 7—wmar Bun3 (2, 3) — (2, 2);
cayuafiHoe vuesno 3—war BHH3 (2, 2) — (2, 1);
cayyaiidoe uucso 7—iuar ruusz (2, 1) — (2, 0).

B y3ne (2,0) 6aykaaHne npexpauiaercsi, Tak Kak 4acTHUA Bbilia Ha Tpannuy.
Ianee nepexolMM KO BTOpPOMY O6./1Y:KIaHHIO Y4acTHUbLI, CHOBA OTNPABAAACL W3 Tof
we HavaneHOH Touku (2, 2), u r. A. Tpaektopuu N =20 cayuaidiuuX 6ayx1aHuit
npupeaenst B tadauue 70.

Ha ocHosannu dopmynsr (9) uveen

1 1
u(2, 2)&2—()-2_:2—0.20:1.

JameruM, UTO B JaHHOM CAyuae JJst 3aAaul [TUpAXJIe U3BECTHO TOUHOR pellieHUe

—y
ulx y)==.
Moaromy u (2, 2)=2‘;——%=l. Takum 0o6pasoM, Mel clydqaifHO MOAYYUAN Tou-

Hoe 3Hauenue u (2, 2).



§ 9] TNOHATHE O PEIUEHHH 3ANAYH JHPUXJE METOAOM MOHTE-KAPNO 277

TaGauwa 70
Pewenne 3agaun Awpuxae (10) — (11) metonom Monte-Kapao

3nayenne
dyHRrUHE
ﬁnyx‘rﬁauun TpaekTOpHA GNyHLaHna Bu;g.qé/e)
EBIXOAa Ha
rpaHuny
1 (2,2 - (2,3) - 2,2y - (2,1)
- 3,1y = (3,2) - (3,1) - (3,2) -
-+ (2,2) = (2,3) - (2,3) - (2,2)
2,1y — {2,0) 0
2 2,2) - 2.3 - (3,3) - 3,2y -
—- (4.2); 2
3 (2,2) - (2,3) - (2,2) = (2,3) -
- (2,4); 2
4 2.2 - 1,2y = (L.2) - (0.2 0
5 (2,2) - (2,3) - H 2
6 2,2y - 2.,1) - 2,0); 0
- {3,) - (3,2) - 2y - 1.2y -
-+ (0,2), 0
8 2.2) - (1,2) — 0,2); 0
9 2,2y - @2,) - (2,2) » (32} -
- 3,3) - (3,3) = (2.3) - (1,3) -
- (0,3) 0
10 2,2 - (1,2) -~ 0,2y 0
11 2.2) - 2,2 - (2.2) - 2,y -
- 2,2) - (3,2 -~ 3,2 - @&, -
— (4,1); 1
12 2.2 - (2,2 - @2.n - @21 —-
13 2,2y - (2,1) - 3,1y — (3,0); 0
14 2,2y - (3,2) -~ (4,2); 2
15 2,2) - (2,3) -+ (2,4) 2
16 2,2y - (2,3) -~ 2,3 - (1,3) -
— (0,3); 0
17 2.2 - 3.2) - (4.2) 2
18 2,2) - (3.2) - 3.) - 2}1) -~
- 3,1) - 3.2) - (3,3) - (4,3) 3
19 2,2) - (3.2) —~ (4.2, 2
20 2,2) - (2.3) — 2,3) - (2,3) —
- (2,4); 2
> 20
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§ 10. MeTon ceTok AJig ypasHeHus mapaGosagecKoro THHA

B xauectBe npumepa ypaBHEHHR NMapaGONMYECcKOrO THNA OCTAHOBHMCHA
HA YpaBHEHHH TEMJIONPOROAHOCTH AJSl OJHOPOAHOrO cTepwHsa 0<Cx <L
ou 0%u
—=a? =, (1)
ot ox
tae u=u(x, {)—rtemnepatypa u f—anpems (cM. § 1, npumep 3).
B nanpueftiem ang npocrorm Gyaem monarath @ =1 (k TaKOMy cayyalo
BCerga MOXHO IpHHATH nyTem
BBEIEHHA  HOBOTO BpeMeHH

T = a%).
Wtak, paccMOTpUM ypag-
HeHue
du _0%u
3 =3 (2)

[lycts, KPOMe TOTO, B HAYa/1b-
Hblfl MoMeHT Bpemend f=0
3aJlado pacnpeseseHue Temne-
Puc. 72. patypm u(x,0)=f(x) u 3a-

KOHBI U3MEHEHHS TEMNEpaTyph

B 3aBHCHMOCTH OT BpeMeHH (TensoBbie pexHMH) Ha KOHNAX CTepXHd

x=0u x=1:
u(, y=q(t), a(l, t)y=19(1).

Tpe6yerca HaliTh pacnpefenenme Temnepatypw #=1u(x, {) B1LOJb
CTepKHS B ;000K MoMeHT Bpemenn f. PewnM aTy cMewannyio 3amady
metropom cetok [6], [7]. Has artoro pacemoTpHM MpOCTpaHCTBEHHO-
BPEMEHHYI0 CHCTEMy KOOpauuat {x, #} (puc. 72). B nomynomoce f =0,
0 << x <! noctponM npaMOYronbHYIO CETKY

x=ih (i=0,1,2 ..., n), t=jk (j=0,1,2 ...,

!
rie hle(rz——uenoe)—mar BroAb ocu Ox u k=ah? (6 — nocrogy-

Hag)—mar Bronb ocu Of, BooOuie FOBOps, paainudu. Benuunna o©
Oyner Bubpana Huxe. BBeng o6oaznauenns

x;=ih; t,=jk; w,=u(x, t)

W 3aMeHdd ypaBxetHe (2) KOHEYHO-pa3HOCTHHIM ypaBHEHHEM, OyIeM HMeTb

Ui j+1—— Uiy - Uit ]—-2ul‘j+u[_1'j 3
agh? - h? . ( )

Orciona
U, par =0y, 1 (1= 20) o OU 5, (4)

RS S i
W3 pacemotpening ¢opmyas (4) dcHo, 4TO, 3Had 3HauYeHHd QYHKIU
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u(x, t) B TOuKax j-ro cnod f=jk, ¢ nmomoibi0 3TOR OPMyJb MOXHO
BLIYMC/IHTD 3Ha4YeHud # (x, f) B Toykax caenywowero (j-+ 1)-ro crnos
=(j+ 1) k& (puc. 73). llpu BHY9HC/ACHHU NOMBIYIOTCH 4ETHPHMH cOCel-
HHMH Y3/1aMyl — A8K#AA CXema 8u0a .4 (cxema ),

Takum 06pa’oM, HCXOAH M3 HAYaJbHOTO cn0q f= 0, 3HayeHns « (x, f)
AN KOTOpPOro OMNpeaensiorcsd U3 HaYyalbHOrO YCIOBUA

u(xia O)Zf(xt) <l:01 11 21 sy ﬂ),

i HCTIO/Ib3YS 3Hayesus QyHkUuM & (x, f) B kpailnux yanax (O, t), (4, 1))
(j=0, 1, ...), onpenens-
€Mbie€ TPDABHUYHBIMII YCAOQBUAMH
u (0, t/) =@ (tj))
u (17 tj) == w (tj)) |
no ¢opmyne (4) nocnegosa- K
TeJbHO BbHYHUC/AAECM:

Lxema 7

(i, j+1)

- -

. . e =

u(xh tl)’ u (x[1 f2)’ (i]]) (l,_/) ([+l/j)
t(xp ta)i ... Puc. 73

(i=0, 1, ..., n), T

T. €. HaXOIHM 3HayeHHd HckoMmo#t ¢ynkumu u (x, f) 820 BCex yshax
110J1yN0J0CH!.

Ocraercsa pasymuo BhiGpath Benuundy . Ilpw arom GyneMm mexonmTh
u3 TpeboBauud, ytoOn owubKa npu 3ameHe AuddhepeHuualbHOro ypas-
neius (2) KOHEYHO-PAa3HOCTHBIM ypaBHenuem (3) Onlia HauMEHbIIEH,

Beenem 0603Ha'-lEHPIﬂ'

02
L[ ]_ x2 6t )
1
L, [4] =71_2 [(”1'4-1./"‘2”;'/“‘”[—1./) - (#;, 41 "‘“ij)]»

rae L, (2) — xkOHeuHO-pa3nocTHbL oneparop, coOTBeTCTBYIWHI Audde-
penunaisuoMmy oneparopy L [(u].
Pazuocrb

Rylu]= L, [a]—L[u],

Ha3biBaeMas OwUbKOl annpoKCuUMayul, eCTb Ta NMOTPELIHOCTb, KOTOpas
nonyyaercs npH 3amene onepatopa L [u4] onepatopom L,[z]. Buuncaum
9Ty NOTPELIHOCTh B y3JaX (X, f,) ceTku A1s dyHKuHM (X, y), ABASIO-
ugeitcs pewenueM ypaBuesus (2). [lpn stom L[g] =0n

Ry (4] = L, [4]. ()
YuuthiBag, 4To
Uppq, j=u(x;+h, 1), Uig, j=u(x,—h, 1),
4 ja=u(x; t —[—oh”)
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u paanaras L,(a] no ¢opmyne Te#nopa B OKPeCTHOCTH TOYKH (X, t,),
OrpaHi4UBASCh YJIEHAMH nopsaka A8, Haxoamm

1 Ou,/ h? 92 Ui/ h3 Osui, ht 04u,-,
[uJ=_{< ayth 5 “ox tT31 30 T 379 T 41 ox
" 0%, k8 BBuy, duzy W APuyy
+_5-—l- ox3 T B ox® =2y tuy—h ax V21 axz
_E 63u,-/+ E’_a‘u,-,_ h¥ 0Puyy ﬁd“u[,)
317 0x% T 41 98~ Bl ox5 T 61 gx®

1 Quty oy, (ORI Quyy (O Ouyy
[”‘/+ 5 Ot eE I aE 4y }+O(hﬂ)‘

Orciona nocie npusesexuss MONOOHLIX 4ieHoB GyieM HMETh
02y, Ouy 1 du, o 02u;

L = E_ TR Yy pa __"_____L/)

n (4] (6}:3 ot )T \maa T/ T

1 0%,—, g2 03u,-] o
+ At (367) o0 T F am )4“0 (A%).  (6)

Tak wax u(x, #) ecTn peurenne ypasvenus (2), To

di‘u,-j au,-, 04!1,[] dzu,-] aﬁu,-j 63u[/
2R TR T R TE R T R T

3amends B (6) dacTHble NPOM3BOAHBIE NO £ PABHBIMIL UM YaCTHHIMH
NPOU3BOIAHEIME MO X, NMOJayyaeM

1 du,, g2 du,j
Lylul =H* (1_2 ?) 2xt T (360 ?) +OoW. (M

Bufepey ydcno ¢ Tak, 4to6u nepsas ckofka opmyab (7) obparuiack
B HYJb, T. €. NOJA0KuM 0/2==1/12 u, caenosatensuo, ¢ = 1/6. [pn atom
3Hadenun G Oynem IMeThb

! 1\ 0%y . ht O (1
nlu]=h (ﬁ_ﬁl—ﬁ) 018 h)__TO' dx“+ (A%).

B cuny (5) Bunosneno pasenctBo R, [u]=L,[u]. Tlostomy nupn takom
BuGope ¢ mis norpemnoctd R, [#] uonyuaem ouneuky R, (u]= O (h%),
TOraa Kak upu Apyrom smGope uucna o umeeM R, [u] = O (h?%). B arom
cMuicsie anayenue o= 1/6 apaderca afs pacyeTHol cxemn | Hanyutuum,

CootsercTByiollas pacyerdas d¢opmyna (4) npu Ttakom BuBope G
OKOHYATEABHO NPHHHMAET Bl

{
b jii=%g (g, g, ). (8)

OTMeTHM, 4TO ONEeHKa OWMGKM annpokcuMauun R, (2] B ofweM ciyuwae
AR TPAHMUHEIX Y370B (X, f,) HE COMMTCH. .
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fTpumep 1. Halltu peuwrenue ypapHenus TensonpoBoLHOCTH
du_ ok
at — ox?
NP CASAYIOWHX HAYaNbHHX U Kpaesnlx ycaosuax [7]:
u(x, 0)=4x(l—x) O<<x<< ),
@ H=0 u u(l, H=0 (0O<i < o).
Peuenue. 3avern, uTO Haua/bHLle ¥ KPAeRsie YCJAOBHA 3a7aud CHM-
" 1
METPHYHL OTHOCHUTENLHO MpAMOH x=2—l Tosromy #n pemenne w(x, ) Gyner

CHMMETDHYHO OTHOCHTENBHO 3TOll NpsaMoi.

Oas pacyetoB nonaraem h=1/10 u, cnenosatensno, k=ch*=1/600 n
cTpouM CUCTEMy Y3N0B (x,, tj), rhe x; =0,1i, t,=j/600. Pesynsrarthi BYHCHe-
HUA yJO0HO PAcToIOXKNTE B TIPAMOYroALHOH Ta6nuue 71.

Ta6anua 71

PemseHue ypasHeHUS TenJOMNPOBOJHOCTH METOJOM CETOK

t=2 (=3 i=4 i=5 i=6 i=7 i=8 (=9 |(=10

-
~
]
=)
i

0,360]0,040]0,840|0,960) 1,000|0,960(0,84010,64010,360
0,34710,627]0,82710,947)0,987|0,947 | 0,827 0,627 {0,347
0,33610,61310,813/0,933)0,973}0,933|0,813{0,613(0,336
0,32610,600/0,800|0,920;0,960!0,92010,8001{0,600 (0,326
0,3170,588]0G,787)0,907|0,9470,907(0,787 10,588 0,317
0,309]0,57610,774) 0,894 10,934 (0,894 10,77410,576 0,309
0,302]0,564 0,761 }0,88110,9210,881|0,761 {0,564 {0,302

N
U AN — O
oo CoT O
SO0 OOO

Hadansuas crpoka 3toéh tabauusi (j=0) 3anosHAeTCA HA OCHOBAHHMA 3a]aH-
HBIX HaualbHBIX ychosifi
u(x; 0y=4x; (1—x;)=0,4i (1—0,1i) (i=0, 1, 2, ..., 10).
B nepeuit ({ =0) n nocaeannit (i =10) cTonGusl BUUCHIBAOTCA JaHHbBIE T'PAHHY.

HBIX ycnosnd
u(, ty=u(l, t)=0 (j=0,1,2, ..,

Ocraabible cTpokd j=1, 2, 3, ... raGanusl ROCJELOBATEJLHO 3aNOHTIOTCA
¢ noMouibio mpumeHenusn pacdetnoli ¢opmyast (8). Ilpu atom, KoweuHo, cienyer
YUHTBIBATE CHMMETDHIO MCKOMON YHKUHH 4.

§ 11, YcToiiuuBocTh KOHEIHO-PASHOCTHOH CXeMbl
ANA penleHusi YPaBHEHUS TeMJONPOBONHOCTH

[Tpn ucmonb3oBaHHr KOHEUHO-PASHOCTHOM CXeMbl [ PeUieHNs KpaeBod
3ajla4u BO3HHKAET BAKHeM Bonpoc 06 ycTodiwusocru takoh cxemu. [Ton
STUM [IOHUMABTCA CHRAYIOWEE: KOHEUHO-PA3HOCTHAA CXeMa Ha3wlBaeTcd
ycrod4usod, ecnu Manse TMOTPellHOCTH, AOMYILeHHHe B MpoLecce perie-
HHA, 3aTYX3I0T WM BO BCAKOM Cy4ae OCTAIOTCHA Ma/kMH [IPH HEOrpaHd-
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4EeHHOM YBEJNHYEHMH HOMEpa TeKyulero cijos (cTporoe onpeieleHue
NOHATHA YcTolunBocTH cM. B {8]). B npoTuBHOM ciyuae cxema Ha3wpaeTcs
HeycTodqug0od. $IcHo, YTO HeyCTOHYMBAS KOHEYHO-PA3NOCTHAS CXemMa Mpo-
THBONOKa3ana ans BbllIHCJleHHﬁ, TAK KAaK HeH36eXHbie He3HAuYHTeNbHbie
OIHKOKH, HANPHMEP TNOrpemHOCTH OKPYrJIenHil, MOryT co31arh GoJsbuiHe
OTKJMIOHEHHS OT TOYHOTO pelleHHs KpaeBoi 3aJauH H NPHBECTH K pesylb-
TaTaM, He HUMEIOWHM HHuero OOWEero ¢ IelCTBHTENbHOCTAIO.
BrisicHum ycnosus ycToHunBOCTH NPUBETEHHOM BHIIE KOHEYHO-PA3HOCT-
HOH cxemu (§ 10, (4)) A ypaBHenHs TeNnaONPOBOAHOCTH
du __ o (1)
ot 0«2

C 3aJlaHALIMH TPAHHYHBLIMH W HAYAABHHIMH YCJAOBHSIMH (CMEWAHAAA Kpae-
80a 3adada):

u(x, 0)=71(x),
u (0, t )=9 (), } @)
u(l, =1 ().

Mycre Ax;=h u At =k, tne h=I/n, k:0h2. Tlepexons x koueu-
HHIM pasnocram B ypasHeduu (1) (cm. § 10), Gynem umerh
ou(x;-+h, t)+(1—20)u(x, t)+ou(x;—h, 1)—

—u( oty k=0, (3)
B rpamnumbix yamax cerkm x, {,;€I' BunonneHH Cielyloue yCAoBHS:

u(xir O)=f(x1‘)r U(O, tj)=(p(t/)r ll([, tl)=1p(tj) (4)

Ipennoaowum, 4T0 B TOYKax HayajibHOrO cioa =0 ponyulesa owmnbka
Eior T. € U(x;, 0)=f(x,)4€; o M uycTh v(X, {;) —peuenne ypas-
HeHus (3):

0v(x;+h, 1))+ (1—20)v(x;, )+ 0v(X,—h, t,)—
—v(x;, t;+k)=0, (5)
YIOBJIETBOPAOLULEE [PAHHYHBIM YCAOBHSIM, CONEPWAUM OUIHOKY:
v(x, O=Fx)+e, 0 vO L)=0(), v, L)=9E). ©)
Hac unrepecyer, kak w3mensercs NOCPEeUIHOCTb
w(x;, t)=v(x;, t,)—u(x, t;)

i

npy HEOTpaHHuYeHHOM BO3pacTaHuu HoMmepa f. BoyuTas u3 ypapHenus (5)
ypamuenne (3), Ansg norpemisocTH w (X, t;) MOJy4HM KOHEUHO-Pa3HOCT-
HOE ypaBHEHHE

ow(x;+k 1)+ (1—=20)w(x, t)+fow(x,—h, t)—
—w(x, t;+k)=0. (7)
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Ha rpanuue T' oGnacty umeewm
WX, O)=v(x; 0)—u(x, 0)=¢,; ,,
w(0, #;)=v(0, ¢;)—u(0, t)=0, (8)
w(l, t))=v(l, t)—u(, t;)=0.

Yactaoe pemienne ypasuenus (7) OyleMm uckath B BUue
W (X, tj)=ktfsinpxi, 9
roe wacna A u p (p > 0) nonGepeM Tak, uTo6s Bupaxewne (8) ymos-
JeTBOPSIO ypaBHeHHo (7) M OUHOPOUHHIM KPAaeBHM YC/IOBHAM
w (0, t/)=0, w(l, ¢)=0. (10)
Ha ocnosanuv atux ycnoBu#t umeem
Asinp0=0, Asinpl=0,

OTKYllda BbiTE€Kaer, 4TO

pl=mn n p::ﬂ;-t- m=1, 2, ...).

CnenoBaTtelbHo,
w (%, )= A sin P05
{
[Moncrapnaa ato Bepaxkeuue B ypaBuewne (7), OyleMm uMerhb
ty ... MI t; . M
aA't sin - (x; 4+ B) 4+ (1 —20) A sin - x4
+ o sin TF (x, — h) — Mt sin TR =0

Wi
mm

g [sin'—"zf—t(xi-l—h)—Q sinl—xi-i-sm-"%-(xi—h)] -+

+(1—Msin“F x,=0. (11)

Buparenue, crosilee B KBaJpaThWX ckoGkax pasenctsa (11), npusenen
K BuLy, yaoBuomy mns norapudmupoanus. Mmeem

.. mit .. mmn .. mi .. mi mi
sin =~ (x;+h)—2sin - X~ sin —l—(xl.—h) =23m—l——xl.cosTh——
. mn ..mm mia .. mi . mun
—9sin’" x. =2sin— x,( cos — A—1) = —4sin——x,sin> =7 .
l t l t ! ] t 21
Moxcrapasa 3TOT peayibTar B pasedcTBo (11) u coxpawas o6e uacti
... mn
ero Ha oGwMi MHOWuTEnb Sin—— X;, NoJyuuM

{
m

— 4o sin? 57 A+ (1—M) =0,
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Orcrona
k__q__ . o ML
A'=1—4asin 57 h

L
k

X=(1—-4osin2";—7h> . (12)

3ametuM, 4T0 A e 3aBucHT OT TOukH (X, #;). Takum oGpasow,
AN OXHOPOOHOrO ypaBueuHd (7) moJaydaeM JuHEHHO HE3aBUCHMbie pe-
LIeHHs BHIA
tj
_ . 2mn Z o mia
W, (X, 8= (1—4osm —Ql—h) sin —

1 X; (m=1i 2: ey n—1),

npuyem Kaxaoe penieHHe YIOBAETBOPAET OIHOPOAHLM KpAaeBbIM yCJ0-

BiumM (10),
Jluneitnas xomOWHanuA 3TMX peuieniit

=1
1
w(x;, t)= 2, Cp@Wy, (X L) =

m=1
a=-1 13
. mit & . M
= E cm(1—4osm27h>k sin —— x; (13)

m=]

TaKXKe siBASETCS penieHneM ypasuehus (7), YLOBJETBOPAIOLIHM NPH Nio-
Onx 3naveHnsx Kosduunedton ¢, ycaosuay (10). Itn koaddHIHEHTH
non6upaloTes Tak, 4ToObl BHIOAHANOCH NepBoe ychoshe (8), T. €. uTo6H

w(x; 0)=¢; , i=1, 2,..., n—1).

Jlns ycrofiuHBOCTH paccMaTpHBaeMofl KOHeYno-pa3HOCTHON cxeMmut (3)
Heo6xoanmo, 4To6n OpH MI06KX 3HAYERUAX MOCTOAHHBIX Cp, Cp, »ev, Caoy
Qynxuns w(X,, ;), onpellenfeMasi paBeHCTBOM (13), ocraBansach Orpanu-
venHo#t npu £, — oo. [And atoro moctatonuHo, 4TOOH uAA BCex m Oulo
BHINOJHEHO HEPABEHCTBO

. o mah
1—40sin® —— | <1,

2l
OTcona
— 1<t —4osint 22 <1
n
0<osint T <4 (m=1,2, ..., n—1). (14)

Hepasencreo (14) saBemomo OyideT BHNQIHEHO, €C/IM BeJHUHHA @
YAOBJIETBOPSET YCNO0BUIO

0<0< 5. (15)
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[losydennnie HepaBedcTBa AAOT AOCTATOUHWE YCNOBHHA yCTORYMBOCTA
paccMOTpeHHOH pavee KOHEYHO-PAa3HOCTHOW cxeMmwl (3) Ang peieHus cme-
UWIAHHOHW 3ajauu B C/yyae YPABHEHMS TEMJIONPOBOLHOCTH. 3aMeTHM, 4TO
suiGpasHoe B § 10 3uauenne 0=1/6 ynoBnerBopseT uepaBencTry (13).

3ameuanue. Bags 0=1/2, mu nonydaem oveub ynobuoe xouey-
HO-PAa3HOCTHOR YypaBHeHHE

2y, g1 =My, U, (16)

CxeMa yCToftyuRa, ONHAKO B 3TOM Ciyuae NOPALOK OTKIOHEHHS ypaBue-
Hua (16) or ypaenenus Temnonposoivoctd pasen O (£?), B TO Bpems
kak npu ¢ =1/6 ator nopsgox pasen O (h?).

§ 12. MeTon NPOroOHKW IS YpPaBHEHUS TENJORNPOBONHOCTH

B npenmayurnx naparpadax wmbl BHAEAH, UYTO i YCTOHYHBOCTH
KOHEHHO-DA3HOCTHOM CXeMb AAf  yDABHEHMs TelUIONMPOBOAHOCTH ILATH
h=Ax; w k= At; nomxup ObTb HEOMINAKOBH, NPHYEM BHIGOp wIATa f
aaq npocTpaHcTRennoft Koopau-

HATH X HaK/aAbIBAET ONpeneneH- Cxema I

Hble OrpandyeHHda Hd BEIAHYHHY

mara R 119 BpeveHHON KOOPMH-  (j-7,j+I) (i,j+1) (i+1, j+1}
Hath £. Bawuocrb 3T0OTO 06CTO- T PR —

ATeNBCTBA Omaa oTMevena Ky-
pantoM, &dpunpuxcom u Jlesu.
Tak kak npu ycroilunsoit cxeme

mar & nmeer nopsnox O (%), /o
2 /l,,/)
npriyeM  oruoulenue O = R/K
OrpanMueHo CBepxy, TO ApH Ma- Puc. 74
n0M A NPOABHKEHUE  pelleHud
u{x, ) no t BechMa HE3HAUNTENBHO I 00BbeM paBoThH upe3aBHlYaitHO

seauk, Haopumep, npudss A=0,1 w noaaran &=0oh®=1/600, no-
JAY4HM, YTO A4St OHMcaHds npollecca pACnpPOCTPaHeHHA Temaa 3a end-
nuudbit npomexyTok Bpemenn 0= f<C 1 tpebyerca Tabauna, coxepxa-
was 600 crpok!

Mpt ceffuaC yraxem JPYryio yCTOHYHBYIO BLIYHCANTEIBLHYIO CXEMY,
AAM KOTODPO# OTHOMenne R/A* He ABNACTCHA OrpakndYeHnbly CBepxy M
HO3TOMY Wiar k:Atj BPEMEHHOU KOOpAMHATH MOXeT ObTbh BHOpan
CPaBHUTENBHO KDyIHBIM,

Paccmorpum no-npewnemy B obnacti G{0<Cx <I, 0<{t < + oo}
NpUBelleHHOE YPaBHeHHe TeNJAONPOBDAHOCTH

2
7 = g
X
C rpaHUYHBIMH H HAYaJALHHMH YCAOBUAMH

(0, f)=¢ (1), al, )=y, u(x, 0)=f(x). 2
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[ocrpoum B 06aactH G NPAMOYTOABBEYIO CETKY
x;=10h, ty=jk (i=0,1,2, ..., n j=0,1,2 ...,

rae h=I/n (n—ueioe) M Fk-—HeKOTOpash MNOJNOKHTENbHAS BENMYHHA.
Mycrp U =u(x; ;).

Hcnonp3ys npHGAHKEHHYI0 CHMMETpPHuHyl0 QopMyny Ijif BTopoft mpo-
M3BOIHOH MO X u npHMenas QOPMyRy uHCaeHHOro audipepeHLHpOoBaHAs
no f «Hasan», ana (f-F1)-ro cnosi cetkn BMmecto aH(depeHuHansHoro
ypasrenust (1) Oylmem wuMeTb ClefyiOllee KOHeYyHO-pa3HOCTHOE YypaBHe-
nue [10]:

Uj_a, /+1—2“;‘, j+1+“i+1, J+1 i pri Tl g
h? - k
(i=1,2, ..., n—1;, j=0,1,2 ...),

WIH
Uiy, g1 — (208 uy ot 0= —suy, (3)

rie s=h2/k.

TaxkuM o6pa3oM, slech dcnonb3yerca cxema Il Buma *%° (nesenas
cxema) (puc, 74).

W3 rpaununmix ycnoeuit (2) nonyyaem

U, ji1 =@ (1) Uy, p =V (f,4). (4)
Cucremy (3)—(4) 6ymem pewatnr merodom npozonku. [lycts
U, pe1 =0, ;41 (0 porHUipq, y01) (9)
H, ClelOBATENBHO,
Wiog, jer=0a;-1, jp1 Bi1, peat g, ji0) (6)
Moacrasasas suipawenue (6) B dopmyny (3), 6ylem umerb
@i, gerOicy, jer g, o) — @)y, joa g, j =Sty

oTcioaa
a;_1,j+1 bi_1, j+1+ sul‘j+ Uivy, j+1

u. . p=— .
iH j+1 2+s_a[_1,j+1

CpapuuBast 370 Bmpaxedne ¢ dopuysoit (5), noayuum

1
T T I T, bi o1 =a;-1, jarbio1, g tsuty (7)

(i=2,3,...,n).
Ilpu i=1 n3 dopuyn (3) u (9) HmeeM

Uy, jor— (248 Uy, 1t iy, = —Suy,

iy, jp1 =0y, jo1 by, jo1 T Ua, ji) (8)
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Otciona, HCONB3YS TPpauuyHbHE YCJI0BHS, NOMyYaeMm

@ (Eps1)tsugptuy,
by, ja1= Ak 2_;: XA 9)

Tak kax dopmyant (8) n (9) monkns GuiTh TOXKAECTBEHHB, TO, CpaB-
HHBAsl WX, BHIBOJHM!

1
a1'1+1=2—+s' b1.1+1=(P (t/+1)+3”1/- (10)

[Monpaysce dopmynamu (7) 1 (10), npon3Boxs «IPOrOHKY» B HpPAMOM
HanpaBaenuy (npamod xod), onpenenseM IBe AOCASAOBATENBHOCTH YUCEN:
Qy, ey Qo jpty coey Gy, yg1 W b1.1+1, b2.j+1a LR bn-l.]+1‘

Orciona, npumenss dopmyas (4) o (D), ¢ noMoubio «obpatHozo xada»
HAXOAHM 3HAYeHHd HCKOMOH YHKUHH:

uy, J+1 =llp(tj+1)1

Up_1, pe1 =8y, pe1 0,1, yi1) o0, J+1

u,_s, j+1:(un-—1.]+1+bn—2.j+1)an—2. J+ 1 i (11)
Uy, o1 =g, je1+by, o) 4y, pir )

Takum o6GpasoM, ykasan cnoco6 nepexona oT j-ro caod k (f-+41)-my
cnow. CnefaoBaTenbHO, OTAPARASACH OT M3BECTHOTO HAYalLHOTO (Hyne-
BOTO) CJIOSI, MOXHO LIar 33 LWIAroM fIOCTPOHTH HCKOMOE pelieHue &£ (X, £)
BO BCEX TOYKAX CeTKH (X, 7).

BuriciHM ycTOHYNBOCTD an Jj > - 00 koneuno-pasHocTHOH cxeMul {3).
Mycts U= v(x;, {;)—pelledde ypaBHEHHs (3), yZoBIeTBOpANOUEE
«BO3MYLILEHHLIMY YCIOBHAM

’v(xi. 0) =f(xi)+8i0| ’U(Or t/)ZCP(t]): ’U(l, tj)=1p(tj)r
rae €; —nauanbuuie ourn6ku. Tlorpenrsocts
W =v (X, t)—u(x, 1)
YIOBNETBOPSAET YPABHEHHIO
Wiq, 31— 2+ W, Wy s, =0 (12)

M TPaHNUHBIN YCHOBHAM

Wio = €0, wOj:wanO' (13)
Monoxum
) L mx;
w(} = Misin —~ . (14)
Mpu neaoM m(m=1, 2, 3, ..., n—1) dynxund w,, yRoBAeTBOPAET

BTOpEM ycaoBuam (13).
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[lonctasnus Bupawenne (14) B ypasuenHe (12), noayuum

Mi+k gin T2 (’:’_h) — (24 sy Mti+x sin@ +
+ My+k gip 21 (x —}— shty sin 2205 l =0
HAH
% [sin ma g —h (Xl"—h)—z sin ﬂ;i’ + sin 28X ("l"+h)] —
—s(M—1)sin =0, (15)
Tak kax
sin M Xi—h) /'_h)—Q sin mj;x" L sin 22 (J;"_}-h) =— 4sin 'm;x" sin? Ln%h ,

,omnx;
TO, NPOH3BOAS COKpauledHe B dopmyse (15) na sin ] L, 6yneM umeTh

40k 12"””+ (Wi 1) =0,
Orciona

M=—T <1, (16)
s—}-4sm2m27h

€CNH TOABKO §>> 0, H, CAeNOBaTeJBHO,
A< L. (17)

TakuM 06pa3oM, BCe pelleHHA ;" ACHMITOTHYECKHM CTPEMATCS

nh

o] =0, orpa-
HHYEHH H NPH (HKCHPOBAMHOM X, HEe BO3pacTasOT no moaynwo. Tak kak
peuteHHe W, npeictaBaset co6o# MHHeHHYI0 KOMOHHALHIO (yHKUHHA w(m’

TO u3 HepaBeHctB2 (17) caemyer, 4rto cxema (3) ycrToftyuBa npu Jmwo-
6om s> 0. '

Yro kacaercs OWHNOKH aNNPOKCUMAauMH 117 cxemul (3), To 3Ta ownbKa,
pooBuie roeops, ecte O (A4 k) (cp. § 10).

. .om
K HYMO NpH j-— oo Wi B Kpafiuem caydae, koraa sin——

[Npumep 1. Paccmorpum paso6pannyio Boe (§ 10) cMewannyio sapayy
A'S yPABHEHHS TennonpoBOLHOCTH

du_ 9%u

dt~ dx?
NPH HAYAIbHBIX W KDPAEBHX YCAOBHAX

uix, O)=4dx(l—x), u(0, t)y=u(l, t)=0.
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hﬂ
Tlpumem h=0,1; k=0,01; caegosaTennHo, s=—k;=l. [lonaras
Ui g1 =0ay 18y, pr1tUivy, j+1)
B cuay dopmyan (10) u (7) 6yieM nmeThb:
ay, +1=1/3, by, jry=uy
n
1 .
AR R e bi, je1 =00, jer biny, je1tuyy (E> 1)
B uvactaoctn, npu j=0 noayuaem GopMyJsbl ANA NEpBOro C.Jaos:
|
M=z byy=ty0, (18)
1 .
Y=g biy=0i_y,1bi 1t U> 1), (19)
—aq;_ 1,1
KpoMme Toro, na ccropanun dopmya (11) nmeem:
1,',,1.:0, A
Un_1,1=n1+bn_1,1) On_z, 1
Un..z,lz(un_l,1+bn_2,1)‘1n-2,1v (20)

Uy =I(ug 1+ b1,1) 2,1 f

ITo dopmynam (18), (19) ¥ (20) MOXHO BLIUKCAHTL 3HAYEHUN U HCKO-

MO QYHKIHKH Anst nepBoro caog (j=1). [Tonyuennne peaynpTaTui NpuBeeHsi
B Tabmime 72.

Tabauna 72
Pewienrie ypapHeHusi TenionpOBORHOCTH METOLOM

NpOrouku

i 0 i 2 3 4 5 6 7 8 9 10
aip | 0 ]0,36 10,64 {0,84 10,96 [1,00 Io,gs 0,84 ’0,54 !0,35 0
ap 0,33310,375|0,381 | 0,282 10,382 0,382 0,382 | 0,382 | 0,382

biy 0,360 0,760 1,125/ 1,389 1,530| 1,544 | 1,430 1,186} 0,813
uy | 0 ]0,31010,572} 0,764} 0,882} 0,92110,8821 0,764} 0,571| 0,310( 0
u;, | 0 10,302/0,5640,761 0,881 0,92110,881 0,761\0,564 0,302‘ 0

B nocnepueil cTpoke taGamnbi 72 AnA CpaBHEHHA NpPHBEJEHbI 3HAYEHHA u
ncKkoMoii GYHKIUH, NoJAdYydeHHble OOBIYHDIM MeTOZOM CceToK npn hA=Ax==1/10 o
k=At=1/600 (cM. TaGauny 71). OGpawaer Ha ce6d BHUMAHME 3HAYHTeNbHOE
pacxoxjenye 3HaueHud Uy, o ”;1 B6NU3M rpaHunb o6aactH (=1 u i=9).
3710 0GBSCHSAETCH TEM, YTO A TaKUX TOUeK NplHMeHeHnHbie DOpPMYJH UHCAEHAOrQ
AndepeHupoRanyA 06/121210T NOHAMEHHOHA TOYHOCTLIO. JIAAl yCTPaHEHHA 3TOTO
HebnaronpuATHOrO O6CTOATENLCTBA DEKOMEHAYeTCs AAf TOUeK, GAH3KUX K Ipa-

Hpie o6JacTH, MCDOJAb3OBaTh Goaee Tounble GOpMyAl dYucAeHHoro RuddepeHiu-
POBaHuUA.

10 B. . Jemupouuy u gp.
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§ 13. Merton ceToK adA ypaBHeHHil THmepGOHYECKOr0 THHA

OcranoBuMca Ha npocTefilleM ypaBHEHHH TCHUNepGOJMYECKOrQ THMA,
a UMeHHD ypaBHeHUH cBOOOIHLIX KOJeOaHHil OMHOPOAHOX OTPaHM'IEHHOH
crpynbl (cM. § 1):
0u g 0%u

arr =% g (M

W OyleM WcKATh pelienne ypasuenust (1) npu 3anmaHdbXx HavanbHEIX W
KpPaeBHIX YCNOBHAX

u(x, 0)=7(x), u (x, O)=F(x) (Ox</) (2)

(0, =@ (1), wll, H=1() (O<t< ). (3)

Peulnnm 3Ty cMellandy:o 3amzady metogom cerok [7), [8]. Kax u B cay-
yac napabo/uueckOro ypaBueuls, noxkpoem noaynonocy 0<Cx<C/,
0L f<C 00 MpAMOYroAbHOil

(i, j+) ceTkoit X, = ih,t; = jk({ =0,
/ 1,2, n;j= O 1,2....).
b — /r\ sy S rne Axl—x¢+1——x —h:
P N S~ =i/n (n—uenoce) n At =
o ] iJi) =t t;=+k. Ha cdixe
- i i+], jr1
i-1.7) /r, (2]) (1) t+ anGaneHHo 3aMenum
o nmbtpepemmanbﬂoe ypaste-
(t,j-1) nue (1)  COOTBETCTBYIOLLHM
Puc 75. KOHEYHO-pa3HOCTHBIM ypasde-
HHEM,

[Moas3ysich CHMMETPHYHLIMH  DOPMyTaMH AAd MPOM3BOAHBIX, OyieM
HMETD

i ger =2y oy e, = 2ty /.
B =a® h (4)

[lpu k=h/a ypaBheune (4) ynpomaercs U TPHHEMACT BHJL

P N T JTRE o FEPT
oTKYyAA

Ui gor =Wy, F 8 g, ,— 8, g (3)

W3 ypaBnenus (5) BHIHO, 4YTO Ind MOOJydeHus 3Hadenudt u(x, f)
B (j-+ 1)-M caoe ucnoap3yloTcd 3HaueHus # (X, f) B ABYX NpelbAyLIHX
caoax: j-M u (j—1)-w (puc. 75). laa mavana Bouucaenus 1o dop-
wyae (3) Takike HeoOXOAMMO 3HATh 3HaueHua u (X, f) Ha ABYX Cnodx,
B TO BpeMsl KAK Haua/ibubie YCIOBHA (2) 3aal0T HaMm 3Hadenns u(x, f)
nnwp va uyaesom caoe j=~0. Ounako, ucnonnays HauanpHme ycnoBHs,
MOMWHO oOnpejie/nuTb 3HAYeHUsl u (X, ) Ha uxTuBHOM Cc/A0E ¢ HOMEpOM
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j=—1. Jlag 3Toro 3aMeHUM NPOH3BOAHYID BO BTOPOM HAHAJbHOM yCJ10-
BUM KOHEYHO-pPA3HOCTHBIM ortHouwenueM, Torpa Oymem HMeThb
Ui _1—Ujg —F.
—k [
rne F;=F(x;). Otciona
u; _=u,—kF, (6)
Tenepp, 3nas 3Hauedusa u(x, {) Ha cinoe j=—1, onpemenseMue ¢ no-

Mouiblo QopMyaH (6), MoxHO HauaTh BhuMciaeHHda. Kpaemnle ycnosus (3)
ACIONB3YIOTCH AUl MONYMEHHST 3HAYEHHH Uy, U U, ).

Bmecto onpeneneunsa suavenuit uz (x, £) na cnoe j=—1 MOXHO BHI-
YHCAUTD 3HAueHUd u (X, f) Ha caoe j=1. JTO HOCTHrAETCs, HATIPHMED,
¢ nomouibto dopmynst Tefinopa

dupg  kE 9%,
Up = Uy + k5 5 i . (7)

YuuteiBas, 4TO cornacio ypaBuenuio (1) HmeeM

Pup , Pugo

FTER P
nepenuwem ¢opmyany (7) B ApPyroMm Buie, a HUMeHHO:
Qu;o  ak? 0%y,

N N R e o (8)

Wa savaabnex ycnormft (2), npennonarad, uto f(x) € C [0, (], nony-
yaem:

Ou ;o GLITH -

Up=Fn T)t—:Fi’ ‘B—xg—‘*f;- (9)
[onctaBnasa 3TH 3uavenus B Gopmyay (8), OKOHUATEALHO HAXOLUM
ak?®
Uy = fit+kE A —- i (10)

Ouesunno, dopmyny (10) nesecoo6pasHo npumedsiTs B TOM Ciayuae,
xoraa diyHkuusa f(x) 3amana ananMTHUECKUM BhipaXceHuem,

[Tpumep 1. MeTonoM ceTok HalTH NPUGIHKENHOe PEIIEHUE YpasHeHHus [6]
Pu_ ot
a2 " ox?’
YJOBJIETBOPAIONEE TPAHUYHEM H HAYA/LHEIM YCJIOBHSM
e, =u(n, )=0 (0t < o),
u(x, O=x(n—x), u(x,0=0 (O<<x<m),

10*



202 MPUBJMKEHHKNE METOIHN PEUIEHHS KPAEBWX 3AJAY [cn. v

Pewenue. Bramem ciyvae a=1, noatomy k=h. Bubupaem k=h=r/18.
C nmomousio hopmy/nt (10) onpesesuM 3HAYEHHS ;.
Taxk xax

Fi=0, f=-2,
TO
iy = ttjo—h? = t1;—0,03048.

Jansvule pewexne nposogutes mo dopmyae (5). [lonyveunste 3HayeHus npuse-
neHsl B Tabauue 73.

B 1absvue npusegedst JHWb Aanuse Aa8 0= x << /2, TAK KaK rpadui
pewterua w=u (x, {) CHMMeTpIIYeH OTIOCHTEJbHO MJOCKOCTH X ==1I1/2.

Ta6awuwa 73
Peutenue ypandeHHA KoJefaHUA CTPYHBl METOLOM CeTOK

x -
\ £=0

r=h ¢=2h | x=3h | x=4h | x=5h | x=6h | x=Th | x=8R | x=94
t=0 0 {0,518{0,975} 1,371 1,706 1,980|2,193|2,3462,437 | 2,467
t=h 0 [0,4870,944|1,340|1,675|1,95012,163| 2,315} 2,406| 2,437
t=2h 0 [0,426]0,853]|1,249|1,5841,858|2,071(2,22412,315]2,346
t=3h 0 10,36610,73111,097)1,432)1,706}1,919]2,071;2,163|2,193
t=4h 0 0,305|0,60910,914 {1,21811,493 {1,706 1,858 1,950 1,980
t =5k 0 0,24410,487(0,73110,975| 1,218 {1,432 | 1,584 | 1 ,675] 1,706

3ameuanue 1, OrMeTHM OJHY OCOOEHHOCTB YPaBHEHHs KoJjeGanuii
CTPYHI.
(lpn pewennn 2anaun Kowu nns  ypasdeana kosnefBanuit crTpywm
auddeperunanuHblil onepaTop
0%u 0%
— T a2
Llul=5r =2 5

3aMeHAETCA HA CETKe NP yCJOBHH, 4TO A =ak, KOHEUHD-DA3HOCTIHHIM
OREPaTOPNM
1
Lyfu)=ga (@, ppr iy, p— 8y 2 p0)- (11)

TMokaxem, 4TO B 3ToM ciayyde PYHKIUMA, ABAMOWATCA peuleHiem ypasHe-
#ug KoaebaHust CTPyHH, T. €. YAOBJAECTBOPAIOUIAN YPABHEHHIO

Lu] =0, (12)
ABAleTCSA TAKWKE pelIeHHEM ypaBHeHud
L, [u] =0.

B camom nese, xak uagectHo [1]—[d], no6oe pemenne nuddepen-
uMaabHoTo ypaghenus (12) moxer OuTh HPEACTAaBACHO B BHAE

u(x, 8) =@ (x—at)+ P (x4 af),
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rie @ n Pp—neaxan aubdepenunpyemne ¢yukuun. lNonaras

—_f P — ih
x‘«——lh’ t]—-]k——-a—’
éyneM UMETH

=1 (%, 1) =@ Ui—j) i1+ [li -+ j) k.

[oacTaeaas s1o supawenue B dopmyay (11), noayyum

Lylu] = 2 {9 [i—j— 1) B} L /1) B — @ [i—j+ 1) h] —
— i+ 4 1) Bl — @ [li—j— 1) A= [+ j— 1) B] +
F@li— i+ D) Al [ 4 j—1) I} =0.

Bameuanne 2, Ecmn nast ypaprenust koneGauuit cTpyunt (1) kpaegsie
yeaoBug (3) OTCYTCTBYIOT, TO ¢ NOMOu(LI0 GopMyan (3) MOKHO NOCTPOHTH
petlenne u (x, £} cootrercrByrouleidl 3anauyn Komw anmb B cetousoit
obnactn  uaockoctu Oxf, umelo-
welt gopmy Tpeyronpnuka OAB t
{puc. 76), rne OB u AB— xapakTe-
PHUCTHKH

I—x
t=g, =7,
NpoUXoAsine COOTBETCTBEHRO Yepes
Toukn O (0, 0) u A(/, 0) (em. § 2).

§ 14. NonsTue 0 MeTOnE MPAMBIX

Merod npamex |21}, [22] mox-
HO PaCCMATPUBAThL KaK TpENe/bHbLIl Puc. 76.
cayvail MeToda CE€TOK, KOrma npy
NPUMEHEHHH MNPSMOYTOJNbLHOK CeTKH OZUH U3 JuHEHHLIX pPa3MepoR ee
CTPEMHTCS K HYJIO, 2 MHOXKECTBO y310B B Dpelese 3alOJNHHET HeKO-
TOPYIO CHCTEMY NPAMOJNHENHBIX TNapa/iesbHHX OTpe3kos. Mnew storo
METOZa Mn W3N0XUM HA npuMepe auuednoro auddepesHunanbHOro
ypaBHEHHS SUIMNTHYECKOrO THMA C JBYMS HE3aBHCHMBIMH TEPEMEHHDIMH H
a"aauTHyeckuMy koaddunuesTamu.

Mycrs 8 naockoctu Oxy 3anana Tpaneuesuntast obaacrs G (puc. 77),
OCHOBaHUSL KOTOPOIL siexwat na npsMux y=d u y=§ (e << ), a ¢ 6okon
9Ta 06MACTh OTPAHHYEHA AHANMTHYECKHMH KPHBBIMH

x=go(y) (L) n x=g(y) (I
<y <KB; & (1) <& W)

npuyeM 061acth G LEANKOM NOMEARTCSl B MUHIMAILBOM NPSAMOYTOAbHEKE
Ria<<x<b; a<Ly<(P}. B obnactn G rpebGyercs, Hanpumep, naitu
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pelieHne w==u (X, y) auHelHOro 3aaMATHYeCcKOTO IH(deperunanbuoro
YpasueHud

LIu) =A%, §) G5+ 2B (x,0) ot Clx, ) Tat
tale )G D teln Du=figy, (1)

yaos/eTBOpAIoUlee na rpasuie obaactu G KpaesbiM yCIOBHAM:
ll(x, a):(PO (x)v ll(x, ﬁ):(PI (x)y }
u (g (1), ¥) =y (9), ulgi(y), y) =P (4).

Byaeu npeanonarats, ur0 xo3diduumedTH U npaBas YyacTh ypasHenis (1)

(2)

4

Pn

4

Puc. 77.

onpeneseHbl ¥ AHAMUTHYHBI B 3aMKHYTOM OPAMOYroabHHKe R, npuuem
BBIMOJINEHO  YCAOBUE 3AAUNTUMHOCTH

Dix,y)=A(x, ) C(x, y) —B*(x, y) >0 npn (X, y) €R;

OTCIOAA, B 4aCTHOCTH, CHAELyeT, 4TO
A(x, y) %0, C(x, y) %0 apu (x, y) ER. (3)

Hounycrum rakke, 4T0 QyHKIHH @, {X) U ¢ (X) ABASIOTCA ananutu-
yeckumy Ha Bcem oTpeaxe [a, #], a dynknuu P, (y) v P (y) —anamurn-
yeckuMu Ha orpeske [a, ] u, csepx TOro, BBEIIOAHEHH YC/IO0BHA COT.a-
COBAHHOCTH:

To (g7 (@) =; (@), @y (g, (B)) =1, (B), J=0, 1. 4

Hag nonyyexust 0o Metony apsiMbix NpuGAHKEHHOT'O pelleHns KpaeBoi
aagauu (1) —(2) pasnenun otpesox [a, B] Ha 7 pasubix wactedt ¢ noMoubio
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. . f—a .

TOYeK Y=y, +jh (yy=0a, y,=P), h= m (j=0,1,2,...,n)
il 4yepe3 BHyTpeHHME TOUYKH JElieHHsl npokenem ceMmedcrBo uapaniesneil
y=y; (j=1,2, ..., n—1) Ha xaxnoit takoit upsamoit nnddepentnans-

Hoe ypaBHenne (1) npnéasKeHHo 3aMeHHM 0ObIKHOBEHHBIM Audidepen-
IMANBHBIM  yDABHeHHEM Ans MCKOMBX  Qyskumil o (x, y;). Has sroro
B ypaBHenun (1) wu3bGaBumcs OT wactHoro nuddepesuupoBanist 10 Y
¢ noMoulslo GopMy 1 uncaeHsoro nuddepeHnupoBauus:

3_:; y=y, hl [u (x, y/+1) 2u (x, y,—)+u(x, yi—l)];
0%u , )
dx Oy l,;yj.:‘gl[llx (%, 4 1) — 8y (X, 9;-1)], 5
gil y=y, 21/1[ (X, y/+1)-—-ll(x Y- 1)]
(=1, 2, ..., n—1).

Beenem coxpauieHibie 0603Hayedus:
Julx,y;) Pulx,yy)
wlx, y)=u;(X), —a—=Uj{¥), —gg—=1u(x),
a TaKXKe
Alx, y].)zAj(x) " T. O.

Torpa, nonctraBass Bupawenust (3) B ypasuenne (1), moayuum cne-
IYIOUYI0 cHCTEMY OOLKHOBEHHWX mnddepeninanbbix ypaBresif:

A(x)u"-(xH—w[u' (%) —u;_ ()] +
7 ! h i+1 -1

Cylx)
hZ [u/+1( )_'2” (x)+uj—1(x)]+

+a; (%) uj (x) + 2h l",+1(x) -1 (B eg(x)uy(x) =
=f_/( ) (]211 21"‘7,1_1)' (6)
Kpome Toro, B cuny kpaeBmx ycaouit (2) umeen

uy (X) = @4 (%), &, (x)=¢;(x) (7)

H, CEL0BATEIBHO,
1y (X) = @q (X), y (X) = ¢y (%).

Takum ofipasoM, ot auueitnoro audipepenunannsoro ypasaenns (1) ¢
YACTHHIMA MPOU3BOAHKIMA Mul nepelin K cucteMe (6) u3 #—1 oObKHOBeH-
HoiX  aubdepenunanbuplx  ypaBienut ¢ n—1 neusBecTHniMi  QydK-
UHAMH 0y (X), Uy (X), «ov, 4, (¥), tne u,(x) ®w u, (x) n3sectun u
oupenensiiores dopmynamu (7). Cucrema (6) nasnBaercs cucremol ypas-
Henull meToda npamoLx.,
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Tak kax Kk03pUUMEHTH M NpaBuie 4acTH JHHEHHOH cHcTeMu (6)
aHA/IMTHYHH, a CIeNOBATENBHO, HENpPepwBHW Ha oTpeske @, b] u crap-
utHe ko3pdunuenTH A (x)5=0 mpn a<CTx<Ch, 10 B CHNy H3BECTHOM
TEOPeMH M3 TeopHu AuddepenuHasbHslX YparHeduil obuiee peueHue

w(x)=q,(x; C, G, ..., G, ) (=1,2, ..., n—1)

cuctembt (6) onpenenero na orpese [a, 4] 1 conepwuT 27— 2 NPOH3BOIL-
Hbix mocroaunnx €y, Gy, oo, Gy, o, BXOXAWMX B QYyHKIMH @, nuHelino.

2

)
I8
-~
)
S
£
&
&
I
&
S} -4
8

Hna onpenenedua 3THX MNOCTOAHMHBIX HA OCHOBAHUH KDaeBblX YCJI0-
BHH (2) nOny4aeM TaKoe we YHCAO0 JUHeHHBIX anreGpaMyecKux Ypasue-
HHB. A HMEHHO, NYCTh X, == g,(y;) Z,zgl(yj)—npoexlmn Ha ock Ox
KoHuoB oTpeaka M;N, nexauero sa napasunenn y =y, (cm. puc. 77).
Torna va ocnoBaHuu QopMya (2) mMeeM rpaHuuHble YCAOBHA

Ly (_’f,) =1Po(y,-). u; (7",') =1 (.[/j)x (8)

rie a <X, <X <Kb (j=1, 2, ..., n—1).

Mrak, nawa sapaua (1)—(2) cBoautcst x pellienmio Kpaepofi 3anauu
(6)—(8) ans cucremnt OOBIKHOBEHHLIX AN(PQEpeHIUANbHBIX YDPABHECHHUH.
Ecan kpaesas 3amaya (6)—(8) wnmMeeT pewenne, 170 OHO MOWeT ObiThb
nailneHo nau OOBLIYHBIM METOAOM, Korid cucrema (6) mouyckaeT Toutoe
pelliedne, HAH C NOMOMLBIO NPUOAHMKEHHLIX METOAOB, ONUCAHHLIX B ra. [V,
npuuenm QYHKIHN 4, (X) AOMKHB ONPENEensThCH HA Beem ortpeske [a, b).

MMocne 3toro Mp 6YAeM 3HATh NPUOJHKEHHBIE 3HAYCHHS MCKOMoil
gyuxkunu « (¥, y) Ha cemeficTBe napaanenedt y =y, (j=0,1,2, ..., n).
3uauenus QYHKUMU & (X, y) B IPOMEKYTOUHBIX TOukax o6aactu G moryr
ObiTh HallIeHW HMHTEpPnoAHPOBAHHEM.

OTmeTuM cneudduyeckywy ocobennoctb Kpaeroft sanaun (6)—(8):
KaWAYI0 W3 HCKOMHX (yHkuufl u,(x) HyKHO ONPEeAEaHTh HA BCEM
orpesxe [a, b], sHas ee 3nayeHus B ABYX, BOOGiUE TOBOPSH, BHYTpeH-
HHX TOYKAX X W }j aroro orpeska. Ecan mul nalliem nekoTopyto dyHK-
UHIO 1, (X) aulie mpH X; <CxX<C Xy, TO STO MOXET OKAa3aThCsl HEMOCTa-
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TOYHbIM A/ pelexus 3agaun. [deno B Tom, 4T0 npoekuus Ha och Ox
otpeska M/N, uvapanness y= y;(x; <x<x) B obuiem cnyqae
He ﬂOKpblBaET npoekuuﬁ Ha 3Ty oOCh cocenﬂux napanneneft y=y,_
(B KXKX ) ny=y,, (X, KX ) (puc. 78) 1, 3qum
npn 3THX HeGAAronpHATHHX O0OCTOATENBCTBAX A/A HAXOKIASHHT U3 cne
crembi (6) QyHKunit u;_( (X) Hau ;4 (X) HYWHO 3HATH 3HAYCHHT QYHK-
UHH U, (X) BHE orpesxa [x x;].

Mu paccmoTpenn npomeﬁmnﬁ CAyyall MeTona NpsAMLIX, KOrAA UCXOn-
Hbl¢ HdaHHhE 4HAJUTHYHB W, C/1eRO0BATENLHO, AONYCKAIGT OXHO3HAUHOE
apasuTHYECKOE nponoskende, B cayyae M nenpepuiBHbIX  K03Qiu-
IIHEHTOB ypaBHeHHH (1) H HenpepuBHBIX rPAHHYHLIX YCa0BH (2) npu npu-
MEHEeHMH MeTOAA NPAMHX BO3HHKAIOT AOMNONHHTENbHBIE TPYAHOCTH, TaKk
KAK pelieHHe cHcTeMn {6) ypaBHeHH#t MeToAa 0OpSIMBIX  CyLIECTBEHHHIM
0o0pa3oM 3aBICHT OT 3HadyeHH# ee koadduunenToB u yukunit u, (X) w
u,(x¥) 8 R Bue ob6nactu G, npuyeMm 3lecb STO NPOAOIKEHHE HEOLHO-
3HAYHO. ITH TPYAHOCTH OTNadawT, ecan obnactb G npencraraser co6oi
(PSIMOYTOBHAK, CTOPOHbI KOTOPOrO napajijeibtbl OCAM KOODIHMHAT.

Ecan kosdpduurentn ypaBHenus (1) 3aBHCAT OT X, TO METOL MPAMbLIX
OpHBONMT K CHCTEME JHHeHHWX ypaBHeHuit (6) c nepemeHdnMH K03(du-
UdeHTaMH, pelienve KOTOPOH 3aTpyluutennuo. [losTomy 3aech, BOOGUIE
roBops, BHroAHee HCNO/Mb30BATh OOLYHHI METOM CETOK.

Ecau xoadduumenth ypasuensta (1) He 3aBucAT OT nepementoil x,
TO cHcTeMa (6) MeToAa NpAMbLIX COCTOMT U3 AnHelnbX nuddepenyaibibx
ypaBHeHHIt ¢ mocTOARHLIMU  Koadduunentamu. Crocofn pelUeHHs TaxKux
CHCTEM XOPOWO pa3paGoTansl, U MeTOd MPAMBIX MOXET OKa3aTheCd TYT
CPABHUTENLHO BHLITOAHbIM,

§ 15. Meton mpsaMbix a1 ypassenus [lyaccona

[Tpu 3amede gauHeithoro IuddepeHyManbHOre ypaBHEHHS BTOPOro
nopsaka cHCTeMoB ypaBHewn#t metoja npameix (§ 14), sooBwe rosops,
noJyyaetca omubKa nopsika h® rae h-—pactrosiide MEXAY NpAMbMHU,
31y owHOKy MOWHO YMEHbIIMTh, €CAH BOCHUAL3OBATHLCA 00/€E TOYHAIMU
dopMynamu uuciensoro auddepedumpoBanus. Tlokawem 910 Ha npumepe
ypasuenus [lyaccoua,

[lycts B npamoyroapuos ob6nactu R {a <Cx <<b; a <y << P} samano
ypastenue [lyaccona

T =I5 0) (1)

H TpebyeTcs HalTH peleHHe & ==y (X, Y) ITOr0 yPaBHEHHH, YAOBNETBO~
pAlolIEe KPAEBHM YCHOBHAM:

u (x) (1.) = (pO (x)) u (xr ﬁ) =@, (x), } (2)
ula, y)="y9o(y), «(b, y) =1y, (4),
rae Gynkunn [ u P, (k=0,1) nenpepusuul u ¢, € CP [a, b] (£=0, 1).
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bynem pewath KpaeBywo 3anauy (1) —(2) meronom npammx. Mag sroro
BbIOepem war h =

1,2, ..,n yy=a, y,=P) nposenem mnapamnemn y=y, Iycrs
u;(x)=u(x, y,). lpeanonaras, 410 QysKuns « (X, y) HMEeT HEMpPepHiB-
Hhie YaCTHHE MNPOU3BOAHKE M0 y A0 WECTOr0 mopsijika BK/IOUHTENBHO, Pa3-
nokum  dyskunn 4 (X)) =u (X, y;+h) n u,_,(x)=u(x, y;—h)
no ¢opmyae Teitiopa ¢ tousocrnio 1o O (h%). Umeem

_a' . .
W uepea TOUKM Nenewns y,=y,+hj (j=0,

Ou (x, 4)) Pulxy) p2 ) Pulx,y) g3
b ()=t +— =t —a— oyt 5 g T

FPulx,y)) pr Pux,yy) ps Bu(x,y;+0k) pe .
tp T T 5T G e 00 <) (9

H

u.

au (x, yy) *u(x,yy) pe
(%) =1 () ——5—L b+ L5

=1 dy ay?
Pulx,y) ps Pulxy) p
— o AT e a—
u (x, yy) ps  Ou(x, y;—0h) po
T ays 5_1+ Ay ‘B (0<62<1)- (4)

Cnoxus paseHctBa (3) n (4), monyuum

a2u (xv Yy ) Otu (xl Yy ) h*
By oy (6) =20 (8) 1y (¥) = —5 5 R g O, (5)

3amenan B gopmyae (3) dyHxuuu

w(xy=ulx, y,) (R=j+1, j, j—1)

a%u (x,
COOTBETCTBYIOIUMMY BTOPBIMH  MIPOH3BOIHKIMU —a(yTyk—) M OCpaHHyYUBasCh

unenaMid nopagka k%, 6yneM HMeTh

9% (x, % (x, %u (x, Y, 9u (x,
WY o Py Fulnyp) U Y) Gge6)

ay* oy? ay? oyt
dtu (x, yj)
Wckmouan u3 dopmya (5) u (6) npousBoiHyo i ! or10packBad

ynedn mopsika hS, noayuuMm npubmikednyo dopmyay
U1 (x)-guj (x)+u_; (x)=

FPux,yp)  pr| Puix, Y 9 Pu(x, yp)  Pu(x,y;_q)

ay? 12 oy? - oy’ dy? J

KOTopadgd nociae npuBeacHuda HOROOHKX YJIEHOB NPHHUMAET BHJI
b1 (x)_Quj (x) 1y (x)=

_ m [0 yyen)

12

n loa‘zu (x, ¥ ) i d%u (x, yj—l)] ) M

dy? dy? Iyt
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dopmyna (7), ameowas toynocts O (K%), Mower OHITH HCNIONB30BAHA
Ias peiuednd kpaesodt sanauu (1) —(2). Heilctaurensno, U3 ypasHeus
(1) npu y=y, umeen

0%u (x, o

“Wyk):fk (x) —u (%), (8)
rae fi, (x)=f(x, y,) (k=1, 2, ..., n—1). Orciona, 3anenns B dop-
mysie (7) Bropule 4dcTHHE ODOH3BOAHBIE MO 4 WX 3Havedusimu U3 dop-
myau (8), aas onmpenenenus pewennH U, (x) (j=1, 2,...,n—1)

MOAYUYHM CJENYIoWYI0 CUCTeMy OOBIKHOBEHHHX HH(ipepenunanbHbix ypas-
HeHuif:

" " P 12
.y (x) -+ 10u; (x) - aj_; (%) +lTZ (o)1 (X)— 20, (X)) 4-1,_, (x}] =
:f/+1(x)+10fl(x)+/1—1(x) (]=1v 21"‘)’1—1)' (9)

Arta ycorepuiencTROBaHHas cHcreMa (9) MeToaa npameix Oblia Npeano-
wena M. [, CnoGonsuckum (23] u annpokcumupyer ypasuenue Hyaccouna
¢ TOYHOCTBLIO BO %O (B8 = O (h%).

Ha ocuoBannu kpaerblx ycaoBuit (2) NOUOIHATENbHO NONyYaeM:
g (%) = @q (%), 1, (X)=0¢(X); Ly (@) =1, (.‘/j), u, (b) =1y, (U,‘) (10)

(=1, 2, ..., n—1).
Orciona
g (%) = @5 (%), iy (X) = @ (X).
O6iee peuwenne cuctemb (9), KaK H3BECTHO, CKAAABIBAGTCH M3 HACT-

HOI'O peulCcHilsi 3TOH CHcTeMbl # o0uwlero pemledust COOTBETCTByOULEi
OMIOPOAHON CHCTEMb

V)41 (%) 4 109) (%) + Uy (%) +
12
+71—2[v/+1(x)—211j ()t v, ()] =0. (1)
Quernano, 4to obuiee peiuenne cucTembl (11) He 3aBucut ot o6nactu
R w xpaeBblXx yciaoBuU# (2) W mas nannoro ypaeuenua (1) mower Obith

nonyueno paz u Hacerpa, [lpusedem Oe3 nokasarenbcrBa (oM. [22])
¢opmynn obuiero pewenns cuctemus (11):

n—1
By, —
v; (x) = _;_ sin w (A0l £ Be=o%) (j=1, 2, ..., n—1),
k=1

rie I=f—a, A, 1 B,—npou3RBO/bHbIE MOCTOSAHHLE W

. 2“@/—90)
9 ST
o= — = .
! h? jT(!’//_ yo)

54 cos ]
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YacrtHoe peuenne neonHoponHoil cucremn (9) Haxomurcss O6BIUHBIM
nyreMm, B Kpafinem Ciiyyae MOXHO NPUMEHHTb METOJ BapHallUM NPOH3BOJb-
ueix 1nocTosinnbix. Jlnd oThckanufs nocrosnHbx A, w B, Ha OCHOBaHWU
yceaoeuit (10) monyuaercs anreOpauyeckas cucTema 2n— 2 ypashennit.

IMpumep 1. B o6aactn R {0<x<3; 0<y<3} 3a)0aH0 ypasHenue
[lyaccona

9% ol
Tﬁ+(w:x+y‘ (12)
MeTonoM NPAMBIX HaliTil PEWIEHNE 3TOTO YPaBHEHNS, YAOBJETBOPAIOLIEE OZHOPOA-
HBIM KPAaeBHM YCIOBHAM
u(0, yy=u 3, y)=u(x, 0)=ux, 3)=0. (13)
Pewenne. [puMmem h=1 u npoeegem npamue y=1 n y=2. Hcnonbays
MeTO/l NMPAMBIX, GyjleM nckaTh nPUHG/IHKEHHOE peweine u, (x)=u (x, yp) (j=1, 2)

sagaun (12)—(13) na NpsaMHEX y=y U y=y,, Tae y1=1 U yo=2. Bunuceieas
cucteMy (9), MoONyuyHM ClEAVIOUIHE Ba YpaBHEHRA:

g () -+ 1007 (x) 4 g (x) + 12 [ug (6) —2uy (x) -+ 1, (1)} =

=x+4-2-410 (x+ 1)+ (x4 0),

uy (%) -1 10us (x) -+ w1 (x) -+ 12 [uy (x) —2uy (x) 4 1y (x)] =

=x43+10 (x+2)-+ (x4 1).

B”cymy KpaeBbiX yeqoBuit (13) nmeem ug (x)=u3 (x)=0, u, caepoBaTenrio,
ug (x) = ug (x)=0. Cucrema (14) npuHHEMaeT ChenyIOMIEI By/:

10uy (%) uy () —24uy (x)+ 12u (x) = 12¢-+ 12, |

iy (1) F 10 (x) -+ 120y (x) —24u, (x) = 12x+-24, |

(14)

(15)
npuuem
uy (0) =1y (3)=0, 1, (0) =u, (3)=0. (16)
CooTreeTcTByI1011a9 OAHOPOAHAS CHCTEM3 HMeEeT BUJ
10v1” (x) + v; (x)—24vy (x)+ 120, (x) =0, \

" ,, (17)
vy (x) =100, (x) + 120, (x)— 240, (x)=0. [

Tlonaras
vy (%) = Adx, Uy (%)= Be* (18)

W TOACTABJIAA BTH BHPaKeHHs B ciicremy (17), nocie coxpamenns wa &% no-
Jyuaem

A (1022 —24) 4 B (A2-+ 12) =0, } 19)

A (A2+12)-} B (10A2—24)=0.
Tak Kak Mbl npennoJlaraeMm, uro pemmeHnne (18) nenyJsesoe, To onpenenntenb Jn-

Heiinoll cucremsl (19) nomxed 6uth paseH Hymo. Orciona nosyuaem xapaxme-
pucmudecKoe ypasrerue

10A2—24 A%} 12 0
AZ-12 10a2—24 |

(102 — 24)2 — (A2 - 12)2 =0,

Hau
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T. e,
(922 —36) (1122 —12) =0. (20)
Crnenosaresno, XapakTepuUCTHUECKHE KOPHU OygyT
12 2
M=2 h=—2 k=) . u=— l/ﬁ‘
Cootserctayiomue nocrosuusie A 4 B onpemensotca u3 cuctemut (19). Umeewm
A
5=— ,B =C;
A2-12 10A2 —24
orciofa
A _ By —1 0. Ap _ By —3 4
% =716 (k=1,2); E—_F (k=3, 4).
11 1
Moo npuusars Ap=—B,=C,, (k=1,2), A,=Bp=C, (=3, 4).

Takum o6paszom, —
Uy () =C 12" - Coe 2%} Cye ”V12/11+C4e_"' Ve 1

__ —_— {21)
vy (x)=—Cle”—-Cze_”Jr—CgexV12/11+C4e-' V12/11_ ]

YacTHoe pewenue cucremul (15) uuem 8 Buge
U (x)=Ax-+B, dy (¥)=Cx~+D.

[MojcTasass 3TH BeipaXeHUs B cuctemy (15), ans ompegenelis NOCTOSHHEX A,
B, C, D noayvaem cucremy
—2A4+C=1, —2B+4D=1,
A—2C=1, B—2D =2,
Orciona naxomgum: A =C=—1, B=—4/3, D= —5/3, 1, 3Ha"HT,

~ 4 ~ 5
ul(x)=—<x+?>vuﬂ(x):'_‘<x+'§>- (22)
Ha ocHosauun dopmyn (21) u (22) ofwee pemenne cHcrembl {15) umeer Bup
- Jps— 4
1y (1) =C1?* - Coe™* 4-Cpe” Vit +Ce™" e < x-}-'g),
- _ 5 (23)
Uy ()= —C 12 —Coe 2%  Coe” Vigm +C4€-XV12/“ —< x-}-?) .

Hans ompepenenus aoctostHHEX Cy, €y, Cy, C; wcnonb3dyem TpaHUYHBIE YC:
nosus (16). B cuny atax ycnosuit v dopmya (23) noayuaem cucremy

C1+C2+C3+C4=

—C,—Cy+C+Cy=

-

24
V1211

I

C e84 Cye =8+ Co® e V1m

1l

w|E wln w|lo we

-G8 —Cye=8 4 Cpe® V1311 ¢ =8 V1o/12
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OTcrona
com_ L L Les 1 1 e
VTU6 TeS-1 C 127ch3’ 7 B TeS+1  12°ch3’
3__e—3Viz/11 3 3 V12/11__ g
C3=3 3—e Co= L

T @ vVin) T ey
Hoacraaas aTu 3naveHusi B QopMyan (23), mocae HeCAOKHHX yIpoiLeHii

OKOHYATeNblO0 HAXOAUM

I ch(2x—3)

“o D=—% g5+

3 3sh (v VI2/T1) —sh [(x—3) VTTT] 4
(G V120 (" )

+

)

(25)
1 ch(2x—3)
' @3 T
3 3sh (x Y TITI) —sh [(x—3) V12/11]_<x +£)
3 sh (3 Vi2/10) 8/

Mbl paccMOTpPe/H HEKOTOpble MeTOAB YHCJIEHHOTO PELIEHHSl pAa3/HY-
HEIX THROB AHQPEepeHUnANbANX YPaBHEHUM B HaCTHHX NPOU3BOLHBIX,

Kpome paccmoTpernnix pa3paboTaHbl Takke M IDYrHe METOAH, Ha-
npuMep Meron Pruapacoua [24], koTopbi#l 06sagaetT TeM AOCTOMHCTBOM,
YTO OTHOCHTENBHO MAJO 3aTPYKAET NaMsiTh MallHHBL,

u(x, 2=

+
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r1ABA VI
BAPUALIMOHHbIE METO/Ibl PEIIEHUS KPAEBbLIX 3ANAY

§ 1. Nonnartue o ¢ynkunonane u oneparope

Beenem cHAYana HEKOTOpHE 1OHATHS (YHKIHOHANBHOIO dHANH3A,
KOTOpHiE HaM 1OHAnOOGATCH B RaabHeilileM,
Onpenenenne 1. {lycts nan Hekotophll Knacce (MHOKeCTBO) PyIK-
wih K={y (x)}, roe x —mnesapjcumas NMepeMeHHas HAM COBOKYMHOCIb
HECKOMbKUX He3aBUCEMBIX NEpe-
MEHHBIX X = (X, &g, . X,
loBopaT, uTO DepeMernas Re-
JAMuMHa I=1[y(x)] CCTh
¢yrkyuonas OT GYHKUHM Yy (X)
(byukius oT dyHKUHK), ecaH
kaxjofi ¢gynkuun y(xX) €K no
3allaHHOMY  33aKOHY  CTaBH1CA
B COOTBETCTBHE ONpEaeeH:Oe
uucao I,
z Knace pynxkunpt K= {y (x)},
AAS KOTOPBIX ONpEeIeNeH Jdt-
Puc. 79. Hbiff QyHKIHOHAA, Ha3pIBaeTCs
obaacrero  onpedererHus Y
cbaacTere  gadanus PYHKIIMOHANa, a camu dynKuHK Ra3BIBAIOTCR donyc-
TUMBLMUL,

Npuwmep 1. MNyers K={y (x)}—cosokynuocts dyukuutt, puddepenun-
pyembix B Touke x=0. Yucio k=y" (0) MOXHO paccmaTpkBary Kak GyHKUUO-
HaJ OT y(x), onpepenenuuii B ofnactv K. = =~

Mpume p 2. PaccMoTpum MHOMecTBo K GYHKWME Y (x), HenpepHBHO Aud-
(epeHUMpyeMEIX Ha OTpe3Ke [a, b], 1. e. y(x) € CV a, bﬁ. Ianua Ayru s KpH-
BOH Y=y (x) MeXK]1y TOUKAMU x==a U x==b (puc.79) ecTb PYyHKUMOHAN OT y (X)
B o6aactn K, KOTopsl#l MOKET GuTh BhIpameH (OpMyJoi

Y=y(z)

[} M
I I

b
s={Vityan.
a
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INpumep 8. Ilycte K-—MHOMECTBO BCeX HEOTPHUATENbLHBIX GynKuUui

2= (x, y), HeNpepHIBHEIX B 3aMKuyTo#l o6nacTh G u ofpawanmuxca B 1yap
ua ee rpavune I' (puc. 80). O6neM

v=ggf(x, y) dx dy

G

ecTh pyHKuUMOHaa or f(x, y).

Onpeneneunne 2. MuowecTro dpynkumfi K HaswBaeTcs AuneciHoim
(nan, Kopoue, auxeasom), ecnu
LA KaxIelX  Qyukuafk 4 €K o
V€K cymma ux 2+ o €K, a takie
au € K (a— moGas nocrosinnas).

Hanpumep: a) wmnowecteo no-
AHHOMOB, 0) MHOXECTBO BCEX He-
npepuBHEX QyHKunil, B) MHOxKecT-
BO (@yukuui, oO6pawmaomuxcs B
HYNb Ha rpanuue 06JacTH, H T. 1.
CYyTb JMHEANH,

Onpenenenne 3.  dyuk-
unouan [=17I[y] nasmBaerca au- .
HeliHbLM, €CNH OR  OTipeaeneHn  Ha Puc. &C.

JunefinoM MHoxecTBe Gynkuuf K
M aas mo6oit Dnape RONYCTUMBIX (QYHKUME & ¥ ¥ CRPABENIHRG CO-

OTHOMERHE
Iau+-Bu) = ol [u] + B/ [v],

rage @ ¥ [ — npou3BOAbHBIE 0CTOAHABIE.

Hanpnmep, ¢yukunonan k=y’(0), paccMoTpennhit B npumepe 1,
ABAAETCH JAMHEHHbIM.

Onpenenedue 4. lopopar, uro na wmnoxectse K=/{y(x)}
onpenenen oneparop L, ecan kaxnoft dynkuun y (x) € K no nexoropomy
3aKOHY COOTBETCTBYET OfiHa M TOAbKO OAHA DyHKUMSA z =z (x)*).

JT0 COOTBETCTBHE MEXALY QYHKIMAMH CHMBOJMYECKH SanHCHIBAETCS
caenyIouM o06pasom:

z=Ly unu z=L(y).

Muowectro K ¢yHkuHii y =y (X), Ha KOTOPOM OnNpelencH IaHHHIY
onepatop L, HasmBaetcs o04acreio 3adaxus 8TOre oneparopa, a Qymk-
UMK gy € K 8a3nBaoTesi JORyCTUMBLMU.

Mpumep 4. Ilycre K .—-_{ y (%) } €CTb MHOMECTBO JH(dPepenuupyembix

¢yuknuil. Torga onepauuio 4 BaATUA TPOH3BOLHOI MOXHO PAacCMATPUBATL Kak

*} BO3MOXHO TaKxe, YT0 QYHKWUHA 2(X) 3aBHCHT OT JAPYroi nepemenHoil
t=(t <o) ln)
N
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oueparop (Tax HassmlBaeMuiil onepamop Ougddeperyuposaiis)
, d
Yy () =g, u(x).

B 6omee ofwem ciayuae, ecad p; (x)€ Cla, b] (i=0, 1, 2,

y=y ()& C'"[a, b], 10 weey N1) U

z=Ly=po ()Y +pr () y" TV pp(x) y (1)
ectb onepatop {aunedinsil Oudpepenyuarsroil onepamop), ONpejeseHHLE Ha
K=C' [a, b] co 3uauenuamu 2€& Cla, b].

JefiCTBUTENEHO, A1 KAXKAOH RONYCTHMOH QYHKIHM y pe3dyJnTaT BhimoJile-
nus onepatuil () ecTs Hexoropad HenpephiBHast pyukKuus 2. Hanpumep, ecan

Ly =y"+y,

0 L(1)=1; L (x)=x; L(x?)=2+4x2% L(e*)=2e* L(sinx)=0u 1. 1.
C nomombio avueitnoro puddeperunassHoro oneparopa Ly ofwee JaHnei-

Hoe Authdepenunanbhoe ypaBHeHNe C HeH3BeCTHoHl QYHKLHEH Y MOKHO KOPOTKO
sanucath Kak

Ly=1(x), (2)
rie L —oneparop Buaa (1) u [ (x)—u3BecTHast HenpepbiBnas Gynxuus.

Tipunmep 5. Pacemorpum muoxectso ¢pynxunt K ={u (x, y)} taux, uto

ulx, )€ C2(Q), rge G—3agauuas obnacte. Pynkuus, onpegensemas dop-
My oH

0u | %
M= g oy

ABIAETCA ONMepaTopoM oT u Ha MHoxecTse K (onepamop Jlansaca). TpuparHy-
Basi 3TOT olleparop H3BecTHol Qynxuuu f(x, y), nonyyum ypasuerue [lyaccona

Au=f(x, y). )
B uactHom caysgae, ecan f(x, y)==0, 6ynem umers ypasnenue Jlaniaca
Au=0. 4)

Taxum 0o6pa3oM, AvpdepeHuranbHne ypasHeHusl, OGHIKHOBEHhbie U C 4acT-
HBIMH TIPOU3BOJHBIMH, ¢ Gojlee oOWEH TOYKH 3PEHHUS MOXHO paccMaTpUBATh Kak
OnepaTroOpHBIE YPaBHEHHH,

Onpeneneunne 5. OnepaTop L HasnBaercs Aumedneim, eciu on
onpenened Ha nndeHHoM MHOWweCTBe M U 1000 mMapbl KOMYCTHMHIX
dynkuuil # M v Auxednas KomGuuauua ux ax -+ fo (a u f —nponapoab-
Hble (OCTOSIHHBIE) SIBANETCA TakKe AonycTumofi yukumedk, npudem Bol-
noJHeHs  yCJAO0BHA!

1) L (an) =alu,
2) L(u+4v)=Lu+ Lo.
Orcioga BhITEKAET, 4TO

L(au- Bv)=alu+pLv

npit MoSLX NOCTOSHHEIK a u fi,
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d
Jlerko BuAeTBb, YTO OmepaTopH =Y Ly v Au, paccMoTpeHine B TipH-

Mepax 4 H 5, aBAAKOTCA JHHCHHLIMHE.

[Tpumep 6. Oneparop Ly=y? ABasieTcs HeMIHEINIbIM,

Tleiicreutennuo, L (u--v)=(¢+v)? u Lu-+Lo=u’+v% CnelosaresHo,
L (u+4v) # Lu+ Lu, ecny tonsko uv Z 0.

[Mycrs K ectb mnowectBo diynKkuuit { @}, oupene’leHsLix, AeHCTBH-
TeILHBIX M HenpephBHHX B 06nactH ®. Ecnn u €K u v €K, to uucno

(1, v)= g uvdao*)

@

HA3LIRACTCH CKaAApHbIM npoussedenuem Gyuxyud @ 1 v, OueBHAHO,
(n, v)=(v, u).

Ounpeneneunne 6. Ilycrs nuuedtnmit onepatop L onpeaenen na
AuHefiHOM MHOWecTBe YHKUHME &, 3aJaHHBIX M HENpPEpHBHBLIX B 06sacTH
®, 1 ero 3Hadenuss Lu npexpcrasndir coboit ¢GyuKLMH, Takxke onpexe-
neHHbie ¥ nenpepuiBuble B . Torpa auneidinelt onepatop L wHassiBaercs
CUMMETpULHBIM, eCnn N8 MOOHX 1onycTuMblX QYHKUHA ¥ H U Chpaken-
JHBO COOTHOIUEHHE

S‘ vludw = S ulvdo,

@ @
T. €.

(Lu, v)=(u, Lov). (5)
Ecnu nas nwo60#  gonyctumMoil ¢yHkuuM 4 MMEeT MeCcTO Hepa-

genctBo  (Lu, ) ==0, npuuem (Lu, #)=0 Toraa W TOABKO TOTrja,
koria #=0, 10 onepaTop L HA3WBaeTCH NOAONKUTEALHBIM.

Mpumep 7. PaccMorpum onepaTop
Ly = y”’
onpefejeHnbld Ha MHoOXecTse ¢yHkuuit y€C? [0, 1] Takux, uro y(0)=0

u y' (1)=0.
Ecan ¢ u v-—gonycTumbie $yHKIHH, TO NONyuyaeM

1 1
S (vLu —ulLv) dx = S (—ou” +uv”)dx = (uv’ —ou') ! =0,
0 0 0
NO3TOMY
1 1
S vlu dx = S ulvdx,
0 0

*) Ecau u 0 v—OQyHKLUA HECKONbKHX NMEPEMEHHBIX, TO WHTErpaj S ABJS-

[0}
eTcsl KPaTHbIM.,
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T. e. (Lu, vy=(u, Lv), W, Takum o6pa3om, oneparop L fBJseTCA CHMMET-
PUYHBIM,

Kpome toro, yuurhiBasf, uyro «==0 ecTs B CHJY TCPaHUUHBIX YCIOBHil
efUHCIBEHHAA NONyCcTHMan ¢yHKuusa Takan, uro u’' =0, npu 4 Z 0 uMeem

1 1 1
1
(Lu, u)=g wlu dx = — S uu” dx =— uu’ -}-S ade >0,
1}

0 0

npuvem (Lu, u)=0, ecnn ¢ =0. Cnenosarennuo, oneparop L mojoxurenen.

§ 2. Bapuaunonuaa 3apaua

Mycrs nan dynkunonan
I=1{y ()], M

onpenenenHbiit Ha HekorTopom muowecrBe K= {y (x)}. 3amaua 06 ormicxa-

HuM 3KCTpeMyMoR ¢yHkitnoRana (1) wassiBaetcs sapuayuonnod soda4ed.

Donee TowdO  BapHallMOHHas  3ana-

4 4a CTABHTCS CJAGAYIOILHM 06pa3oM:

Tpebyerca  HallTu  Qyuxuuo y=

=y (x) €K Takyio, 4T0 Aaf BCEX 10-

nyctumbx Qyukuuit y =y (x), nocra-

TOUHO Onu3Kkux K GyHkLuM (X)),

8 nmeeT Mecto nepasenctso /[y] = /[y]

B CJyYae MHHMUMYM@ HJH HEPABEHCTBO

Iy]) << I{¥] B cayuae maxcumyma. 3a-

METHM, YTO paccTosiHue meway ¢yHK-

= HiAMH Y H I/ MOXHO NOHMMATbL 110-
pPasHoMy.

y=4(%)

[ S U,

<
e —

Puc. 81. [Iprmep l. Pacecmorpum 3apauy:
cpeid TraAafkUX KpHMBHIX y=y (x), mpo-
xopaunx uepes touku M (a, A) u N (b, B), HafiTu JuHHIO ¢ HaUMEHBWEH AAU-
"oii ayru (puc. 81).
3afana cBojMTCH K HAXOMjeHH0 MHHUMyMa QYHKUHOHANE
7

S=S Vl—}—y"dx

a

A KPHBHX y=y (x), NPHHANIexawHx Kaaccy CM [a, b] 4 Takmx, 4To ¥ (@)= A
u y(b)=B. M3 reoMeTpHueCcKiix COOBpa)KeHH# OUEBMAHO, HUTO HMCKOMEIM pelie-
HueMm OygerT npsMasi

B—A

b—a (x—a))

j=A+

nprueM smin = (b—a)?+(B—A).
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§ 3. OcHoBHBIE TEOpeMb BapUALHOHHOrO MeTOAd
pelliens KpaesblX 3ajay

Ilycts 8 o6nactn G ¢ rpannuedt I xano anmeéinoe nugdepenunann-
HOE yDAaBHEHHE C HENpepbBHEIMU KO3dduuuenTaMu (OObKHOBEHHOE HIH
C 4aCTHRIMM NPOH2BOAHLIMH) H Tpedyercs HaHTU peiieHHe y 3TOrO ypas-
HeHusl, yIORJETBOPsitoliee Ha rpanuie [' sananubiM gMHEHHKIM OQHOpPO-
HBIM (KpdeBhiM) ycnoBHfM, JIEBYIO 4acTb 3TOCO YPABHEHUT MOXHO pac-
CMAaTPHUBATh KaK nUHeHHwlil omepatop L, omnpemenenunlit Ha MHOwectRe K
dynkiuil, 061aK2I01MHUX HENPEPHBRRLIMY NP OU3BOAHBIMUY HYKHOIO NOPsiAKa
B G-+1I' u ynoBaeTROpsIOIINX [AHHBIM KpaeBWM ycaopuam na T,
Takum 06pa3oM, Hama KpaeBas 3a1ayd CBOZHTCH K PEWIERHIO ONEpaTop-

HOrO ypaBHeHHH
Ly=r(p), (1

rae P o6o3nayaeT COBOKYNHOCTb HE3aBHCHMLIX flepeMentbix, f(P) —
n3BecTHas GyHKUHA (KOTOPYH0 Mbl OyaeM CUHTaTh HeupepbBHON) M v € K,
nupudem Qynkuns y ua rpanuie I' ynoBiersopsier Kpaesbim YCJIOBHAM

R[y]=0, (2)

rie R—u3secTHulil judefinbil QyHKUHOHAA MAH cnepartop 60Jee BU3KOTo
nopsiaKa.

3ameTHM, YTO HEONHOPOZHAs Kpaesas 3anasa
Ly=7(P) (3)
Rlyl=¢(P) npu PEgT, (4)

rae @ (P)—mn3necrnas QyaxiHs, CBOLMICS K OXHOPOAHOH, ecilM noJo-
KHTb Y =24y, TAe Z-—HOBas HeusBecTHas QYGKUHS M Y, — L0CT4-
TOYHO TNAAKAS @YBKLHR, YIORNCTBOPAWOLIAT KpaeBOMy yCJAOBHIO (4):
Ry )=¢ (P).

Heficreurensno, ua gopmyn (3) u (4) noayuaem Lz=jf(P)—Ly,
H R[z])=0. dynkumio y, 06bNHO HETPYAHO HAUTH nNOAGOPOM.

Wuest BapHallHOHHOrQ MeTOAA NPUMEHHTEIbHO K HAILEMY Cayuaw
COCTOHT B TOM, 4TO KpaeBad 3ajaya (1)— (2) sameugercst paBHOCHALHOMH
3agaqeft 00 OTBICKAHHM (YHKUHH, Harouleil SKCTpemym (OObIYHO MHHUMYM)
HEKOTOpOMY (pyHKIHOHANY. Bapnaunonnblii MeTONL pewlenus KpaeBblx 3aj1au
NOJAyYHA HIHPOKOE paCnpoCTpaHenHe nocne TOro, KaK HEMeIKH# MateMa-
tuk Putu B 1908 r. npennoxun yno6nbliéd fipueM ISl MOCTPOEHHS MpH-
ONMKEHHOTO DeEIUeHHs BapHALMHOHKOH 3axatdH. Merox Purua 6yzer us-
aoxen B § 7.

[puBeneM nBe Baxuble Anfl HanbHEHIIETO TEOPEMBI,

Teopema 1. Mycro L—cummerpuuneil auneinwii oneparop, onpe-
deaennniil u nosoxuressunii 6 kaacce K. Tozda oneparopuoe ypasHerue
(1) npu nasuduu Kpaesoeo ycaosus (2) 8 Kaacce K He MoxeT umeTs
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dsyx pewenutl, T. e. ecau cyuwectayer peuwenue kpaegoi sadatu (1)—-(2)
TO OHO EQuHCTGEHHO.,

Hokaszatenscto. [Ipennonowum, yto kpaerast 3axaua (1)— (2)
HMeeT IBa pellieHHs Yy, H yy, T. €.

Ly,=[(P), R[y1]=0 (5)

Lyy=7(P), Rly,]=0. (6)

Buunta n3 ypasdennit (5) coormercreylomHe ypasnenus (6), B cuay
aupeHocT omepatopa L u Qyskuuonana R nonyuum

L(y,—ys) =0, Rly,—y,y]=0, (7)
1. e (g — 1) EK.

YuMHo¥casg 1eproe 113 MfOJYYEHHbIX PaneHCTB CKAJAfApHO HA pastiocTh
Y1 — Yy, OymeM HUMETh

(L(yy—ya), (43— o)) =0. (8)

Tak kak no ycnoBulo onepatop L monoxurensuniéh B knacce K u dyux-
uust (y, —u,) € K, 10 u3 opmynnt (8) cienyer y, —y, =0, 1. . y; =y,,
y10 H TpedoBanOCh A0KA3aTh.

Teopema 2. [Tycto L—cummerpuunoid oneparop, onpedeeruo:i
u noaoxcuresbrwti 8 xaacce K, a F[y]— dyniyuonar euda

Flyl= Ly, —2(f, )= (Ly—2f) y do, )
[a]
ede f=f(P)—npasas 4acto ypasHeHus (1.

Ecau kpaesas sadaua (1)—(2) ¢ o0HOpOGHoLMU 2panuiHbLi yCA0-
GuaMU uMeeT peuienue Y, TO ITO peulenue 0aeT MUHUMYM  Pyik-
yuonary Fly).

O6parno, ecau 6 Kaacce K cywecrayer Pyrryu Y, 0arowan MUHLMYM
¢yuryuonary (9), T0 ITa PYHKUUA AGAAETCA peulenueM ypaGHERUA (1.

Nokasareabctno. 1° [lycTh & ecTh pewenue KpaesoH 3amauu
(1)—(2), 1. e. L=7(P) n R[y] =0. 3amenss F(P) wuepez Ly
B copmyae (9), nonyuum

Flyl=(Ly, y)—2 (LD, y). (10)
[oab3ysch CHMMETPHUHOCTBtO omepatopa L, Gyaem umeTb
(Ly, )= (U, Ly)= (Ly, y).

)

[NosTomy

Fly)

ll

= (Ly, y)— (Ly, 1)— (LY, y)=

:(Ly, y—0)—[(L7, y)—(Ly, H)]—(LY, §) =
= =

(

Ly, y—y)— (LG, y—T§)—(Ly, b)
L{y—1n), (v—y)—(Ly, 5). (11)

l
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B npasoit uactr ¢opmynn (11) Tonbko nepeoe caaraemoe sApiasetcd
nepeMentnM. OueBunno, (y—1y) € K, n103TOMy B CHJAY NOJOKHTEIbHOCTH

onepatopa L umeem _ B
(L{y—y), (y—y)) =0.

Cnenosatenbto, ¢yuxkunonan F{y] RocTHraet CBOEro HaMMEHbIIEro 3HA-
YeHus A TeX M TOJLKO Tex AONYCTHMHIX QYHKUHHE Y, A KOTOPHX
HMEeT MecTO paBeHCTBO

(L(y—9), (y—57)=0.
OTci0fa HA OCHOBAHHH OTPEAEJNEHHs TOJOKHTENLHOrO OllepaTopa nony-
yaeM y—7=0, 1. e. y=1y.
3ameTnMm, 4TO M3 Gopmyan (11) cnepyeT, YTO HaHMeHbllee 3HAYEHHE
dynkunonana Fy] passo F_;, (y)=F[y]=— (L7, y).
2° Mycty cywectyeT OyHkuusg § u3 kaacca K, Raiolas MuBEMyM

dyuxunonany (9). 1o snaynr, yto Aaa aobodt dyskuur y, €K u no-
cTatoudo GAM3KOH K § CrnpaBefIHBO HEPABEHCTBO

Fly,|—F[y] =0.
MonoxunM 1= (y,—¥) €K n paccmoTpum cemefcTRO Pyukunil
y=1y+an, (12)

rge a-—uynciaopoit napamerp. Ouerupno, npu Aw000M @ QYHKUHR Y
SBNSIOTCA MOMNYCTUMBMHM M NPH AOCTATOYHO MAAOM | Q| BHIIOJHEHO He-
paBeHCTRO

AF=F(y)—F[y]=0.

Ha ocuoranuy dopmynn (9), BHROAHAS TOXASCTBeHIINE 1peoGpasoBanus,
HMeeM

AF = (Ly, y)—2(f, ) — (L7, )+ 2(f, 1) =
=(Ly, y —2 (LY, y)+
+2(Ly—f, y)—2(Ly—f, )+ (LY, ) =
=(Ly, y) —2(LY, ) +2(LF—f,y—T) +(LV,5) =0.  (13)
Otciona, ucionp3ys npeotpasoranne (11) u dopmyny (12), naxonum

Jlepafi uactb HepaBeHctBa (14) mnpeacramaser coGoH KBanpaTHbI
Tpexy/eH OTHOCHTENbHO NAPAMeTPa @, MpHYeM 3TOT TPEXY/IEH He MOKeT
MmeufiTh 3Haka, Cnel0BaTeNbHO, COOTBETCTBYIOUIEE KBAAPATHOE YPABHEHHE
33BeOMO HE HMMeeT AEeHCTBUTENBHLIX Pa3AHYyHHX KOphell H, 3uayut, obaa-
JAET HEMOJOXKHTEIbHLM JHCKDHMHHAHTOM, T. €.

(Ly—7, M*—(Ln, m)-0<0;
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orciona (Lij—f, m) =0. Takum o6paaom,
{ (Ls—f)ndo=0 (15)

[0]

nas nwbo# pyuxuun M € K. B cuay nponssonbHocTH QyHKIMH 1) OTCioda
cnenyer (em. [3]), yro Li—f=0, 1. e. Ly=f. Takum o6pazom, J
€CTh pelieHue nawselt Kpaemol 3amaui.

§ 4. CeepéHue muueiinoit kpaesoit sapaun
JJISl OOBIKHOBEHHOrO Au(depeHInaNbHOr0 ypaBHEHHSA
ATOPOro HNOPAAKA K BAPMALMOHHOW 3ajaue

PacemoTtpum obnknoBerHoe Luddepediinanbioe ypaBHeHue
Y 4Py +Q(x) y =D (x) (H
¢ JHHCHHLIMEI KpaeBhnIMH YC/NOBHAMH
o,y (a) +ay (a) = 4,
Buy’ (b)Y + By (6) =B,
roe gyukunn P (x), Q(x) n D (x) nenpepussn Ha oTpeske [a, b] #
oy [+1al7=0, [P [+]B|0.

lpupesem ypapuednue (1) K creunanbHOMY, Tak HA3LIBAEMOMY camoconp A-
gcernomy 8udy. Jlas 3TOr0 yMHOMHM BCE €ro YJeHh Ha NOJNOKHTENbHbIH
MHOXHTRIb

\
| (2)

j;.P(r) dx
p(x)=e" )
noc/je 4ero noayyuMm
Py (x)+p (X)) P(x)y" +p(x)Q (x)y =p () D (x). 3)

Tax xax

JEP(x)tlx
p(x)=en P(x)=p(x)} P(x),

TO ypaBaeude (3) MOXHO 3auucaTb 8 BHIE

o)y +a ) y=7F (%), (4)

rae p(x) >0, q(x)=p(x)Q(x), [flx¥)=px)D(x).
Iuddepenunansioe ypaBreHue BTOPOTO nopanka suaa (4) HassiBaeTcs
camoconpancennsis. BBoaa nuvefinbit onepartop

Ly=— 4 [p(5)5'1—q (%) y, (6)
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ITO/Iy4 UM

Ly=—f(x), (6)
rae p(x), p’ (%), ¢(x) n f(x) nenpepnisus Ha otpeske [a, b].

[pennonoxum cnauana, uto Kpaeswe ycnoRHs (2) ABASIOTCA OAHO-
POAHBIMH, T. €.

oy’ (@) +ay (a) =0, Py’ (b)+ Py (6) =0, (7

rae [ayf--|a]s=0 n |[B;| 4| P50, npruem Ge3 HapyweHna oOUHOCTH
paccyxaenuit MOkHO npepnosarats, 4to o, >0 u fi; >=0.

[Mokaxem, 4To B 3TOM Cayude onepaTop L sABaferca caMocoipd-
WeHHBIM (CUMMETPHUHAIM) B Kkiacce Qynkunit K={y}, HenpepuBubIx
11a oTpesxe [a, #] BMecTe CO CBOMMK MEPBEIMM M BTOPEIMH NPOH3BOAHKIMH
(y ECP[a, b)) n yroBICTBOPSIIOUMX HA KOHUAX OTpe3ka [a, b] onnopoa-
HBIM KPaeBbIM yCIOBHAM (7).

[ycte u €K n v €K. Ha ocuopanun ¢opmynn (5) uMeem

(Lu, v)— (Lo, u) =

!

f{»«v[%(mx)u’wq(x)u] [ (0 ()0 +q ()] | dx=

b
= S [p (%) (ev"—ou")+p" (x) (uv' —vu')]|dx ==

—[p () (uv’ —ou')] dx =

I
Rl n
&l&

=p (x) (1v" —ou') iz = p(byw(b)—p (a)w(a), (8)
e

(9

PYyHKIMH ¢ = u (X) 4 0 =0 (X) YLOBJICTBOPRIOT OAHOPOUHBLIM KPAERHM
yClIOBUAM
a i’ (@) +au(a)=0, ov (a)+av(a)=0,

rue o, %0 nm a =0, Cienoratensuo,

u'(a):—o%u(a), v (a)=— O%fu(a)
HJH
u@)=—2Lu'(a), v(a)=—2v (a).

Hostomy w(a)=0. AnanornuHo RokasmBaercs, ¢to w (b)=0.
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CnenosatelbHo, u3 dopmyas (8) BuTekaer (Lu, v)—(Lv, u)=0,
u, suauut, (Lu, v)={(Lov, u}, T. e. onepatop L cuMMeTpHYEH,

BriicHHM, IPH KaKKX yCIOBHAX onepaTop L ABANETCH NOJOKHTEAbHLIM,
Jag dynxurn y € K nmeem

(Ly, y) ——S{dx Vg ) ) v, (10)

HMuterpnpys no vacram nepsuil unen dopMyam (10), noayynm
b

(Ly, y=—p®) gy’ |+ §Ip ey —g 0 g2lax. ()

Tak kak p(x)>0, 70 u3 ¢opmyan (11} Burekaer, uto onepartop L
NnoJAOKHTENEeH, €CAH
g5 <O npn a<x<H, (12)

y@ayy' (ay =0, y(b)y (b)<O. (13)

Tak kak oy >=0 u B, =0, 10 B cuny kpaeBux ycnoBnit (7) nepa-
pencTBa (13) SKBHBAJIEHTHB HEPABEHCTBAM

a0, fp=0. (14)

Takum o6pa3zom, kpaemasd 3afaya (6) —(7) npu RANMYMH HEpaBEHC1B
(12) n (14), cornacuo Teopeme 2 u3 § 3, PaBHOCH/bHA 3a4a4e O MHIM-
mMyMe (QyHKLUHOHana

Flul=(Ly, n)+2(f, y) (19)
B knaacce ¢yukunft K. HMcnonwsys dopmyny (11), umeem
Flyl=pla)y(a)y' (a)—p(b)y(b)y (by+

+S[p(x)y —q (%) g2+ 2f (%) y)dx. (16)

a
B yactnoctH, ecan @, >0 u f§; >0, T0o noayyum

a
Flyl=—%p(a) s (@) +§ P 0) 4 (0) +
b
Fllpmer—gm e+ 27 0 v]as. (7)
a
AHanornyuble BHpaweHus RoAyyaeM Ad JAPYruxX caydaes,
PaccMoTpuM Teneps Kpaerylo 3ajauy (6) ¢ HEOLHOPOAHHLIMH KPAaEBbLIMU
yciioBuaAMM (2) B NPEANOIOKEHAH, YTO BHIIOMHEHH HepaBencTRa (12)
u (14). Onepatrop L B knacce dynxkitnét K, yAOBIETROPSIOWMX YCI10-
BUsM (2), BooGiLe roBopd, He fABJAgeTcd CHMMETDHUHLIM H MOJOXKHTE/b-
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HbIM, MO3ITOMY Hellb3fl HENOCPEACTBEHHO MCNOAb30BATh TeopeMy 2 npe-
apAyuero naparpada.

[yers z=2(x) € C*®[a, b] n ynosaersopsier ycnosuam (2),
a2’ (@) -+ az (a) =4, B2 (b)+Pz(b)=8B. (18)

O603navan vepe3d y peurenne Kpaesoit 3amaun (6}, (2), Bzedem Qyuxitiw
u==u(x), onpenendaeMyio paseHCTBOM

T, €.

u=y—2z. (19)
PynKuua 4 ynORIETBOPAET OAHOPOAHHLIM KPAEREIM YCIOBRAM
ol (a)-+au(a)y=0, Pu (b)+Pu(b)=0 (20)
u aBnfercs peuledneM ypasueunsi Lu=Ly—Lz 1. e.
Lu= —f(x)—Lz. (21)

Takum obpason, u € K. Onepatop Lu B knacce dywnkuuit K asnaerca
CHMMETPHYUUBIM H [TOOWHTEIBHEM, H, CIEA0RaTEIbHO, DElIeHne i Kpaero#H
sagaun (20)—(21), » cuny rteopemn 2 u3 § 3, maeT MHHEUMYM dyni-

ILHOHANY
Flu]=(Lu, u)-+2(f(x) 4Lz, w).
Orciona Ka ocnoBanun opumyan (15) umeem

Flul =p(a)u(a)u' (a)—p () u (b)u’ (b)+

b

@ —gwe 20700+ Laulde. (22

a

W3 pasencrsa (19) nosayuaem, 4TO peutenue y kpaepod 3samaun (6), (2)
JaeT MHHUMYM QyHKUHORANY

Filyl=pr(a)[y (a)—z (a)][y’ (a)—2' (a)]—
—p () [y (&) —2 )] [y (b)—2" (b)) +

[p(x)(y —2)V—qgx)(y—2)2+2(f(x)+Lz) (y —2)]dx =

=p(a)[y(a)—z(a)]{y (a)—2 (a)]—
—p () [y (b)Y —2z(B)] [y’ (b —2" (b)) +
b

+ {0 (9 2 —g (%) y* 42 (0) y]dc -

a
b

+ ([ ()2 —gq(0) 2 —2f (¥) 2] dz +

a

+

Bty &

2

+2 {1 —p ) y's +qF yzty—2) Le]dx. (23)

a
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Ucnonbays MHTETpupOBaHMe MO dacTaMm, GyLeM MMeTb

b
y—2)Lzdx=—{ =2 [ (p @) +q 2] ax =

b

W v =)= zw—2)]dx=

=p(a)[y(a)—2z(a)]2’ (@) —p () [y (B)—2z (B)]2" (&) +

=—(y—2)p(x)2 ’

+p 2 (v —2)—q )z (y—2)) ax

Buoca 370 Bupawenne B dopmyny (23), nocne HecaoxHbX yrnpouesui
NONYYHM

Fyy)=ra)[y(a)—z(a)][y (a)+z (@ ]__

b) [y (0) —2 (O} [y (B)+2" (b)] +

+S[P(x)y’2—q(x)y2+2f(x)y]dx_
—S[p(x) P (x)22+2f (x)2)dx.  (29)

Mycts ;>0 n ;> 0. Wz xpaesux ycunosuft (2) nMmcem

y (@) =42 g gy = 222G
)il

yl (b):B_f’y (b), ZI (b) B ﬁztb)

Pa b
Torana
Fu 1) =22 [24y (@) —ay? (a)]— 52 [2By (6) — Be® ()] +
b
-+ S [p(X)y'?—q (%) y* +2f (x) y] dx —

— {ﬂa@ [242 (@) — a2 (a)] _Eﬁ(li) [2B2 (5) — B2* (0)] +

b
+ [P (%) 22 —q (x) 22+ 27 () 2] dx} . (25)

Tak KkaK crosiume B (UrypHOH cKoOGKe ujedsl GopMmyan (25) Guk-
CHPOBaHM H HE MEHAIOTCA HPM H3MeHeHMM QYHKUMM Y, TO BMECTO
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dyukuuovana Fy[y] moxuo paccmmpeTb dyHKRuHOnAl

© [y] =22 24y () — ay? (a)] — B2 [28y (5) —By? (5)) +
b

+ @ r—a 427 () vl dx. (26)

u

Taknu o0pa3oM, Kpaesas 3amada (6), (2) ¢ HEOAHOPOAHHMU KPaeBLIMU
YCNOBHAMH B UPEANONOWEHHH, Y10 HMEIOT MecTo nepasencTna (12) u (14),
SKBHBA/leHTHA Bapuauroudoft 3agade uad QyHkuuonana (26) B xnacce
dyrkurit K, YIOBICTBOPAIOMINX 3aJaHHEIM KDaeBhIM YCIOBHAM,

3amevanne. 1° Ecan ;=0 u B,550, 10 y(a)=2z(a)=A4/q.
M3 dopmyant (24) eeTexaer, urto 3a D [y] MmoaHo npuuiaTh ByHKUUONAT

®[y] = — 2 28y (5) =Py (1)) +
]
+ ey —g 227 () y] d

2° Auanorovno aokaswisaercs, uto ecan ;=0 u ffi; =0, 1o
b
©[y]=§ [P (¥) 42 —q () 4" + 27 (x) y) x
a

§ 5. Kpaepnie 3anaun anaa ypasnewni Iyaccona u Jlamaaca

Ilycts npano ypasueune Ilyaccowa

—Au=f(x, y), (1)

rune
Au= ";1;+a,ﬂ nof(y, y) € CA).

Tpedyerca nalitn peutenue ypasreuns (1), HenpepuBHOE B 3aMKHyTOH

obnactu G=G-+ 1" n yroenersopsiomtee Ha rpauute I’ 3roft obaacrtu
KDAEROMY yC/IOBYIO

ulp=q(P), (2)

roe P=(x, y) u @ (P)—3anannaa wsenpepuBuad ¢yukuud. [Ipexnono-
kUM BHavale, uro @ (P)==0, 1. e.

u|p=0, (3)

H OyAeM pewatb OAHOPOANYW0 Kpaesylo 3aaauy (1), (3). Ilokawewm, 4To
B Kaacce dynkunt K={u (x)}, uenpepnisnrx B G BMECTE CO CBOUMH

NEPBHIMU W BTOPLIMH NPOU3BOAHLIMH ¥ 00paufalounxca Ha xoHtype I
B Hyab, onepatop Lu = — Au cuMMeTpHYeH M (OJIOXHTEAECH,
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[lyetb u€ K 1 v€ K. CocraBuM BhipakeHHe
(Ly, v)—(Lv, u)=

ST () e (23 33)) e
_Sg [6}5( ax %>+6%<u% ?)L;>—J dx dy.

[puMenss H3IBECTHYIO q)opmyny I'puna

Sde—}—Qdy gg (;-—) dx dy

¥ UCNOAB3ys HYJAEBHE rpaHuynme ycaosua u|p==0, w©|p=0, noayunm
(Lu, v)—(Lv, u)=

[ gges s (og)a] o w

caepoBatenblo, (L4, v) = (Lv, 1}, n, 3naynr, oneparop L cummerpHrueH.
Janee ycTaHOBHM NOJOWHTENbHOCTH onepatopa L. Hmeem

(Lu, u)=—&gu (aj:;—]—aj )dxdj =
(e %) (o)) w2+ (2]

[prMedas K nepeoMy uuterpany dopmyny I'puHa, B CHIy KpaeBblX yc/o-
BUH An9 QyHKUHH # NOJdy4HuM

= (—uo Ou
(Lu, u) I‘SI( i dx-}—u dy>+

+SS[( )+ (5) ] amao=
=55 L) + (&) Jexan o

(Lu, uy=(—Au, 1) =0.

Ecnn (Lu, 4)=0, To u3 dopmyas (d) cleayer, 4To

du __du
ox ay =0.

Orciofa u(x, y)=c¢, 1 Ha OCHOBAaHHM Kpaemoro ycjoBus (3) umeem
u(x, y)=0.
CnepoBarenptio, onepartop L nonowutenes,
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Taxum o6pasom, nnsa Kpaeso#t 3amaun (1) ¢ OJHOPONHLIMH KpaERLME
ycnosusmr (3) BeinomHens ycaorust Teopemnl 2 u3 § 3. Crenorarenno,
3Ta 3aJaya SKBHBAJEHTHA BapHalMOHHOH 3afaye AAA (yHKIMOHANA

Flu]=(Lu, uy—2(u, f) (6)

B knacce QyHKuu¥i 4, npunamiexaiiunx muoxectsy K. B cuny dopmy-
b (5) monyuaem

=[G () -l

Pacemotpum Tenepeh Kpaesyio 3amady (1) ¢ HEONXHOPOAHBIMH KPaeBHMA
ycnosuamu (2), n nyets K, = {u(x, y)} —knace dysxunti u € C2(G + I,
YILOBNETROPSAIOUWIMX YCAOBRAM (2), ‘

Crnenys mpee npemwipywero mnaparpada, nocTponM  QyHKIUIO
z2=2z(x, y) € C?(G4-T), 1ag KOTOPOH BLIMOTHERK KPaeBLIe yCIAORKA (2).

Beenem Qysxunio

v(x, yy=u(x, y)—z(x, y), (8)

rae 4 (X, y)—penienne nauleti HEOXHOPOJHOH kpaeBoit 3amaun, Torda

bynkuns @ =v (X, y) yporierropser na kontype I' oxHoponomy kpae-
BOMY YCJAOBHIO

v|p=0 (9)
H fBNAETCA PelIeHHeM YpaBHEeHHs
Llv=Llu—Lz=f(P)—Lz, (10)
022 02z
rae Lz = — (W '6?2) —H3BecTHas QyHKuHA. PyHKuus v =179 (x, y),

AABAAACE pelienneM OJHOpOAHOH xpaeno#t sazadm (10)—(9), Ha ocuopa-
nun Gopmynn (6) naer nammenpuiee 3uauexue QyHKUHOHANY

Flv]=(Lv, v)—2 (v, f(P)—L2). (11)

Bosspamascey B nocnegnem parenctse K Gyukudn ¢ (cM, (8)) W mcmoas-

3yn csoHcTBa CKa/NsIpHOro MPOH3BENEHHS U JAnHelHOro onepatopa L,
noayuuM

Flu—z]=F,[u]l=(L(u—2), u—2)—2(u—z, f(P)—L2)=
=(Lu, u)=2(u, f+ (e, L2)—(2, Ly +2(2, /)—(Lz, 2). (12)
Tak xax noclefaHue nBa yJeHa Gopuyasl (12) He 3aBHCAT OT HCKoMoH

Gyuxkunn y=u(x, y), To QyHKUHA & ==u (x, y), Aaloilas HauMeHbUICe
snavenne dynkunonany (12), 6yrer MHHHMHU3RPORATb (DYHKUHOHAJ

Fylu]=(Lu, y—2(u, f)+[(Lz, u)—(Lu, 2)]. (13)

Mokawem, uto dynxunonan (13) mokHo 3amennTdb GYHKUMOHAMOM,
He copepkawmM dynkunio z. Mcnonnsys npeobpasosanne, mpumenentoe
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B opMyne (4), nmeeM
(Lz, t)—(Lu, z):SS (zAu—uA2)dz=
G
= ([ (5 o) aer (s5—e ) an] = [ (s e 52) s
r r
rne n—BHelWHAs HopManah K [ w

du ou dy du dx dz 0z dy dz dx

on 0x ds dy ds’ on  dx ds dy ds*

Orciona, Tak kak z|p =ulr =@ (X, y), noayuaem
3] a
(L2, iy —(Lu, 2= @2, ») (5— az>ds. (14)
r

C apyroit cTopoHbl, Ha ocHOBaHiN GOPMyan (3) Haxogum

(Lu, u)= ——S S ds +SS Kauw (0y> ] dxdy=
:——S(p(x, y)%derSS [(%ﬁ) +(§;) ] dxdy.  (15)
r G

Tloncrapnsas (14) u (15) B dopmyay (13), Gynem umerp

Fy [4) = S‘S [(‘”‘) (g—w —qu] dxdj—gtp x, y)—ds (16)

Tak xax nociexunee cnaraemoe B ¢opmyrte (16) ne 3aBUCHT 0T dyuk-
nuu i, TO Kpaepad 3ajava (1)—(2) SKBHBAJNEHTHA BAPHAIIMOHNOH 3alave
2 dyHkuponana

u]—(S( ) (g;) —qu]dxdy (17)

B knacce Qynkunit K.

B uactnoM cayyae, ecan f=f(x, y)=0, 10 noayvyaem ypapHeHne
Jannaca Au=0, npuyem xpaepas 3agaua (1)—(2) ecTh usBecTnag
sadava Jlupuxse, Pemennem 3TOH 3ajayH, Kak BbITekaeT u3 ¢op-
myas  (17), sBaaerca ¢yukuma 4 K3 Khacca K, MHHEMH3HPYIOIMAA
unreepar Jlupuxae

o= [(%)"+ () o
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§ 6. Hpgesa merona Purua

Merton Putna caywut ans npu6JHKEHHOIO pelIeHHs BapHaHHOHHOH
3anasu.

[as npocTOTH paccMOTPIM BTOT MeTom aasi QydKiMoHana BHaa
Fluj=(La, yy—2(f, u), (1)
ONpPEeeNeHHOr0 Ha HeKOTOPOM AuHcHHoM MuokecTBe K ={u}, roe L —
MOJOXUTEAbHEA JHKHEAHB onmepaTop 1 f-— 3aaaHuas HenpepnisHad QyHK-
uns. [peanonaraercs, 4To dyrkunn Kaacca K yIOBAETBOPAIOT JAHHEHHLIM
KpaeBuiM yCJA0BUAM
Rlu}=q(P), (2)
rae R-—mun3BecTHOl anueiiHuii G yHKUHOHAN ¥ (p-—3aldaHHad NOCTOAHHAY
pelIMyiHa U/l q)yHKllHﬂ.
HOCTpOHM NOCNeNOBATENALHOCTh AOCTATOYHO FAAJKHX JAWHEHHO He3a-

BUCHMBIX  ynkuudl uy (P), 4y (P), ..., u, (P), rae uy(P) ynoenerso-
pﬂET HEOAHOPOOAHBIM KpaeBhiM YCA0BUAM
R [uOJ =(p (P)1 (3)
au; (P (=1, 2, ..., 7)~—0IHOPOEHKM KPAELBLIN YCAOBUIM
Rlg)=0 (=1, 2, ..., n). (4)

CocraBUM nuHeiRYI0O KOMOHHAIMIO
n
U(P; ), €q weey €) =10, (P)—}—,Z cu; (P). (5)
=1

n
Tax kak R[u]=R{uae)+ X ¢;-0=¢ (P), To u €K npu aCLX M0CTO
i=1
AHHBIX €4, €5, -4., C,.
Mpuéamkennoe pewedne papuanuonkolt 3amauw (1) —(2) Oynem
uckaTh B Buge (5). Ham storo nmomeraBuM u(P; €y, €5, <es, Cp)
B ¢yukauonan (1). Torma noayunm

F[u]=(D(C].) C2i ey Cn), (6)

rone ® -—mu3BecTHAast QYHKINS, 3aBUCHILASL OT 7 TEPEMEHHHX €y, €y, - -.

..., ¢,. llonGepem xoapduuiedTni ¢,, €5, ..., €, Takum 0G6pasOM,
urobut F[u] 6b10 MHHUMAALHHM. DTO NAET CHCTeMy ypaBHeHui

ab a0 oo

== —=0, ..., z—=0

dcy 0, acy 0, ’ dc, =5

W3 KOTOPOH ONPeNensiioTey JocTosHubE ¢; (i=1, 2,...,7) B dpopmyne ().
Taxum oGpasom, BapuaupoHHas 3agada (1)— (2) npuGanxenno cso-
AuTCs K 3amade o6 oTpicKaHun aKcTpemyMa ¢dyukinn D (cy, €5 ouey C,)

11 B. I Jesungouiu 0 op
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MHOTHX TepeMedHbIX. TOYHOCTHL peitedns, BooOule rOBOPs, BO3pacTaer
Npn yBenWdeHUn 4ucaa nepemenubix ¢yukumn O,

B cnenylouux naparpadax Me paccMOTPHM npHMeHeHne Metona Purtua
K KOHKPETHbIM KpaeBhIM 3alauas.

§ 7. Meron Putua psas npocrtefimeil kpaeBoil 3agaum
[lyers mano snuedinoe nnddepenunansuoe yparHenie

d ’
LP ey +ax)y=r(x) (1
¢ NpocTeHLIUMU KPaeBbIMI yCAOBHIMH

yay=A4, yb=8B (2)

rae p(x), ¢(x), f(x)€C[a, &), upnuem p(x)>0 mpn a<Lx <L b,
CornacHo peaynntaTtaMm § 4 (3amevanne 2°) kpaepas sanmaua (1) —{2)
HPH W3BECTHHX YCJAOBHAX SKBHBAJEHTHA BapuauuoHHON 3anaye Ans
dynkunonana
b
F[y]=S[p (X) 4" —q (x) y* 4+ 2f (x) y]dx 3)
a
Ha wMuokecrse Qynkuuil y € C'? (e, 4|, ymoBAETROPAIOWKX KpaeBbiM
ycnoBusam (2).

Ilng pewienns sapuaunoHHol 3anaun (3) — (2) npumenuMm Merton Purtita
Buibepem cucteMy  aMdediHO He3aBUCHMEIX  PyHKUMH  (KOOPAHHATHLE
bynxunn) u, (x), 4, (x), 4,(x), ..., 4,(x) Takux, uTO uyla)=A4,
u, (b =B, a ocranbhple Qyukunn @, (x) ({>>0) ynoBneTBOPSIOT OLHO-
POLHBIM KpaeBuiM YCAOBHAM, T. €. y;(a)=u,(B)=0 (i=1,2 ..., n).
Peienie BapuauuoHHoH 3aiauy OyneM HcxaTh B BHAE MmiHeldHOW xomGH-
Haluu "

y{x)=u,(x)+ 2 cil; (%), (4)
=1
rne ¢;(i=1, 2, ..., n)—Hexoropsle noctognusle, Ouesnaho, Pyuxuua,
olpeneeHHas paBeHCTROM (4), YIOBNETBOPRET 3aJaHHLIM KPAaeBHM yC/o-
BUAM, T. €. y(a)=A, y{b)=25.

KosdduuuenTtn ¢;, ¢,, ..., ¢, noaGepem Tax, yToOn QyHKOUA Y (X)
nama/a aKcTpeMyM dyuxinonany (3). lloacrasnan Bepawenue (4) 8 dop-
myay (3), nonyuaem

I

b n 2 2
Fly) S{p (x)[u'n(x)Jr e (x)] —q(x) [ uo(x) + 2 C,-U,-(x)] +

=1 =1

i=1

[ n
+ 27 (%) l’lo (X)+ Ct”i(x)} ( dx=1P (¢, €5 «.., C,),
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rae P {(¢y, Cqy -.vy €,) — KBANPATHYHAA PYHKIHS NEPEMEHHHX Cq, C, ..., c,.
Kak  nspectHo, pAna  rtoro  urobl nuddepedunpyeMas  Qyukuus
P (€, €y .., €,) NPH HEKOTOPWX 3HAUEHHAX €y, Co, ..., ¢, uMena

IKCTPEMyM, HEOOXOAMMO COGMiofeHHe A8 3THX 3xauendil caenyloutinx
yCcnoBrid:

O M M

=0, =—/—=0,..., ~=0. B

Oc, ' Ocy ! > e, 0 )
Cucrema (5) aBasiercs AunelHOH OTHOCHTENLHO HCKOMBX KOI(QHIHEHTOS
€y, €y, «.., C,, TPAYEM YKCJAO YDABHeHHH DABHO YHCNY HEUBBECTHUBIX,
Cocrapus cicTeMy (5) U peluns ee, eC/H 3TC BO3MOWHO, HalieM KO3(-
Guudent ¢;(i=1, 2, ..., n), nocae 4ero pelieHde BapHALHOHHOI

3allauu, 4 caelo0BaTe/lbHO, W peuieHne WUCXOAHOH KpaeBod 3anaun maercs
dopmynoit (4). B stom u coctoutr ¢opMannunil acnekt meroma Purua
nns wkpaesoH 3apaun (1) —(2). Ouenka RNOTPeUwIHOCTH 3TOTO MeTOMA
npeacTaBaseT coGol OTHOCHTENbHO TpyaHylo 3anady [3], n pasbupaTs
ce 3jech He OyneM. 3aMeTum TONbLKO, YTO TOYHOCTh peitieduss B 60Oub-
LWIoH CTENeHH B3ABUCHT OT YAAYHOTO RoAbOpad KOOPAMHATHHIX (YHKLHUH,
M, BOOGWUIE TOBOPA, BO3PACTAeT C YBEJAHUEHHEM MX uuCiIa,

Mpumep 1. Hafith pemenne ypasnenus [1]
o+ (123 g+ 1==0,

VioBJeTBopsiollee KpaeBuM ycaoBUaM y (—1)=y (1) =0.

Pemenue. 3a cHcreMy KoOpAHWHATHBIX (QYHKIR {u,-(x)} TIpUHUMaEM
NOJIMHOMEL, DACTONOKEHHHE M0 CTeNeHAM X2, yIoB/eTBOpSIOMNE OJHOPOJHLIM
KpaeBLIM YC/OBHAM:

e (1)=0, u(x)=1—x2, wu,(x)=1—x4, ..., u,(x)=1—2x2n,
Jdns npocToThl BHKJAJ0K BO3bMEM JIHLILE TPH KOODAHMHATHHE (QYHKUUMU, T. €.
6yiem HcKaTh PYHKUHIO Y=y (X) B BUJE CYMMBHI
y=cy (1 —x2)+cy (1 —x?). (6)
Jannoe ypasnenme, rae p (x)=1, g (x)=1+4 22, f(x)=—1, ovesunHo, ABATETCS
caMoconpskenHeiM. CocTaBasieM sl HEro COOTBETCTBYIOWNN (yHKIMOHAN
1
Flyl={ (" =+ 2 —2) dx.
~1
3amenss y ero BupaxenueM (6), noayuaem
1
Flyl= § {@eve+ e —(1 423 ey (1 —) +
-1
0 (1~ 2 =200y (1 —22) ¢y (1 —x)]} dr.

aF oF

YUacTHble TNpPOU3BOJHBIE —— —_—
pousRoa oc;’ 0o

MOXRNO  RaiTH  audgepenuudpoBanuem

11*
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nuterpana F [y| no napamerpam ¢, H Cy:

1
oF
5o = S {4x (2, x + dcyx®) —

-1
— (14222 (1—52) (¢ (1 =22} - o (1 —£)] =2 (1 —x2)} dx ==
38 4 {
=8 (et ga—g).
1
g_cF= S {8x3 (2cy %+ 4cyx8) —
2

-1
— 20+ ) (1—xN[e; (1 =)+ (1 —x4)]—2(1 —x)} dx=
g4, L 288 2)
_<E“+%E@—€'

[pupaBHUBaA TH NPOU3IBOJAHHE HY/IO, NMOJAYYAEM CHCTEMY YpaBHenui

38 4 1 4 2488 2
A T9e=7 TatmppaTy
OTKYJa Haxogum, uto ¢, =0,988, ¢,=—0,054. [logcraBnsg naiiledHtle 3Haye-

HHA ¢y W cg B hopMyay (6), monyuaem nprbAIIKeHHOS BbIpaeHHe JINA HCKOMOrO
peuieHus:
ye=0,934 —0,088x2 4 0,054x1. (7)

§ 8. Tpunowenne Merosa PHTHAa K pemienuio
kpaesoit 3amauu llrypma — Jlnysunng

PaccMOTpHM OLHOPOLHOE caMoconpsikKeHHoe ANpPepeHtnaibHOe ypas-
HeHue

[Px)y’) +[g(x)+hp (x)]y=0 (1)
C OLHOPOAHLIMA KPaeBLIMH YCJAOBHAMH
agy(a) 4 (11!/' (a)=0, foy(d)+ 61!/' (0) =0, (2)

rne p () >0, |oy]+]a, |50, [Bo]+ 8,150, p(x), g{x), p(x)—
HernpephBHule GYHKIMM H A — mapaMerp.

QOuesunno, pyvxung y =0 ecTs pewenne AndpdepeHIHaNbHOTO yPAR-
venus (1), ymomnersopsiowiee xpaeenn yc1oBusM (2). Oanako 06b1un0
NpeacTaBAAIOT HHTEpeCc HETPHBHAIbHLIe Pellednd kpaesol 3anaqn (1) — (2).
Orbickatile HeTpHBHanbHbIX pewennit  augddepeHnransHoro  ypasse-
Hud (1), yLOBAETBOPAIOIIUX ONHOPOLHMM KpaeBuM YCJAOBHSM (2), uaswl-
BaeTcsl 3adadeir rypma —Jduysuasn. C 3Toll 3anayell wacto npuxo-
IMTC MMETb J€10 B ypaBHenusX MaTematuueckod ¢usuku. Te anavenns
napamerpa A, npH KOTOPHX CyweCTBYIOT HETPHBHANbHBIE BHAYCHHS 3aXaun
(1) —(2), naswBalOTCH COBCTBEHHBIMU BHAYEHUAMU WA  COBCTEeHHbIMU
awcramu 3anauw Lrypma — JluyBuaad, a COOTBETCTBYIOULHE MM HETpH-
BUA/BHHE pElieHsl — COBCTBEHHbLMI (PYHKYUAMIL WX COOCTBEHHbIMU pe-
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wenuanu atoit sagaun. OrpanyunMca paccMorpenneM ypasuedus (1)
PR APOCTEHINX OAHOPOAHBIX KpPaeBblX YCJIOBHAX
yla)=0, y(b)=0. (3)
[TokaxeM, kax, ucnoabays meron PUTIA, MOWHO NPUOIHKEHHO PEILINTD
cooTBeTcTRYWOUlyl0 3anany Illtypma — Jluysuoas,
Iaa storo, kax yxasauo B § 6, aas ypasienus (1) nocrpoum coor-
BETCTBYIOWHA (yHKUMONAN
4
Flyl = {p(x) s —[g (0)+2p ()] ?)} dx. 4)
a
ByneM wuckath GYHKUHK y=y (X, A), IaloUlyl0 BKCTPeMyM 3TOMY
¢yHKUHOHANY ¥ TaKylo, 4TO y(a, A)=0, y(b, A)=0. Te sHavenus
napaMerpa A, npu KOTODHX HAWa BAPHAILHOHHAS 331343 UMEET HETpH-
BUaNhHblE pelliednd, NPH  H3BECTHHWX ycaosuax (cM. § 3) aBastorcs
HCKOMBIMH COGCTBEHHLIMK 3HAYEHHAMA paccMaTpuRaenoit sanauu Ultypya —
Jnyeraas.
Hekomylo ¢yuxunio y npubmikeHHo NpeiacTaEld B BHIAE AUHERHOl
KOMOMHAIIMH KOOPAHHATHLIX (YHKUHI

y= X cu; (¥), (5)

i=

rie u;(a)=u,(b)=0 (i=1, 2, ..., n). Beugy onHoponHocrtu 3sanauu
nonaraeMm 4o (x)=0. IToncTaBus Bupaxeunne (5) B nuTerpan (4) u
IpOU3RENs COOTRETCTBYIOUIME BHKJIALKH, Byaen uMeTh

Flyl=1(cy, €, «uvy c,0 A,
rie P — KBanpatuudas dopMa (IuneilHas onHoOpouHas ¢Pydxkuna BTOpOoi
CTEIEHN) OT NEPEeMEHHBIX €y, €4, +.., C,.

Koagpduuuents ¢y, €, ..., ¢, HAXOAHN, HCNOJL3YA HeoOXOLHUMBIE
ycnoBus AAd sKcTpemyMa yuxuun P. ITo nser HaM anHelHy oluo-
POLHYIO CHCTEMy
M _g _og ..., 2_o (6)
dey ac, dc,

Kax wuaBectHo, ans Toro 4roOw onHOponaHas cucrema (6) uMena
HETPUBHA/ILHOE pelieHne, He0OXOAWMO W JAOCTATOYHO, YTOOL onpene-
mtens ee A (M), ouesnauo, 3apHcAwMiE oT napamerpa A, Ghin paBeH
nynto. Takum obpazoMm, ans onpenenenus co6CTBEHHHX 3HAYEHHi noJiy-
qaeM anrebpavueckoe ypaBHeHHe 7-il cTenenn

A(h) =0, (7)

KOTOPOE HA3BIBAETCH XAPAKTEPUCTUHLECKUM YpasHenuem WIH YpABHEHUEM

wactor 3amaun UItypma —JlnyBuana. Pewns xapakrtepHcTHueckoe ypab-

neune (7), Haxoaum nepBHe 71 cOOCTBEHHBIX 3uauenudt Ay, Ay, ..., A,
Has onpenenenns xosdduunedtor ¢, c,, ..

.y €, CHELYET KIKL0E
W3 TMoJyueHHpix coOCTBEHHMX 3HaueHuil A; nomctaBuTh B cucreMmy (6)



326 BAPHALIHOHHLE METOJR PEIUEHHA KPAEBHIX 3AJAY [rn. vi

H HallTM COOTBETCTBYIOIUME HETPHBHA/NbHLE pelleHus 3TOH CHCTeMH.
Co6ereennnie Qyukunn y=y(x, A) (j=1, 2, ..., n) onpenensiorcs
Ha gopmyan (3), rae xosdpduunentn ¢; (i==1, 2, ..., n) uMewT Haii-
IeHHHE Bolllie 3HAYERHS,

3aMerum, uTOo MeToaoM PHTUA MOXHO OTHICKATH, pas3ymeercs NpH-
6AMKEHHO, MHIIL KOHEYHOE 4HCno COoOCTBeHHHX 3Hadeduwll 3alavn
[Urypma — JIuyrunaa (kak NpaBuno, TaKile 331340 HMEIOT GecKoneuHoe
MHOWeCTBO COOGCTBEHHWX 3HAYEHHHA), npuuem yem OoJblie HCHOAL3yeTCs
KOOpAMHATHHIX (YyHKUHHA, TeM Oodbile, BooGLlE TOBOPH, HAXOAHM COGCT-
BeHHBIX 3HAYEHHH W BRHIIIE TOYMOCTL BHUMCAEHH.

[Tpumep 1. Merogom Putua onpejgennTe flepBble jBa@ COGCTBEHHBIX 3Ha-
YeHHA H NepBhe jgBe cofcrBeHHbie ¢yHKuun 3agaun Ultypma —Jluysuana aas

ypaBHeHu s
y"+hy =0 8
yO)y=y (1)=0 E)]

Pemenne Pynkuvonan (4) ana JaHHOro ypaBueHus (8) HMeeT BHJ
1

Flgl={ =19 dx. (10)

0

npH KpaeBbiX YCJOBHAX

YuuteiBana kpaeeble ycnosus (9), smbapaem, HanpuMmep, CAeYOLIAE KOOP-
nHaTHbIE (QYHKIHU:

w (x)=x(1—x), uy(x)=2x2(1—x)
Il COOTBETCTBEHHO MoJaraem
y=c1 (x—x2) ¢, (x2 —x3), (11)
rile ¢ H Cy—NOCTOAHHHE KO3PQUUHEHTH, HE pAaBHbE HYMW OJHOBPEMEHHO
;4¢3 > 0).
[Moncrasnsas supaxenue {(11) 8 dopmyny (10), GyaeM umeTb
1

Flyl= S {[c1 (1 —2x)4-c5 (2 —3x2)]2— A [¢; (x—~2x2) J-cy (xz—xi‘)]?} dx.
0
Otcioja, aaddepeHnHpys NO napameTpam ¢y H ¢y NOJ 3HAKOM HHTETPana, NoJyuHm

1
. %:X {(1—2%) e, (1 —2%) + ¢y (22— 32%)]} —
0

— A (x—x?) ey (x—x2) 4y (x> —xY)]} dx =

1 1 1 1
=<?”1+€%)—* (%Cﬁs—ocﬂ) '
I oF

T e {2x —3x2 ¢y (1—2x)+

e T

Feg (26— 3x2)| — A (x2—x3) [¢) (x —x%) F-cp (x2—x3)]} dx =

1 2 1 1
= (Fcl—l_—l—s C2>—)\. (6—0-C1+1—0—5 Cz) .
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oF aF
[TpupasnuuBas Hy/nO NpPOH3BOJHLE For H Feo NPUXOJHUM K CHCTEME
1 2

1 1 A
(zo+5) (1-5) =
1 A 2 A
T4 (l—l_())+ﬁc2 ( 1—1—4)=O
A
ey tey) ((1—5) =0
_>

A
551(1—m>+402(1 14>=0

Cucrema (12) nmeeT wueHyllepoe peilleHHe ¢y, ¢, TOMAa M TOJBKO 7Or.1a,

ann

112)

’

KOrja onpejennTenb ee papen Hyno. [IpupaBuuBas dyJio OnpejendTesNn CHCle-
Mbl (12), mOAyunM xapakmepucmudeckoe ypasrerue

A A
2(1-w) (1—)
A A =
5(1_W> 4(“?)
WU, NOCNe YHOPOLIEHMH,
1— 2V (3= 2 =0 (13
T )= )

Orcioga HaXoMM NpHOAHIKEHHBIE COGCTBEHHBIE 3HAYEHHS 3aiaul

A1=10, )\‘2=42. AL}

0

Koapduunentsl ¢, 0 ¢, onpegensem u3 cucremsl (12). [Ipa A=A, =10 ume-
em ¢,=¢, ¢, =0. CnepoBarenvuo, nepsad cobcTBeRHasd PYHKUUS HAmER Kpaeboll
sanaun B cully dopmyasl (11) ects

h=c(x—x* (#0).
[lonaras A=%4y; =42 B cHcreme (12), 6ynem wumers
2¢, ¢, =0, 16{31—802 =0;

arcrofa ¢, =c¢, ¢y==—2c. [loncrarnas nocneanue Buipaxedns 8 dopmyay (l1y,
noflyyaem BTOPYIO COOCTBERHYIO (hyRKILHIO

Yo ==c(x—3x24+2x3) (¢ #0).

B pammom cayuae wu3BecTHO TouHoe pelieHHe Kpaesoil 3apaun  (8) —(9).
A vmeHHO, coGcTBeHHBIE 3RadenMs uMewT Buj A,=n?n?(n=1, 2, ...}, a co
OTBETCTBYIOULHE COOCTBeHHbE QYHKUHMH ONpeflendioTcs hapMynoi

yp=2csinnax (n=1, 2, ...),

rae ¢ #0. B uwactHoctH, noaydaem A, =n2=9,87 u A, =4n2=39,48. Taxum
o6pasoM, W3 NpubAUKeHHHX coOcTBeHHBIX 3uauennil (14) neppoe onpegesicito
NPUMEDPHO € OTHOCHTEJbHONI norpemHocTbio 1,3%,, a8 BTOpOe—=C OTHOCHTENLIIOI]
norpewmtocTeio 6,49/,.
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§ 9. Metoa Purtna pgas sapagn Jnpuxae

Byaem HcKaTbh pewedde ypasuenus Jlanaaca

Au=0 npn (x, y) € G (1)

ulr =[(x, y), (2)

rae I' —OpocToli 3aMKHYTHIM KOHTYP, OrpaHMuMBaioOl{Hii KOHeuHylo 06-
aacte G, a ¢ynkunsa f(x, y) nenpepweHa na ['., Cornacio § 6 ara
Kpaesas 3allaya  SKBWHBANEHTHa BapHALMOHHOW 3ajade 1A QyHKuWO-

1= [ {(2)+ (3] fass

B KaA4acce ¢ysxuuil, WMeIOUHX HemnpephiBlihe HacTHHE OpOU3BOJHLIE N0
BTOPOr0 MOpSiAKa BKAKYHTENbHO B 3aMkHyToll obanactn G-+ I n ynos-
aersoparinux wa rpanulie ' wpaesoMy ycaoBuio (2). [Nocrpoum kosed-
HYK0 cucTeMy aunefiHO He3aBUCHMMX PyHKUHH  (KOopAHHaTHbIE  QyHK-
unn)

uO (xi y), u],(xu y)l “ ey un (xl y) 66(2) (G+F)
TaKux, 4TO

uo(xa y)ll‘ :f(xy y)i ui(x’ y)[l' :0 (lzl, 2! * ety fl).

Toina andeilHas kowOunalng

n

¢ (%, y) =1, (%, y)+ X cu, (%, ) (4)

=
NpHHAINEKAT KAACCY AONYCTHMLIX (yHKUWA Rpu M10GHX [IOCTONHHLIX
€1, €3y ono,C,. DOpMyNYy (4) MOXHO 8anncarTh Kopoue:
n

@x, v)= 2 cu;(%, y), (4")

=0

rae ¢, = 1. loncraBnan smpaxenne (4’) B dynkuuonan (3), noayunm

F[(pj=5;5‘ [<gc[%)2+(gci%)a} dx dy. (5)
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[Ton6epem xospuunents ¢;, ¢y, ..., €, TaK, 4robu Pyuxuus F[@]
uMena muuumy™m. Qg 3TOTO HeoGXONHMO BLIMONHEHWE yC/NOBHH

ol=2 KZC%‘) G+ \Eﬂlc %) atlasa=0 ©

(./'_'ly 21 bR ] ”)
uam
[u0iu1]+cl[ul’ ull+ +C [ ]ZO
{ag, un) + oy [uy, ts] .. 4 ¢, ["n-” 1=0, (6)
[’107un]+c1[u11 un] e +Cn[ ny "]—-‘:0,
rue
du; ©Ju du; Ou
= il Bndat} __‘___/>a’xa’
“o 4 S;( 3 9x T ey 3y o
aprhueM

[ i (]_[uj’ ui]' (7)
4

M3 muueftnoll cucremp (6°) onperensitorc KoahdUIMEHTH €1, €y, .. ., C,.

dyHKUAA @ (X, y) ¢ KO3hDUIHEHTAMHA, ONDENeJelNHbiMH 113 CHCTEME!
(6"), opeacrasnser coGoH npu6au-
weHnoe pemlesne 3anaun  lapuxae. y
ToynocTs npubamkeHns B3aBUCHT OT
BLIGOpa KOOPAHMNATHBLIX pysKuni 1
u,(x, y) B OT uucna ITHX (YHK-
unéi 3] >

Inf o3dakoMlewls C OpUMeHe- %
nieM merojna Putia & Oonee oBuiuM g
KpaesnM 3ajauaMm JAas ypaBHenMd ¢ 7
YACTHRIMY NPOH3BOLHBIMH ClelyeT 06- .
paTuThes K Gosnee n0ApOGHBIM pPYKO-
soacream 1], [3].

MNpuumep L. Halitn dyHgumio u= Puc. 82.
=u (x, y), rapmoHuueckyio B obJacTu
G: x>0, y>0, x+y < | u yaosnetsopsiomyio ua rpanuue I's x=0, y=0,
x+y=1 (puc. 82) ycnrosnio

u|p =x24-y 8)

Peurenue. Boufepem clefyiouylo CHCTEMY KOOpAMHATHLIX GYyHKUUEI
U (X, PN=x24¢%, s (¥, N=xy(l—x—y),
U (%, =22y (1—x—yg), ualx, g)=xy2 (l—x—Yj)r .
U COCTaBUM JinHeldHyio komOunauio

9, Py=xt4yttcxy (1 —x—p tex?y (1 —x—y)tcary? (1 —x—y). (9)
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Jlerko nposepuTb, uTO PYHKUMA @ (X, Y) YAOBAETBOPsieT KpaeBoMy YycaosHio (8)
npu J06bIX 3HAYEHHSIX NOCTOSAHBHIX ¢, €5, C3

Ias cocraaenust cucteMet (6') nopcuntbiBaeM Ko3dduIHEHTH IPY HEHM3BECT-
HBIX €, €y, €3 U CBOOOJHbIE YJEHDI.

[ar ual =1y, ual= { § (22 (y—20y—y") 42y (x—x2—2xy)) dr dy,
¢

(g, tta] =1z, wol= { { 120 @xy—Br2y—2xy®) 4+ 29 (12 —x3—2x29)) dx dy,
G

lug, ug)=[ua uo]=SS (2% (y? —2xy? — ¥3) 4 2y (2xy —2x2y—3xy?)] dx dy,
G

[ure usl= § §ltg—20y— g2 4 r— 22— 201 ax gy,
G

[ig, wal =l @] ={ § [/—220— ) @ry—3r2g —249%) +
¢ A (x — x2 —2xy) (x2—x3—2x2y)] dx dy,

(i, us] =15, uxl= { § L —2x0— 1) (* =202 — 41+
G
+- (x—x2—2xy) 2xy—2x2y — 3xy?)] dx dy,

[y, Uy]= SS (2xy — 3x2y —2xy?)? 4= (x* —x3 —2x2y)?)dx dy,
G

lug, ua)=1lus, us]={ { (@ry—3x2y—2xy®) (4 — 20 —p5)+
G

4 (22— x3—2x2y) (2xy —2x2y —3xy*)| dx dy,
luar 5] = { § 102 —2202 —99)2 + @ry—202 — 3241 dx .
G
PeayasTate! BhUMCeHHH npusenensl 8 Tabauue 74.

Ta6nnua 74
3navenns KoahdHUMEHTOB NPH HEH3BECTHBIX

/ I {uo, uj] [ag, uy) {ug, uj] [ua, 1yl
| 1 1 1 ]
30 90 252 252
9 L 1 3 1
90 252 1120 70
3 | ] 1 3
90 252 70 1120
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OTCI'OEH .’lﬂﬂeﬁﬂaﬂ cucrema aaqa O[Ipeae.ﬂeﬂﬂﬂ KOSCbeHU.HeHTOB 3anuiIeTcd B BUe

1 1 1 1 A

whrtTmretams=7g

! 3 ! 1

359 1 T 19p 2T 75 =90 |}
1 1

1 3
959 ©1 t75 St T5g =57 -

(10

Pemrns cuetemy (10), mHaxopum

3031 56
[2% =W N 3,0401, Co==C3 = -—-99—7 = —0,0562

lNoncrasasa HaiijleHHble 3HAYEHHA BeAHWUYHH Cq, €y, C3 B topMmyay (9), noaydaem
npHGAMKeHHOe pelleHue Hallefl 3ajadH:

P (x, Y)=x24y2+4 xy (Il —x—y) [3,0401 —0,0562 (x + 4)).

JUTEPATYPA K IJIABE Vi

(11 Koanarng Jl., Ydcaenunle Meronnt pemreHus nuddepeHudansulx ypabHe-
uni, UJI, 1953, ra. 111 u IV P

{2] Bepesun . A. w upros H. [1., Meroan Bruncaenud, 1. 2, Puamar-
rua, 1959, ra.

{3) Muxauu C T., Bapuauunonnse Metogsl B MaTeMaThueckoil ¢pusuke, Iocrex-
uanar, 1957, ra. 111



FJTABA VII
WHTETPAJIbHbIE YPABHEHUS

§ 1. OcHoBHBle BHALI JUHEHHBIX MHTErPajbHBLX YPaBHEHMi

Ilos unrezpassnsim ypasnenuem nOHRMAETCR ypaBHEHHE, COAEPHaA-
H1ee HEHM3IBECTHYI0 QYHBKIHIO I (X) 00X 3HAKOM ONPENeNeHHOr0 HHTEerpata
[1]—[15]. B nanbHeituien Mbi OrpaHHuHMC PacCMOTPEHHEM AUHELiRbLX
UHTEZPAAbHELX YPABHEHU, B KOTOPLE 11@H3BECTHAN GYHKIAS BXOAHT
JUlb B nepBoit cTemmenn (JAMHCHHO).

[lpuBeneM uckoTophie nanbonee 49acto BCTpPEHAlOUIHECS THIH HHTE-
rpanbHBIX ypaHeHuit. Ypasnespe muna

b

SK(x,s)y(s)d;:f(x), 80

\

a

rne K(x, §) {(20po) u f(x) — n3BecTHHE GYHKUNH, HA3HBAETCR uHTE-
epaabHoim ypasHenuem <dpedeosema nepsozo poda.

Ypasuenne Buia
b

y(x)—ng(x. s)y (s)ds=f{x), (2)

a

rie A — YACAOBOM napameTp, HOCHT HA3BAHUE UATEZPAAbHOZ0 YPABHEHUA
dpedeoabma 8TOp020 poda.

[lapameTp A BBOAMTCH NO CACAVIOUIHM COOGPaXEHHSIM: LPH JAAHHOM
3HAYEHHH A HHTerpasbHoe ypaBHeHHe (2) He BCelrla MMEeT peuleHus.
Rapoupys napaMmeTp A, MOXHO A0BMTBCS TOro, 4ToOhl perleHHe ypasHe-
Hu (2) cyulecTBoBasno. [lapameTp A MOXHO Takke BBECTH B JAEBYIO
4acTb ypaBHenus dpearoabma nepsoro poaa (1).

Ecan B (2) f(x)= 0, To nosyyaercs 0ABOPOXHOE YypaBHEHHE

b
M K(x, 5159 ds, (3)

a

y(x)

Aonyckaoulee Hyaesoe (TpuBHanbsoe) peinedne y =0, Te anauenus na-
pamMeTpa A, 1npH KOTOPBIX OAHOPOAHOE HHTerpajihioe ypasHeHne (3) umeer
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HETPUBHANLHLIE DEIUIEHUA, HA3KLIBAIOTCA COOCTEeHHbIMU 3HAYeHUAML (COG-
CTeenHoLMU qucaomu) dapa K(x, s) MaH COOTBETCTBYIOMIErQ YpaBHeHHs
(2), a oTBeuaOUlMe WM HEHYNEBhie pPELIEHHS — COBCTEEHHbIML yHKI LA
mu, OcnosHO# pesyabTaT Teopuu cienytouluil (teopema dpearonnma)
[10], [t1]): 1) ecan A ne ecTh cobeTBenHOe 3nauenue aapa K (X, §), €O
COOTBETCTRYIOIEE HEOAHOPOAHOE HuTErpanbHoe ypasnenue dpearansma
(2) ¢ peryaspubiv siapom K (x, §) ¥ nenpephBHEIM CcBOGOAHLIM  uJIEHOM
S(X) umeeT ennHcrBennoe HenpepnBHOE peuienne y (X} (a <C x <C b);
2) ecaw we A ecThb COGCTBEHHOE 3HAUYEHHE, TO ypaBuesue (2) wian we
WMeeT pemieHuil, umn ke ponyckaer GeCuHCNEHHOE MHOXKECTBO HX.

B npunoxenusax BawHylo poab urpaloT ypassenuss dpearaibma Bro-
poro poma ¢ cummerpuieckum Adpom K(x, s), T. €. TaAKUM, YTO

K(x, s)=K{s, x).

Cunmnerpnyeckoe Ap0 001anaer caedyoUUMH cBoffcTBaMH (CM., Ha-
apmvep, [5], [11):
1)} ana Bcakora CUMMETPHUYECKOrO SApa CYyIecTBYET Mo MeHbuleh
Mepe aaHo coGCTBEHHOE 3HAYCHME,
2) Bce cofcTBEeHHBE 3HAYEHIIA CHMMETPHYECKOTA AApa AelcTBATEAbHKL,
3) cab6erBenuble GyHKuu ¢ (X) 0 P (X) CrMMeTpPHYECKOro sipa, cOQT-
BETCTBYIOULHE PA3AHUHLIM COOCTBEHHBIM 3Haudenusim A u p (A 5% ), opro-
TOHAJbHH Mekay cOGOH Ha OCHOBHOM npoMexyTke (a, b}, T. e.
b
S(p(x)xp(x)a'xzo.

a
Mpumep 1 Tlyers npocToft 3aMKHYTHI Kycodno-r1afkuil KOHTYD
r=8(), y=nm() O<t<T) T
orpaHMYMBacT KoHeyHyto ob6aacte G. Torga Qymkuns u(x, y), ralowas peuredye
cootsercTBYOmel 3ayaun Jupuxae (ra. V, § 4), 1. e. Tagas, 410

2
Ay — 6u+

ayz _‘0 ﬂ]’)!/l (xl !’/) E G

u=f(f) npu (x, ) €T

(f (¢)—mn3secTHas pyHKUMs), MoxeT GhiTh npejcTasaena B suge (cM. [L1], [16])

u(x, y):sﬁu(i)——dt

r
rie "
ni)—y
0(¢, x, y)=arctg ———=-
( Y) € () —x
M pyHKUuA [ (f) YLOBAETBOPAET MHTErpasbHOMY yPaBHEHH!O

T
ap )+ Kis, () di=16),

[}
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SIPO KATOPOro ecTh

0 n(H—ns)
K(S ) 0! arc tg —E——-*E—S)—.

B uacTtHOCTH, Hanpumep, AJs 3JaHICA
x=acost, y=bsint (b<a)
6yleM HMeTb

ab
{a?+ b2 — (a2 —b?)cos{s +1) *

K (s, )=

B NPWIDKECHHAX BCTPEYAIOTCH TaKXKe HWHTErpa/jJbHble ypaBHEHHA BHAaZ
x

§K(x, )y () ds=F(x) ()

a

x

g0y =2 § K(x, 5y (s) ds =7 (), (5)

a

KOTOpble HOCAT HAa3BaHNSl UATE2PAAbHbLX Yypasnenuidl BoasTeppa cOOT-
BETCTBEHHO NEpPBOr0 W BTOporo poapa. Beoasa ¢ynkuuw

K(x, s) opn a<{s< X,
K*(x,s):{ (0) S
npu § > X,

ypaBuenus Boabteppa (4) u (5) MOXHO 3anucaTb B BHAE COOTBETCTBYIO-
ux ypasuenutt dpearoanma c aapom K* (x, s). Takum o6paszom, Teapns
ypaeneunit BoiibTeppa cBoxuTesl K Teapuu ypaBuenuil dpearasnsma; oanara
B HEKOTOpPbIX c/lyyasX ypaBHenus BonbTeppa nmonesano uayuyaTn ne3asucnmo.

[lpumepom ypaeneuus BoabTeppa nepsaro pona ssasierca 0806uyen-
Hoe ypagHenue Abeas

(0% —f0 (0<a<, (6)
0

rae f(x)—u3BecTHas HEnpepuIBHO nmpq)epenuupyemaﬁ ¢dynkunst. Peure-
nie ypaBuenus (6) maetca ¢opmyaoft (cm. [2], [11

g (x) = smom[x1 ) f(S)df ]'

x—s)1 ¢

B 4EM MOXHO y6eAuTbcsl HENACPEACTBEHHO,

3ametum, 4yto e€can Aapo K(x,s) u f(x)—wenpepuuo nnddepen-
uupyemele ¢yuxkunu, npudeM K(x, X} =0 npu a < x < b, 10 ypasue-
uie BoabTeppa nepeoro pona (4) ceoautest K ypaBHeunio Boabteppa
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BTOpOro pona (5). HeiicTautensto, nuddeperunpys ypasnenune (4) no x,
6yneM HUMeTh

K e, 0y (0)+ | Kite, )y (0) ds =7 (o)

OTCl01a
v+ [ K 9y ds=fitn)  e<x<o),
roe ’
K; (x, 5) . f’ (x)
Kl sl =g 0 =%a

[loatomy B majbueifiteM MH He GyneM OTAAbHO 3aHHMATHCA HHTErpanibe
HLIMH ypaBuenusMu BonbTeppa nepeoro pona.

K anueflibiM MHTErpanbHbiM - ypaBHEHHAM MOXKET ObiTb MNpUBEAEHO
Gosnblloe KOAMYECTBO 3a4a4 MaTeMmaTHueckoff ¢uaniu.

B ocHoBHOM Mbl GymeM 3aHHMAaTbCA MHTErpaabHbiM ypapHennem Ppen-
roabMa BTOPOro poja ¥ 4acTHYHO ypaBHenuem Boabreppa BTOpOro poxa
(an9 kparkocTH B HaabHedmiem Mb HX OyaeM HMMEHOBaTb MNpPOCTO ypab-
vennaMu dpearonbma ¥ BannTteppa).

OcuoBebIMH OpaGaeMaMi 31eCh ABAAIOTCA CACAYIOULHE:

1) naxoXpmeHnHe NPHOIHNKEHHOrO HJAM TOYHOTO pelIeHHS HEOAROPOId-
HOIO MHTErpabHOTO YPaBHEHWS [pH 33J4HHOM 3HAUEHHW mOapaMeTpa Aj

2) naxokjaeHne co6cTBEHHEIX 3HaueHuit ¥ COQTBETCTBYIOWNX coBCTBEH-
HeX (QYHKUHE OAHOPOAHOTO MHTErpaJbHOTO YpaBHEHHS.

§ 2. Cpasp mewny anddepeHuHa bHHIME Y PABHEHUAMA
n ypasHeHuamMu BodabTeppa

PacemaTtpum aunelinoe nuddepenuranbhoe ypasHenne

P () St u=F ) (a<x<b) (1)
MpH HAYaAbHBIX yCAOBHAX
u(a)y=A, u' (a)=218. (2)
IManaras
=y (v, (3)

nocje ABYRPATHOIO HHTErpUPOBAHHA NAAYYHM

du
a—x=5ly(s) ds 4G,
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S

X
u=SdsSy(i) dt -+ C, (x~—a) -+ C,.
a a
Vlamenast nopsimok MHTerpupoBanus B ABOHHOM nuTerpaje, OyleM HMeThb

§ds§y(t)di=jf g‘ SE x—1) y(f) di=

Kpome Toro, M3 HauanbHhix ycjaosuit (2) npr ¥ =a naxoxum C, =B,
C, = A. TosTomy

(x—s)y (s) ds.

By

X

T=\v@ds+B (4)
. a
———'S‘(x—s)y(s)ds—}«B(x—a)—}—A. (5)

aQ

TMoacTtapass Buipaxkenns (3), (4) w (5) B nuddepenunansnoe ypaste-
nue (1), 6ynem HmeTh uHTErpaJbHOe ypaBHendne BosbTeppa

mm+§Ku»nuwMszL (6)

rape
K(x, s)=p(X)4-q(x) (x—3s),
F(x)=f(x)—Bp(x)—[B(x —a)+ 4] q (x).

3uast Qynxudio y (xX), MOXHO no ¢opmyne (5) nallTH pewienne u (x)
N Apou3BOAMyld &' (X); TakuM 06pasoM, HHTerpanbHoe ypabhenue (6)
BKJlo4aer B ceOst BCIO HHPOPMALHIO, CBA3aHHYIO ¢ HauajbHOW 3azayeil
(sanageit Kowwu) nns mnddepenunansHoro ypasrenns (1).

Auanornyneil pesyasTaT noayuvaeTcs Aas AunelHOro anddepexuuas-
HOTO ypaBHeHus n-ro nopsaka [3].

O6partHo, ecau sapo K (X, §) ecTb ue/blit NMOAHHOM OTHOCHTEALHO §

CTEneHn n, T. €.
n
m
S a0

m=0

TO NMyTeM Nac/enoBaTebHaro AnddepeslHPOBAHAT HHTETPANbLHOIO ypaB-

nenust (6) Mu npumem k 3agaue Kowmn aas wekotoporo muueitnoro and-
¢depeHunaIbHOTO ypaBHEHHS,
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[Tpumep 1. Peunire nnterpanbhoe ypaBHeHHe
X

g+ @+r—9y(ds=x @
0
[Mocneposareanno npopudpdepenunposas 1sa pasa, Gypen HMeTh

X

X)-+2y (%) + S s) ds = 92x, (8)

¥ (x)+2y (x) +yx)=2 (9)
V13 ypaBrenuil (7) n (8) npi x=0 noayuaeM Hauanbible YCJAoBUSA
y@=0, ¢y =0
Pewas o6biunblM npueMoM nuddepeHunanbHoe ypasrernue 9), Haxonum
Yix)y=2—2e=%(1+x).

§ 3. Ceasp auHeiiHo# Kpaesoil 3ajgaun
¢ MHTErpanbHBIM ypasHenuem Ppearonnma

PaccMoTpum maa camacanpsbkensora auddepeniitHanbioro ypaBuenis
BTOpPOro Mopsaka

L{gl=px)y"+p (x)y +q(x)y=[(x), (1)

rae p (%), p'(x), ¢ (%), f(x) nenpepuenn wa [a, 6] u p(x)>0 npn
a < x<b, oanopoanylo kpaesyio zamauy (ra. IV, § 3)

Fa[y]E%y(a)ﬂLa]y’(a):o,} .
Typly]=Boy (B) + Py’ (6)=10
(Jagl+lay]==0, |Bo|+]B 1= 0).

Onpenenenne. dynkunss G(x, s) nasnsaerca @yskyued I'puna
(Ppynryued eausnun) [4], [11] kpaeBoit samaun (1)—(2), ecan BbNOi-
HeHbl CJEAYIOUHE YCA0BHS:

1) G (x, s) onpefencHa v HenpephiBHa B obGnacTH @ <L X < b, @ s <L b;

2y L, [G(x,5))=0 npn x=4s;

3) To[Gla, 5)]=0, T,[G(b, s)]=0;

. . 1

4) G (s 40, ) =G (s —0, 8) = ——.

Ecan ¢yunxuns I'pnia G (x, s) nailnena, To pewenue kpaeBod 3amayh
(1) —(2) naetcst dopmynoi

b

yxy=—1{ G(x, 9 f(s) as, (3)

a

YTO HETPYAHO NpOBEPHUTHL HenocpescTBendo, Mowno 10Ka3ardb, YTo QyHK-
uns I'puna G(x, s) cummertpnyeckas: G (x, s)= G (s, x).
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Pacemotpum Teneph kpaesyto sagayy LUtypma — Mnyeuaas (ra. VI, §8)
(PX)y') + (g (x)+ Ao (x)]y=0, (4)

[ (yl=Tyly]=0 (p(x)>0, p(x)>>0). (5)
WUntepnpetnpyn Ap (X)y Kkak cBoGOAHWIE used, Ha ocCHOBanmu ¢op-

MyJab (3) HemoCpeaCTReHHO MPUXOAHM K OJHOPOAHOMY HHTErpajbHAMY

ypaBHen1o Ppenroibma
h

oy =4 § K (x, )y (o) ds, (6)

rie
K(x,s)=G(x, s)p (s). (7}
Co6crBennble anadenuss A sapaun Llrtypma — JlnyBuans, odesuno,

6yayT ABAATHCA cOOCTBEHHBIMHY 3HAYEHASIMH HHTErPAJbLHOrO yparuenus (6).

Ypasunenue (6) MOXHO CBECTH K MHIErpaJbHOMY YPABHEHHIO C CHM-
MeTpuuecknm aapom, JelicTBuTeasHO NONaras 2z (X) =y (X) Vp (x) B cuny
dopmya (6) n (7), Gynem umeTh

h

2 (%) = SK* (%, ) 2 (s) ds,

rae aapo K* (x, §) (x, §) l/p (X)V p (s) cummerpuuno. Caenora-
TeNbHO, BCE C06CTBEHHble anauennst A neﬁcwmenbnu.

§ 4. Meton mocJsiefoBaTENbHBIX MPHOIHIKEHUI

PaccmoTpnm ypasuenne dpearosnsma
b

y) =7 +r K, )7 s) ds, (M

rie f(x) n K(X, s) nenpephBHAL.
ByzeM uckaThb pellledde B ¢opMe CTENEHHOTO pfxa

=3 Mg, (x). (2)
n=g
Mopcrasnaa suipaxenue (2) B mHTerpanbHoe ypasuwenne (1)} m mpupae-
HuBan KO3(HUHENTH NPH OAMAAKOBEIX CTeneHax rapameTpa A, Gynem
HMeTh
(PO (x) =f(x))
6
@, (X)= S Kx,8)p, (s)ds (n=1,2,...).

a

Myers | K (x, s) | << Mu | f(x)| << N BoGnactn R {a<<x<Ch, a < s<C b,
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Us dopmyn (3) no wnaykund noaydaem |q, (x)]| << M"N(b—a)",
[losTomy cxomnmocrs psima (2) GyaeT ofecnedena, ecad
1
[A] < Wo—a) -
[Mpunsas
n
y () &y, ()= Y, Mo, (),

k=0

Mbl OOAY4HM NpHOAWNKEHHOE pemiende HaTerpanbHoro ypasueuus (1)
¢ NOTPelnocThIo
€@

=1y ) —y, (0] << D (M) | <

k=n+1

N[M(b—a)[r[]"*+
—mMo—ai] @

< D, N{M(b—a) A=
k=n+1
dopmyna (2) maeT ananMTHYECKOE OTHOCHTENbHO A pelileHde yPaBHEHHs
dpearonsMa (1) B oxpecTHocTH Toukd A=0. W3 dopmya (3) euTekaer,
yTo pelleHHe (2) MOXHO 3amucaTb B BHAE
@» b
g (%) =f ) +A 3, A K (x, ) £ () ds
n=1 a
AU
b
y(®) =7 (x)+1§ R(x, 5, 1) £ (5) ds, (5)
a
rie

R (%, 5, )= X MK, (x, 9. (6)
n=1
Kosdpduunentn K, (X, §), Tak nasbiBaemble uTepuposanssie Adpa,
MOryT GbiThb rnocielopaTensHo Halaenst no ¢opmyaam [11]

Kl(x1 S)=K(x1 S)l
b
K,ux, )= K, 0 K,_ (1, 9)dt (n=2,3, ...).

a

dynxuna  R(X, s, A) HasunBaercs pesosbsesToid ypaBHedus (1} n
npH Maamx |A| onpemeasercs crenensnm psagom (6). [Monbaysics awanu-
THYeCKHM mpoxomkennem [17], pesoabsenty R (X, s, M) MOxHO mponxon-
KHTh HAa BCI0 KOMIJIEKCHYI) [MJIOCKOCTb MapaMerpa A, 3a HCKAIOYeHHeM
coGCTBeHHLX 3HaueHuit A, A,, ... (ocobbite TOukU), KOTOpHE ABAAIOTCS
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M0/OCAME  Pe30JbBeHTH. TorAa dopmysa (5) naer petiieHue WHTErpanb-
HOro ypasnenus (1) npu aw6om A==A, (B=1, 2, ...).
Pacemorpum Teneps cooTBeTCTBYMOUEe ypaBHedne Boabteppa

y () =7 (=) 4+ § K (x, )£ (s) ds, (7)

rie a << x<Cb. lanaras

= X A", (x), (8)

n=q

AHAJIOTHYHO NpEABLYUIeMY MOAy4UM

Vo () =F (%), %)= § Kix,hp,;(ds  (n=1,2, ...

Orciona
M™N (b—a)?
p, ()| <UD im0, 1,2, 00, (9)
rae
K(x, )| <M opn e <x<b, a<s<h
H

Flx)|<<N mpn a<<x<K0b.

Crnenmorarenbro, pal (8) cxoguTcd npu MOGOM A U maeT eAHHCTBEH-
Hoe pewenne ypasuennd (7). IlorpemrnocTs npuBaMIKEHAOrO peumieHus

Y, (%) = STy, (%)
k=o

Ha OCHOBaHHH oledok (9) maetca dopmymnoit

[A*MEN (b —a)
e, =|y(x) =V, (x| 2 Y

k=n+1

Sl b—a)|*]
:N{el‘f\h((b_a)_z%i]__a)_l.}.

k=0

Mpuwmep 1. Metogom nocnefoBaTeNbHLiXx NPHGAMIKeHHH HAHTU OPUGLU-
JKEeHHOe Dellenye ypaBHEHHH

1
= Yy 0 1).
(%) x+kS!0+x+SdS O<xr<l)
0

ITonaras

y(x)=2}"nq)u (x)r (10)
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nMeem

sds:ﬂ-—(uy+x)n1“'*x

1
§
X)=x, =\
Do ()=x, ¢, (x) Sl()-}-x—}— 0Ty -
o

Tagum 06pa30M, B8 KauecTBe I11€pBOro HpHﬁ./'lll)KEHﬂﬂ MOXKXHO B3sITh

1
Yi (X)) =x-+2A [1—(10—5—):) In <1+m)]
3neck

M =max 0FaTs =0,1, N =0 m;’:;(] x=1.

1
Cneposatenvro, psn (10) cxonutes npu (M| < 0—1'(1——0)—:: 10.

B udactaoctn, npu A=1 ToyHOCTb peluenusl Ha OCHOBARHM (4) ecThb
1.(0,1-1)2

T—0.1.1 = 0,01.

[y )=y ()] <

3ameTnM, 4TO HEYZOOCTBOM MeTOAAa fOCA€A0BATEAbHBIX NPUOAUKe-
HUH ABAAeTCA HEOOXOLHMMOCTb Bbluucienus kpanpatyp. Ecam uuterpans
HE BLIYUCAAIOTCA TOYHO, TO TPHXOAMTCA MPUOEraTh K YHUCJIEHHBIM KBaj-
patypHuiMm GopmyJam.

§ 5. Penlesue HETErpaabHOro ypaBieHuss METONOM KOHEYHBIX CyMM

MeTon OCHOBLIBaeTCs HA HPHOJIMIKEHHOM BhIUHCACHHH ONPELEAEHHOrO
vHTErpana € noMOLbI0 HEKOTOpoH KBaxpaTypHod Gopmyl
b n
( Fx)de= 3 AF x)+R([F), (1)
a 1=1
me x; (i=1, 2, ..., n)-—a6cunccu Touex orvpeska [a, b), A; (£ ==
=1, 2, ..., n)—unciaoBele KO3QUUUEHTH, he 3aBucAUIHE OT BHOOpa
dynkwin F (x), 1 R[F]—ocTatounnii uses (ownbka) copmyan (1).

O6buno A,>>0u XA, =b—a,
(=1
Hanpusep, B cayuae paBHOOTCTORWMX TOdeK Xx;=a--(i—1)Fk
(i=1, 2, ..., n), rae h=(b—a)/(n—1), 6yrem nmetb (cM. [18)):
1) 218 GopMyan NpaAMOYroONbHRKOBRB

A;=h (i=1,2, ..., n—=1), 4,=0;
2) ana obweit dopMyan Tpaneuuii
h
A1=Aﬂ:—2—’ A2__—A3:—“.=An_1=h;
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3) nas obuieit QJOpmynu.Cumncona npu n=2m+ 1:

h

.41 == A 3‘

2m+l g s

_4h

2m= 3

2h
A3:A5:---:A2m—1:?-

Ay =Ay=...=A

Hpyrue kBanpatypusie gopmyan cMm. B [16], [18], [19].
[lycTh Tenepb HaHO HHTErpaiALHOE ypasueuue PpexronsMa BTOPOro

poaa
&

y ) —A K, 9yl ds=7(x) (a<x<b). 2)

a

Bui6upasa touku x; € [a, b] u BBOZA OGO3HAUEHAS:

y(x[)=y", K(x[) JC,)ZK”, f(xt)zft (i) .’:1) 2) LI Y n)r
Ha ociopannu dopmyan (1) Gynem uMmern
yi—h P AK,=Fi+ R, (i=1,2, ..., n), (3)

=1

rae R; —coorsercThyloume ownbku, Or6pacBas B cucteme (3) Besu-
uuHbl R, 048 nupnO/mkeHnnix  3davenuit Y, peisenus y(x) B y3ziax

X, (i=1, 2, ..., n) nonyunm auHeHinyio a.1cOpanyecKyio cucTemy
Y, —4 ZArKi;‘Yj:fi =1, 2, ..., n). (4)
i=1
Broaa cumBoa Kponexepa
5. — [ O, ecim i~ j,
P\ 1, ecan i=j,
I yuuThIBaf#, 4YTO
Y, = 26”}’/,
=1
cucreMy (4) MoxeMm 3anucarth B BuIe
M0 ;—rK )Y, =, (i=1,2, ..., n) 4"
=1
Ecin
A (M) =det (6;; —AA,K;;) 5~ 0, (3)

10 cHcTeMa (4) MMeeT eIMHCTREHHOE peluente Y, KOTOpoe MOXHO HAlTH
merofom laycca nam npyriump Mertonamu, pas3paboTaHHLIMU A PeiHeHUs
cucrem anreGpandeckux AndeiiHbiX ypasuneunit (cm. nanpuvep [18]).
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Haftng Y, (i=1, 2, ..., n), ana peweHus y(x) noayuaem u3s
ypasuenns (2) npubAUMEHHOE aHAHTHAYECKOE BhipameHue
n
Y(x):f(x)—{—?».E AK(x, %)Y, (6)
=1
Pasanuunie mexay co6oil kopeu 5»1, 7»2, cen, 5»”‘ (m < n)y anrebpanue-

ckoro ypashenns A (L) =0 npeicrarasior coBoif, soobute roBops, 1pH-
6mikenus coOGCTBeHHbiX 3naveHnit axpa K(x, s). Ecam Yk (i=1,

2, ...o,n k=1,2 .., m [=1,...,p,)—COOTBETCTBYIOLIUE HEHYe~
Bhle peleHus OLHOPOIHOH cUCTEeMbl

14

By —MAK)YE =0 (i=1,2, ..., m, (7)

i

=1

TO coBcrBeHnbie QyHkun aapa npubamkeHHo onpeaensiores Gopmynamu

(pk,x) ?»_ZAK(x x) (k=1,2, ..., mil=1,...,p,).

i=1

Oueska NOrpeilHoOCcT METONA KOHeUHmX CyMmm npusesena B [16] n
[19]. 3amernm, yro 3TOT MeTOL AAeT XOpPOIHE PesylbTATH, ECAH ALPO
K(x, s} n npapag uactb f(x) Hocratouyso raaakue ¢yukunu. B npo-
THBHOM Clyyae NOJE3HO NpelBapuTenbHO npeobpa3osaTh COOTBETCTRYIO-
KM 06pasoM HHTerpaibHoe ypaBuenne (cm. [19]).

MeTon KOHeYHLIX CyMM MOueT OHTb ONpUMEHeH TaKXe K HHTefrpain-
HoMy ypaeHetinio dpearonbma nepsoro poxa

b

A SK(x, s)y(s)ds=f(x).

a

B arom cayuae npuGmmkennbie 3nauennn Y; pewienns y(x) (@ < x <Cb)
B yanax x; (i=1, 2, ..., n) 6yAyT onpele/aTbCA H3 CHCTEMH

A ZAK =7, (=12, ..., n. (8)

j=1
OcofeHHO NPOCTO MpHUMEHEHUE MeT0a KOHEYHBLIX CyMM A4 pellenus
MHTErpajibLHOTO ypasHeduss Bosabreppa Broporo pona

y) = [ K(x, )yl ds=1(x) (a<x<b),

a

KOTOPOE MOXHO paccMaTpHBATL Kak ypaBHenne dpelroabMa BTO-
poro poma (cM. § 1). 3necs K,;=0 npu j>>i, n, caelonatelbHo,
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COOTBETCTBYIOLIAR CHCTeMa (4) uMeeT BHE

{
Yi=h SAK,Y,=f (=12, ..., n). (9)

1=1
[onyunnach aunefinast cuctema ¢ Tpeyroasto#t MaTpuieit. Ecan
1—AMK;5=0 (i=1,2, ..., n), (10)
TO M3 cHCTeMal (9) flocAenoBaTenALHO HAXOLUM:
Yi=f0 =M K )Y,
Yo=(fa+ 7‘A1K21Y1) (1 _7“42[(22)_1’
n—1
v = ( foA S Ak, y/.> (1—AA4,K,,)"L
i=1
Yenonne (10) npy navHOM A 3aBeqoMoO BHNOAHEHO, eCMH Ko03ddu-
UHEHTH A, MOCTATOYHO MaiH, YEro BCerld MOXHO MOGUThLCA.

Mpumep 1. MetomoM KoHeunbix CyMM HalTH [DPHGIHIKEHHOE peuleHue
HHTErPaJbHOTG ypaBHEHUH
1

y(x)—{—g xe*%y (s) ds =e*. ’ {11
0
1
BuiGepem y3an x; =0, Xy =g, x3=1. 3naseunns sgpa K(x, s)==xe*° u
npaBoil yactH [ (x)=e* B COOTBETCTBYIOIUHX TOUKAX NPHBEJEHHl B CJefYIOILUX

1a0nuuaxit

Tadanua sHauenuii £(;,

N 0 1/2 1
0 0,5000 1
% 0 0,6420 1,6487
1 0 1,3592 2,7183

Tabanua auauenni f;

% ’ 0 1/2 1

f; \ 1 1,6487 2,7183
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HUcnonn3ysa keaxpatypHyio ¢opmyay Cumncoua (em. [18])
1
1 1
SFquNEIFmH4F(7)+FUJ,
Q

Aqst onpepenetiusi NpHGAMKeHHWX 3uavenuli V; (=1, 2, 3) peweHus y(x)
B y3nax x; Moe/aydaeM CHCTeMy

Yg—l—% (0,5000Y, +2,5680Y 4 4-1,3592Y g) = 1,6487,

Y3+Tzls (Y 1+ 6,5948Y - 2,7183Y5) = 2,7183,

Wid, MoCje yNpoOWeHHUH,

Y1=l,

1,4280Y ,-0,2265Y 3 = 1,5654, } (12)
1,0991Y, 4 1,4531Y ;=2,5516.

Pewas cucremy (12), Haxomm: Y;=1, ¥V,4==0,930, ¥Y;=1,053. IpuGanxentoe

penleline MOXHO Bbipa3uTh Qopmysion
X

¥ o) =e—X(1+ 3,720¢ * 4+ 1,053¢%)

3ameTHM, 4TO TOYHOe petueHHe ypaBHenus (11) ecthb y(x)=1, Kak nerko
NpPOBEpHTL HeNOCPEACTBEHHO

§ 6. MeTon BbLIPOWIEHHBIX AXEP

Onpenenerne, flapo K(x, s) HasuiBaeTcs BuPONCACHHOIM, eCan
OHO MOxeT ObiTb MPEACTaBJEHO B BHAE KOHEYHOH CYMMHW NapHHX nOpo-
n3BeneHUH;

K(x'l S)= iai (x)[j[(s)f (])
i=1

rie ¢yuxunn o;(x), Tak we Kak # Gyukunu B,;(s) (i=1, 2, ..., n)
MOXHO CYHTATH JAUHEHHO HE3aBHCHMBIMA.
Il takux AZep nuurterpadbHoe ypasaenue PpeinroabMa BTOPOro pona
b
y) =7 +r{ K 9y ds )

a

peluaeTca BecbMa npocrto, JleficTanTennHO, noacrasaas Bwpaxedne (1)
B ypaBHenue (2), OyzeM uMeTb

y ) =0+ Doy (), @3)
i=1
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b
(={B ) yds (=12 ..., (4)

a

— HEKOTOphie MocTosHHbe Ko3pduunentn. Ecan B Bopaxenne (4) noa-

craBaTh ¢opMyny (3), To aam  onpefenenas  Ko3ppUUMEHTOR ¢,

(=1, 2, ..., n) noayunm anreGpanvecKyi0 CHCTeMy JuUHEHHWX YypaBs-
Heuni

b b

= S B, () f(s) a's-}—?\.s B; (s) icia/ (s) ds (i=1, 2, ..., n
uau ’ ’ o
c;—h ﬁcivi,:f,-, (2)
rue a
b b
fi= S Bi()f(s)ds, ;= S o, (s) B, (s) ds. (6)
Cucremy (5) MOWHO 3amucath B BHUle
i )\'Ylt)c/ fi (i:l, 21 LICEEE] ﬂ), (5,)

rae O;,—cumpoa Kponexepa.
O603nauum uepes A (A) onpepenurens cuctemu (5'):

T—Apyy, —Apy oo —Ay,
Ay =der(d,—ty =] e LTI e T
— M1, — M, 1=y,
N uyepes A; (7\) @ j=1, 2, ..., n)—anre6panyecKkue JONOIHEHHA

COOTBeTCTBleLLLHX 3/eMEHTOR 6 7—MAYy;; onpesemntens A (). _
Ecan A (M) 5£0, 10 na OCHOBaHHH npasuaa Kpamepa [18] naxomum

‘EAﬂ'O‘t)f/
cl.::lilA—(}‘)_-_ (l-‘—‘—‘l, 2, ey ﬂ).

Cnepomatenbio, 8 culy (3) HATerpanbuoe ypaBuenne (2) umeer
eIMHCTBEHROE penlenye

V=7 1Y Z—Aﬁ%’f,a,- (). )

(=1 =1
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Orcrona, moxcTamads BMECTO [, cooTBeTCTRYyIOULEE BHIPANKEHHE (6) u 3a-
MeHfif CYMMy HHTerCpaJsioR nmerpanom CYMMBbI, OAY4YHM

A A
b () = +7»§ 2t r(s) ds ®)
rage
Afx, s, M) =2 2 o, (x)B,() A, (M.
i=1j[=1
Wa dopmynn (8) smTekaer, uro dyskumns
Rix, s, h) =05t = ZEG(x)ﬁ ) & ) (9)

=1 j=1
€cTb Pe30JbBEeHTAa HHTErpasbHOro ypasuenns (2).
CoGeTBentnie 3vadeBns agpa K (x, §) onpereisioTcs M3 ypasHeHHS
A\ =0. (10)

Bean X, (k=1, 2, ..., m; m<{n) ecrv KopeHb ypasneuus (10)
(oueBnano, A, = 0), 10 cooTBeTCTByOWMe coOcTBeHHBIE DYHKIMA @, (x)
aapa K(x,s), T. e. HeTpUBHAAbHHE pelledus OJHOPOLHOCO ypaBHEHHS

b
g (o) =1, § Kix, 859 ds,
a
6ylyT UMeTb BHJ,

=2 Zc(k) : ),

i=1

~(k
e ¢ — nenyneBhie pewrenus AMHeHHON OZHOPOLHON CHCTEMH

D0y — My el = i=1,2 ..., 5.

i=1

Ecam A=A, ecte cofcTsenHoe 3navewne aapa K(x, s), To seoaso-
pofHoe ypaBHeHne (2) MAM He AMeeT pewenuil, UAM HUMeeT OECKOHEYHO
MHOTO pelIeHnit,

[Ipumep 1. Pewnts ypaBHeHUe

1
y(x):xz-}—xg (x+s)y (s)ds (11)
-1

dapo K (x, s)=x-s 3jecb, oueBuiHo, Bhipoxjieinnoe, Ma ypasdenus (11)

noJjyuaem

Y () =x"+h{crx+Ca)h (12



348 HHTEFPAJIEHHE YPABHEHUS {ra. vu

rue
1 1
01=S y (s) ds, c2=g st (s) ds. (13)
-1 -1
Toncrapnas Beipaxcenue (12) B gopmyan (13), 6ynem uMeTb cuctemy
2 2
Cl=—3—~+2027\,, c,—;??»cl; (14)
orcioja
2 4
€= 3 c 9 7»
1=~ =g
4 4
—_ j2 —_ 32
1 3 A 1 3 A
CrnenoBateabno, u3 dopmynu (12), ecan A2 # —j— , NMoJydyaeMm peweiiue
Nx +§— A2
Y ) =att —g—my— (15)

Mpu k2=—2~ ypaBuenne (11) pewenuii ne umeer,

Mpumep 2. Haiith co6GcTBennble  3nadenus, cofcTBeHnbie (GyRKUMN
u pesoabeeuty fAxpa K (x, s)=x-+s B obaacri —l<e<gl, —1=<Cs<Cl.
Ha ocnoBaHuM OJHOpPOLHOrO YpPaBHeHUA

L
y(x)=?»S (x+ 5 y(s)ds

1

AMeeM
y (X)) =M\ (C;x &), (16)
THe Ko>DOUUNENTH €; W C, ONPEedRIOTCH 13 cicteMs (cp. (14))
- -~ 2. - -
CI—QA,CQ:O. —‘g KC,—}—C? =0. (17)
[TpupaBuuBasg HYMIO OnpeleddTe]b CHCTEMEI
1 —2A
A=l _2, | (18)
a
NoNyuHM YypaBHEHHE
4
—_—— A2
1 3 A2 =0,
H3 KOTOpOTO HaXoIuM coOCTBeHhble 3Hauyeniis: 7»1=K2—3 a ?»2_—_—122. Tax

Kak aapo K (x, §) CHMMeTpUYeCKoe:
K (x, 8)=K (s, x),

10 cobeTnentble anaueriis Ay H Ay JefiCTBUTENEUbI.
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W3 cucremm (17) iseem
BP0 k=1, 2),
OTKY 12
oM R
S1_f2
24, 1
CaejoBaTelbHo, Ha ocHoBauuil (16) coScTReHnble QYHKUHH CYTh
G () =u, (V 3x-41), G (K =1, (— V3 241,

rie up="thyc® £ 0 (=1, 2)
Co6eTBeHHBIe GyuKUnt OSHYHO HOPMHpPYIOT, noaaras
b
S @A) dr=1 (k=1 2)
a

B nauem cnyuae uneem
1

uig (+ x V341 1)2de=u}-4=1

-1

Otciona MOXHO MPUHATL Up="'/, (k=1, 2), U, caelOBareNLHO, HOPMHPOBAHILIO
coGcTBeHbie GYHKUNH CYTh

P (x)_—_-;— (1+xV3), g (x):é(l——x V3.

M3 onpepennrenn (18) noayuwaem  coOTBeTCTBytoulMe — ajre6panueckue
JIOLIOJHEHHS:
2
Ay (M =1, A,lz (7") =§‘ A, Agy M) =2), As O") =1,
npiyem
4
R )
Ab=1—-
[losromy, yunTthiBas, 4To
K (x, 99 =0y (x) Pq () + oz (x) B3 (9).

rne o (x)=x, f;(5)=1, o (x)=1, P, (s)=s, Ha ocrosaunu gopuyas (9) naxo-
AWM Pe3oJbBeHTy sjpa:

% A+ (x4 5) 4 2Axs

.

R (x, s, ?»)=——1—<x+-27»x5+-§—7»—|—s>= 3
1——?7?»2

Pewentde n060ro HeogHOPOAHOrO ypaBHEHHS

1
yx)y=f x)4-A S (x+8)y (s)ds

1
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npn A2 ;é% BRIpaXKaeTcd GopMyJioi
2 2

—3—k+(x+s)—}—27»xs

yx)y=L(x)+4 ) [ (s) ds.

-1
Ilns npu6anmuendoro petnends 06UIETO HHTECPANLHOTO YpPaBHEHHA

y () =7(x)+1 § K(x, 9 y(s)ds, (19)

rae ¢pysxkuun f(x) n K(x, s) 412 npocToTh 6yAEM CUMTATh HENPEPhiB-
HbiMM, A1p0 K (x, §) 3aMeHAIOT OGJH3KUM K HEMY BHIPOMKAEHHHM HAPOM

n
a
K™ (%, )= X 0, (%) B, ().
m=q
Yxakem neckoibko cnocoGo tako#t 3amedn. Ecan aapo K(x, s)
aHaMMTHYECKOE MO X na oTpe3ke [a@, ], TO B KadecTBe BHIPONKAEHHOTO
agpa K™ (x, s) MOXHO B3fiTh KOHeuydbil oTpedox pana Teitnopa:

n
m
K™ (5, )= 3, EZR 4@ (x,, ),

m=q
rae x,—nexkoropas Touka oTtpe3ka [a, 8]. AHaloruuHnifl IpueM MOXHO
NPUMEHUTR TaKxe, ecan K (X, s) aHaJMTHYHO 1O s Ha OTpeske {a, b|.
Jaa  00CTPOeHHS BHIPOXIEHHOrO fAPd MOWHO TaKKe HCI0JAb30BATh
KOHeuHHH oTpe3ok ABoilHoro paaa Tedtnopa (cm. [20]):

K™ (x, 8) Z Za}’(l (x —xg) P (s—s0),

p=0g=a
rae
| grte
Cpg=p1q1 3xF a8 K (¥o» So) (%o, 4o € [a, 2]).

[Myctb /= b— a. HenpepuBroe anpo K (x, s) nonyckaeT afnpoxkcuma-
UMI0 TPHrOHOMETpUUeckuM noamsomom mnepuona 2/ (cm. [20]). Hanpn-
Mep, MOXHO fOMOWKHUThH

K™ (x, s) = +2 ,s) cos2E, (20)

rie a,(s) (p=0,1,2, .. .)—Koacpcpnunemu dyphe:
b
SK (, 5) cos 2% dx, 21)

a

|

ap (s) =
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Aunanoruysoe paanokeHde TONyYaeTcs, ecad MOMEHATb POJAAMH TepeMeH-
#able X ¢ s. MoxHO Takke HCNONh30BAaTh KOHeuyuwl OTpeaok nBoOHHOrO
paxa dypbe. [lonaras, nanpumep,
n
l qns
ap(s)zﬁapo—{-zapqcos—[-, (p=0,1,2,...,m
q=1

ua popmyn (20) n (21) umeem

K™ (x, s)= 7 aoo—}— E pocos ; +12a cos‘ﬂE-i-

g=1

prrx gns
-+ apq cos T
rae

b b

4

= I—QSSK X, 8) cospl cos-@idxds
a a

Hakonen, nonaras

—a
n

p=" x,=a+ih  (i=0,1,2, ... n),

MOXHO BOCMOJb30BATLCA TEPBBIM HHTEPNOJAUHOHHBIM MOJHHOMOM Heo1o-
tona (cm. [18]) no x:

K™ (x, s) ==K (x4, s) + —Xo) (6= %) - - (X% y) ATK (x4, ).

mlh™
m=1

AHATOIHYHO MOXHO B3ATh MepBHA HHTepnoasuronHui moandom Heto-
TOHA MO 8.

Mnorna uenecoo6pasHo HCMONb30BATH HHTEPMNOMANUOHHBIA OOAHHON
HeowoTona ans ¢yswxuun nByx mnepemedHwx [18]:

K™ (x, s) =K"™ (X4, X0) +

p+g=n
K (xq, X
+ E x’psi]q]h(l’—(:-‘l o (X —%g) «ou (X=X, ) (§—Sg)...(s—5,_3),
p+g=1

rne x, €{a, b].

YnotpeSafioTCs M ApYrue OpHEMbi HHTEDHONUPOBAHHUA W ANTPOKCH-
MupoBanng sapa K(x, s).

Ecin K™ (X, s) ecTb nOPHOAIKEHHOE BHPOXIEHHOE HAPO  AMf
TouHOTrO snpa K(x, s) u Gyawuna f,(x) Takxe 6an3ka K f(x), 10
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peilichie 2, (X) HHTErPAAbHOrO ypaBHEHHs

b

) =f, DA kM (0, 9 z,0as  (n=1,2,..) (22

MOXHO paccMaTpHBATH KaK mpudimkende pewiesust y (x) ypasaenns (19).
Kax nowasanu JI. B. Kautoposmu u B. U. Kpunos [16], cnpases-
Jmea ciaepyloutast OileHKa norpellHOCTH. nyCTh
b

SIK(X, S)—K(“)(x) S)'ds<8) lf(X)—-f"(x)lga

a

n pe3onsBedta R, (x, s, A) ans ypaeHenus (22) TakoBa, 4TO
b
(IR, (x, s, M) |ds < M, (M)
a

npH a <, X < b, MpHYeM BLINIOJIHEHD HEPABEHCTBO
g=[M|e[1+|0] M, ()] < 13
Torfa ypaededde (19) umeer eanHcrennoe peiienue y (x) H

N 1 A /\’1"
ly () — 2, () | < L

rae Nz=max|f(x)| #a [a, &)

M3 ouenxu (23) sBoiTekaer, uto ecauw K™ (x, s) T K(x, s) u
fn(X) S f{x) npu n — oo, npuuem M, (A) < M (M)<+ 00, 10 2,(X)
=y (%) na [a, b].

M| +61 (23)

[Ipumep 3. llpnéarxenuo peinTh ypaBHeHHe

1
2

y = ey (9 ds=1. 24)
[

-—x2e2
[None3ysacs n3BecTHBIM pasaoxenueM, sgapo K (x, sy=e™** npn6aumenno
3aMeHsEM BHIPOK/EHHBIM ANDOM

4
K® (x, s)=1— v252+f—§—

Orcioga BMECTO YypaBHeHHWs (24) mojiyyaem ypaBHeHne

2()=1+ (1—x2s2+ )z(s)dz- 29)

S o

CriegoBaTe b HO,
z2(x) =14y} Cox2+cyx8, (26)
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rae

2

5|

€=

2(x)dx, = —~S x2z (x) dx, CQZ% 5‘ x4z (x) dx. 27)

@ a

°L’>>o‘~

Ha ocnosauuu dopmyn (26) u (27) umeeMm CHCTeMmy

1 1 1 1
01—7’1'701—1-2—402-}-1—@03‘
1 1 -——LC _ 1
T24 24160 T 896 Y

|
} (28)

=

1 1 1 1
=303 T2 @i )
Pewun cucremy (28), noayuum ¢, =0,9930; ¢, = —0,0833; ¢3==0,0007. Caeno-
BaTe/IbHO,
1

¥ (x) == 2 (x) = 1,9930 — 0,0833x2 }- 0,0007x* <0 <x< 7) ; (29)

OueHKy MOTPeIHOCTH NpHG/HKeHHOTo peweHda (29) MOxHO NpOU3BECTH BO
tdopmyne (23), HO 3TO CBA3aHO C TPOMO3AKIMH BBEIYICJAEHHAMH.

§ 7. MeToa KoaAOKaUMH

PaccMoTpuM uHTerpanbHoe ypasHeHue
b

Rlyl=y (x)—2§ K(x, )y (s)as—rfx)=0. (1)

ByneM uckaTs npubiuxennoe pewsende ypasHenust (1) B Buae d¢ynkunu
onpeneJennoro BuAa

Yn=¢)(xa €1, Coy veny Cy) (2)

€0 CBOOONHBIMH NAPAMETPAMU Cq, Cy, ..., C, (Heonpedeireruvie KO3pu-
yuento). TlopcraBnsis Boipakenue (2) B ypasdende (1), nonyunM Heeassy
b-
R[Y,]=Y,(x)—A S K(x, 8)Y (s)ds—f(x). i3)
a
Ecnu y fBASIETCA TOUHMIM PElNCHIIEM, To, O4esuiHo, neBsizka R[y]=0.
Tlostomy cTapalotcs noaoGpats napamertpw ¢y, €y, ..., €, TaK, 4TOOM
neBsisgka R{Y ] Guna B onpenenennoM cMbicie BO3MOKHO Manof. Muuu-
MH3HPOBaThL HeBA3ky R[Y,] moxno pasnuunbiMn crocobamu. Hanpumep,
HCHOMB3YIOT TIPHEMBI, aHAJOTHYHWE TEeM, KOTOphE npHMEHATcs Jis
pelieHust Kpaeswx 3amay anddepedttuanbabix  ypassenuii  (ra. 1V,
§§ 6—8). Bmecy n B manpHeilwnx naparpadax Mbl pPacCMOTPHM HEKOTO-
pHie MeTOmH Munmmu3ainu nessiakn R [V, ], npamensemme na npaxtuxe,

)

12 B. 1L Hemuporny u Ap.
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O6nYHO ANS NPOCTOTH BLIKAAAOK OepyT dydkuuto V,, nuHeiiHo 3asuis-
ulylo OT TAapaMeTpoB ¢, €y, ..., ¢,. Haltna napamerpu ¢, ¢,, ..., ¢
noay4aloT npubiuikednoe permedne (2).

OtMetum opHO o6cToatenscTBo. Ecan Hessska R[V,] moayunnace
manofi, To ona 6anska & Hesaske R[y]=0, namaemofi TOunblM perie-
niem y. Ho ecnn nea onepartopa R[Y,] m R[y] nvenoT Giauskne 3uaye-
HUSA, TO OTCIOA&, BooOWIEe TOBODs, He cheayer, uro dyskuuu Y, H y
G6H3KH MeKLy C060d B OGLIYHOM CMbIC/IE (HAMpPUMEp, B CMhiC/Te pPaBHO-
MepHoro npubamkenna (ra. I, § 12)). [Noaromy Bo3HRKaeT wmaTeMaTH-
yeckas 3alaua: 10 W3BECTHOM HesAske R[Y,] ouenuTs norpemnocts
jy — Y, | npubmikennoro pemenust ¥, . 3ta Tpyanas npoGiema CB3aHa
¢ riy GOKUMH TeopeMaMi QYHKUHOHAABHOTO aHAAN3a (CM., Hanpumep, [16],
[22]), m Mu ee octaBiM Ge3 DpacCMOTpEHHf, OFDAHHYHBIIMCH JHIIb He-
KOTOPBIMH YKa3aHHAMH YacTHOro xapakrtepa.

Hpyro#t MaTeMaTHyeckufi BOMpOC, KOTODHI 31€Ch TaKWe He 3aTparu-
paeTcd, —3TO BOOPOC cxoaumoctu Y, K TOUHOMY Dpeuientio y
npu 72— 00, T. e, BHIACHEHlie ycJnoBMHA, NPH KOTOPHIX HWMEET MEeCTO
npeleibioe paBeHCTRO

nt

lim Y, =y. (%)
n=-> x
Ecnu cnpasennuBo paBeHCTBO (4), TO NaHHBIM METOLOM pelliedne y
MOKNO HAHTH ¢ N10G6O0f CTeneHb TOYHOCTH, B3B JNOCTATOUHO
GoabUIOE YHCAO MAPAMETDOB Cq, €9, ..., C,.
{lepeitaem Teneps K M3NOKEHHIO OLHOTO H3 KOHKPETHBIX METONOB
nocipoenns npubanwendoro pewenus Y.
[Mononnm

n
Vo () = @ (0) -+ 2% €, (%), (5)
rae @, (%), @p(X), «e., @, (¥)—ussectante QyHKUUH (K00pIunarHble
Qynkyuu) M ¢y, €,, ..., 6,—HeonpeneneHHue Ko3PPUUHEHATH, npHueM
dynkunn @; (x) (i=1, 2, ..., n) anHefino HE3aBUCHMEI, 3aMeTuM, yTo,
B Y3CTHOCTH, MOKHO Oonarate @, (x)==0. [loncrasass BhpaxeHie (5)
B JleByi0 4acTp ypaBHeHds (1), monyydm HeBsi3ky

n

R{Y, )= (%) + X €,9; (X) —f (%) —

i=3

b
—-AS K(x, s) [cp0 (s) + 2 cp; (s)] ds

niau

R[Y, (%)) =1, (¥, M)+ § ¢ (%, M), (6)
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rue

b
Bl 1) =gy ()= (2) = [ K (2, 5) 90 () ds, ]|
b ‘ f
i, N =g, () —A (K (x, )@ (s)ds (i=1,2, ...,n). |

é )
Cornacio merody xoanoxkayuw [23] (cp. ra. IV, § 9) tpeGyem,
uToGH hemsiaka R[Y,(x)] o6pawanacs B Hyap B 3ananHofi cucTeme
Touek x, (=1, 2, ..., n) u3 orpesxa [a, b] (Touku korroxayuu),
T. €., NOjaraeMm, 9YTO

R[Y,(x)]=0 (j=1,2, ..., n),

e a L x, <<X,<<...<<x, ;<<x,<b.

OTCIOILa Ha ocvoBanun gopMyan (6) Aas onpenenenus kosgduunen-
TOB €y, Cy, ve., C, TMOAYyYdEeM ajreGpanueckyio JHHefiHy10 cHcTEMY
ypaBHenui

n

2o (%, M= —P(x;, ) (j=1,2, ..., n). (8)

n

Ecnu onpenenuress cucrems (8) D (M) =det [P, (x;, A)]=5=0, 10 H3

cHCTEMB! (B) MOWHO OJHO3HAYHO ONpEReHTbL BEAHYHHH Cq, Co, ...,

H, CjIeloRaTeNbHO, HafiTH npuGaukenHoe pewente Y, (x) no popmync (5)
[puparnupass Hymso onpeseautear D (A), noayuum  ypasHenue

D ()M)y=0, u3 kotoporo, Boo6ure rOBOpf, MOKHO HAUTH [PHUOAHKEHHEE

3HaYeHHs Xk (k=1,2, ..., n) nepeux coB6CTBeRHKIX uncen sinpa K (x, s).
Ecau nonoxuts f(X) =0, @4 (x)=0, A=A, To BMecTO cucrems (8)

6yneM HMMETb OJAHOPOIHYIO CHUCTEMY

ic’%’”wmx,, M)=0 (j=1,2, ..., n). (9)

Hafinsi nenynesne peuiends ¢ (i=1, 2, ..,, n) cucremn (9),
noxyuyuM 1as aipa K(x, s) mpubanikennnle coGCTBEHHHE QYHKUMH

c ¥ g, (x),

7 (x) =

_.
=
!
[}

OTBEYAIOIIME ero COGCTREHMHOMY 3HAYEHRIO A, A A,.

[Npumep 1. MeTopoM KOJIOKZNUH DEIIHTL YpaBHEHHE

1
2
y(x)—Siﬂy_fs)z ds = x arctg % . (10)

o

Monoxum Y (x) =c; -+ cyx.

12+



356 MHTETPAZILHBIE YPABHEHHS [ra. vin
[oxcrasass sro Beipaxense B ypasuenue (10), noayunm HeBHA3KY

1 1 2 1 1
R[Y (x)]=cx arctg ;—}—cz [x—§ - % In <l+x_2>J —x arctg 5

Bui6upan Touxu xo/mnokauuu x, =0, x,=1 u yunteBasg, 4o

: 1 _ 1
xll_r:loxarctg ?—0, m x2In <l+ﬁ> =0,

li

x>0

as1s1 onpefe/ieHns KoahpUUHUEeHTOB ¢y H ¢y GyneM HMeTb CUCTEMY
1

Tt 1 7
0‘01——2—02_—_0, 701*1“2—(1%-1“2)02:7{-

Orciofa nonyuaem ¢, =0, ¢;=1. Takum ofpasom,
Y=l (11)

Haigentioe npubnuxennoe pewenue (l1), kak Jerko 0poBEPHTb, fABAAeTCA
TOUHBIM.

§ 8. Meron HauMeHpLIMX KBaApPATOB

Jaa ypasuenus
b

Rly]=y ) —h [ K(x, 5)y(s)ds—F(x) =0, (

a

aHANOCHYHO MeTONy Koaaokauuu (§ 7), nonaraem

Y, (X) = @ (X) +,-§ ¢ 9; (%), (2)

rie @4 (X), @y (%), ..., @, (x) —ussecrusle QYHKUAN ¥ €y, Cgy ov.y €, —
neonpenenennsie koagdrunentn, npudem @ (x) (i=1, 2, ..., n) au-
HEHHO HE@3ABHCHMDL.

[oncrasasas (2) B nesyio uvacTp ypaBHesus (1), noayudm Hepasky

RV, 1= %, M+ X o (5, M), (3)
=1
rac Yo (%, A) u P, (x, &) (i=1, 2, ..., n) onpeneasiorcs Gopmyamu
(7) § 7.

Cornacho merody naumenswux xeadparoe [16], [19], [24] (cp.
rn. 1V, § 7) koadduupents ¢; (=1, 2, ..., n) OTHCKABAIOTCS U3
yoaoanst MuAAMyMa HHTerpana

b b n | \
1= (R ae = [wotx, M+ 3 copsie, M 'am. @)

a a [E3]
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D10 TpebGoBaHue NPHUBOIAT K adrebpauyecKoh cncreme ypapHEeHHH

al . . =
dc/ =0 (j=1, 2, ..., n); {9)
oTClofa Ha ocHOBaHAH (4), nuddepenuupys Mo NAPAMETPAM ¢y, €y, . .., €,
nojJ 3HAKOM nHTerpana fyneM HMeTb
mr—ij 2 [ (5 2 )+ 3 e, n) ax (6)
=1
(.’:11 1'-'1”)-

C noMolLb10 COKpAlLEHHbIX 0603HaYeHui
b

(Wi ) = § 9, (5, A, (x, M) dx (7)

cucremy (6) MowHO 3amucaTe B Bule HopMassHol cuciemst chocoba
naumenswux keadparos (ra. I, § 6):

(W Pa) 6o (B, W) A oo, (Byy )= — (U1, Po)s
ey (Por Po) 65 (Po, o)+ oo €, (Vay ) = — (P2, Vo), (8)
Cy (P Po) + 6o (P Wo) Ao o (B ) = —(V,, ).

3ameTuM, uTO ecian @, {X)=0, T0 P, (X) = —f(X), Hu, caenosa-
TEJbHO, ('q)l“l 11’0)-’:('4’“ 1) (i:l, 2, ..., n). Tak kax (IP,', ‘P,)=

= (};, \P,}, TO MaTpuua cucremu (8) cumMeTpryeckasd.

Biecto MATErpajipHOr0 METOAA HANMEHbUINX KBAaAPATOR MOKHO BOC-
NOAb30BATHC TOYEUHHM CIOCOG0M HauMeRbiMx «sanpatos (ra. [, § 3).

MeTops HauMeHbIURX KBaAPATOB MPHMEHSGTCH TaKwme Ang npuOAHKen-
HOFQ HAXOMAEHHs COOCTBEHHHX 3HAYEHUR M COGCTBEHHBX QyHKUUH Anpa
K (x, s), ananoruydo TOMY Kak 3TO Jejaetcs AJsd MeTOma KOJJIOKa-
und (§ 7). A umenno, noaaras f(x) =0n ¢, (x) =0, oTryaa P, (x) =0,
onpefensieM NpUOAHMEHHNE 3HAYEHUA COOCTBEHHWX 4YHcea W3 anre6pan-
4eCKOCO ypaBHeHHd

det[(pyr )] =0. ©

[locsie aToro npuGanKendsle cOGCTBEHAbIE QYHKLRN HAXOAATCH B3 OAHO-

poxHoil cucreMu (B), rae BMEcTO A NOACTAaB/IEHO COOTBETCTBYIOI(EE NPH-
6HKeHHOe 3HAUEHUE.

Mpumep | MerogoM HanMeHbiINX KBaJpaToB HAUTH NPHEAHIKeHio
pellende ypaBHeHUs

i
y{x) =x2- S sh (x -+ s) g (s) ds. (10)

-1
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Hna mepBoro npubnuxceHus nonaraeM Y =c¢;+ cypx+ x2. OTciopa
P1{)=1, Qqa(x)=2x, @o(x)=x2

Yuurwisasn, uro

1 1 1
S sh (x4-s)ds=a sh x, S ssh (x+s)ds=>bsh x, S s2sh (x+s)ds=c sh x,
-1 -1 ~1

rne a=2sh 1=2,3504; b=2¢e"1=0,7358;, c=6sh 1 —4 ch 1=0,8788, na ocuo-
Banun ¢opmya (4) u (7) uz § 7 umeem:
Py=1l—ashx, Py=x—bchx, 1Ppy=—cshzx.

Jlanee HaxoiuM:

(b b =2+at (G2 1) 6,403,

(e, %)=%+ b2 (§h72+ 1) =2,189%,

(1, Po)=-—4 (@~ - bsh )= —8e~!sh 1= —3,4586,
{1, Po)=ac (“‘TQ— 1 ) =1,6800,
(Yo, Po)= —2ce~ 1= —0,6466.

MMonyuaem cucremy nas onpegenenusi KospHUUKEHTOB ¢; U €y

6,4935¢, — 3,4586¢, = — 1,6800;  — 3,4586¢, -} 2,1896¢, = 0,6466.
Orcioga nonyuyaem: ¢y=— 0,5423; ¢,= —0,5613. Takum obpazom,
Y =x2—0,5613x — 0,5423. (11)

Tak xak pna ypaeuenusn (10) sapo
K (x, 5)=sh (x-}s)=shxchs-}{chxshs

BhIpOXJeHHOE, TO JIETKO NMOMYYMTh TOYHOE pemielne

Yy (x)=x2tashx-4fpchx, (12)
e
_ 6shl—4chl

- sh 22
~(%)
W cpaesnerus dopmyan (11) n (12) 3akmouaeM, uro npuGnuxenHoe peienue Y

6IM3KO0 K TOYHOMY ¥, ecli | x | —Manasa BequunHa. Ha xonnax x= 4 1 pacxox-
NeHue |y—Y | 1oBONbLHO 3HAYHTE/bLHQ.

=—0681, f=a (5—]‘2-2-—1 )=— 0,5548.

§ 9. MeTon MOMeHTOB

Iycth
b

Rly)=y x)—4 (K (2, 5)y(s) ds—F(x)=0. (1)

a

Auanoruyno npeannymemy (§ 8), 6ynem uckath npubankedHoe pelleHne
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ypaBdedus (1) B BHIe KOHEUHOH CyMMbl

n
Vo) =/ + Xee ) (=12 ...m, ()

(=1
rie @;(x) (i=1, 2, ..., n) —HexkoTophie M3BECTHHE JHHEHHO He3amu-
cambie Qydkunn (K00pOuraTHsle GyHKYUL) W Cq, Cy, ..., C,——Heoilpe-

nenennnie  koddduutiedts. [lomcrasans Buipawenwe (2) B JeByl0 yacThb
ypastenust (1), monytum uemasky

b

Rv=3$ e, [<p,<x)—x (K (<, 9 9,09) ds] 0 (K (5,9 7(5) ds. )

=t a

Cornacio merody momentos [16], [19], [24] xoadduunents ¢, (i =1,
2, ..., n) ONpeAQIMIOTCS M3 YCJAOBHSI OPTOIOHANLHOCTH HERA3KH Ko
BceM KoopAaHHathuM dyukimaM ¢, (X), @y (X), ..., ¢,(x). 10 naer
CHCTEMY YPaBHEHH(H

b

(RIVei )y de=0 (=1, 2, ..., n)
nau, B ciay (3),
Seplag=r)=hy, U=1,2, ..., ), ()
rine =
b b b
Oy = S P (%) @; (%) dx, ﬁ,,=S dx S K (%, 8) @, (x) @, (s) ds,
¢ b b @
ve="{ ax (K (x, ) g, (0) 7 (5) ds

Ecan onpepenutens cucremni (4) D (h) =det (a;—~Af,;) orTmmuen or
Hy/ts, TO H3 3TOH CHCTEMbl MOKHO ONHO3HZYHO ONpPENCHHTh Ko3ddu-
LUNEHTH €;, Cq, +.., C,. loraa ¢opmyaa (2) mact nmpuGAnkKeHHOe pelle-
nHe uHTerpaisHoro ypasuenust (1), W3 ypasuwenus D(A) =0 npubau-
HEHHO paxopaTcs coGCTReHHbie 3na4YeHus Ay, Ay, ..., A, apa K(x, s).
Haitnst Hexy/eBble peuieHHs QIHOPOLHON JHHEHHOH CHCTEMbI
no
]ZI Cj(aij'—)\'kﬁi/)z:o (i=1r 2, ey ﬂ),
Jerko nocTpouth (oM. § 6) upnbamiceHunie coBcTBeHHble QYRKLAH g x,
OTBeYaloU[Me JaHHOMY COGCTBEHHOMY 3HaueHnio A,. 3aMeTHM, 4TO MeToOA
MOMEHTOB [0 Mjee coBnagaet ¢ seronoM [anepkmua (ra, 1V, § 8).
Moo nokasats [16], [19], uro MeTo1 MoMeHTOB paBrOCHIEH 3aMene
snpa K(x, ) HekOTopwiM BuLipOWAeHHHM uapoM K" (x, s). [osromy
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2ast MpHOJHKEHHOTO  petueHust Y, (X) HMeeTCs OUEHKA MOTPeIlHOCTH
(cm. [16], [19]), ananornusas npuBezennofi Buwe (§ 6).

Mpumep 1. Hailtu nepevle apa COGCTBEHHBIX 3layeHHs MHTETPalbHOro

YpasHeHH#A
1

Rig)=y@—h{ K, 95 (5 ds=0,

=3

rjae
S, eCan S= X,

K{x, 5)= { )

X, ecan S > Xx.
Ha ocioBannu (5) umeem

X 1
Rlyl=y (x)—A {S sy (s} ds+ S xy(s) ds } .
0 x
Monowum Y =c x4 cax®. Torga

3 4 3 4
i = b=t [ S 11 (4 )~ (55455 -

A A A A
= 2 2 oxs 0 2.1
=0 [(1 Q)x—}—ﬁ x]+c2 [ 3 x+x +12x] .
OproroHanuaupysa uesasky R [Y], 6ynem HMeThb cucTemy
1 !
(RiYIxdr=0, (RIVIwde=0

[}
A 1 A1 Aol 1 Y|
“ [( =) "3‘+€'“5“J +e [—?'?+T+E'E]:O’
A 1 Aol Aol 1 Al
“ [( ‘—?) "TtE 'F] Ter [‘@'7+:€+ﬁ'7]=°-
TMocne ynpouwenusa monydaum cHCTeMy

£y (120—48X) + ¢, (90— 354) =0, }
£ (630— 2454) + ¢, (504 — 180A) = 0.

=3

HIH

(6)

TipupaeunBasn 1tynio onpefeantesns cHcreMsl (6), nolyyuM ypaBHedHe s
onpenenenius co6CTBElHBIX 3HaUYeHHH:

D0y = 120 —48A 90 —35A
| 630—245) 504 —180)
Orciona 65A2— 16923 43780 =0, nan
A2-—26,03A 4 58,15=0. 7
M3 ypasrenus (7) 6yjieM uMeTs
Ay =2,462; h,=23,568.

ﬂ,.ﬂﬂ CDABHEHHUSA YKaKeM TouyHbie cobeTRenHbie 3HAUEOHNA!

42 2
Alz'; =2,467 n xz—;gj‘_:m,m,
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nojJygeHHble U3 pellleHNs COOTBETCTBYIOMEH! Kpaeroil 3afaun:
Yy +ry=0, y(0)=0, y' (1)=0

Takum o6paszoM, NOrpeliBoCcTh M paBHa npumepho 0,2%/y, a Ty — 60/,

B saxiouenue 3aMeTHM, YTO DACCMOTPCHHBIE METOMB MIHIMH3AUMH
BeBa3kn (§§ 7—9) NpUMERMMAl TaKKe K PpEUICHHIO HENHHEHHHX HHTe-
rpaneHbix ypaBHenu#l. MMewoTcst Takde apyrue MCTOAH perieHus] HHTE-
rpaZibHeIX ypaBHeHuH, nanpumep Merton Monre-Kapao [25].
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362 MPUAOKEHUE |

NPUIIOXEHUE I

OPTOTOHA/IbHBIE MOJIMHOMbI YEBBIILEBA
AN n+41 PABHOOTCTOSILIMX TOUEK (P ()= P (0) P, n(t))

n=>5 (6 Touek)

t Pt B, Byh Py (1) Py (1) [
0 5 5 5 1 1
1 3 —1 —7 -3 -5
2 1 —4 —4 2 10
3 —1 —1 4 2 —10
4 -3 —1 7 -3 5
5 —5 5 ‘ —5 1 —1
3 P21y ] 70 \ 84 ‘ 180 28 9252

n==6 (7 Touek)

t ] Bt ] P ] Py (1) Py Py ()
0 3 5 1 3 1
1 2 0 -1 —7 —14
2 1 -3 —1 1 5
3 0 —4 0 6 0
4 —1 -3 I 1 —5
5 —2 0 1 —7 4
6 —3 5 —1 3 —1
ey | s | s | 6 | | s

n=7 (8 Touex)

P, (1) ‘ Py () ‘ Puty ‘ Ps ()

~
2
.
N

0 7 7 7 7 7
1 5 1 —5 —13 —23
2 3 -3 —7 —3 17
3 1 —5 —3 9 15
4 ~1 —5 3 9 —15
5 —3 -3 7 —3 —17
6 —5 1 5 —13 23
7 —7 7 —T7 7 -7
D0 168 168 264 616 2184
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n=8 (9 Touek)

¢ B 0] P Pty Aw
0 4 28 14 14 4
1 3 7 —7 —91 —1i
2 2 —8 —13 —11 4
3 1 —17 —9 9 9
4 0 —920 0 18 0
5 —1 —17 9 9 —9
6 —2 —8 13 —11 —4
7 -3 7 7 —91 1
8 —4 28 —14 14 —4
> P2 ‘ 60 272 | 990 | 2002 | 468

n=9 (10 Touex)

¢ AL By ’ By () \ By (t) Py )
0 9 6 42 18 6
1 7 2 —14 —22 —14
2 5 —1 —25 —17 1
3 3 -3 —31 3 1
4 1 —4 —12 18 6
5 —1 —4 12 18 —6
6 -3 -3 31 3 —11
7 —5 —1 35 —17 —1
8 -7 2 12 —22 14
9 —9 6 —42 18 —6
3 B2 (y) [ B | 1 [ 8580 2860 l 780
n=10 (11 Touek)
t B ‘ B, ‘ By (0 Bt B, (0 w
0 5 15 30 6 3
1 4 6 —6 1 —6 —6
2 3 —1 —92 —6 —1
3 2 —6 —23 ~1 4
4 ] —9 —14 4 4
5 0 —10 0 6 0
6 —1 —9 14 4 —4
7 —2 —6 23 —1 —4
8 —3 —1 22 —6 1
9 —4 6 6 —6 6
10 —5 15 —30 6 -3
Y p2
P 110 858 4290 286 156
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NPUJIOWERUE 1I M 11l

MPUJIIOXEHUE 11
NEPBBIE 10 NOTUHOMOB JIEXAHIIPA P, (x)

Pp(x)

011
1 X
2| @1
=D
L o
3 5 (5x3—3x)
4 % (30xt —30x2 +3)
5 % (63+5 — 703 |- 15x)
6 | (23160 —315x% 4 10552 —5)
7 1_6 (429x7 — 693x5 -+ 31543 — 35%)
8 % (64358 — 12 012x% -+ 6930 — 12602 - 35)
9 - I_;B(IQ 185x9 — 25 740x7 - 18 018x% —4620x3 - 315x)
10 Qés (46 189x10— 109 395x° + 90 090x — 30 030x* -+ 346542 — 63)

NMPUJOXEHHWE 11l

NMEPBBLIE 12 MOJUHOMOB YEBBILWIEBA 7,(x)
T, x)=x
2T, (x)=2x2—1
AT, (x) = 4x3—3x
8T, (x) =8x*—8x241
16T (x) = 165 — 20x -5
39T (x) = 3240 — 48x1 + 18x2 — 1
64T, () = 64x7 — 11245 + 563 —
1287 ¢ (x) == 128x8 — 256x° 4- 160x* — 32x2 - 1
2567 ¢ (x) = 256x% —576x7 4 432x5— 120x% - 9x
512T 4 (x) =512x10—1280x8 4 1120x° — 400x* - 50x2— 1
1024 T, (x) = 1024x'1 — 281649 | 2816x7 — 1232x5 4 220x3 — 1 1x
2048T,, (x) = 2048x12 —6144x10 691258 — 35840 4 840x1 —72x2 - 1



NMPEJIMETHbIH YKA3ATE/D

AnbTepHaHC YeOHIMEeBCKHE 78
AnpoxCHMauua KeagparHquas 22
— — HHTerpanbHaa 40

— — TOoYeyHaa 22
AnnpokcHMUpylomnit noanuom 12, 22

Baancuue dyukuun 232

BapHainnonuas aagaua 308
— — , metog Prurua 321
BoiyucauTeNnbHe WAGNOHB, mNocTpPaeHHe 266

Tapmonuka 50

TapMmonnueckan ¢yHkuna 255, 256
TapMoHudeckuit anaana 51
Tpanuua cetkn 272

AunddepeHunansnoe ypaBHeHHe BRTOPOro MO-
pajKa, NpuéanxeHHoe pewedde 187, 189

— — — — camoconpsxeduoe 312

— —, KOHEeYHQO-pa3HOCTHHIH MCTQL PeleHHs
151

—, Meranx Apamca 156, 159, 160
—, — — psaa cHcremn 160
—, — Kpuaosa nocaenoparelibHHX cEau-
weand 164, 167
—, — Mnnaua 169, 170, 174
, — — Ana cucreMm 174
— Hnuiorona — Kautopasnua 201
— MOC/AefOBATEMbHEX [PUOAHKEHNA
4, 13% 138
—~— — — pna cucremw 138
— PyHre—Kyrtta 151
— — — pana cHcremw 152, 153
— Yanamruaa 191
— YHcjeHHOTa MHTerpHposanusi 140
— Onnepa 144, 145, 151
METOAM peuieHus] OCHOBAHHaIE 1A TPH-
MEHEIMH TIPOU3BOAILX BLICUIHX MOPATKOB
181, 182, 183, 184, 186

L

[ I N I ey O

P e e e e e Gy

P

— —, Mogadukanmy Meroaa Dhaepa 147,
148, 151
— — o0blKMOBeHHOE, MeTOxs peuwteHus 127

— — — TMeproro napsafka 121

oUeHKa TOrpeilHOCTH [pHOGJHXKEHHOFO
pewenns 202

— —, pellicHue ¢ noMombio psajoe 128, 130,
132

— —, CBA3bL c ypaBHeHHeMm Banwreppa 336

— —, YCOBEepIUEeHCTROBAHHLIA METOX JoMa-
Hux 147

— —, — — Jiinepa — Kown 148, 149

Ounddepenynanbioe ypaBHeHHEe n-ro MOPAfL-
Ka, cmefeHHe K cucreme 122, 123

3ajaua BapuayMoHnan 308
— Jnpuxne 254, 255, 320
, EOMHCTBEHHOCTh 256
—, KOppeKTHOCTL 256
—, METOJ MOfjenupoBauusa 270, 271
—, — Manre-Kapao 272, 274, 275

Il

, — Purua 329
, — ceTtok 261, 262, 269
—, peureHse € TOMOULIO ceTounaro

3/MeKTPOMHTErpatopa 271

Kowwn 121, 122, 124, 249, 252

— KpaeBasaA, ¢M Kpaedasa sada«a
— abmasa 250

HeitmaHa 254

0 co6CTBEHHHX 3HayeHMAxXx 215
OCHOBHASI BHeWHeH GannuCTHRu 125
cMelnmaHHaa 251, 252

— KappeKTHO TlocTasieHnan 252
— HeKOpPeKTHO nacTapiaenHas 253
Tpex rtea 126

Prrrvrnngl

Hurerpan Qqupuxne 320

Unterpanenas kpusaa (23

— IOBEPXHOCTb 244

UnterpansHoe yparnenne 332

— — BosbTeppa srOopora poma 334, 335

— — — mneperorao poja 334

-— — JinHeitnoe 332

— — d&pegrasbMa BTOporo poga 332, 335

— — — opHopopnoe 332

-- — — mnepaoro popa 332

HuterpanbHsle ypaBHEHHA, METOA BB PAXKICI-
HEIX Aaep 345, 350

, — KOHEYHBIX cyMM 341

Hutepnonsiynonueit nosMmurom Jlarpanxa 13,
19

— — HbloTona 14

Hutepnonsayua (HurepnosanpoBanne) 14, 23
— KBazpartigHas 14

— JuueiiHaa 14

— TpuronoMeTpHueckas 17

HUctopua 6ayxaanna 272

HrepuporanHoe sgpo 339

Kodenno-pasnoctnasg cxema Heycrofianpasa 282
— — — ycrofunsas 28]
KoHegno-pasHocTaLIft anepaTop 279
KoHcratta Jlunwaga 121, 124
KoppekTHocTh cMelwaHuoil 3agayu 253
Kosddmunents Pyphe 46
— — Mo/fiHOMA OTHOCHTEABHO CHCTEMB OPTO-
roanehux gyukunii 30
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Kospduunentst dypne  Tpuronomerpnye-

— BHEWHAA, BHYTPeHuss 254

— [pyxTaodeyHads mnpocredwas 209

— —, peAykuus K 3ajavye Kouin 217

— I7im ypasuenus: Jlannaca 317

— «—— — [Iyaccona 317

— — — sAnWnTHYECKoro THrma 253

— JuMefinas 212, 213

— — neopdopojlaf, opHopojkas 218
— —, cBejleHHe K aapuauuannolf 3ajgaue
312

Thyryiry

— —, cBA3k ¢ HHTerpaJbHbIM ypaBHeHHEM
dpegroabMa 338

—, Meron Tanmepkuua 238, 241

— kasnakauuu 232, 241

KOHeuHblX paanacreit 219, 222,

1
b

T healngl

N
w

I
|

nauMeHbWnx keafgpaton 234, 235,

opToroMaibHblX Tpoekunit 242
nopo6nacresr 242

nporonkn 224, 225, 226, 229
npambix 294, 297

cetok 261, 262, 269
oBaobmennsift meron lanepknna 242
— ofmas ans AnddepenuHanbaoro ypan-
Heunst 209

neppas, Brapas, TpeTbs 254
npocrefiian AByXToyeynasa 209

—, merop Purua 322

cvewaqHan 210, 254

—, ycnapus ycrofiyupacta 282
Irypma-—Jlnypuans 324

— — — —, Meroj Putua 325

Kpaesne ycnosus 209, 247

— — pgmyxTodeunsnie 213

— — snHefinnie 213

— — Toue4yHO pa3feneHnbie 217

[
—

Tyt

rrrrr

treyrd

JleMma Yaunsruna o6 MuTErpalibHbiX Hepa-
percrsax 192

Jlunean 305

Jlunelinas 3aBHCHMOCTb HepeMenanx 82

— — ¢ynkuuit 28

— uesapucumocth GynxnMin 28

Jlnpeftunifi anddepennuanbHbiil
Top 306

Jlomanaa Jiinepa 144

onepa-

Merton Anamca pnA anddepeHiManbHhX ypas-
uennii 156, 159, 160

—, olleHKa HorpeninoctH 206
papuallHonnnll A1 Kpaesmx 3ajais 809
BhIGpanALX TOoueK 93

peipapunpanua 85, B8

BHIPOXKACHHBIR  AJep JJA  MHTErpanhbMblx
ypapneauit 345

lanepkuna and KpaemblX 3afad 238, 241
— obobumennbiit 242

rpaduueckMil nomanmx ODinepa 128
KOJMOKauWH AR Kpaenslx 3agpau 232, 241
— — ypasuednn <dpegronbma 354
KOHeuHHX pasHocTefl (MeTop ceTok) 261
— — paa  aubdepenuyannHHx  ypabHe-
Yl OOBIKHOBEHHHX ]5]

— — — Kpaemblx 3apau 219, 222, 223

IRRER

Frrrrnt

11

— CYMM Jnsl MHTErpafbHHX ypaBHEHHR
341, 342, 343

— KphlJiOBa [OC/AEA0BATEARHEX COMMKEHUi
164, 167

— JloMaHBIX yCoBepHedcTaBanuit 147

NPEAMETHBI

YKA3ATEJD

Merox Munua pewenns auddepenunanbHbix
ypaBuenuit 169, 170, 174

— MOJEeJHPOBAHMA and 3ajaun Jnpuxne 271

— MOMEHTOR ans ypaBhennsl Ppearonnma 359

— MaoHre-Kapno ans sajaun dupuzxne 272,
274, 275

— RauMeHbLINXx KBajpaToB, cM. Cnoco Hau-
MEHBIUUY KBadpamos

— Hewrona — Kaunroposwua nns
sapgayn Kown 201

— ofIUH# Qnpefe/ennsl NapaMeTpod SMOHPH-
vecKoli popmysbl 115

— OpTOroHAJIbHbIX JPOEKUHi ANfA Kpaephx
3anay 242

— nojgobaacredf pnA KpaeBuX 3ajau 242

— n?chlezJ,oBa-renbuux nprGsmiicennst 134, 137,
38

—_ —40— AJsl MHTerpaJbHbIX ypabBuenn# 339,
3

pemenns

— —529— AR KpaeBbix 3apaun 224, 226, 226,

— - AJS1 YPAaRHEHHS] TEMMONPOBOJHOCTH

285, 286

NpAMEX AJAA YPABHEHMA SJJHITHYECKOrd

THna 293, 297

— — ypapaenus Ilyaccona 297

PuTua nJa RapuauuonHof 3ajauu 321

— — aapaun Jupuxae 328

— — — IIrypma — Jlnypuans 325

- — mnpocreiilwe kpaesol 3ajaun 322

Pynra — KyTta ans pewehus Anddepen-

uuagbMEx ypaBHenn#t 151, 152, 153

— —, oneHka norpeuwnoctd 206

ceTok pasA 3ajayn IupuxJje 261, 262, 269

— JJs  ypapHeHHui runep6oHEeCKOro

Thnna 290¢

— CPEAHMX JAS OTHICKAHHSA I1apaMeTpPOB 3MMH-
pHuecko#t dapmyns 94

— Yanmaeruna peweaus aunbdepentnanbbix
ypapuenu#i 191

!

prertey

b

— yucienHoro uuTerpaporanus pubdeped-
uHaJbHBIX ypaBHeHu#i 140
— 3itnepa peleHns mndibeperinanbaEx

ypaBHenui 145, 147, 1581
— — ¢ wrepaunonnofi o6paGoTHoll OPANHBT
49

— aﬁgepa-—l{omn ycoBepuieHCTBORAR b 148,
149

Mnarauned — cM. [fToauxom
MHQKECTBO paCyeTHbIX TaYeK CBsgHoe 263
— Gbyukunit JMHeHoe 305

Hayanbuana Tabauua 184
Hauasibuwie gaunne Kouwrn 249
— yeJaosuna 247

Hauanbumit arpe3dak 157
Hepnaka 92, 238, 240
HepaBenctso Beccens 47
Hopma Bekropa 175

— Gyukumn 27, 44

O6sactb 3aganua onepatopa 305

— — dryHKuHORANA

— onpegedenns dynxunonala 304

— pacnpocTpaHenus peiienHs 3agaud Koux

Oneparop 305

— nuddepenunpopanns 306
— Jlannaca 247, 306

— JNKHelHbIA 306

— — puddepeHunansiui 306
— ponoxurenbani 807

— cHMMmeTpuuMHl 307



NMPEAMETHGIH

Onpepenurens Bangepmonga 13

Oproronantnan cucrema GyHknnf 27

OpraroHanbHacTs ¢ Becam 63

— CHCTEMbl HHTerpHpyeMbix QYHKUHA 44

OpToroHaabubie noanHoMb  UeGnutiuesa, Ta6-
nnta 362

— dynkuan 27

OpranopmupoBannan cucrema QydHxuui 27

Ocobele TOUKH Pe3aNbBEHTH 339

OCTaTOUHbBIfl 4AECH HHTEPHOSIIAGNHATG [QJH-
1roMa Jlarpamga 15

Orin,'1enne a6coflioTHoe afabIeHHOra nadH-
ioMa oT dpynkpun 73

— cpefHee kpajpaTuyHoe dyuakuni 71

Ouenka norpemnactd MmetToga Agamca 206

— — — Pyure—Kyrra 206

— — npabauKeanoro pemeHun
unanbioro ypasienun 202

Owntka annpokeumanuu 279

nuddepen-

Morpeumnocts metona 204

— Tekyuiasa 204

ITonnaoM annpokcumupytoui it 12

— durepnoasyvoanslii 13

— Jlarpanaxa 13, 15

— Hbroroua 14
HAUJYHIOEr0  panHOMepHAro
nusa 74

HAAMEeHee OTRJOAsIOU HIACS
— — oT dyHKuum 74
a6oBluenHbii 12

, DA3JIOXKEHHE MO CHCTEME OPTATOHANbHBIX
dbyaxkanst 29

TpUroHoMeTpruecku# 12, 17

dypoe 33

— TpHroHOMeTpHUYecKu# 50

YeOullwera, KopHu 68

— opraraHanbHbll 34, 35

aMHOMBL Jlexanppa 56, 364

—, npon3sagiaman Gyuknua 60

—. pexkyppenrHas dopMmyna 61

YCHJIEHHOE® CBOHCTBG OPTOrOHAMBHOCTH

npubanxe-

oT Hyas 75

11

REE=IRREN

59

YeGuirapa 65, 75

—, MaKcuMaJabHOe 3HauenMe mMoxyna 69

— oprorasanbhsie 34, 35

— — HopMHpomaHuule 35

pekyppeHTHble hopMyasl 66

—, cBOltcTBO opTOTOHAMbHOCTH 66

—, 3KCTpeManknHOe cBoiicTBO 68

YlopsagoK TOYHOCTH TPHOJHMKEHHOTO MeTaxa
204

EEREEE

Tlpu6auxenne nurerpanbuoe [2

— pasHoMepHoe dyHKUHH 06a6IIEHHEIM MOMH-
HomMaM 73

— TouyeyHae (2

— dyHKUHR{, nocTaHOBKA 3ajaun 12

YIpHOAHMKEHHOC DelieHHe BapHAlMOnHOA B8a-

mauan 321
— — nuddepeHuHanbubBIX  ypPaBHeHHi, CM
Rugpdeperyuarbroe ypasrenue, memod

— — Kkpaeeblx 3a7a4, cMm. [(paesan sadaua,
memod

IIputuun  MaKCHMYMa Jisi TapMOHHYECKHXR
dynkouit 255

— Pyure 205

ITpouece ycpexnneuns: Jin6mana 265, 266

Papeycraa [lapcepans 48
Pacuernnic To4kn 263
PesonbBenta ypasueaun Ppegronbma 339

YKA3ATEND
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Peuienine cucTembl OObIKHOBEHHBIX Auddepen-
HHanbUbLIX  ypaBHenuit 123

— YPaBHEeHHS C YACTHLIMM NMPOH3BOIHBIMH 244

Pap dypbe TPHIOHOMETPHUECKHH 5]

Camoconpsixkennnlt BHA JHMHe#Mara paudde-
peHinaJbnoro ypanHedus 312

CeTaunasi absiactb 261

Cumpon Kpouexkepa 44

Cunerema wuHTerpupyeMuix  (yukuuit  oproro-
HaJbnas 44

— ~— — OpTOHOPMHPOBAHHAS 44

HOpManbnast JHHelllblX ypaBHeHuli 96

abbikHoBeHHBIX AMdidepeHuanbUBx ypan-

Hennii 122

OpTOroHanbHbIX  MNOJAHAOMOB

HOPMHpORaHHAR 35

— (yHKUHA Helannas 48

— — Taauas 48

ypanHeHuit Meroha npsMuix 295

YCNOBHbIX ypaBHEHHHA 116

— ¢yHkunit aproronansHas 27

— — ¢ nccam 63

— — opTaHopMHpoBanuuas 27

CkansipHae npousmegedne (yunkunii 307

Cnoil daktususil 290

Cnyuaiiloe 6ayxpgaune paBrnomepnoe 272

Co6erBendas pydaruis 215

CobeTRennoe onauenne 215

Co6eTREHHBIC  3HAYEHMST  (4Mcaa) dajaun
typma — Jluysunna 324

- — WuHTerpasbHoro ypabHeuusa 333

- %e;éennn sagauu  Typma — Jinyrunnn

Ye6riuiena

— dyakunn  sagaun  Wrypma — Jlnysuaas
324

— — HHTETpajbHOTG YypaBHenus 333
Crioco6 nauMeHbIUMX KBAgpaToB sl KPaeBblx
3afiau 234, 235, 241

— — — a9 cnydan  a6abmeHHOra  nosn-
HoMa 25
— — — nas yparHeuus dpegrosbma 356

— — — pas sMOupHYecKod gopmyas 96, 97
— — — HHTerpaanHnf 40

— — —~ ToueuHwit 22, 23, 24

CxeMa Bbiumcnednnft neycrofiunsas 206

— — ycroiluusas 206, 240

— HesqBHan 286

— fApHasa 279

TeapeMa BeliepmiTpacea annpakCcHMaiHaHuast
74

I

e/IAIICTRCHHOCTH TPHIONOMETPHYECKArD M0-
NMMHOMA

Hefimana 256

o kKopusix moanHama Jlexangpa 60

Yebolmena 68

o nonnuome Yebuimena 75

0 CBOACTBE OPTOTOHANBLHOCTH TOJHHOMOB
YebSrimena 66

og OpPTOTOHAJIbHOCTH NMOJAHAMOR Jlexanfp4
7

i

a6 3KCTPEMAJIBHKX 3HAUCHHUAX [TOJHHOMOB

Uebrinena 68

CylLLeCTBORAHAA 11 EIHHCTBCHHOCTH TIQJIH-

HomMa, 06Jajaloulero MHHHMaJbHbIM - OT -

K1oHeHHEM 75

— — -~ — pemenus 3aga4yn Koun 124

— Yebuimena o6 anbrepHauce 77

Teopembl oCHOBHHIE DBAaPHALHOHHOrO MeETofd
pewenns Kpaepoit aanaua 309, 310

— ®peyronbma 333

Toukn kosanorauun 233, 3560
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NPEAMETHS!

TpaekTopna wacTHum 272
TPUrOMOMeTpHUeCKH#t MosnnoM dypbe 50

psix dypbe 51

Yaca snyrpennnit 262
— rpanMuuHft 263

nartepnoauposanus 13
nepBora, BToporo psapa 263

Yanuk ceTKH cocepitne 262
Yxaaneuusa (aensskun) 92, 93
VYparuenane A6ens ao6obureHHoe 334

L O A S R I

1t

Prrrrrn

trrtrnd

BOJHOBOE 246
BonwkTeppa mnepsoro, BTopore poja 334,
335

—, MeToj KoaHeullbix cyMm 341, 343
—, — TOCNegOBATENbHBIX  TNPHOJMKEHHH
340

--. cBa3b ¢ JaHddepedgHaIbHBIM ypPAaBHE-
nueM 336

Threpfonuyeckoro THna, MeToA ceTok 290
HITerpanbuoe, cM Humeepaassioe ypag-
HeHle

KoneGaunii cTpynn 246

-~ —, MeTap ceTok 290, 292

Jlannaca 247, 306

— B KOMeuHblX pa3HocTax 257
napaGoluueckoro THNA, PewlciiHe MeToJoM
ceTok 278

[lyaccona 247, 297, 306

, MeToj npameix 297

C YACTHBIMA 11POH3BOXHBIMH
netinoe 244

— — — runepbosuaueckoro Tuna 248
Kaaccugukauua 245

— — — napabonKyeckoro rtumna 243

— — — cMewWanuoro Tuna 245

— — — sJuunTHYecKoro rtnna 245
TensonposoAHocry 245

—--, peulenHe MeTomoM nporouku 285, 289
—, YCTOHYHBOCTb KOHeUII0-Pa3HOCTAOR
cxemur 281

dpearoaema 332, 338, 345

, MeTOJl BbIDOXIEHHHIX spep 345
rosvioKauuu 354

KOHeuHblx cymMMm 342, 343
MoMeHToR 359

HauMeHbuIuX KBagpaToB 356
NMoCCAOBATCABLIKY D PHEANK et

BrioJ/iHe JIH-

.
—
-1

338
xapakrepuctuk 246

uyactoT 3apayd Ulrypma — JTuysuansa 325
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