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NMEPEOMOBA

MatemaTuyHa (izuka — 1€ MaTeMaTHYHUN anapaT BUBYEHHS (Di3MUHUX
nomiB. lleil amapar € OCHOBOIO TEOPETHUYHOI TIAPOMEXaHIKH, Teopii
TEIJIONPOBITHOCTI, TEOPil MPYKHOCTI, KIACUYHOI TEOPii €NEKTPOMArHiTHOro
TOJISI.

MartemaTtnuHa  (i3uka He  OOMEXYETbCS  TUIBKM  OTPUMAHHAM
MaTEMaTUIHUX CITIBBIHOIICHb, 110 OMHUCYIOTh OTPUMaHI €KCIEPHUMEHTATBHUM
HUIAXOM 3aJIKHOCTI MUK (I3UYHMMM BenuuuHamu. Po3B’s3yBaHHA 3ajad
MaTeMaTU4YHOi (PI3UKH CIIpUsi€e BAHUKHEHHIO HOBHX 17€il Ta Teopiid. Kinacuunum
NPUKIAZAOM TYT € ICTOpIA BIAKPUTTS aHTUYACTHHOK. SIK BiOMO, mepmuM OyJio
BiZIKpHTO TO3MTpoH. Moro icHyBanHsa Gyno mepenbaueHo Ilonem JlipakoM y
1926 poui sk MareMaTWYHUN HACIIAOK KBAaHTOBOI TEOpPli pyXy €JIEKTPOHIB. I
TUIBKH y 1932 porii no3uTpoHu 0yau (akKTUYHO CIIOCTEPEKEHI.

[TobymoBa Ta MOCHTIKEHHS MAaTeMAaTUYHUX MOJENed (i3uuHUX SIBUII
CKJIQIAIOTh MpeAMET MaTeMaTUu4Hoi (Ppi3uku. MatemMatudHa ¢i3uka po3BUBAIAC
3 yaciB H’1oToHa mapanensHo 3 po3BUTKOM (¢izuku Ta marematuku. Y XVIII cr.
METOM MaTreMaTudHOoi (Pi3uku movanu GOpMyBaTHCh MPU BUBYCHHI KOJWBAHD
CTPYHH Ta CTEp)KHs, a TaKOXX NpPH pO3B’sA3yBaHHI 3adad, TIOB SI3aHUX 3
aKyCTHKOIO Ta TIAPOAWHAMIKOI. Y IIeld JXK€ Yac 3aKIaJaroThCs IIiBAJIMHH
teopernunoi mexaniku (K. JI’ Anmam6Gep, JI. Eiinep, I1. Jlannac, . bepuymmi). ¥V
XIX cr. imei maTtemMaTU4HOI (Bi3MKW MIIHAIWMCA HA 1HIIUH BUTOK PO3BUTKY Y
3B’SI3KYy 3 3aJayaMH  TEIUIONPOBITHOCTI, Audy3ii, TPYXKHOCTI, ONTHKH,
CJIICKTPOAMHAMIKH. Y 1€ e TePioJl CTBOPIOIOTHCS TEOPis MOTEHIIATY Ta TEOPis
criikocti pyxy (K. dyp’e, K. T'aycc, O. Komii, M. B. Octporpaacekuii,
I[1. dipixae, 1. Croke). ¥ XX cT. 10 MatreMaTuyHO1 (hi3UKH 3aTy4aroThCs 3a1a4i
KBaHTOBOi (I3MKM Ta Teopii BIAHOCHOCTI, @ TaKOXX HOBI MPOOJIEMH Ta30BOi
JTUHAMIKH, TIEPEHECEeHHs YaCTUHOK Ta (Pi3UKU TUIa3MHU.

OCHOBHMMH MaTEMAaTHYHHMH 3acO00aMU JOCIIDKEHHS yCIX IHMX 3a/Jad €
Teopist AUQEPEHIIAIbHUX PIBHIHB, Teopis (QYHKIIHN, (YHKIIOHATHHUN aHaTi3,
Teopiss KUMOBIPHOCTEH, HAOJIMIKEHI METOIM Ta OOYMCITIOBAIbHA MaTEMAaTHKA.

JIyist Kpaioro po3yMiHHS MOAANBIIOT0 BUKIIAJECHHS MaTepialy HaBEJIEMO
OCHOBHI O3HAY€HHS.

O3nauenna 1. JludepeHiiaabHUM pIBHSHHSM Yy YaCTUHHUX MOXIJTHHUX
HA3UBAETHCS PIBHSIHHS, SIKE TIOB’S3y€ HE3AJICKHI 3MiHHI, 1X (YHKIIIO 1 YaCTHHHI
MOX1/TH1 BiJ i€l PyHKIIII.

Hanpuknao,
du_ ,u. .
o’ - ox> ©)
%—?:azAU+f(M,t) (**)



O3nauenna 2. HaiiBuiuii mopsiiok YaCTUHHOI MOX1AHOI, IO BXOJAUTH Y
PIBHSIHHS, HAQ3UBA€ETHCSI MOPAIKOM JU(EpEeHLIaTbHOTO PIBHAHHS Y YAaCTUHHUX
MOX1THUX.

Hanpuknao, piBHsHHS (*) € pIBHAHHSAM APYroro MOPSAKY, a piBHSHHS (**) —
HEPILOTO.

Osnauennsn 3. JludepeHuianbHe pIBHAHHS Y YaCTUHHUX MOXITHUX
HA3UBAETHCS JIHIMHUM, SIKIIO BOHO JIiHIMHE BIIHOCHO HeBigomoi ¢GyHKIMIl 1 ii
YACTUHHUX MOX1IHUX.

Osnauennsn 4. JludepeHmianbHe pIBHAHHS Yy YaCTUHHUX IOXITHUX
HA3UBA€TLCS KBA3UNHIMHUM, SKIIO BOHO JiHIMHE BIJHOCHO IOXITHHUX
HAWMBUIOTO MOPSJIKY.

O3nauenns 5. Po3B’s3k0M IH(EPEHLIATIBHOTO PIBHAHHS Y YaCTUHHUX
MOX1IHUX Ha3UBa€ThCsA OyAb-siIka (YHKIISA, HemepepBHa B 00JacTi, y SKii
CTaBUThCA 3ajlaya, BCEpeIuHl OO0JacTi Ma€ HENepepBHI YACTHHHI IOXI1JHI,
MOPSIIOK  SIKUX BIJANOBIJIa€ TOPAAKY AU(PEPEHIIAIBHOIO PIBHAHHS, 1 MpH
MIJCTAHOBL1 Yy 1I€ PIBHAHHS MEPETBOPIOE HOr0 Ha TOTOKHICTh 32 HE3AIEKHUMHU
3MIHHUMH.

Jlnst Toro, mo6 MOBHICTIO OMUCATH TOW YW 1HIIMM MpOIEC, HEOOXIIHO,
OKpIM CaMOro pIBHSIHHS y YAaCTUHHUX MOXIJHUX, 3aJlaTU TMOYaTKOBHMN CTaH
bOro mporuecy (nouamkosi ymosu) Ta peXKUM poOOTH Ha TpaHMIll OOJaCTi, y
K1 B1AOyBaeTbca mpouec (epanuyni ymosu). MaremMaTMdHO L€ TOB’SI3aHO 3
HECKIHUEHHOIO KUIBKICTIO PO3B’SI3KIB IU(EepeHLIabHUX pIBHSIHB. Tomy, 1100
BUJIJIUTH PO3B’S30K, SKUM ONHCY€e peanbHUl Mpolec, HEOOXIAHO 3aJaTw
JOJATKOB1 yMOBHU. TakuMu JOJIaTKOBUMH YMOBaMH 1 € Kpauosi yMosu —
MOYaTKOB1 Ta rpaHWyHI1. BiMoBifHa 3a/adya HA3UBAETLCI KPALOBOK 3A0ayero
abo 3a0auero mamemamu4noi Qizuxu.

O3nauenna 6. CykynHicTh TU(EpeHINaTIbHOIO PIBHSIHHS Y YaCTHHHUX
NOXIAHUX 1 JOJATKOBUMX YMOB (KpalOBMX Ta IIOYaTKOBHMX) CTaHOBUTH
MaTeMaTU4YHE MOJIeNIOBaHHs (Pi3MYHOI 3a7adl 1 HA3WBAEThCSA  3aJ1aUelo
MaTeMaTU4IHOI (13UKH.

Ta obcraBuHa, 110 3a7a4a MaTeMaTUYHOI (PI3UKU MOBHHHA MOJIETIOBATH
nesike (QizuuHe sBUINE (MPOLIEC), HAKIAJa€ Ha HEi psg BUMOI, 4YacTO He-
00OB’SI3KOBUX ISl CYyTO MareMaTWYHUX 3ajad. Tak, 3ajaya MaTeMaTUYHOL
GI3UKKM  BBaXKA€ThCSl TOCTABJICHOIO KOPEKTHO (MPABUIIBHO), SIKIIO ICHYE ii
pO3B’s30K, €nuHMM 1 cTiiikuid. [Ipu 1boMy, CTIMKICTh pO3B’A3KYy O3HAYae, IO
MajJuM 3MiHaM B YMOBI 3aJayl MMOBHUHHI BIJNOBIJIaTH MaJli 3MiHU y PO3B’A3KY,
10 JI0O3BOJIUTH 3HIBEIIOBATH MOXUOKY €KCIIEPUMEHTAIbHUX JIaHUX 3ajadl.
[TpupoaHo, 1o ocHOBHOO Tpodiemoro «Teopii piBHSIHb MaTEMATUYHOT (P13UKN»
€ 3HAXO/KEHHsI PO3B’S3KYy 3a/laul MaTeMaTU4HOI (I3UKU Yy BUTIIAJL, 3PYUYHOMY
JUISL TPAKTUKHA. 3HAKOUM L€l pO3B’SI30K, MOXHA OTPUMATH KUIbKICHY
XapaKTePUCTUKY TMpolecy Yy OyIb-sKii TOYIll CEepeloBUINA 1 Y OYyIb-sIKU
MOMEHT 4acy.



TEMA 1 PIBHAHHA MATEMATUYHOI ®I3NKU

[upokuid  kmac  QI3UYHUX  OPOLECIB  OMHUCYETHCA  JIHIKHUMH
nudepeHiaJIbHIMH PIBHAHHAMHU JPYTOro MOPSIKY

AU, +2BU, +CU , + f(x,y,U,U_,U)=0. (11

Posrnsinemo xapakTepHi (hi3W4HI MPONECH, IO 3BOJATHCS JO PI3HUX
KpalloBUX 3ajad ais AudepeHuianbHuX piBHAHb Tuny (1.1), kimacudikarmiro
TaKUX PIBHSAHbD.

1.1 Pignannsa manux nonepeyHux KOJaueanb CIMpyHu

PosrisitHemMo HaTSTHEHY CTpYHY, 3aKkpimieHy Ha KiHimsx x =0 ta x=/.
Moppentoroun cTpyHy OyJneMO HEXTyBaTH ii TOBIIMHOIO, BBAXKAIOUU CTPYHY
HUTKOIO, @ TaKOX CHJIaMH, 110 BUHMKAIOTh TMPHU 3TUHAHHI, Ta CUJIaMU Baru.
3anuiaemMo TUTBKU CHIIM HATATY, SIKI OMUCYIOTHCS 3aKOHOM ['yKa: HaTAr CTpyHH
MPOTMOPIIIAHUN BHIOBXKEHHIO. TakuM YHHOM, MOJEIUII0 CTPYHH € TpYyXKHa,
HeBaroma i abCOJIFOTHO THy4YKa HUTKA.

3a OCHOBHY BEJHMYMHY, IO XapaKTepU3y€ MpPOIEC KOJWBAHHS CTPYHH,
BUOEpPEMO BEKTOpP 3MIIICHHS TOYOK CTPYHHU BiJ MOJIOKEHHs piBHOBaru. Harsr,
10 BUHUKAE Y CTPYHI Y OyAb-SIKH MOMEHT 4acy, HalpaBJIeHUH 10 JOTUYHIN J10
npodito.

PosrnssHeMo maii BiAXWJIGHHS TOYOK CTPYHH BiJ TOJIOXKEHHSI PIBHOBAru,
IpU SIKUX MO>KHA BBaXKaTH, 110 PYX yCIX TOYOK CTPYHH BIOYBA€ThCS B OJIHIM
IUIOLIMHI 1 MePNEeHAUKYJIsIpHO 10 oci Ox. Ilpu oMy JOBXKHHA €IEMEHTapHOI
JIyTd CTPYHU JIOpiBHIOE 11 mpoekiii Ha 1m0 Bick. OTxke, 3a 3p0o0JIEHUX
MPUIMYIIEHb, BUAOBXKEHHS CTPYHH IIiJl Yac 1i MaJIMX KOJIMBAaHb HE BiJIOYBAETHCS.
Tonmi 3a 3akonom ['yka BenmuumHa HATATY 1 B KOXHIM TOYIll CTPYHH HE
3MIHIOETHCS 3 YACOM.

3HaiinemMo npoekiii Ha Bichb Qu CHUJT HATATY, IO JIIOTh HAa €JIEMEHTApHY

ayry ctpyru M M’ Tsin(¢p+A@)—T sin @ (puc. 1.1).

U p+Ap

0 X x+A4x /
Pucynox 1.1



OCKUTBKH KyT ¢ JOCUTh MajlHii, TO MOXHAa BBaXaTH, IO Sin¢@
CKBIBAJICHTHHUU 12 .
Toni

Tsin(p+Ap)—Tsinp=Ttg(p+Ap)—Ttgp =

_ T(au(x +Ax,1) au(x,t))
ox ox )

aie 3a TeopeMoro Jlarpanxa oepKyeMo

2 2
0 u(x+t9Ax,t)szT8 u(x,t)Ax

Tsin(p+A@)—Tsinp=T ,
(p+Agp) @ 7 o

ne 0<@<1.

JIist oTpUMaHHS pPIBHSHHS PYXy TOYOK CTPYHHM MOTPIOHO 30BHILIHI CHJIU
npupiBHIATH 10 cwi iHepuii. Ha migcrtasi 3akony [[’AnamGepa Bci cuiid, siKi

()
NiFOTh Ha AUISHKY MM, IOBUHHI BPiBHOBaKyBaTUCh.

Hexait p — miHiliHa TyCTHMHAa CTPYHH, TOJll Maca eJIeMEHTa CTPYHH
: : u :
nopiBHIOe pPAx. [IpuUCKOpeHHs eleMeHTa CTPYHH JIOpPIBHIOE 5 Toni 3a
t
3akoHoM /I’ AnambGepa maemo:
du . 0u
ot ox

T :
3 gopmynu (1.2), BpaxoByrouH, Mo a’ = —, 0Jep’KyEMO PiBHSIHHSA MaJTHX

MONMCPEUYHNX KOJIMBAHb CTPYHH

o’u  ,du
=a 1.3
ot ox’ (13)
3 Kpatosumu ymMosamu
u(0,6)=u(l,t)=0 (1.4)
Ta NOYAMKOBUMU YMOBAMU
u(x,0) = f(x), (1.5)
ne f(x) —dopma cTpyHH Y TOYaTKOBUN MOMEHT;
Ju(x,0
) (1.6

ne ¢(x) — MBUAKICTb Y KOXKHIM TOYIll CTPYHHU y TTOYaTKOBU MOMEHT.



1.2 PigHAHHA MAUX NO3008HCHIX KOJTUBAHL CHIEPIHCHSA

PosristHemMo ctepkeHb, po3TamoBaHuil B30BK oci OX .

BBenemo Taki mo3Ha4YeHHS:

S(x) — momta mepepizy CTep)KHS TIOMWHOI0, IEPICHANKYIIPHOIO 10 oci Ox 1
MIPOBEJICHOIO Yepe3 TOUKY X;

K(x) — monynb FOHra;

p(x) — TycTHHA y TIepepi3i CTepKHS 3 a0CIIUCOIO X;

U(x,t) — BennunMHa BIAIITOBXYBaHHS (B3JOBXK CTEP)KHSI) HEpepi3y CTEPKHA 3
a0CIMCO0 X B MOMEHT Yacy {.

[IpumycTumo, 1m0 BeIWYMHA BIAIITOBXYBAaHHS BCIX TOYOK (PIKCOBAHOTO
po3pi3y OJHAKoOBa. 3pO3yMUIO, M0 B MEXKax JaHOi MOJENl TOB3IOBXKHI
KOJIMBAHHS MTOBHICTIO OMUCYIOThCA (PyHKIiEro U(X,2).

Manumu KOJMBAaHHSMH HA3WBAIOTHCA TaKi TMOB3JOBXXHI KOJIMBAaHHS, B
SIKUX HATSTH, 1[0 BUHUKAIOTH B MPOIIECI KOJMBAHHS, BIMOBIAIOTH 3aK0HY [ 'yKa.

[Timpaxyemo BiTHOCHE BUIOBKEHHS TIJIONII MJIACTUHU (X, X+/X) B MOMEHT
yacy ¢t. Koopaunartu kiHIiB 1i€i yactuau mwiomti: x+ U(x,t), x+ Ax+ U(x+4x, t).

BigHocHe BUIOBXEHHS YaCTUHU ILJTOILI:

{x+Ax+ U+ A= [x +UxOD]} - Ax  x+Ax+U(x+Ax,t) —x —U(x,0) — Ax _

Ax - Ax -
=U(x+Ax,t)—U(x,t) —U (x+6Ax.1)
Ax x 2v )

e 0<6<1.
TakuMm YWHOM, BIJHOCHE BHUJOBXKEHHS B Toulll X B MOMEHT 4Yacy (¢
nopiBHIOE U (x,t), a BenuuuHa HaTATY 7 3a 3aKkoHOM ['yka:

T =Kx)S(x)U, (x,1).
BizeMeMo f(x,#) — rycTuHa piBHOAIMHUX 30BHIIIHIX CHWJ, SIKI AIIOTH Ha
nepepis 3 abcucor X B3JJ0BXK OCI X.
3riHo 3 Apyrum 3akoHoM H’roToHa Ha Biapisky [x,,x, ] 3a yac Ar =1, —1,

Ma€EMO.

Xply

[UE6)=U,E)PES@EE = [ (SC)K (U, (53, 1) = S(x K (x)U, (v, 00)d 7+ [ | (& 0)déd T

— pIBHAHHA MaluX IOB3IOBXKHIX KOJUBAHb JUISHKM CTEPKHA [x,,x,] y
IHTerpanpHil Gopmi.

[IpunyctumMo iCHYBaHHS HENEPEPBHUX TMOXIJHUX JPYroro MOPSAKY
dbynkuii U(x,t) 1 HeniepepBHOI nepioi moxinHoi Gyukimiit K(x) ta S(x), 3HaitnemMo
nudepeHItiaabHl PIBHSIHHS MaJTUX MOB30BXKHIX KOJUBAaHb CTEPIKHS:

%(S(x)K(x)Ux (x0) + (1) = PRSI, (5,1). (1.7)



Sxmo S(x), K(x) Ta p(x) — crani, To npunyueHds icuyBanus U _Ta U,
nocToBipHE 1 piBHAHHS (1.7) 3Be1eMO 710 BUTTISILY:
a’U,, +F(x,t)=U,,

2
a

=£, (1.8)
P
EACR))
F(x,t)= 5

1.3 PiguAaHHA Manux nonepeyHux KOaueanb Memopanu

M€M6paHOIO HAa3MBA€TBCA TOHKA HATATHYTA ILJIOCKA HJ'IiBKa, oo HE

YUHUTH OIIp 3TUHY 1 3CYBY, ajleé YUHUTH OIIpP PO3TATYBAHHIO.

82 ’u  0’u
=—=T
p(x)= o(ax12 o

D)+ E(x0),  x=(x, x,). (1.9)

SIkuo rycTuHa P MOCTiMHA, TO PIBHAHHS KOJIMBaHb MEMOpaHU

2 2 2
L
o p p

HA3WBAETHCS TBOBUMIPHUM XBWJIBOBHM PIBHSIHHSIM.
HaBenemo BuBenenust piBastHHS (1.9). Posrmspatumemo mani momepedHi
KOJIMBAaHHA MEMOpaHHW, B SKHX BiJOYBAa€TbCS 3CYB MEPHCHAMKYJSIPHO [0

IUIOLIMHU MeMOpaHu, 3a Ky MU npuiiMemo miomuny Oxy. Hexaih u =u(x, y,t)
— BEJIMYMHA 3CYBY TOUKH 3 KOOpJAMHAaTaMH (X, ) )y MOMEHT 4acy ¢ . Kpurtepiem

MaJIOCTI KOJIUBaHb CIYyTYIHOTb YMOBH
2

(au )2 Jdu
— | <<, — | <<I.
ox dy

Hexait ds — enemeHT ayru AEsIKOro KOHTYpa, IO JISKUTh Ha MOBEPXHI
MeMmOpanu, M — Todka 1IbOro eeMeHTa. Ha 1ieil eneMeHT Ait0Th CHIIM HATATY
Tds . BincyTHICTh OIOPY MEMOpaHU 3TUHY 1 3CYBY MAaTE€MAaTUYHO BUPAXKAETHCS Y

TOMYy, IO BEKTOp HaTATy 1 JIGKHTh B IUIONIMHI, JOTHYHIA JO TMOBEPXHI

9



MeMOpaHu B Toulll M, 1 IEepneHIuKyIApHUi 10 eleMeHTa ds, a Hatsar 1 B 1iit
TOUIll HE 3aJeKHUTh BiJl HampsMy eJIeMeHTa ds, 10 MICTUTh Touky M. 3

MPUIYIIEHHS PO MaJIICTh KOJMBAaHb BUILIABAE:
— TpoeKIis Tnp BEKTOpa HATATY T Ha wiomuHy (x,y ) pisHa 7 ;
— HaTAr T He 3aJeXKUTh BiJI Yacy f.
Hiticao, Tnp=T cosa, e & - KyT MiK BEKTOpPOM T i miomuHo0 (x,y).
Anne o He OUIbIIE KyTa Y MIXK JOTHYHOIO IUIOIIMHOIO JIO TOBEPXHI
MeMOpaHH, B AKiH JIEKHUTb BEKTOP T, i miowmHow0 (x,y): a<y.Tomy

cos(&) = cos(y) = ! =1.

Jl 4 (Z)Z + (g)z

Otxe, cos(ax) =1, 13HaunTh, Tnp = T .
Jlani posrisHeMo AiIgHKY S He30ypeHoi memOpanu. [i mioma gopiBHIOE

H dxdy.

S

[1noma i€l AUISTHKY Y MOMEHT 4acy ¢ JIOPIBHIOE

Takum yuHOM, MToma (PiKCOBAHOI AUISIHKM MEMOpAaHU HE 3MIHIOETHCS 3
gacoM, TOOTO AUISHKA HE pO3TAryeThbes. Tomy 3a 3akoHoM ['yka 1 T He
3MIHIOETBCA 3 YaCOM. 3 TOTO, IO BEKTOp 7 HaIpaBICHUU MO MEPIECHIUKYISIPY

JI0 eTIEMEHTa AYTH ds , BUTLTUBAE, O 1 HE 3aJICKUTh TAKOXK BiJ X1 .
Posrisinemo enemeHT MeMOpaHH, AJi SIKOTO Touka N(X,),u) — CepeHs.

Ha 1eit enement, okpiMm cuit HaTATy 7', Jll€ 30BHINIHE PO3MOIJICHE MO MOBEPXHI
HaBaHTAXXEHHS ¢(X,),t), pO3paxOBaHE Ha OJUHMUINO TUIONI 1 MEPIEHIUKYISPHE
no mnoBepxHl MemOpanu (puc. 1.2). PiBHomiiiHa 30BHIIIHIX CcuI Oyae

JIOPIBHIOBATH ¢(X,),t) dxdy. PiBHOIiHA CUJT HATSTY

Jdu Ju ou ou
Tdy(=— —Tdy(— Tdx(— — Tdx(— =
y(ax)x+d—X y(ax)x+d—x i x(ay)y+ﬂ x(ay)y dy

10



Jo’u 82u au 82
ox’ dy 7 d

)d dy.

vt q(x.y,9dxdy

Tdy / "y
A/Tdy

A
v
~
&

X Tdx

Pucynok 1.2 — Harsiruyta memOpana
[To3naunmo yepe3 p(x,y) TOBEPXHEBY T'YCTUHY MeMOpaHU (TyCTHHY,

po3paxoBaHy Ha OAMHUIIIO TuTol). To/al Maca JaHOTO eJIeMeHTa MeMOpaHu Oyie

p(x,y)dxdy. Takum 4uHOM, 3rigHO 3 3akoHamMu HbIOTOHAa, MU MOXKEMO

HaNKUCaTy PiIBHIHHS

J’u o’u du i
2

8_2 =q(x,y,t)dxdy + T(y + ay—z)dxdy
0’u 8 u) q(x,y,t)

: , UZF
ox 8y T Jo,

Benmnuuna © wmae po3MmipHICTh MBUAKOCTI. BoHa Xapaktepusye

p(x,y)ddy 2——
(1.10)
—(

MIBUKICTh TIOMIMPEHHS KOJIMBaHb. B oOKpeMoMy BHUMAAKy MOXe OyTH
q(x, v, )= 0, Toal MU MaEMO PiBHSIHHS BUIBHUX KOJMBaHb MEMOpaHU
1 o°u _ (82u N 0’u
v} ot Coxt oyl

)_—[JIH 3aBCPIICHHA ITOCTAHOBKH 3az:aqi IIpO KOJIMBAHHSA MCM6paHI/I 3aJdaMo

). (1.11)

MOYaTKOBI 1 KpaliOB1 YMOBH.

Ilouamxkosi ymosu:

u —w(x,y). (1.12)

B ou
= @(x, ), 5l

Lt

11



Kpaiiosi ymosu na xoutypi I':

u =0. (1.13)

3aoaua npo pienosacy memoparu
Sxuro BBaxaTH, 1Mo ¢=¢(x,y), TOOTO, 30BHIIIHE MMONIEPEUHE HABAHTAKCHHS
HE 3aJIeKHUTh BiJ 4Yacy, TO MOXKHA CTaBUTH 3ajady Mpo piBHOBary MeMmOpaHW.
PiBHsiHHA piBHOBarm MOKHA BHBECTH Oe3mocepeHho abo #oro MokHa

oJiepKaTH 3 PIBHSHHS KOJMBaHb. PIBHSHHS pIBHOBaru MEMOpPaHHU Ma€ BUTIIS]

2 2
9y 9y), (1.14)
ox° dy T
Ile piBHSHHS HAJCKHUTh IHTETPYBATH 3 KPAHOBOIO YMOBOIO, HAIPUKIIAI, 3

yMoBO10 BUIIsIAY (1.13). IlouaTkoBi yMOBU HE CTABIISATHCA.

3aoaua npo cmani cunycoioHi KOIUBAHHS MEMOPAHU

Hexaii g=¢(x,y,t) 3a51e:kUTh BiJ] 4acy crerialbHUM YHHOM

q(x,y,t)=Q(x,y)cos(wt),
abo
q(x,y,t)=0(x, y)sin(wi),

JIe @ —4acTOTa 30BHIIIHBOI 30yPIOBaIbHOI CHIIH.

B nmpoMy Bumanky 1 po3B’si3aHHS 3a4a41 JOMUIBHO ITYKaTH Y BUTIISII

u(x,y,t)=U(x,y)cos(at),
abo
u(x,y,t)=U(x,y)sin(awt),
BIZIIIOB1IHO.
[Ticns migctaHoBKM 1MX (QYyHKIINA u(X,)y,t) B PIBHIHHA KOJIWBaHb

MeMOpaHU OJEP>KUMO PIBHSIHHS

12



2 2 2
gz;tJrgf;terzU:_%»Y), (1.15)
X y (%

SIKE HAJIKUTh ITHTETPYyBaTH 32 KPallOBUX YMOB, HaNpukiaj, y Bursiai (1.13).

1.4 Tenecpaghne pienannsn

Sk me oauH TpUKIaA XBUIBLOBOTO PIBHSHHS PO3IVISIHEMO TejerpadHe
PIBHSIHHS, SIK€ 3aCTOCOBYETbCA B TEOpii MOIIMPEHHS KBa3iCTAL[lOHAPHUX
€JIEKTPUYHUX KOJIMBaHb MO KaOesix.

SKIO MOPOTSKHICTE E€JIEKTPUYHOrO JIAHIIOra BeNWKa (HalpuKia,
TenerpadHi JiHii abo JiHII mepenadl €Heprii), TO TaKUM JIAHIIOT HE MOKHA
XapaKTepHU3yBaTH 30CEPEHKEHUMU NTapaMeTpaMu (OIIOPOM, EMHICTIO, KOTYILIKOIO
CaMOIHAYKIII1). Y HaWIpOCTIIIOMY BHUIAJKY, KOJIM E€IEKTPUYHHUI JIAHLIOT Mae
BEJIUKY TMPOTSHKHICT, MOXXHA TOBOPUTHM MpO JiHII 3 PO3MNOAUICHHUMHU
napamerpamu. Ilpy BUBYEHHI TakKUX JIIHIM BpaxoBYIOTh OIIp MPOBOIIB,
IHAYKTUBHICTh JIiHII, BHUTIK CTpyMy B arMoc(epy BHACIIJAOK BIJICYTHOCTI
1307111111 MK TIpoBOJIaMu (200 MiXK MTPOBOJIOM 1 3emiier0). Mu po3riasgaTuMEMO
OJTHOPIAHY JIiHIt0, TOOTO JNIHIIO, A1 SKOI OMip, IHAYKTUBHICTh, BUTIK 1 EMHICTh
PO3MOAUICHI Y370BX IPOBOMY OE€3MepepBHO 1 PIBHOMIPHO; JII HAOYHOCTI

BBKaTUMEMO JIIHIIO0 TBOMIPOBOIOBOIO (puc. 1.3).

ol
I+—ox

u+—ox
ox

<

x +dx

Pucynox 1.3 — Jlinis enekrponepenay

[Ipumyctumo, 10 JiHIA eJNeKTporepeaadl XapaKTepU3yeThCsS OMIYHUM
onopoM R, camoinaykuieto L, emnictio C 1 BUTOKOM 130741111 g, pO3paxOBaHUMHU

Ha OJIMHUIIIO TOBXKWHU. Hexail Hampyra Mi>k TPOBOJaMH 1 CTPYM Ha BIACTaHi X

13



BiJl MOYATKy JiHIi X = () y MOMEHT 4acy ¢ piBHi, BignoBigHo, u(X,?) 1 I(x,t). 1li
(GYHKIIT 1 € IIyKaHUMH; BOHM MOB'sA13aH1 [BOMa Iu(depeHIlaIbHUMU PIBHIHHIMH,
SK1 MU 3apa3 BUBEIEMO.

Haragaemo, mo camoingykiiis L — Koe(dimieHT TpomopIiiHOCTI, 110
3B'SI3y€ EJEKTPOPYLIIMHY CHIIy CaMOIHAYKIII 31 IIBHJKICTIO 3MIHU CTpyMY,
TOOTO, U =La—at[. €muicth C — Koe(DIIIeHT MPOMOPIIHHOCTI MK CTPyMOM

) . X Cou ..
3CyBY 1 HIBMAKICTIO 3MiHM Hampyru, To0T0 I, :a—. OCTaHHIO PiBHICTB

4
OTpUMY€eEMO au(EepeHIIFOBaHHAM CHiBBiAHOMEHHS ¢ = Cu, A€ ¢ — KUIbKICTh
CIEKTPUKHU, SKA 3AIHIIAETHCS HA IISHII TPOBOAY, IO PO3TISAAETHCA 5K
oOKJaka KOHJEeHcaTopa, a u — Hampyra. Hapemri, BUTIK g € KoedilieHTOM
MPOIMOPIIAHOCTI MIXK CTPYMOM BUTOKY 1 HaIlpyToIo.

Jlnst cknaganHs qudepeHuiaabHuX PIBHAHD, IKUM OBUHHI 33J0BOJIBHATH
byHkIii u(x,t) 1 I(x,¢), BAOIIAMO IUISHKY MPOBOJY BiJl TOYKU 3 aOCIIMCOIO X 1O
TOYKHU 3 abcuucorw x + dx. Skio Hampyra i CTpyM B TOYIll X Y MOMEHT 4acy ¢
piBHI, BIANOBIAHO, u(X,t) 1 I(x,t), To B Toulll Xx+dx B TOW K€ MOMEHT Yacy

3HAQYEHHS [IUX BEJIWYHUH (3 TOYHICTIO JI0 HECKIHUCHHO MaJUX BUIIUX MOPSJKIB y
. . . Ju . ol .
MOPIBHSIHHI 3 dx) OyIyTh piBHI u© + o dxi I+ " dx . Ilaginas Hanpyru Ha

JaHIM JUISHI BUKJIMKATUMEThCS BTPATOK HANPYrd B IPOBOMII, TOOTO
BenUYMHOI Rdx/, 1 BUHUKHEHHSM MPOTUJIIIOYOI EIEKTPOPYIIIHHOI CHIIH
camoinaykiii. Tomy

u—|u+ (a—u)dx = Rdxl + dea—l,
ot ot

TOOTO,

a—u+Lg+RI:O. (1.16)
ox ot

Jlam 3MiHa CTpyMy Ha Lii ke AUISHII OOyMOBJIEHa CTPYMOM BHUTOKY 1

CTpyMOM 3cyBYy. OTxe,

1 —(1 +gdxj=gdxu + Cdxa—U,
0 ot

X

3BIIKHA

14



ol ou
I ey =0, 117
g e (117

Benuke 3HaueHHS MaiOTh IOYATKOBI 1 KpailOBI YMOBH, SIKI MOBUHHI
BUKOHYBAaTHCS Ha KIHUAX JiHIL. [louamkosi ymoeu B 3arallbHOMY BHUIAIKy

(bopMyITIOIOTHCS TaK:

ul_ =), 1 _, =w(x).

Kopucrytounce piBasaasiMu (1.16) 1 (1.17), nerko 3HaiTu —L; 1 g—] npu
t

Sxkuo Ha modarky JiHIT x=(0 BKIIOYEHO JDKEpPEJIO JKUBJICHHS 3
eJIEKTPOpYLIHHOW cwior E, a Ha KiHI X =/ € npuiiMad cTpymy 3 OIOpoM R,
TO Kpauosi ymosu Oy1yTh

u‘x:O = E(t)’ u‘x:l o Rll‘x=l )
30kpemMa, SIKIIO0 OJIMH KiHelb x=( MIATPUMY€ETbCS Mij Hampyrowo E, a

IHIMUN X =/ KOPOTKO 3aMKHYTHUH, MU MaEMO
“‘x=o =E(z), u‘x:l =0.
SAxio, Hanpukiaa, KiHenp x =0 JiHIT BIAKPUTUMA, TO B I[bOMY KIiHIII MU

MOBUHHI MaTH

1| _ =0

x=0

B3zaraui, sixio B ki1 (x = /) JiHIT BKIIOYEH] 30BHIIIHS €JIEKTPOPYIIiiHa

cwia E, omip R 1 camoiHAyKilis /, TO B HhOMY MU TOBUHHI MaTu

ol
Ul _ =(E+RI+L— :
x=t = ot |x=1

15



3p03yMino, MOXKHA PO3TIIAIaTH Oyab-IKy KOMOiHaIiio ymoB npu x =0 1

x =/. Bumyunmo ctpym 3 piBusHb (1.16) 1 (1.17), onepxxumo

2
Pu_10u, (Lg+CR)_+Rgu v (1.18)

ox> v o’ NLC

PiBusinnsa (1.18) HasuBaeTbes menecpagpnum pieHAHHAM; V— MIBUAKICTH
nepenayl CUrHaiIy Kabenem.

UYepes cumetpito piBHSIHB (1.16) 1 (1.17) ananoriuyHe piBHSHHS BUXOJIUTH 1
st ctpymy | (3aminoro B (1.17) Hanpyru u Ha cTpyM ).

Sxuro BBaxkatuR =0, g =0, To 3amictes piBHsIHHSA (1.18) Mu mMatumemo

PIBHSIHHSI 17151 J1iHIi O0€3 BTpaT
u 1 d%u

ox’ v o’

1.5 Pignannsa menaonpogionocmi

[Ipouec mommupenHs temna abo AUPY3il YACTUHOK Yy CEpPEAOBHUII
OINUCYETHCSI TAKUM 3arajlbHUM PIBHSHHSM:

paa—lt]=div(,0gradU)—qU+F(x,t). (1.19)
OTpumaemo HOTO TSl BUTIAAKY MOITUPEHHS TeTlIa.

[Toznauumo U(M,t) temmeparypy cepemoBuia B toumi M (x,y,z) y

MoMmeHT dacy t. CepenoBuile OyaeMO BBa)XkaTH 130TpONHUM. Bumaimumo
BCEpeNMHI Tila JAeskuil 00’eM V, oOMexeHMi TIaaKo ab0 KyCKOBO-TIAJKOO
noBepxHero S, B 00°eM V HAIXOAUTh KUTBKICTh Teria (MOTIK TerJia)

oU (M ,t)

on

AQ = ﬁk‘ ds - At, (1.20)

JIe 1 — 30BHIIIHS HOPMaJIb JI0 OBEPXHI S y Touli M;
k — xoedIIieHT TEMIONPOBIAHOCTI.
OCKIIBbKH

oU dJU oU oU
—=—-cosax+—-cosff+—cosy
on  ox dy oz

— MOXiJHA 32 HAMPSAMKOM, SIKy MOXHA PO3TIIAIATH SIK CKaJSIPHUN JOOYTOK JTBOX
BEKTOPIB
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erad UZ{BU,BU’BU}
ox oOx oz
Ta
ii = {cos a;cos B;cos 7},
TO
0, = AQ = f}(xgradU.ii)dS - At
s
[To3nauuBIIM
fidS = ds,
MaTHMEMO:
0, = AQ = ffkgradUdS - Ar (1.21)
S

3actocyemo g0 mpaBoi uyactuHu  piBHocTi  (1.21)  dopmymy
Octporpaacbkoro-I'aycca, 3a ko0

0, = {xgradUds - At = [[[div(kgradU)aV - At . (1.22)
S %
SAx1o € TeroBi Jkepena, To B 00’eMi V BUHUKAE TEIUIO, SIKE JTOPIBHIOE

0, =|[[F(M,0av - at, (1.23)

ne  F(M,t) — nuroMa moTy>KHICTb JpKepena.

[Ilo6 BuBECTH pIBHSHHS TEIUIONPOBIIHOCTI, CKJIaJEMO PIBHSIHHS
TEIUIOBOTO OanaHcy. BunineHus temna 3 06’eMy V' MOBUHHO CYIIPOBOKYBaTHUCS
3MEHUICHHSIM TEMIIepaTypu TOYOK Tuta. SIkmio temmeparypa y Touli M B
MOMEHT 4acy ¢t O0yna U(M,t), To B MOMEHT ¢+ At BOHa JOPIBHIOBATHME

U(M,t+At). 3 kypcy i3uKH BIiIOMO, KA KITBKICTh TEIIAa BUIUISETHCS TLIOM
Macoro m, SIKIO MOro TeMiiepaTypa 3MiHeTbes Ha AU 1 JOpIBHIOE

ym-AU ,
7€ Y — TEMJIOEMHICTb.

Toxai B ycbomy 00’ €Mi 1151 KUTBKICTh TETJIa TOPIBHIOBATUME

0y = [[[wluM i+ A UM .0lav = [[[ AU -av . (1.24)
14 14
3anuuiemMo piBHSHHS TEIIOBOTO OalaHCy:
Q3 :Q1+Q2- (1.25)
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ITincraBumo 3HaiineHi 3HaueHHs Q,, O,, O; 3 (1.21), (1.23) 1 (1.24) y
piBHsiHHS (1.25), MaTuMemo:

[[[AU - av = [[[div(kgradU)aV - At + [[[F(M.t)dV - A, (1.26)

[Toximumo o6uaBi uvactuHM piBHOCTI (1.26) Ha Af 1 mepedaeMo 10
rpaHulll 32 YMOBH, 1110 At — 0, qicTaHEMO:

mdzv(kgradU)dm mF(M Hdv — I”}/p—dV 0,
abo

[[[[div(kgradu) - waa—[t] + F(M,0)]dV =0. (1.27)

Jlist HenepepBHUX (QYHKLIN 1 X YACTHHHHUX MOX1THUX MaTUMEMO, 1110

div(kgradU) — }/paa—(t] + F(M,t)=0. (1.28)

PiBusnHs (1.28) Ha3UBAETHCS PIBHAHHSAM TEIUIONPOBIIHOCTI.
Skiio cepenoBuile o HOPIAHE, TO P =const, k =const, ¥ =const. Toxi
PIBHSIHHSI TETUIONPOBITHOCTI MAaTUME BUTJISIL;

8U

o =AU+ S0, (1.29)
HeC a’ :i ,
w
2 2 )
A — omeparop Jlamnaca, A=V?= J J d

t—
ox*  oy> a7’
AU = V*U =div(gradU),

FMty = F(M.p).
w

1.6 Pignannusa nowiupenna menia ¢ CepiHcHi

PosrnsHeMo omgHOpiAHMI CTepXeHb JOBXKHUHOIO /. byaemo BBaxkaru, 110
O14Ha MOBEPXHS CTEP’KHS TEIUIOHENMPOHMKHA 1 M0 B YCIX TOYKaX MOMEPEYHOTO
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nepepizy CTepKHS TeMIlepaTypa OJHaKOBa. BHBUMMO mporiec mommpeHHs Teria
B CTEPXKHI.

Po3smictumo Bick Ox Tak, 11100 OJMH KiHEIb CTEP>KHS 301raBcsl 3 TOYKOIO
x=0, a Ipyrui — 3 TOUYKOIO X=R.

Hexait U(x,t) - Temmeparypa B mepepi3i CTEepXHS 3 aOCIHUCOI0 X Y
MOMEHT 4acy ¢. KiTbKIiCTh TeIuIa, sIKe MPOXOJUTh Yepe3 MOIMepeyHuil mepepis
CTEP>KHS 3 a0CIMCOIO X 32 OAMHUITIO Yacy BH3HAYAETHCS 3a (OPMYJIOH0:

q=—kaa—ZS, (1.30)

ne S — miola nepepizy CTEpKHS;
k — Koe(ilieHT TeTIONPOBIAHOCTI.

PosrnssHeMO eIeMEHT CTEepKHs, IO MICTUTBCS MDK TIepepizaM 3
abcrucaMu x; Ta x; (x;—x,=Ax). KinpKicTh Temia, o NpoXoIUTh Yepe3 mepepis
CTEpKHA 3 a0CLHUCOIO X, 32 yac Af JOPIBHIOE:

AQ1=—ka—U S At, (1.31)
ox |x=x,
a U1 repepizy 3 aOCIUCOIO X5
AQ, = —ka—U S At (1.32)
ox |x=x,

[Tpupict kinbkocti Temna AQ, —AQ, B eleMeHTI cTepkHs 3a 4dac Af

JOPIBHIOBATUME:
AQ, -AQ, =—ka—U -S-At+ka—U -S-Atzk(a—U Y )-S-At-
ox |x =X, X |x=x, ox |[x=x, Ox|x=x

[Tpu manmux Ax (Ax — 0) BUpa3 y qy’kKax 3aMIHUMO TUQPEPEHITIATIOM:

2
w| | _au, oU,
ox |x=x, ox|x=x, OJx ox ox
Tomi
2
AQI—AQ2=k%l2]-Ax-S-At. (1.33)
x
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[leii mpupicT Temia 3a yac Af TaKOXX BUTPAYAEThCS Ha IIJIBUIICHHS
TEMIIEPATYPH €JIEMEHTA CTEPKHA Ha BennunHy AU.

AQ, —AQ, =cp-Ax-S-AU, (1.34)
a0o
AQI—Aszcp-Ax-S-%—(Z-At, (1.35)

1€ ¢ — TEIJIOEMHICTh PEYOBHUHH CTEPIKHS;
0 — T'yCTUHA PEYOBUHU CTEPXKHS;
PAXS —Maca eneMeHTa CTepKHS.

[IpupiBnioroun Bupaszu (1.34) 1 (1.35) st oaHIET 1 Ti€T K KITBKOCTI TeIia
AQ, —AQ,, nictaneMo:

2
ka lzj-Ax-S'Atch-Ax'S-a—U-At,
ox ot
abo
W_k U
o cp ox*
[TozHaunmo yepe3
pok
cp
MaTUMEMO PIBHSHHS:
oU ,9°U
1.36
ot ox’ (136)
e 1 € pIBHSIHHS NOLIKUPEHHS TEIUIA B OJHOPITHOMY CTEPXKHI.
3agamo 1Ie Kpauosi yMosu:
Ux,t),_, =¥ (0)
Ux,0)|,_, =¥, (1)
(1.37)

Ta nouamogy ymogy (st 0 <t <T):
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Ueen)| _ =9x) (1.38)

ITouatkoBa ymoBa (1.38) BigmoBimae ToMy, mo i t=0 y pi3HUX
nepepizax CTEPXKHS 3a/laHa TeMIlepaTypa, sika AopiBHIOE ¢(x). KpaiioBi ymoBH
(1.37) BiOmMOBiIalOTH TOMY, IO Ha KIHIAX CTepkHS i x=0 1 x=I
HIATPUMYETBCS TEMIIEPATYpPa, IO TOPIBHIOE ¥, (¢) 1 ¥,(?), BIAOBIAHO.

1.7 OcnogHi pienanna mamemamuynoi Qizuxku

Y nonepenHix mnaparpagax MU O3HAMOMMIIIMCS 3 PI3HOMaHITHUMH
3agayaMi (I3UKH Ta MEXaHIKM, L0 NPUBOASATH 1O PIBHSIHb 3 YaCTUHHUMHU
HOXITHUMH. AJIE OCHOBHOIO METOIO0 € HE BUBEACHHS PIBHSHHS y YaCTHMHHUX
MOXIJTHUX, a 1X JAOCTIKEHHS Ta po3B’si3yBaHHA. ToMy MOTpiOHO mepepaxyBaTH
OCHOBHI HalOUIbII YXXWBaHI PIBHAHHS MaTeMaTHU4HOI (PI3UKM (Ha TpHUKIaal
JHIAHUX PIBHSHB B YaCTUHHUX MOXITHUX JPYTOTO TOPSIKY).

1. Pignanmus Jlannaca (piBHSHHS €INTUYHOTO THUITY)

o’u d’u J’u
+t—t— =
x> Iy’ 9z’

0. (1.39)

BukopucroByeThcsi piBHsHHS Jlamymaca npu BHUBYEHHI CTalllOHAPHHUX
MpOIIECIB TOIIMPEHHSI TEIIa, TMPOIECYy CTallloHapHOro sBUIA Judy3ii 1
dbinpTpanii, mpyu JOCTIIPKEHHI IOTSHINIANIB IIOJiB TSDKIHHS, CTaIllOHAPHUX
CJICKTPUYHUX TIOJIIB, B IKMX BIJICYTHI BIIMOBIAHI MacH Ta €JIEKTPUYHI 3apsiIu.

2. Xsunvose pisnanmnsa (piBHIHHS TINEPOOTIYHOTO THUITY )

°’U ’U
e (1.49)

JI€ @ — YUCTIOBUM KOE(ILIEHT, SKUI BU3HAYAETHCS B 3aJIEKHOCTI Bl BUY 3aja4l.
XBUJIBOBE PIBHSHHS BHUKOPUCTOBYIOTH TaM, JI€ BHUHHKae moTpeda

JOCIITUTA XBUJIBOBI TMPOIIECH: TOMEpPEYHI KOJWBAHHS CTPYHH, MO30BXHI
KOJIMBAHHS CTEPKHSA, €JIEKTPUYHI KOJMBAHHS Yy MPOBOAAX, Ia30Bl KOJMBAHHS
TOILIO.

VY TpuBHUMIpHOMY KOOPAMHATHOMY IPOCTOP1 PO3IIISIAAETHCS TPUBUMIPHE
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XBWJIbOBE PIBHSHHS
2
du _
or’

0? 0° 0’
ax‘lj+ax‘zj+ax‘§)+f<x,z), X = (X%, %) (1.41)

v (

Ile piBHAHHA OMUCYE MPOLECH TMOIMUPEHHS 3BYKY B OIHOPIAHOMY
CepeZIOBHIIll 1 ENEeKTPOMArHiTHUX XBWJIb B OJHOPITHOMY HEMPOBIAHOMY
cepenoBumi. Moro 3aJ0BONBHSIOTH TYCTHHA 1 THCK Tasy, IIOTEHINaN
MIBUJIKOCTEH, a TaKOXX CKJIAJO0BI HAMPY>KEHOCTI €NEKTPHUYHOTO Ta MArHiTHOTO

[IOJIIB 1 BIAIOBIIHI ITOTEHIIAJIH.

3. Piguanns mennonpogionocmi (piBHAHHS apaOOJIIuYHOTO TUITY)

oU  ,0U
=a )
ot ox*

(1.42)

PiBHSIHHSL BHMKOPHUCTOBYIOTBCS TpH JIOCHIPKEHHI PpO3MOAULY TeIia,
JOCJIIKeHHI siBUIA Tudy3ii, piibTparlii To1o.

4. Pieuanus [lyaccona
’'u d'u  d’u
2 + 2 + 2
ox* dy” oz

:—f(x’y,z)_ (143)

PiBusinna Ilyaccona, Ha BigMiHy Bija piBHsHHA Jlamimaca, onucye moss 3
PO3MOAUIEHUMH BHYTPIIIHIMU JpKepenamu. L1 piBHAHHS 3yCTpiyaroThCs Maiike
B yCIX 00JIACTAX MPUKIAAHOI (DI3UKH.

S. Pignannusa I'envmeonvya
Au+k*u=—f(x,y,z), k= const . (1.44)

Ile piBHAHHS UIS aMIUTITY]] CTajJuX TMEpPIOAUYHUX KOJUBAaHb 3aJaHOI

@
HaCTOTH, k = — — XBHJILOBE YHCIJIO.
(%

6. Ilowupenns xeuiwp y cepedosuyax iz NOSIUHAHHAM eHepeii OTIACY€EThCS
PIBHSTHHSIM

Au————b—t—cuz—f(x,y,z,t). (1.45)
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10.
1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

IHumannsa ona camonepesipku

[Ilo Ha3zuBaeThcsi AUQPEPEHINATIBHUM PIBHIHHSAM Y YaCTHMHHHX
MOX1THUX ?

[Ilo Ha3uBaeTbCs pO3B’SI3KOM JIU(PEPEHIIATILHOIO pIBHSIHHSA Y
YaCTUHHUX MOX1IHUX?

Sx BU3HAYae€TbCAd MOPSAOK JU(EpEeHUIANbHOTO PIBHSAHHA Yy
YAaCTUHHUX MOX1IHUX?

1o Ha3uBaeThCA 3a/1a4CI0 MATEMATUYHOI (D13UKHU?

3anumIiTe  3arajJlbHUM  BUMIIAA  JHHIAHOTO  audepeHIliaabHOro
PIBHSHHS Y YaCTUHHHX MOX1THUX JAPYTOro MOPSAKY.

3anunIiTh 3arajibHAR BUTI'JIAA XBHJIBOBOI'O piBH}IHHSI.

[Ilo Ha3uBaeThbCs CTpyHOIO? BUBEAITH PIBHAHHS MaJuX MOMEPEYHUX
KOJINBaHb CTPYHHU.

o wHa3uBaeThcsi crepkHeM? BuBeniTh pPIBHAHHA TO3J0BXKHIX
KOJIMBaHb CTEPKHA.

[Ilo nHa3uBaeThcs MeMOpaHow? BuBEAITH PIBHSIHHS IOMEPEYHUX
KOJIMBaHb MEMOpaHHU.

CdopmyimmroiiTe 3a1auy Ipo piBHOBary MeMOpaHH.

ChopmymroiiTe 3amady Tpo CTajll CHUHYCOiHI  KOJIMBAHHS
MeMOpaHH.

Busenite Tenerpadne piBHIHHS.

Hanumnite TpuBUMIpHE XBHIIOBE PIBHSIHHSL.

BuBeniTh piBHSHHS TEIUIONPOBIIHOCTI.

CdopmymroiiTe KpaiioB1 YMOBH JIJisl PIBHSIHHS TETUIOMPOBITHOCTI.

CdopmymroiiTe KpailoBI YMOBU [JIsi OJHOBHMIPHOTO XBHJIBOBOTO
PIBHSHHS Ha TMPUKIAJaX TOMEPEYHUX KOJMBAaHb CTPYHH Ta
MO3JIOBKHIX KOJIMBAHb CTCPIKHS.

Hanumnite piBusinag Jlammaca ta piBHsiHHA Ilyaccona. Jlo sikoro
THITY BIAHOCSTS 111 PIBHSHHS?

Hanumrite piBHsHHS [enpmronbna. SIki mporiecu ommcye 1€
PIBHSIHHS?

Sxi  (i3uyHI TpOIECH ONHMCYIOThCS 3a JIONOMOTOK PiBHSHb
napadoII4HOro TUIy?

Sxi ¢i3muHi TpolecH OMHCYIOTHCA 3a JIOTIOMOTOI0 PIBHSIHB
rinepOoIIYHOrO TUITY?
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21. Sxi ¢i3uyHI TPOLECH OMUCYIOTHCS 3a JOMOMOTOI0 PIBHSHb
SMMNTUYIHOTO TUITY?

22. BuBeniTh piBHSAHHS TMOIIUPEHHS Teria B cTepkHi. ChopMmyroiTe
KpaioBi Ta MOYATKOB1 YMOBH.

3aeoanna 0na camocmiiunoi pooomu

3HAWTH CTATUCTUYHUHN MIPOTHH CTPYHHM, 3aKPIIUICHOT HA KIHIIAX, T €0
HETIEPEePBHO PO3MOIICHOT0 HaBAaHTAXKEHHS (Ha OJMHHUIIIO TOBXHHH).

BuBecTr pIiBHSHHA MaluX TONEPEYHUX KOJWBAaHb CTPYyHH i3
HaCa/PKEHOIO Ha Hel y JesiKii Toull X, OyCHUHKOIO Macu m .

BuBecTH piBHSIHHSA KOJMBAaHb CTPYHH, IO BIAOYBAIOTHCA y HPYNKHOMY
CepeOBUIIII.

KpyTuibHUMHU KOJNMBaHHSMU CTEPKHS Ha3UBAIOTh TaKl KOJIMBAHHS, IPH
SAKUX MOro momnepeyHi nepepizu MmoBepTarThCsl OJUH BIJHOCHO OIHOTO,
o0epTaroyuch MpU bOMY HABKOJO CTEpXHS. BUBECTH PIBHAHHS Malux
KPYTWIBHUX KOJIUBaHb OJHOPITHOTO LMJIHIPUYHOIO CTEPXKHS, SKIIO
KIHI[l CTEPXHS BUIbHI.

KpyTunbHUMHN KOMUBAaHHSMU CTEPKHS HA3WBAIOTh TaKi KOJWBaHHSA, MPU
SAKUX MOro momnepeyHi nepepizu MmoBepTarThCsl OJUH BIZHOCHO OJHOTO,
o0epTaroyuch MpU UbOMY HAaBKOJO CTEpXHS. BUBECTH PIBHAHHS Malux
KPYTWIBHUX KOJIUBaHb OJHOPITHOTO LMJIHIPUYHOIO CTEPXKHS, SKIIO
KIHI[l CTEPXKHS AKOPCTKO 3aKPIIUICHI.

Toukam MpYKHOTO OAHOPIAHOTO MPSIMOKYTHOTO CTEpP)KHSA, KOPCTKO
3aKpIIUIEHOTO Ha JIIBOMY KIHII 1 BUIBHOTO Ha MPaBOMY, Y MOYaTKOBHA
MOMEHT 4acy ¢ =0 HagaHO Maji MOMEPEeyYHi BIAXWJICHHS 1 MBHUAKOCTI,
napajieJibHl MO3JI0BXKHINA IJIOIMMHI cuMeTpii cTepxkHa. CdhopmymtoBaTu
KpalloBy 3aJady /[Jis BU3HAUEHHS [ONEPEYHUX BIIXHIEHb TOUYOK
cTepkHs mnpu ¢ >0, MNpUITyCKAIOUM, IO CTEP>KEHb 3MIMCHIOE Mali
nonepeyH1 KOJIUBaHHS.
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10.

1.

12.

13.

3HaXONAYUCh y TOPU3OHTANBHINA IJIOIIMHI HEBaromMa CTpyHa 3
NOCTIHHOIO  KyTOBOIO  IIBHAKICTIO @  00epTaeTbcsa  HABKOJIO
BEepPTHKaIbHOI oci. OuH KiHelb CTPYHHU 3aKpiIlVIEHUH Ha OcCl, a 1HIIUN
BUTbHUI. Y moyaTKOBUII MOMEHT uacy ¢ =0 TOoukaM Ili€i CTpPYHHU
HAJAIOTBCA Mal BIIXWICHHS 1 INBUAKOCTI IO HOPMAJAX [0 IIi€i
mwiomuHad.  ChopmynmroBaTi  KpalioBI Ta TIOYATKOBI YMOBU  JIS
BU3HAYCHHS BIIXWICHh TOYOK CTPYHU BiJ] TUIONIMHU PIBHOBAKHOTO

Pyxy.

Hexaii y toumi x =0 HECKIHYEHHOI OJHOPINHOI CTPYHU 3HAXOAUTHCA
KyJIbKa Macu m,. IIo4aTKOBI IIBUAKOCTI 1 MOYATKOBI BIAXUJIEHHS TOYOK
CTpyHH piBHIO HyJt0. ChopMyItoBaTi KpailoBy 3aAauy Uil BUSHAYEHHS
BIIXWJICHh TOYOK CTPYHH BIJ TIOJIO)KCHHS pIBHOBAru, SKIIO Y
NOYaTKOBUH MOMEHT 4acy ¢=0 KyJlbka OTpUMY€ IMIyIbC p, Y

MOTNEPEYHOMY HAIPSIMI.

VY BHYTpIIHIX TOYKAaX X=X, I=1,n Ha CTPyHI 30CEpEKEHI Macu

m., i=1n. ChopMmymoBaTi KpalioBy 3aJauy JJIsl BU3HAYCHHS MaJlUX

1

MOTIEPEYHUX KOJHMBAaHb CTPYHH TpPH JOBUTBHUX IOYATKOBHX JaHUX.
Kin1i crpyHu 3akpirieHi.

KabGenp, mo mae noreHuwian v,, npu ¢t =0 3a3eMIIOETbCS Ha OJHOMY
KIHI[l Yepe3 30CEepe/KEHY €MHICTh (YU 1HAYKTUBHICTb), IPYTUH KIHELb
1301b0BaHui. CKIacTH 3a7ja4y PO BU3HAUYECHHS €JIEKTPUYHOIO CTPyMY Y
KabeJIl.

ChopmymntoBaTi KpaloBy 3ajady JUisl MalluX pajlaibHUX KOJIUBaHb
171€aJIbHOTO0 OJHOPITHOTO Ta3y, IO 3HAXOJIUThCA y TpyOul paaiyca R,
AKa TMPOCTUPAETHCA B OOMJBAa KIHI[I Ha HECKIHUYEHHICTh. [louaTkoBi
BIJIXWUJICHHSI Ta MOYATKOBI MIBUKOCTI € 3aJaHUMU (PYHKIISIMU BiJT 7 .

ChopmyntoBaTi KpaloBy 3ajady JUisl MalldX pajiaibHUX KOJIWBaHb
171eaJIbHOT0 OJIHOPIAHOTO a3y, 10 3HAXOAUThCA y cpepruyHiil mocyauH1
paagiyca R, AKIIO TIOYATKOBI IIBUIKOCTI Ta IMOYATKOBI BiAXWJICHHS
3aJ1aHo SIK (DYHKIIIT BIJ 7 .

CdopmymnroBaTu KpalioBy 3ajady sl MOMEPEYHUX KOJMBaHb MEMOpaHH,
JI0 SIKOi MPUKJIAJICHO HOPMAJIbHUN TUCK P Ha OJMHMINO TUIOII, KO Y
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14.

15.

16.

17.

18.

19.

He30ypeHOMy CTaHl MeMOpaHa € MJIOCKOI0, a HaBKOJUIIIHE CEPEIOBUILE
HE 3/1ICHIOE OMOpYy KOJMBaHHAM MeMOpaHu. BBaxaTu, mo memOpaHa
YKOPCTKO 3aKpiruieHa Ha MexXi L .

CdopmynroBaTu KpailoBy 3a1ady JUisl MOMEPEUYHUX KOJMBAaHb MEMOpaHH,
710 SIKOi MPUKIAJICHO HOPMAJIbHUN THCK P Ha OJUHUINO IUIOIII, SIKIIO Y
He30ypeHOMy CTaHl MeMOpaHa € MJIOCKOI0, a HaBKOJUIIIHE CEPEIOBUILE
HE 371ICHIOE OMOpY KOJMBaHHSAM MeMOpaHu. BBaxaTu, mo memOpana
BiJIbHA HAa MeX1 L.

JlaHo TOHKWMIA OJHOPIAHUN CTEpKEHb JIOBXKHUHOIO [, TIOYaTKOBa
temneparypa sakoro f(x). CdopmymoBatu KpalloBy 3amady Ipo
BU3HAYCHHS  TEMIIEpaTypu CTEpXKHs, SKmoO Ha KiHII x=0
HIATPUMYETHCS CTajla TEMIEpaTypa U, a Ha O14HIi MOBEPXHI Ta Ha KIHI

x =] 3I1ACHIOETHCI KOHBEKTUBHUI TEIJIOOOMIH 3a 3aKOHOM HpIOTOHA 3
HABKOJIUIITHIM CEPEIOBUIIEM HYJIbOBOI TEMIIEPaTypH.

ChopmynmoBaTd  3afadyy  [OpO  BHU3HAYEHHS  TEeMIlepaTypu Y
HECKIHUEHHOMY TOHKOMY TEIJIO130JIbOBAHOMY CTEPKHI, MO SIKOMY 3
MOMeHTy ¢=0 y AopaTHOMy HampsAMi 13 IIBUAKICTIO U, IOYMHAE

pyXaTucsi TOYKOBE JDKEPENo, IO A€ ¢ OJWHUIL TEeIUIa Y OJIMHUII0
Jacy.

ChopmymoBaTtu 3amady TpO OXOJIOMKEHHS TOHKOTO OIHOPITHOTO
KUTBIS pajziyca R, Ha TOBEpPXHI SKOTO 3JIMCHIOETHCS KOHBEKTHBHHMA
TEIUIOOOMIH 13 HABKOJIMIIHIM  CEpEJOBHILEM, SKE€ Mae 3aJaHy
Temneparypy. HepiBHOMIPHICTIO pO3MOALTY TeMIIEpaTypH MO TOBIIKHI
KUTBIISI 3HEXTYBATH.

HeoOMmexenwnii nuimiHap pagiyca R mae moyaTKoOBy Temmeparypy f(r).

ChopmyntoBaTu KpaiioBy 3ajady TMpo pajiajbHE PO3MOBCIOKEHHS
TerIa, Ko O19Ha MOBEPXHS Ma€ MOCTIMHY TeMIIepaTypy.

[louatkoBa Temmeparypa HEOOMEXKEHOI IIJIaCTUHU TOBIIUHOIO 2/
nopiBaioe Hymo. CdhopmyntoBaTH KpahWoBy 3ajady IMpO PO3MOILT
TeMIiepaTypu mpu ¢ > 0 1Mo TOBIIMHI IJIACTUHH, SKIIIO BOHA HATPIBAETHCS
3 000X OOKIB PIBHUMHU MOCTIHHUMU TEIJIOBUMH MTOTOKAMH ¢ .
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20.

21.

22.

23.

24.

25.

26.

27.

[loyarkoBa Temmeparypa HEOOMEXKEHOI IUIaCTUHU TOBIIMHOKWO 2/
nopiBaoe Hymo. CdopmymoBaTH KpaloBy 3ajady IMpO PO3MOILT
Temneparypu npu ¢ >0 1O TOBIIMHI TJIACTHHM, SKIIO B IJIACTHHI,
NOYMHAIOYM 3 MOMeHTy ¢ =0, gie Kepeiao Teria 13 MOCTIHHOIO
ryctuHoo (O, a 1l OCHOBH MIATPUMYIOTHCS TP HYJIbOBIM TEMIEpaTypi.

ChopmynoBaTd  KpailoBy 3amady TMpo  CTaIlllOHAPHUA  PO3MOJLI
TEeMIIepaTypyu y TOHKIA MpsaAMOKyTHIM miactuHi OACB 13 cTOpOHaMH
OA=a, OB=b, skmo Ha OIYHUX CTOPOHAX IUIACTUHU MIATPUMYIOTHCS
3a/1aHi TeMIIepaTypH.

ChopmynoBaTd  KpailloBy 3amady TMpo  CTaIlllOHAPHUM  PO3MOJLI
TEeMIIepaTypyu y TOHKIA mpsAMOKyTHiM miactuHi OACB 13 cTOpoHaMH
OA=a, OB=b, axmo Ha ctopoHax OA 1 OB 3amaHo TEioBl MOTOKH, a
ctoponu BC ta AC Ternoi30ab0BaHi.

Ha mocky wmemOpaHy, oOMexeHy KpuBOIO L, i€ cTalioHapHe
norepeyHe HaBaHTaXeHHS 13 ryctuHoro f(x,y). CdopmymtoBatu

KpaiioBy 3a7ady Mpo BIIXHUJICHHS TOYOK MEMOpaHU BiJ TUIOIIMHU, SIKIIO
MeMmOpaHa 3aKpiljieHa Ha KpasX.

Ha mocky wmemOpany, oOMexeHy KpuBOW L, fdi€ crarfioHapHe
nonepeyHe HaBaHTaKEHHS 13 ryctuHow f(x,y). CdopmymntoBaTu

KpaloBy 3a7a4y Mpo BIAXUIIEHHS TOYOK MEMOpPAHM BiJ IUIOLIMHH, SIKIIO
Kpail MeMOpaHH BUIbHUIA.

Ha miocky wmemOpaHy, OOMeXeHy KpuBOIO L, i€ cTalioOHapHe
MornepeyHe HaBaHTaXeHHS 13 ryctuHowo f(x,y). CdopmymtoBatu

KpaloBy 3a7iauy Mpo BIAXUJICHHS TOYOK MEMOpaHH BiJ IUIOMIMHU, SIKIIO
Kpail MeMOpaHH 3aKpiIyIeHUu# IPY>KHO.

Jano umiiHap 13 pagiycoM ocHOBH R Ta Bucotowo /4. CopmymnioBatu
KpalloBy 3ajady IpoO CTalllOHAPHUN PO3MOILT TEMIEpaTypu BCepenrHi
WITIHJIpa, SKI0 TeMIepaTypa BEpXHbOI Ta HIDKHBOI OCHOB € 3a/1aHOI0
byHKIi€ErO Bl 7, a 619HA MTOBEPXHS TEII0130Ib0OBAHA.

Jano umiiHap 13 pagiycoM ocHOBUM R Ta Bucotowo 4. CopmymnioBatu
KpalloBy 3ajady NpoO CTalllOHAPHUN PO3MOILT TEMIEpaTypu BCEpenrHi
WITIHJIpa, KO0 TeMIepaTypa BEpXHbOIi Ta HIXKHBOI OCHOB € 3a/1aHOI0
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¢dyHKIi€ro Big 7, a OlyHA TOBEPXHS Ma€ TEMIEPATypy, IIO 3aIEKUTh
TIJIBKH BIJ Z.

28. Jlano mmmiHIp 13 paaiycoM ocHOBH R Ta Bucotowo /h. CpopmymnioBatu
KpailoBy 3ajady NpoO CTalllOHAPHUN PO3MOILT TEMIEpaTypu BCepenrHi
WITIHJpa, SKI0 TeMIepaTypa BEpXHbOI Ta HIXKHBOI OCHOB € 3a/1aHOI0
byHkmiero Bim r, a OiyHA TOBEpXHS BUIBHO OXOJOMXKYETHCA Y
CepeZIoBHILI TOTPIOHOT TeMIepaTypH.

29. lana onmHOpigHa Kyns pamiyca R 13 HYJIBOBOIO TMOYaTKOBOIO
temneparyporo. CdopmymnioBaTd KpailoBy 3amady Npo  PO3MOALI
Temnepatypu npu ¢ >0 BcepenuHl KyJi, SKIIO KyJsl HarpiBaeTbecs
PIBHOMIPHO O BC1i TOBEPXHI CTAJIUM TEIIOBUM MOTOKOM ¢ .

30. Jlana onHOpimHa Kynus pajgiyca R 13 HYJOBOK IOYaTKOBOIO
temriepatypoto. CdopMynoBatd KpalloBy 3adady TMpoO  PO3MOILT
Temriepatypu npu ¢ >0 BcepemuHi Kyil, SKIIO Ha TMOBEPXHI Kyl
B110yBa€ThCS KOHBEKTUBHUU TEILIOOOMIH 13 HABKOJIUIIHIM
CEpeIOBUIIEM, TEMIIEPATypa IKOTO 3aJICKUTh TUTBKH BiJ 4acy.

TEMA 2 3BEAIEHHA PIBHAHb APYIOro noprPAgKy Ao
KAHOHIYHOIO BUrnsAQay 3A gornomMmoror 3AMIHA 3MIHHUX

Posrnsitnemo niHiliHE AuQepeHIianbHe PIBHAHHS JPYroro MNOPSIKY 3
JBOMA He3aJleKHUMU 3MiHHUMU (1.1). BcTaHOBUTH THUIT LILOTO PIBHSIHHSA MOYHA
3a IOOMOT'OI0 TUCKPUMIHAHTA

A=B*-AC. 2.1
1) Axmo A > 0, To piBHsHHS (1.1) € pIBHAHHSIM TinepOOIIIHOTO THITY.

2) Sxmo A =0, To piBasHHS (1.1) € piBHAHHIM MapaOOIIYHOTO TUITY.
3) Sxmo A <0, To piBHsSHHS (1.1) € pIBHAHHSAM €TINTUYHOTO TUITY.

Ilpuxnao 2.1 BcTaHOBUTY TUT PIBHSHHSA:

a) a’U’ U + f(x,t)=0.
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Po3é’a3zysanns
A=ad’, B=0, C=0,

A= B’ - AC =0 — piBHsAHHS MapaboIIYHOTO THIY;

0) U:X+U;'y—g(x,y)=0.

Po3é’a3zysanns
A=C=], B=0,
A # 0, A<O0—piBHAHHS EJIIITUYHOIO THUILY.

[Toxaxemo, o piBHAHHA (1.1) y KOXHOMy Kilaci MOXXHa 3BECTH [0
HANUIPOCTIIOro (KAHOHIYHOTO) BUIJISAY. BBEeAeMO HOBI 3MiHHI:

E=0(x,y), N=w(x,y). (2.2)

Oynkii ¢(x,y) Ta w(x,y) HenepepBHi, ABIYl audepeHIiioBHi 1 skobiaH
nepexoay Biji 3MIHHUX (X,)) 10 3MIHHHX (,77) BIAMIHHUN BiJ HYJIsI, TOOTO:

@.0,
v,

D(,n) _

_ 2.3
D(x,y) 23

YmMmoBa (2.3) € HEOOX1THOIO 1 JOCTATHLOIO YMOBOIO TOTO, 1110 cucteMa (2.2) mae
€IUHUI PO3B’SI30K.
3n1iiCHUMO HEOOX1/IHY 3aMiHY 3MIHHUX:

UL =Up +Up, U =ULp, +Uy,
U?, =UL(@) +Upl + U, (W) Uy +2ULy ¢!
UY, =UL(@) + ULl + Uy (W) + Upy), + 20w ¢ (2.4)

U, =Ugp.¢, +Ucp, +Upwy, + U, +Us oy, + ULy g, =
=Uzo.0, +Up, +U, ww, +Uw. +U. (oW, +p.w.).

[TincraBuBiu noxiaHi (2.4) y piBususs (1.1) onepxyemo

AU (@) +Upl + U, (W) +U . +2UL W ¢) +2B(UL.¢.¢, +ULp] +
+U, wy, +U . +UL (9, +¢ W)+ CUL(P) +Up, +U, (v,) +
+Uw,, +2UL W@+ £(&,n,U, UL, U, ) =0, (2.5)

abo
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(A(@))* +2B@ @, + C(@)) UL + 2 Ay @, + By, + 9w+ Cy o UL +

(2.6)
+(AW)’ + 2By, +C(w ) )U,, + f,(£,n.U,U,U,)=0.

BBenemMo HOB1 mO3HAYEHHS:
A=Ap)) +2B.¢, +C(¢))’,
B=Ay. 9.+ By, + oy )+Cy,¢, (2.7)
C=AWy.) +2By .y, +C(y.).

[TincraBuBmmM piBHOCTI (2.7) B piBHSAHHS (2.6) 3HOBY OTPUMYEMO JTiHIITHE
PIBHSIHHSA JpYyroro TMOpPSAKY 13 HeBigoMoro ¢yHKIiero U Ta aBoMa
HE3AICKHUMH 3MIHHUMH & Ta 7]

AUZ +2BUg +CUy, + £,(En,UULU;) =0. (2.8)
OCKIJIbKH
2
B - AC= (B —AC){—D@:’”)} , (2.9)
D(x, )

TO TUN piBHSIHHSA (2.8) 30iraeTbcest 3 TUoM piBHSAHHA (1.1).
Cnin 3ayBaxkuTH, mo QyHKII ¢(x,y) Ta y(x,y) TiaOUparOThCs TakK, 1100
nesiki 3 koediuieHtiB 4, B, C TOpIBHIOBAJIN HYJIEBI.

2.1 Pienannusa 2inep6oniunozo muny

JIist piBHSIHB Takoro TUMY (QYHKUIT ¢(X,y) Ta y(X,y NiI0UParOThC TaKUM
gnHOM, 106 A = C = 0. 3Bizcu, 3 ypaxysanaam (2.7), MacMo

A +2BoO' @ +C(0)* =0
{«m P9 +C(¢) .10

AW +2BYW, +CWY,) =0

’

, _ . V.
Po3p’smxemo cucremy (2.10) Ha BigHOCHO ~ , 1 —, . Onepxumo:
y v
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’

2
Y| ¢xJ +2B¢—X+C:O

y

i (2.11)
Al oY i o=
v, v,
Po3p’s3kamu cuctemu (2.11) €:

¢, —2B+~4B*—44C —B*-A

, 24 - 4 )
Py (2.12)
w, —BxJA
v, A

Takum 4uHOM, KOXKHE 3 piBHSIHb cucteMu (2.11) po3mamaeThcsi Ha aBa
JiHIMHI ogHOPIAHI TudepeHIianbHl PIBHIHHSA Y YaCTUHHUX MOX1IHUX MEPIIOTro
HOPSIKY:

Pt ACeP =0 [yi+ Aoy, =0 ot
oL+ AP, =0 W+ AGeyw, =0 T
e
B-+A B+~/A
A(x,y)= A= : (2.14)

A A

Po3p’si3ku  cuctem (2.13) MoKHA 3HAWTH, pO3B’SI3aBIIM TaK 3BaHi
mudepeHIianbHl PiGHAHHS XAPAKMEPUCTNUK:

?%(m 2.15)
X
Ta
%%(x,y). 2.16)
X

®ynkuii A, (x) ta A,(x) nudepeHumiansHux piBHsHb (2.15) Ta (2.16)
MarTh HENEPEepBHI YACTHHHI MOXIJHI 10 APYroro MHOPSAIKY BKJIIOYHO, IO
BUILJIMBAE 3 NpUMyLIeHb Npo KoedimieHTn A, B, C. ToMy iCHYIOTh 3arajbHi
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inTerpamu @ (x,y)=const=C i ¥ (x,y) = const = C piBHanHb (2.15) Ta (2.16) i
iXHI JIIBI YaCTMHU TaKOXX MAalTh HEMEPEepBHI MOXiAHI JI0 JAPYroro MOPSAKY
BKIIouHO. Dynkmii @ (x,y) Ta W (x,y) i OyAyTh IIyKaHUMM pO3B’A3KAMH
cuctem (2.13), a omxe 1 (2.10).

TakuM 4MHOM MH 3HaxXoaumo 3aMmiHy =@ (x,y) i =y (x,y), fAka
obeprac B Hymb koedimientn A i C piBmsuns (2.8). Ipu mpomy B He
00epTaeThCcsl B HYJIb B JKOAHINA TOYII, 10 OE3MOCEPEIHHO BUILIIMBAE 3 PIBHOCTI
(2.9).

Tomy nrykana kaHOHIYHa popMa Taka

2§U;’,7+f2(§,77,U;,U;,U)=O. (2.17)
Ilpuxnao 2.2 3BecTyl 10 KAHOHIYHOTO BUTJIALY PIBHSHHS
UL -yUl =0.
Po3é’a3zyeanns

Jlnst BU3HAYEHHS TUITY PIBHSHHS CKJIAJEMO WOTO JHCKPUMIHAHT.
OCKUIbKH

A=x" B=0 C=-y
A=B’—AC=x"y* >0, To naHe PiBHAHHA € PiBHAHHAM TilepOOIIYHOrO
TUITY.

JudepeniianbHi piIBHIHHSA XapaKTEPUCTHK Ta iX 3arajibHi IHTETrpaliv TaKi:

ooy
dx X’ dx X

Y .o _y.oy
de x*7 dx x  x

; xy=C,3Bigcu E=xy;

=C, 3BiaCH 77=Z.

X

3rigHo 3 (2.4) MmaeMo

2 2
ro__ 2y y ” y ” y ’
U=y Ug=2"3Ug 35Uy +2-5U;;

Uy Ul ¥ Uy 4U 04U, 0=UR 4205 4 U]

n _2
[lizmcTaBUMO 3HAMICH] TOX1/IH1 Y HaIlle PIBHSIHHSA, Ma€EMO

2

2
14 ” 4 2 4 14 ” n
YUY -2y°U7 +§U,m +7yU,7 — UL -2y, —%UW =0, ao

n

~4y?U? —%U’ =0.
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IoxinuMo ocTaHHiH Bupa3 Ha —4)”, OTPUMAEMO:

” 1 ’
Uty =5, =0.

yXx

Ockinbkn & =Xy, OCTAaTOYHO OJEPKYEMO KAHOHIYHHUM BUIJISAL JaHOTO
PIBHSIHHSI

-

—U’ =0.
é 24‘,: n

2.2 PieHAHHA eNINMUYHO20 MURY

Sxuro piBHsHHS (1.1) € PIBHAHHIM €TINTUYHOTO THUIY, TO ICHYIOTh TaKi
bynkuii @(x,y) Ta W(x,y), mo B =0 1 ga"e pIBHSIHHSA 3BOJUTHCA MO
KaHOHIYHOT popMuU

UL +U. + f,(Em,UULU,) =0. (2.18)

OnwuireMo npouenypy 3HaXOKEHHS X (PYHKIIIH.
Crouatky (opManpHO, SK 1 y MONEPEAHbOMY BHUMAAKY, MPUBOAUMO
piBastHHS (1.1) 10 BUTTSTY

Uz, + £, nU.U,,U)=0. (2.19)
[Tpu tibomy HOBI 3MiHHI £ Ta 77 OyAyTh KOMILIEKCHO CIPSHKEHUMU

fza(x,y)+i,3(x,y), ﬂ:a(xay)—iﬁ(an’)a (220)

OCKUIbKHU TudepeHItiaabHi piBHIHHS XapakTepucTuk (2.15) Ta (2.16) y Bumaaky,
10 PO3TISTAETHCS, MAIOTh BUTJIS

dy B N-A dy_B, N-A

A 4 i A 4

(2.21)

TakuM YuHOM, pIBHSHHS eIINTHYHOTO THUIy Ma€ JIMIIE YSBHI
XapaKTePUCTHUKH.
BukoHnaemo HOBY 3aMiHy 3MIHHUX

p=a(x,y), 0=p(xy), (2.22)
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BHACHIIOK sKOi piBHSHHS (2.19), a omxe 1 piBHSHHS (1.1) 3BOAUTHCS 10 NTyKaHOT
KaHOHIYHOT ()OPMU 3 TOYHICTIO 10 3MIHU TTO3HAYEHB

U;'p +U” +f2(p,0',U,U/',,U;)=O.

1

. ) 1
Ipuknaod 2.3 3BecTy 10 KAHOHIYHOTO BUrIANY piBHAHH — U +— U, =0.

y

Po3é’a3zyeanns
Jlnst BU3HAYEHHS THUIY PIBHSIHHS CKJIAJIEMO WOTrO JUCKPUMIHAHT.
OcCKUTBKH

1 1
A= 5 B= O, C = PR
X y
A=B>—-AC=- -— <0, To 1anHe PIBHAHHA € PIBHAHHAM €IINTHYHOTO
Xy

THUTTY.
JudepeniiianbHi piBHIHHS XapaKTEPUCTHK Ta iX 3arajibHi IHTErpajiy TaKi:

d X ) .
1) —y:—l‘—; ﬂ:_l‘f; y2 +ix? = C, 3B1acu f=y2+zx2;
dx xy dx y

2

2) Q:ii; y* —ix* =C,3Bigcu =y’ —ix".
dx y

OTtpuMaHi 3MIHHI KOMIUIEKCHI, TOMY 3TiHO 3 (2.22) 3HaXoauMo
OCTaTOYHY 3aMiHy 3MIHHUX

3rigHo 3 (2.4) Maemo

ur=U",0+2U, -0+U. 4x> +U,-0+U,2=4xU,, +2U,,
” Y4 2 ” ” ’ ’ _ 2 ” ’
U” =U"4y* +2U,-0+U,,-0+U,2+U,-0=4y°U" +2U,,.

[TincraBuMo 3HalACH] TOX1AHI Y HAIlIE PIBHSHHS, MAaEMO

1 ” 2 7 4 : ” 2 4
4L+ UL+ 22U + S U =0,
X X y y

” ” L., 1.,
4UUG+4UPP+2(EUU+;UP):O'
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2.3 Pienanua napaboniynozo muny

Axmo piBasHHA (1.1) € piBHAHHSAM MapaboIigyHOTO TUMY, TO (PYHKIIIT
o(x,y) ta W(x,y) migouparwoTbcsi Taki, mo A=B=0, 1 gaHe piBHSIHHSA
3BOJIUTHCS /IO KAHOHIYHOI (hopmu

U, +EnUU.,U)=0. (2.23)

OmnwuiieMo npouenypy 3HaXOIKEHHS X (PYHKIIIH.
3Haxoaumo PyHKIi0 @(x, ), AKa € pO3B’I3KOM PIBHSIHHSA

A(@))* +2B@, +C(¢.)* =0. (2.24)

Sk 1 y BuUmNanKy TrinepOOJIYHOrO piBHSHHA mpunyckaemo, mo A#0 Ta

?'x)

/

po3B’skeMO piBHSAHHA (2.24) BIZHOCHO . IIpn upbomMy OTpUMY€EMO JHILIE

OJIHE PIBHSHHS XapaKTEPUCTHUK

&y _B

, 2.25
de A ( )

ockibku A =0.

Hexait ¢*(x,y)=C € 3aranpHuil iHTerpan piBHAHHS (2.25), 3BiAKH
E=@*(x,y). Inma 3minna 77 =w(x,y) BUOMpAETHCS IOBUILHMM YHHOM 34
D(&,n) |99,

’ ’

D(x,y) Wy

xry

YMOBH, IO #0 1 ¥ (x,y) IepeTBOPIOE HA HYJIb KOS(IIIEHT C.

Ilpuxnao 2.4 3BecTu 10 KaHOHIYHOTO BUIJISILY  PIBHSHHA
2r 1”7 ” 2r7”
xU, +2xyU_ +y°U,, =0.

Po3é’a3zyeanns

Jlns  BU3HAYCHHS TUIy PIBHSHHS CKJIaJeMO WOro JHUCKPUMIHAHT.
OCKUIbKH

A=x2, B=xy, C=y2,

A=B?>—-AC =0, To 1aHe PiBHAHHA € PIBHAHHAM NapabOoIiuHOrO THITY.
Cxuitanemo 3rigHo 3 (2.25) nudepeHuiaibHe piBHIHHS XapaKTEPUCTUK

Q=Z, Y = ¢, sinxn f=l.
dc x X X
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PiBHSIHHA 1715 Apyroi He3aaeXHOi 3MIHHOI MOYKHA B3SITH y BUIJISIAL 7] = Y,
OCKIJIbKH 32 TaKOTO BUOOpPY sIKOO1aH

BIIMIHHUHN BIJl HYJISl B yCiX TOYKax IIomuHu Ox), KpiM ToUoK oci Ox , 1 3T1HO

3 (2.7) mepeTBOpIO€E HA HYJIb KOS(IIiEHT C.
3rigHo 3 (2.4) Mmaemo

2
o Y o 2y,
ur =2 un+22u:
o 3 e ¢
U =L tu s
yy_; §§+; §n+ nn’
_y y 1
Vo= ole oot

[TizmcTaBUMO 3HAMICH] IOX1/IHI Y HaIlle PIBHIHHS, Ma€EMO

”
U,,=0.
PosrisiueMo fiekinibka MpUKIIAIiB HA 3BEJCHHS PIBHSHB JO KaHOHIYHOTO
BUTJISITY B CUCTEMI aHATITUYHUX 00unciaeHs Maple

3ayBaxkeHHs: B cucremi Maple BU3HauHUMK cTapmimx KoeilieHTiB
00UYHCITIOETHCS 32 (OPMYJIIOHO
A=AC-B?

A =0 — piBHSIHHS NapaOO0JIuHOTO TUITY
A >( — piBHSHHS €JIINTUYHOTO TUITY
A <0 — piBHSIHHS T1EpOOTIYHOTO THUITY.

Ilpuxnao 2.5 3Bectu 10 KAHOHIYHOTO BUTJISIY PIBHSIHHS

2 2 2
4071 97U 97U _,ou_

A2 oxdy ay2 dy
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Po3é’a3zysanns

Po3B’s13yeMo 3a1auy B cucTeMI aHATITUYHUX oOuucieHb Maple. 3amaemo

PIBHSIHHS
> al[ll:= 4;a[2] :=4;a[3]:=1;a[4] :=0;a[5]:=-2;a[6]:=0;a[7] :=0;

al =4
ay) =4
a3z =1
aq =0
as =-2
ag =0
a7 =0

> equ:=al[l]l*diff(u(x,y).,.x,x)+al2]*(x,y diff(u(x,y).,x,y)+
+a[3]*diff(u(x,y),y,y)+al4]l*diff(u(x,y) ., ,x)+al5]1*diff(u),y)+
+al[6] *u(x,y)+al7]1=0;

equ:= 4 iu(x y) |+4 82 u(x,y) |+ iu(x ) |—2 iu(x y) |=0
wl oxdy ayz ’ dy

> eq:=1lhs (equ) ;

equ:= 4 —Qz—u(x.y) +4 82 u(x,y) |+ ji%—u(x.y)-—2 jzwdx:y)
' Wl oxdy ayZ ’ -

OO0UYHCTI0OEMO MATPHUILIIO CTAPIIUX KOE(PILIEHTIB 1 ii BA3HAYHUK

> A:= linalg[matrix] (2,2, [coeff(eq,diff (u(x,y),x,x)),

coeff (eq,diff (u(x,y),x,y)) /2, coeff(eq,diff (u(x,y).x,y))/2,
coeff (eq,diff(u(x,y),y,y))1);

> Delta:=simplify(linalgldet] (4));

4 2
A= ,
A=0.

OcCkiIbKM BU3HAYHUK MaTpuIll crapmux koedimieHTiB A:=0, TO THO

PIBHSIHHSI — TTapa0oIIuHUA.
dopMyeMO XapaKTEpUCTHUIHE PIBHSIHHS 1 pO3B’S3yEMO HOTO.

> A[1,11*z"2-2*A[1,2] *z+A[2,2]=0;resl:=solve(A[l,1]*z"2-
2*A[1,2]*z+A[2,2],2);

4z2 —4z+1=0,
> subs(y=(x),resl[1l]) ;res2:=dsolve(diff(y(x),x)=%,y(x));
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b

1
2
X
er:ij=E+_CL
Oneprxanu oJiHe CIMEHCTBO XapaKTepUCTUK. BBOIMMO 3aMiHY 3MiHHHX.
> res2:=subs(y(x)=y,res2);
X
ra2:y@j=5+_CL
> itr:={xi=solve(res2, Cl),eta=y};
) X
ltr-'={§= y=sn= y} :

3BOJIMMO 3aJlaHe PIBHSHHS 10 KAHOHIYHOTO BUTJISALY

> tr:=solve(itr, {x,y});
PDEtools [dchange] (tr,eq,itr, [eta,xi],simplify)=0;

r={y=n,x==2&+2n},

92 9 9 _

3aysaoicenns: ko BUOpATH 1HILY 3aMiHy 3MIHHUX
> itr:={xi=solve(res2, Cl1),eta=x};

) X
r={E=y-=,n=x;,
itr {f % 5 n x}

TO OJEP>KUMO PIBHAHHS BUIY:

> tr:=solve(itr, {x,y}):
PDEtools [dchange] (tr,eq,itr, [eta,xi] ,simplify)=0;

tr:={x=77, y =§+g},

32 d

Ilpuknao 2.6 3BecTy 10 KAHOHIYHOTO BUIJISIAY PIBHSIHHS

2 2 2
307U, 07U _9Tu  ,0u Jou_
2 0xdy ay2 ox dy
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Po3é’a3zysanns
Po3B’s3yemo 3agady B cuctemi aHaMITUYHUX oOuuciaeHb Maple. 3amaemo
KOoe(iIIEHTH HAIIIOTO PIBHSHHS 1 caMe PIBHIHHS

> a[ll:= 3;al2]:=2;al3]:=-1;al[4]:=2;a[5]:=3;al[6]:=0;al[7]:=0;

al =3
ay =2
ay =-1
aq =2
as:=3
ag =0
a7 =0

>equ:=al[l]l *diff(u(x,y) ,x,x)+al2]*diff(u(x,y) . ,x,y)+al3]1*diff (u(
X,y),y,y)+al4]l *diff (u(x,y) . ,x)+
+a[5]*diff(u(x,y),y)+al6l*u(x,y)+al7]1=0;

92 92 92
:: R 2 J— —_—
equ:= 3 2 u(x,y) |+ oxdy u(x,y) 2 u(x,y) |+

X

0 0 B
+2&;“Q&Wj+{§;MLY)—O,

> eq:=lhs (equ);

92 92 32
eq:= 3 ax—zu(x,y) +2 aXayu(x,y) — ay—zu(x,y) +

0 d
+2[au(x,y)j + 3($u(x,y)J .

OGUHMCTIOEMO MATPUIIIO CTAPIIMX KOS(IIEHTIB 1 i1 BUBHAYHUK

> A:= linalg[matrix] (2,2, [coeff(eq,diff (u(x,y),x,x)),

coeff (eq,diff(u(x,y),x,y))/2, coeff(eq, diff (u(x,y).x,y))/2,
coeff (eq,diff(u(x,y),y,y))1);

> Delta:=simplify(linalgldet] (4));

3 1
A= ,
A=—4,

OCKITbKM BU3HAYHUK MATPHUIll CTApUIUX KOEQIIIEHTIB A <0, TO THI
PIBHSIHHS — T1EepOOTIUHMIMA.
dopMyeMO XapaKTEPUCTHUHE PIBHAHHS 1 O3B’ A3y€EMO HOTO.

SA[1,1]1*2z"2-2*A[1,2]1*z+A[2,2]=0;resl:=solve(A[1l,1]1*z"2-2*A[1,
2] *z+A[2,2],2);
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322-2--1=0,
1

resl =1,——,

> res2:={seq(dsolve (diff (y(x),x)=resl[i],y(x)),i=1..2)};

ra2:{y0)=—%x+_€l y00=x+_C%,
> res2:=subs(y(x)=y,res2);
rw2:{y=—%x+_CL'y=x+_C%.
Takum 9uHOM, MU OJIepKau B

3MIHHHX.
> {seqg(solve(res2[i], C1),i=1

XapaKTepUCTUKH. BukoHyeMo 3aMiHy

..nops (res2)) };

1
+=X, y=X{,
{y3y}
> itr:={xi=solve(res2[1], Cl1l),eta=solve(res2[2], C1)};
. 1
zW:{fzy—Ln=y+§x}.

Tenep 3BoiUMO 3a7aHe PIBHSIHHS O KAHOHIYHOT'O BUTJISITY.

>tr:=solve(itr, {x,y}) ;PDEtools [dchange] (tr,eq, itr, [eta,xi],

simplify)=0;
3 1 3 3
r=<y="n+-&x=—-=&+-n¢,
{y i 2 ° 477}

_16 i u(,€) —(iu(n f)j (—u(n 5)}
a&on on o&

Ilpuxnao 2.7 3Bectu 10 KAHOHIYHOTO BUTJISIY PIBHSIHHS

2 2 2
07U | 407 507U Ou HO g

o2 oxdy ayZ &x dy

Po3é’a3zyeanns
3anaemMo piBHSAHHSA

> al[l]l :=3;al[2]:=2;al3]:=1;al[4]:=2;al[5]:=3;al6]:=0;al[7]:=

al =3
ay =2
a3z =1
ag =2
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as =3
ag =0
a7 =0
>equ:=a[l] *diff (u(x,y) . ,x,x)+al2]*diff(u(x,y).,.x,y)+al3]1*diff (u(

X,Y),y,y)+[4]1*diff (u(x,y) x)+
+a[5]*diff (u(x,y),y)+al6l*u(x,y)+al7]1=0;

92 92 92
equ:=3 —2u(x,y) +2 u(x,y) [+ —2u(x,y) +
Ox dxdy dy

+2(%u(x,y)j + 3(%%()6, y))zO ,

> eq:=lhs (equ);
2 2 2
eq:=3 a—u(x,y) +2 J u(x,y) |+ a—u(x,y) +
2 oxay ay2

+2(aa—xu(x,y)j + 3(%u(x,y)} .

OGUMCTIOEMO MATPUIIIO CTAPIIMX KOS(IIEHTIB 1 i1 BUBHAYHUK

> A:= linalg[matrix] (2,2, [coeff(eq,diff (u(x,y),x,x)),
coeff(eq,diff(u(x,y),x,v))/2,coeff(eq, diff(u(x,y).x,v))/2,
coeff (eq,diff (u(x,y),y,y))1);

> Delta:=simplify(linalgldet] (4));

A=2.

OCKiIbKM BU3HAYHUK MATpUIll cTapmux KoedimieHtiB A >0, To THO
PIBHSIHHS €JIIMITUYHUN.
dopMyeMO XapaKTEPUCTHUHE PIBHAHHS 1 O3B’ A3y€EMO HOTO.

SA[1,1]1*z"2-2*A[1,2]*z+A[2,2]=0;resl:=solve(A[1l,1]*z"2-
-2*A[1, 2]1*z+A[2,2]1,2);

322 -2241=0,
rak:l+llJilmlJJ§,
3 3 3 3

> res2:={seq(dsolve (diff (y(x),x)=resl[i],y(x)),i=1..2)};
rmZ:{y@jz%x—%[xJ§+_CLyU)z%x+%]xJ§+_C%.

TakuM dYMHOM, MH OJEpX aldu JBI KOMIUIEKCHI XapaKTEPUCTUKHU.

Bukonaemo 3amMiHy 3MIHHUX.
> res2:=subs(d(x)=d,res2);
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res2 = {y =%x—%1x\/5+_C1, y =§x+%1x\/§+_C1} ,
> {seqg(solve(res2[i], Cl1),i=1l..nops(res2))};

{yuj—%x+%liE,y@ﬂ—%x—%]xJE},

> itr:= {xi=coeff(%[1],I),eta=%[1]-coeff(%[1],I)*I};
itr .= {f = %x\/z, n= y(x)—%x} .
Tenep 3BoiMMO J1aHE PIBHSHHS 10 KAHOHIYHOT (hopMU

>tr:=solve(itr, {x,y}) ;PDEtools [dchange] (tr,eq, itr, [eta,xi],
simplify)=0;

S R R S o
tr-—{ ﬁfay ﬁ§+”}’

92 92 d B

Ilpuxknao 2.8 3HaiiTh 3arajJibHU PO3B’SA30K PIBHSAHHSA 31 CTAIUMU
KoediieHTamMu

92u azu 382u

- 0.
ox2  Oxdy ayz

Po3eé’a3yeanns

Jlis po3B’si3aHHS 3a/adl BHKOPUCTAEMO CTaHAapTHI 3acobu Maple.
3agamMo piBHSHHS.

> alll:= 1l;al2]:=-2;al3]:=-
3;al[4]:=0;a[5]:=0;al6]:=0;al[7]:=0;
>
al =1
ay =-2
a3y =-3
ag =0
a5 =0
ag =0
a7 =0

>eq:=diff (u(x,y) ,x,x)-2*diff(u(x,y) . ,x,y)-3*diff(u(x,y),y,y)=0;

32 92 92
eq-= _u(-xay) -2 ”(an/) -3 _u(an/) =0.
2 dxdy ayz
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Buxopucraemo cranmaptHy mporpamy Maple — mapde (eq, canom). Ils
nporpamMa IMepeTBOPIOE TOYaTKOBE PIBHAHHA B TpocTimre. dakTudHO, Iie Ie
OJIMH CIIOCIO 3BEJICHHS 3a/IaHOTO PIBHIHHS 10 KAHOHIYHOTO BHTJISTY.

> with (PDEtools) :
> mapde (eq, canom) ;

2
\/E[a—u(fl,gQJ &where {_fl=3x+ y, &2 =lx—ly} ,

0 £20 ¢l 4 4
> op (%) ;
J16 LuLé’l &2 { E1=3x+y §2=lx—1y}
0 _&£20 ¢l = N - 47 47 [

HalgeM Tell raJIbHUMN B’S bi HOT IBHSAHHS
3HanIeMo ere 3arai O3B’ 130K  OJIEPKAHOTO 1

rinepOoIIYHOTO TUITY
> pdsolve(%I[1]);

u(_ &L, &= F2(_ &N+ FI(&E2).
[ToBepHEMOCH 10 cTapuX 3MIHHUX

> sol:=u(x,y)=subs(%%[2],rhs(%));

sol =u(x,y)=_F2Q3x+y) +_F1(%x—%yj,

[lepeBipumoO 3HANAEHUI PO3B’SI30K.

> simplify(subs(sol,eq)):;

32 11 92 11
(ax—2(F2(3x+y)+Fl(Zx—Zy]jJ - (w(F2(3x+y)+Fl(Zx—ZyDJ -
N F2(3x+ y)+ F{lx—ly] _-0

a2\~ - 47 4 ’

> simplify(lhs(%));
0.

Ilpuknao 2.9 3HailTu 3araibHUl PO3B’SI30K PIBHSAHHA 31 CTAJIUMH
Koe(ilieHTaMH.

2 2 2
07U _ 407U 507U _ )
w2 Oyox 8y2
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Po3é’a3zysanns

Jlnst po3B’si3aHHS 3a/4adl BUKOPUCTAEMO CTaHAApTHI 3acobum Maple.

3anaMo piBHSHHSL.
> al[ll:= 1;al[2] :=-4;a[3] :=-5;a[4] :=0;a[5]:=0;a[6]:=0;al[7]:=0;

al =1

ay =—4
a3z =-5
ag =0
a5 =0
ag =0
a7 =0

>eq:=diff (u(x,y) ,x,x)-2*diff(u(x,y) . ,x,y)-3*diff(u(x,y),y,y)=0;

92 92 92
eq.= ax—zu(x,y) -4 axayu(x,y) -5 ay—zu(x,y) =0.

Buxopucraemo cranmaptHy nporpamy Maple — mapde (eq, canom). Lls
mporpaMa IMepeTBOPIOE MOYATKOBE PIBHAHHS B mpocTime. PakTuyHO, 1ie IIe
OJIMH CTI0C10 3BEJICHHS 3aJIaHOT'0 PIBHSHHS JI0 KAHOHIYHOTO BHUTJISTY.

> with (PDEtools) :
> mapde (eq, canom) ;

92 B 1
@(mu(_ﬂ,_g“’ZJ &Where{_§1—5x+y,_fZ—gx—gy},

> op(%);

92 11
\/%(mu(fl,f2J , {_§1=5x+y,_§2=gx—gy}.

3HailieMo  Temep  3arajJbHUM  PO3B’SI30K  OJIEPKAHOTO  PIBHSHHS
rinepOoIYHOro TUITY

> pdsolve (%[1]);
u(_ &, &)= F2(_ED+FI(E2).
[ToBepHEMOCH /10 CTapUX 3MIHHHX
> sol:=u(x,y)=subs (%%[2],rhs (%))

sol =u(x,y)=_F2(5x+y) +_F1(éx—éy],

[lepeBipuMoO 3HANAEHUIN PO3B’SI30K.
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> simplify(subs(sol,eq));

32 11 92 11
(ax—z(FZ(SX'f‘y)ﬁ‘Fl(gx—gyjjJ -4 (%(FZ(SX'F'V)'FFI(EX—EJ/’)]J -
0’ 1 1
—5[§£F2(5X+)})+Fl(gx—gy]]] = 0,

> simplify(lhs (%))

2.4 Posze’azyeannn 3a0aui Kowi 0na pi6HAHHA KOJUGAHHA CMPYHU
Memooom xapakmepucmuk (gpopmyna /I’ Anamoepa)

Po3pizHst0Th TpU THUIN KpalloBUX 3a/1a4 i TudepeHIiaabHuX PIBHSIHb:

- 3a0aua  Kowi nns  piBHSHB  TiNepOONIYHOTO  Ta
napaboIIYHOro THUIIIB, Y SKIM 3a1aI0ThCS TUIBKK MTOYATKOBI
YMOBH;

- Kpaiiosa 3adaua AJid PIBHSHb CNINTHYHOTO THUIY, Y SKIH
BIJICYTHI IOYAaTKOB1 YMOBU;

- 3miwauna 3adaua A PIBHSAHb  TinepOONIYHOTO  Ta
napaboIIYHOro THITIB, Y SKIWA 3a/1al0ThCS SIK KpaoBi, TaK 1
MOYaTKOB1 YMOBH.

BiamiTMO, 10 METOJOM  XapaKTEpUCTUK  HA3UBAETHCA  METO]
pO3B’A3yBaHHS JIHIWMHUX AUGEpPEHIIAIbHUX PIBHSIHb Yy YACTUHHUX MOXIJTHUX
JPYroro MOPSAKY HUIIXOM IHTETpyBaHHS iX KAHOHIYHUX (PopMm.

: 0’U  ,0°U
KonuBanHs CTpyHM  OINHUCYETHCS  PIBHSHHIM —=a ~ 3
ot ox
noyaTkoBUMHU yMoBamu U (x,0) = @(x) ,a—U(x,O) =y (x), 1e @(x) — NOoYaTKOBE

ot

BIIXUJICHHS! CTPYHH BiJ MOJIOKEHHS PIBHOBAru, Y (x) — MoyaTKOBa MIBUAKICTh

TOYOK CTPYHH.
Toni piBHSIHHS XapaKTEPUCTUK TaKi:

ﬁz—a Taﬁza. (2.26)
dt dt
Po3B’s3kamu piBHSHB (2.26) Oy1yTh
x+at=Crtax—at=C. (2.27)
3rigHo 3 (2.27) moTpiOHO BBECTH 3aMiHy
E=x+atTan=x-—at. (2.28)

BpaxoByroun popmyinu (2.4), pIBHIHHS KOJIUBaHHS CTPYHHU Oylie Take:
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Uz =0, (2.29)

’7 =
abo
(U;); =0. (2.30)

3 piBasiHHSA (2.30) BUMITHUBAE, 1110

Ul=1(&). (231)
Jnsa 3HaxomxkenHs ¢ynkuii U(x,t) mpointerpyemo piBHsSHHS (2.31) 3a
3MiHHOKO &, MaEMO

Ux,t) =] f(§)dé+C ). (2.32)
BBenemo nmoznaueHHsA
Cy (&)= f(&)dE. (2.33)

BpaxoBytouu (2.33), (2.28) piBHICTb (2.32) BUTISIATUME TaK
Ulx,t)=C,(n)+C,(&)=C,(x—at)+ C,(x+at). (2.34)

s toro, mo6 3Haity pyHkuii C, ta C,, CKOPUCTAEMOCS [TOYATKOBUMHU
ymoBamu. Toi

U(x,0)=C/(x)+C,(x)=¢(x), (2.35)

oU ’ ,

= =—aC{(x—at)+aC,(x+at). (2.36)
PiHicTh (2.36) MOXHa mepenucaT TaK

aU ’ 7’

E(X,O) =—aC;(x)+aC,(x) =y (x). (2.37)

[IpoinTerpyemo (2.37) B mexkax Bix 0 10 x, MaeMo

= af C/(x)dx + a_)f C} (x)dx = Tw(z)dz, (2.38)
3BiZIKH O 0 O
—a(C,(x) = C,(0)) + a(C, (x) — C,(0)) = I’w(z)dz . (2.39)
Mosuazmmo C,(0)—C,(0) = C, Toxi 3 piBHOCT (2.309) Ma€eMO:
—Cy(x)+C,(x) = iIl/J(z)dz +C. (2.40)

Takum unHOM, BpaxoByrouu (2.35) Tta (2.40), MU oTpUMaI CUCTEMY IS
3Haxo ukeHHs QyHkui C, Ta C,
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C (%) + C,(x) = (x)

1% : (2.41)
~C(x)+C,(x) == [p(z)dz+ C
a 0
Cucremoro po3B’s3kiB cucremu (2.41) Oyzae
c, =90, 1 j w(2)dz + %
. (2.42)
x) 17 C
W= -C=20 [y
3riaHo 3 3aMiHoM0 (2.28) oepxKyeMO
_o(x—at) 17" C
Cxman =P80 0 T =,
(2.43)

x+at

C (x+ar) = ‘p(x; ai) , j w(2)dz +%

[TincTaBuBmu piBHOCTI (2.43) y (2.34) 3Haiigemo dyukiito U (x,t)

x+at

Ux,r) = 25=90 ; plr+at) j w()dz.  (2.44)

x—at

®dopmyna (2.44) vazuBaeThes popmysoro I’ Anambepa.
VY BUMNa/Ky, KOJH KOJTHBAHHS CprHH OIUCYETHCS PIBHSHHSAM BUTIISTY

BZU 2 9° U
or

(2.45)

3 IOY4TKOBMMHU YMOBaMHU
oU
U(X,O) = ¢(X) 95(3“’0) = W(X) ’ (246)

e ¢(x) — Mo4YaTKoBe BIAXWJICHHSI CTPYHH BiJl MOJIOKEHHS piBHOBaru, ¥ (x) —

MOYAaTKOBA IMBHU/IKICTh TOYOK CTPYHH,
dbopmyna /[’ Anambepa 3anmucyeThCs Tak

x+at t  x+a(t-n)

Uty = OISR L fy@rag e[ [fEmagin. 247
x—at 0 x—a(t-n)
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Ilpuknao 2.10 3uaiitu po3B’si30k 3amadi Komri 3a ¢gopmynoro J[’Anambepa

2 2
J (2] =a’ o 3a ymoBy, mo U(x,0) = x, ou(x,0) =COSX.
ot ox’ ot
Po3é’a3yeanns

3rigHo 3 hopmyroro (2.44) 3HalIeMO CIIOYATKY 1HTErpaj

x+at x+at
W(z)dz = I cos zdz =sin z‘iz = sin(x + at) —sin(x —at) = 2cos xsinat .
x—at x—at
Tomi

1 1 : 1 :
U(x,t)=—((x—at)’ +(x+at)’)+—cosxsinat = x> +a’t’ +—cosxsinat .
a a

Ilpuxnao 2.11 3naittu po3B’s30k 3amayi Ko 3a ¢popmynoro JI” AnambGepa
9’ 12] 9°U . ou(x,0) .
ot Ox?

Po3eé’a3yeanns
B nanomy Bunaaky notpioHo ckopuctatuchk popmyioro (2.47).
JIJ1g 1bOT0 OOYUCINMO 1HTET PN

x+at x+t

— J W(&)dE =2 J §dg =&%|

xat

x+t

=4xt,

t  x+a(t-n) x+t-n
— j [ £(&.magan =3 I [agin=6 J (-
0 x—a(t-n) X=t+1n

¢lx —at) + p(x + at) :l((x—r)2 +(x+0)2)=x+£,T0

OCKUIbKHA 5

U(x,t)=x> +1* +4xt +3t> = (x + 21)°.

32U ,9%U
2 ¢ T
ot ox

Ilpuknao 2.12 KonvBaHHS CTPYHU ONUCYETHCS PIBHAHHAM

3 moyaTtkoBuMu ymoBamu U(x,0)=@(x), aa—lt](x, 0)=w(x), ne @(x)=x’

w(x) = cosx. 3HaiiTi po3B’s30k 3ana4i Komri 3a dhopmyoro /I’ Anambepa.
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Po3é’a3zysanns
o(x—at)+o(x+at) 1

x+at

3a popmynoro [I’Anambepa U(x,t) = +— Il//(z)dz :
2 2a °
x+at
3HaiiIeMO CroYaTKy 1HTerpal I;//(z)dz
x—at
> Int(cos(z),z=x-at..x+at)=int (cos(x),x=x-at..x+at);
x+at x+at
j cos xdx = sin x‘ = sin(x + at) —sin(x —at) = 2cos xsinat.
x—at x—at
Tomi

1 1 : 1 :
U(x,t) =5((x—at)2 +(x+at)2)+—cosxsmat =x”+a’t* +—cosxsinat .

a a
. 02U 93U
Ilpuknao 2.13 KonuBaHHS CTPYHM ONMCYETHCS PIBHSHHAM ——-=——-+ 6 3
ot ox

noyatkoBuMu  ymoBamu  U(x,0) = ¢(x), aa—(tj(x, 0)=w(x), ne @(x)=x

w(x) = 4x. 3HalTH po3B’s30K 3aaa4i Ko 3a popmynoro /I’ AnambGepa.
Po3é’a3zyeanns

B nanomy Bunaaxky notpioHO BUKOpUCTATU (HOpMYITY
t x+a(t-n)

_ x+at 1
Ut = PEZTOELD L pyrage —[ [ f&maédn.
a x—at 2a 0 x—a(t-n)

JI71s IbOTO 0OUMCIIMMO THTETPaJI, SIK1 € CKIAJOBUMHU JIaHOI (popMyu.

Po3B’s13yeMo 3aady B cUCTeM1 aHATIITUYHUX oOunciienb Maple.
> a:=1;f(xi,eta) :=6;

a=1,

f(gan):6'
> with (student) :
> 1/2*a*Doubleint (f (xi,eta) ,xi=x-t+eta..x+t-eta,eta=0..t);
1¢ xX+t—n
311 edgn
0 x—t+n
> z:=value (%) ;
Z:=3t2,
> psi(xi):=4*x;a:=1;
w(&)=4x,
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>d:=1/2*a*Int (psi(xi) ,xi=x-a*t..x+a*t)=1/2*a*int (psi (xi) ,xi=x-
a*t..x +a*t);
X+t

1
d.=§ _[ 4xd& = 4xt.

x—t

. —at)+ +at 1
OCKiJIbKH Hx—a )2¢(x al) =—((x—z‘)2 +(x+t)2)=x2 +12, 1O
U(x,0) = x> +1* ++4xt + 30> = (x +2t)".
I ) 22U 2 32U
'puknao 2.14 KonuBaHHS CTPYHU ONUCYETHCS PIBHAHHAM ——-=a” ——- 3
ot ox

novyatkoBumMu ymoBamu U (x,0) = f(x), aa—(t](x,O) =y (x), ne f(x)=sin(x),

W(x)=0, —co<x<oo, t>0. 3HaliTH po3B’sa30K 3amaui Komr 3a ¢opmyioro
I’ Anambepa.

Po3é’a3zyeanns
3anaMo piBHSHHSL.

> Eqn:=diff (u(x,t),t$2)-a”"2*diff (u(x,t),x$2)=0;

2 2
Egn = [% u(x, t)j —-a’ [% u(x, t)] :

Jlnss  po3B’s3aHHS LBOIO  PIBHSAHHS BHUKOPUCTOBYEMO MPOICAYPY
pdsolve () 1 0I€PKUMO

> pdsolve (EqQn) ;
u(x,t)=_ Fl(at+x)+ F2(at—x).

B nmanomy Bumaaky d¢yHkmii  FI() 1 F2( )€ JOBUTAbHUMHU JABIYl
nudepeHIinoBHUMU  (YHKIIIIMH.. TakuM 4YHWHOM, 3arajlbHUi  pO3B’SI30K
piBHsSHHS Eqn mogaeTrbecss 'y BUIISAl  Cynmepnosuiii JaBoX (YHKIINA 3
BIJIMOBIAHUMU aprymMeHTaMu. BiamoBijnHO, 1100 MOBHICTIO PO3B’SA3aTH 3ajayy,
HEOOX1THO BHU3HAYUTH BHUJ LMX (QyHKIIH. OyHKIIT BU3HAYAKOTHCS 13
MOYATKOBUX YMOB. AJle mepim 3a Bce 3agaemMo u ( ) Ak (QYHKIIO JBOX
nmapaMeTpiB x 1 .

> u:=unapply(rhs (%) ,x,t);
u=(xt)—> Fllat+x)+ F2(at—x).
Jlami BUKOPHCTOBYEMO Te€, IO MOXigHA 3a 4acoM Bim (yHKmil u(x,?) B
MOYATKOBHH MOMEHT JOPIBHIOE HYJIIO.
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3ayBaXeHHs: TMOXiJHA 3a JPYTUM apryMeHTOM (QYyHKIIT u(x,1)
OOYHCITIOETHCS 32 JOINOMOTOI0 OorepaTopa Iu(epeHIiloBaHHS 3 TTO3HAYCHHSIM B

KBaJpaTHUX OYXKKaxX 1HJEKCY 3MIHHOi, 3a SKOI OOYHCIIOETHCS TOX1JIHA
(D[2] (u)) .

> D[2] (u) (x,0)=0;
D(_Fl)(x)a+D(_F2)(-x)a=0.

OpepxaHe TakuM 4YMHOM  JudepeHuiadbHe  pPIBHAHHA  OyAeMo
pO3B’A3yBaTH BITHOCHO pyHKIiT _ F1().

> dsolve (%, Fl(x));

_Fl(x)=_F2(—x)+ _ Cl.

bauumo, mo gynkumii _F1() 1 _F2( )3 TOYHICTIO A0 3HAaKa apryMEHTY 1
koHcTaHTH _Cl 30iratotbecs. KOHCTaHTy MOXXHAa NpPUPIBHATH 10 HYJS, a

byukiio F1 no3Hauutu sk F.
> Fl:=F;
_F1=F,

> F2:=x->F(-x);

_F2=x—>F(-x).

BignosigHO, rykaTy po3B’S30K PIBHSHHS MOTPIOHO B TAKOMY BUTJISIII:
> u(x,t);
F(at + x)+ F(—at + x),
u(x,0);

\

2F(x),
> f:=x->sin(x);
f =x —sin(x),
> F:=1/2%*f;

> a:=1;

> u(x,t);
lsin(t + X) —lsin(t —X)
2 2 '

Tenep 3a [OMOMOrow mnOpouUeAypH animate () BIITBOPHIMO  TIPOIIEC
KOJIMBaHHS CTpYyHHU (puc. 2.1-2.2).

>plots[animate] (u(x,t) ,x=-10..10,t=0..15, wview=-2..2, scaling=
unconstrained, numpoints=100,titlefont=[HELVETICA,BOLD,12]);
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Pucynok 2.1 — KonuBanns ctpyHu. MoMmeHT yacy ¢=1 c.

Pucynok 2.2 — KonuBaHHs cTpyHU. MOMEHT yacy =4 c.
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10.

11.

12.

13.
14.

15.
16.
17.
18.
19.
20.

21.

IHumannsa ona camonepesipku

Sk BU3HAYAETHCS THUII JIHIMHOTO NU(EPEHIIATLHOTO PIBHSIHHS JAPYTroro

HOPSAIKY Y YACTUHHUX MOXITHUX?

3anuiniTh KaHOHIYHY (POpPMY PIBHSHHS TinepOOTIYHOTO THITY.

3anuiniTh KaHOHIYHY (POPMY PIBHSHHS €NINTUYHOTO TUITY.

3anuiniTh KaHOHIYHY (POpPMY PIBHSHHS NapaOOIIYHOTO TUITY.

Busenite nudepeHmianbHi  pIBHSIHHSI XapaKTEPUCTHK ISl PIBHSHB

rinepOoIIYHOrO TUITY.

Busenite nudepeHmianbHi  pIBHSIHHS XapaKTEPUCTHK ISl PIBHSHB

SINTHYHOTO THUITY.

Busenite nudepeHianbHi  pIBHSIHHSI XapaKTEPUCTHK ISl PIBHSHB

SINTHYHOTO THUITY.

Onuimite Opoleaypy 3aMiHU 3MIHHUX TpU 3BEICHHI 10 KaHOHIYHOTO

BUTIIALY TU(EpeHIIabHUX PIBHSAHD T1IepOOTIYHOTO THITY.

Onuiite Opoleaypy 3aMiHU 3MIHHUX TpU 3BEICHHI 10 KaHOHIYHOTO

BUTIIALY TU(EpeHIIaTbHUX PIBHAHD EIINTUYHOTO THUITY.

Onuimite Opoleaypy 3aMiHU 3MIHHUX TpU 3BEICHHI 10 KaHOHIYHOTO

BUTIIALY TU(EpeHLIaTbHUX PIBHAHD TapaOoIiYHOrO TUITY.

[ToxaxiTp, mo JiHINHE audepeHiiaIbHe PIBHAHHS APYToro MOpPAIKY Y

YACTUHHUX TMOXIHUX B KOXHOMY Kjaci MOXXHa 3BECTH IO

HAWTIPOCTIMIOTO (KAHOHIYHOTO) BUTJISIY.

[I{o Ha3UBa€ETHCSI METOJIOM XapaKTEPUCTUK?

Busenite popmyiny /I’ AnambGepa.

3amumnite ¢Gopmyny J[’AnamOepa a7 XBHIBOBOTO PIBHSHHS BUAY

°U _ ,9°U
=a

ot’ ox*

0=y,

JlaiiTe mosicHeHHs (i3MYHOTO 3MICTY 3arajJbHOTO PO3B’SI3KY XBUIBLOBOTO
PIBHSHHSI.

Po3kaxiTh Mpo KOPEKTHICTh MOCTAHOBKH 3a/1a4 MaTeMaTUIHOT (h13UKH.
[Ilo Take moYaTKOBI Ta KpaiioBi yMOBHU?

3 4YMM TMOB’si3aHa HEOOXITHICTh Yy (OPMYJIIOBaHHI, OKpIM PIBHSHB,
nonaTkoBuX ymoB? HaBeniTe mpukia.

[Ilo HasmBaeTbes 3amavero Komri? [[mst skoro TUmy piBHSHB CTaBUTHCS
3amava Komi? HaBenite npuxmiai.

[Ilo Ha3mBaeTbcs KpaioBow 3amadero? J[[mst skoro Tumy piBHSHB
CTaBUThCS KpalioBa 3aaada? HaBemiTe mpukiaay.

[Ilo Ha3uBaeThCsA 3MimaHOW 3amaudeto? [[msi sSKOTO THUMY pIBHSHB
CTaBHUTHCS 3MillIaHa 3aqada? HaBeiTh mpukiamu.

+ f(x,t) 3 mnouatkoBumu ymoBamu U(x,0) =¢(x),
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3aeoannsn 0na camocminnoi pooomu

3asoanna 2.1
BusHauuTH THUO PIBHAHHS 1 3BECTH HOTO 1O KAaHOHIYHOTO BUIJISIAY B
KOXHIM 3 00s1acTel, 1e 30epIraeTbCsl TUM PO3TIISIAYBAHOTO PIBHSIHHS.

2 2 2 2 2
12U 49U 139U 17. U 30U 90U 90U 90U _,,
ox oxdy ay ox oxdy  dy ox ay
2 2 2 2 2 2
2.alzj+3aU+2a(2]:O 18.8(2]—78U+6a(2]:0
ox oxdy  dy ox oxdy  dy
2 2 2 2 2 2
3.ag+6aU+Sa(ZJ:O 19.8(21—48U—58(2]+38U+8U 0
ox oxdy  dy ox oxdy  dy ox dy
2 2 2 2 2
4.8(2]—28(] 38(2]+8U+8U 0 20.982]+68U+al2] 3aU 9a—U:0
ox oxdy  dy ox dy ox oxdy  dy ox ay
2 2 2 2 2 2
3. J U+28 U+a U+48U_48U:0 21. 38 U+2a u_d U+28U+38U:0
ox’ dxdy 9y’ ox dy ox’ oxdy 9y’ ox ay
2 2 2 2 2 2
6.aU+4aU+SaU:O 22.8U+48U+58U+8U+28U:0
ox’ dxdy oy’ ox’ oxdy  dy>  ox dy
2 2 2
7‘%(2]_2§g+aa(2]_3%(]+3aa_l] 0 2332U U U AU _ U
X oy oy o Y . + 43— —5—+4U =0
U, U U ox axay dy* ox
8. —+6 +10=—-=0
ox dxdy dy 24.
2 2 2 0°U ,9°U  o°U U U
_8(2]+68U+58U+28U loa_U:() =2 +—+2 + +4U =0
ox oxdy 9y’ ox dy ox oxdy 9y ox  dy
U U U 25.
10. -4 +8 =0 2 2 2
ox* dxdy oy’ OU 49U 39U 59U U L4y

2 2 2 x> oxdy oy’ ox  dy
11.8U+28U+58U=0 26.

ox’ dxdy 9y’
82U aU °U  oU , oU

’U ,0°U ,9°U oU oU 2 + +4—+4—+U=0
12. -3 —4 +—+—=0 2
o’ oxdy ot ox  dy ox 2 axay dy’ ox dy
°U  9’U  _o°U _ 27.8U—48U+58U=0
13. 0 +88x8y+7 > =0 w: wdy
2 2 2
1g4. QU _°U_ 09U U ,oU _, 28.%?-633+10%?+%U—388U=0
. 5 2 = x xdy ly X y
W omdy atw 82U a U 0°U ,dU  ,dU
15. 29. 3 +2—+3—=0
aZU a2U a2U aU aU 8x2 axay ay ax ay
+4 + +4—-38 =0 2
ox’ dxdy dy’ ox dy 30. 4a v, 8 v +8 U 28_U:0

2 2 2 ax2 axay dy’ dy
16. J l2]+28 U+2a 12]:0
ox oxdy  dy
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3aseoanmnsa 2.2

B xoxHiii o6macti, ae 30epira€rbCs THUIT PIBHSAHHS, 3BECTH HOTO 10

KaHOHIYHOT'O BUITIAOY.

| 207U 2% 16, 29U 9, 9V OV
92 8y2 axa agcay dy’
U U
U ,, 90U +x =0
2. 4y° o —¢’ % =0 x’ ox’ oy’
2 2 2 ,0°U ,0°U oU
3. %xlzj—2s1nx§ U+(2 cos x)a U=O 18. x ?—y Iy’ ~2y ay =0
19.
U ,9U
2 2 2 2
4.y " - x 5 =0 xzazzf_zxya U+y2812]+ W, U _,
ox oxdy dy ox By
°U  9’U oU 2 2
5. (1+x%)° +—+2x(1+x)—=0 U _ . 0U U
( X ) ax2 ayz X( X ) ax 20 4)/2 ax2 —62 ay2 —4_)/2 ax =0
6. e o°U +2e* —BZU +e o°U _xu=0 2L
ox’ xy dy’ PU .. U, U U
—2sinx —cos” x —cosx— =0
- U A 90U 0 ox’ oxdy )y’ oy
. X —4x =
ox’ oxady ’U U
22. x*y —y—0r=0
8. Yo dy’
2 2 2 Y ’U *U
x28 (2]+2xy3 aU+yZa (2]—2yaaU+yex =0 23. yz > +x° ayz =0
ox xoy dy
2 2 2
9 U, U, 2U 24 Y OU_ U _,
CX—+2x +x—=0 x ox’ dy?
ox oxdy  dy . ,
10. 25, yzgﬂj-xzaalj:o
xyzazu—2x2 8U+x382U_ 28—U=O xz yz
o e G T g U0t
11. x? o°U +2x o°U +y? kY 0 * »
e T VY 2 27.
3U L. U QU U 5 inx N
12. 4,2 o _4y2 %% 5 —2smxa +(2-cos" x)—=0
ox’ dy’ ox * i i i
92U 92U U au . 28 ,29Y,,, 90U U _,
13.y° +2 +2x° —=0 2
Yo T e T 0 Ty oy
14 aZU 2vaU ZBZU_Za_U_ 29 zaU_2x8U+alzj_O
oo’ 0xdy > oy ox dxdy  dy
aZU aZU 30.
15. x? —y? 0 2 2
ox’ dy’ (1+x7)’ 12]+(1+ 2)28 (2]+ya—U=0
dy dy
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3asoanns 2.3
3HaiTu po3B’sa30k 3aaaui Ko, Bukopuctopyrouu dhopmyiny 1’ Anambepa.

LY ey =sins U0 1688498 vn0y=0, 200 -
2. %fz] %?%,U( 0) =2 aU;()fo) o 17 a;;z] %:Uﬂt Ux0)= 37 aUgo)
VU e ey IEE e D
4. Egtg _ 4?;/, U(x.0)=0, aUé;aO) e 190 =sing, 2O o cose
5. aazg:aazlzj+sinxaU(x,0)=sinx, aUg;“O):o 20. i,sz =%jg’ U0y =sinx, 2000 — s
> aaztlzjzzlta;g’ U(x,0)=0, aU(;C’O):Sinx 2 a(_;;] ;ax > U0 =0, aUsj’O):COSX
10. aaztlzj:4%1(2]+Sin2pU(x,0)=0,aU(,§j’0):0 25. a(-;g =4%zzj’ U(0)=sin2x, 270
I, %1?:?;2] U(x0) = cosx, YD _g 26 aazjzaazlzj+6,y(x,0):x2,a[]§;"m:2x
13. 8V _ U 5.0y =siny, 2050 _ogy 289U _0°U Ux.0)=e aU(x 0_,

o ox’ ot o o’ ot
G o e 2B e .
5. 90 10 = 0 it %1? 9%2? =, 0
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TEMA 3 METOl ®YP'E€

Merox ®yp’e, abo METOI BIJOKPEMIICHHS 3MIHHHX, € OJTHAM 13 HAHOUTBIIT
PO3MOBCIOJDKEHUX METOIB pO3B’s3yBaHHSA JAu(EpeHIIaIbHUX PIBHSAHD Yy
yacTUHHUX mnoxigHux. Ller meton Oa3yeThcsi Ha y3arajJbHEHOMY MPUHIUII
CYNEpPNO3ULIl: SKIIO KOXHA 3 (QyHKUIN u,(x),u,(x),...,u, (X),... € PO3B’A3KOM

OJIHOPIAHOTO JIHIMHOTO JUQPEPEHINAIBHOTO PIBHSIHHS, TO Ps ch”n (x)

n=l1
TaKOXX € PO3B’SI3KOM LbOTO PIBHSHHS, SIKIIO BiH 301ra€ThCs A0 ACSIKOI QYHKIIT
u(x) 1 MOXJIHMBE HOTO MOWICHHE AU(EPEHIIIOBAHHS.

3.1 Po3é’azannsn memooom @yp’e neputoi Kpaitoeoi 3adaui ona
PIGHAHHA MAUX NONEPEYHUX KOIUBAHL CHIPYHU

Hexaii wMaemMo pIBHAHHS MaldX TONEPEYHUX KOJUBAHb CTPYHH
°U  ,0°U
2 =a 2
ot ox

ymoBamu U (x,0) = f(x); %—lt]‘(x,O) = (x).

3 kpaitoBumu ymoBamu U =(0,)=U(l,t) =0 Ta mOYaTKOBUMH

bynemo mrykatu posB’si30k piBHsSHHA (1.3), 110 3a/10BOJIBHSIE KpanoBi
ymoBu (1.4), y Bursal 1o0yTky nBox ¢yHKiin X (x) 1 T(¢):

Ux,t)=X(x)-T(¢). 3.1)

[[lo6 Busnaumtu dyskiii X(x) 1 7(¢), miactaBumo po3B’sizok (3.1) y
piBHstHHSA (1.3). 1t 1boro crnovyaTky 3HaieMo

2 2
o [2] =X)T’(1), J 2] =T()X"(x). (3.2)
ot ox
Toni orpumaemo
XT"=a’X'T, (3.3)
abo
77 X’
—_—=. 34
a’lT X 3-4)

PiBHicTh (3.4) Mae Miciie Jaunie y BUMAAKY, KOJIU 00MABA CITIBBIAHOIICHHS
JOPIBHIOIOTh KOHCTAHTI.
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. I" X’ : oy
Hexati ——=—=-1, ne A>0. 3BiAKd OTpUMYyeEMO JBa JIHIHHUX
aT X
OMHOPIAHUX JU(dEepeHIliaTbHUX PIBHSHHA JIPYroTO TOPSIAKY 31 CTaJIMMH
KoedirieHTamMu

X"+ AX =0 (3.5)

Ta
T"+a’T =0. (3.6)

XapakTepucTU4H1 piBHSIHHSA piBHAHB (3.5) Ta (3.6) Taki

K =-A, s6ioku  k,,=+Ai (3.7)
Ta
p’=-Aa’, seioku p,, =+a/ i, (3.8)

Bpaxosyroun (3.7) Ta (3.8) ofgepky€eMo 3arajibHHI po3B’ 130K piBHIHHSA (3.5)

X(x)= Acosy/Ax + Bsiny/ Ax (3.9
Ta piBHsIHHA (3.6)
T(t)=Ccosa\/Zt+D sin a/ Az . (3.10)

Koepinieatn 4 Ta B Maioth 6yrtH Takumu, mo6 ¢yskuis U(x,t)
3a/10BOJIbHsIIA KpaitoBi ymoBu U (o,t) =U(/,1) =0.

3Biaku X (0)=0, Tomy 4=0.

Ockunbku X (1) =0, TO

Bsinﬁle,ﬂlzm,ﬂz%,nenez. (3.11)

[pu 1poMy A Ha3UBAIOTH enacHum 3uauenuam Gyakuii U(x,t), a dyHKmii
. Tm :
X(x)=B sme HA3HUBAIOTh 6AACHUMU DYHKYIAMU.
3ayeasicenns. TIpumycTuMo, 0 MU B3sIM He — A, a Hanpuknan k°, Toi

po3B’s3koM piBHAHHA X —k’X =0 Oyne ¢ynkuis X(x)= Ae” +Be”". B
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IIbOMy BHIIAJIKy HE iCHy€ TakmX 3HaueHb 4 Ta B, mpu sxux ¢yskuis U(x,?)

3a/10BOJIbHsIIA O KpaiioB1 YMOBH.
Takum 9MHOM, pO3B’ 30K PIBHSIHHS MaJIUX MONEPEYHNX KOJIMBAHb CTPYHH
(1.3) Takwuit:

U (x,f) = (Ccos@HDsin@z)Bsm%x (3.12)
abo

D

m C .
U, (x,t C, cos—t+D sm—t sim—x, e C =— 1D = 3.13
(x,0)=( ; l ) IRt 7 3 (3.13)

n

3aranbHUl PO3B’SI30K XBWJIBOBOTO PIBHSHHS 3T1IHO 3 Yy3arajJbHEHUM
OPUHIIMIIOM CYNEpPHO3ULIi IIYKalOTh 32 POPMYIIOKO:

U(x,t)= Z(C cosTt+D sm—t)sm%x (3.14)

n=1

PiBusnns (3.14) 6yae po3B’s3koM piBHsHHA (1.3) Toxl, Koau KoedilieHTH
C, Ta D, OyayTe TakuMmH, 110 30LKHUM Oyne sk psap (3.14), tak 1 psany,

OTpPUMaHI MicJid IBOKPATHOTO audepeHuitoBanHs psany (3.14) 3a 3MiHHOIO X 13a
3MIHHOIO /.

Po3p’s130k  piBHsHHSA (3.14) Mae 3aJ0BOJBHATH TOYaTKOBY YMOBY
U(x,0)= f(x),Tomy

Ux0=YC, sin%x — (). (3.15)

Sxmo pynkuiro f(x) Ha mpomixkky (0,/) MoxHa po3kiiacTu B psg Dyp’e,
TO PiBHICTS (3.15) BUKOHYETHCS JIUIIIE TO/1, KOJIU

/
C =%jf(x)sin%xdx. (3.16)
0

Hlo6 3HaiiTH KkoedilieHTH D, CKOPUCTAEMOCH APYrOK IOYaTKOBOIO
oU
YMOBOIO a—‘(x,O) =(x).
t

Maemo

_—Z(——C sin@HTD cosTﬂnt)sm? (3.17)
n=1
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3rigno 3 (3.17)
aU =0 =iT’m sin%xdx=¢(x). (3.18)
n=1

Axmo Ha npomikky (0,/) dyukiis ¢@(x) po3BuBaetbes y psag Oyp’e, To
piBHICcTG (3.18) Mae Miclie Juile y BUMAJKY, KOJIA

am 2 . m
TDn = 72').(0()(?)511'17)(?01)(: .

/
D=2 [ @(x)sin ™ xdx (3.19)
am:s, [

3.2 Po3é’azannsa memooom @yp’e neputoi Kpaitoeoi 3adaui 011
PDIBHAHHA MEena0NPoCIOHOCHI

PosristHeMo BUNIaf0K, KOJIM 30BHIIIHE HKEPETIO TeTia BiICYTHE, TOOTO

f(x,t)=0.
3Haii1eMo PO3B’ 130K OJHOPITHOTO PIBHSAHHS TETUIONPOBITHOCTI
aalt] =a’ aaj;] (3.20)
Ha B1Ip3KY 0 < x </, sikuil 3a]10BOJILHSE OJHOPIAHI KpailOB1 YMOBH:
Ux,0) _,=0, Uxn)|_ =0 (3.21)
1 IOYaTKOBY YMOBY
Ux,0)|_, = @(x), (0<x<l). (3.22)

Bbynemo mykatu po3’sa30k piBHsSHHS (3.20), 110 3a70BOJIbHSE KpanoBi
ymoBH (3.21), y Burnaai 1o0yTky aBox ¢yHkiin X (x) 1 7(¢):
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Ux,t)=X(x)-T(t). (3.23)

[Io6 3naitt ¢ynkwii X(x) 1 7(¢), miacTtaBumo po3B’si3ok (3.23) y

piBasiHHSA (3.20). Jl1s 11bOTO CIIOYATKy 3HAAEMO

oU T (¢) . ’U 92X (x)
9%Y _x =T .
ot D=5 ot : x> ) ox?

Toni oTpumaemo:

oT(r) _ 92X (x)

2-Tt-
() 02

X(x)-

BinokpeMuBIM 3MiHHI, MATUMEMO:

dT(t) d*X(x)

L. dt — dxz (3 24)
a> T  X(x) '

JliBa yacTuHa TOTOXHOCTI (3.24) 3aJIe)KUTh TIIBKH BiJl £, @ TpaBa — TUIbKU
Bil x. 3HaK PIBHOCTI MK HUMH MOXJIMBUH TOJI 1 TUTBKH TOJI, KOJU OOWIBI
YaCTUHU JIOPIBHIOBATUMYTh NESAKIM CTamiil BENWYWHI, $SKYy MH ITO3HAYUMO

yepes (—7\,2), e A — IIOKH 1110 HEBiZlOMa CcTaja.

Omxe, MATUMEMO:

dT (1) d*X(x)
Lodt __d __p (3.25)

a2 TGO X

(3HaK ,,MiHYC” OepeThCs ISl TOTO, 00 BUKOHYBAIUCS KPaiOB1 YMOBH).
3BIIKM OTPUMAEMO JiBa 3BHYAMHI JIHIAHI OMHOPIAHI AudEpeHIiaIbHI
PIBHSIHHSI 17151 3HaXO KeHHs GyHKIin T(2) 1 X(x).

A0 zr =0 v a2 21000, (3.26)
d’ X(X) X (x) = dj(x)-'_/PX( )=0. (3.27)
X
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Posp’spkemo piBHsHHS (3.26) — 11€ JMiHINHE OMHOpiAHE MudeEepeHIliaTbHe
PIBHSIHHS TIEPIIIOTO MOPSJIKY 31 CTAIMMU KoeillieHTamMu.
CkiazieMo XapakTepUCTUIHE PiBHSHHS:

r+a’=0=>r=-a’X.
Toni 3aranbHui po3B’ 130K pIBHIHHA (3.26) MaTUME BUTIISI:
T(1)=Ce ", (3.28)
ne C; — HeBigOMa cTaa.
Po3s’sokemo  piBHsSHHa (3.27). Ile Takox JIiHIMHE  OJHOpPITHE

nudepeHIiaabHe PIBHIHHS IPYroro MopsaKy 31 CTATUMU KoedillieHTaMu.
CkI1aieMo XapakTepUCTUYHE PIBHSIHHS:

PP+l =0=r==til.
Toni 3aranpHuit po3B’ 30K piBHAHHA (3.27) MaTuMe BUTIIAL:

X(x)=C, cos Ax + C, sin Ax, (3.29)

ne C, C; — HeB1OMI cTaIl.
OT1xe, po3B’s130K piBHIHHSA (3.20) MaTUME BUTJISI:

U(x,t)=Ce”*"(C, cos Ax + C, sin Ax) . (3.30)

Busnaunmo HeBigomi cram C;, C, C; i 3HaYeHHS mapaMeTpa A, Ui 90ro
CKOpHUCTaeMoOcs KpailoBuMu ymoBamu (3.21).
[Iepia kpalioBa ymoBa Ja€

=0=0=Ce“"'C,=C,C,e*".
x=0

U(x,t)

3BiAKHA
C,=0.

[pyra kpaiioBa ymoBa J1a€

Uon| _ =0=0= Ce“*'C,sin .

X =
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[Mpunyctut, mo C; =0 MM HE MOXXEMO, OCKUIbKM 3a Ii€i yMOBHU

po3B’s30k (3.30) crae TOTOXXHO piBHUM HYII0. OTXKE,

sinAl=0.
MaeMo TPUTOHOMETPHYHE PIBHSHHS, 3 SIKOTO 3HAWIEMO TapameTrp A.
Po3B’s13y10un 11€ piBHSHHSA MaTUMEMO:

Al=nr, neZ.
3BiacH
/1:%, neZ.

Jlns mapameTrpa A MH OTPUMAaEMO O€3J1i4 3HAUEHb:
) ﬂ,z:—,...,ﬂ :T. (331)

[Tepme 3HaueHHs A, =0 Hac He I[IKABUTh, OCKUIBKM BOHO 3HOBY

NIEPETBOPIOE B HYJIb YBECH PO3B’SA30K.
OT1xe, po3B’s130K piBHAHHA (3.20) Mae Takuii BUTTISA;

U(x,t)=Ce " *'C,sin Ax,

ne it A MOKHA B3STH Oyab-sike 3HaueHHs 3 (3.31), kpim A, =0.

[Ho3znaunmo

C,C, =4.
Tomi

U(x,f)= Ae™*'sin Ax. (3.32)

[MincraBuBim B (3.32) Oyap-saki 3HaueHds A 3 (3.31), Mu oTpuMaemo
0e3mi4 po3B’sA3KiB, MPUUOMY ISl KOKHOTO 3 SIKMX JOBUThHA cTalia A MOXKe
HaOyBaTH pi3HUX 3HaYeHb. OTKe, OKpeMUMHU po3B’si3kamu 3amadi (3.20)-(3.21)
3a YMOBH, 10 A, :%, € QyHKIii:

—a%%zz nix

Un(x,t):Ane Sil’lT. (333)
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Ockinbku piBHSHHS (3.20) € JIHIAHUM, TO 3TIAHO 3 y3arajJbHEHUM
MPUHITUTIOM CYTIEPIO3UIlli 3arajJbHUN PO3B’S30K PIBHSIHHS TEIUIOMPOBIIHOCTI
(3.20) mae Bursa:

—az(%zr N

UGx)=3 4, sin % (3.34)

n=1

[{s dbyHKIiS 3a0BOJIBHSAE KpalioBI yMOBHU. bynemMo BUMaraTtu BUKOHAHHS
noyatkoBoi ymoBwu (3.22)

P()=U (x,0)=3 4¢’ sin@, (3.35)

n=1

T00TO, A, € Koedinientamu Dyp’e dyHKUIT @(z) NpU po3kiIagaHHi 1 B psaf 3a
cunycamu Ha iHTepBaimi (0; /). Tomy koedilieHTH A, BHU3HAYAIOThCA 3a
dbopmynamu:

!
4,=9, =%j(p(x)sin$dx, n=123 ... (3.36)
0

[Tokaxxemo, mo psia (3.34) 3am0BOJIBHSIE BCl YMOBH TEpIIoi KpaioBOi
3ama4di, To0TO, MO U(xX,f) — nmudepenmiioBHa B obmacti 0<x </, t>0,
3a]10BOJIbHSIE piBHAHHA (3.20) 1 HEenepepBHa B TOYKaX I'PaHULI Li€i 00J1acTI.

Ockinbku piBHsHHS (3.20) — miHIAHE, TO psAn, CKIAAEHUH 3 HOTO
YaCTUHHUX PO3B’A3KIB, € PO3B’SI3KOM, SKIIO BIH € PIBHOMIPHO 301KHHUM.

[Tokaxxemo, 1110 psau

0°U,
ox’

= 0U, . =
Z ot : Z::‘

piBHOMIpHO 301kHI Jui ¢ = ¢ =0, ae ¢ — Oyab-sIKe TONOMIKHE YHCIIO.
JiticHo,

nmw
a* (=)t

(§)2a2nze_ /
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bynemo Bumaratu, mo6 ¢yHkmis @(x) Oyma oOMeXeHOIO,

‘(p(x)‘ <M. Toni 3 piaocTi (3.36) BUIITUBAE, 1110

!
4, = ‘3 [ p0)sin ™ ax| <2
L, [
OTtxe,
U, <2M(£)2a2nze_(7) ’ t, Y ot>t.
ot l
AHaJIOTIYHO
: LY _
ali" <2M(£)2nze(’) , V t2>t.
ox [

PosrisiHEMO MaXOpaHTHUM psif

1 JOCHIAUMO HOT0 Ha 301KHICTb.
3anuiemMo 3araabHuit uieH pagy (3.37)

nrw

)-
t
l)

_az(

a, =Nn'e
3HaUAEMO HACTYITHUN YJIEH

—a? (%)2 (n2+2n+1)

— q
a,, = N(n + 1) e
Ckopucraemocs o3Hakoro /I’ Anambepa. O0uucianumo

—A T2 (n* r2n+ 1)t
n+l,e !
)4

n

—az(%)z(Zn—i-l);

= lim (1 +

. |a : 1
lim |4 = Tim ( —)e
n—el @ n—>o00 _a2(%)2n2} n—soo n

e

Otxe, psina (3.37) 36iraerbes.
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Ha ocnoBi o3naku Beiliepmtpacca psig (3.34) 306iraeTscss piBHOMIPHO.

Tomy ¥oro moxkHa AudepeHIIFOBaTH CKUTBKH 3aBI'OJIHO pa3iB st ¢ =1 >0.
Takum ynHoMm, ¢yskuiga U(x,?), Bu3HaueHa pajaoM (3.34), 3a10BOJIbHSIE

piBasiHHSA (3.20) ans Beix ¢ > 0.

3.3 Po3é’azannsa memooom Dyp’e nepuioi Kpaiiosoi 3adaui
015 PIGHAHHA NOWIUPEHHA MENJIA Y HECKIHYEHHOMY CHEPHCHI

3anuieMo piBHSHHS TEIJIONPOBIIHOCTI
oUu ,0U
—=qa >
ot ox

—oo<x<+oo, >0, (3.38)

ne a’ ==
P
JIist 3HAXOMKEHHST PO3MOJAUTY TEMIEparyp y HEOOMEXKEHOMY 3 000X
KIHI[IB CTep>KHI KpiM piBHAHHA (3.38) HE0OXiHO 1€ 3aJaTH MOYaTKOBY YMOBY,
TOOTO MOTPIOHO 3a/laTh TEMIIEpaTypu YCIX TOUYOK CTEp)KHS B IMOYATKOBUHN
MOMCHT 4acy f.
Hexaii moyaTkoBa ymMOBa Ma€ BUTIISIAL

Urt) _ =9(x), —eo<x<tos, (3.39)

ne ¢(x) —3amana abCOFOTHO IHTETPOBHA JIJIST X € (—oo;400) (PYHKITIS.

Heo6xigno 3Haiitu dpyHkiio U(x,?), BUBHAUYEHY IJIs X € (—oo;+o0), t = 0,
siKa 3a710BoJIbHSE piBHAHHS (3.38) 1 mouaTkoBy ymoBy (3.39).

Hnst posp’sizannsa piBHsSHHS (3.38) ckopucraemocsi merogoMm Dyp’e,
T00TO, Oynemo mykatu ¢yHkimito U(x,t) y BUTIAII 100yTKY ABOX (DYHKIIH, 3
SIKUX OJTHA 3aJIC)KUTh TUTBKH BIJ] 9acy f, a Ipyra — BiJ KOOPJAWHATH X.

Orxe,

Ux,t)=X(x) T(t). (3.40)

[limcraBuMo 1€l po3B’si30Kk y piBHsAHHA (3.38), Mg 4Oro CrovaTky
00YHUCIUMO:

oU dT(t) . 82_U d’ X(x)
R 1 N
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[lincTaBuBIIM Il 3HAYEHHS NOXIAHMX Yy piBHsAHHS (3.38), oTpuMaeMo
TOTOXHICTb:
dr(t) _ 22 d*X d"X(x)

X
) dt o

T(1),

a00
dT(t) d’X(x)
I @ _ dx?

a> T() X (x)

JliBa yacTuHa 11i€1 TOTOXKHOCTI 3aJICKUTh TUIBKH BiJ #, a paBa — TIIbKH
BIJI X, TOMY ISl PIBHICTh MOXJIMBA 32 YMOBH, III0 KO’KHA YacTUHA ii JOPIBHIOE

: . . : 2 -
HEBIIOMIii ITOKH 1110, CTaJIiil BEIUYNHI, IKYy 03Ha4uMO depe3 (— A~ ). Toi:

dT(t) d*X ()
Lod _ df __p (3.41)

a’> T(t)  X(x)

3BIIKM OTPUMAEMO JiBa 3BHYAMHI JiHIAHI OMHOPIAHI AudEpeHIaIbHI
PIBHSIHHS 17151 3HaX0 KeHHs hyHKIiN 71(7) 1 X(x).

dT(¢)

dT(t) _ . 2 227 (4) =
o =—a'l @ AT(0=0, (3.42)
PO px= T =0 (3:43)

3aranbHU PO3B’sI30K piBHIHHS (3.42) Ma€e BUTIISA:
—a? %t
T(t)=C,e ™", (3.44)

ne C, — HeBigOMa cTaa.
3aranpHui po3B’ 30K piBHIHHSA (3.43) Mae BUTIIAL:

X(x)=C, cos Ax + C, sin Ax, (3.45)

ne C, C; — HeBimoMi cTalli, MPHYOMY Y IIbOMY BHIIAAKy BOHHU 3all€XKaTh Bim A,
to0T0 C, =C, (1), C; =C5(A).
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[TincraBuBiuu 3HaueHHs (3.44) 1 (3.45) y po3B’s30k (3.22), MU OTPpUMAEMO
HECKIHUCHHY HE3YMCIICHHY MHOKHUHY 3arajibHUX pO3B’s3KiB piBHAHHS (3.20)

U(x,t,A) = Ce " (C,(A)cos Ax + C,(A)sin Ax), (3.46)

KOKEH 3 SKHX BIAMOBIZA€ ICIKOMY 3HAYEHHIO IOBLIBHOIO mapameTpa A 3
inTepBany (- oojtoo).
[To3naunmo:

C,C,(A) = A(D), C,C5(A) = B(A).
Tomi

Ux,t,A)=e %" (A(A)cos Ax + B(A)sin Ax) . (3.47)

BpaxoBytoun Te, 1110 y BUNAaJKy HEOOMEKEHOTO CTEPKHS KpailoBl yMOBH
BiZICYTHI, mapaMeTp A HaOyBa€ He JUCKPETHHX 3HAYCHb, a BCIX 3HAYCHb 3
inTepBamy (—oo;+o0), TO po3B’s30K piBHAHHA (3.20) 3amMIIEMO HE Y BUIVIAM
CyMH 3arajibHuX po3B’si3kiB (3.47), a y BUTJIsiI iHTErpaa 3a A:

U(x,t) = Te—a% (A(A)cos Ax + B(A)sin Ax)dA. (3.48)

[IpaBuaBHICTE [BOTO  PO3B’SI3KY  MOKHAa  TEPEBIPUTH  IIITXOM
oe3nocepeHboro mijactaBieHHs (3.48) y piBHsAHHS TeronpoBiaHocTi (3.20).
[[lo6 3amaua Oyna po3B’si3aHa OJHO3HAYHO, HEOOXITHO 1€ BHU3HAYUTH
Hesimomi ¢ynkmii A(A) i B(A) Ttak, mo6 ¢yukmis (3.48) 3amoBosbHsIIA
nodatkoBy ymoBy (3.21). Jlms 1€l METH BHKOPHUCTAEMO IOYATKOBY YMOBY
(3.21), sAxa Mae BUTTISL;
U(x,t)

—o = P(%),

1 ACTaBUMO 11 y po3B’s130k (3.48), nictanemo:
—+oco

U(x)= [(A(A)cos Ax + B(A)sin Ax)dA. (3.49)

—oo

3 npyroro 60Ky, 3anuiieMo inTerpan Oyp’e mis hyHKii @(x):

o(x) = 1 f dﬂT¢(§) cos A(E—x)dE = 1 J:od/ngo(f)(cos A& cos Ax +sin Axsin A&)dE =
2w <, o, 2w 5, 5,
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_ i T[cos /bcT(p(f) cos AEIE +sin /lego(f) sin AGAE1dA. (3.50)

oo

[TopiBHioroun piBHICTH (3.49) 3 i1HTerpanmpHOO (opmynoro Dyp’e s
byukmii @(x) (3.50), 3naiiagemo koedimientu A(A) i B(A)

A= [p&)cos A e
3.51)

BO)=_ [(@sinAgds.

IMTincraBumo 3nauenuss A(A) i B(A) 3(3.51) y (3.48), orpumaemo:

U(x,t)= i I p(&)dé J‘e"“zlzt(cos Ax cos AE +sin Axsin A )dA =

[ e(©)dE [ cos A(E - A,

TOOTO,

U(x,t) = %f ) dch e H cos A(E—x)dA . (3.52)

Mu orpumann po3B’s30K (3.52), SKHIl OJHOYACHO 3aJ0BOJIBHSE 1
piBasiHHSA (3.20), 1 mouaTkoBy ymMoBYy (3.21).

Bupa3z (3.52) mMoxxHa ACIIO CHOPOCTUTH, OCKUJIBKH BHYTPIMIHIN 1HTErpal
MOkHa 00uuciauTH. KpiM TOro, BpaxoByo4u Te, O B LIbOMY 1HTEerpaii QyHKIii

a’ A%t

e "' 1a cos A(¢ — x) mapwi BigHOoCcHO A, BHpa3 (3.52) mepenuiiemMo Tax:

U(x,t) = %jm o(&) dfT e F cos A(E—x)dA . (3.53)

[Ilo6 oO6uucnuTu BHYTpImHIA iHTerpan y Bupasl (3.53), cmoyaTky
PO3IIITHEMO Ta 00YMCIMMO JIeK1IbKa HEBJIACHUX 1HTErPaTiB.
a) Iurerpan Ennepa-Ilyaccona
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OO6uucnumo iHTEerpan

+oo
[ dx. (3.54)
0
IHo3Haunmo Moro Tak:
A
I=[e™"dx. (3.54)
0

BBeneMo HOBY 3MiHHY, TOOTO MOKJIAAEMO X = zf, JIe Z — IMOKH 10 CTaJIui
napameTp, Toai dx = zdt . [aterpan (3.54") MmaTHMe BHDIIL:

I=[e" zdx. (3.55)

[Tounemo Temep 3MiHIOBAaTH MapameTp z 1 MOMHOXHMO OOHUBI YaCTUHU

. . - 2
piBHOCTI (3.55) Ha BUpa3 ¢~ dz, maTUMEMO

“+oo
2 2 22
Iezdz:ezdzje“zdt,
0

abo
2 by 2 2
le” dz= Ie'z ) zdtdz .
0
[aTerpyemo oTpuMane piBHSIHHS 3a 3MIHHOIO z B Mexax BiJ 0 0 + oo
AP B
Ife"dz=[ [e” " zdtdz.
0 0 0
Ane
+o0 i +oo e
je dz = Je dx=1.
0 0

OTxe,
+oo +oo

2 2
I = I je'z M) 2tz
0 0

3MIHUMO B MMOJIBIHHOMY 1HTErpalli MOPSIOK IHTETPYBaHHS, JICTAHEMO:
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—+oo +oo

= ([ [e” " zdz)dt. (3.56)
0 0

O06uncIMMO cioYaTKy BHYTPIIIHIN 1HTEerpa B (3.56)

+oo N
0o 2(1+t)( b= 21+1%)°

+oo
J‘e-zz(mz)zdz —_ 1 e—zz(l+t2)
2(1+t2)

[TincTaBumMo oTpuMane 3Ha4eHHS B (3.56), MaTHIMEMO:

—+ oo
—arctgt] =—(=-0)==
j2(1+t) 2mgo G0
3B1OKHA
+oo
I={¢ dx:ﬁ. (3.57)
) 2

0) O0urcIMMO Terep 1HTerpat:

Te"’“z dx :Te-(JEX)2 dx = LTG'(JEX)zd(\/Ex) — L N7 _ — 1 1

ﬁ

TobTo,

400
[ ax =% g (3.58)
0

6) PosrisHemo Tenep Takuil iHTerpai:
2
Je'“x cosfxdx. (3.59)

Iarerpan (3.59) Oyaemo BBaxaTh (QYHKIElO Big mapamerpa [
no3Hauumo #oro I(f), To6TO:

1(B)= f e cosfrdx . (3.59))
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Ipomudepenmiroemo (3.59') 3a mapamerpom [, micTaHemo:

d]dL;) = _+-(‘)‘:° e xsinfx dx .

OGuucnumo 1HTETpad y TMpaBii 4YacTUHI  OTPUMAHOI
BUKOPUCTOBYIOYH METO/I iHTETPYBaHHS YaCTHHAMU, JTICTAHEMO:

U =sinfx

+oo , dVv = C_wcz xdx
J-Sinﬂxe_ax Xdx = |3t = Bcos frdx| =
0

1 2

V=—-oe*
2o

+oo T
=sin ﬂx(—ie'mz ) 0 _[ (—i)emzﬂcosﬁsm xdx =
0

+oo

=O+£ I e cosﬂxdxzﬁl(ﬂ).
200 3, 20
OTxe,

dp)__ B
dp 2o

1(5).

PIBHOCTI,

Maemo audepeHIiaibHe  pIBHAHHA ~ [EpUIOro  MOPSAKY 3

B1JIOKPEMJIFOBAHUMU 3MIHHUMU:

dl 1
B)__ 1 gg
dp 200 :
[nTerpyroumn, maTumemo:
2
ln‘l(ﬂ)‘ = —'B—+ InC,
4o
3BIIAKU
B
I(B)=Ce %,

(3.60)

3uaiinemo 3HaueHHs koHctantH C. Hexat S =0, tomi [(0)=C. 3

JIpyroro OOKy,
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+oo +oo
1(0)= Ie'“"z cosOxdx = _[e'”“z dx = 1z .
0 5 2V
OTxe,
c=L1|T
2\
[TincraBuBmu 3HaueHHs C B (3.60), MmaTuMeMo:
- Vs
1(B)= Je'w‘zcosﬂxdle T, (3.61)
5 2\

Bukopucraemo inTerpan (3.61) myus  OO4YMCIIEHHS BHYTPIIIHBOTO
iHTerpana y Bupasi (3.53), sikuit Ma€e BUTIISAL:

U(x, r)—— j o)l j P cos (€ - x)dANdE

[Moksagarouu y BHYTPIIIHBOMY IHTETPaIi, SIKHii OepeThest 32 3MIHHOIO A,
a=a’t i pB=&—x,

JICTaHEMO, IO

oo (E-x)°
J.e_“% cosA(E—x)dA = % T o wa

a’t

Otxe, po3B’s30K piBHAHHS (3.20), 110 3a70BOJBHSE MOYATKOBY YMOBY

(3.21), maTume BUTTISI;
(G-’
U(x, t)-—j o(&)~ w/—e whdg,

_(¢-x)?

U(x,1) = \/_ j p(E)e 't dE. (3.62)

abo

®opmyna (3.62) € pPo3B’A3KOM TIOCTABJICHOI 3aJadi MPO PO3IMOILIT
TEeMIIEpaTyp y pi3HI MOMEHTH 4Yacy JJisi OyAb-SIKHUX TOUOK HEOOMEXEHOTO 3 000X
KIHI[IB CTEP>KHSI, SIKIIO BIIOMUI MOYATKOBUH PO3MOALT TeMIEpaTyp.
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3ayeascenns. Po3rnsHyTi 3amadi 3a CBOIM (I3MYHHM 3MICTOM — i€
OXOJIO/DKCHHS ~HECKIHYCHHOTO CTEPXKHS 3  TEIUIOI30JIbOBAaHOK  OIYHOIO
MOBEPXHEI0, HArpiTO TMOMEepeIHbO A0 Temreparypu @(x). Tomy #oro

temriepatypa U(x,t) € QyHKITI€IO, CTIATHOO Y Yaci.

3.4 IIpuxnaou po3e’a3anns 3a0aui Kowii 014 pienanns
menjionposioHocmi

Ilpuknao 3.1 3HaliTu po3B’A30K PIBHAHHA TEIUIOMPOBITHOCTI.

2
d—Uz—aza 12] —o< x <400, >0, (3.63)
dt ox
SKUH 33JI0BOJIBHSIE IOYATKOBY YMOBY

T,,axkwyo x>0
U(x,t) =@(x)= . (3.64)

t=0 T,,axuo x<0

Po3é’a3zysanns

Cxkopucraemocst popmysoro (3.62), ToOTO 3amuIIeMo po3B’SI30K 3amadi
(3.63), (3.64) y Burmsi:

_&- X)

U(x,1) = f j P(&e ot dé.

[Tepenuiemo 1€l po3B’ 130K TaK:

()’ (=)’

U(x,0)= \/—jco(f)e g+ rjw(&)e W dg,

BukopucroByroun mouyatkoBy yMoBy (4.64), oTpuMaemo:

;0 _(5—);)2 oo (5—2)2
—|T,e %t (g Tie %t dé,
o e e e v

0 (£’ Tt _(E-x)’
! e Yt dE, (3.65)

U(x,t)=
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PosrnsneMo Ko’keH 3 IHTErpatiB 1 CIIPOCTUMO iX.

ji—@:g x+/2a%0

0 0 4E =+24%de

Ie 4a’t d§=
S o —0=0— —

—X —x

f e 2\/2a tdO = a2t jzlezd@

- X

Va2’

{=0=>0=

ji_(a:w: x++/2a°t©

oo (£0) _ |52,
Ie e dg_df— 2a°td®
0

to O oo O
= [e *V24’tdO=a2 [e *do.
- X

\/2a2t \/2(12!
N2a’t
& doo =0 — 4o

{=0=>0=

[limcTaBuMO OTpUMaH1 3HAYCHHS 1HTErpatiB y Bupas (3.65), gictanemo
—-X

a

U= a2 | P'e a0 o | ]e > do.
Tt
U(x,f) = Fje 2d®+r+fe ®2d® (3.66)

X

e z=——.
N2a’t

3HOBY PO3TJIIHEMO KOXEH 3 1HTerpaiiB y Bupasi (3.66). 3a BIacCTUBICTIO
aJIMTUBHOCT]1 Ma€MO:

Lfe_@;d@Jr ]Ze Gzzdca—l— ! je_
NOY R NeYR 2 )

e
ﬁje 2dO=

5

OCKIUJIbKH
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g=x:>®=\/§x
! jleefd@—;’g:ﬁdx _ ]).exzx/gdx—lj).exzdx—l-\/;—l
2 Y - N Az Jr 2 2
O— —c0o=x—>—
O=0=x=0
O=-a=>a=-0
fe 2d® O =—da _ 1 je_gzda
N27m O—->0=>a=0 N2 Y, '
O=—2=a=z
AHaNOT1YyHO JIJIsl APYTOro IHTETpaia MaTUMEMO:
e’ o 07 1 ¢ e to  OF
J_I Zd(a——je 2d@+fje ZdG):—g.([e 2d@+—je 2 4O =
A 1 i
=—— e 2dO= e *da+—.
~/ 7[_'[ «/27[;[ 2
OCKIIbKH
fe 2d®—— ! j.e_ojda,
N2 N2,
a
%=x:>®=x\/§
: f _ezzd@ dé J2d 1 f = o= ﬁT -~
N2 Y, N2, N2 0
O=0=x=0
O = too=x — too
1 +oo _@72 +oo



Ly Bt T-T

Ux,t)=T,(—— ezda+T ezd ezda,
(x.1) = (2 FI )(FI =" mf
TOOTO,
T, +T, 1 : @
Ulx,t)=—= +T T, e *do, 3.67
(o) =22 ( )ml (3.67)
X

e z=

N2a’t '

3okpema, ko 7, =0,7, =0, To:

U(x, t)—% 1 [e 2da, (3.68)
0

X

N2a’t .

[Ipodine TemnepaTypu B 3aJaHUI MOMEHT 4acy { BU3HAYAETHCS KPUBOIO

aC Z =

o
2

f(z)=

(3.69)

l.z[e
0

l\)I»—*
ﬁ
e

7€ z € a0CIIUCOI0 TOYKH, B SIKIH BU3HAYAETHCSA TEMIIEPATypa, SIKIIO 32 OJUHUIIIO

JIOBKMHU B 3aJI€KHOCTI Bifl ¢ OepeThcs 3HAueHHs +2a’f, NPUUOMY iHTErpan

z o’

\/2_je 2 da=®(z) nasuBaerbcs Qyukuiero Jlammaca. s 11 oGumciaeHHS

cKiamedl TtalOmuil Ui 3HadeHp z<5. SIkmo z>5, TO MOKIANaAITh
D(z>5) = 0,5, Dyskuis D(z) - wnHemapHa, TOOTO D(—2)=-D(2).
D(—0)=—0,5; D(+0)=0,5.

®opmyay (3.67) ansa noBuibHUX 7, i 7, MOXHA IIOAATH y BUIJISIAL:

U(x,z)_T“;T TJ_T @(aj_j (3.70)

3BIJIKM BUJIHO, IO B To4Ill x = 0 TeMrieparypa BeCch 4ac cTajua 1 JOPIBHIOE
MiBCYMI [TIOYATKOBUX 3HAUYEHb CIPaBa 1 3J11Ba, OCKUIbKU P(0) =0.
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Ilpuknao 3.2 3naiitu po3B’ 130k 3agaui Komri

U _ ,9U

=g’ —, —oo<x<+4oo, >0 3.71
ot ¢ ox> ( )

U,, sxuo |x|<1

UGen), _ = 0(0)= (3.72)

0, saxwo |x| >/

Po3é’a3zyeanns

OyHkIig @(x), sKa 3aJa€ MOYaTKOBY YMOBY, aOCOJIOTHO I1HTETPOBHA,

Tomy s Biamrykanus U(x,t) MoxHa 3actocyBat popmyay (3.62):

(¢-0? l _(¢-x)? I _(E-x)?

U(xt)— J'¢(é:)e 4atd§_2 \/—J‘U 4atd§_2a\/_.[ 4atd§_

E—x

V2a’t
I-x

dé =~2a*tda 2wk o

—a=E=x++2d%t -0

Il
~~
-

Il

=
(=)

.

® |
[\S}
1N
o
~

[

K

I

t=-la=

[\®]

oo 1
o

~

o

o

NN

~

-X

N2a%t

E=l=a=

I-x [-x I-x
a’ o a’ o 0o o 2y @
Uo 2a°t _«@ U 2a°t _«@ 1 _“ 1 v
= a~2t e 2da=——- e 2da=Uy)(— |e >do+— e 2da)=
Damt ,I NeY: ,I NGy _L 27 {
\/E 2a% \/E
_l-x l-x [-x -l-x
1 2azt _&2 1 232[ _iz 1 2a2t _iz 1 28.2[ _iz
—Uy(——— [ e 2dat+—— [ e 2da)=Uy(—— [ e 2da——— [ e ?da)=
NGy ! 2r ;[ “ar '([ 2r !
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ke
TOOTO,

[+x

U(x,t) = U{(D(a \/_) P \/_)} (3.73)

o’
2

do - pysxuisa Jlammaca, npuaomy @(—z) = - D(z).

_ 1 je_
Tl

Ilpuxknao 3.3 3HallTH pO3B’SI30K pIBHSHHSA KOJMBAHHS CTPYHU

°U _2%U .

BNCERENG SIKC  3aJ0BOJIbHSE  MOYAaTKOB1  YMOBH =0 = f(x),
ot ox

M|t:0:(p(x), Komu ¢t>=0 Ta 0<x<! =0 =0,

x=1 =0

Po3é’a3ysanns

Buznauumo piBHSIHHS.

» Eq:=diff(u(x,t),t$2)=a"2*diff (u(x,t),x$2);

Po3B’s130k OyeMoO IIyKaTh METOJIOM PO3/1JICHHS 3MIHHUX.

» pdsolve (Eq,HINT=X(x) *T (t)) ;

d? 2 d?
(u(x,t) = X(x)T(t)) &where|s—=T({t)=a” c|T(t), —X(x)=_c1X(x)¢|.
dt? dx?

B oxpepxanomy pe3ynbTari BUKOHAHHS KOMAaHAM BUPAKEHHS CIIOYATKY
BKa3aHO, B SIKOMY BHIJISAI HIyKa€Thest PyHKIs U(x,7), a IOTIM B KBaJIpaTHUX
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Oy’)KKaxX IMCIs KIIYOBOTO cloBa where  mepepaxoBYIOTHCS YMOBH, SIKi
3aJI0BOJIBHSIOTH (DyHKIIT X (k) 1 T (t) .
3amaemo piBHSAHHA Juis  (QyHKIIT X (x), 3aMIHUBIIA B HBOMY JIJISt

3pYYHOCTI 3MiHHY cepejioBHma ¢, Ha —A° .

> Eql:=diff (X(x), $ (x,2))=-lambda”2*X (x) ;

2
Eql = d—zX(x) =1 X(x).
dx

Po3B’s13y€emo 11€ piBHSHHS BiTHOCHO X(X), BpaxyBaBIITN MMOYaTKOBI YMOBH,
a came: ockinbku U(0,t)=X(0)T(¢)=0, To X(0)=0. Onepxumo
> dsolve ({Eql,X(0)=0},X(x));
X(x)=_Clsin(Ax).
[Tapamerp A Mae OyTr TakuM, o006 BUKOHyBaach i ymoBa X (1) =0. Aue

HepIn HiK pO3B’sI3yBaTH BIAMOBIJAHE PIBHSAHHS (BIIHOCHO A), MPHCBOIOEMO
3MiHHIA cepenoBuiia  EnvAllSolutions, sika BINNOBiJae 3a TOIIYK BCIX

PO3B’SI3K1B PIBHSIHHSI, 3HAUEHHS true.
> EnvAllSolutions:=true;
_ EnvAllSolutions = true
> solve(sin(lambda*1) =0, lambda) ;
T _Zl~
—

B npomy Bupasi 3MiHHa _ Z1 cepefoBHUIla «kHyMEpPY€e» BIACHI YHCIIA.
3amamMo 3alIexKHICTb, SIKa BU3HAUA€ BIIACHI YMCIIa KPaiioBO1 3a1aui.
> nu:=n->Pi*n/1;

n
vV=n——.

[

Busnaunmo BnacHi ¢yHKIT — Taki QyHKII, SKi BiAMOBIJAIOTh BIACHUM
YHciIaM 3a7a4l.

> X:=(x,n)->sin(x*nu(n));

X =(x,n) = sin(xv(n)).
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[ToBepTaemoch 1o GpyHkuii 71(?), 3a0a€MO 1 pO3B’A3y€MO PIBHSHHS JUISI HET.
> Eq2:=diff (T(t), $ (t,2))=-a"2*lambda™2*T(t) ;

Eq2 = d—ZZT(t) =—a’ 1’T(®1),
dt
> dsolve ({Eq2,D(T) (0)=0},T(t));
T(t)=_ C2cos(Aat),
> T:=(t,n)->cos(nu(n) *a*t) ;
T :=(t,n) — cos(v(n)at).
Po3B’s130k piBHSHHS OyAeMO IIyKaTH Yy BUTISIlI PSAAY 3a BIACHUMH

GyHKIISIMU.

> U:=(x,t)->Sum(A[n] *X(x,n) *T(t,n) ,n=1..infinity);

U=(x,t)—> iAnX(x,n)T(t,n) :

n=l
3aranbHUN PO3B’SA30K XBHJIBOBOTO PIBHSHHS 3TIJHO 3 Yy3araJlbHEHUM
MPUHITUTIOM CYTIEPTIO3UIIT MTYKAETHCS 3a (HOPMYIIOTO:
> U:=(x,t) ->Sum((C[n] *cos (a*Pi*n*t/1) +

+D[n] *sin(a*Pi*n*t/1l)) *sin(Pi*n*x/1l) ,n=1..infinity);

U:=(x,t)—>z C, cos arnt + D sin azni sin nx ,
perd G ) ! [ )

> a:=1;1:=Pi;

> U(x,t);

S°(C, cos(nt) +D, sin(n1))sin(n.x).

n=l1
3a10BOJIBHSIEMO TIOYATKOBI YMOBHU
> Ul:=U(x,0);
Ul = Z C,sin(nx),
n=1

> f:=x->(x<=0,0,x%x<=Pi/2,x,x%x<=Pi,Pi-x,0);
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f:=x%xS0,0,xS%ﬂ,xSﬂ',ﬂ—x,O.

Ymosu Hipixie ansg ¢yHkmii f(x) BUKOHYIOTbCS ((PYHKIISI HEepepBHa i
KYCKOBO-MOHOTOHHA Ha TPOMIKKY [0, z]), ToMy ii MOXHa PO3KIACTH B DS

Dyp’e.
> U(x,0)=£f(x);

[}

Z(Cn cos(n0) +D, sin(n0))sin(nx)= f(x),

n=1
> assume (n::posint) ;

> fl(x):

X;
S1(x) =x,
> f2(x) :=Pi-x;
f2x)=m—-x,
> Aln] :=2/Pi*{int (£1(x) *sin(n*x) ,x=0..Pi/2)+
+int (£2 (x) *sin (n*x) ,x=Pi/2..Pi) };

(1 1 1 (1
—2sin| —zwZn~|+cos| —wn~|n~mw cos|l —mn~|\n~xm+2sm| —xn~
2l 2 2 2 2

+
2n ~* 2n ~?

> simplify (%) ;

(1 1 1 (1
—2sin| —zwZn~|+cos| —mTn~\n~m coS| —mn~|\n~m+2sin| —xwTn~
)l 2 2 2 2

+
2n ~2 2n ~2

> d:=combine (%, tgig) ;

> sin(1/2*Pi*n) :=(-1) "n;
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sin(%ﬂn ~j =(-D",

fe]
c, =—t""

n~* ’

/4

> ClIn] :=d;

> Ul;

_ 2{2(_1)2’%}sin(n~x)
Y

n~=l T

— PO3B’S30K DIBHAHHS KOJUBAaHHSA CTPYHH, SKUH

3aJI0BOJIbHSIE IOYATKOBI 1 KpalilOBI YMOBH

3ayeaoicenns: U1 NapHUX 3Ha4eHb n ~=2n KoediuieHT C, OPIBHIOE HYIIIO,
Tomy ISl n ~=2n+1 KoedimieHT po3kiiany HaOye BUTIIALY

2 (1)@t

2n+1)2
Con+1 = ;
/4
BIJIIIOB1THO
) —J,(2n+l) .
2()2 sin((2n+1)x)

oo (2n+1) , .
Ul=U(x,0)= % — PO3B A30K PIBHAHHSA KOJIUBAHHS

n=1 7

CTPYHH, KM 33JJ0BOJILHSIE TTOYATKOBI 1 KpailoBl YMOBH.

[IpoananizyeMo ojep:kaHuii po3B’s30K, BiAOOpa3uBIIM HOro rpadivyHoO.
Ockimbku  psng  nnst Gyskiii  U(x,) HECKIiHYGHHMH, TO g TpadigHOro
B1JIOOpaskKeHHS HEOOX1THO 3aJIMIIATH CKIHYCHHY KUIBKICTh JIOJAHKIB.
BinmosinHuii Bupa3 BU3BHAYUMO TaKUM YHMHOM (KOE(IIIEHTH 3amucaHi B IBHOMY
BUTJISAI, N — YHCIIO JOMAHKIB B PSIi).

> S:=(x,t,N)->sum(2* (2* (-1) *n/n"2) *sin (n*x) /Pi,n=1..N);

S =(n.t.N) — i4(—1)" sin(7 x) .
n=l

I/l27Z'
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Tenep 3a gomomoror mnpoueaypu animate () BIATBOPUMO MPOIEC
KOJMBaHHsA cTpyHH (puc. 3.1).

> plots[animate] (S(x,t,10),x=0..15,t=0..1, numpoints=100,
titlefont=[HELVETICA,BOLD, 12]);

1
05
I:I:IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
! 2 4 b B 10 12 14
051 %
_15
Pucynoxk 3.1

Ilpuxknao 3.3 3HailTM 3aKOH PO3NOAUTY Temmeparypu U(x,f) BCEpEIUHI
CTEpKHS, PO3MIIIEHOr0 Ha BiApi3Ky [0,/], SKIIO B IIOYaTKOBMH MOMEHT
TeMIeparypa BCepeAuHl CTepkHs Oyna piBHOWO U(x,0)= f(x). Ha xiHIsmx
CTEPIKHS M ATPUMYETHCS HYJIbOBA TEMIIEPATYpA.
o _ 2%
ot axZ’
yMoBU U (x,1) y=0 =0, U(x,1)| x=; =0 i mouarkoBy ymoBy U (x,1)|,_y = f ().

3HalTU PO3B’SI30K PIBHSIHHA AK€ 3aJI0BOJIbHSIE KpaioBl

Po3é’a3ysanns

PiBHSHHS, $IKE PO3IJIAJAETHCA, € PIBHAHHAM TiNepOOIYHOTO THUITY.
[ToniOHI 3amayl BUHHMKAIOTh NPU OMMCYBaHHI MPOLIECY MOLIMPEHHS XBUJIb.
®OyHkiis  u(X,t) BU3HAYAa€ BIAXWIEHHS TOYKM CTPYHHM 3 KOOPAMHATOI X B
MOMEHT yacy t. HynboBI moYaTKOBI YMOBHM BIJNOBIJIAI0OTh CUTYAIlli, KOJIM KIHIII
CTPYHHU 3aKpimieHl. BinqnoBiHe XBUJIbOBE PIBHSAHHSA (a — MapaMeTp 3aj1adi) Mae
TaKUW BUTIISA

> Eq:=diff(u(x,t),t)=a"2*diff (u(x,t),x$2);
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0 ,( 97
Eq=—u(x,0)=a*| =—u(x,1) |,
q=- ulnn=a (axz u(x )J

> Eqg;
0 ,[ 92
aTu(x,t)za ax—zu(x,t) R
> a:=1;Eq;
a=1
2
%u(x,t) = (aax—zu(x,t)].

Po3B’s130k piBHSHHA OyJeMO WIyKaTH Yy BHUIVIAJl pALy 3a BJIACHUMHU
(GyHKLIAMU.

> U:s=(x,t)->Sum(A[n]* (exp( (-
1) *a®2* (Pi*n/1) "2*t)) *sin(Pi*n*x/1) ,n=1..infinity);

azﬂznzt

U::(x,t)%ZAne( a Jsin(”’;xj,
n=1

a=1,

ﬂznzt

U:=(x,t)eiAne[_ a Jsin(ﬁl;xj,

n=1

> Ul:=U(x,0);

ZAn sin(”nxj.
n=l1 [

HeBinomi koediuieHTH po3kiangy A, 3HaAXOAATHCSA 13 MOYaTKOBOI YMOBH.

BiamoBimHo 10 ymoOBHM 3ajadi, B IMOYATKOBUH MOMEHT Mpodiiab CTPyHHU
BU3HAYAETHCS (PYHKITIEIO

>» f:=x->(x<=0,0,x<=1/2,%x,%x<=1,1-x%x,0);

f=x—>x<0, O,xS%l,x,xSl,l—x,O;
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> U(x,0)=£(x);

~n? 0

ZAne( a ]sin(ﬂ-’;x) =(x <0,0,x < %Z,x,x < l,l—x,O),
n=l

> assume (n::posint) ;

> f1(x):

X;

f1(x) =x,

> £f2(x) :=1-x;
f2(x)=1-x,

» Al[n]:=2/1*{int (f1(x)*sin(Pi*n*x/1),x=0..1/2)};

[?| —2sin l7rn~ +cos(17zn ~j7zn~
2 2

2

27t n~

Al, =
[

> A2[n] :=2/1*{int (£2(x) *sin (Pi*n*x/1) ,x=1/2..1) };

12(2sin(217m ~]+cos@7m ~j7m ~]

27tn~?

> sin(1/2*Pi*n) :=(-1) "n;

sin(%ﬂ'n ~j =(-D",

12£—2(—1)” +cos@7zn ~)ﬂn ~J

23 — -
27t n~?

> Al[n];A2[n];
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l{cos@nn ~j7m ~ +2(—1)"j

2
27in~?
l 9
> A[n] :=4*1/(Pi*2*n"2) *sin(Pi*n/2) ;
41(-1)"
4,.= g )2 ’
nn-~

> U(x,t);

) 4sin(” ”l“’x)l(—n'“
2

2
n~=1 Tn-~

5 — PO3B’SI30K PIBHAHHS TEIUJIOMPOBITHOCTI, SIKUM

3aJI0BOJIbHSIE TIOYATKOBI 1 KpalilOB1 YMOBH.

> S:=(x,1,N)->sum(4*sin (Pi*n*x/1) *1*(-1) *n/Pi”"2*n"2,n=1..N);

3 4sin(’”’”‘jl(—1)"~
S=(x,[,N)> 3 !

n~=1 T n-~

Ockunbku pan st GyHKII u (x, t) HECKIHYEHHUH, TO MOro HEOOX1THO
0OMEXUTH — MOTPIOHO 3AIUIIUTH CKIHUCHHY KITBKICTh J0/IaHKIB.

Tenep 3a momomMororo mporeaypu animate () BIATBOPUMO MpoIEC
KOJMBaHHs cTpyHHu (puc. 3.2-3.6).
> plots[animate] (S(x,1,5),x=0..100,1=1..5,view=-100..100,

numpoints=100,titlefont=[HELVETICA,BOLD,12]) ;

100-
50-
] MowmeHT yacy
IJ_ a
1 t=0 c.
] ¥
—5|:|:
-100-

Pucvaoxk 3.2
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100

501
uE MowmeHnT yacy
! 20 40 B0 a0 0 =1 c.
50
100
Pucynok 3.3

100+

MowmeHnT yacy

t=5 c.

~1004

Pucynok 3.4

o nﬂﬂmﬂnhﬂmﬂAAAr

MowmeHnT yacy

t=10 c.

-100-

Pucynok 3.5
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Pucynok 3.6

Ilpuknao 3.4 Po3B’s3atm  3amayy 0OpO KOJUBAHHA MPSMOKYTHOL
MEMOpaHH:

ul‘l(xsy:t): az(uxx(xay’t)+uyy(x’yat))> u(x,y,O) :Axy(l_x)(L _y)a
up(x, y,0) =0, u(0, y,0) =u(l, y,t) =u(x,0,¢) =u(x,L,1) = 0.
Po3eé’a3zyeanns

>SEqn:=diff (u(x,y,t),t$2)=a"2* (diff (u(x,y,t),x$2)+
+diff (u(lel t) ’ Y$2) ) H

2 2 2
Eqn ::a_u(xayat):az a_u(xayat) + a_u(xayat)
ot o oy’

t X ly

\"

f:=(x,y) ->A*x*y* (1-x) * (L-y) ;
S=0y) > Axy(l—x)(L-y)
pdsolve (Eqn, HINT=X (x) *Y (y) *T(t) ) ;

\)

(u(x,y,t) =X(x) Y(»)T(t) & where

2 2 2
Hd—z X(0)=_aX(). v =_a ¥ 10 =d® _a T()+d® o T(z)H
dx dx dx

\"

dsolve ({diff (X(x), $  (x,2))=-lambda”2*X(x),X(0)=0},X(x));
X(x)=_Clsin(Ax)

> EnvAllSolutions:=true;
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_ EnvAllSolutions = true

> solve(sin(lambda*1l) =0, lambda) ;

. Zl~
[
> about( Z1);
Originally Z1, renamed Zl~:
is assumed to be: integer
> nu:=n->Pi*n/1;
Tn
vi=n——
/
> mu:=n->Pi*n/L;
U=n——

\"

X:=(x,n) ->sin(x*nu(n)) ;

X = (x,n) — sin(xv(n))

\"/

Y:=(y,m) ->sin(y*mu(m)) ;

Y = (y,m) — sin(y p(m))
>dsolve ({diff (T(t), $7(t,2))=a"2*% c[1l]1*T(t)+
+a”2* c[2]1*T(t),D(T) (0)=0},T(t));

T(t)=_C2cos(a—_c1—_cpt)

> T:=(t,n,m) ->cos (a*t*sqgrt (nu(n) *2+mu(m) *2)) ;

T :=(t,n,m) — cos(at \/v(n)2 +,u(m)2 )
>S:=(x,y,t,N,M) ->Sum(Sum(U(n,m) *X (x,n) *Y (y,m) *T(t,n,m),
n=1. -N) lm=1‘ ‘M) i

£l |
S=xy,t, NNM)y— Y | XUmm)X(x,n)Y(y,m)T(¢t,n,m)

m=1\n=1
> u:=(x,y,t)->8(x,y,t,infinity,infinity);
u=(x,y,t) = S(x, y,t,00,00)

> u(x,y,t);

2

oo | oo 2 2 2
x| Xz U(n,m)sin(xﬂnjsin(yﬂmjcos at\/ﬂ 2” +\/7I ;1
m=1| n=1 l L / L

> u(x,y,0);
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)

5 (§ omen(5u(27)
n=1

m=1

> assume (n::posint,m: :posint);
>U:=(n,m) ->int (int (£ (x,y) *X(x,n) *¥Y(y,m) ,y=0..L),
x=0..1)/int (int (X (x,n) *2*Y(y,m) *2,y=0..L) ,x=0..1) ;

/

[ | £ XY (y,m)dxdy

U:Mmﬂ%ofL :
[ ] X@.m?y(y.m)? dxdy
0 0
> u(x,y,t);
> ( Y e 16 AL () ey
m~=\n~=17"m~" n~

2 2 2 2
- e (xmn~\. (yrm~ T n~ T m~
-=D" =(=D" +1 t +
(1) (1) ))&n( ; jmn( 7 )cos{a J 2 ,J e J

o6 ysaBUTH, SIK OyJae KOJMBATHUCI MEMOpaHa, CTBOPMMO aHIMAIliiiHY
KapTUHKY. AJie repul 3a BCe IPUCBOIMO YMCIIOB1 3HAYEHHS TapaMeTpaM.

> a:=1;

a=1
> 1l:=1;

[=1
> L:=1;

L=1
> A:=1;

A=1

CrtBoproeMo aHimarlio (B cymi s ¢yHKuii 3anumaemo 10 gonaHkiB 3a
KOXXHUM 13 1HIEKCIB TiJCyMOBYBaHHs — Bchoro 100) 3a 70mMOMOTror0 mpoienypu
animate3d TpuBuMipHOi rpadiku i3 makera plots (pmc.3.7-3.9).

>plots[animate3d] (S(x,y,t,10,10),x=0..1,y=0..1,t=0..s8qgrt(2),

axes=FRAME, style=HIDDEN, color=BLACK,orientation=[50,60]) ;
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KommuBanus KBaJApaTHOL
MeMOpaHu. MOMEHT 4acy

t=1 c.

04
“ 0B 1
¥ 08

Pucynoxk 3.7

0,06
0,04
0,02 KonuBanns kBajgpatHOi
0 MeMOpaHHU. MomenT
002
yacy 1=3c.

-0,04

0,08

Pucynok 3.8
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KomuBanns KBaJpaTHOL
MeMOpanu. MoMeHT dacy

=4 c.

Pucynok 3.9

Ilpuxnao 3.5 Po3p’s3atu 3ajady Opo KOJMBAaHHS KPYIJIoi MeMOpaHU:

Ug (put)=a*AU(p,1), U(p,1)=0 Uy (p,1) =0, U(L,1) = £ (1) = Asin(er),
0<p<L.
Po3é’a3zyeanns

[Is 3amada, B TMOpPIBHSAHHI 3 TONEPEIHBOIO, Ma€ [Bl MPUHIIMIIOBI
ocobnuBocrti. [lo-nepiie, mrykaHa QyHKIIs 3aJI€KUTh TUIBKK BiJl ABOX 3MIHHUX
— yacy ¢ 1 BIACTaHl A0 LeHTpa MeMOpanu o . Tomy 11 po3B’si3yBaHHS 3aj1adi
HEOOXITHO TEPeUTH A0 TMOJSAPHOI CUCTEMH KOOpAMHAT (B I CHCTEMI
KOOPJIMHAT HE3AJIC)KHUMU 3MIHHUMH € BIJICTaHb JI0 IIEHTpa O 1 KyT MOBOPOTY
@, ane BiJ HHOTO IIykaHa (yHKIlS HE 3anexuTh. [lo-mpyre, BCi MoOYaTKOBI
YMOBH 3aJia4il HYJbOBI, a TPaHUYHI YMOBHU HECTAI[IOHApHI (3aJieXaTh BiJ 4acy).
Tomy HE0OX1THO 3MIHUTH AJTOPUTM TOIITYKY PO3B’SI3KY.

3anumemo omeparop Jlariaca B monApHIA CUCTEMI KOOpAuHAT (B

2 2
o 0 0 .
JE€KapTOBiil BiH Mae BUTISL A = — +—2) BPaxyBaBIlK, IO (PYHKIIis, HA AKY
ox< dy

BiH JIi€, 3QJICKUTh TIIBKH BIA 0 1 HE 3aJIeXUTh BiL ¢@. B 1boMy BHUMNAAKY
KopucHa nporeaypa dchange().

> PDEtools [dchange] ({x=rho*cos (phi) ,y=rho*sin (phi) },
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diff (z (sqrt(x"2+y"2)),x$2)+diff (z(sqrt(x”2+y"2)),
y$2), {phi, rho});

D2(2)W P cos(9)? + p2 sin(p)? jpz cos(p)?

p? cos(p)? + p? sin(g)?

D(z)W P cos(p)? + p? sin(p)? ]pz cos(p)?
— +
(p° cos(@)? + p? sin(p) "))

2D<z>wp2 cos(@)? + p? sin(g)? j

+ +

p? cos()? + p? sin(p)?

D2(Z)(J p? cos(9) + p2 sin(p)? jpz sin()’
+ —
p? cos(p)® + p? sin(p)”

D(z)[\/ p? cos()? + p? sin(p)? jpz sin(p)”

(p cos(g)” + p? sin(p)*) ' 2)
Opneprxanuii BUpa3 HEOOXITHO CIIPOCTHUTH.

> simplify (%, symbolic) ;

D(z)(p)+D*(2)(p)p
Jo,

Tenep MoXxHa 3anycaTy PiBHAHHSL.

> Eqn:=diff (u(rho,t),t$2)=a"2*(1/rho) *diff (rho*diff (u(rho,
t) ,rho),rho);
0 9°
2
a —u(p,t)+—u(p,t
. (at (p,1) o (p )B
Egn=—u(p,t)= :
ot Jo,

Kpim Ttoro, 3agamo (yHKIIIOHAJIBHY 3aJICKHICTh, BIAMOBIIHO 10 SIKO1
BiJIOYBAETHCS pyX KpaiB MEMOpaHH.

> f:=t->A*sin (omega*t) ;
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f=t— Asin(wt).

Crioyatky 3HaiIeMO pO3B’sI30K, sIKUW Oy/ie 3a0BOJBHSATH HECTAI[IOHAPHI
rpaHnyHi yMOBU. Po03B’s130k OynemMo NIyKaTH METOJOM BiJIOKPEMITIOBAHHS
3MIHHUX.

> pdsolve (Eqn,HINT=F (rho) *£ (t)) ;

5 F(p)o p+[ » F(p)j

(u(p,t)=F(p)Asin(wt) & where d—zF(p) =— >
dp ap

Oynkuis F(p) Mae 3aA0BONbHATA  Taki ymoBu:  F(L)=1, mo0

3a0e3neunTy MOTPIOHUN 3aKOH pyXy TpaHUIll MeMOpaHH, 1, KpIM TOro, BOHA
noBUHHA OyTH 0OMekeHoto B HyJ 1 (F (0) <>infinity).

> dsolve ({diff (F(rho), “$~ (rho,2))=-F(rho) *omega”2*rho+
+a”2*diff (F(rho),rho))/a"2/rho,F(L)=1,F(0)<>infinity},
F(rho));

BesselJ ( j

a

F(p)=

BesselJ| ( a)Lj

a

> F:=unapply(rhs (%), rho);

Bessel] (0, a)pj

F=p—> a
BesselJ| ( wj

Tenmep B mouyaTkoBOMY pIBHSIHHI mepeiinemMo 10 QyHKHil V(p,t), ska
MOB’si3aHa 3 TIOYATKOBOKW  (YHKIIIEIO u(p,t) CI1BB1IHOIICHHSM
u(p,t)y=v(p,t)+ F(p)f(t),1 oaepxumo

> Eqn2:=subs(u(rho, t)=v(rho, t)+F(rho) *£(t), Eqn) ;

2 BesselJ| 0,% Asin(wt)
0 a 1( 2| 0
Egn2 =— v(p,t)+ 7 =—|a”||—V (p,t)+
ot BesselJ (0, wj P ap
a
BesselJ| (O, ijA sin(@t) 3 o) BesselJ| (O, ijA sin(wt)
+ a 7 +p[2 V(p,t)+ a ;
Bessel (0, w] ap BesselJ (0, wj
a a
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JlaHe piBHSIHHSL CIIPOILYEMO.

> Eqn2:=simplify (Eqn2) ;

2
- (82 V(p , thBesselJ(O, a)Lj + BesselJ(O, a)LjA sin(@ t) (02
ot a a
Egn2 =—

Bessel] (O, a)Lj

a

2
= ! 7 [[ J V(,O,t)JBesselJ[O,a)—Lja2 +{a—2v(p ’tJJX
p BesselJ [0, wj dp 4 ot
a

XBesselJ{O,a) Ljpaz—BesselJ{O,w p]Asin(a) t)a)2pJ

a a

> Eqn2:=1hs (Eqn2) -rhs (Eqn2) =0;

2
- [82 v(p , tj}BesselJ(O, ij + BesselJ[O, a)LjA sin(@ t) (02
ot a a

Eqn2 =— -

Bessel] (0, a)Lj

a

2
- ! ) v(p,t) BesselJ(O,w—Lja2+ a—zv(p ,t) X
p BesselJ (O, a)Lj dp 4 ot

a

X BesselJ[O, @ LJp a? - BesselJ[O, @ pJA sin(w t) wsz =0-
a a

> EQn2:=simplify (Eqn2) ;

[( 2o ) e o

dp
P
Po3B’s13yeMo piBHSIHHSI METOIOM BiJJOKPEMITIOBAHHS 3MIHHHX.
> pdsolve (Egn, HINT=R (rho) *T (t)) ;
d
d2 ) d2 ?R(P)
(u(p,1) = R(P)T(6) & where| \“ T(6) = a*T(t) _¢1, “— R(p)_cj —P——
dr? " dr? p
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Ocxkinbku QyHKIIS R(p)00MexeHa B HyIi, TO OJICPKHUMO

> dsolve ({diff (R(rho), “$~ (rho,2))=R(rho) * (-lambda”™2) -
diff(R(rho),rho)/rho,R(O)<>infinity},R(rho));

R(p)=_C2 BesselJ(0,4p).

[Tapamerp A wMae OyTu TakuMm, 1100 ABTOMATHYHO BHUKOHYBAIHChH
rpannyHi ymoBu Ui GyHKuii v(L,f). Lli ymMOoBH HynbOBi. 3BiJICH OAEPKUMO

3a/1a4y Ha BJIaCHI 3HAYCHHS.

> solve (BesselJd(0,lambda*L) =0, lambda) ;

RootOf(BesselJ(0, ZL)).

[Tomanuit B 005acTi BBEEHHS pe3yJibTaT O3HAYA€, 110 BJIACHI 3HAUYCHHS
JaHO1 3a7a4l OJEPKYIOThCSA NUISIXOM JAUIeHHS Ha L HynwoBoi pyHKuii beccemns
(MaroThCs Ha yBa3l po3B’s13ku piBHAHHA J()(x)=0).

B Maple € npouenypa BesselJdZeros (), sika J03BOJIsI€E OOYUCTUTH
3HAYEHHS apTyMEHTy, IIpU akuX (QyHKIis beccels NepeTBOPIOETHCA B HYIb. li
nepmui apryMeHT — iHAekc (yHkiii beccens, npyruii — iHIEKC KOpEHS.
Busnaunmo ¢yskiiro mu ()

> mu:=n->BesselJdZeros(0,n);

U :=n —BessellZeros (0,n).

Bnacni ¢yHKIii OyayTh MaTH TaKy CTPYKTYpY.

> R:=(rho,n) ->BesselJ (0, rho*mu(n) /L) ;

R = (rho,n) —» BesselJO0, p,tz(n) :

OuyeBusiHO, 10 TMOYATKOBUH Tpodink GyHKHIT u(p,0)=v(p,0)+ F(p)f(0)
30iraetbest 3 mpodineM u(p,0) (ockinbku f(0)=0).

> solve(u(rho,0)=v(rho,0)+F(rho)*f(0),v(rho,0));
u(p,0).

OCKUIbKH € 3HAYCHHA HYJbOBC 3da YMOBOIO 3az[aqi, TO TAKOIO XK Ma€ 6YTI/I

MoBa 1 11 GyHki T(t), Ky BU3HAYaEMO Ha JAaHOMY €Talll PO3B’ sI3YBaHHS.
9

> dsolve ({diff (T(t), $ (t,2))=T(t)*a"2*(-lambda™2),T(0)=0},
T(t)):;

T(t)=_Clsin(dat).
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[TapameTp lambda moBWHEH 30iraTrcs 3 OJTHUM 13 BIACHUX 3HAYECHb, SKi
OyJiv 3HaWIEeH1 BUIIIE.

> T:=(t,n) ->sin(a*t*mu(n) /L) ;

T=(tn — sin(at%(n)J .

Po3s’si30k s ¢yHKnii v (rho, t) mykaemo y BUTISAY psagy 3a
BJIACHUMU (QYHKIIISIMHU.

> vi:=(rho,t)->Sum(B(n) *R(rho,n) *T(t,n) ,n=1..infinity) ;
v = (rho,t) = Y B(n)R(p,n) T(t,n)
n=1
> v(rho,t);
0 p BesselJZeros(0,n)

E B(n) BesselJ[ , )sin(
n=l L

at.BesseLLZéros(O,n)J
7 .

Koedimientn B (n) BU3HAYMMO, BUKOPUCTOBYIOUYH IMOYATKOBI YMOBH JIJIS
noxiaHoi 3a yacom Bix pyHkIii v (rho, t) .

> F(rho) *D(f) (0) ;

Bessel] (0, a)p) Aw

a
Bessel] (O, ij

a

> Vt0:=-%;

BesselJ (O, a)pj Aw
a

BesselJ (O, a)LJ
a

VeQ =—

Busnaunmo mnpornenypy OOUYMCIICHHS MOXITHOI 3a 4YacoM BiJ (YHKINT
v (rho, t), ska mojaHa y BUrisai pany 3a ¢yHkuismu beccens. Ilponenypy
BU3HAYAEMO TaK, 00 MOKHA 0yJI0 OOYMCIUTH 3HAYCHHS IT1€1 MOX1THOT B TOYII.

Vt:=proc(rho, t)

local s;

diff (v(rho,s),s);
simplify (subs(s=t,%));
end proc:

V V V V V

B pamkax mpormenypu TUMYacoBa 3MiHHA 3aMIHIOETHCS JIOKAJIBHOIO, 32
II€I0 3MIHHOIO OOYHUCITIOETHCS TIOXI/THA, TIOTIM B OJIEP)KaHOMY BHpa3i JOKaIbHA
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3MiHHA 3aMIHIOETbCS Ha apTyMEHT, KUl BKa3aHWH IPYTUM MiJ 4ac BUKIHUKY
MPOIIETYPH, 1 TICTS IHOTO BUPA3 CIPOILYETHCS.

> Vt(rho, t):;

B(n)Bessel] ( 0, o, BesselJLZeros(O, n) j cos( at BesselJLZeros(O, n)

1 L

)al?esseLﬂZeros(O,n)

T

> Vt(rho,0);

_ B(n)BesselJ (0, P BesselJLZeros(O, n)j a BesselJZeros(0,n)
2. L

> eqgn:=B(n) *a*BesselJZeros (0,n)=int (VtO*rho*BesselJ (0,
rho*BesselJZeros (0,n) /L) ,rho=0..L) /int (rho*BesselJ (0,
rho*BesselJZeros (0,n) /L) “2,rho=0..L) ;

] BesselJ [0, ij AwBessel] (0, P BesselJLZeros(O, n)j
2[- a i dp
0 <BesseLf(0,a)J
a

eqn = B(n)a BesselJZeros(0,n)

L2 BesselJ (1, BesselJZeros (0, n))‘2

> B:=unapply(solve(eqgn,B(n)),n);

; BesselJ (O, ij A wBesselJ (O, p Bessel/Zeros(0, n)j
2[- ¢ L dp
ol
0 Bessel] (O, j
a

B=n-—> 2 2
aBesselJZeros(0,n)L” BesselJ (1, BesselJZeros(0, n))

> u:=(rho,t)->v(rho, t)+F(rho) *f (t) ;

u = (rho,t) = v(p,t)+ F(p) f(1).
Takum yuHOM, PO3B’A30K 3a]1a4l Ma€ TaAKUN BUTIISI.

> u(rho,t);

- 1
X
(HZ} aBesselJZeros(0,n)L* BesselJ (1, BesselJZeros(0,n))*
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. BesselJ (0, w'oj AwBesselJ (O, p Bessel] Zeros(0,n ))

|2 J'_ a ; L
0 BesselJ (0, wj

dp X

a

« Bessel J( 0. P BesselerrOS(O, n)j

« Bessel J( 0, P Besselerros(O, n)j sin ( 0. at BesseliZeros(O, n)j }

a
Bessel] (0, @ L)

a

BesselJ (O, a)pj Asin(w,t)
+

Jlami TpUCBOIOEMO  YHWCJIOBI 3HAYEHHS TMapaMeTrpaM 1 CTBOPIOEMO
aHIMaIliiHy KapTHHKY.

> A:=1;

A=1
> a:=1;

a=1
> omega:=2*Pji;

wW=2r
> L:=1;

L=1.

OpnHak HEOOX1HO CIOYATKY MEPEBU3HAUUTHU ACSIKI 3aJIeKHOCTI. Tak, mpu
oOuuncieHHi koedimieHTIB B (n) iHTerpays OyaeMo OOYMCIIOBATH HAOIMKEHO,
JUTSI 9OTO BBEJIEMO HOBI KOC(IIIIEHTH.

> C:=n->evalf(B(n));

C:=n—>evalf (B(n)).

CaM HecKiHUEGHHUU psa OOpUBAEMO Ha JOJaHKy 3 HoMepoMm N i
3aMiHIOEMO KoedilieHTH B (n) Ha C(n) .

> U:=(rho,t,N)->sum(C(n) *R(rho,n) *T(t,n) ,n=1..N)+F(rho) *£ (t) ;

U = (rho,t,V)—> (i C(n)R(p,n)T(t,n)]+F(p) ().

n=1
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Hanpuxman, Tak Burisjiae Haimia 4ucioBa (YyHKIIST HpU BpaxyBaHHI
TUTBKU TPHOX JOJAHKIB B PSL.

> U(rho,t,3);
0.7183740784 BesselJ(0.,2.404825558 p)sin (2.4048255558¢)

—4.100201330 BesselJ(0.,5.520078110 p)sin (5.520078110¢)
—1.307397697 BesselJ(0.,8.653727913 p)sin(8.653727913¢) +

N BesselJ (0,27 p)sin(27xt)
BesselJ (0,2 7) '

Kpim toro, nepmr Hix OyayBaTu 300pakeHHs, HEOOXITHO BpaxyBaTH, IO
CTaHJapTHa LWIIHAPUYHA CHCTEMa KOOpAMHAT B Maple BH3HAueHa TaKUM
YUHOM, 0[O0 MOOYyJ0Ba MOBEPXOHb B HIM 3IHCHIOETHCS, KOJIU 3aJa€ThCS
3aJIKHICTh pajiiyca BiJg BHCOTH, a HE BHCOTH BIJ pajiyca, SK 3a3BUYAi
npuiiHaTo. ToMy BH3HAUMMO BIIACHY cHCTeMy koopauHaT cylind tak, 1mo6
3aJIeKHICTD 33/]aBajlach 3BUMHUM YHHOM.

> addcoords(cylind, [z, r,phi], [r*cos(phi) ,r*sin(phi), z]);

Tenep cTBoproemo aHiMailito. HeoOxiaHO BiI3HAYUTH, 110 X04ua QPYHKIIIS 1
HE 3QJICKUTHh BiJ KyTa phi, niama3oH HOro 3MiHM BCE K HEOOXITHO 3ajJlaBaTH.
Kpim TOro, BaxinBo, Ha SIKOMYy HPOMDKKY 4Yacy BigoOpaxaeTbcs (PyHKIIS 1
CKUTBKM TIpU IIbOMY CKJIAJOBUX JOJaHKIB psay. Ha pucyHkax MokHA
NPOCTIKYBAaTH K 3MIHIOETbCS CTaH CHCTEMH TPOTATOM |  CeKyHIH
(puc. 3.10-3.13).

>plots[animate3d] (U(rho,t,5),rho=0..1,phi=0..2*Pi, t=0..1,
cords=cylind, axes=FRAME, titlefont=[HELVETICA,BOLD, 12]);

05

. KonnBanus Kpyrioi1
- meMOpanu. [lepmuii kaap
o (moyaTKOBHIA).

-1 1

Pucynok 3.10
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KonuBanns KpyrJjoi
i Mem6panu. Tpertiii kazp.

Pucynok 3.11

KonuBanusa  kpyrioi
MeMOpaHH. [’ saTnii

Kazap.

Pucynok 3.12

102



KonvBanus Kpyrioi
03 MEMOpaHH. Bocbmuii
-1 r KaJp.

Pucynok 3.13

3 mpouenypaMH BiATBOPEHHs aHIMalli HEOOXIJIHO MpalloBaTH JyXKe
obepexxno. Hampuknaa. SIkmio 301IpIIMTH YaCOBHM MPOMIKOK, TO OJEPKHUMO
nemo iHmy curyamiro. Ha pucynkax 3.14-3.16 MoxHa Oauwtéi TpH KaJIpu
HiApsA, Ha SKUX 300pakeHO CTaH MEMOpaHu B Pi3HI MOMEHTH 4acy.

>plots[animate3d] (U(rho,t,5),rho=0..1,phi=0..2*%Pi, t=0..5,
coords=cylind, axes=FRAME, titlefont=[HELVETICA,BOLD,12]) ;

KonuBanns KpyTJIol
mMeMOpanu. [pyruit kamap.

b B O R f 0D

Pucynok 3.14
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S N R == T S T e v =

N T = O = O ==

Pucynok 3.15

Pucynok 3.16
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KonuBanns Kpyrioil
MeMOpanu. TpeTiit kap.

KonuBanns KpyTJjoi1
MeMmOpanu. YerBepruii

Kajp.



b S

9,

10.
11.

12.

13.

14.

IHumannsa ona camonepesipku

CdopmyinroiiTe y3araabHEHUN TPUHIUI CYTIEPIIO3HULIII.
[ITo Ha3uBa€ETHCS BIACHOIO (PYHKITIEIO 3a/1a41?
1o Take BIacHe 3HAUYEHHS 3a1a4i?
Ckinpku BiIacHMX (YHKIIIA MOXKE BIJTMOBIIATH JaHOMY BJIACHOMY
3HAYEHHIO?
Harmumrite interpan Eitnepa-Ilyaccona.
Bukonaiite mporec  BIJOKPEMIIIOBaHHS 3MIHHHUX Y  BHIIAJIKY
XBUJILOBOT'O PIBHSIHHS MaJMX MONEPEUHUX KOJIUBAHb CTPYHHU.
BukonaiiTe nmpoiec BIJOKpEMJIIOBaHHS 3MIHHUX y  BHIIAJKY
XBUJIbOBOTO PiBHSHHSI TEILJIOMPOBIIHOCTI.
Buxonaiite mporec  BIJOKPEMIIIOBaHHS 3MIHHUX Y  BHIIAJIKY
XBUJILOBOT'O PIBHSHHS MOIIUPEHHS TEIjIa Y HECKIHUEHHOMY CTEPIKHI.
JlaiiTe O3Ha4Y€HHsS JIHIMHOTO OAHOPIAHOTO JU(EPEeHILIATBHOTO
PIBHSIHHS APYTOTO NOPSAAKY 31 CTATMMU KOe(illieHTaMU Ta BUBHAYHUKA
Bponcekoro. Cdopmynoiite 1 JOBEAITH TEOPEMY IIPO CTPYKTYPY
3araJIbHOTO PO3B’SA3KY JIHIMHOTO OJHOPIIHOTO JU(EepeHIIaIbHOTO
PIBHSIHHS APYTOTO MOPSIAKY.
Oxapaxkrepusyiite ¢pynkiito Jlamnaca.
Chopmymoiite ymoBy /[lipixie s po3BUHEHHS GYHKIIL y psn
Dyp’e.

T X’

a’T B

YoMy mnpu po3B’si3aHHI XAPAKTEPUCTUYHOTO PIBHSIHHS

00UpaAETHCS KOHCTAHTA 31 3HAKOM MIHYC?

Ske pIiBHAHHS  HA3WBAEThCA  OJHOPIAHUM  JUQEPEHIIATTEHUM
PIBHSHHSIM y YaCTHMHHHMX MOXIAHMX Jpyroro mnopsanky? Hasenmitsh
MPUKJIAAN TAKUX PIBHSIHb.

OO6uucnite iHTerpan Einepa-Ilyaccona.
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3aeoannsn 0na camocminnoi pooomu

3aseoannua 3.1

. , . 02U 2%U
3HaI/ITI/I pO3B SI30K plBHSIHHH KOJIUBAHHA CTpYHI/I a 5 = a 3 AKE 3aJ0BOJIbHAE
t X
HOanKOBi YMOBI/I
U (x,1)
Ux,o)|_, =¢i(x), ey = @,(x), mpu t>0 Ta 0<x<L
t=0

1 KpalloBi yMOBH

U(x,y)‘xzo =0,1a U(x,1) _, =0.
X, OSxSZ
1. g (x)= - 2, L=rm ¢(x)=0
T—x, —<X<7&
2
%?m OSxﬁg
2. p(x)= , 9, (x)=0
zﬁﬂrqm Eé<xSL
L 2
x, 0<x<2

, L=4, ¢,(x)=0.

4.¢ny:%;xah—xx 0<x<L, »,(x)=0.

—0.05x, 0£x<2

) =0
01(x—3), 2<x<3’ 7@

5. (p1(x):{
6. ¢1(x)=%x(4—x), 0<x<L, ¢,(x)=0.

» 9, (x)=0.

X L
7. @(x)=sin—, 0<x<—
@ (x) 7 5

lx, 0<x<2
8. @ (x) = 1 2 , »,(x)=0
E(4—x), 2<x<4

x, 0<x<4

, ~0.
8_x d<x<g’ 20

9. @,(x) :{
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

) 0.05x, 0<x<4

X)=

@ 0.1(6-x), 4<x<6’

x(L—x)
8L

@ (x)=

b

L . m
X)=——sIn—, 0<x<L, x)=0.
@ (x) 10057 ?,(x)

(x) = 0.1x, 0<x<2
Pl = 0.05(6-x), 2<x<6
@ (x) =sinx, 0<x<L, ¢,(x)=0.

o (x)=x(x-2), @,(x)=0, 0<x<2.

¢1(X)=1—608277DC, @, (x)=0, 0<x<L.
1
¢1(x)=EX(2—x), 0, (x)=0, 0<x<L,
¢1(X)=X(1—%), ¢2(X)=0, 0<x<L.
@, (x) = x(x - 3), @, (x) =0, 0<x<2.
T—2x
p(x) =" x<0<7z (L=7), ¢,(x)=0.
Vo, x—%<§
¢ (x)=0, ®,(x) = I L
0, X——>—
21 2
(P1(X):Uo, ¢2(X): I I .
0, X——|>—
2l 2
1 . Smx L
x)=0, X)=—sin—, 0<x<—.
@ (x) @, (x) 3 I >



L L
COS”(X—EJ, ‘X—E <E
24. ¢,(x)=0, @, (x)= oL
0, X——|>—
2] 2
w(x—4)
cos , x—2[<2
25. ¢(x)=0, @, (x)= 4 -2
0, x—2[>2
z(x—2)
coOS———, x—1<l1
26. ¢ (x)=U,, @, (x) = 2 ‘ ‘
0, x—1>1
27. ¢,(x)=0, q)z(x):%sin%“, 0<x<L.

x, 0<x<1

, x)=0, L=2.
2—x, 1<x<2 #: (%)

28. ¢,(x) = {

29. ¢, (x)=x(x—4), @,(x)=0, 0<x<L.
30. ¢(x)=sinmx, O0<x<L, ¢,(x)=0.

3aeoanns 3.2

3HaliTH 3akoH po3noAutry Temreparypu U(x,t) BCepeauHi CTEpPKHSA
po3MilIeHOT0 Ha Biapi3Ky [0, L], SKIIO B MOYATKOBHMH MOMEHT TeMIIEparypa
BcepeAnHi crepxkHs  Oyma piBHoo  U(x,0)=¢(x). Ha KiHISX CTEpKHA
HiATPUMYETHCS HYJIbOBA TEMIIEpaTypa.

2
3HaWTH PO3B’SI30K PIBHSHHS 8aU _9 (2], 10 3aJI0BOJIHHSIE KPaiiOBl YMOBHU
! ox
U, _, =0, Ulx,t) _, =0, >0 inogarkoBy ymoBy U(x,?)| _, = @(x).

1. p(x)=x(L —x), 0<x<L.
2. (0(x)=%(—x), 0<x<L.

. X L
3. p(x)=sin—, 0<x<—.
@(x) 7 5

4.¢Q0=x0—%% 0<x<L.

5. go(x)zl—coszTﬂx, 0<x<L.
6. ¢(x)=(x— L)sin xx, 0<x<L.



7. o(x)=x(L—x), 0<x<L.

8.¢Qj=é£@f<ﬂx, 0<x<L.

2
9. (0(x)=U0)£—2, U, = const,

1. (p(x):xsin”z+,

12. ¢(x) =

X, 0<x<3
13. p(x) = - <6’ 0<x<6.

3<x<
X, OSxS£
14. p(x)= ! 2, 0<x<L
L—x, —<x<L
2
EU@ OSxS£
15. px)= %_x I 2, U, =const,
=y,  Z<x<L
L 2
x2
16. p(x)=17 0sx<2 ' 0g<x<4
4 —x, 2<x<4
X 0<x<l1
17. o(x) = 22_x , 0<x<2
, I<x<2
X
18.¢Qj=1—um;;, 0<x<L
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19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

¢)(x)=(x—L)sin%, 0<x<L.
) x?, 0<x<l 0<r<?
X)= , Sxs
4 2—x, I<x<2
px)=x(1-7),  0<x<4
2
X
Px)=14" 0<x<4  p<x<s
8—x, 4<x<8
p(x)=x(2-x), 0=<x<£2
. 27 L
x)=sin——, O0<x<—.
@(x) i 2
x 0<x<5
P(x)=4 5’ Y= 0<x<10
10— x, 5<x<10
¢Qj=1—am§, 0<x<4
W):@, 0<x<?
%, 0<x<2
¢(X): 4—y ) 0<x<4
, 2<x<4
4
(.2
X
P(x)=1"7 O0sx<2 g<y<4
14— x, 2<x<4
o(x)=x(4—-x), 0<x<4
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TEMA 4 METOA CITOK AJA PIBHAHHA NAPABONIYHOIO
Tmny

PosrnsHeMo 3MmimnaHy 3amady Ajsl pIBHSHHS TEIUIONPOBIAHOCTI, a came:

oU _ ,9U
=da 3

ot ox

3HaiiTu Qynkuito U(x,t), sika 3a10BoIbHs€E piBHAHHS (1.36) Mae

kpaioBi ymoBu (1.37) U(x,t)

=y, (), U(x,t) =y, (t) 1 Mo4aTKoBY
x=0 X = l

yMmoBy (1.38) U(x,t)

=P, (0<x<),

3aysancenns. Jlo 3amaui (1.36)-(1.38) mpuBoauTh, 30KpeMa, 3amada Mmpo
NOIIMPEHHS TEIJIa B OJAHOPIAHOMY CTEpKHI JOBXKHUHOKO /. IInsxom BBeIEeHHSA

HOBOT 3MiHHOI 7 = a’f piBHAHHSA (1.36) 3BOIUTHCA 10 BUITIALY:

w_ou
ot ox’’

TOMY Hajaii npuitMaemo a =1 1 GyneMo po3risgaTH piBHSHHS

w_ou
ot ox>

4.1)

Inest memoody cimox (a00 METONY CKiHUeHHUX Pi3HUYb) s HEOOMEXEHOTO
pO3B’sI3aHHS KpalloBUX 3a/ay [jsl JABOBUMIPHUX Ju(epeHUiaTIbHUX PIBHSIHb
MOJIATAE B TOMY, IIO:

1) y mnockiii obmacti D, B dKiii IIyKaeMo pO3B’S30K, OyAYeTbCA CITKOBA
obnacte Dy, sika CKIaga€eThcsa 3 OJHAKOBUX KOMIpoK (puc. 4.1) 1 Habmuxkae

nany obnacte D;

Pucynok 4.1
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2) 3amane nudepeHIiianbHe PIBHAHHS 3aMIHIOETHCS Y By3JlaX MO0y 10BaHO1
CITKA BIANOBIAHUM DIBHSHHSAM Yy CKIHYCHHHX PI3HUIX (PI3HUIICBUM
PIBHSIHHSM);

3) Ha OCHOBI KpaliOBHX YMOB BCTAQHOBJIOIOTHCS 3HAYEHHS LIYKAHOIO
PO3B’SI3Ky B TPaHMYHUX By3i1ax o0nacti Dy.

Po3p’s3aBIKM OTpuMaHy CHUCTEMY PIBHSHB y CKIHUGHHUX DPI3HUIAX, IS
4oro TOTPIOHO pO3B’s3aTH  anreOpaiuHy CHUCTEMY 3 BEIUKOK KiTBKICTIO
HEBIJIOMUX, MU OTPUMA€EMO 3HAYEHHS IIYyKaHO! (PYHKIII y By3daX CITKH, TOOTO
OyJleMO MaTH YHCEJIbHUI O3B’ 30K HAIIOT 3a/1aul.

[Tobymyemo y miBemy3i ¢ >0, (0 < x < /) aBi ciM’1 mapanenpbHUX MPSIMUX
(puc. 4.2):

x=ih (i=0,1,2,3,...).
t=jr (j=0,1,23,.).

\ %

Pucynox 4.2

Hosnaunmo x; =ih, t; = jr, U(x;,t;)=U; 1 HaOMMWKCHO 3aMiHUMO Y

2
) ) . U )
KOXXHOMY  BHYTPIlIHBOMY  By3idi  (X;,;,) TMOXigHy 0 PI3HHUIICBUM
' X
BITHOIIEHHSIM
2
U U, -2U.+U,_ .
&Y, =T =2 s @2)
ax y hZ

a MOX1THY 8_ OJTHUM 13 IBOX PI3HUIIEBUX BiTHOIIEHb
t
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(5 = T_ (4.3)
aU UU_UI j—
Gy = - (4.4)

Toni ansa piBHsiHHA (4.1) (1 @ = 1) oTpuMaeMo JBa TUMH PI3HUIIEBUX

PIBHSIHB

Ui,j+1 - Ug,' _ Ui+1,j B 2UU t Ui_l’-/ (45)
T h’ ’

U[j _Ui,j—l _ Ui+1,j _ZUij +U"—1J ) (4.6)
T h’

Jnst cknananHs piBHsSHHS (4.5) Oyna BUKOpHCTaHA sIBHA CXEMa BY3JIIB
(puc. 4.3).

(@ j+1)

@

Pucynok 4.3

Jlns piBasHHS (4.6) — HEsiBHA cxeMa By3:iB (puc. 4.4).

(i—1,/) ) (i+1,7)
[ @
(ia J - 1)
Pucynok 4.4
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T .
Ilo3HauuBImIN O = h—2 , 3BCACMO 111 P1IBHAHHSA 10 BUIJIAAY:
T
Ui, j+1=Uj =h—2(Ui+1,j —2Ujj +Uj-1,5)>
Ui, j+1 =Ujj +oUi41,; = 2Uj + Ui, ),

Ui, j+1=(=20)Uj; + 6Wis1,j + Vi1, ): @
T
Vi ~Uij-1=" 5 Wir1,j =205 +Ui-1,j)-

Ujj Ui, j-1=0WUi+1,; = 2Uj +Uj-1,7) =0,
(1+20)Ujj —oUj41,; +Uj-1, ;) -Uj j—1=0. (4.8)

Bubupatoun uncna ¢ y piBasaaas (4.7) 1 (4.8), Mu OBUHHI BpaxOBYBaTH
Bl 0OCTaBUHU:
1) moxubka ampokcumarlli JAUQPEPEeHIIAIBHOTO PIBHSHHS PI3HUIIEBUM
MOBUHHA OYTH HaMEHIIIOIO;

2) pi3HUIIEBE PIBHSHHS MIOBUHHO OYTH CTIMKUM.

JHloBenemo, 110 piBHsHHS (4.7) Oyne ctiiikuMm 11t 0 < © S%, a pIBHSIHHS
(4.8) — st Oy Ib-SIKOTO G .

. L . 1
Haiinpocrimmii BUrisia piBHsiHHS (4.7) Mae s © = 5 :

=y (4.9)

) 1
1019 O =—
6
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U +4U, +U,_, ). (4.10)

i,j+l1 i+l,j

1
=—U
6(

OmiHky MoXHOOK HAOMMKEHHUX PO3B’SI3KiB, OTPUMAHUX 3 piBHAHB (4.9) 1

(4.10)yemy31 0<x </, 0<¢<T, BIANOBIAHO MAIOTh BUTJISI;

U-U Slehz, (4.11)
v-0l<3
‘U—ﬁ‘s%Mzh“, (4.12)

~

ne U — tounuii po3B’s30k 3amaui (1.36) — (1.38),

2 2

Mlzmaxﬂ(p”)(x) w,' (1) l//él(t)‘} s 0<x</, 0<¢<T;

vy (1)

b 3

M, :maxﬂgo(é)(x) l//é“(t)‘} aa 0<x<[, 0<t<T.

3 HaBeJEHUX OIIIHOK MOXWOOK BHUAHO, 110 piBHAHHA (4.10) nmae Buiry
TOYHICTh PO3B’S3KY B MOPIBHSAHHI 3 piBHSIHHAM (4.9). Ane piBHsiHHA (4.9) mae
MPOCTIIIUN BUTIIA, OKPIM TOTO, KPOK T 3a apryMeHTOM ¢ Juist piBHSIHHS (4.10)
NOBUHEH OyTH 3HAYHO MEHIINM, MO0 MPHU3BOAUTH 10 BEJIUKOTO O0O0CITY
oOuucnens. PiBusiHHA (4.9) na€ MEHIy TOYHICTb, ajie IPU LIbOMY KPOKH 7 1 A
BUOMPAIOTHCA HE3aJIe)KHO OAMH Bia onHoro. PiBHsHHA (4.9) 1 (4.10) naroth

MOXJIMBICTh OOuHCTIOBaTH 3Ha4YeHHs (yHkiii U(x,f) Ha KOXHOMY IIapi 3a

SBHUMHU (popMyJlaMU yepe3 3HAUYCHHsS Ha MOINepeaHbOMY IIapi, HEsIBHA CXeMma

(4.8) He mae 111€1 BIACTUBOCTI.

Ilpuknao 4.1 BuxopucToByIOYM pi3HULIeBe piBHAHHA (4.9), 3HalTH

HaOIMKEHUN PO3B’SI30K PIBHSHHS

oU _0°U
EAE
AK€ 3a10BOJIbHAE KpaﬁOBi YMOBHU:
Ux,0)| _, =U(x0)|_, =0, (0<7<0,025)
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1 IOYaTKOBY YMOBY
U(x,t)t_ozsinﬂx (0<x<1).

Po3B’si3yBaHHs

: 1
Bubepemo nisa aprymenty x kpok /4 = 0,1. Ockuibku o = 5 OTPUMAEMO

JUISl apTYMEHTY / TaKHMM KPOK :

2
O'=h—=0,005.
2

[Tomiyaemo, 110 MOYATKOBA 1 KpallOBl YMOBH 3aJja4l CUMETPUYHI BIJTHOCHO

; 1 . :
psAMO] X = 5 Tomy 1 po3B’si30k U(x,f) Oyne TakoX CUMETPUYHUM BITHOCHO
Ii€T TIPSIMOA.

Crnouatky oOuuciaumo 3HadeHHs (yHkuii U(x,f) Ha HyJIbOBOMY IIapi
(j=0), T06To 111 =0 Ta x=0;0,1; 0,2; 0,3; 0,4; 0,5.

PesynbTaTu oO6uncieHb 3pyYHO TOAATH Y BUTIISIAL TaOJHIII.

[ToyaTkoBuii psgok 1miei Tabmuil (j=0) 3amOBHIOETHCS HAa OCHOBI

3a1aH01 II0YaTKOBOI YMOBU
U, =U(x;,0)=sinnx,, (i=0,10).

Marumemo Taki 3nauenns Gynxuii U, :
Upo=sinz0=0
U,, =sinz0,1=0,3090
U,, =sin70,2=0,5878
U;, =sin7z0,3=0,8090
Uyp=sinz0,4=0,9511
Us, =sinz0,5=1,0000

Ulo,o =0
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Y mepmmii (i=0) Ta y ocrannii (i =10) croBmmi 3amucyemo maHi
KpanloBUX YMOB
u,t)=U(,t)=0, (j=0,5)
TOOTO,
Uy,=U,,=U,=U,,;,=U,,=U,5=0,
Upo=Uy1 =U, =U3=U, 4, =U,5s =0.
Pemrra psaakiB (j =1,_5) TaOIUIl TOCTITOBHO 3alOBHIOETHCS HA OCHOBI
po3paxyHkoBoi Gpopmyiu (4.9):

u. +U. .
U, = ’“’12 oL (i=0,4; i=1,9).

J+Li

Tabmuis 4.1 — Po3B’s13aHHS piBHSIHHS TEIIONPOBIAHOCTI METOAOM CITOK

i 0 1 2 3 4 5 6 7 8 9 10

J Xi
v, 0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 09 | 1,0
0 0 0,0000 0,3090 0,5878 0,8090 0,9511) 1,0000 0,9511] 0,8090 0,5878 0,3090 0
1 0,005 0 | 0,2939 0,5590 0,7695 0,9045 0,9511] 0,9045 0,7695 0,5590 0,2939 O
2 0,010 0 | 0,2795 0,5317 0,7318 0,8603 0,9045 0,8603 0,7318 0,5317 0,2795 0
3 0,015 0 | 0,2659 0,5057 0,6960 0,8182 0,8603 0,8182 0,6960 0,5057 0,2659 O
4 0,020 0 | 0,2529 0,4610 0,6620 0,7782 0,8182 0,7782 0,6620 0,4610 0,2529 O
> 0,025 0 | 0,2405 0,4575 0,629¢ 0,7401) 0,7782 0,7401| 0,629¢ 0,4575 0,2405 O

[Ipn 1upoOMy, 3BHYANHO, JOIUIBHO BPaXOBYBAaTH CHUMETPIIO NIyKaHOI
byHKITI.
3anoBHuMO mepmui psagok (j =1) TaOnuil, OOYUCITIOIOYM 3HAYCHHS

nrykaHoi QyHKIi 3a GopmMyIior:
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BUKOPHCTOBYIOUHM OTpPHMaHi 3HA4eHHs (YHKIII 3 movyarkoBoro psaka (j=0) 1

KpaioBi yMOBH.

Takum 4yMHOM, MAaTUMEMO:

U= %(Uz’O +Upo) = %(0,5878 +0)=0,2939;

Upy = %(U 30 +Upo) = %(0,8090 +0,3090) = 0,5590;

Us, = %(U&O +U,, )= %(0,951 1+0,5878)=0,7695;

U, = %(Us,o +U,,) = %(1 +0,8090) = 0,9045

Us, = %(U@0 +U, )= %(0,951 14+0,9511)=0,9511.

BpaxoByroun Te, mo mrykaHa (yHKIiS CUMETPUYHA BIIHOCHO MPSIMOI

X=—, HaCTyrIHi 3HAa4YCHHA MO’KHAa 3aIlliCaTu, HC OOYHCITIOI0YH iX:

Ug, =U,, =0,9045;
U,,=U,, =0,7695;
Uy, =U,, =0,5590;
Uy, =U,, =0,2939;
Uyor =Uq o =0,0000.

3anucyemo orpumani sHadenns U, (i=1,10) y nepumii psaok (j =1)
tabmuui. Ilicns mporo mepexoaumo 110 OOYMCIICHHS 3HAauYeHb (QYHKIT Ha

apyromy mapi (j =2) 3a popMyIioro:

BUKOPUCTOBYIOYM OTPUMAaHI 3Ha4Y€HHS (PYHKIIT 3 MEpIIoro psnaka (3 Meprioro

mapy) 1 BIAMOBIAHI KpailoBl YMOBH.
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AHAJIOTIYHO 3alOBHIOEMO peMmTy TabauIll, OOYHCITIOIYN 3HAYCHHS
HrykaHoi GpyHKIIi1 3a popmyioro (4.9).
Ouinka noxubdku

Jns manoi 3amadi:

w,()=0, v,6)=0, vy (x)=x"sinmx, /' (x)=0, v, (#)=0.

OTxe, M, = zt,

0.025 1+ 0.01- %0,025 197,4091-0,01=0,0081

u-T S%Mlhz =

IHumannsa ona camonepesipku

1. Cdopmymroiite 3MillIaHy 3aa4y JUIsl pIBHSHHS TEIJIOMPOBIIHOCTI.

2. Cdopmymroiite 11€10 METOAY CITOK.

. : ’U . ..
3. 3anumiTh A piBHAHHS o = 7 PI3HMIIEB] BITHOIIICHHS.
X
. : ’U . ..
4. 3anuuniTe U1 pIBHAHHS 5 = - PI3HHULIEB] PIBHSIHHA.
X

5. 300pa3iTh sIBHY CXeMY BY3JIiB.

6. 300pa3iTh HESIBHY CXEMY BY3JIiB.
ou 90U

7. SIk 3MIHATBCS PI3HUIEBI PIBHAHHSA UISI —— AKIIO 3pOOUTH

== >
ot ox’
3aMiny O = — ? IlosicHiTh BUGIp 3MIHHHX ISt TAKOT 3aMiHN.

8. SIki yMOBM BpaxoBYIOTb IIPH BUOOPI YHCIIA O .
9. HoBendiTh CTIMKICTh PI3HUIICBUX PIBHSIHb.

10. IlopiBHSAITE TOYHICTH PO3B’SA3KY IIPU BUKOPUCTAHHI PIBHSIHB

R

i YV U
i+ Ta

U

1
ZE(U‘ +4U, +U,_ ).

i,j+1 i+1,j i
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3aeoannsn 0na camocminnoi pooomu
3asoanns 4

BukopuctoByroun MeTOA CITOK, BIAIIYKaTH HAOIMKEHUH pO3B’A30K
PIBHSIHHS TETUIONPOBITHOCTI

U _oU
o ox*’
SIKE 33JJ0BOJIbHSE KpaliOBl YMOBHU:
UO,)=wt, U060 =y, 1€ [0;0,01]
1 IOYaTKOBY YMOBY
U(x,0) = ¢(x) x€[0;0,6]

|
3 4OTUPpMA JCCATKOBHUMH 3HaKaMH, BBAXKalOUnu O = g .

v, () =1-6t

I — cos?2
P(x) = cos2x v, (1) =0,3624.

v, ()=0

2. e(x)=x(x+1) W, (t) =2t +0,96.

v, (t)=t+0,8
3. o(x)=12+1g(x+0,4)
v, (t)=1,2.
t) =2t
4. @(x) =sin2x Wi (0
W, (t)=0,932.
v, (1) =0

5. 0(x0)=3x(2-x) W, (t) =t +2.52.

t)=1,4
6. ox)=1-lg(x+0,4) v, (1)
v, (t) =t+1.
t)=t+0,03
7. @(x)=sin(0,55x +0,03) v, (1)
v, (t)=0,354.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

o(x)=2x(1-x)+0,2

@(x)=sinx + 0,08

o(x) =lg(x +0,26) +1

@(x) =sin(x + 0,45)

ox)=x(x+4)+0,3

¢(x)=cos(2x +0,19)

©(x) =2x(x +0,2) + 0,4

ox)=(x—-02)(x+1)+0,2

O(x)=x(2x +0,3)

@(x) =sin(x + 0,48)

©(x) = sin(x + 0,02)
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v, (1)=0,2
Wy, (t)=t+0,68.

v, (t)=2t+0,08
v, (t) = 0,6446.

v, ()=t +0,415
v, (t) =0,9345.

v, (1) =0,435 - 2t
v, (1) =0,8674.

v, ()=0,3
W, (1) =6t +0,9.

v, (1) =0,932
v, (t)=0,1798.

v, () =2t+0,4
v, (t)=0,36.

V(1) =6t
v, (t)=0,84.

v, (1)=0
v, (t)=6t+0,9.

v, (1) =0,4618
v, (1) =3t +0,882.
v, (t) =3t +0,02
v, (t)=0,581.



19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

¢(x) =cos(x +0,48)
P(x) =1g(2,63 - x)
o(x)=1,5-x(1-x)

@(x) =cos(x + 0,845)

o(x) =1g(2,42 + x)
¢(x)=0,6 +x(0,8 —x)

o(x)=14+1g(x+0,2)
_ in X

@(x) =sin 5

ox)=x(1-x)+0,4

¢(x)=cos(x +0,2)

o(x) =1In(x +2)

o(x)=x(3x+0,1)
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v, (t) =6t + 0,887
v, (1) =0,4713.

v, (1)=3(0,14 - 1t)
v, (t)=0,3075.

v,()=3(05-1)
v, (t)=1,26.

v, () =6(t+0,11)
v, (t) =0,1205.

W, (t) = 0,3838
v, (t) = 6(0508 - t)

v, (t)=0,6
v, (t) =3(t +0,24).

v, (t)=t+0,6
v, () =1.

v, ()=t

v, (1) =0_3.

v, (1)=0

v, (t)=t+12.
\Vl(t) =0

v, (1) =2(t+0,).
v, (t)=0,46

v, (t) =4(0,06 - t).
Y, (H)=0

v, (t) =5t +0,4.



TEMA 5 CNELIAJIbHI ®YHKLUIT MATEMATUYHOI ®I3UKU

VY GaraThox BHUNAAKaXx, HAMpPUKIAA MPU BUKOpUCTaHHI metoxy Dyp’e y
MWTHIPAYHUX YU C(HEepUYHUX KOOpJMHATAX, BHUKOPHUCTOBYIOTH TaK 3BaHi
crietiayibH1 GYHKINT: TWIIHAPUYHI, chepruHi i 1H. XapaKTepHOI OCOOJIUBICTIO
TakuxX (QYHKIIHA € Te, o 0araTo 3 HUX € PO3B’sS3KaMH PiBHSIHB 3 OCOOJMBUMHU
TOYKaMU BUTIISATY

d dy

—| p(x)—=|—q(x)y =0,

dx[p( ) dx} q(x)y

ne KoeiieHT p(X) MepeTBOPIOETHCS Ha HyJIb Y OJAHIM 4M 0araThOX TOYKax

MPOMIXKKY 3MIHU 3MIHHOT X.
5.1 Inmezpan Eiinepa nepuiozo pooy

Tak Ha3UBAETHCS THTErPa BUTIIALY

1
B(x,y)= [t (1-t)"dt, x>0,y>0. (5.1)
0

Iarerpan (5.1) HasuBaetbes bema-gyHkyiero. Bigmitumo, skmao x =1, y =1, to
iHTerpan B(x,y) — iHTerpan BiracHui. Skimio xo4ya 6 ojHa 3 IUX HEPIBHOCTEM
nopymyerbcsi, TO B(x,y) — HeBmacHud 1HTerpan. Ilokaxkemo, 110
¢bynkuis B(x, y) 30ixkHa. Maemo

b |
B(x,y)= [t 1=ty dt+ [t (1 =1y dt.
0 P

Posrnstnemo iHTerpai

Y
Jo= [t =0 ar.

0
Touka ¢t =0 — ocobamuBa ToUKa, IKIO X < 1:

1
x—1 -1
f(O)y=t"(1-t)" = = ,Vy,nput —0.
P
Bigomo, 1110 301KHUM € 1HTETpal IT’ akio 1—x <1<« x>0. Takum 4uHOM,
t X
0

J, 30ikHud ipu x>0 i Vy.
AHQJIOTIYHUM YHHOM MOXHa MOKa3aTH, 110 301KHUM Oye i iHTerpa
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1
Jy= [ A=ey .
P

Takum yunom, B(x,y) € 301xHOI0 nipu x >0, y > 0.
Biamitumo  nmesiki BimactuBocTi  Oerta-dyHkiii:  B(x,y)=B(y,x),

B(m,n)= (= )iGm = 1)t , B(x,]1—x) =_L.
(m+n-1)! sin(7zx)

5.2 Inmezpan Eiinepa opyzozo pooy

Tak Ha3UBAETHCS THTETPAT BUTIIALY

I(x)= Te"t“dt, (5.2)

KUl 30iraeTbes mpu x > 0 1 BUu3Havae GyHKIio [ - camma-@ynkyiro.
Posrmsnemo  nmesiki BimactuBOCTi 1€l dyHkuii:  ['(n+1)=n!,

I'(x)I"
Br,y) = LOTW)  poyr—xy=—F

I'(x+y) sin(7zx)
3ayeasicennsn 1. Inrerpanu Eiepa mepiioro ta Apyroro poiay BU3HAYAKOTHCS i
JJI1I KOMIIUJICKCHHUX 3HA4YCHDb aPFYMeHTiB. y BI/IHaI[Ky KOMIIUICKCHHUX X Ta y

iHTerpan (5.2) 30ukHuid, skmo Re(x) >0, Re(y)>0.

3aysancenns 2. I'amma-QyHKIS — OJHA 3 HAWBAKIIWBINIUX TPAHCIICHICHTHUX
GYyHKII MaTeMaTUYHOTO aHali3y, IO PO3MOBCIOIXKYE MOHATTS (akTopiaiga Ha
BHUMAJ0K KOMIUIEKCHHX 3HAu€Hb. 3HAHHA 11 BJIACTUBOCTEW HEOOXIIHE I
BUBUYEHHS 1HIINX CTIeUiadbHUX (QYHKIIN, HAMPUKIAI, WTIHIPHUIHUX.

5.3 @yukuyia beccens

bararo 3amaud npuBOaUTH 10 HEOOX1THOCTI PO3B’ I3aHHS PIBHSIHB BUTJTISITY
2

L a=You=o, (5.3)
z 4

7€ z — KOMILJIEKCHA 3MiHHA, V — KOMIUJICKCHO3HAYHUH TTapaMeTp.

Take piBHSHHS 3’SBISETBCS TPU  PO3B’A3YBaHHI 3a/lad  METOIOM
BIJIOKPEMJICHHSI 3MIHHUX, SIKIIIO BUKOPHCTOBYBAaTHU IWIIHIAPUYHI YU TIOJISIPHI
KOOpAWHATH (3a7a4a MPO KOJHMBAHHS KPYTJoi MeMOpaHHU, MPO OXOJOKEHHS
KpyIJIOTO MITHAPA U 1H.).
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Piusinasa (5.3) wHasuBaetrbes pieusanHAm beccens. Po3B’s3ku 1mbOTO
PIBHSIHHS, SIKI TOTOXKHO HE JIOPIBHIOIOTH HYJIIO, HA3UBAIOTHCS YULIHOPUUHUMU
dyurkyiamu (yuxyiamu beccens).

bynemo mrykatu po3B’s3Kd piBHSAHHA (5.3) y BUIIISAL y3arajibHEHOTO
CTEIEHEBOTO PSIIy

u=z%(a, +a,z+a,z’ +..), (5.4)
ne a, #0. Toai

zu' =z%(a,0+a, (0+1)z+a,(0+2)z° +...),

Z2u"=z%(a,0(c-)+a (c+D)oz+a,(c+2)(c+1)z*+..). (5.5
[Tepenuiemo piBHSHHSA (5.3) y BUTIISAII

2u"+zu' + (22 =vHu=0, (5.6)

migcTaBUMO 3HaueHHs (5.4), (5.5) B piBHsaHHS (5.6), MaEMO:

o+n

I
S

z2%(a,0° —ay?)+z°(a,(c+1)’ —aV*) +...+ 27" (a (0 +n) —a Vv’ +a, ) +...

Jlnst Toro, mo6 psx (5.4) OyB po3B’si3koM piBHSHHS (5.6), HEoOXigHE
BUKOHAHHS PIBHOCTEH

z%(a,0° —a,v?)=0
z"Ma (o +1)’ —ay?)=0

z%"(a,(c+n) —av:+a,,)=0

3 mepmioi piBHOCTI 3HAXOAUMO O =V, OockuUibku a, # 0. Bizpmemo
o =v . Toai 3 apyroi piBHOCTI a, =0 Ta

a = - an—2 _ - an—2
n 2 2 >
(c+n)y" —v: (2v+n)n

n=23,. (5.7)

OueBuaHO, MO AJIS BCIX LUIMX HEBLI €MHUX k a,,,, =0, a

Ay = 2_a2k_2 ey (‘Dk% . (5.8)
2°v+kk 27w+ Wv+Ek-1)..(v+1DEk!
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1

= ZV—F( 1) ,  BHKOPHCTOBYIOYH BJIACTHBOCTI
V+

[lo3Hauumo uepe3 aq,

ramma-QyHKLIi OTPUMY€EMO

1
a,, = .
2P Pk + D) (k+v +1)

Takum yuHOM, MU TIOOYAyBaau OAWH (OPMaTbHHUA PO3B’SI30K PiBHSHHS
(5.3) y BUrIs1i y3arajJbHEHOTO CTEIIEHEBOTO Py

. (—D"@
u=u —z (5.9)

VA RNT(k+v+])]

Ie z — KOMIUIEKCHAa 3MiHHA, [0 HaJEeXUTh IUIONMHI 3 PO3pi3oM
(—o0,0): ‘z‘ < oo, larg z‘ <7T; V — mapameTp, 1o npuiiMae AiiicHi a0 KOMIUIEKCHI

3HadyeHHs. OOMEXCHHs Ha 3MiHHY z 3a0e3leuye OJHO3HAYHICTh QyHKIIT z” i
MOKe OyTH BIIKUHYTE Y BUMAJIKY, KOJU V — IIiJI€ YUCIIO.

3a momomoror o3Haku JI’AmamOepa moBeaemo, 1m0 psia (5.9) 301KHMIMA.
[To3HauMMO 3arajibHUN YWIEH LBOTO PSAIY

=D (2)

u, = )
RI(k+v+1)

2 2
z z
|uk+1 — (ZJ 111’1’1 (2) :0

lu, | |(k+D(k+v+1)| ol (k + 1)k +v +1)

TOI1

z|<oo. (5.10)

Orxe, 3a o3Hakoro JI’AnambGepa, psan (5.9) 300KHUM TpuU OYyIb-SIKUX
CKIHUEHHHUX Z .

VY mnomwuHi 3 po3pizoM (—e0,0) KoXxkeH wieH pany (5.9) — ogHO3HAUHA Ta
peryisipHa (QyHKIISI KOMIUIEKCHOI 3MIHHOI. JlaHuil psig € 301KHUM 1Jig Oy/ib-
AKUX z Ta V, IPUYOMY B 00JsacTi ‘z‘ <R 1 M <N (R,N — 5K 3aBrOJ{HO BEJIHUKI

yucIa) 301KHICTh PIBHOMIPHA BIIHOCHO KOXHOT 3MiHHO]. JlificHO, MOYnHaouu 3
JIESIKOTO JIOCTaTHBO BEITUKOTO K , BIHOIIIEHHS MOJYJIIB HACTYITHOTO YJICHA Py
JI0 TIOTIEPEAHBOTO0, PiBHE, 3T1AHO 3 (5.10), BeanunHi
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2
)
2
2 < R

u, ||+ Dk +v+D)| Ak + Dk +1-N)’

He OyJie MepeBUIlyBaTH JESKOT0 MPABWIBHOTO MOJATHOTO Jpoly ¢ <1, mo He
3aJIeXuTh Bl z Ta V. 3Biacu, 3a o3Hakow J[’AnamOepa, BUIUIMBAE, IO
PO3TIISTHYTUH Pl PIBHOMIPHO 301KHUHM y BKa3aHii 001acTi.

OCKUIbKU YWICHH DAY € PErYIIpHUMH (DYHKIISIMU Y TUIOIIUHI 3 PO3PI130M
(—0,0), TO cyma psxy BH3Hauae JeAKy (YHKIIIO KOMIUIEKCHOI 3MIHHOI,
peryisipHy y posrisiayBaHiii oOnacti. Ll (QyHKuis Ha3uBaeTbes @yHKyiero
beccens nepuwiozo poody 3 indexcom v 1 03HAYA€THCS CUMBOJIOM J, (z) . Takum

(2]

7,(2)= Z/’c'F(k+V+1)

YHHOM,

‘Z‘<°°, ‘argz‘<7r. (5.11)

MoskHa mokasatu, 1o Led psa B 00aacTi oro 301KHOCTI € (aKTUIHUM
pO3B’s13KOM piBHSIHHS (5.3).

5.4 Pexypenmmui gpopmynu ona (pynkuii beccens

[Tomuoxkmmo (5.11) Ha z Ta mpoaudepeHIiroeEMO OTPUMaHHN BUpa3 3a z,
MaeMO

d , d oo ( l)k 2k+2v o0 (_ l)k 2(k + V)ZZk+2V—1
—z'J,(2)= Z 2k+v Z 2kt =
dz dz =27 k\Ck+v+]) = 277k C(k+v+1)

z 2k+v-1
e D =
I ( l)k(k+v) 2k+v-1 Voo 2 ,
Z 2k+v-1 | =z Z | =z v—l(Z)'
i 2 RI(k+v+]1) i K\'(k+v)
Taxum unHOM

iZVJV(z)zzv ,(2). (5.12)
dz

AHAJIOTITYHUM YHHOM MO>KHA OJCPIKATHU

d vy
Zz JV(Z)_ v+1( ) (513)
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[MpogudepenuitoBaBmu  7iBi  4yacTUHH piBHOCTeH (5.12) Tta (5.13)
OTPUMYEMO

ZV%JV(Z)+WV_1JV(Z)=ZV ,1(2), (5.14)

—v d —v-1 1%

z _JV(Z)_VZ JV(Z):_Z v+1(Z)' (515)

dz
3BIAKHA

L=, (@), (5.16)
d 1%
ZJV(Z)—;JV(Z):_J‘/H(Z)- (5.17)

Jonasmu Ta BigHsBIIM piBHOCTI (5.16) Ta (5.17), oTpumaeMo

20,2 =1 ()~ (), (5.18)
2@ =T, @)+a2) (5.19)

5.5 Immezpanvne nooannsn Ilyaccona ¢yukuii beccena ma 11020
BUKOPUCMAHHA

MumiaapuyHi GyHKLID JOMYCKalOTh IPOCTI 1HTerpaigbHl nojganud. OgHe 3
HAWUMPOCTIINX 1HTErpanbHUX nofanb ¢pyHkuii beccens nanexuts Ilyaccony.
(X))

Posrnsnemo Oerta-dyHkmiro Ta 1 BmactuBicTh B(x,y)= :
I'(x+y)

3pobumo 3aminy x =k + %, y=Vv +% . Toxi

Lot 1 F(k-i—l)F(V-Fl)
Is 2(1-s) 2ds= 2 2
0

,k=0,1,...;Rev>—l (5.20)
I'(k+v+1) 2

Po6umo 3amiHy s =1 — ds = 2tdt , Tomi
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1 I F(k+;)F(V+;)

2 (1=1%) 2tdt =
-([ ( ) I'(k+v+1)

(5.21)

3BIIKH

1 2 1 vt
[P =y 2ae. (522

[k+v+l) 1 1.4
I'(k+ 2)F(v + 2)

[TincraBumo piBHICTH (5.22) y (5.11), maemo

z 2k+v
(2] . i 1
J (z)= ' 1 1 [P a=-) e, Rev>——.
(T DI+ ) 2

3MIHMMO TOPSIOK MMiJICYMOBYBaHHS Ta IHTETPYBaHHs, TO1

k

(1o e
) =—2 1=y 2y, -EDED —

ry+-)o =0 2N (k +—
V+2) (k+2)

(5.23)

CxopucTaEMOCS BIACTUBICTIO raMMa-(QyHKIIIT
22 () (z+ %) =7nrQ2z),
. : 1 .
B SIK1i 3p0OUMO 3aMiHy z =k + 5 Toni
2% I (k + %)F(k +1) =72k +1)

abo

2% (k + %)k!z NI r(2k)!

3 piBHOCTI (5.23) 3HaX0AMMO
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J,(2)=—2 [a-») Zdtz( D

Jarw+-)o = Q)
2 =coszt
OcTaTOYHO OJIEPIKYEMO
) e |
Jv(z)z—_[(l t ) 2 cos ztdt ‘argz‘<ﬂ' Rev>—§ (5.24)

\/Er(wr )o

OckinbKu migiHTerpajgbHa (pyHKLIS mapHa, To dopmyny (5.24) moxkHa
HEeperrcaTi TaKk

Jv(z)zil 2y ! (5.25)

I(l—t) 2 cosztdt ‘argz‘<7z,ReV>——.
Jarw+ ) 2

3actocoBytoun y Qopmym (5.25) 3aminy t=cosf, dt=-sinfdo,
OTPUMYEMO

gl
J, (z)= 2—_|‘sinzv_1 @cos(zcosB)d6 , |argz|< 7, Rev > 1 (5.26)
Jarw+ )t 2

®opmynu (5.25) ta (5.26) — inmeepanvue nodanns Ilyaccona.
[Tpuitmemo y (5.24) v =0, z = x, To11
1

l —
Jo(x)zij(l—tz) 2cosxtdt, —oo<x<oo, (5.27)
0

I3 (5.27) BumnuBae, 1110

‘Jo(x)‘ _f di ——arcsmt =1.

TakuM unHOM, JUIS JIMCHUX X ‘J 0 (x)‘ <l1.
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Tenep 3pobumo 3amMiny V =n + %, n=0,1,... Toxi

2) b
J (z)=—F—|(—t")"cosztdt. 5.28
=" {( ) (5.28)

3 piBHocti (5.28) BumumBae, mo ¢QyHkiiro beccens 3 momaTHUM
MOJIOBUHHUM 1HJIEKCOM MO’KHa BHUPA3UTH 3a JIONMOMOTOI €JIEMEHTapHUX
dbyHKIIH. 3a JIOMOMOTOI0 PEKYpEeHTHUX (OpMyN MOKHA OJep)KaTh TMOA10HUM
pe3yabTat 1 s GyHKIIIHN 3 BiJl’ €MHUM MOJOBUHHUM 1HIeKkcoM. Hanmpukmnan,

N | —

z
L) 2}
J, (2)= cosztdt =| — | sinz.
(= feomza=( )
5.6 Cpepuuni ¢pynxuii. Iloninomu Jlexcanopa

Chepuunumu  @ynxyismu  HA3UBAIOTHCS  PO3B’S3KM  JIIHIHHOTO
U epeHIliaIbHOTO PIBHSHHS

2
((l—zz)u')'—k(v(v—kl)— 1il zJu =0, (5.29)
e z — KOMIUIEKCHA 3MIHHA, 4 Ta V — IapaMeTpH, IO MOXYTh NPUUMATH
JMOBUIBHI [Tl JOJAQTHI A1HMCHI YU KOMIUJIEKCHI 3HAYECHHS.

PiBusnH# (5.29) 3ycTpiuaeTbes y MaTeMaTUuHIM (i3Il PU IHTErPyBaHH1
piBHsHHS Jlamiaca y KpUBOJIIHIMHUX KOOpAUHATAX.

Haiinpocrimmii  knac  chepuuHux (QyHKUIN  CKIATAOTh  HOJAITHOMU
Jlescanopa, siki € po3B’sizkaMu piBHAHHSA (5.29) npu 4 =0,v=n(n=0,1,2,3,...).
Hactynuuit 3a ctymenem ckiamHocTi kinac chepuyHux (yHKIIIH YTBOPIOIOTH
chepuuni pyuxyii Jlesxcanopa, ki € po3s’s3koM piBHIHHSA (5.29) mpu 4 =0 i
JTOBLILHOMY JIHCHOMY YU KOMILIEKCHOMY V.

[Ipumnyctumo, 110 y  pIBHSHHI (5.29) z=xe[-L1],
u=0,v=n (n=0,1,2,3,...), TOOTO

(A=x'Y +n(n+Du=0. (5.30)
[Toxaxkemo, 110 0JTHUM 13 iHTerpaiiB piBHAHHA (5.30) € dhyHKIis
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. dn
2"n! dx"

u=u, =P (x)= (x*=1", n=0,1,2,.. (5.31)

Oynkii (5.31) Ha3uBarOThCS noaiHomamu Jlexcanopa.

[To3naunmo
W=(x"-1)".
Tomi
W’ =n(x>—1)""2x = 2’”‘1 W,
abo
W'(1—x*)+2nxW =0. (5.32)

[Ipomudepenuiroemo piBHICTS (5.32) (n+1) pa3. OTpumyemo
W' 1A=x )" +2n(xW)" =0, (5.33)
JudepeniiiroBanHs MOKHa BUKOHATH 3a hopmyiioro JleibHnima

m(m - 1) u(m—2) ”

M (e
(uv)™ =u("’)v+Fu(’" DY+ N Vit u™, (5.34)

[osHauumo mns mepmoro pojanka (5.33) u=W’' v=1-x", a ansa
apyroro nomaHka u =W,v=x. 3po3ymMmisio, 0 B 000X BUMaaKax m=n-+1.

Maemo
A= x o 42 1+ Lo () + D ”(” D o2y 4 20w P e — g,
abo

(1=xHW"? 2xW"Y +n(n+HW™ =0. (5.35)

[ToMHOXkUMO piBHICTH (5.35) Ha %, MaeMO
n!
(1=x%)P/(x) = 2xP/(x) + n(n + )P, (x) = 0,

abo

(1=x*)P/(x)) +n(n+1)P,(x)=0. (5.36)

PiBuicte (5.36) o3Hawae, mo mnomiHoMu JlexxaHapa € poO3B’sI3KaMU
piBasiHHSA (5.30).
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3Haiinemo iHmMUKA po3B’si30k piBHAHHA (5.30), sxuit OyB Ou JiHIHAHO
HE3aJIEKHUM 3 PO3B’A3KOM u, = P (x).

Hexait u, Ta u, — po3B’s3ku piBHsIHHS (5.30), TOI1
(1=x*)u)) +n(n+u, =0,
(1=x»)u) +n(n+Du, =0.

[TomMHOXMMO mepiIe PIBHSHHSA Ha u,, a Jpyre — Ha u, Ta BIJHIMEMO
OTpUMaHI PIBHSIHHS, MAEMO

(1= x*)u)) =y (1= x7)u3) =0 > di((1 —x* ), —uyu))=0.  (5.37)
X

[TpoinTerpyemMo TOoTOXHICTH (5.37)

(1= x*) (o, —uu)))=C, C = const — 112 —2u2u1= > C 5
u, u, (1-x
i %= 5 ¢ > u—2=CJ 5 dx s-+D, D=const—
dx\u, ) u (1-x u, u; (1-x7)
dx
u,=Cu + Du, . 5.38
2= Cuf gy D (5.38)

Takum umHOM, KO 4, Ta u, — pO3B’s3kU piBHAHHA (5.30), TO BOHH

noB’si3anl crhiBBimHOmeHHsIM (5.38), y sskomy C Ta D MOXyTh OyTH
noBinbHUMHU. Skmo C#0, To u, Ta u, JNIHIAHO He3anexHI. BizeMemo 3a u,

noniHomu Jlexanapa: u, = P, (x). Toni, 3rigHo 3 (5.38), maemo

u, =C,P,(x)] +D,P,(x)=0,(x). (5.39)

dx
Pl (x)(1-x")
V piBHOcTi (5.39) O, (x) — niHilHO He3anexxHa QyHKLiA 3 P (x). OyHKLisA

0, (x) HasuBaeTbCs Pyukyicto Jlescanopa opyzozo pody (C, #0).
Hexait n =0, Tomi

—2+Doz%j(L+ 1 )dx+DO=%lnl+—x+DO. (5.40)

l-x 1+x
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Bizememo C, =1, D, =0, Toni

Qo(x):%lni-i_x. (5.41)
Hexait n=1, Tomi
P(x)=x Q(x)zcij+Dx=fln”—x—1 (5.42)
: ’ : : (l—xz)x2 : 2 1-x '
3araigom
P(x), 1+x
0,m="m g0, (543)

ne f,(x)=0, f,(x)=0, f, ,(x) —nomniHom crenens (n—1).
Ockunbkn QyHkmii P (x) ta Q, (x) NIHIMHO HE3&JIEXk HI, TO 3araJbHUN
po3B’s130k piBHAHHSA (5.30) MOke OyTH 3aMMCaHUN y BUTIISAII

u(x)=C,P,(x)+C,0,(x), xe[-L11], n=0,1,2,.. (5.44)

ne C, ta C, — 1OBUIbHI KOHCTaHTH.

5.7 Bupoonuua pynkuyia ona noninomie Jlesxcanopa
OyHKIIISA

1

N1 =2xz+ 22

HA3MBAETHCS BUPOOHMUOIO (YHKITIEIO s mojdiHoMmiB Jlexanapa, ToOTO 1Ii
MOJIIHOMU € Koe(illieHTaMu PO3BUHEHHS I1i€l QYHKIII B pAx 32 JOJAaTHUMH
CTEIEHSIMU Z :

W(x,z)= (5.45)

1

= Y P "
N1=2xz+2* nZZ(; ()2

VY nanomy BUIIQJIKy z — KOMIUIEKCHA 3MiHHa, X € [—1,1], x — mapamerp.

(5.46)

PosrnsneMo neski npukiaan BUKOPUCTAHHS BUPOOHUYOT (PyHKIIIT:

W2 ==Y PN =32, |4<I,
n=0 n=0

-z <
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3BIIKM 3HAXOIUMO

P()=1, n=0,1,2,..;

1 o oo
W(-1,z)= o Y P(-Dz" =) (-1)"z", |<1,
n=0 n=0

3BIIKHU
P.(=D=(D",

W(=x=2)=W(x.2) > 3. P,(=x)(-2) =3B,z

3BIJIKH 3HAXOIUMO
P(—x)=(-1D)"P,(x), n=0,12,...

I3 ocTanHbO1 popmyiu, 30kpema, BUILIMBaEe, mo P, (0)=0.

5.8 Pexypenmui ¢popmynu ona noninomie Jlescanopa

Matoun  BUpOOHMYY  (PYHKIFO, JIETKO  OTPUMATH  PEKYyPEHTHI

CITIBBIJTHOIIIEHHS MK moJjiiHoMamu Jlexxanpa.
[Tponudepentiiroemo piBHICTH (5.45) 32 z, OTpUMAEMO

ow 1 —2x+2x+2z  x-z

—_ : — W,
0z 1-2xz+4+2> 2J1=2xz+2%> 1-2xz+2°

abo
(1—2xz+22)a—W+(z—x)W=O.
oz
3BiAKHA

(1-2xz+2)Y P (02" +(z =) P.(x)z" =0 —

n=0 n=0
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ZnP (x)z"" Z2nxP (x)z" +an (x)z"" +ZP (x)z"" - ZxP (x)z" =0 —

n=0

an @z =S @n+DxP,(0)2" + S (n+1)P,(x)z"" =0 -

0 =0
() " (rtln)
(n—1=sn)

Z (n+DP, (x)z" - Z(2n +1xP (x)z" + f:nPn_1 (x)z"=0. (5.48)

n=0 n=0 n=1

Brecemo Bci 1o1aHKH J11BOT YaCTUHU PIBHOCTI (5.48) M1 OIMH 3HAK CyMH,
Ma€eMO

(P(x)—xP,(x))z° + Z((n +DP.,,(x)=2n+1D)xP (x)+nP_,(x)z"=0. (5.49)

PiBHICTE (5.49) MO>KJIMBA JIMIIIE TOJII, KOJIA KOS(DIIMIEHTH TIPH CTENEHAX Z
piBHI HYJIIO. 3B1IKH

A(x)-xF,(x)=0,
ockuibku P (x)=x, P(x)=1,

(n+DP_ (x)—2Cn+DxP,(x)+nP,_(x)=0,n=1,2,3,...(5.50)

®opmyina (5.50) — nrykaHe peKypeHTHE CHiBBIIHOIIEHHS.
OtpuMaemo Jpyre peKypeHTHE CIiBBIAHOIICHHS. PO3risiHeMO MOXiaHy

i((z—x)W)z(z—x)a—W+W=W(l— (r=2)° zjz(l_xz)W1—2x2+zz. (5.51)
0z 0z 1-2xz+z

3 iH1I0TO OOKY,

ow

z z
o (1-2xz+2°Wl-2xz+z° 1-2xz+2°

[TopiBHrorouu (5.51) Ta (5.52), orpumaeMo

W (5.52)

ag/ 1 —((Z W) —(1-x )a—W_Z_((Z W)=
zdx 1—-x*0z
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(l—xz)aa—z/=z(z—x)aa—W+ZW. (5.53)

4

[TincTaBumo (5.46) y (5.53), oTpuMaEMO JAHITIOKOK PIBHOCTEH

(1-x)Y B(0)z" = 2(z =) nP,(1)z"" + 2 P, (x)=" =
n=0 n=0 n=0
=Y nP,(x)z"" =) xnP,(x)z" + > P,(x)z"" =
n=0 n=0 n=0

=S P (02" = 3 P, (x)z" = 3 n(P, , (x) - xP,(x))z"

n
(n=1)
3BIIKH OTPUMYEMO JPYTe PEKyPEHTHE CIiBBIIHOLICHHS

(1-x*)P/(x)=nP,_ (x)—nxP,(x), n=12,3,.. (5.54)

Ilpuknao 5.1 3agaya npo OOTIKAHHS KyJIi TOTOKOM 1€aJIbHOI PIAMHU.

SAx BimoMO 3 TiApOAWHAMIKH, TMOTeHIian mBuakocTed U  imeanbHOl
piAvHY 33710BOJILHAE PiBHAHHS Jlamiaca

AU=0, v=VU,

Jie Vv — BEKTOp IIBUJIKOCTI YaCTUHKH PIIUHH.

Hexail pimuHa pyxaeTbcs BIZHOCHO KyJi pajiyca a 13 HMIBHUAKICTIO U Y
HanpsMKy Bij’ emHoi ocit Oz (puc. 5.1)

1

z
A

l M(r,0)
O\ T

O

ol

Pucynok 5.1 — O0TikaHHs Kyl TOTOKOM PiIUHU
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3a O3HaueHHSM MOTEHIiany MBHAKOCTI U, HOpMalbHa KOMIIOHEHTA
IIBUJKOCTI V, YaCTMHKH P1AMHU, IPUJIETIIOL A0 OBEPXHI KYJIi,

oU
Vo=

on
3acTocyeMo chepuuHy CUCTEMY KOOPIHHAT

X =rsinfcos @,
y =rsin@sin @,

z=rcosé.
[TpencraBuMO MOTEHIIIAN IBUIKOCTEH SIK CyMy
U=U,+U,,
ne U, — noreHIial MOTOKY 3a BIICYTHOCTI KyJi, U, — moreHuian 30ypeHoro
MOTOKY. 3p03yMLJI0, IO

U, =uz=-urcos@,

Jie 7 — pajJilyC-BeKTOp TOUKH, € — MEpPUIIaHHUH KYT.
Jlia noteHuiany U, Maemo Taky 3aaady:

AU, =0, r>a, (5.55)
U, ) :_aUl ‘  =ucosé, Uz‘ =0(). (5.56)
or o o

PiBusnns Jlaruaca B chepuuHii cHCTEM1 KOOPAMHAT TaKe

J( ,oU, 1 o(. ,oU 1 02U
2 9 linp 22 10, (557
ar(r or )+sin9 ae(sm 26 j+sin2¢9 e (5-57)

I3 mipkyBaHb cUMeTpii 3p03yMu0, 0 U, HE 3aJ1eKuTh BiJ KyTa ¢, TOOTO
U,=U,(r,0). Tomy MOHa BIIKHHYTH OCTaHHIN NOJAHOK Yy piBHOCTI (5.57) Ta
IIyKaTH po3B’s30K 3a1adi (5.55), (5.56) y Burasiai

U,(r,0)=R(r)V(6).

OckinbKH 3MiHHI B piBHSIHHI (6.56) MOXHa BIJOKPEMHUTH, OTPUMYEMO JIBa
PIBHSIHHSI
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V" +ctgV’ + AV =0, (5.58)

r’R”+2rR'— AR =0. (5.59)

PiBusnns (5.59) nanexuth no tumy piBHAHBL Eitnepa. Illykaemo ioro
po3B’s130K y BuUrnaai R(r)=r"; Toxi XapakTepuCTHUHE PiBHSIHHS TaKe

k(k+1)—A=0. (5.60)
3 iHm0TO0 OOKY, pO3B’si3KaMu piBHAHHS (5.58) € nmoniHoMu Jlexanapa
V(8) = P,(cosh),

npu ubomy A=A =n(n+1). JilicHo, 3p00MMO 3aMiHy HE3aJeKHOT 3MIHHOI B
piBHsiHHI (5.58) x =cos @, x€ [—1,1] Ta noznauumo y(x) =V (). Toxai

A _dydv__ody
d@ dx do dx
2 2
d Ijzi(—sinﬁﬂj:—coseﬂ—sined g}ﬂz
dx de dx dx dx” dé
2
:—cosé’ﬂ+sin20d g/
dx dx

Takum ynHOM, 3aMiCTh piBHSAHHA (5.58) Maemo
2
sin?09 Y 2c0s0% 4 Ay =0,
dx dx

a60, BpaxoByroun, 110 sin’ @ =1—x", cos@ = x,
(1-x*)y"=2xy"+ Ay =0. (5.61)

PiBustaast  (5.61) € piBasHHAM  Jlexannpa, Horo po3B’s3Kamu,
oOMexxeHUMH y Toukax x=x=x1, € momiHomu Jlexanapa P (x), npudomy

A=n(n+1).
Takum yuHOM, 13 (5.60) 3a Teopemoro, 0OepHEHOIO 10 TeopeMu Biera,
3HaxonuMo k, =n, k,=—(n+1).
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Po3B’s130k  30BHINIHBOI  3amadi, OOMEXKEHUM Ha HECKIHYCHHOCTI,
BIJIIIYKYETHCS Y BUTTISAL PATY

U,(r,0)=> D,r ""P (cosb).

n=0

[TincraBumo neit psagy (6.56)

Ul 3 b, en- a7 (c0s6) =ucost.
r r=a n=0

BpaxoBytoun, mo P (cosd)=cos@, oTpumyeMo

Tomy mykaHu# OTIK BU3HAYAETHCS MOTEHITIAJIOM IIBUIKOCTI

ua’ cos@

Va=- 2r?

TakuM yuHOM, MOTEHI1a] OOTIKAHHS KYJIl MOCTYIOBUM MOTOKOM

3

a
U=—ur+— cosé.
2r

BiamiTtumo, 1110 3 kpaitoBoi ymoBH (5.56) Ta 3HaUE€HHS MEPIIOTO MOJTIHOMA
Jlexanpa MoxkHa OyJ10 0Jipa3y 3/10rajaTUCh, 110 PO3B’ 130K TaKUM
U, =R(r)cos6.

JleranpHe MOCHIIKEHHS HaBEIEHO 3 METOI (HOpMyBaHHS HaBUYOK
pO3B’sI3yBaHHs 3a/4a4 3 OUIbII CKIAJAHUMHU KpallOBUMU yMOBaMHU Yy chepuyHiit
CHCTEMI KOOPIUHAT.
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(O8]

SN

11.
12.
13.
14.
15.
16.
17.
18.

19.
20.

IHumannsa ona camonepesipku

Sxi ynkuii HazuBaeThcs cnermianbHuMu? HaBeniTe npukianu
crieriaabHuX (PYHKITIHN.

Cdhopmymroiite Bu3HaueHHS OeTa-QyHKIII 3a JOMOMOIOIO
HEBJIACHOTO 1HTETpaa.

[lepepaxyiiTe OCHOBHI BIACTUBOCTI OeTa-()yHKIIII.

Jlaiite o3HaveHHs TaMMma-(QyHKINT Ta 3amumiiTe (HopMysTy, IO
noB’s13ye O6eTa- Ta raMMa-(yHKITITO.

[lepepaxyiiTe OCHOBHI BIACTUBOCTI TaMMa-(PyHKITII.

3anumnith piBHSHHS beccens iHAEKCy V.

BcranoBiTh 3anmexHicTh, 1O icHye MK ¢yHKIiSME beccens
1HACKCY n Ta —n.

OTtpumaiite pekypentHi popmynu g Gpyskuii beccens.
OTtpumaiite iHTErpanbHe MogaHHs QyHKii beccens.

HaBeniTe mpukmagm 3acTOCYBaHHS I1HTETPAJIbHOTO TMOJAHHS
IlyaccoHa.

Sxi 3 uumiHApUYHUX (QYHKLOIA MOXKHA BHpA3UTU  depes
eJIeMEeHTapH1?

SIki cnemianbHi GyHKIIT HA3UBaIOThCA CHepUIHUMU ?

Hanumnite piBHSHHS, pO3B’A3KaMU SIKOTO € MOJIIHOMU JlexaHapa.
Hanumiite piBHSHHS, PO3B’sI3KaMu SIKOTO € cepuuHi QyHKIT
Jlexxanapa.

Sx moB’si3aHI MK €000 Oynb-iKi JIBa PO3B’SI3KH PIBHSIHHS
Jlexxannpa? Hanmumiite hopmyy.

SAx Bu3HavaeThes GyHKIiS Jlexanapa apyroro poay? 3amuIimiTh
bopmyy.

Sxa pyHKIiS € BUpOOHNUYOIO (PYHKIIEIO JI1 CUCTEMH TMOJIHOMIB
Jlexaunpa?

HaBeniTe mpukiagum 3acToCyBaHHS BHPOOHHYOI (DYHKINT AJis
noJiiHoMiB Jlexanmapa.

OTtpumaiite pekypeHTH1 (opmMynu i moainomiB Jlexxanapa.
HaBenite po3B’si3yBaHHs 3agadi Mpo OOTIKAHHA KyJi MOTOKOM
171eaTbHOT PiTUHU.
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3a60anHA 014 CAaMOCMIUHOL podomu

1. OOuucnuTH IHTETpaAIN I xJ, (x)dx, _[ x°J, (x)dx.
0 0

2. OOGuucauTH (BUpa3uTH yepes eneMeHTapHl QpyHkuii) J, (x), J,(x).
2 2

3. OOuncnutu 3a popmyioro (5.31) P (x) npu n=4,5,6,7.
4. 3anucatu 3aranbHui po3B’ 30k piBHAHHL X° )+ Xy + (x* —9)y =0.

5. 3ammcary 3arajJbHui po3B 30K piBHIHHEL x° )V +xy + (x* —4)y=0.
Y 3% Yy

6. 3amucaTu 3araubHUK O3B’ 30K PiBHAHHA )~ + 1 y+(1- Siz)y =0.
x

7. Hamucatu piBHSHHSA, pO3B’A3KOM  sKkoro Oymu O  QyHKuii
2 . 2
—sinx, ,/— COSX.
o o

8. Hanwucaru inTerpanbHe nonanus Ilyaccona gpynkuii J_, (x).

9. 3HaliTu TeMrepaTypy HECKIHUEHHOIO LIWJIIHIpa pajilyca a 3a YMOBH,

IO HAa MOro MOBEPXHI MIATPUMYETHCS TeMIlepaTypa, piBHA HyIIO, a
2

=U, 1_7’_2

IMOYaTKOBa TEMIICpATypa JOP1BHIOE U . p

0

10. BuBunTH BicECUMETPUYHI KOJMBAHHS KPYIJI0i MeMOpaHu pajiyca a,
BUKJIMKaH] yJIapHUM IMITyJIbCOM P, MPUKIIAJEHUM Y MOMEHT ¢ =0 Ta
PO3MOAUIEHUM IO TUIOLII Kpyra pajaiyca €, O — IOBEPXHEBA I'yCTUHA
MeMOpaHH, a TOYaTKOB1 YMOBHU TaKi:

P
au _ V0: 2 ,OSI"<€,
”L:o’g = e’ p .
t=0
0, e>r<a.

11. HaBectu 3aranpHuil pO3B’S30K 3ajavl MPO KOJMBAHHSA KUIbILIEBOI
MeMOpaHH, 3aKpilIeHOI Ha Kojax r=a Ta r=>b Tpu JOBUIBHHUX

MOYaTKOBUX YMOBAX ”L:o = f(r), ?}—L; =g(r).
t=0
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12. JlocnmiauTu BUTBHI TPYXKHI TMOMEPEYHI KOJMBAHHA KPYIJIOl IUIUTH
pamiyca a 13 JKOPCTKO 3aKpilUICHUM KpaeM  TMpPU JOBUIBHHX

=g(r).

du
IIOYaTKOBUX YMOBAaX u‘t_ , =S, M
B ! t=0

13. Ha xpyrnmy wMeMmOpaHy, 3akpimjieHy MO Kpaio, /i€ 30BHIIIHS
rapMoHiuHa cuia ¢(x,t)=Apsin@t, HENEPEepBHO PO3MOJiIEHA IO

ycid mionii wMemOpanu. IlepeBipre, 1m0 BUMYIIEHI KOJMBAHHS

e

MeMOpaHH Taki u = —1|sina¥, ne R — paniyc

MeMOpaHHU.

14. O6uucnuTH IHTErpaIn szJo (x)dx, JxJO (x)dx.

0 0

15. 3naiiTu Temneparypy HECKIHYEHHOTO LIMJIIHApA pajlyca a 3a yMOBH,

10 HAa MOro MOBEPXHI MIATPUMYETHCS TEMIIEpaTypa, piBHA HYIIO, a
2

: r
MoYaTKOBA TeMIepaTypa JOPIBHIOE uL_ o =Ugl1-—
- a

16. 3HaliTh 3aKOH BUPIBHIOBAaHHS BICECUMETPUYHOIO IMOYATKOBOIO
posnoauty Temmepatypu u(r,0)= f(r) y HECKIHYEHHOMY IMIIIHIpI
pazdiyca r = a, 614Ha TOBEPXHS SIKOTO TETUIOHEITPOHUKHA.

17. Hariucatn  piBHAHHS, PO3B’S3KOM sIKOro Oynmu O QyHKIi
2 . 2
—sinx, ,|—COSX.
/a8 o

18. [uninap paaiyca r =a HarpiBarwoTh A0 Temmeparypu 1, a MOTIM
OXOJIOJUKYIOTh 3 TIOBEpXHI TaKMM YHWHOM, IO ii TeMmIepaTrypa
MOBEPXHI, TOYMHAIOYN 3 MOMEHTY Yacy ¢ =0, MATPUMYETHCS CTATIOIO
Ta PIBHOIO HYIIO. 3HAWTH 3aKOH OXOJIOJKEHHS MIIIHApPA, BBAKAIOYH,
10 PO3MOJILT TEMIIEPATYPH B YCIX MONEPEUHUX Mepepi3ax OJTHAKOBUH.

19. 3naiiTn  Temmeparypy KpyrJoro HECKIHUEHHOTO IWJIHApa pajaiyca
¥ =a 3a YMOBH, IO Ha WOTr0 MOBEPXHI BiI0YBAETHCS KOHBEKTUBHUI
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TEIIO00OMIH 13 CEpPEeOBUIIEM, TEMIIEpATypa SIKOTO JOPIBHIOE HYJIIIO,
MOYaTKOBa TEMIIEpaTypa JOPIBHIOE u‘tz , =S (), 0<r<a.PosrusHyrn

oKpemuil BUnajaok, konu f(r)=U, = const.

20. B muniaapi pagiyca R Ta BHUCOTOK /1 TIPOTSITOM EKCIEPUMEHTY
TeMIieparypa HUKHbOI OCHOBH Ta O14YHOI NMOBEPXH1 JOPIBHIOE HYIIIO, a
TeMIieparypa BEpXHbOI OCHOBU € (PYHKIIIE€O Bix 7. Bkaszieka: mis
pO3B’si3aHHS 3ajaul MOTPIOHO 3HAWTH TaKUKM IHTETrpajd PIBHSHHS
Jlannaca, skuii OW 3aJ0BOJIBHSIB  YMOBU u‘r:O =0(), “L:o =0,

u_, =f(r),0<r<Rul =0,

21. BuBuMTH BiceCMMETPUYHI KOJIMBaHHS KPYyriaoi MeMOpaHu paaiyca a,
BUKJIMKaH1 y/IapHUM IMITyJIbCOM P, MPUKIIAJEHUM Y MOMEHT ¢ =0 Ta
PO3MOIEHUM 110 IUIONII Kpyra pajilyca £, Q0 — NOBEPXHEBA I'yCTHHA

MeMOpaHH, a MOYaTKOB1 YMOBH TakKi:

P
au _ VO = 2 ,OSI"<8,
u‘t=0’§ = E P .
t=0
0, e>r<a.

22. Po3B’s3atu 3a7a4y 19 3 npumyiieHHsm, 1mo 6i4Ha TOBEpXHS IUJIHIpa
MOKPUTA TEIUIOHETPOHUKHUM YOXJIOM. Brasziexa: TpeTIO KpaloBy

: : u
yMOBY B 3ajiaui 19 3aminutn Ha —| =0.
r r=R

23. Po3B’s3atu 3amauy 19 3 mpumymieHHsM, o 614Ha MOBEPXHS IIIHIPA
BIJIBHO OXOJIOJXKY€ETbCA Yy TOBITPA, SIKE Ma€ HYJIbOBY TEMIIEpaTypy.
Brasziexa: TpeTio KpalioBy yMOBYy B 3amadyi 19 3aMiHUTH Ha

Ju
; + hlu

=0.

r=R

24. LenTp kpyrioi MmeMOpaHu BigxuiaeHUH mpu ¢ =0 Ha Maily BUCOTY /.
[ToyaTkoBl MIBHUAKOCTI TOYOK MeMOpaHW piBHI Hym0. Jlocmiautu
KOJWBaHHS  MeMmOpaHu. Bkazieka: TIOYaTKOBI  yMOBHU  TaKi:

2
u‘t:ozh l_r_z 2 a_u

a ot

25. HaBectn 3arajibHUil pO3B’SA30K 3ajadl MpO KOJWBAHHS KUIBIIEBOT
MeMOpaHH, 3aKpiljIeHOT Ha Kojlax 7 =a Ta r=>b Tpu JTOBUIBHUX

=0.

t=0

MOYaTKOBHX YMOBAX u‘ L, =S), g—u =g(r).
. t t=0
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26. Huniagp, paaiyc sskoro R i BUcoTa /i, Mae TeMreparypy 000X OCHOB,
piBHY HyJIO, a TeMIeparypa OI4HOi MOBEpxHI € (PyHKII€H Bia z.
3HalTH CTalllOHAPHY TEeMIEpaTypy BHYTPILIHIX TOUOK.

27. Poskmactu  ¢ymkumito  f(x) ma  imTepBami  (=11), sxmo

P ( ) -1, —-1<x<0,
X)=
I, 0<x<I.
28. Po3B’sg3atu PIBHSIHHSI KOJINBAHHS KpyTrJjoi MeMOpaHH

182u azu 1 du 182u
- = Ty
V22 o2 ror 2552

npu  KpaloBiii ymoBi (MeMOpaHa

3aKpilJIeHa MO0 KOHTYPY) u‘r:b =0 Ta MOYaTKOBUX YMOBax u‘r:b =0,

2
Ju r
IIOYAaTKOBUX YMOBAaxX ”L:o =0, —| =

o, b

29. Hanucatu inTerpanpHe nonanHs Ilyaccona gynkuii J_ (x).

30. JocniaguTu Tpy>KHI MOMEPEYH] KOJIMBAHHS KPYTIOl TUIMTH pajiyca a
13 3aKpilUICHUM KpaeM TNpH JOBUIBHUX TOYAaTKOBUX YMOBax

o= 10) 2 =g,
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10.

11.

12.

13.

14.

15.

16.

17.

BiAnMosBIigl

Jo 3aBnanns 2.1

. Upp+Uw:0

U.:—0.25U.=0
U,,~8U:=4U,=0
Uyt U =0
~U,,+3U,=0
U,y +U =0
U;ﬂ—o,s U;v =0
AU+ U =0

U o+ U s =0
U:—02U,=0
Uy=0
Uz—02U,=0
U,,~10U:~8U,=0
U,pptUge=0

U+ 3U:+2U,=0
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18. U;U:O
19. 18U 5, ~8U +U, =0
20, U;§+10U'§+9U,7, =0
21 -16U 5, + 11U+ U, =0
2. )+ AU oy * U ;=0
2. 20, +8U:-5U,-4U =0
4., +3U+U,+4U =0
254U, +4U, +14U, —4U =0
26. U;)p+U;a+4U;)+4U;;+2U:0
27. U,y = 4U 4o =0
28.U,,+4U,=0
9.16U,~11U,~U,=0
30.U,,~3U:=2U,=0

Jlo 3aBpaHHs 2.2
L Uyt Uo—Us=Ulp=0
2. 42 =2 )uky+ (E+3n UE-(n+3E) Uy =0

3. U:0’p+(3 +2ctg20')Ug-o-+ cth'coseCO'U:O =0
4. U§77+77U§+§U77 =0

147



e

10.

11.

12.

13. 40

14.

15.

16.

17.

18.

19.

20.

21.

22.

(1 +0? )U’(',(, + U:ép + 26(1 —o? )U,O' =0

" E U,
Uﬂﬂ_l_é:eﬂUet_ o2 =0

(é—n)U;én—o,SUL;=o

U, +28°U p+17e° =0

n
Unn=0
Unn+20E=0
Unn=0

HE+mUL, +Ug+Up=0

(2¢ =27 3y =10U g=2U ;=0

1

U%ﬂ‘ggszo
Ug+Unn=0
” 77_55
+n+ DU, +

U” +LU| _0
NUpp+Up=0
A& +nU%, +U;E+U',7=O

4U«f77 cosé: 77 77 =0

1 2(’7 §)
W+ Ug—et Up=0

2(p+0'2)U;p —2(p+0'2)U'O'-O-+4(0'\/p+0'2 +p+0'2)U

Ug+Up) =0



” 5 ' '

25. (26 =2y = 10U g=2U 7 =0

26. 4(772 —52)U'é:n+(§+377)(/'€r—(77+3§)(]',7:0
27. U:0’p+(3+2ctg20')U'O'-O-+ cth'cosecaU;ozo
2

oo

Upp+20g=0
29. Ug-Upp=0
30. U'L,p +U o + (t2p —Ztga)U'O-—tng:O =0

Jlo 3aBnanns 2.3
U(x,t) =sinxcost

U(x,t) =x> +1t> +4xt +3¢>
U(x,t)=x>+1°
U(x,t)=8xt

U(x,t)=sinx

A e

N

U(x,t)= %cosxsin 2t
1 . 1 .
7. U(x,t)=1+§s1nx—§s1nxcos3t
8. U(x,t)=sinxcos%t
9. U(x,t)=23inxsin%t

10. U(x,t) = isin2x—isin2xcos4t
16 16

11. U(x,t) =cosxcost
12. U(x,t)=e "cht+ 4t

13. U(x,t) =sinxcos2t +%cosxsin2t

14. U(x,t) = e_xchét +9¢
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15.

16.

17.
18.
19.

20.

21.

22.
23.
24.

25.
26.
27.
28.

29.

30.

U(x,t)= x+lt—10052xsint
2 2

U(x,t)= %sinxsin 2t

U(x,t)=x> +1* +xt+éxt3

U(x,t)=x—xt

U(x,t)=sinxcost+xt+%cosxsint—ex+excht
1 . :
U(x,t)=5s1nxcost+cosxsmt
1. 1.
U(x,t)= gsm 2x —gsm 2xcos4t
1 1 .
U(x,t) =x+—t+—cos2xsint
2 2
U(x,t)=sinx

U(x,t) = 3cosxsin%t

U(x,t) =sin2xcos4t
U(x,t) = (x+1)* + 3¢
U(x,t) = e **chdt + 2t
U(x,t)=e "cht+4t

1
U(x,t) = x> +1* —xt+§xt3

U(x,t)=x"+3t" +2¢

Jlo 3aBpannsa 3.1

CU(x,t)= i(z—sinx+%ﬂsinxjcosm‘-sinnx

n=1\ 7T
— 4h moo o m, . Tm
U(x,t)zz 5 COS——COS—1-SIN—X

> 16 . mo . Tm
Ulx,t)= SIn—-COS— 1 -SIn—X
( ) Z{ﬂ%f 2 4 4

Ulx,t)= i%(l —(=1)" )cos%t : sin%x

=17t N
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10.

11.

12. U

13.

14.

15.

16.

17.

18.

SN —————CO0S + S ——COST 'COS?Z‘SIH?X

- [(_ 2 2 2
Ulx,t)= ZH£+L__%J(— 1)’ +%}coscos%t5in%x
n+1

cos—tsm—x
7z"4n —li

)

Ulx,t)= Zi(l—cos%jcos%tsin%x

n=1 70

= 32 m mo . Tm
Ulx,t)= sin—cos—1#sin—x
(w0) Z;ﬂ'zn2 2 6 6

- 1.8 . 2 .
U(x,t)zz S sin P cos ™t sin M x
=170 N 6 6

> [*—(-1)" m_ . m
Ulx,t)= ) ————cos—1sin—
(x,1) nZ:; S CosTisinTx

> 2nL

cos—tsm—x
257[‘1 4n ’

Ulx,1)= i - sin@-cos%t-sin%x

Ulx,t)= i%};_dcos%tsin%x

n=1 7M\n -4
o e I 2
U(x’t):,;{(_l) (27[3’13 —Ej+”3n3}cos—tsm—x
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- ol 4 16 16 m . 7m
19. U(x’t):;{(_l) (E+7z3n3j ﬂ3n3}cos7tsm7x
> 1 n .
20. U(x,t)=22—[(— 1) +2]cosntsmnx
n=1 <N
21. U(x 3 2LV [1— (- ]sinEtsin@x
n= 17[ I’l L L
22. U(x,t)zi%[l—(—l) ]cos—tsm—x
n=1 n
= 4L(-1)"" | 2m . 2m
23. Ulx,t)= sin fsin X
) ;37#(4;12—25) L L
- 2L m . Tm m
24. Ulx,t)= 1-(-1)" —sin—tsin—
(x ) Em)[ ( ) ]COS ) Sin I Sin I X
=81+ (=1)") . m . m
25. U(x’t):; 7([2 T )sm7tsm7x
26. Ulx t)=i 2&(1—(—1)’1)008Et—8(1+(_1)n)sinﬂt sin ! x
T A m 2 zn? -1 2 2
= 4L(-1)" 2m . 2m
27. Ulx,t)= sin tsin X
() nz_;ﬂ'z 4n* -9)
28. U(x,t)zi 16 sSin—-sin—1¢-SIn— X
= 33
= 8L 2L 4L° 4L m., . m
29. Ulx,t)=) (-1 - —tsin—
)= Sy | AL Ao
= 2(-1)"nsind. _m . m
30. U(x,t):nzz; 7z(n2—L2) cosftsmfx
Jlo 3aBpanHs 3.2
) _7[2}’12
1. Ux,t)= Z4L 1= ( D17 g
n=1 L
7[2712
i =t
2. U(x,t)zZ%e 2 sin%x
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ax%n?

n+1 _ ¢
3. U(x,t)= Z8n( D e U sinzmx
n17Z'(4n +1)
22
4L(1-(-1)" ) - mx
4. U(x,t s1n—
(1) = ,; n’ L
22
t
5. U(x,t) = ZM sinﬂx
=1 7m(n” —4) L
2 77,'2I12
L !t . mx
6. U(x,t —D)"cosal —1le £ sin—
(x,0) = Z By [(=1) le i
) 22
4L°[1— ( " ] - . Tm
7. U(x,t sm—x
(x,1) = Z; 33 7
2
8. Ulx,t)= ZMe i
n=1 L
2.2
oo 4 1]1 1_ 2 2 _1 _ﬂ’-nt
9. U(x,t)= ZU( )(3 37[’1) ]e L Sin@x
Tn L
2.2

nn

= -U .
10. U(x,t)zz = O[(-1)+mle * sm%x
= n

1. U(x,0)= 24”[(( oA Jr)i] 7 sin%x
1 T
12. U(x,t) = Zl+( D" e "' sin nx

7[2}1
=
13. U(x,t) = Z[ sm%%—%cos%} 36 sin%x

2n2
- m
14. U(x,t sin—e Y sin—ux
(1) = Z_;;: 2 L
. m
o (L+1)sin— L | T,
15. U(x,t)zZZUO 2, ! cosﬂ—( D e U sinx
~ Lr*n? 2Lm 2 2m L
ﬂ'znz
oo - t
16. U(x,t)=2{ 3323cosﬂ+%sinﬁ+ 23563}3 2 sin ™y
i A 2 m°n 2 7’n 4
2.2
17. U(x l)_i 4 sin@+icos@ e_”Tntsin@x
T Sl 2 2m 2 2
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18.

19.

20.

21.

22.

23.

2. U

25.

26.

27.

28.

29.

30.

2 2

U(x,t)= Z 21 -2n"]( 1) sm@x
n=l1 ( ) L
7[27!2
Ulr,y =S 2+ 12)] > in Py
n=l1 ( ) L
2
=12 .m 16 m 16 |, . m
U(x,t):Z[ > 2s1n7+ﬂ_3n3 0057—”3113} 4 sm7x
2
16[1 - ( 1) 1- m
Ux,t)=) —————— sm—x
’; n’ 4
2.2
= 48 . om . 64 m 64 | Tt m
U(x,t)= sin — + COS — — e ® sin—x
( ) Zl: 2 2 2 7'[37’13 71'3713:| 8
16[1 - ( 1) m
Ux,t)=) ————— sm—x
’; n’ 2
8n(=1)"" N
xX,t) = Z an” ) I sin——x
2.2
=60 . m 8 m 80 | "ot . m
U(x,t)=z_;[”2n2 s1n7+7[3’13 C087_33n3:|e 100 gin —x
7Z2n2
-~ . Im
U(x,t ————|(-D)"(-4m+16mcos2f ¢ sin—x
Y k :
U(x,t)= Z A1- (1)]_ sm%x
71'2}12
- t
U(x,t)= Z ssin—e '° sin—x
nlﬂ-
71'2112
U(x,t):z_:[ 3323 cos%+”§i2 sin%—ﬂi;}e_ 16 tsin%x
22

Ulx.t) = i o4 [1 -1k 16 sm%x
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