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NPEJUCJIOBHE K YETBEPTOMY H3JAHUIO

TTo cpaBHenwio ¢ TpeTLHM H3JaHHEM KHHTH GELTH CHGJAHBI CHAENYIOUME H3MeHe-
HUSL M JONOJHEHN .

Bo II wacte Bk/iouena HoBas riaba «OCHOBB BapHAUMOHHOTO HCHHC/IEHHSY,
no6asien paszesl 06 HHTEPNONHPOBaHHM (YHKUHE HAa OCHOBe NpHOJIHKEHHS CrlJaai-
Hamu. Crenanel fOOABJCHHSI 0 5J€MEHTAM TEOPHH TMOJS M yPABHEHHSIM MATeMaTH-
UECKOH (PH3NKH. YBEJHUEHO MMCJNO 3afay MO ONpejie/leHHBIM W KPaTHHM MHTerpajaM,
4 TakXe B JPYruX pasjenax. ITpou3BeieHbl YJYULICHHS METOAHYECKOTD XapaKTepa
M MCIIPABJIEHbl 3aMEUEHHblE OIleUaTKH.

B nacTtosmem M3naHMM HCNOJNB3YIOTCH CJIeRYIOUIHE OB03HAYEHH A HAYATIO H KOHeIL
pelleHHss 3ajgaud OTMeYaioTCsl COOTBETCTBEHHO 3HaKaMH A ¥ A, a BEMeCTo cJoBa
«YKasanue» ynorpeC.siercd 3Hak @.

ApToppl Tpu3HaTeTbHBl Kaui. (ua.-Mar. Hayk jon. B. A. Borawesy u kauz.
¢us.-mar. wayk T.A. MajaxoBoif 3a moMmolib B HallMCAHHH OCHOB BAPHALMOHHOTO,
HCYUCJEHHS H HHTEPIONUPOBAHUA (QYHKUMH CrijiaiiHaMu.

ABTODLL CUMTAIOT CBOMM IPHATHBIM JOJFOM BHIPA3HTb HCKPEHHIOO MPH3HATEb-
10CTh 3aB. Kadenpoii Bhicweli MaTematnkn MU, un.-kop AH CCCP C. M. [Toxoxaesy,
KaHL. ¢u3-.Mar. nayk., gou. T.B. Jloccuesckoit, A. B. Kporuuy u IT. A. Hlmenesy,
Kauji. Ou3.-MaT. HayK, cr. npenoa. A.JL. Tlammosy u B. M. Aganacresy, cperas-
KM [leHHEle MeTOJMUECKHe 3aMEeYaHus W IPEeJJOXKEHHS, CIOCOGCTBOBABIINE YJIyYIle-
HHIO 3TOH KHHTH.

Asmoput

M3 NPEJAHUCJIOBUA K MEPBOMY, BTOPOMY
H TPETBEMY HU3JAHHAM

Ipn nanucanuu KHurH «BhiCIias MaTeMaTHKa B YUpAMKHEHHSX H 3a7a4aX» ABTO-
PbI CTPEMUJICh PACKPEITH COJ€PKAHME OCHOBHBIX NOHATHH H TEODEM Kypca Ha CHC-
TEMAaTHYeCKH TOJAOGPAHHBIX YNPAaXKHEHHSIX M 33Jayax.

B noco6ne BKJIOueRE! THIOBbE 3ajauyd M AIOTCA METOABI HX PELICHHS. Kaxaomy
naparpady npeswecTByeT KpaTkoe BBeJeHHe, COCTOsIIee M3 ONMpPeReNeHHI M OCHOBHBIX
MaTeMaTHueCKHX MOHATHHE paccMaTpusaeMmoro paspesia. ITpu 5ToM Haubosiee TpygHble
BONPOCHI TEOPHH AJIS JIYYIUETO YCBOEHHSI CONPOBOXKAAIOTCS PACKPHITHEM S5THX IOHSTHIL
(6e3 JoKa3aTeqLCTB).

IlepBoe usnanne (B Tpex wacrsix) BemIo B 1967 —1971 rr. Bropoe nspanme
(3 mBYX uactaX) BeIVIO B 1974 T., a Tperbe (TaKme B IBYX yacTax)—s 1980 r.

Ilpu Hanucanmy MOCOGHS aBTOPEI HCNOJb30BAJIH HEKOTOPHIE METOJHUECKHEe I1pHe"
Mbl ¥ 3afaun M3 Kuur: @uxrtenrosny I'. M. Kype augdepeHnuansHoro u muTerpain-
noro meuncaenust, T. 1 —1III; Kypant P. Kype nudpepennnansuroro W uuTerpanpHo-
ro ucuncaenns, 1. I II; Tionrep H. M. u Kysbmun P. O, C60pHHK 3azay mno BhiCIeil
maremathke, T. I—1II; Hemnuosuu B.T1. u gp. C6opuuk 3agay H YHOPAXKHEHHH NO
MaTeMaTHuecKoMy ananusy; ®posos C. B., Ilocrak P. §I. Kypec Bhicumefi Matematuxi.

3a nomome B 0hoOpMIEHHH YYeGHOTO NMOCOGHS M IPOBEPKH NMPABHABLHOCTH OTBETOB
K 3ajauaM aBTODHI NPH3HATEJbHEL BCEMY KOJIEKTHBY COTPYAHHKOB Kabelpel BhCIeil
MaTeMaTHKU POCTOBCKOro-Ha-[lOHY HHCTHTYTA HMHIKEHEDOB JKeNE3HOKOPOXKHONO TpaH-
crhopTa.

Asmope



FJTABA I
AHAJIMTHYECKAS TEOMETPUA HA TJIOCKOCTH

§ 1. IPAAMOYTOJIbHBIE U NMOJISIPHBIE KOOPJAHUHATDI

1. Koopaunatel Ha npsmoii. [lesenue otpe3ka B JaHHOM oTHomeHun. Touky M
KoopauHaTHOH ocu Ox, mmeromyio afcuuccy X, NPHHATO oGo3HAuYaTh uyepes M (x).

Paccrosinue d mexny Toukamm My (x1) u M, (x;) OCH NpH JIOGOM PacloNOKeHHH
TOYeK Ha OCH onpejensiercs GopMyJoi

d=lx—xy]. M

Ilycts Ha NpOM3BOJIBHOM OpAMOH 3anaH orpe3ok AB (A —muavano orpeska, B —
€ro KOHell); TOrAa BCAKAs TPeTbsl Touka C 3TOH MpsMOi JeJHT oTpe3ok AB B HEKO-
TOPOM OTHOWIEHHH A, rae A=+ | AC|:|CB|. Ecau orpesku AC u CB HampasjeHbl
B OXHY CTOPOHY, TO A HPHIIHCBIBAIOT 3HAK « -|-»; ecau xe orpe3skd AC u CB Hanpas-
JIeHbl B IIPOTHBOMNOJIOXKHBIE CTOPOHBI, TO A NPHIIHCHIBAIOT 3HAK « —». MubIMH cl0BaMH,
A TOJIOXHTENBbHO, €C/H Touka C JIeXHT Mex1y ToukaMu A H B H OTpHIATENBHO,
ecan Touka C JIeKHT Ha npsaMoil BHe oTpeska ARB. _

Ecan Toukn A u B nexar Ha ocu Ox, To xoopzuHata Ttouku C (x), nensmeit
OTpe3oK MemJy TouKaMH A (x1) u B (x;) B OTHOLWEHHH A, OMpejelsieTcst O (opmyie

X1 Axy
. @

x=

B uacrroctH, npu A=1 nosmyuyaercs ¢opmysia AAS KOOPAHHATHI CepefHHLl OTpe3Ka:

3~=’i‘l2Lﬁ, ®)

1. Tloctpouts Ha mnpsivoit touku A (3), B(—2), C(0), DI 2),
3,5).

2. Orpe3ok AB 4eTblpbMsl TOYKaMH pasjfiesieH Ha MsATbh PaBHbIX
yacrefi. Onpenenutb KOOpAHHATY Osuxaiimeii K A TOYKH JeJIeHusd,

ecn A (—3), B (7).

A Tlyers C (x)—uckomast Touka; Toria A=]AC|:|CB|=1/4. CuenosatennHo,
no gopmyJe (2) HaxomuM

X1t —34(1/HT7
e E =—1, 1. e. C(—1). A

E(

X =

3. Hssectuer Toukn A (1), B(5)—xouunt orpeska AB; BHe 3TOro
oTpesxa pacmojoxena Touka C, mpuueM ee paccrosiHHe OT TOYKH A
B TpH pasa 6o/blue pacctosinus OT Touku B. Ompenesnnts KoopauHaty
Touku C.

A\ Herpyano Buzers, uto A=—| AC|:] BC|=— 3 (pexomenjyeMm cfe1arh uep-
Tex). TakuMm obpasom,

1-3.5
1—3

X==

=7, T.e.C{O). A

4. Onpenenuth pacctosHMe Mexay Toukamu: 1) M (3) u N (—5);
2) P(—11/2) u Q(—5/2).

6



5. Haitt koopauHATHI cepefuntl OTPe3Ka, eCJH H3BECTHEHL €r0 KOHIIBI:
1) A(—6) u B (7); 2) C(—5) n D(1/2).

6. Haiitu rtouky M, cummerpuunyio Touke N (—3) oTHOCHTENBHC
Toukn P (2).

7. Otpesox AB 1ByMa TOUKAaMH DasjiefieH Ha TP PABHBIE YacTH.
OnpenenuTs KOOpAHHATHL TOUEK AeMeHus, ecau A (—1), B(5).

8. Hansl_touku A(—7), B(—3). Bue orpeska AB pacmoomensl
Toukit C u D, npuuem |CA|=|BD|=0,5|AB|. Oupesennts KOO pJH-
Hatel Towek C u D.

2. NpsimoyrosbHEIE KOODRMHATH Ha miockoctH. Ipocrtefimme 3anaun. Eciu na
TOCKOCTH  3aflaHa TIPAMOYFOJIbHASL JIGKAaPTOBa CHCTeMAa Koopaunar xOy, To Touky M
3TOIl NJIOCKOCTH, HMEIOmYIo KOOPAHHATH X H y, o6osuauaor M (x; u).

Paccroanue d mexpy toukamn My (vi; yy) 0 M, (xy; Y2) onpenensercst mo ¢op-
Myae

d=V (xa—x1)*+F (y2—y1)2. 6]

B wactnoctu, paccrosinue d Toukn M (x; Y) OT HayaJa KOODAHMHAT OIpelessercs
no opmy.e

d=V =T . @

Koopmusarst Toukn CCV; E), Lenamell OTPe30K MeXJIY TOYKAMH A(xy; y) n
B (x5; y2) B 3ajaHHOM oTHOWenHH A (oM. m. 1), onpeaeasioTesa no popmyaam

—~_Xi+Axs - __Uit+Ays
=g o YT ©)
B uwactmoctn, mpm A=1 noayuaiores Qopmyasl aas KOOpAHUHAT CepeJHHBl OTpe3Ka:
— x+x ~
P 1—2F z; yzjl—;—yz. )

[lrowans Tpeyroabnuka ¢ Bepmunamu A (¥1; ¥3), B (xa; ¥2), C(x3; y3) onpene-
Jasiercs no Qopmy.ie

1

S=Tj x1 (Ya—ys) %2 (Y3—y1) + X3 (Y1 —ys) | =
1
=3 | (ea=—x1) (U3— Y1) — (x3—x1) (Y2—11) |- (5)
DopMyay aas niomasu TpeyroJEHHKA MOXKHO 3allHCaTh B BUJE
1
SZ? [A] ©)
rae
111
A =|x; x, x3
Y Y2 Y3

(mousTHE 06 OMpeieNHTeNE TPETHErO NMOPSAKA JaHO B § 5 3Toit Iamw).

9. Iloctponrs Ha KoOpAMHATHOIT nyockocTH Toukn A (4; 3), B (—2;5),
C(5; —2), D(—4; —3), E(—6; 0), F(0; 4).
10. Onpenenutp paccrosuue Mexay Toukamu A (3; 8) u B (—5; 14),

A\ Bocroabsosasmucs dopmysioit (1), momyunm

d=V (—5—=3)+ (I4—8 =V 64+36=10. A




11. ITokasaTh, 4TO TPeyro/bHHK ¢ Bepuunamu A (—3; —3), B (—1; 3),
C(11; —1)—npamoyro/ibHbIiL.
A\ Hafigem JnuHEl cTOpon TpeyroJnbHHKA:

| 4B | =V =113 F3F 3=V 10,
| BC|=V (T )" (—1=3p*= /160,
LAC|=V (T3P + (=T +3) = )/ 200.

Tax xaxk [AB[2=40, |BC|2=160, | AC|>=200, 10 |AB 2| BC|2=]| AC|2.
Takum o6pasom, cymma KBagpaToB AJIHH JABYX CTOPOH TPeyrOMbHHKA paBHa KBajpaTy
JJMHBL TPeThelt CTOpoHbl. OTCI0Aa 3aKJIOuaeM, 4YTO TPeyrodbhuk ABC npsiMOyroan-
Hbllt 1 cTopoHa AC SBJISETCH €ro THIOTeHY30i. A

12. Wssecrnst Toukn A (—2; 5), B(4; 17)—xonust orpeska AB.
Ha stom orpeske maxogurcs touka C, pacctosimme koTopoil ot A B iBa
pasa OGosbine paccrosuus oT B. Onpexeants koopauuatsl Toukn C.

A Tak kak |AC|=2|CB|, 10 A=|AC|[:|CB|=2. 3gmech x;=—2, g =5,
Xo=4, y;=17; clexgosaTenbHO,

— _—2+24 - 549217 ,
X=—ipo =2 U= op-=13, T e C2 13). A

13. Touxa C(2; 3) cayxur cepeaunoit orpeska AB. Onpegenutb
KoopAHHAaTh TOUKH A, ecau B (7; 5).

A 3necs x=2, y=3, x3=7, y,=5, otkyaa 2= (x;+7)/2, 3=(y1-5)/2. Cue-
JoBaTeNIbHO, X1==—3, y; =1, T. e. A (—=3; 1). A

14. Jaunl sepumnbl Tpeyromsuuka ABC:A (x; y,), B(x, /AR
C (x3; ys). OnpeliesuTs KOOPAMHATHL TOYKH [EPECEVAHUS MEAHAH Tpey-
TOJIbHUKA.

Oy HaxonuM koopnuuatsr Touku D —cepesuusl oTpeska AB; nveem Xp=(x;-+x,)/2,
Yp=(y1+y2)/2. Touka M, B KOTOpOE NepecekaroTcss MeAHAHLI, ACJHT otpesok CD

B oTHOWeHun 2:1, cuutas or touku C. CleloBaTeqbHO, KOOPAMHATHI TOYKH M onpe-
JeNATC N0 GopMyJiam

;:xr’— 2xp yzya 42yp )
T+2 2
T. e
}_x3—|—2(x1—{—x2)/2 -~ Ys+2(-1.)/2
- 3 P ¥= 3 ‘

OKoHuaTebHO MOJyuaeM

X =

x1+x§+ X3 , —y:y1+!§+ Y3 . A
15. Onpefenuth njomajp TpeyroibHHKa ¢ Bepuunamu A (—2; —4),
B(2; 8 u C(10; 2). '

A\ Hcnoapsys dopmyay (5), noayuaem
S=%|(2+2) 2+49H—(1042) (8-1-9 |=—;—]24—144|=60 (xB. ex.). A

16. Onpenenmnts paccrosinne mexny Toukamu: 1) A(2; 8)u B(—I10;
—2); 2) C(V'Z; —V'T) u D(2V'Z; 0).
8



17. Tlokasats, uto TpeyrombHUK ¢ BepuHHamu A (4; 3), B(7; 6) u
C (2; 11)—npsIMOYTOJbHBIH. S

18. Ilokasars, 4tO0 TpeyroJbHHK ¢ BepuiHamMH A (2; —I1), B(4; 2)
u C(5; 1)—paBHoOespeHHbIH.

19. /lauer BepmuHbl TpeyroipHuka: A (—1; —I1), B(0; —6) u
C(—10; —2). Hafitu pauHy MejAuaHbi, NPOBELEHHOH M3 BEPLIMHBH ..

20. lanwl konuwsl otpeska AB:A(—3; 7) u B(5; 11). dror orpe3ok
TPeMsi TOYKaMH pasjeseH Ha yeThipe paBHBIe yacTh. Onpejennts Ko-
OpAHHATHL TOYEK JeJEHHUS. v
c 21. Hafitu nnomane tpeyroabHHka ¢ Bepummuamu A (1; 5), B(2; 7),

4; 11).

22, llanel TpM nOCJENOBATeNbHbIE BEPLIHHBL [APAJJIENOr paMMa:
A(11; 4), B(—1; —1), C(5; 7). Onpenesntb KOOPAHHATHl YETBEPTOI
BepIIHHEL.

23. lanu gnpe pepiuwnbl TpeyronpHuka A (3; 8) u B(10; 2) u Touka
nepeceuenvsi mexuan M (1; 1). Halitu KoopiuHaTel TpeTbeil BepIIMHbI
TPeyroJbHUKA.

24. [lauw Bepwmnsl Tpeyrombuuka: A (7; 2), B(1; 9) u C (—8; —11).
Hafith paccrosinusi TOUKM TnepeceyeHHsi MeAHaH OT BEPIUUH TPEYTOJb-
HHUKa.

25. Toukn L (0; 0), M(3; 0) u N(0; 4) siBasioTcs cepearHamu
CTOPOH TPEYroJIbHHKA. BBYMCAMTE IJIOLEJb TpeyroJbHHKA.

3. MNonspunie Koopauuatel. B MOIAPHON CHCTEME KOOpAHHAT MOJOXKEeHHe Touku M
Ha IIOCKOCTH ompejesnsaercsa ee paccrosinneM |OM |=p oT nomoca O (p—noaaproi
paduyc-eexmop TOUKK) M yriom 0, ofpasoBaHHBIM oTpeskoM OM ¢ ToOdspHON ockio Ox
(0 —noaaprowi yeor Toukn). Yroa O cruraeTCs MOJOMKHTENLHBIM TPH OTCUETE OT MO-
JAPHOH OCH NMPOTHB YacCOBOH CTPeJKH.

Ecnu Touka M umeer mossphbie koopamHatel p >0 u 0<C0 < 2m, To el xe
OTBeuaeT M GECUHCJEHHOe MHOXECTBO Iap MOJSPHBIX KOOPAHHAT (p; O--2km), rue
kEZ.

< Ecan nayamno JlekapToBOH IPSMOYrOJbHOH CHCTeMBl KOOPIHHAT COBMECTHTH C ITO-
JIIOCOM, @ ocb O HanmpaBUTb 1O MOJSIPHOH OCH, TO HPSMOYTONbHBIE KOODAHHATH X H Y
TOUKH M ¥ ee NoJspHBIE KOOPAHHATH P M O CBA3AHBl CIEAYIOWUMHA (GOPMYJIaMH:

x=pcosB, y=psinb; M
o=V 2142 tg=y/x. @

26. Iloctpouth TOUKM, 3ajaHHBIE TOJAPHBHIMH  KOOPAMHATAMH:
A4, nw/4), B(2; 4w/3), C@3; —u/6), D(—3; =/3), E(©0; a),
F(—1, —3mn/4).

27. Haiitu nossipubie koopaunats Touxkn M (1; —J/3), ecau nosoc
COBIIaJa€T C HAYaJOM KOOPIHHAT, a NOJSAPHAS OChb—C MOJOXKHTEIbHBIM
HanpaBJieHHeM ocH abciiucc.

/\ Ha ocHoBaHuH paBeHCTB (2) HAXO/uUM p:l/lz—[—(~]/-_3)2:2; tg6=—)"3.
Oueugno, uto Touka M Jsexutr B IV verBeptm u, cuaefoBaTenbHO, 0= >5m/3.
Hraxk, M(2; 57/3). A

28. Haiitn mnpsamoyrossHble koopammaThl Toukn A (212, 3m/4),
€CNM TIOMIOC COBINAJAeT ¢ HAYaJOM KOOPAMHAT, a MOJNSAPHAS OCh HANpaB-
JieHa 10 OcH abCLucc.



/A _Hcromeays  dopuyast (1), wumeem x =2} 2cos (3n/d) = —2, y=
=2} 2sin (3n/4) =2. Hrax, A (—2; 2). A

29. Haiitn noasipusie koopaunater Touek: A (21°3; 2), B (0; —3),
C(—4; 4, D(V'2, —V'2), E(—V'Z —V'6), F(—T; 0).

30. Haiitu npsamoyrosbaele koopaunatsl touek: A (10; 71/2), B (2; 5n/4),
C(0; n/10), D(1; —m/4), E (—1; n/4), F(—1; —m/4).

31. Onpenennts paccTosiHHe MexXAy Todkamu M, (p,; 8,) u M, (p,; 6,).

@ I[Ipnvennts x TpeyroasHuky OM;M, Teopemy KOCHHYCOB.

32. Onpenenuth paccrosinne Mexay Toukamu M (3; w/4) n N (4; 3n/4).

33. Hailtu nosaspuble KOOpPAMHATHL TOYKH, CHMMETDHYHOH TOUKe
M (p; 6) oTHOCHTEJbHO NOJSPHOH OCH.

34. HaiitTu nonspubie KOOpANHATH TOYKH, CHMMETDHUHOH TOUKE
M (p; 0) orHocHTeNbHO mosiOCa.

35. HaiiTu nonapubie KOOpAMHATEL TOYEK, CHMMETPHUHBIX TOUYKAM
(3; w/6), (5; 2m/3) u (2; —m/6): 1) OTHOCHTENBLHO NOJKOCA; 2) OTHOCH-
TEJIbHO TIOJNSIPHOH OCH.

36. Haiitu nonspHble KOOpAHHATHL TOYKH, CHMMETPHYHOH TOUKe
M (p; 8) OTHOCHTENBHO TNPAMOI, NPOXOASLIEH Yepes IOJIOC TepreHH-
KYJDHO TNOJAPHOH OCH.

4. YpaBHenue Juuuu. IIycTh HEKOTOPO JHHHM Ha IJIOCKOCTH xOy, paccMaTpH-
BAeMOH KaK MHOXKECTBO TOUEK, COOTBETCTBYET YypaBHEHHE, CBs3bIBAlOLIEE KOODJAHHATHI
aiofoit Toukn M (x; y) («Tekymeii Toukm»), Jexawell Ha 3Tof Junud., Takoe ypasHe-
HHE HAa3bIBACTCSl YpasHeHuem IaHHON AuHUU.

Ecan B ypaBHeHne IaHHOIl JIMHHH NOJACTaBHTb KOODAHHATH JOGON TOUKH, JiexKa-
weilt Ha 3Tof JIMHMM, TO ypaBHeHHe oGpaiiaercs B ToxkIecTBo. Eciu e B ypaBHeHHe
JIHHUH TNOJACTABUTh KOOPAHWHATEHI Joboit TOYKH, HE npnﬂa,-memameﬁ 3TOM JIHHHHU, TO
yYpaBHeHHEe He YJOBJETBOPSETCS. .

37. OnuH KoHell OTpe3Ka mepemelaeTcst o ocu abeiuce, a Apyrof—
no ocH opausar. HaiiTn ypapheHne JHHHH, ONUCHIBAEMOH CepeIHHON
3TOr0 OTpe3Ka, ec/]H [JHHA OTpe3Ka paBHA C.

A Tlyets M (x; y)—cepeauna orpeska. [launa orpeska OM (ajuHa Menuab)

paBHA MOJIOBHHE THINOTeHY3wl, T. €. | OM|=¢/2. C apyroii cTopousi, | OM | =} x2142
(paccroanue ToykH M OT Hauasa KOOpPAMHAT).
Takum o0pa3om, NPHUXOINM K yPaBHEHHIO

V2 fy2=c/2, unn x2-+y2=c?/4.

D710 ¥ ecTh ypaBHEHHE HCKOMON JUHUH. ['€éOMeTpHUECKH OUYeBHIHO, UTO 3TOH JHHHEH
ABJAETCH OKDPYKHOCTb PajHyca ¢/2 C ILeHTPOM B Hauaje KOODAHHAT. g\

38. CocTaBHTb ypaBHEHHE JHHHH, PACCTOSIHHE KaXK[A0H TOYKH KOTO-
poit or Touxku F(0; 1/4) paBHO DPacCTOSIHHIO 3TOH K€ TOYKH OT NpAMON
y==—1/4

A Bosbmem Ha HCKOMOIl JIHHH HpOHM3BOJMIBHYIO TOouky M (x; y). Paccrosuue
Toukn M oT Touku F ompejeautcs no ¢opMyJe pacCTOSHHS MeXAY ABYMA TOUYKAMH:

| MF |= 1/<x—0)2+(y—7})2.
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Paccrosinne Toukn M or mpsMoii y=—1/4 Hafifercs H3 [pPOCTHIX TCOMETpHYIE-
CKHX cooOpaxeHHl (puc. 1):

| MN |=| MK || KN | =g+ 5

Tak Kak 1o ycaosuio paseHcTBO | MF |=| MN | Bemonusercs anst 060l Touru M,
Jexauledl Ha HCKOMOIl JIMHHM, TO ypaBHeHHe 3TOH JIHHHHM MOXHO 3aIHCaTb B BH/e

Vs sy R

1 1 1 1
2 2__ - 2 . —
2ty =5yt y+5 9+

HIn

T.e. y=x2.
Jlunus, onmpelessieMas ypaBHeHHeM y=x?, Ha3bIBaeTcs napatorod. A

39. CocraBuTh ypaBHEHHE MHOMKECTBa TOYEK, MPOH3BEIEHHE PACCTOs-
HUA KOTOpLIX OT Touek F,(a; 0) m F,(—a; 0) ecTb mocrosfiHHast BeJH-
YyyHa, paBHadA a*.

A BosbMem Ha mcKomoli KpuBOit mpoussosbHY0 Touky M (x; y). Ee paccrosuus
ot Touek Fy(ay;0) u Fy (— a; 0) cocTaBasior ry= V x—a) 13, ra=V (x+a)* -ty
Us ycioBust sajauu ciaeiyet, uto ryro==a> Ta-

KHM 06pa3oM, HCKOMas KDHBAasl HMeeT ypaBHEHHE yi

V=it Vixto +i=a

IlpupeneM 3TO ypaBHEHHE K PAallHOHAJBHOMY BHAY:

21 2 1 2 2212 4 F .
(x4 a% | y2—2ax) (x24-a%+y® - 2ax) = at, »Zo N
T. €. i %
(* - a2 4-y?)t—4da2x2 =at, N : y_.é
HIM, HaKOHeI,
(*+ 472 =20% (x*—y?). Puc. 1

HafizenHast KpuBasi Ha3uiBaeTCs semruckamod. f\

40. CocraBHTh YpaBHEHHE JIEMHHCKAaThl B NOJSIPHBIX KOOpDAHHATaX
M TIOCTPOHTb KPHBYIO.

A B ypapuenun (x2-y%)?%=2a% (x*—y?) (cM. ImpenBAymYy0 3ajauy) MepexoaHM
K TOJSpHBIM KOOpIMHATaM IO topmystaMm x=p cos 0, y==p sin 8. Torra monyunm

(p? cos? 6 p? sin® 0)2 =2a? (p? cos? 6 —p?sin? B), mau p? =202 cos 26.

STO——ypaBHeHPIe JIEMHHCKATB! B ITIOMAPHLIX KOOpAWHATAX.

TlocTpoum KpuBy10. Paspelns ypasHeHHe OTHOCHTEIBLHO O, HAXOLHM p== +a} 2cos 26.
U3 Toro, uto B IpaBoil 4acTH PaBeHCTBA CTOMT JBOIHOH 3HAaK « +», a TaKXKe H3 TOro,
yTO ypaBHEHHe He MeHserTcst MpH 3aMexe § Ha — 0, 3akjiouaeM, uYTO JIeMHHCKAaTa pac-
MOJOXKEeHa CHMMETPUTHO OTHocHTeqabHO ocel Ox u Oy. Uccaenyem dopmy JIeMHHCKATBI
aas 1 werseptH, T.e. pis cayuas p==0, 0<<0 < m/2. das sTux 3HaueHuil p u 6
umeeM p=a} 2-} cos 20. Herpyauo BHAeTh, uTO & MOXKET H3MEHATBCH TOMBLKO
B npomexytke ot 0 go /4. Takum o6pa3oM, COOTBETCTBYIOUIAA HacTb KPHUBOH 3a-
KJIOUeHa MEeXAy NOApHOf ochio  ayuom O=7m/4. Ecam =0, 1o p=a } 2.C Bos-
pactannem 6 ot 0 g0 m/4 BennuuHa p yboiBaeT Ko 3Hauends p=0.

IMpunaB BO BHHMAaHHE COOOpaXKEHHS CHMMETDHH, Mbl MOXEM IOCTPOHTb JEeMHH-
ckaTy (puc. 2). A
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. 41, CocraBuTb ypaBHEHHE MHOMKECTBa TOYEK, PABHOYIAJCHHBIX OT
touek A(l; 1) u B(3; 3).

A Tlycte Touka M nprHajgieXuT HCKOMOMY MHOXKecTBY; Torma | MA|=|MB|.
ITo Qopmyse paccTosiHusl MeXAY ABYMSI TOUKAMH HaXOIUM -

|MA|=V G—1*+@E—D5% | MB|=V (x—3)2+(y—3)3
H YypaBHCHHE JIMHHH MOXKET OLITh 3allHCAHO B BH ]I
VE—PFu—D =V =3+ (r—3*
Bospens ofe yactu IOCJEIHErO PaBEHCTBA B KBajApar, NOMYYHM
22 —2x-14-y2—2y+1=x2—6x9+y2—6y+9,

OTKYJa TocJie NpHBeleHUsT TMOJOGHLIX YJIGHOB OKOHHATENBHO INPHXOJHM K YPABHEHHIO
x4 y—4=0. Mrak, UCKOMEIM MHOXKECTBOM SfBJAETCH NpAMas, KOTopas, KaK H3BECTHO;
CAYKHT CEePeJUHHBLIM MepIeHAHKYJISPOM K OTpe3ky AB.

42. Touka M paBHOMepHO mepeMellaercsa IO Jydy, BpalldiomeMycs
paBHOMepHO OKOJI0 moumoca. CocTaBuTb ypaBHEHHE JIMHHH, ONMMCAHHOMN

g

Puc. 2

TOuKOH M, ecqiu B Haua/JbHBII MOMEHT BpAINAIOMHHACH JyY COBIALAET
C MOJIAPHOH OCBIO, a TouKa M-—¢ mOJIOCOM; TpPH IOBOpOTE XKe Jiyda
na yron 0=1 (ogun papuan) touka M ypajauiach or 1oJIOCa HAa pac-
CTOSIHHE 4.

/\ TlocKosbKY B HauaJbHHH MOMEHT BEJHUMHEI p M O paBHH Hymo, a 3aTeM
ofe BO3pacTarOT NPONOPUHOHANLHO BPEMEHH, HETPY/HO YCTAHOBUTb, YTO OHH CBA3AHBI
npaMoli NPOTOPUHOHaJbHON 3aBMcHMOCTbIO: p/0=const. Ho p=a npu 6=1; caeno-
BaTeNbHO, p/0==a/l, T. e. p=ab. Kpusas p==00 HaseBaercs cnupasroto Apxumeda. g\

43. OKpYKHOCTb IHAMETPA @ KATHTCA (€3 CKOJIbIKEHHs IO BHEINHeil
CTOpOHE JPYrOH OKPYXKHOCTH Takoro xe auamerpa. CocTaBHTb B IIO-
JISPHBIX KOODAHHATAX ypaBHEHHE JHHHM, ONHCAHHOH HEKOTOPOH (HKCH-
POBAHHOH TOYKOH KaTALEHCA OKPYKHOCTH.

/\ Ha puc. 3: C;{—neproHayabHOe TOJOKEHHE IEHTPA KaTsllelcst OKpPYXKHOCTH;
A —TepBoHaualbHOE TOJIOKEHHE TOUKH, ONMCBHIBAIOIIEH HCKOMYIO JIHHHIO (Touka A
ZMaMeTpaJbHO IIPOTHBONOJIOXKHA TOYKe B, e B HauaJbHbI MOMEHT COIPHKACAIOTCH
OKPYKHOCTH); Co—IEHTP HENOABHKHON OKPYXKHOCTH; Cg—LEHTpP KaTAlleHcs OKPYK-
HOCTH B HOBOM INOJIOXKEHHH; M —HOBoe IOJIOKeHHe TOYKH A, ONHCHIBAIOWER MCKOMYIO
aunmlo. ([Tocie mepememends OKpyxHocTh Cy B nodoxenne Cg touka P saliMer 1o
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noxenne Q. Touka B 3afiver mosoxenue D, mpuueM, MOCKOJLKY KAuedHe MPOHCXO-

S’ S P N
Ut 6e3 croauxenns, BQ=DQ, QCyB=QC3D.)

Ha ueprexe nokasano nosoxenme nomoca O u moasipuoit ocu Ox. TpeGyercs
COCTaBHTb ypaBHEHHe, KOTOPOMY YAOBJETBOPSIOT KOOPAMHATHI Ji0Goi Touku M (p; 0)
HCKOMOH JIMHHH.

TN 7~

Jlerko yeranopuTh, uto MC3Q =0C,Q, B cuay uero uersipexyrosbHuk OC,CsM
fiBASeTcs  paBHOOGeapenHol Tpamenuell ¢ Mewbiium ocHopanueMm |CeCs|=a; C:C: u
C;3C3— mepneH MKy pHl, onymennbie H3 Touek Cp H C3 Ha nmpamyio OM. Hraxk,

p=|0C;|-+|CsCs | +] CsMm ]=% cos 0+ a—}—% cos 0=a (14 cos 0).

Takum 06pa3oM, ypaBHEeHHE MCKOMOH JIHHHM B MOJISPHBIX KOOPIHHATAX HMEET BHA
p=a(l+cosf); sta KpuBasi HaswiBaeTcA Kapduoudod.

[Tockobky npu 3amere O Ha — O ypaBHEHHE KapAHCHIB He MEHseTCs, KapJHOuAa
PACTIONOKEHA CHMMETPHYHO OTHOCHTeNbHO MoasApHof ocd. Ecam O uamenserca ot 0
zo 7, To p yOsiBaeT ot 2a g0 0. A

44, Hafitn ypaBHEHWE MHOMKECTBA TOUYEK, DABHOYAAJEHHBIX OT TOUCK
A2; 0) u B(0; 1).

45. Kakasi JUHUSA ONpefessiercss ypaBHEHHEM X = y?

46. Kakas quHMs onpefessercss YpaBHEHHEM X == —y?

47. CocraBuTh YypaBHEHHE MHOXECTBA TOYeK, CyMMa KBajpaToB pac-
croanuil KoTophix oT Touek A(2; 0) u B(0; 2) paBHa Kpanpaty pac-
crosHusl Mexay Toukamu A u B.

48. CoctaBuTh YypaBHEHHE MHOMKECTBA TOUEK, CyMMa pacCTOSHHH
kotopuix ot touek A(l; 0) m B(0; 1) paBna 2.

49. B nonspHofl cucTeMe KOOpAMHAT COCTABUTb YpaBHEHHE OKPYK-
HOCTH C LEHTPOM B MOJIOCE.

50. B nossipuo#l cucrteme KOOPAMHAT COCTaBHTh YpaBHEHHE IOJY-
npsMoil, Npoxoasilell uepes moJsoc H ofpasywulell ¢ MoJsAPHOH OCHIO
yroa a.

51. B noJasapHoit cucreme KOOPAHHAT COCTABHUTH YpPaBHEHHE OKPYK-
HOCTH AUaMETpa @, eCJIH [OJIIOC JIEeHHUT Ha OKDYXKHOCTH, a MoJisapHas
OCb MPOXOMHUT Yepe3 IEHTP OKPYKHOCTH.

5. Mapamerpuueckue ypasueHWs JunuH, [IpH OTHICKAHHHM YDaBHEHHS MHOXECTBa
TOUEK HMHOrJa OKa3blBaeTcsd foJgee yllOﬁHbIM BbIPA3UTb KOOPAHHATBl X H Y HNPOH3BOJb-
HOH TOYKH 3TOI'0 MHOXKECTBA yepe3 HEKOTOPYIO BCHOMOTraTeJIbHYIO BEJIHUYAHY t (ee Ha-
3uIBAIOT nApaMempoM), T.€. PacCMATPHBATH CHCTeMYy ypasHeHuit x=q@ ({), y =1y (f).
Takoe npencTaBJaeHue HCKOMOMH JIHHUH HaSBIBaeTCuﬁ napamempuiecKum, a ypaBHEHHHA
CHCTEMbBI — NapamMempusdecKum YypasHenuamt: 1aHHOH AUHUU.

‘ CKJIoueHue napaMmeTpa ! M3 CHCTeMBl (€CJIH OHO BO3MOXKHO) NPHBOAHMT K ypaBHE-
HHIO, CBA3BBAIOMEMY X M Y, T. €. K OOLMHOMY ypaBHeHHIO JuHMM BHAA f (¢, y)=0.

52. CocTaBuTh NapaMeTpHyYecKHe YDaBHEHHS OKDYKHOCTH.

/A PaccMoTpHM OKPYXKHOCTb pajuyca @ ¢ LIEHTPOM B Hayande koopaunat (puc. 4).
Bo3abmem Ha Heii Tpou3BoJbHYIO Touky M (x; y). Ilpumem 3a mapamerp ¢ yroJj, oGpa-
30BalHBIN ¢ ocblo abcuucc paguycoMm OM. M3 tpeyrombHuka OMN caepyer, uro
x=acost, y=asin{. TakuM 06pa3oM, ypaBHEHHS

x=acost, y=asint

ABJAIOTCA apAMETPUUECKUMH YPABHEHHSIMH OKDYXHOCTH.

Hckmmiouns M3 3THX ypaBHEHHI mapameTp ¢, MOJYuHM OGbIYHOE ypaBHEHHE OKDYX-
HocTH. B faHHOM cayuae JiJIsi HCKJIOUEHHS NapaMeTpa JOCTaTOYHO KaXJoe M3 ypas-
HEHHH BO3BECTH B KBaJpaT M IOJydeHHbE YPaBHEHHA CJIOXHTb: x2-fy%=a2cos?{
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+a?sin?f; T1.e. x24-y?=q? TlochenHee ypaBHEHHE SBJSETCS YDABHEHHEM OKpPYXK«
HOCTH pajHyca @ C LEeHTPOM B Hayale KOOPAWHAT. A

53. CocraBuTb mnapameTpHUyYecKHe YDABHEHHSI KDHBOI, OMHCAHHON
(bPMKCHPOBAaHHON TOUKOH OKPYXKHOCTH, KaTsiieHcsi 6e3 CKOJIbXKEHHS Io
HETOJABUAKHOH NpPAMOH.

A\ TlycTb OKpYXHOCTE pajMyca @ KaTHTCSl (€3 CKOJIbIKEHHSI BIPAaBO IO TOPHU30H~
TanbHOR npsamoit (puc. ). IlpumeM 3ty npsamyio 3a ock Ox, NOMECTHB HAWaJO KOOp-
JuHaT B HeKoTopoil touke O ocH. 3a (PHKCHPOBAHHYIO TOUKY OKDYKHOCTH (Hepemenie-
HHeM KOTOpPOd ofpasyeTcst HCKOMasi KpHBas) IPHMEM TY €e TOYKY, KOTOpasi COBNajaer
¢ Toukoit O NpH COOTBETCTBYIOWIEM MOJIOKEHHH OKDYXKHOCTH. 3a mapamerp / mpumem
yroJ IOBOpOTa pajinyca OKDPYKHOCTH, NPOXOAAILIETO uepe3 (UKCHPOBAHHYIO TOUKY,

¥
M
it P
z N %
Puc. 4 Puc. 5

IlycTb B HEKOTOPHIT MOMEHT BPEMEHH OKPYXHOCTb KacaeTcs OCH B Touke A.
®uKkCHpORaHHA TOYKA OKDYXKHOCTH 3aliMeT moJoxeHHe M (x; y), COOTBETCTByollee

yray ¢ nosopora paiunyca CM ({= ACM). Tak kak kaueHHE NPOHCXOAHT 6e3 CKOJibs
e’
xenus, 10 | OA |=MA==at. Ucnoae3ys 370, Bupasaum KOOpAHHATH TOUKH M uepes f:
SN
x=|0N|=|0A|—|NA|=MA—|NA|=at—asini=a (t —sin {),
y=|NM|=| AP |=| AC|—| PC|=a—acost=a(l—cos ?).
TaxuM 06pasoM, NapaMeTpHYECKHE YPABHEHHS HCKOMON JHMHHH HMEIOT BHJ
x=a(f—sinf), y=a(l—cos ).
DTta JMUHAS Ha3BIBAeTCHA yux.aoudod; oHa m3oGpaxkeHa Ha pHC. 5. 4
54. Kakas suHHA omnpejesercss NapaMeTPUUECKHMH YpaBHEHHSIMH
= 12, Y= 12?

A\ Hckmouas napamerp f, NMPHXOAHM K YpaBHEHHI y=x. B cuay mnapamerpu-
ueckux ypaBHeHHi x =0, y= 0. CregoBaresbHO, AaHHHE NapaMeTPHUYECKHE YpaBHe«
HHSl OnpejenaioT Jy4—OuccekTpucy I KoopauHaTHOro yriia. 4\

55. Kakasa snuHuMA onpejensercd NapaMeTPHYECKHMH YDPaBHEHHSIMH
X=co0st, y=cos*t?

/\ Toacrasus x BMeCTO cOS { BO BTOpO€ ypaBHEHHe, NMOJyYaeM ypaBHEHHE Napa-
6ol y=x* M3 napamerpuueckux ypaBHemuii cuenyer |x|=C1, O<<y<C1. Takum
o6pa3oM, napameTpHueCKHEe ypaBHeHHs ompejeasioT Ayry AOB napaGosnl y==x%, rue

AL 1) B 1). A
56. Kakas nuHus onmpesnessieTcsi ypaBHEHHMH X =sinf, y=cosec {?

/A Tak Kak y=1/sin ¢, To, HCK/IIOUUB /, IOJy4yaeM ypaBHeHue y=1/x, BwIpa-
X)awuiee o6paTHy0 IPONOPHHOHAABHYIO 3aBUCHMOCTh BeJIHUHH X H y. YUUTHIBasi, 4TO
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[x]<<1, ly| =1, 3akmo4aem, 4To JHHHSA, 3aJaHHAS MAPAMETPHYCCKHMH YDPaBHEHUAMH
x=sint, y=cosec{, umeer BUJ, H300paxeHH Ha puc. 6.

57. Kakas JuuHsa onpenensiercs ypaBHeHHsMH x=2f, y=4{?
58. Kpupasi 3ajana mnapaMeTpHYeCKHMH YpaBHeHHUIMH X=acost,
y=>bsint. Haiitn ee ypaBHeHHEe B NPAMOYIOJbHOHN CHCTEME KOODPIHHAT.

@ PasjesuTh nepBoe ypaBHEHHe HA @, BTOpoe—Ha b, a 3aTeM HCKJIIQUMTD £.

59. KpuBasi 3ajgana napaMeTpHUeCKHMH YpaBHEHHsIMH X=a secf,
y=>btg ¢. HaliTn ee ypaBHeHue B NnpsAMOYrOJIbHOH CHCTeME KOODAUHAT.
60. Kakasn JauHusA onpelensieTcs ypaBHEHUSIMH U
x=cos*t, y=sin*{? :

61. Kpupas, onpepensemMass mnapaMeTpUHYECKUMH
ypaBHEHHSAMH X = acos*f, y==asin®#, HasbIBaeT-
ca acmpoudoid. Vickmouns ¢, Ha#WTH ypaBHEHHE
acTpoujBl B NPAMOYLOJIbHON CHCTeME KOOPAMHAT.

62. Ha xpyr, onucauublit u3 nearpa O paauy- 4
COM @, HaBepHyTa 110 4aCOBOH CTpEJIKE HUTb; NYyCTh - 1 &
KoHel, HuTH Haxoautcsi B Touke A (a; 0). Cranem
pasBepThiBaTh HHUTb (IPOTHB YacOBOH  CTPEJKH),
cMaTthiBas ee ¢ Kpyra H BCe BpeMsl HaTATrUBas 3a
koneir. CocTaBUTh NapamMeTpuyecKue ypaBHEHUs] KpH-
BOH, ONHCBIBAEMON KOHIIOM HHTH, €CJH 3a Napamerp Puc. 6
¢ B3aTh yroa wmexay paauycom OA u pamgumycom OB, mnpoBeleHHBIM
B TOYKY KacaHUsl OKPYXKHOCTH C HATAHYTOH HHUTBIO B NPOU3BOJBLHOM
TIOJIOXKEHHH NOCAeAHeH.

§ 2. IPSIMASI

1. OGutee ypaBHeHHe MpsiMOf. BesfKoe YpaBHEHHE MEPBOH CTENeHH OTHOCHTEJBHO
X H Yy, T.e. ypaBHelHe BHJIa

Ax-+By-+4+C=0 )

(rre A, B u C—nocrosinnnie kosbdunnents:, npuuem A2-|-B2 # 0) onpegenser Ha
IJIOCKOCTH HEKOTOPYIO NPAMYIO. DTO YpaBHEHHE HA3bIBACTCSI 0OUYUM YPABHEHIEM NPAMCLE.
HacrtHble cayuau. 1. C=0; A #0; B+ 0. [Ipsamas, onperensemas ypas-
nenneMm Ax--By=0, npoxomur yepe3 HayaJgo KOODAHHAT.
2. A=0; B#0; C#0. Ilpsvas, onpenesnsiemast ypasneHueM By--C=0 (uan

y=2»>, rae b=— C/B), napamaensna ocu Ox.
3. B=0; A #0; C#0. Ipamas1, onpegensieMass ypasHenueM Ax--C=0 (uin
x=a, rle a=— C/A), napaanensna ocu Oy.

4. B=C=0; A3 0. Ilpamaa, onpenensemas ypasuenuem Ax=0 (umn x=0,
nockoaeky A # 0), cosnajaer ¢ oceio Oy.

5. A=C=0; B # 0. [lpsamasa, onpefenseMas ypasuenueM By=0 (mm y=0,
nockoaeky B # 0), coBnanaer ¢ oceio Ox.

2. YparHenue npamoil ¢ yraoemM koadduunentom. Ecnu B oflleM ypaBHEeHUH
npsvoit B z 0, To, pa3pelliB €ro OTHOCHTEALHO Y, NOJYYHM YpaBHEHHe BUIA

y=Fkx+b @

(8zecy k=—A/B;, b=— C/B). Ero Ha3bBalOT Ypasuenuem HpPIMOLL C y21066M KOIP-
¢uyuenmom, nockoNbKy k=tg a, rie o—yroa, ofpasoBaHHLIT NPAMOH ¢ MOMONKU~
TeJibHBIM Hanpasienuem ocH Ox. CBOGOAHBIE 4ieH ypaBHeHHS b pPaBeH OpAMHATE TOUKH
nepeceuenns npamolt ¢ oceio Oy.
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3. Ypasuenne npsamoii B orpeskax. Eciu B ofueM ypasHeHHH npamoit C # 0, 10,
pasjenuB BCE €ro 4ieHsl Ha — C, MOJyYHM ypaBHEHHE BHAA

X,y
2 t5=!1 @

(3neck a=— C/A, b=— C/B). Ero HasuBaloT ypasuenuesm npamoi 8 ompeskax; B HEM
a asasetest aCUHCCOR TOUKU nepeceuenHst MpsaMoi ¢ ocbio Ox, a b—opanHATON TOUKH
nepeceyenus nmpaMoii ¢ oceio Oy. Ilostomy a u b HasmiBaloT oTpeskamm npsiMOi Ha
0CX KOODAHMHAT.

4. HopmanbHoe ypasuenue npsmoii. Ecam o6e uwactu ofmero yparHeHHs npsamMoi
Ax+ By--C=0 ymHoxnuTb Ha umeao p=1/(+ V A2 B?) (KoTOpoe Ha3LIBAeTCH HOp«
MUPYIOUWHLM  MHOOCUM2.A€M), TIPHYEM 3HAK Iepe] palMKajaoM BHOpaTh Tak, YTOGHl Bbi=
noJaHA10Ch yeaosne puC < 0, To mosyuutcs ypasHenue

xcos@+ysingp—p=0. 4

D10 ypaBHEHHE HA3LIBACTCS HOPMAALHGIM YPASHEHIeM NPAMOL. 31ech p— JuHa nep-
NEHAKKYJpa, ONYIEHHOro M3 Hauajla KOOpAWHAT Ha NpAMylo, a ¢— yroa, o6paso-
BaHHbIl 9THM TNEPHEHJUKYJAAPOM C TMOJONKUTEJbHLIM HanpapJennem ocu Ox.

63. CocTaBUTb ypaBHEHHE TpPAMOL, OTceKaloWled Ha OCH OpAMHAT
OTPe3oK b=—3 ¥ 00pasyiolleli C NOJOKUTEIbHHIM HANpPABACHHEM OCH
abcuuce yroJa o == /6.

/\ Haxomum yriosoft kospduument: k=tg (n/6) =1/} 3. Bocnonb3opasumcs
ypanuenyueM (2) npamoll ¢ yraoseM  Kosdduunentom, noayuaem y= {1/} 3) x—3;
0CBOGOXKAAICH OT 3HAMEHATEJsT H TNEpeHoCs BCe WIEHBl B JEBYIO uacTb, IOJdydaeM

obuee ypasHenue npsvoit x— ) 3y—3 ) 3=0. A

64. CocraBuTb ypaBHEHHEe NpPAMOI, OTCEKAIOWEH Ha OCAX KOOpau-
HaT oTpe3kH a=2/5, b=—1/10.

/\ Bocnonbsopapincs ypauennem (3) mpamoil B OTpe3kax, HMeeM
x y
2/5'}‘(—1/10)—1'

DTo ypaBHeHHe MOXKHO Iepenucats B Buie (5/2) x—10y=1, win 5x—20y—2=0
(ofiee ypaBHeHHe mpamoil). A

65. lano oGuwee ypasHeHue npsmoi 12x—>5y—65=0. Hanucars:
1) ypaBHenue ¢ yrjioBbM KO3(QuuUenTOM; 2) YPaBHEHME B OTpe3Kax;
3) HOpMaJbHOE YypaBHEHHe.

/\ 1) Paspewus ypaBHeHMe OTHOCHTENBLHO y, OJAYUAeM ypaBHeHHe npaMofl ¢ yrJo-
BbIM KOS(I)(I)I/IU,HEHTOMZ

y=(12/5) x—13.

3necy k=12/5, b=—13.

2) Ilepenecem cBoGonubIfi usleH OGUIETO YPABHEHHS B NPAaBYI0 YacTh M PasfednM

ofe uacty Ha 65; umeem (12/65) x—(5/65) y==1. Ilepenucas mocieanee ypaBHEHHe
B BHJe

X Y
65/127 (—65/5)
NOMyYyHM ypaBHEHHE JI2HHOH NpAMOR B oTpeskax. 3xech a=65/12, b=—65/5=—13,

3) Haxomum mopmupylomuii muoxutens p=1/} 122 (—5)2=1/13. Ymuoxus
06e uaCTH OOLEro ypPaBHEHHS Ha 5TOT MHOXHTEIb, TIOMYYAeM HOpPMaJbHOE ypaBHeHHe
npamoit

(12/13) x— (5/13) y—5=0,
3necs cos ¢=12/13, sin p=—>5/13, p=5. A
16



-~ 66. ITocTpouts npambie: 1) x—2y+5=0; 2) 2x+43y=0; 3) Sx—
—2=0; 4) 2y+7=0. '

/\ 1) Tlonaras B ypaBHennn x=0, moayyaem y=>5/2. CrejioBaTe/bHO, NpsAMasn
nepecekaercsa ¢ ocelo opanHat 8 Touke B (0; 5/2). Ilosaras y=0, nonyuaem x =—5,
T. €. psiMasA nepecekaercs ¢ ocklo abeuuce B Touke A (—5; 0). Ocraercs nposecTu
npamylo depe3 Toukd A u B (puc. 7). .

2) Tlpsivas 2x--3y=0 npoxoAHT uyepe3 HAauaJO KOODAMUHAT, TaK KaK B €e ypap-
HEHHH OTCYTCTBYeT cBOOOAHBIM uJdeH. Jlagum x B ypaBHEHWH NPsIMOH KaKoe-HHOYIb

sHavenue. Ilycts, nanpumep, x=3, Torna 6-3y=0, T. e. y=—2; NOAY4UM TOUKY
M (3; —2). Ocraercst depe3 HauaJo KOOPAHHAT H
TOuKy M upoBecTH HpsMYIO. )

3) Paspemus ypaBHeHHe TUPAMON OTHOCHTeNLHO
X, MoJiyunM x=2/5, D1a mpsMas napajjelbHa OCH

%%
Op/MHAT M OTCeKaeT Ha OCH afCIHCcC OTPe30K, pas- 2
HBIH 2/5.
4) AnasOrHUHO TOJNYUAeM YpaBHEHUE y=—7/2;
5Ta npsMad MNapaJjiefbha ocH abcuuce. 4 - -
-3 o] z
67. YpaBueHHe npsaMof 3aJaHO B BHIE Puc. 7

(x+2V'5)/4+ (y—21 5)/2 = 0. Hanucars:
1) ofwee ypaBHenue 3Tofl npsamoil; 2) ypaBHeHHE C YrJIOBBIM KO-
IHEHTOM; 3) ypaBHEHHe B OTpe3Kax; 4) HOpMaJbHOE ypaBHEHHE.

68. Kako#t yrom ofpasdyer ¢ IOJIOKHTEJbHBIM HANpPABJEHHEM OCH
abcuuce npaMas 2x - 2y—>5=0? ]

69. Onpenenutbh MJIOWEAL TPEYrOJbHUKA, OGPA30BAHHOTO TNPAMON
4x+3y—36=0 c ocsiMH KOOpAMHAT.

70. MoxHo an ypasHenne npsimoil 20x-+2ly =0 3anucaTb B OTpes-
Kax?

71. Tlocrpouts mpsmeie: 1) 4x—Dby-4-15=0; 2) 2x—y=0; 3) Tx—
—10=0; 4) 2y-+3=0.

72. CoctaBHTb YypaBHEHHE NPSAMOH, OTCEKallleii Ha OCH OpAMHAT
oTpe3ok b=1 u ofpasyooueil ¢ NOJOKUTEJIbHBIM HANPABJEHHEM OCH
abcuucc yroa o= 2m/3.

73. Tlpsmas oTcekaeT Ha OCSX KOODAMHAT paBHBlE NOJOMKHTEJNbHbIE
orpesku. CocTaBuTb ypaBHEHHE NPSIMON, €C/M NJOLAAb TPEYrOJbHHKA,
06pa30BaHHOrO MPAMOH € OCAMH KOOpAHHAT, paBHA 8 KB. €l.

74. CocTaBHTbL ypaBHeHHe NPSIMOIl, NPOXOAAILEH yepe3 Hauajlo Koop-
IyHat u Touky A (—2; —3). '

75. CocrtaBuTh ypaBHeHHe NPSAMOH, npoxossuleil uepes Touky A (2; 5)
U OTCEKalolled Ha OCH OpPAHHAT OTPe3oK b=7.

76. CocrtaBuTh YpPaBHEHUA TPSMBIX, NPOXOASLIHX Yepe3 TOUKY
M(—3; —4) 1 napaiaiesbHbHIX OCSIM KOOPAHHAT.

77. CoctaBuTh ypaBHEHHE NPSIMOI, OTCEKalouleil Ha OCAX KOOPAHHAT
paBHbIE OTPE3KH, €CJH AJHHA OTpe3Ka NpsAMOH, 3aK/UEHHOTO MEXILY
OCSIMH KOOpJAMHAT, paBHa b}/ 2.

5. ¥Yron. mexay npsimbiMi. YpasHewue npsamoil, NpoXoAsuleii 4epe3 IBE TOYKH.
Ocmpoii yeon mewdy npamoimu y=kix+bi u y=Fkyx-{ by onpepensercs 1o gopmyse

ko—ky i
tgog=| 21 |
€ o= Tk, )
Yeaosue napasresvrocmu TPAMBIX HMEET BUA ki = kj.
Ycaosue nepnenBuKkyasprocmu NPSMBIX HMEET BHA ki =—1/kg. .
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Y pasnenue npamod, umenowei yer060i Koappuyuenm k u npoxodauweds uepes mouxy
M (x1; y1), samuchiBaeTCs B BujE

y—yi=k(x—x). (0]

Ypasuenue npamod, npoxodawer uepes mouxky My (x1; y1) u My (x3; ys), 3amuch-
BAETCA B BHJe

!/_'yl‘:x*xl‘Y (3)
Ya—Y1 Xo— X1

H YrJI0BOH KOS(QHUHEHT 3Tofi mpaMoil HAaxoAHTCS MO dopmy.te

_Ya—Y1
k——x——z m—t “4)

Ecrn x;=x,, To ypaBrenue mpamoit, npoxosmeit uepe3 ToukH M; u M,, umeer
BHI X =Xxy.

Ecan yy=y,, To ypabuenne mpsamoii, npoxoasuweit yepes Toukn My u M,, umeer
BHL Y =Y.

6. ITepeceuenne npampix. Paccrosmme or ToukH no npsamoit. Ilyuok npsambix.
Ecin Ay/A, # By/B,, TO KOOPAHHAThl TOYKH NepeceueHus npaMmuix A;x--Biy-+Cy=0
1 Apx+ Boy -+ Cy = 0 HaXoxaTCs IyTeM COBMECTHOTO PELIeHUS YDaBHEHHH S3THX MPSMBIX.

Paccrosnne or Toukn M (xy; yo) 1o npsmoit Ax4-By+-C=0 naxoautcs no opmy.te

__ 1 Ax+Buyy+C|
d_——]}——— 742_*‘032. )

Buccextpuchl yraos mexay npameiva Apx +Biy+Ci=0 u Ayx-}-Byy-4-Cy =0
HMEIOT ypaBHEHHS

Ayx+4Byy4- Cy + Apx4-Boy+ Ce_:o
V ai+B: V 43483
Ecan nepecexatomuecs mnpsAMble 3alaHB ypaBHEHHSIMH Aix}Biy+Ci=0 =
Agx—+ Boy+Cy==0, To ypaBHeHHe
Apx+-B1y+Ci+ A (Aex+Byy +Cy) =0, ®)

TAe A—UYHCJIOBOH MHOMXHTENb, ONpeiessieT NPAMYIO JHHHUD, NPOXOASIYIO Yepe3 TOuKy
TIepECceueHt s 3afaHHbIX NpsMelX. [laBas B mocJeiHeM ypaBHEHHH A Pa3THYHble 3HaYE-
HHA, OyJleM MONyYaThb Da3/fiHuHbie NPAMbIE, IPHHAAICKAILHE NY4Ky NPAMbIX, LEeHTp
KOTOPOTrO eCTb TOYKa NepeceyeHHs 3aJaHHBIX NPAMLIX.

. ©

78. Onpeneutb  OCTPHIl YrOM MexAy mnpsIMBIMU y=—3x47 wu
y=2x-1.
O\ Tonaras ky=—3, k=2 B dopmyse (1) n. 5, moayunm
2—(=3) n

=1, T. e o= A

teo=| =50
79. Tlokasatb, 4to npsample 4x—6y+7=0 u 20x—30y—11=0
TapaJiie/bHbL,

/\ Tlpuseas ypabHenMe KaxIo# NpsiMOEl K BHAY C YIVIOBHIM K03 U e HTOM;
nonyuaeM

y=(2/3) x+7/6 u y=(2/3) x—11/30.

YraoBbie KOSGOUIHEHTs! 3THX NPAMEIX DaBHBL kg =k, =2/3, T. e. npsAMBle mapaje
JeJbHbl. A

80. Tlokasatp, uto npambie 3x—5y+7=0 u 10x-+-6y—3=0 nep-
NEeHAHKyASPHEL
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A Tlocne mpuBesienns ypaBHeHHH K BHAY C YIVIOBHM KO3(pQUIHEHTOM NOJyYaeM
y=0@/B)x+7/5 n y=(—5/3)x-1-1/2.
3necy ki=3/5, ky=—>5/3. Tak Kak ky==—I1/k,;, TO NpAMbIE TiePHeHAUKYJIADHLL. A\

81. CoctaBuTh ypaBHEHHE NPAMOH, npoxoasmel uepes Touku M (—1; 3)
u N(2; 5).

A Tlonarast x;=—1, y;=3, x3=2, y,=>5 B ypasuenuu (3) n. 5, moxyuaem
y—3 x-41 y—3 x-41

5—3 ox1’ "M T T3

Hrak, uckomoe ypamHeHue uMeeT BHA 2¢—3y-11=0.

ITosiesHo mpoBepHTb, UTO YPaBHEHHE COCTABJEHO BepHO. LA 5TOTO JICCTATOUHO
TIOKa3aTk, YTO KOOPAMHATHl ToueK M n N yJoBieTBopsior ypasHenwo mpamoit. Jefi-
CTBHTENbHO, paBeHcTBa 2 (—1)—3.3-11=0, 2.2—3.5-+11=0 BLIIOJHAIOTCA TOK-
JIECTBEHHO. A\

82. CocraBuTh ypaBHeHHE NPAMOH, 1poxoasieil uepes Toukn A (—2; 4)
u B(—2; —1).

A Tax Xak x;y=Xxp==—2, TO NpsMasi HMEET ypaBHeHHe X=—2 (NapaJJe/]bHa
OcH OpAHHAT). A

83. IlokasaTb, uto mpsamele 3x—2y-+1=0 u 2x-+5y—12=0 ne-
peceKaioTcsl, ¥ HAHTH KOOPAHHATBI TOUKH IepecedyeHHs.

A Tak kak 3/2 # (—2)/5, To npsaMele nepecekaioTcsa. Pelrus cHcTeMy ypaBHeHuit
3x—2y—}—1 =O,
2¢+5y—12=0,
HaxomuM x¥==1, =2, T. ¢. npaAMble NepecekaoTcss B Touke (15 2). A

84. Onpenemnts paccrosiuue oT ToukH M (x,; y,) A0 npsmoiit Ax -
-+ By-+C=0, He nmoib3ysichb HOPMAaJbHBIM YpPABHEHHEM IIPSAMOIi.

/\ 321aua cBOJNTCA K ONMpeJeNeHHI0 PACCTOSIHHA MeXKAy ToukamH M (xp; Yp) H
N, rie N —ocHoBaHHe MepNeHJHMKYJApa, ONMyWeHHOro M3 TOUKH M Ha NaHHYIO Npf-
myo. CoctaBum ypasnerne mpsivoil MN. Tak Kak YIoBo#l KOS(hMHIHEHT 3ajaHHOMN
npamoii pased — A/B, To yraosoit kosbduunent npsimoit MN pasen B/A (43 ycaosus
TNepNen Ky ISIPHOCTH) U YPaBHEHHE NOCJENHeH HMeeT BHR y—y, = (B/A4) (x —x,). D10
ypaBHeHHe MOMKeET ObiTh MepenHcaHO B BHIE (X— Xo)/A=(y—uy,)/B.

Aas onpeaenenuss KoopAuHaT Toukn N peuruu CHCTEMY YpaBHeHHI

Ax+By+-C=0, (x—xo)/A==(y—1y,)/B.
BBe}.(eM BCI’IOMOI‘aTeJIbHy}O HEHSBECTHYIO t:
(x—x0)/A=(y—yo)/B=1.

Torna x=xy- A¢, y=y,-+ B¢t. TloncTanns 5T BHpaKeHHS B ypaBHeHHE JaHHOH mps-
Moit, mosyunm A (- Af) B (yo-+-Bt)--C=0, orkyaa

t=— (Axy+ By -+ ) /(A2 BY).

HosctaBus Temeph 3HaueHne { B ypaBHeHHA X=xo- At u Y=y, Bt, onpeienum
KOOpAHMHATHL TOUKH N:

Ax,-+B C Axy-+-B C
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Ocraercst onpesieinTs paccTosiHue Mexpay Toukampm M u N:

d=V (x—x)*+y—y)* =
_ Axo+Byo+C \* Axy+Byy+-C\*_ | Axo+Bya+C|
‘l/( ) (8 Pk ) = Ve A
85. Onpenenuts paccrosnne or Toukn M (1; 2) no mpamoit 20x —
—21y—58=0.
|20.1—21.2-58] — ] 20—42--58| — ] —80] _2_2 A
) 200 441 29 29 29"

A d=

86. Mana npsamas [:4x—3y—7=0. Kakue us touek A (5/2; 1),
B (3;2), C(1; —1), D (0; —2), E (4; 3), F (5; 2) nexaT Ha 3Tolt npsaMoii?

A\ Ecau TOuKa JeXKHT Ha NpsMOH, TO €e KOODAMHATHI JOJIKHEI YAOBJIETBOPATH
ypaBHeHnio mnpsamoi. Hmeem: A€/, Tak kak 4(5/2)—3.1—7=0; B%l, TaK Kak
4.3—3.2—7 #0;C € I, TaK Kak 4.1 —3 (—1)—7=0;D Q: [, Tak KaK 4-0—3 (—2)~—
—7#0; EEL, Tok xax 4:4—3.3—7=0; F €/, ax xak 4.5—3.2—7 % 0. A

87. CocTaBuTb ypaBHeHHe TPAMOH, MPOXOASALEH Uepes TOUKY
M (—2; —5) u mapamnenbnoit npsamoit 3x - 4y - 2=0.
/\ Paspewns nocnennee ypaBHeHHe OTHOCHTEJBHO Y, NMOJTYYHM y=—(3/4) x—1/2.

CaefioBaTesIbHO, B CHJIY YCJIOBHS TNapasIebHOCTH YIJIOBOI KO2phuIHeHT HCKOMO#H
npsMoii pasen —3/4. Bocrmonb3oBaBwKCh ypasHenuer (2) m. 5, mosydaem

Y—(=B)=(=3/4) [x—(=2)], T e 3xf4y+26=0. A

88. Jlanbl BepwiuHbl Tpeyroibuuka: A (2; 2), B(—2; —8) u
C(—6 ;—2). CocraBHTb ypaBHEHHS MeAHAH TPEYroMbHHKA,
/\ Haxoaum koopaumatht cepepun cropon BC, AC u AB:
' =(—2—=6)2=—4, y =(—8-—-2)/2=—5; A, (—4; —5);
X'=2—06)2=—2, y'=(2—2)/2=0; B,(—2; 0);
X =(2—2)/2=0; y''=02—8)/2=—3; C;(0; —3).

YpaBHeHUS MeIHaH HAaXOAHM C [OMOLUIBI0 YDABHEHHS IPSIMOIL, NpOXOZAWEeH yepes
ABe JlaHHLIE TOUKM. Y paBHeHue meauannl AAq:

(Y—2)/(—5—-2)=(x—2)/(—4—2), nau (y—2/7T=(x—2)/5, T. e. Tx—06y—2=0,

Haxoaum ypasuenue menuansi BBy; nockonbky Toukd B (—2; —8) u By (—2; 0)
HMEIOT O/JMHAKOBble afcuuccsl, Meanana BBy napaJJenbHa ocn opauuaT. Ee ypabue-
Hne x4+ 2=0.

Ypasuenne mennansl CCy: (y--2)/(—3 -+ 2)=(x -} 6)/(04-6), uau x+-6y4-18=0. &

89. Manbt Bepmunbl Tpeyroneuuxa: A (0; 1); B (6; 5) u C(12; —1).
CocTtaBuTh YpaBHEHHE BbICOTHI TPEYTOJNbHHUKA, HpOBeﬂeHHOﬁ H3 BEePIIUHDBI C.
A Tlo dopmyne (4) m. 5.Ha1”41xeM yraosofi kKosthdunueHt cropousl AB; HMeem
k=(5—1)/(6—0)=4/6=2/3. B cuay ycioBHS TNepNEHIUKYAAPHOCTH YIVIOBOH K03(-

(HIUEHT BBICOTHI, NMpOBeleHHOf M3 Bepmuusl C, paseH —3/2. YpaBHeHHE 5TOH BHICOTLI
HMeeT BHA

y+1=(=3/2) (x—12), mmm 3x+2y—34=0. A

90. Jlanbt CTOpPOHBI TpeyronpHuka: x4 3y—7=0(AB), 4x—y—
—2=0(BC), 6x+48y—35=0(AC). Haiitu pjuny BHICOTH, IpOBeJeH-
HOl M3 BepuHHH B. :
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A OnpesennM KOOpAMHATH TOUKH B. Pemmast cucremy ypaBHeHHH x+3y—7=0
H 4x—y—2=0, nonyunm x=1, y=2, 7. e. B(l; 2). Haxoanm pauny Buicotet BBj
Kak paccTosiHhe OT ToukH B 1o mpswmofi AC:

|6-14+8.2—35]
| 4GRS
91. OH}EJIGJIMTI) paccTosinne MeXAy napasile/IbHLIMA TIPSAMBIMH 3x +
+y—3V10=0 u 6x+2y-+5)/10=0.

/\ 3ajaua CBOAMTCA K ONPEIeNEHHIO PACCTOSHHSA OT NPOU3BOJBLHOIN TOYKH ORHOMN
npsaMoit o aApyroil npsimoii. [losarasi, Hanpumep, B ypapHeHHH nepBoil npsamoit x =0,
nonysaeMm y=3 J/ 10. Takum obpasom, M (0; 3 ¥V 10) —Touxa, Jexamas Ha nepsoi
npamoii. OnpejenuM paccrosiiHe TOYKH M o BTOPOH MpsIMOi:

[6:04-2.3Y 1045y 10] 11V 10
d= 1 = —~ =55,
V3644 2V 10 A

92, CocraBuTb ypaBHeHHUs GHCCEKTPHUC YIVIOB MEXKAY TNPAMBIMH
X4+y—5=0u Tx—y—19=0 (puc. 8).

/\ Pemum cuauvana 3Ty sajauy B oGuiem BHAe. DHcceKTpHCH yrioB, o6pasoBaH-
HBIX JBYMS TIPAMBIMH, SIBJSIIOTCS, KaK H3BECTHO, MHOMKECTBOM TOYEK, PaBHOYIAJEHHBLIX
OT 5THX TNpaAMbIX. EcIn ypaBHeHHs 3aJlaHHHIX
npampix  Ayx+Byy+Ci=0 u Apx-+ Bey-+ )
+Cy=0 (Ay/A, # By/B,, T. e. TpAMbe He \\
napajjefbHe), TO AAA BesKol Toukun M (x; y),
JexKawell nHa ool M3 OGucceKTpuc, umeeM (uc-
10Jb3yst GopMyJly NS OnpeleJIEHHS PacCTOSHHS
OT TOYKH JO NpAMOH):

| A+ Biy+Cil _ | Asx+Bay--Co -
V 4t B V 41 B

lBBll: =173-A

[Tockoabky M (x; y)-—IpoU3BOJibHAS TOUKA GHC-
CEKTpHCHI, €e MOXKHO 0003HauyaTh NPOCTO Yepe3
M (x, y). YuutbiBasi, 4TO BBLIpAXKEHHS, CTOSILHE Puc. 8

B NOCJIe/IHEM PaBEHCTBE O/ 3HAKOM aGCOMIOTHOM

BeNMUHHEI, MOTYT MMEThb pasHble 3HAKH, NOJdydaeM JAJd OQHOH H3 GHCCEKTPHC YypaBHe-

HHe
Ax4- B1y—|—C1:A2x—{— Boy+4-Cy }
V 4 1Bt V 43+ B:

a jsis Jpyro# — ypaBHeHue
A1x+31y+ci__ Asx+ Boy4-Cy
e s e
V aitBt V ai+8
Takum o6pa3oM, ypaBHeHHs O6eHX OHCCEKTPHUC MOXKHO 3amucaTh B BUNE
Aix+-Biy+Ci | Apx4-Boy+Co
—— 1 — =0,
V a1 B V A2t BE
Tenepb pemnM MOCTaBIeHHYIO KOHKDETHYIO 3ajauy. 3amenus Ay, By, Cji, As;
B, C, uXx 3HaueHHSMH H3 ypaBHeHHH 3aJaHHBIX NPAMBIX, NOJYUYHM

x4y—5  Tx-—y—19
ViFl —~ ¥V8Fl

=0, 1. e. 5(x+y—5) & (7)&7—_1/—19):0.
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YpapHenue OfHOH M3 GHCCEKTPHC 3alHCHIBAETCS B BHJE
5(x4y—5)-}(7Tx—y—19)=0, 1. e. 3x4y—11=0,
a ypasHeHue ApPYroli—B BHIe
S(x+y—58—(Tx—y—19=0, . e. x—3y+3=0. A

93. Jlaunl BepuinHel Tpeyroamnuka: A (1; 1), B(10; 13), C(13; 6).
CoctaBUTb ypaBHeHHE GHCCEKTPHCH yria A.

/\ Bocroab3yemcs ApyruM (o CpaBHEHHIO ¢ pelueHHeM IpeaubiAyLiel 3ajadn) Crio-
cofoM COCTaBJACHHA YpaBHEHHS GHCCEKTPHCHL.

Iycrs D—Ttouka mepeceyenusi GHCCEKTPHCH co ctoponoii BC. U3 cpoiictBa Guc-
CEKTPHCH BHYTPEHHETO yIJa TpeyroibHuka caeayer, uro | BD |:|DC|=| AB|:| AC|.

Ho | AB|=V (1I0—1)2--(13—1)2=15, | AC |=V (13— 1)* - (6 —1)2=13. Carezo-
patenbio, A=| BD |:| DC|=15/13. Tax KaK H3BeCTHO OTHOWEHHE, B KOTOPOM TOUKA
D penut orpesok BC, T0o KOOpAUHATH TOuKH D ompeieasitcs no dopmyJsiam
x_10+(15/13) 13 134-(15/13)6 X
T ST R A WE T E I
nan x =325/28, y=259/28, 1. e. D (325/28; 259/28). 3anaua CEOAUTCH K COCTABJIE~
HHIO YpaBHeHHA npsamoi, mpoxonsuiedl yepes Toukun A u D;

y—1 o x—1 i _
250/58—1 — 325/38—1 > " & W +2=0. A
94. [aner ypaBHeHHs BHICOT TpeyroabHHka ABC: x-}-y—2=0,
9x—3y—4=0 n xoopauxatel Bepwunsl A (2; 2). CocraButh ypaBHe-
HHfl CTOPOH TPeYroJbHHUKA.

A\ Jlerko yGeautbes B TOM, 4TO BepillHHA A He JIeKHT HM HA ONHOH H3 3ajaH-

HBIX BBICOT: €€ KOOPAHHATHI HE VJOBJETBOPSIOT YPaBHEHHAM 3THX BBICOT.
Iycte 9x—3y—4 =0—ypasuenue BHCOTH BBy H x-y—2=0-—ypaBHenue
Boicotsl CCy. Cocrapum ypasnerue croponsl AC, pacecmarpuBasi ee Kak NpAMYyIO, Npo-
XOAALLYIO Yepe3 TOYKY A H IepueHIMKyJspHYIO BHICOTE

g BB;. Tak xak yrJoso#t KoaddHuneHT Bbicoth BBy pasen
! 3, To yrJoBoit KosppuuneHT cToponst AC pasen —1/3,
\ T. €. kac =—1/3. Bocnosp30oBaBLWNCh YpaBHEHHEM Nps-
MOJ, MPOXOAAMIEH uYepe3 MaHHYIO TOYKY H HMeoweil
JlaHHBL  YIJIOBOH KO3(HUIlHEHT, MOJYyYHM YpaBHeHHe
croponsl AC:
-~ y—2=(—1/3) (x—2), unu x-}-3y—8=0.
Z
4 AnanoruuHo mosyuaeMm kcey=—1I, kag=1, u ypaBHeHHe
0 Z CTOpoHbl AB uMmeer BHJ

y—2=x—2, 1. e. y=x.

1

Peump cosmecTHO ypaBHenus npsmuix AB nm BBy,
a Ttakxe npamoix  AC n CCy, HaliieM KOOpAMHATHI Bep-
wuH Tpeyroasunka: B (2/3; 2/3) u C(—I1; 3). Ocraerca
Puc. 9 COCTAaBHTh YpaBHeHHe CTOpOHbl BC:

y—2/3  x—2/3 .

393 —1—2/3° T. e. 7x+5y—8=0. A

95. CocTaBUTb YpaBHEHMS NPAMBIX, [POXONSIIMX HEPe3 TOUKY

M (5; 1) n ofpasywomux ¢ npamoii 2x+y—4=0 yron =m/4 (puc. 9).

A\ Tlyers yraosoit koshdHuHeHT OXHOH M3 HCKOMBIX NPAMEIX paBeH k. Yrio-
BOH KOS{UIUEHT 3ajanHOK npamoit paBen —2. Tak KakK yroan Mexny STHMH nps-
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MBIMH paBeH /4, TO
n | kf2 | k2
e g=|{g) = e 1|

1—2k
OTKYAa
E+2 B2
k! TTom L
Pemas xaxnoe u3 NOJYYeHHLIX ypaBHeHHH, HaxomuM k=—1/3 u k=3. Hrax,

YpaBHeHHE OJHOI U3 HCKOMBIX TNPAMBIX 3anumercs B Buje y— 1 =(—1/3) (x—5), r. e.
x+3y—68i0, a ypasHeHne JApyrofi mpsmoit B Buje y—1=3(x—5), T.e. 3x—y—
—14=0.

96. Haiitu mpamylo, npunagnexamyio nyuky 2x-+43y-+5--A(x +
-+ 8y-+6)=0 u nmpoxopsuyo yepes touxy M (1; 1).

/A Koopannatsl ToukH M JOJKHB! YAOBJETBOPATh yPaBHEHHIO HCKOMON mpsmoil,
no3TOMy AJSI OfpejiesleHnsl A TMoJydaeM ypaBHeHHe

21431454+ (1-+8:1-46)=0, mm 10-+154=0,

T. . A=-—2/3. TlojcraBup 3HaueHne A B ypaBHeHME NyUKa, TOJYUYHM YpaBHeHHe
HCKOMOJ npsaMoii:

2x+3y-+5—(2/3) (x+8y+6)=0, nan 4x—7y+3=0. A

97. Haiitu npavyio, IpOXOASUIYIO Yepe3 TOYKY [epeceyeHms nps-
Mbix 3x—4y+7=0n 5x+2y-++3=0 u napanienbHyl0 OCH OpZAMHAT.

A TlpsiMasi TIpHHALJIEXKUT MYuKy
3x—4y+7+A(5x+2y+3)=0, 1. e. (3+5A) x-+(—4-F24) y-+(7-30)=0.

Tak kak HCcKoMmasi mapasJejbHa OCH OPAMHAT, TO KO(DOUIINEHT OPH Y HONKEH OHTh
paseH HyJio: —4--2A=0, 1. e. A=2. Ocraercss NOACTABUTb HalileHHOe 3HaueHue \
B YpaBHEHHE IyuKa, OTKY;a MOJyyaeM HCKOMOe ypaBHenne x--1=0. 4

98. JlaHBl CTOPOHEI TpeyroipHuKa: X+ 2y +5=0(AB), 3x+y-+1 =
=0(BC)n x+y+T7=0(AC). CocraBuTh ypaBHEHHe BBICOTHL TPEYrOJb-
HHKa, onyuleHHoH Ha crtopory AC.

/\ BricoTa nmpuHaiIeXKHT YUKy

x+2y+54+ABx+y41)=0, 1. e. (14+30)x+-2+2)y+(G-+21)=0.

Yraosoit Koapouument npamoil nyuka pased—(14+3X1)/(2--A); Tak Kak yraosoit
Kosdduunent npsmoit AC paBeH—1, TO YIVIOBOH KOS(OMHILHEHT HCKOMOH BBICOTHI pa-
BeH | M AAA onpejiesieHus A mosyuaem ypaBHeHue—(1-+33)/(2--A)=1. Ortcrona
14-3A42-+A=0, 1. e. A=--3/4. Tloncrasus HaiifleHHOe 3HaYeHHE A B -ypaBHeHHe
nyyKa, NOJYYHM HCKOMOE YpaBHEHHE BHICOTHI:

(1—%)x—{—(2—%)y+(5—%):0, T. e 5x—5y—17=0. A

99. IIaHbI/B\epmHHbI Tpeyrosisiuka ABC: A (0; 2), B(7; 3) u C (1; 6).
Onpegennts BAC =a.

100. Jlase!l CTOpPOHBI TpeyrolbHHKa: x+y—6=0, 3x—5y+14=0
u 5x—3y—14=0. CocTaBuTh YpaBHEHHS €ro BLICOT.

101. CoctaButh ypaBHEHHsI OHCCEKTPHC YIJIOB MEXKAY NPAMBIMH
3x-+4y—20=0 un 8x+6y—5=0.

102. Manb Bepmnbl Tpeyroabhuka: A (0; 0), B(—1; —3) u C (—5;
—1). CocraBuTh ypaBHEHHS TIPAMBEIX, NPOXOASIIHX UEpPe3 BEepIUMHEL
TPEYTONbHHKA H NapaJielbHbIX €r0 CTOPOHaM.
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103. CocTaBuTh ypaBHEHHA NpSMBIX, NPOXONAMINX Yepe3 TOUKY
M(2;7) n obpasywomux ¢ npsmoit AB, rze A (—1; 7) u B(8; —2),
yraml 45°, : :

104. Onpenennts paccTosiHue ot Toukn M (2, —1) mo npsamoit, or-
CeKalolleH Ha OCAX KOOPIMHAT OTPesKH a=8, b= 6.

105. B Tpeyrosbnuke ¢ Bepumnzamu A (3/2; 1), B(1;5/3), C(3;3)
HafiTH JLJHHY BBICOTHI, NMpPOBeIEHHOH H3 BepuinHbl C.

106. Tlpu kakom sHaueHun m npsivble 7x—2y—5=0, x-|- Ty—8 =
=0 u my-+-my—8=0 nepecekaorcsi B OHOH TOuKa?

107. laubl cepennHsl CTOPOH TpeyrompHuka: A, (—I; —1), B,(1;9)
u.C; (9 1). CocraBath ypaBHEHUS CepeIHHHBIX NEePHedAUKYIAPOB K
CTOPOHAaM TpPEeYroJbHHKA.

108. Haiitu ocTpsiit yrosa, o6pa3oBaHHbI ¢ OCbio OpAHHAT NPAMOH,
npoxoasme#t yepes toukn A (2; V'3) u B (3; 2V'3).

109. Touku A (1;2) u C(3; 6) ABAKOTCA NPOTHBOMONOKHHIMH Bep-
WHHamu KBazpara. OnpenesuTs KOOpAHHATHL ABYX APYrHX BEpIIHH
KBajpara.

110. Ha ocu aGenuce Haiitn TouKy, paccrosiHue KOTOPOii OT MpsIMO#
8x+ 15y +10==0 pasuo 1.

111. Jansl Bepunner Tpeyroashuka: A (1; 1), B (4; 5) u C (13; —4).
CocTaBuTh ypaBHEHHS! MeAMaHBI, MPOBEJEHHOH W3 BePLIHHBL B, U B
COTBI, ONYWeHHOH U3 BepiHHbl C. BbUHCIHTD N/IOMWAAL TPEYroJbHUKA.

112. Haiitu npsmble, npuHaniexauue nyuxy 2x+3y+6-FA(x —
—5y—6)=0 u nepneHIUKY/SPHbIE OCHOBHBIM NpsMBIM TTYYKa.

. 113. Haiitu npsiMyio, npoxomsmyio yepes Touky nepeceyeHusi nps-
MBIX X 6y+5=0, 3x—2y+ 1 u uepes touky M (—4/5; 1).

114. Hafith npamyio, npoxoasiiyn yepes Touky nepeceyeHus nps-
MBIX X+ 2y+3=0, 2x+43y+4=0 n napasiensuyio npamoit  5x -
-+ 8y=0.

115. Haittn npsimyio, npoxoasmyio uepe3 TOUKY MepeceyeHus mnpsi-
MBIX 3x—y—1=0, x+3y+ 1=0 u napamenpHyo ocH aGCIuce.

116. Hafitu npsmyio, npoxopsulyio uepes TOUKy nepeceyeHus nps-
MBIX 5%+ 3y+10=0, x+y—15=0 u uepe3 HayasJo KOOpPJHHAT.

117. Haiitu npsmyio, npoXomsuyio uepes TOYKY MepeceyeHnsl nps-
MBIX X+2y+1=0, 2x+y+2=0 u obpasywomyio yroa 135° ¢ ocbio
abcnucc.

118. CocTaBuTb ypaBHeHHS MNPAMEIX, NPOXONSILMX Uepe3 TOUKY
M (a; b) n obpasywomux ¢ npsmolt x+y-c=0 yron 45°

119. [anpt cToponsl TpeyromsHuka: x—y=0 (AB), x+y—2=0
(BC), y=0 (AC). CoctaButh ypapHeHUS MeHAaHBI, NPOXOXALIEH gepes
BEPUIMHY B, W BbICOTHI, NPOXOAAILeil yepe3 BepuHy A.

120. Tlokasatb, 4To TpeyroipHHK O cropoHamu x4y} 3+1=0,
xV3+y+1=0nu x—y—10=0 paBuoGexpeunslit. Hafitu yroan npu
€0 BepILHHE.

121, Jdasul nocjenobaresibHbBIE BepLIMHb napaJiesnorpamma: 4 (0; 0),
B(1;3), C(7; 1). Haiitn yron mexny ero AuaroHalsiMH H [0Ka3aTb,
UTO 3TOT MNapasleiorpaMM SiBJSETCS NPAMOYTOJbHHKOM.

122. Jlanbt croponsl Tpeyrosbiuka: x—y+2="0 (AB), x=2 (BC),
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x+y—2=0 (AC). CocTaBuTh ypaBHeHHe IPsMOl, NPOXOAsiliel uyepes
pepunHy B u uepe3 Touky Ha ctopone AC, pensmyrno ee (cyuTas OT
pepuinnsl A) B oTHoweHuu 1:3.

123. Tokasatb, uTo TpeyroabHuk c Bepumuamu A (1; 1), B(2; 1+

+ V'3), C(3; 1) paBHOCTOPOHHHU{l, H BHIYHCIAHTB €TO ILIOMIANb.

124. Tloka3aTb, 4TO TPEYroJbHHK, CTOPOHBI KOTOPOrO 3ajaHbl ypa-
BHEHUSAMH C LEeJAbIMH KO3DhHUIMEHTaMH, He MOXKeT ObITb PaBHOCTOPOHHHUM.

125. lana pepimuuHa TpeyronbHuka A (3; 9) M ypaBHeHHsS] MeJuaH:
y—6=0 u 3x—4y-+9=0. Haiitu KoopauHaTsl ABYX APYrHX BEpPLIHH.

126. CocTaBHTb ypaBHEHUE THIOTEHY3bl NPSMOYTOJLHOIO TPEYroJb-
HHKa, TIPOXOopsiiell yepe3 Touky M (2; 3), ecau KaTeTbl TpeyrolbHHKa
pacroJyiokeHbl Ha OCAX KOOpAMHAT, a IJIOWagb TPeyrollbHHKa papHa
12 xs. en.

127. CoctaBHTb ypaBHEHHS TpeX CTOPOH KBajpara, €C/d H3BECTHO,
YTO YeTBEpPTOH CTOPOHOi SBJSieTCA OTPe3oK mnpamod 4x4-3y—12=0,
KOHIIBI KOTOPOrO JieKaT Ha OCsIX KOOPAHHAT. ‘

§ 3. KPUBBIE BTOPOI'O NMOPAIKA

1. Oxpyxuocts. OKpYyoHOCHMb —3TO MHONKECTBO TOUEK MJIOCKOCTH, PaBHOYRaJeH-
HBIX OT NaHHOW Touku (uextpa). Ecan r—paauyc okpymxHocTH, a Touka C (a; b) —
€e LEHTP, TO YPaBHEHHE OKPYXKHOCTH HMEeT BHJ

(x—a)?+(y—b)*=r= M

B 4acTHOCTH, €CJH WEHTP OKPYMHOCTH COBINAJaeT C HayajJoM KOODAHHAT, TO IOC/ex-
Hee ypaBHEHHE NMpPUMET BHJ

X2y =12,

Ecnu B sieBoH yactu ypasHeHust (1) pacKpbITh CKOOKH, TO NOJNYUHTCS ypPaBHEHHE
BHJA

24y lx-my+4-n=0, @

rue | =—2a, m=—2b, n=a%4-b2—r2,
B ofuleM cayuae ypaBHeHHe (2) ompelensieT OKPYKHOCTb, ecau [2--m?—4n > 0.
Ecsu (2} m2-—4n =0, To yKa3aHHOEe ypaBHEHHE ONpeleasieT Toyky (—I[/2; —m/2),
a ecnu 12--m%2—4n < 0, T0 0HO He HMeeT reOMeTPHUYECcKOro cmbicja. B atom ciyuae
TOBOPAT, YTO ypaBHEHHE ONpeleNsieT MHHMYIO OKPYYKHOCTb.
[Tosne3uo MOMHHThL, YTO YpaBHEHHE OKPYXKHOCTH COAEPIKHT CTapiuue 4JeHsl x2 H
y? ¢ paBHbIMH KO3DdHIMEHTAMH U B HEM OTCYTCTBYeT 4JEH C NpPOH3BEJEHHEM X Ha Y.
B3aumuoe pacnosoxenue Toukd M (xy; y;) u okpyxuocty x%2-|-y%2=r? onpene-
JISIeTCS TAKHMH YCJOBHSIMH: €CH Xi-f-y3=r2, To TouKa M JeXHT Ha OKpYMKHOCTH;

2 2
eca xi--yi > 1%, To Touka M JeXKHT BHE OKDYMKHOCTH, M eclH X -y < r?, To
Touka M JICKHT BHYTPH OKPYMKHOCTH.

128. Haiitu KoopauHaTHl LEHTpPA H PajHyC OKPYKHOCTH 2x* - 2y* —
—8x+5y—4=0.

/\ Pasgenns ypaBHeHne Ha 2 ¥ CTPYNIHPOBAB YJEHLl VDaBHEHHS, MNOAYUHM
x¥?—4x-+-y24-(5/2) y =2. JonosHum BblpaxeHus x2—4x u y*—4(5/2) y 1O MHONHBIX

KBajpaToB, NPUGABHB K MepBOMY AByd4JaeHY 4 H Ko BTopoMy (5/4)? (0AHOBpEMEHHO K
npaBod uacTd NpHOABASETCS CYMMa 3THX 4HCeJ):

(e —ts+4+ (s +3 o+ ) =24+
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HIn

5\2_ 121
—2)2 +— ) ="
=32 (-‘/ T > 16
Takum 06pasom, KOODIHHATH LeHTPa OKPYKHOCTH a=2, b=-—b/4, a paanyc OKpyx-

HOCTH r==11/4. A

129. CocTaBUTL ypaBHEHHE OKDYMKHOCTH, ONHCAHHOH OKOJO Tpe-
YTOJIbHHKA, CTOPOHEI KOTOPOTO 3ajaHbl ypaBHeHHsIMH 9x—2y—41 =0,
Tx+4y-+7=0, x—3y+1=0.

A\ HalizeM KOOpAHHATH BEPIUHH TPeYTOJbHHKa, DELIHB COBMECTHO TPH CHCTEMbL
YPaBHeHHil:

9x—2y—41=0, [ 9x—2y—41=0, Tx4-4y--7=0,
Tx+4y-4- 7=0; x—3y-+ 1=0; x—3y4-1=0.
B pesyavrate nonyunw 4 (3; —7), B(5; 2), C (—1; 0).
ITycTe HcKOMOE ypaBHEHHE OKDYIKHOCTH HMEET BUJ (x—a)2-+(y—b)2=r2 asa
HaXOXKJICHHA @, b U r HamuweMm TPH PABEHCTBA, INOJACTABHB B HCKOMO® ypaBHeHue
BMECTO TEKYWIMX KOOPIMHAT KoopAuHATH Touek A, B u C:

Bt (—T—0P=r% (=) +@—b)2=r% (—1—a)?fbi=r".
Hcxmouas r%, mpuxoaum k cucreme ypaBHenwmit
(B—a)2 - (—T —b)2 = (5—a) L (2—1b)?, ny J da--186=—29,
(B—a)2 - (—7—b)2 = (—1—a)2 -2, 8a— 145 =57.
Orcriona @=3,1, b=—2,3. 3nauenne r? HAXOANM U3 ypasHeHHst (—1—a)2-b2=r2,
T. €. r2=22,1. HUraK, HCKOMOe ypaBHeHHe 3allHCLBAETCA B BH/E (x—3,1)2+ (y-+2,3)2=
=221. A
130. CocTaButh ypaBHeHHe OKPYIKHOCTH, NpoXoAfAliell 4epe3 TOUKH
A (5; 0) u B (1; 4), ecanr ee LUEHTP JIEXKHT Ha npaMoii x--y—3=0.
/\ Haiigem koopaunatn Touku M —cepenunnt xopast AB; umeem x ;= (5--1)/2=3,

Um=4-+-0)/2=2, T. e. M (3; 2). LleHTp OKpYKHOCTH JeXKHT Ha CEePeUHHOM Iep-
NeHAHKYJIsApe K oTpesky AB. YpasHenne npsaMoit AB umeer BHA
(y—0)/(4—0)=(x—5)/(1—5), T. e. x|} y—>5=0.

Tax xak yrioBoli KoaddUIHEHT 3TOH npsmoil ectb —1, TO yrioBoil KO3(OUI HEHT
T2PIEHANKYAApa K Hell paBeH 1, a ypapHeHHe 3TOTO NepHEHAHKYAApA y— 2= 1%
X(x—3), 1. e. x—y—1=0.

OueBnaHO, YTO LeHTP OKPYkKHOCTH C €CTh TOUKA IlepeceueHHst npsamoit AB ¢ yka-
SAHHLIM NEPIEHAHKYAPOM, T. €. KOOPAHHATHI UEHTPA ONPEAEsIOTCH NYTeM pEeILEHHS
CHCTeMB! ypaBHeHUH x--y—5=0, x—y—1=0. CiegoBarennno, x=2, y=1, T. e
C(2; 1). Panuyc oKpy:KHOCTH paBeH AJHHe orpeska CA,T.e. r:V(5—~2)2—l-(1—0)2=
= ¥ 10. Hrak, uckomoe ypaBHeHHe HMeeT BHA (x—2)2-f(y—1)2=10. 4

131. CoctaBuTh ypaBHeHHE XODAB OKPY:KHOCTH X2+ y*=49, pens-
medca B Touke A (1; 2) monosawm.

A\ CocTaBHM ypaBHEHME JHAMETPa OKPYKHOCTH, npoxojsiuiero uepe3 Touky A (1; 2).
OT10 ypaeHenHe mmeeT Bui y=2r. Mcxomas xopaa NepNeHAUKyAsipHa JHAMETPY H
IDOXOLHT uepes TOUKY A, T. e. ee ypasHeHne y—2=(—1/2) (x—1), uiu X422y —

A

132. Hafitn ypaBHeHHe OKpYKHOCTH, CHMMETDHYHOH € OKpYX-
HOCTBIO X*+ y* = 2x 4 4y—4 OTHOCHTEJBHO NPAMOH X—y—3=0.

A Tlpusesem ypaBHeHHe AaHHON OKDYKHOCTH K KaHOHHYeCKOMY BHIY (x—1)2 J-
+ (y—2)*=1; UeHTP OKPYXKHOCTH HAXOZUTCA B TOUKE C(l; 2) n ee papuyc pasen I,
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Hafinem xoopaunatst nentpa Cy (X1} Y1) CUMMETPHYHOR OKPYIKHOCTH, LAl HEro uepes
touky C (l; 2) npoBejieM NpsIMYIO, epHeH UK YAAPHYIO MPIMOi x—y—3==0; ee ypaBHe-
e y—2==~k(x—1), rae k=—I1/1=—1, oTkyla y—2=—x— 1, wm x+y—3=0.

Pemas cobmectio ypasnenus x--y—3=0 n x-4-y—3=0, monyuum x=3, y=0,
T. €. npoekuust Touku C (1; 2) Ha namHylo npsmyio—Ttouka P (3; 0). Koopaunatl xe
CHMMETPHUHOIl TOYKH TONYYHM MO (OPMYJIaM KOOPAMHAT CeDeIMHBI OTpeska: 3=
= (14 x1)/2, 0=(2--y1)/2; Takum o6pa3om, x,="5, yy==—2. 3HAUNT, TOUKA Cy (55 —2)—
HEHTp CHMMETPHYHOH OKPYZKHOCTH, a ypPaBHeHHE 3TOH OKPYMKHOCTH HMET BHI (x—5%)+

+u+22=1- A

133. HaiiTiH MHOKeCTBO CepeJnH XOpj OKpPYKHOCTH x°+4y*=4 (y+1),
IpOBeeHHbIX Yepe3 HayaJo KOOpAHHAT.

/\ YpaBHeHHe MHOMKECTBA XOpJ HMeeT BHJ y=FKx. BbipasuM KOODAMHATH! TOUKH
IepeceqeHHs XOPA C OKPYJKHOCTBIO depe3 %, JUIA HETo DeIIHM CHCTeMY YPaBHEHHIt
y=kx 1 x2+y?—4y—4 =0, [oayunm kBajpaTHoe ypasuenue x2 (k24 1) —4kx—4=0.
3nech x;-+xy=4k/(14£?). Ho noaycymma sTux abciuuce gaer abCUUCCY CepelHHBI
XOpaBl, T. e. x=2k/(1--k?), a opauHata cepeimubl Xopiel y=2k%/(1--k?). Ilo-
ClefiHHe JIBa PAaBEHCTBA SBJSIOTCS IapaMeTpPHYeCKHMH  YpaBHEHHAMH  HCKOMOrO
MHOKEeCTBa TOYeK.

VICK/IouUB H3 5THX PABEHCTB k (IUIST 4eTo AOCTATOYHO B COOTHOMWEHHH X=2k/(14-k%)
NONOXKHUTh B =y/x), noayuum x2--y?—2y=0. Taxum 06pa3oM, HCKOMBIM MHOXKECTBOM
TaKXKe ABJISETCS OKPYMKHOCTH., M\

134. Onpeneants KOOPAMHATHL NEHTPOB M PaAMyChl OKPYIKHOCTE:
) x*4y2—8x+6y=0; 2) x*-+y*+410x—4y+29=0; 3) x*+y* —
—A4x-+14y+ 54 =0.

135. Haiitu yrom Mexny paauycaMd OKDPYXKHOCTH X*--y®--4x —
— 6y =0, npoBeNeHHBHIMH B TOYKH ee nepecedeHus ¢ ocbio Oy.

136. CocTaBuTh ypaBHEHHE OKPYKHOCTH, NPOXOJAMIEH 4epe3 TOUKH
A(l; 2), B(O; —1)yu C(—3; 0).

137. CocraBHTh ypaBHEHHE OKPYKHOCTH, NPOXOAsILEil yepe3 TOUKH
A(7; T) u B (—2; 4), ecn ee UeHTp JeXKHUT Ha mpamoit 2x—y—2=0.

138. CocraBuTh ypaBHeHHe ofuie#d Xop-

AB OKpYKHOCTEH x*4-4?=16 u (x—5)*+ y

+y*=9.
139. CocrtaButh ypaBHEHHs KacaTeabHBIX d

K OKpYXHOCTH (x—3)*+ (y -+ 2): =25, npo- ﬁm

BEJICHHLIX B TOYKAX TMepeceueHust OKpyK- ,

HOCTH ¢ npamoit x —y -2 =0. Fr 0 F z
140. dana oxpyxHOCTb X*-y*=4. U3

Toukn A (—2; 0) nposezena xopna AB,

KOTOpasl MPOOo/KeHa Ha paccTosinue | BM |=
=| AB|. Haittu muoxectBo touex M. Prc. 10

2. Qmumnc. Saauncom Ha3wBaeTCs MHOXKECTBO TOUeK TJIOCKOCTH, CYMMa pPaccros-
HHUI KOTOPBIX JIO ABYX JIaHHBIX TOUEK, HA3BIBAEMBIX (PoKycami, €CTb BEJTHYHHA IOCTOSIH-
Has (ee 0003HAyalOT Yepe3 2a), MpHYEM 3Ta NOCTOSHHAS OOJbLIE PACCTOAHUS MEKAY
oxycamu.

Ecnn ocH KOOpAMHAT PacloIONEHB! MO OTHOWEHHIO K SJLIHICY TaK, Kak Ha puc. 10,
a dokycsl satHACa HaXoAsTcss Ha ocH Ox Ha PaBHBIX PAaCCTOAHHAX OT Hadaja Koop-

InHar B Toukax Fy(c; 0) u Fy(—e¢; 0), 10 mondyuurcs npocmetiuiee (KQHOHU4ECKOE)
YpasHerue aaunca:

atE=1 )
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3aech a—6oablast, b—mManas NOJAYoCk JJINNCA, TpHYeM @, b H ¢ (c—mnonoBuHa
paccToAHUA MexAY (OKycamu) CBSA3aHbl COOTHOLIEHHeM a2 = H2-I-c2,

dopma saunca (Mepa €ro CKaTHs) XapaKTEPU3YCTCS ero IKCYEHMPUCUMENOM
e=c/a (TaK KaK ¢ < @, 10 ¢ < 1).

PaccrostRust HeKoTOpolt TOUKH 3/uunca M OT ero (oKyCOB HaBHBAIOTCSH (HOKAAL-
Hoimil padiycanuy-eexmopami 31ofi ToukH. VX oOBuHO 0603HAYAIT £{ H 1y (8 cuay
ompele/ieHNs SJJIHICA s JI000i €ro TOUYKH ry-Fry = 2a).

B uacthom cayuae, koraa a="> (¢=0, e=0, ¢oKyCh CAMBAIOTCT B OAHOH TOU-
Ke-—IeHTpe), 3JJANC [pPeBpamaeTca B OKPYKHOCTb (C ypaBHeHHeM x%-F y%=a?).

Bsaumnoe pacnosoxenne toukn M (xy; y;) H SJJIHOCA x3ja* - y?/b? =1 onpene-

JSI€TCS YCIOBHSAMH: €CJIH xf/az—{—yf/lﬁz 1, To Touka M JIeXUT Ha 3JJUNCE; eCTIH

x1/at--y3/b% > 1, 10 Touka M JexuHT BHe anamnca; ecan xj/a*-Fyi/b% < 1, 10
TOUKa M JeXHT BHYTPH 3JIMICA.

Doxanbuble pa/iMyChl-BeKTOPbl BHIPAXKAIOTCS yepes abeluccy TOYKH 3JJHNCA N0
QopMyJIaM ry=a—ex (upaBblil (GOKaALHBIE PajHyC-BEKTOP) H ro=a-ex (neBblit o~
KaJsbHbI pajyc-BEKTOP).

141. Cocrasutp KaHOHMYECKOE YpaBHEHUE 3/JIHICA, IPOXOASALIEro
yepe3 Touku M (5/2; l/6/4) u N (—2; 1/15/5).

A Tlyers x%/a® - y?/b® = —uCKOMOE ypaBHeHHE JJTHNCA. DTOMY YpABHEHHIO
JIO/IXKHBL YJOBJIETBOPATL KOOPAMHATH JAHHLIX Touek. ClefoBaTeabHO,

25 3 4 3
g = gtgE=l

Ortciona naxonum a*=10, b*=1. Hrak, ypasHenne sanumca umeer Buj x2/10 -}-

+oi=1. A

142. Ha sanunce x%/254-4%/9=1 naiitu TOuKy, pasHocTb (HOKa/b-
HBIX PaJMyCOB-BEKTOPOB KOTODOH paBHa 6,4.

143. Haiitu namny mnepneHIMKyJsipa, BOCCTaBJeHHOTro M3 (okyca
sanunca x2/a*+4-y2/b*=1 K GoJplWOH ocH 1O nepeceuyeHusl ¢ JJIMIICOM.

144. CocTaBuThb ypaBHeHHe NPAMOIl, IPOXOARIIEH Yepes JeBbi (oKyC
W HUXKHIOIO BePIIMHY 3jaunca x%/25-4-y2/16 =1,

145. Danunc, otHeceHHB K OCsAM, MPOXOAHT depe3 Touky M (1; 1)
U MMeeT 3KCueHTpucurter e=3/5. CocTaBUTb ypaBHEHHE 3JJHIICA.

146. Kak pacnosioxeHBl OTHOCHTENBHHO 3Jasunca  x2/50 4 y2/32 =1
troukn M (7; 1), N (—5; —4), P (4; 5)?

147. Haiitu 3KCHeHTPHCHTET 3JUIHINCA, eciu (GOKaJbHHI OTPe3oK
BHJEH M3 BepXHell BepIUHHBLI MOJ YIJIOM .

148. Ha npsamoit x-+5=0 Haiitu TOUKy, OAMHAKOBO YHAJEHHYIO
OT JIeBOTO (pOKyca M BepXHeH BepuIMHBI saiunca x2/204-y%/4=1.

149. Tlosb3ysch OnpejesieHHEM 3JJIHIICA, COCTABUTb €rO ypaBHEHHe,
ecau u3pecTHO, uto Touyku F, (0; 0) u F,(1; 1) saBasiorcs ¢oxrycamu
9JUIMnCa, a AJduHa GoJbLIOH ocH paBHa 2.

150. CocTaButh ypaBHEHHE MHOMKECTBA TOYEK, PAcCCTOSIHHA KOTOPBIX
or touku A (0; 1) B gBa pasa MeHblue pacCTOsHUSA A0 MPsSMOH y—4=0.

151. Konunl orpeska AB mNOCTOSHHON AJMMHBI @ CKOJB3AT MO CTO-
poHam npamoro yraa. Hafith ypaBHeHHe KpuBO#H, OnMceIBaeMOH TOY-
Koit M, gnensiueil 5TOT OTPE30K B OTHOWIeHMH I: 2.

3. T'unep6ona. I'unep600ii Ha3LIBAaETC MHOMKECTBO TOUEK MJIOCKOCTH, a6COMOTHA S
BEJAHYHHA Pa3HOCTH paccmmmp"l KOTOpBIX AO JABYX JAHHbIX TOY€K, HAa3blBA€MLBIX (170-
Kycamu, €CTb BEJHUMHA NOCTOAHHag (ee 0003HAYAIOT yepe3 2a), mpHYEM 3Ta NOCTOSH-
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Hast MeHbIIe pacCTOsHHS. MeXay dokycamu. Ecmu moMeCTHTH GoKyCHl  THMIEPOOJHI
B Toukax Fy(c; 0) u Fy(—c; 0), TO NOMYUHTCH KAHORWHECKOE Y pasHerie eunep6o.abt
] 2
X
a b

rie b2=c%—a?. Tunep6ona COCTOMT M3 NBYX BeTBell M DAaClOJIOXeHd CHMMETPHUHO
oTHOCHTeIbHO ocell koopiunaT. Toukn Aj (a; 0) 1 Ay (—a; 0) maswiBawTCs eepuil-
namu tanepGosel. OTpesok A, A, rakoit, uto | A{ds | =2a, na3piBaeTcs Jedicmsumens-
HO ocbio THIepGOJbl, a OTPe3oK ByBj TaKOM, 410 | BBy | = 2b,— muumod oct1o (puc. 11).

[lpsiMasi HA3LIBAETCH aCUMNMOMOL THIEePGOJILI, eC/IH PacCTOsIHHE TOUKHU M (x; v)
rHnepGo/Isl OT 3TOH TPSAMOH CTPEMHTCA K HYJIO NpH X —-}-00 uan x —-—oo. Lunep-
6oJia MMeeT [BE€ ACHMIITOTHI, YPaBHEHHS
KoTopbix y ==+ (b/a) x. Y

JIAsi TIOCTPORHUS ACHMIITOT THNEPGObI
CTPOST OCeBOH NPAMOYTONBHHMK THIIEPGOJIHI
co <CTOpoHam# x=a, X=-—a, Yy=b,
y=—2>=. [Tlpamble, MpoxojsuiHe uepes
TIPOTHBOINOJIOKHbBIE BEPILHHB 3TOFO MPAMO-
YroNbHUKE, SIBJIAITCA  dCHMITOTAMH  TH-
nepGoasl. Ha puc. 11 yKasaHO B3aMMHOE F
pacnoJioxenne runepGosibl ¥ ee aCHMNTOT.
OtHowenne e==c/a > 1 HA3bIBACTCHA JKCYLH-
mpucumemom THIEPOONLI.

®oKasNbHBIE PANHYCHI-BEKTOPB TPABOH
BETBU THTepOObI: rq=ex—a (npaBbiil ¢o- Puc. 11
KaJbHBI PafiMyC-BeKTOp), rp==ex—a (Jae- '
Bbiil hoKaNbLHBEIH pajuyc-BEKTOP).

doKanbHbIE PaiHYChI-BEKTOPBI JIEBOH BETBH runepGosts: 7y =— ex-+a (npapbiit
¢okaabHBIl PalHYC-BEKTOD), ro=-—ex—a (/1eBbIil (oKaNbHBIH PagHyC-BEKTOP).

Ecau a=>b, T0 ypaBHeHHe Tunep0O/Ibi NPHHUMAET BUA

Xt —y? =al.
Tagas runepGona HasbiBaeTcst pasHofourod. Ee acuMnToTbl o6pa3yioT TNpsMOl Yrol.
Eca 33 OCH KOODAHHAT TIPHHATH aCHMITOTH PaBHOCOUHOM runepboJsl, TO ee ypas-
HeHHe TpUMET BHA xy==m (m= % a%/2; Tpu m > 0 runepboaa pacrosoxena B 1
w 111 uerBeprsix, npu m < 0—po 11 n IV yeTBepTsX). Tak Kak ypaBHEHHE X4 =M
MOJMIO TIepeucaTh B BHAE §==im/X, TO paBHOCOUHAS runepGosia siBaseTcs TpaduKoOM
0GpaTHOI NMPOMOPIHOHANLHON 3ABHCHMOCTH MEXKAY BENHUHHAMH X M Y.

YpaBHEHHE

X2y U SR

TaKKe SIBJASETCS ypamHeHHeM FumepSosibl, HO NIeiiCTBHTEABHOM OCbI0 3TOH THIEPHOJILL
cayxur otpesok ock Oy pmuub 2b.

Ilge rumepboan x%/a?—y*/b®=1 u x2/a? —y?/b2=—1 HMEIOT OAHH ¥ Te Xe
NONYOCH W OJiHM M T€ K€ ACHMITOTBI, HO neficTBUTe/IbHAS OChb OJHOH CJIYXKHT MHHU-
Moii oceio Apyrofi, u naoGopor. Takue ase runep6oJibl HA3LIBAIOT CONPANCHHbIMU.

152. Ha npaBoii BerB# runepbosl x2/16 —y?/9 =1 HaliTH. TOUKY,
paccTOsiHHe KOTOPOil OT npaBoro (okyca B Ba pasa MeHbIIe ee pac-
CTOSIHHSI OT JIeBOro (oKyca.

A s npasoii ered THmepGOJbl QOKAMbHEIC PAJMYCLI-BEKTOPB ONPEACIAIOTCA
no GopMyam 7y =ex—a H rp=-ex~}-a. CIej0BaTeNbHO, HMEEM ypaBHEHHE ex--a =
= 2(ex—a), oTKyma x—=3afe; 3jecp a=4, e=cla=V aif btla=V 16+ 94 =
=5/4, . e. x=9,6.

OpiuHATy HaXOJMM K3 ypaBHEHHS rurnepGobL:

Sy 2 Y (B e iy
y—;[:—/f]/x—lﬁ—;tz <5>—16_i—5-1_f119,




Takum odpasoM,_ycnonmo 33Jlaul YAOBJETBOPSIIOT JBEe TOUKH: My (9,6; 0,67 119)
u M, (9,6; —0,6 V' 119). A
153. Hanst Toukn A (—1; 0) u B (2; 0). Touka M gBuReTcs Tax,

ut0 B TpeyroibHuke AMB yron B ocrtaetcs BaBoe GoJblie yraa A .
Haiitu ypasnenne xpupoii, kotopyio onuwer touxka M.

/A BssB Touky M c KoopIuHaTaMH X H y, BHIpasuM ig B u tgﬁ yepe3 KOOpAHu«
HaTbl Touek A, B u M:

% Yy y %
= — ; =
5 x—27 2—x° g4 X

Y
1°*

-~

CoracHo ycJI0BHIO, TONyYaey ypaBHenne tg B=tg 24, 1. e, tg B=otg ﬁ/(l—’tgz/l).
IToacTaBuB B 3TO PAaBEHCTBO HaiijieHHBIE AJIs tgB u tg 4 BBIDaXKEHUS, IPHXOAUM
K YPaBHEHHIO

v 2/t
2—x  1—y¥(1+x?
mocae cokpamenust va y (y # 0) u ynpomenus mnoayuaem x2—y2/3=1. Hckomas
Kpupast —rumnep6oJa.

154. Ixcuentpucnrer runepboan pasen ) 2. Cocraputs npocrefiiee
ypaBHenue runepGouisl, npoxoxsmeit yepes touxy M () 3; V2.

/\ Cornacno onpejiesleHHI0 SKCUEHTPHCHTETA; HMeeM cla=V 2, nm =22,
Ho c?=a% b%; caenoBate.bho, a*--b2=2a2, wan a®>=152, 1. e. runep€osa paBHO«
Gounad.

Jlpyroe paBeHCTBO MOJYYHM H3 YCAOBHSI HAXOXKIEHHS TOukH M mHa runepéose,
T e. (V 3)2/a2—(V 2)2/b2 =1, uan 3/a®—2/b*=1. TlockombKy a2= b2, MOy YHM
3/a2—2/a2=1, 1. e. a2=1.

Taxnm o6pasoM, ypaBHeHHe HCKOMOIL TUnep6osEl uMeer BHA x2—y2=1. A

155. CocTaBuTh ypaBHeHHe rHnepGosbl, NpoXoAsieli uepes TOUKY
M(9; 8), ecam acumMntOTHl THNEpGOJH  HMEIOT YpaBHeHHA Y=
= 42V 2/3) x.

156. Haiitn ypaBHeHue runepGoasr, BepHIMHBI M (POKYCH KOTOPOi
HaXOAsATCS B COOTBETCTBYIOUINX (JOKycaX M BepLIMHAX JJIHIca x%/8 -+
+y5=1.

157. Yepes touky M (0; —I1) u npasymwo BEePIIMHY THIepGOLL
3x*—4y* =12 nposenena npsamas. Haiitu BTOPYIO TOYKY MepeceueHust
OpsAMOH ¢ THNepGOoJIOH.

158. lana runep6osna x*—y2=38. Haiitn COQOKYCHBIH 3JHIIC, MPO-
Xonsiuia_yepe3 touky M (4; 6).

159. [lan smmune 9x% -+ 25y = 1. Hanucats ypaBHeHHe CO(OKYCHOMH
PaBHOGOYHOH rHNepGOIbL.

160. Yrosm Mexay acHMITOTaMu runep6oJsl paBeH 60°. Boluncauts
3KCIEHTPHCHTET T'HNEPOOJIL.

161. Ha neBoit Bereu runepbosl  x2/64 — 12/36 =1 wmaiitH TOYKY,
NpaBbli GOKAIBHEIA PajHyC-BEKTOP KOTOPOi papeH 18.

162. CocraButh ypaBHeHHe runepboJIBl, ecau ee SKCUEHTPUCHTET
paBeH 2 M (OKYyCHl COBHajalor ¢ Qokycamn siannca x%/25 +y2/9=1.
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163. Haiitn doKanbHble paayych-BEeKTOPH THIIEPOOIB! x2/16—y*/9=
— 1 B TOYKAX MepeceueHHs ee C OKPYXKHOCTBIO X*+4 y* =91

164. JlokasaTb, YTO [JIHHA MEPNEHAUKYJ/spa, ONYIIEHHOTO U3 ¢o-
Kyca Ha OJIHy W3 aCHMOTOT rHnepboJibl, paBHa MHHMOH TMOJYOCH.

165. JlokasaTb, YTO NPOH3BENEHHE paCCTOAHMIT OT JI000H TOYKH
runepbosibl x2—y?=1 10 ee acUMNTOT €CTb Be/IMUMHA MOCTOAHHAI.

166. Haiitu ypaBHeHHE MHOXKECTBA TOYEK, PABHOOTCTOAMMX OT
oxpyxHoCcTH x*--4x+y2=0 u or Toukn M (2; 0).

4. MapaGona. [TapaGoroii HAa3LIBAETCS MHOXKECTBO TOYEK IJIOCKOCTH, PAaBHOYNAJCH-
HBX OT JAHHOH TOYKH, HAa3GLIBACMOM (hoKycom, W NAHHOM npsMoii, HasbiBaeMol Jupexm-
pucoti. Ecam JupexTpucod mnapafoJssl sBJIATCS Npsi-
mass x=-—p/2, a ¢okycom —Touka F (p/2;0), To Yy
ypaBHeHHe Napabosbl HMEET BHJ 1

y*=2px. )]
dra napabosa pacnoyiokeHa CHMMETPHYHO —OTHOCH-

teabno ocu abcumce (puc. 12, rae p > 0).
¥ paBHeHHE

IS 8 L Lk’

x2=2py @

ABAAETCA ypaBHeHHeM NapaGoJibl, CHMMETPHUHOMN OTHO-
curenpHo ocu opausar. [lpu p > 0 mapaGosast (1)
(2) o6patieHs! B NMOJOXKHTENbHYIO CTOPOHY COOTBETCTBY-
jouteft ocu, a npH p < 0—B OTPHLATEIBHYIO CTOPO- Puc. 12
Hy

' Jlnuna GOKaNBLHOTO pajmyca-BeKTopa mNapaboisl y2?=2px ompexpenserca mo ¢op-
myqe r=x-+p/2 (p > 0).

167. CocraBuTh ypaBHeHne mnapaGoJbl, CHMMETPHYHOH OTHOCUTENHHO
ocu Ox, ¢ BepIIHHONl B Hauaje KOODAMHAT, €C/]H JJIMHA HEKOTOPOil
XOpABl 3TOH mapabosbi, nepneHAuKy/aspHoit ocu Ox, paBHa 16, a pac-
CTOSiHHE 3TOH XOpAbl OT BEpPIIMHEI paBHO 6.

A Tak Kak H3BecTHH [JHHA XOPABI H paccTOAHHE ee OT BepLINHBI, TO, CJaelo-
BaTe/bHO, H3BECTHHI KOOPAHHATHI KOHLA 3TOH Xopael—Toukn M, aexamell Ha napa-
Gone. Ypasnenne napaGosbl uMeeT BUA y*=2px; monaras B HeM x=06, y==8, Haxo-
num 8%2=2p.6, otkyaa 2p=232/3. Vtak, ypaBHenue nckomoii napaGois y*==32x/3. A

168. CocTaBuTb ypaBHeHHe 1apafo/ibl ¢ BEPIIMHOH B Hayasle KOoop-
JMHAT, [CUMMETPHYHOH OTHOCHTeNbHO oc Oy W oTceKaiouwei Ha Guc-

cexktpuce 1 u 111 KOOpPJMHATHEIX YIJIOB XOpAY AJIHHOH 8y 2.

A Hckomoe ypapuenne napaGoast x2=2py, ypanHeHHe CUCCEKTPHCH §=X. Taxkum
o6pa3oM, ToJyyaem TOUKH IDlepecedeHus Mapabospl ¢ OGHCCEKTPHCOIL: 0(@©; 0y u
M (2p; 2p). Jamna XOpIbl ONpEJeIsieTCSs KaK PacCTOsHME MeKIY ABYMA TOUKAMH:

8V 2 =V 4p*+4p%, otkyna 2p=3. ClenosaTe/bH0, HCKOMOE yPaBHEHHE HMECT BHJ
2=8y. A

169. CocTaBuTh IpoCTeiinee ypaBHeHHe MapaloJbl, €CJIH H3BECTHO,
yto ee QOKYC HAXOAMTCS B TOYKe HepeceueHust mpsamoit 4x—3y—4=0
¢ oceio Ox.

170. Ha mnapaGose y®=8x HalTH TOUKY, PACCTOsSHHE KOTOPOH OT
IHPEKTPUCHL PaBHO 4.
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171. CocraBuTh ypaBHeHHe NapaGoJibl C BEPLIMHOH B Hayaje KOOp-
JUHAT, CUMMETPHYHOH OTHOcHTeJbHO ocH Ox u oTceKaiomwell oT mpsMoil
y=x XOpAy IauHo# 4} 2.

172. IlapaGona y®=2x oTcekaeT OT mNpsIMOI, NPOXOAsiuedl yepes
Haya/lo KOODAMHAT, XOpAYy, AJMHHA Koropoidl paBHa 3/4. CoctaBuTb ypas-
HeHUe 3TOH NpaMoii.

173. CocraBHTh mpocTelimlee ypaBHeHHe napalosibl, ecau [IJIKMHA
XODAbl, NEepIeHIUKYJAPHOH OCH CHMMETPHH U JeJsiedl mnomoJam pac-
CTOsiHHe MexXJy (POKYCOM M BepIIMHOH, paBHa I.

174. Ha napaGose y*=32x HalTH TOYKYy, pacCTOSIHHE KOTOPOH OT
npamoit 4x+ 3y—+ 10=0 pasuo 2.

y y' 1 y l
M ¥ .
!
! 2 »
01 ; I' i ]
L 4
0 z 0 £ £
Puc. 13 Puc. 14

175. CocTaBuTh ypaBHeHHe MapaGOJBl C BEPIIMHON B Hauajse KoOp-
JAUHAT, CHMMETPHYHOH OTHOCHTENBHO OCH OX H NPOXOAfIUEH yepes TOUKY

M (4; 2); onpenesnTb yron o Mexay (POKaJbHBIM PaAHyCOM-BEKTOPOM
3TOH TOUKH H ochio Ox.

§ 4. IPEOBPA30OBAHUE KOOPAUHAT U YNPOWEHHE YPABHEHUHNA
KPUBbLIX BTOPOI'O NOPIAAKA

1. Npeo6pasosanue xoopaunar. Ilpu mepexoie OT cucTeMbl KoopauuaT x Oy K Ho-

Boli cncreme x’Oyy’ (HanmpaBJeHHe Ocell KOOPAHMHAT IpeXHEe, 3a HOBOE HAuaJo KOOp-

ZHHaT npuEATa Touka Oy (@; b); pHc. 13) CBsI3b MEXAY CTAPbIMK M HOBLIMH KOOD-

JIMHATaMH HEKOTOPOH TOYKH M TIJIOCKOCTH ONpefessieTcss CAeAYIOWUMH (HOPMYJIaMu:

x=x'+a, y=y' +b; 1

X' =x—a, y =y—b>b. (2)

C momomeio ¢opmya (1) cTapsle KOOPAHHATHL BHIPAXKAIOTCS YEpe3 HOBBHIE, a C IO-

MOWbI0 (hOpMyJI (2) —HOBbIe yepe3 cTapsie.

Ilpu noBopoTe ocefl KOOPAWHAT HA YToJ o (HAayaJO KOOPAMHAT MpexkHee, NMpHUeM

O OTCUHTHIBAETCSl MPOTHB 4YacOBOH CTPEJKH; DHC. 14) 3aBHCHMOCTb MEXAY CTaphIMH
KOODJAWHATAMH X, § H HOBbIMH X', y’ ompejieJsieTcs C/IeRYIOMHMH (GOpMyJIaMH:

x=x"cosa—y' sina, y=x"sinoty’ cosa; 3)

x'=xcosatysina, y =—xsina4ycosa. 4)

176. Cresan mnapaJ/uie/bHBIA TlepeHOC ocefl KOOpAMHAT, TpHYEM HO-
Boe Hayajo pacnoJoxeHo B Touke Oy (3; —4). M3BecTHH cTapbie koop-
JuHaTel Toukd M (7; 8). Onpenenuth HOBble KOOPAUHATHE 3TOH XK€ TOUKH,

A 3nece a=3, b=—4, x=7, y=_8. [lo dopmyaam (2) Haxogum x’' =7 —3 =4,
y=8—(—4)=12. A
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177. Ha naockoctn xOy nana touka M (4; 3). Cucrema koopamsat
MoBepHYTa BOKPYI HauyaJja KOOPAMHAT TaK, 4TO HOBasi OCb NpOILIA ye-
pes Touky M. Onpefenntb cTapsie KOOPAHHATHL TOYKH A, €ClIH H3BECTHDI
€€ HOBble KOOpAMHATHL X' =05, y =05,

A Tak kak |OM |=V 421 32=5, 10 sina=3/5, coso=4/5; Torxa (bopmy.nt
(3) mpeoGpasoBaHus KOOPAMHAT JUs NAaHHOM 3ajauu OPUMYT BHA X = (4/5) x' — (3/5) ',
y=(3/5) x' -+ (4/5) y’. Tlonaras x’ =y’ =5, Haxoamm x=1, y=7. A

178. CucreMa KOOpAMHAT NOBEpHyTa Ha YroJa o = /6. Onpenenntb
HOBbIE KOOpIUHATHI TOURKH M (I/S ; 3).

A\ Hcnonsays dopmyas (4), moiayuum
x' =13 cos (n/6) -3 sin (71/6) = 3/2--3/2 =3,
y'=—V 3 sin(@/6)+3cos (n/6) = —V 3/2--3V 3/2=V'3. A

179. Hauna touka M (9/2; 11/2). 3a HOBHIE KOOPAHHATHBIE OCH TPH-
Hatel mnpameie 2x—1=0 (ocv 0,4'), 2y—5=0 (ocp O,x"). Haittu
KOOpAHHATHL TOUKH M B HOBOH CHCTeMe KOOpAHHAT.

180. Jlana rtouka M (4 l/5_; 2V§). 3a HOBYIO OCb afCLHCC MpH-
HATa npsmMas y=2x, a 3a HOBYI0O OCb OpAHHAT—IpsiMasi y=—0,5x,
NpHYEM HOBbIE OCH KOOPAMHAT O6PA3yIOT C COOTBETCTBYIOUIMMH CTapHIMH
ocamMu ocTpble yrael. Halitu koopamHathl Toukn M B HOBOI cuCTeMe.

2. MapaGora y = Ax>+4 Bx + C u runepéona y = (kx + 1)/(px + q). ¥ passe-
HHe BHAA

y=Ax*-LBxLC

npeo6pasoBanHeM KOOPJMHAT NIPH MNapa/LeNbHOM MEpeHoce Ocei, T. €. Mo opMyaaM
x=x"4a, y=y' +b (@ u b—xoOpAHHATH HOBOro Hauajia, X’ M y’ —HOBbLE KOOD-
JAMHATHY), 1Tpeo6pasyeTcs K KaHOHHYECKOMY BHAY YypaBHEHHsI mapaboJbl.

IMapabGona, onpesensiemass ypaBHeHneM y==Ax2-}-Bx--C, umeer ocb CHMMETPHH,
napajiesibayo ocn Oy (anajoruuno, ypaeHenue x = Ay?+ By-}-C onpenenser mapa-
60J1y € OCbl0 CHMMeTpHH, MapajnienbHod ocH Ox).

JpoGHo-1uneiinas pyHKUHS

y=(kx--1)/(px-}q)

onpenensieT pasHoGounyw runepboay, ecim kqg—pl #0, p #0; npeobpasoBanuem
KOOpJIMHAT DU NapajsieJbHOM NepeHoce ocell KOOPAHHAT 3TO ypaBHeHHE NpeoGpasy-
eTcsl K KaHOHMYECKOMY BHAY YDaBHEHHS PaBHOGOUHOH TunepboJsl Xxy=m, T. €.
K YPaBHEHHIO PaBHOGOUHOMH I'MIepOOJEI, y KOTOPOH OCH KOOPAHHAT SBJISIOTCS aCHMM-
totami. Ilpn m > O mersm runmepGoanl pacnonoxkens 5 I u III uerseprn, a npu
m < 0—pgo I u IV uersepru.

. 181, [llpueecTn K KaHOHMYECKOMY BHAY ypaBHEHHE NapaGoJILl
y=9x*—6x42.

A\ 3aMenuM x na ¥’ -+a u y na y’' -+ b:

Yy +b=9 (" +a)?—6(x"+4-a)+2,
K
y' =9 16x" (3a—1)4 (922 —6a+2—b).

Hafizem Takue 3naueHHs @ H b, npa KOTOPHIX KOIDOUILHEHT npH x’ U CBOGOAHBIT

yjlen obparsitcss B Hyab: 3a—1=0, 9*—6a-}+2—b=0, 1. e, a=1/3, b=1. Cue-

AOBATE/IBHO, KAHOHHUECKOE ypaBHeHHe mapaGoabl umeeT 3H3 Xx'°=(1/9) y’. Bepunna
napa6oabi Haxogutcss B Toyke Oy (1/3; 1) u p=1/18.
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Hpyroit croco6 pemeHus TaKMX 3ajad 3aKJOuaeTcs B TOM, UTO 3aJaHHOE ypaBs
Henue BuAad y=—=Ax24 Bx-|-C (um x= Ay?- By--C) npusogutces X BaAy (x—a)? =
== 2p (y—0b) [cooreTcTBeRHO (y—b)2=2p (x—a)]. Torna Touka O (a; b) cayKur
BEpPWIMHOK napaloJbl, @ 3HAK IapaMeTpa p OIpEIeNHT, B KaKyl0 CTOPOHY — IOJOXKH-
TeJbHYIO HJH OTpHiaTe/bHylo cooTBercTyioumiell ockt (Oy uan Ox) —ranpasiena mna-
pabosna.

Tak, ypaBHenue y=9x2—0Cx-[-2 npeoGpasyercst CJaeLylOWUM 06pa3oM:

y=9 (xz——-g—x—}——é—)—l—:—.?;

1=9(x—L); x——l—>2——1—( 1)
!/_ - 3 El 3 - 9 Yy .
Orciona cHoRa ToslyyaeM, 4TO BepIUMHA NapaGoJel Haxogutcs B Touke O (1/3; 1),

napavetp p=1/18, a BerBb napaGoJLl HanpaBleHa B NOJOXHTEIbHYIO CTOPOHY
oct Oy. M\

182. Tlpusectu ypaBHenne rumepbonnl y=(4x+5)/(2x—1) K BURY
x'y =k. Hailitu ypaBHenusi acUMOTOT THIepPGOJbI OTHOCHTENBHO TepBo-
HayaJabHOH CHCTEMbl KOOpPAHHAT.

A C nomompio napasicqLHOTO IepeHoca ocefl KOOpAMHAT npeoGpasyeM JaHIoe
ypaBHeHHe K BHAY

(¢ -b) (25" +2a—1) =4x’ +4a-1-5,
H1H

2%y + (@2b—4) x' +(2a—1) y’ =4a--b—2ab-}-5.

Haiizem @ u b u3 ycsuosui 26—4=0 u 2a—1=0, T. e. a=0,5, b=2. Torna
ypaBbHeHHe THIEPGOJIbl B HOBOH CHCTEMe KOODJAMHAT NpHMET BHA x'y’==3,5. Acumnro-
TAMH TUnepOOJIBL CyKaT HOBbIE OCH KOOpJAMHAT, a INOYTOMY HX ypaBHeHHst x’ =0,5,
y =2,

Hpyroit cnoco pemeHus TAKHX 3anad 3aK/IOUAeTCst B TOM, UTO ypaBlieHHe BHIA
4= (kx--1)/(px+q) npeobpasyercs K BHAY (¥—a) (y—0b) =m; ueHTp runepGoJb Ha-
xopurcs B Touke Oy (a; b); ee acHMOTOTaMH CJyKaT NPsIMBIE X=a U y=>b, 3uaK m
NO-NPeKHEMY onpeiesaeT, B KakKHX yIVIaX MEXKNy AacHMITOTAMH HAaXOAATCS BeTBH I'H-
11 pHOLL.

Tax, ypabHenne y==(4x-}5)/(2x—1) npeobpasyercs CIeIVIOMHUM O6Pa30M:

2 <x— %) y—4 (x——é--{-%):O;
@Cx—1)y—(4x+5)=0; 2(x—0,5) (y—2)=T7.

3HayuT, ypaBHeHMe THNepCOJsl NpHBeleHo K BHAY (x—0,5) (y—2) =3,5; uenrp
rinepGosibl Haxoaures B Touke Oy (0,5; 2), BerBH runepGonwl pacnosoxennt B I u I11
UeTRepTAX MexAy ce acumnroramuy x—0,0=0, y—2=0. 4

183. IlpuBecTH K KaHOHHYECKOMY BHAY YpaBHeHHsi mapalou:
Dy=4x—2x%2)y= —x>+42x-}2,3) x= —4y*Ly; ) x=y2 + 4y +5.

184. TIlpeoGpasoBaTb ypaBHeHHS runepbos K BHLY X'y =m:
1) y=2x/4x—1); 2) y=(2x+3)/(3x—2); 3) y=(10x--2)/(Bx+4);
1) y=(dx-+3)/(2x+ ).

3. MaTuynennoe ypaBHeHME KPHBOH BTOPOro NOpAfKA. Y DaBHEHHEe BTOpOIl CTe-
neHH BHAA

Ax?4-Cy®+2Dx-}-2Ey--F =0

(1e comep:xamee uYnera Yy C TPOU3BEJAEHHEM KOOPAMHAT) HA3HIBACTCH MAMUYACHHOIM
ypasuenuesm Kpueoa smopoco nopsdga. OHO onpejensier Ha MJIOCKOCTH xOy 3MIHIC,

34



runepbony wuanm mnapaGody (C BO3MOMHBIMH CJIYYasiMH pacnaja M BHIPOKIEHHS 3THX
KDHBEIX) C OCAMHM CHAMMETPHHM, NapaJJIeNbHEIMH OCAM KOODAMHAT, B 3aBHCHMOCTH OT
3HaKa TpousBefeHust Koapdunuentos A u C.

1. Tlycte AC > 0; Toria ompejieseMass 3THM YpaBHEHHeM KpHBasi €CTb 3SJJIHIC
(neficBUTENbHBIH, MHAMBIA HAH BHIPOAHBLUIHACH B TOukKy); npu A=C sxaunc npeppa-
1aeTcst B OKPYKHOCTD.

2. Tlycts AC < 0; Toraa coOTBeTCTBYIOUIAA KPHBAsl ABJsETCA IUnepbosoif, KOTO-
pas MOXeT BBIPOKAAThCS B IBE [epeceKalolHeCss NpPSAMbIE, €CJM JieBasd HacTh ypas-
HEHHsl pacmajiaeTcsi Ha IPOH3BeJeHHe ABYX JIMHEHHBIX MHOXKUTEJeH;

Ax?4 CyP4-2Dx+2Ey + F = (@yx 4 by +-¢1) (apx+ boy o).

3. Mycte AC=0 (1. e. mu6o A=0, C # 0, aubo C=0, '4 3 0); Torga ypasie-
RMe onpenessier NapaGoay, KOTOpas MOXKeT BEHIPOXKIATbCS B JABE NapajjesibHbple Hpsi-
Mble (eficTBUTeNbHEE pa3JaHuHble, AefCTBUTIENBHHE CJUBIIHECS HJAH MHHMbIE), ec.
Jepasl 4acTh YPaBHEeHHS He COREPKHUT JuGo x, qubo y (T. €. €can YpaBHEHHE HMeeT
Bux Ax2-4-2Dx-F=0 nau Cy?-+2Ey--F=0).

Bun KpuBOH M pacloJoKeHHe ce Ha IJIOCKOCTH JIETKO YCTaHABJIHBAIOTCA TPeos-
pasoBanueM ypaBHenust K BURY A (x—x0)2+C (y—yo)?=[ (8 cayuae AC > 0 nau
AC < 0); no BHAY NOJYYEeHHOrO ypaBHEHHs OGHAPYXKHBAIOTCA H CJydad pacrnajia uaii
BHIDOXKJIEHHST JJIHICA M THnepOOoJbl.

B ciayyae meBBHIpOXKAEHHBIX KPHUBBIX IIepEHOCOM Hayaja KOOPIAHHAT B TOUKY
O1 (%o} Yo) MONYUEHHOE YPaBHEHHE SJUIHICA MAH TuMeplOJbl MOXKHO TPHBECTH K KaHO=
HHYECKOMYy BH]Y.

Cnygait AC=0 monpofHO paccMOTPeH B IpelbAymieM maparpade, NOCKOIbKY
ypaBHeHHe HEBLIDOXKICHHOI mapaGoabl  374eck MoxeT OBITb 3alHCaHO B BIIe
y=ax*-F b -+c wan x=ayy?-Fby+cy.

185. Kaxyio JauuHmio onpejensier ypasuenue 4x*--9y*—8x —
— 36y -+ 4=0?

A\ TpecGpasyem nannoce ypaBHEHHE CJeAYIOMUM 0GpasoM:

4 (x2—2x)-+9 (2 —4y) = —4;
4(x2 =20+ 1—1)+9 (2 —4y+4—4=—4;
4(x—124+9 (y—2)2= —4}44-36; 4(x—1)2+9(y—2)2=36.

TMpousBeneM napajfefbHul meperHoc ocell KOOpPAHHAT, NPUHAB 3a HOBOE HauaJo
goop:iunar touky O’ (1; 2). Bocmoawsyemca dopmynaMu npeo6pasoBaHus KOOPAUHAT:
x=x"--1, y=y 2. OrHocureIbHO HOBLIX Oceil ypapHCHHE KDHBOH NMpUMET BHJ

45’2494 =36, man x99y’ 4=1.
Taxny ofpasoM, 3ajaligas XPuBas SABJSETCS SJAUNCOM. A

186. Kakyio suHnio onpepensier ypasHenue x?—9y®-2x-4- 36y —
— 44 =0?

/\ TlpeoGpasyem JaHHOE ypaBHEHHE TakK:

(2204 1—1) =9 (42— dy -4 —4) =44;
(x--1)2—9(y—22=441+1—-36, (x--1)2—9(y—2)2=09.

ITpon3BesieM napaJedbHblii MepeHOC ocelt KOOPJAWHAT, TNPHHSB 32 HOBOE HaYa.Jo
Toury O’ (—1; 2). Popmyasl npeobpasoBaHusi KOOPIUHAT HMEIOT BHI x=x'—I,
y=y’ +2. Tlocne npeobpasoBanust KOOPAHHAT IOJIYYHUM YypaBHEHHE

2 —9yt=9, wm x'%9—y?=1.

Kpupas sisasiercs ThnepGoaoft. AcummtoraMH 310 TumepGoJibl OTHOCHTENBHO HOBEIX
oceil cayxat npsameie y' =4 (1/3) x’. A

YcraHoBuTh, Kakue KDHBBIE OIPEACTSAIOTCA HUXKECJAEAYIOUMH Yypab-
HeHusiMu. [ToCTpOHTH uyepTexKH.

187. 36x%-+ 36y —36x—24y—23=0.

188, 1612 - 254> — 32x -+ 50y — 359 = 0.
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189. %x2—%y2——x+—§y—1=0.
190. x*--4y*—4x—8y+8=0.
191. x4 442+ 8y -+ 5=0.

192. x2—y?—6x-1-10=0.

193, 2x*—4x-+2y—3=0.

194. x2—6x1+8=0.

195, x2 - 2x--5=0.

4. NpuBeseHHe K KaHOWHYeCKoMy BHIY 00u(ero ypaBHeHHs KpuBoil BTOporo mo-
paaxa. Ecim KpuBast BTOPOTO NMOpsAKAa 3a/iaHa ypaBHEHHEM

Ax®+2Bxy+Cy?-+2Dx+2Ey+4-F =0,

T0, TPUMEHHB NpeofpasoBaHKe INOBOPOTA OCeifl KOOPAMHAT C HCHOJbL30BaHHEM dopmynt
x=x"cosa—y’ sino, y=x'sino--y’ cosa, clelyer NpH :HAIEKALEM Boifope &
OCBOGOANTLCA B YPABHEHHH OT uJeHa C ITPOH3BEJACHHEM KOODAMHAT.

Janpueiimue npeoGpa3oBaHHa OblIM PACCMOTPEHB! B MPEABIAYLUEM pasJeie.

Cayuait pacnaja KPHBOH BTOPOro MOpAAKAa Ha JIBE MPSMbIE MOXET OLITH JIETKO
YCTaHOBJIEH IO HCXOJHOMY YPaBHEHHIO CJCAYIOUIHM o6pa3oM: [paccmaTpusasi ypaBHe-
HHe KaK KBajipaTHOe OTHOCHTENbHO Y (Hpeironaras, 4TO KO3(QdHUHEHT MpH y* orau-
YeH OT HyJs), PaspellaloT ero OTHOCHTEBHO y; €CNIH TpH 3TOM MOJ KOPHEM OKakercq
TOYHBIT KBaApaT HEKOTOPOTO ABYUJeHAa ax--b, TO KODeHb HM3BJIEUETCs, M MM Y MOMy-
uaTes ABA BHAUEHHSA: yq=FkyX-1-bj; Ya=~ReX - ba. DTO H MOKaMKeET, YTO KpuBafl pac-
1ajaercsi Ha JBe NpsMbIE.

IlanHoe ypaBHEHHe MOXKeT ObITb Pa3pewieHo H OTHOCHTENBHO X. Ecan B obuiem
ypaBHenuu Kpupoii sroporo nopsika A=C=0 (ectecTBeHHO, uTO B # 0), 10 yka-
3aHHOE YpaBHEHHE ONpejiesfieT Napy NPSIMBIX TOrld U TOJBKO TOTAa, eCIH B/D =2E(F.
B sToM Caydae JeBasi WaCTb YDAaBHEHHs Pa3/iaraeTcsl HA JIHHEHHEIC MHOMHTEJH.

196. Tlokasatb, uto ypaBHenue 9x%-+24xy-- 16y>—25=0 onpese-
JISIeT COBOKYITHOCTb JBYX MpSIMBIX.

A Tlepenumem ypaBHenue B BHIe (3x-- 4y)2 —25=0. Pa3JoKHuB JEBYIO UaCTb HA
MHOMHTeNH, nodyuaeM (3x-+4y-+5) Bx-+4y—5)=0. Taxum oGpasom, 3aiaHHOe
ypasHenne onpenensier npsambie 3x—44y-+5=0 u 3x4-4y—5=0. A

197. TlokasaTb, 4ro ypaBHeHue 3x*-8xy—3y*—14x—2y+8=0
ONpejesisieT COBOKYMHOCTb ABYX MNPSIMBIX.

A Tlepenumrem ypasHenne B BuAe 3y2—2 (4x—1) y—(3x*—14x+8) =0. Paspe-
IIMM ypABHEHHE OTHOCHTEJILHO Y:

y— dx—1 + V (dx—1)2 - (9x2—42x-}-24)
- 3

4x—1 + (5x—H)
—

Tloayuaem ypaBHenusi mpambx y==3x—2 u y=(—x+4)/3. OTH ypaBHEHHSA
MOXKHO 3amucaTh B BHie 3x—y—2=0, x+3y—4=0. &

, HIM Y=

198. Kakasi JuHus onpejensercs ypaBHeHueM xy -+ 2x—4y —8=0?
/\ 3anuireM ypaBHeHHe B BHIE x(y+2)—4(y+2)=0, nan (x—4) (y+2)=0.

Takum o6pasom, ypasHeHue ompeesser jise npsmbie x—4=0 u y+4-2=0, orua u3
KOTOpBIX NapajiielsHa ocu Ox, a Apyras napamieivua ocu Oy. A

199. IlpusecTH K KaHOHHYECKOMY BHIY YypaBHEHHE

5x2 4+ 4xy+8y> -+ 8x 4+ 14y +5=0.
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A 1. TpeoBpasyeM 3To ypaBHeHHe, BOCHOJIb30BaBIIHCH (opmyaamu (3) m. 1
HOBopoTa oceli KoopAnHaT. Hmeem
5(x" cos a—y' sina)2 -4 (x’ cos a—y' sin &) (x' sin ey’ cos a) -}
-8 (x' sin o -y’ cos a)2-1-8 (x' cos a—y’ sin o)+ 14 (x' sina+-y’ cos a) -5 =0,
11

(5 cos® -4 sin & cos .+ 8 sin? &) £’ (5 sin® e —4 sin ¢ cos &+ 8 cos? &) y' > 4-
16 sin & cos et~ 4 (cos® a—sin? a)] 'y’ - (8 cos o - 14 sin o) ' -
-} (14 cos a—8 sin @) y’' -5 =0.

" HaiizeM o u3 yeaoens 4 (cos?a—sin?a)-}6sinacosa=0, 1. e. nmpuparHsmem
HyMo Kosdduunent npu x’y’. TNosyuaem ypashenue 2f{g2a—3tg a—2=0. Orciojia
tgay==2, tg ay=-—1/2.

3aMeTaM, 4TO 9TH 3HAUEHHS t@ G COOTBETCTEYIOT ABYM B3aMMIO TMePNEeHIHKYJsp-
HbLIM  HanmpasJeHusM. [losTomv, B3sB tga=2
BMecTO tg@ oo=—1/2, MBI TOJLKO MEHSEM DOJSMU y .
ocn X' u Y (puc. 15). ’ 1%

Myets tgo=2, Torma sina=+2/V'5,
cos =4 1/V'5; Bo3breM MoJ0KUTeNbIblE 3Ha-
uennst sina u cosa. Toraa ypasHeHne NpHHHMa-
€T BHUJ,

36 2
w24y —— v —— =y’ -1-5=0,
V5 V

HIH

9 (x'2+—4: x’>-5—4 <y’?‘——1:—
V5 2V'5

2. Bupaxenus B ckoGKaX AOMOJHMM JIO IOJHBIX KBaIpaTOB:

o(# 4+ ) (v ) =5 S

WINn

Ipunss 3a nosoe mavamxo rouxy O (—2/V'5; 1/(4 Y}, mpuvenum dhopmyasr npe-
obpasopannst koopaunat ¥’ =x"—2/¥'5, v’ =y"+1/{4 V'5); noayunm 9x"*+4y7* =

n2 nd
0 X YTy
= 9/4, unn 174 4 /10 ==1 (ypaBHenne sanunca). &

=~

200. ITpnBecTH K KaHOHMYECKOMY BHAY ypaBHeHHE
6xy --8y2—12x—26¢ -+ 11 =0.

/\ 1. TlpeoGpasyeM 3T0 ypaBHCHHe, BOCHO.IL3ORABUINCHL dopmydamu (3) m. 1
NMOBOPOTA OCeil KOOP/IHHAT:
6 (x' cosou—y’ sinat) (x" sin -1~ cos o) -8 (¢ sin e -y’ cos a)2—
—12(x' cos o —y' sin &) —20 (¥’ sin e -y’ cos o) }-11=0,
nin
(6 sin ot cos ot - 8 sin? &) 1'% - (8 cos? ot —6 sin o cos @)y
-F[16 sin @ cos @46 (cos? a—sin? )| x'y —
— (12cosa-}-26sina) x'—(26 cosa—12sin ) y 411 =0.
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IpupaBrnpasg Hym o kosbdunuent npu x’'y’, HmeeM
16 sin & cos o -6 (cos? o —sin® @) =0, uan 3tg2a—8tga—3=0.
Orcioza tgoy =3, tgoay,=-—1/3; npumem tga=3, Toria sina=+ 3,/]/-1(—),

coso =+ I/VIO; BO3bMEM MOJCKHTeJdbHbIE 3HAUCHHA sin o u cosc. Toraa ypasue-
HHe NPUHUMaeT BHJ

92—y *—9 Y 10 '+ V 10y' +11=0,

9(x* =Y 10 ) —(y*— V10 y') =—11.

2. Boipaxenus B CKOGKax JOMONHHM IO TOMHHLIX KBajApaToB:

,Vﬁ2<,1/1‘62__455 -
9(" T3 ) \Y 72 )Tz~

, _VION® /,  YI0\?
o YT (s~ VT o
[puuss 3a nosoe Hauazo Touxy 0O’ (V'10/2; VWQ ), TpuMeHuM (GOpMY.THI npeoGpa-
30BaHHA KOOpAMHAT X' =x"-}-J 10/2, Yy =y +V10/2; moayuny 9" —y?=9, wn

x*—y®/9=1 (ypasmeune runepGour). A

HIH

LT

201. IlpuBecTH K KaHOHMYECKOMY BUJY ypaBHeHHE
X2 —2xy+y*—10x — 6y - 25=0.
A 1. TlpeoGpasyem ypaBHeHHe C IOMOILBIO (GOPMYJ MOBOPOTA OCEH:
(x' cos o—y' sin a)?—2 (x cos & —y’ sin &) (+' sin & --y’ cos a) -
-+ (¢ sin e 4-y” cos a)® — 10 (x" cos a—y’ sin &) —6 (x’ sin ct-}-y’ cos &) |- 25 =0,
MM
(cos? ot—2 sin & cos o -sin? &) x'% 4 (sin? ¢+ 2 sin & cos o -1 cos? @)y’

-2 (sin® & —cos® &) X'y’ — (10 cos a6 sin @) x” - (10 sin o —6 cos ) y’ 25 =0,
[TpupapHyBas HyJII0 KO3(DOULHEHT IPH NPOHSBeleHHN X'y, umeeM (2 sin? g — cos? @)=0,
otkyaa tg?a=1, T. e. tg =1, tga,=—1I1. Bosbmem tga=1, otkyna a=mx/4 u
sina=1/V"2, cosa=1/)"2. Toraa ypasuenne npuauMaer bi

=8V 2 X +2V 2y +25=0, wm 2(y* V2 y)—8V T ¥ 1 25=0.

2. Bripaxenue B CKOOKaX JOTOJHHM J) TOJHOTO KBajpaTa:
’ V‘g 2_ O 7 ’ V_Q— 2 5 ’ ._3_
2<y +5—) =8 VZx—24, wmn |y +o5— ) =4 VZ(x ~v3):

Tpunss sa Hosoe nauano Touky O’ (3/)/Z; —V 2/2), npumenum popmys mpeobpa-
soBanus KoopimHar X' =x"—3 V2, y'=y"+ V' 2/2; noaysmm y?=4Y3 &
(ypaBHenne mapaGoarr). g\

TlokasaTs, 4TO HHKECJEAYIOUNe YDPAaBHEHHS ONPEJEAT KPHBbE,
pacnajaoHecss Ha Napy NpsIMbIX, U HAalTH ypaBHEHHUS 3THX IIPAMBIX:

202, 25x% 4 10xy 442 —1=0.

203. *+2xy+y*+2x+2y--1=0.

204, 8x*—18xy+9y*42x—1=0.
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[MpuBecTH K KaHOHMYECKOMY BHAY YpaBHeHHs CIEAYIOUWUX KPHBBIX:

205. 14x®--24xy4-21y*—4x 4+ 18y—139=0.
206. 4xy-+3y*+ 16x + 12y—36=0.
207. 9x*— 24xy - 165> —20x - 110y — 50 = 0.

§ 5. CNIPEAEJIUTEJIH BTOPOro U TPETBLEIO NCPSAKOB
U CUCTEMBI JIMHEVIHBIX YPABHEHUM C JBYMS
U TPEM S HEU3BECTHBIMH

1. Onpenesntesn BTOPOro TNOPsfKA H CHCTEMBI JHHeHHBIX ypaBHewuit. Onpede.u-

o ag b
meanb 6mopoeo nopﬁ()fca, COOTBETCTBYIOIHH TaOJIHIE 2JIEMEHTOB (111 b1>, onpe’IeI9€eTcs
2 O
paBencTBOM
ai by
as by

=a1by—aybi.

CucrTeMa IBYX JHHeHHBIX ypasHeHHI ¢ JABYMA HEH3BECTHBIMH

{ ayx+bry=cy,
QX —tbolyy =0y,

b
ecaH ee ONpeeTnTe]b D—’ ai b1 # 0, pMeeT eIWHCTBEHHOE pellleHue, KOTOpoe HAXO-
ay Oy
Iutca no ¢gopmyran Kpamepa
i by ag ¢
x___Dx__‘ Cy by s y= P_ Ay Cy |
D Ja by D" Ta &1 ° Q)
as by ay by

Ec'm onpeseuTeNns D=0, To cucrema sizasieTcs JuGO HeconMecTHOlT (Koria
D, # 0 u Dy # 0), au6o neonpesenennolt (korja Dy=D,=0). B nocaeanen caysae
cucTeMa cso;urrca K OJHOMY YPaBHEHHIO (Hampumep, HepBO\ly) BTOpOE 2Ke yDaBHEHHC
ABJISITCST CJIEJCTBHEM IIEPBOTO.

Yc1oBHe HECOBMECTHOCTH CHCTEMBI MOXKHO 3amucaTh B DHAE @yp/do= bi/by 7 C1/Css
a YCJOBHE HeONpeleseHHOCTH — B BWAC Qy/@y == by/by=C1/Cs.

JInnefinoe ypaBHCHMC Ha3LIBACTCH 00HOPOIHbIA, eCli CBOCOJTHEIN UJIEH 3TOTO yDaB-
HeHHSI PaBeH HYJIO.

PaccmoTpuM cHCTeMY JBYX JIMHEHHLIX OJHOPOAHBIX YPaBHEHMIt C TpeMs HeHs-
BECTHBIMH

apxt-biy+-c2=0
sX - boy -z =0,

1. Ecau ay/a, =bi/by=cy/ce; TO cuCTEMa CBOZHTCH K OJIHOMY YPaBHEHMIO (HaNpH-
Mep, MepBoMY), H3 KOTOPOTO OJHO H3 HEH3BECTHBIX BhIpamaercs uyepe3 ABa APVIHX,
3HAUEHHsT KOTOPBIX OCTAIOTCS TIPOH3BOJBHBIMH.

2. Ecnu ycnoBue ap/ay=by/by==Cy/C; He BHINOJHEHO, TO PCLICHHS CHCTeMBI HaXo-
AATCst MO popmMyJaMm
by 1

as ¢f
by Co '

as Cy

— . = — B = ay bl .
X= t, !/— t’ 2= az b2 ’

@

rze f MoxeT NpPHHHMATB JiOOble 3HaueHHA. DTH pelleHHS MOXKHO 3alMcaTh TaKKe
B BH/€ IPONOPIUH:

x y oz
by a a; c1|  |a1 by ’
by Cy ay Cy as by
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erH 31O ¢opme 3alHCH peUlEHHﬁ cJjejlyeT NMOMHHTH, YTO €CJH OAUH H3 BH?MeHa'
Tesei 06pamaeTCﬂ B HyJb, TO CcJeAyeT NPHPABHATL HYJIO H COOTBETCTBYIOLHH qic-
JIHTS b, .

208. Pewuts éHCTeMy ypaBHEHH
J (@b x—(a—b) y=4ab,
| (@—b) x+-(a+b) y=2 (a2 —1?).

A Haxomum onpejeautens D cuctembl u onpepeaurean D, u Dy, BXOJSLIHE
B uuc/auresan gopmya (1):

p=|ot, TETY [ meror b a2,
Do=|, 3% TOTO ey e 00 90ty

T2 —b?) at-b |
—2ab>4-263=2 (a® - a*b 4 ab2 - b3 =2 (a2 b?) (a-- b),
_|et+o 4ab =943 1.9,2 2 3

v la—b 2(a2—b?) =2a% 226 —2ab%*— 263 — ’
—4a% - 4ab? =2 (6> —a%b+ ab?*— b%) =2 (a-1- b%) (a— b).

Orciona x=D,/D=a-}b, Yy=D,/D=a—b. A

209. Pewmth cuCTeMy JIHHEHHBIX OXHOPOAHBIX ypaBHEHHUI
{ 3x+4y-+52==0,

x-2y—32=0.
A Hcnonbayst opmy.sr (2), naxoaum
4 8 3 5| ,_ —|34],_
x:]2 _3|t=—22t, y=—|}_3|-t=14, z_ll 3|-e=2t,

T/le [ MOXHO NIpHiaBaTh JOOble SHAUGHHST. A\

Pemurs cucremsr ypaBnenuii:

—_ 0 —
210 { Sl ot { =,
J ax—by=a%|-p2, 3x+2y=1/6,
212. \ bxd-ay=a2--bp2, 213. {9x—{—6y:l/2.
f x—2-4- z2=0, X COS ot —y sin o =cos 2,
214. 1 8x—5y--2z==0. 215. { x sin o4~y cos a=sin 2c.

a?x—2 (a4 o) y - 5% =0,
216. { 2x+2y—32=0.

2. OnpepenuTeNH TPeTbero MOPAAKA M CHCTEMBI JHHEHHbIX ypasnenuii. Onpedenu-

ay by cr\
mesb mpembezo nopaOKa, COOTBETCTBYIOWHE TaG.IHIE 371eMEHTOB <cz:,, by cg), ofpe/ies
as by cg
JIAICTCH PaBeHCTBOM
4 bi o by s a, ¢, a, b,
G2 by G| =ay by es| tlaz ey T tl; ball
as by Cg

Munopon NaHHOTO 3MeMEHTA OTPEJEJHTES TPEThero MOPSJIKA HA3LIBACTCS onpe-
AcanteNb BTOPOro MOps/IKa, KOTOPHIE MOJYYHTCH, €CJIH B HCXOTHOM OIpeieuTee
BLUEPKHYTL CTPOKY M CTOJIOeW, COAeprallie AarHLUl saeMenT. Aacelpauseckium do-
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HOAHEHUEeM RAHHOTO SJEMEHTA HA3LIBAETCS €ero MIHOP, YMHOXKeHHbit Ha (—1)%, rie
k-—cymMMa HOMEPOB LTPOKH ¥ cToafua, CORepPIKALHX JAHHBIH 3JeMeHT.

Takum oGpa3om, 3HaK, KOTOpPHIH TIPH 3TOM MPHIOKCHIBAETCST MHHOPY COOTBETCT-
BYIOUIEr0 3JIeMeHTa OMpejesHTessl, OnpeleseTcs caedyomel Tabauuei:

+ -+
___._l__
+ =+

B npuBejleHHOM BbILIE PABEHCTBE, BHIPAXKAIOLIEM OMPeNeTHTeIh TPeTbero MopAnKa,
B IIPaBOH YacTH CTOMT CyMMa NPOH3BEIeHHH 3JeMeHTOB l-H CTPOKH ONpeJesHTeNnst Ha
uX airebpaHuyecKkue JGHOTHEHUS.

Teopema 1. Onpedeaumess mpemoeco nopadka paseH cymme npou33e0euuu
FaeMenmos a06ot €20 CMPOKIL Ul CMOAGYQ HA ux aaeeGpauvecKue OONOAHEHUA.

Srta TeopeMa IMO3BOJAET BLIYHCAATL 3HAYeHHEe ONMpeJeJHTeNsl, PaCKPbIBad €ro no
sJeMeHTaM JIOGOH ero CTPOKH HJAR cToabnaA.

Teopema 2. Cymma npoussedenuti 3aemenmos Kaxot-aubo cmpoku (cmoarbya)
onpedeaumenn na ascebpauveckiie OONOAHEHUS 3emeHmos8 Opyeod cmpoku (cmoabya)
passa Hyawo.

CpolictBa ompeleduTegen.

1°. Onpedeaumens He USMEHUMCR, €CAL CMIPOKU ONPEOCAUMEN 3AMEHUMb CMOAG-
yamu, a cmoabybl—coomsemcmeyOuumL CmpoKamu.

2°. O6uwuii muodxcumens 3aeMeRmos Kaxod-Hubydv cmpoku (uau cmoabya) moscerm
Ovimo GviHeceH 3@ 3HAK Onpedesumens.

3°, Ecau saemenmor 00O cmpoku (cmoabya) onpedesumens COOMEEMCMEEHHO
pasnbL saemenman Opyeoi cmpoku (cmoabya), mo onpedeaumesb paser Hyaw.

4°. IIpu nepecmaroske 0syx cmporx (cmoabyos) onpedesumens MeHfem 3HAK Ha
NPOMUBGNONONCHBLLL .

5°. Onpedeaumens He USMEHUMCA, eCAl K 3semenmam 00HOL cmpoku (cmoabuya)
npubasume coomeemcmeeHHsie InemMeHmor Opyeoti cmpoku (Cmoabya), YMHONCeHHble HA
00HO © mo e 4ucio (TeopeMa O JIMHEHHOH KOMOMHALHM TapasjebHbIX PAJOB Ompe-
JeJIHTeNs) .

Peledye cucTembl TpeX JIHHEHHBIX YpaBHEHHH C TpeMs HEH3BeCTHBIMH

[ ax—+by+caz=dj,
Axx - boy4-coz =d,,
\ agx+ by 4-czz=ds

HaxonuTes 1no gopmynam Kpamepa

=Dy/D, y=Dy/D, 2=D,/D, (1)
rie
ai by ¢ di by a1 ay dy cf a; by d,
Dy=|a; by cs|, Dy=|dy by 2|, Dy==|ay dy ¢2|, Dy=|a by dy|.
asz bs c3 dg b3 c3 ag d;z cs az by dj

IMpu stom mpeanoaaraercst, uto D # 0 (ecan D=0, To HcXoAHas cucreMa Jubo
Heomnpe/e/ieHHasl, JHO0 HeCOBMECTHas).
Ecau cucreMa OJHOPOJHAS, T.€. HMEET BMA

{ a1x—4-b1y--c12=0,
axx 4 boy-cz=0
agx +-bgy--c52 =0,

M ee ONpeJe/HTe/lb OTJAMUCH OT HYJs, TO OHA HMEeT eJHHCTBeHHoe pemeHne x =0,
y=0, 2=0.

Ecau ke onpejenutess OJHOPOJHOH CHCTEMbl paBeH HYJIO, TO CHCTeMa CBOAMTCH
nu60 K JBYM HE3aBHCHMLIM YDaBHEHHSM (TPETbe SIBJAAETCS HX CHAEICTBHEM), JHOO K
OIHOMY YpaBHEHHiO (OCTAJLHbIE 1BA SBJSIOTCA ero caeAcTBusmu). [lepsaiit ciyuait
HMEET MECTO TOTAd, KOTJZ CPEAM MUHOPOB OMpE/eHTeNsT OJIHOPOJHOH CUCTEMBI ecTh
x0T 66l OJMH OT/JHMUHBLII OT Hy.s, BTOPOH—TOrja, KOrja BCE MHHOpLI 3TOrO Olipeje-
JIHTeNs. PaBHBI HYJIO.
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B ofoux cayuasx (cM. n. 1) OXHOpOAHAS CHCTEMAa HMeeT GecyHCJIeHHOE MHOKECTBO
peweHni.

217. BplyHCAUTL ONpEACJHTENb TPETLETO MOPSAKA

5 3 2
—1 2 4]
73 6
/A Pasnoxup onpefeautenn no sjgementam l-if CTPOKH, TOSyUHM
53 2
12 4]=5|2 s 7L Yol 2| =s.0—3(—34)-L2(—17)=68. A
S i P 7 6 3

218. BpluucanTh TOT Ke ONPEJENHTENb HA OCHOBAHHH TeOpEeME
0 JIMHeHHOH KOMOGHHAIUU JIEMEHTOB CTPOK (CTOMOLOB).

A\ K snementam 1-# cTpoKM npuGaBHM COOTBETCTBYIOMIME 3JEMRHTH 2-if cTpokH,
YMHOXK€HHbIe Ha 5, a K ajieMeHTaM 3-f CTPOKH-—COOTBETCTBYIOUME JIEMEHTH 2-if CTpo-

KU, YMHOXEHHbIe Ha 7:

5 3 2 0 13 22
—1 2 4}=f{—1 2 .
7 36 0 17 34
Pa3anoxuB onpelenauresb 10 sJeMeHTam 1-ro croablia, moayuyaem
0 13 22
2 13 22
-1 2 2 34|+1 2 §4l+o. 2 |_13 B31—17.22 =068, A
0 17 34

219, Pewuth cucteMy ypaBHEeHH
( x+2y-+2=8,
{ 3x4-2y+2=10,
{4x 3y —22=4.
A Tlo dopayaam (1) maxozum

2
2 10 1 10 2
28 ol el e
o143 —of 18 —2 —2 43 4
1 2 1] T
32 1 1l§ ;[_IZ ;]+1.l3§
4 3 —2 - - 4
1 8 1
1.110
3 10 1 g3 +1 3 IO
4 2 4 —2
_ 144 =2 28
Y 14 = 14 ==
1 2 8
32 10 1|§ 12,-—2‘2 12‘4-8'3
g 14 3 41 4 42
= 4 14 T4
220. Pewmtb CHCTEMY JIMHEAHBIX OJHODPOAHBIX YpaBHEHHII
(4x+4 y+ z=0,
x—|_3y+ Z:O,
\ x4 y-}22=0.



4 1 1
A 3nece D=1 3 1|. das BHYHCIEHHS STOTO ONPENeJHTENST K 3JEMEHTaM
11 2
1-it cTpoKH npuGaBuM 3seMeHTH! 3-f CTPOKH, YMHOXKEHHEe Ha —4%4, a K 3JeMeHTam 2-K
CTPOKH—3JI€MEHThl 3-il CTPOKH, YMHOXEHHble Ha —I1:

0 —3 —7
D=0 2 —| =1.i‘*g :”:17,
112

Tax xax D # 0, 10 cucTema HMeeT TOJBKO HyJeBoe pewrenne x=y=z=0. A

221, PewdTb cHCTeMY ypaBHEHHH
(3x+2y— z=0,

x-+2y+92=0,
\ x4+ y+22=0.
/\ Hneenm
3 2 —1
p=|1 2 o|=3]% d—2|! 1|} Zl=—i5uri—0.
11 9 1 2 1 2 1 1

CueoBaTe/ILHO, CHCTEMA HMeeT pelleHHsi, OTJIHUHbIE OT HyJeBoro. Peiwaem cucremy
TePBBIX ABYX ypaBHEHHI (TpeThe ypaBHEHHE ABJAETCA HX CJIEACTBHEM):

3x+2y— 2=0,
x+2y-+92=0.

Otcioza mo dopmyaam (2) n. 1 moayvaem

2 —1 3 —1 3 2
= ct= — N —— = .t =4t
x=|4 9| t=20¢, y I1 9 ¢ 28t, 2 1 2l t A
1 2 —1
222, Bpuucauts onpegesnutenas |3 7 2|, passoXKHB €ro I0 3fe-
2 3 —

MeHTaM 3-f CTpOKH.
I 1 1

223. Bewuncsnts onpenenutenp |2 3 4|, HCNOJAb30BaB Teopemy O

9 16
JIMHEHHOH KOMOMHALIMHM CTPOK (CTO.HﬁllOB)é s
2
224. Bowuucnute onpepesutens (2 a3 b+4],
2 ¢43 dt4
Pemuth cucTeMbl ypaBHEHHH:
5x— y— 2=0, ( x-+3y—6z= 12,
225, { x+2-+32=14, 226. { 3x--2y+52=—10,
4x1-3y-}-22=16. \ 2x+5y—32= 6.
—bx+4 y 2=0, ( x+ y+ z2=0,
227. 1 x—6y+ 2=0, 228, {3x+6y+452=0,
x4 y—T2=0. x4y 32=0.
ax -} by--cz=a—0, ax by (a-+b) 2=0,
229, { bx+tcy~taz=b—c,  230. {bx+ay+(a+b)2=0.
cx +ay-+bz=c—a, \ x+ y+2:=0.

ecsH a-t+-b1+c5=0.



FJABA II
QJIEMEHTbI BEKTOPHOH AJITEBPbI

§ 1. NIPSAMOYTOJIbHBIE KGOPIMHATDBI B NMPOCTPAHCTBE

Ecnn B mpocTpaHcTBe 3ajiaHa NPSIMOYTO/bHAS J€KapTOBa cHCTeMa KoopiauHat Oxyz,
TO TOYKa M TpocTpaHcTBa, MMelollasi KOOPAHHATH ¥ (abcukeca), y (opAuHaTa) H 2 (an-
nJaukara), obosnauaercs M (x; y; 2).

Paccrosinne mexay msyma Toukamu A (x5 Y15 29) u B (X235 o3 2,) onpejeasiercs no
(hopay.ae

d=V (xa—x1)2F (Y — 1%+ (22— 21)%. )]

B uactnHocTH, pacctosHue TCukH M (¥; y; 2) or Hauana xoopiuHat O ompejess-
erca no gopmyJae

d=V 224y L2 @

Ecau oTpe3ok, KOHIAMH KOTOPOro cayikKaT TouKH A (x1; yi; 21) " B (%] 13 25),

pasiesen Toukoii C (x; y; 2) B oTHomeHWH A (cM. ri. I, § 1), TO KOOpAMHATHI TOUKH
C onpejeasiorcsa no opmyJaam

oot o gt hy, - zitAz 3
¥TTUaA o YT T ©)
B 4acTHOCTH, KOOPAWHATHL CEPENHHLI OTPE3Ka ONpPEIeIsIOTCs 1o (opmysnam
—_XitX, ~__ -ty —_ 2zt
X = 2 » !/ - 2 ’ 2= 2 . (4)

231, Hambt toukn M,(2; 4; —2) u M,(—2; 4; 2). Ha npawmoit
MM, naiitu Touky M, nensuyio otpesok M,M, B OTHOWeHHH A=3.

/\ Bocnoapsyemes GopmysaMH fefeHHST 0Tpeska B JaHHOM OTHOWIEHHH:

_mbhn  243(—9) _pith 4434

METT T igs b =T T
_ R 7\,23 —2+3-2
PM=TTrn T )

CnejoBateapno, uckomast Touka M (—1; 4; 1). A

232. Maum rpeyrompruk: A(1; 1; 1), B(5; 1; —2), C(7; 9; 1).
Haiitu xoopaunatet Toukn D nepeceuenus GuccekTpicel yraa A co
cropounoit CB.

A\ Haiizem nauHbl cropon Tpeyroasunka, ofpasyiomux yroa A:
JACI=V rc—x2)* +We—ya?--(ec—20) = V T— P+ @—1)F - (1—1)2 = 10;
|AB|=V (s—x >+ Wp—ya) - Gg— 27 =V G— P+ (I— 1) F (—2— 1) =5.
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Crenosarensso, |CD |:} DB|=10:5=2, Tak KaK OHCCEKTPHCA JNETUT CTOPOHY CB
Ha YaCTH, MPONOPUHOHABHEIE MpuiekKamuym croponaM. Takum oGpasom,

ynXothep TH25 17 g _Ycthyp_942-1_ 11
D 1A it2 3 P 1A 1+2 3"
2 _Z(+}\.ZB__1+2(—2)___
D=TU A T 142 T
uckomas touka D (17/3, 11/3, —1). A

1;

233. Ha ocu Ox HaiiTH TOYKY, paBHOYAaJeHHYIO OT ToueK A (2;
—4; 5) u B(—3; 2, 7).
A Tlycts M —uckomast Touka. JJst Hee JOJKHO BHTOJHATHCA paBeHctso | AM |=

= | MB|. Tak Kak 5Ta TouKa J&XHT Ha ocu Ox, TO ee KoopauHatsl (r; 0; 0), a mo-
TOMY HMeeM

[AMI=V &—27+ (=98, |MB|=V I+ 2+7.
O1clofa rocsie BO3BEAeHUS B KBaJpaT I0Jydaem
(x—2)2+41=(x+3)%4-53, mau 10x=—17, 1.e. x=—1,7.
Takum obpasom, uckomas touka M (—1,7; 0; 0). A

234. Jlauwl Toukd A(3; 3; 3) u B(—1; 5; 7). Hafitu KoopaunaTsl
Toyek C u D, jensiiux otpe3ok AB Ha TpPH paBHble YacTH.

235. Jlan Tpeyrombuuk: A (1; 2; 3), B(7; 10; 3), C(—1; 3; 1).
[Toxasarth, 4to yros A-—Tynoi.

236. Haittu koopIMHATBI ICHTpPA TSXKECTH TPEYrOJbHHKA C BepUIH-
navu A (2; 3; 4), B(3; I; 2) u C(4; —1; 3).

237. B xakoM OTHOWIEHMH TOuKa M, paBHOyJaJeHHAass OT ToYek
A(3; 1; 4 u B(—4; 5; 3), pasnemut orpe3ok ocu Oy oT Haya/la Ko-
opmuHat jgo touku C (0; 6; 0)?

238. Ha ocu Oz ualltm TOuKy, paBHOYZAJEeHHYIO OT Touek M, (2;
4; 1) u M,(—3; 2; 5).

239. Ha nmaockoctn xOy maiTH TOYKY, PAaBHOYJAJIEHHYIO OT TOYEK
A(l; —1; 5), B(3; 4, 9 u C(4; 6; 1).

§ 2. BEKTOPbl U NPOCTEAIIHE REACTBUSA HAJX HUMH

CBoGOAHBIN BEKTOp a (T. €. TaKoil BeKTOp, KOTOpHH 6Ge3 M3MCHCHHS JJIHHB! H Ha-
TpaBJAeHUst MOXKeT ObITb NepeHeceH B JOOYK TOUKY NPOCTPAHCTBA), 3aJaHHLIH B KOOp-
AuHaTHOM npocrpaHcTse Oxyz, MOXeT ObITh NMPEACTaBJIeH B BHLE

a=ay,i + ayj+a.k.

Takoe MpejcTaBJeHHe BEKTODAa a HA3LIBACTCA €ro pAsAOJCenies NO 0CAM Koopduwam,
WIH PA3A0JCEHUeM 1O OPMAM.

3neck ay, ay, G, —TNPOEKUUH BEKTOpP2 A HA COOTBETCTBYIOUIME OCH KOOPAHMHAT
(X Ha3LIBAIOT K00pOUHAmaMi. BeKTOpa a), i, j, k—opThl 3THX oOcell (eAHHHYHbIE BeK-
TOpHI, HANpaBJeHHE KaXJOro M3 KOTOPHIX COBMAJA€T C NOJOKHTENbHBIM HAIlPABJICHHEM
COOTBETCTBYIOIIEH OCH).

Bexropel a,i, a,j u a,k, B BHZE CyMMsl KOTOPHIX NpEACTABJEH BEKTOD a, Hassl-
BAIOTCS COCIMABASIOUWLUMIL (KOMNOHEHMAMU) BEKTOPA & IO OCAM KOOp;HHAT.

JauHa (Mofy/b) BeKTOpa a 0603Hauaercss a WJH |a| H ompejeisieTcs no gopmyne

o=V aitaitd.
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Hanpasaenne BexTopa a ompefensercs yraamu ¢, B u v, 06pa30BaHHBIMH HM €
ocsamu xoopaudat Ox, Oy n Oz. KOCHHYCH 3THX YIVIOB (TaK HA3HBACMbIE HANPABAAI-
e KOCUHYCHL 6eKMOpa) ONPeJesIOTCs 10 (GOpMyJdam:

x
2 2 2
]/a sai+al
Hanpapasiontue KOCHHYCH BEKTOPAa CBS3aHBI COOTHOIICHHEM
co3? o +4-cos2 B 4-cos?y=1.

Ecin BexTopsl @ n b 331aHbl HX Pas/OKEHHAMH 1O OPTAM, TO HX CyMMa H pas-
HOCTh ONPEARJISIOTCA MO hopMyJiam

atb=(ay+by) i+ (ay+by)j--(a;+b)k,

a—b=(a;—0by) i4(a,—by) i+ (az—b2) k.
HanomunM, uto cyMMa BeKTOpoB a m b, Hauasa KOTODEIX COBMELEHDT, n3o6pa-
HAETCA BEKTOPOM C TEM K€ HAUaJOM, COBNAJAIOMHM C AHATOHAJBIO MapajljieJorpamua,

. a4y, az
. COS ‘.‘- _— Ccos Vy=—"
! a ' a

a
COS O = ~X —
[21

CTOPOHAMH KOTOPOFO ABARIOTCA BEKTOPH a M b. Pasmocts a—b 31X BekTOpOB M30-
OpaxaeTcs BEKTOPOM, COBHAJAIONIUM CO BTOPOH JHACOHAJIBIO TOTO e TNapaJliesiorpam-
Ma, [PHYEM Haua/no 3TOTO BEKTOpa HAXOJHTCS B KOHUE BekTopa b, a KoHel—B
KOHIe pekropa a (puc. 16).

Cymma moBoro umcia BEKTOPOE MOKET GbIThL Hailiena mo NPAaBHJIY MHOIOYIOJb-
HuKa (puc. 17).

ITponspesienne BeKTOpa a Ha CKaASIPHBHT MHOXKHTCIbL m onpeneasercss GopMyJIoi

ma = mayi -{-ma,j-}- ma,k.

HanowmumnM, uTo BeKTOPH a M ma napaJuIesbHbl (K01 IMHeapHbl) M HaNpaBJAeHH B
OAHY H Ty e CTOPOHY, €CiH m > 0, M B NPOTHBONOJOXKHLIE CTODOHKI, €CIH m < 0.

B wactHOCTH, ecoin m=1/a, T0 BeKTOp a/a umeer JUIMHY, PaBHYIO elHHHLE, H Ha-
NpaBJeHye, COBIAAAIoOlee C HANPABJIEHUEM BEKTOPA a. 3TOT BEKTOD HA3BIBAIOT eOuAIY-
Hbim exmopor (opnom) BEKTOpa a M 0003HAUAlOT a,. Haxokiclue eIMIHYHOrO BeKTO-
pa TOr0 e HanpaBJeHHsd, YTO H JaHHLIT BEKTOD a, HA3LIBAETCH HODMUDOSAHUCH BEK-
TOpa a.

Takum obpasoM, ag=a/a, Win a=aqa,.

Bektop OM, Hayaso KOTOPOTO HAXOAHTCH B Hauale KOODZHHAT, a KOHel[—B ToY-
Ke M (x; y; 2), Ha3blBalOT paduycom-gexmopom TOUKH M M 0603HAUAIOT r (M) nau
npocto r. Tak Kak €ro KOODJMHATHl COBNAZAIOT C KOOPJMHATAMH TOUKH M, 10 ero
pasyioKeHHe MO OpPTAM HMEET BHJ

r=uxi-tyjl-zk.

Bektop AB, mnveomwmit Hauato B Touke A (x{; y;: 21) ¥ KOHell B TouKe B (xy;
Y23 2), MOXKeET OMTh 3anucan B BuAe AB=r,—r;, T1e Ty — pajluyCc-BEeKTOD TOYKH B,
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a 1j—paauyc-BekTop Toukd A. [TosTomy passiomeHHe BEKTOpa AB 1o opTaM HMeeT BHA
AB= (rg—x1) i+ (g2—p1) j+(22—2) k.
Ero aauua coBHajiaeT ¢ pacCTOSTHHEM MEXJY TOYKaMH A u B:
| 4B |=d =V (a—x)*+ W2 =40+ (2—2)™

B cuny mpmBemeHHbIX Buime (OpMYJ HanpaslieHHe BeKTOpa AB ompelessieTcs Hampas-
JSIOUHMH KOCHHYCAMU:

Xo— X1

cos =

. Cosﬁ———yz;yi . 21

; cosy:zz—;—

240. B tpeyronpuuke ABC ctopona AB Toukamu M u N pasjenena
na tpu_pasubie uactu: |AM|=|MN|=|NB|. Haitrn sexrop CM,
ecau CA=a, CB=b.

A\ Fveem AB =b—a. Caetosatensto, AM = (b—a)/3. Tak kak CM =CA + AM,
T0o CM=a-}(b—a)/3=(2a--b)/3. A

241. B tpeyrospuuke ABC npsmas AM saBaserca GuccekTpucoit

yraa BAC, npuueMm TOuKa M nexur Ha crtopone BC. Haitu AM,
ecan AB=b, AC=c.

A Hneem BC =c—b. W3 cBoiicTBa 6HCCEKTPUCH! BHYTPEHHETO yIraa TPeyroibHHKa
crenyer, uto |BM || MC|=b:c, 1. e |BM|:|BC|=b:(b+c). Orcoia nonyuaem
BM= PTe (c—Db). Tak xax AM=AB-4-BM, 10

b __bet-cb
e C =% A

242, Pajgnycamu-BeKTOpaMH BEpIIHH TPeyroJbHHKa ABC sapasiotest
r,, r, u ry. Halith paauyc-peKTOp TOYKH MepPECeYyeHUsl MeJHaH Tpey-
TOJBHUKA.

AM=b-+

A I/Imeeﬂ_-EZ‘irg—_rf_._; BD = (r3—r,)/2 (D—cepesuna cropousl BC); AB =
=ry—t;; AD=BD-}AB=(r3—T13)/2-+re—r3 = (raF13—2ry)/2; AM=(2/3) AD
(M —TouKa MepeceueHHs Me1HaH), IMO3TOMY AM = (ry--r3—2r;)/3. Hraxk,

r=0M=ry-- AM = (ry-+r3—2r1)/3-}-ry, nan r=(r;ro-4-15)/3. A

243, Haifitu aauny Bekropa a=20i4 30j—60k u ero manpapisio-
e KOCHHYCHI.

A a=V 20°+ 3024 60%="70; vos & =20/70=2/7,
cos §=30/70=3/7, cos y=—=60/70=—6/7. A

244, Haiitn Bektop a—AB, ecu A(l; 3; 2) u B(5; 8; —1).

A TlpoekuusiMu BekTopa AB Ha OCH KOOPAHHAT ABASIOTCS PA3HCCTH COOTBETCT-
BEHHbIX KOODJAHHAT Touek Bu A: a,=5—1=4, ay=8—3=5,az=——l——2:._3,
CaefoBateasno, AB=4i-|5j—3k. A

245, HopmupoBats Bextop a=3i+-4j— 12k.

/\ Haiinem nauHy Bekropa a:

la|=V @t ta=V FTaf(—12P=13.
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Hckomblil euHHUHBIE BEKTOP HMeeT BHX

_a 3i44j—12% 3. 4. 12
TR 13 Btk A

246. Jlan tpeyrombuuk ABC. Ha cropone BC pacnosnoxena Touka
M rak, uro | BM|:| MC|=»x. Haitru AM, eciu AB=h, AC —c.

247. Nano AB=a-+2b, BC=—4a—b, CD— —5a—3b. Hoxa-
3aThb, uT0 ABCD—tpanenus.

248. Haiitu npoeknuu BekTOpa a Ha oOcH KOOpJHHAT, €C/JU a =
= AB4-CD, A (0; 0; 1), B(3; 2; 1), C(4; 6; 5) u D(1; 6; 3).

249. Haiitu panny Bexktopa a=mi-+- (m -+ Diji+m@m+1)k.

250. [lauol pajuyCH-BEKTOPHl BEpIIMH Tpeyroibhnka ABC: ry=
=i42j4+3k, rp=3i+2j}k, rc=i-}4j--k. Ilokasarb, uro Tpey-
rojbHuK ABC paBHOCTOPOHHHA.

251. Bomucauts Mopy/b BekTopa a=i-- 2j-} k—(1/5) (4i -+ 8j+ 3k)
M Ha#¥TH €ro HanpabJsIoOLHe KOCHHYCHI.

252. Janbl Toukun M, (1; 2; 3) u M,(3; —4; 6). Haiitu JUTHHY
1 HanpasJeHue Bexktopa M, M,.

253. Ilan Bektop a=4i—2j-+3k. Haiitu BekTOp b, ecin b=a,
b,=a, n b,=0.

" 254, Pannyc-pekrop toukm M coctaBaser ¢ ocwio Oy yroa 60°,
a ¢ ocplo Oz yroa 45°, ero mmmna r= 8. HaiiTu Koopauuarsi touku M,
ecIi ee abclycca OTPULATENbHA.

255. Hopmuposate Bektop a=i—2j—2k.

§ 3. CKAJISIPHOE M BEKTGPHOE NMPOU3BEJEHH .
CMEMIAHHOE NPOU3BEJAEHUE

1. CkanspHoe nponspemenve. Ckanspubis npouseedertiesm XBYX BEKTOPOB a it b
HA3bLIBACTCS YHCJIO0, PABHOE INPOH3BEJEHHIO AJIMH 3THX BEKTOPOB Ha KOCHHYC YIJa ¢
MeXJY HEMH:

a-b=ab cos g.

CpoficTBa CKalfPHOTO NPOH3BELEHHUS.

1°. a.a==q?, uan aZ=nqa?2.

2°, a-b=0, ecaim a=0, Jgubo b=0, 1u6o a _| b (oproronanbhocTs HeHyIeBEIX
BEKTOPOB).

3° a.-b=b-a (mepemecturenbHLIl 3aKOH).

4°. a-(b{-c)=a-b|-a.c (pacnpenenntensubii 3aKO0H).

5°. (ma)-b=a-(mb)=m (a-b) (coueraTenbHLIl 3aKOH 10 OTHOWIEHUIO K CKaIsIPHOMY
MHOXHTEJIO).

CxaisipHEIe TIDOM3BEJEHHsT OPTOB OCell KOCPIHHAT:

iP=2=k>=1, i-j=i-k=j-k=0.

ITycts BexTopel a M b 3ajaHbl CBOMMH KOODAHHATAMH: a=xiityj-tak, b=
= Xai-}-y2j-{-2:k. Torna ckansipaoe mpousseienne STHX BEKTOPOB HAaXOAHTCS 1O ¢dop-
MyJe

a-b=ux1%+ y1y2+2125.

2. Bexropuoe npoussenenue. BexmopHein npouseederiiesm BeKTOpa a Ha BekTOp b
Ha3bIBACTCS TPETHH BEKTOP €, OnpejeiseMulil cieayiomuM obpasoM (puc. 18):

1) Mony/b BekTOpa € paBeH IJIOmAZH NapajjesorpaMma, HOCTPOEHHOTO HA Bek-
TOpax a U b (c=absing, rre ¢p—yroa mexny BekTopamm a u b);

2) BeKTOp ¢ TepHeHJUKYJsipeH BeKTopam a u b;

3) Bektopsl a, b, ¢ nocae mpusesenHs K OOLWEMY Hawany OpHEHTHDOBAHHI MO OT-
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HOMIEHHIO APYI' K APYTY COOTBETCTBEHHO Kak opTHl i, j, k (B mpapoil cucteye Koop-
JHHAT 06pasyloT TaK Ha3LIBAEMYIO NpaBYH MpPOLKY BEKTOPOB).

BekTtopHoe mpou3seieHHe a Ha b ofo3Hauaercs uepe3 axb.

CBolicTBa BEKTGPHOro NPOH3BENEHH 1.

1°. bXa=-—aXb, T. e. BEKTOpHOE NPOH3BeJeHHe HEe 00JaJaeT MEPEeMECTUTEIbHEIM
CBOIHCTBOM.

2°, aXb=0, ecan a==0, 6o b=0, 1u6o a|b (KOINMHHEADHOCTb HEHYJEBLIX BEK-
TOPOB).

3°. (ma) Xb=aX(mb) =m (aXb) (coueraresqbHOE CBOICTBO IO OTHOLIEHHIO K CKa-
JIIPHOMY MHOXKHTEJIO0).

4°. ax(b-}+c)=axb-axc (pacnpelerureJbHOe CBOHCTBO).

BexTopHble npoussejienus KOOPAHHATHHIX opToB i, j u k:

iXi=jxj=kxk=0,
iXj=—jxi=k; jxXk=—kXj=i; kxi=—ixXk=j.

BexTopHoe mpoussejenue BeKTOPoB a =X1i-+j-F 21k 1 b =x,1 145§ + 22k yrobuee
BCEr0 HAXOAHTH 10 (opry.e
ij k
axXb=|x; y; 211.
Xo Yo 22

3. CmewanHoe npoussenenne. CuewiaHubin npotssedenies BeKTopos a, b U ¢ Ha-
331BA€TCSl CKaJisIpHOE NPOH3BelleHHe BEKTOpa aX b Ha BeKTop ¢, T. e. (aXbh):c

CmewmaHHOe Tpou3BeleHlie TpeX BEeKTOPOB a, b, ¢ nmo aoiy.aio paBHo ob6bemy mna-
paJjJesienunesa, NOCTPOEHHOTO Ha 3THX BEKTOpax.

CpoiicTBa CMEIWAaHHOro NPOH3BEeIEeHHUS.

1°. CMewaHBoe NpPOH3BEJEHHE TPEX BEKTOPOB PaBHO HYJIIO, €C.IH:

a) XOTb OJMH H3 NepeMHOKaeMblX BEKTOPOB paBeH HYJIO;

0) ABa H3 MEPEMHOKAEMBIX BEKTOPOB KOJIHHEADHEI;

B) TPH HEHYJEBBIX BEKTOpa MNapaJJieJbHbl OJHOH M TOH Ke IJIOCKOCTH (KOMTJIa-
HAPHOCTD).

2°, CMemiaHHOoe TNpoH3BeleHWe He H3MeHsieTcs, €C.IH B HeM IOMEeHSITb MeCTajMIl
3HAKM BEKTOPHOro (X) M cKalsipHoro (+) ymHoxeHus, T. e. {(aXb)-c==a-(bXc).
B cuay artoro cBolicTBa CMellaHHOE INPOHM3BEIEHHE
BEKTOpOB a, b H ¢ ycJOBHMCH 3amHCHIBaTh B BHIE
abe.

3°. CMemmanHOe TMPOH3BEJEHHE HE H3MEHSETCs, ec-
J¥ TIepecTaBJasThL NepeMHOYKaeMmble BEKTOPbl B KpYyro-
BOM NOpSJKE:

abc =bca =cab.

/
i // 2L/ [
4°, Tlpu mepecTaHOBKe JIOOLIX JBYX BEKTODOB % ///¢/¢ /i/ﬂ &
CMeIlaHoe POM3BEJEHHE H3MENSeT TOJIbKO 3HAK: a
bac = — abe¢; ¢ba = — abc; ach = — abc. Puc. 18

I[TycTs BeKTOpbI 3afaMbl MX DASNONKEHHAMU NO opTaM: a=Xji-}yij--2z:ik; b=
= Xpi-|-yoj - 2:k; e=ux3i-}y3j-|-23k. Torna
X1 Y1 21
abc = Xo Ya 22|
X3 Ys 23

W3 cBOMCTB CMewaHHOro NMPOHU3BENEHHS! TPEX BEKTGPOB BhITEKAET CJEJYIOLee:

HEOGXOAHMBIM H JIOCTATOUHBIM YCJOBHEM KOMIUIAHAPHOCTH TPEX BEKTOPOB CJIYIKHT
yeaosre abe =0;

obbem Vi mapaJdJjenenunesa, IIOCTPOEHHOTO Ha BeKTopax a b u ¢, u ofneM Vs
00pa30BaHHON HMH TPEYFOJbHOH IMHPaMHAB HAXORATCS MO (opMy.am

Vi=|abc], sz——% Vlz%] abe |.
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256. Haiitu ckanspHoe npouspenenue BeKTOpoB a=3i-+4j--7k u
b=2i—5j- 2k.

A\ Haxogmm a-b=3.244(—5)+7.2=0. Tak kak a-b=0mnma#0,b#0, 10
alb A

257. laubt Bektophl a=rmi--3j--4k u b=4i-4mj—7k. Ilpu xa-
KOM 3Ha4yeHHU M 3TH BEKTODBI NepreHHKYJIsPHbI?

/\ Haxonum ckanspHoe npoussejenue 3THX BEKTOPOB: a-b=4m 4-3m—28; Tak
kag a | b, To a-b=0. Orciona 7m—28=0, 1. e. m=4. A

258. Haiitu (5a+3b)-(2a—b), ecin a=2, b=3, a | b.
A\ (5a--3b)-(2a—b) =10a%—ba-b-1-6a-b—23b? =10a2—3b2=40—27 = 13. A
259. Onpenesuts  yrom Mexiy BekTopaMH a=i--2j--3k u b=
= 6i +4j—2k.
A\ Tax Tak a-b=ab cos @, 10 cosm:%:. Mnveem a-b=1.6-42.4-1-3(—2) =8,
a=V 1+4-F9=V'14, b=y 361164 =2)/ 14.
8

2 2
mﬁ=7 u (p:arccos—7—. A
b 260. Hafitu BexTOpHOE NpOH3BeneHHE BEKTOPOB a— 2i --3j--5k n
=i+ 2j+k.
/A Hmeem

C.’Ie,ﬂ;OBaTe.HbHO, COS p=

axb=[§§‘§|:i;g 5= ]2 +x]2 3],
T. e. axb=—7i4-3j4k. A

261. BpluMcauTh MIOMAAb NapaniesorpaMma, MOCTPOCHHOTO Ha BeK-
Topax a="6i-3j—2k u b=3i—2j 6k.

/\ Haxonum BextopHoe mpousseienne a na b:

0 k[ 3 91 g —2 6 31 i e
axb=|6 3 =|]_2 6I_Jl3 6[+k[3_2|=141_42,_21k.

Tak xax MOJAYJIb BEKTODHOTO MNPOU3BCAEHHS JBYX BEKTOPOB pPaBeH ILIOIa 11

MOCTPOEHHOTO HA HHX HapamiejorpamMa, 10 S=|axb|=} 142542222 =
=49 (kB. e1.). A

262. Boiuncants miomann Tpeyroabnuka ¢ sepmunamu A (1; 1; 1),
B(2; 3; 4), C(4; 3; 2).
/\ Haxozum sextoprt AB u AC:
AB=Q2—1)i+@B—1)j+@—1) k=142j+3k,
AC=(4—1)i+@B—1)j+@—1) k=3i+2j k.

nJ’IOIlI,aILb TPEYTroabHHKA ABC paBHa IIOJIOBHHE IIJIOINA/NH IapaJsielIorpaMma,

nocTpoeHHoro Ha BekTopax AB H AC, MO3TOMY HAaXOZUM BEKTOPHOE [IPOH3BEIEHHE
9THX BEKTODOB:

o Jijk
Bx Czlég? =ilgﬂ—j]é?l+klégl=_4i—[—8j—4k.
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CaefoBaTe bHO;
1 j— — -
Sapc=-5 | ABXAC |: V16164 +16=) 24 (xe. e1) A

263. Brruncauts miowaab napasienorpamMmma, nocTpOeHHOro Ha Bek-
Topax a-+3b u 3a-+b, ecsiu [a|=|b|=1, (zf\b):30°.
/\ Hmeen
(a-}-3b)X (3a-F-b)=3axa-L-axXb-}-9bXa-+3bxb-|-
=3-0}faxb—9axb-+3-0=-—8axb
(nockoaeky axXa=hXb=0, bXa= —aXxb). Hraxk,
S=8axb|=8-1-1-sin30°=4 (xB. en.). A

264. Haiitn cMewannoe mnponsseienne BekTopoB a=2i—j—Kk,

Aabc—?_%:” 2‘3“1\T1l1—1 1|}?| 26--5--2—33. A

265. Ilokasath, uto Bektopl a=2i-}5j4+ 7k, b=i+j—k, c¢=
=1i-2j-+ 2k KovnJaHapHbL.

A Haxojium cMeranioe NpoOU3BECHHE BCKTODPOB:

2 5 7
1 1—1 —Q’I“ll-—o

l

abc =

ol
,I_
~
o

7’ 8—1
Tak Kak abc=0, TO 33ajaHHLE BEKTODLI KOMIIaHAPHEL. A

266. Haiiti oObem Tpeyrossroii nupamuisl ¢ Bepumuamu 4 (2; 2; 2),
B(4; 3; 3), C4; 5, 4) u D(5; 5; 6).

A Haiinem Bextopnl AB, AC n A‘D-,_cosnaxaronme ¢ peGpamu NMHpaMHIBI;
cxopamumucs B Bepwune A: AB=2i--j--k, AC=2i4-3j--2k, AD=3i--3j--4k.
Haxoaum cMemaniioe Mpon3seIeHne 3TUX BeKTOPOB:

211
ABACAD = |2 3 o|—2]2 2| 1|2 2|+1. 23] 96 1.9—1.5=T.
334 34 34 33

Tax xax ofbeM nHpaMu[l -paBen 1/6 ofbeMa mMapasTelcnieda, MOCTPOCHHOTO HA
Bextopax AB, AC u AD, 10 V=7/6 (xy6. e1.). A

267. Beruncaute (a—b) (b—-c) (c—a).

A Tak xak (a—b)-F(b—c)-+(c—a)=0, 10 3111 BexTOpLI KOMIIaHapHH (pHC. 19).
CilefloBaTeNIbHO, MX CMellanHoe Ipou3BejeHHe paBHO HYJIo: (a—b) (b—c¢) {(c—a)=

268. Haiitu cxansgpHoe mpousBeneHue BeKTopoB 3a—2b u 5a—6b,
ecit a=4, b=06 ¥ yroa Mexiay BeKTopaMH a U b paBen mn/3.

269. Omnpemenuts yrosm Mexay BektopamMH a=3i+44j+5k u b=
= 4i 4+ 5j—3k.

270. Tlpun xakoM 3HaueHUH m BeKTOpH a==mi-+j u b=31—3j+4k
NepreHAHK YIS PHBI?
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271. Hafitu cxandpHoe mnpousseneHie BektopoB 2a4-3b-4-4c

) T~ T
Sa+6b-+7c, ectu a=1, b=2, c=3, a (a, b)=(a, ¢)= (b, ¢) =7n/3.
273.\Haﬁm pabory cusnbi F Ha nepemeienuu s, ecnu F=2, s=5,
¢=(F, s)=mn/6.

273. HaiiTH enuHHYHBIA BeKTOp, NeEPIEHANKYJMADHEIH BeKTOpaMm
a=i-tj+2k u b=2i-j4k.

274. Bekropnl a, b, ¢ umeloT paBHbIE JVIHHBI M 00pa3syioT MOMNApPHO
paBuble yrabl. Hafitn Bektop ¢, ecan a=1i+j, b=j+k.

275. Haunbi BekTOpHl a=2i4-2j-+k u b==6i+ 3j+ 2k. Halitn npab
H IIppad.

276. laHp! pajuychl-BeKTOPHI TPeX MOC/IeI0BATebHbIX BEPUIMH Ma-
pamnenorpamma ABCD: r =i-j+k, rg=i+3j+5k, re=7i+9j411k.
Onpenenuts pagnyc-BeKTOp YeTBEPTOH BepIIH-
HBl D.

277. Tlokasath, uTO BeKTOpl a H b He
MOT'YT GbITh NePHEHANKYAAPHBIMH, ecana-i > 0,
a-j>0,a-k>0,bi<0, b-j<0, b-k<0.

278. IToka3arb, uTo BeKTOpH a =i+ j+ mk,
b=i4+jt+(@m+1)k u c=i—j+mk uHu npu
KaKOM 3HAayeHHH m He MOryT ObITb KOMIlJIa-
HapHBIMH.

279. MoryT /i OTJMYHBIE OT HYJS YHCIA X{, X Xg Yir Yoo Yar 21
2, 23 YNOBJACTBOPATH YpaBHEHUAM

X1 Yi Z X1Xo 1Yy +2122=0,
Xy Yo 22]=0, x1x5-F41ys-+2123=0,
X3 Y3 23 XoXg—- Yol 2923 =07

280. HailTu BektopHOe mTpou3BeneHHe BekTOpoB a=2i--5j4k
Hb=1i-+4+2j—3k.

281. Boiyucauth miowmans TpeyrodbHuka ¢ sepinHamn A (2; 2; 2),
B (4; 0; 3) u C (0; 1; 0).

282. Haiitu cmemannoe npousBesieHile BeKTopoB a=i—j+k, b=
=i+j+k, c=2i+3j+4k.

283. [Ilokasath, uTo BeKTOphl a=7i—3j-4 2k, b=3i—7j+ 8k,
¢=i—j-+k KoMn/jaHapHBHI.

284. Buudcauth oGBeM TPEYroJbHON MUpPAMHABI C BePIIMHAMU
A(©; 0; 1), B(2; 3;5), C(6; 2, 3 u D(3; 7; 2). Hafru pauny
BBLICOTHl MHPaMUJibl, ONYLIeHHOH Ha rpanb BCD.

285. Ilokasate, uro touku A (5;7;, —2), B (3; 1; —1), C (9; 4; —4)
u D (1; 5; 0) nexar B oaHOH IJIOCKOCTH.



TJIABA II
AHAJIUTUYECKAS TEOMETPHUA B NPOCTPAHCTBE

§ 1. NJIOCKOCTE M MPSAMAS

1. Muockoctb. 1) ¥ pasrenue naockocmi 8 6eKMOopHOU opme umeer BUL,
r-n=p.

3zech T=xi-yj-+zk —paanyc-pexktop Tekymeil Touxu M (x; y; 2) IIOCKOCTH; N =
=i cosa-jcos B4k cos y—eIHHHUHLI BEKTOP, HMEIONIKI HAaNpaBjeHHe Tepren1i-
KyJsisipa, ONYIICHHOTO HA IJIOCKOCTb M3 Hava/ja KOOPIHHAT; o, B, y—yrasl, obpaso-
BAHHBIE STHM Nepremaukyaspom ¢ ocamu koopausar Ox, Oy, Oz; p—jjauHa 3TOro
nepHeHIHKYy/Ispa.

[Ipu nmepexoje K KOOpJMHATAM 3TO ypaBHEHHe NPHHHMaeT BHI

xcoso--ycosP4-zcosy—p=0 N

(ropstasbroe ypasnerie naockocmu)
2) YpasHelne BCSAKOH IVIOCKOCTH MOXKET GHITb 3allHCaHO TaKkKe B BHIE

Ax-++By--Cz+D=0, 2

ecan A2--B2-C2 £ 0 (o6uwee ypasnennue). 3nece A, B, C MOXHO pacCMaTpHBAThb
KaK KOOp/MHaThl Heroroporo rextopa N = Ai--Bj--Ck, mneprnesiuxky/JspHOro mnJoc-
KOCTH (HOpMAAbHO20 ekmopa TiockocTH). Jlas mpusejieHns ofWero ypaBHeHHs: MJoc-
KOCTH K HOpPMAJLHOMY BMJY HaJ0 BCEe UWIeHbl YPAaBHEHHS YMHOXHTb Ha HOPMHpYIO-
U MHOXMHTENb

p=+ I/N=11/V ALB+C% @)

rie 3HaK mepel PaAMKaJoM TPOTHBOMOJOMKEH 3HaKY cBoGoaHOoro uieHa D B obuiem
yPABHEHHH TIJIOCKOCTH.

3) YacTHble cyuaM pacmoJOXKeHHsl IVIOCKOCTH, ONpeiessieMoil ofmuM ypaBHEeHHeM
Ax-+By--Cz-+-D=0:
A ; mapaJagensna ocu Ox;

B=0; » » Oy,

C=0; » » Oz

D =0; NpoXoJAHT uepe3 HayaJo KOOPJMHAT;

A=B=0; nepnenpuryaspra ocu Oz (mapamieabha niaockoctH x0y);
A=C=0; » » Oy ( » » x02);
B=C=0; » » Ox ( » » y02);
A =D =0 npoxoaut uepe3 ocb Ox;

B=D=0 » » »  Oy;

C=D=0 » » y 0z

A=B=D==0; cosnanaer ¢ miockocreio xOy (z=0);

A=C=D=0; » » » x0z (y=0);

B=C=D=0; » » » y0z (x==0).

Ecnu B ofmeM ypaBHeHMH IJIocKocTH Koadduument D # 0, To, paszenus ece
ujieHn ypapHeHHs HA —D), ypaBHeHue IUVIOCKOCTH MOMKHO NIPHBECTH K BHAY

X, 4,2
-y T =1 )

(3neck a=—D/A, b=—D/B, ¢=—D/C). 910 ypapHeHne Ha3BIBAETCS YpPAGHEH!EM
NAOCKOCIMIL 8 OMpesKkax: B HeM d, b W c—COOTBeTCTBeHHO afcuucca, OpAHHAara M ai-
IJHKATa TOueK mepecedeHns miockoctu ¢ ocamu Ox, Oy u Oe.
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4) Yeon ¢ meowdy naockocmamu Aix+4-Biy+Ci2+ Dy =0 u Agx-Byy-}Coz -+
D, =0 onpegensiercs o gopmyne

A1As+ B1By +-CiC,

NV AtmraV aiaa ©
«YC/losue napansiesbHocmu MJIOCKOCTEeH
Al,/A2 = 31/32 = Cl/Cz- (6)
Ycaosue nepnenduryraprocmu MIIOCKOCTEN:
Ay Ay By By +C1Cy =0, 9

5) Paccmoanue om mouxu My (Xo; Yo; 2) 00 naockocinu, omnpelenseMcit ypas-
nenueM Ax-}-By--Cz--D =0, naxoaurca no dopmyne

d—-l Axo+3yo +Cz+D|
= el et .
V A2 B21C?

OHO paBHO B3ATOMY IO aGCOMIOTHOH BeJHYHHE pPE€3yAbTaTy MOJICTAHOBKH KOODPJAHHAT
TOYKH B HOPMaJbHOE ypaBHEHHE IVIOCKOCTH; 3HAK pe3y/ibTaTa 3TOH MOACTAHOBKH Xa-
PaKTEpH3YeT B3aHMHOE DACIIOJIOXKEHHE TOYKH M HAyasJa KOOPAMHAT OTHOCHTENbHO JaH-
HOH IJIOCKOCTH: «ILTIOC», €CJM Touka My M Haualo KOoOpAHHAT PacmoJIoKeHsl 10 pas-
Hbl€ CTOPOHBI OT IJIOCKOCTH, U $MHHYC», €CJIM OHH DaCIOJIOMKEeHBl II0 OJHY CTOPOHY OT
TIJIOCKOCTH.

6) ¥ pasrenue naockocmu, npoxodsuwei wepes mouxy Mg (xo; Yo3 2p) 4 nepnendu-
kyaapuol eexmopy N = Ai+ Bj--Ck, umeer Bug

A (x—xy)+ B (y—yo) +C (2—25) =0. )

ITpn nponssoasHbx 3Hauenusx A, B u C mocieiHee ypaBHEeHHE ONMpEIEAET HEKOTO
Py0 ILIOCKOCTE, NPHHALIEKAUYIO CBA3KE TJIOCKOCTEH, MPOXOAAIUX Yepe3 TOuKy M.
Ero nosromy 4acTo HaSHIBAalOT ypasrenuem Ces3Ku NAOCKOCMEL.

7) ¥YpasHenue

A+ Byy+Ci2-Dy A (Ayx + Byy -+ Cyz+-Dy) =0 (10)

TPH TPOH3BOJNLHOM 3HAYEHHH A oONpele/iseT HEKOTOPYIO IJIOCKOCTb, TIPOXOASIILYIO
yepes NPAMYIO NepeceyeHust MIAOCKCCTeNH

A4 By +Ciz+Dy=0 (I) 1 Ayx=-Byy--Coz4D, =0, (1)

T. €. HEKOTOPYIO IIOCKOCTb, NPHHAIENKAWYIO MyUYKY IJIOCKOCTel, MPOXOJAMHEX Uepes
5TY NPAMYIO (B CHIY Uero Takoe ypaBHEHHE 4YacTO HA3LIBAIOT YpPasHeHUEM nyuxa
naockocmeii). ECIH IJOCKOCTH, ONIpefesNsieMble ypaBHEHHAMH (I) u (1), napannennust,
TO NYYOK NJOCKOCTeH NPEBPAIMAETCs B COBOKYMHOCTh ILIOCKOCTEH, I1apaJiiebHbix
STHM ILIOCKOCTSIM.

8) ¥pasnerue naockocmu, npoxodauer epes mpu sadarnsie mowxy My (r1), Ms (ry),
Mg (rg) (snech ty=xii-f-t1j+21k; Ty=2xa1+yoj+2:K; T3=xgi 4 ysj-+ 25k), npoue
HAHTH M3 YCMOBHS KOMILIAHADHOCTH BEKTOPOB I~—Tfy, Ty—Ty, f3—F;, e F=xi
-} yi--zk—panuyc-BekTop TeKylueil TOUKH HCKOMOH IIOCKOCTH M:

(r—ry) (ro—ry) (r3—r11) =0,
HJIH B KOOpAMHATHOH Qopme:

@

X—Xy Y—yi 2—2j
Xp—Xi Yo—Yi 2—2;|=0, (1)
X3—X1 Ys—Y1 23—2;
286. YpaBHeHHe MIOCKOCTH 2X--3y—6z 21 =0 OPUBECTH K HOP-
MaJbHOMY BPI,U,y.
/\ Haxonum HopMHupyIOmHE MHOMXKHTEND (koTophlii Gepem co 3HaKOM «MHHYC»,

NoCKOIbKY D =21 > 0): p== —1/V22+32—|— 62=—1/7. Urak, HOpMaanHOE ypaBHe-
HHE 33J1aHHOM ILIOCKOCTH HMeeT BHA — (2/7) x—(3/7) y+(6/7) z—3=0. A
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287. Onpejiennth paccTosHHE OT TOUKH My (3; 5; —8) zo maoc-
KOCcTH 6x—3y - 22—28 =0.
A\ Hcnonways dopmyy (8) paccTosHHA OT TOYKH A0 IIOCKOCTH, HAXOIHM
[6:3—3-54+2.(—8)—28] 41
d= —_— =
Y 6232 2e 7
Tak Kak pesyibTaT MOJCTAHOBKH KOOP/HHAT TOUKH M, B HOpMambHOE ypaBHeHHe

TIOCKOCTH OTpHUaTeteH, T0 My U Haualo KOOPAMHAT JEXKAT IO OAHY CTOPOHY OT
33]aHHON INIOCKOCTH. A\

288. CoctaBuTh ypaBHEHHE IUIOCKOCTH, NpOXOsueil uyepes TOUKY
M (2; 3; 5) u mepnenpukyasipnoit Bektopy N = 4i -+ 3j-- 2k.

/\ Hocratouno Bocmosb3oBathCst ypasmenuen (9) MJI0CKOCTH, HPOXOIALel Jepes
JaHHYIO TOYKY M IEPNEeHAHKYJISPHOH JaHHOMY BEKTOPY:

4(x—2)+3(@y—23)+2(&—5=0, 1. e. 4x-1-3y--22—27=0. 4

289. Halitn ypaBrenne miocKoCTH, NMPOXOAsell yepes Touky M (2;
3; —I1) napannenpHo MIOCKOCTH 5x—3y 4 22— 10 =0.

/\ 3anmmuen ypapienuc (9) CBA3KH MIOCKOCTeH, POXO/ISILIAX Yepe3 JaHHYIO TOUKY:
Ax—2)+B({y—3)4-C (z--1)=0.

Hopmaabhblit peKTOp HCKOMOI TJIOCKOCTH COBHNANAET C HOPMAJIbHEIM BEKTOPOM N =
= (5; —3; 2) naHHOR MIOCKOCTH; caefoBaTenbHo, A==5, B=—3, C=2 y ypaBHe-
HHE HCKOMOJ IIIOCKOCTH NMpPHUMET BHJ

5(x—2)—3(y—3)+2(z+1)=0, wan 5x—3y--2:4+1=0. A

290. Mz Touxn P (2; 3; —D5) Ha KOOPAUHATHBIE OCH ONYINEHHI
nepreHanKy/Ispbl. CoCTABUTL ypaBHEHHE TVIOCKOCTI, NIPOXOAsEil yepes
HX OCHOBaHHS.

/\ OcHoBanuAMM TIePNEeHJHKY/ISPOB, ONVIMEHHHIX HA KOOPINNATHBIE IJIOCKOCTH,
cayxat creayiomue Touku: My (2; 3; 0), My (2; 0; —5), M3 (0; 3; —5). Hcnoarssys
coorHolienye (11), 3anuweM ypasHENHE UIOCKOCTH, NPOXOIAIEHT uepe3 TOUKH My,
Mg, A/Igl

2 3 z
0 —3 —5{=0, nmu 15x--10y—62—60=0. 4
2 0 5

291. CoctaBuTb ypaBHEHMe ILIOCKOCTH, Tpoxopsmefl depes TOUKY
A (5; 4; 3) u orcexalolleil paBHblE OTPE3KH HA OCAX KOOPAMHAT.

/\ Hcronnsys ypasHenne (4) INIOCKOCTH B OTPe3KaX, B KOTOPOM a=b=c, nveenm
x/a~+yja--z/a==1. KoopaunaTsl Touku A yAOBAETBOPAIOT YPaBHEHHIO HCKOMOII mJoc-
KOCTH, IO3TOMY BLIIOJHAETCS paBeHCTBO S/a--4/a-3/a=1, otkyia a=12. Hrak,
noixyuaem ypasHenue x+y-4-2—12=0. A

292. CocraBuTh ypaBHeHNHe IUIOCKOCTH, NIDOXOAAIIEH Hepe3 JIHHMIO
nepeceyeHust MIOCKoCcTed X +y+4-52—1=0, 2x-}-3y—2z+2=0 u ye-
pes Touky M (3; 2; 1).

/\ Bocnonrsyemcsa ypasrenuem (10) nyuxa miaockocreii:

x-Fy-+5z2—1-4A(2x-}-3y—2z--2)=0,



3nauenne A olpejleisieM H3 YCJIOBHS, YTO KOOPAHHATHI TOUKH M YOBIETBOPSIOT STOMY
ypaBuenuo: 3-+-24-5—1+A(6+6—142)=9]-134=0, orkyna A=-—9/13. Ta-
KuM 00pasoM, HCKOMOE yDaBHCHHE UMEET BHJ

x—]—y—[—5z—l—%(2x—{—3y—z—{—2)=0, HIn Sx-+ 14y—742--31=0. 4

293. CoctaBHTb ypaBHEHHE IJIOCKOCTH, MPOXONAILEH Yepe3 JHHHUIO
nepeceueHuss mJockocTed x—+3y+52—4=0 n x—y—221-7=0 nu
napamaensHoii ocu Oy. '

/\ Bocnosbsyemcs ypaBHeHHeM MyyKa IJIOCKOCTEH:

x+43y+52—4+A(x—y—22--7)=0;
(I1424) x+(3—2) y- (6—21) z-}- (TA—4)=0.
Tax Kak HCKOMas IJIOCKOCTb MNapajiesbHa CCH ODAHHAT, TO KO3(DHIHEHT

0pH y 1oJKeH ObiTh paBeH HyJaio: 3—A=0, 1. e. A==3. [lojcTaBus HalijieHHOe 3Ha-
4yeHue A B ypaBHeHME Iyuka, noiayuaem 4x—z--17=0.

294. Haiitn ypaBHeHHe mJIOCKOCTH, MpPOXOASIEd Yepe3s TOUKH
A (2; —1; 4) u B(3; 2; —1) nepneAuKyJIspPHO MUIOCKOCTH X+ y -- 22—
—3=0.

/\ B kauecTse HOpMasnbHOro BekKTOpa N HCKOMOH NUIOCKOCTH MOXKHO B3fThb BeK-
TOp, MepHeHAnKYJsipHoit pektopy AB={l; 3; —5} W HOpPMaJbLHOMY BEKTOpY n =
{1; 1; 2} nannoit miockoctd. ITosTomy 3a N IpUMEM BEKTOPHOE MPOH3BEACHHC

" :

|

AB 4 n;
i § k
N=ABxn=|[1 3 —5|=11i—7j— 2k.
112

OcraeTcst BOCIOJIB30BATHCS YPAaBHEHHEM IIJIOCKOCTH, NMPOXOJsitell uyepe3 NaHHYIO TOUKY
(nanpuMep, A) MepmeHiUKYJIApHO 3ajaHHOMY BekTopy N={11; —7; —2}:

Nx—2)—7@y+1)—2@—4)=0, win 1lx—7y—22—21=0. A

295. CocTaBUTb YypaBHEHHE IIOCKOCTH, NPOXOAfWEH Yepe3 TOuKy
M (3; —1; —5) u nepneHAMKyJAsSpHOH MJIOCKOCTAM 3x—2y + 2247 =
=0 u bx—4y-4+32+1=0.

A\ OueBniHO, 4TO B KauecTBe HOPMAJbHOro BeKTOpa N HCKOMOII MIOCKOCTH MOXKHO
B3ATh BEKTOPHOE NPOU3BEJEHUE HOPMANbBHEIX BEKTOPOB Ny ={3; —2; 2} u ny={5; —4; 3}
JAaHHBIX IJIOCKOCTEI:

i j ok
N=nXn=[3 —2 2|=
5 —4 3
=2 2 2 3 2

=204 j— %.

3 —

=1_4 3|+i|3 5'+kl5 —4

Tenepn, uCHOMb3ys ypaBHeHue MJIOCKOCTH, MPOXOjsilelt uepes nanHyo Touky M (3;
—1; —5) nepnenaukynspro sekropy N={2; 1; —2}, monyyaem

2(x—3)+w+1)—2(+5)=0, nnu 2xy—22—15=0. A

296. IlpuBectTn K HOPMAJILHOMY BHJY YPaBHEHHS CJAEAYIOUMX MJIO-
ckocrefi: 1) x+y—z—2=0; 2) 3x+4-5y—4z--7=0.

297. Hafitu paccrosinne ot Ttouku M, (l; 3;—2) A0 mJIOCKOCTH
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9x—3y—4z-412=0. Kak pacnosoxena 1ouka M, OTHOCHTE/LHO MJIO-
CKOCTH?

298, Haiity JuIMHY nepnemiuKyjasipa, OnmyleHHoro us touku M, (2;
3;—5) ma maockocts 4x—2y+5z—12=0.

299, HaiiTH ypaBHeHHE WJOCKOCTH, Npoxopsmeii: 1) yepes Touky
M (—2; 3; 4), ecsin OHa OTCEKaeT Ha OCsX KOOPAMHAT PaBHBIE OTPE3KH;
2) uepes Touky N (2;—1; 4), ecau ona orcekaer Ha ocn Oz OTpe3ok
BaBoe Oospinil, yeM Ha ocsix Ox u Oy. _ _

300. Haiitu ypapHeHue NJIOCKOCTH, NpPOXOasuled uepe3 Touku P (2;
0;—1) u Q(1; —1; 3) u neprenauKyJIApHON MIOCKOCTH 3x+2y—2 +
+ 5=0.

301. Ha muockoctit 2x—5y-+2z-4-5=0 Halitnu Taxyw touky M,
yTo6n npsiMast OM cocTaBiaga € OCSIMH KOODJAUHAT PABHbIE YIVIBI.

302. Haiitu ypaBHeHHe ILIOCKOCTH, 3Has, uTo Touka P (4;,—3; 12)
CAYIKUT OCHOBAHHEM NEpNeHJMKYJspa, ONYLEHHOIO W3 Hayaja KOOpAM-
HAT Ha 3Ty IJOCKOCTb.

303. Hafiti ypaBHeHHS MJIOCKOCTEH, MPOXOJAUIHX 4Yepe3 OCH KOOop-
JMHAT TePHeHAMKYJIspHO mockoetH 3x—4y -5z —12=0.

304. Haiity ypaBHEHHE IJIOCKOCTH, TOYKHM KOTOPOH OJAHHAKOBO Yja-
nenst or Touek P (l;—4; 2y u Q(7; 1;—5).

305. Haiitu ypaBHeHHe IJIOCKOCTH, TPOXOJIsCH yepe3 TOUKH P (0;
2: 0) u Q(2; 0; 0) u obpasyiowmeit yron 60° ¢ nuockocTeio x == 0.

306. BbulcanTb yroJq Mexay IJIOCKOCTSMH, MNPOXOAALLUMH uepes
touky M (1;—1;—1), oaHa u3 KOTOpLIX cojepxut ochb Ox, a Apy-
ras—ocp Oz.

307. Haiitn ypaBHeHHe MJIOCKOCTH, MPOXOAAIIEH yepe3 Hayano Koop-
AuHAT M uepe3 ToukH P (4,—2; 1) u Q(2; 4; —3).

308. Haiitu ypaBHeHHE IJIOCKOCTH, MPOXOJSIIEH yepe3 TOuKy fepe-
ceyenus mockoctedl 2x + 2y +z—7=0, 2x—y+32-—-3=:0, 4x+5y—
—92:—12=0 u uepe3 Touku M (0; 3; 0) u N (I; I; ).

309. CocTaBHThL ypaBHEHHE IIJIOCKOCTH, MNPOXOAdiledl uepes JIMHHIO
nepeceuenuss maockocteit x5y 9z2—13=0, 3x—y—5z+4+1=0 u
uepes Touky M (0; 2; 1).

310. CocrtaBuTh YypaBHEHHE IJIOCKOCTH, MPOXOAsIleil uepe3 JIHHHIO
nepecevenus miockocreii x+2y4+3z—5==0 u 3x—2%—z+41=0 n
OTCeKalollel paBHele oTpe3kd Ha ocax Ox u Oz.

311. CocTaBUTb YpaBHEHHE IJIOCKOCTH, IIPOXOAsAINE! uepe3 JHHHIO
nepeceyenust miockocredt (1 —|—l/2)x+2y+22—4:0, x+y+z2+41=0
u o6pasyloleil ¢ KOOpAHHATHOH miockocTbio XOy yroa 60°.

312. CocraBuTh ypaBHeHHEe IIJIOCKOCTH, IPOXOAALIEH yepe3 JIHHHIO
nepecevenusi miockoctelt 2x—y—12:—3=0 u 3x+y—T7z—2=0n
nepreHaMKYJIsPHOR MIOCKOCTH X 42y 45z —1=0.

313. CocraBuTh ypaBHeHHE T[JIOCKOCTH, TPOXOAsUed uepe3 JIHHUIO
nepeceuennst niockocteil A, x+By+Ciz+D, =0 u Ayx+ By + Cyz -+
+ D,=0 u uepe3 HayaJO KOOPIUHAT.

314. CocraBuTh YpaBHEHHE IJOCKOCTH, NPOXOASUIEH 4Yepe3 TOYKY
M (0; 2; 1) u napanenbHoit Bektopam a=1i-4j+k u b=i-|j—k.

315. Kakoit yros1 ofpasyer ¢ IJIOCKOCTbIO X -~y +2z—4==0 Bexrop
a=1i4+2j+k?
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2. Npsaman. 1) [psmas moxer GuiTb 3ajjaHa ypasHeHuAmu J6yx naockocmed

Ax+By-+Ciz+-Dy =0,
Apx - Byy-+Coz+ Dy =0,

NlepeceKalomuxcs Nno 3ToH NpsMoil.

2) HCcK/IOuHB MOOYEPE/HO ¥ U Y M3 MPEIBAYUIHX YDaBHEHHI, TOJIYYHM yPaBHEHHS
x=az-}c, y=>bz-}d. 3necy mnpsmMas onpejelena O8yMs NAOCKOCIMAML, NPOCYUPYIO-
wunu ee na naockocmu x0z n yOz.

3) Ypasuenus npamoil, npoxodaujeidl uepes Ose mouxu My (xy; yy; 21) B Mg (xo;
Yoi 22), UMEIOT BHJ

X—X{ _Y—Yi__ 22—

= = . 1)
Xo—X1 Yo—Y1 R2—21 (
4) Taxk Ha3LIBaeMbie KAHOHUMECKUE YPABHEHUS
x—x1:y—y1‘:2—zi (r))

l m n

ONpeJeNsIOT TPAMYI0, Npoxojsmylo ueped Touky M (x;; yp3 2y) ¥ MapajlenbHyIo
BexTOpy S==li-}-mj-+nk. B yactHOoCTH, 3TH ypaBHEHHMS MOTYT ObiTh 3amicalibl B BULC
X—X{__U—Yi_ 2—2y
cosa  cosP cosy’y

rie o, B u y—yra, ofpasopanHbie MpsaMoil ¢ ocsimu Kooptunar. Hanpasasiomue
KOCHHYCBbI NPSIMO HaxoAaTca No ¢GopMysaam

! ) m
COS O = —————r— COS{%:—_}—:—_—_—_, co
V Bt m?fn?

n
EENTET “ViErmie

5) OT KaHOHHUECKHX yPaBHEHHI IpsMOii, BBOAA MapaveTp f, HETPYAHO NepeiTH
K NapamMempuqeckuis ypasHeHUIM:

sy ©

(x=It-}-xy,
y—=mt-ty g
z2=ni-}2;.

6) Yeoa mencdy Jdoyma npasstsil, 32JaHHBIMA HX KaHOHHYECKHMU VpPaBHEHHIAMI
(x—x1)/l = (Y —y)/mi=(z—2z)/ng 0 (x—X2)/ly == (§ —Yys)/ms = (z2—23)/ 11, OLpPEIEIIL-
ercsa Mo ¢opmyJe

Lils+myma - ning (5)
V BEmik ai ) Btmitong

YCA0BUE NAPAAICADHOCTIL OBYX NPAMBIX:

€os @ =

v

Ii/ly=my[/mys=ny/ns; ©)

ycaosue nepneHduKyAapHocmiL 0BYxX NpAMbIX:
Iyly 4 mymg -f-nyny =0. (N

7) HeoBxozuMoe M JOCTATOUHOE YC/IOBHE HAXOXK[IEHHS IBYX NPAMbIX, 3alaHHbIX
HX KAHOHHYECKHMH YPABHEHHSIMH, B OJHOH ILIOCKOCTH (yCA08ie KOMMAQHAPHOCIU dsyx
npamelx):

Xo—X{ Yo—Yi 2221
Iy my ny |[=0. (8)
12 ny fig

Ecau BeJqmuuHb [y, my, n; He TPOMOPUHOHAJBHB BENHUHHAM Iy, Mg, f5, TO YKa-
3aHHOE COOTHOLIEHHe $BJISETCS HEeOOXOAHMBIM H JACGCTaTOYHLIM YCJIOBHEM IEPECEYEHHs
JABYX NpPAMBIX B IPOCTPAHCTBE.
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8) Veonr  mewmdy npamoi (x—xp)/l=(y—y)/m=(r—z;)/n u naocKoCcmMLI0
Ax--By-+-Cz-4-D =0 onpegensiercst 0o ¢opmyJie

Al-1-Bm--Cn

sin ¢ = ; 9)
¢ VA“—}—Bz—i—CZ'VF—FmZ—l—nZ (
ycaosue napasnesbHOCHL APAMOL U NAOCKOCHLLL
Al--Bm--Cn=0; (10

ycrosue nepneHOUKYAAPHOCHUL NPAMOL U NAOCKOCHUL
A/l=B/m=C/n. (11)

9) Jlna onpejeneHus mouku nepeceserus npamoti (x—xg)/l=(y—y,)/m =
= (2—2g)/n ¢ naockocmoto Ax+ By--Cz-+D =0 HyKHO peinTs COBMECTHO MX ypaBHe-
Hus, MO YEro cJejiyer BOCIONb30BATHCS NApaMETPHYECKHMH YPaBHEHHSMH IIPAMOK
x=lt-4-xo, y=mt+yp, 2=nt--2z4:

a) ecan Al4-Bm--Cn#0, 1o npsmas nepecekaer NJIOCKOCTb;

6) eciu Al+4-Bm~+Cn=0 u Axy+ Byy+Cz+ D#0, To npsimast napaJJeibHa
TJIOCKOCTH;

B) ecu Al4-Bm—+Cn=0 u Axo-+} Byo+C2 -+ D=0, To npsmas Jexur B mio-
CKOCTH.

316. Ypasuenuss npsawvbix 2x—y-+32—1=0 u Sx+4y—2z2—7=
= 0 npHBECTH K KaHOHIIYECKOMY BHLY.
A I cnoco6. Mckmouus cHauana y, a 3aTeM 2, HMeeM
13x+112—11=0 u 17x--11y—22=0.
Ecau paspemnTs Kaxjaoe H3 ypaBHeHnﬁ OTHOCHTEJbHO X, TO NOJYYHM
lel(!/—Q)_ll(z-—l) x _y—2 z—1

17 —13 " TITT 7 T 18

Il cnoco6. Hafinem pektop s=:li-}-mj-}nk,” napajneasHuili HCKOMOI NpsiMOfi.
Tak Kak OH JOMKeH OHTh NMepHeHAHKYJAsSpeH HOpMa/ibHbM BekTopaM Ny=2i—i--3k
H No=5i4-4j—Kk 3ajaHHBIX IJIOCKOCTEH, TO 332 5 MOXKHO IIPHHSITh BEKTOPHOE ITPOH3-
Bejenne BekTopoB Np H No:

ik
s:leN2:,2 —1  3|=—11i+17j2 13k
i5 4 —1

Takum o6pasom, I=—11; m=17; n==13.

B xauectBe Touku Mj (x1; Y1 21), uUepe3 KOTOPYIO NPOXOJIUT HCKOMasi npsiMas,
MOXKHO B35ITh TOUKY IepeceueHHs ee C JIOOOH H3 KOOpDAHMHATHBIX IJIOCKOCTeH, HalpH-
Mep ¢ miaockocTbio yOz. Tak kak npu 3toM x;==0, To KOOPJANHATH ¥y H 2y 3TOH TOYKH

ONpeieTATCS M3 CHCTeMbl yPABHEHHH 3aJlaHHBIX ILTOCKOCTEH, €CIH B HHX NOJIOXKHTDH
x=0:

—y+432—1=0,
4y—2z—7=0.

Pewast 3Ty CHCTEMY, HaXoluM y; =2, 2y = 1. Mtak, nckomas npamasi onpejensercs
ypasuenusamu x/(— 11)=(y—2)/17=(2—1)/13. A
2x+3y+32—9=0,
4x+2y+2—8=0.
A Hckomyo npsaMyio MOXKHO NMOCTPOMTb KaK JIHHHIO TepeceyeHHst nuocKocred. Jlas

3TOrO 3amHuiieM YPABHEHMS 3TMX IJIOCKOCTeH B oTpe3kax Ha ocsax: x/4,5-4-y/3-+2/3 =
=1, x/2-}y/4+2/8=1. IlocrpouB JAaHHbIE IJIOCKOCTH, TNOJYUHM HCKOMYIO IIPSIMYIO

(puc. 20). A

317. Tloctpouthb np;{Myio{



318. I1s navyana KoopauHAT OHYCTHTh NepreHKYIsIP HA NP AMYIO
(x—2)/2=(y—1)/3 = (z—3)/1. |

AHcnoaesys yesorue (11) neprneHanKyJasipHOCTH HPAMO M IWIOCKOCTH H MOAaras
A=!, B=m, C=n, D=0, cocraum YpaBHEeHHE HJIOCKOCTH, NpoXojducii 1epe3
HA4aJO KOODAWHAT M NEPHeHAUKYJSPHOH 3ajanHoii NpsiMoil. JTo ypaBHeHHe HMeeT
BUA 2x-}3y-1-2=0.

- Hailnem Touky nepeceyennst 5Toil IJOCKOCTH M JaHNOI Mpsoil. IMapamerpiueckiie
YPaBHEHHST NPAMOIl 3alHWIYTCA Tak: x=2{--2, y=3¢-41, z==7-]-3. Jlaa onpeje.c-
Hus ¢ wmvmcem  ypaBHenue 2 (2(--2)3(3f--1)--
+¢43=0, orkypa f{=-—5/7. KoopuunaThi TOUKH
nepecevenust x=4/7, y=--8/7, z=16/7, T.e.
M (4/7;, — 8/7; 16/7).

OcraeTcss COCTABHTH YpaBHEHHS TPAMOl, Mpo-
XOJsflllel uepe3 nayajo KOOPAIHAT U uepe3 TOuKy
M; ncnonesys coornowenns (1), noayunm

X/(4/T)=y/—8/T)=2/(16/7), wm x/l=y/(—2) =
=2z/4. A

y 319. B ypaBHenusx npaMoi x/2-=
=y/(— 3) = z/n onpejenuTb Napamerp n Tax,
uTo0Bl 3Ta nNpsiMasi Nepeceksach ¢ NpsiMOil
(x--1)/B=(-+5)2=2/1, n nalitu Touxy

Puc. 20 HX nepeceyeHust.

A Jlist HAXOXeHMSl MapamMeTpa n HCHOJb3YeM yciIoBHe (8) mepeceychist ABYX
IpAMBIX; nosarast xy=:— 1, yy==—35, 21=0, x,=0, y,=0, 2,=0, [[=3, m;=2,
m=1, ly==2, my==—3, ny=n, noayuum .

1 5 0
3 2 1}=0, umm 2n+-101-3—151=0, T. c. n==1.
2 =3 n

Y106l HaliTH KOOPAMHATEL TOUKH Nepecevenust NpSIMbIX x2=y/(—3 =2/l n
(x+1)/3==(y-}-5)/2==2/1, BbipasuM H3 nepBEIX ypaBHEHHHd X H Yy uepe3 z: x—=2z,
y=—=—3z. lIloxcrapnsist 3TH 3Hauenuss B paBeHcTBO (x--1)/3=: (y-I- 5)/2, mMeewm
(22 +-1)/3==(— 32+5)/2, otkyna z=1. 3Has 2z, uaxoiuM x-=2z==2, Yy=—3z =
=-—3. Caenosatennno, M (2; —3; 1). A

320. CocTaBHTb ypaBHEHHS TPsIMOil, NPOXOASILEN yepe3 TOuKy
M (3; 2; — 1) u nepecekaioweil ocb OX NOJ NPAMBIM YIVIOM.

A Tax kak npsiMas nepneninkyaspna ocu Ox H IEpeceKaeT ee, TO OHA HPOXOJHT
yepea Touky N (3; 0; 0). CoctaBuB ypaBhenus TnpaMOil, IpoxojALei] qyepes TOUKH
M w N, noayuaem (x—3)/0=: (y—2)/(— 2) = (2-+ )/1. A

321. Jlana muockocts x-+y—2z—6 =0 u BHe ee Touka M(1; L; 1.
Haiitu touxy N, cumverpaunyio Touke M OTHOCHTE/IBHO NAHHOH VG-
CKOCTII.

A 3anumem ypasnenms JToGoit NpsAMoOi, Tpoxoismeli uepes Touky M: (x—1)/] =
= (y—1)/m=(2—1)/n. Koopaunate {I/; m; n} wuampasasiouero BEKTOpA npsMoii,
TepIEN K yJASPHOI NIIOCKOCTH, MOXKNO 3aMeNHTh KOOPAHHATAMH HOPMAALIOTO BEKTOpA
n={l; 1; —2} nawnoit nacckoctu. Torja ypasueuus sroii NpAMOH  3aMHUIYTCA
B BHIE (x—1)/1=(y—1)/1=(z—1)/(—2).

Hajizem mpoexumo touxkn M Ha JaHHYIO NJOCKOCTb, PEIIMB COBMECTHO ypPABHERH:

xpy—22—6=0, (x—1)/1 =(@—1)/1 = (2—1)/(— 2).
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[Meperiem ypaBHerus npaMoil B Bue x =¢--1, y=1-+41, z=— 2/ 4 1. TNoacrasaas
5TH BRIPAXeHHS AMS X, Y H 2 B ypaBHeHHe IUIOCKOCTH, Haiillem ¢==1, oTKyJa ¥ =2,
y=2, z=—1.

Koopauuars CHMMETPHUHOR TOUKH HafliyTcs H3 Qopmyn x=ut+xn/2, Y=
= (yM+yN)/2v ZZ(ZM—[_Z.’V)/Qr T. €. 2:(1—[—)51\/)/2, 2:(1 +yN)/2r - l:(l+2AV)/2,
otKyla xy=3, yy=3, zy=~— 3. Cnegopatensuo, N (3; 3; — 3). A

322, Jlana npsamas (x—1)/2=y/3=(z-+1)/(—1) u BHe ee TOUKa
M(1; 1; 1). Haiitu touky N, cuvmerpuuryio Touke M OTHOCHTEJBHO
JlAHHOH TP SMOH.

A\ YpaBHeHue IJIOCKOCTH, Mpoenupyomei Touky M Ha JaHHYIO NMPAMYI0, HMeET
BH/L

Ax—1)+By—1)+Ce—1)=0.

Koopaunatsl HopmanbHOro Bektopa {A; B; C} muockocT, neprediuKyaapHOK Npsmoil,
3aMeHUM KOODIMHATAMU HallpaBasiouiero sekrtopa {2; 3; — 1} fanHoil mpsmoit; Toria
NOJy4UM

2(x—1)+3@—1)—(—1)=0, wm 2x+|3y—z—4=0.

Haiizem mpoekuuio Toukd M Ha mpsmyio, /IS Yero COBMECTHO pellMM CHCTeMY ypae-
HeHUH

2% 4-3y—2—4=0, (x—1)/2=y/3=(2+41)/(— ).

IMapameTpuueckue YpaBHeHHs AAHHON MpPAMOH umeioT BHA X=2f—+1, y=3¢t, 2=
—=—¢—1. [loacraBasis X, y U 2z B ypaBHeHHE MJIOCKOCTH, Hafijem f=1/14. Otciona
x=8/7, y=23/14, z=—15/14.

Torza KOOpAHHATH CHMMETPUUHOI TOUKH MOXKHO HaliTH, HCMOJb3YS (POPMYJIBI /s
KOOPJMHOT CepefuHLl oTpeska, T. e. 8/7=(l-+xa)/2, 3/14=(1+yn)/2, —15/14 =
= (1+2p)/2, otkyma xy=9/7, yn=—4/1, 2y=—22/7. Wrak, N (9/7; —4/7;
—2/1. A

323. Uepes npsmyo (x+ 1)/2=(y—1)/(—1)=(2—2)/3 nposectn
JIOCKOCTh, Tapajienbhyl npsamoit x/(—1) = (y+2)/2 = (z—3)/(—3).

/\ 3amimeM ypaBHeHHs TepBOH M3 3aJaHHBIX NPSAMBIX C TIOMOULbIO YDABHEHHH
JBYX ILIOCKOCTell, TIPOCLHPYIOLUX €€ COOTBETCTBeHHO Ha muockoct xOy n yOz:

(x+1)/2=(y—D/(=1), nm x+2y—1=0;
(y—DN/N(—1)=(2—2)/3, wmu 3y+42z—5=0.

YpasHeHye MyuKa MOCKOCTeH, TPOXOAAUKX Uepe3 3Ty MPAMYIO, HMeeT BUJ
x+2y— 1A (8y+2—5)=0, wau x+ 2+ 30 y--Az—(1+4-51) =0.
Ucnonsayst yemoBue NAPALIEALHOCTH NPSMOM M ILIOCKOCTH, OMpelennM A Tak,
yTOGHI COOTBETCTBYIOWAS MJOCKOCTb Nyyka Gblia NapajsielbHa BTOPOH U3 3ajdHHBIX
npamsix. Umeem —1-142(2-43k) —3A=0, nin 3A+3=0, otkyna A= —1. Takum
00pa3oM, HCKOMas IJIOCKOCTb OMpeje/sieTcsl ypaBHeHUeM x—y—z2+4=0. A
324. Haiiru ypasuenust npoekiun npamoi (x—1)/1=(y 4 1)/2=2/3
Ha maockocTh Xy +22—5=0.

/\ 3anumeM ypapHeHHs 3aJaHHOM TNpsAMOil B BHIE ypaBHEHUH IBYX IIOCKOCTefl,
NpOSIHPYIOUHX ee COOTBETCTBeHHO Ha MmiockoctH xOy n xOz:

(x—N0/1=(y+1)/2, wm 2x—y—3=0;
(x—1)/1=2/3, mmu 3x—z—3=0.

VpapHenue mMyuka IJOCKOCTel, NPOXOIAMUX Yepe3 JAHHYIO MNPAMY:O, 3aMHIIETcs
B BHJe

2 —y—34A(Bx—z—3)=0, nan 2434 x—y—hz—3(1+4)=0.
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Henosneays yesoBre NMeprenMKYIAPHOCTH IIOCKOCTe!, BbIGEpEM 13 3TOrO NMy4YKa
IJI0CKOCTE, NTPOGLHPYTOWLYIO lalHYI0 NPAMY!O Ha 3aJlaHHYIO MI0CKOCTh. Mmeem 1-(2 +
+3N) 1 (—D+2(—A) =0, nwwm A-1=0, oTKyAa A=—1. Hrak, ypasreuue npoeul-
pyouell MJIOCKOCTH HMEET BH

26 —y—3-+(—1-(Bx—2—3)=0, uau x-}-y—2z=0,

HCKOMyIO NPOCKHHIO MOXKHO OIIPEJACJUTE KAaK JIMHUIO nepeceyennda ABYX ITOTKOC-
Tell — 3ajlaHHOA M IpOeLHpYIomeli:
x-y-+22—5=0,
x-+y—z=0.
IMpusens >TH ypaBHeHHsl HPAMOH K KaHOHHYECKOMY BHJY, OKOHUATeALHO MOJYUiIM
*/1=(y—5/3)/(—1) = (z—5/3)/0. A
325. CocTaBATb ypaBHEHHS NPSMON, NPOXOAsIEH uepes TOUKy
M (5; 3; 4) n napannenbHOi BeKTOpy s=2i--5j—8k.
/\ Bocnosdbsyemcsi KaHOHHUECKHMH ypaBHeHHsiMH mpsivoil. [Tonaras B papeHcTBax
(2) =2, m=5, n=—28, x;=5, y;=3, 2z,=4, noayuaem (x—5)/2=(y—3)/5 =
=@—9/(—8). A
326. CocTtaBUTH YypaBHEHHWs TNPAMOH, NPOXOAAMEH Uepe3 TOUKy
M (1; 1. 1) u nepneHauky/sipHOi BekTOpaM §; =2i-+3j-+k u s,=3i-F-
+ i+ 2k.

A\ Tlpamas napaiienbHa BEKTOPY $1Xsy=5i—j—7k, nostomy ona ompezeaser-
cs1 ypasHeHusn (x—1)/6=(y—1)/(—1) = (—1)/(—7).

327. Hafitu ypaBHeHHsI npoeKuuil npsamMoit

fx-+2y-1+32—26=0,
\3x+y-+42—14=0

Ha KOOPJHHATHBIE NJIOCKOCTH.
328. IlpuBect K KaHOHMYECKOMY BHAY YpaBHEHIH NpsiMoil

{2x—{—3y—— 162—7=0,
3x+y—172=:0.

329. BpluHC/AUTD YTJIB, OOpa30BaHHBIE C OCAMH KOOPJHUHAT MPSIMOIl

x—2y—5=0,
x—324-8=0.

330. Hafitu ypaBnenua npamoil, npoxoaswmeil yepes Toury M (I;
—2; 3) u obpasymoweit ¢ ocsimu Ox v Oy yrasl 45° 1 60°.

331. Hafitu ypaBhenus npsMoi, npoxoxsuueii dyepes Touky N (5;
—1; —3) ¥ napaaiesbHON NPAMONL

2x+3y+2z—6=0,
4x—by—z-+2=0.

332. Haiitu Touky mepeceuenuss npameix (x—1)/(—1)=(y—2)/5=
=(z+4)/2 u (x—2)/2 = (y—5)/(—2) =(z—1)/3.

333. Jlaunl Tpu TOCJCAOBATE/JbHBIE BEPIIMHBL TiapaJuiesiorpaMma:
A(3; 0; —1), B(l; 2; —4) u C(0; 7; —2). Haiitu ypaBHenus cropon
AD u CD. i )

334. Haiitu napaveTpuuecKHe ypaBHEHHS NPSMOii, Ipoxoasumeil ye-
pe3 toukn M (2; —5; 1) u N(—1; 1; 2).
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335. DBBMHCAHTB DaCCTOSIHHE MEXAY MNapaluIe/bHBIMH P SAMBIMH
xM=(y—3)2=(2—2)/1 u (x—3)/l =(y+1)/2=(2—2)/1.

336. daner Touku A(—1; 2; 3) u B(2; —3; 1). CocraBurb ypag-
HEHHUS NPAMOH, npoxoisauied yeped Touky M (3; —I1; 2) n napasnesn-
HOIl BeKTOpy AB.

337. Haiitn yron mexny npsMbMu

{4x—y—z+ 12=0, {3x—2y—|— 16=0,

y—z—2=0 3x—z=0.
338. B nmockocty yOz HaliTH NpsMY0, NPOXOASIIYI0 Yepe3 HayaJo
KOODJAMHAT M TEPHeHAUKYASAPHYIO TPAMOH {3’3:2?22_2
339. Jlauwl nBe Bepuiuusl napajnejorpamvma ABCD: C(—2; 3; —D5)
u D(0; 4; —7) u Touyxka mnepeceueHus auaronaneit M(l; 2; —3,5).

Hafirn ypaBuenns croponnt AB.

340. Tpeyrombunk ABC o06Gpa3oBaH TNeEpeceYeHHeM IJIOCKOCTH
x--2y+4z—8=0 c xoopauHaTHLIMH ocsiMM. Halith ypaBrenus cpex-
Hell JINHWM TPeyroJbHHKA, NapajjenbHoll miaockocTn xOy.

341. dannt touxku A (1; 1; 1), B{2; 3; 3) u C(3; 3; 2). Cocrasnth
ypaBHEeHHs TPsAMON, mpoxoasuiell uepes Touxy A H mepneHAHKYJsip-
Holl BekTOpaMm AB 1 AC.

342. CocraBuTb ypaBHEHHsl TPAMOI, TPOXOAAIEH Yepe3 TOYKY
M (0; 2; 1) u obpasyrouiedi paBHble Yrybl ¢ BeKTOopamH a = i 2j -+ 2k,
b=3j, c=3k.

343. Haifity ypaBnenue NJOCKOCTH, NPOXOAAUIEH yYepe3 MNpIAMYIO
(x+1)/3=(y—2)/(—1) =2/4 v nepneHAUKYJIAPHOI NIOCKOCTH 3X -}y —
—2-+2=0.

344. Halitu ypapHeHusi TPOGKUUH TpAMOR  x/2 = (4 + 3)/l=
=(2—2)/(—2) ua mrockoctb 2x-43y—=z—5=0.

§ 2. HOBEPXHOCTH BTOPOI'O MOPSAKA

1. Chepa. B nexapronoil cucteme KoopauHaT cdepa, uMeEONAs LEHTP B TOUKe
C (a; b; ¢) u painryc r, ONpPEIEISETCa ypPaBHEHHEM

(r—a)? 4+ (y—b)*+ (z—0)* =1". (1
Ecau newTp chepbl HAXOZMTCS B Hauase KOOPJAHMHAT, TO €€ yDaBHEHHE HMEeT BUX
x4y =ra #)

345. HaliTn KoOpAMHATH LEHTpa H pajuyc cdepsl, 3aiaHHOU ypas-
HCHHEM

eyt 2t—x+2y+1=0.

A TlpuseneMm ypaBHenne cepbl K KAHOHMYECKOMY BHALY (1), nng gero JOMOJHHM
70 TMOJHBIX KBajpaToB WYJeHbl, COlepXKauue X, y, H 2, T.e. NepenyileM YpaBHEHHe
B CJeAyloWEeM BHJE:

(#—srtg) =g @D =210,
HJIH

(—3) +E+Dr4=7.



CaenopatenbHo, ueHTp cdepui—Touka C (1/2;—1; 0), a ee paguye r=1/2. A

346. CocraButh ypaBHeHwe chepbl, npoxoxsuleii uepes toukn A (1;
2; —4), B(1; —3; 1) u C(2; 2; 3), ec/in ee HEHTP HAXOAUTCS B MJOC-
koctu xOy.

A Tax xak touxu A, B u C npunannexar chepe (x—a)2--(y—b)2+ (z—c)?=r?,
UEeHTD KOTOPOH HaxoiuTcst B IIockocTH xOy (otkyla ¢=0), T0 X KOOpJHHATH J0JK-~
Hbl 00paliaTh HCKOMO€ ypaBHeHHe B TOXKJECTBO; IO3TOMY MNMOJVYAEM ypaBHEHHS

(@2 F Q=B (— 42 =12, (1—a)®+(— 3—b)2- 12= 2,
(2—a)?4-(2—b)24-32=r2.
Orciona
(1—)?+@—8)°+ 16 = (1—a)*+(— 3— )2+ 1,
(1= @— b+ 16 = (2—a)*+ 2 —1)*+9,

HIn
(2—b)2—(— 3—b)2=— 15, T.e. 106=10;
(1—a)?—(2—a)=—7, 1. e. 2a=—14,

Hrax, a=—2, b=1. CnenoBatenpro, eHtp cdepsi—Touka C (—2; 1; 0). Hauxee,
HaxouM 1= (1—a)24-(2—b)24- 16 = (1 -2)>4-(2—1)2} 16 =26. Takum obpascw,
HCKOMOE YypaBHeHue uMeeT BHA (x-}+2)%2-}-(y—1)2-}22=26. A

347. Haiitn KoopanHaThl LeHTPa H PaJHYC OKPYIKHOCTH

(x—3)2 4 +2>24(—1)2=100,
2x—2y—2z-49=0.

A\ M3 uentpa chepwt C(3; —2; 1) onycTuMm Ha miIockocts 2x—2y—z--9=10
nepreHiuKyJasp, YpaBHEHHs] KOTOPOTO MOXKHO 3amucaTh B BHjE

(x—3)/2=(y+2)/(—2)=(—1D/(—1) (=

(B KauecTBe HANpPAaBJIAIOUIErO BEKTOPA 3TOTO NMEpNEHJHKYJsSpa MOXKHO B3ATh HOpMalb-
HBIl BEKTOp 3aJaHHOH NJIOCKOCTH).

Teneps HalileM KOOpJAMHATLI TOYKHM TepeceueHHs NPsAMOH (#) C IJIOCKOCTbIO

2¢x—2y—2z-+49=0. 31a Touka H €CTb LEHTP OKPYKHOCTH, SBJMIRICA CeueHHeM
c(pepbl JaHHON TJIOCKOCTEIO.

3anucaB ypaBHeHHS 1IpsAMOil B NapaMeTpHUecKoM BHie x=2{-}3, y=—2f -2,
2z=—1-+1 W NOJACTaBHB X, ¥, 2 B ypaBHEHUE IIJIOCKOCTH, MOJYYUM

2(2U+3)—2(— 22— —(—t+1)19=0, 7. e. f==—2.

CaenoBatenbHo, x =2 (—2)4-3=—1, y=—2(—2)—2=2, z=— (—2)-}-1=3,
T.e. HEHTP OKPYKHOCTH Haxoautca B Touke C (—1; 2; 3).
Haiinem Tenepb paccrosHue d ot nentpa chepnl C(3; —2; 1) 10 MIOCKOCTH
2x—2y—2-4+9=0:
d:2'3+2'2_1+9:6.
| PRy |

Pajguyc OKpYXHOCTH 7 ONpeleTuTcss M3 paBeHctBa r>=R2—d? rae R—paiuyc cde-
phl; TakuM obpasom, r2=100—36=064, 1.e. r=8. A

348. OnpenenuTb KOODAMHATH LEHTPOB H PajHycH ciep, 3aaHHEIX
ypaBuenusmu: 1) (x + 1) 4 (y -+ 2)* + 22==20; 2) x>+ y* + 22 —4x -+ 6y -
4+ 22-2=0; 3) 20* -+ 2%+ 222+ 4y—32+42=0; 4) x2} 2+ 22 =2y,
B) x*+ 2t 22=4z—3.

349. Kak pacnosoxena touka M (l; —1;3) otHocHTesnHO cdep:
D (x—1)p2+y42P2+22=19; 2) *+y+22—x+y=0; 3) *+y*+
+ 22—4x+y—22=0?
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350. CocraBuTb ypaBHeHHe cdepbl, ecan toukil M (4; —1; —3) u
N (0; 3; — 1) aBasiuorcst KOHLAMHM OJHOTO H3 €€ IHaMeTpPOB.

351. CocraBuTh YypaBHEHHs1 OKPYXKHOCTH, ofpasywolieficss B ceueHii
cepsl (x—1)2 4 {y— 1)? + (2— 3)* = 25 KOOpAMHATHO# MIOCKOCTEIO 2 = 0.

352. HafiTH KoopaHHATHI IEHTpPA M PajHyc OKpYKHOCTH A=y +
+4 22 =100, 2x+} 2y—2z=18.

2. LnauHApHYeCKHe NOBEPXHOCTH H KOHYC BTOPOro nopsifka. YpaBHeHie Bi-
na F(x, yy=0 B npocrpancTse ONpeleasieT LHJIHHIPHYCCKYIO TOBEPXHOCTb, Y
KOTOpoit obpasyioune napasuaensist ocn Oz. Awasgoruuno, ypasnedue F (x, 2)=0
onpejenseT HUIHHIAPHYECKYIO TIOBEDXHOCTh C OGpa3yIOUHMH, NapasseldbHbiNHI  CCH

Cy, nm F(y, 2)=0—UunIuH/pHUECKYIO IIOBEPXHOCTb ¢ 0O6pa3yiOIHMH, Hapasilelb-
HbIMH ocu Ox.

Kanonuueckne ypaBHeHHS HHJIHHJADOB BTOPOTrO MOP#AIKa:
PR
el +7;7 =1 —aaaunmuueckuil yuiundp,

¥y .
EET 1 —eunepboauneckuti YuauHop,
Y2 =2px —napaboauveckui Yuaurop.

O6pasyioniue Bcex Tpex LHJIHHIPOB, ONMpeessieMblX 3THMH YPaBHEHHAMH, NapaJ-
JgenbHbl ocH Oz, a HanpaB/siouled CJAYKHT COOTBETCTBYIOWlash KPHBasi BTOPOTO NOpPsi-
ka (3q1mnc, runepbosa, napaGosa), Jexawas B naockoctd xO0y.

CiejlyeT NMOMHHTb, YTO KPHBYIO B IPOCTPAHCTBE MOXHO 3aj1aTh Ju6GO TMapamerpy-
4ecKM, Ju60 B BHAe JIHHHH MepeceyeHHs ABYX nosepxHocteii. Hanpuwmep, ypasHenns
HanpasJsomel NTUNTHYECKOTO UHJAMHIPA, T.€. YPaBHeHHsS 3JJMWICa B IJIOCKCCTH
x0y, UMET BHT

PRI
@tE=h
z2=0.

YpapHenue Kouyca 6mopozo nopadka ¢ BepPUIMHON B Hauajle KOOPAHMHAT, OCbK KOTO-
poro cayxur och Oz, 3anHCHIBAeTCH B BHIE
xZ y2 2‘3 .
Qe T e
AHaJOru4HO, ypaBHEHHS
2 2 2 2 2 2
x 2 X z
S-Lth-0, -S4 GtE=o0
22 bt 2 a2 b p2 e

SIBJSAIOTCH YPABHCHHSIMH KOHYCOB BTOPOro mnopsjika C Beplmmoﬁ B Haua.Jge =HOOpAl-
HaT, OCAMH KOTOPBIX CJOYXKAT COOTBETCTBEHHO OCH Oy u Ox.

353. Kakyio MoOBepXHOCTb ONPENEasIOT B NPOCTPAHCTBE YPABHEHM:
1) »*=4y; 2) 22=x2?

A 1) Ypasuenue x%=4y onpeiensieT mapaboHieckHil HHIKNEIP C O6pa3yIOMHN,
napaniensueiMi ocn Oz, Hanpasastowlell MUJIMHAPHYECKOH ITTOBEPXHOCTH SIBASAETCS
napa6ona x2=4y, z=0.

2) YpasHenue 22=xz MOXKeT ObITh NpEJCTaBJeHO B BuIe Z (z—X) H pacnajaercs
Ha fpa ypaBHeHusa: z2==0 H z=x, T. e. OHO QUpe/eJsieT IBe MI0TKOCTH — II0CKOCTE X0y
H GHCCEKTPaJIbHYIO IIOCKOCTh 2 ==X, Npoxojsuuylo uepe3 ock Oy. A

354. Ilo xakoil JiMuuu nepecexaercsi KOHyc x* -+ y?—22%==0 ¢ nJjo-
CKOCTBIO Yy =27
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A\ Hcxaouns us cucreMbl ypapuennit y, moayunm x2--4--222=0, win 22/2 —
— x?/4 =1. CrefoBaTe,bHO, HCKOMOH JIMHHEH Nepeceuenns ABJIseTcs rumepGoaa, Jexa-

mas B IJOCKOCTH y:Q, ee JellcTBHTe/IrHAST OCh napaJJejibHa OCH OZ, a4 MHHMasa —
oc Ox. A

355. CocTaBUTh ypaBHEHHE KOHHYECKOH TOBEPXHOCTH, BEPIIMHOM
Kotopoit cayxut touka M (0; 0; 1), a Hanpasasomen — s/unc x%/25 --
4+ y49=1, 2=3.

/A Cocrapum ypasnenue obpasywomeit AM, rae A (x,; yo; 2,)—TouKa, Jexamas
Ha sjamrnce. Y paBHeHHs 3TOH o6pasylollell HUMET B X/X,=y/yo=(2—1)/(zy—1).
Tak kak Touka A JIeXHT Ha a/IHICe, TO €@ KOOP/AHHATH Y/OBAETEOPSIOT ypaBHEHUSM
9 —_— pr—
saaunca, T. e x3/25-4-y3/9=1, z,=3.
Hckmouns Temepb X, Y, U 2, U3 CHCTEMBI

xxp=@—1/(—1), ylyy=(—1/(z,—1), #2254+ y29=1, z,=3,
NOTYyYuM ypaBHEHHE HCKOMOro Kouyca: x%/25-y%/9—(2—1)2/4=0. A

356. YcTaHOBHTH, KaKHe MOBEPXHOCTH ONPEAENSIOTCS CJeAYIOUHMH
YPaBHeHHSIMH, H TIOCTPCHTb 3TH MOBEPXHOCTH: 1) x4 y2=4; 2) x*/25 |-
+yi16=1; 3) ¥*—y*=1; 4) y*=2x; 5) 22=y; 6) 2+ x2=0; 7) x* -+
+y*=2y; 8) x*4y*=0; 9) x*—22=0; 10) y?=xy.

357. CocTaBUTL ypaBHEHNSA JIMHAH NepeceueHust KoHyca x2 — y? - 22 =
=0 ¢ nnockoctamu: 1) y=3; 2) z=1; 3) x=0.

358. CocraBuTh ypaBHeHHE KOHYCA C BEPIUHHOH B Hauaje KOOP.AH-
HaT, Hanpas/foUKe KOTOPOro 3aaHbl ypaBHeHUAMHU: 1) x =a, y? - 2% =
=0% 2) y=b, x*+2*=a? 3) z=c, a2+ y}/b*=1.

3. MosepxrocTn Bpamenus. [oBepxHocTH BTOpore mnopsaka. Ecau Jexamas
B naockoct yOz xpupasi F (y, 2) =0, x=0 Bpamaercs BoKpyr ocu 0z, TO ypaBHeHHe
o0pasyeMcii €0 MOBEPXHOCTH BPAICHUST HUMEET BH/

F(V TR, 9=,
Ananornuno, ypasuenue F(x, V 2+ 22) =0 ONpefieIsieT TOBEPXHOCTb, 0Gpa30-

BaHHYI0 BpauwenneM BOKpyr ocH Ox kpusoii F (x, y) =0, 2=0; ypasuenue F(Vx2+22,
) = 0— NoBepXHOCTb, 00pa3oBaHRYI0 BpallleHHeM TOH ke KpHBOH BoKpvr ocu Oy.
[puBesem ypaBHeHHS NOBEPXHOCTel BpAIUEHHST BTOPOrO NOPAJKA, 06pa3yeMblX
BpalieHHeM 3JLTUNCA, FHNep6oJbl H NapaboJbl BOKPYT HX OCEH CHMMETPHH.
IJaruncoud 8patyerus

Ayt 2
a2 taTh
OChIO BPALEHHA CJAYIKHT 0cb Oz; SJUIMICOHJ CKAT IIPH @ > ¢ H YAJUHEH NpH a < ¢
(npu a =c oun npespaiaercs B chepy).
Odronoaocmuei eunepboroud epaujerus
PLIRIpR Q.

a? c?

— i

OCbI0 BpallleHuA siBasercs ock Oz (cayxamas MHHMOH OChI0 THIEPGOJb, BpallleHueMm
KoTopoil o6pa3oBaHa 3Ta MOBEPXHOCTH).
Hesynorocmubui eunepboroud epaujerus
¥ ly? 22
a2 o2

OCbi0 BpauleHus sBagercs och 0z (cayxawas NedCTBHTENbHOR OCBIO IHmepGoIEL, Bpa-
uleHHeM KoTopoil o6pasoBaHa 5Ta IIOBEPXHOCTB).
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ﬂapaﬁo/zozto spaujerus

x2f-y?=2pz;
OCBIO BpaueHHsi cAyxKuT och Oz.
TToBepXHOCTH BpalleHHst BTOPOro MOPSAKA SIBAAIOTCS UACTHBHIM CIVHaeM NOBEPX-
HOCTell BTODOTO MOPSiKa OOWEro BHAA, KaHOHHYECKHE ypPaBHEHHsI KOTODHIX TaKOBLL:
Saauncoud (TPexocHblit)
2 2 2
f__}_;"'__r_z____l
a2 b2t 2 *
Odnonosocmueli eunepboaroud
Xy 22
wTEa=l
Hsynosocmnoui eunep6oroud
x2 yZ 22 —— |
a? ' b* )
Saaunmuseckuti napaboacud

x‘Z yZ
e ==22 >0, g > 0).
5 + 7 (p q>0)

Kpome 3THX ueThipex [OBEpXHOCTeH BTOPOro NOpsfAKa, TPeX UHJIHHIPOB BTOROTO
NOPAiKa (3/JJMITHYECKOrO, THIEPGOSHYECKOro M NapaGo.IHYeckoro) H KOHyca BTOPOTO
NOpsiiKa, CYLIeCTBYeT eile OJHAa IOBEPXHOCTb BTOPOrO TOPSIKA — eunepboAutecKull
napa6oaoud, KaHOHHYECKOE YpaBHEHHE KOTOPOIrO HMEET BHJ

————2-—‘—‘2 0 0
4 p >0, > 0).

Takum 06pa3oM, BCEr0 CYLIECTBYET JEBAThL pPAa3IHUHBLIX IOBEPXHOCTell BTOPOTO
nopsifka.
359. Haiitn ypaBHenne mnOBEPXHOCTH, IIOJYYEHHOH NpH BpalleHHH

npsmoit x4 2y =4, z=0 Bokpyr ocu Ox.

/\ TloBepxHOCTbIO BpalleHUs SBASETCS KOHYC ¢ BepwuHoil B Touke M (4; 0; 0).
[Tycth mpou3BoJibHAsA TOYKA A HCKOMOH MHOBEPXHOCTH MMeeT KoopimHaTtel X; Y; Z;
el COOTBeTCTBYeT Ha JaHHOH mpsimoil Touka B (x; y; 0). Toukn A n B nexar B oJHOH
IJIOCKOCTH, MEpIeHAuKyasipHoil ocu Bpamenus Ox. Toraa X =x, Y2 22=y>2

[MojicTaBasist BoIpaykeHHst JI X H y B ypaBHEHHE JaHHOIl NpAMOIl, IOJYYHM Y pab-
HeHHSL HMCKOMOH mosepxHocTn Bpamenns: X -2V Y2122 =4, nau 4 (Y2--72)—
—(X—4)2=0, 7. e. 4Y2}-422—(X—4)2=0. A

360. Kakyio 1NOBepXHOCTb ONpeJessieT ypaBHEHHe x®= yz?

A\ TlpousBexsM MOBOPOT KOOPAMHATHBIX Ocell BOKpYr ocH Ox Ha yroa a=45°
. (ot ocu Oy x ocu Oz npotus yacosoil ctpeaxkn). QopMyJibl NPeodpa3OBaHHA KOOPJHHAT:
x=x', y=y cosa—z'sina, z=y'sina{2 cosa. Tak Kak sinaa=cosa = V 2/2,
T0 x==x', y=(V"2/2) (v'—2), z={(V"2/2) (v +2'). , , .

IMonerasue 5T BLIpaKenns B ypaBHEHHC TOBEPXHOCTH, TOJTYHHM X' =y'"2—2"7/2,
nin x'F—y'?/24-2'%/2 =0 (kouyc ¢ BepIIHHOA B Hayaje KOOPAMHAT, OCbl0 KOTODPOTO
ABJACTCST OCb OpAHHAT). A

361. Hafttu ypaBHeHHE TMOBEPXHOCTH, TOJYYEHHOH INPH BpamleHHH
npamoii 2y+z—2=0, x=0 Bokpyr ocu Oz.

362. Halitu ypaBHeHMS JUHUI MepeceueHHs MOBEPXHOCTH 72 = x*—Y?
njockocTsiMH z2=1, y=1, x=1, z=—1.

363. Karue moBepXHOCTH ONpEAEAsioTcs ypaBHeHHsMU: 1) z=xy,
2) 2>=xy?

@ [lponssectn nosopor Bokpyr ocH Oz Ha yroa 45°.
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364. Hafitu ypaBHeHHe SJJIMNTHYECKOrO NApaGOJOHIA, HMMEIOmEero
PEPUWIHHY B HauaJe KOOPAMHAT, OCBIO KOTOpOro sieiasercsi ocb 0z, eciau
Ha €ro MOBEPXHOCTH 3aiaHbl ABe Touku M (—1; —2; 2) u N(1; 1; 1).

365. CocraBuTb ypaBHEHHE 3JUIMICOHJAA, OCSMH CHMMETPHH KOTOPOro
C1yAaT OCH KOODAMHAT, €CJIH Ha €ro TMOBePXHOCTH 3aJaHbl TPH TOYKH
A3 0; 0), B(—2; 5/3; 0) u C(0; —I; 2/)V"5).

366. HaiiTu ypaBHeHHA JIHHHH NEpEceYeHHs] MOBEPXHOCTEH 2 =2 —
— X =y u z=x>+y

367. Hccnenosarh, KakHe IOBEPXHOCTH ONpejesiseT ypaBHeHHe 22 |-
+xX'=m(4y?) npu: 1) m=0; 2) 0 <m<1; 3y m>1; 4 m<O0;
&) m=1.

4. OCwee ypasHeHHe nOBepXHOCTH BTOporo nopsaagka. Ofilee ypabHele BTOPOIt
CTeneil OTHOCHTEAbHO X, Y U 2 HMeeT BHI

Ax®4-By? -+ C22 - 2Dyz 2L xz - 2F xy -+ 2Gx 4- 2Hy -+ 2Kz - L =0,
D10 ypaBHeHHE MOMKET ONpeIeldsTh cdepy, SJJIHNCOHN, OAHOMONOCTHHII WIH ABYIIO-
JOCTHBIfl THIIePOOJIONT, 3/ 1THNTHYECKHH WJIH rHnepCoaHuecK it Napaboaoni, WHAKHAPH-
HECKVIO HJH KOHHUYECKVIO MOBEPXHOCTb BTOPOTO IOpsjKa. OHO MOXeT TaKxke onpeje-
JISITb COBOKYTNHOCTbL JABYX H.’IOCKOC’I‘eﬁ, TOYKY, NPAMYIO HJIH J32Ke€ He HMETb reoMeTpu-

4eCKOTO CMbIcia (OIPelesiTh «MHUMYIO» HOBEPXHOCTS).
Ipu D=0, £E=0, F=0 o6ee ypaBHeHHe NPHHUMACT BHJ

Ax? - By®+-C22 - 2Gx - 2Hy - 2Kz - L =0,

B s7os cayuae ypasuenie Jerko ympomiaercsi ¢ NOMOLLbIO MApaAelLHONO Mepenoca
oceil KOOpAHHAT, YTO NMO3BOJAET CPA3y YCTAHOEMTb €TO T€OMETPHYECKHE CMBICI.

368. Kakos reoverpuueckuit CMbICJ VpaBHEHHs
X2 4yP 92 - 12y2 + 6xz -+ dxy —4x—8y — 122 -3 =0?

A\ JlanHoe ypaBHEHHe MOXKHO 3amHCaThb B BHJAeE
(v +2y--32)>—4 (x4-2y-+32) --3=0.

Paszroimiy Ha MHOXKHTETI J1€BYIO YaCTh VpaBHeHUs: (X -+ 2y--32—1) (x4 2y 32— 3)=
= 0. Taxny 05pasoM, ypasHeHHe ONpeAeaseT COBOKYIHOCTh ABYX ILIOCKOCTe(l x4~ 2y
“3z—1=0, x4+2y+32—3=0. A

369. KakoB reoMeTpuuecKHH CMBICJ ypaBHeHHst
Xyttt —yz—xz—xy=0?
/N YMHOMKAA Ha 2, mepenumeM YPaBHEeHHe B BHIE

24%4-24% - 22% —2yz —2xz. — 2xy =0,
B84
- 2 2! - 2 .
=9+ —2)*+ (x—2)*=0.
DTOMY YPaBHEHHIO VIORJIETBOPAIOT KOOPIHHATHL TOMILKO TeX TOUeK, /A KOTOPLIX

EBIOTHSIOTCA PABEHCTBA X =y, y==2, ¥==2. TakuM o6pa3oM, ypaBHeHHE ONpeReaseT
NpAMYID X==y=2. &

370. KakoB reoveTpHYecKHil CMbiC/ ypaBHeHHs
¥y 42— 2xy—82 - 5=0?

A Tleperumem  ypasienne B Buie (x—y)2-+-4(z—1)2=—1. 310 ypauenne
HE HMEEeT reOMEeTPHYECKOrO CMbIC1a, TAaK KaK €ro JeBas YacTh He MOKET GblTh OTpHIA-
TeAbHGI HIl DY KaKUX JefiCTBHTE.IbHEIX 3HAYCHHSX X, § H 2. 4
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371. TlpusecTH K KaHOHHUYECKOMY BUIY YypaBHeHHe
4x? 4+ 9y? + 3622 —8x— 18y —72z4-13==0.
A C]‘pyﬂﬂllpyCM yJjenpl ¢ OJUHAKOBBLIMH KOOpJAHHATaMH:
4 (x2—2x) -9 (y2—2y) 36 (22 —22) = — 13.
JIomosHUB JIO NOJHBIX KBajpaTOB BLIPAXKEHUS B cKOOKaxX, MOJYYNM
4 (2 —2x-+1)+9 (12— 2y 1) 436 (22—22 - 1) =— 13-+ 4--9-1-36,
Ban 4 (x—1)2+9 (y—1)2 436 (z—1)2=36.

TTpoussesem mapaJiesbHulll epeHoC oceil KOOPAMHAT, MpPHHSB 3a HOBOE HAUAJIO
koopaunar Touky O’ (1; 1: 1). Popmyasl npeo6pasoBaHusi KOOPIHHAT HMEIOT BH
x=x"1+1, y=y +1, z=2'-}1. Torza ypasuenue NOBEPXHOCTH 3aMHUIICTCH TaK:

4x"% 1 9y'* 4-362'2 =36, wam 229 LyPat =1,

D10 ypaBHeHue ONMpeje/sieT BJJHMICOMJ; €ro LEHTP HAXOMMTCA B HOBOM Hauaje
KOOpJHHAT, a MOJYOCH COOTBETCTBEHHO paBHB! 3, 2 M 1. A

372. IlpuBecTH K KaHOHHMYECKOMY BHIY YpaBHEHHE
x—y?—4x 4 8y—2z=0.

A Crpynnupvewm uzeuw, cofepxamue ¥ u_y: (x*—4x)—(y*—8y) =2z. Homnoa-
HseM 0 MOJHBIX KBAJpaToB BbipaxeHHs B cKoCKax:

(2 —4x+4) — (12 —8y--16) =2z4-4—16, nan (x—2)*—(y—4)*=2(z2—0).

Tponssesem napasnienbHeri nepenoc ocefl KOOPAMHAT, NPHHAB 32 HOBOE HAYANO
Touky O’ (2; ;t; 6). Toraa x=x'-+2, y=y' -4, z=2'+46. B pesyabrate noayuaeu
ypashenne x'°—y'*=22', onpejensioulee runep6oIHuecKnil napaGoiont. A

373. Kakas nmoBepXHOCTb ONpejessiercsl ypaBHEHHEM
42—y +42°—8x 4y + 82 +4=0?
/\ BhmoanuB coOTBeTcTBylOIHE NMPeoGpasoBaHusd, MOMYUHM
4 (x2—20) — (P —4y) +4 (22 +-229) =— 4
4 (2 —2%+)— (2 —4y-+H+4 @@+ 2+ 1) =— 44414
4 (x—1)2—(y—2)*+4 (24 1)*=0.

[IponssefieM mapanielbHbli MEPEHOC OCel KOOpAMHAT, TMPHHAB 32 HOBOE Havanlo
touky O’ (1; 2; —1). Popmynasl mpeoGpasoBaHus KOOPIHHAT x=x-1, y==y -2,
z=2—1. Toraa jaHHoe ypaBHeHHE TIDMMET BHI 4x'2—y’2+4z’2:0, Ha
$:—y?/4+2'* =0. D10 ypaBHeHHe KOHHUYECKOH NOBEPXHOSTH. A\

BHISCHATB, XaKHe MOBEPXHOCTH ONpeJeNaioTCs CAeAYIOIUMH YpaBHe-
HUSMU:

374. X*—xy—xz-+yz=0. 375. ¥+ 22—dx—4z--4=0.

376. 2+ 2222 —2xy—2yz2=0. 377. ¥+ y*—2*—2y+2z=0.

378. x2+ 22+ 222 —4y+42+4=0.

379. 4x* -+ yP—22—24x—4y+ 22+ 35=0.

380. x2tyt—22—2x—2y-+-22-+2=0.

381. x4 y2—6x-1-6y—4z+ 18=0.

382, 9x®>—22—18x—18y—62=0.



FJABA 1v
ONPEAEJINTEJIM U MATPHUILbI

§ 1. MOHATUE OB ONPEJAEJIUTEJIE £-rO NOPSAKA

OnpejeanTtedb HETBEPTOrO  IOpsAKa, CCOTBETCTBYIOW(UI TaGJsHIe 3J]eMEHTOB
ay; Q2 Q13 Qyg
Qa1 Qap 23 Qg
Qgy Q32 Qpz 43y
Qg Qg Q3 Qyg

, ONpEICJIACTCA PAaBEHCTBOM

aji A4y Qi3 Qg
Qo1 Qgp Qo3 Qg
a3y Qa3 dgz Qg
Q41 Qg Qg3 Gy

Qzp Qo3 Qyy
==Q31|Q3s Q33 QAgq|—
G4y Q43 Ay

Qo1 Aoz Qg Qa1 Qa2 Qyy Qi Qg2 Q3
—Quo|Q3p Q33 Qg |-{-013|Qs; Q3 Qg |—ayg|as; asy ass).
Qg Qq3  Qqq Qa1 Qe Gy Qg Qg2 Qus

C momompbio onpejleHTeNell YeTBepTOro NOpsAKa MOMXKHO aHAJOTHYHO BBECTH ITOHATHE
omnpe/iesinTeasl NATOro NOPsSAKa H T. A.

Has cnpeienutesedl JOObIX NMOPAAKOB OCTAIOTCS B CHJIE ONpeleNeHHS MHHOpA H
anrefipauyecKoro JOMOJIHEHHs HEKCTCPOro 3JemMeHTa M o6e Teopemsl 06 anreGpandecKux
JONOJHeRHAX, cOpPMYJAHPOBAHHbIE AN ONpeAeTHTe/NeH TPETbero NopsiaKa.

Takum ofipasom, ofo3Hauas uepes M;, MmuHOp, a uepe3 A;p— anreGpandyeckoe
JIOTIONHEHHE 3/IEMEHTA Q;p ONPEReJUTENS N-TO NOPSIKA (T. €. 3JeMeHTa, HAXOAAErocs
B -l CTPOKe M k-M cTOMOUE 3TOrO ONpEJETHTENN), HMeeM

App=(—1)i+&Mp,.
nyCTb D—OHPEHGJIHTGJII) n-ro nopsgnaka. PaCKPbIBaH €ro cCHauana II0 3JeMEHTaM

{-{ CTPOKM, @ 3aTreM MO 3JeMEHTaM k-ro croabua, B cHIy Teopemsl 1 (cm. c. 41)
TONTYYHM

D=andn+taphip-t...4-aimAm;
D =a14A1x+aopAopt - - - -+ npApg.
C npyroit cTopoHM, TpH [ # { u k # | B cuny Teopemnl 2 (cM. c¢. 41) umeeem
apnAinaAn4-. . +ajAL=0,
a1 A1+ apAsy -t - o - Anp A =0.

CroficTea onpenesuteneii BTOPOTO H TPeTbEro NOPs/KA, chOPMYJIHPOBAHHbIE HA
c. 41, cnpaseisausel M AnA onpejenaureseil Jo6oro nmopsaka.
Pewentie clucteMbl JHHEHHBIX YpaBHEHHI

Xyt aiXa .. S-a1px, =by,
Ao1Xy+AgsXs |- o o o == QapXp =by,
ApX1tapcXe+ oo o - QupXy =by,
ONpeJeInTe b KOTOpoii
Ay Qe ... Q1

D—|%1 G2 ... Q3 #£0,

Api Qp2 «os Qup
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HaXOJHUTCH IO ¢hopmyJaM
x1=DyD; x,=Dy/D; ...; x,=D,/D.
B stux ¢opmysaax D —omnpejenntean cuctemel, a Dp(k=1, 2, ...; n)—onperein-

TeJib, MOJYYEHHHH H3 Onpejeiurte]sl CHCTEMbl 3aMeHOH k-ro croabua (. e. croabua
KO3(GQUIHEHTOB NPH ONPEAeNsCMOM HEH3BECTHOM) CTOJIONOM CBOOOAHBIX 4.i€HOB:

ayf Q12 «.. Qg k-1 b1 A pei --. dip

Qa1 Qgg ... Q3 p—1 b2 @ e Q
Dk: 21 22 2, k-1 2 2, k+1 2a ],

Api Quo oo A -1 bn A, k+1 +-+ Ann

383. BbLIUHCAHTE ONpeAesHTeNb

3 5 7 2

1 2 3 4
—2 =3 3 2y

1 3 5 4

A Tlpoussesem caenyioutve aeiictsus: 1) u3 3snemeHToB 1-f  CTPOKH BhiuTeM
yTpOeHHBIe 1eMeHTH 2-{l CTPOKH; 2) K aaemeHTam 3-if CTPOKH NPHGARHM  VIBOEHHbe
3MeMeHTHl 2-i1 CTPOKH; 3) M3 27eMEeHTOB 4-iff CTPOKHM BBIUTEM 3JI€MEHTbl 2-i CTPOKH.
Tor;1a HCXOAHBI onpelennTeab npeofpasyercst K BUIY

0 —1 —g —19
2 4

D=lo 1 9 10f
o 1 2 0

Pa3ioxuM 3TOT ONpEJeJTHTeNb 1O 3JeMeHTaM 1-ro croja6ua:

—1 =2 —10

D=—| 1 9 10{.
1 2 0

TMpubasasa K snementaM l-if CTPOKH 3JeMeHThl 3-if CTPOKHM M BLIYHTAA H3 Je-
MEeHTOB 2-fi CTPOKH 3JeMeHTHl 3-H CTPOKH, MOJYYHM

00 —10
D=—|07 10f.
12 0

PasioxuM onpeienuTesb MO 3JeMeHTaM 1-ro ctoafiua:

0 —10|_
D=—|7 Tio|=—70. A

384, BpuncanTb onpejesuTelb

SOOW—

OO RN

SNWWwo

D OO

ano 20
-

/\ BhiHeceMm 3a 3Hak ompejieamteast obuine mMHoxkurteanm 2, 4 H 5-ro cToabioB:

D=2.2.5.

oo W—
OO — —
oUnww o
WO O
—— 000
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Buiutem n3 azemenToB 2-ro croafua saemeHTs! [-T0 €TOOMA N PA3OKHM MOJY-
YeHHBLL ONpejeauTes b NO 3/1eMeHTaM [-if CTpPOKH:

1

0000 —2300
3-2300 2390
D=2010 2320{=20 .
0521
0 0521 352l

0 0031

Ipufasum K snementam 2-ff CTPOKH 3JeMeHTH - CTpoKH, BhiHeceM —2 (o6mymit
MHOZ(MTE1b 3/IEMEHTOB 1-ro ¢T0161a) 32 3HAK OMPEACTHTENIsI, @ 3aTeM Pa3JA0XKHM MOo-
JYYeHHBIT OIpeleHTe b MO 3JeMeHTaM 1-ro croabua:

TTHNYT

D=-—-40 =—40(5 2 1.
0521 031
0031

Burtem M3 37eMeHTOB 2-if CTPOKM 37eMeHTH 3-f cTpokH, BuiHecem 2 (o6utuit MHO-
FHTEMb 3/1€MEHTOB 1-# CTPOKH) 3a 3HAK ONpeJesHTe:ist H PasI0kKUM HO.IyUeHHDIT onpe-
AesuTeNib 10 3JeMEeHTaM 3-ro crToqabua:

D=—80

2 10 803 ‘l 640. A
—1 o — | = .
0 31 5—1

385. Halitu y u3 cucremsl ypapHenuii

x++2y+32=14,

Y224 3t =20,

2+ 2t-+-3x =14,

t--2x 43y =12.

/\ 3anumem cucteMy B BHAe

x-+ 2y+ 32-4-0.-t=14,
0.x+ y- 224 3t=20,
3x4-0.y4 2z 2t=14,

2x4 3y--0.2- t=12.
Haiizem

wo—
O— N
— N W

D=
230

M3 saeventos 2-ro cronbua BblYTEM VJBOGHHbIE 3JeMeHTH 1-r0 CTOI6ua; M3 3Je-
MEHTOB 3-TO CTOJIONA BLIYTEM YTPOEHHBIE 3JeMEHTH 1-ro croJbiua:

0
3
IR
1

ool 1 23 12 3
D= 2316 —82l=(—2)-(—1)|3 4 —1].

3 —6 —8 2 68

A 4 [ g 16—1

Hs saemenToB 2-ro cTos6Ha BHIYTEM VABOEHHBIE 3JEMEHTH 1-TO cT010La; H3 3/eMeH-
TOB 3-r0 CTOJA6LA BHIYTEM YTPOEHHBIE 3JEMEHTH 1-ro crToabua:

1 0 0 —9 10
D=2{3 —2 —10 :2! l:2(8—|-40):96,
4 —4
1 4 —4
Haxoaum

11430 1 730
D.—|02023]_ 5101023
y—13 1412 (3 712/
21201 2 601



W3 snementoB 3-it cTPOKH BBIUTEM YTPOeHHbIe 3/emenThl 1-H CTPOKHM; U3 dieMeHTOB 4-il

CTPOKH EbIYTEM YABOGHHbLIE 3JeMeHTBl l-it CTPOKH:
1 7 30

10 23
D,=2|0 10 231 ol 14 g5/ _0.9.0
v=210 —14 —8 2 e
0—-8 —61

-7 —

13
42
—4 —3 1

W3 sneventon 1-# CTPOKH BuIuTeM YTpOEHHbIE 37eMeHTH 3-it CTPOKH; H3 37€MEHTOB

2-f CTPOKIL BBINTEM Y/BOGHHbIE 3JIEMEHTHI 3-fl CTPOKII:

17100
Dy=8 1 20/—s|!T1|—102.
—4 —31

Orciona y= D,/D=192/96=2. A

386. Bruncaute onpeaenutens
1111
a b cd
V— a2 b2 2 d2i
a® b3 ¢? g

A Bomrev u3 2-it cTpokH 1-10, YMHOXEHHVIO HA a; n3 3-it CTPOKH 2-10, VMHO-

HEHHYIO HAa a; 13 4-ft CTPOKH 3-10, YMHOXEHHYIO Ha a:

| 1 1
b—a c—a d—a

1
0

V=1 B —ab —ae d®—ad |=b—0) —0a)(d—a)-
0

b* —ab* *—ac® d3—ad?

c

d
b ¢*

Brluten u3 2-it ctpoxn 1-10, yMHOXeHHYIO Ha b; U3 3-it CTPOKH 2-10, YMHOMKEH-

HYI0 Ha b:
! 1 1

V=@pb—a)(c—a)(d—a)|0 c—b d—>b

=(b—a) (c—a) (d—a) (c—b) (d—b) ,Cl H:
=(b—a) (c—a) (d—a) (c—b) (d—b) {d—c).

02— bec d®—db

Hepr;’IHO BHIeTH, YTO pHCCManHBaeMb]ﬁ Onpee/JuTe b PAaBEeH HV.IKO TOTZa U TOJBKG

TOTA3, KOTAA Cpein uucet a, b, ¢, d uMeloTCs paBHbIE. A
BbI‘{l/ICJIHTb OlnpeaesHTe N

1 —2 3 4 -1 —1 —1 -1
2 1 —4 3 -1 —2 —4 -8
387. |5 4 1 _of 388. | | _3 9 97|
4 3 2 —1 —4 16 —64
1020 0 0
1210 2 0 0 I fa t 1
389.1 01210 2 o0l 3%. | , ¢ L
0 01210 2 L i
0 0 01210
Pewmnte cucremst ypasuenuii:
y—3z+ 4f =5, x—3y-L-52—7t=
9zl 3f = — Sy A-Tz— f=-=
391. x—2z-- 3¢ 4, 399. 3x—oy-+Tz2— ¢

3x--2y— b= 12,
4x -} 3y—5z= 5,

Sx—Ty-- z—3t= 4,
7x— y-}3z—5t=16.

12
0
4

»

’
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x+ 2y= 5

3y 4z —18, g;‘+3-‘/_3z+42t ;

393. { 52+ 6u=39, 394, | T y— abA= 5,
6x--2y+ z = 4,

rut So=08, 2x3y—5  —=—lI

90+ 10x=55. oy — =

§ 2. JIMHENHDbIE NMPEOEPASOBAHUSA U MATPHILbI
C nomouiplo paBeHCTB

’
x:allx:+a12y’i
Y=0a1x" - Qz2Y
3HQYEHHST MEPEMEHHBIX X H ¥ MOXHO BbIDa3HTb JUHEHHO uepe3 3HAUEHHS NepPEMEHHLIX
X' W y'. DTH paBeHCTBA NPHUHATO HA3LIBATL AUHEUHbIM 1peobpasoearites: TepeMeHHbIX

x" u y'. Vx MoxHO paccmMaTpuBaTh TakKe KaK JHHEHoe npeoGpa3osaHue KOODAMHAT
TOYKH (MJIM BEKTOpPA) Ha IIOCKOCTH.

Tabauua
a;y a
A — 11 12
Qz1 Qa2
Ha3blBAeTCs Mampuyel paccMaTPUBAEMOIO AUHELHO20 npeobpa3osarus, a OnpeieanTelb

ap; Qe
Qg1 Qg9

D=

— onpedeaumenem AuHeliHoco npeobpasosanus. B naipHelimem OyaeM DpelncsaraTh,
tvro Dy # 0.
MoxHO TakKe paccMaTpHBaTh JHHeiHOe Npeofpa3oBaHHe TpeX INepPeMEHHHIX (T. e.
AJs npoctpancTsa)®
x=apx a1y’ 4 a132’;
Y =ay1x" |- Gyoy’ - ags2’,
z=agx' - agey’ +-asze?’,

rie
a1 Qiz Q13 aif Qys Qi3
A= Gy a3 Gs3 | U Dy=|a a5 ays].
\d31 a3z 433 Q31 Q32 Q33

— CCOTBETCTBEHHO MATPHIA H ONpPeieJHTe]b 3TOTO NpedGpasoBanid.

Marpuna A nasoiBaercs  HesoipodcOennoii (ueocobou), ecan Dy 7 0. Ecanm xe
D 4==0, o mMarpuua Haselaercsa 8o/posicdennoli (0codod).

Marpunnt

{ay s

H| Q91 Qap Q23
a1 Qg2

> Qi1 Q12 Q13
a3y A3y A3g

Ha3bIBAIOTCS KBAOPAMHbIMIL MAMPUYAMIL COOTBETCTBEHHO 8110P0S0 U MPemseeo nopadkos,
s Gonbieit ofWHOCTH psii onpeledeHnil OyAeT jlad st MaTpUll TPeThero Io-
psilKa; NpUMeHeHHe HX K MaTpHUaM BTOPOrO IOpsiAKa He BbI3bIBAeT 3aTPyJHEHHH.

* YacTto JuHeHHBIM NMpeoOpa3oBaHHeM Ha3bBAlOT paeencTBa GoJiee ofuiero Buja

x=apx a1y’ a3’ by,
Y =as1x" -+ Ay’ - az32" -+ by,
Z=azx" QoY - a332’ - b3.
31ech paccmarpuBaeTcs JunHefinoe npeoBpasoBanue, s KOTOPOTO by = by =by =0.

B kypcax OQYHKIHOHAJILHOIO aHaNu3a TaKoe JIHHeHHOe NpeoOpa3opaHue HAa3biBAIOT
AUHCHHbIM ONePAMOPOM.
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Ecan aeveHTHl KBaJApaTHON MaTPHIBI YAOBJETBOPSIOT YCIOBHIO d.p=Upmp, TO
MaTpHUA HA3LIBAETCH CUMMEMPUUECKOL .
JIBe MaTpuubI ,

a1 aiz A3 by bra big
A= a3 as; o3 | 1 B:<b21 bas ba3
a3y A3 dzs \b31 bas b33
cuutaoTes paguoimu (A= B) Torla u TOJBKO TOrja, KOrja paBHBl HX COOTBETCTBEH-

HbIe 3JIEMEHTDI, T. €. KOTla A, =b,, (m, n=1, 2, 3).
Cymmodi nByx maTpuu A H B HasbiBaeTcsi MaTpHua, Onpelessienasl PaBeHCTBOM

/11 Qia Q13 byy byg bys ayi-+biy aie-tbia ayz--bys
| G2t Q22 ny T bai bap bag |=| Go1 i Gaatbys r3-+bss
\asy Q39 U33 ba1 bgy ba3 agy b3y asy--b3e a3zzt-bss

Ipoussederiuem uucra m na mampuyy A HasvlBaeTcss MaTpuua, olipeleddeMas
pPaBeHCTBOM
11 iz Q13N maig mags Mas
mi Gy Qa2 023)2 Mmagy MAzy MAsg
magy Mage Magg/

I pouseedenue Osyx mampuy A u B oGosnauaercst cumBoioM AB u onpenensercs
PaBeHCTBOM

Qg A3z Q33

aif Q2 ai3 byi bis bis
AB ={ ayy asy Q3 b21 bag bos |=
Q31 Q3 033 ba bsz bsg

11b11 2 a1jbi 2 mjbjs
=, azjbj1' Z Qyibj2 2 agibys
2 asby 2 asibie Z asjb 13

j=1 i=1

L "M"”

) Il
-

T. €. 3ACMEHM  MAMpPUYbL-nPOl3ReOeHUS, cmoawud 6 I-ii cmpoke u k-m cmoabuye, pa-
6eH CYyMME NpPOU3BEORHILLE COOMBEMCIMBEHHbIX INCMEHMOS (-] cmpoku mampuyel A u k-20
cmoabya mampuyst B.

Mo oTHOmeHHIO K NPOH3BEJCHHIO JABYX MATPHL NepPEMECTHTENbHbIN 3aKOH, BOOOLE
roBopst, He BhimosHsieTcsi: AB #= BA.

Onpedeaumens npoussedenus 0syx Mampuy pasen npoussedexuo onpedeaumenreds
anmux mampuy.

Huynesod maomnuued Ha3blBaeTCS MaTPHIA, BCE SAEMEHTHI KOTOPO paBHbl HY.JIO:
000
000 )=0.
\000/

Cymma stoit matpuubl u moGoit matpuusl A paer matpuuy A: A-L-0=A,
EQunuunol mampuyed HasbiBaeTcsi MaTpHLa

100
(508
001, .
Tlpu ymHOXKenun 3Toil MaTPHilbl CleBa WM crpasa Ha matpuiy A nomydaercs

matputta A: EA=AE = A. Emmwmon MATpHIle OTBEYAeT TOXKJIECTBEHHOE JHHefiHOe
npeoGpasoBanne: x=x', y=y', z=2".
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Matpuna B nasvizaercs 06pamuod N0 OTHOWEHHIO K NaTpuue A, ecin Tpon3se-
zerna AB 1 BA pasuml exnmnuunoii matpuune: AB=BA=E.

s maTprib, oSpaTHOI MO OTHOWIEHMIO K MaTpuile A, HPHHATO o603HaueHue
A=Y 1.e. B==A-1

Beakas nennipokienHas Kpajipathas Matputia A nmeer ofpaTtHyio Mmarpuuy. OG-
patHas MaTpHla HaxOAHTCA N0 (popMyde

Aii/Dy An/Dy An/D,
A=l=| A1s/Dg Ag/Dg Agy/Dy ),
A1s/Da Ags/Da Ass/Dy
rie A, —012e6pauteckoe Gonoanenue SIEMENTa MATPUUBL Q,, B ee ONpeieidHTefe,
T. €. NPOH3BEIEHHEe MHHOPA BTOPOrO NOPAIKA, NOMYYEHHOIO BLIMEDKUBAHHEN Mi-il CTPOKM

I n-ro croafila B onpelesHTe]e MaTpHUBl A, Ha (—1)mtn,
Mampuyeri-cmoabuyosn HasbiBaeTCs MaTpHua

Xl\
X= xzj.
X3
Ilponsseienne AX onpejedsiercs paBeHCTBOM
Q11 Qrz Qya\ /X1 Q11X1+ Q1aXa ;- @y3%3
AX={ as1 apy @93 Xy |=| Qa1Xy-+QaaXs -} Qa3x3 o
Qs A3z ass X3 31Xy A3 X3 -+ A33X3

Cucreva ypasHeHnH
Qy1Xi -1 Q1aXs -1 Ai3X3 = b1,
1 A91X1 - AgaXs -1 Apax3 = by,
Q31X1 - Ag9Xq + g3 =b3

MOJKeT ObiTh 3amncaHa B Buie AX =B, ruge

/1111’ Qs Q13 Xl\\ / by
A={ Gy Qoo Q3 |, X={ Xy b B=i b, |
\a3i a3z Q33 X3/ by

Pemenne 310fi cnctemst nveer But X = A-2B (ecau D,y # 0).
Xapaxmepucmaneckum ypaBHEHHEM MaTPHILLL
a1r Qi Qg3
A2y Qog Q3
Q31 Q3 Qasg
Ha3blBaeTCsd YpPAaBHEHHE

ayi—A Qps Qi3
Qo1 Qos—A Qa3 =0.
sy ass azs— h

Kopun storo vpaBueHHs Ay, Ag, Ag Ha3bIBAIOTCS XQPAKMEPUCIUMECKUMIL 4UCIAMIL
MaTpUILLI; OHIl BCEria 1eCTBUTEJNEHD!, €CJH HCXOAHAA MaTpHUA SBJIAETCA CHMMETpHUECs
Koil. ;

Cucrena ypaBneHuii

.
(ar1—2) &1+ a128s 01383 =0,
l 2181+ (@23 —A) 8o 102353 ==0,
3181+ asba+4- (a3 —2) E=0,
B KOTOPOil A MMCET O7HO M3 3HAUEHHH Ag, A, Ag M ONpeleHTeIE KOTOPOIl B cmay

3TOrO paBeH Hy.Jio, onpeleaser Tpoiky uucenx (§y; &p; &3), coorBercrsyomyio jpan-
HOMY XapaKTepHCTHYeCKOMY YHC.TY.
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dta cosokynHocTh Tpex uuced (Ep; &o; §3) ¢ TOYHOCTBIO 0 NOCTOSIHHOTO MHOXKHU-
Tessi onpejensier HeHysneBoH Bektop r=§;i-} &yi--Eszk, Ha3piBaemwiit codcmeenHbm
6eKmMopoM MaTpHIbL.

395. Hano suue#inoe npeoGpasoBanne x=x"-+y 42, y=x" 1y,
z=x" W nmaupl ToukM B cucteMme kocpauHar X', y', 2t (1; —1; 1),
3; —2; —1), (—1; —2; —3). Onperenntb KOOPJAUHATHL 3THX TOYEK B
cucreme X, Y, 2

L’_\ HOILCTHBHU KOOpPJAHHATDLI TO‘{CK B paBsCHCTBA, Olipe/eadIolHe JJaHHOe JHHeNHoe
npeobpasoBaHue, JioJtyuacs: e x =1, y=—1 =1, T0x=1,y=0, 2=1, 1. €.
(l 0, 1); ecau x’ -:-3 Yy =—2, 2/ =—1, 10 x=0, y=1, 2=3, 1. e. (0; 1; 3); ecan
x’ ——1 y=-—2,2'=-—3, 10 x=—6, y=—3, z=—1, 1. e. (—6; —3; —1). A

396. Hanucarte suneiinoe npeobpazoBaHue NpeAblayuwied 3ajgauu /st
nepexofa OT KOOpAHHAT X, y, Z K KoopauHatam x', y', 2’

A Hmeem x’-=2 (13 Tpervero papenctsa); y’ =y—z (BblUKTAEM H3 BTOPOrO pa-
BEHCTBa TpeThe); 2’ =X —y (BbIYHTAEM H3 TEPBOIO PABEHCTBA BTOpoe). A

397. Hano nuneiinoe mnpeoGpasosanne x=x'+2y’, y=3x"-}4y'.
Y Kakux TOUEK OHO He MeHsieT KOOpJAHHAT?

A Hyxuo naitty x u y, ecan x=x', y=y’, 7. e. x=x-+2y, y=23x-4y. Cre-
JoBatenbHo, x=x'=0, y=y' =0. A

398. ¥V kaxux Touek JuHeilHoe npeobpasoBanue X =3y —2y’, y=
=5x"—4y’ He MeHseT KOOpAHHAT?

A Hmeem x==3x—2y, y=>5x—4y. CaenoBarensto, x=y=x" =y’ T. e. aunei-
Hoe mpeoGpa3oBalie He MEHSeT KOOPAHHAT y Touek (f; {) C O/JHHAKOBbIMH KOOp,HHAa-

TamMu. A
399. Haiitn cymmy ManHLl

7 12 a4
A— KO —1 3 B:( 2 3_2>,
10 1

/341 5+ 2 74N 471
A A+B={ 22 —123 0—2|=(4 2-2) A
\4—1 340 241 33 3

400. Ha#iru marpuuy 2A4-+-5B, ecau
35 2 3
A=(37), B=(]_2)
A2a=(319) sa=("g 1), 2a+58=(15 %) A

401. Haittn npoussepenus marpung AB u BA, ecau

/131 2010\
A:Q204>, B=[1—12)
123 \3 21/
1:24-3141-3 1-14+3(—1)+1-2 1-0-43-2-1 1.1\ 8 07
A AB:/2-2+O~1—}—4-3 2-1+0(—1)+4-2 2.o+0.2i4-1 ‘=/16 10 4\,
\1-2--2.143.3 1-14-2(—1)-3-2 1-0+2-2+3-1) \13 5 7)
F2 0412401 2:341-040:2 21414403\ /4 6 6)
BA={ 1.1—1.24-2.1 1.3—1.04+2.2 1.1—1.412.3 1=(1 7 3). A
\3- 1422411 3.-34-2.0-41-2 3-1+2.4+1-3] Ksu 14/



402. Haitrtn A%, ecsn Az(?i

aa=(35 0 D=GE 558)-("7 1)

s g (1L 14 (32) (3414 22456) (4778
ALA2A—<718/'<14\/ (21+18 14+72) 3986) A

403. Haiitn 3nauenne maTpuyHoro muorounena 2424 3A-+5E mnpu

112
A:(l 311, eciu E —eJuHHYHAS MATpHILA TPETHETO MOPAAKA.

411)
112\/112 10 6 5\ /20 12 10
A Ai={131 31)(8116\., 242={ 16 22 12 ),
‘41 1/\4 11, \9 8 10/ \18 16 20
336\ 1 500
34=l 393 555010 050
1233/ 001/ \005/
/28 15 15
242 1 3AL5E={ 19 36 15
\ 019 28

404. IlaHbl asa JIHeHbIX npeoﬁpasoBaHnﬂ x=a,x" +any, y =
= X Gy’ W X =by X" by, Y =0y 4 by TlonctaBass x "
y’ u3 BTOPOro npeoGpasopaKis B nepsoe, NoJyduM JHefiHoe npeobpa-
30BaHWe, Bhlpaxkaomee x u y yepes x” u y". Ilokasats, uro MaTpuua
TIOJTYY€HHOr' 0o HpeO6p330BaHl/lﬂ paBHa INPOU3BEAEHHIO MaTpHil nepBoro H
BTOPOro NpeodpasoBaHHii.

A\ Hveenm

x =ayq (11x”  bray") 4= Q1o (bo1x" - baoy” ") =(ag1b11 - arsboy) " 4-(a11b15 - A12b20) ¥
y=0as1 (511X + b12y") -+ Q22 (b21x" + booy”) = (@111 - Aaaba1) X" - (@21b12 -+ aszbas) Y
Matpnua nosyd4eHHOro JHHeHHOro npeoCpasoBaHusl MMEET BUJI
(011/711-1-012521' a11b12+0125~z2)
Qo1b11+ osber  Ap1b15-+asabse )’

ayr ay; b b
T. e. oHA SBJISETCS NPOH3BEIEHHEM MaTpHIL ( " “) u ( mn 12).

G2y Qoo by bae
/322
405. Hana martpuua A—\é g 1/ Hajitn ofpatHyio MaTpuuy.
A Bouncsasen onpegeanteas Marpuibl A:
322
Di=|1 3 1|=27+2—24=5.
534
Haxogmm anre6pan‘iec1me JOMOJHEHHSI 3JIEMEHTOB 3TOr0 CIPeJeJHTeNA:
: 22
an=|3 =9 An=—|3i]==2 4u=|3|=—4
11 2
Ap=— 54}:1, Ap= 04‘:2, Aaz—#?ﬂ -1,
3 2
A13:\é31:_12’ A23:_—lg31:17 A33 ?%}*7
Cuie/10BaTeabHO,

9/5 —2/5 _4'5\
A—1:< 15 25—15). A
o5 15 75/
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406. Pemutp cucteMy ypaBHEHHI

x+2y—3z2=14,

{ 2x -+ 3y4-22=9,
3x-+4y+ z=16,

NpeJCTABHB ee B BH/e MaTPHYHOTO ypaBHEHHA.

/\ Tlepenumen cucremy B Buite AX =B, rae

‘2 3 2\
A= / 1 2 — y\ B= (
\3 4 // 16/
Pemenue mMatpuyHoro ypasHenus umeer Bug X =A-1B. Haiigem A-1, Hmeem
23 2
Dy=|12 —3|=28—30—4=—6.
34 1
Boiuucanm asire6panieckue JONMOMHEHUS 3/€MEHTOB 3TOrO ONpelenHTeNs:
2 =3 32 3 2
A11=l4 1|=14, A21=_l4 1|=5, A31=,2_3|=—13,
—3 22 2
Am:—‘é |:“10 A22=‘3 |=—4» A32=—‘l] =8
2
A13—}3 4l—=—2 Aes——l l=1, A33=|1 gl=1-
Taxkum o6pasom,
1 14 5—13
A-l=——( —10 —4 8,
6\ —2 1 1/

OTKyna

(/14 5—13\/ 9 |/ 126-4-70—208 L /—12 2
X=——a|—10—4 8 14 )=—— —90—55-1128 —18)={ 3).
6\ —2 1 1/\16 6\ 181416 / O\ 12 -2

CnefosatesbHo, ¥ =2, y=3, z=—2. A

L" 5]

407. Jdana matpuua (g4 3> Hafitin ee xapaxrtepucTHUeCKHE YHC/IA U
coOCTBEHHbIE BEKTOPHI.

A CocrapiisieM XapaKTepHCTHUECKOE ypaBHeHHe

S 2 =0, nan 5—2) B—H)—8=0, 1. e. A2—8ALT=0;

xapakTepucTHueckne uucaa Ay=1, Ay=7. CobcTBeHHuIi BEKTOP, COOTBETCTBYIOUHH
NEpPBOMY XapaKTePHCTHYECKOMY YHCJIY, HAXOAMM H3 CHMCTeMbl yPaBHEHMH

{ (5— M) E1--28,=0,
451+ (B—My) E2=0;

TaK Kak Ay =1, 10 &{ u E; CBH3aHH 3aBUCHMOCTHIO 2§1+E9~0

Tonaras & =o (@ 7 0—NpoH3BOJTLHOE UMCAO), Todyyaem Ep==—20, U COGCTBEH-
HEIl BEKTOP, COOTBETCTBYIOLLMI XapaKTEPHCTHUECKOMY YHCAY Aq =1, ecTb r; = ai —2aj.
Haitnem Bropoil cobcTBeHHblll BeKTOp. HMmeem

{ (5— 1) E1 285 =0,
48]+ (3—2y) E2=0.
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TToacTaBue 3HaueHHE Ay =7, MPUXOAHM K COOTHOLIEHMO & —E,=0, T. e. ?;'1' =
= E2=F # 0. Cob6CTReHHbIM BEXTOPOM, COOTBETCTBYIOILMM BTOPOMY XapaKTepHCTHye:
CKOMY HMCAy, CAyXKHUT ry=0Bi--Bj. A

408. Haiitn xapakTepHcTHUecKHE uYHCJa M CGOCTEGHHblE BEKTOPHI

3 —1 I
Marpuuns | —1 5 —1 |
. 1 —1 3

A\ CocTapJisieM XapaKTEPHCTHYECKOE YpaBHEHHE

3—h  —1 1
:0’

—1 5—A —1
1 —1 3—A

111

B =) [6—2) G—A)— 11+ (=3~ A1)+ (1—5-+ 1) =0.
ocsie snemeHTapubix npeoGpasoBanuit ypapHeHue npusoanics K Buly (3—A) (A2 —
— 8L +12)=0, orkyza M =2, Ay =3, A3=6.

Haxoanm coGCTBEHHBI BEKTOp, COOTBETCTBYIOWHIl XapaKTepPHCTHUECKOMY HYHCJAY
A1=2. M3 cucremsl ypasHeHui

( G— &+E=0,
1{ —E14-38,—E3 =0,

Ei— E+5=0
(omHo M3 ypaBHeHHIl 3TOMl CHCTEMBI €CTb CHEICTBHE ABYX APYTHX M MOXKET OHTb OT-
6poweno), noayuuM & ==0, E3=-—E;. Ilosaraem §; =a, torga E2=0, L3=—a u

r=oai—ak
Haxoaum cofeTBeHHBIT BEKTOp, COOTBETCTBYIOUMIT 3HaueHHI0 Ay =06. [Toayuaem
CHCTEMY YpaEBHeHHIt

(  —bt =0,
{ —&+2g—5=0,
\ E1—Es=

(o4HO M3 3THX ypaBHennii—ciejcTBHe ABYX Apyrux). Orcioga &, =8 =& =P ur, =
= Bi-Pi+Pk. ) .

Haxo/uMm co6CcTBeHHBIH BeKTOp, COOTBETCTBYIOIUMH 3Hauenmo Az=6. Cocrapisem
CHCTEMY ypaBHEHHH

rrs rre rrs

(38 —& 4 & =0,
i —& =8 — & =0,

rrr e rrs

£t —& —3& =0
(cHOBa OAHO M3 ypaBHEHHIH —cCJeJCTBHe ABYX ApYrux). Pemas 3Ty cHcTeMy, HaXoAuM
& =v, &2 ——2y, & =7 u rg=1yi—2yj+-yk.

Hrak, cobeTBeHlible BEKTOPHI 3aJaHHOH MaTpPHLLI HMelOT BHA Iy =a (i—k); rp=
=B (i+j-1-k); rs=7({—2j—k), e @, f, y—npOH3BOJABHLIE OTJIHUHLIE OF HYJS
uyncIa. A

409./[13}11;1/;1}33 T HEAHBIX 1/1peo6p2}30BaHn,ﬂ .vf:anxl'/~5~a12y;+al3zl'l,
Jr=anX N’i‘ QoY ’7%(1232 ;27 Ak ‘e;a:ny —,L”a332 X == b X"+ 1oy _|,’b13’2 ’
y,:bzlx F byl 4 by52", 2" =bg X"+ byy” -+ bys2". loacraBass x', ¥y u
2z’ u3 Broporo npeofpasoBaHHs B TiepBoe, MOJAYYUM JIMHeHHoe npeobpa-
30BaHHe, BHIpakawlee X, y, z uepes x', y', 2”. llokasarp, uro mar-
pHlia TOJIyYeHHOro Npeo0pa3oBaHHUS paBHA INPOU3BEJCHHIO MAaTPHIL nep-
BOTO H BTOPOrO MpeobpasoBaHHi.
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410. ,HaHo JIHHelHoe npeoﬁpasoBaHHex—Gx 4y —2 y=—18" -+
42y 162", 2=2x"+2y’. Koopaunatel Kak¥X TOYEK YIBaHBAIOTCA B
pesyJbTaTe 3TOro npeofpasoBaHHA?

411. Jlanbl aBa JaunelHsX npeoGpasopanus: x=x -y +22', y=
=x 42y +62, z=2x"13y'; x=2x"+22", y=x"--3y -4z, z=
= x' -+ 3y 1 22'. Halitu TOUKH, IJIS KOTOPBIX Ka:kioe H3 3THX Ipeos-
pa3oBaHUH JlaeT OfMH H TOT XXE€ pe3yJbTar.

412. Hafity TOUKHM, KOODAMHATHL KOTOPHIX HE MEHSIOTCS TpPH npi-
MEHEeHHH JUHeHHOro npeobpa3oBaHus x = x' cose—y sina, y’ =1’ sina+
+y' cosa.

413. Halltu MHOKECTBO TOYEK, KOODAMHATHl KOTOPBIX MEHSIOTCS Me-
CTaMH TNpH NPHMEHEHHH JIMHEHHOrO rpeodpasopanus x=ux"cosa —
—y'sina, y=x"sina-+y cosa.

/5 8 4
414. Jana marpuua A:(? g 8\ Kakyto varpiiy B Hy:KHO npu-
N\ ,
6aBHTb K Matpune A, yToGBl NMOJYUUTh €JHHHYHYIO MaTpHuy?
211
415. Jlana matpuua A= (l 2 1\ Haittn cyyvy matpnig A+ A -+ E.
/10 20 ~—-30
416. Iana marpuna A—- 0 18 10>. Haiitn ofpatnywo matpuuy.
417. Pewmntb cucremy ypaBHeH;m ’
( 3x 44y =11,
i@+&=m
x+2:=17,

NpeICTaBHB €e B BHJE MATPHYHOIO ypaBHEHHSA.
418. Haiiru xapamepmmqecxne yycsia U HOPMHpOBaHHble cobCT-

BEeHHbIE BEKTOPBl MaTPUIIbI ( 5 6).
419. Haiitn xapakTepHCTHYeCKHe WYHCJA I COOCTBEHHLIC BEKTODBI

11 3}
matpuust { 5 1)
\311)/

§ 3. TIPUBEJAEHUE K KAHOHUYECKOMY BUJY OBLIHX YPABHEHHH
KPUBLIX U NOBEPXHOCTEW BTGPOI0O NOPAJIKA

Bripaxkenna suia
a1 62 - 2ay5xy - @y9l®
"
ay1 X2 - Qpoyy® - aga2® - 2a15xy 4 2ay5x2 - 22502
Ha3LIBAIOTCS Keadpaniuymuoimy opsasy COOTBETCTBEHHO OT 3BYX i TpeX TepeneHBHX.
CHMMETpHYECKHE MaTPHILbLL

2 a a
A ’:( 11 12)) S
Qg1 QAgo

ayi ais Qi3

AY3)=<1721‘ £ a23>, TAe Qof =0q1g, G31= Q13 H O33==d33.
Qg1 Qgp Q33

Ha3LIBAIOTCH Mampuyasu THX GopM.
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Kea1patuunsle GopMul ¢ NOMOIILIO JHHEHHOTO TTpeobpa3onanus NepeMeHHsIX MOXKHO
IpeoGpasoBaTh K BHAY, HE COMEpIKailleMy INIPOM3BEJCNHII HOBLIX IEepeMEHHBIX (IIpH-
BECTH, KaK TOBOPAT, K anre6pauueckoil CyMMe KBa/pAaToB); HHBLIMH CJAOBAMH, KBa/pa-
THYHas GopMa ABYX IIePEMEHHLIX MOXeT OHTh MpHBejleHa K BHAy Ax/®--hy'?, a
KBajpaTuuHas $opMa TpexX MepeMeHHBIX—K BHAY hx'®-Aqy'?4-Agz’.

J15 Toro uToBbl KOS(GQUILUEHTH! MPU X7 OBLIH XapaKTEePHCTHUECKMMH UHCJAMI,
JIHHe{iHoe npeofpa3oBaHue JO0JKHO OLITb MPOH3BENEHO CAEAYIOUIMM 006pasoM: Olpeie-
JSIOT TPOIKY (175 KsaipaTHUHOH (OPMLI ABYX IIepEMEHHbIX —Iapy) HOPMHPOBAHHHIX
TIOMapHO OPTOrOHA/IBHLIX COOCTBEHHLIX BEKTOPOB, COOTBETCTBYIOLIMX XapaKkTepHCTHYeC-
KHM 4HCAaM Ay, Ag, Agt

ey =oui B+ vik,
€y = ol 4 Bai - vok,
eg = o3l 4~ Baj -+ yak.

B CHJIY HOPMHPOBAHHOCTH H OPTOTOHAJBHOCTIL BEKTOPOB €y, €, €3 JOJXKHBLI BLIITOJI-
HATbCA TOK1ECTBA:

ORI =1 =1, 2, 3) ooy +BiB vy =0 (i =1, 2, 3, i #)).
Toraa matpuna npeoGpa3oBaHHS NMEpPEMEHHBIX MMEET BHA

%y Qg O3
S=(f1 B Bs )5
Y1 Ve Vs
HHBIMH CJIOBaMH, HaJ0 MNOJOXKHTH

x=ox’ - oy’ +ag2’,
y=P1x" 4By’ +Bs?’,
z=y1x -+ vy’ 32’

(1151 cIyuas ABYX NMepeMeHHsIX BCe (DOPMYJbl COOTBETCTBEHHO Yympomtaiorest). Takoe
npeoGpasoBaHue MEPEMEHHbIX HOCHT HA3BaHHE AUHELIHOZ0 O0pMO20HaAbHO20 npPeolpaso-
8aHUA: B STOM CJyuae onpejeiuTesib Marpuusl S paseH +1: Dg= 1.

JluneilHoe opTOroHaAbHOe MpeoGpa3oBaHHe HCIOMbL3yeTCs IJisi DpUBEJieHds K Ka-
HOHMYECKOMY BH1y OOlero YpaBHEHHS KPHROH MJHM TOBEPXHOCTH BTOPOTO MOpHiKa,
IpHUEM eCTH XOTHAT COXPaHWTb B3aUMHYIO OPHEHTALHIO HOBBIX KOOPAHHATHBIX oceil, TO
HAJaraloT Ha MaTpHIy npeobpasoBaHus S [omoJHHTeqdbHoe ycaopue: Dg=1.

IlpeoGpasoBatue ypaBHeHHs KPHBOH MJIM MOBEPXHOCTH BTOPOro HOPSAKA K KaHO-
HHUYECKOMY BH1Y IPOHM3BOIAT CJACIYIOLIHM 00pasom:

a) HAXOIAT TO JHHEfHOE OPTOroHAJbHOE nNpec6pasoBaHuE KOODPAMHAT, KOTOPOE
TIPUBOJUT KBAAPATHYHYIO (DOPMY CTAPLUNX YJEHOB YyPABHEHUS KPHBOH H/M TMOREPXHO-
CTH K CYMME KBalpaTOB, H BbLIIOJHSAIOT B YDPABHEHMH COOTBETCTBYIOLLYIO 3aMeHy.
B peay.srare 310r0 npeodpas’oBaHMs M3 ypaBHEHHS HCYE3AI0T YJEHbl C NPOH3BENE-
HHSIMH KOOD/MHAT;

6) mpoM3BOAA MOCIE 3TOTO Mapa/llieNbHbill epeHoC HOBBIX Oceit KOOp/JMHAT (B MPO-
CTPAHCTBE HHOTAAd NPUXOIHTCS, KPOME TOro, JleNaTe AOMOJHHTEAbHBIA [OBOPOT ABYX
ocell B OIHON M3 KGOPAMHATHBIX ILJIOCKOCTeil), MPHBOAAT YypaBHeHHE K TpeSyemomy
KAaHOHHYECKOMY BIL1Y.

420. TlpuBecTH K KaHOHHYECKOMY BHJY YpaBHEHHE KDHBOH
5x2 -+ 4xy - 8y —32x —5H6y 4 80 =0.

2
A B JanHOM ciIyyae MAaTpuna CTapIIHX YJIEHOB HMEET BHA A=(g 8)' Cocras-

JIfeM XapaKTEePUCTHUECKOE YpaBHEHHE MaTpPHIBI:

|~ 2 N
5ok S_LI:O, 1. e, A2 —13k--36=0.
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Haxoanm xapaktepucTmdeckue uncaa Ay =4, hy=9. Iloaaras A; =4, aus ompe-
ZleJeHHsT COOTBETCTBYIOMIETO COGCTBEHHOrO BEKTOPA TOJYWaeM CHCTeMY YpaBHeHHIi

&1 +28, =0,
28,445, =0.
Otciona &y =—2&,; moaaras §,=—o, naxouum & =2« u ry=o (2i—j). Hopuupys

BEKTOD ry, HMEe eI:(Q/Vg) i—(1/V5)i.
Monaaras A, =9, 1Jis1 onpeje/exust BTOPOro COGCTBEHHOTO BEKTODA NOJdyuyaeM CH-
cTeMy ypaBHEHHH
{ —4n;-f 20, =0,
2 — me=0.
Orcioza "M, =2n; H ro=0 (i-+2j). Hopmupys, onpeieisem e2=(1,/]/5) i}
-+ (2/V'5) j. Jlerko npoBeputh, uTO CKaAsPHCE TIPOM3BEJeHHe e;-e; =0, T.e. Bex-
TOPbLl €; H €, OPTOTOHAJIbHbI.

HcnosnbayeM cofCTBEHHbIE HOPMUPOBAHHDIE OPTOTOHAIbLHLIE BEKTOPH I NOCTpOe-
HHSL MATpPHIbI JTPe06pa30BaHusi KOOPAHHAT

(s avs)

=@V VB Y, y=(=1VE)x 2V 5y

Haﬁ,’lEHHble IS X W z/ BbIpaKeHUsl MOJCTABHM B VpaBlieHHe KPHBOIL:
2 2 1 1
5 -_X+ >—‘—4(—.x'—|———_y’><-— — X — ’>
(75 +vs) vty Vs TyE )T
b 2 2 ! 1
+8< x—}——_:y> 32<——Tx'+ — y'>_—56<— — x' -+
Vs V5 V5 V5 Vs

Dg=1."

Orciona

— ’)—{—80 =0
OTKYyJa IoC/Ie paCKpbiThA CcKOBOK H npuBeJeHNda HOJLO6HHX YJCHOB IMOJYUYHM
8 144
4xr2+9y12_

— ¥’ ——— 4’ +80=0.
V5 V5
3ameTnn, uTO B NpeoGpa3’oBaHHOM ypasHeHHH KoOhGbHUMeHTaMI Tpi % u y'z

OKa3aJuch (KaK H CJe/0BaJI0 OXHAaTb) XapakTePHCTHUeCKHe “HCIa Ay U Ay, [lepenu-
uieM ypaBHEHHe B BHJIE

4<x'2 v >+9< 11/65_ y'>-;_80:0.

Bb]pa)KeHPIH B CKOOKaxX JCIOJHHM [0 MOJHLIX KBaipaToB:

2 2 1 1 16 , 64 64
VY L S R N B I 0 2V 180=
(x V3 kg 5)7—9<y V5 V3 :>> -+80=0,

1 2 4 8 2 575
P (P S O UYL S AL ) B
< V5> 5" <_,, V5> 5

HJIH OKOHUATEJbHO
I 2 8 2
4 5 —— +9 y’ — T> =35.
( V5 > ( Vs

[MpousBesieM mapasedbHBI TepeHoc oceil KoopiHHAT, mno.Jaras x”:x'——l/]/-gz

y' =y —8/V 5; m;nyxaeM 4x7 49y =36, waum x"%9-Ly"?4=1 (kaHonHueckoe
ypaBHeHHe 3JIJHICA).

HJAH
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421. IlpuBecTi{ K KaHOHHYECKOMY BH]Y ypaBHEHUE KDPHBOM
9x* + 24xy + 16y* —230x + 110y — 225 =0.

A XapaxTeprCcTHuecKoe yvpaBHeHHe HMeeT BHA

9—% 12
12 16—%

IMpu 4 =0 noayuaem ciucremy

98+ 128, =0,
128+ 168, =0.
Kamnoe n3 stux ypamuenuii cBOIMTCH K YPaBHEHHIO Ei/4=E,/(—3). CnaenosareasHo,
COGCTBEHIILIM  BEKTOPOM MATDPHILBL  CJYIKHT BeKTOp r=a (4i—3j), a npu o=
=1/} 474-(—3)*=1/5 iraxoamy coOCTBEHHbI HOPMHDOBAHHbLI BeKTOp e;=(4/5) i —
—(3/5) .
Tpu 2.=25 noayuaew cucremy
—16n, 4121, =0,
127]1— 97]2 =0,

=0, mm A2—25L=0, 1. e. A; =0, A, =25.

W3 s1oit circtenn anatoruussiy o6pasoM HaXOAHM BTOPOH COBCTBeHHbit HOPMUPOBaH-
bl DERTOD € == (3;5) i - (4/5) ] (ey-ea=0).
Matpuna npeoSpaspzatiind KOODJAHHAT HMeeT BHA

s=(_33 i8) ®s=1y

opsryat mpeoGpasosarus x ==(4/5) x' 4 (3/5) y’, y=(—3/5) X' 4-(4/5y.
[epenucas ypaswuesue xpupoit B BHE
(3x +4y)* —230x - 110y — 225 =0,

Iepeiiest K HOBBIM KOGPIHHATAM:
OR2 30 /4_ -'.L3_ ! _i ’ ﬁ ) — e
25y’ —23 ,\5). Fzy 4110 5x+5x 225=0 .

Tocae npuseserus GoIOGHBIX YIEHOB M COKpaleHus: Ha 25 NPHXOIHM K ypaBHe-
HHIO

y'?—10x" —2y —9=0.

[ocnenuiee ypaBleHHe MOKHO NepelHCAaTh B BHAE (' —1D2=10 (x" - 1). Tpou3ssens
napaiielTbHblil epeHce ccelf, npuieM 3a HOBOE HAYAIo KOOpAHHaT Touky O’ (—1, 1).
B nrore nmpHxouMm K KaHOHUUECKOMY YPaBHEHHIO 3ajiaHHOIN Kpusoit " ==10x" (napa-

6oaa). A
422. TIpuBecTH K KaHOHHYECKOMY BHJly ypaBHEHHE TOBEPXHOCTH

3x* £ 5y + 322 — 2xy 4+ 2x2 — 2yz — 12x — 10 =0.
A 3:‘,6Cb marpuua CTApLUHX YJIEHOB VpaBHEHHS NCBEPXHOCTH HMEEeT BHJ
3 —1 I
<-—-l 5 — \’;
I —1 3/

XapaKTePHCTHYECKNE YHC.Ta MaTPHILLL ONpEeIeaATCA U3 ypPaBHEHUS

3—h  —1 1
—1 5—A —1{=0,
| I —1 3—A

KOTOpae NPHBOANTCA K BuAY (3—7) (A2—8h+-12) =0; oTciofa naxoaum Ay =2, Aa=3,

3
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flpu A =2 moayuaen CHCTEMY
(g —ttgFug =0,
—uy+-3uy—ug =0,
Vg —uy -+ ug=0.
Ykasaunozy 3nauenuio A cooreerctsyeT cofcrBeHHblil Bektop (o) 0; —a). Tocae

HOPMHpOBaHHs TpHXOINM K BexTopy e, = {1/} 2)i—(1,} 2) k.
Ilpu A =3 noayuvaem cHcrenmy

( — Uy} =0,
{ ~—vy 20 —vy =0,
{ vy —vy=0.

O1ciofa HaxonuM BTOPOH COOGCTBeHHBIT HOPMHUDPOBAHHBIT BEKTOP e2=(l/]/3_) i
+(I/V§)j—‘,—(1/ V'g)k. BexkTopbl €y U €; OPTOrOHaIbHbI: ep-e5 =0,
ITpu A =6 noaywaem cucremy
(—3wr—wy 4 wy=0,
— w—wp— wy=0,
Wy —wy — 3wy =0.
CooTseTcTBYIOWIM COOCTBEHEIM HOPMHDOBaHHLIM BEKTOPOM (TPETBHM) CIYIKHT BEKTOP

es=(1/V6)i—(2/V 6)j--(1/V 6)K, KoTopuil OpTOroHateH BekTopaM e; M e
e-e3=0, e;-e3=0. Haxoinm mMaTpuiy npeoGpasoBaHusi KOOPAHHAT:

VY2 yv's Ve
S= 0 Y3 —2vVe |
—1VZ yvys Nl
Otciona noayuaem GopMmyabl npeobpa3oBaHUsT KOOPIUHAT:
x=(L/V 2)X V) + WV E), y=1/ V3 y—@VE) 2,
z2=(—1/V2)x +/V 3y +1VE) 2.

TloncTaBHB Boipa)KeHHsd AJA X, Y W 2 B ypaBHEHHe NOBEPXHOCTH, MOCJE YNPOUIEHHI
NOJYUYHM

2x12_{_3y12+62/2_6-'/'§'x1_4]/‘3- y/_QV'G 2;_]0:()‘

Kostpunmentavn npu x'%, 1'%, 2’2, KaKk u JOMKHO GLITh, SABJISIOTCS COOTBETCTBEH-
HO uHCaa Ay, Ay, Ag. [lepenuinem ypaBHeHnue B BHIE

6 4 2
2 72 ’ 2 i ’ 72 Y. 10
<x V2x> 3(y V§y> 6<Z Ve > "

YTO IoCJie JO0NOAHEHUA Bbrpame}mﬁ B CKOOKax /10 MOJIHBIX KBa/1paToB Ja€T

Hpoussenst napanensHblii MepeHoc oceit Koopiusar no dopuyaam x’ =xL3V72,

y’:y”+2/V 3,2 =24+1/V6u pasiesHB ypaBHeHne Ha 24, NPHXO,iiM K KaHOHH=
YeCKOMY YPABHEHMIO 3JHnconfa x'%/12--y"%/8 - 2%/4=1. A

[TpHBeCTH K KaHOHHYECKOMY BUAY yDABHEHIA KPHBBLIX:

423. 5x*+4 6xy+-5y* — 16x — 16y — 16 =0.

424, Tx* 4 16xy — 23y* — 14x — 16y — 218 =0.

425, x*+2xy -+ y* —8x+4=0.

[TpuBecTH K KaHOHHYECKOMY BHAY YpaBHEHHsS NOBEpXHOCTEH:
426. x?-} by + 2%+ 2xy+46x2 4 2yz — 6 =0.
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© Dopmyar npeoGpasosanns koopauHat: x = (1;) 3) Ve y+(1/V2) 2,
y=—WV )X L@V Y, e=W/V I +UV )y —(1/VT) 2.

427. 2x° + 22 — 2xy —2yz L x — 4y — 3212 =0.

© Popuyuist npeobpasosanns koopaunat: x= —(1/} 6)x'— 1/} 2) y' -+
+WV 32, =3 y=—QV ) X — (VB 2, ¢ =y 1V T; 2=
==V X+WV ) y41/V3) e, 2=2+1/V3.

§ 4. PAHT MATPHLbI. 9KBUBAJIEHTHBIE MATPULbI

Jara npasoyroabHasi MaTpHna

Qi Ay s.. g,
A=[ a2t eee Qop
‘ L L . s £ 13 . . . .

\amf Ane  sov Qpy

Brimennv B 3T0il MaTpuue £ NpPOH3BOMBHBIX CTPOK u k TIPOH3BOJBHBEIX CTOAGNOB
(k<<m, k< n). Onpeneanteas k-ro mOPSAKA, COCTABJIEHHBIE H3 5/EMEHTOB MaTpHIL b
A, pacro/iOXEeHHbIX Ha IMepPeCeveHHH BbIICJEHHBIX ‘CTPOK M CTOAGLOB, HA3HIBAETCS
munopom k-ro mopsaka matpuust A. MaTpuua A umeer Cf;l.Cf; MHHOpPOB R-TO MOpAJKa.

PaccMoTpHM BCEBOSMOMKHBIE MHHOPH MATPHUB A, OTMHUHBE oOT Hyas. Paneom
mampuybi A HaspIBACTCs HAUGOMBWHI NMOPAIOK MHHOPA STOM MATPHIBI, OTIHIHOLO OT
Hyast. Ecin Bee 571@MEHTBI MATPHULI PABHBI HYJIO, TO PAaHI 3TOH MATPHLbI NIPUHHMAIOT
PaBHBIM HY.JIIO.

BesAKHil OTHYHELT OT HYJISl MHHOP MaTpHILbI, NOPSAOK KOTOPOrO paBeH paHry sToit
MaTpHUbl, HA3bIBAETCS GABUCHOIM MUHOPOM MATPHILHL.

Paur marpuust A Gyaem o6osnauate uepes r (A). Ecau r (A)=r(B), To MaTpHIb
A u B HasuBaloTCs sxsusasenmueimi. B stom caydae nuwyr A ~ B.

PaHr MaTpHUBI He H3MEHHTCS OT 3/JeMeHTapHLIX NpeoGpasoBanuir. [Tox dneMenmap-
Holmy npeobpasosantamy TOHUMAIOT:

1) sameny cTpoxk croaGuamu, a CTOAGIOB— COOTBETCTBYIOUIHMH CTPOKAMHU;

2) mepecTaHOBKY CTPOK MaTpPHUEI;

3) BoIMEpPKHBaHHE CTPOKH, BCe 3JIEMEHTH KOTOPOI DABHHBI HYJIIO;

4) ymHOXeHne KakoH-THOO CTPOKH Ha YHCIO, OTJIHYHOE OT HYJS;

5) npubapicHHe K 3/J1eMEHTaM OLHOM CTPOKHM COOTBETCTBYIOUIHX 3JIEMEHTOB JIpyroit
CTPOKH.

1 2 3 4 \
428. OnpejieuTh paHr MaTpPULBI <2 4 6 8 |,
3 6 9 12

/\ Bce MHHODBI BTOPOTO 1 TpeTbero MNOpsAKOB AaHHOH MATPHILI PaBHEI HY.JTiO,
TaK KaK SJEMEHTBL CTPOK 3THX MHHOPOB IPONOPUHOHANbHEL. MHHODS! Xe TepBoro mo-
PAAKA (CAMH 3JEMEHTb MATDHIUL]) OTIHYHEI OT HyJs. C/ei0BaTelbHO, paur MaTpHILLI

pased 1. A
/1 0 0 0 5
429. Onpeneants pasr maTtpuupi (0 0 0 0 0 >
2 0 0 0 11
/\ Bbluepkuys n3 510t Marpuum 2-10 CTPOKy, a sateM 2, 3 u 4- CTOJGIHI,

NOJTyyaeM MaTpHiLy ) SKBHBAJEHTHYI0 3aianuoil. Tak kak 2 11 |=1730, TO

5
2 11
paHr JaHHGH MaTpuunl paseH 2. A

3 5 7
430. Onpenenutb panr MaTpHIBL A:(I 2 3>.
1 3 5
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A CrloxnM cooTmercTBylomue 3ieMeHTEl 1-i M 3-fi CTpOK, a 3aTeM pasiesum
Ha 4 sjemeHTsl -il cTpokH:

/8 5 7 4 8 12 120 3y
A:KI 2 3>~<1 > 2 3),
1 3 5 1 \1 3 5

Ws snementoB 1-if CTPOKH BBIYTEM COOTBETCTBYIOUIHE 3J€MEHTHI 2-if CTPOKH,
10CJe Yero BhlUEpKHeM 1-10 CTpoKy:

‘12 8\ /0 0 O\
1 2 3 ~(1 2 3}‘~(} 2 §>
1 35 I 3 5 :
paHr HOCﬂe}lHeH ManHHbI paBeH 2 TaK Kak, Hanpu\lep, ,I 2] FO Cﬂe;lOBa.
TENbHO, H PAHT JaHHOH MaTpHUUBl paseH 2. A

4 3 2 2
431. OnpefenuTb paHr MaTpHLBL A=<8 (2) é ;)

/\ Breiutem u3 ssementoB 4-ro cronfua sdaeMeHTs 3-To croabua, a 3aTeM BBIYEpK-
HeM 4-fi croaGel:

4 3 2 2\ 4 3 2 0 4 3 2
A= 0)~{0 2 1)
0 0 3 3 \O O 3 0 0 0 3
4 3 2
Tak xak 8 % 11=247#0, To panr maTpuus paseh 3. A

432. Onpenenutb panr M HalTH Ga3HCHEIE MHHOPHI MaTpHIEI

1 0200
A=({0 1 0 2 0]
2 0 4 00
A V'MeeM

/10200 1020y /1020 i 0
0 1 02 0)~(0 10 2 0 2} ~
2 040 0/ 20 4 o) \u Ko 0
102 0y
~(0 1 % 2>"(A)—'
Ba3HCHHMH MHHOpAMH SBJSIOTCA MHHOPB] BTOpOro HOPH,’U\'Q 3TOH I\IanHI.H:J, OT.IHYHbIC

OT HYJISI
1 0] |1 0 02 001 0 2] 11 0] 10 2
to 1o 2 ol ’ ’20’04H4 o,-

Takuv o6pasom, matpuna A nmeer 8 GasHCHLIX MHHODOB. A
433. CKOJIBKO MHHOpPOB Broporo nopsijKka HMeeT MaTpHua

(25T alg\
A= \azl Q32 az" ?
Q31 G3a aa:;
Brinucats Bce 3TH MUHODEIL.

O— O
OSOoON

A Marpuna nmeer C3-C3=3.3=9 MHHOPOB BTOPOTO NOpPAIKA:

Qop Qa3 Qi Qo3 Az Qs a1 Q13

Asp ass|’ |y Qss|’ |asr as|’ (@3 ass|
aif Az a1 dig Q12 0d13 i1 Qi3 Qi1 ape A
ast ass|’ |as e’ |das Gasl|’ |@2 Qa3 |am |
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A 5L —M
434. Onpenenutb panr mMatpuusl A :< 22 Ao 10k ),
1 2
435. Onpefenutb paHr MaTpUIlbl Kg ?f
(
\

0 2 00
436. Onpenenuts paHr matpuusl A = (l) 8 g 3 H HafTH ee Gasuc-

\
HblE MIHOPBL.
I 21 34
437. Onpegenutb paHr Matpuipl A = ? ‘é % g i H Ha#TH ee

6a3uCHbIE MHHODHL,

§ 5. UCCJIENOBAHUE CUCTEMbI m JIMHEHHBIX YPABHEHMUH C n HEM3-
BECTHbIMH

Jana cucrema m AuHel(HBIX VPAaBHEHME C I HEH3BECTHLIMH

QuiXiAreXe + ..o QruXy=by,

Qo1X1 - AgaXy oo QypXy == by, )

Qp1XsF QmoXet o oo+ QpXn ="bype
Peweress 3Toit cHCTeMb! Ha3bIBAETCS COBOKYMHOCTH 1 YHCEl (15 %25 ...; x,), KoTO-
pbie, Oy1yuH MOJCTAB/IEHbl BMECTO HEH3BECTHbIX B ypaBHEHHs, OOPAWaiOT 3TH ypaBHe-
HM B Tox/1ectBa. Cuctema ypaBHEHHIl HA3bIBACTCH COSMECIMHOL, €CAH OHA HMeeT
X0TA Obl OJ{HO peweHHe (X1; X»; ...; X,). ECAHM e CHCTeMa He HMEeT HH O HOLO
PELieHHS, TO OHA HA3bIBACTCH HECOBMECINHOLL.

CoBMECTHAs CHCTEMa Ha3bIBACCTS onpeaeﬂeﬂuoﬁ, €CJIM OHa HMeeT TOJIbKO O/1HO pelleHne,
n Heonpedeﬂenﬂoa, €C.TH OHa HMeeT 0o.1blue OJlHOTO pelueHust.

Marpuust
a1 Az ... Qi ajpy Qe .. Gy by
Qy1 Qs ..o a ay ] b,
A— 21 Q22 2n H A= 21 Qa2 2n U3
At Az oo+ Apyp Ap1 Qe «vv Qpn by,

HAa3LIBAIOTCA COOTBCTCTBEHHO Mampuyed W pacuiipernoli mampuyet cucmensor (1).

Has cosmecmnocmu cucmenst (1) HeoOxodusmo u docrmamouno, 4mober pane mampiyot
smotl cucmemvt Osin pasen parey ee pacutupennod mampuysi (Teopema Kpowe-
kepa—Kanennu). Hrak, cucrema (1) coBmecTHa TOrAa M TOJBKO TOFjJa, KOTAa
r (Ay=r(Ay)=r. B 3TOM cayuae uHcJO 7 Ha3bIBaeTCs paneom cucmemot (1).

Ecau by=by=...=b,=0, 10 cucrema JuHeliHbIX ypaBHenuii (1) Ha3blBaeTCs
00ropodrot. O1HOPOHAS CHCTeMa ypaBHEHHH BCerja COBMECTHA.

Ecau panr cosmecTnoli cucrembl paBeH WHC/IY HEH3BECTHBIX (T. €. r=n), TO CHC-
TeMa fABIfAETCS ONpejeIeHHOl.

Ecuin 7xe panr coBMECTHO CHCTEMBI MeHbLIe YHC1a HEH3BECTHBIX , TO CHCTEMA — Heolpe-
JeneHHas. OCTanoBMMCS Ha HocJelHeM cayuae. Mrak, Npenmosioum, 4YTO cucTeMma
(1) coBmecTna, npuuem r < n. PaccMoTpum KaKo#-HHOYAb 6a3UCHBI MUHOD MaTpHisl A.
Boizeium B 3TOM MHHOpE IIPOH3BOJIBHYIO CTPOKY. DJieMEHTbI STONH CTPOKH SIBJSIOTCS
KO3(pHUNEHTAMH NP 7 HEH3BECTHBIX B OJHOM M3 ypaBHemmit cucreMul (1). ST r
HEH3BECTHBIX HA30BeM OA3UCHOIMU HeU36eCIHbIMLL PACCMATPHBAEMON CHCTEMbl Y paBHeHHIl.
OcrajbHbie 71— r HEH3BECTHBIX CHCTeMbI (1) HA30BeM CB0G0OHbGILMI Heu3eecrHbIMU.

Borienum M3 cucrtenmst (1) cucTeMy r ypaBHeHHI, cpeliH Ko3(p(QHUHEHTOB KOTOPBIX
cojep:Katcst 2JeMeHThl 0a3HCHOTO MHHOPA. DasdcHble HeH3BecTHble B BbLIEJCHHOMH
CHCTCME OCTaBHM B J€BbIX YaCTAX VpaBHEHMH, a uJeHbl, cojepikaliue CBOGOAHbIE
Hen3BeCTHule, IepeHecem BNpaso. K3 noayvuennoil cucrems! ypasHeHMEt BbIpa3HM

88




0asucHbIE HEM3BeCTHDLIE uepe3 CBOOOJHLIE Heu3seCTHble (HampuMep, IO (opmy/aam
Kpawmepa).

Takum o6Gpasowm, npulaBas CBOGOJAHBIM HEH3BECTHLIM INIPOH3BOJIBLHDIE 3HAYEHUT,
MOXHO HAaHTH COOTBETCTBVIOWIHE 3HaueHHs Oa3ucHbix HeussecTHoix. (C.1€10BaTEILHO
(00 sToM y¥e CKa3aHO Bbliue), cHcTeMa (1) HmeeT OSCUUCICHHOE MHOMKECTBO pelleHHi.

438. HccaexoBath cucteMy ypaBHEHHH
(%1 3x+ 5y Ty +-9x;=1,
Xy—2xy+3x3—4x;-}5x;=2,
2xy - xy- 12x3 4+ 25x, - 22x, =4,

A Onpezenuy paHru MaTpHUbl H PACUIHPEHHOHM MATPHUBI CHCTEMbI. Boimuurem
pacCIIKPEHHYI0 MATpUILY
1 3 5 7 9|1
Ai={1 —2 3 —4 52).
4

2 1t 12 25 22
Beprukanpnoit ueproff Ml OTIeIHIM 3J1EMEHTBl MATpHubl cucTeMsl (MaTpuuul A) oT
CBOGOJHBIX YJIEHOB CHCTEMLI.
ITpubaBnm K 3s/1emeHTaM 2-H CTPOKH COOTBETCTBYIOULHE 3JeMeHTsl 3-It CTPOKH, a

3aTeM pa3jeiuM BCe 3JeMeHTH! 2-f CTPOKH Ha 3:

1

2.

4

1 3 5 7 91 /13 5 79
A ~{3 91521 27({6 )~ 1 3 5 7 9
\ 2 11 12 25 22
Buiutem u3 saementon 2-fi crpoxu COOTBETCTBYIOLLHE 3JIE€MEHTH - CTpOKU:
/1 35 79

211 12 25 22]4
‘13579 _
’ 1 35709
A1~00000 ~ 0 0 0)~ ! )
\211 12 25 22 4/ &2[1 12 25 22> (2 11 12 25 22,

Hetpvano Buzers, uto r(4)_2 r(Ay) =3, t.e. r (A) # r(A4); ciaeioBarenbho, CHe-
TeMa HeCcOBMECTHA.A

439. VccnepoBatbh cucTeMy ypaBHeHHI
Xp -+ 2x, +3x3 =14,
J 3x1+2x,+ x3=10,
x4 x4 x3=0,
] 2%, 4+3x,— x3=5,
X1+ x,==3.

/\ PacunipeHHas mMaTpuuya CHCTEMbl HMEET BUI

12 3|14
32 110
Aj=|( 11 16.
23 —1|5
11 03/

[Mpubasuym 3meveHTul 2-1 CTPOKH K COOTBETCTBYIOIUHMM 3aesenTay 1-it u 4-it cTpok
a sateM pasjiesinM 3jemMeHTbl |-H CTPOKH Ha 4, a 3aeMeHTHl 4-H CTPOKD Ha 5:

s444]24 /lll 6
F321(10 /321110
11| 6 111} 6
50115 110 3
10} 3 110] 3

Beiutem H3 37ementos 3-fi CTPOKH COOTBETCTBYIOWLHE 3.eMEHTH 1-ff cTpoku, a w3
3J/IEMEHTOB 5-H CTPOKH BBEIYTEM 3JEMEHTH 4-H CTPOKH; HOC/IE 3TOrO BbYEPKHEM 3-10 H
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5-10 CTPOKH:

111]6
321(10\ /111] 6\ A

Ay~ 000] 0 ~K321ﬁ10 s A~[3271)
110 3 110]3) 110/
000j 0

Haiigem onpeneanrens nocaeameii MaTpuusr:

111 001
321 |=[{321]=1320.
110 110

Caenopatensno, r (A)=3. Paur pactmpenHoit MaTPHIH TaKxe pasen 3, Tak Kak
HafllenHbIA onpejeNnTe s SBASETCH MMHOPOM MaTpuubl Aj.

Mrak, cucrema cosmectna. [las ee peweHnst Bo3bMeM, HanpuMep, NepBoe, TpeTbe
H NSITOE YpaBHEHHs:

( x1- 2%+ 3x3 =14,
X1+ X+ X3= 6,
xl+ Xy = 3.

Orciozla nerko HaxoAum, 4to x;=1, %, =2, x;=3. A
440. VccaenosaTh cHCTEMY ypaBHeHHIt

( x1-F5x4-4x34-3x, =1,
2%y — X3} 2x3— x,=0,

5X1+3X2—I—8x3+ x4=l.

‘1 5 4 3|1
Ai={({2—1 2 —110],
5 3 8 111

Briutem u3 3-if cTpoku 1-10:

/\ 3xecn

/154 311
Ai~(2—1 2100,
4 —2 420/

Pasneanm saevenTht 3-fi CTPOKH Ha 2 H BBLINTEM W3 IOJY4EHHOH 3-i CTPOKH 2-10]
3aTe€M BblUEPKHEM 3-I0 CTPOKY:

/1 5 4 31 N
m~(2—1 2 2Tl0) i~ (LT 42,
0 00 0oy

Herpyano suners, uto r (A) =r (A;) =2. CaenoBaTe:Is10, CHCTEMAa COBMECTHA.
Bosbmem nmepBoe H BTOpoe ypasnenHs 3ajallHON CHCTEMOL:

{ X1 -5+ 4xgF3x, =1,

2%y — X3+ 2x3— x,=0.

3a GasucHbiC HEH3BECTHLIE IIPHMEM Xy H ¥,. DTO MOKHO C/e1aTh, TaK KAK onpa-
JIeJTUTENb l12 _?‘ u3 KO3(POHIHEHTOB NPH 3THX HEH3BESTHLIX OTJIHUYEH OT Hy.11.
CBCGOAHBIMU HEH3BECTHBIMH CJIyMAT X3 H x;. [lepemucas CHCTEMY B BH/jE
{ xp-+5xy =1 —4x3—3x,,
2 —xy=— 253+ x4,
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BLIPA3UM X; H X, Yepe3 Xz H Xy
1 —4x3—3x, 5‘

— %y xy — _6_ 8 1
Xy = |1 5 SOt TN IS
2 —1
I 1—4x3—3x, 0
2 —2x34xy | 6 7 2
*= ) =gt

Tlonaras x3=u, x;==0v, NOJYYHM pEILICHNE CHCTeMbl B BHIE

6 8 1 6 7 2
x1=—7j u—;—l—Iz—-T—l, xz——ﬁ-u—{—ﬁ v—}—ﬁ y Xg=U, X4=0.

Ipupasast ¥ W v pasnuuHbIe YUIJIOBbIE 3HAUeHHA, Oy/JeM MOJAyvaThb PasaHUHLIE pere-
HUs JaHHOM CHCTeMbl ypaBHEHHiT. A

HcenenoBath cucreMbl ypaBHEHHIL:

3x1 2%y =4,
Xy —4xy=—1,
441, { Tx +10x,=12,
5x; §-6x, =8,

3x1—16x2=—5.

X 5%y - 4x3=1,
442, 1 2% 10x,--8x3=3,
3x1+ 15x, 4 12x3 == 5.
Xy —3xy+2x3=—1,
443. | x1+9x +6x3=3,
X14-3%y4-4x5=1.

§ 6. PELIEHWE CUCTEMBI JIMHEAHBIX YPABHEHHH METOJAOM I'AYCCA

UycienHoe pelieHne NHHEHHBIX aarefpanyecKuX ypaBHEHHIl C IMOMOMIbIO orpeje-
Jautenedl yaoGHO NPOM3BOAMTE AJIsl CHCTeM ABYX M Tpex YypaBHeHmil. B ciayuae xe
cructeM GOJIBINETO uMC/AA YPaBHEHHH Topasjio BbifojHee NoJab3oBaThest memodom Iayeca,
KOTOPHIH 3aKJIIOUAETCs B IOCJAEI0BATENBHOM HCKJ/IOU€HHH HEHU3BECTHBIX. [TOACHHM cMblca
5TOrO METOJA Ha CHCTEME ueThipeX YPaBHEHHH C YeTbIpbMS HEH3BECTHLIMH:

¢ anx-apy-+az+agi =as, (a)
Q91X - Qgolf 1 Ao32 -1 Aagll =y, ©)
31X - Azl ~ Q332 - agylt =35, (8)
Ay X - Qg - Ay32 + Ggqll =0y, (r)

Honyerum, tto aiy # 0 (ecan a;; =0, To u3MeHHM TOPANOK ypaBHeHHH, BLIOpas
MepBLIM TAKOe VpaBHEHHE, B KOTOPOM KO3(OUIHEHT NDPH X He DaBeH HYJIO).

I war: neanm ypasHeHue (a) HA @yq, YMHOXKAaeM IIOMYYEHHOE ypaBHEHHE HA Qyy
B RuianTaeM n3 (6); 3aTeM YMHOXKAeM Ha Qz; H BLIUMTAeM H3 (B); HAKOHEL, YMHOXKaeM
Ha @41 4 BblyuraeM H3 (r). B pesvastate I wara npuxoaum K cHcTeMe

X +-bioy -Fb13z - bygu = by, 6]
basly - bagz - bagut == by, @]
3oty - bysz - bggu = bgy» (%)

basly |- b33z byt = by5, (3)
npuyeM b;; MOJAYYAIOTCH U3 Q;; MO CJaelyiouuM ¢opMynam: ’
p iy Yy J 3 pMYy
byj=aij/an (=2, 3, 4, 5);

biy=a;—apbi; (=2, 3, 4; j=2, 3, 4, 5).

ij
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IT mar: noerymaen ¢ ypasuenusvi (), (%), (3) TouHO TaK e, KakK C ypaBHC-
HHSMI (2), (6), (B), (r) # T.1. B uTore mcxojnaa chcrema npeofpasyercss K TaK Ha-
3bIBAEMOMY CTYNICHUATOMY BHIY:

X~} b1y —1-bysz - by = by,
Y- Ca3Z + Cogll = Ca3,
2--dgyu =dg;,

u=ey;5.

N3 npeobpazopaukoll cicreMbl BCe HEN3BECTHBIE ONPEIEISIOTCS MNOCASNOBATEAbHO 0e3
TpYIa.

444, Pewntb cucreMy ypaBHEHHUI

( 36,47x + 5,28y -} 6,34z = 12,26, (a)
7,33x - 28,74y -+ 5,86z = 15,15, (63
{ 4,63x -F 6,31y -}- 26,172 = 25,22. (3)

/\ Pazzeaus ypapnenne (a) Ha 36,47, nosyunm
x-40,1447y+0,17382=0,3361. (%)
YMHOMHM ypaBHenne (=) Ha 7,33 u pesy/bTaT BbiuTeM H3 (6); noayunm
27,6793y 4,586z = 12,6864;
TeNepb YMHOXKHM ypaBHeHHe (%) Ha 4,63 M pesyabTaT BbiUTEM M3 (B); NOAYYHM
5,64y 4- 25,3653z = 23,6639.

Takum o6pazon, NPHXOINM K CHCTEME ypaBHeHHIl

27,6793y-1-4,5862= 12,6864, )
5,64y - 25,3653z = 23,6639. Th

Pasgenns ypaBHenue (r) Ha 27,68 nmeem
y-+0,1657z.~ 0,4583. (# =)

Ynuoxaa ypasHenne (w =) Ha 5,64 u Bpiuurtad us (1), nmoayunm 24,4308z=21,0791.
CaejnoBatenibio, z=0,8628. Toraa

y=—0,4583-—0,1657-0,8628 = 0,3153,
x=10,3361—0,1447-0,3153 — 0,1738-0,8628 = 0,1405.

Taxuy ofipason, x= 10,1405, y=0,3153, z=0,8628.
TpaxTitueckn v zo6Hee NPUEQNTL K CTYMEHYATOMy BHIY He CaMy CHCTEMY Yypabs
HEHUH, a MaTpHuy H3 KOI(phHUHEHTOB NPH HEH3BECTHLIX 1 CBOGOAHLIX UYJEHOB:

/3647 598 6,34]12.96
[ 733 9874 586]15.15 \.
\ 403 631 2617|2522

Beezey 3-f1, tak mazmBaeMblil KOHmMpoabHbill €mo.162y, KaxKIbIM 3JEeMEHTOM KOTO-
pOro sBJIgeICsa CyMMa yeTbipex 3.1eMeliTOB JaHHOIl CTPOKH:

‘36,47 5,28  6,3412,26]60.35\
(733 28774 5.86|15.15|57.08 )
\ 403 631 2617/2522{6233,

TIpu anrefiHpIX Npeobpa3oBaHMsIX 3JEMEHTOB MaTpPHIILI TAKOMY JKe Npeofpa30Banuio
JIOJIZKHBL NOJIBEPTHYTHCH H 3JEMEeHTHl KOHTPOJbHOro croabua. HerpyjiHo BHAETH, 4TO
KaXblll 31€MEeHT KOHTPOJBHOTO C€Toa61a mpeobpa3oBanHON MATpHILI paBeH CyMMe
3J€MEHTOB COOTBETCTBYIOmeH CTpoku. Ilepexox oT oaHONl MaTpuumb! K Apyroi Oyjem
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B3aNHCLIBATH C MOMOIbLIO 3HAKA 3KBHBAJEHTHOCTH:

36,47 5,28 6,34|12,26|60,35\ /I 0,1447 0,1738| 0,3361 1,6547
7,33 28,74 5,8G|15,1557,08 |~{ 7,33 28,74 586 |15,i5 |{57,08 |~
4,63 6,31 26,17|25,22]162,33/ \4,63 6,31 26,17 [25,22 62,33

/10,1447 0,1738] 0,3361 | 1,6547
~ 0 27,6793 4,586 |12,6804|44,9516 |~
\0 5.64 253653236639 | 54,6688 ,
(L 01447 01738 0,3361 | 16547
‘ 0,1657 0,4583’ 1,6240
\0 5,4 25,3653 23,6639 | 54,6683
e 01447 0,1738| 0,3361 [ 1,6547\ /1 0,1447 0,173810,3361 [ 1,6547
0,1657| 0,4583| 1,6240 }~{ 0 1 0,1657 | 0,4583 | 1,6240 .
\o 0 24,4308 21,0791 45,5094 / \0 0 1 0,8628 | 1,8629

MCHO.WbB}’H NOJTYUYEHHYIO MATpPHLY, BHIIHChIBAEM npeoﬁpasonamxylo CHCTEMY H Haxo-
AUM perlueHue:

=0,8628,
y =0 4‘383—0 1657-0,8628 =0,3153,
x=20,3361 —0,1738.0,8528 — O 1447.0,3153 =0,1405. A

Ecan cucrema uMeeT elMHCTBEHHOE pellleHHe, TO CTyNeHYaTas CHCTeMa ypaBHeHui
NpUBEJETCS K MpeyeoabHotl, B KOTOPOH noclejHee YPaBHEHHE COJepMKUT OJHO He-
ussecruoe. B ciyuae neonmpeleseHHOH CHCTEMbI, T. €. TaKOH, B KOTOPOIl 4HC/IO Heus-
BECTHBIX GoJibine wiCJAa JMHeHHO He3aBHCHMbIX ypasHeHui, Jonyckalouleit nostomy
6ecurcentioe MHOXECTBO peUIeHHH, TpeyrosabHo# cHCTeMbl He IoJydyaercs, TaK Kak
nocseaHee ypaBHeHue COAepaKHT 0oJiee OJHOTO HEH3BECTHOTO.

Ecau e cucTemMa ypaBHEHHH HECOBMeCTHA, TO MOCJe MNPHBEICHHA K CTYMeHYa-
TOMy BHY OHa COIEPXHT XoTsi Obl oAHo ypapHenHe Buja O=1, T. e. ypaBHeHue,
B KOTOPOM BCE HEH3BECTHblE MMEIOT HyJ/ieBble KO3((hHLHUEHTH, a NpaBast yacTh OTJMHYHA
or nyas. Takas cicreMa He HMeeT pelIeHHH.

445. Pemib CHCTEMY YpaBHEHHUH

3x-+2y-+2=5,
x+y—z=0,
4x —y-+5z=3.

/s TlpeoGpasveM MaTpiHUY B 3KBHBAJEHTHYIO:

/3 2 11511 1 1 —1]01 1
&1 1 —1/0] 1)~3 2 1511\
4 —1 5/3/11) \4 —1 53|11,/

(;1s1 YOPOUIEHHST BLIMHCAGHHI Ms! TOMEHSJIM MeCTaMH IIepBoe W BTOPOE VpaBHEHHS).
BbiuittaeM M3 oCTanbHBIX JABYX CTpOK l-10 CTpOKY, YMHOMXEHHYIO Ha 3 u Ha 4:

'1 1_101
4158 \.
\0_5 9|3|7

V3anmeuns 3uaks Bo 2-if cTpoke W yMitoxus ee Ha 5, npubasisem kK 3-ii

t -1 0 l\ /11 —1 0 1
1 —4] —5( —8 '\ 01 —4;—5|—8
0 0 —II}—22]—33 \0 0 1 2 3

(Mbl pazreanan ua — 11 nocaenHo0 CTPOKY).
CrcremMa ypaBHEHHiT MPUHAJA TPEYTOJbHBIH BU

x+y—z:07
y—4z=—5,
z=2.
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Ona umeeT envHCcTBeHHOe pewenne. M3 nocaeanero ypasHenus umeeM 2= 2; noj-
CTaBAsiA 3TO 3HAYEHWe BO BTOpOE ypaBHeHHe, NOJdyyaeM y=3 M, HaKOHEl, U3 NEPBO-

IO ypa°rHeHHS HAXOIUM x= — |
Pewnte cucTeMbl ypaBHEHHI:

2 xp— x3=5,

446. X1 — 2%y} 2xg = —5,
Tx1-F x5— x3=10.
3xy— xo-Fx3-+2x, =18,
2y —Bxy X4 Xy =—T,

448- XI—X4-{—2X5:8,
26 Fxz-f xy— x,=10,

Xy~ Xg—3xs+ x4=1.
‘ 0,04x—0,08y 42=20,

450. 1 4x+4-0,24y—0,082 =8,

0,09x-}- 3y—0,1562=09,

X1txe— x3-F xy3=4,
2y —x,+3x3—2x, =1,
a417. X;— X3-+2x4=6,
3xp—x3-F x3— xy3=0.

4+ 205+ 33 = —2,
449. { 2x;-+8x,— x3=38,
9%+ x3-+-8x3=0,

( 3,21x-10,71y1-0,342=86,12,.
451, 4 0,43x+4,11y4-0,222=5,71,
| 0.17x40.16y+4.732=7.06.

§ 7. NIPUMEHEHUE METOAA >XCPIAHA —CAYCCA K PEIMEHMIO
CUCTEM JUHEAHDBIX YPABHEHHUN

Ilpu pewenun cucTembl JuHe#HBIX YypaBuenuli metogom [aycca 6wt paccMotpen
MAaTPHUHBLIH METOJ C KOHTPOJEHLIM CTOJNOLOM, B pe3yJbTaTe Yero JaHHas cHCTeMa
ypaBHeH#ll CBOAUJIACH K TPeyroJnHo# chcTeme (cM. ¢. 92), Jlas NOC/IeAyIOWEro uafo-
JKEHH BAKHO NO3HAKOMHTHCH ¢ moduguyuposarnous memodon JKopdana—Iaycea,.
NO3BOJSIONIHM HAXOJUTh HEMOCPEJCTBEHHO 3HAUEHMS HEL3BECTHbIX.

ITycrs jaHa cHCTeMa JIMHEHHBIX ypaBHeHHH

Ay X1 +aip Xo oo o a1, = by
Qg1 X1-F Qo Xy~ oo o - QapXy = bay (1
QX1+ AmaXe+ o oo + QpnXn="b .
B wmatpuile A 5Toil cuCTEMbI BoIGEPEM OTJHMUHBI OT HYAS 3J€MEHT Qgp. DTOT SJeMeHT
Ha3bIBACTCA  paspewlqroujum diemenmon, p-i cronbey Matpuubl A— paspewanouun
cmoabuom, a G- CTPOKA — pazpeuiaruier; crmpokod.
PaccMOTPHM HOBYIO CHCTEMY YpaBHeRHIl

Xy —-apxy -5 ... --agx, = by,
Q91X Q2% F oo Faonx,=bs, @

, , , ,
X1+ AmaXe + « oo - UmnXp="bm

¢ marpuneil A4’; KospdHNKEHTH U CBOGOJHLIE UJeHBI 3TOfl CHCTEMBI ONpPeeNsioTCs Mo
(hopmy.da
, Aplqj
=0ty =g
ar , e i #q.
, aipbq
by =b;———
dgp
., . ’

) B uacrnoctu, a;,==0, ecnu i#¢g. Ecim xe i=g, 10 npunnvaem Qgj=agqj;
bg=by. Takum oGpasom, g-e ypasnenus B cuctemax (1) u (2) oIHHAKOBH, a Kos-
(UUHENTL IPH X, BO BCEX YPABHEHUSX CHCTEMBI (2), KpoMe ¢-ro, paBHbl HyJIO,

Chegyer nMeTh B BHAY, 4TO chHcTeMmsl (1) u (2) 0ZHOBPeMEHHO COBMECTHHI MJIK He-
COBMECTHBI. B cllyyae COBMECTHCCTH 3TH CHCTEMb PABHOCHJIBHLI (X PELICHU A COBMAAAIOT),
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Jlast onpepeleHdst s7eMeHTa a;j Matpumni A’ T0JE3HO MMETb B BHIY TaK Ha3bi-
BaeMoe «NPaBHJIO NPSMOYTOALHUKEY.

PaccmotpuM 4 ssementa matpunel A: a;; (37eMeHT, MOAJERamuil nmpeoGpasoea-
HUDO), dgp, (paspewaromuil 571EMEHT) M 3JEMEHTH Qjp U Gg;. ISl HAXOXKICHHS 3Jie-
MeHTa a}j CJle/lyeT M3 3JeMeHTa @;; BLIYECTb [POHU3BEJEHHE 31EMEHTOB 4}, M dg ;, Pacno-
JIOXKEHHbIX B NPOTHBONOJOMKHHX BEPIIHHAX NMPAMOYIO/IBHUKA, JCICHHOE Ha paspewaio-
LK 3JIEMEHT Qyp!

AnanornuHbIM o6pasoM MoxHo TpecGpasoBath cucTemy (2), MPHHSB 3a pa3pelalo-
il anement MaTpuiel A’ saemeHt as- # 0, npuueM s#q, r # p. Ilocne sTtoro npe-
06pasoBanis Bce KOdHPUIMEHTHI HPH X,, KPOME Qgp, OOPATATCT B HYJIb. Toayyennas
CHCTeMAa MOXeT GblTh CHOBA TpeoGpasosana u T. 1. Ecam r=n (paHr cucteMsl papeH
yHeMy HEH3BECTHLIX), TO IoCae psja npeobpasoBannuii MpUASM K CHCTeME ypaBHeHHH
BUJA

kyxy =1,

koxy =1la,
e e e e s

knxn:lnv

N3 KOTOpOH HAXOAATCS 3HAUCHUS HEH3BECTHBIX. Onucanublii METOX peLIeHHs], OCHOBAH-
HBI Ha I02/1e40BaTeJbHOM HCKJIOUEHHH HeH3BECTHBIX, Ha3bBaeTCs MeTooM )Kopaana —
Taycca.

452. Jlana MaTpulia CHCTeMbl JIMHEHBIX ypaBHEHHII
75 4 6 —1 ™
8 1 3 2 0

0 15 3 —1/°
7 —6 5 —4 3

A:

[Mpu peleHuu 5TOH CHCTEMBI METOAOM JKopnana—Taycca 3a paspelnaro-
Ui 57eMeHT NPHHAMM @y, = 3. HaliTh s7emMentsl a@a, @3, @i npeobpa-
30BaHHOH MAaTPHLBL.

o ’
A Tak Kak asq— 3JEMEHT pPa3peliaioied CTPOKH, To Q94 = 0oy == 2. DJIEMEHT Qy3
NpHHAJNERKUT paspemaioueMy CToJ0Uy; M03TOMY a13=0, DaemeHT a4 onpejenseM
MO NpaBUAY NPAMOYTOJIbHUKA!

5 46 —1 7
1

o]

Qyq =033 —

453, Pemdth cHcTeMYy ypaBHEHHH
x14- xo—3x3-}+2x,=6,

X1—2x, — x4=—0,
Xp -+ x3-+3x,=16,
2x1—3x,+2x3 =0.

A 3amumen KodpuLHEHTs, CBOGOAHbIE UJIeHbl H CyMMbl KOS(OHIMEHTOB U CBO-
GonubIX uJeHOB (S — KOHTPOMbHBIL €TOAGEN) B CJAEAYVIOWIYIO Tal1auy:
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Xy X5 X3 X3 b =

7| 1 —3 2 6 7
1 -2 0 —1 -6 -8
0 1 1 3 16 21
2 —3 2 0 6 7

Mpl B377M 33 pa3pewralomUit 5JeMEHT KOS(QUUHENT NpH Xj B NEpBOM YpaBHEHHH.
Hepenuwem Ges naMeHeHHsI CTPOKY TaGJHIbI, COAEPHKALLYIO 3TOT JEMEHT (paspeiualo-
ULYIO CTPOKY), @ BCe 3JEMEHTHI 1-r0 CTOJ6uA, KPOME Pa3peluarollero, 3aMeHHM HYJIsMH,
IlpumenuB npaBusio NpPSMOYIOJNBHHKA, 3aNOJHSEM OCTadbHble KJETKH Tabamiubl (3T0
2K€ NPABHJIO NPHMEHSIeM H K croabuy X):

X1 X X3 X4 b 2
1 1 —3 2 6 7
0 -3 3 —3 —12 —15
0 1 1 3 16 21
0 —5 8 -4 —6 -7

OTMmeTuM, 4TO B KOHTPOJIBHOM CTOJI6LE MOJYUaioTCSl CYMMbI 3J€MEHTOB COOTBETCT-
BYIOIMHMX CTPOK. PasienuB Ha —3 3jaeMeHTHI

2-1 cTpOKH, nosiyyaeMm TaGauuy:

X1 Xy X3 Xy b =

1 1 -3 2 6 7
0 IT| —1 1 4 5
0 1 1 3 16 21
0 —5 8 —4 —6 —7
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Tlpumem 3a paspematomuil 2-# siemenT 2-f cTpokwm. 1-ff cToaben nepenuuem Ge3
H3MEHEHNS, SJEMEHTEl 2-T0 CTO0na, KpoMe pa3pellaloliero, 3aMeHHM HyJaaMH, 2-10 (pas-
Pelnaioinyio) CTpoxy nepenuiueMm Ge3 M3MEHEHHsI, 3JeMEHThl OCTAJbHbBIX KJETOK TaGaH bl
npeoGpasyeM O NPaBHAY NPSIMOYTOJBLHHKA:

xi X X3 %4 b =
1 0 —2 1 2 2
0 1 —1 1 4 5
0 0 2 2 12 16
0 0 3 1 14 18

Pasjeanm snemenTs! 3-H CTPOKH Ha 2:

X1 X3 X3 X3 b =
1 0 —2 1 2 2
0 1 —1 1 4 5
0 0 7] 1 6 8
0 0 3 1 14 18

Ipeo6pasyem Tabauny, npuHsB 3a paspemwanmuil 3-if siemeHT 3-To CTOAGHA:

X 2 X3 X4 b X
1 0 0 3 14 18
0 1 0 2 10 13
0 0 1 -1 6 8
0 0 0 -2 —4 —6
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Pasaemum saementnl 4-ii cTpoku HA—2:

X1 X5 X3 Xg b >
1 0 0 3 14 18
0 1 0 2 10 13
0 0 1 1 6 8
0 0 0 [T] 2 3

IlpeoBpasyem rTafmuuy, NpuHSB 3a paspematomuit 4-it sjaement 4 it cTpoKu:

Xy X X3 | X4 I b pX
1 0 -0 0 8 9
0 1 0 0 6 7
0 0 1 0 4 5
0 0 0 1 2 3
B pesysabTate HoJyuYHM CHCTEMY ypaBHEHHH
l-x;+0.xy4+0.x3--0.x,=8,
0.x;+1-x4-0.x3-1-0.x, =6,
0.-x;40-x5-}-1-x340.x, =4,
0-x,+0.x,+ 053+ 1-x,=2,
T. e. x1=8, %, =6, xs=4, x,=2. A
454. Pewth cHCTEMY YpaBHEHHH
X1+ Xo—2x3--x,=1,
x1—3x2—}— X3+X4:0,
A1 — X9— x3—x;3=1,
dxy1-3xy—4x3—x,=2.
/\ CocraBuMm Tabuny
|| 1 —2 1 1 2
1 —3 1 l 0 0
4 —1 —1 —1 1 2
4 3 —4 —1 2 4
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1-it s;mement 1-ro cronGua— paspewatouuii:

1 1 —2 1 1 2
0 —4 3 0 —1 —2
0 —5 7 -5 —3 —6
0 —1 4 —5 —2 —4
Mayenum snaxku B 4-fi crpoke:
1 1 —2 1 1 2
0 —4 3 0 —1 —2
0 —5 7 —5 —3 —6
0 IT] —4 5 2 4
4-it snemeHT 2-rO cTOAGNA — paspemamu;
1 0 2 —4 —1 —2
0 0 —13 20 7 14
0 0 —13 20 7 14
0 1 —4 5 2 4
Briutem 13 3-ff CTPOKH 2-10 M BbluepKHeM 3-10 CTPOKY:
1 0 2 —4 —1 —2
0 0 —13 [20] 7 14
0 1 —4 5 2 4

4%
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4-ii 37eMeHT 2-H CTPOKH — paspelaromuii:

1 0 —0,6 0 0,4 0,8
0 0 —13 20 7 14
0 1 —0,75 0 0,25 0,5

MaTpuua HMeeT paHr, paBHbill 3, CJIe/IOBaTeNIbHO, CHCTeMA COAEPMHT TPH Ga3HCHBIX
HEH33eCTHBIX X3, X3 B X; W OAHO cBoCOjHOe Heu3BecTHOe X3. Ilosyuaem cucreMy ypas-

HEeHHI{

1.x;4+0-x,—0,6x3-+-0.x, =04,

{ 0-x1+0-x5—13x3 +-20x, =7,

0-xy-+1-x,—0,75x5+0-x, =0,25.

O1cioza
x1=0,4--0,6x3, x,=0,25-40,75x3, x;=0,35-{-0,05x;.
Hrak, pelleHue CHCTEMBl HMeeT BHJ
x1=0,440,6u, x,-=0,25+0,750, x3=u, x,=0,35-0,65u,

rfie ¢ —IIpOu3BOJIbHOE YUCJIO. A

455. Pewuthb cucTeMy ypaBHeHHH

6x— by-+7z2+8t=3,
3xd-11y--22-1- 4t =6,
x4+ 2y-}-3z--4ft=1,
i+ y+ z =0.

/A Cocrasum Tabauiuy:

6 —5 7 8 3 19
3 1 2 4 6 26
3 2 3 4 1 13
IT| 1 ! 0 0 3
4-it saemeHT 1-ro croabiua— paspelualomuii:
0 —11 7] 8 3 1
0 8 —1 4 6 17
0 —1 0 4 1 4
1 1 1 0 0 3
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1-it saemenT 3-ro cronbua — pa3pewauinii:

0 —1 [l 8 3 1
0 -3 0 12 9 18
0 —1 0 4 1 4
1 12 0 —8 —3 2

MamenuM 3HaKu 371eMeHTOB 3-if CTPOKM Ha MPOTHBOIOJOMHLIE:

0 —11 1 8 3 1
0 —3 0 12 9 18
0 [H] 0 —4 —1 —4
1 12 0 —8 —3 2

3-i1 anemeHT 2-r0 cTOM6IA — pa3pellarouii:

0 0 1 —3 —8 —43
0 0 0 0 6 6
0 1] 0 —4 —1 —4
1 0 0 40 9 50

B peayabTaTe NMpPHXOAUM K CHCTEME
0.x-4-0.y-+-1.2—36f{ =-—38,
0.x4-0.4--0.24-0.£ =86,
0-x41-y+0.2—4.t =—1,
1-x40-y-1-0.21+40f =9.

Jlerko BHJIETH, YTO BTOPOMY YPABHEHHIO He YJOBJIETBODSIOT HUKAKHE 3HAYE€HHS X,

Y, z u t. Takum o6pasom, NOJyyeHHass CHCTEMa ypaBHeHMil M 3ajaHuas CHCTeMa
HECOBMECTHEI. M\

456. Ilpumenutp Mmertop JKopaana—Taycca K onpeje/ieHHIO paHra
MaTpHILL

7—1 3 5

1 3 5 7
A= 4 1 4 6/°

3 —2 —1 —I
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/A CocraBum Tabauny

7 —1 3 5 14
T ) 5 : "
4 1 4 6 15
3 —2 —1 —1 —1

B nocneinem (KOHTPOJIBHOM) CTOJOLE 3aMHCaHBl CYyMMbLI 3JIEMEHTOB COOTBETCTBYIO-
IUX CTPOK, 2-ft saement 1-ro crosbila — pa3pelnaiomuii:

0 —22 —32 —44 —98
1 3 5 . 7 , 16
0 —11 —16 —22 —49
0 —11 —15 —22 —49

PasneauM 3;JeMeHTBl 1-fi CTPOKH Ha—2, BHIUTEM 3JeMeHThl 1-fi CTPOKH H3 COOT-
BeTCTBYIOMHUX 3JeMeHTOB 4-if m 3-ii cTpoK u BhiyepkHeM 3-10 B 4-1o cTpoku. Toraa
NOJYYUM

0 | I | 16 | 22 | 49
1 | 3 | 5 ] 7 | 16

JTioBolt onpeleauTe]b BTOPOrO NOPsAJAKA NOJYUYeHHOH MaTPHUbl OTJHUYCH OT HYJIs.
Caejosatenbho, r(A)=2 A.

Metogom JKoprana—Taycca pente CHCTEMBI YpaBHEHMI:

Xy 2x2 -+ X3 =8, [ Xo— X1+ x3— xg=-—2,

Xy 3x3-+ x,=15, X1+ 2%, —2x3— x;=—75,

457. 4x; 4+ xt o xy=1l, 458. 2% — Xp—3x342x, = —1,
X1 % -+ 5x, =23, X1+ 2x5 -} 3x3—6x, = —10.

Tx1-F2xs—3x3—4x, =2,

x1-F xb xpb ox; =5,
1 Ox1 3%, 2x3—3x, =4,

X{— Xg-— Xz— X;=—2,

J x;-Foxy—2x3—3x,=1,

459.

460. Mertogom JKopaana—T'aycca onpefe/MTh paHr MaTpuIlb
/123 1IN

2313
A:k3125 :
2223



FTABA V
OCHOBbI JIMHEWHOW AJITEBPHI

§ 1. JUHENHBIE TPOCTPAHCTBA

. OcHoBybie nonatus. PaccMOTPHM TaKOC MHOMKECTBO R 3JEMEHTOB X, VY, Z, ...
B KOTOpOM Aast moGLIX IBYX SJIEMEHTOB XE R n y € R onpeiesieHa cyuma x—}—yER i
Juist uo6oro semenTa XE€ R ¥ 211060ro ACHCTBHTENBLHOIO 4MC/Ja A ONpEIeseHO npousse-
Oerue MXE R.

Ecau coxenne 51eMEHTOB MHOMXKECTBA R M YMHOXKEHHE 3.€MEHTa 3TOr0 MHOMKeCTBa
Ha JIefiCTBHTEJbHOE YHCIO Y/OBJCTBOPSIET CJ€1YIOLHM YCAOBHSIM:

10 x+y=y-+x;

20, (x4y)Fz=x+(y+2);

30, cywectsyer Takoil snemeHT 0€ R (nyap-3aeMeHT), uTO X--0=x a5 J060ro
XER;

49, s Kaxaoro sjaemedta XE R CyWECTBYeT sJjeMeHT yE€ R Takoif, uTo X--y=0
(B nanbHeimeM OyjaeM NHCaTh y=— X, T. €, X-}- (— x) =0);

59, 1.x=x;

6° A (ux) = (A) x;

0. (A-Fp) x=AX--pix;

8° A (x-Fy) =Ax- Ay,

TO MHOMKECTBO R Ha3bIBACTCS AUHCHHOIM (MTH 8eKMOPHBIM) NPOCHIPAHCIIEOM, A SNEMEeH-
Tbl X, ¥, Z, +.. 3TOTO IIPOCTPAHCTBA — 8EKMOPAMU.

Hanpumep, MHOMKeCTBO BCeX IeOMETPHYECKHX BEKTODOB SBJSIETCHA JHHEHHBIM Mpo-
CTPAHCTBOM, TaK KaK JJS 3JeMEHTOB 5TOrO MHOXKECTBA ONpefieNteHbl AEICTBUST CJIOXKEHHUS
H YMHOXEHHA Ha UYHCJIO, YIOBJETBOpAIONHE ChOPMYJIHPOBAHHBIM YCJIOBHSIM.

Pasnocmeto JByX BEKTOPOB X H y JIHHEHHOTO TpPOCTPAHCTBA HAa3bLBAETCS TaKoil
BEKTOP V 3TOro IPOCTPAHCTBA, 4YTO Y- v=X. Pa3HOCTb BEKTOPOB X H Yy 0603HaualoT
yepes Xx—Yy, T. €. X—Yy=V. Jlerko joKa3eiBaeTcss, 4YT0 X—Yy =X+ (— y).

CnpaBeJUIUBEL TaKKe CIEYIOUHE TeOpPeMbl:

1. B KaoOom AUKEHOM NPOCIPAHCMEE CYUWECMEYem MOAbKO O00UH HYAb-IAeMeHM.,

2. lra xaowdozo siemenma AUHCLIHOZO NPOCMPAHCIGA CYUECMEyent moAbKO 00UH
NPOMUBONONONCHLE dAeMeHN.

3. Hasn raocdoeo sremenma XE R sonoansemes pasercmeo 0-x=0.

4. [as nwbozo Oeticmeumenvroeo uucaa b u 0E R evinoansemes pasericmeo A-0=0.

5. U3 pasencmea Ax=0 caedyem 00n0 u3 Osyx pasercme: A=0 uiu x=0.

6. Jaemenm (— 1)-X A6A8eMCA ROMUBONONONHCHOIM OASL 3ACMEHMA X.

461. Mmeercsl MHOMKECTBO BCEBO3MOXKHBIX CHCTEM JeHCTBHTEJILHBIX

arces (€4 &y o5 By M Moy -5 M)y (G5 G5 -3 )y --- - Cym-
Ma JBYX JIIOOBIX 3JIEMEHTOB OINpeesIsercsi paBeHCTBOM I THE N N
F O My e M) =E+ng G o Ei4my), a HPOH3BeZIeHHe
JH060r0 SJIeMeHTa Ha Jo0oe ‘{I/ItJIO—paBeHCTBO‘\/[ AEy & --o; D)=
= (AE;; Ay .. .5 AL,). JokxasaTtb, YTO 3TO MHOXKECTBO SIBJSETCS JIMHEH-
HBIM IPOCTPAHCTBOM.

A O6osnaunmx=(E;; Ea; .3 Bp), Y=(113 Me3 - - -3 nn) A (SHE TSI o U
IIpoBepum BhiMONHEHHE CQ)opMmepOBaHHb]x Bbimie ycaoBui 10—89.
.oxty=E+n6.8+ N -5 Eata)y YEx=(m1+85 ne+8 -+ o5 tat-Ea)s
T. & Xf-y=y+x.
2. x+y~(§1+n1, Eat-1e; - o3 Ent-ma), y+l—(n1+§1, Na+Lo5 -5 N +Lp)s
x+y)+z=E-Fm+Ly Ez+n2+€ vy EnFMatGa)y x4+ (yFD) =G+ m+ L
EatMatGoi o3 En-Hln Ln). Taxmu 0Gpasow, (X+)')+Z—X+(Y—I—l)
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3%, Hynap-snenenton sisasercs 0=(0, 0 ..., 0). Hefictaurensuo, x-4-0=(E;+0;

Eo-05 L. Eu-H0)=x.

4%, DaemeHT (— El;g—‘éz; -e+;—E&,) ABASIETCS NPOTHBOMOIONXHLIM 3JMeMeHTY (Ef;
Eo; «.o5 )y mak KaK (515 &3 «.o En)F (= Ei—Eo -ees—En)=(0; 0; ...; 0)=0.

59 1ox=(1-8y; 1-&; ...; 1:Ep) x.

69. & (ux) =A (u€s; pEoje .5 nEx) = (Ankg; Apka; ...5 Ank,) = (Ap) x.

LT ) x= (A1) B ) By e (A1) E) = (RE - pEy; AB kg us
é;;—#}ueiz(h&;l%z:- oo AE) - (HE1s 1Bes - - B =A (G Bas oo s E) L Ba3 Eap - e o3
En) = hX - X,

8L A=A Gidns B e oo o5 EnMn) = B+ Ang; ABaAne;. .o AE,
M) = (ME15 ABese v s ABR) + (e AMase s Ay =R (B Bas e s En)FA (M Mas e s
) =2x+2y. A

462. JloxasaTb, 4TO MHOXKECTBO BCE€X KOMIJIEKCHBIX YHCEN SBJASETCSA
JIUHEAHBIM TTPOCTPAHCTBOM.

463. Slsnsercst JiM JMHEHHBIM TPOCTPAHCTBOM MHOXECTBO CHCTEM Ye-
ThipeX JACHCTBHTENBHBIX yucen (§,; &y; 0; 0), (ng; m,; 0; 0), &y &, 05 0),
rae &, &, My, Mgy Cqs {,— BCEBO3MOXKHBIE JeHCTBHTEJbHblE uucaa? CJo-
JKEHHE 3/IEMEHTOB M YMHOXKEHHe Ha JEHCTBHTEJbHOE YHCJO OlpeleseHbl
TaK ke, Kak ¥ B 3ajaue 461.

464. OGpasyer s JIMHEHHGE [POCTPAHCTBO MHOMKECTBO 3/EMEHTOB
€ & 1 1), g my L 1), (G Loy 15 12 '

465. SlpasieTcs M JHHEHHBIM NPOCTPAHCTBOM MHOMKECTBO BCEBO3MOXK-
HBIX MHOFOYJICHOB BTODOH CTENEHU 0yl + 0yl 4y, Bot2+ Brf + By, 1,012 -+
Vil Ay P

466. OOpasyeT i JIHHEfiHCE NPOCTPAHCTBO MHOXKECTBO BCEX MHOIO-
4JI€HOB HE BBl TPEeTbell cTeneHu?

467. Haust dyHKumH f, (1), f, (1), o (f), ... . SIBNAETCH NH MHOMXKECTBO
STHX (PYHKUUH JIMHEAHHIM NPOCTPAHCTBOM, €CJIH 3TH QYHKUHMH 06pasyior:
1) coBOKYNHOCTL BCeX HEMpepuBHEIX QYHKUMA Ha orpeske [a, b]; 2) co-
BOKYIHOCTb BeeX AMddepeHnupyemMblx QyHKuui Ha orpeske [a, b]; 3) co-
BOKYNHOCTb BCeX 3J/IeMeHTapHBIX (YHKIHil; 4) COBOKYIHOCTh BCeX HedJe-
MEHTapHbIX (YHKIMH?

468. JlaHO MHOX€CTBO BCEBO3MOMKHBIX Map MOJOMHTENbHBIX YHCEJ:
x=(; &) y=Mg M), z=(L5 &), -.. . SIBASIETCA JM 3TO MHOMKECTBO
JIHHEHBIM TIPOCTPAHCTBOM, €CJIH CJIOXKEHHE JBYX 3JEMEHTOB OMpejesser-
csi papeHCTBOM X—+4y=(§n;; &,m,), a yMHOXKEHHEe Ha JAEHCTBHTEbHOE
YHCJO — paBeHCTBOM Ax = (E; EQ‘)?

469. Moxer sin JHHefHOE NPOCTPAHCTBO COCTOATB: 1) U3 OXHOTO Bek-
T0pa; 2) M3 ABYX DAa3JH4YHBIX BEKTOPOB?

470. M3 nuneiiHOro mpocTpaHCTBA HCKJIOYEH BeKTOp X. MoxeT Ju
[OJTYYEHHOE 110CJ/Ie 3TOTO HCKJIIOYEHHS! MHOXKECTBO BEKTOPOB OCTATbCH JIH-
HE{1HEIM TMPOCTPAHCTBOM?

471. U3 snnHefiHoro MpoCTpPaHCTBA HCKJIIOUEHO GECUHCJIeHHOEe MHOXKe-
CTBO BEKTOPOB. MoOXeT Ji MOJIy4eHHOE NOCJE 3TOr0 HCKJKUEHHsS MHO-
}KECTBO BEKTOPOB OLITh JIMHEHHBIM IPOCTPAHCTBOM? °

472. B pesepB NpoBOJHHUKOB BATOHOB JJIsi BHAAUH MM €XeJIHEBHO MO-
cTynmalT co ckaapa: 1) caxap; 2) uai; 3) neuenee; 4) cyxapu; 5) ape-
BecHslll yroab. Ilycts &, &,, &, &, &;—COOTBETCTBEHHO MpHpalleHHs 32
JeHb KosauyecTBa (B Kr) stux nocrymsenuii. Ecau &, > 0, To coorBetcr-
BYIGIIEro MPOAYKTA IWIH YL/ TMOCTYnusao Gosblle, YeM BBIZAHO B 3TOT
Aetb, a ecan §; < 0, To HX BBZAHO GOJblNe, YeM TOCTYMHJAO CO CKJAaja.
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dsnasercs nu coBOKYMHOCTh cucteM uucen (3, &,; &, E,; &) Juneit-
HbIM npocTpaHeTBoM? Yrto o3nagaer Bextop {— 100; 5; 0;—200; 3)?

473. O6pasyer i MHHE{HOE MPOCTPAHCTBO COBOKYNMHOCTh TPOEK LEMbIX
guced (§,; &; &)?

474. B napk BaroHHOTO [ENO €KeIHEBHO NPHOBIBAIOT BArOHBI Pa3HbLIX
THOB: OarakHble, MOYTOBbIC, KECTKOMIALKAPTHEIE, KYIUPOBAHHBIE H MSAT-
KHE, U3 KOTOPBIX €xKeIHEeBHO QOPMHUPYIOTCH M OTHPABASAIOTCS MACCakKup-
CKHe W CKopwie moesza. [lyets &, &,, &, &,, & —npupawenus 3a cyTku
YHC/a COOTBETCTBYIOLIIX BAaroHoB. $IBJsAeTcsl JM COBOKYMHOCTb YHCEN
(§:; &u Ep &y &) mIHEfHBIM MPOCTPAHCTBOM?

475. OGpasyoT JH JIHeHHOe NPOCTPAHCTBO BCE TeOMETPUUECKHE BeK-
TOpHI, UMEOIiHe Ofllee HauaJo B Hadyaje KOOPAHHAT M PAcCIo/IOKeHHbIe
B I okTtaHnre?

476. Joxa3aTb, 4TG MHOMKECTBO BCEX DEIUEHHH CHCTEMBI JIHHEHHBIX
OJHOPOJHBEIX YpaBHEHHUIT {a"\'+bly+clz:0’ oOpasyeT JHHelHOe mpoct-

QX+ by -2 =0

PaHCTEO.

@ [loxasaTe, uTo ecnu (Xp; y1; 21) M (Yo} U 2»)— PEUWICHHS 3TOH CHCTEMbI, TO

(x14x9; Yr4-ys; 21425) 1 (Axy; Ay Azp) TpH moboM A TaKkKe SIBJAAIOTCH PEIEHHAMH
CHCTEMbI.

477. [lokasatb, 4yto Bce QYHKIUHH Yy (X), Y, (X), Y (X), ..., yAOBIET-
BOpsitouiue AnpdepennuaabioMy ypaBHeHno Ay + Ay Y LA, y=0
(Apy Ayy ..y A, —byHKUHE OT X) 06pa3yloT JHHEHHOE NPOCTPAHCTBO.

2, Jluneiino He3amucumble BeKTopbl. [TycTh X, y, Z, ..., u—Kakue-HuGyib BEKTO-
pol JHHeliHoro npoctpauctsa R. BexTop, onpegensieMblil paBeHcTBOM

v=ox+fy4-vyz+... i,

rae a, f§, v, ..., h—JeflcTBHTE/IbHBIE YHC/A, TAKKE MPHHAILIEKAT JHHEHHOMY MpOCT-
PaHCTBY R. DTOT BEKTOP KA3LIBACTCS AUHELHOL KOMOUHAyUe BEKTOPOB X, Y, Z, .., U.
Iycrb anneiinas KomMOuHaU KT BeKTOPOB X, Y, Z, .. ., U ABIRETCA HYJIb-BEKTOPOM, T. €.

ax--Ry+yz+... +Au=0. )

BekTopst X, Y, Z, ..., U HA3LIBAIOTCA AUHEUHO HE3AGUCUMSIMU, €CTH paBEHCTBO (1)
BBIMOJHACTCA MWL NpH =B =y=...=A=0. Ecau xe pasenctso (l) MOXKeT Bbl-
NOJHATHCA M B TOM CJ1y4ae, Koria He Bce uueaa «, fi, p, ..., A paBHbl HYJIIO, TO TOBOPAT,
YTO BEKTOPHI X, ¥, Z, ..., W ALHEUHO 3A8UCUMSL.

Jlerko n10ka3pBaeTCs, YTO BEKTOPBI X, Y, Z, + .., U JHHEHHO 32BHCHMBI TOTJa H TOJIBKO
TOr/a, KOTAa OJMH H3 3THX BEKTOPOB MOXKET ObTb MpeICTAaBMeH B BiJ€ JHHEHHOH KOM-
6uHAL MK CCTAJLHBIX BEKTOPOB. .

478. IloxkasaTb, YTG ecM Cpea BEKTOPOB X, Y, Z, ..., U HMeeTcs
HY/Ib-BEKTOp, TO paccMaTpHBaeMble BEKTODPbI JHHEHHO 3aBHCHUMBI.

A\ Tlyete x=0. Tak xak paBeHCTBO ax—+Py-+vyz--...-Au=0 MOMKeT BHIIO.I-
Hathes npu o # 0, f=vy=_... =1 =0, T0O BeKTOpH JuHE{HO 3aBHCHMBHI. 4

479. DneMeHTaMH JHHE/HOrO NpOCTPAHCTBA SIBJSIOTCS CHCTEMBI YITO-
PAMOYEHHLIX HeHcTBHTeNbHBIX yucend X;= (&,; &y -.., Ep(i=1, 2,
3, ...). Kakomy ycsoBHIO MOJIKHEI YIOBAETBOpATH uHcaa & (i=1,
2, ...,nk=1,2, ..., n) 117 TOTO 9TOGBI BEKTODPHL X;, X5 .., X, OBUIH
JIMHEHHO He3aBHCHMbI, €C/III CYMMa BEKTOPOB M MPOH3BEeHHE BEKTOpa Ha
YHCJIO ONPEAeJSIOTCH PABEHCTBAMH X7+ X = (57 + 15 Soi -+ Eons - -3
§n1+§nh)' }\.X‘-‘—" (}\Eli; ;"Ezi; cens }\‘gni)?
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/\ PaccMoTpuM paBeHCTBO GyXp-|-ClaXs— ... -+ a,X, =0. OHO paBHOCHJBLHO CHC-
TEME ypaBHEHHH

1811 -F bk 2k, =0,
C‘IEZI _!‘ O‘ZEQZ _i‘ cee + a’n’gzn :0;
U Em - eluat .. FapEn, =0,

B cayuae nnuefiHOl He3aBHCHMOCTH BEKTOPOB Xp, Xz, .., X, 3Ta CHCTEMA JOJIKHA

HMETb €JMHCTBEHHOE PelleHHe Wy =Cy=...=0a,=0, 1. €.
Eli ISERERER Eln
Bor 8oz Ean #0.
e N T
Eni Ene Enn

B uwactnocTH, BeKTOPBI (8115 Ea1) 11 (E12; Epp) JMHENHO HE3aBHCHAMLI TOTAA M TOJBKO
TorAa, Koria E1ifee—=E128e1 = 0. A

480. PaccmaTpuBaetcs JIHHEHHOe TPOCTPAHCTBO MHOTOU/IEHOB He BBILIE
BTOpO# ctenenu. [lokasarh, uto BekTOpsl Py =1--2f 4+ 32, P, =2+ 3¢ +
+ 412 nu P,=3+5{ 7% nuHeliHO 3aBHCHMBL.

/\ B nannom ciryyae MOXHO cpasy 3aMeTHTDb, 4T0 P3=1.P;--1.P,; cienoBarenpno,
BekTOpbl Py, Py u Py anueiino saencumb. A

481. B xakom cayyae Bextopbl X = (&5 &,) # y=(W,; 1,), OnpeseneH-
Hble B yCJIOBHM 3ajauu 468, jnuHeiiHO 3aBUCHMEI?

/\ M3 pasenctsa x =LAy caeiyer, uto (E;; &) =2 (g M), wan (Ey; &) :(ni‘; né‘),
T. €. ‘él:nf, Ezzné. Otciona sakiaouaenm, uto In&;-Inny=Inmn-In§,. A

482. Jloxasatb, YTO TpH KOMIJIAHAPHBIX BeKTOpa a, b M ¢ JuHeiino
3aBUCHMBEI.

® IlpusecTH BeKTOPH K OGLIEMY HAualy M Pas/JOXKHUTh OJIMH M3 BEKTOPOB HA CO-
CTaBJIsHOLHE, COOTBETCTBEHHO KOJIIHHEAPHBIE JIBYM JAPYIHM BEKTOpAM.

483. JlokasaTb, 4TO TpH HEKOMIJIAHAPHBIX BEKTOpa a, b M ¢ JHefHO
HE3aBUCHMBI.

484. JlokasaTh, uTO JOGble ueThlpe BeKTOpa a, b, ¢ u d JuHeiiHO
3aBHCHMBI.

/\ Eciu Tpu H3 ueThipex BEKTOPOB KOMIJIAHAPHBI, TO 3ajaia DPELIAETCs IMPOCTO.
[peanoao:xuM, 4TO 3TH BEKTOPH HEKOMIJaHAPHB. [IpHBeZeM BCe ueThIpe BeKTOpa K
obuemy nHayany O. Tloctpony mapasienennne), AHaroHaisio KOTOPOTO SBAAETCS BEKTOP
d ¢ peSpamu Ha NpAMBIX, cojepxamux a, b u ¢. Herpyauo Buzers, uto d=ca--Bb -
ve. A

485. [loka3aTb, 4TO €CJIM 71 BEKTOPOB JIHHE[HOTO MPOCTPAHCTBA X, V,

Z, ..., U JIHHEHHO BaBUCHMBEI, TO n-1 BEKTOPOB 3TOTO IPOCTPAHCTBA
X, ¥, Z, ..., W, V TaK:ke JHUHEHHO 3aBHCHMEHI.

3. PasmepHocTs M 6a3nc nuHeliHoro mpocTpaHcTBa. ECAH B JuHeiiHOM NpocTpaH-
CTBE R HMMeeTcsl 7 JIMHeHHO HEe3aBHCHMBIX BEKTOPOB, HO Jio6ble -1 BeKTOpOB 3Toro
HPOCTPAHCTBA JIMHEHHO 3aBHCHMBI, TO HPOCTPAHCTBO R Ha3biBalOT #-MepHBIM. [IpHHSTO
TaKKe TOBODHTb, YTO Pa3MEPHOCTh NPOCTpaHcTBa R paBua n, H mucarts d (R) =n. Ilpo-
CTPAHCTBO, B KOTOPOM MOXHO HaHTH CKOJIb YIOAHO MHOTO JHMHEHHO HE3aBHCHMEIX BEK-
TOPOB, Ha3biBaerTcs Geckonedromeprsim, Ecan R —GecKOHEUHOMEPHOE TIPOCTPAHCTBO, TO
d(R)y=o.

106



COBOKYMHOCTB £ MHHEAHO HE3RBHCHMLIX BEKTOPOB /A-MEPHOTO JHHEHHOTO HpOCTpaH-
CTBa HasbiBaercs Oasucom. ClpapelinBa CIEAYIOWAS Te O peMa: Kaxcosul 6eKmop Au-
HEUHOZO N-MePHOZO npocmparcmsa aoxcem Cotmo eQuHcmSeHHbIM 00pa30M npedcmasier
6 6ude aunelnol Kombunayuu cexmopos 6asuca. Tax, ecau e;, €, ..., e,—0Basuc
71-MEDHOTO JIHHEHHOTO MPOCTPAHCTBA R, TO /i00CH BEKTOD XE R MOMKET GbIThb CJHHCT-
BEHHbIM 00pasoM MpPEICTABJEH B B

x=F1e; - Soea ...+ Enepn

Takum o6pasom, BeKTOp X B Gasuce eq, €, ..., €, ONPEIENSETCS EIHHCTBEHHLIM
obpasom c momousio uuced &y, &y, ..., E,. DTH UYuCaIa HA3BIBAIOTCH Koopdunamanuy
BEKTOpa X B JaHHOM Oasmuce.

Ecmu x=Ee14-Eseo . .. f-Epen, y=m11€1-F M€ ... L 1npe,, TO
X+y=E1+n) e1+Ea-+n2) ea - .. 4 (En-F1n) €n Ax=0E 01+ AEsea | ... +AE e,

Ilns onpenenenus pasMepHOCTH JMHEHHOrO NPOCTPAHCTBA IMOJIE3HO MCIMOIb30BATh
CIELYIOUWYIO T€O P e M Y: ecau 2060t eeKmop AuHelino20 npocmpancmsa R moocem OGoumo
npedcmasaen 6 6ude AUHELIHOU KOMOUHAYILL NIHELIHO HE3ABLCUMbIX 6EKIMOPO3 €1, €3, +..,
€y, mo d(R)=n (a c/ieloBaTe]bHO, 6eKMOPL: €1, €3, ..., e, obpasyrom Gasuc 6 npo-
cmparcmee R).

486. [laHo nuHeiiHoe MPOCTPAHCTBO BCEBO3MOKHBEIX Map YHOpPSIOYEH-
HBIX JEACTBUTEIbHBIX YHCed X; = (145 &y1), X, = (153 E,0)s X3 = (0§13; Eoads ooy
TNPHYEM CJIOKEHHE BEKTOPOB M YMHOMKEHHE BEKTOpa Ha JAeHCTBHTENbHOe
UMCJIO ONpeJeJeHbl DAaBeHCTBAMH X;+Xp = (§;; + &4 &y -FEp); Ax; =
= (AE;; AE,;). Joxkasate, uto BekTOpbl €, = (1; 2) u e, = (3; 4) oGpasyior
0a3uc JaHHOrO JIHHEHHOTo mnpocTpanciBa. HaiiTn KoopauHATEL BeKTOpa
x=(7; 10) B arom Gasuce.

/\ BexTtopet e;=(1; 2) u e, =(3; 4) anueliHo nesaBuCHMBI (CM. 3ajauy 479). Pac-
CMOTPHM KaKOH-HHOYAb BEKTOP Y = (Ny; 1)5). [lokaxkem, uTo A4 JO6BIX 1; H T)s MOXKHO
ONMpENe/IUTh YMCAA A H W TaK, YTOOH BHIIOJHANOCH PABEHCTBO Y ==Aey--Me€y, HIH
(1 M) = (A—+3u; 21 -4p).

eTPYAHO BHIETh, YTO CYINECTBYET €IMHCTBEHHAS Mapa 3HaueHuil (A} W), a8 KO-
TOPOH BBUIOJHSACTCH STO PABEHCTBO. DTO CJENYeT H3 TOTO, YTO CHCTEMA YpPABHCHHI

A —,L 3].1 =N,
20 -4 =",
AIBJISIETCS ONpeneseHHo.
Hrak, BeKTOpHI €1 1 €5 06pasytoT Gasuc. OmpesiesinM KOOPIHHATH BeKTOpa X == (7; 10)
B 9ToM 0a3uce. 3ajiaua CBOAHTCA K ONpEIEJEHHIO A I |4 H3 CHCTEMbI ypaBHenuii
A4+3u=7,
2h--4p=10.

Orciona maxomum A==1, p==2, T. e. x=e;+2e,. A

487. Tlokasath, uTO JIMHEHOE NPOCTPAHCTBO, 3/IEMEHTAMH KOTOPOTO
spasiorcss Bektopel X = (§;; &,; ...; &) (cm. sagauy 479), umeer cBonm

6a3nucoM COBOKYMHOCTD BeKTOpoB ¢, = (1; 0; 0; ...; 0), e,= (0; ; 0;...;0),
es=0;0;1;...;0),...,e,=(0;0;0; ..., 1

/\ Hetpynno Bugethb, uto

x=E1(1;0;0; ...50) & (0; 1;0; .. .;0) ... FE,(0;0;0; .5 1),

T. € x=§;e1{Ese2{-... FEne,. Taknm obpasoM, J0GOH EBeKTOp MOMKET GHITH npej-
CTaBJeH B BH/Ie JHHEAHON KOMOMHALMH BEKTOPOB €f, €3, ..., €. BekTopu ey, €, ...,
€, JHHEHHO HEe3aBHCHMEI, TAK KaK ONPeIeJHTeAb, COCTABJICHHLIH K3’ KOOpAHHAT
STHX BEKTOPOB, paBeH 1, T. €. oTaMyeH OT uyasd. Mrak, stu BekTOpH 06pasyloT Ga-
BHC, a TMPOCTPAHCTBO R ABACTCH 71-MEPHBIM. A
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488. V3 Kaxux 31€vMEeHTOB COCTOMT JMHEHOe NPOoCTPaHCTBO ¢ Gasi-
com I, ¢, 2, ..., {772, 1", eCcJH CJIOKEHHE 3JEMEHTOB H YMHOMKEHHE
3JeMEHTA Ha JefCTBHTe/bHOE YMCJO NOHHMMAaTh B OOBIYHOM CAMBIC/IE?

489. Ilokasatb, YTO MHOXKECTBO BCeX MaTpHL BTOPOro MOpsAKka SB-
JISIETCS JIMHEHHBIM [IPOCTPAHCTBOM HETBEPTOrO H3MEPEHMS.

490. IlokasaTb, YTO MaTpHLB €, = ((1) 8) , €= (g 5) €3 = <g g) s

00 .
€, = <0 4> o6pasyioT Gasuc JMHEHHOrO NpOCTPAHCTBA, PaCcCMOTPEHHOrO
B 3ajaue 489.
491. Ilokasatp, uto 37emMeHTHl €, = (1; 10) u e,= (10; 1) nnueiinoro
NPOCTPAHCTBA, PAaCCMOTPEHHOro B 3amaue 468, sapnsiorTcAd GasHCHBLIMH.
Hafitn xoopaunatet Bektopa X = (2; 3) B 3roM Gasuce.

A Tak xak In1-In1—1In10.1n10 # 0, To BEKTOPLI €1 H €, AUHeliHO HEe3aBHCHMBI
(cm. sapauy 481). TlycTs J1060ii BeKTOp Y= (";; 1) NpeicTaBJeH B BHIe JHHEHHOI
KOMOMHALHM BEeKTODOB €; H €,. IToKaxKeM, uTO CyllecTByeT Takasi Nmapa uucea (A; ),
ZUTsl KOTOPOH BLINIOJIHAETCH PABCHCTBO Y = Ae;y - pep, WM (111;n2):(17”~10“; 10}‘-1“).
CuriefoBatenbho, b= lgny, A=1g 1. B uactoctn, x=e; 1g3--e,1g2. Takum o6pasom,
(lg 3; lg 2) —xoopannaTh! BekTOpa X B Gasuce e;, e;. A

492. Tlokasatb, uTO 3a GasHC n-MEPHOTO NPOCTPAHCTBA, PACCMOTpPEH-
Horo B 3ajaue 479, MoryT ObiTb NPHHSITHL BeKTOpbl e, =(1; 1; 1;..., 1;
1), e,=(0; 1;1;...5 1), e=(0;0;1; ...;1; 1), ..., e,_,=(0;0;
0;..;5;1),e,=(©0;0;0;...;0; 1).

® PaCCMOTpeTb BEKTOPEI €, = €;— €5, €, =€ —€3, .. ., e =ey_i—ey € =e,

4. HM3omophn3m nnHeHBIX NPOCTPAHCTB. PaccMOTPUM 1Ba JIMHeliHBIX NPOCTpPaHCT-
Ba R u R’'. Dnementn npocrpanctBa R OyleM 0603Hauatb uepe3 X, Y, Z, ..., a Je-
MEHTB! NpocTpaHcTBa R’—uepes x’', y', 2, ... .

ITpoctpancTBa R M R’ HasbiBAaIOT UB0MOPPHbIMIL, €CAH MEXIY HX 3JeMeHTaMH X,
Y, X', ¥’ MOMXHO YCTAHOBHTH TAaKOE B3aHMHO OJIHOSHAYHOE COOTBETCTBHE X < X' y4y’,
npu KoTopeM Xy« X' +y’, Ax ¢ Ax’ (A—mo6oe aeiicTBuTenbnoe uncao). Caeayer
OTMETHTH BaXKHYIO T€OpPeMYy, C NOMONIbIO KOTOPOH JIETKO YCTAHABIHBAETCA H30MOP-
(hH3M KOHEYHOMEpPHEIX JIMHeHHBIX NPOCTPAHCTB: 0.1 MO0 umodb: 060 KOHEHHOMEPHOLX
npocmpancmea R u R’ 6oL usomoppuoinu, Heobxodumo uw 00Ccmamodno, «€mobbl ux
pasmeprocmy 66iau 00UHAKOBLIML.

493. Hauw nBa muneiinsix npoctpanctBa R u R’. DueveHrtamu mpo-
CTPaHCTBA R ABAsAIOTCA BCEBO3MOXKHbIE AuddepeHnupyevble (QyHKIHH
aprymenra f, oGpauiaiomipecss B Hyab npu ¢=0. Diemenrami xe npo-
cTpaHcTBa R’ BASAIOTCA NPOM3BOAHBIE GYHKUHI, NMPUHAIEKANLHX NPO-
crpancTtBy R. JlokasaTb, uto mpocTpaHctBa R u R’ M30MOpJHBL

A Tyets f1(f), fa (), f3(f), ...—dyukuun npoctpanctsa R, a @y (1), @, (f);
@3 (), ... —dyskuuy npocrpascrtea R’. M3 Toro, uto 3t ¢yHKINH CHAGKEHDB HHIeK-
CaMH, He cleayeT JeslaTh 3aK.lQueHHe, 4To R M R’ —cueiHble MHOXKeECTBa.
{
Mycte @; (f)=f; (¢); Toraa f; (f)= Q @; () dt. Takum o6pa3zomM, MexAy 3JeMeHTa-
0

MH JHHefHBIX TPOCTPancTB R M R’ (10Ka3aTelbCTBO HX HHEHOCTH TNpPeAcCTABJAAEM
BBINOJIHUTh CAMOCTOATENLHO) YCTAHOBJEHO B3aHMHO OJHO3HAUHOE COOTBETCTBHE,
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C noMelULe paBeHCTs
f
s O=Ui O+ O, [ O+1e O = lo: O+ (0] a1,

0
t

Ao (=M OF, Mi (0= hgs () at
0

VCTAHOBIEHLT B3aUMHO Onnosnaunpe coorsercTBus:  f; (§) -+ fr (£) > @; (1) L@ (9),
afi (8) € kg (f). krak, R u R’ — n3oMopbHble IPOCTPAHCTBA.

494. Joka3aTh, YTO MHOXKECTBA BCEX TEOMETPHUECKHX BEKTOPOB H
MHOrOYJIEHOB HE Bblille BTOPOH CTeNeHH —H30MOpdHble JHHeHHble I1po-
CTpAHCTEA.

495. [lanbl usovmopdubie nuHefiHble npoctpanctea R u R'. Mexny
3/MeMeHTaMH 3THX MPOCTPAHCTB YCTAHOBJIEHbl B3aHMHO OJHO3HAUHLIE CO-
OTBeTCTBUA X «»X', ye»y', ... . Jlokasats, uto ax+4fy+yze ax'+
-+ By’ +7vz’ npu JoObIX AeHCTBUTENbHBIX o, f U .

496 ITycte R 1 R’ —u3oMopgHble JHHEfHbE IPOCTPAHCTBA, PHYEM
x> x'. Jlokasate, 4t0 (—X) > (—X’).

497. Hansl usovopsble npoctpaHctda R u R’, mpuyem 0 u 0'—
HYJ/Ib-371€MeHTbl 3TUX npoctpaHcTB. Jloka3atb, uTo 0> 0’ HesaBHCHMO
OT TOro, KaK YCTAHOBJIEHbl B3aMMHO OJHO3HAYHBIE COOTBETCTBHUST MEXAY
JAPYPHMH 37TeMEeHTaMH 3THX NPOCTPAHCTB.

498. [laHpl BCEeBO3MOXKHBIE TNapbl AeficTBUTeNbHBIX uucen: (£;; m,),
(s My)s (B33 My)s .. . TlocTpoeHbl J1Ba JIHHEHHBIX IMIPOCTPaHCTBA: npo-
cTpaHcTBO R ¢ STeMeHTAMI xp=CEu M)y Xo=CEu M), X5= (s 1), ,
B KOTOPOM Cj0XCHHe BeKTOPOB M YMHOXEHHE BeKTOpa Ha YHCJIO onpe-
JIe/IeHbl PABEHCTBAMH X; 4 X, = (&, +Es n1+n2) }»xl_(k&l, An,), ¥ opo-
CTpaHCTBO R’, cocTosee U3 BEKTOPOB X, = (e~ e~M), x;==(e~8:; e~W),
X;=(e~% e~ “) . B KOTOpOM COOTBeTCTBy}OIU,He AefiCTBHS Ornpefie-
JIeHb! paBeHLTBa'\IH ;\1 4 X5 = (e~5 85 e~M=ms), Ax; == (e~ *Es; e=-M), loka-
3aTh, YTO mpocTpatctBa R u R’ HsoMOp(prI

499. HMzomopguel n auHeAHble TpocTpancTBa R W R’; ecau sne-
MeHTaMH R ABISIOTCS BeKTOPHL X, Y, Z, ..., a 3JeMeHTaMH R’ ——BeKTopbl
2x, 2y, 2z, ...? Iloxkasatrh, uto npoctpaHctBa R u R’ cocrost u3
OJHHX I T€X K€ 3JIeMEHTOB.

§ 2. IPEOBPA3GBAHHE KOGPAHHAT NPHU NMEPEXOIE
K HOBOMY BA3ZUCY

[Tycte B N-MEPHOM JunHeliioM mpocTpaHCTBe R” HMeloTCs IBa 6asuca: ey, e,, e, ...
(cTapuii) u e/, e, e, ... (HoBbI). JlaHBI 3aBHCHMOCTH, BbIpaXKalOUHe KaX[blil BEKTOD
HOBOTO 6a3ma yepe3 BeKTOpL! cTaporo 6asuca:

e, =aper+-dayt ... apiny
e, =012€1 -} 0228y .. . - Apotys

e, =a1pei A€+t .. 4 Apuln.
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Marpuny
Q11 Q12 ... Q1
A—| CF21 Qa2 ... 2y

An1 Qpz »+« dpn

Ha3bLIBAIOT .uampuumz nepexoOa Ot cTaporo fasnca K HOBOMY.
Bosbmenm kaxoii-HHOYAB BEKTOD X. Iyers (&5; &; - .5 En)—KoOpIuUHATH 3TOTO
BEKTOpa B CTapoM Gasuce, a & & § o0 s 5,7)A—tr0 KoOpAHHATH B HoBoM 6asmnce. Ilpn

BTOM CTapble KOOPAHHATHI BEKTOPa X BBIPAKAIOTCS uepe3 HOBLIE KOOPJHUHATLI 3TOTO
BeKTOpa IO hopmy.aan

£ :all‘éi_{,alzgé—{— NN +alll§,,ﬁ
§ =]+ sy o+

- e/ -
Eu::“ulé 4, 125y %""’*Juuwp

KOTOpHIe HA3KIBAIOTCSL Fopayaaiti npeodpasosaniis KoopouHam.

Herpyano BuIeTb, 4TO CTOJIGUBI MATPHIEL A ABJISIOTCSH KOOPLHHATaMH B dopmy-
Jax Iepexoja OT craporo 6asduca K HOBOMY, @ CTPOKH 3TOfi MaTpHIbl—KOOPIHHATAMH
B (opayJaax npeoGpa3oBaHHA CTapLIX KOOPAHHAT Yepe3 HOBbIE.

500. Hau BEKTOp X=—e, e, e, Pasznoxuth 3TOT BeKTOp MO
HOBOMY GCasucy e;, €;, €; €;, €CIH e;=e,| e;-e,, € =¢e, 1 ¢e-|e,
e;=¢€ 1€,-1e, e;=e e +e.

/A 1l cnoco 6. Bunumes marpuny nepexoja OT CTaporo 6Gasiica K HOBOMY:

0111

(1011

A={1101)
1110

Ctpoky 3TOH MAaTpPUUBI fABJIIOTCS Kos(uuueHtamu B ¢Gopmysaax npeoGpasoBaHis
KOOp/IMHaT:

Ei=8+8+E, L=§+E+E, Es=E+E-FE8, La=§FE+E;.
Tak KRak §=CE=E3=_E§,=1, TO, pewinB CHCTeNY ypaBHeHUH, HAXOIHM §1=§2:§é=
=5 =1/3 u x=(1/3) (e; +-e,-F-e;}-e)).
II cmoco6. Hekaouns ey, ey, €3, €, H3 CHCTeMbl YpaBHEHHH

X=e;+ex-Fe3f-ey,
e;=0-e1Fexte3--ey
e,=e;+0-e,e3tey,
e, —e;+e;+0-e54ey,
4

=er;fe;t-e3+0-¢e4

oJTyuaeM

»

1111
0111
1011 (=0,
1101
1110

® o o o
L

Ocraerca PAacKphITL 3TOT ONpeie.THTeIb MO 3J€MEHTaM I-ro €T016La M BHPA3HTL X ue-
pes e;, e;, e, H e;.
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IIl cnoco6. Tak Kak e;+eé—}—eé%—e;:3e1—%—3e2+3e3+3e4, TO ej-epx-f-es-t-
+es=(1/3) (e;4-e;-- e, e). Otciona x=(1/3) (e; e, 4-e;-+e). A

501. Hau BexTop x = 8¢, + Ge, - 4e,— 18e,. PasoxuTh 3TOT BEKTOP
no HoBoMy G6adHCy, CES32HHCMY €O CTapbiM 0a3ucoM YpaBHEHHSIMH

e;=—3e,--e,+efe, e =2 —4de,}e,-I A
e, e;=e +3e,—de;-¢,, e =e +e,+
-+ 4e, —be,. y
502. [lan Bektopx =2 (e, +-e,+...-+e,). \ - 7
Pasmoxiite BeKTOp X no 0asucy e, €, ..., AN -
€, ECHH e;—e -}e, e =e, e, e,—e, ol ;
+e4" AR e;l—lzen—l -'L'en’ e;zzeaz+el' - a -
503. Cuctema koopanHat xOy noBepHyTa 0 i X
BOKDYT HayaJsa KOOPAHHAT Ha yroa a (puc. 21), Pue. 21

Boipasute KoopaHHaThl BekTOopa a=xi--
-+yj B HOBOH cucTeme uyepe3 ero KOOPAHHATHl B CTapoil CHCTeMe.

’

/\ Pasiaoxum BekTops! i’ u j° mo opram i u j:

i"=icosa-jsina,
e A\ T

Y ! 15 o |

=icos | x-4a | sin [ =—+a ).
J < B a /+J ( 9 1 )
3anuureM MaTpHLY Hepexoja OT craporo Gasuca i, j K HoBoMmy Gasucy i’, j':
4o [cosa —sina

sinae cosa/’

x=x"cosa—y'sine, y=x"sina-+y’ cos o,

Orciofa nmodyuaem

T. €.
x'=xcoso-tysina, y =—xsina-fycosc. A

504. IaHBI 3aBUCHMOCTH €; = ae,, €, =g, €, =ye,, e, = Ce,, e; = ce;.
Hanucarp ¢opmy/ibl, cBasbiBatouine crapsle KoopAMHATH (5, &,; &, &3
E;) Bektopa X ¢ HOBbIMH KoopauHatamu (Si; &3 &5 & &i) sTOro ke
BEKTOpA.

505. BO3MOKHBI /14 3aBHCHMOCTH €; = €,—€,, €, =@€;—€,, €;=—¢€, —e;
MEXJYy CTapbiM 6asHcoM €;, e,, €, I HOBbLIM 0a3ucoM e;, €;, e;?

-

§ 3. MOANPOCTPAHCTBA

1. MoaripocTpaHCTBO JHHeHHOro npocTpaHcTBa. JIMHelHOe mpocTpaHcTBO R/ Ha3b-
BAGTCSL NOONPOCMPARCIE0A JMHEHHOTO NPOCTPAHCTEA R, €CaH 5JeMEHTAMH IPOCTPaH-
cTBa R’ ABAAIOTCA TOJABKO 3JEMEHTHl NpocTpaHcTBa R.

Hanpumep, MHOMXKECTBO BCeX BEKTOPOB, MNapaldefbHBIX OJHOH H TON JKe TIIOoC-
KOCTH, ABJSETCS NMOANPCCTPAHCTBOM BCeX TeOMETPHYECKHX BEKTOPOB MPOCTPAHCTRA.

Ecau x, y, z, ..., u—xaxpe-HuGy1b BEKTOPH! JJHHeHHOro npocrtpanctsa R, To
BCe BeKTOphl X+ Py—...--Au, rae «, B, ..., A—DBCEBO3MOXKHBIE AeHCTBHTEIBHLIE
yucaa, o6pa3yioT MOINPOCTPAHCTBO NMpocTpancTBa R. MHOXKCECTBO RCeX MTHHENBIX KOM-
GuHAUHH BEKTOPOB OX—Oy-|-...-I- AU Ha3LIbAeTCS AuUMCHHOL GO0A04KOL BEKTOPOB X,
y, ..., U n obosHauaercs uepes L (X, y, ..., u).

Ecar Ry{—noAnpocTpaHCTBO JIHe{iHOro npoctpanctsa R, 1o d (Ry) << d (R).

Iycre B nuHeiinom mnpocTparcTBe R HMeOTCS JABa MOANpOCTpaHcTBAa Ry H R,.
Iepeceveriuen nonnmpoctpanctd Ry u R, nasniBaeTcd MHOXecTBO R BCeX 3JeMEHTOB,
OJHOBpEMEHHO MNpuHajltexamux Ry H R,. 3anmucs R3= R;\ R, o3Hayaer, ut0 R,
SAABJISIETCS] MEPECedeHNCM MOANPOCTPancTs Ry n Ry. Cymuod noanpocTpaHcts Ry u R,
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Ha3bIBaeTCsl MHOMKECTBO Ry BceX 3/1eMeHTOB BHAa X-}-y, rile XER;, a yE€R,. 3amics

Ry=R;-}+ R, o3Hayaer, 4TO MHOXeCTBO R, sIBJASIETCS CYMMOLl IOANPOCTPAHCTB Ry i R,.
Hoxa3sviBaeTcsi, 4yTo nepeceuenne Rz u cymMMma Ry SBJSIOTCS IPOLTPOCTPAHCTBAMH

npocrpanctsa R. Crnepyer uMeTh B BHAY, uTO d (R;)+d (Ry) =d (R3)-+d (Ry).

506. MoxkeT JM DOANPOCTPAHCTBO JMHEHOro npocTpanciBa R
COCTOSITb H3 OAHOrO 3JIeMeHTa?

507. Hano nunelinoe npocTpancTBo R, 31eMeHTaMH KOTOPOro sIBJsi-
IOTCSl BCEBO3MOXKHBIE CHCTeMBl JeHCTBHTeNbHbIX uncenm: X =(§;; &,; &
By y=(i M Mg M)y 2=(Cs5 L5 L3 Ca)s ... Coroenne 1Byx sie-
MEHTOB U YMHOXKEHHE 3JIeMEHTA Ha YHCJO OIpEAeJCHBl paBeHCTBAMH

X4+y=E 4+ s+ E4Ms &+ M) Ax=(AE;; AL, AL AE)).

Hoxazatp, yto MHO)ecTEO R; amementoB x,=(0; §&; &; &), v,=
= (0; My Mss Ma)r Zy=A0; Ty Ts; &4)» -.. M MHOXKECTBO R, 3J€MEHTOB
X, = (81 05 &35 &) Yo=(np; 05 g5 M)y Z,=(Cs3 O; Ly; La)y - - ABASTIOTCS
NOANPOCTPAHCTBAMHU JIMHEHHOro nmpocTpancTsa R.

508. [as snuuefinoro npoctpancTBa R, paccmorpennoro B 3anaue 507,
HalTH nepecevenne R, u cymmy R, mnoanmpoctpancts R, u R,.

509. Ilokasats, uTo Assi moanpocTpancTs 3anay 504 u 505 BemON-
Hsetcst paBeHCTBO d(R,)+d(R,)=d(R,)+d(R,).

510. Jlano JHHefiHOe MPOCTPAHCTBO, COCTOSIiEe H3 BCeX TeoMeTpH-
YeCKHX BeKTOpOB. {IBJsieTca JIM TOANPOCTPAHCTBOM 3TOTO NPOCTPAHCTBA
MHOXKECTBO BEKTOPOB C HauajJoM B Hayaje KOODAMHAT M PacrnofoxkeH-
HbiXx B | okrtasre?

511. Jlano MHefiHOe NPOCTPAHCTBO R, 3MeMeHTaMK KOTOPOTO SiBJASIOTCS
KoopanHatel ToueK P =(x; y; z) 1 okTaHTa, He JeKaHX HA KOODAH-
HaTHBIX IIockocTsX. CrloXeHHe [BYX KaKHX-HHOVAbL 3JeMEHTOB P, —
= (%;; Y5 21) H P,=(x,;, y,, 2,) onpeieneHo pasexcTBoM P,-+P,=
== (XX, Yils) 242,), a4 YMHOXKeHMe ajementa P =(x; y; z) Ha JelcTBu-
TeNIbHOE UMCI0 A— paBenctBom AP =(x%; y*; z*). JlokaszaTb, uTO MHO-
JKecTBO R, TOYEK 3TOr0 NPOCTPAHCTBA, PACHOJNOKEHHBIX Ha IJIOCKOCTH
z=1, gBnfAeTC NMOANPOCTPAHCTBOM IpOCTpaHcTBa R.

512. Nano JMHeHHOe NMpPOCTPAHCTBO R MHOTOUYIEHOB HE Bblllle MSITOH
crenend. JlokasaTb, YTO MHOXKECTBO R; MHOTOY/JIEHOB BHAA aof-+a, H
MHOKeCTBO R, MHOrOWwIeHOB byt* + b, 1% + b, ABISIOTCS TTOAN POCTPAHCTBAMH
NPOCTPaHCTBA R, ecsH CJOKEHHe 3/JeMEHTOB H YMHOXKEHHE 3JeMeHTa Ha
YUCO TIOHUMATh B OGLIYHOM CMBIC/IE.

513. Haiitn nognpoctpanctsa Ry = R, N Ry u R, = R, + R, no ycaoBuio
OpejblAYILeH 3ajayuH.

514. PaccMarpuBaioTcs JBa HOANPOCTPAHCTBA NpocTpaHcTBa R Beex
reoMeTPHYCCKHX BeKTOPOB: R, —MHOXECTBO BEKTOPOB, MapajiesbHLIX
KOOpAHHATHOH TaockocTH xOy, H R,—MHOXeCTBO BEeKTOPOB, mapad-
JgeabHbelx niockoctd xOz. Haiitu R,=R, NR, u R,=R,+-R,.

515. Ilyctb R, 1 R,— NOANPOCTPAHCTBA JIHHEHHOTO NPOCTpaHeTBa R,
a R; u R,—noanpoctpancTBa JuHeliHOro npoctpanctsa R’. M3BecTHo,
4YTO MOAMpOCTpaHcTBa R, M R;, a Takxke R, u R; usomop¢us. oxa-
3aTh, YTO H30MOPQHHI nojupocTpaHcTda R,=R,NR, u R;=R{NR,
a Takxe R,=R,+R; u R;=R;+R;. :
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516. Jlano MHOkKeCTBO GyHKIMH f (X), HENPEPHIBHLIX H MOAOXKHTENbHLIX
Ha orpeske [—a, a]. lokasaTh, YTO 3TO MHOKECTBO SIBJISIETCH JIMHEHHbIM
IOPOCTPAHCTBOM, €CJH 32 CyMMY BEKTOPOB NPHHSATh NPOM3BEJCHUE COOT-
BETCTBYIOUIUX (BYHKIUI, a 32 NPOH3BEAEHNE BEKTOpa Ha AEHCTBHTENbHOE
YHCIO A — pe3y/bTaT BO3BEJIEHHSI B CTelleHs A COOTBETCTBYIOMEl (yHKIHUHU.
SipasieTcd M MOANPOCTPAHCTBOM MHOXKECTBO BCEX YETHBIX (PYHKLHHA 3TOTO
npocTpancTBa? MHOXKeCTBO BCeX HeYeTHHIX (PyHKIHE 3TOrO NPOCTPAHCTBA?

517. PaccmMarpuBaeTcs JHHEHHOE NPOCTPAHCTBO T€OMETPUYECKHUX BEK-
Topos. O6padyer JiM NOANPOCTPAHCTBO 3TOrO IIPOCTPAHCTBA MHOMKECTBO
Bcex BeKTOpoB a = Xi-Yj+ Zk, rae X, Y u Z— pauuonanpuele uncsia?

2. MoxnpocrpancTsa, 06pa3oBaHHLIE PelIEHHAMH OJHOPOXHOW JIMHEIHOH cHucCTemb
ypaBHenunil. PaccMOTpHM OZHODOAHYIO JIHHEHHYIO CHCTEMY yPaBHEHHI

a1 Xy+ayexe ... - anx, =0,
Ag1X1+Qga%s - -Fagpxy =0,

(M

AmiXy -+t Qmaxat- o oo +Apnxn=0.
Ilyers xy=MAj, X3=RAg, ++., Xy =MA,—KaKOe-HUOYAb pelIeHHe CHCTEMBI. 3allHleM 3TO
peulenue B Bufe Bektopa f=(A1; Ag; ... A,). COBOKYMHOCTH JIMHEIHO HE3ABHCHMBIX
pewenunit i, f,, ..., f, cucrems ypasuennit (1) naspiBaetcsi ¢yndamenmanrsrold cucme-
MOU pewerudl, ecad Jio6oe pelleHrHe CHCTEMbl ypaBHeHuH (1) MoxKeT GBITb ITPEICTABJICHO
B BHJe JHHeiiHOl KoMmO6uHauuu BekTopoB fy, fo, ..., f,.
Teopema OCymecTBOBAaHHHM pyHAAaMEHTAaJdbHOH CHCTEME pe-
meH ui. Ecau pane mampuypl
Qi1 A1y .o Qg
Qa1 Qg2 ... Qyp
Ami AQmz +++ Cmn
smenouie n, mo cucmema (1) umeem nenynesoie peuterius. Yucao eexmopos, onpedeis-
ouux PYHOAMEHMANLHYIO CUCTEMYy pewenud, Haxodumca no gopmyre k=n—r, e0e
r— paxe mampuypl. v
TakuM 06pa3oM, eCIH PacCMaTpHBaeTcst JIHHEHHOe IPOCTPAHCTBO R, BeKTOpaMH
KOTOPOTO ABJISIIOTCS BCEBO3MOKHbBIE CHCTEMbI 7 1eHCTBUTENbHBIX UHCeJ, TO COBOKYIIHOCTh

Ecex pemenuii cnctems! (1) ABJIsieTCS HOAINPOCTPAHCTBOM IIpocTpancTBa R”. PasmepHOCTh
3TOTO MOANPOCTPAHCTBA PaBHA R.

518. Hailtu 6asuc u pa3MepHOCTb IOANPOCTPAHCTBA  pEILECHHH
JIMHENHON OJHOPOAHOH CHCTEMBI YPAaBHEHHH

un+ 2xd 3w 4x=0,
(1/2) xi+ x2+3/2) x5+ 2x3=0,
(1/3) x1+-(2/3) X2+ X3+ (4/3) x4 =0,
(1/4) x14-(1/2) x2+(3/4) x5+ x3=0.
/\ Panr Marpuis .
1 2 3 4
/2 1 3/2 2
1/3 2/3 1 4/3
174 1/2 3/4 1
paBen 1, MOCKONBKY BCE MHHOpPbl MaTpHilkl, KDOME MHHODOB NEepBOTO NOPSIKA, PABHH
Hymo. UHCHO HeH3BECTHHX DABHO 4; NOITOMY Pa3MEPHOCTb TOANPOCTPAHCTBA PelIeHRit

k=n-—r=4—1=3,T. . 370 NOJANPOCTPAHCTBO SBJSAETCS TPeXMepHbIM: TaK kak r=1,
TO B3 STOH CHCTEMHl JOCTATOYHO B3fiTh KaKoe-HHOYAb OJHO ypaBHEHHe.
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BosbmeM nepsoe ypaBHEHHE CHCTEMbI H 3aTIHIIEM €TO B BHAE Xj = — 2x, — 3X3— 4x,.
Eenu xp=1, x3=0, x4,=0, 10 x; =—2; ecan x,=0, x3=1, x,=0, To xy=-—23;
ecau x,=0, x3=0, x3=1, 10 x;=—4. UTak, Mbl NOAYUHIH JNUHEHHO HE3aBHCHMbIE
BeKTOpHl fy =(—2; 1; 0; 0), fa=(—3; 0; 1; 0), f3=(—4; 0; 0; 1), xoropue o6pa-
3YI0T 6a3uC TPeXMePHOIO MOANPOCTPAHCTBA pELIEHHH JAaHHOH CHCTEMEL.

519. Ilokasatsb, uto BekTop f=7f,—2f,+ f, ynoBrerBOpsieT cucreme
ypaBHeHHMH 3ajaun 518.
520. Haiitn Gasuc u pasmMepHOCTD IMOANPOCTPAHCTBA PELICHHI CHCTEMBI
ypaBHeHHH
x1—2x,+ x3=0,
2x1— xg— x3=0,
_ 2x1—{—4x2—2x3=0.

I -2 1
2 —1 —1
—2 4 -2

paBeH 2, Tak KaK OIlpefleIUTeNIb TPEThEro NOPsiAKa, O6Pa30BAHHEI 3JeMEHTaMH MaT-
PHLBI, PaBeH HYJ10, a CPelM MHHODPOB BTOPOTO MOPSAKA MMEIOTCS OTJIUYHbIE OT HYJf.
PaamepHOCTh MOANPOCTPAHCTBA pewleHuii k=n—r=3—2=1. Tak kak r =2, To jocra-
TOYHO B3AATb /|BA YpaBHEHHs! U3 3a4aHHbIX TpeX. OT6POCHM TpeTbe ypaBHEHHE, TOCKOIbKY
ero KOS(MUIUEHTEl IPONOPUHOHABHEL COOTBETCTBYIOLMM KOS(MHUHEHTAM MepBOro
ypaBHeHHUS.

B cucreme

/\ Paur matpuupl

{ X1 —-2)(2 = X3,
21— xg= x3
noJsaraeM xz=1, TOTja pelleHHe CHCTEMb
{ X1 —2x2 =— 1,«
2){71-— Xo = 1
ecTh ¥i=1, x,=1,

f—(ET;;I?’I)H(KHPOCTPMCTBO PellleHHil ompefesnseTCa ONHHM Ga3UCHLIM BEKTOPOM

’ ’

521. Haiitu Pa3MEPHOCTb M GasHC  NOANPCCTPAHCTBA  pELUCHHIT
CHCTEMEIL YpaBHEHU U
Xy-Fx;—x34x,==0,
X1 —Xy-Fx3—x,=0,
3x1+x2——x3—{—x4:0,
3x—xy+x3—x,=0,
A Onpegensiem panr MaTprmsr
1 1 —1 1
I —I I —]
3 1 —1 1/°
3 —I1 I —q

A=

Boiuntaem u3 3-i CTPOKH 2-10, a u3 4-fi cTpokH l-10:

11 —1 1
a1 =1 1 —
2 2 — 2/
\2 —2 2 —2
;I‘%K KaK 3JeMeHTh 3-i CTUPOKH NTPONOPIHOHAIBILL COOTBETCTBYIOLIUM 3JIECMEHTaM
-0 CTPOKH, a BJCMEHTHI 4-jf CTPOKH NPONOPLHOHAMNBHEL 3JICMEHTAM 2-i CTPOKH, TO
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3-10 U 4-10 CTPOKH MOXKHO BBIYEPKHYTh:
1 1 —1 1
A~<1 -1 1 _1> .
Taxum o6pa3oM, paur MaTpuubl A pasen 2 nu k=n—r=4—2=2,

Wrtak, pasMepHOCTh MOANpOCTpaHcTRa pewennii pasna 2. Tak Xak r=2, 10 H3
yeTLIPEX ypPaBHeNHii BO3bMEM JBa:

*i+%— x5+ x,=0, — X1fXe= Xz—2X
xl—x2+X3—x_1:O, xl—xz—_—_—x3_!rx4'

X1t xs= 1 '
IMoaaras x3=1, x,= 0, monyuuM cucremy { . x° 1’ C.egoBateanho, x;=0,
1—X=—1L

x=1munfj=(0; 1; 1; 0).

Xy Fxy=—1
[Tonaras temepb x3=0, x;=1, HMeCM{ xl l xz ]’ Taxkuy o6pazon, x1=0,
1— A2 -
¥p=—1 n f,={0; —I; 0; 1). 3a GasucHbie BEKTOPL NOINPOCTPAHCTBA MOLYT 6LITh

npuusito extopst fr = (0; 1; 15 0), f,=(0; —1; 0; 1). Obumec pewenue CHCTEMBI ypas-
HeHuil onpejensercst BekTopoM f=cif; 4oy, T. €. f=(0; ci—a; €13 ). A

522. Ornpeje/uTh pPasMepHOCTb TOANPOCTPANCTBA peuieniii, Gasnc
1 oflllee pelieHHe CHCTEMBl ypaBHEHHI

X1 4 2% -F xgFxy+x5=0,
XI—QXZ —l—x;; —;— X3— X5 =0.

§ 4. JIWHEWHDBIE NPEOEPA30BAHM S

1. OcHoBHble nOHATHS. DyJeM COBOpUTH, UTO B JuHEHOM npocrpaHctre R 3aja-
HO npeofpasosarue A, ecan KaxAOMy BeKTOpDY X€ R 1O HEKOTOPOMY NpaBHJy NOCTan-
JeH B cooTBercTBHe BexkTop AXER. [peobpasoBanue A Ha3bIRACTCST AUHOLHBIM, €CIH
IR JOGHIX BEKTOPOB X H y M JJst J0GOro AeHCTBUTeNBLHOTO UYHCJAA A BHINOJHAIOTCA
paBeHcTBa

A x4y)=Ax-}Ay, A (Ax)=A Ax.
JluneitHoe npeo6pasoBaHHe HASHLIBAETCST MOJNCOCCMOEHHbIM, €CaH OHO Tpeofpasyer

no6oit BekTop X B camoro cefst. TOMKAECTBEHHCE JHHelHce npeobpasonanue obosHaua-
ercst uepes E. Takum obpasom, Ex=x.

523. IlokasaTb, uTo TmpeoGpasoBanue AX=ax, rae o — 1eACTBUTEb-
HOEe 4HCJIO, SIBASETCS JHHEeHHBIM.

A Hveem A (x-}y)=oa (x-+y)=ax-+ay=Ax-+Ay, A(Ax)=a Ax)=A2A(ax) =
=)\ Ax. Hrak, o6a ycjiosus, ornpejensiouie JiHeliHoe npeo6pasoBaHHe, BLITOJHEHEL.
Paccmorpennce npeoSpasoeaine A HaswpaeTcsi npeobpasosanuem nodobus. A

524. [lpeoGpasoBanse A B JHHEIHOM MPOCTPaHCTBE R OnpesesieHo
paBeHCTBOM AX =X-X,, TAe X, € R — (QUKCHPOBAHHLIIl HEHYJIEBOH BeK-
Top. SIBAsieTcst M npeoGpasoBaHue A JIHHeHHBIM?

A U3 pasencts Ax=x-}%;, Ay=y-+xq, AE+y)=x}y+x%, AE+y) =
= Ax-} Ay sakaouaeM, uT0 X+ Y-+X9=(X+Xo)+(y+x-). Orciona caeayer, u€TO
x,=0, HO 3T0 mpoTHBOpeuuT ycaosuio. CiejoBaTenbHO, mpeobpa3oBanue A He sBJdA-
eTcsl JUHeHHLIM. A

525. Jlano JuHeiiHoe NPOCTPaHCTBO reoMeTpHUecKHX BeKTOpoB. [Tpe-
ob6pasoBanie A COCTOMT B 3aMeHE KaxJOro BEKTOpPAa €ro COCTaBJsIOlLei
no ocu Ox. $IBnsderTcs Jm 310 NpeodpasoBaHHe JIHHEAHBIM?
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O Nyers a=X;i4-Yij+-Zik 1 b=X,i-+Y,j-Z,k—npoussonsumie BeKTOpHL,
a ) —IIPOH3BOJILHOE JeHCTBHTENbHOE UHCJIO0. Tar Kak

atb=(Xi-+Xp) i+ (V1 -+ Vo) j+ (Z1+25) k, ha=AX1i+AYy]+AZik,

Afa+b)=(X;+ Xy) i=X;i-}- Xy,i =Aa Ab, A (ha)=AX,i=2AAa.
HUrax, A—mneiiHoe npeo6pasosanne. 4

526. flBnsercss nn JmMHENHBIM npeoGpasoBaHHeM 3aMeHa KaKIOro
reOMeTpPHUECKOro BeKTOpPAa €ro 3epKaslbHbIM OTOOPAXKEHHEM OTHOCHTE/IBHO
KOODAUHATHOR mJockocTH x0y?

527. flBasieTcs nu JuHEHAHBIM NPeOOPA30BAHAEM YMHOXKEHHE KaMAOr0
TeOMeTPHYECKOro BeKTopa Ha ero JJIHHY?

528. B kakoM ciyyae mpeoGpa3oBaHHe A SIBIfETCH JIHHEHHBIM, €CJH
Ax=x,, rae X,—TNpOH3BO/LHBLI BEKTOp JHHEHHOTO npocrpaHctea R,
a X,—(UKCHPOBAHHbI/ BEKTOP?

529. Jlano nunelHce POCTPAHCTBO BeKTOpOB X =§,e, +&.e,--E.e, -
+- &, rme &, &, &, E&,—BCEBO3MOKHbBIE MefiCTBUTENbHBE UYHCAA.
Iyete a—durcupoBanHoe aeficTBUTENbHOE UMCTO0. SIBASETCS JH JHHEH-
HbIM npeoGpasoBanue A, ompenensiemoe pasenctBom Ax =E.e, &, +
+ Ese;4-E.e,?

530. Jlano JmHeilHOe MPOCTPAHCTBO BEKTOPOB x=CEe +Ee,+Ee, I
-+ £,e,. IlpeoGpasoBanne A COCTOHT B TOM, 4TO y Kaxioro BEKTOpa
MEHAITCA MeCTaMH BTOpas M TPeTbsi KOOPAMHATH, T. e. Ax=Ee, +
+ E.e, 4 5.6, 1-E,e,. SBasercs s npeobpasoBanue A MHHEHHBIM?

931, Ilyctb A —uauneitnoe npeoGpasosanue. Jlokasats, 4To npeoG-
paszoBanue B, onpeizensemoe paseHctBoM Bx=Ax—2x, sBIsierca
JIHHCHHBIM.

TO

2. Marpuua nuueitioro npeospasosatus. ITycTsb B 7-MEPHOM JHHeHOM NPOCTPAHCTBE

R, Gasuc kotoporo ey, e,,...,e,, 3ajaHO JHHEHHOE npeobpasosanne A. Tak kak Aeq,
Ae,,..., Ae, —EBeKkTOopn npocTpaHcTBa R, TO KaMABE M3 HHX MOMHO Pas/IoKHTE
€JHHCTBEHHBIM CIIOCOGOM IO BeKTOpaMm Gasuca:

Aer=ayies-Fayep+ ... +aye,,

Aey=ape;apes+ ...+ aye,,

Aey=ai et aspes ... - aypep.
Marpuua

A= dsy Qoo cen as,

ant Qo “ee QApn

HA3LICACTCA Mampuued Aunelno20 npeobpasosanus A B Gasuce ej, €y, ..., e,. CTOIOWH
ST MATPHUBL COCTABIEHB 113 KOXPPHUHMEHTOB B (BOPMyTax npeo6pa3oBaHus Ga3HCHBIX
pexTOpoB. Bosbmem B npocrpancree R kako#-muGyib BEKTOD X=X1€1 X;€o-}...
¥p€n. Tak Kak AXER, 170 U BeKTOp AX MOXKHO PasJIOXUTb IO BekTOpaM 0asuca:
Ax:x1e1+x2e2+ SRR A
Koopaunarst (x5x5 ..s ;x,'z) BEKTOpa AX BBIPAXAIOTCS Yepe3 KOOPAHHATH (Xy; Xgjeas
eer; Xp) BeKTOpa X mo GopuyaaMm
X)=apXi-FQraXa -« oo QrpXn,

Xy =Qa1X1-1QosXo - . oo Qo Xy,

x) =ap1¥s - QpeXa ..

-+ aunxn.
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OTi n pPaBeHCTB MOXHO Ha3BaTh JHHEHLIM Npeo6pasopanneM A B Gasuce e, e,,...
.., €. Kosddunnentsr B GopMyaax 3Toro JHHeHHOro npeoGpa3oBaHKs SBJASAIOTCA
SJ€MEHTAMH CTpOK Matpuubl A

532. Haiitn maTpHuy TOXKIecTBeHHOro npeoGpasoBannst E B n-mep-
HOM NpoCTpaHcTBe.
A\ ToxzectBenHoe npeo6pa3oBaHHe He MeHseT Ga3HCHBIX BEKTOPOB: e, =ep,
e,=¢, e =¢e3..., e, =€, T. €
e,=1-e40.e-+...40-¢e,,
,=0-e,4-1-e5--...40-e,,

e, =0-e;1+0-e;4...41-e,

CiteloparebHo, MaTpHUEl JHHEHOTO TpeoGpasoBanus C.IyKHT €IMHUYHASA MaTpHIA
1 00 . 0
01 0 ... 0\
E={ 0 01 0 A

000...1/

533. Hailtn watpuny npeoGpasoBanns mojoGus Ax=oX B f-Mep-
HOM NPOCTpaHCIBe.

- 534. B uerbipexMepHOM JIMHEHHOM FDOCTPAHCTBE paccMaTpHBaercs
JiuHelinoe npeoBpaszoBanne A. 3anucath 3T0 npeoGpa3oBaHHe B KOOPAH-
natoilt dopme, ecin Ae,=e,te,, Ae,—e,+e,, Ae,=e,+e, Ae, =
=€, +e3.

A\ Matpuna npeo6pasosanus A uMeer BH1

0110
00 1 1
A=l 0 0 i
1100

CaenopareasHo, npeoSpasoBanHe A B KOODPAHHATHOH (OpMe 3aMHCHIBAeTCA TaK: X, =
=Xy X3, X, =X3-+X3, Xg=x1-}Xg, X;=X1}Xp. A

535. Jluneilnoe npeoGpasoBanHe COBOKYNIHOCTH BCEeX BEKTOPOB Ha
miaockoctd xOy 3akJ/aouaeTcss B NOBOPOTe KaXJOro BEKTOPa INPOTHB 4a-

coBofi cTpenku Ha yroa o (puc. 22). Haiitn 7
MaTPHILY 3TOro JHHeHHOro npeoGpasoBaHHS
B KOOpJHHATHOH Qopwme. A .
A\ Tax kak Ai =icosa-jsina, Aj=—isina+ J . .
-+jcosa, TO d Ai X
A Cf)SOL —sinoc) = _
sinoe  cosa e T 7
TakuMm o6pasoM, paccMaTpHBaeMoe JHHeHHOe TIpe- Puc. 22

o0pa3oBanye HMeeT Bd]
x'=xcosa—ysina; y =xsina-tycosa. A

536. PaccmaTpuBaeTcsl JinHeHHOe NPOCTPAHCTBO BEKTOPOB X = X,€, -}
| x,8, - x5, 4 x,€,, TAC X;, X, X5, X; — BCEBO3MOXHLIE JNEHCTBUTEbHEIE
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uncia. Jlokasath, uTo mpeoGpaszosanue A, onpepensieMoe PaBeHCTBOM
Ax = x.e, + x,e,-Fx,e, +x€,, ABIAETCH JHHEHHBIM, M HAHTH €ro Mar-
puLy.

3. JleficTBHs Hag JuHeitHbIMH mpeoSpasoBanusiMu. B NPUBCACHHBIX HHUXKE OlIpejie-
JEHUSX NpPHMEM CJelyomue ofo3HaueHus: A u B—npoussosibHble JuHelHbE NPeod-
pasoBaHHs B JIMHEHHOM IpocTpancTBe R, A —INpOH3BOMBHOE JAeHCTBHTENbHOE YHCIO,
X € R —mo6oit sneMeHT.

Cymmoii aunetinorx npeobpasosanuti A w B HasmBaercs npeo6pasoranne Cy,
onpefiengemMoe paseHCTBOM Cpx = Ax—-Bx. OGosuauenue: C;=A - B.

ITpoussedenuen Auneiinoz0 npeobpasosanus A Ha 4ucao )\ Ha3bIBaeTCS npeoGpaso-
BaHue C,, onpenensemoe paseHcTBOM Cox =AAx. Oboanauenne: C,=AA.

[Tpoussederues auneidnozo npeobpasosanus A Ha auneiinoe npeobpasosarue B
HasbiBaeTcsi npeoGpasosanue Cgs, ompegessieMoe paBencTBoM Csx = ABx. O6osnauenue:
C;=AB.

IlpeoGpasoBanust Cy, C; u Cg ABAAIOTCH MUHEHHBIMH. MaTpHUb JHHEHHEIX npeo6-
pasosannit Ci, C; u Cy onpegensiorest 3 pasencts Cy=A-+B, C,=AA, C3=AB.

Ilpu coxKeHHH MTHHEAHBIX Pe06Pa30OBaHUil BHIOJIHSCTCA NepeMeCTHTeNbHbIH 3aKOH;
npoussefienne ke AB, BooGiue roBopsi, OTMIHYaeTcA OT NpPOH3BegeHHs BA.

IlepeuncinM HexoTOpbie CBOHCTBA oOmepaiuit Haj JHHEHBIMH ITPeOGpPA3OBAHUAMH
B NpocTpaHCcTBe R:

A (BC)=(AB)C; AE=[A=A; (A+B)C=AC-+BC; C(A+B)=CA--CB.

Ecnu ans nuueliHOro npeoGpasosanus A maBiiyTcs Takue JHHeiHbe npeo6pazo-
Bamusi B m C, uto BA=E, AC=E, 10 B=C. B 3roM ciyuae o6o3nauaior
B =C=A-1, a sunelinoe npeoSpasoBanue A~! HASLIBAIOT 06pAMHbLM AUHELHOM npe-
00pas’osanuesm NO OTHOLIEHHIO K JHHEHHOMY mpeo6pasoBanuio A. Takum obpasoM,
A-1A=AA-1=E.

Jluneiinoe npeo6pasopanue A B KOHEYHOMEPHOM MPOCTPAHCTBE HA3LIBAIOT HeaoLpOoIC-
OeHHbIM, €CHIH OIpeNie/IHTEb MATDPUIBI 3TOrO NPEOGPAOBAHHS OTIHUEH OT HyJas. Cre-
AyeT HMETb B BHAY, 4YTO KaxJA0€ HEBBIPOXKJEHHOE JHHeHoe npeoépaaoBaHHe A Hmeer
ofpaTHoe mpeofGpasoBanHe A=l § NIPUTOM TOJIBKO OJHO.

Ecin HeBbipoxiennoe MuHefiHoe npeoGpasopanie A B KOOpIHHATHOI ¢opme onpe-
Ale/IeTCs paBeHCTBAMU

¥ =apxtapy+... +aiu,
Y =aux-Fasy-+ ... +aypu,

u :anlx‘}“ an?.’/+ (RN _I‘annui
To obpaTHOe JHHelHoe npeolpasosanne A-—1 mmeeT Buj
AII ’ A2i ’ Anf ’
f=—— X e t—%u
FETAT A e
Al? ’ A22 ’ An? ’
y= x' = oo F—=u’,
YErAr Y ATy T A

A]n ' A?n Y lAﬂn Fa
U= X —_— e .
A TTA Y T AT

3necy A;;—anreGpauueckoe IoMOJHEHHEe 1eMeHTa a;; matpunel A, | A|—onperenn-
TeJlb MaTpuubt A.

Marpuna nuneiinoro npeo6pasosanus A~1 sgpasercs 06paTHOIl 0 OTHOLICHHIO K
MaTpHue A H OIpelensieTcss PaBeHCTBOM

Ay Asi ve Apg

A-1 :_I~ AIZ A22 e An2
" ] L ¢
Aln Anz LA Atm
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537. IlpeoGpasoBanne A 3ak;iouaeTcst B IOBOPOTE KakIOTO BEKTOPA
naockoctn xOy mHa yroa o= /4. Haiitu B koopauHaTHOH Qopme npe-
obpa3oBanue A -+ E.

A\ Hueem

Ai=icos (/A +jsin (/4 =(1"2/2) i -+ (V 2/2) j:
Aj=icos (3n/4)4-isin 3/4) =—(V ' 2/2) i - (V 2/2) j.
CaeloBare.1n110,
A—(VE2 V32
Ve VvViege)
10
Tak kaxk E‘(O 1>, TO
A+E:<V_f_zx2+1 —V 22 )
V 22 V 2241
Takum o6pasom, amueiinoe npeo6pasoBanne A -|-E MOKHO 3aIHCATH C NOMOMIBIO

pasencts x' =(¥ 2/2+1) x—(V 2/2) v, v =(V"212) x+(V 224+ 1) . A

538. [laHbl ABa JMHHEHBIX NPEOFpa30BaHus:

x'= x-4-2y-4 3z, X = x+ 3y-I-4,52,
y'=4xf5y+4-6z, (A)ym ¢'= 6+ Txf 92, (B)
2 =T7x-}8y+9z 2’ =10,5x+ 12y 13z,

Hafitu 3A—2B.
539. [aupl auHeHHbBle MpeoOpa3oBaHus:

x':x-{_y’ x':y+29
Yy =y+2, (A)u ¥ =x+z B)
2 =z-+x 2=x+4y.

Ha#irn npeoGpasosanusi AB u BA.

/\ MaTpuibl JaHHBIX NPeo6pasoBaHUil HMEIOT BHI

110 011
A=<011>, B=<101>.
101 110

Haiinem npousse/leHHss 3THX MaTpHIL:

112 112
AB=<21 1>, BA=<211>.
121 121

B nanuom cayuae AB=BA, nostomy JanHeliHnie npeo6pasorannst AB u BA cos-
nazaior. Koopaunatnas opma npeobpasoBanusi AB 3anuceiBaercst c/eyouuM o6pasoM:

X =xdyt0, Y =2%tytz 2 —xt2+z. A

540. ITycTe Hal COBOKYNHOCTBIO BEKTOPOB 6= xi - yj Ha miocko-
cti xOy TIPOM3BOAATCA JBa JHHeENHBIX npeo6pasoBaHusi: A —3amena
BEKTOpa ero cocrapusioieil mo ocu Ox; B —3epkanpHoe otoGpakenne
BEKTOpPA OTHOCHTE/IbHO Ouccektpuchl 1 m IIl KOOpAMHATHBIX YIVIOB.
Haiitu npeo6paszoBauuss AB u BA.
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A Cornacro yenosmo, Au=uxi, Bu=xj-}yi. Takum oBpasom, Ai=i, Aj=0,
Bi=j, Bj=i, 1. e.

10 01y, (01 /00
Az(oo)’B=<10>’A3_(oo>’“—(1o>‘

Hrak, npeofpasoranne AB onpenensercs pasencTnamu x'=y, v’ =0, a npeobpa-

30osaHue BA—papencreavn x’ =0, y’ =x. Pekomenayem NOJIYYHTH 3TH paBeHcTBA K3
TeOMETPHUYECKHX COOOpaKeHHi. A

541. TlpeoGpasosanne A 3ak./ouaerTcsi B OBOPOTE KAaxkJIOro BEKTOpa
niiockocTH Oy na yrost . Haiitu MaTpuny npec6pasosanns A (1. e. A -A)

A Tak kax Ai=icosa-tjsina, Aj=—isin o--jcosa, 10
A— cosoe —sina
- (sin a cosa) '
CnetosatenbHo,
A7 — ( cos?a—sin?a —2sin cosa) _(cos 200 —sin 2’/,)
2sin o cos o cos?a—sin?a /)~ \ sin 2z cos2z /°

Takum o6pa3om, npeobGpasoBanne A2 B KOODIHHATHOH (opme cnpegeasieTca pa-
BeHCTBAMH & =X COS 200 —y sin 2, Yy’ =x sin 20}y cos 2o Dru pe3y/abTaThl MOIYT
6bITb MOJMYYEHB! H H3 YHCTO T'E€OMETPHYECKHX coobpaxkeHuit. 4

542, Jluneiitnoe upeoGpasoBaHMe A 3akmouyaercs B MoBOpPOTE Ha
yroa s/4 kaxporo Bektopa miockoctd xOy. Haiitu MaTpHLLY JITHEHHOrO

npeoGpasosanns B=A?+} 9A 1 E.

aa=(V50 aw)ree (i) e (0 );

_ (0 —1 1 —1 10y _/2—2\_ _/1 —]
B=(1 7o)+ (i D+(o )=(3 2)=2(171)-A
543. Jlano mpoCTPaHCTBO reoMeTpPHYECKHX BeKTOpoB. IlycThb Jsuneit-
HOe npeo0pasoBaHHe A-—1OBOPOT NPOCTPAHCTBA BOKPYT ocH Oz Ha

yroJst 1t/4, a nuHeiiHOe npeoGpa3oBaHme B —noBopor npoctpanctsa Bo-

Kpyr ocu Ox Ha TOoT *e yroa. Haiitu MaTpPHUY JHHEHHOro npeodpa-
3oBauna AB.

A Mhieent Ai=i cos (v/4)4-jsin (/4)=(V"2/2) i+ (V" 2/2) j, Aj=— i sin (/4) -+
jcos (/4 =— (V212 i--(V72/2) 5, Ak=k;Bi=i, Bj=()"2/2)j+ (V 2/2)k,
Bk=—(}y"2/2) j4-(¥V 2/2) k. CrepoBarensHo,

[V22 Y32 o Lo 0
A=y VY32 0. B=[0 V32 —y32)|,
0 0 1 0 Yy 2/2 V22
V2 —i2 e
AB =| y'3/2 12 —12 |- A
0 Y 2/2 V7912
544. lano nuHefiHoe npeoGpaszoBanue A: X=—05(y+z), y =

=—0,9(x+2), &=—0,5(x+y). Haiitu MaTtpuuy oOpaTHOro JIHHeH-
HOI0 npeo{pasoBaHHA.
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545. PaccmatpuBaercsl COBOKYMHOCTh BCEX T€OMETPHUECKHX BEKTO-
poB. JlunefiHoe mnpeoGpa3zoBaHue A —3epkajbHOe OTOOpaXKEHHE 3ITHX
BEKTOPOB OTHOCHMTENBHO 1iockocTH P. Haitu A1,

546. B sumefinom npocTpaHcTBe ¢ GasucoM e,, €, JaHO JHHEHHOe
npeobpasoBanue A. Haiitu matpuuy ob6patHoro mnpeoGpa3oBaHusi, eCad
Ae,=¢e,, Ae,=¢,.

547. Jluneiinoe mnpeoGpasoBaHne A 3akJ/ouaeTcsi B MOBOPOTE KaxK-
Joro BekTopa miockocTd xOy Ha yroua o.. Haditu matpuny B=A + A%,

548. lano nuueiinoe npeobpasoBanne A: x' =x-ty, y' =2 (x+y).
Hafitu oBpaTHoe JnHelHOE IpeoGpasoBaHue.

549, Jluueiinoe npeobpa3oBanue A 3ak/ouaercs B MOBOPOTE KaxK-
Joro Bektopa msockoctH xOy Ha yroa m/4. Haittu Matpuuy A2

550. Ilpy xakoM 3HaueHHM X JHHEHHOE NpeodpasoBanue x' = — 2x--
+y+z Yy =x—2y+2z 2'=x-+y-+ Az He umeer oGpPaATHOrO?

4. XapakTepHCTHYECKHE YHCIA H COGCTBEHHBLIE BEKTOPHI JHHEHHOro npeodpa3osa-
nus. [lycte R—s3ajnanHoe n-mepHoe JauHeliHoe mpocrpaHcTBo. HenyaeBoit Bektop X € R
Ha3blBaeTCA COOCMBEHHbIM 6eKMOpoM JIMHEHHOro npeobpa3oBanust A, ecau HaiaeTcs
TaKoe YHCAO A, YTO BLIMOJHSETCS paBeHCTBO AXx=Ax. Camo 4HCJIO A Ha3uiBaercs
XapakmepucmuvecKum 4uci0sM JHUHeHHOro npeo6pas’oBaHusi A, COOTBETCTBYIOUIMM BeK-
TOpY X.

Ecan nuneiinoe npeoGpasoBanne A B Ga3uce ey, €z, ..., €, HMEEST MaTPHILY

‘air Qiz ... Qip

Qg a N/
A= .21 22... |
Q1 Qnz +«. Qpp
TO XapaKTepHCTHYECKHMY HYHCIaMH JIMHEHHOTO HpeOGpaSOBaHHK A CIyxar ,'_[eﬁCTBH‘
TeJbHble KOPHH Ay, A2, ..., A, YPaBHEHHs n-i CTENEHH, KOTOPOE MOMNKHO 3aNHCAThb
B BUAE
au—-l Qayg ves Qip
[27%% agz—x veo Qop —0
Ani Qs ces Opp—A

OHo HasblBaeTCH XAPAKMEPUCUMECKUM YPABHEHUEeM, A €TO JIeBasl 4YacTb —Xapakimepi-
CMUYeCKUM  MHO2042eHOM JIHHeHiHoro npeoGpa3oBaHusi A. CoGcTBeHHbIM E(‘KTOPO'\{ Xf»
COOTBETCTBYIOUHM XapAaKTEDPHCTHUECKOMY 4HCAY Ay, siBAsteTcs J06oit BekTop §ieq +
-+ Esea-+ ...+ &€, KOODAHHATBE KOTOPOTrO YIOBJETBOPSIOT CHCTEME JIHHEHHBIX OJHO-
POAHBIX ypaBHeHuﬁ

(a1n—Mp) EiFainda+ .o F2in8n =0,
a~1:1+(022—7vk) §2+ - Fa3,8r =0,

a;zl~1+an252+ "l—(ann"“}"k) gn“‘o

OTMeTHM CJelyIOUHe BaxKHBIE TEO P € MBl,

Xapakmepucmuueckul MHO204AEH AUHEUHO20 NpeobpaA306aHts He 3a8UCLUM OM 6bi-
6opa Oasuca.

Ecau mampuya A auneidrnozo npeobpasosanus A sgasemcs cummempuueckod, mo
60 KOPHIL Xapakmepucmuueckozo ypasuerun | A—AE | =0—OeicmsumeasHse 4ucaa.

551. Haiitn xapakTtepucTHuecKue YHCJa M COOGCTBEHHBIE BEKTOPHI
JIHeHHOro npeofpasoBaHusi A, ONpejiesisieMOro ypaBHEHUSMH X' = Dx-j-
’
+ 4y, y' =8x+9y.
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54

/\ Marpuua npeoSpasosanus sanumercs Tak: A = (8 9

) . XapaKTepHCTHUECKOE

YpaBHEEHE HMEeT BHI

5—A 4 |
8 9—A|l

XapakTepHCTHYeCKHe uneaa Ay =1, A, =13.

Hasi onpenenenus: KOOP/AHHAT COOCTBEHIBIX BEKTOPOB NOJIYYaeM ABE CHCTEMBI JH-
HeAHbIX YpaBHEHHH:

{(5—7»1) §i+48,=0, {(5—%2) §1-1-48:=0,
881+ (09—~ &2 =0; 8814 (9 —Ahy) E2=0.
Tak kak A;=1, T0 nepsyio CHCTEMY MOXHO 3alHCaTb CJEAYIOWUM oBGpasom:

{ 48,445, =0,

0, mmu A2—141-1-13=0;

881 +8E, =0.
Taxum ofpasom, sHaueHHst & M Eg IOJKHBI VOBICTBOPSATh VPaBHEHHIO Ei+E,=0,
umn &y =—&;. CileoBaTeabHO, pellleHne STOH CHCTeMbl MMeeT BHA Ey=cy, E£y= —cy,

The ¢;—TpOoH3BOJbHAA BeJHuHHA. 1103TOMY XapaKTepHCTHUECKOMY YHCAY A=1 coOT-
BEeTCTBYeT CeMEHCTBO COGCTBEHHBIX BEKTOPOB U= Ci€;—Ci€y, T. €. u=cy (ey—e,).
3nauenne Ay =13 IPUBOZHUT K CHCTEME YPaBHEHHI

~8E,}-4E, =0,

88— 4, =0,
T. €. Ea=28;. Tomaran &;=c,, momyuaem E,=2c,. CireqoBaTeqabHo, XapaKTePHUCTH-
YECKOMY YHCJy A = 13 COOTBETCTBYET CeMelicTBO COGCTBEHHBIX BEKTOPOB V=, (&1 -} 2e,).
Wrak, npuzasas B paBeHCTBAX U=y (e;—ey), V=C, (€1} 2€,) BeJHYHHAM c; H

C; BCEBO3MOXKHBIE YHCJIOBblE 3HAueHHMs, OyJAeM NOJYy4yaThb BCEBO3MOMKHBIE COGCTBEHHbIE
BEKTOPbI JIHHEHHOrO mpeoGpasoBanus A. A

. o a 0 .

552. [lano imHeiiHoe npeo6pas3oBanue ¢ MaTpuuei A4 = (0 ﬁ) . Hafitu
XapaKTepUCTHYECKHE YHC/IA M COOCTBEHHBIE BEKTOPbI 3TOro npeobpaso-
BaHUS.

553. HaiitTH xapakTepHCTHYECKHE uMcJa ¥ COOCTBEHHBIE BEKTOPEI

/6 —4

(15)-
554. Haifitn xapakTepucTHUecKHE uHCJAa H COGCTBEHHBIE BEKTOPbHI

JIUHEHHOTO npeo6Gpa3oBaHusi ¢ MaTpuued A —

. . a —b
JUHEAHOro IpeoOpas’oBaHusd ¢ MaTpuledl A = (b a) .

555. OnpenenuTb XapaKTepHUCTHYECKHE WYHCIAa H COGCTBEHHBIE BeK-

2 -1 1
TOPBI JIMHEHHOrO npeo6pasoBaHHs ¢ Martpuued A = <—l 2 —1>.
0 0 1
/\ CocraBuM XapaKTepHCTHYECKOE ypaBHEHME:
2—h —1 1
—1 2% —1|=0,
0 0 1—A

I—=2)[@—M2—1]1=0, (1--1)2B—2)=0, Aj s=1, Ag=3.

Ecan A=1, To ana onpefenenus KoopamHAT COGCTBEHHOrO BEKTOpa NOJYyuaeM
CHCTEeMY ypaBHEHHI

Ei—8&+8;=0,
—&1+8—E=0,
£s=0.
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Takum 06pa3oM, XapaKTePHCTHUECKOMY 4YHCAY A==1 COOTBETCTBYeT CeMeHCTBO
COGCTBEHHBIX BEKTOPOB U ==Cy (€1 - €g).

Ecan A=3, To aas olpeleleHnst KOODAHHAT COOCTBEHHOTO BEKTOpa MOJYyuaeM
CHCTeMY ypaBHeHHH

(—Ei—Ea+Ea=0,
— Bt B =0,
Eg—0.

CeMeHicTBO COBCTBEHHBIX BEKTOPOB, COOTBETCTBYIOMIMX 3TOMY XapaKTepHCTHIECKOMY
YHC/TY, ONpEJeJISIeTCs PABEHCTBOM V=C3 (€1 —€3). A

556. OnpelejnTb XapaKTepPHCTHYECKHE YHMCJIa M COOCTBEHHbIE BeK-

113
TOPbI JIHHEHHOTO NpeodpasoBaHuUs A ¢ matpuuei A=<1 5 1>_
311

a1 Q12 di3
557. JlokasaTb, 4TO €C/IH <az1 Q22 azs)—CHMMQTpH‘{eCKaH MaTpHIa,
Q31 032 Asg
a JeficTBUTeNbHbIE uucad @, [ K Y OTAHYHBI OT HYJs, TO BCE KOPHH
XapaKTepHCTHYECKOTO YPABHEHHST MaTpHIL

aig apo/B aysafy
A = aub/o as assf/y
asiv/a agey/b  ass
SAIBJAAIOTCA }IeﬁCTBHTeHbeIMH YHCJaMH.
A\ B 6Gasuce ey, e,, €3 paccMoTpHM JmHeiiHoe nmpeoGpasoBanue A ¢ maTpuuei A.
Toraa
Aey =apie; - (as1p/x) e+ (asi1v/2) es,
Aes = (a100/B) 1z (2327/B) €3,
Aeg = (a130./y) €1+ (a23B/y) €2 -1-asses
HIH
A (eq) =agsaeq 4 az1Pes asiyes,
A (Peg) =agoce; 4z es |- assyes,
A (yes) =aysoe; -+ azsfes 4 assyes.
[Monaras cej=e;, Pes=es, ye;=es, HMeeM

, , , »
Aey =ay1€1 -1 091821 A3183s
Aes =apse1 -4 asg€2--a32€3,
Ae; =ajze; + ap3€2 1 a3zes-

TakuM ofipasoM, maTpuneii THHefiHOro npeobpasosanus A B 6asuce el', ez, €3 CAYKHUT
CHMMeTpHuecKas MaTpHua
ay Qi Qi3
A’ =<azi Qag 023>-
asi aze Aaszs

CileloBaTeIbHO, XAPAKTEPUCTHUECKOE VpaBHeHHe JnHeliHOrO npeobpasoBanus A
B 6a3uce €1, €s, €3 UMEET TOJLKO JeCTBUTENIbHBE KOpPHH. Tak Xak IpH Nepexoie
K 683I/ICY €y, €y, €3 XapaKTepPUCTHUCCKHE YHUCJA HE MEHSAIOTCH, TO T€ 2K€ KOPDHH HMECT
H XapaKTeDHCTHUECKOe ypaBHeHue MaTpuubl A. A

558. JluneliHoe npeoGpasoBanHe A 3aK/049aeTca B NOBOPOTE IIPO-
cTpanctBa Ha yroa m/3 Bokpyr ocH Oz. Haiitm xapakrtepuctuueckue
yHcJaa H COOCTBEHHBIE BEKTOPBl 3TOrO Npeo6pasoBaHHUA.
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@ [loxkasars, u4To MaTpHUA 3TOTO JHHEHHOrO NPeo6PA3OBAHUA HMEET BHJ,

12 —y'3/2 0
A=V 32 1/2 0 )
0 0 1
559. 3Has xapaKTepHCTHUECKHE YHC/Ia JHHEHHOro npeobpa3oBanus A,

HaHTH XapaKTePHCTHYECKHE YHCJAa OOPAaTHOrO JHHEHHOro npeo6pasoBa-
Husg AL,

@ Illokasars, uto u3 ypasuenust | A~1—AE | =0 caeayer | A—(1/A) E |=0.

560. Haiitn xapaKTepucTHYeCKHE 4YHCAA M COGCTBEHHbIE BEKTODEHI
0100

0010

0001 J°

1000,

561. Hafitu xapakTepucTHuecKHe 4HC/Ia M COOCTBEHHbIE BEKTOPHI

JINHEHHOTO TmpeoGpasoBanust A ¢ matpuneii A =

afy
JIMHEHHOro npeo6pasoBaHus ¢ MaTpuuei A = <Y a ﬁ).
frya

§ 5. EBKJIMA0BO NPOCTPAHCTBO

Jlunefinoe mpocTpaHCTBO R HASBIBAETCS egK.2uA08bLM, ECTH HMEETCS npasusio, KOTo-
poe TO3BOMSAET Al Kam/IBIX ABYX BEKTOPOB X H Yy H3 R NOCTPOMThb AefiCTBHTeNbHOE
UHCJI0, HASLIBAEMOE CKAAAPHOIM NpouseeeHues BEKTOPOB X M y H 0Go3HayaeMoe (X, ),
NIpHYEM 3TO NPABHJIO YIOBJETBOPAET CJACAYIOWHM YCJAOBHSIM:

1° (x, y)=(y, x);

2°. (x, y+2)=(x, y)+(x, 2);

3% (Ax, y)=A(x, y) A1 mo60ro AefiCTBHTENBHOrO YHCAA A;

4° (x, x) > 0, ecaim x # 0.

U3 yenosuit 1°—4° cnenyer, urto:

a) (y-z, x):(Y» X)—I—(Z, X);

6) (x, Ay)=A(x, y);

B) (0, x) =0 aasa JoGoro BekTOpa X.

CkaasipHoe npoussesenne MoGOro BeKTOpa XER Ha cebs HA3LIBACTCA CKAAAPHBIM
K8adpamonm BEKTOpa X.

Hnnuelt BeKTOpa X B eBKJIMAOBOM NPOCTPAHCTBE HA3HLIBACTCH KBa,paTHbHIH KOpeHb
H3 CKaJdgpHOTO KBajiparta 3TOTO0 BeKTopa, T. €. [xl:]f(x, X)-

Ecnu A —umoboe felicTBHTesIbHOE UHCHO, a X — 0608 BEKTOP €BKJIHJOBa IIpo-
eTpaHcTBa, To [Ax|=|A]-|x|.

BexTop, AaMHA KOTOPOrO paBHa efHEMOE, HA3HBaeTCH Hopauposarnoim. Ecau

X € R—mnenyJseBofl BEKTOp, TO HETPYAHO BHAETb, 4TO

Ix] * X | MOXHO 0603HAauuTH

X
I——|—> AIBJSIETCS HOPMHPOBAHHBIM BEKTODOM.
X

Hast mobelx IBYX BEKTOPOB X M y B €BKJHIOBOM NMPOCTPAHCTBE BHITIOJHACTCS
HEPaBeHCTBO (X, y)? << (x, X) (Y, Y), HasuiBaeMoe HepaseHCmEOM Kowu— Bynaxosckozo,

PaBencteo (x, y)2=(X, x) (Y, y) HMeeT MeCTO TOrja H TOJBKO TOT/la, KOrja BeK-
TOPbl X H y JIHHEHHO 3aBHCHMHI.

Hs nepasencrsa Kown— Byusikosckoro caeayer, uto —I <~,—%< 1. Yroag,
Sy u npuHaexawmuii orpesky [0, n], na-
I x| I y l p pit L4 P y » ’

SHIBACTCA Y2a0M MexwOy eexmopamu X H y. Eciu x ny— HenyJensie BEKTODHI, @ Q=7/2,
T0 (X, y)=0. B 3TOM cJIyuae ropopsaT, uTo BEKTOPHl X H Y OPMI020HAA6Hb!, U THMIYT
x]y.
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JLis IPCI3BOMBHLIX BEKTOPOB X H Y eBKJHIOBA IPOCTPAHCTBA HMEIOT MeCTO Clle-
AyIOlU{Ke BAKHBIE COOTHOLIGHHSA:

1. |x+y|<<|x|+|y| (HepaBeHcTBO TpPeyronibHHKA).

2. MMycts @-—VYroa Mexly BEKTOpaMH X H_Y; Toria | x—y|2=|x{>+]y|®?—
—2|x|-[ylcos¢ (reopema xocunycos). Eciu x | y, 10 nonysaercs pasen-
cteo | x—y |?=]x|*<4-]y|®. 3amensas B nocjelHeM paBEeHCTBE Yy Ha — Y, MNOJyuaeM
[x+ylP=]x[*+[y[! (feopema [udaropa).

562. Jlano JiHefiHoe NpOCTPAHCTBO, pPaccMOTpeHHoe B 3ajaue 461.
Moxuo g CKalsipHCe TPOU3BEIAEHHE JABYX INPOHU3BOJIBHLIX BEKTODOB
x=(E; &; .. ;EQuy=(n; M, ...;m,) ONpeleJHTb PABEHCTBOM (X, y)=
=Em, +En,+ ... +Em, (@18 Toro urtoGbl 3TO MPOCTPAHCTBO CTANO
€BKJ/IHJOBbIM)?

/\ Tlposepum BbimOIHEHHe YCJaOBHit 1°—4°.
1°. Tax xax (v, 0 =N+ Ta€act - 1k 10 (6, Y =(y, ).
2°. Myets z=(21; &o; .5 L) Torma y-+z=01+48&; 48 o3 Mat-8p) u

® y 2y =Em+Emi+EaMe+Elot- .- - A+ Eniln=
=CEMi+ 2+ )+ (E1l1+Eolo+- .. +Enln) =, ¥+ (x, 2).
. (A, Y =25 A5+ A M =A EM - Eeme - - FEaM) =R (x, Y).

4°. (x, ) =5 L8, . & #£0, ectn xoTa Ol 01HO H3 unced &, & ..., &,
OTJHYHO OT HYJIs.

3HayuT, B 32JaHHOM NpPOCTPAHCTBE C IIOMOLIBI0 YKA3aHHOTO DaBEHCTBA MOMKHO
ONpefeNuTh CKaJIsiPHOE MPOH3BEICHHE. A

563. JlaHo eBK/IHIOBO NMPOCTPAHCTBO, paccMOTpeHHOe B 3ajaue 562.

Mycip &, &, ..., E,—KOJHUECTBO 7 BUJOB H3[eNHM, BHINYCKAaeMbIX
eXKeJHEeBHO 3aBOJIOM, @ My, My .., M,—COOTBETCTBEHHO LEHbl 3THX
nageanii. Kak MOMHO MCTOJIKOBATh CKaJdsAPHOE MPOM3BEJCHHE BEKTOPOB
x=(1 & . E) HyYy=05 Ny -3 M)?

564. [lano niHefiHOe MPOCTPAHCTBO, BEKTOPAMH KOTOPOTO SABAAIOTCH
BCEBO3MOMKHbBIE CHCTEMbI, COCTOSIME W3 7 MOJOXKHTENbHBIX YHCeT: X =
=E & . B y=mg M o m), 2= G o )y e
CJ103KeHHe BEKTOPOB H YMHOXEHHE BEKTOPA Ha YHMCJO Onpe/iesieHbl paBeH-

=(Em,. & g Ax = (&%, EX .M
crBaMi X4y = (5 M. Egs - ooy &My AX= (8T, &5, ..., ER). MoxHO M
¢jenaTh 3TO NPOCTPAHCTBO €BKJIMJIOBLIM, ONpeNeNHB CKaJsiPHOE MpPOU3-
pejenue pasencteom (x, y)=In§ Inn,+1Inglnn, 4 ... +1Ing, Inn,?

/\ Tposepun whimosxeHne ycaosuit 1°—4°.
. (x y) =& In-king Inmt ... +Ing,lan, ¢, ® =lanlng+
JInneinE+...+lnning,, 1. e (x, Y)=(y, X
2°, Tak xax y-+z=(mly mls -5 Maln), 10
(, y+o=In& Inml)+In&In ML)+ ... +In&y In (:8,) =
=g ngy+Inglagd+...+nE,Inn,+In§ In g4
TnE Gt g In L= Y+ & 2).

3° Tak kKak Ax= (“51) §2 ey g,%), TO
(x, y)y=In Ef“ Inn;+In gi‘ Inne+4...+1n EZ‘; Inm,=
=A(ng lny+lnglnne+...4-In, Inn,) =2 (x, y).
4o, (x, )=In2 & -In*EyF... +1n?§, =0.
CriefoBaTe bHO, PACCMATPHBAEMOE MPOCTPAHCTBO SIBJISETCH CBKIHMIOBRIM. g
565. PaccmaTpuBaetcst JHHEHHOe NPOCTPAHCTBO HEMPEPBLIBHLIX B MPO-
MexyTke [a, 0] dyukuui x=x(f), y=y({), z=z(l), .... Moxkuo Ju
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¢aeJaTh 3TO NPOCTPAHCTBO JINHEHHBIM, onpejeJiiB CKaJspHOe npou3Be-
b

JieHHe JIBYX JHOGBHIX BEKTOPOB X M y DABEHCTBOM (X, y)= Sx(t)y(t) de?
a

566. fIBjisieTcst M MHOXECTBO BCEX TIeOMETPHYECKHX BEKTODOB
€BKJIHJOBBIM TNIPOCTPAHCTBOM, €CJH CKaJsipHOE DPOW3BeJeHHE [BYX
BEKTOPOB ONpeAe/UTh KaK NpPOH3EEIeHHE HX JIJIHH?

567. O6pasyeT /i MHOKECTBO ECEX [€OMETPUYECKHX BEKTODPOB eBKJIH-
JI0BO IMPOCTPAHCTBO, €CJIM ONpEleJHTh CKaJlsipHOE MNPOU3BEJEHHE ABYX
NPOM3BOJIbHBIX BEKTOPOB a W b Kak mpousBejeHne JIMHBL BEKTOpA a H
YTPOEHHOU TNPOEKUHH BeKTopa b Ha HanpaBleHHe BEKTOpa a?

568. 3anano JuHeiiHOe MpPOCTPAHCTBO, paccMOTpeHHOE B 3ajaue 562,
npu n=4. Onperenntb yroa Mexay BekropamMH x=(4; 1; 2; 2) u
y=(1; 3; 3; —9).

AlX|=V & 0=V 614 +4=5 |y|=V, y)=V 1194981 =10;

x, y)=4-+3-4+6—18= —5; cos(p:ﬁﬂ—_—%m:—o,l; ¢ =arccos(—0,1) =
=174°15". A

569. 3a1aHO eBKJIMAOBO IPOCTPAHCTBO, paccMOTpeHHoe B 3aj1aue 562.
Onpesennts yron mexay Bextopamu x=(1; V'3, V'5; ...; Von—1)
ny=(l; 0; 0;...; 0).

570. PaccmaTpuBaeTcsl €BKIHIOBO POCTPAHCTBO HEMPePHIBHBIX (YHK-
it x (), y(f), z(¢), ... Ha orpeske [—1, 1]. Ckanspuoe npouspese-

I

HHE OMNpeAeseHO PaBeHCTBOM (X, y)= { X (1) y(#)dt. Haiitu yroa mexay

_JL
BeKkTOpaMu X = 3{2—1, y=3¢{—b5¢3,
1

/\ Hneem (x, y) = S (312—1) (3t —5¢%) df. Herpyano sujets, uto (x, y)=0, tak
-1
Kax NOJbIHTErpa/ibHas (yHKUHS ABJAeTc HeyeTHoll. Cie1oBaTesbHO, BEKTODH X M Y
OPTOrOHAJIBHEL.

571. 3anano eBKJHIOBO NPOCTPAHCTBO, PACCMOTPEHHOE B 3ajaue 562,
npu n==06. Ilposeputs cnpasexnnBoctb Teopems! [ludaropa ana opro-
rOHaJbHEIX BeKTOPOB x=(1; 0; 2; 0; 2; 0) u y=(0; 6; 0; 3; 0; 2).

/\ Hmeem
|%|=V 1--04+4F01-4+-0=3, |y|=V 0+36+01910L4=7:
x+y=(;6; 2, 3; 2, 2); |x+y|=V1+36-F49- 4 4=) 58.
Hrak, x|y P=|x+y[> A

572. B eBK/IH0BOM NIPOCTPAHCTBE HENPEPHIBHBIX DYHKIHIT, COOTBETCT-
BYIOLIUX YCJIOBHIO 3ajiaun 565, paccMaTpHBaloTCs Ba BeKTOpa: X= 1241,
y=~A*+1. Hailtu snauense A, mpum KOTOPOM BEKTOPBI X U y OpTOro-
HaubHbl Ha ortpeske [0, 1], W mnpoBepuTb CHpPABEAIHBOCTL TEOpPeMbI
Ilucaropa ans 3THX BEKTOPOB.
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/A CocTaBuM CKaJIsipHOE IpOU3BEeHHe
1
& = @+) 0L+ 1) dt=h54 0+ DB+
0
Us venosra (x, y)=0 onpejensiem A; nyeeM /54 (A41)/3+1=0, otkyna
A= —5/2, )
Hafitem Temeps AamHsl BextopoB x=1>+41, y=—(5/2) 41 v x+y=
= —(3/2) 1>+2:

=Y/ Twsapvany Te3 1=/ E.
0
0
Ix+yl=]/§(%t4—6t2+4> dt:l/%z;:l/é__g.
0

Takum obpasom, | x |2=28/15, |y *=7/12, | x-}-y [2=49/20, 1. e. |x12-1y 2=
=[x+yl* A

573. PaccmaTpuBaeTcsl MHOXKECTBO BCEBO3MOXKHBIX YNOPALOYEHHBIX
CHCTEM TeOMeTPHYECKHX BEKTOPOB a* = (a;; @y .. .5 a,), b*=(by; by;. ..

.3 b,), .... SIBasieTca U 3TO MHOMKECTBO €BKJIHJOBbIM NpPOCTPAHCT-
BOM, €CJH CJOXKEHHE 3/EMEHTOB, YMHOXKEHHE 3/IeMEHTa Ha YHCJIO H
cKajisipHOe TPOU3BeJieHHe ONpeJeNiTh PaBEHCTBAMH a*+b*=(a,-+by;
a,+ b, ...;a,+b,), Aa*=(Aa,; hay; ...; Aa,), (a* b*) =a;b,f-a,b,+-...
...-—La,b, (npaBas 4acTh IOCMEZHErO DABEHCTBA MPEACTABIAET COGOH
CYMMY CKAaJIsIpHBIX TPOH3BEJIeHHI IeOMETPHYECKUX BEKTOPOB)?

574. JloxasaTb chnpaBejHBOCTb HEPABEHCTB:

V(El + 7]1)2 + (22 + 1]2)2 + A '!+ (gn _’_ nn)2 <
<VELE+ .. +a+Vn+mi+... -+
E+BF. B Mgt ) <EmtEmeb - FEM)Y

rie &, & ooy & Mus Moy - - -y M, — AEHCTBHTEJbHBIE YHC/IA.

@ Bocnonsaosathea HepaBeHCTBaMH TpeyrosibHuKa B Kown — ByHAKOBCKOTO A4
eBKJIIOBA [POCTPAHCTBA, PACCMOTPEHHOrO B 3ajaue 562.

575. PaccmarpiiBaioTcsl BCGBO3MOXKHBIE HENpPEPBIBHBIE Ha OTpe3Ke
[0, 1] ¢ynkuun x (), y (¢), 2(/), ... Jlokasare CnpapeilHBOCTb He-
PaBeHCTB:

/

]/S(x+y)2dt<]/ { xeat +]/Sy2dt,

0 0 0
1 1
)
0

x%it} , ecan x (0) %0,

/

. /I 2
S )dt>\Sydt> I

0
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§ 6. OPTOFOHAJIbHbIA BA3HC W OPTOTOHAJIbHBIE NPEOBPA3OBAHH A1

1. Optoronansmmii 6asuc. Basuc €, €3, ..., €, €BKJHI0Ba NPOCTPAHCTBA Ha3Hl-
BaeTCsl 0pmo20HarbHbIM, eCatd (e;, er) =0 npu i # k.

CripaBequiuBa ClIELYIOWAn T O P € M a: 60 60IKOM e6K.11D080M 1 PCCMPaHcmee usmeencs
opmozonasbneti 6asuc. Ecnu oproronassHeil 6a3uc COCTOHT K3 HOPMHPOBaHHBIX BEK-
TOPOB, TO 3TOT Ga3HC HA3BIBAETCH OPMOHOPMUPOEAHHbIM. JLas OpTCroHaJabHOrO Gasuca
€1, €3, <.+, €, BLINOJHSKTCA PABEHCTBA

__J O npu i #k&,
(er ek)_{l npu i =k.

Ecan B n-mepnom eBkanziosom NPOCTPAHCTBE H3BECTEH KaKoli-unbyan 6asuc fy;
f2, ..., I, TO B 3TOM MPOCTPAHCTBE BCEr/la MOKIO HAHTH H OPTOHOPMHpORAHHBIH Gasne
€3, €, ..., €.

Jlio6oit BeKTOp X €BKJM/I0BA MPOCTPAaHCTBA, 3ajaHHLI B OPTOHOPMHPOBaHHOM 0a-
3Hce, ONpeeNseTcss PaBEHCTBOM

X= §1e1+§232+ e 8.

Jauna BeKTOpa X HaxoiuTes Mo dopmyJle

Ix|=VE+ETf.. . +E.

Hsa pektopa x==tie;+Erest-...+Epe, B y=1se;--Msest... L 1ne, mmmedio
HE3aBHCHMBI (KOJJIMHEAPHE!, NPONOPLUHOHAIbHB) TOTAA M TOJLKO TOrja, Korja

EMi=E/Me=... =L/,
YCJIOBHe OpPTOTI'OHAJBHOCTH BEKTOPOB X H Y HMEET BHJ
Emit-Eamet-- .. +-Ema=0.
Yroa Mexjuy ABYMS BEKTOPAaMH X H Y HaxoJuTca no Gopmy.ae
cos p= Emi+Eoma+ ...+ Enna .
VEtg+.. 48 Viint... tn

B crenyiomux 3azavax OpTOHOPMHPOBAHHBIE GA3HC M-MEPHOrO eBKJNIOBA npeeT-
paHcTBa 0603HaUaeTCS Yepe3 e, €g, ..., €.

576. Haiitu pnuny Bexktopa x =4e,—2e,+ 2¢e,—e,. _
577. Hopmuposats Bektop x =¢, -2}/ 2e,4+ 3}/ 3 e, -+ 8e, +- 5)/ Be,.

a-( 2 4
578. [la = 17T =2/7  3/7 b -
Hauna marpuua \ 37 e _2/7> nepexosa OT OpTOHOP

MHUpOBaHHOro Ga3uca e,, e,, e, K Gasucy e, e;, €. HoxasaTs, uto 6a-
BHC €y, €;, €;— OpPTOHOPMHPOBAHHBIH.

579. HopmupoBaTs BeKTOp x=¢, 8in? a--€,sin’ a cos e.---e, sin o cosa -~
- e,cosa.

580. Onpenenurs yroa MEXLY BEKTOpaMH X=¢, l/7+ e}V 5
+ e V3+e4 HYy=¢ V7+e2V5

581. Halitn HOpMMpOBaHHEI BeKTOD, OPTOrOHaJbHLIH BEKTOpAM X==
= 3e,—e€,—e,—e,, y=¢,—3¢e,+e,-}e, z =e;+e,—3e,-}e,.

582. Ilpn KaKoM 3HAUeHHH A BEKTOPbHl X — he,+le,—e;—he, u
y=¢;—e,-|-1e;—e, HMEIOT OXHHAKOBHE JJIHHbLI?
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583. B wuerwnipexmepHoM mnpocrpaHctBe jaaH Oasuc fy, f,. f,, f,.
C noMombi0 BEKTOPOB 3TOrO 0$as3uca IOCTPOHTb OpPTOHOPMUPOBAHHLILN
Ga3nc TOro e NpOCTpaHCTBa.

A Crauana nocTpouM B 3aJaHHOM TIPOCTPAHCTBE KakoOii-HHOGYJb OPTOrCHAILHLI
Gasuc 81, g2, €3, £1-

[onoxum gy =1y, g ="F,-}-ag;. ITogbepem neflcTBHTEIbHOE YHCIO O Tak, yTOOHI
BHIMIOJIHAIOCH YCIOBHE g2 | 8y, YMHOXKHB CKAMADHO Ha gi 00€ uacTd MOCJ]EHero pa-
BEHCTBA, NOJYYHM

(81, 82) =(g1, fo) - (g1, &1).

Tak xax (g7, g2)=0, 10 a= —(gy, f2)/(g1, &1).
anee, B papeHCTBE g3=Tf3--- 18,1+ Pags moabepem Pj u f, Tax, uTOGHI BEIIO.I-
HAJMMCh YCJIOBHA €3 | €1, €3 _| g.. K3 pamencts
(€1, €3) = (€1, T3)+ B (g1, g1) P2 (€1, ),
(€2, €3) = (&2, f3)+P1 (€1, 82)+P2 (&) 82)

nonyumm Py=— (g1, 13)/(€1, €1), Bo=— (&, T5)/(g2, £a)-

Haxonen, 13 paBeHcTBa gy = 4181 - V282 - V€3 Haxo WM y1 = — (81, 1,)/ (€1 €1);
Vo= —(g2, 12)/(€2, €2), Vo= —(gs, 12)/(€5, €3).

Hrak, npu cuenantom Beibope @, By, Bz, Vi, Ve, Vs BEKTOpPH gf, g2, €3, €y TTO-
IdPHO OPTOrOHAJBHBL. 3HAUHT, BeKTOPH! €;=g1/| 81 |, €2=€>/| 82 |, €3=g3/| €3 |, e,=g4/1g4
06pa3yloT OpTOHOpMUpPOBaHHDLIL Gasnc. A

584. PaccmarpuBaercs €BKJHIOBO NPOCTPAHCTBO MHOrOYIEHOB He
Boiine Bropoil crenenn. CkanspHoe NMpousBeieHHe ABYX MPOI3BOJbHBIX
MHOTOUJIEHOB X=X (/) M y=y({) onpejesieHo paBeHCTBOM (X, y)=

1
= Sx(t)y(t) dt. Vcnonbsosas Gasuc i, =12, f,=1{, f;=1 u npuvenus

[{]

METOJl pelleHusi, pacCMOTpeHHBbIl B 3ajade 583, NOCTPOMTL A 3TOroO
IPOCTPAHCTBA OPTOHOPMHPOBAHHBIN 6asuc.

A\ Crauaja NOCTPOHM OPTOrOHAJBHHIA Gas3uc gy, g, g3. [looxum gy =fy, T. e.
gi=12, gy="H-Lag;={-+oat? Torna
1 1 1
S g2 dt = S £ dt o\ £ dt.
o
0 0 0
B CHAY OPTOrOHAJLHOCTH BEKTOPOB gi H g, JieBasi 4acTb IOC/EIHero paBeHcTBa ofpa-
waerca B HyJAb. Takum ofpasom, &= —>5/4 u g, =1—5(%/4.
Haiiem Temeps gs. B pasencrse gg=—=1-}-P1¢2--Pg (f—5¢%/4) snauenus Py u Pp
onpeie/sieM M3 YCJIOBHI OPTOrOHAJIBHOCTH

1

1
g.gatz dt=0u g g3 (t—% tz) dt =0,
0 0

Taknm o6pa3om,
1 T b
5 5 ,
o:(tzdt+5igt4dt - (t—ztz dt+|32§ (t—T 2 dt.
) 0 ‘ 0
Otciona Py=—5/3, Po= —4, g3=1—5¢%/3—4 (t—5t%/4), 1. e. gg=1—4£ 10623,

A T
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Haxoanm pauenl Bektopos gy =12, g,=1—5{2/4 n gs=1—4¢--1072/3:
1 1
lgi1l= St‘ldt:Lr ]gZI:l/S(t_iﬁ)gdt:rl‘}—?a
— 7}
0 Vs 0
]/ : 0,.\2 ]/1 68 ,, 80 100 ,\ 1
= J— L 2 j— — —f2__ 743 — {4 p—
=) § (i s ) = ((1—as 5 G i) dt =7
0 : 0

Takum o6pasom, BextOpL e =gy/lg =V 512 =g/ g|=V 3 (4—5¢7),
€3=gs/| 83 |=3—12¢-1-10¢2, obpasyior OPTOHODMHPOBAaHHBIA Gasnc. g\

585. Ilpn kakoM sHauenHu A Gasuc, oGpasOBaHHBL BEKTOPaMH
gi=nre,+e,+e;+e, g,=e;+ }*ez +e;4-€,, 8 =e; e, ;e €y 8y ==
=€, 4 €, €; + ey, ABJSETCS] OPTOrOHaMLHLIM? Hopmuposars stor 6asuc.

A\ M3 yenosust (e, eg) =0(npu i # k) noayuaem ypaBuenne A--A--1--1=0.
Cheroparensno, A=—1 u gy =—e; J-ex-f-e3--e4, gy=e;—e,tez--e,; g;=
=e e —e3-ey, gy=e-ef-ey—ey, |g;|= V141 +14-1=2.

Taxum o6pasom, BeKTOpb e;==0,5(—e;+e;te3-4-¢), e, =0,5 (e —ey -ezte,),
e;=0,5 (e;-} e;—ez-1-ey), e;=0,5(e;4-e;-}-e3—e,) obpasyior OPTOHOPMHPOBAHHDI
Gasuc. A

586. Ilpu Kakux sHauenusx o u [ 6asuc, oGpasoBanHbIl BeKTOpaMH
, o l—o . l—a a . a
e1=§ei+ 3 e, + fe,, e; = 3 ei+Be2+”§e3s es=f’el+§e2+

l—a
-+ —5— €3, sBJSETCA OPTOHOPMUPOBAHHBIM?

A\ M3z ycaosuii le’i l:l’ (¢}, e,) =0 (zpu i # k) moayunm cucremy ypabheHuit

{ o - (1 —a)2 - 9p2 =9,
a(l—a)y+3 (1 —a) 4+ 3af=0.
M3 mocnennero yparseHHst HAXONM f=—o (¢—1)/3. TloacTaBus 310 3HaYenHE

B B mepsoe ypaemenme, mveem
e (l—a)p4-a? (1—a?)?=9; 1 —2 (1—a) a2 (| —a)2=9; (l—a+a?)?=9,
Tax kax 1—a-+oa? > 0 npu JefiCTBHTENBHBIX 3HAYELUAX O, TO l—afa?2=3,r. e.

a?—a—2=0. CaeioBareanlo, o= —1, a,=2, Bi=—2/3, B=2/3.
Hrak, nosyuaem zsa opToHOpMHpPOBAHHLIX 6a3Hca:

1 2 2 2 2 1
WE—gatze—gel=gea—gea—ge,
2 1 2
G=—gaTgedtge
2 1 2 . 1 2 2 L2 2 1
WEgaTgatye d=—gatgatge Pegeatra—ge A

2. OproroHanbHIe npeoGpasoannus. Jlunciinoe npeoGpasopanie A eBKJIHIOBA npo-
CTPaHCTBA HASLIBACTCH ODINOCOHAAbHbIM, €CJM OHO COXPAHSET CKaJ#pHOE NpOH3Bee-
HHE JTIOBbIX JIBYX BEKTOPOB X M Yy 3TOIO NPOCTPAHCTBA, T. e. (AX, Ay)=(x, y). Jdauna
BCKTOpA X NIDH 3TOM HE u3MeHsercs, T. e. | Ax|=|x|. Taxum oGpaso,

x,y) _ _(Ax, Ay)

Ixl- [yl TAx[-[Ay]
W3 nocreiero pasencrsa creayer, uTo OPTOrOHAdLHOE npeo6pasopaHue A HE H3Me-
HACT yTV1a MKy J0CBIMI ABYMS E€KTOPAMH X H Y.
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OpToroxagbHOe npeoGpa3oBanue TNepeBoAHT JI0G0H OPTOHOPMHPOBAHHEL 6a3uc
B oproHopmupoBauHbii. HaoGopor, ecau AnHeHHOE npeobpa3opaHue MNEpPEeBOAHT KaKoii-
HHOYAb OPTOHOPMHPOBaHHLIH 6asuc B OpTOHOPMHPOBANIbIH, TO OHO fABJAETCS OPTO-
TOHAJIbHBIM.

587. SIBasiercs M OPTOroHaNbHBIM TNpeoGpasoBaHHe, IepeBOAslIEe
KaXK[Ablil TeOMETPHUECKUH BEKTODP B BEKTOD, CHMMETPUUHbII OTHOCHTENBHO
HEKOTOPO# (DHKCHPOBAHHOH IJIOCKOCTH?

588. Spaserca Ju OPTOrOHATBHBEIM MpeoOpa3oBanue, 3akJ/ouaromeecs
B TOBOpPOTE JIIOGOrO BEKTOpa, Jexallero B miockoctd xOy, Ha (HKCH-
pOBAHHLIA yroa o?

589. [Tpn xakux sHadeHusix A npeoGpasoBanmue A, omnpefensevoe
paBeHCTBOM AX =AX, ABJAETCS OPTOrOHAJIbHBIM?

590. SIBasiercsi MM OpTOrOHa/NbHBIM mpeoOpasoBanue A, onpejese-
MOE B KaKOM-HHOYIb OPTOHODMHPOBAHHOM (asuce €;, €, €; Marpuueil

art Qre Qi3

A=| o a2 @3 ), €CTU Q05+ Aplys+ 51033 =0, Q1055+ 25105 T
a3f A3z A3s . .

+ agﬂss = 0,2 amazm + azzzazs b Qgelys =0, ah+ad+ah=1, al,+ad +

+a5h=1, al;+aj-ta=1?

591. $IBJasieTcsi JM OPTOrOHaJABHBIM npeofpasoBanne Ax=—§&.e,
+ Ee,--Eqe, - Eiey, TAE X =Ee -+ §.e, 4 E€; - § €, — IPOHBBOMbHDIH
BEKTOp, a €,, €,, €,, €,—OPTOHOPMHPOBAHHBIl Gasuc?

592. [1ycTb €, €, €, €,, €5, € —OpTOHOpMHpoBaHHbIi Gasuc. loxa-
3aTh, uTO A—OpTOHOPMHUDOBaHHOE Ipeo0pasoBaHue, ecan Ae, =e,
Ae,= —e,, Ae,—e cosa+e,sino, Ae = —e;sina+e,cosa, Ae, =
= e, cosf e sinf, Ae,= —e;sinP-i-e;cosp.

§ 7. KBAZPATUYHBIE @®OPMbI -

Ksadpamuuroil popmoil AeHCTBUTENbHBIX TEPEeMEHHLIX Xi, Xp, .., X, HasblBaeTcd
MHOTOUJIEH BTOPOIl CTENeHH OTHOCHTEJLHO 3THX IEPEMCHHLIX, He COAePIKalllili CBO-
6OJIHOTO UYJeHAa M UJEeHOB NepBOH CTCNCHH.

Ecan f(xy, X2, ..., X,)—KBajpaTuunas "thopyMa NMEPCMEHHBIX Xy, Xa, ««+y Xy, @
A —KaKkoe-nuoy, (b JCHCTBHTCABHOE YHCI0, TO [ (Axy, 71Xz, - v\, W) = A2 (X1, X2y oo vy Xp)-

Ecau n=2, 10

2 2
F (X1, ¥2) = aq1x1 -+ 2012201 X5 | A20X5-
Ecau n=3, 10
2 2 2
f (X1, Xa, Xg) = Qq1X1 - QaoXatAaaxs -1 2a10X1%s - 2a13%1X3 -+ 293X 2 X3

B naavueiimem Bce neobxopumble (OPMYJHPOBKM M ONpeAeNCHHs NPHBEIEM 111
KBajpaTHUHOIl (OpMBl TPEX NMepeMeHHbIX.

Marpuua
ai Aie a13\
A=| asi as2 Q3

IR
asy Qsz (133/
y KoTOpolt @Q;p=@g{, Ha3LIBAETCH smampuiged xeadpamudnoll gopmst fxi, X2, X3), @
COOTBETCTBYIOLINIT OTpejienTenb — onpedeaumenest 3TOMH KkeadpamudHold opuoL.
Tax Kak A —CHMMETpHUECKAsi MaTPHIA, TO KODHH Ay, Ae H A3 XapaxTepuCTHYe-
CKOTO ypaBHEHMs

aii—MA aiz ais
a1 Qs —A Qo3 =0
ast Qza ass—A

SBJAAIOTCH AeHCTBUTEJbHBIMA UHCJAAMH.
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ITyctb

e, =byies|-by1e5 4 byrey,
e, =byye; -|-bages |- byses,
€, =byse i bages |- bsges

— HOPMHDOBaNHLIe COCCTBEHHbIE BEKTOPbI, COOTBETCTBYIOLLHE XapaKTePHCTHYECK HM
uHC/IaM Aj, Ag, Ag B OpToHOpMHpOBaHHOM Gasuce ier, &, es. B cBolo ouepenn, Bek-
TOpul €, e, e, 00pPasyiT OPTOHOPMUPOBAHHKI Ga3HucC. Marpuna

bii bia bla\
B=<b21‘ 273 523)

bsi b3a b33

-

S N

fABIACTCA MaTpuueH mepexosa or Gasuca ey, €y, €3 K Gasucy e, e, e,
Popmyssl npeolpa3opaHus KOOPAUHAT NPH IEPEXOAE K HOBOMY OPTOHOPMHPOBAH-«
Homy 0asucy HUMEKT BHJ
Xy =bjisx] +bigx; -bisxy;
x2=b21xi—{—b22x2'—{—b23x;,
¥3=bg1 X+ baox] |- bysx;.
[IpeoGpasosas ¢ momompbio sTHX QopMys KBajgpaTHunyo dopmy f(¥1, X,, x3), noay-
yaeM KBaJPAaTHIYHYIO OpMY
’ ’ ’ 2 2 2
f(xlv xzv x3)=7"1x£ +7\.2X2 +)\,3X:; ’
He COJepIKAIYI0 UJEHOB C NPOM3BEACHHAMH X; X5y Xy X5, X5 X1,

Ilpunsato rosoputs, uTo KBagpathunas dopma [ (xy, X, X3) TIDHBENEHA K KAHO-
Hu4eckomy 640y C NOMOWBIO OPTOTOHAJNLHOTO NpeoGpasopanusi B. Paccyxenus npo-
DOAWIHCE B INPEINOJOXKEHNH, YTO XAPaKTEPHCTHUECKHE YHCAA Af, Ag, A PASIHUHBL.
Hpu pemenun sagau Gyuer mokasano, Kaxk cJefyer MOCTYNAaTh, €CAH CPEIH XapaKTe-
PUCTHYECKHX YHCET HMEIOTCH OJMHAKOBHIE.

593. IlpuBecT K KaHOHHYECKOMY BHALY KBaJpaTHYHYIO (opMy
[=27x}—10x,x, + 3x2.

A\ 33ech 33 =27, a;,=—25, sy =3. CocraBmu XapaKTePHCTHYCCKOE YpaBHEHHE
27—k =5 9 N
5 3__%[__0, nan A2—30A--56 =0,

T. €. XapaKTePUCTHYECKHE UMCja Ay =2, A, =28.
Onpereasem cobersennsie BexTopsl. Ecan A=2, To MOJIyYaeM CHCTEMY YpaBHEHHit

{ 258, — 58, =0,
—58; -+ §=0.

Taxum oGpasom, E, =5E;. Tonaras & =c, nmeem E2="5¢c, T. e. coGcTBeHHuLIt BeKTOP
u=c (e; + 5e,).

Ecau A=28, 10 npuxoanm K cucreme

'_gl— 5&2:01
——5§1—25§2:O.
B sTom cayuae mosmyuyaen cofcTBeHHBIf BekTOp v=c(—>5e;-}-e,).

Has toro utobbl NPOHOPMHPOBATL BEKTOPH u H V, cl1eiyeT NpPHHATE €=
=1/V 12+52=1/)V 26. WUrak, mp Hauum HODMHPOBAHHBIE COGCTBEHHLIC BEKTODbI
e1=(e;-5e5)/} 26, ez =(—5e;+e,)/V %6.

aTPHIA Nepexoia OT OPTOHOPMHPOBAHHOTO Gasuca ej, €; K OPTOHOPMHPOBAH-
HoMy 6asucy e, e, HMEET BUI

g [ 1V _yV%>
\svs uvs/)
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Orciona noayuaem hopay Bl Ipeo6pa3oBanis KOOPIHHAT: 1=(1/V26) x1—(5/V 25) +1,
x5 =(5/ ¥ 26) x1--(1/V 26) x5- Taxnu oGpa3sox,

1 5 2 1 5 5 1
[=27 <——:x’——_x;> ——IO( — X ——— X} ( — x’ — x/
VBl Y% R AN T T +
5 1 2 2 2
+3 <——_x’+—_x’ —2x/* 1 98y
V%t Yyt ! :

N " . 2 2
DTOT pesyapTaT MOKHO 6LLIO MONYYHTH CPasy, TaK Kak [=hx +hex). A

594, TlpuBecTH K KAHOHHYECKOMY BHAY KBajpaTHUHYIO bopmy
f=2x3+48x,x, - 8x3.
A\ 3nech aji=2, a;p=4, ay; =8. Pemaem xapaKTepuCTHUECKOE ypaBHEHIe:
2—A 4
4 8—A

=0, 2=0, Ay=—10.

Oﬂpe,fleﬂﬂeM cOOCTBEHHBIE BeKTOpH. Ilpn A=0 Io.ayuaeM CHCTeMY
2&1 + 432 == 0’
48, 488, =0,

KOTOpasl MMeeT pewenue §1=2¢, §y=—c, T. . n=c (2e;—e,).
Ipu A=10 umeenm
{ —8514-45,=0,
48, —28, =0,

otkyaa Ei=c, §=2c, 1. e. v=c(ei-}-2e,).
Mpunsis ¢c=1/) 22-F12=1/) 5, HAX0AUM HOPMHPOBAHHLE COGCTBECHHBIE BeK-

Topul e1 = (2e;—e3)/V 5, es=(e;-+2e5)/V 5.
Marpuiia mepexojia K HOBOMY 6asucy (MaTpHI@ OPTOrOHAMLHOTO NpeoGpascBaHiif)

HMeEeT BHJ
B 2Vs5 1V 5\
— Vs 2vE)

@opuyas  npeolpasoBalus  KOOPMHAT — 3AMMUIYTCH  Tak: xi=(2/V'5) %1+
-+ (1/V5)xé, Xo = -——(1/V5)x£—{—(2/]/5) x3. Cile10BaTeaBbHO,

1 1 2 2 1 1, 2 )
=2 —=x }—=x, 8 —=x +—=x, —_—x x|+

I=2(yityss) () (S ity

1 .2 2 2
8{ ———=x, F——=x, =10x'.
i < RN > ?

D1y 3ajauy MOXKHO pElWINTH ITpoule. 3amMerna, 4To f=2 (x1-}+2x,)*; nostomy
MOXHO IIPHHSTH xé:(xl—}—QxQ)/]/l—[—4:()61—{—2)52)/1/5, x1:(2x1~x2)/}/5 (BTO-
poe paBeHCTBO HaNHCAHO C ,Y4eTOM OPTOTOHAJBHOCTH mpeoGpasoanns). Tak Kax
X1+ 2%,=V'5 x2, 10 f=10xs . A

595. IlpuBecTH K KAaHOHHYECKOMY BHAY KBaipaTHUHYO (opmy
[=3x3 -+ 2x3 4 X3 4y x5+ 4x,%.
A 3aech aji =3, G=2, az3=1, a=2, aj3=0, as3=2. CocTaBiseMm xapak-
TepHCTHUECKOE YypaBHeHHE
3—% 2 0
22— 2x =0; B—A) C—2) (1—K)—4 (1 —21)}4(B3—1=0;
0 2 1—
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B—N =M (1—M—8(@2—2)=0; 2—1)(A\2—4%+3—8)=0),
@—3) (M2 —4A—5)==0; Ay=2, Ay=—1, Ag=5.
Onpege.’meM COﬁCTBCHHbIe BEKTOPLI, COOTBETCTBYIOILIHE Hal‘r’{ﬂeHHbIM xapaKTepﬂcmqe-

cKuM upcaaM. [as onpejeseHust KOODAHHAT COOCTBEHHBIX BEKTOPOB IOJydaeM TPH
CHCTeMB! JTHHEHHBIX YpaBHEHHH:

1) A=2, 2) A= —1, 3) A=5,

( E1-+25=0, 45 28 =0, (  —2&+25=0,
1 28+28=0, | 28438 +28=0, { 28—38428=0,
U 25 —&3=0 L 28, +28;=0, \ 28, —4E3=0;

Ei=2, &= —¢, Gg=—2, §i=c, Ea=—2c, =2, §=2, E=2c, &=c,
u=c(2ej—ey—2e3), v=c(e;—2ey--2e3), w=c (2e;-}-2e,}-¢3),

, 1 , 1 , 1
o} =7 (Zer—ey—2¢s); €] = (es—2es +2e3); € == (2e1|-2e,1-ey).

[

Martpiita opToroHaqbHOro mpeoGpasoBaliist HMECT BHA
2/3  1/3 2/3
B= —1/3 —2/3 2/3>.
\—2/3 2/3 1/3
Dopmysl  npeolpasoBallnsd  KOOPAMHAT  TakoBel:  xp==(2/3) x;4-(1/3) x; - (2/3) x3,
xp = —(1/8) x]—(2/3) x; 4 (2/3) x5, x5 = —(2/3) x; -} (2/3) x; 4~ (1/3) x3. CrejroBarensro,
f=2x"—x" 155" A ]

596. IlpuBecTH X KaHOHMYECKOMY BHAY KBaJApaTHYHYIO (opmy
[ =6x7 -+ 3x3 - 3x3 + 4wy x, + x5, — 8x,x;5.

A\ 3aech aji=6, ayp=3, a;=3, aiz=2, a;3=2, a;3=-—4. Pewns xapakre-
PHCTHYECKOE YPABHEHHE

6—M\ 2 2
2 3—A —4 [=0,
2 —4 3—A
HAXOIUM XapaKTePUCTHUECKHE YHCaa Aj=Rhy =7, Ag=—2.

[pu A=7 NpUXOAMM K CHCTeME

( —Ei+28+28=0,
28] —48;—48;,=0,
28;—4E; —48;=0,

KOTOpast CBOIMTCA K OJHOMY ypaBHeHuIO §y=2&,-1-2E3. Peienue 3To#l cHCTEMbI MOXKHO

sanucaTb B BHIE & =2a-}2b, &y =a, E3==b. B peayanTaTe nosiyuaeMm cemeficTBO CoB-

CTBEHHBIX BEKTOPOB u=2 (a-b) e; -+ ae,-{- bes, 3aBHCALIeE OT ABYX NapamMeTpos a u b.
Ipu A==—2 noayuaeMm cucTeMy

( 88;+28;4283=0,
{ 28,458 —48=0,
\ 28, —485, 1 583=0.

Pemwus, nanpusep, ABa nocaeauux ypasHenud, nmeeM &;/9=E,/(—18) =E3/(—18),
unn &y = —&/2=—E83/2; &1=c, E2=—2c, E3=—2. Takum o6pasom, TOJIYYHM
OAHOTAPAMETPHYECKOE CEMEACTBO COBCTBEHHEIX BEKTOPOB V= (e —2e;—2e3).

W3 cemelictea coOcTBeHHBIX BeKTOPOB u=2 (a-} b)e;---ae, | be; Boizenum jpa
KaKHX-HHOYIb OPTOroHa/ibHuIX BekTopa. Ilomaras, Hanpumep, a=0, b=1, noxyunm
COGCTBEHHRIH BEKTOP Uy==2€;-}e;. [TosGepem napamerpnl @ H b Tak, 4TOGH BHITOJIHS-
Joch pasencto (u, uy)=0. Torma mnoayuum ypasmenme 2.2(a--b)4-b=0, r. e.
4a-+56=0. Teneps MOKHO MpUHATE =15, b= —4; oTclona HAXOZMM APYyrof cober-
BeHHDLIl REeKTOp PACCMOTPEHHOTO CeMeHCTBAa: Uy = 2e;-}- be, —4des.

Wrax, wmBl MONYYHIH TPH INONMAPHO  OPTOTOHAJBHLIX BEKTOPa: u;=2e;-l-e;,
u, = 2¢; - 5, —4e, v=-e;—2e, —2e3. CoOCTBEHHbIC DBEKTOPLI Wy I U, COOTBETCTBYIOT
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XapAKTEPHCTHUCCKOMY UHCAY A=7, @ COGCTBCHHLI BEKTOD V-— XapaKTePHCTHUECKOMY
YHCAY A=—2 npu c=1.

[TpoHOpMHPOBAB 3TH BEKTOPLI, TOIYYHM HOBEU OpPTOHOPMHDOBAHHBIE Gasiic, npH-
9eM MaTpuld Mepexojia K HOBOMY 0asHCy HMeeT BHT

2/Vs  2/BV5E) 173
B= 0 V'5/3 —2/3
1/V5 —4/3V5) —2/3
Tpumenns bopmy s npeoSpasosanus koopaunat ¥ = (2/V°5) x1--(2/(3V'5)) xo-1-
+(1/8) x5, x=(V5/3)%—(2/3) x5, x=(1/V,5) 51~ (4/(3V5)) xs—(2,3) x5
K 32J]aHHOH KBaJpaTHYHOH (opMe, MOJTyyaem f=7x£ RTxT—2x7. A
597. IlpuBecTn K KaHOHHYECKOMY BHJIY YypaBHEHHe JHHHH 17x° -
+ 12xy - 82 —80 =0.
/\ Tpynna  crapmmux  uienon ypasmenns o6pa3yeT KBaipaTHUHYI (OpPMY
17x%*+12xy-+8y? ¢ marpuneit A = ( Ig g) . CocTaBuM XapaKkTepHCTHYECKOE ypaBHeHIie

17—% 6 |
6 8—A|

T. €. XapaxTepHCTHUeCKHE WHCaa Ay =5, hy=20. Cne:[onaremz,no, KBajpaTiunas gopva
17x% - 12xy-}- 84> mpeobpasyercs x Kanomiteckomy euty 5x'°--20y"%, a zanxoe ypas-
HEHHEe —K BHIY

0, mm A%—25%-1-100=0,

5x'%1-20y"* —80=0, mn x'*/16Fy'%4=1,

T. €. 3aJJaHHAs JIHHHS SIBJASIETCS JJIHIICOM.
Hafizem Gasuc, B KOTOpOM ypaBHEHHE SJJIMICAa NPHHUMAeT KaHOHHUeCKHi BHT,
AJIS 4ero onpefesluM COCCTBEHHBIE ECKTOPHI.
128;+68, =0,

=5 i OTKY. =—2¢;. Io-
ITpu A HMeeM CHCTeMY YpaBHCHHII { 65,138, 0. TRYAa & g1
naras &y =c¢, noayunm §=—2c, T. e. co6cmemu;(1)1"d BEKTOP u=c (ej—2e,).
—3§1+ 6&2: »
IMpu A=20 umeem cucTeMm OTKVJa &y =2&,, T. €. COGCTBEH-
p y { 68, —128,—0, O™ §r=28,

HBIH BeKTOp V=c (2e1-}-¢€,). _
IlpuusB c= 1/V12+22: 1/]/5 , HAXO/UM HOPMHDPOBaHHbIE COGCTBEHHbLIE BEKTOPL

e1=(e;—2e)/V' 5 u e;=(2e;-1e)/V 5 .-

MaTpuua OpTOrOHAJILHOTO NpPeoGPa3OBaHHS HMEET PUIT
B_< V5 2/1/53
—2/¥V'5 1/V'5
opMmy.Ibl 1peoBpa3oBaHHst KOOPAMHAT SaMKUIIYTCH TaK: X = (1/V'5)x - (2;,V'5)y,
y=—1(2/¥V'5) x+(1/V'5) y’. Crerosatensro,
17x2 - 12xy -} 8y2—80:%7 (' 124724
+% (' -F207) (—2¢' +y’)—{—% (—2x" +-y')? —80=5x"*4- 20y"* — 80.
DTOT Ke Pe3yJbTAT MOXKHO GLUIO NOMYYHTh CPA3y, KaK TOIbKO ObLTH HalileHEl
Ar M hor Agx'? Ay —80=0. A
HpHBeCTH K KaHOHHWUYECKOMY BHAY ypaBHeHI/Iﬂ JUBUI:
598. 6x*-+ 25 xy-+2y2—21=0. 599. 4xy - 32+ 16=0.
600. 5x2+ 416 xy47y2—44=0.



FTABA VI
BBEJEHHE B AHAJIU3

§ 1. ABCOJIIOTHAS U OTHOCHTEJIbHASL NMOTrPELIHOCTH

ITycte a—npuGnmmeHnoe uyucio, 3aMeHsiomee COBO B BLIYHCACHHSX TOUHOR
yucao A.

Abcoaromuod noepeurrHocmsro NPUGIMKEHHOrO YHCJIA @ HA3HLIBAETCA AGCOMOTHAS
BE/IHUHHA DA3HOCTH MeXKIy HHM H COOTBETCTBYIOMHM TOYHBIM uucjom: | A—al.

[Ipedeavrod abcorrommod noepewrocmero Ha3HIBACTC BO3MOKHO -MeHbIUee THCIO A,
YZoBJeTBOpsitollee HepaBeHCTBY | A—a | << A.

Tounoe uncio A Haxoautest B rpanunax a—A<<A<<a--A, i A=a + A.

Omuocumensrod noepewtHocmo NPHOIHAKEHHOTO YHCIA @ HA3LIBAETCA OTHOLICHHE
a:’)z{:omoTHXﬁ NIOTPEMHOCTH  3TOT'O  YHCIA K COOTBETCTBYIOUIEMY TOUHOMY YHCJY:
|A—a|/A.

fIpedeabrod  omrocumenbHod nozpeusHocmsrd  HA3SLIBAETCS BO3MONKHO MeHbilee
unea0 §, yrosaeTBopsiomiee HepaseHcTBY | A—a /A < 6.

Tak kax mpakTHueckH A = a, To 3a npeleNbHYIO OTHOCHTEJIBHYIO [OrPELIHOCTh
NPHHEMAIOT Yncao 8 =A/a (BepaxaeMoe OOBIUHO B MPOLEHTAX).

Cnpaseannso nepasenctso a (1—08) << A<<a(l+9).

T'0BOPAT, UTO MOMOKHTENbHOE NPHOJMKEHHOE WHCAO @, 3aMHCAHHOE B BUJE JECH-
TIYHOTO DA3JIOKEHUS, UMEET N 6epHoy 3Hakos (WHDP), ecan a6COAIOTHAS MOTPEIIHOCTH
STOTO YHC/IA HE IIPEDLILIAET NMOJOBHHB! €JHHHIBl A-TO Pa3psia.

[lpu n > 1 sa npeleabHyio OTHOCHTEBHYIO MOTPEIHOCTS TPHOMHKEHHOTO Ylicaa @
1 \#-1

o . " 1
C neppoil snavamell LHPPOIl & MOKHO NPHHATH YHCIO 6:2—,3 (l_() .

Ecau uspecTHo, 4TO

<rarn(m) “

TO UMCJIO @ HMEET f1 BepHBIX 3HAKOB.

Ipeaersnas abcomoTHAs MOIPEILHOCTD AAre6paHuecKoil CYMMBI HECKOMBKHX UHCENT
parHa CyMMe npeje/ibHbIX aGCOMIOTHBIX N[OTPEUIHOCTell CJaraeMbix.

OTHOCHTeABHAS MOTPEIIHOCTh CYMMBI HOJOMHTENBHBIX CJHAaraeMbiX He MpeBbIaeT
HanGoMbIIell U3 OTHOCHTEJIBHBIX MOIPEILHOCTEH 5TUX CJATAEMbIX.

TlpenenbHast OTHOCHTEIbHAS TOTPEMIHOCTD MPOU3BEACHHS M WACTHOTO IIPHOMHIKeH-
HBIX UHCeJT PABHA CYMMe MPEIeJbHBIX OTHOCHTEIbHBIX IOTPEIIHOCTEH 3THX WHHCe.

Ilpejenbuas oTHOCHTEIbHAS HOIPEINHOCTb CTENEHU NPHOIHKEHHOTO YHCJA paBHA
NPOU3BEIEHUIO NIPEieibHON OTHOCHTENBHOH IOFPEINHOCTH STOFO YHCJAA HA MOKA3aTelh
cTeneHu.

601. Yrom, usmepeHHsll TEOLOMUTOM, OKasaicsd paBHEIM 22°20730" 4=
=+30". KakoBa OTHOCHTeJbHASl MOTrPELIHOCTH H3MEpeHHs?

A\ Abcomotnas morpemnocts A=30". Torja OTHOCHTEJbHAR NOrPEILHOCTH

A 30”
e T e, 000 —_—00 9 .
0= =sros0 " 100%=0.04%. A
602. OmpenesquTb YHCJIO BEepHBIX 3HAKOB H JaTh COOTBETCTBYIOULYIO
3amnich MPHOHKEHHOH BeTHYUHBL YCKOPEHH A CUJIBI TAKecTH g = 9,806 ...
NpH OTHOCHTeNbHOH norpentHoctd 0,5%.
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A\ Taxr Kak nepsas ssawamas undpa ects 9, TO, BOCHOAB3OBABIUHCH HEPABEHCT-

1 1 \n—1
BoM (1), moayuum 0,005 < —— (1—0-) , T. e. n=2. 3naunr, g=9,8. &

2.10

603. MapectHo, ut0o mpenesbHAA OTHOCHTENbHAS MOTPEIIHOCTb YHC/A
V19 pasna 0,1%. Cxoabko BEDHLIX 3HAKOB COJEPKHTCS B 3TOM UHCJ]e?
/\ 3iech mepsast 3Hauawas uudpa ecth 4, npejeibHAs OTHOCHTEIbHAs ITOTper-

1 1 \n-1

noete 8§ =0,001 =10-2. Ha ocuoBanuu nepasencrsa (1) umeem 0,001 <33° (—1—O> ,

oTkyada n=3. CJaelnosaTesbHO, VE=4,36 (no ueTsIpex3HauHBIM TabJaHIaAM V1_9=
= 4,3589). A

604. CxonpkO BepHBIX 3HAKOB cojepxuT uyucao A =3,7563, ecau
OTHOCHTE/bHAsl NOrpeliHocTh paBHa 1%?

n-1
/\ llepsas Bepnast nudpa ectb 3, mosTomMy 0,01<—21—4- (Tl(—)) , OTKyjga n=2,
Uneao A cneayer sanmcath Tak: A=3,8. A

605. [Tnowane kBagpaTa pasua 25,16 cm? (¢ Tounocteio mo 0,01 cm?).
C Kako#t OTHOCHTE/JIbHO¥ MOTPEIHOCTBIO H CO CKOJNbKHMH BEPHBIMH 3Ha-
KaMH MOXHO ONpejeJHTb CTOPOHY KBajpara?

N\ Hckomas cropona x =¥ 25,16. Otnocurensuas MOT'PEeLIHOCTh CTOPOHBI KBajpaTa
§=(1/2)-(0,01/25,16), rae 0,01 —aGcomoTHas norpemwHocTh mIOWAAH, T. €. §=0,0002.
Ilepsas 3Hauauwast uuppa UKCIa, HUSMEPSIONIET0 CTOPOHY KBajipaTa, ecTh 5. Pewus Hepa-
Benctso (1) npu k=>5, moanyuum (5-1)-0,0002<C1/107-1, pau 1,2-10-3 < 1/107~1,
Orcioia n=3. A

606. Co CKOMBKHMH BEePHBLIMH 3HAKAMH MOXKHO ONpENENHTb PajUYC
Kpyra, eC/ii U3BECTHO, YTO ero IJIomanb paBHa 124,35 cm? (C TOUHOCTBIO
jo 0,01 cm?)?

607. Haiitu npejie/IbHyI0 OTHOCHTEJIHYIO MO PEIIHOCTh NMPU BHIUHKCIIE-
HHH NIOJTHOH TIOBEPXHOCTH YCEUYEHHOro KOHYCa, €CJIH PajAUyChl €ro OCHOBA-
Huilt R=23,64 0,01 (cm), r=17,31 0,01 (cm), obpasyiomas [ =
= 10,21 4- 0,01 (cm); ymeso m=3,14.

608. Uncao g=9,8066 siBasieTcst NPHOMIKEHHBIM 3HAYEHHEM YCKO-
PEHHSl CHABI TKECTH (NJIA IIMPOTHl 48°) C MNATHIO BEPHBIMH 3HAKaMH.
Hafitir ero oTHOCHTENBHYIO MOrPEIIHOCTD.

609. BriuncauTh nyIomass NpsiMoyro/lbHUKa, CTOPOHB! KOTOporo 92,73 4=
=+ 0,01 (m) u 94,5 4= 0,01 (M). OnpenesUTh OTHOCHTEJBHYIO IOTPELIHOCTD
pesysnbTaTa M YHCJO BEPHBIX 3HAKOB.

§ 2. ®YHKLHS1 OJHOW HE3ABHCHMOW NMEPEMEHHOM

Heticmsumenvroim (WIH eUyecmnserHbIMY) YUCIaMH HA3BIBAIOTCST PALHOHAJLHLIE H
nppanuoHaibuple yucyaa. MHOXeCTBO Bcex JeHCTBHTEJNBHBIX 4Yuces o6o3Hadaercst GyK-
Bolt R. Kakjoe jeiicTBuTeIbHOE YUCAO MOMKET ObITh H300paKEHO TOYKOH Ha YHCJOBOH
npamof.

ITycts pamer aBa HemycThix MHoxectBa X H Y. Ecau KakIOMy 3JeMEHTY x H3
mHoxecTBa X IO ONpejeieHHOMY TNpPaBHAY CTaBHTCS B COOTBETCTBHE ONMH H TOJBKO
OAIIH 3JeMeHT ¥ U3 Y, To TOBOPAT, YTO Ha MHOXectBe X 3aiaHa ¢yukyus (Uau omod-

padceHue) Co NHOMECTBOM 3HayeHHH Y. 310 MOXHO 3amucath Tak: xEX, X — YV uu
f: X —Y, rae muHoxectBo X Ha3piBaeTcs 064acmbio onpedeserus (PYHKIUH, a MHO-
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KECTBO Y, cocTosimee us Beex umces BHia y=[(x), —nnoxcecmeon anauerii GyHKILHH.
Ecan y asnserca ¢ynkupeit or x, o MUWYT Takke y=f (x) wan y=¢q (x). byksn f
HJIH @ XapaKTepH3yIOT TO NPaBUJIO, MO KOTOpPOMY MOJyyYaercs 3HauY€HHE Y, COOTBETCT-
ByIolLlee 3a/JaHHOMY aprymenry x. Obaactb onpeaenenus pyHkuuu f o6o3Hayaercs ye-
pe3 D (f), a mnoxectso sHauennii—uepes [ (f). 3nauenne ¢yukuun f(x) npu x=a,
rie a€D (f), nasviBaercst wacmuoim suauernuen yRKIMH ¥ o6o3nauaercs [ (a).

Obuacts onpenenenns GYyHKIHM B NmpocTeHuInx Cay4asix npejcraBiasier cobod: ux-
mepsar (omxpoumoil npomexcymox), la, bl, T. e. COBOKYMHOCTb 3HAYEHHIT X, YJIOBIETBO-
PAIOUHX YCIOBHIO 4 < X < b; ceemenm (ompesok niu samxrymoi npomexcymor) la, b,
T. €. COBOKYNHOCTE 3HAUEHHIT X, yAOBJIETBOPSIOUIUX YCAOBHIO @ << X << b: noayurmepsa
Ja, b] (1. e. a<x<<b) wmn [a, bl (r. e. as<x < b); OGeckomeunsii unmepsaa
Ya, 4+ oo (1. e. a < ¥ <--o0) man ]—oo, b (T. €. —w0 < x < b) uan | —oo, -oof
(1. €. —00 < X < -}-0); COBOKYNHOCTb HECKOJBKHX HHTEDBAJIOB HJIH CeTMEHTOB M T. II.

Ocrosnbinu saemenmapnoiny yrkyuany HaspBAIOTCS clelyoune GyHKIHM:

1) cmenennas pynxyus y—=x*, rae 0.ER;

2) nokazamesbHaR GYHKYUS Y= a*, The d— M060e TOTOKHTEIBHOE THCJIO0, OTJIHIHOE
OT eauHuub: a > 0, a # 1;

3) aveapupmuneckan ¢yuryus y=Ilog, x, rie a—.106oe HOJI0KHTEIBHOE THCIIO,
OT/JHYHOE OT e€AHHHUL: a > 0, a # I;

4) mpuccromempuveckue ¢ynkyuu y=sin x, y=cosx,y=tg x, y=ctg x, y=sec x,
Yy ==cosec x;

) obpamusie mpueoHosempuneckue GyHKiyiL y=arcsin x, y =arccos x, y =arctg x,
y=arcctg x.

dnenenmapromy GyHKyuAML HASHIBAIOTCH BYNKILHH, NOJIYYAIOmHecsT U3 OCHOBHBIX
SJICMEHTADHBIX (QYHKIHMH C NOMOILbIO YeTHIPEX apHPMETHUCCKHX AeHCTBHII M CyIeprno-
3uuHi (T. e. GOPMHPOBAHHSA CIOKHBIX (BYHKIH), ITPUMEHCHHBIX KOHEUHOe 4HCAO pas.

Ilpavepom nessieMeHTaPHON (YHKIUH MOKCT CIYKHTb ab20010mnas eeaunna (Mo-
Oyab) JeHCTBHTEJLHOTO YHCAA X:

—|x]= x npu x=0,
y=x =1 s npu x < 0,

Teomerpuueckt | x| PaBCH PACCTOANHMIO HA WHCAOBOH NMPSIMOH OT TOUKH C KOOPAWHATOMN
X 1o Hauana otcyera. B ofiem crywae [x-—a| ecThb paccTOSHHMC MEK1Y TOUKAMH C
KOOpAHHATAMH X H d.

T'paguron dyuruun y=f (x) Ha3LIBACTCS MHOKECTBO TOYEK MJIOCKOCTH x0y ¢ Koop-
aunatamu (x; f(x)), rae x €D (f).

Dyuruug f(x), ob1acTb ompeieSeHHsT KOTOPOH CHMMETPHUHA OTHOCHTEIbHO HY9,
Ha3bIBaeTCA 4emHou (Hedemwow), €CHH Jis JI000TO 3HAYeHUs! x€D () [(— x)=F(x)
[coorBercTrenno f (— x) =— f (x)]. T'pacuk yetHoit pyHKuHHU CHMMETPHYEH OTHOCHTEJLHO
OCH OpJHHAT, TPaQuK HEUETHOH (QYHKUMH— OTHOCHTEJBHO Hauasla KOOD;HHAT.

Dynxuus f(x) HaseiBaeTcss nepuodueckoil, eCaM CYMECTBYeT NOCTOANHCE MHOJ0MKU-
TeabHoe yucao 7T Takoe, uto npu xED (f) u (x+T) €D () Bemosuscres PaBEHCTBO
f (x+T)="F (). Ocrosnois nepuodos GyHKIUH HA3BIBACTCS HAHMEHBIICE ITOJIOMKHTEILHGE
9HCI0 T, 00Jajaliee YKa3aHHHIM CBOHCTBOM.

610. Haiiru f—‘%{%’l ecnt f(x)= %

/\ Haiinem snauenns pannoit dynxuun npu x=a 1 x=>b: [(@)=a?, [ (b) =02
Toraa mosyuum

f(oy—F(a _b2—a?

b—a  b—a

x—2
2x—1°

/\ Hanuas ¢yukuus onpeienena, ecau 2x—1 # 0, T. e. ecau x # 1/2. Takmm
o6pasoM, 06/1aCTbl0 ONMpejeneHus QYyHKIHH fBJACTCS OODLejiUIEHIC ABYX HUTePBAIOB:

D(f)=]—o, 1/2[UT1/2, + = [. A

612. Hafitu o6nacts onpejenenns ¢ynkuun f(x)=

611. Haiitn ob6nacts onpegenenust ¢pyHkuuu f(x)=
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/A Pynxuua onmpegesena, ccan x—1 #0ul-Fx >0, T.e.ecmnxZ 11 x> —1.
O6nacts onpelejeHust QYHKIHH ecThb OOLEIMHEHHE JABYX HuTepBaios: D )=

=]—L 1[U]lL +o[. A
613. Ha#iti oGsacts oupenesnenus GyHKUUH

f(x):V1_2x+3arcsm3";‘.

A\ Tleppoe caaracyioe nmpuHuMaer AeHCTBHTEJbHbE 3HaueHHs Np 1—2x>=0, a
Bropoe—npH —1 =< (3x—1[)/2<C 1. Taxkum o6pa3om, JIsi HAXOMKIEHHS OBJACTH OIpe-
JeJCHUS 3aJaHHOH (DYHKUMH HEOGXOJHMO PEllHTh CHCTEMY HepaBeHcTB: 1—2x>=0
(Bx —1)/2=<1; (3x—1)/22==—1. B pesyabtate nonyuaem x=<<1/2,x<<1, x;——l/S:
CueroBaTensno, 061acTh onpeleneHnss (QYHKIUH eCTh OTPe3oK [— 1/3, 1/2]. A

614. Hafitu MHo:kecTBa 3HaueHHHl GyHKUH:
1) f(x) =x*—6x-+5; 2) f(x)=2-3sinx.

A (1) Bulzeasass us KBaJpaTHOrO TpeXuseHa MNOJHBIA KBajparT, NosyuuM [ (x) =
= x%—6x--9—4=(x—3)2—4. [lepBoe ciraraemoe IpH BCeX X SIBJISETCH HEOTPHIA-
TeJbHBEIM YHCJIOM, O3TOMY (PYHKIHUA NPUHHMAeT 3HaYeHHS, He MeHuiiue—4, Mrak, MHO-
2KCCTBO 3HAYEHHH (QYHKUHH—OECKOHEYHbIH IPOMEXYTOK [—4, - oof.

2) Tax Kak cHHyC NpHHHUMAET 3HAYEHHS, He NPEBOCXOAAIIHE 1O MOMYJIO €XHHUIE!
TO TIOJIy4aeM 11epaBeHCTBO |s§nx | =<1, i —1=<Csin x << 1. YMHOXHUB Bce yacTu 3TOro
JBOHHOrO HepaBCHCTBA Ha H NpuOaBasT K HHUM IO 2, HMeeM —3 <I3sin x .
— 1 << 2--3sinx << 5. Cacjosateasso, E (f)=|—1, 5]. " M —I<3sinr <3

615. Haiiti ocHoBHBle nepuozabl (QyHKIUI:
1) f(x)=cos8x; 2) f(x)=sinbx| tg4x.

A 1) Tak Kax OCHOBHO{ Mepuoj (YHKIHH COSX €cThb 27T, TO OCHOBHOII NEPHOR
dyukuud f(x)=cos 8x pasen 2m/8, T.e. m/4.

2) 3jech AJs [EpBOTO CJAraeMOro OCHOBHOH NEepHOX paBeH 2n/6==x/3, a Add
BTOpOro OH paBeH /4. OueBHAHO, YTO OCHOBHOH HEPHOX JanHo# (QYHKLHH €CTb Hau-
MeHbiee obmiee KpaTHoe uucesa /3 u w/4, T.e. . A

616. YCTaHOBHTD YETHOCTb WM HEUYETHOCTH (yHKIMIL:
1) f()=x*y/ x+2sinx; 2) f(x)=2"-+27% 3) f(x)=|x|—5e%

8 () =2+55 5) [()=lgi.

/\ B paccuatpuBaeMuX IpEMepax OGNacTb OUpEJeJCHHA KaxIcH u3 QyHKIHA
CHMMETPHYHA OTHOCHTEJIBIO HyJsl: B NePBLIX YeThipeX IpUMEepax D ({y=1—w, i,
a B nocaeisem npumepe D (f)j=]—o», —3[U]13, +l.

1) 3amensas ¥ Ha —x, HoAyuMM [ (— x) = (—x)? ]3/ (—x)-+2sin (— x) = — x? 3/ % —
—9sinx, T.e. [ (—x) =— [ (x). 3uaunt, 1aHHasA QYHKIUA ABISETCH HEYCTHOM.

2) Umeem f(— x)=2"%--27(~0=2-%1.2% T1.€, f(—x) =] (x). Hrak, faHHaA
(QyHKUHA —UeTHAA. )

3) 3mech [ (—x)=|x|—8el=¥=|x [ —5ex%, T.e. f(—x) =] (x). CnegoBarensHo,
f (¥) —uernas QyuKuus.

4) PmeeM [ (— x)=(— X)2-+5 (— x) =x*—>5x. Takum oGpasom, f(—=x)#f® u
f(—x) #—[(x), 7.e. 3alaunas GYUKIMA He #ABJAETCS KM UeTHOH, HH HEYETHOH.

5) Haxoanum

—x-L3 — 1.3\ -1 i
Fen =t T gt () e

—x—3 x—3 ®x—37

T
T.e. f(—x) == [ (%), 1, cci0BaTCILIO, AaHHAA DYHKIHA—HEUCTHAS. A
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617. Haiitn obnactu onpeneneHust QyHKIHNA:

1) f(x)= 1/4—x2+716—; 2) f(x):arccos(%—l);
1 2x2-1-3

) W=z DW= 9 0=~

I ’
xe cos 2x

b

6) f(9)—lg Gr—1)+2g(x+ 1) 7) fW =} 5o —V 5%,
618. Haiitu MHOKecTBa 3HAuYeHHUI QYHKUHIL:

D) f=lx|+1: 2) f()=5/x; 3) f(y=VT16—x%

4) f(x)=—x*1+8x—13; 5) f(x)=1—3cosx; 6) [(x)=4"+",
619. YcraHOBUTH UETHOCTh HJIH HEUETHOCTb (QYHKIMH:

1) f(x)=x%sin7x; 2) F(0)=5|x]—3}/%% 38) f(x)=x*—3x*+x;
) f=lx|+2 8 f(W=|x+2]; 6) [(¥)=lgcosy;

7) 1) =2

620. Haiitn ocHoBHble NepHOAB QYHKIMMH:

1) f(x)=sinbx; 2) f(x)=—2cos(x/3)+ I;
3) f(x)=Ilgcos2x; 4) [(x)=1g3x--cos4dx.

§ 3. MOCTPOEHUE IPA®UKOB ¢ YHKLIUHA

Tpu nocTpoenun rpadukoB GYHKIHHA NPHUMEHSIOTCS CJEAYIOUIHE NPHEMEI: NOCTpoe-
HHE «II0 TOYKaM»; AeHCTBHS C rpadukaMu (CJOXKEHHE, BhIMMTAHHE, yMHOXelle Tpadu-
KOB); 1peoGpasoBaHus IpadHKOB (CABHT, PACTIKEHHE).

Hcexona u3 rpapura GyHKIuM Y= f (x¥), MOXHO HOCTPOUTb Tpaduku GyHKO#i:

1) y=F (x—a)—nepBoHavanpHLl Tpaduk, CABUHYTHH BAOAL ocu Ox Ha Besn-
49HHY @;

2) y={ (x) 4 b—rToT Xe rpaduk, cABUHYTHH BIOAb ocu Oy Ha BeNHUMHY b;

3) y=Af(x)—ucxonusiii rpadux,
pacTaHyTHit B A pa3 Buoab ocu Oy.

4) y="{ (kx)—oT Xe rpagux, pac-
TAHYTHH B 1/k pa3 BRoas ocu Ox.

Takum 06pasoM, MOXKHO 1O rpacu-
Ky QYHKIUH y= (X) MOCTPOUTb rpaduK
dynxuun Buna y=Af[k(x—a)]+b.

vl

s \ /
N = JSE T wm® ™ N
2 ol 12N 456 &

Puc. 23 Puc. 24

(
11
g D]
Pl
b
1

[
!
|
{
!
l
|
!
!

3 "t e v Yt P st s Do

I

y

bt b St g e e’ Pt Sy e G —
Lt e s e i o e vk et e e

o e et S P et B, St o et
X..—.—.—.—..——._.—_-_'.m

l
I
I
1
!
|
{
I
!
]

s ot et e e e Pt

Z ety
0

621. Iloctponte rpadux ¢yskuuu y=2x-+41-cosx.

A T'padux nannofi GDyHKHHH MOXKHO IOCTPOHTB CJIOKEHHEM IPapUKOB ABYX (pyHK-

unit: y=2x--1 u y=cos x. padux mepsoil GyHKUHH €CTh NpsMast, €€ MOXKHO NO-
CTPOHTh IO ABYM TOYKaM, rpaduk BTOpOH (GyHKHHH—KCcuHycouia (puc. 23). A
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622, IToctpouts rpadur QyHKIHH

2—x upn x< 3,
Y=10,1 2 npu x> 3.

A Tlpu x < 3 rpapuxom siBisiercst Jyd, a NMpPH X == 3-—BeTBb napaGonst. HMcko-
Mptit Tpaduk usobpaxen Ha puc. 24. A

623. I[Toctpouts rpadux GyHKwHH y =2 sin(2x—1).

A TlpeoBpasyeM JAaHHYH (YHKUHIO K BHAY y=2sin 2 (x—1/2). 3pece A=2,
k=2, a=1/2. B KauecTse HCXOJHOFO BO3bMeM rpaduk y=sin . 3aTeM CTPOHM rpa-
¢ux GYHKIMM y=sin 2X CKATHEM BJOJbL OCH aGecnuce B asa pasa. ITocae storo ctpo-
uy rpaguk QYHKUHK y=sin 2 (x—1/2) caBHrOM Ha 1/2 BOpaBO H, HAKOHEL, pacTsKe-
HHeM B ABA pa3a BJAOJL OCH OPJAHHAT NOC/EIHero rpaduka MOJyyaeM HCKOMbIA rpapux
Qyukiun y=2sin 2x—1) (puc. 25). A

Puc. 25

IMoctponts rpaduxy GyHKuHiL:

624.

625.
626.
627.
628.

629.
631.

633.
634.

636

-3
—X
: A
5— Ha orpeske [—4, 4].

y:
y=x*(2—x)* ua orpesxe [—3, 3].
y=V x4V 4—x B obaactu onpexereuts.
y=0,5x+2"* na orpeske [0, 5]
y=2(x—1)° ucxojs u3 GyHKOUH y=x>.

y:ﬁ- 630, y—2"L.

X

y=sin(3x—2)+1. 632. y=—2cos(2x+1).

y=arcsin (x—2).
y=x-+1-+sin(x—1). 635. y=sinx-4-cosx.
[—x* mpu x<0, 637, | 4;’6 npu
y= . . - y= npH
34 ] =0.
| 3x wmpu x>0 ©+5 mpn

x < —1,

— 1 << x<0,

x> 0.
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§ 4. MPEJEJIBI

Uneno a wHasbiBaetcs apedesom nociedosamensnocmu Xi, X2y eesy Xy o0, €CTH
AJI4 BCSKOTO CKOJb YIrOAHO MAaJIoOro IOJIONKHMTEILHOTO uYHCJa € HalgeTcst TaKoe NoJo-
KuTeNpHOe uHCao N, uTo | X, —a| < e npun > N. B stom ciyuae numyr lim x, =a.

n—-»>w

Hucao A waseiBaetcs npedeiom yuxyuu f(x) npu x —a, ectn nas Jo6oro
CKOJIb YrOAHO MaJloro € > O Hafinetca takoe § > 0, uro |f(x)—A| < & npu 0 < | x—
—a| < 0. 910 sanucwBaoT Tak: limf (x) = A.

x—a
Ananornyno imf (x) =4, ecom | f (x)—A| < & npn |x] > N.

X—>®w
YesoBHO sanucuBator lim f (x) = oo, ecn | f(x)| > M npu 0 < |x—a| < §, rae
X—>a
M —pou3BOSBHOE MOJIOKHTENBHOE UHCJO.
B atoM ciyvae ¢yHRUHA f (x) Ha3LIBAeTCH 62CKOHEUHO GOAbLION npH x —a.

Ecan lim a (x) =0, To pyHKUEA o (¥) HASLIBAETCS OeCKOMEUHO MAAOL pH X —> a.
X—>a

Ecmi x <a u x— @, To ynoTpeGasior samnck x —s a—0; ecan x >anu x—sa
— samuch x — a~+0. Uneaa f(a—0)= lim [ (x) u f(a-+0)= lim f (x) nasviaioTes
x->a-0

x—>a+0
COOTBETCTBEHHO /1€8biM W npassim npedesos GYHKUMA [ (x) B TOUKE a.

st cymecTBoBaHHA Npenesna GYHKUHM | (X) NPH X —» @ HEOOXOLHMO M NOCTATOU-
HO, uTO6H f{a—0)=Ff (a}0).
ITpakTrueckoe BbIYMC/IEHHE HPEENOB OCHOBLIBAETCS Ha CJACAYIOUHX TeopeMax.
Ecan cymectsytor lim f (x) u lim g (x), 1o
X—>a X—a

l)xlin; [F o+g @] =xh_§1 () +)3er; g (%);
2)x1in; [/ x)-g (0)]= lim i(x)'xh;rr; g (x);

limf (x)
9 lim L) 220 tim g () £ 0).
)Ha 20 ,%fég(x) (mp x_}ag( ) # 0)
HcronpayioTesl TakxKe CJCAYIOIHE NpEIESbl:
lim fm_le (nepevii samewamenvrbil npeden);
x>0

lim ( 1 +%>x= lirré (1-+o) Ve o =2,71828... (smopoid 3aseuwamervusiil npedea).
o>

X o0

Jlorapudm umciaa x 10 OCHOBAHHIO € HAa3LIBACTCS HAMYPAALHOIM A02APUPMOML 1
o6osHavaercs In x.

Ilpr peweHun NMpUMEpPOB IIOJIE3HO HMETh B BUIY CJEIYIOUINE PAaBEHCTBA:

X __ m__
fim 0D o @ gy AR
x>0 X X-»0 X X0 X
1 1
638. Ilokasatb, 4TO TpPH 71— 0o NOCJENOBATENLHOCTL 3, 2—2— s 23 s
2%, cee 2—i~—;—, ... HMEeT TpelesoM YHCJ0 2.

/\ 3Jech n-i wjeH MOCJeJOBaTebHOCTH €CTb X, =2-11/n. CaeneBaTtesnHo, X, —
— 2=1/n. 3amaaum 3apaHee MOJOXHTEJEHOe 4HCJO €. Bpifepem 7 HACTOABKO Go.lb-
wnM, 4T0 GYyAeT BBIMOJHEHO HEPABEHCTBO 1/n < €. s 5TOro AOCTATOYHO NpPHHSATh
n > 1/e. Ilpu Takom BESope n moayuum |x,—2| < &. 3naunt, limx,=2. A

639. Ilokasatp, 4TO NpH n— oo nocJenoBaTedbHOCTH 7/3, 10/5,
13/7, ... (3n+4)/2n-+1), ... umeer npegesoMm uucao 3/2.

A 3aecs x,—3/2=(3n-4+4)/(2n-+1)—3/2=5/[2 (2n--1)]. Onpereany, npH Ka-
KOM 3HaueHHH 7 BHINOJHsETCs HepapeHcTBO 5/[2 (2n-}1)] < €; Tak Kak 22n-4-1) >
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>5's, To n>5/(4e)—1/2. Hrak, ecau n > 5/(4e)—1/2, 10 |%,—3/2] <€, T.e.
lim x=3/2.
n—>x

INonaras £=0,1, 3akai0uaeM, 4TO HepaBeHCTBO |X,—3/2| < 0,1 sBrmoausercs
npy n > 12 (manpumep, npu n=13), AHaJOruuHO, HepaBeHCTBO |x,—3/2| < 0,01
BBIIOJHAETCA TpH n > 124,5 (manpumep, npu n=125), a HepaBercTBO | X,—3/2| <
< 0,001 —npu n > 1249,5 (nanpumep, mpu n=1250). A

Haiitu caengyrouine npepesst:

. bx--2
640. ;Iclﬂ %3 "

/A Taxk gak x — 4, To yHcAMTENB Jpo6H CTPpeMUTCS K uyHcay 5-4-4-2=22, a 3Ha-

. Bx -2 22
MeHateib—K uncay 2-4-+3=11. Caegosartensuo, lim L= 2. A
y x—>4 2x—l—3 11

. 3x-4-5
641. 11_131 oy A

A Yucanrens M 3sHameHareJb JApoGH HEOTPaHHYEHHO BO3PaCTalOT NMPH X —> ©0.
B TakoM cilyyae FOBOPSAT, YTO HMEET MeCTO HeONpeeJeHHOCTh BHAAa o/w. Pasienus
Ha X YUCJIHTENb M 3HaMeHateJdb ApOGH, NOJyvaem

lim 3x+5: lim 3+5,’x:£’
X—>® 2x—{—7 x>0 2+7/X 2

TaK Kak NpH x¥ — 00 Kaxjas U3 Apobell 5/x m 7/x CTpeMHTCS K HYMO. A\
x2—9

A\ 31cch UHCAMTENb W 3HAMEHATeNb JPOOH MPH X — 3 CTPEMATCA K HyJIO (He-
onpeseicutocTe Buga 0/0). Mmeem

x2—9 (x—3) (x—|—3):x+3 .

=3  x(x—3 x
ecan x = 3, TO \li)né xf——sx:,}in;x—jc_:B' Ho npu x-—3 apobs x_x_S CTpeMuTCs K
AL : 29
YHCIY 3 3 322. Hraxk, }\1213 ;;—SxZQ' A
643. lim St

B xt—x—1"
A 31ech I1MEET MeCTO HEeONpeleseHHOCTh BUAA 0/0. Pa3moxnuM Ha MHOXKHTEIH
YICITE b 1 3llaMCHaTe b Ilp06}’ll
lim W—xt—xt+1 x2(x——l)——(x—12=
ol B —x—1 x> 122 (x4 1)—(x+1)
o (x—12(x+1) . x—1 0
= lim ;= lim ——-=0. A
x—>1 (X——l) (X+l)' i1 x41 2
x3— 1000
x5 —20x - 100x

644. lim

r—>10
A\ D10 —raKiKe HEONDEeAeICHHOCTL BAAA 0/0. Nimeem
f 1000 (10 (2 105 H100) 2o 1061100
xor10 A3 —20x2--100x ~ x—>10 x (x—10)? =10  x(x—10)
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Uncautens apo6u crpemuress k 300, a 3HaMeHaTeTs CTPeMHTCH K HYJI0, T.€. SB-
JAeTcst GECKOHEYHO MaJof BeJHUHHON, CJIel0BATebHO, paccmaTpiiBaeMas Apo0n— Gecs
-3
. x3—1000
KOHe4yHO GoMbllas BeJddMHA H lim ——1___..=oo. A
x—>10 x3—20x%} 100x

. x-+4—2
645. lim YXE1=2

x—=>0

A\ YMHOXHM YHCHMTENb M SHaMEHAaTeNb apobu ma cymmy YV x--4-12:
im VA=) (V3a49) o vqd—g =lm__1_ 1 A
x>0 x(Vx14-+2) >0x (VxF4+42) 0y xrdi2 4

646. lim2 (1=2'—1

-_—

x>0 x

A TonoxuM 14+x=y5; Toraa y —» 1 npu x — 0. 3maunr,

.
im V0 =1 vty 3
X

_ = lim -
x>0 g1 P =1 o1 PPy 1 5

A

647. lim S

x—=>0

A\ Hcnoabsys nepsnlit sameuaTesbHbI npejest, mMeeM

Lim Sinmx lim msinmx _ lim S0mx —m. A
x>0 X x50 mx  xs0 mx
648. lim 1—¢0s
’ x—0 x? )
/A Hmeex
lim L0080 yjm 280° 55/ _ g iy (i G/2)\2_p (5\2_25
x—0 x? x>0 X2 x—0 X 2 2

31ech MBI BOCHIOJB3OBAMHCH  PE3YJILTATOM OPCABIAYILErO  MpHMepa, NpilHAB
m=5/2. A
. X3 L 2x2.1 3x1 4
649. llmaﬁ%.
oo X 3x242x -1
/\ DTO— HeorpeJieIeHHOCTh BUAA /00, PasieqnM uncauTens i 3HaMeHaTeJab Jpo-
61 Ha CTapLIYIO CTENeHb X, T. €. Ha x5:
lim B 22 4-3x+4 m 14 2/x4-3/x2 44 | A
X0 4x3—}—3x2+2x—}—1 T isw 443 xF2,x2 41,437 4

650. lim——X—2
s Vx4 3x 14

A\ Pasnennm uncautens u snamenatenn ma xt:

— 9yt
3xt_9 im 3—2/x =—:1;—=3-A

lim

e ——— |
sl R D AL s
651. lim (Vx> +8x +3—V ¥* [ 4x 1 3).

X=>®
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A\ 31ech MMEET MECTO HeONpeseJeHHOCTh BHIA 00— ¢o. YMHOXKHM H pasjieaim
AdnHOe Brlpaxenne ua ) X248 13- x2F4x | 3:

lim (V328 F3—V ¥ Fax+3) =

= 1im VYV #E8+3—V a4 dx43) (VP18 [ 3-- V21423
x> V3 8y -3V < F4x 13 o
— lim x2-8x 4 3—x2—4x—3 — lim 4x .
¥ow Y ATV fdx 13 x> VAP L 8x Lo+ ) 22 4c 13
y 4 4
— lim =—=2. A
o0 YV ILB 34V TH4x 3% 2

652. lim (22

X=—>®

A ﬂeJIeIXHCM YHCJIHTEeJIS llpOﬁH Ha 3HAM€HaTeJb BBEIJEJHM LEJIYI0 YacThb:

x*-4-5x-4-4 8x—3

X2 —3x-}77 1 +x2—3x—i—7 )

Takum 06pasoM, MpH X —s o0 JaHHAsl (YHKUHA TpeicTaBJseT coGoil cremens,
OCHOBAHHE KOTOPOH CTPEMHUTCS K eJMHHMIe, a MOKasaTeJb-—K OGECKOHEUHOCTH (Heolpe-

AeaeHHocTh Buaa 1%). IlpeoGpasyst GyHKOHIO Tak, 4TOGLI HCMOJb30BATh BTOpOIi 3aMme-
yaTeNbHLIH Npejes, NOoJYyuYHM

lim <x2-|-5x+4>x= lim (l-l— 8x—3 >x=

xo>w \X¥2—3x++7 X>m x2—3x-}-7

x2—3x+7 ] X(8¥=3)
T 8x —3 | x*=3x+7
= lim | (14 8¥=3 ) 8-3 J
x> xz——3x—{—7

x=3x+7 8—3/x
3 \F | T
= lim <1+____8" 3 ) 8x-3 rri

X—>w x2—3x+7 '
Tak xa 8c—3 0 npu x 0
K x2_3x+7——> p —> 00, T
x2—-3v+7
. 8x—3 8x—3
lim {14229 =e.
x>® ( +x2—3x—}—7)
, 8—3x . x2--Bx--4\x
Yunrwmag, uto lim 2% 8 1 T TR )T e,
v T35 L 7)32 Haxom A <x2—3x+7) < A
o . o 1
653. Haiitn JeBRlit 1 npaeeiil npesensl GyHKIMH f(x)=m
npu x — 3.

A Ecmm x—3—0, 10 1/(x—3)—» —o0 u 21/(x=3) 0, CrtenoBaTebHO,
Iimof(x)=1/3. Ecom e x—34-0, 10 1/(x—3) — +o0, 21/(x'—3)—>—]—oo H
x—>3—
lim f(x)=0. A

x>3+0

654. Haiitu siepuiit u npasuiit npefensl Gpynrmun f(x) =e'/(-a) npu
X—a.
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N Eet ¥ — a—0, 10 1/(x—a) ——o0 v lim f(x)=0. Ecau xe x —»a--0,
0

X—=>a-—

T0 1/(x—a) — -0 u lim [(x)=H-o. A
x—»a+ 0

655. IlokasaTth, uto IpH 71— 0o TIOCJIEJOBATENbHOCTD

9/4, ..., 4n—3)/(n+ 1), ... umeer mpenen, paBHBIH 4.
656. llokasarp, uro npu n—o0 mocaenoBatTesHocTh 1, 1/3, 1/5,...

veey
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1/@2n—1), ... apasiercss GECKOHEYHO MAaJIOi.
Ha#ru caeapyiontie I1pejiesbl:

657. lim 3= +8  ggg, iy Y ITr b=V I—ads?

M ez 658 limy —
. 2__5x-L.6 . x3~6,\'2—{—1]x_6

659. lim X —=°2¥% . x*—6x24 11x—6
x‘ll’ ¥ =9 660 1;r-r)11 xi—3x--2

661. lim sin (a-}-2h) — 2 sin (a 4-h) 4-sin a 662. lim ig_’ﬂ‘
h>0 h* ) oy Sinnx®
: tg x— . o

663. lim SXT8% gggq iy Sinr—cosx
X%y —Xo xon/e T4

2x%-3x2--5x—6

. cos x H
665. lim 666. lim PR TA—T

X—»T0/2 a—2x " X—>®
@ Illoioxkurs 1/2—x =2,
: 2% 4-4x+5) (x*+x - 1) . x2—Tx-- 10
667. lim — £ (24 . 668, lim ©TxA-10
i G4 D) (@ 2o Ter Ty - 068 Iim S
669. lim YArrte—2 eo0 llmugm.

1
x—~—1 le x>0

671. lim —s—x—— . 672. lim V1+x+x22—— ]‘f7x~ri—2x~—,\»3‘
x>0 1_:-)6_1 X -2 x2—2x

673. 1lim 1=S985% g7 fim 1gx—sinx
x—0 1—C0s 3x x3

x—>0
675. lim mULm9 676 iy 2743
x>0 X X—>-Ltw 2¥—3
677. im(V ¥+ ax - b—) »* +cx4-d).
X=>»
678. lim (sin} x+ [ —sin} x).
X—>n
679. lim (3/XF1—/%). 680. lim 1=
X—>® X—>w * T
. 8 7% . sin 2x
4 —
683. lim 2='. 684. lim 1{_’51—_1,
x -0 c—>1 X—
> ("] HOJ?O}KHTI) x=14
685. lim ¥7% 686, lim SNt
20 | ¥) tpl—sint
. in 3x —sin x .
687. lim 2= % ggg | (x=5),
x—l>n{) In x+1 688 x—»lsn;lo 10

1/2, 5/3,



689. limsinx. 690. lim ©—L

.
x> e Xt —1

691. Haitrn lim¢ () a—1) (rze ¢ > 0).
to>w

@ Tlonoxkure x=1/¢, rie x — 0.

692. lim (E1)""". 693. 1im (1-+2 )"
. 1 . 6 . ” 5% 4%
694. lim (L5 —25). 695. lim £

@ IlpusecTu apobu K ofuiemMy 3HaMeHaTeJio.

696. lim =1 . 697. fim (=29

srp X1nX 20
@ VYuects, uto x¥=exIn%,

698. lim Zt52 LT 699, lim

In(x+2)—In2
—

e 2X0 31T >0
700. lim (x-}—é23>x. 701. lim (2 —cos o) cosec* =,
x> N a0
o . x-J-a\¥+c . x \1/(x=2)
702. Haiirn lim (m) . 703, lim (5)"

§ 5. CPARHEHUE BECKOHEYHO MAJIbIX

Tycrs o (x) u f (x) —GeckoHeyHO MaJsble MPH X —>d.
1. Ecau lim (o/f) =0, To rosopsT, UTO @ ABJSETCS GeCKOHEUHO MAA0L  eblciiezo
x—>a
nopadka mo cpasHeHmo ¢ B. B aToM cayvae mHILIVT a=0 ().
2, Ecau lim (o/B) =m, TAe m—uucI0, OTANUNOE OT HYJA, TO TOBOPAT, 4TO & u
X—>a
B — becronedno maavie 00HOO U MOS0 Jce nopsadka. B wactroctu, ecau lim (2/p)=1,
XxX—>a
10 GeCKOHEUHO Majbie o H P HA3BIBAIOTCH SKEUBQAEHMAbIMIL. 3aIHCh o ~ B o3Hauaer,
YT0 @ M [— 3KBUBAJEHTHbE GeCKOHETHO MaJble.

Ecan o/f — oo, TO 3T0 03Havaer, uTO lim (B/a)=0. Takum o6paz0m, B saBager-
¢ GecKONEUHO MaJoii BBLICIIEro NOopsikKa IO CPaBHEHMIO C &, T. €. B=o(a).

3. Ecan o M P—6eckoHeuHO Malibie OJHOTO M TOrO XKe NOpSKa, NMpHYCM k>0,
10 TOBOpAT, uTO GeckoHEuHO Majias [ mmeer nopsdox k TO CPAaBHEHHIO C .

OTMeTHM HeKOTOpLie CBOJCTBA GECKOHEUHO MAaJIbIX:

1°. I poussedenue dsyx GeCcKOHeUHO MAAbIX eCMb GECKOHEHHO MAAAR GLICLIETO nopad-
KQ N0 CPABHEHUIO € COMHONCUMEAAMU, T. €. €CIH y=af, 1o y=o0 () 1 y=0(B).

99" BeckoneuHo Maibe O i [ sKeueaaenmuol moedqa i moAbKo mozda, koeda ux
pasrocme o.—B ="y A645emC OECKOHEUHO MaACH 8bicuiec0 nopadka no CpasHenuro ¢
u B, T. e. ecan y=0 (), v=o0(), 10 ¢ ~f

3°. Ecau omuowenue 08yx OGECKOHEUHO MAAbIX UMeem npedes, mo smom npeoder
He LBMeHUmCS NpU 3amede KaocCou U3 OECKOHEYHO MAAbIX sxeusareHmHoll et 0ecKo-
Heurno manoli, T. e. ecau lim (o/P)=m, o~ o1, B ~ By, To lim (ctg/B1) =m.

x—>a xX—=a

TMofesHo MMeTh B BHAY 3KBHBAJIEHTHOCTh CEAYIOMHX GECKOHCUHO MAIbIX: €CMIH

x— 0, T0

sinx ~ x, g x ~ x, arcsinx ~ x, arctgx ~ x, In (1 5-%) ~ x.
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704. Ilyctp t—0eckoneyno Mmanas. CpaBHHTb OGECKOHEYHO MaJble
a=>5"+4+2t% u p=23242£.
a5 5428 5
A Peew lim 5=l s om— MU 512 — 3
HUA O U B €CTb YHCJIO, OTJIMYHOE OT HYJd, TO & Hﬁ—ﬁeCKOHe‘{HO MaJible OAHOTO H
TOTO 2Ke NMopsiiKa. A

. Tak kak mnpejies1 OTHOMIE-

705. CpaBHUTD GecKOHEUHO MaJible o = £ sin®f u 3 =2¢sin ¢ npu  —0.

in2
& —lim £sin®? ilim sint=0, 1. e. a=0(f). A

A 3neck t]in(l) ﬁ $>0 2t sint: 2 {0

706. CpaBHuTb OeckKoHeuno Majble a=¢In(l+417), P=1fsin{ npu
t—0.

/\ Haxopum
In(141)
fim & = fim 200D g INAED gy L g,
0 B 350 tsint j>o Sint t>o Sint
t
T.e. a~f. A
707. Haiitu limw .

tg x2

x—0
/\ 3aMeHuM uHCJANTEJSb W 3HAaMEHaTeNb JAPOGH SKBHBAEHTHBIMH GECKOHEUHLIMH
MadeiMu: In (14 3x sin x) ~ 3x sinx, tg x2 ~ x2. Toraa noayuum
3x sin x sin x
2

im OSxS0 —35im SPX 3 A

X0 tg x? x>0 X x>0

708. OmnpeneuTh NOPSIOK GECKOHEUHO MAJOH y == xe* MO CPABHEHHIO
¢ GeCKOHEeYHO Masoi X.

709. Onpenenutb MOPSNOK GeCKOHEYHO MaJoi y:lfl +xsinx—1
N0 CpaBHEHHIO ¢ GEeCKOHEYHO MaJsoi X.

710. Onpenennth MOPALOK GECKOHEUHO Masioi y=Vsin2x no cpaB-
HeHuio ¢ x npu x — 0.

711. CpaBHuTb GecKOHeYHO Manble o= 1*sin*f u =7 tg ¢, ecnu t — 0.

712. CpaBHuTh GeckoHeuHO Mauble o= (1+x)”—1 u f=mx, ecau
x— 0 ¥ m—panHoHaJbHOE NOJIOXKUTENIbHOE YHCJIO.

713. CpaBHUTDL GecKoHeuHO Manbled =a*—1 u = xIna, ecau x — O,

Haiitu cnenyiomue npegesst:

.V TH2x—1 . sin2 3x
714. Ll_rg)—tg—gr. 715. Eiﬂoln—z(‘l_{_—%i.

@ 3amvenuts unCAHTENB
I 3HAMEeHaTeJb SKBHBaJeHTHBIMH GECKOHEUHO MaJIBIMH,

. e 1 . In(1-4-x—3x22x3)
6. lim - V7 I e ) -
. In cos x . sin(e¥—1—1)
718. lxl_l'i’lom 719. LI—TEIIT.

@ [peacraButh cOs x¥ B BHZEE
1— (1 —cos x).
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5 =% (23
720. lim ‘/“j_x)_‘"’:_l . 721, fim &0 =D
50 (14 %)/ (102 —1 a0 (3% —1) (6% —1)
3/
722, lim 3L =2
x>0 1/ 16 4 bx—2

@ Pasjenurs Ha 2 yHCAHTENb M 3HAMEHATEIb,

§ 6. HENNPEPBIBHOCTb ®YHKUHH

Dyuruus f(x) HasbiBaeTCH Henpepblenol 6 mouyxe @, ecam: 1) ata Qyuxuna omn-
pejesieHa B HEKOTOPOH OKPECTHOCTH TOUKH a; 2) cywecTByeT mpelea lim f (x); 3) stor
X—=>a
npepes paBeH snaucHuio GYHKUHH B TOuKe @, T. e. lim [ (x)=] (a).
xX—>a

O6o3nauasi x—a = Ax (npupalueHne aprymenrta) H [ (x)—f (a)=Ay (npupamenie

(YHKLLHK), YCJOBHE HeNpPepblBHOCTH MOXKHO 3alHCaTh TaK:AlimOAy:O, T. €. pyuxyus
X—>

f (x) nenpepviena 6 mouke @ moeda u moasko moeda, Koeda 6 dmoil mouke OCCROHEUHO

MAAOMY  NPUPAUEHUIO  QPYMerma coomeemcmsyem OeCKOHeUHO MQa0e RpupatieHre

pynrxyul.

Ecau ¢yHKIMS HenpephiBHA B KaxJo# Touke HekoTopoll o6aacTh (HHTepBaJa,
CerMeHTa H T. I1.), TO OHA HAa3LIBACTCS HenpepoisHot. @ 3TOH ob.aacmul.

Touka a, npuHajieKawas o6jacTH onpelejeHus QYHKUMH HJIH SBJASIOLIAACH
TPaHUYHON JJIst 5TOH oOsacTH, Ha3bIBAETCA MOYKOL paA3peieq, €CJAH B 3TOH TOuKe
HapyllaeTcsi YCJIOBHE HENMPepLIBHOCTH (YHKILHH.

Ec/1d CyuiecTBYIOT KOHeUHbIe NpeAesist  lim Of ) =f(@—0) n lim of *)=f(a-+0),

X—> X->a+

a—

npuueM He Bee TpH uncaa f(a), f(a—0), f(a-}-0) paBue mex1y coboif, TO @ Ha3sl-
Baercsi moukoti paspeiga 1 poda. .

Touxku paspwiBa | poja nonpasjensiorcs, B CBOIO ouepeib, Ha mMmouKkw Ycmparit-
mozo pasposa (Koraa f{a—O0)=f(a-+0) # f(a), T. e. Koria .eswlif H nOpapbii mpe-
neqabl QYHKIMH B TOUKE @ PaBHBI MeXJ1y co6oil, HO He paBHbl 3HAUYEHHIO (QYHKIHH B
3TOi TOYKe) M Ha mouku ckauka (koraa f(a—0) # f(a-+0), T. e. Koria JeBbli H
npasblil npefessl (QYHKUHMM B TOUKE 4 Pa3JHYHB); B IOCJHEJHEM CJIyyae pa3HocTb
f(a--0)—f (a—0) HasbiBaercs cxkaquxos (GYHKUHH B Touke a. TOUKH paspbiBa, He sB-
Jsolnyecs TOUKaMH paspbiBa 1 poja, HaswiBaiorcs mouxamu paspesa 11 poda. B tou-
Kax paspmiBa Il poia He cyuwecTByer XoTsl Gbl OJHH H3 OJIHOCTOPOHHMX HpeAe.IOB.

Cymma # npousBelleHHe KOHEUHOTO UHCJIAa HenpephiBHbIX (DYHKIuIl €cTh (yHKUHA
HenpephiBHas. Uactuoe oT JeJeHHs JABYX HeNpephBHEIX (YHKUHI ecTh (YyHKIHA He-
HpepHiBHast BO BCeX TOYKaX, IJe JAeduTeNb HE paBeH HY0.

X
723. Tlokasatp, 4T0 1pH x=4 QYHKINA Y= _—; UMeeT Da3pLIB.

. X .
/\ Haxoaum lim =-—o00, lim =-+o0. Takum o6paszom, QYHKUUS NpI
X

Sa-0 Xx—4 X—>4+0 X —
%X — 4 He HMeeT HHM JEBOTO, HH NPaBOro KOHeYHoro mpejeia. CieloBaTedblo, x=4
sBasieTcss Toukoll paspwmsa 11 poxa (puc. 26). A

724. Tlokasatb, uTo npH x =4 GyHKUHA y = arctg x—_l_—i HUMeeT pas3pLiB.

A Ecanx —4—0,101/(x —4) ——o0u lim0 y=—m/2, Ecnu xe x — 4---0,
x—>4=
10 1/(x—4) —>-to0 u lim y=mn/2. Urak, npu x — 4 QyHKIHA HMEET KaK JeBhii,
x—>4+0

TaK ¥ TpaBHIl KOHEUHLIHl TNpejfes, NpuHueM STH Jipeledsl passuunnl. CaejoBaTelbHO,
x=14 siBaseTca Toukoil paspwisa I poja—toukoil ckaika. Ckauox OQYHKUMH B 3TOif
TouKe paBeH 7/2—(— 7/2) =g (puc. 27). A
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725. IlokasaTb, YTO NPH X = O QYHKUUA § = =25 ymeer pasphiB.

x—5
A B Touke x=05 QyHRuMS He ONpeiesieHa, TAaK Kak, BHINOJHHB IOJCTaHOBKY,
noayuaeM Heonpenesiensocth 0/0. B apyrux Toukax 1po6b MOXKHO COKPaTHTH Ha
x—5, Tak xak x—>5 # 0. CrnezoBaTeqbHo, y=x-}5 npu x # 5, Jlerko BHAETDb, YTO
lim y= lim y=10.
x->5-=0 x—>5+0
Takmm c6pasoM, mpH x¥=D5 (YHKUHS HMeeT ycTpaHuMb paspwie. OH Gyler
yCTpaHeH, ecIH YCJOBHThCA, uTo y=10 mpu x=5.

y i
; y
l‘ "E \-
et e e e IR 2 \

J 14 11 |4l el do e
1 Z J \1{ £
i L
1 2
i

Puc. 26 Puc. 27

Hrak, MOKHO CUMTATh, UTO (YHKLUA y=(x2—25)/(x—5) HempepuiBHA NPH BCEX
3HAUEHHUSAX X, €CJAH CUuTaTh, YTO PaBelCTBO (x2—25)/(x —5) =x--5 cipaBelauBO NpH
BCeX BHAYEHMSX X, He HCkJaoyas  x=>5. B aToM cayyae rpapuk QYHKIHH €CTh
npamast y=x-+-5. A

l/(x—2)__1

ot/Gr=2) 4 °

727. Haiiru Touku paspeiBa QYHKUHA y:ml(x——s_)‘

726. Haiitu TouKH paspbiBa QYHKUMH Y=

728. Kakop xapakTep paspbiBa QYHKIHH Y =j——3 B TO4KE ¥= 1?

sin x
729. Kaxos xapakTep paspbiBa QYHKUHH y = ——B TOYKE x=0?

tgx arctgxi3
730. Haiitu Touxku paspslBa QYHKUHH Y = TG "
" x3—6x2+11x—6
731. Haiitu Touxku paspeiBa QyHKIUH Yy=—F%—313 °
x+1

732. Ha#itu Touku pa3pbiBa QYHKIMH Y= @ Teer1xi6"

733. Haiiry TouKH paspbiBa QyHKUHH y.—_m—f.

734. VccaepoBarh Ha HenpepbIBHOCTb (PYHKIHIO Y=G—hw—p Ha
orpeske: 1) [2, 5]; 2) [4, 10]; 3) [0, 7].

735. HccnenoBath Ha HeNpepblBHOCTb (YHKIHIO y:mlx—gj_%— Ha
orpeske: 1) [6, 10; 2) [—2, 2]; 3) [—6, 6]. ‘



IFJ1ABA VII

AH®GEPEHLUMUAJBHOE UCYUCJIEHKHE ®YHKUUH
OJJHOA HE3ABHMCHMMOW NEPEMEHHOH

S

§ 1. NPOU3BOAHAS U NUPPEPEHIIHAJ

1. Huddepenunporanne sBHbX (yrkumii. IIycTs X U %y — 3Havenus apryMesrTa,
a 1= (x1) B yYa=1F (Xy) — COOTBETCTBYIONIHE 3HAYEHUS oynruun y=f(x). Pasnocts
Ax =Xy —x; HA3LIBACTCH NPUPALYEHUEN AP2YMCHMA, & PASHOCTD Ay=ys—yi=[ (x;) —
— [ (x1) —npupawenuem pynkyuu Ha otpeske [xy, x,].

11 pouseodnoii oT GynKuuK y==f (¥) MO apryMenTy X HAa3BIBAETCH KOHEUHDI npe-
et OTHOLIEHHST Npupaulenna QyHKUUH K NPHPAuleHnIo apryMeHTa, KOIAa NOC/ejHee
CTPEMUTCH K HYJIO:

[x-FAD)—F (x)
Ax

Ay
"= lim =%, wm [’ (x)= lim
Y Ax—0 Ax’ y () Ax—>0
NPOU3BOAHA 0O6O3HAYAETCS TaKKe E%)

Feomerpryeckn nmpousBojiHast NpejcTaBaser cofoil YIIOBOI Ko3(pdHIICHT Kaca-
TeNbHOH K Tpadnky QyHkuun y=f(x) B Touke x, T. ¢. y =tg o.

[Tpoussonnas ecth ckopocms usmenenus GYHKUHH B TOUKC X.

Ortbickanue NpONSBOAHOI HasviBaeTCs: Ouggeperyuposantess GyHKURH.

PopMyan AupPepeHNHPOBANNST OCHOBHLX GYHKI U

’— m~1
I (xm) =mxm=~1, XI1. (arcsinx)'z—;—.
1. (V?)'=—1—.:- Vi—x®
1\’ 2V xl XIII. (arccosx)’:__._l_‘__.
L. (‘;) S Yi—w
, 1
IV.  (e*)" =e*. XIV. (arctg x) =TT
V. (a¥)' =a*Ina. o
1 XV. (arcctgx) =———.
VI. (Inx)=—. 14x
X X p—X\/
1 XVI. (shx)’:( 5 \ =chx.
VII. (log, x)) =———. /
xlna XVIL (ch )’ = ex—l—e-x‘)’__ e
VIII. (sin x)’ =cos x. - ehx _(_2——, =S
IX. (cosx)'=—sin «. X VIIL. (thx)’=(£{y=—12—.
X. (tg x)) =sec? x. d;l:x , ch xl
XI. (ctg x)’ — — cosec? x. XIX. (cthx) = (m) -

OcnopHble MpaBuJa fubbepeHIHPOBAHUS
Iycts C—nocroaunas, u=u (x), v=0u(X)— GYHKLHHU, HMEIOUIHE NPOU3BOIHLIE.
Torpa:

1) C'=0; 2) x'=1;3) (u+ ) =u"+v"; 4) (Cu) =Cu’;

5) (uo) =u'v-ur’; 6) (%) =_”vv_2’w ;

151



7y ecmn y=f(u), u=u(x), 1. e. y=[[u(x)], rre dyukunu f(u) u u(x) umeT

NPOU3BOJHBIE, TO
Yx="Yurtx
(npaBuso audpepeHIUPOBAHHSA CIOXKHOH (YHKIHU).

736. Mcxonss u3 onpeneseHusi mpousBoaHoH (He mosb3ysich dopumy-
Jami jauddepeHIHpoBaHHA), HaHTH NPOU3BOAHYI (QYHKHHH y = 2x° -
-4 bx*—T7x—4.

/A Hanum x mpupaimenne Ax, Torja y NOJYYHT mpHpauieHHe Ay:

y+Ay=2(x++Ax)>+5 (x+Ax)2—7 (x + Ax)—4.

Haiinem npupamesue GbyHKIHH:

Ay=1[2 (x4 Ax)3- 5 (x-}-Ax)? —7()c-{—A;c)—4]-—(2x3—{—5x2 Tx—4)=
=06x2 Ax-{-6x Ax2+ 2Ax3 4 10x Ax+-5Ax2—TAx.
Haxonum oTHoweHne npupameHuss GyHKIOUH K NPHpAILEHHIO apryMeHTas
Ay
Ax
Haiizem npepen atoro otHowenust npu Ax — 0:

LY 6x7 1 6x Ax2 Ax® - 10x 5 Ax—T.

lim 2L lim (6x2--6x Av-q2Ax2+ 10+ 5Ax—7) —6x2+ 105 —7.
Ax -0 Ax  Ax >0

CreoBaTensHo, 110 ONpejieJaeHUIo MPou3BOAHOH y' =6x2--10x—7. &

737. Hcxonst n3 onpefesleHHst NpPOH3BOAHOMN, HAATH INPOU3BOAHYIO
byukuuu y =1V x

A Haxomun npupamenne ¢pynxnun: Ay=V x+ Ax—} x. Orcrona

Ay ]/.M—V—Tc Ay Vx—{— Ax—]/x
L= 7 " u lim = A
Ax Ax Ax —» 0 Ax Ax - 0 Ax
Taxrum o6paso, _
J— lim Vit ax—V%) Vit Mx-V5)
Ax - 0 Ax (Y x-F Ax Ax—{—l/x)
x+Ax—x 1

lim =
Tareo Ax (Y xEAx+V %) Ax—»O]/x—l—Ax+]/x 2V %
1
2) %
738. Mcxona u3 onpeneseHHs NPOH3BOAHOH, HANTH NPOU3BOMHYIO
dyuxuun y=—ctgx—x.
/\ Haxonuum
Ay =—ctg (x 4+ Ax) — (x-+ Ax) f-ctg x - x =ctg x —ctg (x4 Ax) —Ax.
sin (B—a)

14

Wrak, y' =

Wcnonssys ¢opmyay ctg a—ctg = Sinasmp TOJTYYUM
_ sin(x4+Ax—x) . sin Ax
A =Gz sin G Ay Y T Sinxsin L Ax)_Ax’
OTKYyJa
sin Ax
Ay Ax

Ax ~ sinxsin (x—{-Ax)_l
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H, ¢/1ef0BaTeJbHO,

sin Ax
Ay . Ax 1
lim —=1 = —
AxlT 0 Ax Axlr_l.l o sinxsin (x4 Ax) ! sin?x 1

Urak, y’ =i I=ctg?x. A

Hcxons us onpenenenus nponssoiHOH, HalTH NPOU3BONHbIE (yHKILHI:
1 k pa—
739. Y=z 740. y = V% 741, y:Ssmx-l—Scosx.

742. y=>5(tgx—x). 743. y=— . T44, y=2%",

x+1

[Tpumenss dopmynst u npasBuia ,U,Hq)(pepeHquOBaHm HalTH npous-
BOJHBIE CJEAYIOIWUX (PYyHKIHHA:

745, y=2x*—5x2 - Tx 4.

DY =020 — 60 (70 + (@) =2 (") —5 () +7x' 4 =
=2.3x2—5-2x+7-14+0=6x2—10x+-7. A
746, y = x%*.

D Y =52 (%) e (x%) =x%e¥ |- 2xe¥ =xe¥ (x1-2). A
747. y=x®arctg x.

A\ Y =3 (arctg x)" f-arctg - (#%) =x8 ———— - 3x%arctg x =

1+
x3
. 2
T+ +-3x?arctg x. A
748. y=x1"x (3Inx—2).
FaN %Iepen;tmeM 3ajjaHHy0 QyHKUHIO B Bule y=1x32(3Ilnx—2). Toraa y’ =
= x3/2 -;——}—? X123 In-x—2) = 3x1/'2—{~-g—x1/2 In x —3x1/2 :% Vxlnx. &

749, y— Zinr

x- (arcsin x)’ —arcsinx- (x)7

ANY = =
1 o
x Vi—x AT Y T— x%-arcsin x A
_ X2 - X2y 1—x2
sin x—cos x
750. y:sinx+cosx )
, _ (sinx-cos x) (cos x4 sin x) —(sin x—cos x) (cos x—sin x)
Ly= (sin x - cos x)?
(sm x-+cos ¥)%4 (sin x—cos x)? 2 A
(sin x -} cos x)2? T (sinxt-cosx)®

751. y= (2% 4 5)1.

A O6o3naunm 24%-1-5=u, toraa y=u* Ilo npasuay quddepeH nPOBaAHIT CI0K~
HOH (yHKUHMH HMeeM

¥’ = (Y (263 5)y=4u® (6x2) =24x2 (243 1 5)%. A
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752, y=1gox,

Ay =61g°x-(tgx) =61tg  xsec?x. A

753. y=rcos?x.

A Yy =2cosx(cosx)' =-—2cos xsinx=—sin2x. A
754. y=sin (2x} 3).

A Y =cos (2x-}-8)-(2¢x+3)" =2cos (2¢r+3). A
755. y=1tgInx.

Ay =sec?lnx-(Inx) ~——%-sec2 Inx. A
756. y=sin3—)3c— .
A y’=3sin2%.(sm%) =351n2%cos%(-§—y =sin2%cos%. A
757. y=1n(x*-}-5).

, 1 , 2x
AY =gy P =5g - A

x

758. y.—_lntgé—.

-sec? (x/2)-(x/2) =
_ i o
~2ig (x/2) c052 (x/2) " 2sin (x/2) cos (;2) ~ sinx

759. y=1n(x+1/x2—{-l) .

AY ) -(tg (x/2))" =

g (1/2) (x/2 tg( /9)

- A&

S S TTT) o —

&Y = eV Y — e (e )
_ 1 .l/-xz—{-l—f—x 1 A
s+HVEFl VEFl  VERn

760. y=1n()/ 2sinx+1-+V 2sinx—1).

V2sinx+l—|1—]/2sinx—1 (V2sinx+1+]/2smx—1)'=

_ 1 2cosx . 2cosx .
T Y 2sinx-L1-¥ 2sinx—1 <2I/m I 2Vm>—
_ 1 cosx (Y 2sinx4-1-4+V 2sinx—1)
T Y osimx L1+ 2sinx—1 Y dsinix—1 o

Ay =

CcOS X

:]/451113:»'——1 A

761. y:%l/xz—l— k—}—%-ln (x+V**FE).

154



’~.£. 2x 1 2x —
Ay =5 —Z—— L V2¢k+2x+]fx2+k<+2]/x“2+k>

o a® VLR i 1 sz—l—k—}—x__
Y Pty LV TE Vate
=)f2_;i=]/x2+k. A

) V 2k
) x?
762. y:arCSmm, [x] < 1.
. 1 2%\’ 1
Al [ 2 <1+x4) —]/ T \E
V (I—H‘*) 1_(l+x4)
><(1—‘—x4)~4x—2x2 43 1 VAx(1—xy . 4x
R SV e S B St RN |
763. y=arctg 12X
1 1 3
DY =i 5= FICENPE R N
764. y=e*-arctg o* —1n )/ T &=,
/\ 3amicas AAHHYI0 GYHKUHIO B BHje
y=cxarcfgex—-—;-ln(l+e2");
IOy YHM
1 1
yr:gx.l+62x _rexarctgex___l_’— 2x x,2=
e2x e2x
=T hefarctger— [Toaw=erarctges. g
__sinx 1-+-sinx
765. y= cosZ x +1n cosx °
A\ TlpecGpasyem JalHYI0 (QYyHKIHIOY
y= LSOI:zx In (1+sin x) —1n cos x.
Torza
, _ €os?xcos x—sin x- 2cosx(—smx)i .
y = cosix FTFsinx 05 — ez (—SinD,
Hau
s _ c0s®xL2sin?x | cos x (1 —sin X) , sinx c052x+23in2x_Ll—sinx
vy = cos® x + I —sin?x + cos x cos3 x P cosx +
sinx _ cos?x-2sinZx 1 o 3
+ cosx cosdx +cosx SosTr—2sec’x A

766. = % tg2)/ x -+ Incos l/;—c
DAY =tgV xsec? Y x

1
2}/; cos
2}/;\,

t'r]/x(seczlfx—-l)— tg3Vx A
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— 3 X 5 X
767. y=>5sh l5—}—3sh % -
A\ Haxonnm
"= e X XL PIERRNE S SR . 2 2_"_>,
y'=15sh 15ch15 15—}—155}1 15ch15 ls—sh 15ch15 1-+sh E )
OTKYyZa, wucnoab3ys cootHomenne ch?x—sh?x=1, OKOHUATENILHO NOJYYdeM y =

— h2 X o3 X
= sh 15ch 15.A

768. y=x*.

/\ 3jech oCHOBaHHE M TOKA3aTeab CTENEHH 3aBHCAT OT X. Jlorapudmupys, mno-
ayuam Iny=x2%Inx. TlpoaudpdepennupyeM obe uYaCTH MNOCJAEIHErO PABEHCTBA NO X.
Tak kak y sBasercs (yHKuuell or X, T0 Iny ecrb caoxHas ¢ynkuua x u (Iny) =

1
= —!71/'. CaeioBaTesbHO,
y'

1 y’
=x%. — L= ;
7 =x? x—{—2x1nx, m x(1421Inx),

g =xy(+2Inx)=xx"*(14+2Inx)=x2+1(14-21nx). A
769. y=(sinx)'&~*.

A\ Hneem Iny=tgx-Insinx, oTkyaa

’

=

!

1 g .
=tg Ko cos x-}sec? x In sin x = 1-}-sec? x In sin x;

y =y (1-Fsec? x In sin x) = (sin x)'® © (1 4-sec? x Insin x). A

 (@x—1® Y 3|2
710 y= Gr42 3/ T—x

S

/A 37ech 3ajaHnylo GYyHKUHIO TaKkKe CIeIYeT NPeABAPHTENbHO NPOJOrapHpMu-
poBarTh:

Iny=31In (Qx—l)+l In(3x+2)—21In (5x—}—4)—Lln 1 —x);
) 3 n(

y 3 1 3 5 1
Ty 2x—1 g X2 2 5x—l—4+3(1—x) ’
, (2x—1)3 VY 3x+2 6 3 10 1
V= orray 3 T—x [Qx—l oGy TR I0= ] A

Haiitn npouspopHble QyHKIHH:

. y=—. 772 y=2 2}/ %.

pm

718, y= 20V 3i— Vit g7V

774, y=(x2-+2x42)e~*. 775. y=3x*Inx—x2,
776. y-——%. 777. y=x?sinx+2xcos x—2sin x.
778. y=1In (2x* +3x%). 779. y=V 1—3x.

780. y = xarccos -;——-1/4_—?.
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781. y=
782.

I4-sinx
784. y= . 785. J:ln 1/1—smx'
786. ¢ _tg2x+——tg32vJ~ tgs 2x.
787. yzgsm']/x——g— 51n5Vx+7sin7 Vx.
788. y=In(3x*4+1/ 9x*+1). 789. y=% Vtﬁ—)ﬁ—l—%2 arcsin —3
Vitgr1—2yTgx 5 X x
Ly=In T2t == . 791. y=—ct 5 —21 5
790. y nV4‘vx+l+2Vtgx Y g nsinyg
Y= - =arctg —
792. y=arctg V4 —1. 793. y=— arch —
794 P . 795. y=arcsin-2o_ ecan | x 1
.y_arcg—x NTES T [x] < 1.
796. ¢ J_arccmg . 797. y=e *—sine *cose~*.
o x g, (x—=1) (x—3)*
798. y_-arctg]/m. 799. y—lnm.
-~
800. y=1—esn*3vcos®3x. 801. y=In %
802. y=In (sec x--tg x). 803. y=— In(cosec x-|-ctg x).
5
804. y=¢"7"(}"2x—1). 805. y:ln;’iﬁ.
_ sin x 2 07. y— 5 sin x .
806. y (Tcos?) 807, y=arc m___—_—]/lesm?x
808. y= —cosec®(x/2). 809. y=sin (In x)-cos(lnx)—In(1/x).
810. y=(x*-+3)[In (x* +3)—1]. 811. y=arcsin} 1—0,24.
812. y=0,5{(x o)) x* = 2ax +p+
+@—0) In(x+at+VE+2ax1p)]
813. y=arcsine* ~arcsin}/ 1—e2=.
814.y_—_ml/rx"-—oncxﬁ—ﬁ—l—(n—ma)1n(x+oc—{—l/‘x2+2ax—}-ﬁ).
815. y=—=——. 816. y=x242xsmMxCOSxX-}COS? x.
V I —mx*
3 " . R _ sinx
817. y=ctg xcosec x+In (ctg x -4-cosec x). 818. Y =TT Trsmr
819. y=23xsin®x-1-3cos x—cos® x. 820. y—ln%
821. y=e*—sine* cos® e¥ —sind e¥ cose*.
1
822. y:arcfg (x+ 1)+x‘“'_~1{_2tx—}~_2'
823. y=x(In? x—3In*x4- 6 In x—6).

VxaresinV x+V1—x.

Y= (sin %——cos%)g . 783. y=rcos?®(x/3).
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824. y=1Insin} xtg ) x—V . 825. y=arcig xx"2 ~
! x 1 3
826. y:a(tg‘*-g—ctg“%)+-8—<tg2%~—ctg2%>—}—§lntg%-
= x L1 . L 2 cos (x/2)
827. y=Intg 5 +-cosx -+ 3 cos® x. 828. y= SR @) F3cos D) *
829. y:%tgzsinx—{—lncossinx. 830. y———ln(l—%)—{—%.
831. y:ln%. 832. y=2xtg 2x -} Incos 2x—2x°.
833. y==arccos (2¢**—1). 834. y=Inlnx(Inlnlnx—1).
x—e2% xlnx—1
835. y:mi. 836. y:lﬂm.
: 2 sin x
837. y=arcig ?x_;c: 838. y=Intg =
839 2y 2 cos? x — 22
. yzism X5 cos x——4—0052x.
arctg x x
840. y—tg*tg x+3igtg x. 841, y= —In i
842, y—NX 4 L 843, y=)/ 2T 1[In(2x+1)—2]
844. y=-secx(1+Incosx). 845. y=e*)/ T—e* —arcsiner.
X, 20x
846- Y= 2::053,\-—3 cosx 847, Y= 63”
848. y:xi‘l——e—lnm. 849. y:xsinxcosxrr-;cos x.
x2e%? x x
850. y = oy - 851 y=lnfg§“sm
852. y=2(tgV x—V'x). 853. y—= —l—%arctg X,
Vx4+l—x .
. = —_——— . 855. — 0.5 tg® v .
854. y=1In Vx4~i—1—l—x2 y=e coS X
856. y=arctg —— 1 . 857. y=x%"Inx.
858. y:arccoslfl—zx. 859. y=log,.2.
860. y——m) =%+ 2ax+ B+ (me-+n)arcsin Vx;aﬁ .
861. y=log, sin*x. 862. y=log, (x—|—l/x"'+9).
. —1
863. y— xwesinx, 864, y=<ﬁ+_l)4.
2% (x-L1)3 <1 1/1 )
Y 866. :1 - -5 1 .
865- Yy (x—1)2V2x+1 Yy n P + X2 _l_
867. y-wf%im[(m%—l)cos (n1n x) +nsin(nln x)].
868. y=(xtg x-+Incosx)-tg (x g x4 Incosx)+
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869. y=(xcosx—sinx)[In(xcosx—sinx)—1].
870. y=3sin (xe*—e*)—sin® (xe* —e*).

871. y=arccos (2x V' 1—x?). 872. y=|x| (x%0).
873. y=|[(x)|. 874. y=|3x—5]|.

875. y=el*l. 876. y=|x|-+|x—2|.

877. y=xe* (sin x—cos x) -}-e* cos x.

878. y=In[x sinx -+ cos x -}/ (xsin x+cos x)* -+ 1].
879. y:g:—(xlnx—x—l). 880. y=10gcoes xSii X.

881. y=1log, (x"+V x*11). 882. y=log, e.
883. y=1log,:x. 884. y=log, x*. 885. y=x!/nx,
886. y=x*. 887. y=x"%.2%.42,

888. y—xln, 889, y— — TV XL
(x—1)3 3/ 5x—1
890. ITokasarte, uto (sec x)’ =sec x tg x.
891. Tlokasate, yto (cosec x)’ = — cosec xctg x.
892. Ilokasate, uto (1°) =ovuv-1.4'+u’-v' Inu.
893. Buiect opmyJibl AupepeHuHpPOBaHHS arcsec X U arccosec x.
894. Uemy paBHO Buipaxenue u = y?-}-y'2 - 4y?/y’?, eciu y=2cosx?
895. Ilokasatb, yto ¢yHKuus y= (x2- 1) (¢*+ C) obpamaer ypas-

2
HeHHe _L/'—xz’_‘f_’l =¢*(x*4 1) B TOMNIECTBO.

2. Juddepernunposanne HesBHMX ¢ynkumii. ITycts ypaenenue F (x, y)=0 onpe-

IeJieT Y KaK HesBHYI0 (pYHKUHMIO OT X. B JasbveiimeM OyJeM CUMTaTb 3Ty (PyHKUHIO
nddepeHyHpyeMoii.

TIpoauddeperupoBas o x ofe uacta ypasuenus F (r, y)=0, moxyuum ypapHe-
HHE NEPBOil CreleHd oTHocuTeabHo y’. VI3 atoro ypasHeHus Jierko Haxomutes y', T.e.

IIPOM3BOJHAS HeABHOH (QYHKUMH IJst BCEX 3HAUEHHH X U Y, IPH KOTOPLIX MHOXKHTEJb
npd y’' B ypaBHeHHH He obpallaercs B HYJb.

896. Haiitn mpousBopHyo y, U3 ypaBHeHus x*- y*=4.
/A Taxk xax y sBasercs ¢yHKuueHd ot x, To OGyReM paccMaTpuBaTh Y2 Kak CJIOXK-

Hy©0 ¢yskuuio or x. Cruepoparteanho, (y%) =2yy’. IlpomuddeperuupoBas mo x obe
YaCTH AAHHOTO YpaBHEHH, MoayuuMm 2x--2yy’' =0, T.e. ¥ =—x/y. A

897. Hafitu npouspojuylo y, u3 ypasHeHus: x*--Iny—x%¥=0,
A\ duddepennvpysa no x ofe yacTH ypaBHEHHA, DOJyuyaeM
3x2- —%——x‘lel’y’—.?xel’ =0, T.e. y’=%§)—y. A
Haiitn npousBoanyio y, OT HesiBHBIX (YHKLHH:
898. x* -+ y*—3xy=0.
899. Ax2 -+ 2Bxy+-Cy*+-2Dx-+2Ey | F =0.
900. x*—6x%y -1 9y*—5x2 + 15y2— 100 =0.
901. x¥—y*==0. 902. xsiny -} ysinx=0.
0903, ¢¥4-e/—29 —1=0.
904. sin (y—x%)—In(y—x*)+-2V y—x*—3=0.
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pa—
905. %—l—ey/"— ]/-—fé =0. 906. x¥"+y*Inx—4=0.
$07. x*siny -y’ cosx—2x—3y--1=0.

3. Nuddepenunporanue dynkumi, 3agannbix napamerpudeckn. Ecan dynknus
apryMeHTa X 3ajaHa MapaMeTPHYECKHMH YpPaBHEHHAMH X= § ({), y=1p ({), TO

dy

.y dy__ dt
Y= x;‘ , HJIH o e
dt

908. Haiitn y' =, ecan x=12+3(+1, y=3154 554 1.

501502
A Haitzem %:3124—3, Z—?=15t4—{—15t2. Cule;10BaTe L HO, dy_ DU 150

dx~ 323
=52 A
dy

909. Haiitu y':(—&, ecau x=acost, y=asint.

910. Haijiru y’:%yc, ecm x=e"'sint, y=-etcost.
911. Haiitu '=Z—g, ecsu p=(—§l/o_c+1>oc, 0=} ae =,
912. Haitu y':j—i, ecim x=chi, y=sht.

4. TpunoxeHHs NPOH3BOAHOI K 3aJa4aM TeOMeTPHH M MeXaHMKH. Ecuu KpiBas
3ajaHa ypaBHeHHEM y=f(x), To [’ (x)=1g o, rae o.—yrou, o6pasoBaHHLll ¢ noJo-
HUTCJIBHBIM HanpasjeHHeM ocH Ox KacatelbHoH K KPHBON B TOuKe ¢ afCLHCCOil Xg.

& pagHenue KacameavHoil K KPUBOLL y=T[(x) B Touke Mg (¥,; Yo) HMeeT BHJA

Y—Yo=1o (x—x,),

TA€ Yo €CTh 3HAauYeHHe TPOM3BOAHON Y’ NpH Xx=x,.

Hopmaavio X xpupoit waspiBaeTcst npsAMasi, NePUENINKYJIspHas Kacateapnodl n
NPOXOAAILASt Yepe3 TOUKY KaCaHHH.

¥ pasrenue Hopmaiw ¥MeeT DHJ

1
Y—Yo=—— (x—x).
Yo

Yeaom mendy Osyma kpusvimu y=f,(x) u y=7F, (¥) B Touke mx Tiepeceuenis
M, (x5 Yp) HasLIBAETCH YroJ Mexy KacaTeJBHEIMH K STHM KPHEBIM B TOUKE My. 3tor
YTOJ HaxoAuTCA HO (popmyJe

— fz (%) — F1 (x5) .
141 (%) F2 (xo)

Ecmi npu npavonupefinoM JBHMEHHH TOUYKH 3a7al 3aKOH JIRIDKCHHS S=s (f), TO
CKOPOCTb JIBH2KCHHMS B MOMEHT 7y €CThb NpOH3BOJHASI NYTH 10 BpeMERH: v==5' (f,).

tgo

913. Kaxoit yron ofpasyer ¢ ocbio afenuce KacareipHas K KpHBOI
y=(2/3) x>—(1/9) x*, mpoBeneHHas B Touke ¢ abcuuccoil x = 1?

A Haxozaum npoussonuyto y' = (10/3) x2—(1/3) x%; npu x=1 umeem y' =3, T. e.
tg o =3, otkyna a=arclg 3~ 71°34'. 4

914. Kako#t yron ofpasyer ¢ oCbio afCILyCC KacaTeJbHAS K napa-
Gose y=x*—3x+5, npoBeennas B Touke M (2; 3)? Hamucatn ypaB-
HEHHE 3TOH KacaTeJabHOH.
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915. CoctaBHTb ypaBHEHHsI KacaTeJAbHOH H HOPMAJIH K KpPHBOI
x4 2xy* 4 3y*=06 B touxke M (l; —1).

A\ M3 ypaBueRus KpuBoil nailieM Nmpou3BoIHYIO:

: ' 19y — TR
25422 dxyy’ - 120%y" =0, 1.6, Y = IR
. 14+ (—1)2 1

2T =DF6 (P 4
YpasHeHue KacartesbHOMH

’
CaegoBaTteabHo, yo=

y+1 =% (x—1), wm x—4y—5=0.

Y paBHeHHe HOpPMaJu
y+1=—4(x—1), wm 4x-Ly—3=0. A

916. Hafitn yroam mexay mapabosamu y=8—x® u y=x2

/\ Pemns cobMecTHO ypaBHeHHSI HapaGoJ, HAXOAHM TOYKH MX TNepeceuenns
A(2; 4 n B(—2; 4). Tponuddepenuupyem ypasuenns napador: y’ =—2x, y' =2x.
Hastnen yriioBbie Kos(@HIHEHTH KacaTeJbHBIX K napabogaM B Touke A (T. e. 3Haue-
4--4 8
1—16~— 15’
Gr==arctg (—8/15). Tax e onpeaeaseTcs yroJ MeXIy KPHBBIMH B TOuKe Bi (p ==
=arctg (8/15). A

HHSI IPOM3BOJHEIX NPH X =2): By =—4, ky= 4. CrnejoBatesso, tg ¢; =

917. Hajitu ypaBHenne HopMmaian k napaose y®=2p¢ B TOUKe
M (x5 yq)-

918. CocraButh ypaBHeHHe KacaTeJpHOR K runepdose x2/9—y*/8=1,
npopejeHnoil B royke M (—9; —8).

919. CocrtaBuTh ypaBHeHHA KacaTeJbHOH M HOpMAaaM K acTpoHje

=12 cos? t, y= V 92 sin® t, NPOBEJEHHBIX B TOYKE, AJsI KOTOPOH {=1/4.

920. CocTaBHTh ypaBHEHMsI KacaTeJbHOH H HOPMaJH K IMKJIOHJE
x=1-—sint, y=1-—cost, IPOBEJICHHHX B TOUYKE, JJIsi KOTOPOil {=r/2.

921. CocTaBHTb ypaBHEHHS KacaTelIbHOH M HOPMalH K NOJAYKYGH-
ueckoil napabosie x= 12, y=1°, NpPOBeJiecHHBIX B TOYKe, AJs1 KOTOPOil
t=2.

922. IlokasaTh, 4TO ypaBHEHHe KacaTeJbHOH K 3JIMNCY x%/a* -
4 4?/b*=1 B Touke M (x,; y,) uMeeT BHUA xx,/a® -+ yy,/b*=1.

923. Kaxkoi#i yron ofpasyeT ¢ ocbio acmuce KacateibHasi K KPHBO
y=shx, npoeenennas B touke (0; 0)?

924. CocraBHTh ypaBHEHHs KacaTeJbHOH M HOPMAaJd K LENHOH JH-
HuH y=ch(x/2) B Touke, rie x=21n2.

925. CocTaBuTh ypaBHEHHE KacaTeJbHOH K DaBHOCTOPOHHENH TrHnep-
6onme x=cht, y=sht¢ B Touke {=/{,.

926. Halitu yron mexay KpHBOH y=x—x* u npsamoit y=5x.

927. Hafitn yros Mexay KpPHBBIMH y=Xx> H y==1/x2.

928. Haiitu yron mexny aunuamu y=1--sinx, y=1.

929. Haiitn yron mexay KpuBbiMu Xx2--y2=15, y*=4x.

930. Haiitn yrom mexay xpueMuH y=J} 2sinx, y=} 2cosx.

931. 3aBHCHMOCTb MYTH OT BPEMEHH MpPH TPAMOJHHEHHOM ABHIKE-
HUHM TOUKH 3ajlaHa ypaBHEHHEM 8 = 1°/5 -}~ (2/m) sin (n#/8) ({ —B cexynpax,
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s—B MeTpax). OmnpefesnTb CKOPOCTH JBHXKEHHSI B KOHLE BTOPOi ce-
KYHJBL,
/\ Haxomum HpOH3BOAHYIO NYTH IO BpPEMEHH:

ds 1 nt
— 4 — S e
ai— Uty
Ilpu =2 umeem %_—16—{——;— V 2 = 16,18. CaregopatensHo, v =~ 16,18 Mc. A

932. Tlo napaGose y=x(8—x) ABIXKeTcst TOYKA TaK, 4TO ee a6e-

I[HCCa W3MEHSIETCA B 3aBHCHMOCTH OT BPEMEHH ! 10 3aKOHY x=tV't
(!—B cexynpax, x—B wmerpax). KakoBa CKOPOCTb H3MEHEHHs Op/H-
HaTtel B TOuke M (1; 7)?

A\ Haiinem 3akon uaMeHeuns opAiMHATH 3aMenHB B ypaBHeHHH MapaGoisl x Ha
t Vi, nonyunm y=8t Y 1—13. CKopocTh H3MEHCHHST OPMHATHI €CTh IPOM3BOAHAS
OT OpAMHATH N0 BpemenH: y;=12 ¥ t—3t2. das touku M (1; 7) 3naveHnue f paBHoO 1.
ClIe0BaTeNbHO, Yimy =9, T. €. CKOPOCTb M3MEPEHHSA OpPAMHATHL paBHa 9 M/c. A

933. 3aBHCHMOCTb  IYTH OT BPEMEHH 3a7aHa ypaBHEHHEM §=
=tIn (¢ 4+ 1) ({ —B cekyniax, s—B Merpax). HaiiTn cKOpocTb JABHKEHH S
B KOHIIE BTOPOH CEKYHJHL.

934. Tlo xybuueckoii mapabosie y=x® JBHXKETCS TOYKA TaK, UTO ee
OpAMHATa M3MEHSIETCS B 3aBUCHMOCTH OT BpeMEHM f IO 3aKOHY y = af’.
Kakopa ckopocTs u3MeHeHHsT aGCUHCCHl B 3aBHCHMOCTH OT BpEMEHHU?

5. Haxoxnpenue yrna mexiy paguycom-eKTopom M Jumueil. [TycTs IIIOCKas JIHHHS
3ajlaHa B JICKapTOBbIX KOOPJAMHATax ypaBHeHHeM y==f (x). HanpasjeHue JHHHY B naH-
HOlt Toure M (x; y) onpefiesifieTcst KacaTeJbHOH B 3TOil TOUKe, T. €. YIJOM « MEXAY
KacaTe/IbHOH M NOJIOKHTEeJIbHBIM HalpaBJeHHeM ocH Ox (OTCUHTLIBAEMBIM MPOTHB 4aco-
BO#l cTpenkH), npuueM tg o=y’. YrJoBoi KoabduiueHT pajauyca-BekTopa TOuYKH M
cocraBasieT g g=y/x, a yroan mexly pajHyCOM-BEKTOPOM H KacaTeJbHOH K JIHHHH
B 9TOH TOUKe ecTh = — . CiegoBaTe/bHO,

y—<
fg o= tga—tgp x _xy—y xdy—ydx

S lttgaige by 4 AW xditydy
X

Ecan smBnst 3agana B MoJspHBIX KOODPAHHATAX ypaBHeHHeM r==r (@), TO x =
=reosQ, y=rsing, xdy—ydx=r?dy, xdx-t+ydy=rdr, otkyia
rP’dep r
rdr _—T
935. Haiitn yron mexay napaGomofi y=4-—x* u Paju ycoM-BeKTO-
pom toukn M (1; 3) 3710 JMHHH.

tg(o:

/\ Haxonum
W —y x(—2x)—y —2%—y
x+yy' T xty (=20 x—2xy
—2--3 fy4
—1_—6'=1, T. €. 0)2—4—' . A
936. Haiita yrom Mexay OKpy:KHOCTBIO r=a U PaxuycoM-BEKTOPOM
mobofl ee TOUKH,

tgo=

B touke M (1; 3) noanyyaem fg m=

A Hmeem r'=0; suaunt, tg w=r/r=a/0=o0, 1. ec. o=mr/2. A
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937. Haiitu yron mexkay paBHOCTOPOHHER rumepGosoit x*—y?= 36
H pazuycom-eKropom Touku M (10; 8).

A Tak kak 2x—2yy’' =0, y’' =x/y, 10
_xx/p—y x*—y* 36 18

t = — —e————
SO Ty e oy 2w
a B TOuKe M (10; 8) umeem tgmzﬁl)s—B: 0,225, T. e. o=arctg 0,225. A

938. Haiitu yroa mexay kapauouaoit r=a (1 —cos @) u pagnycom-
BekTopoM Toukn M (3a/2; 2n/3).
A 31eck r=asin @, lgm:L.:a—(l—:COS—(P):th . B aanmnoii touxe M mo-
r asin ¢ 2
ayuaem tg o=tg (7/3), o=mn/3. A

939. Hafitu yron mexay napaojoit y*=8x u pajuyCOM-BEKTOPOM
Touku M (2; 4).

940. Haiitu yrom Mexay cnupanbio Apxumeaa r=a@ H pajinycom-
BEKTOPOM JIOOOH €e TOUKH.

941. Hajitn yroa MexJy OKPYMKHOCTBIO #=COS® M pPaguyCcOoM-BeK-
TOPOM JIOGOH ee TOUKH.

942, Haiith yroa Mexmy OKDPYXRHOCThIO (x—7)2-+(y—5)2=2 u
panuycom-sektopoM Toukn M (6; 6).

943. Haiitu yros Mmexpy CnUpajblo r=ae™® U paguycoM-BEKTOPOM
J060i ee TOUKH.

944. Haiitu yron mexny saauncoMm x2/100-+4%/36=1 u paauyco™-
Bektopom Touku M (6; 4,8).

6. Mpoussonubie BHICINX NOPATKOB. I7poussodroti emopozo nopadka (smopod npo-
u3600H0i) GyHKIMM y=[ (x) HasbiBaeTCsi NPOH3BOJHAS OT €€ IPOH3BOJHON. Bropasa

d2
npouM3BojHasi oGo3HauaeTcqa Tak: y”, WIH d_xz’

Ecnn s=[ ({)—3aKoH NpsiIMOJMHEHHOrO ABHXXEHHS TOUKH, TO BTOpas INpPOHM3BOJ-
d2

w7 (x).

Hasi MYyTH II0 BPEMEHH €CTb YCKOperHue 3TOTO deuoerus.

di?
AHAJIOTHUHO npoussodnas mpemeezo nopsadka GYHKUMH y={ (x¥) ecTb Mpou3BOAHaSA
OT NpOM3BOAHON BTOpOro mopsiaka: y’'/! =(y")’.
Boo6ule, npoussodnod n-e0 nopadka ot QYHKUHH y=[ (¥) Ha3bBaeTCs MPOH3BOI:
HAas OT NpOHM3BOAHON (n— 1)-ro mopsika: Y™ = (y»=D)’. OGosnayaercs #-f NPOU3-

dn
BOJiHas Tak: y™ mmﬁ , Hau f7) (x).

TMpou3BojHbIE BECIIMX MOPSIKOB (BTOpasi, TPeTbs M T. M.) BHIUHCASIOTCS IOC.Te-
JloBaTebHBIM JH(b(bepeHIHPOBaRHEM JaHHOH (GYHKILHH.
Eciu ¢ynkuusa 3ajaHa napaMmetrpuvecku: x=@ (f), y=1(f), TO DPOH3BOIHHE
Yxy Yxxs 11, BHUHCASIOTCS MO (OPMYJIaM
, N
r_ bt ” =(yx)t
xt

” r

rre (!/xx)t

Yx=-= 5 Yxx Yyxx =—"7—
Xt

Xt
TIpoH3BOJHYIO BTOPOrO MOPSIKA MOKHO BLIMHCIHTL Takke IO ¢opmy.ie

HT. I

]

T . 1/
(n)
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945. y=x°-}2x*—3x*—x2—0,5x4-7. Haiitu ¢, ¢, v'"'y ....
Ay =5x4]-8x3—9x2—2x—0,5,

Y =20x3-1-24x%2—18x—2,

Yy’’’ =60x21-48x—18,

yIV=120x-448, V=120, yVI=ypVil=.  =0. A
946. y=Inx. Hafitu y'».

JAN !/':'J'lc‘:x_l»

y":___ 1 .x—2’
yur: 1 -2x‘3,
ylV=—1.2.3c4,

........ o
Ym=1.2.3...(n—1) (—I)"‘l-x‘”z(—l)”‘l‘-@—;,,[—)'-- A
947. x=2%. Hafiru y'».

Ny =2%In2,
y'=2%1n%2,
Yy’ =2%1n32,

Yy =2%1nn 2,
948. y=sinx. Halitu y»,
A\ Y ==cos x=sin (xﬁ—%) ,

Yy’ =-—sinx=sin (x—]—2-g> ,

Yy’ =—cos x=sin <x+3--J21> ,

b4

y<"’:sin(x—|—n-7> - A

o r__dy n__d% 3 — in3
94¢8. Ha#itu y =i Y =gz €M x=acos*t, y=asind¢,

A y,h_a'_y_(asini"t)t'_ 3asin? f cos ¢

= = =—t
dx (acos3i); —3acos?fsint gt,
@y (—tgd)i  —sectt 1
dx? (acos®1); —3acos?fsinf Sasinf cosif.
Haiitit npoussonure Broporo nopsiika:
0 22 1,
$50. ¢ =75 951. y=7x¥(2Ilnx-3).
1 — T .
952. y=—3—x2 Vl——x2+%l/1—x?—i—xarcs1nx.
953, y=— L ysin 3x — 2 cos 3x
9 27 :
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954, y=xIn (x+V x4 a®) —V x*Fa.
XxX=aQ t—Sin t N C = i
055. ( ) 5. | *=arccos V'E,
y=a(l—cost). y=Vi—1.
957. Tlokasarb, uto Qynkuus y=sinlnx-+coslnx ynoBrersopser
ypasuenuo x%y" -+ xy’ +y=0.
958. Ilokasath, uro QyHKUHS y=x-} sin2x yAOBJETBOPAET ypab-
HeHuo Yy’ 4 4y =4x.
959, Tlpn mpsaAMONHHEHHOM [BIKEHHH TOUKH 3aBHCHMOCTb MYTH OT

BpeMeHH 3ajaHa ypaBHeHHEM S:VT. Hafitn yckopeHHe TOUKH B KOHIE
4-H cexyHJBL.
Haiitu mpousBojiHBIe TPETLErO NOPSAKA:

960. y— 961. y—-y lntx.

X
CEN
962. y=(2x-+3)*) 2x 3. 963. y=sh*x.

@ VYuects, uto sh2x=2sh xchx.

Haittu TNIPOH3BOAHLIE 7-T'O NOPAAKA:

964. y=x") x. 965. y=2x—_1|_—]. 966. y—5-—3cos®x.

967. y=2¢12-%. 968. y=jjjj:g. 969. y=ck*,

x=Int, x=at-}b,
970. y=cosx. 971. {y:l/t. 7 {y———at*—}—ﬁi—i—y.
973. Tloxkasatb, uT0 (PYHKUHMS y = e* -} 2¢*¥ yHOBJNETBOpSET YpaBHe-
mmo y'' —6y”’ - 11y' —6y =0.
974. TloxasaTb, uTO (YHRIHUSA y=Xx® YJOBJETBOPSAET YPABHEHHIO
yV+yIV+y1u+y/;+y,+y:x3+3x2+6x+6.

8. Nuddepenunansl mepsoro M BhICUIMX TIOPSAKOB. Hupgepernyuarom (nepsoco
nopsdka) GyHKUMH y==[ (x) na3siBaeTcs IJaBHAas 4YacTb ee IPHpAlIEHHd, JHHeHHasA
OTHOCHTEJILHO TpHpalleHust aprymenta. duddepen-
1MaJIOM apryMeHTa Ha3hIBAETCH NMpHpauleHue apry- y
MeHTa: dx = Ax.

Juddepennuan GyHKIHH PaBeH NPOU3BEJEHHIO
ee mpoudBoAHON Ha JAnddepeHnHanT aprymeHra:

dy=y'dx.

TeomerprueckH Anpdepennnan NpeicTaBiaseT
co6oii pHpaleHne Op/JHHATH KacaTelbHO# K rpa-
¢uky ¢yskunn B Touke M (x; y) (puc. 28).

OcHoBHEHE cBoOoHcrtBa aAudpdepen-
nuana

18, dC =0, rae C=const.

20, d(Cu)y=Cdu.

30, d(u + v)=du &+ dv.

40, d (woy=udv--vdu.

5. d (%) ~du—udy — © @z,
60, df (Wy={" (u) du.

Na
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Ecau npupamenne Ax apryveHta MaJo no abcoaroTHON BelHuMHe, To Ay = dy u
[ x+Ax) = F @)+ (x) Ax.

Takum opasom, nupdepennuas GyHKIHHE MOXKET NPHMEHATBCS VIS TP HOJIHKEH-
HBEIX BLIYHCJCHHH.

Hupepenyuarom emopozo nopsdka GyHKUME y=[ (x) Ha3bBaeTcsa AuddepeHnual
OT AH(p¢epeHnyata mepsoro nopsiaka: d2y=d (dy).

Amnanornuro onpefensercs AupdepeHHan TpeTbero nopsaxka: d3y=d (d%y).

Boofbie, d?y=d (d*—1y).

Ecmn y=/f(x) 1 x—mnHe3aBucumas nepemeHHasi, To Xud(depeHHaNs BHCIIHX I10-
PALKOB BLIYHCJAAIOTCA IO (opMmyJiam

d*y=y" (dx)?, d3y=y"'" (dx)3, ..., d'y=y™® (dx)",
975. Haiitu nuddepennuan ¢ynkunu y=arctg x.

, dx
/\ dy=(arctg x) -dx:—l—w. A

976. Haiitu aupdepesunan gpyskuun s=e’",

A ds=et®.312dt. A

977. Haittu nudpepentinanbl nepsoro, BTOPOro M TPETHErO MOPHjI-
KOB (yHKUHHU y = (2x— 3)3.

A dy=3(2x—3)2-2dx =6 (2x—3)? dv,
d2y =12 (26 —3)-2dx? = 24 (2x— 3) dx?,
ddy=24-2dx3 =48 dx®. A

978. Haiitn puddepennnans! nepBoro u BTOPOTO MOPSAAKOB GYHKIHH
v=e,

A do=2e dt, dPv-=4e?.d12. A

979. CpaBuHuTb npupaieHue u fuddeperiuan GyHKuun y = 2x3--5x2,

/\ Haxoaum

Ay=2 (x-+Ax)345 (x} Ax)?—2x5—Bx% = (642 10x) Ax-- (6x15) Ax® J- 2Ax3,

dy = (6x*4- 10x) dx.

PasnocTe Mex1y npupaweHHem Ay u auddepennuanom dy ecTh GeCKOHEUHO MaJaast
BHICLIETO MOPSAAKA MO CpaBHeHuIo ¢ Ax, pasHas (6x-}-5) Ax2--2Ax3. A

980. Bruncauth npubimkeHHoe 3HayeHHe arcsin0,5l.

/\ Paccmorpum ¢yHkuuio y=arcsin x. Ilosaras x=0,5, Ax=0,01 u npumenss
¢dopmyny aresin (x-+ Ax) = arcsin x4 (aresin x)’ Ax, noayuaem
1
YV 1—=0,5)2
981. BrluncauTb npHOMHKEHHOE 3HAUEHHE TJIOWAAH Kpyra, pajmycv
KoToporo paeeH 3,02 M.

arosin 0,51 ~ arcsin 0,5-- 0,01 =16I--[—0,011 =0,513. A

/\ Bocnoapsyemcsa dopmyaoiit S=mnR2. ITonaras R =3, AR =0,02, umeem
AS ~ dS=2nR-AR=27n-3-0,02=0,12n.

CreloBartensHo, npn&mmex—mbe 3HaYEHHE MJIOHIaAH Kpyra cocTaBaser 9n - 0,12y =
=9,12n =~ 28,66 (M%). A
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Hafitu puddepenunans dysxumii:

982, y:—g—l/49—x2+f1—29arcsin§. 983. x=TI§ln%-_—_l_-—g-

984. y=21Inch (x/2). 985. y=arctg e**
986. Haiitn dy, d*y, d*y, ecin y=x (Inx—1).
987. Haiitu d%, ecou y=In (x+ ¥+ 4).

988. CpaBuuth npupatienne u auddepenuuan GyHkuun y=1/x.
A 9809.OlempICJ1mb Ay u dy pna ¢yHKuMH y=x—2x mpu x=3 H
x=0,01.

990. Halitn npubmuxennoe sHaueHue oGbeMa mmapa pamuyca 2,01 u.

9591. Haiitn npuGnuxennoe 3HaueHne X U3 ypaBHeHHs 13sinx—
— 19cos x=0.

Haiitn npubnuxeHnoe 3HauyeHHe:
992. arctg 1,05. 993. tg 46°.
994. Intg 47°15’. 995. /15,8,

§ 2. HCCJIEJIOBAHHE & YHKL MW

1. Teopembl Ponns, Jlarpanxa, Kown n dopmyna Teiinopa.

Teopema Ponas. Ecau ¢pyuxyus [(x) nenpepoisna #a ompesse [a, b],
duppeperyupyena 6 unmepsase la, bl u f(a@)=F(b), mo 6 uunmepease la, bf nadi-
demcst xomsa 6b. 00HO 3Haxenue x=§&, npu xomopom [’ (§)=0.

Ecau, B uwactHocth, f(a)=0, f(b)=0, T0 Teopema Posis o3nauaer, 4Tto MeXAY
IBYMS KOPHSIMH (YHKIHH COIEPXKHTCS XOTS Gbl OJHH KODEeHb ee IPOM3BOAHCH.

Teopema Jlarpanxa (0 KOHeYHOM NPpUp all e U n). Ecau ¢ynxyus
f(x) nenpepwsna na ompeske [a, b] u Oupgepenyupyema 6 unmepsase la, b[, mo
8 amom unmepsane Haidemcs xoms Obi 00HO 3Havenue x=_§, nNpu KOMOPOM 6bINOAHA-
emca paseHcmeo

O —F@=(@—a) [ @-

OTH TeopeMbl HMEIOT TAKOHl FeOMETPHUECKHi CMHICI: Ha jayre AB HenpeprlBHOI
KpuBOH y==f (X), HMelollell B KaXJoH BHyTpEeHHEHd TOUKe ONMpeJLeeHHYIO KacaTelbHYI0
(He napaanenpHylo ocu Oy), Haiilercst XOTs Obi OAHA BHYTDEHHsSSl TOUKa, B KOTOPOH
KacaTesbHas mapanensHa xopae AB. (Ins teopemsl Posna u xopjga AB, u Kaca-
TeJpbHas NapaiienbHs ocH Ox.)

Teopema Komu. Ecau ¢yuxyuu [(x) u @ (x) xenpepoweror na ompeske [a, b]
u Supeperyupyemst 8 unmepsase la, bl, npuuen ¢’ (x) #0, mo 6 smom unmepea.ie
Hatdemen xoma 6bL 00HO 3HaueHue X=§, npu KOMOpoMm

) —i@ ' ®
eb)—p @ ¢ )’

dopmyaa Teiimopa. Pynkyua f(x), dupgepenyupyenas n--1 pas e Hexo-
Mopom uxmepease, cOdepicatyes Mouky a, sodxem Goimb npedcmasieHa & eude CyMmbl
MHOZOUACHA N1l CMENERt U OCMAamounoe0 wiena Ry:
" (g " (a ) (g
t=1 @+ Qe+ LD app. 4 @ oy R,

n

20e a< E< b,

Ro=L228) (o gy,

CES)Y
e Touka E JEXHT MeX]y TOUKaMH & H X, T. €. E=a-1-0(x—a), mpuuem0< 0 < 1.
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Tipy a=0 monyuaercs popmysa Maxknmopema - -«

"0 7 (0 om0y
=1 O+L0 ey L0y | O g,
(n+1) .
an%%@xn+l, 0<o<l.
ITpuBesem passoxeHHs HeKOTOPHIX Gbyukuuit mo gopmyne Makaopena:
= R A DRy Ry
St 2er tal n! (n4+ 1!
. X x3 x5 (_1)m+1x2m—1 i
sin X—ﬁ—él——}—S—'-—-.-—[—@m—_l)'-}—Rzm,
x2m+1
Rom=(—1)7 cos ex'(_2r_n—+T)!"
2 xt x5 — 1) x2m
cos x =1 —grHir—gr+ -+ g +HRom i
x2m+2
Roms1=(—1)"+1cos ex-(—Qr—n—l—_Z)-!; ‘
(14 x)m=1 +;L’! x+m(’”2'“l) x2+’”(’”—13),(’”‘2) B,
e m (m—1). ..[!m—(n—l)] 4R,
n
_m(m—1)...(m—n)

R,=

(n+l)! xn+l (1+ex)m-n—1

(sciony 0< 6 < 1).

996. Bromonnserca qu teopema Posmns gnst dymkumu f(x) = x* —
—6x4-100, ectn a=1, b=>5? Ilpu Kakom sHaueHun E?

A\ Tak xak dyuknus f (x) HenpepuiBHa U AuddepeHnEpyeMa npu BCeX 3HAUCHUAX X
U ee 3HAaueHMs Ha KoHuax orpeska [l, 5] pasubl: [ (1)=7f(5)=95, T0 Teopema Pomns
Ha 3TOM OTPEe3Ke BLIMOJHSAETCS. 3HaUeHue § ompejelsieM U3 ypaBHEHHs [’ (x) = 2x—6 =
=0, 71 e E=3. A

997. Buinosnusercs mu Teopema Postst st dynxuun f(x) = 13/8x—x2,
ecad a=0, b=_8? Ilpu xakom 3Hayenuu E?

q p——
A\ QyuRnus f{x)= 1/8x——x2 HEeIIPepLIBHA NPH BCEX 3HAYEHHSAX X U UMEET Ipo-

H3BOAHYIO [’ (x)=(8——2x)/(3 13/(8x—x2)2) npu x # 0, x # 8, 1. e. auddepennupyema
B unrepsase 10, 8f. Kpome Toro, f(0)=f (8 =0. Takum o6pasom, Tecpema Poms Ha
orpeske [0, 8] BemosiHseTca; AefcTBHTENBHO, [’ (¥) =0 mpH x=§=4. A

998. Hana ¢dyukuusa f(x):;s/(x—S)z. ITycts a=0, b=16. Toraa
f(0)=[(16)=4. Onuaxo npoussomnas [’ (x)=2/(3; x—8) e o6pa-

maetcst B HYJb HM B OAHOM Touke mutepBana |0, 16[. [IporuBopeuuT su
310 Teopeme Posna?

A\ Her, Tak xak B Touke x=8 unreppana 10, 16[ nponssojnas me CYILECTBYeT,
M yCJOBHSA Teopembl Pois Hapymensl. 4

999. IlokasaTe, 4TO NpPOU3BOAHAS MHOFOYJEHA f)y=x"—x*—x+1
HMeeT JGHCTBHTENIbHBIE KopeHb B uHTepBane |—1, If.
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N\ Haiinem xoprn nannoro muorouena: x3 —x2—x+1=0nm (x—12(x+1)=0

T. 6. %;=x3=1, x3=— 1. Tax kak f(— 1)=/(1)=0, 10 no Teopeme Posas [’ (xs
HMeeT KopeHs B mHTepBase |— 1, 1[. Haiizem Kopuu mpomssopsoft: [’ (x) =3x2—2x —
—1=0, 1. e. x;=—1/3, x,=1. Takum 06pa3oM, Mex1y KOpHaMH PyHKIHH —1 ¥ 1

COZICPIKHTCH KOPeHb NMPOM3BOJHON, paBHbH —1/3. M\

1000. Ha ayre AB xpuBoil y=2x—x® Ha#itu Touky M, B KOTOpO#
KacateJbHasi napamsesnbHa xopae AB, ecim A(1; 1) u B(3; —3).

A Oynrunsa y=2x-—x? HenpepeiBHA U JupdepeHEpyeMa NPy BCeX 3HAYEHHAX X.
ITo Teopeme Jlarpanxka Mexay HAByMs 3HaUeHHsMH a=1 W b=3 cyuiecTByer 3Haue-
Hue x=E, yaoBaeropsiouee paBeHCTBY Y (b)—y(@)=(—a)y’ (§), rme y =2—2x.
TTojCcTaBHB  COOTBETCTBYIOINHe 3HaueHus, moaysum ¥y (3)—y(1)=EB—1)y (&)
(2-3—3%)—(2.1—1%)=(3—1)-(2—28); —4=4(1—E). Orcoma §=2, y(2)=0.
Taxum obpasom, Touka M umeer xoopaunatsl (2; 0). A

1001. Ha nyre AB kpuBoi, 3aJlaHHO{ INapaMETPHYECKHMH YpaBHe-
HHUAMH x =12, y=13, HafiTh TOYKy M, B KOTOPOH KacartesbHas mapaj-
neabHa xopae AB, ecan todkam A u B cOOTBEeTCTBYIOT 3Hayenus ¢ =1
ut=3.

3) —
/\ Yraosoit kosddunuent xopin AB paseH %)——fc% , @ YIJ0BOH KO3(pPULHEHT

Y () , ,
KacarteJbHoit B Touke M (mpu ¢=E§) pasen xt—(g)— , rae x;=2¢, y;= 3t%
t
Jna onperenenus & mo teopeve KowM noayuaem ypaBHeHHE

y@)—y) 4 ©® 27—1_ 382 133
Y@—x() x @ o1 2E M T=3 5
1. e. £=13/6. Halinennoe suauenue & yjioBieTBopsieT HepaBeHcTBY | < & < 3.

IToacraBus 3HaueHHe f=4E B napamMeTpuueckue YpaBHEHUST KPuBOif, MoJydyaeMm
x=169/36, y=2197/216. Urak, uckomasi Touka M (169/36; 2197/216). A

3/— o
1002. TlpeacraButh ¢yHKIMIO [ (X)= v/ X B BUJIe MHOrOUJIEHA TSATOM
CTeneHYW OTHOCHTENbHO ABYyuneHa x— 1.

/\ BoluucauM 3HaueHHs QYHKIHH ]‘(x):xl/3 M ee IPOH3BOJHBIX JIO IMATOr0
nopsiiKa BKmouHTeNbHO npH a=1: f(1)=1, [ (¥) =(1/3) £72B ) F()y=1/3; ' (¥) =
—— @O, () =—2/9; [ (®)=(1027)x~*, fr)y=1027; IV (x)=

——(80/81) x=11/3, IV (1) =—80/81; Y (x)=(880/243) x~1%/3, [V (1) = 880/243.
CnenosateapHo, no gopmyde Teitropa moayyum

- 2 0
V=g (= 1) — gy (D2 (e 1) —

80 880
—gr.ar = D gy 6O+ Rs,

V© 12320

rae R5=—§!——(x—1)6=—m-§‘”/3 x—1°%, 1<&E<x A

1003. Tlpepcrasuth ¢GyHKIHBL f(X)=a* (a>0) B Buje MHOTOYJEHA
TpeTbeﬁ CTE€IEeHHU OTHOCHUTEJbHO X.
A\ Hmveem
f(x):axy f(O)ZI,
' (x)=0a*Ina, " (0)=Ilna,
" (x)=a* In%aq, 7 (0)=In2a,
" (x)=a*In3a, f” (0)y=1n3gq,
V() =a%Inta, [V (0x)=Inta.a%.
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ITo dopmyse MakJopena ToJIyuaeM
X In a

——+Ray

4 s
rae 1?3~x—4r,l aae", 0<o<l1. A

1004. Bomucants ¢ Tounocthio 10 1073 NPHOJIMKEHHOE 3HAYEHHe

/9.

A\ TlpeacrasuM 3ajaHHEIN KOpeHb Tak: V 29— 1/27—]—2 3(1—}—27) . Boc-
noJb3yeMcsi GHHOMHAJbHBIM pasﬂomeﬁnem

(l—}—x)’”—l—}—“ x—}— —1) ERT m(m_l)'”[m_n—[—”x”—f—Rn.

nl

Orciona noayuaem npnénmxe}moe PaBEeHCTBO

(1—{—x)'”~1+ 5 m(m 1) LRI _l_m(m—l) n{(m rz—f—l)
NOTPEIIHOCTE KOTOPOTo
Rn=m(m~»l). ..(m—n) 27+ (1 Oyym-n—1

CESY

MOXET ObITh ClleslaHa KaK YroJHO Maicit mpH | x| < 1 1 NpH A0CTATOUHO GoabuioM .
INonaras x=2/27 u m=1/3, nonyth

5 2.2.9.5 95.5
V/29=3 (1+81 sesTt TR +"‘+R")‘
Ouenubas BeIHYHHEI MOCHEIOBATENBHBIX OMIHOOK BhluncIenus 3| R, |, Haxomum

3.2.2 3.2.2.2.5
3R] < 75~ < 0,002, 3]R2]<_3—
812 81
CJIe,HOBaTeJIbHO JJIsT BBIUHCJIEHHS C SalIaHHOH TOYHOCTBI) JAOCTAaTOYHO B3SITh TPH

q.neHS KOTOpHIE NPEAIECTBYIOT OCTaTKy R,, T. e. ;/ 29 = 3 (10,024 —0,0006) =
=3,072. A

< 0,0003.

1005. Boiuncauts ) e ¢ TOYHOCTbIO a0 0,0001.

/\ Bocnoabsyemcs dopmy.oli Mamopeﬂa Aasa q)ym{unn ex:

—1+1!+2|+ + +Rna

Ox
——%" a1 —
rie R, wEDl xn+l 0< 0 < 1. Tonaras x=1/2, noJgyvyaeMm
— 1 1 1
Ve=ltoqmtammtmat - T2n it Ru»
02 0
rie R,,:Q—n-m, <0<I.
. el/? 1/2
Tak kak 0 < B <1, 2<e< 3, 10 Rn<m. Ho e'/? < 2, nostomy

R, < TIPSty (n+1)! Tpebyerca ompeneants n Tak, 4TOGH BHUIIOIHSAJIOCE HEDABEHCTRO
R, < 0,0001.
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Rt

1
Ecau n=3, 10 R3 < L. R3; <55

8.24"° 192°
—4, » Ri< i Ry < o,
> =S Ka<yE1e0’ ™ < 1920°
1
—n .
» n=35, » R5<3———2.720, R; < 0,0001.

Has onpelenenus ¥ e ¢ Tounoctsio go  0,0001 moaydaem npuGamKeHHOE
PaBeHcTso

- 1 1 1 1
Verltstomgtematan e

Tpou3se/ieM cymMmupoBaHue, o6paTHB BCe cjaraeMble B JAeCATHUHBIE 1poGH C OHHM
JHILIHMM (3anacHbiM) 3HaKoM. B pesyabTate mojyyum V e~ 1,6487. A

1006. ana ¢yuxuus f(r), HenpepblBHas BMeCTe€ CO CBOUMH IPOH3-
BOAHBIMH 10 (n—1)-r0 mopsifiKa BKJIOUHTEJbHO Ha OTpe3ke [a, O] u
HMeroias NPOU3BOJHYIO n-ro MOpsiAKa B MHTepBase |a, b[, npuueM mis
3TOH (PYHKUHH BHIMOJHSIOTCH paBeHCTBA (@) =f(x)=[(x)=... =
=[x, =Ff0), tie a<x; < x, < ... <x,_;<b. Jlokasarp, 410 B
uHTepBaje Ja, b HajigeTcs no KpafiHe#l Mepe oiHa Takas Toyka E,
assi kotopor M (E) =0.

1007. PaccmoTperh uacTHBIH cJyuad npeAblayillefi 3amavyu, ecyd
f(y=@x—1) (x—2) (x—3) (x—4), a=1, x,=2, x,=3, b=4. Onpe-
JeauTh §

1008. IlpencTaBuTh B BHUIE MHOrOYJE€HA TpPETbed CTENEeHH OTHOCH-
TeNMbHO X—X, (X, 5% 0) dyukuuo 1/x.

1009. B xakoit Touke jayru AB xpuBoii y=x3>—3x KacarejbHas
napa/uiensua xoppe AB, ecnn A(0; 0), B(3; 18)?

Buiuncautsh ¢ TouHOCThIO Ho 1073

1010. cos41°. 1011. /121
1012. /e. 1013, ;/129. 1014. sin36°.

2. TMpasuno JlonMTans pacKpbLiTHS HeonpeldeneHHocTeld. Ilyctb B HekoTopolt
OKPECTHOCTH TOYKH X, (KpOMe, OBITb MOMKeT, caMoift TOUKH X,) GyHKuuu [ (x) H @ (x)
nupgepennupyeMsl 1 @’ (x) # 0. Ecam lim f(x)= lim ¢ (x)=0 wm lim f(x) =

X=X XX, XX
= lim @ (x)==00, T. e. uacTHoe f (¥)/@ (¥) B TOUKE X==1x, IPEACTAB/IsAeT COGOH HEeOI-
X > Xo

peietennocts Buja 0/0 man oo/, TO

tim 10 gim @
x> x%0 @ (X)) x->x9 (%)’

ecsid Tpeje] B NPaBOil YaCTH 5TOTO PaBEHCTBA CYIIECTBYET.

Ecau uactHoe ' (x)/¢’ (x) B TOUKe x==X, TaKKe €CTb HeolpeJeleHHoCTh Buaa 0/0
WJIH 00/00 W NPOU3BOJHbIE [’ (X) H ¢’ (X) yJAOBIETBOPSIOT COOTBETCTBYIOUIUM YCJIOBHUSIM,
TO cJejlyeT NepedTH K OTHOLUEHHI0 BTOPHIX TPOH3BOJHBIX H T. .

B cayuyae HeomnpejeaeHHoCTH Buina 0-00 HWJIH oo — co CiefyeT aiarebpaHuecKH Ipe-
06pa3oBaTh NaHHYIO GYHKUHIO Tak, uToGbl NPUBECTH ee K HeonpejeneHHocTH Bupa 0/0
HJIH o0/c0 W Jajiee BOCIOJb30BaThcs npaBuioMm Jlonurans. -

B ciyuae neonpepeserHoctd BHAa 00 min 0o® mim 1% ciepyer mposorapudmupo-
BaTh JAHHYIO QYHKLHIO H HAalTH npelea ee Jorapudma.
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Haiitn crenyromue npenesst:
2 _
1015. lim Z=lflox

x—>1 eX—e
/\ HHcanTens ¥ sHaMeHaTenb CTPEMHTCH K HYJIO npu x—1, a NMOTOMY HMeeM
neonpejedendocts puaa 0/0. Bocnoabsyemcs npasuaom Jlomuradas, T. e. paccMOTpHM
Npeje OTIOLIeHUST NPOM3BOAHLIX 3aJaHHBIX (yHKLMI:

. 2 .2 3
lim ’fﬂ: lim MZ_' A
x—>1 eX —e x=>1 ex e
.. X—sinx
1016. lim ~—~=,
x>0 X
/A 3To— neonpejenerHoeTh Buda 0/0. Mmeen
lm X*—Ssin X _ lim l—cosx_ . sinx 1
x—>0 X3 _x—> 0 3x2 —,y—> 0 Ox o 67
.o Sinx
TaK Kak hm0 =1. 3aecp npasuno JlonuTada NPUMEHEHO JBAXKIbI. A
X =

. n
1017. lim %—, €CJIN N —LEJIOE TIONOXKHTEJLHOE YHCJIO.

X = w

/A 3710 —HeonmpeseeHHOCTs BuAZ o0/, Ilpuvenny npasuao Jlomurans n pas:

tim 20— tim 20T g ROZDOT gy n= D=2
X € x> o € x> ® ex X ex
xe¥/?

1018. lim

x»mx—{_ex )

/\ B nanHoM ciuyuae Takixe uMeer MecTo HEONpe1eIeHHOCTb BHja /0. Haxoaum

/2 X 1 v/2 X
s “(145)  per(arf)
lim X _ Jim 2/)_ lim 2 2/
x>wX-+e¥ xow 1+ex X—> ® ex
X
lum T g
2 x>0 g*/2 25> (1/2)8"72 ’
1019. lim (x* Inx).
x>0

A\ 3lech MHL HMeeM HeompejeseHHOCTh Buia 0-oo. IpeacrasuM npoussenenne
¢dynkunit B Bule yacTHOro, a sareM, NOMYUUB HEONpeeJeHHOCTh BHAA ©0/c0, TpHMe-
HUM npasuyo Jlonurajs:

. . Inx . 1/x 1 .
lim (Flnx)= lim — 2 — 1m 2/* ____ 1 ym x20.
x—>0( ) x-—»OI/xz x—)0—2/)c3 2x—->0 A
. 1 1
1020. Jim (L—12).

A STQ—HGOHPKEIIEJIeHHOCTB BHla 0 —oo. Jlas TOoro utoGnr HaiTH npejien ¢Gyuk-
lHk, NPUBELCM APOSH K OOleMy SHAMEHATesio, a 3atew, TOJTYYHB HEONpPeAeJEHHOCTh
suaa 0/0, npumenuM npasuio Jlomutasns:

eX—1—x . exX . X
m — " 1i “lz lim e =L A
x>0 X(EF—1) Ty geX—Ttxe¥ 4, gex 2+x 2
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1021. lim (sin x)*.
x—>0
A Dt1o—neonpesenentocts Buna 00, O6o3HayuM HaHHYIO QYHKIHIO uepes y, T. e.
y=(sin x)¥, u npoJjorapudpmMupyem ee:

. In sin x
Iny=xlnsinx=———.
1/x
Briusesinm mpedes Jorapudma AaHHOH (yHKUHH, NPHMEHsis npasujo Jlonutans (3fecs
HMEEM Heom pelle/IeHHOCTb BHAA ©0/00):

lim Iny= lim SINX__ y, cosx/sinx
x>0 x>0 l/x x>0 —1/x%
2
=— lim T=2F—_ lim (x-cosx- X ):O.
x->0 SInx x>0 sin x

Caenosatensho, lim y=e®=1. A

x—0
1022. lim (tg X)zcosx.

X— T2
/\ 310—neonpenenentocts pufa oof. IMosoxum (tg x)2°°**=y u nposorapudp-
MHpYeM:

2Intgx
= Jdntgx=——>—,
Iny=2cosx-Intg x Tjcosx
Ipumensia npasuao Jlonurans, NONyYHM
2
lim Inyg=2 lim Intex o Jim sectx/tgx
x> 7/2 x—>q/2 Secx x—>m/2 Secxtgx
=2 lim 3X¥¢*_9 i _seextgx g4y cos x =0,
x—>m/e tg¥ x> 2tgxsec®x xoq/e
. e. lim y=el=1. A
x> /2
1023. lim (I 4 x)lnx,
x>0

A D10 —HeonpeaeneRHOCTs BUAa 1°. Jlorapupmupys u npumenss npasuso Jlomnu-
Tajst, MOJY4HUM

lim Iny= hm (Inxln (1-+x)) = lim In(l+x _ =

x—>0 X — x—>0 l/lnx
= li M)__:_ lim xlnzx:_ lim _10%x
x—=0 —1/(xIn2x) x—=0 x-41 x—=01-41/x
_tim @100 g gy 10X g g VX g,
x>0 —l/X2 x—>0 l/x x-»o—l/xz
Tagum o6pason, lim y=e=1. A
x>0
Haittu npegensl chaepyiomiux GyHKIMA:
Heonpeae/zem-tocmb suda 0/0.
—3x%24-2 eX =%
1024. hm e B 1025. lim ——%
x>1% 42+3 x-—>01n(l+ )
1026, lim Z—23C'8 % qgo7, ljm 2ZEfeTcosx
) x> ® ed/x——l ) ) x>0 x* ’
Lot —3x—1 sin 3x— 3xe* - 3x2
1028. ’\1‘1_{110 sin?tx  ° 1029. il_warctg x—sinx—x3/6 "
Heonpedeaentocms 6uda oofoo.
. In (x —a) q: . Inx
1030. }Jlj’)ﬂam. 1031. .il—r)an (n>0).
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1032. lim _ Inx 1033. lim tg (x/2) 1034. lim In (x—l).

x—>o0l-2Insinx" s in(l—x) ° x> Clgmx
Heonpederennocme euda 0. oo.
1035. lin}) (xctg nx). 1036. lim (arcsinx.ctg x).

x> x—>0
1037. 1lim (1-—cos x)-ctg x.

x->0

Heonpederennocmo euda oo — oo,
1038. lim( =) 1039, lim (2 g )

x—>1\*—1 Inx sl N—xP  1—xt

1040. lim (x—‘rctgﬁx).

x>0
Heonpedeaennocmu euda 0°, oco®, 1%,
1041, lim (v—2x)cos*, 1042. lim (cos 2x)3/,

x>z x—>0
1043. lim (x4 2¥)1/+, 1044. lim (tg7x>1/xz-
Fo® x>0

3. Bospacranue w yGmBanHe GyHKUNY. Ikctpemym dyHkuun. Dynruns f(x) na-
BBIBACTCS 603pacmarotijeli 8 mouke X, €CJIM NPH J060OM JOCTATOMHO MajoM A > O Bbi-
nosusaerca yeaosue f(xo—h) < f(x) < f (xg+h) (puc. 29).

4 ¥
1
I
|

———

o) \Flm)  (Flh) P
l : : (FL-h) I FX,) 1fxyh)
P | 1 1
o Zh Lo L+h & 0 l XN Lo Zyth z
Puc. 29 Puc. 30

Oyuxuua f(x) HaspiBaeTcs ybsisaroujedl 8 mouke X, €CJH NpH JIOGOM JOCTaTOUHO
MagoM h > O Bumosmsercs ycaoBue f(xo—h) > f(xg) > f(xo-+h) (puc. 30).

Qyuxkuus f(x) HaswiBaeTcst gospacmarowjeri 6 unmepease \a, b, ecau nag  MmoGbx
JABYX TOYEK Xi H X; U3 yKa3aHHOTO HHTEPBAJA, yOBJETBOPSIOUIUX HEPABEHCTRY Xy < X3,
BEINOJIHSIETCS HepaBeHCTBO f (x1) < f (x3).

Qyuxnus f(x) naspiBaeTcs yOwsaroujed ¢ unmepsease la, b[, ecam Aas MOGHX
TOUEK X; M Xi M3 YKAa3aHHOTO MHTEDBAJA, YJIOBJETBODPAIOMUX HEPABEHCTBY X3 < X,
BHINOJIHSIETCST HEPaBeHCTBO f (X1) > f (xo).

Ilpusnaxu Bo3pacTaHHA H YOHBAHUA OYHKIHH

1) Ecau [’ (x¢) > 0, mo ¢pyuxyus f(x) eospacmaem ¢ mouxe x,.

2) Ecau [’ (x9) < 0, mo ¢ynxyus f(x) ybosaem 6 mouxe x,.

3nauenue f(x)) HasbiBaeTcs makcumymom GyHRumu f(x), ecau npu moBOM J0CTa-
TouHO MajoM h > 0 BemomHsoTCs ycaoBHst | (xo—h) < f(xg) n [ (xp-Fh) < [ (x).
Touka x, HasbiBaeTcss B STOM cayuae mowxod maxcumyma GyHKIMH [ (x) (pHc. 31).

3nauenne [ (xo) HaswBaercst Munumymosm (GYHKUHH [ (x), ecJH IpH J060M JOCTa-
TOuHO MajioM h > 0 BumosmawTcs yeloBHS [ (xg—h) > f(xy) u [(xg-h) > [ (x).
Touka x, Ha3eiBaeTcss B 3TOM cayvyae moukold munumyma Gyskuuu f(x) (puc. 32).

Makcumym uan MuHHEMYM (YHKUHH Ha3bBaercsi skcmpemymon ¢ynkuun. Touka
MaKcUMyMa HJIH MHHAMyMa QYHKLHH Ha3BIBAeTCH MOUYKOU €€ SKCmpemyma.

Heob6xonumoe ycnoBue skcTpemyma. Ecau yuxyus f (x) 6 mouxe x,
unmeem skcmpemym, mo npoussodnas [’ (xq) obpaujaemcs 6 Hyab uau He cyugecmeyem.
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Touka x,, B Kompoﬁ f’ (x9)=0, naswiBaercst cmayuonaproi mourxoti. Toukn,
B KoTOpeiX f'i(x) =0 mamu f’(x) He CYLLECTBYET, HASLIBAIOTCS KPUMUMECKUMIL MOURAMU.
He BcsiKast KPATHUECKAsl TOUKA $IBJISETCH TOUKOH 3KCTpemyMa.

g
P
R
F (25h) (o) |Flzih) ‘f(rh)'fm, ,f(1‘+h)
1 { ! —
01 '»Z‘a"'ﬂ Zo ’Ta+h z J;o a &Z‘a .Z’a"/] d
Puc. 31 Puc. 32

JdocTaTouHble YCIOBHS 3KCTpeMyMa.

Mpasuao 1. Ecau xy—xpumudeckas mouka gynxyun f (xX) u npu npoussorsrom
docmamouro marom h > O esnoansomes wepasencmea [ (xg—h) > 0, [’ (x,--h) < 0,
mo ¢yuryus [ (x) 6 mouxe xo umeem maxcusym; ecau gce [' (xo—h) < 0, f' (xg +h) > 0,
mo pyurkyus f(x) 8 mouke xo umeem MUHUMYM.

Ecau anaxu ' (xo—h) w [’ (xo--h) odunaxosst, mo pyukyus f(x) 6 moure x,
IKCImpemyma He umeem.

Mpasuno 2. Ecau [’ (x) =0, [" (x0) # 0, mo ¢pynxyus f (x) ¢ mouxe x, umeem
IKCMPeMyMm, 4 UMEHHO MAKCUMYM, ecatt " (%) < O U MURUMYM, eCAU f (xo) > 0.

Mpasuao 3. fHyeme [/ (xp) =0, ["(x0)==0, ..., [~V (x)=0, [ (x)) #0.
B amom cayuae (yrkyus f(x) umeem 6 mouxe x, a:ccmpemy)u ecatl n— uemroe qucao,
a umenno, maxcumym npu [ (xg) < O u munumym npu [ (x9) > 0. Ecau e n—
Hewemuoe 4ucao, mo QYHKyua f(x) 8 mouke X, SKCmpemyma He umeem.

s Haxo¥XK/eHHs1 HaHGOJbIUEro (HaUMEHbLIero) 3HaueHust GyHKuuK f (x) Ha oTpeske
[a, b] uyxHO u33HaueHHil GYHKIHMH Ha IPaHHUNAX OTPe3Ka H B KPHTHYECKHX TOYKaX,
NpHHAJEKAUMX STOMY OTPe3Ky, BbiGpaTh Hauboabluee (HauMeHbILCE).

1045. Mausl toukn x=3, x=1, x=—1, x=0,5. B xakux us mne-
PEUYMCJIEHHBIX TOYeK (YHKLUA Y= x*—3x Bo3pacraer? YObiBaer?
/\ Haiinem NPOH3BOAHYIO y' =3x2—6x. Hmeem:
ecin x=3, 10 y'= 9>0 — ¢(yHKuus Bo3pacraer;
» x=1 » yy=—3<0 — » yObiBaer;
» x=—1>» y' = >0— » BO3pacTaer;
» x=05» y=—225< 0— » yObiBaeT. A

1046. Haiitn untepBaisl BO3pacTands M yObBaHHA (YHKUMH y=
=x(1 4V x).

/\ Haxopum y' =1-4(3/2) ¥1/2. Tax Kak NpPOH3BOJHAS IMOJOXHTEJbHA B Npo-
mexytke [0, -+ oo, To dyHKnus Bo3pacTaeT Bo Bcelt 06/1aCTH ONpejieeHHA. g

1047. Hafitu uHTepBasibl BO3pacTaHUsi U YOBIBaHHA OYHKUUH Yy =
= x—2sinx, ecan 0<Cx < 2.

/\ Hajizem npoussoanyio: y’=1-—2cosx. OueBuauo, uro y’ > 0 B uHTEpBaNE
1n/3, 5n/3[ u y’ < 0 B murepsanax 10, m/3[ u 15n/3, 2n[. Takum o6pa3om, B uHTep-
Base |n/3, 5m/3[ nanHas ¢GyHKuuA BospacTaer, a B uurepBaaax |0, wi/3[ u }5n/3, 2n[—
yGbiBaer. A

1048. MccnenoBate Ha 3KkcTpeMyM GYHKIHIO Y= (x—Db)e*.
/\ Haxozum npousBoaHyiO: Yy ——(x —4) ¥, HpnpaBHnBaeM €e HyJio # HaXOIHM
CTauHOHapHle TOuKy: e* (x—4)=0, x=4; Yy d—h)=—he*~2 <0,y (4-Lh)=

=hetth > Q. Comacno npasusy 1 3akjayaeM, 4To B TOUKe ¥ =4 (YHKIHST HMeeT
MHHHMYM Ypin =— et.
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1049. Hccnenosats na skctpeMyMm ¢GyHKmHO y=x}/ 1 —x2.

A Dyuxums onpegenena npum —l=<Cx<<Cl. Haiiten mnpoussojuyio: ¢ =

= (1—22) ) T—2x2; y' =0 npu 1—2x2=0; orcwra x;=—1/V 2, x=1/V 2
(cTannoHapHbie TOYKM); y'=o00 NpH X=+ 1, T. €. HA TpaHHlUAX OFJACTH ONpeiese-
Hust (OVHKIHK.

Hafinem BTOpyIO Tpou3BoiHyIO: " =x (2x2—3)/(1 —x?) %2, Boiuncans 3HaueBus
BTOpOil NMpoM3BOAHON B CTamHoHapHBIX Towkax. Ilpu x=1/V 2 umeeu

= 1-(1—3)
y” (1 /V )=
) V2(—1/22
CJIeOBATENBHO, COIJIACHO TPABRHAY 2 3akJiouaeM, uTO B TOUKE X= 1/V 2 dynkuus
HMEeT MAKCHMYM Ymax=(1/V 2)V 1/2 =1/2. Mpu x=— 1/} 2 noayuum

- 1.(1—3)
"
‘ Y =1V =m0,
Vo2(—1/2)%2

T. €. B TOUKe x=—1/V—2 OYHKIHUA HMEET MHHUMYM Ymin= —1/2.

B kputnueckux Toukax x= 4 1 SKCTPeMyMa HET, Tak K4K MO ONpPEICJCHHIO TOU-
KaMH 9KCTPEMyMa MOLYT ObITb JIHIIb BHYTPEHHHE TOUKHM OOMACTA ONpeJeteHust (ByHK-
nuH. A

1050. Hccaenosate Ha 3KcTpemyMm QyHKIMIO = (x— 1),

/\ Haiinem npoumssoanyio: y' =4 (x—1)3; (x—1)3=0; x=1—cranuonapnas
Touka. BTopas mpoussoinas y"=12 (x—1)% npu x=1 pasna Hymo. Tperbss MpOH3-
BogHas y'’’ =24 (x—1) npm x=1 Takxke obpamaercs B HyJb. Uersepras mpousso-

Haa y!V=24 > 0. Crnenoatespno, COIJIaCHO NPaBHAY 3 3aKIOUAeM, 4TO B TOUKE
x=1 QyHKUHS UMEET MHHUMYM Ymin=0. A

1051. HccnenoBaTe Ha 3KeTpeMyMm (PyHKOHIO y=1— (x—2)¥5,

A\ Haxonum y’ =—i(x—-2)— 1/5 =———i: . IlpounsBoxHas ne ob6pauaerca
5 5 1/.\:—2
B HYJb HH NDH KaKMX 3H2YEHHSX X H HE CYIECTBYeT JHWb NpPH X =2 (KPUTHYECKas
TOUKa).
Tak xkak npu AocTatouno Majom i > O BemosmHsoTCs Hepapenctsa y’ (2—h) > 0
Hy' (24-h) < 0, To cornacHo nmpaBuay 1 sakaiouaem, 4TO NpH ¥ =2 (yHKUHA HMeEET
MaKCHMYM Ymax = 1.

1052. Hcenenosate Ha skcTpeMyM QyHKIuIO y= (x—2) ¥3 (2x - 1).

0 —
/\ Haxonum y’=—1:_3- . _J/x_l_Q . Kpurnueckne Touku x=1 (npoussoanas papHa
V=

HyMo) H x=2 (npousBoimas He cymecTsyer). Ilpu pocratouno magom /i > O BhmO.-
Hslorea Hepasenctsa y' (1—h) >0, y' (144 <0, ; ¥’ 2—h) <0, ¥ (2-4h) > 0.
CrefoBaTe/lbHO, B TOUKE X==1 (yHKIUS HMeeT MaKCHMYM Ymax=3, a B TOUKE
X =2—MHHUMYM Ymin=0. A

1053. Haiitn HamGosbllee W HanMeHbluee 3HAUEHHS GYHKIHU f (X) =
= 3x—x*® na orpeske [—2, 3].

A\ Haxomum npoumssonnyio: [/ (x) =3—3x%; 3—3x2=0, 1. e. x= 4 | —cramuo-

HapHble TOURH. OnpejesaseM snauennss QYHKUHH B oTux Toukax: [ (1) =2, f(—I1)=—2.
Briuncasiem  snaueHus namHOH YHKUMM Ha IpaHHUAX DPOMEXYTKA: f(—2)=2,
f (3)=—18. M3 nosyyeHHbIX ueTHIPEX 3HAUeHHIl BLIGHPAEM HANGOJLIIEE U HANMEHbIIIEE.

Hrak, nanGolbliee snauenne (yHKUHM Ha JAHHOM OTpe3Ke PaBHO 2, a HaHMeHbIuee
pasro—18. A
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1054, Hajitu Tako#t nuannap, KOTOPBIIl HMeJ Obl HAaHOOMBILIE 00BEM
NpH JlaHHON TIOJHOH moBepxHOCTH S.

A TlycTs papuyc ocHoBanms WHIAHHApPA paseH ¥, a BLICOTAa paBHa y. Torda

S—2nx? | S
S=2mx%}+2mxy, 1. €. y=m———" —=— [ = __2nx ).
+ Y Y 2nx 21\ x
CaejioBatesbBo, OOBEM LMJIHHAPA BLIpasHTCS TaK:
1

S N\ S
— 2, — 27 :A~A,—J,3-
V=V {x)=mx 5n ( p 2~cx} o X — T

3ajnaua cpoAMTCA K MCC/IEAOBAHMIO (YHKUHH V (¥) HA MakCHMYM mpu x > 0.
. av.__ S 2
Haiinem mnpoussoanyio d—x-:7~3nx H [pUDaBHsSEM ee HYJo, OTKyla X =
=V 8/ (67).

Haiizem Bropylo mpoussoanyio:
2

dx?

d2v

—Ll,—)C»Z‘:_an. Tak kax npu x=V S/(67) BhI-

HOJHAETCA YCAOBUHE < 0, TO 006beM HMeeT HauboJbllee 3HauCHue, npuueMm

_ S—2nr-S/(6m)
on Y S/(6m)

T. €. OCeBoe CeueHHe LMJHH/Ipa JOJXKI0 ObITE KBa/IpaTeal. A

=2V S/(6n) =2x,

Haiitu unrtepBaibl BospacTaHus M yObiBaHUs (QYHKUHIL:

1055. y=2—3x+x*. 1056. y= (x>—1)*2.
1057, y=1xe~*. 1058. y=(2—x) (x4 1)2.

Haiitn sxcrpeMymul QyHRUHE:
1059, y=x*(1—x) x). 1060. y=x+1 3—x. 1061. y=1In (x*+1).
1062. y—ch®x. 1063, y=-"—. 1064, y=xe~*72,

1065. y=(x—1)%/7. 1066. y=(2x—1)}/ (x—3)".

1067. y=x*—4x*-}-6x>—4x. 1068. y=x—2sin’x.

1069. y=el.5 sinx,

1070. Hajfitn Haumenbliee W HauGoJbluee 3HayeHHsA (PYHKIHH
y=x*—2x*+43 Ha orpeske [—3, 2].

1071. Ha ocu Oy Ha#ity TOuKy, U3 KOTOpOil OoTpe3ok AB BuzeH noj
HauboabmnM yraoM, ecan A (2; 0), B(8; 0).

1072, Ilynkr B HaxoguTca Ha paccTosiHMH 60 KM OT KeJe3HOi J0-
poru. Paccrosnue 1o xenesnoit jopore or myHkra A no Gauxkaiimeit
kK nynkry B touku C cocraBaser 285xM. Ha kakom paccrostuuu
oT ToukH C Haj0 MOCTPOUTH CTAHLHIO, YTOOLI 3aTpaudBaTh HaHMeEHbIlee
BpEMs Ha TEpeABHMKEHHE MeXAy NMyHKTaMH A u B, ecsu CKOpOCTb ABH-
JKEHHsl TIO0 KeJesHoH Jopore paBHa 52KMm/4, a CKOPOCTb JBMKEHHS
no mocce paBHa 20 km/u?

1073. Haiitu cTopoHB NpPAMOYrOAbHHKA HanGOAbIIEH IUIOWAAHM,
KOTODBIH MOXKHO BIIHCATh B JLIHIC Xx%/25-1-12/9=1.

1074, IlpoBosioka j/imMHOIO [ cOrHyTa B TPAMOYrodbHHUK. KakoBwl
pasMepsl 3TOT0 NPSMOYTOJbHHKAE, €C/IH ero IJomaAb HanGOoJbIIasn?
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1075. Haiitu HanGosmpmuii o0beM KoHyca, ofpasymomas KOTOPOTO
pasua [.

1076. Hafitn BanGosblumii o0beM UWJIMHApPA, Y KOTOPOro TOJHAs
NOBEPXHOCTH paBHA S.

1077. Typuct umer u3 mnyukra A, HaxoAsmerocss Ha INOCCEHHOH
jopore, B NYHKT B, pacnosnoxkeHHpl#i B 8 KM or wiocce. Paccrosnue
or A jo B no mpsmoii cocraBasier 17xm. B xakoM Mecte TypHCTY
cJlelyeT CBepHYTh ¢ Iuocce, 4YroObl B KpaTdakilee BpeMsa IPHEATH
B NMYHKT B, €caM CKOpOCTL €ro 1o miocce S KM/4, a no 6e3J0pOKbio
3 Km/u?

1078. Kanan, muprga Kotoporo 27 M, MO NpfAMBIM YIJIOM BHajgaeT
B Apyroff xaHanm mmpuHolo 64 M. KakoBa HauGosbiuasi JyiuHa OpeseH,
KOTOpble MOXHO CIVIABJATb MO 3TOH CHCTEMe KaHaJsoB?

1079. Ha xaxoii BBICOTE HajJ IEHTPOM KpYIVIOTO CTOJIa pajuyca a
caelyeT TOMECTHTh 3/eKTPHYECKYIO JaMIIOUKy, YTOOBl OCBELleHHOCTb
Kpas cto’a Oblia HauOOJMbLIEH?

@ Siprocte ocpemcHust Bhpaxaercs Qopmynoit = (ksin @)/r?, rre Q—yroa
HAKJIOHa .Tyuefl, r— paccTOsHHE HCTOYHHKA CBETA OT OCBElaeMOH IJIOajKM, k—cuia
HCTOYHHKA CBeTa.

4. Buinykaoctb, Bornytecth. Touka neperu6a. I'paduk ¢yskuun y=f (x) Hasu-
BAeTCH ewnyiiowp B HHTepBase Ja, b[, ecin OH pacHOJIOXKEH HUXKC KacaTeJabHOH, Ipo-
BeJeHHOI B ,11060H TOouKe 3Toro Hutepmasa (puc. 33).

M
§L<
Puc. 33 Puc. 34

Tpaduk ¢vHKuuH y=f(x) Ha3biBaeTcsl goexnymoim B MHTepBase la, b[, ecau oH
pacnosioKeH Bblllle KacaTelbHOM, NPoBe/leHHOM B M0G0l TOuKe 3TOro HHTepBasa (puc. 34).
JocTaTouHoe YCJAOBHE BHIOYKJAOCTH (BOTHYTOCTH) rpaduka
dbyuknuu Ecaw ['(x) <0 e unmepsare la, bl, mo epagux pynxyuu sersemcs
ebinyKavim 6 smom unmepsare; ecaw owe [’ (x) >0, mo

6 unmepsase la, bl epagux dynrxyiu—eoznymoul.
Touka (xy; [ (%)) rpaduka GyHKIHH, OTAEISIOWAN
] €ro BBUTYKJYIO 4acTb OT BOTHYTOH, HA3LIBACTCH MO4KOU

nepecuba (puc. 35).

Ecan x,—ab6cnucca Touku neperuba rpaduxa QpyHK-
nuy y={ (x), To BTOpas NPOM3BOAHAA DPaBHA HYJIO WJH

Puc. 35 . He cymecTByeT. Touku, B KoTopeix [ (x)=0 man [’ (x)
) He CYLLECTBYeT, Ha3uBaOTCA KpumudecKumu mouxamu 11
poda.

Ecan xo—KputHueckasi Touka Il poja M mpu NIPOH3BOJBHOM JIOCTATOYHO MAaJIoM
h > 0 Bomodansiotest HepaBeHcTBa f7 (xo—h) < 0, " (xp4-h) >0 (uan HepameHcTBa
J7(ro—n) >0, [" (xo+h) < 0), To Touka KpuBo# y={ (x¥) ¢ abcumuccoll x, aBaAETCA
TOYKOIll meperuba.

Ecau ke [ (xo—h) u [ (xo-}h) uMEIOT OJMHAKOBHE 3HAKH, TO TOYKA KPHBOH
y=F(x) ¢ aGcuuccofi x, TouKoil neperuba He SABASETCA.

1080. Haifitn npomexyTKu BHIIYKJOCTH H BOTHYTOCTH rpaduxa pyHK-
UHH Y =Xx°-+bx—0.
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A Hveem y'=5x2-}-5, y"=20x. Ecmu x < 0, 10 y" < 0 1 xpuBas BhIykJa;
ecan ke x >0, 10 ¥ > 0 M kpuBas Boruyta. HMtak, KpuBasi BBHIIYKJia B IIPOMEKYTKe
J— o, O] n Bormyta B nmpomexytke 0, - co[. A

1081. Haiitn skctpemymbr ¢yHRIMH Y= (x-- 1)? (¥*—2) ¥ TOYKH mle-
peruba ee rpagpuka.

/\ Haiizem mepsvio npoussonuyio: y’ =3 (x?—1). Kopuu nepBofl mpousBoIHOI:
xij=—1, xo=1. Halizem Bropyio mnpoussoinyio: y”=~06x. BbpluMca¥M 3Ha4yeHHs BTO-
poif NPOH3BOAHON B CTaLMOHAPHLIX TOuKax: y¥' (—1)=—06 < 0, T. €. ymax=0; y" (1)=
=6>0, 1. €. Yypin=—4.

Haftnem Touxky neperuGa, JJst uero BTOPYIO NPOH3BOJHYIO IPHPABHSEM HYJIO:
6x=0, 1. e. x=0. Cnepa ot Touku x=0 umeem y” (0—h) < 0—kpuBas BLIyKJI2,
a cnpasa or ToukH x=0 umeeMm y” (0-}-h) > O—KpuBasi BOrHYTa; CJ€JIOBATEIBHO,
Toyka ¢ abenmuccolt x =0 aABasgeTCA TOUKOH NMEPErHta; Yr.pep==— 2

1082. Haifitu toukn meperuba Kpupoii y= (x—>5)%/3 4+ 2.

10
95 /%—5
IMaeTcd B HYJabL HHU HpPI KAaKHX 3HAUEHHAX X H HE CYUIECTBYET B TOUKE x=5. 3Ha‘{€-

Hue x =5 spjsercsa adcnuccoli Touku neperuda, Tak Kak y’ (5—hn) < 0, y" (5+4-4) > 0.
Takum obpasom, (5; 2)—touka neperuba. 4

A\ Haxoaum y’::—g— (x—5)23, y'= . Bropast npousBogHast He ofpa-

1083. Haiiti uHTepBasibl BHIIYKJIOCTH M BOTHYTOCTH KPHBOH Y= xe¥,
1084. Haiitu Touku mepernba KpuBoi y= (x—4)°+ 4x 4.

1085. Haiiti Toukn mepern6a kpusoit y= (x — 1)}/ {x—1)°.
1086. Haiitu Touku nepern6a KpHBOH y = x*—8x® - 24x2.

5. Acumnrothl. [Ipsmvast L nasbiBaetcst acumnmomot KpuBoH y=f (x), ecan pac-
cTosiHue TOYKH M (x; y) KpuBoil OT npsiMo#l L CTPeMUTCSs K HYVJIO NIPH HEOrpaHHYeH-
HOM YJAJ€HHM 3TOIl TOYKH IO KPHBOH OT Hauaja KOOPJHHAT (T. €. IIPU CTPeMJeHMH
XoTsi 6bl OQHOM M3 KOODAHMHAT TOYKH K GECKOHEUHOCTH).

Tpamas x=a SBIAETCA 6ePMUKANbHOL acumnmomor Kpusol y=/ (x), ecau

lim f()=- o0 urn lim f(x)=-— 0.
x—>a x—>a

ITpamas y=>b sABAsETCS] 20pU30HMAAbLHOY acumnmomol KpuBolt y=f (x), ecan
cyulectByer npeges  lim  f(x)=b mm lim f(x)=b.

X—> 4+ © X —>—-

Ipsmas y=kx-}-b sBAseTcs HaKioHHOL acumnmomod Kpusoil y={f(x), ecan

CYUIECTBYIOT INpefiesibl
f(x)

k= lim ==, b= Ilim [f(x)—kx]
x>+w X X =+ ®
RIn
b= dim 19 b= tim [F)—ky.
X > -

X—> - ® X
1087. Hajitn acuMnrotsl KpuBoil =} X*/(x—2).

A @yukuus onpesenesa B umuTepBasax ]—oo, O[ u ]2, -}oo[. Tak kax
lim 0]/xf‘/(Jc—Q):—l—oo, TO mpsiMas X=2 SBJASETCA BEPTHKAJbHOH aCHMNTOTOH
X2+

KpHBO#.

TopH30HTANLHBIX AaCHMNTOT KPHBas HE nMeeT, Tak Kak lim V3j(x—2) n
X =+ o

lim ¥V x%/(x—2) He ABAAIOTCS KOHEUHBIMH BEJIHYHHAMH.
X—>—-®
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Onpep,e.rmm, CylmecTBYIOT JIM HAKJIOHHBIE ACHMIITOTDI. Haxonum:

[() lim Vx3/(x—2)_ lim 1/ x

1) ky= lim [X— ¥V £/ x=2)
X—>+ o X=>+ @ X—>+® x—2
. f 1
= lim LN |
X—> + ® 1—2/x ’
by= lim [f(x)—kw]= lim (V x? _x>:
X —>+ © X—>+ » x—2
lim x(VTc—Vx—2) i x(x—x+2)
x>+ o Vx—2 s>+ Vi—2/ x4+ ¥V x—2 2)

= lim == — 5 =
X—> 4+ ©
]/1—-;<1+]/ 1—7>

Takum o6pa3oM, CYyIULeCTBYeT IpaBas HaKJOHHAs acuMnTota y=x--1;

9 k= lim ¥ 1n VE[G=2) _ . V=2
X—>-—mo X KXo = X X — o 1 ~

(p213ILBJ1HJII/l YHCJIHTE/b M 3HAMEHATEJAb Ha IOJOXKHTENbHYIO RE&JIHUHRY ——x), T. €

ky=— lim 1/1—2/x —1,

X>—®

3
b2= lim [,f (x)'_k2 X]= lim < X +x>=
X = —- o X —=> - x—2
/—(—x)3 > —xV =x+xV 2—x
= lim < - x = li —
x> = V —X + x-—»lrfoo Va2=x
- — lim x(]f—x—]/2—x) —— lim x(—x—2-}x) 1.
x>~ ® YV o—x x—r—wVQ—x(]/—x—}—VQ—X)
Mrax, cyumecTByeT Jerast HakJOHHAas acuMmnrora y=-—x—1 (puc. 36). A

1088. Haiity acuMnToThl KpHBO#l y = x -+ 2 arctg x.

/\ Herpyauo Buners, YTO BepTHKAJbHLIX H
TOPH3OHTANbBHBIX aCUMNOTOT KPUBAsA HE HMeEET. I/IH.LeM
HAKJOHHBIC QCHMIITOTHI.

. x-}2arctgx
1) k1: lim —————+ g =

X—=>+ ®» X
N . 2 arctg x
2N = lim (l—i— g )
/ X —> +

b= lim (- 2arctgx—x)=2(n/2)=
/ 0 2 7 1 4 w( + ) ( )

Y= x -} m—npaBas HAKJOHHAST aCHMITTOTa;
\ . x--2arctg x

Puc. 36 9 kp= lim =
X—> - ®

— lim (1+Qarctgx):1.

X = -

=1,

bp= lim {(x42arctg x—x)=2(—n/Q=—m;
x> —®
Y =x-—71—J1eBasT HAKJOHHAS ACHMITOTA.
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1089. Haiitn acumnroTel Kpusoil y= x%~*.

A\ OueBHAHO, BEPTHKAJBLHBIX ACHMITOT HeT. Eem x — o0, To y —»> 0. Creona-
Te1BHO, ock Ox SIBIAETCH T'GPH3OHTANBHOH AaCHAITOTON AaiHoH Kpusoil. Ompeiesun,
CYWIECTBYET JIM HAKJOHHAf acHMOTOT4:

20—
. X% . X
k= lim = lim -—=0.
X ® x x—>w» €

Takum o6pasoM, myveeTcst TOJLKO ropuscHTadbHast acummtora y=0. A

o o 2 —2x--
1090. Haiitn acumnToThl KpHBOI yzx—xJ:Tm .

N Eemm x——2, T0 y—>o0, T. €. x=—2—_pepTHKAJbHAS aCHMITOTA.
Hafizem HeBepTHRANBHBIE ACHMIITOTH:
2 [ 42 €1
Lo x2—2x-13 . 12 —2¢-L 3
k= lim —=l—=1, b= lim L— x| =—4.,
x> X(x-+2) x—>w® X2

Taxkum 06pa3oM, HakJOHHAS acHMITOTA MMCET ypaBHeHHe y=x—4. &
Haiitn acuMnroTtsl KpusbixX:

1091, y=2c—=%% q092. y="CY_3c 1093. y=}/ 0 6w

1094. y=0,5x-Farctg x. 1095. y=— xarctg x.

6. Noctpoenne rpadmkos ¢yskumuii no XapakrepHeiM ToukaM. [IpH mocTpoenun
rpaguka GyHKUMH Y= (¥) NONE3HO BEISCHHTb €r0 XapaKTepPHbe 0COGeHHOCTH. [l1s
3TOTO HAJO:

1) nafiTh o6JacTb onpeleseHust GyHKIMH;

2) HceaeioBaTh (YHKIMIO HA YETHOCTh W HEYETHOCTh

3) HaiiTH TOUKH nepeceyenusi rpaduka GyHKIHH C OCAMH KOOPJHHAT;

4) uccsiefioBaTh (QYHKIHMIO HA HEMPEPHIBHOCTb; HANTH TOUKH paspelBa (eCJaH OHH
CYWIECTBYIOT) M yCTAHOBMTL XapaKTep Ppas3phiBa; HaliTH aCUMITOTHL KpHBOH y=f (x);
5) HaliTH MHTepBaNB! BO3PACTAHHS M yObIBaHWS QYHKUHH H €e SKCTPeMYMbl;

6) HaliTh HHTEPBAJbl BBLITYKJOCTH H BOFHYTOCTH KDUBOH H TOUKH ee Ieperu6a.

x®+4
1096. IlocTpouts rpadux QyHRUHH Yy = o

A 1) O6nacts onpenenennst Gpynxunu—bes ock Ox, 32 HCKJOYeHHeM Toukn x =0,

T. eD(y)=]~oo,O[U]0, +°°[' N
2) ®ypkuus He ABJAETCH YETHOH MJIM HEUETHOH.

3

. x3 44 —

3) Haiinem Touku nepeceuenus rpaduka c ocbio Ox, umeeM ;L_ =0; xz_i*/ 1,

4) Touka paspniBa x =0, npuuem lim y=oo; caegoBateasHo, x=0 (ocy Oy) sB-
x—>0

JSETCST BePTHKAJBbHOH acHMNTOTOH rpaguxa.
Haiizem HakJOHHBIE ACHMIITOTHI

3
pmlim L9y 214y,
x>0 X X —>oo x
. o 44 s
b= lim [f(x)—kx]—xILn:o( b —x)—xlitg —5=0.

Hakjonnas acumMnToTa MMeeT ypaBHeHHE y==X.
5) Haiizem sxcTpemyMel (yHKHOHH H HHTEpBaJbl BO3pacTaHHA H yOusanus. Mueem
Y =1—8/x*=(x*—8)/x* y'=0 npn x=2; y’'==co npu x=0 (TouKa pa3puiBa PyHK-
nun). Toukn x=0 u x=2 pasbuBalOT UHCJIOBYI0 OCb HA INPOMEKYTKH |—co, Of,
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i, 2l u 12, +oof, npuuen y’ > 0 B mpomexyTxax —oo, O u ]2, +oo[ (bynxuus
anspactaer) n y' < 0 B npomexytke 10, 2[ (pynkuus yOoiBaer).
Jasee, maxoaum y” ==24/x%; y” (2) > 0,! cnefopaTeabHO, x==2-—TOUYKa MHHHUMYMa;

Ymin ==3.
It 6) HailizeM wnuTepBaJbl BHIMYKJOCTH M BOTHY-
ToCTH KpuBOH u Toukn ee meperu6a, Tax Kak
41
J &
0 ’
Puc. 37 Puc. 38

y" >0, To rpadux OQysKuHM BCIOAY BOTHYT. Touer mnepern6a KpuBas He HMeeT.
Wcronb3ys NOJy4eHibe jaHHble, CTPOUM Tpaduk Hxouu (puc. 37).
y Y p y

1097. Tloctpouth rpaduk QyHKUUHE Y= f’/l—xﬂ

A 1) O6macts onpeaenenuss—sest ock Ox, T.e. D (y)=]— », +-oo[.

9) OYHKIMS He SABJIAETCS YETHOH HJIM HEeyeTHOH.

3) Touku nepeceucHus ¢ OCAMH KOOPAUHAT: €CIH x=0, To y=1; ecou y=0, 10
x=1.

4) Touek paspniBa K BepPTHKAALHLIX aCHMITOT HET. Hmeem:

8/ T—x8

ke=1lim X —
X~—> 00 X

. 1
b= lim (;/T—#+x)= lim S T—r—x)/ 1o =0.

X0 X—> o0

Hrax, HAKJOHHAS acHMNTOTA Y=—X.
§ f—

5) Haxoznum y’:——xz/l/(l—ﬁ)?; y' =0 npu x=0; 4y =0 npu x=1. B okpecr-
HOCTH KPHTHYECKHX TOYeK IPOM3BOJHAN He MeHseT 3HaKa, SKCTpemymos HeT. Tak Kak
y' < 0 npu Beex x # 0, To Qpynknus yGnBaer Ha Beeil UHCJIOBOH OCH.

P i el

6) Haxonum y”=—2x/ 1/(1—x3)5; y'=0 npu x=0; y’=o0 npu x=1; y" (—h) > 0;
¥ () <0, yy(1—h)<0; y (1+h) > 0. CrenosareabHo, B MPOMEXKyTKax ]—oo, 0
u ]I, --oo[ Kpupas Borayta, a B IPOMEXYTKe 10, 1] —soumyxkna. Toukn mneperuba
umetor koopauHatel (0; 1) u (1; 0).

Hcnob3ysl MOJyYeRHEIC JaHHbE, CTPOHM HCKOMBI rpadux (puc. 38). A

IToctpouth rpaduky QyHKIHMA:
1098. y=sin®x. 1099. y=3} x—x.

1100. y=Inx—In(x—1). 1101 y=In "=,
1102, y= 5. 1103, y=0%,
x*—4 V=

1104, y=16x(x—1)% 1105. y=(x—1)V'x.
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1106. y=x-+e % 1107. y=In(x+V 2+ 1).
3

1108. y—=e**~**, 1109. y:ﬁv'

§ 3. KPUBU3HA TJIOCKOW JIMHUH

Yeaom cmescrocmu nyrm AB TIOCKOf JIMHUHM Ha3wiBaeTcd yrogl @ Mekjly Kaca-
TeNLHBIMY, NPOBEICHHBIMH B TOUKax A u B sTofi JuHHH (puc. 39). OTHowenpe yrJa
CMEXHOCTH K JJuue s ayru AB HaswiBaercs L
cpedned kpususrot 1yth AB, T.e. ke =Q/s.

Kpususnod nannoit auuuu B Touke A Ha-
SLIBaeTCH npejes cpeiHed KpuBU3HB Ayru AB
npu B~ A, T.e. k=1im (¢/s).

s—>0

Kpususna oxpyxunoctd koxp=1/a, rie
a—paJHyc OKPYKHOCTH; KPHUBH3HA NPSIMOIl
paBHa HYJIO.

Ecnu JuHRS 3ajana ypabHeHHeM y=f (x),

TO €6 KPHBH3HA BBIUMCJAETCS 110 dopmyJae >¢//

S A0
(1442 f
Ecau nuHMS 33jaHa  NapaMeTPHYECKHMU )
ypaBHenuamMu x=@ (f), y=1y (), 10 Puc. 39
pm XY —ux]
(w22

dx o4y o dx s dy
a YT TaE Y=g

Ecan nuuvs 3ajaHa B HOJSIPHBIX KOODAMHATaX ypaBHeHueM p= f (0), 10
p 10%+20""—pp”|
(2+p"%)*?

re x=

2

d y a2
rie p’=d—g,~ p'=2—9—2.

Paduycom xpususns: Ha3bIBaeTCs BeMUHMHA, ofpaTHas KpusH3He: R=1/| k].

OKpyscHOCMbIO  KpUBU3HG! JAHHOH JMHHM B ee Tcuke A HasbiBaercsl IpejesbHOe
NOJIOXKEHHE OKPYXKHOCTH, npoxoisimedi uepe3 Tpu Touku A, B, C KpuBoii, Xoria
B—AunC~-—A.

Paguyc OKPYXKHOCTM KPHUBH3HB paBeH paiauMycy KpPHBH3HLL LIeHTP OKpPYKHOCTH
KPHBU3Hbl HA3HIBACTCS YEHMPOM KPUBU3H6. W HAXOINWTCS Ha HOPMAJH K JIMHHH, MpO-
BEJCHHON B TOUYKe A B CTOPOHY BOTHYTOCTH 3TOH JIHHHH.

Koopaunatot § M % LeHTpa KPHBH3HBI JIHHUH Y= [ () BhUHCJASIOTCA 10 QopMyJaM
gty o 14y”

— 5 'fl—!/’l‘T-

Sgoaromori NHHUU HA3LIBAETCS] MHOJKECTBO €€ LEHTPOB KpPUBH3HEL. DopMyant aas
KOODAMHAT LIeHTPa KPHBU3HBI MOXKHO pacCMaTPHBAThL KaK MapamMeTPHU4eCKHE yDaBHEHHS
3BOJIIOTHI (FZ€ MapaMeTpOM sBJsieTcs aGClHcca X HCXONHOH JIHHHH).

E=x—

1110. Halitu KpHBH3HY JMHMH Y= —x® B TOuKe c abcnuccoit x=1/2,

A Hwmeem y’ = —3x2, y"=—06x. Ilpn x=1/2 3T NPOU3BOJHbIE NPHHHMAIOT 3Ha-
vyenns y' =—3/4, y'=—3 u

=3 |__3 e,
(I+9/16)3/2 TT125/647 125°
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1111. Hafith KpuBU3HY B J060H TOUKE LHKJIOUIBI X =a(f—sinf),
y=a(l—-cost).

A x=a(l—cosl), x=asint, y=asint, y=acos i,

X —yx == a? (cos { —cos? {—sin?® {) =— a2 (1 —cos 1),
124 y2=a? (1 —2 cos ¢-4-cos? { }-sin? {) = 2a% (1 —cos #),
—a? (1—cos ) — 1 A

23/2 g8 (1 —cos £)%/2 2%/20 (1 —cos £)Y/2

1112. Hafitu KoOpAWHATBl LEHTPAa KPHBH3HBI JHHHH x° | y*=2
B touke M(1; I).

A Tlpomudxpepennupyem ypanHeHHe NaHHOH JHHHUH BB
3x2-4yPy’ =0 (x), 6x4-12y2%"" - 4y?y" =0 (s #).
Tax kak x=1, y=1, To 3 yPaBHEHUS () HaXOJUM y’=—3/4, a H3 ypaBHEHHT (& %)
noayuyaem 6-+27/4--4y"=0, T.e. y'=—51/16. Torpa
(+y™)y _ _ (149/16) (=3/4) _ 43
y —51/16 68’
14+y? 14916
y" =1+ —51/16

Eex—

26
7]=!/‘|‘ at
T.e. C (43/68, 26/51). A
1113. CoctaBuTh ypaBHeHHe 3BOJIOTH mapaGosnl 2y%=2x 1.
A Tlpomuddepernupyem ABaxK/ipl ypaBHeHHe napaGosbi:
' 1___] . 2 " "__y_,z—__
doy'=2, y =35 4y"" +4yy" =0, y'= 7= I

OnpejiesisieM KOOPJAUHATBHI LEHTPA KPHBH3HHI:

1 1
B A (1+71?)'@

————-(———-:3 2,

Yy 2 —1/@y%) v
1
1+-—
1y 4y?

= m S =y—4yd— =—4ya.

n=y+— +_1/(4y3) y—4*—y
TTonryuaeM ypasHeHde 3BOJIOTH B MapaMmeTpuueckodf dopme: E=3y2, n=—4y3,

Hexsuouns napametp y, maiiieM ypaBHeHHe 3BOJIOTHL B SIBHOM BHAe: 1)2=16E3/27. A

1114. HaliTh pajnuyc KpHBUSHBL 3J/LIMIICA x2/254+4%9=1 B Touke
M (0; 3.

1115. Haiitu papuyc KpHBH3HBI B JIOGOH TOUKE KAPAMOMABI P =
=a(l +cos0)(a > 0).

1116. Haitu kpuBu3ny nunun x =etsinf, y —efcost B Touke { = 1.

1117. Haiitu KOOPJAHHATHI I€HTpAa KPUBHU3HBI JUHUH 4 = 1/Xx B Touke
M(1; 1).

1118. CoctaBuTh ypaBHEHHE 3BOMIOTHI KPHBOil x=1sinf--cost,
y=tsint—sint.
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§ 4. NOPANOK KACAHHS MJIOCKHMX KPUBbBIX

Ecan xpusbe y=f(x) n Y=¢ (x) nmeor obmyio Toury M (xy; y), T.e. y, ==
= f (xp) = @ (x,), M KacaTelbHble K YKa3aHHEIM KPHBBIM, IIPOBEIEHHLIE B Touke M (xg;
Yo), HE COBNA/IAIOT, TO TOBOPAT, YTO KpuBble y=f (x) u y =@ (x) nepecexawmea B Touke M.
YC/IOBHE TIepeceyeHHs] STHX KPUBBIX B Touke M (*¥o; Yo) TaKoBO:

F o) = (x5), ' (x5) # @ (x0)-

Ecru ke »mH KpuBBle MmeoT obwyio Touky M (Xy; yo) M KacaTeibHbie B 3TON
TOUKe K OOeHM KPHMBLIM COBNAJAIOT, TO FOBOPST, UTO KpUBBIE KacaromcA B Touke M.
YcaoBHe KacaHusl KPHBHIX B Touke M (%55 Yo) TakOBO:

[ (X)) =9 (x0), [ (x0) =9’ (x0).
Ecnu, naxonen,

FOo) =@ (xo), [ (50) =" (1), " (x0) =" (), +.., [ (x,) = ¢ (xy),

HO f'+1) (x5) o£ @ +1) (%), To mpuusTO TOBODHTE, YTO B Touke M (xy; yo) Kpusble
y=F[(x) u y=q (x) umeior Kacauue n-zo nopadka. )

Ecan n==2, 10 xpusbe y=7 (x) u Y= (x) B Touke M (xy; Y;) UMEIOT HE TOJBKO
o6y KACATEJIbHYIO, HO H OJHHAKOBYIO KPHUBH3HY.

1119. Kakoit nopsgok Kacanust umeror KpHBBIE y=e"% u xy=1/e
B To4Kke x=1?

A Tlyets f(x)y=e~*, ¢ ()= 1/(ex). Haiinem nociaeioBatenbubie mpoH3BogHbIE
STHX QyHKuM: [/ (x) =—e=*, " (x) =e—%, @' () =—1/(ex?), @" (x) =2/(ex?), ...
Tenepp BBIUMCAUM 3HAYCHHS JAHHBIX byHKUMH H HX IDOM3BOJHBIX B TOUKe x= 1;
umeem f (1) =e=t, J' (1) =-—e=1, f" (l)=e~1; @ (I)=e=1, ¢’ (1) = —e~1, Q" (1)==2e~1,
Taxum ofpasom, f(I)=e@ (1), ' (1)=¢’ (1), Ho I" (1) # " (1). CrenoparessHo, yka-
SalHbIC KDHBbIE HMEIOT KacaHWe NEePBOTO Mopsaaka. A

1120. ITpu xaxom BhiGope napamerpa a KpUBasi y =e% jMeeT B TOUKe
x¥=0 KacaHWe nepBOro mopsjuka ¢ npsMoi y=2x+1?

A Tlyets f(x)=e%% u @ (x)=2x-L-1. [lag Toro utobur YKa3aHHble JHHHH UMETH
B TOuKe ¥ =0 KacaHHe NepBOro MOp#IKa, HEOGXOAUMO BHIIOIHOHHE pasencrs f (0)=¢ (0)
[ ©0)=q¢" (0), T.e. e#0=2.041 u ae®=2. Orcioga qg— 2. A

OnpeaeJme NOPSAAOK KaCaHUs 3ajgaHHbIX KpHUBBIX:

121 y=1--cosx u y=2—x* B Touxke x—=0.

1122, y=sin*x u ocu Ox B TouKe x=0.

1123, Hennoit amuun y=(¢*+e7%)/2 u napa6oant y=1-40,5x2
B Touke x =0,

1124, OkpyxHoctelt x*+ 12 =2y u ¥*4+y*=4y B Touke x=0.

1125. Tlapa6oast y =x* u ocu Ox B Touke x— 0.

1126. y=In(14-x) u napabonsl y=x—x* B Touxe x=0.

§ 5. BEKTOP-OYHKLH S CKAJISIPHOIO APTYMEHTA
H EE MIPOU3BOJHAA

IpocTpancTeeHHyio KPUBYIO MOXKHO 3a1aTh NapaMeTPHYECKHMH  YpaBHEHHU MU
x=x (), y=y(f}, z=2(l) UIN BEKTODHLIM ypaBHEHHEM

r=x() i4y(0)j+z(0k

[loctenee  ypaBienne onpejesser nepemenmmbiit BEKTOD I KaKk 6exmop-(yHxiyliro
CKaJIAPHOro aprymenTa f#, 1.e. r=r (f). Kpupas, sagannas YpaBHeHHeM r=r ({), Ha-
8bIBaeTCH 20002paghoM NEPEMEHHOTO BEKTOpa r.

185



Hpoussodnoii BekTOp-GYHKIHE T=T ({) MO CKANAPHOMY apryMenty { HasbiBaeTcA
HOBasi BEKTOP-(YHKIHsS, ONpe/esieMast PaBeHCTBOM

R Ar
0= = Im 5

[Ipou3BoAHAS BEKTOP-QYHKIMH MOXKeT OHITb BRIYHCIEHA IO dopmye

e dx ., dy . dz
aea ittt

dr

Tlpoussoaunasn F TP BEKTOD, HAIPaBJIeHHBIl IO KacaTelbHOH K rogorpady BeK-

TOpa I B CTOPOHY BO3PacTaHHsl IapaMerpa t.
r 2r
Ecau ¢ ecTb BpPEMA, TO Et—_BeKTOP CKOPOCTH KOHIIA BEKTOpa F, @ ——; — BEKTOP

di?
YCKOPEHHUS.
OcuoBHble TpaBusa AuddepeHnHpoBaHns BEKTOP-QYHKIHH CKaJsfpHOro apryMeHTa:
d drl drz dl'g
0o % (re =iy 2 s,
1 7 Ot ra—r)= T g
de o
20, T rJe ¢— MOCTOSIHHEIH BEKTOP;

30, -g? (M):?»%—{—r%t& , Tie A=A ({)—ckanspHas dyskuus or f;
d dry dry
0, & (riery) = —+ .22
4°. dt (rl rZ) dt r2+r1 dt »
d dry dry
0, — (ry =— —ce
59, a7 (r1><l'2) ai Xl'z-{—l'lx i

Y pasnenus kacameabrold K NpPOCTPAHCTBEHHON K PHBOI r=x({@) ity @it+z(k
B Touke My (Xo; Yo; 2o) 3aNMUCHIBAIOTCS B BHAE

(x—xo)/).cc):(y—yo)/.i/oz(Z—Zo)/Z;)s
rae xo=1x (fo), Yo=Yy (to)s zo=2(ty), 5Co=x' (UM ilo=y' (to)s 2"0:2' (to)-

HOpMa/leOﬂ NAOCKOCMbI0 Ha3blBAETCS IJOCKOCTb, npoxojsmas yepe3 TOUKY Kaca-
HHA H HepHeHAHKyJIHpHaﬂ KacaTeJbHOH. .Ypaeueuue ﬂOpMa/leOLz naockocmy MMeeT BHA

%o (X— Xo) +y'o (y—4o) +z(2—20)=0.
Hupgepenyuan Oyt npocmpancmeenHoll Kpusoll BHUACIAETCA 1O dopmye
ds=V @22 dt.

1127. Kakas JuHHS sBJseTcs TroporpadoMm BeKTOp-OYHKIHH T =
—ai cos t +ajsint 4 ctk?

/\ Orta JHHHA HMeeT IapaMeTpHuecKHe ypaBHEHHS X =0 COS t, y=asint, z=ct,
Ol’lpE}IeJIﬂIOIH,PIe BHHTOBYIO JIMHHIO.

Haiitn rogorpadsl BeKTOpP-(yHKIHMIL:

1128. r=icost-+j-+ ksin¢. 1129. r=t({3+j+k).

1130. r=i-+j+tk. 1131. r=icht+jsht.

1132. Hailtu npou3BOJHYIO CKalspHOrO npou3Be/IeHHsT BEKTOPOB

r,=3ti4+2j+5k u r,=2i—3tj+k.

A Hnveem
d(ri-ry) _ . dr dri
L) G =

=(3zi+2j+5k)-(——3j)+(2i—-3tj+k)-3i=—6+6=o.
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IMonyuensell pe3ysabTaT OOBSCHSIETCS TEM, YTO CKAJISIPHOE IIPOU3BEAEHHE Iy-Fy=>,,
T. g. ABJAETCHA IIOCTOSIHHOH BEJNHYHHOH. 4
. . - dr
1133. IlokaszaTb, uTo BeKTOpPH Tr=icost-jsinf+k u 7 NepneH-
AUKYJISAPHEL.

A ViMeem %:—i sin f-}jcos {. Haxomum ckanspHoe npoH3BELEHHE:

r-g—;—z—'cos tsint+sinfcos{4-1-0=<0.

CrenopatenbHo, 1 | —Z% - A

1134. Hafitn npousBojHyio BekTop-¢pyHKuMH r=1ich®f+ jshichi4
-~ ksh?t.
1135. r=ish¢+jcht++k} ch®f—3sh?Z. Haiiu %;—2).
d (ry Xry)

1136. ry=if -+ ji* + k&%, r;=it24 j#* + kt. Haiirn 200X,

1137. CoctaBuTh ypaBHeHHSI KacaTeJbHOH H HOPMAJbHOM TJIOCKOCTH
K KpHBOH x=asin*f, y=>bsinfcost, z=ccos*t B Touke {=1m/4.

A Haxomum x=asin 2, y="bcos 2¢, z=— csin 2¢. IIpn ¢ = m1/4 umeenm: x,=a/2,
Yo=b/2, zp=c¢/2, xy=a, Yo=0, z=—c.
YpaBHeHHsT KacaTelbHOMN:

(x—a/2)/a=(y—b/2)/0=(z—c/2)/(— ).

YpaBHeHHe HOPMaJIbHOH IMJIOCKOCTH:

a c a?—c?
a(x——2—)——c(z-—§>—0, HIH axX—CZ— 5 =0. A

1138. CocTaBuTb ypaBHEHHs KacaTeJbHOH H HOPMAJbHOH IIOCKOCTH
K BHHTOBOH JIHHUH r:icost+jsint+l/3 tk B TOukKe t =m/2.

1139. Ha kpuBoit x=1{-+1, y=1*—1, z=1¢3 HaliTh TOYKYy, K KOTO-
po¥ KacaTesqpHas napasjenbHa INIOCKOCTH X+ 2y --z—1=0.

1140. Kaxko#i yrosn ofpasyer ¢ miockocteio xOy KacateJbHas B BHH-
TOBOH JIMHHH X=cO0S?, y=sint, 2=2)2¢ B TOUKe t =m/4?

1141. CocTaBuTh ypaBHEHHsS KacaTeJbHOH H HOPMAJbHON IIOCKOCTH
K kpuBoit x=(1/}/ 2)etsint, y=1, z=(1/V 2) etcost B Touke ¢=0.

1142. CocraBuTh ypaBHEHHS KacaTeJNbHOH K KpHBOil x=e! (cost 4
+ sint), y=e*(sint—cost), z=e* B TouKe {=0.

1143. CocTaBuTh ypaBHeHHsl KacaTelbHOH K KPUBOH I = £ 3] +
-+#k B TOuke f=1.

1144. Tlokasath, uro kpuBbe r=(u-1)i4-u*j+(2u—Nk u r=
=20 + (Bv—2) j+ vk mepecekatorcs, u ONPEAENUTL YTOJd MEXKAY KpH-
BEIMH B TOYKe HX TepecedyeHHs.

1145. CocTaBuTb ypaBHEHHS BHHTOBOH JIMHHH, €CJM DPajHyC OCHO-
BaHHA uwiHHApa R =4, war h==6n, u Haiitu puddepenuynan ee Iyru.

A VYpaBHeHHs BHHTOBOH JHHHH MMelT BHA x=4cos {, y=4sin{, z=23¢, Tak
Kak z=h npu ¢=2x. Ilpoauddepennupyem T ypasHenns: x=-—4sin#, y=4cost,
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z=3. .Caegopatenso, JudpepeHnnal AyrH paseH

ds-}/ ¥yt 22di=) 16sin? {-1-16 cos? ¢ 1—9(11‘_
=) 16 (sin? {-cos? £)-}-9dt=5dt. A

1146. Haiitn  puddepeniman JAYyTH  KPHBOH X =a(Co0s*f, - y=
=Va~4bzsint\ost z=>bsin*t.

1147. Tlpn kakom 1uare £ Jyinna Ayrd OJHOTO BUTKA BUHTOBOH JIHHHH
x=cost, y=sint, z=ct paBua 4n?

. Bocnonb3osatbest T€M, UYTO IIPU pasBepThiBaHuN LHJIHHAPA HA IIOCKOCTH OJHUH
BHTOK BHHTOBOH JIMHHH npeppamaercsa B OTPE30K HpKMOH

1148. YpaBHeHHe JBU:KeHHS HMEeT BHJ, r=23icos t -} 3jsint+ 4¢k,
rje t——BpeMﬁ OrpesieIiTh CKOPOCTh H yCKOpeHUe ABHIKEHHs B IPOH3-
BOJIBHBIH MOMEHT BpEMEHH.

1149. YpaBHenue JBHXKEHHS HUMeeT BUA I = {i+ %] -+ #3k. Omnpege-
JIUTb CKOPOCTb M YCKOpeHHE JBHKEHHS B MOMeHT [= 1.

§ 6. CONPOBOXJAIOIMA TPEXTPAHHUK NPOCTPAHCTBEHHOW KPHUBOH.
KPMUBU3HA W KPYYEHHME

Bo Besikoli Touke M (x; y; ) MPOCTPAHCTBEHHOH KPHBOI r==r ({) MOXKHO 1OCTPO-
HTb TPH B33HMHO NePNEHIUKYJIAPHbIX €ZMHMYBBIX BEKTopa (puc. 40); eauHUuHBIA BeK-
TOp Kacameabroi (TaHTeHIHaTbHBIH e MHHIHbI
BEKTOD)

_i'r__ dr/dt
= ds T drjdi]’

HopraseHos
[1/10CKOCMG

Gonpuracarouascy
TINGCKOCATS

M, ‘
Puc. 40 Puc. 41
€IIHHUHBI BEKTOP 24Q6HOU HOpMAAU
_ drvids
T ldrjds|

€JIMHHUHBIH BEKTOp Ouxopmartt
f=1Xxv.

CooTBeTCTBYIOMME Heennﬂmﬂme BEKTOPHl MOXKHO HaliTH mo Qopmynam:

T= (BeKTOp KacaTeJslbHOI),

dr _d’r
B= Exd—ﬂ (BexTOp SHMHOpMaH),
N=BXT (exTop IJaBHOH HOpMann).
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TI0CKOCTh, COfiepKamias BEKTOPHl T H V, HASHIBAETCS CONPUKOCAIOUjedCs TLIOCKO-
CTRIO; COflepaKallas BEKTOpbl Vv H [,— HOpMabHOL TIIOCKOCTBIO; COMepKamas BeKTOphl
P u 1,— cnpamasiowed NIOCKOCTBIO.

TpexrpaHHHK ¢ BepmuHoil B Touke M, o6pasoBaHHEIH CoNpHKAcaioIeiicst, HOP-
MaJbHOH M CIPAMASIONEH IJIOCKOCTSIMH, Ha3LIBACTCH CONPOSONCOAIOUUM MPEXePAHHU-
K04t TPOCTPAHCTBEHHOH KpuBoOi (puc. 41).

Kpususuoii Junun B Touke M HaseBaeTcss umcno K= lim K‘ps—' rie ¢ — yroa
As—>0

NOROPOTA KacaTesbHOl (yros cmexHoctd) Ha ayre MN, As—jauna atoit Ayra.

dr
Ecnu Kpupas 3ajiaHa ypaBHeHHeM r=r (s), To K= b
Ecau ypapnenne KpuBoff HMeeT BUA r==r (f), TO
dr _d*
K 9
= A
dt

" R 0
Kpyuenuem xpusoit B Touke M HasbiBaeTcd uHcI0 0= lim As  TRe 6 —yroxn
As—0

nopopota GuHOpPMaJu (YroJ CMeXHOCTH BTOPOro poja) Ha ayre MN.

ap
Ecmi r=r(s), 10 0= TF | =—|, rae sHax «MHHYC» GepeTcs B C/yuae OIHHAKOBOTO

ds
d
HANpaBNeHUs BEKTOPOB —~ M V, 3HAK (MMOCY—B CAyyae HX NPOTHBOMNOIOKHOTO
HanpasJeHus.
Ecau r=r(f), 10
dr d* d%
g dE di® dfe
| dr % driz”’
dt di?

1150. Hafith TaHreHUMaNbHBI BEKTOp T KPHBOH r= #% - 1%j4- 1%k
B TOuke f=1.

A Hmeem

dr

= = 2ti4- 314460k, dr

77 =V 412} 9t 1 36¢10.

Ipu £{==1 Haxoaum

e ., o dar| e _drjdt 2., 3.6
= 21+ 3j -6k, dtl‘V4+9+36 =7, r—l—d—l%—t—l—7l—}—71—}——7—k. A

1151, Hafitu TaHreHnMaJbHbI €IMHUYHBIA BEKTOp KPHBOI I = 5fi--
+12jcost+4 12k sinf B npOU3BONBLHOM TOUKe.

1152, Hafit TanreHuHanbHBIH € AMHHYHBIA BEKTOP KPUBOH x =1 sin ¢
-+ cost, y=tcost—sint, z2=1¢? V/'2 B TOuRe t=m/2.

1153. Hafitu BekTop T BHHTOBOW JUHHH x=acosf, y=asint,
z=VR—a*, R>a>08 T POU3BOJILHOH TOYKE.

4 i —
A r=aicos t4-aj sin 4 RF—atk, —r=—aisint+ajcost+) Ri—atk,

189



=V a?sin®t4-a? cos? -+ R2—a?=R,

dr
dr/dt —aisint—{—ajcost+VR2—a2k
=Tdr/af] R -
_ asmt acost ,  VRT—a?

1154. Haiitu BekTOp B BHUHTOBOl JIHHHM B MPOM3BOJBHOH TOUKE.

2,
A Hueem -ZT — aisin t-}+-ajcos i+ REP—a?k, —(‘%;—:—ai cos t—ajsint.
HaiizeM BeKTOpHOe MpOu3BEjJeHHE 3THX BEKTOPOB:
i k
dr  d°r ' ] —
B:.ﬂ-x TE= —asint acost Y RE—a?|=
—acost —asint 0
=aV R®—a?sint-i—a V R*—a? cos t-j+a’k;
d2
|B |= %— X ﬁ;_ =V a? (RT—a?) sin? { -+ a? (R2—a?) cos? -a*=aR.
CnefoBaTesbHO,
f= B aV RT—aisint—a ) RT—a?jcos t4a%k _
=187 aR
VR—a¢ .. VR—-a ., @
=——p—— sin t~1—-—————§—-—~ cos z‘-;-{-——R— k. A

1155. HaiiTh BekTop v BHHTOBOH JHHHH B TPOM3BOJIbHOM TOUKe.
A Tak xak v=f X 7, 10

i i k
VR*—afsint VY R*—a® cos ¢ a
v== R R R =—1icost—jsint. A
__asint acost V R*=a?
R R R
1156. Haiitu xpuBu3Hy K BUHTOBOH JIHHHH.
A B sajauax 1153 u 1154 Owuio HaiifieHo, uto % =R, dr th; =aR;
NO5TOMY
dr _ d’r
“dt X Wl aR a
Ke—Tap —rmr A
dt

1157. Hafitu xpyueHHe O BHHTOBOH JIMHUH,

A Hmveem

—d—t —=—qisin {--ajcost+}V RT—a? k,

2
d_r__m cos t—ajsin ¢,

T —;—=ai sin {—aj cos i,

dt
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HaiijieM cMemanHoe NPOH3BELEHHE 3THX BEKTOPOB:

dr d° & —asint acost Y R*—a?
o dE ans —acost —asint 0 =a® Y RT—a?.
asint —acost 0
2
B sapave 1154 Owbuio HalAeHO, YTO ﬂ X d’r =qR. CaejgoBarelbHO,
dt " di?
dmdr |\ ., _a? ]/Rz—az_]/RZ——a2
v dt_zl =qa?R?, Taxkum obpasoM, o©= PE = Re . A

1158. CocraBuTh ypaBHEHHE CONpPHKacawouleHcs MIO0CKOCTH BHHTOBOH
JUHUK B IIPOM3BOJNBHOA TOYKE.

A\ DTa IJIOCKOCTb HPOXONHMT Yepe3 TOUKY (acost; asint; ]{_Rz—a2 ) u mep-
VR Za®sint, V R:—a®cost,, a
R A

IlosTOoMy ypaBHEeHHE COMpPHKacalouleiicsi MAOCKOCTH TaKOBO:

ﬁ%isin t (X —a cos t)_}_/_Rz_—_Raz_“_’s_t

HIH XV REZaisint—Y VYV RE—atcosttaZ—aV R2—a%t=0. A

1159, CoctaBuTh ypaBHEHHE CHpAMJAOMIEH NJIOCKOCTH BUHTOBOH
JIMHHY B HPOM3BOJIBHOH TOUKeE.

NeHAMKYJIsIpHA BekTopy GHHopManu =

(Y —asin f)+§~ (z—V RT—a2 1)=0,

A 3ra maockoets mpoxomnt ueped touky (acos £; asinf; YV RE—a® {) nepnen-
IMKYJISPHO BEKTOPY IJaBHOH HOpMasaH v=— icos f—jsin ¢. TlosToMy HCKOMOE ypaB-
HeHHe HMeeT BHJ

— (X—acos f)cos t— (Y —asin f)sin {=0, 1. e. X cos{+4Y sint—a=0. g
1160. CocraBuTh YypaBHEHHe HOPMAJbHOH MJOCKOCTH BHHTOBOH
JIUHHH B NPOU3BOJLHOH TOYKE.
asint

A 9ral njockocTs NEpNeHAMKYJSpHA BEKTOPY KacaTeJbHOH 1:=——R—i+
2__n2
- ac;\))s f i+ VRR 2" k u npoxomur uepes Touxy (acost; asint; Y RE—aZ {).

[MosToMy HCKOMOE ypaBHEHHE HMeeT BHJ

__asli;t(X—-»acos t)+9£13it (Y —asin t)+l/—R;:f(z—VR2_a2' f)=o0,
HIH Xasint—Yacost—ZV R:—a® +(R2—a%) {=0. A

1161. Haiitu Bektop T Kpupoil x=6f, y=2312, z2=1° B Touke {=1.

1162. Haiitu Bextop P TOil ke kpuBOH mpu {=1.

1163. Haiitu BekTop v TO# ke KpuBOH npu {=1.

1164. Haiiti xpuBusny K Tofi ke KpuBoH npu [=1.

1165. Haiitu xpyuenue o Toit ke Kpupoit npu = 1.

1166. CocTaBUTb ypaBHEHHe CONpPHKACAIOIeHCsl NJIOCKOCTH TOH ke
kpuBoft npu f=1.

1167. Cocraputh ypaBHeHHEe CHPAM/AIONIEH MNJIOCKOCTH TOH e KpH-
Boit npu £=1.

1168. CocTaBuTb ypaBHEHHE HOPMaJbHOH MJIOCKOCTH TOH e KpH-
Boil mpu t=1.



FIABA vII

AH S SEPEHIIUAJIBHOE MCUHMCJIEHUE ®YHKUIMA
HECKGJIbKMX HE3ABHCHUMEIX NNEPEMEHHbIX

§ 1. OBJIACTb ONIPEJAEJIEHU Y PYHKUUHU.
JIMHUHU W NGBEPXHCCTH YPOBHY

IlyeTs nambi gea HemyeTwix Muoxkecrsa D u . Ecan kaxnoit nape aeiicteurean-
HBIX 4lCeJl (X; y), TNpHHaJe)Kamei MHOMxecTBY D, no onpejiesnennomy npaBuay cra-
BHTCA B COOTBETCTBHE OXMH H TOJEKO OJMH 3JEMCHT 4 W3 U, 10 rosopsar, 4ro na
MHOXKecTBe D 3ajania Gynryua f (anu 0MoOpasiceritie) co MIOKECTBOM 3HaueHui U, ITpu

3TOM nuwyt D _/l U, wm f: D— U, wm w=[(x, y). MHoxkectso D HasbiBaercs
obaacmoro onpedesenun GyMKUHH, a MHOMKECTBO U, cocrosiee us Bcex umcen Buia
fx, y), rtie (x; Y) € D,— mHoocecmeom  snauerui ¢bynxnun. 3Havenue GyHRULUI
u=[(x, ) B Touke M (x,; Yo) HABLIBACTCH HACMHGIM BHAUCHIUEM pyukyuu u 0603Ha-
vaetcst [ (xy, yo) wam f(M).
61aCTh OfNpe/iesenus bynxunn u=f(x, y) B TIPOCTCHWIHX CAYYasX MpeACTaBseT
€o60ii 160 YacTh MIGCKOCTH, OTPaHHYCHHYIO 3aMKHYTOl KPHBOI, NPHYEM TOUKH 3T0il
KPHBOIL  (rpaunusl  o6nacth) MOIYT npuHalIexarb WM He TpHHALIEXKATh O6JACTH
onmpe.teaenud, Jnufo ECIO MJIOCKOCTh, 16O, HaKOHell, COBOKYNHCCTb HECKOJBKHX vacTeil
nncekoeti xOy. TeomeTpuueckum u3cCpaxennemM QyHKIHHU u=[(x, y) B IpAMOYTroIL-
HOil cucteme Koopjnsar Oxyu (rpaguxcyM ynknun) siasercs HEKOTOpas MOBePXHOCTD.
Alaiornuno  onpexessiercs yHKUHA MO6Or0 KOHEYHOro uucsa HE3aBHCHMBIX
nepeMenHbX u={(x, y, z, ..., 1)
Junued yposns dyurinm u=f(x, y) naseBaercs JuHUS f(x, ¥Y)=C Ha nuo-
ckocti xOy, B TOYKax KOTOPOM QYHKUMA COXpaHSIeT NOCTOSHHOE 3HAYEHHe u=_C.
Tlosepxnocmero  yposns OysxIuE  w=f(x, y, 2) HasblBaeTCH  NOBEPXHOCTD
f(x, y, 2)=C, B T0OuKaX KOTOpOi (yHKIMA COXpaHsSeT NMOCTOSHHOE 3HAYEHHe u=C.,

1169. Haiitn o6nacts onpeneneHuss GyHKIUH u:l/az—xz—yz.

A DVYHKUHA 1 NIPUHUMAET fIEHCTEBHTEIbHEE 3HAYCHHS IpH YCJOBHH @% —x2— (2 > (
T. €. x>+ y% < 02, O6aacTbio ONpPeNIe/ICHUS JaHHOH (YHKUUY SBJASETCS Kpyr pajauyca a
€ ILLEHTPOM B HauaNe KOOPAHHAT, BKJIOUAS TPaHHYHYIO OKPYXKHOCTb.

1170. Haiitn obnacts onpejesennst GyHKUMHE u = arcsin (x/y2).

A dra dyskuus onpenenena, ecan y#0u —1<x/y?<<l, 1. €. —? xR
O6nacteio onpeilenenns GyHKUHH sBAseTcs wacTs TJIOCKOCTH, 3aKJMIOYeHHAs MeX1y
ABymA napatodamu y =x n y?=—x, 3a HCKIIoueHHeM touku O (0; 0). 4

1171. Hafith o6macts ONMpENeNeHHsl (QYHKUHH u = In (22%—6x% —
—3y*—6).

A Jannas QyHKuHS 3aBHCHT oT TPeX MePEMEHHbIX H NPHHHMAeT AeHCTBHTENbHLIE
SHAueHHA NpH 22°—6x2—3y2—6 > 0, 1. e. x®/1+4y2/2—2%/3 < —1. O6nactoio omnpe-
AeJeHHsT (YHKLHH SIBASIETCS 4acTb NpPOCTPAHCTBA, 3aKJ/IOUEHHAS! BHYTPH IOJOCTEH
ABYTO.10CTHOTO THItepGoJionza. A

1172, Haiitu aunuu YPOBHA QYHKUHK 4 == X2 2,

A YpaBHeHue ceMeiiCTEa JHHHE YPOBRA uMeeT Buit x*+-y2=C (C > 0). Ilpnuga-
Basg C pasinuHele AeACTBUTELHblE SHA'ICHUS, NOJYUHM KOHUEHTDHUECKHE OKDYIKHOCTH
C LEHTPOM B HamaJe KOODAHHAT. A
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1173. HaiiTH nopepXHOCTH yPOBHSI QYHKUMH u = X*-2®—y>.

A VpaBhenne ceMeficTBa NOBEpPXHOCTell YPOBHS HMeET BHA x*- 22 —y?2=C. Ecan
C=0, 10 noayuaem x2-+z%—y?=0—konyc; ecin C >0, TO x2f22—y2=C —
CeMeliCTBO OTHOMOJOCTHEIX THNepGononaos, ecin C < 0, To x24-2%—y?=C —cemeil-
CTEO JABYIOJOCTHBIX THIEPGOJOHIOB. A\

Haittu ofnacti onpejeseHHs GYHKIHA:

1174, u=V e+ ypr—1. 1175. u= 1V T—x*— .
1176. u=arcsin (x+ y). 1177. u=V cos (¥* + 1?).
1178, u=1In(—x+y). 179, u=y+Vx.

1180. u=V a*—x*—y2—2%. 1181. u =arcsin (z [V X* 4 42)-

1182, u=1/In(1 —x*—y2—2%). 1183, u=Vx+y+z.
Haiitu IMHHH YpOBHS (PYHKUHMI:

1184, z=2x-+y. 1185, z=x/y. 1186. z=In}y/x.
1187. z=V'xjy. 1188, z=¢".

Haiiti moBepXHOCTH YpOBHA (yHKIMI:
1189, u=x-y-+43z. 1190. u=x24y>+22 191, u=x*—y*—2°

§ 2. MPOU3BOAHBIE U AUPPEPEHL{HAJIbI O YHKIHA N
HECKOJIbKUX NMEPEMEHHbBIX

1. YacTHble NPOH3BONHBIE TepBOro mopsaka. Facmuod npou3sodnod oT GYHKIHH
z=1{(x, y) NO He3aBHCHMOIl IepeMeHHOH X HA3BIBAETCS KOHEUHbIA npejes

AI:TO f(x'{_Ax!A!'/v)_f(xv y) :g%:f«; (X, y)’

BEIYHCJIEHHBI TIpH NOCTOSHHOM Y.
YacTHoit NPOH3BOAHON MO y Ha3biBaeTC KOHEUHBIH npejes

lim L& y+AD—Fx, y)_ 0z
Ay >0 Ay oy

:fg," (X, y),

BoIUHCAEHHBIH npU NOCTOAHHOM X.

JIA% WaCTHBIX TNPOM3BOJHLIX CHPaBeANTHBH OObIMHBEIE TpaBuna M (Gopmyan And-
depeHn HpOBAHKS.

ou

1192, u=x*—3xy—4y*—x+2y-+1. Haditu %;i e

. Ou
A PaccMatpuBas y Kak INOCTOSHHYIO BeNTHUMHY, TOJNYYHM -;:2x—3y—1.

PaccmatpuBas X KaK NOCTOSHHYIO, HAHleM %—;:—3::—85/—]—2. A
o 0z

1193. z=e¥+¥". Haiitn - u .
X oy

A %:—_e""‘ V(12 )y =20e" ¥, -(%-:e”’*?’ (22, =2y V', A '
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o op Jp
— 174 2
1194, p=u*cos® 9. Haittu 2 B o
0 45 c0c2 0p __ 4. : _ 1
A —65_4” cos® @, %-u 2cos @ (—sin@)=—u*sin2¢p. A

1195, Tloxasath, uto Oynkuus 2z=yln(x*—y?) ygoBierBOpsier

dBHEH ! 2 L oz bz‘
YPB H}O}' 6x+y ay yz

A Haxozum
0z - 2xy 0z 2y

———— ——————-]Il x2—y?) — .
ox  x—y2’ oy ( y?) P
HO}ICTZBI/IM Haﬁ’leHHbIe Bpra}KeHHH B JICBYIO 4aCTb YpPaBHCHHSA:

2 —
4L {In (2 2)__ y2:| % 2y +h’1 (x‘z 1/2) y2

P R J
Honyyaem ToXAeCTBO, T. €. QYHKUHA 2z YIOBJETBOPSET JAHHOMY YPaBHeHHIO. A\

1 2xy
%2 —y?

1196. HoxasaTb qTo GyHKnmMs z = y¥*sin (y/x) ynosaerBopsieT ypas-
HEHHIO x2 -l—xy ay =yz.

A\ Haxonum

0z y Y\ inl Y y Y
b '—yy"lny< —;)sxn(;)-l-yy/xcos(—;)(_? ,

62_ ylx _1_ Y. y/x—l] (Y y/x Yy 1
w_[y -Iny p —{—xy sin x)—{—y cos { = )

INoacraBuM HafileHHble BBIPAXKEHHS B JIEBYIO YaCTh YpPaBHEHHS:

—er Ly nyesin (L) — z_i, ylx Yy
Sl In y-sin P x Yy eos | =

+

+xy- yy/" 1 sm( )—{—xy — yy/" Iny. sm(i)-}—
1 y s Y
Ly —o /% L=yl )=
Xy —y cos(x) vy sm(x) yz.

TlonyuaeM TOXKIECTBO; CNEAOBATebHO, OYHKUHA 2 YAOBIETEOPSET JAHHOMY
ypaBHEHHIO. M

1197, u=x*42y*—3xy—4x-1+2y-+5. Hafitn Gu  ou

ox ' oy °
. or or
—n2 4 5 —_— —
1198, r =p%sin*0. Haiitu 3 0
X2 o du Ou
1199, u=—y—2—7. Haiitu 73;, —(E'.
1200. z— e 6*+4), Haprn 22, 22
ox ' 0Oy
- X 2 3/ g 0% Ou  Ou
1201, u=2yV % +34* }/2°. Haittn i oy o
ou Ou Ou

— eXly -2y % —_— e, ==
1202, u=e*/v 4 e-2/v, Hafitu %' By oz
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Y 0z 0z

1203. z=arctg T Hafitn -, 5
1204, z=e**+#7, Haiitn %z—, 9z
x ' Oy
1205. u=(x—y) (x—=2) (y—=z). Ha#itu Ju ou  Ou
* : dx ' dy’ o0z °
1206, u—es¥'+2v'~=v, Haitru 2%, 9
x ’ Oy
1207. uw=cw.sin L . Haittu 2%
X oy
2
1208. TToxasatb, uto PyHKIHUSA z=§7+%+%——:j— YIOBJRTBOPSIET
BHEHHIO xzz—i— 202 _ 2
ypaBH x T e =
0% 0%
. dp 00 .
1209. Haiitn oy oy |» €M x=pcosB, y=psin0.
9p 00

2. TMoauwtit muddepenunan. Toansim npupawenuen GyHkuny z=f(x, y) B TouKe
M (x; y) naswvisaercst pasHocte Az={f (x+Ax, y+Ay)—{ (x, y), rae Ax u Ay—npo-
H3BOJIbHbIE TIPHPAlIeHUsT apryMEHTOB.

dyuknuA z=={ (x, y) HaswBaercs dugpeperyupyenod B TOuKe (¥; y), €CJAH B ITOH
TouKe IIOJIHOE NpHPalieHHe MOXKHO NpPEJCTaBUTb B BHAE

Az=A Ax+B Ay-o (p), tae p=V Ax>} Ayl.

Hoanvim dupdepernyuarom $GyHruud 2= f (x, y) HasLIBaeTCs IJABHAS YacTb IOJ-
HOTO Ipupaulenust Az, JHHeHHAass OTHOCHTENBHO NpHpalleHHWH aprymentoB Ax u Ay,
T. €. d2=A Ax+ B Ay.

Jludbdepernnaasl He3aBHCHMBIX NIEPEMEHHBIX COBHAJAlOT C HX IPUPAHICHHSAMH, T. €.
dx=Ax u dy=Ay.

IMoaumil auddepennuan GyEKuuM 2={ (r, y) BHUHCIAETCA MO Qopmyne

0z 0z
dz—-W dx—+ Ea’y.

Ananornuno, noJuwii auddepennuans QGyHKUME TPex aprymentos u=f(x, y, 2)
BhIYHCAAETCA N0 QopmyJie

ou ou du
du—-a a'x—{—a—y- dy—{—g dz.

Tpu nocratouno Manom p=V Ax®-Ay® nan auddepenuupyemoii dyHrnun
z=f(x, y) cnpaBelJIHBBLI NPUOIHIKEHHBIE PABEHCTBA

Az = dz; f(x+Ax, y+Ay) = [ (x, y)+dz.

1210. zzarctg%. Hafitn dz.

/\ Hafijem uacTHBEIE DPOH3BOAHLIE:
_6_2_ 1 —2y y 0z 1 2% x

= Tt 212’ Ju 2 T N2 22 3°
ox l_l_(x—H/) (x—y x2+yr’ oy l_l_(ery) x—y? 2*+y

x—y x—y
0z 0z , _ xdy—ydx
CrnenoBaTesibHO, dz—-adx—l—a—y dy'—'—:ﬂ—[——yr - A
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1211. u=x*2, Haiitu du.

ou ou ou
/\ Hmeenm du—adx—[—gy— dy—}—g dz, rre

%‘é:y%-x}"z—l, g—::—,xyzz .In x-2yz, g—::xyzz-ln x-y2.

Ci1e/10BaTeNbHO,
du=y2zxy®2—1dx+2yz . x¥*2 . In x dy - y%9%.Inx dz. A

1212. Bbluncants npubmmkenHo )/ sin?1,55-F 8%, ucxoms u3
3HayeHUS (PYHKUHUH 2 = V sin® x +8e¥ npu x=mn/2 ~ 1,571, y=0.
/\ Hckomoe 4HCHO  eCTb HapauleHHoe 3HaudeHue OyHKIME 2 npu Ax=0,021,

Ay=0,015. Haiigem suauenme z npu x=m/2, y=0; umeem z=J sin? (/2) |- 8% =3,
Haxozum npupaimeHue GpyHKIKH:

i y -0,0
Az = dz::fzz—Ax-{—Saf Ay:sm wayZS 015
Ox oy 2V sin? x 8 6

Caegosatensno, V sin? 1,55 89915 ~3,02. A

=0,02.

1213. Bouucauts npubauxkenno arctg (1,02/0,95), ucxonst u3 3ua-
uenus GyHkuuu z=arctg (y/x) npu x=1, y=1.
/\ 3Hauenue ¢yukuun 2z npu x=1, y=1 ectp z=—arctg (1/1)=mn/4~0,785.
Haitnem npupaienune ¢pynkumu Az npu Ax=—0,05, Ay=0,02:
_ ybx xAy xAy—yAx_1.0,0241.0,05
xz_{_y2+x2+y2’— x2| y? - 92
CrenosatenbHo, arctg (1,02/0,95) =24 Az ~ 0,785-+40,035=0,82. A

1214, z=In (x*+4 y*). Haiitu dz.

1215. 2 =Intg(y/x). Hafitu dz.

1216, z=sin (x*+ y?®). Hafitn dz.

1217. z=x¥. Haiitu dz.

1218. u=1In(x 4V x*+y?). Haiitu du.
1219, z=¢* (cosy -+ x siny). Haiitu dz.
1220. z=¢**Y (xcosy -+ ysinx). Haittu dz.

1221, z:arctg%—?s%?.

1222, u=e"?. Halitu du.

1223. Buiyucauts npubnuxenuo 1,024, pcxons u3 3HaueHHS PYHK-
U z2=x¥ npu x=1, y=4 u 3ameHAs ee npHpaumeHHe auddepen-
LUAJIOM.

1224, Briuncauts npubauxkenno In (0,09°+0,99%), ucxoxs u3 sua-
yenusi QyHKuuM 2z =In (¥*-+y*) npu x=0, y=1.

1225, Brmucants npubauxenno ;7 1,022+ 0,052, ucxoas u3 3uaue-
nus GynKmun z=/ X4y npu x=1, y=0.

1226. Brluncauts npuGamkerno } 599 2,032, ucxogs u3 3naue-
nus pyHKuMM 2=} 5e* + y? npn x=0, y=2.

1227, Briuucauth npHGIHIKEHHO V1,040 4+ In 1,02, ncxonsa us3 sua-
yernn ¢ynkumd u=) x4 mz npu x=1, y=2, z=1.

=0,035.

0z 0z
Az~dz_a;c Ax—{—a? Ay =

Haitu dz.
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3. YacTHble npon3sonuuie # auddepennnansl BHCHIMX NOPARKOB. Yacmusimu npo-
U3600HbIMIL 8MOPOZ0 nopAdka oT GYHKIMH 2= [ (¥, y) Ha3bIBAIOTCA 4acTHHE IPOH3BOJ-
HEle OT €€ YaCTHBIX NPOM3BOAHBIX NEPBOTO MOPSAKA.

OGo3HaueHusi 4acTHBIX NPOH3BOAHBIX BTOPOro NMOPsI/Ka:

0 [0z 0%2 . . 0 [oz\ 9% .
ﬁ(ﬁ})zm—fxx(x’ v); @(a} —m—fxy(& v);
0 /oz\ 9% . 0 f0z\_9d%2 o

ax \ ay —W—fyx (x, v); dy\ay) " a2~ lw (x, Y)-

Anamornyno onpeneadrTcad H 0003HAUAKOTCA YacTHbLIE TIDOB3BO/IHBLIE TPETLErO H
BLICLIHX MOpPsIJIKOB, HanpuMep:

0 [0%2\ 0% vhr L 0 /0%2z\ __ & vy
ax\aw )" ae = L 0 0 g5\ G | = aeay = T 0 9) T R

Tak HasvblpaeMble «CMEUIAHHbIE» TIPOM3BOjHBIE, OTJHYANWIKECS APYr OT Jpyra Juib
NOCTe0BATeALHOCTRIO  AN(QepeHHPOBaHHs, DPaBHbl MeK1y cOOOH, €CJW OHHM Henpe-
0%z 0%z ’
HampuMep = 9y oy %"
Juggepenyuaron emopozo nopsdka or dyHkmuu 2=/ (x, y) HaspiBaeTcss Aupde-
peHuHax oT ee noJiHoro Auddepennmnana, T. e. d?z=d (dz). :
AHnanoryuHo onpenenstorcs Aupdeperinassl TPETbEr0 M  BHICUIHX NOPSJAKOB:
d3z =d (d?2); Boobwe d"z=d (d"~12). ‘
Ec/lli X W y— He3aBHCHMbIE TlepemMenHbie H GYHKUHA [ (X, y) HMEeT HenpephiBHLI
YacTHBIE NPOM3BOAHbIE, TO AUPQEPeHIHANbl BLICIUAX MOPSAAKOB BBIMHCISIOTCS 11O (OP-
MyJaMm

PBIBHBI,

0%z 9%z 0%
2, Y% 4,2 0= 97 42-
d*z= Ere dx —{-anaydx dy-+ 3y dy?;
0%z 0%z 92 0%z
3, . € 2 21 9%
dz=73 dx3-43 20y dx dy+3_6xay2 dx dy +40y3 dy?.
Boofime, ¥MeeT MECTO CHMBOJHUecKas ¢opMmyJa
0 2 r
diz—= ('6? dx+@ dy) z,
KoTopas (GOpMaJbHO DACKPHIBAETCS N0 GHHOMHAJBLHOMY 3aKOHY.

02z 0922 9%

1228, z=ylnx. Hafitu T Iy o

A\ HaiijeM uacTHbEe NPOH3BOJHLIE: g;:%-; g;———lnx. Juddepennupys mnos-

TOPHO,  MOJYYHM
02z 0 < y )__ Y 0%z

_ ) _.0 _o Pz _0(yN\_1
e E T )= ey 9=0 axay—ay<x)~x- A

. 02
1229. z=Intg (y/x). Haiitn a;a—f,
—_ YN Y. 2
A P ) sec? (y/%) ( T2 >_' x?  sin(2y/x)’
#z 1 2 v —2cos (2y/x)-(2/x) _,
xdy X% sin(Qyjx) sin? (2y/x) -

2
=F (2y cos (2y/x) —x sin (2y/x)). M
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1230, z =sinxsin y. Hafitn d?z.

o0z . 0z e
A Gp=cosxsiny, o =sinxcosy,
2 2 2 o
92 __ _ Ginxsin Y, 2 cosxcos y; 02 . _sinxsin
ox? 0x dy 0y? ¥

d?z= —sinxsin ydx®+2 cos x cos ydx dy—sin x sin y dy®. A
1231, z=x*y. Haltu d°z.

0%z 0%z 0z, 0%
A ._2xy, e =2y, 5}?_—0, a—y_-x , a—yz_O,
63 . 0%z —9 0%z —0
oy® ' 0x%oy ' dxoyr

Bz =0.dx>+3-2dx*dy-}-3-0-dx-dy*1-0-dy® =6dx* dy. A

‘02

1232, u=4x*+ 3x%y 4 3xy*—y*. Haiitu

0x 0y*
2
1233. u=xy+}sin(x+y). Haiitn %‘;.
1234. u=Intg (x+y). Hafitn aia
—l—y 0%z
1235. z=arctg ;— . Ha#itn =—- axay
1236. z=x*In (x+y) Ha#itn — 6 a
1237. u=xsinxy+ycosxy. Haiitu —g%
. o Bu
1238. u=sin (x4 cosy). Haitru Frer
1239. z=0,51n (x4 y?). Haitu d?z.
1240. z=cos(x+y). Hafitn d?z.
o 0%
1241. z=c:)s(ax3-}—ey). Haiitu 5{52—2'
_ xt—8xy® - . Bu
1242, LL—-W. Haditu —az—ay‘.
05z 0z

— x2 —_—
1243. z=x*?*. IlpoBeputp, 4TO o ot

1244, z2=x*+ > —xy—2x-+y-+7. Haittn d*z.

1245. TTokasatb, uto QyHKUHA 2= (x) g (y) yIOBJIETBOPSIeT ypaB-
0% 0z 0z

axay ox oy
1246. HoxasaTb, uyro ¢yHKuHA z=g(x)+yg (x) ynoBIeTBOPAET

aBemo(z'E + 0%
YPAaBHEHHIO Fo ay Yoxay

1247. HoxasaTb 4yTO QYHKIHUSA U = yex -y VAOBJIETBOPSAET YPaBHEHHIO
1, ou + 1, ou_ u
x ox 'y dy  y?’

1248. TIlokasats, uTO OYHKUHUA U =VLt_e-"’/(4“”” YAOBNETBOPSET
a2
0%

HEHHIO 2

ou
YPaBHEHHIO =7 =0a% —=—

of
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1249. u=¢%v. Haiiru d?z. 1250. u=1n(x-1y). Haiitu d®u.
1251, u=y/x. Hairru d®u. 1252. u=xyz. Halitu du.
1253. u=xIny. Hafitn d*u. 1254. u=e**y. Halttu d°u.

4. Nuddepenunpopanue cnoxubx dynkumii. Iyets z2=f(x, ), rre x=¢ (f),
y=v () u oyugkuuu  f(x, y), @), () nubbepernnpyemsl. Torma mponssoanas
cloKHOH yHKuMH 2={ [¢ (f), P (f)] BHUHCAsETCA MO GopMyJe

dz_0z dv 0z dy
dt ox dt'ady dt’

Ecou z=f(x, y), The y=¢ (x), TO noAHas npoussodHas OT 2z IO X HaXOAUTCH
no gopmyJae

dz__0z , 0z dy
T ox oy dx

Ecmn xe z=[(x, y), tae x=¢ (€, 1), y=(&, n), To vacTHme npoussoaHbIe

BBLIDAXKAIOTCA TaK:

6_;___63__(3ic+?3 oy 9z 02 ‘Z’f_i_%‘zﬁ_’
Gt ox 0t Voy ot oy ox on ' ay an
1255. z=e*"+¥", rje x=acost, y=asint. Haiitu %.

A\ Hnmeem

dz_az dx _63 dy_ X242 . 2442 .
3_5’2.%_}.@ T ¥2.2x (—asin f)-e**+¥*.2y (a cos t) =

=2ae**+¥? (y cos t—x sin 1),

Buipasus x u y uepes £, moJyuuM

Z—szae‘zz (asinfcost—acos tsinf)=0. A
o 0z dz
— 2__ 42 — ez
1256. z=1In (x*—y?), rae y=e*. Haittu -, —.
A Hmeem g—i: sz_xy—z . Ucnoawrays dopmyay moaHoH nmpousBogHoi, HaXOAMM

de_0z,0z dy _2¢ _ 2yev 2 (x—yer)
dx 0x "0y dx x*—y? x2—yt  xP—y? - A
1

1257. 2=—2—ln%, rae u=tg?*x, v=ctg?x. Haiitu Z—i.

_ xt—y o o dz
1258. z—m, rie y=3x-+1. Haftitu o

d
1259. z=x%y, rae y=-cosx. Halitu a% " g—i.
_ x——]/-x:’—yz _ " Q
1260. z—lnx—+V;2ty_2, rae y=xcosc. Hafitu T
1261, z=x2-1+4?, tne x=E-+m, y=E—n. Hafitu g—g, (%Z]
1262. u=In(x*+y?%), rae x=¢§ny, y=—f’]—. Haiitn gig, g—z.
1263.  Iloxkaszate, urto  ¢ysruHa u=In(l/r), rTHE r=

=} (x—a)?+ (y—b)?, YNOBJETBOPSIET yPABHEHHIO g—;‘f—l— gi;; =0.
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5. Mpoussoanas 8 nanHom Hanpasiesnd. I'Panuedt dynkumni, Hpouaeoauou byHK-

nue 2=f(x, y) B Touke M (x; y) ¢ HanpasaenulL  BEKTOpa 1=MM; HasmBaetcs
npejen
az lim f(Ml)‘ ) Az

—_ g — 2 2,
ol | MM, |0 | MMy phm p’ rae p=V A +4y

Ecan dynkuna f(x, y) nuddepenuupyema, To NpOM3BOAHAS B JAHHOM Hanpas-
JIEHHH BBIYHC/IsieTCH MO ¢opMy.ae

0z
5= cos oc—}- sin a,

rie o.—yroJj, o6pa3oBaHHuil BekTopoM | ¢ ockio Ox.
B cnyvae ¢yHKIHH TpeX mepeMeHHbIX = f(x, ¥, 2) NPOM3BOAHAA B JaHHOM Ha-

NpaBJCHHU ONPEAeNsieTcs aHaXornuHo. COOTBETCTBYIOLIAS (OPMYJIa HMEET BHJL
ou odu ou ou

o= -—C0S &L+ — COS —— COS§
ol ox gy cos Btz co8 v

rae cos a, cos f§, cos y—manpasasiomyue KOCHHYCH BeKkTopa l.
Tpaduenmon ¢dynkuun z=f(x, y) B Touke M (x; y) Ha3biBaeTCs BEKTOp C Ha-
yaJoM B Touke M, HMeomuii CBONMH KOODJAHHATAMH YACTHbIE [POH3BOJAHBIE QYHKIHH Z:

0z 0z
dz=—i-+}+=i.
grad z axl+6y”
I'pagHeHT GYHKIHH M IPOH3BOJAHAA B HampawjaeHHu Bekrtopa | cssizansl dopmydoi

Oz d
57 ="P;gradz.

IpanxenT ykasblBaeT HanpapJeHHe HaHObICTpeHIero pocTa (YHKIUHH B JaHHOM

0z ‘
touke. I[Ipou3BojaHas 57 B HampaBJeHHH TPAajMeHTa mMeer HauGoJibluee 3HAYEHHUE,

| (%)Hal(ﬁ:l grslxd 2-|= ]/W.

B cnyuae dynkunn u=f(x, y, 2) . rpanuent yHKUUH paBeH

pastoe

ou, , 0u, B Ou
grad ”—B}l+5§]+5§k

1264. Ha#itn mnpousBojuyo ¢yHkKuuu z=x>-y®* B Touke M(l; 1)
B HanpaBJeHUH Bektopa |, cocramisiomeM yroa o= 60° ¢ MnoJoxuTe/b-
HbIM Hanpabjenuem ocu Ox.

/\ HaiineM 3HayeHHS UYaCTHBIX TPOH3BOJAHBIX B Touke M: g—_-Qx, %-— —2y,
(gi) =2, (g;) = — 2. Tak KaK cos a=cos 60°=1,2, sin a=sin 60°=}"3 /2, 1o

2_, (1 V3
=2 (7 >_1—V3 ~—0,7. A
1265. Haiitu npousBopnylo QyHKuuM 4 =xy*2® B Touke M (3;2;1)
B HanpabJeHuH Bektopa MAN, rue N (5;4;2).

A Haiiniem Bextop MN u ero HampasJsiolHe KOCHHYCH: MN=1=(5—-3) i+
+@4—2)j+@—1) k=2i-|2j4k; cos =2/ 22422 [2=2/3; cosP=2/3;
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c0s y=1/3. Bbluuc/auM SHAYEHHS WACTHBIX NMPOM3BOAHMIX B TOUKE M:

Ou__ a5 OU_o 05 O o0 (0_“) s=4: (a_u) =12; (%) =3.
=0 ay___Qxyz, az—-Bxyz, 3% M'—4’ dy M—l '\ dz/m 3.
. du 2 2 I 2
Ciiej0BaTeNbHO, 51—:4-5%—12-—3--*—36.?_-.223 . A

1266. HaiiT npoM3BOAHYIO (pyﬁxunh z=1In (x*+4? B Touke M (3;4)
B HanpaB/ieHMU TpajHeHTa (QYHKUHH 2.

A 3zecs sektop | conajaer c rpaauestom QymkumH z=In (x2-+y?% B TOUKE
M (3; 4) u paseH

grad z=(ﬁ%)1ﬂ i+(F2—_ﬁ?>Mi=§%i+§5i-

CilefloBaTesIbHO,

1267. HaiiTh BenMuMHY W HanpapJeHue rpajuenta QYHKIUU i =
=tgx—x4 3siny—sin*y+z4-ctgz B Touke M (rv/4; w/3; w/2).

/\ Haiiiem uacTHblE€ [POH3BOAHbIE

ou ou_ - ou 0
a—x.._sec x—1, ay—3cosy-3sm ycosy, b—z—lucosec z

H BbIUMCJAMM MX 3Hauenus B Touke M (m/4; m/3; m/2):

ou ou\ . 1 V3N 13 fou\ .
(&) =2t (a’y>m"3'"z'"3<7> =5 (&) ,=1—1=0

CJeloBaTeNbHoO,
(erad =i+ i |graduly=V TFCRE =V 7383
1 8 . 3
LOS Q== ——— == ——— ) COSPp=Sinad—=——=.
V738 V73 B V73 A

1268. Haittu npoussoguyo QYHKUHH 2=x*—xy-+y* B TOUKE
M (1; 1) B HanpaBaenun Bektopa |=6i-}8j.

1269. Haiitn npousponnyo QyHKUHKM &4 = arcsin (2/V x*+4?) B TOUKE
M(1; 1; 1) B nanpaBnenuu Bektopa MN, rae N (3;2;3).

1270. Haiitu npoumssoanyio ¢yHKuun u=In(x*-+y*-+2*) B TOUKE
"M (1;2;1) B nanpaBieHnn BekTopa r=2i 4 4j4-4k.

1271. HaiiTy BeNMuUMHY M HanpaBJIeHHE TPafiHeHTa PYHKUHH U = 1/r,
rje r:l/x2+y2+zz, B Toure M (X4, Yo; 20)-

1272. HaliTH BenMudHy ¥ HanpaBJeHHE TpajuveHTa QYHKUUH U = XyZ
B touke M (2;1;1).

1273. Haittn npoussonnyio ¢yukiun u = x/2-+y/3+ 2/6 B Hanpas-
nenun | =6i+ 3j—6k B IpOH3BOILHOH TOYKE.

6. Juddepesuupopanne HesHpX ¢yHkumit. I[TponssofHas 'HeABHOR GYHKIHHA
y=y(x), 3anannoii ¢ nomompio ypasnenns F (x, y) =0, e F (x, y)—rnddepennu-
pyemas QyHKUHS [EPEMEHHBIX X H Y, MOXET ObiTb BRIYHC/IEHA 1O (opmyJe

, OF |0x

== — 2= npu cnosnug = Q
=~ 3Fjoy "TY ay T
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IIpousBofHbe BEICIIMX NOPAZKOB HESIBHOM (YHKIHMHM MOXHO HafTH TMOCTeN0Ba-

TeJBHBIM Ju(depeHunpoBanueM yKa3aHHoi (OPMyJibl, paccMaTpuBas INPH 3TOM y KAk
(QYHKUHIO OT X.

ARAJIOTHYHO, YAaCTHHE INPOK3BOAHLIE HEsBHOH (YHKIMH JIBYX TepEeMEeHHHIX
2=¢ (x, y), 3ajanHoil c momousio ypasHenus F (x, y, 2)=0, rne F (x, y, 2) —nud-
Gepennupyemass GyHKUHS TEPEMEHHEIX X, ¥ H Z, MOTYT OBITh BLIYMCAEHH N0 (OPMyJiaM

0z__ OF/ox dz__ OFjoy DM VeToR F 0
ox OFjoz’ 3y oFjoz Pmycnommn & #=0.

1274. cos (x+y)-+y=0. Haiiru y’.
A 3Breer  F(x, y)=cos (x+y)---y. Haiizem gIi=———sin x+y), af:

o0x dy
=—sin (x+y)+ 1. CrenoparensHo,
r_.__ —sin(x+ty) _ sin(x1y) A
Y ="1%m (x+y  1—sin(x+y)
1275. y—siny=x. Haiitu y’ u y".
OF oF y
=y— —x. W —— ], = — —=2sin?
A\ 3necy F (x, y)y =y—sin y—x. Umeem e 1, o 1—cosy=2sin T
OTKYJa
e SN S
Y ="5sm? /2~ 2 cosec g
HaiineM BTOPYIO IPOH3BOAHYIO:
b1 y(_ Y y\ 1 ,_ 1 1 Y y
=3 2 cosec 5 ( cosec ctg ?> " 5§ = cosec 7ctg7. A
1276. 2°—3xyz = a®. Haiiru 0z y 2
: : ox oy *
oF OF oF
=23 __ —a3 —_— —_——— —_———
A\ 3aecw F (x, y, 2) =2%3—3xyz—a?. Haxoanm e 3yz, % 3x2, 5
= 322 — 3xy. Torna
oz —3yz __ yz 0z —3xz xz

ox 32— 3xy 22—uxy ; dy 328 —3xy Z—xy A
1277. xyz=x-}y-+2. Haiitu dz.

/\ Kak usBectho, dz:g—)zc dx—}—g—;dy, NIO3TOMY HalifeM cnaqana% U S—Z:
O0z__yz—1 9z xz—1

Ox xy—1°' 0y xg—1"

CaeioBaTesbHO,

72— it (e— 1) ). A

1278. x*4-y*+In (x*4- y?) =q*. Haiitu y'.

1279. (y/x) -+ sin(y/x) =a. Haiitu y'.

1280. (xy—a)*+ (xy —P)*=r2. Haiitu ¢, y".

1281. x*+24*—2xyV Zxy+1=0. Haiitu y'.

1282, In tg (y/x)—y/x =a. Haiitu y'.

1283. (x*+y*—bx)*=a* (x*L-4*). Haittu y" B Touke M (b; b).
1284. 3sin () x/y)—2cosV x/y+1=0. Haitru y'.
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1285. 0,5 In (x* +y?)—arctg (y/x) =0. Haiitu y'.
1286. x2—x-20v1 140 x 2912 —=0. Haittu y'.
1287. x+y—e~v=0. Haiitu ¢y, y".

1288. x L y-+z=¢?. Haiitu g—i, %Z.
1289. x3 -3+ 22—3xyz=0. Haifitu %, g—;.
1290. x=zIn(z/y). Hafitu dz.

1291. xsiny+ysinx -+ zsinx=a. Haiitn ‘25.

oy
1292. xy-+xz-+yz=1. Haittn dz.
1293. xe¥ 1- ye*+ze* =a. Hatitu g—i .

1294. z:x-‘rarctgz‘%x. Haiitu g—i

§ 3. KACATEJIbHA Sl TJIOCKOCTb K HOPMAJIb K IMMOBEPXHOCTH

Kacame/zbnod nAOCKOCMbO K NMOBEPXHOCTH B TOUKE M nasbiBaercsd MJIOCKOCTb, CO-
nepxamasi B cefe KacaTe/bHBIE KO BCEM KPHBBIM, IPOBEACHHLIM Ha MOBEPXHOCTH Yepes
TouKky M.

Hopmarsio K TOBepXHOCTH B Touke M Ha3biBaeTcst nNpsMasi, HPOXOAAINAS uYepes
M nepresauKyJSIpHO KacaTelbHOH NJOCKOCTH B 3TOH TOYKe.

Ecan noBepxHOCTh 3%naﬂa ypasrenuem F (x, y, 2)=0 u B Touke M (xo; Yo; 2o)

oF oF
YacTHble MPOM3BOJHBIE | —— y | = y | = KOHEUHB M He ofpalarnTcs
ox /M oy )M 0z /M
B HYJb OJHOBDEMEHHO, TO YpPABHEHUE KACAMEAbHOU NAOCKOCMU K MOBEPXHOCTH B TOUKE
M (xg; Yo» 20) 3amUCHIBAETCS B BHIe

oF oF oF
(-OY)M (x—xo) -+ (0_y)M (y—yo) + (—67)1»1 (z2—2) =0,
a yYpasHenus HOPMGAU K TIOBEPXHOCTH B 5TOl JKe TOUKe—B BHJE
X—Xy Y—Yo 2—2

OF\  (9F\  (9F\®

ox /M oy /M 0z /M
Ecau e ypaBHEHHE INOBEPXHOCTH 3a/1aHO SBHEIM 00pa3oM: z={(x, y), raeuacr-
0z

oy
PaBHE! HYJHO OJHOBPEMEHHO), TO ypaBHEHHE KACATebHOM IJIOCKOCTH B Touke M 3amu-

ChIBA€TCS B BHJE R
73 0z
2—2y= (a)M (x—x5) 4 (@)M (Y—1o)s

a ypaBHeHHMs HODMAaJH—B BH]E
X—Xo _ Y—lYo _ 2—2

(Fh G

0z
PaBeHcTBO HyMO, HampliMep (@—— o’ 03HauaeT, YTO KacaTeJibHas IJOCKOCTh Hapan-

3
Hble TPOH3BOJIHBIE (& M U ( )M B Touke M (Xy; Yo; 2;) KOHEUHbl (M MOTYT ObITh

JeJbHa OCH Ox, a HOpMaJb JIC2KMT B IIJIOCKOCTH X =Xj.

1295. Tana noBepXHOCTDb z = x*—2xy + y*—x -+ 2y. CocTaBUTh ypas-
HeHMe KacateJbHOH MJIOCKOCTH W ypaBHEHHS HOPMalH K IOBEPXHOCTH
B Touke M (1; 1; 1).
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A\ Haiizem uacTabie npon3BoiHbIE g—)i:2x42y;¥1' H %': —2x-+2y+2 u ux
0z 0z
BHaucHus B Touke M (1; 1; 1): (5)—6>M_—], (@).Mh_&

YpaBHeHHe KacaTeJbHOH IJIOCKOCTH:
z2—l=—(x—1)+2@—1), wm x—2y-}-2=0.

YpaBHeHHsT HOpMaJIH: ,
E—=D/(—)=@F—D2=@E—D/(-1). A

1296. K mnoBepxHocTH x%--2y®--322=11 mnpoBecTH KacaTeJbHblE
NJOCKOCTH, TMapasyeNbHble MJIOCKOCTH X-+y+2=1.

A 3nece F(x, y, z):x2+2y2+3z2;ll. Hajinem uacTHpie npOH3BOAHEIE:
-%%;;215, Fy—-:4y, WZGZ' Us VCJIOBHS TIAPaJiIeJIbHOCTH KaCaTe bHOl TJIOCKOCTH
W JlaHHOH NJIOCKOCTH - caeayer, uto (OF /0x)/1 = (0F /Oy)/1 = (0F/02)/1, nmn (2x)/1 =
= (4y)/1 ==(62)/]1. IlpucoeAHHHB K 3THM YpPaBHEHHSIM ypaBHeHHE noaggxuocm_x‘-’—}—
--2424-822 =11, wHaiigeM KoopauHaThr Touek kacamus: My (V 6; V 6/2; ¥V 6/3) u

My (—V 6; —V 6/2; —V 6/3). CaeropatespHo, ypaBHEHHA KACATEILHLIX IIOCKO-
cTeil HMEIOT BUJ

1-x £ VO +1-(y £ V6/2)+1-(z + V6/3) =0,

x4y+z+11/YV 6=0u x+y+2—11/Y 6=0. A

1297. Hafith ypaBHeHHusi KacaTe/NbHOI MJIOCKOCTH M HOpPMaH K TIO-
pepxHocTH z=1-+ x4+ 4% B Touke M (1; 1; 3).

1298. HaiitH ypaBHEHHs KacaTeJbHON IJVIOCKOCTH H HOPMaJu K IO-
BepXHOCTH X%+ y*—2%= —1 B Touke M (2; 2; 3).

1299. Haiitu ypaBHeHHs KacaTelbHOH NJIOCKOCTH W HOPMaJu K TNO-
BepXHOCTH z=In(x*+ y*) B Touke M (1; O; 0). '

1300. Hafitu ypaBHeHHs KacaTelIbHOM IVIOCKOCTH H HOpMaJjH K HO-
BEPXHOCTH 2z=sinxcosy B Touke M (n/4; mn/4; 1/2).

1301. CocraBHTb ypaBHEHHSI KacaTeJbHbIX IJIOCKOCTEH K TOBEpX-
HocTH X%+ 2y*+ 322 =21, napaJulelbHBIX IUIOCKOCTH X+ 4y 62=0.

1302. JoxasaTtb, UTO KacaTe/bHblE MJIOCKOCTH K MOBEPXHOCTH V x4+
-+ l/y+l/z =Va (a > 0) orcekaloT Ha OCAX KOOPAHHAT OTPe3KH, CyM-
Ma KOTOPHIX IOCTOSIHHA.

1303. B kakoil Touke snauncouaa x*/4 - y*/4-z? =1 Hopmasb K HeMy

o0pa3syeT paBHbBe YIVIBL C OCSIMH KOODAMHAT?

dz cosae 0z cos fi ecau cosa, cosp
ox cosy ’ dy cosy ’ K ’

COS Y —HanpasJsiolllie KOCHHYCHI HOPMasJH K NOBEPXHOCTH 2 ==f(x, y).

T. €.

1304. JlokasaTb, 4TO

§ 4. 9KCTPEMYM ¢ YHKLUHH JABYX HE3ABHUCHMbBIX NEPEMEHHbBLIX

1. 3rcrpemym ¢ynkunn. Qynkuus z={(x, y) umeer maxcumysm (MUHUMYM)
B Touke My (Xy; Yo), eclih 3HaueHHe QYHKHHM B 3TOH TOuKe OOJbiue (MEHbILE), YeM
ee 3HayeHHe B JI06OH Apyroii Touke M (x; y) HeKOTOpOH OKPeCTHOCTH TOUKH My, T. e.
f (x0. Yo) > [ (x, y) [cooTBETCTBEHHO [ (X¢, Yo) < f (x, y)] AAA ECex TOUEK M (x; y), yao-
BJETBOPAIOMAX YcJa0BHIO | MgM | < 6, rie § — focTaTouHO MaJioe MONOKHTENLHOE YHCIIO.

Makcumym uaH MHEEMYM (yHKHHH Ha3biBaeTcst ee skcmpemymom. Touka My,
B KOTOpOH (PYHKIMS HMeeT 3KCTPEMYM, Ha3bIBAETCSH MOYKOU 3KCMpPeMyma.
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Ecau dudrpepenyupyeman ¢yuxyus z=f (x, y) docmuzaem sxkcmpemyma 8 mouxe
Mo (197 45), mo ee uacmubie npoussoOHole nepeoco nopadka 6 MO MO4Ke pasHoL
HYymo, m. e.
of (xo, Yo)__ o Of (x0r %)
=0, =0
ox dy
(HeoGxoAHMbBEe YCAOBUSN 3KCTpPEeMyMa).
Touxu, B KOTOPBIX YaCTHble NPOM3BOJIHBIE PABHBI HYJIO, HA3BIBAWOTCH CMAyuoHap-
Hotmy mouxamu. He BesKast CTALHOHAapHAs TOYKA SIBJSIETCS TOUKOH SKCTpeMyMa.
Mycts My (xy; Yo) —cTannoHapHast Todka GyHKuHH 2=F (x, y). OGo3nauum
_F(x0, %) p_ 9% (k0 Yo) ,__ 9% (%, o)
A= B C=

ox? * T axoy oy?
H coctasuM Ouckpumunanm A== AC-—B2, Torna:
ecau A >0, mo ¢ynxyus umeem & mouke My IKCmpemym, a UMEHHO MAKCUMYM
npu A <0 (uau C < 0y u munumym npu A > 0 (uau C > 0);
ecaw A < 0, mo 6 mouxe My skcmpemyma wem (1OCTaTOUYHBIE YCJAOBHSH
HaJHYHA HIH OTCYTCTBHSA 3KCTpeMYyMa);
ecin A=0, To Tpebyercst JanbHeiiuiee HCC/JIeIOBaHHE (COMHHMTENBHBIH CJayyait).

1305. Haiitu skcrpemyMm QyHKuuu 2z = x2 - xy -+ y*—3x—6y.

0z 74
/\ HaxojuM 9acTHble NpPOW3BOJHBIE NEPBOrO IOPsIKA: &:2x—[—y—3, %2 _

dy
= x4 2y—6. Bocnons30BaBuIMCh HEOGXOAHMBIMH YCIOBHAMH 3KCTDEMyMa, HAXOLHM
CTAllUOHAPHbIE TOUKH:

{Qiizz:z;g: otkyna x=0,y=3; M (0; 3).
HaxosuM 3HaueHHsi 4aCTHBIX IPOH3BOJHBLIX BTOPOrO MOPAAKA B Touke M:
0z _, 02, Oz
0x? T 0y? ’ Ox 9y

H cocTaBjsteM IHCKpuMHHAaHT A= AC—B%?=2.2—1=3 > 0; A > 0. CrenoratennHo,
B Touke M (0; 3) 3agaHHas GyHKUMSI HMeST MHHHMyM. 3HaueHHe OQYHKUMH B 3TOH
TOUKE Zmin = —9. ‘

1306. Haiitu skctpeMym (yHKIHH
1
e—g o+ (@T—x—y) (5+4).

/\ Haxonum uyacTHble MPOH3BOAHLIE NEPBOrO MOPSIKA:

0z 1 2 47 oz 1 1 47
wTnRYTIMTI g Tt T

Bocnonb3oBasiinch HEOGXOIHMBIMH VCJAOBHAMH 3KCTpPEMyMa, HaXOJAHM CTallHOHAp-
HbI€ TOYKH.
1

1, 2.4
TRYTIFTIT {8x—}— y=188,

1 1, 47 x-+6y=141.
— gyt g=0 |

Orciona x =21, y=20; cmuﬁonapnéa Touka M (21; 20).

. - 0%z 2- 9%
Haitzem 3HaueHust BTOPBIX MPOM3BOAHBIX B TOUKe M: —mo=—= . 1
. | ox? 37 oyt
L oz 1 AC _B? — (__9/3) (— o 2 __
="% a2 Torra A=AC —B? = 2/3)(—1/2) —(— 1/12)2 = 13—
—1/144 > 0.
Tak kak A < 0, To B Touke M (21; 20) GyHKIUS HMEET MAKCHMYM: Zpyay = 282. A
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Haiitn skctpemymer ¢ynkruuiis
1307. z=xy*(1—x—y). 1308. z=x®1 y®—15xy.
1309. z2=4—(x2}-y?)2/5. 1310. 2= (x2+ y?) (e~ **+¥)—1).

1311, z=V (a—x) (a—y) (x+y—a).

2. Ycnosneit skctpemym. HanGonbmee n HaumeHbllee 3HaueHust (yHKUMH
B 3aMKHYTOH OOJACTH. YCa06HbiM  SKcmpemymom GYHKUMH 2= (x, y) HasbIBaeTCs
SKCTPEMYM 5TOH (YHKIMH, JOCTHTHYTHII NIPH YCJIOBHH, YTO NMEPEMEHHEIE X H Y CBA3AHbL
ypasnenneM @ (x, y) =0 (ypasuenue ceasu).

OTeickaHMe yCJIOBHOIO 3KCTPEMYMa MOMKHO CBECTH K HCCJIEIOBAHHIO HAa OGBIUHEBI
9KCTPEMYM TaK HasbiBaeMoll gyrxyuu Jlaepansca u=f (x, y)-+-Ap (x, y), rae A—He-
onpeJleJIeHHBIH TTOCTOSTHHBIA MHOMKHTENb.

Heu6xoaumble ycaoBHa skcTpemyMa GyHKuuu Jlarpanxka MMeEIOT BHJ

Ou__ Of op
ox = ox Thg =0
ou__ of op
=y Thay ="
(P(x, y):0’

s srolt cucTeMbl Tpex ypaBHeHHH MOXKHO HAHTH HEH3BECTHHIE X, ¥ M A.

Last toro utoGbl HaliTH Hauboblee W HauMenbulge SBHAUEHHS (YHKIHH B 3aMK-
HyTOH 06JsacTH, Halo:

1) mality CTallHOHAPHbIE TOUKH, PACMOJIOKEHHBIE B JAHHOH 06JaCTH, M BHIYHCJHTD
3HAUEHHS (YHKIHUH B 9THX TOUKAX; ,

2) naiiTn HauGoMblllee M HAHMEHbINEe 3HAYEHHMS (DYHKLHU Ha JHHUAX, 06PA3yIOUHX
rpaguily o6JacTy;

3) M3 Bcex HaliJleHHHIX 3HAUYeHHI BHIGPaTh HauGoJbllee H HaHMEHbIIee.

1312. Haiitu skcTpeMyM (yHKIHM z=Xxy 0PHU YCJIOBHH, YTO X M Y
cBsi3aHbl ypaBHeHHeM 2x -+ 3y—5=0.
/\ Pacemorpum dynknmio Jlarpamxka u=xy--A (2x--3y—5). I/IMeeMg—Z:y_}—Q}‘,,

ou o
== =x-+3\. U3 cucrembl ypapHenuii (HeOGXOIHMBIE YCJIOBHSI SKCTpEMyMa)

oy
(  y+2n=0,
x+3A=0,
2x+43y—5 =0

HaxoauM A=-5/12, x=5/4, y=>5/6. Herpyano BHIETH, UTO B TOUKE (5/4; 5/6) ¢pynx-
LHSl 2=Xy JOCTHrAeT HAUOOJBINETO 3HAUCHHS Zm,y =25/24. A

1313. M3 Bcex npsAMOYroNbHBIX TPEYTOJLHMKOB C 3aJaHHON MJIO-
manbio S HafiTH Takof, THIOTeHy3a KOTOPOrO UMeeT HauMeHbllee 3Ha-
yeHue.

A Tlyere x m y—XxaTeTs TpeyrosibHMKA, 8 z—THIOTeHy3a. Tak Kak 22 =xZ-Fy2,
TO 33jJaya CBOAUTCA K HAXOX/IEHHI0 HAHMEHBIUETO 3HaueHHs (ynkuuH x2--y? npu

YCJIOBHH, UTO X H i CBSA32HEI ypaBHeHHeM xy//2 =S, T. e. xy—2S8=0. PaccmoTpum ¢pyHk-
nuio 4 =x*-4-y*>-+ A (xy—2S) u HafileM ee YaCTHbE IIPOH3BOAHBIE

du ou
amQx—}—?»yv, a;:;Qy—{—}»x.
Tak xak x >0, y > 0, To u3 cucreMpl ypaBHeHH
2x 4y =0,
24+ Arx=0,
xy2=S8

noayuaeM pemenne A=—2, x=y=7}) 23,

206



Takum 06pa3oM, THIOTEHY3a HMeeT HAUMEHbIIEe 3HAUCHHE, €CJIH KATeThl TPEYToJhe
HHKa paBHbBI MeXay coGOi. g\

1314, Haititu HauMeHblnee M HaumGoOJbIlee 3HAUCHUS (QYHKUHH 2 =
= x+y* B xpyre (x—V 2)*+(y—V"2)*<9. B

/\ 3zeco paccmartpupaercsi obiacts D, orpanuyensas okpyxHoctsio (x— 2)% -
+ (y—V 2)*=9, Brmoyas U TOUKH OKPYIKHOCTH.

0z

. . 0z
Haitnem cTauuoHapHBe TOYKH JAHHOH (yHKUHH; HUMeeM 2x, @::Qy; B CHJIy

ox

HEeOOXOAUMBIX YCJOBHH 3KCTpemMyMma Haxoaum x=0, y=0.
Herpyzuo Buzeth, uto B Touke (0; 0) ¢yHruus z=x2-1y2 uMeeT HauMeHbluee

SHAYEHHE Zyauy ==0, NPHUEM yXa3aHHAsl TOUKA SBJsieTCS BHYTpPEHHel TOuKoil obmaactu D.
Hccneyem nHa ycsOBHBIA SKCTPeMyM (GYHKUHI0 2=x2-| Y% €M X H y CBA3aHBI

cootnomennem (x—V 2)*--(y—V 2)*=9. Paccmorpum ¢yHKumO 1= x%| 42 |-

FAM—V 2+ (y—V 2)?—9]. Haxomum wacTHme npou3BOHbIE g—;[: 2+
ou

420 (x— V" 2), a—y:?y—{—% (y—V 2). Iaa onpenenenus x, y u A moayuaem cu-
CTeMy YpaBHeHUH

x+i(x—y2)=0,

y+rly—12)=0,

=V 2+ y— VvV 2)’=0.

Dra cHcTeMa mMeeT JBa pemenus: x=y=>5V 2/2, A=—5/3 u 2=25; x=y=—
=—V"2/2, A=—1/3 u z2=1. 3uHaunt, Hanbo/blIce 3HAUCHME GyHKIHS DpHHHUMaeT
B Touke (5 2/2; 5V 2/2). Unak, zyaum=0, Zuaus=25. A

1315. Haiitn skcTpeMyM QYHKUMH 2= x*>--y%, €C/IH X U y CBSI3aHH
ypaBHeHHeM x/4-}-y/3=1.

Haiitn Haumenbluee u HauGoabluee 3HaueHHs QyHKIH:

1316. z = x*—xy+y*—4x B 3aMKHYTOH 06JaCTH, OrpaHMYEHHOH
npsameMit x=0, y=0, 2x--3y—12=0.

1317. z= xy+x+4y B XBajpare, OrPaHHYEHHOM INPSAMBIMH X=],
x=2, y=2, y=3.

1318. z2=uxy B Kpyre x®-}-y><1.

1319. z = x*-|-3y*+ x—y B TPEYTrONbHHKE, OrPAaHHYEHHOM IIPAMBIMH
x=1, y=1, x+y=1.

1320. 2 =1—x*—y® B Kpyre (x— 124 (y—1)2< 1.

1321. z=sinx + siny + sin(x+y) B obmactn 0<x<m/2,
0<Cy<Cm/2.

1322. z=sinx+4siny+cos(x+y) B obractt 0<<x<<3n/2,
0<CTy<3mn/2.

1323. 2 =cosxcosycos (x+y) B obmactn 0 <{x<m, O0<Ty<mm.

1324. 3 Bcex TpeyroJbHHKOB, BIHCAHHHIX B KpYI, HalTH TOT,
IJIOLIaAb KOTOPOTrO HauGoJbIIAas.

1325. M3 Bcex TpeyroJbHHKOB, HMEIOMIUX JaHHBIl NepuMeTp, HaiTH
HauGoOMBIIHH 110 HJIOLAJH.

1326. 13 Bcex npsMOYroJbHHKOB C 3aJaHHOM mJomajpio S HaiiTu
Tako#, MepHMeTp KOTOPOTO HMeEeT HauMeHbllee 3HAUeHHE.

1327. Haiitu pasMepbl NpSIMOYTOJIBHOTO TNapajjieenunena, HMelo-
HIEr0 NpH JaHHOH NOJHOH MOBEPXHOCTH S MaKCHMAJbHEHIH OGBEM.



FiIABA IX
HEONPEAEJIEHHbIH MHTEIPAJI

i3

§ 1. HENOCPEJACTBEHHOE HHTEIrPHPOBAHHE.
3AMEHA NEPEMEHHOA U MHTErPHPOBAHHE MO YACT M

1. Henocpeacreennoe umHterpuposanue. PyHkuus F (x) HasbiBaetca nepsoobpas-
Hoi past pyHRuuE f(x), ecaiu F' (x)=F (x) nau dF (x) =/ (x) dx.

Ecnu ¢yukuusa f(x) umeer mepsoobpasnyio F (x), To oHa HMeeT GeCKOHEUHOE MHO-
JKeCTBO NepBOOGpa3HbIX, INPHYEM BCE NepBOoGpasHble CoJepkKaTca B BHIPAXKEHHH
F (x)4C, rae C—nocrosinHasn.

Heonpedeaennowm unmeepasom or Gynkuuu f(¥) (unma or Beipaxenus [ (x)dx)

Ha3bIBAETCSl COBOKYNHOCTB BCeX ee nepsoofpasuuix. O6osnauenne: S [ (x) dx=F (x)+C.

3nech S—sﬂax uHTerpata, [ (x)—nmoapiHTerpasipHasi GyHKIMS, [ (x) dx— HOAbIHTEr-

pajibHOE BhIpaXKeHHe, x— NepeMeHHasi MHTErPHPOBAHUSA.
OTbicKaHKe HeoNpejeNeHHOTO MHTerpasa HaseBaeTCsl unmeeplposarues (HyHKINH.

CBoiicTBa HeoNnpeJeJeHHOro HHTerpaJa
(npaBHJa HHTErpPHPOBAaHHSIA)

. (Sf(x)dx)':f(x).

2. d(Sf(x)dx):f(x)dx.

3°, SdF () =F (x)4-C.

4°, Saf ®)dx=a S f (x) dx, rne a—nocrosinuas.

5. (1h + e 1ax=(hars (fre0ar.

6°. Ecan Sf(x) dx=F (®)+C u u=g¢ (x), 10 Sf(a)du:F(u)—{—C.

Ta6auila OCHOBHBIX HHTErpaJos

I S-dx=x+C. VIIL. Ssinxdx:—cosx—l—c..
I1. Sx"‘ dx=f—n’—n_;—ll+c npu m # —l. 1X. S cos x dx=sinx--C,

111, d?x=lnle—C. X. Ssec%cdx:tgx—l—c.

V. S T—_‘%;;:arctg x-+C. 7 XI. S cosec? x dx=—ctg x4 C.
V. jvldi—xz=arcsmx+c. " XIL Sshxdx:chx-}-C.

VI Sexdx=ex+c. XTII. Schxdx=shx+C.
VIL. Sa"dx:%—l—c. X1V. Sc::x=thx+c.

dx
XV. S ra=—cthx-+C.
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1328. Haiitu unTerpan S (2x*—5x* - Tx—3) dx.

/\ Hcnonbsys csoiictea 4° u 5°, nmoayuaem :

S (2x®—5x? 4 7x—3) dx =2 S x3dx—5 S x2dx-}7 S-;cdx;S S dx.

K mepBHIM TpeM MHTerpajiaM npasofi uacTW npuMenuM ¢opmyay II, a x ueTsep-
ToMy muTerpasy —dopmyay I:

x3

2
o7 — 3 C=

4
S(2xs__5x2+7x_3) dng.i;__5

5

1 3 7 2
3 ¥ +5% —3x+C. A

—— yd
___2x

1329. Haittn unTerpan S(V?c—}— L )%dx.

Ve
A §<V?+

s \2 x1/2 _]~
> dx=5\<x+2-;—l-/—3—+ x2/3>dx=
= S (x—}—2x‘i\f°—{—x"2/3) dx = S xc?x—{—? S x1/8 dx—l—gx"z/?’ dx=

1
Vix
? 12

%2 x7/8 x1/3 X2 6/~ 3 /=

1330. Haiitn nnterpan S 2%.32%. 5% dx.
A S 9%.32%.58% dx =S (2-32.59% dy = S 2250 dx=T§2252—0g6+C. A

CroifcTBO 6° MO3BOJISET 3HAYMTENBHO PACIUMPHTH TabJMHIY OCHOBHBIX HHTErpajos
¢ NOMOMIBIO TpHeMa nodsedenus Qyrkyuu nod snax Oupgepenyuaira.

1331. Haijitn unterpan S(l—}—xz)l/2 xdx.
/\ DTOT MHTErpaJ MOXHO IIPHBECTH K ¢opmyse II, npeo6pasoBaB ero Tax:
S(l—kx?)’/zxdx:-—;-j‘(I+x2)1/2-2xdx=%g (1 x2)1/2 d (14 x2).

Teneps MepeMeHHOH WHTErPUPOBAHUS CIYKHT BhpaXkenue |--x* H OTHOCHTEJbHO
5TOl MepeMeHHOM MoJyuaeTcss MHTETpas OT cTenmenHoll @ynxuuu. CiaefoBatespHO,

/
S(1+x2)1/2 xdx =%.%ﬂ.+c:% (l—l—x2)3/2 1C. A
1332. Haifitn unTerpan S(xz——3x+l)’° (2x—38) dx.

A 3nech, TocTynasi TaK Ke, KaKk U B NpelAblayiLeM NpuMepe, HMEEM

(ee—srtode—detn=g @—3etnirC A

1333. Haifitn unrerpan S(ln t)‘th.

/\ Bripaxenue %E MoxHO 3anucats Xak d (Inf), mostomy
S(ln Hid(nt)=¢ (n)’+C. A
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1334. Hafitu nurerpan S e*cos ¥ sin x dx.

/\ 3ajaHHBIl HHTErpanq MOXHO NpPEJCTABHThH TaK:
S e3 % ¥ginx dx=é Se3“°”-3 sin x dx,
#o 3 sinx dx=—d (3 cos x), a moromy
Se:"°°‘“”‘sinxdx=—-%Se3 0¥ d (3 cos x),

T. €. NepeMeHHO# MHTerpHpoBaHus sBAserca 3 cos x. CrenosaresbHo, HHTErpan Ge-
perca no ¢opmyae VI: :

Se3°°sxsinxd =——-%e3°°sx—|—0. A

1335. Hafitu unrerpasn S (2sin x-f 3 cos x) dx.
- /\ Haxoaum
S (2sinx+43cosx) dx=2 S sinxdx--3 S cos x dx=-—2cos x-}-3sinx4-C
(em. dopuyner VIII u IX). A

1336. Haiitu unrerpan S (tg x4-ctg x)2 dx.
/\ Hmeem

S (tg xctg x)2dx= g (tg? x4 2ctg x tg x+ctg?x) dy=
= S (tg?x+1414-ctg2x) dx = S (tg2x--1) dx-- S (14ctg?2 x) dy=
= S sec? x dx -} S cosec? x_dx‘:tg x—ctgx+C
(cm. dopmyanr X u XI). A

Haittn unrerpasnsr:

- dx Q_Vl__x2
Y x V xdx. N 1339.§h .
1337.‘§le )idx 1338 j i,/x T dx
—X

T dr. 1341, Se3’?-3”dx. 1342. Stgaxdx.
1343. j(sh x—sin x) dx. 1344. j(l/?c—Tl:de.

. X

*
1345. { @ tgx+3ctgxdr. 1346, { xcos (x?) dx.
1347. Sxf;‘x. 1348. X(awa)l/s.xdx.

1349. | Vsinxcosxdx. 1350. { sin(a+bx)dx.

1351. S cos (sin x) - cos x dx.

1340.

2. 3amena nepemeHHoi B HeonpejeneHHOM HHTerpase. 3aMeHa NepemeHHoOl 6 Hednpes
Oeaentiom unmezpaie TPOM3BOAHTCS C MOMOLLBIO NOJCMAHO060K IBYX BHJOB:

1) x=¢ (f), rae @ (f)—MOHOTOHHas, HenpephsHO Auddepennupyemas QYHKIUL
HOBOH mepemeHHOH ¢. Popmysia 3aMeHbI NepeMeHHOR B 3TOM CJyuae HMeeT BHJ

§rear={r1p uyer @ s
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9) u=1 (x), The u—HOBas nepeMeHHas. PopMy/a 3aMeHHl nepeMeHHO NpH Tako#
TIOACTaHOBKe:

(7w ey @ ar={ 7@ au

3,/
1352, Haiitu unterpan de.

Ve
i

3 ,—

A TIpousBesieM IOACTAHOBKY t=1/ x, T. e. x=13. DTa TNOJACTaHOBKA TPHBELET
K TOMY, uTO NOJ 3HAKOM CHHYCA OKaXeTCsl NepeMeHHAast HHTerDPHPOBAaHHSA, a8 HE KOpeHb
u3 Hee. Haiizem aubdepennuan dx=3¢%df. Orciopa monayyaem

3= .
Ss".;‘/‘/_xdx=g3t f;“tdt=35smtdt=—3cos t1-C.
=

OTBeT HOMKeH GLITh BHIPAXKEH uepe3 cTapylo IepemenHyw x. Ilopcrasiss B pe-
3 —
8yJBTaT HHTEIPHPOBAHHSA f= l/x, HOJTYYHM

‘S‘ sin ]3/ x
Ve

1353. Haiitu mnTerpan S(Qx—]—l)20 dx.

dx=—-3c05?/;—}—c. A

A DTOT WHTErpal MOXKHO HaliTH W He NPOM3BOAS 3aMEHH TepeMeHHOH. 3nech
JOCTATOUHO pa3BepHyTh Bhipamenne (2x--1)2° no dopmysne Ouxoma HeroTosa u npu-
MEHUTH TOWIeHHOe MHTerpHpoBanue. OJHAKO 3TOT TpHEM CBA32H C GOJIBIIMM KOJHue-
cTEOM BhiuucaAeHHi. C MOMOMIBIO 3aMeHbl MEpEMEHHOH MOXHO Cpasy CBEeCTH JaHHbi
HHTErpaj X TabJHIHOMY.

l'Io.naraﬂVQx—{-l:t, umeeM 2dx=dt, T. e. dx==(1/2) dt. O1clona nosyuaem

S (2x - 1)20 dx:JQ_S 20 dt:%-% 214 C=4i2 @r1)%4C. A

Boo6iuie, eci HATErpak S [ (x) dx siBasieTcst TaSIHUHBIM, TO HHTET paJ ( f (ax--b) dx
MOKET ObITh JIEFKO HafileH ¢ MOMOINbIO IOJACTAHOBKH ax-+b="{. i
Hanpumep, NpAMEHHM 3Ty NOACTAHOBKY K HHTErpasny S sin (ax-+b) dx. Hmeem
ax--b=1%, adx=dt u dx=(1/a) dt. CnenoBatennHo,
S sin (ax-- b) dx———.S sin t_%t_:% sin tdi=— -}l—cos t4C.
BosspaTHBIIHCH K CTapol NMepeMEeHHOH, MOJayduaeM

Ssin (ax+ by de=— % cos (ax-+b)+C.

AHaJorugHO MOXKHO MOKa3aTh, 4TO
S cos (ax - b) dx::% sin (ax--b)+C, Se‘“”‘bdx =—-}‘—-e‘”‘+b+C H T. .

Tlpn HaxoxXIeHUH HHTErpaJa S f (ax—- b) dx 3samucy camoii MOACTaKOBKH ax--b=t¢
MOXHO (PAKTHUECKH H He NPOM3BOAMTB. 3/eCh AOCTaTOMHO NPHHATh BO BHHMaHHE, YTO
1
dx=-;d (ax+b). Takum oGpasom,

S f (ax - b) dx=% F (ax+b)4C;
rne F—nepsooGpasuas s f.
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1354. Haditn unrerpan S 2V @ 5dx.

A Tomoxum V 23+ 5=¢; torna x3+5=12. Huddepenunpyem obe uactn pase-
crBa: 3x2dx=2¢dt. Otciopa x2dx=(2/3) t dt u, caejoBaTeabHO,

sz Vx3+5dx=S Vx3+5x2dx=St%tdt=§§t2d1=
:%t“-}—C:%(Vx‘"'—{—S)s-i-C:_:%(x3—|-5) V #F54C.

JanHmit HHTErpal MOXHO HAHTH H C NOMOIILIO MOACTaHOBKH x3--5=¢. dta nog-
CTaHOBKA CPa3y NPUBOAHT HHTETPasN K TaGJHYHOMY BCJEACTBHE TOTO, UTO NEPBHII MHO-
HUTEJIb MOABIHTEr PA/ILHOTO BbIPAXKEHHS X% OTJIHYAeTCs OT NMPOHM3BOAHOMN NOAKOPEHHOrQ
BbipaXeHHs! x*~1-5 TOJNBKO MNOCTOSHHBIM MHOXHTeldeM 1/3, T. e. x2=(1/3) (x*-5)'. A

BooGue, ecnmu moaniHTerpaibHas GYHKUHS SBJSETCS NPOH3BENEHHEM JBYX MHO-
KuTesel, OJMH U3 KOTOPbIX 3aBHCHT OT HEKOTOPOH (YHKIMH P (x), a APYToif ABASETCH
MpOH3BOAHOA P (¥) (C TOYHOCTHIO JIO NOCTOSHHOTO MHOXHTeJNS), TO Iesaecoo6pasHo
c/iesaTh 3aMeHy IlepeMeHHOH 1o dopmyse ¢ (x) =£.

3)3
1355. Haiitu unterpan S@Z‘;‘L‘_ﬂ dx.
A\ TlepenmuineM naHHBIA MHTErpaJs B Bule S 2 lnx+3}3~)-lc-dx. Tak xak npomussos-

Hast BbipaxeHus 2 In x--3 pasHa 2/x, a BIOPOH MHOXKHUTENb 1/X OTAMYACTCS OT STOH Npo-
M3BOJHOMN TOMBKO NMOCTOSHHBIM KO3((HUHEHTOM 2, TO HYXHO NPHMEHHTb MOACTAHOBKY

2Inx-4+3=¢t. Torna 2‘£=dt, ‘%:—é— dt. CrefoBaTelNbHO,

S (21nx+3)3d§=5t3-%ét=%5t3 dt:%t‘—]—(}:-é—(2lnx-{—3)4+c. A
1356. Haittu unTterpan S-ff;{%)dx.;

A\ Tlpoussezem noxcranosky f (x)=£. Torna [/ (x) de=dt un

P (e dt
max=57=ln|tl+6=lnI[(x)H-C.

Hanpuwmep,
S%:%X%‘%:é In (¢ 1) 4-C.
3nech 3HAK MOAYJA omymieH, Tak kak x2-41 > 0. A
o [ (%) dx
Vi
A\ Tlonoxum f (x)=¢. Toraa [’ (x) dx=dt u

' (x) ¢ dt _ #1/2 _ -
Sl dy=\ —— =\ "= _ L C=2V TLC=2 X)L C.
rde= [ 5" T C=2V THC=2VTH+
3aMETHM, uTo IiaHHbIﬁ HHTeraJI MOXHO 6bIJIO HaﬁTH C INMOMOL(LI0 [NOACTAHOBKH

Viw=t. A
1358. Haittu unTerpan SF%E' ecan @ 5= 0.

1357. Haiitu unrterpan




A Jlas Toro uTo6nl CBECTH MHTerpa’ K TabauyHoMy (CM. ¢opmyJ1y 1V), pasze-
JHM YHCAHTENb U 3HaMeHaTelb nonbmrerpanbuoro BolpaXKeHHusl Ha a2

(dx)/a? 1 d (x/a)
Sefa= wer—= oo

Mbl noziBeTH MOCTOSIHHBI MHOXHTENAb l/a mox 3uak Juddepenunana. Paccmartpu-
Bad X/a KaK HOBYIO N€DEMCHHYIO, IOJYUYHM

dx 1 X
S PR hasi arctg 71'+C'

x2-la

K 3ToMy e pe3yibTaTy Mbl MpPHUUIH Ol M C MOMOMIBIO TOACTAHOBKH X=af. M

1359. Haiitu uuTerpan \ V,_dx_f , ecan a > 0.

/\ PasjeanB uucaurtens M 3HAMeHaTelb Ha 4, mOJydaeMm
X _ (dx)/a d (x/a)
Va—w ) Vi—@ar ) Vi@
INpunuMas x/a 3a HOBYIO NMEPEMEHHYIO, TICJYUYHM

dx X
‘gm:arcsm -a—+C. A

Jonoanum Temeph Ta6aMIy OCHOBHBLIX HHTErpajoB CJIEAYIOWAMH (GOpMYyJaaMH

VL. Sff'(("))dlen|f(x)y+c.

xvnj f() dx=2V [ (x)+C.

XVIIL. \‘E—q’—c-aé—;%arctg i+c.

y |
dx _l
xix. § o a=ggtn x+al+c

Ctdx
XX. S Ve ==arcsin E-—]—C.

dx : -
XI. S_—V—xz—h). =In| ,x:—}- Vx —H\,H—C.

=In l tg %T—}—C:ln | cosec x—ctg x[-}-C.

{ -dx ' X 7
XXIII. Sm=ln' tg (—2—+T)
XXIV. Stgxdx:—ln[cosx]—{—c.

=In]|secx{-tg x|+ C.

XXV. S ctgxdr=In|sinx|-}+C.

®opmyan I —XXV HyXHO 3HATH HaH3YCTh, TaK KaK GOJBIUMHCTBO HHTErpasos,
CNOIB3yEMBIX HA NIPAKTHKE, CBOJMTCS K HHTErpajaM, GepyHMCs [0 3THM dopmyaam.

o dx
1360. Haiiru HHTErpal X PEYE i
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A\ Tlpoussenem nofctanoeky V 2x—9=#; Ttorma 2x—9=1%, x=({24+9)/2 n
dx=1dt. WUrak,
dx tdt dt

— = =2 R
Sx]/2x = jtz—;qt 5t2+9
Ipumenus dopmyny XVIII, nonyan

dx 2 V 2x 9
—arct C——~ arct C.
Sx V2x—9 ] + g5 —+C A

1361. Haittu unterpan ( sin2ede
3—costx
/\ Ilpoussenem mojcTaHOBKY cos*x=1{; Torza -—2cosxsinxdx=df, T. e.
sin 2x dx =—dt. Teneps naxozum
sin 2x dt t cos?x
— A= — —————=—__ar¢sin ——-}C = —arcsin — [
YV 3—costx jVS—tz ]f3+ ]/3+

(M1 mcnosp3oBasnu gopmyay XX). A
1362. Ha#itu unTerpan S (2 sin 32‘- -+ 3>2cos% dx.

/\ Tlpumennm noxcraHoeKy 2sin (x/2)4-3=1¢; toraa cos (x/2) dx=dt u

S,(zsmi+3>2cosidx=g pa=Lpic =-1-(25mi+3)3+c, A
) 2 3 3 2

xtdx
Jyae—e’

/\ Tlpumenum mopacTaHoBKY x°={f; Toraa 5x*dx=dt, x*dx=(1/5) dt u

id
g Vfc‘fo_iz =—5—5Vt2 =g InlttyV F=2le
(cm. popmyay XXI). Hraxk,

xtdx
VA —2 —3
1364, Ha#itu unTerpan S

1363. Haiitu nuterpan

In|x++ VA0 =2|+C. A
xdx
x2-2x24-5 °

A\ Tpeo6pasys 3nameHaTeh apobu, noayuum x*-}-2x2-+-5=(x2-}1)24-4. IIpo«
H3BeleM NMOACTaHOBKY x2—+1=¢; Toraa xdx—(1/2) dt. Orciona

x dx 1
Sx4—}—2x2—|—5 Pl S FENN "? ?ardgf‘l‘c

eM. dopmyay XVIII). Takum obpasom,
xdx 1 1
Sx4+2x2"|“5 aTCtg +C' A

2X
et%—5

1365. Hafitu uurerpan S dx.

A\ Tlonoxkum e2% =t¢, torna e®* dx=(1/2) dt u

edy 1 d 1 1 t—V'5
584"-5 =) r=rays 1n|t+V3 ’+C
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(M1 npumenun gopmyay XI1X). Urak,

e2Xdy 1 ezx—'l/-?i
[ &=y nlamalea
2.
1366. Haiitu unrerpan S;;—x—fg .
I

A Tlpousseist Ty e TIOACTAHOBKY, YTO H B NpeJLUIyIeM IPHMepE, TOTYUHM
e dx 1 dt 1 ¢ 1 e%x
§e4x+5 St2+5 55 ot gt C= s arelg o= . A
sin ¥ x-cos V X dx.
V xsin2y x

A Tonarass ¥V x=t, x=12, dx=2¢ d¢, noxyunm

sinV x-FcosV x x4 (sin £-4-cos ¢)-2¢
V xsin2V x tsin 2t
__Ssint—{—cost

— n !
st = (st )‘”-1“ tg(?Jrz“) +inltg 5 |+C

(cm. dopmyast XXII u XXIII). Bosspamasich K CTapoil nepeMeHHOM, MOTYy4YHM

(sin V'x +cos V'x) V = Vx
S Vismeye o tg(2+4>+’“ 7 (TC- A

Haiitu nurerpassi:

1367. Hailitu unterpan

dt =

In

tg

1368 S"’Vﬁ dr. 1369. { x5 (1—2x%3dx
N . :

1370. { sin (2—3v) dx. 1371. §xch (Bx*3)dx.
dx
C— . 1373 21 1)3/2dx.
1372 §<x+1)1/x [x e+ 12 d
x dx xdx sin 4x dx
1374. sz—r 1375. EWT— 1376. jccs42x+4
dx 2 dx
1377. S(x_m/x. 1378. SV = .
1379, (Y 2Z=2HV2F2 4
V4-—-x4

@ [IpencrasuTbh HHTErpaj B BHAE CYMMBI HHTErpatoB.

x2dx bx--3
1380. SV 1381 SVB =

V 3x+5 S' xdx
1382. Xm. 1383. S——x—~———dx. 1384. —2x4—_{_——5—.

3. MurerpupoBanye no yactsim. Humezpuposaruem nO 4acmssm HasbiBaeTcs Ha-
XOXJeHHe HHTerpana no gopmyJe

Sudv:uv——s vdu,
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rie u=@(x), v=1 (¥) —nenpepuBHO IH(depeHNHpPyeEMble GYHKIUH OT X. C HOMOUIBIO
3Toit hopMyabl HaXOXK[eHHe HHTerpana S 4 dv CBOAMTCA K OTHICK@HHIO PYTOrO HHTerpaa

S ¢ du; ee MPUMEHEHHE 11eJeco06Pas3HO B Tex Cay4asx, KOT/Ja NOCJefHHH HHTerpa’

aubo rnpomie HCXoaHOro, JuGo emy noao6ew.

ITpu sTOM 32 u Gepercs Takas (yHKUHS, KOTOpast NpH AuddepeHHPOBaRU YIIPO-
WaeTcst, @ 3@ dv—Ta YacTb MOABIHTErPaibHOTO BHIPAXKEHHSA, MHTErPAd OT KOTODOH H3-
BECTEH HJIM MOXKeT ObiTh HaleH.

Tak, Hanpumep, JAnsi HHTerpajioB BHJAA S P (x) e dx, S P (x) sin ax dx,
S P (x) cos ax dx, rae P (x)—mHorowseH, 3a u caenyer npuuste P (x), a sa dv—

COOTBETCTBEHHO BbIpaXeHHSl e%¥dx, sinaxdx, cosaxdx; nas HHTETpaJioB  BHIA
S P (x) In x dx, S P (x) arcsin x dx, S P (x) arccos xdx 33 & NpUAHMAIOTCA COOTBETCT-
Benxo QyHKuMM Inx, arcsin x, arccos x, a 3a dv—pnipaxenue P (x) dx.

1385. Haiitn wnTerpan Slnxdx.

A Tlonoxnm u=Inx, dv=dx; Torga v=rx, du:d?x . Mcnonssyst dopmyny un-
TErPUPOBAHHA MO YACTAM, MOJyuaeM
S Inxdx=xIn x—S x-ci—x=x In x— (a‘x:
v
=xlnx—x+4+C=x(nx—1)4C. A

1386. Haiitu uurerpan Sarctgxdx.

dx
A Tlyets u=arctg x, dv=dx, Toraa du=—1+7 , v=x. [To dopmyse wunrer-
PHPOBAHHA N0 YACTAM HAXOAHM

xdx 1 s
Sarctg xdx=yxarctg x—S W:xarctgx—? In(l+4+x)+C. &

1387. Hafitu uurerpan S xsinxdx.
A TMonoxum u=x, dv=sinxdx; Torna du=dx, of =—cos x. Ortcioza
S xsinx dx=—xcos x-}- S ¢os x dx =—x cos x-}-sin x+C.
Ecan 6ol Bblpaxenus u H dv Mbl BuGpanau mnHaue, Hanpumep u =sin x, dv=x dx,
TO MOJIy4HJH Obl du==c0s x dx, v==(1/2) x2, oTkyna
n

; 1 e 1 oa R P 1 2
S‘xsmxdx—fx smx—g 5 X Losxdx——2—x smx-;} x2 cos x dx,

M TpuiTH Obl K HuTerpady Gojee CJOXKHOMY, YeM HCXOHBIH, TAK KAK CTENEHL CO-
MHOMHTE/IS [IPH TPHTOHOMETPHUECKOH (YHKUHH NMOBLICHAACh HA CAHHHMLY. A

1388. Haiitn unterpan sze” dx.

A Tlomoxum u=x2, dv=e¥dx; roraa du=2xdx, v=e*. Ipumensiem dopmyny
HHTErPUPOBAHMA IO 4acTsM:

S x%* dx =x%¥a2 S xeX dx.
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Msi 106unnch mOHMMXEHHS CTElleHH X Ha eaununy. Uro6ul Hafitu \ xe¥ dx, npu-

MEeHUM eule Pa3 HHTerpuposaHue 1o uactaMm. Ilonaraem u=ux, dv=e¥dx; torna du =
=dx, v=eX u

S x2eX dx =x%% -2 (xéx —S exdx) =x%eX —2pe¥ {-2¥ - C=e¥ (x2—2x4+2)+C. A

1389. Haiitu unterpan [ = S e*sinx dx.
A llyete u=e*, dv==sin xdx; Torfa du=e* dx, v=—cos x. CreloBare/bHo,
I =—e¥ cos x4+ S e* cos x dx.
Cosjaetcst Bneuatienye, YTO HHTETPHPOBAHHE MO UACTAM He NMPHBENO K UEMH, TAK

Kak uHTerpan He ympocruicst. ITompobyeM, ofnako, eine pa3 NpOUHTErpHPOBaTbH IO
vactsiM. ITpuusB u=e¥, dv==cos xdx, oTkyAa du=e* dx, v=sin x, noJayyaem

=—e¥ cos x-|-(eXsinx—1/), 1. e. [ =—e¥cos x-}-e¥sinx—1.
[Tpumenus ABaXKABl OMEPALKI0 WHTETPUDOBAHMS IO YACTHAM, Mbl B npasoi vacTh
CHOBA TIOJIYHJIH HCXOJHbIA HHTerpaJ. TakuM o6pasoM, IPHXOAMM K YPaBHEHUIO C He-
H3gecTHoiM Huterpaiom /. M3 storo ypaenenus maxozum

X
2] =—e*¥cos x}-e¥sinx, T. e. I=%— (sinx—cos x)-C.

‘B oxouvaTesbHOM pe3yJbTaTe Mbl NPUOABHIH K HaliAEHHOM nepBoobpasHoil dyHk-
HHH TPOU3BOJNbLHYIO HOCTOSIHHYIO. A

1390. Haiitn murerpan SVa“—~x2 dx, ecmn a > 0.

xdx

V_az—ﬂ

A Tlonoxkum u=V a®—x%, duv=dx, oTKyaa du=— , v=x. Crefo-

Batebho,

o — 42 . 2,2 a2
\ VaE—de=x V-az—x“"—'s\———j*_df.:x ]/az—x2—§a—-——:l~dx,
. Vaz_xz

HIn

‘S‘ Va—tde=x ]fa2—x2—S | dx--a? arcsin % .

Otciona nosyuaem

—_— —_— x
2S V@@ —xdc==x V a®—x24a? arcsin =

S Vet Ti2 dx:—21— x Va2~x2—|—% arcsin %4—6. A
1391. BuisecTd pekyppenTHyio ¢opmyay aus HHTEerpa/ia S (x?i_xTz)n .

A 3ajaunuiii pHTErpas MOXKHO mpeo6pas’oBaTh Tak:

i ax« 1 a®--x%—x?
1n~5—“—(xz+az)n—72 W-‘”-

U dx 1 x-xde 1 ] 1 i xdx
T )Tyl e ) ey e i ) Y ey
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. xdx
Tonoxum u=x, dv= ———d—- , Torpa du=dx,

(x2+a2)n

=3 [ ta)rd@pay=— :

2(n—1) @Fahn-1°

OTRYyIa

1 1 % 1 dx
=g ln-1tor [2@-1) (E a2 (n-l)5<x2+a2>"“]'
HJIHA

1 X ]
1"=?1”"1+2a2 (n—1) (x2+a2)rz-1'— 222 (n—1) In-1;

X 1 2n—-3

S e N R L T R

Tonaras n=2, nonyyaem BEIpaxeHue MHTETpaJa [, 4epe3 3JeMeHTapHEE (yHK-
unn. Ilonaras reneps n=3, Haxoaum unTerpan /; (Beap uuTErpan [, yxe HalJien).
Takum ofipasom, MoxEO HaliTi /, IpH JIOGOM LEJOM MOJMOKHTENLHOM 1. A

Hafitu unrerpasnsi:

1392. lenxdx. 1393. Sarcsinxdx.
1394. {warctgrdr. 1395 § (v 1)erdr.
1396. §x*sinxde. 1397, {we*dr. 1398. VT Tdr,

@ Ilonoxuts x2=*4.

1399. S (x*4-2x43)cos x dx. 1400. Se” cos x dx.
1401. Ssin Inxdx. 1402. gsin V'x dx.
@ losoxute Vx =¢.

§ 2. HHTETPHPOBAHHUE PAUUOHAJIbHBIX APOBEW

1. MHTerpuposanue npocreiimux apodeii. Payuonarsnoii dpoGsio nasmmaetes 1po6n
Buna P (x)/Q (x), rie P (x) n Q (x) —MHOrounensl. Panuonanbuas Npobb  Ha3biBaeTcs
NpasUAbHOU, €CA CTeNeHb MHOTOWIeHa P (X) HMKE CTEeleHH MHOIO4YJieHa Q (x); B mpo-
THBHOM CJIy4ae ApoOb HA3BIBAETCS HenpasuAbHOL.

I pocmediwunu (91emenmapromu) KpoGsSMH HA3LIBAIOTCS IpaBUJIbHBE APOGH cJe-
JYIOmEero BHJa:

A

I. H

x—a

A
1. m » DI M—IeJ0€e YHCI0, GOJbIIEE eIHHHIE

Ax+B p? = 2
I111. m » TRe ——q < 0, T. e. kBagpaTHBii Tpexunen x +px-t-q ne

HMeeT JeHCTBHTENbHEIX KOpHeli;

Ax+B
" Bl prL gy’ TAe n—0el0e yucao, GONbINEE €TMHHUE, H KBaJAPaTHHI
(B px+ g’ ) .
Tpexuned x%-L px-- g He uMeer MeHCTBHTENBLHEIX KOpHeH.
Bo ‘Beex wetmpex caywasx mpeamosaraercs, uto A, B, p, q, a— neficTBuTeIbHEE

uncaa. Ilepednciennsie Apo6H GyneM COOTBETCTBEHHO HA3HLIBATE DPOCTEHIINMH APOGAMK
I, 11, III u 1V Tunos.
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PaccMOTPEM HHTETpaibl OT mpocTefimux ApoGeli mepBhX Tpex THNoOB. Hmeem

1§ A
X —

adx:A In|x—al4-C:

Adx A 1 )
L. S(x—a)”‘z_m—ll(x— a)"‘—1+C’
2 2x+p
1. S arct c.
T AR

JelicTBHTENLHO, JJIS 5TOrO YacTHOro ciaydas mnpocrefimedt apo6a III tuna mnoay-
qaeMm

x2+px+q=<x+%>2+q——%2—, win x*px+q=t*-+a?

Ag — ot 2
e t=x+%, a=ﬁq’2——~’i— (snecn pT—q< 0), orxkyna
dx dt 1 ¢ 2 2x+-p
= =—arctg —}C= arctg c
| e | mra—a v e e et

dx
x24-6x-4-25 °
d(x+3) 1 x+3
A S x2+6x-{—25 "'S (x+3)2+16_" (x+3)2—{-16 arctg —-1cC. A

1404. Haiitu uaterpan Sm

A S_M—_d;m=%j e S{x—“ (g_%)z
%S d(x_g)
(;;-7) +( V5> Vs

= V5— .arctg 2:/;_1—{-0. A

TTokaxeMm, KaK HHTErpupyloTcss B ofumem Buje npocrefimue xpobu III Tuna,
Ax--B dx p?
B4pxt+q 7 4

TIPOH3BOJHYIO 3HAMEHATE/IA. ,ZIJIS{ 3TOr0 YHCJHUTENb NPEACTABHUM B BHAE

Ax+B= (Qx—l—p)-—g—-—%—l—&

Ax+-B A‘S‘ 2¢-Lp ( Ap )S‘ dx
- dx ===\ —————dx B .
Seimra =1 Voot 2 ) ) FFpatq
B HepBOM HHTeraJIe YUCJIHTEJb SABJSETCS HpGH3BO}U{Oi”[ 3HaMeHaTe 4, HO3TOMy
2x+p
—— 1L dx=In (x4 px c,
§ ol ds—n G2 pr-to) +

TaKk Kak x2-+ px-+q > 0 1ns moGoro 3HaueHnst x. Bropoli umterpat, Kak yxe Gnuio
OTMEUEHO, HAXOAMTCS 1o GopMyJe

dx 2 2x4-p
=— arct C.
S"”‘PH“‘? Vi S o=t

1403. Hafitu uHTerpan S

(=

arctg

V5;2 +C=

TpeSyerca HaliTH S —¢q < 0. Boiienum B YHCIHTENE JPOGH

Torpa
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Hrak,

Ax-+B _4 0 2B—Ap ¢ 2x-+p
“—-————2+px+qu_ 5 In (x2+px+9)+ Vi arctg Vi
1405. Hafitn unterpan S?—g_x—a—l_?gdx.
"3
2 @x—4)—1-16
3x%—1 _ 2 .
AS —ix —|—8 d"_S 2—4x+8 dx =

dx
=24H@L~%+3%F§Mdg£%E+C.A

xdx
2x24-2x+45°

1, 1 -
A ( xdx ___ST(MT2)__2— dy— IS 4x-}-2 di— i S dx

1406. Haiitu unrerpan

J22F 2x 5 ox2 1 2x+5 %I ox1 57T 7 )2 Foxx5
— L imeetots—L L de 1 o2k g-5)—
! 22\, 5 4
x+x-]—7

df =+
_—;—S <x+%x>2‘:<>%)2w;f]n Y 3}2 arctg x+”2 +C=

x3—|—3x
4+x2_i_1

A TlpenrapuresbHO B 3TOM HMHTErpaje NPOH3BEJEM 3aMeHy nepemennoil x%={,
torna 2x dx=dt, x dx=(1/2) dt. CnenoBaTesbHO, -

(2x%4-3) x dx (2t-+3ydt @+n+2
P Sﬂ-}—t—{— 2S 2+i4+1 =

1407. Haittu uuterpan S dx.

1
d{ t+—+
_1 2t4-1 2 ( 2 ) _
Stz-}—t—}—ldt—l_,gﬂ—i—t—{—l ln(t-{—t—]—l)—!—S % =
() + (1)
t-+1/2
=—ln t2--t+1 — arct — C=
2(++HV e55
2¢% 1
=—1n x4 1 x? — arctg N C
2(++‘)+V3 o TCA
PaccMOTpHM Tenepk YACTHbIA cayuaii mHTerpaia or mpocrefiwell xpo6u 1V tuna.
Jus uHrerpana /,= 02—_“?‘12)7 (n —neJsioe NOJOKHTENbHOE YHCJIO) HMEET MECTO
ceaylomas pekyppeHTHas ¢opMyJa:
1, 1 t 2n—3

T2 (n—1) ((Ffad)r-t +a2 2n—2 Ia-t
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3ra popmyaa no3posser mocne (n—1)-KpaTHOrO NPUMEHEHHA CBECTH JaHHbL

uHrerpan /, K TaGJAWYHOMY HHTErpany S

u dx
1408. Haiitu unTerpan 13—S@+_1)3'
A 3necs n=3. [Tocsie mepBoro mpuMeHeHHs PeKYPPEHTHOR QopMyJibl MONydaem

1 2.3—3

h=5a=1y (x2+1)3 A

-3

1 3
-1 ’4“(x2+1)2+T ls

dx ’
K uunrerpany Iy= m CHOBa TIpUMEHsIeM pPeKyppeHTHyK ¢dopmyay (3recop mo-
Jaraem n=2):

| x 1
=g mrrte =

1 2.2—-3
L= 2—2

2(2—1) (x2+1)2 1+2

S A— 1
o= 2(x2+1) +'_2_S x2+1 = 2(K2+1) —l——é—arctgx—[—c_

Hraxk,

dx x 3 x 1
Swr = TerrtT | sy oot ] 4

OKOHYaTE/NbBHO HMeeM

S (x2+|)3 4(x2+1)2+ 8(x2—| ) +8 arctg x-+C. A

[TokaxeM Teneps B oOmIeM BuAe, KakK nmerpupyxm‘cn npocrefiue gpo6u 1V Tuna,
Ax+B p
Eaergr e <0
, (x*+px+9)
_BuizeauM B YHCAHTENE NPOM3BOAHYIO OT KBaJiPaTHOTO TPexXuJieHa, CTOSULErO B 3Ha-
MeHarese:

Tpebyercs HakTH S

A A Ap
Ax LB "":5 7(2"+”)+(B—T)

JEENTE e T
A 2x-+p ____A_p
+ S w0 ) | e

TepBuiit MHTErpas B MpPaBOH YaCTH PABEHCTBA JIEFKO HAXOAHTCS C MOMOLULBIO MOJA-
CTaHOBKM X2--px--q=t¢, a BTopoii npeoGpa3yem Tak:

S\ e e

2
IMonaras  Tenepb x—}——E:t, dx=dt u obosHauas q—.-i——zaz, noJyyaem

g (x%4- px+q)" S (t2+a2)" '
TakuM oGpa3oM, HHTEerpupoBaHHe 3JjemeHTapHoil apo6u IV Tuna moxer Onith
BBIIOJIHEHO C TOMOLLAI0 PEKYppeHTHOH (opMyJIBl.

1409. Hait unrerpan S( Sx+2

x2 4 2x 4 10)2 dx.
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A Hmeem

dx =

B2 S%<2x+2>+(2—3)

S(x2+2x+ 02 = ) —mrori0e
2x--2 A (‘ dx
-7 210 [ DP9

B nepsom wunTerpase mpouspesen 3ameny x2-4-2x-10=z, (2x+2)dx=dz, a Bo
BTOPOM MHTeTpaJe NOJ0XHUM x—+1=1¢, dx=dtf. Otciona

> 3x-+2 _30d dt
S o0 T3 ?_5 (t2+9 2 Sz Fdz— &(t2+9)2

—_ 3, [ (N t L1 2.2—-3 \ dt
T2 T 2E=D9 @91 9 2.2—2") t2+9]
3 1 t 1 1 t
=T LB EF 183 cteg e
Bosspamascs K cTapolt mepemMeHHoIl, moJayyaem
3x4-2 . 3 1 x4t x+1 .
S FILI0E YT T I @I T 18 (x+1)2+9 54ar°tg +C=
_ 3 1 x4l x+1
T W o F10) 18 B ox10 54""“tg =3 tC A
Hafitu unTerpasmsi:
dx dx dx
1410. S———(x_l)4. 1411. S(2x+3)3. 1412. Sx__2_6x+18.
x2dx x—2
1413- ‘S‘m. 1414. gmdx.
5¢-1-3 x41

2x+3

1417. S e 118 md

2. HHTerpupoBaHHe PauHOHANbHBIX ApOGei ¢ NOMOIBI0 Pa3NoXeHHs Ha mpocTeii-
mue apo6u. Ilepes HHTerpupoBaHyueM palmHOHAJLHONH Apobu P (x)/Q (x) Hazo Cienats
caelyomue ajnre6panyeckue Nnpeo6pasoBaHUsl M BLIYHCJCHHS:

1) ecan jana HenpaBUJbHAS pPalMOHAJbHAS ApoGb, TO BBIACAHTH M3 Hee Le/yI0
YacTh, T. €. NPEJCTaBHTh B BUJE

P (x) ( )+ Pl (x)
Q) Ak’

rae M (x)—wmuorounen, a Py (x)/Q (x)—HpaFHJIbHaSI pauvoHaNbHAag Jpobb;
2) pasnoXKWTL 3HaMeHaTeJdb JApPoOH HA JIHHEHHBIE M KBaJPAaTHUHbIE MHOMKHTEIH:

, Q) =@E—a)™ ... (pxtgr...,
p

e ———q < 0, T. e. Tpexunen x2+ px-|-g HMeET KOMILIEKCHbIE COTPSIKEHHbIE KOPHH;

3) NpaBHJBHYIO PaIlHOHAJNBHYIO APOOb Pa3ioXKUTL Ha npocrei«'xmﬂe ZApo6u:
Pix) _ As A,
o e S
Bix+Cy 'Box+-Co Bux+Cy
N LR Ca e e Sy AN
4) BBHIYHCIHTH HeonpeneJIeHHbre kosppunuentst Ay, Ay, ...5 Ay, ...5 Bi, Cy;
By, Cyy oovy By, Cp, ooy ANSL HETO NIDHBECTH IIOCJEJHEE PABEHCTBO K OOMIEMY 3HaMe
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HaTeMO, MNPUPaBHATH KOS(GUIHEHTH NIPH OJHHAKOBLIX CTENEHAX X B JIeBOH H INpaBofl
YacTAX TOJYUEHHOTO TOXJAECTBA M PEIUHTb CHCTeMY JIMHEHHLIX YpaBHEeHHil OTHOCH-
TEJILHO HCKOMBIX KO3(rpulimenToB. MOXKHO ONpeleqHTb KOSPPHIHEHTs H APYTHM CIO-
coGoM, mpujaBas B IOJYYEHHOM TOXJEeCTBE IlepeMEeHHOI X IPOH3BOJILHBbIE YHCJIOBBIE
snauvenHst. Yacto OblBaeT moJ1e3HO KOMOHHHPOBATE 06a crmoco0a BHIUMCJIEHHS KO-
ILUEeHTOB.

B pesyJibraTe WHTErPHPOBAHME PalHOHAJBHOH JIPOOM CBEAETCH K HAXOMXKIEHHIO
HHTErpajioB OT MHOTOYJIEHAa H OT IpPOCTeAINHMX PalHOHAJbHBIX Apobeit.

Cnyuait 1. 3nameHaTel» HMEET TOJbKO J€HCTBHTEJIbHbIE PA3JHYHBIE KOPHH,
T. €. pas3Jaraercs Ha HEMOBTOPSAIIIHECS MHOXHTEH MEPBOH CTeNeHH.

x2+2x4-6
D9 =5

A\ ITak Kak Xaxnablii u3 IByXuieHoB x—1, x—2, x—4 BXOAUT B 3HaMeHaTeNb
B TepBOil CTeNeHH, TO JlaHHAS NMPABHJbHAS PallHOHAJbHAST APOOb MOXKET ObiTh Npej-
cTaBJeHa B BUAe CyMMBbI mpocreiiiux japobeit 1 Tuna:

2 A B
(x— lx) (_jix2;{_(g—4) Tx—1 +x-—2+x—(i4 )

OcBo6okAasick OT 3HAMeHaTesel, NOAYYUM

X2+ 24 6=A4Ax—2) (x—4)+B(x—1)(x—4)F+C(x—1) (x—2). *
CiteloBaTeNbHO,

x24-2x+-6=A4 (x2—6x-48)--B (x2—5x--4) - C (x2—3x 4 2),

CrpynnupyeM ujeHbl C OJHHAKOBBIMH CTelleHSIMH:

x4 2%+ 6=(A+B+C) x> (— 64—5B—3C) x+} (84 4B 4-20C).
CpaBuuBast Ko3(pHUHEHTL! NPH OAMHAKOBLIX CTENEHAX X, NOJyyaeM CHCTeMY ypPaBHEeHHil

( A+ B+ C=1,
— 64—5B—3C=2,
\ 8A 4B 1-2C =6,

1419. Hafith uHTerpan S

u3 KoTopoil waitnem A=3, B=-—7, C=5.
Urtak, pasnoxkenue palHOHAJBHOH APOGH Ha IpPOCTeHInNe HMEET BUJT
X211 2x 16 3 7 5

C—D)(x—2) (x—4) x—1 B R

Heusgectunie A, B, C B pasjoxeHHH MOXHO GbUIO ONpeleauTs M HHave. ITocie
0CBOGOK/IEHHUST OT 3HAMeHaTess] MOMKHO NPHAATh X CTOJNBKO YACTHBIX 3HAUEHHH, CKOJLKO
COJEPXKUTCS B CHCTEME HEH3RECTHBIX, B JAHHOM CJyuae-—TDH UYACTHBIX 3HAYEHHS.

Oco6enno ya06HO NpUAABATb X 3HAUEHHS, SBJSIOMHAECS JeHCTBUTENbHBIME KOPH MU
3naMeHatesst. IIpuMeHHM 5TOT NpHEM K pelleHMI0 NaHHOTO npumepa. [Tocse ocBo6oX ae-
HHSL OT 3HaMeHaTe/JIs Mbl NOJAYuYHaH paBeHCTBO (¥). JleHCTBHTEBHBIMH KOPHSIMU 3Ha-
MeHaTens fBJAstoTcA uucaa 1, 2 u 4. Ilonoxum B 3TOM paBeHcTBe x =1, Torjga

124-2.146=4(1—2) (1—4)+B (1—1) (1—4)+C (1—1) (1 —2),

otkyaa 9=3A4, 1. e. A=3. Tlomaras x=2, moayuaem [4=—2B, 1. e. B=—7;
nosaras x=4, umeeM 30=6C, 1. e. C=>5. B pe3yabrate NOJYyYyUINCh TE Ke 3HA-
YeHMsI, YTO ¥ IPH NEPBOM CHOCOGe OnpejefeHHs] HEU3BECTHBIX.
Takum o6pasom,
x24-2x46
J =) —2) x—4)

=3ln|x—1{—7In{x—2|+5In]x—4|+}C=In

dx > dx dx
dx:SSx—l 75x——2+5 x—4
(x—1)% (x—4)
—(x‘_7)7—l+c‘ A
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Cayuait 2. 3naMeHaTenb MMeeT JHIb JefCTBHTEbHHIE KOPHH, PHUEM HEKOTO-
phie M3 HHX KDaTHbe, T. €. 3HaMeHaTelb Da3JaraeTcs Ha MHOXKHTENH TIEPBOH CTeNeHM
H HEKOTOpPHIE M3 HHX MOBTOPAIOTCA.

1420. Hafitn unrterpan S(T—%;;L(%'—F?)dx'

A
MeuoxnTeno (x— 1)3 COOTBETCTBYET CyMMa Tpex mpocTeitmux apobeli ——— -
y 3 Y p p o —1)p

(x51)2+ xC 2 MHOXKHTENIO X -3 —npocrefimas Apobb . Hrax,

D
x+3
241 A B ¢ , D
x—D3(x-+3) ~ (x—1)? + (x—1)2 +x—l+x+3'

OcBo6oAMMCsT OT 3HAMEHATEJs:
x+1=Ax+3)+Bx—1) (x;|—3)—{—C (x—12 (x+3)FD (x—1)3.

JlelicTBUTeILHBIMH  KODHSIMH 3HaMeHaTesIs  ABJAsiOTCA yneyna | H —3. Tlosraras
x=1, noiryuaem 2=44, 1. e. A=1/2. Ilpu x=—3 umeem 10=—64D, 1. e.
D =—5/32. .

CpapHuM Tenepbh KO3(bGMIIHEHTH NpH CTapiied CTeNeHH X, T. €. TpH x3. B nesoit
‘yacTu Her uieHa ¢ x3, T. e. koapduunent npu x° pasen 0. B npasoit wactu xozd-
¢uument npu x3 pasen C-+D. Urak, C4D =0, orkyza C=5/32.

Ocraetcsi ompeaeants Kosdouiuuent B. JIJasi 3TOT0 HeOOXOAMMO HMEThb elle OAHO
ypaBHenHe. D70 ypaBHEHHE MOMKHO NOJYUYHTb MyTeM CPABHEHHS KOIDOHIHEHTOB NpH
OJMHAKOBBIX CTeNeHAX X (HAaIpuMep, NPH x%) WIM NPHAAB X KaKoe-HUOYIb 4HCIOBOE
snayeHue. YjoGHee B3ATh TaKoe 3HAUEHHE, NPH KOTOPOM BBHIYHCJEHHI OyJeT BO3MOXKHO
menswe. Ilonaras, Hanpumep, x =0, noryyaem

3

3 15, 5 3
1=3A—3B+3C—D, nnu 1=—§——38+—3—2'+§§, T. €. B—-s—.

OxonuarenpHoe pas/oxeHue AaHHON APOOH Ha mpocTefliie HMeeT BHA
x*1 3 5 5

1
x—1)? (x—[—3)=2(x—1)3+8(x—1)2+32(x—1)_ 2 (x+3)
TakuM 06pa3oM, NMOJYUHM
%21 pe 1 dx 3 dx 5 dx 5 dx
S G—1P 6—3) »""_?S =P +?S G—17 +§§S2?1_§SET3*‘,
i

3 5
TT A r=1 8@x—1) +33ln

Cayuati 3. Cpenn xopHeli 3HamMeHaTesl HMEIOTCS NPOCThIe KOMIIGKCHEIE KODHH,
T. e. pa3nomeHHe 3HAMeHaTeJs COJCPKUT KBAJPATHYHLIE HEMOBTOPAIONHECA MHOXKHUTEN.,

xs_xz ¢

1421. Hafitn neTErpan S
/\ PasnoxuM sHaMeHaTelb HA MHOMHTENIH:
X x2=x2 (3 —1)=x2 (x—1) (¥ F-x}1).
Toraa :

1 1 _14, B, C  DitE
P—x2  LE—DeEEFxF]) 2T x Tx—1" x24xt1”
Ocpo6oxK1aeMCsl OT 3HAMEHATeNN: .

1=A (x—1) (¥*+x+1)4Bx (x—1) 2+ x4 1)+
JCx? (32 +x+ 1)+ (Dx+4E) x2 (x—1).
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IleficTBATEIbHBIMA KODHSIMH 3HaMeHaTeas sipasiorcsd uueaa 0 u 1.
Ipa x=0 umeem 1=—A, 7. e. A=—1I; npu x=1 ameeM 1 =3C, T.e. C=1/3.
Ilepenuiuem Ipeibiylnee PaBEHCTBO B BHJE

1=A@WB—=1)+Bx*—x)-+C x*+ %%+ Dx*-Ex3—Dx®—Ex2,
CpapnuBas Kosbdunuents npy x%, x%, x2, mojyuaeMm cuCTemy ypaBHEHHH

B+C+D=0,
{ A+CH+E—D=0,

C—E=0,
H3 Ketepoit mafinem B=0, D=—1/3, E=1/3. Hrax,
L _ 1, 1 x—1
¥—xt X VT 3@x—1) 3@TFx+D)°
CregoBaTesbHO,
dx x—1
Sxf'—xz +3 Sx——l 3 S x2tx41 de=
2x--1
__—x-—}——3—1n|x-— Sx2+x+l
1 1 1 2 1 _________
=g ln| 1) | — In (¢ +x+1)+25 =
x—l—-:?- +‘2f

_ 2x41
—?+Flnx2+x+l+l_/-_3arctg '/‘3 +C’ ‘

Cnyuait 4. Cpemyu KopHeil 3HaMeHaTeJsl HMEIOTCS KPATHBIE KOMIJIEKCHbIE KODHH;
T. €. pa3JOMeHHe 3HaMeHaTes]sl COAEPIKHT MOBTOPAIOUIMECT KBAJpPaTHUHLIE MHOXKHTENH.
X —2x
x41)?
A Tak kak x2--1 ecTs ,ZIBpraTHbli’{“ MHOXHTEJb, TO
—2x _ Ax+4+B | Cx+D
CFE T DT T 21T
OcBo6oxasach OT 3HaMeHaTelie, MOJyYnM
x3—2x=Ax-}+B--(Cx-+}+D) (x2+1).
TlpupaBraeM K03pUIHEHTH NpPH OXHHAKOBBIX CTENEHAX X:
X3 1=C,
x2 0=D,
x | —2=A4C; A=-3;
x° 0=B-D; B=0.

1422. Haiitu unrerpan dx.

CJlefloBaTeNbHO,
x3—2x _{ —3xdx xdx d(x2}1) d (x2+ 1)
@FDE *T) e Sx2+1 —— S e

3aMetum, UTO JaHHbI{ HHTErpai MOXHO OLVIO HafiTH Mpoule ¢ NOMOWbIO MOACTa-
HOBKH xz—}-l—t A
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x34-3x24-5x+4-7
T .
A\ Beenum neayio 9acTe JAHHOH HENpPaBUJIBHOH palMOHANBHON APOGH;
x3+3x2+25x+7 [**+2
o +2¢  © 3x+1
3@+ 317 ¥ T3+ a3
—5 16 224
3x41°

1423. Haiith uHTErpan

Hrax,
B4 3x24-5x 47 3x--1
w3z Pt

O1crona HaxoauMm

Swdx=s (x+3+3"+1)dx=

w22 x4 2
_ M el R BT 3 {* 2xdx de
_Sxdx+3SdI+vaz+2dx'— 5 + 3¢ PR EEY) + P

1 3 1 x
= - — Inx24- 2) 4 —— 1g —= .
g 3ty Il )4 arety et C. A

1424. Haittu umerpa.uS - +6:2::_4“x 5 dx.

A Tak Xak nombiHTerpansHas GYHKOHS SABISETCS PaBUNBHOR Rpo6bio, TO ee
C/MCAYET Cpa3y NpEICTaBHTh B BHJE TYMMbI MPUCTEHHX ApoGeil. Jlerko BuaeTh, uTo
mHorousnes x%-4-6x24-11x+4-6 oGpawaercs B Hyab NpH X=—I, [O3TOMY OH JeNUTCs
Oes ocrarka Ha x--1. Bsuronuuwm zenenue:

_x3+6x2—{-11x+6|x+1
B4 % 5546

_ Sx*4-1lx
~ 5x?+ bBx
6x+46
~ 6x4-6
CnefoBaTeNbHO,
K68 110 +6= (x4 1) (6 5x-+6) = (r+1) ¢+ 2) (4-3);
x4 . x4-4 __A | B C
XB4-6x2F1Hx46 — (xF1) (x+2)(x+3) xF 17T x+2+x+3'

OcBoGoxaasice OT 3HaMeHaTesel, MOSyUHM

x44=4(x+2) (x+3)+ B (x+1) (x-+3) € (x4 1) (x+2).

IMonaras x=—1, waitnem 3=24, 1. e. A=3/2. Eciu x=—2, To MOJIY4HM
2=-—B, 1. e. B=—2, Ilpn x=—3 noayuum 1=2C, 1. e. C=1/2.
Hrak,

x-}-4 _3 dx dx 1 dx
P62 1116 d”‘igx+1“2gx+2+’2“ Sx+3—"
.—:—g—lnlx—}—l|—21n|x+2|-{——;-ln|x—|—3l—|—c. A

-

1425. Haiitu uHTerpan Sﬁtﬁ dx.
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A\ TIpexie BCero HYXKHO BHEJIHTb LEJNYH0 4acTh!
X1 x4 —8x2-16
L X843 16x T8 jox 1
T8I 16x+1 *Ta—ger16
CaenoBaTenbHo, o :
x5—}—l 3—16x+1 8x3—16x-1-1
—Bx* 116 +x“ P Ty P P R

Pa3noxuM Teneps NpaBHABHYIO proﬁb Ha npoc*reﬁmne:
8x3—16x-}1

G GO (= 2)2 T3 2+(x+2)5+x+2'
Oc1306o;mmca OT 3HaMeHaTeJeii:
8 —16x+1=A (x+2)2+B (x—2) (x+2)2-+-C (x— 2)2+D x— 2)2 (x+2)

INMonaras x=2, naiiteM 33=164, 1. e. A=33/16; Hpu x=—2 NOJyuuM
—31=16C, T. e. C——31/16 Ecmn x=0, To 1=44— 88+4C+8D 3ameHuB A
1 C HX 3HAUHHAMH, TIOJYYaeM

1__3_3._83—-——{-8D, s — 16B-4-16D = 1.

Jlas Toro uTo6sl Haiith B u D, COCTABHM emle OJHO ypaBHeHHe, CpaBHHB Koacp
¢unienTs npu x%, moayunM 8= B—]—D PemuB cucTeMy ypaBHeHHH .

B}~ D=8,
—16B-16D =1,

HaxopuM D =129/32, B=127/32.
Hrak,
541 _ 33/16  127/32  31/16 | 129,32 _
S 8x2—}—16dx S[ —2)2 T x0T xRN x2 ]dx—
x2 127

31 129
T2 16(x— Be—g T3z M —2ltgaryta nla+2l+C A

1426. Haiitu unTerpan .S‘(x ]),.

A ToapHTerpansras  (yHKUHS ABIfAETCA NPABHJABHOI PaUHOHAABHON JApo6hio
H MOXHO Obl10 Obl' HAHTH HHTErpaJ, NpPeACTaB¥B 3TY JAPoOb B BHJE CYMMHI NPOCTEHLUHX
Apobefi. OjHAKO HaXOMJAEHHEe HHTerpajsa MOXHO 3HAUHTENbHO YIPOCTHTL, €CJM NPOH3-
BECTH 3aMeHy nepeMenHoil x—1=1{; Torna x==7¢-}-1 udx=adt. B peayabTate nosayuaem

(;21;:)5_ (t+t5)2dt St2+t25t+ldt_ +2S S
=_'2_iz‘f%“'zx_i‘l'+c=_2(x_1)2 3(x—1)~°e §
—‘T,‘I_T)H‘C:"%'I‘C' A
1427, Haiitn unrerpan S?-_—*_fgg——_rg.

[\ Tlpeo6pasyem snamenaTesb: x%--6x2-}5=(x2-}-3)2—4. Tenepr umeem

xdx _‘S‘ xdx
S x4--6x2-L5 7 ) (1232 —4°
g¥ 227



[Tpoirssegeni-savesy~x24-3=f,-rorga -2xdx =df u -

xdx . S‘ xdx 5‘
A 6215 ) @PFoF—4 2 JPrE—1
1 - 1 n X 211
PR t—|—2 ,+C 2+5+C‘

V3 nocsienHuX ABYX INPHMEPOB BHAMM, YTO HHOTIA nepes MHTETPHPOBaHHEM PalHO«
HaJMbHOH ApOOH CJelyeT MPOM3BECTH 3aMEHY NepeMeHHOH. A

Hafitu unTerpassi:
1428, (22 sdr. 1429, (—g’iii‘id

x(x— *+2) (¢* +-x+1)
5x3——l7x2—|—18x—5
1430. [ttt s (2
1432, (TEEd e 1433, § s o
x4-1 (19/16) x24-x4-1
1434, m 1435. ((x2—+ 4) (x2+2x—{—5)
219 d
1436. | Lt an. 1437. S‘“—*xzj«;xers'

@ IlpencrasBuTh 3HaMeHaTeab B
Bufe x*-4-4=(x24-2)2—4x2.

1438, [ bt 1430, (g an

6x-+5
2
1440, (ATt g,
3. Huterpann Buga K‘R(ex) dx, raie R — paumosansHas ¢ynknus. C moMousio
MOACTaHOBKU eX =1, OTKYZAa e¥ dx=dt, dx ~—;§:-%i, UHTErpajs yKa3aHHOTO Buja

npeo6pasyercss B HHTerpast OT PauUOHANBHOH (YHKIUH

. 3e2% f-eX 41
1441. Ha#itu unterpadt Smdx.

. A\ Tlonoxum eX =¢; torpa eX de=dt, dx_%, OTKYJAa

3e2x+ex+1d _Be4i4l
e %o —3 T ) TE—2r—3)

© Tak Kak ¢ (12—2f{—38)=1(¢-|-1) (f—3), To pasioxeHHe Ha NpocTefimue APoGH
HMeeT BUJ

3124 ¢4 1 A, B T
tE+1)(f<=3) —t' -1 7 ¢1—-3
OCBOGO)K}I&F{CI: oT 3Hameﬂa're.neu, IOJYYUM 7
3Lt 1=A(t41)(t—3)+ Bt (t—3)+Ct (t+1).

Ecin £=0, 10 1=—234, 7.e. A=—1/3, ecin xe t=—1, 10 2=4B, T. e,
B=1/2, nakoneu, eciiu =3, To 31 =12C, T1.e. C=31/12. .
Hraxk,

3t _—1/3 A2 s
TeE—or—3) Tt
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M 3HAYHT,

32 fex 41 £24f 41 B
o g St(t—}—l) t—S) dt=—

_—_——3—l,r1ex+§ In (e"-{—l,)—{—1—21n|ex——3|+c=
—Xfgin e+ D423 inles—3|+C. A

Haititu unTerpaJsi:
1442 S e toer4-16 o

edx —16
2ex—i—3
U, | e T ™

—Int+—ln(t+l)+ njt—3)4c=

§ 3. MHTETPUPOBAHHE MPOCTERWIHX HPPALLHOHAJIbHBIX ®YHKUHA

1. Uarerpansi Buna S R (%, (ax-+b)™/™, (ax4-b)"™/™,...)dx, rne R — paumo-

HanbHas QYHKUMS; My, Ni, Mg, Mg, ... — deable uynacia. C MOMOUILIO IMOJCTAHOBKH
ax-}-b=15, rje s—HauMeHbliee oblliee KPaTHOE YUCeNT Ny, Ng, ..., YKA3aHHDBI HHTEr-
pasi npeoGpasyercst B HHTerpas OT PalHOHAJIbHOH (YHKUHH.

d
1444. Haiitu wurerpan [ = S(2x+1 — x(:zx_|_l)”2 .

A 3necwk ny=23, ny=2; nosromy s=06. IIpumenum nojacranoBky 2x 4 1=1%; rorza
x=(—1)/2, dx=23°dt n, cienoBaTenbHO,

_(B6dt 0 2dt (=141
i i rc SSt—I_BS —1 4=

=3 S (t+1+t_—_l> dt:% 24-3t+3ln|t—1]|+C.
Bosspatumesa K crapoit nepemennoil. Tak Kak f:(2x+1)1/6, TO
:%(2x+1)‘/3+3(2x+1)‘/6+3lnlf/2x+1_1[+c. A
dx
Vax:Lbxtc
MOJIHOTO KBaJpara M3 KBajpaTHOTO TpEeXu/eHa IPHBOAATCA K TaGJHUHBIM HHTErPaaM
XX naun XXI.
1445. Haiitu uHTerpan
Ve +42x+5

2, Hnurerpann Bnnag Takue HHTerpajbl NyTeM BLIAeJEHHS

—[—2x—i—o )
.\ TIpeo6pasyeM KBafpaTHHIH TpeXdseH K BURY x2—§—2x—|-5=(x'+1)2+4 Tor,ua
d{x41 '
vaz'+2x+5= V(x:LT)%)-M‘1“"‘+1+V"2+2x+5'+c A
. dx
1446. Hafitu unrerpan Vm

i 2y
X x )
jV 3% Fax—1 st ]/ )2 -

x—2/3
= arosin =% | 0 —- = arcs 3x—2) C. A
Vs 13 ‘Vs m(x )+

T 2%



Ax-+B
YV ax?+bx+tc

BHIZICIUM B YHCJHTENE NMPOH3BOJHYIO XBaJpaTHOTO TpeXuJjeHa, CTOAWErO0 NOX 3HAKOM
KOpHs, H DAa3J/IOXKHUM HHTErpaJ Ha CyMMy JABYX HHTErpaJjioB:

3. Hnrerpain BHla dx. JIna BaxoXNeHHA ITOr0 HHTErpana

Ax-}B A (2ax+b)—}—B Ab
SVaxz—{-bx—l—c de== Vax* - bx-Fc =
d (ax? -} bx o) —{-—(B——ﬂ
S ax?f bx-c¢ j’l/axz—l—‘bx—}—c )

I[Tepsriit M3 MONYYEHHLIX HHTErpajoB ecThb TaGauuHbli HuTerpax XVII, a sropoi
paccmoTpeH B 1. 2 § 3,

1447. Haiitn unterpan j‘—]—/%—_%ﬂ_—ldx

A Buigenum B ‘IHC.HHTGJ'Ie HPOHSBO,IXHYK) HOJIKO})EHHOI'O BBIPAXXCHU S

5¢—3 o + S axig—
§ V 2xZ+8x+1 dr= V2 8x 1 dx_
___E_ 4x -8 dx—13 dx B
TE)VEeta L Fe=—u

’=‘-2—V'2x2+8x—}—1—_ 13 5‘ _

V 2 - _V/. x2+4x+%
5 e 13 —
= V81— i s 1/x2-|-4x+% l+c. A
o "3x-+4
1448. Hafitu unTerpan .S‘-__———V—"x'é_—{-—GX— dx.
3r+4 5 (~2x+6)+13
A —j dx=
XV—x2+6x— V —x*+6x—8
3 —2x+6 dx
=5 _“T__—___—_.———‘d 13 —_—
XV—x2+6x—8 “+ { YV i—(x—3)?2

=—3yY —1¥+ 6x— 8413 arcsin (x—3)+C. A
. dx
—a)VaxifFbxtc
— @ = 1/¢ 5TOT MHTErpal NPHEOLMTCH K PACCMOTPEHHOMY B T. 2.
o d>
1449. Haiitn unTerpan 5—-Tv__—
xV 52 —2x-1
A\ Toaoxum x=1/t, Torna dx=— (1/t¥) dt n

4, Unrerpannl BHRA § ( . C nomomp0 MOJCTAHOBKH X —
X

_ (d)/12 .
S XV 52— 2x 11 (/1) V5/t= —9ji-1

=—Inl——1—{— }/——-—+5l+c
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 1450. Habrn meTerpan f S
x—1)V —x2F2x+3

A Honaraem x—1=1/f, Torga x=1/{4+1 ® 'dx=——('1/tz)dt. - CaefoBatensHo,

5 dx _ y | e _
=1V = 2%+3 - ]/ —'(1+-t-)2+2(1+it>+3

=—3 mj 1+ ]/.(x—l) T|+c=

1 2+V—x2+2x—{—3
=—zn I 5G—1 I’*’C A

2
3x+2
DY 2343 de

© /\ 3anucap uHCAHTeRb RONLIHTErpasbHof GyHKHER B BuAe 3x+ 2=3 (x4 1) —1,
NoMyuHM

1451, Haiitn uHTerpan I=S
| (x4

— 3(x+41)—1
(x1) ¥ x5 3x+3
TpeAcTaBuM ZaHHBIH HHTErpajl Kak. pPa3HOCTh JBYX HHTErpaJioB:
N e e
I1=3 e — | .
V x2F3x+3 (x+1)V ¥ F3x+3
K nepsomy unterpany nprmenum popmyay XXI, a Ko BTOPOMY — NOJCTaHOBKY
x4 1=1/t:

I=3 lnl 42 +sz+3x+31+§
l/

(dh)/e?

=)l

x—}—?—}-]/-xz—l—(ix—l—SI-[— S\—y__t;_%l_—l=

gV FFTFT|40=

3 —_ 1 243
St SV TR o |+ IS e g

P,(x)dx
V axiFbxFc

I/IHTera.fl TAKOIr'o BHJA2 HAXOAHTCS C IMOMOLIBLIO TO}KﬂeCTBé

) 4r=Que1 (9 Varrrreh |

=3In

=3In x-{—%+]/x2—|—3x—}—3[+ln

=3In

5. Hurerpann Buaa » e P, (x) — MHOTOUNEH n-il CcTenmeHn,
dx
Ry e ———— dx T
V axtFbxtc VaxtFbxdc
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rae Q,_i(x)—Muorousen (n—1)-i cTemeH: ¢ HeONpeleNeHHLIMH Kos(duiuenTaMy,
A —uycao.

Juddepennupysa yKa3aHHOE TOXKAECTBO H NPHBOAA pPe3yJbTaT K ofmemMy 3HaMmeHa-
TeJI0, NMOJYYHM PaBEHCTBO IBYX MHOTOWJIEHOB, M3 KOTOPOIO MOXXHO ONPEASNUTDH K03~
(I HENTL MHOTOWIEHA Q-1 (X) H uHCIO A.

X3 2x2 —|—3x—{—4d
e x
V x4 2x1-2

/\ 37nech n=3, MO3TOMY COOTBETCTBYIOILEE TOMKIECTBO HUMEET BHX

1452, Haiitu unrterpan

x3+2x2‘i+ 3x+-4 — 24 p b PR ) dx
SR dxm ot burt 0 V T EF +x577§ﬁ3735.

Huddepennupys obe ero yacTH, NMOJyuaeMm

3 2 S
ﬁﬁ%%%g%%i=@mx+bath+w+4%-
x41 LA 1

+(box2+b1x+ bz) V—m Ba V—m .

Ocpo6okaaeMcsl OT 3HaMEHaTeJsd:

x84 2x2 4 3x 4 = (2box + by) (£ 4 2x+2) - (box®+ bix+ ba) (x+ 1)+ D,
N
x84 2x2 4 3x + 4 = 8byx® +- (5bg -t 2b1) 1%+ (4bo -+ by + ba) X+ (2b1+ ba+1)-

CpaBnuBas KO9(pHIHEHTH NIPH OJHHAKOBHIX CTENEHAX X, NONYUHM
3170 =1 »
5by+2bi=2,
4bo-+3bi b, =3,
2bi -+ by-+A=4.
Pewas cucteMy, Haitiem by=1/3, bj=1/6, by=7/6, A=>5/2. Cnenoparenpio,

3 2 2L Oy L9
=== oo g vk ) VAT B2

TV eioe
+§ In x+1+Vx2+2x‘+"'2l+c. A
Haiitu unTerpasi:
’ dx ! ;S/;
1453. . 1454, S—————zrdx.
‘ SV1—2x—i’/1—2x J1+y %

‘ : dx dx
55. e e — ] 1 56. yr——————————
14 § Vi —x—1 4 vj‘]/——xz——2x+8

1457. S_—E’L dx. ~ 1458. j-ﬁ_‘uz'a:x
V —x2+4x+5 Vx2+x+2
. dx

. dx
———— . 1460. - ———
) 2V 22k j XV 2 —2x—1
1461. 5'---£::L===:-dx. 1462. 5-3i£t£§i:i-dx.
@+ Va1 YV —+is
6. MHTerpaian or aHddepeHIHATLHHX GHHOMOB Sx"‘ (a4 bx7)? dx, rae m, n,

p — pausonaibHue yncna., Kak nokasan I1. JI. HeGnimes, nnrerpaist or auddepenuu-
aZbHLEIX GMHOMOB BHIPA)KAlOTCH uepe3 3JIeMeHTapHbe (QYHKIMH TOJBKO B TPEX CIydasx:
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1) p—mnenoe 4uCAO, TOFAA JIaHHBI WHTErPAT CBORUTCA K MHTErpaly OT.pamuo-
HaJbHON (YHKIHMM C TIOMOIIBIO MOACTAHOBKH ¥ == £5, Il s— HauMeHbiuee ofilee KpaTHOS
8HaMeHaTenell fpobell m u n;

2) (m--1)/n—unenoe uucao, B TOM Cayyae JaHHBI HHTErpajl palHOHANH3UPYeTCH
C NOMOIYBIO MOJACTAHOBKH a-}- bx™ =15

3) (m-+1)/n--p—uenoe uucio, B 3TOM clydae K TOH Ke LeJH BEACT MOJCTAHOB-
Ka ax—"--b=1{5, rie s—3HaMeHaTeJb ApobH p.

dx
1463. Ha#itu uurerpad | —————=.
P |

/\ 37ech NOALIHTEr paJIbHYIO (PYHKIHIO MOXKHO 3anucarth B BHJe x~1/2 (xl/“—{— 1),
1. e. p=— 10—nenoe unca0. 3HAUHT, HMEEM NepBHIl CJyuail MHTETPHPYEMOCTH IH(-
depeHInanBEOr0 GHHOMa. [103TOMY C/IelyeT NPHMEHATh NOACTAHOBKY X={¢%; TOria
dx=413dt v uckoMBHIl HHTErpaJ NPHHHMAeT BUJ

ax_ _(_Aeat _,C_ tdt
f;f} (v x+1)" StZ(tJrl)w —C)eE+nes

Tocnennuit uHTErpad HAXOAMTCA TaK:

pdt Ctgl—1 0l ¢ df
G +1)1°"S Emy “S T S (ER)

={rnmraetn—{ 4D a0+ D =— gt e

Taxkum o6pa3soM,

dx —_ 1 4 ‘
S Ay ey oA

" : - x%dx
1464. Haittu unterpan | ———————.
TP ) @ Ve —»

A Tlepenucap moasHTerpanpHylo $GyHKunio B Buie x° (a“‘—xﬁ)'a/z,— uMeeM m=3;
n=2, p=—23/2. Tak xak (m-+1)/n=(3-1)/2=2-—nenoe 44EN0, TO .HMEELT MECTO
BTOpOH cayuaii wuHTerpupyemoctd. Mcnonesys moxcranosry af—x?=1{2, mnoJyuuM
— Oxdx=2%tdt, xdx=—1dt, x2=a%—2. CnefoBaTeabHO,

3 (02— x2)~3/2 dy — 2 42) 4=3. ¢ df — az;tzd -
x3 (a2 —x?) x=—\ (@®—1¥) 3. tdi= — e l—‘

’ dar a? 124 a2 202 — x? .
— —2 | == —_— = = - .
_§d1 @ [ et fe="Fte=rt=t 0 A
o dx
1465. Haittu unterpan (——:—__
Jxt Y T2
A 3aece m=—4, n=2, p=—1/2 u (im-+1)/n+p=(—441)/2—-12=-2
—iej10e unes10. [103TOMY MMeeT MecTo TpeTHH cJIyyall HHTerpHpyeMoCTH JnddepeHnnans-
Horo Ounoma. Ilomaraem x—2-1-1=¢2; rtorma —2x—3dx=2{df; x~3dx=—1tdt.
TlpeoGpa3yeM JAaHHBIUI HHTETpaj] TaKuM o6pasoM:
dx (‘ 4 -1/
=\ ————=\ x~% (1 ]-x2 2dx=
jﬂvd+ﬁ Jrr

= {1l eV ar= {22 2 ) 2030,
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CaegoBaTennuo, 7
I=—{@—nt-1ta=— fer—nar=
=t—’?3+0=]/m—lr—f£3i”—3+c=

2 2}3 2 2 __ ’/ 2

Hai#itu unterpasnsi:

dx _ Vx
1466. \ — =X | 1467, |\ ——X_dr.
Sx (v x+1)? SVV?-H
dx { dx
1468. (—=_. 1469. | —£ .
f’f/wrr* LVW"“
1470, jf’/;I/Sx v x+3dx. 1471, j—l’”——
¥y 2—a?

§ 4. HHTETPUPOBAHUE TPUTOHOMETPHYECKMX ®YHKLHMA

1. Huarerpansl BHaa S R (sinx, cosx)dx, rne R — paunonanshas d¢yHKuHs.

Hurerpansl ykasanHoro BuZa NMPHBOAATCA K HHTErpaiaM OT PalUOHATBLHBIX byHKU MR
C TOMOIIBIO TaK Ha3LIBAEMOH YHUSEPCAMbHOL MPULOHOMEMPUYECKOL nodcmanosKy
tg (x/2)=t. B peayabrate 3TO NMOACTAHOBKH HMEEM:

o otg) o C1—tgr (/) 1—f2
ST e w1+ O Ty T IFe
2dt

x=2arctg ¢; dx=i—+—tz-.

dx
4sinx+3cosx+5 °

1472. Hafitu uuterpan

A\ Tlozeinrerpanbas GyHKUHA PAIHOHANBHO 3aBHCHT OT SIn ¥ H COS X; MPHUMEHHM

—f2
NOACTaHOBKY g (x/2) =1, Torzna sinx:l—-it—tz, cos x=i+—12, dx:f_ﬁiz )3
2dt
dx _ 14-¢2 __
4sinx-+3cosx+5" 2t 1—2
4 1+tz+3 l+t2+5

dt ot 1
=2S2t2+8t'+8:,8 i 132 ¢

Bosepamasice K cTapoil RepemeHHOH, ROJyuHM

dx 1
54 sinxF3cos x5 (g (x/2)12 TC A

dx
2+ 0% —(@®—b) cosx*

1473. Hafite unterpan S(a
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A Toaaras tg (x/2) ={, nony1uM
2dt
dx 1--12

2 3 —bB ¢ = _ 2
(a®-+b2)—(a®—b?) cos x (a2+b=)—(a2—b2)-:+:2

_, dt e d
=2 G (1+t2)—(a2—b2)c1~et2)‘s TR

d 1 ‘ '
=%S————(at)gti:_)bz—_—al—barctg—%——}—c_—_aibarctg(%-tg%)—}-c. A

VHHEBepcalbHas TOACTAHOBKA tg(x/2y=17 BO MHOTHX CJAyuasx NPUBOJUT K CJIOXK-

HbIM BBIYHCJIEHHSAM, TAK KAK TpPH ee NPUMEHEHWH Sinx H COS X BHIpAXaloTCA uepes t
B BHAE PANHOHAJBLHLIX Apobeid, comepiKamux ¢

B HEKOTOPBHIX YACTHLIX CAYUafix HAaxOm/eHHE HHTErPaJOB BHAA K R (sinx, cosx) dx

MOKeT OuTb YIPOLIEHO. .
1. Ecan R (sin x, cos x)—HeuetHast ¢YHKNUS OTHOCHTEIBLHO sinx, T. €. ecau

R (—sin x, cos x)=— R (sinx, cos x), TO HHTErpaj paHOHAIHIHPYETCH NOJCTAaHOBKOM
cos x=1. )

9. Ecan R (sinx, cosx)—HeueTHasw (YHKIHS OTHOCHTEJBHO COSX, T. €. €CJH
R (sin x, —cos x) =— R (sin x, €OS x), TO HHTErpa’x palLHOHANH3HPYETC C TOMOLLBbIO

NMOACTaHOBKH Sin x=f. - - -
3. Ecau R (sinx, cos x)—vueTHast (yHKUHA OTHOCHTEJLHO sinx M COSX, T. €.
ecan R (— sin x, —c0s X) = R (sin x, c0OS x), TO K UesH NPHBOJUT NOACTAHOBKA tgx=t.

(sin x4-sin® x) dx
cos 2x

1474, Haiiru HHTETpas S

A Tak Kak mopnnTerpaibHas (yHKNusS HEeETHA OTHOCHTEJBHO CHHYyca, TO IOJa-
raem cos x=~¢. Orcioga sin2x=1—12, cos 2x =2 cos?x—1=2{2—1, di =—sinxdx.
Takum o6pasoMm,

(sinx-sindx)de _ ( 2—) (—d) _ ( (2—2)dt _
cos 2x - 2t2—1 - 212 —1

1 (2t2—4 1 3¢ adt
=7 o] ‘”—ﬂ"” "?S%ﬂ—l =

g (D LV 2-li g,
2 9y 2) 22—1 2 2y2 [tV 2+!
CrefoBaTeNbHO,
; s 3N g 3 -5 _
(sin x-}-sin x)dx:.lcos — —In Vzcosx 1
€os 2X 2 2V'2 |V Z2cosx+1 |

OTMeTHM, UTO B PACCMATDPHBAEMOM CJyuae MHTErpPaj BCerja MoxeT ChiTh 3amucaH
B BH/JE S R* (sin® x, cos x) sin xdx. A

(cos® x-}-cos® x) dx
sin? x-}sin® x

1475. Hafitu uaTerpan S

A 37ech MOAHHTerpaibHas (GyHKLUA SABJSETCH HEYETHOH OTHOCHTENIbHO KOCHHYCA.
[osTOMy TpHMEHsIeM TOACTaHOBKY sinx=/; 7orza cos®x=]—sin®x=1 —12,
cos x dx=dt. CueloBaTesnbHO,

(cos® x--cos® x) dx _ (cos?x(1fcos?x)cos xdx _ ((1—1%) 2—1t?) dt
sin?x-Lsindx sin?x-sint x - 1214 ’
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(1—19)(©2—1%) 2 .6

B I e
—)@—rHdt_, 2 . ¢
—tz(thz)———t 7 63r0gt+c-

OKOHuaTe/bHo noJyJaem
(cos® x4 cos® x) dx
sin? x4 sintx

—6 arctg (sin x)4-C.

. 2
=sinx—
sin x

OTMeTnM, YTO B pAacCMaTPHUBAEMOM CJiyyae MHTETpai BCEIJa MOXKET ObiTh 3amucaH
B BHJE S R* (sinx, cos?x) cos xdx. A
dx
sin? x4 2 sin x cos x —cos2 x

1476. Haiitu HHTerpanS

/\ Tlonmmrerpanbuast ¢yHKuS quHa OTHOCHTEJILHO CHHyca M KocuHyca. [Tosa-

tg x 1
raeM tgx=+¢ Torma  sinx= = —; OSt=——=
L Vi+ttgix V1422 YV i1+tig2x
—-—1—-—‘ x=arctg t; dex= di Orciona
Vite' ; I
dt
dx _ 12 _
sin® x+ 2sin x cos x—cos?x 2 , 2% 1
12 Vite yite 148
—SZZ—]—Qt—l
Hanee, umeem
" _y d(t+1) 1 in t+1-V2+C
5t2+2t—1 t+10*—(V'2)* 2vV2 | t+14V 2
H, CJIe0BATE]bHO, _
g‘ dx 1 tgxt+1—y 2
; - = —In —|+C
J sin® x -2 sin x cos x—cos? x 2V'2 |tgx+14-Y 2

SaMeTHM, YTO HAXOXKACHHE HHTErpasa MOXKHO YIOPOCTUTh, €CJH B UCXOJLHOM HHTEr-
paJne pasiesiuTh YHCJAHTENb U 3HAMEHATeJb Ha COSz‘x:

dx
S dx § cos? x 5‘ d(tg x)
sin? x 42 sin x cos x—cos?x tg?x+2tgx—1" JtgixF2tgx—1 ° A

2. HHTterpansl Bupa S sin™ x cos™x dx. Boimenum 3nech Apa caydas, HMeiue

0COGEHHO Ba)KHOE 3HauYeHHe.

Cayuai |. Ilo KpaiiHell Mepe OAMH W3 MOKA3ATENEH M WJIH 71— HEYETHOE IIOMO-
AKHUTECJNBbHOE YHUCJIO.

Ecau n—HedeTHO® MOJOXHTEBHOE UHCO, TO MPHMEHSIETCS MOACTAHOBKA Sin x=1;
€CHIH Ke /M — HeYeTHOe IOJIOKHUTeNbHOE YHCJO0,— IOACTAHOBKA COS X = £,

1477. Haiitn uurerpan- S sin® x cos® x dx.
/\ Tonaras sin x=¢, cos xdx=df, monyunm
S sint x cosbx dx = S §in4 x (1 —sin?x)2 cosx dx = S (1 —122df =
=S 1 dt—2S‘t‘3 dt—{-‘s. t%t:%ﬁ—%t’—}—% 94 C=
:% sin%c—% sin"x—}——;— sin®x+C. A
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o sin® x dx
1478, Haifitu ueTerpan S——T— .
cos x 1/cos x

/\ Hmeem

in® x d L
S—ﬂa—xf‘x——=§5iﬂ3 xcos™® xdr= ((l-coszx) cos™ %% xsin x dx.

cosx / cosx

Ilonaras cos x=1#, “—sin x dx=d¢f, nonyuum
sin® x dx

~

=3t‘1/3—]— t5/3—l—C—l/ —{—Ecosx l/cos2x—{—C A
cos x

j——-‘ 3 /= =—S(1—t2) =43 dt=—5 t""“dt—l—jt?/“ dt=
cos x 1/cosx

Crnyuwait 2. O6a mokasarenst CTeNeHH M H N —YETHbIE NOJNOKHTENbHLIE YHCIA.

3lech caepyeT mpeo6pasoBaTh MOALIHTErPaNbHYI0 (QYHKIHMIO C IOMOLLbIO HOPMY.I

. 1
sin x cOs ¥ =5 sin 2x;

sin? x:% (1 —cos 2x);
cos? x—-_-% (1-4-cos 2x).

1479. Hafitu wnrerpan Ssinzxcoszxdx.
/\ H3 ¢opmyast (1) caepyer, uro

2
sin? x cos? x = (sin x cos x)2 = (% sin 2x> =71— sin? 2x.

Tlpumenus Tenepn dopmyay (2), monyuaem

1 1—cos 4x
in2 2 — ——— —
sin®x cos® x=— 5 8 (1 —cos 4x).

Hrak,
S sin? x cos? x dx= % S (1 —cosdx)dx =

1 1 1
=?demggcos4xdx_§ 32sm4x—]—C A

1480. HafiTu unTerpasn S cos® x dx.
/\ Hcnoansys gopmyay (3), momydum
1-}-cos 2x\3
S cosb x dx_g (cos?x)Pdx= S (—-——-— dx=
S (143 cos 2x -3 cos? 2x—}—cos3 2x) dx—
2 3
=3 de—’,— 3 S cos 2x dx—i——g- S cos?2x dx - — S cos32xdx=2
_ , 1-}-cos 4x
——js-x-ﬁgsm 2x.+§S —— dx 4

(1)
@
©®
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—|—% S (1 —sin2 2x) cos 2x.dx=-;— x-]—%;sini’x—}-
iSd.vc-I—l—BGScos4xdx-}—-;3—\SVCOSQJA:a'x—- :
—8~Ssiﬁ29x-ld(sin 2x)=—1—x—}—1%sin2x+

+§_ —}—64sm4x+165n2x—-21—851n32x—f—c=

=—6x—}——4-sin2x—|—§4 sin4xl—£§sin32x—l—c. A

1481, Haiitn unrerpan Ssinzxcos‘xdx.

2
A S‘sm2x cos“xdx—-S (smxcosx)zcoszxdx S( sin 2x ) !ic—g—s—gidx=

=—-g sin? 2xdx+ ) sin? 2x.cos 2xdx—
——SI—T—S(E‘l—xdx—{——S-Ssin22x-—§—d(sin2x)=
1—1de——— cos4xdx+TlgSsinz2xd(sin2x)=

! 3
=165~ sn4x+48sin 2x4C. A

3. Unrerpannl BHEA Stg"’ xdx n S ctg™ x dx, rae m — uen0e MOJNOKHTENbHOE

uncno. TIpu HAXOXKIeHHH TAKUX HHTETDPAJOB NMPHMEHATCH tdopmysa tg2x=sec?x—1
(nan ctg? x =cosec? x—1), ¢ NOMOMmBIO xo’ropon NOCJ/IEAOBATENILHO TIOHHIKAETCH CTe-

neHb TaHreHca UJaH KOTaHIE€HCa.

1482, HafitTu unTerpan Stg’jxdx.
A Stg7xdx:Stg5x(sec2x—l)dx= S' tgf‘xd(tg-x)‘—j‘tggxdx:
tgx Stg3x(sec2x——l)dx__tg—Gx——————;-Sltgx(secﬁx——l)dx—
=tgg tg: +tg X Linjcosx|LC. A

1483. Haiitn nuTerpan S ctg® x dx.
’ A S ctgd x dx = S ctg? x (cosec? x— 1) dx=— S ctgtxd (ctgx)-—g ctgtxdx=

5
—_ x——S ctg?x (cosec? x— 1) dx=

5 5 3
— ctg _l__Ctg x+5 (coseczx-—l)dx—~—-dg x+ctg x-ctgx—x—[—C. A

5 3

4. Hurerpansl BHAA S tgmxsec® xdxn \‘ctg”‘:x cosec” x dx, rie n — 4eTHoe 100«

KuTeabHoe 4Hcao. Takue HHTErpaJnt HaXOIlH CSl aHaJIOTHIHO PACCMOTPEHHBM B 1. 3
¢ nomomplo gopmyas sec?x=1-1g%x (unn cosec? x=1--ctg?x).
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1484, Haiitn umrerpan St‘g‘xsec" xdx.

A S tgtxsect xdx = S 1gtxsectx-sec?xdx=

=S tgtx (1-1g2 02 d (tg x)=S tgtxd ctg‘x)—}—2S tg‘“xd-‘(-tgx)—{—gtgsxd(tg =
=-é—tg5,x+-§—tg7x—|—%-tg9x+C. A

1485. Haiitu unrerpan Sm

dx
sint x

FaN =S cosect x dx = S cosec? x-cosec? x dx =S (1 4-ctg? x) cosec? xdx =

= S cosec? xdx — S ctg? x d (ctg x) = —ctg x——:l? ctg®x4-C. A
5. Hurterpaim BHaa S secntlxdx u S cosec2” +1 x dx. VIHTerpaibt OT HeUeTHORH

MOJIOKHUTENLHON CTeleHH CEKaHCa HJIH KOCBKaHCa TIpOlle BCRTO HAXOAATCA IO peKyp-
peHTHbIM (opMyJIaM:

1 sinx 1
2n+1 L Y () PRSP 2n=1 x
Ssec" XdE =g osthx (1 2n>55€cn xdx, M
1 cosx 1y
21 +1 ——— e —— ﬂ 2n =1
Scosecn xdx 5 " SInZ" x+(1 2n>' cosec2n =1 x dx, 2

1486. Hafitu nurerpan gcosec5xdx.

A\ Tlpumensia peKyppenTHYIO qsopmyny (2) npu 2n41=5, 7. e. npy a=2,
NOMYyYHM
1 cosx

S cosec® x dx=— —

3
T St x Tgcosec'-‘xdx;

nonaras teneph 2n-+1=3, T. e. n=1, no Toi ke opMyTe HMeeM

Scosec%cdx————-;— -Z—?I;—fc+—;—§cosecxdx.
Tak Kak Scos&xdx:Ssiixxsln]tgg- +C, 10
Scosecsxdx=—§%(:n—s—2x—x l—ln'tgil-l—c,
Scosec5xdx=——4—cs%i4ix—-8:icizs2x —1 Itg2|+c A

6. UnTerpans BHAA S sinmx cosnxdx, S cosmxcosnxdx, S sin mx sin nx dx.
TpuroHoMeTpuuecKHe (HOpPMYJIst

sin ¢ cos P =—;— [sin (& B) +-sin (@ —PB)1; )
cosacos f #—;- fcos (&4 B)+cos (a—P)], (2
sin e sin p = [cos (a—B)—cos (e +B)] ®

JIAI0T BO3MOIKHOCTH npouanegeﬂue TPUTOHOMETPHYECKHX (YHKIHAH NPEJCTaBUTh B BHIL
CYMMBI.

239



1487. Haiitn uuterpan S sin 2x cos Sx dx.

A Hcnoassys dopmyay (1), nonyan

S‘ sin 2x cos bx dx~—— s [sm Tx—+sin (— 3x)] dx=

14

é sin7xdx—%gsm3xdx—~——-l-cos7x—|——c053x—|-C A

1488. Haifitu unrerpan S' COS X €OS = €OS % dx.

2

A\ TIpuMeHHM X TNpPOH3BEeIEHHIO cosxcos% dopmyay (2):

S COS X COS - COS

2 SCO%

1
4d_?

S‘ (cos——i—cos —) cos -{—a’x——-
X 1 X
0S —4—dx+-§-Scos 5 cos de.

CHoBa ucmosp3ya Ty Xe (GopMyJay, HaxoAuM

X x4 1
Xcosxcos-gcos T S (cos 4—|—cos )dx—|—4 S <cos -+ cos — )

1 5x

= sin "’*‘5

Haiitu unTerpansi:

, dx .
1489. SS -} 5sin x-}-3cos x *

1491 S‘ cos? x dx

sin? x+4sinxcosx

@ Tlonoxurs ctg x=_¢.
1493 S sin 2x dx

cosd x—sin2x—1 "

1496. S sin? (x/4) cos® (x/4) dx.

1498. { tg2 (x/2) dx.
1500. S sec® x dx.
1502. §

1504. S sin 3x sin x dx.

sec® xdx.

1490. S
1492. S

1—sinx*
cos3 x dx
sin? x-4sin x

1494, Xsm“xdx 1495. gc"s xde

sinx -
1497. S cos* x dx.
1499. 3 ctg? 3x:dx-
1501. gcos X dx

sint x

1503. ‘ ctg? x cosec x dx.
1505. S cos (x/2) cos (x/3) dx.

7. TpuroHoMeTpHYecKHe WOACTAHOBKH. VIHTerpasnl BHAA SR (x, Va“—x“)dx,

SR(x, V&EF o) dr,

S R (x, ]/'xz—az) dx NPUBOJATCA K MHTErpajaM OT paIlHo-

HAaJNLHOH OTHOCUTENBHO sin! H cost quHKmm C TOMOUIBIO HaJJeXalle# TPUTOHO-
MeTPHYECKOH IOACTAHOBKHM: JJISl NepBOTO MuTerpana x=asint (ugu x=acost), nasa
BTOpOro x=atgt (wmm x=acig?) u Aaa TpeThero x=asecf (wIu x=a cosec {).
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1506. Hafitu nurerpan 1.—_5 V=2,

X
A\ TlosoxuM x=asint, Torja dx=a cos { dl W 3ajaHHBIl HHTErpaj IMPHMCT BHL

I — V a®—a?sin?}
asint

___aScoo t S‘ 1— sm t aSi—aSsintdtz
sint

=aln | cosec t—-ctg t|4acosti-C.

acostdt=

dt . dt
Jlns HAXOMIEHUA HHTErpaJa S—sint MBI BOCMIOJIB30BAMHCE (OPMYJOlt | oy =
16
<
=1n|cosec {—ctg ¢ |-+-C, TaK Kax C ee NOMOILbIO Jierde mepeiiTH K npexHell nepe-
MEHHOH X.
Takum obpasoM, nojyuaeMm
1 cns it

I'=aln Sinf  sint

Jacost-C,

rre sinf=ux/a, cos t=7V a®— x*/a. CnenonareisHo,

“_—_V_._zz—-xz +VaE—2+C. A

1507. Haiitn uurerpan [ = (L_
JxVarf A2
A Tlpumennm nojctanosky x=atgf, orkyna dx=asec>{dt. Torna nomyunm
_ asec? tdt 1 osec?tdt
- S‘a tg ¢ Va2—|—a2 Tg?i @ \ tgtsect

1 (sect
——a—SEd Sm—zlnicosect—ctctl-&c

I=aln

Iﬁe tgt=x/a n, caegosaTeabno, ctgi=a/x, cosect=7V 1+cig?t= V a® -+ x¥/x.
Tax,
T2 g2
1 =% In ____Va +x—a

+C. A

x2 dx
1508. Haiitu uunterpan =
V'xz_ az
A TIpuMeHHM NMOACTaHOBKY X ==a sec !, oTKyJla dx=asectigtdt. Tor aa moayuum
2 sec? 7- t
arseciiasectlel py oo secttdt.
V a%secti—a?

Jlanee NpUMEHHM PEKyppPEHTHYIO ¢opmyay (1) n. 5 npu n=1:

1=

1 sin t 1 sin ¢
3 2 — —
Ssec bdi = 2 coszt 2 Ssect di 2cos2t 2 Su)s -
__ sint 1 .
= 5052 t+7 Injsecttgt|4C,
Tle sec {=x/a, cost=a/x, sint—Vx2—a‘~’/x tgt=V x> —a2/a. CaeloBareanho;
a?sint
Tos2_t+ lnlsect—}—tgtl—[—C-

RV SN =2 AR NN
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Haiitu uurerpassi:

1509. 5 _ax
(1— 232

§ 5. HHTETPUPOBAHUE PA3HbIX ®YHKUHH

- Ha#itu unterpass:

1512. S sin®x sin 3x dx.

1514. Sh;Txdx.

1516.

1520.

1522,

1524,

1526.
1528.

-

1530

1532,

1534.
1536.

S (2x*—1) cos 2x dx.
1518. Sg"iﬂdx.

§

3 ey

)

e?¥ — 2% —3

V25 —1 dx.

dx

V' 6+ 4x—2x% dx.

xe¥ dx
Viies

dx
xt-x2”

cos®x V21 b5igix
(x+2)cos(x*+4x+41) dx.

Jo

S

T

e“" cos fx dx.

dx
sin? x cos?x *

dx dx
1510. (- 1511, =

1513. §(2x2—2x+1)e-x/2dx.

1515. S arctgxdx

2_[_1
1517. S xIn? xdx:

1519. S arctg V xdx.

dx
1521. .
(f/1+x4

e** sin e* dx.

1523.

1525. \ sin2x1Incos xdx.

{
)

1527. 5‘ roosxdy
)

1529. \ In (¥t x) dx.

1531.gcoslnxa'x.
1533. S e** sinPxdx.

1535. S dx

a? cos? xJ- b2sin? x
dx
T

1537.



TITABA X
ONPEJEJIEHHBIH MHTETPAJI

§ 1. BBIYHUCJAEHHUE ONPEJEJIEHHOT0 MHTETPAJIA

[Mycts dynxuus f(x) ompereneHa Ha OTpesKe [a, b]. Pasneanm otpesok [a, b]

Ha 1 NIPOM3BOJIBHBIX YacTell TouKaM# a=1Xp < Xy < X3 <... < Xp_1 < x,=b, BHOe-

PEM HA KaXIOM SJEMEHTAPHOM OTpesKe [Xp_y,Xj] MPOH3BOJBLHYIO TOUKY Er M HafizeM

JANUHY KaXKAOTO TaKOTO OTpesKa: Axp=Xp—Xp_1. Humeepaasnod cymmol Lt HyHK-
n

wun f(x) Ha otpeske [a, b] naspiBaeTcs Cymma BHZA 0= Z f(Er) Axg, mpuuem 3Ta
k=1

CyMMa uMeeT KOHEUHBI mpeiest /, eCyiM AJIst Kaxjoro & > 0 mnaiizercs Takoe 4YHCIO
§ >0, uto npu max Axp < § nepaBeHCTBO |0—1| < & BBLUIOJHACTCT HPH so6oM
BeIGope uucest Ep.

Onpedesernois unmeepasosn ot GyHKIHHE f (x) na orpeske [a, b] (1M B npereaax
or @ 7o b) nasnipaeTcs npeaes HHTCTPa/ibHON CYMMbI TIp YCJIOBHH, YTO AJIHHA HaH-
60JIBIIErO 13 3JCMEHTAPHLIX OTPe3KoB (mMax Axp) CTPEMHICA K HYJIO:

b n
1=Sf(x)dx= lim o= lim > (&) Mg

o max Ax >0 max Ax,—>0 p=

Ecau ¢yuxunsa f(x) renpepmsna Ha [a, b], To mpesen HHTETPAJbHON CyMMbl CYILECT-
ByeT M He 3aBHCHT OT crocofa pasCHeHHs OTpPe3Ka [a, b] ua siaeMeHTapHblE OTPE3KE
W or BmGopa ToueK E (TeopeMa CymeCTBOBAaHHST ONPEALIEHHOIO
tHTEerpa.da).
Uyena @ M b COOTBETCTBCHHO HA3HIBAIOTCS HUJNCHUM M 6eDXHUIL npedeiamu ut-
mezpuposanus.
b
Ecau f(x) > 0 na [a, b], To OmpeAeeHHbIH HHTErpas K f(x) dx reomeTpHYeCKH
a
npejncranaser coGoli mAOWANb KPUEOAUHEUHOL mpaneyuu —QUrypel,  OrpaHHYeHHOI
JuHHAMH y=f (¥), x==a, x=">b, y=0 (puc. 42).
OCHOBHLIE CBOlCcTBA onpejeJqeHHOro HHTerpaJaa

a b
10, Sf(x)dx:——gi(x)dx. 70 S
b a y=f($)

2, S f (x) dx =0,

b ¢ b
30, § F) dx=§ f ) dx+§ f () dx. N
b b b
40, S [f1 () £ ()] de= S fi (®) dx + S fa (%) dx. Puc. 42
ab , a a
50. S C-f(x)dx= C'S f () dx, rne C —nocTosHHaA,
a a
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6°. Oyenka onpedesennoco unmeepara: ecin m<<f(x) <M mna [a, b], T0
b
m(b—a) < gf(x) dx < M (b—a).
a
ITpasuna BLUKHCAeHHST ONpeAeNeHHE X HHTETIPaaoB
1. Popmyra Hotwmona— Jleti6rnuya:
b

gf(x) dx=F (%)

b
=F (b)—F (a),

a

rie F (¥)—neprooGpasnas aas f(x), T. e. F' (x)=f ().
2. Humeepuposanue no uacmam:
b

\‘ udv=uv

D,

a

b b
—5z’du,
a

a

rje u=u (x), v=uv (x) —nenpepuisHo Juddeperunpyemsie GynKuUH Ha oTpesKe [a, b].
3. 3amena nepemennoi:

b i
(rwa={flome oa,
a a
rie x =@ ({)—ynxiuns, HenmpepeBHasi EMECTe CO CBOEH NPOH3BOIHOI ¢’ () Ha or-
pesie a=<<i<<P, a=¢ (@), b=0 (§), [[¢ (/)] —dynkuns, nenpepusuas Ha [o, Bl.
4. Ecin f (x) —neverHas ¢ynkuus, 1. e. [ (— x)=—f (1), T0
a
S f(x) dxe=0.
—a

Ecnu f (x)—vernan dynxuus, 1. e. f(—x)=Ff(x), 10
a a
S F dx:2gf(x)dx.
—a 0
1
1538. BbluncJuTh HHTErpad Sx‘z dx Kak npeien HHTErpaJbHON
0
CYMMBI.

A\ 3aech f(x)=x% a==0, b=1; pasnennm orpesok [0, 1] Ha n paBHux yacreii,
Torfa Axp=(b—a)/n=1/n; BoiGepem Ep=x;. Hmeem:

—0 . x~2 _n—1 S
Xp=VY, xl——ﬁ, 2T s Xn—1= P Jln*;— B
- 1 2. £ .__/2 2 £y — n‘2. © v, —— k 2 1
f(&)—(z) ) f(w)—\;) R f(bn)“(;) 5 F ) A"k‘(?) T
ClreloBaTenbHO,
» 2 2 1192 _ 412
5x2dx= lim 1222 33+...—| n?_
n-w n
0
1+_l_ 2+‘L
= 1lim n(nd-1)(2n4-1) lim n n/) 1
e, 6n3 T naw 6 RN

3/iech HCnoAb3oBaHa GOpMYJA CyMMbl KBaJPaTOB HATYpAauILHbIX HHCE. A
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/4 B
dx ' o
1539. Bpluncaurs 3‘ ooy 10 ¢opvyae Heiotona—JlefiGuuua.

/6
/4 —
dx /4 a V3
§ @e=ter],=teg—teg=1-"r". A
/6
18
' d
1540. Ouenutb uHTErpals S cosrar,
GV I+
A Tax kak |cos x|<<1, o mpu x>>10 noayuus HepaBeHCTBO Co_sl—x =1 < 10-2,
X
CaesloBaTesbHO,
18 18
COSXAY | £ 8.10-2 < 1071, 1. e S COSXX | 0,1, A
oV 1A fo

/2

dx
1541. Ouennrtp HHTETpana (5 51 3cos?x’

A\ Tockonsky O<<cos?x<< 1, umeem

n/2
1 1 1 I dx T
?g5+8cos‘3x€3 LT S 5+3cos2x5’:m' A
0

1
1542. BpuHCJHTB S xe=* dx.
0

A, Bocnoasayewmcs MeTOOM HHTENp KPOBAaHHS 10 yacTsin. [Tostomnm 1= x, dv=e~¥dx,
oTkyaa du=dx, v=—e~%. Toraa

1 1
1 1 e—2
xe=¥dx=—xe=%| -\ e~ ¥dx=—e"l—e¥| = - = .
) 0 e
0 0

e
2
1543. BrluucauTh 5]-’;—xdx.

dx
A Toaoxum Inx=1£; Toraa —x—=dt; ecin x=1, 10 t=0; ecn x=e, T0 =1,
CrnenoBaTesibHO,

1 1

Inx  Coon 1 at 1 s gLl
Sde gtdt_3t = —0)=5 A

1

1544, BLuHCJAHTD Sl/r2 x2dx.



A\ Tlonoxum x=rsint; Torna dx=tcos ¢ df; eciu x=0, To {=0; ectn x=r;
to t =mn/2. Tlostomy

r w2 a2
S VrE—sde= S YV r*—r?sin?¢ rcostdi=r? S cos?{dt =
0 0 0

/2

1 ¢ 1 | P K74
=?r2 5 (14-cos 2¢) dt=?r2 [t—{—?sm 2tJ0 =
0

2

5 [(3+ne)-(or o)) 4

/3
xsinx
1545. Bepiuucauts [ = S —d
cos?x
-t/3
3
xsinx
A TlojbiHTerpanpnast QyHKUHMS—ueTHasi, @ noTomy [ =2 S mdx. Unrerpu-
0
sin x dx
nonaras u=x, dv=—_—-=" Torja du=dx, v= O1ci071a
pPyeM Mo uacTm, ) costx » TOrA ; Cos % 104,
HaXxoauM
/3

stinxd o x |we S de = Inte (X7 Y]3 _
; cos’x P =5 x o ) cosx “TZcos 3 g(7+T o
ks 51

2n n T 2n

CneoBatenbno, I =2 Q—R—Intgijﬁ A
3 12
1 .
1546. Bomuucants [ = \ 22Cs80x 4.
_1V1+x2

A\ Toaviurerpanbuas GyHKUHUS — HeueTHas, ciaelosarensho, /=0. 4
1

1547. Braucautb Sxdx KaK Tpejiesl MHTErpajbHOH CYMMHI.
0

1

1548. Brluucautn Se"dx KaK npeies HUHTErPaJbHOH CYMMEL.
0

1549. Ouenuts uuTerpan \ x (1 —x)2dx.

SIS

1550. Ouenuts HHTerpanm |\ esin’xdyx,

a
o
a SN

1551. Onenurs uHTErpan ‘S‘ Si—;fdx.
/2
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BriunciuTh MHTEr pasbi:
3 1
- — dx
1552. \ 2V ¥—1 dr. 1553. \ =75,

2 1
/ z
1554. Se—;;dx. 1555. Se"” dx.
1 0

2 76 .
1556. S cos In x dx. 1557. g Sclgsidx.
1 0
2In2 2n
1558. S e_*d—i_T . 1559. g cos bx cos x dx.
In 2 6
/3 n/4 .
1560. S cos® xsin2xdx. 1561. %—iig;fcdx
0 ) 0
2 7/2
1562. (2. 1563. | evcos .
P 0
3 2 sin 9 {
1564. Sﬂ_" dx. 1565. S x arctg x dx.
x241
23 -1
@ !lcroanaesaTh CBOHCTBO Heyer- @ licronbsoBaTh  CBOHCTBO  U€THOI
HOI (QYHKIHH. GYHKIH,

1566. [okasaTb, 4TO

I
. . 0 npu m # ny
Ssmmxsmnxdx:{ P 7~
T OpH m=n

-7

(m H n-—uesaple IOJNOXKUTEJbHbIE ‘lHCJIa).

§ 2. HECOBCTBEHHBIE HHTEI'PAJIbI

1. OcroBHble nmoHaTHA. Hecobcmsenuvimu unmesparamu HaswBaoTes: 1) HHTEr-
pamsl ¢ 6eCKOHEUHBIMH IpefieiaMy; 2) MHTErpajbl OT HEOrpaHHueHHBIX byHRUHI.
HecoGcTnennbiit HuTerpas or GyHKUuH [ (X) B Npejerax oT a 1O - Onpele-
JIseTCsl PaBeHCTBOM
+ &0

b
S f(®) de= lim S [ (x) dx.
b—>+ @
a a
ECai 5TOT TIpefiesl CYMECTBYET H KOHEUeH, TO HeCOGCTBEHHEI WHTErpal Haskl-

BaeTCH CXOOAUUMCA; €CIH JKe Tpefiesl He CyuleCTBYeT HJHM paBeH 6eCKOHEUHOCTH,—pac-
X0OAUUMCA. .

AHaJoruuHo,
b b + o b
S f (%) de= lim Sf(x)dx 1 S f(x) de= lim Sf(x)a’x.
= % - b rwa
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Ecnu dy#ikuus  (x) umeer GecKOHeUHbIl pasphls B TouKe ¢ orpeska [a, b} u Hempe-
PblBHA NMpu a<KX¥ < ¢ U ¢ < X<|b, TO 1O ONpeneAeHHIO NOJAranT

b c~o b
* T .
§ 0 de= lim aS ] 5)d-f- lim C§ﬁ  (x) dx.
b

Heco6etBenHblit HHTErpad S [(x)dx (tne f(c)=o0, a < ¢ < b) HasbiBaeTCH Cx0-

a
OAwumes, eCIH CYMECTBYIOT 00a Npejeia B NPaBoil YAacTH PAaBEHCTBA, M PacXodsl st
€A, €CJIH He CYWECTBYeT XOTHA Obl OZMH H3 HHX.
+®

1567. BoiuucauTe HeCOOCTBEHHBIH HHTErpal S cos x dx (unu ycraHo-

0
BHTb €r0 PacXOAHMOCTD).

/\ Hmeem

b lim (sinb—sin 0)= lim sin b,

b+ b+ x

lim Scosxdx: lim sin x
b—->+ou0 b—>+

T. e. npeaent He cyuiectByer. Ci1e0BaTeNbHO, HECOGCTBELHBLI HHTErpal pacxoAutcs. A
-1

1568. Boiuucauts S %.

-
/\ Haiizem
o Cdx . 1
lim —= lim __1_ = lim +— )=
a—r—o X a>—x X ja a>— a
a
T. €, HecOGCTBEHHDIH HHTErpaj CXOJHTCS. A
+»
o ax
1569. Hailtu \ ——.
[x
-
+ o + ®
A\ TlogeiuTerpanbuas GyHKILHSA — YeTHast, T03TOMY S l e \ T2 ,\3 . Torpa
2 ol -1
+ o
dx b n
= lim S lim arctgxl = lim arctgh==
§ l+ b>+» 14 x 2 >4 ="o b>+® ® 2
dx o
Takum oépasom, —17_—)6—2-=n, T. €. HeCOGCTBEHHBL HHTErpam cxointcsi. A

1
1570. Hafitu S _).:f

A I"onxbmrerpa.nbﬂaﬂ ¢yHknus f(x)==1/x ® Touke x=0 HeorpaHuuena, a mo-
TOMY HMeeM

a-—>0 X a—>0

1
!
Sd——— lim a'_x_ limln x| =lim(lnl—Ilna)=-+w,
x 2 @ a0
0

T. €. HeCOOCTBEHHUIl HHTErpas PAacXOAHTCA. A
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+ ®

1571. Haitu g xe—* dx.

0
/\ Vwmeem
+ o b ( 1 N
1 b . 2
B 3 S T —x2 gy 1 _ -2V~ lim (____e—b—)=._
§xe dx b_l)l:_nwé‘xe dx b»inw[ 5 € ]0 bt \ 2 5 9

T. €. HeCOGCTBEHHBIl HHTerpas CXOAuTCH. A

Broiyucauth HecoGcTBEHHDIE HHTErpaJibl:

+ @ 0
arctg x dx
1572. § oad. 1573, | T
2 1 1
x’dx dx dx
7 N . —————— . —5.
1574. §V4-x2 . 1575 bgl/m 1576 _S. >
1 +®
- Ay dx
1577. bgk lnz.,\,d.’t. 1578. lg‘ W—Zj.

2. Mpuanaku cpasnenus. Ilpu Hccre/loBaHUH CXOJMMOCTH HeCOGCTBEHHBIX MHTer-
PasioB IOJMB3YIOTCS! OAHMM 13 NPH3HAKOB CPaBHEHUSI.
1. Ecau ¢yurruu [ (x) u @ (x) onpedesentr 023 6cex x==a « unmeepupyemo. Ha
ompese [a, A], 2de AZ=a, u ecau 0<f(x) << (x) Oan 6cex x=a, mo u3 cxodu-
+ o o +»

MO UHME2PAr g ¢ (x) dx ewumexaem cxodumocmo uHmMe2pasa S f (x) dx, npuuen

a a
+ x + ®

S F ) dess Sq)(x)n’x.

a
2. (a) Ecau npu x — -0 pynkyua f(x) =0 ssasemca 0eckoHedno Marold no-
+»

padka p > 0 no cpasuenuro ¢ 1/x, mo unmezpar g f (%) dx cxodumes npu p >1 u

a
pacxodumen npu p<<l.

(6) Ecau ¢yrxyua [ (x) =0 onpedesena u nenpepoigra 6 npomescymse a<<x < b u
Asanemca Oeckoreuno Goaswold nopadka p no cpasuenuto ¢ 1/(b—x) npu x — b—0,
b

nmo uxmeepar S [ (x) dx cxodumea npu p < 1 u pacxodumes npu p == 1.
a

+ ®

dx
1579. HMcceaenoBath CXOAHMOCTL HHTErpaJa S —-
X
a

A\ Tlo onpejenenuio
+ 0 A

dx . > : 1 A
—=lim Sx“'”a'x: lim —————x'p“] =
P At Ao | 5P a
- 1 .
= i A P+l _ —q—pP+L,
—p-+1 A]_l,niw ——p—{—la
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Jonyctum, uro p > 1; roraa lim A~PTl_o, 3naunt, nmpu p > 1 uHTErpan
>+ o

+ w

. -p+1 dx

cxoputea. Ilyete p<<1; torna lim A =00, T, €. HHTErpaJ — mpu p=<<l1
A—>+ Y xP

pacxoauTcs. A
+o

1580. UccoenoBath CXOAMMOCTb HHTerpaga S sin (x?) dx (unmeepan

o

PDpeneas).
+ @ + x
- . pn 1 sin t .
A Tyers x=V 7 ; Torna sin (x*) dx = dt. [IpeacraBuM cTosumuii
0

0
ClpaBa HHTErpaJ B BHJE CYMMbI:

+ /2 + o
sinT sinT sint
——dt= -—_d’l:—{- S —dr.
V' s Vi eV
o , sint
IlepBoe caaraemoe ectb COGCTBEHHBI HHTErpas, Tak Kak lim -———= =0; a xo
T->0 T

BTOPOMY NIDHMEHUM HHTErpHpOBaHHe IO yacTsM, nonarast u= 1/} 7, dv=sintdt:

) +® + @ +®
sin'cd-r__cos-l,' ’ _L ( cos tdr__ 1 g‘ cos tdt
7/2 Ve Ve 72 )2 Vi 2 are " !
+ ®
. cos T 1 dt
IToceanuil MHTErpas CXOAUTCH, TaK KaK 7 <W , @ WHTErpan S a7 CXoMT-
/2

+ o

sint R
cs1. Tlostomy —— dT CXOJMTCSI HA OCHOBAHWU IpH3HaKa (2a), a cJaeJoBaTeJblo,
: T
0

JaHHBIA HHTEerpaJd TakiXe CXOJHUTCA. A

+»
d
1581. MccienoBath CXOAUMOCTb HHTerpasa X l—_rxxﬂ
1

/\ Tloaoiuterpanpnas ¢yukuus f(x) =1/(14x% B npomexyTke HHTErPHPOBAHHST
+ ®

dx
MeHblue, yeM @ (x) =1/x19, a uuHTerpax S 15 ABJACTCH CXOMAMIMCS. CaeroBareibe
1

HO, JAHHBIH HHTErpas TakikKe CXOAHTCA. A

b
1582. Hcciaenosath CXOAHMOCTh HHTErpaja Sﬁ; (@ < b).
a

A\ Tlc onpepenenuio

b b—¢e
dx . dx 1 b-g

— =1 —_—— i —y)—p+1 —
Somr=Im \ gop=— i im 007,
a a

1 1 .

= limg =P+l (h—a)—P+1,
7 Ime P 69
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Ecau p < 1, 10 lime=7+1=0; ecimn xe p > 1, 1o lim g—P+1l=c0; €CIH, HAKO-
e—>0 >0
Hel, p=1, TO
‘ b-g
dx
lim — == lim In (b— x)
e£-0 b—x e—>0

a
b

dx
CaegoBarenbHo, npu p < | HHTerpan S(b—_x)ﬁ cxoauTcs, a mpu p == l—pac-

xozutcst. A

cos?x dx.
1/1——-x2

A 'Tlommimrerpanbuas GyHxuus sBiseTcs GeckoHedno 6Goabuwioil npuy x — .
IlpeacraBum ee B CJIe[LyIOULEM BUJE:

cos? x cos® x 1
fx)=x

iax ]/l—x T e =07

T. €. IOPANOK 3Tofl GecKoHeuno GoMblIol GyHKUUH NpH x —= | 1o cpasuenHio ¢ 1/(1—x)
paseH p=1/3 < 1. [TosToMy paHHbIH MHTErpal CXOJMTCH HA OCHOBAHHH TPH3HA-

Ka (26). A\
1584. HccnenoBath CXOAUMOCTb HHTErpana S ]n(:‘j;‘/

1583. MccnenoBath CXOQUMOCTb MHTErpaJa S

A Tlopputerpaabuast QyHkuua™f (x) B NPOMEXKYTKE HHTErDHPOBAHUS MONOKH-
TedbHa u | (x) — o0 npH x— 0. Iloab3yach TeopeMoit 06 3KBHBaJEHTHBIX GeCKo-
HEUHO MaJBIX, MpeofpadyeM UHC/IHTeJIb H 3HaMEHATeNb MOABIHTErpaibHOH JpobH; HMeeM

1n(l—{—1/x) ~ %13 a eSM¥__1 ~ sinx npn x— 0, oTKyzA
lim 1n(1+]/x) — lim x_____ lim -l—=oo;

;_}0 esmx 1 x>0 x x>0 x2/3

T.e. f(x) sBAsteTcs1 Geckoneuno Gombmwofl mopsiaka p=2/3 mo cpasuenuo ¢ 1/x. Cae-
Z0BATEIbHO, NO NPH3HAKY (26) 3aJaHHbIA MHTETPaJ CXOAUTCH. M

I/ICCJIe}IOBaTb CXOJUMOCTDb C.HC)J.YIOILU/IX HecOOCTBEHHBIX UHTErpason:
+ ®

xarctg x .
S ZACEX iy,
) VIts

1585. S‘“(“F")d 1586.

+®

1588. S(l——cos—)dx 1589.
1

1 1
dx
1590. 3 . 1591, \ ————.
§ x_ § tgx—x

§ 3. BBIYUCJEHME MJIOWAAH NJIOCKOH ®UIYPBI

Iiomwanb KpHBOJHHEHHON Tpaneuuu, orpaHuueHnoil kpusoit y=Ff(x) [f (¥) = 0],
NpAMBIMH X =g H x=b 1 orpe3koM [a, b] ocu Ox, BLUHC/IfETCS MO (QopMy.e
b

:-Sf(x)dx.

a
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Mnomane ¢urypsi, orpanuvennoil KpuBbME y=F; () 1 y=[2 () [f1 (0} <[z (¥)]
H NpAMbIMH X=a W x=b, HAXOAMTCH 1O (OpMYyJIe

b

$={ lh—h@ldx

a

Ecav kpiBas 3amama napaMeTpHYeCKHMH ypasHeHusiMA x=x (f), y==y (), To
AJIoWalbh KPHBOJHHEHHOH Tpanelud, OorpaHHueHHoll 3Tofl KpHBOI, NpAMbIME X=a,
x=0 u orpeskom [a, b] ocu Ox, Beipaxkaerca GopmyJioil

1,

s={voxwa,
1

Tae 74 W 1 onpenessioTcss M3 ypaBHenuil a=x (t1), b=x(t;) [y () =0 npn f;<t<ty].

Ilowans KpuBOJHHERHOrO CeKTOpPA, OrpaHHYEHHOrO KPHBOil, 3ajaHHON B moJsp-
HBIX KOOPAHMHATaX ypapHeHHeM p=p (0) M JAByMs NOJpDHbBIMH pajuycami 0=c,
0=0 (o < f), naxoaurca no opmy.e

1

—_— 2

Y S

1592. Haiitn myomanps ¢Hrypel, orpanuyeHHoll napa6ooii y=4x— x?
" ccoio Ox.

A\ TlapaGonra mnepecekaer och Ox B TOUKax 6(0; 0) u M@; 0). CJIe}LOBaTeJIbHO,.

4
1 4 32
o 2 — 2 3 J—
S—§(4x x%) dx= [Qx 3 ]0_3 (kB.ed.). A

1593. Haiitu niomans ¢urypsr, orpaHnuensoil napadosoit y= (x—1)2
U runepbosoit x*—y*/2=1.

/A Haiinem Touku nepeceuennss napaGo/isl W TuNepGOMLI, AJIS UETO PEINM COB-
MECTHO YDaBHEHHST I3THX KDHBBIX:

1\
xz____(x 21) =1, nm x*—4x3}-4x2—4x - 3=0.

[

JIeBy1I0 uacTe INOCJENHEr0 yPABHEHHS MOXHO Da3JOKHTb HA  MHOMKHTEH:
(x—1) (x—3) (x*+-1)=0, otkysa x;=1, =3 u y;=0, y,=4. Takum o6pasom,
SajaHHBle KpuBbIe Nepecekaiotcs B Toukax A (1;0) u B (3;4) (puc. 43). Caenosaressho,

3
S:S V2= —x—1)2]de=
i

L i ER PR ) L (e

___ZQE [3V 84134 V?S)]—%":%)Jriz_z nO+VE) & 458 (0. 1) A

1594. Briyucants niomans miockoit GHIyph, OrpaHHYEHHON OfHOM
apKOH LHKIOHABL X =2 ({ —sin{), y=2 (1 —cos ¢) (cM. puc. 5) i ocbio Ox.
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A 3pece de=2(1—cos ?)dt, a t usmensiercst or ;=0 po f;=2n. Cueposa-
TebHO,

21 2n
s:S 92 (1 —cos t)Zdt=4S (1—2 cos ¢+-cos? {) df =
0 0

2
=4[t—2 sint-{-% H——‘l}- sin 2t] 0u=12n(Kn. en.). A

Puc. 43

1595. Hajitu nnomasp nJOCKOH (UTYDH, OrpaHUYeHHOH JIeMHHCKa-
Toit p?=2c0s20 (cM. pHc. 2).

A UeTsepToil yacTH HCKOMOH NJIOWAAM COOTBETCTBYeT M3meHeHHe O ot 0 go /4,
a noTomMy
/4

4
S 2 c0s 20 d0 =2 sin 20 Z/ =2 (xB.el.). A
0

—

S=45

BoluncauTs MJI0MAgH QUryp, OrpaHHYEHHbIX 3aJaHHBIMH JHHHSAMH:
1596, y=—x* x+y-+2=0.

1597. y=16/x%, y=17—x? (I yerBeprTh).

1598. y*=4x?, y=2x2

1599. xy =20, x*-}-y*=41 (I ueTBeprn).

1600. y=sinx, y=cosx, x=0.

1601. y=0,25x%, y=3x—0,5x%

1602. xy=4l/§, xX2—6x+y*=0, y=0, x=4.
1603. x=12cos¢}5sint, y=>5cost—12sint.
1604. x=acos*t, y=asin®{.

1605. p =4/cos (8 —n/6), 6 =n/6, 6=12/3.

1606. p=acos0, p=_2acosH.

1607. p=sin®(0/2) (cnpaBa oT ayya 0=um/2).
1608. p=asin 30 (naowage oxgHofl merau).
1609. p=2cos0, p=1 (BHe kpyra p=1).
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§ 4. BBIMUCJIEHUE JJIMHBI OYTY NJIOCKOM KPUBOH

Ecou xpusas y=f (x) Ha oTpeske [a, b] —rnankas (t.e. nmpoussoasas y' =f' (x)
HENpepLIBHA), TO AJIHHA COOTBETCTBYIOWEH Xyrd 3TOH KDHBOH HaXoAMTCA HO (OpMy.ae

b
=(Vityiax
a
Tlpu napamerpuueckoM 3amanuu Kpusoit x=x (), y=y (! [x(f) u y (¢!)—nenpe-

puieHO Auddeperunpyemble GyHKUHH] JJaWHAa Xyrd KDHBOH, COOTBETCTBYIOWAs MOHO-
TOHHOMY H3MEHEeHHIO NapameTpa ¢ OT #; 10 {3, BBHIMHCJACTCA MO (opmyJie

t,
= V g dt.
t

Ecau ryazkas Kpupas 3ajaHa B NOJSPHBIX KOODIHHATaX YpaBHeHHeM p=:p (0),
o << 0<<P, TO WIMHA AyrH paBHa

= f V ot Lo do.

(24
1610. Hafitn anuny pyrum Kpusoft y2=1x® ot x=0 10 x=1 (y=0).

A Inddepennupys ypaBHeHHe KpHBOI, HaliiemM y’ = (3/2)x . Takum o6pason,

2 9 3/2f1 8 /13\3/2 8
L= Sl/l-}——xd: 3<1+T") o—f(f) e

9°
8 /13—
1611. Ha#itu pamuy Ryru KpuBoil x=cos’f, y=sin®f oT {;=0 10
= 1t/2.
A Haiizem npomssomssie mo mapamerpy f: x=-—05cos? fsin f, y=>5sin*{ cos £.
CnenoBaTenbHo,
/2 /2
L= ‘g V (—5 cost ¢ sin {)2 - (5 sint £ cos /)2 df =5 S‘ sin ¢ cos ¢ V sin® £1-cos® ¢ dt =
0 0
n/2
.-=—§- sin 2¢ 1/—-—}— 7 cos2 2¢ dt——— SI VY 13 cos? 2t d (cos 2f) =

0

— 2 (V3 ey T 11(1/'3 2%V 13 22:)] "
8y 3 5 cos cos —}—?n ccos 2+ 14-3 cos 1, =

5 In(Q-VE) ]
_—_— 2——'—_— .
8 [ V3 A

1612. Haiitu inny 1yru kpuBo#t p =sin® (8/3) or 6, =0 g0 0, =m/2.
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A Vmeem p’ =sin2 (0/3) cos (8/3). CrnezosarensHo,

S RN
9 /
_ 6 O iz Y Y. — in? - 40 —
L_S 1/ sin 3—[-Ksm 3c053> de §sm 7 d0
0

/2

1 ¢ 20 | 3 201w/2 1 .
—L —cos 2V 0=l 0— 2 sin 21" =L (9 —3 .
_..25(1 cos3>d9 2[6 251n3}0 8(23‘; V3). A

0

BLIUMCAHTD JVTHHBL YT KPHBBIX:
1613. y=Insinx or x=mn/3 10 x=m/2.

1614. y=(2/5) x {4/x—(2/3) VX MEXKAY TOYKaMH IepeceyeHHust
¢ ocpto Oux.

1615. y=x%*2 or x=0 o x=1.

1616. y=1—Incosx or x=0 g0 x=mn/6.

1617. y=chx or x=0 g0 x=1.

1618. x=1"/3—1, y=1*+2 or t=0 no t=3.

1619. x=elcost, y=-etsint or {=0 pgo f=Inm.

1620. x=8sin{+6cost, y=6sinf—8cost or =0 no0 ¢—=m/2.

1621. x=9({—sin¢), y=9(l—cos?) (mmHy Ayrn opnoil apkw
LHKJIOUAH).

1622. p=06* or 6=0 g0 0=1.

1623. p=qasin0.

1624. p=acos*(0/3) or 6=0 g0 O=m/2.

1625. p=1—cos9.

§ 5, BbIYMUCJNEHHE OBBEMA TEJIA

1. Bouucrenne o6bema Tesa NO M3BECTHBIM MJOMAASM NONEPEYHBIX CEYeHH.
Ecau muowans ceveHHs Tena MJIOCKOCTbIO, NEPIUEHMKYJIAPHON ock OXx, MOXKET GbiTb
BbIDaXKeHa Kak (QYHKUHMA OT X, T.e. B BHIe S=3S(x) (a<<x<CTbh), 10 06beM uyacTy
TeJa, 3aKJIOYEHHOH MeXJy NepIeHAMKYJISPHEIMH ocd OX IVIOCKOCTAMH X==a H x=b

H
HaxoauTcs 1o (opmyJie

b
V= S S (%) dx.

2. Boluucnenne o6'bema Tena BpauweHHs. Ecuu KPHBOJIHHeHHAS TpanenHs, orpa-
HuUeHHas KPuBoH y=/[ (¥) u npsmbovu y=0, x=a, x=25, Bpamaercs BOKpyr ocu Ox,
TO 00BeM Tesa BPAleHHs BLIUHC/SETCS MO (opMyJie

b
Vi=mn S y?dx.
a
Ecan urypa, orpanuuennast KpuBBMH yy=[; (¥) H yo=fo (¥) [0<< [y @) <fy ()]
H NPAMBIMH X =@, X==b, Bpawaerca BOKPYr ocH OX, TO 06beM Teda BPALIEHHA
b
Vx=ng (y2—yi) dx.

a



1626. Hajitn o6pem Tena, 06pa30BaHHOrO BpaiyeHnem Bokpyr ocu Ox
(urypsl, orpannuennoii Kpusoit y®= (x—1)> u npsMoit x=2 (puc. 44).

2 2
A V=nS y? dx=nS x—1)3 dx=%n (x——1)4 2=711-n (ky6.en.). A
1
1 1

1627. Haiitu o6beM Tesma, B OCHOBAHHH KOTOPOrO JIEXKHT PaBHO-
GeLpeHHbIA TPeYroJbHMK C BHICOTOH A M OcHOBanueM q. [lonepeunoe

gk / "
5
U
4 -
"0 1 z &
%
A b
\
Puc. 44 Puc. 45

ceueHue Tela €CTh CerMEHT mapaboJ/iBl C XOpJOH, paBHOI BHICOTE cer-
MeHTa (puc. 45).

A Vwmeem |AB|=a, |OC|=h, |MK|=|DE], |0K|=x. Bupasum niomaus
NONePeYHOro CeYeHHsl KaK (QYHKIHMIO OT X, IS Yero IPeJBapHTeNbHO HalijieM ypaBHe-
Hue napaGousl. miHy xopast DE MoXHO HaHTH H3 MOJOGHS COOTBETCTBYIOUIHX Tpe-
YroMIbHHKOB, a umeHHo: | DE|/a=(h—x)/h, 1. e. |DE|=a(h—x)/h=| MK |.

IMonoxknm |DE|=m, Torna ypasHeHHe napaGosibl B cHCTeMe KoopaHHat uKv

npuMeT BUX U"—“fﬂ-—;t{z. Orciona HaxoluM NJIOWiA/b TIONEPEUHOI0 CE€UEHHS LAHHOrO
TeJa:

_ 4 4 2 _ 2 atth—x)?
S—QS (m——u )du_gm , WA S(x)—3 g

Takum o6pasom,
h

h
2 a2 2
V=SS(x) dx=S 7 gE =0 de= a%h. A
0 0

Haiiti o0beMsl Tes, 06pasoBaHHbIX BpalleHHeM BOKPYr ocn Ox ¢u-
Iyp, OTpaHHUYEHHHIX JHHUAMH: '

1628. y=ﬁ_41—6, x*=28y.
1629, y=x, X*=y.

1630. y:l/xe", x=1, y=0.
1631. y=1x%*/2, y=x3/8.
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1632. Haiitu o6beM Tena, OrpaHHUEHHOTO
IJIOCKOCTAMH X=1, x=3, ecJ# IJOLWALb €ro
NONEPEYHOTO CedeHHs1 06paTHO NPONOPLHOHAMb-
Ha KBajpaTy pacCTOsSIHUSl CeUYeHHd OT HauaJa
KOODJMHAT, a NpH X =2 IJIOIab CEUeHHs PaB-
Ha 27 (xB.en.).

1633. Hafitn o6beM HHJIHHADPHYECKOTO KJIH-
Ha 110 ero pasMepaM, ykKasaHHbIM Ha puc. 46
(3anaua Apxumena).

1634. B umaunjpuyeckuit ctakaH ¢ BOAOM Puc. 46
BJIOKEH NapaGoJIONJ BpallleHUsi BepIIMHOH BHU3.

OcHoBaHHe W BbICOTA NMapafoJIONAA COBMAJAIOT C OCHOBAHHEM H BLICO-
Tolt muauuApa. Hafitu o6beM octaBlieficss B crakaHe BOAbl, €CJH pa-
IUYC OCHOBaHHsSl paBeH r, a BLICOTa paBHa A.

§ 6. BbIYMHCJAEHHUE NJOWAAH MOBEPXHOCTH BPALMIEHU A

Ecau ayra raafkofi Xxpueoit y=/{ (x) (a << x << b) Bpamaerca Bokpyr ocu Ox, TO
MJIOLIAAb IT0OBEPXHOCTH BPAILIEHHST BBIUHCASIETC 10 (opmMyJie

b
Sy=2m S yV1+y’2dx.
a

Ecmu xpusas sajana mapameTpHuecKHMH ypaBHemusMH Xx=x (f), y=y () (h <
< I<|ly), TO
2,

Se=2a { yV 2t g2at,
1
1635. Haiiti nytoma s nopepxHocTH, 06pa3oBanHO BpallleHHeM BOKPYT
ock Ox nyru cunycoumpl y=sin2x or x=0 g0 x=m/2.

/A Haxonum y’ =2 cos 2x; Torna
/2
Sy=2n S sin 2x V' 1-4 cos? 2x dx.
0

IMponasenem sameny nepemennoii: 2 cos 2x=+¢; —4 sin 2x dx=d{, sin 2x dx=(—1/4) d¢.
Hailintem wnpegenul uuTerpuposanus mo ¢ ecan x=0, 10 t_2; ecad x=g/2, TO
t=—2. Takum oGpa3som,

S=2n S Vl—l—tz(——)dt:%j
—[— V1+t2—|——2-1n(t—[—]fl—|—t2)]_ =

—_<2 V5+—1 11;_54'2 ):%[2 V 5+In (V' 5+2)] (xs.en). A
Hajitu nsiomann noBepxHOCTeH, 0Gpa3’0BaHHBIX BpallleHHEM BOKPYT
ocn Ox AYT KpHUBHIX:
1636. y=2ch(x/2) or x=0 po x=2,
1637. y=x% or x=0 mo x=1/2.
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1638. x*/a® -+ y2/b2 =1,
1639. x={—sint, y=1—cos¢ (mromazp, 00pa3oBaHHYIO Bpalle-
HHEM OJHOH apKu).

§ 7. CTATUYECKHME MOMEHTBI U MOMEHTbI UHEPLHU
IIJIOCKHUX AYL U ®UT'YP

ITyers Ha naockoctn xOy 3ataHa cucTema MaTepHaIbHLIX Touek  Aj (x4 1),
As (Y25 42), vy Ay (X Yn) € MaccaMu my, Mg, ..., my,. Cmamuieckum mosenmonn M,
STOH CHCTeMB! CTHOCHTETbHO ocH OX HA3HIBACTCH CyMMa IPOM3BEJEHUH MACC 3THX TOueK
Ha UX OPJHHATHL:
k=n
M= mpyp.
k=1

AHasorHYHO (KaK CYMMa NpOM3BEIEHHI MAce TOYeK HA UX abeiuccH) ompefessercs
CTATHYECKHIT MOMEHT CHCTeMBl OTHOCHTENBHO ocu Oy
k=n
ﬂ4y=:25 MpXg.
k=1
Monenmanu unepyuu I, n 1, cucTeMsl OoTHOCHTENBHO oOcell Ox u Oy HaswisaioTes
CYMMB! HPOMSBEEHMH Mace TOYeK Ha KBAJPAaTLl MX DACCTOSHII OT COOTBETCTBYIOILEH
ocd. Taxum ofpasom,

k=n k=n

2, 2

Io= 2 mugh; Iy= > myxi.
E=1 £=1

3a craTHYeckWe MOMEHTH H MOMEHTHI HHEPUHY MJIOCKHX JAYT M (GUIYD HpHHHMA-
I0TCH COOTBETCTBYIOLINE MOMEHTH YCJIOBHLIX MacC, PaBHOMEPHO pacnpejiesleHHBIX BOJb
STHX AVI H (HTYP C IVIOTHOCTBIO (MHHEHHON HJIH IIJIOCKOCTHOH), paBHOH €lHHHIe.

CratHuecKHe MOMEHTHI H MOMEHTHI MHEpUHH JIYTH IIOCKOH KpuBOH Y= (x)
(2 << ¥ << b) BouuCaAfIOTCH IO dopmyram

b b "b b
My={ya; my= xar; Le={ gLy 1,=(xear,
a a a a

rie a'L:l/-l—{—y'2 dx— nubdepernnan ayru Kpusoil.

CraTHYecKHe MOMEHTHI M MOMEHTEI HHEDIHH KPUBOJNHHEHHON Tpaneunu, orpaHuyes-
HOW XpuROH y= (x), ocbio Ox H ABYMA TIPAMBIME X =a H X ==0b, BBIYHCJSIOTCS [0
dopmymam

b b b b
Mx=%gyd8=%5‘y2dx, My=Sde=Sxydx,
a a a Q
i b b b
Ix=‘3“ S Pdx, I,= S deS=S x2y dx.
a a a

B stux ¢opmynax dS =y dx— nuddepennuan NJIOIAJAH KPHBOJMHEHHON Tpamenuy,
1640. Hafitn craTuueckmit MOMENHT M MomenT HWHEPLHH HONYOKpPYHK-
HOCTH Y = Vir—x (—r<ag ) OTHOCHTENbHO ocu Ox.
b

A\ CratHueckuit MomeHT M, OyZeM BHUHMCAATH 0O thopmyae Mx=gydL, rae
a
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aL=V1 +ydx, y =—x/V r*—x2. Toraa noamyuuM

r — r
. z
M, = g Vri—x? 1/1—}—;21_—;5 dx=r dez.?fz-
-r -r

Haxoaum MOMEHT HHEPIUH OTHOCHTENBHO OCH Ox:

b r S,
rZ
]x=Sy2dL=S (rz—xz) 1/-]+r7—_x2 dx =
a ey

r r
=r S Vrr—xtde=2r S V rr—x2 dx.
-r 0
BreleM TOACTaHOBKY X¥=r sin ¢, dx=rcos t dt; ect x=0, 10 ¢=0; ecmnx=r,
10 §=71/2. CaejloBaTeNbHO,
/2
I.,=2r S VP 2sin?frcostdi=
0
/2
/2 Fitad

=7 S (14-cos 28)dt =1r? [t+—2— sin 2t] =7 A
0

1641. Hafitu MoOMeHT WHepHUH IUIOUIAAH 3JNHICA x=acost,

y=>bsint orHocurensHo ocu Oy.
a

/\ MowmenT uHeplun IUIOWAAHK 3JIHICA OTHOCHTeAbHO ock Oy pased I, = S x2dS,

-a
rae dS=2ydx. W3 mapamerpuueckux ypaBHeHHil s/iunca Haxoamm dS=2bsinf X
Xa (—sin t) dt =—2ab sin® { dt, oTky1a

0 0
I,=2 { a®cos?f (— 2ab sin® #) dt =— 4a% g sin £ cos? { df =
a2 /2

/2
ab S (1—cos 47) dt = ”‘;b. A
0

w[-

1642, Haiity cTraTHyecKHe MOMEHTHI U MOMEHTBHl HHEPUHBH AYTH acTpo-
uipl x=acos®t, y=asin®t, gexameir B 1 yersepin (puc. 47).
/\ B CHIY cHMMETpHM acTPOMIH OTHOCHTENLHO KOODAWHATHRIX ocelt M,=M,,

I, =1,. Tlo3TOMy JOCTaTOYHO BBIMMCJIHTH MOMEHTE! OTHOCHTE/JLHO OCH Ox. ﬂm 1 yet-
BEpTH Teen 0<Cf<Cm/2. Haxonum

dL = ]/xt —i—yt dt=3asin {cos t dt,

b /2 /2
. 3a? 3
My=\ydl=\ a-sind t-3asmtcostdt=T sin® ¢ =§a2,
0 0
b /2 /2
]x:S y2dl = S a? sin® £-3a sin £ cos tdt=%ass‘m8t =% as,
a 0 0

Urak, My=M,=@3/5) a% I,=1,=@3/8)a> A
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Y

y

C
0| a - Z\0Y

b
y
A 0 B @

Puc. 47 Puc. 48

1643. Haiitn MOMeHT wHepuHH mapaGoJHyecKOro CerMeHta, y KOTO-
POTO XOpJa paBHa @, a CTpe/iKa OTHOCHTeNBHO XOpAH! paBHa h (puc. 48).

A\ Vimeem | AB|=a, |OC|=h. Ypasuenue napaGosisl 3aITHCHBAETCH B BHJE
y=h—Nx2 rje Heonpe/jeneHHbI Ko3(dunueHT N MOKHO HaHTH, MOJAB3YSIChH TeM, 4TO
Touka B (a/2; 0) npusa:uexxur napafone: O=h—Na2/4, unu N =4hja?; creiosa-
TeNbHO, y =h—4hx%/a%. Tenepb HaxoOJAHM MCKOMBI MOMEHT HHEPIHU:

a/2 a/2
I o2 4 ,\e 6
Ix:g y dng h-;z—x dx:-m—sah . A
2 0

—a/
1644. Haiity craTHYeCKMH MOMEHT M MOMEHT HHEPLUHH JAYTH LenHo#
a, . )
JIMHHH y=7(e"/“—{—e°"/a), rie 0 <{x<Ca, otHocurtenbHo ocu Ox.

1645. Haiiti craTuuecKuil MOMEHT H MOMEHT MHEPLUMH TPEYIOJbHHKA
C OCHOBAaHHEM @ M BLICOTO{l A OTHOCHTENBHC €r0 OCHOBAHHS.

1646. HaiiTu MoMeHT MHepuyH napaGo/HYECKOr0 CerMeHta, orpaHH-
YeHHOro napabo/ioil y=4—x* u npsmoii y =23, oTHOCHTeJAbHO OcH Ox.

1647. HaiiTu MOMEHT MHepUHH npsSIMOYrOJIbHHKA CO CTOPOHAMH @ U b
OTHOCHTEIBHO OCEH CHMMETDHH NPSIMOYIOJbHHKA.

1648. HaiiTu no/spHbIi MOMEHT MHEpLMHM Kpyra auamerpa d, T. e.
MOMEHT HHEPLHH OTHOCHTEJIbHO OCH, NPOXOASLIEH 4Yepe3 UEHTP Kpyra
H NeprneHauKyJIsSpHOH ero MJOCKOCTH.

§ 8. HAXO)XXIEHHUE KOOPJAMHAT UEHTPA TSDKECTH. TEOPEMbBI I'YJILJAEHA

KoopaunaTsl ueHTpa TSAXeCTH OAHOPOAHOH AYTH IJIOCKOH KPHBOH y= (x) (a<<
< x<Cb) BbpaxaioTess GopMyJsamu
b

b
?:—Z—Sde, y=% gL,
a a

rie a'L:l/I-H/’2 dx, a L—piauna ayrw.
KoopauHaTel LeHTpa TSKECTH KPHBOMHUHEIHON TPAleLHH BLIYHCSIOTCH 10 dopmytam
b b b b
}:LdeS=i ( < ax §=LSydsz—‘-Sy2dx
S J S J ’ 25 28 !
a a a a

rie dS=ydx, a S—nnomans GUrypsl.
Teopemso 'yabaena
Teopema 1. Haowade nosepxrocmu, noayennod npu spamenus Oyeu naockod
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Kpusoll eoxpyz ocu, aedxcawjelk 8 naockocmi 3MOL Kpusod U He nepecexaroweli ee, pasHa
Jdaune Oyeu Kpusol, YMHONCEHHOU HA OAUHY OKPYNCHOCMI, ONRUCAHHOU YEHMPOM
masaosicecmu Oyeu. :

Teopema 2. O6vem mena, noaydenHoo npu epaujerut naockol ueyper B0kpye
OCU, He nepeceKarowierl ee 1 PAacnoNONeHHOU & NAOCKOCMU (uaypsl, paseH npousseoeHilo
naowadu smoii ueypol Ha OAURY OKPYICHOCMU, ONUCAHHOL YEHMPOM MACECmU pueypbl.

1649. Haiit KoopanHAThl LEHTpAa TSXKECTH IYyTH LEMHOH JHHHH
y=ach(x/a), —a<<x<a.

A\ Tax xak KpuBasi cHMMETPHYHA OTHOCHTEIbHO ocH Oy, TO ee LEHTP TSKECTH
jaexuT Ha ocH Oy, T. e. x=0. Ocraercs Haiith y. Umeem y’ =sh (x/a); toraa dL =

= V 1-Fsh? (x/a) dx =ch (x/a) dx; AnuHa RyTH
a a a
x

L= S Vity?® dx:2Sch—z—dx:2ash— =2sh1.
-a 0

4]
4]

CaenoBatenbHo,
a

2x
(1+Ch;>dx=
_ 1 a , 2x]a a(9+shh)
— [x+—2-sh J 2Sh1<1—|—25h2> =BT < A

1650. HaiiTn KoopauHATEL LEHTPA TSIKECTH (QUIYDPbl, OrpaHHYEHHON
Ayroil aanunca x=acost, y=>hbsint, pacnosoxenuoit B [ uerBeptn,
H OCSIMH KOODJHHAT.

A B I uerBeptn npu Bospactanun x ot 0 g0 @ Benwuuna ¢ yOGbiBaer oT /2

zo 0; mosTomy
a
- 1 1 : . _
x—§§xydx—§ acost-bsint(—asinf)di=

a
BL/‘)O

/2 /2
_a% - _ah 1 __a%
_T S sin? f cos ¢ df———-g-*g in®¢ —-S—S‘

0

Bocrmosb3oBaBuncs  ¢opmydioli  naomazn  awinnca  S=mnab, noayuum x =
= (4a?b)/(3nab) = (4a)/(3m).
Anajoruyto H&XO}IHM

y= QL B2sin® { (— asin f) df =

/2

Oi/wn
l\?
ISH
=
I
N
—_

0
2ab2 2 2 1 3410
s (1—cos? ) d (cos t)—? [cost— 3 Cos t]n

/2

Taxum obpasoM, x=4a/(3n), y=4b/(3n). A

1651. HaiitTu nuionagu mnoBepxHOCTEl W OGBEMBI KOJell (TopOB)
06pa3oBaHHBIX BpameHneM Kpyra (x—a)? 4 (y—b)® < r® Bokpyr oceii Ox
u Oy (@a=r, b=r).

A Ecau xpyr Bpamaetcst BoKpPYF oc Ox, TO IIEHTD TSJKECTH KPyra OTCTOMT OT
OCH BpAaIlleHHs Ha PacCTOSHHMM b; MO3TOMY IJIOWIAJAb MOBEPXHOCTH, COIVIACHO NepBOM
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Teopeme I'yabjena, pasua S, = 2mr-2nb=4n2r, a 06meM, coraacho BTOPOH TeopeMme
T'yabjiena, pased V., = mr2.2mb = 2n20r2.

Ecai e BpameHne NpousBoAnTcs BOKpYr ock Oy, TO pACCTOSIHWE [EHTPA THKECTH
kpyra ot ocu Oy pasho a. Toraa S,=2aqr.2na=4nlar, Vy=nr?2na=2n%r2 A

1652. TTonb3ysice Teopemoit I'yibieHa, HafTH KOOpAHHATHL 1eHTpa
TSAXKECTH YETBEPTH Kpyra x®- y%<(r2.

N\ TIpu Bpamenun ueTpepTH Kpyra Bokpyr ocH Ox NOJIYyYHM IHoJayluap, obGbeM
KoToporo pasen V =(1/2)-(4nr®/3)=2mr3/3. Coryiacho BTOpoii Teopeme I yibjieHa,
V =(ar?/4)- (2ay). Orciona y=2V/(n*r?) =2-2nr3/(3n?r?) =4r/(3n). Llentp TsaxecTu
UETBEPTH KPYra JEXKHT Ha OCH CHMMETPHH, T. €. Ha OHCCeKTpHce | KoopiuHaTHOro

yraa, a notomy x=y=4r/(3n). &

1653. Haiitn KOOpAHHATHI HEHTPOB THAMKECTH NOJNYOKDYXKHOCTH Y =

=}/ r*—x* 1 NONYKpPyra, OrpaHHYEHHOro S3TOM IIOJIYOKPY2KHOCTBIO H
ocpro Ox. ‘

1654. Haiitn KoopanHaTH ueHTpa THKeCTH Gurypst, orpaHuyeHHO
JuHuaMH x=0, x=m/2, y=0, y=cosx.

1655. HaiiTH KOoOpAMHATHI LEHTPA TSIKECTH NapaGOJHYECKOTO cer-
MEHTa, OIDaHMYEHHOTO JHHUAMH y=4—x2, y=0.

1656. Haiiti KoopinHaThl UeHTpa TsiMKeCTH AYTH acCTPOHIBEL X =
=qacos’t, y=asin’t (8 I uerBeptn).

1657. Haiitu KoopInHATHl LeHTpA TAKECTH GUrypel, OrpaHUYEHHOR
JUHUAMHE Y =2x—x?, y=0.

1658. Hafitn xoopanmaTh meHTpa TsiKecTH (HIYpEI, OrpaHHYEeHHOH
JuHUSIME X =0, x=07/2, y=0, y=sinx.

1659. [lonbsysace Teopemoit I'yibaena,,nafitu o6bem Teia, obpaso-
BaHHOrO BpalUEHHEM TOJYKPyra pajuyca r BOKPYT KacateJbHOMH, napai-
JIEJIbHOH JUaMeTpy.

1660. Ilonbsysacy Teopemoit I'yabnena, nokasate, uTo LEHTP TAKECTH
TPEYro/MbHHKA OTCTOHT OT €r0 OCHOBaHHs Ha OAHY TPETb BHICOTHI.

@ Haiitu o6veym Tera, MOTyYeHHOro BpalEHUEM TPEYTOIBHHKA BOKPYT OCHOBAHHSA.

1661. ITonbsysich Teopemoit T'yabnena, HafiTH ofbeM Tena, oJ1y4yeH-
HOTO IpH BpallleHHH NPAMOYrOJbHHKA CO CTOPOHaMH 6 M 8 BOKpYT OCH,
NPOXOJSIIEH Yepe3 ero BepUIMHY NePIeHIHKYJIAPHO AHArOHAJH.

§ 9. BbIYUCJIEHUE PABOTbI U JABJIEHU S
Paboma nepemennoli curee X =f (x), neficteyowet » HanpasJjieHHd ocy Ox Ha
oTpeske [xy, ¥1], BLUUCHAsETCS N0 GopMyJe
X1
A= S f (%) dx.
Xo

Ilas BolUHCACHUS cuab: dasrerus xcudkocmu HCIOMIb3YIOT 3aKkoH [lackaas, corsacHo
KOTOPOMY JA4BJICHHME JKHAKOCTH HA IJIOWAAKY DABHO € IJIOMAaAH S, YMHOMKEHHOH Ha
TyOuHY MOrPykeHwus 4, HA IVIOTHOCTb P M YCKODEHHE CHJIb TAKECTH g, T. e

P:pghS.
1662. Kakyio paGory Hazxo COBEPLIHTb, YTOOH  pacTAHYTh
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NpyxXHHY Ha 4 cM, ecau H3BeCTHO, 4TO OT Harpyskn B 1 H oma
pactarubaercsa Ha 1 cm?

/\ Cornacro sakony I'yka, cura X H, pacrarusaromas npyXuHy Ha x M, paBHa
X =Fkx. Kosdpduunert nponopunonambHOCTH k HalizeM u3 ycaosus: ecau x=0,01 u,
To X =1 H; caeiosarenvro, £=1/0,01=100 n X =100x. Toraa

0,04 0,04
A= g 100x dx = 50x2 =0,08 Ix. A
0 0

1663. C noMoupio nofAbeMHOTO KpaHa H3BJICKAIOT KeJIe306eTOHHYIO
HanoaGy co AHa pek riy6unodt 5 M. Kaxas paGorta npu stom copep-
Inaercst, eCJaH Hajon6a uMmeeT (OpPMY NPABHJILHOIO TeTpasiapa ¢ pebpom
1 M (puc. 49)? IlnotrocTs xesnesoberona 2500 Kr/mM?, MJIOTHOCTB BOIBL
1000 kr/m3.

A Bucora Terpasapa A=V 6/3 M, ofem terpasapa V=) 2/12 m3. Bec
HaJoa0Bl B BOJIE C y4eTOM JIeHCTBHSL apXUMEJOBO CHJIbI PaBeH

P=(1/12)-V 2-2500.9,8— (1/12)- ¥ 2.1000.9,8 = 1225 } 2 (H),

nosToMy paﬁo'ra NpH H3BJACYECHHH Hajos0Bl JO MOMEHTA INOsBJIENHS Ha TIOBEPXHOCTH
BOJALI €€ BCPLWIHHBI COCTABRJSET

Ay=1225Y"2(5—h) =1225V 2 (57 6/3) = 7227,5 ().

Teneps naitnem paboty Ay npm H3BJeueHHHM HAJI0J6bl M3 Bole. [lycTs Bepmunna
TeTpasApa BLIUJIA HA BBICOTY 5--y; Torja ofbeM Majoro TeTpasipa, BHILEIMEro M3
Boaut, paren 3 ) 343/8, a Bec Terpasipa

p (y)=%’39‘1)_;ﬁ V3 (% VE———é—y33 V's‘)-xooo-g,s.

ChezoBartesbHo,

R
24500 ,—= 9800 ,— . 9800 -
AI:S( 2 VIS VI % VB =
0
V6/3
4.} - S (1225 ¥V 34-3675 V" 34?) dy—
& b
y =[1225 V—2y+364.L5 V§y4]v 5% < 2082,5 (11w).
a a 0
I 0
P el eap i
) el A - r47— 4
I <
A =
0 z 2
Puc. 49 Puc. 50

Orcioza A=A, A1=72275 Nx 120825 Ix=9310 Tx=9,31 xIx. A
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1664. Haifitu paGoTy, CcOBepIueHHYIO NPH BBHIKAYMBAHHH BOIHl M3
KOpHITA, HMEIOWero GopMy MNONYyUMAMHAPA, JJIHHA KOTOPOTO @, Pajuyc 7
(puc. 50).

A O6nem 3JEMEHTapHOro CJIOSA BOJABI, HAXOASLIErOCS Ha r.nme{e X H HUMEKIUEro
Anuuy a, wapudy m=2Y r2—x% u Toaumny dx, paBeH

dV=amdx=2aV r*—x%dx.

SuementapHas paGoTa, copepiuaemas NpH NOAHSTHH STOTO CJOS BOABl HA BHICOTY X,

pasHa dA=2pgax V r*—x?dx, rue Q-—IJIOTHOCTL BoAbnl. ClefoBaTeNIbHO,
r

e —T 2 N L
A=2pgan V ri—x¥dx=— pga [-5 (r2—x%)3/2 Jo—:?pgar". A
5 )

1665. Bononposonnas 1pyba umeer muamerp 6 cM; OJHH KOHeIl ee
COCJMHEH ¢ 6aKOM, B KOTOPOM ypOBEeHb BOJBI Ha 1 M Bbiie BepxHero
Kpas TpyObl, a ApYroil 3akpeIT 3acnoHkoi. Haiitu cuay panenus Ha
3aCJIOHKY.

/\ 3acaonka npeacraBnser co6oii kpyr pammyca 0,03 M. Pasofrem miomans
9TOrO KPyra Ha 3JeMeHTbl-—MOJOCKH, NapasjielbHple MOBEPXHCCTH Boasl. Iliowans
OMHOTO TaKOTO 3/eMEHTA, HAXOASWErOCA HA DPacCTOAHHH Y OT LeHTPa, pamHa (C Tou-

HOCTBIO O OECKOHEYHO MaJbiX BBICUIETO NOpsiaKa) dS =2 9—y2 dy. Hafmem CHJA
4
AaBJIEHUA, HUCNBITHIBAEMYIO 3THM 3JEMEHTOM:

dP =2pg (1,03—y) V' 9—y2 dy=19600 (1,03—y) V 9—y2dy
(3aece p=1000 kr/m%). Cnegosatesnno,
3
P=19600 S (1,03—y) VI— dy=
. -3
=19600 [ 1,03( L ]/-9—‘1/24——Ei arcsin % —{—L 9—y?3/2 P =
i 2 2 3)73 -3

=9800.9,27n =~ 0,097 H. A

1666. Hafitu cuny napnenns Bosl Ha BEPTHKAIBHYIO CTEHKY B hopme
NOJNYKpyra, AHaMeTp KOTOPOro 6 M M HaXOAHTCH HA NOBEPXHOCTH BO.BI
(puc. 51). IMmorrocts Bogbl p == 1000 Kr/m®.

A\ Jugdepenunan cuisl 1aBieHHs Ha SJeMEHTapHYIO MJIOWAJKY BbIPa3UICH TaK:
dP==2pgx V 9—xTdx=19600x V 9—x2 dx.
Orciona

3

3
P:lQGOOSxVQ——x‘Z dx:—ﬁg—oq(g_xzﬁ/z =176 400 H=176,4 xH. A
0

0
1667. Haiitu CHJy HAaBJieHHs OeH3HMHA, HaXOLSIIerocsl B IHJIHHADU-

YyecKoM Gake BbICOTOR h=3,0 M u pajuycoM OCHOBaHHUSA f=1,b M, Ha
€ro CTeHKH, ecaH p= 900 kr/m>.

/\ ODJIEMEHT CHJIbl JaBJEHHST HAa MOBEPXHOCTh CTEHKH B BBLICICHHON [OJOCKe
BBIPA3HTCA TaK: dP =pg-2nrx dx. O1ciona ’

h
P=2mpgSxa'x=npgrh2=9,8n-1,5-3,52-900 H=161700n H=161,7n xH. A
0 ) ' ' ’
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1668. Kakyio cuiy 1aB/ieHHs! HCTIBITBIBAET NPAMOYTOMbHAS TJIACTHHKA
ATHHOR @ 1 wHupyHOi b (a > b), e/l OHA HAKJIGHEHA K TOPUBOHTANbHOMU

_0“—"7
y a h
az 3
A
/
' z _ Iz
Puc. 51 Puc. 52

TIOBEPXHOCTH MKHAKOCTH I10J YIJIOM o Il ee GOJIbIIasl CTOPOHA HAXONUTCA
Ha rayoune h (pruc. 52)?
A\ Tlnowans BunineneHuoll Ha ray6uHe X 3JA€MEHTApHON IOJOCKM pasHa dS =

= (a/sin &) dx. CJe10BaTEbHO, 3/MEMEHT CHJLI AABJIEHUS dP = (axpg/sin a) dx (p —
IJIOTHOCTL XKHAKocTH). OTCI0/la HaXoauM

h+bsino hi+b sin o 0
. xdx  apg L, _ c Y
P=apg S sina sino 9 - D ¢
,, ” [T
—ﬂ_ 2 3 _5Hh2 in? 52— 2 A dﬂ
= Ssna [(h®+ 261 sin oo b2 sin a)—h?] = / -:L \
. 1
—_—abpg(h—{—%bsma). A 4 F &
T
o ’ Puc. 53
1669. Haiitu cuny nasnenus ma NJacTHH-

Ky, UMelomyIo GOpPMY PaBHOGOUHON Tpaneunn ¢ ocHOBaHMSIMH @ 1 b U
BLICOTOM /i, TOTPYXKEHHYIO B XKHIKOCTH Ha rayouny c (puc. 53).

/A Tlncmane snemenrtapuoit momocku Bblpaxaercst Tak: dS=(a--2/) dx, rpe [ =
= (b—a) (x—c)/(2h) (I onpesensercss u3 nojlo6us Tpeyrossuukos). Crle0BaTeILHO,
pey
c+h
b—

P=pg S [a+ ha(x_c)dex:pg [a—;iﬁ—b%"(%ﬂ_ﬁﬁﬂwh:

2 c
b h ’
=[Fr et w2 ] or. A

1670. Haiitn paGory, COBEpLIAEMYI0 NpPH BHIKAYMBAHHM BOAHI M3
KOHHYECKOTO  COCYAA, OCHOBAHHE KOTOPOTO FOPH3OHTANLHO H pacnoJio-
KCHO  HMXKE BEDIIMHBI, €C/IM pPajuyC OCHOBAHMSA paBeH r U BBICOTa
paBHa h.

1671. U3 UHJAHHAPUYECKOH IHCTEPHBI BLIKAYUBAETCA KHUAKOCTb.
Kakyio pa6ory mnago COBEPIIUTD TIDH 3TOM, €CJAM JUIHHA LMCTepHEL
paBHa @, a JUameTp paBeH d?

1672. C nomompio KaHaTta MoABEMHBIM KPaHOM M3 BOJBI MOJHUMAIOT
KaMelh KOHHuecKoH ¢opmbl. Haiiti paGory, COBepIIAeMYIO TIPU NOJTHOM
HSBJICYCHHN KaMHA M3 BOJBI, €CJM BepulHHa KOHyCca HaxojH/Jach Ha
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NOBEPXHOCTH BOAH. Pajuyc ocHoBaHHMSA KOHyca 1 M, BbicoTa 3 M, IJIOT-
HocTh 2500 Kr/m3.

@ 3zecv P (y) = 147001 (9800/27) iy, rne P Bripaxkaercd B HBIOTOHAX.

1673. Uyrynueiit npsmoit xoHyc BricoToH 0,4 M M pajmycoM OCHO-
Banua 0,4 M HaxoauTcs Ha JHe GaccefiHa, HANOJHEHHOrO 10 Kpaes Hed-
TiHEIM MacJioMm. Haifitu paboty, KOTOpYyIO HaA0 COBEpIUHTH NPH H3BJe-
YeHHH 3TOro KOHyca u3 GaccefiHa, ecJii MJIOTHOCTb YyTyHa p, = 7220 xr/m?,
a TJIOTHOCTh He(TsHOro Macaa p,= 890 kr/m®.

@ 31ecs P (y) paBHa Becy KoHyca 6e3 Beca He(pTSHOrO Mac/a, BLITECHEHHOTO

uacThlo KoHyca, T. €. P (y):§ n—0,43plg—<—;—n-0,43—%ny3> p2g, Tle P Bmpa-

2KaeTCsd B HLIOTOHAX.

1674. Llnsmunapudeckuit 6anion auamerpoM 0,24 m u aaunod 0,8 M
HanoJHeH rasom noj aaenaeHuem 2 xlla. Kakyio paGory Hano copepluuTh
OpH H30TEPMHYECKOM C2KaTHH rasa Jo ofbeMa, B iBa pa3a MeHbILero?

1675. B xuakocTh € MJIOTHOCTBIO P HOTpyKeHa TpeyroJbHas Iuia-
CTHHKA BepuHHOA BBepx. Hafith cuny paBieHus XHAKOCTH Ha mJja-
CTHHKY, €CJIi OCHOBAaHHE TPEYroJbHHKA PaBHO @, BhICOTa paBHa h. Bep-
IIHHA TPeyroJIbHHKA pacroJioXeHa Ha IOBEPXHOCTH.

1676. Haittu cuny papneHuss GeH3HMHa, HaXOAAWETocs B HHJIMHAPH-
yeckoM Oake BBICOTOH h=4 M u paguycom r=2 M (p=900 kr/m%),
Ha CTEHKH 06aKa Ha KaxJOM MeTpe TJyOHHBI.

1677. B xujakocTb € MJIOTHOCTBIO P TOTPYKeHa KPyrjas IJIaCTHHKA
amamvetpoM d, Kacamomasicsi noBepXHOCTH KuakoctH. Halitn cuny nas-
JIEHHs XKHUJAKOCTH Ha IJIACTHHKY.

CocraB/sisi COOTBETCTBYIOUIME HHTErpasbHble CYMMBl M TIPOH3BOAA
npejesbELI Nepexos, pelluTh CJAeAYIOUlHe 3agadu:

1678. Haiitu Maccy crepKHS JJHHBL 1 M, ecau JUHEHHAs MJIOTHOCTD
cTepxKHsl MeHsiercst mo 3akoHy 6=20x-}-0,15x%, rae x— paccrosinue OT
OJIHOTO M3 KOHIIOB CTEPKHS, B M; 8—B KI/M.

1679. Cxopocth TOUKH MeHsiercsi 1o 3akoHy v=100--8¢ (rme v
BhipaxaeTcss B M/c). Kakofl nyTh mpoijeT 3Ta TOYKAa 3a NPOMEKYTOK
Bpemern [0, 10]?

1680. Touka apuxkercsas mno ocu Ox, HauuHas or Toukn M (1; 0),
TaK, 4TO CKODOCTH ee paBHa abcuiucce. I'ne ona Gyger uepes 10 ¢ ot
HauaJja JBHXKEeHHA?

1681. CkopocTh TOUKM H3MeHseTcss Mo 3aKoHy v=2(6—1) (rae v
Bhipaxkaercss B M/c). KakoBo HauBoJbliee yjiajieHHe TOYKH OT Hayana
JBHXKEHHA?

§ 10. HEKOTOPBIE CBEJEHHS1 O FMNEPBOJIUYECKHX ®YHKUHAX

1. Tunep6onnueckue dynkunu. unepboaruveckumy pynxyusmy BasbpBaOTC GyHK-
IHH, OoNpejeJseMble CJACAYIOMIHMH DABEHCTBAMH:
X — -X

e Y
sh x= —5 —eunepboIUMECKULl CURYC,
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effe ¥ y
chx= ———5—— —eunepborusieckull Kocuryc,
thy— shx e¥—e—%
chx™ e¥fe-%
chx exJeg—x
cthx=—2— _+—
shx e¥—e—%
FunepGosnveckuit Kocunyc !sBasercs uerTHoit ¢yHKumedt, T. e. ch (— x) =ch (x),
a THIePOOJHYECKHe CHHYC, TAHTEHC H KOTAHTEHC SBJSIOTCS HEYETHLIMH (yHKILHAMH:
sh(—x)=-—shx, th(—x)=—tgx, cth(—x)=—cthx.

—eunepBoauuecKull maneenc,

— eunepboaudeckuil Komarneenc.

Iosesno umers B BHAY, uTO

d sh 0=0, ch 0=1, ch? x—sh? x=1,
thxcthx=1.

y=shz J Ipadukn  runmepGosmmueckux

¢yHRuMit y=shx, y=chx u
y=chz y=thx uso6paxeHsl cooTBercT-
BEHHO Ha puc. 54—56.

g
z Y
7
={hZ
0 Y
z
0 s =
Puc. 54 Puc. 55 Puc. 55

Ipagur runepGosnueckoro KOCHHYca HasbiBaeTcs yenuod aunued. llennas nuuus
ABIACTCS JIHHHEH NPOBHCANHS TAXKEJIOH HHTH, NMOJBELICHHON B ABYX TOYKAX.
[poussoansie runepGonuueckux (GyHKnuit Haxoxsarcss no dopmyJam

(shx)’ =chx, (chx)'=shx, (thx)’=1/ch?x, (cthx)’ =—1/sh2x.
[Ipn uuTerpuposannu runepGosuueckux GYHKIME HCIOALIYIOTCA (GOPMYJIH

S shxdx=chx--C, S chxdx=shx+4C,

dx dx
szthx—{—c, shzxz—cthx—{—c.

2. OGpaTtHele runepGosmveckne GyHKuuu. JIis THIEpGOIHUECKHX dynkuui sh x,
chx, thx, cthx obpamuse eunepboruveckue pynxyun oNpeseJsIOTCS C NOMOIIBIO CJle-
Ayiowux dopmyJ:

arsh x==1n (x—|— V51 (— o < x <4 ) —eunepboruneckuii apea-cunye,

arch x=£1n{x++V x*— 1) (x> 1)—unep6oausecxuii apea-kocunye,

arth x =—;— In iii (1 x| < 1)—eunepboaruveckuil apea-manzenc,
x-+1
x—1
Hpouspoaunie o6patksx rumepGouuecKuX GYHKUHI HAXOAATCS IO dhopmyaam

1 1
——, f(archx)) =4 ——

Viga @9 V-1’

r__ 1 r__ 1
(arth x) e el (arcth x) =——a—7"

OGpathble runepboanueckue H OGPATHHE TPUTOHOMETPHUECKHE (BYHKIHH CBA3aHbI
MeXAY COCOH CJIENYIOUHMH COOTHOWEHUSAMH (B KOMILIEKCHO} IJIOCKOCTH):

arsh x=-—iarcsinxi; archx =iarccos X,
arthx=-—iarc tg xi; - arcth x=iarcctg xi.

arcth x = —21— In (1 x| > 1)—eunepboruueckuii apea-xomaneenc.

(arsh x)’ =
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1682. /loxasarb cHpaBenJiHBOCTb paBEHCTBA
sh(x+a)=shxcha-+chxsha.

A\ Tlo onpeaenennto runepGoIHYeCKOTO CHHYCa HMEEM
X+a__p,—(x+Q) X.p@ __ p~X.p—Q
sh (x-a) = e ; _e¥.g 2e e
Tak kak e¥*=chx-}shx, e-¥=chx—shx, e?=cha-}sha, e~¢=cha—sha, 10
sh (x4a) = (ch x--sh x) (ch a-}sh a)—2—(ch x—shx) (cha—sha) )
Buinosinus anre6panueckue Nnpeo6pasoBaHHs, NoJyuaeMm
sh (x+a)=shxchatchxsha. A

1683. Buipasutp ch(x-a) uepes runeposnnyeckue (QyHKUHH apry-
MEHTOB X U a. '

A\ Tlpoaudepennypopas no x paBeHCTBO
sh (x+ay=shxcha-tchxsha,
ch (x+a)=chxcha+shxsha. A

1684. Bripasutb sh2x u ch2x uepes shx u chux.
/\ HNmeem

sh 2x=sh (x+x)=shxchx-}chxshx, ch2x=ch (x+x)=chxchx+}shxshyx,
T. e. sh2x=2shxchx; ch2x=ch?x-}-sh?x. A

noJjgyuaeM

1685. Bripasutb ch?x u sh?x uepes ch2x.

/\ Peuns cucremy ypaBHeHmi
ch2 x}sh? x=ch 2x,
ch?x—sh2x=1
oTHocuTeapHO ch? x u sh2x, nonyuaem
ch? x=(ch2x-}-1)/2, sh?x=(ch2x—1)/2. A
1686. Buipasuth runepbonuueckue ¢yHkuun chxi u shxi Muumoro
aprymeHTa uepes sSinx M cosX.
/\ Haxomum
xi __p—xi xi __ p=xi xi -xi
shxi:e ¢ =i f’, =isinx, chxi:u_——e-—=cosx.
2 2i 2
Wrak, shxi=isinx, chxi=cosx. A

1687. Bripasutbh TpuroHoMerpHueckne (GpyHKIHH Sin xi M COS X[ MHH-
moro aprymenta uepe3 shx u chx.

A ToacraBup B Qopmyant shxi=isinx u chxi=cosx (cm. 3anauy 1686)
. o e s . . .. sh(—
xi BMecto x, moayuum shxi?=isinxi, chxi®=cosxi, 7. e. sin xl=-—(i=
=ishx, cosxi=ch(—x)=chx. Wrak, sinxi=ishx, cosxi=chx. A

1688. Kaxasi JuHUA Onpefensercs NapaMeTpuuecKUMH ypaBHEHH AMH
x=acht, x=asht npu a>0?

A\ Hcknwounm u3 sTux ypasHenuit {, jisi uero u3 x* BeluTeM y2:
x2—y2=qa? (ch2¢{—sh?{), 1. e. x2—y2>=al.

268



Kpusasg x?—y2=a? sasnsercs PaBHOCTODOHHEH THIEepGONOR, ACHMNTOTAMH KOTOPOil
CIYHAT npambie y =4 x. JlanHasa KpuBas ABJAETCH IPaBOR BETBbIO 3TOM runep6oJisl,
TaK Kak ¥=ach?¢ > 0 npu moGom ¢ (puc. 57). A

1689. Touka M sexuT Ha npaBoll BeTBH PaBHOCTOPOHHEH THNepGOJILI
x=acht, y=asht. U3 toukn M onymen nepnengukyasp MN wua
OCb alCIHCC M 3Ta XK€ TOYKA COeIMHeHa oTpe3koM OM ¢ HauasoM KOOp-
auHat. M3 pepmunel A runep6oJisl BoccTaBJeH nepnenaukyasp AK nmo
nepeceyenus B Touke K ¢ orpeskom OM (puc. 58). Jdokasatb, uTo
|NM|:a=sht, [ON|:a=cht, |AK|:a=tht.

AN |NM|:a=y:a=sht, |ON|:a==x:a=ch},

| AK |:a=| NM|:|ON | =(1NM|:0)/(| ON |:a)=sh t/ch t=th t. j

1690. Touka M nexutr Ha npaBoii BeTBH PaBHOCTODOHHEH runepGoJIL
x=acht, y=asht. Bpuncaure niomanp TUTepGOJIHYECKOro CeKTopa,

OTPaHHYCHHOrO BETBbIO THIEPOOJIEI, OCbi0 abcuuce u orpeskom OM
(puc. 59).

X
/\ Humeem S:S()NM—SANA,I:%xy—Sydx. Tak xak x=ach?, y=asht, 1o
° a

dx=ash {d¢t, otkyna

t t
§ = a?shi.chi—g? [ st ae= é—azsht'cht—%g(ch%—l) dt =
0

[

———-1 2 1 9 a? _a2t
=70 sh2t——Ta sh21+—2—t_.—2-.

Takum o6pasom, !==2S/a?. Urak, aprymenr # runepGosuyeckux GyHKUHI MOKHO
pacCMATPHBATL KAK UACTHO® OT JIeJCHHS YABOEHHON ILIOLAAH THIEepGONHUIECKOro CeK-
topa OAM wa KBajpaT ReiCTBHTENBLHOIN NMOJYOCH. A

1691. Hafitu npoussopubie ¢ynxumii:

1) y=1In{chx4} ch®x41); 2) y=5sh® (x/15)+ 3 sh® (x/15);

N 2 5

8) y=2arctg (th (x/2)); 4) y=thx—3 th* x4t tho x;

5) y=arcctg (I/shx); 6) y=Inth (x*/4).

0,

Puc. 57 Puc. 58 Puc. 59
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1692. B kakoit Touke uemHO# JMHHH y = ch x KacateabHas oGpasyer
¢ OCbIO abCuuce yron o = m/4?
1693. Hccaenosatp Ha 3kcTpemyM dyHKUMIO y=ch (x/2)—1.

1694. Haiirm: 1) gxzchxdx 2). 55h“xdx 3) jV““‘

chx—1

4 Sshxsmxdx, 5) g;‘l‘f(’jjf;) dx; 6) Ssh3 (x/3) ch? (x/3) dx.

1695. BrluncauTh onpejesieHHbC HHTErpaJibl:
In(1+v732) In 2 in3

hxd
1) g VC%; 2)§th2xdx; 3) jxchxdx,
0 0

4—sh2x
0

1696. Bripasute sh (x—a) u ch (x—a) yepes runepbomiyeckiie GpyHK-
LMK apryMEHTOB X H 4.

1697. Bripasuts th (x4 a) u th (x—a) uepes thx u th a. Haiitu th 2x.

1698. Buipasutn uepe3 chx runepfomnueckue ¢yHKIMH MOJAOBHH-
woro aprymenrta sh(x/2), ch(x/2) u th(x/2).

1699. Tlpusectnt X BUAY, yAOOHOMY AJfA JorapigMupoBaHusi, Bhlpa-
x)enusi shx +=shy, chx+4chy, thx 4 thy.

1700. Bripasute shx u chx uepes th(x/2).

1701. TlpepcraButh  mpousBeneHHdst  runepboHyeckHX — QYHKIUI
shxchy, shxshy, chxchy B BHze cymm.

1702. BrluucuTh nJO0WAJAb, OPAaHHYEHHYIO KpHUBOH y=shx u nps-
MbIMH X = Inb, y=0.

1703. Hafri anuuy pyru KpuBoil y = ach (x/a), 3akj0ueHHOl MEKLY
npsimbiv X =0, x=a.

1704. Ha xpuBoii x=ach?, y=ash?{ ganel Touku M u N, coor-
BETCTBYIOUHE 3HaueHHs M l=1I; u t=1,(¢{; <{1,). Bouncauts niomwanp
cextopa OMN.

1705. Kakasi JuHHA oOnpejessieTcsi ypaBHEHHSMH X=q/chf, y==
= btht, ectn a >0, b>0?

1706. Kakast aunHHA omnpenessieTcsl YpaBHEHHAMH X ==ch?®{, y = sh?{?

1707. ano sina=th?. Beipasuts cosa u tga uyepes t.

1708. Y1pocTHTh BHIpaXKeHUE

(cosxchy+isinxshy)*—(cosxshy-isinxcosy)?.
1709. Ynpoctuts Buipaxkenue (xchf-fysh#)*—(xshi4ychi)
1710. JloxasaTb TOXK[eCTBa:

(chx+shx)”=chnx+shny; chnx= (chx-+sh X)n’éL(Ch x—sh ;
(chx-+shx)?— (ch x—sh x)7
5 .

1711. Hcnosmn3ysi paeenctBa sh” x = —(;;x)—" ch”x (ex—+2il)n,

shax=

JAokKasarh, 4UTO

1 3 , 1 5 5
ch3x=Tch3x —{—Zchx, sh5x=l—63h5x——ﬁsh3x —i——gshx



FTJTABA XI
3JIEMEHTBI JIMHHEHHOTO NMPOrPAMMHPOBAHHUS

§ 1. IMHENHBIE HEPABEHCTBA U OBJIACTb PEIIEHUM
CHUCTEMbBI JIMHEWHDbIX HEPABEHCTB

Ilyers sajamo JinmefiHoe HEPABEHCTBO C ABYMS TePEMEHHBIMH X7 H X!
ax1-Fasx,+b=0. 0]

Ecan seanunnbt Xy H Xp pacCMaTpuBaTh Kak KOOPIMHATBI TOYKH ILTOCKOCTH, TO COBO-
KYITHOCTb TOYEK NJIOCKOCTH, KOOPJHHATBI KOTOPBLIX YAOBJIETBOPSIOT HepaBeHCTBY (1),
HA3BIBACTCS  004acmol0  peienuti JakHOTO HepaBeHCTBA. OGJACTbIO peLieHull HepapeH-
cTsa (1) sABJIs€TCS NOAYIIOCKOCTD.

L Toro uToGH YCTAHOBMTH, Kakas H3 ABYX TOJYIJIOCKOCTEH COOTBETCTBYeT
nepaseHeTBy (1), JIOCTATOMHO INIPUBECTH 3TO HEPABEHCTBO K BUAY Xy == kx; -+ uan
K BHAY X <Ckxi+-I. B nepsoM clyuae HCKOMAs HOJYILIOCKOCTH JIIKHT BHIIE TIpsMOit
aix1+-asxa-b=0, B0 BTOpOM—mHKe ee. Ecam ke a,=0, To0 HEPABEHCTBO IIPH-
BOAUTCA K OJHOMY M3 BHIOB Xyz=/h uim Xy <Ch, T. e. IOJAYIVIOCKOCTDb JIEKHT crnpasa
HJH ¢J1eBa OT NpsMOH xp=Hh.

B cayuae e, korga 3aiaHa cucreMa HepaBeHCTB

( auxi -Fasxs 46y =0,
Ag1X1 ~QaoXy by =20, ©

. L]
Am1X1+Qpoxe by =0,

Tle m—KOHEUHOE 4MCJO, TMOJY4MM INeDeceveHde KOHeYHOro YHCJAA MOJYIVIOCKOCTe,
o6pasyloltee MHOrOYroabHYI0 06macts D. O6aacts [ HasmBaeTcs 064activmo pewer il
CHCTeMbl HepaBeHCTB (2). DTa ofsacTh He Bcerjsa GhIBAeT OTPaHHYeHAa, OHA MOJXeET ObiTh
H HEOrpaHHueHHOH M paxe mnycroii. Ilocienmuii cayuaii umeeT MecTo Torja, Korja
CHCTEMa HePaBeHCTB (2) HPOTHBOPeuHBa. MoOryT 6biTh Takixe CIyyau JIMIUHHX Hepa-
BEHCTB, BXOIAUIMX B COBMECTHYIO CHCTEMY H ONpeNeNIsIOLHX NpPAMbIE, He HMEIomHe
¢ obacTeio D o6umux Tonek. Takue HEPABEHCTBA MOMKHO MCKJIOUHTD.

O6nactb petleHHH 06.1afaeT BAaXKHEIM CBOHCTBOM—OHA SIBJISETCS ebinyKaol, T. e.
BMeCTe C JIOOLIMH CBOHMH IBYMS TOUKAMH COJEDIKHT H BeCh COCIMHSIOLME HX OTpe30K.
IMpamass, KoTopast uMeerT ¢ 06sacTbio MO Kpaitne#l Mepe oy 06Uyl TOYKY, NpHTOM
TaK, uTO BCS OGJaCTb JIEXKHT 1O OJHY CTOPOHY OT 3TOH NPSIMOM, HA3LIBAETCH 0nopHOL
1o OTHOWIEHHIO K 3TOH obsacTa.

AHaZOTHYHO HCTOJKOBHIBAETCH TeOMETPHUECKH H CHCTEMA HEPaBeHCTB ¢ Tpems
nepeMeHHbIMU:

anXy -Qigxe 4-a13xs b= 0,
A91%1 ~ AgeXs - Aagxs -+by =0, ®

Am1X1+ ApaXa+Apaxz+ by = 0.

3/ech Kam[oe H3 HEPABEHCTB BHLINOJAHSAECTCS A OJHOLO H3 NOJYNPOCTPAHCTB, Ha KOTO-
psle pasbHBaeT BCe MPOCTPAHCTBO COOTBETCTBYIOIASL MJIOCKOCTh. CHCTeMa HepaBeHCTS (3)
peicTasaserT coGoi NepeceyeHne NOJYNPOCTPAHCTB, T. €. MHOTOIPaHHY10 06J1aCTh pelle-
HHH CHCTEMbl HEPaBEHCTB.

1712. Hafitn nosnynaockocts, ONpeneIAeMyl0 HEpaBeHCTBOM 2x; -+
~+ 3x,— 12 0.
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/\ 3aMeHss 3HaK HePABEHCTBA Ha 3HAK TOYHOIO PABEHCTBA, MOJYUMM YPaBHEHHE
npsaMoit  2xy - 3x,—12=0 nam x,=(—2/3) x;-}+4 (puc. 60). I[IpuBeneM AaHHOe Hepa-
BEHCTBO K BMAY Xy << (—2/3) x1--4. Ciez0BaTesibHO, HCKOMasl MOJYILIOCKOCTb pacro-
JIO}KE€HA HMXKe Npamoit x,=(—2/3) xi-}-4. A

1713. Kaxyo nosynjocKocTh OnpefessieT HepaBeHCTBO 2%, — 3x; == 0?

/\ 3aMeHssl 3HaK HePaBEHCTBA Ha 3HAK TOUHOTO DABEHCTRA, NOJYYHM ypaBHeHHe
npamolt 2x;—3x, =0 uam xp=1(2/3) x4, NpoXoisiedl uepe3 Hayago Koop;wmHaT. M3
HepaBeHcTBa 2xi—3%; == 0, T. e. x5 << (2/3) X1, BHITEKaeT, 4TO HCKOMAsl NOJIYIVIOCKOCTb
pacnosioxkeHa HuxKe npsaMolt xp=(2/3) x; (puc. 61). A

1714. Haiitn obnacTb pellleHH# CHCTEMBI HepaBeHCTB x;—1 >0,
X,—1>=0, x,+x,—3>0, —6x,—7x,-+42=>0.

/\ 3aMeHsis 3HAKH HePAaBeHCTB Ha 3HAKH TOUHBIX PABEHCTB, NOJYUYHM ypaBHEHIS
ueThipex npaMbix: x3—1=0, xo0—1=0, x;-} x,—3=0 u 6x;-}7x,—42=0, usebpa-

Puc. 60 Puc. 61 Puc. 62

XKeHHbIX Ha puc. 62. TIpuBeleM JaHHBIE HEpPaBeHCTBA K BHAY X3 =1, x>=1,
Xo==-x1+3, X< (—6/7) x3-+6. lTpnxoBKa noOKasbiBaeT Te M3 NOJYNJIOCKOCTENl,
KOTOpbi€ CJIYXKAT O6JaCTAMH DelIeHHH . COOTBETCTBYIOIU X HepasencTs. OOJAaCThIO peluc-
HHII CHCTeMBI HEPABEHCTB SIBJSETCH BBITYKJbI Y€ThIPEXYroMbius. i

1715. Hafiti o6sacTh peleHnil CHCTEeMbl HepaBeHCTB X, == 0, X, -+ x, —
—2>=0, x,—x,+1<0, x,<2.

/\ 3aMeHsisl 3HaKH HEPABEHCTB HAa 3HAKH TOYHBIX PABEHCTB, MOJYUYHM yPaBHEHHS
veThipex npaMbix: X3 =0, x1-}-x,—2=0, x;—x,-} 1 =0, x; =2, n306paxeHHbIX Ha
puc. 63. IlpuBeneM JaHHble HEpABEHCTBA K BHAY xi =0, xo=—x;+2, xa=x-+1,
Xx1=< 2. O6/1acTbio peleHHiH CHCTEMBI HEDABEHCTB SIBJSIETCS HEOrpaHHYEHHas BHITyKJas

durypa. A
1716. Hafitu ofsacth pellieHU# CHCTEMBl HEPaBEHCTB X, =2,
X+ 3%, 3, x,—x,+1<C0.

/\ TlocTpoum cootBetcTByiomHue mnpsivble. VI3 puc. 64 BHaHO, YTO He CYLIECTBYET
HH OJHON TOYKH, oOmlel AIsT BceX TpeX NOJMYIJOCKOcTelf. DTo o3HauaeT, uto 06JacTh
pelleHnii «IycTas» M 3ajlaHHAf CHCTeMa HePaBEHCTB HECOBMECTHA. 4\

1717. Hafitn o6aacth pellieHHil CHCTEMBI HEPABEHCTB 2X, —X; = —2,
Xi—X,=—2, x, <1, 2x%,—x,>=3.

/\ 3Ta cHcTeMa HepaBeHCTB He HMeeT pemeHHIl. ['eoMeTpHyecKH 3TO 03Hauaer, uTo
He CYIIEeCTBYET HHM OJIHOH TOYKH, KOOPJAUHATH KOTOPOH YIOBJIETBOPSIOT BCEM HEPABEH-
cTBaM JlanHOH 3ajauu (pHc. 65). A

1718. Haiitu obaactb pewieHuii cucteMbl HepaBeHCTB 3x, —x, > 0 (a),
=1, < O0(0), 26+ %, <B(B), 1, <2(r), 31—, >—4 (n).
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A\ TIaTv 3ajlaHHBIM HEPABCHCTBAM COOTBETCTBYET MHOMKECTEO TOUYEK IIJIOCKOCTH,
o6pasyiomee Tpeyroabiuk AOB (puc. 66). HepapencTBa (r) M (&) MOTYT ObiTh HCKJHO-
yeHbl, TaK KaK HEPABEHCTBO (1) ONpejiesisseT FPaHHUHYIO NPAMYIO, He MMEIOIIYI0 C Tpe-
yrompEakoM AOB o6umuX TOYEK, a NpsMasi, onpejesseMasl HEPaBeHCTBOM (r), HMeeET
OAHY OGLLYI0 TOUYKY C TPeyTOJLHUKOM H SIBJSieTCS ONMOPHON. A

' z
z 2

ILLLRSELRRALRLLIRIY

Puc. 63 Puc. 64 Puc. 65

1719. Haiitu ofnactb pemeHnii cucteMel HepaBeHCTB x; >0, x, =0,
X32=0, x,4+x,—1<C0, 3x,+x,—3x; =0.

]
8
A

[/

Z.

) 7

(9) ()(u) RIRU
Puc. 66 Puc. 67

A 3aMeHss 3HaKM HEPAaBEHCTB HAa SHAKH TOYHBIX DABEHCTB, NOJYVYHM ypaBHEHHS
nnockocTelt Xy =0, x,=0, x3=0, x;-+x,—1=0, 3x;-}x,—3x3=0, KoTOpBHIE H306-
paxensl Ha puc. 67. O6acTbio pelleHHii CHCTEMBI HEDABEHCTB CJYXKHT BbITYKJIBI
verppexrpasHuk ABOCD. A

1720. Kak pacrnoJsoxeHa NOJYIJIOCKOCTb, KOOPAUHATH TOYEK KOTO-
pOil YIOBJETBOPSIOT HEPABEHCTBY X;—X,— 10207

Haiiti ofnacTe pelileHnil CHCTEMBl HEPABEHCTB:

1721. %, +x,—5>0, x,—x,—5>=0, x, <7.

1722, x;—5x,+5>0, x,+3x,—3<<0, x, <5.

1723, %, >3, x,>=0, %, x,<<0.

1724, x,—x,+1>=0, 2x;+x,—7>0, x,—2x,+4>0.

1725. x,>0(a), 4x,—x,=0(6), x,<<6(), 4x+x<<40(),
X, —x,+ 8220 (n).

1726. x, >0, x,>=1, x,>0, x;,+ x5, x,—5<0.
1727, x; <<4, 2x,—x, =0, x,-+x,<3, x, 20, x,=0.

10 N 1474

273



§ 2. OCHOBHA S 3AJAYA JIMHEAHOIO NMPOIrPAMMHPOBAHU A

Sazaua JpHEHHOro MPOrPaMMHPOBAHHMS 3aKJIOYAaeTCA B M3YUEHHH CIIOCOBOB OTHIC-
KaHHsl HauGOJIbILEr0 HJIM HAUMEHbIIEro 3HAYeHWH JIHHeHHOH (YHKIHH OpH HaJIHYHH
JIMHEAHBIX OrpaHHYeHHIl.

DyHguusA, Haubo/IbIIee HJIH HaHMeHblllee 3HAUEHHE KOTOPOH OTHLICKHBAETCS, HA3HI-
BaeTCst yeaesol ¢yrryuei, a COBOKYIHOCTb 3HAYEHWH NEPeMEHHbIX, TPH KOTOPHIX AOCTH-
raercsi HauGoJ/ibllee /M HaMMeHbllee 3HAYCHWE, ONMpee/sieT TAaK HA3LIBAeMbI 0nmu-
MaroHoid naaH. Besikas ke  pyras COBOKYIHOCTb 3HAYEHHH, Y/OBJAETBOPSIOMAS
OrpaHHYeHHsM, ompelensier Jonycmumvii nian (peuwenue).

ITycte orpanmuenns sajaHbl COBMECTHOH CHCTEMOH M JuUHEHHbIX HEPaBeHCTB C 7
[epeMEHHBIMHU:

apXi-+aisxs -+ ooo - ayux, = byi;
A91Xy -+ GgaXe oo T GapXy == by
] ® ¢ 3 1] * & 3 L] £ i) . s ¢

am1x1+am2x2 + veot QinpXn = bm-

Cpennt HEOTPHUATENLHBIX PEUICHHI 5TOH CHCTeMbl TpeGyeTcs HalTH Takoe pelesue;
NpU KOTOPOM JiuHelHass ¢yHKuMA (LeseBas ¢yHKIHS)

L=cixitcexst.os+optnto

NpHHKMaeT HaHGO/bIIee (HAHMEHbIIee) 3HAUYEHWe HJIH, KaK FOBOPAT, MaKCHMH3HPOBATh
(MMHAMH3HPOBATD) JIMHEHHYI0 opmy L.

[MokaxeM, Kak pellaeTcsi yKasaHHas 3aJaua TeOMETPHYECKHM METOAOM, AJAST Yero
OTpPaHHYHMCS PaCCMOTPEHHEM COBMECTHOH CHCTeMbl JIMHEHHBLIX HEPaBEHCTB C ABYMS H
TpeMst NepemeHHbIMA. [1ycTh, Kpome Toro, 3aiana JnHelHast PYHKIUA L = cyxy - cox, +c4.
Haiizem cpeam MHoxecTBa Touek (X1; Xs) M3 OGJIAaCTH DEIUEHHH COBMECTHOH CHCTEMbI
HEPABEHCTB TaKHe, KOTOphe NPHAAIOT 3aJaHHOM JIMHEHHOH QyHKIHH HaHMeHbLiee (HaH-
Gonblwee) sHauenue. s Kaxuoil TOUKA IJIOCKOCIH (GYHKUHA L NpHHHMaer (PUKCHPO-
BaHHCe 3HaueHHe L==Ly. MHOXECTBO BCeX TAKMX TOUEK €CTb NPSIMAS C1X; 4 Co¥y—+ o= Ly;
nepnenjukyaspHas BeKTopy C(ci; ¢;), BHIXOAAIEMY H3 Hauyajaa KoopAHHAT. Ecau sty
NPAMYI0 epeBUraTh Napa/eNbHO CaMoii ce6e B MOJMOKHUTEILHOM Hall paBJeH # BeKTopa C,
TO JHHedHass QYHKUMA L = cyx; - Cox,—Cy GYJET BO3pacTaTh, a B IIPOTHBOIOJIOXKHOM
HanpaB/eHHH — yObiBaTh. TlycTh NpH JABMMKEHHH NPAMOH L B NOJOMUTEJNLHOM HallpaB-
JeHuH pekTopa C OHa BNepBEIE BCTPETHTCH C MHOTOYTOJBHHKOM pelleHHH B ero Bep-
liMHe, TOT]d B 3TOM IOJIOXKEeHMH Ly npsmas L CTaHOBUTCH ONOPHOM, U Ha 3TOH
npsiMOll GYHKUUA L NpHHHMaeT HauMeHbliee 3HaueHHe. [Ip¥ JasbHefilieM JBHXKeHHM
B TOM K€ HaNpaB/JeHHH (NOJOXKHTEJIbHOM) MpsAMas L NpOHjeT uepes APYryio BepIUHHY
MHOTOYTOJIbHUKA PeIleHHH, BLIXOASI U3 O0JaCTH pelIeHHi, M CTAaHeT Takke ONOPHOHN
npamoit Ly; Ha uell bynkuus L npuHHMaer HaHGOJIbLUee 3HAYCHHE CPEJH BCEX 3HAaue-
HHi, MPHHUMAEMbIX HA MHOTOVIOJIbHHKE pelleHuii.

Taxum 06pa3oM, MUHHMH3AUHS H MAKCHMH3AIHS JIMHEHHON GyHRUHH L = cy%; -
- €3%3 ¢y Ha MHOrOYroJIbHHKE pelleHHH JOCTHTAlOTCH B TOUKAX nepeceyeHns 3TOro
MHOPOYTOJALHHKA C OMOPHBIMH IPSAMBIMH, NEPHEHAHKYJISIPHHIME EeKTOPYy C (C1; Cp).
Onopnas mpsaMast MOXKET HMETb C MHOTOYTOJNGLHHKOM peLleHHIl JHG0 O/HY OOWYIO TOUKY
(E€pUIHHY MHOTOYTOJIBbHHKa), JHGO GECKOHEUHOE MHOXKECTBO TOUEK {(3TO MHOMKECTBO €CTh
CTOPOHA MHOTOYT'OJIbHHKA).

AnanorHyHo, JuHeliHast (GYHKUUS TpeX NepeMeHHBIX L =cix;4caxs+c3x3-+¢4
NPUHHMAET NOCTOSIHHOE 3HAaUCHHE U3 MJIOCKOCTH, IePHeHUK Y IAPHOH BekTopy C (¢1; €y C3).
HanMensimee n nauGosiblee 3HaueHHs 5TOH (YHKIUM HAa MHOTOTPAHHHKE peLUeHHil
JOCTHraloTCAd B TOYKAX NepecedeHHs 3TOr0 MHOTOIPAHHMKA C ONOPHBIMU IJIOCKOCTSIMH,
neprnenJnKyaapHuIMH BeKTopy C (cr; ¢p; ¢3). OnopHast MIOCKOCTb MOMKET HMETh ¢ MHO-
TOrPaHHUKOM  pelleHHH JHGO OAHY o0ulyl0 TOUKy (BEPIIMHY MHOTOTPAaHHHKA), Ju6o
GeCKOHEUHOE MHOMKECTBO TOYEK (3TO MHOXKECTBO eCThb Pe6po HJH IpaHb MHOTOr DaHHHKA).

1728. Maxkcnmunsupopatn Jnnefinyio ¢opmy L=2x;42x; npu orpa-
HUYEHUAX: 3%, —2x; =>—6, 3x, -+ x, >3, x, < 3.

/\ 3aMeHHB 3HAKH HePaBeHCTB HA SHAKH TOYHBIX DABEHCTB, NIOCTPOHM OBJacTh
peweruii no ypasHenuaM npampix 3x;—2x,+6=0, 3x;+x;—3=0, x; =3 (puc. 68).
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O6nacTeio peiuenuil HepaBeHCTB sBsieTcst Tpeyrodbuuk MN P. IToctponm Bektop C (2; 2).
Torza omopHasi mnpsiMas IPH BBIXOJAE H3 TPEYrObHHKA PElleHHHA NPOMJET uepes TOUKY
P (3; 15/2), a noromy B Touke P Junefinas ¢ynkuus L =2x;-+2x, NpHHHMaeT Hau-
GoJiblllee 3HaueHMe, T. €. MAKCHMHU3HpyeTcsi, U Lya.x=2-3-1+2.(15/2)=21. A

1729. MunuMu3HpoBaTh JHHeHHyK0 OyHKIHIO L= 12x, +4x, npu
OTPaHHYeHHAX: X, -} X, =2, X, =21/2, x, <4, x,—x,<<0.

/\ 3aMeHHB 3HAKYM HEPaBEHCTB Ha 3HAKH TOUHBIX DaBEHCTB, NMOCTPOMM OOGJIACTb
peLIeHHH, OrPaHHYEHHYIO NPAMBIMU X1+ X3 =2, x1=1/2, x3=4, x;—x,=0. O6nactb

&
. (4
8 &
Y ¢ 3 . 7
E <
0 E < LE
gh It
. &£
p 7 ~N ‘ %%
Puc. 68 Puc. 59

pewenuit — Muoroyroabituk - MNPQ (puc. 69). Crpoum Bektop C(12; 4). Onopnas
npsamast npoxojAuT uepes Touky M (1/2; 3/2)—>3T0 nmepBas TOUKA IepeceueHHs MHOTO-
YroJbHHKA pellieHuil ¢ npsaMoit L npu IepemelleHHH 3TOH NPsAMONH B INOJOKHTEIbHOM
nanpasjeHun Bektopa C. B Touke M nuueitnas dynknnsa L= 12x;-4x, npunnmaer
HauMeHbluee 3HaueHHe Lpin=12.(1/2)44-(3/2)=12. A

1730. Haittn nauGonsiuee 3HauweHne gyukunu L= x, -+ 3x,-+ 3x, npu
OTpaHUYEHHAX: X,+ X, <3, x,—x, =0, x,>=1, 3x,+ x, < 15.

/\ TlocTpouMm 06J1aCTh pellleHWH CHCTEMBl HEPABEHCTB 1O YPAaBHEHHSIM IJIOCKOCTEH:
Xotx3=3, x;—x,=0, xo=1, 8x; 1 x,=15. O6sacTbl0 pelienuii SBIAETCH MHOTO-
rpaunuk MNPQRS (puc. 70).

Iloctponm mexrtop C(l; 3; 3). Ilpn nepeMenieHnH ONMOPHOI MIOCKOCTH B NOJGHKH-
TeNbHOM HanpaBJeHuWu BekTopa C oHAa BHUiLET W3 MHOTOTPAHHHKA pelleHHi B TOUKe
N (4; 3; 0). Ilostomy B Touxe N JauHefiHasds (yHKINS
L =x;-}3x,--3x3 npuMer HauGOJbllee SHaueHH2, T. e.
Liax=4-+3-3-+3.-0=13. A

1731. Halitn naunGosblilee 3HaueHue (GyHKIHH
L =3x,—6x,-+2x, npu orpauuueHusx: 3x,-}
+3x,+2x, <6, x4 4x,-}-8x, < 8.

/\ Tloctponm o6aacTb pelieHuil CHCTEMEl JIHHEHHBIX
HEPaBeHCTB, B3fB IJIOCKOCTH 3x;-}-3xp+2x3=6, x;--
—+4x,+8x3=8, x;==0, x,=0, x3=0. d1a ob6.1acTh ecTb
muororpansnk  MNOPR (puc. 71). Tloctpoum BekTop p

. . . He. 71
C (3; — 6; 2). Ilpu nepemereHuy ONOPHOMH NJIOCKOCTH B 110JI0-

JKHTE/LHOM HampasJ/eHud Bektopa C oHAa BHIZET M3 MHO-

rorpaHHHKa pemennif B Toukax pe6pa MR. CielloBaTesbHO, HanGOJbINEE 3HAUEHHE
JlaHHOK YRKIHY NPHHHMAETCS B TOYKaX orpeska MR. Y6exiaeMcs B 5TOM, NMOJCTARHB
koopiuHatel Touek M (2; 0; 0) u R (16/11; 0; 9/11) B smnefinyio dopmy L; mosnydnm
L (M)=6, L(R)=6. A
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1732. Haiitu nanGonbluee snauenue pynkuun L = x, -+ 3x, IpH orpa-
HHYeHUAX: X, +4x, >4, x,+ x, <6, x, < 2. :

1733. MuHuMH3MpOBATD (YHKUMIO L =X,—X, NPH OTPAHUYEHHSX:
3+ X, <7, 1<Cx, <4, x,<4.

1734. Hafitu HanGosbiiee 3HaueHHe (GYHKIHH L =3x,—4x, npu
OrpaHHYeHusx: x, —2x, =6, x;-+ 2x,>0, x, <6.

1735. Hafitu nanGosabinee 3snaueHue dyHKIUH L=—x;+2x, npu
orpannyeHuax: x;—8x, <10, x,+x,>1, x,—5x,>—5, 3x,+
-+ 10x, < 30.

1736. Haiitn HauGoabinee snauenue (GyHKIHH L =8x,—2x, mpu
OrpaHuueHusx: 3x;-4x, =18, 3x,—x, >3, x,<6, 2x, -+ x,<I18,
4y, —x, < 24.

1737. Munumnsupopats JuHelinyo gopmy L=—2x,—x,-} 3x, upu
OTpaHMYEHURAX: X, + X, =2, 3x, -+ x, <6, x, << 3.

1738. Halitn wnauGonbuiee 3uauenwe ¢ynxunn L= x, + 2x, 4 3x,
NpH OTPAHHUEHHUAX: X;+ X, <3, X+ %,—x, <0, 3x;+3x,—x, >0.

1739. Haiitn nanGospluee 3pavenue dGyHKIUH L=10x,+x; npu

£y

OTPaHHYCHHSX: 33X, + 2x, 4 x5 << 6, 3x;—3x, -+ x, <6, x,<3.

§ 3. CHMIJIEKC-METOJ

1. Monstue o cumnnekc-MeTone. Pewlelne OCHOBHOH 3ajaum JUHEHHOrO Aporpam-
MHPOBAHHs TEOMETDUUYECKHM METO/IOM SIB/AETICS HAIJIANHBIM B CJyuae ABYX H Jaxe
Tpex mepemenHbIX. [lisl cayuas ke GOJBIIETO uHCTIA NepPEMeHIibix reoMeTpuyecK ui
METOJ CTAHOBHTCS HEBO3MOMKHBIM. TaK HasbIBaEMbIil cumniexc-memod NPHHALIEKHT K
HHCTY aHAJMTHYECKHX METOMOB PelUeHHS OCHOBHOH 3a/aui JIMHEHHOLO NPOI'paMMHpO-
Bauua. CucreMa orpaHuueHsil B BLIYHCAMTEIBHBIX METOJaX OGLIYHO 334aeTCs CHOTEMON
JIMHeHHBIX ypaBHEHHUH

QX1+ @isgXa -« . . - agpXy, = by,
Ao1X1FAogXo o o~ Aop Xy = by, 0
ApiX1+ ApaXat oo o AppXp=bp
M CpelM HeOTPUUATeJNbHLIX pelieHHit cucTeMsl ypasuenuit (1) Hajo HafiTw Takue, KoTO-
pble MaKCHMHM3UPOBaAH Obl JHHEHHYIO (YyHKUHIO

L=cixifcpxpt-... + Xy -t co.
Beipasum xy, Xa, ..., X, (r<{m) uepes ocraibHbie nepeMeHHble:
|{ X1=01, r+1%r41+ .« . Fa1nx,+ by,
§ ¥2==02, r4 Xri1t ... - QanXp b, @
U Xp=4ar, r+1%ri1t. .. +arnxn+ by,

e b1 =0, by =0, <., br==0. Ecim orpaHuduTenHbe YCJOBHA 3aJaHBl HepaBeH-
CTBAMH, TO HX MOXKHO NpPeoGpasoBaTh B PaBEHCTBA IyTeM BBEACHHS HOBLIX HEOTpHLA-
TeJLHbIX NEPEMEHHDBIX, TAK HA3LIBAEMBIX 6a4aHCO6bX (BHPaBHHMBAIOWLHX). Harpumep,
B HCDABEHCTBE (1X1—+dfaXs—t-...--a,%, <Cb J1OCTATOUHO J106GaBMTb K JeBON 4acTH
HeKOTOPYIO BEJHYUHY X, 1>=0 u monyuurtcs pasenctso

QX+ aaXa+ .o FApxp - Xy 1 =b.

OrpaunyuTe/ibHble YCIOBHA MOTYT 3aaBaThCst H CMEMIAHHBIM o6pasom, T. €. Hepa-
BCHCTBAMM H YyDaBHEeHMSIMHM, TOT/d VKa3aHHBIM NYTEM HX MOXHO CBECTH TOJMBKO K
ypaeHennam. Ilepemennnie (HenssecTHble) x;, X3, ..., X, HA3HBAIOTCA 6asucuoimy, a
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Bech Habop {x1, Xa; ..., X,} — 6a3UcoM, OCTaAbHBIE IEPEMEHHBIE HA3bIBAIOTC S €60600HbL MU 5
cHCcTeMa orpasuuenuit (2) WaswiBaeTcs cucmemoil, npusedenroi k edunudromy Gasucy.
ToacTapnsasa B JHHeHHYI0 (GopMy L BMecTo 6a3HCHHIX II€peMEHHBIX HX BBHIPAXKEHHUS
yepes CBOGOJLHBIE M3 CHCTEMBI (2), MOJY4HM

L=v+vr+1Xr+1t+ - -+ VnXn

Teneps, nonaras Bce cBOGOJHbIE NepeMEeHHBE PABHLIMH HYJIO, HaljeM 3HaueHHs
6a3uCHBIX NMepPeMeHHBIX: x1="b1, xzzbé, ceey x,:b;. Takum o6GpasoM, peleHHe (b;,
b;, ...,b;, 0, ..., 0) cucrempl siasiercd JONYCTHUMBIM —OHO Ha3biBaeTCsl GaABUCHOIM.
Jlas mosyueHuoro 6a3uCHOTO pellieHHusT 3HaueHHe JHHelHOH dopmbr Lg==y,. Peme-
HHe 3ajayH C IOMOILbIO CHMIIJIEKC-MeTOAa pacrnajaercd Ha psji IIaros, 3aKJOYaio-
IMXCS B TOM, UTO OT JaHHOrO 6ashca B Mul mepexoiuMm K apyromy 6asucy B’ ¢ rakum
pacueToM, 4TOGhl 3HaueHue LB yMeHbIIAIOCh HJIM, MO KpailHell Mepe, He yBelMYH-
BaJOCh, T. €. LB,QLB.
Hpeio meTosa mpocsie MM Ha KOHKPETHBIX NpHMepax.

1740. MakcumusnpoBath JuHelinyo ¢opmy L =—x,-}- X, npyu orpasu-
YeHHAX: X;+x,—2x, =1, X,—2x,+x;,=2, X3+ 3x, -+ x,=3.

A JlanHas cucTeMa ypaBHeHuH-OrpaBHuenHii COBMECTHA, TAK KaK PAHTH MaTPHUEL
CHCTeMbl
1 00 1 —2
(0 1 0 —2 1
1

\0 0 3 1

u pacmnpeﬂﬂoﬁ MaTpHUiLbl

1 00 1 —2 1
01 0 —2 1 2
0 01 3 1 3

COBMANAOT W PABHBEI 3. CnenoBaTenbHO, CHCTEMA YpPaBHEHHH COBMeCTHa M TPH nepe-
MeHHble (6a3WCHblE) MOXKHO JHHEHHO BHIPA3UTh Yepe3 JABe CBOGOJHbIE TlepeMEHHbIE.
Bripasum, Hanpumep Xxi, Xa U X3 uepe3 x4 U X, T. €. IPUBEJEM CUCTEMY K eJMHHYHOMY
6agucy:

[ x1=1—x,--2x;,
1 Xy =2 2x4—x35, (+)
x3=3——3x4—x5.

Jluneitnyo dopmy L= — x;- x5 BHpa3nM uyepe3 CBOGOJHBIE NEPEMEHHBIE Xz H X;
(B nanHOM TpHMepe L yxe BmIpaXeHa uepes Xy M X5). Tenepb npu xy=0, x;=0
HafijleM 3HaueHHs OGAa3NCHBIX NepeMeHHBbIX: X3 =1, %, =2, x3=3. Takum ofpasom,
nepsoe JOTyCTHMOE pellleHHe CHCTEMB! ypaBHeHHH ecTb xy=1, % =2, x3=3, x,=0,
x5==0, uau (1, 2, 3, 0, 0). IIpH HajileHHOM JONYCTHMOM pelUeHHH JuHeiHas (popma L
umeeT 3Hauenne 0, T. e. L;=0.

Tenepsb NOMLITAEMCS YBEJIHUYHTL 3HaueHHe Li; yBeJHueHue x, yMmeHblHWT Ly, Tak
KaK Tepejl X, CTOHT OTPHUATEJIbHBIH KO3(GGHIHEHT, a YBeJHUEHHE X5 JAeT YEBeIHueHHe
U Li. YBeIHUUM NO3TOMY X5 TaK, UTOOLI X1, Xg, X3 HE CTANH OTPHILATEJILHBIMH, OCTaBHMB
x,==0. V3 BToporo ypaBHEHHsSI CHCTEMBl () CJEAyeT, YTO X; MOMKHO YBeJMUHTH 10 2.
TakuM c6pasom, MOJyuaeM CAeAYIOLiHe 3HaueHHs IeLeMEHHBIX: X3 =095, X, =0, xg=1,
x,=0, x;=2 wu (5, 0, 1, 0, 2).

3HaueHue JHHeHHOH (GopMbl L NMpPH 3TOM AONYCTUMOM pelleHHH PaBHO Lg=2, T. e.
NpH BTOPOM LIAre OHO YBEJHYHJIOCH.

Jlasiee, mpuMeM 3a CEOGO/JHbIE TIEPEMEHHbIE Xy M X3, T. €. HMEHHO Te JieDeMeHHbIe,
KOTOpHe B HOBOM peElIEHHH HMEIOT HyJjesbie 3HaueHna. C 3Toil LeJbl0 H3 BTOPOro
YPaBl€HHS CHCTEMbl (%) BBIDABHM X3 UYEPE3 Xp H X4 K TOMYYHM Xp=2-—X; 1244
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Torna

X3 ==1 -} xy—bxy, :
Xy =2— X +-2x4, (%)
L =2—x,1x,.

{ xi=5—2x,-1 3x4;

Jna yseauuenust 3Hauenus L 6yleM yBenlHuHBaTb x4. VI3 BTOporo ypaBHeHHS
CHCTeMBI (##) BHJHO, UYTO IIPH YCJIOBHH HEOTPHLATENBHOCTH X3 ZHAYEHHE X; MOXHO
nosecty 10 xg=1/5. [IpH 3TOM yCc/lOBHH HOBOE JOMYCTHMOE pelIeHHe eCTb Xx; = 28/5,
xe=0, x3=0, x4=1/5, x;=12/5 nau (28/5, 0, 0, 1/5, 12/5). 3nauenne JuHeHHOH
¢popmsl mpu srom Lg=11/5.

BripasuM Temepb Xy, X4, X5 uepe3 cBOOO/HbIE NepeMeHHbIe Xp H X3

%1 =28/5—(3/5)x3— (7/5)xz,

{ Xy =1/5—(1/9) x5+ (1/5)x., -
x5 = 12/5— (2/5)x3— (3/5)xa, (e)
L =11/5—(1/5)x3— (4/5)x,.

Tak Kak B mochienHell nuHeiiHoll dopMe o6e cBOGOAHLIE NEepeMEHHHIE BXOASAT €  OT-
pHLATENbHBIMA KO(pHIIHEHTAMH, TO Haubo/bliee 3naueHue L jocruraerca npu xp =0,
x3=0. 910 o3Hauaer, uto peuwenue (28/5, 0, 0, 1/5, 12/5) sBAsETCA ONTHMAJIbHBIM
U Lpax=11/5. A

1741. MakcumusupoBath JuHeliHyI0 ¢opmy L =x, 4 x; npH orpaHu-
YeHHAX: X— X+ Xy =1, X,—2x; 4 x,=2.

A Cucrema ypaBHeHUIi-OrpaHHUYEHHII COBMECTHA, TaK KaK PAHTM MaTpPHIbI CHCTe-
MBl YpaBHEHHH M pacIIMpEHHOH MaTPHULI OJAHHAKOBb H paBHbl 2. CieloBaTeNbHO, JBe
GasucHble TTePeMEHHble MOXKHO BBIPa3HTb JIHHEHHO uepe3 JApyrue Ase cBoGoxHsie, I1pu-
MeM 3a cBOGOJHbIE IepeMeHHbe Xy H X3. Toria

Xy =1-4xp—x3,
Xy =2—x;+2x3,
L=xy+x3.

TIpu x, =0 u x3=0 GasucHele nepemenHule ¥;=1, x,=2, T. e. WMeeM IllepBoe Jomyc-
Tumoe pemenue (1, 0, 0, 2) u L;=0. ¥YBeauuenue L MOXHO OCYHIECTBHTb NDH yBe-
guucnun x3 po 1. Torma npu x3=1, x,=0 3nauenus Ga3ucHbx nepemeHHbx xy=0,
x;=4. Horoe nomyctumoe pewenue (0, 0, 1, 4) u Ly=1.

BuipasuMm Temepb X3 M X, Yepe3 Xy U Xl

x3=1—x1-4-x2,
X3 :4—2X1+x2,
L=1—x;42x,.

Yeenuuenne L BO3MOXKHO HPH YBETHYEHHH X,. YREJIHUEHHE e X, HE OrpaHHueHo,
cyaa mo nocdeanell cucteMe ypapnennii. Taxum cbpasom, L Gyper npunmmath Bce
6OMbIINE TONOKUTEIbHEE 3HAUeHUs, T. €. Ly, = -4 o. Hrak, dopma L ne orpaun-
yeHa CBepXy, a IIOTOMY ONTHMAaJbHOIO peLIeHHS He cyilecTsyer. A

1742, 3apana cucrtema OrpaHMyeHui: x; + X, + 2x3—x, =3, X,+2x, =1
u auneitnasi popma L= 5x, —x;. Halitn onTumaspHoe pelienve, MHHHMH-
supymollee JHHelHYy0 GopMmy.

A Oty sazauy MoXHO Gmio 6nl CBECTH K 3aflaue HaXOXKJIEHHS MakcHMyMa (yH-
kuuu Ly= —L, 1. e. Ly= —5x;--x3, HO 3T0 He o6s3aTenrHO0. PaccyKaast aHaJOruu-
HO MpEABbLIYLIEMY, €e MOXHO DElIHTb, He CBOJAS K MakcuMusaunuu. JlanHas cHcTeMa
ypaBHEHHI COBMECTHA, TaK KaK PaHIM MAaTPUILI CHCTeMH M DACUIHPEHHON MaTpHILb
oAuHAaKOoBEl U paBHbl 2. ClieoBaTesqbHO, CHCTEMY YpaBHEHHH MOXKHO, HaIpHMep, Ie-

278



penmHcaTe TaK:
xi=2—2x3-}3x4;
{ Xy =1—2x,
L=10—11x3+ 15x4.

3pech 3a 6a3HCHLIE MepeMeHHEe NPHHATHL Xy M Xy, a 3a cBoBoAubie X3 u Xx;. [lpm
x3=0 n x,=0 nepBoe 6asucuoe peinenne ectb x;=2, xpy=1, x3=0, x,=0 wuau
2, 1,0, 0), a Ly=10. ¥Ymeubwenue JauHelHON (opMbl L RbI3bLIBAETCS YBEJIHUEHHEM
X3, TaK KakK nepef x3 B ¢opMe L CTOHT OTpHLATEJAbHBIH KO3h(HINEHT, NpHUEM yBe-
JIMYeHHEe X3 BO3MOXKHO TOJBKO 10 1, a sHauenne x, =0 ocraercsi. Ecau npumem x3=1,
To ¥1=0, xp==1, x3=1, x4=0 nmu (0, 1, 1, 0)—BTopoe GasucHoe pelneHHe, NpH
KOTOpOM Ly == —1,
BbipasuM x, M X3 yepe3 HOBbie CBOGOJHBIE NIEDEMEHHBIE Xj M X4

Xo = 1 —2X4,
x3=1—(1/2)x1+ (3/2) x4,
L=—1-411/2)x;—(3/2)xs.
Tenepv ymenbuienne 3Havennst GopMbl L 3aBHCHT OT YBEJHUEHHS X; JO xy=1/2
(Npu 3TOM Xxo HEOTpHUATENbHO), a 3HaueHne xq; =0 ocraerca. B sTOM ciayuae umeem
HoBOE JomycTHMoe pewienue X3 =0, x,=0, x3=7/4, x,=1/2 wm (0, 0, 7/4, 1/2),
npu Kotopom L= -—7/4.
Boipasum x3 u xyuepe3 CBOGOJHBIE NE€PEMEHHBIE X{ H Xp:
x3=T7/4—(1/2)x;— (3/4)x2,
x3=1/2—(1/2)x,,
L=—T7/4-+(11/2)xi-} (3/4)x;.

Tak xax nansuelitmee yMenbluenne 3HaueHnst GopMbl L HEBO3MOXKHO H3-3a TOJOKH-
TeJbHOCTH KOIPGHIUHEHTOB IPH X1 H X, TO AONyCTHMOE pewerue 3atauu (0, 0, 7/4, 1/2)
AIBJISIETCS ONTHMadbhbM. HauMenbiiee 3nHauenne L pasHo—7/4. A

1743. MaxcumnsupoBsath JuHefHYIO (opMmy L = 2x,—x, Npu caexry-
IolieHl CHCTEMe OrpaHHYeHHH:
X1 X2 -} 55 =20,
Xy--2x, =5,
— X+ X+ x3<< 8.
A Tax xax CHCTeMa OrpaHquHHﬁ 3aJlaHa CMEIIAHHO, TO NPUBENEM €€ K CHCTeMe
ypaBHeanr, BBE€JII HOBYIO HEOTPHUATENAbHYIO NEPEMEHHYIO X5 B JEBYIO 4YacTb BTOpOro

YCJIOBHS C OTPHUATENbHBIM KOBPHUHEHTOM, a Xg—B TPETbe YCJAOBHE C HOJIOKHTENbe
HbIM Koadpunpentom. Toraa moiyuuM cucTemy ypaBHeHHIH

{ x1 -+ %9 +5x3=20,
i Xo+2x4— x5 =5,
—Xi{—Xg -} X3 X =8.

[IpuBesiem 5Ty cHCTeMy K exuHHUHOMY 6a3ucy, BHOGpaB 3a GasucHBIE NepeMeHHsle X1
X3, X3 (B CHJy TOTO, 4TO PaHI MATDHIBI CHCTEMBI PaBeH 3):

xi=15-]2x;— X5, X3=5-—2x4-}x;, x3=28—x,. (*)

Jlunefinas dopMa Torza NpHMET BHA L=30-+3x;—2x;5. Ilpu x,=0, x,==0,
xg="0 GasucHble MepeMeHHbIE HMEIOT 3HAUEHHs xy== 15, X2=>5, x3=28, T.e. meproe
nomycTumoe pewenme (15, 5, 28, 0, 0, 0); npu atom L;=230.

Hast Toro utober sHavenne L yBelHUHIOCH, HEOGXOMMO YBETHUMBATE X4, TaK Kak
5Ta IEPEMEHHAT BXOJMT B BbIPameHHE 1A L ¢ MOJOKMTEAbHHIM KO3(DHILHEHTOM.
YBeJHUEHUE JKe ¥, BOSMOXKHO JI0 X, =05/2~5T0 BHAHO M3 BTOPOTO VCJOBHS CHCTEMbI
orpannuendil (+). Ipu x,=5/2, x;=0, x,=0 3naueHns ADYTHX IePeMeHHBIX Tako-
Bol: x1=20, x,=0, x3=28 T.e. moayunu BTOpOE Jonycrumoe pewenne (20, 0,

279



28, 5/2, 0, 0), u mmmeiinan dynkuus L npuMer sun L=75/2—(3/2)x; — (1/2)x;,
a pH BTOPOM JONYCTHMOM DpelIeHHH ee 3HaueHHe paBHO L, =75/2.

Tenepb, nockobKy KosddHUHEHTs IPU NepeMeHHHX B L OTpHuaTeNbHL, YBENH-
yeHue sHauenust L Heso3momHo. CoretoBatensuo, Ly, ==75/2=37,5. A

1744. [lna wusrotoBneHHs H3fequil ABYX BHAoB umeercss 100 Kr
merania. Ha msroroBrenue opHoro msnenust | Buaa pacxomyercss 2 Kr
metassa, a usaenus Il pupa—4 kr. CocTaBHTh 1JaH NPOM3BOACTBA,
obecneyuBaOIMi NoJyueHne HauGoabell NpuGHIIM OT NPOJaXKH H3Je-
JIHH, €CJH OTNYCKHAas CTOHMOCTB OJHOTO u3geans | BHia cocraBJsier
3 py6., a uspemusa Il Buga—2 py6., npuuem usgemuit 1 suja TpeGy-
€TCs1 U3roTOBUTH He Gosee 40, a usgenudl I suga—ne Gosee 20.

A\ Tlyers nsroropneno xy mazenuit | muaa u x,—1I Buza. Torna umeem caenyo-
3 1 2

IHE OrpaHHYCHHs HA IMEepPeMCHHbIC X1 H Xy@

Xy =< 20,

{ x1=< 40,
2x1 -+ 4x, =100,

IeneBast pyukunss uveer BuA L= 3x; - 2x,. [peoGpasyem cMeIIaHHYIO CHCTEMY OrpaHH-
YCHKH B CHCTeMY OTpaHHuenyii B BHAC YPaBHEHUIl, BBEAS HOBLIC MEPEMEHHLIE X3 M Xqt
X1+ xg=40,
Ko xy=20,
U xy - 2x,=50.

)

paBen 3. BoiCepem 3a Ga3uCHbIE TNePEMEHHBIE Xj, Ys, X3 H TepeliieM K eIMHHYHOMY
6asucy:

Panr maTpuupt 3Tofi cHCTEMbI

O O

1
0
1

N - O
So—

TN

x1==10-42xy,
{ Xo=20— x4,
x3=230—2x,.

Tlepsoe ponycrumoe pemenne mosyunres npu x; =0, x; =10, x,=20, x3=30. Ilpu
3TUX 3HAUEHHMsAX MepemeHublXx L=70. YReaHueHuss 3HAUEHUs WeEJNEBOH DYHKIHH MOMKHO
JIOCTHTHYTH TIyTeM YBeJHUEHHS X4 A0 xy=15, cyas no Tperbemy ypasuenuio. Torna
npu x3==15, x;=40, x,=05, x3=0 umeem L=130. Bropoe aomycTHMoe pelerne
(40, 5, 0, 15); xy=40—x3, xo=5-(1/2) x3, x4=15—(1/2) x5, L= 130—2x5. Kosg-
OQUIHEHT NpH X3 B LeeBoll (DYHKIHA OTPHUATEICH, a MOTOMY jaJjbHelillee yBeJHUeHHe
L neposmoxuo. Cle10BATENbHO, ONTHMAbHOE peltenne x; =40, =5 1 Ly,,, = 130. &

2. Cumnnexcuble Tabauubl. CHcTeMy OrpaHHUEHMil CBeieM K €JAMHMUHOMY Oasucy:

it oo G b1 Xp it Qi Xy = by,

it .o tan per X1t X =1b;,

Xrtooitan, pr1Xp it oot arn xp=0by,
a aunefinylo ¢opMy L—k Buay

L+Yr+ixr+i+'"+ijj+"‘+ylzxn=Y0' V (])
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B Buje TabauubI 3TH JAHHBIE MOXKHO JPE/ICTAaBUTL TakK:

BasucHBE | CpoGommbie . )

nepeMeH- wiet bt E 70 xi | oo | xr Xr 4 e | x5 oo | xn
Hble
X1 by 1 0 0 gy pi1 | vve | Qi | oo | Qun
X; b; 0 . 1 .. 0 iy pg1 | -+ a;; . ain
Xy br 0 e 0 e 1 Qpry p+1 e a,j RN Qpn
L Vo 0 0 0 Vri1 T

ParenctBo (1) Gyaem HaswBaTh npusedernsis (K CBOGOJHLIM NEPEMEHHEIM) 6bLPAMNCEHIEM
A dynxiun L, a KosuuueHTs y;— oyenkamts (WHJIEKCaMH) COOTBETCTBYIOULHX CBO-
GOIHEIX MepemMelHbIX X ;.

1. Buiupalor paspematomuii cTonben @, M3 YCJ0BUS: OLEHKA Yp < 0 n xoTst Obl
OJIMH 3JIEMEHT Gjp > 0

2. BriGupaioT ¢-10 pa3pelaiomyio CTPOKY M3 YCACBHS

bglagp==min{b;/a; p} pas a;, > 0.

3. TIpOM3BOAAT IlepecyeT 3JEMEHTOB pa3speluaiolmel g-H CTPOKH no dopmyJe

Qg =Agr/agp (=0, 1, ..., n).
4. Buluuc/si0T 3MeMeHTH BCeX OCTAJNBHBIX CTPOK (Mpu R # p) mo dopmyJe
aip=aipp—agr dip (=0, 1, ..., ¢g—1, ¢g4+1, ..., 1.

CrefyeT uMeThb B BHJY OCHOBHYIO TEODEMY CHMILJIEKCHOTO MeTOAa, KOTOPYIO NpHUBe-
JeM 6e3 JIoKa3aTeJbCTBa.

Teopema. Ecau nocae evinosnenus ouepednod umepayuu:

1) wardemes xoma 66 00HG ompuyamesbHas OueHKA U 8 Kaxcdom crmoabye ¢
MaKod OyeHKOL oKaxcemcs Xomsa Ovl 00UH NOA0XCUMEnbHbIL aremenm, m. e. Vg > 0 0an
Hekomopoix k, u ajp, > 0 0aa mex sice B U HeKOMOPO2O I, MO MONCHO YAY4LUUMYL peuie-
HUe, 86INOAHUB CACOYIOWYI0 UMePayLi0;

2) naiddemcs xomsa Gol 00HA OMPULAMENbHAS OUeHKA, cmoabey Komopol we codep-
JCUM NOAOKHCUMEALHOIX  IAeMermos, m. e. Y, < 0, a;, < 0, 0aa rarkoeo-mo k u ecex i,
nmo Qyuxyus L He ocpanuvena 6 obaacmu donycmumorx peuieruli (Lpay — o0);

3) 6ce oyeHKu OKQUCYMCR  HeomMpuyamesvHomu, m. e. V=0 0Oaa ecex k, mo
0OCmueHY Mo ONMUMAALHOS pellerue.

1745. Halitu HanMeHbillee 3HayeHHe JuHefHON GYHKIUH L =7x, 4
-} bx, Ha MHOXeCTBe HEOTPUIATeJbHBLIX pellieHHH CHCTeMBl ypaBHEHHE
251+ 3x9 - x3=19,
2x1+ X+ x=13,
3xy x5 =15,
3xy 4 xg =18.
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/\ PaHr MaTpunel cucreMbl ypaBHEHHI

/2 31000
210100
(030010
\3 00 0 0 1

pasen 4. Panr pacwnpenuoil MaTpHubl Takxke paeen 4. CiefoBaTejbHO, ueThipe Iepes
MeHHpe (6a3uCHBIE) MOXHO BEHIPAa3HTh uepes ABe (CBOGOAHHE), T. €.

x3=19—2x; —3xs;

X, =13—2x1— Xa,

X5==15-—3%s,

xg=18—3x;.
Kcratn, nuneftnas gopma L =T7x1- 5%y, uau L —7x;—5x, =0 yxe BHpaxkena uepes
9TH e CB0OOJHbIe NepemeHHble. Klmeem mcxoanyo tabamny (Tadua. 1).

Tab6aunuma 1

BasucHele Cro6GoHbBIE
nepeMeHubIe uaeHbl *1 | X2 . X3 \ Xy \ Xy ‘ Xg
X3 19 2 3 1 0 0 0
Xy 13 2 1 0 1 0 0
X3 15 0 3/ o 0 1 0
Xg 18 3 0 0 ' 0 l 0 1
L 0 —7 —5 0 0 0 0
Ta6nuuma 2
Basnc-
Hble CpoGoaunie
nepe- yJien sl X1 X2 X3 X3 X3 Xs
MEHHLbI&
X3 4 2 0 1 0 —1 0
Xy 8 2 0 0 1 —1/3 0
X 5 0 1 0 0 1/3 0
P 18 3 0 0 0 0 1
L 25 —7 0 0 0 5/3 0
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Ta6auma 3

Basuc-
e | S x % *s x‘ . x
MEeHH hié
x1 2 1 0 1/2 0 —1/2 0
xq 4 0 0 —1 1 2/3 0
X 5 0 1 0 0 1/3 0
Xq 12 0 0 —3/2 0 3/2 1
L 39 0 0 7/2 0 —11/6 0
Tab6auma 4
Basuc-
pasie | CrgSomue x % s e e .
MEH Hhle
1 5 1 0 —1/4 3/4 0 0
s 6 0 0 | =82 | 32 I 0
X3 3 0 1 1/2 —1/2 0 0
*s 3 0 0 3/4 —9/4 0 1
L 50 o | o | s | e | o |

BrisicusieM, nMeioTest 1M B NOCJTeHel CTPOKe (HHIEKCHOH) OTPHIATENbHLIE OLEHKH.
Takux umucen apa: —7 u —5. Depem, nanpumep, —5 H npocMaTpusaeM cToabers
ML Xy, B 3TOM CTONOLE HMEEeM TPH IOJOXHTENbHLIX 37ementa 3, 1, 3. Jeanm ua stu
YyHcJAa COOTBETCTBYIOlUIHe CBOOOAHBIE uaeHw: 19/3, 13/1, 15/3, H3 NMOJyUYEHHBIX YacTHBIX
HaumeHbllee ecth 15/3. CieoBaTesbHO, PA3PEINAIONIHM SIBJASETCS 3JEeMEHT 3, CTOSIIHI
Ha Tlepecevyesuy CTPOKH “AJg X5 M CToI0LA AJs Xo. BBIeIUM 3Ty CTPOKY M 3TOT
cronben pamkamu. HoBelit 6asuc cOCTOMT M3 X3, X3, Xg, Xg. LIS COCTABJIEHHS CENYIO-
mef TabJHOB  YMHOXHM BbIIETCHHYIO CTPOKY Taba. 1 Ha 1/3, 4ToGH nIOJAYuHTh Ha
MecTe Paspeiuaoilero 3JeMeHTa 1, H NOJYYeHHYIO TaKHM 00pasoM CTPOKY THIIeM Ha
mecte npexHeil. K Kakzoit H3 OCTaNBHBIX CTPOK NpuGaB.IsieM BHOBb HOJYUYEHHYIO, YMHO-
JKeHHYIO Ha TaKoe UYHCJI0, 4TOOHl B KJETKaxX CToJI6lA AN Xy NOSIBUJIMCH HYJIH, M IHLIEM
npeo0pasoBanHbIe CTPOKM HA MECTe NMPEXHHX. DTHUM 3aBepuiaeTcst I urepanus.

Tenepr Bce paccy:xleHHsS NOBTOPSIIOTCS TNPDUMEHHTENBHO K Taba. 2, T. e. BBIIOJ-
uaem II wutepanmo. Hopelil paspemaromuil sJemeHT, HaXONSAMWIKICS HA TepeCCuYCHHH
CTPOKH s x3 H cToaCHa Aast xp, ecth 2. [lepexonnm K caeayioieir Tabmuie.
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To ke NOBTOPHM NPHMEHHTENbHO K TaGda. 3. 3jech paspelalomuM sBJSETCH
saeMeHT 2/3, HaxoisulMilcs Ha IepeceueHHH CTPOKH JJs X, M cronbua aas xz. Ilepe-
XOiMM K Taba. 4.

[TockoabKY B HMHAEKCHON CTPOKE HET OTPHIATeJIbHBIX ONEHOK, Mbl MNOJYYHJIH
cnruManbiell maad (5, 3, 0, 0, 6, 3) u nauGosbluee 3HaueHHe JHHEHHOHK Qopmbl L
ecTb L,y =50. 4 :

Ha#itn ontumanbHele HeOTpHIATEJbHBIE DEIUEHHSs, MHHHMH3HDYIO-
nie JHHeHUyIo (Qopmy:

1746. { X{— 2% xg=1, ( x1=2-2x3— x4,
x1-F3x+ % =2, 1747. JL xo =1 x3—2xy,
L=x;—x3. X5 =5—x3-+ x4,
L= Xl—l—-Xg.
2%y - Xo—X3— X1 =2, 4xy+ 3xy -+ x3 =180,
1748. Xp—Xxg=1, 1749. 4 x5+ 9x5 - 12x, = 500,
LZQX3——-JC2. L=12X1+5x2+SX3.

X1+ x4+ 6x6=9,

1750. 3xy -+ xp—4xg+2x=2,
X1+2x3+X5+2x6=6.
L= x;— x3+ %3+ X4+ X5— Xe.

Haiitn ontumaJibHple HEOTPHLATeJbHBIE PEINCHHs, MaKCUMH3UPYIO-
mye JUHeHHyI0 GopMy:

( x1+x2—}—5x3=20, 1752 { x1—2x2—|—3x3>—1,
1751. X3+ 2x, =5, ) 2x1—Xg— X3 <5 —1,
X1 xg—x3=8, L =— x;—2x,—3x3.
L=2X1+X4.

1753. TIpousBojcTBeHHasi MOUIHOCTb Hexa cGopku coctasiser 120
usgenuil tina A u 360 uspenuit tHna B B cyTku. TeXHWYECKUH KOHT-
poap nponyckaer B cyTkd 200 u3fequii TOro WM APYroro Tumna (6e3-
pasiuuno). Manenans tuna A BuetBepo Jopoxe usnenuil Tuna B. Tpe-
Gyercs CIVIaHMPOBATH BHITYCK TOTOBOM NPOAYKUHH TaK, 4TOOb Mpej-
npuaTHIO Oblia cGecriedeHa HauGOAbINAsT YIPHOLLIb.

1754. nd u3roToBJAeHHST U3JeNUI JBYX BUIOB CKJa3J MOXET OTIyC-
THTH MeTajsa He Gomee 80 kr, mpuuem Ha wusjeaue | Buaa pacxopy-
erca 2 xr, a Ha usgenue Il Buma—1 kr Meranna. Tpefyercs cmjiaHu-
poOBaTh TPOW3BOACTBO Tak, 4Tobhl Gbla obecrnedeHa HanOO/biuasi NpH-
GbiIb, ecau usfennit 1 Buma TpeGyercsi u3roToBUTb He Gosee 30 .,
s uaneauii 11 Buma nHe Gosmee 40 mr., npuuem ofHO u3fenue 1 Bupa
ctout b py6., a Il Buga—3 pyo.

1755. Jl1g oTKOpMa KUBOTHBIX yNOTPeGJSIOT ABa BHAA KOPMOB; CTO-
nvocth | kr kopma I Buga—5 xorm., a kopma II Buga—2 kon. B xax-
JIOM KHJIorpamme kKopma | BHAA COAEpPXKHMTCA 5 €. MUTATENbHOTO Be-
wiectBa A, 2,5 ex. murateapHoro BemlecTBa b W 1 el. mHTaTENBHOrO

284



peulectBa B, a B kaxpoMm Kuiaorpamme Kopma Il Buja COOTBETCTBEHHO
3,3 u 1,3 ex. Kakoe KOAMUeCTBO KOpMa KaKIOro BHAA HEOOXOLHMO
PACXONOBATh €KEAHEBHO, YTOOB 3aTPaThl HA OTKOPM OBIM MHHMMAa/b-
HMIMM, @CJHM CYTOUHDLII PAlHOH NpeiycMaTpuBaeT NUTATeNbHBIX €AHHHIL
tina A me menee 225 en., tuna b —mue menee 150 en. u tuna B—Hne
meHee 80 epn.?

3. Moustue o BuLIpoKzeHHOM pemiednn, IIpy pPacCMOTpPEHHM CHMIJIEKCHOrO MeTofia
npeoaaraoch, 4to by > 0 (eM. c. 276} KaK B HIXOAHOI CHITeMe, TaK H B CHCTEMAX,
NOJAyuaeMpX MOCAe ouepeRliX Hrepaunil. Ecan e B HEKOTOPLIX YPABHCHHAX ¢BOGoI-
Hme wieHs b;==90, TO B COOTBETCTBYIONIEM 3TOH CHTeMe ONMGPHOM pelmeHni GasutHue
1epPEMEHHBIE, OTHOCHTENLHO KOTOPLIX 3TH YPARHEGHHS PA3peueHsl, NPRHHMAIOT HYJCH €
3:avedns. OnopHoe peuleHne, B KOTOPSM XOTa Bul 0/iHa M3 Ga3HCHbIX ePEMENHnX nhH-
HEMACT HYJEBOE 3HAUCHME, HABSINACTCS @XPONCIeHHbA pewriuen, @ 3aiata JIHHeHnero
YIOOTPAMMUPOBAIIS, HMCIONLAR XOTSL O8I ¢A1 BHPOKICHHO2 PCUICHIe,— 84 pOKeH 0l
salaqed. Tlpuseusist B 3ToM C/Iyuae NOC/e10BATENbHbIE HTEDALHHI, MLl MOXKEeM BepHYTa-
cs K paHee BCTpeUaBLieMycsi Hadopy 6asuilibiX H CBOGOIHSIX NEpeMEHHLIX, T.e. NosD-
NASCTCS Tak HASHIRAGMOE 3ayukauseHue B cxeme paziera. [lpusetiem mpaBuiIo s yer-
PAHCHHSA 3alUKINBAHKS (Mbl HE Ka2aeMIf TCOPETHUEIKHIrO OBOCHOBAMHS 3TOTO NpaBH.a,
SIPJISIOMEr0CsT CeHHANbHLIM BOMPOCOM TaK Ha3EaeMOH TpPoGJeMbl BuiPOMACHHI).

Ecau Ha kawomn-auGo amane pactema CO3HUKALIM HEONPeOe e HHOCIb 6 6x00pe pas-
peiaroweli CIjOKIL, M. 0. 0KA356ACMCS  HECKOQOKO PABHBIX MUHUMAADHLIX OMHOWEH L
bila;p, mo caedyem exbupamo my cmpoxy, 0aa KOMGPOIL OMHOWERUS INCMEHMOG CAe-
Quioweco  cMoadua K paspeluaroueny asisemcs  Hausensuus. Ecaw npu smom crosa
ORA3YBAIOMCI PASHHIE MUHUMAALHOC OMHOWZHIUS, MO COZMASALUON OLHOWS HILSL JRCMH~
mos caedyroweco cmoabya, 1 mak 00 mex nop, NOKA paspeluaioyan Ciipoka He onpe-
0eaumest 09OHO3HANUHO. -

1756. MakcumnsupoBath auueiinyio dopmy L =4x,+4-2x, npu orpa-
HAYSHHAX: X, -+ X, -+ X, = 12, x, 4 5xy —x, =30, x4 x. —2x, =6, 2x,+
+3x,—2x, =18, x, =0, x,>=0, x,>=0, x,>=0, x,=0, x,=0.

A Hcxonnoit cucreMe codTBeTcTRyeT ornopxoe peurenue (12, 30, 6, 9, 0, 0) u
snaveHne L =0. HuKe npuBOAUTCS I10CJAELOBATEAbHOCTD MTEPALHH CHMIJCKCHOTO
MeToza:

Hexoavaga Tabanna

! 4 2

o b[ % Xy X X3 X4 Xy Xg bl‘//al'p a“ ”’aii)
o | 12 1 1 T 1 12
X | 30 I 5 1 6 —1/5

| i
X 6 ! 1 1 —2 6 -2

| \ )
x| 18 2 3 2 6 —9/3
L 0 ’ —4 —2




I urep

anuda

X1 6 —1 3
Xo 0 —5 9 —5/9
X5 6 1 —2
1
Xy 0 —3 2 4 —3/4
|
L 24 4 —10
I uTepanusa
% 6 T 54| —32 24/5
% 0 ! 74| | —92 | 0
]
x5 6 —1/2 1 1
Xq 0 —3/4 1/2 %
L 24 —7/2 5
IIl ntepanus
X1 6 —5/7 | 1277
X3 0 47 1 —18/7
X5 6 2/7 —2/7 1
Xg 0 3/7 —10/7
L 24 2 —4
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IV utepanus

x4 7/2 | 712 | —5/12 1

%3 9 | 3/2 —12 |

X5 7 ' 1/6 16 | 1

X 5 | 5/6 —1/6 | l | 1
L 38 \ 73 13 \

TTocne I uTepau it NOTYYHIH CUCTEMY, Pa3pelleHHYI0 OTHOCHTeJNBHO Ga3UCHBIX Iepe-
MEHHBIX Xy, Xg, X3, X5, KOTOpoff cooTBeTcTByeT omnoproe pemwenue (6, 0, 0, 0, 6, 0)
u 3Hauenue Ly==24. Il u 111 utepauuu He H3MEHSIOT OMOPHOrO pEIUEHHS H 3HAYEHHS
Ly=L3=24 u roabko IV wutepanus naer onrtumanpHoe pewenne (0, 0, 9, 7/2, 7/5)
U L,y =38. B naHHOH cXeMe PacueToB 3alMKJWBAHHE HE IOSABHJOCH, XOTSl B TeueHHe
Tpex urepaluil Mbl Kak Obl «TONTaJHCh HA MeCTe», MEHSJIHCh TOJNBKO GasHCHbIE M CBO-
GopHbie NepemeHHble. B paccMOTpeHHOM IpHMepe B HMCXOJHOH Tab/Hlle OKa3asloch TpH
PaBHBIX HAHMEHBIIHX OTHOWIGHHA: by/Qss = bs/ags = by/ass ="6. Ilostomy, mnoab3ysch
NpPaBHJIOM YCTPaHEHHS BO3MOXKHOTO 3aLHKJIHBAHUS, GepeM OTHOIIEHUS 3JIEMEHTOB cJle-
LyIOlEero 3a CBOGOAHBIM CTOJONA: Qag/dos==— 1/, age/35=-——2, Qy¢/ass=— 2/3.
HaumeHbluuM 0Ka3asoch OTHOUIEHHE agg/ag; =— 2. CJaeloBaTesqbHO, TPETbS CTPOKA
JoskHa GblTh B3ATa B KauecTse paspemaiomelf u T. 4. (CM. TaGaHMUE]). A

1757. MakcumuaupoBath JuHefinyio ¢ynkumo L=2x;44x, npu
OrpaHW4eHHAX: —2x; | X, + x5 =6, —x; + (3/2) X, +x, =9, —x; + 5x,+
+x,=30, — x4+ X+x=12, x, =0, x,=20, x,2>0, x,20, x, >0,
Xe=0.

§ 4. JBOACTBEHHBIE 3AJAYH

Kaxpoft sajauell JHHEHHOrO NPOrpPaMMHPOBAHHST MOXKHO CONOCTABHTH OMpejesIeH-
HbIM 00pa3oM ¢ Hell CBSI3aHHYIO JAPYFYIO 3ajauy, KOTOpas HAasbiBaeTcs 060LcCmeeHHoL
10 OTHOILLEHKI0O K NepBOEH.

Tak, ecad ucxogHass 3ajaua (3agaua I) JuHeHHOro MpPoOrpaMMHpPOBaHUST COCTOMT
B MUHHMH3AaN UK JHHEHHON QYHKIHH L =c1xy--CoXo—+ oo o --CpXy, KOrJa 3ajabl
OorpaHHyeHust B (opMe HepaBeHCTB

ariXi+aisXs 4.+ - aipx, = by,
A1 X1+ QooXog oo+ Qopx,=b
21X1 T Qa2 Xy T QapXp = 0g,

+ . . s & @ * * 2 s 3 5§ 2 s s 3 _
AmiXitQmaXet oo+ QanXn == by
NpH YCJOBHH HeOTpHUATeldbHocTH Xp (R=1, 2, ..., n), To c Hel cBsi3aHA JBOHCTBEH-

Has 3ajava (3ajaua l’), cocTosmas B TOM, 4TO Tpe6yercs MAKCHMH3HUPOBATh
auHeitnylo ¢yukumio T =byyy-+boyyo+ ...+ b,nY,;, TPU YCTIOBHH OTpaHHUEHHH

anyi-t et A Amym<cr,

ayeYy+aseYat - oo Aol <

] L] ? s E] a . * k2 L] ] & £ 2 . *
nYi+Agnlat o T UnnYm < Ca

# HeoTpHuartenasHocTn y; =0 (i=1, 2, ..., m).
3ameruM, 4To B 3ajave | u B aBolicTBeHHOH 3azaue I’ MaTpuuwr

aii Qi + -+ Qip Faif Qof -o. A1

A= Qo1 Q23 ... Q2 0 A — Qia Q23 «o« Ay
& &8 & 3 & 3 3 & 4 & & 3 2 .

Al Qg oo+ Qmn \Qin Q2n ¢ -+ Qpn
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COCTaBJEeHHbIE U3 KO3 HILHeHTOB NP MEepPeMeHHBIX, NOJYYaloTCsl APYr M3 JApyra TpaHe-
MOHMPOBaHHEM. B npaBnix uacTaX cucTeMbl OrpaHnueHmil KamxaoH 3ajaud CTOAT Koxd-
GbHienTH JHHeHHOR (YHKIuH, B3ATOI W3 ApYroit sagauu. B cucreme. orpannuenyit
3apauy I (MMHHMM32UHS) BCe HEPABEHCTEA THMA « == », a B CHCTEME OTPAHMUYEHMH 3a-
Aaun 1’ (MakcuMu3auus) Bce HeDABEHCTBA THNA « << ». IIoHATMe ABOICTBEHHOCTH SiB-
JIE€TCS B3aHMHEIM, T.e. €caH 3ajauy ' 2anucate B (opme, amagornunci sapaue I, To
IBCHCTBeRHON K Heli oKameTcst ucxopHas sajnaua I. [lostomy 3apaunm I w 1’ naswisa-
I0TCSE  63QUMHO  OCOLICIGEHHOIMI WIH  62GUMHO  CONPANCCHHbIMU. JOKA3LIBACTCS, 4YTO
Linin =Tmax, @ TaKKe, 4TO HECOXCIAMMBM H JOCTATOUHBIM YCJIOBHEM ONTHMAJLHOCTH

pewennit JuoGofi napm JBOHCTBEHHBIX 3ajau siBasercst pasenctBo L (x)=T (y), rze
X W y—JonycTEMLle pelienus 3ajay I u I’.

1758. JlaTb TeoMeTpHYECKYI0 HHTEpPNPETALHIO CJAEAVIOMHX B3aUMHO
JIBOKCTBEHHBIX 3ajay:

Vicxopnaa sagaua (I): BafiTH HeoTpuLATe]bHBIE 3HAYEHHs (X, X,)
U3 YCJIOBHH X; + 2x, =4, X, —X, == —1 W MUHUMH32IHYU JIHHEHHOH QyHK-
uun L= 3x -+ 2x,.

JlBoficTBeHHaa 3afada (I’): HaiiTH HeoTpHUATENbHBIE 3HAUCHHS (Y;, Yf,)
U3 yCJOBHH Yy + Y, < 3, 2y, —Y, << 2 U MAKCUMH3aLU{ JUHEHHOH DyHK-
uul T =4y, —y,.

A\ Tlocrponnm cuctemy orpannuenuit 3azaw I n 17, B Ttouke P (2/3; 5/3) mocrura-
eTCsl MEHUMYM JiuHefincl GyHRuMH L, T.e. Ly, =3-(2/3)+-2-(5/3)=16/3, a B Touke
P’ (5/3; 4/3)—maxkcumyM Junefinclt ¢yuknpn T, T.e. Tyay=4+(5/3)—4/3=16/3
(pue. 72). A

1759. Hcxonnaa 3amaua (I): HailTH HeoTpuuIATEbHbBIE 3HAYEHHS
(x5, Xx,), MHHUMH3UpYyOUIMe JHHeliHylo ¢ynknuio L =3x,-2x,, ecau

Puc. 72

JaHa cucTeMa orpanuuenuil 7x,--2x, > 14, 4x, 4 5x, >20. CocraButs
JBOHACTBEHHYIO 3aJiauy H PEIHTH ee.

1760. HWcxopuast sagava (I): Halltm  HeoTpunateslbHble 3HAYEHHS
(x5, x,), MaxcuMmusHpyilowne ausefinyio ¢ynxumo L=>5x,44x, npu
cucTeMe orpanuuenuit 4x, + 3x, << 24, 3x, + 4x, < 24. CoctaBuTh ABOHCT-
BEHHYIO 3ajJlauy ¥ pellHTh ee.

1761. HcxonHas 3apava (I): HaliTH HeoTpUlaTeNbHBIE SHAYEHMd
(*1, x,), MHHHMH3UpylmMe JuHefiHYIO ¢ynknuo L =3x,-+3x, npu
cucTeMe orpaHuueHuil bx,—4x, >=—2, x,-+2x,2>6. CocraButh ABOHCT-
BEHHYIO 3aJady U [EUIHTb €e.

§ 5. TPAHCIICPTHA A 3AJJAYA
Onnpolt W3 THINYHEIX 3aJad JIHHEHHOTO NPOTP2ZMMHMLOBAHNS SIRJASETCH TAK HA3HL
Bacnmas mpaucnopmnasn sadata. OHa BOSHUKEET NPH NAAHHPOBANMH Eanfojee paunc-

HasNLHLIX TELEBO3CK TPY30B. B OJHHX cJydasx 2TO 03HAYaeT ONpesieseHRe TAKCIO
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[1ana Nepes030K, NPH KOTOPOM CTOMMOCTB IOCJeIHUX Obijia 661 MHHHMAaJbHA, a B Lpy-
rux — 6oJee BaxKHBIM SIBJSIETCS BHIMTPBHIG BO BpeMeHH. [leppast 3ajava noJsydyusa Ha-
3BAHUE MPAHCNOPMHOL 3a0a4ll N0 KPUMEPUD CMOUMOCIU, @ BTOPAS — MPAHCAOPMHOL
3adaii N0 Kpumepuro 8pemeHu. o

Tleprasi sapaua sBJAETCS YaCTHHIM CJIYYaeM 3ajauy JHHEHHOro nporpaMMEHpOBa-
HUST M MOXKeT ObiTh pelieHa CHMIJIEKCHBIM MeToAoM. OAHAKO B CHAY OCOOEHHOCTEH
9TOH 3a]auM OHAa pellaercst IpoLue.

Ilycth B p TWYHKTAX OTHPABJICHUS HAXOASTCS COOTBETCTREHHO af, U2, ..., @
€JMHKL OJHOPOJHOTO TPy3a, KOTOPHH IOJKeH OBITb JOCTABJEH ¢ IOTPEOUTENSIM B KO-
Jnyectsax by, by, ..., by efuHMIl. 3a4aHBI CTOUMOCTH C;p U'€DERO3OK eNHHHUBI I'pysa
U3 {-T0 NYHKTA OTHpaBjeHUst k-My NYHKTY notpeGiaenus. OGosHaunM depes x;5==0
({=1,2,..., p; k=1, 2,..., g) KOJHYECTBO €AMHHIl I'Dy3a, NMEPEBO3UMOTO H3 i-ro
cKsaja k-My notpeGuTesio; TOrja MepeMeHHble X;p NOJKHBI YAOBJIETEOPATD CJAEAVIOUIUM

14
(=1, 2,..., p); 2 2 rir=bp
i=1
(k=1, 2,..., ¢); 3) x;p=0. CymmapHele 3aTpaThl Ha TepeBO3KH paBHbl L =cy1x;;-}-
“FeraXre b CpgXpg. Crenorateanio, Tpefyercss HaHTH pg NMEepeMeHHLIX X;p, YAOB-
JIETEOPSIIOIIMX YKAa3aHHBIM YCJOIHAM H MUHHMH3HPVIOIIHX LleJeBylo ¢pyHKuuio L.
Pewenye Tako# 3afiayn pa3bHBaeTcs Ha ABa 3Tana:
1) onpelejieHne HCXOAHOTO OMOPHOIO peleHHd;
2) nocTpoeHMe NOCJeLOBATEbHBIX HTepallHi, T.e. NMPUOHHKEHHE K ONTHMaJbHOMY
peIueHuIo.
1. OnpeneneHue HCXOXHOTO OROpBOro pemtenusi. ITycTp MbBl WMeeM TabaHuy HCXOA-
HbIX JaHHBIX 3ajlaud. McxoaHoe OmopRoe perieHue OyjAeM CTPOUTb HO TaK Ha3biBAEMOMY
NPaBHJIY «CEBEPO-3aMajHOro yraas.

q
OrPaHHUHMTENbHEIM  ycaoBHAM: 1) 2 Xip=2aj
k=1

b
o ’f by by o b . bg

l ‘11 , C12 | Cik l C1q

ag Xyq ST U X ol X
| Ca1 ' Cao I Cok ' Caq

as Xor Xog T X R Y.
Ci1 Ciz Cik Cig

aj; X Xi2 Xik T X
cp1 Cp2 I Cpk ’ Cpq

ap *pt *p2 Xphk | xp

3anonuuM BHWeEYKa3aHHYIO TabJHily, HAUWHASL C JIEEOTO BEPXHEro yrJaa, ARMIAfAcCh
Jlaziee M/ IO CTPOKE BAPABO, WM N0 €TOI0LY BHH3. B kiaeTky (I, 1) 3aHeceM MeHb-
Iee W3 uucea @y H by, T.e. xpp=min {a;, bi}.

Ecau ay > by, 70 xyy==by U nepsuiii CTONGEl, «33KPBHIT», T.€. NOTPEGHOCTH mep-
BOTO NOTPEGHTENs yAQBJETBOPEHL IOJIHOCTLIO. [lpHraeMcs Jajee NO IEPBOH CTpoke,
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SaNHCHIBAf B -COCEAHIOW - KJIETKY (I, 2) Menbiuee H3 umcesn aj—b; U by, T.B. Xiz =
= min {a;—by, bs}.

Ecnu xe by > af, TO aHaJOTHYHO «3aKpbIBaeIcs» IepBas CTPOKA H Jajee Iepexo-
JUM K 3allOJIHEHHIO cocefHell KaetkH (2, 1), Kyla 3aHocuM Xpy =min {as, b1—aj}.
Dyzaem mpojoJsixaTe 3TOT Hpoiecc JO TeX NOp, NOKa Ha KakKOM-TO 3Tale He HCYepIIbl-
BAIOTCH PECYPCBI @p M MOTPEGHOCTH by

1762. B nsyx nyskrax ormpabieHdss A U B HaxoauTCA COOTBETCT-
Berso 150 u 90 T ropiovero. B nyuxrte 1, 2, 8 Tpebyercs AOCTaBHTH
cootBerctBerHo 60, 70 u 110 t roproyero. CTOMMOCTH NepeBO3KH TOHHBL
roprouero u3 nyHkra A B myHKTHl I, 2, 3 COCTABJAIOT COOTBETCTBEHHO 6,
10 u 4 py6., a u3 nyukra B—12, 2 u 8 py6. CocraBuTb OnTHMaNMb-
HbIfl TJIaH MepeBO30K TIOpIoYero Tak, 4yTobbl oflias CyMMa TPaHCIOPT-
HBIX pacxofoB Oblla HaHMeHbLIEeH.

Ta6auma 1

1 2 3
br 60 70 110
a;
| 6 | 10 | 4
Al 150 60 70 —| 20
| 12 | 2 | 8
B| 9 90

/\ 3anuweM HcXolmble JaHHbe B Taba. l. 3anosHeHHe HauHeM ¢ KJeTkH (1, 1):
x1; =min (150, 60) =060, nepsuiit ctonGen 3akpwir. [lepexoium K Kaetke (I, 2): xqp ==
= min {150 —60, 70} =70, BTOpOI cTONGeL 3aKPHIT; Aasee, MepexoiHM K KJjerke (1, 3):
x33=min {150 —60—70, 110} =20. Tak Kak B TpeTbeM CcToa6LE OKa3ajJcs OCTATOK,
pasHbiii 90, TO MepexoJHM K 3aMOJHEHHIO KJeTKH (2, 3), KyAa 3aHOCHM Xp3==min {90,
90} =90. ITockonbKy OCTaTKH MO CTPOKE M CTOMGLY paBHBI HYJIO, ONOPHOE HCXOAHOE
pellieHre [IOCTPOEHO. DTOMY IJIAHY COOTBETCTBYIOT 3aTparthl B KoauyecTse L =6-60 4-
- 10-704-4-.204-8.90 = 1860 py6.

B npaBune «ceBepo-3amajHOro yraa» He VUHTHLIBaeTCs BeJHUHHA 3atpaTr Cip, a
IIOTOMY HCXOJHOe OIIOPHOE pellieHHe YacTO MOXKeT OHITh Aa/eKHM OT ONTHMAJLHOTO.
ITpUMEHSIOT TaKXKe NpHeM «MHHHMAJbLHOTO B3JeMeHTa», B KOTOPOM YUHTHIBAETCH BeJH-
YHHA Cjp. B 3TOM c/ayuae NOCTpPOEHHE HCXOJHOTO ONOPHOrO pelleHHS HAUHHAIT C KJeT-
KH C HaUMEHblUeH BEJHYHHOH C;p, B NAHHOM TpHMEpPe—C KJIeTKH (2, 2), Tle €y =
=2 (trabn. 2). B 3Ty KJETKY 3aHOCHM Xpp = min {as, by} =min {90, 70} =70.

Ta6aunupa 2

! 2 3
br 60 70 110 OcTaTok
a;

| 6 | 10 | 4
A 150 ‘ 60 90 60,0

| 12 | 2 | 8
Bi 90 70 20 20,0

OcraTok 0o | 0 20,0
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OcTaTKH TO CTPOKE H CTOAOLY 3amHCHBaeM B COOTBETCTBYIONIHE KJIETKH CTPOKH
u cronbua ocratkos. CronGen b, 3akpwit. Temepb nepexoanm x kuaetke (1, 3), Tak
KaK Toc/le Cgp=2 HauMeHbUHM SABASercs ci3=4. B kaetky (I, 3) sanocHM xy3 =
= min {a; — by, bsg}=min {150—60, 110}=90. 3aTeM mnepexouMm K K.JeTKe a1, n:
xp =min {a;, b;}=min {150, 60} =60. Haxroueu, nepexojuM K KJaeTke (2, 3), B Ko-
TOPYIO 3aHOCHM Xa3=min {as—bs, bg}=min {90—70, 110} =20.

[Ipumensiss 5T0 NpaBmio, MBI MOMY4MAH JAPYToil BapMaHT HCXOXHOLO ONOPHOLO
PeleHys, NpH KOTopoM 3arpaTht L ==6-60-4.9042.70-8.20=1020 py6., T.e. cy™m-
Ma 3aTpatr O/HXKe K ONTHMaJbHOMY IJaHy. :

2. TlocTpoenue nocaenoBaTeNbHBIX HTepauMit. [Tonyuns HCXOXHOE OMopHoe pelle-
HHe, NepefilieM Tenepb K NOCTPOCHHIO HOBLIX OMOPHHIX pelleHHil, yJIyUlUaiomnx Apyr
Apyra: AJsi 3TOro IpPHMEHUM METOX IOTEHIIHaJIOB.}

Hrak, nocse mocTpoeHusI HCXOZHOTO ONOPHOTFO pelleHHS BCe NepeMeHHbIE pasGuTH
Ha /Be TDYNIbL Xp;—0a3ucHbe M X,y —CBOGOJHLIE; JIHHEHHbie QYHKIHH CTOHMOCTH
NepeBO30K BLIPA3ATCA uepe3 cBOGOJHblE MepeMEHHbie TaK:

L= Zqu qu‘l‘Yo- (1
Pq

Has Haxomnenus xkoshdunueHToB Ypg TPH CBOGOAHBIX TEePEMEHHBIX CONOCTABUM
KaXJO0My NYHKTY OTOpaBJeHns A; HEKOTODYIO BeJMUHHY u;(i=1, 2, ..., m), KOTO-
PyIO Ha3oBeM nomenyuanom MyHKTAa A;, U KaXKJIOMY MyHKTY Ha3HaueHHS B veanunny
U;—TOTeHUKaN NyHKTa B;. CsxeM 3TH BeJHUHHBI DABEHCTBOM Up—-U); =cp;, Te
Cr;—CTOMMOCTb NIEDEBO3KH OJHOH TOHHBI rpy3a M3 nyHkTa Ay B nyHKT B;. JoKasbl-
BAeTCsA, UTO COBOKYITHOCTb YPABHEHHH Up-}-U;==Cp;, COCTABJAEHHBIX IJS BCEX GA3HCHBIX
TNePEMEHHDIX, COCTABJISAET COBMECTHYIO CHCTEMY JIMHEHHBIX YpaBHEHHH, NpHuUeM 3Haue-
HHe OJHOH H3 INepeMeHHLIX MOMKHO 331aBaThb NMDPOM3BOIBLHO, M TOTAA 3HAYEHHHA OCTAMb-
HBIX NepeMEHHBIX HaXOAATCH M3 CHCTeMBl OjHO3HauHO. O603HAYHM ANS CEOGOIHBIX Me-

PEMEHHEIX CYMMY COOTBETCTBYIOUIHX NOTEHLHAIOB HEpes Cpg, T.e. up+l'q:C;;q, H
Ha30BeM €e KOC6eHHOL cmoumocmoto (B OTJIMUME OT JAaHHOH CTOHMOCTH Cpg). Torna
KO3(pQUUHEHTE NPH CBOGOJHBIX TEPEMEHHbIX B cooTHOmenHH (1) ompejensiolcss ¢ Ho-
MOIIbBIO PaBEHCTBA ypqchq—c,;q.

Ecan Bce BeHYHHBI Y, HEOTPHUATENbHB, TO HCXOAHOE PEUlEHHE SIBJSETCS OINTH-
ManbHbIM. Ecan XKe cpeiM HHX HMEIOTCA OTpHUATeJsHblE, TO MEPeXOIHM K CJAeIyioile-
My 6asncy NyTeM yBeJHUEHHS WIeHA C OTPHUATENbHBIM KOS(QOHULHEHTOM, OCTaBJAs
Apyrue nepeMeHHbIE DAaBHEIMH HYJIIO.

BocnosibayeMcst H3MOKEeHHEIMH OGILHMH TIOHATHAMH M TIPOJOTIKHM pellleHHe 3aj1auy
1762. Mt momyumin uCXojHOE ONMOPHOE pelleHHe (CJaenyst NPaBHIY «MHHAMAJbLHOTO
aneMenTar): x11=60, x1o=0, x13=290, x9,==0, xp5=170, xp3=20, L=1020. [nan
HaX0X/eHHsl NOTEHIHAI0B HEOGXOAMMO PELIHTh CHCTEMY

Urtvi=cyi=6, ui-trs=ci3=4, Ug~+Up=Cy9=2, Uy} U3=Cp3=8.
3HayeHHe OJHOIO H3 HEM3BECTHBIX 3aJajfMM I POH3BOJBHO, Hampumep tq=1.
Torpa vy =35, v3=3, uy=>5, v,=— 3. Jlalee BHLIUUCJAAEM KOCBEHHBIE CTOHUMOCTH c;m;
C1'2 =uUjf-vp=—2, C2’1= ug vy =10.
IMogcuntaeM Temeps pasHOCTH Yoq :cpq—-c,',q:
VP12 =Cia—cip= 10—(—2) =12, yp1=cyi—cp=12—10=2,

CrenoBatennHo, BHipaxeHne L uepes CBOGOJHEIE TepeMeHHbie HMeeT BT L —
= 1020+ 12x15 4 2x57. Cpenn kosbodunneHToB TIpH nepeMeHHbIX B NPaBOH 4acTH HeT
OTPHIATENbHBIX. 3HAUHT, HCXOAHOE ONOPHOE pelieHHe SIBJASETCSH ONTHMAdbHbIM. Takum
06pasoM, NpaBHIO «MHHHMAJIbHOTO 3JleMeHTa» Cpasy AaeT ONTHMAJbHOE pelieHHe.

Pewny Temeps 3Ty Ke 3alavy NpH YCJAOBUH, UTO HCXOJHOE pewleHHe MOJYyYeHO
N0 NpaBHJY «CEBEPO-3aNafHOrO yraar, T.e. X13 =060, x1,=70, x;3=20, x53=90,
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L =1860. Oas Haxox/JeHus NMOTEHIHANOB HEOGXOAHMO DPelIMTh CHCTEMY
uit+vi=c11 =0, uyt+vy=cpp =10, u;t+vg=c13=4, Up+t-v3=0cy3=8.

TTonarast uy; =1, noayumm vy, =35, v, =9, vg=3, uy=>5.
BoluncisieM KOCBEHHBIE CTOHMOCTH Cpg!

Cor=us+ vy =10, cos =115} v, = 14.

IMoacunTaeM Tenepb pasHOCTH Ypq=Cpg —Cpgt

’

Yo1=Cg1 —C¢1 = 12—'-102-‘:2, Va2 2622*0;2—‘72“]4:—]2.

CrenoBaTenbHo, BbipaxeHnue L uepes cBoGojHbE NepeMeHHble uMeeT BHA L =
= 1860+ 2x9y — 12x55. Cpet K03(DDHIMEHTOB NPH NEPEMEHHBIX B IIPABOH Y4CTH €CTh
OTPHLLATENbHLIH TIPH Xo9, CJE/0BATENLHO, MOXKHO MOMBITATBCH YMEHBIIHTh L, YBeAHUYUB
Xg0 (COXpPAHUB HYJIEBOE 3HAUEHHE Xo1). [TONOKHM x99 ==A. ITOCKOJILKY CYMMBI 3HAuYEHHI
JIEU3BECTHEIX MO CTPOKAM M CTOJOLAM JOJ/UKHBI OCTaThCH HEH3MEHHBIMH, HYIKHO Ipo-
Y3BECTH CJelylolnil GasaHcoBbId Nepecuer:

60 70—hv... | — 2042
t '

JloGaBsieHne A K Xgp KOMIIEHCHPYETCS BBHIUMTAHHEM A H3 Xi3, 4 9TO B CBOIO OYepelb —
npuGasieHHeM A K Xy3 ¥ T. L. 10 TeX NOpP, MOKAa Mbl HE BEDHEMCSI OGPAaTHO K X,.
O6x0/1a KJIeTKH 1O NMYHKIHPHON JIOMAaHOH JIMHHH, B ONHOK M3 BepUIMH KOTOPOH Haxo-
Iutcs CBOGO/AHASA MEePEeMEHHAs Xzp, @ B OCTAJBHBIX BepIUMHAX —6a3ucHble NepeMeHHbIe
(apuyeM He 06S3aTEIbHO BCE), MBI NMOJIYYHM TaK HA3BIBAEMBIH yuka nepecdermna (noma-
Had Ha3plBaeTCs YuKAOM), OTBeUaloluil cBOOGOJHON KJETKE Xsp. Kak BHAHO M3 Tabjn-
Ubl, JJIS HEOTPHUATENLHOCTH MNEPEeMEHHBIX A MOMKHO YBeJHUHTb A0 A=70, TOrza
[I0JIyYHM BTOPO€ ONOPHOEe pelieHHe:

60|0|90'

o|7o 20

T.e. xi1="060, x;3=0, x;5=90, x5, =0, x5 =70, xp3=20.
3nxauvenue ¢yHkunu L aas mero cocrasaser L =1860—12.70=1020, 1. e. noay-
YHJIH ONTHMAJIbHOE pelieHHe (CyAsi [0 MPEIBIAYLIEeMY pelueHHio). A

Takum o6pa3om, MpaBHJIa BBIUHCAEHHI O MeTOLYy MOTEHIHAJNOB CBOJAATCA K CJe-
aymouemy.

1. HaxoaaT noTenumalsl 4z M ©U; BCEX IYHKTOB OTIpaBieHHA Ay H Ha3Haue-
nust By.

2. BuifuparoT Kakyo-HHOYAb CBOGOJHYI NEpPEMeHHYIO, A KOTOpPOH cymMMa no-
TEHIHAJOB CTPOTro 60Jbli€ COOTBETCTBYIOMEH CTOHMOCTH, 3TO COOTBETCTBYET 3JIEMEHTY
C OTpHULATeNIbHBIM KO3((HILHEHTOM NPH CBOGOAHONR IepeMeHHOH B NpaBoif yacTH (yHK-
nun L. )

3. Hna Bu6paHHOK B N. 2 mepeMeHHOH HaXOASAT COOTBETCTBYIOIIMH €if LMK mHepe-
cyeTa H NPOU3BOJAT CABUT IO 3TOMY LHMKJY. DTOT CABUI TNPHBOJHT K HOBOMY JoIyc-
THMOMY PeLUeHHIO.

4. Bouueykasauunie onepanust 1 —3 NOBTOPSIOT 0 TeX NOp, MOKa He IOJay4ar
ONTHMAJbHBIH Gasuc, T.e. HeoTpuuaTelbHble KO3(GUIHEHTH NpPH CBOGOAHLIX IlepeMeH-
HBIX B NpaBOM YacTH JIMHEHHOK ¢yHKuuH L.
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1763. Ha nByx cknamax A w B maxomurcea 1o 90 T ropioyero.
Hepesoska ozHOA TOHHBI Topioyero co ckjaga A B OyHKTH 1, 2, 3
COOTBETCTBEHHO CTOMT 1, 3 u 5 py6., a mepeBo3Ka OAHOH TOHHHI CO
CKJaja B B Te e MYHKTH—COOTBETCTBEHHO 2, 5 u 4 py6. B kaxnmii
NIYHKT Hajo HOCTABHTb 1O OJMHAKOBOMY KOJHMYECTBY TOHH TODIOUEro.
CocTaBHTb TaKO# NMaH NEPEBO3KH TOPIOYEro, IpH KOTOPOM TpaHCMopT-
Hble pacxoabl OYAYT HAHMEHBLIHMH.

1764. B pesepse Tpex iKese3HOZ0pOXKHEIX crannnii A, B u C Haxo-
Asrest coorercTBeHHO 60, 80 u 100 Baronos. CoctaBHTb ONTHMAJbHBL
[UIaH TeperoHa STHX BArOHOB K 4Y€ThIDeM IYHKTaM TNOTPY3KH - xJeBa,
ecan myHKTy Ne 1 HeoG6xomumo 40 Baronos, Ne 2—60 Baronos, Ne 3—.
80 Baronos u Ne 4— 60 Baronos. CToUMOCTH MEePEroHOB OJIHOIO BATOHA
CO CTaHUMH A B yKas3aHHbe NYHKTBL COOTBETCTBEHHO paBuer . 1, 2, 3,
4 py6., co cranuuu B—4, 3,2, 0 py6. u co cranuun C—0, 2, 2, 1 pyeé.

1765. 3aBox umeer Tpu unexa A, B, C u ueThipe cKaajga Ne 1, 2,
3, 4. llex A nponssogutr 30 Thic. miT. usgenui, uex B—40 T, wr.,
uex C—20 7teic. wr. I[lpomycKHas cnocoBGHOCTD CKJIaJIOB 3a TO XKe
BpeMs Xapakrepusyercs CJIeAYIOWHMH IOKa3aTeJsaMH: ckiaag Ne 1 —20
ThIC. WT., cKaaf Ne 2-—30 Teic. mwr., ckaag Ne 3—30 Toic. IT., CKJaj
Ne 4—10 Teic. wr. Cronmoctn nepeBosku 1 Thic. wWT. Magennii us Ie-
xa A B ckaaasl Ne 1, 2, 3, 4 coOTBeTCTBEHHO paBHH 2, 3, 2, 4 py6.;
uz nexa B—3, 2, 5, 1 py6., a us nexa C—4, 3, 2, 6 py6. Cocra-
BUTb TaKOH NJIaH TNIepeBO3KM H3JeJHH, NPH KOTOPOM PacXoAn Ha nepe-
Bo3ky 90 ThIC. WIT. M3AENMH OGBLUIH Obi HAUMEHBLIHMH.

1766. Ha tpex cxmanax A, B, C uaxomurcs COPTOBOE 3€pHO COOT-
BerctBenHo 10, 15, 25 T, KOTOpOe Haj0 JOCTaBUTb B YeTHIpE NYHKTa:
nyukry Ne I—5 1, Ne 2—10 1, Ne 3—20 r u Ne 4—15 7. Crou-
MOCTH JOCTaBKH OLHOH TOHHBI CO CKJajla A B yKa3aHHblE NYHKTBl COOT-
BETCTBEHHO paBHbl 8, 3, 5, 2 py6.; co ckaana B—4, 1, 6, 7 py6. u
co cknaga C—1, 9, 4, 3 py6. CocraBHTb ONTHMAJBHBIE IIaH nepe-
BOSKH 3€pHA B YETBIPE NMYHKTA, MUHHMH3HPYIOWUH CTOHMOCTb EPEBO3OK.



OTBETHI

Inasa 1

4.1) 8 9 3.5. 1) 1/2; 2) —9/4. 6. M (7). 7. C(1), D (3). 8. C(—9), D (—1).
16. 1) 13; 2) 3. 19. 5. 20. (—I; 8), (1; 9), (3; 10). 21. §=0, 1. e. Touku 4, B, C
Jexar Ha ogHoi mpamoii. 22, D (17; 12). 23. C (—10; —7). 24. V53, V' 82, V 185.
25. 24 xB. en. 29. A4 w/6); B@; —w2; CU4V2; 3w4);, D2 —m/)y
EQV2; 4n/3); F(7; @. 3. A©; 10; B(—yV2;, —V32) C(© Oy
D(V?2/2; —V72/2 E(—VZ/2; —V2/2; F(—V2/l2 VZ2/2).
31. VP%-F?O%—QM% cos (;—06,). 32. 5. 33. My(p; —0). 34. M;(p; n+0).
35. 1) (3; 7n/6), (5; —md) u (2 5u/6); 2) (3 —/6), (57 —2m/3) u (2 /6).
36. My (p; m—0). 44, y=2x—1,5. 45. Buccektpuca I u III KoOpAHHATHBIX YIJIOB.
46. Buccextpuca Il u 1V koopaunaTHwix yraos.,47. x2-4-y2—2x—2y=0. 48. 3x® 4-
- 2xy -+ 3y? —4x—4y=0. 49. p==a. 50. O =a. 51. p=acos 0. 57. Ilpamas y="2x.
58. x%/a?-t-y?/b2==1 (xpuBasi HaspiBaeTcs dsauncom). 59. x?/a*—y?/b2=1 (xpusas
HasbiBaeTc  eunepboaod). 60. Otpesok mpsamoii AB, rae A(1;0), B(0; 1).
61. x%/34-y2/3 =03, 62. x=a (¢ sin {}-cos #), y=a(sint—fcos?) (kpnsas Hasbl-
BaeTCs  960466eHmod  Kpyea). 67. 1) x-+2y—2 V5=0; 2) y=(—1/2x+V5;
3) x/QV 5 +ylV5=1; 4 (1/VE)x+(2/V 5)y—2=0. 68. 135°. 69. 5¢ k5. ex.
70. Her. 72. V' 3x+4y—1=0. 738. x-+y—4=0. 74. 3x—2y=0. 75. x}y—7=0.
76. x-+3=0, y-+4=0. 77. x+y—5=0, x-+y+5=0. 99. tgoa=27/11.
100. x—y=0, 5x+3y—26=0, 3x45y—26=0. 101. 14x-14y—45=0, 2x—2y+
+35==0. 102, 3x—y-}14=0, x—5y—14=0, x4 2y=0. 103. x—2=0, y—7 =0,
104. 4,4. 105. 2,4. 106. m=4. 107. x—y=0, x+5y—14=0, 5x4y—14=0.
108. 71/6. 109. (0; 5) u (4; 3). 110. (7/8; 0) u (—27/8; 0). 111. 13x--6y—82=0,
3x-}-4y—23=0, S=31,5 ku. en. 112. 3x—2y=0, bx+y+6=0. 113. 5x+4=0.
114, 5¢4-8y--11=0. 115, 5y-+-2=0. 116, 17x--11y=0. 117. x-4y-1=0.
118. x=a, y=b. 119. x=1; y=x. 120. 30°. 121. ¢==>53°8". 122, 5x—3yj—2=0.
123. V'3 ks. ex. 125. B(1; 3), C(11; 6). 126. 1) x/4+y/6=1; 2) x/4(V'2 —1)4-
+y(—=) (VZ4+1)=1 3) x/(— (V2+1)+y6 (V2 —1)=1. 127. 3x—4y—
—9=0, 3x—4y+16=0, 4x}-3y—37=0 wnan 4x-+3y-+13=0. 134. 1) a=4,
b=-—3, r=5; 2) a=—5, b=2, r=0; ypasHeHue ompeieasieT TOUKYy; 3) a=2,
b=—7, r®=—1; ypaBHeHHe He HMeeT TeOMETPHUYECKOr0 CMbicJia (MHHMA4Sl OKpYK-
HocTh). 135, tg o =—2,4. 136. (x-1)24(y—1)2=5. 137. (x—3)2 4 (y—4)*=25.
138. x=3,2. 139. 3x—4y4-8=0, 4x—3y--7=0. 140. (x—2)>4y2=16.
142. (4; 1,8): (4; —1,8); (—4; 1,8); (—4; —1,8). 143. b%/a. 144. 4x-1-3y-12=0.
145. 16x24 2542 =41. 146. Touka M —BHe »sinunca; Touka N —Ha 3/MJHNCe; TOUKA
P—puyTpy 3aaunca. 147. e=sin(2/2). 148. M (—5; 7). 149. 3x2+}3y%—2xy —
— 2x—2y—1=0. 150. x%/3+y%*/4=1. 151. Hckomas KpuBasf—o>3axaunc. Eciu Ha-
IIPaBHTL OCH KOODAHMHAT IO CTOPOHAM NPAMOro yraa (Toyka A JexuT Ha ocu Ox), 10
ypapHenue 5T0ro suuunca x4 3642 =4a?. 155. x%9—y?/8=1. 156. x?/3—y*/5=1.
157. (—4; —3). 158. x?/64-1-y%/48=1. 159. 'x2—y>=8/225. 160. e=2/}) 3.
161. (—8, 0). 162. x?/4—y?/12=1. 163. 6 u 14. 166. IlpaBas BeTBb rumep6o.nt
x—y?3=1. 169. y2=4x. 170. M; (2; 4 u M, (2; —4). 171. y?=4x, y*=—4x.
172. y==2V 2 x. 173. 2=V 2 x. 174. M (0; 0), M;(18; —24). 175. yi=x,
tg o =8/15. 179. (3; 2). 180. (8; —6). 183. 1) Oy (1; 2), p=—1/4; x> =—(1/2)¢/;
2) 01 (13 3); p=—1/2; x*=—y"; 3) 0y (1/16; 1/8), p=—1/8; y'2=(—1/4) x’;
4) 04(1; —2), p=1/2; y'2=x". 184. 1) x'y' =1/8; 2) x'y’ =13/9; 3) x'y’ =—6/5;
4) x'y’ =1/2. 187. OxpyxHOCTb (x — 1/2)%--(y— 1/3)2=1. 188. Dunnnc x’2/25+4y'2/16=1;
Hopoe Hayamo O’ (1; =1). 189, I'mmepGoaa x'*/4—y'*/9=1; uomoe Hawazo O’ (2; 3).
190. Touxka O (2; 1). 191, Mummpit saaunc x'%/(—1)-+y%/(—1/4)=1; x =x,
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y' =y--1. 192, Tunepbona y'*—x'*=1; nosoe Hauamo O’ (3; 0). 193. TlapaGosa
¥'*=—y'; wosoe wmauamo O’ (l; 5/2). 194. Ipameie x=2 u x=4. 195. Munwmoie
npsMbie. 205. COBOKYNHOCTb JABYX MNapajlJIeIbHbIX MNPSIMBIX Sx+y-+1=0 u bx-+
~+ y—1=0. 203. CoBOKYNHOCTb ABYX CJHBIUHXCS TNpsMbX x--y-1=0. 204. Coso-
KYMHOCTL  JIBYX  TNepecexamwmuxcss npambix  2x—3y-+-1=0, 4x—3y—1=0.
205. x"2/30-Ly"t5=1. 206. x"?/9—y"*/36=1. 207. y*=—2x". 210, x=1/2,
y=1/2. 211. Cucrema npotusopeunsa (pemenuii He umeer). 212, x=a-+b, y=a—b.
213. Cuctema Heompejfe/teHHas (MMeeT Gecunc/eHHCE MHOXKECTBO PeLIeHHH: X ocTaeTcs
NPOU3BOJABbHEIM, & y=— (3/2) x--1/12. 214, x=y=2z=1t. 215. x=cosa, y=sina.
216. x=2t, y=1, z=2¢. 222. 0. 223. 2. 224. 2 (ad—bc). 225. x=1, y=2, z=3.
226, x=0, y=0, z=—2. 227. x=0, y=0, z=0. 228, x={, y=2f, z2=—3¢.
229, x=1, y=-—1, 2=0. 230. x={, y=1¢, 2=—1.

Inasa 11

234. C (5/3; 11/3; 13/3), D (1/3; 13/3; 17/3). 236. M (3; 1; 3). 237. Tlomonam.
238. M (0; 0; 17/8). 239. M (16; —5; 0). 246. AM = (b-+Ac)/(1-+2). 248. a,=0,
ay=2, ay,=—2. 249. m*-m-1. 251. a=3/5; cosa=1/3, cosf=cosy=2/3.
252. | MyM |=7;, cosa==2/7, cosPp=—6/7, cosy=3/7. 253. b=—2j--5k mum
b=—2j—5k. 254. M (—4; 4; 4 2). 255. a,=(1/3) i—(2/3) j—(2/3) k. 268. —96.
269. arccos (17/50). 270. m=1. 271. 547. 272. A=Fs=Fs cos¢=5)3.
273. (+ /Y 11) (i—38j+Kk). 274. c==i+k wan c=(1/3) (—i--4j—k). 275. 20/3 u
20/7. 276. rp=7i+T7j+7k. 279. Her, Tak Kak KOMMJAaHADHbBIE BEKTOPH HE MOTYT
OLITb MOMApHO JNeprneHAnKyAsipubiMu. 280, a X b=—17i-}-7j—k. 281, V 65/2 xs. ex.
282, 4. 284, 20 xy6. ex.; 4 Y 510/17,

Caasa 11

296. 1) (xty—z—2)/V 3 =0; 2 =3/6V2)x—(1/V2)y+4/5VZT)z—
—7/(5V2)=0. 297. d=13/)29; nauano KoopAMHAT M Touka M, JexaT no pas-
Hbie CTOPOHBI OT IVIOCKOCTH. 298. d=7 V5 /3. 299. 1) x-+y-F2—5=0, 2 2x -2y
4 2—6=0. 300. 7x—1ly—z—15=0. 301. M (5; 5; 5). 302. 4x—3y--122—169=0.
303. 5y--42=0; 5x—32=0; 4x-}-3y=0. 304. 6x-}-5y—72—27=0. 305. x/2-}
+y242/(+ V' 2)=1. 306. 60°. 307. x--7y-+102=0. 308. x—z=0. 309. x|}y -
+2—3=0. 310. Bx+2y-+52—9=0. 311. ¥V 2x+ty+2—5=0.1812. 4x+3y —
—22—1==0. 313. (A1Dy— AyDy) x - (B1Ds— ByDy) y -+ (C1Dy —D,C,) 2=0.
314. x—y-+-2=0. 315. arosin (5/6). 327. by-+52—64=0, x==0(y0z); bx-}-5z —
—2=0, y=0(x02); 5x—5y—+462=0, z=0(x0y). 328. (x-1)/5=(y—3)/2=2/1.
329, cos o0 =6/7, cos P=23/7, cos y=2/7. 330. (x— 1)/V 2 =(y-+2)/1 =(—3)/(+1).
331. (x—D5)/1=(y-}-1)/3=(2+3)/(—11). 332. M (0; 7; —2). 333. (x—3)/(—1)=
=y/b=(2-+-1)/2; x2=@—"7/(—2)=(2--2)/3. 334. x=—3t—1, y=6¢t--1,
z=1-42. 835. 51 30/6. 336. (x—3)/3=(y-1)/(—5)=(2—2)/(—2). 337. cos¢ =
=20/21. 338. x/0=y/1=2/2. 339. (x—4)/2=(y—1)/1=(2+2)/(—2). 340. x/2 =
= (y—2)/(—1)=(2—1)/0. 34l. (x—1)2=@y—1)/(=3)=(z—1)/2. 342. x/l =
=({ly—2)/(—1)=(2—1)/(—1). 343. x—by—2z-+11=0. 344. x/(—10)=(y—3,4)/13=
= (2—5,2)/19. 348. 1) C(—1; —2; 0), r=>5; 2) C(2; —3; —1), r=4; 3) C(0; —I;
3/4), r=3/4; 4 C(;0; 0), r=1; 5) C(0; 0; 2), r=1. 349. 1) BryTtpu cdepw;
2) BHe cdepni; 3) Ha coepe. 350. (x—2)2+(y—1)2+(2+22=9. 351. (x—1)2 4
+ y—1Nt=16, z=0. 352. C(4; 4; —2); r=8. 356. 1) Kpyroeoit LHIHHID;
2) aanunruueckuil uuauHap; 3) rumepGosuuecKui UHJHMHAD; 4) napabosanuecKkuit
nuapHap; 5) napaGosnuecKH# UMAMHAD; 6) mapaGoJnuecKHi NMJAMHAP; 7) KpYroBoi
uunusgp; 8) oce anmaukat x=0, y=0; 9) OucceKTpanbHble IJIOCKOCTH X=2 M
x=—2; 10) naockoctn y=0 u y=x. 357. 1) x2+22=9, y=3 (OKPYKHOCTB);
2) y2*—x%=1, 2=1 (runepbona); 3) 22—y?=0, x=0 (aBe npsamue). 358. 1) y?/b3+}
—+ 22/62—x?/a? =0; 2) x%/a?+2%/a®—y? /b2 =0; 3)  x%a?4-y?/br—22%/ct=0.
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361. 4x® 442 —(2—2)2=0. 362. x>—y2=1, 2=1; 2+ 1=212, y=1; y?=1—z2,
x=1; y?—x%=1, z=-—1. 363. 1) F'unepGomnueckuii napaGosoui; 2) KOHYC c Bep-
IIMHOH B Hauasde KoopauwaT. 364. 3z=2x2- 4%  365. x2/9-L-y?/5--22/1 =1.
366. x®+-y®=1, z=1 (oxpyxHocTh). 367. 1) Ocb OpIuMHAT; 2) KOHYC ¢ ockio Oy
M BEPUIMHOH B Haua/ie KOOPAMHAT; 3) KOHYC ¢ ochio Ox H BepUIHHOH B Hauase KOOp-
IuHAaT; 4) Hauajlo KoOpJAMHAT; 5) mapa ImIOCKOCTeH, nepecexamomuxcas no ocu 0z,
374. [lpe nuockocth x=y u x=2z. 375. Kpyrosoil UAJIHHAP (x—2)% - (2—2)2 =4.
376. Tlpsmas x=y=¢. 377. KoHyc BTOPOro mopsiKa Rt y—1)2—(z—1)2=0
¢ sepumHOit S (0; 15 1). 378. Touka (0; 1; —I). 379. OAHONOMOCTHBI runep6osIon]
€ KaHOHHYECKHM ypaBHeHHeM X'2 y'2/4 —z'2/4=1. 380. [IpymomocTHblil runepGo/Ionz
€ KaHOMHUECKUM ypaBHenvem x’*—y’®—2z'®—=—1. 38l. TlapaGosions DpaweHus
C KaHOHHMHeCKHM ypaBHenneM x'°-1-y'®—4z'. 382. TunepGosmuecKuii I1apaGosionz
C KQHOHHYECKHM ypaBHeHueM x'*—2'%/9 =2y’

Fnasa 1V

387. 900. 388. 12. 389. 21280. 390. a2b2. 391. x=1, y=2, z=1, f=—1.
392, x=1, y=1, z=0, ¢t=—2. 393. x=1, y=2, z=3, u=4, v=>5.
3M. x=1, y=—1, 2=0, t=2, 410. (¢; 2¢; 3f), rae t—npousBosabHOE AEHCTBH-
TeqbHOe umcso. 411, (24, 2f; {), rae ¢—npousBoibHOE JElICTBHTENLHOE YHCJIO.

—4 —8 —4\
412. (0; 0). 413. Ilpamas x’ cosa—y’ (I1-4-sina)=0. 414. B—-:/\ —3 —1 —5 }.
—7 —6 1
7966 70,1 —0,2 07 )
415. { 6 96 ). 416. | O 0,1 —0,2 ). 417. x=1, y=2, z=3. 418. A;=2,
669 0 0 0,1

ha=11; e =(4/VT)i—6/VIDI, e&=1/VT)i+(1/V D)) 419. dy=—2,
ho=3, hs=6; r,=a (i—k), ro=P (i—j--k), rg=y (i-+2j4Kk). 423. x"*/16+y"*/4=1.
424. x")25—y"*/9=1.425. y* =2 V2 x". 426, x"2-y'? /| —2'?/3 =1 (0AHOMOMOCTH I
runepSonoun). 427. 25"+ 32"* = 6 x" (sanunTHueckuii napaGoson). 434. r (A)=0,
ecmn A=0; r (A)=2, ecain A # 0. 485. r (A)=23. 436. r(A)=23, Gasucuoe MHHOPBI

020 200 ) 11 13
100 u|004). 437. r(A)=2; 6asucube MHHOPBHI ’3 4,, ]3 9l |3 6,’
003 030

légl, !:13;‘, 'f'?l, |?g " ‘?2 . 441. Cucrema coBmecTHa, 7 (A4)=r (A;)=2;

xi=1, xp=1/2. 442. r (A)=1, r (4;)=2. Cucrema HecosmecTHa. 443. CucTema coB-
mectHa, r(A)=r(A;)=2. 446, x;=1, x,=5, x3=2. 447. x;==1, x,=2, Xg=3,
xg=4. 4M8. x1=05, xp=4, x3=3, x;=1, x5=2. 449. CucTeMa HeCOBMeCTHA.
450. x=196, y=2,96, 2=>5,04. 451. x=1,50, y=1,16, z=1,40. 457. x;—1,
xp=2, x3=3, xy=4. 458. x;=u, xy=u--1, xs=u-}2, xg=u-3. 459. Cucrema
HecoBMecTHa. 460. r (4)=3.

I'nasa V

463. Jla. 464. Her, Tak Kak cyMMa JBYX 3JeMEHTOB MHOXKECTBA He SBISETCH
3JIEMEHTOM 3TOTr0 MHoxecTBa. 465. Her, Tak Kak cymmMa ABYX MHOrOY/IEHOB BTOPOIl
CTEMeHH MOXKeT ObiTh MHOTOUYIEHOM HePBOH CTeNeHH HJIH MOCTOSIHHON BeJHYHHOL.
466. Nla. 467. 1) Jla; 2) na; 3) na; 4) ner. 468. Ia. 469. 1) Jluwb B Tom ciayuae,
CJIH 3TO HYJIb-BEKTOD; 2) HET, TaK KaK B 5TOM NPOCTPAHCTBE, KPOME BEKTOPOB X H Y,
MOJIKHEL ObIT M JADPYIME BEKTOPH Bufa Ax--umy. 470. Her, Tak kak B MOJ1Y YEHHOM
MHOKECTBE BEKTOPOB HaifyTcs BEKTOPHl, CYyMMd KOTOPHX PaBHA X, HAlpHMeP BEKTOPHI
(x—y)/2 u (x-y)/2. 471. Moxer. Hanpumep, HCK/IIOYHB U3 MHOKECTBA FeoMeTPH-
UECKHX BEKTOPOB BEKTODHI, He NEPIEHJAUKYJIspHble ocH 02, MOJYYHM MHONKECTBO BeK-
TOpoB M- uj, ofpasyiouiee JnHeiinoe mpocTpaHcTBo. 473. Her, Tak kak A & Ea)
He NPHHAJJIEKUT ITOH COBOKYNHOCTH, ecad A—Me wesoe ducio. 474, Her. 475. Her,
Tak KaK HDOTHBOIIONIOKHLIE BEKTOPHI pacnooxeHnl He B I okTtaute. 488. MuosecTBo
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BCeX MHOTOYJICHOB He Bbilue n-H cTenmeHn. 501, x= e1+ 2e2+3e3—]— dey. 502, x=¢1 -

e est ... --eq. 504, §1~8§5, Ez~a§1, Es=P&s, Es=7vEs, &5 =04 505. Her,
TaK KAK HMMEET MECTO DABEHCTBO 91—{—62—1—83—0 KOTOPOE HEBO3MOWKHO B CHIY JIMHEH-

HOft HE3aRMCHMOCTH GA3HCHHIX BEKTOPOB ey, €, U e3. 506. MoxeT /ML B TOM CJYy-
yae, ecJH STHUM 3J€MEHTOM SIBJsIeTCsl HyJ/b-BekTop. 508. TlepeceuenneM sfBiaseTcs MHO-
aecTBO ssiementoB Xpp=(0; 0; &35 &), yi2=(0; 0; 3; n4), 215=(0; 0; T3; Ta), -.. .
CyMMa conajaer ¢ npoctpacTeoM R. 509. d(Rq) =3, d(Rg)=3, d(Rg)=
d=(R,y=4. 510. Her. 513. R3—MHOXeCTBO NOCTOSIHHBIX BEJHYHH, R4—MHO)KeCTBO

MHOTOY/MEHOB BHAA Ccyft-Fc182-|-cof—}-c3. 514. R3—MHOXKECTBO BCeX BEKTOPOEB, MapaJ-
JeapHnix ocH Ox, a R;=R. 516. MHoxecTBo BceX YeTHLIX (GYHKHHii o0pasyer moji-
NpOCTPAHCTBO, @ MHOXKECTBO HEUETHBIX —HET, TAK KaK NPOU3BEIEHHE JIBYX HEUETHBIX
¢dyukumit ecTh vernas ¢yukuus. 517. Her, tak kak JoGoi BEKTOp Aa He mNpHHAIJIE-
JKHT 3TOMY MHOXKECTBY, €CJIH A,—praunouanb}{oe upcno, 522. £=3; fi=(—1; 0; 1;
0; 0), f=(—1; 0; 0; 1; 0), f3=(0; —1/2; 0; O; 1), i*(—61—(:2, —05c3, cy;
¢y, C3). 526. [a. 527. Her, Tak Kak paBeHCTBO |a—{—b] (a-F-b)=a-a—-| b-b He BoIMOJI-
Haercs, ecan ab # 0. 528. Jlnuie B ToM ciyuae, ecan Xy =0. 529. Jluwes npu a=0,

% 00..0 1700
530. Ma. 533. [ 0 * 0 -+ 0 536. A=| g4 |- 538 3A—2B=E.
000...a 1000
(1=l 0
544, A-1= I —1 ). 545 A=t=A. 546. A=1=(_] (). 547. B=2Ecosa.
S \

548. Jluueiinoe mnpeo6pasosanue A wHe wumeer ofpatHoro, Tak Kak |A|=0.
549, A—"=(A-1)2=(_(1) (‘)) 550. TIpn A—=—2. 552. 1) Ecam a £ B, 10 Ay=a,

u=cyey, Ao=p0, v=coe,; 2) ecan a=4, 10 }\,1~—-}b2—"—a U==cye;}-e5. 553. Ay =

=Ag=2, u=cy (e;-+e,). 554. 1) Ecau b # 0, To suueiiHoe npeobpas3oBaHHe HE HMeeT
coBCTBEHHBIX BEKTOpOB; 2) ecam b=0, 710 ?»1—?»2—12, U=cye;+cyey. 556. A=2,
u=cy; (ey—ez); A=3, v=c¢, (el—e2+e3) A=6, w=cg (e 2e,-}-e3). 538. A=—I,
u=cyi-}-cyj. 560. 7»——1 u=cy (el—{—e2+e3—|—e4) A=—1, v—ez(el—e2+e3—e4).
561, A=a-FB+7y, u——c(e1 —i—eg—{—eg) (x, y)——oémaﬂ CTOUMOCTH BCEX H3JeJIHil,
EBIIIYCKaeMbiX 3aBojoMm. 565. Ja. 566. HeT TaK Kak He BbIIOJHSIOTCH ycsoBus 2°
u 3% ecaum A< 0, 567. a. 569. arccos (1/n). 573. a. 576. |x|=>5. 577. x/|x|=

=(1/15) &1 -2 1 2/15) e2+(V3/5)e3+(8/15) es+(V'5/3) es. 579. x—Hopmupo-

BaHHbI BekTOp. 580. @ =m/3. 581 0,5 (e;-J-es+e3--e,). 582. A=+ 1. 587, [la.
588. Ha. 589. Tlpu A=+ 1. 590 ,Zla TaK KaK BEKTOPHI Ael, Ae, u Ae3 06pasyT
opToHopMupoBannLii Gasuc. 591. Jla. 598. x'2/2]1-+y'2/3=1. 599. x'2/16 —y’*/4=1.

600, x'%/4d4-|y'2j4=1.

I'nasa VI

606. n—=4. 607. §=0,16%. 608. 6=0,0005%. 609. §=0,022%: n=—= ,S=
= 8765 4 0,1 M2, 617. 1) [—2, O0[U]0, 2; 2) [0, 4]; 3) ]— 0, O[U}0, + oo [;
Y x£n@n-+1)/4, n €Z; 5) ]—w, 2] U [2, +o[; 6) 11/3, 4o [; 7) [0, 2].
618. 1) [1, 4o [; 2) J—oo, 0{UIO, 4o [; 3) [—4, 4}; 4)]—o0, 3[; J) [—2, 4];
6) 10, 1]. 619. 1) Heuernass; 2) uernas; 3) HM ueTHasi, HH HedeTHas; 4) ueTHas;
5) HH ueTHas, HH HeueTHast; 6) uerHass; 7) Heduernast. 620. ) 2m/5; 2) 6m; 3) m;
4) . 657._1/2. 658. —1. 659. 1/6. 660. —2. 661. —sina. 662. m/n. 663. sec? x,.
664. -~l/2 /4. 665. 1/2. 666. oo. 667. 2. 668. 3/4. 669. —1/4. 670. 1/2. 671. 3.
672. V' 7/4. 673. 25/9. '674. 1/2. 675. m. 676. 1, ecim x—>-toc0; —I, ecau
% —>—o0. 677. (a—c)/2. 678. 0. 679. 0. 680. In5. 681. In(8/7):In (6/5). 682. 2.
683. In5. 684. 1/4. 685. 1, ectu x —>-40; —1, ecaw x — —0. 686. - 0. 687. 2.
688. 0. 689. He cywecrsyer. 690. 5/4. 691. Ina. 692." e. 693. 3. 694. 1/6.
695. 1n (5/4). 696. 1. 697. —3. 698. 0. 699. 1/2. 700. e'o. 701. V' e. 702. ea-?,

703. Ve . 708. y ~x. 709. 2. 710. 1/2. T11. @ =0 (B). 712. o ~B. 713. o ~ .
714, 1/3. 715, 9/4. 716, —I1/2. 717. —1/2. 718. —1/2. 719. 1. 720. 9/25.
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721. (In5-1ln4)/(In 3-1n6). 722, 1, 6. 726. x=2—1TouKa ckauka. 727. x=1, x=5—
Toukn paspeisa II poza. 728. Paspms II poma. 729. x=0-—Touka ycTpamnMoro
paspoiBa. 730. x=3-—Touka ckauka; x=>5—Touka paspwia I poma; x=0—Toika
ycTpanumoro paspuiBa;, x=mn/2--nn (n € Z)—71oukH paspmea Il poga. 731. x=1,
X=2--TOYKH yCTPAHMMOTO pa3pmisa. 732, x=—2, x=—3—TOuKkH paspeBa 11 poaa;
x=—]-—TouKa ycTpaHuMOTO pa3puiBa. 733. DYHKUHA HENPEPbIBHA B GECKOHEUHOM
npoMexyTKe ]—o0, + oo [. 734. 1) OyHKuuA HenpepLiBHA; 2) HMeeT OJHY TOUKY
paspuiBa II poja; 3) mmeer ase Touku paspsiBa 11 poga. 735. 1) DyHkuHs Henpe-
PLBHA; 2) umeer ABe ToukH paspmiBa II poga; 3) mMeeT wernipe TOuKH paspeiBa
IT pona.
Fnasa VH

739. y’' =-—2/x3. 740. y’=2/(3 ‘g/;) . 741, y’'=05cosx—3sinx, 742. y =
=5tg?x. 743. Y =—e¥je*+1)% T4 y' =25".2x.In2. 771, y =-—21/xt,
772. y' = ‘;/x. 773,y =x2 V' x (1—x2)2 774 y' =-—x%-%, 775. y' ' =9%%Inx.
776. y' =(8/9)% In (8/9). 777. y’ =x%cosx. 778. y' =6 (x—{:])/(2x2—}—3x_l. 779. ¥ =
=—3x/V 1—3x2. 780. y' =arccos (v/2). 781. y' =1/(2 Y x)arcsin V' x. 782. Y =
=—cosx. 783. y' =— cos?(x/3)sin (x/3). 784. y’ =cosec (2x- 1)/2. 785. y' =
= 1/cosx. 786. y'=2sect2x. 787. y' =1/(2 YV x)sin2 Y x cos’V x. 788. y =
=06x/V O +1. 789 y=VaP—xE 790. y'=_—2sec?x/} igx@igxL1).
791 y'=cig® (x/2). 792. y'=1/(xVIx*1). 798. y'=1/V @@ —x% 1794. y —
=1/QVT—%). 795. y =6x2/(1+x%. 796. y =6sgnx/(x21-9). 797. =
=-—2¢=% sin=*. 798. y' =—1/(2 Y T—x2). 799. y’'=—6/[(x—1) (x—2) (x—3) (x—4)].
800. y’ = 3e%"* 3% gin 6x sin? 3x. 801.  y'=-24Insin x-ctg x/(4 In*sin x—9).

802. y’ =sec x. 803. y’ =cosec x. 804, y'=eV'““ 805. y' =10/[x (x*-1-2)]. 806. y'=
= 2sinx/(14-cos x)®. 807. y' =cosux/(1-fsin®x). 808. y’=cosec? (x/2)ctg (x/2).
809. y'=(2/x)cos®(Inx). 810. y' =5xtIn (x*43). 8il. y':—x/([_xl V' 5=x%).
812. v’ =V x*f2ax—P. 813. y' =0, 814, ¢ =(mx-+n)/V X1 2ax+ p.
815. y! =1/(1—mx®)*2. 816. y' =4xcos?x. 817. y =—2cosec’® x. B8I8. Yy =
:Z%(zj_—ilcﬁln.—sisrjr;; . 819. y'=09% sin? x cos x. 820. y'=2/(x ¥V T x2). 821. y’ ==2¢* sin? e*,
822, ' =2/(x*+2x+2)%. 823. y'=In"x. 824, y'=(Insin V'X)/(2V ¥ cos? V x).
825. vy’ =2(14-1nx)/(x* +x~*). 826. y’ =1/sin® x. 827. y’ =cos*x/sinx. 828, y’ =
= 1/(3 sin x-}-4 cos x-}-5). 829. y' =cosxtg?®sinx. 830. y' =1/[x*(x—1)].
831. y' =1/[x (x-+1) (x+2)]. 832. y’ =4xtg?2x. 833. y'=—2c%/) 1 —e2*. 834. Y=
= (InIn In x)/(x In x). 835. y'=2e2¥ (1 —2x)/(x -+ €?¥)2. 836. y'=2 (In x-1)/(x? In2x—1).
837. y'=3/(1+=x?). 838, y =(e?%"*cosx):sin(e?™%/2). 839. y'=asin2x.
840. y' =3sectxsecttgx.  841. y =(—l/x¥)arctgx. 842. y =(—5/x%Inzx.
843. y' =Y 2ZxF1)In@2x-+1). 844, y' =secxtgxlinsecx. 845, y =
=—203%/) [ —e%¥. 846. y' =3.2°05° =3 COSX in3 y.1n 2 847, y' = (e¥.25%/38¥) %
X1n (32¢/81). 848. y'=0. 849. y’=xcos 2x. 850. y’ =2e%%x (x*-|x2| 1)/(x24-1)2,
851. y'=xcos x/sinx. 852. y'=(1/} x)tg2 ) x. 853. y' = x*/(x*—a¥). 854. 4/ —
=—4x/V 511, 855. y' =e®® & ¥sinxtg2x. 856. y'=8x3/(1-4+1%). 857. y' —=
= xe** (20 In x+2Inx+4-1). 858. y'=0,5 In 2 " 25/(T—2%). 859. y’ =— In 2/(2x In®x).
860. y'=(mx—+n)/V —x2F2ax+p. 861. y'=(2/In 2) ctg x. 862. y'=1/(¥ x*19 Ina).

863,y —vesins (DX MOWXY ggq, =g (e D)t 1P, 865, 4 =
— X
2% (x L1y < 3 2 1 ) , —
= e— In 2 -—_ . 866. :—1/( X 1 X%) e
(x—1)2Y 21 n +x—{—1 x—1 2x+41 y I IV + %)

867. y'=x"cos(nlnx). 868. y = (xtg x--1n cos x) sec? (x tg x4 In cos x) x sec? x.

869. y'=—xsinx-In(xcosx—sinx). 870. y’ =3 cos3 (xe¥ —e¥).xe*. 871. y =
— I npu x>0

= 9(l— — 92 —x2). e ’ .y =

=—2(1—220)/(| 1—2:2| V T= %) 872, y { | npi x < 0. 873. y =
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f (%) mpu f(x) >0, ,_J 3 mpm x> 5/3, , e¥ mpu x>0,

{— f'(x) mpu f(x) <O 874.y \—3 mpu x < 5/3. y —e~*npu x < 0.
—2 npu x < 0,

876. y' = Onpu 0 < x <2, 877. y' =2xe¥ sin x. 878. y’=(xcos x):
2 npu x > 2.

1V (xsin x+cos x)2 - 1. 879. y' =x**+11ln x (In x—1)/e*. 880. y’ = (ctg x-1n cos x +-

+tgx-Insin x)/In2cos x. 881, y =nxn—1/(2V ¥® £1). 882. y'=—(log, e)?/x.
883. y’ =0. 884. y'=1/2. 885. y' =0. 886. y' =x¥ (1| 1Inx). 887, y' =x—%.2¥.x2X

21 ¥ -1
X(In24-2x-1—1—Inx). 888, y=2"*linx. 889 y,=___J_C_VTXﬂ:X
(x—1*1/ 5x—1
2 1 3 1 " Py r—
X[7+2(x+l)_x—l_5x—l]' 893. (arcsec x) =1/(x Y x2=1), (arccosec x)’ =

=—1/(x V' x*=1). 8%4. 4cosec? x. 898, y'=(x2—y)/(x—y7). 899. — (Ax -
-+ By+D)/(Bx~+Cy~+E). 900. y'=x/3y). 901. y'=y(y—xIn y)/x (x—yln x).
902. y :—(y €S x-t-sin y)/(x cos y—{ sin x). 903. y =—(ex—y 2%y. ]n2)/(eJ’—x -2%¥.1n 2).
904. y’ =2x. 905. y’ = y/x. 906. y’ = — y/(2x In x). 907. y’' = — (2x sin y— y3 sin x —2):

{(x2cos y--3y?cos x—3). 909. —ctgt.  910. 2. 911. 2) we~V % 912, ctht.
914, a=mn/4; y=x-+1. 7. y—yo=(—Yyo/p) (x—xg). 918, x—y-+1=0.
919, x4y —1=0; x—y=0.920. x—y-4-2—n/2=0; x4 y—7/2=0. 921. 3x—y—4=0;
x4-3y—28=0. 923. m/4. 924. 3x—8y+410—61n2=0; 32x-}-12y—15—64 In 2=0.
925. xchi,—1=0. 926, tg @=2/3. 927. w/d. 928. s/4; 3m/4. 929. tg ¢y =3,
tg @ =—3. 930. 7/2. 933. 1,76 m/c. 934, xs= V a. 939. m—arotg (1/3). 940. tg 0 =¢;

eCIH @— 00, TO O—>11/2. 941. 71/2-1-¢. 942, 0. 943. arctg (1/m). 944. m—arctg (125/64).

950. ' =—44/(x+-5)". 951 y'=Inx. 952. Y =2 T—Az. 953 "= x sin 3x.
= " =T d?y ! ¢

¢54. y'=1/V x*-Fa®  955. d—x2=—ﬁcosec4——2~. 956. ———-——4]/t~ 2.

959. —1/3 M/c2. 960. y'"" = 1/(x+-1)%. 961. y"""=(2 In x — 3)/x. 962. y’*" =105} 2xI-3.

+5.7... — 1 (—2)n
963. y''=4sh2r. 964. y‘"’=3-°—7—2,,(2”—+1)1/x. 965. ym=_"1{(=2)

2x e+l ¢

966, M — —1,5.27.c08 (271 /2). 967, yM) = [2% - (—1)7.2=] In" 2. 968, 4 —

= MHed—b) (=T ggg m—pnekr, 970, 4= cos (x-mn/2). 971, DY —
(cxdyn+1 : ’ dxn

:(—1)n-i. 972. yIII:ylvz...:O. 982. dy=} 19— x%dx. 983. dy— xzf‘%.
X dx dx dx)3

984, dy— th (x/2) dx. 985. dy— 9% 1+ o - 986. dy=1n x dx, %= {ax)® ) , dOy=— (xz) .

2y X (d0)? —— A A _ :

9T, diy=-—T T 088 A=, dy=— Tp. 989, Ay=0, 0401;

dy=0,04. 990. 34,04 »®>. 991. m/4--1/13. 992. 0,811. 993. 1,035. 994 0,078.
1 XyX | (X—x)® (x——x(,
895. 1,9938. 1007. £=5/2. 1008, — [l -+ -+ R3, rae

2 3
0 X0 Xo

("—"") (% 2 €< x).1009. M (¥ 3; 0). 1010. 0,754. 1011. 4,943. 1012. 1,395.

1613. 2,002. 1014. 0,587. 1024. 3/5. 1025. 2. 1026. 2/3. 1027. 1/3. 1028. 0,18.
1029. 18. 1030. 1. 1031. 0. 1032. 1/2. 1033. . 1034. 0. 1035. 1/m. 1036. 1.
1037. 0. 1038. —1,2. 1039. (p—q)/2. 1040. 2/3. 1041. 1. 1042. e—S. 1043. 2.
1044. ¢'/3. 1055. Bospacraer na ]—co, —I[ u na ], --co[, yOmBaer ma ]—1, I[.
1056. YObBaer na ]—oo, —I1[, Epo3pactaer Ha ]—I1, ~oo[. 1057. Bospacraer Ha
[—o, I[, y6uBact Ha ]1, -}-o]. 1058. YG6uiBaer Ha |—co, —I[ u Ha ]1, 4-oof, Do3-

pactaer ma J—I, 1[. 1059. ypin=y (0)=0, L/max_y(21/ 2/49) = (12/49) 1/ 477
1060, ymax=y (11/4)=13/4. 1061. yin=y (0) = 0. 1062. ypnjn =y (0) =1. 1063. !/mm—
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=y(e)=e. 1064. ynax =y (1)=1/V " €, ymin=y (—1)=—1/ . 1065. ypin=y (1)=0.
1066. ymin=y(3)=0, Ymax=y(2)=3. 1067. ypiz=y()=—1. 1068. yy,y =
= (—124+6V 3)/12, ymin= (51—12—613)/12. 1069. ymasx=6%2, ymin=-e~ /2
1070. Ymaum =2, Yuawg=066. 1071. (0; 4) u (0; —4). 1072. 25km; 8u 15 mun.

1073. 5Y2, 3V 2. 1074. U4, /4. 1075, V =2ri3} 3/27. 1076. V= (S/3)} S/(6m).

1077. Ha paccrosmun 9xm or A. 1078. 125m. 1079. o/} 2. 1083. Brinyksa Ha
]—o, —2[, Boruyra Ha ]—2, --oo[. 1084. (4; 20). 1085. (1; 0). 1086. Touek mepe-
ruba mer. 1091. x=0; y=2x. 1092, x=0; y=-—3x. 1093. y=x—6. 1094. y=
=05x+nn y=05x. 1085. y=05nx+1 n y=—0,5ax--1. 1098, D (y)=]—co,
~+oo[; ¢yHKIHA ueTHas M NepHOAMYECKast C NepHoAOM m. BoapacraeT ha ok,
7/24-sk[, yOwisaer Ha /24 mk, 4Tk[; Ymin=y (k) =0, ymax =y (/24 nk)=1,
kEZ. Kpusasa Bornyra Ha |—m/4-- nk, m/4 4 nk[ W Bunykaa Ha Jrt/4 -+ mk, 3n/4--nk[;
TOUKH neperuba (—a/4-mk; 1/2) u (nj44-nk; 1/2), k€Z. 1099. D (y) =]—o0, +oof,

Gbynkuus Hedernasl. YObiBaeT Ha ]—co, —I{ u Ha ]1, oo, BO3pacTaeT Ha |—I, 1[;
Ymin=Y (—1)=—2, Ymax=y(1)=2. Kpusas Boruyra na ]—oo, O[ u BENyKIa Ha
10, +oo[; Touka mepernta (0; 0). 1100. D (y)==11, -oo[; acumntoTii x= 1, y=0.

YObiBaeT BO BCeHl o6aacTH onpeneserusi. Kpusast Bciogy BorHyra. DKCTPEMYMOB W
Touek neperuSa Her. 1101. D (y)=]—co, O[] 1, +oo[; acumntothl x=0, x=1,
y=0. Bospacraer Ha ]-—oo, O[, yOmBaer ma ]I, +oo|[. Kpusas Bciony BoruyTa.
OKCTpeMyMOB M Touek neperdGa meT. 1102. D (y)=]—o, —2[U]—2, 2[U]2, -ool;
(GYHKUWHA HEYETHAS; 4CHMITOTH x==—2, x=2, y=x. Bospacraer na ]—oo, —2)/ 3]
n Ha ]2V 3, +ool, yOumaer na 1—2)" 3, —2[, |—2, 2[ n ma 12, 2V 3[; Ymin =
=y 2V 3)=3V'3, ymax=y (—2V 3)=—3) 3. Kpupas semykia Ha |—co, —2|
u Ha 10, 2[, eoruyta na ]—2, O] u Ha ]2, -Foc[; Touka neperu6a (0; 0). 1103. D (y)=
=]0, -;oo[; acumnroTa y=0. Bospacraer Ha ]0, e[, y6uiBaer Ha Je2, +-0[; Ymax=
=y (¢®)=2/e. Kpupas Bhmykaa Ha ]0, ¢*/°[ u BoruyTa ma [¢%/%, --oo[; Touka nepe-
ruba (e%/%; 8e74/%/3). 1104. D (y)=]—oo, --oo[. YGbiBaer na ]—ow, 1/4[, BO3pac-
TaeT Ha |1/4, +w[; Yymin=y (1/4)=—27/16. Kpusas BorHyTa Ha }—co, 1/2[ u na
11, +oof, Bomyksa Ha ]1/2, 1[; Toukm neperu6a (1/2; —1) u (1; 0). 1105. D (y) =
=10, 4-oof. V6nBaer na 10, 1/3[, Bospacraer Ha ]1/3, +oof; Ymin=y(1/3) =
= —2/(3 ¥V "3). Kpusas Bcioy Borayta. 1106. D (y)=]—o0, +oo[; acumntota y=1x.
YCpiBaer Ha |—oo, O], Bospacraer Ha 10, 4-oof; ymin=y(0)=1. Kpusas mciony
BoruyTa. 1107. D (y)=]—o0, ~-co[; QyHKUMA HeueTHas; acUMNTOTH y=—I1 n y=1.
Bospacraer Ha ]—o0, ~co[. Kpusas Boruyta Ha ]—oo, O] u Bhimyksa Ha 10, --cof;
Touka meperu6a (0; 0). 1108. D (y)=]—oo, -l-oo[, acumntota y==0. Bospactzer Ha
]—co, I, yopiBaer Ha ]I, 4-oo[; ymax=y (1)=e. Kp_nsaﬂ BOTHyTa Ha ]—oo, I—) 2/2]
n oma ]l ]/212, o[, Bonykma ma J1—V 2/2, 1--V 2/2[; 7Touku mneperu6a
(1+V72/2 Ve) u (1—V 2/2; V). 1109. D (1)=]—w, 2[U]2, J-oo[; acumm-
ToThl X=2 n y=x-4. Bospacraer Ha ]—o, 2[ u Ha |6, J-oo[, ybuBaer Ha |2, 6[;
Ymin=y (6)=27/2. Kpusaa Bninykaa na |—oo, O[, BoruyTta Ha 10, 2[ u Ha ]2, +ol;
Touka nepern6a (0; 0). 1114, R=25/3. 1115, R = (4a/3) cos (8/2). 1116. k=1/(e V" 2).
1117, (25 2). 1118. Okpyxuocts E2-n2=1. 1121. epewil. 1122. TTepsmit. 1123. Tpe-
Tai. 1124, Ilepswiti. 1125, Tpernit. 1126. Bropoit. 1128. OkpyxnocTh x2-22=1,
y==1. 1129. Ilpsamas, NpoxoAsuiast yepe3 HaYal0 KOOPAHHAT H 0Bpasywomas ¢ OCSIMH
KoopAuHatT paBHble yrasl. 1130. Ilpamas, napamaenphas ocu Oz u mpoxofsimas uepes
Touky (I; 1; 0). 1131. ParnoCounas runepfosa, Jaexawasi B naockoctd xOz.
1134, (i-+k)sh2¢4-jch 2¢. 1185. 0. 1136. 3 (12—28%) i (54—21)§. 1138. x/(—1) =
=@—1/0=(—aV 3,2)/V 3, 2x—2)V 3-1-3n=0.  1139. My (0; 0; —1) m
M, (2/3; —8/9; —1/27). 1140, 70°23". 1141. x/1=(y—1)/0=(z—V 2/2)/1, x+2—
—V 2/2=0. 1142, (x—1)/2==(y--1);0=(z—1)/1. 1143. (x—1)2=(@y—1)/3=(z—1)/4.
1144. arccos (14/(3 1 29)). 1146, ds—=V a® b2 dt. 1147. h=2) 3x. 1148. v—

2,
= %Z—Si sin ¢ 3j cos ¢4k, w:Z—é:—%i cos f—3jsint. 1149, v{—;=1-
~+2j+3k, W]t—1=2j--6k. 1151, t=(5/13) i—(12/13) jsin ¢4 (12/13) k cos 7.
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1152 v=—(1/3)j+(2V Z/3) k. 1161. (2/3)i4-(2/3)j-(1/3) k. 1162. (1/3)i —
— (2/3)§4+(2/3) k.  1183. (—2/3)i--(1/3)j4-(2/3) k. 1164. 2/27.  1165. 2/27.
1166, X —2Y {-2Z—2=0. 1167. 2X —Y —27—7=0. 1168, 2X-}-2Y -} Z—19-=0,

Inasa VIII

1174, x*J-y* == | —vacTb TIOCKOSTH BHE €JIMHHYHOIO KPyra C HEHTPOM B Hauase
koopaunat. 1175, Yacts minockoctH BHYTpH Kpyra x2--y2 < 1. 1178. [losoca MeX 1y
napajieJbHLMH TpsAMbIME Xy <C1 u x-}y=—1. 1177. KoHueHTpHIeCKHe KOJAbIa
n2= x4 y2 220, /2= x4 42 = 3n/2, ... . 1178, y > x— MOJAYIIOCKOCTD, Jexa-
was sele GHecekTpitent y =x. 1179. Tloaynnockoets x == 0. 1180, Mlap x2-Ly2 122 <
=< @.1181. YacTb npocTpancTa BHe KoHyca x24-y2—22=0. 1182. UYacTh npoctpaHcTsa
BHYTpH mapa x?--y2--2? < 1, 3a uck/IouenueM Hauana xKoopsimHar. 1183. UacTh npo-
CTPAHCTBA Haj MJIOIKOCTBIO X -+y-F2z=0, BKaouas 3Ty miaockoers. 1184. CemelicTso
napadnegapHuX npamuix 2x--y=C. 1185. CemeficTBo npameix y=Cx. 1186. CemelicTro
npaMeix y=e*Cx, unn y=Cyx (C > 0). 1187. Cemeiictso napaboa y=:C} x. 1188. Ce-
MeficTBO  paBHoOoutblX runepbos xy==C (upu C # 0); COBOKYNHOCTb KOOPAHHATHBIX
oceft Ox u Oy (npu C=0). 1189. CemeiicTzo miockoctefl x4y 3z=C. 1190. Cemeii-
crBo cep x%+-y2--22 =C. 1191. CemeficTRO ABYTONOCTHBIX THIEPGOAONIOB X2 — 2 —
—22=C (npu C > 0); ceMeifcTBO O/HOMCJOCTHHIX TI'HIePGOION 0B x2—yt—22=C

ou

npu C < 0); xonye x2—y2—22=0 (upu C=0). 1197. =2x—3y—4, 62—”-:4 —
p oy v

O o a0 g ou__ 2¢ 1 du
-—3x+2. 1198. %—QPSIH 9, a—o—tp sin eLOSB. 1199. a—-x—;/—z-—?, -aTy—
2 2 2 - 2.
=%_——z§ . 1200. ._‘Zi =MV 32y e __g; = VU (g3t 32y,
ou__y ou - csr—5 0w 2P o Ou__ 1 . Ou__
1201. 5;-—-}/76 , ay—QV X—T'Gy v 2%, —a;——i'/—/_z—. 1202. ax-—“ge ) @ —
e E ol Z ey O 1 _ay Or_ %y 0z
=Tyt e g B T e
[ -4~ x2 0z 0z :
=(H__xj)2W 204, GomGc® (Vg e+, Ly (0 ?) €7,
ou ou ou
1205. a—x_—_(y—z) @2x—y—2), 0—U=(x—z) (x—2y-}-2), —z~=(x—y) (—y+22—x).
1206. %:(Gx—y)es"”?y“xy, %:(4y—x)e3x2+2y2_xy. 1207. g-;f:xzex!/z sin%—{—
1 y 2 (x dx -y dy) 2(xdy—ydx)
-— eXY2 cos L, . 0. 214, de=""1 "1 I T . _——
-+ — e¥Z cos — 1209. p. 1 dz pEEw 1215, dz 3 sin (%))

1216. 2 (xdx—ydy) cos (2 -Ly?).  1217. dz:x.!/(%dx—}—]nxa‘y). 1218, du —

1 ydy .
= dx ). 1219, dz==e* [(x cos y—sin gy} d sin
Vx2+y2< +x+1/x2+y2> [(xcos y yrdy+(siny +
~}- cos y-x sin y) dx]. 1220.  dz=ext¥{[ (x 1) cos y+y (sin x - cos x)] dx -
. : _ 2dx 2cosydy _

~+ [x (cos y—sin y) - (y+ 1) sin x] dy}. 1221. dz= P '—I—sin2y—{-—4 . 1222, du=
=eYZ (yzdx | xzdy+ xydz). 1223. 1,08. 1224. —0,03. 1225. 1,013. 1226. 3,037.
1227. 1,05. 1232. 6 (x-}-y). 1233. — sin (xy). 1234, —4 cos (2x -+ 2y)/sin? (2x -+ 2y).
1235. 0. 1236. x (x+4-2¢)/(x+#)?% 1237, y(2—y?) cos xy— xy®sin xy. 1238, siny X
X cos(x--cos y).1239 —xzi[((l Y (dx)?] — XY yonh o5 (xt- ) (dx-dy)?
o8 01299 Tar el 1=y 120 cos beby) (it dy?.
1241, qe¥ [e¥ sin (ax--e¥)—cos (ax-e¥)]. 1242, 4. 1244. 2 [(dx)t—dx dy+-(dy)?].

2
1249, ¥V [(y dx-t-x dg)*-2 dx dy]. 1250. _(d_iiz_-’/> . 1251. —%(y dx—x dy) (dx)%,
I
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9 .
1252, 6dxdy dz. 1253. o (4y dx—3x dy)® (dy)®. 1254, ex+¥ (dx---dy)5. 1257, 4/sin 2x.

1258. 2x(3x—|—2)/(x2+3x—|—1)2. 1259. %:%cosx, %:x(Qcosx—xsinx).

02 0z au 2 ou__2(m*—1) 0z 7
L0.1261. 25 =4E, 52 4y, 1262, 2% ==,
1269 0 ¢ 0 - —E ()q nmMmEFD - 1268. (61 ) 5

du 1 ou 7
1269. (61 > =5 1270. (—51—> =3 1271. | grad u |y =1/rf; cos a =-—x,/rq,

cos B=—uyop/ry, COSY=-——2¢/rg, TI€ rO—VxH—yo—[—zo 1272, lgradulM 3,

cos o= 1/3, cos B=cosy=2/3. 1273, 1/3. 1278. — x/y. 1279. y/x. 1280. y' = —y/x,

g =2y/x% 1281, (y V 2xy—x2)[(24® — x V 2xy). 1282. y/x. 1283. (a®— b2)/(2b% —a?).

1284. y/(2x). a1285. (x+y)/(x—y). 1286, 1/(2"1n2). 1287. y =—I1, y"=0.
I

g

0z 0z _ 0z xz—yz 0z y*—axz
1288. wa xFrFI—T 1289. i Ty’ i
1290. dx-+(z/y) dy_ 1291. _xcos_{/—}—smx. 1292. _Wt2de+(x+2) dy
14-1n (2/y) sin x x-y

1293, —y—z—e’ 7% 1204, 1. 1297, 2x--2y—z=1, (x—1)/2=(y—1)/2=(2—3)/(—1).
1298, 2x-}-2y—32+1=0, (x—2)/2=(y—2)/2=(2—3)/(—3). 1299. z—2x}2=0,
(x—1)/2=y/0=2/(—1). 1300. x—y—2z-4-1=0, (x—m/d),1=(y—mn/d)/(—1)=
= (z—1/2)/(—2). 1301. x-+4y}62z + 21=0. 1303. (4/3; 4/3; 1/3) u (—4/3; —4/3;
—1/3). 1307, 2max=1/64. 1308. zmin=—125. 1309. 2p.c=4. 1310. 2zyin=0.
1311, Zmax=a V 3/9 npu x=y=2a/3. 1315. Zmin = 144/25 B Touke (36/25; 48/25).
1316 Zyauu =—16/3, 2Zuays=16. 1317, 2y =5, Zgang=11. 1318, Zyay=—1/2,
Zaaw6=1/2. 1319, Zuauu=1, Zyas=4. 1820. Zyaum=—2(V241)=—48,
Zraus =2 (V' 2—1) = 0,8. 1821, 20y =0, zyaus=3V 3/2. 1322. 2yppu=—3 npu
x=y=31/2, 2yang=1-FV 3/2 npu x=y=>5m/6. 1323. Zyauu=—1/8, Zyaus=1.
1324. PasuocToponnuit. 1325, Paphocroponnuit. 1326, Ksaapar; Pyayw=4 V'S.
1327. Ky6; Vinax=(S/6) ¥V S/6.
I'nasa ]5X .

1337. (2/5) > V %4-C. 1338. (5/4)1/ x*--C. 1339. 2arcsin x—x--C.
1340. arctgx+x—x3/3+C. 1341, ¢3%.3%/34-1n3)-C. 1342, tgx—x--C.
1343. chxH-cosx-C. 1344, x2/2—2x+In|x|+4C. 1345. 4tgx—9ctgx—x-C.
1346.  (1/2) sin (x*)--C. 1347. Injlnx|4-C. 1348. 3 (ax2-b)*/3/(8a)L-C.
1349. (2/3)sinszinx+C. 1350. — (1/b) cos (@ bx)-+C. 1351. sin (sin x)-+C.
1368. €' 25714 C. 1369, —(1/32) (1—2x%)*+-C. 1870. (1/3) cos (2—3x)-C.
1371, (1/10) sh (5424 3)+C. 1372, 2arctg YV x-+C. 1373, (1/5) (x*+1)%/24C.
1374, (1/2)In|x2—1[4C. 1375, (1/2) In]|x24 V' ¥ —T1|+C. 1376, (—1/4)x
warctg (0,5 cos? 2x) - C. 1377. (/Y D n|(V x>V DIV =+V 7)|+C.
1378.  2arcsin (¢2/4)+C. 1379. Inlx—{—V—Q—{-xz]—F_arc:sin(x/V§)+C.
1380. (—2/9) V' 2~ 3x34+-C. 1381. —5 ]/Z_S_—x2—1—3 arcsin (x/-]/ 3)+C. 1382. (1/4)X
xaretg (x—3)/4+C. 1383. 2/ 3x+5-- V5 In [(V 3xF5—V 5)/(V 3xT5-+V5)|--C.
1384. 1/(2 V'10) arctg (x2 V' 2/5)++C. 1392. (x2/4) (21nx—1)--C. 1393. x arosin x-+
+ VYV 1—x24C. 1394 (x%/3) arctg x—(1/6) x2--(1/6) In (x2--1)--C. 1395. xe¥+Cs
1396. —x2cos x+2xsinx+2cos x| C. 1397. (1/2) e*® (x*—2x2-4-2) - C.
1398. 0,5 (x ¥V AT 4-A-FAln | x-FV X2 FA|)+C. 1399. (x+1)2 sin x--2 (x-+1) cos x-+C.
1400. (¢2%/5) (sin x+4-2 cos x)-C. 1401. (x/2) (sin In x—cos In x)+-C. 1402. —2) xx
x cos V x+2sin ¥V x+C. 1410, —1/[3 (x—1)*]4-C. 1411. —1/[4 (2x-}+3)2]+C.
1412. (1/3)arotg(x—3)/3—{—C 1413. 1/(3 yV 2) arctg (x3--1)/V 24-C. 1414, (1/2)X
XIn (x2—4x+7)+4C 1415. (5/2) In (x2-}-10x--29)—11 arctg (x4-5)/2+C.
1416, (1/10) In (5x® 4 2x- 1)+ (2/5) arcig Gx-1)/2--C. = 1417. x/[8 (x2--2)?] -
+3x/[32 (x>+1)]-+(3 V' 2/64) arctg (/¥ 2) --C. 1418,  (x—T7)/[8 (x% + 2x+ 5)] -+
+(1/16) arctg (x4 1)/2--C. " 1428. —2/3)In|x| -+ (B/3)In|x —3| + C. 1429,
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—(1/2) In (&4 x+1)+3 In | x+2|--(1/V B)arctg (2¢--1)/V 3--C. 1430. 1/[2 (x—1)2]+-
F+2lnlx—114+3In|x—2|+C.  1431. (1/12) In]x—2]—(1/24) In (x24-2x1-4) —
—1/(4 V"3 arctg (x-1- 1)/ 3-4-C. 1482, (31/108) In} x—3 |+ (29/108) In | x+3 | 4-
+ (2/9) In (x24-9) — (1/54) arotg (x/3)+-C. 1433. (1/4) In| x/(x—2) | —(x—1)/[2% (x —
—]--C. 1434 (1/16) [In (x21)/(x29)] 4 (1/8) arctg x— (1/24) arctg (x/3) -~ C.
1435, (1/4) In [(x®+-4)/(x% - 2x4-5)] 4 (1/8) arctg (x/2) - (7/32) aratg (x+ 1)/2-C.
1436.  (1/2) [arctg (x— 1) J-arctg (x+-1)]4C. 1437, x4+(9/2) In|x—3| —(1/2) X
Xln|x—1|+4C. 1438. x%/2-+-7x-(75/2) In | x—5|—(1/2) In] x—1|+C. 1439, x -
-+ (1/2) In| (x—2)/(x+2) | —arctg (x/2) - C. 1440. 3x-Fln|x|+42arctgx-C.
1442, ° (1/32) In|e¥ —2 |1 (ex 4-2)71-(3/16) In (e2* - 4) — (3/16) arctg (e¥/2) —x-C.
1443. (5/6) In |e¥ — 1 |4~ (16/5) In (2e% - 1) = (11/20) In (e3% - l)~(7/5)arc6:tg_ef—3x-f—0.
1453. — YV T—2i—23/1—2x—21n| 3/ T=%%—1|+C. 1454, (6/5)7/ o2 7t
461/ F—6arctg 1/ x+C. 1455, In | x—0,5-+) F—x—1 | +C. 1456. arcsin(e -t 1) :
:34-C. 1457. —5 ) —x*4x+5-+13 arcsin (x—2)/3+4-C. 1458. 3} x¥-x--24-0,51In | x--
+ 05+V 2 FxF2[--C. 1459, VYV x(x+2)+C. 1460. —arcsin[(x+1):
(xV3)]4-C. 1461, Inlx+1/x_2+'1'l+1/“21n] 1_”2‘(‘:%2_%'2“) +c.
462, — (¢/245) Y = dxt 1Barosin (v—9/2+4C. 1466, 3/(}/ 1) 1
+in /(3 x40 ] 167 «V V1108 (V41— @3 (VT +1) +
+1]+C&/1468. (1/6) In [(£24-¢ 1) /(12 —2t - 1)]— (1/V/ 73) arctg (2t - 1)/ 34,
mie t=1" 1+ x. 1469, (1/3) In [(V TF2—1)%/|22|]+C. 1470 (1710)x
X (5x4/31-3)%/2 L C. 1471, — (2—x%)2/3/(4x2)4-C. 1489. (1/5) In|5tg (x/2)-3|4-C,
1490. —2/[tg (x/2)—11-+C. 1491. — (1/17) x4 (1/4) In|sin x | —(1/68) In | sin x -
-+4cosx|C. 1492, In|sinx|—sinx-C. 1493.  — (2/5) In (1 —cos x)
~ (1/5) In(cos® x 2 cos x -} 2) — (6/5) arctg (1 - cos x) +C. 1494. (1/3) cosx —
—cos x~-C. 1495. In|sinx|—sin® x4 (1/4) sin* x4 C. 1496. (1/8) x— (1/8) sin x—+C.
1497, (3/8) x+- (1/4) sin 2x - (1/32) sin 4x-C. 1498, (2/3) tg? (x/2) —2tg (x/2) +-x-L C.
1499. (—1/6) ctg® 3x—(1/3) In | sin 3x |--C. 1500. tg x--(2/3) tg®x-(1/5) lgs x+C.
1501.  —(1/3) ctg® x--C. 1502. (1/2)tgxsecx+(l/2)lnltg(x,’2+n/4)|+c,
1503. — (1/2) ctg x cosec x—(1/2) In | tg (x/2)|4-C. 1504. (1/4)sin 2x—(1/8) sin 4x-}-C.
1505. (3/5) sin (5x/6)--3sin (x/6) +-C. 1509, x/} 1—x*4-C. 1510. x/(a® } a®Fx%)-L- C.
1511, (1/2) (arccos (1/x) + V xE—1/x2)--C.  1512. — (1/6) cos 3x+ (1/20) cos 5x -1
4- (1/4) cos x+C. 1513, —2 (2421 6x413) e~ *21-C. 1514. — (2 Inx-+1)/(4x?) 4 C.
1515. x arctg x—(3/2) (arctg x)2—(1/2) In (14x2)-}-C. 1516. (x2—1)sin 2x-Fx cos 2x-C,
1517. (1/4) #2 (2In%x —21Inx+- 1)+ C. 1518. x--1In|e* —3 |4+-C. 1519. (x+Darctg ) x—
—V x+C. 1520. (2/1n 2) (V2x_1—amtg]/2x_1)+C._1521. (1/4) In| (¢ 1) /(t—1) |—
—(1/2)arctg t++C, rre tA=1-fx—% 1522. V' 2[0,5(x—1) ¥V 3F2x—x 4
+2arcsin (x—1)/2]4+C. 1523,  sine¥—e¥ cosex+-C. 1524, (1/} 5)In|tg x4
4 Vg +0,4|+C. 1525. 0,5 cos2x (1—2 Incosx)--C. 1526. 0,5sin (x2+4x+1)--C.
1527. — 0,5 (x/sin%x -}-ctg x) - C. 1528, 2(x—2V 1+ e*—2In|(YV 1Fer —
—D/(VTFeF+1)]4+C. 1529, xIn(x2+x)+In[x--1[—x-C. 1530. —1/x —
—arctgx-C. 1531 (1/2)(cos Inx-fsinlnx)+C. 1532 12{5/ %p
(3 x—1) < c. 1588, ¢ /(02 BY)] (oesin Br—B cos Bx) -+ C.
1534. [e™*/(22£2)] (B sin x+-a cos Bx)+-C.  1535. [l/(ab)] arctg [(b/a) tgx]4-C,
1536. tg x—ctg x4-C. 1537. 0,5 [arctg x+ x/(1 + x%)] - C.
I'naa X

1547. 1/2. 1548. e—1. 1549. 0 < [ <<4/27. 1550, m/2<<] <<em/2. 1551, O< < 1.
1552. 464 ) 2/15. 1553, mi/8. 1554. e—) e. 1555. et—e. 1556. (/2 —1)/2.
1557. (In3—1)/2. 1558. In1,5. 1559.0. 1560. 2/5. 1561. =/2. 1562. In (4/3).
1563. (¢2—1)/2. 1564. 0. 1565. 71/2—1. 1572.  a2%/8. 1573. m/4.
1574, 256/15. 1575. m. 1576, -4 oo, 1577. 1/4. 1578. m/6. 1585. Pacxomurcs.
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1586. Cxoaurcsa. 1587. Pacxogurcs. 1588. Cxoautcsa. 1589. Pacxopurcs. 1590. Cxo-
nutcs. 1591, Pacxopurca. 1596. 4,5 (kB. en) 1597. 18 (kB. ezi._). 1598. 2/15
(k8. en.). 1599. (41/2)arcsin (9/41) +20In0,8 (kB. ex.). 1600. V 2—1 (xB. en.).
1601. 8 (ks.en). 1602, (9m/4)—V 244V 2In2—(9/2) arcsin (1/3) (k8. en.).
1603. 1697w (xB. ex.). 1604. (3/8) ma®. 1605. 8V 3/3 (ks. ex.). 1606. (3/2) ma®.
1607. (3n—8)/32 (k8. en). 1608. m:a%/12. 1609. n/3—|—_]/ 3/2 (kB. en.).
1613.  (1/2) In 3. 1614.  (20/9) V'5/3. 1615. 0,5 [} 24+In (1Y 2)]
1616. (1,2)In3. 1617. shl~1,17. 1618. 12. 1619. YV 2(au—1). 1620. 5m.
1621. 72. 1622, [(n2-+-4) Y 7P 14—8)/3. 1623.7ma. 1624, a(2n--3) 3)/8.
1625. 8. 1628. 167 (5rt-1-8)/5 (ky6.en). 1629, 0,3m (xy6. en.). 1630. m(e*-1)/4
(ky6. en.). 1681. 4m/35 (ky0. ex.). 1632, 72 (ky6. ex.). 1633. 2a%1/3. 1634. ar?h/2.
1636. m (2 —e—2+44) (xB. en.). 1637, 617/1728 (xB. en.). 1638. 2mb [6-+ (a2/c?) X
xarcsin (c/a)], rae c?=a?—b2. 1639. 647/3 (kB. ex.). 1644. M =da®(e? —e~2-44)/8;
I, =a3 (e—e=1Y) (e2te—2-10)/24. 1645. M,=ah?/6; I ,~ah?/12. 1646. I, =1628/105.
1647. [, =ab%/12; 1, =a’b/12. 1648. [,=nd*/32. 1653. x=0, y=2r/n (112 moay-
okpyxHuoctn); x=0, y=4r/(3m) (ans momykpyra). 1654. }z(n—_2)/2, y = n/8.
1655. =0, y=—8/5. 1656. x—y—2a/5. 1657. x=1, y=2/5. 1658. x=1, y=n/8.
1659. nur3 (3n—4)/3.  1661. 480n (xy6. en.). 1670. mpgr2h®/4. 1671, mpgad®/8.
1672, 514507 JIx. 1673. 547.8n JIx. 1674. 50,7 Ix. 1675. pgah®/3.
1676. 17,64n xH; 70,56m xH; 158,76n xH; 282,24 xH. 1677. pgnd®/8.
1678. 150 kr. 1679. 1400 M. 1680. x=el0. 1681, 36 M. 1691. 1) y’ =sh x/V ch®x--1;
9) y =sh?(x/15) ch® (x/15); 3) y'=l/chx; 4 y' =1/chtx; 8) y =Il/chx;
6) y —x/sh(x>2). 1692. M[In(1+-V"2); V 2]. 1693. ynin=0 npn x=0.
1694. 1) x2shx—2xchx--2shx+4C; 2) (1/32) sh4x — (1/4) sh 2x +- 6x 4- C;
3) 2arctg Y chx—1-+C; 4) (1/2) (ch xsinx—sh xcos'x)+-C; 5 th? (y/2)+C;
6) (3/5) ch® (x/3)—ch?® (x/3)-C. 1695. 1) m/6; 2) In2—0,6; 3) 2(2In3—1)/3.
1696. sh(x —a) = shxcha—chxsha; ch(x —a) =chxcha — shxsha.
1697. th (x-Fa)=(th x+tha)/(1+thxtha); th(x—a)=(thx—tha)/(l-thx th a);
th 2x =2 th x/(1 +th? x). 1698. sh (x/2) = + V chx—1)/2; ch (x/2) =V chx+ 1)/2;
th (x/2) = + V (ch x—1)/(ch x$1). 1699. 25h0,5 (x+y)-ch0,5 (xTy), 2¢h0,5 (x4y) X
xch 05 (x—y), 2sh0,5(x+y)sh05(x—y), sh(x+y)/(chxchy). 1700. shx=
= 2 th (x/2)/[1—th? (x/2)]; ch x=[1-+th? (x/2)]/[1 —th? (x/2)]. 1701. 0,5 [sh (x+y)+
-+sh (x—9)]; 0,5 [ch (x+y)-Fch (x—y)1; 0,5 [ch (x -+ y)—ch (x—y)]. 1702. 8/5 (kB. eA.).
1703. 1,17a. 1704, a® ({;—11)/2. 1705. Jlyra smnaunca, pacloJioxeHHAs Haj OChIO
abeuncc. 1706, Jlyu npamoii x—y—1=0, pacrnosoxennnit B I uerBeprH.
1707. cosa= +!/cht; tga= +sht. 1708. 1. 1709. x>—y2.

Inasa XI

1720. Huxe npsamofi xj—x,— 10=0. 1721. Tpeyroasunx. 1722. Heorpanmnuen-.
nasi c6aactb. 1723. Iycras obaacte. 1724, Touka (2; 3). 1725, O6aacTeio pewiennit
ABASETCS TPalelus, HepaBeHCTBO (1) MOXKHO HCKJIOuMTb. 1726. TpeyrosbHas nupa-
mupa. 1727. Tpexrpannas npusma. 1732. Ly, =10 npu x;=4, xo=2. 1733. Lypin=
= —4 npu x;=0, xg=4. 1734, Ly, =18 npu x; =6, x,==0. 1735. Lymsx=2 npn
=0, xo5=1. 1736, Ly, =48 B Kamzofi Touke otpeska AB, rne A(6; 0), B(7;4).
1737. Lyin=—4 npu x;=2, x,=0, x3=0. 1738. Lyyax =233 npu x;=0, x,=3,
x3=9. 1739. L., =20 npun x;=2, x=0, x;=0. 1746. (0, 1, 3, 0); L=-3.
1747. (3/2, 0, 0, 1/2, 11/2); L=3/2. 1748. (0, 3, 1, 0); L=—1. 1749. (0, 50, 30,
215/6); L—=340. 1750. (0, 5, 3/2, 0, 0, 3/2); L=—5. 1751. L=oo. 1752. (0, 4/5,
1/5); L=—11,5. 1753. (80, 120); Lpmay=440. 1754. (20, 40); L,y =220. 1755. 15 kr
kopma I Bua; 50 kr xopma Il Bmia. 1757. (5, 7, 9, 7/2, 0, 0); Lpax=38.
1759. Linin =286/9; (10/9, 28/9); Tmax=286/9; (7/27, 8/27). 1760. Lumax=216/T7;
(24/7, 24/7); Tinin=216/7; (8/7, 1/7). 1761, Lynin=78/7; (10/7, 16/7); Trmax=T78/T;
(27/14, 3/14). 1763. Lpyin=>510 py6.; x11=230, x;5=60, X21 =30, x23=00.
1764. Lpiy= 280 py6. OntnManbHbli MUIaH: Xyp = Xgg = X33 =60, x53=20, x5, =40.
1765. Lyyin =395 py6. OnrtHMadpHbill MaH: xp; =25, X13=x33 =20, xyp=xn=5,
Xo5=235. 1766. [ in=140 py6. OnTuMaibHbliF IIAH: Xyq=X =10, Xog=xg =
ZX34:5, )C33:15.




