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BCTYNM

BuBualoun siBHIA NPUPOXHM, PO3B’A3ylouM pisHOMaHiTHI 3amaui 3 ¢i-
3HKH, TeXHiKu, Oiojoril, eKOHOMiKH, He 3aB¥KAH MoxkHa Ge3nocepeiHbo
BCTAHOBHTH NPSMHE 3B’A30K MiX BeJHUHHAMH, ULO ONHCYIOTh TOH UM iH-
Wil eBOMIOIIAHUE npoiec. 32e6imblIOr0 MOXHA BCTAHOBHTH 3B’ S30K
Mik nHMH BenHudHaMU (GYHKUiAMH) Ta LWIBUAKOCTAMH IXHLOI 3MiHM Bif-
HOCHO iHIIMX (He3aJeKHMX) 3MiHHHX BeJHuWH, [IpH IBOMY BUHHKAIOTH
piBHAHHA, B AKMX HeBizoMmi GYHKUIT MicTATbCA OiA 3HAKOM mnoxiapoi.
IIi piBHsIHHA HA3MBAIOTbL Oughepenyiarorumu.

[Tpuxksanom Hafinpocrimoro audepeHniasbHoro piBHAHHA € piB-
HSIHHA

2 =,

Ie f (x) ~— Bizoma, a y = y (x) — wykana ¢yHKkuia He3asnexHoi 3MiHHOI x.
Po3B’513KH 11bOro piBHSIHHS HA3HBAIOTb nepsicHumu QYHKYIimu A dyHKs
wii / (x).

Hanpuxaaz, po3s’sskamu nudepeHuianrbHOrO PiBRAHHA

dy .
- =1 + sin 2x
e GyHKIil
y=x—--—il)—c052x+C,

ne C — noBiibHA cTana, IPHUOMY iHHIMX PO3B’A3KiB Iie piBHSAHHS He Mae,
Matu Oe3aiu po3s’a3kie — XapaKTepHAa BJACTHBICTH IHdepeHUiaJbHHX
piBHAHb., ¥ uboMy po3yMiHHi HaBeleHuH Npukaan tHnoshi. ToMy, pos-
B’3aBiun AHdepeHUianbHe DPIBHAHHS, AKe OMHCYye mepebir NeBHOrO Mpo-
Ilecy, fe MOXKHA OJHOYACHO 3HAMTH 3aJeXHIiCTb MiX BeJHUMHAMH, 010
xapaktepusywtb uefi npouec. o6 subpatu 3 neckinuennol MHOXHUHE
3anexHocTell Ty OIHY, fiKa IpUTaMaHHa came IlboMY npolecy, Tpefa MaTh
JOAAaTKOBY iH(opMauito, HaNpHKAAA 3HATH IOYATKOBHE CTaH TIpouecy.
bes niei nonatkoBoi yMoBH 3ajaua HeJOBM3HAUEHA i CXOXa HA TaKy:
ApTovmoGisNb pyxaeThcsa MO NPAMOJIKIAHOMY HIOCe B HANpPAMKY Micra:
A i3 crasnowo wBHAKicTIO v, Yepes axkui uac Bin npulbyne mo micra AP



[loznaunBwn miaax, AKUH 0poifie aBTO 0bijb 3a 4ac { 3 MOYaTKy CHo-
crepexeHHst, yepe3 s (f), MaTHMEMO 3aKOH pyxy asromobinsa: s’ (f) = v.
[Ipote BiANOBiAI Ha mocTaBjeHy 3aiauy He RicTaHeMo, He 3HAIOUH MOYAT-
KOBOTO II0J0KeHHsi aBToMo0inf, ToOTO Ha fAKif Bigcrani Bia micta A BiH
nepefyBaB y NOYATKOBHH MOMEHT.

Posraanemo Kijbka 3aaau, 110 NPUBOAATL A0 IucbepeHUialbHMX PiB-
HAHD.

3apaua 1. Y cHpUATJIHBHX s PO3MHOXEHHs yMoBaXx fepeOyBae MeBHa KiAbKiCTb
Gaktepiii. Yepes akuil vac kinbkicTs Gaxrepiit noaBoiTheA?

PoaB' szauua Hexall y nouarkoBult MoMent 6yno m, Gaktepiii. [Tosnaunmo
yepes m (¢) KinbKicTs GakTepifi y MOMeHT dacy ! (m (0) = my). 13 ekcnepumenTy Bigomo,
HIO HWBHAKICTL PO3MHOXKEHHS GaKTepifl 3a CIPUATIMBHX YyMOB OpoONOpUiiiHa [XHifl Kinb-
kocti. Leit Glonoriunuit ekcnepumenTanbHuil 3aKOH llae 3MOTY HanHcaTH Audepenniaibie
PIBHAHHA PO3MHOMEHHSI OakTepiil:

o’ (1) = km (1), k>0, (1)

Koediniedt nponopuifinocri k 3atexuTr Bil BHAY GakTepili Ta yMOB, B IKMX BOHH
nepebypaiots. Floro MOXKHa BH3HAYHTH eKCHepHMEHTANbHO.

BuxigHna sagaya 3Beqach 10 4HCTO MareMaTHUHO! 3ajaui: 3HAlTH PO3B'SI30K m =
= m () pisusanns (1}, s axoro m (0) = my, i 3 piBRAUAS m () = 2m, BUHAUKTH yac
I01BOEHHA TO4aTKOBOI Kinbkocti 6GakTtepiit.

Ockinbry m (f) > 0, To, noninuBuw o6nasi vacTiuy pisaauns (1) Ha m (¥), nicra-
HeMo

(Inm @)y =k
3Bincw
Inm () =kt +-Cy, 2)

ne Cy — Gynb-fRa cTana, aKy Lis spyunocti nosuaunmo tak: C; = In C, C > 0. 3 pi-
HaHHA (2) Maemo
m (1) = Ce®.
lilo6 3 wiei MHOXHUHH GYHKUIR BAAINWTH Ty, fKka onMcye mpollec PO3MHOKEHHS Gaks
Tepill, ckopHcTaeMocs pisxicTio m (0) = m,,. OCTaTOURO MaTHMeEMO:

m(t) = mn('k’.
Yac ¢, 3a sixull Kinpkicte Gaktepifi moxBOiTbCH, BU3HAuaeThCA 3 PIBHAHHA
kt

2my = mye™,

3Bincu { = _}e_ In 2. 3aysaxumo, mo uell dac He 3anexHTs Blg nowaTkoBol

kinbkocTi GagTepiit.

Judepenuiaibae piBHAHHA
Yy (x) = ky (x), (3)
10 YTBOPHJIOCS B [poleci po3B’A3aHHs NONepefHbOl 3ajaui, omucye Ga-
raTo pi3HOMaHITHHX NPOLECIB i 3an1eKHOCTEH MiX BeTHUHHAMH, B AKHX
qnykani Qyekuii y (x) MOXKyTb OyTH He TiNbKH A0AaTHI.
HepaXKo BIeBHUTHCS, WO (bYHKIIL

y = Cets, 4)



ne C — posinbue yncso (1onaTHe, Bix'eMHe i HyJb), € Po3B’A3KaMH Ia-
Horo piBusiiusi, BusiBaaeToes, WO iHIWHMX PO3B’A3KIB e PIBHAHHA He Mae.

Cnpasji, Hexa#l y = ¢ (x) — PO3B’A30K JaHOro piBHAHHSA Ha AESAKOMY
npoMmixky (a, b), 10610 115 BCiX x € (a, b)

@' (1) = ko (x).
PosrasiHeMo nonomixkHy QyHKUiO
Fx) =qx)e* (5)
i cbuncauMo i1 nmoxiguy:
F' (x) = @' (x) e — ke %@ (x) = ko (x) e — ke **¢ (x) = 0.

Orxke, oyukuisn F (x) crana: F (x) = C nas Bcix x € (a, b). 3 piBHOC-
i (5) maeMo
@ (x) = CeF*.

OckiTbKH 32 npUnyuieHHSIM ¢ (x) — OyAb-AKHE PO3B’A30K PIBHAHHSA
(3), To MM AoBeneHo, wo dopMya (4) onucye Bei Horo poss’a3ku. MHo- -
’KHHA LHX PO3B’A3KIB Mae Ty BJACTHBICTb, WO rpadikH PO3B A3KiB MOKpH-
BalOTh BCIO ILIOMIHHY, MPHYOMY Hepe3 KOXHY TOUKY IVIOIHHH HPOXORHTH
rpabik JHlle OIHOro 3 nux po3B’aA3KiB. Lia aacTuBicTb nae 3Mory cepen
po3B’A3KiB AubepenitianbHoro PiBHAHAA OAHO3HAUHO BHAIIUTH TOH, AKHH
33/I0BOJILHSIE YMOBY

Y (%) = Yo»
Jie (X4, Yo) — iKcoBana Touyka IJIOUIHHH.

Cnpasai, nsa BusHauenns crtajgoi C 3 piBHocTI (4) MaeMo piBHSIHHA
Yo = Ce*, eiHUM po3B’13KOM AKoro € C = yoe~®%, Otxe, cepel DYHK-
uiid (4) € onua i TiibkH ogHa, rpadix Kol IPOXOAUTb Uepe3 TOUKY (Xq;
Yo), @ came: y == yetx-%) Bcsa IVOWHHA Hi6H BUTKaHa 3 rpadikis pos-
B’A3KiB piBHAHHA (3), npuuomy XKOAHI ABa i3 mux rpadikiB He HmepeTHHa-
I0ThCA,

3anaua 2. Bimomo, wo uum puille HaX piBHeM MODSA, THM HOBiTPs pospimkeniime —
atMocepHHA THCK 3 BHCOTOIO 3MeHIIYEThCs, BCTaHOBHTH 3alexHicTh p = p (A) THCKY p
Big BHCOTH h.

Po3B s13aunsa HaragaeMo, WO 33 BEIHYHHY aTMOC(EPHOrO THCKY NPUAMAETH-
cH Bara BepPTHKaJbHOTO cToBna nosiTpsa 3 miouleio nepepisy S == 1 cm?. Ysasimo cobi aBa
rOpH3OHTANBHHX MePepisy 1bOro cTOBNA NOBITPs Ha BucoTax h i A -+ Ah. Pisnuns Tuckis
Ha BKa3aHWX BucoTax p (h) — p (h -+ Ah) = —Ap (h) unceasno nopisHioe Basi croBha
nositps Mix ABOMa nepepisamu:

— Ap (h) = Amg,
fe Am — Maca UbOTO MOBiTps, g — IPHCKOPEHHA BinbHOro naiinra. O6’eMm Av croBna
nopisHioe Av == SAh == Ah, ToMy @KUO cepelIHs TyCTHHa TOBiTpsA B cTOBNi ROpiBHICE

_ . _ Ap(h)
Po, T0 Am = poAh. 3sincn —Ap (h) = gooAh, — 47— = —gpo-

[To3naunmo rycTHHy nositps Ha BucoTi h uepes p (k). Axumo Ah — 0, T0 cepenns
ULinbHicTh Pg HaOMHXKaTHMeTbC f0 @ (R) i, nepexoaduy JO rpaHHIli B OCTAHHBOMY CHiB-
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BinHomenni, Maemo Iudepennianvue pisBRAHESA

dp _ _
=0 (h), | (6)

B AKOMY yHKHiA p (h) DOKM WO TaKoX HeBigoMma.
Ipunycrumo, mo TeMneparypa moBiTPA cTala Ha NeBHHX BHcoTaX, Toal Ha ocHOBi
3akony Boiina — MapiorTa po6uMO BHCHOBOK, WO THCK NPONOPUIAHHH O TYCTHHH:

p(h) = bp (h). (7)
. ; T RT M RT
Ci N V=RT, =_£__=_-___., b= "
npaBii, p 3BiAKH p b " v ae T
p(h) = {}4 , R — ynisepcasbua rasosa crana; M — moasipHa maca rasy.
3 pipaocrest (6) i (7) maemo nudepenuianene piBHAHHSA
6p . g
A

aKe 36GiraeTbcA 3 piBHAHHAM (3). 3rigmo 3 (4), poaB’s3KaMM OCTaHHbLOTO PpiBHAHHS

€ dyHxuii
Ep

%
p==Ce ,

fe C — poBinbHa crana.
Slkmo nap pisHeM Mmops (npn h = 0) atMocepHud THCK HopiBHIOE Py, T0 C = p,
i maemo 3anexHicTb aTMochepHOro THCKY Bill BHCOTH Haj piBHeM MOps:
—£n
b
p (h) == pge .

Us dopmyna nasusaeTees Gapomempuyrow. Bona nokasye, o BeJWudHa THCKY Clla-
Ja€ 3 BUCOTOIO 3a MOKA3HHKOBHM 33KOHOM. 3ayBaXXHMO, LI0 HA BeIHKHX BHcOTax (mopis-
HSIHMX 3a BEJMUHHOIO 3 pajiycom 3emui) us ¢opMyna Gae BeJUKy MOXHOKY. lle Bukiu-
KaHO THM, WO, BABOJAYH L0 GOPMYJY, HEXTYBAMH He TLJIBKH 3MiHOIO TeMIepaTypH 3 BH-
COTOl0, asie fi 3MiHOK NPHUCKOpeHHS BIIBHOTO naliHHS.

3anaua 3. B peaepsyapi e a Kr BoaAHOTO pO3UMHY COJi, B AKOMY MICTHTBCS b Kr coai.
B nesnufi MOMeHT yacy BRJIOWAEThCA OPHCTPifl, KMf HellepepBHO IIOAae B pe3epByap
¢ KT 4HCTOl BOJHM 3a CeKYHAY 1 OJHOYACHO 3a6HDPAaE 3 HBOTO LIOCEKYHAH ¢ KT po3unny. [lpu
HBOMY B CaMOMY pe3epByapi piauna HemepepBHO mepeMimyerbcsi. SIK aMiHioeTbes 3 ua-
coM KinbKicTe coni B pesepByapi?

Po3B’ a3anHng MoMedT nouaTky npouecy BisbMeMO 3a 1104aTOK BifniKy wacy /.
Hexa#t m (f) — mykana dyuxilis, 3HauenHs sIKOI B KOMHHE MOMEHT 4acy ! BHpaiae
KiabKicThb cosii B peseppyapi. 3a ymosow 3anaui m (0) = b. He nokH o eAnHe 3HAYCHHS
wyxkanol QyHkuii m (f), ke Binome.

Ocnosra cKaafHicTb 3anayi noasArae B TOMY, IO KOHLIEHTPALis pO3uHHY HeMnepepBHo
aMinioeTbes. [IpoTe, 3acTocoBymoun Hane:kHY METOZMKY pO3B’S3yBaHHA 3ajaui, MOXHa
3a gomoMoroio Liel HemepepBHO! 3MiHM MepeTBOPHTH [0, HA MEPIHIHH TOMJSL, OCHOBHY
ckaagiicTs y BUpimanbuuil 3aci6 NOCSATHEHHS MeTH.

PoarnsiHeMo aminM, o BinGynyThest B pesepByapi 3a HOCHTH MalHi NPOMiXKOK uacy
[t, £ -+ Af], ne t — mesikmit (ikcoBaHWEl MOMEHT Yacy.

Ha nouaTky neoro mpomixky B pesepByapi micTutbess m (f) Kr coai, a B Kinmi —
m (¢t -+ Af) kr. Pisunusa m () — m (¢ -+ Af) — ue ginbkicTs costi, aKa BUTeKJa 3 pesep-
Byapa 3 po3unHoM 3a yac Af. OckiIbKH KOHLEHTpaLis PO3YHHY NPOTAIOM 4acy crocte-
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peseina uatana ain

m{t) m (¢t AY
a 1o a ’

m (¢+ At) cAtgm(t)——m(t“l-M)é—m—-a(ic‘”’

HpHYOMY ueplnuoui € CTPOTHMH, SIKIIO ¢ 5~ 0ib=+0.
Poaglanmo ui wepisuocti na Af. MaTHMemo

m(l+At) e — m(t+At)—m(t)<m(t) c.
Al

y pAXOBYIOYH XapakTep ROCHiIKYBaHOro mpollecy, poOHMO BHCHOBOK, WO QyHKmia
it (I’ nenepepaua Otxe,

Hm m 4+ Alf) =m (),
Al~>0

lim m(+ A —m(l) =—-im(t).
At50 At a
Illyxaita dyukuis m (f) B koxnifh Touwi ¢ Mae noxiony:

m' (t) = —%m (t). )

Gyuknia m () e posp’saskom piBusnua (8). Lle piBuanusi 36iraerbest 3 piBHAHHAM
(3, tomy 3 YpaxyBaHHTM dopmyan (4) i ymosu m (0) == & urykana QyHKllis, Wo onucye
aMiHy & wacom kinbrOCTI coJli B pesepByapi, Mae BHIAL

—_—l

m (1) = be

Y pisnux chepax AisnbHocTi J0OAMHE BHHHKAE GaraTo 3anad, po3s’si-
Synais SIKHX aHaJoriyHe PO3B’A3yBaHHIO 3aiad, SIKi 6y/0 BXe pO3rJsi-
Hyro, | Ipo taki 3agaui KaxyTh, 110 BOHU 3BOAATHCA A0 AH(pepeHIiaTbHHX
plsusiin. Xapaktep uux 3afay i METOAMKY pO3B’sI3yBaHHA X MOXHA CXe-
MATHYHO ONHCaTH Tak.

BinGyBaeroca nesakui npouec — bisuydni, ximiunuid, OiosoriuHui,
« woHoMmiunuil Ta id. [1lpn 1bOMY iHTEpeC CTaHOBUTb NeBHA (PYHKIIOHAJbHA
<APAKTCPHCTHKA NpOLeCy, HANPHKAAL 3MiHa 3 YacoMm TeMOepaTypH 4H
(HCKY, MacH, TOMOXKEeHHS B IpocTopi. $IKINO MaeMo AOCTaTHLO MOBHY
{ipopmaniio npo Xin UBOro IIPolECy, TO MOXKHA CHPOGYBATH MOGYAYBaTH
floro MaTeMaTHYHY MOJeab, ¥ 6araThOX BHIAJAKAX TaKOI MOJE/NIIO € JH-
(pepenitianbee piBHAHHA, ONHMM 3 PO3B’A3KIB SKOro i € WyKaHa (YHK-
itlonanniia XapakTepUCTHKA MPOLECy. L[uqoepeﬂuia.nbﬂe PiBHAHHSA MOJEMI0E
fpolee y TOMY pO3yMiHHI, [0 BOHO OIHCYE €BOJIOL{I0 TIPOLECY, XapakTep
amin MaTepia/ibHO! CHCTEMH, MOX/IMBi BapiaHTH LHX 3MiH 3aJIeXKHO Bil
NOYATKOBOrO craHy cucreMM. Hampukaan, pieusinusa (8) 3 Horo He3uuc-
JIEHHOI0 MHOXKMHOIO PO3B’A3KiB NOKa3ye, U0 NIPOLEC ONPICHEHHS PO3YHHY
W peicpByapi nporikae 3a eKClnoHeHI{aJbHHM 3aKOHOM HE3a/IeXHO Bin
NOYATKOBO! KOHUEHTpauil uboro po3uuHy. [lpu 3ajadiii nouatkoBifi KOH-
newrpauii npouec mporikae ofHOYacHO i HOro OmMHMCye NMeBHHH PO3B’A30K
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uporo pipHsinHA. Tlepiiufi eran po3s’A3aHHA 3afaul 3aKiHUYETLCH CKaa-
IaHHAM qudepeHuianbHOro piBHAHAA A5 IWyKanol Gyrkuii m (¢). 3 uporo
eranmy 3ajaya IepekJajeHa Ha MoBy MatemaTHkH. [lepeiinemMo Ko Hactyn-
Horo erany. Po3r/iisHeMO MaTeMaTHUHY 3ajauy B «UHCTOMY BHIVISAI»:
po3p’sizaty jaHe gudepenUiadbHe DiBHSHHA, To6TO 3HaBTH BCi Horo pos-
B’s13ku abo suie Ti, AKi 3aJ0BOIbHAIOTL NEBHi J0AAaTKOBi ymoBu. L{jo 3a-
Jauy po3B’s3yBaTHMEMO Ha OCHOBi Teopil nudepeHuianbHHX piBHSAHB.
HocBia moxa3sye, mo pi3ui 3a 3MicTOM 3aZaui 3BOAATHCA 10 OJHAKOBHX
abo auasoriunux audepennianvuux piBHanb, [Ipo ne ¥ ceizuarts poards-
HyTi BHile 3anaui. Tomy HeoOGXiAHO PO3POOMTH MPHHOMH PO3B’A3yBaHHS
TaKHX KJaciB piBHAHb ANA THX 3aRad, fAKi 3BedeHi a60 MOKYTb 3BOAHTHCA
o nux. Lli Bci muTaHHsA BHBuae MaTeMaTHUHAa HayKa, $iKa Ha3HWBAETbCH
meopicio JugpeperyiarbHUX pIBHSHD.

dximo 3afaua 3BeleHa A0 NUdepeHUia/bHOrO PiBHSIHHS, METOAH pO3-
B'I3yBaHHA AKOrO BiKe BiJOMi, TO WO 3ajayy MOXKHA BBaXKaTH pO3B’A3a-
goio. Tlpy uboMy nepiufi TBOpPUWH €Tam Tnpouecy po3B’'sA3aHHA 3afaui
3aKiHyyeThcs CKJIajaHHAM AudepeHniaJbHOrO piBHAHHA, a APYruii — fAB-
Jfe coBoro gHCTO TeXHiuny npoueaypy. Tyr moswa anajsoria i3 3agauamu
Ha CKJazauHa aareOpaiyHux piBHAHL. SIKINO piBHSHHS 32 JRHMMM YMOBH
32/]a4i CKJI4AeHO i BOHO €, HamPHKJaJ, KBaapaTHe, TO PO3B'A3aHHS 3afa-
yi 3aKiHUyeTbCA BiJIOMHM TeXHIUHHM INIPUHAOMOM — 3acTOCYBaHHSM op-
MyJH IJ51 KOPeHiB KBaipaTHOro DiBHAHHSA.

3aysaxkuMO, 110 B ApOlleCi PO3B’SI3aHHA IonepeiHixX 3ajay H poss’f-
syBajocs aubepeHuianbHe piBHAHHA Buay (3). Posp’sisaHHs uporo pie-
HAHHA MOXHA BHKOPDHCTOBYBATH fIK CKJAJOBY UYaCTHHY PO3B’A3aHHSA iH-
WHX, cKAapnimux, 3agay. IlpekiaanoM uboro Moxe 6yTH piBHAHHA

Yy =ky +a )

Ze a, 9K i k,— crage gificHe uncso. PiBHAHHA (9) 3BoAMTbLCA JO PIBHAHHA
(3), AKuio HOro HpaBy YacTHHY MOJATH Yy BHUIVIAAI

ky+a=k(y+ —Z—)
ae k== 0, i nosHauutn dyskuio y(x) -+ —Z— uepes z(x):
? =y =ky+a=rka

'd)ym{uiﬂ z=y+ —Z— 3a/I0BOJIbHAE piBHAHHA 2 = kZ, TOMYy 2 =
= Ce**. 3piacu
Y (x) = Cetx — = (10)

3uayenns craqoi C TAKOX BH3HAYAEThCH OJHOSHAYHO, AKIIO 3ajaHa
1049aTKOBa YMOBA Y (X3) = Y.
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o a .
3ayBaxumo, WO Apyruil Jolanok — —-y Bupasi (10) € poss’askom
pisuangaa (9). Takum uuHOM, yci PO3B’S3KH LbOIO PiBHSIHHSI OMMCYIOThCS
tpopmyuioto (10), B sIKii nepiuHil J0JaHOK — € BCi PO3B’SI3KH PiBHSIHHS (3),
a Apyruii — OAHH 3 po3B #3KiB piBHaAHHA (9).
Ananoriuny cTpyKTYpy Mae i MHOXHHA pO3B’A3KiB aubepeHiaasyoro
piBHARHES BULY
y' = hky + (%), (n
ge f{x) — sizoma ¢yHKUiS.
BusiBasieTbCs, mo06 3anucaTH BCi PO3B'SI3KH 1LOFO PiBHSIHH A, JOCHTD

3HATH ORMH AKHH-HEGYAb HOro po3B’'A30K i Bci po3B’A3KH PiBHAHHS (3).
Skmo @ (x) — axufi-nebyap ¢ikcoBaHH# posB’s3ok piraanusa (11), To

Jropmy.aa
y =Ce"” + ¢ (x), (12)
Je C — noBiMIbHA CTajia, ONUCYE BCi PO3B’3KHM LBOTO PiBHAHHA,
CopaBni, Hexall 1 (x) — OGyab-iKuii pose’sizox piBraHHA (1), Togi
Y (x) = kY (x) + [ (%).
Ockiabke @ (x) — TakoXK PO3B’SI30K HbOIO PIBHAHHA, TO
@' (x) = ke (x) + [ (x).
3 ocTaHHiX JBOX piBHOCTe# MaeMo
)~ ) =k{p(x)—0o(x),
TobTO pisHHLA DYHKIIH P (¥) { ¢ (x) € po3s’saskom piBusHHEA (3). OrXe,
¥ (x) — @ (x) =Ce¥, P(x) =Cet* + ¢ (x).
Hasnaku, KoxHa GyHKILIA
P(x) =Ce* +¢(x), C=const, CER,
€ po3s’ a3koM piBuAHHA (11), y YoMy MOXHA BIEBHUTHCH 0e3IOCEpeAHbO.
Orxe, dopmyaa (12) cupaBai xae Bci po3s’sa3ku piBusHuA (11).
Poar/ifiHeMO KiJbKa 3ajady, HI0 3BOAATHCS JO AHdepeHHiaqbHOrO piB-
Hsnas (9).

3apaua 4. Tino, maca skoro TopiBHIOE i, Maja€e BepTHKaJAbHO BHH3 3 JesKOi BHCO-
T4. CHJa B's3KoTro TepTs, WO Aie Ha Tiao, nponopuifina fioro wWBHAKOCT: F = —au, ge
o > O — koedinient Teprss. BeranoBHTH 3alexuicTh WIBMAKOCTI Tia Bix wacy.

Poas a3anusa. Hexall v (f) — wsunkicts tina B moment vacy £. Ha Tino ni-
10T KBi NPOTHIIEKHO HAUDPAMIJICHI CHIH: chda BarW P = mg i cuna teprs F = —av.

Y upoMy BHnaaky audepenuiajbhe piBHSHHS MOXHA CKJIacTH Ha OCHOBi Apyroro
aakony Helotona:

ma = P -+ F,
TOOTO
dv
m =" = mg— av.
a e



PoaainuBmu 06MABI YacTHHH OCTaHHBOI piBHOcTI Ha m, nicTaHeMo nudepeHiliaibue
piBusiHHA pyXy Tila

dv _ oy (13)

fiKe Mae BHraaj pieusiHHS (9). .
Ha ocnosi dopmyan (10) sanucyemo Bei poss’siaxH piBnauns (13):

o

—_——f
v =" pce ™

Slkmo Tio nouunHae pyX 3 HYJAbOBO0O wWBHAKicTIO, To6T0 v{0) =0, T0 C=

—me
a
o

——— 1
v)="TEg_e T,

[Tpu BinsuoMy napfuni tina 6e3 TepTa (_ZTU = g) BEJHYAHA [(UBHAKOCTI 3pocTae

ainifiHo: v {f) = g, a 3 ypaxXyBaHHAM TeprTsl WIBUAKICTb TiJa 3pocTae, aje pasoMm 3
mg
a

3apaua 5. Tino, TemmepaTypa SIKOTO B MOYaTKOBHH MOMeHT uacy JdopisHioe T,
IOMIiCTH/IN B cepellOBHIE 3 He3MIHHOIO TeMuepaTypowo Tq. SIK 3MiHIOBaTHMETbCS 3 uacom
TemnepaTypa Tinar?

PosB ' a3anus [losnauumo uepes 7 (f) temnepaTypy Tila B MOMeHT dacy f,
T (0) = T,. [Ipn ueBHHX COpOUIEHHAX EKCNEPHMEHTANBHO BCTAHOBJIEHO, WO LIBHAKICTH
3MiHK TeMnepaTypy Tina npomopuifina pisuuni temmeparyp tina i cepenoBuma. Lle ozna-
Hae, WO

THM BOHA 11aGAHKAETbCA A0 CTAJM0] BEJHYHHH U=

T'"(f) = —y(T () —Ty), (14)

re y > 0 — xoediuient nponopuiiuocrti.

3uak minyc y npasifi wactuni piBHAHHsS BiANOBiNAa€ eKCMEDPHMEHTAAbHHM JAAHHM:
agwo T (f) — T, > 0, T0 Temreparypa Tia 3MeHLIyeTbcsi i TOMY WBHAKicTb ii sMinm
Bif’emna, sikwo X T (f) — Ty < 0, To Temneparypa Tila 3pocTa€, a OTHKe, WBHAKICTD ii
3aminu fonatHa.

Taxkum uuHOM, mpouec uarpiBaHHst (OXOJOMKeHHS) Tina B cepeoBHILi 3 HeaMiHHOK
TEMIIEPATYPOIO MOIEMIOETLCS PIBHAHHAM (14), sike mMomHa 3anucath y Burasai (9).

Onut 3 po3p’s3kiB piBusHus (14) oueBuannii: T (£) = T;. Orxe, srimno 3 dopMysoo
(10), moxkna sammcati Bci po3B’SI3KM UBOTO piBHSHHA:

T{t)="T, 4 Ce™,

Ypaxoayioun nouatkoBy ymoy T (0) == T, nicraemo myKaHy sajexHicTb TeMnepa-
TYpH Tia 3 Yacom:

T(t)=T,+ (Ty— Ty e ™.

Oynkuia T (f) spocrae, koan T, — T, << 0 (rino HarpiBaeTbcs), i cnmamae, xkoum
Ty — T, > 0 (rino oxonoaxyerncsi). B o6ox Bunaakax i3 apoctannam £ il 3navenHs nps-
mye po T,.

PisHomaniTHI peaJsibHi HpolecH MOZEMIOIOTBECA AHbepeHiaJbHIMH PiB-
HAHHAMM, fKi MiCTATH Apyry noxiguy Bix HeBizomol ¢yukuii. [lpo raki
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PIBHAHHA KaKyTb, MO BOHH € Judbeperyiarsrhumu pisHAHRAMU Opye020
NHOpAcKY.

Posraanemo ABi 3azaui, AKi 3BoAATbCSA A0 AH(epeHLiaJbHOTO PiBHSIHHA
JApYroro nopsiiky.

3agaua 6. MarepianbHa Touka Macoio m BiLTLHO Majae nin Ki€lo CHIN 3eMHOTO TA-
xinng., HexTyioun onmopom nomitps, 3HAfTH 3aKOH PyXy TOYKH.

Poss'a3anusa Ha sepruganbniii oci, B310Bx sikol majae touka, 3adikcyemo
Touky Bimniky O i 3azamo goxatuuii HanpaM — Bif Toukd O BHu3. [lojokeHHST TOUKH
BH3HAYa€ETbCA KOOPAUHATOW ¥ () — BincranHio i1 Bin dikcoBanoi Toukn O B MOMEHT
vacy {.

Touka naaae nig Aiewo cuin semuoro taxkinua F. = mg. Tomy, srizHo 3 gpyrum sa-
konom Hreiotona, ma = F. Maemo

2
d%y _ mg,
ds

Interpytoun nBiui ocranuio piBHicTB, 3HAXOAHMO

2y
dt?

y(t) = -gf— + Cyt + Gy, (15)

ne C; i Cy — poBinbHi craai.

Gopmyna (15) Bu3HAuae 3aKOH pyXy MaTepiaibHOi TOukM, afe, AK | B momepemnix
8apanax, BOHa MICTHTb cTaki iHTerpyBaHHs, B JaHOMY BHRaAKy — ZBi. SHaIOUH MOYATKO-
Be TIOJIOXEHHS Nafanyoi TOYKM BigHocHo Touku O, Hanpukaan, y (0) = y, i nouaTkoBY
wBrIkicTs v (0) = v,, 3 cyxkynnocri sasnexuocteit (15) BuGepemo Ty, IO ONHCYye PyX
TOYKH:

i 2
| b ()= &+ oyl + go.

* . s N .
& Taxkum uuaoM, AicTanu BifoMy QopMyny LUISIXY, HPOHIEHOTO TOUKOIO MpH piBHO-

WipHO TpHCKOpEHOMY pyci.

¢ ¥ 3apaui 6 npuckopeHus 6yJao cranuM. Ha npaktuui yacro zoBoauTbcs
PoO3B’A3yBaTH 324a4i, B AKHX NPHCKODEHHS 3MiHIOETbCS 33 JESKHM 3a-
KoHoM. PosrasiHeMO omHy 3 Takux 3aznauy.

3apaua 7. MatepianbHa Touka Macolo m pyXxaerbesl B3ZOBxK oci Ox mif diero cuaw,
nponopuifinol 1o BiAXH/EHHS TOYKH Bil MOYATKY KOOpAMHAT | HanpsAMJ/eHO! 1O MoyaTKy
KOOPJAHHAT. 3HaATH 3aKOH PYXY TOUYKH, SIKIO B MOMEHT ¢ == () BOHa MaJsia KOOpJHHATY Xo
i WEKAKICTD Up.

Po3B’ a3 auHna. [lo3nauumo KOOPAHHATY PYXOMOI TOYKH B MOMEHT 4acy ! uepe3
x {t). Toxi x ({) — wBHAKicTL TOUKY B Hell MOMeHT, a x (f) — 1i npuckopenns. Ha ocnosi
Apyroro 3akoHy HbioToHa

mx = F,
ne F — cuna, wo aie Ha MatepianbHy TOuKy. 3a YMOBOW 3ajaui nf cHJAa OPONOpLiAHA
BiAXHJIEHHIO TOUKH BiJl MOYAaTKy KOODAMHAT i HampsiMiaeHa B foro Gik: F = —yx (),
¥ > 0. Orxe, QyHKIiA X (f) 3ag0Bosiblste pIBHAHHSA

mx = — yx.



TTosnaunmo —— uepe3 k2 | sanumemo e piBHAHAA v BULASARI
m

x4 k%2x =0, (16)

3uaiigemMo Bci po3B’si3Ku nbOro pisHsnHA. Beanocepesnbo BrmeBHeMocs, WO (ynx-
uif x = cos k¢ i x = sin k¢ e Hioro po3s’g3Kamu.

I3 npasui oGuKCTEHHS noxigrol i xapakTtepa piBHARus (16) 6auumo, WO e piBHAHES
Ma€ Taki BJ acTHBOCTI:

1) cyma nBox GyiAb-iKHX DO3B’A3KIZ HBOrO plBHHHH;[ ¢ fioro poss’ A3KOM;

-2) no6yTok 6yAb-AKOro AiHcHOTO ¥Hcaa i PO3B’S3KY pIBHAHHSA € PO3B’A3KOM [[bOTO
plBHﬂHHH

3eigcu poGUMO BHCHOBOK, mo Bci @ynkuii BURy

x (1) = Cy cos kt + C, sin ki, (17)

ae Cy i Cy — Oynb-aki Ajficni yuena, € pose’s3kamu pisuanns (16).
Inwux, Bigminunx Bixg (17), poss’saskis plBHﬂHHS{ (16) ne icuye. dosenemo ue.
Hexalt @ (f) — sixkufi-ue6ynb QikcoBanui po3s’sisok pisusuusa (16). Toxi
¢ () + &2 (1) =0

st Beix € R. . .
Bsenemo ponoMixui ¢dynxmii:

F(t) = o (2) sin &t -+ —;— @ (7 cos A,

@ (f) = o (f) cos kit — _k_ @ () sin kt.
O6uucaumo noximni mux dymkuii:

F()y=¢9® sinkt-}-(p(t)kcoskt—l—_;;.c'ﬁ(t)coskt—(i)(t)sin bt =
= (@ () + k2 () - cos kt =0,
Gi(t)=cb(t)coskt—cp(t)ksinkt—_:e.(ﬁ(t) sin kt —

(1) cos kt = — (@ () - k2¢ (1)) J_ sin kt =0.

+

Ockinbku noxigni dynknid F (£) i @ (#) TOTOXKHO NOpiBHIOIOTE HYJIO, TO F(@)=Cy,
D)= C2, Ie C; i Cy — crani. Omxe,

¢ (f) sin &t + -k— @ (2) cos kt = C,,

¢ (f) cos kt—% @ () sinkl =

[TomuoxuBwn nounenHo nepmy 3 uux pisHocTed Ha sin k¢, a Apyry — Ha cos &l |
AOJaBIUH 1X, picTaHeMO

@ (1) = C, sin kt 4+ C, cos ki,
12



Takum uunom, dopmyioio (17) Bu3HavaTees Bei po3s’sa3ku nudepenuianbioro pis-
usinna (16).

3rigno i3 (17), MuOKKHa Beix po3B’A3kiB piBHgHHA (16) 3aemuTs BiA 4BOX NOBijb-
Hux craanx C; i Cy. o6 suitinuTh 3 i€l MHOKHHH AKHACHL OIMH po3B’A30K, Tpeba 3a-
natv 1Bl 10AaTKOBI yMoBH. HakspyuHnimie safaBati 3uaueHHS Xy Qyukuii x () 8 nesuilt
Touni, Hanpuknag ¢ = 0 (0JOKeHHS MaTepianbHOT TOUKM B MOMEHT dacy ¢ == 0) | sua-
YEeHHST x(; noximol x (£) y uiff Touni (MOWaTKOBY IWBWAKICTD).

[luMu ymOBaMM po3B’530K PIBHSIHEA BM3BauaeThes oAHo3Hauwo. Cnpasai, mizcra-

Bi{Bl# B piBHOCTI
x () = Cy sin kt 4 C, cos k¢,

x {t) = kC, cos kt — kC, sin kt

nouarkosi sHavenns = 0, x = xg, X = X;, 3Haigemo, mo

X
0
C, =

N Z » Cg=xo.

Orxe, po3s’askom piBuauns (16), mo 3anoBoabige yMOBH x (0) = X i x 0) = x('),
“e dyuxiis

,

x
X = _k(.).sin kt 4 x4 cos kt,

IMoxamo uio dynkuio Tak:

\ x(t)=A0(k-;£- sin ht 4 20_cos kt)::Ao sin (kt -+ 0,), (18)
0 0

———
X 2 . .
ze A= I/ (—EO_) + Xy, a 6, BusnauaeToes 3 piBnocTedl

Sa . X XO
sin 9, = 20 cos By = ——_ .,
° A * T k4,
I3 piBuocri (18) Bunsubae, wo OyAb-AKHA PYX, KpiM cnokow (x (¢) = 0), AKul omu-
cye nudepenuianbie piBuanusa (16), € npocTe rapmoniune KOJHBaHHS 3 aMmiiTynow A,
" . 2 .
i xosnoBoio wacrortoro k. [lepion konupane T = % (nmepion dymkuii sin (kf -~ fy)).

[ToBeprarouucs 10 3a7aui 7, MOXKEMO cKasaTH, WO martepiaibna Touka spuificHioe rap-
" MORI4HI KOMHBAHHSA 32 3aKOHOM:

§ x=Asin(1/lt+a),
m

—

2 N

2 m2y, . ,

xe A= ‘/ o+ 2, sing="0, cosa= Vmoy, ; A — amnaiTyAa IUX KOMHA-
¥ 4 V74

Banb, T = 2n l/_”.’_.. — nepion Ix.
Y

BaxJ/uBoto 3ajauelo, sika NPUBOAMTb 10 piBHAHHA (16), € 3agaua npo
Masai KOJHBaHHS MafATHHKA.

3apa4a 8. Tarapeub Macoro m nigsimeno Ha RUTW 3aBIOBXKKY [ TaK, WO OJEpKalu
7 MasTHHK, AKHil KOJHMBaeThcs B OOHIM nuomuHi. 3HalTH 3aKOH PYXY LbOTO MafTHUKA.
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Poar' g3anud HAKuwo AIeTHCH NP0 KONUBAHHA TAKOTO MasiTHHKA, TO BBAKa-
10Th, IO HOro BigXuJienHR X Bil BHHXHBOTO MOJOXKeHHH piBHOBarH wa6GaraTto Mene Bif
HOBXHHE MaATHHKZ [. ¥ LbOMYy pa3i AYroBY BeJIMUHHY BifAXHACHHS MOMKHA HaGHMEHO
3aMiHUTH NOJOBHHOIO XOPJAH, WO CTATYe BABOE Ginbmy ayry. CKOpHCTaBLIMCH €XEMOI0,
306paxeHolo Ha pHc. |, 3HallIeMO BeNNYHHY MPHCKOPEHHA TArapus. BekTopuwmit tpu-
il . KYTHHK (pHC. 1, @) MOAiGHUA TPHKYTHHUKY,
300paxenoMy Ha pHc. 1, 6. Tomy

/

P R
- | F x
T = =7 .
IR
|
| - - — -
! i Ockimbku F = ma, a P=mg, 10
| - o -
{ T, mlaj x
¢ o =T
l mig|
X m abo
F a=— li x.
a P8 :
3nax MiHyc BBejeHO TOMY, WO NPHCKO-
Puc. ! PeHHA a i BiXWJEHHS x NPOTHJIEKHO Ha-

npamiaeri.
Ypaxysasmu, mo a = x” (#), nicranemo piBHAHHS PYXy MasiTHHKa

x”(t)+[£x(t)=0.

TToxaaBuu _lg_ = k2, matumemo pisusuns (16),

Orxe, UpH MATHX BiZIXW/IEHHAX Bill MOJOXKeHHS pIBHOBATH KOJMBAHHS MasfiTHHKA €
rapMoHiuauMu i onmcytorees Qopmynoo (18). 3aysaxkumo, WO uacTOTa UHX KOJNHBAHb

.‘/'_%— He 3aJIeXUTh Bil Macw MadATHMKA i Bil nOUaTKOBHX YMOB x,, x('), fIKIIO BOHH
N0CTaTHEO Madi.
Pyxu, posrasinyti B 3ajauax 7, 8, MaTb XapakTepHy O3HAKY —

BIOHOUEHHS SEAUHURU NPUCKOPEHNA 00 GeAUHURL BIOXUNCHHA 8(0 NOAOKH EH-
HA pisHosaey — cmane:

x(ty
x {6 2.

e cmiBBigHOIIEHH BHKOHYETbCS Ass 6Gararbox iHmHX pyxis. Ha-
NpHUKJIAN, CHJAA HPYXKHOCTI PO3TATHYTOI MNPYKHHU Mponoplifina ao ii
BujoRkenns, ({9 BAacTHBicTH HpYXHHH Ha3uBaeTheH 3akonom [yxa.
Orxe, TrArTapeup, MiAsilueHufi Ha KiHU{ NPYXKHUHH, PyXaTUMEThCH aHANO-
riyHO MasfTHHKY.

[nwi npukaagm Takux pyxiB — KOJHBAHHA TOUYKH CTPYHH, KOJIHBAHHA
HeBeJUKoro o0’eMy INOBiTpsl B TpyGi opraHa, KOJUBAaHHA 4aToMa B TBep-
JoMy Tini Touwpo.
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YacTo 114 OMHCAHHSA eBOJIONiHHOro npouecy HeoOXiaHo KinbKa GyHK-
uiit sin oaniei Hezanexxknoi 3minHoi. ¥V uboMy BANAAKY MAKWTh CIpaBy i3
cucmemorw Ougheperyiarsuux pienans. PoarasineMO 3alauy, fKa 3BOLHTb-
€Sl 10 LOCHIJKEHHS CHCTEMH 1BOX IWbepeHUialbHHX PiBHSHb.

3anava 9. ¥ craBKy XHBYTh PHOM fBOx BnfiB: kapaci ki mykn. Kapaci xapuytotses
S€JIEHHIO CTaBKa, a HIYKW — KapacsaMH. SIK aMivioeTscsl YHCEABHICTH Kapacis 1 WyK y
CTaBKY 3 IUIHHOM 4acy?

Posp asauusa §xbu myk y craBgy He 6yjo, TO Kapaci poaMHOXyBaaHcs O
3a €KCMOHEHUIaMbHHM 3aKOHOM!

x=kx

(zuB. zapauy 1). . )
Armo x y () — xiapKicTe WyK y craBKy, TO TpeGa BPaXyBaTH KIILKICTb Kapacis,

AKHX 3"Tan myxH. [TpunycrTamo, mo ykeao sycrpivell kapaclB 1 LYK NPOTOPULAHE K N0

kinbkocti KapaciB, Tak i go kinekocti myk. Toai mBHAKICT PO3MHOXKEHHA Kapacis

x == kx — axy,

e a — xoediniedtT nponopuifiHocti.
[lo cTocyerbes WyK, T0 6e3 KapaciB Bonu BHMUDAIOTh

Yy =—1l,

a upH HamBHOCTI KapaciB NMOUKHAIOTB PO3MHOKYBaTHCs 31 WBHAKICTIO, NPONOpuifiHo0 10
KineKocti 3’inennx Kapacis,

y=’—ly+bxyr

e b — koedinient npomopuiitHocri.
Takum unnoM, MaeMo HaHmpocTilly MaTeMaTHUHY MOAEND CHCTEMH ¢XHXKAK — XKepT-
Ba» — cUCTeMy ZBOX nucbepennianbuux piBrsinb 3 fBOMa WYKaHHMH QYHKUiAME X (f) i

y (@
x = kx — axy, = — ly -+ bxy.

ITo MoseNb HA3UBAIOTE cucmemorw Jlomke — Boasmeppa na uectsb ii aBropis.

3n06yTa cucTeMa omucye sMiny Kinbkocti Kapacis i UlYK B CTaBKY 3 ILIHHOM 4acy.
1106 mMaTH sBRY saiexHicTb x (£) i y (£) Bix vacy #, TpeGa po3B A3ATH L0 CHCTEMY DIBHSIHb.

Po3B’s3anng i€l cHcTeMy 3HAYHO cKJaanHile, Rix THX PIBHAHb, WO PO3rJsfaTucA
BHLIE, TOMY TYT po3B’s3yBaty Ii He Gyzemo.

3Buuaiino, BCS Pi3HOBHAHICTH MPUPOXHHX NPOLECIB i ABMIL He 3BO-
ANTBCS TiIbKH A0 PiBHAHB THX KiMbKOX THHiB, fIKi MH posrasuysn. CBiT
audepeHiianbHUX PiBHAHD 6araTHil MafiXke HACTINBKHK, HACKIAbKH PI3HO-
MaHITHHHA peasbHHiH CBIT. . )

¥ nacTynmHux posginax Oyie poarisHyTo 6araTo THIIB AubepeHuianb-
HUX DiBHSIHb, 110 ONHCYIOTb Pi3Hi eBomouifiHi IPOUECH 1 ABHIUA, CKja-
JaHHA Ta PO3B’A3aHHA TaKHX AudepeHuifinux piBHAHL Ta fAKICHe JOC/i-
ZkyBaHHs (X. [locBif mokasye, o BUKOpUCTaHHS RudeperuianbHuX pis-
HAHb AK MAaTeMaTHYHUX MoJeseli AyXe KODHCHE, AKHIO NMPH LbLOMY He
3a6yBaTH Npo oGMEXKeHiCTb cdepu 3actocyBaHHs OyAb-KOro poiy Moje-
Jeit B3aradgi.



Po3apin 1
ANUDEPEHLLIATBbHI PIBHAHHA NEPLLOTO NIOPAAKY

1.1. 3aransHi NOHATTH

Hudepenyianorum pisHannsm nepuwozo nopadky HasHBaeTbes CHiBBiIHOLIGHHA BHAY
F (x, 02 )=, ()
dx

ne x — HesajexHa 3minHa (apryment); y == y (x) — ueBizoma QyHKUiA aprymenty x;

F (x, y, ¥') — sapana GyHKUIsA 3MiHHUX x, y, ' = _J)yc_ . PiBHsanusa (1) He po3B’s3aHe Big-

HOCHO MOXifHOI.
PiBusinusa BHAY

dy _
7y f(x o), ]

ne { (x, y) — samana ¢ynkuis gBoX 3MiHHUX, Ha3HBaeTbeR Jupeperyiarsrum PiGHAHHAM
nepuiozo nopadky, poss’ A3aHum BGIOHOCHO NOXIOHOL.

Yacto BHKOPHCTOBYIOTE CHMeTpHUHY (OpMY sanucy AudepeHliaqbHOrO piBHAHHS
1lepIIoro MOPSIAKY:

P (x, y)dx 4+ Q (x, y)d!/=0,

ge P (x, 3), Q (x, y) — sanani dyuxuii sminnux x i y.

Po3sg’ asxom dutheperyianoroeo pisnsanna (1) abo (2) na inmepeasi I HasusaeTbes He-
nepepsio AndepernifioBna byHkuia y = @ (r), sika nepeTBopioe Ue PiBHAHHHE B TOTOX-
uicts Ha I, T06TO

F(x, @ (X)), %)=0 (%:f(x, q;(x)\} , XEI.

CniBeinnomenna @ (x, y) = 0 nasuBaeTbes [Hmezpason pisuauns (1) abo (2), axkuo
BOHO HESBHO 3a1a€ PO3B’fA30K y = @ (X) UBOFO piBHAHHA.

Ipabik po3B’3Ky y = @ (x) HA3HBAETBCA (HME2PAALHOW KPUBOw ANdepeHLianbHOro
piBusHudA. TTpoekuis iuTerpassHol KpUBOi HA Bick OPANHAT HA3WBAETLCA (PA306010 KPULOIO
abo mpaskmopiero andepenuiaJpioro piBHAHHA.

3afaua 3HAXOMKeHHS PO3B'HA3KY y = @ (x) piBusnna (2), sikufl 3a]0BOJILHAE 0YAT-
KOBY YMOBY (¢ (xg) == y,, HazupaeTucs saoauero Kowii.

Uepes KOXxHY TOUKY (x; y) obmacTi BH3uadenus piBuauus (2) nposefemo npamy,
TaHTeHC KyTa HaXxuay AKoi A0 oci abcuuc gopiBuwe f (x, ). U ciM’f IpAMUX Ha3HBaETh:
¢ nosem Hanpamkis piBnsuus (2) a6o nosdem uanpsaMkiB dyuxuil f (x, y).

InterpanbHa KpHBa B KOXKHi{ cBOTi TOuLi NOTHKAETbCS 0 NOJIA HanpsaMKis ¢yHkuii
f (x, y). KpuBa, sika B KOXHil cBOI# Toul] NOTHKaeTBCA 10 HANMPAMKY, IO € B Wil Touli,
€ iHTerpajbHOK KPHBOIO,

[30K4iHOK0 Ha3WBaeThbesd KpPHBa, B KOXHIM Touli sIKOT HaNPAMOK 1105 OAHAKOBHMA.
Yei inrerpanski KpHBi, fKi mepeTuHaiOTh JaHy i{30kJaiHY, yTBODIIOTE 3 Bicclo abcuuc
oanH i Tofl camuit KyT,
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IIpPH  KOXHOMY

1.1. HoBectn, wo ¢yukuis y = Cx + % ¢

14 ¢

r
C ¢ R e po3s'siskom piBHAHHA y — Xy = 7_y::2— .
[ +y
Poap a3aunsd Ockiabku y' = C, To, miACTABUBLIN B PIBHAHHSA
3aMicTh y Ta y  TXHi 3HauYeHHs, AiCTAHEMO TOTOXHICTh

Cx + ,_C— —xC = ———C__-—' -
VT4 Ce V1+FCe
Orxe, pana ¢yHKuia npu KoxHomMy C € R € po3B’sI3KOM 3aJaHOro
PiBHSHHSA.

I3 X )\
1.2, Tlokasatn, wo oynkuin y = x (14 S—';—dx) € pO3B’fI3KOM
PiBHAHHA Xy — Yy = xe*.
i+ PosB a3anuna 3HafizemMo noxigHy nauoi QpyHKuUii:

y'zl—l—j‘erx—}—xeT:l—l—e"—{—S%—dx.
Maemo
’ X e’ [ exd) X
Xy ——y=x(1+e +' -—;C—dx)——x[l+ — dx) = xe*.

Hana ¢yukuis neperBopioe piBHSIHHS B TOTOXKHICTb i, OTXe, € poO3-
B'A13KOM pIiBHAHHS,

X

1.3. Tlokasatu, wo ¢yukuia ¢ (x) =xSsint2dt € po3B’A3KOM JH-

0
(depenuianbroro piBHaHHA xy' —y = x%sin x2% ]
Po3B a3anHsa 3uaigemo moxiany ¢yHkuii @ (x):

X
¢ (x) = ( sin £2df 4 x sin x2,
0
3sincu
X X
x@' () — @ (x) = x |\ sin £2df + x2sinx? —x S sin ¢2d¢,
0 0
abo
x@" (x) — ¢ (x) = x?sin x?,
TOOTO QYHKUift ¥ = @ (x¥) € po3B'A3KOM JaHOro PiBHAHHA.

1.4. Ilokasaru, wo npu xkoxkHomy C € R chiBBifHOUIGHHS Y =
= arctg (x + y) + C e inrerpasom pudeperuialpHOTO PiBHAHHSA

(x+yPy =1
PosB ' sizanus 3acrocyBaBliM npaBuio AudepeHuioBanus

HesBHO1 Q)yﬂxixi'f, gicranemo y’ :T—%F. 3Biacn y' =
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1 . .
RrETE [MiacTaBuBWH 3HaveHws y' B Jane AudepenuianbhHe
piBHAHHSA, AiCTAHEMO TOTOXHICTb

|
(x+y)2W = 1.

1.5. Hosectu, mo ¢yHKUIR y = @ (x), napamMerpyyHo 3ajaHa CHCTe-
Mol x = tef, y = e, € po3B’askoMm piBusHHA (I + xy) y' + y* = 0.
Po3s a3auud. [lpy xoxHOMYy 3HaueHHI mapamerpa ¢ MaeMmo

—t
) NI - N tete—t) ——& —2t
(1+xy)y +y*= (1 + tefe™) PR +e 0,

10610 QyHKUIN ¥ = @ (x) € PO3B’A3KOM 3ajaHOro piBHAHHA.
1.6. Ilokasatu, mo ¢YyHKLIA

y=x—{—C]/l—|—x2 )]

npu koxuHomy C € R e po3p’askom piBustiHHA (xy + 1) dx — (k2 4+ 1) X
X dy = 0.

JloBecty, o iHWIKHX pO3B’A3KiB, BiAMiHHHX Bix (3), AaHe piBHSIHHSA He
Mae.

Po3p ss3aHnHasa llincraBuMo 3amady ¢yHKUiWO B JiBYy YacTHHY
piBHSIHHA:

[x(x+CVTF ) + 1ldx — (x2 + D1+

Cx )
V14 x2
=2+ Cx VT +22+Ddex—((2+ 1) +CxV 1+ x%dx = 0.

Ortxe, npu 6yap-sikoMy C € R 3ajaHa (hyHKUiA € po3B’A3KOM pPiBHAHHS.

HoBenemo, mo iHIHX po3B’ A3kiB piBHAHHA He Mmae. [lpumycramo, mo
Y = @ (x) — pO3B’A30K NaHOTO piBHSAHHS, KU He 3GiraeThbCs 3 KOAHHM
8 po3s’a3kiB (3). Toni mMaeMo TOTOXKHIiCTDH

)+ 1 — 2+ D)o (x) =0. (4)
Posrasnemo ¢yukuio F (x) = q:(;"—%‘. [Moxiaua uiei dynkuii
X
F' (x) =
2 it — 1) — _ - *
:Vl'T'x ((P ]) ((P(X) x) ‘,m :—dl_i_xq)(x)__(l_}_xg)(p/:o

14 x2 (1 x2)3/2
BHAcC/iIOK piBHoCcTI (4). 3Biacu £ (x) = C,, ne C, — nificHe uncao, T00TO

Qx)—x _ T2
—V%XT—-CO, (p(x)—x+C0V1+x2.
PosB’s130k y = ¢ (x) moxkHa jaicraty 3 dopmyan (3) npu C = C,.
Orxe, dopmysa (3) MicTuTb yci po3B’sI3KH JaHOrO PiBHAHHA.
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1.7. HoBectH, mo Bci po3B’si3kH AHbepeHLUiaTbHOTO pPiBHAHHSA

. m
v — — ¥ =0 BusnavawoTbcs dopmyJioi0

y=C|x|", CER. )
Poar s3anus [logaxkemo, mwo npu 6yab-sixomy C € R dyHK-

uis y = C| x |" ¢ po3s’sizkom jaHoro piBHAHHS. Maemo

m

y =mClx[" signx === C|x["" rsignx=—-C|x" =T

YmneBrumocs, o opmyaa (5) MicTHTb yci po3B'sI3KH BUXiAHOrO pis-
HSIHHSA,
Hexait y = ¢ (x) — neAkuil PoO3B’A30K JaHOTrO PiBHAHHSA, TOGTO

¢ (1) — @ (x) =0.
Posrasnemo dyukuio F (x) = @ (x) | x|7™. 1i noxinna
Fr=q' ()™ — m |2 signx - 900 = (o () — 5 0 ()%=
=0,

OCKi/IbKH BHpAa3 y AyXKKaX TOTOXKHO JopiBHIOE HYJ0. OTXe, F (x) = C,,
ze Cy — nesike uueso. 3 pisHocti @ (x) | x |77 = C, Maemo ¢ (x) =
= Cy | x|", T06T0 @ (x) Mac BrA (5). YcCi po3B'A3KH BUXiAHOTO PiBHAHHA
BH3HavawThcs dopmysaon (D).

1.8. Ckinbky po3B’si3KiB y == @ (x) piBHAHHA

xy +y=y*lnx

iBu3Hauae chiBBifHOuleHHS 4 (x + lnx) =1 — y?
. Pose asanmnsa llpoaupepenuiioBaBiin OCTaHHIO PiBHICTb, Ai-
CTaHEMO

xy' (x4 Inx+ 1) +yx+ 1) =0.
‘Baminnmo xy' Ha —y + 4 In x:

(—y+yPhnyx+nx+ N4y +1D)=yl(—1+ylnx)(x+

Inx

T x4 Db+ DI =y (= 1+ e (6 e+ D) +
+ (x - 1)) =y(—7+x—l:a’—+—l—(x+1nx+1)+(x+1))50.

Orxe, Oymb-fika HemepepBHO AudepenuifioBHa QyHKUia y = ¢ (x),
IO BM3HAYAETbCA CriBBiAHOWeEHHAM y (¥ + Inx) =1 —y, € posB’ss-
“ KOM JaHOro piBHSIHHA.
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e cniBsifnomends BusHayae nBi wenepepBHo AubepenuifioBui
OyHKIT @ (x) | @, (x), KOXKHa 3 SIKUX BH3Ha4Yae€Tbcs (POPMYJO0 y =
Sl e e —I—xl+ TV Onna 3 uux Qynkuifi BusHadena na npomixky (0; b),
a Jgpyra — Ha NpoMixkKy (b; -+ oo), ne b — Kopinb piBHAHHA | + x
+Inx =0.

Orxe, 3afade B yMOBi CIiBBiJIHOIEHHS BM3Hauya€ ABa pPO3B 3K Aa-
Horo piBHsAHHSA. [To6yayBaBiuy inTerpaibHi KpUBI LHX PO3B’A3KiB (pHC. 2),
6aunMo, 110 (ha30BOK KPHBOW OJHOIO 3 [HX PO3B’SI3KiB (BH3HAUEHOrO Ha
¥ npoMixkky (0; b)) € miBnpsama x = 0, y << 0, a da-
30BOI0 KPHBOIO JAPYroro pO3B'fA3KY (BH3HAYEHOro
Ha npoMixKy (b; +oo)) € miBnpsiMa x = 0, y > 0.

1.9. Ckinbku po3p’a3KiB  piBHAHHA  (x —
— 1)y + y = 0 Busbauae cHiBBiAHOUIEHHA

3
|
|
| ylx—h=C (6)
!
}
I
l

NI x npu koxuomy dikcosanomy C € R?
3HaliTH pO3B’A3KH AAHOrO piBHSHHSA, fAKi 3a]0-
BOJMILHSIIOTL TakKi mouaTkKoBi ymosu: 1} y (0) = 0;
2)y(0)=—13) y(2 =1L
3uaut 06JacTh BU3IHAUCHHS KOXKHOIC 3 LMUX
Puc. 2 po3B’A3KiB Ta iHTerpanpHy H (ha3oBy KpHBi, AKi iM
BiAIIOBiAAIOTh.

Posp’asanung Skmo Cs40, 10 cnisBifHomeHnHs (6) BH3Hauae
. .o . C
IBi HemepepBHO AMbepenuifioBHi ¢yrruii: @, (x) = ~T 3064acTiO

BU3HaueHHA (— oo; 1} i @, (X) 2% 306a2CTIO BU3HaueRHa (1; - oo).

KoxHa 3 mux QyHKLiA € pO3B SI3KOM BHXiAHOTO DiBHSHHS,

Cupaeai, npoaudepenniioBapmu (6), aicranemo (x — 1)y + y = 0,
TOOTO BHXiJHE DPiBHAHHS.

SIkmo C = 0, To i3 cmiBBigHOWeHHs (6) AicTaeMo po3B’A30K y == 0,
BU3HaueHuH npu Bcix x € R.

3HaiizieMo po3B’A3KH PIBHAHHS, AKi 3a70BOIbHAIOTH 3a]aHi ITOYAaTKOBi
YMOBH.

1) IlowatkoBy ymoBy y (0) = 0 3aioBOJIBHAE HYJLOBHH pPO3B’A30K
y = 0. Lefi poss’sizok Buznauenuii mpu Beix x € R. Moro inrterpanbna
KpuBa — Bich abcuic, .a (hasoBa KpuBa - NpOCKUis oci abcuHC Ha Bich
opauHat, To6T0 Touka (0; 0).

2) TlincraBuBiu B (6) x =0 i y = — 1, Aicranemo, Mo ¢ = 1.

Tomy ymoBy y(0) = — 1 3a10Bo/bHsIE PO3B’A30K Yy = , BH3Ha-

x—1

uyeHHH nmpH x << |. IHTerpanbHa KpHBa ubOro pPo3B’ 3Ky — BiTKa rimep-
6oan y (x — 1) = 1, aka BignoBinae npoMixkKy x € (— oo; 1), Pa3osa
KPHBa IIbOI'O PO3B’A3KY — miBnpsimMa x == 0, y << 0.
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3) MMincraBupmu B (6) x =2 i y =1, nicranemo C =1. OTrxe,

oyaTKOBY YMOBY y (2) = 1 3aJoBoJIbHSIE pO3B'SI30K Y = x_l—T , BU3HA-

yeHHii npun x > 1. IuTerpanbHa KpHBa IbOTO PO3B’SISKY — BiTKa rimep-
6o y (x — 1) == 1, aka Bignosigae npomixky (I, +4-oo). dazoa Kpusa
HbOro po3B sA3Ky — miBnpsMa x = 0, y > 0,

1.10. [lo6ynyBath inTerpaibHi KPHBi TaKuX pPiBHSHB:

a) y =12 0) ¥ =y —yT
0, skmo y==x;
. 2e il 1.1 ' :
B) ¥ = y+1lyl r) ¥ , l, skmo y=ux.

N

Puc. 3 Puc. 4

A

\

PosB s3aHus4 a)laHe piBHAHHA BH3HaueHe HA BCill NMJOUIMHE
x0y, kpim TouoK Ha npsamux ¥ = 0 i y = 0. B obnacti Busnavenns pis-
HFHHA MOXHA 3alHcaTH TakK:

, 1, axmo xy>0;
y __' —1, saxmo xy<<O0.
Tomy B I i 11l KkBagpaHTax KOOPAMHATHOL IJIOUHHY iHTErpanbHi KpH-
Bi — ne rpadiku dyukuiét y = x 4 C, a B 11 i IV kBagpanrax — rpadi-
Kk QyHKUIA y = —x + C (puc. 3). ‘
6) PiBHauHS He BU3HaueHe HA mpAMil y = x. B obsacTi BH3HAUEHH 5
MaeMo:

, I, saxmo y<<x;
¥ =1 =1, akmo y>ux
Tomy y = x 4+ C y miBmomusi y << x i y = —x 4 C y niBnnomusi
y > x. InTerpanbHi KpuBi 300paxkeHo Ha puc. 4.
B) O6siacTb BH3HAuUeHHS JA4HOrO pIiBHAHHA € BepXHA MNiBIJIOLIHHa

KOOpAHHAaTHOI IJIomuHH xOy. ¥ uifi obsacti piBHSHHS MOXHA 3alqcaTh
TaK:

0, aku  x <L 0;
yh{~—%, akumo x >0.
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¥V Il keagpanti maemo: y' =0 a6o y =C. ¥ I kBajgpauti piBHAH-
Ha Habupae BUraaly ydy -+ xdx =0, aGo —é—d (y* + x% = 0. 3Biacu

x? 4 y? = C2. lurerpasbui kpuBi piBHAHHA 306pawxeni ua puc. 5.

r) PiBusinus Bu3HayeHe HA BCill KoopauHaTHil muowkui. Interpanabni
KpHBI LbOro piBHsSHHA 300paxeni Ha puc. 6.
. L1L. 3Hamn plBHﬂHHﬂ MHOXHHH €KCTpeMa/lbHHX TOYOK po38’ A3KiB
piBusHna y' = [ (x, y). SIK BiApiSHMTH TOUKH MiHIMyMy Bi@ TOUOK MaK-
CUMYMY?

y <
Z_
yn ya
Al
Z
—_ . v x’
—) Z~
— S e
4 X - 7
Pue. 5 Puc. 6

P 03 B'sa3aunHsaA Hexali y = ¢ (x) ¢ 6yib- mmﬁ posa’ﬂaox Aa-

Xigna B Touni eKCTpeMyMy ¢ynxuii nopiBHIOE Hy.O:

9 (x) =[x, 9(x)) =0.
Ormxe, MHOXHHA €KCTPEMa/JbHUX TOUOK PO3B’sI3KiB JAHOrQ piBHSIHHA BH-
3gavaeThea cmiBBigHOoWwennam f(x, y) = 0.
Hexali x, — eKcTpemasbHa TOYKa pO3B’A3KY Yy = ¢ (x). $Hxmo
¢" (xg) > 0, 10 X, — TOUKa MiHiMyMy, a sKmO " {x) << 0, TO X; —
Toyka MakcumyMy. OCKiIbKH

@ () = Ho () = PO

4ot of (x (P(x)) )-.(x’ ()C)) — of (x:),?) )

b

TO MHOXKHHA TOYOK MlHlMyMy PO3B’ A3KiB J1aHOro piBHSAHHSA BH3HAUAETHCSH
CHCTEMOIO CIIiBBiJHOLIEHD

{ f(x, 4) =0;
fe (%, y) >0,
a MHOXHHAZ TOUOK MAaKCHMyMYy pO3B’fI3KiB — CHCTEMOIO CIiBBiJHOLIEHb
{ f (x,9)=0
fx (% y) <O.
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1.12. Cxmactu audepeHuiaibHi piBESHHA ciM’i KDPHBHX:

a) 2y —Cx=0; 6) x—y—Ce?™ =0;

B) y=sinx+Ccosx; 1) x+y—+C(l —xy)=0.

Po3B s3amnus a)lubepenuiroemMo AaHe CNiBBiIHOIIEHHS IO X:
2% + 2xy’' — C = 0.

C=2x+2yy.
IMigcrapuBmn C B piBHAHHA ciM’i KPHBUX, NiCTaHEMO WIyKaHe Rude-
peHliaabHe PIBHSHHS:

P4y —(2x+ 29y )x =0, abo 2xyy +x*—y?=0.
6) 3anuuleMo piBHSHHA ciM'Y KpHBHX y BHINISZI

’3Bi}1cn

x—y e ™™ =C. |
llmpepeﬂuuoroqu [e CIiBBifHOLIEHHS HO ¥, NiCTAaeMO myxane piBHAHHA:

(r—y) 7T ZZIZHUZ0) 4y 5 =,

‘a6o Yy =0

x—Y

x

OcraTouno
‘ !
yy' —2y+x=0
B) PiBnAHHA ciM’l KpUBHX QudepeHnifoeMo MO x:
- Yy =cosx —Csinx.

. 1lo6 Buxmountn noBiabHy crany C, piBHSHHA ciM’] KDHBHX HOMHOXH-
MO Ha sin x, a y° — Ha cos x. [lopaBIK MOYIEeHHO 3HakjeHi piBHOCTI, Hi-
CTaHeMo l0yKaHe AudepeHuiasbHe PiBHSAHHS:

y cosx +ysinx =1.
r) PiBuanHd ciM'l KpUBHX RudepeHLi0eMo 1O x:
14+y" —Cxy +y) =0.
BupasuBuin 3 1aHoro piBHSHHSA NOBIBbHY CTanay

C = _*t+¥
T oxy—1

i niacraBHBUIN iT B OCTaHHE CNiBBifHOWEHH S, AICTaHEMO LIYKaHe AH(pepeH-
HiajbHe PiBHSHHSA:

L4y — 22 @y +9) =0,
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abo
’ 144
Y +—7= =0

1.13. Cknactu aubepeHnianbHe piBHAMHSA ciM'T KiJl i3 CIIJBHUM EHT-
pom O (0; I).

Poss ga3auun s PiBusapus BkasaHol ciM’i KiJ Mae BHIISJL

A= 1P =1,

JupepeHuivoun Le CHiBBiZHOUIEHHS MO X, AicTaeMo

!
20 +2(y—1y =0, y—1y +x=0.

1.14. Cxaactu audepennianbie piBHAHHs ciM'i mapa6oj, siKi mpo-
XOJATh Uyepes MoYaToK KOOpAUHAT i /18 AKUX Bich aGCIUC € BiCCIO CHMETPIl.

Po3B s3auusa PiBHsgHHA 3agaHol ciM'l mapabos Ma€ BUIVIAR
y? = Cx. Hudepenuiloemo no x:

2y -y =C.
BugaouMBIIM 3 HHX ABOX piBHocTell mapamerp C, AicTaHeMO [uyKaHe Ju-
depeHUliaJbHe DIBHAHHSA
¥ =2yy'x, 2xy'—y=0.

1.15. Cxaactu aubepenuiangbHe piBHsHHa ciM'l enincis, uo MaloTh
cTajly BeJHKY Bicb, fiKka AOPiBHIOE 24.

Po3s sa3annsa [IpAMOKYTHY AeKapTOBY CHCTEMY KOODAHHAT HA
nJounyi BisbMeMo Tak, o0 BeJIHKa Bich KOXHOIC 3 eJNilICiB JeXaja Ha
oci abcuuc 1 11 kinni s6iranucs 3 roukamu (—a, 0) i (a, 0). Toxi kanoniu-
He piBHAHAA ciM’l e/inmciB MaTHMe BHIJISAR

x2 y2
= tew=h
Jge C — posinbHa crana, 0 << C << a.
Judepenuiowoun piBHAHHA ciM'T eqimciB nmo x, Maemo

2x 2yy’
a? + i T 0.

BukaouuBmy 3 ABOX OCTaHHiX piBHsHbL AOBiAbHY crany C, gicranemo
jpudepeHuiagbHe PiBHAHHA

; 2
(1= )y =0 @ =)y g =0

a2

1.16. PiBHsAHHS CcHJIOBHX JiHilt gunogas (Qumonab — JABa 3apsaju +-q
i —qg, posmiuieni oguH Bix oaHoro Ha BincraHi 2a), 3a 3akonoM Kyiioua,
MaloTh BUTJIAL
x+a x—a
— C,

7y fa
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rqe o= (x+a)?+y? 3= (x— a)?+y? CkracTu audepeHiianbHe
PiBHSHHA CHAOBUX JiHifi.
Po3p a3anns [ubepenuiioiouy no x o6MABI YacTHHB JAHOro
piBHAHHA, MaEMO:

rl-—(x-;-a)r; re—(x—a)r, —0
4 3 '
Ockinbku
o xtatyy T X—atyy
n=——,—"—", nh=—"\F— ">
1 2
, TG OCTAaHHE CHiBBiJHOLICHHN MOMHA 3alHCATH TaK:
—(+a?—(x+a) gy r—(x—a)?—(x —a) gy

7 B ="

- abo
V=Gtagy  yP-Ex—au _
] 3 '

2

Ilicas HeckJaZHHX NepeTBOPEHb JicTaeMo yKaHe AHdepeHHiaqbHe
PiBHAHHA CHJIOBHX JiHil:

x—a x+a ’ 1 1
— = —_= ——=|=0.
i U
_ 1.17. 3a ponomorow i30kJiH HaG/HXKeHO MOOYAYBATH IHTErpasibHi
KpHBI DIBHAHHS

Y =2x(1 —y).
Posp s3aHuda CiMa i30kaiH Jagoro piBHAHHS BH3HAYAETHCSH
- piBusinEaM 2x (I — y) = k, ne k — pificHuit mapametp.
Le piBusinus 3ajnae asi npaMi x=01 y=1 npu k=0 Ta cim'o
. k
rinepboa y = 1 — 2 -

[IpsMa y = 1 — iHTerpasibHa KpHBa, ocKiibku GYyHKLIIA y =1 €
po3B’5I3KOM AaHoro aHbepeHuialbHOro piBHsAHHA. IHTerpanbHi KpuBi
NepeTHHAIOTh Bich OpAMHAT (i30KJAMHY npu k2 = () mia NpsMHM KyToM,
T006TO JOTHYHI IO HHX mapaJenbHi oci abcuuc. [le o3Hauae, o TOYKH nps-
Mol ¥ = 0 € TOYKaMu eKCTpeMyMy pPO3B’fA3KIB.

o6 3’scyBaTH xapakTep €KCTPEMaJbHHX TOUYOK, OGUHCAMMO APYTY
noxijHy Qyukuil y = y (x):

Y=2(1—y)—2xy =2(1 —y)—2x-2x(1 —y) =
=2(1 —y) (1 —2x?).

Omxe, TOUKH OCi OpAMHAT, 4/8 SIKHX y = |, € TOUKaMH MaKCHMyMy, a
TOYKH OCi OpAMHAT, A AKHX y << 1,— ToukaMH MiHiMyMy iHTerpajbHHX
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‘kpuBHX. 3 BUpA3y s APYrol NOXiAHO! BHILTHBAE TAKOXK, U0 TOYKH NPSH-
MHX X = + %2_ € TOYKaM{ NeperyHy i{HTerpaibHUX KDHBHX, OCKIJIbKH

B IMX TOUKAX y' MEPeTBOPIOETLCH B HYJIb.
Tlpami x = 01 y = | (i30Kknium npu/z 0) ninare KOOp/MHATHY IIO-
UMHY Ha YOTHPH YacTHHH, B KOXKHi# 3 sIKHX noXigHa y' 36epirae 3Hax.
Omxe, neperuHarouy npsmy x = 0, iHTerpa/jbHi KPHBI mepexonnThb 3 06-
gacti 3poctaHua QyHkuii y (x) B obnacTs cnajanss, Akmo y > 1; i
obnacTi cnaganns QyHKiii y (x) 8 06aacTb 3poCTaHHA, AKIIO ¥ << [. Poa-

Puc. 7 Panc. 8

. , 1 .
TJIAHEMO wie ABi {30KAiHK: y = 1 — —5— apu k=1iy=1+4+ -
npu k = —I1. Jlotnuni, mpoBefeni A0 iHTerpaibHuX KPHBHX B TOUKaXx

nepeTHHY 3 UMMH i30K/J{HaMH, YTBOPIOIOTh 3 Biccio abeuuc kyta 451 135°
BiATIOBiAHO.

byayemo inrerpanbHi xpusi naHoro piBHAHHA (puc. 7).

1.18. 3a gonomoroioo i30kJiH MOGYAYBATH HAOJHMKEHO iHTerpaJbHi
KpHBI pIBHSAHHS xy = 2y.

Po3B si3aHnug. 3a3sHaunMo, N10 Bick abcuwc € iHTErpasbHOI
KDHUBOIO JAHOr'0 PiBHAHHSA i U0 iHTerpaabHi KPUBI po3MilleHi CUMETPHYHO
BijHoCHO oci abewuc ta oci opaunatr. OCTaHHE BHINIHBAE 3 TOrO, MO JaHe
piBHAHHA He 3M{HIOETLCA NPH 3aMiHl x Ha —x abo y Ha —y. Tomy nocHTb
ZOCJIINTH TIOBETIHKY {HTerpaibHux KpHBHX B I KBanpanTi KOOplII/IHaTHOl
IJTOILHHH.

CiM'sl i30K/MiH BH3HAUAETHCA pIBHAHHAM

kx=2y, y= %x.
Tomy nmas Oynb-sikoro £>0 RoTHYHi A0 iHTErpaNbHHAX KPUBHX

. . . k
JaHOTO PpIBHAHHA, OpOBEeAEHI B TOYKAX MNpsAMOl y = ——2—-)6, yTBOPIOIOTD
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s Biccio aGcuue KyT, wio gopiBHioe arctg k. Tlo6ynyeaBiun kisnbka izokain
i nose HanpsamkiB, OyayemMo HabaMXKeHO iHTerpa/sbHi KDHBI piBHAHHSA
(puc. 8).

+ 1.19. 3a nonoMorowoo i30Kk/aiH mMoOyAayBaTH HaGJUKEHO iHTErpasjbHi
tKpuBi piBHAHHA
) x—yy =x+y.

Posp asaunsa [lokaasuu y' =k, Y
JlicraneMo piBHAHHA ciM'i  i3okaiH (v —
—y) k = x + y. Orxe, i30k/1inaMB € npsmi
4+ 1)y = (B — 1) x, aki npoxoasTb uepes
novyatok koopaunart. [lpu & = 1 maemo iso-
KIBY y = 0 (Bicb a6cunc), AKYy iHTerpanb-
Hi KpHBl NepeTHHAIOTb MiJ KyToM 45°. Tlpu
k = 0 maemo i30KaiHy .y = —x, y TOUKax
AKOI NOTMYHI 1O iHTerpajJbHHX KPHBHUX Na-
paseabui oci abcumc., Ilpn & = —1 maemo
isokainy x = 0, aKky iHTerpa.abHi KpuBi me- —
PETHHAIOTH TaKOX i KyToM 45°, mpH HbOMY p
HZoTHuHi B Toukax npamoi x =0 po iHTe- me. 9
rpajgbHHX KPHBHX yTBOPIOIOTH KYT 135° 3Biccio abcuuc. SIkuie piBHsIHHS
i30K/1iH pO3B’sA3aTH BiJHOCHO Y

=\

k—1

by=7%x1*

i mepefiTy 1o rpaHuui npu £ — oo, TO AicTaHeMo i30KJiHY ¥ = X, B TOUKaXx
AKOl iHTerpasbHi KpHBi MawTb BepTHKaabHi noTuuHi. [loGyayemo cxema-
THYHO iHTerpasbHi KpHBi 3agaHoro piBHAHHS (puc. 9).

1.2. BucpepeHuianuii PiBHAHHA 3 BiJOKPEMMIOBAHUMM 3MIHHMMH

PiBusHna BuAy

dy
——=fx)g( 1
rraiat AR A m
HA3UBAETBCS PIBHAHHAM 3 BIOOKPEMAMOBAHUMU SMIHHUMU.
SIkuIo g (¢) = 0, 10 dyHKUis y = ¢y € po3p’sa3KoM piBHsiHHA (1). Po3B’a3KH piBHAH-
HAa (1), B3xOBX sikux g () ;& 0, 3210BOJIBHAIOTE cNiBBIAHOIMEHHS

—Sf (x) dx = C, C = const.

3 g

Teopewma. Hexal ¢pynryii [ (x) i g (y) susnaueni i nenepepsro Ougpeperyitioeni
8 0KOAQX MOHOK X = Xg, Y = Y, 6i0nosidno, npuuomy g (y,) = 0. Todi po3s’'asok y = @ (x)
pisHanna (1) 3 nowamrosoio ymosow @ (xo) = y, icHys @ Oesxomy OKOAL MOYKU X = X,,
€0uHULl | 3a0060AbHAE CNIBBIOHOWEHHSA

®(x) x
) =)

27



Pipusung suay § = f (ax + by -- ¢) saminoio z = ax 4+ by -+ ¢ 3eonaTeca 10
pPiBHSHD 3 BiJOKPeMJAIOBAaHHMH 3MiHHUMH.

3 nudepennianbium piBHsiHHAM BHAY 4 = [ (§) NOB’S3aHe MOHATTH BEKTOPHOTO
noast na npsMif. Koxuif touni y 3 o6nacti Busnauenns dynkuii f (y) nocrasumo y Bin-
foBianicTh BekTOp, HOBXKMHA fKOTrO fopiBHioE | f (y) |, a nanpsaM 36iraeTbCs 3 AORATHHM
nanpsamoM Ha oci Oy, akuo f (y) > 0, i npoTuaexuti fomy nuph f (y) << 0. Toni MHOMHKHa
BeKTOPiB YTBOPHTH BeKTopHe moJe. ToukH, B SIKHX HampsiM MOJIST He BH3HaueHHH, 10610
B aKkHX [ (y) = 0, HA3UBAIOTLCS 0COOAUBUMU MOYKAMU BEKTODHOTO NOJA a0 NOAOHCEHHA-
sy pignosazu. TToGyyBaBLIH BEKTOPHE MOJIE, HEBAXKKO CXeMaTHYHO 300pa3suTH iHTerpane-
Hi KpWBi JQaHOrc piBHAHHS.

1.20. Posp’szatu pisusunsg x (1 + 4% +y (1 + By =
Po3B s3aHH4. 3anuueMo AaHe piBHAHHA Yy BUNMAAL

x(1 +ydx +y(l +-x3)dy = 0.

Pospinusiiy 06uABi 9acTHHH UbOro piBHAHHS Ha A06YTOK (1 + x2) X
X (I 4 4?) == 0, picraHemo piBHSIHHA 3 BiZOKpeMJIEHHUMH 3MIHHHMH

X Y .
T e dx + I = 0.

InTerpytoun me piBHAHHA, NOCAIZOBHO 3HAXOAHMO

yd —
Sl—f—x2 +Sl+y2 =Cy
1

- In{l +x?) + — ln(l—{—y‘) - InC, — InC=C,.

3sigen (1 + x®) (1 + y?) = C,
1.21. Posp’sasatd piBasuua y = xy* + 2xy.
Po3B a3aHHA 3auumeMo ue piBHAHHA Yy BHUIMIALI

Z—x xy (y + 2).

®yHkuil y = 0 1 y = —2 € po3s’aA3kamu piBHsAHHA. [Hu po3B’s3KM
3HalieMo, BiZOKpEMHUBIUYM 3MiHHi B piBHSIHHI Ta npoiHTerpyBaBilll HOro:

dy _ dy _
gy +2) —xdx =0, S y(y+2) _Sde-O’

1 ] .
._2_5‘(7_ y+2)dy gxdx_O,
Injy|—1In|ly +2|—x*=1nC,,

‘Iy'+|2| =Cye¥, C€,>0.
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Ockinbki po3B’si3oK y = 0 MOMHA IiCTaTH 3 OCTAHHBOTO CIiBBiaHO-
ineHss npu C;, = 0, TO

Y roxt (0
y+2_Ce, CER,

. 20"
y | —Ce®

1.22. Posp’sisatn pisusuns 2ch ydx — V'x +1+Vx—= 1) dy =

0
Pos3s a3auusa Birokpemuswy 3minHi, xictanemo

dy _ dx -0
oY e~V ViFi4+Vr—1 )

%

b
BBigcu

dy _ dx C
| o= ==+

Y
S d:;y:—ll) =—;—S(Vx+l—-l/x—1)dx +C,

arctg ev = —;— ((x + 1)3/2 —(x— 1" +C.

OcraTouHo
ev = tg (C + %(x 4 1)3/2__;_ (x — 1) ,

‘y=nng@+u§u+nw—ugu—um% x> 1.

"4 1.23. 3mHaliTH po3B’A30K piBHAHHS
e*dx — (1 + e*y ydy =0,
SIKUHA 3a10BOJIbHsIe ymMoBY y (0) = I,
Po3B a3aHHs. 3amuuemMo xaHe PiBHSHHA y BUISAL
£ __dx =yd
——dx = .
T yay
HlykanHii pO3B’130K LbOrC DIBHSIHHS 3aJ0BOJIbHAE CHiBBifHOIEHHA

X

y
e*dx S
S =\ ydy.
g 1t ¢ i

3siacu
1

In(l 4+e5) —In2 =5y —,



a6o

| * 1 x
y*=14+2In *;e , y=|/-l+21n *;"

1.24, 3uafitn pO3B’A30K y = @ (x) piBHAHHA X%y — | = cos 2y,
AKHH 3ajoBoJbHAE yMOBY lim ¢ (x) = ’TH.
=00

1
Po3B a3auusa [losnayumo ¢ (1) =y,,#=-§- + kn, k€ Z. Uly-
KaHHI pO3B 130K 3aJ0BOJIbHSIE CIiBBiZHOILEHHS

Y(x) o
3sinen — (tg o (1) — tg y,) = “,]r + 1.3 ywosn lim g (x) =
:%- nicTaemo %(1 —tgy,) =1, tgy, =— L.

Orxe, tgo (x) = l—%, ¢ (x) = n + arctg (I — %) , TOO6TO

’ 2
y=n+arctgkl-——x—).
1.25. PosB’sizaTH piBHSIHHA
(1 + e¥ydx — e% sin® xdy = 0.
3HalTH pO3B’A30K, AKHH 33a[0BOJILHSIE YMOBY Y (%) = 0.
Po3B 93anHs. 3anuwuemo piBHAHHA y BHIVIAAL

% _ dx
1 -+ ¢ Y= <wx "

3BincH
3‘ e d __5‘ dax e¥d (¢Y) . S‘_d(ctgx)
ro W= Ve T ) Tsimx
t : 2
o —In(l + o) = — B2 _j OS5 gy,
o —In(1 4o = — ot — [ 4 mnftg
Orxe,
1
e —In(l + &) = — -3 +—2—1n|tg% +C.
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3 ymosn y (_’2‘_) =0 snaxomimo | —In2=C, To610 C = 1 —

— In 2. (llykanuit po3B’ 130K 3a/1a€TbCs HESIBHO!

e —1In(l —%—ey).—:—]?—lnltg% — g+ 1—In2,
abo
2 1 x cos X
¢+ In I—H?:Tm‘th ~ oy T

1.26. Poss’sizatu pisHAHHA Y + y = 2x + 1.
Po3s' ss3auusg LUe piBHAHHA 3BOLHTLCH JO PpIBHSIHHA 3 Bijf-

OKPEMJIOBAHHMH 3MiHHHMH, SIKILO NMOKJIAacTH ¥y — 2x — 1 = 2, Toai y —
—2=2,2 + 2 4+ z = 0. OueBuaHHU# PO3B'sI30K: 2 = —2. 3HAXOLAUMO

iHi poss’ﬂsmr
S +dx=0, S 37+ ar=me,

Inlz4+2|+x=1nC,, |z+2|=Cre* C,;>0.

Po3B’5130K 2 = —2 MO0XKHA AiCTaTH 3 OCTAHHLOIO CHiBBiJAHOLLIEHHS NpH

C, = 0. Toai
2:—2+Ce_x, CER.
OcrtatoyHo
y =2x— 1+ Ce—".

1.27. Poss’sisatu piBHAHHA y' = cos (x — y — 1).

Po3p s3awumug [Ilokaasum x —y — | = 2, 3BoaumMo 7aue pis-
HAHHS 1O PiBHSHHA 3 BiJOKPEeMJIOBaHHMH 3MiHHuUMH. [ictanemo

- dy _ dz de dez
'— 2 =2 7w = eosa

Qyuxuil 2z = 2kn, k € Z, € po3s’a3kamy 1poro piBHAHHA. [HwWi Horo
pO3B’A3KH 3aA0BOJbLHSIOTE CHiBBiAHOWEHHA

S de—
l—cosz

=] —cosz

3Biacu
—ctgz/2 = x—C,
abo
2=2arcctg (C —x) + 2nm, ncZ.
Orxe,
x—y—1=2arcctg(C—x) + 2nn, ne€Z
OcTaTouHo

y=x—1+42kn, keZ,
y=x—1—2arcctg(C—x) +2nn, nelZ

31



1.28. Posp’sizaTH piBHsIHHA Y =k —i- i nobyRyBaty iHTerpaJbHi

KPHBI LbOro piBHAHHA.

Poss’ si3auHd [lpaBa dyacTHHA piBHAHHS BH3HaueHa Ha BCiA
nJjomuHi, KpiMm TouoK npaMoi x = 0. OueBugno, PyHkuUist y = O npu x <<
X g 41
pe————————

e
S

LAV

¥
—_—

[i]
———d
—_—
____)1{::_—_

k=0 8kt

g

LA

k>t k<o

Puc. 10

< 0inpu x > 0 e po3p’a3Kkom AaHoro piBHAHHA. IHII pOSB'A3KM 3Ha-
XOAMMO i3 CIIiBBiAHOWEHHSA

dy dx
‘S’T-ks_x.-*—klncl.

3sijacn
In\yl=~kln|x|+£WnC, \y| =Clx[", C,>0.
SIKilo A0 NMX PO3B’A3KiB MPHEAHATH Po3B’s130K y = 0, To Bci poss'A3-
KH MOXKHA NoaaTH GOpMyJIon:
y=Clx{, C¢R.
Iurerpanbui KpuBi 3anexHo Bij nmapamerpa k 3o6pameno Ha puc, 10.

. . . sin
1.29. To6ynyBatu iHTerpaibHi KpuBi piBHAHHS Yy = i )yc
Poss fnsaunn9a [lpasa vactuna piBHSIHHS BH3HaueHa B ycix
TouKax miomuHy xOy, KpiM Todok npamux x = kn, k € Z. Oyukuii y =

= nu, n € Z, na OyAb-AKOMYy NPOMiXKKY, KUl He MiCTHTb TOUWOK x = ki,
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k € Z, ¢ po3s’s13kaMu nanoro piBHSIHHA. [HIII PO3B’SI3KH 33aJOBONBHSIOTH
CHiBBiJHOLIEHHH

Cay(
5 siny _3 sin x +nC,.
[uTerpytoun, xicraemo:
m]tg%l=1n]tg%]+1nq;

|tg%,=cl g5, ¢ >o.

Ocrarouno
X

tg%:Ctg—Q—, C¢R,

Y zQarctg(C tg—g—)—}- kn, RELZ

Inrerpasbni KpPIBl soﬁpax{eno Ha puc. ll.

1.30. Hexait y pisusuni y' = f (y) dynkuis f (y) HemepepBHO RHbe-
peHuifioBua Ha Biapisky la; bl, f (@ =Ff®)=0if(y) >0 ( () < 0}
nph y € (a, b). HoBectn, wo mia Oyib-AKOrO
po3B’s3Ky ¥ = @ (x), ¢ (0) = yo, Yo € (a, b),
aasoro pisaanas lim ¢ (x) = b (lim ¢ (x) =

X000 r—=>o00
= a).
Pos3p’ A3aHH Qyuxuii y =a i
= b € po3B’fi3KaMu JaHOro piBHAHHA, 6O
f(a)—f(b = 0. Pos3s’sz30k y = @ (x),
? 0 = Yo, Yo € (a, b) 3am0BOJbHSE TOTOX-
mictb @ (x) =T (¢ (x)). HAxmo f(y) >0
(Ff () << 0) npu y € {a, b) TO NpH BCiX X >
= 0 ¢pyHKLiA ¥y = @ (x) MOHOTOHHO 3pOCTaE
(cnanag), ockiabkH ¢ (x) = 0(¢’ (x) < 0)
npu Bcix x > 0. 3nauenns y =b(y = q)
$yHRLiA @ (x) He Moxe pocartd. Cnpasai, AkGu @ (x) =b (@) =a)
npH JIEKOMY Xy > 0, To B Touui (xg; b) ((xy; Q) nopywuaacs 6 ymoBa
€IMHOCT]I PO3B’sI3KY, GO yepe3 IO TOUKY Npoxonunao 6 gABi iHTerpaJbHi
kpuBi:' y = b i y = ¢ (x). Orxe, @ (x) MOHOTOHHO 3pocTae (CHanae)
i obmexeHa 3Bepxy (3mu3sy). Tomy icHye

limo (x) =C

X=>00

Horexemo, mo C = b (C = a). [Ipunycrumo, mo C s=b (C 5% a).
Tori C< b (C>a)if(C)>0( () <0).
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Ockinbky ¢ (x) > Cnpux —> o ie MOHOTOHHOID, t0 ¢’ (x)= 0 npu
x — oo. [Ipote

0 =lim ¢’ (x) = lim (g (x)) = [ (C),

[0 HEMOXKJIHBO. ,
Orke, Koau yMOBH 3ajaui BHKOHYIOTBCS, TO
limg(x) =b, akmo f(y)>0 npu y€(a, b);

X~>00
limg(x) =a, sakmo f(y)<<0 npu y¢€(a, b).
X=+0Q
1.31. BuxkopucraBuiM pe3ysibTaT NOHepeHbOI 3ajaui, CXeMaTHYHO IO-
6ynyBaTH iHTerpaJjbHi KpHBI TAKHX PiBHSAHB:

. _— . ylny? y+#0;
a) Yy’ =y(l—y*; 6)y =siny, B) y =f(y)=[ -
0, y =0.
Posp ssaunns a) Oyukuis f (y) = y (I — y*) nepeTBoproeTHCS
B HYJb y TPbOX TOYKAX: Y = “l,y=0iy=1. Tomy npami y = —1,
y N n g U/P
\‘ I R - |
I — T —
’ T L \—
— L
0} —=—/——_7 z 0 </ >
X%
- CE—— 7r>=-
/ or _/
-2n
Puc. 12 Puc. 13

y = 01iy = 1 e inTerpajbHuMu KPUBMMH JaHOro pismsuHs. Ha mpomixk-
Kax (—oo, —1) i (0, 1) bynkuis f (y) > 0, ToMy KoxHa iHTerpasbHa Kpu-
Ba, fIKa NPH ¥ = X, AIPOXOAUTb Yepes TOuKy y, € (—oo, —1), i3 3pocraH-
HsM x HabamkaeTbes 4o npsamol y = —1. ko y, ¢ (0, 1), To Bignosia-
Ha iHTerpasbHa KpHBa i3 3pocTaHHAM X HaGaMXKaeTbcs A0 mpsMoi y = 1,

Ha npomixkkax (—1, 0) i (1, +o0) f (y) << 0. Tomy iHTerpa/ibha Kpu-
Ba, fIKa MPOXOAHTH Yepe3 TOUKY Y, € (—1, 0), HabiuxaeTbcs J0 mpsaMol

y = —!| upu x = +oo0. ko y, € (1, + oo), To inTerpanbHa KpUBa NpH
X — 00 HaGauxKaeTbCA H0 npsmoi y = 1. IuTerpanbui KpuBi 306pakeHo
Ha puc. 12,

6) Touku y = kn, k € Z, e noJiOXeHHAMHA piBHOBaru piBHAHHA, $KIIO
Yo € (2nn, n 4 2am), To sin y > 0 i iHTerpasbHa KpHBa, 9KA NPOXOLHTH
yepes 10 TOUKY, HabMHKaeTbCA A0 NpAMOL y = ; + 217 OpH X — 0o,
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Axio y, € (n 4+ 2nm, 2n - 2nm), 10 siny << 0 i iwTerpanbHa KpHBa,
SIK4 [POXOAUTL Yepe3 L0 TOYKY, NpH x — 0o HAGIHKAEThCS JO IPAMOI
y = n + 2nn (puc. 13).

B) PiBHsiHHA Mae TpH mo/oxeHHd piBHoBaru: y = 01 y = 1. Oc-
KisbkH ¢yHKUia f HenapHa, To iHTerpajbHi KpUBi po3milieHi cHMETpHYHO
BigHocHO oci abcumc. ToMy JocHTb HOOyAYyBaTH iHTerpaabHi Kpusi B 0O-
adacti y > 0. dxmo y € (0, 1), tof (y) << 0,asaxkmo y > 1, 1o f (y) > 0.
[1e o3Hauae, mo iHTerpabHi KpHBi, AKi noduHawThes B eMy3i 0 << y << 1,
OpH x — oo HabmmxkawoTbes 10 npsimol y = 0, a iHTerpaabui Kpusi,
SIKi IPOXOASIT uepe3 Touky obaacti y >
> 1, npu x - oo HaGmixaioTbes g0 I y
HeCKiHYeHHO BiJfaneHol TOUKH MJIOULMHH. ~
InrerpaapHi kpui 300paxeHo Ha puc. 14,

Y 1pOMy BHITAZIKY HE MOXKHA CTBe JKy- ¢ =T
BaTH, mo npsiMa y = 0 € acHMITOTOIO IpH
% — oo iHTerpaibHHX KpHBHX, fKiJje- U]
katb y eMy3i |y | << 1, 60 dynkuia [ (y) i —
y touni y = 0 He € gubepenuiiioBHow0 3L
1 pe3yJibTaT nomlepeaHbol 3ajaui He MOXKHA
BHKOpHCTAaTH. MOXKJIHBO 110, IIOUYHHAIOUH 3
JesKoro x, imTerpaJbHa KpHBa 36iratu- Puc. 14
meTbea 3 npsmowo y — 0. Tlpore B pos-
rsilyBaHoMy BHNAJKy 3arajbHHM pO3B’S3KOM piBHAHHA B obJaacri
y > 0 e pyukuia y = e°*, Tomy xo0jHa 3 iHTerpaabHHX KPHBHX He 36i-
TaeTbC s 3 nNpsaMoio y = 0 MpH CKiHYEHHOMY 3HAUeHHi X.

\

<
PO

1.3. 3afaui, wo npuBoAATL Ao AMcepeHlianbHux PiBHAHD
nepLloro NopsAARKy

Cxaananns audepeHuiaabHOro piBHSHHSA, fiKe ONMHUCYE NeBHUH eBOJOLIAHUE nponec
a6o 3alexHicTh MK XapaKkTepHCTHKAaMH IOCHIIKYBaHOTO SBHIA, € YacTO He HPOCTOK
3afaue0. YHiBepcasqbHOTO MeTOAY cKiaananHd audepeniiiancuoro piBusHHA we icuye,
TOMY MOXHA JaTH Jihule JesKi 3araibHi BKa3iBKH.

Hexa#t y = y (x) — WyKaHa 3adeXHicTb M XapakTepucTHKaMH x 1 y JaHOTO MPO-
necy. [LIo6 ckiactd audepennianbie piBHAHHS, O3B A3KOM fKoro € Qyukuis y = y (x),
Tpeba Bupasutd npupict uniei dyuruili Ay = y (x + Ax) — y (x) uepes npupicr Ax He-
sanexHol aminHoi x Ta iHwi BexnwuunaH, npo ki #nerscst B 3agaui. [Noxinuemu Ay Ha
Ax Ta nepefiioBwy 40 rpaduni npun Ax — 0, xicraneMo xudepennianbhe piBrsHHESA, TOG-
TO 3ajexkHicTh WBHAKOCTI 3MIHW BeauumHu y B Touni x (moximmoi y’ (x)) Bim x 1 y (x).
VY GarathOx BullafKax LA 3aJ€XHICTb 'PYHTYETHCA Ha 3aKOHI a0 eKCnepHMeHTaJbHOMY
dbaxri, akui Mae Micue B Tilf wn inwil ranysi npuponosnaectBa. Ilpn oMy, 3Buuaizo,
BHKODHCTOBYIOTb FeoMeTpHuHH#t sMicT moximmoi (TamreHc Kyra maxuay fotuunof) Ta if
¢bisnunui amict (wBHIkicTe nmepebiry nmpouecy).

[Tpn posp’saysanui AesiRMX 3afay JictaioTb PIBHAHHS, myKana QYHKUiA B AKX
MiCTHTBCST He TLIBKM il 3HakoM noxignoi, a # nix snakom inrerpana. PiBnanHs Takoro
THITY HA3HBAKTB (HMeeparbRuMY ab0 inmeepo-Oupeperyiarbrumy. Bonu BUHHKAIOTE, Ha:
NPUKIA], TIPH BHKOPHCTAHHI TEOMETPHYHOrO 3MiCTY BH3HAUEHOTO iHTerpana sk nuomi
kpuBoJiniiinol Tpamenii Ta iHmKX iHTerpansHux QOpMyN (ROBaHMHA AYTH KPHBOI, MIIOLLA
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noBepxHi i 06’eM Tina o6epTanHs, poGoTa CHAH TOMO). ¥ HalmpocTiMX BAmankax Taki
PIBHAHHA ILIsiXOM AudepeHuiloBaHHA 3BOIATE A0 nudepeHnianbHuX piBHAHS.

1.32. 3 ekcrmepUMeHTY BiioMo, L0 UWIBHAKICTh pafioaKTHBHOTO poana-
Ay pevoBHHM nponopnifina xo i xijspKocTi. 3naliTy niBnepiox po3nany pe-
4YOBHHH (4ac, 3a fIKHH DO3NajaeThCs MOJOBHHA DEUYOBHHH).

Po3B s3annsda Hexail x (f) — KinbkicTe pazioakTHBHOT pedo-
BHHH B MOMeHT vacy £, x (0) = x,. 3 yMOBH 3ajaui BunauBae, wo x' (f) =
= —kx, B > 0. 3Bigcu

&k, nx=—k+1nC, x=CeH.

Ockinbku x (0) = x,, TO 3aKOH 3MiHH KiJIbKOCTI PEUOBHHH 3 YACOM MAE
BUDIAL X () = x,e~%.
Yac T, 3a AKu# pO3MajaeTbCs MOMOBHHA PEUOBHHH, BH3HAUAETLCS 3
In

piBHSIHHSA o %o = xoe~*t, 10610 T = TQ. Lleft wac He 3a/JeXHTL Bii IO-
9aTKOBOI KiMbKOCTi PEYOBHHH.

1.33. 3 ekcrmepuMeHTy BiZOMO, IO IIBHAKICTb PO3MHOXKEHHA OakTe-
pifl Opu nocraTHbOMY 3amaci 1Xki mponopuifiHa Ao Kifmbkocti 1X. 3a sIKHi
yac Ki/abkicTe 6akTepifi 36i1bIIKMTLCA B M Pa3iB MOPiBHSIHO 3 MOYATKOBOIO
KiabKicTio?

Posp sszaunsa dxkmo x (f) — Kingbkicte Gakrepii y MOMeHT
gacy ¢, x (0) = x,, TO 3MiHa Ki/JIbKOCTi ONHCYETbCS PiBHSAHHAM'

() =kx, >0
3Biacu
X pdt, x=Cet, x=x,et
x ’ = ' == Aol

.
\

Yac T, 3a sKu#l KinbKicTh 6akTepill 36ibIIHTECS B M pa3iB, 3HAXOAH-
MO 3 piBHSHHA

x(T) = mx,, mx,= xe*

Inm
T = -

1.34. Ha marepianbHy TOuUKy, Maca siKoi m, Ai€ craja cuja, uio Ha-
Ja€ ToUli NPHCKOPEeHHA a. HaBKOMWIIHE cepellOBULIC YHHHTb PYXOMHEH
TOULi Omip, mpomopiuidHui A0 msuaxocti i1 pyxy (y — koediuiedr mpo-
nopuifiHocti). SIK 3MiHIOETbCA MIBHAKICTH PyXy 3aJeXxHO Bij 4acy, KOJH
B IIOYATKOBHH MOMEHT TOUKa OyJa B CTaHi cmokoio?

Po3p sizauHda. BsaxkaeMo, o yac BigniuyeTbcss Big mouarky
pyxy Touku. Hexall v (f) — WBHIAKICTD PyXy TOYKM B MOMEHT yacy f.
Tozi v (0) = 0. ¥ OyAb-AKMH MOMEHT 4acy { Ha TO4YKy fi€ cuaa ma —
— vu (f). 3a gpyrum 3akoHoM HeloToHa, 15 cu/la Hajae TOUI MPUCKOpEH-

ma— yv . .
HA ——-Tyﬁ- Hpucxopemm B MOMEHT w4acy t € MBHAKICTb 3MiHH
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WBUAKOCT] B el MOMeHT, To6TO MoXigHa wBHAKOCTI Mo wacy. Tomy

o ma—yu(l)

v
m
3anuineMo e PiBHAHHSA Tak:
r X
v o= U 4 a. »
3Biacu
X
v(t)-—:—’;l—a-f-(]e m i, (1)

BisbMeMo TOH po3B’f30K, IKMI 3a70BOJIbHSE HOYaTKOBY yMoBY v (0) =

= 0. Hoknasuu B (1) ¢ = 0, gicranemo 0 = —';l a + C, sBigkn C =

m
= ——aq.

Y
OT}Ke, LIBHAKICTE TOUKH 3MiHIOETBbCS 32 TAKUM 3aKOHOM:

X
- o(t) =—ra(l—e ™).

3 wuiei dopMysIH OicTaemo, WO IIBHAKICTb PYXY MaTepiafbHOI TOYKH

OCTa€ 3 4yacoM, HaGIMKAIOUHCh A0 i:— a. Uepes feAKUH Yac micas NoYat-
H; pPyXy TOYKA pyXaTHMeTbCS MPAKTHYHO PiBHOMIPHO 3i MWBHAKICTIO,
6113bKOIO 10 — g.

1.35. MarepiasbHa Touka pyxaeTbes mo npsMift 3i wBHAKicTIO, 06ep-
HEHO NPONOPUiAHOI 10 NPOHAEHOro 11Xy, B MOYaTKOBHI MOMEHT PyXy
TouKa 6yJsa Ha BifcraHi 5 M Bij mouaTKy BifIiKy ULIAXY i MaJja WIBHAKICTH
Yo = 20 m/c. 3naliTi LMIAX, AKUl HpoilLia TOUKA, Ta Il WBHAKICTL Yepes
10 ¢ micaa mouatky pyxy.

Poss sasanus [losnauumo uepes s = s (f) — BiacTanb TOuKH
Bil mouatky Bialiky B MomeHT £. Toxi s (0) = 5. 3a ymoBoIo 3MiHa BeJsu-

. . . k
UHHH $ BIX Wacy omucyeThesl gudepennianbHEM PIBHAHHAM §' = —, ze

k — koedinient nponopuiiinocri.
BinoxkpemuBiun 3minni B ubomy piBHAHHA | NPOiHTerpyBsaBuIH, AicTa-
HEMO:

s2=2(kt +C), s=V2(HTC).
3 ywmoBHu s (0) = 5 3uaiigemo crany interpyBanHs C:
5=V, Cc==2-.
Orxe,
s = V25 F 2kt.
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[poaudepeniuioBaBLy ue piBHAHHA NO £, 3HAHAEMO IIBHJIKICTE PYXY
TOYKH B MOMEHT [:

k
V25 + 2% ,
3 ymoBu v (0) = v, = 20 M/c 3HaxoaHMO KoediuieHT nponopuifiHocTi ki

0(0) = % =20 we, k= 100.

v{f) =58 () =

Otke, BincTans s (f) i wBHAKICTS v (£) 3MIHIOIOTbCS 32 3AKOHOM
T v 100
= 001, = —
s(f) =V'25 + 2004, o (t) e
Yepes 10 ¢ micns mouatky pyxy
s(10) = V25 F 200 - 10 = 45 m,
. v(10) = 100 _ oo 20 /e
T VB FA0-10 B~ 9 '

Omxke, uepe3 10 ¢ micnsg noyatky pyXy MBHIAKICTD TOYKH CTaHOBHJA
—QQEM/C. 3a me# yac touka mpoiumia Biactanb s (10) —s(0) =45 —5 =

= 40 M.

1.36. YoeeHn choBijbHIOE CBifl pyx NiA i€l onopy BoAu, SIKHA npo-
rnopuifinuil 1o WBHAKOCT] 4YoBHA. [louaTKOBa ILBHAKICTL YOBHA JOpPiBHIOE
2 m/c, a #Horo WBHAKICTL uepes 4 ¢ nopiBHice 1 m/c. Uepes cKiNbKH CekyH/
WBKAKicTh yoBHA AopiBHioBaTdMe 0,25 M/c? SIKHMil ILIAX MOXe NPOHTH
YOBEH A0 3YIIHHKU?

Po3B a3aHnusda Hexall v =0v(f) — WBHAKICTL YOBHA B MOMEHT
t. Toni v-(0) = 2. 3a gpyrum 3akoHom HbloToHa,

my’ = F (f),
Jge F — cuna, fKa Jie Ha 4OBHA; m — Maca YOBHA.
3a yMOBOIO
F(f) =— ko (t),

e k > 0 — KoepiuienT nmponopuifiHocTi, a 3HaK MiHyC 03Hauae, 110 CHJIA
Hanp siMJeHa NPOTH PyXy uoBHa (Ha 3MeHIueHHs BuixocTi). Tomy

my = —kv

— pudepenuianbHe piBHsHHS pyxy uoBHa. Moro poss’ssku
~

v==Ce ™.
k

3a ymosowo v (0) = 2, Tomy C = 2 i v (f) = % ™
38
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BH3HAUYaEMO BEJIHUHHY —:1—1

in2
ram

; k
=2 m; —=

t

1~
. 4 o . .
HIBnakicTe 4oBHA ¥ (f) = 2 . Hac T, uepes sakuii MBHAKICTD
yoBHa JopiBnioBatuMe 0,25 m/c, 3HaxoauMo 3 piBasHHa 0,25 =
T T
[— = =
4 —2 : o o
=2 ',a60 27°=2 *, spigku T = 12 c. Ulnax, npoiiienni uos-
HOM, 0GYMCJIEMO 33 (hopmyJIoN0

3 t

s(f) = gv(x)dx=§ 2I"de=mL2‘(1 —2

0

-L
1

)-

. . . . 8 _
Orxe, YOBEH MOXKEe NMPOHTH LLIAX, He OiAbUIHE Bif o 11,5 M.

1.37. [IpHCKOpEHHS JIOKOMOTHBZ, IIOYAaTKOBAa WIBHIKICTh SIKOro J0-
piBHIOE Uy, IpAMO HponopuiiiHe A0 CHiH TALH [ i ofepHeHo nponopuifine
Io macu noizgam. Cuna taru sokoMotusa I (f) = b — ko (f), ze v () —
IIBHAKICTb JJOKOMOTHBA B MOMeHT [, a b 1 B — craai Besuuunu. 3HadiTu
3aJI€KHICTb CHJIH TArM JJOKOMOTHBA Bij uwacy f.

PosB s13aHuHsa. [IpuckopeHHs JIOKOMOTHBA — Il¢ MOXifHa Horo

. b— ko .
wsuakocTi: @ = v’. Tomy 3a ymosolo v' = —,— lnrerpyioun e pis-

HAHKHA, AlcTaemo
k t

v(f) = 4+ Ce ™.
TouaTkoBa wBHAKiCTE JokomoTHBA U (0) = vy, ToMy v (0) = v, == —2— +

k k
gicThb CHJM TATH JIOKOMOTHBA BiJ Yacy BHpaKaeThbcsi PpiBHiCTIO:

&
-+ C, C=vo——i. Orxe, v(t)=—£—+(vo~—b—)e_7”—t i sanex-

F(t) = b— ko (f) = (b— ko) e 7.

1.38. MarepiasnbHa Touka, maca fKOI /1, PYXAE€ThCsl MO KOONAWHATHIN
npamiii Ox. Pobora cuau, sika nie Ha TOuky, mpomopuiifina jo vacy f Bij
mouatky pyxy (Koehinient npomopuifiHocTi RopiBHIOE k). 3HaHTH 3aKOH
pPyXy TOUKH, fAKIIO B NoyatkoBuil MOMeHT (! = () Touyka 6yJja B CTaHi
CIIOKOIO Ha BiicTaHi s, Bij mouaTxy BimviKy.

Po3B f13aHH4a Ykmo touka mepeMiniyerbes JinifiHo i Hanps-
MOK CMJIM Ta IIBHAKOCTi 36iraroTecsi, TO poborta cuium F (s), AKa JAie Ha
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TOUKY, BHPaXaeThca (popMyJown
A={F@adu
So

3a ymoBolo A = kf, [lpupiBusBiUE OoCTaHHi JBa BHpasH, AiCTaHeMmO
piBHAHHSA

SSF(u) du == ki,

Judepenuirooun mo ¢ o6UABI YaCTHHH HbOrO PiBHSIHHS, RiCTAEMO

F(s)s' =&,
a60, BPaxOBYIOUH, 110 § = U, MAaEMO
Fis)o=~F

3a gpyrum 3akonoM HeioTona, *F (s) = mv’, Tomy MaeMo AudepeH-
niajbHe PiBHSHHA

mov’ = k.
Interpytoun fioro, 3HaxoxuMo

mu?
2

-

=kt + C.

3 nouatkosol ymoBH v (0) = O (y mouaTKoBHH MOMEHT Touka 6y/a B

. 2k .
crani cnokot) 3Haxouumo, mo C = 0. Tomy v = V? 1. 3aminwouy
v Ha §' Ta iHTerpymooum, AictaeMo
g 2 2k
3 m

Ockineku 3a ymoBow s (0) = s,, 10 C; = 5,. Tomy

£2 1,

2 2k 312
8§ =8, + 5 T .

1.39. IlapamyrtHer cnyckaeTbcsl Ha nmapaliyTi, KM Mae ¢opmy niB-
chepu paniyca R = 4 m. Ploro maca pasom 3 Macoro napaiyra AopiBHioe
82 kr. 3HafiTH WIBUAKICTb ¥ MApallyTHCTA Yepe3 2 C micjad NOYaTKy Clycs
KaHHA i WX, sKUA BiH npoiiuos 3a yac {. BBaxary, L0 CHsIA ONOPY f0-
BiTps F; = 0,00081s0%, ne s — maoma Ha#biMbIWIOrO Hepepisy, nmepreH-
JUKYJASPHOTO 10 HANpSIMKY DYXY; U — IUBHIAKICTb PYyXY.

Po3B fai3aunusa Y aupepeduiaibHoMy piBHSHHI pyxy mapauy-
mucta mv’ = F cuna F e piBHOAINAOI ABOX TPOTHJIEKHO HAMPSIMJIEHHX
CHJI: Bard, fiKa JIOpiBHIOE mg, i CHIM oOmOpy MOBITPs, WO JOPiBHIOE
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0,00081sv%. Tomy nubepenuianbhe piBHAHHS PYXY €
my’ = mg — 0,00081sv2.
3anuwemo ue PiBHSHHA y BHIASA
v =g —av?,
Je o = ———, Bifokpemiooun 3miHHI Ta iHTErpyIOYH, AiCTaEMO,
S —g_d—”mg ~t+C.

. 1 .
Poskaasuu npi6 7 —oor Ha eJeMeHTapHi apobu

oy?
o 1 n 1
= =i (Vereve tvimeva)
o6uucauMO iHTerpas

S do__ _ W’g_a 1n(V§+vV§)—-§’}?ln(V§—UVE)=

g — av?
W | Ve—oVa
! Vet+oVa _
Slkwo ¢ = 0, To v = 0. TakuM YHHOM,
1 In Vé'f‘(l]/& .
2Vge  Vg—vuvVa

3piacu BHpaxkaeMo v K (YHKUilO Yacy £

t =

oo Y E. VE_VE ST wlgm
@ Vst |~V % ch (Veay

3aminlooun v Ha §', AicTaemMo PiBHAHHS

. _ 1/ & _sh (Ve
-~ ""Va o (Vgah)

Interpyroun ni piBHSIHHA, 3HAXOLHMO
s =allnch Vgaf)+C.
Ockinbky § == 0 mpu ¢ = 0, o C = 0. O1ke,

s=—Inch(Vga. 3)
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®opmysn (2) i (3) onucyioTh 3aKOHH 3MiHH MIBHIKOCTI MApallyTHCTa
i maaxy, Akufi BiH NpoHIIOB 3a uac /.
O6unc/auMo MBHAKICTD uepe3 2 ¢ micas HOYaTKy pyXy:

- __ 0,0008s __ 0,008l - 160000
g~ 981, a =200 o ~ 0,005,

V%z 443, Vga ~ 221

BigmoBixua wBHAKiCTE

S8
vy =10 (2) = 443 eSTl-I-—]z 4,43 M/c.

IlBuakicTb, Ka BH3HAuaeTbcA piBHicTIO (2), Ma€ rpaHuYHe 3HAYEHHS
Up = ltl_fgov 0 = V% o wiBMAKiCTb, SIKY TEOPETHYHO HiKOJH HE MOX-

Ha JOCATTH, MapallyTHCT NPAaKTHUHO Mae BXKe Yepe3 2 ¢ mic/is mouyatky
pyxy.

Anaunis dopmynn (3) nae 3Mory po3KpuTH CHpaBXHiH XapakTep pyxy
napamyTHcTa. 3angiueMo o GopMyay y BHUIMIAL

S =

! eVaat 4 e—Vext
—In

o 2
Jpyrufl fonaHOK y YHCENbHHKY BXKe NMPHU AYyKe HeBeJUKHX 3HAYCHHAX

! cTae Lye MajHM, TOMY IIPH BCixX {, GiIbIIHX BiX JesKoro neBHOro 3Ha-
YeHHM, MOXHA BBaXKaTH, IO

1 e\/ﬁt_l/'z In2
s=hn——=) St———.

Hicranu ninifiny 3anexHictsb, Gisuunuil 3MIiCT KOl NMOJArae B TOMY,
L0 Yepe3 AeAKHH yac pyX NapallyTHCTAa CTA€ INPAKTHYHO PiBHOMipHHM,.

g

UIBuakicth piBHOMipHOrO pyXxy AopiBHioe |/ -, T0GTO rpaHuuHii LIBHL-

KOCTi pyXy.

1,40, MeTeopHUT Nij BIVIHBOM 3eMHOro TAXKIHHA i3 CTaHy CIOKOW NO-
yuHae NpAMOJiHIAHO majaty Ha 3emiio 3 Bucotd A. SIkow 6y.a 6 wWBHA-
KiCTh MeTéopHuTa Ha moBepxHi 3emai, Kosiu 6 He OyJ0 3emHOI aTtmocdepu?
Paniyc 3emsi R = 6377 kM.

Posp a3annsa Hexall x = x (f) — BiACTaHb, fIKy MeTeOpPHT
MPONINOB 3 [OYATKY NaAiHHA, A — x — BijJcTaHb BiJ MeTeOpUTAa B MOMEHT
¢ no uenrtpa 3emai. Y MOMeHT { Ha MeTeopHT lie cuaa F = ma, ne m—
Maca MeTeopuTa, a @ — #Horo npuckopenns, Ha nosepxni 3emai Ha Tisio
nie cuna Taxinusg P = mg, e § — NPUCKOPEHHS BIMLHOrO NafiHHA Ha
noBepxHi 3emi.
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3a sakoHoM HbioToHa ui cuau obepHeHO mponoplifiHi no KBajgpartis
BiACTaHeH Najalouoro Tijna Bix ueHTpa 3eMmJi:

£ _R ma _ __R
P~ h—x® ' mg  (h—x7 -
s ____Rg o " Rg
3sincu a = hi—mE ame a=v. Tomy v’ = =t " Bpaxosy-
foun piBHIiCTD
. dv  dv  dx _ dv
@ = dx dl T dx Y
JictaeMo JudepeHUiafbHe PiBHAHHA PYXY:
v dv __  gR? dv?  2gR®
de  (h—x)? ' dx =~ (h—x)? °*
Tarerpyioun ne piBHAHHA, 3HAXOLHMO
02 = QgR + C.
Pyx nounnascs i3 CTaHy CIOKO0, To6T0 x = 0 i v = 0 nmpu ¢ = O;
_ 2gR?
0 0 +C C=— )

‘ToMy WBHAKICTh METEOPHTA 3a/€XKHO Bl LLIAXY X BHPaKaEThCs HOpMy-
51010

v? = % .

Ha nosepxni 3emni (x =h — R) wBuAKicTE MeTeopHTa U =
o= V?gR (I — %) Ockinbky 3a yMOBOW BHCOTa & MOXe 6yTH HeabMe-
XeHO BeTHKOI0, TO, NEPEHIIOBIIH 10 IpaHHLi npH h — oo, picTaHeMmo

v=V2R.

Omxe, Ha noBepxHi 3emJi MeTeopuT MaB OM LIBUAKICTD
v=12.9,81.6377000 ~ 11,2 km/c.

~ L.41. Kpusa y = ¢ (x) npoxonutb uepe3 Touky (I; 2). KoxHa potuy-
ga jo uniel Kpmao'f nepeTHHae npamy ¥y 1 y Touni 3 aécuncmo KA 0=
piBHIOE l'IOlIBOeHlH abcuuei TOUKH JOTHKY. 3HAUTH KpUBY Yy = @ (x).

: Posp s3anua Hexa# (x y) — IOBiJbHA TOYKA HA /ClaHIPI KpH-
Bifl. PiBusAHHA noTHuHOI, npoBeaeHol N0 Hiei kpusol B Touli (X; y), Mae
BHLJISI]

d
Yy =X,
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Je X, Y — aminnl koopawHaTtiH TOUOK A0oTHYHOI. 3 YMOBM, IO HOTHYHA
nepeTHHae npaAMY y = 1 B Touwi 3 abcuucoio 2x, Aicraemo AudepeHUiaib-
He piBHSIHHS, SIKE 3aJ0BOJbiisle LIyKaHa KPHBa:

d d
1—-—y=%(2.\'——x), x%:l——y.

BigoxpeMuBinH 3MiHHI Ta NPOiHTEerpyBaBiik Ue PiBHAHHA, 3HAXOAHMO
C
y—l=—

X
Illykana KpHBa NpOXOAHTb uepe3 Touky (1;2), oMy C = 1.0Omxke, y =

:1+L

1.42. KpuBa Y = @ (x) IPOXOAHTE yepes TOUKY (0; 1) i B koXHI}
i Touui TaHreHc KyTa HaxXuJay JOTHYHOI 10 iiei KpHBOI Z0OpiBHIOE NMOABOE-
HOMY 100YTKY KOODAHHAT TOUYKH JOTHKY. 3HaHTH
KpHBY y = @ (x).

PosB a3auus Hexall (v, y — noBinbHa
TOYKA Ha MYKaHi# Kpusifl, TaHreHC KyTa HaXHIAy
AOTHYHOI 10 KpHBOI B Toull (x; ) AopiBHIOE noxin-
Hi# myKaHm ¢yukuii B Tounmi x, TO6TO Y. 3a
ymoBolo y' = 2xy. 3sigen y = Ce**. OcKijnbKH

y@ =1, C=11iy=e"

1.43. KpuBa mpoxomuTb uepe3 IOuUaTOK KOOp-
AuHat i gexuts y niBngomuHi y > 0. Koxuui
OPSIMOKYTHHK, OOMe)XeHHH OCsIMH KOODJAHHAT | NepNeHAHKy/asapamMH JO
HHX, ONYIIEHUMH 3 TOYKH KDHBOi, AlJANTbCA KpHBOIO Ha ABi uactuu#. [lpu
LbOMY IO YACTHHH NPSMOKYTHHKA, KA JIEXKUThH IijJ KPHBOIO, B JBa
pasH MeHIlla BiJ OJOIlI YaCTHHHM NPSAMOKYTHHKA, AKa JeXHTb Hal KpH-
BOI0. 3HAHTH KPUBY y = y (X).

Poss ssanus. 3 jgoBiabuol toukw M (x; y) 1mIyKaunoi KpHBOI
y = y (x) onyctumo mnepnenaukyaspy MA i MB Ha xoopauuaTHi oci
(puc. 15), Tlnomy npsMokyTHurka OAMB Mmoxua 3HafiTH 32 (OPMYJICIO
S = xy abo S = —xy, AKUC KpPHBA JEXUThL y miBmaomuHi x <L 0. [lio-
Yy 3alTPHXOBAHO! YACTHHHM INPFMOKYTHHKa ofuucanMo 3a ¢(opMmyJoio

Q= {ya
0

abo
=— 5 y(@) dt, sxwo x<<O.
0
3a ymoBolo S — Q = 2Q, TO6TO

xy—BSy(t)dt
0
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Hicranu inrerpanvne piBusinnsi (HeBinoma ¢QyHKIIS y (¥) micTaTbCA mix
3HakKoM inTerpasa). [lepeiineMo 1o nucepenuianbHOro piBHAHHS, IpogHde-
peHuioBaBLIM {HTerpaJdbHe pPiBHAHHA MO X:

xy' +y =3y, abo xy' = 2y.

Iuterpyroun ne piBHAHHA, AicraeMo y == Cx2.

3a yMOBOIO IIyKaHa KpUBa JIeXHUTb y niBmiomuni y > 0, Tomy 6yab-
fka napabosa Buny y = Cx?, C > 0, 3aJl0BOJIbHSIE YMOBY 3afiaui.

1.44. ¥ nocyauny, gKa mictuth 20 J BOAH, HENEepPepBHO 3 MIBHAKICTIO
5 1 33 XBUJAMHY BJIHBAETHCH PO3UHH, KOKeH JITp siKkoro mictuth 0,2 Kr
coji. ¥ mocyiyHi pO3UMH [epeMillYEThbCsl, i CYMIlll BUTIKAe 3 HOCYAHHH
3 Tieto camoro mBuaKicTio. CKinbky comi 6yne B mocyauHi uepe3 4 XB?

Po3p si3auud Hexall m(f) — kiabkicTb coi uepes { XB micas
nouatky npoiecy. 3HalAeMo, K 3MiHHTBCSl KiJIbKiCTBH cosi B mocyauHi
3a mpoMmixkok wacy [f; { + Afl.

3a uwac Af y mocynuny 6yne Bauro 5A¢ () posuuny. ¥ uifi kinvkocrti
posunny mictutbes 0,2 - 5 - Af = Af (xr) coni. 3a Toit camuit yac 3 mHo-
CynuHH BUJIETbCS DAZ (1) po3uuHy. Y MomeHT ¢ B nocyxuHi 6yao m (f) kr

. . . . m{l
coJi, otxke, B 5 - Af 1 po3unny, IKHi BuTikae, Mmictujoca O ——Qé—) 5 %

X At = 0,25 . m (f) At xr coni, akbu 3a wac A¢ kinbkicTs coai B mocy-
JuHi He 3MiHIOBajach. OCKIJbKE 3a lel yac JaHa KibKicTb cosi 3MiHHATh-
Cs Ha JeAKy BesiHuuHY @ (o — 0 npu Af — 0), To 3 mocyuHH 3a uac Af
Busietecs 0,25 (m (£) + B) Af (kr) coui, 16 0 << B << .

Orxe, B PO3UHHi, SIKHH B/JIMBAeThCS B NMOCYAHHY 32 TMpoMixkoxk [f, ¢ +
-+ Af], mictutbcst Af Kr coJii, a B po3uHHi, fKHWil BHUTiKae 3a TOW camuii
yac,— 0,25 (m (f) + B) At xr coai. Ilpupicr kinbkocti coni 3a melt uac
JopiBHIOE

m(t-+ Aty —m (t) = At — 0,25 (m (¢y + B) AL
O6usi uyactuny niel pisnocti posnisnMo Ha Af i mepelizeMo fo rpaHu-

ui npu Af — 0. Bpaxosyioun, mo p — O npu At — 0, nicraemo m’ (f) =
= 1 —0,25m (¢). lle nudepennianbhe piBHAHAS BigHocHO QyHKUil m (f).
t

P03B’13KH LbOrO PiBHSHHS MAIOTh BULVISAL /1 =4+ Ce *.Ockiabku
B MoMmeHT ¢ = Q couai B nocyauti He 6yJo, ro6ro m (0) = 0, To C = —4.
Otxe,
-t
m@=4(1—e 7).
Y moment ¢ = 4 B nocyzauHi 6yae m (4) = 4 (1 — e™1) & 2,4 kr codi.

Butikasna pigusn depes oTeip y nocynmni. HlsuakicTs BuTikanns piannp uepes
Maunuii OTBip y mocyauni, KM JIEXNTb Ha BiACTaHi h HHIXKYe BiJ PiBHS PIAMHH B MOCYIH-
Hi, 6e3 ypaxyBaHHs TepTs, AOpiBHIOBaJa 6 WBHMIKOCTiI BiNLHOrO MafiHHA TiZla 3 BHCOTH

h, To610 ¥ 2gh. 3 ypaxyBaHHsaM TepTs 3ajexnicTs wBHAKOCTI v Bid h BH3sHauaerTbcd
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sakonoM Toppivenni: v = p V' 2gh, ne g — npuckopenns BIILHOTO Wafinus; P — Koedi-
wieHT BHTpAT, KU BUBHAYAETHCA eMNipHuHO i 3amexnTsb Bif pinuun. Jos sogu p = 0,62,
xag racy po= 0,6.

1.45. Tlocynuny, miaoma IOTIePeyHOro nepepisy sikoi e BifoMo0 ¢yHK-
uieto Bucotu b, S = S (h), HanoBHeHO piguHOoW 1o piBHsa H. Y aumi mocy-
JIMHH € OTBip TJIOILEIO O, Yepe3 fIKUH piJHHa BUJIMBAEeThbcd. 3HAHTH yac i,
3a AKui piBeHb piAHHY 3HH3HTHLCA BiA MOYATKOBOI'O MOJOXKeHHS H Jo 1o0-
BisibHoro h, 0 <Ch <{ H, i wac T, 3a axkufl pijuHa TOBHICTIO BHJIJIETHCS.

Posp sizanuqa Hexall Bucora pifyHU B NOCYAWHI B MOMEHT
Jopisuioe h. O6’em piannu AV, sika BuTiKae 3 NOCYAMHH 3a yac At Big Mo-
MeHTy ! 70 MOMeHTY { + Af, MOXHa 3Ha#TH, AKIIO BIIOMHM € 06’€M IH-
JiHIpa 3 IJIOIIEI0 OCHOBH O i BHCOTOW U (A):

Av = ov (h) At

Lle#t 06’em pinuHu MOXHa 3HAHTH H iHakwe. BHacrinok Burikanus pi-
JuHY 11 piBedb h y MocyIHHI 3HH3HTbCS Ha BeqMUMHY —AhK, orxke, Ay ==
= —38 (h) Ah. IlpupiBHsBuu 06KiBa Bupasu aas AV, maemo: —S () Ah =
= ov (h) Af. [loainuBimiM o6HABi YaCTMHH OCTaHHLOI piBHOCTI Ha Af i
nepefoBLn Ao rpaduui npu Af — 0, nicranemo audepeHuiajibHe piBHSH-
HA, sIKe OIHCYE 3a/IeKHICTL DPiBHA PiAMHM B MOCYJHHI Bix uacy:

—S(h) —Z?— = gv (h).

[TiacraBuBin 3amicts v (k) 11 sHauenHs, sHaiizeHi sa 3akoHom Toppi-
yes1i, i BioKpeMuBIUM B 1bOMY piBHSIHHI 3MiHHi, AicTaHeMo

— Sy
dt o Vg dh.
3Bigcu
S (x) S (x)
t=— dx = 2
op V2g S i V2g S dx

Ockinbku & = 0 npu v = 0, 10 yac- T, 3a sAKWH pijUHa MOBHICTIO BHJ-
JIETBCA 3 MOCYAHHH, BH3HAYAETHCs 3a (POPMYJIOND

1 S (h)
T = dh. 4
opnV2g S Vh *

1.46. Kpyraufi uuainapuuynufi 6ak 3 BepTHKa/bHOWO Biccio Jiamer-
poM 2R i Bucortorw H HamoBHeHO Bozowo. 3 6aKy BOAa BHTiKae yepes Kpyr-
Jui oteip aiamerpom 2a B AHi Gaka. 3naiitu yac T, 3a siKHH Boja NOBHIC-
TIO BHTeue 3 Oaka.
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Po3p a3anna [lioma nonepeunoro nepepisy Gaka S = S (h)
crana i nopisnioe mR?, a maoma otBopy ¢ = na*. 3a dopmydowo (4)
H -
_ S S g4 nR? dh 2R*V H
on l 2g

S VE)VE T eV

Sokpema, npu R = 1M, H =225 M, a = 0,05 m i p == 0,62 aicra-
HEMO
1-V2,%5

« y A e~ 452 c=T7x832¢.
0,0025 . 0,62 - V 19,62

1.47. Y npsaMoniniiiniit Tpy6i pamiyca R Teue pimuna. IUBHIKicTb Te-
yii ¥ KOXKHOro Wapy piJuHH 30iJblyeTbCS 3 HaOJNHKEHHSM HbOTO HIAPY
Jlo neHTpa Tpy6u (oci uuainapa). 3uafity v 9K GyHKui0 Bixcrani r Bigmo-
BifHOro wapy piAMHH Bif oci muainapa.

Po3B g3aHHS4 (K BijoMo, 3a/iexHICTE MiXK U 1 r BUpamaeThea

i . .. .
——;— rdr, ne & — Koedilienr B’s3kocTi;~i — rizpa.-
JIiUHM# claj; ¥ — IyCTHHA DiJHHH (3HAaK MiHYC O3Hayae, WO i3 36i/blueH-
HAM BifcTaHi r IBHAKICTb Teuil 3MeHLIYeThCs).
% Tlicna iHTerpyBaHHs uboro piBHSIHHSI MaeMo

piBHAHHAM dv =

§

=———Y£—r2—!-C.
4g

Crany C 3naiizemMo 3 yMOBY, [I0 WIBHAKICTb Teuil wapy piAuHH, AKui Ges-
nocepefHbO NPUAArae jo TpyGH, HopiBHIOE HYMI0, TO6TO U (R) = 0:

v (R _—-—R2+c_o C=2-R

Otxe,

v(r) = K (RT—r2).

1.48. TlopoxHusa 3ani3Ha Kyna mepefyBae B CTalliOHapHOMY TeNJOBO-
My cTaHi, T06TO KOJIM TeMIeparypa B Pi3HMX TOUKax Tina pisHa, ajne B
KOXKHilt OKpeMi#i Touni 3 yacoM BOHA He 3MiHWeTbcH. BHyTpimHil paziye
Kyai 6 cm, 3oBHimHi# — 10 cm, TeMmepaTypa BHyTpilUHLOI IIOBEPXHi
200 °C, soBuiwHboi — 20 °C. 3HafiTd TemmepaTypy B TOUKax, sKi Je-
Xarb Ha Bifcraui 9 cM BiJ weHTpa KyJai.

PosB ss3aunnsa EkcimepuMeHTaJbHO HOBEAEHO, IO KiJbKiCTb
TeIIOTH ¢, KA NIPOXOJHTH Uepes MIOMAAKY S, mepneHAMKYJAAPHY J0 Ha-
NPAMKY TelNIoBOI Teuil, nponopuiina Ao miomi S i WBHAKOCTI 3MiHY TeM-
nepaTypH i3 3MiHOIO IPOCTOPOBOI KOOpAHHATH X, TOOTO

g=—hSSL,
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Ze k — xoediuient renyionposignocti (s 3aniza k = 0,14). Buacaigok
<HMeTpil Ky/i TemioTa MOIIHPIOETBCA pafiafibHO, | TOMY TeMmnepaTrypa B
KOXHif Touni € ¢ynkuis i1 sigcrani ig uenrpa kyJai. [laoma nmomanky,
yepe3 9Ky NPOXOAUTH TelJioTa, AOPiBHIOE IJIOHL TMOBepXHi Kyhi paniyca

dT
r, 10670 S = 4mr®. Tomy ¢ = —4nkr? ——. [lpore KiJbKiCTb TemIOTH,
fIKa NPOXOJHTb uepe3 IBi HOBi/IbHI KonueHTpnqm chepHuHi MOBepXHi,
dT . R
oxHakosa. Otxe, —4nkr27 = g = const. BigokpemIroioun 3MIiHHI Ta

iHTerpytoun, Aicraemo 4nkT = % + C. 3 ymoB T (6) = 200, T (10) =
= 20 BusHauumo ¢ i C:

8007k = & + C, 80mk =5+ C,
g = 10 800nk, C = — 1000wk,
Tosi T =T (1) = 222 — 250, T (9) = 300 — 250 = 50 °C.

1.49. Uuninapuuny KOTYIUKY BHTOTOBJEHO 3 MinHoro fapory. Ilpu
TPOXOLKEHHI e/eKTPHYHOTO CTPYMY Uepe3 KOTYLIKY BHIIIAETLCA TeIoTa,
Busectn dopmyay ais TeMIeparypH T = T (f) ycraneBOro pexumy sK
byHKuit uacy t.

Po3s s3anusn Hexah T, — Temneparypa cepeioBuuia, B SKO-
My poamimena koryuwka; T (0) = T,y; ¢ — nDuTOMa TeIIOEMHICTb MiAi;
¥ — il ryctuna, V — o6’eM; S — mJioma nosepxsi KOTYWIKH; § — KiJb-
KiCTb TENJIOTH, $IKa BHAINAETbCH 32 OJMHHIUO yacy; R — KoediuieHT Ten-
JIONPOBIiHOCTI.

Kinekicte TemnoT, sika BHAiJAseTbca 3a uyac Af, jpopiBHioe gAf. L
BEJINUHHA CKJIAJAEThCS 3 IBOX YACTHH: TEMJIOTH, K2 BUTPAYAETLCA Ha Mid-
BulIeHHs Temneparypu AT, i TensnoTH, AKa BTpavyaeTbCsA B HABKOJIHIIHLO-
My cepenoBuii. [Tepma vactuna nopisutoe ¢VyAT, a gpyra — kS (T —
— Ty) At (xinbkicTh uwiel TeMJIOTH NMpomopuUifiHa A0 PiSHHLI TeMNepPaTyp
T i T, KOTYIIKY i cepenoBuila, a TakoXk BennuyuHaM S i Af). 3ijcu

gAt ="coyAT + kS (T — T,) At.

Po3ginuBmn o6HABI YaCTHHH OCTaHHbO! piBHOCTI Ha Af i mepeHlUOBILH
1o rpaHuui npu Af— 0, I.[iCTaHEMO Inudepenuianbue piBHAHHA

g=cVy—ro dt —I—kS(T Tohs

abo
dar
7=—G(T—To)+ﬁy
__kS I
AE o= vy p == cVy °



Binokpemuswn 3aMiHHi Ta npoiHTerpysaBliH, AicTaHeMO

t+C=—%ln|T—TO—%
Ockiiekn T (0) = Ty, 10 C =—O+ln%, TOMY
, 1 B _ ! p
t-——a—ln?_-——a—In‘T—TO———a—l.
3BiacH
T'_To'_% =%e_°‘t.
Ocraroyno

kS

T=T,+—2(1—e °W)

1.50. ITorsuHaHHS CBiTVIOBOTO IOTOKY TOHKHM IIApOM BOIM NpPONOP-

[iliHe 1O TOBUIMHH Wapy ¥ MOTOKY, SIKHH Majae Ha fioro nmoBepxHio. [pu
NPOXOIKeHH] uepes map ToBLUIHHOKO 1 M morauHaetbes 1/4 moyaTKoBOro
cBiTMIOBOrO MOTOKY, $IKa uacTHHa CBITJIOBOro NHOTOKY JAififie nO TiHOH-
uu h?

Posg sszauns Hexalt Q = Q (h) — csitioBuil noTik, gKui na-

dQ = — kQdh,

Ie k — KoedinienT mponopuifinocri. 3Bincu

Q (k) = Co—*n.

Jlae Ha NOBepXHIO Ha ryiubuHi A. [Ipu mpoxomxKeHH] yepes Mmap BOIH TOB-
KO0 dh MOrAMHYTHH CBIT/IOBHH mMOTiK

Hexa# nouatrkosuil CBiT/IOBHI NOTiK JopiBHioe ¢,. Toxmi 3 mouaTkoBoi

ymoBd Q (0) = Q, 3maxoiumo, 1O

C=Q,

Tomy

Q (h) = Que—*.
3a ymoBow Q (1) = % Q,. Otxe,

—g‘Qo = Qe F,
8BIJKH -

=i am= o)
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Ho raubunu b = 4 M aifige cBiTIOBHE HOTIK
3 a
Q4 =q, (-4—) ~ 0,316Q,,

To6T0 Zififle Medmne Hix 1/3 mOYATKOBOro CBiTVIOBOrO IOTOKY.

1.51. ¥ uuainapuunifi mocyausi, o6’em sikoi V,, arMochepHe noBiTps
3a JOIOMOro nopuis afiabatuudo (6e3 o6MiHY TEIJIOTH 3 HABKOJHIIHIM
CepeloBHILEM) CTHCKyEThCs A0 06'emy V;. OGUHCIHTH POGOTY CTHCKAHHS.

Poar s3auusa. Ilpn onyckanni nopliHS Ha BiACTaHb dX BHKO-
HyeTbCs eJeMeHTapHa pobora

dA = — pSdx,

Je p — THCK NOBITPA J0 ONyCKaHHS Mopluus, S — miouia nopuus. [Ipore
Sdx = dV — Bignosigna 3mina oG’eMmy, ToMy

dA = — pdV.

3a 3axkonoM IlyaccoHa,
V. \k
P =Py (_Vo_) ’

e k — crana (41 neBHOTO rasy) BeJHUMHA.
JicraeMo aucdepenuiasbHe pIBHSIHHS

& dV
dA = —p Vi vE
Posp’g3aBiiH foro, 3HaleMo: .
k
Vo 4o oo — b
1 ’ -

T —nvE =T

HpH V= V1

__ PV Vo k1
A= (5 —1), k1.

1.52. IlIBuzkicTe 36iablueHHs MOLLI MOJOAOrO JIMCTKAa BikTopii-pe-
rii, AKHH Mae ¢opMy Kpyra, npomnopuiiina o paiiyca Juctka i kinbkocti
COHSIYHOT'O CBiTvIa, fiKe najae Ha Hboro. KinbKicTh COHSIUHOrO CBiTIIA NPO-
nopuifia 10 miaowi JHCTKA | KOCHHYca KyTa MiX HalpAMKOM IpPOMenis
i BEPTHKaJLIIO JO JHCTKA. 3HAHTH 3a/JexHicTh MDK ILIOUEel S JIUCTKA
i yacom #, axuo o 6 rog ua mioma gopisuiosana 1600 cm?, a o 18 rog Toro
camoro aust 2500 cm®. Baxkaru, 1o KyT Mixk HanpsMkoMm npomens CoHus
i BepTukawLTIO 0 6 rog i o 18 rox mopismiosas 90°, a omiBani — 0°.

Posps sizanusa Hexai S =8 (f) — mjolta JHCTKA B MOMEHT
yacy f. SIKIIO 3a moyaTrkoBHH MOMeHT yacy B3Atd 6 rog, To S (0) =
= 1600 cm?, a S (12) = 2500 cm? (msroma aucrka o 18 rox). LIBuakicts
POCTy JIHCTKA

S’ = krQ,

B0



ze k — xoedinient nponopuiiiHocti, 7 — paaiyc auctka, Q — KinbkicTs
COHSIYHOTO CBiTJ/IA.

3a ymoBolo Q = S cos a, jge ¥ — KoediuieHT nponopuifiHocri, o —
KYyT Mi HaIpsaMOM COHSYHOTO IIpOMEHS! 1 BepTHKAJIK JO0 JHCTKAa. Kyt
o = a () — byHKuif yacy, sika JiHiHHO 3a/7€XHTh Bif uacy:

b4

a=at+b, a(0)=—-", a(6)=0, a(12)= .

. . - 3
3 ymoB 3ajaui AicTaHeMo a4 = —5-, b = —

1 T %
X (¢ —6). Orxe,

, TOOTO o0 = 5

mla

n .
Q= ‘YS COSTL)—(t_ 6).

OckiJbKH ‘pajiyc JHCTKA r = l/? , TO Ma€Mo JIH¢epeHIiajJbHe piB-

HAHHSA

L V‘ Y SV'S cos - (t — 6).

&

'buxoxpeManu 3MiHHI A npomrerpyBaBmH JicTaHeMo
2
— 2Ry sin ( —6)+C.

’ s nl/
3 ymos S (0) = 1600, S (12) = 2500:
9 P B
C=——20 W=—"Zm0 -

TligcTaBuBlIM 1i 3HAaYeHHS B OCTAaHHIO piBHicTb, AlcTaHeMo

2 1 S 1 9
— 5 = 200 S0 g (—6) — 555
n6o
160 000
S= .

(Q-Sin%(t-—G))

1.4. OpHopigHi piBHAHKS

®yuxuis F (x, y) nasuBaerbes 00Hopidnow cmenens k, sxmo gas Beix A > 0 BHKo-

Hyerbes pisricts F (Ax, Ay) = A®F (x, y). Npukaagom oxnopianoi dyHkuil Moxe Gyt
ﬁynb-sma dopma (omHopinHui Muorowien) crenenss k. PyHKuii

—_— 2 .3
ud Y ] u +xy ,xﬂ_’_yﬂ_xy, I/'Hlv
x+y x—Y
Hanpuman, € ojHOpimnumu Bigmosigno cremens 0, 1, 2, A,
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Hudepennianbie piBHsHHS

y=Ff@x 9 ]
HA3UBAEThCST 00HOPIOHUM, KO [ (X, y) — ofHOpifHA QYHKIlIS CTENEHA HY/b.
Hudepennianpie piBHAHHA MepHIOro MOpAAKY B cHMeTpHuHifl Qopmi

Ax, y)dx+ B(x, y)dy =0

€ onHopiguuM, axmo A (x, y) i B (x, y) — onnopinui dyukuii ogsoro creneus.
Omuopipne pIBHAHHA MOXHA pO2LIsfatH B GyAb-fKifl opHOpigmik (imBapianThil

BiIHOCHO po3Tary afo crtucky) ofiacti, Hanpukaan, y KyTi 3 BepmuHowo O TOWO .
3amiHa y = zx NPHBOAHTL OJHOPinHe PIiBHSHHS OO PIBHSHHA 3 BiNOKPEeMIIOBAHHMH

aminauma. OfHOpinHe piBHAHHS MOXKHA TAKOXK 3BECTH [0 DIBHSIHHS 3 Bifokpem/ioBaHUMH

3MIHHHME 3a JIOTIOMOIOIO MepeXoRy A0 MOJSAPHHX KOOPAMHAT: X = 0 cOS @, y = p sin ¢,
PiBugnus BUAY

dy ___F( axr+bhy+6 )
dx ayX - by + ¢y
MOXXHA 3BeCTH [0 OZHOpIAHOro 3a fomomoroo Jikifinol samidu x = Xy - ¢, y = yy + 2,
Ie Xg, Yo — KOODIMHATH TOUKM TIEDETHHY DPAMHX ayx + by + ¢ = 0 1 ayx - by +-
: . a by .
+ ¢ = 0. ko ui npsMi He mepeTHHAIOTHCHA, TO 71- = —b—l i piBHAHHA MOXKHa 3BeCTH
2

. . . 2 »
IO PiBHAHHSA 3 BilOKPEMJIIOBAHHMH 3MIiHHHMH 3a JONOMOro0 3aMinH ayx + byy + ¢, = 2.
Pyuxnis g (x, y) HasuBaeTbC K8aziodHopidnow (3 Baramu o i B) cmenensa k, sxwo
np# feskux o i P BHkoHyeTbest piBHicTB

g (A\%x, *hﬁy) = Mg (x, y) npn A > 0.

Iudepennianvhe piBusuus (1) HasuBaeTbes keasiodHopidnum (3 Baramu « i B), saxuo
dyuxuis f (x, y) € KBasionHOpinKOW (3 Baramy o i B) cremens p — a, o610 f (A%, ABy) =
=M% (x, p).

3aviHoo y = 2 /o KBa3ioHOpifHe pIBHAHHSA MOXHA 3BecTH A0 ojHopigsoro. Ha

npaxTuui, NpoTe, spyunime Bigpasy kopHcTyBathes 3aminow y = ux®*, sxa spomuts
KBa3iogHOpinHe PiBHAHHA KO piBHAHHA 3 BiIOKPeM/IIOBAHWMH 3MIHHHMH.

1.54. Poss’sisatu piBHSHHSA

X

dy _ xy+y%e
dx x2 '

Po3B gs3anusa [laHe piBHAHHA ouH'opiﬂ,He. [MoxknaBum y = zx,
JicTraHeMo

1
dz - e
X—-te=z+2% *, dz=—,
L X
—e® =In|x|—C, e +1In[x|=C.
1.55. PosB’sisatu piBHSHHA

(x-—ycos%)dx—kxcos—%—dy:&
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Po3ss si3anmna [loknaBuu y = xz, nicranemo
(x — xz cos 2) dx + x cos z (xdz + 2dx) = 0,

"

:ab0 .
! dx 4 xcoszdz =0, %+coszd2=0,

'8BifiKH mic/s iHTErpyBaHHSA
| In|x|+ sinz=C.
OT1xe,
Injx|+ sin% = C.

1.56, Po3p’s3ati piBHAHHSA
dy _ y+V¥—4?

dx x ‘

PosB ss3anmns [IpaBa uacTHHAa PiBHAHHA € OAHOPiAHOW (YHK-
‘1i€l0 HyJbOBOTO CTENeHsi, TOMY JaHe DiBHSIHHA ofHopifHe. 3amiHa 3Min-
HOl y = zx OPUBOAMTH IO PiBHAHHSA :

xz’+2=z+'7"'l/l——z2,
ﬂ'aﬁo -

dz . —
XW = Slgnle——z .

Ouesupno, dyukuil 2 = 1 i 2z = —1 € poss’a3kamu UbOro PiBHAHHA.
Inmi po3p’s3Ku 3Haiifemo, Bigokpemioloun 3MmiHHi. Maemo

dz sign x - .
— = dx, arcsinz =signxlnlx C.
el gnxln|x|+

3aMmiHHBIIH 2 Ha —i—, JXicTaHeMO:

arcsin—i—:signxlnlﬂ—l—c, Yy==x y=—x

1.57. Kpusa npoxoauts uepe3d touxky (1; 1), Bincraus 6yab-sikoi jgo-
THYHOI NO Wi€l KPHBOI BiA novaTKy KOOpAMHAT J0piBHIOE aGcuuci TOYKH
JoTHKy. CKJIaCTH DiBHAAHHSI KPHBOL.

PosB #3anus Hexalh Touka (v; y) HanexXUTb BKasaHi# KpH-
Bift y = y (x). JoTnuna jio uiei KpuBOi B TOUL (X; y) JIEKHUTh BiJ NOYATKY
KOOpDJAMHAT Ha BiZAcTaHi

dy

Y—*"dx

I —"
Vity?
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fKa 3a yMOBoio fopiBHIoe ¥. Tomy nana KpHBa € iHTerpanbHOlO KpHBOIO,
piBHsAHHA ii

loy—xy'\ _

VI +y’2

Iliguiciun o6HABI YaCTHHHM piBHAHHA 1O KBajpaTa, AiCTaHeMO
2 2
yr—2xyy + Xy = x* + 2Py,

10670 2xyy’ = Yy® — x2. lle onnopiane pisuanndA. Po3s’axemMo ioro. [lo-
KaajeMo y = zx. Toni

2x%2 \;—zx—!— z) = x2 (2% — 1),

dz 2z dx -
2)62—‘17—*-22—,— 1 =0, md?—l——x—:O.

Inz2+ 1)+ 1Injx|=InC, (241 x=C

Ockinbgu z = ',f—’ 10 y? 4+ x2 = Cx. 3a yMOBOIO KPHBA NIPOXOJAHTh

uepe3 touky (1; 1). Tomy 1 4 1 = C, To6r0 C = 2. OTKe, PiBHAHHAM
[IYKaHol KpPHBOI €

y* 4 x2=2x, abo (x — 1) +y*= L.
1.58. Posp’si3aTi piBHSIHHS
" y+1 2
v =2(3y=s)"

Poss' sizauns Bsegemo sminnii y =2z— 1, x=1-+3. B1,11-
HOCHO HOBOl mykanol ¢yHKUil z AicTaHeMO onHOpiAHe piBHSAHHA 2’ =

m. Hexa#i 2 = tu. Toni

du 2u? u+u
b te=qgg ! t + T =0

3pifcu micas iHTErpyBaHHS MaTHMEMO
—2aret
In|u|+ 2arctgu -+ Injt| = InC, ut = Ce *"€%,
[loBepratounce 0 SMiHHHX X iy, AicTaemo

abo
(¥ + l)exp(2 arctg y'{'l )=C.

1.59. [lpoinTerpysatu piBHAHHSA
(2x—4y+6)dx+ (x +y—3)dy=0.
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Po3B' s13aunn4 3HalzeMo TOuKy nepeTHHY NpaAMuX 2x — 4y +

+6=01i x+y——3—0 I3 cucremu piBHSHD
{ 2x—4y + 6 =0
x+y—3=0

3HAXOAHMO, IO X, = 1, yo = 2.

Bsezemo 3minni x = ¢+ 1, y = z + 2. [licraHemMo onHopinHe piB-
HSTHHSA

(2t —42)dt + (t + 2)dz = 0.
Hexa#i z = ut. Toxi
2t (1 — 2u) dt + t(1 4+ u) (udt 4 tdu)-= 0,
abo
(2—3u-+u®)dt4 ¢t(1+ u)ydu =0.

OueBugno, GyHKUIl ©# = 1, u = 2 e po3p’iI3KaMH 1bOrO PiBHAHHS.

IHwi poss’siskH 3HAlAEMO, BiJOKpeMuBIUH 3MiHHi:

dt 1+u .
-t o—g e du=0
OcKiabku
1+u 3 2

2—3utur u—2 u—11'
T0 OCTaHHE PiBHAHHA MOXHA 3allHCATH Y BUTJALI
dt 3

—t—+( u—2  u—1 )du=0.
IMicrs inTerpyBanHs AicTaHemo:
In|¢|+ In |”_f)\2 InCy,
a6o
t 8= —c cer
y—2

2 o .
yanOByIO‘H/l, oio U = 7 = c— 1’ 3araJibHuM iHTerpaJs 3anuiie-

MO y BHrJsAi

' (e— 2P =Clz—1), (y—20° =C(y —x— 1), (2)
Oynkuism ¢ = 11 u = 2 pignosigaorh posB’'AsKH y = x + l'i y

= 2x BUXigHoro piBHAHHA. Po3B’A30k y = 2x nicraemo 3 (2) npu C =
1.60. Posp’sizatu piBHAHHA

dy y+2 2x
I T kL1 +1g 4 T

0.

55



Po3r 93auHusa PipuaHHA CTae ofHOpifHMM, Kosu x = f — |,
y =2 — 2. Tomy 3aminolo x = { — 1, y = uf — 2 3BoAUMO JaHe piBHAH-
Hf 10 piBHAHHS 3 BiIOKpeMJIEHUMH 3MiHHHUMU:

du _ w—2-2@1—1) du
t—&t———i—u—u—l—tg 7 ,t—dt———tg(u—Q)

Oyukuii u = 2 - kn, k€ Z, € po3p’93kaMu uboro piBugHHfA. lami

fioro po3B’S3KH 3HaHJeMO, BiJOKPEMJ/IOIOUH 3MiHHI:
du dt .
m = lﬂ,sln(u~2)| == lnlt‘ - In Cl’

a6o sin (u — 2) = Ct, C ¢ R. Po3p’asku u = 2 + kn jgicraemo 3 none-
peanboi gopmynu npu C = 0. [lepefiloBiuy 10 sMinHUX X [ y, AicTaneMo
y—2x
rm Cx -+ 1)

1.61. Hosecry, mo iuverpanbHi KpuBi piBHAHHSA
[2x (x® — axy + y%) — y* V' X* + y*ldx +
+y2(—axy +43) +x V2 FyPldy=0, |a|<2,
€ 3aMKHYTHMH JiHifIMH, AKi OXONJIOIOTh MMOYAaTOK KOOPAUHAT.
Po3p ss3aumnaqa. [lane piBuanas — oxnopinne. Tomy B moJsip-
Hifl cucTeMi KOOpPAMHAT BOHO NMEPETBOPIOETLCA B PIBHSHHSA 3 BiZOKpeMJe-

HEMH 3MiHHUMH.
Beegemo 3MmiHui: x = p cos @, y = p sin ¢. Toxi

sin

p2[2 (1 — a sin @ cos ) cos ¢ — sin? @] (cos pdp — p sin pde) +
4 p3[2sing (1 —asin g cos @) -+ sin ¢ cos @] (sin edp + p cos pdy) =0,
abo
2(1 —asingcos)dp 4 p sinpde = 0.
BigokpeMuMo sMiHHi:

dp sin @ _
p +2——asin2q> do = 0.

Interpyioun B Mexkax Bing 0 go @, Zicraemo:

sint

,(D
Inp 4+ Sm dt =Inpy, pe=p(0),
0
a6o

& sin ¢
n
S?—-asint at

P = poe° .



sint

—sinT dt e nepioanunoio no ¢ GynkKui€o 3 ne-

?
Hosenemo, mo S 3
0
pionom 2n. Togzi, oueBunHO, QyHKUiA p = 0 (¢) mpu GyAb-sKOMY Po => 0
6yle TakoX 2m-nepiofHYHOI0 ¢yHKuUiewo, a BIANOBIAHA iHTErpaibHa KpPHBA
x=p (@ cosp, y=op () sin @ € 3aMKHYTOW, K4 OXOMJIOE NOYATOK
KOOPIHHAT.
Maemo:

@420 @+2n
sin td! _ sin tdt . sin tdt _
2—asin 2 asin% + 2—asin2
0

14
_ sin {dt sin tdt sin (2n 4- 6) db
T\ 2—asin2t 2—asin2t 2—asin 2 (2n 4 0)

Y sin 64 sinfd® ¢ sin0dd
= S 2 _asin2 = |\ 2—asin20 + 2—asin26 ~ ) 2—asin2g °
0 0

Posraspatoun opnopigHi piBHSHHA B HOJSAPHIE cucreMi KOOpAMHAT,
MOXHa BHAIJUTH NOCHTH WINPOKi KJacd piBHAHB, iHTerpaJ/bHi KPHBi SIKHX
€ 3aMKHYTUMH KPHBHMH, IO OXOILIOIOTh NOYaTOK KOOPAHHAT.

Hexaft pisnsiaus f (x, y) dx + g (x, y) dy = 0 — onHopinHe i PyHK-
uii f (x, y), g (x, y) sBusHaueni na Bcift naomuni xOy. TepeiiieMo Ko mo-
JSPHOI CHCTEMH KOOPAHHAT: X = P COS @, y = p sin @, ToOAi

F(p cos @, psin @) (cos pdp — p sin ede) +
+ g (pcos ¢, psing)(sin dp + p cos pdg) = 0,
a6o
of [(f (cos @, sing)cosqe -+ g{(cos @, sing)sing)dp 4+
+p(—f(cos @, sing)sing 4 g(cos g, sing)cosp)de]= 0,

e k — creninb opHopianocti dyskuif f(x, y) i g (x, v).
CKOpOTHBIUH Ha OF, 3amdlleMo DPiBHSIHHS Y BHLJIALL

| F (g) dp —pG(g) dp =0,

| F(®) = f(cos ¢, sin@)cos - g(cos @, sing)sing,
G(g) = f(cos ¢, sing)sing — g (cos ¢, sin @) cos .

[Hexa]ﬁ oyuxuii f (x, y) i g (x, y) Taki, mo F (¢) % 0 naa Bcix ¢ €
g€ [0, 2m].
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[MpointerpyBapiin mnonepenne piBHSAHHS, HicTaHeMo

¢
(0 :poexp(g o dt)

0

P
SO g

3BiAcH BHINIMBAE, MIO KOJH S 0] nepioaryna 3 nepionom 27 GyHK-

2n
. . ! - . .
nif, a ne maeMo ToAi, KoJsu S th; dt =0, To BCi interpaiphi Kpusi

0
BHUXiAHOTO piBHAHHA — 3aMKHYTI.
4x0 — yt

. .
1.62. TlokasaTtH, wo piBHAHHA Y = 5%

€ KpazioZHoOpigHuM.

Posp'ssatu foro.
Posp a3anusa Hexa#h x mae Bary @, y — Bary R. [Llo6 naue
piBusing 6yno onHopianHM HeoOXinHO, 06

47556 )4Bye __ap—a 48—yt
27»4a+5x4y - 2xty
T06TO mO6 cHCTeMa pPiBHSHDb
6o —da — B =4f — 4o —P =P —a
6yna cymicroro. Po3s’dsaBuin wio cicteMy, 3Hafiiemo, wo 6yab-sika napa
upcen (o, P) Taxa, wo 2[5 — 3o = 0, 3anoBosibHnE cucremy. Ormxe, nane
piBHAHHS € kBasiognopignuM. [Ho piBusiung 3 BILOKPEM/IEHHMH 3MiHHH-

My fioro MOXKHA 3BECTH, HANDHK/A4h, 32 JONOMOTOI0 3aMiuu y = ux®2,
CnpaBzi, BUKOHABIIN TaKy 3amiHy, HiCTaHeMo:

3

LA e PR SN, S T
gty =0 uEEL
In “;;:_LI +5Ilnjx| =InC,, u2+}1 x®*=C, CEgR.
Ockiabkyu y = ux¥2, TO OCTaTOYHO
%xi’:&

1.63. Tlpu sAxkux p i ¢ piBHsIHHS

4 .
—di— = ax’ 4 by’

b8



. R . d
e kpasiognopiguuM? Posp’sizaty piBHsHHA % = —2x -+ y?, AKuo
BOHO KBasioaHOpinHe.

Po3s si3aunua J[arve piBHAHHA € KBa3ioAHOPIAHHM, AKIO NPH
JesKkux o i P BHKOHYyeTbCHl PiBHiCTB

al®PxP + bABIYs == AB~0 (axp 4 by9).

Ile moxauBo, koMU pa = gf = P — @, To6TO NpH p = g (p + 1),
1

a6o -5 =1 3Bizcu BunIKBae, WO piBHAHHA §y = —2xP + y* —

KBa3iofHOpiZHe TiJbKH NpH p == —2. ¥ UbOMy pasi BOHO Ma€ BHIVISA
s

2
Yy =——+4

3aminowo y = uxb/e =

xl:

epeTBOPIOEMO Horo y piBHSIHHA 3 BiJoKpeM-
JIEHUMH 3MiHH HMH!

du
x—d‘;——~u —f—u—2

Posp’sxkemo ue piBHAHHA. DyHKUil u = | i 4 = —2 e poss’A3KaMu
Janoro piBHAHHA. 3HaxoauMo iHmi HOTO PO3B’A3KU:

e =2, L Z—;;‘= In| x|+ InCy,
4o =Clx|, CeR
BupasuBwmy u vepes x i y, Aicranemo
1+ 2Cx 2
Y=sxa=eg YT T
1.64. Hosectn, mo iHTerpanpui Kpusi piBHAHHA

2 -
x2 % =—y2——— V 5x% + u* + xR

NMepeTHHAIOTL NpsMy y = 2x nil Kytom 45°.

; : : dy y
Posp s3zannsa [as ogHopizHoro pisusuus 7, = f || Jer-

Ko 3HaNTH TaHPeHC KyTa, Nifl AKUM iHTerpa/bHi KpuBi meperuHaloTh Mpo-
Minp y = kx. Hexah M — Touka neperuny gesikoi iHTerpaJ/bHoi KpHBOi
3 npsimoto y = kx (puc. 16) i p — BesnunHa KyTa MiXK AOTHUHOIO, NpoBe-
JieHol0 fo iHTerpa/bHOI KpuBoi B Touni M i Biccio abeunc. Toai kyr @
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MiK ZOTHYHOIO N0 iHTerpasnHoi kpusoi i mupsMoio y = kx mopiBuioe
B — . Tomy

tgp—t
tgo = tgp—a) = (St
Ockinbku TouKa M, (%o, o) JI€XHTb Ha UpsAMil ¥ = kx, TO
- - ) =
( teh=gr | =F[-)="F().

Orxe, tgo = lf(—f)Tf_(:)' Jane piBHAHHS 3aNHILEMO Y BHUIISAI

VAR RSk

Hns uboro piBHsHHSA
W) == % ]/5+ L+

[y =2 —VEr & TR

OG6GuucAuMO TAHTEHC KYTa NEPETHHY iHTErpajJbHHX KPHBHX BUXiZHOTO
PiBHAHHA 3 NPAMOIC y = 2x:

[y —h _ f@—2 —3-—2

=

k
\_—

Tomy

Be=T3mm ~T+y@ ~TFe—y
4 P Orxe, ¢ = 45°.
b2 1.65. TloGynysatn HaG/HKeHO iHTErpaJbHi
. Moy, KpHUBi piBHSHHA
\B}cx XYy —— d + x% = 242,
] <> He po3B’s3ytouu fioro.
x Pose sizannsg VY nounepennili 3apaui
Puc. 16 6yso suBeneno GopMyay A BU3HAYEHHS TaH-

TeHCa KyTa MiXK poMeHeM y = kx i interpaJsbHoIO
. . ’ y . -
KPHBOIO OfHOPiAHOTrO piBHAHHA Yy = f (7), fKa foro neperunae. Lo

dopMysay MOMKHA 3acToCyBaTH A1 HabJmKeHO! MOOYAOBH iHTErpaibHHUX
KpuBHuXx opHopizHoro piBHaHHA. OcKinbku iHTerpansHi Kpusi oxHOpin-
HOro piBHSIHHS MEePETHHAIOTb NPOMiHb y = kX NIl THM CaMHUM KYTOM, TO,

, , k) —k )

JOCJiIKYIOUU 3HaK BHpa3y S —k 3asexHo Bifg k, MoxkHa Habauxe-
. . ‘ . , Yy

HO BH3HAQYUTH MOBEAIHKY iHTErpa/ibHUX KPHBUX piBHAHHA Yy = [ (7)
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.y L el
Sanuuemo JaHe piBHAHHA Y Burasai y° =2 % — % . Tomi f (—z—) =

= ..)y;._ , (k) —2k-—— Tanrenc KyTa nepeidHy iHTerpasb-

HOl KpHBOI 3 NpoMeHeM Yy = kx BH3HaYUMO 32 (OpMYJIOI0
1
; f k) — P Kt — 1 3)
0= 17 BT =
+ &f (k) l+k(2k——k—]

Buxinne piBHSIHHS He 3MiHMTbCH, AKIIO B HHOMY 3aMiHHTH X HAa —X
ato y va —y.. OTxe, iHTErpanbHi KpUBi pO3MilleHi CHMETPHYHO BiJHOCHO
ocefi abcuuc i opaunar. Tomy Rocutb no6yayBatd ix B I kBazpaunti xoop-
NUHATHOI IUIOWMAN, To6TO Aocaiautu Gopmyay (3) autue aaa k > 0. [1pu
ubomy tg ¢ > 0, akmo £ >1; tg ¢ << 0, saxmo 0 << b << 15 tg ¢ > —oo,
akuo £ — 0. e osnauae, o inTerpajbHi KpuBi nepeTHHaloTH Bich abc-
IUC Oij OPAMHM KYTOM.

dgkmo £ = 1, to tg ¢ = 0. Omxe, npomius y = x, x >0, e inTe-
rpajibHOI0 KpHBOIO. Po3rnsnyBIUM i€ KiJbKa 3HaYeHb k, MOXHa BHKO-
Harn wabGaukeny 0oGyIOBY iHTerpaflbHUX KPUBHX BUXIHOTO piBHAHHSA
(puc. 17).

1.66. Ilo6ynyBatu HabauXKeHO iHTerpasbHi KPUBI DiBHAHHSA

. 2 3
w=y+ i+,
He po3B 43yI0uH Horo.

. Po3p a3anusa Jaue pipuanna susnavene B obaacti 1 + -z— =
; 0. PosrasiueMo ue piBusiHHS npH x >> 0, 3anucasliy foro y BHIJISA

dy __. Y y

i

Y posrasAyBaHOMY BHNAAKY .
HL) =L+ V L+ L. 1=t VETB.

Tomy inTerpanbui KpuBi NepeTHHAOTL NpoMiHb ¥ = kx, x >0, mig
KyTOM ¢, U1 AKOTO

B (VI &
=T e e .
3 uiei popMynu sunnusae, wo npomeri y = 0 iy = —x, x > 0 (upu
#=01ik=—])e iHTerpajbHUMH KPHBHMH BUXijHOro piBusnua. Ho-
Taimxyoud QyHKLi0
, R\VT &
g (k) - | k1 +

1+ k2L kyREELR
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Ha npoMixkkax (—I; 0) i (0; -+ o0), MoxkHa Mo6yAyBarH iHmi iHTerpanoki
KpHBi BuXizHoTO piBHSIHHa (puc. 18).
Hexait x << 0. Toxi

L) =2V Lt L, (=t—VETR

g

\

Puc. 17 Puc. 18

wy

&

Puc. 19 Puc. 20

futerpassHi KpuBi mepeTHHAIOTH NPOMIHB y == kx, x << 0, #ig KyTOM
Y TaKuM, 110 ’

- — || VTFE
Y= v
IMpomerni y =01 y = —x, x << 0, € iBTErpaTbHUMH KPHBHUMH BHXiZ-

Horo pipusnus. Iumi interpaabHi KpuBi no6yayemo, nocaigusiuy (yHK-
uiio

=RV
¢R) = T e TR
Ha npoMixkkax (—1; 0) i (0; +o0).
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3asznaumMo, 1o BHpa3 y 3namennuky ¢ynkuii g (k) Moxe meperBopio-
BaTHC B HyJb OpH k& > O

14 =kV 14k 1+2°+k =k, P—2k—1=0.,

Hocaimkyoun ¢yuknio 2 = k% — 2k? — 1, nanpurnaz, rpadiuxo,
nicraemo, mo piBusuus k* — 2k — 1 = 0 Mae numine oauu gonatHuit Ko-
piub B = k,. Orxe, interpanbHi KpUBi BUXiJHOro piBHAHHS NepeTHHAIOTH
npoMinb y = kox, x << 0, nix npamum KytoMm. OGunCaHBLIN, SKIIO Tpeba,
sHavenns ¢yyxuil g (k) we B KiibkKox Toukax k£ € (—1; 0) |J (0; +o0),
MOXeMo HabsukKeHO NoOyAyBaTH iHTErpasbHi KpuBi BHXiAHOTO PiBHAHHA
npu x << 0 (puc. 19). ToeAiHKy iHTErpaJbHHX KPHBHUX Ha BCiHl MJIOMIMHI
nokadaHo Ha puc. 20.

1.5. NiniAni pisHsHHS neplworo nopsaKy

Pipusanua

i y'+ax)y==>b(x (M
Ha3HBA€Tbcst AlHIUHUM. JINA po3B’A3yBaHHS UBOrO PiBHSHHS BHKOPHCTOBYIOTH NeBHI
merofu. Po3risgHeMo jedki 3 HuX.

Meron Bapiauii nosinphoi cranoi (meron Jlarpanxa). Hexafi MaeMo onHOpiane pis-
HAHRA

%i+aMy=&
X

, . —sa(x)dx , .
Po3B’A3KN HBOCO DiBHSIHHS MAlOTb BHIVIAL y == Ce . Po3s’sisku piBusuHA (1)
WYyKaeMo y BHIVIAL

—-Sa(x)dx

y=Cx)e 2

[lipcrasusmu (2) B (1), ann suswavenns C (x) picranemo pisuanna C =
~(a(x)dx N
= b(x)e . 3Bizcu

wd
co=C+{bvw 70 g, 3)
Ae C — noeineua craga. [lincrasusmu C (x) 3 (3) 8 (2), snaxogumo Bel poas’saxu pis-
Hyuua (1)

- d. x
y=e foo x(c + S b (x)é‘famd dx). @

~ Byae-aruii poss’asox y (x) ainiinoro pisusuus (1), sSKuil DPOXOAHTH NPH X = X, '
Yepes TOUKY y,, MOKHA 3aNKCATH Y BUTIAN]

X x
- S’ a(td: M { attra
g=e % g, +S b(t)e’ dr.
Xo
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Meron Be pny.rmi Posp’asox pisnsung (l) WIYXaeMo Y suraani y = u {x) v {x).
Maemo w'v+ w' +Fa(x)uv=>b(x), abo uv' 4+ vy + a(x)u) = b (x). Dyuguio

s —Va(x)dx
u (x) BuGepemMo 3 yMoBu 4’ + a (x) 4 = 0. 3Bidcn, nanpukaag, u (x) = ¢ g . Toxi
st pyukuii v (x) MmaeMo piBHAHHS
—lalx)dx
£ ﬂ = b (X),
S'a(x)dx N
3Bigku v (x) =C - S b(x)e dx, ne C - posispHa crana. [lepemHoxusuId

u(x) i v(x), micranemo (4).

Meron inTerpyeanbHoro MHoxsuka. [ToMHOXHMO OGHABI uacTHHM piBHsHEA (1) Ha

S.a(x)dx . . .
€ 1 3alyHiIeMO HOIO y BHIVIAAL

d. d.
(ye‘raw S ja(x) 3
Inrerpyioun, jicraemo
—\awa
yega(x) X ) + 5‘ b (x)eSa(x)dx ,
a(xydx a(x)dx
y=d (C+§b(x)e§ 7).

Jesaxi piBHAHAA 3BOAATHCA N0 JiHIHHHX 3a ZONOMOTOK MeBHUX 3aMiH. Tak, piBHAHHR
BHIY

r (y) +f(y;a(x) = b(x)
SBOAMTLCA HO JiHIAHOTO 3a momoMoroio 3amind 2z = f (y). 30xpe1vxa, piBusgHas Bepuysai
W tamy=bwih a0, 1,
siKe MOJKHA 3alHcaTH y BUIIsAAi
y Z—Z +a(y "=b(x), y£O,

saMinow0 2z = y'™™ apoxuThes 0 JAinikHOrO piBHsHAS. [TpoTe Ha mpakTHNi PO3B’A3KK piB-
usiHHg Beprysni apyunime Bigpasy myxaTtn 3a merozom Bepuysai y surasai y = uv.

Pignanna Pixkami

At a4 byt =C )
X

y 3arajbpHOMY BHIIAJKY He {nTerpyerscs B KBaaparypax. [IpoTe sIKINO BiZOMH# 3acTHHHHN
po3B’A30K y = y; (x) UBOrO piBHAHHA, TO 3aMiHOW0O ¥ == y, + 2 8BOAATh piBHAHHA Pikkarti
Jo piBHsiHHA Bepnymii BiguocHo Qymkuii 2,
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Heaxi pisnanusa craioth aiulfiuumu, skwo x BBaxaTH QyHKUiCO, 2 y — aprymen-
toM. Taxk, wenlnifine BigHocHo y pisHmHHA

d
A + (B @) x—C @) & =0

po3B’A3yeThed aHanoriuno pisusanmio (1), Axuo sanucats #oro y eurnani

dx _
—d';— +oWx={(y),

ze o) =20 | jup=C®

Ay’ Ay
1.67. Po3p’si3atd piBHSHHA
j—i — 2xy = 3x® — 2x%.
Po3pr s13amnnia PosrasHeMo ofHopiane DiBHAHHSA —d‘%— — 2xy =
= 0. Pyukuia y = 0 e po3p’a3koM nporo pipuaAHHA. [HwWi fioro po3s’ss-
KH 3HaiilleMo, BiOKPeMJIIOIOYH 3MiHHI: %— = 2xdx. 3BijcH 3HAXOLUMO

Intyj=x*+1InC, C=>0

y =Ce*, CER, C=0.
Poap’s130k y = 0 mokHa nicraru 3 octannboi dopmyau nps C = 0,
TOMY BCi PO3B’SI3KM OJHOPiZHOro piBHSHHA BH3HAYAOTHCA (HOPMYJIOID

y = Ce¥, C € R. Po3p’aA3KH BHUXiJHOTO PiBHAHHA WIYKAEMO y BHUIVIALI
y = C (x) . lligcraBusiiy ue#l BHpas y fgaue piBasAndn, KicTaHeMmo

L) ot L 9xe7C (1) — 24C (x) e = 3x* — 24,

OO (3 — 24, C(x) = [ B —2x) dx =X~ 4 C,

ne C € R — noBinibHa crana. Po3p’a3ku  s3ajaHoro piBHAHHS MaloTh
BUIIAL

y = (C+ x¥e—*")e** = Ce** + x5,
1.68. Po3s’sizatn piBHAHHA xy — 2y = 2x*.

Posp si3annada 3acrocyeMo Mmeron bBepuyaai. Poss’sasok mry-
KaeMo y BHMIAAL ¥ = u (x) v (x). Maemo

w'v 4 xuv’ — 2uy = 2xt,

®ynkuio v Bubepemo Tak, mob xv' — 2v = 0. Hanpukaag, v (x) =
= x2. Toai mns ¢ynxuii u (x) micraemo pisusuus x3u’ = 2x%, T0O6TO

ux) =x*+4C.
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Orxke, Bcl pO3B’A3KM 3ajanoro piBHAHHA BU3HAYAIOTHECH (OPMYJOO
y = Cx® + x*.
1.69. Posp’szartu piBusAHbs '
dy — p—sinx
Wi +ycosx =e R
Posr ss3auuda Pos3s’sasyeMo Bimnosigne onHopiiHe piBHAHHA:
d
—Z—z- J-ycosx =0, Ty—l—cosxdx =0, y+0,

In|y|+sinx=InC, y=Cesinx,
Po3p’930K NaHOTO PIBHAHHS IIYKAEMO y BHIIALI

" y =C (x)e~sinx,
* Maemo
-%g e=sin® — cos xe—s"*C(x) 4 C(x)e—sin* cos x = e—%in ¥,
L ~1, Cw=x+C
Orxe,

y=x+ C) e—sinx,
1.70. Posp’s3atH piBHAHHA
1

dy
_d;_+ytgx== cosx °

Posp’ sizaHBa. IloMBoXuBlM JiBYy i nmpaBy uYacTMHM JaHero pis-
LicTaHeMo

LAty

cos x dx

HAHHS Ha Cos %’

sin x 1
cos® x  cos2x

abo

4 ‘)= L Y _ _C+igx

cos? x cos x
y =Ccosx -+ sinx.

1.71. Kpua y = y (x) npoxomuts yepe3 Touky A (a; a) i Mae raky
BJIACTHBiCTb: sXmOo B Oyab-AKil Touni M (x; y) KpHBOi 3 OpAWHATOR
| BM | (puc. 21) npoBecTH JOTHYHY [0 NEPETHHY 3 BiCCIO OPAMHAT y TOUIL
C, o nonia tpaneuii OCMB e cranow i Ropisuroe o®. 3nafiti piBHAHHA
niel xpuBoi.

Posp' sa3auuq. [liomy tpaneuii OCMB 3uaiizemo 3a GopMyioio

S == (10C|+|MB|)] 0B|.
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Ockinbkn |[OC | =y — xy’, |10B | =x, | MB| =y, T0 MaeMo aude-
peHiliaJbHe DiBHAHHA

(2y x—:‘g—) x =2a%
860

- 9xy 4 200 = 0.

3anumeMo Le piBHAHHA Y BHIVIAZ]

d
4 Q-
X ( 4 )+ 20 = 0.
+larerpyloun, Aicraemo
2q

y=x’(—§xT+C).

‘¥Ypaxysasum, mo y (a) = a, 3ualizeMo a = —a + Ca?, C = 31—
Orxe, piBHSIHHS WIYKAHO! KPHBOI Mae BHUIVIAJ '

L L.

T 3x 3a

1.72. Kpusa y = y (x) npoxonuTh yepes mo-
vaTok KoopiuHar. Cepenuna Bigpiska ii wop-
MaJi, aKEH MicTHTBCA MiX OYyIb-fKOI TOYKOI
KpuBoi 1 Biccio afcuuc, nexurb Ha napabodi
y? = ax. Ckaactn piBHAHHA niei KpuBoOi.

Posp ssaunnsa Hexal M (x;y) — 1o
BifbHA TOYKa KpHBOi. Touka A meperuny Hop-
mani B touni M KpuBoi 3 Biccie abcuuc Mmae
koopaunate A (x + yy'; 0), a cepenuna B Bi}l-

pizka AM mHopmani — Koopauuati B (x + 2 yy'; ” Touka B nexnTh

Ha napaboai y* = ax, i il KOOpPJMRATH 3a10BOMBHSIOTL DiBHSIHHA Napa-
6oau:

v R ’ y 2x
T—a(x_!— ny)’aﬁoy_7~_—y—.
Ue pisusinna Bepuyani. Iloknasmm y = u (x) v (x), nicraseMo
du dv uv 2x
Z Tt T T T w
. . dv _ v ?}-
dynxuilo v (x) Bubepemo 3 piBHAHHA ; = g, HaNpHKIag v =e" .
Toani ans u (x) MaeMo piBHSIHHS
du -
= - a
u— 2xe 9,
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3sincu
_> -—
ut= —45xe “dx = de

L

(@ +ax +Ce*),
a6o

x
y? =4+ ax+Ce?).
3ajana KpHBA NPOXOAHTb uepe3 MOYATOK KoopAuHatr, ToMy 0O =
=4 (@® + C), C = —a? Orxe, {1 pIBHAHHA Mac BuUrIAl
X
y? =4dax+4a*(1 —e®).

1.73. 3uafitu po3B’s130K piBHAHHA ¥’ sin ¥ — y cos x = —sin? x/x3,
AKHA NpsAMye A0 HYJAA [IpH X — co.
PosBs fa3aHnHua 3acrocoByemo Merod Bepuyaai. Hexa#t

Yy =u(x)v(x).
Toni

du . dv . sin® x
gy USIX A+ U —r-siny —Uvcos x = — —5—

.

Bubepemo ¢yuxuio u (x) 3 ymoBu

du .
—— sinx—ucosx =0,
dx

sHanpukaan u = sinx. s dyskuii v(x) aicraemMo piBHauHA sin?x X
= _ |
XU = — Sl}; X . 3Bigcu v(x) =C+—;-. OTxe,

sin x
it

'y =Csinx 4

Cepen, nux po3p’sasKis uiie ofuH ¥ (x)—>0 mpu x— oo, a came
sin x
y = s C == 0-

X

. " n ) .
1.74. 3uafitu obMeXeHHil npu X —-—5- PO3B A30K DiBHAHHA

y' sin2x =2 (y 4 cos x).

Po3B s13anud. Po3s 93ku gaHoro piBHAHHSA [IYKAaeMO Y BUTAAA
¢ = u (x) v (x). Maemo
du
dx

do

vsin 2x +u Tx

sin2x = 2uv -+ 2 cos x.

N . du .
Hexa#t 4 (x) — po3s’si3ok piBHAHHA ¢ Sin2x-=2u, Hanpuk/nan

u(x) =tgx. Pynkuiro v(x) sHadigemo 8 piBHAHHA v tgx.sin2x =
68



cos x
sin? x

-=:2cosx‘ 3eincn ¢’ = . Orxe, v =— +C, y=Cx

sinx

7 )
X 1gx ———— [lna o6MexeHOro NpH x—>-5- pPO3B’S3KY 4 Maemo
lim (ycosx)= 0. Tomy
x—>7/2

lim (ycosx) = lim (Csinx—1)=C—1 =0.

x>7/2 x->7/2

Orxe, C = 1, 3BigKu
1
y=tgxr— cosx

l 75. Hexaii v piBuanni y +a(x)y = f(x) pynkuii a (x) i f (x) —
HenepepBH1 Kle toro, a (x) =2 ¢ >0, f (x) > 0 npu x — oco. dosecrH,
IO KOXKHUEA PO3B’A30K LbOTO PIBHSIHHS NPSIMye A0 HYJS IPH x — oo.

Po3p a3annsda [loMHOXHMO OOHABI YacTHHM AaHOTO PiBHAHHR
x

5 a(t)dt
Ha e™ i sanumiemo #Horo y sHrasai
X X
S a(f)dt S a($)dt

Lot )= f).

InTerpyioun Lo piBHiCTH Bix X, X0 X, HiCTaEMO
X T
f a(t)dt E a(p)at

yer  —y= fe f (v) dw,

0

abo
X X
—s‘a(t)dt .~ Sa(t)dt
YW=y * +fe " f@du (6)
Xo
X
—-Sa(t)dt
3a ymoBoio a(x)>¢>>0, Tomy e ® <L im Belx x>

= X, TOOTO nepuinil foJaHOK nNpAMye Ho HYyJA npH x— oo. Iosexemo,
o ApYrHil NOJAHOK TAKOXK Ma€ TaKy BJIACTHBICTb:

. ——?a(t)dt
\e © f(@)dr

Xo

<[P |f@ldi=

Xo
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Z
2

) x !--?—x p
= e f@|di+ (e[ 0)|dve + sup [FO +
M _X. x.SfS‘JQC-
2
LA 1
+ sup |F ()] ___e—c(x—-'t) __x_<e 2 —- sup [F )]+
‘;c_sth 2 SS%—

4+ sup t)|—->0

X
2_ \fS

npu x~> oo, oOckimbku sup |f(H|<K<<oo, a sup |f({)|—>0 npu

X X
Xo<I< 5 > SI<x

X — oo.
Ot1Ke, npH GyNb-IKOMY Y, 06uABa JI0ZIaHKHK B (B) NPAMYIOTE 0 HYJA
apu x — oo. ToMy KOXHHU DO3B’'f30K BuXxizHoro piBHsnus g (x) — O
npu x — oo.
1.76. Cuna cTpyMy B eleKTPHUYHOMY KOJIi 3 OMiuHMM onopoM R i Koe-
¢dinienrom camoinaykuii L 3amoBosbHAE AudepeHuianbhe piBBAHHA

LY {Ri=E, (6)

Ie E — enextpopywifina cuna. 3nafiTH 3anexuicte cuaIu crpymy f (f)
Big uacy, akmo E sMiHweTbcs 3a CHHYCOIAHMM 3akoHoM: E = E, sin wf
ii()=0.

Poss’ azanunsa 3 pisuadaa (6) maemo

dl — 4 ai = —"i—sm of, (7)

Ie o= —]z- Posp’sisok piBagnHs (7) wykaemo y sBurasii [((f) =
= u ({) v (¢). TliacraBuBu B (7), AicraHemo

d" — U U— dt + oy = Ii" sin of. (8)

,, . . du
Hexaft u (f) — onuH 3 po3p’a3KiB piBHSIHHSA ———+ au =0, Hanpu-

Knaj, u = e~, Toxi 3(8) snaxoiumo —‘%’—: £o_pat sin o1, 3Bigcy
v (f) = = { e sin otd 9)
) -

10



Turerpan I = (ea' sin wfdi o6uucnumo wmerodoM {HTerpyBaHHs uac-

THHaMH:
1 1
| = ——e“‘Tcosmt—i——Z;— S g™ cos widf = —e“‘-m—cosmt—{—
2
+ =5 e sinof — o S e™ sin otdt =
= L e cos wf + = e“‘sinmt—in—l
- ) 2% w? °°
ot .
. e (—cos il - inof . .
3pigcn [ = ~(=¢ o T :; @sin®) [fizcrapusmu B (9), LicTaHemo

ot .
v(l)=—EL°—(e {(— @ cos o - o sin of) +C),

0?4 o
ne C — noBi/ibHA craJga.
[Nepemnoxusuin ¢yrkuii u () i v (f), nicranemo 3aKoH 3MIHH CHJM
cTpymy:

L.(t)_____lzi(-mcmwt-}-ocsinmt+Ce__at).

©® - af

3 nouarkoBoi ymoBn i(0) =0 wmaemo: 0= ET( m:l-ma’ + C)
) ;

m- Ork

spigcn C =
i (t) m ( ® cos of + o sin w? + me—“f).

[Mpu BeJAHKHX 3HadeHHAX ! BejuuHMHA ¢~* crae AK 3aBrOJHO MaJiol
(@ > 0). Tomy i (f) npn ¢{ > co HabnMKaeTbCA N0 CcTauioHapHOTO pe-
KHMY:

l(t)zmz—)( (OCOS(Ot+aslnﬁ)t)=

E . E,

(O]
ne ¢ = arctg — — nouaTkoBa (asa CTPyMy.

1.77. 3naiity nepionnusnil 3 nepiofoM 2n po3B’A30K piBHAHHA y' =
= 2y sin® x -} cos x.

, . P . . dy
Posg' azaunnqa. BipokpemuBwn 3wmiuui v pisHausui Pl 2y x
9 . x—-l—- sin 2x , .
% sin? x, nicranemo y =Ce ? . Posp’siskn 3ajaHoro piBHsHHS
| -
t— — sin 2Xx

wyxaemo y Buraadi y =C(x)e 2 .
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1
P . C x— —sin2x
Has Busnravenus C (x) nicraemo piBHAHHS %‘—e 2 = COS X,

$BiAKH
Cx) = C (x5) + S ST
Orxke, "
y= e"‘fi’" o 2"(0 (xo) + g T s tdt) : (10)
Xo

Slkmo icHye nepiogwunuii po3B’s30K 3aiaHoro piBHsIHHA, TO BiH e
obMexkenuM. 3anuiemo pisdicts (10) y Burasai

y=C(x)+ |

Xo

~X+ —;—:sin 2x

—tt —;- sin 2f
e e

os tdt

i nepefizemo o rpanuni npu x — oo. Jlna o6MexeHOro posp’s3Ky 3Ha-
uenHsi C (x,) BH3HauaeThcs 3 piBHAHHA

sin 2¢

oo —-t+—l-
C (%) + S e 2 cos tdt =0,
T00TO

00 ]
C(x)) = — S e TT Y st

Xo
(JosexiTh, uio interpan y npaeifi yacturi octaHHBOT PiBHOGTI aBCoMOTHO
36iraeTbCs 19 GyAb-siKoro xy € R.)

[Nincrapasioun 3navenns C (x,) B {10), 3nafizeMo obMexeHU# pO3B’s-
30K 33JaHOTO pIBHAHHS:
) = — °§ex—t—-%- (sin 2x— sin 20 cos idt =

x

0
— S et—sin 1¢0s (2x—7T) ~ng (x — 1) ds.
—00

Ik GauuMo, po3B’si30K y* (x) € mepioAMuHuM 3 nepiogom 2.

1.78. Hosectn, mo pipusannd y +ay =f (x), ne a >0, [ (x) —
obMexkena npu Bcix x € R QyHKIiA, Mae nuule ofuH PO3B’A30K, oOMexke-
nufi npu Bcix x € R. 3naiite uell pose’ssok. [Tokaszatn, wo xoau f (x) e
nepionuuna GyHKLiA, TO 3HaleHUA PO3B'A30K € MePiOAHYHHM 3 THUM ca-
MHM fiepiogoM.
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Po3p’ A3aHua 3 piBHAHHA
dy
Tt =0 (11)
$HAXO0AHMO
_"yi +adx =0, y+0,
Injy|+ax =InC, y= Ce,
Po3B'f130K 3ajaHOro piBHSHHA LWYKAEMO Y BHF/IAL]

y = C (x) e—9x,
llincrapuBmiy mefl Bupa3 y 3ajaHe piBHAHHS, AicTaHeMo
dC dc

s f(x), i e f (x).

InrerpyeMo ocrausio piBHicTs B MeXax Bil x4 o x:

X

Cx) = C (x) + | eF () dt.

Xo
x

Otxe, y = C(x,) €% + \’e-“u—f)f (f) df. 3BiacH Maemo, moO AIS
%o
PO3B’A3KY Y (X) TAKOTO, WO Y (Xo) = Y, 3HAueHHA C (x,) cAiX BH3HAuH-
TH 3 piBHAHHS

Yo = C (x,) 67 9%,
T006TO
C (x,) = e**oy,.

Poss’'sasok sanumemo y BHIIAAi
x
Y=gy, + (e—ae=0f(t) dt. (12)

TloMHOXHMO o6uABi uacTHHH L€l piBHOCTI Ha e%*—%), Hexa#t x —
=+ —oo. Jlna obmexkeHoro poss’A3Ky (AKIIO BiH icHye) e**—*) y (x) - 0
l’ipu x = —oo. Orxe,

0=y, + _S eat—xo (f) dt, (13)

X0
10670 Y, = S eat—%f (f) df, a OBMexeHH#l PO3B’ST30K

= | e

~—00
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Hosenemo, mo y* (x) cupasai € enunum ofMerkenuM npH Beix x € R
PO3B’SI3KOM 3aJaHOr0 piBHSHHA.
Hexait | f (x) | < K << oo npn Beix x € R. Toai
X X

9 ()< | e f )] dt< | ememtKdt = 4

—O0 —_—00
npa Bcix x € R.

Hum camum poBemena abcosoTHa 30ixkHicTh iHTerpasna 3 piBHAHHA
(13). Tomy y* (x) cnpaBai € obmexenuM Ha Bcifl oci po3B’A3KOM BHXiIHO-
ro piBHfiHEA. €IUBICTb TAKOro PO3B’A3KY BUIIHBAE 3 TOrO, MO PiBHAHHSA
(13) Mae eauHuil pO3B’A30K BIAHOCHO Y,.

HoBecTu enunicTe 1BOro pO3B’S3KY MOXHA § iHakiue, HPHIYCTHBILH,
HalpHKJaa, mo KpiM y* (x) 3ajaHe piBHAHHA Mae oO6MexXeHHH Ha BCift
oci me oaun pose’a3ok y° (x). Toal pisnuua y* (x) — y° (x) = z obmexe-
Ha OpH Beix x € R, i ockinbku

dy* .y .

dyx +ay*=[f(x) i —ag;-l—ay = [(x),

TO, BiHMBINK BiA NepIUOro piBHSHHA ApPYre, AicTaHeMO
& az=0, 200 =y () — " (x) = Ce

‘OckinbKH 2z (x) — obmexxeHa pyHKUiA npu Beix ¥ € R, To ocTauns pis-
Hictb MoxnuBa aule npu C = 0. Orxe, y* = y°.

Hosenemo, mo koan f (x) — nepioanyna ¢yuxuin, 10 # y* (x) Takox
nepioguyHa 3 THM caMuM nepiogom T.

Hexa#t f(x + T) = f (x) nns Bcix x € R, ne T — nepion o¢ynxuii
f (x). Toai

x+T x
prat D= | etToj@) di= | eatrf(t4 T)dt =

= Sx e~ =-Df (£) dt = y* (x).

1.79, Po3B’asaTi iHTerpaJibie PiBHAHHSA
X X
S(x-—t)y(t)dt =2x -+ Xy(t)dt.
6 0

Po3B' a3annusa 3anuwmeMo piBHAHASN y BHIVIAAL

(x—l)fy<t)dz=2x+fty(t) dt.
'] 1]
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[poandepenuioBaBm o6HABI 4aCTHHH LLOro PiBHAHHA 1O X, AicTa-
HEMO

Vy@ydi+ (x— Dy (x) =2+ xy (),

0
abo

5 yO)dt =24y (). (14)

x
SIkimo X y (£) dt nozsaunTty yepes z, To piBHzHHA (14) MOKHA 3anucaTH

0
y Baraspi ¢ =2 +2'.

Po3B’si3apiun fioro, nicranemo z = 2 + Ce*. Omxe, y = Ce*. Ockib-
Ky piBHsuHA (14) € HacaiAkoM aucdepenniroBaHHA 060X YaCTHH 3aJaHOTO
piBHAHHSA, TO He BCi po3B’A3KH piBHAHHA (14) MOXKYTb OYTH PO3B’s3KaMH
inrerpanshoro piraaxns. [ligcraBumo y = Ce* y ue piBHAHHA:

] : ]
(x—1) | Celdt = 2x + S Ctetdt,
g

0

X
x—1)Cl*r—1)=2x+Ctet|f — C g‘ etdt,
0
x—=0DCEe*—1)=2x 1+ Cxe*x—C(e*—1),
— Cx = 2x.
3apaHe piBusAHHA 3an0BosbHsie (QyHKUi y = Ce* Tinbku upu C =
#z —2. Orxe,
= — 2e*.
1.80. Posp’sizatu piBuAnua xy' -+ y = y* In x.
Poss ssauns Le pisasaua Bepuyani. Moro moxna poss’si-
8aTH 3a JONMOMOTOI0 3aMiHM 2z = ~ fKa TPHBOJMTD AaHe piBHSIHHS JO

aigifinoro. Ilpote 3pyunime 3acrocysatu Merox bepuyani, sa axuM
y = u (x) v (x). Maemo
d

dv u a9
Xl —— -+ X0 —— UV = U In x.

DyHKRio u (x) sHalizeMo 3 yMOBU X % -+ u = 0. HanpukJag, u =

1 . . . Lo .
= —. Tozai %%’ = 0% [nx. 3Bigcu, Bigokpemurooud 3MiHHI Ta iHTe-
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rpyloud, alcraemo:

1 Inx Inx
I e

V) = T3 er T mr

OrtxXe,
1

Y=TFcxivmmx -

Kpim umx posB’si3kiB, piBHsIHHA Mae wie po3B’dA30K y = 0.
1.81, Posp’sizatu piBHAHHR

(14 x%) % —2xy =4V y A+ Farctgx.

Po3B asanng. Lle pisasnusa Bepuyani. Moro poss’ssok. sHa-
figemo y BHrAAni
Yy =ulx)v(x)
[MigcrasuBui uefi go6yroxk y 3anaHe piBHAHHSA, AicTaHeMo )
(1+ x?) (%v + u—g—g—) — 2xuv = 4V uv (1 + x¥) arctg x,

(1 +x2)% v+ (1 + x%) (%—-%—v)u =4V uv (1 + x%) arctg x.

dynkilio v BubGepeMo 3 YMOBH

dv 2% v=0
dx 12”7

Hanpukaan, v (x) = 1 4 x® Toai nna u (x) MaeMo piBHAHHS
(14 x2) —Z% v="4V uv (1 + x?) arctg x,
abo
(1+ 2% 9% —4(1+ 53 Vuaretg x.

Onnu 3 poss’si3KiB 1BOr0 piBHAHHA oueBHAnHiH: ¥ = 0. IHwi po3s’as-
KH 3HAijeMo, BiJOKPeMJIOIOUH 3MiHHi:

du _ 4darctgx du _ 2arctgx
=i Ve oVa | 1+ dx,

Vu=arctg®x+C, u=(arctg?x+C)>
Po3p’siakami 3ajaHoro piBHsAHHA € QyHKWIT
. Yy=01y =+ x*(arctg®x + C)>
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1.82. Poss’sizati piBHAHHA

dy 5 . . 4ay
PR 51ny—|—2y-x~gx—.

Po3B f13auHuga 3anumeMmo piBHAHHA Yy BHFIAAL
dx 3
Qy Ty— — X = X° siy.
Ie piBuauns Bepuyaai simmocno dyuruii x = x (y). BAKonaswn 3a-
. MiHy 2 = - nictaneMmo JinifiHe piBHSIHHS

dz .
yd—y-i-z—sm y.

Po3B’s13KH 1bOrO PiBHAHHA WIYKaeMo y BHLAsAL 2 = u (y) v (y). Mae-
Mo

yu'v + yuv' -+ uv = siny.
Bubepemo u (y) 3 ymoBu yu' -+ u = 0, Hanpukaag u = —]—;—. Topi mns
dyakuil v (y) micranemo piBHSAHHA

v’ =siny,
BBiJKH

v(y) = —cosy -+ C.
Orixe,

2= %(C——cosy). a6o y = (C — cos y) x2.

3asHauumo, mo . GyHKHis y == 0 Takox e PO3B’SI3KOM 3afaHOro piB-
HAHHA.
1.83. Posp’ssaty piBHARHSA

d
o+ 2 = eyn.

Po3B f3anusa Binviani Big Hyas po3B’A3KH bOro piBHSHHA

. " . 1
bepuyani mMoxna 3HalTH 3a JonoMmoroio 3aminm z = y'=2 = e Maemo
dz 1 dy dz .

dx y? dx °  dx 2z =e""

[le ninifine pisnanns. [loMuoxuBmM o6uABI YaCTHHH 1LOTO PiBHAHHA
Ha e—?*, npicra”emo

d
o (™) = — e, abo ze= =¢* + C.

BpaxyBaBiM 3aMiHy, OCTaTOYHO 3HalIeMO
yl(er+ Cer) = 1.
KpiM 1ux po3s’a3KiB, OueBULHO, AaHe PiBHAHHA Mae Po3B’A30K y = 0.
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1.84, HopectH, mo piBHsanHs Pixkari

—d—y——y +p(X)y +q (%)

zie p(x)iqg(x)— nepionnyni 3nepionom T (pyHKuu He MOKe MaTH 6iJb-
e ABOX plSHHX nepiognunux 3 nepiogom T posr’a3KiB.

Posp asannsa [oselemo, mo Koay ABa po3B A3KH y, (x) |
Y3 (x) Zanoro piBHSIHHA B AeaKi# Touni x, 36iraioteca, To BoHK 36iraiorbes
JAs Beix x i3 chigabHoro iHTepBany BH3Hauennda. Cupasni,

W L pWe+a0) 2 =gt p () g, +q ().

3sincu

1 — y2) = W1 F 42 1 — ¥2) + P (2) (52— ),
abo
xS (4,(DFys(DHplT)dT
Y1 (%) — Y2 (%) = (41 (x0) — Y2 (x,)) €%

Slkio upn KesKoMy Xo y; (Xo) = Y3 (Xg), TO gy (x) = y, (¥) Ansa sCix
¥ i3 cnisbHOrO iHTEpBaNy BU3HAUYEHHS.

[lpunyctumo, o, BCymeped TBepAKEHHIO, PIBHSIHHS Mae TpH mepio-
nyyni 3 mepiogom T po3B’A3KU: Y, (X), Y, (%), y5 (x). BHacninok roseneHol
BHIIE BJACTHBOCTI PO3B’A3KiB BBaXKa€eMo, LIO NPH BCiX ¥ € R BHKOHYKTh-
csl uepiBHOCTI

Y1 (x) < yq (%) <ygq(x).
3 ToroxkHocTel
dy‘ =i+ Py +4q @),

d!/2

=4+ (%) Yy + q ()

d
o =y + P (%) yat 9 (2,
BiJHABIIM NOWIEHHO Nepiuy # Apyry Bif TpeTboi, AicTaHemo

Yo — y1) = 2 — 93 Wa + 41 + £ (%),

_dt'ix— (Y3 — Ya) = (Us — ¥a) (Us + Ys + P (¥))-
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3rixHo 3 NPHNYUIEHHAM, Yz > Y, | y; > y,. ToMy 3 nBoX momepeanix
piBHOCTEN MaeMo

da d
ax U — y) ~ax (43— %)

Ys— W - Ys — Y2 =h— Y

. Ilpointerpypapmin mo ToTOXHicTh O X Ha npoMikky 0 <K x <X T,
AicraneMo

(lnlys(x)'—!/l(x)l—ln“/a(x)'—yz(x)l)lg:
T

=§@d@—wdwﬂk

JliBa uactuHa uiel ToTOXKHOCTI AOpiBHIOE HYJMO BHacHifok T-mepio-
puunocti QyHKUiR ¥y (x), ¥s (x) i Ys (x), a npaBa yacTuHa — Bin'emHa, Go
3a MPHNYIEHHAM Yy < Y, NPH BCIX r. 3aHIlIH y CyNepeyHicTb. OT}Ke, :
3ajaHe PiBHAHHS He MoXKe MaTd Gifibllie ABOX NepioanyHux 3 mepiogom T
PO3B’ SI3KiB.

1.85. Iosecru, mo koau piBaanHsA Pikkari

A= g ),

Je f (x) — nepioanuna 3 nepiogom T dyHKuisA, Mae aBa pisni T-nepioguy-
-Bi posB’asku y; (x) i yz (x), To

S (41 (%) + ¥ (x)) dx = 0.

Poss a3annda. Ockineky y, (x) i y, (x) — po3B’d3KH AaHOTO
PiBHAHHA, TO

D — g+ F ), ()

oi1a Beix x € R. Bingnimaroun nmounenno ui pirnocti, MaeMo

% (Y1 — Y3) = (Y1 + ¥3) (41 — ¥a)-

3sijacu
{ wotvara
Y1 (X) — Yy (x) = e’ (¢, (0) — ¥4 (0)).
Mpux=T
{ witrruaenat
Y1 (T) —yy (T) =¢° (41 (0) — ¥ (0)).
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3pincu, saacaigok T-nepiomwanoct! byrxulfl y; 1 y,,

T
{ waOtvenae
Q
1=e s
T

T06T0 | (4, () + v, (1) dt = 0.

0
1.86, PosB’si3aTd PiBHAHHSA

dy
< Teyly—x)=1
Posass a3anuna e pieaaana Pirkari. Hepaxxo Gauurtu, 1o
Yy = x € po3s’A3KoM piBHAHHA. ToMy 3aMiHa y = x -t 2 IPUBOAUTL NaHe
piBusHHst no piBasiHHA Depryaui:
dz
vl -+ az (x -+ Z) = 0.

INokaasmm z = uv, AicrasemMo

di d
%v+u—a—%+auu(x+uu)=0.
axt

Bu6epemo u(x) 3 ymoOBH —%—-{-axu:O. Hanpuknan, u =¢ T,
Toai ana v(x) MaeMo piBHAHHA

e’ %+ae—“'v'=0.
BigokpemaioeMo 3MiHHi:
4 _ax
—U-:— 4+ ae 2 dx =0,
e 1
2
——-+a§e dx=—C, v= —
C+a5‘e 2 dx
Tomy
e
2
e
y=x- Ty fy=x

C+aSe 2 dx

1.87. Posp’asatu piBHaHHa y + y* = -%—.
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Poap’' a3anusna Le pipuanns Pikkarl. Inoai vactunnuil poss’s-
$OK LbOrc PiBHAHHA MOXKHA Nigi6paTH, BpPaXOBYIOYH BHIVIAJL BiJLHOTO

heHa pisuAHHA (¢ (x)). IykatumeMo wacTHHHHH PO3B’SI30K Yy BHIVIAZRI
: k . \
h=— [TigcraBuBum y, (x) B piBHAHHA

k k2 2
T e T A
$aunmo, mo OYHKUis Y, € PO3B’SI3KOM IbOro PiBHAHHA HpH K = —1 |
i . , 1. 2 .
k=2 Omxe, Aictanu ABa posB'AskM: Yy = — —— iy = —. 3amiHoto y =

y 1 . . .
=z — > 3BOJHMO 3aJiaHe DIBHAHHA RO PIBHAHHA BepHyJIJIII

dz 2 1 e dz 2
[ ==t m = Hm —Fi=—%
: HOMHO}KI/IBIHH o6uiBi 4aCTHHH LbOro PiBHAHHA Ha X%, nicranemo
X—= (zx) 3zx — (2x)%, abo xj— =u(3—u), Aaa u =zx. 3BiA-
3
CH U= c(u—3) %%, u=23,a60 z =c (2x— 3) x?, 2 =" OcraTtouno
1 2%t +1 2
V==~ —nz 'Y=

1.6. PisHAiHHA B noBHMX Audrepenyianax

Pisnsanus

M(x, y)dx+ N (x, g) dy =0 ' (1

kaSHBAETLCH PIBHAHNAM Y NOBHUX Oubepenyiasax, AKMO HOTO JiBa YACTHHA ¢ NOBHHM I -
peunianom aeaxoi ¢yukuii U (x, y), Tobro

A ‘;’;

o6 piBusiHHs (1) 6y/0 piBHAHHAM y MOBHHX Angeperlliamax, HeoOxixHo ft zocrar-
HLO, 106

dy=M (x, y) dx+ N (x, y) dy.

t

OM (x, y) _ SN (x, y) . @
dy dx
Yci poas’saskn piBHSAHRSA B NoBHUX Audepennianax 3ai0BONBHANTE YMOBY U (x, y) =
«C, ge C ——,llOBlJIbHa crana.
l]_[06 snaiitn pynkuiio U (x, y), ckopucTaeMoch piBHOCTAMH

OV M, ), _y = Nz, 9). 3)

.

Ox

Interpyioun nepimy 3 uux pisHocte#l no x, BusHaunMo dyrkuiio U (x, y) 3 Tounictio
Jo nopinpHoi Audepennifiosrol pynxuii @ (y):

U (s, y>=SM(x, y)dx =@ (x, ¥) + ¢ W) @
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Hudepenniiotoun (4) no y 3 ypaxysanusam apyroi pisuocti 3 (3), nicrauemo pisnsnns
aast Bu3HauenHs ¢yHkuil ¢ (y):

OPx, 9 4 4Py (x, ).
9y dy
InmeepysarbHum MHOXCHUKOM IJIS DIBHSHHS
M(x, y)de -+ N(x, y)dy=0 (5)

Ha3KBA€TBCA TaKa GYHKLIs m (x, y), Micas MHOMeHHS HA AKY PiBHAHHs (5) mepeTBOpio-
€Tbesl B PiBHAHHS Y NMOBHHX AHdeperLianax.
Slkmo m (x, y) — inTerpyBanbHull MHOXHHK piBHAEHA (5), To piBHAHHA

mx, ) M(x, y)dx+m(x, y) N (x, y) dy =0

¢ piBHANHAM y NOBHEX Audepenuianax i Tomy
2 _mx ) Mk = =2, )N (x, 9),
dy dax

TO6TO {HTErpyBa/IbHHR MHOXHHK M (X, §) € POSB’SI3KOM DIBHAHHS 3 YACTHHHHMHA MOXiZx-
HHMH TIepUIOTO TOPSAKY:

m(x, y) ©

oM N om am
— =N —M
oy Ox ) dx dy

Y

Y Resikux BHnazkax piBHAHHA () copouryerbcst H i{HTErpYBadbHHA MHOXHHK [
piBusiHHs (5) nerko suafitu. PoarusHeMo Kinbka TaKHX BHIAAKiB.
1. Axwmo piBHsuna (5) Mae iHTerpyBaibHHA MHOXHHK, IO 3aleXHTh Juuwe Bif x,
T0610 M (%, y) = m (x), To 3 (6) maemo
aMm N

1 dm oy ~ 0Ox
m  dx N
2. Slxwo piBHAHus (D) Mae iHTerpyBaNbHHH MHOXNKHHK, LIO 3a/IeKHTh JHme BIX y,
10610 M (X, Y) = m(y), TO

oM 0N
1 dn_ 9y Ox
m dy —M
3. Slkmo piBHAHHA (5) Mae iHTerpyBaJbHHA MHOMXHHK, IO 3aJeXHTb Bix AesKol
slaomoi dynxkuii o (x, y), To610 m (x, ¥) = m (w0 (x, ¥)), 10

oM oON
1 dm 9y T Tox
Lam , 7
m do N i M L) @
ox oy

Hexa#t my (x, y) — inrterpyBanounil muoxuux pisasauus (5) 1 Uy (x, y) = C —
interpas uporo piBHAHHA, AKWH foMy Bigmomigae. Toxi Bcl iHTerpyBadbHi MHOMHHKH
piBusiHHsA (5) BupaxatoTbest Gopmyaoo m (x, y) = my (x, ) @ (Uy (%, 1)), Ae @ (2) — no-
BibHA HeMepepBHO AudepeHiuiffoBHA QyHKUiA. BHUKOPUCTOBYIOUH He TBEeDLKeHHS, iH-
TerpyBa/IbHUA MHOXHUK iHOAI MOXkHA 3HafTH Tak. 3amuwemo piRusuus (5) y smeaaxi

Ml (x: y) dx‘}"Nl (x, y) dy+M2 (x, !/) dx—]—N,(x, y)dy=0
82



| npunycruMo, wo 3nafineno interpankni MHOXHHMKM my (x, y) 1 my (x, y) Ta inTerpanu
U (x, y) = C, U, (x, y) = C Bignosiano piBHAHBL

My(x, )dx +Ny(x, 9)dy=0 i My(x, y) de+ N, (x, y)dy=0.

Topni Bei inTerpyBanbhi MEOKHHKH HepHIOTo 3 LHX DPiBHAHB MAIOTh BHLMISA m (X, y) =
= my (x, y) @, (Uy (x, ), a npyroro — m (x, y) = my (v, 4) @3 (Us (x, ¥)), ze @1 ()
| @3 (z) — nosinbni nudepenuifosni Qpynxuii. Skwo dynxuii qJ] () i ¢} (2) moxua ni-
1i6paTth Tak, o6

my (x, §) @[ Uy (%, ) = ma (x, y) 05 Us (x, §)),
ro
m(x, yy= my (x, ) P (Ul (x, )
— inTerpyBaibHill MHOMHUK pPiBHAHHA (5).

1.88. Posp’sizatu piBHAHHA
(2xy + 34%) dx + (x% - 6xy — 3y?) dy = 0.
Pos3p’ s3annsa Maemo:
M(x, y) =2xy + 3y* N (x, y) = x* + 6xy — 3%

oM oN .
e = 2x + 6y, - 2x + 6y.
Orxe, —%% = %—, To6TO NiBa YacTHHa JAaHOro PiBHsIHHA € no-
BuuM audepenuianom Aeskol ¢ynxuii U (x, y):
oU au

— 42 et
a—_2xy+3y, —a;—x -+ 6xy — 8yt
3 nepiioro piBHAHHA 3HAXOAUMO

Ux 9) =%y + 3xy* + 9 ().
Ocrannio piBHiCTB nnd}epeﬂuiloexvxo no y:
ou

v = x? 4+ 6xy + —x’+6xy—3y‘.
T06TO -—dé% = — 3y%. 3Bigcu
o) =—y¢+0C
Tomy
U(x, y) = x*y + 3xy* — y* 4 C;.
QcTaTouHO

x%y + 3xy* — y® = C.
1.89. Posp’sizatu piBHAIHHA
(3y® + 2xy + 2x)dx + (bxy + x? + 3)dy = 0.



Po3sp' s3anna Ockiabku \
iy(sy2+2xy+2x)=6y+2x=—5‘1—(6xy+x2+3),

TO JaHe piBHAHHSA € piBHAHHAM Yy NOBHHX AHdepeHuiajsax. DyHKuio
U (x, y) sHalinemo 3 piBHAHD
LY = 3yr + 2xy 4 2x, T_6xy—|—x2-|—3 8)

InTerpyious, HanpHK/aaj, Apyre 3 UUX piBHAHb HO y (BBa)Kaouu X
CTaJIo), MaeMo

U(x, y)=S(6xy+x’+3)dy=3xy2+x’y+3y+cp(x).

ze @ (x) — noBiMbHa pudepeHnifioBHa ¢yuknia. 3rigHo 3 mepium pis-
HAHHEAM (8),

ax (Bxy* + x*y + 3y + @ (x)) = 3y*'+ 2xy + 2x.
Orxe,

3y® - 2xy + % = 3y* + 2xy + 2x,

ddx = 2x, ¢ (x) = x* 4 const,
U (x, y) = 3xy® + yx* + 3y + £%,
3xy* +yx* + 3y + 2=
1.90. Po3p’sizaTu piBHAHHSA
2 (1 4+ V x®—y)dx —V x*—ydy =0.
Poss' sasandsa Ockinbky
) - P S
o @ V=) = — = = V=0

TO JaHe piBHAHHA € DPiBHAHHAM Yy MNOBHUX IH(pepeHuianax. Pyukuiio
U (x, y) sHaxonuMo 3 piBHAHB:

=2 +VE—y), S =—VE—y. ©

IaTerpyemMo mo x mepie 3 HMX piBHAHb (BBAXKAIOUH Y CTANOI0):
S 2 s
U g) = @5+ VB —g - 2x)dx = x> + — (5* — y)"s + ¢ (9).
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Iigcrasusmu U (x, y) y npyre 3 pisusnb (9), nicranemo

3
d 2 7 ) -
S+ 2w —nT +ow)=—VF—y
—VF—y+ G =—V—y, oy =const.
3
Orxe, U(x, y)= x>+ % (x* —y)? iposs’nsKy 3anaHOrO piBHAH-

Hf MawTb BUTJIAAN
3

2
x2—{—%(x2—y)2 =C,aboy = x*— [—(C——xz)]3

1.91. Poss’sizatH piBHAHHA

Ly _L___‘l =
[_x"—(x—y)’]dx_'-[(x—y)’ Yy dy =0.

PosB 93anua Maemo
oM oN 2xy

3y T Tox T T Ta—pp

ToOTO J1iBa YyacTHHA PiBHAHHA € MOBHHM audepeHuianoMm jeakol dbyHkmii
U (x, y). 3 piBHsAHHSA

ou_ 1 y?
9x x  (x—y)?
8HAXOHMO
1
Uir, )= (- — L) dr + 9 () = Inx .
]
Ypaxosyemo, mo g;] = (x_’iy)g ———;—s
2xy — y? + de x2 ___L
(x—y)? dy ~— (x—y)* ¥y’
dy - 1 ey
oy == eW=y—Iny+C,
Tomy
U, ) =Inx +——+y—Iny +C,.

¥Yci po3p’sA3KM 3aflaHOro PiBHSHHA BHpaXaloTbesl GopMyJolo

ln———}—-;—:—;—::c.
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1.92, Posp’ssatu piBHAHHA
d
@+t Ay + @+ —a)x =0
Posp s13aHH4da 3anueMo piBHIHHA y BHUTVAAL
(H* +x* —a)xdx + (y* +x*+a)ydy = 0.
Lle piBHAHHA B NOBHHX JAHdepeHliaaax:

Tay— (£ (g + 22— @) = 21y = —— (4 (4 + 2 + a)).

IlpointerpyeMo piBHAHHS:
(** + 4*) (xdx + ydy) — a (xdx — ydy) =0,
(447 d (£ + y°) —ad (x* —y?) =0,
(¥ + 4% —2a(x* —y*) =C.
Hicranun cim’to oBanis Kaccini. PiBasinua ix y moaspriit cucremi xoop-

IHHAT TaKe:
p* = 2ap? cos 2¢ - C.

1.93. Posp’sazatu piBHAHHA

(xchy—l—shx)% +ychx shy =0.

X
Po3B f3aHHus 3anumeMo zane piBHAHHA Y BUIAKL
(ychx +shy)dx+ (xchy + shx)dy =0.
OcKinbku
%(ychx + shy) =chx+chy=—%— (xchy + shx),
TO JaHe PiBHAHHA € PIBHSAHHAM y NOBHHX JW(epeHuianax i

ou ou
W:ychx—]—shy, ¥ =xchy 4 shx.

3sigcu
Ulx, y) =§(ychx+shy)dx =yshx +xshy+ @)

-—(%/—(yshx+xshy+cp(y))=xchy+shx,

th—}—xchy-}——gfy';:xchy—[—shx, %:0,

¢ (y) = const.
Orxe, U(x, yy=yshx+xshy=_C.
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1.94. 3nafith dopMmy A3epKana, KoJd BigoMmo, mo BOHO BinGuBae BCi
npoMeHi, fKi BUXOAATH 3 JaHOI TOYKH, MapafenbHo JaHOMY HaNpsiMKY.

Poa3s s3anua Hexalt toukoBe mKepeno cBiTvia e NouaTKOM
KoopAMHaT, a Bice Ox NapanenbHa gaHoMmy Hanpsamky (puc. 22). Hexai
M (x; y) — noBinbHa Touka JA3epkana. PosraaueMo Nepepi3 azepkana
naowHHoW x(Oy, 9Ka IPOXoAHTDb Yepe3 Bich Ox i Touky M (x; y). Ilposene-
Mo notuuny MN y touni M (x; y) no nepepisy nzepkasa nioumnuoo x0y.
3a 3aKOHOM BinOuBaHHR NpoMeHs (KYT NajiHHA JOpiBHIOE KYTY BinbH-

BaHHs) TPHUKYTHHK NOM — piBHOGen- y Mix.y)
pennii: | NO| = |0OM | Tomy
[NO[[OM"] e !
) VA
VIOM P+ TMM | OM’ | 0 N
Ypaxosyoun, wo {ig¢= —%—, Puc. 22

MM |=y, |OM'|=x, nicraemo
mudepenuianbHe piBHSIHHA, fAKe onmHcye ¢Gopmy Inepepisy JAsepKana
ool x0y:

dy _. y

de 2V
Lle onHopinue piBHsHHSA, HOro MOXKHA PO3B’ S3aTH 3a JONOMOrOI0 3aMiHH
y = zx. Tlpore mpocriure poss’asatu fioro tak. Ilos6aBumocs ippauio-

HaNbHOCTI B 3HAMeHHHUKY:

_VET R I
dy = y;:_({:ﬁ;g dx, xdx -+ ydy =V x* 4 y*dx.

PipuAnHs Mae iHTEerpyBa/ibHHHA MHOXHHUK M (X, Y) =

1
Vere !
ToMy

xdx + ydy _ d*+9y L
vare ~FT0 Symra =0
Vi@Fyi=x-+C, y*=2Cx-C2
Otxe, mepepisom Z3epkasna € napaboaa, a noBepXHelO zlse\pxa.na e na-

pabooia obepTanus.
1.95. Posp’a3atu piBHsAHHS

d .
x—% = (3x2cos y — siny) cos y,

; KOJIY BiZloMO, 1110 BOHO Ma€ iHTerpyBa/ibHHI MHOXKHHUK fK QYHKLil0 ofHiei
"8MinHOl x a6o y.
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Po3p' 93annsd 3anuuemo JaHe PiBHAHHS Yy BHUTJIALI

(3x%cosy — sing)cosydx —xdy =0 10)
i sHafigeMo pi3HHLIO
%151——-—-??—]:——*—'—3)52 «2cosysiny —cos2y + 1=

= — 2(3x% cos y — sin y) sin y.

SIkmo uefi BUpa3 po3ziJHTH Ha —M (x, y), TO yacTKa Oyle (yHKILie
aunie Big y. OTxe, inTerpyBaNbHUi MHOXKHHK € QyHKLI€O BiA y. 3Hakze-
MO Horo 3 piBHAHHSA

oM __ N

I dm _ 0y ox dm

o) Ay — = 2tgy, —— =2tgydy,
In|m|= —2In|cosy|+ InC.

!

Bu6epemo m (y) = oty

cos?
aicTaneMo piBHAHHS B NOBHHX AudepeHuiafax:

—ly-. [Momuoxusiuu piBHaHHA (10) Ha

X
Po3p’szkemo #oro:

U . oU x
ox = 3x* —1gy, dy  costy’

Ux, y) = § (352 —tgy)de = 2* —xtgy + o (9),

X

0
oy X —xtgy o) = ——Fay

’

X

———"———}—q)'(y):—m

cos2 y ’

9 (y) =0, o(y)= const.

Orxe, U (x, y) = x® — x tg y, x® — x tg y = C. 3asnauumo, 10 NIpH
AineHHi Ha cos? y Oyau BTpaueHi pO3B’ASKH 3aJaHOr0 PiBHAHHA y =
= % + kn, k€ Z.

1.96. Posg’asatn piBHAHHA

(1 =) s + (20 + 5 + 25 ) dy =o.
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Po3B s3anusa 3'dcyemo, UM Mae naHe piBHSHHS iHTErpyBab-
HHH MHOXHHK #K GyHKUiio onmiei 3miHHOI. O6guciumo

oM oN  x 1 2x 1 X
S T m Y =Wt +5).
oM __ N
. oy ox . .
Orxe, OyHKIisA 7 3aJleXXUTh Juue Big X, Tomy iHTer-
o . 1
pyBaibHu# MHOXHHK MOXHa 3Ha#iTu 3 piBHHHA Lo am _ 1 ,
m dx x

am dx 1
T-I——x——O, TOOTO m—T
. 1 . .
[ToMBOKHBIIN 3alaHe piBHSIHHA Ha —» AicTaHEeMO DiBHFHHS B NO-
. 1 ] |
BHHX AnbepeHuianax: [T ———y-) dx + (2y + + —;T) dy=0. 3a
OUCaBIIH HOro y BUPJAALI

_dx"_-{.(_;_ +2y}dy_M

¥ =0,

d(Inj x| + Injy| +y2__%) —o0,
Iicranemo

1n|x|+1n1y|+y2—§=c.

1.97. Po3p’ssartu piBusHHR (x* — sin? y) dx + x sin2ydy = 0.
Po3B A3auH4d Maemo

oM N
oy dx —2sinycos y—sin2y 2
N - xsin 2y -7 Tkt
Orxe,
1 dm 2 1
'77'2— dx = —T, lnm+2lnx=c, m(x, y)=—-xg .

in? in 2 .
Pigusinug (l — izgi)dx + 311—y dy =0 e piBHAHHAM Yy NOBHHX

pudepeniiaiax. )
3anumemo #oro y BUNVIAAi
— sin2
dx + xsin2ydyx2 sin2 ydx =0.
Toni

d(x-i— Sirfy)=--0, x+—Si—T—y—=C, x> 4 sinfy =Cx.
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1.98, Poss’'szati pisusuua ydx — (x + x* + y?) dy = 0, koaw si-
AOMO, I10 BOHO Ma€ iHTErpyBajibHUE MHOXHHK, fIKHH 3a1€XHTb Bin x% -+
+ 42

Pos3B s3aHdH1a. [HrerpyBaibHUN MHOXKHHK 3HalleMO 3 PiBHAHHA
(7), noknaBwy B HbOMY ® = x% -+ y%. Maemo

1 dm P+ 14 2% 2(1 4 x) _ 1
mdo T —(xt+ et x—y- -2y —2(0Fn@EFeyH . o
| |

o,y LA

d d
T

. . 1 . .
[TomHOXUBIIYM BHXiAHe piBHSAHHSA Ha e AdictadeMo piBHAHHA B
nNOBHUX JAupepeHLiafax:

W — | +1)dy =0,

P g
PosB’sizkemo #Horo:
ou y U ( x + 1)
ox 2 fyt oy - Uty ’

U (x, y)=Swdx_arctg—+(p( Y

4 (arctg——+cp(y)) — (o +1),

1 X
—— + *“'ﬁ—lv
L+ x"‘ yz By
—dq) = = -+ const
dy — T q)(y)——‘y ’

U (x, y) = arctg —Z— —,

arctg% —y=C, y=0.
1.99. Po3p’a3aTh piBHAHHA
(* —xy® —y)dx + (x’y —y* + x)dy = 0.
Po3B sizanuda 3anuuemo piBHSIHHA Yy BHIVIAAL
x(x® — y¥) dx + y (x* — y?) dy + xdy — ydx = 0.
Posarisanemo piBHSHHS
X(x* —yh)dx + y(x* — y*)dy =0, )



I
fioro IHTerpyBaJbHHA MHOMXHHK mi(x, y) = g

xdx +ydy=0, x*4y*=C
Towmy Bci inTerpysanbhi mHoxHuKH piBHaHHA (1I) BHpaxkaloTbcs
opmyJicto

Orxe,

my (x, y) = 5 o, (x* + ¢*),
Jde ¢ () — HoBiabHa lmcl)epeﬂumosﬂa byHRLIis.
PiBHauns
xdy —ydx =0 (12)
Mae iHTerpyBaJbHHI MHOMHUK mj (X, 4) =%. Otxe,
dy — y .
5 % =0 5=

Tomy Bci inTerpyBasbHi MHOXKHHKH piBHsAHHS (12) BHpaXkawoThes dop-
MYJI0I0

oL,
Ie @, () — noBinbHA AudepeHnifioBHA GYHKLis.

Kopucryouncs oM, Mo ¢, (2) i @, (z) — noBinbHi QyHKuii, nixbepe-
Mo iX Tak, 1006 BHKOHyBaJacsi piBHICTBb
Y
Ps (T) :

1
o (x* 4+ ¢?) =
e Gyae Toni, konu, Hanpukdal, ¢, (2) =1, ¢3(2) = 35— Bu-

T — 2
6paBmn Tak QyHKRUii @y (2) i @,(2), 3HalaeMo iHTerpyBaJibHHI MHOXK-
HHK 3afaHoOrT0 piBHAHHA:

my (xo y) =

1

m(x, y) = my (x, y) = = 1, (X,

. . 1
ITomHOXHBIIM 0OHABI YaCTHHH 3anaHoro piBHAHHSA Ha m (X, Y) = =

AicTaHeMo DiBHSIHHs B NMOBHHX umpepeﬂuianax:
(—x—)dx-l—(y"l- dy = 0.
Po3s’sixkemo #ioro:
ou Y oU

= g oy =Vt g
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2 -—
Ux, g) =5 —4-1n ﬁ—+£y’—|+¢(y):

3 [ x 1 t—y ud : ad
s T[S ew) =t i
+0 ) =y +

W=y o= —y;— + const,

B 1 i—y | X,
Uiwn p)=—5+ -5 —5In m‘l -t

x—y | _
x+y =C.

1
— 5 In

1.7. lcHyBaHHS Ta eAmuicTb po3s’a3Kky 3anadi Kouwl

Hapenemo nocratHi yMOBH icHyBaHHA Ta efuHOCTi pO3B’A3Ky safgaui Komri:
Y —fe ), v =0 M
X
Teopema HNikapa. Hexal ¢ynxyia f (x, y) Henepepsia 8 npamoKymuuxy
M= {(x; y) ||x—x°|<a, Iy_yoléb}' a>0, b6>0

i 3a00804bHAE ymosy Jlinuwiya no y pienomipro 6idrocro x, mobmo | f (x, yy) — f (x, o) | <5
<K Ny, — Yo | 048 acix x maxux, wo | x — %o | << a i 6cix yy, Yy, maxux, wo { y; —
=4 l<b lrh—4|<b

Hexaii M= max |f(x, y)|, h= min (a, Wb) Todi sadaua Kowsi (1) na npo-

X )€l

miocky [xg — B, xo + h] mae edunuid pose’ssox y = @ (x).

Poap’a30x sagaui Kowi (1) npu Bekonanui yMoB Teopemu [likapa MoxHa 3HaliTH SK
TPaHALIO TMPH 7 — oo piBHOMipHO 36ixknoi nocaigosuocti dynkuin {y, (x)}:

x

Ynp (x)=!/o+gf(tr Yn (1)) dl, yo(x)=4o» n=0,1,2,.,,,

Xo
— MeTOJ NocIiROBHUX HaGauxKeHb. Ouinka HOXHGKH HaGaHXKeHOI 3aMiHH TOUHOT® poO3B’A3-
Ky y (x) HaGnuxeHHM y, (x) BHpaxaeTbcs HepiBuictio
My,
Iy(X)—yn(x)I<Th .

Teopema Meawno. Hexai ¢ynxyis f (x, y) Henepepsra e npamoxymuuxy I,
npusomy

. b
M = max X, , h=m1n(a, —) .
my)enlf (x, 9| i

To?i) sadaua Kowi una npomiscky [x — h, xo + h] Mas npunadmni odun poss’ 530
y= ¢ )
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Yacero poas’asox 3anaul Komd Icuye e nume ra simpisky, 3ananomy B Teopemax
Tikapa i INeano, a i1 Ha GlnbmEX MpoMiXKax.

Slkuwo oyuKuis f (x, y) B npaMokyTHHKY [1 3afoBonbHse ymMoBH Teopemu [likapa, To
6yIb-KME 11 PO3B'AS0K y = ¥ (x), ¥ (%y) = Yo, (%g, Yo) € Il MOXHA NPONOBKHTH RO BH-
XOAY Ha MexKY UPAMOKyTHUKa I1. SIKWo pyukuis f (x, y) y emysio << x << B, —oo < ¢y <©
<< oo (@ > —oo, P << +oo) nenepepsra i 3amoBoJibHSIE HepiBHOCT | f (%, ¢) | <
Lalxyly|+ & (x), ne a(x) i b (x) — RenepepsHi PyHKIii, To 6yAb-AKHH PO3B'A30K
piBusinng (1) MOXHA NPONOBKUTK Ha Bech iMTepBan & < x < P.

Touka (xg; y,) Ha3UBaEThes mouKkow s0uroCmi poss’ A3ky sadaxi Kowii, IKWO depe3 1o
TOUKY IPOXOAMTH JiHlle OfHA iHTerpajibia KpuBa DiBHsHHA (1). HKWO depes TOuKy (x,;
¥o) NPOXOAMTL Giibilie Hix oxHa iHTerpanbHa Kpusa piBasHHS (1), TO TaKy TOUKY Ha3H-
BAIOTh MoOuKow Heedurocmi po3s’ asky sadaui Kowii. MHOXHHA TOYOK HEE€IHHOCTI Ha3HBa-
€TbCst 0C06AUB0I0 MHONMCUHOI0. SIKIIO OCOGTHBA MHOXWHA MICTHTD {HTerpaibHY KPHBY, TO
TaKy KPUBY HA3UBAIOTH 0C06ALE0I0 (HME2PANbHOW KPUEso, a PO3B’A30K, AKHA Bignosinae
nifi iHterpaneHiit KpHBiK,— ocobausum poss’ A3KoM.

1.100. 3rafitu HaiimeHwe 3 uncen M, saKi oOMexylOThb (YHKHIIO
f,y) =22 +y* 4+ 22 — x — y) BupsamoryTHHKY D = {(x; 4) | | x —
—lI<<a ly—11< b}

Posp s3aunda OQyukuia f(x, ) =k —1)2 + (@ — 1) + 2
HabyBae B ofnacti D Hal6inblioro 3HauYeHHs B ToyKax ujiel obJacti, siki
Haibinbie Bignaseni Bix Touku (1.1). [{lumMu TOuKamu € BepHIMHH TpAMoO-
KyTHHKa D, i B KOXHiH 3 [UX TOYOK JaHa ¢YyHKLis HaGyBae OFHOrO i TOro
caMoro 3HaveHgs:

max f(x, yy=fla+ 1, b+ 1)=a% + b2+ 2.
e, D

Haiimenwium uuciiom M, mpu sIKOMY BHKOHyeTheA HepiBHicT® | f (x,
Y| < M naa seix (x; y) €D, e yncno M = a? 4 b% + 2.
1.101. Tlepesipuru, wo dyukuia f(x, y) = y®>sinx + e* y cmysi
I1 = {(x, 4) || y| < b} 3anoBosbHsie ymory Jlimwina mo y piBHOMipHO
BignocHo x € R. 3uafitu HaiMenmy i3 cranaux Jlinmina.
Posr izanwua Hexalt (x, yy), (¥, yo) € [1. Ouinumo pisuuiyo

F (e, g0) —F(x, 9a):
| Fxe g — (% y2)| =|y?5inx—ygsmx|=|sinx||.’/1+y2||y1_‘!/2|'

Ockizibku  sup |sinx|ly; + ya| = 2b, 10
EH7 A8

[P (6 g —F(x 92) | < 201 yy — Y-

[le osuauae, wo f (¢, y) y cmysi [1 3agoonbrse ymosy Jlinmwina mo y
piBHOMipHO BigHOCHO ¥ € R. Haifimenma i3 cranux Jlimuina e

N = 2b.



1.102. Tlepesiputh, au 3ajgoBonbHsie ymoBy Jlimmina ¢yukiis
In npy 0;
Fgy=|ynlyl o g

0 npu y=0
ua Bigpisky [—b, bl.

Po3B si3annai [lpunyctumo, mo gaHa (YHKIif 3aJ0BOJIbHfE
ymoBy Jlinmina ua Bigpisky [—b, b]. Hexail y, i y, — a8i noBinbHI TOUKH
uporo Binpiska. Topi |f(y) — 7 (4a) [SSN |yy — ya| Anst ZestkOl ne-
3aJiexkHOl Bi y; 1 y, nomatHO! cTanol N. BnﬁepeMo Y2 =0, y1 % 0. Toxi
NOBHHHA BHKOHYBATHCH HEPiBHICTb

|yl Infy, [I<KN |y, abo |Injy, || <N

ans Beix yy, 0 << |y, | b, wo HemoxianBo. Tomy 3agana QyHKniAa Ha

Bigpisky [—b, bl ymoBy Jlimwina He 3afoBoJIbHSE.
2

1.103. Josectn, mo ¢yuKuia f(x, y) = (2 + cos x) y® — sin x ne
3an0Bo/IbHAE yMoByY Jlimmina no y y emysi Il = {(x, y) | | y | << b}. Tlpu
akux @ i P (@ << P) mana ¢yHKHisn 3afoBosbHAE yMOBY Jlinmrina y cMysi
M= {(t, 9 |2 < y<B}
PosB s13aHuHs, [Ipunyctimo, mo [ (x, y) 3anoBonbHAE YMOBY
Jlimina o y y cmysi 11, Tobro icHye Taka jnopaTHa crana N, wmio

|7 g —F(x 92)| = 2+ cosx) | 4" — 1" | <N | gy — 0]

s BCiX (x, #1), (%, yo) € I o
Hexa#t y, = 0. Toxi noBHHHa BHKOHYBAaTHCA HepiBHICTb

24 cosx) i’ <|yy| abo (24 cosx) |y ||'PKN

aasi Beix x € Riy,, |y | << b. OueBuaHO OCTaHHA HepiBHICTb He BUKOHY-
€TbCS AJs TOCHTb MaJUX 3a aOCOJIOTHOIO BeJIMUYHHOIO 3HaueHb y,. OTke,
[IpUIYIIEeHHS IPO Te, o 3afiaHa QyHKUia y cMysi [ 3afoBosbHsIE yMOBY
Jlimwina, HemnpaBH/IbHE,

PosrasineMo dyskuito [ (v, y) y emysi [1;. Jdaa pisauui [ (x, yy) —
— [ (x, y5) maemo

|F (%, g1) —F (% )| = (2 + cosx) | yi”° — v3°| =
1/3 + yl/s

=(2+COSX) 2/3+y1/3 1/3+y2/3 \|y1—y2|

Otxe, BeJHUHHA
y1? -+ g
2Py g BB {2

(2 4 cos x)

obMexkeHa npH BCix (x, y,) i (x, y,) 3i cmyru Il Togi # TibKH TOAi, KoM
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Biapizok a < y < B ue micTuts Hyas, To6TO KoM Al = 0. 3a uiel ymosn

1/3+yl/3
(2 + cos x) 2B _Iy_ly}/sy;/z il
1 1
Eikir Y
=(2+COSJC) . " 173 .yz‘[/a <T,
(o) "+

e

3 ——
VIBl npn B<O.
Omxe, sxuwo ap >0, To nana byukuia f (x, y) sagoBojJbHAE YMOBY
Jlinmina mo y y cmysi I, i3 cranoio Jlimuina N = 7

1.104. MeromoM moctiioBHHX HaGauKenb 3HaHTH pPO3B’A30K 3ajaui
Kowi y' =x+y, y(0) = 1.

Po3B a3aunus [locrinoBni uabinuxeHHS 10 PO3B’A3KY AaHol
3ajayl BH3HAUMMO pPEeKYPPEHTHON (HopMYJIOI

{%/E npu o >0,
‘?=

X

Prst () =1+ { (v + g, () dr, @
[1}
n=20,1,2, ..., g (x) = 1.
MigcrapuBmy B (2) n =0, 1, 2, ..., Kicranemo:

Yo () = 1,

n =1+ @+ Dde=14x+ 2,
0

Q(..’—;*

Yy (x)=1-+ (T+1+T+ l;—)dwrr-l—I—x-{-x’—l——;’:‘-,

ys(x)= 1+

OE—"M,

(1:—[—l+r+02+;—’3)d1=l+x+x2+;—a+{-},

4 4
y4(x)=l+§(r+1+r+t2+%+%)dv=
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F —1 n
yn(x)=1+05(v+1+r+r=+%'—+--o+(j’%)—,+‘—,)dv=

n!

n n—+1
=ltxtd+ g+ By

3asHaunMo, IO Y, (X) MOXKHA 3aMUCATH Y BUMVSAAI
xn+1

n k
x
yn(x)=2k2=0k_’+m-—x—- 1.

Tomy, mepeiiioBlA X0 rpaHuli HpH n -> oo, AICTAHEMO PO3B’fA30K
BuXifgHOi 3ajaui Kouui:

b k
g =limy, () =23 F-—x—1=2"—x—1
n->»00 =)

1.105. [lo6yxyBati mocaifoBHi HaGaMKeHHA Y, (x), ¢y (x) i y, (x) 10
poss’siaky 3afaui Kowi y' = 1 — (1 + x)y + 4%, y (0) = 1. Ouinnru
_pi3HHHIO MiXK Y, (x) i TOYHHM pO3B’si3KOM 3ajaui NpH —TRIg

1
ST

Po3p s3aHHsA [locninoBui HaGmuKeHHS 10 PO3B’A3KY AaHOL
sajaui Komi BU3HauuMO 3a opMYyJIOHO

G =1+ {0 =(0+ 0y, () + B @D dv go(x) =1,
0

n=0,12,...
Ipu n = 0 maemo

n@=14+{0—(+7+)dv=14+x—"%.
0
3uaigemo y, (x):

=1+ {0 =0 +7950 + @) d =
0

=1+ {0+ u@ 0@ —e— ) dr =1+ [ (1- 5 (14
0

12 P xt x®
+‘—T))d"= lts—F—75 + -
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[1lo6 omiuuTH pisHHIO MiX g, (x) i TouHuM DO3B’A3KOM y (x) AaHOi
sanaui Kowd, 3HafizemMo y (x). 3amncaBuiv BUXiAHe DIBHSHHS Yy BHIVIAAI

fx y—x—1)=yly—x—1)

JicTaHeMo
yx)=x+1.
Otxke,
3 1 2
[y () — v, P 2
i x x2 o
Bupas "—S"I_T—W HafyBae Haiibi/bmoro 3HaueHHs Ha TpO
. 1 1 . 1 .
MiKKY [——4-, —| B Touni x=—. Toxni
1 1
19 () — 42 (9| << g [+ 15— a7 ) < 0,0032,
T06TO

|y (%) — g5 (%) | < 0,0032, Vxe[—%, %]

1.106. MeronoM moc/ifoBHHX HaO/IMKeHb 3HAUTH TpeTe HaGJHKEeHHA
ao posa’ﬂsxy sagaui Komi ' = x — 2, y (0) = 0 B kBagpari [1: | x| <
, ly| < 1. Ha skomy npomixky Teopema ﬂixapa rapanrye 36i)K-
chn, nocaifoBHHX HaGJxeHb? OUIHHTH NOXHOKY MiX TOYHUM DO3B’s3-
KoM jgaHol 3amaui Kowi i tTperiM HaGnHKeHHAM,
PoaB sizaHusa Oyukuis [ (x, y) == x — y* HenepepBHO IHpe-

peHuifioBHa no y i f;, = —2y. Tomy [ (x, y) 3amoBo/IbHAE yMOBY Jlimmina
i3 craJjoro
N= max |[/|=2.

) wen Y

Ocki/TbKH
M = max [f|= max |[x—y?|=2,
(yEn eyl

TO

h:min(a; —[31—) =mir1(l; %):%

Orxe, mikapoBchKi HaGuixKeHHS A0 PO3B’A3Ky xanol 3amaui Koii
1

. o . 1
36iraroTbcs NpuHaAMHI Ha npomm&xy[ - 5 ] Habaunxenns obuyuciioe-

MO 3a (GOpMYJIO
g () = (e —gi @) dv, n=0, 1,
0
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Maewmo:
X

h={@—0d =2,

0

y2<x)=05x(r— P S

X
T2 o 2 | %5 +8 211
y3(")“ﬁg(’"—( 7 20/)‘1"“ T — 20 T e — w0

Pisuuns mix TounHM po3B’A3KOM y (x) i TpeTiM HaGIHKEHHSIM OUiHIO-

€ThCSI TaK:
MN? 2.2 1 1
3 —_
|y(x)_y3(x)|< 31 h® = 6 Tl T T
Teopema [likapa rapanTye 36ixHiCTb mOCHIZOBHMX HaGAMMKeHb HA
. 1 1

IPOMiKKY [_'Q" ?J. AfGcomorna moxuGka TpeThoro HaGIMXKeHHS He
nepesuinye 1/6.

1.107, 3nalfiTH MaKCHMaJbHH TPOMIXKOK iCHYBAaHHSA pO3B fI3KY 3a-
gaui Kourl ¢ = (x* + y?) et=**—¥, y (0) = 0, i 36DKHOCTI MiKapOBCHKHX
Hab/anxKeHb, AKHHA rapaHTyeThcst TeopeMoro [likapa.

PosB s3aunus Y Oyab-sKoMy KBajapaTi

M= {(x; y)€R?| |x|<a, |y|<a}, a>0
IpaBa 4acTHHA JAHOr0 PiBHSAAHHSA HelepepBHAa i yaCTHHHA NOXiAHA NO Yy
. I7) 2 2 3 ]
Fi= =7 (4 59 e=7~) = (— 2 (x* -+ ¢¥) + 24) &=~

obmexena. Tomy [ (x, y) 3anoBobHsie 1o y ymoBy Jlimuwina piBHOMipHO
no x, | x| <{ a. Omxke, BUKOHYiOTbCS yMoOBH TeopemH [likapa. Teopema
rapanTye iCHyBaHHS PO3B’A3KY AaHO! 3a/aui HA NPOMIKKY

|x|<<h, h=min {a, %}, ne M = max (x* 4 y?)et—+"—v.
xy)en
s sHaxomxenHs M 3a3Hauumo, Mo dyukuia f (x, y) e cranoio Ha
KoxHoMy Koai x® 4 y% = r?. 3uafinemo HaliGispile 3HaueHHA (yHKuil
g =te'~ npu t > 0. Ockinvku g (0) =0 1 limg (¢) = 0, To Haii-
t—>o

Giabuioro suavenHs npu ¢ > 0 ¢yukuis g (f) HabyBae B 0OAHIH 3 TOUYOK
makeumyMy. [loxinna
g f)=e""t—telt=el~t (1 —1)

ZOpiBHIOE HYJIO TiMIbKY B OAHif Touni ¢ = 1, mpuuomy g’ (¢) > 0 npu £ <C
<1ig' () <<O0nput>1.Omxe, t =1— ToukKa MaKCHUMyMy QYHKILI
g ().
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Tomy Hai6iablioro 3HaueHHs, sike nopiBuioe 1, ¢yukuis f (x, y) na-
6yBae B Toukax kosa x% -- y* = 1. Orxke, h = a.
1.108. Hexa#

‘O, Ak x = 0, — 00 < Y < 00;

| 2x, akmo 0 << x<<1, —oo<<y<<O;
f(x‘ y): i?x—%, AKLIO 0<x<l, O<y<x2;

| — 2, skmo 0<x<Cl, xP<<y<<+ oo.

JloBecTH, 1o MiKapOBChbKi Habmmxkenus, nobynosani A4 3ajaui Kouwi
y =[x, y), y(0) =0, He 36iraioTbesa Ha KkoAHOMY HpoMikKy [0; e],
0<<e<Cl.

Po3B s13amnnsa. Hesaxko mokasaru, mo B cmy3i [1: 0 <Tx < |,
—o0 < y < oo (pyHKUIA [ (x, y) HenmepepBHa # oOmexeHa, |f (x, y) | <
<C 2. 3rizno 3 teopemoro [learno, po3s’aszok 3anaui Kowi icaye. [Nodyaye-
Mo nikaposchki naGamxkeHHs nmpu 0 <C x <C 1. Maewmo:

Yo (x) =0,
X X

42 () = { (¢, 0)dt = | 2tdt = x2,
0 0

X

() = |t g (D) dt = ([t ) dt = [(—20)dt = — 1"
0 0

0

Ockiabku f (x, x?) = —2x,af (x, —x%) = 2%, TO Yom—y (X} = X%, Yo (x) =
= —x*m =1, 2, .... Tomy nocaizosuicte {y, (x)} a1 KoxHOro x %= 0
Ma€ JBi rpaHHuYHi TOUKH i, OTXKE, MOC/AiJOBHI HAOJAMKEeHHS He 36iraioThes.
3ayBaKHMO TaKOXK, 110 *KOJHA i3 361 KHHX NIANOCALNOBHOCTEH {Yom—) (X)},
{yom (x)} He 3GiraerTbca Lo po3B’A3Ky AaHol 3amaui Kowi, ockinbKu

Yy

. dy,
. " 2 2m
Tx = 2xs=f{x, £%) 1

—zm —x2
Tx 2x 5= fx, x%).
Ilefi mpuxJaan nokasye, o ofxiel HemepepBHocti ¢yaxuii f(x, y)
HeZOCTaTHbO A 3012KHOCTI HOCJiAOBHHX HaG/HMKeHb.
1.109. Hexai f (v, y) — dyHKUiA, HenepepBHA O CYKYMHOCTI 3MiH-
HHX x i y B obuaacri

O={x P)x<<x<<x+a |y—y,| < b}

i Hesapocraoua o y npu KoxkHomy ikcoBaHomy x. JloBect, 1I0 3ajaya
Kowi y" = f (x, y), y (xo) = yo Ha Oyap-AkoMmy BiapisKy [x,, x, + el,
0 << ¢ <{ a mae ne OiJblie OJHOrO PO3B’SA3KY.

Posp ssanua Hexahy =@ (x)iy = (¥) — 1Ba po3s 93KH
naHol 3ajaui Kowi Ha npomikky [x,, x, + €l. [lo3nauumo z (x) =
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(tp (x) — P (x))2. Orke, 2 (x,) = 0, 2z (x) > 0 npu x > x,. 3uaiigemo
noxizny ¢yHkuil z (x):

Z(x)=2(p(x) —p(x) (¢ (0) — P (x)) =
=2(p () — v ) (F(x, q>(x)) —f(x» P (x))-

Ils noxigHa HeponaTHa, OCKIiAbKM 3a yMmoBow dyukuis f (x, y) € He-
3poCTarouolo Mo y npu ¢ikcosanomy x. 3 HepiBHOCTI 2’ (x) < 0 i ymoBH
2 (xo) = 0 BumiuBae, mwo z (x) == 0, 10610 @ (X¥) = ¢ (x) npu BCix x €
€ [xg, xo -~ £]. Otke, nana 3anaua Kowi Mae eIuHHA po3B’A30K.

1.110. Hosecry, mo Kouau GyHKIis f (x, y) HellepepBHA IO CYKYNMHOCTL
3MiHHHX x i y B ofuacri

D={x glKu<t<n+ta |v—19|<b}
i 3an0BONMbHAE YMOBY

(F (% y2) —F(x, 93) (93— 1) << {2 — 91

X — X,

IOpH X, << ¥ << X - @, To 3anaua Komi %z— =f(x ), y(x) =y, Ha

6y11b KoMy BiApi3Ky [xy, %, + al, 0 << & <C a mMae ue GiJbilie 0ZHOTO PO3-
B 93Ky,

Posp a3 aHH 1. Hpnnycmmo o faHa 3agaya Kowi Mmae mpu-
HafiMHI 1Ba PO3B’SI3KH y = @ () i y = 1 (x) HA TPOMIKKY [xo, ¥, + al.
Hexait 2 (x) = (¢ (x) — ¥ (x))2. Toni z(x,) =01 2z (x) = 0 n1pH x = xpe
3HalzemMo noxizHy GyHKUII z (x):

2 (%) = 2(p (x) — P () (@' (x) — ¥’ (x)) =
=20 () — v W) (Flx, 9 (N —F(x N 2“" G 1C2)

X — X,
. R ’ 2z
dynkuin 2 (x) 3aK0BONBHSE MPU X >> X, HePiBHicTb 2 (x) < S o

2 () < 2 (xg) (x — %)% x> xp. Ockimbku 2(¥) =0 i 2(x) =0, 10
z(x) =0, 10610 @ (x) = P (x). Omxe, naHa 3agaua Kowi Mae eaunuit
pO3B’A30K.

d 3
1.111. 3naéitn Bci po3p’s3ku sajaui Komi d—z =3y%, y () =0,

Bu3HaueHi Ha npoMixkky [0, +-ool.

Pos3p' a3anns Oxud 3 po3s’a3kis naHoi sagaui Kowri ouesuz-
Huil: y (x) = 0. TTokaxemo, uio f (y) He 3aa0BOJbHSE yMOBY Jlimuina B
tounti y = 0. Ilpunycrumo Bix cymporusnoro, mo [ (y) saaosogbﬁﬂe

ymoBy Jlimuina, to6ro icHye Taka Aoaama crara N, mo|y’ — v 1<
< N |y — y, |. [Tokaasun y, = 0, y; 5= 0, gicranemo | y“’/3 | <Ny,
abo N |y, l” ® > 1. Tpore us HepiBHICTb, OUEBHLHO, HE BHKOHYETLCS IIPH
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JocTatHbo Maiux |y, |. Tomy dyukuis f (y) He sagoBoibHAE yMoBY Jlin-
mina B touui y = 0 i zada sajaua Kowi mMoxe MaTu He €IHHUE PO3B's-

30k. [lpu y &= 0, Bifokpemsioroun sMiHHI B piBHARHI —Z% = 3y?/3, nicra-
wemo: y—3dy = 3dx, S y—3dy = S 3dx, 3y =3 (x—c),y = (x — 03,

Cim'a dyHKIifl ¢y == (x — ¢)® micTuTh OJMH pO3B’I30K JAaHOl 3amaui
Kowi: y = x%. KpiM aBox 3asHauenux poss f3KiB Janoi 3amaui Koui,
1i po3s’si3KOM, BH3HAYeHHM Ha npomixkky [0, --oo), € Takoxk Gyab-sika
dyHKLisA BULY

O opu 0<Cx<Cey
(x —cp) npu x>c,

119 6yap-aKoro ¢g > 0 (pue. 23). Orxe, nana 3agava Komi mae Heckin-
4YeHHY MHOXHHY DO3B’f3KiB.

y=cp(x)=|

1
d 3 =
1.112. 3'acyBaty, Ui Mae piBHSHHSA —dz =145 @Uy— %)% ocob-

JIMBI PO3B’A3KH i 3HA4TH 1X, AKUI0 BOHU icHywTb. [ToSynyBaTH iHTerpans-
Hi KpHBi JaHOTO DiBHAHHS,

Poss fi3auHA BukonaBun 3aminy y — X = 2 BifHOCHO 2,
JicranemMo piBHAHHS

1
dz 3 oy
ax T 7 f -

= 3)
3 L
dyukuiaf (2) = 723 He 3agoBoasHsie ymoBy Jlinmina mpu z = 0,
Ockiabk 2 = 0 — po3B’#30K piBHsHHA (3), To BiH Moxe OyTH ocoGuu-
BUM pO3B’A3KOM. 3Haliziemo iHIII po3B’a3kyu piBHAHHA (3):

z—;—dz = %dx, Sz—i_dz = —‘;—de.

2 3
3 7 3 5
—2-23 T(x—-—c), z=(x—c)?.

_ Tipn x = X, ymOBY 2 (x,) = 0 3a10BOABLHAIOTD NipuHakMHL 1Ba POSB’ A3~
PKu piBuanus (3):

3
2=01iz=(x—x)" -

~ Tomy 2 =0 — ocobiuBuii po3s’sizok piBasHHA (3). BpaxoBytoun

saMiHy y — X = 2, Jicraemo, o QYHKUIA y = X € 0COOJIHBHM DPO3B’53-

KOM BUXigHOro piBHsiHHA. [HI po3B’A3KH bOro PiBHAHHS BH3HAYAIOTHCS
3

tdopmyso0 ¥y = x + (x — c)_Q-. Ix rpapikm sobpaxkeHo Ha puc. 24.
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1.113. Uu moxe piBasums Pikkari d—j =a(x)y*+b(x)y +c(x),

Ie a(x), b(x) i ¢(x) — uenepepeui da R dynkuii, mary ocobinBuii
PO3B’s130K?

Posp sizaunnsa @yukuia [ (x, y) == a (x) y* +oxy Fel)
HelepepBHO AudepeHIifoBHA IO y, a iT 4yacTHHHA MOXiAHa fy = 2a (x) y -
-+ b (x) obMexxkeHa B Oyab-fIKOMY NPAMOKYTHHKY

M={(x; YER*||x —x|<a |y —uo| <O}

Tomy B npsamoxytuuky [1 dyukuis f (x, y) 3anoBoabusie ymony Jlin-
mina no y, To6To MpaBa YaCTHHA 3aJaHOrO PIBHAHHS 3aJOBOJIBHSIE YMOBH
teopemu Ilikapa. Omxke, piBHSIHHSA

Pikkari He Mae oco6nuBHX PO3B’H3- ¥ [\
KiB. %
1.114. Hexaii f (y) — nenepepsua Y
na npomixky la, bl ¢yukuis, sxa ,
“’ [/
- ~ ’
//A’ s}'? |
d ” | e x
S
o [ =
Puc. 23 Puc. 24

IIEPETBOPIOETLCS B HyJb Juille B OAHIH Touwi y* € (o, b): [ (y*) = 0,
y*

. dy
HoBecty, 1110 KoJH {HTErpa. S TN posbiraerbeqa, 1o sajgada Kowi

D= fwh g =y, (4)
-

Mae eIuHuil po3B’a30K y(x) =y*, a HKUJ.OS 36iraerbcs, TO €QH-

fy)
3
HicTb po3B’asky 3adadi Kowi nopyliyeTbes.
Poss sa3anus Hexail y = ¢ (x) — po3s’si30Kk piBHAHHA y =
= f (), 0I5 GKOTO @ (xo) = yy << y* (BUNALOK Yy, >> y* AOCHILKYETbCA
anaJoriyno). [lpunycrumo, mo f (y) > 0 opu y € ly,, y*|. Pynkuia y =
= ¢ (x¥) 3340BOJbHAE CHIBBiIHOUIEHHA

®(x)

— dy
¥ = § T

Yo
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3pixcy Maemo, mo Ko @ (x) HaGaukaeThed 10 y¥, To, BHACHIZOK
y‘
. .. d .
po36ixHocTi 1HTerpaJ1aS sz> 3MiHHa x HeoGMexeHo 3pocTae. Lle osna-
Yo

yae, WO iHTerpaibHa KpHUBa Y == @ (x) aCHMITOTHYHO HAGJIHKAETHCH LO
apamol § = y* npu HeoOMe:keHOMY 3pOCTaHHI X i HE Mae 3 Helo CIiJbHUX
TOYOK TPH KOIHOMY CKiHueHHOMY 3HaueHHi x. OTXe, y IbOMY BHNAAKY
sajaua Kowi (4) mae enuHui PO3B’A30K.

y*

. d -
Hexaii Tenep S -ﬁz—)- =A<<oo. Ilpy x=1xy - A =2x KpuBa
y = @ (X) IpoXoANTb Uepe3 TOUKY (x; y¥), AKa JNEXHTb Ha iHTerpa/abHii
KpuBift y = y*. Tomy B uifi Touli €AMHICTb PO3B'A3KY IMOPYILYETHCHA.
OckisibkH GYHKUIS ¢ == ¢ (x — ¢) npu Oyab-akoMy ¢ € R € po3B’s3kom

o

. d . ’
piBHAHHA —di'— = [ (y), TO enMHiCTD PO3B A3KY NOPYWYETHCA A5 GYib-
y’l
. . % .. © dy . .
akol Toukd mpamoi y = y*. Orxe, sKmO iHTerpan S T 36ixumuit,
Yy

TO NpsiMa y = y* € ocoO/IMBOI0 IHTerpaJbHOIO KPHBOIO, a QYHKUIfA y (x) ==
= y* — 0oCcOOJHBUM PO3B’3KOM DIBHAHHA.
1.115. BukopucraBiuu pe3y/abTaT NolepeiHLO! 3agaui, 3HAUTH 0COB-
2

suBi inTerpasbHi Kpusi piBuAHHA ¥y = y° (y* — 1). 306pas3uTH Habiu-
JKeHi {HTerpajbHi KPHBI UbOro PiBHSIHHA HA PHUCYHKY.

Pozs ss3aunsa [IlpaBa yacTHHA piBHSIHHS MEpETBOPIOETLCH B
HyJb y TPhOX Toukax: y = 0 iy = £1.

Hexaft |y, | << 1. Toxui

0 0
§ dy :X 3d2 .
SRR —1) 2~ 1
o Yo !/:’/:;
Orxe, g ﬁ:ﬂ%iraeﬂ:cn, a TOMy B TOYKax mnpamoi y =0
Yo -

EopymyeTbCﬁ €JHHICTb PO3B’A3KIB 3ajJlaHOro piBHSAHHA. Hesaxkko Jlo-
e€CTH, L0 iHTerpaJiu
—1 1
5‘ dy 5 dy
U R
Yo Yo
€ po3Gixkuumu. ToMy B TouKax npamux y = ==1 €IHHICTb pO3B’A3KIB He

HNOp YHIVETHCA.
Bpaxosyrouu Takox, o B npomixkkax ‘ —1, 0) i (0, 1)

gy — 1)<,
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a B npoMixkkax (—oo, —1) i (I, +o0)

¥y —1)>0,
MOKHa NMOKa3aTH, W0 iHTerpaJ/ibii KpUBi JaHOro piBHSIHHA MalOTb BHIJAL,
3o0paxkenuil Ha puc. 25.

1.116. Hexa# ¢yukuia f (x, y) BusHaueHa i HelepepBHa B NPSMOKYT-
HUKY

O={x »0<x<<a, |y — y|<b},

ay =@, (x)iy = @, (x} — posn’sizku 3axavi Kowi 4’ = f (x, y), y (0) =
== y,, BH3HaueHi Ha npoMixkky [0, k], h << a. Tloknagemo ¢, (h) = y,
@, (h) = y, (Hexaft y; < y,).

JloBecrH, mo aas 6yab-Koro y* € (y;, Y») icCHye TakHi PO3B’'A30K y =
= @ (x) maHoi 3agaui Kouii, uio @ (h) = y*.

Po3B' a3anusa Posrisnemo po3s’a30k y = v (¥) Takoi 3aaaui
Kouuis

IcnyBanus Takoro poss’sisky rapantye teopeMa [leano. [TpososxyBsa-
THMEMO PO3B’SI30K y = P (x) BJiBO Big TOUKH x = h (puc. 26). Toxi in-
TerpasibHa KpHBA UbOTO PO3-
B’ 913Ky [IPOXOJUTHME UYepe3 TOY-
Ky (0; o) (y ubomy pasi  (x)
i 6yne WyKaHHM DO3B’SI3KOM),

/
i

Puc. 25 Puc. 26

a6o npu mestkoMy x = T, 0 < T < h, mepeTHe oiMH 3 rpadikis po3s’ss-
KiB y = ¢y (x) abo y = @, (x¥). BBaxaruMeMo (4J11 1eBHOCTI), 110 @; (T) =
= v (1). Onnak B Touui (v, @, (v)) 3biratotbca we Juine rpadiku pos-
B'SI3KIB iy = ¢; (x) i y == (x), a @ noTuuHi, npoBeneHi 1o ux rpadikis,
ockiabk f (T, @y (¥) = [ (v, ¥ (7).

Tomy mmyKaHuii po3B’f30K y = @ (x) MOXHa MOOYAYBATH Y BHIVIAAI
_[e(x) P OSxsSw;

P (x) opu <<y h.

Orxe, yHKuis ¢ (x) € po3s’a3koM HaHol 3azayi Kowi Ha IpOMiXKKY
0; kl i ¢ (0) = ¢ (0) = y*.
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3 uiei saxaui, sKa € okpeMHM BHIaxKoM Teopemy Kuesepa, puniuBac,
LIO KOJTH Yyepes AesIKY TOUKY (Xo, o) MPOXOAATH X0ua 6 4Bi pisni inTerpann-
Hi KpHBi, TO uepes INI0 TOUKY NMPOXOAHMTb 6eaniu iHTerpasbHHX KPHBHX.

1.8. OQudbepenuiansui pieusHHg, He poﬁn'naalll
BiAgHOCHO noxigHol ’

Ludepenuianbie piBHAHHA NMepUIOro MOPSAKY, He PO3B’s3aHe BigHOCHO MOXiZHOI,
Mae BHINIAN

F(x. y,%)=0. -

Ons sgicHoro moctimkenHs Take piBHAHHA GaxaHo posB’s3até BizmocHo moximmoi
d . i
¥y = -—2-, T06T0 nicTaTh onHe abo Kinbka pismAnb THmy

.y'=ft(x’ y): {=Iv 2, “rey ko (2}
IMpote pisusuna (1) He saBXAW MOXHA B ABHOMY BHIASAI po3s’si3aTH BigHOCHO ¥'.
Ha npaxruui piBusnus suay (1) poss’a3yoTh MEeTONOM BBeJeHH 51 napamerpa. Poarsnemo
Halnpoctiwki BapianT usore metony. Hoxnamiime meron ommcano B [13, 17]. ‘.
pHnycTHMo, wo pisuaHuA (1) MoxHa po3B’sisaTh BimHOcHO x aGo Y. Hanpuxnap, -
fioro MOXxHa 3ankcat y Burgani y«= f {x, y’). Beiswu napamerp 4’ = p, nicranemo y =
= f (X, p)' 5 . ; .
BasBuin nosunit Andepenuian Bix 060x wactun ocrannvoi pisHocti i saminusmu dy
Ha pdx, nictaneMo piBHsIHHS i

pdx = .9!_(35;_& dx + —w-dp,
TO6TO
. M (x, p) dx+ N (x, p) dp =0,
Slkio poss’s3ku ocTaHnkoro piBusnna sanani bopmyaoiwn x = @ (p, ¢), 10 po3B’A3-
kn piBusnus (1) moxia sanucaTh B mapamerpHuniii dopmi -
. {x =0 (p, ¢,

. y=7i(x p).

lpuknanamu piBnsanb, ki MOXHA DO3B’S3aTH BHKJIAJACHHM METOIOM, e
: pienanna Jlazpanxa y=x@ (y') + P (y')

i

piananna Kaepo y = xy' + ¢ (y").

ToBopats, mo sagava Kowi ans piusuns (1) 3 noyaTkoBOIO YMOBOIO Y (%) = 1o
Mae efHHHN PO3B’A30K (TOUKa (¥, o) € TOUKOIO eMHOCTI PO3B’SI3KY), AKWIO He icHYE ABOX
iHTerpatbiuX Kpusux piBusnns (1), Axi 6 npoxoauau uepes Touky (%o, Yp) i Maan 6 y
uift touui cninbny fotHuny. Y. mpoTHBHOMY pasi B Toumi (x,, Y,) EAMHICTE po3B’A3Ky 3a-
naui Kowi nopymyerbest (Touka (xy, y,) € TOUKOIO HeenMHOCTi po3B’s3Ky 3anaui Komi).

Hocrathi ymosu iciysanns i exunocri-poss’saky 3anaui Kowi gns pisnsmua (1) pu-

3Hayae Taka Teopema. _ , ,
Teopema. Hexal gynyin F (x, y, y') 6 oxoni mouxu (xo, Yo, Yp), 0€ y, — odun
3 Kopenis pienauns F (x,, i, y(',) = 0, Henepepsna no x i Henepepero Ougpeperyiiosna no
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y iy, aii noxiona no y eidminna 6id nyan:

(X0 Yo» o) 7O

Todi icnye edunuil poss’asok y = ¢ (x) sadaui Kowi F (x, y, y ) =0, ¥ {x) = ¥o,
gusHauenull 8 docums Ma/lOMy 0KOAL mouKY X4, 048 AK020 @' (x,) = yO

Sk i pisusAHHA, pPO3B’A3aHi BllIHOCHO noxinuof, pmﬂmmﬂ Buay (1) MOXYTb MaTH
oco6auBi po3B’si3KH, ro6TO TaKi po3B’s3KH, BIANOBifHA iHTerpaqbHa KpHBa SIKHX CKJa-
faeThcsl 3 TOUOK HeeaWHoCTi.

Akmo dyHkuia F (x ¥, 4" HemepepBHa N0 x i HellepepBHO Axgepennifiosia no y
i y', To ocoGaHBHI PO3B’SI30K (AKIIO Bib iCHYe) 3a10BOJIBHAE CHCTEMI PIiBHAHD

Fx,y, y)=0; (3)
;, o, ¥, y') = 0.

TOMy, mo6 sHaiite 0co0anBi po3s’AskyM piBuanns (1), 3 cHeteMu piBHsHb (3) BHKMIO-
4a10Th y BHACTIAOK yoro aicratote pisusinaa ¥ (x, y) = 0 Tak 3BaHOl AHCKpuMinanTHOT
KpHBOI. Tlnn KoXuoi BiTKM auckpuminanThoi KpuBOI HeoOXinHO nepeBipuTH, uH € ux
BiTka rpadikom nesikoro poss’asky pisnsnHuas (1) i, AKMO Le Tak, TO YK € uell PO3B 30K
0coBanBHM. FKWo ciM’sa iHTerpanbuux KpuBux @ (x, y, ¢) = 0 pisBusuuga (1) mae o6Bin-
HY y = @ (x), TO LA o0Biana € 0co6MHBOIO iHTETPaNBHOI KPHBOIO LIBOTO K pIBHSIHHS.
ko ¢yuxuia O (x, y, ¢) nenepepsno AudepenuiffoBHa, TO 06BiHA BXOAHTE RO CKJIaly
IACKPHMIHAHTHOT KPHBOIT

D(x, y, ) =0; .

am (x, 4, ¢} =0.

Hesnka BiTka y = @ (x) AuCKpuMiHaHTHOI KpHBOI € 06BiAHOI0, SIKIIO (x, @ (x),

C) #0, abo (x, @ (x), C)#0.

¥ saranbHoMy BHIAAKY, U106 Ii3HATHCS, 4H € BiTKa y=9 (x) nukpuminaHTHOT KpH-
BOT 00BifHOW0 (0COG/IHEOIO iHTerpaanoxo KPHBOIO), C/IiA 87ICyBaTH, YH AOTHKAKThCS 10
Hei B KOxHIA TOUL] KpHBl cin’i @ (x, y, C) = 0. SIKwo Ui KpHBI € iHTerpaibHuMy KpPH-
BuMH piBusiuns F (x, y, ¥') = 0, 1o iurerpanbui Kpusi piBHsAHHS

F(x ’, _-‘/'_“_“k_)=o
’ I &= ky'

nepeTHHaTs KpuBi aauol ciM’l nin omuakosuM KyToM o, Ans SKoro tg o = k. 3okpe-
1

Ma, iHTerpajndi KpuBi piBHsnus F (x, Y, —_,) =0 oproroHajbHi KpuBHM
@ (x, y, C) =0,

1.117. Poss’sazatu piuanng (') — 2x (y')* +— y =

Posp sizanusa Ockigbky

Y)Y =22y +y —20=(y —29(¢y')* + 1),
TO Jane piBHAHHA eksiBaseHTHe piBnsnmio y — 2x = 0. Moro poss’ss-
KH MawTb BHMIAX y = x* + C,
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1.118. Posp’asatu pisusuns (y)2 +y @y — x) y' — xy® =
Posp #3anH4d. 3anduueMo JaHe DiBHAHHS y BHIVIALI
@ + )y —xy)=0.
Orxe, Buxizne piBHAHHS eKBiBaJleHTHe CYKYNHOCTi JIBOX piBHSIHB:
y +y2=0iy —xy=0.

» H 1 2
Posg’asku mepworo 3 uHx y =01 ¢y = +T o @ Apyroroy = Ce*12,
OcraTtouHo

2 1
b~ Ce™) (4 — ) =0
1.119. Po3p’sizaty piBHSIHHSA
(y')? + (sinx — 2xy) y’ — 2xy sin x = 0.

Posp ss3ansna. [ade piBHSIHHA eKBiBa/JleHTHe CYKYIHOCTi JBOX
piBHSIHb, pPO3B’S3aHUX BIJHOCHO MHOXiAHOI:

Yy +sinx=01{y —2xy =0.

Posp’sa3kamu mepimioro 3 1mux pisHsHb € y = cos x + C, a mpyroro
y = Ce*. Tomy pO3B'SI3KM 3aJaHOro piBHSHHSA

(y — cos x — C) (ye=** — C) = 0.

1.120. Poss’asatu piBnannsa (y')* — 1 = 0 i 306pasuth foro inTe-
rpanbi KpHBl Yu mopyiryerbes B SKHX-HEOYAb TOYKAX nJouMHH xOy
€JIHHICTD po3B A3KY LbOrO PiBHAHHA?

Po3p a3auns [lane piBHsHHS
eKBiBaJleHTHe CYKYOHOCTI JABOX piBHSHb
y =11y = —1. Posp’s13kamyu 1uMx pis-
HAAHb € BOyHKUiTy=x+ C i y == —x 4+
-+ C Bianosizxo.

Yepes KOKHY TOUKY (Yo ¥o) IJIOMMHY
xOy npoxonatb Bl iHTerpafdbHi Kpusi 3a-
JAHOTO PIBHAHHSA ¥y — Yo =X — X 1 § —
— Yo = —x -+ x,. Ockinbku 1i iHTe-
rpafbHi KPUBi MEepPeTHHAIOTLCA Ml IP AMUM
KYTOM, TO €IHHICTb pO3B’SI3KYy He MHOpY-
uyetbed (puc. 27).

1.121. B axux Toukax mJaouHu xOy Puc. 27
TIOPYIUYETHCA GIU/IHiCTb po3B‘ﬂ3KiB pis-

HSAHHS ¥')? — @+ ¥y + x*y = (2 Hanucatm 1Mo TpH Pi3HHX pO3-
,B’ AI3KH AaHoro piBHAHHS, SIKi mpoxoaaTh uepes Touknu (0; 0)i(l; ).

Po3B sizauns [lade piBHSHHA eKBiBa/JeHTHe CYKYMHOCTi IBOX

piBHSsHD:

Y=yiy =x 4)
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Yepes koxkHY TOUKY MIOMmHHE xOy MPOXOJHTL NO OAHIN iHTerpanbHii
KPHUBill KOXHOTO 3 UHX PiBHAHb. EIMHICTL PO3B’A3KIB 3a1aHOrO PiBHIHHS
MOPYIIYEThCS B THX TOUKaX IJIOWHMHH, B AAKUX NOTHYHI A0 iHTerpa/ibHHX
KPUBHX piBHSHD (4) 36irarTbes, TOGTO B TOUKAX, B AKHX 36iratoTbes npasi
yactuuy piBHgHb (4). Ile Toukn mapaboau y = x2.

1106 3naiiTi BiANOBiNb Ha Apyre 3alWTaHHsA 3ajaui, po3B’skKeMo piB-
HaHHs (4). Iarerpyroun Ui PiBHAHHA, AicTaeMo

. X8
y=Cer i y=2+0C.
3anuineMo pO3B’SI3KH BHXiAHOrO DIiBHAHHS, fKI HPOXOASTb uepe3
skasaui touks, Yepes Touky (0; 0) mpoxoxsiTh, HanpHKAAK, PO3B’A3KH
0 mpu x<0;

x3

1(0)=0, y,(x)= 3 Y3 (%) =

x3
-3~ NIpH x>0,
a uepe3 Touky (1; 1) — posB’s3ku

x8 2
3 9 —— = mpu x<Z1;
B =el g W)= +5, gpH={ 3 3

el npu x> 1.

1.122. Po3ag’3aTu piBHAHHA y = (y')%Y.

Poss a3annsa Beegemo mapamerp y' = p. Tomi y = p?>”,
dy = (2pe? -+ p®e)dp. Kpimtoro, dy = pdx, romy pdx = p (2 + p) e’dp.
3eimcu p=0 abox =2 +-e¢"(p— 1)+ C =e"(p + 1) + C.

1.123. Posp’sizaty piBusinug In y' -+ siny’ — x = 0.

Posg gasaunda [lokragzemo y' = p. Toni x = Inp + sin p.
Ockinbku dy = pdx, Tody = (1 + p cos p) dp. 3Bigcu y = p + cos p -+
+ p sin p 4 C. Po3B’3kH naHoro piBHAHHA MalOTh BUIVISI:

x=Inp -4 sinp;
Yy =p-+cosp+psinp 4 C.
1.124, Posp’sizatu piBusinbs y' siny” + cosy’ —y = 0.
Po3B s3auHsa Jlane piBHSHHS MOXHA po3B’A3aTd BiHOCHO ¥,
TOMY, TOKJIaBwWH y' = p, MaeMo y = p sin p + cos p. JludpepeHuirnun
o piBHICTb MO X, AiCTAEMO

dp

dx

3 uporo pieBHsiHHS 3Haxoaumo p =01 x =sin p + C.
Orxe,

. d . d d
sinp+peosp— —sinp-2L . p=pcospL.
dx dx dx

x=sinp -+ C,
y = psinp 4 cosp.
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1.125. Posp’sizatu pinsanng (¥): + (x +a)y’ —y = 0.
Po3s’ a3anHuia Beeremo napamerp y* = p. Touni
y=p*+x+ap.

3 pisHocreit dy — pdx i dy = 2pdp 4+ (x - a) dp -~ pdx maemo pdx =
= 2pdp + (x +a)dp 4 pdx, (2p +x +a)dp =0. 3sizeu p = C,
abo 2p -+ x + a = 0. Tomy po3B’43KH 3a1aHOrO PiBHSHHA MaIOTh BUTVISAL

y=p*+(x—a)p
2p +x+a=0.

Bug/aiounBHIM 3 OCTAaHHiX ABOX piBHOCTell mapameTp p, AiCTaHEMO

y=(x+aC-+C*i

y=Clx4+a+Ciy=— Lt

1.126. Poap’sisatu pisusuns V(') + 1 + xy’ — y = 0. ,
Poas s3annsa Le pisasagus Kaepo. [Toknazemo y' = p, Toai
Yy = xp + V1T+ p?. udepenuinmoun ocTaHHO piBHICTH MO X, AiCTaEMO
_dap
P~ax

dy
p+x +V TFp2

i Ap —_—r
3Biacu ( x -+ VT +p2 ) - =0 x VT
abo p = C. Orxe,

- X = — —p_— ’
y=Cx+V1i+Ci VT4 o?
=px+ V1402

Buk/OYHBIIM 3 OCTaHHIX JBOX piBHOCTEA Napamerp p, RicTaHeMmo y ==
=VT—x.

1.127. Poss’sizatu pisuanusa x* (y')? — xy’ —y = 0.

PoaB a3aunsa DBseremo mapamerp y' = p. Toni y= x*p? —
— xp. 3 piBHocTel dy = pdx 1 dy = 4x®p%dx + 2pxdp — xdp — pdx
Jicraemo

2p — 4x3p* dx = (2px* — x)dp, abo (1 — 2px®) (2pdx + xdp) = 0.
3Biacu
1 —2px3 =0, abo 2pdx + xdp = 0.
I[Nepiue 3 nux piBHAHDb Ja€ WIYKAHHH PO3B’A30K:
1 —2px®*=0
{y = x'p® — xp,
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. c .
Poss’asaBmy piBHaHHA 2pdx -+ xdp =0=>p = —» JAicraHemo

. . , . C
inwi po3s’asku 3ajgaHoro piBHsHHA: Yy = C? — -

1.128. Po3B’asaty piBHAHHSA

xd_y_y—l—xl/-]_[_(_%)yc_)z.

Poss snsaunnsna Hexait yy =p. Toniy==x(p—V1 -+ p3).
Iudepeduirooyn o piBHiCTb MO x, AicTaeMo

== VTFP +x(1— )2,
p=p—v’ﬁ?+x[1—7£=p;)j—ﬁ,
(1= =) =VTF P
BinokpemuBuiy 3MiHHi, DpoiHTerpyemo:
_d:—_"( l—’fj—p2 o |/1;_p2)dp=0’

1n|xl—ln(p—{—l/1-‘rp2)—|-—;—1n(l—{—p2):lnc,
Cw+ V1409 )

X =

Vi4pt
Po3p’sisku 3anaHoro piBHAHHA 3alHileMO B IapaMeTPHYHIH Qopmi:
o COHVIFR,
Vit

y=x(p—VT+p,
Bux/ounBimy 3 nux piBHOCTEH mapamerp p, IicTaneMo
(x—=CP+y*=C

1.129. Poss’ssatu piBHsHHA y  + y = x (y')2.
Pose' A3auHsa J[lase piBHsAHHS DO3B’A3yeTbCcA BiAHOCHO y:

y=xyr—y.

e piBnsanHa Jlarpanxka. Beenemo napamerp y* = p. Toni y = xp? —
— p. Maewmo:

dy
—d-——p —l—pr——— dx , abo p = p? —l—2px————-—.
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Jicraemo siHifiHe piBHAHHA

X+ 2 1

p—1 7 2 m=D

Horo po3B’sA30K
p—lnp+-C

r—17° ’

1.130. PosB’sizat piBusiEHA ¥ (y')? + 2xy" — y = 0.

Po3B ss3aHHu4a Lle piBuaHas, AK i mnonepeiHe, MOXKHa pPO3B’s-
3aTy MeTOJloM BBeleHHst napamerpa. [lpoTe noninprile BHKOHATH 3aMiHy
y® = 2. Toni 2yy" = ¢’ i 3amaHe piBHsAHHA Habupae BUIVISILY

(#)? + 4xz’ — 4z =0.
. , 2
Lie piBusuns KJuepo BignocHo pyHkuii z. Moro poss’a3ku z = Cx + —i—
i z = —x?%. Bpaxysasum, o z = y2, nicranemo

X =

1.131. Posp’sizati piBusiuna (y')? 4 y® = 1. 3anucatu Tpu poss’a3-
KH LbOr'0 DiBHAHHA, SIKi 3aJ0BOJBHAIOTb YMOBY y (0) =
‘PosB’ g3anHqa. Beeiemo mapamerp, NoKJaBlu y' =sinp, y =

. . . . d . d .
=cosp. 3 piBHOCTeH % =sinp i Ti— I smp—p LicTaeEMO
dp dp
sinp = —sinp - . 3Bizcu sinp =0 abo _dx =—1, T106TO p =

= —x + C./Otxe, ¢pynKuii, sa-
JaHi MapaMeTPHYHO PiBHOCTAMH

1sinp:0, ; {x:C——p,
Yy =cosp Yy = cos p, EANE

€ PO3B’fI3KaMH 3aJaHOro piBHAH- ———-— =
Hsl. BuK/ouwBIUM napametp p,
Hpictanemo y = —l,y=11y =
= COos (x—c) anMl y=+le
ofBiukMH ciM'i KpuBux y = cos (x — ¢) (puc. 28). Y KoxHiH TOULLL
npsMoi y = =1 nopyuryetscs €AMHICTB PO3B’A3KY, TOMY pO3B’ I3KH
y=—11iy=1 e ocobauBuMH.

[Ipukaagamu po3s’si3kiB NaHOro piBHAHHA, AKI 33J0BOJNBHSIOTL YMOBY
y(0) =1, e taki ©yHKUIl:

- cosx npu x<<0;

1 mpn 0<C \g;

Y1 (¥) =1, yy(x) =cosx, ys(x)=

. 1
sinx npu x>,
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ITouarkoBiii ymoBi y (x,) = 1 abo y (x,) = —1 3anoBobHSE HecKiH-
YeHHA MHOMKHHA pO3B’SI3KiB JaHOro piBHAHHS.

1.132. PosB’sisatu piBusiHES (y')? — 2xy’ + y = 0. Uu mae ue pis-
HAHHA 0CcOoOMUBI pO3B’ A3KM?

Pos3B a3aunnsa. [loknagemo y' = p. Toxni y = 2xp — p?. 3 pis-
Hoctell dy = pdx i dy = 2pdx + 2xdp — 2pdp  nicranemo pdx 4
+2(—p)dp=0. 3sizcn p =20 abo %’—; + 2—; = 2. Lle ainifise
piBusanHA. Po3s’sA3aBlun #oro, xicraemo

2 c
=3Pt
Po3B’A3Kku 3a/1aHOTO PiBHSIHHA MAIOTh BHUIJIAK
2 C
X = = —_— .
3 P+ o

y =2px—p? y=0.

Hocainumo, un mae ue piBHsIHES ocofiuBl po3B’ 93kH. JI18 BU3HAUEHHS
JUCKDHUMIHAHTHOI KPHBOI CKJ3JeMO CHCTEMY

4 ’ .
WP —=2xy"+y=0
2 —2x=0.

BuksiounBmM 3 OHX piBHAHL y’, 3HaHAEMO IHCKPHMIHAHTHY KPHBY
y = x2.

Besnocepennpo MePEBipKOIO BMEBHIOEMOCH, IO (YHKIIA y == x% He €
PO3B’3KOM 3a7aHOrO PiBHSIHHS, a OTXKe, i HOro ocoGMMBHM PO3B’S3KOM.
TakuM uuHOM, 3a7aHe piBHSAHHA OCOGIMBHX PO3B’A3KIB He Mae.

1.133. 3uaiity 0co6IMBHA PO3B’'si30K PiBHAHHA y = x + 2y’ — (y')%.

PosB a3aunns I3cucreMu piBHSAHD

{y —x—2 +y)=0
2—-2y" =0
3HAaX0IMMO NMCKPHUMIHAHTHY KpuBy y = x -+ 1. Iligcrasusmy 1o dyHK-
uilo B piBHsIHHSA, AicTaneMo, wo y = x + 1 € po3p’askom. [lepesipumo,
YU JOTHKAIOThCS [0 IPsSMOi ¥ = x -+ 1 B koxkHi# 11 Touui iHwi ivTerpasnp-
Hi KpHBI paHoro piBHSIHHS,

Il uporo po3s’skeMo naHe piBHsAHHSA. [JokaaBum y' = p, y = x +
+ 2p — p?, i3 cniBBigHOwenb dy = pdx i dy = dx+ (2 — 2p) dp ni-
cranemo (p — 1) dx + 2 (p — 1) dp = 0. 3Bigcu p = l abox = —2p +
+ C.

Tomy poss'sizkamu 3ajaHoro piBHSAHHA € QyHKIIL
y=x41i ["=_2”+C;
y=x-+2p—p=
112



BukmounBwy napametp p, aicramemo y =x+1, y=x+C—x—

— L:x)i =C— (C—:)ﬁ . YMOBU JOTHKY KPHBHX § = @ (x) i y =

=1 (x) B Toulli 3 abcHHCOIO X ==X, TakKi: @ (X)) =P (%), @ (x,) =
(C—x)*

=" (x,). Ana po3p’askiB y=x+11iy=C— - Wi ymopw
salluiiemMo y BHIMAi
tp+1=C— =2 | _ C—x

4
3 agpyroi piBHocti sHaxomumo C = 2 -+ x,. IlicraBuBiun 3HaueHHS

. . 22
C B nepuie piBHAHHA, XictaHeMo X, + | = 2 4 x; — 5 %o + 1=

= x, + 1. 15 piBHiCTE BUKOHYETbHCH IpH BCiX ¥,. OTKe, HPH KOKHOMY
X, IpaAMa y = x -+ 1 B Touni 3 abcuucoio x, TOTHKAETLCA JO ORHiel 3 napa-

—x)2 = .
(€—x) , a came, Jio Tiei mapafoau, ans sikoi C = 2 +

6o1y = C — 7

-+ x,.

Orxke, y = x + 1 — ocobiuBHil po3B’'A30K.

1.134. Poss’sizatu piBusiaa 8 (y')® — 12 (y')% = 27 (y — x). Buxi-
JIHTH OCOGJIHBI PO3B’SI3KH, SIKIIO BOHH iCHYIOTB.

Po3p fi3anusa Jlade piBHAHHA pO3B’SXKEeMO BiJHOCHO y:

8 ’ 4 ’
Y= W)V —5 )+t
Beenemo mapametp y' = p, 10610 dy = pdx. Tozi
8 4 8
y= 7P —5p*+% dy=—5(p*—p)dp-+dx.

3 piBHocted dy = pdx i dy = % (p* — p)dp + dx nicraemo

L P —pdp+(1—p)dx=0, (p— )|+ pip—dx|=o.
4

3eiacy p=1 abo x = 5 p% -+ C. PosB’si3kn 3alJaHOro piBHAHHA
MawTb BUTJIAL

4

y=x— L i
27 8 4,
Y=g P —gpr+x
Buk/IOYHBIIM TlapaMeTp p, OCTATOYHO 3HAMAEMO

3
Yy=t—— i y=@@—0C7F +C ()
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Hocainumo, un € cepen byHkUiN (D) ocobauBi po3B’A3KH 3a1aHOro piB-
uagHs. CKJIaieM0O cHCTeMy DPiBHAHb ISl BH3HAUeHHS XUCKPHUMIiHaHTHOI
KDHBOI:

8y’ — 12y = 27 (y — x);
2
24y’ — 24y’ = 0.
BUKJ/IIOUHBIIM 3 LHX DPiBHSIHB y', 3HAHJIeMO AHCKPHMIHAHTHY KDHUBY:
. 4
y=x1y=x——=r,
Bitka y = x AUCKPHMiHAHTHOI KDMBOI He € iHTerpajbHOK KPHBOIO.

. 4 ’ . .
OyHKIIA § = x — —7 € PO3B'SI3KOM 33JIAHOTO PiBHSHHSL. [epeBipumo,

4yH JOTHKAIOThCS B KOXKHill Toulli A0 NpaAMOl y = x — iHui inrerpaJb-

27

Hi KpuBi. ¥YMOBH HZOTHKY B LibOMy pasi Ha6GHpaloTb BHLMIST X, — —247— =
3 1

7 3 2 . .

=, — O +C, 1= - (to — C) . i YMOBH 3aJ0BOJILHAIOTH BCi

. 4 .

napu uncen (x,, C) Taki, mo x, — C = - Ile osnaygae, mo B 6yab-sikik
. . 4 .

Toulli (Xo; Yo) MPAMOL § = X — —= 1O Hel JOTHKAETbCH OZHA 3 KPHBHX

ciM'i y = (x — C)** + C, a came Ta, ma skol C = x, — %. Orke,

4 . . .
npsaMa y = X — =7 CKJAJAaEThCA 3 TOYOK HEEJHHOCTI i € ocobJHBOIO 1H-

TerpasbHOI KPHBOIO.
1.135. Koxna 3 dynkuii ciM'i y = Ce" -+ % € pO3B’A3KOM AudepeH-

gianbHoro piBusiuuaA (y')* — yy' -+ 4e* = 0. 3uafiTv 0co6AUBI PO3B’SI3KK
bOTO PiBHAHHA.

Po3B' s13aHH A 3anumeMo CUCTeMY piBHSHD I/ BH3HAUEHHA JH-
CKpHUMiHaHTHOI KpHBOI:

4
y=Ctet o
4
e——7r =0
x
BuksmounBlrd napamerp C, gictaHemo y = —4e? . HeBaxko 6auntu,
mo o6uaBi BiTKYU y = 4e*/? i y = —4e*/? MUCKpHUMiHAHTHOI KPHBOI € iH-

TerpaJbHUMH KPUBHMH JlaHoro piBHsinuA. Ockinbku ¢pyuknia @ (x, y, C) =
4 - . R
=y — Ce* — -~ HemepepBHO JudepenuifioBrano xinmoy i ®, = 1 £ 0,

. . e e 4
TO KPUBI y = =4e*/? e obeiguumu cim’i JiniA y = Ce* + —=, a OTXe,
0CcOOMBHMH 1HTErpajJbHHMH KPMBUMH JAHOTO PiBHSHHA.
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Takuii camMufi BHCHOBOK MOXHa 3pOoCHTH, BIEBHHUBIIHCH, IO B KOXKHIH
.cBOTH Touui JiHil y = +4e*? joTuKaTbCA A0 OAHi€l 3 KDHBHX y =

4 . .
= Ce* + - Cnpasji, 3anumeMo yMOBH JOTHKY B Toulli 3 aGCHMCOIO x,
e e . . .y 4
4ninil y = 4e*? i onaiei 3 ainif y = Ce* + <

Xo

4e ? = Cex + 4

<’

Xo

2e 2 = (Ce*.

Xo

3 apyroro piBasHHA uiei cuctemu smafiflemo C = 2e 2 i mincTa-

Fo
sBUMO B ApyTe piBasHEA. Maemo 4e? = 2e%/? 4 2¢%/2, Ila ToOTOX-
HicTb Oo3HAYae€, MO B OyAb-akiH Toumi kpuBoi y = 4e*? 3 aGcuucoro

: . 4
X, Ao Hei JoTHKaeTbcs OfHA 3 KPHBUX y = Ce* + —~, a came Ta, B

; [
skol C = 2e~*%/2, T06TO KpHBa
(=) Fo £
y=2" */ 42" =27 (" +1).

Orxe, 1le pas AoBeleHo, Mo y = 4e*/? ¢ ocoGUBUM PO3B’SI3KOM 3aja-
HOro piBHAHHA. Tak camMo MOMKHA MoKasaTd, 0 B KOXHiH Touui Kpusol
y = —4e¥/? 3 abcuucolo x, 10 Hel NOTHKAETLCS OJHA 3 KpUBHX y = Ce* -

4 . .
-+, To6TO MmO i Y = —4e*/2 ¢ 0cOBAMBUM PO3B’ A3KOM AAHOTO PiBHSHHS.

1.136. Koxna 3 mapabon x% 4 C (x — 3y) + C* = 0 e inrerpajsb-

HOIO KPMBOIO IHbepeHuianbroro piusinus 3xy’> — 6yy’ + x + 2y = 0.
3HalTH OCOGJHUBI PO3B’I3KH IIbOTO PiBHSHHS.
Po3B ssannaia I3 cucremu piBusHb

© (x4, C) =2 +C (x —3y) +C* =0;

o

o (64, O)=x--3y+2C =0
3HAXOAMMO piBHSIHHS AHCKpHMiHaHTHOI KpHBOIL:

xg—%(x——By)zzo,

itobro y = x i y = —%. O6uisi Bitkn y = x i y = —% JAUCKPHUMi-

4 . . . . .
‘HAHTHO! KDHBOI € iHTerpa/bHHUMH KPWBHMH AaHoro pisHaun#. IlepeBipu-
Mo, uH OYAyThb Li BiTKH 06BiAnuMu AaHol ciM’i napaboa.

[IpamMa y = x B Touwi (x, X,) NepeTHHaeTbcs 3 OAHie 3 mapabod

H 2
x* + C(x —3y) + C* =0, a came, 3 napa6oJow y = —; (—i +x—l—x0\.
0
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Kpim Toro, noxiZni ¢yHkuii y =x1i y = l ( —!—x—l—xo) B Ttouni
X = x, AopiBHOI0OTL 1, TOOTO mpaAMa y = x LIOTHKaeTbc;l Io napa6o/u
7 =—-é——(—;‘:— +x+x0). Orxe, BoHa € ofBiAHOK0O JnaHoi ciMm’i napa-
GoJ, a ¢QyHKIig y = X € 0cob6JHBHM PO3B’A3KOM 3aJAaHOTO PiBHAHHS.

Ilpama y =—-% B TOYIi (—x—é’; xoj nepeTHHaeThes 3 OfHiE

3 mapaGon janol cim'i, a came 3 Ticwo, aaa gkoi C = — x,, To6TO 3
1

x3 ] . -
napaboJomo y=—3—(—x— +x—-x0). [Toxinna Biz wniei ¢yskuii B
0
. . X o
TOUlli X = X, ZROpiBHIOE —--;—. Takum unHOM, npsma y = —-3 B Wi
TOYLi JOTHKaeTbCA RO napabogau, a ToMy BoHA € OOBifHOIO JaHOi
. e s x
ciM’i mapaboa. Orxke, QyHkuia y = — = TaKOXK € 0COGIHBHM po3B’a3-

KOM 33JaHOTO DPiBHAHHA.
1.137. 3uaitu ninii, oproronanbHi ao Jiuii ciM’i rinepboa xy = a.
Po3pr s3annsa .Ckiagemo AubepeHuiaibHe pIiBHSHHS JaHOT
cim’i rinepGou:

- ty=0.

Hudepennianbue piBHAHHA JdiHiH, OpTOroHaNbHUX A0 A2HHX rinepbou,
Ma€ BHUIJIAA

x - 4y —
——d—y—‘l‘y-‘ , Y dx x=0.
dx
3Bincu
ydy — xdx =0,
yz—x2=C.

Orxe, wykani Jinii yTBOpIO0TL CiM’t0 rmepﬁon
1.138. 3Hanm ainii, oproronansni fo ainiit ciM’i ki x% + y* = 2ax.
PosB’asanna. Cknalemo AudepenlliajbHe piBHAHHA JHanol

. ove s d d
ciM'l ki 2x + 2y —ﬁ» = 2a, 2x* -+ 2xy —‘% = x? 4 42
Hudepeniiaibie piBHAHHA [IyKaHMX JiHi Ma€ BHIAN

U e e dy %y
dy X T x2—y2
dx

Po3p’A3aBimiy #oro (nanpukaaj, sk ofHopiAHe piBHAHHA), 3HAXOLUMO
IyKani JiHii;

Clet+ o) =
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1.139. 3nafity piBusiHHA ciM’i ainifl, OPTOrOHANBHHX RO iHTerpaib-
HMX KPUBHX NuepeHuialtbHOPO piBHAHHA y Iny' + x = %
Posp ssannsg Ckaatemo aubepeniuiaibie PiBHAHHS IIYyKanoi

cim’l aminifi. s usoro B faHoMy piBHsHHI 3aMiHuMO ¥’ Ha - Maemo

yln(_%) 4 x=—xy, abo yln(—y)=x(l+y).

Po3B’sxkeMo ue piBHSAHHS MeTOXOM BBeleHHs napamerpa. [lokaazemo
p = —y’, T0610 dy = —pdx. Toxi

_l—p __l—p plnp—p+1
Y=—"mp % dy = P dx—xﬁpmzp ap.
IpupisuaBun Bupasu npu dy, AicTanemo AudepeHUiajibHe pIBHAHHA
_1—p plnp—p-+1
__.pdx—— Tnp dx—x———p—lw—dp,
a6o

l~p-inp.p __plnp—p41 __x

o7 dx = 2T p dp, dx =Ty dp.

Posp’s3ku uporo piBHsiHHsa MatoTb Burasif x = CIn p. Tomy ainii
mykanoi ciM’i omucytorbes nmapamerpuynuMu piBHAHHAMH: x = C In p,
11— .
Y= mp” x. Buk/mouuBiiy napamerp p, RiCTaHeMo

y = C (1 —e¥0),

1.140. BukopucraBun pesysabrar 3agaui 1.16, ckmaacTu piBHSHHA
ciM’l eKBillOTeHllia/bHUX JiHIH €AEKTPHYHOTO [OJf, SAIKHH CTBOPIOETHCH
aunoseM. (EkBinorennianbui ainii, a6o aigil 0JHaKOBOTO NHOTEHLiany,
OpPTOrOHaMbHI 10 CHJAOBHX JiHIH HoJss.)

PosB s13aunmnsa Hexall Bigcranb Mk 3apafaM g i —g, gki
YTBODIOIOTb AHIONb, AOpiBHIOE 2a. Sk nmokasaHo B 3anaui 1.16, audepen-
niajbHe piBHAHHA CHJOBUX JiHIH Mae BHIVIAL:

x—a _ xte\dy (1 1),
r o) oA ’

n=@x+a?+yh ri=(x—a+y

Ockinbkn q1inil ogHakoBoro norenuiagy OpPTOroHalbHi A0 CHJIOBHX
Ainifl, To 1X RudepenuianbHe PIBHAHHA MOXKHA 3alHCaTH y BHIVIAAI

Ae

rirydry — rirdry = 0.
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. . 1 1 s
Turerpyrouu 1e piBHAHHSA, 1iCTa€MO — — —— = C. 3no6yte piBusH-
2 1

Hsl BHpaKa€ OCHOBHY F€OMETPHUYHY BJAcTHBiCTb JiHili 0oaHaKOBOro mores-

Hiasy JaHoro €IeKTPHYHOTO NOJA: PiSHHLS BEJHYMH, 0OepHEHHUX BiicTa-

HSIM JOBIJIbHO! TOYKM Bijl 3apsUUKEHHMX LEHTPIB IIOJf, € CTAJNOI0 BeJIHYH-

Hot. [lepefilnoBLIn A0 3MiHHHX X i Y, AiCTAHEMO LIYKaHe piBHAHHS JiHiH:

1 1

Vix—a?®+ ¢ Vi+a?+ g2

1.141. 3nafith piBHsAHHA ciM'l Ainill, OPTOTOHANBHUX A0 iHTErpajb-
HHX KDUBMX AHbepeHllialbHONO PiBHAHHA

yy - x-+y sin 7—0.

k) . . . l
Po3B si3annsa 3amigioooud B JaHOMY PIiBHAHHI Y’ Ha —5

Aicranemo AndepeniiadbHe pPiBHSAHHA wWwyKaHol ciM'i: y = xy' 4 siny’.
Lle piBusinus Kaepo. Poss’sukemo #ioro. Hexali y' = p, y = xp -+ sinp.
Toai pdx = xdp + pdx -+ cos'pdp, (x + cosp)dp =0, x = —cosp
a6o p = C. PosB’si3kn piBusiunst Kiepo rtaki:
y=Cx -+sinC
X =—cosp;

] (ocobauBuii pO3B’30K).
y=px+sinp

1.142. Ckaactu piBasiHHS ciM’T JiHill, siki nepeTHHAIOTD eqincy 3x2 -
+ y?2 = C nia kyrom 45°,

Posps ssannus [lpoandepenuioBaBlin O6GHABI YaCTHHH piB-
HAHHA eJinciB, JicTaHeMo audepeHliajsbHe PiBHAHHA 1X:

3x+yy =0.

3aMinoloud B UboMy piBHSHHI y' Ha —l%:izy,—, nicranemo audepen-
HianbHi piBHAHHS WyKaHol cim’l Jainili:

3x+y !/ == —'——O)

1y
abo
dy — y— 3x i dy _ 3x+y (q
dx y - 3x dx 3x—y °

Posp’13aBIlK nepiie 3 nux piBHsAHb (HAaNpHKJAA, K OXHOpiAHE), 3HA
figemo

= y4-x
—2V 2 arctg =
v Vix

¥+ 2xy + 3x%* = Ce
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Ockinbkn Apyre 3 pIBHHHb (6) 30iraerbca 3 NMepUINM, KLU0 B HbOMY
BaMiHMTH y HA —yYy, T0 HOTO PO3B’SI3KH BM3HAYAIOTLCH CHiBBiAHOIIEHHAM

—2V 2 arct =
y? — 2xy - 3x* = Ce Vs V?x
1.143. 3naiitu KpHBY, B Kol BiApi30K joTHYHOl MiX TOUKOIO JOTHKY
i Biccwo aécuuc JopiBHIOE abcuyci TOUKH JOTHKY.
Poss szannsn Hexal y =y (x) —wykana kpusa, AM — no-
THYHA j0 Hei B Touui (¥; y (x)), MB _L. Ox (puc. 29). 3a ymoBsoro, | AM | =
=|O0B|. Ockineku |OB|=1x, |MB|=y, a|AB|=|MB]|cigg,

=1
cigop = y,,TO

T R
|AM|=V|AB|2+|BM|2=I/ T AT

Cknagemo judepenitiajbie piBHAHHA, sKe 3al0BOJbHAE IHIyKaHa
KpHBa:

’

_y__V]+y'2=x,a6oy=——xy .
VI + yr2
Po3B’ sKemo e piBusuus. Hexait y' = p. Toxni
xp pdx xdp
_ ——— d = — N
Y= s YT TR T Tar e
dx xdp -— xdp
dy = —22 . [+ p2—lyde =222,
pax V1+p2+ (1 + p»*? p(VTFp? —1)ds I+ 7
dr dp de (VI pP+1Ddp
* o pVidp—H4py T Tx T P+
Turerpyioun ocrauue piBHAHHS, MAaeMo
(V14 p>+ Ddp
Inx| = | Er DD L inc.
O6uncauMO iHTerpaJs, BHKOHABLIM 3aMiHY Vl ~+ p? = 2. 3HaxoxuMO

(V1+p2+1)d § _
Py P z(z+1>(z—1)2

1 1 1 1
=S(T—T'W—T' =+ Tz_"—n—z)dz“

=1nz—Tlln(z—l—l)—%ln|z—l

[NepefimoBn Ao 3minHOi p, AicTanemo
x| =V TF P =+ (VTFR+1)— — VT F 5 —1|—
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T2 Vite—1
H
-1
e (wwmﬂ;p—u)ewwmwc

Orxe, yMOBY 3alaui 3aJ0BOIbHAIOTb KPHBI, 3ajaHi TAKHMH NapaMmer-
pHYHHMH DiBHAHHAMH:

1
1+ 99 V1+P2—ll) N F—D (-
X = ( 7T e Vitr C;

‘“—x_p._—.
y V1+p?

MlCTHTbCH Mix KOOpAHHATHHMH OCAMH, ﬂOplBHIOG a.

y y
A
M(x,y)
. S
7 or LIS
Puc. 29 Puc. 30

Po3B s3anguna Hexali AB — nopmasnb, nposelena A0 IIyKaHOL
KpHuBoi y = y (x) B Touni M (x; y) (puc. 30). PiBusiuns uiei nopmani Mae
BHIVISIR

ge X, Y —aMiHni KoopAHHATH ToUYKH Ha Hopmani. Opaunary Touku A
i abcuHCy TOYKH B 3HaXOAHMO 3 piBHAHD -

1
Y—y=—"rs —y=— (X—2x)

to6to A (0‘, [ _;_—;,—), B(x +yy’; 0).

3a yMoBolo
]/ (x+yy)* + (y + yif = a, a6o ‘/——(x Jyr,.f;f/y’)z (1+y") =a.
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Bpenemo mnapamerp, nokJaaBud y' = tg p, dy = tg pdx. Toni

x+ytgp

S p \=a, abo x = —ytg p &asinp.

O6uucaumo dx:

dx = —dytgp —y dp + acos pdp.

cosZ p
3aMminoi0ud B OCTaHHLOMY cniBBigHoweHHI dx ua ctg pdy, nicraemo
dy . 2
I + tgpy = L asinpcos®p.
Po3B’si3aBiuy ne JiHifiHe piBHAHHA, 3HAHAEMO
— a 3
y =Ccos pF — COS" P
Orxe, wykaHdi Jinil BU3HaYaOTbCA PIBHAHHAMHU
i X =-—ytgpIFasinp,
a
y=_Ccosp=F 5 cos®p.
1.145. 3nafitu KpuBy, 8 sikoi Bimpisok Oyib-skoi i1 AoTHunOl Mimx
KOOPAHHATHUMH OCAMH JOPiBHIOE 4. :

Po3B' f73anusn Hexait M (x; y) —Touka mykaHoi kpuBoi. Pis-
HAHHA AOTUYHO! N0 KPHBOI B Uil TOYLi Mae BHIMISL

d
Y —y =7 (X —x),

ge X 1Y — 3miuni KoopAHHATH TOUKM HA JOTHUHIMH, a X, Y — KOOPAHHATH
TOYKH JOTHKY (KOOpAHHATH TOYKHM Ha KpuBiHl). [loTHYHA NMepeTUHAaE ocCi

KOOP/HHAT B TOUKAaX (x —_— :, ; OJ iy —xy).

3a yMoBoIO
\2 B
I/ (x— —yy—) +ly—x)P =a

Po3p’si3aBmin 1e piBusings BIAHOCHO Yy, HicTaHeMo

‘

14 ay
y=xy * Vl+u'2 '

Orxke, lIyKaHa KpHBa € iHTerpanbHoio KpuBoto piBasinHA Kiepo.
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Po3p’s3aBiin ue piBHIHHSA, 3HAXOAUMO

a
— Cr 4 % i == (14 p232
’ o vixe —pr e =g P
Y= ETTE S T

Buk/mouuBiuy mapamerp p 3 OCTaHHiX JABox piBHOCTEH, HicTaHemo

2 2 2
3 3 3
x4y =a".
Ile piBusigus actpoigu. OTxe, 3a3Haueny B yMOBi 3afadi B/acTHBICTb
2 2 2

, 3T 3T T e aC
maioTh actpoinn x> + y® =a® i ciM'T npamux y = Cx & Vite:

3a3nauuMo, WO acTpoiga € o6BifHOW HuX ciMel OpSIMHX.

3apaui ans camocTiHol poboTtu

3uaiity po3s’sa3ku piBHAHD

1. ¢ Q_x - 9 o 1
'y—l—l—xz' .y——V)-ﬂ—_—I.
3, y’ == 2¢° cos x. 4, y’=2xe-x’, y(0) =—1.
X
5, '=:—, =], Ly 1 =y.
Yy V= y(0) =1 6. v + Yy
y' =siny. 8. yy=ylny.
y=x+y+1L 10, ¥ =¥Fy—x+1
l X
Iy =Vir—1, y(@O =—5. 12. y= e Ydx, x>0,
1
X
8. y =1+ { ydx. 14, 2 VT =P dx+ ydy = 0.
0
' y—1
5. ¢y =—77- 16. (4% + xy?) dx + (x® — yx?) dy =0.

He po3s’'s3yioun piBHAHb, 300PA3NTH CXEMATHUHO MOBEHLIHKY iXHIX (HTerpaJjbHHX
KPHBUX

17 y =y(l—gh. 18, ' =(y—1)2, (y—2). 19, y’ =y?siny.

¥

20, ' =Vd—ylny. 21, y =x—é¥, 2. ¢ = Gy

Po3B’a3arn sapaui

23. Crnacti judepenniansie piBHAHHA Kin pagiyca !, UeHTpH AKHX JexaTs Ha
apamil y = 2x,
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24. Cxnactn gudepennianbue piBnsiHH napa6on 3 Bicclo, mapanenpnolo oci opam-
HaT, AKi OAHOYACHO TOTHKAaioThcd O NpAMEX y = 01 y = x.

25. € nesika Kiibkicts pagioaktuBnoi pewoBuHH. Bigomo, mo uepes 30 anis posna-
naerbest 50 % uiel pevoBunm. Yepes ckifnbKH ORIB sanuwuThest | % mouaTROBOT KibKOCTi
PEYOBHHHU?

26. Y cepenoBui i3 cranowo remnepartypoio 20 °C nomicTian Tino, uarpire o 100 °C.
Yepes 10 xB. Temriepatypa Tiaa sunanaacs 1o 60 °C. Uepes skuit wac temnepatypa Tina
zopisuioBatume 25 °C?

27. Uepea 12 ron nicast nouwarky pociiay Kidbkicrs nesxol nomyasuii Gakrepin
spocaa Brpuui. ¥ ckinbkn pasip 36inbmmTBCS uHenO GakTepilh uepes Tpu HoGH?

28. 3ualiTH KPHBY, K4 NPOXOAHTH uepe3 Touky (2; 3) i mae BnacTusicts, Wo Binpi-
30K {i AOBLTBHOT MOTHUHOT MDXK OCSIMH KOOPRMHAT LLTHTBCS B TOUILLI NOTHKY HaBmifl.

29. KpuBa y = @ (x) npoxonutb uepes Touky (1; 1) i Mae BracTHBiCTD, WO TaHTene
KyTa HaXWI1y KOMXKHOI 11 poTHuHoi nmpomnopuifinkil A0 KBaaparta OPIHHATH TOYKH JOTHKY.
3Haittn pisHgnng wiel Kpusoi.

30. KpuBa y = ¢ (x) npoxoiuTk uepe3 Touky (0; —2) i mae BaactuBicTb, LIO TaH-
TeHc KyTa Haxuay {1 noTuuHol B 6yab-iKifl Touui nopiBrioe opauHarti niel ToukH, 36inb-
wenii na tpu oaunani. 3uafity pisusHHg niel kpusoi.

31. 3ualiTy KpHBY, Mis KOl TaHTeHC KyTa Haxuay ii motHunol B 6yib-Akil Touni
Ha KpuBiil B n pasis 6inbiunil Bif TaHTeHca KyTa HaXRJAY NpaAMOi, MO NPOXOIHTh Yepes Lo
caMy TOYKY | MOYAaTOK KOOpAMHAT.

32. IlosecTn, IO KPHBA, TaHTeHC KyTa HAaXWJIy AoTHuHO{ kol Ao oci abcumc y 6ynp-
skift Touni nponopuifinkit o aGcuMcH TOUKH NOTHKY, € napa6osa.

33. 3naliTh B MOJADHHUX KoOpAHHATaX piBHAHAR Takol KpuBoi, B KOXKHIH Touni
SIKOT TaHTeHC KyTa MiX pagiycoM-BeKTOPOM i MOTHuHOIO 10 KpuBOl ROpiBHIOE KBaapaty
paniyca-Bekropa.

34. Motopuuii 4oBen pyxaeThes Mo 03epy i3 wBHAKIcTIO 20 kM/ron. Uepes 40 ¢ nicais
BHKJIIOYEHHS [BUTYHA WUBMIKIiCTh YOBHA 3MeHuIyeThest 1o 8 km/rox. Onip Boam mnponop-
uifinuit 1o wBAAROCTE pYXY woBHa. KO0 Gyhe WBMAKICTL HOBHa Yepes 2 XB NicAH BHKIIO-
YeHHS JBHTYHA?

35. Martepianbna Touka M Macowo m 3HaXOAWThCS Ha KpuBili y = y (x), fika obep-
TAEThCST HABKOJIO BePTHKANBLHOT oci {3 cTastoo KyTtoBow mBuakictio. CkiacTH piBHSIHHSA
KpHBOI, sIKIO Martepianbha Touka Gyne B pisHosasi mpu noBinbHOMy mnoJOXKeHHI Ha
KpHBIif.

36. Pakery OyileHO BepTHKa/IbHO BTOPY 3 MovaTkosoio wBHIKicTio 100 m/c. Onip
noBitps cnoBinbHIOE {1 pyX, Hajzaoud pakeTi Bix'eMHOTO MpPHCKOPEHHS, MPOMOpPIiNHOrO
no kBanparta i1 mBHRKOCT (——kv?). Uepes skuli uac pakera nocsirie HaliGuIbILOT BUCOTH?

37. Kyas, pyxawouncs i3 wBHakictio v, = 400 M/c, npo6usae cTiHy TOBUIMHOWO f ==
= 0,2 M i Bunitaes Hel iz mauaxictio 100 m/c. Brakaroun, 1o cHIa ONOPY CTiHW NPONOP-
nifiHa 1o KBampaTa WBHAROCTI pyxy KyJai. sHafitu wac T pyxy Kyai B crini.

38. ¥ nocyauuy, B skiit € 100 1 10 % -Horo posunHy coJi, KOXHY XBWIHHY BAHBa-
erbest 30 o1 Boam i BUTiKae 20 o cymimi. Hka kinbkicts coni sannmnTees B nocyauni yepes
10 xB (BBakaTH, WO cymily GeanepepBHO MepemilmIyeTbes)?

39. Ha ami umainapuunoi mocynnnm, HamoBHeHO! pimMHOl0, yTBOpHsacs winuua.
[MpotsiroM nepuwoi no6u BrTekso 10 % pinnuu. Baxkaioud, mo MWBUAKICTH BUTIKaHHA pi-
JMHHM npomopuifiHa no Becord piBua i1 B mocyauni, aHafiTH yac, 3a AKHE 3 NOCYIUHH BH-
Teue MONOBWHA pPiIvHA.

40. Birep, upoxoasiun uepes Jsic, BHACJHiNOK OHODPY zepeB, BTpaya€ wBHaKicTb. Ha
HecK{HYeHHO MaJOMy WLISXY S BTpara NpomopuifHa K0 wWBHAKOCTI BiTPY HA mMouyatky
nsoro uwAxy i no fioro nowxkuuu. 3naliTh wWBHaKicTs BiTPy, kK npoiiwos y aici 150 m,
3Halouy, MO MOuaTKOBAa fioro uIBMAKicTs nopiBmioBana 12 wmfe, a nicas NPOXOMIKEHHS
B Jici msAxy s = 1 M uBuaKicts 3MeHwmuaacs 1o 11,8 m/c.

41. Y sakpurtomy npumimenHi o6’emom V M3 cTOITB BiZKpHTa MOCyAMHA 3 BOJOIO.
sunkicts BUmapoByBaHHsi Boxu nponopuifina go pisnuui Mixk kinbkicTio ¢ BoasHOT na-
pH, sika Hacuuye 1 M3 noBirpa npu nanih temmeparypi, i kinvkictio ¢ BoasinoT napu, Aka
e B | M moBiTpa B naHmMil MOMeHT (BBakaTHMeMO, LIO TeMllepaTypa MOBiTps i BoaH, a
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TAKOX IIOLIA, 3 SIKOT BHIIaPOBYETheA BoAa, cTani). ¥ nouarkoBufi MOMeHT y nocyauHi 6ymao
my (r) Boau, a B 1 M® noBitps g, (r) napu. CKilbkyn BOIW 3a/MIIMTECH B NOCYAMHI uepes

vac £?
Poss’s3atn piBHAHHA
2. xy' =V 4% +y.

44, (4y% + x4 y' = xy.

46. 3x —T7y—3) ¥’ + (Tx—3y—
—7)=0.
48, y' 4 2xy = xe

—x3
PR

Yy —y=x% *.

Yy - 4x3yd - 2xy =0,
W' —ytlnxty=

o' 4y dx (x4 1) =0,

50.
52,
54,
56.

58,
60.
62,

x(xy—3)y +xy> —y=0.
2x3y —x) Yy —2xy? — y =0,

Po3s’n3aTn 3apnaui

x2 By+2x)y' +3x(y+x)2=0

. xy’ =y x (1 + e¥'%),
45,

43

(Y
xy’ =y cos ln—).
y =y cos {In—

47, (x+y—2) y' =1—2x — 2y,

49, y' 4 ytg x = sin 2x,

51, y'sinx cos x =y - sind x

53, xy' - xy:=y.

55. x 2x—1) ¢’ + 42 + 4x = (4x + 1) 4.

57. (2x%y — 2x3) y’ -+ 2y%x — 612y -
+ 45 = 0.

59, (X2y— 1y +xy?—1=0.
61, (2x2y+-x) y' — 2%y 4 2xy% 4 y = 0.

63. [No6ynysaT nocaifoBHi NikapoBCHKOTO HAGMHMKEHHS Yy (1), ¥ (%), ys (X) y 3a-

paui Koui:
a) y' =x—y

y(0)=0; 6) y =1+ xsiny,

g (m) = 2,

64. IIps SKHX HeBil'eMHHX @ IOPYIIYeTbCH ENUHICTH PO3B’A3KiB plBHSIHHH y

=|y|® i B gkux TOUKax?

65. Ha sxoMy npoMixky lcnye po3s 'A30K plBHmum Y =

142, y(0)=0?

66. JlosecTu, mo AAs po3B’sisky piBHAHHA ¥’ = x2 - 42, y (0) = 0'Ha NpOMiKKY

[0; 1] copaseanuBa ouinka
xS
3

Yy —

x'l
%5 | < 0.0015x2,

67. fk NOBOAATBCS Ha OPOMiXKKY [0 2] nocmnmam HaGJm)KeHHa a5 piBHAHE y ==
=8, ¢y = —?, ¢ =y, axwo mna Bcix piBHgAHDB y (0) =

Poss’'asatu piBHauus

68. y'% =3 — y2.

70. ¥’ L xy'® —y=0.
72. 2y’ + xy’ — y=0.
74, x2y'% — 2xyy’ — x2 =0,
76. yy' — 2xy’ +y=0.

78.
124

siny’ + ¢y’ = x.

69, y'> - y2 (In2y—1)=0.

7. 2y —yy®-1=0,

73, Br+1)y?—3(y+2y +9=0.
75. xty't —xy’ —y =0,

77. lny’ +2(xy’ — y) =0,

79, y'isiny =y,



3uafdTn ocobuusi po3s’A3KH piBHAHL

80. y'* —yy' + & =0, 8l. 4 (1—y) = By —2%y
82. v =y. 8. ' =Vy+ 1

1

= L3 , 5 15 =
84. y' =23 Vg 85.y=<ﬁ+»xyy)8.
Posain 2

AWDEPEHLLIIANDBHI PIBHAHHSA BMLLIMX NOPAAKIB

2.1. PieusHHS, IHTErpoBHi B KBagpaTypax.

PiBHAHHS, SKi JONYCKAIOTL 3HMMKEHHS NOPAAKY
1. 3araneni nonsrTa A o3nauendn. PiBusuns

F(x' Y, y’v v ooy y(")) =0 (1)
Je X — He3aJJeXHa 3M1HHa y — IyKaHa q)yHKulS{ a q)yHKlllﬂ F Busnauena fi HenepepsHa

B neakii obaacti G < R*H? , n > 1, Ta 3anexHna sin y( , HasHBaetbcs ssuxallnum dudge-
DeHYIaAbHUM DIBHAHHAM N~ 20 napnazcy.
HNudepennianbie piBHAHHA n-ro HOPAAKY, po3B’s3aHe BiIHOCHO crapwoi moxigmoi,
M2e BHEIANL

® = f (0, e, g, )

Ze (QYHKIA f TakOX Henepepsua B nesikifi o6macti D S R™ aminm cBoix aprymenris.
Po3g’ asxom piBusnus (2) ua invepsani / = (a, b) nasupaerbcad QyHKuiA y (x), sxa
3aI0BOJILHSIE YMOBH:
1 y(x Henepepaﬂo audepennifioBia n pasis Ha [;

2) (%, y (0, § (0, oo 8" () €D, Vxe L
3) y (x) neperBopioe piBHﬂHHx (2) B ToroxuicTb, TO6TO
PPy =f(x, 900, 9 0, ..., V), Vxel

Anasoriygo osnauaeTbcsi po3B’s3ok pisusiaas (1).
3adaqero Kowi abo nosamxosow 3a0axer0 nns piBHSHHA (2) Ha3UBAEThCS 3ajava 3Ha-
XOJJKEHHS PO3B’A3KY y (x) piBusiHHs (2), AKAA 3aOBOJIbHAE IOYATKOBHM YMOBaM:

) (xo) = Yy, ’/I (xo) = y(,)r e ey y(n—l) (xo) = y(()n-l): (3)

{n—1)

ne x, €1, y,, yo, ooy Yy — 3aflani 4KCaA.

Teopema Meano. Sxwo pyuryis [ nenepepsua 8 o6aacmi D, mo 0aa 6ydo-
AKOL Mok (Xg, Yo, Yoo -ovs o) ¢ D icuys poss’asox pisnanns (2), susHauenud 6 Oesxomy
oxoni mouxu xy € I, axud sadosonvhss nosamxosi ymosu (3).

Icnysanns ta emmicts po3s’s3ky sanaui Komi rapantye sacrymna reopema.

Teopema Kow+ —Ilickapa. Hxwyo dyuxyia | Henepepsna 8 obaracmi D
i sadosorense ymosy Jlinwiua no sminnum y, y', .., yg’_”, mo 0an Gydv-2K0i mouku
(%0, Yo, y;), ey yg’—”) € D icnye edunuil poss’ asox pisnanua (2), eusnawenull 8 Oeaxomy

oKoai mouku xy € 1, axud 300080abHs6 nowamkosi ymosu (3).
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YmoBy teopemn Komi — [likapa BukoHyIOTBCS, 30KpeMa, aKwO QyHKLia f uenepeps-
ua Ha D imae B okosti Touxy (%, 45, y['), ey yf)""")) obmexeni uacrunui noxiamt o y,
’ tn—I1
Y, 0 Y ),

Hexait D — obnacte, B KoxHIll Touui sikol 3agava Komi aas pisrauns (2) mae eju-
HUA po3B’a30K. PyHKIiA

y=9(x, Clr "')Cn): (4)

e Cy, G,, ..., C, — nosinbni crani, nasnBaerbes saeassHum pose’ A3kom piexnanns (2) s
obaacmi D, srulo:

1) dyuxnis ¢ mae vemepepsHi yacTuuHi HOXiNHI MO X 10 n-TO NOPSIAKY BKJIOYHO;
2) s Oynb-akoi TOUKK (Xg, Yo, Ug. e y(,j’*“) € D cucrema

y(I:(P(xoy Cl: CZ: ey Cn);
Yo=9 (x4, C,, Cay .., Cp),
g0 = "V (x,, €y, Coy vy Cp)
Mae eIuHuR po3B’a30k Bianocuo Cp, C,, ..., Cp:
C\i} = ‘Pl (x(), ‘70: l/(’)a seey y(()n—”)x
CU = lp2 (x[)r Yo .l/(’)x vy !/E)n.—l)), (5)
. . - - - . B B . - 9 . - . » .

CS = VYp (x4, by, !/(;» vee s y(()n—l));

3) hynkuis @ (x, CY, CY, ..., CY) e poss’askom pisnsnmsa (2) mpH 6YyAb-AKHX
AOTYCTHMuX  sHadeHnsx CY, Cg, ey Cg, AKi BH3HAYAIOTbCS PiBHOCTAMM (5), OpH

YMOBY, WO TOYKA (X4, Uy, Uy - - -, Yy ") Hamexmts obnacti D.
KO 3aranbHull po3B’a30K (4) B ofaacti D sajanuil deaBHO chiBBifHOIIEHHSIM
®(x, y, (‘\1, Czy e (Jn) =0, (6)

1o (6) HA3HBAIOTL acainHum tnmeepaiom pisnanna (2) 8 obaacti D.

Po3B's130K, AKWI Moxua 3HafiTH 3 (4) NPU KOHKPETHUX 4HCIOBHX 3HaueHHsX Cy,
Cy, ..., Cp, HA3UBAIOTL uacnIUHHUM PO3E A3KOM PIGHsHAA (2). AHnanoriyHO BBOLHTBCS INO-
HSTTS UYACTHHHOIO iHTerpaja. SIkuwo Bigomuli 3araibhuil pos3s’sizok (4) a6o saranbnuit
interpan (6), to po3s’szatu szanauy Kowi Moxua tak. 13 cnieBiznouwenn (4) abo (6) i
THX, fIKi ficTaioTh 3 HUX 32 nomomorowo (n — 1)-kpatHoro audepeHuitoBaHHA MO X 3 BUKO-
PHCTaHHSM MOYATKOBHX yMOB (3), CKJIafaloTh CUCTeMY piBHSHB 1Js1 BUsHaueHHA Cp, Cy, ...
vevy Cp. Po3B’s13aBum wio cHcTemy i migCTaBHBIUM KOHKPETH] 3HAYeHHST C?, Cg, vees C‘S B {4)
abo (6), zicraHeMo po3s’sizok 3agaui Kowi

y=oq(x, C% C), ..., CY )

260 wacmuntuiumezpas O (x, y, C?, Cg, vees C?l) == (), IKHM HesIBHO 3aJa€ThCs PO3B’ 30K
3anav wouldi,

"ikulo B piBHOCTI (7) BpaxyBaTH ABHAJ BHL 3aJ1€XKHOCTI C?, Cg, RN Cg Big

Xos Yo» y(I,, vaey y((,"“”, TO sicTaseMo 3araibuuil PO3B’s130K ¥ Tak 3sanill goopmi Kowd;
4 —1
!/ =¢ (xy xo» yox yov “eoe ygL ))0
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fIkumo cnieBigmomenus (4) abo (6) samani y Bursani
x=x(,C, Cy ..., Cp),
y=y, Cy Co ..., Gy,
teT,
TO (8) HASHBAIOTH 3U2ANBHUM [HMeePAIOM Yy napamempuyriil dopmi.

Ins pisnsanud (1), He po3B’A3aHOTO BiXHOCHO MOXifHOT y‘"), 3agaua Kouwi craBuThCs
anasoriuno 3anaui Kowmri mis piBuauns (2). [Ipn npoMy, SKWIO 321aHHM YUCAAM X, Yo, - .-

e yf)” D i koxnomy i3 3HaueHn y‘"’, SIKi BU3RA4aIOThCsl 3 DIBHSIHHSA

®

F %y, Yp» Ugs -+ » 4570, g =0,

BilMOBiNa€ JMILE OJHH PO3B’SI30K, TO KaXYTh, o 3anava Kowi mae eannuil poss’sisox.

Teopema (icHysanuna i eguuocTi po3s saky 3ana4i Kowi mns pisHaHHa (1))
Hexail ¢ynryin F Henepepsna e 0baacmi G i mas HenepepeHi wacmuHHi noxionino y, ', ...

vees Y. T0Di Oan Gydo-sikoi mouku (%y, Yo, yo, ey y‘”’) € 6 maxot, wo
. oF ,
F (x()v yoy yor LR y(()n)) = 0’ W (XO, yov !/0, ey y‘On)) :7’: 0)

icHys eOunuli po3s’asox pienanns (1), susnauenull 8 Oeaxomy okoai mouku x, € 1, axui sa-
dogoabras nouamxosi ymosu (3).

[NonsiTTA 3ara/ibHOTO PO3B’A3Ky H 3araibuoro inrterpana piBrsHHS (1) BBOASTBCH
aHANOr{UHO UMM [OHATTAM ISt piBusuus (2).

fAkio y (x) — poss’asok piBuauusa (1), To muomwuna To4oK {(x, y (x))}\ x¢€ I},
ToGT0 rpadik po3B’s3Ky y == y (x), HA3UBAETbCH [HMEePAAbLHOW Kpueow pisHannsa (l).

3 reoMeTpHuHO! TOUKH 30pY PO3B’A30K (3aranbuuil iuterpas) € ciM’ero iHTErpadbHHX
KPHMBUX Ha IOULMHI, sika 3amexuts Bin n napamerpis €, C,, ..., Cy.

flkuio AaHo piBHSIHHS n-apaMeTpH4HOl ciM’T KpHBHX, HaNpHKJaj, y BHLsAL (6),
To fipoAndepeHiioBaBIY HOro £ pa3iB MO x i BUK/IIOUHBIUK 3 YTBOPEHHX CHIBBiAHOWIEHL
crani Cy, Cs, ..., Cp, nicraneMo nudepenniansue piBusuua naunoi cimM’i Kpusnx (foro no-
PALOK He MepeBHINyE r1),

CriBBiaHOWeHHST BHLY

Y, g, s e, TR CL G, L, Cp) =0, 9)

Ie y — po3B’s30ok piBaapHg (1), 3n06yTe BHacainok iHrerpysanus piBHauug (1), Hasu-
BAETBCH NPOMIDCHUM (Hmeepasom k-20 nopadky pisHanus (1).

Axio Bitomul npomixuui wrTerpans k-ro nopsaky (9), To 3afaua inTerpyBanus pis-
HAHHS f1-T7O mopsaky (1) 3BoauTtbes no npocrtiutol 3agaui iHTerpyBaHHS DiBHSHHA (n —
— k)-ro mopsiaky (9). [IpoMixkuuii interpan

.o, 4, ..., " D, C)=0 (10

HA3IUBAETBCS NEPUWUM [HMEZPAAOM.

Akmo BigoMo k pisHux mepumx inrerpaniB, To MOPsIIOK PIBHAHHS MOXKHA 3HH3UTH
Ha k OI.lHHHLIb. SIxmo BiZIOMO n pisuux mepwMx iHTerpanis, TO, BUK/IIOUHBIUK 3 HHX Bci
noxigdi ¢, ¢", ..., 4"V, nicranemo ?aI‘aJIbHHH iuTerpan piBHSHHS.

(DyHKLUH & (x) HA3UBAETbCS 0cODAUBUM D038 A3KoM Oueperyiarvrozo pisuanns (1)
AKIO:

1) & (x) nepersopioe audepenuianbie piBHAHHSA B TOTOXHICTB;

2) mns 6yab-sikol ToukH x, € { 3agaua Kouwi 3 mouaTkOBHMH yMOBaMH

Uiy =E(xy). 0 () =E (X)), «- s 4TV (x)) = E" TV (xy)

Mae 6inbll AK OZMH PO3B’A30K.

’

127



2, Nesiki suan pisssnb BHWMX nopaAAKis, {ATErpOBHUX Yy KBajpaTypax.
a) Pignanns, ari micmame auite noxidry n-zo nopadry wyranol PyHk-
yit @ nedaaeucny s3minny. Posrnsnemo piBHsHHS

Fx, ) =0, (11)

¥ 6aratbox Bunagkax pisusHus (11) Moxua mapamerpusyBatu: x == @ ({), y™ =

= 4 ({), e @ ({) — audepennilioBna Gynxuia. ¥ nboMy BHmagKy MoOXHa SHafTH 3arajihb-

Wuil  iHTerpan B mapamerpuumifi Qopmi (8). Maemo dy'" ™V = yPdy, dyt— =
= () ¢’ (£) dt, sBimkn Hf" D = S'\p B9 (Hdt+ C =1, (¢, C-

Ananoriuno snaxomumo y ™ tomo. Has y xicraemo Bhpas BULY y = ¥y (¢, Cy,

C,, ..., Cp). Tomy cucrema x = @ (), y = P, (¢, Cy, C,, ..., Cy) € 3aransuuM inTerpajsoMm

piusnud (11) y napamerpuunifi dopmi.
Oxkpemn™ BunagkoM (11) € piBusauns

P =1 (x), (12)
ze [ (x) — nenepeprua ¢yunkuis na [ = (a, b).
Ko BBaXKaTH x = X € [ MapameTPOM, TO 3aTaJbHMA DO3B’s130K pieusAnug (12) xi-
cTaHemMo y Bursai

y=SS ol Fwandx L dr G L G e 0, x o Ca

3aransun® poss’asox pisnguns (12) y dopmi Koml mae uraan

x x * g.—l)
.1/=S. ces f(")d"d"'--dx‘l'm(x—xo)"“’-i—
Xo Xy Xo
ygz—Q)

= E T e G =) g0,

me X, €1 Yo, Yoo o v e s g8V

6) Pienanns eudy

— 6yab-AKi 4YHCaa.

F (y(n—l), y(n)) =0. (13)
Axino piBusHHa (13) MoxxHa po3B’ssaty BigHOCHO y‘"), 10610
§® =", ' (14)

10, BBIiBIIM HOBY Heimomy dynxmiro u = y®—"

» piBnsuus (14) sBezemo no Buay
u' = (u). (15)

3araabtum iHTerpasom pisugnust (15) €
du .
x+Cl=S'm)—, f @0, (16)

Tlpunyctumo, wo (16) MoxHa po3B’d3aTH BiTHOCHO u:

u=vY(x C), y" V=1, Cy. (17)
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Ocklasxu (17) e pisusuns tuny (12), To 3araibHHA pose’ssok plBuanus (13) xi-
cTaneMo y BHrasAi

y={{ . (Ve coduds . dr+ Gt Gkt Ca
————
n—1
Slkuio pimssnus (13) sajzano B napamerpuuniii popmi ¥ = ¢ (), SV =1y (),
ae 1y (¢) — nudepenuifioBa bysRnis, 10 HOro iHTErpyIOThb TaK.
Is cnisBinsomenns dy® " = y™@dx aicraiors

dy(fl—l) ,lpl ([) dt

G=—"m =" o@ *
EBILKRK
x=S ‘gé? di+C =L (t, Cy, . (18)
Hani

o e, POV O [ NOV O
W= =0 TS T T (g

Ayt = g0 Dy, ., dy=y'ds, y=\ y'dx+Che=n(, Cyy .., Co).
Cykynuicte (18), (19) e saranenum imTerpasom pisngaas (13) y mapamerpuy-
nii opmi.
B) Pignanns eudy

F(yg @2, ™) =0. 20
3a pomomoroio 3aminu
Y =u @1
piBussas (20) sBoduTbes 40 PiBHAHHA APYTOTO AOPAAKY
F(u, u")=0. 22)
NpunycruMo, mo piBuaHHA (22) MoXHa po3B’d3atu BiHOCHO u”:
uw=Ff (. @23
Tlomnoxusmy (23) sa iHTerpyBanbuufl MHOXKHHK p = 24’, nicranemo
Wiu = 2f wyu'. , (24
3 (24) maemo nepmuf inTerpan piBusHus (23):
u’2=2Sf(u) du+C,. - (@5)

3BifcH SHaXOIHMO

du
——————— =~ dx, 2Sf(u) du-+Cy 0.
:t:V2§f(u)du-{-c1 !
Toni saraapnul iHTerpan piBusinna (23) Mae Burasy

du
+ Vo ) du+ C;

=X + C’. (26)‘
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Bpaxysasum 3aminy (21), 3 (26) aicradgemo npomixuuli iurerpan pisuauus (20) sugy
q"(x’ y(H-Q}’ Cj' C2)=U,

to6to nudepeduianbie pisnauns (n — 2)-ro mopsnky tuny (l11), ske iHTerpyerscs 8
KBaJpaTypax.

Slkmo pisusnua (20) sazano B napaMetpuwHoMy Baraami Y = @ (f), "2 =
=1 (f), To HOro iHTerpymoTh T4K.

Is cntsBimnowens dy* Y = y™dx, dy™? = /" Vdx, nicraemo pisusHEA
signoeso ¥~ sugy

¢y =l = @ () ¢ (f) dt,
38i1KH

y* =)/ 2oy hd+C =E(, Cy.

Omxe, 1an ¢, 4™ wmaemo napamerpuune soGpamenns y =@ @), YD =
= ¢ @, Cy), 9Ke BKe gycrpida’ocs npu inTerpysansi piBuanas (13).
3. Jesxi Tunw piBHARL BMUHX TNOPAAKIB, SKI AONYCKAIOTbL 3HHKEHHR NOPAAKY
a) Pienauns, aki we smicmams wyranol @Pymuryil i siavkoxr nocaidosnuz
noxidnnx., Posrnsnemo pisnduHs BHAY
Fx, yB, g* 0 0 ) =0, Ige<n (@7)
3a gonomorowo saminn ' = u, me w — noBa meBinoma Qymkuisx, pismsuEa (27)
MOXH3 3BecTH O piBHAuHS (n — K)-ro MOPHAAKY:
Fx,u o, ..., " ® =0, (28)

fAxkmo piBnaansa (28) interpyeTbc B KBajpaTypax, TO, NOBEPTaiO9HCh RO 3MiHHOT
g, nicraemo npoMimuuil interpan pisnsnua (27):

y‘k’ =¢(x,C, ..., C,_,), ab0 D (x, y(k), Covvvn s Cpp)=0. (29)
Pipusnna (29) e pisuannamu Bugy (i1).
6) Pignanna, ski A6HO He MICMAMD HezasexcHol 3minnoi. PosriasHemo
piBasIHEA BuRY
F(y, yl: ey y(n))"'—‘o- (30)
3a ponomorow saminu
Yy =p, (31

ne p = p (y) — noBa mwyxana QyHKIUid, y — HOBA He3aleKHa SMiHHA, NOPAJOK piBHAHHSA
(30) MOKH2 3HHM3HTH HA OQMHHIIO, OCKINIbKH

V'="axr ="ay ~"ax =P
. dy  dy  dy .,
V= ="y dr = PP+ @2
..... R s s & 4+ 2 s s s e a @ L
¥y =g (p, 0, sy,
d'p
i
()..7y.l,_, i=1,2 ...,n—1
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Miacrasusmn (31), (32) B (30), micranemo piBuaAHna (n — 1)-ro mopsaky signocuo
HOBOT wykaHoi &yHKUii p:
Foopps ..., " =0 (33)
Akwo BizoMud saraiabuuil interpan piBuanns (33):
(Dl (ya p, Cl) C2: teey Cn‘l) 20:
70 cniBBiAHOUIEHHSA
ml (yv !/'. Clv C2: «ve s Cnsl) =0 (34)
€ apoMixuuM interpamom (n -— 1)-ro nopaaky pienanus (30) — nudepenniajpnum pie-
HAHHAM [EpLIONe MOPAAKY IHTErpOBRHOTO TrIy. 3araivhuil interpan pisuwanus (34),
saxkui mae Bua @ (x, y, Cy, Cy, ..., Cp) = 0, ne €,, C,, ..., C,— nosinsni crani, e 3arain-
Hum interpanom piBusHua (30).
[lpu BHKOHadHi 3aminu (31) mMoXnuBa BTpara po3s’siskiB Buay y = const. Beano-

cepeauboto MicTaHoBKOW HeoOXimHO mepeBipuTH, uM cnpaBai pismanus (30) mac Taki
po3B’SI3KH.

B) Pienannsn, odnopidni eidwocno y, y’', ..., y("). Poarnsinemo pisnsinms
BHIY

F (X, yy y’o A ) y(n)) = 09 (35)

e Qynxuin F e onxopimrolo BimocHo g, Y, ..., ¥V 3 noxasmuxoM ommopiHecti m,
TO6TO

Fx, My, My'y oo o s MY = NF (x, 4, 4y ooy ¥™),
A>0.
3a nomoMOToK 3aMiHu
, ¥ = yu, (36)
Je u — HOBa HeBiZoMa QYVHKLiA, NOPAAOK piBHAHHA (3D) MOKHA SHM3UTH Ha GAUHHUIO,
Maemo:
y = yu,
Y=y @W+v), (37)
¢ =ygu, u, ..., s,
TligcraBuBmn (37) y (35), nicranemo
YPF (, w240’y oo, g, u, ..., u®@ ) =0, (38)

Ckoporusiis piBnsuas (38) na & (po3s’#30k y = 0 He BTpaTHTLCA), AlcTaneMo Xu-
¢epenuianvue pisaanusa (n — 1)-ro nopaaky signoero gynkuii u:

Fle, Lu wd4u, ..., g u, ..., u" ")=0, (39)

SIkuio Binomui 3araneHnil poas’s3ok ¢ = @ (x, Cy, Gy, ..., C,_,) pisnsnus (39), 1o,
nK sunauBac 3 (36), saranbuuil po3s’n30K piBuAHHA (35) Mae BHIVIS

@ix,C,C,,. ..,Gn_l )dx
y— Coed , (40)

pe €y, Cy, ..., Cp — posiabui ctani. Poss’ssox y = 0 aicraemo a (40) npu C,, = 0.
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) YV3azaseneno-00nopidni pienanuns. PosrnaneMo piBHAHKS BHIY
Fle, g, ..., ¢ =0, “D

Pisusuna (41) nasupaerhcs ysarajqbHeHO-OZHODIAHHM, SIKUIO iCHYIOTE uucaa & i m
Taki, Wo

F (Ktx, kk’y, ?u(k_'“ty', e, x(k—n)ty(n)) — A'th (x, ¢, y,’ e, y(m).
3a ponomoroio 3aMidHH
x=¢, y=u (42)

{x = —é npu x < 0), ge {-~ HOBa He3aiexHa 3MiHHA, # — HOBa mMyKana dyakuis
piBusHHA (41) MOXHa 3BecTH [0 pPiBHAHHS, fKe SIBHO He MICTHTbH He3aleXHy 3MiHHY f,
Ioxinui npn 3amini (42) neperBopioloTbes 33 (POPMyJTaMH

, dy _t_(du

y'=—¢ —7 & huet) e = ' + k) eV,
. dy — , =Dt
Y= e = 2= DUk (ke — 1) w) e, (43)

D S S R S L I R e e e A L

=g, u, ..., u") et

Higerasupum (42) i (43) B pisusnus (41), gicranemo piBHAHHA BHAY
U, u, ..., W) =0,

siKe nicas ckopouenus Ha ¢™ mepeTRopiveThCA B piBHAREA BHAy (30).
) Piguannsa ¢ mownux aoxidwurx. Posraanemo piBasuua BHIY

Fie,y, 4 ..., 4" =0, (44)

JiBl YACTHHH SKHX € TOUHHMH DOXimHuMu BiE nesikol dyHkmil @, (x, y, ¥, v, 770,
T06TO

d
Foe,omy. o, ™ =— Outx, 0,05 ..., s, (45)

Taxi piBHAHHA HASHBAIOTLCH PIBHAHHAMU 68 mowHux noxiOwux. 13 (45) Bumazszae,
WO cHiBBiHOMIEHHA

Do,y ¥y e YT =G

€ nepwiuM iHTerpanoM piBHAHHA (44) — piBusuuaM (n - 1)-ro MOPsAKY BiAHOCHO wiy-
kanoi ¢yukuii. Orke, piBHAHHA B TOUHHX MNOXIIHHX NONYCKAIOTH 3HHKEHHA MOPALKY Ha
OJIHHHLYO. :

SAxwo pisHaHHas (44) e e piBusAnHAM y TOuHAX noxinuux, To inoni moxua nini6pata
Taky QyHROio p = g {x, ¥, §, ..., §'V) (inmeepysarvull MHONCHAK), WO TICIT MHO-
wenust Ha nei piBnsHus (44) crae piBHAHHAM Yy ToYHMX noxixnux. [lpu MuOXKeHni za
{HTerpyBaTBHHA MHONKHHK MOMKYTH 3'sIBUTHCH 3aiBi pO3B’si3kH (PO3B’A3KH DiBHSHHR
¢ ==0), a TaKOXK MOXJIMBA BTpaTa NeAKUX po3B’si3KiB (y BHNAAKY PO3PUBHOCTI MHOXK-
HHKa ).

[Tpu posp’asysanni 3afaui Kowmi ans pisuseb BHILMX NOPAAKIE METONIOM 3HMKEHHS
NOpsAKy AOBLIBHI cranl gouineno 3maxoiutd Hicas KOXHOro inTerpysanus,
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2.1. lMokasaru, mo ¢yuxuin y = y (x), #eaBHO 3amama piBHSHHSM

X =y +y (46)
€ po3B’A3KOM piBHAHHSA
vy —3y"* =0. (7)
Posp a3auuda 3naxomumo y’, y’, y”:
' dy dy 1
V=" = @y+ndy ~ 1’
—(y')=“(ﬁr)%=“ﬁ’ (48)

"o __ o _ 2 1 . 12
vy = dx @) = dy( (2y+1)3)2y+l ICZEN LA
IMincraeumo (48) B piBusAHHA (47):
1 12 4

T @ Sy =Y

Omxe, QyHKLIA ¥ = Y (¥) € pO3B’A3KOM JAHOTO PiBHSHHS.
2.2. Tlokasaty, WO QyHKUia y = y (X), napaMeTPHYHO 3aJaHa CHCTe-
MO0 piBHAUD

= lnt—l- ﬂ ;
| 3 (49)
Y = T ¢ +4— , £>0,
€ pO3B’I3KOM piBHAHHS )
Y =2y +3=0. (50)
Po3B si3auunsd 3naxoaumo y', y"
19
; & T e 243
! == i == = T o7 ¢
R B
2t 213
51
7—3 ®h
. %) _ 2¢2
¥y =" g— =1
o T

[Mincraeamo (651) B piBHsinEs (50):

o E8 11320

Orke, QyHKLiA § = y (X) € PO3B’'A3KOM [JAHOTO PiBHAHHA.
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2.3. lMokasaru, mwo cnisBignowenns
yIny—x——S e’dt =0 (52)

0
¢ inTerpasioM piBHAIHHA

y(1+1ny)y" +y” = 2uye”. (83)
Posp a3auunsna [Hubepenuiroemo (52) asiui mo x:

(I +Ingy —1—e* =0, —y” +(1+Iny)y — 2 =0,
3BiAKH
y( +1ny)y" = 2xye” —y". (54)
[liacraBuswy (54) B piBnsnusn (53), Aicranemo, mo QyRkUis y =y (x),

HesABHO 3ajlaHa cnieBifHoweHusaM (52), neperBopioe piBuanus (53) y To-
TOXKHICTh.

2.4. 3naiiti Audepenliaibye piBHAHHS ABOMAapaMeTpHYHOI ciM’l Kia

(x—C)P+(y—Cyt=1. (65)
Posp si3annsa Cnissigsowenna (b5) AudepennioeMo ABiui
ne x:
x—C,+y—Cyy =0, (56)
1+y*+@—Coy" =0. (57)
3 (65) — (67) Buxaouaemo craai C; i C,. 3 (57) 3HaxomuMO
12
y—Cy=— 1 'Z,!y npu y" == 0. (58)
3 (66) micraemo
12y
x—C, = J-‘-‘tyi’-)_y_ X (59)

Bupasu (68), (59) nincrasasiemo B (55). Maemo

A A ¢ e 0
( y02 + y”2 = ]’

aéo
v =yt
2.5. llo6ynyBatu 3arajbHuii po3B’A30K DPiBHAHHA
y" = lnx (60)

y ¢opmi Kowi i 3yaiiTh 4aCTHHHUH po3B’A30K HbLOTO piBHAHHA, AKHI 3a-
JOBOJIbHSAE II0YaTKOBi YMOBH

y()=1, y =0 y(I)=—1. (61)
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Pos3B s3auusn Pisuauas suny (60) posrasuyro B m. 2, a).
3 (60) 32 zoNOMOro MOCTIZOBHOTO IHTErpYBAaHHSA 3HAXOLHMO
2

y" 7—‘2—— lnx—%ﬁ-cp

14

Y =% Inx— S5 +Cu+Cy (62)

x

y = Inx_g_‘;;.x4+clx2/2+czx +C,.

Craai Cy, C,, Cy 3nafiiemo i3 cucremy
4

xg xo 13 4
—5— C1 + %Ly + Cy = yo — - Inx, + 7 %05

3 3

, x; 5%,
x,Cy +C, =yo—T0 Inx, + 3é) )

2

" % %o
C,=yy— —Inx,+——, x%>0.

Maewmo:
x2 2
C, =gp— 5 Inx + x: ’
, 8 &
Ca=!/b‘—xoyo+—3ilnxo—T0’ (63)

2
, 0 .
Cs =yo‘—x0yo+7 yo——s_xglnxo_" 32 Xge
Tincrasupwe (63) B (62), aicranemo saraibuuil po3B’A30K PiBHAHHA

(60) y dopmi Kouis
. 2 2
y= -z Inx— 2]83815—!— ( xTolnxo-l——Z‘L)xz—l-
3 3

—{-(yo — X"+ —= lnxo——x@—)x—l-

2
X,
+ Yo — Folfy + =5 Uy — = #Inx, + 55 2 (64)

Toxnaemu B (64) Xo = Lyo=1,y,=0, Yo = —I1, aicranemo iwmy-
Kauuil yacTHHHUH p0313 130K

= 13 17
Y=g Inx— g — gt T 5t
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2.8. 3nafiTh 3arajgbuni po3p’30K piBHABHS

" =VT—=2 (65)

Posp ssanusn PiBaanna sury (65) posrasnyro B n. 2, a),
3 (65) BunauBae, mo x € [—I1, 1]. Beesemo napamerp f, noxaasiiy x =

=sinf, t¢ l———;—t-, —1251 Toni y” = | cos t| == cos £. Omxe, piBHSHHSA
(65) MoxHa 3ajlaTH B MapaMeTpuuHiil Gopmi:

x =sint, y” =cost. (66)

Ilpoinrerpyemo piBuauus (66). Maemo:

dy” = y"dx = cos® tdt, y" =—§,—(t+—é sin 2t + Cy);
y’=Sy”dx=—’—S t+-‘—sin2t+cl)costdt+£_
Yy = —Q—(tsmt—l-cost—-—cos“t—i-c sint + C,);
y=Sy'dx=S—;—(Ttsith-{—cos“t——s—cos‘t-;.

+—é—Clsin2t+02cost) dt 4+ S

Y -é—(—-%tcos.?t—k —‘:’,-t.‘-l—-%sin%-——1 sin4t —

96
_—}C,coth+c2smt+Ca) .
Tomy saranbaui poss’asox y hapamerpuuniét dopmi mae Burasg

y=——tcos2t+ 16 t+——sm2t-—w-sm4t

n
—CTICOSQt + Cysint 4+ C,;, x =sint, tE[-—J}T, Tl ,
ne €, C,, C3 — noBinbHi cradi.
2,7. 3uaiitH posp’s30K 3anaui Komi

a2

yr—=xt=1, (67)
y(0) =0, y 0)=1. (68)
Poss asaunnsa. Pienauus Bupy (67) posrsismyro B m. 2, a).

Beenemo napamerp f, nokaasmu x = sh £, t€R. Togi y*> = 1 + sh? ¢t =
=ch?*t, |y"| =cht.
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Posrasinemo piBHAHHA, 3azane B Takifi napamerpuunifl dopmi:
x=sht, y"=chi. (69)
3uaxolHMO 3HaueHHA ¢ == f,, Ake BianoBinae sHauenHwo x = (). Maemo
sht =0, l (¢ —et) =0, sBinku f{ = 0. Iurerpyemo piBuauna (69):

Y —-Sy”dx——S ch*t L+ C, ——S(l+ch2t)dt+cl=-
= t+4shot 4Gy, (70,

y=Syrdx=S(%tcht+Tsh 2tcht+Cycht |dt +C, =

= 4 tsht— - cht+ - ch®t + Cysht+C, (71)
IMigcrasaswun £ =0 B (70) i (71) i BpaXxoByIOUM [OYAaTKOBi yMO-
By (68), aicraemo: | =C;, 0 = — — 2 + —= 1 + C,, 3Bigku Cy = 1, C,=
|
- Towmy
y=gtsht——chtd—och¥tfsht+1, x=sht (72

— IyKauuf po3s’sa30k 3azaui Kowti (67), (68) B napameTpuquﬁ opmi.
Bupasumo ! 4yepes x:

—;-(e‘— ) =x, €% —2xe! —1=0,
8BillkH
e=x+VEFI1, t=Inx+VFFID), cht=VI+sh’i=
—VETT

[ligcraBuBluy ui 3nauensn B (72), Aictanemo fBHY 3aJeXHIiCTh pO3B’A3-
KY ¥ BiR x:

y;—xln(x—!—Vx?—l-l-——l/xL{—l—l— : V1) -l—x+—-—

2.8, 3uafiTy 3arajqbHUA pO3B’SI30K PiBHAHHA
n3

y© —2y" —x =0

Po38 s13auHnsa PiBasnas takoro BHIY pO3TJISHYTO B Il 2, a).
Brenemo napamerp ¢, nokiasmu y” = {, Toai x = £# — 2¢£. Maemo

dy’ =y"dx =t (3 — 2) dt = (3t — 2¢)dt,
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SBiIKH
P S(3t3_2t)dt+(;1 - —z-t“—-tﬁ—l—cl,

y_—;Sy'dx=5(—i—t4—-t2+C1)(3t2—-2)dt+C2==

9 g 2
g 1 = (—3—+C,)t3-201t+c,.

ToMy saranbuHil po3B’s130K Y napameTpHuHiil dopmi Mae BHIIsA

9 9 2
y= g 1= Bt (-3-+Cljt3—2clt+cz, x =1 — 9,

e Cy, C,, Cy — noBinbai crami.
2,9, 3uafitTn 3arajbHHH pO3B'A30K piBHSIHHA

=V 1+y” (73)
y Qopmi Ko,

Pose'sisaunug. llpaBa 4yactuHa piBHAHHA (73) — @yuKLin [ (x,
vy, y") = V1 + y™, BOHA HenepepBHA i Mae HeNepepBHi YacTuHHi
noxigui: fy=Ffy =0, fp=

¥
Vi+y? '

Tomy, BHACHKIZOK TeopeMmH icHYBauua i eAuHocTi, 3akava Kowmi aaa
piBHAHHA (73) 3 GyAb-SKHMH [OYATKOBHMH AaHHMH (Xo, Yo» Yo, Yo) Mae
€IHHHH pO3B'A30K.

PiBusuns BHAy (73) posrasinyto B 1. 2, 0).

Hexa# y” = u. Toni

. 7 : o du _du
u 14 u?, VH_ug-_dx, SVI——}-_u_* x+C,,

Ine+VI+d)=x+C, u+VI1F+at=2e",

3BiAKY
VIFu?=e" 0y, 1 4-u? =00 0™ o g2 (74)
u= —;— @6 — ™) " — sh(x + C)).
Is (74) 3a pomomorow moc/iZoBHOTO iHTErpyBaHHS 3HAXOIHUMO:

Y =ch(x+Cy)+C,y y=sh(x+Cy+ Cux+Cj,

ze Cy, Cy, Cy — noBinbhi cTadi.
Crani C,, C,, C; 3najiiemo i3 cHCTeMH

sh(xg+ Cp) 4+ Coxg +Cy =y,  ch(x, + Cy) + Cy =y
shixg+Cyp = ys.
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Maewmo!
C, = arcsh yg — x,,

C, =y, —ch(arcshy)) =y, — Vl +y"7,
Com=o— ), —V 1+ 4D %y —y

Tomy i
y =sh(x + arcsh yo — x,) +

F =V 1+ 8Dt vo— =V 1+ 5D x—y,

2.10. 3uafiTu 3araabHUU po3B’ﬂ30K piBHSIHHA

/// l/-l + y”2 = 0.

(75)

, PosaB f3awusn Pieuauus (75) He posp’ ﬂsaHe BiJHOCHO y”’
a.ﬂma qacmﬂa piBufnHa (75) — dyuxuis F (x, y, ¥', y", y”) = y"y" —

— [/] + y”, BoHa HemepepBHA i Mae HemepepBHi YaCTHHHI MOXiAHi:

//

Fy:Fy'—_"o; F y" — Vl+y”2 s Fy’”=y”-

Tomy, BHacnmigOK TeopeMH iCHYBaHHA 1 €IMHOCTI, 3ajaya Komi JJs
plBHHHHﬂ (75) 3 6yAb-AKHUMH NOYaTKOBHMH yMOBaMH BH}ly (%0, Yo» Yo, yo),

Yo 7 0, mae enununii pos3p’a30k. PyHkuis y raka, mwo y” = 0 He € po3B’s3-
KOM JiaHoro piBusHHA. PiBHAHHA (75) Ha/leXHTb [0 THITY, AKUl Gya0 po3-
rianyTo B 1. 2, 6). [Tokaasun y” = u, 3senemo piBusuuA (75) 1o BUrasgy

wu=V1+u,

3BiAKH

by —dy, VI+@ =x+Cy
y14+ut

B =x+C)—1, u==xV{Ex+CH—1.
B pesysbrari nocninosﬂoro iHTerpyBaHHs 3HaXOAUMO:

Vo= |5 @+C)VEF P —1—
~—1—1n|x+Cl+VOC—FT)2—-H)+C2,
y=+ +V{x+CH—1P — 4 (x+Cpln|x+C)+
+VEFCF =11+ 5 VEFC) —1)+Cr+Cy

ae C,, C;, C; — foBinbai cramai.

(76)
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3Hak «LIOC» BiANOBilde 3arajibHOMY poss’sasky mas obaacriy’ >0,
8HaK «Minyc» — Aasi obaacti y* << 0.
2,11, 3rnaiitu poss’s30k 3azaui Ko
4y"Vy=1, ‘ 7)
y0) =1 y (0)=—1. (78)
PosB a3aunsa Pisusunaa Buay (77) posrasmyro B m. 2, 8).
3 (77), Bpaxorywouu, wo y > 0, nicTaemo
p 1
= — . 79
Y 0 (79)

Momnoxumo (79) Ha iHTerpyBaibuuii MHOKHHK B =2y": 2y'y" =

. Y : 27 — Y
=5y 3pigku (') Vg
v’ =Vy-+C. (80)

Crany C; 3uaiiemo 3 nouaTkoBux ymos. [lincrasusu y (80) x = 0,
y 0 =1, y (0) = —I, nicranemo, wo C; = 0. Ockinbkn y' (0) =—1,

10 8 (80) BuIIMBaE, MO y = —y y. Toni
3
d d 4 -
4y_ = — dx, § 4{ =—x+C, 5y =—x+C. (8l
Yy vy ~
¥ paxosyloun nouarkoi ymoBu (78), 3 (81) xnicraemo C; = %. Tomy
4
3 \3
y=[1—Fx)

2.12, Hosectn, o piBasuns BuRy Y + Ay (x) g = f (x) X
X (""", ne m = const, samxau Moxe GyTH MpOiHTErpoBaHe B KBaj-

parypax.

Po3B’ f13aHdHuda. Bukonasumn saminy y"—Y = u, xicranemo (Bix-
HOCHO 4) iHTerpoBHe B KBalparypaX piBHaunHf Bepuyiui, saranbuuit
po3B’A30K fIKOro u = @ (x, C;). Jaa y maemo piBHAHHA iHTErpOBHOrO
THIY?

yol = g (x, Cy).

2.13. 3uafith saraibauii po3p’sn3ok pisuanua y” + 2xy” = 0.
Poss sszaans [lokiasmn y" = u, gicranemo (BigHocro ) Jai-
HifiHe oJHOpiAHe piBHAHHA MNepILOTC MOPALKY

u + 2xu =0,
sarajqbHHH Po3B’30K fKOro u = C,e—*. BHKOPHCTOBYIOUH 3aMiHy, 3Ha-
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XOLNMO
y =C, S x4+ Cyp y=0Cy S (i e*"’dx) dx + Cyx + Cs.
IpoinTerpyBasliy YacTHHamH, AiCTaHeMO
y=0C, (——;— e x S e“"’dx) +4 Cyx + C,,

ne Cy, C,, C3 — noBinwni crani.

2.14. Tpoinrerpysaru pisusnns y” -+ %' = exy’”.
; Posp s3annsg [lokrasuu y' = u, Ricranemo (BiAHOCHO u) piB-
. HsuHs Bepnysii

u' 4+ 2u = e*u?.

OueBnjiHo, MO OCTaHHE PiBHAHHA Mae po3B’szok ¢ = 0. [loginuemp
JiBy #i npaBy 4acTWHM Ha u® == 0 i noksaBwu u~' = 2, jAicranemo (Bix-
HOCHO 2) JinifiHe PiBHSHHS MEpLIOTO MOPSAKY

2 — 92 = —¢*,

saraJbHul PO3B’A30K SIKOTO Mae BUrAsAl z = e2% (C; + e—*). Bukopucro-
BYIOYH HaBEJeHY 3aMiHy, Maemo:
1
e+ Cpe¥* '

2

dx i c G
y S & I Cye* TG 2% & +1+Cle" + G
= —e*—Cix+ G, In|1 4 Cie*| + G,

ze Cy, C; — noBinbHi crani. Po3p’sizkom piBHAHHS € TAaKOX OYHKILif
y = C = const, u = 0.

2.15. [lpoinrerpyBary pisusinua y" — xy” + y” = 0.

Poss a3anusa PiBuauns we mictuTb Wwykanoi dyukuii ta Ii
noxinHoi (muB. 1. 3, a)). [lokaaswy y” = u, Ae 4 — HOBA IIYKaHa PYHK-
uist, nicranemo

u—xu +ut=0.

Bigokpemmoemo 3Minni npu u =40, u 5= —l. Maemo

du =£,S du :S—"xi-unc, c>0,

uu-1) x uu41)

Inju|—In|lu+1|=1nC|x|

S |=Cll iy - G
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Cx

3siach u=y" = 3a 1onoMOrol MOCaiLOBHOTO 1HTErpy-

1—Cix

BAaHHs 3HAXOIMMO:

y’=§ lC‘x dx 4 C, =—-—x—-——-ln|l—— Cyx |+ Cy,

y=__*2,i__07x1n|1 1x|+-———x—|— ln|1—— Cx| +

+ Cox + Cs,

ze Cy, Cy, C3 — moBiabni crani, C, = 0.

Posraguemo Bunagkn 4 = 0iu = —I. Axwo u = 0, 7oy = ax + b;
Ko 4 = —I, 1O

2
y=—1?— +cx +d,

ze a, b, ¢, d — npoBijabHi cTani. 3a AONOMOTOK [1iACTAHOBKH BIIEBHIOEMOCH
B TOMY, w0 Wi QyHKLT TaKOXK € po3B’sI3KaMH NAHOTO piBHSHHA.

2.16. 3uaiitn poss’asok 3agaui Kowi 2yy” + y” + y* =0, y (0) =
=1, y’ (0) = 2, BNEBHHUBLIHCb CHOYATKY, IO WIYKAHUH pO3B’A30K iCHYE
i enuuui.

Po3B f3anuf 3anuiuemo Jave piBHAHHA y BUTJIAAI

’ I4
ne._ Y Ty )
[lpaBa  wacTtuHa  piBHAHHA (82) — PpyHKuif Fey y) =
12 4
—-—‘L/——;—gi—— , BOHa HenepepBHAa i Mae HefepepBHi 4acTHHHi noxiaui
A SIS i
14 QL/“ ’ Yy y

B okoJi Touxn (0; 1; 2

Tomy, 3rigHo 3 Teopemoio iCHYBaHHA i €AHHOCT, WyKauu# po3B’A30K
icaye i epuuuit. Jane piBusinHn ABHO HE MICTHTHL He3ajexkHOl 3miHHOI X
(auB. n. 3, 6)). Hexaft y’ = p, ne p = p (y) — HoBa neBifoma dyuxruisn,
Toxi sizmocHo p = p (y) aicranemo piBHAHNA

2yp o +p* + pt =0, (83)
das wykanoro poss’sisky p==0, y 0. Tomy 3 (83), BiZokpewm-
motoud 3MiHHi, AictaneMo — —F‘:—_g_% —-—--%y- , 3BIAKH
2 4]
InZEL ~inCly, C>0,
2]
p; W Ci5=0.
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Crany C, 3unaiizemo, BHKODHCTOBYIOYH no4aTKoBi ymoBH. OcCKibku

g0y =1, 5 (0) =p(l)=2>0,
I

= . 3ridHo i3 3a-
VT-"“’

5
To 3 (84) BunauBae, mo C; = p=

MiHOIO, MAEMO
dy

dc l/—y-l s '/%y-——ld'y=dx,

8 (5 <
& (T =17 =2 +C (85)
3 (85), BpaxoByiouH modYaTkoBi ymoBy, 3na#izemo: C, = T3 . Temy

1 L 4
y=—45(15x+1)3 +—+.

2.17. [lpointerpysaru pisasinna yy" —y”> = y? In y B obaacti y >
>0 4y >0.

Posp 73anH4d. PiBEAHHA %BHO He MICTHTL He3a/exXHO! 3MiHHOI
x (auB. 0. 3, 6)). [Noknasmn y* = p, ne p = p (y) — HORa HeBifoMa PYHK-
Hisi, AicTaHemo

dp
yp g — P =y’ Iny. (86)
Homuoxumo (86) ua %:

2 , 2
op 4P dt/ — P =2ylny, abo (p*) — —-p* =2y Iny.

Lle ninifine neoaxopinue piBHAHHSA NepIIOro NOPsiAKY BifiHOCHO $YHK-
il p?. 3arajbHUA PO3B’AI30K LbOrO PiBHSAHHA MAE BUIVIRLA

2
p? = ebdy (C, + 3 2y In ye~S Y ydy),

seinkn p? = y? (Cy, + In*y). Ockinbkn y >0, p>0, T0 p =
=y V' C; + In?y. B pesy.ibTari 3aMinn maemo:

4y VT T nty dy =
a —vVCFIY, e =,
In|lny 4- V' C, FInfy|=x+ InC, C>0;
Iny +VC, FInfy=Cp, C,50. (87
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3BijJIcH 3HAXOOUMO:
C, + In?y = Che™ — 2C,¢" Iny + In?y,

CgeZ“-C‘1
C2€2x — C -
2 1
Iny=—r——, y=e 2% -
2Cqe

2.18. [lpoiuterpysaru piBaauns x2yy" — (y — xy')? = 0.

Po3B f3auHy4a. JliBa yacTuna piBEsIHHA — OAHOPiAna dyHKUis
8iJAHOCHO 3MiHHMX Y, ¥', " 3 NIOKa3HUKOM OAHOpiAHOCTI 2 (IMB. 1. 3, B))
F (x’ ;»ty’ )bty,, ;"ty”) —
=Wy — G — w1 =VF(x, 9.4, y").

Bukonaemo saminy y' = yu, y" =y (u® + u’), e u —uoBa wneBizoma
o¢yukuia. Toai
22 (@2 ') — (§ — xgu) =0, §* (& (4 + ') ~— (1 — xu)®) =0.
®yukiin y = 0 € po3p’sskoM safanoro piBHAHHA. [IpH y = 0 maemo
22ut 4 2%’ — | 4 2xu — x%u® =0,
aBiaku wia ¢yukuii 4 gicraemo niHifiHe HeoAHOpiAHE PIBHAHHA HepLIOro
HOPSAKY:

1
u,+ u=—x§'.

3aranpuaufi po3B’sI30K WLbOTO piBHAHHAS
2

- ld —dx
P e N SRS W I SV
YpaxoByemo saminy y' = yu:

udx

y= CaeS ’
C , 1 c,
=+t ~5
y=02eg(" ")x= e
Posp’sisok y = 0 maemo npu C, = 0.
2,19, [lpoinrerpysaru piBusinug xty” - (xy —y)3 =

Poss asauusa Hexait F(x, y, ¢y, y") = x*y" -{—(xy —yp.
Toxi

F (ktx, xkty’ A'(k—l)tyr’ k(k—?)y”) — A‘#t}»(k—?)txq,yv 4+ ()"fxx(k—l)tyl _ }\‘kty)il =
— AR AR gy’ — P =AF (x, g i ") k=1,

3BiJIKH BHILIHBaE, O JaHe PiBHAHHA € ysaranbﬂeﬁo-onﬂopmﬂum (m =23,
k = 1). Bukonaemo saminy x = e, y = ue!, Toai y' = u' + 4, y" =
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= (u" - ') e~t. 3Bigcu
et (u +u e 4 (et (0 +u) —uet)® =0, 4" +u +u?=0.
Ile piBHAHHA siBHO He MicTHTb He3aJsexHoi aMminHol £. [Tok.ajne-

Mo u' =plu), u =P‘;—Z. Toxi pZ—Z +p 4 p* =0, sBinku ‘;—Z =
= — ] —p? a6o p =0. 3 piBHsAHHA p =0 BuniuBae u' =0, u =C,
abo y =Cx. 3 piBuanug %—— = — 1 — p® maeMo
—l_i,_’i—z— = —du, arctgp=C,—u, p=+tg(C,—u).
p .
Tomy

u =1g(C, —u), ctg(C,—u)du =dt,
Sctg(Cl—u)du =t—InC, C>0,

In|sin(u-—Cy)| = —¢+ InC,
sin(u — C,) = Cpe~t, C,5=0,
u = C, +arcsin Cpe.

. 1
YpaxoByiouu 3aMiny y = ux, e~ =

~» 3HAXOIHMO:

y =x(C1 -+ arcsin —Cf—]

Posp’s130k y = Cx maemo npu C, =0, C; = C,

2.20, [pointerpysarn pisnsuns yy" —y” =y’

Poss Aa3annsg OueBuisnM DO3B'%3KOM piBHAHHA € PyHKUis
y = 0. PosaisumMo niBy # npaBy YacTHHH PiBHAHHA Ha y2 == 01

vy —y”
y2

g
e
3BifKH

, yi ’ l r 0 yl l )r

e —] =0, a6o [ +—| =0.

( Yy ) +( y) ( Yy + y

Ormxe, NaHe pIBHSHEA 3Bel€HO A0 PIBHAHHA B TOYHHX NOXiAHHMX (AHB

n. 3, n)). Maemo L. + LI Cy, y' —Cyy = —1, 3Bigku npu C, =0
y = —x -+ C. Ilpu C, = 0 gicraemo Jainifine Heoxnopinne piBHAHHA Nep-
1IOT0 NOPAAKY, 3araibHHH PO3B’30K SIKOTO

y = eCt‘(C,—— Se—clxdx) - C,eC‘x + %: , C,=+0.
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2.21, 3ualiTu po3s’sa3ok 3anaui Kouri
xy' —y —xyy" =0, y(1) =0, y (1) =2

Poss sa3aHHsda PosninuBmn By i npaBy 4acTHHH piBHAHHSA
Ha x* == 0, 3BenemMo Horo [0 piBHAHHS B TOYHUX MOXIJHHX:

=Yy 0, (L__Lyz)';_o,

x2 - ¥ 2
3BiAKH .
¥ !
= — =G
- 2 !
Crany C, snaiiiemo 3 nouatkoBux ymoB. Maemo: C; = ——5 X
% 02 = 2. Togi
_i’____l_z dy  y*4-4 dy 1
T T, = g =X,
1 2 Y y 1 .o
grarctgy = 1+ G, arctg o =522+ G
0 1 1 Y
3naxommmo: Gy = arctg 5 — 5 = — 5. Tomy arctg - =
1, 1
=g X7
Orxe, po3s’'si3koM 3anadi Kowi e pyHkuUia
x2— 1
y=2tg——.

2.22. loBectu, mwo ¢yHkuia § (x) = ox? -+ a,x + oy (a1,3 oy, g —
. . . 3 p——
NOBiJbHI cTaki) € 0co6JMBHM pO3B’'SI3KOM piBHsAHHS Y'Y =—2~1/y’”.

: Vv
Poap sisdannsna Ockinbku & (x) =&Y (x) =0, 10 & (x) npu
GyAb-SKUX Gy, Oy, g € POSB’ASKOM AAHOTO PiBHAHHA 3HalIEMO 3araib-
Hui poss’s130K. [loknasuin ¥y = u, npu u == 0 aicranemo
1

1
’ 3 -y e
W= u®, W Sdu—-pdx,
3BiJKH

3 5

b=y =0T, ¥ = 0T 6,

7
Y = (x+C)? +Cox + G,

9
Y= s o+ C)7 + oGy + Cyr + Cy.
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3 piBusinun u = y” = 0 maemo y = § (x). [lokaxkemo, mo 3anaua
Kowi aas gaHoro piBHAHHA 3 NOYAaTKOBHMH YMOBAMH Y (X,) = & (x,),
Y (%) = & (x%0), " (x0) = E" (x0), ¥” (x0) = £” (xo) = 0, kpiM po3p’sia-
Ky y = & (x), mae we oaun. Has Busnaveuns C,, Cp, C3, C, Maemo cHcre-
My:

9
U 1

315 (xg +Cp)? + Ty szg + Caxg +Ca = § (%),

= (% 4 €)' + Coxy + Cy =& (xy),
‘2— (%o + 61)5/2 + C, =8 (),

(%o + Cl)aﬂ =87 (%) =0
3Biack

Cl=—x, Co=8(x), Cs=~8 (xp)—Caxy
Ci =L (xp) — o Coxd — Cio.

Tomy § (x) € ocobauBum po3B’ I3KOM NaHOrO PiBHSHHA.
p

2.2. 3aranuHi BNacTMBOCTI NiHiiHKX AucepeHlianbHMX piBHAHb

Jinidnum Oudepenyiarvius PiBHARHAM n-20 NOpAdKy Ha3HBaeTbes PiBHAHHA BHIY
G @y +a @y 4+ e, Y Fa@y=F®, ()

ne (byHKuu ao (%), a; (x), ..., a, (x) Hemepepsui Ha inteppani [ = (a, b), npHuOMYy @, (x) =
»0,vx €1,
e (xy
fonimuewa (1) #a a, (x) %0 i nossauusuy A, (¥) = ,i=1, ..., n,

gy (x)
F(x) ; I . .
f(x)= g (X) AicraneMo ninifHe udepenuiannpne PiBHAHHA N-TO HOPAAKY B Ka-
0

HOHEURIU hopmi:
g a0 TV b e b 0 Y )y =T (). @

ko f (x) = 0 npu x € I, T0 (2) Ha3UBAETBCSA AIHILHUM HEOOHODIOHUM PIGHAHKAM.
SIkmo [ {x) == O apm x € /, 10 piBHsHHS (2) HasHUBaeThes AiKitHUM 00HOPiOKUM. T1pH 1bO-
My piBHSIHHS
Y0 ) g e R (DY R () y =0

WBIUBAETHCS AIHILIHUM 0OHOPIOHUM DIBHAHHAM, AKe 8i0N08IJAs HEOOHOPIOHOMY PIBHANHIO
(2). Jlinifine opnopinne piBHSHHA 3aBX M Ma€e po3B a30k y == 0, IKUH Ha3HBAETbCA MpU-
siaionum. 3anucaBuk piBusiHHA (2) y BuraAAi

n
== Y@ =0, 08, 8T, @)
{=1
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3asHauumo, wo ¢yukuis @ HelepepBna pasoM 3i cBOIMH  4YaCTHHHHMH  OOXignuMu
0;(,,__. = —hy(x),i==1, ...,n,upux € [, Bl = [ i6yas-axnxy, ¢, ..., V. Tomy
npaBa yacTHHa piBnauna (3) 3a70BoabHsE YMOBH Teopemy icHyBanns Ta eguuocti. Bifble
TOTO, HOBEZEHO, WO AN OyNb-AKOT TOUKH Xy € / i OyAp-fIKHX NOYATKOBHX SHEYEHL Y,
y('), ey y{(')‘*‘; po3s’szok 3anaui Kowi nnsa pisnanna (2) icuye i enwnnii va BCbOMY inTep-

Bani I menepepsrocri xoedinientip piBnsnus.
Jlinifine nudepennianbne pisHannsg (2) Moxna sanucath y Burasal L (y) = [ (x),
fe L — ninifinnit nudepernianbiuii onepaTop n-ro NOpsaaxy

L=y® +m @)™V o b, 0y +hy (%),

BH3HaueHUI Ha MHOXHHI n pasiB HemepepBHO mudepeHiifioBHUX QYHKUIH,

2.23. Hano pisuauns y" + by (x) ¥y’ -+ hy (x) y = [ (x). Tpeba:

a) BUKOHATH 3aMiHy He3a/eXHoi 3MiHHOi 3a dopmyiaoilo x = X (f),
(t€(a, B)y x€ 1 = (a, b), ne x (f) — noBinbHa ABiui HemepepBHO Aude-
peHuifioBna ¢yHKUis Taka, mwo £’ (¢f) s« 0 npu £ € (a, P);

6) nini6paTu Taky 3aminy HesajexHo! aMiHHOI, 06 y NepeTBOpeHo-
My pisnsnni 6yB BiAcyTHI# ynen 3 noxinnoto —‘%—.

Posp s3anna a) Bupasumo moxizni y no x uepes moximai y
nio HoBifi Hesamexuili sminuifi {. Maemo:

Ay _dy i dy | ]
dc — di dx ~ di T X
dy __d (ﬂ L __d_(_d_y_. L S S
dxr ~ dx \Tdt T Y } @ Car Y (t)) % ()
_ &y 1 X0 | dy
de? x2 (1) 2 (1) di
[li Bupasu mizcraBafeMo B 3ajaHe PIBHSHH:
d*y 1 x'(1) dy dy 1 _
dtﬁ : x;2 (t) - xlS (l) dt +h1 (x (t))a_ N xl (t} + h2 (x (t))y .—'f(x)'
a6o

ay (1) T + o, () 2L 0, () y = F (0,

ne
F) =F= @),
G () =—z——> @) =h (c(0) g ——ae—s ay () =y (x ().

oy 3 (0)

Orxe, 3amiHol0 X = x (f) 3BoAuMO aiHiline piBHsIHHA TexX Jo NiHifHo-
ro, NpHYOMY SAKIIO 3afaHe PIBHAHHA € OAHODIAHHM, TO NEPETBOPEHE pis-
HAHHA Gylde TaKoXK OJHOPiZHHM.
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6) dyukuiro x (f) suaiigemo 8 ymoBu a; (f) = 0. Toai
h (%) U X
@) 48 ) =0, P by (x).

Ocranue plBHﬂHHH SIBHO He MlCTHTb HesaJsiexHol 3minHoi ¢. Bukopuc-
TOBYIOUH saMmy X=p (x), x" = p'p, Aicraemo

= hl (x), T = hl (JC) dx, p = CleSh,(x)dx’

p2
— _Ch(x)dx
Sht(X)dxdx C dt Clt + C2 — S p; S 1 d)C»
Orike, WyKaHa 3aMina He3aJexHo! aMiHHOI Mae BHUIVIsAA
__Chy(x)dx
t = Se §4 9% 4,

Cl =1, 02 =0.

2.24, 3a jonoMoroio 3aMinH He3aJeXKHO! 3MigHOI no36GaBHTHCH UJIEHA
8 NEpLICIO MOXiZHOK B piBHAHHAX:

8y —y +ery =0
6) y* +—y +(l—— )y-_O v=const=0, x>0.

Poas s3aunnsa Ckopucraemocs pesy.nb'raTOM 3agaui 2.23:
a) hy (x) = —I, hy (x) = e2*. BHKOHAEMO 3aMiHY He3aJIexHOI 3MiHHOI:

t = S eV e o x —1Int.

Toni piBusanHa Habupae Burasny

oo (1) S +a,(t) y =0,

Ae
1
ay (t) = W:'tz’ ay (f) =e2lnt =12,
100TO
dtz +y=
.v2

6) hy (%) = 5 » (%) =
sminHol:

— = . Buronaemo saminy Hesasexuol

1
——dx — dx
tmge ) dx:Se Xy = — =Inx, x=e.
Snafilemo KoedinieHTH mepeTBOPEHOro PIBHAHHA:

a () =

I -
el e, a,(l) = l—‘vﬁe—‘”.
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Omxe, piBHAHHA Mae BUIJIAL

dt2 + (e2t v )y = O'
2.25. JoBecTn, mo KoJau Jinifine oJHOpiiHE DiBHSIHHS n-TO NOPSAKY

Ly) =y™ +h (x)grD 4 o Fha (Y +h(x)y =0,
hn (%) 0,

MOXKHA 3BeCTH 32 LOMOMOIOI0 3aMiHHM He3alexHOi aMminpol

t =1 (x),

rex €l = b), tE (o, B), P (x) — HEernepepBHO Audepennifiosna n pa-
3iB ¢yHkuia i ¢’ (x) 5= 0 npu x € /, Ko AinifiHOro OAHOpPiAHOrO PiBHAHHS
3i craauMu KoedillieHTaMH, TO Heoﬁxumo 1106

b (0 = | VEh, (1) d,
ae k = const 4 0.
Posp a3annsna Posrasuemo BHIIAJOK, KoM n = 2. Y piBusiuui
y" -+ h (x)y" + hy (x) y = 0 Bukonaemo 3aminy ¢ = (x). Toni, 3ria-
HO 3 pe3yJibTaTtoMm 3agaqi 2.23, lIiCTaHeMO piBHSHHA

W 0P SL o ) G L)y =0, t=1p().

PosninnBun o6uaBi yacrunu na [y’ (x)12 %= 0, aicranemo

d2y a(t) _dy _hy ()
T wr @ T wr

3a yMOBOIO OCTaHHE PiBHsiHHS € PIBHAHHAM 31 cTajJuMu KoedilieHTramu.
Tomy, 3oxpema,

y=0.

v OF C = const 540,
3BiKH

V(0 =V @, W = VER, 0 dx, k=

2.26. ¥ piBusinai x%y” —O9x%" 4 3xy’ —4y = 51In x 4 In* x Buko-
HaTH 3aminy 3sMiHHOT Tak, mo6 koebilieHTH NEpeTBOPEHOre PiBHARHS
OyJd CTaAuMH.

Po3p s13aynsg 3anumeMo JaHe pPiBHAHHS B KAaHOHIYHOMY BH-
TIASA

Py ey — ey =R ks,

x3 x3
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3 po3p’asanus 3afdaui 2.25 BunnmBae, mo dyHkuio ! = P (x) TpeGa
IykaTh y BHIAAAL

s ST
t=\p(x)=gl/ k(~~§3—)dx=—1/3 i 1Inx -+ C.
Hexain C = 0, k=——%. Toni t=Inx, x=e¢

8HaxoaNMO:

r_4dy __ dy e dy ,_,
Y =g =7 " ax T ar ¢

o d¥y d {dy . d¥ o dy oy
V=g —‘dx(dte | =@ e+ g ()=
Py dy
T dt)

"o dady _ d dy dy —9¢
V' =G5 =& ((dt2 - dt)e )

3 2
= Ly 30l o4y )e—f".

des di®
Ili Bupasu mifcraBMMO y 3afaHe DiBHAHHA:

dsy d%y )—'%t t( dy \ ot
(dtS"‘ dt2+2dze 9 | — ) e +

+ 3et-ﬁe*t——4y=5t+t2,

a6o
Sy 190l 14l gyt
2.27. llaHo piBHSAHHA
L=y +h@y*D+ - + A0y +h, (0)y=F(x).

Tpeba:
a) BUKOHAaTH 3aMiHy HeBiflomol ®YHKUII 32 dopmynol y = p (x) v -

-+ q (%), Be p (x), q (x) — HemepepBHO LudepeHUiHOBHI n pasiB Ha [ =
= (a, b) Oyuguii i p (x) %0 npH X € I, v — HOBa 1HyKaHa PyHKLis;
0) mmépam qt)ymmu p (x) ig (x) TaK, U006 NepeTBopeHe piBHAHHA
OyJo JiHiAHHM | OAHOPIAHUM i He MICTHJO ujeHa 3 v(n—D;
B) 3’dCyBaTH, sKOIO NMOBHHHA OyTH QyHKUiA p (X), m;oé nepeTBopeHe
PIBHSAHHA JOMNYCKAJO 3HWKEHHA IOPFAKY HA OAMHHMLIO.
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Poss asanusa a) 3a opmynoio Jlehbuina maemo

kR
g =3 Chp D W+ g 0, k=12 ...,

=

[tigcraBnsemo Uell BHpa3 y AaHe pIBHSAHHS:

n . n—1 ) . .

go Cip™™=9 4 4 4 p, (iz_.o Ch_pPyf1=0 + qm—n) e
+haoi (pv +p'v+q) +h, (po+g) =T

3BiBLUIM NOAI6HI uJeHH, AictraHeMo JiHifiHe HeoHOpifHe pIiBHAHHA
n-ro NOpsAKY BiAHOCHO (yHKUil v:

v+ qo=h 4 ool 4 an v’ +a,v = F (%),
Je
i
a;=a;(x) = X CiZihpVUp, hy=1,
=0

F ()= [f(0—L (gl )

3okpema, -

, | 5
@ () = 5 (0" +1ap), a0 () = 5 2 upt= = — L (p).
6) ®ynxnii p (x), g (x) Bubepemo 3 ymoB a; (x) = 0, F (x) = 0. Ma-
eMo
1 ' '
a, (x) = ) (np’ +hyp) =0, np" +hyp =0,

8BlAkH micasA BifOKpeMEHHA 3MiHHHX

ae C = 0 — noinbHa crana. Ockinbku F (x) = 0, To
— (=L@ =0, L()=F().

Orxe, wykana QyuKLis p = p (x) BU3HAYAETLCH OJHO3HAYHO 3 TOYU-
HICTIO IO CTAJIOrO MHOXKHHKA, & Hepersopene piBHAHHA OyZAe OXHOPiRHUM,
KO QYHKIIA ¢ = ¢ (X) € 6YAb-AKHM YaCTHHHHM pO3B’fI3KOM piBHAHHA
Ly =Tf).

B) IleperBopéHe piBHAHHA JONYyCKAae 3HMMKEHHS HA OJHHHUIIO, SKIIO
a, (x) = % L (p) =0, To610 sKWIO p = p (X¥) — HETpUBiasbHUH pPO3B’f-
80K oAHopixuoro piBusuus L (y) = 0. [Ipn upomy sa nonomorow 3amind

162



y=p (x)S u (x)dx (¥ = u — HoBa ueBinoMa (QYHKUIA) 3HUKYEMO No-
pPAJOK 3a/laHOro pIBHAHHA HA OAHHHIUO.
2.28. 3aminoio ueBigomol Qyukuii ¥y = pu piBuauua y” 4 Ay (x) y' +
~F hy (x) y = 0 3Bectu 10 piBHAHHA & + a, (x) u = 0.
Po3B'a3aHHusa._ 3rigao 3 pesyabratom 3anaui 2.27, ¢pyHkuiio p
BHOUPAEMO TaK:

1
- f hy(x)dx

p=_Ce , C = const==0.

KoebilieHt a, (x) piBEsiHERA BU3HaYaeTbes 3a Gopmydion (4) npuj = 2,
n=2

1
1 T _(‘ hy(x)dx

1
4G () =4 e T hees

1
—+ { Auax

Y +Chyle )+

i
+ Chze— TS h,(x)dx) = % h% —_— % hi - —;— h? -+ hz'
Orxe,
1
4

2.29. Bupaz Q(x) = hy(x) — —i— B (x) — -%— hi(x) HasuBaeTbca iB-

BapianToM piBHAHHA

8y () = hy (x) — =4 B} (x) —5-hi1 ()

Y'+h () Yy + hy(x)y =0. (5)

JloBectu, mo ymoBa piBrocti inBapiantiB ABOX piBusinb Buiy (B) e

HeoOXifHOIO H JAOCTaTHLOW /51 TOTO, o0 OAHE 3 HHX NEePeTBOPOBAJIOCH
B Jipyre 3a JONOMOTOI0 3aMinH HeBiloMol QyHKLiT

y=pxu (6)
Poss’ a3anua Kpim piBasuasa (5), posraanemo piBHsiHHA
¥ @)y 4Ry 0y =0. ™

InBapiantom piBasnna (7) e oyuxuis Q (x) = Ay (%) ——é—'ﬁf (x) —

Vo5 . .
"'Th‘ (x). [Ipunycrumo, mo piBasuua (5) 3a gomoMorow saminu

y=py (8)
nepersopioerbest B piBuAHHA (7). PiBuanua (7) 8a monomoroio saminu
- —Tl§5<x)dx
y = Ce v, C = consti==0, )
(AuB. sagauy 2.28) neperBopiOETbCA B piBHSIHHA
v +Qx)v=0. (10)
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Orxe, piBuanus (5) nepersopeno B piBranua (10) 3a xonomoroio 3a-
MiHH

— 2 (Rumdr
y = pe 7§ v. (1

3a3nauumo, mo pisuauus (5) sa gomomoroio 3aminu uny (11) exnnum
YHHOM MOXHa meperBopuTd fo BuAy (10) (mus. sanaui 2.27 i 2.28). Ilpu
LHbOMY

1 ey 1 1 o=
—— { B,dx —— { h,dx — { (hy—hydx
2 ) 2 J 2 !
pe { = Ce ! » p=2=Ce f ,

ae C =consts£0 i
Q(x) = by (1) — - K2 (1) — = hi () = Q ().

[Mpunycrumo, uio ineapianru piBuanb (B) i (7) piBais

Q(x) = Q (»). (12)

[Nokaxemo, Ul0 NpH BUKOHAHHi ymoBH (12) piBuaHHA (D) Mome 6yTH
fiepeTBOpeHe B piBHAHHS (7) 32 AONOMOroOK 3aMiHu

1 -
— \ (—hpax__ -
y=e’ | y=py.
CnpaBai, KoedillienTH uepeTBOpEHOro piBHSHHA g +a )y +
+ @, (x) y = 0 Bu3navaoTecst 3a opmynamu (4):

l -
= S‘ (hy—hy)dx Vdx

i -
a;(x) = —,l,- (20" +hp)=e (R, — hy) + By) e—g-jm,-ﬁ _
= ﬁl (X),

1 -
5 S‘ (By—hy)dx (

a, (x) = —:' (P" +hp' + hop) = e "21" (711 —h)?+

2) e';_ S‘ (h—hydx _

1 5 . -
+ 5 (B — B 4y (g — hy) + B
~hy— B b+ B+ F =

= Q) — Q) + hy (1) = ks (x).
2.30. lNokasaru, w0 piBHAHHA

n a . —
Y +Wy—0, o = const 550,
. .. dx
3a jgonomoreto nigcraHosku JIiyBiiasA y = p(x)v, (= SW Moxe
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6yTH 3BejleHe O TaKoro Bnrmmy'
dtz + @+ P pYv=0
Po3p 73audusa Crnouarky BHKOHaeMo 3aMiHy HeBinomol dyHKuii:
y=po+pv, y'=p'v + 2p’v’ + pv”
p'v+ 20’0 -{—po”—{— v =0, v -2 v—}—( +-ﬁ-)v=0.

pt
#llepeitaemo Temep 0 HOBOi He3asexHOl aMiHHOI 3a (opMyaamu
S dx . 1
b=\ oty b=
Maemo:
v/_dv . dU't,_ﬂ_ 1
T dx T dt = i pE(x) ’
0" d  d (dv . 1 )_ dv 1 v 2p’
T Tdx? T dx | dt pi(x) ' de pr(x) ~ " dt ®(x)

[lincraBuBiy ui Bupasu B Aaue piBHSAHHA, AICTAHEMO

d*v 1 do 2p' 2p' dov o _
T @ e b g e ee=o

8BijKH
r d? .
d_tzz’ +@+p,pH)v=0

2.31. 3acrocyBaru nixcranoBky JliyBisuis 10 piBHsHHS y” + e¥y ==
= 0.

Posp fi3aund. 3rifHo 3 mnosHaueHHAMH 3anaui 2.30, maemo

1
px)=e 2 * t=§ d_’i = ge”dx = ¢*. TliacranoBka JliyBimng y =
€
— ——l/2x

= Vt — U, t=2¢" 3BOJHTL JaHe plBHHHHﬂ A0 BHIVIALY

42 "
i U+ pLpY v =0.

1
y.paxoByroqn, MO Pry = %e——?'x = % 71_?—’ pP=e T = t;l/t ,
hAicTaemo
S+ 4””’0‘
2.32. JoBecry, 1o 3a IONOMOrOI0 3aMinu HeBizomoi dyHKiil
v =g, u=-L, (13)
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Ainifine ofHopinHe piBHAHHA N-TO TOPAAKY
@y T W T+ e+ b DY+ R (D =0
n>l1,
moxke GyTH nepeTBopeHe B Heninifine piBHAHHA (n — 1)-TO MopAxKy BUAY

a4 by () u A+ e By g () u

n—2
+ 20 hi(yur=t4-h, () +Flx, u, o'y ..., D) =0 — piBannHA
Ei#nepa — Pikkari, (14)

nehy(x) =1, afx u, o, .., w3 — pgeniuifina Pyuxuis, axa sane-

WHTb Bif X, ¢ i noXiauux « no (n — 2)-ro nopsaxy.
Posg a3aunna [loxigui 9, { = 2,3, ..., n, 06UHCIHMO, 3aCTO-
coByloun opmyay Jlefibuina:
i—1

YO = () = (g0 = 3 CEy T u®, (15)
)
3 (15) mpu { == 2, 3 BiznoBinHO MaeMo:
y” =yu+yu =yu+u),
" =y"u+ 2y’u’ +yu” =y U 4 u')u+ 2yuu’ +

4 oyu” =y (14 3uu’ + u"). (16)

3acrocoByOUH METOX MaremMaTHYHO! iHAy«xuii, nokaxeMmo, MO NOXiAHA
y®, i =3, ..., n, Bupaxaersca QopmyJoio

g9 =y (' +u=0 4 ), (i7)

ne f; — ueninifina dyukuis, gka 3anexurb Bil u i noxizuux u 10 (§ — 2)-
ro nopsaiky BkAW4HO. CnpasefauBicts gopmyan (17) npu i = 3 BUNIU-
Bae 3 (16). Ipunycrumo, mo ¢opmyna (17) cnpaseanusa npu Beix 3 <
<K i< m<n,inoseiemo il cnipapeManBicTb npu { = m. 3 (15), Bpaxo-
BYIOUM MpHUNyineHHs iuAykuii, Maemo

m—1

Z Ck_ (m-—»l—k) &) _ Z Ck_ (m—l-—k)u(k) + Cmm:?y”u(m—:i) 'l"

m—4

+ Cl,’,’:f (m—2) + Cm" ly u(m—l) z C,.’:, » y m-]—k + u(m-—2~k) +

+ Fn1—g) u® 4 CRTly (W + o) u"”‘a’ + Caliyuu™? 4
+ m:{yu(m )] - y[(um 1+ u(m—-?) +fm—1)u+ C}n—l (um—'z +u(m-~3)+
+ et e ORI A u” ) T T (B
+ o) um=9 - Cﬁ‘fuu"" B ] P VAT I N N
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ne
m—4

f (u(m~2) +fm—-l)u+ 2 C,’;z_.] (um-l—k+ u(m—?—k.) +f(m-—l—k)u )+

- —_ 2 —2,
+CR3 (W uy ™ - e P

— Heninifina gyuxuin, AKa sajexudrb BiJ 4 i noxifHux u go (m — 2)-ro
nopaaky Popmyay (17) noseneso.

Tligcrasusu (13), (16), (17) y sagaHe piBHAHHA | CKOPOTHUBUIM Ha
4y = 0, gicranemo (BinHocHo ) piBuAHHsi (n — 1)-To MOPAAKY BHAY

6 "R )@ AP f) e
+ hoo (x) (W® F-4) + hny () u +- R, (x) =0,
abo micaa rpynyBaHHA 4ieH{B

a0 4 by () uD 4 oo A oy () u+

n—2
D a4 h, () Flx, u, Wy o, D) =0
i=0

n—3

e hy(xy=1, f(x, u, u', ..., 0" =f + 2 hi (%) fr—y — HENiHiH-

Ha QyHKIf, AKa SaJ€KHTb Bill X, u | MOXiTHKX u 110 (n — 2)-ro nopsanky,
T06T0 piBHAHHA BULY (l4).

2.33. 3aCTocyBaBLun 3aminy ¥y’ = yu, (10Ka3aTH, o JdidiliHe onHOpiA-
He pIBHHHHﬂ 3i cranumu Koedinientamu y” + aiy’ + ay = 0, ay, a4 =
= const, iHTerpyerecs B KBagparypax. 3HaliTH 3araibHuli PO3B’A30K
piBHﬂHHﬂ y +2 +y=0.

Po3s’ n3auas Buacaizok saminu y' =yu, y" =y W + u')
BiJIHOCHO HOBOI wiykaHoi ¢yukuii xicrauemo pipusinna Efinepa — Pikkari
u* +u' + au + a, = 0, ske ¢ piBHAHHAM 3 BiIOKPEMJIOBAHUMH 3MiH-
#nmu. s nanoro piBusuus a, = 2, a, = 1.

Binokpemiioemo 3minni:

’ d
W=—W+1)? prm=—dn usk—l
! 1 | 1
B - CE oy A
1 Cix—1 o :
ut1 — ¢ Cix—1
(po3B’si30k 4 = —I| maemo npu C; = 0).
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YpaxyBaBliH 3aMiHy, 3HAXOIAHMO:

’ Ci 1
vy = C;x — 1 Y
c’
Hzr— 1) '
. x— s niC! x—1t
y = Cse ! =Ce VT = Ce—rx + Cpe=,

nge Cy, C, — noBinbri craji.

2.3. NivilHi opHopinni piBHAHHA

1. Ocnosri nonsvra. Jliniftue ognopinne piBHARES Mae BHIISA

L=y +h @y + i b, 0y +h(x)y=0, ()
ge $yHkuii h, (x) senepepsui na /== (a, b), i=1, 2, ..., n.
Ocnosni eaacmugocmi pose’asxie pienanna (1)
1% Trwo v1, Yo, eey Ym — D038 23x1 pienanna (1), mo 1 Gydv-axa AHIGHO KOMOiRA-

yin ix

m
Z Ciyi, 5e Cy=const, i=1,2, ..., m, ¢ poss’aaxon pienanns (1).
i=l .
2°. Skwo ainidne 00nopiOne pisnanns (1) 3 didcnusmu Koediglenmanu mae KOmMAACKC-
Huil poss’asok y == u -+ v, mo Pynxyii u== Re y, v= lmy KoKHa OKPEMO MaKOI &
poag’askamu piedanna (1).

Dyuknii @y (x), @y (x), ..., Py, (x) HA3HUBAOTLCA AIHILHO 3aALICHUMU HO MHO%CUNI [,
AKUIG iCHYIOTE cTali @y, Oy, ..., Gy TaKi, mo
Py (%) - 0@ (X) -+ v 0 AP (X)) =0, x€l, 2)

L2
apruomy ¥ %> 0.

=1 ,

AKWO TOTOXHICTb (2) BHKOHYETHCH JIRIUE NPH O == Oy == .., == Oy == 0, TO (yHK-
aif @, (x), @, (x), ..., @, (¥} HasyBawOTLCA AMHIGHO HesareoxHumu Ha 1.

Bynb-sika cietema 3 n JiinifiHO He3anexuvUX po3B’askie y; (x), ¥y (%), ..., Yp (%) ai-
gifinoro oguopinHoro pisudnug (1) Ha3HBaeTbCH (PYHOAMEHMAABHOW CUCMEMOIO PO38"A3K (8
pienanua (1).

DyHAaMeHTANlbHA CHCTEMA PO3B’SI3KIB 1y (X), Yy (X), ..., U, (X) HA3WBAETLCH HOPMALL
HOow (PR X == Xg), KO

yxpd =1, s (x) =0, ..., g™ (x9) =0,

Ya (%) = 0, y; (xg) = L., !/gl_l) (xp) = 0,
Yn (2g) =0, o (xe) =0, ..., 4§V (x) =1,

ne xo € [. 3araneunfl po3e’siz0K Jikifinoro ogHopinHoro pisusnua (1) mae BHMARL y ==
= Cyy; (x) + Coyp (x) + ... + Cpyp (x), e Gy, Cy, ..., G, — novineni crami, a yy (x),
Yy (%), ..., Yn (x) — dynnamenTanbHa cucrema po3s’s3kis piBnarns (1).

Axmo yy (x), y, (x), ..., Y, (x) — HOpManbHA TIPH X = X, DyHAAMEHTANbHA CilcTeMa
po3B’gskiB piBusnua (1), To po3e’a30k 3apaui Kowi aas pisnsiunz (1) 3 nouarkoBumu
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ymMoBami y (xg) = b, & (X)) = 4, ey 57D (x) = 40 mae suramn

¥ = ot () + do¥e (8) + o+ 45 ya (1),
2. YMosy nivifinoi sanexnocvi i sesaxexsocti @ynkmifi.
1°. Ina toro mob oyaxuii ¢, (x), ¢, (%), ..., @, (x), Henepepsui Ha [a, b], Gyau

Btiniiimo nesanexui ua [a, b], Heofxizno & nocraTHbo, W06 eusnaunuk 'pama cucremu
Hynkuid @, (), @y (1), ..., Oy (¥), 9KHI Mae BHCAAL

(1, ©1) (P, P2) ... (Prs Pr)
F ((plr (P21 s ey [Pm) = ((Pg, (pl) (q)z’ q)Z) e (@2’ (Pm) ’

(Pms ) (Pm> P2) + - (Pms Prm)

b
ne (q;z.,‘(pj) = Scpi () @; () dx. i, j=1,2, ..., m, Gy Biamismmi Biz myas:
a
T(Py, @20 .o s Pm) 0.
2°, Jlag toro wo6 dyuxuii @ (x), ¢, (x), ..., P, (x), HenepepsHi pasoMm 3 cBOIMH
moxiguuMu Ao (m — 1)-ro mopsiaky skJaouHo Ha [, OyaW ainifiHo He3anexui Ha I, no-
CcTatHRO, OB eusHaunux Bporcokoeo (eponckian) W (x) = W [@1, @, ..., $m] cHCTEMR
dyuruii @; (x), @ (x), ..., ¢, (x) 6ys Binminnuf Big Hyna xoua 6 B oaunill Toyui x inTep-
sana I, tobro
W(X)E‘qu)lv Pay oo v s qu]E
Py (%) Py (x) ... Pm (x)
| @ (x) @y (x) ... Dy, (X) +0, xel
L I S S I A €]
3°. Skwmo GyHRuii @ (x), Ps (%), ..., Om (¥), HENEPePBHi pasoM 3i cBOIMH NOXifHHME

%o (m — 1)-ro mopsiaky Br/Mouno wa [ = (a, b), € Ainikuo 3anexuumu na I, 10
W) =WIQy, g ..., Ol =0, x€1l.

4°, Ins Toro mo6 po3B’SA3KM Yy, Yy, .., Yp AiRiAHOTO ONHOpigHOTO PiBHAHHS 2-TO NO-
ganxy (1) 6ynn ainiitno Hesamexui ua / == (@, b), HeoOxigno # mocTaTHeO, WOG

Wx)=Wi{y, Y, ..., tpl#0, x€l.
Ina BpoHckiana n po3s’askis Jiniitworo ogmopimuoro pisasuus (1) cnpaBejnuBa
dopmyra Jiysiana — Ocmpozpadcikozo:
P4
_ 3‘ hy(s)ds
W(x)EW[yli l/‘l: “ ey yn] =W(Xo)e ¥o

3 dopmynu Jliyinig -—— OcTporpagcskoro BHIIMBAaE Taka yMoBa.

5°. Ilns TOro 106 PO3B’SI3KH y;, Us, ..., Yn JiHIHHOTO OxHOpimHOrO piBHSIHHA n-TO
nopaaxy (1) Oynu ninifino uesanexnumu wa [ = (a, b) HeoBxigHo & AoctaTHbO, 1WO6
spouckian W (x) = W [y, v, ..., yn] He mepeTBOpIOBaBCs B HYJ/b X0ua 6 B ofHill Touni
Xo € 1.
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2.34. Tlokasary, mo cucreMa Qyskuif @ (x), 93 (¥), ..., Pp (%), Bu-
sHadenux Ha I = (a, b), € ainiiino 3anexHO HA /, AKIO CEPER UHX (YHK-
uifi € xoua 6 oJHa, AKa TOTOXKHbO AOPiBHIOE HYJIO Ha /.

Pos3p s3aunnsa Hexali nanpuraan, ¢; (x) = 0. Bubepemo o;
# 0,a; =0, =2, ..., m. Toni, oueBuAHO, Ha / BAKOHYETHCS TOTOXKHICTD

%Py (%) + oy @a (X) + -+ + @, @y (1) =0,
npudomMy S] o? > 0. Tomy Qynkuii @, (x) =0, ¢z (x), ..., ¢, ) ai-

=1
HiflHO 3anexHi Ha 1.

2.35. [lokasarth, o cucrema QyHKUIE @, (X), @5 (%), ..., P, (X), Bu-
snavenux Ha / = (a, b), ninifno 3anexua Ha /[, aKmo cepel UuX GyHKL il
€ npuualiMHi ABi, sIKi TOTOXHbO piBHI Ha /.

Poap'ssanna. Hexall, Hanpukmaa, ¢; (x)= ¢;(x). Bube-
peMo a; = —a, =0, a; =0, j =3, ..., m. Toni Ha I BUKOHYyeThCA
TOTOXHICTb -

1@y (%) 4 0@y (%) + X3 Pg (%) + <o+ A+ AP, (%) =0,

m
IpHEOMY 121 a; >0. Tomy ¢ysRUl @ (X), @5 (), «vrs @ (¥) AEifEO

ganexni mna I.

2.36. Jlopectn, mo Oyib-sKa niicHcrema JinifiHO He3aNeXHOT HA
!/ = (a, b) cucremu yHRUIH @, (x), ¢y (X}, ..., @, (X¥) TaKOK JiHiliHO
He3anexua Ha 1.

Poss sszaunna [lpunycrnmo cynporusHe, mo  nijcucreMma

Qr, (x), Pk, (), ooy @r, (1), 1 TRy, i =1, 2, ..., p, nasoi cucremu
JiHiitHo 3anexHa Ha /. Toal Ha | BHKOHYeTbCS TOTOXKHICTH
O, Pty (X) + Qe Pr, (%) + -+ o e Pr, (%) =0, (3)
p
npugomy X, o, > 0. [lornanmm oy = @, akwo ! =k, i=1,2,...,p,

(=1
a; =0, sxwo [¢{k, *k,, o kp}, nictaHemo, wo pasom 3 (3) ua

m. I
{ BHKOHyeTbCSl TOTOXKRICTL ) o, (x)==0, npuuomy ¥ af=73 X
l==] =1 (=1

X aZ >0.

Tomy dyHrUil @ (x), Qg (X), ..., O (x) MinifiHo 3anexHi, WO cynepe-
YUTb YMOBI.

2.37. Ilokasarn, mio cucrema QyHKLIH @y (X), @g (X), ..., Pp (x), BU~

sHauenux wa I = (a, b), € JAiHifiHO 3asexHOK Ha [, AKIO sKa-HEOYH
nifcucrema niei cucremu JiHifiHo 3anexHa Ha 1.
Poss asannsn Hexat dyuknii g, (x), @r, (), ..., @, (X)

1<<hh<<m, i=1,2, .., p, aiuifivo sanexui na I. [Ipunycrumo cy-
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NpOTHBHe, IO CHCTEMa @ (X), @4 (¥), ..., P, (¥) NiHIAHO He3aleXKHA HA
1. Toai, Buacaifok pesyJabrary 3afaui 2.36, migcucrema @, (x), ¢, (x), ...
.ees Pr, (X) TAKOX siHifiHO HesanexkHa Ha [, MO HEMOXIHBO.

2.38. [lokasatu, mo Kouau cucreMa QYHRUIA @ (X), @p (X}, ...y ©m (X),
BH3HaueHHnX HA [ == (a, b), AiHifino sanmexHa Ha [, To BOHa JiHifiHO 3a-
JexHa Ha 6yAb-aKomy npoMixky [, = (a, ) < [I.

Posp s3annda. Ockinbku naHa cucreMa QyHKUifl qiHiAHO 3a-
Jexpa Ha [, TO BHKOHYEThCS TOTOXKHICTH

APy (X) + 0@y (x) + -0+ X, (x) =0, x€/, (4)
npugomy ) ay > 0.
[==]

Toroxnicts (4) cnpasepnuBa il Ha I; < [. Tomy nana cucrema Qpynx-
Uit ginifio sanexHa Ha /.

2.39. Hexaft ¢yuxuii @, (x), @, (¥), ..., ¢ (x¥), Bu3HaueHi Ha | =
= (a, b), ninifino nesanexui Ha /. Yu sunauBae 3pincu, wo byHxruil
@; (%), @y (%), ..., O, (x) MiHifiHO HesasMexHi Ha OYAb-AKOMY HPOMIXKY
L=(a B

Posp’ si3anuda. Hi, ne Buniusae. Posrasnemo npukaan. ©yHk-
nii x i | x| jgiHifiHO HesasnexHi Ha npomixkky (—1, 1), ockinbKH TOTOXK-
HiCTb

o X, x|=, x€(—1, 1) (5)
MOXJMBa Juile NpH o = o, = 0, Cnpaszi, npu x = 0,5 3 (5) Maemo
(g + o) - 0,5 = 0, 3Bigkyu oy + a, = 0; npu x = —0,5 3 (b) BUAIU-
Bae (o — @) + 0,5 = 0, 3Bigku o; — o, = 0. Tomy a; = a, =0, a
orxke, dhyrxuii x i | x| ainifino nesanexui ma (—1, 1).

gkmo x€(0, 1), 7o x—|x|=x—x=0 (o, =1, a,= —1)
I akmo x €(—1,0), o x +|x [=x—x=0 (oc1=oc,.= 1). Tomy
oyukuii x i | x | ninifiHo sanexni wa npomixkkax (—I1, 0) 0, 1) ox-
pemo.

2.40. Hexa#i ¢ynkuii @, (x), @ (1), ..., §, (x) Bu3HauUeHi HA TIpOMIiK-
Ky { = (a, b) i ninifino Hesanexni Ha npomixkky [, = (o, p) < I. do-
BectH, o Toal GYHRUIT @ (X), @y (X), ..., ¢ (x) ainifiHO He3zaJexHi
na /.

PosB si3aH H . ﬂpunycr.nmo CYNpOTHBHE, IO QYHKUII ¢, (x),
Qg (%), .oy @ () ninifino sanexkni a /. Tomi wa [ BuUKOHyeTbCA TO-
TOXHICTD

@y (%) + @@e (¥) + o+ + 2P () =0, (6)

m
npuuomy X, of > 0. 3posymiso, mo TOTOXHicTh (6) CIpaBeiTMBA Ta-
=

KOX 1 Ha npomixky [, ockimbky [, < [. Tomy nani ¢yskuii aiHifiHo:
sanexHi Ha [;, M0 cynepeuuTh yMmoBi.
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2.41, Hexa#t ¢ynxuii ¢, (x), ¢, {x), ..., ¢, (x) susnaueni i m — |
pas HenepepBHo AucepennifioBdi Ha [ = (g, b). HdoBecTn, 1110 3 YMOBH
W (x) = Wlo; @9 ..., @] 55 0 Ha J Bunuusae AiHifiHA HesaleKHICTDH
Ha | panol cucremu QyHKnifl.

Poas s3auna [lpunycrnBuu, mo dyuruil ¢, (x), @, (x),

y ¢m (x) ninifiso 3anexui wa [, gicramemo, mwo W (x) =0, a ue de-
MOXJHBO.

2.42, Hosectn, mo:

a) koam ——2-— (p‘( ) s=const wa ! ={(a, b), o obyrkuii @,(x) i ¢,(x)
Jinilino Hesaﬂemm "a [,

6) Koau %‘—((—%Econst ga {, 1o dyHkuii @, (x) i @, (x) aiuidino

2

3anexni Ha [.
PosB’sssaung

a) Hpunycrumo, wo —qﬁ%séconst Ha [/, ane o¢yrKRii @, (x)
2
i @g(x) ninifivo 3anexui va [. Toai Ha / BUKOHyeTbCS TOTOXKHICTH
o @y {x) + 2@y (x) =0, (7

OpHYOMY ai + a2 > 0. Hexa, Hanpukaana, oy 5= 0. Toai 3 ToroxkHocTi
(7), BpaxoByiouH, Mo @, (x) %= 0 va [, nicrasemo

P10 Qo

sz (X) —_— '—a‘—l— = COI)SL
0O CynepeunTs NPHNYIIEHHIO.
6) [Tpunyctumo, mo —%E—j‘c;—zconst= C ua [ Toai na / Bukony-
2

€TbCA  TOTOKHICTD @, (x) ~ Co,(x)=0, npuyomy of 4 af=1°-
+ (—C)2>0. Tomy byHKUii @, (x) t @, (x) JinifiHO 3anexHi Ha /.

2.43. Hocainuty Ha niRifiHy 3anexHicTs QyRKUITL

a) 1, x, x%, x3; 6) 1, In x; B) sin x, cos x;

r) 4 —x, 2x + 3, 6x 48 ) x* 4 2x, 3x2 — 1, x + 4;

e) Inx, Indx, 1); ¢ x, x3, | x |3

Oynkuil po3rasaaloTbC Ha CBOIX 00JacTAX BU3HAYCHHS.

Poss Aa3aHdHs,

a) Mpunycrumo, wo ¢yHkuil 1, x, x?, x® ainifino 3anexHi HA
] = (—o0, +00). Toai Ha [ BHKOHYETbCA TOTOMHICTb

ol a4 ogx? - axd=0, 8

e o +oad -+ al+ ol > 0, 110 -HEMOMK/IMBO, OCKiJIbKN MHOFOUYJIeH Tpe)
THOrO CTENEHS MOMKE MEePETBOPHUTHCH B HYJb He Oiibiy HiX 'y TPBOX TOY
Kax. Orxe, dyuknii 1, x, x2, x® ninifiHo Hesanexni na [ i B3araai H
Oyab-akomy npomixky I = (a, D).
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6) CkopucraeMoch pesysbratom 3amaui 2.42. OckiJbku h:x =
= In x 5= const npu x >0, To naHi QyHKUil ainifiHo He3anexHi Ha
1 = (O) + w). . 3 . .

B) Ilpunycrumo, wo Aani ¢yHkuii AiHikHO 3adexui Ha | = (—oo,
=+ oo). Toni

a,sinx+ a,cosx=0, x€I, (9)
lie, Hanpukjal, o, %= 0. Hexai x = % Toni 3 (9) BunumBae, mwo o, =

= 0, a ue Hemoxaupo. Orke, pani ¢yurnii ginifino Hesanexui nHa /.
r) 3’scyeMo, ud MOXKHA 3HAHTH Taki craldi o, O, o, MOG &) -
4+ oas + a5 >0 i Ha npomikky [ = (— oo, -+00) BHKOHYBaJZacsi TO-
TOXHICTb
a; (4 — X) -+ ay (2x + 3) + a3 (6x + 8)=0. (10)
3 roroxuocti (10) Maemo
(—oy + 2a, + 6ag) x + (4o -+ 30ty + 8atg) - 1 =0. (11)

Ockinbku GynKUii 1 i x ninifino nesanexHi na [ (QuB. npukaan a)),
T0 3 ToToXHOCTI (11) BHN/IMBaEe cHCTeMa

[—a1+2a2+6a3=02 (12)
4o, 4 3a, -} 8ag = 0.
3anumemo cucremy (12) y Burasgi
{al — 20, = bag; (13)
4@1 + 3&2 _ - 8a3.

TonoBHUH BH3HAUHHK cucreMd (13) BiAHOCHO HEBIJIOMHX o, Oy
1 —2
4 3

Tomy cucrema (13) npu Oyib-akuxX ay %= 0 mae HeTpuBiaJbHHI pO3-
p’a3ok i madi QyHkuil ninifiHo 3anexui Ha 1.
B) 3’AcyeMO, 4YM MOXHA 3HalTH Taki crali ay, o,, oy & - af +

2 .
+ a3 > 0, mo6 Ha npoMikky [ = (—oo, --00) BUKOHYBaJacsi TOTOXK-
HicTb

A= = 11£0.

oy (%2 + 2%) + o, (3x2 — 1) + a3 (x -+ 4) =0. (14)
3 Toroxuocri (14) maemo
(o + 3ag) x* + 20y + ag) x 4+ (— oy 4 4ay) - 1=0. (15}

flk i B npuksani r), BHacjinoxk JiHifiHOT He3anexHocri GyHKuid 1,
X, x*, 3 (15) picraeMo cHcremy JiHIAHHX ORHOPiAHMX ajareOpaluHux
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PIBHAHL BIIHOCHO o, O, Oyt

ay, + 3a, =0
20, + oty = 0; (16)
—a, + 40y =0.
OcKiNbKH TOMOBHHN BH3HAYHHK ILi€l cHCTeMHU
1 3 0
A=l2 0 1|=—23%0,
0 —1 4

To cucteMa (16) mMae Julie TPUBiaJbLHUE PO3B’A30K: 0Oy = Oy = a3 = 0.
Tomy nani dynkuii sinifino nesanexui na I,

e) Buacnizok ninifiHOI HesanexHocTi pyHKUIA In x 1 1 na npomixky
1 =1{0, +o0) (gus. npukaap 6)), ToToxkHicTb 0y In x* 4 @y In 5x +
+ oy - 1l = 0 Mox/HBa Juie 3a YMOB

{4al+oc2=0;

o, Inb+ 1o, =0. (17)

Cucrema (17) mae HeTpuBianbHHI pPO3B’'A30K (Hanpmman, a, =
) 11 :

=TThE = g %= ) . Tomy nani ¢pyukuii aigikno sanex-
ui Ha /.
: 2, x>0 . . .
€) Ockinbku | 3| = s To maHi yHkuii, oueBuAHO, Ji-
—x5%, x <0,

niliHo 3anexui Ha nmpomixkax (—oo, 0) i (0, + o) okpemo. Posrisinemo
teniep npoMmixok [ = (-—oo, -oo). 3 npHOYWEHAS Npo JAiHiIAHY 3a-
JAeXHicTh AaHUX GYHKUIN Ha [ MaeMo

ayx - ok’ + g x| =0, (18)
npuioMy a? 4 a2 4-a2>0. fkwmo x>0, To 3 (18) zictaemo
o x4+ (ay +ag) =0, (19)
Ilpg x << O .
X (o — o) X3 =0. (20)

Ockinbxu dyuxnii x i x® niniligo He3asmexkHi Ha GyAb-KOMY NPOMiX-
Ky, 103 (19) 1 (20) picraemo o, = 0, ay + 03 =0; 2, =0, ay — a; =
= (), 8Bigru o, = 0, a, = ag = 0, Mo cynepeunTs npunyienHo. O1rxe,
naHi QyHKuUii JginifiHo HesasexHi Ha [.

2.44. Kopucryioudch BH3HaurRHKOM ['pama, jocqifutd ¢yrKUIT Ha
JIHIARY 3aJleXHICTh HA NaHUX TPOMiXKKax:

8) @ () =2x—1, () =2+ 1, gs(x) =x, [ =[—1, 1]
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6) o= 1, ¢ =sinx, ¢® =cosyx, ..., @ =sinnx, ¢? = cosnx,
= [_ T, ﬂ],

B) 9; () =% @)=|x|, I =[—1 1]

1) @ (x) = £% @ (¥) =2|x|, @3 (x) =x, [ =[0, 1];

n) (‘pl (x) = x3’ q)2 (x) = xﬁ\x\’ %(}C) =X, l = [_ l, l]-

Poss' s3aunnas.

a) ObuucimoemMo eJeMeHTH BH3HauHHKa ['pama:

1
. 4 ’ 1
(o1 ¢1)=—Sl(4x2—4x+l)dx=(7x3——2x2+x;)’ l-——-_l;—; ,

(@ cpz>=_§:(4x2m Dar= (40 —s)| =%

1
1
S PSPPSR Y
=
(P @1) =_32";
1
o w= {0 a4 D= (e 22| A
=1 _ _
1
oo wa= [ i (1 = b
-1 —
; 4
{Psr P1) =5
&

@3 P) =

3
l 2
@n 93 = [#de=5 2L, = 5.

2 4
]
8
Piow @ @) =| 2 2 L= (49+444—28—28—1)=0
4 2
Ey

ToMy Aani QyHKUil JiHifiHO 3a/exkHi Ha npoMixkky I.
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6) Maewmo:

(9o @)= | 1-dx=2m,

Q,\ﬁ

4

.
(90 o) = [ 1. sinixdx=0,
-

n
(@0 OP) = 5’ 1.cosixdx=0.
—n

Anajoriuno
@F, o) =0, ikf pov=1,2

n n

(@0, o) = { sin® ixdy = — [ (1—cos 2 de=m
- ~7
n n

i

@, ¢P) = S cos? ixdx =

—JT

5 | {1 4 cos2ix)dx = m;
-3

(@0, @) =0, potv, 4 j=12 ..., n
200 0...00
0 n0...00
P((Po’ (p(ll)’ ,(pff)) — 0 0=n...00 __22“?,,“5&0‘
000...20
000...0m
Tomy nmani dynxuii @4 P, P, i=1, 2, ..., n, ninifino Hesa-
Jexni Ha I.
B) Maemo:
1 i
2
(0, o) = #dx= 3, (¢, 0a) = | xlxldx=0;
-1 —I
: 2
(@2 @) =0, (@5 0 = [xPdx =75 #IL, =5
=1
5o
Plon 9i) = o | T 5 #0.
05
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Tomy ¢dyukuii x i | x| ninilino resanexni va I.
r) Maemo:

1 1
1 i )
(@ o) = {Pdr=—, (@ @)= [2lrldr=7, (¢, 05) =
0 0

. 1
ng‘dx-—:—s—;
0

1
(P2 1) =,

1 1
APy, @) = §x4\x\2dx=-;—, (s cpa)=0§ | xlds =+
0

[

| [
((p31 (pl) = —g's ((P3, (p2) = ? , ((93, (PB) = T;

I
e

I'(py 92 @) =

cnl—- \)'.- \zl'—-

Oynuxuii x%, x? | x |, x ainifino sanexui na I = [0; 1].
A) Maemo:
1 2 1
(0 @)= de=—, (@ )= Llxldx=0 (9, @) =
=

-1
1

Sx%ix—-—%;
2
1 2 1
(02 @) =0, (@0 @)= #|xPdx=—, (@0 ®)={ #|x|x
x dx = 0;
2 1 2 2,
(¢3» (Pl)’;T’ (Pas @) =0, (g, (P3)=S‘ xdx=-3—,
._I .
2

8 .8
~ 147 T 175 0.

< \llw o
cn|z\: o o1|w

T

T'(91, @3, @) =] O
2

5
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Tomy dyuruii x8, x| x|, x — niniitno wesanexui ua / = [—1, 1]
2.45. Hosectn, wo ¢yHKiii
Xk, xe, L., xtm, 21

e Ry, Ry, ..., Ry — nificui uncna i k; 5= Ry, i~ j, AinifiHo Hesanexni
nHa OyAb-AKOMy upoMmixky [ == (a, b), b >a > 0.

Posp’ n3auusa [lpunycrumo, mo fadi ¢yHRUii AnifiHo sajex-
Hi Ha /. Lle o3Hauae, 1o HAa | BHKOHYETbCS TOTOXKHIiCTH

oy xf - ogxt 4+ oo ok m=0, (22
m

npruomMy X af > 0. Hexaii, nanpukniaa, o, =0. Hoaimupmu (22) na
{==]

xk, micTanemo
13
Oy + tgxle 4 0o Fapxm=0,

ne lt = ki -——kl, i= 2, ey M.
TlpoandepennioBaBiin ocTAHHIO TOTOXHICTb, AicTaHeMO
I L ’
52x2+63x3+ e +ﬁmmeO’ (23)
re li=1,—1==%k — By — 1, Py=o4l;, =2, ..., m, upHyoMy

. . ! .
B = Ay (R, — k;) 5= 0. Toroxkmicts (23) posainumo na X 2, micjas yoe
ro 3moBy npogudeperuioemo. Toni sdafgemo

vaxn3 + ..+ ymxn'" =0,

Re

mi=n—l=l—li—l=k—k—1—((,—k—1)—1=

=k — kz — 1, vi=pin; =4l (l; - lé) = oy (By — Ry) (B; — Ky),

i=3, ..., m,

OpHIOMY  Vy, = X (R — k) (R, — k) 5= 0. L

[NponoBxyioun ueit npouec, Ha (m — 1)-My Kpoui AieraHemo

ﬁmxpm =0, (2“

ze 6m = Uy (km — ky) (km —kg) ... (km — k1), pr'n =k, — Ry —
Totoxuicts (24) € cynepeusnnso, ockiapku 8, =0. [Ig cynepeunicrl

JOBOAHTb NiHifiHy He3anexHicTh pynxunié (21) ma /.
2.46. Jlosecru, mo ¢ynxuii

ePx . xePr*, .., XTePrx,
erx, xePr, ,, ., XTeePe¥,

(28)

e’r*, xefr*, ..., xX"re"",
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ne my;>=>0 — uini gucaa, npu OyAb-KHX KOMIJIEKCHUX p, 7= p;, | 4
=i, I, j=1, 2, .. k, niHifiHo HesaseXHi Ha OyAb-KOMY NpPOMiKKYy
I = (a; .

Posp asaunna [lpunycrumo cynporuBre, mo ¢yHKuil (25)
ainifno sanexui Ha /. Lle osHauae, o Ba | BUKOHYETbCH TOTOXKHICTb

P Qy (x) + Q1) + -+ - + €KIQ, (1) =0, (26)
ne Q;(x),j=1,2, .., k,— MHOrOUJIeHH CTENEHs, He BHINE Mlj, NPHUO-
My cepel HMX MHOTou/JeH{B sHaiillerbca NMpHHalMHi oiuH (Hexad Q, (x)),
NKHH HE € TOTOXHIM HyseM. Posiinumo (26) Ha eP* i npoaudeperuinemo
3406yTy TOTOMHicTs my -+ 1 pas. Toai IHicramemo ToTOXHiCTL BHRY

e®—o0r A, (x) + -+ + ePRTA, (x) =0. 27

Tyt crenedi MHorouseHiB A; (x), j = 2, ..., k, 3biraoTbes 31 crene-
HAMH MHOTOUWNeHIB Q; (x), ockinbku npu [-kpatHOMy AudepeHuilOBaHH]
Bupasy e”* Q; (x) micraemo Bupas e”A; (x), ne A; (x) — MHOrouJIeH,
KoeillieHT MpHU CTAapWoOMy WieHi siKoro BiApisHsietbcsd BiA koediuieHta
npy crapuioMy 4jeHi MHorowteHa @; (x) craium mHoxuHHKOM p'. Tomy,
aokpema, MHorouseH A, (x) He e TotoxkHIM HyJeM. Toroxsnictb (27) pos-
RimuMo Ha e®—P0x i puceperuioemo m, + 1 pas i 7. 1. Ha (8 — 1)-my
Kpoii AicTaeMO TOTOXKHICTL BHAY

Dy, (x) e"r P =0,

sigku D, (x) = 0, mo HemoxuuBo, 6o cTeniHb MHorounena D, (x) no-
piBHIOE cTemeHio muoroudeHa @, (x), AKMH 32 NpUNYILEHHAM He € To-
TOXKHIM HYyJeM.

2.47. JloBectH, mo KoJH cHcTeMa (yHKUiH

Wy = Uy (¥) +iv (%), ..., @, =u, (x) + iv, (x),
W, =ty (x) —ivg (%), ... , W, =u,(x)—iv,(x), -
(#; (x), vj (x) — nificri ynxkuii, i® = —1), ninifiHo HesanexHa Ha | =
= R, 10 ¢yHKuii u;(x) = Rew;, v; (x) =Imw;, j=1, 2, ..., n,
TaKaXK JiHifHO HesaJexHi Ha .
Poss ss3anud. CraaxeMo TOTOXHICTb

> losuy (¢) + Bjo; (0)1=0,
=l
e «j, P;= const. ¥YpaxyBasummu, mo

1 — i —
uy =5 (W; 4 ;), v;=— (@;—wy),

Aicranemo
n

Z [% (w; + 5J) + —2—;’—(%-—5;)]50,

i=1
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abo

n
1 . 1 I
Y I—g (05— i) w; + - (e + i) w; | =0.
j=!
3 ocrtanHboi piBHOCTi, BHacAifok ninifinol He3anexHocTi GyHKNOiA

= 1 . | . .
w;, wj, BHNJHBAE, WO T(a,- — ipy) =0, - @; + iB;) = 0, 3BinKkH oj =

=f=0j=12 ...,n Le osnavae, mo oyHKUT u;(x), v;(x),
j=1, 2, ..., n, niaifino He3asnexHa na /.
2.48. Hosectn, mo ¢ynrKuii
€%:* cos Pyx, xe** cos Pyx, ... , x¥™Me%*cos P,

e**sin Pyx, xe**sinfx, ..., x™e**sinfix,

(lhx

e*r* cos By, xe®r* cosPyx, ... , X"k cos B ,x,

e*r*sinBox, xe** sinfyx, ... , X Ee*2  sin P,
ne o;, P; — nifcui umucaa, B; %0, j=1, ..., & m; >0 — uiai qyuc-
na; py = oy - iB;E p = o, + iy, #=—1,npu je=l j I=1,..
, R, niHifHO He3anexua Ha GyIb-AKOMY NpPOMikKYy BHRY [ = (a, b).
Poas sizaunna Cxopucraemoch pesdy/bratoM sajadi 2.47. Ha-

Hi ¢yAKRUIT AiHifiHO He3aseXHi, OCKiJAbKH BOHH € BiAnOBiZHO AlficHHMH
i yABHUMH yacTHHAMH CyHKUil

w; = x' 1" = x"ie*i* (cos B;x + i sin P;x),
w; = x1e’7* = x'ie** (cos Bx — i sin f;x),
ry=0,1, ... .my; j=1,2, ...,k

JiHifiHa He3aneXHicTb fKUX JoBefeHa B 3ajaui 2.46.

2.49. Hexait pynxuia x = g (f) 3nificHioe B3aeMHO OXHO3HauyHe Bij-
oOpaxkeHHA MHOXHHH A = (; P) #a muoxudy [ = (a; b). Josecru.
mo ¢yuguii

Q1 (%), @a(%)y -0 @y (X)y (25
BH3HAueHi Ha /, JiHiliHo He3anexui Ha [ Toxi i TiAbKY TOAI, KoMK PyHKLIT

Yy (D $a @)y ooy P (D) (29)
ne 1pl H=q @g®), i=1, .., m, aigifido Hesanexkui Ha A.

Poaps sizaund. 3 yMOBm BUMJIKBaE, W0 HAa MHOXHHI [ Bu-
sHaueHa oyHKuis f=f(x), fKa e o6epﬂeﬂoxo Jo ¢yHkuii x = g(f):
g(f(x)=1x Vxel.

Hexah ¢ynknii (28) ainifino nesanexsi na [. IlpunyctuMo cynpo-
THBHe, W0 QyBKLUil (29) nividno sanexui ua A, lle osHayae, mo Ha A
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BHKOHYETLCS TOTOXKHICTb
o Py () + agy (6) + -+ ¢ + i, (=0,
npuyomy
Y ai>0 (30)
i=l1

Ockinbku P; () =@ (@) =i (@ f ) =o; (x), i=1, 2,
« M, TO Ha MHO)KHHI 1 BHKOHYETbLCH TOTO)KHICTb

%y (X) + %@y () + =+ apPp, (¥) =0
i BMKoHyerbca HepiBmictb (30), WO HeMOXJMBO, BHACJAIJOK JiHiHHOI
He3anexHocti Qynkuiit (28) Ha . Orxe, ¢ywkuii (29) jainiliHo Hesa-
aexHi Ha /. AnasoriyHo MoMKHa IOKasaTH, WO 3 JainifiHOT HesaekKHOCTI
$yuxuii (29) wa A BunHBae JiHifiHa He3anexHicTb GOYHKIIE (28) Ha [.
2.50. Iosecru, mo ¢yHKuii

x*cos B, Inx), x* Inxcos (B, Inx), ..., x* In™ x cos (B; 1n x),
x% sin{(f; Inx), x* Inxsin By Inx), ... , x% In™ xsin (B, In x),

x*kcos (B, Inx), x*rlnxcos (B, Inx), ... , x* In™k x cos (B, In x),

“rsin (B, Inx), x*elnxsin@B, Inx), ... , x* In"axsin(B, Inx), (31)
Je o;, p; — npificai uncna, B;%+0, =1, ..., k, my >0 — uini unc-
na, pj=o; +ifjFEp =0, + i, *=—1, mpuj=1, |, I=
s= |, 2, ..., k, JiniliHo HesanexHi Ha Oylb-fiKoMy NpoMixkky [ = (a,
b), b >a>0.

Posp sizanusa 3a gonomorow ¢yHkuii ¢ = In x axificHioeThb-
Cfl B3a€MHO OJHO3HAUHe BigoOpa:keHHA MHOXHHH | Ha MHOXHHY A =
s (o, B), ie @ = Ina, p = In b. IligcraBuBm x = ¢! B (31), Aicrane-
MO ¢yHKUii 3MiHHOI:

et cos B,¢, le* cosP,t, ... , i™e*d cos B,
. (32)
B sin Py, te®t' sinByt, ... , t"he®k sin Pyt

®yuxnii (32) ainifino Hesanexui Ha A (nuB. 3ajauy 2.48); rtoxi,
srinHo 3 jfoBeflleHuM B 3anaui 2.49, dyukuii (31) nimiltHo HesasexHi Ha /.
2.51. HosecrH, mo QyHKIIT

x%, x%lInx, ... , x% Inm x,
¥, x*Inx, ... ,x%In™x, (33)
%0 x"rinx, ..., x* In"ky,
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Jle m] >0 — uini uncna, npu OYAb-siKHX AifiCHUX o0; 7= oy, ] 5= [, f, [ =

=1, ..., &, JninifiHO HesaJexHi Ha Oylh-KOMY NPOMIKKY [ = (a. b),
(b > a > 0)

Posr s13aunuA 3a jgonomoroo ¢pyHkuii ¢ = ln x 3&ificHioeTs-
csi B3a€MHO ORHO3HAuHe BifOOpaX<eHHS MHOXKHHM | Ha MHOXHHY A =
= (o, ), ke @ = Ina, P = In b. [liacrasuswu x = ¢’ B (83), Aicra-
HeMO OQYHKII1

t ¢ ¢
Y, ™, ..., ™M™,
! ¢
e, 1™, .., e,
Rt L, The™,

Jinifina HesaNeXHicTb AKUX HA A HoBefieHa npu poss’asanxi samaui 2.48,
Tomy, asrigHo 3 peayabratom sajaui 2.49, ¢ymkuii (33) ninifido we-
sajexHi Ha [.

2.52, 3nalitn BusHayHHK BpoHcbkoro cucrem QyHKuHif:

a) ex, xe*, x%e*, | = (—oo, +o0);

6) 10, arcsin x, arccos x, { = (—1, 1);

B) 5, cos® x, sin? x, | = (—oo0, -o0);

P) x2, xIJC|, [ = (———OO, +°°)

$Iki BHCHOBKM BiiHOCHO JiHIiHO] 3ajeXxHOCTI AaHHMX (yHKRiR Ha
[ MoxHa 3poGHTH 33 3HAYEHHAM iX BU3HauHMKA Bposchbkoro?

Po3s’ si3anng

e* xe* Xx2¢*
a) Wxy=|e (x4 1)e (2% + 2x) e~ =
et (x+2)er (x2-+4x+4 2)e*

1 X x?
=e%]1 x41 x% 4 2x =
1 x+2 x24-4x42)
1 x x?
=3[0 1 2x = ¢%* (4x + 2 — 4x) =
0 2 4x+42
10 arcsin x arccos x
OW=|0 (=" —(1—x"" g
0 x(1—x3)7 —x(l—xy)™?
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5 cos?x sin? x
B) W(x)=|0 —sin2x sin2x | =0;

0 — 2co0s2x 2cos2x
X xlx|
r) W(x) = 9% 2|x| =0.

Y npuknaani a) W (x) = 2e% 5= 0 na [. Tomy ¢yHkuii ainifiHo nesa-
JexHi Ha /.

Y upuraagax 6) — r) BHCHOBOK Npo JiHifHY sajexHicts GyBKUIA
sa iX BHM3HAYHHKOM BpOHCBKOrO 3pOOHTH He MOXKHA.

Y npuknaai 6) dhynxuii ninifino 3anexui na I, ockinbku Ha [ BUKO-
HYETbCA TOTOXHICTb

o, + 10 4 ey arcsin x 4 azarccos x =0,

19
Je oc1=———§0—-, 052=a3=1.

Y npukaaai B) ¢yHxuii JiHifiHO 3a/iexni Ha J, ocKiabku Ha / Bu-
KOHYETbCH TOTOXHIiCTb -

o, + 54 aycostx - aysin®x =0,
1
e a1='-—~5—', (12:—&8—-_—1.

Y npukaazi r) dyskuii JgiHifiHO BesasexHi Ha [, OCKIJIBKH TOTOX-
HiCTBb

o x? Fayx|x|=0, x€I, (34)

BUKOHYETbCA JIKIIe TpH o, = o, = 0. Cnpaedi, npu x = 1{x = —I
BiANOBiAHO MaeMO o, + o, = 0 i a; — @y = 0, sBiIkH ; = o, = 0.

2.53. Hexait ¢yuxnii ¢ = ¢ (x) i P = { (x) HeNepepsHi i JAiHifiHO
nesanexHi Ha intepBani [ = (a, b). Hosectn, mo ui ¢yHKuii Jidifigo
He3a/MeXHi TakoXK i Ha MHOXHUHI [o = I \_ {%,}, &e X, € I.

Poss a3anus [lpunycrusmn, mo ¢yHKUii ¢ i ¢ JinifiHo
sajexHi Ha [, nicraneMo TOTOXHicTB MO (x) +A,p (x) =0, x€ [,
X 5= X,, npuuoMy A + A3 > 0. [lepeitmoBun go rpamuumi mpy x —
~» X, BHACJIAOK HernepepBHocTi QyHKUiN ¢ (x) i ¢ (x) nHa [, micranemo
Mg (xo) + AP (xp) = 0. Tomy dyHruii @ (x) i P (x) € ainifino 3anex-
nuMy i Ha J, MO0 cynepeuuTb YMOBI.

2.54. Hexait ¢yuxuii ¢ = ¢ (x) i P = P (x) HenepepsBHO AubepeH-
niioBHi i Jinilino Hesatexui Ha [ = (a, b), npuuomy W (x) = W gy,
gl =0 na [.

HoBecrH, 1mo: )

a) icHye xoua 6 ofHa TouKa Xx; i oZHA TOuKa x1, (%1, %1 € I), Taki, wo

g (x) =01 (x)=0;
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6) icuye intepBan [, = (o, B,) < I Takuh, mo ¢yskuii ¢ i P ainii-
HO 3ajexHi Ha [

8) icHye Touka a € I taKa, wo @ (@) = ¢ (@) = ¢’ (@) = ¢’ (@) = 0.

Hapecru npuraald takux QyHkuif.

Posp Aa3aHHA.

a) llpunycrumo, mo Takoi ToukM (HanpukJjial, x;) He icHye, ToOTO
@ (x) = 0, x ¢ 1. Toni BpoHcKiaH MOXKHA 3aMKHCATH y BUTAAL

V() =gt LY — () =0, xel,
¢ @
spingn P (x) = Co (x), C = const, x € /I, mo cynepeunre JiHifiHi#
ne3anexdocti ¢pyHxuifl @ i ¢ Ha 1.
6) [Tpunycrumo cynporupre, mo GyHRUii ¢ i ¢ AiHifiHO HesanexHi
Ha Oyiab-akomy iHTepBani (x, P) < /. Hexak x — noBiJbHA TOuKka iH-

. _ . 1
tepeany /. PosrasiHemo nocaizoBsicts intepBanis [, = (x — = X+

-+ —’11—) < I, n= ng ny + 1, ... Ockinbku ¢yskuii @ i 9P 3a npunyuie-

HAM JidifiHO He3anexuni wa [, i W(x)=0mna [,, 10 3 n. a) Bu-
[VIABA€ iCHYBAHHS TOUKH X, € [,, Takoi, wo @ (x,) = 0. Posrasnys-
mu intepBan {,,, n, > n,, AKUI He MICTHTb X,,, NOKakKeMo icHYBaHHH
TOYKH Xn, € 4, Takoi, mo ¢ (x,,) = 0 i 1. 1. JlicranemMo nocailoBHicTh
TOYOK X, — X, R — -~ 00, IpHyOMy @ (xnk) =0,k =1,2,....Bracaijox
HenepepBHOCTI PyHKUIT ¢ Maemo @ (x) =@ (lim X, ) = lim ¢ {x,) = 0.

: foopafrc0 kos—-00

Ockiabku x — JoBisibH2 Touka intepany I, To ¢ (x) =0 una [, mo
cynepeuurb yMmoBi JiHifiHOT He3anexHocri ¢yRRUIA ¢ i P HA 1.

B) Bume Gyno BcraHOBieHo icHyBaHHSI iHTepBany [, = (o, Po) <
< [ niniftaoi sanexuocti pydxuif ¢ i ¢:

Mo (x) + A0 (0) =0, x€l,

(M 4 A3 > 0). Ipunycruno, mo I’ = (&, P) > I, — MakcuMaabHuil
3 uMX iHTepBasiB (3 THMH camMMMH KoediuieHTamn JiHIAHOI 3a/1€XKHOCTI
Ay, Ay). Hanmpukaan, Ha inreppani [. = (o — ¢, B) < [ (e — noBinbHe
NOCHTb MaJie JojaTHe ukcao) ¢ { ¢ Bxke € JiH{AHO He3anexHuMmu. Pos-
riafHeMo iHTepsa’d (o — g, o) (Ko (@ — &, o) ¢ [, TO poarasiaryme-
Mo iatepean (B, P + &) < /).

Slkmio Ha uvoMmy intepBadi @ i < — JiHifHO 3aJexHi, TO, OUEBHJHO,
koedinientu uiei Ainilinoi samexuocti A;, A He mpONOPUIAHI KO Koe-
¢inientiB Ay, Ay, OCKiNbKH B boMY BHIAAKY iHTepBant !’ He GyB 6M Max-
camanbinm. Tomy

M (0) + 2P (1) =0, Mo (1) + My () =0,
MO’ (¥) + A’ () =0, A’ () + hph (x) =0,
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X€ (o —eg, @) x€(a, P)
M+ Ao 4 A+ 23>0,

MM

Ay Ay

[TepefimioBiun B wMX piBHOCTAX No rpaHuui npu x -a — 0 i npu
X — o + 0 BianoBiaHo, BHac/1ilok HemepepBHOCTI ¢, ¢, ¥, ¢’, Aicra-
Hemo

e A = 0.

{ M (@) + A (@) = 0; 1. { Mo’ (@) + Ay’ (@) = 0;
Mo (@) + AP (@) = Mo" (@) + Ay’ (@) =0.
Mo hs
Ay Ay
=P (@) = ¢’ (a) = () =0. L _
SIkmo Ha intepBani (o -— &, @) dyHKUil @ i ¢ JAiHiliHO HesamexHi,
TO, CKOpHCTaBIUHCh pesysabratoM n. 6) i THM, WO & — AOBiJbHE
JloflaTHe MaJjie 4KCJI0, AicTaHeMo, IO TPW JesiKkoMy &, ¢ i ¢ 6yayTtb Ji-
HifiHO 3a/exXHUMH HA (@ — &), @), TOOTO MaTUMEMO NonepeaHifi BUNANOK.
SIk npuk/aa mMoXKHAa HaBeCTH TaKi GyHKUIT:

@) =2x% P =|xP [I=(=1L1I)
O» xE(Oi 1)’ (X— 1)2: XE(O, ])v
w—12 xern2, Y9 =10, xenn o),
[lepeBipxky BHKOHAHHSI YMOB 3ajauii TBeplXKeHb a) — B) PEKOMEHAY-
€MO BHKOHATH CaMmOCTiHHO.
2.55. Hosecrn, mo JiHifiHe ofHOpifHe pIBHAHHA 7-TO MOPALKY
YO Fhy () YD+ s R ()Y R (x)y =0 (35)
3 HenepepBHuMd na [ = (a, b) koebiuientamn h; (x), i =1, 2, ..., n,

3aBXKIM Mae (pyHIAMEHTaJbHY CHCTeMY pO3B A3KIB.
Po3B a3aunsa 3anaua Kowi gis pisnanna (35) mae eanuui

poss’?aollf npu  x, € [ i OyAb-IKMX MOUATKOBHX 3HAUYEHHSIX Yo, Yo, ...
.
] yo v

Ockiabku A =\ ‘#0, TO Il€ MOXKJ/HBO JHIle IpH ¢ (@) =

¢ (x) = I =0, 2).

[lo6ynyemo n posB’s3KiB JaHoro piBHSIHHS Y, (X), Yy (X), ..., Yn (X)y
SKi BU3HAYalOThCAd TAKUMH NOYATKOBUMH YMOBAMH:
©
b1 o) = yio» o (x5) = =Y20s e Yn (x0) = y0»
(1 (1)
Y1 (%)) =y, Y2 () = y%4, .. Yn (Xo) = ity

- —1 —1 —1
W) =580, e () =y s Y (ko) = ke s

x,€1,
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i yMoBoOlO

© © ©
727 ST BT |
PRI (1) (¢8)

A = Yo Yo «o. Yno 0.

............

(r2--1) (n-1 (n~1)
Yio Y20 cer Yno

Ockinbkh , W [y;, ..., y,]lemr, = W (x,) = A =% 0, To pyHKUii yy, ...
... Yo YTBOPIOIOTb (pyHIAMEHTAJIbHY CHCTEMY po3B’si3KiB piBHsiHHA (35).

2.56. Jdocaiauti Ha JiHifiHy 3ajexHicTb PO3B’'A3KH y; (X) 1 ¥, (X)
piBHAHHSA

n [ a?
y +5y +(1-——;g—')y=0, x%0, a=const,
#a [ = (0, + o0), Kosu BigoMo, 1O

@) 1 (1) =3, y3(1) =0, 6) y(I) =—6, yy(I) =

—3",
s =—1 6HM=0 gs)=2 g{)=—7.
uatitn W [y, y.l.

Po3s’ s3auus Bukopucrosyoun dopmyay Jliysinas — Ocrpo-
TPafcbKoro, Aicraemo

fu
Wi pl=Whe ' =W .
Hani sHaxoaumo:
0 . 6
a) W(l): 1 _2‘='—69&0 1 W[yl,y2]=—‘ le ’
—* 713_ 6 2
6) W(l) = . y |=5—75 =01 Wiy, 41 =0

Tomy y BHDNAAKY &) po3B’A3KH yy (x¥) 1 gy, (x) ninifiHo HesanexHi, a
y Bunaaky 6) — JinifiHo 3anexui Ha [,

2.57. Hexait ¢yHkuil y, (x), ..., ¥, (x) HenepepBHO AudepenuifiopHi
n pasis na npomixky I = (@, b). Hoeecru, mo roaum W (x) = W ly,,
Yor --r Yl 5 0, x € 1, TO icHye suIie OfHe JiHiAHE OfHOpiAHe PIBHAHHS
n-ro Nopsiaky 3 HenepepBHMMH Ha [ Koediumientamu i 3 xoepinientom [
npn Y™, nas gxoro 3ajani GyHKUII y; (x), ..., Y, (X¥) — yTBOPIOIOTH
dbyuRaMeHTa LHY cucteMy posB’askiB. [loGyayeatu ne piBHAHHA.
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Poss a3aunna Hexa#t A (x), h, (gc), vy h, () — koedini-
€HTH IuyKaHoro piBHsAHHA. OcKinbKH QYHKHIT g, (%), Yy (X), ..., Yn (X)
8aJI0BOJIbHSIOTH e PiBHAHHA, TO

gP b Wy + o Fha (D97 R () Y =0,
i=1 2 ..., n
TonoBHUH BH3HAuHMK L€l cHCTeMH

" TR A
{n—1) (n—2) ’ n{n—1)
A = Y2 Yz oo Y2 Yg :(_1) 2 W[ypym----yn]?éo'
!/r(ln_l) ’({1—-2) . y; Yn
xel.
Tomy koediuientn h, (x), hy (1), ..., h, (x) BU3HAUAIOThCS i3 CHCTEMU

OfHO3HauHO. BesnocepenHbolo MiACTAHOBKOWO JIETKO NEPeBipHTH, LI Y-
KaHe DiBHAHHA Mae BHIVIAR

Y1 Ya -+ Yn y
g Y2 oeee Y ’
Wiy Yar oovs Yo Yl =] « ¢ 0 v 0 v o v o oo v e e e o | =0.
yin—l) ygz—l) L. yl(ln*l) y(n—l)
th) y(Qn) . yf,") y(n)

2.58. IlepeBiputu, mwo ¢ysruii y; = x?, y, = x° yTBOpIOIOTH (YH-
JaMeHTabHY CHCTEMY pPO3B’s13KiB AesdKoro JiHi#HoOro ofHopiaHoro pis-
HAHHA JAPYTOro nopaaky, i sma#ity pos3e’asok 3agaui Komi ana uporo
piBHAHHA 3 nouarkoBumu ymoamu y (1) =1, y' (1) = —2.

Po3B g93auuda 3HaxoAuMO BU3HAUHHK BpoHCBKOro:

x? X

9 Bxt | = 5x8 — 2x% = 3x°.

LAV AR

Orxe, OYHKUIT 4, Y, YTBOPIOIOTh (HYHAAMEHTAIbHY CHCTEMY pO3B’#3-
KiB JledKkoro JiHifiHOrO oAHOPiAHOTO PIBHAHHA APYroro HOPAAKY, Koe-
thinieHTH AKOro € HemepepBHuMU (QYHKUisMH npu x = 0. 3aranbHuit
PO3B 30K 1bOro piBHAHHS Mae BUTAAl y = Cx* 4 Cux°, e C,, C, —
JOBiAbHI crani.

Busnauumo craai C, i C, tak, ui06 BHKOHYBaJUCb 3aJaHi moyart-

KoBi ymoBu. Maemo C, 4-C, =1, 2C, +5C, = — 2, 3Bigku C; = —37— ,

4 7 4
C’=_T' Orxe, y:sz——Tx"._
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2.59. dosect, o beHKIIiT’ 1= X, Y= %%, Y3 = € YTBODIOIOTH
dyslaMeHTaNbHY CHCTEMY DO3B S13KiB JesKoro JiHifiHoro ofHopiasoro
piBHSHHA TpeTboro mopsaaky. CkJaacTh ue piBHsAHHA.

Posp a3anusn 3uaxoxumo:

x x® e
Welyn Yoo g = |1 2x e | = — 2(xe* —e*) +e* (2x* — x%) =
0 2 e

=e'[(x— 1)+ 1150, x€R.

Orxe, gani @yHkuii yTBOPIOIOTL (yHIAMEHTANbHY CHCTEMY pO3B’fA3-
KiB Jesxoro ninifiHoro oaHOpiAHOro piBHAHHS TPETBOrO NOPAIKY:

Y+ )y Fh ()Y Ry () y =0 (36)

3uafinemo  hy (x), Ak, (x), by (x). s usoro B (36) mocnigoBHO mix-
CTABHMO Y == X, Y, = X2, y; = e*. Hlicranemo cucremy

0 Ay(x) + 1+ hy(x) + xhy (x) =0,
2h, (x) + 2xh, (x) -F x%hy (x) =0,
exhl (x) + eXh2 ()C) + exha (x) == e— ex_

3acrocoByemo npasujo Kpawmepa:

0 1 x
A={2 2x x*)=—Wly; ¢s Y3l = —e*(x*—2x+ 2),
Bx eX ex
0 1 x 0 0 x
A, =] 0 2x x| =ux%* A,=]|2 0 x%| = — 2xe*,
—e¥ pr X ef ——e* er
o 1 0
Ay=| 2 2 0 |=2,
ex ex _ex
A 2 A, 2x
b)) =F=— Ty BW=T =gy
A 2
ho() = 3 =— —mry -

Ilykane piBHAHESA:
(2 —2x+2)y"” — x%" +2xy’ — 2y = 0.
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2.60. MMosectu, WO KOMH Yy, Yy, ..., Ym — JIIHIHHO He3aNexHi Ha
= (a, b) po3B’aA3KH MiHiIAHOTO OAHOpPiAHOrO PiBHAHHS

Yy®» +h () g+ e R ()Y R ()Y =0, (37)

Je n>=m, h;(x)— HenepepBHi Ha [ dyukuii, { = 1, ..., 1, TO QyHk~
il Yy, Yoy ---» Y JiHIAHO He3aMexkHi Ha Oylb-IKOMY NPOMiXKY [; =
= {(a, P) =< I. (Ilopiensity i3 3ajgavern 2.39).
Posp a3andda 3 npunymeHHs, mo QYHKUil ¥y, Ys --ey Ym
JNiMifiHO 3a/eXHi Ha [, BUNIURAE, W10
Yy + Oy + 0 F oy, =0, x€I, (38)

m
npuyoMy D o >0.
i=1

Posrasinemo ¢yHKLIIO Yy, BU3HaueHy Ha [ piBHIicTIO ¥y = a,y, -
+ oYy + ... QpYm- L8 QyHKUiA €, OueBHAHO, PO3B A3KOM piBHAHHA
(37). Hexati x,¢€ /;. Sk Bunausae 3 (38), y (xy) =y (xo) = ... =
= y—D (x,) = 0. Tomy 3a TeopeMol0 iCHYBaHHA Ta €JHHOCTI MaeMo Yy ==
= 0, T06T0 oYy, + Ay + ...+ Ay, = 0, x € I, WO cynepeudts ymo-

Bi nigifinol wesanexuocri QyHxuift yq, ..., Y, HA 1.

2.61. Hoeecrd, mio KOJMM (PYHKLIi yl, Yoy -+.s Y, HEIEPEPBHO ﬂmpe
penuifioBni n — 1 paswa I = (a, b) i y, 5= 0 Ha I, 10 117 BpOHCKia-
sa W ly,, vy, ..., y,] cnpasensmuBa opmyisa 3HumcerHs NOPAoKYy

Y y2 " Y\’ Y
W[yl’y2""7yn]_‘y1W|:(yl}’(yl)’--'y(yl)]' (39)
Posp ga3auHdda Maemo:
Y1 Y Yn
h Yo Yn
W[ylvyz’ ""yn]: ;/{[;).'.yg;).‘...!;](vf)'
S SR

Hlo6 nepersopuTH BH3HAUHWK, BHBeLeMO JesKi CHiBBiIHOIIEHHS.
Kopucrytounch Qopmyaoro JlefiGHila, 3HaxoauMo

(-ﬁi—)‘k’ ) ® =g + Ct V) - O ) +
+ Ciys (57,

8BiAKH Bz (—%)(k) =y +Cy iy 4+ -+

+ Gy (Y gy + Clys (07
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=1, ..., n k=12, ..., n—1

o R —
TomHoxuMO nepunit palok BHsHaunuka Ha Ch (g1 )Py, Apyruft —

na C:' i)y, ..., k-ii pagoxk — Ha Ci (57) y, i Ronamo go (k +
+ 1)-ro pspka. Taky npoueaypy nOCAiAOBHO INOBTOPICEMO MpH k =
=n-—1, n—2, ..., 1. BHacnilok pHMX neperBopeHb, fKi, OUEBHJHO,
He 3MIHIOIOTH 3HaueHHs BuU3HaunMKa W, xicranemo

Y1 Ya ves Yn
’ I3
0wl o onle)
" [
Vs =l o ufs] oala) |-
(n—1) n—1)
Y
0wl w g

- (‘f) (—yyr) =y,W[(_y_.)<_€.§_)(_L)]

LY Y Y1
( A )(n—l) ( Un }(n—l)
Y1 Y
2.62. Hexa#t y,, Yy ..., Ym — JiHiIHO Hesanexkui Ha [ = (a, b)

PO3B’fI3KH NiHIHOTO OXHOPiAHOrO PiBHSHHS
YO +h )y + s R ()Y R (0)y =0,
e n=m, h (x), i =1, 2, ..., n,— HenepepsHi Ha [ ¢yukuii. dosecru,
wo Wy, Yoy ooy Yl 5202 .
Poss sisaunqa Ilpy m =1 rtBepaxkenns e oueBuznum. [lpu

m = n BOHO BUNJHBaE 3 (opmyau Jliysinng — Octporpaichkoro.
Hexa#t | << m << n. Tlpunyctumo cymporusHe, 1o

Wiy, Yas - Ypl==0 na I.

Posrasinemo npomixkok Iy = (a, f) takufi, mo y, =0 npu Vx¢
€ /,. SIk foBefieHo B 3anaui 2.60, po3B’A3KH Yy, Ys, ..., Ym JNiHIAHO He3a-
aexHi Ha [,

Buxopucrosyiouu dopmyay (39), MOxHa 3amucati

W14 Y2 ooy ym]=yTW[(—§j—)',(%i*—)I, (—yﬁ)] (40)

180



IMo3nauumo:

Un s ’ Y; ’ .
woj=yp wy =) (L) G m e

1 posrassemo ¢yHKUil, #Ki BH3HAUAIOTbCS PEKYPEHTHOIO GOPMYJIOK

’
;1 jh1

Uijj = = |
i—~11

Je npu dikcoBaromy i, 1 < i<{m — 1, iHjekc j amiHooerbca Bix 1 1o
m — i, a QyHKUil uy; BU3HAUAOTLCA 3a dopmyaamu (41).
Hoxaxemo, mo icHye noclinoBHiCTb NPOMiXKKiB

Inaclpsc o clic - clial (42)

Takux, mo uy =0nmpu Vx€l;,,i=0,1, ..., m—1.
OueBujHo, WO KOJH iCHyBaHHS NPOMiXKY I;; BCTaHOB/EHO, TO
yskmil uy, j=1, ..., m — i, HenepepBHo judepenuiiiosni n — |

pas Ha [;.;. Maewmo
gy =150, V€l

o 2\ __ ¥ 0 ]
Uy = - —{ 0 Ha [,
Up1 Y1

60 XoaH uy; =0, 10 y,— Cy, =01na [, ne C, = const, mo cynepe-
uyuTh JAiHIAHIA He3anexHocri GOYHKHIH y,, Yy, Ha [, Tomy, BHacHifoK-
renepepBHocti QyHKLIT uy, Ha [y, icHye npowmixkox [; = (o, B,) < [,
takaf, mo u,; =0, Vx€ I,

[Tpunycrumo, nio icHyBaHHA npoMixKy [;-, BcraHoBjeHo. [losege-

Mo icHyBaHHs mpoMixkky [, [ = 2, 3, ..., m — 1. Maemo
- ,
i—12
Ui =(u—) =0 na I;,
{—11
6o Ko Uy =0HA [; 4, TO Ui—js— Clut—ll = O, TOOTO '

u. ’ u. ’
—23 29
S o[ 2=22) =0 wa [y,
U 91 U291

8BiJKU
U—23—Cytts—g9 — Cytt;2,=0 Ha I;y,
g 141 — Cytro; — Cotig 1 coo —Citg; =0 na I;_4,
TobTO -
' Y1 —Cy; —Coy1— -+ —Ciyy=0 na [y,
o cynepeuntb JiHifiHIA HesamexxHocti GYHKOIA Yy, Ya ..., Yry1 Ha
l,_,. Tomy, BHacnijok HenepepsHOCTi (¢yHKUIl uy Ha [;, icHye
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npoMmixkok I, < I;—; Ttaku#i, mo ug 70, Vx € 1;. Tum camum icmy-
BaHHA InocaijoBHocTi (42) noBeneHo.

Poarsisinemo Bponckian W [y, ..., y,,] Ha npomixkky [,—;. 3acroco-
BYIOUM (opMyJly 3HMKeHHS nopsiky (40) m — 1 pas, nicraHemo

lel: Yar « o - ym] = yr\nu’/[uuv Uygsy - ooy Uy m——-l] =

m_ m—1
= uguty W [tigry thiggy -+ vy Uopm—gl = -+ =
m_ m—I1 3
= UGUY oo+ Um—3 W |thm_aty Umeoa] =
m m—t m-=2 3 2
= Ug ity Ut o Un—3Wmez Un-t1s, XElm_1.

Ockineku gy, = ¢y 0, ug #%0,i=1,2, ..., m— 1, npu Vx ¢
E Im-—h TO

W[ylr Ygr v+ Yl #=0, Vx€ln_y,

o cynepeunts npunymenspo,. Orxe,

W lyy, Yy ooy Yl %= 0 Ha 1. o
2.63. Hexafi y, — dHerpuBianbHUll yacTHHHHE DPO3B’'A30K JaiHilHOrO
OJHOPIAHOTO PiBHAHHSA

Y +h (XY +h(x)y =0,
ge By (x), hy {x) — nenepeprni Ha [ = (q, b) bynkuii, npuuomy y; =
# 0, VxE€(a b).

Hosectu, 0 3arajbHUil Po3B’f30K PIiBHSHHS MOXKHA 3HAiTH 3a ¢hop-
myaow Abeas:

--—S'h1 (x)dx

=C £ dx +C,yy, I, 43
Yy Y1 yf(x) + Coyyy  XE (43)

ne C;, C,— nosiabHi crani. . ,
Posp 93adus. 3HU3HMO NOPAROK PIiBHAHHS 3a JIOTIOMOTOIO
3aMiHH ’

Y=t g udx, (44)

e u —-_—(i) , x€L
Y1
Binnocuo ¢yukuii ¢ aicranemo piBHsHES (zuB, 3amauy 2.27)
2y; + by
h
Binokpemniotoyu 3MmiHHI, Maemo

= .= mmdx 1
u=_~Ce P (49)

u + u =0.
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Hincrasusmm (45) B (44), 3naiizemo

E—Sh,(x)dx
y=Cuy, S ——dx + Copy,
¥ (%)
nre C,, C, — noBifbHi cTadi. N
—Iminax
OckiNbKH PO3B’I3KH Y4, Y, = yIS de JiHifiHO He3aJexHi
) 1

(% == const, x€17 } , TO hopmydia (43) cipaBAl fa€ 3aTraIbHHE PO3B 30K,

]

2.64. PiBusimas (2x — x¥) Yy + (2 —2)y' +2(1 —x)y = 0 Mae
PO3B’SI30K Y, == €*. 3Halith po3B’s3ok 3alaui Kowi ans uboro pisHfH-
HSl 3 NOYAaTKOBUMH YyMOBaMy

y@) =1 y @) =0. (46)

Posp sisadnsa JliniliHo He3anekHUH 3 y1 po3B’ H30K ¥y pis-
HSIHHS 3HaXOAMMO 3a QopmyJow Abens npu C; =1, C, =
—-Sh,(x)dx
Y2 = Yy j‘—e—— dx.
? 4 (%)
Posrasinemo npomixok [ = (2, - oo0). Maemo
—(hwax = E=2 ar = ({12 2= dx =
= x—l—S—(M——l— =x 4+ In(x®? —2x), x€I,

Yp = e"s exrtIn i—20p—2xx — g¥ SI (x®* — 2x)e*dx =
=2 =u, du=(2x—2)dx
dv = e~*dx, V= —e"*

] =e*(— (x* — 2x) e~* -

x—1=u, du=dx
2 (x— 1) emrdx) = e

—2(x—De*—=20%) = —x2+2%x — 20+ 2 — 2 = — x2,
3aranpHu po3B’A30K Mae BUNVIAL Y == C,e* + Cyx?%, ne C;, C; — HOBiJbHI
craii. BpaxyBaBliH 1109aTKOBi yMOBH, AicTaHeMO y = — 2e¥—3 |- —%— x?

} =¥ (—e—*(x% —2x) —

2.65. 3uaiitn sara.nbrmﬁ pPO3B’AI30K pPiBHSHHA
y" — 3x%y" -+ 6xy’ — 6y =0,
KOJH BifoMi [JBa YaCTHHHI pPO3B’ A3KH:
Yo = X% gy = X%
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xﬂ x3
2x  3x?
x=0, To pO3B’aA3KU Y, i ¥, JiKifiHO He3anexui Ha R.

SHHBI’IMO nopsnoK plBHﬂHHH 32 JAonomoroio 3aMiuu ()IHB 3a,u.aqy
2.97)

Posp' ssanusa. Ockinbku W [x% x?] = = xt5£0 npu

Yy = x* S udx,
Je u — HOBa IuyKaHa QyHKUIR, u _( xa) » x5~ 0. Maewmo:

Yy =2x \ udx + x?u, y" =2 ( udx 4 4xu + x*’,
" = 6u + bxu’ + x2u"

[lincraBupiiy Ui BHpasH B piBHAHHA, AicTaHeMo JiHifiHe ofHopiane
piBHAHHSA

ulf_’__i_ulzo'

. ' . X3 \*
Ockiabkn e piBHAHHA Ma€ PO3B’A30K U, =(-;2—) =1, To 33 Qop-
myJnow AGens

I
u=ie * di+C="SLr240,

Tomy sarajibHMH PO3B’A30K 3a1aHOTO PIBHSHHA Mae BHIVIAL

y = Cyx 4 Cox? + Cyx3,

ne C,, C,, C; — nosiabui crani,

2.66. (YaaranbhenHs q)opmy.rm Aﬁeml) Hexalt yy, ¥a --vs Yn—t —
JiRiliHo HesaseKHI pO3B’sIsKM JiHifiHOrO oJAHOpiAHOTO pIBHAHHS noO-
paAKY n >= 2

L) =y +h )y + s Fhaa )y +h,(x)y =0 (47)

3 HenepepBHuMH Ha [ = (a, b) Koediuienramu h; (x), { = 1, ..., n, Ta-
ki, mo W (x) = W lyy, ys ..., Yol 50, V x € 1. JoBecru, mo 3a-
raJbHUl PoO3B’si30K piBHAHHA (47) MoxHa 3Ha#iTH 3a dopmy.own

T
—1 — \hy(s)d
n Kn__l (x T) S‘ 1(8)ds

b= Cuwi +C, S—Wz—m’—w o, x€l,  (48)

{==l
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Ze Ky (x, ) =y, (1),
y; () Yo () oo Yna (7)
Bn® 5@ ... g (7)
Knoy(y®)=( .. ......... e s
= W@ 0 P
41 (%) Yo (%) v oo Ynaa (%)

C., C, ..., C, — noBinpHi crasi.

Poss’azawua  PosrasgHemo QyHKLiO
X —S‘h.(s)ds
K,_;(x, 1)
’, =S_”W;‘(Te o dn, x x€l. (49}

Xp

[Noxaxemo, wo ¢yHKiis y, e po3p’a3koM piBusaHHsA (47) npu V x €
€ /. PoaxknaBuin BusHAUHHK K,y (X, T) 33 eJleMEHTaMH OCTAHHLOTO PAl-
Ka, Aicrademo, wo dyukuia K.—i (x, T) npu KoxHoMy T € / € po3B’a3-
KOM piBHSIHHA  (47):

L (Kna (%, 7)) = 0. (50}

BukopucraBliu npaBuso EucdepeHIlilOBaHHA iHTerpasa no napamerpy,

sHankzeMo
T

X N Py
- Kn—‘. x, T . xso (s) sd
Yn = W2 (1) Ty
Xo
hy
(n—2) _ K(n—m (x. 1) x{ (s)dsd
Wiy T
x K(n—-l)(x 1) —-S‘h,(s)ds | —S‘h.(s)ds
(n—1) n—1 ’ Xo Xq
Yn —S WE ) S A '
Xo
E, x
( hy(s)ds — \h(s)ds
yo __S Ky, w0 do— o x's‘ 51y
TWE(Y) W (x) .
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[igcrasuBuru (51) i (49) B piBHAnra (47), 3 ypaxysanaam (50) zi-
CTaHeMO

x —_ ghl(s)as - s‘h‘(s; ds
LK, (x,5) 4 h
L) ZS k. di— g; ¢ +
h — !'h (s)ds
+ —W‘%‘ =0, Vx¢cl
Ot6uucaumo W[4y, Ysr - s Yolle=x,» 3 (49) i (51) BunimBae, wo
Yn (%) =Yn(xo) = - =5 (x0) =0, yi'™ " (x0) = [W (x)T"".
Tomy
Y1 (Xo) (o) Yn-1 (%) 0

W ’ CREE . =Xy = an -
Y1, Y2 Ynllx=x, yi 2 (x0) y5'~ 2 (xq) - yn_12) (%0) 0

g (x0) 55T (k) e i (xp) W ()]

=1

i, omxe, dynkuii yy, Yy, ..., Yy, YTBOPIOIOTb (hyHIAMEHTANbHY CHCTEMY
po3B’si3KkiB piBHAHHS (47).

2.67. Hexa#t 1y, Yy, ..., Y, — OyHIAMEHTANTbHA CHCTEMA PO3B’si3-
Kip JiHIFHOIO oOJHOpiZHOrO piBHSIHHS

Yy +hy () gD+ s A ()Y F A ()Y =0 (52)

3 HeNEepepBHUMH Ha [ = (g, b) Koebiuientamu h; (x), i = I, ..., n.
Hosecty, mo cucrema dyHKIid

n

z, = l);l Qg k=1, 2, ..., n, (53)

Ie a = const, yTBopioe ¢yHlameHTaNbHY CHCTeMy pO3B’43KiB piBHsH-
us  (b2) Tomi # tinbku todi, koaw A = det ((ax)) = 0.

Posr a3anusa 3 (53) punausae, wo $yaxuii z;, ..., 2, € pos-
B’A3Kamu piBHAHHA (52) mpu 6yIAb-iKHX Qr. TOMY JOCTATHBO TOKa3aTH,
o BpoHckian cucremy (53) W [z, 25, ..., 2,1 5= 0, V x € I, TOAi # Tinb-
K1 Toli, Koau A == 0.
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Maemo

n n n

lzl auy, E‘ axy; > aniY

2 n , "‘, .

Zauz Zawy! .2 any
Wiz, 2 o0y 2] =| = y i= R =

----------------------

n n
Y (n—1) {(n—I1 {(n—
any: 121 QY1 ). 24 QY

‘ (n—1)
Ap Qg .. A\ /Y1 Y1 .o W
¢ {n—1;
Aoy gy oee Qon [ Ys Y2 --. Y2 ' — AWy y 4.l
= » Yas « o+ 2 Yl

.........
.........

Qn An2 oo+ Qun Un !/;1 .. yg"—l)

Ockinbky W [y,, Yoo ooy Ynl 70, Vx €1, 10 Wiz, 2, ..., 2,1 0,
V x € I Toni & Tiabku Tom Koau A = 0.

2.68. Hexail ¢y, Yo ..., 4y, — OYHIAMeHTAJIbHA CHCTeMa Po3B°A3KiB
JiHiAHOrO OfHOpifHOrO piBHAHHS

YO R ()Y 4 oo LR (X)y +h,(x)y =0 (54)

3 nenepepBHuMu Ha [ = (@, b) Koedinienramu h; (x), i =1, 2, ..., n.
Hosectn, mo HopMmanbHa (yHmaMeHTadbHA CHCTEMAa pO3B’SI3KiB 2,
29, ...y 2, piBHSIHEA (D4) MOXe OyTH 3HafileHa 33 (HOPMYJIOK

oW (x,)
zk——Z—-—‘;l(x—‘;y,, (55)

ae W (x)) = Wlyy, Yay oos Yl lxmxsy Wt (x,) — anrebpaiune monosHen-
HA ejeMeHTa k-ro panka i [I-ro croBnus BpoHckiana W (x,), x,€ /.

Posp ssizanna  Dyskuii 2,, k=1, 2, ..., n, lUyKaeMo y BH-
rasi

n
o= amy, k=12, ..., n : (56)
=1
Uucaa ap, k, 1= 1,2, ..., n, niabepemo Tak, o6 BUKOHYBAJIHCh YMOBH
(%) =0, Ze(t) =0, ..., &7 (x) =0, & (x) =1,
2P (xg) =0, ..,z"‘“(x)-o E=1,2 ..., n (57)
ITigcrasusmm  (56) B (57), micraneMo cHCTeMY JJisi BH3HAUEHHA Q.

Yy (Xo) + GYs (Xo) + <+ + Bendfy, (X)) = 0,
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auyi (%) - Qeaa (Xo) + -+ ~+ @entin (%) = 0,

a2 (%) + At TP (%) F -+ A+ @y (%) = 0,

8ug* Y (x0) + @y (x0) + -+ A+ Gy (x0) = 1,

2y (%) + awy® (x6) + -+ + amy® (x5) =0,

..............................

auy\" " (x0) + as " (x)) + o+ @rnyS T (x0) = 0.
k=12 ..., n

Ockinbky rosioBuuii BH3HAuRHK uiel cucremu W (x,) # 0, To cucre-
Ma Mae eXHHHH PO3B’A30K, IKMH MOXKHA 3HaliTH 3a npaBuaoM Kpamepa:
W (x0)
Wi(xy) °
ne Wi (xo) — anrebpaiube IONOBHEHHN ejieMeHTa k-ro panka i [-ro

cropnus Bu3HauHuKa W (xg). [Tokaxemo, mo A = det ((ax)) 7%= 0. Ma-
€MO! -

ag =— k,l-——:l, 2,...,n, (58)

Wiy (%) Wz (%0) W1 (50)
W (x,) Wi 77 Wix)
A= .. e =W (%) 7= 0.
Wn] (xo) an (%9} W,m (xy)
4 (o) W) °°° ’ 'W/T;o_)—

2.69. Homecrn, mo byrkuii cos ox, sin ox, x cos ox, x sin ox yr-
BOpIOIOT QYRAAMEHTAJILHY CHCTEMY pPO03B°A3kiB JiHilHOrO OJHOpiAHOTrO
piBHAHHSA

Ly)=y"V + 202" + o'y =0, o = const >0.

PosB sasanusa Illokaxemo, mo dyrkuii @ (x) = e, ¢ (x) =

= xe'®*, {* = —1, 3aK0BO/bHAIOTL XaHE DiBHAHHA. 3HAXOLHMO;
P’ (x) = iwe'®*, @' (x) = — a%or, @ (x) = — indeloF,
@' (1) = olelor;
P (x) = (1 + iwx)eto¥, P (x) = (20 — wix)elox,
V7 () = — (30* + {0®x) e'or, Y'Y (1) = — (4ie® — wtx)etor,
Tomy

L (g) = (0* — 20" + 0*) ¢'o* =0,
L\p) = (— 4i0® + x0* + 4ie® — 2x0t 4 ox)e'o* =0,
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i, orxe, dyuruil @ (x) i ¥ (x) e po3p’naskamu piBusiHEA. Ockinbru Koedi-
uienty piBnsfnHa — Aificwi yucaa, To PyHKUil

! Y, = Rep = cos oy, , = Imoe = sinox,
Y, = Rep =xcoswx, y,=ImyPp =xsinox

TAKO¥ € Po3B’A3KaMH piBHaBHA. Jlinifina He3anexHicts QYHKUIA ¢,
Y2, Ys, Y4 BHILIMBAE 3 pe3yibTaTy 3anaui 2.48.

2.4, NivikiHi HeogHOPIAHI PIBHSHHS

JlinifinuM HeoAHOpiAHWM PIBHAHHAM N-TO NOPSAAKY HA3HBAETHCH PiBHAHHS
L=y +mn "™+ o dhy 0 @ y=F(), (D)

ke byukuil f (x) = 0, h; (x), i = 1, 2, ..., n, wenepepeui na [ = (q; b). 3araavuuft pos-
B'5130K piBHAnusA (1) Mae BHrIAR

=y+y. )
TYT y — saranbhuil poss’'asok ainifirore oxmopiguoro pisnsmAs L (y) = 0, ske

sigriopinae pisnannwo (1), a y — axuit-nebyns wacTuHARA PO3B’A30K BeORHOPimHOrO piB-
nsuua (1).

Sxuwio BiioMa PyHAAMEHTANBHA CHCTEMA Iy, Yy, ..., Ypn PO3B A3KiB ainifinoro oaxopia-
noro pisnsauua L (y) = 0, 1o 3araapnufl po3s's3ok ueonHopinkoro pisusinua (1) 3aBxan
MOXKHa SRAATH memodom eapiayii Oosirbrux cmasux (MetoaoM Jlarpamxka). CyTh mboro
MeTOy MOJIATAE B TOMY, WO 3aTa/bHHil PO3B’A30K HeOAHODiAHOro piBHANHS (1) myKaemo
y Burasai

n
y= e, () y, 3)
{==1
ae dyaxuii ¢; (x), { = 1, 2, ..., n, BU3HAUAIOTBCA i3 CHCTEMH
e (X) Yo+ cy (X) Yo+ -+ +Cp (%) yp =0,
G WY+ eyt e o, (%) g, =0, (4)
g g )T+ e oy (0 gV = (2).
" Bixsocho c; (x), i= 1,2, ..., n, cuctema (4) e ainifinoro HeoNHOpiAHOIO anreBpaiu-
NOIO CHCTEMOIO, NPHUYOMY TOJIOBHUH BH3HAYHHK Uiel cucTeMH
A=lel) !/2y ...,ynlﬁ‘éo, vxEI- (5)
Tomy cucrema mae efuHuUfi PO3B'SI30K:
G =%, i=12 ...,n ©)
mliku
e, (x) = S P (x) dx 4o, (7)

o, i=1,2,,,., n— gosineii crani. Bpaxysaswn pisuocti (3) i (7), saraaouui
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po3B’sizok piBusiuus (1) nicranemo y surnami

n
y=oug+ayst+ o tonyn+ 3 (b 0 dx -y, 8)

={*

Jliif 3HAXOMKEHHS YACTHHHOTO DO3R'A3KY JiHifiHoro reoppopianorc pisumuua (1)
MOXKHa 3actocyBatH memod Kowi. 3rigqo 3 meronom Kowi okpemuil po3s’asox pisusuHsA
(1) 3 HYJLOBHMH NOYATKOBHMH YMOBaMH

gt =y ()= -+ =¢" V() =0, x€l, (9
Ma€ BHIVIAX

X
y=S1<(x, s)f(s)ds, x,, x€I, (10)
Xo

ne K (x, s) — pynxyis Kowi, aKa NpH KOKHOMY 3HaueHHI Mapamerpa s € 7 € posB'A3Kom
onxopindoro piBuauug L (y) ==-0 i 3an0BoJibHsAe ymMOBaM
(n—2) (n—1)
K, 8)=K(s,8= -+ =K(s.8) =0, Kl(s.s) =1, (1)

SIKIO Yy, Ys, v, Yn — GyHAaMeHTanbHa cucTeMa po3s’sakis pirnsnus L (y) = 0,
To pyskuilo Komi K (x, s) moxwa mykaTts y BUIsSal

n
K(x, = ¢ (s) y; (), (12)

=1
Ie Koedinlientn ¢, (s}, { = 1, 2, ..., n, nig6upaoTecs TaK, mo6 BHKOHYBaancs ymosu (11).
Sxmo yy, ya, ..., Yp — HOPMAJBHA (IPH x = x,;) ODYHJAMEHTAIbHA CHCTEMA PO3B'A3s

kiB piBusung L (y) = 0, 10 po3s’s30K Jinifinoro neonnopiavoro piensuirs (1) 3 nouasl
KOBHMU YMOBaMH

Y ) =Yg Y (X) =g +e. s 4OV (xp) = Y

Ma€ BUIVIAR

9= Yoy (0) + yoya () + - + 5 Dy (0 + ¥ (x), ag

ne y (x) — vactunHuf po3p’s30K piBHAHHA (1), nobynosanni 3a metonom Komi.
Hpuryun cynepnosuyii poss’ A3xie noasrae B TOMY, 1O KOJH y; € Po3B A3KOM JAixkH
HOTO HeojHOpinHOTro piBHSIHHS

Lpy=Fix), i=1,...,m ¢ |
m

10 OyHKLIA y = }_ ®;Y; € PO3B’A3KOM JinifiHOTO HEOAHOPiAHOTO PiBHSAHHA
i=i

m
L(y) = ‘\_\. aifi (x), (15)
1

=
o0
e ‘a; = const. Slkmo f(x) = X o,f, (%), a Yy, € PO3B’S3KOM HEOAKOPiAHOTO piB-
=1
HAHHA
Lw=fix, i=42, .,., (16)1;
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o0
#PHYOMY DS Z @y, 36iraeTecs il monyckae n-KpatHe nodjeHne AudepeHiniloBaH-

B o
a5, 10 dyHkuia y = X ®;4; € PO3B’AIKOM JiHifiHOro HeoAHOPiAHOTC piBHAHHA
=1
Ly =TF{x). (17
Slxio ainifine weomnopinHe piBHAHHA
L) =q(x)+ g (x), (18)

koedinientn sikoro h; (x), j = 1, 2, ..., n, | dyuknii @ (x) T2 P (x) — aificui, mae xomn-
NexcHui poss’asok y = u (x) 4+ v (x), To Pyukuii u = Rey, v= Im y e Biznosixuo
poss’sakamh piBusHb L (y) = ¢ (x), L () = ¢ (x).

2.70. 3acrocosytoun wmeron Jlarpawka, 3HaliTH 3arajibuuil  po3B -
30K pIiBHAHHA

4 3 6 ’ 6 ™
' -+ =y =Vx (19)

Posp szanna 3uafileMo dyHIaMeHTaJbHY CHCTEMY pO3B’f3-
KiB BiZnOBiZNOro OAHOPIAHOTO PiBHAHHSA.
3 6 6
14 "
' =Yy +—9 — wy=0 (20)
Po3B’A3kH piBHaAHHA (20) WyKaTUMeMO Yy BHUIJALI MHOrOU/IEHA Y =
= ax" + ... . [ligcrapuBiay nefi Bupas y (20) { BunupcaBluK JHLle YJEHH,
f1Ki MicTATL cTapluuil cTenmiHb X, AicTaHeMo

an(n—-l)(n—?)x"*‘*—%an(n—-l)x""2+

6
+%anx"—‘ ——x—sax"—i— -0 =0,

TMpupizaaswin o wyaa Koediuient upn x"—3, marTumemo
rin—1{n—2)—3nn—1)+6n—06=0,
(n—1)(n* —5n +6) =0,

3BiNKH ny, =1, n, =2, ny =3

Otke, dkmo pisHanus (20) mae po3B’H30K Y BHUIVIAAI MHOTOUJIEHE,
TO CTeNiHb UbOIO MHOI'OWAEHA MOXKe JopiBHIOBATH Julte |, 2 abo 3. bBes:
NOCEPENHBLOI0 MePeBiPKOKD BHEBHIOEMOCH, Mo QYHKUL y;= X, y, = X2,
3 = x* yTBOPIOWOTL (yHAAMEHTA/NLHY CHCTEMY PO3B A3KiB piBHAHHA
(20).

3rinio 3 wmetopoM JlarpaHxka, 3arajgbHHA PO3B’SI30K  PiBHSIHHA
(20) wmykaemo y Buraani y = ¢ (X) x +¢, (X) x* + ¢5 (x) 3, ne dynRUii
¢ (x), ¢ (%), ¢5 (x) BU3HAUAOTBCA i3 CHCTEMH

£ (%) x + ¢ (x) X* 4 ca (%) x* =0,
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ci(x) - 14+ co(x)- 2¢ +cs(x) » 3x2 =0,
cr (%) 2+ ca(x) - 6x=Vx. 21
Posp’ssaBun cuctemy (21), mictanemo ¢ (x) =—é—VJ?3, ¢ (%) =

-
="_Vx’ C3(x)"_ 2'/2 s

Q@ =g VBta, W)=——aVBta, ¢@E=Vr+a,

3BiIKH

e o, oy, Oy — JOBiJIbHI cTaJ.
Orxe, 3aranbHufi poss’sisok piBHAHHA (19) mae BUPIAR
8 =5
Y =dX + a2x2 —," Oc3x3 + T ‘ x".

2.71. 3ualiTy posB’f130K JiHiAHOrO HEOXHOPiNHOTO piBHAHHA
y" +y" =Fx), (22)
ne [ (x) — wenepepeHa Ha [ = (a, b) QyHKuin, AKHA 3aJ0BOAbLHAE
HY/NbOBI NOYATKOBi YMOBH
y(xe) =y (x)) =y " (x)) =0, x,€1, @3)
3actocoByioun: a) meron Jlarpausa; 6) meron Kous.

Po3B f3aHhsda 3HahleMo (yHAaMeHTaJbHy CHCTeMy pO3B’fi3-
KiB OAHOpPiZHOTO piBHAHHA

ym + yrr — 0. (24)
3HuU3MBIIM NOPANOK pIBHAHHS 33 AONOMOroio 3aMimu Yy = u, ge
4 — HoBa HeBigoma ¢yHKuisi, xictaneMo piBuauHd u' + u = 0, 3a-

rajbH#ii  po3B’a30K fiKkoro u = C,e~*, C; — noBiabHa crana. Toxai
y = Cie~*. 3Bincu

y=Ce~* 4+ Cyx 4 C,,
ae C,, C,, C, — poBinbui crani. Omxe, ¢ynruii y, = e=*, y, == x,
Y3 = | yTtBOpIOIOTE (DyHAAMEHTaJLHY CHCTEMY Po3B’si3KiB piBHfHEA (24).

a) 3rizno 3 MeronoM Jlarpanka, 3aradbHHH po3B’A30K piBHsinHg (22)
[IYKaeMO y BHIJIAAi

Yy =cy(x) e + ¢y (x) x + ¢5(x), (25)
ze dyukudi ¢ (x), ¢ (%), ¢3 (x) BU3HAYAOTBCH 13 CHCTEMH PiBHAHb
¢ (*) e +op(x) ¥+, (x) =0,
—a (e + ¢y (x) =0, (26)
c1(x) e = f(x).
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3 (26) 3HaxomuMO:
ci(x) =€F(x), cx)=Fx), c3(x)=—x+1)f)

3BinKkH
X

er() = [ef () ds+o, ()= [ f(6)ds+a

Xo

ey (x) = — [ (s + 1) F(5) ds + g, ©@7)

e oy, @, oy — HoBiAbHI crani, x, x,€ /. IligcraBusun (27) y (25),
ZlicTaHeMo 3araJbHEH pPO3B’30K PiBHAHHA (22):

Yy =oe* +ox oy + s (es=*+x—s—1)f(s)ds. (28)

Xo

I3 3arasnbHOrO po3p’AsKy (28) BHAINAMO INYKaHHH YaCTHHHHH PO3B’f30K.
[Tocsi xoBHO 3HAXOAMMO

Vo= —eget oy + [ (et D) () ds + (e + x—x—1)f(x) =

= —oe " + o, + S (—es=* 1) f(s) ds,

' =age + | e (s)ds + (1 — e5~%) [ (x) = qe=* + 1 e~ (5) d.

[NMouarkoBi ymMoBH (23) naloTb cuCTEMYy AJSl BU3HAUEHHS O, Oy, O

o e~ fayx, +ag =0;
— o e% - a, = 0;
ae~* = 0.
3BiAcH o; = o, = a3 = 0. Orxke, wykanull YaCTHHHHA PO3B’A30K
x

y=\(e*+x—s—1)f(s)ds.

X
6) 3rigmo 3 MertomoM Komwi, wykanuil poss’s30K
x

y=\Kx s)f(s)ds,

Xo

ne K (x, S) — ¢yuxuis Kowi, sika mae surasg )
K (%, 8) = ¢1(s) €™ +¢€53(8) X -+ ¢4(8).
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Koepinienra ¢ (s), ¢; (s), ¢ () mykaemo 3 ymoB
K (s, s) =c (s)e™ +cy(s)s+¢g(s) =0,
K' (s, 5) = — ¢, (s) e + ¢, (6) = 0, T (@9)
' K" (s, 8) = ¢, (s) e = 1.
'3 (29) maemo:

4 6 (s) =¢e5 c(s) =1, ¢3() =—(1+3s)
Tomy -
) K(x,s) =e5*+x—s—1
i

X

y={(e" 4x—s—Di@eds, x xmel

o
2.72. 3ualiTy PO3B’s130K piBHAHHA
y" +y =1 (x) (30)
ge [ (x) — uenepepBua Ha [ = (@, b) dyHkuis, Akui 3a10BOJLHAE IO-
9aTKOBi YMOBH
YO =yp ¢ () =40, y"(X) =Yor %€l (31)
Posp’ ssaduma g Buniusae 3 poss’asauns 3agaui 2.71,
saraneHuM po3B’sizkom piBHAHHA (30) e DynKIUIA Yy = e~ + dx - !

+ag+y, ne y= S (=% 4+ x — s — 1) [ (s) ds — yactuaHuit  po3-

Xo
B’A30K piBHAHHA (30) 3 HYJBOBHMH [IOYAaTKOBUMH YMOBAaMH.
Maemo:

Y =—ae*+a,+ !}”1 Y =oge~F 4 !;”'
OckinbKu g(xo) = _rJ (o) == y7' {(x)==0, TO 1/1 BU3HAYCHHS Cj, Uy, Oy
JicTaeMo cHcTeMy
o gy - 0y = Yo
—_— ocle—x" + Qg == Yo (32)
e = yo.
3 (32) xicraemo: _
oy = ygeh, Oy == !/(') + Yo Qg == Yo — xoy(') — (1 4+ xp) Yo
ToMmy wmyraHuii poss’d30K Mae BHIVISIA
Y = yoe™ ™" 4 (5o + 50) X + o — %ayo — (1 + x0) 4o +

X

+ e dr—s—1De)ds, x xel

Xo
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2.73. Hexa® vy, Yg ..., ¥, — OYynIaMeHTaJbHA CUCTEMA PO3B’A3KIB
Ainifigoro onnopianoro piBmanns L (y) = 0. Hdosectn, mo poss’s130K
pieusnna L (y) = f (x), e [ (x) — wenepeppna Ha / = (a, b) pyuxuis,
3 [0YATKOBHMYE YMOBaMH

Yxg) =y (xg) = -+ =y D(x) =0

MOXHa 3Ha#TH 3a (opMy.Ioio

. ”1 W . (s
y=§(. W <x>)f<s)ds. (33)

=

ae W(s) =Wy, (s), y5(s) ..., Y, ()] — BPOHCKiaH CHCTeMH PO3B’A3KiB
Yis Yas s Yn» 8 Woi (s} — anreGpaiune JOMOBHEHHSA [-FO  eJIeMEHTA n-To
psinka BpoHckiama W (s).

Posp ss3anusa 3riggo 3 meronom Komi, mykanuit poss’si3ok

y=\K(x,5) f(s)ds, (34)

Xo

Jde K (x, s) — ¢ynkuis Komwi. [llykatumemo i1 y BHrIsAl

K@ s =¢84 (x)+c0)y(x)+ -+ +¢,(5)y, (%)
Koedinientn ¢; (s), i = 1, 2, ..., n, 3HAXOAUMO 3 YMOB
. K(s,s) =K' (s,8)= -+ =K" (5,5 =0, K" (s, s) =1.

Maewmo:
C1 () Y1 () F¢2(8) g (s) + -+ +¢r(8)yn(s) =0,

(&Y F O () + - F e T () =0,

()9S F e ()T () F e A e (T () = 1.
Ockinbkn  roJloBHUH  Bu3HaunHMK Liel cuctemu A = W (s) =

&= Wly (s), 4208, --., ¥, ()] 5= 0, 10 33 npasunom Kpamepa ans c; (s)
Bicraemo

W .

Ae Wo; () — anreGpaiune NONOBHEHHS [-TO eJeMEHTa 7-TO PAAKA BPOH-
ckiana W (s).
2.74. Pozp’asatn 3apmauy Kouwi

Y Aoty =10 yx) =Y Y (x0) =vo %€I),  (35)
Je o = const >0, f(x)— nenepepeua na / = (a, b) pyuruis.
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Poss s3aubwuna Moxna nokasaty, uo ysruii y, = cos ox,
Y; = sin wx yTBOPIOIOTb (YHIAMEHTaJbHY CHCTEMY pO3B’A3KiB JIiHiii-
HOTO OAHOpifHOro piBHsiHHs 4* + @’y = 0.

3aranbHui po3B’f30K piBnanua (35) mMae BuUrAsAA

y = C, cos ox + Cysin ox + 4,

re C,, Cy — noBinbHi crasi, y — YaCTHHHHII PO3B’A30K HEOXHOPIIHOTO

piBusnug (35). Po3sp’sa3ok y~ no6yayeMo, BHKODHCTOBYIOUH (popMyay (33)
sapaui 2.73:

!; = S Wl(s) (W1 (5) 4y (¥) + Wy (5) ye (%)) [ (5) ds,

]

Ie
W (s) =' cos.ms sin os = w (cos®s -} sin?s) = o.
— osinos ®cosns
Wy () = —sinws, W,,(s) = cosws.
Tomy

X
; = S % (— sin @s cos wx -4 cos wssin wx) f (s) ds =
Xo

X

=—2—)Ssinm(x—s)f(s)ds.

X

Ockinpkn g sanososbHsie (IPpH X = X,) HYJbOBi mouarkosi ymoBH,
T0 AAA Bu3Hauenus craaux C;, C, Aictaemo eucremy

C, cos wx, + C,sin wxy = y,,
— oC, sin wx, -+ ©C, cos wx, = Yo,
3BiJIKH
1 ¢ . 1 !
C; = Y, COS 0xy — — Yo sin ox, Cy = Y, sin 0x, + — Yo €OS wX,.

Tomy

y=y0cosw(x—-xo)—}——(lo—yésinw(x—xo)-}-
x

+-L{sno@w—9r@ds xmel

Xe
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2.75. Posp’sizatH 3apauy Kouui

' —oty=F), yx) =ty Y (x) =2y x%EI (36)

ne o = const >0, f{(x) — HenepepHa na [ = (a, b) byukuisn.
Poap sisannd Hlykauuh po3p’s30K 3HaiaeMo 3a GopMyJIoI0

Y = Yoy () + voys () + ¢ (%), (37)
ne y, (x), ys (x) — HOpMaJbHA (IPH X = x,} GyHIaMeHTaJlbHa CHCTEMa

po3B’a3KiB JiHifiHOrO oxHOpiAHOTO piBHAHHS y' — @l =0, a y (x) —
poss’azok piBHaHHA (36), moGynoeawmii 3a MerogoM Komi. Moxna no-
KasaTn, mo OyHKUil e®%, e~“* yTBOPIOIOTb (DyHIAMEHTa/JbHY CHCTEMY
po3p’si3KiB JiHifl Horo ofHopimnoro piBHsHAA. Hopmanbny ¢yHaameH-
TaJlbHY CHCTEMY IDYKAeEMO Y BHIVIsLII

Y= aleﬁ)x + a2e—(1)x’ Yp = ﬁle&)x + ﬁze—mx, (38)
Ze crani oy, o, Py, P BH3HAUAOTBCA 3 yMOB
Yx) =1, yi(x)=0,
Ya (x0) =0 g2 (%)) = 1. (39)
IMincrasusmu (38) y (39), amicranemo
o e - qe0% =1, f;e9%0 4 fe—9% =,
oy e —a,0e~ % =0, f 0% — f,0e0% =1,

8BinKH

1 i 1 1
o = - e—®0%o, Ay = Temxo; [31 — 5% e—0xo, 62 —_— _,_emx.

: 1
Y = - eO(X—x,) -+ - e—9*—%) — ch @ (x —_— xo),

1 _ 1 e ree 1
Y= g €0TH — g 070 = Tsh o (x— xy).

®yHKLUi0 _l:l 3HaljeMo, BUKOPHCTOBYIOUH (dopMyay (33) 3agaui 2.73:

0= o Wt 960+ Waa () 52N s, %, 5 € L.

X,

197



Maemo:

1
h — — sh —_
Wis — cho(s—x) ——shols—ix) — ch? (s — 1) —sh?e (s —
osho(s—x) cho(s—x)
— Xy =1,
Wzl(S)——"————-—(lD- sh(s — x5), Wg, (5) = ch o (s — x).
Tomy

= [[—Fhes—xhon—x+
+ 5 cho (s—xo) sh o (x— 1)) F(s) ds =

:-(L—Sshco(x——s)f(s)ds.

TligcraBuBIUM 3HAYEHHA Uy, Y,, Y B (37), ZicTanemo BIYKaHUH PO3B’ A30K.
2.76. 3HafTH 3arajbHUi O3B A30K PiBHAHHA

Y — 0’y =[(x), (40)

ne [ (x) — uenepeppHa 2m-nepionMuna ¢ywukuisa, sanana rpadiuso
(puc. 31).
Po3g 3auuda 3arajbHuii po3B’si30K 1aHOrO PiBHAHHA Yy =

= Ce% + Cpe~ + ;, e y — yacTupHul posp’da3ok piBHsuna (40).

[To6ynyemo y~, BHUKOPHCTOBYIOUH GPUHUMN cyneprosuuii. ®ynkuio f (x)
poskaajemoc B psn dyp’e. Maemo

X OpH xe[——-—g-, %],
[ (x) =
T — x npH xe{%, %n—],
f(x+2n)=f(x), VxER.
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dyukuis f (x) — wenapua. Tomy koediunientu psixy ®yp’e Bu3Haua-
I0Tbca 32 QopMyaamu
ah:o, k=0, l, 2'...‘

F(x)sinkxdx, k=1, 2, ...

2
by =—

Doy y

Maemo

3
2 n
=—f‘—(5‘ xsinkxdx + S(n—~x)sin kx)=
0 1]
o

n
n —
— 3
2 xcos kx |2 1 (% — x) cos kx |*
__:?(_. |, +—k—S cos kxdx — ———— % .
0 T
] T 4 sin—k;—
_TS;tCOSkXdX)z_n.—k?—_—_'
2
4 (—DH°
OT)Ke, b2n=0, b2n+l =—.TI,(T(H-[T)I—)_2-’ fl:O, 1’ 2’ S
Tomy
— 4(—D)tsin@n4 1) x
foy=Yy Al hr (1)

n==0

. Ockimbku [ (—n) = f (n), a cpymmm f(x) — KYCKOBO-TVIajIKa Ha
[«=n, @], TO pan Dyp’'e (4]) piBHOMipHO 36iraeThca Ha Bcift 4HCAOBIH

oci 10 f (x). PosrasineMo piBHAHHSA

y”——u)y:st(gn—_}_)m—sm(Qn-l-l)x, n=0,12... (42)

IlygatuMemo YacTHHHUE DPO3B’A30K ;n IBOrO PiBHAHHA Y BHIVIAL
g, = c,sin(2n+ 1) x. (43)
MincrasuBmu (43) B (42), nicranemo ‘
—e, (024 @n+ DY sin@n + D= 2D sin@en + 1) x,
8BifKH

. 4(— 1)
b= @+ T T F @t 1Y)
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Orxe, :
- 4(— 1)'sin@@n+ Dx
I = menF @+ @ 0n
3rigso 3 npuEOMNOM cynepnosuuii, AKWo pAA

~ v 4(— 1) sin @n+ 1) x
y—,,goyn—go R @n T P (0 F @n+ DY (44)

36iraeTbcsl §i fomycKkae ABOKpaTHe nousenHe nudepeRniloranss, to GyuK-

Hifl Y € YACTHHHHUM pO3B’A3KOM pviBHﬂHHﬂ (40).
JoseneMo, mo psin (44) MoxXHa nowieHHO AM(ePeHUIIOBaTH ABAa pasH.
CkaageMo pajan

n=0,1,2,...

S _ 4(—Dcos (2n+ 1) x
,,;o Yn = nz n(2n+ 1) ((02 + (2n + 1)2) (45)
i
S _ O A=) sin@n+ )
,;o Yo = ,,;0 T (@’ + @n+ DY (46)
Ockinbgu
- 4
S T@mrreremrm 0 VR

~ 4
1S ZmFnereso - VrER

~u 4
lyn|< n(m2+(2n+1)2) 3 VXER‘

a yMC/IOBi psiau

o

Z 9—1 4 : ’ i=0» l, 2;
= aEa+ P+ @+ )Y

0

36iratorbcsi, TO 3a o3uakolo Befiepiurpaca, psinu (44) — (46) s6irawTbes
piBromipro na Beci¥i uMcaoBift oci. Orxke, pazg (44) MoXHa TNOUIEHHO
audepeniioBarn. Tomy

_ - 4 (—1)"sin (2n+ 1) x
y = Cleﬁ)x .+_ Cze (0F + T Z (2’1 + 1)2 (mz + (2n + 1)2) ’
n=0

ge C,;, C; — noBiapni cradni.
2.77. 3mafity 3aranbHi po3B’A3KH JiHIHHAX HEOJHOPIIHHX pPiBHAHB
Y + w2y = e** cos fx, 47)
Y + 0% = e** sinpx, . (48)
e @ >0, a,p =constcR.
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~ Poas"a3anunsqa 3arancHi poss'sa3ku pipHAHL (47) 1 (48) Bimmo-
BiAHO MalTb BUIVIAZ

y = C{ cos wx + CY sinox + y,,
y = CP cos wx + CP sinwx + ys,

Ie C‘.n, C&”, j=1, 2,— roBiabHi crani, y, — YacTHHHUA POSB’'A30K

piBusintga (47), a Yy, — YaCTHHHME PO3B’A30K piBHAHHA (48). Posrisne-
MO piBHAIHHA

Y+ oy = e, (49)
gep=a -+ ip, ¢ =—1. dgmo & — po3B’a30kK piBHsaHHA (49), TO byHK-
uii y = Rey, y, = Imy e vactiunumMu po3p’A3kamu piBusub (47) i

(48) BignoeizHo. 3 pesyabtary 3ajaui 2.74 BunJuBae, 10 ¥ MOXKHA 3HAMH-
TH 33 (OpMYJIOI0

x
—(L—OS sin  (x — §) esds.
Maemo
- X
y = 2“0 S [eim(x-—-s) - e-—t(o(x——s)] epsds —
x
= _Et]_u_)_ S [e@t+iB—mnsiior __ pa-tiB+aNs—ivr]ds, { 4

0

PosrasHeMo TaKi BHNAJLKH.

I.a%0. Tomi @ 4+ i(f —w) %0, a i} + o) %0
i

~ 1 eps—l—io)(x-—s) x eps—ia)(x-—s) x
y= QTm[a+i(r_m)' ) o]z
1 i@eP* —iasin ox 4 B sin ox — io cos wx
=— (50)

lo+i(B—o)]la+ i+ o)
Binokpemmiotoun B (50) aificHy # ysiBHY 4YacTHHH, NicTaHeMo

~

e** o (a cos Bx — b sin Bx) -+ (bP — aw) sin @x -- aw cos Ox

b= o (a? + b?) +
. €**@ (b cos Bx -- a sin Bx) — (aP - ba) sin ®x — be cos Ox
+i o @159 , (B
a=a?+e?—p?, b=20p. (52)
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Ockinbxn dynkuii sin ox, cos ox € po3s’a3KaMH ofHOpiAHOTO PiBHAH-
Ha y" + o’y = 0, To 3 (B]) BUMINBAE, WO YAaCTHHHHI pPO3B’A30K piB-
HaHHA (49) MoxHa BuGpaTH y BUrAsAi

- e** (a cos Px — b sin Bx) e** (b cos Bx | a sin Px)
y* = PR T T T B » (83)
Ie ai b BusnaualoTees 3a gopmynamu (52). Tomy
po -~ ax H
J1=Rey* = e (a cosagx-{——;zb sin fx) , (54)
b= Imgr = Lo betasingn) (55)

3okpema, npu B = 0 maemo a® = a® + w?, b =01
h= g h=0 (56)
II.a =0,p*+ o Tosia+ if+ow) =i Fo)*0,a=0—
— B2, b=0. 13 (54) i (55)
RicTaemMo
‘I;l:z'T::fS_L;z! E/zz%' (57)
IHI. a =0, p = ©. Toxi

X

o1 S iox __ pties—iox) dg — tox I tos—iox || —
§ =g ) (€0 — et ds = o (xefor — o & o =
= [ xetor Lsinmx' ——Lxsinmx——;xcosmx—l—
T 2o ) T 2w 20
4+ i = sinox. (58)

3 (58) Bunausae, Mo YaCTUHHAH poss’ﬂsox pieuanHs (49) MoxKHua Bu-
6paru y Buraagi

g 1 . i
Y =—2m—xsmmx—wxcosmx.
Tomy
~ ~ x
= Rey™* =5 sinox, y,=Imy*™* = — Do _cosox.  (59)
IV. « =0, P = —o. Toni pisusauus (47) i (48) maloTs BHUTAAL
Y + 0’y =coswx, Yy + 0% = —sinox
. . i T x . . ~
i, 3rilHO 3 NpPHHUMNOM cynepnosuuii, y, = —— sinox, Ys =
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_*
20

Bnan

- cos wx. Orxe, 3araibui po3B’A3KHW NaHHX PiBHAHb MalOThb BH-

= C{ cos wx + CY sin wx + y,,
2 . -
y = C cos ox + CY sinwx + y,,

pe CY, C¥ — nosinbui cranmi, j =1, 2,a y,, y, BU3HaYAKTEC (GOPMY-
Jamy

: e** (@ cos Bx — b sin Px) ~ e®* (b cos Bx + a sin Bx)
Yy = % L b2 s Y= a? I b?
npn o == 0,
de a=0a’+ 0 —p2, b= 2af;
~ cos fx - sin Bx

h=gi_pr Vo= i wra=0,f+* Lo

Yy =-—2x5-sinmx, y2=:r-2imcosmx mpt & =0, P =4 .

2.5. NiniMvi ogHOPIAHI piBHsIHKS 3i cTanuMK KoediLieHTamm

JIiHiGHUM 0OHOPIOHUM PDIBHAMKHAM n-20 NOPAOKY 3i cmaiumu KoepiyicHmamu Ha3U-
BaeTbes PiBHAHHA BHUAY

L =y™ +ay™ b+ - +a, ¥ +any=0, )
ne a; = const, j = 1, 2, ..., n. Muorounen D (A) crenens n Buny
DM=AN+ar" T+ -« +a, A+a, @

HA3HBAEThCA XAPAKMEPUCMULHUM MHO204AeHOM J1iHIfHOTO IudepeHUialsHOTO OonepaTopa
3i cranumy koediniesramu L (y). PiBusauns

D=0 3
Ha3UBAETLCS XAPAKMEPUCMUHUM pisHannam onepamopa L (y). )
l Ao Ay, Ay, ..., Ay — xopeni piBusaua (3), AKki MalOTb KPaTHOCTI my, My, ..., My,
' mj = n, sianosimo, To QyHKuii
=t
eMX' xe}“x, e xm,—lek,x’ ehgx, xel‘z", e
xmg-—le?»zx““’ eMx’ peMx 1Al )
YTBOPIOIOTb DyHAAMEHTAILHY CHCTeMy poss’AskiB pieusmust (1).
Sxwo B pisusuni (1) koedivienty a, i= 1, 2, ..., n,— ni#icHi ynesa, a xapakTe-
pucrnune piBHAHHA (3) Mae nifichi kopeni .
k, — KpatHocti m,, ky, — kpaTHoCTi my, ..., Ry — KpaTHOCTI My,

2 TaKOX KOMIJIEKCHI Kopeni, fIKi BXOAATE KOMIIJIEKCHO CHPSIKEHHUMH [MapaMH 3 OJHa-
KOBOIO XpaTHicTio:
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oy :I: ipy — KpaTHOCTl J1, Qg = iBy — KPaTHOCTI g, « . , Oy &= (Bs — KpaTHOC-

i P, Zm +2 )_pl-—n

0 @yunamemanbﬂy cHCTeMy po3B’ssKiB piBHsHHS (1) MOXKHa BUGpaTH B AificHil dopmi

ek,x, xek“‘, e xml—leklx’ ek,x’ xekz“, e xmg—lek,x’ e
k. x kox m —1 k
...,e’,xe’,....x r e’x,
%1% cos Byx, xe®™* cosByx, ..., M= 18X o Byx,
e*% sin Byx, xe** sinByx, .., , M e®F sin Byx, (6

@ 8 4 e s s 4 s a4 v e s € € & « o s+ s+ 4+ e+ *+ a @

o x a X w.—1 o x
e S cosPsx, xe ¥ cosPsx, «0u, xS e 8 cosfsx,

o X o.x W—lax .
e s sinPer,xe S sinPsx, ..., x5 e ¢ sinpgx.

Orxe, ainifini opropiaei pieranHa 31 cTaMuMu Koedilientamy 3aBKIH MOXKHA Npo-
interpysatn B eneMenTapuux QyHKLiAX, NpHUOMY iHTErpyBaHHSA SBOAHThCA O anreOpa-
jurux omnepanif.

Posrasnemo fesxi zndepeniiianbni piBHAHHSA, AKi 3BoASTbCA A0 PIBHAHD 8i crarumu
koedinieHTamu.

Pisusung Efinepa. Lle piBusHHA BHRY

Y 4oy g e, xy' 4 ey =0,

Ae q; == const, j= 1, 2, ..., n. 3aminoio x = ¢ npun x>0 PIBHAHHS 3BOUTBCA 110 Jii-
uifinoro piBusnug 3i CTaJIHMH xoedinientamu, Ha npaxtuni poss’asku pisuanua Eftepa

WYKAOTh y BAMIAAL y = ¢’ = (&Y = «’. Hesinomunit napamerp r sHaxonsTs 8 xapakre-
pHCTmmoro piBHAHHS. Hpocmmy KODEHIO ry XapaKTepHCTHYHOTO piBHAHHS Bigmosinae

posB’s30K x't, a m-xpamomy KODEHIO ry — m Jinifino HesaneXHux posp’s3kis BuAy

1, i, ., 20 (In gyt Axuo koedinientu piBusnng alfcni, a xapakrepueruvye
PIBHAHHS Mae KOMILIEKCHO CHPFKeH] KopeHi ry = o = iffy KpaTHOCT] W, TO WM KOpeHAM
BinnoBizaoTe 24 Minifino HesaneKHHX PO3B’'AIKIB BuAy

x%cos (By In x), x™ Inxcos By Inx), ..., x* (In x)*~! cos (B, In x),
™ sin By ln x), x* lnxsin By lnx), ..., x% (Inx)*! sin (B, In x).
Pigaanns Jlarpanxa. Lle pisasuua sugy
(@x +6)" P+ oy (ax + 0" YV oos g, (ax+5) '+ aay =0,

e b a=const, j=1,2 .. n

3aminowo ax -+ b==¢ pisuauns Jlarpanxka soguThca o ainifigero piBmstHua 3]
ctannmu xoedinienramu,

Pipnsuna Ye6mwona. Lle pisnsuus sumy

(1 —=x% ¢y —xy’' 4+ n?y=0, n=-const.
3aminolo x = cos ¢ npu | x| << 1. pisusanua YeGuuoBa sBOAuTLCH 1O PIBHAHHA
dty
TR + n?y =0,
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Jﬁiulﬁne omHopinne plBHgHHA Ipyroro nopsixy
Y+m@y +hny=0

. —_ ;— S' hy(x)dx
84 jponomorow saMinu y=e¢ Y 3B0JUTHTA A0 PiBHsHHA
u"+Q(x)u=0,
ze Q(x) = hy (X} ——~ h2 (x) — 7 h1 (x) — fusapianm pivnauna. Hxmo Q(x) =

=C abo Q (x) = m , a, b, C=const, T0 me pipusHHA € piBHAHNAM 3

cTa/ MMM koebinientamu, abo pismauusiM Jlarpanxa.

2.78. HoBecTu TOTOXKHiCTH
L (eM) = D (M) e+,

ze D (A) — xapakrtepHCTHYHHI MHOrouw/eH JAiHifiHOrO AudepeHiiabHOIO
onepatopa 3 cranumy koepiuiearamu L (y).
Posp s3aunsda Maemo

L ety = (e*) + ay ()"0 4 «rv 4 apy (M) + a6t =
— ;“neM ‘I‘ al}\’n—le}.x + e an_thx + a e?»x -
=M+ a M4 oov 4 Ah 4 a,) eM = D (h) ex
Tomy
' L (er*) = D (M) eh~.

2.79. Hexali M\, — KopiHb xapakrtepucruynoro piusinas D (A) = 0
kparnocri m. HosectH, mo d;)yHKui'l' y, = xker* B =10,1,2,.., m—1,
€ JiHiliHO HesaleXXHUMH pO3B’s3Kamu piBnsanua L (y) = 0.

Poas si3anua Toroxuicte L () = D (A)eM npozudepesn-
niroeMo & pasie mo A, sacrocosyioun dopmynay Jleh6niua:

k , d* () B i b
(L(e™) =L (——) = L (xfe¥) = 3 CiDY (M) x*—lehs, (6)

dr* dr* =
[lpu A = A, 3 (6) micraemo
k
L (xke*o?) = 3, CLDY (M) xt—iehox, 7)
=0
OcKisbKH Ay — KODiHb XapaKkTephCTHYHOro MHoroudena D (A) kpat-
nocri m, toD (Ay) =D’ (A)) = .. D""—”(;\) 0 D™ (A) = 0. Tomy 3
(7) Bunaubae, mo L (x*eror) = 0 npu k=20, 1,2, ..., m — L. Jliuifina
HesaJeXHicTh QyHKHif ehror, ..., xm—ighox Bpmm»mae 3 pesyJabTary 3ajaui
2.46.
2.80. 3paifity 3araibHuil PO3B’s130K PiBHSIHHSA
Yy +o0*% =0, o=-const>0. (8)
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Poss' s3auusn CklajaeMo xapakTepucTHuHe pisusuusg A% 4
+ w? = 0 i 3HaxoxuMO HoOro KopeHi: A, = iw, Ay = —iw.

Tomy yHKUIT 9%, e—@X yrBOPIOIOTL GYHIAMEHTAAbHY CHCTEMY PO3-
B’ askie (komniekcHux) pisuauns (8). Ockinbky KoediuieHTH piBHAHHS
(8) — niificuHi uncna, 1o QyHKLIT y; = Re ¢/ = cos ox, Y, = Im e'0r =
= sin ox TaKOXK YTBOPIOIOTH (hYHAAMEHTA/NbHY CHCTeMY PO3B’#3KiB (nifi-
canx) pisusnnug (8). Tomy

y = C,cos ox 4 C,sin wx,

ne C,, Cy — noBigpHi cragi.
2.81. 3naiiTy (yHIaMEHTANbHY CHCTEMY PO3B'A3KiB PiBHAHHS
Yy — oy =0, o=const>0.
Posp a3aunnsna. Kopeni xapakrepucTuuHoro piBusiHHA AZ —
— @2 =01 = 0, Ay, = —o. ToMy QyHnnamenTanbHy CHCTEMY PO3B '3~
KiB yTBODIOIOTb DYHKLIT Yy = e, y, = =9,
2.82. 3maiiTy 3arasbHUA po3B’ 30K pPiBHAHHA
y" +py +qy=0, p, g=const. 9)
Y nnomnuni napamerpis (p, ) 300pasHTH MHOKHHH, LIS SKHX 3arallb-
uHi po3B’n30k piBHAHHA (9) mae 3ananuil BUrAAL.
Poss a3anna 3HaiileMo KOpeHi XapaKTepPHCTHYHOIO PiBHSH-
Hs A% 4+ pA + g = 0. PoarasuemMo Taki BHNAIKH.

L A=p*—4g=— 0% Je (o=V4q—p2. Toxi x1'2=—%ii—;l.

dyHaaMeHTaAbHY CHCTEMY YTBODIOKOTb GyHKuil

p
e © 5t . ®
e ? cos—5x e ? sin—x
II. A=p*—4g=0. Toti A; =h, =— -5 . OynnamenTalbuy cu-
_r, £,
cTeMy yTBOpiolOTh GyHKLiT ¢ 2, xe 2%,
M. A =p%—4g=0w? 1e o=Vp?—4. Tou Mo = ——J2L +
w

+ 5

dynnamenTanbHy CHCTEMY YTBOPIOIOTH (GYHKILIT

)]
-5 (ptw)x - -;—— (p--0)x
,y €

$IKINO BBECTH MHOMKHHH
Ay ={(p, @)|A = p*— 49 <0},
Ay ={(p, 9)|A =p*—49 =0},
Ay ={(p, 9)|A = p* — 49> 0}

206



y naomuni napamerpis (puc. 32), 10, OueBHIAHO A; BiANOBidae BuUMal-
ky 1, A, — Bunaaky II, A, — Bunanky III.
2.83. [lo6ynyBati HopMasbhi (IpH x = x,) GYHAAMEATAJbHI CHCTEMU
Po3B’A3KIE piBHAHB: ) " + w?ly = 0; 6) y* — w?y = 0, ® = const > 0.~
Posp s3auuns Bukopucraemo dopmyay (55) sazaui (2.68):
Wy (xo) W 1o 1xp)
Way T W Y k=12,
A€ Yy, Ys — AKa-HeOYIb (DyHIaMeHTaJbHa cucTeMa po3B’a3KiB, (W x,) =
= W lyy, Yol lx=xo» Ww (xo) — asireGpaiune aONOBHEHHA eseMeHT2 k-ro

Zh:

paaka i [-ro croemus BpoHckiana W (xg). q
a) Maemo: /
COS ox, sin wx, Z
W (x,) = . ° |=o, S5 %
—osinwx, ©CcoswX, 2

Wi (x) =o0coswox, W,,(x)=0osinox, /
W, (x,) = —sin w;(,, lez (:co) = COS @X,. 7/ % p>
Tomy T //)2 i\%

2; = COS WX, COS WX -
-+ sin 0x, sin wx = cos o (x — x,),

Puc 32.

2y = — —é}— $in wx, cos ox - Lm COS WX, sin ox = —(L— sin o (x — x,).
6) Auasoriuno xicTaeMo
zZi=cho(x—x), 2= sthm(x—xo).
2.84. Hexai y = y (x, y,, y,) — po3n’sa3ok 3anaui Komri
Yy —e?y =0, ©=const>0,

Y (x0) = Yo» Y’ (X0) = Yo-
Y ¢asosiit naomuni (g, yo) sHadfith muoxuan @fF, Op, (I)iw
D, DY, OZo Taxi, mo

lim y =0, akmo (¥, y,) € DF,

X~>-00
lim y =0, skwo (y,, y,) € Dy,
x~>—00 :
N et
lim g — [+ o0, aKIO (Y, y(’))ECD—{-oo;
x>0 — oo, AKIO (Y, Yo) € D,
lim y = | %0 KL Wor H0) € D
x>—c0 |00, AKIO (Y, Yo) € D=co-
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Po3p' a3anusa Buxkopucrosyioun pesysstar sajavi 2.83, sa-
THLIEMO PO3B’A30K y=y (%, Yo» Yg) ¥ BHTAAML

1
¥ =yacho (x—x,) + - ¥y sho (r—x)

abo
s 1 !
b=ty ) e =gy e (10
3siacu
[im y = 0, ko yo+y0—m—=
x—>4o00
lim y =0, gKwWo Yy, — yo 5 =0,
+ 00, AKINO Yo + 4y 5 >0;
lim y=
x>k — 00, AKILO Y, + y;%< 0,
- 00, SIKIIO !/o‘—yo"55'>o
lim y =
X~»—00 .1
— 00, AKHIO yo—-yo—w—<0.
Orxe,

O = {0 0100035 =0} D0 = (o i) 90—V = 0]

. A | ,
(Diw = {(.’/o’ yo)lyo +!/0"m—> 0} , O, = {(ym Y | 4o

+y0—— <0}

0]

OFe = {0 y;,)lyo——y{,; >0}, % = {0 4150 —

(V]

— !/o - < 0}
Muoxuna ®F cKnafaeTbcs 3 TOUOK npﬂMo'l' Yo -+ Yo L =0, wmuo-

KuHa @y — 3 TOYOK OpAMOL Y, — Yo > =0 (puc, 33).

2.85. 3nafiTm 3araJibHi pO3B’SI3KM PiBHSIHb:
a) 4" 4 3y 4+ 2u=0; 6) y'— 8y’ =0;

B) ' —8y' +16y=0; 1y +2 49 =0.
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Pos3p’ azanuga a) KopensaMu XapaKTepHUCTHYHONO pPiBHAHHN
A2+ 30+ 2=0¢uuucna i =—2, k= —1, a dyHAaMEHTAJBHOW
CHCTEMOIO € e—%*, g—x,

6) Kopensamn xapaxtepucrtuuHoro piBHAHHA AZ — 8A = O e uHCoTa
Ay = 0, Ay = 8, a dyunamenTanabEO0 cucteMolo € 1, e8%,

B) Kopeuamu xapakrepuctuuHoro piBHsfiHHA A* — 8A -+ 16 =0 ¢
upeaa A, = A, = 4, a pyHIaMEHTAJBHOIO CUCTEMOIO € e%*, xe'*,

€ P, %o
\ : \
\

r) Kopensamu xapakrepucrHunoro piBHsHHA A? +20 4+ 9 =0 e
wucaah = —I =+ i2)/2, a pynnamenransroro cucteMoio € e—* cos 21 2x;
e sin 2V 2x.

Orxe,

a) y = Cie™? - Che%; 0) y = Cy + Coe®

B)y=e¥(C;,+Cyx); 1) y=e*(C,cos 2V 2 x + C, sin 2V 2x);

C,, C,— noBinbhi cradni.

2.86. 3HaiiTu 3arajbHi po3B’sI3KH DPiBHSHD:

a) ylll + 8y — 0’ 6) ylll - 8y —_— 0.

Poas a3auus.

a) 3HaxogUMO KopeHi XapakTepHcTHuUHOro piBHsHEA A% + 8 = 0,
Maemo (A 4 2) (A* — 2L 4 4) = 0, 3Bigku A = —2, Ay =1+ iV3.
dynraMeHTaJbHY CHCTeMy pO3SB'A3KiB  yTBOPIOIOTE  GYHKUIT e~2%,
e* cos V'3x, e sin V 3x.

6) 3HaXOmMMMO KOpDeHi XapakTepHCTHYHOro piBHAHHA AP — 8 =0,
Maemo (A — 2) (A* + 21 - 4) = 0, 3Bigku A = 2, kg3 = —1 + iV's.
dynnaMeHTalbHy CHCTEMY PO3B’SI3KiB YTBOPIOKOTH (pyHKuu e*, e~* x

x cos V'3x, e—*sin }/ 3x.
Orxe,

a) y = Cie2* e (CycosV'3x 4 CysinV/ 3 x);
6) y = Cie?* +e~* (C,cos V3 x + C,sin V'3 x) ‘
C,, C,, Cy— noBinbHi ctani. |
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2.87. 3naiiTh 3araJbHA pO3B’A30K PIBHAEHA
y'—4y" + 4y —y=0.
Po3B da3aHHA.  3HAXORUMO KODEHi XapaKT€PHCTHYHOTO piB-

HAHHSA
A —4A2 4+ 4h — 1 =0.

Maewmo:
A—1—40(h—1)=0,
(A—1)(A2—30 + 1) = 0.
3sigcu
3 _
A‘l:l, 7\49.3=—2—i -12-5-—-.
Orxe,
3, VBY, 2 _VE),
y=C1e"—}—C2e(2 M ) —;—(333(2 2 )

2.88. 3nmaiiTH 3aranbHui PO3B’SI30K piBHSIHHS

ylv__4y//l + Syn__4yr “]‘— y: 0 (ll)
Poss szanua XapakrepucTuuse piBHAHHA
AY— 473+ BA—4h -1 =0 (12)

€ CHMETPHYHHMM piBHSIHHSIM ueTBeproro crenedsi. Ouesuano A 5&0.
PosainumMo pisuanns (12) ua A? i neperBopuMoO Horo:

1 |
k2+—x2——-4(?»+7)+5=0. _ (3)
Beepemo 3MmiHny
A =t. (14)
Toni A2 —;—}2— = {2 — 2. BizsocHo ¢ nicrtauemo piBHsIHHA (% —

—4{-+3=0, 3Binku ¢, =1, ¢, = 3. Bpaxoywuu saminy (14), ai-
CTaHEMO

7\.+-IT=1, 7“‘*“';‘":3’
A2 A+ 1=0, AP —3A+1=0,
1+iV3 3+V5
Mg = :I:;V__, gy = -t2V .
Tomy
3 + V5 3_\/—5,‘

y= ei‘;—(lC1 cos

. 13 3
3 x+Czsme)+Cse 7 4 Ce 2z
ne C,, C,, C; C,— noBiabsi crani.

210



2.89. 3naiiTy 3aranbHuil po3B’s130K piBHSIHHA YV + 2y = 0.
Posp sizaunusa Kopeni xapakrepucTuuHoro piBHIHHS 3HaXOnH-
MO 3a (OpMYJI0i0

A=V "2 =V 2(cosan £ isinm) =
—1/2(cos n+ 2k -{—LsmLm),

5
e k= 0 , 4. Maemo:

Q(cos—— + isin 5) kE=0;
_Y3
Y3

cos —— —{—zsm-—gg-}, k=1

[

2
(cosn—l—zsmn) 15/§, E=2;
(

/“'\
(e}
Q
w

Tomy

4+ Cq sm(/Qsm ))+e XOS%(C4COS(V§SiH%)x+

+ C,sin (‘/Q sin —3533—) x},

/

ne C,, C,, ..., Cy — nosisabni cradi.
2.90. 3HaiiTv 3araibHHE PO3B’sI30K PiBHAHHSA

YV —4y¥ + 8yt — 8y -y =

Posp sa3anna CklageMo XxapakTepucTHuHe piBHAHHA Ta
-8HaFeMO Horo xopeHi:

AS — 4A5 - 8At — 8% + 4% =0,
A2 (M 4A2 4 4 — 403 + 402 — 8)) =0,
A2 (M2 — 2 4 2)2 =0,

BBiIARH M = Ay =0, My =M =144, Y= =1—1.
Orxe,

= C, + Cpx + e*(C;cos x + Cysinx + Cyx cos x 4~ Cyx sin x).
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91. osecty, mo ¢yHKuii
Yy =eV¥(cos V2x +isin) 2x),
Y= eV (cos V2x— isin} 2
YTBODIOIOTb (pyHAAMEHTaAbHY CHCTeMY po3B A3KiB PiBHAHHS
Y +4iy =0, (15)
Un mae ne piBusHHA Aificni poss’sizku?

Poss ssannsa Poss’asyemo xapakTepucTHuHe piBHSHHA A% —
— 4 = 0:

Me=2V1i=2 ]/cos—“;— —i—isin-—;L =

n n
—2——I—2kn T+2kn
=2 \cos ——5— +isin —s——/,

2
ge k=0, 1. Maemo:
xl.—_z\cos +tsm 24iV2 k=0,

Ay = 2(cos——- +tsn—)=—V2_1V E=1.
Orxe, dyukuii
yl — exlx — e(\f§+i\/'§)x — e\/—éx (COS VQ X + lSln V§ x),
Yy = eh¥ = e VE—iVir — o—Vir(cos V' 2x—isin )V 2x)

yTBOPIOIOTH (YHAaMEHTAbHY CHCTEMY po3B’f13KiB piBHAHHA (15). .
Sxmo npunyerutH, mo AidcHa Gyrkuis u € po3B’A3KoM pisusiuug (15),
o u" — 4iu = 0, sBigky u” = 0, —4u = 0 (ockinbkn u”, u € R),
10010 # = 0. Orxe, 3anaHe piBHAuHSA IHIIUX NiAICHUX PO3B’43KiB, KpiM
TpuBiadbHOrO Y = 0, He Mae.
2.92 *. Marepianbna Touka M macoro m pyxaeTbca no npsmiii OT
—_

nij aierc cuau f;, ska nputsrye i no touku O, i cu/Iv ooy cepeloBuILa
- —
f>- 3HaueHHs cusu f, mponopuifiHe xo BixxH/eHHA MaTepiadbHOI TOYKH

BiJi osioxenns O, 3HayeHHs] CUJIK [, nponopuifiHe fo MBHAKOCTI ToukH M.
IlouarkoBe BizxuneHHs MarepiajbHol TOYKH NOPiBHIOE §,, TOYATKOBA
HIBHJKICTb JOPiBHIOE Uy. 3HAHTH 3aKOH PYXY TOUKH.

Posps’sizanna. Koopaunatny sice Os nanpamMuMo no mpsamiit

OT, B3sBmm Ttouky O 3a nouatok (puc. 34). [losnaummo uepes i
OPT KOOpPAHHATHOI oci Os, udepes s =s(I) — KoopAnHaTy (BiAXHACH-

* [lepm Hix posma;{am sagaui 2,92—2,94, peKOMEHAYEMO pO3B’A3aTH 3aJjaqyy
105 (c. 240)
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- -

:.glm) pyxomol TOYKH B MOMEHT 9acy t Toni s _St) :s(t_)) i BeKTOp
BUAXMIEHHA  TOUKH M, v = v(t) = s () =s"(t)i =v(t)i — murrena
] mBHnKme touku M, a= a(t) =5 H=¢ (t) = a(l) 7— murtese
*ﬂp[/ICKopeHHﬂ Touky M, f1 = — ks( f) = —Fks(f) l, k = const > 0; cu-
aa il HanpAMJiena Big Toukn M Jo nouatky O, fa_—_-—bv () =

. 4 g — . -+ -

= —bs’ ()i, b = const > 0; HampAMOK ? P omi M,
OTIOPY CepenoBHILA NPOTHJEXKHHHA Ha- — <
NMPAMKY LIBHAKOCTI TOUKH.

o

5(t) S

Puc. 34
3rigno 3 apyrum sakoHom Hblotona, ma = f, + f,. Cnpoexrypas-
WM 140 BeKTOPHY piBHiCTb Ha Bics Os, mictanemo ms’ = — ks —bs',
8BiAKH
"+ ps’ +gs =0, (16)

ae p=tr g = >0,
Otxke, ANA BH3RAYEHHRA 3aKOHY pPyXy Marepianbhoi TOUKH Maemo
sanauy Koui:
i "+ ps'+g5s=0, s(t) =5, s (f)= "0, (17)
« PosrasiHeMo Taki BuDagKy. .
L A=p?— 49 < 0. Toni
" npu p = 0 (BBaxKaeMo, L10 ONOPY CepeloBHlla HeMae)

»

5 (f) = s, cos Va(t—to>+;—°asinl/77<t~to>; (18)

npu p>0

. _b
8() = 5 77 (50 cos G (F—1o) 500 + 209) sin - (£ — 1)}

(19)
ne o = Vg — pt.
3 (18) i (19) sunausae, wo npu p = 0 marepiafbHa TOUKA KOJHBAETH-
. . . 2n __ ) m
cs1 B3#oBX oci Os BignocHo Toukn O 3 nepiofom Vi T vy (rapmo-
HiYR#H KoMuBHUI mpouec), a npu p > 0 Bona 3jilicHiOe nepioAnyHi 3ary-
xawoui KosiuBaHHSI BigHoCHO Touku O 3 mepiofom ' =. AMniityza

49—p
KO/TMBAHb 3MEHILIYEThCs 3a EKCIOHEHUiaJbHHM 3aKOHOM.
I[I. A= p>— 49 =0. Tom

s(0)=¢" %7 sy (B 4w €t (20)

N
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Omxke, MaTepiajbHa TOUKa NpsAMYye 1o mouatky Koopauuat Q. Ockinb-
KU § ({) MOXKe NEepPeTBOPHUTHCA B HYJb JHIIE OPH OAHOMY 3HAUeHHi {, ro
pyx BiaGyBaeThcsl Ge3 KoJMBaHb (3racarounil amepioguunuii upoiec).

III. A = p*> — 49 > 0. Toui

!
— = (P @)(E 1)
s(t) = 50(P+2$)+2% g T

Sg (P~ ©) + 2v, e_ i— (D @)(t-~t5)
20

' 21)

de 0 =V pr—4dg<p.

Ockinpery p + © >0, p — o =0, o 3 (21) nicraemo, mo wmarepi-
aJbHa TOYKA 3 4acoM HabJM:KaeTbCs A0 Novatky KoopauHat O. Hx i B
nonepesHboOMY BHN2JKY, pyXx BiaDyBaeTbcsa 6e3 KOJUBAHb.

2.93. (JliniitHe piBHAHHA MareMaTU4YHOTO MasiTHHKA). MamemamuuHum
MOAMHUKOM HA3WBAETbCS MaTepiadbHa ToYka A macoto m, [iABHIIEHA
Ha HePOCTSXKHIl HUTHI NORXKMUHOW [, K& pyxaeTbes Oif Ai€l0 cuan TH-
Kinnsa. Bpaxawuu, mo MadaTHHK 31iACHIOE MaJi BIIXUJeHHS Bix Bep-
THKaJi i 1o omip cepenoBHia NPONOPUiRHHEA 10 WIBUAKOCTI TOUKH, 3HA-
ATH 33KOH PYXY MaTeMaTHUHOTO MasITHMKA.

Posp a3anrna QOuesuaHo MarepianbHa touka M pyxaerbcs
o koqy paniyca /. Tomy nosnoxenHns Toukd M Ha KoJi B MOMEHT dacy
! MOXKHA BU3HAYUTH KyTtoM O = O (f) BiAXu/eHHs HHTKH Bij BeprTHKaJi.

Iudepenuiaibue piBHsAHHS A5 KyTa O mae Burasn

8" 4+ pb’ +gsin® =0, (22)

b g
RepP="g> 9=

koedinienT b xapakTepusye onip cepeloBHINA.

Pipusinua (22) nasuBaeThCs PIBHAHHAM MAMEMAMUYHO20 MAAMHUKA.
BpaxoBytoud, uio sin 6 = 0 + o0 (62), 0 - 0, i Te, WO MasATHHK 3xifi-
CHIOE MaJi KoJHBaHHS Bin Beptukami, |0 (f) | <« 1, B piBHsrni (22)
nokJaazeMo sin 0 ~ 0. Jdicranemo JiHiliHe piBHAHHS MaTeMaTHYHOTO Ma-
ATHHKA

0" + p0’ 4 ¢6 = 0. (23)
BpaxyeMo mnouaTkoBi YMOBH:
0(t) = 65, 0 (%) = 9(’),

PosrasineMo Taki BHRanKH.
1. A = p*— 49 < 0. Toni

0 (f) = 6, cos l/:‘f:(t*fo) + 60 ]/—-;; sin ]/z(t~t0).

{
SIKIIO OMOpPY CEepPefOBHILA HEMae; MaATHHK 3AificHIOE NepioguuHi 3 nepi=
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-
oloM 21 ]/ —gl— KOJIMBaHHA (rapMoniupuil KOJIMBHHI mpoLec);
1 L - o
0(f)=—e 2 (90(0 cos - (t— 1) +

+ (8 -+ 260) sin - (¢t — 1)) ,

i

ko p >0, n1e @ = V 49 — p? wmasiTHUK 3JificHIOE nepioAHYHi 3 ne=
piofiom

—VT—T KOJIUBaHHA, SIK1 3aTyxalTb 3a eKCHOHeHHiaJIbHPIM
q— P
3aKOHOM.

[1. A = p* —4g = 0. Toxi

0 ) =" (0,4 [ 160}t —1).

Pyx spificHloeTncs Ge3 KoJIHBaHb (3racalounfi allepiofHyHHi mpouec).
HI. A = p* —4¢>0. Toai

0 8, (p + ©) + 20 e——,i,— o-oNt—t)

20

5 (P — ©) + 26, ——-;— (0+-)E—t o)
2 € J
)

me o =V p? —4g. Ockinbkn p + @ >0, p— 0 >0, T0 pyx 3iii-
CHIOeTbCs 6e3 KoJiBaHb (3racaiouuil anepioguuuuil mpotec).
2.94. KongpeHncarop eMHocti C pO3psXKYETbCA Yepe3 KOJIOo 3 ONOPOM
R i koedinienrom camoinaykuii L. 3uafiTé 3akoH 3Minu HanpyrH Ha ob-
KJIaAMHKaX KoHZeHcaTopa v = v (f), akuo v ({,) = v, a CHJIA CTPyMYy
i =i (f) y koal B moyaTKOBHE MOMEHT uacy [, JopiBHIOe i (fy) = i,.
Po3B’sa3anuda Bukopucrasmu 3akonn Kipxroda, maemo
i =—Cv, (24)
v=Ri-+ Li. 25)
[Migcrasuanm (24) B (25), dictanemo
R(—Cv')+ L(—Cd)=w,
abo
v+ pv’ +qu =0, (26)

R 1
Re p=-1-. §=—z >0
Orxe, ans v (f).maemo sagauy Komi:

{
V4 pv 4 qu=0, v(t) =0y U (f)=—"9""+ 27)
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Jlinifine pisuaunus - (26) 3biraervca 3 pisuanusamy (16) 1 (23), saxi
6yJH posrasHyTi B 3ajavax 2.92 i 2.93.

Tomy npa p = %, g = Z—[l;— MaeMO TaKi BHIIaJKH.
I. A=p*—49 < 0. Tom

v (f) = Uy COS —=t- — ]/ ——sin tc"

Akwo p = 0 (aKTHBHA CKJajloBa Kola R = 0);

—P e
v(t):ime 7 ¢ t°)(vom cos %(t—to)—{-
+ (v0p — Ze) sin 3 (¢ — 1)

akmo p >0, 1e © = Vdg — pt.
1II. A= p?— 49 = 0. Toui

f— — L=t WP o \(j_ ¢

vit)=e (Uo+(T C)( o)) -

III. A = p? — 49 > 0. Toxui

1
Cuy (p 4 ©) — 2iy — 5 (P—O)Ni—1y)
v(l) = " 2(06‘) te ®

Cop(p— ) — 2y — 5otort—to)
Sul e .

2.95. Bysska TpyOka 006epTaerhCsl i3 CTAJO0 KYTOBOK HMIBHIKICTIO
© HABKOJIO NepUeHIuKYJIspHOI 10 Hei BepTHKaAbHOI oci. ¥ MOMaTKoBUH
MOMEHT Ha BijcTaHi @, Bif oci BcepenuHi Tpyo-

M,
0 o M - ) KH JIeXUTb KyJbka Macoio m. Bpaxaioun, mo
a, x(t) X TepTH HeMae€ i B MOYATKOBUHA MOMEHT LWBHJKICTb
Pue. 35 KYJbKH BiIHOCHO TPYOKH HOpiBHIOBasa HYJIO,

3HAATH 3aKOH pPYXY KYJbKH BiIHOCHO TpyOKu.
Pos3p’ s3annsa Hanpavumo sice koopaunatr Ox ysnoex oci
TpyOkH, B3siBIM Touky O 3a mouaTok koopaunat (puc. 35). [losnaunmo
uepes x = x () KOOpPAHHATY KyJbKH (Touka M) B MomenT uacy ¢. Ockisb-
KH 38 YMOBOIO KYJIbKa PYyXaersca 1o tpy6ili 6e3 Tepts, To Ha Hel Aie Jjulie
BiueHTpoBa cuaa f, = maeix.
Tomy 3a apyrum 3akoHom Hblotona /il BIZHOCHOTO pYXy MaeMmo

mx" = mw?x, a6o
¥ —wix =0. (28)

YpaxoByeMo mOYaTKOBi yMOBH:
x(ty) =ay, X' (t) =0
216



Hopmanbua ¢pyupgamentanbua cucreMa po3p’s3kis pisuanus (28) no6y-
oBana B 3aAaui 2.83. BuKopucraBuiy ii, aictaHeMo
x(t) =aycho(t —1{).

2.96. Po3p’sizaty NONEpeNHIO 3aiavyy, NPUIYCTHBINH, IO Kydbka
npukpinaena no toukd O npyxuioio. Cuaa Aif NpyXUHH HA KYJAbKY MPO-~
nopuiiina go nepopmauii npyxunu. JoBKHHA NPYKHUHH Y BiJILHOMY NOJIO-
JKeHHi JopiBHioe a,.

Poap' s3anuna Hakyabky ziloTh ABi cHJH: BigleHTpoBa f, =
= mo%« i npyxHa [ = —k (x — a,), k& — KoediuienT npyxHocTi.

3rigHo 3 gpyrum 3akoHoM Hblotona pas BigHOCHOrO pyXy,

mx’ = maw’x — k(x — a,),
abo .
mx” + (B —mo?) x = k. (29):
YpaxoByeMo HOUYATKOBI YMOBH:
x(t)) = ag, %' () =0.

Posragaemo Taki BHOIALKH.
1. 2 = mw? Toxi piBusanns (29) mae purasa x” = aqok/m, 3BigKu

agk
X = — = (t— 1)+ a.
II. & — mow? = 0. Pipusuus (29) 3seaemo 10 JiHili HOrO OAHOPIIHOrO,.

: ask . . . - .
HOKAABHIH ¢ = X — -k_"—mmz. Binnocto HoBoi HeBizoMoi @yHKuii y xi-

CTaHeMO piBHAHHSA

Y vy =0, ’ (30)
Je v= 7’2 — @%. YpaxoByemo nodaTkosi yMoBu:
Yty =— 520, y () =0

QyHaaMeHTaJbHI cuCTeMH po3B A3KiB pigHAHHA (30) AA8 BHOAAKIB-
v > 01iv << 0 no6ynosani B 3agaui 2.83. Tomy
a -
K= 72— (k— Mo cos Vvt —1ty)), sxwo v>>0,

[/

X = T_‘?ﬂv (k — mo? ch V:; (t — tg)), AKIO Vv < 0

2.97. IlpointerpyBata piBusuusa Efsnepa.
a) x%" + xy’ -+ 0% =0;
6) x%" + xy' — oy = 0;
B) X" + 6xy’ + 4y =0,
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r) %" + 5xy" + 4y = 0;

B 2y + 3xy’ + 2y =0, o = const, x >0.

Poss sasanrnsa llykaemo poss’'askn panux pisusaup E#nepa
y suraagi y = x’. Toni:

a) x*r(r—1)x—2 4+ xrx—' + 0% =0, rir—N0N+r4+0*=0,
r? 4- w? =0, 3BiIKK rip = 4 iO.

Ilpp © = 0 maemo ABOKpaTHHHA KOPiHb XapaKTePHCTHUHOrO DPiBHAHHA °
r., =0. Tomy 3arambuuit poss’sizok y = C; + Cylnx. Tlpy © %40
MaeEMo

y = C, cos (o Inx) + C,sin(w In x).

6) xr(r—Dx? + xrx' — o =0,

rir—1)+r— o r*— w? =20, 3siaky ry = +o.
Bunajgok o =0 posrasuyro B n. 1. [lpuy 0 =%0

y=Cu® 4 Cyx—o.

B) xr(r— 1) x*—2 4 6xrx™! + 4x" = 0, rir-——1)+6r-14=0,
r2+54+4=0, sBiakn r;, = —1, r,=—4. Tomy

Yy =Cux ! 4 Cox—.

F) X3r(r— Dx 24+ b5xrxr' +4x" —1=0, rr—1)+57r4+4=0,
r244r -4=0, 3BiAKU r| 9= —2 — NBOKpPATHUH KOPiHb XapaKTepH-
CTHYHOro piBHAHHA. ToMy

y=Cux2 4 Cox? lux.

NDxr(r—1) X2 +3™ +2% =0, rr—1)+3+2=0,

r" +2r +2 =0, sBigku r;» = —1 4 i. Tomy
y = Cux~' cos(Inx) + Cox~! sin(In x).

2,98. Ilpoiurerpyeatu piBusnHa Yebumosa:

a) (1 —x3)y" —xy + 3y = 0;

(I —x}y —xy +4y=0,{x{<<l.

Posp'ssanusa. a) Bukouasmu samiHy 3MiHHOI x = cost, f€
€ (0, =), nicranemo

(l-—cos%)(.dz_-‘f__l____._dy_ cos ¢ ) +

di*  sin®¢ di sindt¢
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-)—cost%!——l— + 3y =0,

sin{

d2
@ +3=0,

‘ssinm

y=C,cosV3t+ C,sinV 3t = C,cos(} 3arccos x) +
+ C, sin (V'3 arccos x).
6) Bukounasmu 3aminy x = cos ¢, { € (0, m), Aicranemo

d2
dtzy -+ 4!/ - O’

8Binky

y =C,cos 2t + C,sin2t = C, cos (2 arccos x) +
+ C,sin (2 arccos x) = C, (2x — 1) + 2C,x V' 1— 22
2.99. [lpointerpysatu piBusnus UYeburoa
(1 —x¥y —xy +n*y =0, n=consi==0, }x|>1.

Poss s3anna. Buxonaemo saminy HesanexkHoi 3MiHHOT 3a ¢op-
myaowo x = Fcht, tER{(x=cht opn x>1, x=-—cht mpu x<
< — 1). Toai

f_ dy  dy dt _ dy £ 0 dy
Y =" =@ ax = @ s’ T dx?
. d dy =+ 1 i d% 1 dy chi | — %2 =
=@ (d/ sht) dc T dr shif  dl shei =
= 1 —ch? = —sh?¢{.
Toni sapaue pisuauHs sabuWpae BUT/SALY
[ d%y 1 dy cnt dy +1
2 — 2y =
—sh* (- g et | T~ H =0,
d?y
oy =10

Bubpasuin (yrnzameHTanbLHy CHCTEMY PO3B’A3KiB OCTAHHBOIO PiBHAH-
fHa y surasai y; = ch al, y, = sh nif, gicranemo

y =C,chnt+ Cyshnt =C,ch (narcchx) 4 C,sh(narcch x).
2,100. Po3sB’sizaty 3azauy Komi
=2y —xy' + 4y =0, y(V)=1 y (V=0
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Po3s s13auHusa BuxonaBumn saminy x = ch f, x > 1, nicranemo
PiBHAHHS
d2
—r — 4 =0
3arafibHMil pO3B’ 30K SIKOTO
y=C,ch2t+ C,sh2t=C,ch(2arcch x) 4 C,sh(2arcch x) =
= C, [2ch? (arcch x) — 1] 4- C; 2sh (arcch x) ch (arcch x) = C; (2x2 — 1) -

+2CxVx—1.
(BrkopucraHo sajnexHocti ch 2a = 2ch® — 1, sh 2a = 2shach a).

3Haxonumo
y = 4xC, + 2C, V' x*—T1 + 2C,x

= 4xC, 4 2C, V' x* =1 4+ 2C, ———

2 V 7
BpaxoByeMo NOYaTKOBi YMOBH:
3C, +2V2C, =1, 4V2¢C,+6C,=0,
spigku C; = 3, Cp = 2V2.

Tomy
y=32—1)—4VoxVx*—1.
2 101. MpoiuterpyBatu piBHAHHSA
¥ 42y +(x*+6)y=0.
Posp asanus. 3uaiizenmo inBapianT piBHAHHSA:
Q=g () — - B (1) — 5 by () =2 +6— 4 - dx® — . 2 =5,

SIx Bigomo, samiHOWO Yy =—e¢ ? 2Jmu Jaue piBHAHHA 3BOJUTBLCH LO
surasany u” 4 5u = 0. Tomy
x2 .
y=e 2 (CicosVBx C,sinVBx).
2.102, IlpointerpyBsarn piBHﬁHHH
y—tgay + 25y =0, 0<i<m.

Po3g’ a3anusd 3naxoguMo iuBapiadT piBHAHHA:

8 — x2 1 9 X 1 1 1
T T 4y —Ttg DL R B 2 M
2 11, x ! 2 1,1 2
ik i AL e Bt S -



ftg -% dx —2lacos —Jg— u .
u==e U= m JaHe PIBHAHHA

spoauthes 4o piBHAHHA Eiepa x%¢” 4 2u = 0. Po3B’A3KH LIyKaeMmo y
anm o u=x". Togi rr—DNx"—2x"=0, r?P—r-2=0, rgs=
T

Tomy

3aminow y =e

u=ClV}cos(—V27— lnx}+ Cy V x sin (-'—/27— lnxJ,

A __V_—"_x_(clcos(L/?l lnx}-}— Czsin(l/;—lnx)).

cos? <~

2.6. Ninikini HeogHOPiIAHI PIBHAHHSA
3i cTanumm KoedilicHTamm

Jiniduum HeoOHopidHUM JUdePeryidAbHUM DIBHAHRAM n-20 ROPAOKY 3 CMOAUMU KO-
edpiyicnmamu Ha3UBaeThCA DIBHARUA BHLY

Liy=¢g" +ag™ V4 oo da, ¢ +agy=f(x), (1

ae [ (x) — nenepepsua ua [ = (a; b) (byuxum gy =const, j==1, 2, ..., n.
OckiTbKn_dyHnaMenTajlbHy CHCTEMY PO3B'A3KIB DIBHSIHHS  3aBXKIA MOKHE no6yny-

BaTH, 3ajaua inrterpysauns piBRAHHA (1) 3BOAMTHLCH KO 3anaui noGYNOBH SKOTO-HEOYHb

YacTHHUOrO Po38’a3ky pisHanuA (1). UacTuHHui po3s’s3ok pisustud (1) 3aBXAM MOXKHZ

3HalTH, 3aCTOCOBYIOUH Memo0 eapiayii dosiserux cmaaux (Jlarpawxa) abo memod Kouil.
SAxuo npasa uacruna [ (x) B (1) mae cneuianbuufl BuA

f(x) = Py (x) &%, 2)

fle 0 — KOMIUIEKCHA (30kpeMa ARificHa) cTania, sIKA HA3HBAETHCS KOHIMPOABHUM HUCAOM .
oyukuii / (x); Py (X) — MHOrOUJIEH CTeNeHS /1, TO 3HAXOMKEHH ST YaCTUHHOTO PO3B’A3KY 10
cyti 3BoauTbes A0 anrebpaiynnx onepanifi. Hexal xontposbne unciIo O € KOpeHeM Xa-
parrepucrtuuioro piBusuus oneparopa L (y) kpathocti 7 > 0 (axwo r > 0, To fictaemo
DE3OHAHCHUL 8unadok; SIKILO O He € KOpeHeM XapaKTepUCTHUHOTO piB HSHHA, To 7 = 0
i nicraemo nepesonarcHudi sunadox). Toxi pisuAHHA (1) Mae eMHUA YaCTHHHHI PO3B’I30K
BULY

g = x"Rp, (x) 7%, (3)

ne R, (x) — muorouwnen crenens m, KoeiuieHTH TKOrO MOXKHA 3HAATH 3a MOIIOMOTOIO Me-
mody HesUSHauerux fcoedyiqieumie

Stkwo koedinienrn g j= 1,2, ..., n, piBasuusn (1) — pificai yncoa, a npaBa yva-
CTHHaA Mae€ CHeHIHJIbHHH BHI
[ (x) = €™ (Pp (x) cos Bx + Qp (x) sin Bx), 4

ne o, B — aikcni crani, P, (x), Q, (%) — mHOrousnenu ctrenens mi n BignosigHo 3 xiit-
caumu Koedbinientamu, To pisHsaHEs (1) mae exuuu#l HacTHHHHE pO3B’A30K BHRY

g = x"¢™ (Ry (x) cos Bx + S, (x) sin fx), ()
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Ae r >> 0 — KpaTHICTb KOHTPOJBHOTO uMeaa O == o + if dynxuif f (%) A KopeHst xa-
paKTepHcquom piBusivug onepatopa L (y) (r > 0 -- pe3oHaHCHKI BUNALOK, r = (0 —
Hepe3oHaHCHHMH BUOAROK), R, (x), S; {¥) — mHorownenu cremens ! = max {m, n}, Koe-
inienTH AKNX MOXYTh GyTr 3Halimeni METOAOM HEBH3HAYEHHX Koeinientis.

Omxe, ninifiHi Heopuopinui piBHAHHA 31 crasuMu koediunieHTamn 3aBKAR MOXKHA
npoiHTerpysaTtd B KBalpaTypax, OpHYOMY Yy BHMAiKy, KOJIH NpaBa YacTHHA piBHAUHS
(1) — dynkuis f (x) mae cnenianbuuii Bux (2) a6o (4), inTerpyBaHHs MO CYTi 3BOAHTHCS
A0 anrebpaiduHnX onepaniii.

2.103. 3HaliTH KOHTPOJIbHE UHCJIO O NPaBol YaCTHHH PiBHAHHA

L) = F ), ©
AIKILO:
a) f() =2 6) f(x) = 3x* — 2ix 4 5;
B) f(x) = 2¢7%; r) f(x) = 3e¥r;

1) f(x) = 3e2* (cos bx — i sin bx);
e) f(x) = (2ix—1)e®; €) f{x) = 3xet*.
3anucatd BHJ 3arajbHOTO PO3B’A3KY JJIA BUNAAKIB a) — e€).

Poss ss3anus Ilpasa vactuna mae cnenianbnuil Bup (2).
Maewmo:

a)o =0;,6)0=0;8) 0=-—3,1) 0 =2i;

N o=2—5i, e)o=23;¢) 0 =1

3aranbuuii poss’a30k piBHARHS (6) Mae Bu1 y = y_+ Y, e y — 3a-
raibHuil po3B’A30K onHopinHoro piuauns L (y) = 0, y — yacTuHHHUH

PO3B’A130K BiANOBiAHOTO HECAHOPiNHUTO pPiBHSAHHS.
Bukopucrasmu gopmyay (3), AictaHemo:

a) Q = ax";, 0) ; = x"(ax® -+ bx 4 ¢); B) g = gxre—3%;
l") !;: axreQix; Jl) !; — axre(Q—Si)x;

e) y=x" (ax 4 b)Y e, e€) y= (ax - b) x"eix,
Je a, b, c — HeBH3HaueHi KoedinieHTH, a r => 0 — KpaTHICTb KOHTPOJIb-
HOTO 4YHCJMAa O 6K KOPEHHd XapaKkTepUCTHYHOTO piBHSIHHY  omeparo-

pa L (v). .
2.104, 3naiiTy 3aralbHA@l PO3B’130K DPIBHAHHS

L=y —iy" = [(x), : (@)
Je [ (x) BuzHaueHa Tak camo, fK i B 3aaaui 2.103.
Posp a3abHus4. Xapaxrepucmque piBHsiHHS Mae Kopeni A
= 7»2 = 0 Ay = i. Tomy 3aranbHHi PO3R’AI30K OXHOPiZHOTO plsﬂmmﬂ
ylll —_— ’/

O Mae BHJ

y = C; + Cyx -+ Cye™*,
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ne Cy, C;, Cy — noBisbHI ctani. 3uafineMo YaCTHHHUA po3B 930K JiHIH-
HOTO HeojHopifHoro piBHsHEA (7) A% BHNAAKIE &) — €).

a) KonrposbHe uynucio o = 0 — Kopinb XapaKTepUCTHYHOIO DiBHSIH-
uf kpathocti 2. ToMy r = 2

y = ax? 8)

[lincrasuBn (8) y pisHanua (7), aicranemo —i2q = 2, 3Bigku a = i.
6) KontposbHe uucio ¢ = 0 — KOpiHb XapaKTepPUCTHYHOrO PiBHSIH-
Hn kparwoctri 2. Tomy r =2

y~ = x% (ax® -+ bx + ¢) = ax* 4 bx® 4 cx?. 9)
Migcrasuswn (9) y (7), aicravemo
(3 -+ 12ia) x* + (— 24a + 6bi — 2{) x + (5 +2¢i — 6b) - 1 =0,

3BiLKH, BHACJAIJOK JiHiAHOI He3ajexHol ¢yuruid 1, x, x2 (guB. 3ajnauy
2.45), gicranemo cHcTeMy AJ8 BU3HaYeHHA a, b, C:

3+ 12ia =0;
6bi — 2i — 24a = 0, (10)
54 2¢ci — 6b = 0.
3Bj Mot @ = p . 3i
BilCH BHAXOAMMO! = -, b=—. ¢= ——.
8) KoaTpoasre uHcio 0 = —3 He € KopeHeM XapakTepHCTHUHOIO piB-
usanns. Tomy r =0 i
y=ae™™. an

[Tincrapusium (11) 8 (7), micranemo
— 27ae~% — Qaie—3* == ¢,

3BiIKH
=2 _
27491

r) KourpoabHe 4ucio 0 = 2i He € KOpeHeM XapaKTepPUCTUYHOTO piB-
usguua. Tomy r = 0 i

! .

;/ = qe¥x, (12)
IMigcraBusun (12) y (7), aicranemo
— 8aie®r 1+ 4ale?x == 32,
3BiAKH
3
4

a= i
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1) Konrpoabre uncno ¢ = 2 — 5i He € KOPpeHEM XapaKTePHCTHUHOIO
pipagauns. Tomy r =01
y = ae—5hx, (13)
[TincrasuBwu (13) y (7), Zictanemo
a (650 — 150) e@—59x — g (— 20i — 21) @505 = 3 ¢@—50)%,
3BiAKY ‘

3 856443i

= —"3 9074

e) KoutpoibHe uHca0o o0 =3 He € KOpeHeM XapaKTepHCTHYHOrO
pisasiniga. Tomy r=0 § '

y = (ax + b) e, (14)

MiacraeuBuy (14) y (7), Aicranemo
3 (27ax 4- 27a + 27b) — ie3* (9ax + 6a + 9b) == (2ix — 1) €%,
(27a —9ia —2i) x 4+ (27a 4 276 — 6ia—9ib+ 1) - 1 =0,
8Biaku, BHAacAilok JiHifiHoi HesasexHocri pynkuid 1, x,
27a — 9ia — 2i =0,
27a + 276 —6ia — 9ib + 1 =0,
8BiAKH

— 7 —99{
1350

€) KoHTpo/bHE 4Hei0 6 = { — KOpiHb XapakTepHCTHYHOIO piBHAHHA
kpathocti 1. Tomy r=1i

1 s
a=—4.—5-(31—1), b=

y=x(ax + b) e'* = (ax® + bx) e*=, (15)
NiacrasuBuy (15) y (7), aicranemo
e* (—iax® + x(— 6a — ib) 4 6ia — 3b) —
— et (— ax? + x (4ia — b) + 2a + 2ib) = 3xe’*,
(—2a — 2ib — 3) x + (4ia —b) - 1 =0,
8Bifiky, BHacJaillok Jainifinoi Hesandexsocti 1, x,
—2a—2ib—3=0, 4ia—b=0. (16)
3sincu a =~;— , b=2i
OTXe, YACTHHHHU{ PO3B’ 30K ;/ piBHAHHA (7) BH3HAYaeThCA TAKI
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a) y = ix% 6)y— xt At xS — - xR
B) y=——5 B—ie s 1) ; - % et
3 85+43i (51, ~ [ 3i—1 7 4 99 )
A Y=——3"goms ; e)y—( T 1350—)83x’
€) y= (—x” +2ix| ™.
2.105. 3HafiTH KOHTPOJIbHE YMCJO ¢ NPaBol YacTHHM PIBHAHHA
Lp)=y™ +ay" "+ - +ay’ +ay=i, (17

ke a; =const R, j=1,2,.
af(x)=2, 6) f(x)= 3% — 2x+ 5; B} f(x) = 2e—3%;
r) [(x)=2xe*; n) f(x)=3sin2x; e) f(x)=5cos2x;
€) flx) = 3sin2x 4 5¢cos2x; x) f(x) == 3sin2x - 5xcos2x.
3anucatd BHI 3arajqbHOro po3p’f3ky piBHaHHs (17) ana BHOmamKis

a) — x).
PosB s3aunsd Ilpasa yactuHa Mae crneuianbnuél Bua (4). Ji-

CTaemMo:

IHa=0 p=2 c=a*ifp= ;
e a=0 P=2 c=a-+ i = L2,
a=0, pf=2,0=axip =

K)oa=0 p=2,c0=a+if=

3arajbHuil po3s’s30K piBusiuma (17) B y =y +~y, Ie Y — saraab-

HUH po3B’A30K oxHopinHoro piBHAHHA L (y) = 0, a y — uwacrHiinuii poa-
B'§I30K Bi/[IOBiHOr0 HEOAHOPIiAHOr0 piBHSHHA.
Cxopucraemoch ¢opmyJono (5). Maemo:

a) y=ax’, 6) y=x'(ax®+bx-+c); B) y=axe
r) J: x"(ax + bye*; 1) é = % (a cos 2x 4 b sin 2x);
e) _1} = x" (@ cos 2x -+ bsin 2x); €) ~y = x" (a cos 2x 4 b sin 2x);

x) y = X" ((ax 4 b) cos 2x -+ (cx + d) sin 2x),
le q, b, ¢, d — neBuanayeHi Koediuientn, a r 2> 0 — KpaTHicTb KOHTPO/b-
HOrO 4MCia G SIK KOPeHA XapakTepPHCTHUHOrO PiBHSIHHA.

2.106.. 3uaiiTy 3aranbHufl po3B’A30K DIBHAHHA

Liyy=y" —y" =[(x), (18)
Ze [ (x) BU3HaueHa Tak caMo, fK i B 3agaui 2.105.
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Poss s3aunsda.XapakrepuctuuHe piBHAHHA AP —A? =0
Mmae Kopeni Ajp = 0, A; = 1. Tomy 3aranpHHH pO3B’sI30K JiHifiHOrO 0OA-
HOpigHOro piBHSIHHA Mae BHX

y= C]_ + sz + Cse*,
C,, C; — noBiabHi cTami.

3HnafileMo YacTHHHHE PO3B’S130K JiHIHHOIO HEOAHOPiNHOrO piBHSAHHS
(16) nns BumaakiB a) — ).

a) Koutposbre ancnio 0 = 0 — KOpiHb XapaKTEPHCTHUYHOIO PiBHAHHA
Kpatnocti 2, Tomy r = 211

g = ax?. (19)
[igcraBusmu (19) y piBusnus (18), gicranemo
—20=2, a=—1.
6) Konrponbue uncno ¢ = 0, Toxi r = 2,

g;= x2 (ax® 4+ bx -+ ¢) = ax* 4+ bx® + cxt.
Pipuauua (18) nabupae Bur1any
3+ 12a) x* - (6b —24a — 2) x (5 -+ 2¢—6b) - 1 =0. (20)
3Bijcu 3HAXOAUMO
3+ 12a=0, 6b—24a—2=0, 542¢c—6b=0,
g=—, p=—2, c=—2,

4 3 2

B) KoHTpo/ibHE THC/IO ¢ = —3 He € KopeHeM XapaKTepUCTHYHOrO piB-
HAHHA,
Tomy r =10 i

~

y == ae—3x. (21)
ITincraBuBmn (21) y (18), nicranemo

— 27ae—3% — Qge—3* &= 2¢—3%,
1

18 °
r) KoHtposbue unc1o o = 1 — KopiHb XapaKTepHCTHYHOrO PiBHAH-
ns1 kparHoeti 1. Tomy r =1 i

3BiJIKH @ = —

~

Yy = x (ax + b) e* = (ax? + bx) e*. 2>
ITincraBuBmm (22) y (18), nicramemo
(ax® 4 (6a + b) x 4 6a + 3b) e — (ax® + (4a 4 b) x + 2a +
- 2b) e* = 2xe*,
(2a—2)x+ (4a+b) - 1 =0,
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3BiAKH
20 —2=0, da--b=0, a=1, b=—4.
1) Kontponese uncio o = -4-2{ He € KOpeHeM XapaKTePHCTHYHOIO
pisusgna. Tomy r =01
y = acos 2x + bsin 2x. (23)
Iligcrasusmm (23) y (18), micranemo
8 (asin2x — bcos 2x) — 4 (— acos 2x — b sin 2x) == 3 sin 2x,
(8a + 46 — 3) sin2x + (4a — 8b) cos 2x = 0.

3Bincu, BHachigok JMiHifiHOT HesanexHocTi QyHKIIH sin 2x, cos 2x (quB.
sajauy 2.48), maemo

8a+4b—3=0, 4a—8b=0; (24)
3 b3 -
=T T W

e) fIk i B monepeIHLOMY BHNAAKY, IIYKAEMO Y Y BHIVIAAL

y = acos 2x + bsin 2x. (25)
Hiﬁcrasnsmn (25) y (18), micranemo

8 (asin 2x — b cos 2x) — 4 (— a cos 2x — b sin 2x) == 5 cos 2x,

(8a - 4b) sin 2x + (4a — 8b — 5) cos 2x = 0.
3BiacH .
8a-4-46=0, 4a-—80—5=0; (26)

e) Llyraemo _t; y BHIVIAL]

o~

Y = acos 2x 4 b sin 2x. (27)

[MigcraBuBumn (27) y (18), micranemo
8{asin2x — b cos 2x) — 4 (— a cos 2x — b sin 2x) = 3sin 2x + 5 cos 2x,
{8a - 4b— 3)sin2x -+ (4a — 8b — 5) cos 2x = 0.
3Biacu
8a+40b—3=0, 4a—8b—5=0;

o7

== 20 °

227



%) Konrpoapse unucsio ¢ = -2/ He € KOpeHeM XapaKTepPHCTHYHOTO
piBusnna. Tomy r =01
y = (ax + b) cos 2x + (cx + d) sin 2x. (28)
[TincraBuBmn (28) y piBusuus (18), micramemo
(— 8d — 12a + 4b — 4c) cos 2x + (80 — 12¢ 4 4d + 4a — 3) sin 2x +-
+ (— 8¢ + 4a — 5) x cos 2x - (8a - 4c) xsin 2x = 0.
Bracnigox ainifinoi HesasexHocti ¢yHKIil cos 2x, sin 2x, x cos 2x,
x sin 2x (uuB. 3agauy 2.48), MaeMo
—8d—12a4-4b—4c=0, 8b—12c}+4d4-4a—3=0,
—8c+4a—5=0, 8a-+4c=0;
1 3 1 1

o=, b=—7F, t=—7, d=—.
Orke, YaCTHHHHUA pO3B’530K piBHAHHA (18) BH3HAYAEMO TaK;
8) j=—3% 6) y=— M B — T x% B) § = —
r) g = (x* — 4x) e%; . 1) §=li0cos2x—l—2iosin2x;
~ l 1 l 7
€) ¥y = - cos2x ——sin2x; e) y = g COS 2% — —5- sin 2x;
YR T
Y x 7 ) COs2x — —2—x—|——2— sin 2x.
2.107. 3HafiTd 3aranbHi po3B’sI3KH PIBHSIHB
y" + 0%y = H cos vx, (29)
o, v=const >0, H =const€R,
x" 4+ 0%y = H sinvx. (30)

Poss sasauna I crnocio. XapakTepHcTHuHe piBHAHHA Mae Ko-
peni A2 = 4iw. [IpaBi wactunu piBHAHb (29), (30) MaiOThb creliagbHui
Byl (4), npuuoMy B 000X BUNIAJKAX KOHTPOJbHE UHCJIO ¢ = o4 iv. Po3-
IVISTHEMO TaKi BHUIIALKH.

Hepesonancnuii sunadox: v = w. Toldi 4HcI0 © He € KOpeHeM XapakTe-
puctuyHoro piBHsiHHA, 7 = 0 i yacTHHHI PO3B’A3KH MIyKaeMo y BHIVIAAi

Y1 = a, cos vx + by sin vz, : @31

Q, = a,c0s vX + by sin vx. (32)
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[MigcrasuBin (31) i (32) signosizHo B pisHARHA (29) i (30), nicra-
HeMo

(a, (0* — v2) — fA) cos vx 4 by (0% — v?) sin vx =0,
Ay (02 — v?) cos vx + (b, (0% — v¥) — H) sinvx=0.
3BiacH, BHaCTiZoK Jimifinoi He3asexHocTi ¢yHKHIH cos vx, sin v,
MaeMo

a, (@ —v}) —H =0, b (0®—v})=0,

ay (02 —v3) =0; by(w:—+v¥)-—~H=0. (33)
Bepylm JO yBard Te, U0 v= ®, 3HaAXOAUMO
H . H
al=m, b1=0, as_;:O, bz—_-?—__—vﬁ-.

Toumy
- H ~ H .
Y= WCOS VX, Yy = oF —vE SIn vx.

Pesonancnutl sunadox: v = ®. KOHTpo/bHE YHCJIO G € KOPEHeM Xapak-

TepHUCTHYHOrO PiBHAHAS KpaTHocTi 7 = 1. YacTunni po3B’sasku myKaeMo
y BuUraAni

&1 = x(a, cos wx -+ b, sin wx), (34)
_1;2 = x (@, c0S 0x - by sin wx). (35)
MMigcrasuBun (34) i (35) Bignosinuo B pisusaaus (29) i (30), aicrane-
o
2% (— a; cos wx — b, sin wx) 4+ 20 (— a, sin ox 4 b; cos wx) +
-+ % (q; cos ox + b, sin wx) = H cos wx,
‘2% (— a,cos 0x — b, sin wx) 4 20 (— a, sin wx + b, cos wx) 4+
-+ @2x(a,cos wx + by sin wx) = H sin ox,
(20b; — H)cos ox — 2wa, sin ox =0,
2wb, cos wx 4 (— 20a, — H) sinwx =0,

:S;BilIKH
H H .
a1=0, bl:W’ a2=——2-m—, b2=0
Tomy
~ xH . - xH
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II cnoci6. 3nafineMo YaCTHHHUA PO3B’A30K y NOMOMiXKHOrO piBHSAH-
HS

Yy + o’y = Hevx, 2= _1, (36)
Toxi yacTHHHI pO3B’s13KH &1, j, MOXHA 3HafiTH 3a QOopMyJaMH 1}1 =
=Rey, y~2= Im_t;.
Hepesonancnuti sunadok: v = o.
P03B’ 130K y LIyKAaeMO y BUIJSA
y = cetvx, (37)
IMigcrasusuin (37) y piBesiHHA (36), XictraneMo
— cy2etvx + w2cetvry — Hei'vx'
3Bigxn

H

C=—5 1"

Tomy
. —Res H o mi H
Yy = ey=wcosvx, Yg = my=m51nvxo

Pesonancruti sunadox: v = .
Po3B’a30K myKaeMo y BUTJsA]

y == xceio*, (38)
Iligcrasusmu (38) y pisnsuna (36), aicrauemo
— 0%xcet®* - 2ciwet®* 4 wixcetor = Helox, (39)
3BiaKH
e H__ _ Hi
T 2w T T 2%
Tomy
_1;1 =Rey = 5o Sin oy,
~ =~ xf
Yy, =lmy = — 5 cos ox.

Orxe, 3aranbHi poss’siskd piBuAHb (29) i (30) maloTh BArAAK

. H
y = C,cos x4 Cysinox 4+ T =& oS vx,
C C. i H .
y=Cycoswx 4 Cysinwx + ——7 sinvx,
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SKIO v 7= @ 1
. H .
y =C,cos ax 4+ C,sin ox +;—wsm 0x,
. xH
y = Cicos ox + Gy sin ox — 55~ cos 0 ¥,

gkiwo v = o, te C;, C, — noBijbHI crai.
"~ 2,108, Hexali o — kKopiub KkpartHocti 7 > 0 XapaKTepHCTHYHOrO
pieaanug D (A) = 0 ainifiHoro audepenuianbHOro oneparopa
L) =¢"+ ay" D+ - 4 any’ +auy,
a;=const, j=1, 2, ... ,n.

JloBecTH, 110 YaCTHHHHH PO3B’30K y JiHifiHOrO HeONHOpPiAHOro piB-
HAHHA

L (y) = He°*, H, o = const, (40)
MOXHa 3HAHTH 3a (OPMYJIOI
~ Hx’ .
y="2mg (41)

Poss’ A3aHH. OcKisbKH 3a YMOBOIO KOHTPOJIbHE YHCJIO O € KOPEHEM

XapaKTepHCTHYHOTO PiBHAHHA KPATHOCTi 7, TO pO3B’SA30K Y IIYKAeEMO
y Burasani

2/ = ax’e’~. (42)

Toroxuicte L (ae'“") =aD (A) e, a, A = const, mnpoaudepenui-
fpeMO 7 pasiB 1o napameTpy A. 3actocysasiun dopmyay JlefiGHina, maemo

L (axre*) = a2, CED'™ (A) xteds, (43)
k=0
Ockinbru DD (o) =@ npu j=0, 1, ..., r— 1, a DN (6)=%=0, TO i3
(43) npu A = ¢ nicraemo
L (axre%%) = aD" (g) e°*. (44)

[TincraBumo tenep (42) B piBusinHa (40). Bepyuu go yBaru (44), mae-
MO
aD\" (6) e9% = Heo*,

SBigKH 0 = —1— Tomy ;=H—"'eox
8 D" (o) DD o)
2.109. 3uafiTy 3araabeuil po3B’si30K piBHAHHA
y" + py’ +qy = Hsin (vt 4 @), (45)

P ¢ 9, v=0, H>0=constER.
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Po3p’ si3anusa CrOpHCTAEMOCH THM, INO KOJMH Z — YACTHHHHM
pO3B’SI30K JIONIOMIXKHOTO PiBHAHHSA .
zll —l— pzl + qz — He[(‘\?f-]-W)’
T0 ¥ = Im z — gacTHHHHE PO3B’ 30K JAHOro piBHAHHA. [Ias moGyI0BH

z BHKOPHCTaeMO dopmyay (41) saxaui 2. 108,

Posrasimemo taki BHIAAKH:
I.D(ivy=q—v? +ipv=%0. Toai (r =0, 0 = iv)

~ I ~ I Hetvi+o) 2t VE+-0)
y=imz=Im—fGay— =4 —arw =

H{(q—=v)sin(v+-9) —pveos(vi+¢) __
(g—v32 + p*v?
v
Vg

_ m S Vi) (g—vi— ipv)
o (g— V32 + pov?
—fAsin+ota , o ==arctg
Vig—v5 + pv?
I1. D (iv) = ¢—v®+ ipv =0, 3Bigku
abo a) p =0, g =v% v=£0,

abo 6) ps=0, v=20, g =0;
aboB) p=0,v=0,g=0.
Toni
Qr=1, o=iv, D' (iv) =2iv+01i
- ~ iVt @)
y=Im2=Im%——_l{_’_Imtet(W+W_
Ht .
=W51n('\)t+({)+7),
6)r=1,0=0 D (0)=ps=0i

-~ ~ Hti'l)
y=Imz=1Im ; =%smq),

B)r=206=0, D'(0)=0 D" (0)=2i
Ht2t® He?

y=Imz=Im——=—;

sin .

3aranbHUE PO3B 30K NAHOrO PiBHAHHA MAae BHIVISLI =y - e
y=y-1Y, I

Yy — 3arajbHU#l pO3B’AI30K ONHOPIJHOrO PiBHAHHA.
2,110, $Ikuio 3araibHU#l po3B’ 130K JMiHIAHOTO PiBHAHHSA
* + aﬂ.—-ly' _l- any = H Sin (Vt + (P) (46)

Ly)=y" +ay®h + -
i=12 ...,n,

H>0, v>0, ¢, q;€R,
Mae BHIJIAL y = Y + 4, € 3arajbHui PO3B’SI30K OZHOPIZHOrO PiBHAHHA
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- ~ . . s 2r
y— 0npu £— +oo, a y— nepionuunuii 3mepiotom T = -, JacruH-
HHH pO3B’A30K piBHAHHS (46), TO roBOPSITH, IO PO3B’A30K Y ONHCYE rne-

pexiOnuil pexcum, & PO3B'SI30K y — YycmareHult pescum.
Hosecty, 10 KOJIH BCi KOPeHi XapaKTepHCTHYHOTO piBHAHHA L. (A) = 0
oneparopa L (y) matoth Bix'emui nificei wacTHHH, To piBHSAHHA (46) Mae

o 2n . o .
eaunuit T = -5 -nepioauunuii (ycrasenuil) posB’si30K

~ HI ei(vt-l-cp)
y=HIm—5mm,
FKUH ONUCYe YCTaNeHHH PEXUM.
Po3B s3aHnH4. Hexaft A, A, ..., A, — KOpeHi XapaKTepHCTHY-

s

noro piasuua D (A) = 0, my, m,, ..., my — iX KpaTHOCTi.(}J m; = n).
=1

3arajabHHE PO3B’A30K Yy onHopiaHoro piBHsAHHA L (y) = 0 Mae BuIAAX

o

y=2 " Crt Gt + oo + Cut™),
j==1

T
ze C;, ..., C’"f — joBinbhi crani. Ockinbkn Red; << 0, =1, 2, ...
vy S, TO Yy — 0 1pH ¢ - o0,

Kpim piBusinaS (46), pO3IJsiHEMO e TaKe JONOMiXKHe PiBHAHHS!
L (z) = Hetvi o,

Il

Ockiapku D (iv) 5= 0, TOo yacTUHHHUH DPO3B’fA30K 2 MOXKHA 3HAHTH 32
dopmyaow (41) (r =0, 0 = iv):
~ Hei(vt—l—(o)
*="Dm

2n . .

Ortxe, eluHUM oKpemuM T = ——-TepioIHIHAM pO3B’A3KOM piBHSIH-
HA (46) € dyHkuis

 lma— HI oL VE+D)
y=me=10"om
gka ONHCYE yCTaJeHHH pexuMm.

2.111. Opur KiHeub OPYKHHH 3aKpimieHuit HepyxoMo, A0 APYLOro
KiHLs1 TPHKPIMJIEHO BaHTaX Macolo m, Ha sikufl Ale mepioauuna 36ypio-
foua cuaa /7 sin (v¢ - ¢), nanpsimiena o septukadi. [ Ipy Bigxu/ieHHi BaH-
Taxky Ha BiACTaHb x BiJ moJIO:KeHHA piBHOBArM MPYXKHUHA Jli€e HA HBOTO i3
cusoro  kx (TIpy:KHa cuJsa), AKa HampsiMiena A0 TIOJOXEHHS PiBHOBAaru.
[lix wac pyxy BaHTaxy 3i LIBHAKICTIO U CUJa OMOPY CepelOBHILIA JOpiB-
HIOE b (H > 0,v> 0, > 0,0 << b <« m, © — craii). 3nafiTu 3aKoH
PYXy BaHTaXXy B yCTaleHOMY peHMi Ta yacToTy 30YpPIOIOUOi CHJIH Vpes
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(pe30HAHCHY HacTOTY), mpH fAKiH amILTiTyJa KOJHBaHb BaHTaXy B YCTa-
JIeHOMY pexXHMi € Ha#b6iiblIo. 3HAATH L0 aMIIITYay.

Po3sB ss3anuna Hexai X = x (f) — BiOXHJEHHS  BaHTAXKY
BiJ MOJIOKEHHA PIBHOBATH B MOMEHT uacy ¢. 3rifHO 3 JAPYIHM 3aKOHOM
Hotorona, mx = —kx — bx + H sin (v¢ + (p), 3BiIKH s BU3HAUEHHSA
3aKOHY pyXy X = x (f) BaHTaxy JicTaeMo JinifiHe HeolHOpigHEe piBHSAH-
HA BHAY

%4 pi 4 gx = <sin (v + ), (47

b k
Aep== 9= 7

Ockinbgn p >0, ¢ >0, 10, AK BHINIMBaE 3 pe3yJbTaTiB 3ajad
2.109, 2.110, ycranenufi pyx BaHTaxy icHye H ONHCYETbCS PO3B’FA3KOM

6 R ¢ pipusiHEsa (47) Bunpy
c x(f) = A (v)sin (v¢ + ¢ + ),
L (t) 4 H v
a g A S e T T
Puc. 36 Hacrory vpes, IpH fKifi ammaityla A (v) Kouu-

BaHb BAHTAXKY B YCTAJeHOMY peXuMi Mae HakGiJbue
3HaueHHsl, MOXKHA 3HAKTH 3 YMOBU MiHiMyMmy dyHKuii ¢ (v) = (g —v?)® +
+ p?v:. Maemo

P (v) = — v (g —v7) + 2pv =0,

Vpea—Vq— Vk b2

AMmiiTya KoJHBaHb BaHTAXKY IPH pe3OHaHC]

3BiJIKH

H _ omH
- hm— b
mp l/q__ ;; bV dkm—b

2.112. TlocnigoBHUA KOJNHBa/NbLHUA KOHTYD CKJIAZa€Thesl 3 MOCJIiZOB-
Ho3’enHaHuX (puc. 36): Mxepena CTpyMmy, Hampyra sKOrO 3MiHIOETbCA
3a 3akonom u (f) = E sin (vt + ¢); onopy R; ingykrussocri L i em-
HoctiC (E>0,R>0,C>0,L>0,v>0, ¢ — crani).

3HalTH CHJIy CTPYMY B KOHTYpi NMpH ycTaJleHOMYy peXuMi # 4acToTy
Vpes JKEpeJa CTPYMy (PE30HAHCHY 4acToTy), KOJH aMIIiTyAa KoJ HBaHb
CTPYMy B yCTajqeHOMY pexkumi Haibisbiia.

Po3p a3aunna [locrifosuuil KomuBaJbHUE KOHTYD € eJeKTPHY-
HHM KOJIOM 3 YOTHPMa By3Jamu a, b, ¢, d. 3acrocyBaBHIH NepIHH 3aKOH

A (Vpes) =
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Kipxrocpa, nictanemo
loa4Toa=0, lap+ les=0,
1bc+{db‘=0’ [cd+1ad=0,

8BILKH laa = lop = lpe = lca = i (1),

Je i (f) — uiykana cuaa ctpymy (cumBosioM [y, MO3HAUeHA CUJIA CTPYMY,
AKWE HanpamiIeHud Bij By3aa x 1o BysJa y). Cnaa Hanpyru U,y BH3HAYAE Th-
cs Tak:

di . 1 .
Uy =L -, he=Ri, tea=-{1idt,
Uga = — 1 (8) = — E sin (v¢ + @).
Towmy, srigHo 3 apyrum 3akoHom Kipxroda,

Uap + Upe + Uca + Uga = 0,
abo

L% 4 Ri +~é—Sidt= E sin (vt + o).
[1poaudepennitoraBmy ocranue cniBBiAHOWEHAA, AMA BH3HAYEHHSR

i = i (f) nicranemo Jainifine Heozmopizme piBHAHHA BULY

e p Yy gi =L cos (vt + ), (48)

R 1
A p=- §=7F-"

Ockinbgy p >0, ¢ > 0, 10, sIK nMoKasaHo B 3ajauax 2.109, 2.110,
yCTa/lIeHHH DeXHUM KOMHBaHb CTPYMY B KOHTYpi icHye #i onHCyeTbcs po3-
B’sI3KOM piBHAHHS (48) BUALY

[(f) = A (v)cos (vt 4- @ + o),

Ie

) == arctg Tpv— .

LV(q—v2)2+ 2 vi—q

Pesonancay wactoty 3Hafiiemo 3 ymoBH MiHiMymy QyHRuii ¢ (v) =
w22

==Y v) -+ p?.  OueBupHo, mo GYHKIIA P (V) Ha6yBae HaHMEHLIOTo

A(v) =

SHAYEHHA MPH g — v = 0, 3BiIKH Vpes = V g = VLC

AmnaiTyza KonuBaub IpH pe3OHAHCi NopiBHIoE

E E
A(Vpe3)=Tp = —E-.
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2, 113 E.nempnqﬂnﬁ qu.anp HUSHKHX UACTOT — e eneKTquHe KoJo,
300paxkeHe Ha puc. 37 (U () =Esin (vt + ¢); E>0,v>0, L>0,
C >0, R > 0 — craxi). 3Hanm cnaj Hanpyru Ha onopi R B yCTaneno-'

My pexumi. JloBectH, mo lim Bf ) = 1,lim A: ) =0, ze A (v) — ammii-

V=30 '\-"—)—l—m ;
TYAA CNally HANPYTH Ha OMOPi R B yCTaNeHOMY PexHMi.
~Posp a3anmnsa 3rigwo 3 nepumm 3akoHom Kipxroda,

Tap +dap +1ep =0, T+ Tae =0, fcd+fad+fod-—0 Lo+ 1pa = 0.

[MosHauuBwu  lgp = iy, Ipc = iy, HicTanemo Iyg = £1 iy, lea =
= Iy, lga = i;. Maemo

_ uab=L-—‘-, 'u“=L%’-‘-,uw=R£,,-
Haa = —u()=—Esin(vi+9), ua ——-—S(i,—-;,) dt.
Tomy 3a apyrum sakonoM Kipxroda
L4y Lg Pt Ra, Esin (vt 4 ) =0,
L% R+ Gonat=0 1 w9

L2 -C-'-S (fy— 1) dt — E'sin (v + ) = 0.
. Yepes Te o ocrante piBHsIHHA CHCTeMH (49) € HAC/IIKOM NepIIHX IBOX
piBHAHb, TO BHIYYHMO 3 Liel cuctemn i;. Toni nisa i, Kicranemo JiHif-
He HeONHOpiZHe DiBHSHHS BHAY

dsi, d? di
TP +rh=

= C}ig sin (vt + ‘IJ) (50)

_ R 2 R
: Puc. 37 Kibk# p >0, ¢>0,7>0, pg>r, 10
3a KpHrepiem Payca — I'ypBina * Bci- mificHi yacTHHH KOpeHIB Xapak-
TepHcTHYHOro piBHAHHA D (A) = A® - pA? + gA + r = 0 Bin’emsui, pis-
usanusa (50) mae yc*raneanﬁ po3B’30K:

E
v+ ©LE sin (yl +ota)
tz (= CLs Im = D (iv) V(r—pv*]* TV @—v) =

2 CDopuymoBauua kputepio Payca — I'ypsiua nasegeno B n. 5.2
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E |
Tsm(vt-}-(p—l—a)

]/ [—g— - RLv“)Z +v2 L% - 1.%2)2 ’
(szz %)
e o= arctg —5—— .
,l %—— RLv?

Cnag nanpyru Ha omopi R hopisHioe

Ueg = Riy = A (v)sin(vt + ¢ + a),

ac
a ER
A ° 61)
V) = .
V (-g; - RLV!)2 42 (% - szz)ﬁ
3Bijcu
A A R . A
limSfh =1, A~ v, lim AR =

3apaui ans camoctiiiHol poboTu

. Bxasatu merop imTerpysanus aGo 3HHKEHHS OOPHAKY AJsl HACTYNHUX piB-
ganb
3 1. y Ve xsinx. 2. Bym’ + 252 =4, 3. y”z—y’ =1.

4. x= e_'y'"I +5"M 6 xyy +xy —yy'=0. 6. (14 ) yy =
=@y —1y .
L Loay by —xet 8.2V =3 9 2y 4y =0

10. 22 (yy —~y) +xyy =y szy L2 11 x2p2y = 3xyty — 4P — xb,

Yy 29y’ a0 11 2
12, —5—— =0. 13. (1 — 3y =0.
PR P I+y)y vy

4. ¢+ y cosx—ysinx=0.
3uaiitu po3s’ssok safa4i Kouri, focxizuswu nutands npo iior o icHysanns ta exunicts

15. ' =6x+2 y(0) =g (0)=0. 16. y~ —2y' =0; y(1) =2,
y (=1L

17. ¢’ =2Vy yO =y (=1 y(0) =y(0)=0.

8. gy —y" =yilny y(O =y (O =1

19. y"+ 24" + 2y =115 y<0)=y' 0 =o.
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MpointerpyBaTu nani pipuanHs

Yy =1

0. xyM —y" =0, 2L x(y—y") =yy + wt

2 ’
23. y”—}-_x‘!/— 2

24, 3uaittd nnocki kpuBi, pagiyc KPHBH3HH SIKHX NpOROpUifiHME A0 AOBXKHHH Bif-
piska nopmani. PosrisiHyTd BuODaAKH, KoJd Koedilient npomopuifuocti k& nopisioe
=l 2

25. 3uabitu ¢opmy piBHOBarm opuopissoi HepocTsyxHOI HHMTKM Hix Alero 11 cuam
BarK (JaHUioroBa JiHis).

26. Craacty nudepeHiuianee piBHAHHSA ciM’i MIOCKHX KpHBHX

2+t Cx+ Coy+Cy=0.
27. Cknactu JinifiHe opHopinne pIiBHARHS, AN AKOrO OYHEEE y, = ¥, y, =
e %, y; = sin x, y, = coOs x yTBOPIOWTE GYHAAMEHTANBHY CHCTEMY pO8B’4SKiB.

y = 3x%,

i

3uafiTu 3aradeHi po3B’'a3KH piBHSHb, BHKOpPHCTOBYIOuH (Gopmyay AGens
" 2, sin x
y+ 7Y Fy=0yn="—"F1—

29, (cos x +sinx) y'—2cosx -y +(cosx—sinx)y =0, y =cos x.

3uaitTa saraibai po3B’A3KM piBHAHL 3a jgonomoroio Gopmyas AGeas, fAKIoO
KOXHe piBAAHHA Mae PO3B’A30K y BHTAAAI MHOTOYJAEHA

36. (x— 1}y’ —(x+ 1y +2y=0.
3. 22lnx— 1Dy —x@2lnx4+ Dy +4y=0, 3
4x —

32. 3ualiTH  3aragbHHMii  PO3B’A0K  PiBHAHHA y”'—i—my

2
T x(2x—1

2
} y Py Gr— y =0, 3acTocoByloyn ysarajbHeHss opmynu AGH

1

A, AKmMO Bijomi IBa uacTHHH{ pO3B’s3KH: y; = X, Ya="p"

33. 3nafiTn 3aranbuuil po3p’'stsok piBHAHHS (X2 — 2x - 2) " — x24" - 2xy -
— 2y = 0, 3aCTOCOBYIOUH y3arajibieHHS Qopmynn Abeis.

3naiitu saraabHi pO3B’A3KM piBHAWD

34, y'"M — 13y — 12y =0. 3. g — 2 — 12 =0. 36. " — 2 =0,

7.y —y 4+y=0. 38, yV— 104" +9y =0, 39. y" 4 2y'+ 2y =0.

40. y" +4y=0. 41. yw—-y—O 42. 'V y=o0.

43, y“’ + 10y”+ 9y =0. 4. y'" — 7y + 16" — 12y = 0.

5. o'V f oy’ — 8y +5y=0. 46. vV — 2" 42" — 2+ y=0.
L Oy“’+2y“‘+3y”+2y +y=0 a8 ¢V V2 oty +
y__.
49, " —y=2sinx—4cosx. 50. ¥ -+ 4y=sin2.
51. 4" + y=cos x - cos 2x. 52. ¥y — 3y = ¢ — 18x,
53.y-— y-l—y-4e 54. ylv+2y + y = cos x.
55. y W 3y" 4 8y — y = 2¢*. 56 Y + y= 4x cos x.
57.y —9y=e3xcos3x 58. y' —y=5e"sinx.
gV — 8y’ = xe®*. 60. y" +2y —l—y——e * cos x - xe™%,
Ly py=x2—x41. 62,y —7y +6y=x%

238



3anHcaTy BHA YACTHHHHX po3B’s3kiB (unciaos! smavenns xoedinientie we 3na-

BOAHTH)

63. y” +9y’= 4x + ¢73% L x cos 3x.

84, ' —4y'=3 + &%+ & sin 2x.

85. ! -}-Sy 4 4y' = x? 4 xe~* - x2¢7* 4- sin 2x.

66. y'“ +6y + 10y = xe % cos x + x.

67. 41V s 6y = 2sin 2x 4 26 L ¢~2% cos 3.
68. y 'V m - 54" = x® cos 2x + xe* sin 2x - 3¢* sin x,

3uaiiTu 3aransHi po3s’s3ku piBHsHbL MeTOXOM Bapianii AOBINBHHX CTANMX

1 m , sinx
9.+l =55z - 00 TV = oty
\ 4xt 41 R , x4 2¢x 42
7l.y—y=-“+;. 72, " — 2y +y=T.

o

L
N

Puc. 38 Puc. 39

Po3s’sizatu 3agaui Kouri

73. Y — 54 +4y=0;, y(0)=1y (0),= 1.

T4, v +4y +4y=3¢"% y(0)=y (0) =0 (3acrocysarn metox Komi).
75. y* - 4y = 8in 2x; y (0) = y'(0) = 0.

3najiTu 3araaeni poss’s3ku pisusup Eliaepa

76. x2y" + xy’ +y=2sin(lnx). 77. x*y" —xy’ J+y=6xlnx.

6 6

78. xsym —3x3y* 4-6xy’ —6y=10. 79. yI” - Y +_x_2_ Yy — 5 y=

x-3 V._t
- = .

Vx+1

3uaiiTn saraxbail poas’sskH pisusnb Efinepa, Jlarpanxa, Ye6uwona

80. x3y'! 4+ xy' —y=0. 81 x2gl _9yr =0,

82. £y’ 4+ 2xy’ —6y=0. 83. 13y 3x24" 1 6xy’ — 6y =0.

84. 2(2x+ Dy —@2x+ )y +20=0. 85 (x+22y" —4(x+ 2y +
| 6y =

86. x3ym —xy' —3y=2x% 87. 2" 1 8x2y" + 12xy'=Inx.

88. (x+2° 5" +9(x+22y + 18(x+2) y' +6y=1In(x+2).

89, (1 —x)y' —xy +2y=0, [x]<<l. 80. (I—x?)y" —xy' + 9y =0,
ol < L.

91, (2 =Dy +xy —2y=0, [x|>1.
92. (x*— 1) g* +xy’ —16y=0, |x|>1.
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3a ponomoroio 3amiun wykanoi ¢ynxuli a6o Heszanexuol aminnoi 3mectn gawml
piBHAHHA 0 piBHaAub 31 cTaaumu KoediuieHTamu i 3HalTH 3aranpHi poas’sasku

93, 2,lry”+y'——2y=0. M, (1 —x?) gy —xy' + 4y =0.
95. 5 4" sin2x —y' 9y thx - sin® x =0, XG(O, _1_25_)

96, x%y" 4 243y’ — 4y = % . 87 22y —2xy (224 2y =0,

98, x%y" —4dxy’ + (6—x2) y=0, 99. (1 + x2) ¢" -+ 4xy’ + 2y = 0.

100. xy" — ¢ —4x3y=0. 100, (14+x2) ¢+ xy 4 y=0.

102. Cknactu audepeniianbie piBHAHEA | BH3HGYHTH CcHIy ctpymy i (§) B KoHTYpi
(puc. 38) B ycraneHomy pexumi, Axwo: a) u ({) = E = const; 6) u ({) = E sin (vt -+ ).

103. Cxuacty pudepenuiasbie piBHSHHA [ BU3HAYHTH CHAY CTPYMY iy (f) mpw ycra-
neHoMmy pexumi B xontypi II (puc. 39), skmo koedpinient Baaemnol ingyknii M= L,
u (f) = E sin v1.

104. Cxnacte nudepenuianvie piBusiHusg 1 smafitw cmag Haupyrd Ha omopi R,
(pHc. 40) npu ycraseHomy pexumi, ko u (f) = E sin (v¢ -+ ¢).

105. IloSyaysatH HopMaibHy (yHHaMeHTaJbHY CHCTEMY pO3B'H3KiB piBHSIHHA
y'+py +qy=0, p, g= const.

Posgin 3
MHIUHI AMDEPEHLLIANBHI PIBHAHHS
APYroro nopsaaxy
3.1. NepeTBOpeHHA piBHSAHB | BnacTMBOCTI iXHix po3s’'askie
3.1. Hexa#i 3ajano nudepeHuiajibHe piBHAHHSA
a()y" +b(x)y +elx)y =0, (1)

ae af(x), b{x), ¢ (x) — oyukuii, HenmepepBHi Ha JAesiKoMy iHTepBaJi
I'= (X0; x1), a(x) #0. ) )
JoBecTH, o e piBHAHHA MOXKHA 3aNHCATH B CaMOCHpsKeRiH ¢opmi

4P (x)%)+q(x)y=0. @

Po3B' sa3aunna [lpunyctumo, mo p (x) — HemepepBHO aHbe-
penuifioBHa Ha [ Qyukuis. PiBasinus (2) 3anuiieMo y BUIVIAAL

pX) Yy +p (x)y +q(x)y=0.
Ak 6aunmo, Koedinient npu y’ nopisHice Hoxiguii koedinieHTa npu

y”. TlomMHOXHMO 06HBi yacTuHM piBHsiHHA (1) Ha JHedxky ¢yHKuilo p (x)
i nigGepemo il Tak, U106 BHKOHYBaJjach yMoOBa

(@ a @) =p) b
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OueBHIHO, LI0 U (X) € po3B’A3KOM PiBHAHHA
b(x)—a' (x)

T a@m B (x),

dp (b (% d

L= (e F1na(x))dx.
Orke, MOXHA BHOpaTH

p(x) =

b(x) dx
b =a@e

TTicas MHOXKeHHS HA W () piBHAHHEA (1) MaTHMe Burasy (2):

b(x) dx _blx) b(x) .
” b X
Y e T e d @y,
abo " "
x) X)
d (e dy) cw) [am %™
—dx_(e ) Tam e y=0,
Je
b(x) d blx)
pry=c ", g =5

3.2, Hexaifi B piBaauni (p (x) y') + g (x)y = f (x) dynkuis p (x) =
# 0, ¥V x €1 = (a; b). oBectu, mo 3amiHo0 He3aNexHOI SMiHHOI piB-
HSIHHA MOXKHA 3BECTH JO piBHﬂHﬂﬂ

d,z +Q)y=~r(). )

Posp’'sizanuda Bukonaemo saminy x=¢ (), 1e o () —
¢dbynkuia, obepHena 1o ¢byuKuii

ds

=)7o

Xo
Ockinpkn p (x) == 0, 10 pyukuia ¢ = ¢ (¥) mae moxizny 1 e crporo
MOHOTOHHOI0. ToMy BOHa Mae oGepHeHY (PYHKIiIO X = @ (t) BHU3HAYEHY
Ha jAesixoMmy imrepBasi. Maemo:
dy dt _ 1 _ 4y
) px ) dt p(x) dt !

Xo XEI.

p()y =px

dy d2y dt dly 1
(0 0yY =) =g =2 5

[lincrauBiuM Ui 3HaueHHS B 3ajaHe pPiBHSHHSA, JiCTaHEMO
d?y
TP gx)y=p@)fx)
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a6o
2 @M@y =pO) (@)
Je
Qy=p@E)g@®) At)=p @) f (@)

3.3. Ipointerpysatn pisnanna 2xy” + y' — 2y = 0, 3anHcaBuwH
#Oro B CaMOCIIPSI:KEHOMY BHIJISAL.

Po3B s3aHnHa. Posnimumo o6unsi uactuny piBusanusg ga 2V | x|
i 3anumemo Horo y BHrIAZ

w VT &) =%

BukoHaBIM 3aMiHy He3anexHoi aminnoi f= 2 Vx|, nicranemo
piBHAHHA

_y—O

d2
@ —Y="0
3BinKu
OTrxe, y=Ce+ Cye .
y = Ce2ViH | Ce—2Via,
3.4. JosectH, mo Koau ¢ (x) i 1 (x) — po3B’A3KH PpiBHAHHA

XYY gy =0, px)%0, 0 1CHye taka craia C, Io
Q(x)Y (x) — ¢’ (x)lP(X)=E—-

Po3p' asannsda 3a dopmynoo Jliysimis — Ocrporpaicbkoro
MaeMo

__’f @

Xo = In p(x)+1In p(xg) — (xo) P (xp)
W(x)—W(xo)e = W(xo)e— p(x)-+1in p (%, W & ,
T06TO

PR () — @ (bW =

e crana C = W (x,) p (x,) 3anexurth By po3s'askiB ¢ (x) 1 P (x).
3oxpema, SKIIO C 0, To po3B’sisku @ (x) i P (x) — ;aiHiHO He3a-
JexHi.

3.5. JloBectH, 1o ABa po3B’sA3KH ¢ (x) i P (x) piBHAHHS (r (x) y) -+
+qx)y=0 D) =%=0,pkigx — Henepepm-u q)yﬂxuu) AKi Ma-
IOTh CIIJIBHY TOUKY €KCTPEMYMY X = Xo,— JIiHIHHO 3a/I€XKHi.

Po3B s3auusfa 3 monepennbol 3ajayi BHIJIMBAE, LIO

@ ()’ (0) — 0 () b () = L2 (@ (x0) W' (0) — " (x0) ¥ (o))
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SIkmo x = Xy — TOYKA EKCTPeMyMy o6aox posB’ a3kiB ¢ (x) i P (x),
To ¢ (xg) = ¢’ (x) = 0. Tomy Bpouckian W (xo) = @ (xo) V' (x)) —
— @ (%) ¢ (xp) =0, T06TO pO3B’s13KM @ (x) 1 P (x) — Jinifino 3a-
dIeXHi.

3.6. laHo naBa piBHAHHA

(p()u') +qx)u=f(x),
PV +qx)v=gx
Hosecru gopmyny I'pina:

p O u@v ) —d BvO)izE = S(g (Du(t) —F(r)v (1)) du.

Posp a3auusa $xkuwo nepue piBHIHHA NOMHOXKHTH Ha U (),
a npyre — Ha u (x) i Bijl Iepworo piBHAHAA BiAHATH APYTE, TO AiCTaHEMO

(p@) X ) —u KovE) =gHu@—Ffxovx), @

ockimbk (p (x) (uv' —ou')) = u(p (x) v") —ov(p (x) &').
CriBBignowenns (4) HasuBaeTbes momovcricmio Jlaepawnsca. 1HTErpy-
I04H HOro B MexXax Bill X, 0 x, Aicranemo ¢opmyny I'pina.

3.2. luterpyBanHs guchepeHLianbHMX PiBHAHD
32 ONOMOTOIO CTENeHEeBHX paaiB

Poss’siaku jinifinoro audepenniaibHoOro piBHsIHHA BHLIE NEPUIOro NOPAAKY 3i 3MiH-
HEMH Koe(illieHTaMH He 3aBXIM BHPAXAIOTbcA uepes ejeMeHTapHi gywkuii, inTerpysan-
Hsl TAKOTO PiBHSHHS AOCHTE PiAKO 3BOAWTLCR A0 KBaipatyp. Ha mpakTaui m4poxo BuKo-
PUCTOBY€TbCH METOX 306DaXKeHHS IIYKAaHOTO PO3B'A3KY Y BHIMISAAL cTeneneBoro psfy.

Po3rasinemo piBHSIHHAL APYroro HOPSAKY

¥ +p)y +qx)y=0. (1)

Tpunycrumo, wo Koedinientn p (x) i ¢ (x) piBuanns (1) e anarimuunumu pynryismu
Ha iurepBani | x — x, | << a, 10610

p=Y mx—x)", = a (x — x0)", @
k=0 k=0

Jx—x,| <<a.

Teopema. Sxuwo gynxyitl p (x) i ¢ (x) — arnasimuani npu | x — x, | << @, mo 6yde-
axull poss 830K y = y (x) pisnanna (1) € anarimuunon pyrkyico va inmepsari | x — x, |<<
<< a, mobmo

o0

v =Y cnlx—x),
k=0

Apudomy cmenenesutl pad sbGicaemoecs Ha inmepeani | x — xo| << a.
CdopmyboBana TeopeMa jae 3Mory nmoGyfyBatd po3B’a3KH plBHﬂHHSI (1) y Barasai
creneneBux psiAiB. [TokaaBIIM g CHPOIEHHS BHKAANOK Xy = 0, POSB’A30K PiBHAHHSA
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(1) myxaTuMeMo y BHIIAAL cTemeHeBOro psfy 3a CTeNEHAMM X!

y(x) =) cpx® ®3)

k=0

3 HeBH3HaueHMMH KoedimienTamu.
ITincrasuewu (3) B pisnanus (1), nicranemo

00 o0 o (-] ©0
Z R{k—1) ckxk"'2 + Z ’pkxk Z kch)gk"’ - Z quk 2 ckxk =0.
=2 =0 k=1 fow<0 k=0

[Tpupisurooun zo Hyast koediuienTtu npu cremensx x°, &, x2, #8, ..., nicranemo pe-
KYPEHTHY cHCTeMy DiBHAHD ISl BH3HAYeHHS HeBiloMux Koe(pmleﬂ'rin Cgy €1y Cgy soel
Qoo+ Py + 1+ 269=0,
G160 1 (g0 + P1) €1+ 2ppca 2 - 3¢y = 0, (4)

" e e s s s e e e s = e & v e s s e * s @

k
z lgp_cr +(E+1) Pk_;'CH..l] + &) (k+2) Cptpo = 0,

i=1

Koediuientu ¢y 101 MOXKHA 3a]laBaTH JOBUIBHO, aJle X0ua 6 OJUH 3 HHX NOBHHEH 6yTH
BlllMlHHHM Big Hyas, iHakwe gicTaneMo po3B’a30K y = (. 3adikcyBaBiun ¢, icl, IIYKaEMO
poss’s3ok pisusnus (1), sKuit 3anoBobuse NoyatkoBuM ymoBaM y (0) = ¢y, ¥ (0) = ;.
3 nepioro piBHAHHSA 3HAXOAHMO Cy, 3 APYTOTC — C3 i T. 1.

Sikmo B piBuauHi (1) dyuxuii p (x) i ¢ (x) — panionanwni, To6T0

Py (x) @ (%)
p(x)= Py (%) * g(x)= ¢o (%) °

Ie pg (%), py (%), go (%), g1 (x) — MHOTOUNIEHH, TO TOUKH, B AKHX P, (x) = 0 abo g, (x) == 0,
HA3HBaAIOTbest 0coOrusumu mouxamy pisustaasa (1).
PosrnaneMo piBHSHHSA ZpYroro HOPAXKY
2y +xp(0)y +q(x)y=0, ()

B AKOMY p (x) i g (x) — ananituuni ¢yskuil na npoMixky | x| < a:

L]
px) = \‘ prx®, q(x) =) qex®.
=0 =0

fxmo Touka x = 0 e oco6uBow0 AIs piBHsHESA (D), TO BOHA HA3UBAETBHCA PezyARpHOIO
0co6.4us010 mouxow abo 0cobAuso mouKeo nepuwozo pody.
Touka x = Q He € 0COGNHBOI JHINEe TORI, KOJH
Po=gy=gq,=0.

B okoai oco6inuBoi TOukH x = X, po3B’a3kH piBHanHg (1) Y BHDISA] cTeneHeBOro ps-
JiYy MOXYTb He icHyBaTH. B 1s0My BHNIagxy pO3B’fI3KM WIYKaiOTh Y BHIVIAAL y3arajibHeHO-
IO CTeNeHeBOro pANy:

y=(x— x)* ch(x—xo). (6)
=0

ze A, ¢, ¢y, €3, ... — HeBH3HaueHi Koed)lmeﬂ'm; ¢y = 0.
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. Posrasnemo pisusuus (5) (mpu x > 0). [ixcrasueum B (5) pan (6) (mpu x, = 0),
Alcranemo

A (A—1)+ ph+g) o+ (A A+ 1) +py A+ 1) +g0) 0 +
+ oo+ x4 oo +UAFn)A+n—1D+ oo +py A1)+ q0) ca+
A o Apot ) ) 4 oo =0,

TpupiBusaBmm KoedinieATH Npy cTeneHAx x A0 HyJA, RiCTAHEMO PEKYDEHTHY CHCTEMY
pibHaHb:

fo (M =0,
fo(A+Dey4f ) =0, )

foh+R)ceth(tb—Dop+fahtb—2c o+ - +/‘h(7~)00—0

¢ & 8 8 e 8 8 8 & e & & ® + s s s s o s s o s s . 0w * s a2 s & o e s e+ &«

Xe
fe)=AA—1~4+ph+qy, fm)=rpm+qgm, m=1. (8)
Ockinern ¢y 5 0, T0 A 3aI0BOJIbHSAE PiBHSHHIO
7“(7»—1)+1707»+qo=0, )]

fIKe HA3HBAETBCH GUBHAHANLHUM PIBHAHHAM.

Hexait A;, Ay — xopeHi nporo piBusnus. ko pisunus A; — A, He € LiAEM YnCIOM,
10 fo (A 4 k) £ 0, fo (Ay + &) 5= O npu xoxHOMY LisoMy k > 0, a TOMY IIMM METOZOM
MOXHA NOGyAyBaTH HBa JiHifiHO HesalexHHX DO3B’fA3ku piBugmusa (1):

o (]
pr=xM N Dk gy = P B oDk,
k=0 =0

Slkmo x pisHuus A, — A, € nizum ynciOM, TO MOXKHa o6y NyBaTH OLHH PO3B 'A30K
b1 (x) y BHTVISIAI ysaranbHeHOTo cTemeneBoro psily. 3HaiouH LeH PO3B’s30K, 3a Jlonomo-
Toto dopMyan AGens MOxkHA sHafiTd ApYrufl, AinifiHo Hesanexuuil 3 y; (¥) po3s’A30K

- 5 p(x)dx '
e
Y2 () = 41 (%) S L ax
yy (x}

3 niel x Gopmyau BuNAKBae, MO PO3B’SIZ0K Y, (¥) MOKHA NIYKATH Y BHILAAAI

Yo () = Ay (1) In x - xMt L cpi®
=0

(uucno A Moxe nopiBHIOBATH HYJIIO).

3.7. Posp’sasatu pisusuusa y” + xy = 0.

Posp s3anusg Koepiuientn p (x) =0, g (x) = x € aHajgitHu-
HUMH QYHKUisAMH OpH Beix x.

Po3B’ 3Ky 11yKaeMo y BUIMISAL PRy

[+ )
y=2 cx*.
k=0
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[TixcraBasemo uefl psaxg y naHe piBHAHHA!
00 o0
M k(k—1c x4 x Y cpxt =0.
k==2 k=0

[pupiBHABIIM [0 HY/If KoedillieHTH IIPU CTeneHAX x y JiBifi wacTuHi,
JicTaHeMO PeKYPEHTHY CHCTeMY DiBHAHb /ISl BUSHAUEHHA Cyi

2-1:.¢,=0, 3:2-¢c3+4+¢,=0,
4.3.¢c,4+¢=0, ... ,k(k—1)c, +C13=0, ...
3BiKH

~0, S S
=0 tp=——roary k=012 ...

[NokageMo ¢, == 1, ¢; = 0. Toai BigMinnuMu Bix Hyast GyayTb JHme
KoebillieHTH Cam. Maemo

C3m —
Csm+) = — @Bm F2) Gm+3) m=0,1, 2,

3BiJKH

=n" m=1, 2, ...
2.3.5.6... 3n—1)3m’

[To6ynoBaHO pO3B’SI30K pPiBHSIHHSA

Cam =

(_])m x3m

Al
y1(x)=1+2 2.3:5:6...@3m—1)3m
m=1

Ipyruil po3B’si30K, JiHifiHO He3aIeKHUH 3 y; (x), AicTaHeMo, NOKJAaB:
mu ¢, =0, ¢ = 1. Toxi BiamiHHUMYU BiA Hysst 6yAyTh JHle Koedilien:
TH Cym41:

— Cam+-1 =
Cnts = — Gy Emgy’ T b2
3Bincu
. —_— (—l)m = s
eo=1 Comt1= 3367 L amEmTn L2
Tomy
_ (_l)m 3m+1
Yo (x) = x+2 3:4.6- T 3m @m0

m==]

i saraJpHMil pO3B’HS0K JAHOrO DiBHAHHS Mae€ BHIVIL

(_l)m 3m
y= (1"‘2 2.3-5.6. (3m-—1)3m)+

m=1

(_l)m 3m-+1
+C("+L 3-4-6- 7...3m(3m+1))’

246



ae C;, Cy — noBinbni crani. Otke, 6yAb-aKHE PO3B 130K HaHOTO piB-

HSIHHSI € aHaJiTHYHOW (YHKILi€l0 TIPH BCiX X.

3.8. Poap’azaru pisuauns ' + xy’ + y = 0.

Po3p s3auns Koepiunientn p (x) = xi ¢ (x) = 1 ¢ ananiruu-
HUMH GYHKUisgMM TIpH Bcix x. Po3B’s3KM IIyKaeMo y BHIIAAI psany

oo
k=0

Pincrasusum et psax B piBHsHHA, AicTaHeMo

i c (B — 1) xF2 4+ x )j cp kx4 i cpxt =0,
=] k=1 k=20
WBiiku
f+1D(t+2ckye+*R+1)c, =0, £=0,1, 2, ...

IMoknaBun ¢, = 1, ¢; = 0, 3HalineMo

—1)"
c2m”2.4.(6.)..‘(2mf"'2m+1 =0, m=1, 2, ...

Tomy

X3 x4 x8
WW=l—F+t573-3rst "+
(_l)m x2m _ ~ 5
+2~4-6...(2m)+ T :
Po3p’asok y, (x), ninifino Hesanexuuil 3 y (x), 3Hailzemo, NMOKJ/aB-
my ¢, =0, ¢; = 1. Maemo

"
Com =0, Comy1 = 1_3_5(._-)(2”1_}_1) y m=0;1, 2, ..,
Orxe,
o0 (_l)mem—l
yz(x>=Z 1-3-5...@m+ 1) °

m=0
Baranbauii po3B’SI30K Mae BHIMISL
y = Cyy; (%) + Coys (%),
ne C,, Cy — nosiabui crai.
3.9. [omectn, mo audepeHuiansue piBHAHHA BeGepa y” — (a+
x® P . ’
+T) y = 0 mae ninifiHO He3aJieXHi PO3B’A3KH BHAY
b 2k °_°‘ x2k+1
Y (%) = kE Cok GRT Ya(x) = kLOc?kJrl CEF DI
. == =
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e Co=o0=1c=0=a
i Chpo =0y + - k(k—1)Compy k=2, 3, ...

PosB sizanmna. [IligcraBuBmu gy, (x) B AaHe piBHAHHSA, AicTaHEMO

ol 22 X2\ e x2k
222k(2k— I)Csz —(a+ —4—) kz C2kW=O,
— =0

3BiJKH

(26 4-2) 2+ 1) _a 1
(2 + 2)1 Corte = T % + o E = Tyt 622,

a6o Copyo == QCop -} % (2k — 1) 2kCop_s.

Orixe, KO KOeDilliEHTH Cpp 3aI0BOJABHAIOTh 32JaHOMY B YMOBi CIIiB-
BiJIHOLIEHH!O, TO Y, (X) € po3B’s3KOM piBHsIHHSA Bebepa.,
[lincraBuBmH Y, (¥) y piBHAHHA, 3HAHAEMO

¢ P, L2
kzzll (Qk -+ 1) 2k02k+1 Qk + DI (a + } 2 Corl 5T CEE I = 0,
3BiJIKH
(2£4-3) (2k+2) . a 1
(2k + 3)! Cots = @E+ DT Cokt1 -+ TE=DI Cok—1y
abo

1
Copt-3 == ACopyy + - (2k +1) 2kCop_1.

Ormxe, AKMWO KoedillieHTH Cor41 32TOBOJBHAIOTH BKa3aHOMY B 3ajaul
crniBBiZHOMEHHIO, TO Y, (x) TAKOXK € pO3B's3KoM piBHsAHHSA Bebepa. Oue-
BUIHO Yy (x) i y, (x) ;inifiHO He3aMexHi, OCKINbKH DPO3BHHEHHS Y, (X)
B CTEHeHEeBHH P MOYHHAeThes 3 1, a gy (¥) — 3 x.

3.10. Posp’sizaty piBusnua y” — 2xy’ + 2my = 0, ne m — uine
HeBix €MHe  YHCJIO.

Po3B ss3aunua Koepinieatn —2x i 2m e aHaJXiTHYHUMH (bymh
uifMu 0pH BCix x. Po3B’S3KH MIYKaeMO y BUIVISIAI CTENEHEBOTO PALYy

00
y= Y cpxt.
k=0
[ligcraBuBin weff psAng B JaHe pPiBHAHHA, AiCTaHEMO
Z B(k— 1)cpx+—2 — 2x 2 ke x| QmZ cpxt =0.
k=2 k=0
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IMpupiBasBmH A0 HYAS KoebilieHTH NpPH creneHsax x B JiBil yacTuni,
8HanaeMo

_ 2(m—k) _
Chyg = GIHGEY Cw k=0,1,2 ...

Hexa#t ¢, = 0. Toxi Bci koediuieHTH ¢, 3 HemapHHMH HOMepaMH JAOPiB-
HIOBaTHMYTb HyMO, ¢y 0, @ KoebinieHTH 3 mapHuMH HOMEpaMH €:

_2m - 2(m—2) __2(m—2n42)
ca_W,Q— 3.4 Cay ovey Czn——wczn—z,---

[lepemuoxuBIIYM 1i piBHOCTI, AicTanemo

P’mm—2 ... (m—2n+2) c
0

Cop =—
on el

Orxe,

o 2% —2 . (m—2k 2
k=0

3a3sauumo, IO KOJH 1M — NapHe YHCIOo (m = 2p), T0 Bci Koepinien-
TH 3 HOMepaMH 2k > 2p IepeTBOPIOIOTbCA B HYJb 1 po3B’A30K Y, (X) cpas-
Ji ¢ MHOTOUJIEHOM:

N 2% p—1) ... (p—k+1
yl(x)=6‘oz p(p )(2k)l(p 1) e

k=0

Ilefi mHOroOwIeH BixpisHAeTbCA Bijg MHOrowileHa Epwita Jauume craaum
MHOXHHKOM

Ho ()= (— "¢ =2 07 = (@07 — =D (202 4

+ m(m—1) (rg!—-2) (m—3) (2x)'""4 e
OcrauHifl ujleH B LbOMYy CIHiBBiJAHOLIEHHI mnpHu = 2p jnopiBHIOE

(-=1” (2p ! . Tomy, sikmo y dopmyai ansa y, (x) BBaxary, 10 ¢, J0piBHIOE
LboMY lmcny, TO Yy (X) = Hyp (x) Ilo6 3HaiiTu Apyruil po3B’sI30K JAHOrO
pisusAnHg, JiHifiHO He3ajdexHul 3 y; (x), nokaagemo, wo ¢, = 0. Toxi
B¢i KoedillieHTH 3 TapHHMH HOMEPaMH IIepPeTBOPICIOTECS B HYJAb: Cop ==
= (. [na koedimieHTiB 3 HEMADHHMH HOMEpaMH AiCTaHEMO pPeKYpPEeHTHY
cUcTeMy piBHAIHb:

2(m—2n+41)

Conti = —m—cm—h n=1,2, ...
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3Bincu

2(m—1) 2(m—1)(m—3)
Cs‘—"(—zch = (2-3-4-5 v vees

Nm—NDm—~3) ... (m—2n-1)
Cond1 = Gn D! Cly ooy

\‘ (m—~1)im—38 ... (m—2n4+1)
(2n+l)!

Y2 (%) = €1x + ¢ a2t
n=l
3aranpHUI PO3B’S30K JAHOTO pPIBHAHHA Mae BHIVIAL y = y, (x) -+
-+ y, (x), me y BUpa3ax M y; (x) i y, (x) crani ¢y i ¢ RaGyBawTh 6yab-
AKMX 3HaueHb. Km0 m — Hemapue uwucao, m = 2p + 1, 10 y, (x) crae
MHOTOY/TEHOM:! .

ps(9) = ey (% +

2Pp(p—1) ...2-1

2p+ D!

I)D 2(2p + 1N
p!

2.p

e 2417(;—1) WA e

x2p+l) .
SIKIIO MOKJACTH ¢; = (—

Y2 (X) = Hopyy (x).

3.11. 3paliTu  po3p’a30k piBHAHEA xy" +y =0, I8 sKOro
y©) =0, y (0) =

Posp a3anns Touka x = 0 e pery/jspHolo ocoGIHBOWO TOUKOIO.
CknageMo Bu3HayajibHe piBHAHHA A (A — [) = 0, 3Bigkn A, = 0, A, =
= 1, Ormxe, NaHe PiBHAHHA Mae PO3B’'A30K Y BUIVISIAI CTENEHEBOrO PSAY.
[Iykanuii po3s’ 430K Mae BHIVISI],

k=l

, TO JicTaHeMo

npuydoMy ¢; = 1.
ITigcraBuBILH ueﬁ pan y piBHAHHSA, AicTaHemo

k(k— D) cx*1 | 2 cpxt = 0.
k=2
3sigcu
2. 1.c34¢=0,3:2:¢;4+¢,=0, ..., (R+1)kt1+c;=
=0,
a60, BpaxoBYIOUH, IO ¢; = 1, 3HAXOAUMO

1 o ] I )
72 = grarr »o CeHl= ZrEpr e v

C’"—=—

250



ToMy mykanui#i po3B’f30K Ma€ BHIJSAL

_ x2 x3 l)k"‘lxk )
y"("—TTl"'TsF- T o) =

_ N (=
:E E—DrEr ¥
3 12, P0313 A3aTd piBusiHHA 2x%" + (Bx — 2%y — (x + 1) y = 0.

Posp sszaunsna Touka x = 0 € peryasapHoIO 0COGIHBOIO TOUKOIO
BaHoro piBHsAHHA, CK/JIanaemMo BH3HAYaJbHE PiBHSHHSA

M(A—1) 430 —1=0,

3BiAKH
1
- Ag=—1.

Il

b

Posp’s30k piBHSIHHSA, AKMH BiAMOBiZae KopeHIo A = },, WIyKaemo
y Burasi

1 oo
Yy =x2 O cuxt, Cp£0, x£>0.

k=0
Toni
00 RN ” b __9_
= § bt = § e e b
£=0 k=0

IMixcraeasemo y, (x), yi (x), yi (x) y piBHAHHS:

2x2 i (k2 — -%—) ckxk_% + (3x — 2x7) kgo (k + %) i

k==0

wl»—-

—+ DD g T =0,
k=0

a6o
oo 1 oo 8
ke - [YRER
k(2k 4-3)c 2 — 2> 2(k+1 2 =0.
S k@43 o T — 3 2(k+ 1o
1
3BijcH, CKOpPOTHBIIM Ha x 2 , AiCTaHeMO
2 k(2k + 3) ¢ x* ——2 2(k+ 1) cpxttt =0.

k=0

[TpupiBHABIIHA 10 HY/IA KoedillieHTH NPH CTENEHSX X, AiCTAHEMO peKy-
PEHTHY CHCTeMY JJIsi BUBHAUEHHS Cp!

k(2% +3)c, = 2keey, k=1, 2,
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IToxnaBmm ¢, = 1, 3HAXOAHUMO

2k
B=F7 9. kT =1L 2 ...

Otie,
1

T \ (20"
Yo (x) = x* (1+k§ 5-7.9... (2k+3))'

Poss’asok, skuit Biamosinae KopeHo A = A,, ImykKaeMo y BHrasAi

1 o0
Y (%) = _x_z Cpxt.
k=0
IligcrapuBiuy el BHpa3 y PiBHAHHA | NpUPIBHABIIM [0 HYJSl Koe-
¢inienTH npy CTeNeHsix X, ZiCTaHEMO
2(k—1)(k—2)ycy+3(R—1)cy—2(B— 2) g1 — Ch—1 — ¢, =0,
abo
k(2k—3)c,= 2k —3)cpm, k=1, 2, ...
[MoknaBun ¢, = 1, 3uafaeMo

1 —_—

1 1
Cy = 1, Cz“:T, 03—_—"-‘3—}, ceey Ch———kl—, ceey

TOOTO

3 k x
R A R T

3arajbHUA PO3B’SI30K DPiBHSIHHS 3aMulleMO Y BHIJIAAL
y = Ciyy (x) + Coy, (x), e Cy, C3 — NoBinbHI cTadi.

3.3. linepreomerpuuHe piBHAHHS

Tinepecomempuyrum pisHanuam abo pisHasnam layca Ha3uBaeTbes pIBHAHHA

x(x—1Dy +(—v+@+B+Dx)y'+apy=0,
ae o, B, v — nificui unena. ,
Tougu x = 0, x = | e oco6AMBEMH TOuKamH pisnsuus, B okoni Touku x == 0 piff
HAHHSI MOXKHA 3alHCaTH y BHIMAAL

= @+Bp+1nY ap ¥ £
=0

v+ =0y

x %2 y=0.

Busnauasnbne piBHsiHHS, sike BinnoBinae Touni x = 0, mae Burasg A (A — 1) - yA =
= 0. Voro kopeni A; = 0, Ay = 1 — y. SIKIO } He € [iAKM HEJORATHHM YHCIOM, TO MOK-
Ha snaittTu ABa JMiHIAHO He3aleXHHX DO3B'SI3KH TillepreOMeTPHYHOTO pPIiBHAHHA Y BHe
rAsAl ysaraJbHeHHX CTeneHeBHX PaAis, Aki s6iraorecs mpu | x| < 1.
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8.13. 3uafitH po3B'A30K TilMepreoMeTPHUHOTO PiBHSIHHS
xx—1y" +(—=ry+@+B+Dx)y" 4 afy =0

mpu | x| << 1 y Bunagky, Ko y He € LiJHUM HeXOLATHHUM YHCJIOM.
PosB sszanusga Kopedi BusHavanbHOro piBHsIHHA Ay = 0,

a, = 1 — y. Kopento %, = 0 BigmoBizae po3B’sA30K
00
Y1 (x) = ) cpxt
=0
ITigcTaBHBIUK B PiBHAHHS, MaEMO

(= 1) 3 k(k—1) =+ (— 7 + (@ + B+ 1)) X

k=2
(=] ]

X 3 ket 4+ af 3 ot = 0.
k=1 k=0

TpupiBHioloun KoedinieHTH NMpH CTeNeHAX x A0 HYyJd, IiCTAEMO piB-
HAHHSA JJIs] BU3HAUYEHHS Cp!
k(k——l)ch—— (k+ l)kck_H —‘V(k + I)C;z_H -+
+ (@ B+ 1) ke, + ape, =0,

copy k=D +k@+pthtap (@ +B@+H
ket G+ E+Y P RF D (v R P

k=0,1,2, ...

[loknaBswm ¢, = 1, HOCJAINOBHO 3HAXOAUMO
ap @t DEE+D

AT AT T e+
Q@D @ DBBE+D B+
8 v(y+ Dy +2 o
fo @@+ . @HE=DBG+D .. BHE—D)
" Ay +D . @TE—D

IlykaHu# po3B’A30K y; (x¥) Mae BHIVISX

Y (x) =1+
@+l (@t k—DBE+D .. BFE—1)
+k2=, Ry(y+1) ... v+ &—1) Xk

25 Psn y npagifi yactuni wiel piBHOCTI HA3UBAETLCA 2inepeomempuinum.
Biu 36iraeTbes npu | x | << 1, a floro CyMy HasHBAIOTh 2inepeeoMempuiHo0
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ynrylew | nosnavaors cumpoaom F (a, B, v, ¥), T06T0
Fa, By v %)=

_ VEEFD) @+ k—DBE+Y ... BE—])
=1+ ) HYG+D ... @t k=1 w.

k=i

Jpyru#i po3s’si30K JaHoro piBHSIHHS, JiHiiHO He3anexuuii 3 y,; (x),
MOXKHA 3HAHTH y BHIVIALI

o0
Yo (9) = B3 ot
k=0

aHAJIOTiYHO TOMY, SIK Lle 6yJ0 3pobaeHo Aas y; (x). IIpore Moxna 3po6H-
TH # Tak. ¥ 3ajaHomy piBHsAHHI 3aMiHMMO IIyKany ¢yHKUiO 3a $popMy-

aoi0 y = x 2. Toni
Y =x"%" 4 (1 —7y)x v,
Y =x"%"4+2(1 —y)x2 —y (1 —7p)xrlz

[ligcraBUBILK B piBHAHHS i CKOPOTHBIUK Ha xl_", Jictanemo

xx— D2 HH(—C—+ A+ @+1—V+B+1—0)Z+
+@+1—p)P+1—y)2=0.

Lle rinepreoMerpuuHe piBHSIHHA, mapaMeTpaMH SIKOTO € uucaa o -+
+1—v, B+ 1—7 2—9 dxkmo 2 —9 Takox He € UiJIUM HeZOJAT-
HHM YHCJOM, TOOTO Y HE € WIJIHM YHC/AOM, TO YACTHHHHH PO3B’A30K HbOroO
piBHAHHA icHye y Burasni rimepreomerpHunoro paxy z = F (a -+ 1 —
— 7B+ —v2—7).

Orxe,

YaX) =x'"""Fla+1—9yp, B+1—7, 2—¥)

i Bci po3B’s3KK rinmepreomerpuunoro piBusinHs mpu | x | << 1 -Bupaxa-
10Tbcst  hopMyIIoIo

y=CiF(o B v» X) + Cx'F(a+1—7, B+ 1—7, 2—7, ),

npe C,, C, — poBiabHi crani, F (@, B, ¥, x) — rinepreoMeTpuuna €yHK-
uis, v ¢ Z. :

3a3HauuMo, IO KOJIH BHpa3 ¥~ He BU3HaueHHH npu x << 0, T0 vy $op-
MyJi JJIs1 3arafdbHOrO Po3B’s3Ky cain BBaxatH 0 << x << I.

3.14. 3maitty nBa JiHIHHO He3a/JeXHHX PO3B’A3KH rinmepreoMeTpHy-
HOro piBHSAHHA B OKOJi TOYRKH x = 1, aAxwo @ + f -4 1 — y He € miinuM
HEAONATHUM UHCJIOM.

Pos3p’ si3annusa 3amina Hesasexuol amiHHOl x = 1 — ¢ nepe-
BOIUTb TOYKY X = 1 y Touky ¢ = 0, a rinmepreomerpuyHe piBHAHESA —
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B piBHAHHA
—tl— )T —(—y+@+B+ DI — 1)L +apy =0,

fIKe MOXKHA 3aMHCATH TaK:
=Dy +(—©@+p+1—y)+(@+Bb+ 1)y +afy =0.
OcraHHe DiBHSIHHSI TaKOX € rinepreoMeTpHYHHM 3 apaMeTpaMH a, B
io+p+1—v 3aymoBowo o + p + 1 — v He € LitUM HelonaTHUM
YHCJIOM, TOMY JIIHIFHO He3a/leXKHHMH PO3B’sI3KaMH I1ePeTBOPEHOro piB-
HSIHHS B OKoJsi oco6auBoi Touku ¢ = 0 e Taxi QyHKUI] (ZMB. po3B’sA30K
nonepenuboi 3anadi):
npt)y=F B, a+p+1—v, ),
Yys(t) =1—*PF (y —B, y—o, y-+1—a—§, o).
Orxke, NiHifiHO He3aNexHi pPO3B'A3KM MaHOTO TilepPreoMeTPHYHOrO
PiBHAIHHS B OKOJIi TOYKH x = | MaloTb BUIVISL

yl(x) =F(OL, Bv OL+[3—|— I_V’ l_x)v
B = (1 —x) " FF(y—p, y—o, y+1—0—p 1—x).
3.15. Tinepreomerpuuna GYHKIif 3aJeXuTb BiJl TPbOX mapamerpis
a, pi y. Hosecry, mo npu | x| < I:

a) F(I, By By ) = =3 6) In(l +x) =xF(I, 1, 2, —x);

B) Flo, By s ) =(1—x)"% 1) lni"_"z=2xF (-;—, 1, —g-, xz).

PosB’sa3anHsa Maewmo:

a) F(1, B, B, x)=
_ 1-2:3. . BBB+DB+2 ... BHE—1) 45 _
1‘+31 HE@FNBFD .- BFE—D  *
==\‘x"= ! H
- l—x '
k=0
— kAl (—1 — )R o
6) xF (1, 1, 2, —x)=x+zﬁ L =,
k=1
In (1 4 x);

B) Fla, B ) =1+ S xp BOED oy 0y

L BB+ 2e Brr=D o ... =(1—x%
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r) 2xF(—;-, l,—g—,x“‘)n
1 /1 1
© (41| ... |5 FE—1|H
=2x1+2 23’(23 ) (23 ) w2k | —
k=1 le(—Q_"l‘l)...(T—l-k—l)
°° 1.3. 2k — 1
=2x(l+ 3" ((2k+l; )—Qx(l—i- 5+ 5 5 +...+
k=1
x?k
tmrr T )
IMpu | x|<< 1 zicranemo
Int% ln(1+x)~—1n(1—-x)_x___+ o
(—l)k—‘x" 88 #
+——_k——+ e -—(——x-—T—-T: LRy —T_ -o-)—__—-_

x2 ¥
=2x(1+T+T+ Tt mET T
Orxe, cnpaszi
In—l-t"—=2xF(%, 1,

l—x

3
- ¥

3.16. [osectn, mo npyu OyAb-IKOMY HaTypajJbHOMy & chnpaBsennnsa
piBHicTb

d(i’; (xV+k—1 (x___l)a+ﬂ——v+l _Zi%) =(—I)ka(oc—l— ) ... (@4 k—1)X

XBB4+1) ... B+E— " (x— 1)y,
Jne
Y =F(av [-3» Y X).

Po3B’ f3aHuus 3anumuemMo rimepreoMeTpuuHe piBHSAHHA B Ca-
MOCIpI:KEeHOMY BHINIAAL

d ! — d — —
_d_;_ xv (x__ l)ﬂ-"‘ﬂ P41 _d_z> + an‘V 1 (x__ 1)0(.—{-[5 ‘Vy — 0- (1)
HOubepenuiooun n pasis dynkuiio y = F (a, B, v, x), aicranemo

yo =2E&+D ... (@tn—DBE+D ... G+n—1)
yy+D ... (y+n—1

XF+n p+n v+ n, x),
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To6TO MOXiA¥a n-ro MOpsAKy rimepreomerpuynoi QyHKHIl 3 napaverpamu
o, B, y Julle CTaaHM MHOXHHKOM BiApi3HseTbCSl Bill rinepreoMeTpHYHOI
¢ynkuii 3 mapamerpamu « + n, f +n,v + n. Orxe, OyHKLUis F™ (@,
B, v, x) 3a10BO/NbHSIE PiBHSHHIO (1 SIKUIO B HBOMY 3aMiuuTH a, f, y Big-
noeigHo Ha o + n, p + n, v 4+ n, To6TO

. _ Fin , B, v,
[t e pyettrin 0@ B0 9 L () (b )

X X7 (x — )EHEYET R g B, y, x) = 0.

Juepenuiooun 10 TOTOXHICT £ pa3is, gicTaHeMo

P xV+” (x_ 1)a+[3+1_v+n dF® (o, B, v, 0
dx"tl o

— (@t 1) (B 1) (T e — )T (o, B, )

OcraHHIO TOTOXKHIiCTb 3anumeMo npu 1 = 0, 1, 2, ..., R — 1 i mounen-
HO nepeMHOXHMO, llic/si CKOpOUEHHSI HA OJHAKOBI MHOXHHKH AiCTaHeMa
HIYKaHY TOTOXHICTh.

3.17. Mroeounenamu J]eofcandpa Ha3HBaOTECS YKL BUAY

1 2 _
PR dx" ((x D7)
Koxna 3 nux ¢ynkuifi € po3s’sa3koM piBHsauug Jlexkanapa (1 — x2) y" —
— 2y +n(n + 1)y =0, ne n¢€N. [Nokazatu, mo MHOroulIeHH Jle-
JKaHIpPa MOXKHA JAicTaTH 3 rinepreoMeTpuuHol (QYHKUIT DPH BiANOBIAHHX
3HaueHHAX i1 mapametpis.

PoaB s3anns«a [lokaxkemo, 1o piBHAHEA Jlexkanipa MmoxkHa
3BeCTH OO rimepreomerpuusoro piBuanusa. Hexalt x = 1 — 2¢. Toni

Pu(x) =

l—x dy 1 dy d’y 1 d%
=, 0 = — o —— = an

2 ' dx 2 df ° Tdxf T 4

ITixcraBuBuin B piBHHHHﬂ Jlexanzapa, zicranemo

U= —20) T (1—2) 2 nn+1)y =0,

dﬂ
abo

HE— 1) G-+ (— 1420 _pnt1)y=0,

TOGTO rimepreoMeTpryHe PiBHAHHA .3 mapamerpaMn o =n-+1, B =
= —n, v = 1. OaHnM 3 po3B’A3KiB 1boro piBHAHHA € rillepreoMeTpu4Ha
¢ynguin y, = F (@ + 1, —n, 1, ).
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OtKe, onuuM 3 po3B’sa3kie piBusanHA Jlexanzupa € GyHkuia y,; (x) =

= F (n + 1, —n, 1, 1—'2'—'—16) [Mokaxemo, wWo g, (x} = pn (x).

Cnpasgi, F (n + 1, —n, 1, {} € MHOrOWICHOM CTeReHA 7 Bix {3 Koe-
dinientom npu ', akuit nopisHioe
n+-)r+2) ... 220(—n)(—n4+1) ... (—1) = (— l)n 2nt

nt 2...n ®nhH? °

ITokaaBuI® B TOTOXHOCTI momepeAnboi 3agaui o =n 41, p = —n,
v == 1, nicranemo

F(")(n-l— 1, —n, 1, t)____(_]+’2n .
[Ticsia ckopoueHHsT gicTaHeMO
Flntl, —n 1, y="=00 4 g gy
+ 1, n, L, )y =—"} an !

abo

Fln1, —n 1 455 = o o @ — 10

nl 2" dx"

TOGTO MHOrOu/IeHH Jlexanapa p, (x) — ue OKpeMuil BUNAJOK TilepreoMer-
puunot ¢yekuii mpuy a =n -+ 1, f = —n, y =1, 9kmo 3amiHHTH X
1 —x

- :
Tak, mpu n =1, 2, 3, 4 maemo

Ha

1—
pl(x)=F(29 -1, 1, Tx)zxv

pz(x)=F(3, —2, 1, -5~ )=—;—(3x2_1),
ps (X)= F(4’ —3’ 1, —l'-;—"t_')"':—;'(sxs_:;x)v

pa() =F (5, —4, 1, -‘“2—") = - (35x* — 302 + 3).

3.18. MosecTH, o mMyorouwteny JlexaHApa OpTOrOHANBHI Ha NPOMixK-
Ky [—1; 1], To6t0

1
Spm(x)pn (x)dx=0 mnpu m==n.
-]
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Po3B a3aumns Mdaorounenu Jlexauapa p, (x) i p, (x) 3azo-
BOJIBHSIIOTb TOTOXHOCTI

(=) LB ) it 1) (1) = O,

—d;((l—xz)M)—f—n(n—l-l)pn(x)_O

[Nepwy piBaicTs moMHOXHMO HA p, (x), APYTY — Ha p,, (x). Pesyin-

fraTH mOWIeHHO Biguimemo @ npointerpyemo noBigpisky [—1; 1. Toxi

(mm+1)—nn+1) fpm(x)pn(x)dx=
-1
1
= [ (P (1 — 2 50—
-1

— P () g (1 — ) 222 d.

3acTocoByiouH A0 npaBoi 4acTHHH liei piBHOCTI iHTerpyBaHHS yacT-
HaMH, 3HaXORHMO:

x=1

1
d
1

x=——1V,—
. 1 1
- S(l_xz) AP () dpn () gy _ S(l_ ) Lon ) Ao g
—1 4
1
d dpm d
a2 (01— ) 220 e = 1 9 p, (1) L2

1
dpn d
. S‘(l ___ x2) ﬂdx(x) p‘;nx(x) dx =
1

2 dpn (x) dpm (x) dx
dx x.

,_.Q._——;

Orxe,

i

(m(m+1)—nn+1) Spm (%) Pu (%) dx =0,

—1

1
a6o S Pm (X) pp (x)dx = 0, ockimbru m == n.
-1

259



3.19. losecru, mo ais mHorounediB Jlexauapa p, (x¥) BHKOHYETbCH

TOTO)KHICTb Po (—x) = (—=1)"p, ().
Poap fa3auus Muaorowles p, (x) 3andiueMo y BHLVIAAL

Pn (%) = 2,11“ dd:n ((x2— 1)) = m dn (6 — 1Y (x + 1)) =
LS = (1 =
o
- 2"ln| éocﬁ (nn—lk)l (x— 1" o . @+ 1) =

3siacu

P (— 2 (CYy2 (— 1)** ( x4 )” C=1) (x—l ) _

D Y sl = 4N i KL W L

j=0

L e S e I A

3.20. 3uaiity poss’szok piBusuusg Jlexaugpa (1 — x?) " — 2xy’ -
+ 6y = 0, aguil 3ajgoBosibHsAe ymoBaM y (0) = 0, y' (0) = —2.
Posp s3anna Omaum 3 po3s A3KIBUbOIG PIBHAHHA € MHOIO-

wieH Jlexannpa p, (x) = —;— (3x* — 1) (auB. po3s’a30k 3anaui 3.17), Tomy

oyukuis Cp, (x) npu 6ynp-skoMy C € po3B’A3KOM PiBHSIHHA, a/le *KOAHHH
3 IIMX PO3B’A3KIB He 3aJ0BOJIbHAE 33JaHAM NOYAaTKOBUM yMoBaM. OCKinbKu
Touka x = 0 € 3BHuAlHO0 A% piBHAHHS JIeXanApa, TO PO3B’ 30K MmyKa-
€MO Y BUIVISII CTEIEHEeBOrO PSAAY MO Xx. ¥ PaXOBYIOUHM IOYAaTKOBI YMOBH,
MoK 1eMO

o0
y=—2x+ cpx*.
k=2
IligcrapuBuIN 1eit BUpa3 B daHe piBHAHHS, AiCTaHCMO

(1 — x?) i kE(k— 1) cpxt—2— 2x<—,2 + i kchxk—l) +

k=2 le=2

+6 ( 2)6—[—)J chxk)_o

k=2
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3BiIKH
ep=—2, ¢, =0, (k+2)(k -+ 1) et = (£ + 3) (R —2) cy,
k=12, ...
3 uHx piBHSIHb 3HAXOLHMO
(2m + 2) 2m — 3)
@m + 1) 2m Com—~1,

CQm:O; Com4l = m=], 2, vesy

fo6r0
I 3 1
Com-t1 =7( o —T  om 1 ), m=0,1, 2, ...
Orxe, WyKaHHA PO3B’s130K BHpaKaeTbCsl (PopMy.ioi0
RO 3 ! om1
y= }_T(zm-_l - 2m—l—1)x :
m=0

Moxuna mokasary, 1o

o0

3 1 ‘ 2m—1
y=—Fx+5062—1Y Fo—=
m=1
1 1 3
=T(3x2—1)1n1—:}:—i"—‘—?—x.
Po3s’430k
1 . ] 3
y=0Qy(x) =— (Bx*—1)In lf,f — X

‘Ha3uBacTbea yHkyiero Jewandpa dpyeoeo pody.

3.21. Posp’asaru piBusnns x (x — 1) y" —xy’ 4y = 0.

Poss a3auns Lle okpemuil Bunagok rinepreoMeTpUYHOro

pigasgna: o =P = —I, 7y = 0. Kopeui Busnanawuoro piBHAHH:A:
A =0, y = 1—y = 1. Oaun po3B’A30K (3 TOYHICTIO AO CTAJOTO MHOX-
HMK2) JaHoro pIiBHAHHS MOXHA 3HAATH y BUIJSALl CTEIIEHEBOIO PAAY.
*  HeBa:kko 6auutH, mWo y; (x) = x € wuum poss’askom. Ockinbku
Ay — Ay — UiJie Yuca10, TO A{HIAHO He3anexHUH 3 §; (X) PO3B’'A30K y BH-
radaii creneneBoro paay moxe i ge icuysaru. o6 smafity  y, (x), cxo-
pucraemocsi popmy.ow Abeas :

—Sn(x)dx
) =y (0 § dx.
: ! ¥? (%)
[Tpu neomy ¥, (X) = x, p (x) = llx , TOMY
~fe
e l—x 1
yg(x)=x5—7z———dx=x\-7——inlxu=—l—-xln|x].

261



Or1ke,

y=Cux +Cy(l +xln|x]),
ze C,, Cy — NoBinbui crani.

3.22. Posp’sazatu piBuauus xy" + (y —x)y —oay = 0.

Poss asanusa Lle Bupomkese rinepreoMerpuine piBHSHHSA,
AIKe Ha CKiH‘{EHHOMY IIPOMiKKY Ma€ OJHY ocoémusy touky x = 0. Pos-
B’A30K JAHOTO DIiBHSHHS LIYKAEMO Y BUIVIAAI y3araJIbHeHoro CTeneHesoro
pAARy:

Y= cx*th ¢, 0.
k=0

IliacraBuBlin ueil psAx B piBUAHHA | NpHPIBHABLIM IO HYJA Koebiuieq-
TH NPH CTENEHAX X, AicTaHeMO piBHAHHA IS BH3HAYEHHA Cyi

_ _ a4 A+k
(7"("'—’1)'1‘\’7")00—'0: Crt1 = (Y+K+k)(1+l+k) Cps
k=0, 1, 2,
Ockiabkh ¢p5= 0,To A (A — 1 + y) = 0, 10610 Ay = 0, A, = —19,
[Ipu A = 0, nokaasumu ¢, = 1, Licranemo
o+ 1) ¢ a(x+1) ... (xk—=1)
MW+ R My D). (v+k—1)’f"'

o
==

Tomy

— o _e@+l 2, .,
yl(x)_l_l_,yx'l' 2!.\2‘?_,_]) + +

afe+1),..(a +k—=1) , e
tmerh o arE=n ¥t

Psan y npasifi yactuni octannbol piBHOCTI HA3HBAETLCS BUPOONEHUM
einepeeomempuynum padom, a Horo cyma

voa@+l) ... (@t k=)
Flo, v, x)-—1+\ RTITE W FE—1) ¥

— 8UpO0KHCEHOI0 emep?eomempuuuoro pynxyico abo ¢yuxyicro Kymmepa.

Slkmo B piBHAHHI 417 BU3HAYEHHS ¢, OIACTABUMO Ay =1 — 9, TO
IIPH YMOBIi, IO Y HE € [iJUM HEIOAATHHM YHCJ/IOM, 3HalfeMo ApYrH#i, Ji-
HiflHO He3a/lexHHR 3 Y, (X} po3B’s30K!

Yo (X) = 21" F{a—v+ 1, 2—9, x).

Tomy agwo y =% 0, —I, —2, ..., TO Bci po3B’sI3KH HaHOro piBHAHHA
MAaKTh BHIVIAZ

y=CiF(@, y, x)+ Cox'"F (o —p 41, 2—1g, x).
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dxmo v =1, @ = —n, To BHpPOAKEHE rinepreoMerpuyne piBHAHHS
Mae BHIISIA -

xy" +(1—x)y" +ny =0.
Y ubomy Bumagky Qpyukuia Kywmmepa € MHOrowIeHOM CTeneHs n
i quwe craguM MHOXHHMKOM n! BilpisHserbcsa Bil mHozo4sena Jlazeppa:
n

d n k
L) =t (™) =" 3 (= gy = F = 1, )

Has muorounenis Jlareppa BUKOHYIOTbCH pekypeHTH opMyar
Ln-H (%) = (2n +1—1x) Ln(x) — n*Lln_, (x)

Lot 0 = (4 D[ L) — Lo (@) -

Lli dopmysan pekoMeHIYEMO IOBECTH CaMOCTIHHO.

3.4, PiBHsaHHs Beccens
: .23. Poap’s13atu pigns C 24" ! —v2) y = i,
: 3.23. PosB’snt pienanna Beccean xty” -+ xy’' + (x*—v?) y = 0 B npunyiuenni, mo
g Z.
Posg’ s3anmnda Ockinbkn piBHstHHA e 3MiHioeTbes npa 3aMiHi B HROMY x Ha
é-—x, IOCHTB PO3IMMIAHYTH HeBin'emui sHauenHs x. €1una oco6nHBa TOYKa

i
@

: x=0,

;‘usnaqaﬂbﬂe piBngHEA

M AA—1)-A—v2=0, ao A2 —v2 =0,

SIkmo v 5= 0, To BU3HauaAbHe piBHAHHSA Mae ABa KopeHi: Ay = v i Ay = —w,

3uaiiieMo PO3B’SI30K NBOTO PIBHAHHS Y BMIVIAAI y3araJbHEHOTO CTENEHEBOro PAAY
- .
3 k
Y= 2 CpXx A, ¢y # 0.
T k=0
Maemo:

7= (k4+NaFt, = 3 k) A b— 1) ot TP,
=0 =,

[MigcTaBuBiy g, y', 4" B piBuannsa Becceas, nicranemo

Y AR A=) oxt 42D (A k) opa®
k=0 k=0

+ xx 2 cpxtt? — Z vigx® = 0.
k=0 k=0
Ckopouyloun Ha x", 3HAXOAMMO
D HRG+r— 1) +r+h—v) o + ) axtt =0,
k=0 k=0
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abo

2 (b + £)2 —v2) cpx® + > T2 =0,
k=0 k=0

INpupisuioous 10 uyast koedinientd npu cremensix x, Ricraemo:
(A —v¥) =0, (A 1)2—v¥)c =0,
(k)2 —~vHepf0,_py=0, £=2,3, ...

3uafizeMo po3B’sA30K, sxkuil Bignosinae kopenio A = v, [Tincrasupmm A = v, 6auu-
MO, IO ¢ 7= O MOxe 6yTH GyAb-AKHM YHCAOM, YHCIO ¢ = 0, amna k= 2,3, ...
)
k(2v - k)
3eincu Comr1 = Onmpuselxm=20,1,2, ..,

cp = —

% Co
6’2=_22. 1. V1) Cy = 24.21(,\,_,_1)(\,_{_2) sy sedy

(= 1)k e
=TTV WD) ... (VFR)

Orxe,

3 (— 1)* ¢, 2%k+v
yl(x)—:“:o PR vk DD .. VR

MoxHa nokasath, Hanpukiaaj sa o3nakow A Anambepa, wo uef pan pisHomipro 36i-

raerbes Ha Gyab-AiKoMy ckinuennomy npoMixky [0; al. Tomy yy (x) € po3B’A3KOM piBHSAHHS
bBeccenst npu 6yAb-KOMY ¢,. BisbMemo

f

“=Torwr1n’
e T' (@), & > 0,— ramma-pyukuis Efinepa:
+oo
[ (o) = S e %y,
0
Bepyun no yBard, mo I' (v + 1) = vI' (v), nozamo y; (x) y Burasai
(=]
N (— gy 2V Cx 2k+v_
W= B F NG ... 0FA (_2‘) =
> (— 1)k _x \2Hy
=§0kII‘(v—{—l)(v+l)...(v+k)(2) =

il (— ])k x \2k+4v
=Z ATWFEFD (’2‘) .
k=0
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Oyuxuis

o0

I, (0) =

(— x \2ktv
RIT(vE &+ 1D (T)
Ha3HBaeTbCsd PYHKYLED Becce/m nepuiozo0 pody v-20 nopadky.

Opyruf uacTuHuuf poss’dsok pisuauus Beccens, AMifHO nesanexumfl 3 gy, (x),
UIYKaeMo y BHIMARI

oo
Yy (%) = 2 cpr® Y,
k=0

PiBHgHHA 1451 BU3HAUYEHHS Cp IPH A == —vy MaioTh BHIIS]
V=AM ce=0, (1 =), =0, ..., (—vV+RBE—V)cp ¢, , =0.
TMoxnasmu ¢y = 0, ¢; = 0, sHaXonUMO
Cor—2 )
Bhr(—vL k)

3a ymosow v & Z, Tomy Bei koedilienty ¢ 3 napHuMM HOMepaMH OAHO3HAYHO BHpa-
-JalOThCSL Yepes Co!

Coppy =0, Cyp=—

(—l)kco
Cok = TR (— v+ 1) (—VF+D ... (—vFER) °

O1xe,

(—D%¢ —
ya(x)=l§0 9%l (— v 1) (—v+2°) vee (Vv R) 2

1

IMokaapmu Co = Fm‘)

, MOIAMO Y, (x) y BHIVIAAI

oo (—])k x \2k—v
b2 (x) = k!I‘(—v+k+1)( J ’

Pyuxnia

> (— )% x \2k—v
J—v(x)=k BT (—v F &+ D) (")

MasuBaeTbest ynxyiero Becceas nepuiozo pody 3 8i0°emHUM iHOEKCOM.
Orxe, sKmo v ¢ Z, 10 Bei po3B’#3KK pisHsiHHSA Beccests € ainifinumu koMGinaniaMu

(byﬂxum Beccenst:
y="CiJ, (x) + Col _, (x).
’ . ” 1 ’ {
3.24. Po3B’s13aTh piBHAHHA Y +—=v+ (1 — 9x3 )y =0.
Po3p' a3anua 3anuwemo piBHaAnHA y Burasmi x2y” -+ xy’ 4 (x2 —

.._.é_) y=0. e piBuauna Beccess (v = -—;—) - Tomy y = CyJiss (%) +
+ Cod 173 (%). ‘
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3.25. Posp’asaru piHsanua x%y" 4- xy’ + (4x2 ——1-) y=0.
Posp' ssanua. [loknatemo 2x = ¢, Toxi

dy —9. 9y dy A%y —4 d%y

dx Tdt ? Tdxr T Tad

i piBHAHHA MaTHMe Bﬂm;m'

& dﬂ +tdt “‘( %)y:O.

e piBusHus Beccens (v= -1—) Tomy

Yy =CJip (&) + Cod 1o () = CyJ1ya (2x) + Cod 2 (24).

3.26. HoBectH, wo Koau v € Z, 10 J_, (x) = (—1)"J,, (x).
Posp' ssannsa Ockinbku T (—n 4 k + 1) neperBopioerbea
B HeckindenHicTb npu k=0, 1, ..., n — 1, 10

UV N S
= (—nFr+0) - P+ DP(—n+k+ 1)
IloknaBwy B ocranuifl cymi k = n -4 m, Ricranemo
I = Y e () = (= 0 L.
3.27. D.OB:C’I(‘)H, o IJs JAOBiJAbHOrO v chopaBeAduBi piBHocTi:
_ddx_ Xy (X)) = Iy (x), %(x“"Jv (x) = —x Vv (x).

PosB s3aununsa Maemo
— 1)t g2tV

(x Jv(x) = — dx Z 22k+vr(k+1)[‘(v+k—l—1)

— Z 2(k+v) (= DF 2V
VP (kL YT (VEB) (v k)

T
= Z 2v+2k—1F GIDT O h Iy (x).
Hpyra piBHICTb HOBOAMTLCS AHANOTIYHO.
3.28. HoBsectH, 110
ot () = Tugs (9 = 209(9), Jamt () + o (0) = 2 0 (a).
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~ Pospe’ ssamna 3anumemo pisnocti, ki 6yno moseneno B 3a-
raui 3.27.

[loMuoxkuMo o06GMABI uacTHHH Tmepmiol 3 piBHOCTER HAa X~
apyroi —mHa x't

’ v . v
Jy (%) + - Iy () = Jvm1 (%), Jv (%) —TJv(x)— v (x).
Honatoun i Bignimarouu mousenHo 1i piBHoCTi, AicTaeMo

oy (1) — Jugr () = 20 (), Jvmr (£) + Ty () = —

X

v
, a

Jy (X).

1li cniBBigHOIIEHHS HA3UBAIOTLCH pEKYPeHMHUMU (opmyramy 0as
ynryit beccean. Tleplia 3 HUX Jae 3MOTY BHDPAsuTH MOXiARy OYyHKIIl
Beccenn uepes ¢ynxuii Beccens, a apyra —snafitu ¢yskuito beccens
nopsaky v -+ 1, akumo Bifomi ¢pynkuii nopsakis v iv — 1.

3.29. 3nafitn ¢yHkuii Beccens J_ip (%), Jipp (X), J3p (X).

Posp' s3anusn Maemo

J1/2(¥)=V§—Ilfzc_gj)(l— 73 + 2.4)6.43.5"
__2_-4-6‘?03-5-7 + )=
=E_j(—%—)-(x——;f—+-5—x:-——%+ -..)_-:FXPI(?Sinx.

3rigHo 3 o3HaueHHAM ramma-QyHKILl,
+ o0
3 1 1 1 _
Mg)=5T(g)=7 [
N 0

LOTKReE,

dx 1 2
— = S e—t dt = —,
Vx P

Ve
== —— COS X.
Jtx
Y pekypentHii dopmyai

Tymt () Jup () = - v (3)
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NOKJAaREMO v = % Toni

l
2., —

T () = Te @) = T () = — V2 sinx—

-—]/—cosx—]/ (Sinx
X = ppn + — —cosx].

3.30. Posp’sisaru piBuanns x2y" 4+ xy’ 4+ 4 (x* — 2y =
Poss si3aunas. HOK./Ia}.IEMO X =t Tom'

dy  dy d®y _ d 9 _
T @ o = dt2 4x +2 4 dt2 +2“*"

[ligcraBuBluy 0i Bnpa3u B AaHe piBHS{HHH AicTanemo

4t2dt2 Fo oW —2)y=o,

abo ¢* Zﬁy + 1 Y+ (#2— 2)y = 0. lle piBHanna bBeccenas (v = V3.
HMoro poss’ssku

y=Cid 3 () + Col _ 5 (0).

O1xe,

Y = CIJ\/_Z (JCZ) —l— C2J_V'§ (x2).

3.31. Posp’sizaru piBusiuna xy” -+ y' + xy = 0.

PosB a3aunsnsa. le okpemuil Bunanok piBuauua beccera (v =
= 0). Onnum 3 #Horo po3p’s3kiB e (yHKuin Beccens nepworo poay Hyibo-
BOTO NOPAAKY ¥, (X) = J, (x}). $Ik Bitomo (n. 3.2), y BHUNIAAKY,Ko/iH pi3-
HHLA KOpEHIB BH3HAYaJbHOTO DiBHAHHA JOPIBHIOE wWijJOMYy 4HCAY, TO
Ipyru#l po3s’sizoK, JiHifHO He3anexanit 3 Y, (x), Tpeba WIYKaTH y BHIAA-
Al CyMM ysarajbHEHOro CTeneHeBoro psiy ¥ RoGYTRY y; (x) In x. Y ubomy
Bunaiky v == Q¢ Z. ToMy wykaemo y, (x) y BHrAAA]

Ya(x) = Jo(x) Inx + ) cpxt

k=0
IincraBuBuwiy Yy, (x) B piBHAHHA, ﬂiCTaHeMO

(Jo W Inx + 205 () = — Jp () )+ Jo (%) In x +

+J (x)——}-xJ (x) lnx—!—)' k(k—1)cx*" -

k=2

- 2, keyx =t + Z cpXftl = 0.

k==
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3Bigcu

;"’ (k 4+ 2) (k4 1) copox®H -+ 3 (& + 1) Crpix® + )J Cox*Hl = — 2J7 (),
F=0 =0

V(B 1) kerp (B 1) cr + o) X2 4 ¢ =

N4

[NpupiBuiooud Koedili€HTH NIPH ONHAKOBHX CTENEHAX X, AICTaeMo
YIBHAHHA MAJIS BH3HAYEHHS C!

=0, @m+ 1P comst + Coma =0, m=1,2, ...,
(="

4 (m + 1)2 Com+2 + Com = (m 4 Dl m! g%m

1 m=0’ I’ 27 v
Tokaagwy ¢, = 0, 3HaxoAuMo, WO Cop—y = 0, a2 1mpH £ = 2m Maemo
1 1 1
% =9 C2=T’C4ZW(1+‘§')’
G 1+‘_1_+_1_
67 2. 42 . 60 2 3 )

m-1 1

1, 1 1
Gm=(=0" g @ ‘1+’2_+'3—+ +—nT)’

Orxe,

N LT e
Yy (x) = Jy(x) Inx + Z (— l)m 32

<2 ... 2m)?
m=]

x2m

3.5. Kpajiosi 3apaui

Ha siaminy Big 3agaui Komi ans suvaiinoro audepenniaieHoro piBHsHHS B Kpaiio-
8ifi 3agaui sHaveHHs wyKaHo! QyHKUIT aGo 3naueHHs JaiHifinol koMGinauii dyHruii i if
froxigHol 3agaeThes fle B OfHIM, a B ABOX Toukax (A ABOTOYKOBOI 3anaui), aKi ofmexy-
toTb Bigpisok, Ha SKOMY IIYKaeTbcs pO3B’A30K.

[[lo6 posB’sizath JiHiliHYy KpaloBy 3ajauy BHAY

ly=a@x)y+bxy +cx)y=7f(x), x€la; b, (1
. ay(a) By (@) =0, vy (b) 0y’ (b) =0, (2)
e

a(x)s0, x€l[a; b],

Tpeba 3nalith saraabuuit poss’s30k pismanna (1) i nini6paTu sHauenns A0BIILHHX CTa-
JIHX TaK, 1ob BHKOHYBAJIHCh Kpanom ymoBH (2). KpafioBa 3agaua He 3aBXaH Mae DO3B’si-
30K, a KO § Mae, To Ueil po3B’si30K He 0GOB’SI3KOBO €JMHHH.
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Inrerpannue 3o6paxenns po3s’asky ninifinol kpaiiosoi 3anaui (1), (2)

Teopema. Fxuwo ainitina odnopiona adaqa (1), (2) (f (x) = 0) mas auwe mpu-
siarbHutl po3g’asok, mo Ainitina HeodHopiona sadaua (1), (2) mas edunud pose asok, skudl
MOXCHA 3anucamu 8 (Hmeeparbritl opmi

b
y={Gcw 9rwas, )
a

ne G (x, 8) — pyuryia I'pina (snausy) sadaxi (1), (2). ©ynkuia G (x, s) Bu3HageHa npH
x € [a; bl, s € (a; b) i npu KoxkHOMY s € (a@; b) Mae Taki BracTuBoCTi:
1°. Ilpu x == s dyHkuia G (x, s) 3ajoBoabHAE JiHifine ogHOPifHe piBHSIHHA

a(x) Yy +o(x Yy +c(x)y=0. “4)
2°, [lpn x = a i x = b pynxuia G (x, s) sagoBonbHse KpafioBi ymoBH (2).
3°. Ilpn x = s dyukuia G (x, s) HemepepBHa MO X, a if MOXiAHA N0 x Mae PO3PHB Iep-

IOTo POAY 3i cTpuOKOM, KM NOpiBHIOE Pk TO6TO

. , 1
G(s-+0,8=0CG(s—0,59), G (s+0,5—G, (s—0,9) =7E " (5)

Mo6 suaitu ¢yukuiro Ipina 3anaui (1), (2), Tpeba noSyayBatH po3B’s30K gy (x) 7= 0
piBusiHua (4), sKuH 3a0BoMbHAE JHIle mepwill (x = a) kpafioBil ymosi, i *po3s’sn3ox
yg (x), AKME 3a70BoJbHSE Apyrif (x = b) kpatoBif ymosi. Lli po3s’siaku € ainifiHo He-
3a/Ie’KHHMH, 60, SIKINO Yy = CY,, ¢ = const 5= 0, To yHnkuia y; (x) 5= 0 6yja 6 HeTpHBI-
aMbHUM po3B’sA3KOM JiHilHOT ofHopinuoi (f (x) = 0) sanaui (1), (2), wWo cynepeuuth ymoBi
TEOpeMH.

dyukuio G (x, s) mykaemo y BHIVIsAi

Gx S)_{cp(s) y(x) mpra<x<s;
’ V() g2 (x) mpr s<x< b,
ne dyuxuii @ (s) i P (s) BuGuparoteesi Tak, mo6 BHKOHYBatuch yMmosu (5), To6T0, mO6

I r 1
YO () =006 p1(s)y Y@y (—@(s) gy (8 = IO 7

(6)

Ocxinekn ronoBuufl BH3HAYHHK cHcTeMmH (7)
Y208 —y(s)
. ,
Yy (8) — g, (8)
BHACTIHOK MinifiHOT HesamexnocTi po3B’s13KiB vy 1 ¢a, TO DYBKUIT @ (5) i P (s) BUsHAUANOTD-
ca 3 (7) onHo3HauHoO.

Mpu pose’sisyBauHi niHifiHHX KpafioBUX 3afay HaGJHXKEHHMH METOSAMH 9acTo 3a-

CTOCOBYIOTh TaKHH NPHHOM.
PosB’szox Jinifinoro piBnsnusa (1) mykaioTe y BUTIsSAi

Yy ==y (x) + pu (x) +vu (x), (8
Ie y, (x), u (x), v(x) e po3s’siskamu Takux sagau Komi:
LP=Fx), y@=y@=0 I(y=0,y@=1,y(@=0;
=0, y(@=0, y@=1 )

IMizcrasasioun (8) y xpafioBi yMOBH (2), AlicTaeMo cucTeMy JBOX PIiBHSHDL JVISi BH3Ha-
ueHHA Koedinientis B i v,

A(s)= =Wy (s); ya2 ()10,
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S1kmo koedinientn pisusuusa (1) a6o kpafioBHx ymoB (2) 3aiexarTs Bif AeAKOTO Na-
pamerpa A, TO IIDH MEBHHX YMOBaX iCHYIOTh Taki 3HAUEHHS LbBOrO NapaMmeTpa, LIS SKHX
KpafioBa 3ajaua Ma€ HeTpHBiaJbHUl po3B’s30K. Ll sHauenust mapamerpa A HasuBaOThes
8AacHuMY 3HAYEHHAMY, a BinnoBiani iM po3B’s3kM KpafioBol safaui saachumu dynkyismu,
BaxuBuM OKpeMHM BHNAIKOM 3ajaui Ha BaacHi sHavenus € sadawa Umypma — Jliy-
8iaAs:

d dy
2 (p 0 G )=yt my=o, (10)

ay(a) + By’ (@) =0, yy(b) + By’ (b) =0, {1y

ne dynkuii p, p', ¢, p — nemepepsHi Ha [a; 8], p >0, p > 0, x € [a; b], & + B2 > 0,
v+ 82 > 0.

3.33. Posp’sizatu sapauy

y¥'—y' =0, y(0) =3, y(h—y () =1

Po3p a3annsa 3araabuufi po3B’s30K JaHOTO AudepeHuiadb-
HOTO piBHsIHHA Mae BUraag y = Cy + Cye*, ne Cy, Cy — HoBibHI cradi.
[Tincepemo C; i C, Tak, mo6 BUKOHYBaJKCh 3ajani KpafioBi ymoBu. Ma-
€MO

CI+CQ=3, Cl+Cze"'"Cze=l,

8BIIKH
C,=1 Cy=2
Orxe, poss’siskoM JaHoi 3anadi € QyHKILiA
y= 1+ 2e,

3.34. Posp’sasaru 3ajauy
Y'+y=0, y(0)=0, y(a) =y,
Po3B ga3aHHus 3aralbuufl po3B’s30K piBHAHHS:
y = C,cos x + C,sin x.

YmoBa y (0) = O 3anoBoasusierbesa npy C; = 0.

Sk a == nw, # € Z, T0o 3 Ipyroi KpadoBol YMOBH 3HAXOAHMO: Y, =
— ; — Yo
= C, sin a, C, Pt ) o

Orxe, B IbOMY BHNAAKy iCHYe €IWHHH pO3B'A30K JaHOI KPaHOBOI
8ajaui:

Yo ;
= ——— 8 .
y sina 1 x

ko a = nn, To 3 Apyroi KpaHoBOi yMOBH MaeMo:
C,sin nn = y,.

SIkmo Yy, = 0, TO KpaiioBa 3ajaua Mae HECKiHUEHHY MHOXKHHY PO3B’ A3KiB
y = C, sin x, ne Cy — JoBiJbHa crada.
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ko a = nn, a Yy, 5= 0, To KpafioBa 3afaua po3p’A3KiB HE MAE.

3.35. 3HaiiTy posB’aA30K piBHAHHS x%y" — 2y = 0, AKuil 3a10BOb-
HAE YMOBaM:

I)y() =1, llmy (x) =0

)llmy(X)—O y(l) =L

Po 3 B a3agHnda Jane piBaauns € piBusuaam Eiuepa. Horo

pO3B’3KH IYKAeMO Y BUIrAAldl ¥ = x*. (A BH3HAYEHHS k MAeMO piBHSIH-
ua k(k —1) —2 =0, spinku k, = —I1, £k, = 2. 3araabuuil posp’si-
30K PIBHAHHA Ma€ BHILVIAL

Yy = %4— C,x2.

Bu6epemo C; i C, Tak, 1106 BUKOHYBaJHCS KpaHoBi yMOBH.
1) 3 ymoBn lim ¥’ (x) = 0 Bumausae, wo C, = 0, ockinbkd y' (x) =

X—>00

= _%1“ + Cpx?, a 3 ymosu y (1) =1 3Haxoaumo:
C1 = 1.
Tomy
1
y=—"-

2) YmoBa limy =0 sukonyerscsi npu C; =0. 3 apyroi kpahosoi
x>0

YyMOBH 3HaXOJAHUMO:
1

y' (1) =2GC, G, =5 .

Tomy y = i .
3.36. HoﬁyﬂyBaTu dyukuiio Tpina aas 3amavi y” —y = f (x), ne
po3B’s130K Y (x) ofMexeHu# npH Beix x € (—oo, +o00).
PoaB f3aunsa 3aralbHuil posp’s30K OAHOPIAHOTO PiBHAHHA
Mae BHIJISA
y = Cie=* 4 C,e*.
Po3B’s130K Y, (x) = ¢ o6Memennd mpu x — —oo, ay, (X) =€ * —
npu x — +oo. Tomy dynkuiro I'pina mykaemo y BursiAi
X —_ .
Gx, s)z{cp(s)e, AKIIO 00 < XS,
P(s)e—*, fxmo s X< 4 oo,
pyHKuii @ (s) i ¢ (s) BU3HAYalOTbCH 3 PiBHAHD
Y@ e =@ e, —Pp@E)es =g@E)e +1.
1

3Bigcu ¢ (s) = _.;_e—s, P(s) = — _2_es.
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Orxe,

|
——é—e" %, SIKIO — oo < X< S,

G(x, §)=
——2—e~""", AKILO S<C x << + oo.

©  3.37. 3anucatu B iHTeI‘[;aJIbHiI:'I topmi po3B’s130K 3ajaui
" Po3B a3aunusg. 3aralbHHM PO3B’SI3KOM OJHOPIZHOTO piBHAHHA
Yy =0e y=Cy+ Cyx. PosB's130K y; (x) = | + x 3alloBo/IbHSE mNep-
‘u1y xpaioBy ymoBy y (—I1) = 0, a po3B’s30K y, (x) = 1 — x — gpyrii
ymoBi y (1) = 0. Tomy dyukuiro I'pina mykaemo y Burasaai :
G 9) ={q>(s)(1 + x), sagmo — 1<Cx<s;
Ps) (1 —x), axmo s<Lx<{1,

Ze dyuxuii @ (s) i 1 (s) 3HaXOAMMO 3 YMOB:

eI+ =9E1—s) —PE—0@) =1

3sizcu

PO =— -5, v =—-T,
O1xke,

— 5 (1= (1+x), mmo —I<rss
G(x) =

_%(1 +8)(1 —x), axkmo ss{x&Kh

B PO3B’AI30K JaHoi 3afayi Ma€ BHIVISAL
l x
1
y= (G 9f@ds=——F% [(1—s)F@)ds—
-1 =1

l—,\:l

7§ (L9 F(s)ds.

x

3.38. Posp’sizatu 3anauy
2y 4+ 2y =m@m-+xm, m>0, y(l)=y (1),

po3B’s130K ¥ (x) obmexenuit mpu x — 0.
Pos3B' ss3annsa Ilobyayemo o¢yukiuiio [pina niel sagaui. 3a-

o . . (o
raabHufi Po3B’A30K OAHODiAHOTO piBHAHHA Mae BUIAAR Y = Cy + —*.
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1 . P
Posp’sizok  g; (x) = 2 — -~ 32[0BoJbHsE Nepiniil kpaiosii ymosl,

a po3B’s130K Y, (x) = 1 — apyrid. Tomy ¢yuxuiio I'pina wykaemo y su-
rAsiAi

¥ (s), akmo 0<< x<s;

G(x, s) = w(s)(g___;_.), aKkmo s<{x << 1.

Oyukuii ¢ (s) i P (s) 3Hax0AUMO 3 yMOB

1 1 )
PO ==: VO =19 =2——.
3Biacu
2—";—, sKio 0<<x<(s;

G(x, s)=
2— —, mxmo s<x<< 1.

lilykanu#l po3B’ASOK Ma€ BHIVIAA

1 e x iy
¥ (x) oSG(x, sym(m -+ 1)smds m(m+1)(§(2 x)s ds +

+5(2—-~}-)smds) =m(m+1) ((2—%) T

s=1

2
m- 1

st — 7|
m

+( s=x)=x’"-{—rrz—-—'l.

8.89. IloByaysaru ¢yskuito I'pina sapaui

d d 2

W(x?%')“mTy:f(x)’ m =0,
y (0) = const, y(1)=0.

Poss a3annsn Pisunnas xy”—!—y’—if—y=0MaezzBa ai-

HifiHo He3anexuux po3s’ssku x" i x 7. Ilepwifi xpaiosii ymoBi 3a-
JIOBOJIbHAIE, HANPHUKAAA, Po3B’'s30K ¥y (¥) = X, a JApyrii — poss’sA30K
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Y. (x) = X" — . ®Oynkuis [pina mae Burasg
@ (s) x", sikmo 0<< x < s;
P (s) (¥ —x~™), aKmo s <L x < 1,
fie @ (s) i ¢ (s) sHaxoaHuMO 3 piBHAHD
P (s) (5™ — ) = @ (5) 5™, P (5) M (s~ - 57"=1) = @ (s) ms—! + _:_ )

G (x, s) =l

Maewmo:
s s*
P (s) ='——'§7,,§'—» P(s) = 5 -
Orxe,
—21— ((xs)'" — (—‘E—)m) , AKimo 0 < x<s;
m S
G(x, s) =

e (7 (T, o sx

3.40. Ouinutu 3BepXy i 3HU3Y PO3B’A30K 3ajaui x%y" -+ 3xy’ —3y =
= [ (x) (posB’a30K y (x) obmexxenust npu x — 0 i x— +4-o0) i Horo nep-

wy noxiany, sxkwo 0<f(x) < M.
" Posp asanua. Ilobyayemo ¢ynkuito I'pina navoi 3anaui. Pis-
nanng  x%y" + 3xy’ — 3y = 0 mae nBa Jinifino He3anexHi posB’sa3KH

Y1 =xi y, = —:?, npuyomy y, obmexenuit npu x — 0, a y, —npu x —
~ +o00. Tomy
@ (s) x, Akmo 0<< x<s,
G(x 5) = 1
P (s) —5» KO § LX< + oo,
i(e @ (s) i ' (5) 3aN0BOJILHSAIOTL CHCTEMY

s PO o(s)s, ~§¢6Vﬂﬂ9+%”

s3

‘8 wiei cuctemn 3HaxonuMo
P (s) =— (3 1) "\p(s)=_332+1 .

Orxe,

—-—sé—(é-sz—_i—_l—), AKIIO 0<x<s;
G(x,s) = .
S

1
—WW, SAKIO S<x<+°°.
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Po3B’s130K naHol 3aja4i Ma€ BHUTJIAR
o0
y(x) =\ G(x, s)[(s)ds.
o}
Ouinumo y (x) i y’ (x) 3uu3y i 3Bepxy, BpaxoBywul, mo 0 < f (x) <<
< M. Maemo

X

-}-00
Yy =[G s)Fs)ds+ | Gx ) f(s)ds =

x o0
,z.___l_S $°f (5) ds_xs sz{;:gfl) )

x o0
1 s%ds ds
—M(?SW +x S Wﬁ)<y(’0<°-

ds s
* S 232+ 1) <X 5‘ ”37":1’

“ro Ans Yy (x) Licraemo ouinky —% <yx)<O0.

O6unciaoemo  y' (x):

1

. x +o0
y'(x)=—j;(50<x, 9 ds+ | Gx 5 Fs) ds)=
0 x

+
$2f (s) ds + S f (s) ds

% 3x2F | xt 2 (32 1)

=_( I %) 3

s2(3s2-1) °

TR |

400
# () )_i s/ (s) ds__S f(s) ds
X

3siacu
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abo 3 ypaxyBaHHﬂM ouinku 0 < f(x) < M:
-}-o0

X
ds M s%ds
M | gy <v <% w5
0

X

Ockinbky
~+o00
stds < 1
321 TS ’ ‘S‘ 32(352—{-1) x’
0 X
?!o OCTaTOYHO LiCTaHEMO, IO
M ’ M
—S Sy W<

3.41. Posp’sizatn kpaftoBy 3ajauy xy’ —y' = —%, y (1) =y (1),
Sy 2) ——2y 2) = 3.
Po3p' si3anns Ha npuknani uiei sanasi mpoimoctpyemo meton

sneﬂeﬂﬂﬂ KkpafioBux 3ajay no sanay Kowi. Po3s’a30k Aanoi 3agaui my-
KaeMO y BHUTJALI

Y = Yo (x) + pu (x) + vo (%),
Ze Y, (%), u (x), v (x) € po3B’si3kamMu Takux 3aiay Korni:
” ’ 3 !

X' —y =— y) =y (1) =0

xy”—y’ =0, y(I)=1, y,(l) =0;

xy"—y =0, y(1)=0, y' (=1

Po3p’a3aBuiM KOXHY 3 IMX 3ajad, AiCTaHEMO
1 1 1
Gol) =5 (¥ =)+, =1 v =-0—1.

TlinGepemo Tenep y BHpa3i

—)+ 4 trt 1)

koedinientu p i v Tak, mob dymkuis y 3aKoBoJbHANA KpaHOBi yMOBH.
[lincraBuBimin ¥y y KpadoBi yMOBH, HLiCTAHEMO:

p=v, 6u-t+v=7,
8SBiKH

‘ p=wv=1
i o

Qrxe, mykauuii po3s’s30K

o

(P 1= D=2t o — L.
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3.42. 3ualiTy BaacHi 3HaueHHs Ta BaacHi ¢yHkuil samaui y° = Ay,
y© =y(@)=01>0

Posp’ asanua Srkmo A=0, 10 y=Cwx+4 C, i kpaitosum
yMOBaM 33J0BOJbHAE JHIIE TPHBiaJibHHA PO3B’A30K y = 0, To6TO A ==
= ( He € BJIACHUM 3HAYEHHAM.

HexaitA > 0. Toai y = C,eV#* 4 Cye~Vi* . Cepen unux dbynkuii kpa-
HOBUM yMOBaAM 3a/10BO/IbHSAE JHIIE Y = 0.

ko A << 0, To po3B’si3kH piBHAHHA Y = AY MalOTb BHIVISA

y =CysinV —hx+CycosV=1hx.
[MincraBuBK UeH BHpPa3 y KpaHoBi yMoBH, Aicranemo C, = 0,|
C, sin V=A) = 0.
Orxe, 3a1aua Mae HeHYJIboBi pose’sisxku ume npu V —Al = kxn, 106-

TO
ko

xz_(_l—)z, k=12,

Lli smauennss A e BaacHumu. Bianosinni Baacui dyHruii:

Y, (x) = sin k?x , n=12,

3.43. 3naliTh BAacHi 3HaueHHS Ta BJAacHi GyHkuil 3agaui y” — Ay =
=0, y0)=y() =0, I>0. N .

PosB a3aunnna Sk iB nonepeanill 3agadi, MoKHA NOKasaTH,
mo 3xaueHHs A € [0; +oo0) He € BJACHHMH.

Hexaii A< 0 Toai y = C;sinV —A x + C, cos V —Ax. [lincra-
BHBIUH B KpaiioBi ymoBu, aictanemo C; = 0, C, cos (J/ —Al) = 0, 106-
0 VA = [% + k| Tn OTxKe, BJACHHMY 3HAUEHHAMH JaHol 3aaay

2
euncia h = A, = —-(% + k) “1_:,

Bianosinai Baacui ¢yuxuii:
Yn(x) = cos (—;— —{—k)ilx~, E=0,1,2, ...

k=012 ..

o . . . 1
3.44. 3uafiti Baacui 3uauenns Ta Biacui Gpynkuii 3anauiy” + - y -+

+ A%y =0, y (1) = 0, po3B'a30K y (x) obmexeundi npu x — 0.

Pose aszanna Hdxkumo A=0,10 y=C; + CyIn| x| Cepﬂ
IuX QyHKUifi KpaltoBuM yMmoBaM 3ajoBoJbuse auine y = 0, 10610 A
= 0 He € BJaCHHM 3HAYEHHSIM.

Hexali Az 0. Y piBusinui y” + — y 4+ A%y = 0 noknagemo Ax =
= t. Toai

dy 5 dy dzy s diy \
dx =4 dt ' Tdx® =2 de?
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i piBusuHs marume Burasg y” -+ —i— y' -+ y = 0.lepiBusuus Beccens
(v = 0). O6mexeni npu {— 0 po3p’A3KH ULOr0 PiBHAHHS:
y = CJ(] (t) ’

de Jo (f) — dyuxuis beccess mepuioro pofy HyJbosoro nopsaky, C —
JoBinbHa cradna.

Or:xe, Baacnumy bynkuismn pauoi sagaui e pyuxnii Beccens y, (x) =
= Jy (Ayx), fe Bracki 9ucia A, — xopeni piBasuua Jo, (A) = 0.

3.45. 3mafity BJacHi 3Hadenns Ta saacHi Qynkuil sagaui y” + A2y =
=0, vy 0) =0, —Pry () + 4" (1) =0, P = const.

PosB’ ss3anusa 3asnaunmo, mo He suile KoediuieHTH piBHAHHA,
a # kpaifoBi ymMOBH JaHOl 3ajaui 3anexaTb BiJ napamerpa A.

pu A =0y = Cyx 4 C,. MixcraBusmy B KpaHoBi yMoBH, AicTaHe-
Mo C; = 0, To6to y = 1 e BaacHoio dyHKuUi€wW, KA BiANOBifae BAaCHOMY
spgauennio A = 0. I[Ipn A 5= 0 maemo:

y = C, cos Ax + C, sin Ax.
ITigcraBisiemo B KpaloBi yMOBH:
Cz}\a = 0
i, otxke, y = C; cos Ax,
— PA%C, cos A — CiAsin A =0,

3BiJKU MiCTaEMO piBHSHHS MJ BU3HAYEHHA BJACHUX 3HAYEHb:
(xapakrepHCTHYHe piBHAHHA Aanol 3aaaui).

Moxua nokasard, Hanpukgaajg rpadiuso, wo piBHsHHA tg A = —fA
Ma€e piBHI 3a MOAYJIEM Ta NPOTHJIEKHI 38 3HAKOM KopeHi Ay £ =0, =1,
=+2, ... OTKe, BAacHUMH DYHKUIAMHU JaHol 3axadi € pynkuil y, = cos Ayx,
e by =0 <<h << Ay << ...<< A, <C...—3pOCTAIOYA NOCHIZOBHICTb BJaC-

HHX 3HaueHb, fKi e afcuucamu TOYOK nepeTHHy rpadikis GyHKUiA Yy =
=tghi y= —PAr
3.46. osectH, mo Koau QYHKUIT #, v € Clap; 1 CHPaBLKYIOTH Kpa-
fioBi ymoBu s3amaui Ulrypma —Jliysinas, Tto W (a) = W (b) =0, ne
W — Bponckian ¢yHKUifi « i v.
Posp sa3aununsa 3anumemo KpaiioBi ymoBu (11) ansa yskuift
uiu
au(a) +Pu’ (@) =0, yu(b)+8u’ (b)) =0,
av(a) +pv (a) =0, vyv(b)+ v (b)=0.
OckinbKy wi Jinifini ogHopifni cucreMn MaloTh HeTpuBianbHI PO3B’A3-

KH (3a ymoBow o2 -+ B2 > 0, y2 + 62 > 0), To ro/IoBHi BU3HAYHHKH [{HX
cucteM Ay = W(a) = A, =W (b) =0.
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3.47. Tlosnaunmo L (y) = (py')’ —qy. Hosectd, mo KoIH u, vE
€ C[Qa;bj, TO BUKOHYIOTbCH:
momosxcricms Jlazpanoca
ul (v) — ol (u) = (pW)’
i ¢opmyaa I'pina
b

(L @) —vL@)de=p®)V (6) —p @V (a).
PO3B";33HHH. Maemo:

uL (0) = u((pv'y — qu), oL () = v((p’)’ — qu).
Bigussmn ui piBHocti nousento, gicraHemo
ul (v)—vl (u) =u(pv) —ov(pu’) =u(p'ov + pv") —v (p'u’ + pu”) =
=p’(uv' —ou') + puv” — vu") = (pW)y'.
[lpointerpyBaBuiy ToToXHicTb Jlarpanxka no Biapisky [a; bl, nmicra-
Hemo opmyay [pina.
3.48. Hexaii u, v€ Clpp i dynkuii w i v cnpaBmIKyIOTH Kpaitosi
ymoBH 3afaui Illrypma —Jliysinaa. dosectH, mo
b b
{ ul (v)dx = 5 vl (w) dx. (12)
a a
Poss sizanug Teepaxkenns salawi BunIuBae 3 Gopmyau [pina
i pesyabrary 3alaui (3.46).
3.49. Hexai y,, i y, — saacui ¢pynxuii sanaui Hltypma — Jliysinas
(10), (11), ski BiamoBigaoTh pi3HUM BAACHHM 3HAYEHHAM A, == A . [o-
BecTH, wo QyHKuil y, Ta y, oproroHanbui ma la; bl 3 Barosoro pyukiico

o (x), TobTO
b

{ 4m () yn (0 (x)dx =0.

a

Poss a3anusa Y dopmyai (12) noknanemo u = yp,, v ==y,.
Toni
b

Sb(ymL @) —Yal Gm) dx =0, [ (Y (—Aat/p) —
’ — Yo (— Mptymp)) dx - 0,
(A — 1) Sb Um (¥) Yo () @ (x) dx =0,
':;BiIIKPI (Mm 5% A,) BunAMBae, IO S{, Ym (X) Y1, () p (%) dx =0, m = n.
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3.50. JloBectH, 1o BAacHi GYHKUL Y, 3agaui llrypma — Jliysinns
(10), (11), saxi BixnoBifalTb Pi3HUM BJACHHM 3HAYEHHSIM A, 5= A,, Ji-
HiflHO Hesanexni na la; bl

Poap asannsa IlpunycTuMo CyNpoOTHBHE, IO

Y + Py, =0, Vx€la; b
Hexail nanpuknan, o == 0. [ToMHOXHUMO WO PiBHICTh HA Y,,0 i mpoinTe-
rpyemo no Binpisky la; bl
b b

~

o ya(x) o (x)dx +P Sym(x)yn(x)p(x) dx =0,

b

s . . re . 2
8BilIKH, BHACIIIOK OPTOrOHAMbHOCTI QYHKUIA Y, iy, & K Ym (x) p () dx =
a
=0, a =0, U0 HEeMOKJHUBO.

3.51. Hexa#t y,, y, — Baacui GyHkuii, Busnaueni B 3agavi 3.45, aki
BiANMOBiAAOTb pI3HHM BJACHUM 3HAUeHHAM A, == A,. JloBecrn, wo y,, i
Y, He € opToronaibuumu Ha la; bl 3 BaroBolo dynkuiewo p (x) = 1.

Posp aszanna Maemo: p)=1, ¢g@x)=0, px=1,
L (y) = y’. 3acrocyemo ¢popmyay I'pina:

1 1
§ Gmin—yuym) dx =W ()5, (hn — M) { Ympndx =W (x) .
0 0

YpaxoByloun kpaHoBi ymoOBH, AicTaemMo

W(0) =0, Wy(1)=—p"n —2A)ym(1)y,(1).
Tomy ‘

1
Symyndx :—Bym (l)yn(l)’
0

me Y, = cos A,X, a BJAacHi UMC/Ia BU3HAYAIOTbCA 3 XAPAKTEPUCTHUHOTO
PiBHAHHSA

tgh = —BA.

3apaui- gna camocTiiinoi poboTtu

1. Jlinifine Heonwopinne pisusanus a (x) y" + b (x) ¥’ + ¢ (x) y = d (x) 3BecTH A0
purasiny (o (x) ') + g () y =1 (».

. x) 4y’ .
2. TlokasaTu, IO, BHKOHYIOUH 3aMiny z == Py , MOXHZ 3BeCTH DIiBHAHH 1
y

P y) +qg(x)y=0 no piBusans Pikkari:
22
2 +m+q(X)2=0.
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3. 3aminow myxauon dyuxuii ssectd pisuanna ¢ +a(x)y +b{(x)y=10 no
piBusanns Pikkari 2" 4+ 22 4+ a (x) z 4 b (x) = 0.

4. Tlini6patn (b HKILiIO o (x) TaK, mo6 saminolo wyKaHol dynkuii ¥ = « (x) z pis-
HSIHHS x2y” —ﬁ 2x2y + (x* — 2) y = 0 sBoxudoch n0 PiBHSAHHA, B SKOMY KoedilieHT
npu 2’ mopieuaioe myJIO.

5. 3amincio Hesanewno! sminuoi £ = @ (¥} pisnsnnsa " — y + ¢**y = 0 spectn
Ao piBHSIHHSA, B sIROMY KoediuieHT npu % JopiBHIOE HYJIIO.

3a ponoMorow creneHeBux pAAiB NMPOiHTerpyBATH JAami piBHAHHSA

6. ¥y —xy=0. 7. y——xy—2y=0
8. y 4 4xy +2(1+2x%) y=0. 9 xy—{(x+1)y +y=0.
10. xy" — (2x2 4 1) y' -+ x3y = 0. 11. x(x+l)y—(x+l)y’+y=0.

12, x(x+ 1Dy +-CBx+2)y'+y=0.
13. O6uncinTH BH3HAYHHK BpPOHCBKOro, ckiafendil Aas ABOX JNiHifiHO He3aleXHHX
pO3B’sI3KiB rinepreoMeTpUuHOr0 piBHSAHHSA

tx—Dy +(—y+@+B+Dxy +afy =0.

14. YueBHHBLIHCH B Tomy, mo noainomu Jlexanapa pp, (x) € KoediuieaTamu

poaBHuenns (1 — 2xt + £2) 2 =Z Pn (x) £*, npoBectn, mo
n=>0
x dp, (x) _ ap,_ (x)

dx dx = Px (%).

-

Po3B’a3atu piBHSHAS

15. (x2 — 1)y”-|—2axy +ae@—1Dy=0.

16. (x* — a*)y" - 8xy’ + 12y = 0.

17. Hexait F (@, B, v, x) — rinepreomerpuuna ¢yHkuis. Hosectu, mo:

a)nxF(l1—n, 1,2, x) =1—( —x)%

) 2F[—%,—%,—Q—,x=)=(1+x)"+<1—x)";
B 2 (— S, G g, B = (o — ()
11 _ n 2%n) .
r)F(—n,n—{— 23, 2;ﬂ],xz)_(-—l) T35 .. @) Pan (x):
s 3 o 2"n|
J-\) xF('-n:n+ 92 » 9 ;xz)'—( l)nl-3'5...(2ﬂ+l) p2n+](x))
neEN.

18 O6usicutd BH3sauHuK BpoHCBKOTO, ckiafen#it As ABOX AinifiHO Hes3aJeXKHUX
po3B’s3kiB piBHAHHS JlexkaHapa.

19. OGuHC/IHTH BH3HAYHMK BpOHCBHKOTO, ckaameHuii aast nsox ¢yuxuifi Beccens
I, (x)il_, (x), v+#n.

20. Hosectn, mo mis uinux n >0

nx 1
Vinx Jom (X) = (— )" (cos x +sinx) + O (x_z)'

4\

— , 1
Vapx Jy, g (1) = (— " (cos x—sinx) + 0 (—xT).
X = 0,
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21, Hosectn, wo QyHKuis

( x )v+2k+1
- N
- T
y=Y (=D . 5
i=o F(k+-—2—) r (v-{—k-{-T)
- ’ po3B’askoM HeopHopirHoro piBmsuns Beccens
-
(7
2 4 ay'+ (R — V) gy = i
Var(v+ )
Po3s’s3aru Kpaitosi sagaui;
2. y+y=1 y@®=0, ¢ ( 2\)
23, ' — 2y —3y=0; a) y(0)= llmy(x) =0; 6) y(0) =1, limy'(x) =
X—>00

:2-
24, £y —2xy +2y=0; y(x)= O(x), x=>0, y()=2,
lNo6ynysatn dyukuiio [pina ans kpafiosux 3amau:
2. =1 () @) y 0=y ()=0:0y0=0, 4 )=0;») yO+y1)=
0, y ©+y1)=0
-y +y=f0), 50 =y1)=0.
27 y”——kzy—f() k0, y(—1)=y (1), ¢ (=) =y ()
Fo=70s vy =y, ¢ 0=y @)
29 xy Y =10,y H)=0 3=
30. x?y" + xy — y = f (x), y(1)=0, y (x) OGMeKeHH pH X — o0,
Sanucath e inTerpagpHifi hopMi po3s’askM 3amay
8l y" = [ (x); y (@ = y (b) = O.
2.1+ =26 y(=y¢ (1), y()=0(1), 0.
3uaiitu Baachi anauennn i snachi gynkuil sapa4
33. y”—%y, y O =y (h=0.
4. Y=k yOQO =y O =0

35. x2y" +—y=7~y'y(1)=y(l)=0

36-y”+7~“y= y(0)+y(0)—0 1+ 222y (1) — 2y (1) =0,
8. Y + My =10; y(0) =0, 1422y (1) —2/ (1)=0.

Pozgin 4
CUCTEMHN OAMUBEPEHLIIANIbBHMUX PIBHSHb

4.1. 3aranbHi nuTaHHA Teopii cucTeM Y HOpManbHIN
i cumeTpmuHin hopmax

Cucrema audepernianbuux piBHAHB

Xi X
—'d—tl—=/i(t; Xi» X3y vee y Xp)s ¢=1,2,...,n, (hH
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HA3HBAETBCSA CUCMEMOI0 8 HOpMarbhiil opmi aGo cHcTeMOl, po3B’saanoo BinwocHo mo-
xigHux mykanux OyHKOiH x; = x; (7).
Po3s’ asxom cucmemu pienans (1) na npomincxy [ = (&, B) < R HasuBaeThes CyKym-
HicTb HelepepBHO AHbepeHnifioBuux Ha [ dynkuilt x, = @; (¢), i = 1, 2, ..., 1, TaKHX, WO
do;
=l @O, oo Pn ()
npu ¢ L€ 1.
Pisuicts ¢ (¢, x4, %5, ..., X,) = C, fe Y — HenepepBHO AHpepernilifioBHa B obaacti
Busnavennst cucreMd (1) dyuxuiss, C — noBinbHa cTana, Ha3UBAETBLCS MEPUIUM (Hmepa-
AoM 1HET chcTeMn, SIKHIO Mae Miclie piBHICTB

o 9P o O
@ =8 T 2 o [tk xe e xn) =0

=1

Slkmio Binomo r Hesanexuux nepumx inTerpanis P, = Cy, Py = Cy, ..., P = Cpy 10
CYKYIHICTb
i, x1, Koy oo L xp)=0Cs, i=1,2,...,n, (2)
ne C; — noeinbni cTani, BusHavae sazassnuti inmezpar cucmemu (1),
I3 3aranbHOTO iHTerpana, poar’sidyloud piBHocTi (2) BiHOCHO Xy, X, ..., X,, MOXKHA
3HallTH NPAKTHUYHO Oyiab-siKME pO3B's30K cucTemu (1).
Sxwo Bigomui BinMinHu# Big cranoi oaun nepwm# interpan ¢ (4, x4, ..., x,) = C,
TO, pO3B’'sI3yI0uH Il piBHAHHA BifHOCHO onHiel i3 smiHHMX, Hanpukaanm, BiaHocHo x,
o=@, x1, x5, .., x,_;, O) 3)

i migcraBaswoun Bupas (3) B nepwi n — 1 piBHstHHA cucremn (1), AictaneMo cuereMy pis-
HSHb, B fKill YHCIO HeBizoMux GyHKUiH Ha oguHMLIO MeHwe, HiX B chctemi (1).
PosrsiiHeMO ABa MeTOJH PO3B’sI3yBaHHS cHcTeM RudepeHNianbHHX piBHAHB Y HOp-
maneHill dopmi. [lepuuit 3 HEX — memod suxaoueHHs NOAATaE y 3BefeHH CHCTeMM DiB-
HfiHb 10 OHOTO PIiBHSIHHA n-ro nopsanxy abo DO KiTbKOX pPiBHAHB NOPSIAKY, MEHIIOro
HiIX 7.
3aranbHa cxeMa MeTOAY BHKJioueHHsi Taka. [Iudepenuiiooud, uanpuknaz, nepiue 3

. . I . . X
piBusnb (1) mocaigosro n — 1 pasis miacrasasioun mopa3y saMicTe noxiguux o ix

3naueHnd f; (¢, x,, X3, ..., Xp) 3 piBHAHb cucremu, xicraemo

dx
d_tl=Fl(t’ Xis Xgy o 0oy xn)»

d?x
-72‘—=F2(z, X1y X2, «es s Xpn),

dn-—l %

dtn-—]
d'x,

di"

=Fn_.‘ (ty Xir X2y o 0oy xn): (4)

= F, (t, %1, X2, «. ., Xp).

3HaNmOBWY Xy, X3, ..., X, 3 Nepminx n — | piBHAHL cuctemn (4) i nigcraBHBIIH B
ocraHHe piBHAHHS cHcreMH, NicTaHeMo AudepeHlianbne PiBHAHHA n-rO NOPAAKY

dx, dx, dvlx
=g e )
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Po3s’sa3asuin ue piBHSHHA, 3HafiIeMo po3B’sizku cHcremu (1).

Cucremy piBusab (1) iHoai Moxkua po3B'd3aTH 3a JONOMOTOIO Memody iHmezposHux
xombinayid, CyTto fioro nojsrae B TOMY, 0 32 NONOMOIO apHdMEeTHYHHX onepauii 3
piBRARb NAHOI CHCTEMH YTBOPIOIOTb TaK 3BaHi inmezpoeri xombirayii, To6TO piBHSIHHA
BilHOCHO fefkol HoBoi ¢YHKLIT u = u (¢, xy, ..., Xp), 9Ki Jerxo iHTerpymootscd.

Hagenedi metoau poO3B'sizaHHS cHCTEMH PiBHSIHB (1) MOXKHA 3aCTOCYBATH TaKOXK JO
cucmemu Oubepernyiansiux pisHane § cumempudnil gopmi:

dx = dxa = vee = din 5)
Xy (% « ooy %) Xa (%10 v ooy Xp) Xn(xg, ooy xp) °

[Ipn pozs’sizanni cncteM By (5) AoLinbnoO BHKOPHCTOBYBaTH BAacTHBicTh piBHMX

Jipo6iB:
SIKIIO
[ [22] [+2%
B =B, = =%,
i ky, kg, ..., kp — moBineniuncia, TO
L . W S kyay 4 kotty + -+ - kpa,
bl - b2 bn k1b1+k2bz+ +knbn
4.1. Poss’s3aru cucremy
dx = i dy — cos ¢
ar = xsint, 5 = xest

Poss a3aunud. [lepume piBanua ne 3a1exuth BiA y. Tomy,
Bilokpemimoloun 3MminHi, Maemo x = Cye—c°s?, [ligcraBumo y npyre pie-
HAHHA: %— = C;. 3Bigcn y = Cit + C,.

Orxe,

x = Ce~t, y=Cyt+C,.

4.2. Posp’szatu cucremy

dx . dy
=ty —-=—x+ta.

Posp sasandd Hupepenuiorody o0HIBI YacTHHH [EPILOTO
piBHAHHA, MaEMO

d?x dx dy
=g T (6)
3 Apyroro piBHSHHA 3HaXOAUMO
dy — dx —a- 2L 2
_dt—=__x+ay_——x+a(d—t—~ax)—-a S —(1+aY)x.

MigcrasuBwu uell Bupas y (6), AicraneMo piBHAHHSA APYroro MOPsAKY
8i craaumu koedinieHTamu:

d? d
- — 205 +(1+a%) x =0,
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Kopeni BimmoBinnoro xapakTepHCTHYHOrO pIiBHAHHA A = a + i
Tomy x = e (C, cos t + C, sin £). 3 nepilioro piBHsIHEA AaHOI CHCTEMH
sHaxoaumo y (2):

y = —Zf——-ax = qe® (C; cost + C,sinf) + e (— Cysint 4 Cycost) —

— et (Cycost + C,sint) = e (— C, sint 4 C,cost).

4.3. Posp’sizatH cHcTemy
4 gt 4y 1
ar T Ty dt T x—t

PosB a3auus [ubepenuioemo o6uABi YacTHHH nepuioro pis-
HAHHA:

4y
d?x dt
az 4 (7
3 zaHol cHCTeMH 3HAXOAUMO;
4y 1 Lo (4 4P
at — x—1° y?"‘(dt }
Tomy piBusinusa (7) mae BuraIAd
dx
dx [ ac )
ez = x—1 . (8)
[Npointerpyemo piBuaAHHA (8):
d dx dx
d (T—) a !
dx ="x—=1 °
@ !
d dx d
ar ln|d—t—-l|=gt—1n,x—tl.
3siacu
& 1=Cy(x—t 0, L(x—tf)=C t
- —1=C(x— ) 6F=0 F(x—1) = 1 (x—1).
[uTerpyloun, nRicraemo x ={f -+ C,e¢, C,6R, C, 0. 3 nepuo-
ro piBusinns cuctTemn Maemo: y = —— . Tomy
=g
S 1 _ 1 _ gy
AR Ty Y (B My oV 7
— dt
1
x=1+Cpe, y=—Fe—e

1“3
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4.4. Po3p’s3aTtu cHCTEMY

dx 4 . dy x
a =Y hsinh g =g

Poss a3anna [udepenuiroemo o6uasi yacTHHH Nepuioro 3
RaHuX piBHAHD:

d2x

d
= 2y d—? + cos t. [t4))

. d .

3 apyroro piBHAIHHA 3HaXoQuMo 2y d—f = X, ToMy piBHAHHA (9) MOXHa
BamucatH y BHIJIsAi

..dz_x —_— ost

i~ — X = Cosl.

3araqbHUM PO3B’AI3KOM LbOTO pIBHAHHS € (yHKLUis
1
x = Cye' + Cye™' — —-cost.

3 mepioro piBHAHHA CHCTEMH MaeMoi

dx . ' 1
2 t —1
=—r —sint = Ce' — Cye 5 sin &.

4.5. Posp’sizatu cucremy

dx d dz
T =¥ @ =% g =xty+z

Poss g93anusa 3 nepworo piBHAHHA MaeMO

d*x _ dy
diz T dt
a6o 8 ypaxyBaHHfAM IPYToro piBHSHHA
d?x
oz x=0.

3Bincu

x=Ciet + Coe™, y =25 =Cie! —Cpe.

[lincraBuBmiv x (£) i y (f) B Tpere piBHsAHHA cUCTeMH, KicTaHeMo .i-

Hifine piBHSHHS [EPIIOro NOPSIAKY % —2z = 2C¢!, 3Biku 2 = Cy¢* +

-+ 2Cqte.
4.6. Posp’sisatu cucremy

dx_z iy_ z dz —z
@ TEY o Ts g TETR
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Po3B a3anHna Judpepenuioioun o6uaBi 4acTHHH NMepuioro pis-
HSIHHS, MAaeMO

d*x _ dz dy
af — dt T di

3BiAcH, 3 ypaxyBanusaM Apyroro fi Tperboro piBHsHb, dicTaeMo
dix

Wg— “]— x=0.
Posp’asyroun me piBHIHHA, 3HAXOAHMO .
x =Cjcost+ C,sint.

3 Tperboro piBHSHHS CHCTEMH MEEMO:
dz dz
dt di
e sxinifine HeOXHOPIAHE PIBHAHHS NePWIOro NOPAAKY. 3araJbHull po3s’s-
30K BiJNOBiAHOrO OAHOPIAHOrO PiBHAHHS Ma€ BHIVIAA

—2=—x abo —2z=—C,cost—C,sint.

2 = Cge'.
YacTuuuu#t po3B’sI30K HEORHOPIAHOTO pIBHAHHA ILIYKAaEMO Yy BHIAAAI
Z=acost + bsint.

Hasa sesusHaueHuX koediumieHTiB a i b Maemo cHcTeMy
b—a=—C, —b—a=—C,,
3BigKu
€1+ 6, b — G =G

-2 2
Orxe,
Cpe' + (C + Cy)cosf+ — (C C,) sint.
Toxzi 3 nepmor‘o piBHﬂHHH CHCTEMH 3HAXOZUMO:
y=2— -2 = Ce! + o (C; — Cy) cost + — (C; + Cy) sint.

4.7. Hepempmn, YH CIiBBiJHOMIEHHS
a) 24+2xy=C; 6) x—1ty>?=C
€ MEePUIHMH iHTEerpajiaMi CHCTEMH

dx dy  y* —t
a =Y G =T
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Poss’ ' fs3auns.

JIip] 9acTunn fanux cniBBifHOUIEHb NO3HAYUMO
6ykBoo 2. Maemo:

a) ———2t+2x +2mi2t+2x L 9y (—y) =0
2 —Z,—=%——y*—2ty Z
Omxke, nepuwiuM iHTerpasoM JaHol cHcreMH € CHiBBifHOMWEHHSA
4 2xy =C.
4.8. JloBecTH, WO crhiBBiAHOmeHHA P, ==ix =C,, Pp,={y |-x%e
He3aNeXXHHMH MepUIMMH {HTerpajaMu GHCTeMH T’:— = ———f_— , idi— =
2Rty

t2

Posa’ﬂsaﬂnﬂ. Maemos

B k= —xtx=m0;
do 242 2x?
dt2 —t 4 +y+2x dt = —y+y— = =0.

Orxke, cniBBifHomenHs Py == Cy, Py = C; € nepumMH inTerpanamu
HaHOi CHCTEMH.

[I1o6 nopecTH He3aMeKHICTh HUX inTerpais, cKJAaLEMO Manmno S1xo6i
My oy, 3,y
O b)) _ 47 0x oy x t 0
o, %y =
A A 0,
ot ox dy
Ockinbkn t = 0, To paur uniei marpuni fopiBHioe 2 i, oTxe, nani inre-
rpaiy He3aNexHI.
4.9. 3uafiTy nepmuil iHTErpas CHCTeMH piBHAHb
dx

. d
- =—y* +sinx, d—}”:-—ycosx.

y 2x !

Posp a3aunusd [loMHOXHMO mOuTeHHO HOepLie DIBHAHHA Ha
cos x, a gpyre —na —y? + sin x i momamo:

d . d
ycosx—d% +(—yt —l—smx)-gf— =0.

Ocraune piBHAHHA 3alHIIEMO TaK:

(ysmx— L;-):O.
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3Biacy saxoammo nepmiufl {uTerpasn AaHol CHCTEMH!
3ysinx —y® =C.
4.10, [oBecry, uo GyHKuin
ux,y)=x*+y*—2In|xy —1|
B3JIOBXK TPaecKTOpifl GyAb-fiKOro po3B’S3KYy GHCTEMH

d d
d; =X+ y — xy?, —E[y————x-—y—l-x’y

€ crajoi,
Po3as a3aunns Hexaid (x(f), y (f)) — po3p’s30Kk Aanel cucre-
MH piBHAHb. B3goBx Tpaekropii uboro posB’ssky Qyskuis

ulx@, gy =xO)+y»2 ) —lnx@Oy @ —1)*
genepepBHo Audepennifiona. O6uncaumo i moxinmys
d
2= [sgr i)
L ou(x@t), y(t) =225 49y Y T -

=2(x—————xyy_ )—+2<y._ x )‘Z_f=

xy—1

2

=t (g e —y ) ) =

= xy%l((-—x—-y+x2y)(x +y—xy) +(—x—y+ ) X
X (—x—y + x%)=0.
‘Orxke, npu Beix ¢ 8 npoMixkkKy iGHyBaHHA PO3B'A8KY HaHO! CHCTEMH
uix®,y@®)=C
4.11. 3naiity nepwui iHTerpas cucremu
(2 gt — ) g = b, (22 +yr—m L =y

Posp 73aHndfA. [IoMHOXHBIIY NOY/IEHHO KOXHeE 8 PiBHfHb GHG-
reMH BixnmosinHo Ha 2x i 2y, AicraHemol

O gr— ) B ot (gt — ) oy,

Honavo ui piBrAHAA!

(z-—-t”)——2tz=-0 Ae 2 = x4y
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3no6yre piBHAHHA MOXHA SamUCATH Yy BUIIAAI
2 (r o) —0, &L _p)=.
3eincu 22 — 2£%2 = C. Orxe, nepwuil iHTErpan CHCTEMH Ma€ BHPJISAR
(* + %) (* +y* —2t%) = C.
4.12. Po3B’A3aTH cHcTeMy
dx Y dy x

o =TT e =~ t>0
PosB a3anHsa [Hoaasmu i BiAHABIIH noY1€HHO A2Hi piBHAHRAS,
LicTaHeMos:

d 1 d 1
T, (x+y)='—' 7 (x+y)' di (x—-y)= 7 (x_y)'
3Biack
G
X+y=—7F, x—y = Cyt,
- 1(C _1yc
x_‘a(‘l +C’t)’ y”T(‘L_ “‘t)'
4.13. Po3sB’snzaTu cHcTeMy

dx dy y
=YY =

Posp sa3annsn [loMaoxuBmu o6ujBi YaCTHMHU IepLWIOTO piB-
HIHHA HA Y, 8 ApYroro — Ha x i JomaBuiM 1X NOYIEHHO, NiCTaHeMO:

dx dy  xy d Xy
Y Trxgr =" F=—
3sincu
xy = Cl. ) (10)
3aminuBiuy B nepiiomy piBHsAHHI naHol cucTeMu xy Ha Cyf, xicranemo
dx
T == Cltx-

Turerpyioun ue piBHSIHHS, 3HAXOIAHUMO

b
x=Cge .

8 pienocri (10) mpu C, 5% 0 maemo

291



Kpim Toro, fikmo x = 0, To 3 apyroro piBasauas y = Cf; Ko y =
= 0, T0 3 nepworo piBuagasa x = C.
4.14. Poss’asaru cucremy piBHAHB

d
T;C-z—_y +( —x—yHx, Z—f=——x-{—(l—x2—y2)y.

306pa3utu TpaekTopii wiei cHereMH | BU3HAYHTH HANPAMOK PYXy IO
UHX TpaekTopiax.

Posp a3aunusa QOueBnauuft poss’sasok cHcremMui X =0, y =
= (. 3Hnafilemo inmi po3s’sa3ku. [lepefizemo R0 MOISAPHUX KOOPIHHATI
XxX=pcosQ, y=psing, p>0. Toni

d . :

20 cosp—psing 22 —psing + (1 — p?)p cos @,
di dt (11)
d . d .
d—?sxmp-}-pcos q:d;f=—-pc05q>+(l—p“’)psm Q.

[lepie piBHaHHA cucremud (11) momHOXKHMO Ha cOs @, a Jpyre — Ha

sin ¢ 1 nogamo. Toxai

dp

—ar =P (1 —p".
TlomuoxuBiin nepwe piBHsiHAA HA Sin @, a Apyre — Ha cos @ i BiAHABLIM
Bifl Apyroro piBHSIHHS nepiue, AiCTaHEMO!

do d
ogr =—p g =—1
Orxe, B NONSPHHX KOOPAHHATAX AaHA CHCTeMa Ma€ BHIVIAR
dp de
d_t=p(l—pz)’ di =—1 (12)

{lepmie piBHsIHHA 3aNUIIEMO Y BHIJsAI —%ﬁi = 2p% (1 — p?). 3BiacH
p=1 abo (——pz_'_, —%)dp2 = — 2dt,

ln|p2—l|—1np2=—‘2t+lnc’ l]—-—plT— =Ce—2t' Cl>0'

Y kpysi 0 < p << | posp’asks piBrsiHHA (12) maOTh BHPASA

p=———V_l+C = * Q:C'—t, CI>O.
1€

flpu p> 1
p=—V—llTﬁ, q>=C’——t, 0<Cl<l-
- Ly
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3asnaunmo, o po3B’a3ky, Aki nodasaucs mnpu ! = 0 B obnacti g >
> 1, icHyloTb He npH Bcix ¢ € R. KoxHu#A 3 HUX Mae cBill HpoMixkoK ic-

1
HyBaHuA: [ > - InCy, 0<< C; < 1.
3anuinemMo posp’A3KH AaHO! CHCTEMH piBHfAHbI

x=0, y=0
cos (1 — Cy) sin (t — C,)
A= —F/—, Yy = = 0;
V1 Ce ™ VIifce? =
AKIIO
gyl
_cos(t—Cy sin (t — Cy) .
Vl Cre @ » = Vi—¢,= Ce—% » 0SG<h
AKIILO
x4+ yi>1

Tpaekropin poss’asky x =0, y =0 —rouka (0, 0). Tpaekropieio
po3B’a3KiB, AKi novanauch Hakodi x2 + Y2 =1 (x =cos (t —C,), y =
= sin (¢ — C,)), € 1e came KoJo.

y
TpaekropiamMu iHWHX po3B’A3KiB € \y
cnipani
l —
—_—— C, >0,
V1+ @ !
SKIIO .
0<xi-+yi<l, \J¢ UITE
i cnipaai —
1 —
= —, 0<(Ci<],
0 V 1= &o-Co ’
SKLIO \
xg+yg>]' Puc. 41

Ockinbka ¢ == Cy — ¢, TO npu ¢ — 00 BEJHYHHA KYTA @ ~» — 00,
Tomy 3 Yacom ba3oBa ToYka, AKa pPyXa€Tbes Mo cmipaji, HabMHIKAETbCSH
Jo Kosia x? -+ y? = 1. lle KO0 Ha3UBAETBCA CIMIUKUM EPAHUHHUM YUKAOM
(puc. 41).

4.15. Poss’asaty cucremy

d d d
d—f:y—z, —dTy_—_x—i—y—l-t, —d;—=x—|—z+t.

Pos3B a3aunnsd Binnmimaioun nounedno Big jgpyroro piBHsiHHSA
TpeTe, AicTaHeMo

d
U= =y—2 y—z=Ce
[MigcraBasiioud ue 3yadeHus B meplie piBHsHHA, MaeMo x = Ci¢! + C,.
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3 ypaxyBanusm ocraunboi pisnocr] mpyre piBHsiHHf RaGupae BH-
raany

d
=y +C+Cie +t.
Posp’asyoun ne minifine piBHAHHA, 8HAXOAHMO
y=(Ci +Cpet—t—1—C,
Tonmi
2=y—Cet =(Ct+C;—Cpe—1—0C,.
4.16, Posp’sizaT cucremy
d d d
T =V—a g = +y =t
PosB asanusa 3 panux piBHaHb AicTaemo

dx dy dz . 2 2 —
@ —a tam=y—Ei— -yt e +e=0,

T06TO

L x—y+9=0 x—y+z=Cp. (13)

Bepyun no yBaru nepunii interpan (13), 8 nepwioro piBuAnHA Ai-
GTaeMo

dx /
—dt—=x—Cl, x=C'2e +Cl'
[lincraBasiious ue 3HaYeHHS X y Apyre piBHAHHSA, MAeMo
dy

L =y +C¥ +2C,Cy’ + CL
3Bizcu
y = — Cl 4+ (2C,Cot + Cy) & + Cie®.
BukopucroByious nepmufi interpan (13), snaxoaumo
2=Ci—x+Y¥=—Cg + (2C,Cyt +Cy) ¢ + Cie* —Ci.

4.17, Po3B’33aTH CHCTEMY — = —— = ——,

PospB a3audn 3 piBHAHHA  yzdx = x2dy 3HAXOARUMO!

X = Cly. (14:
Cknaziemo interpogny kom6inauiio:
ydx + xdy _ dz dxy)  dz
yxz+xyz =~ xy '  2xyz = xy °
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Ckopouyioun o6ujBi yacTHHH 0bOTO piBHAHHA Ha % ta inrerpywun
fioro, nicraemo
xy — 22 = C,. (15)

Ockinbku nmepui inrerpann (14) i (15) ueaanexsi, To Bci po3B’si3ku
JaHoi CHCTeMH BH3HAYaloTbes i3 cniBBignowmenb x = Cuy, xy — 2% = C,.
, dx dy dz
4.18. POSB s13aTtd CHCTeMy —%Ty- == 7 =
Poss' asaunuda 3 piBuaAHHA ady = ydz 3naxoaumo OXHH 8 iH-
Terpajis cucremu: y = C;2. 3nafiieMo ule oAuH iHTerpaJ, yTBOPHBIUY iH-
TerpoBHY KOMOiHalLil0!

d 2z —d
2z—xy - 2z—yy’ d(x—2 +y) =0.
Maewmo
x—22 4y =0C,

OueBugno, mo snafifeni nepwi inrerpajn -— He3aaexHi.
4.19. Poss’asaru cucremy

dr  dy _ dz
2xy ~ prP—xr—22 T 242

PozB a3auusa [lpupisuaswu nepwe i Tpere cniBBignomenns
. . . X
Ta CKOPOTHBIUH HA Y, AicraneMo piBHAHHA 2dx = xdz. 3Biacu - = Cy,

x = Cy2. loMHOXKUBLUH YHCEJbHUK i 3HAMEHHHK KOXXHOTO i3 cniBBifHO-
meHb BianoBigHo Ha 2x, 2y, 2z i fonaBmid iX, gicTaHemo

2xdx+2ydy -2zdz _ dz [ dx
LA T 2y ( Ixy ) '

abo

—_— —_— ———

P z X

d(x® 4 y? -+ 23) E_( dx).

Iurerpyoun ne piBHAHHA, 3HaxoAumo x® + y® 4 22 = Cg2 (= Cyx).
Tomy ocratouno

x=0Cz, x*+y?+2>=Cz (=Cyx).
4.20, Posp’szatu cHcremy

dx _ dy _ de
y+z  xt+z x4y’
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Posp’ asannna  KopHcrywouuch BracTupicTio piBHHX ApoGiB,
eKJafeMo iHTerpoBHY koMGimanio:

dx — dy _ dy — da
Yyt+2z—(x+2 = xdz—(x+y

d{ix—y _ dly—2 , x—y=0C,(y—2)

x—y y—2
Hpyry interpoBHy kombinauilo ck/a1ajeMo Tak:
dx 4 dy +dz _ dx —dy dix+y+2 __ d(x—y
ytedrx+z+x+y T yFe~(x+2 ° 2x+yF 0 —(x—p °
3BifcH 8HAXOAMMO [Ie OAHH iHTErpan AaHoi CHCTEMH!
1 1
5 In |x+y+z|+ln|x——y|=71nC2,

x+y+2)(x—yP=0C,.
Hepaxko nokasaru, wo sHaigeni nepii inrerpann gesanexdi. Tomy
Bei posB’A3KH JaHOI CHCTEMH BH3HAYAIOTbCH CIiBBiAHOIIEHHSIMH
x—y=Cy—2, x+y+ax—-y?=0_C
dx . dy _ dz
t(y—2)  y—2x)  zlx—yp
Posp a3andsa Ckiagemo inrerpoBay komOinamuito:

dx -+ dy _ dz dix+y 42
x—a+y@z—x elx—y’ 2(g—x  zlx—y °

4.21. PosB’a3aTu cucTemy

3Biacu x + y + 2 = C;. MoxHa CKJacTH Lie OJHY iHTErPOBHY KOM-
6inanuiios

ydx 4 xdy . dz
yY—+rylz—x  z2(x—y °
d(xy) dz d(xy) __ de
xyly—x) ~— 2(x—yp ° xy -z
Toni 2d (xy) + xydz = 0, d (xyz) = 0, xyz = C,.
OcraTouHo
x+y+z=0C, xyz=C,.
’ dx dy dZ
4.22. Po3B’f3aTH CHCTeMY T dy—r—y — F—

Po3B fisaHnHsa BuxopucroBywuu B/AaCTUBICTb pPiBHUX ApOOIB,
GKJIaJJaEMO iHTerpoBHy KomGiHaLio
2xdx 4 2ydy _ dz
2(x+y—x) F 2Py —x—y) ~ PL—x"°
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d(x®4 9% dz
2(e2— %  — (P-4
d(x? 4+ y?) = — 2dz.

3Biacu x2 4 y?* + 22 = C,. llle oany iHrerposny kom6inaniio ckaa-
JeMO TaKi

ydx + xdy _ dz

P —xp By —xt—xy T yr—

d (xy) . de a0 _ 4,

(92 — 2% (1 — xyp) yr—x2 ' l—xy =
Interpytour, sHaxoaumo In| 1l —uxy| + 2 =C,.

HeBaXko BNEBHHUTHCH, L0 3HaMleHi mepui inrerpaju — Hedadexui
R4yt 422=C, In|ll —xy|+2=C,
4.23. Posp’a3aty cucTemy

dx dy dz
—d-t—~2x—y+2, 'dT——-2!/*—Z, —d—t———z.

Posp' asannsa [lani piBHAHHA MOXHA po3B’s13aTH NMOGIIAOBHO.
3 TpeTbOro piBHSIHHA MAaEMO: .

— t
2 = Cyel.
Toxi apyre piBHaAuus nabupae BUIASLY
dy
dt
Horo 3araqbuufi posB’si30K:
y = Cye? 4 Cet.
[lepine piBHAHHA CHCTEMH 3aNHIIEMO TaKl

dx

di

3aranbuuil po3B’s130K OAHOpiAHOro piBHAHHA, fKe BiANOBilae piB-

usunio (16), mae purasi x = Cpe¥. Uacruunuil po3s’A30K HEOAHOpiA-
Horo piBHsAHHA (16) WyKaeMo y BHIIALI

x = (at + b)e*.

i [lincrasuBun xy (16), sHaxouumo: a = —C,, b — OyAb-fiKe UYHCJIO.
Tomy

= 2y — Cqe.

= 2x — C,e*. (16)

t=Ce¥ — Cyte? = (C, —C,t) e?.
Orxe, po3B’A3KH LaHOT CHCTEMH MAIOTb BHUIJISL
x=(C; —Cyt)ert, y=2Cpe? + Cuef, 2z =Cge.
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d d
4.24. PosB’sizatu cncTemyd—f = ty ) y = 3x +—-—y

Pozp’ s3annn 3 nepmoro pimmmm MaeMo

dx d?x
y=t27, —2t——+t2 dfz y

a 3 Jpyroro
d 3 d
G =Sty =8+ 3o
Orxe, JaHy CHCTEMY MOXKHA 3BECTH JHO DIBHSIHHA APYrOro HOPSLAKY
d2x
2

RS

To6TO 10 piBHAHHA Eifjepa

d®x dx
1 — df‘ —t7—3x=0. (17)
Posp’ssku piBuanms (17) wykaemo y BUrIAAl x = . lns Bu3Ha-
yeyHsl k& AicraeMo piBHAHHS R (k —1) —k —3 = 0, 8Bigkn & = —,

ky = 3. 3aranbuuii po3s’a30k piBuauua (17):
C
X = Tl "I“ Cztsc
3 nepwioro piBHSHHA JaHO! GHCTEMH 3HAXOLHMO}

y=19 —_C, +30,

4.2. Jlinivini ognopigxi cucremmn gudrepeHuianbiux piBHAHD

Jinidnown o0nopionoto cucmemoro Ougpeperyiarvbrux pieHanb HA3UBAEThCH CHCTEMa
piBHSIHB

%X——A(t)x, t€R?, te€l, (1

Ie A () — xBanpaTHa MaTpUUs NOPAAKY 7, eJeMEHTH AKOQ & 4 i= 1,2, .., n,— e
nepepBHi Ha futepBani [/ Pynknii. Byab-akuf po3s’A30K chcTeMu (1) MOXHA HPONOBKH-
TH Ha Beck iHTepBan [

Muoxuna X Bcix poss’azkiB cucremn (1), Busnauerux Ha [, e ninifinum mpocropom,
Jlinifmuk npocrip ¥ Beix pose’sizkie ninifinol ognopinnoi cucremn isomopdnuit dasoso-
My npoctopy R" ufei cucremn.

Dyndamenmarvrow cucmemow pos3s’ a3xis ninifiHoi oxnopiaHoi cucremMu piBHSAHB da-
auBaeThest Gasuc ainifinoro npocropy poss’s3kiB X, 10610 n aiHifiHO He3aNeXHHX PO3-
B's3KiB niel cucremu.

Matpuus X (#), crosnusiMp siKOi € DO3B'AI3KH, IO YTBOPIOIOTh (YHRAMEHTAJbHY
CHCTEMY, Ha3HBAETHCS (PyHOGMEHMAALHOW mampuyet.

Slkmo X (¢y) = E, ne E — onuHHYHA MaTpHud, TO QyHjameHTanbHa Marpuna X (f)
HA3uBa€TuC Mampuyarmom cucmemu (1).
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flkmo X (f) — dyHRaMenTanbHA MaTpHif, a C — cTaja HeocoIHBa Matpuus no-
psaaky n, 1o X (f) C € Takox QyHAaAMEHTaNBbHOIO MaTpHUelo chctemu (1).

Byap-ika cacrema Buay (1) 3aBxau Mae pyunamentaibny Matpuuo X (). Byab-akuft
po3B’a30K x (f) cuctemy (1) MOXKHa 3anucaTd y BHIVIAAL

o5
Cy
tH=X@®C, C=]| . )
Cn
ze Cy, Cy, ..., Cp — crani, To610 x () € ninifinoto komGinanieto poas’s3kis Gynnamentansb-

HOT CHCTEMH,
Byxas-siki n 4 1 poss’askiB cucremn (1) ninifiHo 3amexnui,

Busnaunuxom Bpotcerxozo cucteMu BeRTOP-OYHRUIA @4 (4, @ (£), ..., Pp (f) Ha3HBa-
€TbCcA uHCIOBa (YHKILS
P () oot @y (O Ppy (0)
WEH=|......... s q:k(t)=( : ), E=1,2 ..., 1
P O vot @, O Py (8)
Poss’aakn @ (¢), ..., P, (f) CHCTEMH YTBOPIOWOTh GYHAAMEHTANBHY CHCTEMY TOAi i

TiABKE TOAi, KONH IX BH3HaurHK Bponcekoro W (f} Biamimuuit Biz Hyss npu zeaxoMmy
tel.

SIKwo BusHauHuK BpoHckKoro poss’sakis cucremu 1) gopisuioe HyJTI0 B oanldl Tounld,
TO BiH TOTOXHEO AOpiBHIOE HYJMIO NpH Beix £€ /.

Jss BusHaunHKa Bponcbkoro poss’sskis ccremu (1) cnpaeepnnsa dopmyna Jiy-

siann — Ocmpozpadceroeo:
t

S' a(r)dr
W () =W (t,) e° R

Re a(t) =SpA() = au(t).
i==]

4 4.25. OGuucautd npu ¢ = n 3HaYeHHR BH3Ha4YHWKA Bponcekoro,
LKIaACHOTO /IS PO3B’A3KIB

(mw,&@=hm®=h

Y1 ()
(20), =1 s
CHCTEMH DiBHAHD
: de-=xsint+y, if‘g—=x—ysint.

~ Posp asanusa Cxopucraemoch dopmyaoto Jliysimng — Octpo-
FpPaAChKOro;
.y t SpA®M dt

W@:ng.
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Y unoMy BHNAAKY

A () =(S“” LY, spa@=o.
1 —sint
Orxe,
W(n)::W(O):“ "; =2
4.26. Bimomo, mo x; = —sin {, y; == COS ! — pO3B’SI30K CHCTEMH

% = xcos®f{— (1 —sinfcos{)y, %’— = (1 4-sintcos?) x -+ y sin?t.
3uafitu Bci po3B’aA3KH Wiel cucTeMy.
Posp 93auusa  Hexai =@ (), y =1 (f) — po3B’s130x
AaHOi cHcTeMH, Aas akoro ¢ (0) = 1, ¢ (0) = 0.
3a gopmyJtoo JliyBians — OcTPorpaicbKoro Maemo

p (t) —sint _ I 1 0 eig(sinﬂ—I-COsST)d‘c e
P (t) cos i 0 1
a
@ (f)cost P (f)sint = ¢. (#]

Ockinbku (@ (f), P (f)) — po3B’si30K DaHOI CHCTEMH, TO, BHACHiAOK
(2), Maemo :

—?;t’; =—1P-tcost(pcost +ypsint) =—1P 4 €' cost,

Z_xtb =@ +sinf(pcost +Psint) = ¢ + ¢ sint,

abo

4 (g —etcost) = — (p—e'sin),

%N,_etsmt)z(p—e‘cost.

Moxkuna BuGpatH @ = efcos t, | = e’ sin ¢.
3arajbuuil po3B’A30K JAHOI CHCTEMH Mae BHUIVIAL

x(H\ _ ( efcost —sint\( Cy\ _ (Clef cost—C,sint
y (@) etsint cost/\ C, C,etsint + Cycost)’
4.27. Bigomo, mo cucréema piBHsAHb

Lt —fr+E =B+t D)y, G =(1—)x+E—t+ 1)y
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Mae po3B'a30K Xy = %, (), y = y, (1), e %, (f), Y1 () — MHOTOUJIEHH
BiAnoBifHO Apyroro # Tperboro crenens. 3HaHTH BCi pPo3B’A3KH jnaHol
CHCTEMH PiBHSHD.

Posp sasannsa Hexafi n@=a+bt+c? gy @)=
= d - ft. IligcraBuBilK Lli BHpa3H B JaHY CHCTeMy, IJS BU3HAUYCHHS He-
BiJIOMHX Koedilliedrip nicranemo piBHSIHHS:

—c+[=0, c—b+d—f=0, b—a—d+f=0,
a+f+d—2c=0, b=d, a+d—f=0.

[[i piBHSIHHA BHKOHYIOTECA, AKMO b =d = 0, a = f = ¢. [lokJas-
my @ = f = ¢ = |, 3HaX01¥MO OJIH 3 PO3B’A3KIB ¥, = 1 + 2, y, = ¢,
o6 sHaiiTH We OLUH PO3B’A30K, JIHIAHO HE3aJeKHHA 3 PO3B’A3KOM (X
Y,), ckopucraemoch dopmyJoto Jliysiana — Ocrporpancokoro.

Hexah x=9¢ (), y=1v @ (9(0) =0, ¢ (0) = 1) — wykanuit
po3B’sizok. Tozi

4
L+£ o) _ 1 0 eg ('c(l-—‘r)+'r’—1:+l)d1:—_ )
t  wl o1 -
abo (1 + ) ¢ —fp = ¢
YpaxoByiouHu 1i0 piBHICTb, 3 APYroro PiBHSIHHA X3HOi CHCTEMH SHa-
XOJHMO
%%=w—4¢+wb+ﬁw—4¢=¢—4¢+wﬂ
Ilpu ¢ == 0 maeMo

=t — Pyt te = (L+ ) p—e — 12y + 10,

142~y —1)e

3Bincu, Gepyuu no yBaru Te, mo ¢ (0) = 1, nicraemo
Y() =e, ftp=(1-4 %)y —e =t
o610 @ (f) = fe!, ¢} (f) = ¢*. Orxe, noOyAOBaHa (HyHIaMEHTAJNbHA CHCTe-
Ma po3B’f3KiB: ¥, = 1 + 2, y, =, xy = tet, y, = ¢€t.
Orxe,
x=C; (1 +)+Cyet, y=Cit+ Cef
— 3arajJbHHH PO3B 430K JAHOI CHCTEMH.

. int¢
4.28. Bizomo, mo x, =cosi——7—, y = Sitnt — pO3B’sI30K

JHCTEMH DiBHsAHB
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3nafit el poss’asku uiel cucremu.
Poss' szanusa [JubpepeHuilooud NoYNEeHHO JApyre piBHAHHA
JaHol cucTeMH, 3BeeMo ii io ofHOro piBHAHHSA APYroro mOpSAKY:

&2y =_l_(dx _L)=L(_£-ty)=i(——2d—y—ty),

dar t \Tdf ; ; t ] di
d%y 2 dy
a2 =T a Y
YacTHHHHA PO3B'AI30K LBOrO PiBHAHHSA Yy = Si?t . Bukonaemo 3a-
MiHy HeBizomoi oyHKuil )
y=2p () =255 3
Maewmo:
%$+2 tcostt;-sint __g_tz_+ —-t’sint-—?;icost-i—2sint 2+
+T2_(%nt% tcostt-!—-sint z) + sigt 2 =0.

IMicss enpouieHs AicTaeMo piBHAHASA
: d?z dz _—o
smt—dt—g +2008t—df—
3anuinemo 1e piBHAHHA TakK:

sinzt—Z—:,f— +2slntcost—z—;- = 0.

3Bigcu
d
sin?t = = C. (4)
IMorknagemo B (4) C = — 1 i sualinemMo ofMH 3 po3R’si3KiB; z = cig £,
3rigao 3 (3),
y=ctgt sint — cos ¢

¢ 4

Hicranu nBa nainifino nHesaseXui poss’sisKH y; i y,. [IliacraBubiun
B Jpyre piBHAHHS CHCTEMH, 3HAXONHMO Xy

_ 4 dyy . —tsint—cost . cos ¢
Xp=t—% =t 7 = —sinf ———.
Orxe, MaeMo Ba po3B’A3KH
sint __ sint
Xy =008t ———> U1 = ——}
. cos? cos ¢
Xy = —sint — T =
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Busnaunuk BpoHcbkoOro

int . cost
St —sint —

cos { — 7 7

X1 Xa| _
Y1 Ys

1
=50,

sint cos ¢
{ ¢

Tomy Ui po3B’si3kH JiHiHO HesanexHi. 3aranbHUl po3B’A30K cHe-
TEMU:

x=Cl(cost — si:” )—-Cz(sint_}-ﬁ’ts_’_) ,

y = = (Cy sint + C,cos o).

4.29. 3’scyBarH, Ui € MaTpHIA

g—cost — gsint
X (@ =( )
— g—tos t Qesln {

(YHIAMEHTaJbHOIO MaTPHLEI CHCTEMH DiBHAHB

dx : i
— = 2sint—cos {) x + (sinf — cos #) y, 6)
‘fi_ll’= (cost—sint) x + (2cost —sind)y.

3uafity MarpuuasT uniei cucreMu Tta il po3B’a30K, AKUil 3aJ0BOJIbHSAE
yMoBy x (m) = —1, gy (n) = 2.

Posp snsannsa [Ilepesipumo, unm croBnui fnaHoi Matpuui e
po3r’siskamu cucreMu (5). Maemo:

C ot = sint et ! = (2sint — a0s f) =0 ! + (sint — cos #) X
X (— g—<o8 h,
dit(__e—cbst) —_ _Sinte—cesfa(QCOSt__Sint)e—cosi +

+ (2 cost —sinf) (—e—cos?),

":T (—estn?) cos tesiv ! == (2 sint — cos £) (— esin ¥) + (sin £ — cos £) 2e%in?

‘gz“ (2esin1) — 2 cos fe¥int == 2 (cOs t — sint) (— esint) +
+ (2cost —sinf) 2esin .

Kpim Toro, BusnHauHuk BpoHGbKOTO

e—cost __ psin t

= gSin t—cos ¢ 0.
— g—<es [ 2csln t :7&
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Ortxe, nana mMaTpuusa € dyHnaMeHranbHo0. MaTpHuaHT JaHOT CHCTEMH
wykaemo y surasani X (¢, tg) = X (f) C, ze crany marpumo C 3HaiineMo
3 ymoeu X (&) C = E, sBinkn C = X' (¢t,).

O6uucansuu obepreny no X (f,) MatpHuio, xicranemo

X (t, to) _ ( eg—sost __ esin t) (Qecos o PLECR ) _

— g—cost Qesin ¢ e—sinty, g—sint,

(Qe-(cos t—cos fg) __ psin '—sinty g—(cost—cos #5) __ esin t—sin £, >

2esin t—sinty __ De—lcos t—cos 1y) Qesln t—sinéy __ g—(cost—costy)

PosB’si30k cucremu (5), AkH# 3aZoBoJbHAE YMOBH X () = — I,
y (n) = 2, 3anuweMo y BUIVIALI

- —cos f—1 __ psint? —l-—cos ! __ psint
* (@) _—_-X(t,n)( : =<2€ il gt it gt |
Ul (t) 92 2 (esint__ g—1—cos t) Qpsinf __ p—l—cos t

( —1 ) (_ g—sint
X = ’
2 Qesin t )

TOBTO X = — g—5In? gy = Qpsint,
4.30. 3HafiTy po3B’SI30K CHCTEMH
dx dy 2

=Y e Tk
AAIKMH 3ajoBoJbHsie YMOBY x (—1) =1, y (—I) = -2,
Posp’ azauna [Oubeperniiooud nepiie piBHAHHS, JaHY CHCTe-
My 3BoJuMO Jio piBHsIHHA Efiyepa

d*x d 2 d*x
= = P — %0 ©)

Po3B’s13KH 1BOTO PiBHAHHA INyKaeMo y surasagi x = £°. Jlaa  BH-
3HaueHHA k Maemo piBusmHa Rk — 1) —2 =0, 3Bigku &k, = 2
kg = —1. Orxe,

X == Clt’ —gt—.- -

— 3arajbHuit po3B’si30K (6). 3 mepwioro piBHAHHS CHCTEMH MaeMo
C.
y ==2C,t — _tiL .

Ypaxosyioun nouatrosi ymoeu, C; i C, Bu3HauaeMo i3 cuctemu 1 = C; —
— Cy, —2 = —2C; — Cy. Maemo C; =1, C; = 0.

lykaunii po3s’asok: x = {2, y = 2¢.

4.31. Posp’sizatu cucremy

dx 2 dy ‘ 2 -
a tTrx=h T—UJFT)"—U——‘-
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Posp'sa3annqa [lepue piBHAHHA MOXKHA PO3B’SI3aTH He3a/eXK-
HO Big Apyroro sK JiHifiHe HeOJHOpifHe PiBHSHHSA HEPIUOrO MOPAIKY.

3arajbHHH po3B’A30K LbOro pPiBHAHHA X = % IligcraBuBmIM B Npyre
piBHsiHHA, AicTaHeMo )

dy t C, 2C, 1
V=3t +=— 3

Ie takox miniifine HeofHOpPiAHe PIBHAHHA NEpPLIOTO HOPAAKY. 3arajb-
HUH po3B’A30K BiJNOBiJHOTO OXHOPiHOTO PiBHAHHA:

y = Cye'.
UactuHHHA DO3B’A30K HEOJHOPIAHOrO PIBHAHHS HIYKAEMO Yy BHIJSALI
y=oa 4 pt +t—’; . IligcraBuBmiM y B piBHAHHA, JAicraHeMo: o = 0,
1 14 C
ﬁ=—‘—3—, ‘Y—_——Cl TOMyy—:Czet——"a—-—-'—t]I—.
4.3, Jlinikni cueremm 31 ctanumm KoedpinlenTamm

Cuctemy siniiiunx audepennianviux piBHsiHb 3i cranumu Koeginlentamu

dx
‘E—' = Ax, (l)
Je x == (xl, Xoy seey xn)T — n- BPlMlpHHH BEKTOD, A— IIIPICHa CTaJjla KBaJpaTHa MaTpHUsA

TNOPSAAKY 72, METOZIOM BHKJIOUEHHS MOXHA 3BeCTH 10 Jiuifinoro pmmmx-m a3l cranumu Koe-
tinjentamu pigHocHo oxHiel meminomoi dyunxuii. TTpote icnylors i inwi MeToxw poss’s-
3aHHA TaKHX CHCTEM.

MeTtoa Eilnepa. Po3s’sizku cucremy (1) wykatoTe y Burisal

x=e"n, h=(qa, ag ..., ap)T. )

dynkuin (2) € po3n’askoM CHCTeMH (1) Toui i TinkkE TOAi, KOMH A — Birache 3ma-
yeHRA MaTpuii A, a h — BaacHuil BexTOp uiel MarTpuii, sxuh Binnosinae yucty A. Stkwo
BJlacHi SHAueHHH hl, Agy oeey Ap MannLu A nonapHo pisui, a hy, hy, ..., b, — Bignosigni
iM BiacHi BeKTODH, TO 3araTbHRi po3B’si30K cucteMH (1) mae BUIJISA

x=CyM'hy + Coerhy + -oo + Cpetnlhy,

ne Cy, Gy, ..., C, — poBinbHi uncaa.

SIKWO BJIACHOMY 3HAYEHHIO A xparHocri k Bignosifae piso k ainifino He3aJIeKHHX
BJI4CHMX BEKTODIB Ay, ..., hy, TO cucteMa (1) mae k aiHifino HesanexHUX PO3B’SI3KiB BUXY
Ahy, o, iy,

SIKIO BJIACHOMY 3HAYeHHIO A KpaTHOCT k BignoBinae m, m << k, ainifino Hesamexuux
BJ4aCHHX BeKTOpiB, TO po3B’si3KH, AKi Bignosinaiors A, MoxHa wykatd y Barasii

x=(hg+ Ryt + --- + hk_mtk—m) M, @

ze hy, hy, ..., By_, — HeBinoMi BexrOpH,
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o6 3pafiTH KOODAMHATH HeBifOMHX BexkTOpiB Ry, My, ..., A4, TPeGa mincraBHTH
supas (3) B cucreMy (1). [TpupiBusaBmKM KoediuienTn mopi6rux wieniB y aiBif i mparii
YaCTHHAX CHCTeMH, AlcTaneMo piBHSIHHA [ BH3HAYeHH® KOOPJIHHAT HEBiOMHUX BeK-
TOpiB.

S1kuio ceped BIAaCHHX 3HaueHb Matpuii A € KOMILIEKCHO CHPSXKeHi maps uncen A =
= o + P, P50, To posrasHYTHM crmocoGoM MOXKHa NMOGYAyBaTH BigmoBiari iM Kom-
miaeKcHi poss’ssaxku Buay W = u -} iv. Buginusum aificny 8 yABHY YacTHHH TaKHX DO3-
B’3KiB, mictaneMo Lifichi posn’sasku, ski BigmoBinawoTs A.

Marpuynuit metox inrerpysauns cucremn (1). Lleli MeTon rpyHTyeThCs Ha Gesnoce-
PeAHBOMY 3HAXOMKeHHI dynAaMeHTanbHOI MaTpHII CHCTEMH.

Excnonernorw ¢ mampuyi A HaznBaeThest cyMa paAy

1 1 1 1 o |
A= Bt At g AT A e kg At e = Y A
=0

it
4

fe E — opunuuna MaTtpuns.

BaracruBocTi MaTpHuHOl eKCHOHEHTH

1°. lxwo AB = BA, 10 ¢A1B = (B+4,

2°, Skmo A =TT, 10 e = T 1/ T,

3°. Marpuus X () = e e poas’siakoM MatpuuHoi 3agaui Kowi: X' = AX,
X (8) = E, 10610 € dyHIameHTaqbHOI0 MaTpuuero cucTeMu (1).

3 BnactuBocTi 3° BUI/IMBaE, MO po3B’s30K cuctemu (1), AKuf 3a70BOJLHSE yMOBY
x (0) = x,, Bu3HavaeTbea dopmynow x (f) == ¢ K- .

Qrxe, sanaga iHterpyBanus cuctreMu (1) eksiBanenTtHa 3amagi noGynoBH Matpu-

:

i
Matphuny ekcronenty ¢! 3pyuno GyiyBaTH, BHKODHCTOBYIOUH TaK 3BaHY 0(0POaH0-
ey Gopmy mampuyi A. SIx BizoMo, 6yxe-iRy MaTpumio A MOXHa 3anHcaTH y BHIVISAI

A=T-U AT, J(A) =diagUp, (M), Iy, he)y o0y Iy (Rs))s

ae
I 0..00
0 A 1.,..,0 d
Tmy (V) = . D) my=mn,
s s s 2 s e f==}
0 0 0...4

npuuoMy BiacHi 3mavemus Aq, ..., A; e 0Gos’s3koBo pisni. Ksasiaiaromanena marpu-
us J {(A) HasuBaeTbcs aopdarosoo gopsorw mampuyi A, a MaTpHLS J'”t (A) — xopnano-

BOIO KiitHHOIO (6s10KOM) MaTpuii A. Ko m; = 1, TO XKOPLAHOBA KJIiTHHA HA3HBAETHCA
npocmoro. 3arajibHa KUIBKIiCTb § KOPAAHOBHX KJIiTHH JOpiBHIOE Kinbkocti niHifiHO Hesa-
JIEXKHHX BJACHHX BekTopiB MaTpuui A. Baacsomy smauenHio A Binnomimae r= n —
— rang (4 — AE) xoppaHOBHX Kaltun.

3 BaactuBocti 2° BHIUIMBaE, HIO

eM = 71/ AT,

Be

pre3 m, M)t Im (g

==diag[e‘l ..-.,e

I
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BanucaBmy MaTpHLiO J'”i (A;) y sarnanl J’"i A)Y=ME+ I, ne

01 0...0
00 1...0
I= ,
000...0 .

Sy O3}
nlcranemo, mo e my " eMel,

Marpuuo ¢!t jerxo noGyayBath 3a JonoMoroi pagy (4), ockimexku [™i=0,
Xe /my; — NOPAJOK KJiTHHH J”‘i (Ag).

4,32. Posp’3aT cucreMy

d d
=5+ 2, g =—%—y.

PoaB f13auHs 3acrocoByeMo Meroi Efvepa. YacTunnl poss’ss-

KH CHCTEMH LIYKaeMo Yy BHIISAI x = aeM, y = PeM. IlincraBupuiu B
cHCTEeMY, AicTaHeMO pPiBHAHHS AJS BU3HaYeHHs o i P

G—MNat+26=0, —d4a4+(—1—A)P=0. (5)
lle ninifina ognopiaHa cucreMa. Bona Mae HeTpuBianbHHI PO3B’ 30K,

fiKIo i1 BH3HAYHHK
5—A 2

=0,
—4 —1-A

8BilKH A; =1, A, =3.
[lpu A = | cuctema piBHAHb (B) ekBiBaneHnTHa piBHAHHIO 4o + 28 =

= (), oaHuM 3 po3B’s3Kip Akoro € o =1, f = —2. Tomy x = &,
Y, = —2¢t e po3B’SI3KOM JaHOI CHCTEMH piBHSIHb.

[Mpu A =3 cucrema (5) exBiBasentHa DpiBufAHHIO 200 + 20 = 0,
SIKOMY 3aJ0BOJIbHSIE, HanpHkaal, a = I, p = —I1. Otxke, no6ynoBano e
OJHH pPO3B’A30K JAHOI CHCTEMH Xy = e y, = — ¢%,

Ocxkiabku

¢ 3t
e e — o 0,
— Q¢! — g3t

TO NoOYN0BaHi po3B’ A3KH JiHifiHO He3a/eXHi i YTBOPIOIOTh Gy HAEMEHTAMb~
HY cucTeMy. 3araibHUE DO3B’f130K CHUCTEMH BHpayKaerbes (GopMyJiolo

(x [ ¢ e’ (Cl Ciet + Cye®
Y — 2 —e*\Cy) T \—2C.e¢t — Cye®)

3aysaxkumo, mo Ay = 1, A, =3 —Baacui sHavenHsa, Ay = ( ;) ,

1 . . .
fq :{ | BJACHI BEKTODH MAaTpHLi JaHOI CHCTEMH.
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4.33. Poap’sizatu 3anagy Komi

dx
T:Bx—}—y, x(0) = 1;

=—x+y y(0)=0.

Poss' saannsa 3actocoByeMo Meron Eilnepa. Baacul snauenns
MaTpHLi AaHof CHCTEMH 3HAXOJMMO 3 XapaKTepHCTHYHOTO PiBHAHHA:
3—A 1

-1 1—=A
OckiJbKH BJAacHi uHcsia MaTpulli piBHi, TO PO3B’A3KH NAHOI CHCTEMH
myKaeMo y BHIIAAL
x=(a+yher, y=(@+ e
ITigcraBasioun i BHPa3y B JaHY CUCTEMY, AicTaHEMO
v+ 2 (o + v2) =3 (x+ vt) + B + 8¢,
842 4 81) = —a—yt+ P4 oL,

Ili pisrocT] BHKOHYIOTBCS TOTOXHO TOAI # Ti/IbKH TOAI, KOIH @& —
— v+ P =0,y + 8 =0. 3siacu nicraemo aBa JNiHilHO He3aNeXHi po3-
B'SI3KH, Hanpukaag, o =1, f=—l,y=0=0ia=1,f =0, y=
= 1, § = —1. Otxke, MaeMo JBa JiHiliHO He3aJeXkKHi PO3B’ I3KH CHUCTEMH:

Xy (8) =€, x,(t) = (14 ) e
Y1 (8) = —e*, Y, () = —te*.
3araspHufl po3B’A30K Mae BUA:
x = Cye? 4+ Cy (1 4 1) €%, = — C,e¥ — C,fe?.
Crani C,1i C, 3uafinemo 3 ymoB x (0) = 1, y (0) = 0. Maemo:
1=C,+C,, 0=—C,.

&le

=0, Ap—hy=2.

3siacu
C;=0 C,=1.
Orxe,
x=(1+18e* y=-—tex

4.34. Posp’sizatu cucremy
dx dy
—dt—=-3x+2y, T————x—y.
PosB' s3aHHgs 3HaXOAUMO KODeHi XapaKTepHCTHYHOIO piB-
HAHHA
13 —A 2

_ 2 ___ = = 1
—1 1—%1“0’ A 4A+5=0, A, 2 4 i,
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3uafinieMo poss’A30K x = aeM?!, y = PeM! nanol cucremu, axuil Big-
nosijgae Kopewto A, = 2 — {. TlizcraBuBiIM i BHpasH B CHCTEMY, AicTa-
HeMO piBrAHHSA aa o i P

1+da4+2=0, —a+f(E—1)p=0.
OpuuM 3 pos3B’si3KiB uboro pipHsAHHS € a = 1 — i, p = —1; ToMy
x = (1 —i)e@dt, y=— gt
— KOMILJIEKCHHH PO3B’A30K HAHOL CHUCTEMM, SKHH 3amuimieMo y BUIVIAAL
x=(1—i)e*(cost—isint) = e¥ (cost—sint—i(cost -} sint)),

y = —e% (cost —isini).

Ockinbkn Koedillientamu panoi cucreMu e gnificHi uucsd, To AificHa
fi yBHA YACTHHHU IbOTO PO3B’SI3KY OKPEMO € TAK0X PO3B’ I3KAMHU CHCTEMH.
Orxe, MaeMo JiBa AificHi PO3B’A3KH:

x, () = e¥ (cos t —sin ¥), x5 (f) = e (cost + sin¥),
Y, () = —e* coslt, Ys (1) = — e sint.

MoxKna nmokasary, o Ui PO3B’A3KH JiHiHHO He3aslexXHi, TOMy 3araib-
HHI PO3B’SI30K Mae BHA
x=e*((C;—Cy)cost— (C,+ Cy)sint), y = —e* (Cycost — Cysint).

4.35. Posp’sizatd cHCTeMY

dx dy dz
TV g =xta =Ty

Posp a3anusda 3rigno 3 merogom Eilnepa, po3p’sisku LiyKaemo
y Bursigi ¥ = aeM, y = PeM, z = yeM. Iins  BusHauenus o, P, p, A
MaeMo CHCTEMY piBHSIHb

—h+P+y=0;
a+(—=MBp+7r=0; (6)
@+ p—Ayp=0.
Ue cnereMa Mae HerpuBianbumfi posB’s30K, AKINO
—A 1 1
1 —A 1|=0, A—3L—2=0,
1 1 —A

sBigku Ay = 2, Ay = Ay = —1.
Kopenio A, = 2 signosifae cucrema 3 ABOX piBHSHL (TpeTe € HacHig-
KOM JBOX HNepIUHX):

{—2a+5+?==0;
a—2p+y=0.
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Opun 3 posn’ﬂaxiB uiel CHCTEMH: & = Lp=1,y=1 Tomy x =
= e¥ gy, = ¥, z;, = ¢” € Po3B’I3KOM CHCTEMH AH(EpEeHIiaTbHHX DiB-
HiHb. PaHr Matphui cucreMu anreGpaiunux piBHsup (6) npy A = —I
popiHoe opuuuni. OTXe, CHCTEMA 3BOAMTLCS [0 OJHOIO piBHAHHA & 4
+ P 4+ vy = 0. Lle piBusanHs Mae JBa JiHifHO He3a/leXHi PO3B’3KH, Ha-
npukaat ¢ = |, =0,y=—1i a=0, p=—1, y= 1. Komﬂomy
3 HUX BiJNOBifae OAWH po3B’A30K:

X =e4 y, =0, 2z, = —e%
X3 =0, yg=—e?t 2z5=¢"%
Ockiabku BpoHCKian
e e! 0 1 1 0
e 0 —et| =1 0 —1|=—3=0,
e —et et oo 1 —1 1

TO PO3B’AI3KH YTBOPIOKOTH (YHIAMEHTaJbHY CHCTEMY. 3arajbHHi po3B’d-
30K Mae BHI

x=Ce% 4 Coe~t, y=Cie? —Che™?, 2=C%— Coe™+ Cget.
4.36. Suafity e, aKio
A= N ea=( °1.
1 0 —1 0
Po3s a3auusd a) 3ao3HaueHHAM MaeMo

eAt

OGuucauMo MaTpHIL A% b= 2,3, ...
0 I1V\0 1 1 0
2 _ -
A ~(1 0)(1 0)*(0 1) E,
A® = A%4 = A4, A*= A?A? = EE = B.

Orxe, A* = A, akmo k=2 + 11 A" =E, AKIo k = 2p.
Tomy

¢ =F 4 At + E —— 21 +A—— 3, + E-4— 4, + eee =

1 0 0 1 1 O\ s I\ s
o 1)+ () 0)“”(0 () 0) R
1 {3 14 / {8 il
Tttt th gttt o _(cht sht)
= 3 3 4 “\sht ch#’
gt It
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6) O6unciaumo Marpuni A%
A2=( 0 1y/ 0 1:(—-1 0y,
—1 0/\—1 0 0 —1
g mao(—1 Oy 0 n_ —1
0 —1/\—1 0 1 0

T AR

3Bixcu BUMJIMBAE, MO
A* = (— Iy E, A™H —=(—1yA4, k=0,1,2, ...
Tomy
2 £ 1 £
eM=E4 A—Eqr—Agr+Eg+ A5 — -0 =

1 0 0 1 1 0\ » 0 1\ s
= t._ _ -
(0 1)+(_1 o) (o 1) 2 (_1 o) s+
1 0\ s 0 1\ s
o D -
2 t‘ ta tb
b—rt+g— > =gt —

A4 ® 13 *®
ity gt et

cos? sint
- (— sint cos t) '
4.37. 3uality Marpuuio e4!, Ko
a)A=(3 ——2); 6)=( 3 l)_
4 —3 —1 1
Posp’sa3anus.a)Baacui snavenns nanoi Matpuii A, = 1, A, = —1.

Tomy xopaanoBa copma wmarpuui J = J (A) =((1) 1). 3Hai jeMo

TaKy HeBHPOAXKeHY marpumio 7T = (a Z) ,i06 A =T JT, a6oTA =
¢

e e ey

Maemo:
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abo
3a44b —2a— 3b a b
(3(; +4d —2 — 3d>=(-—c -—d)'
3sigcu a + 2b = 0, ¢ + d = 0. OnHuM 3 po3B’A3KiB AaHHX PiBHIAHB

e a=2b=—I,c=—1, d=1. Tomy marpuo T Moxua Bubparu
y BHIAsAAI .
r={ * —Hh.

—1 1
. —1 1 1
Hesaxko suaiitn o6epreny Matpuuo 7 =| 2).
Orxe,

eAf——_T—leJ’T:—_(l 1)(et 0)( 2 -—1)2
1 2/\0 e¥t/\—1 1
_ (¢ e 2 —1\ (2 —e*t —e fe?
_(e‘ Qe-f)(—l 1)“(2et—2? —et+2e—f)'
6) 3 piBHsiHHA
3—2 1

—1 1—A

3HAXOJMMO BJIACHI 3HaueHHs AaHOi marpumi: Ay = A, = 2. OecKiabKknu
paHr MarpHui

“A=rE=A—2E=(3"2 DN 1 1
—1 1—-2 —1 —1
aopisHioe 1, To )xopAanoBa ¢opma MaTpuui A Mae BHIVIAL

1=(o )

Marpunw T = (a Z) TaKy, mo A = T_IJT, 3HalieMO 3 MaTPHYHO~
c

a b 3 1 2 I\fa b
(c d)(— 1 1>=(0 2)(0 d) '
Jas sBusHaueHns a, b, ¢, d picraemo aiRifiny cucremy piBHAHB
3a—b=2a-tc¢, a+b=2b+d, 3c—d=2¢ c+d=2d,
AKa eKBiBaJleHTHa CHCTeMi

a—b—e=0, ¢c—d=0.

=0, M—4r+4=0

ro piBHAHHSA
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OxnuM 3 posg’'sskiBe a =3, b=2,c=1,d=1.

Orxe,
T=3 2’ T'“‘:( | —2‘
1 1 — 1 3
Tomy

a I —2 (e?’ te? (3 2) ((t + 1) e* te?
[ = = .
— 1 30 e¥/\1 1, —te? (1 —1)e
4.38. 3naiitu marpumo e??,; AKmo:

sa-( 3 fans 2 )

Poss s3annsa a) 3anumuemo matpuio A yeurasgi A = aE +

1, e
Es(l 0>’ 12( 0 1)'
0 1 —1 0

Ockinbky marpuns aF gomyrye 3 matpuueio B/, To
eAl — prE 1Bl

Ipote e*F = ¢*E. Tomy e = e*'eb!.
Marpuusa e’ noGyfosana B sanaui 4.36:

e"~( cost sint)

fozli

—sin!{ cost
o cospt  sin Bt)
—sinpt  cosfp¢ '
Orxe,

At — gat Bl — ( e cosft e sin ﬁt)

—e¥sin Pt e*cos Pt
6) 3 piBusnHs
5—2 10
—2 —3—=X
8HAXOAHMO BJACHi 3Ha4YeHHS AaHO! MaTpHLi.
A =1—2i, A =1+42i
JLificHa xopranoBa opMa MaTPHL Ma€ BHIVIAL

J=(12.
-2 1

1=0
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3uaxonuMmo HeBHPOMKeHY IHificay Matpumio T = (Z Z) TaKy, [0
A = T7"JT, to610 A

b alle Zg=(a ol 2

(5a—2b lOa——3b)____( a-+ 2% b—l—Qd)

abo

bc —2d 10c — 3d —2a4+¢ —2b+4d
Ins BusHaueHHs craaux a, b, ¢, d MaeMo cucreMy
4a—20—2c=0, 10a— 4b —2d=0;
4¢ —2d +2a =0, 10c—4d 4 2b = 0.

Onun 3 po3p’a3kiB wiel cucremn a=0, b=—1, e=1,d =2,
0 r={> "N tom ( 21
mxe, T =| 9 oni ={_1 ol

3 pos3p’sizanus 0. a) wiel 3agaui BUNAKBaE, MO

et = ¢ 2 ¢ cos2t ef sin2t
—etsin2 et cos2t)’

eA’-—( 2 1 ( et cos2f efsin 2t (O -1\
—1 0/\—¢&sin2t etcos2i/\I 2
B ( ¢ (2sin2f 4 cos 2f) 5e' sin 2t )

— ¢ sin 2t e’ (cos 2f{ — 2 sin 2¢
4.39. 3uafliwoBly Marpuio e4?, po3B’A3aTH CHCTEMY

A _ Ay, x=(x1, A=(—2 =2,
dt X 4 4

Posp’sizanusa. Biaacaumu 3HaueHHamMn wsatpuii A e A; =0,

b
| o6
d) o

a b\(f—2 -2 __(O 0 (a b
c dJ\ 4 4 \o 2)\¢ dj’
INepemnoxuBiun MatTpuui B AiBif i npaBifi yactunax uiel pisnoeri, Al-

CTaHEMO CHETEMY JJI BU3HAYEGHHHA CTAMUX a, b, ¢, d:
—a+20=0, —c+d=0.

Tomy

a
s = 2. 3naiinemo Taky marpumio T =<
c
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Posp’a3kavp i€l cHCTeMH €, HaNpHK/Ial, YHCTIa
a=2, b=1 ¢=1, d=1

T=<2 1’ T—1=< 1 —1 .
11 —1 2

Ypaxosyioun, mo A = T~'JA, nieraemo
At — 1 —1 e(gg)t 2 1\ _ I —1\/1 0\/2 1)=
—1 2 1 1 —1 2/\0  e¥j\1 1

. 1 —e¥ 2 l__( 2 — e 1 —e?
T \—1 2% /\1 1 — 24 9% — 1492

Tomy

Tomy

_p o
c-nn( 275, 1770

X,
— 2422 — ]+ 2

fie x, — nouarkose (npu ¢ = 0) 3HaueHHA PO3B’A3KY x (f).
4.40. 3a ponomorolo MaTpunaHnta e4! posp’sasatu 3afauy Kol

d x1 l l _l
=A% x=|xg| A=|=1 2 —1|
Xg 2 —1 4

Posr A3anusa Baacui sHauenns marpuui A 3HafizeMo 3 xa-
PAKTEPHCTHYHOrO PiBHAHHA

1 —A 1 —1
—1 2—x =1
2 —1 4—A
Maemo: A, = Ay = 2, A; = 3. Panr marpuui

—1 1 —1
A—ME =[__| 0 —1
2 —1 2

nopisuioe 2. ToMy BaacHOMY 3HaueRHIO A = 2 Bigmosijae r = 3 — 2 = |
OpJaHOBa KJiTHHa poaMipy 2 X 2. Orxe, xopjaHoBa ¢opMa MarpHii

A wmae Burasag
2 1 0
J=(o 2 0)-
0 0 3

=0, A\ —2)2(h—3)=0.
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Marpumo T = (a;), 215 axol A = T~JT, snaxomumo 3 MaTpHYHO-
ro piBHRHHA

Ay Gy O3 1 1 —1 2 1 0\/ay a, ay
Q1 Ay Gy || — 1 2 —1)=10 2 0]lay ay a5]:
Qg Qg Qg 2 —1 4 0 0 3/\ag a5 ay

3anucasiid €KBiBa/JeHTHY WBOMY piBHIHHIO CHCTEMY aJjreGpaiuHuX
piBHSIHb BiJHOCHO a;;, HeBaXKKO 3HAHTH OAMH 3 Ii pO3B’AKIB a;; = 3,
Qg = Qg = 2, Gy = gy = gy = Qg = a3 = L.

3uaxogumo Matpumi T i T

3 0 2 1 0 —2
T=O 11),T”=( 01-_0.
10 1 —10 3
e?t teZl 0
N‘=(0 e o),

0 0 e

1 0 —2\/e¥ te¥ 0 3 0 2
et = 01 —1)10 e 0 11 l) =
—1 0 3/\0 O e/\1 0 1

Ockinnku

TO

¢ (3 - £) — 2™ t2 (2 4 f) — 2
" ( e — g% o2 e o )
(Bl 4 36Y e — (2 1) 4 Bt

[llykauufi po3p’s30K Mae BHUTJIAL

0 24
x(t):e’"(l)=( e )
0 — te”

4.41. 3a ponmomoroio MaTpHuaHnTa eA? poss’sizatd sanasi Komi

dx (% _[—3 4\, (P
quu,x_&) A“(—ll) um_@)

Poap a3annsa Posp’asyioun xapaktepucTuuHe piBHSHHS

—3—A 4
=0, A 2h1=0,
— 1 1 — xl a4+
nicraemo BJaacHi 3sHaueHHA Mmartpuui A:
Ay =2y = — 1.
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Panr marpuui
A_x15‘=(‘3—(‘1) 4 )=(“2 4
—1 l—(—1) —1 2

JOpiBHIOE 1, TOMY BJ1aCHOMY 3HAUeHHIO A = —] BifnoBigaer =2 — | =
== | jKopJaHoBa KJiTHHa posmipy 2 X 2.
Orxe, xopaanoBa dopma MaTpuii

J=J(A)=(—(l) _:)

c

e o= 26 )

Marpuwo T = (a Z),mm akoi A =T7'JA, suaiinemo 8 piBHsnHS

8BinkH
Qa4+b+ec=0, 2c4+d=0, a=—1, b=1, ¢c=1, d=—2
Tomy
—1 i —2 —1
T = ~1 _
( 1 ——2)’ r (—1 —1)'
—2 —1\ (T Def—1 1
e"“(—l Z) (T -—2)'
Ockinbku

-1 1 1 ¢
o —1)t — ot
¢ ¢ <0 1)’

—2 —I\fe~ te\/—1 I
eAt:(—l —1)<0 e—f)< 1 —2)"
=(—2e"’ —e—’(1+2t)>(—l 1)=
—e —e (1 +9) 1 —2
=((1-_21) e dte )

te— (1-4-t)et
Illyxauui po3p’s30K 3aiuiueMo y BHRASM

(1—20e~  4te \(1\ ((1—2)e
"(t):'( et (1+t)e—t)<o)=( tet )

TO OCTATOYHO
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4.42. Josectn, mo kosu Matpuus P (f) komyrye 81 ¢BoiM inTerpanom,
706710

P\ P(dr={P(arP),
0 0

TO PO3B’fI3KH CHCTEMH DiBHSHb

s =P@®)x ™)
BHpPaXaloTeCad (opMyJIon
¢
S Pirydr
x(f)=¢€° X

Poap asannasa Ilokaxemo, ulo MarpulaHT cHcTemd (7) mae
BHI

[
s' P(rydr
Q(f) = e

Cnpasni,
¢
‘[ P(rydr

2an=0 PO

i
OckinbKH MarpHIi S P (r)dri P (f) 3a yMOBOI KOMYTYIOTb, TO
0

4

S‘ P(r)dr .‘. P(rydr
é P(t)y=P(t)e
Tomy
{
d I P(rydr
— QW)y=P ()¢ =P H)Q(0).

Kpim Toro, ouenano, mo Q (0) = E. Tomy Q (f) — Marpuuanr na-
HOI CHCTEMH.
4.43. llokazapum, U0 MaTPHILA CHCTEMH PiBHSIHb

dy

—@-=xcost—|-ysinl, T

i = xsint 4 ycost

KOMYTYe 3i cBOIM iHTerpaJ/ioM, 3HaliTH MaTpHLAHT AAHOI CHCTeMH.
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Posp s3auna Marpuus cucreMu Mae BHIVIIA

P) = (cost sin t)
sint cost/’
a
4 Pid sint 1 —cost
§ (r) dr = 1 —cost sint
3nalineMo NOGYTKH:
P (t) S-’ P(r)dr—( sint sin®¢ - cos £ (1 —cos )
% sin?# -+ cost (1 — cos¥) sint '
§P(r)drP(t)—( sint sinzt—{—cost(l—cost))
p sin?f -+ cost (1 — cos ¢) sint '

Orxe, Matpuusa P (f) Komyrye 3i cBOIM iHTerpanoM, TOMy MaTpPHUAHT
Mae BHIIAL

t
0 é‘ P(ydr Pl ) s (ch (1 —cost) sh(l—cost)
(#)=e =€ - sh(l —cos#) eh(l—cost)/’

4.44, O6uucantd Marpuuio e, gKmo

a B 00 a B 1 0

| -8 « 0 0}). | =B « 0 1

A= 40 ) 94=| 00 « p

0 0 —p « 0 0 —B a
Poss’sizanunsa. a) [okaagemo B =(_ 2) Toal

cosPt sin pt

eB = )(,zms. sanauy 4.38).

=& (— sinft cosft

B
Ockinabkun A =—-( O), TO

O B
cosPt sin pt 0 0
e’ O —sinPt  cospt 0 0
t_ it
et = (O eB’) & 0 0 cosPt sin pt
0 0 —sinff cosft
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6) 3anuwemo matpuimo A ysurasni A = A + I, e

o p
—B
00
0 0

A

0 0 0010
ool ,_fooo1
@« B]' "Tlo o0 0 o0

—B 000 0

Moxna nokasatu, mwo Al = IA. Tomy e = eAfelt,

3rigHo 3 pesyJibraramu

szagaui 4.38, maemo

cos Pt sin Bt 0 0
oAl — gt | T sin pt  cos Pt 0 0
o 0 0 cos Pt sin Pt
0 0 —sin ft  cos Pt
Ockinvkun I%2 = 0, 1O
1 0 ¢t O
01 0 ¢
It —_
¢=E+lt=150 10
0 0 01
Orxe,
cos Pt sin Pt 0 0
At oatolt  aqt| —Sin Pt cosfit 0 0
¢T=eren=e 0 0 cospt sinpt | %
0 0 —sin Bt cos Pt
1 0 ¢t O cos Pt sin Bt tcosPt tsinpt
x 01 0 ¢ - eat —sinPt cosPt —tsinft tc?sﬁt
0010 0 0 cosfPt  sinft
0 0 0 1 0 0 —sin Bt cos Bt
4.45. 3naftty marpumio e4?, AKmo

0
a)A=(()
0

1 0 2 1 0
o 15 94=(0 2 1.
0 0 0 0 2

Posp s3ayuda a) Ockiabku

0 1 O\/0 1 O
A2=001)001
0 0 0/J\0 0 O
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0 0 1IN/ O 1 O
A’=ooo)(001=
00 0/\0 0 0

0 0 0

0 0 0},

0 0 0
10 A* = 0 119 Bcix £ > 3. Tomy

10 0y (01 0 o0 1y, (1t 5
eA’=010)+OOIt+OOO)‘§,—=01 )

0 00 00 0

001 0 00 1

6) 3anumemo matpunio A y surasai

01 0
A =2E 4 B, 11e3=(0 0 l).

0 0 0
Qckinbku matpuni 2E1 B koMyTyioTs, T0
oAl — 2Et+-B thEeB’,

12

e — ¢MF, Bt — 01 ¢
0 0 1
OTKe,
: a
eAt — e?l 0 1 t
00 1

4.46. 3nafiTy BH3HAUHUK Matpuui e?, He OGUHC/IOOYH caMy MaTpH-
o ed.

PosB s23anusa Crkopucraemoch ¢opmydoio Jliysiaas — Octpo-
rpaACbKOro:

S Sp Adt
det et = ¢

Maemo:

1
gSpAdt
deted =e?
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4.4. NMiniiiHl HeogHOPIAHI cHcTEMM

JIiRiinow #e00HOPiOHOW clicmemoio Ha3UBAETBCS CHCTEMAa BHAY

d s
T = O x ey (O et e+ 8 () 5+ i O,

i=1,2,.0.,n,
a6o B BeKTOpHO-MaTpmuHifi ¢opmi

dx
o =40+, M

Je X — BEKTOD 3 KOMIOHEHTaMH Xy, ..., xp; A (f) — maTpuis, edeMeHTaMHu K0T € QYHK-
nif 9 @, 1i,j=1,2, .., n; f ({) — exvrop-pysKuis 3 komnonentama f, (¢).
Sixno Bimoma dynnamentanbua matpuusi X (f) ainifinoi ommopimmoi cucTemn

d.
=AW x, @

To cHcreMy (1) 3aBxan MOxKHA PO3B’A3aTH 3a KOMOMOFOIO Memody sapiayii 0osiavHux cma-
aux  (memody Jlazpamsca).

3riHo 3 UM METOIOM, 3arajibHUil pO3B’A30K cHCTeMH (1) WYKaeMo y BHCAAAL x ==
= X (!} ¢ (¢). Koumonentn ¢; (¢), i = 1, 2, ..., n, Bexropa ¢ () BH3HauaIOThCA i3 cHCTe-
MH piBHAHB

de
X =1,

sIKa Mae eXMHUH O3B’ 730K BigHOCHO dt (det X () 5= 0).

CucteMmy (1) MOXia po3B’sI3yBaTH TaKOMK 38 NONOMOFOK METONIB BHKJIIOYEHHSA Ta iH-
TerpOBHEX KoMGinaniit.

3arasbeuil po3B’a30k Jinifinoi neomnopignol cuctemu (1) ckiajaeThes i3 sara/ibHO-
ro poas’'sizxy signoBinnoi ainifinol onnopimHoi cucremu (2) i sikOro-neGyab YACTHHHOTO
po3B 3Ky HEOAHOPIAHOT CHCTEMH.

Akmo B cucremi (1) marpuus A (f) == A — crana, a ¢yukuil f; (f) mMaoTs BHIAL

fi (t)=e°"(Pm (1) cos Bt—)—Rk (sinfty, i=1,2, ...,n,

ze P, (t) i Rk (#) — muorounenn crenenis my 1 k; Bignosiano, T0 YacTHHHUE PO3B’A30K

Heonﬂopmnm cucreMH (1) moxe 6yTtn 3uaunemm 3a METOIOM HesUSHAueHux Koediyicnmig.,
3rifno 3 UMM METONOM, YACTHHHUE PO3B’AS0K INYKAEMO y BHISA

xp= e QL ycosB T sinBy, f=1,2,...,n, (3)

ne Q,’,H_s ), m+s(t)" MHOTOUYJIEHK CTereHs m - s 3 ueBH3naueHuMy Koedinientamu,
m= max {my;, k;}, s=0, AKWO KOHTPOJbHE 4HCIO O = & i} He e BracHuM 3Ha-

YEHHAM ManHul A; AXIIO X O € BJIACHUM 31aueHHAM MaTPHLi A, TO s MOXKHA BHOpATH Ta-
KHM, o ROpiBHIOE KpaTHOCTI UbOro uucia (Tounime s RopiBHioe mopsiaky wahbinbuof
Kaithny JKopaana marpaui A, ska sianosizae BJIaCHOMy 3HaYeHHIO O).
Hesinomi xoediuientn MHOrowieHis Qm—i—:. n, T m—l—s (¢) sHaxoAsTL 3a AONOMOTOIO
nifcranoBry (3) B flany cucremy i npupiexioBands xoediuientis mopibuux ujenis.
Metoa neBnsnauenux xoediuientiB moGyrIOBH 4aCTHHHOTO PO3B’SI3KY 3aCTOCOBHHM
i Toni, Koan komnoHeuTH f; (f) Bexropa f (f) e JinifinuMu_KoMGinamiamu QyHRIIA BHRY
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(3). Ilns nporo cilif cKoOpHeTaTHeA NPUHUMIOM cymepnosuuii poss’sakis, fKui noasrae
; soie X "3 R
B TOMy, IO KOJH x' € DO3B’A3KOM jiHifiHOI cHCTeMH a4 = AW x4, i=

< ; o dx
=1,2, .., m 10 x=2 aix* € posB’skoMm Jiniitnol cucremn 7=A () x +
~
m . y
4 X ouft (1), e oy = const.
i=
4.47, Po3p’Asatu cucremy piBHfIHBb
dx dy
— =y—>5cost, — = 2+y.

Poss a3aunusa. Opaum 3 Meronis, ski Oy/ad po3rasiHyTi B Mo-
fiepeHix 3ajayax, HEBaXKKO 3HAHTH 3arajbHUH pPO3B’A30K BiAMOBiAHOI
QIHOPiAHOT CHCTEMH:

x = Cye~ + Cye¥, = — Cie~ + 2C,e%.

OckiJnbKH KOHTPOJAbHE YHCIo ¢ = 4+ i (B = |, a = 0) He € Baacuum
§HAUEHHAM MATPHL OJHOPIJHOT CHCTEMH, TO YACTHHHUH PO3B’S30K Heol-
Hopignoi cucremu 3nafiieMo, NOKJ2BIUH

x = A,sint + B,cost, y=A,sint -+ B,cost.
[MigcraBuBUIM Wi BUPA3u B JaHY CHCTEMY, AiCTAHEMO:
A, —B,=—5 B,+A4,=0, A4,—2B,— B, =0,
g 24, + B, + 4, =0,
“HBiIKK
Ai=—2, Bi=—1, A,=1, B,=3.
3arajbHHl PoO3B’SI30K JaHoi CHCTEMM Mae BHIVISIE
x = Cet +Ce? —2sint —cos t, y=—Cie'+ 2C,e% |-
-+ sint 4+ 3cost.

4.48, 3HafiT TOH pO3B’S30K CHCTEMH % =2x+ y-—Tle—*t — 3,

id .,

’-dTy =—x+ 2y— 1, Akuii € obMexeHuM npu f-» - oo,

. Po3p a3aunsg 3ualizeMo Bci po3B’A3KH BaHoi cHCTeMH. Bin-
‘HOBiZHA OJHOpiAHA cHUCTeMa Mae€ MaTpHUIAHT

: th( cost sint
—sint cost

(auB. 3agauy 4.39 n. 1). Towmy
=e*(Cycost + Cysint), y=e¥(— C,sint+ C,cost)
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— 3arajJbHKi po3B’A30K ofHOpiaHoi cucteMH. Kourposabhi yucna o, = 0,
0, = —1 He € BJaCHHMK 3HAUEHHAMU MAaTpPHUi OAHOPiAHOI CHCTEMH.
Kopucrylounch NPHHIHOOM CyNepno3Hiii, dacTUHHUA pO3B’'A30K Heod-
HOpPiZHOT CHCTEMM LIYKAEMO y BHIMALI

x= (A, +A)e”"+ A4, y=(B,+B,tye'+ B,
IlincraBuBlUM Ui BUpa3# B AaHy CHCTeMy, NiCTaHEMO
34, —A4,—B, =0, 24,+8B,=7, 3B,— A, —B;=0,
24+ B;=3, A;,—2B,=—1, 3B,—A4,=0,
8BifKH

A1= 5

N

3

B1=Tv Ay =3, By=1 A;=1 B,=1L

ToMy uacTHHHHE PO3B’SI30K Mae BHIJISIT
(5 —t (3 —t
e (e v e
3arajbHHi po3B’S30K JAHOT CHCTEMH:

x = ¢ (C,cost -+ C,sint) - (%Jr 3t)e—'+ 1,

y =e¥(—C,sint 4 Cycost) + (% -+ t)e—‘ + 1.
Cepen nux po3p’sA3KiB oOMeKeHHM pH [ — 4-0o e JIHIIE OJHHI
3
X = (%+3t)e“‘+1, y=(T+t)e—’+l.

4.49, Po3p’si3aT# cHCTeMY piBHSHb

dx

B o—ox oy 2, 9Ly —3en.

dt
Posp si3anHA. 3arajbHHM PO3B’SI3KOM BinmoBigHoi oaHOpixHOT
CHCTEMH €
x=C +Cue¥ y=—Cie 4 C,e¥
(Ay =1, Ay = 3 — Bnacui 3HaueHHA MaTpHUi OAHOpPiZHOI cHCTeMH).
OnHe 3 KOHTPOJLHHX YHCea G, = |, 0, = 4 HOpiBHIOE BJIACHOMY 3HAauYeH-
HIO Ay = |. KOpHCTYIOUMCEH METOAOM HEBH3HAUeHUX KoedilieHTi | npHH-

HUIOM CymNeprio3uuii, uyacTHHHHH pO3B'S30K NAHO! CHCTEMH WIYKAEMO Y
BUTIAAI

x=(A, 4+ Ayt)e + Aze¥, y = (B, By)e -+ Bge.
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[linerapuBiiM 1i BUPa3n B eUcTEMY, NiGTaHEMO
—A,+A,—B;=2, A4, +B,—B;=0, A4+ B,=0,
24,—B; =0, 2B;—A;=3,
#Binxu
A, =0, A,=1, Ay=—1, By=—1, By=—1, By=—2
" Tomy 3arajbHuiél po3B’sI30K JaHOI CHCTEMH MA€ BHIVISL
= Ce +Cue®+tet —e¥, y=-—C1& +Coe¥—(t + 1)e! — 2e*,
4.50. Poss’asatu cucreMy

dx y dy  x

Po3B d3auH1fA. 3acTocyeMO MeTol iHTErpoBHHX KoMGiHauii.
JBopasin nowieHHo o6uasa piBHAHHA, RicTaHeMmo JiHifiHe piBHAHHA BiJ-
gocHo ¢yHKLilI x + y:

d 1
G D) =1+ ) (o) e
Poss’s13aBuIHM Horo, AicrtaneMo
X+ y = Cte 4 t%'. ()
. BignsBmu Bij neplioro piBHAHHA JaHOI CHGTEMH JApyre piBHAHHS,
ajcranemo JiHifHe PIBHAHHSA BIIHOCHO X — y:
’ d I
ar W= = (1= | (—p) +te
Siamcn
H x —y = Cyte™’ 4 2, (6)
3 piBasub (B) i (6) mMaemo:
Cx= 17 (Cie + Coe) +t2cht, y= —;—(Cle’ — Cye=’) + 2 sht.

_ 4.51, Merozom Bapianil AoBiNPHHX CTa/quX 3HAHTH 3araJbHH# poO3-
B'H30K CHCTEMH
dx d 1
T =% g =%+ -+t
Posp Asannsa 3aralbHEM po3B’sisKoM BignosiaHoi oxHOpiz-
Hoi cHCTeMH €
x=C +Che~, y=~C,¢ —Coe".
IL" 3araibpHu#l po3B’A30K NAHOI CHCTEMH IIYKAEMO Y BHIIARI
x=Ci (e +Cat)et, y=Cy(t)e —Cy(t)e. (7
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®yukuii C; ()i C, () 3HaxomuMo i3 cHUCTEMH

Clye + Ciltye' =0, Ci@)e —Ci(t)e™ = —¢ - Int,
C{(t):%e—’(—tlz——klnt), Cit)y=— ¢ (%2+1nt).
3sincu
. 1 {1 \ _I 1
Cil)=—— e [+t +C, Colt) =5 o (7 —Int)+Cy

pe C,, C, — posinbui craai. IligcraBuswm B (7), gicraneMo mykaHHi
3arajibHuil  po3B’f30K:

x=Ci +Coe~ —Int, y=Cie —Coe~! —-.
4.52. PosB’asatu cucremy piBHSIHb
d d
F=y+tgt—1, L =—x+tgt.

Poap Aa3auusa. 3araicHufi DO3B’A30K ONHOPiAHOI CHCTEMH:
x =Cycost + C,sint, y= —C,sint+ C,cost.
3araabHuil Po3B’A30K JaHOI CHCTEMH LIYKAEMO Y BHUIVIAAI
x=C,(t)cost + Cy(f)sint, y=—C,(f)sint+ C,(f)cost.
Ina susnavennsa dyuxuifi Cy () i C, () maeMo cucremy
Ci(f)cost + Cy () sint = tg?t — 1, —C (f)sint 4 C; (f) cost = tgt,
3BigKH

Ci(t)=—cost, Cyit)y = Sbr.

laTerpyioun, 3HaXoaMMo
Ci(t)=Cy—sint, Cy(f) = Cy+ —— + cost.
Tomy
x=0C,cost 4+ C,sint - tgtf, y=—C,sint 4+ C,cost 4+ 2.

4,53, Posp'sizatd cucremy piBHSIHB

dx . dy
—d—t——y—{—smcot, =

Pos3B sisanna Baacri gucna matpuni Bianosifnoi ogHopigHoi
CHCTEMH: Ay = --i. 3arajabHuil po3B’A30K OJHOPiAHOT CHCTEMH:
x=C,cost +C,sint, y=—C,sint + C,cost.
326



Yacruaunil po3s’A30K [MIYKATHMEMO METOINOM HeBH3HAUeHUX Koe dimi-
entis. KontposbHe 4uciIo o = == (@

PoarnsneMo Taki BHNAIKK.

1. Hexafi o == 1. Toni 0 He ¢ BJAaCHUM 3HAYEHHAM [ YACTHHHHH PO3-
B’SI30K HEONHOPiAHO! CHCTEMH LIYKAEMO Y BUIMALI

x=A,sinot + B,coswt, y=A,sinot+ B,cos ol 8

[NigcraBuBmy ni BApasy B Kany chcreMy i npupiBHABIUKM KoedilieHTH

npu sin of i cos w?, KicraHeMo piBHAHHSA
0A, =B, A;+ 0B, =—1, 0A,4+B;,=0, 0B,=A,.

3sincu

1

(O]
Ay =0, Aa='m_z__1’ By =— w—1 7 By =0.
lllykauuii 4yacTUHHHH PO3B A30K:
(0] 1 .
x=—wc05mt, y=W51nmt.

.. 1I. Hexah o = 1. Toxai o e BracHHM 3HaueHHAM i YaCTHHHHH PO3-
8'5130K LIYKATHMEMO Y BHIRAALI

x=(A,+ Ayt)sint 4 (A; + Af)cost, y = (By+ Byt)sint -+
+ (B4 + Byt) cost. 9)

4. [liicTaBuBIIR Ui BHpa3H B JaHy cucreMy | npupiBHABIIM KoedimieHTH
¥pu sin £, cos f, ¢sin ¢, fcos{, micranemo piBHSIHHA:

A +Ay=B; Ay—A;=B,+1, B+ A4,=0,
Ay—B,=0, B +-B,+A4,=0.
3 nux piBHAHb IicraneMo

1 1
Ay=A;=4,=8B,=B;=0, B =g A2=B4="§'-

Orxe, myKkauuii 4aCTHHHUE PO3B’A30K Mae BUPJISALA

. 1. t

x=—sint, y=—-—sint+ —§-cost.
4.54. PosB’azaty chcreMy piBHfHD
dx
-d7=—-2x—[—3y+4z—3t,

LY = _bx 4Ty 62+ 1T,

d
d—t2=x-—y+z-{—t.
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. p 03 Ba93anua Baacai s3HadeHHs martpuni BiAMoBimHOT OAHO-
pinHoil cucremu: A, = 1, Ay = 2, Ay = 3. 3arajbHBH PO3B A30K vAHO-
pizHoi cucremu:

x=C.e + Coe? + Cpe¥, y=C1¢' + 3Cee%, 2= Cyue¥— Cye*.
Kourpoabne gucno o = 0. Tomy uacTuHHHA po3B’si30K naHOi cHcre-
MU WYK3EMO y BHLJAAI
x= A, + By, = A, + Byt, 2= A, + Byt
[MizcTaBuBIK i BUpasd B cucreMy, KiGraHemo PIBHSIHHS [J5 BH3HA-
yenunss A;,, B, i=1, 2, 3,
B+ 24, —34, —44,=0; — 6B, + 7B, + 6B =
— 2B, + 3B, + 4B, = 3; B, —A;+A,—A,=0
B, + 64, — 74, —64; =1, By —By4+By=—1.
3Bigen By =1, A, =A4,=A,=B,=B,=0.
Tomy x =0, y =1, z =0 — wyKaHn# vacTHHHUA PO3B’sI30K.
3araJbHUA PO3B’A30K Ma€ BUTIAL
x = Cie + Cpe” 4 Cpe¥.
y=Cie +3Ce" +1, z=~Cp¥— Cye”.
4.55. Tino KUHYTO mill KYTOM @ [O FOPH3OHTY 3 IIOYaTKOBOIO [UBHIA-
kicTio v,. Bpaxalwoun, mo onip nosiTpa nponopuifinufi o MBHAKOCTI
pyxg, 3HaHTH 32KOH PYXYy 3aJ/IeXKHO Bil dacy i Tpaekrtopiio pyxy Tifia.

03B’ 93aH4d 9 Hexail tizio pyxaerscs B miomuni xOy (puc. 42).
Hexa#i mouaTkosolo TouKow € Touka O, a maca Tina 3ocepeiKeHa B

onuif toyni Ha rtino aie nBi CHJIM: cdAa Baru P = mg, HanpsmieHa
BHH3, i _cuna onopy nosiTps Q, HanpsMJeHa NPOTHIEKHO BEKTOPY WBUA-
KOCTi: Q —km. 3rigo 3 apyrum 3akoHom Hrbtotona,

a*x dx dy dy
mega = mkgr, Mg =—mg—mk-g-
abo )
d®x dx ¥y dy
==k, @ =—e—kyg
Interpyroun i piBuAHHA, micTaeMo
c
x=—Fe? +Cy _l/=-——‘i—t-—i§ e* + C,.
I'losnayuBmn npoexui'l' NOYaTKOBO! WIBHAKOCTI Uy Ha oci Ox 1 Oy

BIAMOBiZHO Yepe3 p 1 qg(p =m0, cos @, § = U sin o), 3 NOYAaTKOBHX YMOB
x0)=y0)=0, ¥ (0) = p, ¥y (0) = ¢ 3paxoguMo cTansi iHTErpyBaH-
HA:

Co=p Ci= Co=gth, C«=%(%+4)'
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Otixe, KOOPAHHATH TiJa 3MIHIOIOTHCA 3 YaCOM 32 3aKOHOM
p _ R g . gt
k=g (=™, y=4 (L +qu—e—4. (0

3 uHx piBHAAHb MaeMo, IO 3 yacoM afcnuca x 30iJblUyeTbes, acHMIl-
TOTHYHO Hab/JauKalouHuCh A0 %, OpIHMHATA Yy —» —00.

d
']oxuma 7 00epraeTeCs B HYJb IPpH ! = T, e T — KOpiHb PiBHAH-
HA

(_é’k_ +q)e—-k1_-§—=0, r:—‘lz—ln(l-{-qg—k)-

Y MoMmeHT T TpaekTopis jJocArae Ha#biablnoi BucoTu (B TouUmi M,
puc. 43), a noriM CnyCKaeTbCA BHH3, HAGJHKAIOUKCH XO BEPTHKANBHOL

M
y
|
O\ |
b d o % l |
\ {
of [ |
a P=m§ [ |
A o] "‘ o %
ot |!"
0 ;> “"
Puc. 42 Puc. 43
ACHMIOTOTH x = —Z—. Bukmoynsmy 3 pisuse (10) HesanexxHy 3MiHRY [,

3HaXOAHMO PIBHAHHA TpaeKkrtopii pyxy Ttina:
k
o= () e (1),

4.56. Hdudepenuianpui piBHAHHS pYXY BiJbHOI MarepiajibHOI TOYKH
BiiHOCHO 3eMHOI KyJi mij Ji€lo cH/KH Bary MaiOThb BUTVIAR
dix 9 dy d¥y d?

2 .
s 20—, g =20 —gcoseg, g = —gsing,

Je ¢ — MHUPOTA TOYKH, ® — KYTOBA IMBHAKICTh 00ePTaHHS 3eMHOI KYJIi.
Bu3naunty 3a/exHiCTb NONOKEHHS TOYKH Bif wacy, akmo npuy =10
TouKa HepebyBaja B MOYaTKy KOODIHHAT.

Po3s a3auus [Hudepenuiiooun o6unei 4acTHHH Nepiuoro pis-
. . a2y . .

HsiHHA i nigCTaBJAIOUH 3aMicThb d—fé fioro 3nHaueHHs 3 APYroro piBHAHHA,

BizHocHo x (f) gicraHemo JiHifiHe AucepeHNiaNbHe PiBHAHHA TPETHOIO
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NOPALKY:
d13 + 4o 2-— = 20g cOos Q.

3aranbuuil po3B’s130K BiZANOBiZHOrO OZHOpiJHOTrO [PiBHAHHA Mae BU-
rasy

x = C; + C, cos 20! + C, sin 2wt.
UacTHHHHA pO3B'A30K WyKaeMo y Burasai x = at -+ b. Micraemo:

_ gceos@ .
a=—=—, b=0.
Orxe,
x = C, + Cycos 20t 4 Cysin 20f + L;:('lt. (11)

3 nepuIoro piBHAHHS MAEMO

——Zti =— —21(5— Z—:: = 2C,0 c0s 2wt + 2C o sin 20t.
3sincy
y = Cy sin 20t — Cycos 2wt + C,. (12)

Hapewri, interpyioun gBiui Tpere piBHAHHA Hano! cHeTeMH, 3HAXOIH-
MO:

1 )
2= —Tgtzsmcp + Cyt + C,.
ITo3nauyusiuu

C, = Acos 200, C,= — Asin2wb,
piBroeri (11)i (12) sanumemo y surasii

x=C,+ Acos2w(t 4 6) + gcosq)t y =C, + Asin 20 (¢ + 06).

3 noYaTKOBHX YMOR x = y =2z = 0 npn ¢ == 0 3naxogumo:
C,=—Acos200, C,=—Asinwd; C,=0.
Ocrarouso

x = — A cos 208 + cos 20 (¢ + 0) + £,
y = — Asin 208 + sin 20 (¢ 4 0),
2= ——;-Sincpgt" + Ct

(samicte C; nanucano C).
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4 57. MaTeplaJIbHa Touka M oaMHHYHOI MacH pyxaerncs Ha n.nonmui
: xOy, OPUTATYIOUHCH toukoio O (0;.0) 3 cuJoio, nponopuifiHolo Ao Bixcra-
ui Mix Toukamn’ M i 0. 3HaiiTH 3a/1eKHICTb KOOPAHHAT TOUKHU M Bip uacy,
axmo x (0) =0, y (0) =0, % (0) =0, y (0) = v,, i TpaekTOpPil0 LBOrO
pyxy.

Poaps ssannsn [losHauumo Koetplmem* nponopuifiHocTi 4Yepe3
k2, OCKIJII:KPI cHJja, sika e Ha Touky M, 3a HanpsMKOM 36iraerbcs 3 BeK-

TOpOM MO a il BesiMuMHa IopiBHIOE k| OM | = k? VxEF 48, 10 npoex-
il cnam Ha xoopauHatHi oci Ox i Oy Bimmosizno nopismioloTs kX i
k2y. 3rigHo 3 apyrum sakoHoM Helorona,

d2x - dy :
=k e =— kY.

3BiacH e
x = ¢y cos kt 4- C,sin kt Y= Cacoskt -+ C, sin k.
3 MovaTKOBHX YMOB 3HaXOIMMO CTaJIi:
C1 = Xo Cz =0, Ca ;0, C47=
OcTaTouHO « . :
- Xx=1xcoskt, -y ‘=’3—v7:—vsinkt:

Shd 15
TEO

BHK/IOUHBIIY 3 HHX PiBHOCTeH He3a/eXXHY 3MiHHY .f, 3HaXOAUMO
x-\2 ky \2 : s 7
(-;o—) +(Uo ) =1, ]
10670 TpaekTOpicio pyxy ToukH M eeminc.

4.58. 3uaiitu TpaeKTopno PYXY eJIeKTPOHa B onHopumomy e.neKTpuq-
HOMY o Hanpy}KeHOCTI E, AAKUIO B novaTKoBH# MOMEHT BifoMi Hamps-
MOK i H.IBHZIKICTB e/eKTpOHa.

Posp' ngannsa Bubepemo l'lpHMOKYTHy cucreMy KoopmmaT Ha

* MJOUIMHI Tak, m06 HaUPSIMOK oci Ox 36irascs 3 HapsMKOM BEKTOpA Ha-
npymeﬂocn noas. Hexali ¢ — KYT Mix HanpsIMKOM T104aTKOBOI WBHAKOG-

Tl aonaanM Hanpamkom oci Ox. l'lpoexuu BeKTopa Hanpy)xeﬂocn nons

na oci koopuuwar E, = E, E, =
"Ha enextpon 3. 3apﬂnom eB 6ym> AKii ToYNi noJs Jiie cua, npoexmi
sikol Ha KOOpAWHATHI oci € eE, =eE i eEy = 0.
Srmﬂo i3 3aKOHOM Hmoroaa _ PIBHAHHSA pyxy MaloTh BHIVIAN
dox d? .
24 =0,

e megp=eE, megg

fe m — Maca eJeKTpoHa. 3Biach
dx E ~ d :
T =z e t + 01’ _dt_y. — ( P
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Ockinbkn npu ¢t =0

0 dx 0 dy .
vx=—aTt=0=vocoscp, vy=—dt—t;ﬂ=vosm ?,
TO
C,=u,cos¢, C,=rv,sing.
Orxe,
dx eE dy .
—d—t—_—m—t-l—vocoqu, =i = VeSing.

InTerpyioun ni piBHAHHS, NiCTaEMO
X = %f? {24 vgtcosg +Cf, y=uvdsing -+ C;.

3 nouatkoBHX yMoB ({ = 0; x = y = 0) snaxoaumo, mo C{ = C; = 0.
Ocratouno

= %t*—l—votcoscp, Yy = Upt sin @.

BukmounBiy 3 nux piBHocTeft £, micTaeMo piBHSIHHS TPAeKTOPil pyxXy
eJIeKTPOHA

__ e
* 2mu? sin? @ ¥ +ycige

4.59. (3anaua npo raciaus koausaup). Ha Ttino macoro m,, aKe nig-
BillleHO Ha NpyXuHi (pHC. 44), Y BePTHKAJILHOMY HalpAMKY Jie 36y protoua
cusa [ = u sin vf. [l[o6 3MeHIIUTH aMIJITYAY KOJMBaH:
UbOro TiNIa, X0 HBOTO TAKOX Ha NPYMKHHI NPUKPiMaeH.
TiJIo Macolo m;. SlkumMu nosuHHi OyTM Maca m; i Koed:
Ii€HT NPYXKHOCTI HIKHBOI OPYXKMHH, WO TiJIO Macoo 12,
He 34ifiCHIOBAJIO KOJHBAaHB 3 4acTOTO0 v 36YpIOt0doi CHJIH |

Po3aB a3annsa Hexafi gouaTrkoBe moNOXKeEHHA —-
e UOOJIOXeHHSl piBHOBAr# Asox nauux Tija. [losHauuwmo
gepes x i y — BepPTUKaJbHI 3MillleHHS HEHTPIB BArW H
TiA MiR 4ac KOJHBAHB, a CHJM NpPYXKHOCTi, #AKi AlIOTH H:
IBa Tija, MO3HAYHMO, BiANOBiZHO, depes F; i F,. 3rigxo t.
sakoHoM ['yka, Fy =k (x —y), Fo = ko, Be ky, ky —

Puc. 44 Koe(bilieHTH TIPYKHOCTI NPYKHH (PO3TAr HHUKHBLOI MPYXKH-

HM JopiBHIOE pi3HUII X — y po3TdAriB il KiBuiB).

Ha rino macow m; nie cuna — F,, nanpsamaena (mpy x = y) Bropy;
Ha TiJIo Macow m,, KpiM 36ypiotodoi CUNH [, nie me cuna —F,, HaopsAM-
JieHa sropy (mpu y > 0), i cuna Fy, nanpsmiena BHu3 (npu x > y).

3rigno 3 npyrum 3akoHom HeloroHa,

d? d?
mld—[:=—F1, mzd_t!;=f(t)_F2+F1’
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a6o, BpaxoByloud Bupasu ana F;, Fy i f,

d?x
my — = — kX kyy,
d3y .
My —rs = — Ry + by (x — y) -+ usin vt.
L o g R by ks
SIKIO no3HauHTH = — e = B, =T = 5,
%— = E, 10 AicTanemo cucreMy piBHSHb
2
d%x
—z Tox + Py =0, dt2 + yx -+ 8y = E sin vt (13)

Hudepennioroun aBiui Hepuie 3 nUX piBHAHb | BUKJOYAOYH Y, Ai-
cTaeMo Jiniide audepenunianbHe pIBHSHHA YEeTBEpPTOro NOPAAKY Bif-
HOCHO x = x (1)

A (@ +8) % +(ad—py) x = — Epsinvt.

CKyazeMo XapaKTepHCTHYHE PiBHSHHs# /8 BiAOBIAHOrO OAHOPIX-
HOTC piBHSHHS

AMA-(o+8) A+ ad —py=0.
3sincu

W (a8 ) I — i@ —p)
1,2 = )

JuckpuminaaT
(@ + 6)* — 4 (ad —By) = (@ — §)* + 46y >0,
Tomy A i A} — gificui.
Ockifbku
A A= —(a+8)<0 i MAZ=ad—pPp=—r _f2 .y,
my my

2 . .
10 M<<0 i Aa<c 0. TlossauuBmm A2 = — 0, A2 = — w3, AicTaHeMo
KOpeHi XapaKTepHCTHYHOTO PIBHAHHA: A = @i, A = — @y, A = @i, A =
= —?{. Tomy sarajpuuii posB’s30K ONHOPiZHOTO DiBHSHHS Mae BHIVIAN

x(f) = Cy sin 0,¢ + C, cos wyt + Cysin ot + C, cos wyt,

abo
x () = A, sin{w,f + 0,) + A, sin (0, 4 0,).

BennuuHE ©, | ®, HAa3HBAIOTBCH 4ACMOMAMU BAACHUX KOAUBAHL CHC-

remu. IIpumyckatouu, mo yacrora v 36ypioouoi cuan [ (f) BigmiHHa Big
®; i W,, YaCTHHHHA pO3B’A30K HEOLHOPiAHOIO DIiBHAHHA IIYKaEMO
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y BUrAgAl x == @ sin vf (ocki/ibKH HeopHOpiHe PiBHAHHS MiCTHUTH JHILIE
HOXifHI mapHOro NMOPsSIAKY, a B NpaBiil yacTHHI BiACYTHi# u/eH 3 cos vI).
Jl1s BH3HAUeHHS CTaJoO! @ XiCTaeMO piBHSHHA

(vt — (& + 8) v® + (@8 —By)) a = — BE.
3Biacu
_ BE
= = T TGO v T (@b —By)

Omke, 3arajiibHUfl DO3B’'SI30K HEOJHODPiZHOrO DIiBHAHHA Mae BHUIVIAX

— BE si ! . : '
%= g Sﬁ) v:‘i\;aé S A, sin (o,f + 8;) + Ay sin (0yf + 0,).

3 nepuworo piBasiHHA cucTemu (13) maemo

y:-—%(ax —i——‘f-g—).

Tomy

_ (¢ — v?) E sin v¢ A (0] — o)
V= F—arovr@—pp T Sn@f o)+

Ay (0 —o)
+ 22T sin (ot +64).

SIK GauuMmo, TiIO MAcoio fm, He SHifCHIOBATHMe KOJHBAHb 3 4aCTOTOIO

. 3
v 36ypIOIOUOl CHIH, KO V? = o, TOGTO Ko v = V a = ]/ —%_ Tlpore

1

k . .
]/71 — Le BJIaCHA Y4cTOTA TACHTe/sl KOJAHBAHb (Tijla Macolo iy, Wil
1

BillleHOro Ha MPY:KHHI 3 KoedinieHTOM NpyXKHOCTI &,). OTKe, 11106 MaKCH-
MaJbHO 3MEHLIHTH KOJHBAaHHS Ti/ia MacH m,, Tpeba Macy my i KoepinieH
npyxuocTi mifxi6paTtH Tak, moe0 yYacTOTa BJMACHHUX KOJHBAHL racuTens
36irasacsl 3 4aCTOTOI v 36YpIOOYO] CHJIH.

3apaui gns camoctiliHol poboTth

Po3p’szaTh cHcTemnu

dx ¢ dy ¢ d s a
1.-at—=—y—, = 2 a =x-ty, 2x7=y——x +1.
dx y dy x dx dy dz
S Th—pt d -9 Y T T T Ty
5 dx dy dz dx dy dz
“J—x iyt i—y S iG—9 " Ftay T Zxto
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NMepesiputn, 4n e cnieBinnowenns ¢ ({, x, ¥) = ¢ nepmumu interpanamm na-

HMX CHCTEM

dx dy  y*—1 )
==Y I = 7 s i=242xy, 9=yt —£x2
dx ; dy .
8,7=yz_cosx, i = —ysinxg @ =2cosx—lIny, @;=23yx
X cos x — i3,
Po3p’azarn cucremu
dx dy dx dy
8. &= 2y, 7=2x. 10. @ =AY g =y— 4
dx dy
1 =—x+4y, d—t=3y—x.
dx dy
12.d—t=2x—}—5y, < =—x+ 4.
dx , dy dx dy
B, - =x+2y, — =443y 1., 7~ =x—5y, al =2 —y
dx dx dy
5. o =x—y, r =x-3y. 186 —d?-=x—3y, =3+
dx dy dx dy
7. =3 —y, —g=%&—y. 18, —7— = 5x+ 3y, i = 3%%—uy.
19. 3uafith Marpuuo eA, SAKLLO:
) A 1 I) 6) A 2 1 ) A ( I 1
= : == ; B =3 .
2 (1 i) o (0 2) ~1 1)
Posg'a3atn cucremn
dx dx
=3 4y — 22z; S =4dx — oy,
ai Xty —22 a Y
dy
20. i =x+z 21. {T=3x—!-y——z;
dz
—‘-ﬁ—=6x-6y+52. %—=x-}-z.
dx dx
77 x+yt2 7 x+y+
dy dy
22. d—t——:—?x—z: 23. d—tsx——y—l-z,
dz d
G =2+ y+ 2. —dj =X+ty—z
dx xl) —_2
L= Ax, x = , A= .
24 T, X, X (x, ( _3)
dx Xy 1 2
hadadi — | = .
2. —— = dx, X_szf’ A (2 __2)
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d —
26.—L—Ax, x=(xl), A={a ! .

; X 2 -1 i
27 ——=Ar, x=|x|, a={1 1 —1>.
X3 1 -1 2

d &
>4
28. 7=Ax, x=|\ x,1,

I

Il

N
—w =
I

- - o
| J
—_— D e
v

d i
x
30. - =4x, x= xz). A=

_— W

|

O e -
l

_ = O

v
.

Xg
X1 -3 2 2 )
dx
31.—Et—=Ax, X = xa), A=] =3 —~1 1],
X -1 20
X 01 1
d
2. o =4x, x=[x|, a=| 110
x3 —1 0 1
dx x 6 5 ]
33, 2 _ ay, =(‘,A=( , ={9.
a = xz) —10 8’ *O={,
X3 10 2
dx . ¢
4, - =4x, x=|x|, A=| 0 1 —4|. 3ualir A
X3 -1 0 -2
35. 3nafith det eA, He 0GUHCIIoIUH eA, AKIIO
1 0 3
A=]—1 2 0
01 —1

36. [oBecty, mIO BIACHUMH 3HAYEHHSIMH MATpHIi e

sHageHHA marpaiui A. .
37. Hexa#t glitcni wactuum Becix BracHux 3HaueHs matpuii A Bin’emui. dosects,
mo lim det e =0,
{-y--00 o
38. Hosectn, o Jinifina cucreMa
dx a(l) b (1)
— = A x, At =
di ® @ (b 0 a()

inTerpyethes B kBagparypax, { sHaiiTh MaTpHUAHT Uiei cHCTeMH.

¢ uncna e, e A; — siacul
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dx
39. lloBectn, mo MarpHus X (t]—_—eSA("‘” ¢ MaTDHMIGHTOM CHCTeMH —7— ==

= A (f) x roni & tineky ToAi, Komu Marpuus A (f) KOMYTYeE 3i CBOIM iHTerpaioM, To61o
t t

A() SA (1) dv =S A (1) d14 (1),
0 0

40. 3HaliTH MaTPHILAHT CHCTEMH DiBHAHB Z; = A(f) x, ne
a(t) 1 0.,.0 0
0 a@w 1,,.0 0

A(t)= L LR BT .
0 0 0...a( 1

0 0 0...0 a()
41. MovectH, wo Bci pPo3B’sISKH CHCTEMH DiBHAHD

dx=y dy _ __ 2y
dt T Tdt ;

»6Mesmeni npn £ > 1.
42. Ckgnacru ninifiny ommopimmy cucremy nudepenilianbaux piBusas, g axol

X ) =(e’ cost ¢ sin t)

—sint cos!
¢ QyHjaMeHTaNBHOIO MaTpHIEI,
43. Nosect, mo koan x (f) i y (f) — poas’sak# Bigmomiguo cucreM piBHAHB

dx dy T
=AW x, —L =—A Dy,
7 {0 x 5 My
jie AT — TPAHCTIOHOBaHA ~ MATPHUNS, TO CKadsApHuit  jgo6yrox (x (#), gy ()) =
#= const a5 Beix ¢ 3 npomixkky memepepBHocti MaTpuui A (f).

Poss’s3aru cucremu piBHsHD

dx dx
44, —— = ) ; el =,
4 7 y - cos t; 45 5 +5xty=e
dy _ ., _ dy 3y — g = ot
o =l T T TE=
dx dx
e = - . — =2 — »
46 T y -+ costy 47 5 X —y
dy —_ N dy . I SV
- = x - sint. _dT..-Qy x — Bé* sin ¢,
48.%=2x—4y+4e‘”; 49. %=2x-|—y—-2z—t+2,
dy dy .
— = — 2y, g == 1;
a T @ ¥+
dz
Mz i1,
5 Xty—z +
50. _;‘.‘7"_=3x+y++_41nt, 51. _Z_t"_=3x+2y+3e2‘,
dy __ __ 1 dy _ 9 2t
@ TRt a CrAEe
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52. Hexafll gificui wactunn Beix BiacHux 3Havenb matpuui A Big'emni, f () — wue-
nepepeHa & o6Mexkena npn Bcix £ € R Bexrrtop-gynkuin. 3uafiTH o6MexeHult mpH BCix
€ R po3B’d30K CHCTEMH

dx _
T—Ax+f(t)-

Posain 5

CTIMKICTb PO3B'S3KIB
ANDEPEHUIANBHUX PIBHAHD

5.1. NouarTs crikkocTi po3B'a3ky

Posp’si20k x == @ (f) cucreMn gudepeHnianbHux piBHAHB
dx
=2 =f{(,x), i
T f(t, %) (H

BH3HAueHHU NpH BeiX £ > 7y, HasuBaeTbea cmilikum (6 posyminni Janynosa), AKWO ANS
6yab-sikoro & > 0 icuye Take O = & (g) > 0, mo A1 KOBLNBLHOTO PO3B’A3KY ¥ = X ({)
niel K cHcTeMH, MOYATKOBE 3HAYEHHS AKOTO 3aJ0BOJIBHSE HepiBHicTh

Fx (t) — @t | <8, (2)
npu Bcix ¢ > #, BUKOBYeThCs HepiBHicT

Jx—9p®|<e.

Po3B’si30k x = @ (f) cucremy (1) Ha3MBAETBC ACUMMMOMUHHO CriiKuM, AKIO Bin
cTifikufl i icuye Take 8, > 0, MmO Aas IOBIIBHOTO Po23B’sI3Ky X = x (f) Liel K cucremu,
MOYaTKOBE 3HauYeHHSI SAKOTO 3afl0BOJBHSAE HEpIiBHICTH

“ X (to) — 9 (to) " << 60’
BHUKOHYEThCSl TPaHHuHa piBHIiCTB

limx @ —¢@]=0.
{—>-to00

SIKIO po3B’sIz0K x == @ (f) He € cTifikuM, TO Bin HaauBaeTbes Hecmifikum. OTxe,
AJst HecTifiKocTi pO3B’siaky x == @ (f) DOCTaTHRO, IO6 iCHYBANO LOJATHE UHCIO &) i NpH
6yb-SIKOMY $iK 3aBrofHO MajoMy & > O icHyBaB Xoua 6 oaun pe3B’A30K x = x (f), Aas
SIKOTO TIpH { == {; BHKOHYEThkCA HepipnicTh (2), ane || x (f;) — @ (¢,) || > & npu zesixomy
tl > tﬂ'

Skmwo B cucteMi (1) Bukonati 3aminy x = y -+ @ (f), To nocaimwennss Ha crifixicrs
po3B’si3Ky x = @ (#) cucremn (1) 3BoauTbCA 1O AOCHiNkeHHs Ha cTifiKicTe TpuBiassHOTO
po3B’A3KYy y = 0 cucremn

Y~y D= D=F U, o).
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5.1, Jocaiguru Ha crifikicTh po3B 3KH LaHMX PIBHAHB:

d d
a) - =—7x x(1)=0; 6) =~ =1+t—x x(0)=0;

B) % =sin*x, x(0)=0.

Poas sizaunnsg

a) Posp'sizyiouy jaHe piBHAHHSA, 3HAXOAMMO, WO OyIb-SIKUH HOro
po3s’asok x (f) 3 mouaTkoBolo ymoBoio x (1) = x, wmae BuraAx x (f) =

- {°%,. [ouarkosi#t ymoBi x (1) = 0 3a10BoJbHSE PO3B’A30K X, (f) = 0.
Tomy | x (f) — x, ()| = £ | x, | 3Biacwu
[x(5) — %0 ()| =%, sxmo a=0;
|x () — % ()| = ¢*|x,| >0 npu ¢ -+ oo, sixmo a<<O0;
[x (@) — x, ()] = t*| x5 | > + 00 mpu f-—>—+ o0, sarmo a>0

{npu gk 3aBrogHo MaJsoMmy | x, | =% 0).

Orxke, po3B’si30K x = 0 crifikudl npu a < 0, acCUMOTOTHYHO CTiHKHH
npu a < 0 i Hecrifikuit — npu a > 0.

6) byab-axull po3B’a30K x (f) gaHoro piBHSIHHS 3 IIOY4TKOBOWO YMOBOIO
4 (0) = x, Bu3Hauaerbcs popmyiiowo x (f) = xe~* + ¢. Tomy
4 x(8) —y () = e (X — Yo}
: ne y (f) — Oyab-aKui pos3B sI30K 3 mouaTkoBoio ymoBolo y (0) = y,.
BBincu
: |x(t) —y (&) | = | x,—yo| >0 mpu {—+ oo,
1 Omxke, Bei POSB’SI3KH JAHOTC DIBHSIHHA € AaCHMITOTHUHO CTiRKUMU,
: B) Posp’Aiskom gaHoro piBHAHHA 3 IIO4aTKOBOK yMoBow ¥ (0) = 0
i»: x(¢)=0. Po3B’s13aBiuin jaue piBHAHHS, 3HAXONHMO, 110 HOTO PO3BR’SI3KH
8 110yaTKOBOIO YMOBoI X (0) = x,, 0 < x; < 7, BU3HAUAIOTHCHA HOPMYJION0
X () = arcctg (ctg x, — £). Omke, skuM OM MaauM He O6yJo x, > 0,
SHAlAETLCA MOMEHT uacy f{; > 0, takuil, mo x ({;) >> 1, OCKiIbKH

lim x(f) = lim arcctg (ctgx, —¢) = m.
t—>—oo f>+to00
Tomy po3B’ 730K x (f) == 0 zaHoro piBHSHHS € HeCTifKuM,

. ca , 1 .

5.2, JocaiauTH Ha crifikicTh pO3B’SI30K X =—, t =1, piBusHHA
o dx 2\
M 2 [x— T) :

Po3B sn3auus lle piBusuus Pikkari. 3a jponomoroio 3aming
x =y -+ % 3BejeMo foro no piBusinHA Depryaui:

dy 2

=Ty (3)
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: o . , 1 .

JlocnixKeHHs CTIRKOCTI PO3B’A3KY X = —— JaHOTO PiBHAHHA 3Bes0d)

O HOCJiKeHHst Ha CTifKicTh TpuBiaJbHOTO po3B’'A3KY y == 0 piBHAHHA
Bepuyaai (3). Po3s’s3yroun piBHaHHS (3), 3HAXOIUMO

32
Y= w13 ¥=0 (4)

Tomy OyAb-sikuii pO3B’f130K piBHAHHA (3) 3 NOYAaTKOBOIO YMOBOIO
y (1) = y, Mae BHLIAX
y = 3y0_12
Yo BB —1)+3 °

3BijacH MaeMo, 1110 sIKHM O MaJiuM 3a abCOMIOTHOIO BEJIHUYHHOIO He 6YJ10
Yo << 0, po3B’a30K y (f), y (1) = y, piBusnus (3) He Moxke GyTH npo-
1/3

JOBXKEHUH JO MoMeHTIB ¢ = {* > (l — i) (y ({) > — o0 mpu ¢ —

Yo
— t* — Q).
Ot:ke, po3r’sa30k y = 0 piBuaHHA (3) € HecTIAKHM.
- . , . . dx
5.3. oBecTH, 1o 4151 CTiHKOCTI po3B’fA3KiB piBHAHHSA - = ® x,

.

ze a () — uenepepBHa npu ¢ > 0 dyHKuia, Heo6XigHO i JOCTATHEBO,
1

wo6 lim Sa(r)dr< ~+o00.

f>-too |
PosB ssanus Heobxionicms, Hexalt po3s’sisku xanoro pie-
HAHHA CTiliKi. Byab-siKH# po3B’'A30K 1HOro PiBHAHHSA 3 NOYaTKOBOIO YMO-
BOIO X (fy}) = X, MOXKHA 3aNHCATH y BHIISAI

t
S‘a(‘r)d‘c
x(f) = %8 ,
a pisauwo x (f) — y (f) 1BoX po3B’A3KiB — y BUIVIAAI

t

ga(r)dt

0

x(t)—y(t) =e (%o — Yo)-
3 yMoBH cTifikocTi pO3B’$i3KiB BHILIMBae, HI0 AJS JOBiIJbHOIO &> 0

icuye Take § = 8 (¢) > 0, mo npu | x, — Yo | << 8 BHKOHyeTbCH He-
piBHicTs | x (f) — y (f) | << & ans Beix £ > 0, TOGTO

t

S‘a(r)dt
€ x,—tl<e
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“ana scix £ > 0. OcranHs HepiBHiCTL BHUKOHYETBCH, OUEBMIHO, TOM,
. KOJIH

t
S 1) dv < 4 0. (5)
2 9

Jlocmamuicme. Hexalt Bukonyerbes (5). Toai MoKHa BKasaTH Take
ZojatHe 4Hcjg0o K, 1O

t

(e

e’ <K.

3adikcyemo noBinbHe € > 0 1 BHGepemo § = 8 (g) = 78(— Jlns pos-
I s13kiB % (f) i y (f), mouarkoBi yMOBH AKHX 3aJOBOJIBHSIIOTH HepiBHICTH
il xo — gy, | < 6, maemo
t
sa('t)dt
2O —y O =€  |%—s|<Kltog—yo| <e

JIJISI scix ¢ > 0. He o3Hauae, 1o BCi po3B’sI3KH JIaHOTO PiBHSIHHA € CTifi-
"KHMH.

5.4, JocnigutH Ha CTi#KiCTb PO3B’A3KH CHCTEMH PiBHAHB

dx dy

=0 =y

3o6pasute rpadiyno Tpaektopli pesB’snskiB 1 mokaszaTtH HampsaMOK
Pyxy mo TpaeKTopmx

PoaB si3zanus Poss’askamn cucremu € ¢ynkuil x = x,, y =
= Y5l ne x,, y, — AOBiNbHI craji.

3adikcyeMo A0oBinbHUA PO3B'A30K x = @ (f) = X3, y = P (f) = yoe x5

1 nocnimmumo #oro Ha crifikicts. SKmO x5 << 0, To AAa 6yab-akoro e > 0
‘MoxHa BKasaTh Take 8 = 8 (g) > 0, mob 3 HepiBHOCTI

19 (0) —xO)|+19(0) —yO) =[x —%| + |9 —1|<<6 (6)
BHITHBaa HEPiBHICTb
9 (D —x(@1+10 O =yl =15 — x| +16°% — ™yl <e ()
aas Bcix ¢ > 0. Moxausicts BHGopy Takoro 6 (g) 3yMOBjeHa THM, LIO
X6 — xo| ‘Hexot 0 '—exot!/ol =|x — %| +| exot(.’/(; —Yo) T
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4 (€0 — ) gy | <L — x| € |55 — ol 1€ — |5yl <<

<105 — x| 4 | 48 — yo| e WOt (g0 1y {0

piBHomipHo no ¢ >0 mpu Xo— X0, Yo— Yo 1 x5 <<O. . ’
Hepisocti (6) i (7) osmayaiorh, wWo OyAb-iKHH PO3B'A30K X =

#
=x0 <0, y=yhe™ crifxuit. dxmo x x5 >0, 10

1P (t) —y ()] =1€0"y5 —e™'gy| — + oo.
Y upoMy Bunaiky Hepisuictb (7) aas Bcix £ > 0 HemMOX/MBa, HaBiTH

»
npu Ayxe maaomy 6. Otxe, 6YIijflKHfI pO3B’ 130K X = X =0,y= y53x0t
JaHOol CHCTEMH € HeCTiHKHM,

YA 3naiinemo TpaexTopii poss’sskis. [Ipasi

YACTHHH J2HOI CHCTeMH OJHOYacHo ofepra-
I0TBCS B HYJb npH xy = 0, TO6TO Ha KOOpAH-
HaTHUX ocaXx. Tomy koopauHaTtHi oci 3anos-
HeHi ocobauBHMH ToykKamu. KoxHa Taka
TOUKA € TPAEKTopielo po3B 3Ky x = 0, y =
Yo a0 x = x,, y = 0. Sxuwo x xy =0, 10

. . dx
PIBHAHHST TPAeKTOPIM Ma€ BHIIAL ‘?y— = .

3BiAcH x = X, = const, TOOTO TPaeKTOpiAMH
enpoMeHi x =%, y >0 i x = x,, y<<O.
3 apyroro piBHSINHS gaHO! CHCTeMH 3HAXo-
IHMO Yy = y,e*'. Orke, AKIO x, << 0, TO pyX II0 BKa3aHHX HPOMEHSX
BiI0YBaeThCs B HaANpSMKY o oci abcuue. Sxmo x x, > 0, TO pyx no

BKa3aHHX I[pPOMeHAX BiAOYBae€ThCsl B HANpPSIMKY BijjaleHHs Bixg oci
abcuunc (puc. 45).

Puc. 45

5.2. CrikikicTb pO3B'a3KiB NiHIAHMX cUCTEM
AudepeHuianbHMX piBHAHb

CrifikicTb abo mecrifikicth po3B’sskii miHifiHOI oxHopiguoi cHereMH

dx _
—dt_—A(t)x 1)

3 HelepepBHOI OOMEKEHOK npH ¢ > £, MaTpulielo A (f) BU3sHAYZETLCA NMOBENiHKOW npH
t — -;oo marpunanta X (¢, f,) uwiei cucremu.
Teopema. HQascmiirocmi pose’'ssky x == @ (f) ainidnoi cucmenmu (1) Heob6xiOHo
il Gocmammuso, w6 nampuyanm X (t, t,) cucmenu 6ye obmexcenuil npu t = t,; 048 acumn-
momusnHol cmilikocmi — w6 mampuyanm 300080re18 ymosi lim X (¢, ) = 0, aodas
{>-to0
recmilixocmi — wo6 mampuyanm X (t, fy) 6ys HeobmesceHuM.
Ockinbku Matpuuaut X (¢, f,) He 3ale€XUTh BiJl MOYaTKOBOTO 3HaueHHS X (f)), TO
posB’a3kH aluiftrol crcremu aGo Bei ogHouacHo criiiki, a6o wecrifiki. Tomy ainifiny cuc-
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Temy (1) HA3MBAIOTL cmiziicoro, acumnmomuuro cmitikono abo Hecmilikor 3ajieXHo Bix Biac-
THBOCTeH i1 pO3B’43KIB.

Skwo B chcremi (l) matpuus A (f) = A He 3aqexuTh Bif f, TO6TO € cTanol0, TO yMo-
BH crifikocTi iT po3B’s3KiB BH3HAYalOTHCH BJIACTHBOCTSIMM BJIACHHX 3HaueHb Matpuui A.

Teopewma. Poss’ asku ainitiHol 00HOPIOHOL cucmemu Ougbepenyiorsrux pigHsars
8 cmanoio mampuyero A modi i miaeku modi €:

1) cmidrumu, xoau OllicHi wacmuny saacHux 3naxerb mampuyi A Hedodamni, npu-
HOMY BAQCHUM SHOMEHHAM 3 HYAb080I0 OIliCHOI0 4acmUHOI0 8i0n06i0aomes OOHOGUMIPHI KAi-
muny Xopdana & acopdanosit dopmi mampuyi (KoscHoOMY MAKOALY BAGCHOMY SHAHEHHIO
7» (Re A, = 0) kpamnocmi p, nosunro ei0nogidamu pieHo p; AHIIHO HE3QNEHHUX BAACKHIX
eeicmopw mampuyi A);

2) acumnmomuuro cmidkumi, Koau OLUCHI 4ACMURY 6CIX BAGCHUX 3HAMEHL MAMPUY!
A sid’emni;

3) Hecmitikumu, aKwo x04a 6 0OHOMY BAACHOMY BHAYEHKIO 3 HYAbOBOIO BilicHO0 wacmu-
HOW 6i0n0sidae neodHosuMipHa Kaimuna JKopdarna (makomy 8AACHOMY 3HOMeHHIO ) KpamHoc-
mi p 6idnosidae s << p ARILHO HE3QAEHHUX BAACHUX 8exmopie mampuyi A) abo Koau ceped
BAQCHUX 3HAUEeHb Mampuyi € xoua 6 o0He 3 dodamHow QilicHO0 HaAcCMUHOIW.

¥MoBH, npu BHKOHAHHI SKuX Zifichi wacTuuu BciX BiacHHX 3HaueHb MaTpuui A
Bi1’eMHi, BH3HayaloThcs HACTYNHOK TEOPEMOIO.

Teopema Payca—Typeina, [Hilichi wacmunu 6cix Kopenis pienarris

At a AT dg, A ta, =0

8i0’emni modi i miseku modi, koau Oodamni 6ci 20i06Hi OI020HAAbHI MIHOPU MAmpuyi
T'ypsiya

aa 1 0 0 0...

mobmo Keau

ay 1

A1=a1>0, A2= >0’

ag Qg
aq 1 0

Ag=|a3 a a|>0, ..., Ap=0a4, >0,
Gy 0y 04

5.5. Hocaiguty Ha CTifKICTh PO3B’SI3KH CHCTEMH

d dy

3o6pasutu rpagditHo TpaeKTopii po3B’s3KiB wiel cucTeMH i mokasaTtH
{HANPAMOK DYXY 10 TPaeKTopisix.
Pos3sp s3aunsa CkragemMo XxapakTepHCTHYHE pPiBHSHHS:

A2 —4) +5 =0.

Horo poss’asku: A5 = 2 4= i. JlilicHi YacTHHH KOpeHiB HbOro piB-
HAHHA RojartHi, ToMy Bci po3B’f3KH jAaHol cucTeMH € Hecrifikumu. o6
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306pasutH Tpaektopil po3B’s3KiB, mepefizeMo N0 MOJISIPHO! CHCTEMH KO-
opauHaT: X = pcos @, y = p sin @. Toxi

d R deg .
T‘?-cos ¢—psing —- = 2pcosg —psing,
dp

d—tsincp —l—pcoswid?— = pcos ¢ + 2p sin ¢.

dp

- d .
3 miel cuCTeMH 3HAXOAHMO —r— = 2p, -{—1‘% = 1. 3Bigcu p = Ce,

C > 0 — pisusnna Tpaektopifi. Onma 3 TtpaekTopili — touka (0; 0),
a inmi — sorapudmivni cmipani (puc. 46). HanpsaMok pyxy no uux cii-
panfix mokasaHo cTpinxoio — Touka (x (£); y (f)) 3 yacoM AK 3aBrogHo

g Jasleko BiApanafeTbCA Mo chipanai Bix nowatky
o KOOpJHHAT.
- 5.6. Iocariguty Ha CTifiKicTb po3B’ SI3KH CH-
CTeMH
dx dy
—Et—--oax-f-Sy, T=—x+2y-
z Pos3B' A3aHH4a 3anuuemo xapakrepu-
CTHYHe DiBHAIHHA MaTpHui Hiel CHCTEMH:
o—h b 0
= Y,
Pac. 46 —1 2—3%

AM— 24 a)A 420 +5=0.
Kopeni 1poro piBHsHHA MaloTh Bin'emHi nificHi yacTuHH, sIKUIO OJI-
HoyacHo 2 + a << 01 2a + 5> 0; T06T0 KO —--52’— < a << —2. Ilpu

TaKHX ¢ PO3B f3KH AAHO! CHCTEMH aCHMIITOTHYHO crifiki, Hkmo 2o 4 5 <<
< 0, To6T0 o0 << —2,0 abo o0 > —2, TO IPH TAKHMX 3HAUCHHAX O XapaK-
TepHCTHYHE PiBHAHHSA Mae OIMH JoJaTHHH Kopinb affio mapy KOMIJIEKCHUX
CHIpsUKeHUX KOPEeHIB 3 JoHaTHOWO AificCHOI YacTHHO0. B nbomy BuUnmajnxy
PO3B’SI3KH AAHHX PIBHAHbL € HECTIHKHMH.

[Mpu o = -2,5 oauH 3 KOPEHIR XapaKTEePHCTHUHOrO PiBHSHHA J0piB-
Hioe 0, a apyrufi — 0,5; oTKe, pO3B’'A3KH CHCTEMH MHpH @& = —2,b @
criikiumu. Crifikicts Gyne §f npu & = —2, OCKiJILKH B UbOMY BHOAAKY
KOpeHi XapaKTEePHCTUYHOro pPiBHAHHA YHCTO YSBHI.

5.7. JocaiguTH Ha CTifiKicTb PO3B’A3KH CHCTEMH

dx dy
—dt—'z—-2x+4y, _dt—zx_Qy

3o6pasutu rpagiyHo TpaekTopii po3B’A3KiB i MOKa3aTH HAMPAMOK PYyXy
no UHX TPaeKTOpisiX.
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Po3B’ f3awuna. 3uailizeMo B1acHi Uuc/Ia MaTpHIi CHCTEMH

I -2

Orxke, po3B’s3KH € cTifikumu. TpaekTopii po3B’sA3KiB BH3HAUYAEMO 3
piBHAHHA

(v —2y)dx+2(x—2) dy = 0, (x—29) (4% + ] =0,

—2 4
A= ), }\41=0, ?\42——-—4.

Ik 6auuMo, TpaeKTOpisiIMH pO3B’A3KiB JaHO! CHCTEMH € MHOXHHa
royok mpamoi x — 2y = 0, a Takox npomeHi, fKi MOXHa RicTaTH 3 mpH-

1
MHX y = ——+ -+ C 3a nonoMmoroi BHJY- y
y 2 s \\ ~.
YEHHS TOUOK M[epeTHHY UHX NPAMHX 3 s, %
npsmoio x — 2y =0 (puc. 47). O~ ey
5.8. Mlocnigntr Ha crifikicTh po3B’a3- Vi

KH CHCTeMH
dx \
= Ty, - o
~J

_“% = — 3x + b5y. \
3o6pa3utu rpadiuHo TpaekTopii pos- \ &

B’A3KiB i MOKa3aTH HaNpAMOK pPYyXy IO Puc. 47
IHX TPAEKTOPifx.
Po3p sizaunsna Baacsi 3pavewHs wmarpuui JAaHol cHCTeMH

—46
A = (_3 5) 3HAaXOJUMO 3 XapaKTEPHCTHUHOTO pPiBHAHHS

—4—k 6 A2—A—2=0, A 1, &, =2

—3 5_|=0 M—A—=2=0 M=—1 )k =

Buoacui 3nauenuss wmarpuui A gifichi i Maiote  pisui  3Haku.
O1ike, pO3B’sI3KH HaHOI CHCTEMH -— HECTiHKi, a [OYaTOK KOOPIHHAT €
0coGJIHBOI0O TOUKOK THIY «cigno». «Byca» cigna wykaeMo y BHIsAi
y = kx. TligcraBasoun y = kx B piBHAHHS TpaeKTopili, Aictaemo

dy — 3x+ 5y b — — 345k
de — —4x-+6y °  —44-6k 7

TO6TO k1=—;—, k, = 1. Ha npomensx npswmoi y =%, x50, naHa

d d .
CHCTEMa Ma€ BHTAS] d—’; =y, —d?— = — y. 3Bifcu x ()~ 0, y () >

— 0 opu t— + oo, TOOTO pyX HO NPOMEHSAX Y =%, x50, Hanpsawm-
aeduil fo Touku (0; 0).
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Ha npomensix mpsMoi y = x, x =0, nmaHa cucrema ekBiBaneHTHA
cHCTeM] —‘Zi—)tc = 2x, % = 2y. 3BIACH x == X%, y = y,e%, 10610 X (f) ~
— 00,y {f) > + cofnipn{— 4 oo. OTXKe, H2 NPOMEHAX Y = X, X 5=
# 0, pyx HanpamJeHHH BiJi NOYaTKY KOOpJIHHAT.

Y Bunazky oOCOGHMBOI TOYKH THOY «Cinjio» TDAeKTOPisIMM PiBHSHHSA
{ax -+ byydx + (cx + dy)dy = 0 € rimep6oau. Ha puc. 48 soGpaxkeno
TpaekTopii maHOI cucTeMH i BKa3aHO HaIpPSIMOK PyXy IO HHMX TpacKTo-
piax.

5.9, Hdocaigutn Ha CrifigicTs
dx
Tt

= x — y. 300pasuTH rpadiu-

pO3B’A3KH CHCTEMH

a9
af

=x—4y,

Puc. 48

HO TpaekTopii po3r’sa3KiB uiel cHeremy i MoKasaTu HanpAMOK PYXY IO
TPAEKTOPifAX.

Po3B s3aHus Baacui 3gauenns matpuii KoediuieHTiB paHoi
CHCTEMH BH3HAYaEMO 3 XapaKTepHCTHWUYHOrO PiBHSAHHS

1 -2 —14
1 —1—=2
Maemo A, = — i V'3, &, =iV 3. Bnacui 3Hauenus — uncro ySIBHI»
TOMY BCi po3B'si3KM cucteMu — cTidiki, Tpaektopil po3B’saskiB Busnaua-

1oTbCo 3 piBHAHHA (¥ — y)dx — (x — 4y) dy = 0. lle piBHSIHHA B NOBHHUX
nupepenuianax. Po3s’s3ywoun #ioro, micraemo

=0, A+3=0.

win ) = (r—gdr =" —xy+o@), —x+ - =—x+1

2
PY) =24% u(xy) =5 — 1y + 24

Orxe, Tpaekropii poss’askie (puc. 49} naHoi cucTeMu pPIBHAHL €
erincu x* — 2xy + 4y* = C?, (x — y)® + 3y® = C*, Pyx mo nux enin-
cax e nepioguusuM, HanpsiMok pyxy MOKHa BH3HAUMTH, HAIIpHKAAZ, Tak.
Hpunycrumo, wio B paHuil MOMeHT Touka (x (f), y (f)), ka pyXaernhcs ho
OJHOMY 3 ejincis, meperunae npomiubs x =0, y > 0. Toai B ne#t Mo-
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. . dy
MEHT, 3MiHO 3 IpYyruM PiBHAHHAM CHCTEMH, — = —Y (f) < 0, To6T0

OpAMHATA PYXOMOI TOYKH B JaHHH MOMEHT yacy crnanae. Omke, pyXH IO
eJincax HanpsiMieHi MPOTH PYXY CTPiJKH TOAHHHHUKA.

5.10. Busmauuru, npH fKHX @, b € R nificHi 4YacTHHH KOpeHiB
MHOrousesa A* - aA® 4+ bA? +-ak + 1 =Ff () Bix'emni?

Posp a3aunna Ckaagemo marpuuto 'ypsina:

al0o
abal
0Olab
0001,
Brizno 3 kputepiem Payca — I'ypsina maemo:
l[a100
al @10 abal
a>>0, ab‘>0’ abal>0, 01ab>0
01a 000 1

‘a6oa=>0,a(b -1)>0,a® (b —2) > 0. 3igcn a >0, b > 2. Orxe,
nificui wacTunmM Kopenis Muorousena f (&) Bix’emni, akmoa > 01 b > 2.

5.11. Suaiita BCi aificHi 3HaueHHs mapameTpiB @ i P, npu AKHX pos-
B f3KH CHCTEMH piBHSIHb

dx dy

G =—%+tay+ps —-=—ax—y+toz
d
7?—:—[3)5_0(,!/_2

acCHMIITOTHYHO CTiHKi.
Poszs 93anud. Baacai snavenns marpuni janol cucremMu pusHa-
YaioThCH 3 PiBHSIHHA

—1 =2 a p
—a —1—A a =0, A+1)(A +21L+14p% +22%) =
—B —a —]—A

39 = 0.

7 Ilpu Gynp-akux o, P € R xificHl yacTHHH KOpEHIB LbOro piBHSHHSA
ipin’emni. Tomy naHa cucreMa € aCHMNTOTHYHO CTiliKOIO npn OyAb-fKHX
‘piicuux o i .

. . , . dx

¢ 5.12. Tlpu axux aificanx a, b i ¢ po3B’a3Ku CHCTEMH PiBHAHD i =
dy

— = bx + ¢y € acUMOTOTHYHO CTIHKHMHP

= ax + by,
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Po3B s13auysa Baachi snauensss matpund  maHoi cucremu
BH3HAYAKTbCA 3 PiBHAHHA

a—>i " b
—b c¢c—A

JIificHi YacTHHH KOpeHiB UbOro piBHSHHA Bif'eMHi ToRi # TiJIbKH TOXI,
KOJIH

=0, M—(a-+c)r+ac+ b =0.

a-tc<0, ac-b>0. 2

Orxe, PO3B’A3KM JaHOI CHCTEMH € ACHMIITOTHYHO CTiKHMH, SIKLIO
BHKOHYIOTbCH HepiBHocTi (2). :

5.13. Tlpu sikux a, b, ¢ € R Kopeni MuorousneHa f (A) = A% + aA?
- bA -+ ¢ maioTh Big'emdi AifcHi yacTHHH?

P o3 B' 73 aHH a. 3acrocyemo Kpurepiii Payca — I'ypsina. Marpu-
ua 'ypeina mae Buriaz

a 1 0
¢c b al.
0 0 ¢

HificHi wacTHHH Bcix KopeHiB MHorowieHa f (A) O6yayTh BiJ'eMHUMH
TOAI ¥ TiNIbKH TOAI, KO BUKOHYIOTbCSA YMOBH

a1 ald
a>0, cb|>0 ¢ b a|>0,
00 ¢

10610 @ >0, ab — >0, c(ab —¢) >0, a6o a >0, 0 < ¢ << ab.
5.14. Hocniguty Ha cTifiKicTb po3B’sI3KH CHCTEMH DiBHSHB:

0 2 —1 X,
%xt—=Ax, A=|38 0 —2], x=|x,
5 -4 0 X3

PosB a3anusa Ockinekn marpuus A nadol aiHifiHOi cucremu
craJja, TO CTiBKiCTb po3B’A3KiB 3a/1exHTh BiJ i1 BJaCHHX 3HaueHb. Baacui
3HayeHHA MaTpHui A 3HAX0AUMO 3 pPiBHAHHSA

—% 2 —1
3 —A —2(=0, M—91+8, (A—1) (A +2r—8)=0.
5 —4 —A\

OznuuM 3 KepeHiB uboro piBHAHHA € A = 1. Ockiabkn Re A = 1 > 0,
TO pO3B’SISKH CHCTEMH — HeCTiHKi.
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5.15. JlocaianTH Ha CTiBKicTb poO3B’A3KH CHCTEMH DiBHAHD

dx dy

CxeMaTHUHO 306pasuTH TPacKTOpii PO3B'SA3KIB i HANPAMKH PyXy IO
WX TPaeKTopifx.

Pos3B f3auns Baachi 3HaueHHs MaTpulli JaHO! CHCTEMH BH-
8HAUAEMO 3 piBHAHHA

—~1—A —4
2 5—24
[

o

=0, M—4A+3=0, A =1, A, =3.

/

Puc. 50 Puc. 51

Baacui 3uauenus gificni i nmomardi. OtiKe, po3B’SI3KH JaHOI cHc-
Temu HecTiliki, a nowarok koopamnat — O (0; 0) — ocofiiuBa TOuKa
THIIY «BY30J1».

Tpaekropii po3s’aA3kiB Bu3Hauaemo 3 piBusHHA (2x + by)dx + (x -+
-+ 4y)dy = 0. IligcraBuBuiy y = kx B piBHAHHS

dy 2x 4+ Sy

dx x+3y ' “)
3yaiaemMo 3HaueHHA Kk, Npd AKUX npoMedi y =kx, x>01 x << 0, ¢
TPaeKTOPifiIMH pPO3B’A3KIB BHXiZHOI CcHCTEMH:

. 24- 5k 2 _ o _l_ _
k———-m, 2k* +3k +1 =0, & = 5 ky = —1.

3 piBHAHHA (4) BHIVIMBAE TAKOXK, IO TPAaeKToOpil mepeTHHAOTH Bicb
afcuuc mif KYTOM, TaHreHC SKOro AOpiBHIOE —2, a BiChb OpAMHAT — MiX

KYTOM, TaHFeHC SIKOro JopiBHioe — . Lliei iHpopmauii RocTaTHbO, WOO

nobynysaty Tpaekropii (puc. 50).

5.16. [locaianTi Ha CTIHKICTH pPO3B’A3KH CHCTEMH DiBHAHB:
dx

dr
pO3B A3KiB i HaNpAM pyXy MO LHX TPAEKTOpifX.,

d .
= —x —y, —% =x —3y 1 cxemaTuuHo 300pasUTH TpPaeKTOPil
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Po38B f3anHa Baachi snadenns matpuni jaanol cucremu Bi-
3HQYaeMo 3 piBHAHHA

—1—A —1
1 —3—A

Lli uncaa mificwi, Bix'emni Ta piBHi. OTxe, BCi po3B’sI3KM AaHOl CHC-
TEMH acHMNTOTHYHO cTifiki. TpaekTopil po3B’A3KiB BH3HAYAWOThCs 3 piB-
HAHHA

=0, MA44h4+d4=0 2\ =i =—2

dy _ x—3y dx  —x—y
a4 S Trog 0 G =g,

Touka (0; 0) e o0co6JHMBOIO TOUKOKW THIY «By30a», Tpaekropii
(puc. 51) Buay y = kx, x > 0 abo x <C 0, BH3HAUAIOTbCHA 3 PiBHAHHS
b=t R %k41=0, k=],

TO6TO Y = X.
5. 17 Hosectu nemy I'ponyonna — Bennvana: gxmo HemepepsHa
HeBil'eMHA NpH ¢ > £, QYHKUiA u (t) 3aJ0BOJIbHAE HEPiBHIiCThb

u(t)<C+Sv(r)u(T)dT, )
ae C >0, v (f) — nonatua d)ynxum 'ro
Sv(‘c)dt
u(t) L Ce™
Poass’' sa3anunda 3 umepiBuocri () mictaemo:
u (o) v (0) < v(0).

[22
C—]—Su(r)v(‘r) dv
¢

AN

[
Iaterpyioun o6uABI wacTHHH Hiel HepiBHOCTI 1O ¢ B MeXax Bif f,

Ao f, nicraemo
t

p QSU(G) do,
t C+ [um@o(mde &
f

u (o) v (o} do

t !
ln(C —I—Su(r)dr)—— 1nC<S v (0) do,

o to
f fv(o)da
abo C+ S u (1) v (v) dv < Ce® .
A
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Orike, L
. 4

{oorao

u()<<C+ S 'c)v(r)d"c<Cet°A

5 18 ﬂ,osecm 0] KON po3B’ A3KH CPICTEMH plBHﬂHb

dx"” Y
. o =4 » -~ (6)
CTIHKI TO CTIHKI/IMPI Gyﬂ.yTb l pOSB A3KHN CHCTGMH plBHﬂHb

=(A+B(@)x (7)

npu yMoBi, wo
+o0

Snmmw<+m—

Po3B s3anusa Pisnumo Oyab-AKHX ABOX pO3B’A3KiB x (7),
x0) =x,iy (t) 0) = yo ‘CHCTEMH DIBHAHDB (7) moxHa mojaTH y BH-

Pﬂﬂﬂ.l g s
‘ X : t

O =3O =" (—y) + [AIB@ @ —y@)dr. @)

3a yMOBOIO (YHIaMEHTa/lbHAa MATPHUS CHCTEMH - (6) obmexeHa npu
= 0. Tomy 1CHye TaKe JORaTHE ¢ auciao C, 1o sup lert] << C. 3 pis-

nocri (8) maemo:.". -
1t — gy (O1< w%—ww+5mwmwwww—uﬂwr

351}1cu BHAC/IIOK JIeMH Fpouyoma — BemeaHa (zms sauaqy 5 18),
mcmemo , :

o cj‘nsmua: . ‘ o e
lx(®) —y @< Ce?® o — 9l < Kl%o— b - (9)
. R Fo0 o S )
S e (s
Jle . K Ce 0

3 HeplBHOCTI (9) BHILJINBAE, 0 JJIf1 JIOBIJIbHOI‘O gE> 0 MOXKHa 3HalTH
Take § = 6 (e) = k , 1[0 114 5y}1b SIKHX JIBOX PO3B’ A3KiB x (t) i y(t) cHe-
Temu (7) 3 ‘ymoBH- | %o — 4o | < 8 BUILINBAE, 110° i S

Iz (@) —y(t) I<Kl%—ygl<Kb=e
npu BCiX ¢ > 0, 10610 Bei poas’sdku cucremu (7) — crifiki.
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. dx
5.19. Hosectu, uo Bci poss’asku piBuAHHSA _dﬁ"'{‘(“*

! ) ) . .
———I—_-}_—t,—)xco, a>>(, o6mexeHi pa3om 3i CBOIMH NepUIMMU 0OXiA-
aumu npa {€R.

Po3p s3auHns Hesaxko GaunT, WO PIBHSHHA He SMIHHTHLCH,
AKIIO B HBOMY 3aMiHHTH f{ Ha —f. TOMYy JOCTAaTHBO POSTJSIHYTH BHIAJOK

t=0.
[MepefineMo Big nanoro piBHSAHHS A0 CHCTEMH
dx d x
T =Y i =t T (10)
a6o
dz
W = Az -+ B (t) Z,
ne

e el o= 1)

BuaacHi 3Hauenns marpuui A uucTo YSBHI: Ao =1( 1§ V a. Tomy cuc-
TEMA % = Az e crifikoo. Kpim Toro,
1 t
dz T
SﬂB(T)“dT:‘(‘S TF =arctgt<—2-
0

3riguo 3 pesyabratom 3agaui 5.18, yci poss’sisku cucremu (10) —
crifiki, a orxke, iU obmexeHi (cucreMa (10) — ninifiga). Kowmmonenta
4 () poas’a3ky z (f) cucremn (10) — me noxigna po3B’'sA3Ky x (¢} RaHoro
piBusinHA. Orxe, O6MeXeHiCTb pO3B’93KiB HaHOro piBHAHHS pa3oMm 3
TMOXIJHHMH NEepUIOre IOPAXKY JAOBeAEeHO.

5.3. Kpurepiis crilikocti 32 nepwum Habmnkennam
PosraianemMo cucrtemy ZaudepenniasbHuX piBHAHB
d
=F = Ax+ it %), ()

B skift A — crana matpuus, f (f, x}) — HenepepBHa mo £t i x (({ >,
| x| < h) dyukuin, ska 3agoBonbHse yMOBY

e, n1 _g @

o ¥
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pisnomipuo mo ¢ > f,. Cucrema piBHsHb 31 cranuMH KoediuieHTamu

dx
o = Ax
HA3UBAETLCS CUCIIEMOI0 hepuloco HabauscerHa 0 cucmemu (1),
T eopewma. Hexaii pynxyis f (¢, x) 3adosorvrnse ymosy (2).
Sxwo Oilicni wacrmunu 6cix eracnux sHaveno mampuyi A 6i0"emui,
mo nyavosull poss’azox cucmemu (1) — acumnmomuuno cmidkull.
HKruo ceped eaacnux snatens mampuyi A € xoua 6 00He 3 Jodamrotw
OilticHot 4acmuKow, mo Hyavosuli po3s’ 3ok cucmemu (1) — Hecmilikui.
SAxwo ceped eracnux snaxens mampuuyl A € xoua 6 00HE 3 HYALOBOK
OiticHoto wacmurolo, a Huwi marms 6L0°emui OLUCcHI Hacmunu, mo HYyAbo-
sutl po3s’ a3ok cucmemu pisHanb (1) moxe bymu ax cmidkum (acumnmo-
mudHo cmidkum), max [ Hecmidkum, mo5no 8 ybomy 8unadxky 3 gaxmy
cmidkocmi abo wecmitikocmi po3g’a3kis cucmemu nepuLoe0 HAOAUNEHHS
He MOJCHQ 3pofumu 6UCHOBOK NP0 CMLUKICMb HYAb08020 (Mpusianbrozo)
po36°A3KY  nosHoi cucmemu pienans (1).
3a3HauuMo, IO Kouu BeKTOp-(yHKLiA f (¢, x) Taka, wo [ (¢, 0) =

=0i % (t, 0) = 0, To BOHA 3310BOJIbLHSE YMOBY (2).

5.20, Jocnigutn crTifiKicTb noJIOXKeHb piBHOBar" MaTeMaTHUHOLO
MasTHHKa 3 TepTaM:

a? d .
— 2k 4sing =0, £>0.

Po3pr’ ss3annd Bin piuauus pyxy MmasdTHHKa mepeiizeMo jo
CHCTEMH

dx dy .
T =Y, —ar ——-—-Slnx-——Qky. (3)

[TostoxeHHA piBHOBAru BH3HAUAKOTLCS i3 CHCTEMH PiBHSHbB:
y=0, sinx+4 2ky=0.

3pigcy x = nn, y =0, n€ Z. BHacnigok nepiogmuHOCTi CcHCTEMHM
piBHsiHb (3) MO X, ZOCTaTHBO HOCHIAMTH -CTifiKicTp ABOX ii po3B’sA3KiB:
x = 0, y == 0 (HMXKHe ITOJOKEeHHs piBHOBarM) i x = m, y = 0 (Bepxue
IOJIOXKEHHS1 PpiBHOBarn MasiTHHKaA).

Jlineapusyemo cucremy piBHsAHb (3) B okoai Touku (0; 0). Ins usoro
BuAinuMo JiHifiny yacTHHY dyukuii sin x B okoai Touku x = Ot

. x3
Sinx = x——3- + ..
Cucrema nepmioro HaGJuKEHHS! B IbOMY BHIAIKY Ma€ BHIVISL:
dx dy
@ =Y ar =—%—2ky.
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Buiacui 3Hauenns Marpuni koedimientip niei cucremu BH3HAUAOTHCA
3 piBHSIHHA

—A 1
—1 —2r—A
Ockinbku 3a ymoBoo k£ > 0, To nilicHi 4acTHHH KOpeHiB HbOro piB-
HaHHg Bin'emHi. Tomy posB’siz3ok x = 0, y = 0 cucremu (3) — acumn-
TOTHYHO CTiHKHI.
Jocaizumo Tenep CTifiKicTb BepXHBOro NOJIOKEHHS piBHOBarm Masr-

HHKA, TOGTO CTifiKicTh po3B’s3Ky x = 7, y = 0 cucremn (3). B okoai
TOYKH X = 7T MAEMO

=0, M+2kA+1=0.

— 3
sinx=——(x—n)+-(x—3l”—)—__... /
CucTeMy IepIoro HaG/IMMKeHHS VISl IbOTO BHIAJAKY MOXHA 3anucaT
TaK:
d(x —n) dy
—ar =Y = (x — ;) — 2ky.

Bnacui 3HaueHHsa MaTpuli KoedillieHTiB CHCTEMH BH3HAYAIOTLCA 3
pPiBHAHHSA
—A 1
1 —2k—A
Kopeni nporo piBHsfinHA ZHificHi i MaioTh pismi 3uaku. ToMy BepxHe
TIOJIOXKEHHST PiBHOBAard MasiTHHKA x = 1, y = 0 e HecTifikuM.

5.21. JloBecTH, WO KOMH off = -——1, TO HY/JBOBHI PO3B’A30K CHCTEMH
piBHAHB

=0, M4+2kh—1=0.

dx . d
Tt:—sm(x—[—ocy), 'd—!t/=ﬁx+ln(1—y)
€ ACHMITOTHYHO CTiHKMM.
Po3PB g3aHH5 YpaxoByoud DPO3BHHEHHS B PSA

28

. _ y’z
Sinz =2z — —r + e, Ml—p)=—y+ 5 — -,

3amHIIeMO CHCTeMy mepiuoro Habauxennsi (B oxoai Touxkd (0; O))

d d
7d';—=-—-—x—06!/, —%=ﬁx—y'
BignoBigne i#i xapakTepHCTHYHe piBHAHHSA
Tl=h e 0
B _ 1 ___ 7\: =\, + + + aﬁ — Y

O6uzBa KopeHi LpOro piBHAHHA MaloTh Bif'eMHy LificHy 4acTHHY, AKILO
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1 + af > 0, Tobro skwo af > — 1. Orxe, akmo aff > —1, To HYJBO-
BHH po3B’s30K x = 0, y = O naHOi cHCTeMH aCHMIITOTHYHO CTiHKH.
5.22. Hocnizuty Ha CcTifiKicTh HYJAbOBHH PO3B SI30K CHCTEMH
dx R
= 2x — In(1 + y) + sinx;

—Z‘l”— = e* + sin (x + y) — cos?y.

Po3p s13auHua CklagaeMo pPiBHSHHS NepLIOTO HaOJMMXeHHSN:

—%;‘—:3)5-—% —%ﬁ——.:Qx—{-y.
Binmosigse iM xapakTepucTHuHe DiBHSHHA Mae BHIVISL
O S VR S
2 1—2 ’ )

Kopeni uporo piBusinng Mg = 2 4= { KOMIJIeKcHi, AificHi uyacTuHM

ix mopathi. Otrxe, TpuBianbHul (Hy/aboBHE) po3B’s130K ¥ = y = 0 1xa-
HOI cuUCTeMH — HECTiHKuH.

* 5.23. JocaigutH Ha CTifiKicTh yci IoOJOXKeHHS piBHOBarH CHCTEMH
piBHAHD
- dx , d
=%ty +as, L =—x—2 + 3.

dt dl

. PosB’ s3anHns. [ogoxkedns piBHOBarum JaHOi CHCTEMH BH3HAaua-
€MO 3 PiBHAHB

— 25+ y+x3=0, —x—2y-3x°=0.

.+ 3BIACH 3HAXOAMMO TPH IOJMOMEHHs piBrOBark: x =0, y = 0; x = 1,
g=11ix=—I1,y = —I1. Jocnigumo Ha crifixicTb KoxHe 3 HuX. CHC-

TeMa Neplioro HaGJHKeHHs, sika BilIOBinae MOMOXEHHIO PiBHOBACH X =
#= (0, y = 0, mae BuUrasag

% = — 2% +y, % =—x—2y
XapakTtepuctyuHe piBHSIHHA wiel cHcTeMH
—2—X 1 ,
—1  —9_3|=0 M+A+5=0
Mae KopeHi A9 = —2 4= i. Omxe, nosokeHHs piBHoBaru x = 0, y = 0

aCHMIITOTHYHO CTiliKe.
IlpaBi yacTHHHM HaHOi cHCTeMH pO3BHHeMO B pax Tedsopa B OKOJI
NOJOXKeHHs piBHOBarn x = 1, y = L

-2ty + == +y—-0+ -,
—x—2y+3=14x—1)—2(@y—1)+ -+
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TyTr Kpankamu no3HAaueHO WICHH He HHXKYe APYroro mopsiiky Mafus-
HH BigHOcHO X — 1. Cucrema nepuoro HaGaumkeHHs! B okoai ToukH (I; 1)
Mae BHIVIAL

‘Z—':=u+v, -Z—j:lélu—?v, 4)
Je u=x—1, v=y— 1. Koperi xapakrepuctuunoro piBHsiHHA Liel
cucremu A2 4- A — 16 = 0 nificui i maioth pi3Hi 3uaku. Tomy moJOXeH-
HA piBHOBarH x = 1, y = | — Hecrilike.
B okomi TOUKH x' = — 1, y = —1 pO3BHHEHHS NPaBUX YaCTHH AaHOI
cucremu B pag Tefviopa takis

— 2%yt B =+ D+
— =2+ 3 =M+ 1)—2(y+D+ --- ‘
Tomy cucrema nepuioro HaG/HXeHHS B OKOMi TOUKH x = —1, y = —1
36iraeTbes 3 cucremolo (4), AKWO B Hill nokaactiu = x + 1, v = y +1.
Orke, noJjoXeHHs piBHOBard x = —I1, y = —I1 — HecTiike.
5.24. Hocaizuty Ha crifikictb po3B’fi30K x = y = z = 0 cucreMy
dx dy

— = —sin(x —2), i

. . dz
i =sin®x —y—sing, 7=tg(y——z).

Po3B’ a3aHHusd 3anumemo piBHAHHS Ieplioro Hab/HKeHHS
JaHol cucreMu B okoui Touku (0; 0; 0):
dx dy dz

it A e i At i il At ©)
XapakTepHCTHUHE pPiBHAHHSA
—1—A 0 1 ,
0 —1—A =1 [=0, W+ 1A +20+2)=0,
0 1 —1—=2

Mae KopeHi Ay = —1, Ag3 = —1 4= {. Ockinbkn Rekd, << 0, i =1, 2,
3, To TpuBiaNbHHH pO3B’A30K X = y = 2z = ( HaHOI CHCTEMH — aCHMI-
TOTHYHO CTiHKHH.

5.25. osectd, mo koau o << 0 1 20 << P << —a, TO TpHBiaNbHHA
po3B’s130K ¥ = y =z = ( cucremu

dx dy

- = ax —cosy -+ efz, —r = psinx 4 In(1 4 ay) — x22,
%:xzcosz—i—ﬁy-}-sinaz

—— aCHMITTOTHYHO CTiHKHH.
Posp sizanus JliHeapusyBaBlH B OKOJi TOUKH x = y =
== z = (0 npaBi yacTHHH JaHOI CHCTeMH DiBHSIHb, BANMIUEMO DiBHAHHA
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mepuoro HabJHXKEeHHS:

dx dy dz

7=ax+6z, — =Bx+ay, — =Pyt oz (6)
Xapakrepuctiune piBHsIHHS cucTeMH (6) Mae BHIVISA
A% — 3ah? 4 3a’h —a® —f3 = 0. (7)

lIlo6 BusnauuTH, NpH SKHX 3HAYEHHAX napamerpiB a i P xifici
_ YaCTHHH BCiX KOpeHiB XapaKTepHCTHUHOro DPiBHAHHA Bin'eMmHi, CKopHc-
taemocs Kputepiem I'ypsina. Cknazemo matpumio I'ypsina:

— 3o 1 0
—a®—p? 3a? —3a .
0 0 —oad—p8 .

¥YMOBH Bin'eMHOCTI HiiCHHX YacTHH KopeHiB piBusanusa (7) samumemo
y BUIVIAAL HepiBHOCTeil:

—30>0, —9®+4a?+p>0, —a>—p>>0.

3Bigcu picraemo: o << 0, f — 200 >0, a 4 B < 0, TO6TO 00 << O,
200 << B << —at.
5.26. 3naiiTh Bci NOJOKEHHST pIBHOBArd CHCTEMH

d d
7’;— = xy -+ 4, T? =12+ y*—17.

JocaiguTe 1x Ha crifikicTs 1 sHafiTH THIM OCOGJMBHUX TOYOK.

P 03B s3a#nHn s [logoxenns piBHOBaru (oco6auBi TOUKH) HaHO]
CHCTEMH BH3HAYAIOThCA 3 piBHAHB Xy + 4 = 0, x* -+ y* — 17 = 0. Pos-
B'SI3yIOUH Ui PiBHSHHS, 3HAXOAHMO YOTHPH IOJOXKEHHs piBHOBAaru:

A(—1;4, B(—4,1), C{;, —4), D@4 —1).

Po3BuHYBIIM npaBi yacTHHH JaHol chcTeMH B psx Tefijopa B OKoJi HO-
JIOXKEHHH piBHOBaru (X,, Y,) i OOMeXMBUIUCh B IIMX PO3BHHEHHAX JIHLIE
JiHIHHUMH wieHaMH, OiCTAHEMO CHCTeMY PIBHSIHb HepINOro HaGJHKeHHS

d d \
T;tc_zyo(x—xo)"l‘xo(y—‘%)’ —Ziti =20 (¥ — %) + 200 (§ — bo)-
SamiuuBIIH ¥ — X, HA X, @ Y — Y, Ha Y, RicTaHEMO
d d
'% = YoX + Xo¥» T!t/. = 2xox - 240Y.

CKJ1aZieMO XapaKTepHCTHUHE piBHSAHHS:
Yo—A Xo

. 2 __ 2_ 2 =
o%, 24y —h =0, M — 3y +2(ya —x0) =0
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Skiro yg<x§, TO KOpeHi XapaKTepUCTHYHOro piBHSAHHS XificHi 1
MaroTh pisHi 3Hakd. OCKiTbKH KOODAHHATH IIOJNOXEHHS piBHOBary B
i D 3an0BONBHSIOTL Uil YMOBi, TO BKa3aHi NMOJIOXeHHSI piBHOBard — He-
crifiki. Oco6auBi Touku (—4; 1) i (4; —1) e oco6IHBHMH TOUKAMH THITY
«CIHJI0%. ,

XapaxTtepucTHuHi piBHANHA, AKi BignosigaoTh Toukam A i C, MaoTb
Burasa A* — 124 + 30 =0 i A% 4 124 4 30 = 0. O6uzsa xkopeni
nepiloro 3 HHX jnofatHi, a apyroro — Bin'emui. ToMmy moJsosenus piB-

nosaru A (—1; 4) — Hecrifike, a mosoxennsa C (1; —4) — acUMITOTHY-
HO CTilike.

Oco6auBa Touka A € HecTifiKuM By3J/ioM, a Touka € — CTifiKHM BY3JIOM.
[loBeninky TpaekTopii B OKOJIax MOJOXKeHb PiBHOBar#M 300pa)KeHO Ha
puc. 52.

5.27. 3uaifiTn Bci nosoxkeHHS piBHOBaru (0coGJIMBiI TOYKH) CHCTEMH

dx

—r = x* —y* — b, d—ét’=x2—|—y2-—-13.

d

Jocaiguty X Ha crifiKicTh i BU3HAUHTH TUIH OCOGJIHBHX TOYOK,
Poap s3anusa Ocobausi TOUKH JHaHOI CHCTEeMH BH3HAYaEMO

3 pieusHb x2 — y* — 5 =0, x2 + y* — 13 = 0. Po3s’a3aBwy mo cuc-

TeMy a/areOGpaiuHHMX piBHSIHb, 3HAXOAMMO YOTHPH OCOOJUBi TOUKHU:

A (—3; —2), B (—3; 2), C(3; 2), D (3; —2). Cucrema nepuioro Habiuxen-

HA B OKOJi 0coGiHBOI TOUKH (X, Y,) Mae BHUIVIAL

d
TJ; = 29 (X — Xo) — 240 (Y — Yo)»

d
d—i/ = 2% (¥ — Xo) + 205 (4 — Yo)s
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SBiJIKH, 3aMiHIOIOUH ¥ — X, Ha X, Y — Y, — Ha Yy, OicTaHeMo

d d
_d’t.‘_ = 2%, — 2YoYs T‘;’- = 2x,% -+ 2y,y.

XapaKTepH‘cm'{He piBHSIHHSA Mae BHTJISN
A? — 2 (o + go) A+ 848, = 0. (8)

Sxkmo x,y, << 0, To piBHAHHA (8) Mae gmificHi Kopeni pisHHX 3HaKiB.
HepiBricTb %,4, << 0 BUKOHYETBCA /151 ocobauBHX TouokK B i D. Orxke,
Ili TOUKY HeCTiHKi i € OCOOMBUMH TOUKAMH THIY «CiJJIO».

MoxHa nokasarty, mo aiast Touok A i C Kopeni piBusinns (8) — xowmi-
gekcHi. [Ipu nbomy apilichi yacTHHY KopeHiB piBHSAHHS (8) A1 TOUKU A —
Bix'emHi, a g Touk C — goxatHi. Tomy Touka A acMMNTOTHYHO CTifiKa
(criiikmit dokyc), a Touka C — HecTifika (HecTifiku#i pokyc). Tpaekropil
PO3B’f3KiB jgaHOi cucTeMy 300pameHO Ha puc. 53.

5.28. Hexail Bci pO3B'SI3KH CHCTEMH PiBHSIHb

) :
S =Ax 9)

obmexxeni npu £ >0, a f(f, x) — nenepepsua mpu £=>0, |x|<<h,
A > 0, BekTop-QyHKLIA TaKa, IO

17 1<y @) x| (10)
JoBecTH, MO KOJIH

o0

5 (1) dt << + oo, (11)

0
Y0 HYJNbOBHI DO3B’A30K CHCTEMH PiBHSHB

A = AxdF(t ) (12)
— CcTifKHA 3a JIANyHOBHM.
Po3p a3anusa Hexalix = x (£}, x (0) = x,— po3s’A30K cHCTe-

mu piBHsub (12), akuii mounHaeThesl (pH ¢ = 0) 3 JOCHTb MaJIOTO OKOJY
vourd ¥ = 0. Jna HbOrO crpaBenuBe iHTerpaJbHe 306paskeHHSA

t
x(f) = eAtx, + | edt=f (v, x (1)) dw. (13)
0

Ockinbku poss’sisku cucremu (9) obmexeni, To | e |<< K naa
Bcix ¢ > 0 mpu jesxift cranii K > 0. Tomy 3 piBnocti (13) mMaemo:

I OI< Klxol+ [Ky @15 @] dn
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3BigcH, BHacainox aeMu I'ponyonna — Beanmana (aus. 3agauy 5.17),
ZicraeMo
t

ng(t)dt
IxI<Ke®  Txl<Kil %l
}o0
K [ woa
e Kl = Ke 0

o [ ]
Orxe, nis O6ynp-skoro & > 0 MoxHa 3HaHTH Take § = i IO KOJIH

fx]<<d, mo [x@|<K;, |xn]|<<e npu scix £>0. e osnauae,
IO PO3B’SI30K ¥ = 0 — CTilKui.

5.4. RocnipxeHHs Ha cTiMKICTL 3a meTofoMm (PYyHKUiH JlanyHoBa

Hexa#t v (x) = v (xy, Xy, ..., X,) — cKajdApHa GyHKIiA 3MinuOl ¥ = (xy, X3, ..., X3),

BH3HauyeHa H Henepepbno nudepenuifioBHa B Kyxi

Jh={x€R":|x|<h, h>0},
i Taka, mo v (0)=0.

Qynkuia v (x) HasuBaerbesl dodamuo (8i0’6mHO) 6usHAueHO B KYMi Jp, KO AIA
BCix x € Jp, x 5= 0, BUKOHYEThCA HepiBHICTE U (x) > 0 (v (x) << 0). B 060x mHx Bunaikax
GyHKUIA U (X) Ha3UBAETLCSI 3HAKOBUBHAMEHOIO.

Gynkuia v (x) nHasuBaetbess dodammuo-cmanow (8i0’emno-cmanroro) B Kyni Jg,, Ko
s Beix x € J, BHKOHYeThest HepiBuicTh v (x) > 0 (v (x) <C 0). B o6ox nux Bumagkax
$YHKUIA v (x) HA3UBAETBCS 3HAKOCMAAOID.

Slkmo ¢yHknin v (x) Habysae B Kyai Jy, fIK JONATHHX, Tak 1 Bif’eéMHHX 3Ha4eHb, TO
il Ha3UBAIOTb 3HAKO3MIHHOW B J4.

PosrnsineMo Temep cucteMy piBHSIHB

= (x), M

X == (X1, X3, ey Xp), f = (f1, fa «ev» fp). Npunycrumo, mo ¢yukuis f, BusHaueHa i He-
HiepepeHa B KyJai Jy, IpH lesikoMy h > 0, 3agosoabHsie ymoBy Jlinmwina B J, i f (0) = 0.
Pisricts f (0) = 0 o3nauae, wo x = 0 e po3s’si3akom cuctemy (1).

Hexait x = x (f) — mesxull po3s’sizok cucteMut (1). Y3I0BXK 1BOTO PO3B’SI3KY tbygx-

) v
uist v = v (x (¢)) 7K dynxuis aminxoi ¢ Henepepsuo audepenuifiosna i ii noxinna ar
BH3HauaeTbcs 33 (HopMyJio

dv 5 v du _
di = ox; ot “~

fi (x) = (grad v, f).

ax;

TToxidnowo no t 610 ynryii v (x) enacaidox cucmemu (1) (ysdosw mpackmopiil cucme-
u (1)) Hasusaroms supas

dv
- = (grad v (x), f (%)).

Teopema Jianynosa npo crifikicts. Fxuo 042 cucmemu pissane (1) ichye sHa-

. . . v ,
KogusHauena 8 Kyai Jy ynxyia v (x), noxiOHa axol no 4acy a0 830085 mpackmopid cue-
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menu (1) € anakocmanoio yrxyiero 3i sHaxom, npomurexcrum snaxy dyrkyil o (x), abo
momoxHo OGopieHioe HYAO, MO HYasosul pos3e’ a30Kk x = 0 cucmemu pisuane (1) cmidtxud
aa Jlanynosum.

Teopewm a Jlanydosa npo acamMnToTu4ny crifikicrs. Ixuo 01 cucmemu pisnars

[
(1) icnye snarosusnavena 6 xyaiJ, dyuryis v (x), noxidna axol no uacy a 830oenc mpa-

exmopiil cucmemu (1) € makxosc 3HAKOBUSHA4EHOO DYRKYIEI 3 3HAKOM, NPOMUAEHCHUM
snaky v (x), mo Hyrvosuil po3s A0k cucmemu pigHans (1) — acumnmomuuno cmidkui.
T eopewma Jlanynosa npo Hecrilikicts., SAxwo 0aa cucmemu pienane (1) icnye

gynuryis v (x), noxiona axoi no wacy %:J— 8300exc mpackmopid cucmenu (1) e sHakosusHa-
4eHow, a cama gyrkyin v (x) 8 6yds-axomy oxoai mouku x = 0 He € sHakocmanow, i 3HA-
KOM, NPOMUACKHHUM SHAKY ?;J—, mo Hyavosul pos3e’ssox cucmemu pieHans (1) — He-
crmidkud.

[Mpunycrumo, mo oyuknis f (x) B cucremi (1) BusHavena B ycwoMy mpoctopi R™.

Hynbosuit poss’s30k cucteMH piBHsIHL (1) HA3HBaeTbest cridKkum 6 4iAomy, SIKWO Bin
crifikuit 3a JlanyHoBEM i AKImMO Nis OyXb-fKOTO iHWIOrO po3B’si3ky X (f) uiei cucremu

lim | x ()} =0.
t>-}-c0

dyukuig v (x), BusnaueHa aaa Beix x € R", Ha3uBaeThes HECKIH4EHO GeAUKOD, SKIIO
a4 6yab-KOrO NOAATHOTO YHCJA @ iCHYE NOJaTHEe HHCJIO 7 Take, IO © (¥) > a ;i Beix
x€ER™, Jx||>r. ‘

Teopema (bap6ammna — Kpacoeebkoro), ko icnye 0odamuo eusHauera He-

- v v
CKiHueHO seaura ynkyis v (x), noxiOna 6i0 axol no wacy T 8300601c mpackmopiil cucmemu

duv
(1) & 8i0'emHO-cmaA0w0, npudOMy pieHicme T 0 moocause HA MHONCUHI, AKA He MiC-

mums yirux mpackmopii, kpix mouku x = 0, Mo HYyrv08utl po3e’ A30K CUCMEMU PIeHARb
(1) — cmidkud e yisomy.

5.29. $xi 3 nanux dyHKUi# ABOX 3MiHHHX

a) vix,y) =x*+y*—2y% 6) v(x, y) =(x—y)*%

B) v(x, y) =1—cosx+y% 1) v(x y) =xy+ xy?

1) 0(x y) = — 2% &) 0 (x, ) = — sin® x— (x— )3
€ 3HAKOBM3HAUEHMMH, 3HAKOCTAJUMH i 3HAKO3MiHHMUMM?

Poss' sizanns

a) 3anumeMo pyuxuioo o (x, y) y Burasaai v(x, y) =x2 +y2 (1 —
— 2y).

Axmo y << —;—, T0 v >0 ans BCix (x; y), kpim touku (0; 0). Tomy, Ha-

nmpuKaag, y kpysi x? 4 4% < TI- 3afaHa GYHKIIA KoJaTHO BH3HAYeHa.

6) @OyHKIiA v = (x — y)® — HOmaTHO-CTaja, OCKiJbKH BOHA Hepe-
TBODIOETHCA B HYJ/Ib He Jautue B Touwi (0; 0), a B ycix Toukax npsMoi x — y ==
= 0.

B) ¥ kpy3i x? 4+ 4% < 4n® PyHKUiA KOZATHO BH3IHAUEHA,
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r) Jlana ¢ysxuiss v = ¥’y + xy® =xy (x + y) y Gyab-sikomy okoai
NouaTKy KOOpAMHAT MOXe HaOyBaTH 3HaueHb pi3HHX 3Haki. Tomy nana
¢dyukuia € 3HaKO3MiHHOI.

1) (DyHKuiﬂ BiJ'eMHO-CTa/a, OCKiJIbKH BOHA NEPETBOPIOETLCS B HYJb
Ha mpamif x = 0.

e) Y xpysi x? + y? < #®> nana QyHKUiA Bi €MHO BU3HaUeHa.

5.30. JloBectu, mo ko (yHKLiA v = v (¥, y) HONATHO BU3HAUE-
Ha, TO MOXKHA 3HAHTH Take JOJaTHe YHCJIO m, INO BCi KpUBi v (X, ) = ¢,
e 0 << ¢ << m, € 3aMKHeHHUMH | OXOILIIOIOTh NMOYATOK KOOPAHHAT.

Po3B g93anH4a. [lpunycrumo, mo ¢yuHKuia v nomaTtHo BH3Haue-
Ha B Kpy3i x% + y?® << r?. OckinbkH (yHKLIiS v HemepepBHa, TO Ha
Komnakti S, — komi x* + y® = r? ng ¢yHKuis Hocsarae HafMeHIoro
3HavyeHHd, sIKe Mo3HaukMMo OYKBow m. OCKiJbKH U — JNOAATHO BH3HA-
yena, T0 m > 0.

. = x (?)
Hexa# y: { y=y@® — JIOBinbHA HellepepBHA KpHBA, $iKa CHOJyYae

[OYaTOK KOOPJAMHAT 3 AOBIIHHOIO TO’{KO}O (%45 yo) woma S,. Ockinbku
v (0; 0) =0, v (x5 Yo) = m, Re X5 -+ Yo =%, a OYHKUIS v B3ZOBK
HellepepBHOI KpHBOI Y 3MiHIOEThCS HEllepepBHO, TO B JAedAKid Todui Ha
KpuBil ¥

vix, y) =c<<m.

Orxe, joBeleHo, Mo Ha Oyab-sKill HemepepBHif KpHBiH, sKa crnoay-
yae MOYaTOK KOODAMHAT 3 TOUKOIO Koaa S,, € NpHHABMHI OXHA TOYKa,
B AKift v (x, y) = ¢ << m. ToMy KpHBi v (¥, y) = ¢ 3aMKHYTi I OXomIi0-
I0Th IICUATOK KOOpJAWHAT.

d

5.31. JlosecTu, IO KOJAH B CHCTeMi plBHﬂHb —y, —f (),
¢dyukuis f raka, wo [ (0) = 0, xf (x) >0, x =%~ 0, TO HOJIO)KeHHH piB-
posary x = y —= 0 niel cucremu — cTifiKe.

Po3B si3auHd [ana cucreMa Mae mepmui iHTerpasn

T {Twat=

X
npuuoMy 3 yMoBH xf (x) > 0, x = 0, BHIIIMBaE, MO Sf (Hdt > 0 npn
x 5= 0. Tomy ¢yukuis 0

v(x y) =

€ JIOZATHO BH3HAYeHOW. 3HaijeMo 11 moXifHy B3ZOBX TpaekTopifi jAaHOl
CHCTEMH pPiBHSIHD:

dv ov  dx ov ﬂ_f(

@ = @ Ty ar — Wy — =
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Buacninok neptuoi Teopemu JIanyHoBa, TMOJOMEHHS PiBHOBArH ¥ = Y =
= 0 — criiike.

5.32. HocaifuTi Ha CTiHKIiCTb NMOJNOKEHHSA PiBHOBArH piBHAHHA MasiT-
HHUKa

d2x .
_d_tz_._*_ ksinx =0, k= const>0, (2)
abo
%_—_y, % = —ksinx.

PosB s13anHusdg Cucrema (2) Mae Taki NOJOXKEHHS piBHOBAru:
x=nn,y =0, n€Z Buracainok nepioguuHOCTi NPaBHX YacCTHH CH-
ctemu (2) mo x 3 nmepionoM 2%, NOCHTH PO3IVIAHYTH ABA NOJOXKEHHS PiBHO-
Baru:

(0; 0) — BinnoBigae HHKXHBOMY TOJOXKEHHIO piBHOBarM MasiTHHKa,

(n; 0) — BinnoBilae BePXHbOMY IIOJIOXKEHHIO MasiTHHKA.

CucreMa piBHSHb nepuIOro HaG/MKeHHS B OKoJi TOUKH (x4 O) Mmae
BHTJISIA

dx—x) y dy

7 =y, 7=—kcosx0(x—xo).

BuacHi 3HaueHHst martpuui Liei cHcTeMH BH3HAYalOThCA 3 PiBHSAHHA
AZ - kcosx,=0. 3)

Skmo x, = m, T0 piBHAHHA (3) mae AiAcHI KopeHi PisHMX 3HaKiB,
OTXKe, MOMOXKeHHs1 piBHoBaru — Hecrifike. SIKo x,= 0, To KOpeHi piB-
HaHHA (3) uncro ysaBHi (ReA = 0) 1 kpurepiit crifixocri 3a nepmum Hat-
JIHKeHHSIM He Jae BiANOBiAi Ha muTaHHsA [po crifikicTs abo Hecrifikictp
noJioxeHnHst pieHoBaru (0; 0) cucremu (2).

Bukopucraemo poss’sizaHHs1 mnonepelHbol 3ajaui i posrsisHemo Jo-
JarHo BU3Haueny B okoai touku (0; 0) dyHknio

y2
vix, 9 =—5+ k(1 — cos x).

i noxigma B3m0BxK Tpaekropiii cucTemu (2) AOpiBHIOE

do . .
- = ksinx .- y—kysinx=0.
Tomy noJioxenHs piBHoBaru x = 0, y = 0 — crifike.

. ca . o , . dx
5.33. HocniauTd Ha CTIMKICTb HyJbOBHH DO3B’SI30K PIBHAHHA —p- =

= ax™ + g (x), B sxomy mEN, a0, g(0) =0, a pospuHeHHS
g (x) B pan Teftnopa B okosi Touku x = ( moudHAETbCS 3 4JIEHIB CTeNeHA

k=m+ 1,
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Poss s3anna PosrusHemo JozatHo BussaueHy dyHKuiio
v(x) = x2. |i noxinua B3ZOBXK TpaekTOpifl jamHOro piBHAHHS
dv

> Qx% = 2axmt L 2xg (x).

flxkuo m — Henapse uncyo, m = 2p -+ 1, to dyHkKuia % € 3HaKOBH-

3HAUEHOW B JOCTATHHO MAJOMYy OKOJi Touku x = 0.

CnpaBzi, B LUbOMY BHNaJAKy 3HAaKOBU3HaueHO € GYHRUiA 2axm+,
a poapuHeHHSI QPyHKLIT xg (x) y pan Tefiopa B okoai Touku x = 0 mo-
YHHaeThesl 3 WIEHIB, cTenib AkuX Oinbiue aGo mopisuioe m -+ 2. Orxe,
akmo o < 0, To BUKOHYIOTbCS YMOBM TeopeMH JIsIIYHOBA DIPO acCKMIITO-
THYHY CTiBKiCTb, @ NpH a > 0 BHKOHYIOTbCA YMOBH TeopeMH JlanyHoBa
npo HecTiHKicTh.

Hexait Tenep m — napHe {(m = 2p). Poarasuemo QpyHguio v (x) = x
i o6uucaumo ii noxiAHy no f B3AOBXK TPA€KTOPiH NaHOrO PiBHSIHHA:

dv dv dx . 2p
o = o @ =t e

. . v
OueBUjHO, IO B JOCUTH MAaJjJOMY OKoOJi Toukd x = 0 noxizna = 8

3HaKOBH3HaueHOW0 (pyHKujero. ®yHKLiA v (X) He e 3HAKOCTANOK 3i 3HAKOM,
dv . . .
NPOTHJIENKHUM 3HAKY —-, OCKIIBKHM U (X) = x — 3HAKO3MiHHA (YHKUIs.

Tomy 3a Teopemoto JIsnyHoBa npo HectifikicTh HYJIbOBUH pO3B 30K Aa-
HOro piBHAHHA — HecTifKWH.

Orxke, sxmo a < 0 i m — HenapHe YHCJIO, TO PO3B’SI30K X = 0 —
acHMIITOTHYHO CTiHKHH, AKWO a > 0 i m — HemapHe u4HcJo aCo SKIO
m — HemapHe 4¥c/l10, TO PO3B’f30K x = 0 — HecTIHKHH.

5.34. Hocaiauth Ha crifikictb HYJbOBH# PO3B’fI30K CUCTEMH pPiBHSHb

dx 3 dy 5
—dT—aJC "f"b_l/, -at——~cx+ dy
Poa3B’s3anusa Ckopucraemocs KpuTepiem crifikocti 3a mep-
wrM HaGmmxkeHHsM. CHcrema PIBHSIHb NEPIIOT0 HAGMUMKEHHA Mae BULVIAK
dx dy
T by, 5 = X
Binnosinne xapakTepucTHuHe piBHSIHHSA:
AZ—bc=0.

Skmo bc > 0, To KopeHi xapakrepuctHuhoro pisHsimHg gifical
MmaoTh pisHi 3Haku. Tomy npu bc > 0 HynaboBHi pO3B’SI30K — HeCTifi-
KHH.

Slkwo be << 0, To KopeHi XxapakTepUCTHYHOrO piBHAHHA 4YMCTO yaBH{
(Re A = 0). ¥V upomy BUNauKy Kpurepifi crifixocri 3a nepwum HabJaH-
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JKEHHAM He Ja€ BiAnoBiAi Ha nmuraHHA Npo crifikicrs abo HecTiAKICT HYJIBO-
BOTO PO3B’SI3KY.

[Tpu b¢ << 0 3acrocyemo Merof ¢yHKuUi# JIanmynosa.

Ockinbkp npaBa YacTHHA KOXKHOIO 3 JaHMX DIiBHSIHb CKJAJAE€TbCst 3
JBOX [OJaHKIB, OJMH 3 SIKHX 3aJNeXHTh Juile Bin x, a apyrufi — Bin y,
To $yukuito JlanyHosa v (x, y) wykarumemo y Burasti v{x, y) = A (x) -+
+ B (y), ne A (x), B (y) — nenepepBHo audepeHUifioBHI B OKOJi MoYaTky
koopaunar ¢yHkuii taki, mo A (0) = B (0) = 0. [loxizna ¢yHkuii v
Y3I0BXK TPaeKTOopifi 1aHOI cHUCTeMH:

d dA dB
d% = —(ax® + by) + a4 (et dy®).

®Oyuxuii A (x), B (y) ninbepemo tak, mob noxinHa -g— MaJja Ty caMy

CTPYKTYPY, WO # ¢yHKuia v. [l1a Hboro NOBMHHA BHKOHYBAaTHChb piB-
HicTb

dA dB
—d;by—]—Ty—cx=0,

abo
Ly o
B =T
dy dx
OcTanua piBHICTH MOXKJHBa, SKIO BHPA3H 5—g i— dA ctaii, Ha-
: dy dx
Ppuknaz, JOpiBHIOIOTH - -
. . dB . dA .
3 piBHocTelt @ = 2by 1 —— = — 2cx maemo: B (y) = by?, A (x) =
= —cx?, To6TO v (x, y) = by?— cx®. Dyuruis v(x, y) npu bc<<0
€ 3HaKoBHM3HayeHOlo, 1i MoXxinHa %- = — 2acx* 4- 2bdy®. SIkmo a <0,

d<<0 i bc<<0, TO BHKOHYIOTbCA YMOBH TeopeMH JIfinyHOBa NMpo cTii-
KicTb i, OTKe, HYJbOBHH PO3B 30K JAHOI CHUCTEMH CTiHKHE.

SAkmo a < 0, d << 0 i bc < 0, To BUKOHYIOTLCS YMOBH TeopeMu JIsiny-
HOBa NPO aCHMIITOTHUHY CTiHKicTb i, OTXKe, HYJbLOBUH PO3R’'$130K AaHOI
CHCTEMH — aCHMHTOTHUYHO CTiHKuil.

Slkmo a >0, d > 0 i bc << 0, TO BUKOHYIOTbC YMOBH TeopeMit Jls-
NMyHOBa mpo HecTifikicTh, i, oTAe, HY/JIbOBHHA PO3B’A30K AaHOI CHCTEMH —-
HecTifiKui.

Poarasinyruft Metoa ¢oyukuii v (x, y) HasuBaeTbcs memodom 6i0oKpem-
ACHHA SMIHHUX.

5.35. Uu e HecKiHYEHHO BeJIUKUMH (DYHKIIT

2
a) v (x, y)=—l—_%cr+y2; 6) v(x, y) = x* + a?y??
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Hakpecnuru ninii piBua ¢yukuii v (¥, y), TOGTO MHOXKHHH TOUOK
{(%; y¥) ER?: v (x, y) = const}.

Posp s3aHH4.

a) Jaua ¢yHKUis € AoaTHO BH3HAuYeHOW Ha Bcift mmomuHi xOy. La
¢$yHKUiA He € HECKiIHUEHHO BeJIMKOI0, X0U i MoXe HaGyBaTH $K 3aBTOJHO
BeJUKHX 3HaueHb. ¥Y3H0BXK mpamol y = 0 dyHKUis v (x, ¥) € o6MeKeHOI0.
Tak, nas uncna g = 1 He MOXHa 3HaHTH Takoro r, mo6 mpu x? - y? >
> r? BHKOHYBaJacb HepiBHicTh 0 (x, y¥) > 1, Vx, y. Has touok Buay
{(x, 0) saBxnu v (x, O) < 1. o6 so6pasutu rpadiuno JiHil piBHA, pO3-

|+x2 +y*=C, C >0. drkwo C =0, T0 sinis

Bupoaxkyerbes B Touky (0; 0). Hexa#t C > 0. OueBuaHO, 0 MHOXKHHA
TOUOK U (¥, y) = C cuMeTpHuHa fIK BifHOCHO oci abciuc, Tak i BiJHOCHO
oci opauHar. Tomy nocuTb OGYAYBATH rpacbix byHKLIi1

y=V 125 @)
3naxoauMo 06/1acTb BH3HAYEHHS:

2
C—135>0, C+(C—N)r>0

3eiacy, arkmwo 0 < C<< 1, 10

C
—V << V5
Slkmwo C > 1, 10 byukuisa (4) BU3HAueHA NpPH BCiX X, —o0 << X <<

<< + oo. B obsacri BH3HaueHHs ¢yHKHis HemepepBHO AudepeHuifioBHa
i 11 noxigna

TJSIHEMO piBHSIHHA ———

X

2)2 cC—a_2*
(14 % V T
fofatHa npn x > 0 i Bix’emia — npu x << 0. Touxka x = 0 — enuna Tou-

Ka MakcuMyMmy ¢yHKUii.
3aznaunmo, mo npd 0 << C << 1

o[~V Ze) =V =) =0

¥ (x)=

a mpu C > 1
Ii = li — 2 _=VC-T.
Ay =lim Ve -

Lliei indopmanii mocuth, 106 noGyiysaty JiHiI piBHA ZaHOl dyHK-
uii (puc. 54).

Ilpu 0 << C << 1 xinil piBEa v (x, y) = C € saMKHeHHMH (IHB. 3a-
Jauy 5.30).

366



6) Akwo o = 0, To dyHKLis v (x, y) He € HeckiHuero Beaukow (v (0,

y) = 0).
SIkuo o =0, To pyHKUiA v (x, y) € HECKiHUEHO BEJIHKOIO, OCKiJbKH

mpu x2 4+ y* > 1 .
v (%, y) = £* + oPy® = (x* + y?)
mpu 0 < a®* <1, i

v(x, y) =x+ a? = (x" 4 y?)
npu o? > 1. Jlinii piBHa oyHkUii v (x, y) — enincu x? 4 a?y? = C,
C > 0, i rouka (0; 0), sixro C = 0

Puc. 54

3asHauuMo, 010 B LbOMY BHNaJKy KOMKHa 3 JiHifi piBHA © (x, y) =
= C, C > 0, 3amkHeHa i JexuTb B oOMexeHi#i wacTHHi nvowunu xOy.
5.36. BusHauuTH, 4¥ € CTiflkumM B LiJOMy HyJIbOBHil PO3B’ 130K CHC-

TEMH DPiBHSHb —Zti =y, ﬂ = — f(x) — ay, 1e a>0, oyuxuia f(x)
HeflepepBHAa { 3aloBosbHAE ymoBaM xf(x) >0 npu x=£0, f(0) = 01i
*oo
{ Fyar—
0
Posp' s3anusa Pyskuio v (x, y) wykaemo yBHrmuu v (x,y) =
= A (x) + B (y). 1i noxizHa B3mOBX TpaexkTopili HaHOI cHCcTeMH
d dA
_dll= Y4 — dy (_f )—'ay)‘
3 yMOBH
dA dB {
Yy f(x) = 0 maemo dB = fd:) .
dy “dx

HpupmHﬂBum O6GHM/IBI YacTHHY OCTaHHbOI piBHOCTI, Hampukaan no 1,

‘nicranemo B (y) = yTz , Ax) = gf(t) dt.

Orxe, x
v (% y)=Sf(t)dt+T. = =—
Q
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00
Buacnigok ymoB xf (x) > Onpu x 5=0i 5 f () dt = +o0, dynxuin
0
U (x, y) e HECKiHYUGHHO BesHKOIO, a ii MOXiXHA B3NOBXK TPaEcKTOPiii cHe-
TeMu — Bill'emHo-cranolo. [loxinHa meperBoOpioeTbCsi B HYJb Ha npsiMiil
= 0. 3’Acyemo, uM e Ha Takifl npami#l wiai tpaekropii, Biaminui Big
touku (0; 0). SIkmo Taka Tpaexrtopia icHye, To BianoBimuui ifi poss’a-
30K x = ¢ (f), y = 0.
IlincrapuBiuy el PO3B’30K y JApyre piBHAHHS JaHOI CHCTeMH, Ai-
craHemo f (9 (f)) = 0. 3Bincu ¢ (f) = 0. ToMy MHOXHMHAZ TOYOK, Ha fAKiH
U

o = 0, He micTuTh uinux Tpaexrtopiik, BiaMinHHX Big Touku (0; 0). Or-

JKe, BHacJAioK Teopemu Bap6ammna — KpacoBcbkoro, HyJbOBHH po3B’a-
30K JJaHO1 CHCTEMH CTilikuii B uinomy.

5.5. Pazoea nnowmHa
Cucremy nudepeHuia/bHux piBHAHB

P ), A =q, g, ()
ne P (x, y), Q (x, y) — nenepepero pudepenniiiosri B neskif obnacti (abo B ycilt mio-
muni) dyskuii, yacTo Ha3HBaIOTb GUHAMIHHOIO CUCMEMO), @ KOOPAUHATHY MJAOIHAY X0y —
ii ¢pasosoro naowuHow0.

Y cucremi (1) moxiuBi Tpu THnR asoBHX KPHBHX (TpaekTopifi): TOuka, 3aMKHeHa
KpuBa i He3aMKHeHa KpHBa. P03B’f30K, TpackTopieio fKoi € Touka (Xq: yo) (1OS0KeHHST
piB}iOBaI‘H) e cranum: x (8) = xo, y () = yo nns Beix ¢ € R, 3amkuena kpusa BinnoBinae
nepiopvuHoMy po3B’d3Ky, a He3aMKHeHa — Henepionuunomy.

HanpsM, B KoMy pyxaertbest (a3oBa touka (x (f), y (£)) no tpaekropii L npu 3po-
crauni ¢, Ba3uBaeTbCs Hanpamxom Ha mpackmopii L

OcHoBHA 3a1auya AKICHOFQ ROCHiIKeHHS! NMHaMiunoi chctemu (1) moasirae B TOMYy,
o6 picrath AIKicHY KapTHy po36uTTs hazoBoi miomuuu Ha Tpaekropii, To6To BcTaHO-
BHTH TONOJOriuHY CTPYKTYPY LBLOTO PO3GUTTH.

[ix monoaoceiunow cmpyxmypoto posymitoth yei Ti BnactuBocti, Akl 3amuwanTHCs
inBapianTHHMY (He3MiHIOBaHHMM) TpU TONOJOTiUHOMY, TOGTO B3a€EMHO ORHO3HAYHOMY i
B32EMHO HellepepBHOMY MepeTBOpeHHi NJIOMIHHHK B cebe.

[[{o6 3’sacyBaty siKicHY KapTHHY po36UTTS (Bas3oBol miomwuHK 1 chuctemi (1), Tpeba
3HaTH NOBeliHKY He Bcix Ga30BHX KPUBHX, a JHlIe JesiKUX 3 HUX, AKi Ha3UBAIOTLCA 0CO6-
AuSUMY: TIONIOKEHHN DIBHOBark, rpanuuHi UMK/IW ¥ HesaMKHeH! KpHMBi, B AKUX Xoua 6
OJiHa MiBTP2EKTOPif € cemapaTpucoio SKOTo-HeGYIb TOJIOKEHHS PIBHOBArH.

I'panuynum yuxaom cucremu (1) HasuBaeThesl TaKa 3aMKHeHa (a30Ba KPUBA, AesiKHM
okin axoi ninkom sanoBHennft TpaekTOpisAiMH, NO AKMX (DazoBa TOUKA HeOOMEKeHO HabaU-
XKaeTbest 0 i€l 3aMKHeHOT KpuBOT mpH f—» oo a6o npH f — —oo.

PoarnsiHeMo BHNARok, koau cucrema (1) e ainifnowo i ognopignoro:

dx __ dy _
= =ax+by, —— =cx -+ dy, @
a b
=0
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Sgmo det A = ad — be 540, 10 cucrema (2) mae enuHe [OJONKeHHs piBHOBAry:
x = y = 0. Skicna nosexinka asoBUX KpuBuX (THI [I0JIOXXEHHS piBHOBaru) BH3Haua-
€TbCA BJIACHUMH 3HaueHHAMHM MaTpuui A Koedinientis uiei cucremn, TOGTO KOpeHsME
piBHSHHSA

e T DA+ adech=0. 3)
o da|=0 M—@+dhtad—co=0.
Y Y/ P
L/
X 0 x~
- /]
a 1) 8

Puc. 65

Akuo kopeHi A; i A, piBuguHa (3) — nificki uuciaa ogHoro sHaka (Ag, Ay > 0), TO
HO 105KeRHs PiBHOBATH — cmidiud syson upn Ay << 0, Ay << 0 (pHe. 55, @) 1 necrnidwui
syson upu Ay >0, Ay > 0.

¥
flkwo cucrema (2) mae BHIMVIAA Z_’: =qax, _Z_fi_ = qy, TO \
BY304 Ha3WBAETbCH Ouxpumuyuum (puc. 55, 6).
R . . fa— }\11 b N
ko Ay = Ay i paur MaTpuni ( ) nopis- -
c

mioe |, rO By30a HA3uBaeTheAd supodicenum (puc. 55, 4).

Sikuo kopeni- piBasHEs (3) aificui i AAy << 0, To moso- 7

MeHHsi piBHOBaru — cidao (puc. 56). x
ko gopeni piBusnus (3) KoMmmiekcHo-cupsxeni, To6TO

9\,1 L, =0 ip, TO nosoOXeHHS piBHOBArH — oKyc 1UpH o = 0

i yewmp — upu o == 0 (puc. 57).
l{o6 moGyaysatu dazosi kpuBi cHcTemH (2) Ha njomani xOy

y BUMAAKY By3Ja, ciaia i BupomkeHoro Byszna, Tpeba cnouatky

anafity Ti $asoBi Kpusi, ki JMexkaTh Ha DPAMHX, WO TPOXOAATH
yepe3 nouatok Koopaunar. Li npsami 3aBkau nanpsamiaeni B3noBx
BaacHdX BekTopiB marpuni A. Y Bunanky Bysna ¢asosi kpusi Puc. 56
JoTuKaoThe 40 tief npaMol, fiKka HApsIM/IeHa B3NOBXK BJIACHOTO
BeKTOpa, AKufi BinnmoBinae MeHmIOMy 32 aGCOMIOTHONO BEeIMUMHOIO 3HAYEHHIO A.-

tlo6 aocniguTi nomoxenns pisHoBard (xy; y,) 6Livw 3araavroi cuctemu (1), TpeGa
[0YaTOK KOGOPAMHAT MEPeHeCTH B TOUKY (Xy; Yo) 1 poskiaacty dynkuii P (x, y) i Q (x, y)-
B okoai uief Touky 3a dopmyso Teinopa, OGMEXUBIIKCh YIEHAMH MEPIIOrO CTEHEHS.
Toai cucrema (1) MaTuMe BHIVISA :

d d

S =ty ), o =cxbdy+ ¥ (x, b). ()
SIkmo alficki wacTHHU KOpeHiB xapakrepucrHuHOro pisnsuus (3) sigminni Bix wyas,

TO mosioKeHHs piBnoBaru cucremn (1) maTuMe Tofl camn@i Tun, WO i NOJOKeHHs1 piBHOBark

alnifinoi cuctemn (2) (cucTeMM mepuIOro HabMuKeHHA AJs (4)).
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ko s cueremy (2) Touka x = 0, y = 0 € UEHTPOM, TO Jf cucTeMH (4) BoHa Mo-
e Oyt Qoxycom abo uentpoM. [as icHYyBaHHS ueHTpa HOCTATHBO, HAaNpHKJIAK, wol
GbaszoBi KpHBi Manu Bich cuMmeTpil, fKa HPOXOAHTH yepe3 LaHe NOJOKEHHS piBHOBArH,
SIkmo piBHAHHA

dy _ Q(x, y)
IR )

e 3MiHIOETbCS NpH 3aMidi x Ha —x (abo b ua —y), TO TaKa Bick cuMeTpii, OYEBUJHO,

+icnye. Jdasa ICHyBaHHSI doKyca HeoOXifHO A 10CTaTHEO, WOG MOJOKEHHS plBHQBaI‘H Syao
ACHMNTOTHYHO CTiflKUM NpH ¢ oo a60 1npu f-» —oo. [ocaixkenns ua crifikicts
MOKHA BHKOHaTH 3a JONOMOTOI0 TeopeM JIsmyHoBa.

y y . Yy
x X x
>0
y
x
) ]

Puc. 57

Hocninxenns okoOJiB mnojoxkeHb piBHOBard cucteMu (l) — e J0Ka1bHA 3agaua
sikicHol teopil mudepennianbuux piBHsiHb. lHogl, AocTigHBUM NOBeniHKy (PaszoBHX KpH-
BHX B OKOJIi KOMKHOTO TOJIONKEHHS PIBHOBATH, MOXKHA PO3B’A3aTH [VI0Ga/bHY 3ajauy fKic-
1ol teopil — nocainnTn noeexinky dazoBux KpuBUX cuctemy (1) Ha Beill daszosiit anomu-
ui. [Tpote B 3ara/jbHOMY BHNAJKY Uf 3alaya € JOCHTb CKJAfHOI. Biabw l'IpOCTHM € BH-
ajeK, KOMH PiBHAHHA

Q(x, ypdx—P(x, y)dy =0 ‘ (6)
€ piBHAHHAM Y NOBHHX nudepenttianax. Toai dasosi TpaskTopii cHcTemn (I) poamimeHi
Ha iHTerpanbHHX KpHBUX piBHsHHA (B), ToOTO Ha Ainiax u (x, y) = C, n1e 5~ ax Q (x, Y),
du . X
7y_ = —P (x, y). [IpukaafoM cHcTeM TaKOro THIY € MeXaHiuHa cHCTeMa 3 OLHHM CTe-
fleHeM BinbHOCT (Ge3a TepTst), fKa ommcyerbest udepennianeHuM pisuannaM Hbiorona

d?x
=1, @)

Ie f (x) — nudepenuifioBna na gesagomy intepsani / < R dyuxuidg.
3anumemo piBesaHHA (7) Y BHIVISAI CHCTEMH
dx

= dy = )
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i BBeEMO MO3HAUEHHS:
X

M(x) =— S [ (¢) dt — notenuianbHa enepris;
Xo

T (y) = _y;_ — KiHeTHUnA eHepris;

E(x, yy =1 (x) + T (y) — noBua mexaHiusa enepris.

Mosna enepris E (x, y) = C e nepwnm iHTerpasom cucteMu (8) i ToMy KoxHa aso-
Ba KpuBa Iiel cHCTeMH ILUTKOM JeXHTh Ha NesiKiil MHOXHMRI (1inil) piBus “emeprii, To6T0
na mHoxuni {(x; y) | I1 (x) + T (y) = C} npn zZesixomy 3Hauenni C.

{lo6 moGynysath JiHii piBHs eneprii, yaBiMO Ky/abKY, fIKa nepeSyBae B «IOTeHIliasb-
uifi ami» 11 (puc. 58) [1, § 12]. 3adikcyemo snavenns: noBuol eneprii £. Ockinbku Kine-
THYHa eHeprif HeBin'emHa, TO MoTeHIiasbHa enepris He Ginbiua Bix noshoi emeprii. O1-
xe, nigia pisus enweprii E mpoekryerbes Ha Bick Ox y muoxuny {x €1 : 11 (x) << E}
(xy/abKa He MOXKe MiguATHCA BHIMe piBHA £ B NoTenuianbHii 7
ami). Hani, weaakicts € THM 6inblon (32 a6GcodIOTHOIO ‘Z)P
BEJHYHHOIO), YHM MeHUIa MOTeHIiaTbHa enepris:

—lyl=VIE—TT®

E_; — = —_ =

dx
di

& -
(ckouyrounce B IMy, KyJAbKa HabyBae .Gimemoi mBHAKOCTIs E
a migdimaiouuch — BTpauae ii). ¥ «rodkax HOBOpOTY», Le
1 (x) = E, wBnaxictb AopiBHIOE HyMo. 3 mnapHocTi eHeprii

BIANOCHO y BHILIHBae, WO AiHis piBus eweprii cumerpuuna ¥

——t

N T

!
BigHocHo oci Ox (KyJibKa NPOXOAWTbL KOXKHY TOUKY B NPAMOMY v a—!\ -
i 3BOpOTHOMY HanpsMKY 3 OIHZKOBOIO WIBHIKICTIO). 0 v 4
Hux mipkyBaHb JOCHTHL [Jjs TOro, Wo6 mobypyBaTH Ji-
gil piBust emeprii cucrem 3 pisuumm mnorenuianamu I (x). Puc. 58

Posrasinemo mafinpoctiuk¥ Bunagox (HeckiHueHHo rIHbOKa
noteHuiajbHa fiIMa 3 OAHHM NPUTSTYBAJbHHM UEHTPOM Xg),
ToAi f (x) moHOTOHHO cmanae, [ (x;) = 0, / = R (puc. 58).

SIkuto 3HauedHs HOBHOI eHeprii E; Menwe Bix mimimymy moTeHuianbnol emeprii £y
TO MHOXKuHa piBHSL E (x; y) = E; — nopoxus (pyx KyabkH (i3UUHO HEMOXKJIHBHI)-
Muoxnna pisus E (x; y) = E, ckaanaetbes 3 onuiel Toukw (¥g; 0) (Kyabka nepeGypa€
B CTOKOT Ha IHI siMH).

sIkmo sHauenus Fy noBHOI eHepril Ginswe Big kpuruunoro £y =TI (x;), To MHOXKH-
Ha piBus E (x, y) = E3 — IJagxa 3aMKHeHa CHMETPHUHA KDHBa, sKa OXOILIIOE MOJOKeH-
Hy piBrOBary (xo; 0) va GasoBifl wiowmni (Kyabka pyxaerbesl B AMi Boepen i wasag,
nifHiMaerbest 1o Bucotd Eg, B Uell MOMEHT i1 WIBHIKicT HepeTBOPIOEThCH B HYJbL i Bona
CKOUYThCS Ha3all B AIMY, IPOXOJHUTL TOUKY X,, B liel MOMEHT il IMBHAKICTb MaKcUMaJIbHA,
nigniMaerscs 3 apyroro Goky i 1. x1).

Hocnimxyroun Gingl ckaanui BUNAaNKK, TpeGa aHaJOTIYHO nONEpeAHBOMY HOCiNOB-
10 30WIbltyBaTH 3HAaYeHHS IOBHOT edeprii E, Bigmiuatoun snauenna E, mo AopisniooTs
KPHTHYHHM 3HAueHHAM NMOTeHuiaabHol eneprii (me I1° (x) = 0), i posrnaaaTy Kpusi, AKi
BIANOBiNAIOTE OKOJIAM KPUTHUHHX 3HaueHb E.

SIKIIO0 KOHCepPBATHBHA CHCTEMa Ma€ MOJOXKEHHS PIBHOBAard THILY <«UEHTp», TO Mani
s6ypenHs 1iel CHCTEMH MOXYTh 3YMOBHTH TOSIBY CTiKOTO PaHHYHOTO LkKkAa. B nsomy
BUNIAJKY L5 NOCHTb UIHPOKOTO AialasoHy MOYATKOBHX YMOB B CHCTEMi BHHHKAIOTH flepio-
anani KosuBanHS meBuol ammaityau. Takufl ycTanenuil peXuM HA3HUBAETbCA PEHUMOM
QBMOKOAUBAHD.

Hanpuxnan, y cucremi, 6auspkifi 10 cucTeMu MaJuX KojiuBasb MasiTHHKA _s_:_ =
w. y -+ efy (x5 Y), —Z-tg« =—x+ efy (x; y), 0<<e <1, IOCTaTHRO YMOBOIO icHY-

BIHHA TPAHAYHOIO [MKJA € ICHYBaHHA JOAATHUX PO3B’A3KiB @ = @y >0 piBHAHHA
1,4-13% . . 371



F(a) =0, ne
o :
F@=—a g f1 (acos @,— a sin @) cos ¢ — f, (a cos ¢, — a sing) sin ) deo.
0

Le# unks € acHMOTOTHYHO cTifikuM, sikio F' (gp) << 0, 1 Hectifikum, axuo F/ (qp) >
> 0.
Ha npakruui 1acto BUKODHCTOBYETECS TaKa NOCTATHS YMOBa ICHYBAHHS rpaHHUHO-
ro nukny cucremn (1) — npunyun kiroyss: sKwo Ha $a3oBill MIOUWHHI MOXEA 3HARTH TaKe
Kinbue

A= x4 (41— yp)? < 13,

1o Bei rpaextopii cucremy (1), sKi nouMHaOTECS Ha MeXI UBOrO KiNbIS, BXOAATH Beepe®
AuHY Kigbust aGo OXHOYAcHO BCi BUXOZSITH 3 Kiibus, TO BeepefuHi KiNBLA € rpaHHuHUA
uuka cucremu (1),

5.37. Jlocniauty noBeiHKY (a30BHX KPHBUX CHCTEM!

d

a) _d’t‘ = —4x 1 2y, _‘3 =% —uy;
d d

6) d_f__ ' ‘%:x”"y'

Poss’ asanusg. '

a) IlpaBi wacTHHH KOKHOTO 3 PiBHSAHb NEPETBOPIOIOTHCA B HYJb Y TOY-
Kax npamoi y = 2x. Tomy Bci Touku uiiel mpaAMOI € nNONOKEHHAMHA piB-
HoBaru. Pasosi xkpusi, BiAMIHHI BiA MoJoXKeHb piBHOBard, € iHrerpanb-
HUMM KPHBHMH DiBHSIHHS

dy 2x—y _dy

. . . 1
3Bincu mMaemo niBnpsimiy = — (x+ ),y ¥ 2x.
Pyx mo dasoBux KpuBHX BiA6yBaeThcsl B HANPSMKY A0 HOJOXKEHHS

piBroBaru. lle symoBaeHo TuM, wo Koau ¢asoBa Touka (x (f), y (tg)

Yy MOMeHT { 3HaXoAuTbcsi B obdacti 2x — y << 0 (Han npsamoio y = 2x),
TO -‘;;— = —4x + 2y > 0, % =2x —y < 0, tob10 x (f) 3poOCcTae,
a y () —cnanae. HaBnaku, sixuro B MOMeHT ! (a30Ba TOUKa 3HAXOAHTbCH
8 obaacri 2x —y > 0, T0 Z—’; <0, ‘Z—f > 0, Tobro x (f) cnanae, a y (¥

spoctae (puc. 59, a).
6) TlosoxKeHHsIMM pIBHOBATH JaHOI CHCTEMH € TOUKH NpsIMOl X -t ¥ =3

dx _
= (. ¥ Toukax (x; y), Ana akux x + y =0, Mmaemo rrialrr e 0,

To6TO $a30Bi KpPUBi CHCTeMH JexaTh Ha npAMHX x = ¢. Orixe, KOXHa
npsiMa X = ¢ CKJajaeTbCsi 3 TPhOX (Pa3oBHX KPHBHUX: TOUKH (¢; —C) i

. . d
niBOpPsAMHX X == ¢, Y => —C Ta x = ¢, Y << —C¢. OcKinbKH —dyT =x+y>

>0npuy>—xi %— << 0 mpuy << —x, 10 haszoBa Touxa (x (£); y (1))
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npyu ¢ — -}-co pyxaeTbcss B HecKiHYeHHO BiffaJeHy TOUKY ILJIOLIMHH
(puc. 59, 6), To6TO MOJIOKEHHS! piBHOBary € HeCTIHKHMA. )
5.38. BusHauuTH THI noJIOXKeHHsI piBHOBarv i Xapakrep HOBeRiH-

. dx
KM (DasoBMX KPHUBHX CHCTEMH DiBHSIHbL - - == X, = x - 2y. 3pobuTH

dt
PUCYHOK,
~ Poass’ g3anuna Cucrema mae enrne NOJOXKEHHS piBHOBaru x =
=y = 0. Cknagemo i posp’siKeMO XapaKTepHCTHUHE PiBHAHHS:

dy
dt

1—% 0
} | o =0 A=2E—H1=0 k=1 k=2
1 .
& N
y N [
| ¢
\\ N
f 04~ “z 5 \ | >
= \ =l
\ \h
B N
@ g
Puc. 59 Phc. 60

Kopeni A i Ay — aificri, pisHi i maloth oAHakosi 3HakH. Tomy noso-
ijkeHHs piBHoBaru (0; 0) — By30/1, MpUYOMY HECTiIHKHH, OCKiNbKH A; > 0
1 A, > 0. Baracromy 3Hauennio A, = | Bianopifae Baacuuii Bextop {I;
—1}, a A, = 2 — Baacuuil Bektop {0; 1}.
- Ha nsouwni xOy Gyayemo npami x +y = 0 i x = 0, uHanpamaeni
'B3AOBXK 3asHaueHHX BekTOpiB. KoxHA 3 WX NPAMHUX MICTHTL TPH (haso-
BUX KPHMBMX: MOJIOXKEHHs piBHOBary i ABi nisnpsimi, Ha axi npsima nogi-
rasierbest Toykow O (0; 0).
' Inmi dasosi gpusi gorukatorbest B Touni O (0; 0) no npamoix + y = 0,
‘ockiabkH | Ay | << |A,|. lloeainky da30BMX KpHBHX MNONaHO HA
puc. 60.

5.39. 3o6pasuty nosediHky (A30BHX KPHBHUX CHCTEMH DiBHAHD

-f:% = — 3x+ 2y, d[,—’j = x — 4y. 3po6GUTH PHUCYHOK
Poap’ sizanusa Ckragemo xapakrepHe piBHsHHSA:
Ok e 10=0
1 —4—2 ’ '
Koperi #oro A, = —2, A, = —b — niitcui, pisni # sin’emui. Orxe,

NOJIOKEHHs: PiBHOBaru — CTiHKUHA BY30J.
1341/, 4-935 373



IMpami, aki mictars dasosi kpuBl cHcTeMH, WYKaemo y BUNIALL y ==
= kx. IlincraBnBum y = kx B pisHsiHHS

dy x— 4y
dx ~ —3x-+2y ?
IicraHeMo piBHAHHA M1 BHU3HAueHHs k;
11— 4k 1
kzm, 2k2—l—k—1=0, klz‘—'l, k2=—§-.
Orke, y=—xiy= -;— — myKati npsmi. [Hwi asosi kpusBi — ya-

CTHHM napaboJi, fKi B NMouaTKy KOOPJAUHAT JOTHKAIOTHCA HO INPAMOIL Yy ==

yL/

=
N

S

N\

4

Puc. 61 Puc. 62

X .
= 5 OCKIJIbKH MEHIIOMY 3d a0COMIOTHOIO BEJNIMYHHOIO KOpPEHIO }\:1 = —2

. . o o s X
pignoBinae BsacHufi sexrop {2; 1}, napanesbHufl npaMii y = - [Ta-
pabosn Oynyemo MmeroioM isokJaiH (puc. 61).

5.40., Bu3nayuTH TUM NMOJNOXKEHHS PiBHOBAru CUCTEMH
dx

dy
T =% =2+t

i mocaiautu noBeniHKy (a3oBUX KPUBHX.
Po3s si3annga. CrrageMo Xxapaxrephe piBHsSIHHA:
—A 2
2 3—A

Kopesi, fioro A, = —1, Ay = 4 — aificui i maiotb pisHi sHaku. Tomy
noJsioxenHa pisroBaru O (0; 0) — cinno. 3uHafinemo cenaparpucu ciana —
npaMi, ki NoAiasAoTs Gasosi kpuBi pisHuX TuNiB. PIBHAHHSA cenaparpHuc 3a-

. . 24-3k
NUILEMO Y BUINIAAL y = kx. [{1d BU3HayeHHs k£ MaeMo piBHAHHA R = tk .

=0, MM—3A—4=0.
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. 1 x . . .
8BILKH ky = — o, Ry = 2.0rxe, y = —5 iy= 2x — mykasi npsami.
;KoxHa 3 HHX ckJajlaeThea 3 TPbOX (a3oBHX KpupHX. Ha mpamii y =

% JlaHa CHCTeMa Mae BUIIAL X = — X,y = —y. OTXe, B3LOBXK NpsMOi

Yy = — —;— qaaéosa touka (x (£); y (f)) pyxaerbcsi 3a 3aKOHOM x (f) = x, e~?,
y () = y,e~?, To6TO NpH ¢ = + 00 TOUKA PYXa€TbCS B HANPSMKY IOUYATKY
KOOpAHHAT. AHa/NOriYHO SHAXOAMMO, WO B3AOBXK NPAMOI y == 2x (dasoBa

TOYKa PYXaeTbCs 3a 3aKOHOM x (f) = x.e¥, y (f) = y,e¥. Ilo uii nps-
Mil Touka BimgasasieTbest Bl mouatky KoopauHart. Ha puc. 62 cxemarnuHo

s
=
%

y Yy q

« = o ¢0 of >0
Puc. 63

BoOpaXKkeHO (a30Bi KPHBI CHCTEMM Ta BKAa3aHO HANpPSMKU PYXy IO LMX

'KpHUBHX.

. 541 Hocaiznti noeeninKy ¢$asoBHX KPHBHX CHCTEMH PiBHSIHb
p dx dy

‘ 3 =Mty —Gm=—x4ay

Po3B 93aHHS#., XapakrepucTiuyHe piBHIHHA
o—A 1

— 1] o—
Mae KOMILIEKCHI KOpeHi A, = o + L.

Slkmo o = 0, To NoJoXeHHs1 piBHOBArd — wEHTP. ¥ IILOMY BUNAJKY
CHUCTeMa Mae BUMMISAA x = Y, y = —x. 3Bilcu x? + y* = ¢?, To610 aso-
BHMH KPHBHMH € KoJia pafliyca |c¢|> 0 3 uenrpom B Touni O (0; 0) i
cama touka O (0; 0).

dkmo o =0, To nojoxeHHsi piBHOBaru € GOKyC — CTifiKHi npH
a << 0 i Hecrifixuil npn o > 0. ®a3zoBUMH KpuBUMH € cmipaJai, ki Hak-
pyuyiorbca Ha TOUKy O(0; 0). Ilpu a<<0 ¢asoBa ToUYKa PyXaeThb-
¢l no chipajsfix y HamnpfAMKY [OJOMXEHHS piBHoBard, a npu o > 0 —
BiX Hboro (puc. 63).

5.42. TloGynyBsaTtu azosi KpuBi cHcTeMH DiBHFHb:

dx dy . dx dy
a) T=x2, —r = Y 6) — = al —F—_-.—xz.

7»\=0’ ab6o A2 —20ah+a*+1=90
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Posp szauuas.

a) Jkwo a = 0, To KOXHa npsAMa y = y, MicTuTb TpH Ha3oBi KPHBi:
nBnpaMy y = y,, x << 0; touxy (0; y,) i miBupamy y =y, x > 0.
Pyx ¢asoBoi Touku no mux niBnpsMHX BiAGyBaeTbcst 3JiBa HAaMpaBo, B
6ik 3pocranHs x (puc. 64).

. d . .
Slgkmwo a =0, 10 3 piBHAHHSA 7*;/— = % 3HaX0AUMO, o (asosi Kpusi

JIEKAThb Ha JiHisX y = Ce—%/*, Bicp opauHar, KpiM NONOXKEHHs PiBHOBAlH
(0; 0), micrute nBi pasori kpusi: nienpami x =0, y >0ix =0,y <
< 0.

Yy Yy g
[ x 0 x 0 2
a=0 a>o aco

Puc. 64

6) PiusHus ¢asoBux KpuBHX x’dx — aydy = O Jierko iHTerpyeThcss
2
3 X% — ay2 = C,

DasoBi KpuBi jgaHOI cucTeMH 300paxeHi Ha puc. 65.

54.3. Hocaimutn noBeAiHKy $asOBHX KPUBHX CHCTEMH PiBHAHD

dx d
=Y g =x—3

B OKOJIi MoJIoKeHb piBHOBaru, a Takox y Beill dasoBiit miuomuui.
Poap s3aHHsd. Jlana cucreMa Mae [Ba NOJIOXKEHHS piBHOBaru:

0©; 0io0, ('?;‘, O). Xapakrepuctuute pisusiuus, Ake BinnoBigae noso-
KEHHIO PIBHOBATM (X,; Y,), Mae BHIVIAA

—r —1
1 —6x, —A
s toukn O (0; 0) maemo A2 4+ 1 = 0, 3Bigku My = +i. Orxe, no-

JoxeHns pisHoBaru O (0; 0) moxke 6ytn abo uentpom, abo dhokycom. [lo-

. . d x — 3x2 R
MITHBIUH, O piBHAHHSA (Ha30BMUX KPUBUX d—i = ——,— He smiHioerbes

=0, A2+ 1—6x,=0.
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fnipu 3amini y Ha —y, PoOMMO BUCHOBOK, 1o (asoBi kpui cumerpuuni
ginHocHo oci afcuuc, Tomy Touka O — WEHTP.

XapaktepucTyuHe piBHIHHA, AKe BIANOBiflae IOJIOXKEHHIO PiBHOBAru
0O., Mmae Burmap A* — 1 =0, sBinkn A = —1, A, = 1. Omxke, 10-
JoxeHHs piBHoBarn O — cigJo.

BranauynMo HanpsIMKH, N0 SKHX ceNapaTpUCH TiAXOISTb [0 LBbOTO
cifia, To6TO 3HalieMo PIBHSHHA NOTHUHMX 10 cemaparpuc y Touui O,.
Jlineapusytoun cucremy B okoai Touku 0,, nicraemo

dx _ dy __‘l_
W =Y —dT**(x 3)-

J4

i ,, AN
R 77BN

N 77

>
X

a=0 a>0 a<o
Puc. 65
PiBusinna DOTHYHHX IIYKAaEMO y BHIMIAAI Y = k(x—%). IlizcTaBus-
L
' o . dy 3 .
M uedl Bupas y piBHAHHA —- = ———— , AicTaHeMO k=41

Orke, AoTHYHi [0 cemaparpuc:
Ly 1
y=x——5iy= (x———3).

Taxum 4HHOM BHKOHAHO JOCJIiJKEHHS NOBeAiHKH (ha30BHX KPHUBHX AaHOI
cUCTEMH B OKoJi ii MosoKeHb piBHOBard. B sarajbHoMy Bumaaky miei
indopmauii HefocTaTHBEO AN NOOYAOBH (ha30BHX KPHBHX Ha Beifl nuomu-
Hi. [Ipore B naHoMy BHDaiKy Lie MOXHa 3poOuTH, 60 piBHAHHS Gbaso-
BHX KDHUBHX JIETKO {HTErpyerbcs:
Y+ xt—2x% = C.

[loGynysaBmu jonomixuy cim'io kpupux z = —x% 4 2%® + C, He-

Baxkko moGyayBatu # das3oBi kpuBi LaHoi cucremu (puc. 66).

1
3 ymMOBH 2 (—3') = ( 3HaxoJuMO, IO PiBHSHHSA CenapaTPHC Mae BHIJIAR
1
2 2 __ 9,8
¥yt x 2x 7
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Hanpsamoxk pyxy no ¢a3oBrux KpHBHX JIeTKO BCTAHOBHTH, SIKIIO Bpaxy-
BaTH, 110, 3TiAHO 3 MEepIUMM piBHAHHAM CHCTEMH, B MiBIJICIMHI y >0
abcuuca PasoBoi TOUKH clajae, a B niBnJowuH{ y << 0 — 3pocrae.

5.44, Hocnigutu i 306pasutd rpadiudo ¢asoBi KpuBi cucremu piB-
HSIHb}

A —9y, 4y

Po3B’ si3auHaq. [Npupimooun 1o Hyas npasi yacTHHY CUCTEMH,
8HaXOAMMO ToJioxeHHsi piBHoBaru: O, (—1; 0), O (0; 0), O, (1; 0).

Cucrema mae nepwuf inrerpan y% — 2x® + x* = C. PosraszeMo
nonoMixkHi  ¢ynruii 2z = C -+ 2x* — x% [lo6ynysaBmu rpadikn uux

Puc. 66 Puc. 67

‘byHKui# npu pisaux C, nerko noOyAyBaTtd TpaekTopil Aanol CcUCTEMH
(puc. 67).

KpuBa y? — 2x? + x* = 0 mictutp Tpu Tpaektopii — aBi metni #
touxky O (0; 0). [lpu C > 0 kpuBa y? — 2x% 4 x* = C BU3HAuae OAHY
tpaextopito. Ilpu C << 0 — n8i rpaekTopii (aBa osasu). Ilpu C = —1
Ricraemo aBi i3osboBami touxu: Op (—1; 0) i O, (l; 0). Hanpsamox
PYXy O TPaEeKTOPisiXx MOXHA BCTAHOBUTH, SKIO NOMITHTH, WO, BHa-
CJiNoK nepinore piBHsSHHA cucreMH, abcnuca (asoBol TOUKH 3 4acoM 3po-
crae B objacti y > 0.

5.45. JloBectn, mo muOKHHa piBHS eneprii {(x; y) I (x) + ~;——-—

= E} e II1afKolo B OKOJi KOXHOI CBO€i TOuKHM, KpiM nosoxeHHsi piHO- -
Baru, 10610 TOuKH {x; y) Takoi, wo [ (x}) = 0, y = 0 (zuB. (8)).
IloBependa CKOPHCTAEMOCH TEOPEMOIO PO HEABHY (YHKUIK.
Maeo: oE dll oE dTr
o= =0 =gy =y
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.

SIKINO oliHa 3 YAaCTMHHHX MNOXiAHUX BiAMiHHa BiZ Hysas, To B okoal
po3r/isiyBaHoi TOUKH MHOXKHHA DiBHA E e rpadikom nudepenuiiionsoi
¢yHxuii BUAY x = x (y) abo y = y (x).

3a3nauumo, 110 BHKJIOUEHI TOUKM (X; y) Taki, mo f(x) = 0, y = 0 —
noJioxkeHHs piBHoBarn cucremu Hbiotona (8). LLi TOYKHM € KPHUTHUHHMH
TouKamyu noBHOi eneprii E (x, y). Hapewri, Toukn x taki, mo f (x) =
€ KPUTHUHHUMH TOUKAaMM [OTeH-

nianbHO1 eHeprii m (x). nn N n
5.46. 3oGpasutn rpacgidno q e
JiHi1 piBHA eHepril, AKUIO IO- %<0 P
tTeHliaspbHa eHepria II (x) =
= kx%/2. > -

Posws ss3anusa Jlzil

piBHs eHeprii B uboMy nunmaj- { /
Ky — KpHBi Apyroro mnopsiaky

kx* 4+ y?*=C. Sxmo k>0 \
(kpuTHuHa TOYKA X = 0 — Mi-

S
>
e

HiMyM MoOTeHlliaJbHOI eHeprii),
TO JiHii piBHS eHeprii — romo-
TETHYH] eqincy 3 LEeHTPOM Y
Touuti O (0; 0).

Sixmo & << 0 (kpuTHuHA TOY-
Ka x = (0 — MakKCHMYM TOT€H-
uianbHOI eHeprii), To ninii pie-
HA eHeprii — romoreTuyHi ri- Puc. 68
nep6osu 3 LEHTPOM Y Touli
0 (0; 0) i maporo ixuix acumnTor e y = 4= V' —Fkx (puc. 68).

5.47. 3o6pasutu rpadiuso sinii piBHA eneprii piBHsHHA Hblorona
JJ1s1 JaHuX noteHuianis (puc. 69, a .

na nn N4

8

I BN

=)
[

n ] ]
Puc. 69

Po3B’s13aHHs. Kopueryiouncs MeTojikoo noGynoBu JaiHifi pis-
Hsl eHepTii, a TakoX YPaXoBYIOUH, IO B OKOJIi JIOKaJbHOTO MiHiMyMy Ho-
TeHuianbHOT eHeprii JiHii piBHA € 3aMKHEHHMYU KDHBHMH, FOMEOMOP(HUMH
esincaM, a B KO JIOKaJIbHOTO MaKCHMyMY MOTeHUia/lbHOT eHepTil ni Kpu-
Bi romeomopdHi rinep6osam, 6yayemo ix (puc. 70, a—a).
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. . 1
5.48. Pisnanns Hpiotona 3 norenuianom II (x) = ——+ {;, c>0,

x > 0 onucye aminy Bigcrauni nsader i komer Bin Conust (3amaua Kense-
pa). 3o6pa3uty rpadiudo JiHil piBHs eHeprii ans 3amauyi KenJepa.

gl

n

Puc. 70

Po3® si3annasa. [lo6ynyeasuy rpadik pynkuii I (x) = — —; +-

+ ;C? (puc. 71), Gynyemo KpHBi——i- + —;—2 + —y; = E. B okoni Touru (x,;

0) ui xpuBi samkHeHi, OCKiNbKH X, — TOUKa MiHIMyMy NOTeHUiaJbHOI
eneprii. Slkmo 3nauenns £ 36inbmyerscs Big Ey Ao Hy#As, TO 1i KpHBI
3aJIHINAIOTbCS 3aMKHEHHMH, aJje <«BHTATYIOThCA» Bnpaso. [lpy E =0
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JiHI1 piBHN DO3MHKAOThbCs, NPHUOMY HpH X — -+ oo, y — 0, TO6TO
Bich abcuuc e a5 Hel acumnroroio. [lpu E > 0 Bci Jinil piBHS He3aMK-
HeHi i KoXKHa 3 HMX Mae ABi acUMIITOTH NpU X — —-oo:

y =+V2E.
5.49. locniguru daszoBi xpuei cucremu piBHAHDL:
dx dy _ . a
=Y =
f n

Puc. 71 Puc. 72

Posp sasannasa La cucrema e cucremoro Holorona. Ii moren-
R . x3 x® . . w
nianbHa eseprisa Il (x) = — = t+ 5 KpurHuni TOYKH mnoTeHIiaJabHOI
eHeprii:
x=0, x=41.

¥ touni x = 1 norteHAuianbHa eHeprisi Mae JoKaJdbHU# MiHiMyM, a B
Touni x = —I — JokaJbHUH MakcumyM. Touka x = 0 — BHpOIKeHa
KPHTHYHA TOYKA IOTeHUialbHOI eHepril.

Orxe, nonoxenua pisxoBaru O, (—1; 0) paHoi cucremu e cifmowm, a
nonoxents pisHoard O, (1; 0) e meHTpOM. dazosi kpubi CHCTeMH Jie-
Karh Ha JiHifaX piBHs eneprii

xB

x3 yZ C
=— 5 5 =C

Bynyemo i JiHii, no6yayBabuiu paninre rpadix yukuii IT (x) 55 —

— (pnc 72). Hanpsm pyxy $a3oBoi Touky 1o $hasoBuX xpmmx MOXHA

lnsnaqmn 3 TOTO, 1O, 3TiiHO 3 NEpIIMM piBHSHHAM CcHcTeMH x (£) =
= y (f), abcuuca ¢a3o0Boi TOYKH 3 4YacOM 3pOCTae, fAKIUIO (das3oBa TOUYKA
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pyxaerbcsi B niBmomuni y > 0, 1 cnapae, skmo pyx BinGysaerthes y
¢dazopiil niBmtouHi y << 0.

5.50. Y dasopifi niommni (¥, x) JOCHiAMTH (HasoBi KPUBI PiBHsIHHS
MasTHHKA x + sin x = 0.

Po3B’g3aHH 8. 3anuueMo piBHAHHA MagTHHKA Y BUIVIAAI CHCTEMH

%:y, —gtz-=-—sinx.

Tonoxennsimu piBHOBaru cucreMu € Touku oci Ox 8 abcuucamu x =
= km, k = 0, =1, ... [TorenniannHua enepris II (x) = —cos x (puc. 73).
OckiJnbKM npaBi YacTHHM CHCTEMH mepioiuuyHi mo
x 3 mepiogoM 2m, TO AOCTaTHBO ZOCHIAUTH (haso- 94
Bi KpuBi y BeprukajbHiH nosoci ¢aszoBoi mjo-

f n=-0S X

j
X0

Puc. 73 - Puc. 74

IUHY WHPHHOIO 27, HanpukJAaf, B mojoci: —n L x L7, —o0 < Y <<
< ~o0.

®asoBi KpHBI B OKOJi nMouaTKy KoopAMHar nofibxi enincam. Llum da-
30BHM KPHBHUM BifNOBiJaiOTh MaJi KOJHBAHHA MasiTHHKa. [Ilepioa uux
KOJIMBaHb y He3HauHifl Mipi 3a/1€XHUTb BiJi aMIJIiTY 4, IOKH BOHA e MaJia.
Ilpu BenMKHX 3HAYGHHSIX TOBHOI eHeprii AicTaeMo BesIMKi 3aMKHYTI KPUBi
JlOTH, IOKH eHepris He HabyBae KPHTHYHOTO 3HAYEHHS, IO AOPIBHIOE MO-
TeHliaJbHil eHepril nmepepepHyroro masTHuka. llepion KoauBaHb npu
1poMy 3pocrae. BenuwkuM 3HaueHHsM eHeprii BiAmoBifawTh He3aMKHeHi
KpuBi, Ha fKHUX y He 3MiHIO€ 3HaKa, TOOTO MasTHHK HE KOJHBAETbCS, a
obepraerbca. HMoro wsBHiKicTh focsrae HaRGinbIIOTO 3HAUeHHS B HHXK-
HbOMY, 2 HalMEeHIIOro — y BePXHbLOMY MNOJOXeHHI piBHOBaru.

3ayBaXKUMO, 1110 3HAUYEHHSM X, sIKi BiApisHstoTbcs Ha 2km, Binnosi-
JIAI0Th OJIHAKOBRI MOJIOXKEHHsT MasiTHHKAa, ToMy $a30BHM MpocTOpoM MasT-
HMKa IIPUPOJHO BBAXKATH He IJIONIMHY, a BUAIHAP (pHC. 74).

Hakpyuyioun Ha uMaiHAp mjocKy KapTtuHy, Aicraemo ¢a3oBi KpH-
Bi MagTHHKM Ha TMOBepXHi muainapa. Bci BoHM € 3aMKHeHHMH TJIaAKHUMH
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KpuBuMH, KpIM IBoX nojoxeHb piBHoBaru: A, B (uuxne i Bepxme)
i cenaparpucu C, D.

- 5.51. HocaiguTH THN KOXHOIO 3 MOJOXEHb PIBHOBard CHCTEMH piB-
"HfIHb :

d d
—df—=x(x+y—-—2), —dyt—:-—-y(l—x).

Poss’ a3aHH a. [lonoxennss piBHoBaru JaHoi cHcTeMM BH3Haua-
emo 3 piBHsIHB: X (x +y—2) =0, y (1 — x) = 0. 3BincH 3HaxomMMO
TpH nosoxenns pisHosaru O (0; 0), 0; (1; 1), O, (2; 0). Xapakrepucruy-
He piBHfHHSA, sIKe BilNoBilae No/oXeHHIO PiBHOBArHU (X,; Y,), Mae BUIJIAL

2%+ Yo—2—A Xy —0,
— Y 1 —x—2
M—(xg+Yyo— DA+ 4x,—2x2 +y,—2 =0.

KopeHsimn 1boro piBHAHHA NPH X, = y .= 0e : &; = —2, A, = 1.
Orxe, nojoxeHHsi pigoBarn O -— cigno. Sxmo x, = y,= 1, To Xapak-
TepUcTHuHe PiBHAHHS A* — A -+ 1 = 0 Mae KOMILIEKCHO-CIIPSXKEH] Kope-

. 1 .
ui, nputomy Red = — > 0. Tarumuunom, noaoxenus pissosarn O, (1;

1) — mecrifikuii ¢poxyc. Hapewri, npu x, =2, y,= 0 Mmaemo pis-
HHHA A%? — A — 2 = 0. Kopeni wuporo pisHaHHs — AificHi 1 MaioTh
pisHi suaku. Orxe, noJjoxenus pisHoBaru 0, (2; 0) — cingo.

KoopauHatHi oci ckaanaiorbes 3 ¢(asoBdX KpuBuX. Bich oprusar:
CKnafaetbcd 3 TproX (azoBux xpuBux: x =0, y<<0; x =0, y = 0;
x=0, y>0, a gicb abcuyc — 3 n'stu: y =0, x <<0; x =0,y = 0;
y=00<x<<2;y=0,x=2,y=0,x>2. )

Ha npamii x = 0 nana cucrema ekBiBa/ieHTHA pPIBHAHHIO y = y i
TOMY pyX (ba30BOi TOUKH Mo oci opAHHAT BiROYBA€TbCA B HANPAMKY «Bif
nosoxenns pisHoBaru» O (0; 0) 3a 3akoHoM y () = y,e’.

Pyx ¢asoBoi Toukn no oci abcurc BinOyBaeTbest Tak:

KO PYX IOYMHAETHCSH 3 TOUKH (x,; 0), 1e x, << 2, To (asoBa TOYKa
8 uacoM HabJIMKaeTbCs O NOYATKY KOOPAHHAT;

IKILO PYX MOYMHAETBCS 3 TOUKH (x,; 0), ne x, > 2, 10 dasoBa TouKa
'8 yacoMm e B HecKiHueHHo BinmaseHy touky. Pa3oBi KpuBi AaHoi cucre-
MH piBHAHb 300paxeHi Ha puc. 75.

5.52. JlocaiMTH THI NOJOXKEHHS pIiBHOBATM CHCTEMH DiBHSHD

dx

d
- = 2xy, Tf= 14 y—x2-+ y2

Poss s3aunusa I3 cucremu anrebpaiunux piBHsiHb 2xy = 0,
1 +y— x*+ y? =0 3naxonumo nosoxenus pisuoBaru: O, (—1; 0)
i O, (1; 0). Ockinbku cHcrema IudepeHniaabHuX PiBHAHb He 3MiHIOEThCS
npu 3aMmidi x Ha —x, T0 ii $a3oBi KPUBi po3MillleHi CHMETPHYHO BiHOCHO
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oci opaunar. Tomy JocTaTHbO JOCHIAWTH THN OJHOTO 3 NOJIOXKEHb PiBHO-
Bard, HanpukJaz, O, (1; 0).

CkniajlaeMo XapakTepHCTHUHE DiBHfIHHS, fIKe BiANMOBifae uboMy rio-
JIOJKEHHIO piBHOBaru:

—A 2
—21—A
Kopeni uporo piBHAIHHA KOMILIEKCHO-CIpsiKeHi, mpHuoMy Re A,

l
= ReAy, = —.Omxke, o6UABa NOJOXKEHHA pPiBHOBArd € HECTIHKUMH (o-
Kycamu. 3asHayuMo, IO Bich Op-

=0, M—A44=0.

Y4 JuHar € (asoBolO KPHUBOKO i Ha
niBg oci cHerema exkBiBaJieHTHaA
pisHaHHIO y = | 4y -+ y2. @a-
30Ba TOYKa, 3 AKOTo O IMOJOXKEHHS
4
a1 >
5 X4
vV
Puc. 75 Puc. 76

Ha oci Oy BoHa He mounHaJja 6 CBiil pyX, 3 yacoMm npsMye B HeCKiHUEHHO
Bignaneny Touky nJjomuHu (puc. 76).
5.53. JlocaigMTH THN BCiX NOJOXKEHL PpPiBHOBarM cHCTEMH piBHSHb

dx dy 2 2
7———2)6!/, d—y-~x +y—l.

Poas ss3anHuq. I3 cucremu —2xy =0, x2 +y2— 1= 0 3Ha-
XoauMo Bei mosioxeHHs pisHoearu: O; (—1; 0), 0, (1; 0), 05 (0; 1), O, (0;
—1). CxyagaeMo XapakTepHCTHUHE DiBHAHHA, fKe BiANOBilae NOJOKEHHIO
piBHOBaru (X,; y,):

— 2o — A — 2x,
=0, M44(x2—y?)=0.
2% 24— A (5 — 43
Kopeni uporo piBusumst npu x, = 0, y, = =41 — nificai i MaioTh
pisui smaku: A, = —2, Ay = 2. Omxe, noJsoxenHs pisuoBaru Oz i O,

e cignamu. Hepaxko 6aunTH TakoX, ILO BiCb OPAUHAT CKJajfaerbcs 3 ¢a-
30BUX KPUBMX, TPH 3 fIKHX € cellaparpucamu ciflen: x = 0, y << —1; x =
=0, —1<<y<<1;x=0,y > 1.[Ipu ubomy cenapatpuca x = 0, —1 <<
<<y <<l e cninbHOO Aas 000X cifen — BOHa BHXOAUTH i3 cigna Oy i
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BX01uTh B Ciflyio O,. KopeHi XapakTepuCTHUHOrO pPIBHSIHHS NPH X, = =1,
Yo = 0 e uncro yasuumu: Ay = +2i. Tomy nosoxeHHs pisHoBaru O,
i O, naHOi cucreMH MOXYTb OyTH abo ueHTpamu, abo gorycamu. OcKiabKu
piBHAHHSA dasoBux Kpusux (x2 -+ y*— 1) dx + 2xydy = 0 He 3miHIOETD-
¢sl NIpH 3aMiHi y Ha —y, To (a3oBi KpUBI cuMerpHuHi BigHOocHO oci abc-
nuc. 3BiAcH BHIINBAE, WO NOJOMKeHHS1 piBHoBaru O, i O, e meHTpamu.
Hanpsimok pyxy no samkHeHUX (a3sOBHX KPHBHX B OKOJII IIHX IIEHTPIB
MOXKHZ BH3HAYUTH TaK. 3TifHO 3 APYrUM piBHAHHAM cucTeMH, (as3oBa
TOUKa NepeTHHae Bich abcuuc Tak, wo y () = x2 () — 1. Orxke, 1i op-
AUHATA B Lefl MOMEHT 3POCTE, SKILO A
| x| > 1, cnanae, skmo |x|<<
<< 1. ®asoBi kpusi 3o6paxeHi Ha
puc. 77.

5.54. IocaiguT# nosoxenus pis-
HOBary CHCTEMH PIiBHfHb &

== $in x, = siny;

4y
dt

d . d .
6) d—f = siny, ——d% = —sinx.

dx
a)

Tlo6ynysaru ta3oBi KpuBi.
Posp asaunnq. a) [lpasi

YACTUHH JaHOI CHCTeMU DiBHsHb Ne-

pioanyHi mo x i no y 3 nepiogom 2,

TOMY [OCHTb JHOCJIIHTH CHCTEMY B Puc. 77

kBagpati K = {(x;y) | 0 << x << 2m,

0 <<y << 2n}. le#t kBagpar MIiCTHTb HOTHPH TI0JIOXKEHHS piBHOBarH cH-

cremu: 0 (0; 0), 0, (0; m), O, (;; 0), Oy (s; n) Cryagaemo i posp’si-

3YEMO XapakTepHCTUUHe pIBHSAHHS, SKe BiANOBifae MOMOKEHHIO PiBHO-

Baru (x,; Yo):

COs Xy — A 0
0 COS Yy — A

3pigcd BHUNAMBae, MO HoJoxeHHs piBHosarn O i Oy — By3.H, HpH-
uyomy O — necrifiku#i By3on, a Oz — crifikuil By3o.a1. Kopeni xapak-
TEPUCTHMHUX piBHAHb, 4Ki Bifnosizalotb Touxkam O; i Oy,— AificHi i
maioth pisHi snaku. Tomy O, i O, — cinja. lloBefiHky da3oBHX KPHBHX
300paxeHo Ha puc. 78.

6) 3asHaunmo, ui0, 5K i B nonepeiHiil 3apaui, AocTaTHLO AOCJIANTH
¢da3oBi KpuBi B KBaApaTi

K={x pl—an<x<<n, —agy<n}

[leit kBanpar micTuth YoTHPK NoJoXKeHHa pirHosaru: 0 (0; 0), O, (—m;
i0), 0, (—mn; ®) i 04 (0; —m). ana)laemo XapaKTepucTHuHe piBHAHHA,

=0, A, =cCO0sXy, Ay =COsY,.
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fIKe BilMOBillae mnoJOXeHHIO PiBHOBArk (X, y,):
— XA cosy,

— 2 _
—cosx, —A =0, A®4 cosx,cosy, =0.

Ilasi Touok O; i O, 1e piBHAHHA Mae BHUTVIAL

AM—1=0,
3BiAKH
M=—I1 Ay=1

Orxe, Toukn Q; i Oy — cigna. Jas touog O i O, Maemo A? + 1 =0,
3BiAKH Mo = -4=i. SIKmio BpaxyBaTH, WO piBHAHHA ()a30BHX KPUBHX

W Ay

N7

NN
N

Puc. 78 Puc. 79

sin xdx -+ sin ydy = 0 He 3MiHIOeTbCS NpU 3amiHi x Ha —x, x — Ha
x + n, y— Ha y + m, TO MOXKHA crBepIKyBatH, mo O i O, — neHTpH.
®dazoBi KpHBi cucremu 3o06paxkeHo Ha puc. 79.

5.55. Mocaigutn ¢asoBi KpuBi cucremu piBHSHDB

dx d

G =—x—y+x(x+ ) —d—f=x—y+y(x2+y2)-

Po3B’ sizaunsd. [lepefitemo o nojspHOi CHCTEMH KOOpAHMHATI
x=pcos ¢, y=psine. Maemo:

dp

Tcosqa—psintp%-——-—pcoscp--psin(p + p®cos @,

id‘;—sincp—i—pcoscp-d—d(:L =pcosQ—psing 4+ p¥sing. .

L .. . dp . do ;
PosB’si3aBun i PiBHAHHA BIIHOCHO —-- i -, AicTaHemo:
dp dop

gg = —el—p%), =L
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Pisuanus $a3oBux KpHBHX B NONSpHIA cHcreMi KoopAauHaT Mae
BULJIA]

e

do

$Ik 6auuMmo, € ofHa 3aMKHeHa ¢dasoBa Kpusa p = 1. [aa iHmux daso-

BHX KPHBUX 3HaueHHsi p AK QyHKuil Bixg ¢ 3pocrae B obsacti p > 1 i
cnagae npu 0 << p << 1. .

Orxe, IaHa cucrema piBHAHb, KpiM mosoxenust pisHoBaru O (0; 0),
AKe € CTifikuM GOKycoM, Mae HeCTiHKHH TI'DaHHUHHA LUKJI — KOJO ONU-
HHYHOTO pajiyca 3 UeHTPOM B MOYaTKYy KOOPAHHAT.

5.56. Ha casosiit naomuni (x; x) Rocaigutd noseniHky Ttpaekrtopifi
piBusHHs  Ban-zpep-Iloas

d?x dx
g tr=e(l—) 5,

=—p(l —p?).

e e — MaJuil JojaTHUHA napamerp.
Po3 B’ 53aHHs. 3anuumemo faHe PiBHSHHS Yy BHIVIAAl CHCTEMH
piBHSIHB:

d d
d—’;=y, Tg=—x+a(l—x2)y. 9)

[lpu e = 0 nicraemo piBHAHHS Ma/JNX KOJMBaHb MasfATHUKA B OKOJi
fioro HMXHBOTO TMOJIOXKEHHs piBHOBAr#, TOGTO MaeMO KOHCEPBATUBHY
cucreMy, ¢asoBi kpuBi sikoi x2 + y? = (2.

[Ipu & 5% O cucrema (9) mae eauHe nosoxenus pisuosarn (0; 0). Bin-
MoBiJAHE IbOMY MOJIOKEHHIO PiBHOBArM XapaKTEpHCTHYHE PiBHAHHS Mae

. € . g2
KOpeHi Ao = 5 i ]/1_ —» TOOTO NpH Majux & TOuKa (0; 0) — ne-
crifikuii oxyc.
3’sicyemo, un Mae cucrema (9) rpaHuuBHi uuka. as nworo 3Hald-
Iemo yHKIiO
25
Flay=—a S (f, (acos @, — asing)cos @ — f, (acos ¢, — asin @) X
0
X sin @) de.
¥V nawomy Bunmazky f, (x, ) =0, f, (x, y) = y (1 — x?), Tomy
' 2
F (a) =a§ (1 — a®cos® @) asin® pde =
0
. s a? . o, 2 a?
==a2S (sm ¢ — —sin 2(p)d(p =na '\l————4—) .
d

387



®yuknia F (a) mae npoctuii NogathHuil KOpiHb a, = 2, mnpuuomy
NpH nepexoli uepes a, BoHa 3MiHwe cBifi 3HaK 3 «+» Ha «—» (F' (q,) <
<< 0). Tomy cucrema piBHAHBL (9), a omke, 1 piBHsiHHs Bawn-aep-Iloas
MaloTh NPH MaX#X & CTifiKufl TpaHHuHHH uuKJA, GJU3bKEHA A0 KoJa X% 4
§ -+ x* = 4 #Ha dasoBill naomuHi (x; x).
5.57. 3’sicyBaT, U Mae rPAHHYHHI LHKJI
CHCTeMa piBHAHD

dx

o =YX+ X
d
Ty, =—x—y+y

CxematuvHo 306pasuTH noBelinky ¢aso-
BHX KPHBHX.

Posp g3anH4d. Hexaii (x(f),y (f))—
Puc. 80 pO3B’A30K AaHOi CcHCTeMH piBHAHb. Toxi

4 (2 O+ 52 (0) = 2 G + 2 G = 20y —x+ ) + 2 (— 2 —
—y+4°)=—20+y%) -+ 2(x* 4 ).
Skuo ¢asoBa TouKa (x (£); y (¢)) 3Haxo;MTbCA Ha KoJai paniyea r,

X=rcosqQ, y=rsing,
TO

2 (x2t) + y? () = — 27 -+ 2 (cos* ¢ +sin* ) = — 2 (1 —
— r?(cos® ¢ + sin* ¢)).

Ockinbky —;- Lcosto +sintp<< 1, 0
opu r << 1

(O + 5 (1) = — 2° (1 — r* (cos’ + sint 9)) <

< —2r2 (1 —r?) <0,
npu r>V'2
d
- O+ y* () >0.
3sifcu, 3rigHo 3 nmpuHUWIOM Kiabusd, B KijAbIi 1_< t+yr<2e
rPaHMUHMil UMK/, OCKinbKA uepe3 koaa x2 + y? = 11 x* + y* = 2 pos-
B’SI3KH JaHOI CUCTEMH BHXOJATh 3 LbOTO KiJbLd.
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HocniguMo nosioKeHHsi -piBHOBarM jaHol cHcremHd. [lo6GyayBasiiu
rpadikn QyHKui# y = x — x® 1 x = —y + y?, Gaunumo, WO JNaHA oH-
cTeMa Mae JIHIIe ofiHe noJoxeHHs pisHosaru: O (0; 0).

CksiafleMO XapakTepHCTHUHe DIBHSIHHSA JJIs LbOTO MOJIOXeHHH piBHO-
galH:

—1—A 1

=0, AM+2A42=0.
—1 —1-—X T+

KopeHni uporo piBHsIHHS — KOMIJIEKCHO-CTIpAXKeHi, npHuoMy Re A; =
= Re Ay = —1. Tomy nosoxkenns pisHoBaru — crifixufi dokyc. Pasosi
KpuBi soGpakeHo Ha puc. 80.

3apaui ans camocTiiHoi poboTtu

Kopuctyiouuch o3nadennsim crifikocti 3a Jlanynosum, 3’acysatu, 9n e criiixumn
PO3B’A3KN DiBHAHL i3 3aRAHMMH MOYATKOBHMH YMOBaMH

1._3%.=t(x~—1), ﬂKﬂ[O‘a) x(l)_——_-2; 6)x(1)=0'

9. 4x _

dt

dx
dt

4. NloBectH, WO KOJIH sSKHH-HeOYIb ONHH po3B’si30K JiHiiiHoT ogHOpinHOT cucTeMu gu-
depenuianpHux piBHAEBL Hecriflkuf, TO Hectidiki .Bcl po3B’si3kH  Wiel cucremn..

5. IloBecTH, WO KOJH KOXHHA pO3B’st30K niHifinol oamopignoi cmcremu jpudepen-
nia bHHX piBHSHDB 3a/IHIIAETbCA OGMEXKEHUM NpH { — -0, To Bei po3s’askw uiel cHere-
MH crifiki 3a JIAnyHOBHM.

6. Hexait X (f) — marpuuanr ainifinoi om{opumm cucreMn judepennianbuux pie-
HAHB. Bmomo wo lim det X () = 0. Un BunauBae 3BiicH, WO

{—>-4o0

a) Bei poss '3KM 1anoi CHCTEMH acHMITOTHYHO CTiMKi?

6) cucreMa Mae xoya 6 OfMH CTifikufi PO3B’A30K?

B) cHcreMa Mae o6mexeni mpH ¢ - —oco HerpuBiasbHi PO3B’A3KH?

2— %) x, sagkmo a) x(0) =0; 6) x(0)=1.

=x(x¥—1), skmo a) x(0)=0; 6) x(O)=—1

Rocaigute Ha cTifKicTh HY/AbOBHA PO3B’A30K CHCTEM DiBHSHD

dx dx
—— e — Oy — o
= .2x, - 2x — 3y;
7. 8. p
—- =" 5y. ~r =2x+ 2y.
dx dx
& o+ H di v
9. 10. P
dy _ Y o x—y
= TET at y'
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dx dx .

— =—x-41—cosy, =4sinx 4 In(l + y),

" dt 12 dr
' dy _ g L . 2
— = sin x4 1—éY, dt =x+ y + x*y.

13. Tlpu sIKHX 3HaUYEHHSX NapaMeTpa & HYJBOBHH PO3B’SI30K CHCTEMH

d —
d—f=2e~x_]/4+ay, _gti=ln(l+9x+ay)

€ aCHMHTOTHYHO CTiBKHM?

14. Hocrinuts Ha cTifikicTb po3s’s3ok x = sin f, y = —2 cos { cHCTEMH PIBHAHK;
dx '
= In(— 1 n—24
e n(—x-4 14 sinf) )
_%y_= (I — x2) cos £ + 2x cos? £ - 2 sin® ¢ — cos? 2.
Rocaigutn Ha crilikicTe BCi MoJoxenHss piBHOBArM CHCTEM piBHSHB
dx dx
—_— =y T =] —x—
a =Y @t ¥ Yo 5y
15. P 16. J
: Y - — S} _____y = —_—2.
o sin x, T xy—2
dx T AT
_— = — Xy —1; QH—HI—"!/—S‘“"“
di . dt
17 18.
Zty ln (x2 — g). _%ty_——smx

19. Hocaiguth Ha cTifiKicTh HYJALOBHIl PO3B'130K CHCTEMH PiBHAHB

dx x
— = 2x 2
a1 y
dy ¥y
=7, =1

dt 3 =

20. IMpu skux 3HaueHHsx napameTpis a i & cucreMa piBHSHb % = — x 4+ ay,
—Z’;‘i = bx — y -+ az, —:;_ = by — 2 € aCHMITOTHYHO CTiHKOI0?

21. HdosectH, mo KOAM po3B'ASKAMIHifHOT cucreMH _ZT" = Ax crifixi, To crifixu-

M OyxyTe i PO3B’SISKH CHCTeMH PiBEFHDL _Z_;C_ = Ax + B (t) x, B siKili HenepepsHa npu
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t > 1, MmaTpuus B (f) 3a10BOJbLHAIE YMOBY
+o0
{1B@Iat<+ oo,
t!)
22. Hexail poss'sskn JainifiHOI chcTemu %: Ax — crifiki. Josectu, wo KoJn
wenepepBHa npu = ¢, I x < h BexTOop-byHKUif f ({, x¥) 3an0BOJBHAE YMOBY
400
et 1<k @lxl, S k() di <+ oo,
fo

TO HyJLOBHI PO3B’A30K CHCTEMH PiBHSIHDL _Z;_‘_ == Ax 4 f (¢, x) — crifikuil.

23. HocninuTh Ha cTifiKicTs HYJIbOBHH PO3B’SI30K CHCTEMH PiBHSAHD:

dx _ o dx _ . a5
—ar YT o TR
a) P 6) p ‘
i:-—— — _y= 2 - 3
al x—=o a Ty

24. Un e crifikuM B IiNOMY HYJBOBHH PO3B’SI30K CHCTEMH PiBHAHB

dx __ dy 3 !
G =Y —g=x+tar, a<0

25. Hexa#t B cucremi pisusiHb

dx= .3 dy _ __
VT = TIw

X
¢yukuia f (x), f (0) = 0 3anoBotbusie ymosu: xf (x) > 0 npu x40 i j'f (B dt > +oo
’ 0

npu | X1 — +oo. osectH, o HY/NBOBHH PO3B’A30K Lliei CHCTEMH — cTifikuil B uizomy.
Hocninutn noseginky ¢a30BUX KpHBHX CHCTEM piBHSHbB: N

de _ dx _ _ .

= X —y, o x4+ 2y,
26. . 27.

4y _ oy — dy _

@ 2w e

dx dx

— I 2 M — T — v

7 X5 . 7 3x 4 2y;
28. , 29,

dy __ dy —

@ =t . TR
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-.'x.=0. E : B

i
T—._—Qx(—@l
o ; et T 3 : 7 dy X 2y =5 “g: .Qﬁfﬂ
-d-me 204 w5y R s R -d'—t"-r“"‘le e
98 B B st i e A R y e
.ﬂocniml‘rn 'rmm uo.uomeub plnuonaru cucrem piaunm.
T I4x yrenas :.. sl ln(l y+ QS)’ -‘. .
--dy=_ DR
LHE -‘i—f~_=—2(x—1)y. PR f;: y-—l}(Sx-:-y-—-S);
e e
R E
7 +x ] o i {u x +y 5

noﬁynynam .niuil pimm eneprii i q:asoni nmmr. xoncepnanmuux cicrem pln-
HIIHB HsloTona : & :

dx o dy ag dx 2% dy' g ' :
g dE _y AUy, 3.__._.=,__=» e Y
-3 F 7 AT B oy ik ““2’-‘- o
" 40. 306pa3n~m rpadnqno tpae.oni KpHBl Koncepna'mnnnx cHeTes ia sanauom HOTeH:
nla.nbuom euepnao i R SRR }

a) 11 (x)

6 H x x Sll‘l x-\ I".: i i :, ,,
1+ r: & ) ( )= i i
41 Jloaec'm, o KOJ]H no'renmanbna eHePria l'I (x) oﬁue}ma 31{1{3)'. ™ Kommﬁ :

S : :
poaa 130K pmﬂmma dx =— oIl () - MOIKHA npononnm-m aeoﬁmemeno. :

T
42-.HPH HKHX ymoBaX cac'rema —irﬂf(Pl, T?- = Jl‘ f (@) '—Henepepsna %

qzymmiﬂ Mae rpammtmﬁ uum? l'!pn SIKHX yMOBAX ‘ueit WHKA € t‘rlﬁxam, Hec-rlﬂxum
43. '-{n MaIOTb rpauuqnuﬁ AR - Ha' anaoain maowinHi (x, x) Tarl’ piammuﬂ
a): x+x—s{l -—x’l—-ler 6) x-l—xns(l—-x*}x?

. " 44, Jlosects, wo piBHSAHHA x+,f(x) +x=0, 1 | (& --uene epsna lbyﬂxula,'.-"
o0y =01 yf (y} :::- 0 npu g =;é 0 e Mome MaTH nepm;munﬂx poss A3KIB, m}mmmm Big-~



45. IloBectd, WO KOXKHA cucTeMa piBHAHB

Ly —VEF P
a)
A = —x g0 —VEEP)
dx _ _ % VeI
6 T v+ Vet o2 sin Vx? +y%
dy _. S P
= =*+ Vet sin V3L y

Mmae nukau. Cxinbry 1x? Hocaiautu crifikicre uwmkiis.



Bopatox 1

AUDEPEHLLIAJIbHI PIBHAHHS NEPWOro NMOPAAKY
3 HACTHHHHMMH NMOXIJHUMH

Jliniiinum 00HOPIOHUM DISHAHHAM Nepuie0 NOPSIKY 8 YOCMUHHUMU NOXIOHUMU Ha-
BHBAEThCST PIBHSHHS

ou du ou
a, (X4, 0., X Gy (X1, 000, Xn) EaERE An (X1, o0y Xp) —.= 10, 1
1( 1 n) axl+ ’( 1 n axz + n( 1 ] ll) axn ()
ze a; (%, ..., x) — dyuxuii, Busnaveni B Aeaxift obnacti D <= R", u= u (xy, vev, X4) —
wiyxana (QyHKIis.

Crcrema 3BHuafiHUX NHepeHIianbHHX PIBHSAHb
dx
_W__—=a(x), X= (X, ..., Xp), a=(q[, ....0q) 2)

HAIUBAETLCA CUCMEMOID PIBHARSL xaparkmepucmux 04s pienanns (1), a dasosi Kpusi cucre-
Mu (2) HA3WBAOTBCA xapaxmepucmuxamu pisHaAHAL (1).

Teopewma. Pyakyia u= u(xy, ..., x,) £ po3s askom pisnanna (1) modi & mirexu
modi, KOAU GOHO € NePUIUM [HME2PAAOM CUCMEMU PisHAHb xapakmepucmuk (2).

3adauero Kowi nns piBusanns (1) Ha3nBaeTbes 3aaua NPO 3HAXOIKEHHA PO3B’A3KY
u = u (x) 1bOTO PiBHAHHA, AKHH 3aJOBOJIBHSE YMOBY u (X) lyey = @ (x), ne?y — nesaka
raanka rinepinosepxHs 8 D, a ¢ (x) — 3anana ranka o¢yukiis Ha nifi rimepnosepxui.
TineprnoBepXHsl Y HA3UBAETLCS NOYAMKOB0I0 einepnogepxrero, a GyHKIiA ¢ (x) — nouar-
KOBOIO YMOBOIO. TOUKA Xo € Y HA3UBAETLCS HMEXAPAKMEPUCTMUUHOO, SKUO XaPAKTePHCTH-
Ka, 110 TPOXOAUTL 4epe3d LIo TOUKY, mpanceepcarbHa (He NOTHUHA) 10 MoYaTKOBO rimep-
NOBepXHi.

Teopema. Hexaldx — Hexapakmepucmuuno mouka Ha nO4AmKoeil einepnogepx-
ni y. Todi icHys makuii okia mouxu x, wo 3adaua Kowid dan pisuanna (1) 6 ybomy oxoad
mae eOuruil poss’ 430K.

STkuio Bigomo n — 1 uesanexui B obaacri D nepuii inrterpanu cucremu (2)

Qi Xy, oo, xn)=C4, i=1,2,...,n—1, (3)
1o BCi po3B’siskn piBusHug (1) Mokua nictatd 3 dopmyan
U= D Wy ey Yoy, 4

ne © — noBinbHa gudepenuifioBHa QyHkuid.
JIHiGHUM HEOOHOPIOHUM PIBHAHHAM 3 HACMUHHUMU NOXIOHUMU nepuiozo nopaox
Ha3uBaeThCs! PIBHAHHA

0
al(xl"”’x")'axul + a3 (%1, o vy Xp) aax‘: 4
Fo b ey, ) = b ). (5)
0xn

3anaua Kowi gas pisusanua (6) cTaBATbCA Tak caMmo, K i A8 oaHOpixEOrO piB-
Hsaug (1).
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- Teopema. 3adawa Kowi 0rn pisnannsa (5) 8 Oocums maromy oxosi Gyde-aroi
HeXapakmepucmu4Hoi mouky X nO4amxosoi nosepxi ¥ mas eQunul pose’asox. Lledl pose’s-
80K MOXCHQ 3anucomu y eueradi

1
ug (%, 1) =@ (x) + Xb(g (x, 1) dt, ©)
14}

Oe g (x, {) — 3HaYeHHS PO3E’ABKY CUCEMU DIBHAKL XAPAKMepUcmux (3 nOYamKoso ymo-
poro g (x, 0) = x Ha nowamxositi nosepxni) 8 momenm «acy {.
Keasiainilinum pisnanHuam nepuioz0 nopadky Ha3uBaeThes DiBHSAHHS

ou du
al(xln---1xn:u)—+a9.(xl’---rxnr u) +
axl 6X2
du
: dxn
Pea; (x, u), b (x, u) — dynkuii, Bu3naueni B feakilt o6nacri aminnux (x, u). Ue piBnsnus
Biapisasernca Bix JinifiHOro THM, mo xKoedilienTH a; 1 b MOXyTh 3aiexaTti Bil wykaunoi

pyuknii u.
*" Pipusinna XapaKTepHCTHK Aas Keasininifinoro piBHsuus (7) Malotb BHIVISIA

+"'+all(xh‘0-1xn, u) =b(x1.-~-,xm u): (7)

d
2;1 =a1(x1,...,xn, u):v-'r
d
;l” =ap(Xy, o0, Xn, 4, @
du
=} s ey , W)
) p, (x1 Xn )

3anaua Komi ans keasininifinoro pisnsinna (7) noisirae B Tomy, wo6 ssafiTH pos-
B’A30K 4 = u (x), sikuf Ha 3ananiff rinepnosepxui y BuMipHocti n — 1 neperBoproeThCs
B 3ajany Qynxuio @ (x). [TouaTkoBa ymoBa (y, @ (X)) HA3HBAETLCS HEXADAKMEPUCIIUYHOW
st KBasininifinoro piBusuua (7) B Touni xo € y, AKWO BekTOp @ (X4, ) = (@4, ..., 4,),
Uy = @ (x,) B it Touui He HOTHKaeTbcH N0 HOBepXHi Y. i

Teopema. Poss’ax xsasiainiiinozo pienanns (T) 3 sexapaxmepucmu4anorn a
oYyl X, NOYAMKO800 YMOB0I0 8 OKOAL Yl mouKu CHYye [ edunuil.

Slkwo BiIOMO 71 MepIIMX He3aNeXXHMX iHTerpaaiB cucTemd pIBHSHb XapaKTepw-
€TuK (8)

Py (x, u) = ¢y, i=l,2,:..,n, )
70 BCi po3B’asku pisuauug (7) BH3HAUAIOTBCA 3 piBHOCTI
D ($1, oo - - - Yo) =0,

jne ® — nosinbHa audepenuifioBna ¢yHkuid.
o6 3uaiitn pose’s30K & = u (x) piBuAHHA (7), sIKe 3aM0BONLHSE HOYATKOBY YMOBY
#ley= @ (¥), Kie rinepnosepXHs y 3afana, HanpuKiIaxL, piBHAHHAM

fxy, %2, o ooy xg) =0,
tpeba i3 chcreMH piBHAHD
Flxy, %o0enns %n) =05
¥y (xl’ Xoy o ooy Xp) = Ci:
U= Q{Xy, Xa, «+., Xn),
i=1,2,,,.,n
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BHKJIIOUHTH X;, Xg, ..., Xp, U i pictam cuisigsowenus suny F (C,, Gy, ..., Cy) = 0. [Nig-
CTaBHBILH CIOIH 3aM1cn> Cy, Cy, ..., Cy niBi uacTunv cnissigHomuens (9), nicranemo

F (P, (x, u), Palx, u), ..., Ppilx, u))=0.

Oaun 3 po3s’sa3KiB 4 = w {x) UpOro PiBHAHHA | GyAe WYKAHHM.

PoarnaneMo Tenep Heainifini piBHAHHA 3 WOCMUHHUMU NOXIOHUMY Nepuinz0 Nopadxy
{BMII3IOK ABOX He3aJeMHHX 3MiHHHUX).

lie piBustHuS Bugy

Fix, y, 2z, p, 9 =0, (10)
. 0z 0z
ne z=z(x, y)— wykana dyukuis, p=._(.97., q=_a_y_,
CniBBi anoweHHs
vix, ¥, 2, a, by =0, (11)

sIKE HEABHO BU3HaYae pO3B’A30K 2z == z (x, y) piBuauus (10) Ta Micrute asi posinbui cra-
Ji a i b, na3uBacTbCH nosrum fHmeeparom Jlazpansca pisnanna (10), KO 3 HLOTO Ta 3
piBHSAHD
Ov G 0z _, de , dv 0z _ (12)
Ox dz Ox dy gz dy

BHKJIOUCHHAM cTaaux a i b Moxua gicrate piBusuus (10).

3apauy inrterpyBauns piBusHas (10) BBaxaioTh QOpMatbHO 34BEpUIEHON, FKLIO
BigoMuit fioro noBHu iHTErpas, ockinbky (Hmi po3s’s3kM AicTaloTh 3 HBOTO Audepeniiio-
BaHHAM Ta BHKJIOUEHHAM.

Posrasnemo memod Jlozpansea — [[apni Binmryxkanus moshoro inrerpana pisnsu-
s (10).

Inest meTopy mosisirae y ckaaganui nonomixnoro piBasHus suay @ (x, y, 2, p, 9) =
= @, e a — DOBiibHA cTaja, TaKoro, o6 cHcTeMa

{F (x, 4, 2, p, 9 =0
®(X! yi zl pl q)=a
OJHOIHAYHO pPO3B’sI3yBasiack BifHOCHO P i gt

(13)

p=—g%=<p(x, ¥, 2, a); =~gfy- =P {x, ¥, 2, a). (14)_,
Heo6xiznow # nocratHboio ymosow cyMichoeri cuctemy (14) e pisnicts
ﬂ+acp 0z _ 0y , 0% az(azz _ 0% (15
oy dz 9y ox 0z  9x \ Oxdy oyox |’

ko Bupasuty yacruuui moxigni, aki Bxoasts B (15), uepes pynkuii F i ® i3 cu-
eremu (13), To gicranemo JinifiHe ou.uopiuﬂe piBusiHHS

O(D

P2 Q2 —55~ T PP+ 9@ 22—

—(X 9 v —_=
(X +-p2) 5 Y +q2) 7 0, (16)

e P=Fp, Q=F0, X—-—-—Fx, Y=Fy, Z=Fz‘
Cucrema piBnanb xapaxrepucTdk masa (16) mae Burasn

Jx _ dy dz _ dp . dg an

P T Q pPFeQ —=X—pz <=Y—4qz'
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Cxema metony

1. 3a piBuanuaM (10) ckialaemo cHcTeMy piBHSIHB XxapakTepucruk (17).

2. 3naxoaumo fAKHH-HeOyAb iHTerpana cucremu (17) BHIy ®=q (a — JIOBiNpbHA cTa-
n1a) Taku#, mo6 cuctemy (13) moxua 6y/I0 OXHOSHAYHO DO3B’ABATH BIIHOCHO p i g.

3. Imerpyemo cuctemy (14) (ymoma ii cymicrocti (15) aBTOMaTHYHO BHKOHYETbLCS)
i nicraemo nosmuit interpan (11).

3asnaunMo, WO 3aga4a iHTerpyBaHHS cucTemu (14) exBiBaneHTHa 3ajaui inTerpysad-
HA piBHAHHSA

dz=0q(x, y, 2, )dx 4V (x, y, 2, a) dy. (18)

Pirnictb (15) e ymosoto nogrol inmeeposrocmi pisuanns (18). Pipaanus (18) € okpe-
Mum BunagkoM pissanns Idapda:

P(x, y, 20dx+Q(x, ¥, 2dy+ R (x, y, 2)dz=0. (19}
¥YmoBoio noBuo{ iHTerpoBHocti piBHsiHHA (19) e piBaicTs
_pf[9Q __ (aR OP) ( oP ) )
=P —_ —_ | =0
AP0 R=P(LL R | o( IR )1 Rr(S -2 )0 )

1. MepeBiputu, 9n 6yayts byukuil u = u (x, y, 2)
xz

2 2
) u="o Lo, Ou=xpz, 8 u=L e
y2 22
po3B’A3KaMH PpiBHAHHS

xﬂ-;-y +z.._—0
dz

BOGJlaCTlx>0 y>0,2>0.
Poas' a3aunq a) 3safigemo vactunui noxigui:

gu _ 2 Oy __ 242 + 2y du _ _ 24°
ox  yF "y P 2 ' Tdz S
3rigno 3 nump piBHocmMH. Zicraemo
du _ 2x? _ 2x? 292 _ 242 0
—I—y ay —I-Z———az 7 e +—= =0

R 2 , .
10670 DyHKLig U == % + __y2_ € PO3B’$I3KOM 1aHOTO PiBHSAHHA,
3 P
6) Maemo:

u
ox dy 0z
Mincrasupwy ui Bupask B pisnmﬂm RicTanemo:

x—+_/ +z—==3xyzaé0

Tomy B o6aacti x > 0, y > 0, 2 > 0 PpyHkuia u = xyz He ¢ po3B'ASKOM AaHOIO piB-
HsAHHSA,
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B) 3nafizemo wactumui noximmi dymkuii u:
xz

ou > [y z i‘:ﬁ 6u=(1_2z)e},—a
dx ( roal xy)e Ty \ xR ’
il

_0_u=_l_.eys.

dz y
3Bincu

ou ou ou
s i

Xz

=e?(__y_ +_Z_+_‘J__2_Z+.i_)_—-=o.
x Y x y Y

xz

- 2 .
Ormxe, QyHKkuisn 4 = Y e PO3B'I3KOM 1AHOI'O PiBHSIHHA.
x

2. Hosectu, wo u (x, y) = x+ y + f (xy), Ae [ (xy) — noBinbHA HemepepBHO mn.
tepenuifioBua @ynxum ¢ po3s’s3koM Hudepenuianbuoro piBHAHHA
du ou
X — Y — =X Y.
o ! oy Y
Posps’ szanunsa Maemo:
Oy ey, 2= 1 4 1 ().
ox dy
[Nomnoxusmwn ui pisHocri Bigmosigno na x i y i nmincrasusum B nane pipnanng, ai
cTanemMo

X—ai—y Ou =x+ xyf’ (xy) —y —xyf (xy) = x— g,
Ox "oy

Tomy nana Qyuxuin € poss’s3KOM 3aXaHOTO PIBHAHHA.
3. Hosectn, mo dyukuis

u=V %L g2f [arctg '%‘ +inVEF 2 ) .
ne f (2) — uenepepsHO aubepenuifioBua QyHKUiA, € po3B’sI3KOM DiBHAREA
au ou
—— ——(x— —_—=U.
(x + 4} 7z ( )] 3
Po3p 93anusa 3uaxonumo uacturHi moxiami:

o X y ‘T—'—i)
=yt (ercte L+ VT +

+ Vx—‘y—' f (arctg% +InViE4 y“) ,

x2

Ou y y -3
W:f—mf(arctg—x——{-lnl/xz-i- U2)+

ity Y '2—_'_2)
+V}T_’__y§fkanctg x—}-lnl/x + 42 .
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[MoMuokuMo nepmy 3 piBHocTel Ha x--y, & APyry—Ha x-—y i 3amiauMo

Y —_ u
f (arcetg -+ laVx®+ yz) ua V"———{—? . Tom
2 __ —_—
(49 5 = gt + e +‘” faretg <-4 1n V¥ y?) ,

ou yu{x —y) x2— g
=Yy ="wrp T VXT-F—2

BinugBuig founeHuo wi p\sﬂocn nicrauemo fane nudepenuianbie piBHannsg. Tomy
¢yHKUiS 4 € WYKaHHM pPO3B’A3KOM.

f (arcte 4+ 1n Vm) .

ou Ou
4. 3ualiTy po3B’s3KH PiBHSAHAA Y I T* oy = (0. 3 MHOXHHH pO3B’A3KiB
BuiimuTH TOR, AKuE 3agoBosbhse yMmoBy u (0, y) = py2.
] X
Pos3p’'ss3aHHA., 3 piBHAHHA = Ay 3HAaXO0AMMO XAapaKTepUCTUKH x3 -
—x

+ y? = C. ¥Yci po3s’A3ky AaHOTO PiBHSHHA MAOTL BHLAAA U = D (x2 4+ y?), ne ® (z) —
IoBinbHa HenepepBHO JudepeniifoBHa PynKuis. 3a3HauuMo, WO piBHANHST 4 = @ (x% +
- 4?) Busnauae moBepxHi o6epranHs HaBKOJO oci Ou.

Suafiiemo Ty 3 UMX MOBEPXOHb, KA NPOXOAHTH qepea napaﬁony u == py? y njaomu-
ui x = 0. Bugnounmo x i y 3 piBusns x = 0, u = py?, «* +y2 C. Maemo: u = pC.
[TigcrapuBmiy B mio piricts C = x? 4 42, gicTaHemo iyKaHHH pO3B’A30K:

u=p(x*+y3).
’ LI,e pmuﬂmm napa6onoma 0GepTaHHA HABKOJNO oci Ou.
. 3uaiitu TOf PO3B’A30K JAiHIMHOrO HeomHOpPiAHOTO PiBHAHHA

du du
t -ty By = I,
fAKKIl 3aJI0BO/IbHSE YMOBY U (x, I) = x.
Poap' ssauus CkianaemMo piBHSIHHA XapaKTepPHCTHK:
0x dy
o =% Tqr =Y

3aranbHuM poss fAiakoM wiel cucTemu € Bektop (C,€°, C,e’) HOKJIaBILIH Ci=1x,C =1,

nicraneMo po3B’f130K (g; (X, v, f); & (¥, y, ), ne gy = xe', g = ef. Buanenns po3B’ 513Ky
npu ¢ = 0 JexaTb Ha NMOYATKOBiH nosepxm X=x, 4= T

3rigo 3 dopmynoo (6), mykamuii poss’s30K 4 = u (x, y) 3a40BOJBHSAE DPIBHiCTHL

t
u(xé, e’)=x+s‘ld1:=x+t.
0

[MoknaBum & = y, xicraneMmo

u(xy, yy=x-4Iny
460 OCTaTOUHO

x
ulx, y) =+ In y.
6. 3uafitu poss’asox sanaui Koui

Ju ou .
Vax —* gy =9 =%, u@ 9=

899



Poss’ szanmna 3 piBeans XapakTepucTuk

dx dy
o =Y Ta T

3HaXOAHMO 3aranbhuil poss’asox (Cysin {4 Cycost, Cycos t— Cysin ), ne Gy, C, —
noBineni crani.

Moknasum Cy = y, Cy = 0, zucraﬂemo po3B’q30K (gy (%, y, 2); g5 (X, ¥, t)) ae g, =
= ysin ¢, gg = y cos ¢, 3HaUeHHS PO3B’sI3Ky NpH f = () JexkaTb HA MOYATKOBi# noBepxHi
X = 07 y=

3riguo s (6), [YyKaHH{l PO3B’A30K 3allOBOJIbHSAE CIIBBiAHOIICHHSA

(cos? T — sin? 1) d1.

3eincn
2

, i ¥
u(ysint, ycost) = m +—2—sxn2t.

3aminuBmm y sin £ va x 1 y cos ¢ Ha y, AicTaHemo

1
ulx, y) =g s +xy.

7. 3uafity poas’asox piBuAHHA
ou Ou ou
Xy TG, 2 =0
AKHH 3af0BOJIbHAE TAKHM MOYATKOBHM YMOBaM:

2
a) u(l, y,2) =y*4-2%6)u(x, y, z)‘y,+22=? ="
Posp’ ga3ania a) Ckiagaemo piBHAHHA XapakTepHCTHK:

Ox dy dz
o =% Tar =Y g =

PoaB’siayioun Ui piBHAHNS, 3HAXOJAMMO 3arajbHHil poss’asok (Cyef, Cae', Cye), ne
€y, Cy, C3 — poBineni craxi, Moxaasmu C; = 1, C; = y, Cy = z, AiCTaneMo pO3B 530K
@5 9,2 08y 2 D:iax g2 ), tea="¢d g=y g=_2 3uaems
po3B’sI3Ky nipH { = 0 JexaTh Ha nouatkoBilf noepxpi x = |, y =y, 2= 2,

3rigno 3 dopmyaoo (6), Maemo

'
uel, yel, ze’) = y2 -+ 22 - SOd’c = y? 4 23,
¢

. y z
Ha X, y —RHa~—, z—Ha ——, aicTaemo

3auinioonn ¢ Pl

L

u(x; ¥; &) ="z

6) Lo samauy pose’sxeMo iHakme. 3anuumeMo PiBHARHA XapaKTepPHCTHK Y CHMe-
TpHuHill Qopmi:
dx dy dz
— R Tt TR e
X b/} 2z
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3uaxonumo ABa Hesanexui mepuwi iHTerpanu:

_z_=cl, £ =,

L3

I3 cucremn pisHocred

2
P

z
U= , y2+23=2, i:Cl, _._=C’
X x
BHKJIOuaEMO 3MiHHI x, y i 2. 3 TprOX OcTanuix piBHOCTEH Maemo

(Ci+CYHx2 =2, 32 =C+ CL

3sineu u = 2 4 C2. Mincrasnsun Y zamicre C,, 8 -2 samicts Cy, AicTane-
X X
MO WYKaHHH DO3B'A3S0K:

2 2
u(x: Y, z)'—_u—;’;z—-

8. Poss’ssatn sagauy Koui
ou Ou ou
’5;'+—(97+*(37=Xy2, u(©, y, 2)=y—=z
Po3s a3anua CkrazaeMo i po3p’asyeMo piBHSHHS XapaKTePHCTHK:
di T 7] ’
x=t4+C,, y=t 4 C,, 2z=1+4C,

XapaxrepucTHKamu € ciM’i npsaMux

{ Y—Xx = C:)

»
z2— x = C,,

Yci ni npami mepeTHHAIOTE MJOLIHHY x = O TpaHCBepca/ibHO, TOMY MOXHA 3aCTo-
cyBatd dopmyay (6).

Po3p’si3KH piBHAHHSA XapaKTePHCTHK, 3HAUCHHSA AKHUX OpH { = 0 JexaTb HA IVIOWHUHI
x =0, y=y, 2= 2, MalOTh BHIIAL

g1(x, y, 2, H=t, golx, y,2 =14y, ga(x,y,2 OH=1+2
Bukopucrosywouu dopMmyay (6), sHaxoxumo:
t

ut, t+y, t+=y—24 St(t+y)(t+z)dt=y—z+%+
0

( z) P {2
+ (v -+ —3—-+sz-

MixcraBubim B wo piBRicTs 3aMiTk ¢, y, 2z Bianosiano x, y — x i 2 — x, nicraseMo
WyKannii po3s’s3ok 3apaui Kowi:

22 x3 x2
u(x, y, z)=y—2+-4—+—3— W+z—20)-+@y—x)2—x) 5
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9. 3nafrty po3s’s30k sauawi Komi:

xﬂ—-}-yﬂ:?xy, u(x, x)=x2
dox ay
PosB' s3aunusga Cknaanemo i posp’sixxeMo DIBHAHHS XapakTepHCTHK:
dx dy C.e t
L= =7 =y = Cie", y=Cy,
2 x, 3 y. x 1 y 2

. C
OTxe, XapakTEPUCTUKAMH € NPOMeHi NPAMHX Yy = _C_2 x. Y uboMy Bunmagky sci
1

TOUKM N0YaTKOBOI NOBepxHi (MpsiMa y == Xx) € XapakTepHUCTHUHHMH, TOMYy dopMyay (6)
3aCTOCYBATH HE MOKHA.

3HaiineMo po3B’A30K, BHXOISAUYH i3 3araqbHOTO PO3B’I3KY NaHOrO HEOZHOpigHOro pis-
HsAHHA. PiBHSiHHS XapaKTepHCTHK AJA HEOAHOPINHOTO DiBHSARES 3alMIIEMO B CHMETpHY-
uiit dopmi

i snafinemo mesanexui inrerpanu:

L=C —u=0C,.
X 1 XY 2

Yei pos3s’sasku AaHoro piBHAHHS BH3HA¥aloThed i3 criBBigHOLEHHS
(I)(i_, xy——u) =0,
X

ne ® — poBinbHa HemepepBHO AudepenitiioBHa ynkuia. Fkuo BHpasuT™h 3BiAcH Apyruf
apryMeHT, TO [icTaHeMoO

u=xy+ff—g-),

ne f (2) — poBinbHa audepenuifioBHa dyukuis. BHKOPHCTOBYIOUR NOYAaTKOBY YMOBY
(X, §) ey = 2%, ulx, x) =2+ [ (1) =23,

nicraemo, o posB’siakamu nanoi 3ajaui Komi e dyuxnii

u(x, y)=xy+f(-i—),

ne f (2) — noBinbHa HemepepBHO mudepenuifioBHa dyukuis taka, mo f (1) = 0.
10. 3nafiTh MOBepXHIO, KA NepeTHHae Nix npaMHM KyToM ciM’io chep x% 4~ 42 +-
+ 22 = C? i npoxoanuTL uepe3 KpuBy x = I, 4 + 22 = x.

Poag' szaunns [losepxus u (x, y, 2) = C, neperuHae cim'io nosepxous  (x,
¥, 2) = C nin npaMuM KyTom ToAi @i Tinekm TOAi, KOJIM
OF ou oF ou 6F ou
ox Ox dy dy 0z 02
Y uboMy BHMAAKY QYHKUIS # BU3HauaeTbes 3 PIBHAHHS

= 0.

du ou ou p
Ou 4, 0wy, Bu_j
shr Pl A i >
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PiBusinug XapakTepHCTHK 3anuiieMo B cHMeTpuuHifi dopmi
dx dy dz

. . Y Z
MBa HeaaNeXHHX {HTerpain mux pisusHb o~ = C;, — = C, BH3HavaioTh PIBHSAHHA Ho-

BepXOHb, OPTOTOHANBHEX 10 3azaHoi B 3amadi ciM’i cep:
y 2
@ (7 ) =0
e @ — nosineHa audepenuifioBra Gynkuis.
3naiizeMo nOBepxHIO, KA NPOXONUTH Yepe3 3afaHy JiHilo. Bukmodaioun 3 piBHsAEBL
¥

4
x=1, pP+2=1, —=C, =0

sminui x, y i 2, nicraemo:
G+Cl=1.

s . . . . Yy . 2
3aminioioun Tyt pisrocti €y i Cy BiAnOBiAHO Ha —- i —, OCTATOUHO 3HAXOAHMO:

1/2 -4~ 22 = x2.

ile i e iwyxaHa noBepxHa — NPAMKI KPyTroBuH KOoHYC, Bicclo sIKoro € Bick x, TBipHE-
MB — HpaMi, U0 NpPOXOAATH 4Yepe3 M0YATOK KOODAHHAT, a HAaNpPsSMHOW — KoJo 42 4
~+ 22 =1y momuni x= 1.

11. 3uafith opToroHansHi TpaekTopii ciM’i NVIOWHH, AKi MPOXOAATH 4Yepes HPsAMY
x = y==2, (KpuBa HasuBaeTbcs opmoconaisrow mpaskmopicto cim’i nosepxous F (x,
y, 2y = C, KO JOTHYHA 10 Liel KpuBoi B KOXHiM Toulli € HopMaIo 10 Bixnosiauoi mo-
sepxni ganol cim'1). ’

Posp s3ans 4. PipHanes paHoi npaMoi MOXHa 3anucati y BHIVISAI

{ y—x=20;
z2—x=0,
Toni pisnsanus ciM’l miomyH, AKi NPOXOIATL Yepes LIO NPSAMY, MA€ BHIVIAA:
y—x
y—x+C(z—x=0, Fix,y,2) =——7 =C,
ze C — rnosimbHa crana. dudgepennliooun, mMaemo
aF z2—y OF 1 oF y—x
ox — (z—x)® * dy = ez—x * 0z ~ (z—x)*% °
Oproronansni Tpaektopli Bkasanof ciM'l miomun — ue xapakTepucTHRM piBHAHHS
z—y du 1 Ou y—x Ou o

G—w® ax " z—x 0y T z—n° o0z
BanumeMo pIiBHIHHA XapaKTepHCTHK:
dx _ dy _ dz
z2—y X— 2 y—x
Pos’nayioun ix, Ricraemo nBa HesanexHi inrterpamu:
xtpy+e=C i x4 y*+22=0C,,
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Jlinii
{x+y+z=Cp
Byt =0
€ mykanumH, e kona, sKi nexarb B DJIOWHHAX, IEPNEHANKYASAPHUX A0 NPAMOT x = y ==
== 2, 3 UEHTPAaMH Ha Nifl camif nmpamif.
12, Poas’ssath piBuSHHS

1 ou ou ¢
cosx dx T oy =uctey.

Poss'g3anud Cknagaemo piBHAHHA XapaKTepHCTHK { 3HAXONMMO X Heaas

nexHi interpanu:
du R u
cosxdx=dy=tgyT, y—smx:C,, m—:.c,

Yei poss’askue paHOro piBHSIHHS MOXHA 3aJaTH HESIBHO CHiBBiQHOLIEHHSIM:
u
® - 8i T p— = .
y—sinx, siny 0

3sizcn u = sin yf (y — sin x), ne f (z2) — nosinena Henepeppno nubepenuifiona
dbyHKLis.
18. Posp’ssat piBHsIHHA

xu . du . ou _
* Tox +y dy +7 9z %

Posp ga3aunga CacreMy piBHSAHb XapaKTePHCTHK 3allHIIEMO B CHMETPHUHOMY
BHIVISIAL:

—— 1 1 1 1
u(x, y,2)=e xi(T—T’_——)'

ne f — HenepepBHO AudepenuifioBua (yHxuia cBOIX 3MiHHMX.
14. Poss’'sasaty sagauy Kowi

ou du
xu W-[—yua—y-i-xy:o, Uy =1L

Posp a3aHHusa 3anucyeMo piBHSHHA XapaKTepHCTHK
dx dy du
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| sHaxomumo nBa mepmi iHTerpanu:

y yu?
‘;‘=C1, v+ X = (C,.
BHKJIIOUMBLIN X, Y, U 3 PiBHSAHB
Yy yu?
T=Cl’ y2 - p =C,, xy=1, u=I.
icranemo:
2C, = C,.
. . , . . ¥y .o, yut
[Micas saminn C; i C, BiANOBiAHO BHpasamu < | ¥+ —— , snaiinemo
2y

yu?
== 2 _— u2 = —_—
Yy =¥+ 2—xy.
Ocranse cniBBianowenHst B obaacti xy << 2 BH3Havae 1Ba IMIafKMX PO3B’SA3KH ja-
HOTO piBHAHHA:

u=VIi—xyiu=—V2—xy.

Oanu 3 Hux pos3s’sskKiB, a came, 4 = V 2 — xy, xy << 2, € WyKaHUM PO3B’A3KOM samau

Kouui.
15. 3uafith noBepXHIO u = u (X, y), fKa 3ajaHa pIBHSHHAM

ou du . .
ox TY oy e

i npoxonuTe uepes mapabony u = x — x2, y= —2,
Po3B ga3anmusa 3anucyeMo piBHSHHS XapaKTepHCTHK Yy cHMeTpHuHift ¢opmi:

x 24 yitu
- =Cu g = C,
Cnissiasoienuam
x xB+y4u
o ( =, g ) =0

safani Bci po3B’s3Km JaHoro piBHAHHA. 3Biach
X
u=yf[—y—J —x?— 2,
Ie f (2) — noBineHa HemepepBHO pudepenitifioBHa GyHKuis.
Sannmaersca ynkuio f (2) niniparu Tak, w06 BHKOHYBaldach TNOYAaTKOBA yMOBa:
u(x, =2 = x — x2,
o610, WO6

x—x2=-—2f(:x—2—)—x2—-4‘, a6o f(-——;—)::———z,— -2,
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3pixen f (2) = z — 2. Omxe, po3s’siakom 3azaui Komi e pyukuis
) x
u(x, y) ==y(——2)—x2———y=.
¥
[llykana nosepxus u = x — 2y — x* — y* — napaGosoin oGepranus.
16. llokasatu, wo ¢ynxuil

axt y?
a) z=—"5— -+ 2 -+ b

6) z=a(x®*+ y¥) + b; 5
B) 2= ax -+ by — ab e mosuuMn inTerpajamu piBusinb, ) Ei_ .

0 0z 0z .3 dz 0z dz 0z
) box T Xy =0 3 =X G~V —ox "oy =0

Poss' fizaunsa
a) Bukmouaioun i3 cniBBigHOuWIeHB

02
By = 2x

ax? g2
2 = ? + a +b)
0z 0z 2y
9x — %% Tgy T4

gz
crani a i b, Ricranemo o oy = 2xy, T06TO paHe piBHAHHA.

6) Crani a i b sukaouaemo i3 cmiBBigHOLIEHD

g b o, 92
z=a(x*+ )+ b, o =2ax, 3y = 2ay.

3sincn
dz dz
Yo% —x-a—y=2axy—2ayx==0.
B) Maemo:
5 0z 0z
z=ax 4+ by — ab, o =& Ty =h,
3siacn

dz oz oz oz
2=y ¥t 5, Y= 3% " oy -

17. 3uafiTh noBHMA iHTerpan piBHAHHA

0z dz
-737=¢(W)’ P =0o(g)

Poss sszaunsq [lokrasum g= a, fgicrauemo p= ¢ (a), dz = o (a) dx +
-+ ady, 3Bigku, iwterpywoun pisuanusa [lbadda,

z=0(a) x + ay + b.
18. 3nafitd noBHufi inTerpan piBHAHHA

o o
q’l(x» ox }=‘Pa(y» ay)’ P (%, P} =93 (¥, q).
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Po3® s3annsa llokranemo ¢ (x, p) = @, (y, ) = a. 3slncw p = Y, (x, a),
g = 1, (y, a). PiBeanns [Npadda mae surasn

dz = pdx + gdy =, (x, a) dx 4 4 (y, a) dy.
Interpyloun ue piBHSHES, XicTaemo moBHHI inTerpan

e= v adet [ vow ady+o,

19. 3actocoBylous Metoa Jlarpanka — llapni, 3Hafith nosui inTerpann pisHsAHB:

0z J2 02 0z
a)xw-%—ya—y—}-w-"ag—z;“(), xp+ yqg+ pg—2=0;
o (oo .
) (G ) 4oy =0 Pr—q =0

0z . 0z \?
B) 2*'&‘+l_ay—) +y2=0, 2tp+qg*+y*=0.

PosB s3aHnAa
a) Maemo:
F=xp+yg+ pg—z,
P=x+¢q, X=p, Z=—1, Q=y+p, Y=g,
PP+ qQ=px+qy+2pq, X+pL=0, Y+ qZ=0.

CucrteMa (17) Mae BHrIsA
dx dy dz dp dq

x+qg = y+p T pxtgy+2p¢ T 0 T 0 °

Bissmemo dp = 0. Toxi p = a. 13 cucremn
‘ p=a, px+yy+pg—2z=0
iMaeMo
E z— ax 0z
=9="%Fa =%

mlo,
[Py

g'BBincn

tmaxde@), O W=, o) =dy+a).

Tomy z = ax + b (y + a) = ax + by + ab € nOBHUM iHTErpanoOM.
6) Maemo:
F = pyz —q,
P=2pyz, X=0, Z=yp?, Q=—1, Y =2p?,
PP + qQ = 2p*yz — q = p?yz,
X4 pZ=0-+yp?, Y+ qZ = 2p®+ yqp?.

Banuuemo cuctemy (17):

dx__dy_dz__ dp dq
2pyz — —1 = plyz T T yp® T epPhygpt *
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dz
___p_3 . 3Bigcn

PoarasiveMo piBHSiHHA —5— = —
P Piyz o

1
Ine=In —l-)—-;-lna, abo pz = a.

Maewmo:
_% _a g _a (o __
P="5x =77 ox Tz ¢ o T &
dz a? oz Y 0z
9="3, =¥ 751 . a—y=—z—a2, 2W=ya’.

1
3igcu 5 2’ = ax - ¢ (y). [liacrasuBwa B n1pyre piBuanug, Xlicranemo ¢’ (y) ==

1
= ya?, c(y) = --2—y2a2 -+ b. Tomy moBuufl iHTerpan 3amMIIeTbCA Y BHIMIAAL

22 =2ax + a?y’ + b.
B) Maewmo: F=2px 4+ ¢t + 42,
P=2x, X=2p, Z=0, Q=2q, Y =2y,
PP+ qQ=2px+4-2¢®, X4-pZ=2p, Y 4-qZ=2y.
Cucrema (17) mae Burasg

dx dy dz dp dq
2x T 2 T 2px+-22 T T 29 T T oy ¢
3 inTerpoBoi KoMGiHamil
dy dg
2q = _2?
MaEMO
y?=0a—q% g =V a? — 42 [lincTapHBIY Ui 3HAUECHHS B piBHANHN 2Xp 4 7+
+ y?=0, nicranemo p= — %. Piusinusa [lpadda mae Burasn

a ——

2
% de + Va —y2dy.

dz = —
InTerpyloun ue piBHSIHHA, LicTaeMo NMOBHHA iHTerpan:

a? 1 _ a?
z=——7 ln,vc—;-—i,—y]/a*——y2 +—2—arcsin—z—+b.
20. Hosectn neoGximnicTs ymoBu (20) ans noBrol interpoBHocti piBnsnua [ldad-
$a (19)
P(x,y,2)dx+Q(x, y,2)dy+ R (x, 9, 2) dz2=0,

ze P, Q, R — HenepepBHO andepenuifioBHi dyHkuii.
Poas'si3auusa [lpunycrusum, mo R = 0, piBaanng [Npadda sanumwemo Tak:

p Q
dz=-—R—dx—-R7dy.
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lle pipusuHa exBiBaMeHTHE cHCTeMI
0z P

T ST R =9k
o 0 @n
oy =R =V 42

Ipunyctumo, mo cucrema (21) Mae po3s’st30K z == 2 (x, y), AKUA € HenmepepBHO AH-
tdepenntiioBaum. [udepenuitooun nmepiue piBHAHHSA MO Y, a Apyre — MO x, AIiCTaeMO
0%2 op op 0Oz 0%z o op 0Oz
dxdy — oy dz 0y * Oyox  Ox 9z ox -
"Ockinbkn  ynxuii @ i P — HemepepsHO AudepenuifoBHi, To Mimami moxiaui

d%2z | 0%z . i
“oxoy | W—-Henepepam, a TOMY BHKOHYEThCA piBHicTh (15)

09 0p Oz oy oy oz
6y+az 6y=6x+62 ox °

Ypaxosyroun cucreMy (21), Maemo

N L =)

3pincr micnst copomens gicraemo ymoBy (20):

0@ R\ (OR 0P
az"ay) (ax"_az\,

21. Poss’ssatu pisusunsa Ildadda:

a; (x — o) dx - 2dy — xdz = 0;

6) 3yzdx + 2xzdy -+ xydz = 0.

Posp' ssanusx

a) ¥ uvomy Bunagky P=x —y, Q =2, R= —x.

IepeBipumo ymoBy (20):

oQ OR OR oP oP oQ

AP QR = PG — G|+ QG — G |+ R Gy~ ) =

== (=0 F2(—1—0) 4 (=) (—1—0) =

=x—y—2z+x=2x—y—2+#0.

Omxe, fnaHe piBHAHHA pPO3B’sI3KiB He Mae.
6) Maemo:

[P 0Q
T

P %

P=3yz, Q=2xz, R=xy.
IMepesipsieMo ymoBy (20):
A(P,Q, R)y=38yz (2x — x) + 2xz (y — 3y) -+ xy (32— 22) =
= 3xyz — 4xyz + xyz = 0.

Otxe, yMOBa MOBHOI IHTerpoBHOCTI BUKOHYETbcA. 3anulleMo faHe piBHAHHA y BH-
sl
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3eiacu
0z 3z 0z 22

ox —  x ' 0y y °
IuTerpyemo meplue PiBHAHHS, BBaXKAIOUH y NapaMeTpoOM:

Inz=In"(y), z=c(y) x>

[MTigcraBuBum B Apyre piBHsiHHA, RicTamemo

2 (y) Ny = =

¢ (y) =— m ) =5

Tomy
c

T
22. Posp’asaTt# cucTeMy piBHSIHB
0z 0z
o TYTE gy =

Poss szanuga [lepesipumo ymoBy (15) (¢ = y — 2z, ¢ = x2).
Maewmo: s 5 5
¢ P 2
W W-w:l—{»(-—l}xz:l—xz,

o op 0z
..a—);-+—az—.w=z+x(y——z)=z+xy—x2.

Ik Gaummo, ymoBa (15) He BHKOHYerhesi. OTxe, NaHa CHcTeMa He Mae po3B’dsSKiB

3apaui gnsa camocTiiHoi poboTtu

Poss’asatn piBuanHs

du dou du Ou ou
1. y—a;c———x"w:O. 2. xw-{—y—w—}—zwzo.
ou ou ou ou
8. yw-l—xa—y:x?—[—yz. 4. xyw—-yz—a-y—=x2.
du ou Ou 1 Ou 1 Ou u
B'W_'—Q 0y+ oz — ¥z 6. — 5+ y dy = 4

ou du
7. xyW—}— (x—2u)-—ay— = yu.

3uafitn po3s’si3ki piBHAHB, #Ki 3a40BOJLHAIOTH AAHHM HOYATKOBHM yMOBaM

v ou ou
8. (x—2 )—a;--—a—y=0, u(x, 0) = x.

ou ou 2& _
8. 5 + oy +2—5; =0, u(x, 1,2 =xz

ou | ou
10. xy—a—i -}—x”Ty— =y, u(x,0) =x2
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du ou v
Wox—r =y, =x—y, ull,y) =yt

2. 2 - SR =+

C X T TXY gy =X ulxe, x) =1+ -3,
ou ou v

By oy =% 5y =¥ —* o = T
ou u

14. xW+y—W=u—xy, u(x,2) =1+ x%

ou ou ou
15. xW-—l—Qy-—a? +3za—2=4u, u(x, x,2)=a2a.

16. 3uaiiTy noBepxHIO, IKA NPOXOHTD 4epes NpsaMy ¥ = y, 2= 1 | opToroHanbna
Xo noBepxoub x? + y? 4 22 = Cy.

17. 3paliTi oproroHansii TpaekTopii cim’i muowmn y = Cx.

18. CkiacTy DiBHAHHA 3 YaCTHHHMMH MOXiTHMMH, SKOMY 33af0BOJBHAKTH yci Koniy-
f1i nosepxni 3 BepumHOW B Lauifi Touni (X yo; 2o), I po3s’ssaTH Horo.

19. 3uafiTy noBHi iHTErpanu piBHSAHB:

02 0z \8 0z . 0z
a)—a;;=3(a—y); 6)7;;=sm(a—y);

0z oz (62 0z .
B) z==x ox +y dy +(Px\ FE ay)-

I(02)2 1 0z

0 y* \ox ) T x oy T
20. Meronom Jlarpanka — apni suafith noBui interpasu piBHAHB
0z 0z 0z 0z
2 —_— —_— —_— —_— ()
8) 4 + ox _I' ay —0, 6) 22_'__1_‘_ ax + Y '—‘Op
02 dz 1 oz 1 0z
B —_— —_— O; I e — e =
I ox + 0 0 y ox x2 dy

21. Hosectu, wo ymosa (20) e nocraTHwowo s moBHoi inrterpoBroct plBHsHEN

Ibadpda.

22. Posp’sizath piBusuusa [Ndadoa:

a) (24 xy) dx — (z+ %) dy + ydz =0,
6) (2yz 4 3x) dx + xzdy + xydz = 0;

dre g B g
B) dz = pal-2d +-—-y—dy,
r) dz = (2yz — 22) dx + xzdy.

Dopatok 2
NMEPETBOPEHHS NAMNJACA

Nepetsopenns Jlanaaca ta foro ocHoBHi Baactusocti. OnHO3HauHa PyHKLig f (f)
(B3arani KaxyuM, Kommaekcha: f (f) = u () + iv (f)) alécuol sminnoi ¢, ¢ € R, nasuma-
€TbCA OPUCIHAAOM, SIKUIO BHKOHYIOTBCS YMOBH:

DNf()=0 npn t<<0;
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2) npu ¢ > O ynxuis f ({) na 6yns-sakomy cxinuennomy npomixkky mae we Ginbuse
HiX CKiHUEHHe YHCJIO TOYOK PO3PHBY NEPUIOrO DoAY,

3) fcuylors Taki gogatai crani M ia, wo | f ()| << Me¥, £ > 0.

Axmo ¢yuxuia f (f) aanoBonbHge ymoBu 2), 3), aje He 3a40BOJIBHSIE YMOBY 1), TO
mas dysxuii ¢ () = f (@) X (¢), ne X () = {(l)’ ii % — ¢ynryia Xesicatida, ymosa [)
BHKOHYeETHCSA, 1, oTKe, QyHKLs ¢ (), 36iratounce i3 f (f) npu ¢ > 0, € opurinanom. dani
MHOXHHK ) (f) 3anucyBaTn He 6ylemo, BBaXaioud, mo Binosinni dynxnii gopisniwioTs

"y npu << 0.
Jo6pancenuan (nepemeoperrnsn Jlanraca) pynxyii-opueinasa [ (f) HazuBaeTbeA
dynkuia F (p) xomniexcrol aminnroi p = s i0, fAka BH3HauaeThecs iHmezpatom Jlan-

Aaca.
+00
F(p)= S P4 (1) dt.
[}

@yukuls F (p), Busnavyena B o6aacTi Re p > a, 1 € B Hilt 0AHO3HAUHOIO aRANITHYHOW
dynxuieo. 3anuc [ (f) » F (p) osnauae, wo F (p) e so6paxennam gyukuii f (f).

Ocro8HE eaacmueocni 3006 pasicers
1°. 9xmo f; )= F; (p), Rep>a;, i= 1, ..., n, 10

n n
> Cifi () = X} CiFi (p) = F (p), Rep>>max a,
=l i=1 /
ge C; — crani (aifcHi aGo KoMiuieKcHI).
2°, dxmo () - F (p), Rep>a, 10
1 4
t —F (—1{, >0, R .
f(at) - p (oc) @ ep>a
8° Hexan f (1) >F (p), Rep>ai
0 npu t<<71, T>0;
) =
o ) {f(t—‘r) opu [ > 1.
Toxni f; () - ¢ P F (p), Re p > a. 115 BaacTuBicTL Ha3HBAEThCH TEOPEMOI0 3ARI3HEHA .
4°. Slxmo f' (#), f (f) — opurinam i f (#) > F (p), Re p > a, 10 ' {¢) = pF (p) —
—f(0), Rep>a.
5°. Hexalt f({) - F (p), Rep>a. Toxi

§f('c)d-c—>—ll;—l?(p), Rep>a.
6°. Sxwo fy (t) > Fy fp), Rep>a;, fo(0) > Fy(p), Rep>ay 10
hoxfa= Sth(f)fs(t-—'v)df—*ﬂ (p) Fa(p),
' Re p > max (a;, a,).

Dyuxuis f; » f, HasnBaeTbes 320pmKorwo opuzitaais f 1 fy.
7°. Hexait f () > F (p), Re p > a. Toni

—1if({t)=>F (p), Rep>a.
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t
8°. dxwo ¢yuxuii f (1), ! g) e opurinanamn i f (fy > F (p), Rep> a, o

t oo
—fg—)-»SF(q)dq, Re p> a.
D

9° fxuo f () -~ F(p), Re p > a, 10 ans 6yAb-AKOrO KOMIUIEKCHOTO umcsia A:

e M (y>F(p+1), Rep>a—ReA.
List BiacTHBICTD HA3UBAETBCS MEOPEMON) BMILEHHA,
Ta6auys 306pasncens Oearux Pynryii

v DO+

— Pz a v>—1, Rep>0;

1
1—*7, Rep>0;

" nl
" — W Rep>0, neN;

—a Re p > Re a;

©
sinwt»m, Rep>|Imol; cos(ot-»—pz—iv, Rep>lImow|;

A
sh?»t—»w, Rep>|Rel)l; chM—»T;Z—éW, Rep>|Rekl;

ot M . : __20p .
e T Rep>Reh; tsinowl— T o7F Rep>|Imo|;
p2___0)2
tCOS(Dl-)—'(m,Rep>|Im0)];
M o » ;
e smmt—»m, Rep> (ReA +|Ima )i -

— A
eMcosmt—»-'T_pm, Rep> (ReA+|Imal);

sin o E
—l——>-2———arctg—(%' , Rep>|Imol.

1. 3nafitn so6paxkenus dynkuil f (f) = a.

tlna

PoapB’sa3anusa, 3anumemo oyHKuio y BHrIAAL f(f) =e¢ Ockinbkn
1

1
At ¢ fina
[:4 —~>p A,Toa_e -—>p na *

2, 3nalitn sofpaxkenns ¢ynkuii f () = ¢ sin? £,

1 1
Poss'sasannsn Ockimkn f(f)=¢' -— (1—cos2), Tof()>—73 X

1 p—1 _ 2
x(,,_, TT—D"+4 )— =D =1 +48 *
3. SuaifiTa sobpaxeuns Oyuruii f(f) = Sl?t .

€3



1
Posps’ asanna. Ockimka sin #— Iy T

o0

sin{ dg  __ o __ N __
; —»S R == arctg q|) =5 arctg p.

p
4. 3ualitn 306parkenHs QyHKUIf:
a} sinafch ft; 6) cosat sh §¢.
PosB s3aunsa Maemo:

. ) a4 i (@ + B) (p* + a® — B* — 2iaf)

sin (@ + ) £ — 2+ (@ + ip)? (0® + o — B2)2 + 4o 2p? '
abo .
2 2 2y L 2 2 R2y .

sin af ch Bt + i cos at sh ft — o p _prO: ++a§ -)~—!ﬁ;)%‘(—}’i 4a2§2 £9 .

Buacuizok Bractusocti sinifinocri
. o (p? + a?4- B2
sin af ch Bt - (pg + ot — 52)2 + 4a2B2 '

2 g2 B2
cos o sh Bt — T _E(OIZz — gz)z _f,;)azﬁz ’

8. 3nafitTn 306paxenHa dyHKuil
topn 0 I a;
F) =4 2a—1t mpr a<<t<2a
0 nmpu t<<0, ¢{>2a.

Poss’asanusa [lany KyckoBo-niHiliHy ¢yHRI{O 3anHmeEMo 3a JONOMOTOI
¢ynkuii Xesicafina y surisaxi )

Fiy =0 () —2(t—a)% ({ —a) + (¢ — 2a) % (t — 2a).

35111(:14, KOPHUCTYIOUHCE TEOPEMOIO 3ali3HeHHs, NicTaeMo
2 1 1
— 9 .
f(t) - — ?—6 ap _pTe aﬂ_?_(l 2 ap)g.

6. Hosecrtd, mo xonu f (f) — nepioanunnh opurinan 3 mepiogom T, To
T

1
f@)—F(p) = T———e—"—'ﬁ'— S e"ﬂtf (1) dt.
3 .

Posp' a3annsa Maemo:

00 T
fo~F@ = { efma= (e rma+
0 0

414



+s0 r T
+ [ errwa= (e ar e (o ar=
r [4]

0

T
= [ et dit e ),
0

3siacu
T

1
F (p) = “:;7' S e—”tf (03} di.
0

sin ¢
7. 3uwaftTh s06paxenHs ¢yHkuii f (1) = Tem il

Poas’ 73ann s Janadyrkilisa e nepioanunoto 3 nepiontoM 2m. Buropuctosyio-
Yk peayabTaT momepeiHboi 3ajaui, Aicranemo

2n

sin t 1 " sint
2 —_ —pt _ 2" ap
[sin?] -~ F(p) = | — 27 Se |'sint] dt

’ 0

ELd
= S e~Ptdt — | —’"dt - (Ltl —e ) —
—QIID ) n 1 — e~2ﬂﬁ p
ey U L e
P p(l — e 27 P 14w

3naxopkensn opuriHana sa pauum sobpaxennam. I1lo6 suaiiTh opurinan 3a Bigo-
MuM 306paeHHSIM B HaHNpOCTIlIHX BUNaAKaX, MOMKHA KOPHCTYBAaTHCSA TaGIMYHHMH 30-
OpameHHAME | OCHOBHHMH BJIACTHBOCTSIMH 306paXKeHb.

)V 3arajJibHOMY BHIAAKY BHKOHYETheST hopmyaa obeprerns (gopmyaa Pinana — Men-
AiHa):

1 s4ioo s4-io
T == | PFwdp=— lim { F (p) ap,
s—{00 s—10

Ae S — ROBiNbHe 4HCIO: § > C.

SIkmo ananmitnuna dywkuin F (p) samoBonbusie yMoBy | F (p) | << K} p [—% npu
| p| > r,, oe K, &, ry— nogatai crani, To

s4-{oo
e'F (p) dp = { &'F (9) dp,

§—Ioco v

Lie Y ~— KOJIO 3 LIHTPOM Y NOUATKY KOODAMHAT, sIKe OXOIUIOE Bei MOMIOCH Py, Pg,y oo, Din

dynxuii e”F (p). ¥V upomy Bamaixy

1 pt mr
10 =3 (e Fndn= 37
?

Ze r; = Res (¢P'F (p))]pzp — mumox ¢ynxuii eP*F (p) B nomoci Py
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1
SIkio 306pakeHHs F (p) MOXKHaA PO3BHHYTH B PSIM 32 CTENEHAMH rx

an

F(p)=a70+%—+ oo+ p”'H + e,

. |a ,

aKuil 36iraeTbes Npu | p|>r, e r = lim _"‘l‘_‘_l_ , TO opurinan f(f) MoxXHa
. n>+4oo | Gp

3HafiTH y BArAAAI

t 2 "
f(t)=a0+al—” +a2T+ s day ol + ey
apuuomy uefl pag 36iraerscd apu Beix £
8. 3ualitu opurinaa so6paxenus F ( )——L
. p p p) = pE L 2p+ 10 *
Po3B ' a3anua 3amuimemo 306paxents y BHNIALI
F (o) = p-2 _ p+1 + |
PV ="pf %10 ~ G+ D'+9 T (D F9
OcKiJ/IBKH
—t 21 . 3
e COSSt—’__(p—i-l)?—l-Q , e sm3t-—>————-——(p+1)2+9 s

TO WIYKAHHH opuriHal
1
F() =et [cos 3t - 3 sin 3t) .

9. 3nafiTh opuriHan 306paxeHHs
=+ DHp
o =—=ne—2F9 °
Posps s3anud. 3amuwemo F (p) y surasaai

p 1
F(p)=p2-——l+ p—12F1 -

3sincu
f(t) =cht+4 ¢ sint.
10.. 3naiT opui‘iﬂan 306pakeHHA

1
F(p) = Pt

pp—NpP—2)(p—3) °
Poas’s3aunna, 3o6pasumo F (p) y Barasial cyMn eJeMeHTapHHX fpoGiB

A
er=7r+-p_,+-p_2%—p_3.

1 3
Ilicas nigpaxyukis sHaxomumo, mo A= -5 B=1, C=-—7 y D=
2
=3 . Ortxe,
1 3 2
f@ =—T+et ——Te2t —l—TeSt.



11. 3uafiry opurigan 3o6pakeHHs

1
PO =%Fn -

t

Poss’agauns. 3HaxozuMo 3ajumox $ynknii NTEw B nomoci p=
)

= — | yeTBepTOro NOPAAKY:
I

lim (( 02 e im e
r=___ It —_— = "y lm (4 =
3T o\ »F1)? 3'p»—xdp3( )

I 1
=—— lim (Bé") = — 372,
3T dm (8¢7) = 5
Orxe,
1
F)=—5 e,

12, 3uaiity OpHriHan 306paXkeHHA

p+1
FO =G o=206—3

Poss' sssanns Touwku p=1, p=21p=3 e npoctumu noaiocamu yukuii
F (p). 3uaxopumo 3aiuumkyu mniei ¢ynkuii:

+1

— i —DF ol __ p pt ¢

1 'ﬁﬂ(p ) Fpye Eﬂ P—2(p—9 ° €
T — Pt 1 p+1 ' _ ot
rrﬂgm 2)F (p) e Lﬂ TN —=3 ¢ =%

p-+1
=1i —3)F (N Pt __ 0,3t
s Lm‘}; (v —23) F (p) & ,l;m; ® : D ) e 2¢%,

Orxe, [ (1) =¢& — 3e* 4 2%,
13. 3nafitn opurinan 306paxeHHs

p*—p+2
FO = mroaern

Poszs stzaHnu1.

Oyuknia F (p) mae npocri nomocu: p= 4+2{ i p= 4.
vBHaxozmmo JIMIIKH B HHX MOJIOCAX:
= lim(p—2) e R
r2=pl)ir_nz‘_ (P20 (Pzﬁ:)fp;'—f 1) el = Ht; : e,
ro= lim (49 T =
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Orxe,

1
FOy=n+ntrntn=— G+ ——1ne% +

1 .
+5 (=D — i+ 1eh) = -;—(cos 21 + sin 2t — cos f - sin #).

3acrocyBanHs nepeTeopenHns Jlannaca no po3s’si3yBanHs AudepeHuiadbHHX Ta
inTerpasbnnx piBHsaHb. FKkwo B ninifinomy pudepenuianbHoMy piBHsHHI 31 cTaauMH
koedinienramu )

Lx)=x™ 4 ax" D4 ... fg,_ 2 +apx=Ff()
oyukuia f (f) e opurinansoM, To fioro po3B’sI30K 3 MOYATKOBHMH yMoBaMH x (0) = x,,
' (0) = x('), ey XD (0) = xg"” TakoxX € opurinanom. I'losnaunmo vepes X (p) so6pa-
JKeHHs BKA3aHOTO DO3B’f3Ky, a gepes F (p) — sobpaxenns ¢yuxuii [ (f). Ockinbku
) p*X (p) — PPl — .. — pxfF® — {1, 10 B pocTopi 306paxens aiciaemo
ainifine (aareGpaiune) piBusinnsg sigHocHo HesimoMoro zobpaxenns X (p):

@ e e pa) X () =F 0+ 0" e e AT
da (0"t s T+ e 8,

3HaifmoBuy 3 upporo piBusiHHg 306paxenns X (p), sHaxoaumo BianoBimuui fomy
opurinan — myxkanufi po3s’s30K AaHOTC AndepexuiaibHOro piBHSHHS,
Toh camuii MeTox Aa€ 3MOry 3HalTH PO3B’SI3KH iHTerpaibHHX piBHSHB BHAY

t t
| K¢—mx@dr=f(@ abo x(t)=f(t)—|—SK(t-—17)x(t)d1:,
0 0

B saxux ¢yurnil K (f) i f (f) € opurinanamu, a takox gesikuxX knaciB audepenniansuo-
pisnuueBux i piBHAHb B YaCTHHHMX MOXiJHHX.

Po3s’'si30k 3aaaui Kowi nis piBusinest L (x) = f (f) 3 HyJbOBYMH NOYAaTKOBHMH YMO-
BaMM MOXHa licraty 3a dopMmyJsow

t
s ={fmet—mar
0

!

(inmezpar Haxaadanns), ne g () — G (p) = IO D)= p"+ap! + ..+
+ a,_p + a, — xapakTtepucTuuHKii MHOTOUNeH. B enektpo- i paniorexniunié nitepary-
pl dynxuiil g (f) i G (p) Ha3NBAIOTBCA (MAYABCHOIO XAPAKMEPUCMUKO0 | nepedamouHon
¢yrkyiero BignoBigno. Meron iHTerpaja Hak/afaHHsS 3aCTOCOBYIOTh, fIK NPaBHJIO, TOZI,
KoM 300paxenHs f (f) suaiiTh Baxko, Ko/u f ({) € KyCKOBO-HemepepBHOIO yHKILiew, a.
TAKOX TOAl, Ko/ 3agauy Ko tpe6a po3B'sayBatd Oarato pasiB ans pisnux ¢yuxuif
(.

14. 3nafitn 306paxenns JinifiHoro gudepenuianbHoro Bsupasy

L(x)=x"(t) —2¢" (/) +- 3" (1) — x (1),

akue ¥ O)=x0)=0, x"(0)= 1, x () > X (p.

Pos® a3aHHasa 3asracrusicrio 4° 306paxens MaeMo:

YO-pX (@) —x(0), @) —=p:Xip)—x(0)p—x'(0),

£ (f) =+ p¥ X (p) —x (0) p* — &’ (0) p —&" (0).
418



Tomy 306pakeHHSIM pgaHOro BHpasy e
Lx)>0*X (p) — ! = 2p*X (p) +3p X (p) — X (p) =
=(pd—2p2+3p— 1) X (p) — 1.
15. 3nafitn 306paxenns Jinifinoro interpo-audepeHiianbHOrO BHpasy
t
L(x)=x () + 2 (t) — Sx(t—'v)sin-rdt,
0

ARwo BigomMo, mo x (0) =1 i x (f) > X (p).
Poss gsaunuda. Ockinsks x' () > pX (p)—1, a

) sin o X ()~
(‘Sx(—'c)smr T X (p) P

1
L@)—>pX(p)—1+2X () =X ) a1 =

1
= (p+2—-p2+_,_l—)X(p)——l.
16, Posp’saaTi 3agauy Komi

4 —2x=c, x@0 =0 x(0) =1

Poss a3aunHsg Hexall x (f) > X (p). Ana X (p) B knaci s06paxend gicraemo
piBHAHHA

1
{(PPX (p) — px (0) — x’ (0)) 4 (pX (p) — x (0)) — 2X (p) = FESIE

a6o
1
2 _ [ —
(PP+pr—2) X (p) pF1 +1
3Biacu
: |
X =—g—1 .

Ortxe,

x () =—;—(et —e ) =sht

17. Posp’sizath 3amauy Kouwmri
x" - x =1tcos 2f, x(0) = x" (0) =0,
Posap a3anuga Hexall x () — X (p). Dna X (p) B knaci sobpamens paicrae-
Mo piBHSIHHS

1 8
P+ 1) X (p) = P4 (p*F 42

$ AKOTO 3HAXOAMMO
1 8 1

5
RS B IR B RN

5
X(p)=— 75"
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Tomy
5 5 1 1
x(t)=-——-9—smt+wsm2t+-3—(-2—sin2t-—tcos2t) .

18. Posp’sisatn 3apauy Komi
¥ +ax=[(), x(0)=x(0)=0,
ne f (f) — nepioauuna 3 nepionom 27 dyHxuis
f(t):{t apn 0 <t << m;
2n — ¢t mpu << 2m,
Fe+2m)=F)
Poss s3aHnHsa Ockinasky f (f) e 2n-nepioguuna ¢pyukuis, 1o

2

|
FO—=F="T_"_=m S fy e dt=
0
n 2n
! 1 —e ™
= ——— | \ te™Ptat M~ e Pl | = ———
——T ((5 e +§: @2n—1t)e dt) L)
a6o
!
f(t)*'p—z'th—gﬂ.

Hexait x (f) - X (p). PiBusgnns B kaaci so6paxkedb Mae BHIVIAA
1 T
PEX (p) + 4X (p) = —~ th —2- .
Aminen X (0) m gkt T 1 Ly
3iack X () ="m0r 1@ T2 T o(Erd p 02

3asHayumo, W0 dyHKILis f () — xyckoso-nudepenuifiosna, a if moxigna npu £ > 0
€ 2n-nepionuunoio QyHKuiew, AKa Ha nepioai BH3nauaerscs piBHicTIO

I opu 0<Tt << m;
— 1 npu t<<t<<2m.
[oxinuit f' (#) sixnosigae soGpamenns

7 ) ={

, 1 np 1 np
F®—p Zmth——f (O =—th——.

Tomy opurinan gas X (p) sHafileMO 3a TeopeMOW Npo 3ropTKRy (Baactusicts 6°),
Ockinbxy -

1 1 1 p 1 1 14
TETT =T (7 - T T a—en, e,
™
o
—«ST(I —cos2({ — 1)} (v)dr.

1
X0 =3+5 7 ]
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Banumemo x (f) ua pisuux intepBanax. fAkumo 0 << << m, 10

¢
1 1 i
x(t)=S-4— (l —cos2(t —1))dt = T(t—%gt);
i
npH Rt << ¢ << 211 MaeMo
n 3
| 1
o) = S—4— (1 —cos 2 ({ — 7)) dv — ST(l—cos2(t—T))d1:=
0 n

1 9 sin 2¢
4wt g

i 1. n. HeBaxko noBectH, o npn 2RN <<t << T+ 2km, k=0, I, 2, ..., i npu m -+
+ 2kn < t < 2n 4+ 2kn BignosigHo

1y sin o 1 sin2¢
"U)=T't_ 3 —an), x(t)=T(2n—t+ -l—2kn}.
Tomy x (f) € 2n-nepiomuuna dyukuia, fka wa nepioni BusHauaeTses piBuicTio
_;..(t— sin 21 J apu 0t < m;
x(l) =
% 2n —1t + sin % ) npu v < ¢ << 27,

19. Po3p’asatu cucremy piBHSAHD
dx dy
—dy—=2x-{-y, 7=3x+4y,

Poas ssisanns Hexall x(9) > X (p) y(H—-Y (p) Bignosinna cucrema B
kaaci so6paxennb e niniftnoo anrebpaiynoio BinHocHo X (p) i Y (p):
. {p—2)X(p)—~Y(p)—x0.
—3X(+pP—HY (p) =y,

3pigcn
%P —YH+y 3% —Yo ! Xp 1~ Yo L
X (p) = ® —6p 45 = 4 p—1 + 4 p—>5
3xp + (P —2) yo Yo — 3% I 3 !
Y(p)= P —6p -5 = 4 p—1 +T(xo+yo) p—5
INepexomumo 1o opurinanis:
3 -
2 () = xo4 Yot + Vot!/o oSt
3xy — 3 (x
g) = — 04 Yo et_,_ (o:'yo) St
3x, — X ]
TlosnaurBLIK __0_4__110_ =C;, —9—44:-& = C,;, OCTATOYHO RiCTAHEMO

() =Ce +Cae™, y() = —Cyé +3Ce™, -
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20. Po3s’sizati 3anauy Kowmi

4%‘_———‘2_ +4-3x =siny,
dx
S ty=cost, x(O)=1, y(0) =2

Pos B g3annga Hexal x ()~ X(p), y{f) > Y (p). Bimnosixsa chucrema
B Kaaci 306pamenb Mae BHIVISA:

4(pX(P)—D—~pY (P +2+3X (p) =

’

1
o1
P
pX(p)—14-Y (p) = TET
3eincn

. 1 1 p
X (= FES Yo = 71 + P+

Tomy
x) = yW)=e"+cost.
21, 3xafiTH pPO3B’A30K cHcreMH piBHAHB

d?x N dx diy .
az T @ tar —y=¢es

dx dy _
ar g y=7
AKHH 3a10BOABHsE NouatkoBl yMmosn: x (0)= y (0) =y (0) =0, x' (0) = 1.

¢ (
Poss ssauns Hexai x ()~ X (p), y () > Y (p). Mepefinemo 10 cucremu;
B KJaaci so6paeHb i

pPX (0) — 1+ pX (9) + PPY (D) —Y(p)=—51—1;

1
X — =
pX (p) + 2X (p) —pY (p) + Y (p) rEa R

Po3B’fA3yi0uy 110 cHCTEMY, 3HaXOIHMO

X (p) = 2p — 1 =_l_ 1 _ 1y _3_ 1~
P="2=D(r+0* =8 \p—1 p+1)+4W'
3p
Y(ﬂ)=7'(7]z—_—l)r
Ockinbku
L !
1 e 'pT_'—l—«sht,
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i d_(_| —
o+ 12 =_d—p,p+l)‘—te ’

_ 2p d |
_—(pz__ 1)2 = _dp (—pz-——l) Py Sh t.

Orxe,
1 3 3
x(l)=Tshl—{—Tte » Y=g tsht

22. Posp’gszatn 3anavy Kouri
=y, x0)=1, y@O =1L
{y” =x, ¥ (0 =2 y (0 =0.
Poas sizannsa Hexall x()— X(p), y () > Y (p) i sanumemo BiauoBian,
cHcTeMy B KJaci 306pakeHb:
P X(p)—p—2=Y (p), pP*Y (p)—p=X(p)

3Bigcu
p2p*X () —p—2) —p=X(p),
p(p+1)° P+p L 1
X == 1T =" D=1 »s—1 T p#E+1 °
P* (p® + p) PP—p+2

Yo =—Grne-—n —“t2="Gine—D
1 !
=1 T FFT

[Tepexoastun pxo opurinanis, nicraemo

x=et+sint, y=et~sint.

23. Poap’sizatet iHTerpaJjbHe piBHSIHHA
!
‘ x (T) cos (! — 1) dT = sint.
0
PosB si3auug Hexah x (f) - X (p). JliBa vacTHHa uvoro piBHAHHA € sroprt-
Koo dynkuiit x (£) 1 cos ¢. Tomy B kjaci 300pamens jJaHe DIBHAHHA MaTHMe BHIISA
p 1
X (p) p2+l = 2+ |

3Bincu

1
X(p)=-p— ix@)=1.

24. Posp’nsatd piBHAHHA
t

S‘.e'x(t—-'c) dv=x () + te¢ —2
0
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P.o 3B'93aHH4A. JliBa 4acTuna 1aHOro piBHSIHHA € 3ropTKOI0 dyHKUif iy (0.
Hexa@t x (f) =X (p). Toai B knaci 306paxens Maemo

L v = x I 2
3sincu
2(p—1)2~—p _ 21 | |
XO =23 0=Nep=9 ~rp=D = p=T 75
OTtxe,

x(t)=¢é +1.
25. Posp’nzatu piBHAHHS
t
1
2 () =sint + TS 1 (1 — 1) d.
0
Posp' a3aunsa Hexait x () > X (p). Toni

Sll’lt—>’)2—_i_-l—- ,

¢ ¢
2
(e —mar= S (t =0 (1) dT >~ X (a).
0 0
Y gnacl so6paxkenp MaeMo:

] 1
X(=—2rFT + 5 X0
3eigcu
X (p) = ¢
P=" =00 +0@+r+D -
Panionanenuit api6 X (p) po3kiazeMo Ha ejeMeHTapHi ApoOH:

i p+1 2p +1
X =Fp=10 T TEFD ~ 3@ FrLD *

~L V3

1 1 2
x()=—¢ + 5 (cost+sint) — e sin —35 ¢,

Tomy

26. B enekTpuunuil KOHTYD, AKHH CKIANAETbCS 3 MOCAIZOBHO 3’€QHAHMX iHIYKTHB-
nocti L, emuocti C i onopy R (puc. 81), Brimouaersess EPC E. CrpyMm y RorTypi 1 3apsn
qo KOHzeHcatopa RopiBHIOIOTH HYJMI0. 3RaliTH 3aJeXHICTh CTPyMy B KOHTYpi Bia uacy.

03B ' a3auus Hexail i=i(f) —cTpyM y KOHTYDi, AKHH NPOXOAHTH Hicas

. . di
praioueHHss EPC. Togi nanpyra Ha 3atickauax KOTyiukk gopisnioe L —47» Hampyra Ha

1 t
xouneucampi——-a-gi (t) dv, nanpyra Ha omopi — iR. 3a 3akonom Kipxroda maemo
0

t
di !
L—z,—+Rt+-—C—Sf(1)dr=E.
0
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Hexahn i (A — I (p). Iaa I (p) maemo piBuanus
(Lp+R +~C'p—)/(p) =—f—-
E
L (ﬂ2 + % p+ '%}

3Biacu / (p) =

. L , R 1
[To3nauumo uepe3 p; i p, KopeHi piBHsHHA p? +T”+ TIc = 0.

Ouyesuano, mo p=—a+fp py=—a—F0, nea:i, B =

2L
= ‘/az_.—Ll—(‘ . Toumi

fom_ E 1 1 [l !
P =T =) p—ra — L —rd (v——p; - p-pz_)=

E | 1
2LB ( p—py ~ pP—0p, ) )
[epexogumo no opwurinanis:

E

i (t) - QBL e—Cct (eﬁi _ e—ﬂf‘ —

e % shpt, g )

Slkmo a? << LIC , T0610 R<<?2 ]/ (L: , To P e yasuow Beanunuow. [lo-

FHAUUMO @ = l/ _Ll_c_ —a? , toxai B= iw. Vpaxosywoui, umo sh ('t'mt) = sin wt,

Rictaemo
E
ity =—7 ¢ *sinot.
L Ry Ra
El T ¢ L3 ¢Ly =0,
Lo [ :
Puc. 81 ‘ Puc. 82

Y uromy Bunanky B KoHTYpi BinGysaerbcs aracaiounii KONHBaMbBHHE Mpouec 3 uac-
TOTOK ©. Y KpuTHuHOMY BHiIaAKy P = 0, Bupas mis [ (/) moxna nicratu 3 (1) sa gonomo-
rol0 TparHuHoro nepexody npu B — 0. Po3kpupaioun HeBH3HAYEHICTb, 3HAXOAUMO:

—Qu!

) E
() =—]te
27. Ilsa xoauBaibHi Koutypu A { B (puc. 82) marniTHo 3B’s3ani Mix coGowo (m —
Koedinient Baaemuoi innyxuii). Koebinient camoinayxuii, onip 1 eMnicTs KOHTYpa Big-
nosiano gopismiowrs Ly, Ry i C;, a 417 KoHTypa B ui cami BeJHUHHH 1OPiBHIOIOTH L,,

15 4-935 425



Ry, C,. 3naitn 3agexuicts cuan cTpyMy B KOuTypi A Big uacy, BBaxaioud, U0 ONOpH
Ry i R2 maji, a xoediuienTn inayknii i emHocTi 3a70BOJBHSAIOTL yMOBI CIL, = Cyly
(AKWO BMKOHYETbCH TaKa PiBHICTb, TO KaxyTb, wo koutypw A i B nacmpoeni 6 ynicon).
Y NOYATKOBHI MOMEHT CTPYM y KOHTYPi A 10piBHIOE HYJIO.

PosB a3auna Hexaili; (/) —y koutypi A, a iy (f) — B koutypi B y MOomeHT

i
vacy {. B rontypi A Bunuxae EPC iuayxkuii, sxa gopisHioe m —d%-, EPC camoinaykuif,
X diy . 1 . )
fiKka popibnioe L; =4, | Hanpyra Ha konsencatopi ==} i (#) dt. CKknanaeMo piBHAHHS
1

di, di
m— 4 Ly + c Stl(t)dt-i—th,—O

AnanorivHo s KoHTypa B

di di
G gt [0 di Ry =o0.

Licramm cucremy pisnsus:
di di 1
md—,'+L,—d;—+thl +z-fuwa=o
@

di .
m g+ L~ dt + Reby + ¢ C 5"“"”'_'0'

Hexaht #; (f) - I, (p), i3 () > I (p). BianopingHa cucreMa B kaaci sofpamenn mae
BHIIAA

m (ply (p) — fg) + Lyply (9) + Ridy (D) + 5 C Iy () =0;

]
mply (p) + Ly (pl3 () — fng) + Rals () + 5 12 () = 0.

Bugmiounsumy [, (p), aicramemo
Loty — mply (
m ( P ala0 1 lp)
L —
2P + Ry + Cop

- iz.,) + Lyply (p) + Redy (P) +

1
+ 7;—1711 (p) =0,
abo

(LiCap* + RICup + 1) (LaCop® + ReCop + 1) —m*CiCopt
C1P (LaCap® F RoCop + D 1(p)=

- CaRaizeP + fag
LyCop? + RyCa+1  °
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Ockinbku onopu R, i R, Mani, 1o, Hextywoun HuMR i Bpaxosywoun, wo CL; = C,L,,

len HeCKMaIHHX nepeTBopeHb 3HAXOAHMO

_Calag

. 2,2

(0) = Cipig _ LG

! LiCip* + 2L,C1p? + | — m?C,Cyp* (pz + LlC )2 _ mzcé:cz 1
1L
To3naunBLIN m__ a? L _ b2, ni
03 L1L2 = ) CILI = s A1CTaHemo
Cli2° P
1 (p) = Tz (T—=a?) p® + 26207 + b8 3

Uepes Te wo m < Ly 1 m << Ly, 10 0 << a® << 1 1 anamennuk (3) MOXHa 3amucaty

BHIIALL

b2
(1 —a?) p* + 26%* + bt = (1 —a?) [ p* + I+a)(”2+

3sincu
Cyi p
I (p) = b2 (11._2,0(12) R b2 . b2
(p +T73 )(p + ,__a)
2001i20 14 14
= (1 — a?)? b2 - p2 .
P+ T q Ay

[MepefiwoBuM A0 opurina’tis, sHaijeMo

2aCyt49q bt

() [ bt

i = (cos

t l/l —a
28. [loBecTn dopmyny iHTerpana Hak/aajanHs.
Poas s3a8na.

-piBusinns B Kaaci 300paxeHb Mae BHIIAL

D (p) X (p) = F (p), 3minkn X (p) =G (p) F (p),

(1 —a?)?

— COs V1+a

b2
l-—-a)'

)-

Ockinbku nouaTtkoBi ymoBn sagaui Komi e HyAbOBUMH, TO

1
pe f()~>F(p, G(p)= Do - BHKOpUCTOBYIOUH TeopeMy Npo SropTky (Baa-

cTunicte 6° 306paxeHnb), LiCTaeMo
t
s ={tmeu—vdr, zeg)>G0.
0
29, Poas’sizaty 3azauy Kowi

e‘lt

(1 + &2

4 ’

' —x = . x{0)=x"(0)=0.

Po3B s13aHHSs. 3acTOCYeMO METOX inTerpana nakiaganas. Maemo:

1 1
p—1 " p

. |
— p2 — —

15*
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Tomy G (p) < g (f) = ¢ — (. Poss’sizok nauoi samaui Kowd:
. .

e P ‘ e'dr
(0= | €=
0 0

IR RTRT (1 +e%2

t t
Pl , S d(+ ¢ 5‘ (1 +¢* — 1) de*
(14 ¢%2
0 0

¢

(v Of b
=e (— l-I-eT o—ln(l-l—e)‘o— I+ 0=

=l @——ma+ed)+in2.

9

30. 3acTOCOBYIOUH METOA iHTerpaia HakjaajanHs, posB’ssath 3afady Komi x* +

+x=f@® x@=x0)=0

ae
Lnpn 0
f(t)=l—l npu 1 <12
0 npn (<0, t>2.
Posp ga3anna Maemo:
, 1 :
Dwpy=pr+1, =" <q)=sint
Tomy

t
x(t)=gf(1:)sin (t — 1) dv.
0

3annmemo x (f) Ha pisHux iHTepBanax.
drkmo 0<<t<< L, 10
t
x(t)=Ssin(t—t)d1:=cos(t——1:)|f,=l— cos t
0

fkmo | <L 2, TO
t

1
x(t)=§/(t) sin(l—r)dr—l—Sf(t)sin(t—'c)d-c=
0

=cos(f— v |f—cos(t— ) [ =2cos (¢t — 1) ~cos t — I;

AKIO > 2, 1O
1 2 t
x(z)=Sf(t) sin(t-——t)dr-l—-Sf(t) sin ({ — 1) dT-{—Sf(r)sin(t——t)dt:
0 ] 2

=cos (f— 1) |p—cos ({ — T) [{ = 2cos (¢ — 1) — cos ({ —2) — cos 1,
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Ocrarouso
1 —cost npa 0<<t<<I;
x()=¢2cos(t— 1) —cost— 1 upy 1 <1< 2
2cos({—1)—cos({—2)—cos! npu {>2.
31. 3acTocoByioud MeToj iHTerpana HakJaZaHHd, po3B’A3aT 3sagawy Kowi
' —x=1t x(0 =1 x(0)=0.

Poap s3aHHsi 3a AONOMOTOIO 3aMinn x = y -+ ;¢ + o, ne y — HOBa He-
Bifoma QyHKIis, 3BefleMO NaHy 3ajauy A0 3a4aui 3 HYJBOBHMH NOUATKOBUMH YMOBaMH.
Maewmo:

l=y@) 4 ay-04ay 0=y (0)+ay,
sBinku o, =0, o = 1. Tomy x = y -+ 1 i qaa ¢ynxuil y maemo sanauy
Y —y=1t+1 40 =y 0)=0.
3HaXO0AHMO:

1 .
G(P)=—pf,‘<—g(l)=5hl,

I3
y(t)=g('r+l)sh (t—vdv=—(x+ch¢—) 5+
0

t
+Sch(t—‘r)d‘r=cht+sht—1—l.
0

Tomy
x=chi{fsht—1t

3apaui ana camocriiHoi pobotu

3nafiTn 306pakends QyHxuii
sin ot
1. (1) = "e™, 2 f () =—7—.
| npu 2RT << (2t 4+ 1) T,

3. m):{—l mpu 2R+ DNT<<I<(2k+2DT, k=0,1,2, ...

i
4. f(y=|sinwt|. 5. f(@)= Ve e,
3uaiitu opurinanu 3o006paxeHnb

p: — @? p—a
b PO =—prrenr - PO =G girer -

i 1 VP
8.F(p)=ﬁi—T. 9.F(p)=7e Vp,oc>0.
1 - p
- ] ——F

10. F(p)-—_p.e . 1. F(p) p4_l .

429



12. Hexah x () > X (p). 3malitn 306paKenns BHpasy
¢
ﬂ’+x+§x(r) ds,
dt P

akmo x (0) = 1.
13. 3nafiTu 306paxkeuns Jainifinoro nudepennianbyoro Bupasy

ddx d2x dx
=~ ar TPy — %

agmo x (0) =10, ¥ O)=1, X O)=21ix({®~> X(p).
3a nonomoroio nepersopenss Jlanaaca svaiiTu po3s’s3ku sanau Kowmi

4. "+ x — 2= ¢, x(0)= —1, x’ (0)= 0.

15. "+ x=4¢, x (0) =4, ¥’ (0) = —3.

16. 1" + 4x’ - 4x = ¢~ % (cos  + sin B, x O)=—1, ¥ (©0=1

17. " —x' =0, £(0) =3, x (0)= —1, x" (0)= 1.

18. sV + 4" =2cost x(0)=—2, ¥ 0)=1, x* (0)= %" (0) = O,
dx dy t

9, 4% _ = =x— =L yO=—1
W =14y, —-=x—e, x(0) 50
d d
W =42, =yl 20 =0, y©=5.
d2x

dx dy 3t
2], 2 — % 19 %Y —_ ,
am =g i eyt

_‘jﬂi=x~y, X(0)=0, ¥ (0) =1, y(O =—1.

t

22, 3uafiTu po3B's30K piBHAHNA x” + 4x = ¢, AKUH 3a40BOJILHAE YMOBaM

x(0)—2x[—g—]—-x' ©) =1, x(i;—)+x'(%)=x(0).

23. Po3B’sizati inTerpanbHe piBHAHHS
¢
\ x(t)cos({ —T1)dt =1~ cost.
0
24. 3nuafiTu po3r’a30K inrterpo-gudepenniansHoro piBHAHHS

. t
x"-}—x=cost+gsin(l—‘v)x('c)dt,
0

AKuH 3af0BoJbHAE YMoBaM: x (0) = 0, x' (0) = —2,
25, 3uafitn o6MexeHHil nMpH { — oo pPO3B’sI30K piBHSIHHSA

x4 x" 4 fx = 0.
MeTopom iHTerpanta HakJiafjaHHs 3HaiTM po3p’n3kM 3ajay Komi
26. x" = arctg?, x(0)=x'(0)=0.
27, X' —x'=——F, x(0)=x"(0)=0,
T FO=x0
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|
28. x”+x=m’ x (0) = x' (0) = 0.
{

29, x" + x' = 2+sint » x(0)=x!(0)=x"(0)=0-
30, ' —x=tht, x(0)=x'(0)=0.
31, x”+x=l_+sﬁt—’ x(0)=x"(0)=0.
I opn 0t <3

32, ¥ +x={f{(), f(t)-_lQ npr 3K i<+ oo;

(0 =1, x(0) = 0 npu (< 0.

I npp 0 <t <1

33, &+ 2% +5x=f(), ft)={

£(0) =1, x (0)= ) ¢ 0npy 1<<0, (>1.

34. %" + 4x’ +4x_.f(t), /(t)={2e—‘ npp 01 < 1;
(@ =1, x" (0)=0. 0, t<<O npu t>1.

Boparok 3
AESKI GOPMYNM TA NOHATTIA, 2KI BUKOPUCTAHO
B NOCIBHMUKY

3uaxopmenna dynkuii sa ii audepenuianom. Hexaii dyrxuia f (x) HeflepepBHa Ha
npomixry / = (a, b). Toxi audepenuianvuuil supas f (x) dx e andepenniasom pyukuii
u (x), du = f (x) dx, x € I, 9Ka BH3HauaeTbCA 32 (POPMYJIOIO

u=u(x)=Si('c) dt xy, x€/, u(xy) =0,
Xo
I nasusaeTbest nepsicror i f (x) Ha 1.
SIkwo BiZoMa sika-weGyab nepBicHa u (x) aaa f (x) ua /, 10 cykynmicTh ycix mepsic-
HUX ana f (x) Ha !/ BuaHayaeTbes GOPMYJIOID

S f(x)dx=u(x)+C, x€l, C— goBinbua crana,

i nasuBaeTbCa Hesuanawernum inmeepaiom .

Hexait dyuxuil M = M (x, y) i N = N (x, y) venepepBHo Audepenuifioni B 0dxo-
s¢' agnitl ** obnacti D < R2. Toxi nudepeniiansunii supas Mdx + Ndy e nosrun dugpe-
peﬂutagam dzyug%t u=u(x, y), du = Mdx + Nady, (x; y) ¢ D, Toni & rineku TOAI,

N

Ko 5o = T v (x; y) € D. Oynkuia u = u (x, y) Bu3HauaeTbc 32 HOPMYJIOH
' )
u=u(x, 9= | M(x,ydc+N(x,9)dy+C,
[£7%7Y)

(x93 Yp)s (X3 ¥) €D, u (xy, yo) =C; C=const.

* Y Teopii gudepenuiancuux pisnsHb cumBoaoM f (x) dx, K npaBuiO, TO3HAYAIOTH
AKky-uebynp nepsicay (kBaiparypy). SIKmO 3alauy Mpo 3sHaxofkeuns Beix posB’sAskiB
nanoro audepeHyiabHOrO PIiBHSHHS MOXHA 3BECTH 10 OGUMCJEHHSI CKiHYEHHOTO 4YHCIa
KBafpaTyp Bill feakux Bimomux dyukuifi i anre6pajunux onepauifi, To rOBOPATH, IO
HaHe DIBHSIHHSA [Hmeepyenecs 8 Keadpamypax.

** O6nacts D — R? Ha3WBaeTbCH 00HO036 A3HOI0, SIKWO OylAb-fKa KYCKOBO-IVIafKa
3aMKkHeHa KpHBa (6e3 TOYOK caMomepeTuHy), poamilleHa B D, o6Mexxye o6iaactb, yci Touku
AKoi TaKOXK Hajdexarb D,
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SIRWO JaMana, WO CNoNyYae TOUKH (¥g; Yo), (%5 o), (%5 y) nexute B D (pHC. 83), 10
byBKRi0 4 = u (x, y) MOXKHA 3HANTH 33 GOPMYJIOK

X Y
u=ulx, g) = M@, g dv+ | Nz, 7ditC.
Xy Yo

Hexait gynxuii P= P (x, y, 2), @ = Q (x, ¢, 2), R == R (x, y, 2) HenepepBHO 1H-
depennifioBui B nosepxreso 00n036’ aaniti * obnacri D < R3. Toxl Audepenuianbhuil Bu-

9 .
T T T d—-— n
Y=g~
I ! ;
i [ T2 } ¥
: T ] 1
x, _,D__/y z P4 [
— o a aw bly) b X
Pue. 83 Puc. 84

pa3 Pdx + Qdy + Rdz e nosuum audepenniaiom dynguii u = u (x, y, 2}, du = Pdx 4+
-+ Qdy + Rdz, (x; y; 2) € D, toni & Tiaeku Toxi, KOMH

0Q oP OR oQ oP OR
ox = oy > oy — 9z 6 — ox v ¥ (%4 AED,

ot F=0 v (x;y;2€D, F={F, Q R}.
dyukuia u = u (x, y, 2) BU3HaUaeTLCH 32 POPMYJIOIO
(x:4:2)
u=u(r, g, 9= [ Pu oy 9dx+Qe g, 9dy+R(x, 4, Ddz+C,
(X03Yo: 20)
(%03 Yos 20)s (X5 43 2)ED, u(xy, Yy, 2) =C, C = const.

SIxwo ﬁaM?Ha, SKa CHoNYyYae TOUKH {Xo; Yo; 2o), (% o 20), (x5 95 2¢), (%3 y; 2), MEIKUTE
B D, 10 dynkuito u = u (x, y, 2) MOXHA 3HAHTU 32 GOPMYJIOIO

x ] 2
u=u(e, v, d={ P v wdi+ | Qx v 2)dr+ [ Rex, ymdv+C.
Yo 20

Xo

dopmyaa guthepeHnioBanng iHTerpana, sanexHoro Bix napamerpa. Ko GpyHxui

f (x; y) 1 1i noxixna g Henepepsia b NPAMOKYTHHKY M (puc. 84), a pyukuii a (y), b ({
* nugepennifosui na sigpisky [e, d], To

b(y) ‘ b(y) ot
(S Fx, v dx) = S de-!»b’ WiIew, n—a©f@aw,n.
a(y) Y a(y)

* O6nacte D — R3® HasuBaerhcst nosepxreso 00H036' A3HOKW, AKIIO HA GYAb-AKY KO

KOBO-TVIafKy KPHBY (6e3 TOUOK caMomnepeTHHY), IKa JieXHTb B D, MOKHA HaTATHYTH HO
BEPXHIO, siKa HWIKOM JICKHTH B D,
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Ta6anus ocHOBHMX HeBH3HA4EHHX iHTerpanis «, a, C = const

Sde:C; Sldx=x+C;
1
o1 dx
Sx"‘dx—-: of—l—l +C, az=—1; S—x—=ln|0x|, Cx #0.
2 Saxdxz ;J:a +C, a>0, a;&l; Sexdx—:ex'i‘c-

Xsinxdxr_——cosx—i-c; ‘cosxdx-—:sinx«f-c;
dx 1
Sc—o'sz—x=tgx—|—c, x-:,a&—i'(Qn—l—-l), nez,;

dx )
S—S-me=-—ctgx+C, xs=nn, n€El;

Stgxdx=—ln|Ccosx|, x%—g-(2n+l), neZ, C+#0;
Kctgxdx:]nleinx], x#nn, n€Z, C+£0;
8 dx x
S—m=ln Ctg—Q-,, x=z=nn, n€Z, C+£0;
dx X n 2
ST”'=‘H Ctg(?—*—T)', x#—2-(2n+1), nEZ,C%O.
Sshxdx—_—chx—|-C; Schxdx=shx+C;
4 dx dx
Sw—_—thx-’-C; SW.—_-—C'Ehx-i-C,x:#O.
dx 1 X
g—aT_-,_—x—z-=~—a—arctg7+C, a#0;
5 ‘dx X
Snz-jx—2=ar<:sin7+c, a>0, x€(—a, a).
dx 1 x—a
6 Sm=—27m x+a C" a>0, x#+a, C+0;

dx —_—
Sﬁr_j:—_‘z—a=lﬂ|(x-{j'/xgia2)Cly C=#0
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£
Mpukaag. 3nafith Apyry noxizny OyeREOil y = _lw_ S' sino(t—T)f(v)dy, o=
0

= const == 0.
Poss si3zaHHA MaeMo

t
y'=_‘:_)-(5mcoso)(t-—1:)f(1)d1+l sino(t—1t) () —
0

t
—0-Sil’lm(t—O)f(O))=SCosm(t—T)f(T)d‘t,
0

t

y = S (—osine ({ —1) f (v) dt + cos o (t — 1) f ()=
0
#
=—o(sinot—9i@di+iO=—0y+f@.
0
Hopmasisna soppanosa opma marpuui. Baacnum sexmopom xeajpatsoi matpuui

A nopaky n, Akl Bignosinae eracHomy 3nauerHo A, HA3HBAETRCS BeRTOP A = 0, skul
33J0BOJILHSIE YMOBY

Ah = M a60 (A—AEp)h =0, )

Jlinifina onnopinHa cucrema (1) Mae HeTpuBianshuft (A %= 0) po3p’asok Toxi & Tinbxu
TORi, KOJMH

A M) = det (A — AE,) = 0. 2)

PiBusinnst (2) HA3HBAETHCA XAPAKMEPUCMUYHUM DisHanHAm Matpuui A, a Koperi
UBOTO PIiBHAHHA Ay, Ay, ..., A, HASHBAIOTLCS GAACHUMU BHaxerHAMU MaTPHLi A.

BracHi BekTopH, sKi BiAnoOBinaloTh pi3sHHM BJACHHM SHAYeHHSM,— JiHiiHO He3a-
nexui.

Kseagpatni marpuni A i B nasusawotbea nodiuumu (A o B), sxuo 4 = T—!'BT,
e T — nesupodoena marpuua (det T == 0).

SIkuwio paacHi BekTopHu MaTpHUi A yTBOPIOIOTE 6asnc n-BUMipHOro JiHifiHOro BexTOp-
HOrO TIPOCTOPY, TO A HA3HBAETLCA MATPHIEK nPOCMOL CMPYKmMYypu.

Y raxomy 6asuci (3 BIacHHX BeKkTopiB) Jinifinuit omeparop 4, skuA Bignosizae
matpuii A, mae AiaronanpHy MartpHwio. ToMy matpuus npocroi cTpyktypu A moxi6ua
A0 niaronanbnoi matpuui J (A):

A=T11A4T,
ne
A, 0 ... 0

; 0 Ay ... O
J (A) = dlag [7\'1: ?"2) LI ] 7\4”] = 2
0 0...M
It Toro me6 Matpuus A Gyjaa MaTpHLEO NPOCTOl CTPYKTYPH, heobxifHo f focTaT-
HBO, OG KOXHOMY BJIAacCHOMY 3HaueHHio A KpaTnoctl p Bizmosinano piswo p niniéino we-
3a1eXHMX BAACHHX BekTOpiB (30kpema, A € MaTpuuEO NPOCTOi CTPYKTypH, AKwo Bel
BiaacHi aHavenns matprui A pisui).
Y sara/bHOMY BHIIANIKY, KOJH MaTpHus A Mae s < n ainiliHO HesaIeXHKX BAachUX
BeXTOpiB, BOHa MOXi6Ha N0 KBasiniaronanenoi marpuui J (4):

A=T-U AT,
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e
T (A) = diag 1/, ), Vi, hads +oe sy (R,

A, 10... 0
A, 10,00 s
J_ (A)== A I m, = n,
e 000....1 igl ‘
00 0...4%,
HPUYOMY BJacHi 3HaueHHsi Ay, Ay, ..., As He 06OB’A3K0BO piski.

Marpuus J (A) Ha3uBAETHCA HOPMAALHOI0 9HOPAAHO60I0 HOPMOIO MATPHLE A, a MaTph -
us J,, (A;) — wopdanosoro xaimurow (6aoxom) matpuui A nopanky m;. Skmo m; = 1,
i

10 J4 (A;) = A; i %oOpraHOBa KNiTHHA HA3HBAETLCH NPOCMOLO.
3arajibHa KiIBKICTB § XOPAAHOBHMX KJITHH Z0piBHIOE KinbKoCTi JiHiHHO He3aneXHUX
BAacHux BeKToniB Marpuii A; KoxHif xopRawoBill kaitHui BigmoBigae omvu i TiNBRU
OJHH BacHHit seKTOp Marpuui A, upHyoMy pi3HuM KiitdHam Bignosifaiors aiHifHO He-
3asiexkni BaacHi BeKTOpH.
BaacHomy 3savenHio A KpaTHocti p Biinosinae r = n — rang (A — ME,;) < p *op-
r

NAHOBMX KJIITHH MOPSAKiB my, my, ..., m,, E m; = p. SKWo r=p, 0 m; = my =
i=1
= ..,==m,~= | { Bci wopaHOBI KJITHHM, siKi BiINOBiZalOTb BJACHOMY 3HAYEHHIO A,
€ mpocTuMu. 30KpeMa, BCi RKOpAaHOBI KAITHHU MAaTPHIUI 1POCTOT CTPYKTYPH € IPOCTHMH .
Tlopsakn m; >OpRaHOBHX KJITHH, fKi BiANOBINAIOTH KOXXHOMY BJACHOMY 3HAYEHHIO
A, BA3HAYAOTLCA KiNIBKICTIO BJAACHMX Ta TaK 3BaHHMX npuedHaxux BektopiB A, fy, fy, ...
. fmi—l‘ I1i Bekropu e pose’si3kamu JiniliHuX cucrem piBHSHB

A=Ak, Afy=Af + 1,
Afe=My+F1, ..., Afmt._1=7vfm[_1+fmi_2-

¥ Gasuci, yTBOpeHOMY 3 BA3CHAX T4 NPHEJHaHHX BexTopiB (opaanis 6asuc), MaTpH-
us JintiiHoro omeparopa 4, fxuii sizmosinae matpuui A, Mae HOPMAaNbHY KOPLAHOBY
opmy.

3a jonomorow mepersopenns mogiéuocri (A = T~'J (A) T) marpumo A 3 TounicTio
10 poamMillleHHs KJIIiTUH MOXKHA NMPUBECTH JO €IWHOI KOPAAHOBOI GOPMH.

SIkmo A — gificHa KBajpaTha MaTpHUs MOpAAKy n, M == ay = ifj, B; =0, j=
= 1, 2, ...,— 1i kKeMnsiekcHi Baacui anauenns, vy, & = 1, 2, ..., — 11 nificui Bnacui ana-
YeHHH, TO

A=T"D(@A)T,

e T — ,llii«:lc}{a HeBHPOJXeHa MaTpHus,
D (A) = diag [K,,, (M), .., Knp ol I, (V1)s ey J'"z (v,)] — diiicna swopdasosa ¢op-

sa matpuui A,
S;
7
0
Ko =) - ..

.. 008,
a; —B 1 0 0 0
j=(j j)t E2=( )» O=( )l
By o 01 00
i=1, eee, P
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Mpuknann
1.

0
1
J(A) = 2
0

OO O o N
[=N iRl CR]

0

Mopsinox marpuni n = 5, Baacui snauenus marpuni A; = 2 (xpataicts p; = 4)
i Ay == 3 (xpatuicTb py = 1). )Kopaanosi raituuu:

ONOC OO
WO oo
.

002
Marpuusi Mae Tpu JiHifiHO HeaajexHi BJacHi BeKTOpPH

210
J3(2)=(0 2 1), J1(@=2, J,(3) =23

1 0
0 0
hl = 0 s, h, = 0 N
0 1
0, 0
0
fAki BiANOBiZAOTH BJacHOMY 3HAWEHHIO Ay =2, Ta hy=| O |, #xuil Bignosinae
0
1
BJACHOMY 3HaueHHIO Ay = 3. BiacnoMmy snauennio Ay = 2 BignoBigae 2 nphejHaHux
0 0
1 0 -
Bekropu fy =] 0 )i fo=] I
0 0
1 0
2, 3
—2
= 7).
. Z3)
Xapakrepuctuune piBHAnHa Martpuui A
3—A —2 0
4 —3—nrf
mae KopeHi (BiacHi aHaveHHa) A, = 1 5= Ay = —1 . Tomy A € matpnueio npoctoi cTpyx-

typu i J (A) = ((]) _(:)

3 1
=%,
XapakTepHcTHUHE PIBHAHHA
3—A 1
—11—A]
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mae kparai wopeni A, =4, = 2.

1 1
Ockiapku r = 2 —rang (A — 2E;) == 2 — rang ( )= 2—1=1, ro mar-

I -1

21
Ppuus A Mae anile OJHH BnacHHA BekTop i TOMy J (A) =( )

02
4.
0 010
0 001
=13 400
-1 —100
XapaxTepucTHuHe PIBHAHHA
—A 0 1 0
2 —t _2 ' =0, ato A —1)2=0
—1 —1 0 —A
Mae kopeni Ay = —1 (xparuicrb p; = 2) i A, = 1 (kparsicts py = 2). Ockinbka r; =
=4—rang(A+ E)=4—3=1, ry=4—rang(A— E)=4—3=1, 70 KOX-

HOMY BJIaCHOMY SHauenHio BilnoBizae auwe ogun BracHuii Bektop. Tomy HOpManbHa
¥KopAaHoBa Gopma MaTpuui Mae ABi KophaHOBi KAiTHHH TMOPSIAKY 2:
[

1T 0 0
0t 0 o
J(4) =
“ 00—1 1
00 0-—1

201
A=]021]).
002

Baacuum spauennaM Matpuii € uucio A = 2 (kpatnicte p = 3). Koopaunaru Biac-
HOTO Bemopﬁ_ h= (x,, x,, x;)' 3Haxomumo i3 cucreMu (A — 2Eg) h =0, 3Bigku h =
= (¢, 03, 0)7, ne & + ¢ > 0. Koopaunaty NpHeAHaHOTO BEKTOPa fy = (¥y, Xy, x5)T sna-
Xoaumo i3 cncteMu (A — 2E3) fy = h, 3Biakn x5 = ¢, % = €,, ¥, ¥ — Oyan-aki. Bu-
Gepemo f; = (0, 0, ¢), Ze ¢ = ¢; = ¢, + 0. [IpHeananoro BexTOpa f, He icHYE, OCKITbKH
i3 cucremn (A — 2E) fy = f;, 3okpema, sunamuBae, mo ¢ = 0. Tomy xopaanis 6asuc
YTBOPIOIOTh, HallPHKAAZR, BEKTODH

1 BJACHHU{ 0 X .
= (3] (2 e (8) (s ).
0/ \ep=cy=c=1 ] :

1
hy = (0) (BaacHuit BekTOp: ¢ =1, ¢5=0).
0

JXopgpaHoBa dopma Marpuili Mae BHEVIAA
210
J(A) =(020].
002
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21010
02101
A=]00200
00021
00002

CINAEM BAACHUM 3HAueHHAM faHol matpuui e uucno A= 2, axe wmae xparuicTs
p= 5.

Koopannaru BJIacHOTO BeKTOpa h == (xy, Xy, X3, Xy, x5)T 3HaX0AHMO i3 cHcTeMH

Xo T+ x4 =0;
X3 -+ Xg == 0;
(A—2E;)h =0, ro6ro 0=0;
x;=0;
0=0.
3sincu
Cy
C2
h= 0 ,
0

ae c% -+ c§> 0. KoopamHati NPHEAHAHOrO BeKTOpa. f; 3Haxoaumo i3 cHcremn (4 —
—2E)) [, =h,

Xo 4 Xy =rcy; 0

Xg -} x5 == Cp; 0

to6TO = 0; 3sincn f; =] 2,
’ Xp = Cq; ¢
0=0. —c

KoopauhaTts NpHEMHAHOIO BEKTOpa f, 3Haxosumo i3 cucremu (A — 2Ej) fy = f;, 10670

Xp+ x, =0;
Xz x5 =0;
0 = 2¢cy;
X5 =y,
0=—c,
3siach
0
0
G=01ifa=) —c ]|, g#0
0
57
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TpuenHaHoro BexTopa fy He ICHYE, 60 3 CHCTeMH (A — 2E,) ;= [, Bunausae, 30-
rpena, mo ¢, = 0, uo nevoxunno. JKopaanie 6asuc yTBOPICIOTL BEKTOPH

0 0
BJACHUR 0 0
( BEK Fop: s h= , fe=1 ~1 R
c;=1,¢=0 0
(V) 1
(npueaHani BeKTOpH: ¢y =1, ¢ = Q)
0

BJ1ac HHH ) 0 ¢ =0
BEKTOD: , h= 2 (npuenuanm‘i BeKTOp: )
) .

Cl=0,02=1 0 C’=_l
0 —1

hy =

f)

CC OO -

J(4) =

oo oo
o OO O N -
OO N == O

00
00
00
21

02

A=‘{—10 ~2)-

6— 2 5

—10 —8—A
KopeHi 7»1'2=—-1;ti. Ockinbku Ui gopeni pisni, To marpuna A e MmaTpupeio
opocToi CTPYKTypH i

Xapakrepuctuune piBHSHHA \=0 nagoi MaTpuni Mae KOMIMJeKCHi

—14+i 0
J = .
(A ( 0 e i)
3BeaeMo jJaHy MmartpHulo Ao Aificuol xopaanosoi dopmu D (A). Maemo D (4) =

— 1 1 b
—( ) Marpunio 7 = (a d) , 4as kol A= T7'D (A) T, Busnauumo 3
¢

manuquorol piBHAHSA
ab 6 5 —1 1\ fa b
(c dJ (—10 —-8] =<—1 ~1> (c d) ’
iXe eKBiBanenTHe chereMi piBHAHB
70— 10b = ¢;
{ 5a — 7b=d.
Oxunm 3 poss’siskis niel cucreMn e a=3, b=2, c=1,d= 1.

32 1 =2
T= — = t T =1) i
Tomy (1 l)' T ( | 3) (de ) i

=6
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3apaui gna camocTiltHol po6ortu

3uaiTe noxiski pannx Qyskuiii:

w2 x
l.f(x)=SMd1:. 2.f(x)=S£§—’_‘—_+-;§—ﬂ—dr.
0 0
2 . x
3.i(x)=§ dt. 4.f(x)=Sf(1:+x,T——x)d1'.
] 0

3uHaliTH KopaaHosi (GOpMH JAHMX MATPHUDb:

. -1 0 1
5.A=( 1). 6. A= 1 —1 ol.
4 0 4 —4
1o 2
6
7.A=( 01 —al. 8.A=( 5).
1o —o —10 —8

R B
-3

9,A=( | 4), 10.A=(—1 2 —1).
=11 2 —1 4

11 A—(-Q —2 12 A—( 5 10
ca=(T 4). ca=(_, _3).

3naiéiTu BhacHi 3Ha4YeHHA Ta BJAACHI BEKTOPH AaHHX MATPHIb

01 4 7T —12 6
13. A=|0 1 0. 14, A=(10 —19 10].
1 1 0 2 —24 13

1 -3 ¢
16, A=|4 —7 8].
6 —7 7

3’acysath, aKki 3 JaHHX MaTPUllb € MATPALAMH (POCTOI CTPYKTYpH

01 4 1 —3 ¢
17. A=|0 1 0]. 18, A=)4 —7 8.
1 10 6 —7 7

7 —12 6 2 -1 2
19. A=|10 —19 10]. 20, A= 5 —3 31.
12 —2¢ 13 —1 0 —2

15. A =

—_—O O
OO Q
oo
-_0 0 Q



BIANOBIAI

Posnia 1

Ly=In(l+x)JC. 2 y~—ln|x+l/x2—~l|+C. 3. y=1¢"(cosx +
-+ sin x) - C. 4, yg=—¢ %, 5. y=2— 11 —x= 6. y=1-4-Ce*.
7. tg2 =Ce¢*, y=kn, k€Z. 8. lny=Ce. 9 In|lx+y+2|=x4C.

10. y=x+T(x+C)2, x>=>—C; y=ux. ll.y=_éch 2x. 12. y = In x,

13. yhe U 2~V —p2=C, y==+ 1. 15.x=I+C(x—|—l), X 5 — e

16. __+_.=c in) 4\, 28, (y—202(y" + 1) =@y + 12 24 xy’ =
X

g(?y - 2) 25. 30 1n 100/In 2 &~ 199 (xniB). 26. Yepes 40 xB. 27. ¥ 729 paais.
28. Bm{a rimepGosn xy = 6. 29. k(x—l)y——y—;—l—o 30. x=In(y 4+ 3).

31, y=Cx". 32 y—ax®+C. 33 p2=2(9+o). 34.v=.2_§KM/ron.
o? arctg (31,62 V' k) k (1
35. y= . 836 T=—m— 22 ¥ P —
y=gg ¥ +C 3,162V % ’ n % \ U
U
1 in2

—2). 25w w.T=__102 <66 14 ron 4. v~
Kr Th 10 —n 9 A roa v

=~ 0, 93 M/c 41. Kiaekicts Boad, mo saamumuaacs, m{f) =m, —V (g, ~—qo) (l —

—e —) k — roedinient nponopumuocn 2. y+ Ve L 2 =Cx% 43. ¢ * =

x 1
=g—cr M hnjyi=—z 8y2 +C. 45 lan-ctg(—ln'—- ., Y = xe*k,

heZ. 46, (y—x— D)2 (y+x—1)»=C. 47. 2x4y—3In|lx+y-+ 1| =C.
1

8. y=(§+c)€_x2- 49. y= —2cos?x 4+ Ccosx. 50. y=e~7(e"+C).

2x

51. y=ctg x —sinx. B52. y2(Ce'2”' 22 —1)=1]. 53.y=m, y =0

i 252 4+ C ; —2x8
54.y=m. 55. y—-‘—"T", y=l 56. y1+4x2—Ce

57. x2y? —2x3y — x4 = C. 58, 6x2y? |- 8x3y - 342 =C. 59, x2y2 —2(x +y) =

1 1
60. xy —Inxy?=C. 81. NeT L + = P +2lnx=C. 32. 211I7|+Ty—-=
X

x2 x
-C y=0. 63. 28) o (W) =0, y(W="7", LX) = 75 —735: 6 n@xN=
=%, Yy (x) =2 4 x4+ xcos x— sin &, 64. [lpn 0<<a<<1 B TOUKax oci
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n on
ab6cuuc. 65. Ha npomixkky (———5— . —-2—) BBy =———TFiy=0y=1L
. cos?

1 1 c
69. y__eSln(X+Q y=e, y=—. 70, x=—-—'—9'—p+—-(p—_ﬁ2—' Y=

p? Cr? , )
=_T+W:T)T; y=0, y=2x 1. 7l.y=Cx+W, 4y8 = 27x%,

72, x=Cp2”, y=C-+1)é’; y=0. 73, 3Cy=3C2x+ (C—3)? 4+ 4y=
=12x. 74. 20y 4+ x2=C2 75. xy=C*x+C; 4x2y=—1. 76. y:=2Cx — C?

1
y=+x T77i. y=Cx+TlnC, 29+ 14 In(—2x) =0. 78. x=p 4 sinp,
2
y=—pQ——[—psir1p—[-cosp+C. 79. y=p?sinp, x=psinp—cosp + C,

X

80. a) y—= =22 ; 6) y=1.
Poapia 2
l5.y]=x3+x2. 6. y=x+1,y=x2—x+4+2. 17. y=Cx8 4 Cox + Cs.
2 X3 '
y=73 G+ P +5y="3,y=0 18 y=¢" 19 y=—5 (I —

X ool X
—e ). 2 ;¥ ="Cux 2e Y02 y=InteC, y=1+ 1t +-C,. 23, y=
c 1
R by M y= b (Cur - Cy), R (x + Co)* + 4% = C},

k= —1, 2C,y= (£ Cyx-- C2)2+1 k=2, x=C;({—sinf)+C,, y=C; (1 —
s

—cost), k=—2. 25, y= y chk(x+Cy) +Cq, k= T (H — ropusoutafb-

HUfi HaTAr, §— Bara ORHHHNI NOBXHHW KaHara). 26. 3_1/’_1/’2 — (I + y”) y" =0,

i
27. yw—y=0- 28. y=C, six + C, cozx . 29. y = C, cos x 4 Cye*.

1
30. y=C1x*+Cylnx. 31, y=Cx2 4 Cylnx. 82. y=Cix+Co— +

+Cs(xln] x|+ 1). 33, y == C,x -+ Cox® + Cqe*. 34, y=Ce " 4 Cope* +
4 Coe™3%, 35, y==C,e* + Cpe®* + Cye™*. 36. y=C; + Ce®*. 37, y =

X - -
= g2 (Cl cos ‘{23 x4 Cysin ‘/23 x) . 38, y = Cy + Coe* + Coe™™ 4 Cpe®* -

4+ Cie™. 39, y=e""(C, cos x + Cysinx). 40. y = C; cos 2x - C, sin 2x.

\/2}‘ _

41, y=C1e* +Coe ™  +Cycos x4+ Cysinx. 42, y=¢ 2 \\Cl cos

x +

<+ Cy sin l22 x -+ C,sin 22
+ Cysinx + Cgcos 3x 4 Cysindx). 44, y-ﬁClegx—}—e‘)“(Cg—f—C-,x) 45, y =
a= ¢” (Cy 4 Cqax) 4 e % (C5 cos 2x 4 C, sin 2x). 486. y—e (Cy+-Cyx) 4- Cycos x - .
X
13 3 x) .
2

~ 3
2 T Y
x +fe {Cs cos x|. 43. y=C, cos x 4

X+ (Cy + C,x) sin

=+ C,sinx. 47. y =e_2—L(Cl+C2x) cos
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48, y=Ce" 4 (Cy+ Cax) cos x -+ (Cy + Cyx)sinx. 49, y=Ce* + Coe” * |-
- 2 cos x —sinx. B0, y=Clcos2x+Czsin2x~{_c052x. 51. y=C,cos x4

—}—Czsinx—{—-;_sinx—%cos?x. 52. y=C1e3"+Cz—|—%e3"+3x2+2x.
83, y=e*(Cy + Cyx) + 24%*. 54, y=(C, + Cyox) cos x -+ (C; -+ Cyx). 55. y=
= (C, + Cax + Cyx?) of + % ", 56. y = (Cy + x) cos x 4 (Cy 4 x?) sin x.
57. y=C;% + Cpe™3* + 3% ¢ (6 sin x — cos x). 58, y = Cie*+Coe™* 4

4 Cgcos x + Cysinx —e*sinx. 59, y=C; + Coe?* +e % (Cycos J 3x + Cy X
X

X sin V' 3x) + —4IT e (x? — 2x). 61, y=Cie™* | e? (C2 cos l’23 x4+ Cy X

x sin@x}—i—xz—x—l- 1. 63. y = x (Ax -+ B) + Ce™®* 4 (Dx 4 E)cos3x - (Fx+

-+ G)sin3x. 64. y = Ax + Bxe®® 4 ¢** (C cos x + D sin 2x). 65. y = x (Ax? 4
4 Bx+C) + xDx+E) e 4+ x (Fx2+ Gx - De*+ K cos 2x + L sin 2x.
66. y = xe 3% ((Ax + B) cos x + (Cx + D) sin x) + x (Ex + F). 67. y = A cos 2x
+ Bsin2x + x¢®* (Cx®+ Dx 4+ E) + ¢ 2* (F cos 3x + Gsin3x). 68, y= (Ax? 4
-+ Bx + C) cos 2x + (Cx% + Dx -+ E) sin 2x + ¢* ((Fx 4- G) cos 2x + (Jx + K) X

X sin 2x) + xe* (L cos x 4 N sin x). 69, y = Cy cos 2x 4 Cq sin 2x + _l._ cos2x X

><lnlc052x|-|——;-xsin2x. 70. y=C; + Cycos x4 Cysinx 4 ?lsx_—l-cosx X

XInjcosx|+4sinx(x—tgx), Th y=Ce*+Coe ™ —4Vx. 72 y=¢€"(C;+
+C”‘)+';17' 73. y=¢°. T4 y=_g_x2e_2”. 75. y=—_1‘_c052x+_.; X

X sin2x. 76. y=C,cos(lnx) +-C,sin(lnx) —Inxcos(lnx). 77. y=1x(C,+
+Commx)+xlndx. 78, y=~C.x 4 Cox? 4 C3x3. 79. y = Cyx 4 Cyx®+ Cygx3

+_:’S_VF+_‘:f_V}%—2V}'3'+(2x3_4x2+2x) In(VF+1). 80. y = x (Cy +
4+ CyInx+ CyIntx). 81, y=C; + Cpinx + Cgxl. 82.y=C1x“+f_;‘.

83, Y= Cox - Cox® - Cox®. 84, y=Cy (2 1) -Cay 2 L 1. 85. y=C, (x4
. 3
+-2)2 L C,(x+2)3. 86. y=Clx3+Cgcoslnx+Cssinlnx—--f.-. 87, y ==

5
- C, Cq inx _ 5lnx 88 . Cy C,
Gt =+t 3% S A= My oy i
+_&i"—2)3+%1n(x+2)—~-%. 88. y=C, cos (V2arccos x) + Cq X

x sin (V2 arccos x). 90, y = C; cos (3 arccos x) + C, sin (3 arccos x). 9. y=0C X
% ch (4 arcch x) 4 Cysh(4 arcch x). 92, y = C; ch (' 2arcch x) ++ C, sh (V2 arcch x).

9. y= Cleﬂfz + Cze—ﬂ[;. 94, y = C; cos (2arccos x) + Cy sin (2 arccos x).
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2 -2
x

95. y=Cycos(3lnx) + Cysin(31Inx). 96. y = —__._+C1e 4+ Cye .

97. y=x(Cycos x -+ Cysinx). 98, y=x%(Cye* + Coe™%). 99, y‘=£}.£_{_ixfi .
x’
100. y=Cye % - Cye™*/%, 101, y=C,cosln(x+1 T+ x®) 4 Cysinln (x -

] E Esin(vi 9 —a) _ vl
+V T+ 102. a) - VRE Vi , @ = arctg
Ev sin (vt + a) R ER Ry sin (v + @ —a)

_———, a = arclg 5y . 104. —— .
R/ vl R 2Ly V RERZ+ (R, + Ryy*viL®
o

— -—g—(x—xo) (

.

163. —

o = arctg M . 106, a) 2, =

1o
R;R, ]

(ocos_;l (x — x5) 4+

—}—psin—;)—(x—xo)) P =t ‘ sin..‘g_ (x — xp), 0=V Tg— pt, axwmo

— L (x—xa) — P x—x0)

A=pt—4g<<0;6) z=e 2 (1+.i2’_(x~xo)),zz=e 2 (x—x,),

— P x—)

aKito A = p?—dg = 0; B) 5= (P+o)e —(p—o X

1 1 1
— = (pt+)(x—xy) — 5 P—0Nx—xo) — 5(PFO)x %)
X e 2 ), 22=—;T(e 2 e 2 )l 0)-—sz 4‘].

axmo A = p? — 4¢g > 0.

Poapin 3

d?
4 ' — 2 =0, 5. —g— + Py =0 6. y=0 1+

x3k

+kZ 2.3-5-6..
=]

3k+]
(3k—1)3k)+cz("+23 767, 3k(3k+l))'

b=

x®
— b
7.y=C1xe2 +C,(l+x9+—§*+—]g—+...), 8. y=(Cl+C2x)e"",
x2 )

8. y=Cy(l 4 %)+ Cse®. 10, y:l—-eT(Cl—}— Cor?). M. y=C(x—1)+Cs %
XA{(x—1In|x|—4x). 12. y=T(Cl+Cgln|x+l]). B.Wu=C|x]"Vx

X |1 — x[V=0—B=~1_ 45 y=C1|x+1[1_2—I-C:_,|x——1|'—a. 16. y=Cylx -+

+al P+ Clx—af™ B WH=7—3F., C#0. 19 W(,J )=
2sinvn . —3x

= 22, y=1—sinx—cosx 23, a) y=e °%, 6) 3ajauya he mae
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. —(l—98)x, 0L xgy,
! . 24, y=2x2 25. G == -
po3B's3KiB Yy X a) G(x, s) {—s(l—x}, s< A< 1 6) d(x, 5)
— ; (x-—s)—__‘l1 , 0 gy,

{——-x, o<x<s;
Tl—s sl 8) G(x, 5) = I I
— g (=%~ s<<xL L.

sin |
26. G (x, s) = 27. G (x, s) =
sin s sin (1 — x)
- sin | » SSrs
_chk{x—s-+ 1) —1 .
2k sh& ’ SESS .
= 28. G(x, s) =—sin| x —s|.
chk(s—x+1) 2
T ekshg o SSESL
2__ g —x2
S_@_, 1<s<s; 2182_;‘ 1<x<s,
29, G(x, s) = 30. G(x, 5) =
x4 I —s?
o s L2 o x S x << 4 oo

1
81 y=—— (b——x)S(s—a)f(S)ds-l—(x——a) fo—91©ads

141Ins, 0<<x<< 1 k2n?
82. G(x, ) = = 5~ (x2 .83 A= ——— ,
5, 9 {1+1nx, SRSRIIES YO RNl N -
kax 1 Zym 2
Yp = cos —7—, E=0,1,2, ... 3. },h=—-—(—2———k) (T}. Yp =
i 1\ mx - ./
= sin (k—_—2—)—l—, k=1, 2, ... 85. Ap=— (km)?, yp =V xsin (kn In x),

B=1,2,.. 36 yp=—~Ap(cosipx+sinipx), tgh=2A%43A. 37. yp=
== sin Apx, tgk:m. :

Posagian 4

1 Cy
Lox = Ce®, y= 2_01‘6'-2_8—(:‘1’. 2. x=—CTt e~ Cit, y = 2C,ICF, 3, x2—~

~P =G, 2%t =y =Cp 4 o =C), yF+B=Cp 5 x4 y=Cy

(x+y+2(y—3x—2)=Cy 6. x —y+ z2=0Cy, ln|x|+—§—=02. 7. Tax;

Hi. 8. Hi, tak. 9, x=C¥ + Coe™, y=C1e? —~Coe . 10. x=0Ce* +
4 Coe®, y=2C1et —2C,e¥. 11. x=(2C; —Cy+2Cy1) &, y=(Cy + Cyf) €.
12, x = €% ((2C, 4 Cy) sin 2 + (C; — 2C;) cos 2),  y = & (C, cos 2t + Cysin 21).
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13, x= C1e5f 4 Coemt y=2C6" — Che™. 14. x=15C,cos3l +5C,sin 3, y=
= €, (cos 3t + 3sin 3t) + C, (sin 3! — 3 cos 3t). 15. x = (Cy+ Cyf) ¢¥, y= — (€, -
+Co(1 +0)e. 16, x=¢ (Cycos 3t + Cysindl), y=e (Cysin3t —C, cos 31).
17. x=(Cy 4+ Caf) €, y=(2C; — Cy + 2Cyt) &8, 18. x = (C, + 3Cyt) ¥, y = (Cy—

e? -1 e?—1 cosl sinl
— €y — 3C,) e®, 19.8) - ) 2 , )
Ci—3Che DT o2rq) ¥ P Gnt cost

A 0 et x 1

20. =Cfef |+ Caf ¥ |+ Cs| 0 ey = e g | + Ce” X
0 2¢% —et z 1

X / A X 0 —1

[ 2—1 |4 Coe®{ — 2+ 22 |. 2. [yl=Ce| t|+Ce| ¢ |+
[—1 29 por z —1 1—t

I x 1 1 0
+ G2 —2|. B {y|=Ce{ 1|+ Ce™| O0|+Cee™| 1]. 24 2=
2 z N —1 —1

. 2 2
=Cpe? (:) + Ce? (Qf_t ]) . 25, x = Cy t(l ] - Cpe 3 (_;) . 26, x=Cre*x

=

~ N

y i1 0 2 Cl 1

cos sin

><(sin t)—{-Czeat(__ cost)' 2. x={e & 0| Cy| 2. x=Cff 1|+
d o ) \c, 9

t 12 0 2sin 2t
+Col t—1 )Gl r—22]. 29 x=Cief| 1| LCuetl ~cos% |4
2 — 1 202 — 2f —1 — 3 cos ¥
2 cos 2 1 ¢ £
+Cet| sin2 |, 30, x=Ce| 2|+ Coe®| 2%— 1|+ Coe®| 22— 2 |,
3sin 2 1 t—1 222
0 cos 2¢ sin 2¢
3t x= Cle_zt 1]+ Coe | —sin2t ] +Cae ) cos 2 }. 32, x=0C; X
—1 cos 2¢ sin 2¢
1 0 1
XE—1)+Coef | 1] 4+Ceet|t+11}. 33, x=c¢""t (
1 —1 -t
) 2 ¢t 0 2(1—eh !
8. x=(—d 2@ et & —a(l—ct)|x I e 40 eg ande
—14e 0 2 —

N

5sint
cost —7sint)’
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| B
2 (n— I}
2 dx d
t ——————— -42' — T 2 — — y=
x| 0 1 = v xcos®t— (] costsint)y,T
0 0 ... I

t
= (1 sin{ cos{) x 4 ysin®¢, 44.x—_—Clcosl—{—C,sint-l—Tcost—}—l, y =
[ 1 _ 4
= —Cysint+Cycost ——Fsint——cost. 45. x=¢ 4’(01_}_0,1)_,_2—53‘_

1 _ 1 7
— a5 y=— G GO F g e g 46 x=Cpe

L Cot esint, y=—Cie! +Coe™. 47. x=Cpe' + Coe® + ¢! (2 cost —sin ¢),
y=Cie! —Coe® 4~ ¢! (3cos t+ sini). 48. x = Cy (cos 2 — sin 2) -+ C, (cos 2 +
--sin2f), y=Cycos 2 -} Cy sin 2 Lo 49, x=Cet + Cysini + Cy cos ¢, y =
= —Cyel + Cycost —Cysint 41, z=Cysini 4 Cgcos ¢+ 1. 50, x=(C;+Cy X
% (14 8) e +1Int, y::-(c,+tcgz) e 4 1Int. 51 x = Cyef +2C,e" — &% y —

= — Cyet 4 Coett — &, 52, x = \ eA=Vf (1) gy,

—o00
Pospia 5

1. a) Hecrifiguii; 6) wecrifikafi. 2. a) AcuMnrorduwo crifixuil; 6) acHMOTOTHYHO
crifikuit. 3. a) AcumnToTHuHO crifikuit; 6) necrifikufi. 6. a) He BumimBae; 6) ne
BunaaBae; B) BunauBae. 7. Hecrifiku#ti. 8. Crifikaél. 9. AcuMnTOTHYRO CTifKHH.
10. Hecrifigknit. 11. AcumntoTHuHo crifikuii, 12. Hecrifikuii, 13, 0 <<a<< 2. 14. He-
crifikuit. 16. (2km; 0) — crifiki; (7 4 2kn; 0) — necrifiki. 16. (1; 2 1 (2; 1) —
necrifiki., 17. (2; 8) — uecrifike, (—1; 0) —crilixe, 18, (2km; —1) — criidiki,
(n + 2km; —1) — necrifiki. 19, Hecrifikuii. 20. 2ab<< 1. 23. a) AcUMDTOTHYHO
crifigufi; 6) necrifikufi, 24. Tak. 256. BkasiBrka Tlokasarn, mo OyHkuis

X
vx; y)=2 \ } (T) dt -+ y® 3anoBONBHAE yMOBH TeopeMu Bap6amnza — Kpacoscekoro.
A

26. Touku npsiMoi x — y = 0 — uecTifiki nmosioxeHHA piBHOBaru. 27. Touku npsamol
x — 2y = 0~ crifixi nonoxenna pisnoard. 28. HecTifikuit Byzon. 29. Crifikuil
Bysoa, 30. Cigno. 31. llenrp. 32. Cridkudl Bysoa. 33, Hecriikufi @okyc.
34. (2; 4) — Bysoa, (—!; —2) — doryc. 35. (3; 0) — dokyc; (I; 1) — Bysoa,
(— 1L )i (=3 0 —ciana. 36. (2; 2) — Bysoa, (—2; 0) —ciano, (—1; —1) —
¢dokye. 37. (1; 2) —mByson, (2; —I1)— dokye, (2; 1) i (—2; 1) — cigaa.
41, Brxasiska. [us. nosenenus B {2, §12]. 42. fxwo f (py) = 0; npu 3poctas-
#i p dynkuin f(p) sMiHoe cBift 3mak 3 muuoca Ha MiHyc; 3MINIOE 3HAK 3 MiHyca Ha
nuoc. 43, a) Mae; 6) mae.

Ronatok 1

2

Lou=j@&*+y?. 2. ux—f(%,%). 3ou=xy-f(x2—yY. 4. u=;—y+
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4 x2

1 x3
+—xy—f(¢¢; y). 5~u=‘%‘—-—6—(21+y)+—-2£+f(y-2x,z—x). 6. u=
=yf (P —y®). Tu=xfQx—P—4u. 8. u=xe’ —e+1. 9, u=(l+x—

1 2
— N 2~2y+2). 10, u=x2—y2——7ln(l—-—g§—), N, u=x+4+y—1452%,
52 1 (2x + 5)?
12, u=1+ 3 - l3.u=xy~—l—l—x2—+'y—2*. 14, u=—T~xy.
x2 x3 yz s ,
|5.u==x4f( 7 ’T)’ u=-—,. 16, 2x2 + 22 =z (x4 4* + 2%. 17. Kona,

AKi JiexKaTb B [JIOOIMHAX, NapadesnbHHX IJIOWHBI 2z =0, 3 UeHTpamu na oci Oz.
8 oz 02 . 2—2 y— Y 19
s (x—x) 5+ (y— b oy = % X — %, = Y1, .a) z=

=3a%+ay+b;, 6) z=sina-x-tay+b B) z=ax-+by+o(ab)y; 1) z=

— a i ax -y ax 4y
=2an~_y_+b. 20. a)——z-=— aF1 +b; 6) arctgz=——j¢—;—l—+b;
] 2
B) 2—a(az+l)2=ax—|—y—|—b; r) z=-———;t—3+alny—|—b. 22, a) 2= y*— xy;

6) ¥*yz 4 x3=C, x=0; B) 2= Cxy?% r) 2=0.

Ronpartok 2

n! % P 1 pT
1. F(p)=m. 2. F(p)=T—arctg70—. 3. F(p):TthT.

1
4, F(p):ﬁz— Cth-g—:;—. 5. F(p)=-l7p——+-_-;'. 6. f() =tcoswl. 7. f(l) ==

_ o PR Nl VA _ _a_
= ¢™ cos ot 8. f(t):Jo(t)=k;0 T (2) . 9 f(t)—l—(D(2V7),
t )
2 — (— 1 L
@ () = Ve OSe Ydv. 0. f(t)=k§0 7 k. . f@) = 5~ (ch ¢ — cos 1).
2
12. —!:I'Tpi-l—)((p)—l. 15, (p— D)+ X (p)—p—1. 1 x—= = tef —

7 2
—3e’~3 e~ 15, x=2¢! 1-2cost—5sint. 16, x=¢" % (t — cost—2sin 1),

A l -
17. x =24 ¢ 18, x =1 (1—sinf) —2cos (. 19, x=— e 47 (3—20). 20. x =

8 2 8 _ 1 1 4
=g =2 — g, y=g 2Tt 2x =yt e

9 o, 8l _y 1 1 oo 3 o 8l
TECYR Y Yyst e owe T s B

1 1 -
=-5—(e‘3‘—cos2t—|-—2—sin2t —(3—2 ?)(cos2t—sin2)., 2. x=1¢,



.8

24, x=_%.—-t—%cos V'Q-t—%sin V31 2. x=Cly () =C

(R1)*

>
|
=

1 \% 1 ! { ;
X(T) . 26, x=7(t2—1)arctgl—71n(l+12)—|—7. 27. x=¢" — | —

—(4+n) E+N+E+DinE+1). 28 x=-;_-—t2i;ﬁcost+

V3 V 3sint— 2 V3 -
—=sint In|——=————| — —— cos { arct 3cos?). 29. x=1In2cost —
o N Y a2 | 9 g (V3cosn. 29 x ¢
{
9 2tg-§‘+l .
._coslln(2+sint)—tsinl—|——'/—§—(2'sinl+l) arctg T——B—

n
30. x=cht~sht+?ch(arctget——4—). 31. x = sin{ arctg sin/ - cos £ X

% 1 In V§+ cos?

22 (V2—costy B+2VD
33. x =0,4¢7 (2 cos 2 4 sin 2) - 0,2 + 0,04 (2 cos 2 (( — 1) — 1,5 sin 2 (£ —
— e D 45— =YX —~1). 3. x=eF 2 Wt —1) (e —
__te—-Zt—l)'

.82, x =Y () 4 (1 — cos (t—3)) X(t — 3).

Aonatok 3

sirx“—"c *

, 2 ) tdt In (1 4 x2)
Lf(x)=T- 2, f(x)=S (1—|—-XT)(1+T2) + T + x2 *
0

8. [ (x) = - :x =[x =2 +2S [y (t+x, T—x) dT, =T+ x.
0
- —1 0 0 0 0
5.J(A)=( ) 6. J(A)=[0 —3 1).
, 03 0 0 —3
00 0 1 |
7.J(A)=(0 I o). 8.J(A>=( )
00 —1 —1 —1
1 : 300
9.J(A)=( ) 10, J(AH=|0 2 1).
0 —1 00 2
2 0 1 2
ll../(A)=(0 o)‘ 12.J(A)=(_Q 1)'

13. }"l =1, ?"2 = 21 )"8 == 2: hl = (5, has 3’2)T: h2 = (2’ 0' l)Ty h3 = (29 0, —1).
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M, M=d=1, Ag=—1, By =ci8; +Ce,(A=1), ze e,=(2, 1,07, eg=
=(1,0, =) (E+E>0, h,=(3,56T(A=—1). 15. =y =1, hy=}, =
=0, A =(0,0,0,1)" (A=1), hy=ce;+ceq (A=0), ne ¢;=(0,1,0, 07,
6 =(0,0, 1,07 (P4 c2>0). 16. Ay =3, hg=Ag=—1, ly=(1, 2,27 (A=3),

1 0 0
ha=(1,2, 1) A=—1). 17.J(A)=(0 2 0.

00 —2
18. Jlana marpuus He € MaTpuiel> HPOCTOl CTPYKTYDH.

1 0 0
19. J (4) = (O 1 0) . 20. [ana MaTpHuA He € MaTPHUEW NpocToi CTPYKTYpH.

00 ~—1
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