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FrdABA I
JABOWHBLIE U TPOHHBIE WHTEIPAJIbI

§ 1. IBOAKONH HUHTETPAJI B NPJIMOYTOJIbHbIX KOGOCPAUHATAX

IMycts dynkuus f(x, y) ompeseseHa B orpaHuueHHOH 3aMKHyTOll ofnactH D
nockoctd xOy. PasofbeM o6sacTs D INpOU3BOILHBIM 06PAa3oM Ha £ 3ME€MEHTADHBIX
oGaacreit, umelomux miomaan Aoy, AG, ..., Ao, U nuamerput di, dy, ..., d, (Qua-
smempom o6iracmu HaspiBaeTcsl HanboJibliee U3 PACCTOSHHI MeXAY ABYMS TOUKAMH
rpaHnus 370l o6saacTtu). BrifepeM B KaxA0H 3/eMeHTapHOH o0OJacTH NPOM3BOJb~
uylo 104Ky Pp (§r; Mp) ¥ yMHOXKHM 3HaueHHe (YHKIHH B Touke Pp Ha mJOWAZb
3TO# 06JacTH.

Hrumeepaavnod cymmod jpns  yuuuu f(x, y) no obmactu D wHasuviBaeTcs
cyMMa BHAA

2 f (Gr» mp) Bop=Tf (E1s M) Ao+ f (Bas Me) AGa+ o - (Bny Mu) ACH.
k=1

Ecau npu max dp —> 0 uHTErpasibHas cymMMa HMeeT ONpeJeseHHbll KOHEeHHbIH
n

npegen I=  lim Z f (Er, M) Aog, He zaBHcsmuil ot cnocoba pasbuenns D
max dk -0 g2

Ha saeMeHTapHbie o6JacTH M OT BeIGOpa Tcuek Py B mpeaenax Kaxiofl H3 Hux,

TO 3TOT Wpenesa Hasblpaercs Ogodneim unmeepasom ot GyHxuuu f(x, y) B obaactu

D u o6o3Hayaercs caAeAyIOIHM 06pa3oM:

1= ({7 pao=_

lim
5 d

k—>

2 f(gk’ nk) Ao-k‘
0 p=1

ax

Ecau f(x, y) > 0 B oBnactu D, TO ABOItHOII HHTErpan SSf(x, y)do  pasen
D
06veMy YurLHOPUYECKO20 MmeAq, OTPaHHYEHHOro CBEPXY MOBCPXHOCTbIO 2= (x, y),
cGOKY UHJIHHAPHYECKON MOBEPXHOCTbIO C 06pasylomMMH, NapaJienbHsiMH ocH Oz,
U cHugy obsactbio D naockoctu xOy.
OcHoBHHE CcBOJicTBa ABOHHOrO HHTErpaga

e (e o = b prdo = (T waox (§ 10 g do

D D D
2°. SS cf (x, y) do:cgg f(x, y)do, rne c—nocrosHHas.
D D

3°. Ecan o6nacts uHTerpupceBanust D pasbura Ha Aee obaactH Dy um D,, T0

(§renao=({remnaot{§ie o
D D, 2
4°. Onenka aBoliHoro murterpaxa. Ecm m<f(x, ) <<M, 10
mS<< ng(x, y) do<< MS, rre S—mowans o6aacty D, a m n M —coorsercr-
D
BEHHO HanMeHbliee I HauGosbluee sHaueHnsa ¢yHKRunH f(x, y) B obnactu D.

6



Ilpasnaa BouHCACHNA EBOHHULX HHTErpaJdos

PasjuuaioT ZBa OCHOBHBLIX BHAA OGJAcTH HHTETPHPOBAHUA.

1. O6aacts murerpuponanua D orpanHueHa cjcsa M COpaBa MpAMuIMI X=a
M x=b (@< b), a CHUZY M CBEPXY—HEMPEPLIBHLIMA KPHBBIMH y=(y(x) H
Y= () [P1 (1) << @y (¥)], KaKnasg U3 KOTOPLIX IIepeceKaercs BepTHKAJILHON Nps-
MOl TOJILKO B OjHOU TOuke (puc. 1).

Jlast Takoil obJacti ABOHNON HHTErpaJ BBMHCAHETCH no (popmyJe

b (v
(Croe paray=(ar § fonnay,
D a @y (¥)
@z ()
IpHUEM cHAualda BLIYHCAACTCS BHYTPEHHWH HHTErpas \ f(x, y)dy, 'B KOTOpOM
@ (%)

X CIMTACTCS NMOCTOSIHHBIM.
2. O6aacth nHTerpHpoBaHua D orpaHHueHa CHH3Yy H CBEPXY TIPAMBIMU [=C
Hy=d (c<d), acnesa u CHpaBa—HENPEPHIBHBIMM KDUBLIMH X=11(y) ¥ ¥ =

y J Jevi Ne=u)

:j(:([: : 2

0l x=a X=b X 0 \ ’ Z
Puc. 1 Puc. 2

=, (1) [P1 (9) << P2 ()], Kak7aa M3 KOTOPBIX Te€peceKacrcs rOpH30HTAIbHOR npsi-
MOH TOJBKO B OAHOH TOUKe (puC. 2)
Jlaqa Takoil 064acTH JBOMHON HHTErpas BhIYHCAACTCS IO dopmyJe

d P2 ()
SS F(x, y)ydedy= S dy S f(x, v)dx,
’ D ¢ ¥y (v)
P2 (_lj)
npudeNM CHayasa BHIYMC/SETCS BHYTPEHHHI HHTErpan S F(x, y)dx, B KOTOpPOM
Y1 ()

 CYMTACTCST MOCTOSHHBIM.
[IpaBbie wacTH yKasaHHbIX (GOPMYJ HA3BIBAIOTCA O8YKPAMHBLMU (nau nosmop-

Holall) HETErpataMi.
B Gonee obuweM cayuae ofnacTh HHTETPHPOEAH 1A MyTeM pasGHeHHd Ha 4acTH
CBOJHTCH K OCHOBHDLIM OOJIACTSIM.

1. Bruucauts Sg xlnydxdy, eciu cb6aacte D —npsMOYrOJbHHK
D
0<Cx<<4, I<y<e.

4 e.

A nglnydxdyzgxdxglnydy: [-’g—];[ylny—y]f =8(—e--1)=8. A
D 0 I . )

7



2. Bruucauts SS (cos? x-+sin*y) dx dy, ecau obaacte D —xBaj-

D
pat 0<<x<{m/4, 0<<y<<m/4.
7/4

==
/4
A S S (cos? x4 sin? y)dxdy = S dx g (cos? x-}-sin? y) dy =
D 0 0

/4
- tet L L nog ] de= ([ Fcos? _ﬂz.__l).
_g[ycos x+ 5 4sty]0 dx 7 Cos x-[—s ) de=
I

0
~[Flerpme (F-5) R =F (Fra)+(3-0) F-T0 a

4. Briyucaurp SS (x—y) dxdy, ecam obnacte D orpannuena au-

HUSIMH § = 2—X?, yu= 2x—1.

/\ Tloctpoum obnacte D. Ilepsast nuHus—papaGona ¢ BEpWIHHOA B TOuYKe
0; 2), cummveTpuunas oTHocuTedbHO ocu Oy. Bropas muvus—npamas. Pemas
COBMECTHO ypaBHeHHS y=2—x% u y=2x—1, HalfileM KOOPJHHATH TOuYEeK mepe-

cevenusi: A (—3; —7), B(l; 1) (puc. 3).
O6nacte HHTErpHPOBAHUS NPHHAAJIEKUT K NepBoMy BHAy. Haxoamm

2— x*?

- 1 1
Sg(x—y) dxdy = S‘ dx S (x—1) dy=5 [xy———;— yz]zl_xldx:—.
D ot S P g 0T

| B
— S(Qx——x3—2-{- 2x2 ——; A 2x2 ] x - 2x2—2x +%) dx=

1 3
J— VY SR | 2 )y .
——S‘( 5 X +2x% - x 2)dx—_
=3

1 1 2 1 3 4
=] — DB a2 © =45
[ 0" lx—{—3x+2x ‘zx] 3__41.A

5. Brruncaure S(x+2y)dxdy, ecau  obaacte D orpanuyena
D

OpAMBIME § = X, y=2x, x=2, x= 3.

~ 3 2x 3 ,
A S arar=ax§ g dy = byt dn=
D 2 X 2

3
(2x% -+ 4x% —x2—x7%) dx=4g x2dx =% o = 25% . A
2

2

¢y 0



6. Boiuucaurts SS ettsinycosydydy, ecan obmaactb D—npamo- |
yroapHik 0 <{x << ﬁ, 0y << m/2.
7. Bouncaute SS (x* 4 y?) dxdy, ecau obaactb D orpannyena Ju-
HHAMH Y = X, x:OI,D y=1, y=2.
8. Briuuncaurs SS (3x* —2xy - y) dx dy, ecnu obnacte D) orpaHiu-
D

yeHa JUHHAMH x=0, x=1y2, y=2.
9. MsmenuTsh nopsiLoK HHTErPHPOBAHHMA B HHTerpasne

1 1—x2
fas § e o)y
-1 ~V1-x2
A O6aacts wuurerpupoBauus D orpaHuueHa guHusmu x=—1, x=1, y=
—V T=2%, y=1—x? (puc. 4). HsMenuM nopsijoK HHTETPHPOBAHHS, JJ YEro

&

9l
I

-1 g :H: 1 .

/1 : \ &£

)

7 Dz \

Puc. 3 Puc. 4

3ajaHHyl0 06JgacTb MNPEXCTABHM B BHIe JAByX oOJacreit (BToporo BHAA):
Dy, orpanuuennyio ciesa u cnpasa BerBsiMu mapaGoant x= -+ Y 1—y (0<<y<l),
u D,, orpaHHUEHHYIO AyraMH OKDYKHOCTH X= % V1= (—1<<y=<0). Torna
1 1—x2 1 Viy 0 Vioyz
fao O tmoaw={a  fepat§a § Feenae A
LTS O gy 0 -V1=y -1 . R

a
10. Bruncsants \ cos®x dx S ydy.

X

21
|
'3
11. Belaucautb S dx S (x—y) dy.
1
)

x3

12. Boiuucaurp Jlnxdxdy, ec/ii odsactb D orpanuuena Ju-

D
s xy=1, y=}x, v=2.



13. Brruneants SS (cos 2x -+ siny) dx dy, ecnu obsacts D orpanu-
YyeHa JIHHHAMU X = O/? y=0, 4x4+-4y—n=0.

14. Briyucaurb S S (3x + y)dx dy,ecau obaacts D onpeaensercs He-
pasencreamu x*-- y2D< 9, y=(2/3)x--3.

15. Bruncsutsb SS sin (x-+y) dxdy, ecan ob6nactb D orpanuyeHa
guaiaaMu x=0, y =[3)1/2, y=X.

16. Brruncnnts SS xdxdy, ecan ofmactb D — TpeyroapHHK C
Bepmnnamu A (2; 31)3, B (7; 2), C (4; 5).

WNsmenurnb NOpANA0OK HHTETrpHpOBaHHS:

2 2;x e Inx
17. §ax § f, pay. 18 (av § fx, g)dy.
-6  x%/4-1 1 0
1 1+V1=g 1 x
19. de S fx, y)dx.  20. gdng(x, y) dy.
0 Coey 0 0
1 V1=x2 21 sin x
21. de S f(x, y)dy. 22, de S f(x, y)dy.
0 (-xee 0 0
4 V25 - y2
3. {day § [ pdx
0 4y/3
9/le  Vy 3/4 3/ 4
24. § dy § fo pyax+ § ay § fix gpax.
0 y 9/16 Y
2 Vy 4 Vi 6 2
25. (ax § fix, ydy+lde § fen gyayt{ae § fix, ndy.
0 0 2 1x=2 4 Vi-2

§ 2. BAMEHA NEPEMEHHbLIX B JBOWHOM UHTEIPAJIE

1. JBoiiHoii MHTerpak B NONSPHBIX Koopanuarax. [lpeoGpagopanue ABOiiHOrO
HHTErpajga OT NPAMOYFONSHBIX KOOPAHHAT X, Y K n0AaApHsiaL Koopduramai p, 6,
CBfI3aHHBIM C IPSIMOYFONBRBIMH KOODAHHATAMH COOTHOUICHHAMH X=pc0s0, y=
= psin B, ocymecrsasercs mo gopmy.ae

ggf(x, y)dxdy:gg f (o cos 8, psin0)pdpdo.
D D

Ecau 064acTh HETETpHpoBaHust D orpammuena Asymst Jaydamu O=a, 6=0
(0 < ), BBIXOAAUMMH M3 NOJIOCA, H ABYMA KPHBEIMU O = Pg (0) u p=p,(0), rne
p1(6) 1 py (0)—ofHO3HAUHBIE (YHKUMH NPH a<<0<<PB u pp(8)=<<ps(b), TO ABOK-
HOII muTerpas Bbluuc/ageTcs Ho ¢opmyJe

B 0.(0)
SSF(p, S)pdpdE):gd()pS F (p, 0) p dp,
D a  p10)
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m% F(p, 0)=f(pcosH, psinB), mnpuueM cHayala BHIUHCIACTCA HHTErpaji
P2(9)

F (p, 0) pdp, B xoTopoM O cuHTaeTcs MOCTOSHHBIM.

p1(0)
2. JloiiHOii MHTerpan B KPUEOJIMHEHHBIX KoopguHataX. [IycTb ABOMiHOI HHTe-
rpajd npeoGpasyercsi OT MPSIMOYTOJABHBIX KOOPLHHAT X, Y K KPUGOAUHEUHbIM KOOp-
Junamam u, v, CBS3aHHLIM C INPSAMOYTOJbHLIMH KOOPAMHATAMH COOTHOLIEHHSIMH
x=x(u, v). y=y(u, v), ric PyHKuuu x(u, v) ¥ y= (4, v) HMEIOT HeIpepLIBHbIE
yaCTHBIE NPOU3BOJHLIe B obsmactH D’ naockoctu uO’v u onpejenuteas npeo6paso-
BaHM$, Ha3bIBAGMBIH AKOOUAHOM,
B o6sactu D’ He ofpalaercss B y

HyJb: v

Ox Ox

Ou ov

J= 6_y _6_y_ #£ 0.,
ou Ov K ) K!
IIpx 3TOM yCTaHABIAHUBAETCS 0 .27' 0 TI‘

B3aMMHO OJIHO3HauHO€ U B ofe
CTOPOHBI HENMpepeIBHOE COOTBET- Puc. 5

CTBHE MeXAy TOduKaMH o6JacTu
D nnockoer xOy u tToukamu 06-
aacti D' niockoctd #Q'v (puc. 5). 3ameHy nepemMeHHBIX B JABOHHOM HHTErpase
PEKOMeHyeTcsi IIPOU3BOLUTL TaK, UTOOB YNpPOLIAJHCh NOABIHTErPajbHOE BblparKe-
HHe ¥ 06/1aCTb HHTEer pHPOBAHHSL.

®opMyaa npeoGpasoBanHus ABOMHOrO HHTErpajiia B TOM CAyuae HMEET BHJ

ng(x, y)dxdyzggf[x(u, o), y(u, v]] 7| du do.
D

’

Jlas ciiyuast MOJNSIPHBIX KOOPAHHAT

0x Ox

dp 00| |cos® —psinB]
J= dy dy| |sin® pcos@|

dp 90

26. Tlepefins K noJsipHBIM KOOpPAUHATAM, BBIUHCJAUTHL JABOHHOI HH-

Terpasn Sg V X+ y2dedy, ecmu D—T wertBepth Kpyra x4 y*<a.
D

A Tonaraa x=pcos 0, y=psin0, umeem

SS dexdyzgg V pEcost 0 pesin 0 p dp df =
D

(o]

T/ a /2

/2
' 1 a® na®
— 2 312 00— =
= | de‘gp dp =~ S 0 lode_3 Sd0~ e A
0 0 0 0

27. BpuncauThb SS In (x®+ y*) dxdy, ecau obiacts D—xkombuo

D
MEXKIYy OKDYXKHOCTAMH x® 4 y*=e? u x>+ y*=et.

A TlepefiiemM K NOASAPHBIM KOOPAHHATAM:
25t e?
(§mets dxdy={{ Inp-pdpdo=2 SS plnpdpdo—2{ a0 { plnpdp.
D D D 0 e

i



B3sB no yacTsM MHTerpaJ, 3aBMCAWMI OT P, NOJYYHM
2
2S Lo L ol do—mer 32— 1
FPPInp——pp?| do=ne* 3e2—1). A
0

28. Brlyucnuthb SS (x+ y)® (x—y)? dx dy, ecan obaacts D—xBan-

D
paT, OrpaHHYeHHBII npAMBIMH Xx+y=1, x—y=1, x-+y=3,
x—y=—1 (puc. 6).
| y

It v
AN
AN 1
0 7
NS 1 o
. N
h -1
0 i J &
Puc. 7

Puc. 6
A Todoxum x—-y=u, x—y=0, otkyaa x={(1/2) (u-7), y=(1/2) (u—7)
Torza sxobuan npeoSpasoBaHis

0x O0x 1 1

% w| T T N
J= ay —ai._ 1_1 ——T,T.C.l-’l-———Q—.

ou ov 72

I 1 s
Caenopareaniio, g) (x-+y)® (x—y)Pdx dy=—2— ( u?? dudo. Tak Kok obaacth D'

(¥

Ut

D

Tak;Ke sipisiercst ksajparoym (puc. 7), TO
1

3
( \ (x+y)® (x—y)*dx dy=-;—S w3 du V v? do =
i

o
1

%5 :
1 ; 1 : 1 20
N 1 1 3 2
— 3 3 — [3 e [ ) — .
= \u [31 ]_1a'u._ 5 S’ ! (1+1)du-—]2u =3 A
1

PR
1

x?sin (xy/2
S_____._( Y )dxdy, ecan o6aacTe D orpanuuena

29, BhiuucauTb § 7

yeTBIpbMs napadonamu x*=my/3, x* =2mny/3, y*=2x, y* = 4x (puc. 8).
A TlpouspezeM 3aMeHy NepPeMEHHBIX TakK, 4TOOLl xy=uv H x%/y=v; Torna
3 /0% u obaactb D’ oKaMeTcss NPAMOYrOJbHHKOM: 4 =2, u=4,

x= l/uv2 y=1y
v=0/3, v=2n/3 (puc. 9). Haxoaum axobuaH npeofpasoBaHus:

—I-u"2/3 02/3 21‘1/3 -1/3

J= 8 L A N N A LY
zu~—1/3 o1/3 1 2/ y—2/s 9 9 3”7 3
3 3

12



CiejoBatenibHo,

S&‘xzsm(xy Q)d dy= SS’ 123 v/3 sin (u0/2) du do=

L2138 178
D’
| 27/3 4 271/3
= S UdUS sin (uv/?)du:% S (cos v—-cos 2v) dv=
i3 2 /3

——/SiHZE——Sin— ——l—- Sinin— i ﬂ —
=3\’ 73 3)73 3 ST

z_l(_Jfg—Vf>=V?:uwn.A

2

[Tepexonst K MOJAspHBIM KOODAHHATAM, BBIYHC/IHTH JBOHHLIE HH-
TerpaJsl:

30. Sg <l-—%> dxdy, ecan odnacte D—xpyr x*+4 y* << n
D

1%
2
Jr i
7
7
Jr |
1 1 1 ! ——
a 2 4 u
Puc. 8 Puc. 9

31. SS xzixy‘iy, i, ect obnacth D orpaniyena noJyoKpyKHOCTHIO

y=V l—x2 u ocbio Ox.
32. SS (x2-Ly*) dx dy, ecan obnactb D orpanuyena OKpy»XHOCTBIO
D
x4 y* = 2ax.
33. SSMJ‘_—!’M dy, ecan ob1actb D orpaunueHa JHHHSAMH
V ety
X+ oy =m?/9, xR =t
34. SS Vx4t yrdxdy, ecmu ofbaacte D orpaHuueHa JHHHAMH

D
2 yr=at x>y = 4a2.
X

35. Bouucaite g dxg dy, BBeas HOBHIE MepeMenHble X = u (1 —0v),
0 X
y=uv.

13



36. Breruucautb QS dxdy, ecmt obnactb ) orpanuuyena JUHUSIMH

Y,

D
xy=1, xy=2, y=ux, y=>3x.

ITpou3secTH 3ameny mepemchubix x= (#/0)}/%, y=(uv)'/2,
y mep 1

§ 3. BBIYUCJEHKE NJCWAAUA NJOCKONH ®UTYPbI
I110u4ads naockod gueypet, orpannucHHoll o6aactoio D, naxoautes no dopmyae
S—= S S dx dy.
D

Ecan obiacts D onpejeneHa, Hanpumep, HEPaBCHCTBAMH =< x=<cl, ¢p ()<
<Y<@z(x), 10

b (Pz.(x)
S=\dx | ay
a ¢4 (x)

Ecau o6aacte D B MOJASIPHBIX KOOpJAKMHATAX  ONpPEACJHCHA HEpaBeHCTBaMH
a<<0<<B, ¢O)<<p=<f(), T0

B f®
S=Sgpdpd6=gd0 S p dp.
D a 9O
37. Bouncauts maomags GUrypbl, OrpaHM4CHHON JHHHAMH X =

2 —
y ’ X 'Jf_ !/ - 6'
A Haiijem KoopanHatel TOueK NepeceyeHHs 3aJaHHLIX JHHUI, pemras CUCTEMY

ypaBheHull x=4y—y% u x-+y=~0 (uepTexK peKoMeHAyeTCq BLUIOJIHHTb CaMOCTOfl-
TeqbHo). B pesyasrate moayuum A (4; 2), B(3; 3). Takum o6pasom,

3 4y-y? 3 e
S:SDdedy:Qde S dxzzgxls‘_y‘ dy =

6-y
3

3
={ —rto—0 dy:[_gng by || = n.ea). A
38. Buuycants mnuomanb (GUIypel, OrpaHHYeHHOH OKpPyKHOCTIMH
p=1, p=1(2/)/ 3)cos0 (sre oxpywxuocrn p=1; puc. 10).
A Haiizem goopaunarst tcukn A; nmeeMm 1=(2/Y3) cos 0, cos 0=1v"3/2,
0=um;6, t.e. A(l; n/6). Torna

/6 (2/1’/5) cos0 /6 _
o d Y (2/V'3) cos ©
s=({pdpan—2 { a0 S pdp=2 S l?pz]l d
‘5 3 i [

/6 /6

4 o (2,2 B
=S <3-cos 6—1)(16‘ ‘S <—§—[-3 cos?@—l)dﬁ)—
0 0

/6

S (2cos 20—1) d():_;_ [sin 29_0]'{)&/6 —_

:% (sin%——g’) =1i8 8V 3—m) (xp.en). A

14



39. Haifitu niomais, orpanuyeHHyio JeMuuckatoll (x2--y2)°=2a%xy.

A Tlomaras x==pcosf, y=psin0, npeo6pazyeMm ypaBHEHHE KDHBOH K IO-
JSIPHBIM KoopAuHaTaM. B pesyibrare noayuum p2?=2a?sin 0 cos 0 =a* sin 20.

OueBuano, uto H3MeHeHHIo moaspnoro yria 6 or 0 o /4 cooTsercrByer
YeTBCPTh HCKOMOIl mJomanu. ClaesoBaTedabHo,

/4 aV'sin 20 T4

S=4Sgpdpd(}:4 S d0 g pdp=2 S o
D 0 0 0

aV sin 20

d0=
0

/4
= 2a? S sin 20 d0 = — a® cos 20 lgm =a% A
0

40. Haiitu nmomans ¢urypsl, orpaHudeHHoH JuHuel x® + y* = axy
(maomaxe nerau; puc. 11).

\ ///
0

Puc. 10 Puc. 11

A Tpeo6pasyem naHHoe ypaBHeHHe K TONsAPHBIM KoopjiuHartam: p3 (sin® @ -
~+ cos® §) =ap?sin B cos B, T. e. p=asinf cos 6/(sin® 0} cos® B). Ocblo cummerTpuu
netin spaserca Jyyu O=m/4, nosromy

Tt/4 a sin O cos 0/(sin3 0 4+ cos® 0)

S:2ggpdpd0:2 { a0 S pdp=
D 6 0
T in?0.c0s? 0 " g2 cost 0
e sin2 0 cos o o g*Bcostb
a (sin3 0-- cos“())zae_a 3 cos“6(1+tg30)2d0—
0 0
/4 /4
_a ‘S‘ 3tg20d(tg0) _ o* { d(l4tgf) a? w4 o?
] (1+tg%0)T — 3 ) (151?02 —3(1—|-lg36)]o =% A
0

Boriuncanis nJjaomaiun ('171/Il"yp, Or'paHHYCHHBIX 33JaHHBIMH JIMHHAMH:

4. x=y*—2y, x+y=0. 42, y=2—x, y?=4x-+4.
43, y*=4x—x?, =24 44, 3y*=25x, bx*=09y.
(BHE mapaboJnl).
45, y*+4-2y—3x+1=0, 46. y=cosx, y=cos2x, y=0
3x—3y—7=0. (nomans 6omekaiimedt or Havasa
KOOpJAHHAT (hUTYpHI).
47. y=4x—x%, y=2x*—5x. 48. x=4—y? x-+2y—4=0.
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49. p=2—cos0, p=2 (BHe 50. p=2(1-cosB), p=2cos0.
Kapauou/ibl)
51. y*=4(1—x), ¥*4y*=4 (BHe napaGo.b).

§ 4. BBIYHCJIEHUE OBBEMA TEJA

OGvem yuaundpuueckoeo mes, OTPAHHUEHHOTO CBCPXV HENPEPHIBHON TNOBEpX-
HOCTBIO 2= (X, y), CHH3y mJOcKOCTbIO Zz==0 M COOKY UNJIHHIPHUECKON HOBEpPX-
HOCTBIO, Bhipe3atomiedl Ha NockocTH xOy obaacte D, Bhiuncasercs no ¢opmyJe

v=_{{F( dedy
S5

52. Haiity o0peM Tesa, OrpaHHYEHHOTO MOBEPXHOCTAMU y=1 - 12,
z=23x, y=>5, z=0 un pacnosoxensoro B 1 oxranre.

A Tejo, o6meM KOTOPOro Hajo BHIUICAHTH, OTPAHHUEHO CBEPXY IVIOCKOCTBIO
2= 3x, c60Ky — napaGoJHuecKHM UHINHIpoM y=1--x% u miockocrsio y=>5. Cre-
JOBATeNbHO, 9TO—IUHJAHHAPHuecKoe Tedo. O6aacTe D orpamiiuena  napa6ooli
y=1--x% u npampimu y=>5 n x=0. Taknm oGpasoM, ineem

V= SS 3xdxdy= 3§x dy:3§x-[ 1L\g(lv—<
0 0

1+\2

1

=3 (4x—x3)dx:3[2x'—1—*c]A~12(n)6 e1). A

S0

53. Bpluncaute o6beM Tejld, OTPAHHYEHHOTO MOBEPXHOCTAMH 2 =
=1—x*—y? y=x, y=xV 3, z=0u pacnosoxennoro B I oxranre.

/A JlagHoe TEIO OrpaHUHYEHO CBCpPXy napadoionioM z=1—x2—y% O6aactb
HHTEr pupoBanusi D —KpyroBoH CeXTOpP, OrpaHHuennbii 1yroii ok pyKuocr x2--y2=1,
apasionielics Jauuued nepeceuenust napabosou1a ¢ MIOCKOCThIo 2:=:0, u npaMLIMi

y=x 1 y=x) 3. Caezcpareanto,

V== S( (1 —x2—y?) dx dy.
D-)

ITockeabky 06aacTbio mnerpnpoxsaﬂnﬁ ABJSIeTCH YacTh Kpyra, a NojblHTe-
rpajbHas GYHKHHS 3aBHCHT OT x2-- 4% 1edecoobpasto nepeiith k NOJISAPHBIM KO-~
OpAHHAaTaM. Y DaBHEHHE OKPYIKHOCTH x2~4y2~1 B 3THX KOOpZMHATax HPHMET BUJ
p=1, noxemmrerpanbuas gynkuus pasHa l-—p?, a npejeqan wHTerpHpoBaHus no 0

ompereaseM M3 ypaBHeHHll npaubix: 1g0;=1, T.e. O;=a/4; 1g0,=} 3, T. e.
0, =um/3. Takum obGpasom, umeem

n/3 1
VZSS (1—p?)pdpdb= S 9 S (p—p)dp=
D 0

w4
a3 i ] { /3
N 1 a
— 02 et = df = — (v
5 [ 5 70 ]Dde 7 S 0 i (xy6.e1). A
/4 L, 4

54. Haiitn o6beM Tes1a, OrpalniyeHHOTO NOBEPXHOCTIMI X
X -F 22 =qa2
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/A PaccMOoTpuM BOCbMYIO uyacTh 3ajaHHoro Ttesaa (pumc. 12):

a Vaz—x2
——— s —— &
%V:SS‘ V a2—a? dxdy:} V a¥—x2dx j dy =
D 0 0
a
=S(a2—x2)a’x:[a2x—ix3 a:—Q—as.
| 3 o 3
0

Craegosarespno, V= 16a%/3. &

BoiuncauTh 06beMEl TeJI, OrpaHHICHHBIX 33aAaHHBIMH IOBEPXHOCTAMHU?

55. x*+yr=38, x=0, y=0, z=0, z
x+ytz=4.

56. x=2y4*, x+2y+tz=4, y=0,
2=0.

57. x*+4y2tz=1, z=0. y=

58. z=x>+y% y=x* y=1, z2=0. =

59. z=4—x* 2x4+y=4, x=0, y=0, —
Z=O. TD_I I

60. z2=xy, x=0, x=1, y=0, y=4, (U Y
z=0.

61. z2=05x, ¥*-+y*=9, z=0. z

62, x+yt+z=6, 3Ix4+2y=12, 3x-- Puc. 12

+y=6, y=0, z=0.
63. z=x-4-y-+1, y? Nx, x=1, y=0, z=0.
64. 2=0, z=xy, x*--y*=4.
65. x¥a*+4-y¥br=1, y:O, 2=x/2, z=xX.

§ 5. BBIYUCJEHUE ITJOUAAX NOBEPXHOCTH

Ecan raajkast nosepxiuoctsb 3ajaHa ypapgenneMm z = (x, y), To n.iowads no-
gepxHocmu BeIpaxaercst (opmyJioit

o] VTR e

rie D—mpoekinst aaHuroil noBepxnocTH Ha maockocTh xOy. ARasOPHYHO, €Cau
NOBEPXHOCTh 3ajaHa ypasueHueMm x==f (y, 2), TO

oV G e

rie D —rnpoekuust TMOBePXHOCTH Ha IIIOCKOCTb yOz; €Cli Ke ypAaBHEHHE NOBepX-
BOCTH uMeeT BUJ Y= [(x, 2), TO

S:SDS ]/ 1+<§g> /0”\ dx dz,

rie D —npoekunsl nOBePXHOCTH HA IOBEPXHOCTL x0z.
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66. Hafiru nuomans gactu chepol x| y? -+ 2% = a?, 3aK/IOYCHHOH
BHYTpU HUIMHApPA x*--y*=ay (puc. 13).

/\ W3 ypasnenus chepst nmeem (anas I oxranra):
. 02 X 0z y
—_ 22 __ 2. D= T e —_—
2=V ad— 2 — g7 dax Var—xi 2’ oy Va—e_p2’
0z\% | [0z \? V X2 y® a
—_— _— = 1 - —_—— e
1/1-}—(0;;) _}"(ay) "l_az_xz_yz_}'az__xz__yz ]/az—xi——yz
Uacts cepnr, pacnonoxennas B | okrante, npoenupyercss B NOJIyKpyr, orpa-

HHYCHHBIH OKPYXHOCTBIO X°-y?=ay u ocbio Oy. DTOT HOAYKPYr H SBASETCA
00J1acThI0 HHTerpupoBaHust D.

F4 IToBepXHOCTL pacnoJioKeHa B ueTbiPeX OKTAHTAX,
a NOTOMY HCKOMasi IJIOLafb
!
.\ ! S=4a SS __dxdy
~.,\ : V' a?—x —y?
\
m [NepefiteM X mOMSPHBIM KOOpAHHATaM, TOTAA ypas-
Y HeHHe OKPYXXHOCTH IPUMET BHL p=asinf u
/2 asin 0
z S=4agg—&ge—=4a3 do S __pdp
Puc. 13 5 Vai—p? h Y Vat—p?
/2 /2
asin 0
S ]/az—p do= — 4a? S (cos 0— 1y db =
0

=—4a? [sin 0—0]? = 4a2(—g————1> (xB. en.).

67. Haiiru nsomanb €actTH KoHyca z=l/x?‘—}—y2, 3aKJIIOUEHHOA
BHYTpH UMJIHHApaA X+ y?==2x (puc. 14).

0z y
A\ V3 ypaBHerus koHyca HMeeM -—=————r, —=—010=>_ (f-
ox ‘/xz_{_yzu U VBT
JaCTbIO HHTET pHpoBalius D siBJstercs: KPyr, orpaliueHHLIH 0K PYKHOCTbIO X2 - y2==2x,
nnu p=2cos 8. Toraa

_ (¢ x* U -
s={{V 1t e

D

7U/2 2 cos 6

=V—S8dxdy:]/——2 S do S pdp ==

— /2 0
/2 0 /2
=2y 2 S :eos de:21/§.% S‘ 40520 dO =

b 0

e /2
I, —_
=21 2 S (1 4-cos 20) =2y 2 [e {——sm?@] =na) 2 (xb. en) A

0



68. BouucanTh nJ0magb NOBEPXHOCTH HUJHHApA Xx*= 22z, oTCe-
yeHHOH mocKocTaMil x—2y =0, y=2x, x=2)'2 (puc. 15).

/A O6aactbio unTerpuposanus ciayxut Tpeyroabhunk OAB. Hs ypasnennus
2
QUINBAPA MMECM == =X,

5 Ea_z;—_-o. Torna
2V 72 2%

S:SSVI—,szdxdy: S V I+ 2 dx g dy =

0 0 x/2
2V 2 3 2V 2

= | SavTEFa=—p | aroaase =

0 0

3 2 w3/ 2V 72

__I.—3-(1-{—x) o =13 (xB. ez.). A

69. BriuncanTs nsowmazb 4acTH IMOBEPXHOCTH napabosonia x =
=1—y?— 2%, BEIpE3aHHOH LHUAMHAPOM y*-+ 2%:== 1.

Z

Nl

0
B miockocty y0z). M3 ypapuenust mapaGosoHia HMeeM 8_;::_ 2y, 0—2_—_—2:.
Torna
2 2
S= SS V I—{—(Z—;) - (g%) dy dz = Ss V 14+4(y2+2% dy dz.
D D

I‘Iepei/mﬂ K DNOJSIPHBEIM KOCpIAHHATaM, TOJYUHUM

2R 1 2
S:S deSpV1+4p2dpde:S ['?; -%(1—}—492)3/2 ];d(i:
0 0 0
—1
=1 (kB. en.). A

70. Hajitu nuowanp 4acTi MOBEPXHOCTH y= x*-}- 2%, BBIpE3aHHOH
HUAUBJpoM Xx*+2%==1 M pacnojoxkeHHo#d B I okraHre.
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71. Hafitu nJaomane vactu cgepbl x%--y?- 22 =4, BIpe3aHHOH
HUJIHHAPOM x%/4 + y? = 1.

72. Hafitu mmomanp TOH YacTH IJIOCKOCTH 2= X, KOTOpas 3a-
KJouena BHYTPH HHJMHApPA x%-{-y?>=4 Bbllle naockoctH z=70.

73. Haiitu njoutafib 4acTd NMOBEPXHOCTH HMJIHMHApPA Z = X2, BhIpe-
3aHHoil TocKoeTaMH X+ y==} 2, x=0, y=0.

74. Bpruucaute NJoOWaAb MOBEPXHOCTH KoHyca X2—py*—22=0,
PAcnoJIOKeHHOH BHYTPH LHJAHHApA X*—+ y?= 1.

75. BHUMCAMTD NJIOMAAb INOBEPXHOCTH LHJHHApA X2+ 2°=4,
pacroJ/IoKeHHOH BHYTPH UHMJAMHApA x*-+4y*=4.

76. Haiitu mniowans 4acTH NOBEPXHOCTH 2%= 2xy, BbIPE3aHHOH
naockocTaMu x=1, y=4, z=0.

§ 6. PUBUHYECKHE NMPHJIO)KEHH A JABOVMHOI0 MHTETPAJIA

Ecau nnactunka sanumaer o6racte D mockoct xOy H HMEET NEepeMeHHYIO
[IOBEPXHOCTHYIO NJIOTHOCTb Y ==v (X, ¥), TO macca M MJIaCTHHKH BbIPaXaeTcsi ABOH-
HBIM HHTErpajiom:

M= SDS v (x, y) dxdy.

Cmamudeckue Momerme: TUIACTHHKH OTHOCHTENBHO ocelt Ox u Oy naxojsres
no opmyaam

M, = SDS gy (x, y) dxdy, My = SDS xy (%, ¥) drdy.

B cayuae ogHopoanolf mmacTHHKM = const.
Koopounamet yenmpa mascecmu NJIACTHHKH MOMHO BBHIYUCAHTL 0O  (opmyaam

x=My/M, y=M/M,

rie M —wmacca NJIacTHHKH, a M, M, —ee CTaTHYECKHE MOMEHTBl OTIIOCHTE/LHO
oceil KOOpAHHAT.
B cayyae oaHOPOZHON MIACTHHKH 3TH (OPMYJIbl NPHHUMAIOT BHJ

ngdxdy Sgydxdy
D D

;: » !72

S

S ’

rae S—naomazp obaactu D.
Momenmot unepyrit TIaCTHHKH omHocumeasrno oceli Ox u Oy BbYUCIAIOTCA
no gopmyiam

I, = Sgtﬁy (x, y)dxdy, 1,= SS X2y (x, y) dxdy,
D D

a MOMEHM UHepyLl OMHOCUITIENbHO Havaaa I\'OOP()LLH(I’TZ—HO q:opmyne

Iy = SS (E+y) v (x Y dedy=1,+1,.
D

[Mosarast B atux QopMyaax ¢ (x, y)=1, noayuum QopmyJ/bl /5 BbUHCICHIIS
reoMeTpHYecKHX MOMEHTOB IIHEpIHH IIOCKOH (HrypLl.
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77. Haiitu KOOOPAMHATEI LeHTpa TSAKECTH (MHIYphbl, OrpaHHyYeH-
HOH JIMHUAMH y?=4x -4, y*=—2x-+4 (puc. 16).

A Taxk kKak '¢urypa cHMMeTpHYHa OTHOCH- y

teabno ocu Ox, 1o y=0. Ocraercss HaliTH x.
Halirem nuiomanb jaaHHoH GUIYpH; 2

2 (4-yh)2
r i
S:\dedy:Q(dy S dx =
(%)
D

1% 3
0 (P-4 ——
i pea S “
- -y Y= =
=2 { (35555 Jar=
0
2
—9(/' W =6 [ y—t o | =s
=2V )=y [~
0
Torza
N e T
'_—lgqi"——IQ(a' e
x—s }\,(xny—8° ) Yy (\ Xdx =
D 0 (y2— 2)/4
2 2
1 1 1 3, .3 .\
—s{ T —ge—y|a—g{(s—3 v+ jw=
0

78. Haiity KoOpAMHATBI LeHTpa TsKecTi (UIVPBI, OF paHIYEHHOI
smanncom x¥25 -+ y*49==1 u ero xopaoit x/5+y/3=1.

/\ Haiizem miomaas cernenra:
5 (3,5 V25—t
S = ggdxdy= gdx \ dy =

) 0 3(121/5)
5
3 = 5 .3 _ 15 )
=Q (gV—QO‘—-’C -—-34 gx) dx—-—_}—(:c—Z).
0
Torxa
5 (3/5) ¥ 25 —x%
= SSSxdde————Z)‘S\:dx 5 dy =
3(1—x,5)
5 -
X
15(n_ Ty S —x]/25—x —3x<1———5—>}dx=
0
4 3 1 ay3/2 9% ¥
e R L e i

2
10
n—2)<25-2+25) 3(@—2)°’
2]



| : 5 (3/5)V 25—-x2
0

D 3 (1-x/5)
. x \?
[ 5(25—x)—~9([—~3-> de_
0.9.9 ¢ 5 1
.9. 12 x2 75
. - R 42 — oA b s
~15(n_2)-25§(‘”‘ )X =Tor =) [ 2 3% ] =
0

12 125 125 2
s )= A

125 (n—2)
79. BbIYHCIHTD MOMADPHBIA MOMEHT HHEpIHIT ¢GUryphl, OrpaHHYeH-
HOH JiMHMaMH x/a+y/b=1, x=0, y=0.

G

vl

4 1
ThHh@r—2 "2

l\’)lo

S

2 3

/\ MoMeHT HHEpUUH OTHOCHTEJNLHO Hauana KOODAHHAT paBeH
R a (b/a) (a—x)
= @+ ardy=(ax (e ay=
D "0

1

J(/a) (a-x b b ’
J [7x2(a—x)—1——3—-aT(a—x)3]dx=

dx
0

I
Sl -

a
1
= S [Xzb“f—g ¥
b

1 b 1 1 a  ab(a--b?)
—_—1 S S — 4 — T\ T
“[31”‘ W T3 T ]o 7 A
80. BrluMCAHTL MOMEHT HHEPUHH OTHOCHTENBHO ocH Ox buryper,
OTpPaHHYEHHOH KapAHOMAOH p==a (1-}cos).

£\ Tepeiins K noaspHbiM KoopanHaTaum B Gopumyie [, = S S y?dxdy, nonyaum
D
2n a(l+cos 0)
1x=§3p2smzepdpa'e=gsmzede g 0P dp =
D 0 0

27
o | 0
=\ Sin“’ﬁ-—;—p“ ;( e )dO-—-—i—a“S sin? 0 (1 -4-cos )t dO =
0

<

on
=%a45 sin? 0 (144 cos 0} 6 cos? 04 cos? §-} cos? 0) dezg—; nat. A
b

81. Onpenenuts NEHTP TAKECTH IJIOIA{H, OrpPAHHYEHHOH JIUHHSIMU
Yy=x y=2x% x=1, x=2.

82. OnpefenuTh UEHTD TSIKECTH IJIOUIAAH, OTPAHHYEHHOIT Kapau-
ouoi p=a(l+cos0).

83. OmpenesuTh UEHTP TAMECTH NOJyCcerMeHTa napaGonnl 42 = ax,
OTCEYEHHOTO NpAMBIMH X=a, y=0(y > 0).

84. Haiitn uweHTp TSKECTH IVIOWAAM, OrPAHHYEHHON OAHOH met-
Jeld KpuBoit p = asin 20.
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85. Haittn uentp TsikecTy IUIomajii, orpaniyennoil napaGonamu
P=x, £=y.

86. HaiiTu ncntp TskKecTH IUIOMEAH, OrpaHiyenHoii napabosoil
y>=2px u npsmoit x=2p.

87. Halith 1eHTp T#HMKECTH IIOLULAAH, OTPAHHUEHHON JIMHHAMH
y=V2x—x* y=0.

88. BbIMICAITL MOMEHT HHEpIMI TIUJIOM@AH, OrpaHHYeHHOH Ju-
HUSIMH y:‘)l/x, x-4y==3, y=0, ornocurenpuo ocu Ox.

89. Bruncnuth NOAGPHEIHA MOMEHT HHEPIHH IJCMAJAH, OTPaHU-
yeHHOll npaMbIMH X+ y=2, x=0, y=0.

90. BblUHCHTL MOMEHT HHEPIMH IJIONAAH, CIPAHHUEHHON JHHUAMH
y=4—x* y=0, orHOCHTENbHO OoCH Ox.

91. Boiuuc/uTh MOMEHT MHEPIMH IJIONaAH 3JInnca x°/a +y2br=1
OTHOCHTEJILHO ero OOJbUIOH OCH.

92. BbuHcAHTL MacCy KBAaipaTHOH MNJIACTHHKM €O CTOPOHOH @,
MJIOTHOCTb KOTOPOi B J/OGOH TOUKE NPOMOpPLHOHANbHA KBaJpaTy pac-
CTOAHHA 3TOH TOYKM OT OJHOH M3 BEpLIMH KBajpara.

93. BbluucauTh Maccy KPYyIVIOH IVIaCTHHKH pajuyca r, eciu mJoT-
HOCTb €€ OBpaTHO IPONOPLHOHAJNbHA PACCTOSHHIO TOYKH OT LEHTpa
u paBHa O Ha Kpaio MJIACTHHKH.

94, BuUMCIUTL CTATHYECKMH MOMEHT IJIaCTHHKH, HMeroliel (opmy
NpAMOYTOMbHOrO Tpeyrospunka ¢ kareravu |OA|=a, |OB|=b,
oTHOocHTeJbHO KaTera OA, ecsn ILIOTHOCTH ee B MO0 TOuKe paBHA
paccrosuuio ToukH or kartera OA.

§ 7. TPOMHOH MHTEIPAJI

[lycrs dynkuus f(x, y, 2) onpeiesena B OTPaHUUCHHOH 3aMKHYTOH NPOCTpaH-
creennol obaactu T. PaszobneMm o6aactb 7' NPOH3BOJAbHLIM 00pa3soM Ha n 3J1eMeH-
rapubix obnacreit Ty, T, ..., T, ¢ Auamerpamu dy, dy, ..., d,, u obremamu AVy,
AVs, ..., AV,. B kaxpofi snemcentapHoil o6/1acTH BO3bMEM MPOU3BOJLHYIO TOUKY
Pp (Er; Mk Gp) M ymHOXKIM 3HaueHne (YHKIHH B TOuKe Pp Ha 00BeM 3TOi 06-
JIacTH.

Humeeparonod cyssod jas ¢ysxunu [ (x, y, 2) no obaactu T HasblBaetcs

n

&
cymva suga 2 f (G e ) AV
k=1
Tpesea WuTErpagbliofl CyMMBI IIPH CTPEMJACHHH K HYJQI0 HanGoJplwiero us au-
AMETPOB BCeX 2JeMEeHTapHBIX obnacTeli AVp HASLIBAETCH MPOUHbIM UHMESPATIOM
oT ¢yukuun f{x, y, 2) no objactu T N oG03HAUEETCA CIAEAYIOWHM OOPa3OM:

(0070 Dav=tm = 31 M 0 AV
7 0 k=1

max dk -

Koneungiii npejies TaKOTo BHAA MOXKET CYIIECTBOBATh TOJBKO AJf OTrpaHHueHHOI
¢Gyuxnnu.

Ecan f(x, y, 2) >0 B ofnactu T, To TpoiiHOH HHTErpaJ SSS]‘ (x, y, 2)dV
npeicraBiaser coCofl maccy Tena, 3aHMMalowero o6sacTh 7 M HMEIOWero nepemeH-
HYIO TLIOTHOCTL Y= (¥, Y, 2) (pu3UUeCcKOe HCTOJKOBaHUE TPOHHOTO HWHTErpasna).

OcHOBHbIE CBONCTBA TPOMHBLIX HMHTErpajoB AaHAJOTHYHBl CBOKCTBAM ABOHHBIX
HHTErpaJsIoB.
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B rekapToswiX KOOpJIHATAX TPOHHOH HHTerpan oOLIYHO 3aNUCLIBAIOT B BHA®

SSS f(x, y, 2)dxdydz.
T

[Tycts oGractb HHTErpHpoBaHHsf T ONPEAE/ISIETCS HEPABEHCTBAMH Xi < X < Xa,
i) <y<<ys (x), 21 (x, Y) <2< 23 (%, Y), TAC Y1 (%), Y2 (%), 21 (X, §) 1 2 (X, §) —
HerpepbiBHbIE (PYHKUME. Toria TpoiHOR mHTerpan ot gyHKuuu f(x, y, 2), pacmpo-
CTpaHeHHbli Ha o6gacte T, BBIUHCAACTCS NO (opmyJe

SS S f(x, y, 2)dxdydz = ASZ dx yzg(x) dy - (§’ y)f (x, y, 2)dz,
T X oy 20(x )

Ecau npu BHUHC/JAEHUH TPOHHOTO HHTerpasa TpeGyeTcs NEpeHTHd OT mepeMeH-
HBIX X, Y, 2 K HOBBIM NEpeMeHHbIM 4, U, W, CBA3AHHBIM C X, Y, 2 COOTHOLICHHSAMH
x=x(u, v, w), y=y U, v, ©), z=2 (4, v, @), rae GyHKuny x (4, v, w), y (4,v, W),

z M (P
: ' {
I o /0|
0 .
0 1
//N ! /?\E J
z T

Puc. 17 Puc. 18

z(u, v, w), HenpepeIBHBIE BMECT€ CO CBOMMH YaCTHBIMH TNPOH3BOAHLIMH TEPBOTo
NopsiiKa, yCTAHABJAMBAIOT B3aUMHO OJHO3HAuHOE H B 00 CTOPOHBI HENpEphIBLOE
COOTBETCTBHE MEXAY ToukaMu obaactu T npocrpanctBa Oxyz M TOYKaMH HEKOTOPOi
obmactu T’ npocrpancrBa Ouvw H sxo6uan J B obnactu T' He 06pauiaeTcs B Hy/Ib:

0x O0x Ox
du dv Ow
0y Oy oy
u v dw|7”
0z 0z oz
u v Ow

TO MOJBL3YIOTCA GOPMYIOH

(007 v 9 avayde=
T

=SSS Fle(u, v, w), y(u, v, w), 2 v, ©)]-|J|dudede.
~

B yacTHOCTH, NpH IMepexoje OT JeKapTOBbIX KOODAMHAT X, I, 2 K yuAUHCpU-
weckus koopdunamant o, ¢, z (puc. 17), CBA3AHHBIM C X, Y, Z COOTHOLICHHAMIL

x=pcosq, y=psing, 2=z 0<p< Jo, 0<<oe<<2m, —0 <2< w),
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sKoGuan npeobpasopanuss J =9 u ¢opmysa npeobpasosanus mMpodHo20 unmecpaia
K yuaunOpudeckusn KoopouHamam HMEeT BHX

Sggf(x, Y, z)dxdya’z:SSSf(pcosq;, psin@, z)pdpdpdz=
T T

(E‘z 5] 23
=3 de S p dp S f(pcosg, psing, z)dz.
P 01 Zy

[Ipn nepexoze oT AEKAPTOBLIX KOOPAHHAT X, Y, 2 K ceputeckus roopduna-
mam p, @, 9 (puc. 18), cBA3aHHBIM C X, Y, Z COOTHOIIEHUSIMH

x=psinBcos @, y=psinOsing, z=pcosf O<p<-to,
O<<p<com 0=<H<m),

sikoGian mpeobpasosanus J=p?sin@, u gopuyia npeobpasosanus mpoirHoeo uH-
mezpaia K ceputecKis KOOpOUHAMAM UMEET BHJI

SSS f(x gy, 2)dedydz=
T

=SSS (o sin 0 cos ¢, p sin O sin ¢, p cos 6) p2sin6dp dpdd==

P2 0, 323
=S de S sin 0 d0 S p%f (p sin 6 cos @, psin @ sin @, p cos ) dp.
@1 04

=l
o

95. Borgucaure [ = SSS zdx dydz, tne obnacte T omnpegensercs
T

nepagerctBami 0<<x << 1/2, x<{y< 20, 0 <Y T—8— 4~

172 2x  Vi-xz—ye /2 2x Vi-x?—y?
VAN [=\ dx\ dy 5 zdz:—;— S de 22 dy=
X 0 ki) X 0
12 2x 1/2
— ! d ¢ i 2 2 d —_— 1 ¢ 2 3 : dx=
=g | &) d—w—pydy=7 | |y—pt—g | dx=
0 x 0
172
=% & (2t~2x"———x3——x—{—x3+—x3>dx——-
0
1 i3 0 1 1
1 5 /e 1 /1 5 1 7
—— . +3 —_ | — 3 e —e | e e e p—
2,(" 3")"" 2[2" 6"]0 2<8 616) oz A

96. Brpiuucaure = SSS x*yzdx dy dz, ecnu obsacte T orpasu-
T
yega mjockoctsiMH x=0, y=0, ¢=0, x+y+2z—2=0.

A O6sacts T orpannyena CBepXy IVIOCKOCTbIO 2=2—X—y, a CHH3Y —
naockoetbio z=0. Ilpoekuueil teqa Ha mnaockocte xOy CHOYXKHT TPEYTOJMBHIK,
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o6pazoBannuii npayevn x=0, y=0, y=2—x. Creloparensuo,

2 2—x 2-x—-y 2 2—x
) Y
I=Sx2dx S ydy S zdz:(xzdx ‘S yL%——lJl—dy————
0 0 0 0 0
1 2 (0 )1 (2 )4 n( 4 ;
10 L] @—x —X 2(2—x) 1 . 16
=3 §x [ 5 -+ i 3 ]a’x:—ZL x? (2—x)4dx=3—15. A
0

97. Buuncauts f= SSS zdxdydz, tne T —BepxHsis I0JOBUHA

sajauncouna x*/9 -4 ¥4+ z2 < 1.

A\ Tpoekuneit Tera Ha naockocts x0y siBasercs sinne x%/9-+y%/4<< 1. Ilo-
3TOMY

3 (2/3) 1) 9 —x2 V1-x2/9-y%/4
= S dx S dy S zdz=
=3 —(2/3)Vy—xt
. 3 (2/3) Vo—xt , .
X Y .
S dx 1 5 7 )dy_.
- —(2/3)V9=x2

3
=1 X\ 4 116 232 | Jy o=
= S [(1_7).—3-1/9— —75°57 (9—x?) ]au_

. 3 3 g /2
o 213/2 .,__8~ 2\3/2 g .05d —_
=3 S O—x3) dx-sx (9—x% dx—a 8lcostldt=
-3 0 0

J1/2(1 2t)2 t 1 /2 3 3
— (A-cos 207 4y i LTI WE_g. 0 T __ o1
=38 S 1 di =2 [t—[—sm2t+ 2—]—8 31n4t]0 =2 DI

0

(npH MHTEr pHPOBAINM CHeJAHA NOJCTaHOBKA x=3sin{, dx=3cos {df). A
98. Briuncauth = S () S x2dxdydz, ecnu T —1wmap x2+ y* 422 <
T
< R

A Tepeiizem x chepuucckun koopiunaraMm. B ofmactit T Koopaunarer p, @
n 0 usmensmorest Tak: 0<Cp<C R, 0<Cp=<<2n, 0<< 0 < n. Cuenosateasio,

. :‘t 23 R
= S B S p*sin® 0 cos? @ do dp dO = 5 sin® 0 do S cos2@ do g ptdp=
T 0 0 0

R' ¢ 21
=%t sin® 0 d0 I:q)-{— - sin 2(p]
0
5 o 4
=n§ j (cos?2 0— ])d(cosG):—n-R«. A
0
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99. Briuncauro S R S 2V x*4-yfdxdy dz, ecmn obmactb T orpasu-
,}.
YeHa IVIHEAPOM X% - y2=2x u miockoctsimu y=0, z=0, z=a.

A IMepeiiieM K DUAMHIPUYCCKHM KOODAHHATAM. Y paBHEHHE HMHUJIHHIPA B STHX
KOOpAMHATAX NPIIMET BiLg p? cos? @ -} p? sin? ¢ ==2p cos ¢, UJIu 02 (cos? p-{-sin? ¢)=
= 20cos @, T. e. p==2cos . CaejoRaTenbuo, B 00JaCTH T goopiHHaTH P, ¢ U 2
HaMeHsioTes Tak: 0=Cp=C2cos ¢, 0<C =<t m/2, 0=Cz<Ca. [losromy

SSSZdeXddeZ Sggzp'pdpd(p dz =
r T

/2 2 cos @

=S dg S

/2 2 cos @

a
A

p2dpjzdz:—;—a2’gdq) S pdo=
0 %0 0

0 0 b
/2 /2
4, 5 4 , . o .
=5a S cos? (pd(nga (1—sin? @) d (sin @) ==
0 0
4 1 /2 8
— 2 i —— sind — O 2
=za [sm(p 3 Sin (P}o ga.A

100. Buuncautb SS S (x* 4 y*) dx dy dz, ecin obnacte T —Bepx-
T
Hsisl NOJIOBMHA wWwapa x2--y2+4 22 < r2.

/\ BBenenm chepuueckine KOOPAHHATHI; HOBbIE MEpPEMEHHBIE M3MEHSITCA B Npe-
nemax 0<<p<<r, 0 @<<2m, 0<CO=<Cg/2. Takum oGpasowm,

SSS (x2+y2)dxdydz:gggp4sin36dpdq>d0=
T T

r /2 27 r /2
= g ptdp S sin® 0 d0 S dp=2n S ptdp S (cos?@—1)d (cos 0) =
0 0 0 0 0

R

=2  dg ! 5% 0 0 v g

= nSp 0|5 cos?O—cosUf —isnr.A
0

101. Bpiyucaurs SSS (x*+ y* 2% dx dy dz, ecmu obnacte T —
T

MPAMOYTOJIBHBIL  mapaJjesienunell, ONpefeJeHHbIH HepaBeHCTBaMHU
0y <Ca, 0Cy<<h, 0Lz
102. Boluncautb S(gxyz dx dydz, ecnmu obmacte T orpanuuena

cepoit x2 4 y?+22=1 n nmockoctsimun x=0, y=0, z=0.

103. Boiuncaurh Sgg xy?z® dx dy dz, ecnu obnacte T orpanudexa
T

NOBEPXHOCTSAMH 2=xY, Yy=1x, x=1, z=0.
104. Bplauc/authb \K S (2x+3y—2)dxdydz, ecnmu obmacts T —

o

T
TpeXrpaHHasl NpH3Ma, OrpaHHyeHHas mjIockoctaMH z=0, z=a,
x=0, y=0, x+y=0b (@a>0, b >0).
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105. Bouncaurs SSSzdxdydz, ecan obaacte T orpaHuyeHa
T

KOHHYECKOH MOBEPXHOCTBIO 22 = X2-}- y® M IJIOCKOCTBIO 2= 2.

106. Briuucaurn Sggxdx dydz, ecaun obnacts T orpannyena
T

mjaockocTsMH x=0, y=0, 2=0, y=3 u x Fz==2.
107. Brruucaurs SS S (¥*+y+2*)* dx dy dz, eco o6nacts T orpa-
T

HIYEHA MHJIHHAPOM x*+2°=1 u mjockocTsivi y=0, y=1.
108. Bruucauts S S S (x+y-+2)?*dedydz, rae obazcre T —06-

T
as yacTh napaGosionia z = (x*4-y®)/(2a) u mapa x24 y® -+ 22 < 3a2.

109. Bpruncauts SSS (¥*+y*)dx dydz, rae obnact, T orpann-

T
HYE€HA NOBEPXHOCTAMH 2 = (x*- y?)/2, z=2.

110. Berusncaurs Sggdx dydz, tpe obnactb T —wap x*- y® -+
)
+ 22 <2
111. Bpuncanrts S KS V1 (-t 2Y)3 2 dedydz, ecan T —
T

wap x*-l- -2 < 1.

§ 8. MPUJIO)KEHU S TPOWHOIG MHTEIPAJIA
Otven meaa, sanmMaomero obiacrs T, onpeseasercs no ¢opay.ie

Vzgigdxdydz.

Ecan miorHocTs Teaa mepeneiias, T.e. y=y (¥, y, 2), TO .ecca Teda, 3a-
HuMalonero o6aactb T, BLIWMCASCTCA NO (Gopmyae

M= S \‘ S v(x y, 2)dxdydz.
T

Koopounamer yenmpa maogecru Tesa onpenessiores no gopayaan

—_1pep - ( ,
x=7§j S vx dx dy de, =—M—S€d vy dx dy dz,
T T

— 1 C
—_ N 1
7= Sﬁg‘s vz dx dy dz.
%
IMpu y==1 nmeem

}z%‘ S(\WS xdx dy dz; 7/;:% (‘
4

—

.Sydxdy dz; _z:.—.%‘g\j zdxdy dz

(X4

s

~e

(X, Y, 2—KOOPAHHATH TEOMETPIUECKOTO LeHTPA TS/KeCTI).
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Moxenmer unepyuy (reoMeTpHYECKHe) OTHOCH-
TCAbHO OCEH KOOpAHHAT COOTBETCTBEHHO DaBHbI

1, ={{{ @+ drayaz,

S(z~+x2) dx dy de,

T
.
)
T
S g(x‘-’~{—y2) dx dy dz.
T

112. Bruwcaure ofikeM Tesa, OrpaHH-
YCHHOrO INOBEPXHOCTAMH hz=x®+ 4, 2="h
(puc. 19).

A\ JanHoe Te10 OTPAHHYEHO CHM3Y MapaGoJIOHIOM z=(x2--y%/h, cBepxy
MIOCKOCTBIO 2=/ W npoeunpyercs B Kpyr x*--y2<Ch? naockoctu xOy. Hcnodas-
3yeM WN/IMHADPAYCCKHE KOODAUHATH, B KOTOPHIX ypaBHeHHe IapaGosouaa NpUMeT
Bua z=p2/h. O6pem Tena paBeH

2n h h
V=SSS dxdydz:SSSpdpdtpdz:S dq;S p dp S dz=
T T 0 0 pt/h

25 21

T h 2n
=0 e - ’19_2_9_‘]" (B _r e
=) dq’S ("w)p"@—g [ 2 4k odq’—(’z“—T Sd“’—‘—z" A
0 0 0 0

113. Haliti KoopauHaThl LEHTPA TAKECTH NPH3MAaTHYECKOTO Teja,
orpannueHHoro miockoctamu x=0, =0, y=1, y=3, x2z=3.
A\ Hafitem ofvnem paccMarpHBaeMoro Tteda:

3 3  (3-x)/2

3 3
V:SSdedydzzgdedy S dz:deS3;"dy=
T 1 0 0 1

v
0

3
— —_— l 2 3__..9
—S(3-x)dx—|:3x——~2—x]0—7. .
0

Toraa
3 3 (3~x)/2
T \((raxayae=2 (rax{a dz =
=5 ||| xdedyde=1; xx‘s y S 2=
r 0 1 0
3 3 3
= 2 eax (=2 (v —nar=2 [ 2t 2 0] =1
g VT =g \ @ di=g | g —ga ] =1
0 1 0
5 oo 0 3 3 (3 -x)/2
y=-§gt\5ydxdydz=§(§dxgydy S dz =
T 0 1 0

3 3
4 0 4 x27138
— — \ d; 3 — o — _ [ .
Vax{u D=5 f o 9= [0 1=z
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(3-xy2

3 3
- 2
2=§—SSSzdx(Iydz=%dede S z2dz=
T 0 1 0

3 3

—2 (B2 _ [ =6B=»] _1

S 9 s =gy [_3—]0'—?- A
1

114. Bouncsuts ob6wvem Teda, OI'DAHHYEHHOIO IOBEPXHOCT MU
2= l/x2+y2, z2=x>} gy,

115. Boluncants oGbem TeJa, OI'PaHMYEHHOTO IJIOCKOCTBIO 2Z2=0,
LH/IHHADUYECKOH MOBEPXHOCTRIO X= (x2} y2)/2 n cepor x4 y* 4
+ 22=4 (BHYTpPM HUJHHIpA).

116. Haiitu maccy ky6a 0<<x<gq, 0<<y<<a, 0<<2<<q, ecan
NIOTHOCTL B TOYKE (X; Y; 2) €cTh y (X, Y, 2) =X+ y+ 2.

117. HaiiTh KOODAMHATHL LIEHTPA TSIKECTH TeJa, OrpaHUYEHHOIo
TOBEPXHOCTAMH ¥+ y=1, 2=x%-} 12, x=0, y=0, 2=0.

118. Haiiru Koopaunartel uentpa TSKECTH, OrpaHHYEHHOro Io-
BEPXHOCTSAMH 2®=xy, x=105, y=>5, z=0.

119. Haiity koopAMHATEI LEHTPA THA)eCTH TeJa, OrpanuyeHHOro
ninockocTaMu 2x4-3y—12=0, x=0, y=0, 2z=0 u LUJIHHI pHYe-
CKOH TOBEPXHOCTBIO 2= y?/2.

120. Haiitu Moment wuHepumn Ky6a 0<Cx<C a, 0<y<a
0<<z<Ca ornocuresbHO ero pepa.

§ 9. HHTEIPAJIbI, 3ABUCAIIHUE OT NAPAMETPA,
AUPPEPEHIMPOBAHUE U UHTEIPHPOBAHUE
Hoa 3HAKOM HHTEIPAJIA

PaCCMOTpHM HHTel"paJI
b
I = S fx, 1) dx, (1)
Qa

B KOTOPOM A—nepeMeHHblil mapamerp, a GyHKUHS f(x, A) ABYX NepeMEHHBIX Ompe-

JieIeHa Jisl BCeX 3HaueHHil x¥ B NpoMexyTKe [a, O] M BCeX 3HAu€HWEH A BO MHOXMe-
cree {A}. Tlpu aTux ycsoBusix uurerpan (1) spaserca (yHkiHedl mapamerpa A.

Bosbmoe 3nadenne umeer sonpoc 0 Hpou3BozHoil ¢yHkuuu /(A) mo mnapa-

of (x, 3)
Jdh

B NPAMOYTOJABHHKE A=< x <Cb, a<CA<CP. B aToM cayuae cymecrsyer npon3BogHas

metpy A. Ilycte ¢yukuus f(x, A) u uacrnas npomnspoiHas HeNPepLIBHLI

b b
of (x, A
ﬂkﬁ:%gf(x, de:Sf—(a’}—)dx- %)

Ecan ponycruma nepectaHoBKa 3HAKOB NPOM3BOAHON (mo A) W MHTerpana (mo x),
TO TOBOPAT, 4TO QYHKUHIO (1) MOXHO dugpeperyuposamo no napamempy nod sua-
xom unmeepasa. B dopmyae (2) npeamosaraercs, uTo NpeAesrl HHTErPHPOBAHUSA
a n b He 3aBucar or napamerpa A. Ecau xe a u b saBucar or A, TO

b(A)
IO N TCD gy o, d—a 1ty 1. @

a (i)
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Iyers dynxkuus f(x, ) 3agasa Aas Beex 3HaueHui{l x¥>>a M BCeX 3HayeHui
% B mexoTopoit oGnactu D, mpuucM npH KaXKioMm A B 5TOH 00JacTH CYULECTBYET
uHTEerpan
® b

1 (K)=S fx A dx=bli11® S f (x, A) dx.

a

Ecan stor nuterpan crpemurcst K / (M) paBHOMEPHO OTHOCHTeTBHO A B obaa-
et D, 1o muterpan [ (M) HA3BIBAIOT PAGHOMEPHO CXOOAUYUMCS OTHOCHTENBHO A AJs
yKa3aHHBIX 3HAYeHHIl napaMmerpa.

W3 sToro caeayer, uro A Juoboro & > 0 Hafijercsi He 3aBHCAIIEE OT A 4MCJQ
bg== @, 4T0 KaKk TOJbKO b == b, HepaBeHCTBO

|°§f(x, x)dx—§f(x, x)dxl =l°§f(x, x)dx[<a
a a b

6yner BHIIONHEHO JJIs BCeX 3HaueHHi A B obaactu D.
o

Jst pudpdepeHIHpOBAHH S IO MapaMeTpy HecOGCTBEHHOrO HHTErpana S f(x, M) dx

0
@
¢ GeCKOHEUHBIM MNpEAETIOM HEOGXOAMMO, 4TOObl HHTErpajbl S f(x, Mdx =
0
-]
—f—%)- dx cymectBoBaay pu 0 < A < o0,
0

dopMysa HHTErPHPOBAEHS 1O NAPAMETPy A ONpEAE/NEHHOro HHTErpana (1) mox
3HaKOM HMHTerpaia B npoMexyrke [, B] umecs BHA

B B b b B
SI(K)d?»:Sd?»Sf(x, x)dngdng(x, %) dh. @)

[MonsinTerpansnas Gynkuusi f(x, A) momkua ObiTb HempepbiBHOH (yHKUHER IBYX
NepeMeHHBIX B KOHeqHOH ofiacTh HHTerpuposanus. B cayuae GeckoseuHoil oGJa-
CTM WMHTErPHPOBAHMS TOJNYYUTCA HECOBCTBEHHBIH KPATHbIH HHTETpall.

TloapoGHOe H3JIOKEHHE yCJIOBUEl TpuMeHeHHs (GopMyJT AudpepeHLHpoBaHusT
HHTErpHPOBAHUST HECOOCTBEHHbIX HHTErpaJIOB MO napamerpy MoxHO Haittu B «Kypee
poiciiell Mmatemaruku» B. M. Cmuphosa (tom II).

1

121. Haﬁmgx’” (Inx)*dx, Tne m M n—NOJNOKHTENDHLIE LeJble
0
ygcJIa.

/\ PaccMoTpuM HHTErpan
1

{
m -
S o™ dx m--1"
0
anech f(x, m)=x™—HenpepuBHa‘d GyHKIHS B HHTEpBaJe 0<x< | npu m>0.
HaijizeM NpOM3BOAHYIO 3TOTO MHTErpaia o fm:
1 1
4 ym dx=Sx”‘ Inxdx=— ——l——~ .
am my
0,
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ITpozndepeniipoBas Nno M €UE pas, MOJYYHM
1

N 2t
‘(S xm (ln x)- dx :m .

Tlocne n-xpartHoro AntgepeHHPOBAHHA NO A2 HAaXOAUM

1

!
S xm (In x)" dy = (*l)n'ﬁﬁ - A
0

. dx
122. Haiitu @ [Je n—1UeJ10e MNOJOKHTEILbHOE YHCJIO,
]

o 38

ai>0.
/\ Paccyorpun nHTCrpalt
w
5’ de 1 arctg ¥ o w1
JEERT YR Va2

Jupdepennupyss no napamerpy A, HMeeM

o0

S‘ da« 1 ki
(x2-2)27 2 gyt
0

B pe3yabTaTe f1-KparHoro AHGQepeninpoBaliig noiv i

¢ dx _1:3.5...(2n—1) a A
5(x3+7¥)"+1* 2-4-6...(2n) .2}'“']/7..
0
K “
123. Hadtru 1 (e, 8= [ e S de w1, () = [ S5 d.
0 E,‘l ; .

A Hndgepenuupysa unrerpan / mo A, naxolnm

®
-(dT)[T:S e~ R% cos hx dx = [k oy (M sin hx—k cos & v)] .
Tenepp 13 YpaBHeHUA W _l:_ 5 MOXKHO Hafitin /; mveey
®
I'(x S —pe SR, ~arctg.—}kl_
0

Wnrerpaa I (A) naiizenm, noicrasus B seipaxenne ans [ (k, 1) snauenne k=0

A [ —/2 npn A< 0,
dx= lim arctg 7{»: 0 npi =0,
ko0 | T2 npu A > 0.

j‘ sin ix

0



@

Tpadux pynkuuu /g O‘):S sin Ax

N
=

o]ty 22

dx cocTout

0
u3 aByx moaynpamsix u ToukH O (puc. 20). A

o«

) e F e—?»x o A
124. Haiitu I=S—————- b
X —
0 2
A Judpdepenunpyst no mnapamerpy A, HMe-
eM Puc. 20
1 1
dl Y dl _1 .
= e dx—k,T.e T I=Inkh. A
0
fe -]
125. Bpuucauts [ = S e~*" dx (unmeepar diinepa— Iyaccona).
0

@®

A Tonoxum x=>A, rae A >0; torna de=Adt u I=A S =M gt Y ao-

JK¥M 00€ yacTH TOCJEAHEro paBeHCTBa Ha € “Mgh u, ncnoabaya dopayay (4), -
nponnterpupyem 1o A or 0 jo oo:

w0 [} w
I- S M =12 = S e~ S - M2 dt
0 0 1}

Wsmexns Mops/ioK HHTErpupoBaHud, noJIy4HM

@0 w

g1+ 2, S NPT (ER L T E Ry
S Adh = [ ST ]0 it =
¢ oat V=
1 ® 7 fu s
Sl+12 arotgt! =5 T e. I= 5 - A
0

126. Haiiru 1 (h) = § e~ dx.
0

A\ Juddepennnpysa no napamerpy A, HMeeM

@©
dl . ' ~x2—A%/x? dx
E—}:_—Qée A =

HponseeieM 3ameny NepeMeHHOH HHTErPUPOBAHAS: Mx=2, (—Ajx})dx=dz,
x2=A%/z%; TpH 9TOM Z H3MEHFeTCA OT © /0 0. Takum o6paso,

0 w
it _y oo o s _
EX“Q e dz——ZE}e dz, 'nan d?..—_ 21,

2 3 1314 33



ChnenoBateNibHO, d—[[=—- 2dh, n[=—2\+41InC, I=Ce~ A Mg naxomaehns C

o

nonoxuM A=0; Toraa [/ (0)= Se"xz dx=V w/2 (uurerpan Jitnepa— Ilyaccona),
0

e C=V a/2.

Hrax, nckomblil HHTeI‘paJI =

V= -2

) 4

. In (14 Ax)
127. Haiitu I = S dx.
‘(5 e

/\ Haiizem noiHyio npousBozHYIO dh no gopmyae (3):

A
ar x LIn(140-) dh

dan T (l—l—}»x) (1+x2) a2 "da?

HJIH

dl__1n (1422

X
dhT i1 AR +§(1+M)(l+x“’)dx

HoppiuTerpanphyio fpoGh pasfoOXHM Ha npocTeHmue APOGH H TPOHHTETPHPYeM:

x . — Adx x-+A
S<1+Ax) I+ d"“S(lerz) (1+xx)+5(1+x2) TFa%

A
=[ 1+A2 ln(l+?‘x)+2(1+7»2)1n(1+x)+1—|—iﬂ arctgx]or_.

In(48° , In(1422) | &
- nl(-:;&) + ;1((1—_{—}—7\,2)_*— T ae Arctg b

Takum oGpasom,

dl _In(1443) , &
T R +>l+?&2 arctg A.

Otcrozna

A
CC[ln(+2y), A
1_§ [‘2(1_1_7»2)4- Y arctg k] dh.
OGosnauus A=tg ¢, momyuum

@
Insec? ¢

l=
2 sec?
5 ¢

P @ 9
t
sec? @ do -}—S Segzqu @ sec? @ dg =—S In costpdq;—)—S ¢ tg @ do.
0 0 0

B3sB nepBubifi HHTErpad IO 4acTsAM, HaXOAUM

@ P
1=—cp1ncosmplg)-—~gtptg(pd(p+g(ptgcpdcp=-cplnc05(p,
0 0
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WM. OKOHYATEJIbHO

Izéarc.tg Adln(14+A%). A
Haiitn unTerpassr:
/2

128. tg (sinx) dx. 129, { 2 gy
2Sarc ¢ (Asinx) dx gxlf — -dx

130. Sa_rd_ggiﬂd 131. jln(l—}-smacosx)

cosx *

e _ omBY arctg Ax
132. | — —dr. 133, gx(lﬂz)
xl—xu
134. T dx; A>0, p>0.

. dx; a>0, f>0.

§ 10. TAMMA-®YHKLHS. BETA-®YHKLUHUS

1. Tamma-byukuus. lanma-pynxyuedd (AIH UHMe2pAIOM iirepa smopozo poda)
HA3LIBAETCS HHTErpaj BHAA

o

T (p) = S e=%xp=1dy. 0

0

Hnrerpan (1) —¢dyHKuUS MapameTpa p— ABAACTCA HEeCOOCTBEHHEIM, TaK KaK BepX=
Huil TIpefes paBeH OeCKOHEUHOCTH M, KpOME TOro, InpH x— 0 n p < 1 noaninre-
rpajbHasi QyHKIHs HEOrpaHHYeHHO BO3paCTaer. Hnrerpan (1) CXORUTCSA TPH p > 0
u pacxozurcs npu p << 0. I'amma-pyHKuHA ABJISETCA ORHOM U3 BaHEHWUX (nocae
sJaeMeHTapHbIX) QYHKIHMH JJs aHajaHsa H €ro NPHJIOKEHHH.

OcHOoBHHE cBOHcTBAa raMMa-GyHKIUHH

10, (DOyHKuna I'(p) HempepHEHA U HMEET HENPEPHBHYIO NPOH3BOAHYIO T (p)
Jaga p > U,
20, HMmeeT MecTO DaBEHCTBO

L (p-+1)=npT(p). @
30, TMocne n-KpaTHOro npuMeHeHHs GopMyJst (2) moiyuaercsa COOTHOWEHHE
Tp+n=@+n—)E+n—2)... p+1)p-T'{). (©)
®
49, Ecau B opmyae (3) mOJOXHTE p=1 H yuecThb, 4TO I‘(I)=Se‘x dx=1,
0
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TO IHOJAYYHTCS PABEHCTBO
I'(n4-1)=n!. )

Ecan n=0, 1o O!=TI (1)=1.

5%, ®yuxuua I'(p) naer BO3MOKHOCTL PACNPOCTPAHHTL TOHSITHE (haKTopHaaa
n!, onpesesieHHOro JAMINb JJIS HaTypaJbHBIX 3HAYeHMH n, Ha 0614aCTb JMOOKIX MO-
JIOXUTeNbHBIX 3HAaueHHH aprymedrta. M3 dopmyast (2) caeayer, uto ecau p — 0,

T0 P(p):F(Lp_}_D—*—{—OO, T. €. P(O):+ 0.

6°. Ilpu p=—n u3 ¢opmynnl (2) caenyer, yta
r _I(=nt+l) T(=n+42) - T(=nt3)
(=n)= —n  a{n—1)  amn—1){n—2
0
=,..=(—I)" %:(—1)"-00,

r.e. ' (—n)=(—"ow (n=1,2, 3, ...).
7". BooGuwe, ¢pyukumio I' (p) MOXKHO pacmpoCTpaHHTb HA CaAyuall OTPHUATEAbHBIX

snauennft aprymenra p. Tak KaKI’(p):EL/%i_—]) , 1o I'(p4-1) umeer cmeic npu
—1l < p<O.
Ecan —n < p < —(n—1), 10 u3 dopmyas (3) caepyer, uto
L(p+n)
T'(p)= .
O = eI DG Ty G Fa—T
C nomouwpto noacTaHOBKM p-n=a., OTKyAa p=—n-}-o, nocleiHas ¢opmyra
npeo6pasyeTcst K BHAY
- (=D"T (=)
Te—N=t—ge—a...0—9 ©)

H A —n < p < —(n—1) 3nak I' (p) onpeneasiercst mMHOXuTeNEM (—1)7,
8°. Hcroassys dopmyay (2), MOXKHO NONYYHTb 3HaueHus I (p) A moayuesoro
aprymesra:

(b )= (o) =) (=)
~(=4)(n$) 2 (a3
() (nmd) e B 2 b ()=

r
=(2m—1) 2m—3)...5-3-1 I‘( 1 )

om )
1M
1\ @m—1! 1\ _@m) (1 )
F(m+7)————2m - (?)—,—nzzzm r (7 : ©
8%, Uaeer MecTo ¢hopmyra donoanenus
T
I‘(p)'I‘(l—p)—smpu O<p<it). ™

Ecair 8 s10ft dopmyne momoxuts p=1/2, 1o [T (1/2)]2=um/sin (/2)=m, T. e.
r{2=y =

[Monb3ysich OCHOBHBIMH CBOACTBAMH, MOXHO BBLIYHCIHTE I (p) ana moGoro p.
3HayeHUs raMMa-GVHKUMH MpHBeAeHH B Taba. I Ha c. 409.

Ipa¢uk dyuxuun I (p) usoGpaxen na puc. 21,
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137. BbuHCANTL — HHTErpad I
@

Ditnepa—Ilyaccona S e~*dx.
0
A Tlpoussezem noacTaHoBKy x% =,
otkvia x=V T, dx=dt/(2V 1) u, cre-

S
)

—_ N N
T

ZOBaTeJIbHO, ‘[7
@® @ {
Se‘xz dx:L3 e~t=12 gt = SIAME P2
. 2 2 (2 |-
0 |
) e L2
=-2—Se-tt1/z‘1dt= el

0
—_ . __4_
1 1 Vo
=3T(g)=t" & 0
138. Bemuncauts I' (—1/2). '

A Hoawsysice dopmyaoit I' (p) =

_ T(+1) Puc. 21
)

, TIOIYYHM

AN D124y TR -
r(-2) N ==V T A
139. Bouucants I'(—9/2).

A Hcenoabsys dopmyay (5) npu oo=1/2 u n=>5, noayuyum

s\ pf 9\ (=1>-T (1/2) _
P(z 5)“F( 2)“(1_1,'2)(2__1/2)...(5—1/2) =
_ —V __2VE

T 172 32)-(5/2)+(7/2)-(9/2) 945

140. Boiyncauts I (5/2).
A Tlonaras m‘=2 B Qopmyae (6), umeem

1\ (5\_ 4T/ 24V a_ 3 ,=
P(2+'§)—F<7)‘ ot =56 1 V™

141. Bemucauts I' (—4/3).

/\ Hcnoawsys cootHowersne I’ (p):IM , MMeeM

_4\_T@EB4) _T(=13) T(=1/3+1) 9 _/2\_
P( 3)_ —4/3 T —4/3 —(—4/3)'(—1/’3)_41‘(3)*

S
7

Hs ra6a. 1 ma c. 409 naxoaum I' (5/3) =0,9033; caezoBareavho, I' (—4,3) =
= (27/8)-0,9033=23,0486. A

N
I
)
BN
~

N

142, Buuncants: 1) (—1/2)1; 2) (1/2)!; 3) (3/2); 4) (0,2.1)!
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A Tlo dopmyne (4) Haxopum:

) (—1/2!=T(—124-1)=T 1/2=V n=1,772;

2) (1/2t=T (124 1)=T (3/2) =(1/2) ' (1/2) =} /2= 0,886;

3) (3/2)! =T (3/24-1)=(3/2) I' (3/2) = (3/2)-(1/2) I' (1/2) =3} w/4 = 1,329;
4) (0,21)!=T (0,21~ 1) =T'(1,21) =0,9156 (u3 rabm. 1). A

143. Bpumcauts I'(5/3).T' (—5/3).
/\ Haxonum

5 5\_ 2 /2\T(—3)
r(g)r(=5)=3r(3) SR
_2p(2)_TUm 5yt
=51 (5 fmemm =51 (5)r (-7
Tak kax mo gopmyse nonoanenus T (%) r ( 1—%) =5 &/3):- ;I; , TO
2

(@)D=

144. Tlokasatb, uTO I‘(%-{— p)-I‘(-I—— >=—”—.

2 cos po
A Tlonaraa B ¢opmyne (7) p=w--1/2, noayuum

Potg) e[ (or) | ~mwiren

1 f2d

I‘(i—’—w)-l‘(é—w):m. A

HJIN

Bouucaute:

145. T(0,8). 146. I'(—2,1). 147. T'(3,2). 148. I'(7/2).
149. (—1/4). 150. (1/3)!. 151. (—2)!.

152. T'(7/3)-T'(—17/3). 153. T (10/3)-T (—10/3).

154. T'(1/4)-T (—1/4). 155. T (5/4)-T (—5/4).

156. Tlokasatb, uto I‘(—m—l——;->=(2—$n_:2%l/5-

157. IlokasaTb, uto I’(m—{—%)-l‘(—m—}——é—):(—l)mn
(m=1, 2, 3,...).

2. Bera-pyukuns. Bema-pynxyueir (anu unmezpatom Siiiepa tiepsozo poda)
Ha3bIBaeTCsA HHTErpaJl
1

B (p, 4)=Sx1’"1(1—x)‘?-1 dx. )
0

Hurerpan (1) ects GyHKIHA JBYX IapaMeTpoB p H §; OH CXOLUTCH npup > 0,9 > 0.
Gyukuus B AB/IAETCA CHMMETPHUHON OTHOCHTEJBHO ITAPaMETPoB, T. . B P, 9) =
=B (7, )
Ecin caenars sameHy nepeMeHHOH HHTErpUPOBAaHHS, mojaras x==sin??, dx =
= 2sin#cos ¢ df, npuuem ¢ uamenserca or 0 fo m/2, 10 dopmyaa (I) npumer Bujg

/2
B(p, q)=2 g sin?P=11 cos?1-1 ¢ df,
0
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Hiad

/2
Ssin”‘xcos“xdx:—é—B(r—n—;;l—,n—{ 1>(m>0 n > 0). 2
0

K wunrerpazam (1) u (2) TPHBOAATCA MHOTHE HHTerpasbl,

B NMPHKJAAJHBIX 3ajauax.
Jlasi BouncieBus 3Havenuit Gera-QyHKUMH NOJAb3YIOTCA caejyioWel 3aBHCH-

MOCTLIO MeXJy Gera- H ramma- (yHKDHeR:

BCTpeUaiomuecs

_I'»rQe
B 9="T(1 ©

F(p-frd—p)__ @

=1— —p) = i

Ecan g=1-—p, 10 B(p, 1—p) Q) Sin O<p<).
Hcnoan3ysa 6Gera- dpyHKumo Jerko maiitn snauenue I' (1/2). Ilyere p=g= 1/2;

rorga B(1/2, 1/2)= [—F—I(‘—l(%)—— Tax kak B(1/2, 1/2=B(/2, 1—1/2) =

= qysin (/2) =m, a D' () =1, 10 T'(1/2)= Y =

/2

158. Brpmuucautb S sin® x cos® x dx.
0

A Hcnonsays gopmyny (2) mpe m=-6 1 n==38, Nnosyuum

/2 ’
c 1 7 9 1T @M 9/2)  5n
] 8 J—
'S sin® x cos xdx_—QB(g’—2>_2_-—_F(5) 51T

0
(snavemist T'(7/2) u T (9/2) BobumCaEHH NO popMye (6) n. | npu
al@®)="). A

m=3 u m=4,

I
159. Broiuncautb S———-ﬂ_——___—- .
) Y 3—cost

A Tloaoxum cos {=1-—2 V u;rorpadt= du , YV 3—cost=
/u‘Vl—Vu

= ]/721/1—}— V @, npuuem ¢ usmensiercs ot 0 zio 1. Torza noaydis
1

n
g a1 g
4 Y 3—cost 2V 2

w3 (l—u)~12 du=

11 1 r(1/4)r(1/2) Vo o D4R
V—zB(4’ 7)= 55 Tem ey 2 TEATIA
Tak kag I' (%) ( ) (%—)-P(l—%—).—_—sﬁ%ﬁ: an,aI‘(_‘L_)=

- IL}‘/_A‘@=4.0,9064 =3,6256, 10

Ya G626 (3,6250) 1,545, A
—cost Toy 2 aV 2 ayx

OL’)a
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1
160. Briyucauth {

l/l—l/x2

1
A\ TlepenuueM fAaHHbI HHTerpan B Bupe g(l—xl’ﬁ)—l/2 dx. Bocrnonssyemcs

0
NOJCTAHOBKOI x2/5=t TOrja x=15/2, dx=(5/2) t3/2 dt u, caenoBaTenLHO,
1

5 S‘ B2 (1—f)-12dt=

j]/ i m 2

5 1 5T (5/2) I'(1/2) 15z
“2B<2 2) -2 re 16 A
1
. dx g x%dx
161, [okasath, urto ecau Ir-(j;lfl——x‘ bVl—x‘

T
[1[2 = E .
AN Honomum xt=t¢, otkyna dx=(1/4) {1/4~14¢. Torna NIOJTY 4UM

1__St1/4 1(1—1)- 1/2dt~.———B( 1)_ 1 T/4-I(1/2)

T3 e

1
o g _Lg (3 1\_1T@EA-T(12 TEHTAR
=TS’“ t—fmitdt =4 B (T’?) T TER o Tam

o
Tak Kaxk I' (5/4) =(1/4) T (1/4). CaenosareanHo,

L TOA)TEA-LADE _ 1 oy n
Ila=7- T 3/4) T (1/4) =z Va)'=7
BriyncauTs:
/2 /2

162, g sin®xcos® xdx. 163, Ssin“xdx.
(4] 0
nl{i /2
164, 3 sin® 4xcos* 2xdx. 165, S sin'® x cost x dx.
0 0

a
166. (L; a>0. 167. jxml/aﬂ—xwx; a> 0.
g Vi 0

@ IloicranoBra x%=1{. @ IloxctanoBka x2/a2 =*f.

I
168. SAGV]_-—-)ﬁdX. 169. Sl+xb bsm(an/b)'

@ [Toxcranosra (1 xb)/xb = 1/y.
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0 dx . It dx
170. é‘x—az—l—_m, 0<a< 1. 171, bg (l—{-—,\);'/_x‘ .

@ [loxcranoska x=u/(1 —u).

n 1
172. gsin“xcos2 (x/2)dx. 173. ) LS
Y x—x2
0 0
1 1
174. S (1 —5/%)dx. 175. S x"=1 (1—x%)m=1dx; n>0, m> 0.
0 0
@ Iloacramoska x =13 @ [loxcranoska x* ={.
/2 1
( 1/ dx
176. ) Vigxdx. 177 S =t
0 0

@ Iloacranoska fg x=u?,
1 /2
dx ne=— - P
178.§‘m. 179. gtg2 l}bd/\,, 0<ﬂ.<1.

0

/2
180. Bripasuts S sin” x dx uepe3 ramma-(QyHKIHUIO.
0



FJABA Il

KPUBOJIMHEUHBIE UHTETPAJIbI M UHTEIPAJIbI
110 NMOBEPXHOCTH

§ 1. KPUBOJIMHERHBIE MHTEIPAJIB! O AJMHE JYIH
H 10 KOOPAMHATAM

1. KpusonuseiHbli HHTErpad no JauHE JYrH (KPHBOAMHENHLI unrerpaa I pona).
IMycrs GyHkuus f(x, y) onpejencHa M HemnpepslBHA B TOUKAX ayru AB raagkoit
KpuBoit K.

PasoGeem ayry AB npou3BoJbHBEIM 05pa3oM Ha # 3JIEMEHTapHBIX AYT' TOYKaMH
A=Ay, Ay, Ay, ..., Ay=B; nycrs Asp—auHa 1yrH Ap_1A4y. Ha xaxgoit sie-
MEeHTapHON Jyre BbIGEPEM MPOM3BOJBHYIO TOUKY Mp (Ex; Mp) H YMHOXKHM 3HaueHHe
Gynxunn f(Eg, M) B 310l TOUKe Ha AMHHY Asg COOTBETCTBYIOMIES JyTH,

Humeepaavron cymmod 1as Gyuxwnn f(x, y) no daune dycu AB naspisaercs

1

1
cymma Buza 2 f (&g, Mg) Asge
=

Kpusoaunednom unmeepason no daune dyeu AB or ¢ynkunn f(x, y) (uan
Kpusoaunednoin unmeepasos 1 poda) naspiBaeTcs npejied MUTETPaIbHOI CyMMBI NIPH
ycaosuu, uto max Asp —- 0;

n
. 4}
i pas=_ tim 3 f, ) s
AB max As, — 0 /7
(ds— mddepennuan ayru).
Kpusosmnreiinpiit unterpan I poga B ciyuae, ecin Kpupasi 3ajaHa ypaBHeHIeM
y=9¢ () (e <<x < b), BHUKCIsIETCA 1O QOPMYyaaM
b

§ f nas={ 11 oV TT o @R dx,

AB a

b
S f(x’ y) ds= Md‘x’

|cosa |
AB a

TJle o.—Yyrojq MexIy KacaTelbHOH K Kpusoil u oceio Ox.
Ecan kpuas K sajana napamerpuuecKumu ypaphenusmn x=x (), y=y ()
(t1< t< t2), TO

1y
§1en pas={ Fre, vV 01y @ at.
K I

AHaJOTHYHO OIpeleNsieTcss M BBIMHCASIETCS KPHBOMHHeiHHl murerpan I poxa
OT (YHKUHH Tpex mepemeHHLIX f(X, y, 2) no nmpocTpaHcTBeHHol Kpupoi. Ecin
NIPOCTPAHCTBEHHAs KpHBasd 3ajaHa YpaBHeHMAMH x=x(f), y=y({), z==z(f)
(h<<ti<t,), TO

Iy
§76s g as={iix v @, 21V ¥ OHy* 0127 () d.
K

I
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Ecan f(x, y) >0, 1o KpuBomHeluwii muurerpan I posa Sf(x, Yy) ds npeﬂ.-‘
K
craBaser coboii maccy kpusot K, MMeomell NepeMEHHYIO JIMHEHHYIO NJIOTHOCTD
y={(x, y) (pu3IYECKOE HCTOJIKOBAHHE).
Ecan f(x, y) =0, 1o xpusoauueiinpit nurerpan I pona Sf (x, y) dS yncaenHo

K
paBeH naowjadu 4acmu {UAUHOPUHECKOL NOBePXHOCMU, Y KoTopo# Hanpasaswomas K
JMeMUT B Tiockoctd xOy, a ofpasylouiye [epHeHIMKYJsPHBL edl; 3Ta IHIHHApH-
wecKasd [OBEPXHOCTh OTpAHHUeHa CBepXY MOBepxHOcTbio z=[(x, y), a CcHH3Y
WIOCKOCTbIO X0y (reoMeTpudecKoe HCTOMKOBAHHE).

OcHoBHME CBoflcTna KpuBOoJHHeliHOro uarerpaaal pona

1°. Kpusoauneiinewi unmeepas 1 poda He 3sasucum om Hanpagredus nymu
UHIMeepUuPOBAHU:

{ fee pas={ Feenas.

AB BA
2. (1w o fan olds={Fiw nds s 1o gds
K K K
3°. Scf (x, y)ds=c S f(x, y)ds, rae c=co.st.
K K

4°, Ecau konmyp uxmeepuposanus K pasbum na dée wacmu Ki u Ko, mo

(1o was={ fen nas+§ Fe gas
K Ky K,

2. KpusosuHeiinbiii MHTErpai mno Koopausatam (KPHBOJMHEHHBIH MHTerpas
1 pona). Ilycrs ¢ynxuun P(x, y) u Q(x, y) HenpepelBHH B TOYKax Ayru AB
raagkoii kpueoit K, umerolell ypasHenHe y=@ () (a<Sx<b).

Humeepanoroti cymmod xnst Qyukuuit P(x, y) u Q(x, y) no KoopOunamamn
HasbiBaeTCs CyMMa BHAA

21 [P (& M%) Axp+Q (Bo mr) A yrls
k=

rae Axp 1 Ay, —NpOeKUMH 5JeMeHTapHOM Ayrd Ha ocu Ox U Oy.

K pusosutelinbim unmezparosm no Koopouraman (HJIH KPUGOAUHEHbIM UHMepa-
aom Il poma) or Beipamenust P (x, y) dx-+ Q(x, y) dy mo HarnpasieHHOR jyre AB
Ha3plBAaeTCs INpefe] HHTErPaJbHOH CyMMBl IIPH  yCJOBHH, 4YTO max A xz— 0
u max A yp — 0:

n
S P(x, y)dx= lim . 2 P (8, mp) Axp—rpusoruneineud  unmeepanr
k=1

AB max Axp -
no koopduname Xx;
n
S Qx, y)dy= lim 2 Q (Er, Mp) Ayr—rpusosrunednoli URmMeepanr
AB maxAyk—>0k=L

no xoopduname y;

S P(x, yydx-+-Q(x, y)dy= S P(x, y)ds+ S Q (v, y) dy— noansul Kpusosured
AB AB AB
Holli unme2paa.
Kpusonuueliupit nuterpan II poga ects paboma, cosepliaeMas nepeMeHHoM
cunoit F=P (x, y)i-+Q (x, y)j Ha KPHBOJHHEHHOM NyTH AB (MexaHHYeCKOe HC-
TOJIKOBAHHE).
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OcHoBHble CBOHCTBA KPUROJHHENHHOTO nurterpaJaa ll poga

1°. Kpusosunedneui unmeepar 11 poda mensem ceod swax Ha npomMueonoA0Hc-
HOLL Npu UBMeHeHUU HANPABACHUSL NYMU UHIMe2PUPOSAHIUR:

S Pdx--Qdy—=— S P dx—+Q dy.
BA AB

2°. S Pdx--Qdy— S Pdx+ S Qdy.
AB AB AB
Ocranmbnpie csoficTRa anasornuHel cBoficTeaM HETerpaaa I poja.
Kpuonuneiiuniit uuterpan Il posa Bbiuncisercs no opmyae
: b
(P oartee =Pl 91 +¢' 0 QLx ¢ ) a.
K a
Ecau kpuBasg K 3ajana napaneTpHuYeCKHMi YpaBHEHHAMH x=x(f), y=y (1),
The H < Ii<<ly, TO
t2
§P@ part Qe pdy={{PL1x@), yOIx O+QLr (), y Oy (1) at.
K 3
Ananoruunas ¢GopMysa MMeeT MeCTO A/ BLIYHCJEHHS KpPHBOJHHEHOTO HHTEr-
pana 1l popa no npocrpancreennoli kpusoil K: ecin Kpupas 3ajaua ypaBHeHH AMH
x=x(l), y=y (), 2=z (1), rge h<<i<1y, TO
§P v, 2dstQn v, ) dy+R (3, v, 2) dz=
K

2,
={ P, v 2017 D+, v, 21y O+
A
FRIx(), y@), zM]2 ()} dt
CywecTsoBanne M BeJHYHHA KPUBOJMHENHOrO MHHTErpaja dex-]—Q dy no
¢

3dMKHYTOMY KOHTYpPYy H€ 3aBHCAT OT TOIO, KaKyl0 TOYKYy KOHTypa Bblﬁpa'rb 3a

HayaJo HHTErPHPOBAHUS.
Ecnu nyre unrterpupoanus (C) ecTb mnpoctas 3aMKHyTas KpHBas, TO

‘¢‘P dx--Q dy Gepercs no 3TOMY KOHTYPY B HanpapJeHHHM NPOTHB XOAAa 4acOBOH
c
CTPEJKH (TIOJIOKHTeJNbLHOE HalpaBJieHle).
181. Buuucaurs S'(x——y) ds, rae K—orpesox npsimoii ot 4 (0; 0)
% .
10 B(4; 3).

/\ Ypasuenne mpamoii AB nmeer Buz y=(3,4)x. Haxoznu ¢’ =3/4 n, cae-
ZOBaTeJbHO,

4 - 4
_ 3 1/ 9., 5 _ 5 ,p_s
S(xwy)ds—g<x—z—x) I—{—Ed.\-—ESxdx—:jQ.\ 10—72—. A
K 0 ¢
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182, Bpuucauts 3 K2y dy—y*xdx, eCJIH x =} cost,
K
y=Vsint, 0<<t< /2.

A Haiigen dy= ——Sb g gy—<08 ! 4 Torna

2V cost Y73 2V sint
ngy dy—y*x dx=

" . ¢ t
— cos —_— sin 44
= cos ¢ smt-————: sin f » oSt o ——— Jdi=—.
§ ( v 2V sin{ + Vv 2 cos t> 7 A

183. Haibru macey M nyru xpusoit x=t, y=1%2, z=1*/3
(0 <t<1), nuHefiHass NJIOTHOCTH KOTOPOH MeEHSeTCsl MO 3aKOHY
= V2y

1
JAN M=S VQ_yds=S ]/2-%12 Vgt di=

—S: V1+t2+t4dt—75 (t2+2) 43 d(l2—{-2)
t | l
=?[ Tt Vz“t-{—l—}——-lrx(t‘l-{-%-{—]fm)][):
_—_§<3 V§_1+?m§%ﬁ). A

184, Haiitu xoopauHaThl UEHTPAa THAKECTH JYTH IHKJIOHIbE
x=t—sint, y=1—cost (0 m).

A KoopIHHATEL UEHTpa TSKECTH OIHOPOAHON AyrH KpuBOi K BHIYHCJAAIOTCH

1
no ¢opmyJaam X= xds, y_—Syds, rie s—aauHa ayru. Mmeem
1\

T g
s =SVx”—l— y'*dt =SV(1 —co0s {)24-sin® { df =2 Ssin %dt=—4 cos% I: =4.
0 0 0o -

Torza
T k14

=1 ({—sin t) 2 sin & dt = lS tsint _sin Lsme)dt=

X=— S S —sin t) sm2 5 5 —sin 5

0 0

1 t t 4 ¢

= — — 1 —_ 3 _.

2[ 2tcos2 ‘4sin2—[— sin ]

(1—cos t)2sin—;—dt=

n
L AV N _1 ¢+, 3t tjn_ 4
—?S\sm?—mn?cost)dt—z —2cos 2—}—3 cos = cos—]o_-3—. A
0



185. Haiitn koopiaMHATHI LEHTpa THAXKECTH AyTH OKPYKHOCTH
; y y
PHyt=R 0<x<<R, 0<y<R).

N\ Tak Kak Nmo yc/loOBHIO 3ajaHa uYeTBEpTH AYTH OKPYIKHOCTH, TO ee JAJHHA
s=nR/2. B cuay toro, uro GHccekTpuca I KoopHHATHOTO yraa sBJfeTCS OChblO
CUMMETPHH, nMeeM x=y. Tenepr Haxogum

R R ——

il =2 7 e 2 V S
__S_Sxds—n Sleer dx—-nRXx - dr=

K 0 0

R; 2 R R
=__2_5 iRdx:—g‘—ﬂL:—gVR2—x2 :2_13.

R )y T Y REZ 2 n 0 &
0 0

Hrak, x=y=2R/mn. A

Briuncauts KpUBOJIHHEHHBIE HHTErPaJIbi:
186. S (P —y?) dx+xy dy, ecnu nyts ot A(l; 1) no B(3; 4) —
AB

OTPE30K NpAMOil.
187. S(x—y)’dx+(x+y)2dy, ecan  K—uoaomanaas OAB, rae

K
0(0; 0), A(2; 0), B(4; 2).
188. Sid—s ecmt AB—jyra nonyky6uueckoil napaboubl y?=

AB Vi’ .
=(4/9) x* or A(3; 2V'3) 1o B(8; 321 273).

189. Sy dx—(y-x*) dy, ecmtu K—pyra napabosel y=2x— 1?2,
K
pacrnoioxenHas Haj ocbio Ox 1 mpoGeraeMas Ho X0y YaCOBOI CTPEJIKH.

190. S ydx-2xdy, ecin K—npoGeraemblii IpoTHB X0ja 4acoBOi
K
CTPEJIKH  KOHTYp poM0a, CTOPOHBI KOTOPOTO JIEKAT Ha MNPSMBIX
XB3+y2==41, x/3—y/2=+1.

191. SL’xdy—Sy dx, ecim K—KOHTYp TpPeyroibHMKAa ¢ BepIIH-

K
vamu A (1; 2), B(3; 1), C(2; 5), npoBeraempiii MpoTHB X0Aa uYaco-
BOH CTpeJIKH.

y b
y=rsint, npoberaemas NpPOTHB XO4a ¥aCOBOI CTpEJIKH.

192, S'%—d—x ecan K—1 w©eTBeprb OKpPYXHOCTH x= 7 c0s{,
K

193. \ ¥’ydx+x*dy, eciu K—KOHTYD, OrpaHuUYeHHbI napa6o-
yp, orp

K
JaM¥ y*=x, x®==y M npoGeraeMelil IPOTHB XOJAA UACOBOH CTPEJIKH.
194, Haiitu Maccy Jayru  OKPYy»KHOCTH! X = OS¢, y=sint
O<t<m), ecom nuHelinas naoTHoCTh €€ B TOuke (x; Y) paBHa .
195. Haiitu KOOpAMHATEI LEHTpA TSMKECTH OAHOPOAHOI JAyTH KpH-
Boil y=chx (0<Cx<CIn2).
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196. HaiiTh KOOPAMHATHI LEHTPA TSKECTH OJHOPOLHOW AYTH KpH-
Boil x=etcost, y=etsint, z=e! (—oo<LI<0).

197. Beiyucaurb S V x* -+ ytds, rne K— okpyxHOCTb X* - Y* = ax.
i d

S o o

198. BoiyucauTh S\W, raje K-—nepBblii BHTOK BHHTOBOH

nAMHEN x=acost, y=asint, z=>bt.

199. Haiitnu Maccy nepBoro BHTKAa BHHTOBOH JIMHHH X=cost,
y=sint, z=10, ecan IJIOTHOCTb B KaXJI0H TOYKe paBHa paguycy-
BEKTOPY 3TOH TOUKH.

200. Bpiuucants S xydx+yzdy-+zxdz, tie OA-—vuerBepTh
04
OKPYIKHOCTH X =CO0s !, y=sin{, z=1, npoferaemas B HaNpaB/eHuH
pospacTasus napamerpa f.

§ 2. HEBABUCUMOCTDb KPUBOJIMHEMHOTO UHTEFPAJIA 11 POJA
OT KOHTYPA MHTErPHPOBAHU . HAXO)KAEHUE ¢YHKUHU MO EE
10JIHOMY AUSPEPEHUHUAJY

Iyers dyskuun P (x, y) B Q (%, y) HenpepoiBHb BMECTE CO CBOMMH 4aCTHRIMU
NPOH3BOJHLIME TIEPBOTO MOPHAAKA B OJHOCBS3HOH 0GMacTH D u xouryp K Heankom
HaxoAUTC B 3TOH 06JacTH.

Torna HeoGxodumsist i OOCMAMOUHBIM YCAOBUEM HE3AEUCUMOCMU KPUBOAUHEL-

HO20 uHMmeepasa S P (x, y)dx+ Q (%, y) dy om KOHMYPQ UHMESPUPOBAHUR ABAALMCA

K
emnoanenue & obracmu D moocdecmsa
oP  0Q
dy ~ ox '
[pu coBaIONeHITH YKa3aHHbIX YCJIOBHH Kpusorunednoll unmeepar no Aw6oMYy
sanknymony xonmypy C, codepacaiyemycsa 8 obracmu D, pasen nyao:

fP(x, ) dx4-Q (x, y) dy=0.
C

Jiis BHIYMCJIEHHS MHTErpaJia
(X35 41)

\ Pl 9)detQx y)dy,
(%o} Yo)

. oP 0

He 3aBHCHLIErO OT KOHTYPAa HHTETPUPOBAHUS (T. €. ycJoBHe 5975 —Q BHINIOJHEHO |,
B KauecTBe HAMBBLITOJHEINIEro IyTH HHTEr PUPOBAHHUA CJELyeT Buibparth JIOMaHylo,
COEMHSIOLLYIO TOUKH (Xg; Yo) M (¥1; Y1), 3BEHbS KOTOPOHl NapajiielqbHbL OCAM Ox
u Oy.

[ToasiHTer pasibioe Buipakenue P (x, y) dx+ Q(x, y)dy npn yKazaHHBIX ycJo-
BUSIX SBJsercss NOoJdHBIM aAHPdPepeHuMaJOM HEKOTOPOH OAHO3HAUHOH
¢yukunn U=U (x, y), T. e

au (x, y) =P (x, y)dx4Q (x, y) dy.

®yuknuio U (x, y) (nepeooGpasnyio) MOKHO HaliTH, BBIYHCHAS COOTBETCTBYIO-
muil KpuBosMHHefiHbIl HHTErpas No JOMaHOMH AgA1B, e Ap(xg; Yo) — NPOM3BOJID-
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Hasi PUKCHpOBaHHAs TOUKa, B (x; Y)—nepeMeHHasn Toukxa,

i ' Nizy) a Touka A; mnmeer KoopiuHaTHl X ¥ y,. Toria BAOJIb
AgA; nnveeM y=y, u dy=0, a wroab AB  nMeem
X x=const, dx=0. B pesyabrate noayuaem cJaepyiomyio
2 dopmyay:
ol Mizo) 2 U= P, g det { Qw, myaytc.
Puc. 22 o o

Ananoruuso, uHTErpupys no Jomasoit AyA.B, rae A (%05 y), noayunm

X

Qo ) dy-+ { P (v, ) dvc.

[

U (x’ y):

@

) Ko
(2; 3)

201. Bpuucaurs [ = S (x - 3y) dx+ (y -} 3x) dy.
(51 '

/\ JlanHplfi MHTErpa’n He 3aBUCHT OT KOHTYPA MHTETPHPOBAHNSA, TAK Kak

oP 0 —3. Q_9 _
o5 —oy F 30 =38 =2 (1 3 =3,

P 3Q

T. €. @Eﬁ (1a Bcelt myockoctn xOy).

BuiGupaem B KauecTBe NYTH MHTETPUPOBAHHA JOMAHYIO, 3BEHbS KOTOpO#i na-
passiesbHEL OcAM KoopAuHat. Mmeem ma nepeom yuactke y=1, dy=0,1<<x<?,
Ha BTOpOM yuacTke x=2, dx==0, 1<Cy=<C3. Caenopatembho,

2 3
2 2 2 3
1=Su+$M+Sw+®@={%+wL+[%+®L=
1 1
=246—05—3-14,5-18—05—6=205. A
202, Haittu nepBooGpasuyio ¢yukumio U, ecan

dU=[y+In (x4 )] dx+ (x+ 1 —e¥) dy.

AVNveeMP=y+In(x+1), Q =x-1—¢¥, %ES—S:L Iyers x5=0, =0
n xoutypom K ssaserca somanas OMAN (puc. 29). Toraa
X

Yy
U,y =S In (x—}~])dx+S (x--1—ev) dy—=
1}

0
=[xIn (D —x-bIn e+ DE -+ [xy-Fy—ev ]y =
=@E+DInx+)—xtayfy—es +14+C. A
203. Haiitu U (x, y), ecnn

\

dU::Ql+l>dx+(§_-%)@.

/\ Hmeem
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34ech B KauecTBe TOUKH (Xg; Yo) HEJIb3s B3ATh llayajlo KOODAHHAT, TaK KakK
npu x=0 u y=0 ¢dyukuuu P (x, y) u Q(x, y) we onpexenenn. IlosToMy B Ka-
yecTBe TOUKIH (Xo; Yo) BosbMeM, Hanpumep, Aq(l; 1). Toraa

U (s, y)=§ (-;c——}—l)dx—l—-f (%‘%) dy=1n x+x-+21n y-}--’y‘-—l}c. A
1 1

204. Pemmuts audpepeHununansHoe ypaBHEHHE
(4x2y? —3y? - 8) dx + (Bx*y*—6xy— 1) dy =0.
A 3aecs P=4x34—3y2+8, Q=3x'y?—6xy—1, g__f/):g_,?: 1243y2 —6y;
caenosarenpo, dU =P dx+Qdy, 1. e. U=C. Ilyets A(0; 0) u B (x; y); Torza
x y
U= 3 8dx-+ S (Bxtyt—6xy—1)dy=C, 1. e. 8x+x'y*—3xy?—y=C. A
0 0

205. Pemnth pudpepeHnnasbHOE ypaBHEHHE

(2 -+ y+-sin y) dx+ (€ + x -+ x cos y) dy =0.

A\ Vimeem %:g-f=l—}-cos y, otkyra dU =P dx--Qdy, 1. e. U=C. yct
A (©0; 0) n B(x; y); Toraa
7]

X
U= S 2e2xdx+g (e3v +x+xcos y) dy=C,
0 0

HIH
e“—}-% e xy-d-xsiny=C. A

Haiitu nepsootpasuyio ¢ynkuuo U (x, y) no ee momHomy aud-
d2pennnany:

206. dU = [¢¥*V 4-cos (x—y)] dx - [e*"Y —cos (x—y) + 2] dy.

207, dU = (1—e*~Y 4 cos x) dx+ (e* ¥+ cos y) dy.

208, dU = (x*—2xy®-+3) dx+ (y*—2x*y+ 3) dy.

209. dU = (2x—3xy? -+ 2y) dx + (2x— 3x*y + 2y) dy.

210. dU = (shx+chy)dx+ (xshy+1)dy. X

211. dU = (arcsin x—x In y) dx— (arcsiny —l—;‘—y) dy.

Pemnts auddepeniHanbebe ypaBHEHHS:
212, (2xsiny- ycosx+ 2x) dx-+ (x* cos y 4 sin x—sin y—34%) X
xdy=0. :
213. (2xye"2+ Iny)dx+ <e"2+—fy‘- -4-e7 >dy= 0.
(15 70)
214. Buouuncautb S (x4 y)dx-+ (x—y)dy no pasIHYHBLIM KOH-
0; 0
Typam, coepunstomuM Touk 0 (0; 0) u M (75 )5 1) no npsamoit OM;
2) mo KpuBoit y=x--siny; 3) no Jomauoit OPM, rae P (m; 0);
4) no napatone y= x*/m.
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215. Bpruucauthb ggxdy-}-ydx N0 pasjUYHBIM 3aMKHYTBIM KOH-

K
tTypam: 1) mo OKpy:KHOCTH x=co0s{, y=sint; 2) no KOHTypy, orpa-
HUYEHHOMY AyTOH MapaoJisl y==x* U OTpe3KoM npsamoit y= 1.

§ 3. POPMYJIA TPHHA

Ecau C—rpannua obaactu D n oynkuuu P (x, y) 4 Q (x, y) BMecTe CO CBOHMH
= H =— HelpepuiBHbl B 3aMKHyToit obmnactu D
ox ¥ oy pep 3

(exmouas rpauuny C), To cnpasegnusa ¢opmyra I'puna

gPdXJrQ dy:SI;S (gg—%) dxdy,

npuueM o6xof Koutypa C BriGHpaercs Tak, uTo obsaactb D ocraercs cJaesa.

YaCTHBIMHA NPOHU3BOAHBIMH

216, Tlpumenss gopmyny I'puna, Beiuucaurs /= ‘95‘2 (22 + y*) dx+
¢

-+ (x+y)*dy, ectn C—xoHTyp TpeyroibHuka ¢ BepiinHamu L (15 1),
M2; 2), N(l; 3), npoberaemMbli NpPOTHB XOJAa YaCOBOH CTPEJKH.
[TposeputTh pe3ysapTaT HEMOCPEACTBEHHHIM HHTErPHPOBAHHEM.

A 3pecs P(x, ) =2(x%+y?), Q(x, y)=(x+y)®. Haxopum g—xQ_‘\g_f=

=2 (x+y)—4y=2(x—y). Takum obpasom,
1= 2024y det (et92dy = ({2 (e—p) drxay,
C D

rge obnactb D —rtpeyronbuuk LMN. Ypasuenue npsamoit LM: y=x, ypaBHeHue
MN: y= —x-+4. Boiuucaum pABOHHOH HHTErpaJjs mo JaHHOH OGJACTH:

2 4—x 2
4-
1=2de S (x—y)dy=2Sl_xy——;-y2] ¥ dx=
1 x 1

=2§ [x(4——x)——%(4—x)2—x2+—é— x2] dx=
1

4

2

1 2
— 4x—x2— = 2 __ x5 —__
4§(x x2—4)dx 4[2): 3 X 4):]l 3

Bruncnum Teneph HEmocpeACTBEHHO KPUBOIHHEHHBIH HHTerpat mno Koutypy C,
cocTosimeMy U3 3BenbeB LM, MN, NL:

1= § 224 dst(rtoray+ { 200407 drt
LM MN
ety | 262497 det (x40 dy,
NL

VYpasuenue LM: y=x; caenosarenpuo, dy=dx, 1<<x<<2.
Ypasuenue MN: y=— x-|4; caegoBaresbno, dy=—dx, 2=y=1.
VYpasnenne ML: x=1; snauur, dx=0, 3=y=1.
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Takum o6pasom,
2 1
S [2 (x2 - x2) dx -+ (x - 0)? dx] - S{2 (%2 (4— 2)2] dx -+ (x— X+ 4)? (—dx)}H-
' "1 12 1
-+ S (14y)2 dy=38 S ,\de—{—g (432 — 161} 16) a‘x—}—g (1-L4)2 dy =
3 2 3

= —8—x3———x3+8 2 —16x 2—}——l~(1 S
il R Ty 7=

__S._A

217. Tlpumensist ¢opmyny I'puna, BBIYHCIUTD S—xzy dx+ xy*dy,
C
rae C—okpyxHOCTh X2+ y®= R?®, mnpoGeraemast NpOTHB XO0Aa 4aco-
BOH CTpeJIKH.

0Q oP
_ 2 — xi2.
A 3neck P (x, y)=—x%, Q(x, y)=xy®. Toraa ox " ay

=x2}y2 Caezo-
BATEJILHO,

1=§mx9ydx 4 x2ydy= S S (x2+y?) dx dy.
c D
BoejieM DOJsSpHbIE KOOpAMHATH: x=p c0s 8, y=psin0, 0<C0<< 2m; 3mauur,
2n }’21 27 3
lzggpz-pdpdez Sdej o do=—- RY- Sd@:“‘—f— A
D 0 0 0

218. C nomotpio dopmyasl I'puna npeo6pa3oBath K pHBOIHHEHHEIHA
unrerpan [ = 35 [x-+In@x2+y3)] de-Fyln(x* 4 y*) dy, the xoutyp C
Or' paHHuMBaET 06JIaCTb D.

219, Ilpumensia gopmyny ['puna, BBIYHCIHTD ¢Vx2+y2dx+yx

X [xy+In (x+ Vx*+ )] dy, rae C—KouTyp npsMOyroJpuuka 1<
<x<4, Oy

§ 4. BBIYUMCJEHUE NJIOLWAH

Mnomane S GHryphl, OrpaHHYEHHOH NPOCTHIM 3aMKHYTHIM KOHTypom C, Haxo-
Jurtca no gopmyJe

1
2 x dy—ydx.

KoHTYp MHTErpHpoBaHHs NpoGeraercst Tak, 4To OrpaHUYEHHAst HM OGJACTb OCTAeT-
cs1 cJeBa (NOJOXKHTEAbHOE HalpapJeHHe).

220. BelyncuTh NJOMIaAb GUTYpHI, OTpaHHYEHHOH KPUBLIMH Y=
=x?, x=y° 8xy=1 (uMeerca B BMAY IUIOU3[ib, NPUMEIKAIOILAs K
HauaJly KOOpAHHAT; pHC. 23).
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/\ Pemas coBMecTHO ypaBHeHHst KpuBHIX, Haiitem A (1/2; 1/4), B (1/4; 1/2).
CrnezpoBatesbHo, :

S=—;— S xdy—ydx-{—%g xdy—-ydx—}—%g xdy—ydx=
AB

0A BO
1 i 1 1/ftd e 14-31n2
—_— 2y — ax_ = > —_M_ ~
_2Sxd;, 3 5 T Sdex— o — ~ 0,13 (xs. ex). A
0 1/2 1/4

221. BbiyuCaMTL MJOMAAb, OFPAHHYEHHYIO ACTPOMICH X = a cos® f,
y=asin®{, npeiBapuTe/JbHO MOCTPOUB KPHUBYIO.

. 1
/\ Jlna BLIYHC/IEHHSA ILTOMAAH BOCHOAL3yeMcs GopMyaol S =—2—56xdy—y dx,
C

rae dy=3asin® { cos t dt, dx=-— 3acos? sintdf, 0<C ¢ << 2n. CnesoBarennbuo,
27 21
S=%S (3a® cos* { sin® { 4-3a? sint { cos??) dt:% a? S sin? ¢ cos? [ df =
0 0
302 (" 302 3 I o 3mg?
=% [ sinz — 5 - =2 a2 | t——si T omar
=3 Ssm 2t dt = 5 S (1 cos4t)dt._16a [t 7y sm4t]O =g - A
0 ]
y 4 222. BplyucauTh NJIOWAAL, OrPaHHU-
YeHHylo mapabosamy y’=ux, x*=y.

223. BrpluucauTh O/0HIAAB, OTPaHH-
YEeHHYIO 3JJIUNCOM X=acosi, y=>bsint.

8 224. BbY4HCIAHTL NJOMAfb YeThIpexX-
yroieHHka ¢ BepmuHamu A (6; 1),

225. BouucauTe miowaib QuUryps,
orpanuyeHHol KoHtypom OABCO, ecau
A (1; 3), B (0; 4), C (—1; 2),0 (0; 0),
0OA, BC, CO-—orpesku npsambix, a

Pue. 23 AB—pyra napa6onbl y =4 — x2.

226. BeluuCIHTL MJIOMAAb, OrPAaHHYEHHYIO KAPAHOMIOH X =

= 2rcost—rcos2t, y=2rsint—rsin2t.

N

g

1
!
i
1 z
n
<

ENRA

§ 5. MOBEPXHOCTHbBIE MHTEIPAJIbI

INyets F (x, y, 2)—HenpepuiHas GyHKuns M z={ (¥, y)—IrAagKas nosepx-
Hoctb S, rze f(x, y) 3apana B Hexotopol obnacth D muiockoer xOy. Mosepxro-
cmuoim unmezpasom 1 poda HaswiBaeTCA PG MHTETPAALHOH CYMMBI DPH YCJIO-
BHH, 4TO max dj — 0:

n
lim 3 F G e W ASi=| | Fie g, 2ds,
maxdk»O k=1 S

rae AS;—mniowans k-ro saementa nosepxnoctd S, Touka (Ep; Mg; {p) mpHHAmTe-
HUT 3TOMY 3JeMEHTY, dp— AHaMeTp 3Toro siementa, F (x, y, z) onpejgeneHa B Kax-
JIOH TOYKe INOBEPXHOCTH S.

3HaueHHe 3TOrO MHTErpaja He 3aBHCHT OT BHIGOPA CTOPOHBI MOBEpXHOCTH S,
HO KOTOpOH MPOM3BOAUTCA HHTErPHPOBAHHE,
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Ecan mpoekuusi D nosepxHocTH S Ha IIOCKOCTb xOy o2HO3HAYHa, TO COOT-
BETCTBYIOWMI NOBEPXHOCTHLIA MHTErpad I poza BEIVHCISETCA MO tdopmyse

(§re s aas =SDS Fix o (6 )] ]/1+(§)2+(§—;)de@.

S

PaccmMoTpuM JABYCTOPOHHIOID [OBEPXHOCTD S u BrIGepent Ha Hell ONpeleseHHylo
cropony S+. ®ynxnus F(x, y, z) onpeaenena B TouKax JaHHOl TOBEPXHOCTH.
n

TIpeses MHTErpasibHONH CyMMbI Z F (Er, ks Cr) ASk (%, y), TAe ASg (x, y)—nio-
E=1

m@asp NPOEKIHH 3JjemeHTa ASp Ha INIOCKOCTD xOy, npu ycaoBun max dp — 0 na-
spipaeTcs nosepxHocmubim unmezparon 11 poda, pacnpoCTPaHEHHLIM Ha BHIOpaHHYIO

CTOpOHY TIOBEPXHOCTH S, W 0003HaUaeTCs CHMBOJOM 1=S S F (x, y, 2)dxdy.
S+
Ecan P(x, y, 2), Q(x, ¥, 2), R(x, y, 2)—HenpepriBHbIE bysakunn 1 St —
CTOpOHA TIMajKkoil NOBEPXHOCTH S, XapakTepudyeMmas HanpaBJCHHEM HOPMAJH
n (cosa; cosP; cosy), T0 COOTBETCTBYIOLLMI MoBepxHOCTHbI unTerpan 11 poja Bh-
paxaercsl Tak: _
S S Pdydz+Qdzdx+Rdxdy= S S (P cos «+Q cos f - R cos y) dS.
S+ S
" Tlpu mepexoxe Ha ZIPYryld CTOPOHY S~ NOBEPXHOCTH STOT MHTETPal MeHseT
3HAaK Ha TPOTHBONOJOMKHBIH.
Ecau moBepXxHOCTh S 3ajaHa ypapHeHHeM B HESBHOM BHIE @ (x, y, 2)=0, To0
HanpapJsAOliKHe KOCHHYCH HOPMAJH 5TOH NMOBEPXHOCTH ONPEACAAOTCS 11O dopMyaam

od/ox
cosa = ,
+ ¥V (00/0x)2+ (0D/dy)*+ (0D /02)*
cos P= 90/%
+ V (00]00 + @®[9y)* + (00/02)%
0d/0z
cos y=

+ V 09/3x)2+ (9D/0y)* + (0D/02)*
Irje 3HaK nepex pa;mxa.uom JOJIXKEH 6bLITH COIJIAaCOBaH CO CTOpOHOﬁ AOBEPXHOCTH.

Momenmeor unepyui 4acmil nosepxrHocmy OTHOCHTEJIBHO oceil KoOpAauHar Bhipa-
JAawTCs NOBEPXHOCTHBIMH HHTErpaJJaMu:

tos={ § 02945, 1o, §.§ erreas, fo= i § et omas.

Koopdunamst yenmpa magcecmu 4acmi N0sepXHOCMY MOKHO HaTIl IO popMyIaM
- o -
x=§SSde, y_-S—SSyds, z——S—SSzdS,
S S S

rae S—Iomajb AaHHOA YacTH NMOBEPXHOCTH.
Macca mamepuanb ol nosepxHoCmu BHpaxKaercs gopuy.ofi

ng S vdS,
S

Ije Y —INOoBepXHOCTHAs NJOTHOCTD.
Cmamuieckue MOMEHRMbE  NOSePXHOCML — OTHOCHTEIBHO [KOOPANHATHBIX TJo-
CKOCTell ONMpexesIsioTcsl mo ¢opmyJam :

My = SSS 2ydS, My, = S g x7dS, Mgy = ( Q v dS.
S st



227, Brewucautb [ =S g (x*4-y* dS, rne S—vyacTb XOHHYECKON
S
MOBEPXHOCTH 2%= X+ y*, 3aK/IOUEHHOH MeXJy IJIOCKOCTAMH 2 =0
nz=I.

/\ Hueem

o x 2___y

WYV ETE Y Yerg

4 0z2\2 0z \2 _ / x2 y? .

=V 1 (5) H(G) s Ve e e
=V S-dxdy.

=V TR,

Toraa uckombift HHTErpas mpeoGpasyercss B ABOKHOK HHTerpan:

I:g S (x-+yd)-V 2dxdy.

D
O6nactbio unterpuposanns D sipasercs Kpyr x2--y? << I: TO3TOMY
w2 1 /2

1=V‘25 S(x2+y2)dxdy=4V_2 S dBSp3dp= V2 S de=”2 _5.A

D 0 0 0

228. Bruluuciure unterpan [ = S Sx2y22 dxdy no Bepxueil cropo-
s
HEe BepXHeH NOJIOBHHEI cepbl x%-1-y2 -+ 2% = R2,

A Tlpoekuneit chepel ma naockocts xOy siBasiercs Kpyr D, orpanuuensbiit
OKpYXHOCTbIO x2-}y2=R2, VYpaBHenue Bepxueil nonycgepsl  HMeeT BHA 2 =

= VRE 33— cieoBalebo, /= S S 22 VRE—E— i dx xy. Tlepexoas
D

K NOJAPHBIM KOOpZHHaTaM, noJsay4aum

/2 R
I= S S p®cos?0sin8 YV RT _p2dp db =4 g cos? 0 sin? 0 do S P8 VR2—p2dp=
D 0 0

" 40 ¢

_ ——Ccos a_ e 2 e

_X =8 deS(R B2 12 dt = o R,
0 0

Hpu Boumcnennn \ p? ]/'Ra—p2 dp 6bia chemana nojCTaHOBKA VR2—p2=

SR

=1, otkyAa R*—p?>=1¢2, pdp=— ¢ df, pt=(R2—2)2, A

229. Haiitu MomeHT uHepHHH nosycdepsr z=]/a“~xz—y2 OTHO-~
cureabHo ocu Oz,
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/\ Nyeem
0z X L0z Yy

o YaE—i—g oy YVa—r—y ’

as=Y 1H{) +(5) arar=

— X2 y? adxdy
- 1 dxd = p =
1/ +a2—x2—y2+a2—~x2—y2 Y l/az_xz_yz ?
lo:={{ wrtmas={ { e +e e i
g 5 a2 —x:—y

O6120THI0 MHTErPHPOBAHUS SIBJAETCH IPOCKILHS NOJAYCHepsl Ha MIOCKOCTb x0y,
T.e. KpYr x2-}-y%<< a2 103TOMY, HepeXojst K NOJSAPHLIM KOOPARHATAM, MOAYYHM

/2 a
1o;=SSp27-2a——2pdpde=4a { dGS f’idf’_é_=ina4
D e A A
(BHYTpeHHuil MHTerpaj MOXHO BBIYHCIHTD C z

TIOMOLLLbIO TOACTAHOBKH P == @ sin f).

230. BplyHcauTh KOOPAHHATHL LEHT-
pa THKECTH 4YacTH INVIOCKOCTH Z ==X, 1 N
OrpaHHYeHHOH TMJIOCKOCTAMHU x+y=1, m

y=0, x=0 (puc. 24). y
/\ Hailinem nuomaze VKa3aHHOH uacTu
CKOT —x. Hweem 5o=1 ?-Z—O- : :
IJIOCKOCTH 2= X. == cae-  4:
JlOBaTeNbHO, Puc. 24
0z \2 dz \ 2 o e
2\ (92N a5 (4 _
szgs 1/1+<3x> —1—( y) dxdy—V2de S dy=
D . 0 0
— ) 1 V2
=V 2S(1—x)dx=——§—(1_x)2 =T
0
Torza
i 1—-x 1
EQL"Sxds—i—pxdx 3 V24 —-2Sx(1 ) dx =
=555 =2 x5
S 0 0 0
1 P 1 o ¢, ¢
— 2 y3 —_—— —=-— = — 9 =
-—2[ x x]o 75 b SSSde —QdeS VYV 2ydy
S 0 0
1
=S l—x)2dx=—-l(1—x)3 =-1~~
3 o 3°
0
- 1 { 1
z=—S—SSzdS=—§SSde——§-
S N

(NCHOMLZ0BAHO YpaELenne mIockocTH 2=x). A



231. Haiitu Maccy mOBepXHOCTH Cepbl W CTATHUECKHH MOMEHT
Mxy BepxHe# moJycdepsl, ecjy MOBEPXHOCTHAA MJIOTHOCTh B KaxJ0il
TOYKE PAaBHA PACCTOSHHIO 3TOH TOYKH OT BEPTHKAJIBLHOIO JAUaMerpa.

/\ CoBMeCTHM Ha4aso KOOPAHHAT C LEHTPOM C(epHl, HANpaBHM och Oz MO Bep-
THKAJIH 1 NepeliieM K chepuuecKuM KoopAuHaTaM: x =R sinBcos ¢, y=R sinOsin¢,
z=Rcos® (R—panuyc chepr)). Torna dS=J d6dp=R2sin0d0dp, noeepxuoct-
Has naotHocTh Y=V X2 4% =R sin0. CregosareanHo,

won
m=SSde=ggzvgmewd¢=RagSamewd@=

S s 00 :

‘12
=Rn [E—M—l— sin 26J n=nR3-n=n2R3;

2 4 0
25 51/2

Mxyzg SszS=R4$ g cos 0 sin%0 dO dp =
S 0 0

3 2 9
=R4.2n Sir:; B ]: =§TCR4, A

232, Hafitn KoopauHATBl LEHTPA TSXKECTH YacTH TNOBEPXHOCTH
z=2—(x*+y*/2, pacnoyoxenHoit Hax mjaockoctbio xOy.

233. Haiitu mMomeHT uHepuuu mapaboJouga z= (x*-4-y%)/2 oTHo-
cutespio ocu O, npu 0<Cz<C1.

234. BpiuucauTh S Sxyz ds, me‘ S—yacTp NOBEPXHOCTH 2z = x4~
s

4%, pacmoJioKeHHasa MexXAy IJIOCKOCTSIMH z=0 u z=1.

§ 6. ®OPMYJIbl CTOKCA H OCTPOIPAJICKOI'O — FAYCCA, 3JIEMEHTb!
TEOPHUH NOJIs

Ecan ¢ynxuun P=P (x, y, 2), Q=Q (x, y, 2), R=R (x, y, 2) nempepsiBusl
BMeCTe CO CBOMMH YACTHHIMH NPOH3BOLHLIMM TIEPBOTO MOPSAKA HAa MNOBEPXHOCTI
S u C—3aMKHYTHIl KOHTYP, OrpaHHYHBalOWHH IOBEPXHOCTb S, TO CMpaBeATHBa
popnyra Cmorca g

fpm+Q@+Ra=
C

=SSS [(%5—%%) cos °ﬁ+<%§—g§) cos B—{—(%-— %—;) cos y] ds,

rie cosa, cosf, cOs y—HanpapisiomHe KOCHHYCH HOPMAaXH K TOBEPXHOCTH S;
HanpaBJeHHe HOPMAJK OMNpPejesiseTCs TaK, YTOGHl CO CTOPOHBI HOPMasau OGXO0[ KOH-
Typa C Kasalcs NPOHCXOASIIHM MPOTHB XOZA 4YaCOBOH CTPeKH.

Ecau ¢ynkuun P=P (x, y, 2), Q=Q (x, y, 2), R=R(x, y, 2) HenpepuBHH
BMECTe CO CBOMMH Y&CTHBIMH NMPOH3BOAHLIMH IT€PBOTO NOPS/IKAa B 3aMKHYTOH 06Jac-
Td T 1pOCTpaHCTBA, OrpaHHUEHHON 3aMKHYTON IVIaAKO MOBEPXHOCTRIO S, TO cnpa-
BeanuBa gopmyra Ocmpoepadcroco—aycca .

@ (Pcosa-+Q cos B - Rcos y)dS:Sv S S (% %:72’*'%25) dx dy dz,
S T

rae co?sa, €0s f§, cOS y—HanpaBAsOILHE KOCHHYCE BHeIIHE HOPMaJ/H K MoBepX-
HOCTH S.
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Ecau xaxaoik Touke M obmacty V mnoctaBjeHa 8 COOTBETCTBHE CKaJspHas
u=u (M) [Bextopnas F=F (M)] Beauunna, 10 roBopat, uto B odaactu V 3anauno
cKaaApHoe (6eKMOPHOE) noe.

" B nekapToBoil CHCTeMe KOOpPAMHAT 3aJaHHe CKaJgPHOrO MOJA PaBHOCHJILHO
SajlaHuio OJHOH QYHKUMH TPeX NnepeMeHHBIX:

u(M)y=u(x, y, 2),
a BEKTOPHOIO 10JIs—TpexX (YHKIHil Tpex NepeMeHHbIX:
F(M)=P (%, y, 2i+Q(x, ¥, 2i+R (% v, 9k,

rae P=(x, y, 2), Q=(x, y, 2), R=(x, y, 2)—npoekunu Bektopa F na coorser-
cTBYIOlIME KOOpAMHATHBE OcH. [Ipeanonaraercs, 4To GyHKUHH 4 (X, Y, 2), P(x,y,2),
Q=(x, y, 2), R (x, y, 2) ABAAIOTCS HenpeprlBHO AuddepeHnHpyeMbiME B o6aacT V.
Bexkmoproii aunued HA3WBAeTCS KPHUBAas, HalpaBJeHHE KOTOPOil B KaxLoi ee
Touke M coBmajaer ¢ HanpapjeHHeM Bektopa F, cOOTBeTCTByIOmIEro 3TOH TOUKe.
Bexropuas JMuHHA OnpejesseTcs cHcreMol AnddepeHuHaNbHbIX ypaBHEHHH

de _dy _dz

P Q R

T'paduenmost CKaIspHOTO MOAS U=u (X, Y, 2) HA3LIBAETCA BEKTOP

ou ,

ou,  du
grad u%a l+5§j+a_zk'

Jlusepeenyued BektopHoro nois F (M)=Pi+ Qj- Rk HasbiBaercs crausp
. oP |, 9Q ., dR
divF=Fr+3, 1%

Buxpen (pomopos) BekropHoro nosas F(M)=Pi- Qj-- Rk nasbisaercst BeKTOp

i
1o o @
_— ‘g—x' 'a_y' -52- .
P Q R

Ilomoxom BekropHoro mons F (M) yepes moBepxHocTb S B CTOpPOHY, ompege-
nAeMyio €IMHHYHBIM BEKTOpOM HOpMasiH n=cos o-i-}-cos B-j+4-cosy-k kx nosepx-
HOCTH S, Ha3blBaeTCsi NOBEPXHOCTHHIH HHTErpaj

II=SS FndS-—:SSF,,dS:SS (Pcosq—}—Qcosﬁ—l—R cos y) 4S,
S S S

rae Fn—ckaasipHoe NMpoM3BefeHHe BEKTOPA IO H €IMHHYHOIO BEKTOpa BLIGpaH-
HOr0 HanpaBJjeHHS HOPMaJH.

Juneinoim unmeepasom or sexropa F no opuenruposaHHoH KpHsoit K Hasbl-
Baercsi KPHBOJIMHEHHBIR HMHTErpal

SF&:SPW+Q@+R&,
K K

npegcraBasouuii coboit padomy BeKTOpHOro moas BAOAR Kpuso#t K. Eciau Koutyp
C —3aMKHYTBI}, TO JHHEHHBIH HHTErpan

u=§Fm=§Pm+Q@+Ra
C C

Ha3LBaRTCH yupKyseyueld Bektopnoro noaa F (M) Broab kourypa C.
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Dopuyara Ocmpoepadckozo — I'aycca 6 eekmoprod opme umeer BHJ

SSS div dez(ﬁ) Fnds,
T S

T. €. unmeepas om Ousepcenyuil eexmoprozo noas F, pacnpocmpanennwit no wexo-
mopomy obvemy T, paser nOmMOKY 6eKMOPA Hepe3 nOGEPXHOCHL S, 02PAHULUBAIOULY0
Oannoid 06weM.

Qopuysra Cmokca 6 seKmopHol ¢opme UMeeT BHJ

$Far={{nrot Fas,
c s’

T. €. YupKyAAyus eexmopa 60oab BomkHymoeo kowmypa C, ocpanudueawoueso He-

KOMOPYI0 NOGEPXHOCML S, PasHQ NOMOKY 6UXDA 4€PE3 My nosepXHOCMy (HanpasJe-

HHsA 00XOAa KOHTYPa M HOPMaid ROJKHBL ObITh COTAACOBAHEI APYr C JAPYIOM).
BBesem CHMBOJHYECKHI] BEKTOP (B J€KapTOBOM CHCTEME KOOPAHHAT)

d., 0., 90
V———ajcl"l‘@l—]—az-k»

naswpisaemblit onepamogom Iamuavmona (uan Habaa-onepamoponm). OH obaasaer Kak
CBOHICTBAMH BEKTOPa, TaK H ceolcTBaMu Auddepenuuanshoro oneparopa. C ero
MOMOLULBIO BbIPAXKEHHST A5 TpajueHTa, AMBEPreHUMH M POTOPAa MOMKHO KDParko
3anHcaTh B CJCAYIOLEM BHJE:

gradu=vyu, divF=vyF, rotF=yXF.
Bekropuoe nose F (M) Haspisaercsi Geasuxpesoin, ecan rot F=0.

Bexrtoptioe nosie F (M) HasbiBaercst nomenyuasvroim, ecin F=gradu, T.e.

du du du
ecan P =5 Q"@" , R = B srom cayuae rot F =rot (grad u) = v X yu=0;

CJI€10BATEALHO, MOTEHIUAJBHOE TOJE SBJASETCS Ge3BHXPEBLIM.

Bextopuoe moJe F (M) HasbiBaercs cosenoudarbHsim (MIH mMpyouamsim), €clH
div F=0, T. e. B ofsacTH 3ajaHus noJs V OTCYTCTBYIOT H CTOKHM, H HCTOUHHKH.
Tak xak div (rot F)=v (v XF)=0, To none Baxpeil sBAsETCA COJNEHOHAAJbHBLIM.

235. Ilpumenss gopmyay Crokca, Haitu [ = 95x@3 dx-+dy -+ zdz,
eciu C—OKpYKHOCTh X*+ 42 =22, 2=0.
A JHannptii koutyp C OrpaHuuMBaeT yacTh NAOCKOCTH 2=0 ¢ eIHHHYHLIM

BEKTOPOM HOpMaJdi n=K; cjejoBarensno, cos a =0, cos f=0, cosy=1. Yuuts-
paa, uto P=x%p3, Q=1, R=z2, no tdopmyae Crokca momyyaem

‘ 1= 223 dxt+-dy-|-2dz =
9

—_—SSS [(%——%) cos a—{-(%—i—%)co& B-{—(%—S——%) cos v] dS=

=— S 3x%y% cos y dS.
S

Tak kak cos ydS=dxdy, To nocJaeAHH{I HHTErpaJ NpHUMET BHUJ

[=—3 S S X2y dx dy,
D
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rje miockas obmaacth D orpaHHueHa OXpyxHocTblo x2-F-y?=r2. Bpoas no/apubie
KOOpAMHATH Xx=p c0s 0, y=p sin 0, nmojayuum

/2 r
I=-3 S S p? sin2 0 cos? 0 dp d0 = —12 S sin? 0 cos? 0 dB S pPdp=
D 0

/2 . /2
=2r8 ( sin? @ cos? 0 dO:—% S sin?20 df =
0 0
, 2 , | o
r r R w2 ot
=— S (1 —cos 40) 49———4~ [G—Tsmlle]o =—-3
0

236. Haittu wunrterpan @(xcosa—kycos,ﬁ—l—zcosy)d& pacmpo-
s

CTpaHeHHBbI 0 MOBEPXHOCTH S TeJa, OrPZHHYEHHOrO 3TOIl IOBEpX-
HOCTBIO.

A To ¢opmyne Octporpazckoro—Iaycca nmeeM

(ﬁ) (xcos a+-ycos P-f-zcos y) dS =

— a(y) 9 (2) - oy
YSS( +- >dxdya'z 3S§dedydz 3V,

rne V—o0ObeMm Teaa.

237. I[pumensa dopmyay Octporpanckoro—Iaycca, npeoGpaso-
BaTb MOBEPXHOCTHBIH I/IHTel‘paJI no 3aMKHyToﬁ HOBEPXHOCTH S

1:@ ddz+ dxdz-l— dxdy

S
B HHTErpan no o6beMy, OrpaHUYEHHOMY 3ITOH MOBEPXHOCTHIO.

/\ JlanHblif HHTErpajl MOXHO 3aMHCaTb TaK:
¢ [ Ou ou ou
1__\;};? (a—xcos oc-i—a—ycos B+—i?? cos y) ds,

a nocjepHuii uuTerpas Ha ocHosaHuH Qopmyast Ocrporpanckoro—TIaycca paseH

98 [ (3 ) v G ) () v

d%u 62u 0%u
= SS ( =T T o )dxdydz.

1=S§8Audxdydz,

CaepoBatennHo,

0% | Q% [ 0 2 0? 0t , 0%, o2
rae Au=——- y ==+ W —|— 557 ”(W+W+Fz?)“‘ Cumpon A=07+5_1—/5+5z_2—
HaswiBaeTcs onepamopon Janiaca. A

59



238. Haiitn pusepresunio BekTopHOro nouas F == x% + y2j+ 2%k.

A CorJaacno onpe,ueneﬂmo HMeeM

ﬂ “)+0(u) 2(2)

div F=— = o7

Ox 62 T ox
:2x—|—2y—'—22—2(x—; yTz). A

239. Hano cxanﬂpﬂoe nose u(x, y, z). Haittn div (grad u).

ou
A Taxk rax grad u== r —}— % +6 k, To

ou
div(grad ”)“Ec( ax )+0y( 3y )+02 ( 0z )—
0%u
0x2 + oy? + 022 =Au,

HAH
v(ve)=Au, 1.e. A=y?

(oneparop Jlamnaca paBen kBaaparty HaGuaa-onepatopa). A
240. Jlano 3neKTpHYeCKoe BEKTOPHOE MoJie, B KaxKAOH TOYKe Ko-
. ke .
Toporo no 3akoHy Kysona neiictByer BeKTOp F=—r,, rae r—pac-

CTOSIHHE JAHHOH TOYKH OT HayajJa KOOPAHHAT, e— MOJIOKHTEAbHbL
3NIEKTPHUECKHH 3apsjl, F,—eIHHHUHbLI}l BEKTOp, HANpPABJECHHBIA IO
panuycy-BeKTOPy AaHHOH ToukH, k=const. OnpesennuTb NOTOK BeK-
TOPHOTO 1o/ uYepes ciepy x%+ y*+ 22= R2

ke
H:—'SS FndS:SS 72-f0nds.
S S

Tak Kak r=R =const u rgn=1, 10

n=7% SSdS.— s Sep =g ATRE = ke A

/\ Hneem

- 241. Haiiti nmoTok pajuyca-BeKTOpa f= xi - yj--2k uepes samk-
HYTYIO NMOBepXHOCTh z=1—V X2 42, 2=0 (0<C 2z < 1).

A HaiineM JuBepreHnui0 faHHOFO BEKTODHOTO HOJA:
. ox |, 0
lel‘-— + y+6z

Hckombiit notok Haiinem no gopmyne Ocrporpanckoro—Iaycca (npn Buiunc-
JIEHHM HHTErpaja HCIoJb3yeM UHIHHIPHYECKHE KOOPAHHAThI):

1 1-p

g§§d1vrdV 3Sl§gdv 38 (p§pdp { az=

[0}

I

Il

1

j (1—p)dp=3-2x (7— >=1A
0

w| —

cglﬁg
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242. Haiitu notok pajuyca-BeKTOpa
r=uxi—+yj+ 2k yepe3 BHeLIHIOIO CTOPO-
Hy TOBEPXHOCTH INPAMOTO0  KPYroBOro
LUHJIUHApPA, €CJH Ha4yaJo KOOpPAMHAT COB-
najaetT C IEHTPOM HHIKHETO OCHOBAHHA
LHAMHAPa, R— paguyc OCHOBaHUS LUJIHH-
zipa, h—ero Buicota (puc. 25).

A\ nsi BLHIUMCHEHHST NOTOKA EEeKTopa I ue-
pe3 BHEIIHIOI CTOPOHY IOBEPXHOCTH LHJHHIpA
HYXXHO TMOACYHTATh INOTOK S5TOr0 BeKTOpa uepes
HH)KHEe OCHOBaHHe, GOKOBYIO [IOBEDXHOCTH H
BepXHee OCHOBaHHE MHJHHApA.

Humeem Il gou= SS r, dS; Tak KaKk npoekuus Puc. 25

paanyca-BCKTOpa r Ha BHEIUIHIOIO HOPMaJdb K OCHOBAHHIO UHWJAHHApPA pdaBHA HYJIO,
70 Hy, ocu=0. .
Ilpoekuusi paguyca-BeKTopa Ha HOpMaJb K GOKOBOH NOBEPXHOCTH paBHa pa-

IUYyCy OCHOBAHHS UHMJIHHApA, T. €. r,=R; toraa Ilg, pop= SS R dS=RSg, nop =
= 2nR 2.

Tlpoekuus pagmyca-seKTopa Ha HOpMajdb K BEPXHEMY OCHOBAHHIO paBHa A;
caenosareabto, Iy geu=~h SdS:hSom=nR2h.

Takum o6pasom, NOTOK BEKTOPA I Yepe3 BHEIIHIO CTOPOHY LHJAMHADPA paBeH

II=2nR%* -+ nR2*h=3nR%. A

243. Haiitn notok BektopHOro nosst F=(2z—x)i+(x-+22)j4-
-1 3zk yepe3 CTOpPOHY TpeyroJbHHKAa S, BEIPE3aHHOTO H3 [JIOCKOCTH
X+ 4y +z2—4=0 KOOpAMHATHEIMH MJOCKOCTSIMH B TOM HalpaBJeHHU
HOpMas¥ K IJIOCKOCTH, KOTOopas ofpasyer ¢ ocbio Oz OCTpHIA yrod.

/\ EfuHUUHBI BeKTOp HOPMalH K IJIOCKOCTH X-}4y-Fz—4=0, obecrneun-
Baloyui TpefyeMoe HAampaB/eHHE OPHEHTAlHH  INOBEPXHOCTH, HMEET BHJ

n=/V10)i+@ V1) j+(/V1T)k, 1. e cosa=1/V 17, cosp=4/VT7,
cos y=1/Y 17. Umeem cos o dS =dy dz; cos P dS =dxdz; cosydS=dxdy. das
JaHHOrO BeKTOpHoro nois P=2z—x, Q=x-}+2z, R=3z u no onpejeneduo
TOTOKA IoJyyaeM

stg (Pcosa+Qcos -} Rcosy)dS=
S

- S S (22— x) dy dz -+ (x—+22) dz dx -3z dx dy =
S

- SS (224-4y-- 2—4) dy dz - (x - 22) dz dx 3 (4— x—4y) dx dy =

I 4—S4y 4 4z 4 1-x/4
={ay | Gtay—taz+(a { r+299dx+3( ax S (d—x—4y) dy=
0 0 0 0 0 0
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=§ [%-16(1_11)2_16(1_@2] dy+§ [é (t—2)*+22 (4—2)] dz+-
0 0

43 [%(4_;;)2_(-4—_8"_)2] a‘x=42%. A

Sl

244. Bpluucennthb JMHEAHEIH HHTErpas OT paamyca-BeKTopa I = xi-+
~+yj-+zk BLOAb nyrH BHHTOBOH Junuu x=Rcost, y=Rsini,
z=aqt, ecnu 0=<C?¢<2m,

/\ Hmeem

Srdr:S xdx-tydy+zdz=
K

K

2n 22 1o
= S[R2 (—cos ¢ sin¢--sin £ cos {) - a2] df = a2l 0n=2n2a2.
0

Sra BesmyuHa pasHa paboTe BeKTOpa r BJOJb 33J4aHHOH AYrM BHHTOBOI
JUHUU. A

245. Haiitn mupkyssinuio Bektopa F=—oyi+oxj no oxpyx-
HOCTH X=acC08?, y=asinl B NOJOKHMTEJLHOM HAlPABAECHHH.

A\ Tlo ompezenenyo UUPKYJASUHH NOJydaeM

[

Ce g

9§ Fdr= § —oyditordy=0 \ (a®sin® {4 a? cos® f) df =2ma%0. A
[¢]

o

246. Haiitn wupkyssanuio BekTopHoro nois F= (x4 3y--22)i--
+ (2x4-2)j4+ (x—y)k no xoarypy tpeyrosbhuuka MNP, rae
M(2; 0; 0), N(©; 3; 0), P(0; 0; 1). ‘

A Coraacuo ¢opmyre Croxea, = @ Fdr=\\ nrot FdS. 3aecb C—Koury
p
c

tpeyronbHuka MNP, gexamero B miockoetH 3x--2y--62—6=0, npoxoxsmeil
uepe3 TPH LaHHbIC TOYKH. HafiieM poTop ZaHHOrO BEKTOPHOrO NOJS:

i i k
a a 9
rot F= -a—x- @ —a—z

N x+3y-+22 2x+4z x—y

d(x—y) 0(2x+2) 0(x—y) O0(x+3y+29)7.
=[ oy 0z ]i—[ ox 0z ]]+

9(@xt2)  dx4W42)T, o
rl-[ stn oGt ]k——21—{—1—k.
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CrnenosaresnHo,

= S S n-rot FdS = S S (rot F),; dy dz-- (rot F), dz dx+ (rot F), dx dy =

s S 3 1—-y/3 1 2-22
=_2SS dydz—}—gg dzdx—SS dxdyz—fZde S dz—|—Sdz S dx—
vz 2% <y 0 0 b 0

2 3—-3x/2
* 2

-—de 3 dy:——‘.’[ —%]:4—[22—22]5—[%—% xz] =—5. A
0 0

0

247. Teno Bpawiaercst BOKPYr OCH C MNOCTOAHHOH YIJIOBOH CKO-
pocthio ®@. Ha#itu BUXPb CKOPOCTH B NPOM3BOJBHOH TOUKE TeJa.

A Hwmeem rot v=rot (@Xr1), rae r=xi-}yj-zk. [anee, Haxolum

i k
oXr =0, 0, 0y|=Pi+Qj-| Rk,
X Yy =z

npuueM P =20, —y0;, Q=x0,—20y, R =yw,—x®,. CnefoBaTe/bHo,
k

i

6 0 . .
rot(@ X r)= % oz =2 (04140 j4-0.k) =20,
Q R

Q!
”UK!Q;-—.

T. €. BHXPb CKODOCTH V TOUKH paBeH YJBOCHHOH YIVIOBOH CKOPOCTH @ BpaUIEHHS
Tena. A

248. Hatirn uupkyasuuio Bektopa F=yi—xj+ak (a=const)
BAOJb OKPYXHOCTH X2+ y%=1, 2=0 B N0/I0OKUTENLHOM HaNpaBJIEHHH.

Al cnoco6 (HenocpeiCTBEHHOe BHIYHCIEHHE NHPKYyJauun). Ilapamerpu-
YeCKMe ypaBHeHHS JaHHOro KoHTypa C HMeIOT BHA x=cosf, y=sinf, z2=0,
0<<i<<2m. Jlanee, umeem P=y=sint, Q=—x=—cos?. Ilo onpepenenuio
LHPKYJSIHK NOJMyuaeM

257

H=¢de+ Qdy+Rdz= S sin ¢ (— sin ¢) dt—cos ¢-cos { di =
C 0
20
=— S (sin2 ¢ 4-cos? t) df =—2m,
0

II cnoco6 (npumenenue gopmynaer Crokca). Porop sektopa F pasen

i j k
0 o0 0

rot F= &' a—'y (—,)-5 =—2k|
y —x a
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a HopManb, ofeCmeuMBaOmas NOJOKHTENbHOE HampapjeHue o6XxoZa XOHTypa,
n=Kk. CiegoBaresbHo,

m={{nrotFas=—2 {{nkas=—2 {§axdy=
s s 5

2 1
=—2S do S pdp:—Q-Qn-%z-Qn. A
0 0

249. Tlokasatb, uto nojse F= (2xy+ 35>+ 9y) i+ (x*+ 6xy-+-9x) j
ABAseTCs] NOTEHIHAJbHBIM, W HaHTH MOTEHLHaJ 3TOr0 NoJd.

A\ Jlansoe BekTOpHOE MoJe ONpenesieHo Ha Beeif maockoctd xOy, asasomeiics
ofHOCBs3HOM o6nactbio. [Tokaxem, uto rot F=0, T.e. uTo noae GesBuxpegoe,
a cJefoBaTeJbHO, H ToTeHUHaabHoe. JeficreuTesbHo, Tak Kak P=2xy-3y%-- 9y,
Q=x2}6xy-+9x, R=0, 10

i j k
J a2 0
rot F= 7 % % =0,

2xy+3y*+9y x*+6xy-+9x O
TMotenunaa u=u(x, y) BHUHCAUM NO dopmyne
x y
u(v 9= P gy dr+§ Qe 9y dyc,

Xo Yo

x y :
ulx, )= S O0dx-+ S (%% 4 6xy -+ 9x) dy -} C = x2y+ 3xy*+ 9xy.
0 0
3zech B KauecTBe HauajbHOH Touku B3sra Touka M, (0; 0). A
250, Hajtu noteHuuas HbIOTOHOBCKOIO MOJS NPHUTSKEHMS.

A Tlycrs Touka ¢ mMaccolt m nomelena B Hauajo Koopausar O TOT#a COrJiacHo
sakony HbioToHA Ha IOMELIEHHYIO B KaX/OH Touke A MOCKOCTH €AHHRUHYIO Maccy
zefictByer cuna F, Moaysb kotopolt F=m/r%, rae r=|0A|=V 4.

HbIOTOHOBCKOE TOJIe ABJIAETCS MNOTEHLKANbHLIM, TaK KaK €ro poTop, Kak
B 3TOM MOXKHO YyOeAHTHCS, PaBeH HYJIO.

Haiigem TOTeHIH A STOTO INVIOCKOrO TOJS:

x y
u(r, )= P wdst§ Qe pay+C=
. . Xo y Yo
=5‘ —mx dx T —mydy
J Ve 440 A Ve

+C=

=__m_+C1’ rae C1=C————111——-

- A
Vs V &tu |
251, [pumenss d¢opmyny Crokca, HaHTH KPHBOJHHEHHBI 1H-
Terpal §(y+2) dx 4+ (z24-x)dy+ (x+y)dz, 17e C-—OKpYKHOCTD

C
etyrtt=ad, x+y+z=0.
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252. HafiTu unrerpan S S (x* cosa -+ y° cosf —1— Z% cosw) dS, B3sTh
S

No NOBEPXHOCTH Iapa x4 y*-4z2=a?, rae o, , y—yriel BHew-
He#l HopMaJiu C OCAMH KOOpPIMHAT.

253. Haiitu SS [(22—y* cosa -+ (x*—2?%) cos B+ (y*—x*) cos y]dS,
rie S—BHemmm CTOPOHA NOBEPXHOCTH nonyC(pepbl Xyt =
= q* (z =0).

254. BpluucanThb S S (xcosa - ycosh+ zcosy)dS, rne S—sBHew-
S

HfIST CTOPOHA MOBEPXHOCTH 3JUIHICOUAA x%/a®-+ y*/b* - 2%/c* = 1.

255, BBIUHCIHTD S S xdydz-ydedz+zdedy, tae S—BHewHad
s
CTOPOHA MOREPXHOCTH LMJIHHApPA x* -+ y?=a? (—h<Cx<Ch).

256. Hafitu norok BekTopa F = x* -}y*j-+ 2°k uepe3 GokOBYIO
NOBEPXHOCTb KOHyca x?+4 y2<C(R¥h?) 22, 0<Cz<Ch.

257. Haifitu notox BekTtopHoro noJsi F = ( —x)i+x+yji+yk
uyepes CTOPOHY TPeyroJbHHKA S, BBIPE3AaHHOTO U3  IJIOCKOCTH
X~+y-+2z—1=0 KoopAHHATHBIMH IJIOCKOCTSIMH.

258. Hafitu notok BekTopa F = x%i 4 4%j+ 2%k uepe3 wuacTh
chepol X222 =4, ecoin 0<Cx<C2, 0<Cy<C2, 0L 2.

259. HaiiTu nortox paaumyca-BekTopa I uepe3 BHELIHIOK CTOPOHY
NOBEPXHOCTH NPSIMOTO KPYrOBOTO KOHYCa, €CIH A—BBICOTA KOHYCA
U R—paanyc ocHOBaHHS.

260. Haiitm wupkyssiinio  Bektopuoro moss F= (x-- ) i--
-+ (x—-z) i+t z) k no kourypy tpeyrosbunxa ABC,rae A (O ; 0),
B(©; 1, 0), C (0 1.

261 Haittu Impnyﬁumo BekTOpa A= — yi--xj N0 OKPYKHOCTH

P (y—1)pP=1.

262. Haiitn umpxyasumio BekTOpa u==(X¥-+2)i--(x—y)j+ xk
10 3JIHICY x*/a? -+ y*/b? = 1.

263. Haiitn pupepreniyno rpajnenta QYHKUHH u=e**V*2,

264. Haiitn div(uxv), rae u=xi-4-yjt+zk, v=yi-+zj-}+xk.

265. Haiitu rot (r-a)r, rae r=xit+yj+zk, a=—=i+j+k.

266. Haiitu rot(r-a)b, rne r=xi+yj+2k, a=i-}+j+k
b=i—j—k.

267. Tlokasartb, yto div(axb)=brota—arotb.

268. Ilokasath, uro div (fA)=[fdivA--Agrad].

’
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FJTABA HI
P5i1bl

§ 1. HUCJIOBBIE Pabl

TIyerb Uy, U, Uy ooy Uy, o ooy THE Uy, =[ (n),— CeCKOHEUHA YHCJIOBAA MO-
cl1eoBaTes bHOCTh. Bripaxkenue

uyFustugt+ .o Fuyt.

Ha3biBaeTCst GEeCKOHEUHBIM 4uCA06bM PROOM, A UHCAA Ui, Ug, Uz, «vuy Uyy oon =
yreHamu paia; u,=[(n) HazeBaetca obujum uarerom. P 4acTo 3anHCLIBalOT
»

B BHJE 2 Uy,

n=1
CymMMy IepBbIX f UJIEHOB YHCJAOBOrO psiza c6o3hayaloT €epes S, N Ha3LIBAOT
n-it wacmuynow cymmot psda:

Sy=ui-tustusgt...4up,.

Psix HasbiBaeTcsi CX00AYUMCA, €CJM €ro f-s yacTHUHAs cyMma S, NPH Heorpa-

HHYCHHOM BO3paCTaHUUA 1 CTPEMHUTCHA K KOHEUHOMY TIpeaesy, T. €. €CJIH lim S,,:S.
n—-x

Uicno S HaswBalor cysmmold psiga. Ecanm ke n-s1 yacTHYHAST CyMMma psla NpH
n—s> 0 He CTPeMUTCS] K KOUEUHOMY IIpeiedy, TO PSAI Has3blBalOT pacxXo0quyusics.
Pax

atagtagt...dagn Ll (gl < D),

ZOCTABJEHHBIH H3 uJjeHoB Jw0GoH yObBalomwedl reoMeTpiueckolil mporpeccul, sB-
nfeTcs CXOAAWMMCSA H MMeeT cyMMmy a/(l—gq).
Pag

111 1,
I stgtgto gt

HA3BIBaeMbIll 2apMOHUYECKIM, PACXOAUTCS.
[IpuBeeM OCHOBHBIE TEOpPEMbI O CXOASUHXCH UHCIOBHIX PAZaAX.
1. Ecau cxodumcs psod

Uit tgtugt ...y
mo cxodumes u pad
Upritlmiattimist...,

noayuaensil u3 0annoco pada ombpacoeanuesm nepeysix M 4aeH0g (3TOT NOCAEAHHE
Psii Ha3bIBAIOT M-M OCMAMKOM WCXOJHOTO Psita); HaoCOLeT, ud cxodumocm tm-2o
cctmamea pAada eoimexaem cxo0umocmo 0anHo:0 psda.

2. Ecau cxodumcs pad

ul+u2+ll3—{‘ cee
u cymaol eco seasiemca qucao S, mo cxodumcs u pso
auy+atigaug- ...,

npuues cymma nocaedneeo pada pasua aS.
3. Ecau cxodamces pades

uj-fugug ..., v1-fva vz,
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UMCIOW UL COOMB2MCINEEH KO CyMMt S U O, mo cxodumes u pad
(tr o) (Ua+vo) - (us+ua) + .oy

npuuest cyuaa nocacdueo pada pasia S--o.

4. Ecau psod
Uy s Fug-f- ...

cxodumen, mo lim u,=0, m. e. npu n-— o npedea 05weeo wieHa cxo0e20cA
H—>x

pada paser. HYao (HeoGXOLZUMB H NMPH3HAK CXOIHMOCTH psijia).
Taxum obpasom, ecan lim u, # 0, To psg pacxoaures.

n—>w
IMepeyncanm BaxkHeliHe nPH3HAKH CXOAHMOCTH H PacXOJHMOCTH DPSI0B C TIO-
JIOKHTEILHBIMH YJMEHAMH.
MepBuii NpusHakx cpasHeHnus. [ycms danet dsa pada

uytuy-tug o du, - (1)
I

T R RaTT s @

npuest Kasxedouk waen pada (1) ne npesocxodum coomeememeyrouweso wiena pada (2),
m. e u,<<v, (n=1, 2, 3,...). Toeda ecau cxodumen pad (2), mo cxodumcs
u pad (1); ecaw pacxodumes pad (1), mo pacxodumes u pad (2).

STOT NPH3HAK OCTAETCS B CHJE, €CTH HEPABEHCTBA U, < ¥, BBHINOJHAIOTCS He
TIpH BCEX 1, a JIM1Ib HaulHas ¢ HEKOTOPOro Homepa n=»N,

Bropoit mpusnak cpasHenus. Ecau cyuecmsyem Komeawwui u om-

@ o
- . ul
Audnodl om nyag npeder lim (un,/v,) =k, mo oba pada 2 Uy U Z v, 00HO8pe-

n—w n=1 n=1
MEHHO CXOOAMES UNL OOHOSPEMEHHO PACXOOAMC.
INpusuwax Kowwn. Eciu 029 pada
R e e e R e D

. n/—
cyecmeyem  lim u,=C, mo smom psad cxodumecs npu C < 1 u pacxodumes
11—>cc

npu C > 1.
IMMpusnaxk Janambepa. Ecau 0aa psada

fytte—tug-F .o Fuy--aa.
cywgecnegem lim (uy,.qq,/1,) == D, mo smom pad cxodumes npu D < 1 u pacxodumea
>
nou D > 1,
Huterpaabumit npusnak. Lcau f(x) npu x==1—nuenpeposnas, no-
e

AOHCUMEOHAL 1L MOHOMOHRO YO26RIOMAR PyHKyUsL, mo psd Z Up, 20 u,=](n),
n=1
Cxooumea ua panO(;H”?:ﬂ 8 Jasucunocmi om Mmoo, cxodumea uaAu paC.\'OaulnCﬂ

gf(x) dy (V= 1).

Lumiecpat

-

PaccyoTpuy Tenepp psinl, UJeHB KOTOPHIX MMEIOT uepelyiollHecs 3SHAKH,
T. C. Psibl BHJ

Uy—tp~tig—uy-- oo (=D, L

rae 4, >0 (n==1, 2, 3,...).

[Ipusmak CXoa1nMOCTI 3HaKouepeaylomerocs psgia (npis-
wax Jeii 6nunia). 3nakouepedyrouuiics pad cxodumea, ecau abCOAOMHbIE 6010~
UUHBL 020 UAEHOB MOHOMOKRO YOLEAOM, @ 00WUL YAH CMPERUMCL K HYA0, T. C. €CaH
BLUIOJHAIOTCS  CACAYIOULHE ABa YCIOBHS: 1) uy > uy > ug >..0 1 2) lim u, =0,

R—>«
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Bo3bMeNM £1-H0 YAaCTHYHYI0 CYMMY CXOASIIErocsl 3SHAKOYEPEeAYIOLIErocs psiaa,
JJIA KOTOPOrO BBINOJHSCTCS NpH3HaK JIeHGHuNa:

Sp=tiy — Uy} tig—tg- ... (=11,

IMyers R, —n-it octatox pgra. Ero MoxHO 3ampcarth KaK Pas3HOCTh MEXLY CyM-
1ofl psaa S u n-it vactuuHO#M cymmoit Sy, T.e. R,=8—S,. Herpyauo suners, uto

an(_l)n (un+1'_‘”n+2';“un+3—un+4+ e

Beauunua | R, | oneHHBaercst ¢ NOMOWBI0 HepaBeHCTBA | Ry | < tpy1.
OcraHoBumcA Tenmepb Ha HEKOTOPHIX CBOMACTBAX 3HAKOIEPEMEHHEBIX PSJIOB
(T. e. 3HaKOYEPeAYIOLIHXCH PSJAOB H PSAOB C IPOHU3BOJbHBIM 4YepPEJOBaHHEM 3HAKOB
CBOHX 4JIEHOB).
3HnakonepeMeHHbIH pAA
Utttz oo Fupt-.en

CXOMTCA, €CJIH CXOJQHTCA pPsj

R RN A BN P Rt iy R R,
w

B srton cayuae ucXoAHEUL psig 2 U, HasplBaeTCs abCOAOMHO CXOOAUUMCA.
n=1

w
Cxopsuuiicst paj 2 U, Ha3LIBAETCST YCAOBHO  CXOORUMUMCA, €T P
n=1
o

Z U, | pacXozHTCS.

w0

Ecau psax Z it abCoMIOTHO CXORHMTCS, TO PSf, NMOJIYUEHHE rocjte JioGoi
n=1
NepeCcTaHOBKH CeCKOHEYHOr0 MHOXKEeCcTBa €ro 4JICHOB, aGCoOTHO CXOJUTCH H iMeeT
TY MC CVBMMY, YTO M NEPBOHAYANbLHBIA psii.
ol

CAH PAL Z t, YCJIOBHO CXOAHWTCS, TO NDH TEPECTAHOBKE GECKOHEYHOTO
n=1
MHOMKECTBA €TO YJCHOB CyMMa DS/l MOXKeT H3MeHHTbea. B uwacTHOCTH, mpH COOT-
BETCTBYIOLEH NEepeCTaloBKe WICHOB YCIOBHO CXOASIETOCHS pAfa MOMHO HpeBpa-
THTb €0 B pacxo;umumc;l pan.
Ecmu  psant uy-Fus+uz4-... u vy-vgt-vg... cxomarcs a6comoTHO
H HMCIOT coomercmem{o CyMMBl S; M Sz, TO CXOAHTCS 26COMIOTHO M PSIj

U3y - (UgUa - 0allo) = (Ugvg-tgo{-1tg01) 4 o o o o (10, - 5Ty v TR b S

Irot pan nasuisaeres npouseedenuen pados (no Kouwm). Ero cymma pasra S1Ss.

269, an obwuit wien psua u, Hamucats nepsoie ye-

10n+ i
TRIPE 4/eHa praa.

A Ecin n=1, 10 wuy=1/11; ecnu n=2, 10 us=2/101; ecin n=3, To
uz=3/1001; ecor 1==4, 10 1;=4/10001; .... Pag MOXHO 3amucaTb B BUAE

1 2 3 4
o1 HiooT T ooor e A
270. Haiitu obutift uiaen psiaa
1 3 5 7
Tttt
A I'Ioc:re l0BATEIbHBIC YHC/IHTEAH O0PasyloT apHPMATHUYECKYIO NPOrpeccHio
I, 3,5, 7...; n-ii uneH NpOrpeccHH HaxoZHM DO Gopmyne a,=a;--d (n—1).

*;Iccr, ay=1, d==2, nostoMy a, =2n—1. TlocieoBare/bHble 3HAMEHATEIH OG-
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PasyloT reoMeTpuuecKyio mporpeccuio 2, 22, 23, 24 . ..; n-it ujeH 370N nporpeccun
b, =2". CneroBarenbHo, oCWMil wieH paaa u, = (2n— 1)/27.

Boof6ie Hy»KHO HMeTb B BHJY, 4TO HECKOJBKO NEPELIX UJIEHOB PSAA NOJHOCTHIO
PsA He omnperensioT. A

271, Hafitn obmuil uien psija
2 3\2 4\3 5 \4
T (7)) ()

A\ Tlokasareab CTeneHH Kakjoro WJeHa COBMNAZZET C HOMEpPOM 3TOrO uJeHa,
TIOTOMY TNOKa3aTesb CTENEHH 7-TO 4jaeHa paBeH n. Ywucaurean ppodeir 2/3, 3/7,
4/11, 5/15, ... 06pasyoT apH(pMETHUECKYIO IIPOTPECCHIO C TEPBLIM WIEHOM 2 K
pastoctbio 1. TlostoMy n-it uucautesr pased n--1. 3Havenatean o06pasyioT

apH(pMETHUYECKYIO MPOTPECCHIO C JIePBBIM 4JeHOM 3 M pasHocTbio 4. ClezoBaTelbHO,
n-i  sHameHaten» pased 4n—1. Hrak, ofmum uneHom paga sBasercs

[ n41 \n
”(m) - A
272. Hafitu cymmy pana

1 1 1 1 - 1 \
stz et T hern

A\ OO6uwuii uneH psiia MOXKHO TPEACTABHTh B CJAEIYIOLIEM BHIE:

P WA
"= \2n—1 2n+t1)’

OTKyaa
_lliu__l_il 1/ 1 /1y

m=g|l—g ) w=g\3—5 )%= g(5-7) 4= 779, "
CrepoBartesbHo,

1 1 1 /1 1 1 /1 1 1 1 |
S":”2*<1_?> 7(?'€>+—2‘(3“7>+ +7<2n_1‘§n+1)-=
1 1 1 1 1 1 1 1 1 1
—‘2“(1 sty—s5ts 7t tm— 2n+1> ?(1—2n+1)'
Tak KaK,,ET, S"=—é—,}21(1“2n1-{-1)=%’ TO psL CXOZHTCS M €ro CyMMma

paBHa 1/2. A

273. Haiitu cymmy paza
1 1 1 1
1-2-3+2.3.4+3_4,5+"-+m+... .

A TlpercraBuM ofmuil uneH psiia 4, B BHJE CyMMbl NPOCTHLIHX Apobeii:
1 A B C
n(n+1)(n+2)—7+n+1+n+2'
VMHOXKAsT 06e uacTH 3TOTO BHIPAXKEHHA HA 3HAMEHaTeNb, NPHAEM K TOXKACCTBY
= A1) (n+2)+Bn(n42)4+Cn(n-1).

Tlosarast mocaenosatessho n=0, —1, —2, naxoaum: npu n=0: 1=24; A=1/2;
np n=—1: l=—B; B=—1; npn n=-—2: 1=2C; C=1/2. Takum obpasom,

_1 1 1 i_l__ T. €. U *._1.. L_,_2_+,L>
“"‘?‘Tl*n+1+2 np2 T 9\ n a1l a2/
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Orcioaa

wmt (24 e (-4,

LA BRI A

Hrak, nl_i)m S, =1/4; cacosaTenbHo, Pl cxoluTCa M nmeeT cyauy 1/4. A
»

274. UccrenoBaTh CXOIUMOCTb PAnA

2 11 1 2 /1 \n=-1
E'%?TE"‘{‘E‘I—--- +§('§"> +-a- ]

/\ Jauuii psxy cocTaBjgeH H3 uJeHoB GEeCKOHeuyHo yGwiBamouielt reomerpr-
weckoll nporpeccuii u nostoMy cxoautcs. Haiinem ero cymmy. 3jiecs a=2;3
g=1/2 (3namenarean nporpeccun). Cieropareiblo,

_a 2/3 4
S=T=T—ip 5 A
275. HccaenoBaTh CXOJMMOCTB Psifa
1 \ 1 _l__l_ \
ISERNC A 13T"'+n—{—10{—

/\ Hanuwiii psa1 noJayueH M3 rapMOHHUECKOTO OTCPACLIBAIINEM

NePBLIX JRCATI
ueHoB. C/1e10BaTebHO, OH DACXOAMTCS. A

276. HccnepoBath CXOMHMMOCTD PsiAad

1 2 3 n

U B Bt _*

2+5 L 8+"'+3n—1+"' .
/\ Tak kak

im = lim —" = lim =~
n->» n_n—>oo 3n—1 ——n—mn 3—1/n 3’

T. e. lim u, # 0, To pAl pacxoguTcsa (HE BHLINOJHAETCS HEOOXOAMMEIl TPH3HAK

n—-x

cxoauMocTH). A

277. HccaenoBaTh CXORMMOCTH pfla
0,64+0,51 +0,501+ ... +{0,54+ (0, ]+....

A 3aecy limu,=0,5 0 u pag pacxoantes. A

H—>w

el
1
278. HccrnepoBaTh CXOAMMOCTB prla Z T
ne

S
A UJeHsl TaHHOIO psijia MEHbIIE COOTBETCTBYIOL(HX WYJICHOB psij1a L TR
n=1
1 .
T. €. psaa §+T—}——8——{~... . Ho nocaexuuit psii CXOAMTCA Kak O€CKOHEUHO
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beIBa}OU.Laﬂ TEOMETpHYECKAsA NPOrpeccHs. Cu’Ie}LOBaTQJIbHO, CXOAHTCA H /aHBLil

pal A

279. VceaenoBaTh CXOAUMOCTD paxa

1 1
1—}—;—1—?,;-{—..., ecan p <1,

Z,,\ Uaensl 3T0TO psaja, HaYyHHAdA CO BTOpPOroO, Goablie COOTBETCTBYIOIUH X 4Je-

HOB rapmonnueckoro psina. CaegoBaTesbHO, psifi pacxouTcs. A
1

280. HccnenoBaTs CXOLUMOCTD PSiAa ¢ OOMIUM 4JIEHOM 1, =I5

/\ CpaBHHM 3TOT psii C psAAOM, Y KOTOpOro o3muil uwieH v,=1/27 (1. e.
c OeckoHeuHo yOuiBaowieil reomerpudeckod mporpeccueif), Ilpumenny  Bropoi
IpH3HAK CPaBHEHUS PSAAOB:
u i 1 1
lim 2= lim ————s= lim ———c-=—.
now 420 —3 L, 4—3/27 4

n->w Un
o

S
Tak xax npejesa KOHEYCH M OTJIHYEH OT HYJdd H pal 2 -2—”— CXOAHTCH, TO
n=1

CXOANTCS M IaHHbIl pAf. A
281. HccaepoBaTh CXOAHMOCTDH Psia

R 1
‘5‘_}»'5‘—{_?—["--."}—3”"——_-[_{—--..

/\ CpaBHHM psA1 C IapMOHMYCCKHM PAJOM, Yy KOTOPOro v, ==1/n:
.U n 1
lim 2= lim ——=—.
f>w ¥n  nowon—l 3

CaejoBaTeabHO, paHHsHT psf pacxolutcsa. A

282, HcenepoBath CXONHMOCTB Psja

%_g(%yju(%)’ﬁr... +<%—f‘,r—l)"+... :

n/ =
A 37ece yi05HO npuMeHHTh npusHak KoM, NOCKOAbKY /zznz ,

2n-+1

a mpeles nocieluell JpoSH HaXOAMTCA TPOCTO:
n/— n 1 1

C=tim V u,= lim "= lim ——— =

B e lnl g 2+1/n 2

n-—»aw
Tak gak C=1/2 < 1, 10 psix cxozutcsi. A
OP\ 1 T\
283, Uccaenorath CXOAUMOCTh Psifid W(l -+ 7) .
n=1

/\ Cuosa mpumeHum npusHak Kown:

1 1\®® ny— 1 (., 142

””:77<1+7> ’ W‘F?@*?)a
- ) 1 IZ—I

C= lim ‘/“"“'2',3me(’*7) = e

1 -r 00

Tax xak C > 1, 10 psag pacxoaurcs. &
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284, HccseoBath CXOAUMOCTB psijia
2 22 23 n
Trewtamt s At
A\ Tlpumenum npusuak JamamGepa; umeeMm u, =2"/n19, u, . =27+1/(n+41)10
Up 1/t ==2010/(n - 1)19; 3nayur,
2n10 2

= lim ——— = lim ————— =2,

> oo (n—|~1)1'J o> 00 (H_%)w

Taxk xak D > 1, 10 psig pacxoputcs. 4

285. Hccaepobath CXO,E[I/IMOCTb paaa

V3+ +3V3+ AT

A 3aeCh Uy =n/312, Uyyy=(n-F1)/30+ D2,y qju, = (n+1)/(nV 3),
HO3TOMY

D=1tim 2L g IR L p oy,

n—-w N V n—>w V 3 V

CiepoBaTesbHO, psij cxopuTcs. A

286, MccaenoBaTh CXOAMMOCTB Psifa
10 102 103
Tt e

A\ Wnveem u,=10%/n!, u, =107+ (n+1)!, w,y1/u,=10/(n+1), D=
= lim 10/(n+1)=0; D < 1—psap cxozutcs. 4

n—->x

287. HccnepoBath CXOAUMOCTb PAAA
1] 1 1
—1—§+-§2+' +'n—2+... .

A Hveem u,=1/n% wu,1=1/(n+1)2, wyii/uy=n2(1-+n2)=1/1-+F1/n)3
D=1lim (u,+1/u,)=1. Tak xak D=1, To ¢ nomowpio npu3Haka Jlamambepa
n—-w
He yjaeTcsl peliMThb BONPOCA O CXOJAHMOCTH psna.
[TpuMeHKM MHTErpaJbHBIl NpPU3HAK: U,= l/n?; ciegoBatensHo, f(x)=1/x?

23
dx ® o .
2= =1. Hurerpan cxoputca (sABJAsieTCs XKOHEYHOH BeNNYHHOH), Iio-
1
STOMY CXOAMTICS M JaHHBIT pif. A
288. HceaenoBaTh CXOAMMOCTD psifa

1, 1 1 1
5o 3in3 T ammaT e +(n+1)1n(n+1)+-' e
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A\ TlpuvenuM HHTerpajbublil NpusHax:
1 1
FrnneTy [WEEEhheTry
[+ dx »

dx L x_i_l _ -
(x-+1)In (x-- 1)_S 1) =Inlnx-+1)| =co.
1

1

Uy =

3 8

Huterpaa pacxoigutcd, NO3TOMY DAacXOANTCA H JAaHHBI psg. &

289. UccraepoBath ¢XOAUMOCTh pejia

1 2 4
27 2}1+32'1 21 +(_1)n+1:"“'

/\ Tlpumenum npusnak Jlelinuna. Taxk xkak
2 1 3 1 4 1
22417 2-41/2 7 L1 341737 4241 414

TO

I 2 3 4

ERG L g i g e
CrnepoBaTeqbHO, BLIIOJHEHO IepBoe yciosue npusnaxka Jlef6nuua. [Hagee,

TaK Kak

>ee .

n
lim 4, = lim ———=1m ————=0
n—co " n—>oo fl2—:*1 noon41/n ?

TO BBIIOJHEHO M BTOPOE ycjaoBue. 3HAYHMT, ZAHHLIH psif CXORHTCS. M\

290. LlccnmenoBaTth CXOAMMOCTBH pPsiAa

1,1—1,01 41,001 —. .. - (—1)*=[14-(0,1)*] +- . ..
/\ Tlepsoe ycaosrne npuanaxa Jlefibuuua somoauserca: 1,1 > 1,01 > 1,001 >
. 1
>...; C APYroH CTOPOHHI, u":l_}_l—(ﬁ’ ]m:ou,,— /zinc I—,L]—O—— =]. Tak kak

lim u, # 0, 10 1e BLIMOJHEH HEOOXOJHMBIA NPH3HAK CXOZUMOCTH psiga. Psjg pac-
11—
XORUTCA. A
291. HccnmenoBath CXOLHMOCTH psjia
l—1 41— (==L
/\ Ofmuit uien psja He CTPeMHTCA X HYJIO, MOSTOMY DAY pPACKOIUTCA. A
292, Hccrejnopatb CXOAHMOCTDH pPsija
1 1 1 1 1
l—g—mtm—g—m+ -
A COCTaBI/IM p;{}l H3 aBCoJIOTHBIX BEJINUHH:
1 1’ 1 1
Hytatmratsto -

OToT psiA ecTh GecKoHEUHO YObIBAIOmAsi TeoMETpPHYeCKasi NPOrpeccust i, CJIeJ0Bads
TeJIbHO, CXOAMTCH. 3HAYHT, H NAHHBH pAJ CXOAUTCHA, DPUUEM alCOMIOTHO. £\
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293. Haiitu nponsse,ueﬂne abCOMIOTHO CXOAAIMMXCS Ps0B

271
1+“+m+ﬁf+y+”.-n”

3 32 33 34 3n
1+"1—!+2—!+'§3‘+E+“'+E"' .

A Tlpoussenenne psagos (corsiacho JaHHOMy Ha c. 68 ompeaenenuio) ecTb psg
2,3 32 25 22 3 2 32, 3
1+(11+ >+<2v+1|' +2v>+<ﬁ+2—1"11‘+ﬁ‘2—1+§>+
on on—1 3 on-2 32 3n
! — —— . — —

T(n!'}‘(n—l)! 11"'(11 2)! 2!+"'+n!>+"' ?
b3
14—-— (2+3H- r(224-2-2.343%) 4

1 1 n!

—}—3—!-(23—}—3-22-3—}—3-2~32—|—33)—}—...—1——’?(2"+m-2"—1-3+
n! _ ,
+(n____2)-T-2—!.2" 2'32_l—---"]_31)+004 .
!

Tax kak —(n—né)—,E:Cﬁ (k=1, 2, ...), TO psAJL MOXKHO NepenucaTb B BHAE

2+3+(2 +(2 1—3)3+ +(2—l-3) 4.

1
5,5, b5® , 57
gyttt A

@D

294, HanucaTe nepBble UeTHIPE UJieHA psila Z W
n=1

9
5. H e N Tm—
29 amucaTh NEpBBIE YETHIPE ujeHa psjia ;—‘1 05T *
Haiity cymMel psifloB:

1 1 1 1
296. 1_§+’2‘§~3_4+-.- +‘f7(ﬂ,—-i——l—)‘+.‘.

2n-}+1

297. 2 n? (n»—l)2

298. 135+35 71 -t (2/1—1)(2n—|—1)(2n—r3) Heee s
m—1

269. 1————+< 1) +...—1—<——> 4.

1

m
w0
(20 - 1)2
n=1 4n
MCCJIeﬂ‘OBaTb CXOAHUMOCTb pPAAOB C TOMOUIBIO NEPBOTO np}l311‘a1<a
CpaBHeHl/lﬂ'

1 1,1
—_ —_— D A
301. 2+1n3T1n4"" i

300. Iloxasarb, uTO pPaAl pacxopurcs.

_r
- ©°
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w

302. Xz,

n=1

HceneoBath cXOAHMOCTh PANOB C [OMOLIBIO BTOPOro MpH3HAKa
CPaBHEHHUS:

241 , Ll
303, 5_t_1+5q+1—r S T B SRR
2 3
@ CpasHuts ¢ pﬂ;x.on«—g——{—(%) —}—(%) T
1 V2 V3 Vo
304. 21—l+2 1+2 +"'+2n—1+""

[Mosnbsysice npuznakom KoM, Hccaef0BaTh CXOAHMOCTH PSIOB:
2n%--2n-- 1

305. }" <5n2—L2n-[—l )

306, 8 @1+ (2,01 4. .. - [24 (0,1 1] 4.

[Tonn3ysice npusuakom [anamGepa, HccaefoBaTb CXOAHMOCTD
PAKOB:

307. ;?+< > 25+< >.35+...+<i~?>"n5+... .
308. ;—(’)J—<1—0>22i+<%> §1++(%>%—f

[Tonb3ysich MHTErpaJbHBIM NPU3HAKOM, HKCCJ/ICLOBATD CXOAUMOCTH
PALOB:

o |
OQ.Ln—;, ecau p > 1.
n=1

1 1 I

310. 91n919 In 19+"' +(10n——1)ln(10n——1)+"' *

HccnenoBath CXOZUMOCTb 3HAKONEPeMEeHHLIX pfNOB H yCTAHOBHTH
Xapakrep CXOAMMOCTH (abcosoTHas, yCJAOBHAas):

1 4,7 10 : he13n—2
M g—g+g—t - TED"T g

312. 1,1—1,02+1,003~1,ooo4+...+(—1)n-1(1+%>+... .

313. }_, (=D (et D),

n?4n-p1
314 I
S R (o 101+T0‘4+W““W+
1 l 1 1
315. 3§-+SI—~ = 316‘ 372—_}_36_‘1-31—28—3%_{_" .
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HcenenoBaTh CXOAMMOCTD pAROB:

100 1000 10"
5t +---+2n+5
3 5 2n—1
2n

10
316. 7—}—

1

1

-+ 1

317.
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337. Ilokasatk, uto pan l— 757

a6COMIOTHO CXORAUTCS, W BO3BECTI €r0

76

2)2
R

+...+(—1)"E‘J‘j+... X

3 4 e
BEE +2+43 EEE + (=D @

R YN}

T e e e

T e e

L
PR

1

—_

3Ju=-1

1—=1

1

+- "+(r1+1) In(a+1)1Inln (n+l)+" T

1 1 1 1
sterytep e et

n-1

113 n

n-t.o.o.

o

(_1)11 -1 \

R

. Haiitu nponssesienne aGcOMIOTHO CXOASIIUXC  PANOB 14

1,1 1 (=Dt

R AT

923 1 I on=1
T o O = R
B KBajpar (yMHOXKHUTb Ha cebs).



§ 2. PYHKUKOHAJDLHBIE PAAbE

Psg
g () tug () Fus ()4 Fupg () ee sy

YJleHBl KOTOPOrO— GYHKUKH OT X, HasmBaercsl (yuxyuonasoroim. COBOKYNHOCTD
3HAueHHH X, MPU KOTOpBbIX GYHKUME 4y (X), Ug(X), ..., Up(X)... ONpELEJCHEl
@O0

H pAx 2 Uy (X) CXORUTCS, HA3BIBAOT 00.4acmbl0 cxodumocme (GyHKUHOHAJILHOTO
n=1
pana. O64acTbIo CXOAHMOCTH (DYHKUHIOHAALHOrO Psiga dYallle BCEro CJIYXKHT KaKo#-
HuGYgp npoMexytok ocd Ox. Kampomy sHauennio u3 o6aacTH cxopumoctH X
n
COOTBETCTBYET ONpEAC/CIHOE 3HAUEHHE BeJAHYNHBL lim 2 u, (x). 21y BeNHUHHY,
n—>w 51
ABJAAROMYI0CST (DYHKIHEH ¥, Ha3bBAOT cyMMO: (PYHKIHOHAIBHOrO psja M 0003HA-
yaoT uepe3d S (x).
IMpexcraBuM cymmy psAza B Buge S (x)=S, (x)-}- R, (x), rae

Sp(¥)=ur () fua () .o Ftn (), Ry (0) =tny1 () F-tns2 ().

[R, (¥)—ocraToK ¢yuKilHOHAABHOrO pAAal.
@

Cxopsuiicst GyHKIHOHAbULIL pPSIg Z Uy (X) Ha3LIBACTCH PABHOMEPHO CX00A-
n=1
wumcs B HeKoTOpo# obGnactu X, €CJaH A KaxAOTO CKOJNb YFORHO MaJOro uHcaa
¢ > 0 najigercs Takoe nejoe NOJOXKHTeJbHOE uHcao N, wro npH s == N BHIIOJ-
userca HepaseHcTBo |R,(x)| < & gas moGoro x u3 obaacry X. Ilpu stom
an

cyMMa S (x¥) paBHOMEPHO CXOAsUlerocst psaja Z Uy (x) B obmacty X, rae up{(x)
n=1
(n=1, 2, 3, ...)—HenpephBHEIEC (PYHKLHH, €CTb HempephBHAA QYHKUHA.
CoopMyJiupyem AOCTATOYHBIA NPH3HAK pPaBHOMEDHOH CXOAUMOCTH (QyHKILHO-
HaJbHOro psaja—npu3nax Belfiepmrpacca.
Ecau pynxyuu uy (x), 4s (%), <., Uy (x), ... no abcosomuod 6erutune He
npesocxodam 6 Hexomopoti obaracmu X NOACHUMEALHOIX HUCEA O1, (ay +evs Ay, +ooy
apusem 4ucao8oll pao .

ajt+astast+...+ap+...
cxodumest, Mo (PYHKGUOHAAbHOWE PO
ug ()t () us () -+ .o s Fty ()4

& amot obaacmu cxo0UMCA PABHOMEP HO.

B 3agaouenne copMyJaHpyeM ABE TEOPeMbI, OTHOCSILMECH K HHTEr pHPOBAHHIO
H JudpdepernupoBaHiio GyHKIHOHANbHEIX PSA0B.

1. Ecau pad uy(x)-+us (X)4-.ooFtp(X)-+..., 206 ugp(x), uz(x), ...,
Uy (X), «..—HenpepoisHowe PyrKyuLL, pasHomepro cxodumes 6 Hexomopod obsacmu X
u umeem cymmy S (x), mo psad

b b b
S uy (x) dx—{—S us (%) dx+-...4 S Uy (X)dx .0
a a a
b
cxodumes u umeem Cymmy S S (%) dx (npomexyTox [a, b] npunaanexur obracty X).
a
2. Tlycre dyHkuun 1y (x), Us (X), <., ty(x), ... OIpeseNeHH B HEKOTOPOI
obnacti X 1 umeoT B 3TOH 06.aCTH I1POH3BOAHBE u (X), us (X), oouy u,’l (x), «ov
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w
" ’
Ecau 6 amod o0.2acmu pﬂa Z tn (x) cxodumes PA6HOMEPHO, MO €20 cymMma
n=1
POCHA NEPOUSCOOKOE O CYMAMYL nepeor-ta!m 16HOCO p<i0(1'

2 Un (= } 2 Un (x)

n=1 n=1

338. Han ¢QyHKUNOHAMBHLIT DAL
x\2 1 /4—x\3 1 4—x \»
/x——2+3 ( x—'—2> +"5‘<7x+2> R ok o (7x+2) LR

Hceitenosath cXOAUMOCTh psiga B Toukax x=0 H x=

/\ B touxe x=0 noayuaem psx

1 1 1
2 M ‘.’._!___, 3 PR I/ 0 S
Ty Py Pt gt
3nech u,=27/2n—1), u,,1=2"%1(2n--1). IpuvenseMm npusnaxk JHarambepa:
.U 2n+1 (2n-—1) 2n—1 \ 2—1/n
D= lim 2= lim ———-————_2 lim =2 lim ———t—=2,
n—>ao Un n—x 2% (2n-r1) s o 2-F 1 e w 27k 1jn
T. €. D > 1. CaezcrateabHo, psijl PaCcXOAHTCS.
B Touxe x=1 ronqaem pﬂ,l
e T
3T3 32 533 n—1 3w Tt
3aecs u,=1/3" 2n—1)), ttn+1:1,’(3”+1(2n—i—l)); Haxo1HuM
e Upal o 37 (2n—1) . 2n—1_ 1
D= lim === M s 3 nli"w i3 <h
T. €. pAl exogurca. A
339. Hailitn of.acth CcXoAuMOCTH Psiaa
1 ) 1 ; 1 \ \
T—x 1 Ty T —}—l—]—x‘-"‘l T
A Eca |x} < 1, 10 lim u,= l}im ———]—“;_—:1; tak Kax lim u, #0, T0
n—x N> w 1% n-»

p 1 pacxoch;x. Ecan  |x]=1, To Takxe poiyyaeM pacxoasiuuiics psj

—2— —}— 5 R
Ec:m |x] > 1, To uleHbl 3aJaHHOTO Pfiia MEHBINE uJeyoB OecKoneuHo ybu-
. . 1 [
pawoiell reoMeTpliteckoll Nporpeccut —;2——}—?—7— L7 e es T- € PRI CXOAMTCH.

Mrak, ofaacts CXOIMMOCTH psiza ompeaedsercs sepasenctsoM | x| > 1. Cr-
CioZa CIeiVer, 4To psil CxoanTes, ecan 1< X < oo mul —owe < x < —L

340. IloxazaTp, 4TO psif
1 R | 1, N ot i

T e e e

-1 Fe Y R R TSRO

CXOITCS PABIOMEPHO NPH BCeX 3HAYEHMAX X (—o00 < X < 00).
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A HarHuifl pan npi aw6oM 3HAUEHHW X CXOIHTCH MO0 NPH3HAKY JleiibH1Ua,
NOSTOMY €ro OCTaTOK OUEHHBAETCs C MoMOLbio HepaBeHCTBA | R, (%) | < | Un+1 (%) 1»
T. €.

. L !
|RM (X)l < x211+2+’1+ 1 < ll+1 ’

[
Tak xax HepapeHCTBa ; <eH n== ;—1 PaBHOCHIBHLI, TO, B3AB 11 == N, rie

1
1+ 1
N —kaxroe-HHOyAb  liesioe MOJOXKIITEIBHO® UYHCJO, VII0BJAETBOPAMOULEE YCIOBHIO
N = ?—l, npuxoIMM K HepapeuctBy | R, (¥)| < €. Krax, JauHslil psi1 cXOIHTCA
PaBHOMEDHO B NPOMEKYTKe |—30, +o[. A

*®
341. ITokasath, 470 A1 2y X" CXOJNTCS HEPABHOMEPHO B IH-

n=1

tepsane |—I1, 1]

A\ B yxasanuoM HHTEpBAIC PAT CXOIMTCA KaK OeCKOHEYHO YObiBawlllast Teo-

merprueckas nporpeccust. Mimeen R, (x) =x# 14 g+ 2 xn 34 .., 1. e. Ry (x) =
= x"+1(l—x). Ho lim |Ry(xy|=12, 1lim R,(xy=o. Creiosareianto,
x->—1+0 x—>1-0
npuugas € > 1/2, Mbr He cyo:Ken J0GHTHCA BLIMOTHEHIA liepaBeHcTsa npil  JoGoM
L
snauennu x. Mrak, psaz Z X" CXOINTCS HepaBHOMEPHO. A
n=1

342, C nomouipio npuznaka Befiepmtpacca mokaszaTb, 4TO PAA

. I - 1 - | S
smx+—22—- Sin® 2,v+—3,~~51n' 3x- ...+ pE: sin“nx+ ...
z I
CXOIMTCSl PABHOMEDHO B NPOMEKYTKe |—eo, —-oof.
1 1 1 1
A\ Tak kax P sin” nx1 <7 1P l—{———2~:——32--{—... CXOUTCH, TO JaH-

HBI pAl CXOAHUTCA PaBHOMEPHO IPH JM00BIX 3HAUYCHHAX X. A
343. MoxHO JH K pAdy

arcte x - arctg —>— 1 asct —f—:,—— Carcty —— .
gx g2V2T gBVB—] T ger-n—{_

MPUMEHHTb TeopeMy O TodjJeHHoM AuddepeHunpoBaHUl PHAOB?

A CpaBHiim JaHHBIH PSI CO CXOJAMMUMCA PSIOM

X x X
x-1- PHE —+ 7 4.4 PO +4-...
npu JmoSoM dukcaposantom x). Torda u, (x) =arctg (x/n®'2), v, (x) =x/n?2.
P ; n
Lty (x
Tak kak arctg @ MW o.—35KBUBaJZeHTHbiE GECKOHEUHO Madwie, To lim —”—(—>=l H

oo Un(x)

COrJaCHO BTOPOMY I[IPH3HAKY CPABHEHHA 3aK.TiOYaeM, 4TO [LAHHBIA PAL CXOIUTCH.
Haiizem mponssoiHyto ofwiero uwieHa AaHHOIO psja:

9 1/n%"? n?
Up (x) = = = .
—-x%n® x%4-nd
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Psajp, cocrarneHHBIA M3 NPOH3BOAHBIX, MMEET BUJ

1 2% | 3V 3
x+1 +x2+23+x2+33+'” ’

3aMeTHM, 4TO YJieHbl TOCJEeZHEro psfa MeHbule COOTBETCTBYIOILHX UJIEHOB

1
cxojserocst psaaa l—}——23—/2--{—§/-2——{—... . Ilosromy Ha ocHOBaHHM TpH3HaKa

Beliepmrpacca psif, COCTaBJEHHHI H3 NPOM3BOAHBIX, PaBHOMEPHO CXOAMTCH B IPO-
MeXyTKe ]—o0, -+-oo[ U, 3HAUMT, K 3aJaHHOMY PSAY MOXHO NPHMEHHTH TeopeMy
o JubQepeHupOBAHAN PAJOB. A

344. 3aKOHHO JIM NpPHMEHEHHE K DAY
1 1 1
cosx+-2—-c052x—1——22—-c053x+ .+ + =y €OS nx4 ...
TeopeMbl 06 MHTErpHPOBaHUH (PYHKLHOHAJbHBIX PSJO0B B IPOMEKYTKE
[7v/4, 7/3]?

A UJlensl 3aaHHOro psAxa NpH JIOGOM 3HAueHHM X 1o 20CoMIOTHON BEJHUHNHE

MeHbllle COOTBETCTBYIOMIUX UJIEHOB 0eCKOHEeWHO yObiBaoulefi reoMerpuueckoil mpor-
1,1 . "

peccHHn 1—|—7+74——}—.... INosToMy AaHmmi psAx coriacno npusnaxy Bedepur-

pacca paBHOMEDHO CXOJHTCS B TNpPOMEXYTKe ]—oo, ~oof u, ciepoBarteNpHo, K
HEMY MOXKHO NpPUMEHHTb TeOpeMy 06 MHTErPHDOBaHMU PSALOB Mist JOGCOro KOHeu-
HOTO mpoMexkyTka [a, b], B uacTHocTH, AJds mpomexyTtka [m/4, m/3]. A

345. Jlan QyHRIMOHANBHBIA PSR
3x-1 3x-+1 2 3x--1 n
(L (2L )

x24-x+41 x24+x-+1 x4+ x+1

Cxoputcs JM pAL B Todkax ¥=1, x=2 n x=3?
346. VccrnenoBaTh CXOAHMOCTb (PYHKIHOHAJLHOrO psfla

n!
nﬂ

—11!—(x2__4x+6)+§_(x2_4x+6)2+”_+ (2—dx+6)n- ...

B TOUKaX x=1 1 x=2.
347. Haiitu obaacTb CXOIUMOCTH psiga

lte*te ™. e ¥,
348, Haiitu o6sacTh CXOAUMOCTH psAa
T - i
349. Haiiru o6aacTh CXOAMMOCTH psija

1 1 1
x2+1+ 22 (x2F 1)2 + ... +m+ .

(—1)ynn
X Fn?

350. ITokaszartb, 4TO psj Z

n=1

paBHOMEpPHO CXOAHUTCA B

NpOMeXyTKe |—oo, —-oo.
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351, Ilokaszate, uTO PAA

2x+1 1 [2x+41\2 I /2x+1\3 1 2x—}—1>"

x+2+‘2‘<x+2> +T(x+2> LR 7 (x+2 t
paBHOMEpHO cXoputcsi B npomexytke [—I1, 1].

352, Ilokasatb, UTO PAL

P A . T

B MHTepBaje |—2, 2[ cXOAUTCA HePABHOMEPHO.
353. Tlokasarp, uto psaj

sinx-+¥ 3 cosx , (sinx—+V 3 cos x)? (sinx-- 13 cosx)"
3 + 32 + A —]_ 3,, + .

CXOJUTCA B NMPOMEXYTKE |—oo, --oo[ M YCTaHOBUTh XapakTep CXo-
JLHMOCTH.
354. MoxHO sM K pAAY

. 1 . 1 . 1 .
smx+2—2-sm %—i—?sm%—lﬁ —I—F-sm —z—+

NPUMEHHTb TeopeMy O AH(epeHInpoBaHny QYHKIHOHATbHEIX PS0B?
cosx , cos?x cos” 1 x

355. MoxHO JU K pPARY 1+'—1!—+~—2"—+.. +m—+...

NPUMEHUTh TeopeMy 06 HHTerpMpOBAHUM (PYHKUUOHANBHBIX PSLOB B
J06OM KOHEUHOM npomexyTke |a, b?
356. MoxHo s K pAAY

(D) 20 )23 (2 1) o n (e )

NPUMEHUTh TeopeMy O AH(p(pepeHIHPOBaHHH (PYHKUHOHATbHBIX PSLOB?

§ 3. CTENEHHBIE PsAbl

DyHKUHOHANBHBIA psij BHAA
ay+ay (x—a)+ay (x—a)2+ ... Fa, (x—a)t ..,

The 4, Qy, aj, .., Q,— AeHCTBHTENbHBIE UHCJA, Ha3bLIBACTCS CMENeHHBIM.

OCHOBHOE CBOHCTBO CTENEHHBIX PSAZOB COCTOMT B TOM, YTO €CAU CHenenHod pad
€X00umcs. npu X =Xq, M0 0K cxodumca (1 npumom abCOAIOMHO) NPU BCAKOM 3HauE-
Huu x, ydosaemeopsatowen Hepasencmey |x—a| < |xo—a| (reopema AGeus).

OxuuM us ciefacTsult Teopembl AGenss siBasfercst (aKT CyuleCTBOBAHMA A
BCAKOTO CTEMEHHOro psifia unmepeara cxodusmocmi |x—a| < R, nuim a—R < x <
< a4 R c uenTpoM B TOUKe @, BHYTPH KOTOPOr0 CTeMeHHOH psifi a6COMIOTHO C€Xo-
AMTCH H BHe KOTOPOro OH pacxoiutcs. Ha KoHuax wuTepBasa CXOAUMOCTH (B TOU-
Kax x=a 4 R) pasnnuHble CTeMeHHBI PSJbl BeXyT celsl 10-pasHoMy: ORHA CXO-
ASTCS aGCOJIOTHO HAa OGOMX KOHUAX, JAPyrHe—JHCO YCJIOBHO CXOAATCS Ha 00OHX
KOHIaX, JAu60 HAa OAHOM M3 HHX YCJOBHO CXOAATCS, HA JAPYroM Ppacxoparcs,
TpPeTbH — PacXOAsATCS Ha OCOHX KOHLAX.

Uncno R— fOJOBHHA JJMHB HETEpBAia CXOXHMOCTH —HA3BIBACTCS paduyco
cxX00umocmiL CTeneHHOro psifa. B WAcTHEIX CJAydasix pajgHyC CXOZHMOCTH psiaa R
MOXET ObiThb paBeH HyJo uau Geckoneunoctu. Ecam R=0, 710 crenentolt pag
CXOZIHTCS JIMILb DIPH X=—@; eclu e R= oo, TO PAj CXOLHTCS HA BCeH 4HCJIOBO
ocH.

JIas OTbICKA HMSt HHTEepBaJa H pajuyca CXOJUMOCTH CTENEHHOro psAja MOXKHO
NOJIb30BATHCS OJHUM H3 CJAeAYIIKX CIocoGOB.

81



. Ecaun cpean xoadbuunuentor psina ay, agy ..., Qp, ... HET DABHBIX HYIO,
T. €. PAL COEPIKHT BCe Le/ble INOMOXKHTEAbHbIE CTENEHH PAa3HOCTH X—da, TO

. a
R= lim | —"- M
n—ol| Q1
IipH YCJIOBAI, UTO 3TOT npejies (KOHeuHhd HiaH CeCKoHeuHBIi) CylIeCTBYeT.
2. EcaH ucxopHbli Pl UMeeT BHJ
Qy+a; (x—a)P+-a, (x—a)?? - ... 4-q, (x—a)" P4 ...,
(rme p—HeKOTOpOE ONpesENeHEOe N0 NOMOKUTEABHOE UHCJIO: 2,3 ...), 10
P
. a
R= lim Z_1. 2
n—>owl AGnti1

3. Ecant cpenu kosdduumenton psna ects paBHble HYJIO M HOCAEI0BATETHHOCTD
OCTaBIINXCST B Psifie 1loKa3aresell cTeneHedl pasHoCTH X—a Jiofas (T. e. He ofpa-
3YeT apH(METHUYECKYI0 NPOTPECCHIO, KAK B NMpEABIAYILEM CAydYae), To paguyc cxo-
AHMOCTH MOXKHO HaXOJUTb MO (popmy.ie

1

—=—— 3
lim ’i/l an ]’ ©
L o)
B KOTOPOH HCIOMB3VIOTCS TOMLKO 3HASEHHS @, OTJHUHLIE OT HyJast. (3ta dopryvaa
NpHrogHa 1 B cayuyasax 1 u 2.)

4. Bo Bcex coyuasx MHTepBAJ CXOAHMOCTH MOMKHO HAXOLHTD, OpUMEHSST He-
nocpefcTBeHHO npusHak Hagambepa manm npksHak Koum x pagy, COCTaBJIEHHOMY
U3 a0COJIIOTHBIX BEJTMUHH 4ICHOB HCXOZHOrO psAa.

3anucas psifi B BujJe

to (0) -ty () -0y () Ao -y (-

(3rech ug=ay, 1, (x)==a, (x—a)V, rae 3arucumocts N 0T n MO#KeT GuTh Jofoii,
npHueM uepes a, oCo3HaueH He KoxbppHLUHEHT npH (x —a)”, a KosuIlieHT £i-ro
YleHa psAjfa), HaXo[AAT HHTepBaJ CXOJLHMOCTH U3 HEpaBeHCTB

<1 mm  dim /Tu,] < L

lim | tnt1l
n>w |Unl n—>m

OTneTHM criefyioliee CBOACTRO CTeNeHHbIX PSNOB: pAdbl, NOAYUCHHbIE NOUACH-
HbIM QudpheperyuposarLesn U UHIMESPUPOSAHUEN CIMENEHH020 PAJA, UMEION MO Jce
UHMEPBAL CXOOUMOCTIU 1L UX CYMMQ GHYMPU UHMEPEAIA CXOOUMOCTU PABHA COOMI-
6EMCMBeHHO NPOU3BOOHOL 1L UHMe2PAAY OM CYyMMoL NePEOHAUAALHOO PAOQ.

e
Taxkum o6pazom, ecau S (x)= Z a, (x—a)?, To
n=0
w

x »
3 ~ — n+1
S’ (x):Z na, (x_a)rl—l, S S(x)dxzz wﬁ__{_—%_,

n=1 a n=0

rie —R < x—a < R.

Onepauuio nounennoro AudepeHpOBaHAST H HHTETPHPOBAHNS MOXKHO IpO-
H3BOAHTL HaX CTENEHHBIM PSJOM CKOJbKO YIogHo pa3. CJefoBaTeNbHO, Cymma
CTeNEHHOro psja BHYTPH €r0 HHTEPBasa CXOAMMOCTH fABJACTCA CECKOHEYHO Aud-
tdeperuupyemoit pyHKLHel.

357, MccaesoBath CXOAMMOCTB CTENMEHHOrO psjia
Lo, 1 .s Lo
x—l—7x —i—3x + ..o - X + e
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A 3zecs a,=1/n, a,.1=1/(n+-1). Haiinem paguyc CXOLUMOCTH pald:

— um e gim (1—}—%):1.

n—- ®w n— ®w

an

R= 1lim

n—-> w

Ay t1

Cei0BaTeIbHO, Psijl CXOJMTCS AJsl 3HaueHuil x, Y/OBJIETBOPHIOWKX HepaBel-
ety —1l < x < 1.
VlccaeiyeM CXOIHMOCTh Psiia Ha KOHIAX NpomexyTka. Ecou x=1, T0 moxay-

yaeM rapMOHHUYCCKHIT psij Ij'——é——{—g——l—z—}—. . ., KOTOpBIl, KaK H3BECTHO, pacxo-

1 1 1
autca. Ecan x=—1, To noayuaem pajg —1—[—?-—§+—4———. .. . JTOT pAA CXO-
JUTCH, TaK KaK YAOBJACTBOpSET ycJoBuAM npusHaka JleiGuuna.
Vrak, 061acTh CXOXMMOCTH CTEfIEHHOTO Dffia ONpeiesseTcs ABORMHLIM HepaBeH-
cteoy —l<<x< 1. A
358. HceaenoBaTh CXOAHMMOCTb Psijia

(1—2)+ g (— D 5 (1— 2+ ... F o (f— 2

3zech a,=1/a2, a,.1=1/(n-1)2, umcem
a n i n+1 / i

, (n-+1)2 . 142
R= lim :l-;——: lim <1+7 =1,

n—>w n—

CilenoBaTeplo, PAA cxoiauTes, ecan —1 < x—2<l, e 1 <x<3.
McenegyeM CXOZMMOCTh Psila Ha KOHLAX NDOMEXYTKA. Ecau x=3, 10 noay-

1
yaeM paj 1-1—721;3——}—,—32——]——4—5-{—..., KOTOpBIl CXOZHTCH, TaK KaK PAf 1—|—21—p—l—

1 1
—}——37—}— 77 -L... cxopurcs mpu p > 1 (Ha OCHOBaHHH HHTET pasibHOro NpPHU3HAKa).
1 1 1
Ecan x=1, To noaysaem pax —I —]—72-—~—3—2—+—E-—... . DTOT paAjX CXOAHTCH

(11 TpHTOM a6COMIOTHO), TaK KaK CXOMTCH pAA U3 a6COJIOTHLIX BEIUYMH €r0 UJIEHOB.
Wrak, cTeneHHOH PN CXOINTCA JUISL SHAUYeHHI X, YIOBJAETBOPAIILAX JBOJ-
nomy HepapeHcTBY 1=<Cx<C3. 4
359. HccnenoBarh CXOAMMOCTD pPsifa
1! (x—5)~‘1—2! (x—D5)*+ 3 (x—5)°+ ... Ll (x—5)"+ ...
A 3aecs a,=n!, @,41=(n-F1)!; snauuT,
n! 1.2.3...n

1
R— lim — = lim ——————==Jim ——=0.
neo FEDY nosw 1.2.3...n(n+4-1) pswnil

Psa1 cxoantest Toabko npu x—95=0, T. e. B TOuke x=5. A

360. HMceaenoBaTh CXOAMMOCTDL pPsifia
X x2 x3 xn
o TR S TR ahe: T pERR R sy e AR
A Haeest a,=1n!, appa=1/(n-+1)!, a=0;

R= lim (4D
n!

n - oo

= lim (n-1)=oc0.

1n—> o

&3



CirefoBaTesIbHO, DS CXOAHTCS MpH Jio6oM 3Hauennu x. OTCIOAA, MEXKAY NPOUHM,
SaKJI0YaeM, YTO mpejes OCWEro ujeHa psifa npu JoGoM 3HAuYEHHH X PaBeH HYJIO,
. X"
T. e. lim —=0. A
n - o !

361, HcenepoBaTb CXOAMMOCTD psana
x3(n—1)

3 5
4o+t gt

/\Psi ABNSI€TCS reOMETpPHYECKOH IPOrpeccHeil co aHaMeHaTedeM q=x%/10.
On cxopurest, ecan |#3/10) < 1, u pacxoaures, ecau | x%/10] = 1. CaegosarennHo,
NIPOMEXYTOK CXOAMMOCTH DPsilid ONpelensercss JBOAHBIM HEPABEHCTBOM — i‘/ 10 <

<x< ;/TO. Tor e peaynsraT MOKHO MOMYIHTS, ucnonb3ys gopmysst (2) u (3). A

362. Hccnenopats cxogumocTb psiga
4410 8x15 2ny5n
5.2 = -
20 S T e
ATlonaras x%={, nonywaem psg
42 83
2t+'—3*+?+... . (*)

3aecy  a,=2"/2n—1), On41==2"+1/(2n4-1). Haxoamm paguyc CXOAHMOCTH
paaa (x):

Re lim 2@l 1 . 9ngl 1 L 24 ln 1

now2MCn—1" 2,1 2,hw8—1jn 2"

Takum ofpasom, psj cxoxuTes, ecan [£] < 1/2.
Hcesienyem CXOAHMOCTS psifa Ha KOHIAX npomexyrtka. Ecan £=1/2, 10 no-

Jy4yaeMm psj l—{-%—{—%——{—?i—[— -+. . DTOT pAN PACXOAHTCS (€r0 MONHO CPAaBHHTH

C psnoM —;—4—%—}—%—}—%—{— +» WIEHAMH KOTOPOrO SIBJISIOTCS Y/eHbl rapMOHHYe-

CKOro pajfa, ymHoxeHHeie Ha 1/2). Ilpu {=—1/2 nonyuaem psz —l-}--é-—%—

+-7ln—... . DT0T pax cxoautest yeaoHo. CieloBaTesnbHO, pan () cxogurcsa,
ecan —1/2<<i < 1/2. TaKij 006pa3oM, safiaHHbIi DsII CXOAMTCSH, ecau —I1/2<<
< x> < 1/2, T.e. —l/f/2<x < l/f/2. Tor xe pesyibTaT MOKHO NOJY4HTD,
ucnoansys gopmyay (2). A

363. Hccaenosath cXoAuMOCTb psifa E (»Q%—I—Tll)k(x—Q)zk.
k=1

k 1 \*%#
/A B naunom cayuae mveeMm a,=0 npu n=2t—1 u Q= %) NpH
n=2k. Jlns1 oThICKAHAN pajanyca CXOAMMOCTH YyAOGHEe BCEr0 HCIOJb30BATH ¢op-
Myay (3). Haxogum

-~ 1 o RET s
- i ] _—ﬁl)k_klinw m_l/2.
b o> oo <2k+l
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Heeneayem psig Ha KOHLAX HHTepBaia CXOAMMOCTH

. Tlonaras x—2=V2
NoJIyiaeM 4HCJI0BOH paJL
°°‘k+1)._°°w EELNE_NN (4 1 \*
k1 - 1 “‘Z. +2k+1 '
k=1 k=1\ k+5 k=1
Ho lim <1+2k+1> ]/e # 0. Taxum ofpasom, mpu x—2 =V 2 pan pacxo-
l—»w
zurca. To Ke caMoe MMEET MECTO M TIpH x—2:—]f2 Hrax, o6aacts CXoAH-
mocTu pamioro psaja 2—V 2 < x < 2+ V2. &

x___] nin 1)

364. HcemegoBath CXOLMMOCTH DA 2(—-%——
n=1 n

(x_])n(n+1)

A Tlpumeusiem npnsuak Koww, noaaras u,==———"—-

’lll
n r—t|+r . opT 0 mpu |x—1]|<<1
]/Iu,l|:—L——n—l——;,}EH l/ lu”lzj

loo npu |x—1] > 1
Taxum 06pasom, psacxontes, ecml |x—1]j<<1, 7. e Brpomexyrke O<Cx=C2. &

. Torna

xn()z—l)/
365. HMccaenosaTh CXOAMMOCTb psiia 2——————

=1
/\ TlpnmeHnsieM Tpu3HaK

JlanamGepa, nonarast w,=x""=1D2nl u, 4=
— xn(n+1)/z/(n_}< 1)‘ TOI‘lla
Up 41 x| Jim | Bt _jO npu Jx|=<<1,
tn | nF1 newl| \oo mpu |x| > 1

Wrak, psia cxoauted, ecanm |x|=<T 1, T. e. na orpeske —I <x<<!. A

366. Haiitn cymmy psiga 14 2x 43+ .. +nxl‘1 +.o (] <y,
npoumb(bepeuuuposa}a NOYJIEHHO pAl 1—|—x+x2+x . e I
(] < 1)

BoCTop30BaBmnch OPMVION cyMMbl UWIEHOB GecKOHEeuHO yOniBaioileii reo-
4 3 Yy

o a
METPHYECKOIf TpPOrpeccruu S ’_—1——6 , noJqyuaem

1
T4-x4-x2tx?t... = .

I—x
Ocraerca npoauddepeHHpOBaTL NOAYYCHHOE PABEHCTBO:

1+2x+3x2+...:(—1_1_—x)—2. A

367. Haiitn cymmy psana x+%z+%3+%4+. .. +’—j§—|— (K] < D).

A TpoandpepeHunpyeM NOYJIEHHO 3ajaHHbI pAL M HaHAeM €ro CymMy Io
dopmyne S=

—g" rie a=1 U ¢=Xx; NOJyuuM

PRI RIS NI

1—x’




Ipounterpuporas satem B npegenax or 0 1o x, Haxomum
¥ a3 xt
x4+5+5+>=+...=—In(l—x).
DT0T PAA CXOAUTCA B NpoMexyTxke [—I, 1. &

I/ICCJIe,TLOBaTb CXOJUMOCTb CTENEHHBIX psmoB:

bl (e (b1 (1)
368. T + 5 - ... Qi
(x—4n

vV

369. (x~4)+%(x—4)2+—1~(x—4)3+...+ T

V3
2 13 R Y/
370. x—1+(x—1) o (x ‘1)_!_”._{_(JCTI)+_” .

2 22 ' 23
STL x (24 + (3> + ... () + ... .
52,42 53. %3 5nyn
372. By 42 — -
xl x5 x‘.!rz
2 ol AT
373. x>+ 53 - —
@ I[lomoxure x? =1,
x3 ! x0 ) x9 , x3n
374. 51503 TE9T +(4n—3)8"+ :
x x? x3* X
375‘ 2+3+2:+32 23_{,31_}— "+2n] 3u+
I x—1 2 /x—1\2 \

377 . i
"TeTi3t3g +n(n—{—1)+ ’
Haiitu cymvbl psnos:
378 I 2¢ | 3x2 nxt-1 i
Tttt b, eamn |y < a
x2 x3 x4t xn+l
—_—t LA J—
379. wtsmti=t-- °+(n—{—1)a”+"" ecan —a<<x<a.
1-2 2.3 3.4 nn1y
380.0—27-a—3-x—i— = -xH—...—{—%x" Y eam x| < a.

381, —2x-+-4x3—6x°+ ... +(—1)"2n-x2"1 1 ., . ecau |x|<<1.

§ 4. PA3JIO)KEHHE & YHKUHM B CTENEHHBIE PAADbI

1. Psag Teiiropa past hyHKUMH ofHoi nepemeHHol. Bcsxas ¢yHruus, 6ecko-
HeuHo pudpdepeHnupyevMas B HHTepBage [x—x,] <7, T. e xp—r < x<x,2r,
MOXeT ObITb Pa3/JOMeHa B 3TOM HHTEPBAJIC B cXoAsMilcs K Helt crenenwolt pad
Tedaopa

1) =F )+ ) L0 g L2600 e

€CJH B 3TOM HHTEPBAJIC BBINOJHSETCA VCJIOBHE

(nn +1)
lim R, (x) =lim L2
n-—>oo n

o (A1)

(x—x)nt1=0,



rae R, (x)—ocratounpii uien gopvyaer Tefimopa (MaH 0CTaToK psika), c=xy1
+0(x—x), 0<O< 1.
Ipu x,=0 noayuaerca pad Maxropena:

10 =F @+ 50 Ly 2Dy

EciH B HEKOTOPOM HHTEPBAJE, COZEPIKAILEM TOUKY X5, NPH JIOGOM 7 BHIIOI-
nsercs HepaBeHcTBO | fUV (x)| < M, rme M-—nojoxurelpbHad NCCTOAHHAA, TO

lim R,,=0 u ¢yuxuus f(x) pasmoxuma B psa Teilnopa.
n—-rw

IlpuBeneM pasioxenns B psaj Makaopena caeayiomnx GyHKumit:
X %2 %3 xn—1
O AT BN A 2 .
ex_1+1!—}—2!—}—3!—}-...(”—_1)!-}—..., ! w0 < x <-4 w;

x2n—-1

X, X X
S]]x:-l—‘+§i+§++m+,—00<x<+00,

h 1 x2 x/l xG_!_ x2(rz -1) .
cnx= +§+E+é_’| +[—2—(n—__—l)—]!+, —oc<x<-}—ao,
—x x3 x3 x7 1 xZn—l , .
sinx—T——g!-—]—-s—!——,”—}—...—{—(——l) PrERR —o0 < X<+ 00,
. x2 x4 x6 1 x2n -1 \ .
cosx_l—ﬁ+4—!—6—!—+...—}—(—l)'l IS —w < X < oo
—1 —1 —2
(1—}—x)'”=1—|~lﬁlx-{-m(m21 )x2+m(m 3)!(m )x3»}—...+
m{m—1...(m—n-+2)
L -1
i =) x40
ST0 MoCJAeiHee pasJIoKeHHE MMEET MECTO:
npu m=0, ecan —l<Cx=Cl;
npu —1 < m< 0, ecin —1 < x<<1j
npu m=<—1, eci —l < x<1;

x2 x5 x4 xn
]n(1+x):x—-§+—§——4-—{—...-{—(—1)’1“171——4,—..., —1 <x<1;

x2n—1

e, =l L.
5 el

3 5 7
arctgx:x—x——kir——x——l—...—1—(—1)"—1
3'5 7
2. Pan Teiitopa xas (yHKUUH JBYX HE3ABHCHMBIX NEpPEMEHHBIX. Ecan o¢ynk-
pus f(x, y) auddepennupyema n--1 pas B HEKOTOPOH OKpecTHOCTH TOUKH Py (X5
y,), To B JioGoit Touke P (x; y) M3 3TOHl OKPECTHOCTH ¢yukuus f(x, y) MOXKET OLiTh
pasaoxena B pad Tedaopa:

fee =T (x yo)"l"ll‘! [(x—xo) f;c (%0» Yo) -+ y—10) /‘y’ (xg) .’/0)] +

'}‘% [(X——x(,)2flx'x (%> Yo) +2 (x—xy) (Y—1,) f;c’J (%> i) (y—y)? f;y (xg5 yo)]‘l‘
—r% [(r—20)® Frvx (g0 90) -+ 3 (3 —%0)* (—1) fxy (Xo» o) +3 (x—2x0) (1 —40)* X

X Faay (co» vt =90 Ty (For ¥4
(50 =00 35| T o0 00 w26 o=V GRG0

&7



B uacrHoM cayuae npu x,=y,=0 noayuaerca psd Marsopena:

i) =F 0,047 [0, 0+ o1y 0, 0]+5; | #2e 0, 00
+25082r O, 0+ 0,0 |+t [ 2o | F 0,040 0,

rae p=V x4~
382, PasnoxuTh B PSl MO CTENEHAM X (QyHKUHIO f(X)

/\ Haiinem sHaueHust pyHKUHH H ee NPOM3BOJAHLIX npH x=0
f(x)=2%, f(0)=2°=1,
fr(x)=2*1In2, F(0)y=In2,
f(x)=2%In%2 " (0)=1InZ2,
f(xy=2%.In72;  fB(0)=In"2.
Tak kak 0 < In2 < 1, 10 npy QHKCHPOBAHHOM X HMEET MECTO HEepaBeHCTBO
LA (x) | < 2% g mo6oro n. CoenoBatesbHO, QYHKIHS MOKET ObITb Ipe/ICTaBACHA
B BHAE CyMmmbl psiia MaxJopeHa:

t=f =105 DOy

B nansom cayuae

3 3
2 In? 2—}—}—6—%—2—]«..., —w < x < oo,

3ro pasnoxKeHne MOMXKHO NOJYUHTb H HHa4e: JOCTATOYUHO B Pas3JIOXKEHHH

2% =t xln2+—5—

x2 X8
e¥ =1 —]—x-}—§1-+-3—l+ .

3aMeHuTb ¥ Ha xIn2. A
383. PasnoxuTe B psif 1m0 creneHaM x QyHKUmio f(x)=sin®x.

A\ Tlpoauddepenunpyem ¢ynxuuio n--1 pas:
f(x)==sin?x,
[’ (x) =2 sin x cos x =sin 2x,

§'" (%) =2 cos 2x =2 sin <2x+31> )
f/'" (%) = —2%sin 2x =2%sin (2)5-[-

2
JIV (%) = —2% cos 2¢ =23 sin <2x+3-%> ,

fm) (x)-= 21 =1 sin [2x+% (n—1) ]
fn D) (x) = 2 sin (2x+g- n) )

Haxonum sunauenus dyexkumit f(x), [ (x), [’ (x), , f(x) B TOUKE %=0,
a sHaueHue fUr+D (x) onpegesnsieM B TOUKe x=c (CM. pascucmo pituE: OH])e}IeJIEHHH
Rp). HOﬂy‘Iaer(O)—O FO)=0, " (0)=2,]"""(0)=0, iV (0) =—25, [V (0)=
JV1(0)= 25, , [0+ () =27.sin (2c+an/2).
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Haxoaum ocratounbift 4neH:

n.qi 2c--1 2 n+1
R,,=2 sin (2c - nn/2) cxntL 1 e R, = 1 (2%)

sin (2c - mn/2).

(nF Dl 2 (D)l
. (2x)ntr ,
Tak xax ,}Ttm m:o npu JoboM X, a sin (2¢-{-nn/2)— BeNUYHHA OTpPAHHUCH-
Has, To lim R,=0. Caepoparensto, QpyHKuuio f(x)=sin?x MOXKHO MDEJCTABHTb B
BHJE Cy’;\/l—l\:l: psia Maknopena
. o7

, 2, ¥, ¥
Slﬂzx:ix —‘ﬁx"—{—ax“——gxg—{—... .

9 !
3azauy MOXKHO DeLIHTb U HHade. B papeHcTse sin x:i(l——cos 2x) 3ame-
HHUM COS 2X €ro pas/ioxKeHHeM B CTeNeHHOH psax:
@0, (20¢ (2

C052x:1——2_'-+T——6—‘—+ .

BHINO/IHKHB HECJOKHBIE NpeofpazoBaHHsi, NOJYYHM HAHIEHHOE BBULE pa3aokeHHe
sin®x. A

384. Pasnoxuth e~* B AL 10 CTENEHAM X.

/\ B pasnoxenuu
x , %2, %
ex:l—l_ﬂ_!_??—!—‘_ﬁ_i—"' (—oo < x <)
gaMeHnM ¥ na — x%; nOJyuHM

9 k2 xt x8 x8
e_"““:l—-l—!—{—*ii—g—!—*—ﬂ—... (—00 <x<+oo) A

385. Pasnoxuth lnx B psijg mo crenensm x— L.
/\ B pasnoxeHun

xR 8 5t
1n(1+x)—x—~§—r 3

E—I- (—l<x<])
3aMeHHM X Ha x—1; ToJIyyuM

ey UG G B 0 cr<). A

386. Pasmoxuts 1/x B psij 1o creneHaM x—2.

I 1/2

x 1 (x—2)2°
BEHCTBA MOXKHO DacCMATPHBATh KaK CyMMY GeCKOHEYHO yObiBawoliedl reoMerTpuyec-
KOfi NIPOTPEeCcCHH ¢ MEpBbIM ujeHoM @ = 1/2 u 3HameHatenem q =— (x—2)/2. Orcioaa
LOJNy4aeM

A\ Bocnosb3yemcst paBeHCTEOM IpaByto uacTb 3TOTO pa-

1 1 1 x—2, 1 /x—2\2 1 /x—2\3
727—7'7T+7<7T)—7\7T>+“"

111 1 . 1 5
— =5 =g @5 == =2+ .
Tak Kak |(x—2)/2[< 1, o 0<x <4 A
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387. Pasnoxuts B psx Tehsopa ymrumio f(x,y)=x*—xy+
+ 2y*—3x+4y + 8 B oxpectHoctH TOukH P, (—3;1).

/\ Haﬁ:iem YyaCcTHbIC HpOHSDOS,HbIe W BBIUMCJIHM HX 3HAYCHUSA B TOUKE PO:
fx(x, )=22—y—3, fy(x, ) =—x-14y+4, frx (% 9)=2, [xy (¥, ) =—1,
iyy (x! y) :4’
F (=3, 1)=35, fx (=3, 1)=—10, fy (=3, )=11, frx (=3, )=2,
f;y (_3' 1):’—11 f;;y(_3s 1):4'

Uckomoe pasriokenne B psj Teilnopa umeer BHJI

) =30 10 (=311 (=) F (48— (e 9) (= D+ 26— Do

388. Pazjoxuth B paa Teitnopa dynkuuto f(x, y)=x*lny B OkK-
pectHoctH TOYkH P, (1; 1) Ao unenos BTOpOro mopsiixa.

/\ Haiizem yacThbpie NPOH3BOAHBIE NEPBOTO H BTOPOTO NOPAXKOB:
, x? ., 2 .,
ix (x, )= 2xIny, f (x, y) = fxx(r’ y) = 2Iny, fxy(xs y):?’ fyy(x: y):——-—

BoiuucauM 3HaueHHd (b}HKIJ.HH ¥ npou3BOAHBIX B Touke Py (1, 1):
FL, D=0, [ (1,)=0, [ (1.1)=1, e (1, )=0, f;y(l, 1) = 2, f;y(l, 1)=—1.

Hcxkonoe pasJioKeHHe 3aMUChIBAETCA TaK:

(5 ) = (G— )42 (e — 1) (g — D) — - (y— D*+0 (03), rae p=V =T FG— D" A

389. Pasnoxurb B psig Makiaopena ¢yuxuuio f(x, y)=cosxshy
J0 4YJEeHOB TpeTberO nopsjgka.
A\ Hailizenm uacTipie NpoH3BOAHbBIE TIEPBOrO, BTOPOrO M TPETHETO NOPSAAKOB:
[ (%, y)=-—sinxshy, fy (x, yy=cosxchy, [ (v, y)=—cosxshy,
";U (x, yy=—sinxchy, i;J (x, y)=cosxshy, [ (¥, y)=sinxshy,
f“[/ (x, yy=—cosxchy, fUJ (x, yy=—sinxshy, /‘WJ (x, y)=cosxchy.

Bulyncaust 3HaveHust GyHKUMH H HpOH3BO}1lIle NPH Xy == yo_.O
[(0,0)=0, [, (0,0)=0, f 0, 0=1, f 0,0)=0, [7,(0,0=0, 7 (0,0)=0,
©, 0)= L0, O =—1, [ (0, 0) o Fiiy (0, 0)==1.

fxu 0, 'xu

CuaegoBarteanHo,

1 1 —
[, p)=y—g 2yt o @), rie p=V 4% A

PasioxuTh B PSAEL NO CTEHEHAM X CJACAVICULHE (1)ym<mm:

390. f(x)=3". 391. f(,x)—c"“ 392. [ (x)=cos?x.
393. [(x)=sh*x. 3%4. f(x)=In(x+a), a > 0
395. f(x)=} x—+a,a>0. 396. f(x)q:h" (x2).

Pasaoxuts B psjasl Teflsiopa caepyolye QyHKLIHH:
397. f(x, y)=x*—2y*-+3xy B oKkpectHOCTH ToukH P (2; 1).
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398, f(x, y)=4x*— x>+ 2xy—y*+5x-+y—8 B OKPECTHOCTH
Touky P (1; —1).
p 1399. f)(x, Y)=0x*-+9y*—2x-43y—5 B OKPECTHOCTH TOUYKH

(1, —1).

400. f(x, y)=x/y B oxkpectHocts Toukd P (—I; 1) no ujgeHos
TPETbEro MOPSAKA.

401. f(x, y)=2xe¥ B okpectHoct Touku P (l; 0) A0 uneHOB
BTOPOTO MOPSIIKA.

402. f(x, y)=xcos*y B okpectHocTH ToukH P (—1; 0) mo ue-
HOB TPETLEro MOPSJKa.

§ 5. MIPUBJAV)KEHHDLIE BbIMUCJIEHU A 3HAYEHHA ©YHKUHA
C NNOMOIIBLIO CTENEHHBIX PsI10B

31ech Mosie3Ho WMETh B BHAY TPHBeJeHHble B IpeisavuleM naparpade pas-
JIOXEHHsT B CTeneHHble psagbl ¢yHKuuit e*, shx, chx, sinx, cosx, (1--x)7,
In (1-x), arctg x.

Jast Beruncaenust gorapugmoB sdpdektuBHa dopmyaa

o I 1 I
In(f4-1)=In1+2 [2t—}-l+3(2¢—{—1)3+5(2t—1—1)”+'"]'

Psix B mpaBoil wacTH paBeHCTBA CXOZHTCH TeM ObICTpee, ueM Gogbiue f.

Jias BHIUMCJAEHHS NMPUG/HKEHHOTO 3HAUYEeHHWs] QyHKU UM f(X) B ee Pa3TOKEHHH
B CTENMEHHOH psj COXPAHSIOT NEPBbIE 7 UYJIEHOB (n— KOHEUHAs BeJHUMHA), a
OCTaJIbHBIE uJieHbl OTOpachiBaloT. [/ OLEHKH NOrPelHOCTH HaHJeHHOro NpHOIH-
JKEHHOTO 3HAUeHHs HYXHO OLEHHTb CYMMy OTOpOLIEHHBIX uJeHoB. Ecju ZaHHBIA
Psif 3HAKOMOCTOSIHHBIA, TO PAJ, COCTABJCHHLIE M3 OTOPOLIEHHBIX UYJIEHOB, CPaBHU-
BAIOT C GeckoHeuno yObiBatouleli reoMeTpHuecKoli mnporpeccueil. B cayuae 3nako-
NePEeMeHHOro PsiAd, YJ/eHbi KOTOPOTrO YIOBJCTBOPSIOT npH3Haky JlefiGuuua, ucnoin-
syercs oueHka | R, | < t,y1, TA€ Uy,1—TePBbIH M3 OTGPOLICIHbIX WICHOB pPAia.

403. OueHHuTb NMOrPelIHocTb MPHOIMAKEHHOIO PaBeHCTBA
2 n
exltmtg e, 0<x<ndl,

A\ TlorpemsHocts  5T0r0  NPHGIMMKEHHOTO PABEHCTBA OIpegetseTcst CyMyoil
YIeHOB, CJIEAYOIWHUX nocae x/n!l B pasjoxenuu ex:

xn+1 xn+2 xn+3

Rn: {

Gy T e T ey

U
xn
Tl

Rll

x + x2 + x3 + ]
Py L Ty Y ) P Y P Y ) R

3aMeHHB KaxK/blli H3 cOMHOKHTeqaelt n---2, n--3, n-}-4, ... MeHbmed BeIH-
yuHOH 11, NOJIyuHM HepaBeHCTBO

[ x x \? x \?
ro< 5[k () (20 + )
ITpocyMmupyeM GeCKOHEYHO YObIBAIOULYIO TEOMETPHUECKYIO MPOrPeCCHIO B KBaJ-
PaTHLIX CKOOKAX:

R

xn o x/(n+1)
"< [—x/(n-1)°

x
n--1—x’

A

xﬂ
T.e. R, < o

404. Bruncants Ve ¢ tounocteio o 0,00001.
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/\ Hcnonb3yst paszmoxenue eX B psag, moayuaem
- 1 1 1
—pl /2 .
Ve=edit=ldtqstormtymt
OnpesieiM YHCJIO A TaK, YTOOBl NOrPELIHOCTH NMPHOJIMKEHHOTO PaBeHCTBA
_ 1 1 1
Ve mltqstorgat o

ne npessimana 0,00001. BocnoabsyeMest OLeHKON NOTpEUIHOCTH, GAHHOH B Npefbl-
nymem npumepe. ITomaraem x==1/2; torga

1 1/2 1
Rn<;!—2;;';—_[—_—l/—2,T. e. R, < —=

1
nl2n " on 1

IlyreM mnopaGopa onpejesHM, IPH KAaKOM 3HAUeHHH n 6GYyJeT BBINOJHATLCH
nepasencteo R, < 0,00001. Tlonaras, Hanpumep, n=3, noxyyaem Rz < 1/(8-6:7),
T. e. Rg< 1/336. Tlycrs, panee, n=>5; otcioga Ry < 1/(32-120-11), T. e.
Ry < 1/42240. \Tlycth, Hakoweu, n=6; orciona Rg < 1/(64:720.13), T. e. Rg <
< 17100 000. Hrak, npurumaem n=~6:

_ LOTIR ST TN SR BT
Ve =lt+15toamtamtamtss e

CyMMEIpYeM cJlaraembie:

1,000000
0,500000
0, 125000

-40,020833 (8 6 pas MeHbIe MPEABIAYILIETO CJAraeMOro)
0,002604 (« 8 « « « «
0,000260 (« 10 « « « « )
0,000022 (« 12 « « « « )
1,648719.

3uaunt, Ve ~ 1,648719. Kaxjoe cinaraemMoe Mbl BBIYHCAHIM C TOYHOCTBIO
1o 0,000001, 4toObi MpH CYMMHDOBAHHH HE MOJIYYHTb NOTPEMHOCTH, IIPEBHINAIO-
ugedr 0,00001.

405. Briaucautb I/i'/e_ ¢ toynocthio zo 0,00001.
/\ Vimeem

s/~ .
i e =i =l gt g b

55— 1 1 1 1
e =15t 5 g T

Mur B3I 5 cJjaraeMblX, TAaK KaK 3HaKONEPeMEHHBIH DS/l YAOBJETBOPHET ycJo-
BUsiM npusnaka Jleii6unua, a nodtoMy JomycKaemas TOTPEMHOCTbL NO ab6COMOTHOI
BeJMUHHE NOIKHA ObiTh MEHbLIE NEPBOTO M3 OTOPOLIEHHBIX uJjeHOB paxa. Ilepsbii
M3 OTGpomeHHbIX ueHos pasen 1/(5!5%). Herpyauo sagers, uto 1/(5!5%) < 0,00001.

IIpousBessl BbUMCJEHHS, B Pe3yJbTaTe NOJyUaeM I/i/e_ ~ 0,81873. A

406. TTob3ysACh pPas/OXKEHHEM COSX B PfAf, BLIYHCAHThL €OS 18°
¢ tounocteio go 0,0001.
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/\ Hmeem

a0 . 1 f\2, 1 /x\* .
cos 18 "Cosl_(_)—l—f(ﬁ)) +4—'<ﬁ)> — e
/10 =0,31416, (1/10)2=0,09870, (7/10)*=0,00974.

JlocraTouro B3sTh TPH umeHa psaa, Tak kak (1/6!)-(m/10)% < 0,0001. Torxa

cos 18° = 1—9’(2&—1—0'02(2974; cos 18° =~ 0,9511. A

407. Bruucaunts 3/1,1 ¢ Tounocteio 10 0,0001.

u A Bocnoapavemesn pasaoxennem (1-1-x)” B pag, nosaras x=0,1, m=1/5.
MeeM

VT 1=(14-0,1)155 = 1_|__;). . 0,1_|_%)_%{_5__ﬂ0,01+

+ (”5)(”5':;!1)(1/5_2) 0,001 4- ... = 1--0,02—0,0008|-0,000048 — . . ..

UYersepTslif 1 C/JAEAYIOUIME 34 HIIM UYJeHbl OTOGpachiBaeM, TaK KaK YeTBepThift
5
yjgen Menwiue 0,0001. Hrak, 1/1,1 ~ 1,0192. A

408. Broiuuncautb f/—I% ¢ toyHocThio jo 0,001.

A Tax xak 5% spasierca Gamxkafimum x uncay 130 ky6oMm 1esoro 4ucia, To
nesecoobpasno uncao 130 mpeacTaBuTh B BHAE CYMME! JBYX caaraemeix: 130 =
= 5%-4-5. Torna

-,

3130 3 5T 5=5 1 1L—5(1-10,041/ =
Vi30= 7 5 5=5 J/ 145=5(1+0,00"" =

=5[1+—}3— . 0,04+M%M . 0,0016+Q/ﬂ:23/;3)(——_5/3) . 0,000064-{—...]=
cy 1 1 5
=054+ 0,2~ + 0,008+47 - 0,00032—... .

Yerpeprolii uied wewbite 0,001, mosTomMy ero u c/iefyioliHe 33 HHM YJIEHDHI
v 2
MowHo otGpocuts. Hrax, 3/ 130 ~ 5-f0,0667—0,0009, t. e. 3/ 130 ~ 5,066. A

409. Briyucauts In 1,04 ¢ tounoctsio go 0,0001.

A\ Bocnonssyemest pasnoxeniem In (14-x) B paa:

2 3 4
In 1,O4=1n(1+0,O4):0,04—0’g4 +0’g4 —0’24 +...,

HJIH
In 1,04 = 0,04 —0,0008 - 0,000021 — 0,00000064 - . . .,

otkyAa In 1,04 = 0,0392. A

410. B npaMOyrOJbHOM TPEYroJbHHKe KaTeThl paBHBl 1 M 5 cm.
Onpeneautb OCTPBIl yroJ TPEYroJbHHKA, JeXKallud POTHB MeHb-
mero xarteta, ¢ toyHocteio g0 0,001 pajgmana.
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A Tak xak tg a=1/5, To a=arctg (1’5) Bocno%syemca pasIoxkcHueM
1
a=arotg (1/5)::3———3— 53—|—5 5) BN

oTEyAa o ~ 0,2—0,0027, 7. e. o = 0,197. A
411, Ouenutbh NOrpemHocTb an6Jm>KeHHoro paBeHCcTBa

ln(t~]—1)zlnt+2[2t, +rm H)J_}—

1
+5(2t—{— _l— _I__(211—])(21‘-I )2/1 1J

/\ 3ajaua cBojuTCA K OLEHKe CyMMBl OCTaTKa psiia
1

1
Rn=2 [(2n+1) @F T Ty @ e T

1
Ty eI :,+--.J.

BaMenus kaxawelt u3 MuHONKHTeadell 2n--3, 21-+5, 2n--7, ... MeHbuHM
YHCAOM 2n--1, NOJyUHM Hepasencrso
R, < 2 1 + 1 +- 1 +
(2t -- 1)2n+1 (22+])2”+3 (21_}_1)2::-#;3

2n+1

IMpocymmupyem Geckoxeuso yGHBAIOULYIO T€OMETPHYECKYIO I POTPECCHIO B KBaJ-

PaTHLIX CKOOKax:
1

R 2 1)@t 12+t 2 B
n< 1T T—1/QE-~ 1)~ 2no-1 QI+ 0212 -1 —1}
2 1 1
e Ry < s A

Tl @Al D)
412, Bpyucauts In2 ¢ roadocteio 1o 0,0001.

A\ B dopmyne ana onpenenenns In(f4-1) u HepaseHcTe ana oueHkH R

nosaraeM ¢=1:
In2—2 l 1 1 1 ) R 1
ne= (3+3,33+53o+737+' s n<4"“——‘—‘(2n_i_ 1)32”_1.

IMyrem mnoxGopa onpesesuMm £ Tak, YTOOB  BBUIOJHANOCH — IlepaBEHCTBO
R, < 0,0001. Ecau n=2, 10 Ry < 1/(4-5-3%; R, < 1/540; ecau n==3, 710
R3 < 1/(4-7-3%); Ry < 1/6804; ecin n=4, 10 R, < 1/(4-9-3%); R, < 1/10000.

n=4 1 ;a9 BbluucIeHHA In 2 noayuaem INPHOJIHKEHHOE DPaBEHCTBO

I/I’I‘dK

11 i 1
In2 22(?+ s TEE T )

Cy>MEDYS 5TH ueTHIpe CJIaraeMuiX, NOJyuHM
In 2 = 0,66667 +-0,02469 -+ 0,00165--0,00013=0,69314 ~ 0,6931. A

413. Bprupeauts Inb ¢ tounocrnio go 0,0001.

/\ Tlomaraem f=4. Torna
1

11 1 ‘
In5=2In 2—[—2 (g—}—-ﬁ-{—w—i—) 5 R” < _'m(_zn_{_—l)—gm-
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Ectt n=1, 10 Ry< 1/(40.3-9); R;< 1/1080; ecoiu n=2, To Ry<
< 1/(40-5-6%); R» < 1/10000. 3naunr, ACCTATOYHO B3SATL ABA YJjeHa psiaa. Cue-
LOBaTe/1bHO,

n5x~2In2+2 <%+3—193_) ~ 1,3862810,22222 1-0,00000 = 1,60940. &

414. oxasats cnpapefiuBocTb TONAECTBA /4 = arctg (1/2) +-
- arctg (1/3) n BeluucauTL T ¢ TouHOCTBIO A0 0,001,

A\ Toaarast B pasencree
NN
arctg f_—‘j/:arctg x+arctgy
x=1/2, y=1,3, noayuaenm

1 1 ) 1 1
arctg 1 =arctg —2——;— arctgg, nan m=4/| arctg —2~—|—arctg—§ .
BocrnosbzoBaBuminch paasoxennem arct@ x B psit, umeem
(/1 1 1 \ [ 1 1 1
n:4 a & Aaa AT T T s e e “a - o .
l(2 3-2-‘+5-2" ,+ 3 3-33+5-3" 7-37+
Buinoansst suiuncaenns, Haxogum w==3,1416.
Jist BluMcIeHns yHeaa T MOKHO 6BLIO BOCHOJIb30BATLCS psijaMH, KOTopble
cxofAtTcs GbicTpee, e TOILKO uTO MpHBEAENHbE. A

BrruncanTs:

415. ¢ ¢ tounoctbio po 0,00001.

416. 1/) e ¢ TounocTeio no 0,00001.

417, sin9° ¢ rtouncereio o 0,0001.

418. ch0,3 ¢ tounocrso go 0,0001.

419. f/l,Oﬁ ¢ TouHocThio no 0,0001.

429. V27 ¢ tounoctrio a0 0,001.

421. 1n 0,98 ¢ tounocteio go 0,0001.

422. In 1,1 ¢ Tounocthio mo 0,0001.

423. In3 ¢ tounoctoio o 0,0001.

424, In 10 ¢ rounoctnio g0 0,0001.

425. Haiitn HauMeHblllee NONOKHTENbHOE 3HAUEHHE X, YAOBJET-
BOpSIOLLEE TPHIOHOMETPHUECKOMY YpaBHeHHIO 2 sin x—cosx = 0.

426. Belumcsmuts m ¢ tounocteio go 0,001, mosmaras x= 1/} 3
B pas/oxeHuu arctg x.

§ 6. NIPUMEHEHUE CTENEHHBIX PSAOB K BbIYHUCJIEHHULIO
NPEJEJIOB H CNPEAEJEHHDbIX HHTEIPAJIOB
2% — 2 2x—x2

x—sin x ’

427. Hatitu lim

x—>0
/\ 3amMeHuB e¥ U Sin X HX DA3NOKeHHAMH B CTEMEHHHWE DPSIB, MOJYYHM

x| % 2
OeX 99y 42 2(1—[~x+§f—|—3—!-—}—...>———2~—2x—x

o —sinx oM — B0 =
xX—=+0 A X=>0
x—<x—§—{—ﬁ—...>
2x3 | 2xt 2 2x
St gt
= lim —; . = lim . =2, A
x—~o A% X x>0 1 2
TR T E
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428, Haitru lim Sn*—arcte x.
x>0 x3

/\ Hcnonpays pasnoxenus sinx ¥ arclg x B cTeneHsbie pAjbl, HMEEM

— LS
. sinx—arctgx . T3 +g et
lim ——————"=lim . —
X0 X x>0 X
1 11 101
— 1i I N A 2 1
—iﬂ[(3 31) (5 5!)" +---j—6.A
1/2
1—cos x
429. Bouucauthb S——x——dx ¢ Toynocthio g0 0,0001.
0

/\ 3aMeH¥B B INOJLIHTErPAJbHOM BLIPAXKEHHH COS X €r0 PA3JOoXKeHHeM B CTe-
NEeHHOH pAJ, NOJY4YyM

e x2. dx==
0 0
172 1 2 4 1 3 5 1/2
X X X X
_S\ (—ﬂ—‘}—!—[—-a—...>dx—-[2—!x————4!_3—l—-*6!.5——...]0 =
b
1 1 1
g erE s — - ~0.25—0,0017=0,283. A
0,1
In(1
430. Bruiuucants S #d}c ¢ Toyrocrbio go 0,001.
0
0,1 0.1 x—ix2+ix3——ix4+...
A S‘ In(14+x) dx:s 2 3 4 dy—=
X X
0 0

0,1

— 1 1o 1o Y IOV ]_-LM_ 0
._Sv(l.—?x-{—gx —--4—)6 —{—...)dx—[x .4—'.,& —*—-g 16\, ..:I =

0

=0, — - 0,014 0,001 — ... ~0,008. A
1
431. Briuucautb Se”xzdx ¢ Tounoctbio go 0,001.

0
1 1 5
A Se—xzdx:5< 1'—}—2' g—k...)dx:
0 0 ’
x3 % A x° X1 1!
=["—?+ﬁ‘6—-7+24.9” 20T _]0
~ 1—0,3333--0,1000—0,0238 10,0046 — 0,0008-- ... = 0,747. A

432. Hadtu lim ——axritﬂ

x>0
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o 1=
433. Haitrn lim — .
x>0 € — l—x

0,2
434. BrluucauTb S S];x dx ¢ Tounoctnio no 0,0001.

0
0,1
435. BpuncanTb S fxT—l—dx ¢ Tou”ocTbio mo 0,001.

0
0,5

436. Bruucauts S x1n (1 +x?) dx ¢ Tounocteio po 0,001,
0

§ 7. KOMNJIEKCHBIE YMCJIA U PSJbl C KOMIIJIE KCHBIMH YJIEHAMH

1. Komniekchbte uucaa. KomnaeKcHoiMu 4uciamii HA3BIBAIOTCA 4MCIa BHIA
x-+iy, The X U y— AefCTBUTE]bILIE UHCAA, [—MAUMAR edunuya, onpegeiasicas

pabenctBoM i2=—1. JleliciBiTeJpHblE UMCAA X H Y HA3BIBAIOTCHA COOTBETCTBEHHO
OeticmeumensHoll. W MHUMOL  4acmAMU  KOMIVIEKCHOTO .
gyuesaa z. Jas Hux BBogsATtces ofosnaueHus: x=Rez; g M(\T,y)
y=Imz.
['eOMETPHYECKH KAXKLO€ KOMIVIEKCHO® UHCM0 2 = X - iy \
n3obpaxaercst TOYKOH M (x; y) KOOPAHHATHOH IVIOCKOC- N
ta x0y (puc. 26). B“ 3TOM cayuae miockocTs xOy Ha- R g
SHIBAIOT KOMIJIEKCHON YMCJOBOH IJIOCKOCTBIO, MJIH 140C-
KOCIMobi0 KOMRAEKCHO20 NEPEeMerHozo 2. Y-arg#
[Toasipuble KOOPAMHATHL 7 H ¢ Touku M, dBJsio-
melics H306paxKeHHeM KOMIIIEKCHOro 4YMcjaa 2, Hasel- ( z N

BAIOTCH  MOOYAem WM QpeyMexmom KOMILIEKCHOTO 4HCJaa
z; IS HEX BBO#ATCH ofo3HaueHns: r=|z|,p=Argz. Puc. 26
Tak KaK KaxXjoH TOuKe MJOCKOCTH COOTBETCTBYEeT GeCUMCJIEHHOC MHOMKECTRO
3HAUEHMH MOJSIPHOrO yrJa, OTJIHUAIUIUXCH APYL OT Jpyra Ha 2kn (k—uenoe mo-
JIOIKHTEJBHOE WA OTPULlATEIbHOE YHCIO), TO Arg 2—O6eckoHeyHo3HauHasA QyHKIHS 2.
To w3 3HAuYeHMH TMOJAPHOrO yrija ¢, KOTOPOE y/IOBJETBODPSET HEPABEHCTBY
— 0 < Q<C T, HA3LIBAIOT 2AGBHOLM 3HQMEHUEM APTYMeHTa 2z W 06o3HaYaloT argz.
B pajbhefimem o6o3HaueHue (p COXPAHHM TOJBKO A TIJIaBHOIO 3HAUEHMSH

apryMeHTa z, T.e. TOMOXKHM (==argz, B CHJY Y€ro AJjs BCeX OCTAJbHEIX 3Haue-
HUI aprymeHTta z NOJyYdM DABEHCTBO

Arg z = arg 2} 2km == -} 2km.

COOTHOLIEHH ST MEXKAY MOJAYJeM H apryMeHTOM KOMIJIEKCHOrO 9HCJA 2 M €ro
ZCHCTBHTENHHOM M MHUMON 4ACTSMH YCTaHAaBJMBAIOTCA (OpPMyJaMH

X=rCos@p; Yy=rsing.
Orcioga
r=|z|=V 2L
cosp=2x/|z|=x/V +u% sing=y/lz|=y/V P+
ADryMeHT z MOXKHO ONpeJeJHTh TaKKe N0 (opmyJe
arg z=arctg (y/x)1+C,

rpe C=0mpu x>0, C=-Fmnpu x<0, y>0; C=—mnpu x <0, y <O.

3aMeHSIST ¥ M Y B 3alUCH KOMIJIEKCHOTO UHCJIA Z==X-|-{y HX BBIPAKCUILMU
yepes r H (p, MOJyuaeM TAK HA3bIBACMYIO MPUSOHOMEMPUHECKYIO (POPAY KOMILIEKE-
HO20 uuciq:

z2==r (cos @i sin @).
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Koymiexcnbie uHeaa zy==x1-1-iyy U 2z, = Xy~ iys CUNTAIOTCA PUGHLIAML TOTIA
I TOJBKO 7T0r1d, KOrjga y HHUX pPEaBHBI 110 OTA€JbHOCTII ﬂei}CTB[ITC‘|TbIIbIC I MHHMBIE
YacTH:
21=2a, ECJIH X1 ==Xy, Y1 =1ls.

JL1g unced, 3aTaHHBIX B TPUTOHOMETPHUCCKON (LOpAe, PABCHCTRO LIMCCT MECTO,
CCAM MOAYJIH STHX YHCE PABHEI, @ aPIyMelTl OTIHUAIOTCA Ha HeAce Kpathoe 2m:

21=2s, €CaHu |2y |=]|2y| u Argzy = Arg 2, 2k

Jlga KOMIICKCHBIX GHCIAQ 2==X--iy U z=Xx— iy C PaBHBIMU AC/CTBIITEAbHLIMI
H TPOTHBONOAOAHBIMI AHEMBILIT YACTSIMU HASBIBAIOTCH CoApavcer o, J1s conps-
JKCHHBIX KOMILIEKCHBIX ULCET BBIIOIHAIOTCH CCOTHO-

Y - el s

|21 =|z:]; argzy=— arg 2,
(nocacmueMy  papeHCTBY  MOXKHO — NpHAATL Bl

Arg 2y - Arg 2, = 2k3).
JleficTBAA Ha1 KOMINICKCHBIME UHCIAMH OTpejelia-

0 > I0TCA CJICAYIOMHMH NpaBILTAMH.
Crnoxenne. Eomt 2 =x14iy;, 2.=xy-]-iy,,
- TO
S 277,
Puc. 27 2t 2za=(x1+X) 41 (Y14-1).

CloXeHHe KOMIJIEKCHBIX UYHCeNT NONUITHAETCA TNEepeMeCTHTeJbHOMY H coyeTa-
TCJALHOMY 3aKOHaM:

2t =225 (a1t 2) =24 (224 23) = 21422} 2.
Boiuutanne. Ecau 2y=x iy, 2=xs-i1s, TO
Z1—2y=(¥—X) I (y1— )
JI1T reOMETPHUECKOTO MOSICHEHH 1 CJIOMKEHHST 1 BLIYHTAHIS KOMIIEKCIIBIX GiiCen

T0JAC3HO H306pﬂ)KaTb HX HE€ TOYKaMH Ha IJIOCKOCTH 2, a BEKTOPAMU: UYHCI0 2 =

= x-|-iy usobpaxaerca BektopoM OM, HMMEOLUM HayaJo B Touke O («HyJ/1eBO#»
TOUKe IJIOCKOCTH — HayaJje KOOPAWHAT) M Kouel B Touke M (x; y). Torna cioxkeuue
H BbIYHTaHHE KOMIIIEKCHLIX UHCEJ BBUIOJHAETCS IO NPABIVY CJAOKEHHS M BbIYHTA-
Kl BeKTOpoB (puc. 27).

Takoe reomerpuueckoe HCTOJKOBAHHE ONEpaLiii CJAOKEHHS H BBIUHTAHIS DEK-
TOPOB MO3BOJIACT JIETKO YCTAHOBHTL TEOPEMBl O MOAYJAE CyMMBl Il PA3HOCTH JBYX
H CyMME HECKOIbKHX KOMIWISKTHDBIX YHCEJ, BbIPa)KaeMblC HEpPABEHCTBAMIL

Hal—lzll<|zi £ z|<<|a |42,
laid-aat. oz <<z |22 ] 2|

Kpome TOro, nosesHo rOMENTD, YTO M00Yab pasHOCHUL Q8UX KONRACKEHGLY UiCeA
21 U 25 pasen pACCMOAHUKX JCHOY MOUKAMU, ASATIOUUMNUCA UX UBCOPANCERUINU HA
naockocmu z: | 21— 2, |=d (21, 2s).

VuuHoxenue EcaM zy=2x,+ iy, 25=2x34-iys, T0

2122 = (XX —Y1¥2) 4 (142 - xoy1).

Taxum 06pasoM, KOMILIEKCHBIC UHCJA NePeMHOKAIOTCS KaK ABYUJICHBI, MpIuem
i? 3amensiercss Ha —1.
Ecau zy=ry (cos @1--isin ¢y), 2a=rp (cos po-}ising,), 10

2123 =117y [cOS (P11 @2) - I sin (G- @2)].

Taxum o6pasom, modyas npoussedenusn paser npoussederiio MOOYACT COMHONCU~
Meael, @ QPYMenIT NPOUIZeITHUL — CYMME APYMCHNOS COMHONCUIMEEL.
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Yunoxenlte KOMIJSKCHLIN 3HCeT TGOAUHHSARTCS TePEeMeCTHTEIbHOMY, COdeTa-
TeJILHOMY 1 PaCHipeieMiTeAbHOMY (MO OTHOWIEHINO K CJA0XKEeHHIC) 3aKOHaM:

2129 = 2321; (%122) 2= 21 (2223) = 212,23} 21 (22 23) = 2125} 2123.

Hdeaenmne. ,HJIH HaXO0MACHNA H4aCTHOrO ABVX KOMIJIeKCHBIX Hlices, 34T1aHHBIX
B aJjre€ panyecKei (i?OpMC, CJIeAYET A&MIIMOe H JeHITeIb YMHOAGITEL Ha WHEIO, CONMpA-
JKEHHOE € ACTHTEICM:
(%1 i) (va—1yy) (M‘f**‘- iYa) i (ool — )
(2 igs) (2 — i) X3--y3
KXy =l titts lijx—xi”'

B B)
xe-y3 v

Ecau 2z; 1 2z, 327aner o TpuronoMerpuyeckoli ¢opue, To

"1
21:29=— [COS (P1— ) -  Sin (i —Py)].
T2
Taxkus o6pasoyM, mody.ad waCMHO0 paseq HaAcmHOMY MOJy.aed deanrnoio 1 02
AUMEASL, @ APRYMIHIN HACHIHOCO paem PA3HOCU apeymerios 000D i 02 2UMEAA.
BosBengeune B crenens. Eemr z=x-iy, 10 no ¢opuyie Cunoma
Hswotona 1veen

27 = (- i)t == Chen =1 iy L (i)

(n—uesloe N0 OKHTEILHOC 'L]IICJ}O); B NOJYyUYCHHOM BRIDAMKEHHI HAJO 3aMCHHTDL CTe-
neny § HX 3HAUSHHAMI:

H, B ofueM cayag,
i“f:]; i4fc+1:[; L'“e*::—l; l'4!e+3:_i.
Ecan z=r{cos @ ising), 10
2t =r* {cos n@--i sin ng)
(27echb 7 MOXKeT OLITb Kax LedLM NOJOKITeNBHBIM, TAK H LeILIM OTPHIATEIbHUM

YHCJIOM).
B uacrtHOCTH,

(cos i sin)? =cos n@—-i sin ng
(popryaa Myaspa).
Mssaegenue Kopua LEcal n—iueroe TNOMOEHTEILHOR HICAD, 2=

= r (cos p-+isin), T0 KOpeHb fi-if CTENEHH H3 KOMIICKCHOTO uilCAa Z IMEET 71
pasIMuHLIX 3Hayenuil, KOTOpHe HaxogaTca 1o gopmyae

V=1 <cos i fk1-{—'s (‘O_{—f/\w)

rge k=0, 1,2, ..., n—1L
437. Haiitu (z,2,)/z,, ecan z,=3-}5i, 2z,=2+43i, z,=1+42i.

A 2125 = (3-4-50) (2--3i) = 64-9i - 10i — 15 = —F -1 19i,
212, =919 (—9-119)(1—2)

zg 120 T (1420 (1—20)
_ —9-F 1819438 29 37
= 154 =5T50 A

438. IlpejicraBiuTb B TPUTOHOMETDHYECKONH (OPME KOMIJIEKCHOR
uneao z = 2--5i.
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/\ Haxogum Moayan kKommiexcmoro umena: r=F 4+ 25=1 29 ~ 5,385.
Haxoaum riasnoe snauenne aprymenta: tg 9 =5/2=25 ¢=68°12". Cuegosa-
TeIbHO, 2 X 5,385 (cos 68°12' --isin 68°12). A

439. IlpeactaBuTh B TPUTOHOMETPHUYECKOH (OpME KOMIIEKCHOE
uneno z=2) 3—2i.
N\ Haxomnm r=V 1204 =4, sin ¢=—2/4=—1/2; cos p=2} 3/4==V 3/2;
¢=—=/6, T.e.
z==4 [cos (— n/6) - i sin (— 7/6)]. A
440. TlpeacTaBUTL B TPHTOHOMETPHUECKOH (POpME KOMIJIEKCHBIE
yuena 1, i, —1, —i.
N 1=140-i=1.(cos 04-isin 0),
i=0-+41-i=1-[cos (1n/2) 4 {'sin (7/2)],
—1=-—14-0-i=1-(cos w4 sin m),
—i=0~—1.i=1-[cos (— /2)+ i sin (— 7/2)]. A
441, TlpeacraButh uucaa z,=1-1i, z,= V§+ i, z=1+i)3
B TpHI‘OIlOMQTqueCKOﬁ (popMe, a 3aTeM Ha{TH KOMIIJIEKCHOe YHCJO0
2,/(2523).
/\ Haxopum
rn=|\z I:VH—I:V'Z tg pi=1, pr=arg z;=mn/4,
z1="V 2[cos (n/4)+ i sin (n/4)];
re=|2:|=V 3+ 1=2 tgg,=1/V'3, ¢p=arg 2, =n/6,
2p =2 [cos (1/6) - i sin (n/6)];
rs=lzz| =V 34-1=2, tg 3=V 3, @3=arg z,—1/3,
23+=2 [cos (/3) - i sin (7/3)].
Craegosarennlio,
2925=2-2cos (/6 - 11/3) -}- i sin (71/6 +7/3)] =4 [cos (7t/2) 4 i sin (1/2)]
"
2 _ V2 cos(n/4)fisin(m/4)
2,23 4 oS (/2) -} sin (m/2)
V2 . 1 .
= [cos (-— m/4) i sin (— n/4)]=71~ (I—i). A

o RS TTTS
442, Haiitin see snauenus 3/ 8 1.

/\ 3anuueM KOMIVICKCHOe YHCAO 2= {’/81'—;' B TPHrOHOMCTPHYECKOH (hopme.
Viveem r=|2]|—=¥ 64--1-- ¥ 65 ~ 8,062, ¢=argz=—aratg (1/8)=7°¢", .e.
g = 8,062 (cos 7°6' {-i sin 7°6"). CaegosarensHo,

VST—: ~ ;/fm <cos 7674360 k—l—isin 76 +3360 k )

~
~

3
= 2,0052 [cos (2°22" - 120°k) i sin (2°22' - 120°F)].
Ecau =0, 10 wy ~ 2,0052 (cos 2°22’ -+ sin 2°22');
» k=1, » w & 2,0052 (cos 122°22' 4-{ sin 122°02');
» k=2, » w, = 2,0052 (cos 242°22" - sin 242°22"),
Cnenopatesnio, — wy ~ 2,0034 - 0,0828;; wy & —1,0734--1,7120i; w, =
~ —0,9300—1,7764i. A

443. Pewmts npyunexHoe ypaBHenue w? -1 32i =0,
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A Tlepenmmiem ypaphenne B Buje w’®=—32{. Yncso —32i mpeACTaBHM B TPH-
roHoMeTpuueckoil dopme:

05 == 32 [ €05 (—90°) - sin (—90%)], mm w—2 7/ cos (—90°) i sin (907,

o] (o ! (s} o
w=2[cos —90 -{5-360 £\ sin 90 -gaso k ]=
" =92 [cos (—18°+72%) 4 i sin (—18° - 72°)].

Ecan k=0, 10 wy==2 [cos (—18°) i sin (—18°)] = 1,9022—0,6180i (A).
« k=1, « w =2 (cos54°--i sin 54°) = 1,1756 -+ 1,6180i (B).
« k—2 « wy—2(cos 126°-i sin 126°) = —1,1756-1-1,6180i (C).
y k=3, « wy=2(cos 198°-+ sin 198°) =-—1,9022--0,6180; (D).
« k=4, « wy,=2/(cos270°|-i sin 270°) =—2i (E).

KopHSM JIRYWJIEHHOrO YpABHEHHS COOTBETCTBYIOT BEpIIMHb MPABH/ILHOIO ITTH-
YroMbHAKA, BIHCAHHOrO B OKPYKHOCTH paguyca R=2 c 1eHTpoM B Hauyaje KoOp-
auuar (puc. 28).

BooGlue KOpHAM JIBYWJIEHHOTO ypaBHEHHS @”==a, e 4 — KOMIIEKCHOE 4HUC/IO0,
COOTBETCTBYIOT BEpPUIIHLl NPABUJIBLHOTO 7-YTOJNBHHMKA, BIMCAHHOrO B OKPYMKHOCTH
C UEeHTpPOM B Hadaje KOOPAHHAT H DPaauyCoM,

paBHBIM Vl—;z_l A

444, Tlombaysch Gopmyaoit Mya-
Bpa, BBIPasHTb cosb@ n sinb¢ depes
cosS@ U sing.

A JleByio uwacts pasencrsa  (cO3 Q-
|- i sin ¢)® = cos 5¢ i sin 5 mpeofpasyeM 1o
topyyJie Gunoma Hpiotona:

cos® @+ 5i cos* ¢ sin ¢ — 10 cos® ¢ sin® ¢ —
— 10i cos® ¢ sin ¢+ 5 cos @ sin* ¢ -
-+ i sin® ¢ = cos 5p i sin 5. Pnc. 28

OcTaeTcst NPHPABHATL AeACTBATENbHEIE M MHHMbIE YaCTH PaBEHCTBA:
cos 5¢p = cos® p— 10 cos? ¢ sin? ¢ 4-5 cos ¢ sin® @,
sin 5 =5 cos* ¢ sin ¢ — 10 cos? @ sin® p-|-sin® ¢. A

445. Iano xommekcHoe uucio z=2—2i. Hafitu Rez, Im 2,
|z], argz.

446, TlpencraButh B TPHIOHOMETPUUYECKOH (OpMe KOMIJIEKCHOE
upcyo z=—12-} 5i.

447. Brmucants 1o GopuyJie Myaspa soipaxenue (cos 2°4-i sin 2°)*.

— . 12
448. Boncauts no gopmynae Myaspa <'V—?2"tl'> :

449. TlpeactapuTh B TPHTOHOMETPHYECKOH (oOpME KOMIIEKCHOE
uncio z=1-cos 20° 4+ isin20°.

450. Bomicantb Bripamenue (2-4-3i)°.
(1—2i) (2—3i)
(3—4i) (4—50)

452, Bowuucantb Beipaxenue 1/(3—2i)%.

453. TlpeacraBuTh B TPHIOHOMETPHUYECKOI (opMe KOMIJIEKCHOe
yneao 5—3i.

451, BpiuncanTb BHIpaXKeHHE
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454. TlpeacTaBuTb B TPHIOHOMETPHUECKON (POPME KOMIIIEKCHOE
yucao —1 4.
(cos 77°-L{ sin 77°) (cos 23° i sin 23%)

cos 55 4~ sin 55°

(L+) (=¥ 30
(1= (V' 3+1)
NPEeICTaBUB B TPUIOHOMETPHUYECKOH (opMe MHOMKHTEH B UICHITE]Ie
il 3HaMeHaTeJe.

457. Haiitu Bce swauemns 1/ 1.

458, Peumth aByusenHoe ypasuenne w®—4 ) 2 (1 4+ i) =0.

459. Brlpasutb cos4q u sin4¢p yepes cos@ u sin .
| 460. TlokasaTb, 4TO paccTOsIHHE MEKAY TOYKAMIl 2z, i Z, PABHO
Zy—2 |

455. BbluHCAHTh BBEIpaxkeHue

456. BpruucanTe BhIpaxenue , TIpeIABapUTEIbED

A\ HveeM zp=xy~-iy1, 29=Xo 1Yy, Za—21=(¥3—x1) i (y2—y), OTKyza
fza—z1 | =V (ro—x)%+ (Y2 —41)5%

T.€. |22-—21| PaBHO PACCTOSIHHIO MEXKJY AAHHLIMI TOUKAMH. A

461. Kakas nuHUS OmMMCBIBAETCSH TOUKOIl 2, YAOBJIETBOPSIOMICH
ypaBHEHHIO |z-—C|=R, TAe C-—IOCTOSHHOE KOMILIEKCHOE YHCJIO,

aR>0?

462. KakoB reomeTpuueckuii cMbicq HepaBeHCTB: 1) |z—c| << R;
2) |z—c|>R?

463. Kakop reomerpuuecknil cMmelca HepaseHcTs: 1) Rez > 0;
2) Imz<C0?

2. Psagsl ¢ KOMONEKCHBIMH 9J2HAMH. PaccMOTpUM TOCJAEROBATELIOCTL KOMIT-
JICKCHBIX UHCET 21, 23, 23, »-+» THE Zp=X,+1iy, (n=1, 2,3, ...). Ilocrosnnoe
UHCJIO ¢c=a-}-bi Ha3bIBAETC npedefOMm TOCTETOBATEALHOCTH Zy, 2, 23, «.., €CJH
AJsl BCSIKOTO CKOJb YrOAHO MaJjoro uucaa & > 0 nafifetcs Takoii Homep N, uto
bCe 3HAYEHHHA z, C HOMepPaMH n > N yROBIeTBODAIOT HepaBeHCTBY |z,—c| < e.

B 3tom cayuae nuwyt lim z,=c.
H—>w

HeoGxoanmoe u jocratoynoe yCJOBHe CYWECTBOBAHUS NPeLeIa M0CIE10Ba-
TCABHOCTH KOMILIEKCHBIX UYHMCEN COCTOHMT B CJAEAYIOMIEM: UHCIAO € =:a-bi SIBASETSS
npejesoM TOC/Ie0BATeNLHOCTH KOMIIEKCHBIX UHCET Xy 1Yy, xy-iyy, Xz-Liys, ...

TOrja M TOJbKO Torja, korga lim x,=a, lim y,=5b.
n—>w i1—> 0

Pag
Wy WeWa - .., (H

Y. IeHaMH KOTODOTO fABJSIOTCSI KOMIJIEKCHBIE YHCAA, HA3LIBACTCA CXO0SUNCa, ecaH
n-sl 4acTHYHAs CYMMa psfa S, IPH 71 —> o CTPEMHTCS K ONpeJeNeHHOMY KOHey-
HoMy mnpefeay. B mpotusHOM cayuae psaja (1) HasbiBaeTcst pacxodauyumcs.

Psipg (1) cxogutcss TOTAa M TOABKO TOTAA, KOIAa CXOAATCS paael ¢ geficTBH-
TeJALHLIMU UJieHaMH

Rew;-}-Rew,+Rews-}-... 2)

Imwi+Imwy,+Imwsz-4-.... 3)

Ecnn cymmoit psiza (2) sBasercs uucao S’, a cymmo# psima (3)—uueso S7,
TO Cymmol paja (1) cay:kuT KommaekcHoe yucao S=S'-iS",
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Ecan psj
wy-Fwy w4 ... (TRe Wy, = Uy - 10)

exopntes, to lm w,=0 (T. e. lim u,=0, lim U,,:O).
n— L n—-w n—-w
Ecai cxopntes psij

|u‘1|‘§‘lwz!+|w3|+--~‘1‘1“'n|+'--,
TO CXCAUTSA H psij

wyFwpFwg e Wt

B sTOM Cayuae mocaeAnuil pAi HasHBacTes QBCOAMOMHO CXODAUUMCA.
Ilyctb aain cTeneHHol pslt

ay-tay (2—2zp) - aa (2—26) -+ Fan-1 (g—2z)* 14 en s

e 2y, Qg @y, Gay « + » — KOMILICKCHLIE WHCJIA, MpHYeM KO3 HIHEHTEL pijfa OTIHYHBI
OT Uyds, @ Z—KOMILIEKCHOE NepeMeHuoc.
10T paj CXOLUTCH B Kpyre lz—zy| < R, rae R= lim la,l/a,,ﬂ , H pacxo-
-
LUTCA BHE VKA3aHIOrO KPyra, T.e. NMPH 3HAUCHHAX Z, yiOBJETBOPAIOULIX Hepa-
pencTBY |2—2| > R.

464. Vccnegosatbh CXOMHMOCTL Psia
o (1 1.\ 1 1. /1, 1A
(1 _T£)T<'§+'3‘L/+<I+'9—L>_l" . .-]—K-Q"”—:f—r‘g”_l lj"{—. -
/\ Pazgul
1 1 1,1, 1
I-T?TT—*—.'--F—Q’—:_T_*—... H 1-“—'3‘-*—'—9——]—-..—}‘—3—”‘?]—,‘—}—*...

CxOIsTCS, TAK KAK OHH COCTABIEHL U3 HIenoB GeCKoleuno yOLIBAIOMMX TEOMETPH-
ueckux mporpeccnii. Caefopartenbno, CXOAUTCA H 3ajanHbiil PR, ¢ KOMILTEKCHBIMH
\JIeHaMH .

HalizeM cyMMbl STHX TIPOTpecchii:

1 1
ey R e T A

w

S

CJ]C,YIOBHTefleO, cyyMa paccmmpnuaemoro paaa eCTh KOMILIEKCHOe 4lChio
S=2--32)i. A
465. Uccnenosath CXOAHMOCTh pAAa
. 1, AU . 1 )
(1+0,1z)+(—2-+0,011)+<~§-;_o,oou>+...+<—+1—(§7>+... .

n

/\ Paccyorpum psisl
1+—;—+%+...+%+... it 0,1-1-0,01 40,0014-. . .=-(0, Iy ...
[lepBulii M3 HUX PpacxojuTCd, CJ€J0BaTeNbilo, pacXoiuTed M JalnHpli pagc
KOMIIJIEKCHBIMH YyJieHaMu. A
466. VccnepoBaTh CXOJUMOCTb pPAAA
1 2. 2 3 . 3 4 . n n-+1.
<7+35)+<—3—+Tl>+<z+-5—z>+. : .+(m+ml>+... .

n+1.
T { me crpe-
n+2

P n
A Psz pacxoxntes, Tak KaK oGl €ro uJeH w,,:m—{—

MITCSL K HYJO (B 3TOM pexomeniyem yGeanThbes CaMOCTOATEBHO). A
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467. Ilokasate, uto psiA
S () e ()
CXOAUTCA abCOJIOTHO.

A Tak kak 14 i=V 2 [cos (w/4) i sin (/4)], To
A cos (s1/4) + isin(m/4) 1
w=(5)'= [ Ve ] g (oo Fion).

Cregosatenbto, |w, |=1/2%2, CocraBum psii H3 MopyJell:

1,1 I
s totmet o tgtoe

D1oT psj, YIeHB KOTOPOro o06pasyioT GecKOHedHo YOBIBAIOLLYIO FeoMeTpPHYECKYIO
TNpOrpeccH, CXOAUTCA,; CJAEAOBATEJNLHO, SHAaHHbIM P& ¢ KOMIVIEKCHBIMH 4YJa€HaMH
CXOZHTCSL abCOMIOTHO. A
468. Haiitu o6aacTsb CXO,ZU/IMOCTH psna
V34 . V34 3+ i V
o @)+ Ce—ip .t "e—iy+
/\ Hmveem

a1 \" = :\n+l
an=<V3+l> ’ an+1:<V3+l> an_ __ 3

3 3 "1 Y 3pi
n_ | 3 8 _3 p_3
@nirl |V 3| Y3FI 27 2

OGnacToio CXOAHMOCTH Dsaja siBasercs Kpyr |z—i] < 3/2. A
469. IloxasaTb, YTO DX

(=) + (=) (b )b (bh)

CXOAUTCA M HAHTH €ero CyMMmy.
470. HccnenoBath CXOAMMOCTb psiia

<1+—1—£)+<2V2 t >+<3V3+23 >++<n_17—12+5—>T
1
mt

n!

i

471. HccnenoBath CXOAHMOCTb PSfA C OOLIUM YJIEHOM W, = p

o
.

472. Tloxasatb, 4YTO pAA

Dbgy (b i) g (L2 o o (L iy

cxoauTest abCoMITHO.
473. Ha#itu 067acTb CXOLUMOCTH pﬂ,u,a

s AR

474. HaiiTn o6nacTb CXOMMMOCTH psiaa
@E—1—i421—1—i2+ ... +nl(z—1—i)"+
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3. IokasatenpHas n TPUTOHOMETPHUCCKHE (bymﬂmn KOMILTEKCHOrO niepeMeHHOoTY.

[Toxasameavnas u M pu2oHOMeMpuiecKe d’yH.’CL{llll KOMAACKCHOZO HEePeMetnel0 & OO~
peaendoTcs paBeHCTBAMH, BCPHBIMH LJIf JIIOBOro 28

z 22,22
Lﬂ:l“‘i"ﬁ"‘["ﬁ"‘!‘m"‘“ ‘o
) : B, P
SLUZATI—“—!-T—'— M
2 2t 2
cosz-J—E—rﬂ—ﬁ’ : .

i pAALL CXOAATCA BO BCH KOMIIJIEKCHOH HJIOCKOCTH.
Mexy yKasaHHbMH GYHKUHAMM CYLIECTBYIOT CICAYIOMHE COOTHOWRHIA

¢2l =cos z-4-isinz, {H
ge—# =cosz—isingz, 2
ezi L p—zi y
cosz:—‘2—, {3
. ezl _.p—zi \
sin 2 =——7——, €3]

HasbpBaeMue gopuyrasi IJisepa.

C nomoubio dopmy b (1) KOMINEKCHOE YHCI0, 3a1aHHOE B TPHUTOHOMETpIrdEc-
Koli (opme z=r (cOS @ iSin @), MOMKET OHITh NPEICTABJIENO B 110Ka3aTebHOU
dopme z==re®i,

475. TlpeacraBuTh B TPUTOHOMETPHYECKOH H noxasarejbHoi dop-
MaxX KOMILIEKCHOE wHCao 2z =3 i) 3.

/A Haxoanm r= VI+3=2 V3, ¢ =arctg (V§/3) =mn/6. CnepopareasHo,
TPHTOHOMETPHUECKad (POPMa JAHHOrO HICIa HMEET BH /L 2=2}" 3 [cos (s1/6)-Fisin (1, 6)],
a mokasaredbHas gopMa—BHx 2=2 V3", A

" 5 175
476. TlpeacTaBuTb B NOKa3aTeNbHOH GopMe YUC/IO 2=V 2—i} 2.

A Hmeen r=)2+2=2, tgo=—V 2/V 2=—1, ¢=—a/4, 1. e
2=2e~Til4, A

477. 3amicath B ajrebpanueckoi gopme ez,

A\ Bocrnoassyemcst dopmysoit (1):
el 2 = cos (m/2) +i sin (/2) =i. A

478. C nomouwpio opmyasl Dfiepa A0Kas3atb, 4TO

3 1 .3
€0s" x = —-Cc0s3x +— 5 CcOoS X.
4 4

A Tax Kak cos x= (¥ --e=*)/2, 1
e3xi - 3exl |- 3e—xi L p—3xi

. Jv—
cos® x= 3
1 IN[ L p=3N0 | Xi_\_p—xi 1 3
:T.(’ j; —r%-e ‘29 :—4—c053x—‘1—icos x. A

479. TlpeacTaBuTb B MOKAa3aTebHOH (opme YHC/IO z=V 3410,
480. IlpeacraBuTb B IIOKa3aTe/bHOH ¢dopme ustcao —i.
481. 3anucatb B ajrebpanyeckoil gopme e™.



5 1 5 5
482. Tlokasath, uTO COS? x:l—6c055x+1—6c053x—|——§cosx.
483. Bripasute sin’®x JuHefiHo yepe3 sinx u sin 3x..
484. C momouipio opmyasl Jiiiepa nokasartb, uro it Hmeer Gec-
YHCJIEHHOE MHOMKECTBO 3HA4YEHHI, KOTOpble BCe SBJASIOTCA AeHCTBH-
TeJIbHBIMH.

§ 8. P/l ®YPBE

Psrdom Dypse neprio uiueckoll gyukynn {(¥) ¢ nepuopom 2w, onpenexennoit
Ha cermenre [— i, 5], naswiBaercs psaj

o
a - .
5”—;— L (am cos mx-+-&,, sin mx), 8}

m=1

1
i

A=

T
S f(x)cosmxdx (m=0,1,2,...)
~

I
b,,,:% Sf(x) sinmxdx (m=1,2, ...}

-7

Ecan psag (1) cxozutes, 10 ero cymma S (x) ¢cTb IepHOfHYecKas byHkuus ¢
nepHojom 2m, T. €. S (x4 21) =S (x).

Teopema Hupnxae. Hyems pynxyus (x) na ceemernme [—m, ] umeem
KOHEUHOE HUCAO SKCIMPeMYMOS U ABAKCMCS HENPePLIBHOL 30 UCKANOUCHUEM KOHEHHO. 0
uucra mouex paspuea 1 poda (m. e. ydosiemeopsem max HA3bIAeMbIM YCAOBUSM
Hupuxae). Tozoa pad Dypve smotd dyuxyun cxodumcs 6 Kaxcdoi mouxe ceamenma
[—m, ot} w cymma S (x) smoeo psada:

1) S(x)=[(x) 6o scex mouxax nenpepsigrocmu pyuxyuu f (%), remawux enym-
pu ceemenma [— m, n];

2) S(x) :—; [F (%g—0) -+ (x9--0)], ede xo—mouxa paspsiwsa 1 poda dymxyuu [(x);

3 S (x):=% [ (— 7+ 0) 4 f (e~ 0)] na xonyax nposescymra, m. e. npu x=+z.

Ecau dynxunus f(x) sapana na cermeure [— /, I], rae [— npoussombHoe wlic-
J0, TO NpH BHIIOJHEHUM Ha B3TOM CerMeHTe Yycjouit JHpuxsie ykasannas
YRKUHs MOKeT OblTh NpeJCTaBIeHa B BHAE CyMMEl psija Dypbe

o
%—}— Z (am cos m_;-rx_}_bm sin __m:lw) .
m=1

3 l
1 ¢ U 1
Q= j Fx) cosm—;ﬁdx, b,n:liSf(x)sin ﬂ—zvfdx.
iy -1

B cayvae, xoraa f(x)—uernas ¢ynxuus, ee pa1 Pyppe COAEPKHT TOILKO
CBOOOAHBIH YJIEH H KOCHHYCHI, T. €.

@

a ~ max

}‘(x):a‘l—{— 3 U, €05 —=,
m=1
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!

2 e
an =" S f(x) cos gdx.

B cavuae, Korjaa [ (x) —HeuetHas ¢ynkuis, ee paig Pypbe COIEPKHT TOJBKO
CHUYCHI, T. €.

»
< . omax
flio= 2___‘ b sin T
ni=1
rae
l
2 ( Ty
b =T 3 f (x) sin —’? dx.
0

Ecan ¢yuxnus [ (x) 3azana na cermente [0,/], 10 s pasaoxenus B paf
Dypoe j1ocTaTouno JOONPCIACAHTL €2 Ha cermeHte [— I, 0] NpOH3BONLHBIM CMOCOGOM,
a sareM pasnoxuTh B pan Pypoe, cud-

Tast ee 3ajando na cermeure [— [, [].

HauGousee 1esnecootpazno GyHKIHIO J0- y
onpeiesNuTh TaK, UTOGH €e 3SHAYEHUS Ao
B Toukax cermetira [— I, 0] naxoamauco I | |
u3  ycaosus  f(x)=f(—x) WId + '3 ¢
[()=—Ff(—x). B nepsom cayyae I I !

¢yukuus f(x) na cermente [— 1, 1] L . " b,
OyleT uweTHOH, a BO BIOPOM—HeweT- “J ~20 -7 0| 7 2m JIr 47n JIn&
noit. Ilpu stom kosdduunentr pasio-

KeHUST Takol (QyHKUHH (a, B IepBOM p 29

ciydyae MW b, —BO  BTOPOM) MOKHO He.

onpeleNuTh HO  BHILIENPHUBEICHHBIM

GopMyaam Aasi Ko3(POUIHEHTOB YeTHBIX K HeYETHHIX (YHKIHE,

485. Pasnoxutb B psan ®ypse nepuoguueckyo dynkumio f(x) ¢
NepHOAOM 27, 3alaHyI0 B HHTepBae |— i, ni[ ypaBHenueM f (x)=m--x.

A Tpadurom sroit GyHKUHH B WHTepBane |— m, u] ABAsETCA OTPE30K, COEAHU-
Hsiowuit Toukn (—m;0) u (m; 2m). Ha puc. 29 mszoGpamen rpaduk GyHKIUM
y=S§(x), rre S(x)—cymma psja Pypoe Qynkunu f(x). dra cymma sasasercs
NEPHOARYECKOR (yHKUMed C NMepHojoM 2m M cosnajaeT ¢ ¢yskuuel f(x) Ha cer-
MeHTe [— m, mj.

Onpenensien Kosdppuumentsr psaga ®@ypoe. CHauama HaxoZHM

ke

aoz% §f(x) dx::% S‘T (etx) dx= i‘tdx—}—% S‘ xdx.
-7 -1 -1

-1

Bropoit nuterpan paeen Hy/T0 Kak HHTerpast OT leueTHOH (GYHKIHH, B3ATH

1O uHTepBaNy, CHMMETPHYHOMY OTHOCHTEJbHO Hauasa KOOpAHHAT. Takum 06pasoM,
T

a,= de:?n.
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Hanee, naxonum Kosgduunents a,. Hmeem

I
a,,,:% g f(x)cosmxdx:% S (-t x) cos mx dx=
-3 2

1 b
I
= g cos mx dx+¥ X cos mx dx.
Za e

Herpynuo Buzers, uto ofa unTerpama PaBHBl HYJIIO (nonblHTerpaanaﬂ $YHKRUMS
BTOPOrO HHTerpana SfBJISeTCS HeueTHOH Kak nponsBoJJ,exme ueTHOH (YHKUMH HA
neuetHyw). Mrak, a, =0, 1. e. alvaoacg ..=0.

Haiigem teneps xosdpbuiients b,

T I

1 1
bm:—{ S\ x)<1nt71vdx~—n— S(n—l—x) sinmx dx =
vt Zn
i T
= gsin mxdx—{—% stin mx dx.
Za z

[Tepsuiit mnterpan pasen nymo. IToppmrerpasibias (GynKIUS BTOPOTO HHTer-
pana—ueTHad Kaxk MpOH3BeAeHHe ABYX HeueTHbX (yuxuui. Taxum oGpasom,
14

2 .
b,y =— \ xsinmxdx.
i
0
Uuterpipya mo wacraMm, mNoayuuM u=x, dv=sinmxdy, du=dx, v=
= — (I;m)cos mx, T. e.

14
T2
o+m.TE J

b 2x
=— =" cosmx
" mm

—_— 2 ._2 yim+1
—— = ()= (D,

CaegopateapHo, pasnoxenne Gynkuun f(x) B psg Oypbe umeeT puj

o
—1\ym+1
fx)=nt2 2(—2”—sinmx=

m=1

—_— (Smx__qm 2L+§1r;3x__s1r24x+ \ A

486. Pasmoxutb B psig @ypbe nepHOANUECKYIO (pynxumo f(x) ¢
nepuojoM 2, sajannyio Ha cermente |[—I, 1| ypasrenuem f[(x)=x?
(puc. 30).

A\ Paccyarpupaevas oynxnuag apagercs vetHoll. Ee rpagwk — ayra napa6o-
JIBl, 3aKJaoyenHas Mexway Toukayu {—I; 1) u (1;1). Tax kax I==1, 10

1 1
M s 9
ao:_lg_ \ f (%) dx:2u x2a'x:—3-,
0 0
! 1
am:-—f—j 7 (x) cosn—})f-dx 25 x% cos mnx dx.

0
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3A€Cb HYXHO ABaxJ(bl HpOHHTerHpOBaTb 0 yacTsaM:

| x2 1
1) u=x®, duo=cosmuxdx, du=2xdx, V=——SINMAX; Qp=_——SInMmux} —
nm mm 0

1

1
4 4
— —\ xsinmaxdx=— — \ xsinmnxdx;
ma ma
0 0
9 u=x, do=sinmnxdx, du=dx, v=———1— cos mmnx; am=—4.fc— X
mi m2n2
1
1 5 d 4 (—1ym
cosmax| ——— | coOs maxdx= —m,
x o m2m? m2n2 )
0

Tak Kak paccMarpuBaeMasi QyHKUHS —4eTHast, TO b,, =0. CnegosarenbHO,
® .
fx)= L 2 E D" s may =
3 'a? m2 -
m=1
1 cos 2ax , cos 3mx cosdnx

4
:g—?<cosm‘— 53 -+ CER —}—)A

J

487. Paszjoxutb B pajg Pyppe NepHOAHYECKYIO (PYHKILHIO, 3aAaH-
uyio ua noaynepuoge [0, 2] ypaBuenuem [ (x)=x—x*/2.

32 -1 0 1 2 F 4 &¢%

Puc. 30

A Dysruus Moxer GbITh pasjoxeHa B paf Pypbe GECUMCICHHDLIM KOJNHYECT-
BoM cnoco6os. PaccMmoTpuM jBa HanGosee BaXKHBIX BapHaHTa PasJOXKeHHs.

1) Joonpenaenum pyukuuio f(x) na cermenre [—2, O] ueTHsiM oGpasom (pic. 31).
Fneewm [=2,

2
1, %2 1 2
. e — (M~ 43 —_—
d §<x 2")"" (2 6 )0*3'
2
1
a,,l:g<x———x2) cosn%dx
0
Huterpupyem 1o 4acTHM:
1 max 2 max
=x—— %% dv=cos - dx, du=(1— == gin —=;
U=x—g ¥ dv=cos —=dx, du (1 x)dx,vnmsrn2,

2

2 2 .omux
——rr?:r_c—og (I—x)sm-Td,x—

2 b, max
Q= )e—-2—x SlnT

0

2
2 . mnx
—— § (1 —x) sin —5— dx.

I



Eme pa3 nuterpupyen mo uactsim:

f)
max 2 manx
u=1—x, dv=sin—5~dx, du=—dx, v=—-"— €08 —5—}
! I ! man 27
2
- 4 (1—s)cos max 4 cos X 4o
BT e 2 o mimz) 72
0
4 4 4
=— —5—3 C0S M — —5— == — —— [ |- (— 1)}, b, =0.
m*a* ' m2a? e DT, b
Hrax,
o
. 1 4 V1 (=)= msx
f @) =a—=; 3 ———(—)—)— cos —Z =
3 74':‘ m? 2
1 871 1
PR 43 Ot -
= 3R 2,coq X cos 2tx ():, cos 3aX-f... |.
A
1.
11 .
N LN . /—_\:.,
-2\_/[0 [ NS 5 6w
Puc. 32
2) MJoonpejeanym ¢ynkumo f(x) na cermente [—2,0] neueTHIM 0Spasom
piuc. 32):
2
° 120 max
by = <x——x2 sin dx;
Vo)
0
1 max 2 mmx
U=x—-5 2% dv=sin dx, du:(l-—x) dx, v=— €os —5=
2 1 max 2
bp=——| x——= x* ) cos I —x) cos L dx=
mi 2 2 Jo *_ msw ( ) 2
0
2
S I—x)gcs a'v,
¢
sty 2 . max
t=1—x, duv=cos de, du=—dx, v= sin —— ;
mi 2
max |2, 4 max
kot S dy—
2 Io‘ nin?
0
8 0s X ° 8 cos mi 8
= - =— os m =
niad T2 o i T 13713

1= (=)=} ap =0 (m=0, 1, 2, ...).

35

Hrax,
ow
8 XY I— (=)= . max
f) :LSI;_I m? T2
16 /7 ax o, 1 3nx , 1 | bBax
:F\sm TSl T -san+...) A
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488. Pasnoxutp B paz Pypse nepuoanueckvio (QVHKIHIO C Tie-
puogom 2/ (puc. 33), sananHyi0 Ha cermenrte |[—I[, /] c/eiyroUIHM
ofpasoM:

( 0 mpu —[<Cx=<C,
f(x):{ x mpn O0<Cx<<! 2,
L2 mpn [2<Cx=<Cl.
/\ Haxogum

!
T\ twag | fmae=

i 12
4 R

T E TR

e

[\

max I

0
a,,,—_—ll S f (x) cos -——a’ (f(x ) cos may
-1

dx+-

!

—}—ZL Sf(x) cos m;rx dx—{—-ll— gf(x cos 772;(,\‘ dx==
0 172
{2 ]

_——_—li S‘xcos max dx-- ! ! mm: dx.
0

l TT )3T
I

o

rojew O tes

-1 0

L 2L i w
Puc. 33

K [ePBOMY HHTErpaJay MpPHMEHAEM HHTEerpHpoBaHue MO yactam:

Bofe~p

mmnx I max
u=x, dv=cos ——dx; du=dx, v=——sin s
l ma )

OTKYJ 2

!
e

» ! aip 2
0 mi I T oma l
0

ma ! max |12
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K mepBoMy HHTErpajiy IpHMeHsieM HHTErPHPOBAHME O 4acTAM:

u=x, dv=sin mux dx, du=dx, v=—Lcos max
l ma 1
Hneem
12 1 12 / ;
x max mix max
bp=——— o —|—————mn Scos i dx— oy cos T =
0
= cos—”ﬂ - ! si max 1/2— ! cOS m cosﬂ =
T omn 2 m2n? I o 2mn 2 )
. mm
= ST 2m:rt =
! l ., 24m
Ecin m=1, 7o ar=—r3, blzﬁ—}—z—n:L o
—9 l . l
» m=4, » Qs Q}—W 2= —E.
) 3n—2
> m=3 » a=—gg, b=—gate =l g
!
» m=4, » a;=0, b4_.—-—§1—[-.
1 ! ) 2-L5m
> m=5 > a=—grn. bi=gnatgy 502

CaieloBaTesbHO,

3 i nx , 24-n . nx
Y A N S ETT R gin )
T 1[16 k ( a2 + om0 > +
1 2mx 1 . 2nx
(- geos =g ) ¢

1 3 —2+4-3n . 3
—}—(——9—n§c Jltx~}— 18_::;2:“ m%)—{—] A

Pasnoxkuts B psif Pypbe nepHopuueckyio GpyHKumio [ (x) ¢ nepuo-
aom T, 3a/laHHYIO Ha YKa3aHHOM CEerMeHTe.

489. [(x)=x; T=2m; [—umx, m].

490. f(x)=|x|; T=2; [—1, 1].

491, [(x)=e*, T= Qﬂ:[ nn]

492. [(x)=x% T*Qn [—

493. f(x)=n—2x; T =12m; 0 zr] [TponomkuTs f(x) Ha cerMent
[, O] 1) YeTHBIM 06pa3ow[, 2) HeueTHHIM 06Pa3oM.

494, f(x):{ —hompn —a=x<0, o

h npu O x<<m;

495. f(x):{_Q" mpr —a=x=<0, p_op

3x npu OsSx<<m;
496. f(x)=x* T=2m; [0, n]. Ilponomxute f(x) Ha cerment
[—=, 0] nevernbim oGpasom.

_f—xmpu —n<x <0, .
497.f(x)_{ prom RISy T=om

498. f(x)=cos 2x; T =2mn; [0, n]. Pasnoxute B paj Mo CHHyCaM.
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499. f(x)=x; T=2; [0, 1]. Pasnoxutb B psf 0O CHHyCaM.

_ x mnO<x=slp : ITb B PSA 1O KO-
500. f(x)_{Q__x w0 < Y= T—4. Pasous 5 pia

CHHYCaM.

§ 9. HHTEIPAJI ®¥YPLE

Ecau ¢ynxumnsa [ (x) ynosaerBopsieT ycaopuam [lupuxae Ha Jo60M KOHEUHOM
+ o

orpeske ocH Ox H aGCOMIOTHO HHTErpUpyeMa BJo/Ib BCeH OCH <T. e. g |7 (x)] dx

—
cxonmcx), TO JJIS Hee CHpaBefduBa unmeepasvran gopmyra Pypse (nonyyaemas

NpefeabHEIM TlepexofoM H3 psia Dypbe nepuHopuueckoldl GyRKUHM C neprofom 2!
npu [ — oo):

+ + o
f(x)=-hl~ S dz g f (u) cos z (u—x) du
(] —-®

(8 Toukax paspeBa I poja mO-NpEKHeMy 3a 3HAUYCHHE f (x) npnHuMaercs
(1/2) [f (xo—0) -+ (xo+ O], rae xp—abcuncca TOYKH paspeIBa).
Huterpan ®ypbe MOKHO IPEACTABHTbL B KOMAACKCHOU gopme:

+ o +w | + o +o
~ ; ;

f(x):—;ﬁ- 5 dz \ f@w ei“”_md”:% ‘S e~ i%x dz S ei*uf (uy du.
- o —-—» —

Jlaa uerHoit ¢ynxuun unterpad Pypbe MoKeT ObiTh NPEACTABJAECH B BHJE

+ o + o
~

o=

s

cos zx dz S f (u) cos zu du,
0 0

a JUig HeueTHOH (QYHKIMHM-—B BHJE
+ o +w®
2 3 )
Fx) =— S sin zx dz f{u) sin zu du.
| 0

C Tpems mocTefnuMH (opMyTaMH CBA3AHM TaK Ha3hiBAeMble HHTErpaJbuble I1peol-
pasoBanus @ypoe:
1. [1peoGpasosarue Dypve olujeeo suoa:

+ o

5 elzxf (x) dx (npanoe),

i

f)= T { e—{25F (2) dz (06pamroe).

-0

F @)= e

113



2. Kocunyc-npeobpasosartie @ypve (a1 deTHuIX yHKLMID)

+ »n
T
fe@= V = \ [ (x) cos zx dx (npanoe),
0
__
. 2 ) o \
fx)= - fe(2) cos zxdz (oOpammnec).
0
3. Cunyc-npeobpasosanue Pypse {149 HeueTHIX QyHKOI):
+»
,"’T »
fs(@= 1/ = g f (x) sin zx dx (npasoe),
T
—_— +»
Flo= E/—i— & fs (2) sin zx dz (oGpammoe).
T

Cunyc- H Kocuuyc-npeoGpascrannsg ®Pypbe MOTYT NPHMECHSITLCT K (yHKILIAM,
3afaHHLIM JHIUb Ha NOJOMKHTEALbHOH mosayocn Ox, ecan oHH abCOJIOTHO HHTCTPII-
pyeMmsl BJOJbL 5TOH MOJYOCH H Y/JOBJAEGTBOPSIIOT Ha JIoCOM ee KOHEYHOM OTpesKe
yeiosusiM Jupuxae. [Tpu stom cunyc-npeoGpasoBanne npojosixaetr ¢yHKuuio f (x)
Ha OTPHLATENbHYIO IOJyOCh He4eTHLIM 06pa3oM, a KOCHHyC-Ipeofpasopatiie —

YETHBIM.

IIpumeuaunune. B unrerpanbusix ¢topmyaax Dypwe Bce nHTEIpajsl BHAA

@©
S F(¢) du mouumaoTcs B CMBICTIE 24A6H020 3HAQUEHUS, T. €.
-

4+ N
S F{w)du= 1lim S f(u) du.
N> > N

-0

501. Haiitu Kocunyc- H cunyc-npeoGpa3oranus QyHKUUY [(X) =e™*

(x=0).

/\ Fmeem
+»

T
fe(@)= i/— 5 e~ % cos zu du.
no,
0
+ >

1
Tax xak S e~ Zcos zudi=-————. TO
0

FAR |

2 1
o=V F
. 2
fs@= l/?;'z‘zﬁ

Ananorunyno nosydaem

B cpoio ouepenb, mpuMEHHB KOCHHYC- H CHHYC-NpeoGpa3oBaHH

K dyuxuuam fo (2) u fs(2), noayuum pynrumo f(x), T. e.

w0 oo
2 cos zx 2 0 zsinzx
S\ B EY g —p—x, 2 22 -k
n,§22+1dz e ’njzz—[—ldz e=x,
0 0
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OTCIO,F',B NCAYyuYaeM uHmiecpa.tol Jdanaaca:

-+ o

+ @
cos zx b4 zsinzx 4
= e-% AT Gr= o,
§ o L g a1 =g A
502. Ilycerb ¢vukunsa f(x) onpejesesa paBeHCTBAMII
(1 mpu 0<<x<a;
f(x)= { 1/2 npn x=a;
\ 0 npu x>0
Haiiti ee KoclHyc- 1 ciHyc-npeofpaszosauns (puc. 34).
I
e
! 1
1) }
2 i
I
0 a <
Piic. 34

A Haxoany xocnuye-npeoSpasosanue JaHHoll QYHKLHI:

a + @

+ ®w
— 2 ¢ _ 4/ 27 v/ 2
fe (@)= 1/? \ fuw)coszudu= 1, = \ cos zu du—- ]/ r

> o/

0
a
— —
2 /2 sinaz
= — | coszudu= — .
7T 1z
0

Haiinem Temeps cunyc-npeofpasosanue:

P
s 0.cos zu du=
a

T+ ® w

a
VAP . _ I/T S . Vj T _
fs(@)= }/E 5 f(u) sin 20 du = el sin zit du -} - 0.sinzudu=
0 0

a
a —
2 . /9 1—cosaz
= = \sinzudu= ]/ =
T ) T F4
)

Orciofa noayuaem

+oc
sin az (1 nmpu O0<x<a
-~ j cos xzdz~{ 1/2 npu x=a;
: U 0O npu x>aq
(paspeienerii muoxcumets Jupux.ae)
2—’700]—C05a2 . ( 1 npy 0<<x < a;
- \——F—sinxz dz=1 1/2 upn x=aq;
J
0 0 mpu x>a A
503. Haifitu npeoGpasopanue ®ypbe QyHKUNH
x--1 mpn —l<Cx=<—1/2;
F )= 1 npun | x| < 1/2;
Y —xR1 onmpn 12<<x<<1
0 npu 1< |x|.



A TMo ¢opmyie npeobpasosanua @ypbe

+ W
I

5 f (u) €72 du,

-®

””2712:“

nenoab3yst BIA QyHKIIH F (x), naxoaum
-1 -1/2
VorF @)= g 0-ef 7t diy - S (1) ei?u dy -
—_w -1
1/2 1 + o

-+ & Lot gua- \ (—u--1ef*edu+ S 0-eizu du,

=12 17 1

&

t

TMepsulit u moc/einil HHTerpass:, OUEBHANO, PABHEI HYJIO. O6o3Haunum ocralib-
fiple MHTerpadsl COOTBeTCTBOHHO uepes [1, [o 1 I3 ¥ BBIUHCJAHM HX:

—1/2

. . 1 . 1 . -1/2
— - el?udye=| — - Zu_.___plzu —
Iy= 5 (- 1) ef?® du [zi (u-1) et i222el ]—1 =

=1
1

| SR 1 i2/2 1 : 1 ; 1 ;
LI ¢ S g L7 NI & e —zij2 g 1 ,=zi/a___1 ,-zj.
T 7" PN } =l 22i° + Z° Z¢ 0
1/2
s IV 1, oy 2sin (z/2)
1= el dy =— et 71 = (P2 Ry 22 Y
z 2L -172 2z z '

1
sy 1 . | B B
I3= S (— 4 yel* ¥ du= [-; (—u+1) 613”4—22—25 e'zu] =

1/2
1/2
R T Y R L
=gyt hEe
Hraxk,
1 |t . 1 . 1 . 2sin(z/2)
F Z):—:‘ e= 22 ). —p—2if2 . _p-2i | T T
@ V 2al 220 1 22 22 T z
Vo b L 1 [ 2cosz, sin(2/2) |, 2cos (2/2)
ez pri2 . o7if2 | = —
>2 ezt PR e { 22 c=H VER 22 + P + 22 ] A

504. Haiitu npeoGpasosanne ®Oypbe QpyHKuUU
N J cos(x/2) mpu |x|<m,
f('x)_\ 0 mpu x| >
505. Haiitu npeobpasosanue Pypbe QyBKuUHH
( —e* upu —l<<x < 0;
f(\):]' fe-* mpn  O<Cx<C|j
{ 0 mpm |x|>1.
506. Haiitn cumye- 1 xocunyc-npeo6pasosanust ®ypbe QyHKIHH
— 1 opy —1 <x<<—1/2,
/

[(x)= 'l 0 mpu —1/2<<x < 1/2,
1 npu 112<<x<cl,



TJABA IV
O5bIKHOBEHHBIE U ®PEPEHLUHUAJIBHBIE YPABHEHH S

§ 1. JUOOEPEHIHAJIbHBIE YPABHEHN A NEPBOI'0 NOPAJKA

1. Ocuossbte nousitust. Judpepenyiiaibnoist YpasHenties HasbIRA€TCST YpaBHe-
HHe, CBA3LIBAIOLIEE HE3ABHCHMBIE NepeMeHHbIe, HX QYHKLIIO M NPOH3BOAHBIE (HJIH
anddepenunaiinl) 1ol gynxknuu. Ecin He3aBHCHMAas NMEPEMEHHAs OAHA, TO ypaB-
HeHye Ha3biBAETCST 0ObIKHOSEHHbIM; CCJIH K€ He3aBHCHMBLIX NEPEeMEHHBIX JBE HJIH
Gosblle, TO ypaBHEHHC HA3LIBAECTCS OuQPPepeHyUarbHbIN YPOBHEHUEH 6 HACMHObIX
npoU3EOOHbIX.

Hauspicluinii NopafoK NPOH3BOAHON, BXOASAIEH B ypaBHEHHE, HA3bIBaeTCsH
nopsigxom Augbepeniianbioro ypashenus. Hanpuwep:

1) %%y’ + 5xy = y* — OOLIKHOBEHHOE AupdepeHlHanbioe ypaBHEHHe NepPBOro no-
pARKa;

d*y dy
2) W—Alxya}:#——omnmoue}moe nuddepenaJbHoe  ypaBHeHHe BTOPOro
TopAAKa;

3) y'*4-y'y’"" = x—oCLKHoBeNHOE AuU(pdEpeHIIHaNLHOE YPABHEHHE TPETbEro
NOPSAKa;

4 F(x, y, y', y')=0—o006muil Buj OCLIKHOBEHHOrO AubpdeperHaIbLHOro ypas-
HEHHSl BTOPOrO TOPAAKAE;

5) x2 %_!_yz -a—z: —ypaBne}me B YaCTHBIX HpOHBBOlIHbI‘( NepBOro Inopafaxk
ax Y oy ep prIca:

B stom naparpade paccMaTpPHBAIOTCH OGBHIKHOBCHIBIC —AH(GEpeHUHATbIEE
ypaBHeHusl NEPBOro MOPANKA, T. €. YPABHCHHS BHAA Fx, y, ¥')=0 uau (8 pas-
peleHHoM OTHOCHTRNLHO ' BHIE) y =f(x, y).

_ Pewenues LuddepenilualsHoro ypaByents HasuBAETea Takad Auddepennu-

pyemas GyHKUHS == (¥), KOTOpas Ipil NOACTAHOBKE B yPABHCHUE BMECTO HEM3-
BECTHOM (QYHKIMH o6paliaeT ero B TOmxAecTso. Ilpolecc HAXOMJEHUS pEICHHA
JMGhQePEHILHANBIOTO YPABHEHIS HA3bIBACTCA  URME2PUPOGAHUEN AHddeperuHab-
HOro ypaBHEHHS.

Obwum peuteruess AnddepeniialbHOTO ypaBHENHS NEPROTO TOPANKA Yy =
=f(x, y) B obnactn D uasuisaercss QYHKIHA y=¢ (x, C), obiapamomas cie-
AVIONIHMH CBOHCTBAMH: 1) OHA sIBJsETCS PCUIEHHEM JalHOro ypaBHCHHI TPH JLo-
GLIX 3HAYEHHSIX MPOH3BOJIBHOI mnoctosnuoH C, NPHHAAIEKAULHX HEKOTOPOMY MHO-
3KeCcTBy; 2) Ajsi J1060ro HauaJLHoro ycJaoBus U (Xo) =Y TaKOro, uTo (X33 Yo)ED,
cymecTByeT egnncraennoe auauerne C=Cy, NPU KOTOPOM peuleHne y=@¢ (x, Cy)
VIOBJIETROPSICT 34JANHOMY HAYaJILHOMY VCIOBHIO.

Beakoe pewenne y= (x, C,), noyuaiouieecs u3 ofero peuieHns y=q (x, C)
npi Konkpernonm suauetun C=:C,, Ha3bIBACTCH {ACIIAbIM PEUIEHUEM.

3ajaua, B KOTOpoli TpeGyeTcs HAWTH 4ACTHOE pEHICHHE ypaBHeHHT y'=f(x,y),
YZOBJIETBOPAIOLIEE HAUATLHOMY YCJIOBHIO ¥ (Xg) = Yo, HA3bIBACTCH sadaues: Kouiu.

[TocTpoennstil Ha mrockoctH xOy rpaduk BCAKOTO peulenust y=¢ (x) aundde-
PeHILHAALHOIO YPABHCHUS HA3bBARTCS UMME2PAAbHOU KpUGoil 3TOr0 ypaBHEUud.
TaxuM obpasoM, obinemy pemetnio y==¢ (x, C) Ha MIOCKOCTH x0y cooTBeTCTBYET
ceMeHCTBO HHTErpasbHbIX KPHBBIX, 3aBHCAILEE OT OJHOrO MNapaMerpa-—IIpOH3BOJIb:
noil mocrosinHoil C, a YACTHOMY PCILEHHIO, VIOBJETBOPSIOUIEMY HauadbHOMY YCJIO-
BUIO Y (Xg) = tfo, —KPIBAs 3TOTO CeMeficTBa, IPOXOAAWIAA HSpe3 SaiAMHYIO TOUKY

My (x5 Yo)- 5
Ecau pynryus [ (v, y) Henpepbena u umeem HenpepolsHyjio npou3eo0H Yo —0{7

8 o6aacmu D, mo pewenue OuppepernyliQrbHoc0 YPABHEHILL y' =T (x, y) npu Havaao-
HOM yeaosut Y (Xo) = Yo Cylyectisyenm u eOUHCMEEHHO, M. €. 4epe3 MouKy (xo; o)
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APOXOOUM eOUHCMEEHRA UHMEZPAILHAL KpUusas Oannoco ypasHenus (Teopema
K o w n).

Ocobbum  pewerties Ha3LIBAETCA TaKOE pEIICHHE, BO BCeX TOUKAX KOTOPOroO
YCJIOBHE €MHCTBEHIOCTH HE BLINOJHACTCHA, T. €. B JI0OOH OKPECTHOCTH KAk
TOYKH (X; ) 0COOOTrO pemieHHsl CYUWECTBYIOT MO Kpailiell mMepe JBe MHTCTpasbHble
KPHBBIE, NMPOXOJALIHE YEepPe3 3TV TOUKY.

Oco6bie peuieHHst HE TMOAYYAIOTCSE W3 OOLLEro PEIUCHUS AHM(pEpeHIIHANLHOrO
yIpaBJeHHusi HU NpH KAKHX 3HAYCHHAX NPOU3BOILHON MoCTOsHHON C (B TOM uucie
H npu C=+ ).

Oco6eiM pelienueM sBJsieTc oeubaowjas cemeficTBa HHTETPaJLHHLIX KPHBBIX
(ecim OHa CyINeCTBYET), T. €. JHHHS, KOTOpast B Kax10il cpoeil Touke Kacactes
N0 MeHBIUEH Mepe OJHOH HHTerpaJbHOH KpHBOH.

Hanpumep, oSuiee peluenve ypapuenns y' =+ V) 1— y® sanucwipaercs B BIIE
y=sin(x--C). D10 ceMeliCTBO HHTErPaJbHBLIX KPHMBLIX HMeeT JBe Orufaioliue:
y=1 1 y=-—1, xotoppie H 6YAYT 0COOGLIMH pCLICHUSIMHU.

2. ndepennnanbHiie ypaBHeHus: ¢ Pa3lensiomumucs nepemenHpiMu. Judde-
peHIHAJbHOE YpapHeHUe BHAA

1 () @1 (%) dx-Fo (x) @2 () dy=0

OTHOCHTCSI K THIY ypaBHeHuii ¢ pasieasiouMucs lepemernniMa. LEcan HH ofgna
u3 dynxuuit fy (x), f2 (), @1 (4), ¢2(y) He paBHA TOKAECTBEHHO HYJIO, TO B pe-
3yJIbTaTe JCJIEHUSl MCXOAHOrO ypaBHEHHS Ha [3 (X) @ (y) OUHO NPHBOAUTCS K BHAY
i1 (%)
2 (%)

[Tounennoe HHTErpHPOBAHHE TIOCJAE€IHEro YpaBHEHUS NPpHBOJUT K COOTHOWECHHIO

f1 (%) P (y) ,
() d’“rg oy Y6

@2 (y) .
et P1(¥) dy=0.

KOTOPOE H onpeineasier (8 HeABHOH dopme) pemenne HCXoAHOro ypasuenus. (Perre-
Hye MHQDEDEHIMAILHOTO YPABHEH S, BLIPAXEHHOe B HEABHOH (opMe, HA3LIBAIOT
UHMezpardm 3TOro ypaBHEHHS.)

507. Pewuts ypasrenue x(y*—4)dx-ydy=0.
A\ Pasgenus o6e wactu ypasuenus Ha y2—4 # 0, HveeM

xdx+y%iﬂ4_:o.

Huterpupyst, Haxoa1nM
24-ln|y*—4|=In|C]|, wau y2—4=Ce-2,
Ito obulee peuienue JaHHOro nuM(OePEHINAILHOTO YDPABHEHNA.
Hycto Temepes y2—4=0, 1. e. y= -+ 2. Henocpeacrsentoit  mogcTaHoBKoil

yGexaaemest, 4To y = + 2 — pelenye UCXOZHOro ypantenus. Ho oHo e 6yaeT oco-
ObiM pedieHHeM, TaK KaK ero MOXHO NONYYHTb H3 OOINEro pewenus mpu C =0. A

508. Haiitu wacThmll wHTerpas ypasmenus y’cos x=y/lny,
YAOBJIETBOP AIOMMH HavyajbHOMY ycaoBHIO y (0)= 1.

d
/\ Ilonaras y’»—:.a%, NepennueM JaHHOE YpaBHEHHE B Blje

dy__ ¢y
08 X ——==—"_,
COSX % Iny
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paS,Ile.-’lfle.\l HepeMeH HLIC:

Iny gy 9%

Y cos X
IMpousrerpupyem ofc 4acTH ypaBHEHHS:

Iny dx 1 x o, T\

dy = ~_-C, wan — In?y=Intg | = -C.

S cosx '’ 2 & CEEYE

Hcrnoabsys nauaapnoe yeaopue y=1npu x =0, naxoxnu C = 0. Oxonuarenpho

noayuaeM
lnzy:lntg<-§+i—t—> . A

509. Haiitu o6unii nnrterpas ypaptenns y' = tg xtgy.

o] —

dy
A\ Toaaras y':a H pasjensid IepeMeéHHbie, NPHXOIUM K YPaBHEHHIO

ctg y dy=tg x dx. Unrerpupys, nmeem
S ctg ydy= S tg xdx, uau In]siny|=—In]cos x|-+-InC.
Orciofa HaxoauM siny:=C/cos x, nau sinycos x=C (o6uuil nurerpan). A
510. Hafitnu wacrtnoe pemenune An(pepeHuNaJLHOTO YypapHeHHs
(14-x*)dy+ydx=0 npu HauaabHOM ycJaoBHH y(1)=1

d d>
A\ TIpeoGpasyem januoe ypaeHeHHE K BHAY yi:__l%vz Hurerpupys,

TOJYYHM
dy _ ,
S l T2 In|y|=-—arctg x--C.

310 M ecTh OGUMI HHTErpasd AaHHOTO Y paBHeH IS,
Tenepb, HCHOAb3ysl HauajJbHOE YCJAOBHE, HaiiieM NPOH3BOIBHYIO NOCTOSHEYIO C;
nmeeMm In 1=—arcig 1 4C, 1. e. C=m/4. CaegoBareanHo,

In y=—arctg x-}m/4,

OTKy/a JOJyuaeM HCKOMOe YacTHOe pellelHne 4 y=eWiactey g

PelinM HeCKOJbKO reoMeTpHueckKHX M (H3IYecKHX 3axad, NPHBOZSIIHX K Aud-
(hepeHI HAJIbHBIM YPAaBHEHHSM pacCMaTpPHBAEMOTrO THIIA.

511. Ha#itn KpuBbe, y KOTOPHIX CyMMa AJHH HOpDMalH H HOf-
HOpDMaJH eCTh BeJHYHMHA IIOCTOsIHHAsA, paBHad a.

A\ Iauna mopHopMaJu paBHa |yy' |, a jauHa HOpMadH pasHa IyV1+y"l.
TakuM 05pa3oM, ypaBHeiHe, KOTOPOMY JAOJIKHBI YJAOBJETBOPSHTb HCKOMBIE KDHBLIE,
HMEET BUJ

—
Loy |+ V 1497 ]|=a
Paspeluasi ero oTHOCHTEALHO y', HaxoAuM (YuHTHBAas 002 BOSMOXKHHIX 3HAKa):

a?—y?
2ay

Y=z
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Pasgensiem NepeMeHHBIE:
2y dy — dx
a?—y2 T & q
Wnrerpupys, noayuaem obmuit murerpan: In|a?—y?|=F x/a-In C. Bunonuns
NOTEHUHPOBAHHE, NPHBOJAHM yDaBHEHHE HCKOMBIX KPHBBIX K BHLY

yr=a? —CeTxla,

YcnoBHIo 3ajauM OTBeYaloT ToJbKo 3Hauenuss C > 0. B camom fedne, u3 ypas-
HeHUsl ceMeliCTBa KPUBBIX HaXOLHM:

et —y?| St I ok
| yy I—T , I.l/Vl—l—y I—T-

TMosToMy A/1% BHIIOJIHEHHST YCAOBHS |yy’ H—lyl/l—l—y”,:zz HY2KHO, 4TOGHI
la?—y?|==a®—y?, 1. e. y? < a% orciosa U crefyer, uto C IPUHHMAEET TOJbKO
NOJIOXKHTe/IbHLIE 3HAYCHHS. M

512. Ilmmuuppudeckuil pesepsyap ¢ BhicOTOl 6 M u Auamerpom
OCHOBAHUsl 4 M HocTaBJeH BEPTHKAJIbHO M HANOJHEH BOAOH. 3a Ka-
Koe BpeMfl BOAA, 3aNMOJIHAOLLAS PE3epByap, BHITEUET M3 HEro uepes
KpyrJoe oTBepcTHe papnyca 1/12 m, caenanmnoro B JHe pesepsyapa?

A\ Jl1s pemenus NoCTaBlIeHHOH 3afaud HaZo0 BOCHOJIb30OBATLCH dopmyoit
Bepuysun, onpegensiouteli cKopoctb v (B M/C) HCTEYEHHS IKHHKOCTH H3 OTBEePCTHA
B pesepByape, HaxoAswerocd Ha A M HHUXKe CBOGOZHOIO YPOBHS MHKHIKOCTH:

v=0V 2h.

3aech £=9,8 M/c?— yCKODeHHE CHIBI TSKECTH, ©— MOCTOSTHHBIE (Ge3pasmep-
HBLI) KOS(Q(UIHEHT, 3aBHCSUIMA OT CBOHCTB MKHAKOCTH (VIS BOAL O = 0,6).

ITycts uepes ¢ ¢ nocae navana HCTeueHHsl BOABI ypOBeHbL OCTABLICHCH B pe-
3epByape BOABI GblI paBeH 1 M, H 3a Bpems df C NMOHH3WJICA emle HAa dh m (dh<0).
[Moacunraem o6beM BOJEL, BEITEKLICH 33 3TOT GECKOHEYHO MaJIbli POMEXKYTOK Bpe-
MeHH df, ABYMSI CHOCOGaMH.

OJIHOH CTOpOHBI, 3TOT 00beM dw paBeH OOBEMY LMIHHADUYECKOTO CJOS
¢ BeicoTolt |dh| n paguycoM, paBHBLIM pajiycy r OCHOBaHHS pe3epRyapa (r=2 M).
Taknm obpasom, dw=umnr?|dh|=— nr¥ dh.

C apyroft CTOpoHLI, 5TOT 0GbeM paBeH 00LEMy UMJANHAPA, OCHOBAHHEM KOTO-
pOro CJyXHT OTBEepCTHe B JHC pe3epsyapa, a BbICOTA pasHa v df (rje v-—CKOpOCTh
ucrevenns). Ecom papuyc orseperusi pasen p (p=1/12 m), 10 do=mnp?df=
=np% V 2ghdt.

IlpupaBuuBasi 9TH JBa BHIDaXEHHUA JJIsL OAHOTO H TOTO e 0GBEMa, IPHXOZHM
K YpaBHEHHIO

—ridh=0p® V 2ghdt.
Paspensisi mepeMenssle W HHTerpupysi, NojayyaeM
r2 dh 2r% -

df = — — _'——:;f: —_—— he
o2V 2 V& op?V 2g v
ITpn ¢t =0 umeem h="hy=06 M. Otciona HaxoxuM
2r? —
=—— hy.
o?V2

Takum ofpasom, cBsisb Mexkay ¢ M h onpesieasercst ypasHeHHeM

2 VR,
= (VR=VT)
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a nosiHoe BpeMs HcTedenus T HafineM, mosiaras B sTolt ¢opmydse h=0:
2r2 Y by
T=—__ .
op?V 2 ,
Henone3ys nanubie 3afaun (r=2 M, hy=6 M, 0=0,6, p=1/12 M, g=
= 9,8 m/c?), naxoaum T =~ 1062 c =~ 17,7 mud. A

513. B komuare, rge Temnepartypa 20° C, HEKOTOpOe TeJO OCTHI-
a0 3a 20 mun or 100 go 60° C. Halitm 3akoH oXJaxIeHHs TeJa;
uyepe3 CKOJbKO MHHYT oHO ocThiier 10 30° C? IloBniuenueM rtemme-
paTypsl B KOMHarte IpeHeOpeub.

A B cnay saxona Heiotona (CKOpoCTh OXJAaXKAeHHS NPONOPIHOHANBHA pas-
HOCTH TeMIepaTyp) MOMeM 3amHcaTh:

dT

Et—:k(T——QO), HJIH Tozk dt, r.e. In(T—20)=4ki+1InC.

_ar_
T—2
Ecau £=0, to T=100° otcroga C=280. Ecau =20, to T =60°; 3ayauur, In 40=
=20k+1n 80, orkyna k=—(1/20) In 2. Wtak, 3aKOH OXJIaXJEHUS Teja HMeeT BUJ,

T—20=80.e~ (112000102 g0 (1/9)(/20) |y T =20+ 80 (1/2)¥/?0.

[pu T =30° umeem 10:80(1/2)”20, HJIH (1/2)’/20=1/8. Taxum oGpasom, {/20=
=3, otkyaa (=60 muu. A

514. Omnpepenutb BpeMs, HeoOXOZUMOe JJsi YCTAHOBJEHHSI OJH-
HAKOBOTO YPOBHS KHAKOCTH B JBYX cOOOLIANOMMXCH cocynax. MaJoe
OTBEPCTHE MEXIy COCYAdMH HMeeT miomanb o M2 Ilromanu ropu-
30HTA/bHBIX CEUEHHMH NEepBOrOo H BTOPOTO COCYAOB COCTABJSIOT S; M2
H S; M?, B HayaJbHbIH MOMEHT YpOBEHb KHIKOCTH B IIEPBOM COCyje
HaxXoJHJCSi Ha BBICOTE fi; M OT OTBEPCTHfA, a BO BTOPOM—HAa BBICO-
e h, M (hy, < hy).

N\ TlycTb uepes { c noc/le Hauasla HCTEYEHHMS JKHMIKOCTH YPOBEHb BOJH! B Iep-
BOM COCyJle NMOHH3WJCSA JO 21 M, a BO BTOPOM IOBLICHJCH O Zp M. 3a JlajbHeHuit
GecKOHeuHO MaJiolif NPOMeXyTOK BpeMeHH df C B NEPBOM COCYJE ypOBEHb JKHAKOCTH
ROHH3MIC Ha dzy M (dzy < 0), a BO BTOPOM IOBHICHJCH Ha dzg M (dzg > 0).

Tak xak ymenblicnne o6beMa JKHIKOCTH B NEPBOM COCYI€ PABHO €0 YBeJH-
YeHHI0 BO BTOPOM, TO Sy|dzy|=S8s|dzy|, van — S;dz;=3S;dz,, otkyna dzs =
=—(81/S:) dz;.

Ecnan BBectH of03HaueHHe U ==2{—2y, TO CKOPOCTb IIPOTEKAHHS KHIKOCTH
yepes OTBepCTile MEXAY COCyXaMH MOMXHO HaliTH mo dopmyte v=c} 2gu; oua
onpegensiercs dopmyaoit Bepuyaan (cm. 3agauy 512), B KoTopo#l cienyer mnoJo-
JKHTb, YTO OTBEPCTHE HAXOJAUTICA HA IVIyOMHE U ==2;—2p NOJ CBOGOAHBIM YpPOBHEM
JKHJIKOCTH.

IMostoMy ofbeM >KHAKOCTH, NpoTeKawmuil 3a BpeMst df, pasHBI COrJIacHO

npenbiAymeMy — Sy dzy, B To Xe BpeMs paBeH vodf =ow V 2gu df. [lpupasureas
STH BbIPAXKEHHA AJs OJHOTO M TOTO Ke o0beMa, NMPHXOAMM K YPaBHEHHIO

— 81 dzy =00 V 2gu dt.
Ho du=dz;—dz, =dz; 4 (51/Sz) d2y, T. e. dzg =38, du/(Si+S,). Tloacrasaas

HoJlyyenHoe AJd dz; BbIpamKeHHe B NpeAbIAyllee ypaBHeHHe, HaXoAuUM AuddepeH-
IHaJbHOE ypaBHEHHe, CBA3bIBAWOLlee & H I

L B V 2gudt, wan df =— SiSe __, du
S1+4S2 (Si+S2) 00)V2g Vu
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Haurerpipys, naxomim

IMpin /=0 nveem u=ny—"n,, otkyaa C=

{=C— S$i%: oy
(S1-+S2) 00V 2g

SISZ V‘Z /1]—/17)
(S1-+S,) oo V?g

. Hexomoe Bpema T,

HecCXOZnNOe A1l BBIpABRHHBAaHNA ypOBII(:‘H B CO\_\AH‘(, nange\x, noaaras w=>90:

Sl~—52) 6w y zg

Pewmntb ypapnenus:

513.
516.
517.
518.

519.
520.
521. 1
522,
523.
524, x

525,
526.

527.
528.
529,

530.
531.

532.
533.

534.
535.
536.

537.
538.

539.

YeHHBIH
HHSA.

540.

1HCOSJd’C4-xtgydy:0.

W ey —0; y (1) =0.

e‘tgydx—,—(l ’~e)<ep ydy=10; y(0)=mn/4.
et '(gjd’C———dJ =0; y(1)=a/2.
(1—,—82")J dJ—e dx; z/(()l_

J 4 cos (¥ -+ 2y == cos ( ‘»—Qj} y(0) = /4.
Y =2 y(—3=

ylndy+y Vle_o J(—15/10)_e
yly'=Iny; y(2)=1.

Vit gpde+yV T3 2dy=0.

xdy + ydx —0.
Vi—g ' Vi
Y J~sm (x4 y)=sin(x—y).
vy "== —2xsecy.
Yy =erv—4er; y(0)=0.
Y)-

ijw—¢MM-ﬂ
X
T Trey =0 v (=1
(Y +1de+y*(x*+ D) dy=0; y(0)=1.
V' xy—V x)dx+(V xy+V y) dy=0.
1 2, ’
T%nw =0; y(n/4)=
r__ cosy—siny—I1
¥y = cos x—sinx--1 °
44y _ 3y-+2 _l/’
Vet axr13  x4+1 77
sec?x tg ydx+-sec?y tg xdy=0; y(7/4) = n/4.
Se* tg ydx—+ (1—e¥) sec® ydy =0.

HaiiTn XpuByio, y KOTOPOHl OTpe30K KacaTeJbHOIl, 3aKiio-
MEXK1y OCAMH KOOpAHHAT, A€JHTCA IIONoJaM B TOYKe Kaca-

CxopocTh ofecueHHBAHHS OGOPYAOBaHHsl BCJAEACTBIIE ero

HH3HOCa IIpornopHHOoHaJdbHaZ B KaxJbli llaHHbIﬁ MOMEHT BpPCMEHH €ero
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¢axTrueckoii croumoct. Havanpuast crouMoctb pasHa A, Hafitu
CTOHMOCTb 00OPYA0BAHISL 110 HCTEYEHHH I JeT.

541, Hexoropoe Beutecteo npeodpasyercs B JApPyroe co CKo-
POCTBIO, TPOMOPUIIOHAMLHOR KOJHYECTBY Hernpeodpa3oBalHOro Be-
mectea. MssectHo, uto Kozuuecto nepsoro pasHo 31,4 T no mcre-
uenu 1 u u 9,7 r no ucredenun 3 u. Onpegeqaurs: 1) CKO.TbKO Be-
mwectpa ObUIO B Iauase npouecca; 2) uepe3 CKOJLKO BPEMEHII [0ce
nauana ocramercs 1Y% I11epBoHAYANBHOTO KOJHYECTRA.

542, Iuauuapuueckiil pesepsyap AJIHHOR 6 M W anaMerpoM 4 M
pAaCcMosIoxKeH TOpH30HTaNbHO. 32 KaKoe BpeMs BOjAa BbITEUET H3 pe-
sepByapa, ecu orBeperne pagnyca 1/12 M maxoiuTcs Ha ypOBHE
caMoil HinpkHell 13 o0pa3yliomux LH/IIHIpa?

543. B KoHMUECKYIO BOPOHKY C OTBepCTHEM [JAOHIAJALIO ® CM® H
yrioM 2o NpH BEpLIHE KOHyca HalHTa BOAA 1O yPOBHA H cv nan
orBepcTHeM. HafiTH 3aBHCHMOCTB MKy NEPEMEHHOH BBICOTON ypOB-
Hsl BOABl /i B BOPOHKE M BpeMEeHeM HcTeueHHs f. OHpe}],eTIHTb no-
HOe Bpemsi ucTeuenisi. Bouncautb ero npun o=0,1 cm?, a=45",
H=20 cm.

544, Haiitu Bpems, B TeueHHE KOTOPOTO BCA BoJa BBITEUET I3
KOHHYECKOH BOPOHKH, €CJIH H3BECTHO, YTO MOJIOBHHA BOJBl BbITEKAeT
3a 2 MHuH.

3. Onnopoausie nuddeperuuasbHbie ypapHeHus. Y pasuenue sujga P (x, y) dx+-
-+ Q (x, y) dy=0 nasvidaercst 0dnopodneis, ecmi P{x, y) n Q (x, y)— oinopox-
ubie dyHrunE oxHoro usvepelins. Pynxuns f(x, y) HasviBaeTcs 00HOPodiHOd u3.me-
penus m, eca

fOx, hy) =A"f (x, p).

OrHopojHOe YpaBHeHHe MOXKeT ChiTh NpHBeleHo K Buay y' =/f(y/x). C mnomousio
MOJACTAHOBKH ¢ ==[X OJHOPOJHOE ypaBHEHHE IPHUBOJUTCI K YpaBHEHHIO C pasje-
JISIOUIHMHCST NIePEeMEHHBIMU 10 OTHOLLEHHIO K HOBOH HelI3BeCTHOH ¢yuxuuir f.

545. Hafitu o0winii uHTerpajd ypaBHEHIS
(x*-2xy) dx 4+ xydy = 0.

A 3aees P (x, y) =x>-F2xy, Q (x, y) =xy. OGe HyHKUIH— OIHOPOIHLIC BTO-
poro Hamepeuus. Beegem nojcTaHoBKy y=1{x, oTkyja dy=xdt-+-!{ dx. Torga
ypaBHEHUE NDUMET BH]

(02 4-2x2t) d—-1x% (x dt-H 1 dx) =0, nom (6% -1 2x2¢ -1 12x%) dx |- 147 df =0,
Pasgensisi nepeneHHble M HHTErPHPYS, HMeeM
dx tdt dx tdt
Frar o S e
[TpeoGpasyem BTOpOiH HHTErpada:

H1—1 P
Wdt_c, win x| +In] ¢l L—m0=C,.

11
Bosspamasice kK npexHell HeH3BeCTHOH OGyHKUHH y (f=y/x), [OJIyuaeM OKOHUYa
TeJAbHbIT OTBET:

In| x|+

=C. A
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546, Hafitu uacTHoe perleHHe YypaBHEHHSA y':%—l—sin—i— npu
HavaJbHOM yCJa0BHU Y (1) = m/2.

A Tlpoussesem nojpcTanoBky y/x==, otkyaa y==tx, dy=xdt-{tdx. B pe-
3yJbTaTe NOJyyYaeM .
dx

: . o Lodt
x dt4-tdx=(t-}sint)dx; xdt=sintdx; i

Hurerpupys, MMeem
In|tg (t/2)|=In|x|+1nC, otkyxa #/2=arctg (Cx).

[Mponasost 06paTHyIo 3aMeHy f=y/x, HaXOfum obulee pemienne MCXOAHOTO Ypas-
penus y==2xarolg (Cx). Mcnonb3ys 3agasnoe HauasibHOe YCJIOBHE, NOJYUHM
n/2=2arctg C, otkypa C==1. Mrax, uCKOMOe dacTHOe pelleH’e HMeeT BHJ Y =
= 2xarctg x. A

547. Haiitn kpusylo, npoxopsmyio uepe3 touky A (0; 1), aaa
KOTOpOil TPeYroJbHHK, 06pa3oBanHblil ochio Oy, KacaTesbHOH K KpH-
BOI1 B IPOM3BOJIbHOII €e TOUKe M PajJinyCcOM-BEKTOPOM TOUKH KacaHusi,—
paBHOGE/IPEHHBI (IpHUEM OCHOBAHHEM €ro CJIYyXKHT OTPE30K KacaTelb-
HOH OT TOuKH Kacanus 1o ocu Oy).

A Tlyets y=F (x) —uckomoe ypasHenne Kpusodl. IIpoBeseM KacareabHyIO
MN B mpoussoJibHoil Touke M (¥; y) KPHBOH 0 mepeceuenus ¢ ochio Oy B Touke N
(puc. 35). CorsiacHo yCJOBHIO, AOMKHO BBIIONHATHCS paBeHcTso | ON |=|O0M |.

Ho |OM|=V x*F¢% a |ON| ualizem u3 ypaBHenusi KacaTeapholi ¥ —y=
=y’ (X—x), nonaras X=0, 1. e. Y=|ON |=y—xy'.
Hrtak, NMpHXOAHM K OJHOPOXHOMY YPaBHEHHIO
Vatyp=y—x
[MTosnaras y=+{x, NOCTe 3aMeHbl M pasje/]enusl MePeMeHHEIX MOJyuuM
dt

Vit

:__c_l;_c, wit In(¢4+V 1489 =InC—Inx,

OTKy A
x=C({C—2)

(cemeiicTBO mapaGos, oCblo KOTOPHIX sBJsfercst ock Oy).

[TogcTasasa KoopAuHATE ToukH A B HalifeHHoe ofliee pelleHHe, NOJYUHM
0=C (C—2); u3 apyx snavennfi C=0mn C=2 roguTcs JMUIb BTOPOE, NOCKOJLKY
npu C=0 mnapaGona Bripoxjaerca B och Oy. Hrak, HCKOMOI KPHBOH sBJAsieTcs
napadoaa x2=4(l—p), nan y=1-—x2/4. A

548. Hakitn ¢Qopmy 3epkasa, co0HpAIOILEro BCe HapaJsie/ibHble
Jy4d B OLHY TOUKY.

A\ Ouespano, uYTo 2€pKaJo JOMKHO HMeThb (OPMY TOBEPXHOCTH BpalleHMsd,

och KOTOpOii mapaJulenbHa HampasJeHHio Majamomux Jjaydefi. [Ipumem sty och 3a

_ock Ox u Haiijem ypaBHenue Kpusoit y=/{(x), Bpaulenuem KoTopoi obpasyercs
HCKOMasl TIOBePXHOCTb.

Hauaao KOOpJAHHAT NOMECTHM B TOYKY, B KOTOPOH COGHDPAEIOTCH OTparkeHHbie
ayuu. ObosnaunM nagaomuil ayy vepes KM, a orpaxennsi —uepes MO (pnc. 36).
Iiposesem xacateasnyio TTy u nopvamb MAN B Toyke M K uCKOMOIt KpHBOIL.
Torga tpeyroaniink OMT — paBuoGefpentbiit ¢ BepumHoil B Toure O (Tak Kak

O/M\T:K/M\Tl' —0TM =a). Caejosarensno, | OM | =] 0T [; 80| OM |=V x4 43,
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a |OT| uaiifieM W3 ypasHeHHs KacaTeaboli Y —y=y’ (X—x), nonaras ¥ =0,

'

HMeeM sz—é/—, OTKY A2 IOT|:|X|:—X:—x+§,—.

Takum oSpasom, noayuaem AncpdepenunanbHoe ypaBHEHHe

Vityt=— x—[—% yum (x -V 258 ' =y, 1 e (x -V P+ 57) dy—ydx=0.

g A
Y ) 7
y
¥
4
7 q T
M
0 & -
Puc. 35 Puc. 36

310 auddepenHanbHOe YpAaBUCHHIE SIBJACTCH OAHOPOAHBIM. JIJIST ero HHTerpu-
pOBaHUS 11€1eCOO0PA3HO BBECTH NOACTAHOBKY X==1y, NPHHUMAA 3a apryMeuT y,
a x (4 f) 3a HeusBecTHblC (DYHKUHH 3TOrO aprymenta. Torjga noayuum

(V &y T2 ty) dy—y (F dy-+y dty =0, nau V 2+ 1dy—ydt=0.
Pa3)18JI$IeM nepemem{me H mnerpupyem:

dy H 0, lny=1In(t+V TEFE) L InC.

¥y Vi

Orciona y=C ({ -V 1T+ {%) wan, BOIBPAMmAACL K NEPBOHAUANLULIM NEPeMCHHLIM
X H Yy, MMeeM

=T % y?
sV EFE=2
C
Tlocne ynpomeHist HaXOAHM OKOHYATEALHOC DCLIEHHE B BH/E
Cc
9
y~=2c(x+7 .
Hckomaa xpusas asasercs napaboofi, a 3epkano umeeT dopMy napaGononpa
ppamennsi. A

549, Haiitn opToroHa/LHEIE TpaeKTOPUH ceMeficTBa mnapafo
x=ay? (a—mnapamerp ceMelcTBa).

/\ Opmoconarorbimu mpaeKmopuamy JAHHOTO CeMeiicTBa KPHBBIX Ha3blBaloTC
TaKHe KpuBbie APYroro cemeicTBa, Kamjlas H3 KOTOPHIX liepecexaeT KaXpyio U3
KPUBBIX TNIEPBOTO CeMeHCTBA NOJ MNPSAMBIM YIVIOM.

Ecan ypasuenne 3aganHoro cemeiictsa F (x, y, a), To AA4 OTHICKAHUA OPTO-
TOHAJIBHBIX TPAEKTOPHII HYIKHO:
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1) cocraButh nndipepennnasbiOe ypaBHeHHE 3a1aHHOrO ceMeiicTaa [ (X, ¥, y")=0;

2) HCXOAs H3 ycaoBHst oproronaibHoctH (yiy[1=—1), 3aMeHUTb B 5TOM Anp-
(bepenunanbHoM ypasuenun y’ Ha —1/y’;

3) MpoMHTerpHpOBaTh TOJy4YeHHoe ypasHenne f(x, y, —1/y')=0. Jasa pewe-
HHS TOCTaB/IeHHOH# 3ajxaun AuddepeHnnupyeM ypasHeHHe 3aJaHHOro' ceMelicTBa
napa6oa: 1=2ayy’. Hckmouas napameTp cemelicTBa @ M3 ypaBHeHWil x=ay® n
| = 2ayy’, naxomum auddepeinnanbuoe ypapleHie 3ai1aHKOrO ceMelicTsa napatou:
2xy' =y. 3amensiem y’ na —1/y’ u nomyuaem udpepeninansHoe ypasuenue ce-
MeiicTBa OPTOrOHAJbHBIX TPAaEKTOPHI:

2x-+yy’ =0, nau 2x dx -y dy=0.

Huterpupyst neayuennoe ypasHeitie, HaXOTHuM ypabBHelie cemelicrna opTOro-
HalbHBIX TPaeKTOPHI:

1, PR
4—-2—y~:C, 1.1 ——]‘——Ez,—:l.

%

X

Taxuy oGpazoM, OpTOrOHANLHEIMII TPAaeKTOPISIMI 3a7dHHONO CeMeiiCcTBa napa-
Coar sBAAIOTCA NOAOCHBIE JAPYr APYTY S/NIHACH, Y KOTOPHIX Goablias noJayocs
(BepTuKaabHan) B Y 2 pas Coabiue mamoif. A

Pemnts ypaBuentis:
550. xy'sin (y/x) - x =y sin (y/x).
551. xy+4 y*=(2x*4-xy) y'.
552. xy' In(y/x)=x+yln(y/x).
553. xyy = y*-- 2x2.
554, xy' —y=x1g (y/x); y(1)=m/2.
555. y' = (y/x) -+ cos (y/x).
556. y' =4+ y/x+ (y/x)* y(l)=2.
557, (x*+ y*) dx—xy dy = 0.
558. y' = (x+y)/(x—y).
559. xy' = xev* +y; y(1)=0.

X
aretg (y/x)

561, (x*+6x"y*+ ) dx -1 dxy (x* + ) dy = 0; y (1) =0.

562. xy' =2 (y—V xy).

563. 3y sin (3x/y) dx + [y— 3x sin (3x/y)] dy = 0.

564. Halitu kpuByl0, y KOTOpPOil NMpou3BeleHue aseiicehl JModoil
TOYKH, IPHHAAJIeXalUle! KPHBOH, Ha OTPe30K, OTCeKaeMslil HOpMaJiblo
Ha ocu Ox, PaBHO YABOEHHOMY KBajapaTy PpAcCCTOSIHIS 3TOH TOUKM
OT HayaJjJa KoopJuHar.

565. Hafitn oprorona/bHele TPaeKTOPHH CeMeficTBa OKPYKHOCTEI:
=1+ (y—1y=R"

4. lubdepennnaipubie ypasHenks, npusosuHecs K OAHOPOAREIM. V¥ pazHe-
BHA BHJA

560. xy'—y=

g = <alx+bly+cl)
axx—+boytc2
npH ajbs —asbi # 0 MpuBOAATCA K OJHOPOHBIM NOZCTAHOBKOMN X = 1} a, y=v-+8,
rie (o; B)—rtouka nepeceuenus npAMBIX a1 x~-biy—-¢c; =0 1 ayx-Lbyy-+cy =0,
Ecau xe aybs—a.b; =0, To nogcranoska Q1X-1-biy =1 1no3BOJAAET pasieqHTh
nepeMeHHEIE.
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566. Haiiti o0wHit nHTErpas ypaBHEHHS
@Cx+y--Dydy4(v-2y—1)dy=0.

2x-1- 1
/A Ypapreine npuoaiIeknT K nepsoMy THIY, TNOCKOABKY y’:—;,—éyif
-2y —
121 ‘
i ! | o =3 = 0. Haxoamu Touxy nepeceuennst npameix 2x--y=-1=0n x-}- 2y—1=0;
nmeeM x=a=—1; y=0H=1.

TIpon3eoany B HCXONIONM YPABHCHHII 3aMeHy MCReMeHIBIX, TNOJdaral X = - -o==
=u—1, y=cv-+P=cv--1; de==du, dy=dv. Ypaspenile npeolpasyercs K BuAY

(20 --v) du—+ (u--2¢) do=0.

B noayucniioy 0IHOPOIHOM YPABHEHHH TOAOKNM v=uf, oTkyaa dv=udf -~
-- fdu; npuACM K yPAaBUEIIOo ¢ DA3AEINIONHMHCH TepeMeHHbIMA

2(2--t-+ 1y udutu?(1--2t) dt =0,

ofuuit IHTErpas KOTOPOrO €CTb wV B t4-1=C, uan (mocae 3aneHn f=o/u
LI BO3BEJElNisT B KBajipaT)

w2 uvto2=C2

Bosspawasch K nepeveHunM x 1 y(w=x--1, v=y—1), mocae saevexrap-
HBIX TpeoGpasosanilii Haiiges oGIHE HHTerpas HCXOXHOTO ypaBHeHUs

¥yt aytr—y=Ci
(emect monoxeno C;=C2—1). &
587. Hafity obuiiii udrerpan ypaBHeHHS
(x+y+2yde-|-(2x+2y—1) dy=0.

/A Ypasuenue npinajzieXnT Ko BTOPOMY THIY, TOCKOJbKY ‘; ;':O. Moso-
wuM mosTony y--x=1, dy=dl—dx. Jlaunoe ypaBHeHHe NPHMET Bl
({-+2) dx- (2t —1) (dt—dx) =0, uau @—1) dx--(2{—1) dt =0.

Paagxemn rnepeneHHble H HHTerpupysd, HMEEM

S %f_—t‘ d[—{—de-—-C, wan — 2 —5 10 {—3[4x=—C.

Bo3Bpawasics K CTapuiM MepeMeHHbM (! ==x-|-y), NOJIyuHM OKOHUATebHBIT OTBeT:
x+-2y4-5ln|x+y—3|=C. A

Pemnts ypaBHEHHA:

568. 2(x+y)dy-+ (3x+3y—1)dx=0; y(0)=2.

569. (x—2y-+3)dy-+-(2x+y—1)dx=0.

570. (x—y+4dy-+(x+y—2)dx=0.

571. Haiitu unTerpaipHyio Kpusyio juddepeHnnanpHoro ypaste-
Hua y = (x4 y—2)/(y—x—4), npoxonamyio uepes touky M (l; ).

5. Jindbdepennainubie ypaBHeRHs B MOAHbIX Auddepenunanax. lndpepen-
L1aJbHOE YpaBHeHHe

P(x, y)dx+Q (x, y) dy=0,
P aQ

rie 3y = ox Ha3LIBARTCA ypasHeHuem 6 noiunelx oupgepenyuarax, T. €. JeBas

YacThb TAKOTO YPABHEHHS eCThb NOAHbL AHpdepeHiHad HEKOTOPOH GyRKULH U (X, ¥)
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B OZHOCBH3HONK o6nactu. Ecam 3To ypaBHeHue nepenucaTs B Buje du=0, TO ero
ofimee pelieHHe onpefensercs paseHCTBOM u=C. QyHKUHA u (X, y) MOKET OBITh
HaljeHa mo QopMyJe

X y
u=S P(x ) dx+S Q (x0, ) dy.
Xo Yo

Ipu 3ToM B mocsefnel opmyne HHUKHIe Tipefiesisl HHTErpanoB (X, H Yo)
TIPOM3BOJILHEl; MX BbIGOP OI'DAHHYEH eAMHCTBEHHBIM YCJIOBHEM-— HHTErpadnl B Ipa-
BOi yacTH 370l (OPMYJBl JOJMIKHEI HMeTb CMBICH (T. €. He OblTh PaACXOZAMHMHCH

oP  0Q
HecOGCTBEHHBIMU MHTErpasiaMu BTOporo popal. Ecam ycaosne oy ox
MOJIHAeTCS, TO B HEKOTOPHIX CJAyYasix MOXKHO NIPHBECTH paccMaTpHBaemoe ypaBHe-
HUE K YKA3aHHOMY THIIy YMHOXEHHMEM ero Ha TaK Ha3biBaeMblll urmeepupyromui
MHOJCUMeAb, KOTOpbIl B o0HeM caydae siBaseTcs (ynkuuell oT x M y: R (X, y).
Ecau y AaHHOrO ypaBHEHHS CYINeCTBYET MHTEr DHPYIOLWHII MIOXKHTeIb, 3aBHCALLHIL

TOJLKO OT X, TO OH Haxoaurcs no Qopmyse

H€ BHI-

fi ] 24 Il
S rr "Ta% / Qdx
p=e o ’
P 3Q .
rJe OTHOlIeHHe @.—W /Q JOJ2KHO SABJATLECSHA (pyHKLLHCH TOJALKO OT X. AHa-

JIOTHUHO, HHTEr pHpPYIOWH MHOXHTENb, 3aBUCALKE TOJNLKO OT Y, ONpeJeJAeIcd I
¢opmyae

_ g P aQ /
_ - P dy
n=e oy ox ,
oP aQ \ “
rie ’@”‘W / P jnomxHO aBAATHCS  (QyHKUHEH TOJLKO 0T ¥y (OTCYTCTBHE

B 3THX OTHOIIEHHSX B IE€PBOM <CJyuade Yy, a BO BTOPOM X fABIAeTCHA IIPH3HAKOM
CYUIeCTBOBAHHS HHTErpHPYIOWEro MHOXKHUTEMIA paccMarpuBaeMoro BH,QB).

572. Hajitn ofwui nHTErpaJ ypaBHEHHS

(e* +-y-+siny)de+(e? +x+4 xcosy)dy=0.

oP
A 3nech P (x, y)=e*-}-y-+-siny, Q (x, y) =eI4-x-}-xcos y, W:H- cos y,
-%x—:l—}—cos y. CuaejopaTeabHO, JeBas 4acTh YPaBHEHHSI €CTh NovIkblH Aupde-
peHuKaJ HekoTopol ¢ymxkuui u (x, y), T. e.
ou ou
o ex Lgi eV oy s 4.
il +y-+siny, ay eY-—x+4-xcos y

du
Ilpounrerpupyem 3 O %

u= S (e¥Fytsiny) dx+-C (y) =e*+xy--x siny-+-C ().

Haiigem ¢yuxumio C (y), npoauddepeRUHpoOBaB MOC/IELHEE BLIpaXKeHue 1o y:

ou ,
55—.\:—]—)6 cos y-C’ ().

Iosnyuaenm ypapheHHe
x4 xcos y+C {y)=x-txcos y-t+eY,
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otkypa Haxogum C’ (y)=eY, 1. e. C (y)=eY. Taxum o6pasom, obuiuii HHTerpa
ypaBHEHH: HMeeT BHI e¥ fxy+-xsiny+fe¥=C. 4

573. Haiitu obuiuit uHTerpas ypaBHEHHS

(x+y—1)yde+ (¥ +x)dy=0.

A 3aecs P(x, py=x+y—1, Q(r, y)=eV+x, '%yp—=l, %g—:l; TaKHM

0o6pasoM, YCJIOBHe MOJHOrO AuddepeHnnasa BLIMOJIHEHO, T, €. JaHHOE ypaBHeH:e
ABJsI€TCS ypaBHeHYNeM B INOJHBIX AH(depeHnHatax.
Hafizem ofuufi muterpan no ¢opmysie

% y
S P(x, yydx S Q (x5, y)dy=C.
Xo Yo
Bsss x;=0, y, =0, noayuns

Re

y
g x+y—1 dx—}—gey dy =Cy, unn [—;— xz—}—xy——x];—{—ey
0 0

y
-~ =Cy.
0 1

IToncrapass npenesnl, HaXo. MM

—;—xz—{—xy—x—l—ey—1=C1, 1M ey—l-—é-xz—}—xy—x:(], e C=Cy+1. A

574. Haiitu ofwuft uHTErpas ypaBHeHUs
(xcosy—ysiny)dy -+ (xsiny -+ ycos y) de=0.
A\ Hheen
Pix, yy=xsinytycosy, Q(x, yy=xcosy—ysiny,
oP _ €Os y--cos sin 9—9———&)"1
Oy =X J*l_ SYy—y Y, Ox =C05 Y,

oP  d9Q Q_xcosy—ysiny__l
dy  Ox / T xcosy—ysiny

TTosToMy fanHOe YpPaBHCHHE MMEET HHTETPHDYIOIHH MHOXKHATENb, 3aBHCALLNT
TOJLKO OT x. HaliieMm 3TOT HHTErpHpyIOHUH MHOXKHTEMb:

P aQ >/
—_——— ) [Qdx dax
H:eg <0y 0x zeg =X,

VMHOXKAA HCXOJHOE ypABHEHHE HA e¥, TOJYYHM ypaBHeHHe
e* (x cos y—y sin y) dy--e* (x sin y-Fy cos y) dx =0,

KOTOpOe, KaK HETPYRHO yOeIHThCS, YiKe SIBJISETCS YPaBHEHHEM B IOJAHLIX JHipe-
peHuHalax; B camMom jete, umeem P (x, y)=e* (xsiny--ycosy), Qi(x, y)=
= e% (x cos y—y sin y). Orcroa

%:a% [e¥ (x siny-Fy cos y)] =e¥ (x cos y--cos y—y siny);
0Qy __(7

—a—_a—j-c[ex (x cos y —y sin y)] =e* [x cos y—y sin ycos yl.

STH NpoM3BOIHBIE PABHLI H, CJEAOBATeNIbHO, JeBasd 4acTh NMOJYYEHHOrO ypaBHeHHA
uneer By du (x, y). Takum obpaszom,
du

— ) i au_.. X i
b-!-/—-ev (¥ cos y—y sin y), il (x sin y--y cos y).
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Hnrerpupyst nepsoe M3 5THX PaBEHCTB 1O Y, daXOXHM
u = g e¥ (x cos y—y sin y) dy - C (x) = xe¥ sin y+e¥y cos y—e¥ sin y--C (x).

Haitzem mpoussoanyo mo x or mosyueHHOH (yHKIHH:
g—i:ex sin y--xe* sin y—e¥ sin y-+-e* y cos y~-C’ (x) =e* (x sin y-+y cos y)+C'(x).

CpaBHuBasi HalijjleHHOe 3HAYEHHE g——i ¢ P(x, y), nomyunm C’ (x) =0, 1. e. C (x) =0.
CJ'Ie}IOBaTeJIbHO, OﬁLU\P]IjI HHTErpaJd HCXOLHOIo YpaBHEHUSI HMEET BHJ
u (x, y)=xe* sin y--e*y cos y—e* sin y=C, uau e* (x sin y-+y cos y—sin »=C. A

PemnTe ypaBHeHHs:

575. (x+sin y) dx-- (x cos y-}-siny) dy=0.

576. (y+e*siny)dx+ (x+e*cosy)dy=0.

577. (xy-+siny) dx 4 (0,5x+ x cos y) dy == 0.

578. (& +y*+ y) dx+ (2xy+ x+-€') dy=0; y(0)=0.

579. (2xye** - Iny) dx -+ (ex" +§) dy=0; y (0)= 1.

580. [siny- (1—y)cos xz] dx—+[(1 + x) cos y—sin x] dy = 0.

581. (y-+xlny) dx-{—(é—y—}—x—k l>dy=0.

582, (x*+4-siny)dx-- (1 + xcosy) dy=0.

583. ye*dx- (y-+e*)dy=0.

584. (e* siny+ x) dx+(e* cosy + y) dy = 0.

585. (In y—5y? sin bx) dx -+ (3—[— 2y cos 5x> dy=0; y(0)=e.

586. (arcsin x4 2xy) dx -+ (x* -+ 1 - arctg y) dy = 0.

587. (3x*y-sinx) dx+ (x*—cos y) dy = 0.

588. (6" + 3x?) dx+ (e57Y - 4y*) dy = 0; y (0) = 0.

989. (tgy—ycosec®x) dx+ (ctg x -+ xsec?y) dy=0.

_ Yy e * —

590. y) dx -+ (e X x“‘—]—yz) dy=20.

IIpounrerpuposath c/ieayiomue ypaBHEHHS, HMEIONHE HHTErpH-
PYIOULHA MHOXHTENb, B3aBUCAIHH TOJBKO OT X WJH TOJBKO OT Y

591, ydx—xdy+Inxdx=0 (u=¢ (x)).

592, (x*cosx—y)dx+xdy=0 (u=¢ (x)).

593. ydx—(x+y*) dy=0 (n=1¢ (1))

594, yI/I —y?dx+ (le—yH— y) dy=0 (n=9y)).

595. Jlokasarb, uTo ypasuenue P (x, y) dx-+Q (x, y) dy=0, xoto-
poe OJHOBPEMEHHO ABJAETCH U OJHOPOLHBIM, H YPABHEHHEM B IMOJHLIX
Ruddepennuanax, umeer obmui muterpan Px-+ Qy=C.

Yy
x4y

@ Bocnoansosathea Teopemolt Jitsepa 06 OZHOPOIHBIX (YHKUHAX, COTIACHO

KOTOpO# x —%—[—y ¥ " tP (x, y), rae t—nmoka3aTelb OAHOPOJHOCTH (yHKIUH

Px, y) u Q(x, y).
6. Jluneiinpie nudpdepeHuUaNbHBIE YPABHEHHS NEPBOro NOpsaka. YpaBHeHHSA
BepHyan. Y pasHenue Buja

Yy’ Px)y=Q ()
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Ha3piBaeTCsl AuHeldnoin (Y M Yy BXOAAT B IIEPBBIX CTEMEHIX, HE MEPEMHOXKASCh
mexay coboi). Ecan Q (x) Z£0, To ypaBHeHHe Ha3bIBaeTCs JIHHEHHBIM HeOOHOpP0O-
Heat, a ecan Q (x) = 0-—aHHERHBIM 00HOPOOHBIM.

O6uee pemenHe ofnrOpoxHOro ypasHeHuss y' -+P (x) y=0 nerxo nosnyuyaercs
pasjeselnyeM IepeMeHHbIX:

d_yy=_ () dx; %”: _.Sp () dy; lny= -—SP(x)a’x-{—lnC,
HJIM, HaKOHell,
y:Ce_f P (x) dx,

rpe C—npon3BoJblast NOCTOSIHHAS.
O6mee pemcHue JHHEHHOrO HEOZHOPOZHOTO yPAaBHENHs MOXKHO HAfiTH HCXOAS
M3 ofllero pewesHs COOTBETCTBYIOHIEr0 OJHODOAHOrO ypaBlieHUs memodom Jlae-

- J P (x)dx
pangca, Bapbupysl NPOM3BOJBHYIO MOCTOSIHHYIO, T. €. moJarast y=C (x) e ) s
rae C (x) —HeKoropasi, nojJexKallast OnpefleieHHI0, puddepennupyemas GyHKuHsA
oT X.
Hns naxoxpenus C(x) HYXHO NOACTaBHTb Y B HCXOJHOE ypaBHeHHe, 4TO
NPUBOAHT K ypPaBHEHHIO

C'(x)e f P dx:Q ().

Orcioga

co={ Qe "0

rpe C—nmpon3BoJbHAS NOCTOSHHASA. Torga HCKOMOe ofmlee pelueHue JHHEHHOTO
HEOJHOPOAHOTO YpaBHEHHsI MMeeT BHJ

y:e—fP(x)dx [S Q(X)F'I‘P(X) dxdx+C].

JlnHeiinble ypaBHeHHUsI MEPBOrO NMOPsifiKa MOXKHO HHTETPHPOBATL TAKIKE Mermo-
Oom DBepuyaau, XOTOpH 3akaiodaercss B ciaegyiomeM. C HOMOULBIO NOACTAHOBKH
y=uv, TAe 4 U v—jBe Heu3BeCTHnie (YHKIHH, HCXOJHOE ypaBHeHHe mpeo6pasy-
ercsd K BHAY

v'v4uv' P (x) uv=Q (x), nau ufv’ 4P (x) v]-}vu’ =Q (x).

ITonb3ysice TeM, UTO OpHAa M3 HEM3BECTHHIX (YHKUHIT (HanpuMep, v) MOXKeT
6biTh  BLIODAHA COBEPLIEHHO IIPOM3BOJBHO (MOCKOJLKY JIHIIL IPOH3BEAEHHE U
JIOJIXKHO YJOBJETBOPATL HCXOMHOMY ypaBHEHHIO), 32 ¥ NPHHUMAIOT 110G 0€e uacT-

dx+C,

- | P(x) dx)
Hoe pemeHMNe ypasHeHus v -+P(x)v=0 (Hanpnmep, v=e f s
ofpauaiomee, CJeJOBaTeNbHO, B HyJb KO3DDHUIHEHT NpH ¢ B HOCTAeZHEM ypaBHe-
HHUHL.
Torja npepbiaylilee ypaslieHUe IpAMET BHJ

QW)

fP (x) dx
2 b]

v’ =Q(x), unu u' = ,T. €. u'=Q(x)e
OTKyJa
u=C+{ QW Jrwa,,
OGuiee pelenue HCXONHOTO YPABHEHHA HAXONMTCA YMHOMEHHEM & Ha U:

y—e™ frw dx[g 0 (x)ejp(x) dxdx—}-c}.
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¥ paBnenne (HenuHefinoe) puzpa
Y+P®y=Q®y™s

rge m # 0, m # 1, HasbiBaetca ypasnertesm Bepryasau. Ero MOXKHO Mpeo6pa3oBaTh
B HeHHOE ypaBHeHHe, IDOM3BOAS 3aMEHy HEHM3BECTHOH (YHKLHH NPH IOMOI(H
NOJCTAHOBKH z==yl—#, B pe3yJbTaTe Yero HCXOJHOE ypaBHeHHe npeoGpasyercs
K BHIY

1

l—m

2’ P(x)2=Q (x).

Ilpu uHTerpHpoBaHHH KOHKPETHBIX ypaBHeHuil BepHyanu ux nue Hago npeg-
BapHTEJNbHO INPeo6pa3oBLIBATh B JIHHElHbie, a cpa3y NpUMCHATH Jubo metog bBep-
HY1aH, AHG0 MeToJ| BapHAllHH NPOH3BOJILHON NOCTOSHHOM,

596. Ilpounterpuposath ypaBHeHHe y' cos’x-}-y=1gx mpu Ha-

ya.bHOM ycJaoBuu y (0)= 0.
/\ Hnterpupyem coorserctsyromee oHOPOAHOE ypaBHeHue y' cosii-l-y=0;
pa3icans nepeMeHHble, NOJYYHUM

dy dx
“t

cos?xy
Muem pemerine HCXOAHOTO HEOAHOPOIIIOro ypanheHusi B Buje y=C (x) e
rae  C(x)—wuenssectHast (yHKuus. IlojcTaBJss B  MCXOAHOe  ypaBleHHe
y=C(x)e €% n g =C" (x)e € *_C (x) e ¥ ¥ sec2x, npuaem K ypasHeHo
~tg x

0, Inyt+tgx=InC, y=Cet€%,

~tgx
’

—tg x

cos2xC’ (x)e —C (¥) e ¥ ¥ sec? x cos? x--C (x) € =1tgx,

na
C' (¥)costye~ B ¥=1tgx,
OTKYZa

tg Xt
e gx ox \
Cx= S-———wszx dx=e'®* (tg x-—1) - C.

Takum o6pasom, mosyuaeM ofllee peleHHe AAaHHOIO ypaBHEHHS:
y=tgx—14Ce €%,

Hcnoabsys navanwroe yemosue y (0) =0, nonyuum 0= —1--C, orkyna C=1.
Cre/ioBaTe/IbHO, MCKOMOE YaCTHOE pelleHHe HMeeT BHA y=1ig x— 1} ¢~ % ‘LA

597. IlpounrerpupoBarb ypasuenue y'—yth x=ch?x.
A\ OTo—nuneitnoe ypasHenne. Pemnm ero merojiom Bepuyam. ITomaras
Y =uv, nMeeM

wodv'u—uvthx=ch?x, wm u @V —vthx)+u'v=ch?x.
dv
IMoaaraem v'—uv th x=0, orkyna - = th x dx; unterpupys, Haxojuum lnv=Inchx

w1 v=ch X (IOCTOSAHHYI0 HHTErPHPOBAHHUSA He BBOAUM, TaK KaK AOCTATOYHO HaliTH
KaKoe-11u00 4acTHOe PCHieHHe TOTO BCIOMOIaTeJbHOIO ypaBHEHHS).
Adas onpenenenns w umeeM ypapHenHe u'v=ch®x wim u’ ch x=—ch? x, oTKyz}

HaXOIUM u:S chxdy=sh x--C. YMHOMeHHME © HA U, NOJdyuaeM OFUICE pellUcHI

y=chx(shx-C). A
598. IlpounrerpupoBath ypapHeHue

X . ,
y' -+ 1——%4_2: arcsin x 4- x.
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/\ HVlaTerpupyem cooTBeTCTBYIONIEE OLHOPOLHOE ypaBHeHHe'

xy dy  xdx
y’+1_x2=0, 7R ; lny~— In(1—x3)+1InC,
T. e. y=CV T—x2. Ionaraem teneps y=C (x) Y 1—x2; Torza
—_— C (x)
O Y T2

y=C'Wy T

[Tocse mopcTaHOBKH B HCXOJIHOE HEOAIIOPOZHOE YpaBHEHHE MHOJYUHM
c’ (x)]/-l—x2——];(_:_({) —{—1 C (x)V I—x%=arcsin x+x,

T. €.

¢ () = arcsin x X

Vice Vi

Hurerpupys, Haxoaum

C(x):S []a[rclsmx—}—lflx -\dx — (arcsin )2 — Y T—x2--C.

Taxim o6pasow, obee peuieHHe NaHHOIO ypaBHEHHI HMEET BHJ

=Y 1—x [—(arcsmx N Vo gy C} A

599. Pemuth ypasHenue y’ +~z— = x%yt.

A\ dro-—ypasHenue Depryanu. IIpounTerpupyem ero MeTONOM BapHalH
NPOU3BOJIBLHOA NOCTOSIHHOH. JlJIA 3TOro MHTerpupyeM cHauyajla COOTBETCTBYIOLLEE

JHHeliHoe OIHOPO/iHOE ypaBHEHHE y’—{—%:o, pewierie KOTOpOro y=-—- .

: Cw '
Mimem pelenne HCXoxHoro ypasHedus Depuyaau, mosarast y=-——>, y' =

X
M _C»w , i
:——x—_ = nO}ICTaHOBKa Y U Yy B UCXOAHOC ypaBHEHHE JaeT
’ 14 ’
C® +c(x) [C(x)] o €0 ﬂ:)_ _
X X ’ X X
I/IHTGI‘ppreM HOJIy'—IeHHOe ypasHeHHE:
1
dc(x) ; ———I—‘ZII])C—IHC; C(x)=7—/‘_—_.
c (x)]“ x 3[C WP y 31n(C/x)
Takum oépaaom, obiee pelieHHe HCXOAHOrO ypaBHEHHS
_CH__ 1

“x x}/3mCn)
600. IlpounTterpHpoBaTh ypaBHEeHHE

r_ 2y, Vi
14+ x2 1/1

A Oto—rakxKe ypaBHenue Depuysnu. Ilpounrerpupyem ero Meroiom bep-
HYJJIH, AJS 4ero MOJIOXKHM y=uv. [loACTaBJafii B HCXOAHOE ypaBHEHHE Y= uv,

y

arctg X.
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Yy’ =u'v}uv’, crpynnupyeM useHbl, COAepKallHe # B NEPBOIl crenenu:

2xv V uwo
votu v — 5 |\ =4 —arctg x.
(—rra)
IMpuMem 3a v Kaxoe-n1u€O yacTHoe pellleHHe ypaBHEHHS v’—%:O. Pas-

JleJisisi B HGM II€peMeHHbie, HAXOJUM
dv  2xdx
—=-="""; Inov=In(1+4x2); v=1-}x%
TR EE (14 x2); x

(MOCTOSIHHYIO HHTErpHPOBAHUST HE BBOJHM).
JIis OTBICKAHHS ¢ MMeeM ypaBHEeHHe

V uv
Vita?

u'v=+4 arctg x,

min (I0CKOIbKY v=1--x%

,_ 4V uarctgx
1 x2%

PasgensieM IepeMEHHBIE H HHTEr PHPYeM:

dx; V u=arctg? x-1-C.

u

du  2arctgx
2V 0 142
Takum ofpasom, u=(arctg?2x-+C)? nu y=uv=(14x% (arctg? x-}-C)? cctp
ofllee pelieHHe UCXOJHOIO VPaBHEHHS. &

601. IpounTterpuporars ypasHenue y=xy -ty Iny.

/\ IlanHOe ypapHeHHe MOMKHO JIEI'KO NPOHHTETPHPOBATDL, ECJH IIOMEHSThH B HeM
pOJSIMH X H y: NPHHATb 3a apryMeuT Yy, a 3a HeussecTHyo ¢ynxkuuio x. Jlas
9TOr0 HYKHO TOJBKO (HCNodb3ys GopMmyay AuddepeHnnpoBaHus obpatuoil ¢yHK-

IlHK) NOJOKHTb yy=1/xy. Torna paunoe ypaBueHHe npeoGpasyercs B ciefylolliee:
yxy=x-+1ny.

310 —nnHelinoe ypaBHenHe OTHOCHTENbHO x. MHTerpupyeMm COOTBETCTBYIOLLeE OJHO-
pojHOe ypaBHeHHe yx’ =X, HMeeM

dx _dy
x g’

HueM pellleHHe HCXOQHOTO HEOZHOPONHOrO ypaBHeHHs, nodaras x==C {(y)y,

x=Cy.

OTKYJa x;:C’ (y) y--C (). Toncranopka B ypaBHEHHe jAaeT |
, , In g 1+1In
C' @) 9*+C W) y=C W) y+Iny, omyza €' @) =7, C(y)=<:——+y—y.

Yuuoxas C (y) Ha y, HAXOAUM pEIlEHHe HCXOAHOro ypaBHenns: x=Cy—1—iny. A
602. TlpounterpupoBaTh ypaBHeHue (x2lny—x)y =y.

/\ JlanHOe ypaBHEHHE MOXKHO NPOHHTErPHPOBATH C MOMOUIBLIO TOIO Ke Npeol-
pasoBanusi, 4to M npexgeinyilee. IlpuHuMasi y 3a aprymMeHT, x—3a HeH3BeCTHYIO
¢yHKLUIO, npeoGpasyeM 3TO ypaBHeHHe K BHAY

xlny—x=yx’, wm yx'+x=x2Iny.

dto—ypasuenne Bepuyanu otHocutensHo x. MHTerpupys cooTBeTCTBYyIOLLee
JIMHEHOe OAHOPOAHOE 'ypaBHeHue yx’' -+ x=0, Haxomum x=C/y.

134



. ? (e
Tlonaraem B MCXOZHOM ypaBHEHHH x:# , OTKyjla x’=C—(”l—C;—(y~)' npH-

y*
XOJMM K CJelyiolleMy ypaBHeHnuio Ajas onpejenaenus C (y):

¢’ (y)_€%+%y—):w+j)]2~ln y, umu C' (y) = [CW]2Iny .

y2

Pasneasiem nepeMeHHble U HHTEerpHpyeM:

dC(y) Iny 1 Iny--1 y
=—5dy; —r7—=C——L_——; C =
Cwr- ¢ % Tty vy U=y
Ymuoxas C(y) Ha 1/y, naxoqum ofliee pemeHne HCXOHOFO ypaBHEHHS:

1
x¥1ny+1~Cy '
Pemnth ypaBHenus:

A

603. xy' —y=x*cos x.

604. y -+ 2xy = xe™*".

605. y' cosx+y=1—sinx.

606. y' +—y==; y(1)=0.

607. (14 x*)y -+y=arctg x.

608. ;') T— x*+y=arcsinx; y(0)=0.

609. y' — §g7 =cos?In tg% .

610. y'—xlynxlenx; y (e) =e%/2.
611, y'sinx—ycosx=1; y(m/2)=0.
612. y' (x+y*) =y.

@ [1puusTh 33 HEM3BECTHYIO (YHKUHIO X.
613. y' - 3y tg 3x=sinbx; y(0)=1/3.
614. (2xy+3)dy—y?dx=0.

@ [Ipuusith 3a HEH3BECTHYIO PYHKUHIO X.
615. (4 29y —y.

@ [punsTh 3a HEeN3BeCTHYIO (PYHKUHIO X.

616. ¢ - 2/ =32 yifo.

617 5 — L — 2

x—1 x—1°
v 2y 2V Ty
618. y +_)i_/=colsfzz'
619. 4xy’ -+ 3y= —e*x'yp.
620. y' +y=e2V y; y(0)=9/4.
621, y'—|—j3)j_y1=y2 (x*41)sinx; y(0)=1.

622. ydx+ (x+ x*y?) dy=0,
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@ [Ipunare 3a HeussecTHyl (YHKUHIO X.

623. y' —2ytg x- y?sin*x=0.

624. (y*+2y+x*)y +2x=0; y(1)=0.
@ [Ipunsath 3a HeH3BeCTHYIO (BYHKLHIO X.

7. Ypapuenus Buga x=¢ (J') u y =@ (¥’). DTH ypaBHEHHS JETKO HHTErpH-~
pyloTcst B napamerpuueckoi (opme, eCaH NOJOXKHTb gy’ ==p W NPHHATL p 3a ia-
pamerp, yepe3 KOTOpHIl cjefyeT BBHIPa3dTb KaK X, Tak H y. B camom pnene, nosa-
ras y'=p B ypaBHeHuu x=@ (y'), cpa3y noJyuaeM BLIpaxeHHe IJifi X Uepe3 ma-
panerp p:x=¢ (p). Orciona, auddepennrpys, Haxozum dx=¢’ (p) dp, a Tak Kak
dy=y'dx=:p dx, To, caefosaTesbHo, dy=p@’ (p)dp H y HAXOIUTCS HHTEr pUPOBa-

HHUeM: y= S po’ (p) dp--C.
Takum o6pasoM, pelllenHe ypaBHEHHS X=@ (4') 3anuIUeTCs B IapaMmeTpHyec-
Kol Qopme:
x=q (p),
y={ o’ () dp-+C.
Ananoruuno, nogaras y'=p B ypaBHeHuH y=¢ (y'), HaxomuMm y=q (p).

Judbdepenunpya y, noaydaeM dy=¢’ (p) dp. Ho no-npexuemy dy=p dx. Takum

Q' (p) dp
r

obpasoM, pdx=¢' (p) dp, otkypa dx= H X HaxOAUM HHTET pHPOBAHHEM:

x:SCP—(:Z—)éE—}—C. OGuee peueHne ypasHeHHS y==¢ (y’) uMeeT BUJ
( x:S(P (;) . c.

y=o (p).

Ecan yraerest, B 0o00MX cayyasx MOXKHO HCKJIOUHTL napaMeTp p H HalTH
o6WMH HHTerpasa ypaBHEHHS.

625. IlpounrerpupoBath ypaBHeHre x=y siny’ -} cosy’.

A Tonoxum y'=p. Toraa x=p sin p-}-cos p. Ipopuddepesunpyen 310 pa-
BEHCTBO:

dx == (sin p-}-p cos p—sin p) dp=p cos p dp
I IOJICTaBUM 3TO 3HAuYeHHE dX B PABEHCTBO dy=p dx:
dy=p? cos p dp,

y= S p2cos pdp=(p2—2)sin p-+2pcos p+C.

Takum oGpasom, ofiuee peuieHHe B napaMeTpuueckol (opae HMEEeT BHT

x=psinp-+cosp,
y=(p*—2)sinp-}-2p cos p4-C. A

626. Ilpounrterpupoeath ypasHenue y’ = arctg (y/y’").

A\ Ilpensapurenvuo nafizem y=y'2tg y'. Tlonoxkum y' =p; torga y=pitg p.
Ipopuddepenunpyem 310 pasencrso: dy=(2ptg p-}-p?sec? p)dp u, 3amenss dy
Ha pdx, noiayuum pdx==p (2tg p-+psec? p)dp, OTKyna, COKpawiasi Ha p W UH-
Terpupys, HaxoAHM

xX= S (2tg p4-psec? p)ydp=ptg p—Incos p4C.
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Obwee peienite 1aHHOrO YPAaBHEHHS HMeeT BHI

y=p?igp,
x=ptgp—Incosp--C. A

627. TlpounterpupoBats ypasHenne x=y --1ny’.

/:\Hofiome y'=p. Takum oGpasom, x=p-}-Inp; AuddepeHUHpy s, HaX0IHM
dx:dp—}—pi’. Taxk kax dy=pdx, To

dy=p(dp+2)=(p-+1) ap.

Huterpupys, waxognm y=0,5(pI- 1)2C.
O6uiee pelicHue AalHOTO yPABHCHHS, 3aNHCAHHOE B MapaMeTPHUECKOI dopwe,
HMeer BUJ

x:p_i'ln P,
y=0,5(p4-1)24-C.
SAECb napamMeTp p Jerko MHCKJWYHTb; H3 BTOPOro paBeHCTBA nojgyuaem p =

=V2(y—C)—1 (p>0 =n HOSTOMY MepeJ KOpHeM HaJ0 B3ATb 3HAK ILTIOC).
[Togcrasnsist Haiigennoe st p BbIpaXKeHHe B MepBOe PABEHCTBO, HAXOZUM OOLLee
pelleHHe YpaBHEHHS B CJeLyIOWeM BHJE:

x=V2y—C— 1+ [V ZG—C)—1] A
Peumnts ypaBHeHus:
628. arcsin(x/y')=y'.
629. y=ev (y' —1).
630. x=2(Iny —y").
631. y(1+y "2 =y
632. x=2y +3y"".
633. x=y (1-+ev).
634. x=e2v (29" —2y - 1).
635. y=y' Iny'.
8. Ypasuenus Jlarpanwa u Kaepo. ¥pasuenuen Jlaepausca uassisaercst pude

(epenunanbHoe ypasHeHMe INepPBOIO MOPSAAKA, JHHEHHOE OTHOCHTENLHO ¥ H Y,
KO3()puuHeHTaMH KOTOPOrO CJyKAaT (PyHKLHH OT y':

Py x+Q ) y+R(y)=0.

Ypasuenne Jlarpania HHTEIPHPYETCS CJeAyOUHM 06pasoM. Pasperwny ero
OTHOCHTEJbHO ¥ W IpHMeM 3a napamerp y', nmojaras y' =p:

y=xf (p)-+¢ ().

[Sneco sepentt ofosnauenus f(y)=—P (y')/Q (y'), ¢ (¥)=—R (y)iQ ("]
Anddepenuupyst nonyueHHoe ypaBHeNMe K 3aMeHAS B JIeBOH uacth dy Ha p dx,
NPHUXOAUM K YPaBHEHHIO

pdx=Ff(p) dx-t-x[' (p) dp+¢' (p) dp.

TlonyueHnoe ypasheHue-—IMHeliHOe OTHOCHTENbHO X (KaK OYHKUHH OT p)
H TOSTOMY MOXeT GLiTh INpouHTerpuposano. Ecan ero pemwenne ects x=F (p, C),
T0 ofluee peiuerHe HCXOAHOrO ypaBHeHus Jlarpanxka sanumercst B Buje

{ XZF([), C)y
y=x @)+ p)=L(p, OV F () +¢ @)
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¥ pasrervesm Kaepo HasmisaeTcsl ypasHenue BHAA
y=xy'+o "

KOTOpO€ SIBJISIeTCSI YaCTHBIM cJaydaem ypaBHeuus Jlarpanxka. Huterpupys ero
YKa3aHHBIM cnocpﬁom, JIerko TnoayuMTh ofmee peiedne y=Cx-¢ (C), KoTopoe
onpejieifieT CeMEHCTBO NPSIMBIX HA IJIOCKOCTH.

Onnako ypaBHenne KJepo, Kpome ofWICro peluzHusi, HMeer eumie H ocofoe pe-
LIeHHe, OIpejesaseMoe CJeAyIONHMH NapaMeTpPHUCCKEMH YpaeHeHHAMU:

{ =—0q' (p),
y=—p9" (@)-+¢ (-

Ocofoe pewenne ypaerenuss Kuaepo (ono cymectsyer, ecan @ (p) # const)
ABJsercsd orudamowed cemelicTBa NPAMDLIX, ONpejeaseMblX OOLIHM DEIleHyeM (HHBIMH
CIOBaMHU, 00wum pewenuerm ypasrenus Kaepo caysxcum cemedcmso KacamenbHolx
K 0coboMmYy peruerur).

Ypaeuenne JlarpaHia TaKiKe MOMXKCT HMeTh 0COGble pelleHHS, NpPHYEM OCO-
(bIMA PelieNvsAMH 3TOr0 ypaBHEHHS (eCJH OHM CYIIECTBYIOT) sBJAIOTCA ofliHe Ka-
caTesIbHBIE KO BCEM MHTErpaJbHBIM KDHBBIM, ONpejessieMbtM OCIHM pelieHHeM.

636. IlpounterpupoBaThb ypaBHeHHe y==xy —e’’,

/\ Dro—ypaenenne Kuepo. ITosoxum y’ = p u nepenuiueM ypaBHeHHE B BH-
re y=px—eP. uddeperuupyem ero: dy= pdx-xdp—eP dp; no dy= p dx, no-
STOMy moCJefHee ypaBHeHue npumer Bujy xdp—ef dp=0, uan (x—eP)dp=0.
Takum obpasom, anGo dp=0, mub6o x=eP. Ecau nonoxurs dp=0, 10 p=C;

NOACTABJSAA 3TO 3HAYEHME p B PABEHCTBO y=px—eP, NonydaeMm ofiee peuenue
JAHHOTO YpPABHEHHS:

y=Cx—eC.

Ecau nosoxuts x=e”, To y=pe”’ —eP = (p—1)e”, u npuxoaum K ocofomy
PeLIeHHIO HCXOHOTO YDAaBHeHHs
{ x=eP
p
y=(@p—1e".

Uckmouas napamerp p (B AaHHOM clydae p=lInx), naxojum ocofoe peulenue
B SIBHOM BHJe:

y=x(nx—1).

[TpoBepuM, YTO COBOKYIHOCTb TPSIMBIX, OIPe/leIgeMbIX OCLIMM pelleHHEM, eCThb
ceMeiiCTBO KacaTesbHBIX K 0COGOH HHTerpasbHOH KpUBOH.

Iuddeperunpys ocofoe pelleHue, HaXoAuM y'=In x. Y paBHeHHe KacareJb-
HOM K ocoGoli MHTerpanbHOH KpHEOH B Touke M (xg; yo) [rie yo=x (Inxo—1)]
sanuueTcs B BHJE

Yy—"Yo="Y, {(x—x), mamr y—xo (In xo— 1) =In xo (x—xo),

YTO mocJe YNpouleHHus gaer y=x Inxy—x,. Ecam zgecs monaoxuts Inxy=C, T0
ypaBHeHHE cemelicTBa KacaTeJbHBIX K 0COGON MHTErpaJibHOll KPHBOH IPHMET BHJ
y—=Cx—eC, uto u TpeGoBaJOChH YCTAHOBHTH. M\

637. IIpounTterpupoBaTh ypaBHEHHE y=xy"+y".

A\ 3to—ypaenenue Jlarpanxka. [TocTynaem aHaJoOruuHo npepsiaymiemy, T. e.
nonoxum y’ =p, torga y=xp>+4 p%. Tlpoauddepenunpyem nocseaHee paBeHCTBO:
dy=p?dx-+2pxdp--2p dp. Ilpoussons 3ameny dy=pdx, NPUXOJUM K ypaBHe-
nuio p dx=p?dx+2pxdp+2pdp. Orciopa, coxpauas Ha p, TOJdydyaeM ypas-
HeHHe C pasjesIOMUMHCH MePeMeHHBIMH
dx 2dp

(1—p)dx=2(x-+1)dp, nan PRIt by
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Hnterpupys ero, naxogum
In(x+4+1)=—2In|1—p|+InC; x|1 =C/{p—1)2,
Henonbays paunoe ypasnenue y= p2 (x+ 1), momyunm
y=Cp*/(1—p?.

Hpox{asenelmoe COKpalleHde #Ha p MOIJo NPHBECTH (Pl B TaHHOM cJayyae anBeno)

K norepe ocoGoro pemiennsi; nodaras p=~0, HAXOAUM H3 AAHHOIO YpaBHEHUA
y=0: s3r0o—ocoGoe peluenHe.
Hrak,

{ x+1=C/(p—1)*
y=Cp®/(p—1)?

B ofwmeM pemweHHH napamerp p MOKHO MCKJITIOYHTb U IIPHBECTH €r0 X BHAY

Vy+VrtDi=c. A

—ofuiee pemenne; y=0-—ocoBoe perexie.

Peumnty ypasuenus:
ey’ bt g2yt v 1
638. y=xy' -+ b*fary”. 639, t=tt

’ ’ 4 l ’ ’
640. y=xy' +y —y". 641, y = <7+y>+y.
642. 2y (y' +1)=xy".

§ 2. AMPPEPEHUHUAJILHLIE YPABHEHH S BBICIIHUX ITOPSiJKOB

1. Ocuosnrie ToHaTHSA. [Juddeperyuaronsist ypasterues n-zo 10padKka Hasbl-
BaeTCs ypaBHEHHE LBHJA

F(s 9. 9 4" oo\, ) =0,

Pelennem Takoro ypasuenus cIyXHT Beskas n pas puddepeHmupyemas dyHKILHS
Y =@ (x), KoTopasi ofpaliaerT JaHHOe ypaBHEHHE B TOXJECTBO, T. €.

Flx, ¢ (x), 9", ¢"(®), ..., o™ (1)]=0.

Bagava KowH I 5TOro ypaBHEHHsI COCTOHT B TOM, uTOGH HalTH pelIeHHe
YPaBHEHHS, yLOBJETBODAIOWEE YCJIOBHAM ¥ =Yg, Y =Yg, -.., Y»~D=y1-b npy
X=Xg, TAC Xo, Yo, Yy -+ Y*~D —3anaHHBIE UHCIA, KOTOpHIE HA3BLIBAIOTCH Ha-
HQAbHOIMI OGHHOIMU, WIA HQYAAbHbIMU YCAOBUAMIL.

DyukuHs y=¢ (x, Cy, Cy, ..., C,) Ha3bBaeTCH OGWUM peluerties LaHHOTO
RupdepeHIHaIbHOTO YPABHEHHS f-TO NOPSAAKA, €CIU NPU COOTBETCTBYIOLEM BbIOOpE
IIPOH3BOMILHEIX TocToaHHBIX Cy, Cg, ..., C, 3Ta GYHKUMS SBASETCS _ PellleHHeM
JioGoit 3afauu Kolm, MocTaBjieHHOH JAst JaHHOTO ypaBHEHHS.

Besikoe pewenue, nosyuaemoe M3 OOLIETO pemieHHs NpH KOHKPETHHIX 3HaUe-
HHAIX NOCTOAHRBIX Cy, Cy, ..., Cp, HASHIBACTCA UACMHGIM peuleruem STOTO ypaB-
Henusi. Jlust BbIie/IeHASt M3 MHOXKECTBA pelueHui - xudkhepeHIHaIbHOTO ypaBHeHHUsA
ONpeje/IeHHOro YaCTHOTO pelleHHs] HHOrAAa MCMONb3YIOT H TaK HashiBaeMble Kpae-
Bble YCJOBHA. OTH YCJIOBHA (YHCIO KOTOPEIX HE JOJKHO MpeBBINATH IOPSIAKA
YpaBHeHHs) 3aJal0TCA He B OAHOH TOUKe, a HAa KOHIAX HEKOTOPOTO MPOMEKYTKa.
OueBuAHO, uTO KpaeBHle yCJOBHS CTaBATCS JMIIb IS yDPaBHEHHIH nopsjKa Bhille
nepBoro.

Hurerpuposanne nuddepennnaibHLX ypasHeHWH 7n-TO TODSAKA (B KOHEYHOM
BHJE) YAAETCs NPOM3BECTH TOJBKO B HEKOTOPBIX YACTHBIX CAyYasiX.
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2. Ypasnenns Bupa YU = f(x). Pewenue 5Toro ypaBHeHHA HaXOAUTCH
A-KpaTHbIM HHTEIDHDOBAHHEM, & HMEHHO:

ym=Ff(x), yr-H= S [ () dx+-Ci=[ () Cy,
Y- = S [fi () +Cildx=f; (x) 4 C1x-}-Cy,

C C
y=fn (x)+'(n__1‘1_)| xn_l’{"(n_zz)! w2 A Cpa1x-Cp,
rie
fn(x)zggg...gf(x)dx”.
N ——
n pas
C]: Cg
Tak kak '(-n—_—l—)-' N (I’L—-—Q)! y oo SABJAIOTCA NOCTOAHHBIMH BeJHYHMHAMH, TO

O(’)HLC@ peleHne MOXKeET OLITh 3aIHCAHO H TaK:
y=[n () FCrx? =1L Cox? =2 ... -C_1xCp.

643. Haiitn uactHoe peileHue ypaBHeHHS Y = xe~™*, YNOBJIETBO-
patolee HauaJdbubiM yeqaoBuaMm y (0)=1, y' (0)=0.

/\ Haiigem ofmee ' perieHne mnoOCJaefOBATENbHBIM WHTErPUPOBAHUEM JAHHOLO
ypaBHEHHUS:

Yy = S xe= ¥ dx=—xe~*¥—e=*LCy,

g= S [—xe=¥—e~ ¥ Cildx=xe=% -} 26 =¥ Cix-}- Co,
110
y=(x+2)e-*+Cix+Co.

Bocnosipsyemcss HawaabHeME yoaoBHsMUA: 1=2-}-Cy; Co=—1; 0= —1-+Cy;
Cy=1. CaenoBaTe/IbHO, HCKOMOE YaCTHOE pEIlE€HHE WMeeT BUJ

y=((x-F2)e-*+x—1.
310 Ke pelleHHe MOMHO HaHTH W caegylounim o0pasoM, HCNOAL3YA Cpasy
33/\aHHbIe HayaJbHble YCJIOBHA:
X
y'=y 0+ S xe~¥dx=[—xe~¥—e~¥|g=—xe-¥—e-¥4|1;
0

y=y (0)- S[—xe-x—e‘~’€+ Hdx=1L[(x+2e=*+afi=(x12e-*Lx—1 A

0
Pewty ypaBHEHHSA:
644, y"V=cos?x; y(0)==1/32; 4" (0)=0, y" (0)=1/8, y""" (0)=0.
645. vy =xsinx; y(0)=0, ¥y (0)=0, ¥y’ (0)=2.
646. y''’' sin* x=sin 2x.
647. y’ =2 sin xcos? x—sin® x.
648. y'"' =xe™*; y(0)=0, y' (0)=2, y" (0)=2.

3. Nuddepenunanvhnie ypaphenus suga F (x, y, k) yteib 0 9iN=0, ne
cojepxaumue Hckomoit yrkumu. I1OpANOK TaKoro ypaBIIeHNsT MOMKUO TNOHH3HTb,
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B3fB 34 HOBYIO HCH3IBECTHYI (PYyHKIHMIO HH3IIYIO H3 HPOH3BOAHLIX KAHHOIO ypas-
HeHUs, T. e. nonmaradg y'® =z, Torja moJy4yuM ypaBHeHHe

Fx, 2,2/, ..., 2n-h)y=0,

Taxum 06pa3oy, NOPSIOK ypaBHeHHsl MOWHKAeTCH HA B efHHHL.
649. Haiitn ofimee pewenue ypasuenns xy” =y’ In (y'/x).

A Tlomaras y’ =2z, npeoBpasyeM ypaBHeHHe K BHLY
x2' =zln (2/x), nam 2’ =(2/x) ln (2/x).

DTo OAHOPOAHOe YypaBHeHHe MNepBOro mnopsaka. Iloaaras z/x={, OTKYAA z=1Ix,
2’ ={'x-f-1, DOIy4nM ypasteuue
dt dx
x-Lt="¢1Int, uag ———— =—=_",
' t(lnt—1) «x

Huterpupys, naxogua

In(lnt—1)=Ilnx+4InCy, wm Inf—1=Cyx,

oTKyAa f=e'+Ci¥; posspamasch K NepeMEHHOH y, TpPHXOZHM K yDaBHEHHIO
y' = xe'+Ci¥, CieoBatesibHO,

1
y= xe1+cx-"dx=(%xel+C1x———261+Cx"—}—C2. A
1 C]_

650. Teso maccel m mafaerT no BEpTHKAAM C HEKOTOPOIl BHICOTHI
Oe3 HayanpHOH cKopocTH. IIPH MaleHHH TENo HCIBITHIBAET COMpO-
THBJEHHE BO31yXa, MPONOPIHOHANBHOE KBAJApaTy CKOPOCTH TeJa.
Haiitn 3akon aBumxeHHs Tesa.

o . ds
/\ Beegenm 0603HAYeHHS: MyCTb S-— NpOIICHHLI TeIOM NyTh, U= — CKO-
9
2 .
POCTE, W=7 — yCKOpeHHe. Ha teno geficteyior cmisi: ero sec P=mg (mo ma-

2 ds \?
NPABICHHIO ABIIKEHIIS) II CONpOTHBJeHNe BO3Ayxa F=rhol=Fk i (mpoTus Ha-
NpaBJIeHHST JBHXEHHS).
Ha ocHoBannu Broporo saxona HbioToHa npuxoauM K caefymouemy xudie-
peHiHalbHOMY YPaBHEHHIO ABHIKEHHS Tesa:

d?s ds \?

mw==~P—k? nmt m-—=mg—k | — | .

’ ap=me di
ds
Bocnosbsyenca HauagnHuIMH yeaosuaMu: ecad {==0, To s=0, U:tho.
ds ;
3azensist 1@ v, mepemiuen ypasiieike B BHAC

do_, ko,
dt m

m dv k
OTKyJa, noJaras Tg=a’-’, uMeeM g——g==— dt. Uurterpupys, uaxogum (v << a):
2

1, atv_ &k »
2—@111 a~v_ﬁ t—{—Cl.
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Ecau =0, To v=0, otkyaa C;=0. Takum oc6pasom,

a+v 2ak .
"a—o" m
Orciona
e2akt/m __ | eaktim _p—akt/m
v=a =a =aq th (aki{/m).
e2akt/m + 1 eakt/m+e—alz!,'tll
ak mg k ds
Ho = ~— 3 BaMEHAA U HA — noJjyuaeM JJd ONpPEIeTICHHS S
ypaBsHenHe

m
OTKy/a, HHTEr pHPYH, HAXOLHM

e B o inan ) B
s= Vk—galnch l/ﬁ t4-Co= A Inch nTt—{-Cz.

IMockonbky s=0 npu =0, nmeem Cy=0,
Witak, 3aKOH NaJieHHs TeJla IPH CONPOTHBJEHHH BO3[yXa, NPONOPUIOHAILHOM
KBajpaTy CKOPOCTH, ONHKCHIBaeTcs (HOpMyYJIOH

s=" Inch k—gt,
k m

a CKOpoCcTh JABHKeHHs —dopmysoit v=ath V k—gt 31eche a= l/m_g Otme-

THM, UYTO CKOpPOCTbL INajAEHHA HE BO3pacraer éeCHPQAC'IbHO, TaK Kax lim v=q=
>w

= ]/ % (nocxo.m;xy lim th 1/k—gt :1>, rae P—sec Teja, IpuueM mpak-

THYECKU CKOpPOCTb NaJeHUs JOCTHraeT CBOETO IPEENbHOrO 3HAUEHHSA BeCcbMa
GbILTpO, OTJHUasAChb OT HEro Ha BeCbMa MaJgaylo BeJIHUNHY. Hwmenno TaKy1o Kap-
TI/lHy HabMoNaloT Ha NpakKTHKE INpH 3aTAXKHBIX IPbRKK4aX C INapallloTOM C 60JIL-
LIOH BBICOTHI.

Pemuty ypaBHeHus:

651, y'—Lo=x(x—1); y@)=1, ¥ Q) =—

652, (1—x2)y — Xy fe= 2.

653. 2xy""'y" =y" —al

654. (1 -3y +1+y

655. vy (x—1)—y"=0; _/(2)—2 y(2)=1, y@2)=1.

4. uddepenunansusie ypasnesus suga F (¥, y', 3", ..., y")=0, ne co-
AepKalHe He3aBUCMMOH nepemeHHoil. Y paBHeHHe 3TOro BHAA JONYCKAET NOHHIKE-
HA€ NOPSAAKA Ha efHHMIY, €CJH NOJOXKHTL y’ =2, a 3a HOBbIl apIyMEHT IPHHATDH
cam y. B atom cayuae y’, y’’’, ... BhpassTca no (Gopmysaam (OHH BBIBOJASTCS

no mpasuay JucdepeHIHPOBAHHS CJOKHOH (QyHKIHH) y_zzly Yy =X

a2z dz \?
X z%-[— b , ... Uepe3s 2z M TNPOH3BOJHBIE OT Z IO Y, IPHUEM IOPAAOK
ypaBHEHHs NOHH3UTCS HA €JIHHHIY.

”

656.. Pemuts ypasuenue 14y =yy’.
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. dz dz
A Tlonoxum y' =z, y” :zd—y' YpaslieHHe NMpUMET BUJ l—{—zzzyzd—y; 3T0—
ypaBlieHHe NePBOro NOpPsiKa OTHOCHTENBHO 2 C PAa3fe/ISIOWHUMHCH e PEMEHHBIMH.
PaspensieM mepemeniibie H HHTErpHpPyeM:

24z Y () —2lny2InCy 12—y 2=1 )/ ClP—1.

I+

Orciea, Bo3spawasnch K nepemem{oﬁ Yy, uMeeM
Yy =4 ]/Cizﬁ—-l, ]/C’ — ~-—j; dx, ——In (Cly —H/C2y2——l) + (x4 Cy),
HJIH

-’/:o’"f*_ (et(x+C2) Cferta+Ca Cl):_l_ch Cy(x+Cy) :Ci Ch)ié__*cﬁ . A
- 1
657. Hafitn y" us ypasHeHus y,"=bsiny—ky npn HavaJbHBEIX
yeaosuax y(0)=0, y (0)=0.

, dz 1 dz
[Moaomum y'?=z; Torga 2y'y" =z" = T. e. Y'=— - . VYpasHeuue
A ¥ na 2’y y' dy’ y=y ay P
1d o
NpUMET BHA 7d——05my—k7 D10 —JHMHeitHOE  ypaBHeHHe [1€PBOTO NOPHIKA
OTHOCHTEJILHO 2%

;‘%—}—2132 =25 sin y.

Pewas ero merozom Bepuvadi, T. €. HCNOMb3yd NOACTAHOBKY 2 =u?, NOJYIUM
\ y ¥
av du
u—--u 2ku _95 sin
dy_]_ <d _I—' 2 / Y

du 1-2ku=0, u=e—2ky, dv=2be*"Y sin y dy.

T

Hurerpipys, Haxoium

2h :
U= —— 2k (2k sin y —cos y+C

14 4k2
"
2h
z=uv= Ce—”}’—}—m (2k sin y —cos y) = u'.
Viconnayem  mauasvhule ycaosus: C-— —24’7—;,=0, T. e. O= 25 , OTKYRa
11 4k2 T4k
nojyuaem

y' =4+ 1/ i 4/2 e~y 2ksiny—cosy) . A

658. Haiitu xpuByo, y KOTOpO# paanyc KPUBH3HEI paBeH KyGy
HODMaJIH; HCKOMasi KPHBas AOJUKHA NMPOXOAHThb yepe3 Touky M (0; 1)
M UMEeTh B 3TOH TOYKE KacaTeJbHYIO, COCTABJSIOULYIO C Ocblo Ox

o
yroa 45°.

A Tak Kak pajuyc KPHBH3HBI IUIOCKOH KpuBOH BhIpaaercst (opMyJoi
R=(14+y?P2y", a npmuua nopManu N=y} 1--y%, 10 nuddeperumansuoe
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ypaBHeHHe 3ajaduH NPHMET BHA

WV (V7

Orciona, cokpatus Ha (1-Fy'%)%/2, mpuxomuy X ypasuenuo y’-y*=1.
d

’ " 4 dz 3
[Monaras y' =z, y'=z+-, NOJYIUM AT 2 YypaBHEHUE 2Z- yr=1

dy dy "
Huterpupys ero, Haxogum
1 1 oy 1 2
zdz=y~%dy, wm 5 22-————7 y'~—}—-§ Ci T e 22=Ci—y~%
BO3BpAlLaACh K MMEpeMeHHOH y, NPHXOAUM K ypaBHEHHIO yi=Ci—y~%
[TpousponbHyio moctosHHyio C; HalileM H3  ycJoBMsS, 4TO KacarelbHas
p Touke M (0; 1) cocrasiser ¢ ochio Ox yroa 45° T. e. tg4b°=yy =1, miu
y’ (0)=1. Cnegosateasro, |=Ci—1, T. e. Ci=2.
TakuM 06pa3oM, AJs ONpejeseHNs Yy TNOJYyuYeHO YpaBHEHHe NEPBOro NOpaaxa
2 2 ’ V292"‘1
y't=2—y~2% oTKyma y =__g;—; pasjessieN NepeMeHHBIE W HHTETPHpPYeM:

_-_y“—ég/__ . _1_ o] — l . 2_'_1_ \
V 22—1 =dx; P) V 2y l—x+2 Cy; Y= 5 [(2xCo)2 1],

TlpouspoabHylo mocTOStHHYIO Cp HAXOZMM H3 YCIOBHS NPOXOXKAEHs KpHBOIi

uepes Touky M (0; 1), T. e I=—§ [(2:0-}-C)2 41}, Cp=1. CuaeposatensHo,
HCcKOMasl KpHuBas onpeaeaseTcd YpaBHEHHEM
y2=2x>1-2x+1. A

Peuwnts ypaBHeBHS:

659. y" (2y+3)—2y""=0.

660. yy'—y*=0; y(O)=1, y (0)=2.

661. a2y =14y

662. yy' —y =y*lny.

663. y(1—Iny)y +(1+1Iny) y"=0.

664. 4" (1+y) =y "+

665. 4" =y'/V'y.

5. Ypasuenus suga F(x, ¥, ¥', 3", ..., y)=0, onsopopHsle OTHOCH-

Teapho ¥, ¥, ¥, ..., Y. YpaBHEHHE YKa3aHHOTO BHZA JOMYyCKaeT TOHHIKEHHE
NOPAAKA HA €AMHHIY MpH 3aMeHe y'/y==2, Ijle Z—HOBas HeuspecTHas (QyHKUHA,

666. Pewnts ypasuenne 3y’ = 4dyy’ -y

A\ Pasgesnm ofe wacTH ypaBHeHHs Ha y:

r 2 "
3(y—) 4. Y.

y y
yr y/r y,z l/”
TMoaoxum ?=z, OTKyAa g——!—/—zzz’, HJIH ‘?_——z’—}—zg. B pesyabTate moJay4nm
ypaBHeHHe
dz 1
2 — 2 f = il - ’ = 2 . S —y = v .
322 —422—42' =1, nau —42'=1-4-2% 1. ¢ s 3 dx
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O1cioqa, HHTErpHpPY#f, HaXOAMM

14
arctgz:Cl——;—x, u z=1g (Ci———Z—), HIH —%—:tg(Ci———z).

Hurerpupyst mociefHee ypapHeHHe, MOAYUHM
Iny=4Incos <C1——z—>—|—ln Cy, mau y=C,-cos (Ci—%) A

667. Pewnto ypasuenue y' -+ yy' =yy'.

A XoT 5TO ypaBHeHHe NDHHANJIEKHT K _TNpEAbAYyUleMY BHAY, €ro MOKHO
NPOHHTEr pHPOBaTh GOJee TPOCTHIM CHOCOGOM. B 3ToM ypaBHEHHH JeBas 4acTb ecTb

(yy')’, B cuay uero ypapHeHHe NPHHHMAET BHI (yy") =yy', uan ﬂi?—)= dx.

Orcioaa In(yy)=x+1InCy, nan yy =Ce¥, T. & ydy = Cye* dx.
HnTerpupys, HaXOAUM OKOHUATe/IbHBI OTBET:
y*2=Cie*+Co. A
Peunite ypapHeHHs:

668. yy'—y"=0. 669, (y--y)y +y =0
670. 2xy’"y =y"—a®. 671 y' =y'er; y(0)=0, y (O =1.
672. Hafitn y w3 ypaBreuus oyy’ == ky—y'* TpH lAYAIbLHBIX

yeaosuax y(0)=1, y' (0)=0.
@ IlcicTanoBka yr=z

673. Haiitn KpiByio, €c/Til NPOSKIHA pajnyca KpHBHSHbI Ha 0Chb
Oy moctosuHa W paBHa g, a ocb OX Kacaercs HCKOMOIT KpHBOH B
HayaJje KOOpAWHAT.

674. Haiitn xpusyio, y KOTOpOHl pajinyc KpHBH3HBL B 0604
TOYKe paBeH seca, riae o— yrom, o6pasoBanubli ¢ ochio Ox Kaca-
TeNpHON B coOTBETCTBYOME Touke. Klckomaa Kpupas MpOXOAHT He-
pes Touky M (0; 1) u xacarenpHasd K KpHBOIl B 3TOH TOYKE Mapal-
nenpna ocu Ox.

675. Teno, Haxoausiueecs B HauaJbHBIE MOMEHT B JKHJKOCTH,
NOTpY’KaeTcst B Hee MOJ JeHCcTRHEM coBeTBenHoro Beca 6e3 Havaslb-
Hoit ckopoctu. CONpOTHBJIEHHE JKUIAKOCTH NPFMO NpOMOPILHOHAJBHO
ckopoctu Teaa. HaliTu 3akon ABMMEHH: Teaa, €CM €ro Macca m.

§ 3. JJUHEHHBIE YPABHEHM S BBICIIHX MOPAAKOB

1. OcuoBHbie nousiTHs. Juneintin Ouppeperyuarorblil ypasnenues f-20 1o-
padka HasbiBaeTCA ypasHeHHe BHAA

Yy (1) gD g (1) gDt () Y e (D Y =[®. @

31ech OyHKOUH @1 (X), @2 (%), «-«s Qn (x) u f(x) sajaubl M HenpepuiBHH B HEKOTO-
poM NIPOMeXyTKe ]a,

VYpasrenne (1) HaspiBaercst JIMHENHBIM #e00HOopOoOHbLM, UJIN yPABHEHUEM € npa-
eoti uacmero. Ecau xe f(x) =0, To ypaBHeHHe Ha3bBacTCA AlHelinbim  00HOPOO-
neum. ORHOPOZHOE ypaBHEHHE C TOH 3K JICBOH uaCTbio, UTO M JAHHOE HEOHOPOJA-
Hoe, Ha3blBAETCS COOMEELMCMBYIOUUM eMY.

3Hag OfHO UaCTHOE pelieHHe y; JHHEHHOTO OJHOPOAHOTO ypaBHEHnd, MOKHO
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C TIOMOUIBIO JIMHEHHOR 3aMeHBl HCKOMOIT (yHKUHH y-—:yl-g 2 dx noHu3NTL TNOpH-

AOK, a C/Ief0oBATeJbHO, M NOPAZOK COOTBETCTBYIOMIErO HEOZHOPONHOrO ypaBHEeHHs
Ha epunnuy. IloayuenHoe ypapHenue (n—1)-ro mopsaka oOTHOCHTeNBLNO 2 TaKiKe
ABJISIETCS JIMHEHIILIM.

1

2
676. [lano ypaBuenne y''’ -+ ~Y'—y 4+ STz Y=X M H3BECTHO
YaCTHOE peleHHe y,=Inx COOTBETCTBYIOIETO OJHOPOJAHOTO YypaBHe-
Hud. lNonusure NOPANOK ypaBHEHHS.
A\ Bocnosbayemcst noacTaHOBKOM y=Inx. S 2dx, roe z--nHoBas HeU3BECTHAS

¢yukuus. Torga, moxcrasass COOTBETCTBYIOUIHE I1POH3BOHEIE
, 1 ) " 1 2z ,
y —'—x—‘ de+zlﬂx, y :‘;2*- de—[——x——l"z lrlx,
2 3z |, 32
rre dx — "
yr=5\z - —{———x +2"Inx

B aHHOE ypaBHEHHe, NOJYUYNM YpaBHEHHe BTOPOIO nopsiaKa
2 Inx

2" in x+——3——-z'—}~(;]2———ln x)z——-x. A

ITpramevaunne. OTMeTHM, uTo nNpHMeHsS YKa3aHHYI0 TOACTAHOBKY K JH-
HeHHOMY YpaBHEHHIO BTOPOro NOPAAKA M YUHTBIBAS, UTO JIMHeliHOe ypaBHeHHe nep-
BOro TOPAAKA MHTETPUDYETCH B KBAAPATYPAX, MOMKHO NPOHHTErpPHpOBATH B KBaj-
parypax BesiKoe JIMEeHOE YpaBHEHHe BTOPOTO MOPSAKA, CCJM W3BECTHO OJKO ua-
CTHOE pelIEHHEe COOTBETCTBYIONIETO OAHOPOAHOTO ypaBHENHS.

677. Ilpounterpuposars ypabuenne y” —}—% Y +y=0, umeouee

sin x
qJacTHOe peuieHue Yy, = T .
sin x
A\ Tlponssenem 3ameny y:—x—- zdx; Torpa
,__XCOSx—sin x sin x
y =200 -Szdx+ pL
sin x 2 (x cos x—sin x) x2—2) sin x-|- 2x cos x
P S ey 2cosvosing (62— D) sin x| e
X X X J
Toayyaem ypasHenue
Cy
sinx-z'-42cos x.2=0, T.e. z=—=— .
+ sinZx
CaenosaTesbHo,
sin x Cidx sinx sin x cos x
> d — Cy—Cyctox)=0C,- —C; —=.
y P Sin? x p (Cq 1ctg x) 2 1 A

678. ITonusuts nopamoK u [IPOMHTEr pHPOBATh YpaBHeHUe §” sin? x—
= 2y, HMewlee YacTHOE pelleHHe y=ctg x.

4
679. Ypasuenue y”—ix— —{—%2— =0 umeer yacTHOe pewenue y = x.

IToHH3UTb MOPSANOK M NMpoMHTErpHPOBaTH 310 ypaBHeHHeE,

680. Ypammenwe y”+ (tgx—2ctgx) Y +2ctg?x-y=0 wumeer
Hactioe pewenue y=sinx. [IoHN3UTL HOPAZOK M MPOHHTErpHPOBATH
3TO ypaBHeHHe.
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2. Jluneiinpie OfHOpoAHbie ypaBHenus. OJHHM H3 3aMeyaTeJNbHEIX CBOHCTB JH-
HeWHBIX ypaBleHHil ABJSIETCS TO, YTO OfWiee pelleHHe TAKHX YDABHEHHH MOXHO
HafiTH TI0 MX W3BECTHBIM UACTHBLIM pelUeHHsAM. [IpuBeseM TeopeMy O CTPYKType oG-
IETO pelleHust JIHHEHHOro OZHOPOJHOTO ypPaRHEHUS.

Teopema. Ecau yi, Yz, «++» Yp— AUHCUHO HE3OBUCUMbIE HQCMHbIE peule-
HUS YpasHeHus

Y Fay (x) gD ay (1) YDy (0 =0,

mo y=Cyy;+Coya-t- ... -+Cpy, ecmov obujee pewerue 3mo0 YpasHenus i,
2y vy Cp— NPOUBBOALHBIE NOCMORHHIE).

Mpumeuanne. Oysguuu yy (), Yo (¥), ..., yp (x) nasvBaorca AUHELHO

Hesasucumoimi 6 npomesicymre Ja, b[, ecaH OHM He CBASAHLI HUKAKUM TOXAECCTBOM

oalYi+ %aeyp - - - %atn =0,

Tae o, ®g, .-, O, — KAKHe-HHGYb INOCTOSHHbIE, HE PaBHbIC HYJIO OJHOBPEMEHHO.
Jlast cayuas Apyx QyHKUHE 3TO yCJIOBHE MOXKHO C(OPMYJIHpOBATH H TaK: JBe
dyuKUHE ¥ (X) B Yo (¥) JHHEHHO HE3aBHCHMBI, €CJH HX OTHOWIeHHe HE ABAAETCA
NOCTOSIHHON BEJMUHHON: yy/ys 7 const. Hanmpumep: 1) yy=x, y»=x?—auneino
He3aBHCUMBL; 2) Y =¢e*, yp=e~* — JIHHEHHO HEe3aBHCHUMLI; 3) yy=2e%%, yp="5e3% —
JHUHENHO 3aBHCHMBI.

JlocTaTOUHBIM YCJIOBHEM JMHeHHOH He3aBHCHMOCTH 7 QYHKIHH, HeIpepbiBHLIX
BMeCTe CO CBOMMH IIDOM3BOAHBLIMI 10 (11— 1)-ro nopsiaAka B TNpoMexyTKe ]a, o[,

ABASETCST TO, UTO ompejenuTens Bporckoro (sponckuan) W [yi, Yo, «-+» Yn] ITHX
¢yHKIMit He paBeH HyJiO HH B OJHOI TouKke MpoMexyTka a, bl, 1. e
Y1 (%) Y2 (%) cee Un (%)
. 41 (%) yz (%) cer Un () )
WY1, Yas oo Ynl= R -
WPw W e W

Ecau nanesle £ QYHKOH{ SBJASIOTCS YACTHEIMHM PEUICHHSIMH JIHHEHHOTO OfHO-
poaHoro AuddepeHuHa bHOTG YPABHEHHS /-0 NOPSAKA, TO 3TO YCJIOBHE (neobpa-
LleHYe B HYJb) ABJsETCsl He TOJIBKO JOCTATOUHBIM, HO H HEOGXCJMMBIM YC/IOBHEM
JIMHefHOf He3aBUCHMOCTH 3THX A pelueHHil.

BpouckHaH n pelieHHit JHMHEHHOTO OJAHOPONHOTO YDABHEHHSI 7-TO NOPAAKA

YW 4ay () gD Fan () y=0

CBSI3aH ¢ MepBHIM KO3((MUHEHTOM 3TOrO ypaBHEeHHs aj (X) Gopmyroti Jluysuris—
Ocmpoepadckozo:
X
- S a, (x)dx
Xo

W{yi: Yas » o0 !/n]:W[yi7 Ye, ""y"”x:xu'e *

COBOKYIHOCTb 71 pellieHuil JHHEHHOro CJZHOPOJHOTO ypABHEHHS 1-TO MOPSAKA, on-
pefie/IeHHEIX M JIHHEHHO He3aBHCHMbIX B IPOMEXYTKe la, bl, naswBaercs ¢@yHoa-
MeHMabHOL cucmemorl pelleHHi 3TOrO ypaBHEHHs.

Jns AnHeHHOro OAHOPOAHOrO Au(pepeHIHATLHOTO YPaBHERNA BTOPOIO NOpAAKA

Yy a () y +ax)y=0

¢yHLaMeHTaNbHAsA CHCTEMA COCTOUT H3 JIBYX JHHEHHO HE3aBUCHMHIX peluenuil g (x)
H Y, (x); ero ofilee pelueHHe HaXOAUTCA IO dopmyJie

y=C1y1 () +-Cay2 (%)

Ecad sl TAKOTO yPABHEHUS M3BECTHO ORHO 4aCTHOE peIIeHHE Yy (x), To BTO-
poe ero pellenue, JHHEAHO HE3ABHCHMOE C TMEpBLIM, MOXKHO HAHTH: NO hopmyJe
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(BasIOIelica crencTBHeM GopmyIEl Jluysuais —Ocrpor pajckoro)

- S a, (x)dx

e
Yo (x) =11 (%) j ————dx.
yi (%) .
D10 faeT BO3MOXKHOCTH MHTErPAPOBATL JIHHEHHBIC ONHOPOAHLIE YPaBHEHHS
BTOpOI‘O nopsjgka, AJst KOTOphIX H3BECTHO OZHO YacTHoe peluenHe, Cpa3y, He IpH-
561‘39{ K NOHHXXEHHIO HX nopsmKa.

2
Tak, B npumepe 677 pas ypaBHEHUs y”—;——x— Y 4-y=0 wussectHo peuenue

sin x . o
Y1 (x)=—x—. Haiigem no NpHECACHHOH BhlIe GopMy.Ie BTOpOE pereHile;

_28 dx
p (x)_sinx(e * __singx dx cos x
z x sinfx x

J (sinx)zdx“ x
X

[ostonmy ofinee pemwenne gaunoro ypasienns uueer BHJ,

sin x cos x
y=C—=~C x

Pexomengyem pewmnts sTuM crocofom npumepnt 678 — 680.

681. TlokasaTs, uto Yy="Ce¥ 4 C,e™3* gpasercsi oBUIHEM perue-
HUeM ypaBHeHHS Yy —9y=0.

A TloacranoBkoit B yparHeHHe Jerko yGeluTbCH B TOM, UTO GyHKUHY yy = e3¥
H Yp=e~ 3% FBJIAIOTCS €ro pPelleHHsIMH. DTH UYacTHble PelleHHs JHHeHHO He3aBH-
CHMBI, TaK KaK Y/ys=e%%/e=3% =¢bx £ const, a NOTOMY OHH COCTaBJASIOT (hyH-
AAMEHTANLHYIO CHCTEMY DRUIeHHH M, CJeI0BATEAbHO, y=Cye3¥ - Coe=3% — oGmee
pemenue. A

682. Jlano ypaemenne y'’'—y' =0. Cocrapasior Jau byHramen-
TATbHYI0 CHCTEMYy pelleHW# (yHKUHH e*, e~*, chx, ABJISIOILHECS,
Kag JICrKO NPOBEPHUTh, PELICHHSIMH 3TOrO YpPABHEHHS?

/N Jla1s npoBepKH JIHHENHON HE3ABHCHMOCTH 5THX PeeHUI  BBIYHCMIM BpoH-
CKHaH:

ex e~* chyx
W(x)=ler —e=* shx]|.
ex e~¥ chx]|

OTOT ONpeReIHTe s DaBeH HYJI, TaK KaK 3deMeHThl 1-f u 3-8 CTPOK OMHAKOBHI.

CiaefoBaTenbHo, RanHble QYHKUHH JMHEHHO 3aBHCHMbI, a HOTOMY COCTABHTD
oflliee pewlenie IO 3THM YAaCTHBIM PEIIEHHSIM Heab3sl. TOT ke pesyJbTaT MOKHO
NOAYuHTh GhICTpee, NGCKOAbKY chx= (e¥-4-e~%)/2 u, chesoBaTedbuo, AanmHble TpH
PyHKUUN JHHEHHO 3aBHCHMLI, A

683. Ypasuenuio y"—y =0 yIOBIETBOPSIOT ABA YACTHBIX perue-
Hus y,=shx, y,=chx. CocraBasior an ouu pynramenranbuyio
cucremy?

684. Moxno nm cocraButh ofuiee peruerne ypaBHeHus y" 4
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1
4x2

| PR
+7y1+Kl-‘
U':T/?-sinx, yzzT/—;—-cosx?

)y:O (v5=0) no ABYM €ro 4acTHBHIM pelIeHHAM

VCTaHOBHTH, SIBASIOTCA Jd JWHEHO HEe3aBHCHMBIMH B IpOMe-
JKYTEE CBOEro CyLIECTBOBaHHs CJeAyioue QyHKIHH:

685. x-+1, 2«41, x+2.
686. 2x2+1, x®—1, x+2.

687. l/;, Vx+a, l/x+2a.
688. In(2x), In(3x), In (4%).

3. Jiuuejinbie OJHOPOIHBIE YPABHEHHS C TOCTOSHHLIMH kosdpuuuenramu. Ju-
HeliHbiM  00HOPOOHbBIM YPaBHEeRUeM N-20 nopadka ¢ NOCMOAHHELML roapduyuen-
maiu HasbiBaeTCsl ypaBHEHHE BHLA

Y 4 gy D oy 1P gy apy =9, (M

rae xoshduuHeHTs dy, gy -+, Up—~1, Qp—HEKOTOPBIE neficreuTeannbie yncaa. Jas
HaXOMEHHs 4acTHLIX pelieHHil ypasHeuHs (1) COCTABJISIOT XQPAKMePUCIIILICCKOE
ypasHenue

k”+a1k"‘1—{—a2k"’2—[-...+an,1k+an=0, (2)

KoTopoe nodyuaercs u3 ypasHenus (1) 3aMeHOll B HeM IIPOM3BOJHBIX HCKOMOH
(hYHKLUHH COOTBETCTBYIOUIHMH CTeNeHsMH k, npuueMm camMa GYHKUMS 3amMeHAeTCH
eqnnulell. YpasHenue (2) sABjsiercss ypaBHEHHEM n-ii CTeNeHH M HMeeT 7 KopHeH
(2efCTBHTEBHBIX HIH KOMIJIEKCHBIX, CPEX KOTOPLIX MOTYT 6LITh ¥ paBHBIE).

Torga ofuee peuteHne AuddepeHIHaIbHOTO ypaBHEHHA (1) crpoutcs B 3aBH-
CHMOCTH OT XapakTepa KOpHell ypastenus (2):

1) Kammomy JefiCTBUTEJIbHOMY TPOCTOMY KOPHIO k B ofileM pelleHHI COOTBET-
cTByeT caaraemoe Buia Cek¥;

2) Kax/oMy JeHCTBUTEJIbHOMY KOPHIO KPaTHOCTH /11 B oSmeM pellleHHH CoOoT-
sercTByer caaraemoe BHAA (Ci4-Cax--... 4 Cpxm =1y ekx;

3) Kak/oil mape KOMIJIEKCHBIX COMPSMEHHBIX NPOCTHIX kopreit kY =a-l-Bi
k=g —pi B oblleM pelleHAH COOTBETCTBYET CjaraeMoe BHAA e%x (Cy cos px -
|- Cq sin fx); '

4) xaxzoil mape KOMIVIEKCHBIX COTIPSIKEHHBIX kopHeit kD =o4fi uAD =
= o —Pi KpaTHOCTH 7 B OOLIEM pelUeHHH COOTBETCTBYET CJAraemoe BHAA

¥ [(Cy - Cox 4o . 4+ Crymyx™ 1) cos 8x] -+ [(C1+Cax—t ... - Cr—rx™~?) sin Bx].
689. Haiitn oflnee pelieHnHe ypaBHEHHS y'—Ty" +6y=0.

A CocTaBHM XapaKTePHCTHUECKOE ypaBHeHHe k2 —Tk--6=0; ero KopHU Ky =
= 6, ky—=1. CaegoBaTenbHO, %% u e¥ —4acTHbIE JIMHEHHO He3aBHCHMBIC pelleHusd,
a ofluge pelieHHe HMeeT BHJ

y=Ce%--Coe*. A
690. Haiitn obwee pemenus ypasoenus y'V—13y" - 36y=0.
A XapaKTepHCTHUECKOE ypaBHEHHe HMEET BRI k*—13k2-1-36=0; ero xopHaM

By, 2=+ 3, ks, 4= +2 COOTBETCTBYIOT JIHHEHHO HE3ABHCHMbIE HaCTHBIC pelCHUA
g5x, e— 4% e2% y e~2%. CjemoBaTesibHO, ofulee perieHHe

y=C163% -1 Coe™3% - Coe?* --Coe™ 2% A

691, Haiirn pemenue ypaBHEHHSA x—x—2x=0, YAOBJIETEOPHIO-
lee HauaJbubIM ycaosusM x=0, x=3 npu ¢=0.

149



A\ Xapakrepucruueckoe ypantienne k2—Fk—2=0 nmeer KopHH k=2, ky =
= —1. CuenoBarensno, ofiee pewenne x=C,e?! |- Coe~1t. TToacranmsis Hauab-
HbIe yc/IoBHS B OOLICE DEIleHHe M ero IPOH3BOAHYIO, IOJNYUUM CHCTEMY ypaBleHHH
oTHocuTeabHO Cy u Co:

0=C;-C,,
3=2C1'—C2,
OTKyza 01:1, ng—l 3Ha‘II/IT, peienye, yAOBJETBOPAIONIEE IIOCTABJEHHBIM Ha-

YaJIbHLIM YC/IOBHSIM, MMCET BHJ y=e2l—e~t. &

692, Haiitu pemenne ypasHenus x— 2x-=0, YJIOBJIETBOPHIolee
KpaesbiM yc/I0BUsM X=0 npu ¢=0 u x=3 npu f=1In2.

A\ XapakTepuctHueckoe vpaBHeHHe k2—2k=—=0 wumeeT KopHH ky=0, ky=2.
CrenoBatesbHO, ofilnee pelueHie 3aMHCHIBZETCH B BUfie x=C;- Cqye?t, [Noicrasnss
Kpaesbie yc/IoBHst B HallleHHoe oflliee pelleHUe, TOJdyuaeM

f Ci+C. =0, Ci+Cy=0,
Ci--Cee2n2=3, yu Cy-+4Cy=3.
Orciona Cy=—1, Cy=1. Urak, x=e2¥— — HCKOMOE YACTHOE peuetue,

yaAoBJaeTBOpAIOUeE 3a/JaHHDBLIM KDPaeBbIM YCJOBHSM. A
693. Haiitn obmee pewenne ypasnenus y'''—2y" -y’ = 0.

I\ Xapaktepucruueckoe ypasuenne k3—2k2-L k=0 umeer KOpHHU ky =0, &y =
= k3=1. 3gech | sB/isieTcsl ABYKDATHHIM KOpHEeM, a MO3TOMY JMHEHHO He3aBHUCH-
MBIMH GaCTHBIMH pelUeHHAMH CayxKaT 1, e¥, xe¥. O6uee peiweHHe MMeeT BHJ

y:Cl—{-Cgex—{—ngex. A
694. Haiitu ofuee peuenne ypapnenus y'—4y 13y =0.

A Xapaktepucruiueckoe ypasHekue k2—4k-}-13=0 umeer KopHH k=2 4 3i.
Kopuu xapaktepucTHYCCKOro ypaBHEHUS KOMILIEKCHBIE COMpsIKeHHKIe, a4 IOTOMY
UM COOTBETCTBYIOT uacTHbie pelleHHs e2* cos 3x u e3¥ sin 3x. CicjosaTesbHo, 06-
ee pelreHne ecTh

y=2e* (Cy cos 3x4Cy sin 3x). A
695. Marepnanbuas TouKa Macchl m ABHKeTCS 1O OcH Ox MOA
AefiCTBHEM BOCCTAHABJIMBAIOULEH CHJIBI, HANPABIEHHON K Hayaay Ko-
OPAMHAT U NPONOPIHOHANLHON PACCTOSHHIO JBHKYIIEHCA TOUYKH OT
Hayasja; cpeia, B KOTOPOH NPOUCXOAMT JBHIKEHHE, OKA3BIBAET [IBH-

HEHHUIO TOYKH CONPOTHBJICHUE, NPONOPLUHOHAJIBHOE CKOPOCTH JBHMKE-
Hus. Halitn 3akoH npuxxenus.

ATIycTs x—cKopocTs TOUKH; X—ee YCKOpeHHe; Ha TOYKY JeHCTBYIOT xBe
CHIILL: BOCCTAHARJHBAIOWAS fi==-—QX M CHJa CONPOTHBJEHHS CPedbl [o=—bx.
Corsacio BTOpoMy 3akony HbloToHa, nmeem

mx=—bx—ax, wuin mx+- bx+4 ax=0.

Msl nonyunnn nHHefiHOe oAHOpOAHOE XubbepeHUUAIbHOE ypaBHeHHe BTOPOro mo-
paaka. Ero xapaxTtepucTHueckoe ypasHenne mk%--bk-a=0 umeer KOPHH

ki, o=(—b + V bT*—4dma)/(2m).

1) Ecau b%—4ma > 0, To KOpHH — feficTBHTENbHDIE, pasinunble u ofa OTpu-
naTesbHBIE; BBOAS IJfl HHX O603HAYEHHS

by =(—b+ Vb2—4ma)/(2m) =—ry, ky=—(b-} Vb2——4ma)/(2m) =1y,
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HaXOJNM OOllee pELICHHE ypABHEHMsi ABHKEHHs B BHJE
x=Ce~ "l Cre™ "

(3To—cJayuail TaKk Ha3HBAEMOTO arepuodu4ecKo20 ABHKEHUS).
2) Ecau b2—4ma=0, To KOPHH XapaKTePUCTHUECKOrO ypaBHEHHH— feliCTBU-
TeJbHbIE paBHbIE:

hy=Fky=-—b/2m)=—r.
B sTom cayuae ofulee pelieHHe YpABHEHHS JBHIMKEHHS HMeET BHJ
x=(C1--Col) e~ rt,

3) Hakonen, ecan b2—4ma < 0, TO XapaKTepUCTHUECKOE YypaBHEHHE HMeeT
KOMILIEKCHBIE CONPSKENHbIE KOPHH:
by=—a4fi, ky=—a—Ffi,
rae
a=>b/@2m), B=(V tam—b2)/(2m).

QOfuiee pelleHHe ypaBHEHHS IBHMIKEHHST MMeET BUA
x=e~% (Cy cos Bt--Cy sin Bf), uan x = Ae=%¢ sin (B¢ 4 @),
rac
A= VE%—i—C%: sin g =Cy/A, cos gy="Cy/A
(samyxarowjue korebarnus). M

Ha#itn ofuiie pemieHus ypaBHeHUI:

696. v'—y —2y=0. 697. y"-+25y=0.

698, yy'—y'=0. 699. y"—4y +4y=0.

700. yV—2y""" +y"=0. 701, yV--a'y=0.

702, y'V-+5y" 4 4y==0.

Haiitu pewienust ypaBHEHMH, YNOBJETBOPSIIOUINE 3aJaHHBIM Ha-
YaJbHLIM HJIM KPaEBBIM YCJOBUAM:

703. y" -5y ++6y=0; y(0)=1, y' (0)=—6.

704, y'— 10y’ -25y=0; y(0)=0, y (0)=1.

705. y'—2y -+ 10y =0; y(7/6) =0, y' (7/6)=eV,

706. 9y"--y=0; y(3n/2)=2, y’ (3n/2)=0.

707. v’ +3y ' =0; y(0)=1, y (0)=2.

708. ' +9y=0; y(0)=0, y(x/4)=1.

709. i +y=0; ¢ (0)=1, ¥ (/3)==0.

710. Pemnts 3asauy 695, ecam cuna CONPOTHBJIEHUS Cpebl
paeHa HyJIo.

4. Jluneiinbie HeolHOpoOAHbe ypaBHeznsi. CTPYKTypa oOIIero perleHus JHHel-
HOTO HEOAHOPOAHOTO YPABHEHHS, T. €. YPABHEHHSA. C NPABOH YacTbio:

Y ap () y P4 b1 () Y - an () y=F (),

onpejensieTcs caefyloliedl TeopeMoir.

Ecau u=u (X) — 4acmHoe peuienue He0OHOPOOHO20 Yp ABHEH UL, A Y1, Ypy <+ s Y —
PYHOAMEHMAbHAR CUCTEMA peluerLii COOMEEMCMEYrOuez0 00HOPIOH020 YPasHeHUS,
mo 06uyee pewieriie AUHER020 He0DROPOOH020 ypastenua uneem 6ud y=u-+Cyy, -+
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+ Coys+- ... 4-Cpyy; uubIME Cll0BaMH, oBulee pelleHHe HEOAHOPOAHOIO ypPaBHEHHSA
PaBHO CymMe JI0GOrO ero 4acTHOrO peIleHHS H OGILEero pemeHus COOTBETCTBYIO-
Wero OQHOPOAHOrO ypaBHEHHS.

CrezosaTenbHo, MU MOCTPOCHUS OGUIETO PelIeHUS HEOJHOPOAHOIO ypaBHEHH S
HAJ0 ‘HaHTH OJZHO €ro wacTHOe pelweHHe (IPeANONaras yKe H3BECTHHIM ofliee pe-
WEeHHE COOTBETCTBYIOUIEr0 OJHOPOAHOIO ypPABHEHHS).

PaceMoTpuM fBa MeTOAa OTHICKAHHS UACTHOTO peIIeHHS JHHENHOTO HCOJHO-
PORHOTO ypaBHEHMS.

MeTon BapHaLMH NMPOH3BOJBLHEX NOCTOSHHB X. DTOT MeToj
MIPHMEHACTCS, /1T OTBICKAHUA YACTHOTO DEIIEHHS JUHEHHOr0 HeoAHOPOLNOro ypas-
HEHHS 7-TO NOPAAKA KaK C NEPEMEHHBIMH, TaK M C NOCTOSHHLIMH KO3((hHIHeH-
TaM, €CJI H3BECTHO OGILEE PelICHHE COOTBETCTBYIOLIETO OXHOPOAHOIO yPaBHEHHSL.

Merox Bapuaums s3akiiouaercs B cJeayOmEM. ITycts u3BecTHa ¢yHnaamen-
TaJIbHASL CHCTEMA DEUIEHHIl Y1, Yo, +«., Yy, COOTBETCTBYIOMICIO OHOPOAHOIO ypPaB-
nenns. Toraa obmee peruenye HeoAHOPOJHOrO ypaBHeHHs cJIeayeT MCKaTh B BHIE

u(X)=CiW)y+Co @) yat ... +Cp(®) Yy
rae ¢yukunn Cp (x), Cy(x), ..., C,(X) ONPERGIAOTCT M3 CHCTEMEL ypaBHenui
C1(0) y1+Co () got o 4Cr (9 5, =0,
Cr() 1+ Ca( yo-t- oo 4 Ch (%) yn =0,

. o e . o s L T

Cr "™ +Co () 5" ™2 o - Cr () 50 =0,
CL@u" P+ @y Ch () Y = (9
[f (x) —npasas wacTb mausoro ypasHenus].

Has ypasuenus BTOporo nopsaaka y"+-ay (x) 4’ “+az (x) y= (x) coorsereraylo-
mias CHCTEMA HMEET BMJ

Cr(x) yi+Cs (%) g =0,
C1®) y1-4+-Ca(x) ya=F (¥).

Pewenne stoff cucremel maxogutes mo dopmysam

— [ vl (mdx | () — yif (x) dx
Cola= S W (g5, g ¢ 2 VL 99"

B CHY 4Yero u (x) MOKHO CPa3y ONpeAeauTb No dophyJe

yof (x) dx yif (x) dx
W {y1, y2) W (y1, y2)

(3meco W (yi, ys)—BpoHCKHAN peluenuit Y1 1 Yo).
Hycts, Hanpusep, TpeGyercst npoHuTerpripoBath ypaBHeHue

+ Y2

ux)=—yj

” o

2, _ ctgx
Y Ty —f‘y*_x—-

,D;J'IH COOTBETCTBYIOLLETO OJHOPOIHOIO ypPaBHEGHHA MLl HAULII YACTHLIE peurenng

5.

sin x COS x
yi=——"=1 Y= p (em. c. 146); ux Bpomcknan W (yy, y,) =—

[Mostomy « (x) moxuo Haiitu no gopmyae

cosx  ctgx sinx ctgx
N sin x X X CoS x X X _
u (x) == p = dx-- - T dx =
2 .
= sin x . g C‘?S L Scos X dx:—sm d {In] tg (x/2) | 4-cos x]—cosxsinx.
X sin x X
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sinx In | tg (x/2) |

Taxum o6pason, u(x)=
x

, a ofllee pelleHHE TaHHOrO ypas-
HEeHHUA HMeeT BHJ,

sin x coS x sin x
y=Cr——+C—~+—=In[tg (/2|

NMpumeuanne. Eime pas oTMeTHM, 4TO JMuHEHHOE HEORHOPOLHOE ypaBHeHue
BTOPOTO Nopsajika MOXKeT ObiTh NPOUHTErPHPOBAHO B KBAApaTypax, €CaH H3BECTHO
OAHO YaCTHOE pellleHie Yy (X) COOTBETCTBYIOWErO OAHOPOAHOTO YpABHEHUS oObliee
pelienne Takoro ypasHenna nmeeT Bug y=Ciyi+ Coyp+u (x), TAE Yy oOnpeiess-

€TCsl uepe3 yp no gopmyae
. -j' a; (x) dx
yp=yy \ —————dx,

2
v Y1

a u{x) onpefeaseTcs uepes yy H Y NO BhlLIEIPHBEACHHOH dopMyJTe.

MeTton nmoa6opa uaCTHOTO pelieHus (MeTOL HeoNpegeJaeH-
HBLX KO3QPHU HEHTOB). DTOT METOA NPHMEHUM TONbKO K JHHEHHBIM ypas-
HEHHAM C TOCTOSTHHBIMU KO3(Q(UUHMEHTaMH H TOJBKO B TOM cJiydae, KOIAa ero Ipa-
Basl 4aCTb HMeeT CJIeAYIOWUHA BHA:

[ (x) =% [P, (x) cos Px - Q,, (¥) sin Bx]

(uru sasierest cymmoli ynkumit Takoro suga). 3peck @ u Pp—rnocrosunsre, P, (¥)
H Q, (X) —MHOTOWIEHBI OT X COOTBETCTBEHHO n-H M m-il CTenenu.
YacrHoe peleHue ypaBHEHHs 7-TO NOpPSAKa

YO @y = gy =D 4 ay = ()

(rze f(x) nmeer ykasauueli BHI, a ay, Qs ..., Qp— JAeHCTBHTELHBIE IOCTOSHHEIE
KO3¢dHUHCHTBI) CJeVeT HCKaTb B BH/E

1 (x) == x7e%X [P, (x) cos Bx+ Q; (x) sin Px].

3aech r paBHO NOKa3aTello KPaTHOCTH KOPHA o --fi B XapaKTepHCTHYECKOM
ypaBHenuu k% qk" =1+ ... a,=0 (ecau xapakTepucTHYeCKoe YPaBHEHHe Ta-
KOTO KOPHSl HE HMeeT, To cjepyeT no’aoxutb 7=0); P;(x) u Q; (X) — noJusle MHO-
FOYJIEHbl OT x CTemeHM [ ¢ HeompefeleHHBIMH Ko3(bguiHeHTaMH, npuyeM [ paBHO
HauGoabLieMy H3 uHceld n M m ({=nz=m, uan l=m= n):

Py(x)=Apx!+ At - Ay Qp(x) =Box! Byt =1- ... B,

IoauepkueM, uto MnorouwneHsl P;(x) u Q;(X) ROMKHB OBITL I OJ HbLIMH
(1. e. comepxaThb BCe CTeNeNH X OT HYJs A0 [), C PA3IHYHBIMH HEONpeJeJeHHbIMH
Ko3(p(HUHeHTaMH NpPH OAHMX H TeX e CTeNeHsiX X B O6OMX MHOrO4YJeHaX H 4TO
IpH 3TOM, eCJii B BbipaxcenHe (QyHKUHM f (X) BXOAMT XOTs Gbl OZHA M3 (PYHKIHI
cos Bx mau sinfx, To B u (x) Haxo BCerAa BBOJMTL 06 e (yHKIUH.

Heonpegenennpie KosddULHEHTE MOXKHO HaHTH H3 CHCTeMBl JHHEHHHIX aJres-
panyecKUX ypaBHEnHii, NOJYyJyaeMBIX OTOXKJeCTBAeHHeM KO3(DOHUUHEHTOB INONOGHBIX
4JIEHOB B MPaBOH M JCBOH 4acTSIX HCXOZHOTO YypPaBHEHHS HOCJE NOACTAHOBKH B HEro
u (x) BMeCTO Y.

ITpoBepxy npaBUJLHOCTH BBEIOpAHHOH (OPMBI YaCTHOrO pellleHHS AaeT COINO-
CTaBjJeHHMe BCe€X uIEeHOB IPAaBOH YacTH YPaBHEHHS C TOAOOHEIMH MM YJCHAMH
JICBOH YacTH, NMOABHBIUMMHCH B Hell moc/Je NOACTAHOBKH i (X).

Ecnu mpasast wacTb MCXOJHOFO ypDaBHEHHSI PaBHAa CYMMe HECKOJbKHX pasimy-
HbIX (YHKUHH paccMaTPHBAEMOH CTPYKTYPHI, TO AJsI OTHICKAHHS YaCTHOTO PelleHH st
TAKOTO YpaBHEHA HYXKHO MCIONL30BATh TE€OPEeMY HaJOXKEeHH S pelnleHHi:
Ha0 HafTH YaCTHDLIE DPEUICHHS, COOTBETCTBYIOMHE OTAENbHBIM CJAraeMbIM MpaBoii
4acTd, M B3ATh HX CYMMY, KOTOpas M SBJSETCS YacCTHBIM pelueHHeM HCXOLHOrO
ypaBHeHus (T. €. yDaBHEHHS C CYMMO{l COOTBETCTBYIOUHX (YHKI(UE B mpapoit
qacTHy.
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ITpumenanune. UacrHemu ciyuasmu ¢yukuuu [ (x) paccmaTpuBaeMoil
CTPYKTYpBHL (NP HAJN4MH KOTODBIX B IPABOI YaCTH ypaBHEHHs TIPUMEHHM METOR
noA0opa 4acTHOro peuleHHs) SBJAAITCS Cheiyiomue QyHKIHH:

1) [ (x)= Aex*, A—nocrosnnas {a -} pi=a}.

2) f(x)=Acos Bx-}-Bsinfx, A u B—rnocrosiunsle {a--fi= Bi}.
3) [(x) =P, (x) (muorounen creneuu n) {o-pi== 0}.

4) F(x)= Py, (x) en% {cu-Bi = az}.

5) [ (x) =P, (x) cos px+4-Q 1, (x) sin Px {a -+ Bi == pi}.

6) [ (x) =e%x (A cos Px—+ BsinPx), A u B—nocTosuHbie.

711. Hafitn yactHoe pemenne ypasuenus y' — 2y —3y—=e**,
VAOBJIETBOPSAIOIEE KPAGBBIM YCAOBHIM Y |y=1ne=1; yli=2m2= L.

A\ Xapaxrtepucrhueckoe ypasenue k2—2k—3=0 wumeer KopHH k=3,
ky=— 1. Obuiee peleHne COOTBETCTBYIOLWETO OJHOPOAHOTO YpaBHCHHA Y = Cq 3%}
—+Coe~*. UacTHoe pelleHHe HCXOJHOTO yDABHEHHS CJefyeT MCKaTb B BHAE u=A¢¥
(Tak KaK B NpaBOH 4acTH OTCYTCTBYIOT CHHYC H KOCHIYC, KO3(D)HUHEHTOM mnpu
NOKa3aTeabHOH GYHKUUH CJAYKHT MHOTOYJeH HyJeBoil clemenu, T. e. [=n=0,
H r=0, nockobKy =4 He ABJAETCH KOpPHEM XapPAKTEDPHCTHYECKOTO ypaBHEHHs).

Hrak,
—3| u = Aetx
G| —2| 4 = 4det¥
1| u"=16Ae4*

u' —2u' —3u=>5Aer* =2~

Takum o6paszom, A=1/5. CneloBaTe/nbHO, ofLiee pelieHHe JAHHOTO ypaBHEHHS

1
y:CIe3x+C2e'x—l—§ etx,

Jnsa naxoxaeuusa Ci U Cp BOCHOAb3YyeMCS KPaeBBbIMII YCJIOBHSIMIL:

Cle“":—[—Cze—l“?—{—-—é—e“l”:l, 8Cq —}‘%Cz-i-l—;:l,
HJIH
C1861“2+Cze‘2 lnz_*_%eslnzzl, 6401_}__}4_(;2_}__2_2_6:1.

Otciopa Cy=-—491/600, C,=0652/75. Urak,

491
-N L puX
g0 A

712. Tlpounrerpuposath ypaBHenue ¢ 4y —2y=cosx—3sinx
IpH HavyaJpHBIX ycaoBHAX y(0)=1, y  (0)=2.

/\ Xapaxkrepucruueckoe ypapHenue k2--k—2=0 umveer kopuu k=1, ky=
=2, a notoMy ofllee pelieHHe OJLHOPOJHOTO VpaBHelnsi y=Cye=2% L C,e¥,
YacTHoe pelleHHe HEOAHOPOLHOFO YPaBHEHHsI CJezyeT HCKaThb B BUAE

u=~Acos x4 Bsinx
i )

(8 nanuom cayuae oo=0, B =1, o-}-f{ =i NOCKOILKY TaKOro KOPHS y Xapakre-
PHCTHYECKOro ypaBHeHHs HeT, To r==0; m=n=0, a caegoBareavuo, u [=0),

Hrak,
—2Ju = Acosx--Bsing
4! 1|u'=—Asinx+ Bcosx
l|u"=—Acosx—Bsinx

u'+u'—2u=(B—3A4) cos x+ (—3B—A) sin x = cos x— 3 sin x.
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Takum o6pasom, HMeeM CHCTEMY

B—3A=1, P
{33—[— A—3, T. e. A=0, B=1.

CriejoBaTe/IbHO, OOLLEe peiieHHe AAHHOTO ypaBHEHHS HMEET RHI
y=Cre~ 2% - Coe¥ 4-sin x.
Haiiiem C; u Cy, wcnosnn3ys HayaJbHbE YCJAOBHA:

Cre¥ - Coe?Fsin0=1, Ci+Cy=1,
—2C1€0+C2€0-~1—C050:2, —2C1+C2:1.

Otciona C;=0, Co=1, T. c. y=e¥--sinx. A

713. Tlpounterpupoearh ypashenne y'—y =ch2y npu Hayamb-
ueix yeaoBusx y(0)=y’ (0)=0.

/\ XapaxkTepHCTHYeCKOC YypaBHeHMe P2 —F=0 wumeer kopHH k=0, ky=1.
Ob6ulee pelleHre OJHOPOJHOTO yPaBHEHHS y==Cy--Cse*. YacTnoe pelsenye HeOZHO-
POZHOTO ypaBHelMsi B AAHHOM Cilyuae MOXKHO HCKaTb BBHAC U= Ach 2x+ B sh 2x.
Judgepenunpys H NOJCTABAAA B HCXOHOE yPaBHEHUE, NOJYYHM:

0|u=Ach2x-}Bsh2x
—1 | =24sh2x-+ 2Bch2x
1 |u"=4Ach 2x--4B sh 2x
W —u = (&A—2B) ch 2x -} (4B—24) sh 2x =ch 2x.

Taxum o6pasom,

-}

{ 4A—2B=1,  ,_ ;3 B_1s5.

—2A+-4B =0;

3HauuT, ofulee pelleHie HCXO/IOro ypaBHeHUs! HMeeT BHJ
| 1
y=C1--Coe* + 7 ch Qx—{—g sh 2x.

Jna naxoxgenus Cy u Cy HCNOJMb3yeM HauyasbHble YCJIOBHSA:

1 C1+Cz'€°+—;—ch 0—';——(13— sh0=0, C1+C2:—%,
9 | Wil 1
C2‘00+— 5h0—{-—-ch0=0, C2+-—=0.
3 3 3
Crenosatensho, C; =0, Cy=— 1/3. Hrak, uCKOMOe 4acTHOE pelIeHHE HMEeT BHJ

1 1 1
——— — X L — J—
y=—zc¢ —r3ch2x—l—65h2x. A

Mpumeuanne. CoracHo ofiiell TeOPHH MBI JOJKHEL Obiin OB TPaBYIO
yacTh 3aJaHHOrO ypaBHeHHS mpeicTaBuTb B BuAe (1/2) (e** 4-e~%¥) M npuMeHuTb
TeopeMy HaJOXKeHHs, T. €. HCKaTh OTJeJbHO DeIUeHHs, COOTBETCTBYIOLlWE CJarae-
MeM (1/2) e2% u (1/2) e=2% npasolt wacTu. Mol umenn Obi:

wn (1/2) e2*:0=2, f=0; atpi=2; r=0; n=I=0; takum ofpasom,
uy ()= Ase’*;

st (1/2) e 03 =—2, B1=0; aj+Pyi=—2; r=0; ny=10,=0; TakuMm
obpasoM, U (x)=Be~2¥. .

[TosTomMy uacTHOe pelleHHe CJIe0BAJIO HCKaTh B BHAE

u (%) = uq (%) + ug (x) = Ase2¥ + Bye =%,
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HO
Aqe?¥ . Bje=2% = A, (ch 2x - sh 2x) - By (ch 2x—sh 2x) =
=(A;+ By) ch 2x+(A;— By) sh 2x=A ch 2x - B sh 2x.

HmerHo B 5TOM BMAE MBI W HCKAJHM pelieHHe JaHHOTO YPaBHEHHS.

Boo6le cienyer saMmeTHTb, 4TO IPH H3MEHEHHH MeTOAa NOAGOpa HacTHOrO
pelleHus MNOCcJe/Hee BCerla OTLICKMBAeTCA B BHAE QYHKLUUH TAKOH Ke CTPYKTYpHI,
KaK M 1paBas yacTb 3afaHHOrNO YpaBHEHHS, HO MPH 3TOM LEJeco06pa3Ho AOMOJ-
HEHHOH J06ABOYHLIMH CJIATAEMBIMH H MHOXKHTEJSIMH, UTOObl O06eCTNeuyHTb BO3MOXK-
HOCTb OTOXKJECTBJICHHS TIOJYYEHHBIX MOCJe NOACTAHOBKH B JIEBYIO 4YacTb ypaBHe-
HHs Y/JEHOB CO BCeMH (NMOZOGHBIMH HM) YJeHaMH IIpaBoil yacTH.

714. Pemuts ypasuenue y'—2y -+ 2y = x°.

/\ Xapakrepuctnueckoe ypapsenne k% —2k--2=0 nmeer xopun ki o=1 41,
anotomy obliee pelleHHe OJHOPOJHOTO ypaBHeHHS y=e* (Cy cos x--C, sin x). Hacr-
HOE [ellleHHe caeflyeT HCKaTb B BUJe u= Ax2-}-Bx-4C (B maHHoM cayyae o=0,
p=0, a+Bi=0; rak kKak O He sBIsAETCA KOPHEM XaPaKTePHCTHYECKOIO ypanHe-
Hud, 10 r=0; n=1=2). Uraxk,

2| u=Ax*-+Bx}+C
+|—2|u =24x+B
1|uw=2A
W —2u - 20=2Ax%*4- (2B—4A) x - (2C —2B -} 2A) == x°.
Otcwona 24=1, 2B—4A=0, 2C—2B--24A=0, 1. e. A=1/2, B=1,C=1/2.
Cie10BaTe/IbHO, OOLIEe pelIeHHe HCXOZHOLO YpAaBHEHHSI

y=¢e* (Cy cos x4 Cy sin x)—:~-é— x4 A

715. Pemute ypaBHeHue y’-+y=xe* -+ 2.

A\ XapakTepucTHuecKoe ypaBHenue k2-4-1=0 nveer Xopun Ry =4 i, mo-
3ToMy ofliiee DellleHHe OJHOPOJHOrO ypaBHeHHs y=Cj cos x--C, sin x. INoabsyscs
NPHHIUTIOM HAJOMKEHHS, YaCTHOe pelleHHe HCXOIHOrO0 ypaBHEHHSA OYAeM HCKaTb
B BHie u=uj+uy=(Ax-+B)e¥+Ce~* (umeeMm pgas uy: f[1(x)=xe¥, o;=1,
P1=0, a;+Bii=1; nockombKy Taxoro KopHsa HeT, r1=0; n=I[=1; nasi uy: f, (x)=
=2e"%; ay=—1, B2=0, ag+PBoi=—1; r,=0; n,=1;=0). Urax,

1| u=(Ax+B)e*4Ce™*
4| 0w =Ae¥ 4 (Ax+B) e¥ —Ce=*
1| 0 =24e% 4 (Ax+-B) ex - Co

Orciona 2A=1, 244+-2B=0, 2C=2, 1. e. A=1/2, B=—1;2, C=1.
CaeoBaTesbHO, OOllee pellenHe HCXOAHOTO YpaBHEHUS

y=C;cos x+Cysinx +—; (x—De¥te=~. A

716. Pemnts ypaBueune y''' +y" —2y =x—e*.

/\ Xapakrepuctuueckoe ypasHeHne k3-}£k%2-—2k=0 nwmeer xopuu k;=0,
=1, k3=-—2, a moToMy ofllee pelIeHHe OIHOPOAHOrO YypaBHeHHs y=C;-+
L Cye* - Cye—2%. UactHoe pellleHHe HIIeM, JOJb3ySCh NPHHLUUIOM HAJOKEHHH,
B BHJE U= U+ Uy=x(Ax--B)-}-Cxe¥. Hrak,
0| u=(Ax-LB)x-Cxe*
—2| u' =2Ax+ B4 CeX¥+Cxe*
T 1| wr=24-102Cev - Crex
1w =3Cex - Cxe~
W' u" 20 = —4Ax-- (24— 3B) -|-3CeN = x —e¥.




Otciona —4A=1, 2A—92B=0, 3C=—1, 7. e. A=—1/4, B—=—1/4,
C =-—1/3. CaenoBatesibHO, OOLlee pelienye HCXOAHOTO ypaBHCHHA

y:C1+C2e"+Cae’2x~—%x(x—{— 1)——:13—xex. A

717. Haiiru pemenue ypasHenus y’-y= 3sinx, yloBIeTBOpsiO-
wee xpaesbiM yeaosuam y (0) -+y' (0)=0, y (/2)+y' (/2)=0.

A Xapaxtepuctuueckoe ypasHeHue k2-}-1=0 umeer KopHH ki, o=+ i, a no-
TOMy Ofilee pellienMe OAHOPOZHOrO YypasHenus y=Cjy cos x-}-Cq sin x. HacrHoe
peuleHHe cJefyeT HMCKaTbh B BHJe u==x (A cos x-}-Bsinx) (8 paHHOM cayyae a=0,
B=i, a-+Pi=i; Tak Kak [ SIBJSeETCS INPOCTHIM KOpHEM XapaKTEPHCTHYCCKOro
ypasuenus, 10 r=1; m=n=1=0). Hrax,
1| u=(Acosx+Bsinx)x
0| u’ =(— A sin x-}- B cos x) + (4 cos x4 B sin x)
1|u" =2 (— Asinx+ B cos x) +(— A cos x— B sinx) x

W' -u=—2Asinx-}+2B cos x= 3 sin x.

+

Otciona —2A4==3, 2B=0, 1. e. A=—3/2, B=0. Crepgosareabto, obuee
pelneriye HCXOHOTO ypaBHeNus

y=Cy cosx-}Cysin x—~—§ X COS X.

MMocTosuuse C; H C,p HalifeM, Mcmodbayst Kpaessie yciosus. Hmeem

y’:~Clsinx—}—Czcosx—{—%xsinx—%cosx,
u, jganee,
y(O):ClcosO—{—CzsinO———g—-O-c050=C1,
' : , 3 . 3 3
y (0):—C151n0+C2cosO—i——-O-smO—-Q— cosO:Cz——2—,
T 1 . 3 = T
y(7>—clcos-—2—+cgsm —2-—?'7'(:05 —2—~C2,
(2o sin Tt 3.8 B3 s,
y(2> C151H2|C2COS2T2 5 +Sin5 — COS 5 = C1+4.

Taxuwv obpasou,

yO)+y' (0 =C+C,—3/2=0
y (/2) +y (m/2) =Cy—Cq-}3m/4-=0,

OTKYAA [OJYUIIM CHCTEMY YpaBHeHHH

Ci--Cy=3/2,
C1— Cy=3m/4,

pemas xoTopyio, Haxoxun Cp=23 (24 m)/8, Co=(2-—m)/8. 3Hauut, peleHne HCXo-
HOTO ypaBHEHUd, yAOBJIETBOpSIOLIEE IOCTABJACHHLIM KDPaeBEIM YCJOBUAM, UMEET BHJ

y:% [(m+42) cos x— (m—2) sin x] —g—xcosx. A

718, Haiitu pemenue ypasHeuus y” - 6y’ - 10y=80e* cos x, ynos-
netBopsiomee HauaappM yeaosusM y (0) =4, y' (0)= 10.
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AN XapaxTepHcm%cxoe ypaBnenne £%24-6k-4-10=0 umeer xopum ki o=
=—3+i u obWee pewmenne COOTBETCTBYIOLIEro OJHOPOJHOI'0 YpaBHEHHSI Yy =
= e73% (C; cos x4 Cy sin ¥). HactHoe pemense aHHOTO HEOLHOPOJHOTO ypaBHe-
HHA OyJeM HCKaTh B BHAE u=e¥ (A cos x- B sin x). Torga
10] u=e% (A cos x-+ B sin x)
6|u"=e¥ (A cos x| B sinx— A sin x-- B cos x)

! u"=eX (— 24 sin x-}-2B cos x)
W'+-6u"+ 10u=e* [(16 A 4-8B) cos x |- (16B— 8A) sin x] == 80e* cos x.
Orcrona 16A4-8B=80, 16B—84=0, 1. e. A=4, B =2, u ofmee pewenne
HCXOJHOrO YPaBHEHHSI TaKOBO:

y=e=3% (Cy cos x4 Cy sin x)+ 2¢¥ (2 cos x—+sin x).
Hocrosuunie C; u Cy HaiineM, HCNOML3YS HauadbHble yeaoBus. HMmeem
y' =e=3% (— 3Cy cos x—3C, sin x—Cy sin x--C, cos x) -+ 2e* (3 cos x—sin x)

H, panee, y (0)=Ci+4=4, y' (0)=—3C;+C,--6=10, orkyna C; =0, Cy=4.
Wtak, pemeHHe HCXOAHOIO YPABHEHH:, yLOBJETBOPSIOLICE HAYAJILHLIM YCJIOBHSM,
HMeeT BHJ

_[_

y=4e=3% sin x4 2e¥ (2 cos x---sinx). A
719. Haiitu pemenne ypasuenus y”-+ y= tg x, yloBJeTBOpSIOIICE
KpaeBbim ycsoBuaM y (0) = y (w/6) = 0.

A\ XapakrtepucTHueckoe ypaBHeHHe kZ--1=0 uMeeT KOpHH ki o=+ I, a no-
TOMy ofllee pelleHHe OXHOPORHOrO ypaBHeHHs y=Cqc0sx-}Cysinx. UacTHoe pe-
HIeHHe HCXOXHOrO yPaBHEHHS METOJOM HEONpPeJeJNeHHBX KO3(p(HIHEHTOB HCKaTb
Heab3st (GyHKUMA [(x), B OTIHUHE OT NpPESLIAYLIEro, HMEET APYIYIO CTPYKTYPY),
a MOTOMY BOCHOJL3YeMCH METOJAOM BapHAlUMH NPOM3BOMLHBLIX MOCTOSHHBIX. Bygem
HCKaTh pellleHHe YPaBHEHHA B BHJE

y=Cy (x) cos x--C; (x) sin x,
rae ¢yukuHE Cy (x) u Cp (X) HYKHO HalTH U3 CHCTEMBl yDaBHEHHH
{c; @yit+C@p=0, { C1(%) cos x+ Cy(x) sin x=0,
C1(®) y1+C2(0) ya=F (%), —C1 (%) sinx-+Cj (¥)cos x=tg x.

Pemas sty cucremy, nomydaem Cp (x) = — sin? x/cos x, Cs==sin x, oTKyna
; X,
Ci(x)=-—S dx-l—A=smx—lntg<-2_+7‘_>+A;

Cs (x) = —cos x| B.

(BMecTO pelleHHs! STOH CHCTEMBI MOXKHO OBLIO BOCNOJNb30BAThCH (DOPMyJaaMu, IpH-
BeficHHBIMH Ha c¢. 152.)
Takum ofpasomM, obliee pelleHHe HCXOJHOTO ypaBHEHUS

. X ,
y=Acosx} Bsinx— ¢os x-In tg (»2-—|—17}-) ,

sin? x
cOS X

rne A u B—npon3BosbHBE [NOCTOSIHHBIE, KOTOPBIE HYXKHO ONpPeeHTb M3 KPaeBhIX
yCJOBHI:
A cos 0 B sin 0—cos 0-1n tg (7/4) =0,
{A ¢cos (1/6) + B sin (71/6) — cos (7/6) In tg (7t/3) = 0.
Orciopa A=0, B= (V§/2) In 3. CiegoBartenso, pelieHue, yA0BJAETBOPAIOLIEE T10-
CTABJIEHHBIM KDAEBEIM YCJIOBHAM, HMEET BHJ

V3 , ra4m
y=- In3sinx—cos x Intg 2—}-4 . A
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720. CsofonHo Bucsmas Ha KpIOKe OAHODPOJHAs LeNb COCKAJb-
3LIBAET € HErO NOJ JefCTBHEM CHJIBI TSKECTH (TPEHHEM MOXKHO Mpe-
ne6pedn). OnpenesnTh, 3a Kakoe BpeMs COCKOMb3HET ¢ KplOKa Bes
LeNb, €CJIM B HA4YaJbHBIH MOMEHT Ileb NOKOWJAach, a AJHHA LU C
OJHOH CTOPOHBEI KpioKa Obiia paBHa 10 M, ¢ gpyroi 8 m.

A Tlyers Macca OAHOTO NOTOHHOrO MeTpa uenu pasHa m. OGosnaunm uepes x
AJHHY GoJbulelf YacTH L€NH, CBEMMBAIOEHCS C KPIOKA yepe3 BpeMs { MOCJe Ha-
yana ABHKEHHs. K LEHTPY TsXKeCTH lenyd NpuJoxKeHa cuia F=[x— (18—x)] mg.

Macca Beeit menu pasma 18m, ee yckopeHHe paBHO X. UTak, mpuxoguM K ypaB-
HEHHIO JIBHIKEHHS IleHTPa TSIKECTH LEH:

18mx = (2x— 18) mg, nan 35——§-x=— g.

D70 ypaBHeHue HaJO NPOHHTEIPHPOBATh NPH HAYANBHEIX YCJOBUAX: x=10, x=0
npu {=0.

KopHu xapaKTepuCTHUECKOTO YpaBHeHHs kj o= 4 } g/3; uacTnoe petuenne
HEOHOPOJJHOTO YpABHEHUSI CJEAYeT HCKaThb B BHAC 4= A; NOCJe NOLCTAHOBKH B
ypasHerue Haxoaum A =9. Takum o6pasoM, obulee peuleHHe ypaBHEHHS MMeeT BHL

x=Cqet Vig/s 4 Cyet V§/3_{_9‘
I/ICHOJTb3y9[ HavyaJbHBIC YCJIOBUA, NOMYIHUM
{C1+Cz+9 =10,

(V72/3) (C1—C5) =0,
otkyga C;=C,=0,5. 3uaunr,
x=(ef V8B o=tV EB) o901 ch (¢ V g/d).
Bpems, 3a KOTOPOC COCKOJIL3HCT BCA 1LeMb, ONMPCAETHTCA H3 yCaoBHs: x=18 M
npu ¢=7T. CiaenosareissHo,

_ TVg/3  ,~TVE/
18=9-1-ch (T ¥V g /3), nam < 4‘26 =9.

Pemasn 1I0JIyUCHHOE ypaBHEHHE OTHOCHUTE/JAbHO T, HaX0J UM
T=(3/V g ln(9+-4V 5) =~ 2,76 c. A
Pemute ypaBnenus:

721. y'—4y'+3y=e*; y(0)=3, y (0)=09.
722. y'—8y 16y =e*; y(0)=0, y (0)=1.
723. " —6y" + 25y = 2 sin x4 3 cos x.

724, y'+y=cos3x; y(w/2)=4, y (7W/2)=1.
725, y'—6y +8y=3x*+2x-+1.

726. 20—y '=1; y(0)=0, ¥y (0)=1.

727. Y’ +4y=sin2x+1; y(O0)=1/4, y' (0)=0.
728. y"'—4y =2sh 2x.

729. y'+4y=cos2x; y(0)=y(n/4)=0.

730. y"+ 3y — 10y = xe™2*,

731. y'—(a-+P) ¥y + afy = ae** + bePr,

732. y'—y=xcos?x.

733. y"— 9y’ + 20y = x%e**. :
734. y'—y=2shx; y(0)=0, y 0)=1.
735. y"—4y=ch 2x.
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736, y"—2ycos @} y=2sinxcos .

737. y'—2y' +2y=e*sinx.

738. Yy’ +9y=2sinxsin2x; y(0)=y (n/2)=0.

739, y'—4y' +8y==61e¥*sinx; y(0), y (0j=4.

740. Tloka3atb, uto Ofwee peweHue pupdepeHiHalbHOrO YPaB-
HeHHsl y’'—m?y =0 MOXHO npeicTaBuTh B Buie y=C,chmx-+C,X
% sh mx.

741, [lokasarb, uto oOumee pemenue auddepeHIHANBHOTO YpaB-
nenusi y'—2ay’ -+ (@®*—f?) y=0 MOXKHO NPEIACTaBHUTH B BHAE Yy =
= e%* (C, ch px - C, sh px).

742, OnpenenuTh 3aKOH JABHXKEHHS MaTepHAJbHOH TOUKH MaccH 1,
nepeMeniaomeicss no npsiMoil NOA BJHAHHEM BOCCTaHABJHBaKONLEH
CHJIbI, HAMPABJEHHON K Hayasy OTCUeTa NepeMellleHHH M NPsAMO Npo-
MOPIHOHAJNbHOR PACCTOSHUIO TOYKM OT Hayaja OTCYeTa, €CJH COmpo-
THBJIEHHE CpeJibl OTCYTCTBYET, a Ha TOYKY JAEHCTBYET BHEINHAs CHJa
F=Asinwt.

Pemutb ypaBHCHHA METOAOM BapHAalHH TIPOH3BOJIbHBIX TNOCTOMAH-
HBIX:

743, " -y=1/V cos2x. T44. y’ -+5y -+ 6y=1/(1-Fe>).
745, y'+4y=ctg 2x. T746. y"cos(x/2)+ (1/4) ycos(x/2)=1.
747. Pemuth 3agayy 720 ¢ yueToM TpeHMsl LENH O KPIOK, €cJH
cHJia TPEHHs] paBHA BeCy OJQHOrO IIOTOHHOrO MeTpa Lemil.
‘ YPaBHCHI/Ie JBHIKEHHST ICHTpa THAMKECTH LENH HMCET BHT
18x=gx—(18—x) g—g-1.

5. Ypaeeenue Jiluepa. JInseilHoe ypapHeHHe C NMEPEMEHHBIMA KOIpHLHEHTA-
MH BHJA

2y gty =D L ap o1k apy =T () (1
nau Gosaee obuero BUAA
(ax--byr g™ +-ay (ax+b)* 1y VAo ap g (ax D)y -Ray=F () (2)

Ha3blBaeTCs ypasHeruem Siaepa. 3jech a;—TOCTOsIHEbIE KOGPHILHEHTHL. C rno-
MOLIBIO TOACTAHOBOK X =e! gJas ypasnenus (1) u ax--by==€t pnsa ypasHenus (2)
ofa 5TH ypaBHeHHR TpeoGpasyloTcsl B JHHeHHbe ypaBHeHUs C HOCTOSHHBIME KO-
¢unUeHTaMH.

748. Pewrnth ypasHenue x*y’—xy 4 y=0.

1
A Tlonaras x=et, uau f=1Inx, oTkyja —x=——=e“, noJIyuHM

. dy dy dt -
Y= "dax ¥

d . dt . “ .
pe & o=t G ety e—t = (5 —y)e—2
!/ - dt [e y] dx (ye )l € (y y)o

(zuddepennuposanne no { o6o3HAUAEM TOUKAMH). Torga HCXOAHOE ypaBHeHHE
NPUMET BHJ

et.e=2 (y—y)—et-e—t.yty=0, w y—2y-Ly=0.
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Xapakrepuctuueckoe ypasHenue k%—2k-1-1=0 nmeer xopuu ky=4ky=1. Crego-
BaTe/IbHO, Oflllee penleHyue

y=(Ci+Cst)et, un y=(Ci-+Calnx) x. A
749. Peuurp ypasuenue (4x—1)*y"—2(4x—1)y" +8y=0.

A Tonoxnm 4x—1=et; Toraa dx=71[ef dt, gxi=4e-t. Ortciona
. dy dt L, i
y :TZ'E;=45"'-‘/' Y =16e=% (y—uy).

HcexongHoe ypaBHeHHE NPHHHMMAET BHJ
16e2t =2 (§ —y) —4-2ete~t.y -8y =0, nan 2y —3y+ y=0.

Xapaxtepuctnueckoe ypaBuenue 2k*—3k--1=0 umeer Kopuu k=1, ky=12.
CrepoBatesbno, ofiee peuieHue

y=Cyet - Coet/?, mau y=Cy (4x—1)4-Co V Ix—1. &
750. Peumts ypasuenue y’—xy -+ y=coslnx.

_di—-_l_-—-e—t CJIeOBATENBHO, 4 =y
N dx_x— ) A H ’ y —yX

Xe=t, y"=(y—y)e—2. [lannoe ypaBHEHHe NpUMET BHJ

§—2y-+y=cost.
OGuiee peleHue OJHOPORHOrO ypasHenus ectb y= (Ci-+Cyf)et, a uactnoe peme-
HHE HEOJHOPOJHOTO ypaBHEHHUs CJeLYyeT HCKaTh B BUAe u= A cos ¢~ Bsin{. Toraza

1lu =Acost--Bsint
—2|u' =—Asint+ Bcost
1|y =—Acost—Bsint
u’ —2u + u=—2Bcost}+2Asint=cost,

A Tlonoxum x=et; toraa f=Inx

-+

otkyia B=—1/2, A=0. CrenoratesbHO, 0O0llee pelIcHHE HCXOZHOTO ypaBHeHHs
y=(Ci1 -} Cst) et—% sint, wmm y=(C;+Cylnx)x ———;‘ sinlnx. &

Pemurs ypasHenus:

751, x*y"—xy +2y=0.

752. x*y"—3xy’ 43y =31In%x.

753. 22y’ -+ xy -+ y=sin(21nx).

754, 2y - 3xy' +y=1/x; y()=1, y' (1)=0.
755, 22y —3xy' +4y=x%2; y(1)=1/2, y4)=0.

§ 4. MHTETPUPOBAHUE AHPSEPEHUMAJIbBHBIX YPABHEHHN
¢ NoOMOLLbI0 PSAJ1I0B

. 1. Mpumenenne psgos K pemwennio Auddepenuuansubix ypagHenuii. B uexoro-
PHIX CaIyuasx, KOrja usHrerprposanune AnddepeHnHaNTLHOTO ypaBHEHHS B 2JeMeH-

TapHBIX (YHKUMSIX HEBO3MOXKHO, Pell€HHE TaKOro ypaBHEHHA MIIYT B BHJAE CTENEH-
HOTO psja

y= Z CIZ (x—xo)”o

n=0
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Heonpepenenubie kospdpuuuentst C, (=0, 1, 2, ...) HAXOAAT MOACTAHOBKOH
psla B ypaBHEHHE M NpHpaBHUBAHHEM KO:(G (UL HEHTOB NPH OAHHAKOBBIX CTEMEHAX
PasHOCTH X—xp B O0eHX yacTAX NOJYYEHHOro paBeHCTBa. EciH ygaercss Haiiti
BCe KO3((UUHUEHTBI psifa, TO IOJYUYEHHBIH psij ONpejessieT pelleHue BO BCeil cpoeil
06J1aCTH CXOJLHMOCTH.

B Tex cayuasx, koraa mas ypaBuenns y'=f(x, y) Tpe6yercst pemnth 3agauy
Kown npu HavanbHOM YCJIOBUH Y |y_x,= Yo, PEUICHHE MOXKHO HCKATb C IOMOILLIO
psara Teinopa:

rae 4 (%) =Yo, Yy’ (x0)=F (xo, Yo), a manbefimne npoussomHbe Y™ (¥,) HaxogsT
noc/e/,oBaTeAbHHIM  AuddepeHpOBaHHEM HCXOAHOTO YPAaBHEHHS H MOACTAHOBKOMH

B DE3yJbTaT AH(GEPEHUHPOEARUS BMECTO X, ¥, ¥, ... 3HAYCHHH Xg, 4y, Yo M BCeX
OCTAMbLHEIX HAHJAEHHBIX NOCJELYIOIHMX NPOHSEOAHBIX. AHAJIOTHYHO ¢ NOMOMIBIO Psijia
Tefiiopa MOXHO HHTETPHPOBATH M yPABHEHHS BHICIIHX NOPIAKOB.

756. TIpounrterpuposaTb ypaBHeHue y’— x2y=0.

A\ Bynem uckath pewenue 3Toro ypasHeHUs B BHIe pAAa
Yy=Co+Cix+Cox2 4 ... 4+ Cpxn ...,
[MopcTaBnast y ¥ y” B KCXOAHOE ypaBHEHME, HAXOLHM

[2-1C; +3-2C5x 4 4-3CoxT ...+ (1 4+-2) (1= 1) Cpaq 4+ o] —
—x2 [C0+C1x+02x2+ e ‘-{—Cnxn—*— ...]EO,

CprI‘IHpreM YJICHBl C OAMHAKOBBHIMM CTENEHAMH X.

2. 1C; + 3-2C3x% Z [(fl—f—4) (’l+3) Cn+4“‘Cn] x+E=0,
n=0

IMpupasnusas Hym0 Bee KO3bUIHEHTH NOJIYYEHHOro psfga (4ToSbl ypaBHEHHE 00-
paTUJiOCh B TOXAECTBO), HAXO/LM

Cn
(n+3)(n+4)
[TocsenHee coOTHOILIEHUE RO3BOJAET HAHTH NOCJCIOBATENLHO BCE KO3 HILHEHTH

HCKOMOTO pasJoxeins (C() " Cl OCTAIOTCH  IPOH3BOJLHBIMH H HIpaloT poJib 1PO-
H3BOJIbHBIX IOCTOSIHHLIX HHTErPHPOBAHHSL):
c Cy . C Cy
1, == — .
T84T.8. T @R 4k> HIT I8, 4k @k T 1)

Ciprz=Cipss=0 (=0, 1,2,...).

Co=C3=0; Cpyy= (n=0,1,2, ...).

Takum obpasom,
xik hd xh+1
. (Bk—1)4k TG go 4.5-8-9... 4k (k1) °

®
y:CO ~
kgo 3-4.7-8.

[Toiryuennne psiipl CX0AsTeA HA ECell UHCJIOBON OCH M ONPEACIAIOT 7BA AHHEli-
HO HESABHCIIMBIX Y4CTHLIX peluelHsa HCXOLHOTO YPaBHCHHS. A .

C 1OMOMBIO Pas/IOXKEHUs B Psil O CTENEHAM X POHHTEIPHPOBATH
CJICAYIOUIHE yDABHCHHA 1 ONPEASTUTh OGNACTD CYLECTBOBAKHS MOJy-
YEHHOTO peLIEHHS:

757. y' -+ xy=0.

758, y'=x—2y; y(0)=0.
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- @ B cuay navansroro yciaosus nonoxute Co=0.
759. y"+xy' 4+ y=0.
760. y"—xy' —2y=0.
61, ' +x2y=0; y(0)=0; y' (O)=1.

@ B cuay Hauanesbx ycaosuii monoxuts Cp =0, Cy=1.

762. TlpounrerpupoBaTh NPHOJHKEHHO ¢ HOMOIIbIO psiga Tefifo-
pa ypasHenue y' =x2-}-y?, y(0)=1, B3sB ILIECTb IEPBLIX YJAEHOB
pasJioxkenus, OTJAUUHBIX OT HYJIS.

A\ VI3 ypaBnenus Havaneunix ycaosuit maxogmM y' (0)=02-12=1, Iudde-
PeHLUPYA JAHHOE ypaB'Heime, NOCJENOBATEJALHO HOJYUaeM

y'=2+2yy", y"=2+424242yy", yV=6y'y -}-2yy",
YV =6y"-+8y'y" +2yy'V.
ITonarass x=0 u ucnoab3ys 3Hauendd y(0)=1, y' (0) =1, nocsenosareasHO HaXO«
M y" (0) =2, y'"" (0)=8, y!V (0) =28, yV(0)=144. Hckomoe peimenue uMeer Buf

X, 2x2 | 8x%  28x% | 144 x5
y=ltqtortartar s T A

763. y'=x-+y*, y(0)=0, y (0)=1. Haiiru uerbipe nepphX
(OTJIHYHBIX OT HYJS) YJeHAa PasJOKeHHS.

L\ Huddepennnpya ypasHeHue y”=x- y2, uieem
Yy =142y, yWV=2yy"+ 242, yV=24y""4-6y'y",
yVi=2y4ylV +8y'y""" +-6y".

Ilpu x=0 noayuaem
y(0) =0, y’ O =1, " (=0, y"*"' (0)=1, y1V (0) =2, yV (0) =0, yV! (0)=16.
Pewenne nMeer Buj

x % 2x*  16x8 x» i x5
v=qrry gt b=ttt A

764, y' =x*y+y?®, y(0)=1. Hafitu dYerpipe nepsbiX (OTJHYHBIX
OT HyJI) WjeHa pas/oxkKeHUs.

765. y' =x-+2y? y(0)=0. Haiitu aBa nepsbiX (OTJIHYHBIX OT
HyJs) WieHa Da3sIoXKeHHSs.

766. y'—xy*=0, y (0)=1, y' (0)=1. Haiitu uersipe nepsuix (or-
JIMYHBIX OT HyJIsl) YJIEHA DasjOMKeHHs,

767. y =2x—y; y(0)=2. Haiitu Tounoe pemenne.

768. y'=y*+x; y(0)=1. Hafitnu narb NepBbX uJEHOB pasJio-
JKEeHHs.

769, y'=(2x—1)y—1; y(0)=0, y (0)=1. Haiitu nate nepsnix
YJIEHOB Pa3J/IOKeHHS.

2. ¥Ypasuenue Beccensn. Jluneiinoe quddepennuanstoe ypasHeHne ¢ nepeMeHHE
MH KO3((pullHeHTaMH, HMEIOIee BHJ

22y xy' - (2 —A% y=0 (h=-const), (1)

HasblBaeTCs ypasuenuesm becceas (K 3TOMy ke BHIY CBOAHTCS ypaBHeHHe x%y” -l
~F xy' 4 (m2x* —A2) y=0 samenolt mx=§), )
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Pemenne ypasuenus (1) 6ynem HMCKaTh B Buje 0GOGLIEHHOTO CTENEHHOrO psja,
T. €. NPOU3BEJEHHUS HEKOTOPOH CTeMEeHH X Ha CTeneHHOH psij:

y=x"(ay + a1x -} apx* - ...)=2 ap xTtR, ()
k=0

IMoacrapnsisi 06o6uieHHEBNT cTeneHHOl pag B ypasaenue (1) ¥ npupaBHHBAS HYJIO
KO3()HIHEHTE IPH KaX0H CTENeH: X B JEBOH 4acTH ypaBHEHHs, NOJYUHM CHCTEMY

X7 (r2—2A3) gy =0, .
LA [(r -+ D2 =A% a1 =0,
"+ (r+2)2—A% ay+ g, =0,

R+ B2 =0 ag + ap- =

..... L R N T

Cuurast, uto @y # 0, U3 JHAHHOH CHCTEMbl HaXOLHM ri, =4 A. Ilycts ri=A. Torza
H3 BTOPOI'O YPAaBHEHHUS CHCTEMbl HaXoJuM a; =0, a u3 ypasHeHus [(r -+ k)2—A2]X
Xap=-—0a_y, NpujaBsas k 3uauenus 3, 5, 7, ..., 3akjaiouaeM, YT0 @g=0as =
= ;= ...=0p4+1=0. Jna KospGULHEHTOB C YETHBLIMH HOMEpPAaMH TOJYudeM Bbl-
paeHus

—Q — Qs

— — %
CAT2 MTOATH A G TR LY e

Qg =
—Qap_ . [42
G2k= 2x+§).22.k == s o ChF 2)0(2x+4)...(2x+2k) :
(

Toacrasass nafifennre KOshOHUIHEHTH B pag (2), NMOAYYHM penieHHe
4

— x? X
y1(x) =ag-x [ —2(2;~+2)+2.4(2x+2)(27»+4)

: X6 - 2 (— e xht2k
T 246 (2AF2) @A 4) 2L 1-6) +- "]—a" kzo R A1) A 2). .. (A TR

rjie KO3GQpuUUEHT @y OCTaeTCs NPOH3BOJbLHLIM.

Ilpu rp=-—A Bce KOS(OOUIHEHTH @ AHAJOTHUHO OINPENeNIAIOTCA TONBKO B CJIy-
yae, KOrka A He pasHO HeJoMY uHcay. TOrha peleHHe MOXHO NONYYHTb, 3aMeHAA
B NPeJbYIUEM DeleHHH yq (X) BeJHUHHYy A Ha —A:

x

Y2 (¥) =ag-x~2 [1_ 2(—20-F2) ‘[‘2.4(—2)~+2) (=24

8

i (—1)% x—A+2k

=a .

0 S ARk (—A D) (—A+2) . . (—AF &)

Tonyuennbie cTeneHHbIe PAfBL CXOAATCH IS BCEX 3HAYEHHH X, UTO JIErKO ycranas-

JUIBAETCA Ha OCHOBAHWM mnpusHaka [lanambepa. Pemenus y (¥) u y, (x) anneiito
HE3aBHCHMBI, TaK KaK HX OTHOLIEHWE HE SIB/JASETCS ITOCTOSHHEIM.

Pemwenne y; (), yMHOXEHHOE Ha NOCTORHHYIO aozm ; HasbIBaeTcst

Pynxyued Becceas (WnuM  yuaundpuseckod pyuryued) nopadka A nepeoeo poda u
cGosnavaeresi CHMBOJIOM Jj, (x). Peienne y, o6o3nauator J_, (x).
Cnenoparebno, ofluee pelienHe ypapBHEHHS (1) npu X, ne pasnomM wuesomy
yrcly, HMeeT BHJ
Y (x) =CyJa (x) -+ Cod _3 (),
LAC €y 1 Cy— npOU3BOJIbHbIE NOCTOSHHDIE BeJIHYHHbI.
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B oBmenpunstom BRHOOpe MOCTOAHHON @y yuacTByeT ramva-dyHkuus I' (A1),
KOTOpasi onpejesisieTcsi HeCOOCTBEHHBIM MHTerpajom (cM. c. 35):

I ()= S e=% xh=1dx (A > 0).
0

Moxno MoKasaTtb, YTO NMPH A, PABHOM TOJOBHHE HEYETHOTO uyHC.1a, PYHKIHA
Becceas BbIpAaXKaeTCs 4yepe3 3JIeMeHTapHbIe (i)yHKL{HH TaK Kak B 3TOM CJyyae ras-
Ma-QyHKUKMA, BXOAsIlas B olpejeneHHe GYHKUHH DBecces

(— Dk xghr2k

1
O =5raFy k§04k~k! AFDGLD.. .Gk

(—1)% x \A+2k
=2 ETT (k1 1) (?) ’

0

o
k=

[mpoussezenue (A-L1) (A+2) ... (A--k) T (A1) sameneno, coriacho csoficTey
ramda-gpyukuus, sa I'(A4-424 )] TMPHHUMAET CJeAYIOHE 3HAUYCHHS:

7

o o
1 C o 1y . e -
P(7>:j e—%X x l/zdx:25‘e't“d[:2. .l/'z- :V-J[
(] 0

(23cch HCMONB30BAHO 3naueHue Hurerpana Ilyaccona);
r(2)=r(rb)=be(d) =t v
r(é’-):r(x+%):§ r
r (%):r (1—}-3):%-%%-1/}; cee

®ynxumo Becceas J, npu A=n (1aTypaapHOM) MOKHO 3aNHCATh TaK:

ci — 1)k 28+n —1\% 2R 41z
1= e (3) Ek'(mik ()

Jlns oTpumaTeJbHOro M LEJIOT0 A HacTHOe pellleHHe He Bhipakaercsd ¢ynKuued
Beccena mepBoro poja M €ro ciaejyer HCKath B (opme

®
Ky () =J,(x)-Inxfx" 2 brxF.
k=0

TMoacrasnss 310 BhHIpaxenne B ypaBHenue (1), Ml onpereanM KosddliLneHTEH
by, @ynxuus K, (x), yMHOKEHHAs Ha HEKOTOPYIO IIOCTOSIHHYIO, Ha3blBaTCH (hywk=
yueti Beccean n-eo nopsdka emopoeo pooaq.

770. Haitu ¢yuxuuio beccens npu A=0.

A Bocnoab3oBaBuinch PaBeHCTBOM

i —N) 2k+A
Ja(r)—zkvr(wun(%) o
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npuy A=0 nonyuum

(—)E [k % ai(_])k._,ﬂk__
Jo ("):’}:aok!r &+1) (2) —12:0"4/e.kw—

@0
N (=DEx2e X2 x4 x5
“AE_-O 4k (k)2 ==z (1-2)2"43(1.2.3)2+"' - &

771. Pemmrte ypaBHenne x%y"+ xy' -+ <x2—-i- > y=0.

A Tax xax A=1/2, To oflilee peleHne ypasHEHHS HMEET B y:C1J1/2 +
+ C2J_1/21 rae

1 x* X6
Jl/z = ]

v an[_x _
o p ( 3 > * [1 5375435 246357
AT

2 1 X x5 X7 "7 sinx
~vE 7 Ut )=V S
2 cosx

—1/2== T V-} .

N .
Y= l/ ﬁ(Cl sinx-}Cycos x). A

TouHo Tak ke mosyuum J CaenoBaTtesibHO, ofllee pelenye

772. Haiitn J, (x).
773. Peumtb ypaBHenue x%y” - xy'+(x2—rz->y:0.

774. Pewnth ypaBHeHue x%"-- xy’ - (x"'ﬁ—;{) y==0.

§ 5. CHCTEMB! TH®PEPEHUHAJILHLIX YPABHEHUN

1. Hopmanbhas cucrema auddepenynanphex ypasrennit. CucTema nuddepen-
LHaJbHBIX ypaBHEHHHA BHJA

dxi
( dt':fl (t1 X1y X2, ooy xu))

dx.
'-d;‘:f2 (17 X1, X2, «eo, xn)y

.
dx

k .—d;:fn (t’ X1, X2, «0n, X,[),

TAE Xi, X3, ..., X, —HEU3BECTHbHI® (yHKUHH HE3aBHCHMON nNepeMeHnoll #, Hasbi-

BaeTCH HOPMAALHOL CUCTEMOU.

Ecnn mpapkle uacty HOpMavibhed CHCTEMEl IH((epeHLHANLHbIX ypapHenui
SIBAAIOTCH JIHHEHHBIMH (DyHKUMAMH OTHOCHTEILHO X1, X, .., X, TO CHCTEMA auco-
(QepeHUNAJBHEIX YpPaBHEHHH HA3BIBACTCH AUHELHOL.

Hnorpa HopMannuyio cucreMy auddepeHmuansnpix YpaBHCHUI yAaeTcs cpecTn
K OJHOMY YDPaBHEHIUIO /1-TO NMOPSAKA, COAEpPKAIUEMy OTHY HEH3BECTHYIO ()YHKIHIO.
Cienlenne HOPMAJBHON CHCTEMBl K OfHOMY YPaBHCHHIO MOXeT OHTb ZOCTHIHYTO
MugpepeHLHPOBAHHEM OJHOrO H3 YDPABHEHUH CHCTEMbl H HCKJIOUEHHEM BCCX Henus-
BCCTHBHIX, KPOME OJHOIO (TaK HasblBaeMblil Memod UCKAI0MeHUR).
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B HEeKOTOpHIX CJayuaax, KOMﬁl/IHI/Ipyﬂ VpaBHEHHA CHCTEMBI, II0OCJE HECJOXKHBIX
npeoGpasoBaHuil yaaeTcd MOJYYHTb JErKO HHTer pHpyeMble ypaBHeHHﬂ (Tak Hasbl-
BaeMbIIl Memod unmeepupyemoix KOMOUHQyuL), UTO TIO3BOJSIeT HAlTH pelueHue
CHCTEMBI.

775. Pemuth cucteMy AudepeHIUANbHLIX ypaBHeHUH

dx dy
=X-+y, 2=y
npi navagabhsix ycsaosuax x(0) =2, y(0)=

d*x  dx | di
A TlpopuddepeninpyeM 1o ¢ nepsoe ypasHeHHe: e T J,J[; HCRJTIO-
1= [4] a
dy d*x
uas W3 MOJIYYEHIOrO yDPaBUCHHS —- H §, HMEeM —r5 —2x=0. Xapakrepucriue-
ckoe ypasHenne k*—2=0 umeer KOPHH Ry »= + V 2. CaenosatcasHo,  ofiee
pelueHne Jiist X 3anuluercd B BHAE
x=CretV 2 etV 2

O[’)Iﬂce peuene st i HaXOliUM H3 MNEepsBoro ypaBHCHU:
dx = =y = V3
y=W~x=C1(V2—l)e”' "'-—CQ(VQ-{-*l)Q tv 2,

BOCTIOJIbSyGMCSI HauaJbHbLIMA YCJAOBUAMH JWid HAXO0KICHHA NPOH3BOJMLHEIX MO-
CTOSTHHbLIX .

C1-+Co=2, ¥V 2(C1—Cs)—(C1-+Cs) =0

Orcona Cp={(V 21-2)/2, C3=(2—V 2)/2. Taxuu 06pazoM, HCKOMO2 HaCTHOE
peleHHe HMeeT BHA

— o — _ 5 = =
x=<l/A)2—{—l>etv 2+<l———————‘22>0-” z, g:l/“e” '“—V_Z —tV7 A

2 2

776. Pemmnts cucremy anddepeHuUaNbHbBIX ypaBHEHHI
de % dy ¥
di  2x4-3y’ di; 2x-F3y
npu HauadpHBIX ycqaosusax x(0)=1, y(0)=2.

N CocraBHM NepByio HHTerpHpyeMmylo KomSunauuio. Pasfeqauns mepsoz ypas-
HEHHE Ha BTOPOE, MOJYUHM

dx x dx  dy
Gy ey me=lnytnc, e v=Ciy

CocTaBMM BTOpYIO uHTerpupyemylo xomouuaimio. Ciaoxis yABOCHHOZ Nepzoe
U yTPOEHHOE BTOPOE YypaBHEeHMs, MOJyUHM

2%4-3%‘/7:1; 2dx|-3dy=df, 1. e 2x-3y==t-t-C.

U3 cuctemsl ypasHennil x =Cyy, 2x -3y =1 --C, uaxoaum oluiee pemenne CHCTEME

_Ci(C) G
=720, +3 5C, 13"
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Mcnoas3yss HauajdbHble YCJAOBHA, NOJydaeM

GGy G 1 N
1_201_{_3 , 2—2C2—i—3’ T. . 01_2 , Cp=8.

IoicTaBup B ofliee pewmeHue HaljeHHble 3HaueHHst Ci M Cp, NOJTYYHM HacT-
Hble  pelleHs, YAOBJETBOPAIOUIME HAYaJbHBIM YCJOBHSAM! x=(1/8)t41, y=
=(1/4) 2. A

777. Peummnts cucreMy puddepeHIHaIbHEIX YPaBHEHUI

dx dy dz
—ﬁ—-Qy' —617—22’ -717-——2)&
d?x dy
N\ Mpoauddepenunpyem no ¢ mepsoe ypaBHEHHE: m dt . Hckmouan us
2
MOJIy4eHHOrO Y pPaBHEHHSA -fid—yt—, HMeeM %t—;c:l}z Eme pas npopudpepennupyem no ¢
3
noJyueHHoe ypaBHeHHe BTOPOro NOPsAKa: 2— 4 dt I/ch.moqaﬂ%f-, NOJIyYHM
dx
W—szo,

T. €. Mbl NPHIIH K YPABHEHHIO C OXHOH HeuspecTHoH ¢yuxuuell. Pewus 3to au-
HeflHoe OJHOPOJHOE YpaBHEHHE TPETbEro NMOpsAKa, HaXOAHM

x=Ce?t4e~t(Cycost Y 34Cssint ¥ 3).

Ogee peulerue AAst Y NOJYYHM H3 NEPBOro ypaBHEHHA CHCTEMBI:

1 1 _ _
y:i-%;——Q—[ZCleZt—e"t (Czcost ¥V 34Cysint V' 3) 4+

4e~tY 3(Cscost YV 3—Casint ¥V 3)],

HJAH
y=Cue®t +5 et [(CaV 3+C) cost Y 3—(C)) V 3+ Cy) sint ¥ 3],

M3 Broporo ypaBHeHHS CHCTeMbl HaljeMm z:
w1 = = = -
z=~2—'ﬁ=cle-t—-2~e‘t[(cg V3-4Cy)cost V3—(C, ¥V 3—Cy)sint V3]. A

Pewuth cucTteMbl AuddepeHuuanbHblX ypaBHEHHH:
d

778. —=2x+y, d-t——x+2y, x(0)=1, y(0)=3.

779. %_4“46% b —9x 43y +1.

780. (:1: =e¥—y, %2233’—)6.

781. y' =¢*—2z, 2'=e¥ty.

782, Dmyt, Wy - _
2. y+t, —p=x+e x0)=1, y(0)=0

a‘x__ x dy 'y . .
783. Tt—x——'_l_y, E———-;—;y, X(O)—Z, y(0)~‘—‘-4
784, ";—Qx—}—yq—cosz‘ ——m—x-I—QSint.
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785. Lt Y _9(xty), Z—y=3x+ Y-

786, L1, Wy Tl
dx 52 d_/
787, =x"txy, =Xyt

@ PaccvoTperh ABe HHTErpHpyeMble KOMGMHAIHH: 1) cl0KUTb YpaBHEHHST;
2) paspgenurh NOWICHHO TNepBOe ypaBHeHue Ha BTopoe.

dx , 2d

188, Bt M9 (x—y) =3¢, TG+ 2ty=1er.
d*x d?

789. < +m*y=0, —d?Z——m%c:O.
dx x dy y dz F4

790, &£ —__ Y Y ___ 7 -—
dt — xRyt di T xRl 2R dar x2—|—y2+ 22

2. Pewenye JnHefHBX ONHOPORHBIX cHcTeM AMdepeHIHANLHBIX YPaBHEHHIT
C NOCTOAHHBLIMY KO3(HIHEHTAMH C NOMOUIBI0 MAaTPHI (BUAON3MEHEHHBIH MeTozR
Jitnepa). Ilycts nama cucrema n JuHeAHbIX JAH(Qe peHIHAMDHBIX ypaBHeHHH ¢ 7
HEH3BeCTHLIMH cbyﬂxum{mu, KO3GHI HEeHTH KOTOPOH NOCTOSHHBIE:

— L =ayx;+ageXs+ ..o+ AnXn

dt
dx,
= ar¥i - Gaaxa+ - -« + G2nXn,
dx,
Tt P =101 F GueXa - o - - AunXn

3Ty CHCTEMY MOXKHO 3alHCaTb B BHIAC OAHOTO MaTpHYHOTO uu@cbepeﬂuuanbﬂoro
YpaBHEHUA

X
—=AX.
dt
3aech
( dxi
N dt
1
il gz« Qup Xy %ﬁ
A= Ay1 Qya «ov Aoy X = . dX t
, X= —— = . .
.. . o Ta
An1 Qua...Qpp .
X
" dx,
dt
Mwen peweHne cucTeMbl B BHJe
Y,
xi=p1et, xp=peM, .., x,=pneM,
rae A=const, p;=const ({=1, 2, ..., n). Ilojcrasus sHayeHHST X1, X3, ..., Xy,
B cHCTeMY AHG(QepeHUHANbHbIX yPABHEHHH, NOMyYHM CHCTEMY JHHeHEIX aJreGpal-

YeCKHX YPaBHEHUIl OTHOCHUTENBHO Pi, Pa, «++ Ppt

(a1i—M) pidawpe+ ... +ap, =0,
azp14(aaa—A) P2+ -i—aznﬂn~—0

......... .

APt naPa—t .+ +(aun_?¥) Pn“—-o
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CucremMa fo/MKHZ HNEThb HEHYJEBOE DElIeHHe, NOSTOMY. AJsl ONpeACHeHHs A
noJIyuaeM ypapHeHHe n-H CTemeHu

ai—M Qg ... Qi
dsy Qaz—h ... gy

L e N R I I

Ani Qpa  «ev  Qup—A

Tlocnexuee ypannenne sBASIeTCS XapaKTEPHCTHUCCKUM YPAaBHCHHEM MATPHLB A
H B TO € BpeMs XapaKTepPHCTHICeCKHM YpPABHEHUEM 'CHCTEMBI.

Ipeino/iokuM, YTO XapaKTEPUCTHUECKOE yPABHEHHE HMeeT 7 PAa3JIHUHEIX KOp-
Hell Ay, As, ..., Ay, KOTOPBIE SBJISIOTCH XapAKTEPHCTHYECKMMH UHCIaMH MaTpH-
uel A. KaxoMy XapakTepuCTHUECKOMY WUHCHY COOTBETCTBYET CBOH COGCTBEHHBIR
BexTop. IlycTs XapakTepHCTHUECCKOMY 4HCTY Ag COOTBCTCTBYET COGCTBENHEL BEKTOD
(Pig; Pags_+--3 Pnk)y TAe k=1, 2, ..., n. Torja cucrema AHQQEpeHIHATBHBIX
YDPaBHEHHI HMeeT A peweHui:

l-e pemieHHe, COOTBETCTBYIOLIEE KOPHIO A= Aq:

Tt Mt
? ?

L Ayt :
X(i=pne™", Xo=pae ceey Xpi=Ppre
2-e pelleHMe, COOTBETCTBYIOLIEE KOPHIO A= Ag:

__ Ayt _ Ayt Aut .
X12=P12€™" , Xpa=P228"*, oo, Xpa=pPpee’;
e L L4 . L T L L] ] . s L ) L

f-€ pelleHHe, COOTBETCTBYIOUIEE KOPHIO A=A,:

Ant Ant

; . _ _ Ant
Xin=0Pin€"" Xen=7P2"", «ee; Xun=7DPppe"".

Mpi noayyusu QyraaMeHTanbHylo cHcTeMy peweHHuil. Ofuice pelueHne CHCTCMEL
TaKOEO:

x=Crx11-FCoxra- . .. 4 Cprxyp;
X3 =Cixo1+ Coxop-|- . .. +Crxay,
£ s £ . L] - . -

X =CaXpi+Coxpa—- . +Crxpp.
CJI}-"IaH KOMIIJICKCHBIX M KPATHLIX KOpHeﬁ paccMoTpuM Ha npuMepax.

791. Haiitu oflee pelueHne CHCTEMBI ypaBHEHHI

dxy )

—dTI- == 7x1 T 3x2 5
A% 6y 4 4x,
Tt

/\ CocraBUM XapaKTepPHUCTHYECKOE YPABHCHHE MATPHLEl CHCTEMbI

7T—A 3

— 1 10=0.
64— 0, maun A2—11A-+

Ero xopuu Aj=1, Ay=10— xapakTepHCTHUECKHES YHC/JIAa MaTPHILL _

Ilpu A=1 ypasuenus Fans omnpejeseHnss cOGCTBEHHOrO BEKTODA HMEWT BHJ .
(7—1D)pi-+3ps=0 u 6pi-}-(4—1)ps=0 u cBoxaATCE K OJHOMY YpPAaBHEHHIO
2p1 -+ p;=0. Ilocnennee ompepeasier Bektop (I; —2).

IMpu A =10 nonyuaem ypasHenust (7— 10) pj-+3p2=0, 6pi-+(4—10) p.=0,
Wi p;—p.=0. DTo ypasHeHue omnpejenasieT BekTop (I;

[Tosyuaem GpyHAAMEHTAAbHYIO CHCTEMY PeleHuii: aast A= 1: xy =et, xp; = —2et;
a1 A=10: x5 =01, xyy =¢l0,

OOGuiee peuieHHe CHCTEMBI MMEET BHJ

g =Cret - Cye10t, x5 =— 2Cet 4 Coel®t. @
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792, Haiitu oGuee pemeHHe CHCTEMBI YpaBHEHHH

—E—Gx— 12y'—2,

dy
1 Et—-—x_3y—"z,
L dt —4x—{— 12y+32

A CocraBJsieM XapakTepHCTHUeCKOe ypaBHeHKe MaTpHObl CHCTEMbI

6—2 —12 —1
I —3—& —1|=0.
—4 12 3—A

PackpeiBasi ONpeje/nTeb, HAaXOAUM
(6—A) (A2—9) —48 — 12} 12+ 4A+-72— 124436 — 124, =0,
W oKOHuatesqbHO A3 —6A%Z-l-11A—6=0. D10 ypaBHeHHe HMeeT KOpHH Aj=1,

Ag=2, A;=3. OnpenensieM cofCTBeHHbIE BEKTOPHl MaTpHisl A.
[Ipy A=1 moayyaeM cHCTeMy ypaBHEHHH

5P1‘—19P2—— p3=0,
4p;— p3=0,
—4P1+ 12P2+2P3~—0

OfHO M3 KOTOpHLIX —CJeACTBHe IBYX Apyrux. BosbmeMm, Hampumep, IepBbie JBa
ypaBHEHHS:

5p1—12py—p3=0, pi—4ps—ps=0.
Orciona

R | TR oy T

Mpuuss k= 1/4, noayuyaem coSeTBeHHbifi pextop (2; 1; —2).
Ipu A=2 nmeeM CHCTEMY

4p;—12py —ps =0,
p1— Spa—ps=0,
—4p1+12pe +p3=0.
CHOBa HCMOJAL3Ysl NepBble [Ba yPaBHeHMS (TpeThe —HX CJE/CTBHE), HAaXOJHM

Plzi:g ___}

4 —1 4 —1
=Tk, p2:——|1 ——ll'k:3k’ p3:I1 _52i.k:_sk,
Toaaras k=1, naxoaum co6cTBenHsblt BekTop (7; 3; —8).

[Ipn A=3 umeeM cHCTeMY

3pi—12ps—ps=0,
p1— 6ps—p3=0,

—4p1+12pe =0.
M3 nociefnero ypasHelHss HaXOMUM pj==3pz. IlojcTaBasemM 3T0 3HavyeHHE pi
B Neppoe ypaBHEHHE H HaXOAUM p3_-—~3p2 ITpuusis py=1, noayuaem p;=3,
p3=—13, T.e. coGCTBEHHbIl BeKTOp (3; I, — 3).

(I)yup;ameln"a.nbﬂas{ cucrteMa pememm

s A=1: xy =2et, xpi=et, xg;=—2¢t,
AT A= 2: Xyg=Te%, xyy=23e2, xg,=—8e?,
Jast A=3: X13:3€3t, X23:(33t, X33:—3€3t.
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OGlilee pellieHHEe 3aMHCHBAETCH B BUJE
X1= ?Clet -—|—- 7C2€2t —]r 3C3€3t,
xg=C1et J-3Cye?t 1 Cgedt,
X3 = —-20181— 8C2€2t —3C36’31. A

793. Haiitn ofuiee pelleHne CHCTEMBI ypaBHEeHI

( dxi __
——dt —4)51—3,(2,
dx,
d; =3X1*J|—4X2.

A\ CocrapasieM XapaKTepHCTHUECKOE ypPaBHEHHE MaTPHIE CHCTEMbI:
4—) —3 ) - .
3 4_3|=0 4—A)2=—9, A—d= 1+ 3i, A=4 =+ 3.

OnpeeasieM cOGCTBEHHBIE BEKTOPHI.
Ilpu A;==4-3i nomyyaeMm CHCTeMy ypaBHeHHI

{ 3ipy—3pe=0,
3p1+3ipy=0.
Taxknm o6pasom, ps==ipj. [IpuHsAB py=1, HAXOAUN P, =1, T.e. COOCTBEHHLI BeK-
Top (1; i).
Ilpu Ay=4—3i{ noayuaem cucteMy ypasHeHHil

—3ipy—3p=0,
3p1—3ip, =0.

Orciona HaxoguMm coGeTBeHHBI BekTop (1; —i).
DyHnamMeHTaJbHas CHCTeMA pelleHHH:
ansd by =4--3i

xiq == e@+30t — o8 (cos 3 i sin 3/),
Xog = Ie4+30)t = ¢4t (— sin 3¢-1i cos 3f);
2 hy=4—3i:
xyp = e4=30t = et (cos 3¢ — i sin 31),
X9 = e (— sin 8t —i cos 31).
Hrax, noanyuaem ofuiee peuenue
x;==C1e% (cos 3t i sin 31) 4~ Cyett (cos 3t — i sin 31),
xp=Cye% (— sin 3¢ i cos 3¢)-- Coett (— sin 3¢ —i cos 31),

xy=e* [(C1-}Cy) cos 3t1-(C1—C,) i sin 311,
xp=e [— (Ci-C,) sin 31 4 (C;—Cy) i cos 3¢].
* . *
Iloaaras C;4-Cy=C4, (C;—C,) i=C,, mnoayuaem
* *
x1=e% (Cy cos 3t--Cs sin 31),
% =
xs =% (—Cy sin 3t~ C; cos 31).
O6uee pewerine Mmoxer GHITh HalifieHo W jiaue. B peweHnsix. cOOTBETCTBYIO-
X OJHOMY M3 KOMINIEKCHBIX XapaKTePHCTHUYECKIX UYHCEeTI, OTAeJIHM AeliCTBHTEAb-
HYI0O H MHHMYIO YaCTH (CONMpSiXKEHHOE XapaKTepHCTHYECKOE 4lCI0 Mbl HE paccmar-

PHBAeM, TaX KaK peleHMs, COOTBETCTBYIOL(HE KOPHIO «—bi, JMHeHHO 3aBHCHMI
¢ pelIeHUsAMH JJI KOpHA a-}-bi):

e@+301 — o4t co5 3f--ied sin 3¢, fe+30 1= — e sin 3/ - jed! cos 31,



HonyllxaeM JBa JI{HEHHO He3dBHCHMBIX HacTHBIX pelmleHus: xp; = el cos 3¢,
xg1=— e sin 3¢, x1p= e sin 3¢, xgy=1e* cos 3¢. Obmee peenue

x1=Crx1,+CoXga, ¥3=Cix1+ CoXa,

T. €
xy= e (Cy cos 31 - C, sin 31), x,=e! (— Cysin 3¢-1-C, cos 3t). A
794. Haiiti ofliee pelueHne CHCTEMbl ypaBHEHHH
(dxl’ N
R 7R St D
dx,
~i o =%
dx;;
l = Xi— X5
/\ CocraBiasieM XapaKTepHCTHYECKOE YpaBHeHHE
1—2 0 —1
I —A  0[=0, wm (1—2)(14+A2)=0.
I —1 —A
Xapakrepuctuueckne uncaa: Ay==1, Ay =1, Ag=—1.

[fpu A=1 ans onpesenenus coGCTBEHHOIO BEKTOPA MOJYHYaeM CHCTEMy ypas-
HeHHH
! —ps=0,
pl‘——p2=09
l pi—pe—ps=0.

dra cucTema ompegenser coGerBenHut sektop (1; 1; 0).
IMpu A=< monyyaem cucTeMy ypaBHeHHH

(1—14) p1—p3=0,
pr—ip2=0,
p1—pa—ips=0.
dra cuctema onpeflesisser cobeTBeHnEr Bektop (1; —i; 1—1i).
CoGCcTBeHHBIH BEKTOP, COOTBETCTBYIOIMH XapaKTePHCTHYECKOMY UHCHY A = -—I,

MBI paccMaTpHBaTb He OyHeM.
3Hayennio A=1 COOTBETCTBYIOT pelueHHs

x93 =el, xp1=el, x5; =0,

3HayeHHi0 A=1I COOTBETCTBYIOT pelIeHHS

eit—=cost-isint, — ieft=sint—icos ¢,
(1—i) eit == (cos ¢ }-sin #) 4-i (sin ¢ — cos 1).

Otriensa AefCTBUTEbHBIE YACTH, NOJYUHM peIIEHHS
X12=C0S %, Xgpp==sinf, xzy=cos’-}-sint.
Otaenss MHEMBIE UacTH, HAaXOJHM pelicHHS
Xxj3=sint, Xgg==-—cCosf, xzz3=sinf{—cosi.

Oduee peteHie
Xy== Clet—{—Cz cos l—{—Cs sin t,
Xy = Cyet -}-Cy sin { —Cy cos ¢,
x3=Cy (cos t4-sin ) {-Cs (sin t—cos 7). A
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795. Haiitu ofmiee pelleHue CHCTEMbI ypaBHEHH

dxq
dtl -“le Xa»
dxs
dt"._xl i SX2.

/\ Pemaenm xapakTepHCTHUECKOE YpaBlenHe:

STh L =0 =0 B F1=0; 22— 8h 16=0; A =Dy =4,

Ecmi Aj—KOpeHb XapaKTePHCTUUECKOTO YDABHCHHSL KPATHOCTH M, TO 3TOMY
KODHIO COOTBETCTBYET pelleHHe X3 ==p; (f) eMt Xy =p2 (f) eMl, L, Xp="pn () PEUN
rae pi(?), p2(f), ..., py({)— MHOrOUJEHBI CTENEeHH He Bbilie m— 1.

Takum ofpasoM, JABYKpaTHOMY KODHIO A==4 COOTBETCTBYET pelleHHe

xy=e (@t 4-ay), xp=e (bt 1by).
JupepeHunpysa x4 1 X, NOJYYHM

dxyi
dt

dxs : 2
=a;et! +4 (aalH-ag) o, it =ty A4 byt bo) .

dxy  dxe

2

3HaueHud Xy, X, ~i ' i TOACTaBMM B cuctemy ypasuenuii. ITocne coxpa-

menus Ha et mmeem
14 (ayl - a5) = 5 (ayt -+ @) — (ba - by),
bi—+4 (b1l 4-bs) = a1t - ax+ 3 (bat - bs).

INpupasnupas xoahduuuenTsl npu ! H cBOGOAHBIE UJICHB, NMOSyYdeM CHCTEMBI
ypaBHeHHH

4oy =5a;—by, ay -4as=5a,— by,
4b1:a1+3b1, bl —l—452:(12—}—3b2.

Orcioza crenyer, uto a=>i, ay—by=a; =">by. Monaras a; =Cy, as=C, (Cy,
Co— npou3BOJIbHBIE TIOCTOSIHHLIE), HaXoguM by =C;, by=Cy—C,. CiefoBaTebHO,

xi=e% (Cyt4-Cy), xp=e (Cyt+Cy—C)).

drta cucreMa npolte peumaeTcsa METOAOM HCKJIoueHHs. ﬂeﬁCTBHTeJIbHO, BbIpasuB

H3 NEPBOro ypPaBHEHHS Xp M IpoAuddepeHIHpoBaB, NOJCTABUM 3aT€M 3HAUEHHS Xy
dx. o
H -Ft& BO BTOpoe ypasHeHHe. B peayabTate nosyuusm JuHeflHoe OLHOPOAHOE Ypas-

HeHHe BTOPOTO NOpPSAKa OTHOCHTENbHO ¥;. PeKoMeHxyeM caMOCTOATEJbHO PelHTh
JAHHYIO CHCTEMY METOJOM HCKJIIOueHHs. A

Haiitu ofuiye pelueHds CHCTEM YpaBHEHHI:

%—~Mz, %);l—:sz X1,
796. 797.
dxy ax dxs a4
ar T ar TR
dx dxy
I(#=——x1+x2+xs, ( d;—xl—xa-kxs,
dx dx;
798. | G =x—% 799. | F=ntrn—xs
dx dx:
il —23—:){1—{—)62—}—)(3. ]t—dt—?—_—-‘Qxl—-)Q-



d dxl _
X1

— 2x,
—_— =X 2
—— =12« -—5JC2, di
ar— sot. ¢ ¢
800. { dv
222 By 12k, i
dt
I{igl=_15x1—6x2+ 163, d_jz(a+1) .
d
dx. —Txp-+18%, 803,
802. | Gr=—18n—"Txn+ %?:x—f—(a—l)y.
| .‘i"3=_19x1—8x2+21x3-
[ dt
dx
-~ =3x-}y,
%:x—{% 805 det +
804. { o N g,
ar =Y at



FTJIABA V
3JIEMEHTBI TEOPUU BEPOSTHOCTEH

§ 1. CJIYYAWHOE COBbITUE, EFO0 YACTOTA H BEPOSITHOCTb.
IFEOMETPUYECKAS BEPOSITHOCTDb

OCHOBHBIMH TIOHSITHSIMH B TEOPHH BepPOSITHOCTEH SIBJATIOTCA ITOHATHS COBLITHS
H BEPOSITHOCTH COOBITHS.

Ilon cobeimues NMOHMMAeTCsT TAKOH pPe3ysbTaT SKCHePHMENTa HJAM HablojeHHs,
KOTOPBI{t MPH pEalH3alHH JaHHOTO KOMILIEKCA YCJOBHH MOXKET NpOH30HTH HJH
He TPOHU3OUTH.

Co6uiTHs Gyrem oGo3HauaTh Gyksamu A, B, C, .... Ecan co6uiTne HeHsGexkHO
TIPOU30MAET NPH KaX/JOH peasH3alliid KOMIJIEKCA YCJOBHH, TO OHO Ha3biBaeTcH
docmoseproim; €CJIH 3Ke OHO He MOXKeT ITPOH30HTH — HeE03MONCHOIM.

Ecan cobuitTie A TpH peajn3aldd KOMIJIEKCA YCJOBHII MOXKeT NpPOH30HTH,
a MOXKeT M He NPOHM30HTH, TO OHO HA3LIBAETCS CAYHQALHbIM.

CofpiTHE, COCTOSIMIEE B HACTYIJIEHHH XOTA OBl OJHOro M3 coGuthii A u B,
6yneM HaspiBaTh cymmoii (06vedunenues) cobbituit A u B u ofoznauath A—|—B
nan AUB.

CofuiTHE, COCTOsIlee B HACTYNJIeHUH ofoux cobuituit A u B, 6yzeM Ha3bBaTh
npoussedenuem {(cosmewjeruen) cobbituit A 1 B u ofosnauats AB uan A}B.

CoGbiTust Ha3LIBAIOTCH HECOBMECHIHGIMU, €CJM TIOABJEHHE OJHOrO H3 HHX H3¥
KJ04aeT MOsIBJEHHE JPYrHX cOOBITHI B OAHOM H TOM 2Ke HCHIBITAHHH.

Ilyctb, HanpuMep, HAac HHTepeCcyeT NOsBJeHHE ONpeJleleHHOro YHC/Ja OYKOB Ha
rpaHy OpH oJHOM GpocaHuu MrpajbHoi Koctu: i==1, 2, 3,4, 5, 6. Boinagenne Kou-
KpPeTHOrO 4HCJa OYKOB HA30BEM JAeMEHMApPHbIM coBsimuen (ucxodom), KoTopoe o6o-
3HauuM @;. TaKuMm 06pa3oM, JAJS1 KaxKJAOro CBS3aHHOTO € 3THM ONBITOM cobuiTHs A
MOJKHO BBIJETHTH COBOKYIHOCTb T€X 5/JeMeHTapHBIX HCXOJOB (, HACTyNJEHHE KO-
TOPEIX BJedeT 3a cobolf HacTynJeHHe coGuiTHS A.

ITycts coGeiTHe A COCTOMT B NOSIBJEHHM HEUETHOrC YMCJA OYKOB HAa TIpaHH.
DToMy COOGBITHIO GIaronpHATCTBYIOT 3J€MEHTAapHbe COOBITHA My, B3, Ws, T. €. HEKO-
TOpOe MOJMHOXKECTBO MHOXKECTBA BCEX 3JIeMEHTaPHBIX HCXOAOB (M, Mg, g, By, OF, 0.

CoBOKYNHOCTb 3JIeMEHTapHBLIX CcOGbITHH ofo3nauyaerca M Ha3biBaeTcss npo-
CMPAHCMBOM INeMEHMAPHOIX COBuMULL.

DyeMeHTapHBIe COOBITHH B3aMMHO HCKJIOYAIOT APYr Apyra M B pe3yJbTarte
JIAHHOTO OINBITa 06s513aTesibHO NMPOH30HJET OZHO M3 HHX. IlpocTpaHcTBO 3/eMeHTap-
HBIX COOBITHH 06pasyeT TaK HAa3blBaeMYyIO NOAHYIO ePYnnYy NONAPHO HECOGMECHIHbIX
coboimuii, TaKk Kak MnoseJeHHe XOTH Obl OAHOIO W3 COOLITHI NOJHOH Fpynmbl €cThb
ROCTOBEPHOE COGBITHE.

JlBa HecoBMeCTHBIX COOBITHS, O6Pa3yIOMNX NOJHYIO I'PYNNY, HAa3HBAWOTCH npo-
mu6onoaogcHbimu. ISt NPOTHBONONOKHBIX COGHITHH OJHOBPEMEHHO BBIIOAHSAIOTCH
xea ycaosus: A--A— — JOCTOBEPHOE COOLITHE H A4 —HeBo3MOKHOE COOHITHE.

Jlns KoHUeCTBEHHOH OIEeHKH BO3MOXKHOCTH INOSIBAEHHs cJiyuaiiHoro cofeirust A
BBOJUTCSI NMOHSITHE BEPOSITHOCTH.

Bepoamrocmoeto cOGHTHS A HasbBAIOT OTHOLIEHME WICJA M MCXOAOB, 6Jaro-
NPUATCTBYIOHIHX 3TOMY COGLITHIO, K HHCJIY 7 BCEX PABHOBO3MOMKHBIX HECOBMECTHBIX
3JleMEHTapHbIX HCXOZO0B, 06pa3yIouHX MOJHYIO Tpynny:

P (A)=m/n

(kmaccHuyecKOe OMpeaeeH e BePOATHOCTH).

B paccMOTpeHHOM INpHMepe BepOSITHOCTL BHIMAZEHHS TPAHH C HEUETHLIA HHCJOM
oukoB coctapasieT P (A)=3/6=1/2.

[IpnBeneM akKcHOMATHYECKOE ONpeJedeHHE BepPOATHOCTH, Npel-
Joxennoe A. H. KosmMoroposbim.
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10, Kamdomy cayuaiinomy cobwumuto A uz noas cobeimuil cmasumcs € coom-
semcmsue Heompuyameasroe 4ucao P (A), Hasewsaersoz eeposmuoctmbr.

29, P(Q)=1.

3% Akcuoma caoxenunsd Ecau coboumun Ai, As, ..., Ap nonapuo He-
cognecmunt, mo P (Ay+Ag+ ... - Ap)y=P (A1) P (Ay) ...+ P (4p).

Orciona caenyer, yro:

1) BepOATHOCTbL HEBO3MOXKHOIO COOBITHS paBHA HY.JIO;

2) pas moforo cobetua A P (A)=1—P (A), rae A—npoTUBONOJIOXKHOE
cobhiTHE;

3) Kakoro GH HH OblIO cayualiHoe cobuitue A, 0<C P (A)<C 1.

Hcnonb3ys 3TH akcHOMBI, CBOMCTBA BePOSITHOCTEN BLIBOAAT B KAueCTBE TeOpeM.

K 4HCIy OCHOBHEIX NMOHSITHH TEOPHH BEPOSITHOCTENl TaKXKe OTHOCHTCH 4acmoma
COOBITHSI, MOJ KOTOPOH HOHHMAIOT OTHOLIEHHEe YHCJIa HCNBITaHHH, B KOTOPBIX 3TO
coShITHE TIPOM30ILI0, K ofleMy uHCAy (aKTHUeCKH TNPOH3BEIEHHBIX HCIBITAaHHH.
YacToTy cOGBITHS Ha3BIBAIOT CMAMUCMU4ECKol 8epoamnocmpo. JAsi BHUHCAeHHS
YacTOTHl COGLITHS HEOGXOJAMMO IPOH3BECTH B JeflCTBHTENbHOCTH HCHHITAHUA (OMLIT),
41O He TpefyeTcs IS ONpejeseHHsT BePOATHOCTH.

MaccoBele cayuaiinpie COOLITHS 06J1aal0T CBOHCTBOM YCMOUHUBOCIL HACMOMbL:
HabJo/laeMble B Pas3JIMYHBIX CepPHSIX ONHOPOLHBIX HCAHITAHHI (¢ 10cTaTOYHO GOJIb-
WIHM YHCJIOM MCOBITZHMI B KaXKJOH CepHH) 3HAU€HUS YacTOTHl JAHHOrO cJydyaiiHoro
COOLITHSI KOJIEGJNIOTCH OT CepHH K CepHH B JOBOJLHO TECHBIX [peleaax H CTpe-
MATCA (0 BEPOATHOCTH) K HEKOTOPOMY HOCTOAHHOMY 9ucay. IIpH 3THX ycJoBHAX
YacTOTV MOJKHO NPHHATH 32 NPHOJIHXKEHHOEe 3HAueHHe BEpOSATHOCTH.

IIpu KaaccHueckoM ompeleseHHH BEeDOSTHOCTH He BCErZa MOXKHO OTpeleuThb
uucsaIa m M N JJi BhIYHCJ/IEHHS BEPOATHOCTEH COGBITHH, H NOSTOMY HENOCpPeICTBEHHO
nosib3oBaThest Qopmysoit P (A)=m/n He ynaerca. B TakHX cJayyasix BBOZAT
TIOHSITHE TEOMETPHYECKOH BEPOSITHOCTH, T. €. BEePOSATHOCTU MONAfaHUsS TOYKM B OF-
JIaCTh (OTPe30K, 4acTb IJIOCKOCTH, 4acTb Teaa M T. I.).

Ilycts, HanmpuMep, Ha IJIOCKOCTH HMeeTcst HekoTopasi ofGnacte G M B Hed co-
Jepxutcss jpyrast obaacts g. Tpebyercss HaAlTH BepOsTHOCTL TOrO, UTO TOUKA,
B3Aras Hayjgady B oGsactu G, nomajer B ofuaacts g. [Ipu 3TOM BHIP2XKEHHIO «TOYKa,
B39Tas Hayjauy B obiactu G» NpuAaeTcs CAeAYIOMHHA CMBICJA: T8 TOYKA MOMKeT
nonacte B JoGylo Touky ofiaacTH G. BeposTHoCTb MOMNajnaHHA TOUKH B KaKywo-i1ubo
uacTe ofsactd G mponopuuoHasLHa Mepe (mes) sTofl uwacTH (gAuHe, IJOWajH,
o6beMy M T.J.) H He 3aBHUCHT OT €€ pACNOJOKeHHS] H (OpMBI:

mes g
" mesG

(reoMeTpHuUEecCKOe ONpejledeHH e BePOSATHOCTH).

806. B smuke 10 nepeHyMepoBaHHLIX IIAPOB C HOMepaMmH OT 1
no 10. Beinyan onun wap. KakoBa BepoATHOCTb TOFO, YTO HOMEp
BHIHYTOTO 11apa He mnpeBobiuaer 10?

/A Tak xak Homep mioGoro wapa, HaxoisIlerocss B sHKE, He NpebhimaeT 10,
TO YMCJIO CJIyyaeB, GJarOnpusTCTBYIOMHX COSHITHIO A, PAaBHO UHCJY BCEX BO3MOK-
HEX cayyaes, T.e. m=n=10 u P(A)=1. B stom cayuae co6mrue A gocto-

BEpHO. A\

807. B ypre 15 mapos: 5 Gennix u 10 uvepnmx. KakoBa Bepo-
ATHOCTb BBIHYTb H3 YPHbI CUHHUI iap?

A Curnx mapos B ypHe ner, T.e. m=0, a n==15. CaegoBaTeasno, P (1) =
= 0/15=0. B ganHOM ciyuae cofbiTHe A — HeBO3MOKHOe. A

808. B ypue 12 mapos: 3 Gennix, 4 uepHuX 11 5 KpacHelX. Kakopa
BEPOSITHOCTb BLIHYTb M3 YPHBHI YEDPHBII wap?

A 3aech m=4, n=12 n P (4)=4/12=1,3. A
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809. B ypue 10 mwapos: 6 Genpix u 4 uepHeix. Buinyau asa mapa.
KakoBa BepoATHOCTb TOTO, YTo 06a LIapa— Oesnie?

A\ 3nech uncso Beex cayuaes n=Cio=(10-9)/(1-2)=45. Uncao xe cayvaes,

6.1aronpUATCTBYIOUX CcOObTHIO A, Onpesesercs pasenctsoMm m=Ch, T.e. m =
= (6-5)/(1-2)= 15. Urak, P (A)=15/45=1/3. A

810. B sorepee 2000 6useroB. Ha ogun Guier majaer BuIMIPHIL
100 py6., Ha 4eThlpe OuseTa—BuIUTPLII 0O 50 py6., Ha necats Gu-
JaeToB— Beiurpui mo 20 py6., Ha ABaAUATb OHJIETOB— BBLIUTPLI 10
10 py6., Ha 165 6Gu/IETOB—BBIUTPHIL 1O 5 py6., Ha 400 GujeroB —
poiurpeimn 1o 1 py6. Octanphble OueTel HeBuiHrpoiumble. Kakosa
BEPOSITHOCTb BBIMIPaTh Mo Ousery He menee 10 py6.?

A 3ech ri=1-44+10-+20=35, n=2000, T.e. P (A)=m/n=35/2000=
—=0,0175. A

811. B ypue 20 mapos ¢ nomepamu oT 1 mo 20. Kaxosa Bepo-
SITHOCTL BHIHYTb Luap ¢ HomepoMm 377

812. Monera noa@powena xsa pasa. Kakosa BeposrtHOCTbH TOrO,
yTo 06a pasa Bbinajger rep6?

813. B nepsoM sIMKe HaxOAATCS WApbl ¢ HOMepamu oT 1 jo 5,
a Bo BropoM—c Homepamu ot 6 no 10. M3 kaxnoro simuka BblHyIH
no opsomy mapy. KakoBa BepOSITHOCTb TOrO, 4TO CyMMa HOMEpOB
BHIHYTHIX 11apos: 1) me Mempwe 7; 2) pasua 11; 3) ne Gosbue 11?

814. B sorepee 1000 Guaeros. M3 Hux 500— BuiMrpbilHbE 1
500 — HeBerpruLHbe. Kymieno aBa Onsera. Kakosa BepostHOCTDb
TOro, 4To 00a GHJeTa BBLIUTPLILIHLE? .

815. B rpynne u3 30 yuenukoB HA KOHTPONBbHOH paGore 6 yue-

HUKOB TOJIYYHJIH OLEHKY «OTJHYHO», 10 YUE€HHKOB — «XOpOLIoy, 9 yue-
HHKOB—«YyJIOBJIETBO P U T € JI b~

5 - Ho». KakoBa peposithocth TO-

7 : g I3 ) % IO, YTO BCE TPU yYEHHKA, BhI3-
Bailble K JIOCKE, HMEOT Hey-

Puc. 37 JIOBNIETBOPUTEJNbHEBIE OLECHKH 110

KOHTpPOJIBHOU pabore?
816. Ha orpeske OA anunpl L yucsiopoit ocu Ox Haynauy Hawe-
ceHa touka B (x). Haiitu sepositucers ToOro, uro orpeskud OB n BA
UMeloT JJauHy, 60abmiyio L/4.

/\ Pasofvem otpesok OA ma ueTvipe pasnmne uacta Toukamu C, D, E (puc. 37).
TpeGopanue sapauu GyJeT BHIMOMHeNO, ecci Touka B uonazer na orpesok DE,
Anuna xoroporo pasna L/4. Cnegosatennuo, p=(L/4):L=1/4. &

817. Buytpu smmunca x%/25+y*/16=1 pacnonomen xpyr x* -4
+y*=9. HaliTu BepoaTHOCT MONAAAHH TOYKH B KONbLO, OTpPaHH-
YEHHOE 3JIIMICOM H KPYTOM.

/\ Tyetb cobuitie A—nonananne Toukd B Kombuo. Torna P (A) =Sy u/Sam
the Syon =San—Skp=mab—nr?. Tax kak a=5, b=4, r=3, 10

P (A) =(20m—9m)/(20m) = 11/20=0,55. A
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IIpumcuanue. B cayuae kaaccuueCcKoro onpejeseHHss BEPOSTHOCTL HEBO3-
MOXKHOTO cOOmTHSI paBHa HyJo. CnpaBelJiMBO M OGpaTHOe yTBep:kKJAEHHE, T. €. eCsH
BEPOSITHOCTb COOBITUS paBHA HYJIO, TO COOLITHE HEBO3MOXKHO. IIpH reomerpuueckom
Ke ONpeNesIEeRHH BepOATHOCTH o0paTHOe yTBepKAeHHe He HMeeT MecTa. BeposithocTh
nonajanus OPOLIEHHOH TOYKH B OjIHY OnpejiesieiiHy0 Touky o6iaacta G pasna HyJo,
OfiHaKO 3TO COObITHE MOXKET NPOH3OHTH H, CIeJOBATENbHO, HE ABJACTCS HEBO3MONKHEIM,

818 (3anaua o Bcrpeue). JBa cryrenra A u B ycaoBuncs
BCTPETHTLCS B ONIPEEJIEHHOM MecTe BO BpeMsi mepepbiza Mexay 134
¥ 13u 50 mun. Ilpumexmuil nepsbIM ket Apyroro B Tevenue 10 Mumn,
nocje yero yxoauT. Yemy paBHa BeposiTHOCTB
UX BCTPEYM, €CJM MPHXOJ| KaxkIOTO H3 HHX B yj
TeyeHHe YKas3aHHBIX 50 MHH MOXKET NPOH30HTH 50
HayAauy ¥ MOMEHTHl IPHXOJa HE3aBUCHMBI?

/\ OGo3HauMM MOMEHT IpPHXOJa CTygmeHTa A uepes
x, acryfenta B—uepes y. i Toro utofel BCTpeda
Ipou3oNLia, HeoGXOMHMO H JOCTATOYHO, UTOOHL | X—y | <<
< 10. Mso6pasuM X B y KaK JeKapToBbl KOOPAHHATE Ha 70
IVIOCKOCTH, a B KauecTBe eJHHHLB MacwuTaba BhiGepem
oy MuHYTY (puc. 38). BeesosMmoxHbie ucxomsl 13o- ¥
6pa3siTc TOUKAaMM KBajgpara co cropoHoii 50, a mc- Puc. 38
XOJlbl, OJaronpusATCTByIOUHE BCTpeue,— TOUKAMH  3a-
mrpuxosannoil obmactu. Mckomas BeposTHOCTb paBia OTHOLIEHHIO ILIOLAJH 3a-
ITPUXOBaHHOH GUIypHl K IJIOIAJH ECEro KBajpara:

p=(50%2—402)/502=0,36. A

819. Touka B3siTa Haymauy BHYTpU Kpyra paauyca R. Haiitn
BEPOSITHOCTb TOrO, YTO 3TAa TOYKA OKa)KeTCs OT LeHTPA Ha paccros-
HHH, MeHbieM r (r < R).

820. Touka B3stTa Haypauy BHYTpU Kpyra pamuyca R. Hafitn
BEPOATHOCTb TOTO, YTO 3TA TOUKA OKAXKETCS BHYTPU BIHCAHHOIO B
KDyr NpaBUJbHOTO TpeyroJbHuKa. [lpennosaraercs, yto BepoaTHoCTh
nonajganusl TOYKH B YaCTb Kpyra INPONOPLUOHAJIbHA IJOWALN 3TOH
YacTH M HE 3aBUCHT OT PACIOJIOKEHHS BHYTPH Kpyra.

821. DBnicTpo Bpawamlomuiics AHCK pasiefeH Ha YETHOE YHCJIO
PABHBIX CEKTOPOB, HONEPEMEHHO OKDALIEHHBIX B O€JBIH H YepHEHIN
nser. Ilo mucky npousseneH BeicTpes. HaiiTu BeposiTHOCTB TOrO, uTO
nyJs Tonajer B OAMH M3 Oenblx cektopoB. Ilpennonaraercs, uro
BEPOSITHOCTh NONAJaHusl MyJM B NJOCKYIO (HI'YPY NPONOPLHOHAJMbLHA
DJIOHLaAH 3TOH (UTYPHI.

§ 2. TEOPEMbI CJIO)KEHUS H YMHO)XEHH 1 BEPOATHOCTEN. YCJIOBHA S
BEPOSITHOCTb

Teopema cnoxenus BeposasTHOoCTe#d. Bepoamuocms cymmer dsyx
HeCo8MECMHbIX COObUMUL PABHA CYMME 6ePOSMHOCMeElE dmux coGblmuil:

P(A4+B)y=P(A)+}P (B).
Ara Teopema oGobinaercss Ha Caydyall NPOM3BOJLHOIO YHCJA IOMAPHO HECOBMECTHBIX
COOBITHIA:
/ n1 n
P KZ A,->= > P (A4).
i=1 i=1
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CoGuitie A Ha3LIBAETCS HE3QGUCUMbIM OT COOHITHA B, eCaH BepOSITHOCTbL COOBI-
THS A He 3aBHCHT OT TOro, Npou3ouL1o coSbite B wuan Her. CobuitHe A Haszbl-
BAETCS 3asucuMbiM OT COBLITHS B, ecH BepoSITHOCTb COObiTHS A MeHsleTCsl B 3aBH-
CHMOCTH OT TOTO, IIPOH30LIIO COGbiTHe B HJM HeT.

BepositHocTs coBmTHst A, BbIYMC/IEHHAS NPH yCJOBHHM, 4TO HMeJO MECTo ApY-
roe cobuitHe B, HasbIBACTCS YCA08HOL GeposmHocmoto CoObTHSI A H oGo3HayaeTcs
P (A/B).

YciosHe He3aBUCHMOCTH COGHITHS A OT cOGHTHA B MOXKHO 3amHCaTh B BHIE
P (A/B)=P (A), a ycaosue sasucumocti—B Bune P (A/B) # P (A).

Teopema yMHOXeHHT BeposiTHOCTEH. Bepoamuocms npoussedenun
dsyx coboumud pasHa npoussederuro 6ePOSMHOCMU 00HO20 U3 HUX MO YCAOBHIIO 8epO-
AMHOCMb OPYe0z0, BLIMUCACHHYIO NPU YCAOBUWL, 4IMO NEPEOe UMEAD MECIO:

P(ABy=P (4)-P(B/A) wm P (AB)=P (B).-P (A/B).

Ecan cobritHe A He 3aBUCHT OT COOLITHE B, To M cOOHITHE B He 3aBHCHT OT CO-
6oiTust A; Toraa

P (AB)=P (4)-P (B).

YcioBHAS BepOATHOCTb COOLITHS Ap, ONpefieieHHAst B TNpPEANIONOKEHUH, UTO
OCYIECTBHIHCh COObITUSt Ay, Ap, ..., Ap_y, OG03Hauaercs P (Ap/A;A,...Ap_y).

Bepoamnocme npoussedenus HECKOALKUX COBbIMUL PABHA npoussedeHuI0 6epOAm.-
Hocmed amux cobbumudl, npuuem 6ePOAMHOCTL Kand020 CaeOyrouweso no nopsoky
COOBUMUA BIUCAKOMC NPU YCAOBUL, HIMO 6Ce Npedbidyuyue UMEAl MECTO:

k
P (4,4;.. .Ak)=P<II A,-):P (A1) P (A/A) P (A3/Ar1Ay)...P (Ap/ Ay As... Ap_y).

i=1

B cayuae nesaBHCHMBIX COGBITHH crpaBepsiuBa (opmyJa

k k
P(II A,~>=IIP(A[).
i=1 i=1
822, B ypue 10 Geabix, 15 uepnbix, 20 cHHHX u 25 KpacHBIX
wapos. Beinyau oann wap. Haiith BeposaTHOCTH TOro, YTto BHIHYTHI
wap: Genblil; yepHbli; CHHMH; KpacHbIH; Ge/BIii WK YepHHIA; CHHUI
HJIM KpacHHIA; Oe/bli, uepHBIR MM CHHHIL.

A Vmeen n = 104154201 25=70, P (B) = 10/70=1/7, P () = 15/70 = 3/14,
P (C)=20/70=2/7, P (K)=25/70=>5/14. IlpuMeHHB TeopeMy CJOXKEHHS BEpOST-
HoCTell, Ioay4HM
P (B4U)="P (B)-}-P (U)=1/743/14 =5/14;
P(CHK)=P (C)+P (K)=2/7-+5/14=9/14;
PB4+UYHC)=1—P (K)=1—5/14=9/14. A

823. B mnepBom simuke 2 Geabix ¥ 10 yepHBIX IIAapOB; BO BTOPOM
amuke 8 Oesbix ¥ 4 uepHBIX Iapa. M3 Kaxjporo siuuka BBIHYJIH 1O
wapy. KakoBa BeposiTHOCTB, uTO 00a iapa Genble?

/\ B naHHOM ciiyuae pedb HIeT O COBMeUICHHH cOOuTHH A M B, rie cobuiTHe
A —nosBaerne GeJIOTO Imapa M3 IIEPBOro siiiuka, cobuitHe B—mossiernne 6eaoro
mwapa Hu3 Broporo suuka. [Ipy stom A m B—HesaBuCHMble coObiTHA. Mmeem
P (A)=2/12=1/6, P (B)=8/12=2/3. IIpHMeHUB TeOpeMy YMHOMKEHHS BHEPOSATHOC-
Teil, HaX0AUM

P (AB) =P (A)-P (B)=(1/6)-(2/3)=1/9. A

824. B ycsioBuax npeabliyiel 3ajaud OIpeJeNiTb BEPOATHOCTb
TOr0, YTO OAHMH H3 BLIHYTHIX 1WApoB OeJbldl, a Apyrofi—uepHbIil.
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A Tlyers:
cobritne A—nosiBienye GesIoro 1apa H3 MEpPBOrD ALUKa;

» B— » » »  » BTOpPOro » B

» C— » yepHoro »  » mnepsoro  » (C=A4);

» D— » » » » Broporo » (D=B).
Toraa P (A)=1/6, P(B)=2/3, P (C)=P (A)=1—1/6=5/6, P (D)=P (By=1—
—2/3=1/3.

OnpejgesuM BEPOSTHOCTL TOTO, UTO L1ap, BHIHYTHIH H3 NepBOro fmilika, Gedsll,
a M3 BTOPOro SIHKA~-—YepHBLil:

P (AD)=P (A)-P (D)= (1/6)-(1;3) = 1/18.

Onpe;leTAM BePOSITHOCTL TOTO, UTO MIAD, BEIHYTLIN 13 NMePBOTO AMMKA, YepHLI,
a 13 BTOPOro siliHKa — GeJIblii:

P (BC)=P (B)-P (C) = (2/3)-{5/6) =5,9.

Ompe/le1uM Tenepb BepPOSITHOCTb TOTO, YTO WIap, BBIHYTEIH M3 O/HOTO SHIHKa
(CespassivuHO M3 MEPBOTO MJHM BTOPOro), OKaxercsl GeJbiM, a Liap, BHINYTHIT H3
JPyroro siiuka,— ucpHbiM. [TpumMeHseMm TeopeMy CJOXeHHS BepOATHOCTEil:

P=P(AD)=P (BC)=1/18-}-5/9=11/18. A

825. B suuke 6 Geabix u 8 wepHHIX 1wapos. M3 smuxa BuiHyau
IBa wapa (He BO3Bpaiiasi BHIHYTHIH Iap B swMk). Haiitu eposit-
HOCTh TOTO, uTO 00a wwapa GeJble.

A Iycte cobbite A-—mosBjenue GeNOro 1iapa TNpPH TEPBOM - BLIHHMAHUM;
cobuiTHe B —rnosiBnenne Gejoro mapa npH BTOPOM BeiHEMahuH. [To Teopeme ymHo-
JKeHHS BepPOSITHOCTeH JUIs CIyuast 3aBUCHMBIX COOLITHIT umeeM P (AB) = P (A)- P(B/ A).
Ho P (A)=6/(6-8)=6/14=23/7 (BepoATHOCTb NOSIBJIEHHS NePBOro Gesoro wapa);
P (B/A)=(6—1)/(6+8—1)=>5/13 (BeposiTHOCTb NOABJIEHHS BTOPOTO GeJIOro Hapa
B NPEUIONOKEHHH, UTO NepBEIA Genbiii map yxe BoeinyT). Clenosareasso, P (AB) =
=(3/7)-(5/13y=15/91. A

826, Tpu cTpeska He3aBHCHMO APVYT OT ApPyra CTPEJSIOT MO IeJH.
BepositHocTh monajgaHus B Hesab AJs NepBOro crpenxka pasua 0,75,
ans sroporo—0,8, xast tperbero—0,9. Onpenennts BeposSTHOCTD
TOro, YTO BCE TPH CTpeJKa OAHOBPEMEHHO MHOMaAyT B IeJb.

A P(4)=075 P (B)=0,8, P(C)=0,9; P (ABC)=P (A)-P (B)-P (C)=
=0.75.0,8.0,9=0,54. A

827. B yciaoBusix npeaplgymedl 3a1aud ONpeIeJaHTb BepOSTHOCTb
TOrO, YTO B LeJb TONajaer Xors Obl OJHMH CTPeJOK.

A 3recs P (A)=1—0,75=0,25 (BeposiTHOCTb NpOMaxa TEePBOro cTpeska);
P (B)=1-—0,8=0,2 (mepoaTnocts mpomaxa Broporo crpeaxa); P (€)=1—0,9=0,1
(BepOSTHOCTL NPOMaxa TPeThero crpenka); Toraa P (ABC)— sepossTHOCT OAHOBpe-
MEHHOTO IIPOMaxa BCEX TPeX CTPeJKOB— ONpPEIeNHTCH CICAYIOIHUM 06pasoM:

P (ABC)=P (4)-P (B)-P (C)=0,25.0,2.0,1 =0,005.

Ho co6riTHE, TIPOTHBONOIOKHOE COOBITHIO ABC, 3aKJIOYACTCS B TIOPAXKEH NI 11eJ1H

x0T 6b1 OJHHM cTpeikoM. CJiel0BaTeIbHO, HCKOMas BePOSATHOCTE P=1—P (ZBE),
T. e. P=1—0,005=0,995. A

828. BepoATHOCTb BLIXOJA CTaHKa H3 CTPOsi B TeYeHHE OIHOro
paGouero jHsl paBHa o« (ot—MaJioe IIOJOKHTE/JILHOE YHCJAO0, BTOPOi
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CTeneHbio KOTOPOro MOXKHO mpeHeGpedb). KakoBa BepositHocTb TOrO,
4TO 3a 5 AHEl CTAHOK HU a3y He BHUIZET W3 cTpos? Pemutsb 3amauy
npu o=0,01.

A Tak kak 1—o—BeposTHOCTL TOTO, YTO CTAHOK He BLIAAET M3 CTpOst B Te-
YeHHe JHS, TO M0 TeOPeMe YMHOMKEeHHs BeposTHOCTell (I —or)® — BepoATHOCTb TOrO,
YTO CTAHOK He BBIAJIET H3 CTPOSl B TedeHHe 5 AHeil.

Bocnonb3osapunce GHHOMMAJBHEIM PA3/oMKeHHeM H NpeHeSperas 4JjeHaMi,
coflepamumu a2, a?, ot u a®, mosyunm npuGIHKennoe pasenctso (1 —a)® ~ 1 — 5,
T. . P~ 1—5a. Ilpunss a==0,01, nonyuaem P = 0,95.

829. B smuke a Geablx u b yepnbix mapos. Kakosa BeposThocTh
TOrO, UTO W3 JABYX BHIHYTHIX INAPOB OJMH OeJbld, a Apyrod—uep-
HbliA? (BeIHYTHIA WIap B ypHY He BO3Bpawaercs).

A\ Tlycte:

cobbitie A —nosi/enne GeMOFO IIAPa NPH NMEPBOM BEIHHMAHHH:
» B— » YEPHOIO  » »  BTOPOM » ;
» C— » » » » TIepBOM » H
» D— » Gestoro » » BTOpPOM » .

BbukcanM BePOATHOCTL TOrO, YTO IEpBhIt BHIHYTHIE wiap Geasid, a BTOPOH —
qepHbIi:

a " b . ab
atb atb—1 (@+b)@tro—Ii)

Haiinem BeposiTHOCTb TOro, YTO MEPBHI BBIHYTLIT WIAP uepHBIK, a BTOPOH —
Geblii:

Py=P(A)-P(B/A)=

b a Tab

at+b atb—1 (a+0)@@rb—1)

Takum 06pasom, BepOATHOCTL TOTO, YTO OJMH M3 BHIHYTHIX WApoB Gemuii, a
APYToii —yepHbIH, ONpeenuTcs N0 TeopeMe caoxenus: P=P;+P,, 1. e.
pP— 2ab A
T@Th)@io—n

830. B smike a Genblx, b WepHBHIX M ¢ CHHHX MIApOB. Buinyan
OfMH 1map. Buluucauts BeposTHOCTH TOro, 4TO BBIHYTHIH 1wap: 1) Ge-
Jipli; 2) uyepHbiil; 3) cunun; 4) Gesblit WaM uepHBIH; 5) Geablit M
CHHHH; 6) uepHBIH WAM CHHM.

831. B nepoom simuke o Genbix u b yepHEIX 11apoB; BO BTOPOM
AUKE ¢ GesbiX M d YepHbIX wapos. M3 Kawao0ro swipka BEHYIM 1O
mapy. Kakosa sepositHocTh TOro, 4to o6a mapa uepibie?

832. BeposTHOCTb nonafiaHus B UeJb NEPBHIM CTPENKOM PaBHA Pis
a BTOPBIM CTPEJIKOM — p,. CTDEJIKM BBICTPETHIH OfHOBpeMeHHo. Ka-
KOBa BEpOSTHOCTL TOTO, UTO OAMH M3 HHX MOMAJET B wesb, a Jpy-
FOH He romnajger?

833. BepositHocth TOro, uto B 10:kHOM ropoge N TeMreparypa B
Hiosie B JoGoil JeHb MeHpuie 5°, paBHAa o (x—Masioe 4yucio, KBaj-
paToM KOTOpOro MOxkHO npeledpeun). Kakosa BepositHocTb Toro, yto
B TEUCHHE NEePBLIX TPeX JHEH UIoJs Temneparypa Oyer He MeHblue 53

834. B nepsom siunke 1 Gesblir, 2 KpacHBIX W 3 CHHHX mapa;
BO BTOpOM silHKke 2 Geabix, 6 kpacubix, 4 cunux mwapa. U3 xammuoro

Py=P(C)-P(D/C)=
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AlHKa BbIHY/IM NO mapy. KakoBa BepOATHOCTb, YTO CPEAH BBIHYTHIX
11apOB HET CHHHX?

835. BeposaTHOCTb TOrO, UTO B TeueHHE [HS IIPOH3OHAET Hemno-
nagxa cranka, pasna 0,03. KakoBa BepodATHOCTb TOTO, YTO B Teue-
1Ke ueThipex AHEH MoApAJ He NPOH30UAEeT HU OJIHOII HenoJauKu?

836. B kaacce 12 masmpbunkos u 18 nesouek. Hyzxno BeGpath
Jesieralio M3 JByX uesjopek. KakoBa BepoATHOCTb (€CJM CUHTATh
BLIGOP CJiydaiiHeiM), YTO BHIGpaubl: 1) ABa Ma/buuKa, 2) 1ABe JAeBOU-
KH1; 3) JleBoUKa H Ma/jbuuK?

837. B ypue 9 Gespix u 1 ycpHuiii wap. Buinysu cpasy tpu mapa.
KakoBa BeposSITHOCTL TOTO, 4TO BCe IIapbl Gesble?

838, IlpousBojsT TPH BHICTPesaa IO OJIHOH MHIUICHH. BepositHocTh
nonajaHusa npH Kaxaom Beictpese pasna 0,5. Haiiti BeposTtHOCTD
TOTO, 4TO B PE3YJbTATE 3THX BEICTPEJIOB MNPOM3OHIET TOJNBLKO OLHO
NonajaHue.

§ 3. POPMYJIA BEPHYJUI. HAUBEPOSTHEHIIEE YHCNO
HACTYNJIEHM¥ COBEBITHA

Ecny DPOU3BOAMTCS 1 HE3ABUCHMBIX HCNBITAHHH, B KaXJAOM H3 KOTOPLIX Be-
POSITHOCTD TOsIBJEHMsT cOObITHA A OfHA M Ta Xe M paBHa p, TO BEPOSTHOCTb TOTO,
4yro coBpITHE A MOSBHTCSA B 3THX 7 HCHOBITAHHSAX m pas, BhIpaxkaerca ¢hopisyaod
Beprnyaau

11 —
Pm, n :Cn pmqn ",
rje ¢=1—p. Takum obpasom,

nin—1 o
Po’n:q", Py, a=npg*-1, P?, n:—(l—.g—)p"(]”_“, cees Pn, n=p"

Uncno m, Ha3LIBACTCS HAUEEPOAMHeiiumM 4uca0 HACTYIeRuil coOertia A e n
HCILITAHUSX, €CAH 3Hauenue P, , NpH m=m, He MEHbIE OCTAJAbHBIX 3HAUEHH
Pup o T € Py n= P,”l., n TIPH m; 7# M.

Ecau p £ 0 u p# 1, To 4HCIO f11; MOXKIIO ONPCCANTD 113 JBOIIHOTO HepaBelCTBa
np—q=my<snp--p.

PasnocThb TPaHHMUHBIX 3HAYCHUIH B 3TOM ApofiHoM Hepapenctse pasua 1. Ecau np--p
He SBJSETCS LeJLIM YHCJIOM, TO [IBOHHOE HepaBeHCTBO ONpejeseT JHMb OAHO HaH-
BeposTHeluce 3HaueHue my. Ecam ke np--p-—uenoe 4HCI0, TO HMEIOTCA [Ba
HauBePOSITHEHINHX 3HAYGHMS: My ==np—q H ng=np--p.

839. B ypue 20 Gesnix u 10 yepHBIX WIapOB. BEIHYJN NOAPSA
4 mapa, npuueM KaxkAblil BBHIHYTHIA 1D BO3BPAIIAIOT B YPHY Nepex
M3BJeUEHHEM CJEAYIOWEro M Inapbl B ypHe nepememusatwor. Kakosa
BEPOSITHOCTb TOTO, UTO M3 YETLIPEX BBIHYTHIX IIAPOB OKAXKeTCs JBa
fenbIx?

A\ BepostHocts u3Bieuenus Gegoro mapa p=20/30=2/3 MOxHO CYHTaTh
OJlHOH M TOI Ke BO BCEX UEThIPEX MCIBITAHUsIX; ¢=1— p=1/3. Hcnoawsya ¢op-
myJty Bepuyin, noayuaem

[ RVb]

e

4.372\2/ 1\ 8
= (2522 = 0 I _—,
Py =C3p%q% == ‘\3> < ) 57 &

/
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840. Beposrtaocth mnosapaenus coboitusi A pasua 0,4. Kaxosa
BEPOSITHOCTb TOTrO, 4TO mpH 10 MenbitaHuAX cobbitue A nosiBUTCA He
Goslee Tpex pas?

/\ 3necy p=0,4, ¢§=0,6. Umeem:
BEPOATHOCTb NOABJEeHHA cobbirust A 0 pas: Py 1, =¢10;

» » » » 1 »t Pjio=10pg%
» » » » 2 pasa: P, 1,=45p%p";
» » » » 3  » Pgyo=120p%".

BepoarsocTb Toro, uro cofeitue A nosBUTCSH He GOJblle Tpex pas, COCTABJSET

P =Py i34 Pi1,10+ Pa,io+ P3 10s
T. e ‘
P =g} 10pg°+45p%¢* +120p°¢", man P =g (¢* -+ 104%p+ 45qp> - 120p9).
HNonaras’p=0,4, §=0,6, noaysum P =0,67 (0,216-1,44--4,32-7,68) ~0,38. A

841. OmnpenenuTs BepOSITHOCTH TOrO, YTO B CEMbE, HMEIOMIEH MSITh
Jetei, Oyjper TpH [AEBOYKH H [Ba Majbuyuka. BepostHoctH poxie-
HUA MaJbyMKa H JEBOYKH IPEANOJAraloTCsi OXHMHAKOBBLIMH.

/\ BepostHocTs poxpuenus lesoukn p=0,5, Torma g=1—p=0,5 (BeposiTHOCTS
poXjeHUsl MaJbUYHKA). 3HAYHT, HCKOMAas BEPOSITHOCThb

5.4.3 5
— 372 . 3, 2
P3.5“C§p q —1.2.3 (0’5) (0’5) 16 ° A

842. B ycnoBuAX npepblAylledl 3ajaud HaiTH BEPOATHOCTL TOTO,
4yTo cpeld AeTeil OyjeT He OoJiblie TPeX AEBOYEK.

1\ 1 1\% 5

Al P°-5‘(2> =3 P1-5=5'(2> —32
1\> & 1\ 5
P2.5=10'<—2—> :-1_6; P3,5=10'(—2‘) __1_6;

13
P=Pyst-Pis+Pos+Pss=1- A

843. Monery nog6pacwiBaior 8 pa3. KakoBa BepOATHOCTH TOrO,
uto 6 pa3 oHa ymnager rep6oM BBepx?

844. Monery nogbpachiBaior 6 pa3. KakoBa BeposiTHOCTB TOTO,
uYTO OHa ymnajeT repOboM BBepX He GoJblie TPeX pas?

845. B xnacce 20 manpunkoB u 10 neBouex. Ha kaxuslli us tpex
BONPOCOB, 33/IaHHBIX yuyHTeJeM, OTBETHJIM MO OXHOMY y4eHuKy. Kako-
Ba BEPOSITHOCTL TOTO, UTO CPejA OTBETUBLIMX GhLIO ABA MaJbuyHKa M
OJHa JeBOYKar

846. B xaxiom u3 yeTblpex sIHKOB no 5 Geablx u no 15 uep-
HBIX 1apoB. M3 Kaxioro suiuka BLIHYJM 110 ogHoMy wmapy. Kakosa
BepPOSITHOCTb BBHIHYTL JBa Oe/bIX M JBa YEpPHHIX mapa?

847. B ypue 10 Gesanix u 40 uepubiXx wapoB. BuiHumaoT mog-
pax 14 wapos, NpuueM IBET BbIIYTOrO MAapa DErHCTPHUPYIOT, a 3a-
TEeM IIap BO3BpallaloT B ypHy. Onpeaenutb HauBeposiTHEHIICE YHCIO
nosiBJeHuil Gesoro mapa.
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A 3necs n=14, p=10/50=1/5, ¢=1—p=4/5. Ucnoansys xsofinoe Hepa-
BEHCTBO Np—(q<<my<<np--p NPH YKA3aHHLIX 3HAYEHHSIX N, p H ¢, NOJAYYHM

14/6—4/5b<<my=<<14/5+4-1/5, T. e. 2<Tmy<<3.

Taxum obpasom, 3ajaua HMEET JiBa PEINCHHS: mo=2, mo=3. A

848. BeposTHocTh nonajgaHusi crpeskoM B ueab pasHa 0,7. Cpe-
JaHo 25 BbicTpesioB. OnpepesuTs HaHBEpOATHEHILEE YHC/IO HOMAAAHUI
B UeJb.

A\ 3necs n=25, p=0,7, q=0,3. CrenosareanHo,
25.0,7—0,3<<my<<25-0,74-0,7, 1. e. 17,2<m;<<18,2.

Tak kak m—mnenoe uncao, TO my=18. &

849. B pesyabrate MHOrOJIETHHX HaG/IOZEHHH YCTAHOBJEHO, YTO
BEPOSITHOCTb BbINaAEHHsi A0k | OKTAOPS B JaHHOM ropojle paBHa
1/7. Onpenenuts HauBepOATHeflllee YHCAO IOXKAIUBBIX aHell 1 ox-
TAOpA B ZaHHOM ropoje 3a 40 Jjer.

A\ Nmeem n=40, p=1/7, ¢=6/7. Takum o6paszom,

1 6 1 1 6 6
7——7<m0<40-—7—+7, 47<m0<57, T. €, m0=5.A

40.
850. HMmeerca 20 smHKOB ONHOPOAHBIX JeTajteil. BeposTtHOCTb
TOrO, YTO B OJHOM B35TOM Hayjayy fIHMKe JEeTaJH OKaXKyTCsl CTaH-
XapTHbiMH, paBHa 0,75. Halitn HauBeposiTHeiillee 4HCJO SIUKOB, B
KOTOPBIX BCE JETaJH CTAHJaDTHHIE,
851. B ypue 100 Genbix um 80 uepusix wapos. M3 ypun usBJe-
KaioT 7 11apoB (C BO3BPATOM Kaxjoro BhiHyTOro mapa). Hawuseposr-
Heliliee YHC/IO NOABJEHHH Oesoro mapa paeHo 11. Hafitu n.

/\ W3 aBoiiHOro HepaBeHCTBA np—q << my << np--p caefyer, uto
(mo—p)/p < n<<(my-|-q)/p.
3aece my=11, p=100/180=5/9, ¢=4/9; caenosareasno,

11—5/9 114-4/9
50 —="STgg ¢

T. e. 18,8 << n < 20,6.
HMrax, 3agaua umeer ABa pewerus: ny =19, ny=20. A

852, MoxHo M B IpeAbiAyiieli 3ajaue H3MEHUTh YUCJOBEE 3Ha-
UeHHMA M, U p TaK, yToObl 3ajaya He MMeJa pemleHHH?

853. IlepBrlii paGounii 3a cMeHy MOXKET M3rOTOBHTH 120 H3jenui,
a BTOpOKi— 140 wm3mesuii, npuueM BEPOSITHOCTH TOrO, YTO 3TH H3Je-
JIMs1 BBICIIETO cOpTa, cocTasasioT coorBerctBenHo 0,94 u 0,8. On-
pele/uTh HaHWBEPOsITHEHINEE YHCJIO H3JEeJHH BLICIIErO COPTa, H3ro-
TOBJIEHHBIX KaXKIBIM PaGOuHM.

854, Mmeerca 100 ypu ¢ GesbiMH W uepHBIMH IluapamH. Beposrt-
HOCTb IIOSIBJIEHHs GEJoro 1apa 43 Kaxkao#i ypHel pasHa 0,6. Haijitu
HauBepPOsATHEMIee YHCIO YPH, B KOTOPHIX BCE IIAPHL GeJble.
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§ 4. POPMYJIA NMOAHOA BEPOSITHOCTU. ®GPMYJIA BEHECA

Ecau wmspectHo, uto cofbiTHe A MOXKET JIPOM30HTH EMecTe € OAHHM H3 COGbI-

taft Hy, Hy, ..., Hy (runotes), o6pasyiomumMu MOJHYIO TPYHANY HONAPHO HECOBMECT-
HBIX COOBITHI, TO COObiTHE A MOXHO ILPEICTABHTL KaK oObepuuenue coburuit AHy,
AH,, ..., AH,, 1.e. A=AH+AHs+} ...+ AH,. BeposatHocTs cobutus A

MOXKHO ONpeJeuTh Mo dopmyne
P (Ay=P (Hy)-P (A/H)+P (Hy)- P (A/Hy)+ ... P (H,)-P (A/H,),
HIH

P (4) = }3 P (l1)-P(A/H)).
i=1

Ara dopuyna HasblRaeTCss QOPMYAOLE NOAHOL BePOKIMHOCHUL.
VYeJosnas BepoATHOCTL CoObiTHst [1; B upeinoomenuu, yto cobutiue A yxe
HMeeT MecTo, onpejensiercss no ¢gopmyae bedieca:
P (AH)) P(HI')‘P(A/H{) :
P(H; A= P — & (i=1,2,..., n).
EP(A/H[)'P(HI)
i=1
Beposithoctu P (H;/A), piuncaennsie no ¢opuyte Deficca, uacto nasbisaior
BEPOAMMOCIAMI 2UNOMES,

855, Mmerorest uetwipe ypubl. B mepsoit ypue 1 Geswrit u 1 uep-
HBIfl 11ap, BO BTOpOH—2 Ge/BIX M 3 YepHHX mapa, B Tperbeil—3
GeqblXx M D UEPHBIX HIAPOB, M 4eTseproii—4 OeaniXx M 7 uepHHIX
mapos. CoGbitue H;—puibop i-# ypubl (i=1,2, 3, 4). Hssectno, uto
BepOSATHOCTD BhOOpA i-if ypubl passa /10, 1. e. P (H,)=1/10, P(H,)=
= 1/5, P (H,)=3/10, P(H,)=2/5. BuiOupaior nayraj OaHy M3 YpH
W BblHMMalT u3 Hee map. Halitn BepoaTEOCTH TOro, Y4TO 3TOT LAp
OeJblil.

A\ Hs ycaonus caeayer, uro P (A/Hq)=1/2 (ycaoBHas BepoOSTHOCTL H3BJeve-
nusi Gesioro mapa W3 nepBoil Ypubl); ananoruuno P (A/H,)=2/5, P{A/H3)=3/8,
P (A/Hy)=4/11. BeposaTiocTh H3BJeueHHsT O€IOr0 Wapa HAXOAHM 10 QopayJe
FOMHO BEPOSITHOCTH:

P (A)=P (Hy)-P (A/H)) -+ P (Hy)-P (A/Hy) P (Hg)- P (A/H3) - P (Hy) - P (A/Hy) =

[ 1 1 2,3 3,2 4 1707
=p et st o TE w0 A

856. Hwmelorcst Tpu OJHHAKOBHIX IO BHAy suluka. B nepsom
sutuke 20 Gesplx mapos, Bo BropoM— 10 Gesbix u 10 yepHBIX mmIa-
poB, B TperbeM—20 uepHbX 1napos. M3 BpiOpaniioro nayraj siuka
BLIHYJIA Oesblil 11ap. BEYUCANTL BEPOATHOCTH TOrO, YTO WIAP BBIHYT
M3 TepBOro sIiHKa.

A Tlycrs Hy, H,, Hy—runotessl, cocTosiue B BuIGOpe COOTBETCTBEHHO Iep-
BOTO, BTOPOTO M TpeTbero sumuka; cobmrne A-—mnossiaeuue Geqoro wapa. Toraa
P(Hy))=P(Hy)=P(H3)=1/3 (suGop mo00ro u3 SIUHKOB pPABHEBO3MONKEH);
P (A/H;)=1 (BepoATHOCTb U3BJeueHHs GJIOro Wapa U3 nepsoro sauwuka); P (A/Hy)=
=10/20=1/2 (BepoATHOCTH H3BJeueHMs CeJOro 1Iapa M3 BTOPOrO SIKMKa);
P (A/H3) =0 (BeposTHOCTb H3BJeueHHS GeJoro mapa H3 TPEThero sHKa).

Hckomyio BepositHocTh P (H1/A) Haxotum 1o dopmyse beileca:

1-(1/3) 2

PN =Tam i a e o 5 A
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857. B smuxe umeercss N wu3anesnii, cpeau KOTOPHIX MOTYT GbiTh
¥ OpaxoBaHHble. BoiHyTOE Hayraj usjesue 0Ka3anoch HeGpaK OBAHHBIM.
Onpenenntb BEPOATHOCTH TOrO, YTO: BCE H3JEJUA B SUIHKE HeGpaKo-
Banupie; N — 1 usjgenuit HeGpakOBaHHBIX H OJ[HO u3Je/ue OpakoBaHHOE;
N— 2 uapenuit HeGpaKOBaHHBIX M JBa U3JeNHs GPAKOBAHHBIX; ...,
Bce N usfienuit B siuKe GPaKOBaHHLIE.

/A Tunoresnl mo ommita: Hg—Bce H3JeJHA B sl(MKE HeGpakoBaHHbie, [H;—
ONHO H3jenHe OpakoBaHHoe; Hy—JBa u3jeaus GPakOBAHHBLIX; ...; Hpay—pce
ugnenust GpakosaHusie. Cofbinne A-—rnosipienne HeGpakoBaHHOrO H3fenust. Tpe-
Oyercst Hafitn P (Hq/A), P (H1/A), P (Hy/A), ..., P (Hp/A)

ITycTs no onbiTa BCe THNOTE3bl PABHOBO3MOMKHEI:

PH)y=P(H)=PH)=...=PHpN)=—+—

Py =1, Pamy="0, Py =N22

P(AJHy - ==, P(A[Hy)=0.

O1cioza HaxXoquM
1

I’N+1

P (HO/A):

T N1 1 ] I =
D ES R 'N+1+"'+W‘m+0’m
1 N 2

I, 2 N1, ~IF24.. FN—IFN NI
— 1z AR I
viwtoty

=

AHaNOTHUHO noJyuaeM
2 N—1 2 N—2

P(Hl/A):m'—N——a P (HZ/A):m'T’ -owy P(Hy/A)=
2
:N—+_1.O:0. A

858. B neppoil ypie 5 Geaprx u 10 wepHeIX 1mapos, BO BTOPOIf—
3 Oenbix u 7 wepusnix wapos. M3 BTopoit ypHBI B mepsyio e peJso-
HKUWIH ONHH INAp, & 3aTe€M M3 MepBOfl ypHHl BLHIHYJIM HAayraj OfuH
map. Onpenenuts BEPOATHOCTb TOrO, YTO BHIHYTEHI wap — Gesbli.

A\ Tocie TOro, Kaxk mH3 BTOPOH YPHBI NEPEJONILIH B NepBYIO ONMH Luap,
B IepBOHl ypHe O0Kasaaoch JBe COBOKYIHOCTH wapos: 1) 5 Geawx u 10 YEPHBIX
WapoB, TepBoHauadbHO HAXOZHBUIHXCHA B 5Toll ypHe; 2) OAMH Wap, NepesokKeH-
HLIH 13 BTOpOH ypusl. Bepositiocts rosisaennst GeJoro mwapa u3 Nepsoil COBOKYI-
HoeTH cocrasasier P (A/H)=5/15=1/3, a u3 BTOpOil cOBOKyMHOCTH P(A/Hy) =
= 3/10. BepoaTHOCTb TOTO, YTO MPOH3BOJLHO BHHYTHI Imap pHHALJICHKHT nepBoi
COBOKYMHOCTH, ecTb P (H{)=15/16, a BTOpo#l COBOKYMHOCTH-— P (Hy)=1/16.

Hcnonbsyst Gopmysy nosHoit BEpOATHOCTH, MOSYUUM

P (4) =P (H:)-P (A/H) P ()P (A —10 . L L B 58y
859. B nepeoit ypue | Gesblii i 2 yepHbIX wwapa, BO BTOPOH —
100 Genbix u 100 uepmbix 1mapoB. M3 BTOPOH ypHBI NepesoxuIIH
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B NepBYIO OAMH 1NAp, a 3aT€M M3 NEPBOH YPHBI BHIHYJH Hayraj OAHH
map. Kakosa BepoATHOCTb TOro, YTO BHIHYTHIA Iap paHee HAaXOMMJICH
BO BTOPOH ypHE, €CJId H3BECTHO, YTO OH Oesmlii?

§ 5. CIVYAHHAS BEJHUUYHUHA U 3AKOH EE PACNPEAEJIEHHM A

Ecsn KaxI0My 3JeMeHTapHOMY COGBITHIO ® M3 HEKOTOPOTO MHOMKECTBA COOH-
Tuil Q MOXKHO TOCTaBHTb B COOTBETCTBHE OINpejesieHHylo BeaHunHy X ==X (®), To
TOBOPSAT, YTO 3alaHa cayialnas peiuunHa. CayyaiHylo BeJHYHHY X MOXKHO pac-
cMaTpHBaTh KakK (PyHKUMIO cOOBITHS ® C 006J1acThi0 onpeneseHus €.

Cnyuyaiinas BeJMYHHA MOXKET NPHHAThL TO HJIH HHOE 3HaveHHe M3 HEKOTOPOro
YHCJIOBOTO MHOYKECTBA, OJHZKO 3apaHee HeM3BeCTHO, Kakoe mmeHHo. Cayuaiinble
BeJIMUMHLl NPHHATO o6o3HauaTh GojbmnMH OykBamu X, Y, ..., a npunumaempe
HMH 3HAUeHHsl— COOTBETCTBYIOIIHMH CTPOYHBIMH GYKBAMU X, Y, ... .

Ecan 3nauedns, KoTopble MOKeT NPHHHMATh JaHHAasl cjaydaiiHas BeanunHa X,
06pasyoT AMCKPeTHbIA (KOHEUHBIH HJIM GeCKOHEUHBIH) PN UHCEM X1, Xy « .oy Xypp o ees
TO M cama cjaydyaHHasa BeJHYHHa X Ha3bBaeTcsl OUCKPemHuod.

Ecan Xe 3HaueHHs, KOTOPHIE MOXKeT NIPHHHMATh JaHHas ciayuaiiHas peanuuna X,
3anoJNIHAIOT KOHEUHLIH HJIM GecKOHeYHBIH NPOMEXYTOK Ja, b uuciosoil ocn Ox, To
cayvaliHas BeJMYHHA Ha3bIBACTCH HenpepolsHod.

KaxaoMy 3HaueHHI0 CJayyaldHONl BeJMUMHBI JHCKPETHOTO THIIA X; OTBeuael
olnpejeseHHas BEPOATHOCTb pp; KaXAOMy IPOMeXYTKY la, b[ M3 obaactu 3Haye-
HMH cayyalHOH BeNMYUHBI HENPePBIBHOLO THNA TaK¥Ke OTBEYaeT ONpejie/ieHHas
BeposaTHocTb P (a < X < b) Toro, yTo 3HaueHHe, NPUHATOE CAYYaHHOH BeJHUHHON,
nonajer B 3TOT IPOMEXYTOK.

CooTHOllIEHHe, yCTaHaBJHBAOllee TeM HMJIH HHBIM CNOCOGOM CBSI3b MEXKAY BO3-
MOXHBIMH 3HAQUeHHSIMH CJIy4aiHOH BeJHUHHB H HX BepOATHOCTSIMH, Ha3blBaercs
sakoHoM pacnpeleserus CIy4aHHOH BeJHYHHEL

3axkon pacnpesiesieHHsT AHCKPETHOH cJydalHOH BeJHUMHH OOBIYHO 3ajlaercs
padom pacnpedeserus:

X; X1 X2 X3 ) Xn

pi 141 P2 Ps3 s Pn

n
ITpn sTom Z pi=1, rle CyMMHpOBaHHe PACIPOCTPAHSETCHA 1a BCe (KOHEuHoe HJIH
i=1
6ecKOHEUHOE) MHOXKECTBO BO3MOXHBIX 3HA4YeHHH NaHHOM cayuaiinoil Besuunner X.
3aKkoH pacnpefieJieHHsT HeNpepbIBHOH CJAYYaHHON BeIHUMHLI yR06HO 3a72aBaThb
C NOMOIIbIO TaK Ha3blBAEMOW yrKkyuu nsomuocmu eeposmuocmu f(x). Bepoat-
Hocth P (@ < X < b) Toro, uto 3HayeHHe, INPHHATOe CJayualiHod Beqnuunoit X,
NONajeT B NPOMEXKYTOK la, b[, onpezsensiercs paBeHCTBOM

b
P(a<X<b)=gf(x)dx.

a

Ipadux ¢ysxnun f(x) HaswBaercs xpusod pacnpederennin. Teomerpuueckn
BEPOSITHOCTh  NIONAAAHHA cnyqaﬁHoff BeJMUYHHBI B TIPOMEKYTOK| a, b pasua nno-
1afH COOTBETCTBYIOILeH KPHBOJIMHEHHON Tpaneunu, orpaHnueHHoil Kpueoii pacrmpe-
JeaeHus, ocblo Ox M NpAMBIMH x=a, x==b (puc. 39).

OyHKUHS NIOTHOCTH BEPOSTHOCTH [ (x) 06/13712€T CAEAYIOWMMA CBOHCTBAMM:
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1° f(»=0.
+ »

T.Sfmm:l

-

(ec.rm Bee aMAveHHs cayuaiinoil BesnunHbl X 3aKJIOUeHB B IpoMexyTke la, b[, To

b
rioc/IeiHee PaBEHCTBO MOXKHO 3aMHCaTh B BHJE S f ) dx:l).

a
PaccmorpuM Teneps ¢yukunio F (X)=P (X < x). dra dynxuns Haswlpaetcs
yuKyueil pacnpedeserus sepoamuocmuy ciaydainodl penuynssl X. Qyskuusa F (x)
CyIIeCTBYeT KaK JJsi JMCKPETHBIX, TaK M JJs
HelpepHBHMX  clyyaiiHeiXx Beauuud. Ecan (z)
f (x) — byHKIMSA IIOTHOCTH paclpeliesleHus Be-

POSITHOCTH HENpEPBIBHOM CIyJaiiHoN BeHTHHEL -
X, 10 /
X

F@= { e e b z
- Puc. 39

Vi3 nocAeiHero paBeHCTBA CJlefyeT, 4TO
f(x)=F" (x).

HMuorpa dynkumuo [ (x) nassBaoT duddepenyuarsnol dynxyued pacnpedese-
nus eepoamnocmu, a GyHkunio F (x)—unmeepasvtod ¢ynxyued pacnpedeserus
6eposmHOCTU.

OTMeTHM BaXXHelilnMe cBOHCTBA (QYHKLMHM pacnpe/leJICHHS BEPOSTHOCTH:

1°. F (x)—mHeyGuBatomas ¢yHKLHSL.

2°, F (—o) =0,

3°. F(+w)=1.

TMoustHe GYHKUUM pacnpejieslcHHs ABJAAETCS LEHTPAJbHBIM B TEOPHH BEPOSIT-
HocTel. Micnosib3ysi 3T0 NOHATHE, MOXHO JaTh Jpyroe Onpeje/ieHHe HeNpepLIBHOH
cayqaitHoii Beanunubl. CiydvaiiHas BesMUMHA HAa3BIBACTCA HenpepoisHol, eclu ee
uHTerpasbHas QyHKLuA pacnpejenenus F (x) HempepbiBHA.

860. [laubl BEpOSITHOCTM 3HAYEHHH C/Ay4aHHOH BequunHbl X:
suayende 10 mmeer BepositHocTb 0,3; 3Hauenue 2— BepositHocTh 0,4;
3Hayexue 8—gpeposatrHocTh 0,1; 3nauenue 4—sepoatnocts 0,2. Ilo-
CTPOMTH PAL PACHPEIENeHUs clyyaiHod BequunHsl X.

" A Pacnosoxns 3HaueHHst CcAyuafHOH BENMUHHBI B BO3pacTalolleM TNOPSIKe,
NONYYUM DSJ, pacrpeiesieHus:

X; 2 4 8 10

pi 0,4 0,2 0,1 0,3

BospMem na miockoctH xOp rtoukn (2; 0,4), (4; 0,2) u 1. 4. Coepunus rnocJe-
JOBaTeJbHble TOUKH TNPSIMOAHHEHHBIMH OTpPE3KaMH, IOJYYHM TaK HasblBaeMbif
MHO20yeonb UK (MM n0AU20H) pacTpefeneHus caydaiinoll Bemuunnnl X (puc. 40). A
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861. Cnyuaiinaa BennuuHa X INOAYMHEHA 3aKOHY paclpelesNeHHs
C IVIOTHOCTBIO [ (x), mpuueM
( 0 npu x < 0,
f(x)=1qa@x—x npu 0<<x<<3,
0 npy x > 3

TpeGyercsi: 1) Haiitu Koa(b(pumiem a; 2) moctpouth rpabuk pac-
npejesieHusl TUIOTHOCTH y= f (x); 3) HaliTu BepoOsSTHOCTD nonaganus X
B npoMexkytox |1, 2[.

?

04

7 \/

42 ! i
g1 ! |

7

|

|

%

g I 2
Puc. 40 Puc. 41

A 1) Tak kax Bce suauenus pgaunHOH ciayualnoll BCJIHYHNLI 3aKJIQUeNBl Ha
3

orpeske [0, 3], TO Sa(Sx—x2) dx=1, oTkyaa
0

a[%xz——;—x‘”’]z:l, HIH a(gg--—9):l, T. €. a:%.
2) I'paduxom ¢yskuun f(x) B nutepsade [0, 3] sapaserca napa6ona y=
=§x—§'x2, a BHe 2TOro UHTepBajd TrpadUKOM CJAYKUT CamMa oCb abCLHCC
(puc. 41).

3) BeposTHOCTb NOmMajaHus caydaiiHoit Beauuumunl X B mpomexyTok 11, 2[
HaliieTcsl U3 DaBEHCTBA

2
2 2 x2 2%8 4 16 1 2 13
Pl<X<2 =S<“§ "_3"2>d"=[? o7 J =5~y 3ty A
\ .

862. Jlan psii pacnpeje/eHusi cay4aiHoil Beanuunsl X:

x; 10 20 30 40 50

p: 0,2 0,3 0,3 0,1 0,05

Ha#itu ¢yHxuuio pacmpesie/seHuss BEPOATHOCTH 3TOH C/aydaiHOH Be-
JIUYHUHBL.

A\ Ecmn x<C 10, T0 F(x)=P(X < x)=0;
» 10<x<<20, » F(x)=P (X < x=0,2;
» 20 < x<<30, » F(x)=P (X < x=0,2-}-0,3=0,5;
» 30 < x<c40, » F(x)=P (X < x=0,2--0,3--0,35=0,85;
» 40 < x<<B0, » Fx)=P(X < x):O,2+0,3+0 5 -+0,1=0,95;
» x>50, » F(x)=P(X < x=0,240,3+40,35-0,140,056=1. A
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863. Cayuvaitnasa BenuyuHa X 3afaHa QyHKUHeN pacnpefeseHust
(unTerpanpbHOl (yHKUHUEI)

( 0 npu x < 1
F (x) = (x—1)/2 mpn 1<<x<3,
1 npa x > 3.

BblUHCIUTD BEPOSITHOCTH TNONAjaHus cayyadHol BeauuuHsr X
B unrepBasisl |1,5; 2,5[ u ]2,5; 3,5[.

A Pi=F (2,5)—F (1,5)=(2,5—1)/2—(1,5—1)/2=0,75—0,25=0,5,
Py—F (3,5)—F (2,5)=1—(2,56—1)/2=1—0,75=0,25. &

864. Cnyuaiinas sesmnuuna X 3ajaHa ¢(yHKUHEH pacnpeneseHus

<

i O npu x < 2,
F(x)={ (x—2%mpu 2<<x<3,
(1 npu x > 3.

BoluncauTe BEPOSITHOCTH NMONAJAHUSA Cy4afiHOH BETHYHHBI X B HH-
tepsajsl ]1; 2,5[ u ]2,5; 3,5[.

A Py=F (2,5)—F (1) =(2,5—2)2—0=0,25,
Py—F (3,5)—F (2,5) = 1—(2,5—2)2=1--0,25=0,75. A

865. Cayuaiinas senuunHa X safaHa (QyHKuHeH pacnpeneseHus,
yKasaHHO# B mpeabiayiiedl 3apade. HafiT mioTHocTh pacnpeseseHus
(nuddepennuanpHy0 QyHKIHIO pacnpeieIeHus) CaydaiiHol BeJTHIHHEL

A TlnotHocTs pacnpellesieHHsl paBHa NPOM3BOAHOM (YHKLMHM paclpeienenus,
r. e. f(x)=F’(x), nosromy

{ 0 npu x < 2,

f@)=1 2(x—2) npu 2<Cx=<C3,
1 0 npu x > 3.

866. Crpesok mnpoH3BOAUT NO MHIIEHH TPH BhICTpena. Beposr-
HOCTh MONMajaHusl B MHIIEHb NPH KaxkaoM Boictpese pasHa 0,3. Ilo-
CTPOHTBL Psil pacnpeiesieHus yucjga MNonajaHuil.

@ Bocnossaosatsest Qopmyaokt Bepnynmu.

867. B ypue wmuMeloTcs uerhlpe Iuapa ¢ HoMmepamu ot 1 jgo 4.
Brinyau pBa mapa. Cnyuaiinas pennyuHa X —cymMMa HOMEpOB Iua-
pos. Iloctpouts psix pacnpenesenus ciaydahHoil Beanunusr X.

868. Cayuaiinast Beanuuna X NOJAUMHEHA 3aKOHY paclpejieNeHis
C IJIOTHOCTLIO

F () = {a/]faz—,\c2 npu [x| < a,

0 npH | x| =a.

Tpebyercs: 1) nafitn KosabbuUUeHT a; 2) HafiTH BepOATHOCTHL TONa-
JaHusl ciydaiHOH BesuunHbl X Ha yyacTok [a/2, af; 3) mOCTpOUTb
rpaduk pacnpejesieHusi NJOTHOCTH BEPOSITHOCTH.

869. I[lokasarb, uto ¢yHxuus f(x)=1/(x24 7% sBasercs MNIOT-
HOCTBIO BEPOSITHOCTH HEKOTOPOH cJydaiiHOH BesndnHbl X, U BHIYU-
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CJINTh BEPOSITHOCTb NOMAJaHUs CJyyaiiHofl BejnuuHbl X Ha Y4YacToK
]mt, oof.
870. Ilana ¢yHKUIHA MJOTHOCTH pachpefeeHNs Cay4adHol Besu-
yiHBl X:
( 0 npu x<0,
f(x) — { asinxy npu 0<Cx<Cu,
& 0 npu x>

Onpenenuts a u F (x).

871. B ypue 5 Gesnlx M 25 uepHBIX wWapoB. BeiHymn oaun wap.
Cayuatinasi BequuHa X —4YHCJIO BBIHYTHIX OesblX 1wapos. [locTponTs
¢ynruuio pacnpenenenus F(x).

§ 6. MATEMATHYECKOE O)XHWAAHHUE H JHCNEPCHUA
CJIYYANHON BEJHYHHBI

Mamemamuueckum OHUOAHUEM OUCKPEMHOL CAYLALHON GeAUtlIH6l HA3LIBACTCS
CyMMa TpOM3BeleHHH 3Hauenuit cayyafiHofl BeJHYMHBI HA BEPOATHOCTH STHX 3Ha-
YyeHHi.

Ecan cayuafiuas BeanunHa X XapakTepH3yeTcs KOHEWHBIM DAJOM pacnpese-
JIEHHS:

x; Xi Xo X3 vee X

pi pi P2 Pa ees Pu

To MmaTemaTHueckKoe oxunanue M (X) onpejensierca mo dopay.ae

n
M (X)=xap1-t%aPa-t - .. T XnPp, 1 M (X)= 2 XiPi» )]
i=1
Tak Kak pi-+Fps-t...+pp=1, TO
X1P1+XePo-t - o HXup
M(X)= 1 n
) Prtpet-. 4 Pn

Takum o6pasoM, M (X) ABJseTcs B3BelIeHHON cpeaHeil apupMETHUECKOH 3nayenuil
cay4yafiHOH BeJHYMHBl Xj, X3, ..., X, NpPH BecCax pi, Pa, ..., Pp

®R
Ecan n=o0, T0 M (X) = Z pix; (IpH ycJIOBHH, 4TO- pHX abCOJIOTHO CXO-
i=1 :
JuTCs).

IToHATHE MaTeMaTHYECKOIO OXKMAAHUS PACHPOCTPAHNETC H HA HENpPEepPEIBHYIO
cnyuaiinyio BeluurHy . [ycTs f (x) — nAOTHOCTb BEPOATHOCTH CJ1yuaiiHoll Betnunnbl X,
Torpa mamemamuueckoe 0xcUOaHue HenpepuisHol caywaiinol eaununot X onpege-
JIAeTCSl PaBeHCTBOM

+

M(X) = S xf (x) dx
-0
(npy YCJOBHHM, YTO WHTErpas abCoMOTHO CXOAMTCH).
FeomeTprueckH MaTeMaTHUeCKoe OXHAaHHE KaK HEMPEepHIBHON, TaK M JMCKper-

HOH cayuvaliHOH BeJHUMHBI PaBHO abCUHCCe HEHTPA TAKECTH TLIOWAAH, OrpaHHyeH-
Hoil KpuBOH (MJaH HOJIMTOHOM) pacmpejesenua u ocnio abeuuce. IlostoMy npu
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CHMMETDUH KPHBOH (HJIH TOJMTOHA) paclpefieleHHs OTHOCHTENBLHO HEKOTOPON Np-
MOH, napajJefbHON OCH OpAMHAT, MaTeMaTHueCKoe OXHIAHIE COBNAAAeTC aGCIHC-
COHl TOUKH TepeceueHHs 3TOH OCH CHMMETDHH C OCbIO a6CIlHCC.

Toura ocu Ox, umeomas abcuuccy, paBHYIO MAaTeMaTHUECKOMY OKHIAHHIO
ClIyuaifHON BeJHUMHEI, YaCTO HA3BIBAETCS YEHMPOM pacnpedeieriiss STOMH caydakHoi
BEJHYHHBI. ‘

Hucnepcued cryuaiinoii BeNMUUHE HA3BIBAIOT MAaTeMATHYeCKOe OMKHIAHHE KBAJ-
paTa OTKJIOHEHHS CJIydadHOH BeJHYHHBl OT €€ MATeMATHYECKOrO OKHAAHHUS:

D (X)y=M [X—M (X)]2

Ecnu BBectn oGosnaucnue M (X)=m, To dopMysbl A5 BEUKCAEHHS Jucrnep-
CHH JHCKDETHOH Cayuaiinoii BeJMHYHHbl X sanuiuyTcs B BHJE

a-w?

D(X)= 2 pi (xy—m)?,

i=1

» @
D (X)= 2 pi (x;—m)?* (npu n=w),
i=1
a JJIl HenpepuIBHOH cayvalinofl Bequuunnt X —B BHAe
+ 0
DX = { —mpf (@ ar. 3
- 0

Jas pucnepcuu CayuaitHON BeSUUHHBI CIIpaBel/IHBa dopmya
D (X) =M [(X—a)* ] —[M (X)—a]®, nan D (X)=M [(X—a)®] —(m—a)?, (4)

Ti€¢ a—NpPOH3BOABbHOE YACHO. DTol (POPMYJIOH YACTO MOMBIYIOTCH AJS BHIYHCAEHUS
AHCTIEPCHH CJIyYaffHOH BENHYHHBI, TaK KaK BEIYHCJCHHE IO 5TOH (opMyse OGBIIHO
npoute, ueM no ¢gopmyaam (2) u (3).

Cpednun K6adpamuunsim OMKIOHEeHUeM CAYHaHHON BeJHUHMHBI X HA3LIBAETCH
BesmunHa o, = ¥ D (X).

Cpennee KBagpaTHUHOE OTHOUIEHHE €CTb Mepa PacCesiHHsS 3HAYeHMIl caydaf-
HOH BEJIHYHMHBI OKOJIO €€ MareMaTH4YeCKOro OXKHAAHHA.

872, HNana ¢pyuxius
0 npu x < 0,
f(x) = 4 (1/2) sinx npu 0 <Cx<< 7,
0 IpH X > J.

Ilokasate, uto f(x) MOXKeT CJYXKHTb IVIOTHOCTBIO BEPOSTHOCTH He-
KOTOpO# cayuainoii Besmunubl X. Halitu MatemaTuueckoe oxuganue
H JHCHEPCHIO caydaiHoll BeanynHel X.

/A Hmeem i)
+ ® I
S‘f(x)dngf(x)dxz. R
) 0 g /zj T &
1 . 1 -
=§Ssmxdx=—?cosx}0—l. Puc. 42

]

Kpowme Toro, f(x)=0. CnenopaTensho, f (¥) MOXKET CAYKHTH NUIOTHOCTBIO BEPOSIT-
HOCTH HEKOTODPOH CayuaiiHOH BeqHuyuvbl. TakK Kak mnpsamas x=/2 ABJIAETC OChIO
CHMMETDHH COOTBETCTBYIOWeH Ayrn Kpuso# y=(1/2) sinx (puc. 42), To marema-
THYECKOE OXMAAHMe Cayvaiinodl Bemmuunnl X pasHO /2, T. €. M (X)=m/2.
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Haitnem gucnepcmio. [l storo s ¢opmyne (4) momomum a=0, M (X)=mn/2,
TOrAa OCTaeTCHA TOJBKO BLIYUCIHTL MHTerpaJ, onpepessowuit M (X2); umeem
+ o 1 L2
MXY) = S *2f (x) dx=7Sx2 sin x dx=
- 0

1 2 cos 9y g c L
=3 [ x% cos x| 2x sin x 2uosx]0 =3 (n*—4).
03TCMY

D (X)=~;— (72 —4) — (%)“_—:3%2-—2, = 1/%5—2 ~ 0,69. A

873. Cnyuaiinas peqmunna X XapaKTepHusyeTcsi psaoM pacnpeze-

JICHH A

X 0 1 l 2 3 4

o 0,2 0,4 ’ 0,3

0,08 0,02

Onpenenmb MaTeMaTHUYCCKOEe OXKHJAHUE H AUCHEepCHIo.

A Tlo dopmyne (1) HaxonuMm MaTeMaTHY4eCKOe OKHIAHHE:
M(X)=0.0,24-1-0,4-1-2.0,3-1-3.0,084-4-0,02=1,32.

Hucnepeno wafinem no dopmyne (4), nenmaras a=2; orciona M X)—a=

= 1,32 —2=—0,68. Cccrasasem Tabanny:
x; 0 1 2 3 4
/
X—a —2 —1 0 1 2
(x;—a)? 4 . 1 0 1 4
o 0,2 0,4 0,3 0,08 0,02
pi{x;—a)? 0,8 0,4 0 0,08 0,08

Tenieps maxemnwm

4

AN —a)?] = D} p; (xi—a)*=1,36;
=0

D (X)=1,36—(—0,68)*=1,36—0,4634 = 0,8966; o, =} 0,5066=0,95. A

874. B ypue 6 Genbix 1 4 wepunix mapa. M3 mee nato pas mo-
APSAA M3BJICKAIOT IIap, NpHYEM KaxKibld pas BbIHYTHIA Iap BO3Bpa-
IMaloT B YPHY M WIapel nepevelwnsawT. IlpuuaB 23a ciyuaiinywo se-
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JIHYHRY X 4nCI0 H3BJEYEHHLIX GesblX apoB, COCTABHTL 24KOM pac-

npeaeseniis 3TOi ECJMUIIHBI, ONpEIACJHTE €€ MaTeMaTH4eCKoe OxKuia-
HII€ N AHCIEPCHIO.

875.- [lana ¢ynkuis

( 0 npn x < 0,
fx) =2 A(dx—x%) mpu 0<x<2,
l 0 npH x> 2.

Ipi kaxkom sHaueHuu A GyHKOUS f(x) MOxkeT ObITh MPUHATA 33 TIOT-
HOCTb BEPOSITHOCTH cJayuaiHoil Besanuuusl X? Onpenenits 310 3Ha-
ueHile A, HaliTll MaTeMaTHYeCcKoe OXKHJaHHe M cpelHee KBaJpaTHYHOe
OTKJ/IOHEHHe COOTBeTCTBylomell cayuaiinoil Bemndnasl X.

§ 7. MOJA H MEJUAHA

Modoii Oduckpzmuoti cayuabdnod sceauquns: X HasbiBaeTcs ee HauJoJee BeposT
HOE 3Hauenue.

Modoii uenpepoigriol cayuatinod 6eauvunust X HasplBa€TCA TO €€ 3HAUEHIE,
npll KOTOPOM IIOTHOCTb Pachpeie’ents MakcliMalIbHa.

Mojiy Oyiey o603Hayars CHMBOJOM M.

Meduaroi HenpepuiBHOIN  cayuaiinofl BeTHusHel X HA3BIBAETCA TAKOE €€ 3Ha-
uenie W, AJs KOTOPOro OJMHAKOBO BEpOSITHO, OKAXeTCs JIHI Ciaydyalillag BeJHuMHA
MeHbuwie win Gosbwe W, T. €. P (X < p)=
=P(X > pn)=0,5.

Ieomerpuqecxu Moja siBasietcst abcuiccolt f(z)

TOW TOMKH KpPHBOI (MOJMUTOHA) pacmpeieeHus,
opaHHata Kotopoll MakcumadbHa. Opaunnara
JKe, IpoBejeHHas B TOuKe ¢ abciuccoil x=u,
ACTHT NonoJas InJaoulalib, OI‘paHH‘lQHHyl'O KpH-

Boii pacnpeseienns.  Ecau  npamasn  x==a 7 H KA
SIB/IS€TCS OCBIO CHMMETPHH KpPHBOI pacrnpejere-
g y=[(x), 1o p=p=»M (X)=a (puc. 43). Pic. 43

876. Jlana n/IOTHOCTH BEPOSTHOCTH HeNPEPLIBHON CJyuaiiHOH BesH-
qiHsl f (X) = ae?*~*" (@ > 0). Hafitu moxy 3Toil ciyuaitHoil BeHUHHbI.

A Haiiten vaxcnyyst ynguns y=[ (). JAI7 3T0r0 HaXOXHM NPOU3BOLHEE
NEPBOTO 1 BTOPOIO NOPSIKOB:

Fx)==2a (1 —x) e2¥—%2, [ (x) =—-2qe25=+* -4 (1 —x)? e2¥ ~ %%,
M3 ypasuenns [’ (x) =0 noayuaem x=1. Tak kak " (1)=—2ae < 0, To npu

x=1 ¢yukuus f(x) umeer MakcuMym, 1. e. M=1. Mu ne ONPRACASAN 3HAUCHH
NCCTOAHIOH BEJHUHIIBL @, TaK KaK MAKCIHMyM QYHKUHH [ (X) =ae?¥ =% He 3aBuCHT
OT 4YHCJIOBOTO 3ilaueHus a.

877. Jlana nmaoTHOCTb BEPOSITHOCTH cJayuaiinoll Beauuynuusl X;

0 mpu x < 0,
f)=1{ x—x% mpn O=Cx<2,
0 npn x> 2.

Haifitn Meaunany srofl cayualinoii BeJHYHHEBL

/\ Meaunany p Haligem n3 ycaosna P (X < p)=0,5. B nanuom cayuae
w

> | S 12 4
P(X<p =S ("—T x3>dx=L2——T—6.
0 [N
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Takum 06pasoM, TPHXOAHM K ypasHenuio p?/2—pt/16=0,5, miu pt—8p?-8=0,
OTKyJa p= % V4 + V8. U uerbipex KOpHeil 5TOro ypaBHEHUS HYXKHO BhIOpaTh
TOT, KOTOphil 3akmouen Mexay O m 2. Taxum obGpasom, u:l/4— Y 8~ 1,09. &

878. Jlau psii pacnpefeleHHs JUCKDPETHOH C/yvailHOH BEJMUYHHBL:

X 10 20 30 40 50 60

Pi 0,24 0,36 0,20 0,15 0,03 0,02

Hafitu mony.
879. Jlama TJOTHOCTb pacIpeleseHHsi HeNmpephlBHOMN CJydaiHoM
BEJIUUUHBL

( 0 npu x < 2,
fx)==x+ a(x—2) (4—x) mpu 2<<rx=<4,
0 npuy x> 4.

Onpenenuth 3HaueHHe @, MOLY H MeIHaHy.

§ 8. PABHOMEPHOE PACHPEJEJIEHHE

Pasromeprpim HasHBaeTCsl paCIpejeseHHe TaKMX CJAydadHBIX BeJIHYHH, BCe
3HAQYEHHST KOTOPLIX J€XKaT Ha HEKOTOpoM oTpeske [a, O] M HMEIT NOCTOSHHYIO
IVIOTHOCTL BEPOSITHOCTH Ha 5TOM OTpPe3Ke (pHuc.

(z) 44). Takum oGpasom,
) (0 mpu x<a,
;}’ f(x)::ih npu  a<<x<bh,
¢ — 0 npu x> b.
4 & 4 &  Tak xak h(b—a)=1, To h=1/(b—a) u, caeno-
Puc. 44 BATeNbHO,
( 0 nmpu  x < a,
f(x)=t 1/b—a) mpu a<<x<b,
npu x> b.

880. OmpenennTe MaTeMaTHYECKOE OxKHJAHHE CAYYaHHON BEJIHUHHEL
C PAaBHOMEDHBIM paclpeseseHueM.

/\ Hmeem
: : 1 1 ’ 1 p2—a?
= = al = 2] = . a
M(X)_Sxf ) dx_gb—adx_—b~a 2 Th—a T2
a a a

. e. M(X)=(a-+5)/2, Kak 310 H JOMKHO CBITL B CHJly CHMMETPHH paclnpejeJie-
HUS.

881. BryuCAUTH AUCTIEPCHIO U CpejiHee KBaJpaTHUHOE OTKJOHEHUE
JJId CJAy4aHHOH BEJMYMHBI C PAaBHOMEDHBLIM DACIlPe/lesieHHeM.

A Hcnoassyem dopmyay D (X)=M (X%)—[M (X)]?, yuuteiBast HalinenHoe
B npeapayuiedt safade shavenne M (X)=(a-}-0b)/2. Takum oGpasoMm, ocraercs
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BEMHCAHTE M (X?); umeem

’

. 1 o _ ®—a®  E*Hf-ab--a?
36— | T30—a 3 :
a

b -
M(X2)=Sb_adx
a

Orcrona

b2 Lgbta? 2 —a)2
Y T o N ot )

Caegosarensto, 6,=V D (X)=(¢—a)/2V 3). A

882. Bce 3naweHHsi paBHOMEPHO pacIpesiesieHHOH cay4adHON Besu-
uiHBL JexxaT Ha oTpeske [2, 8]. Haiitn BeposiTHOCTD NONAAaHUA Cay-
yaiiHOH BeJHUHHBI B MPOMEXRYTOK |3, 5[.

883. I'loesna nanHoro maplipyTa FopoJCKOro TpaMBas HAYT C HHTEp-
BajoM 5 muH. Ilaccaxkup NOAXOZUT K TpaMBaHHOH OCTAHOBKE B HEKO-
TOPBII MOMEHT BpemeHH. KakoBa BepOSiITHOCTH TMOSBJIEHHS Naccaxkupa
He paHee yeM Yepe3 MHHYTY HocJe yXOoAa NMPeAbAymlero mnoesaa, Ho
He TO37Hee YeM 3a JBe MHHYTHL J0 OTXOJa CJAeAYIOWEro Inoesia?

§ 9. BUHOMHAJIbHBIA 3AKOH PACNPEJEJIEHHS. 3AKOH ITY ACCOHA

Ecnu BeposITHOCTH HACTYNJEHUS CJAYyYafHOTO COOHITHSA B KamKJIOM HCNBITAHUH
paBHa p, TO, KaK HWB3BECTHO, BEPOSTHOCTH TOTO, YTO NPH 7 HCHBITAHMAX COGBITHE
OCYILIECTBUTCSI m pas, ompepenasercsa cdopmyJoir Bepuynau:

Py, n=Crpmq"=" (tae ¢=1-p).

3akoH pacnpefesieHus caydafiHoil eemmumHE X, KOTOpad MOXeT NPHHHMAThb
n-+1 snagenwe (0, 1,..., n), onucuiBaemnlii Qopmysoii bepnyanu, HasmiBaeTcs
GLHOMUANBHOLM.

3aKkoH pacnpefelieHHs CHydaliHOH BenlMuMHH X, KOTOpasf MOXKeET NPUHHMATh
Jo6bie enle HeoTpHiiareibHue sHaueHus (0, 1,2, ..., n), onucuiBaemsrit GopmyJiol

P a7 4-a
(X:m):—mTe ,

HOCUT HasBanue saxoxa Ilyaccona.

3akou IlyaccoHa siBAsiercss 3aKOHOM paclpefeJeHHA BEPOATHOCTEH, Hanpumep,
LISt CAEAYIOMM X CAy4alHBIX BEJHUMH.

a) Ilycrb Ha uutepane )0, N[ ocu Ox cayuafino pasmemaloTCa 7 TOUEK
HE3aBHCHMO APYT OT Apyra, MpHYEM COGBITHS, 3aKJIOYalolmuecs B NONafaHHU OLHOM
TOYKH Ha JIoG0H Haneper 3ajlaHUbId OTPE30K TOCTOSIHHOH (HampHMep, eJHHHUHOI)
LJIMHBI, PaBHOBEPOSTHLI.

Ecam N— o0, n~> 00 u a= lim TO chayuaiiHad BeauunHa X, pas-

R
N » o N
Has yuCJdy TOYEK, TMONajaloliUX Ha 3aJlaHHBIH OTPE30OK eNHHHUHOH JJIHHBI (KoTopas
MOXKeT mpHHWMaTh 3Hauenus 0, 1, ..., m, ...), pacupeseasercs no 3akony Ilyaccona.

6) Ecin n paBHO cpejHEMy YHC/IY BBI30BOB aBOHEHTOB, MOCTYHAKONIMX 34 OAWH
yac Ha JaHHYyIO 're.ne(bom{yxo CTAHIUI0, TO YHCJIO BBI30BOB, NOCTyMNalOmWUX 3a OLHY
MUHYTY, TpHOIHKEHHO pacmpegeasiercss mo 3sakony [lyaccoma, mpuuem a=n/60.

MaremMaTHUeCKOe OXKHJaHue U AUCIIEPCHA cnyqai’mmx BEJIHUHMH, paclipe/eseHHbIX
no OGWHOMHAJbLHOMY 3aKoHy M 3akoHy I[lyaccona, onpenessioTcs no CJELYIOUHM
¢dopmy.am:

AJst GuHOMHaabHOroO 3akoHa: M (X)=np; D (X)=npq;

ansa sakoHa [lyaccona: M (X)=a; D (X)=a.

197



884. ApTomatHueckasi TesedoHHAs CTAHUUS MOJNyHaeT B CPEIHEM
3a uyac 300 BbI30BOB. KakoBa BepofiTHOCTb TOrO, YTO 33 AAHHYIO
MHUHYTY OHA MOJYYHT TOYHO [Ba BbI30Ba?

A 3a munyty ATC nonyuaer B cpennem 300,60 =5 BH30BOB, T. €. a="5.

Tpebyercst naiitu Pp. Ilpumenus ¢opmyay IlyaccoHa, HaxoxuM
52 25
=—e=5=——=0,09.
Pr=gremt=-7~ 000 A

885. Kunrra B 1000 crpaunu nveer 100 oneyarox. Kaxosa Bepoar-
HOCTb TOTO, YTO Ha CJAyYaiiHO BHIGPAaHHOH CTpPAHIILE HE MeHee YeThIpex
OIeYaToK?

A\ CperHee KOJIUECTBO ONEYaTCK Ha OjHY crTpanmny ecrs a=100/1000=0,1.
B jpaunom ciykae cjlelyeT npuMeHHTh Qopyysay [lyaccona:

(0, ym
Pm :‘(—_"m‘ e—0.1,

3neco P, — BepoATHOCTL HMeTD f1 ONEYaTOK Ha OAHOH CTpaHHIE.

Ecau m=0, 10 Py==c~%1; ccam m=1, 10 P;==0,1.2-03; ccnu m=2, 10
Py~=0,005-¢-91; ccmu m=3, 10 P;=0,000167.e~%1, Cymma Py Pi+Py--P;
SIBAAETCA BEPOSITUOCTHIO TOTO, YTO HA CTPaHILE OKamKeTcs He §oJjiee Tpex oneyaTox.
Sra cyuma pasra 1,105167.¢-01, BeposiTHOCTb K€ TOrO, YTO Ha CJy4aiHO BuIGpaH-
HOil CTpaHHIle He MEHee YeThIPeX OleyaTok, paBHa

1—1,105167-¢%! =1—1,105167.0,904837 = 1 —0,999956 = 0,000004. A

886. Cpenu cemsin pxu nveercss 0,4% cemsn copuskos. Kakosa
FEPOATHOCTL NpH cayuaiinom o1éope 5000 ceman oGHAPYKHTb 5 ceMaAH
COpPHAKOB?

887. Oupeje/miTh MaTeMaTi4ecKoe OxIjamiie I JHCIEPCHIO 4acTo-
TBL m/A NOSIBJAEHHI CJyYafiHOro cOOLITHA MNP 7 HCOBITAHUAX, eC/IH
BEpOSITHOCTb TOSIBJIEHHsl COOBITHS [pPH OJHOM HCIBITAHHM paBHA p.

888. ITokasaTh, uTo OuHOMIAJLHOE pacnpejeneHie obpamaercs
E npepene B pacnpenenenne Ilyaccona, ecad n-—oo, p—0, HO
np=a.

@ Bocnons30BaThCs PABEHCTEOM

1 2 m—1
o (1=2) (122} (12)
C;T;p”"q"_”‘ — h n n (1 — m

m!

H NCPCHTH K mpeseday.

889. Cayuaiinasi Beauunsa X nofdinena GHHOMHAJLHOMY 3aKOHY
pacnpetenenust P (X =m)=C}pmg"~". Onpefeantb MateMaTHYecKoe
oxuaauue 31oil caydaliHoil BeJYIHbL.

/\ Hueen

n n n
M (1\): Z mC{z’Ip’”q"—’” — Z mCﬁ”p”’q""" = np Z _{_:Z_ ”?pm-lqn—m'
m=20 =1 m=1
Ho
m .m _ M. nin—H(n—2)... (n—m-1) —cm-t
n n 1.2.3... (m—)ym et
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CriezoBateIEno,

n
M(Xy=np D Cirfpm=1pti=D=tm=D=np (p-}-g)n-3,

m=1

T. e M (X)=np.

890. Onpexenuto micnepcnic caydaiinoli peauuynnsl X, NoJulHeH-
HOil GHHOMHAJBLHOMY 3aKOHY pacipeieseHisl.

A npe,lBapHTC‘JIbHO Hailzem MareMaTHyecKoe OXKHJAaHIe cnyqa;"moi'l BeIHUMHEL X2
n

n
a m
M{X?) = 2 m2Cpingn—m —=np _;_ me— Clpm=1gla=D=(m =1 =

m=1 m=1

n
=np 2 mCy=t pm~lgtn=h~(m -1) =
m=1

= npk Z (m—1) C'/f:1 pm=lgtn=b—tn-1) 1 2 loyin }pm-lqw—n—(m—h> .

m=1 m=1

ITepsast M3 cyMM B CKOOGKAX fABIACTCH MaTEMaTHUECKHM OXKHAAHIICM CJyuafi-
HOll  BemMumHbl X, MOJuMHeHHON GuHOMuaJbHOMYy 3akony P (X=m-—1)=

= Ciioipm=1lgn=H=m=1), nosromy ona pasHa (n— 1) p (CM. IPEABIAYILYIO 3a%auy).
BTOpaH XKe cy\ma paBHa (p+q)" 1=1.
Hrax, M (X2)=np (n—1) p+np. Ho D (X)=M (X2 —[M (X)]2, nosromy
D (X)y=n?p2—np?-Lnp—n*p>=np (1 —p)=npq. A

891. Haiitn maTemaTiiueckoe O:kiJaHie CJayuailHoil BeJiuuHbl X,

al’llc —-a
nojunnennoil sakony Ilyaccona P (X =m)= 5
/\ Vneexm
o o0 o I
—~ ame=—a o Y Lpo— @ am=
MEX) = 2 m@e N et - B )
ni! m! (m—1)!
m=19 m=1 m=1

am—1 .
Ho 2 (m—l)‘ =¢%, caerosatensHo, M (X)=a. A

m=1

892, Haiitu micnepcuio ciydaiiHofi Besnuiinel X, NOAYMHEHHOH
gakony Ilyaccona.

A\ Crasajaa HaxXo UM

o

Q. ame— ane—a
M = 2‘ ; ml 2 (m—l)'

m=1

o

alﬂe—a Ul a”le-(l
=2, (n—1) (m— 1)!‘{'}- ni—

nm—
m:l =l(

@®

_aZ(m 1) 1),+ae E @

1 \ (m— !
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Ileppas cymMa siBisiercsl MaTCMaTHUeCKHM OXH/JaHHEM cuaydaiinolt semnunusl X,
nopuuHeHoll sakomy Ilyaccona, a Bropast cymma pasHa e?. Otciofa nosiyuaem
M (X2)=a%+-a. Caeporarensto, D (X)=a®-ta—a?=a. A

893. BeposTHOCT, TmONajaHusi CTPEJKOM B MHLIeHb paBHa 2/3.
Crpenxom cpenano 15 Beictpesos. Coyuaiiasi BesnunHa X —4HCJO

nonagaHuil B MuuleHb. HalTu MaTemaTHueckKoe OXKHJAHHE W AHCHEp-
cHIO cayyallHOH Besnunubl X.

/\ 3ech cJeyeT BOCNOJIb30BATHCSA 3HAYCHHAMH MATEMAaTHUECKOIO OXKHUAAHHI
U JAHCIIEPCHU 151 GHHOMH &/IBHOTO 3aK0Ha paciipeieaenusn: M (X) =np = 15-(2/3)=10,
D (X)=npg=15-(2/3)-(1/3)=10/3. A

§ 10. NOKA3ATEJILHOE (3KCNNOHEHUMAJILHOE) PACNPEAEJIEHHUE.
PYHKUH A HAJE)XHOCTH

Armanorom zaxoma Ilyaccoma xS HeNpepHIBHBIX CJYYANHBIX BENMYHH CTyHKHT
nokasameavHutl (IKCNOHEHYUAALHBIE) 3aKOH, (YHKUHS IVIOTHOCTH paclpeienshust

KOTOPOrO HMEET BHJ
0 npa x < 0,
F) ~{ Ae=rx mpm x=0,

rae A > 0— nocTosIHHBIA mapaMerp.
QyHRIHA pacnpeieleHHs (MHTErpaabHass QyHKUHA) N0KA3aTeJbHOrO 3aKOoHa

F(x)= S F(x) dx:Sxe-dezl—e-M,
-0 O

0 mpu x< 0,
F(x)ﬁ{l—e—hx npu  x>=0.

BeposTHoCTh nonajaHus cayuadHol Beanumipt X B uHTEpBat lo, B[ cocraBader
P < X < B)=F (B)—F (&) = (1 —e=48) — (I —e~7%) =~ ha— =48,

P < X < By=e-ro—e-28,

OHEQAQJII/IM UHCJOBbIE XaAPAKTCPHCTHUKH NOKa3aTEe/bHOTIO 3aKOHA paclipene/ €yl
MaTEMATHUYECKOE OXHJaHue

w
MX)= \x xhe—hx dx = >—xe—7vx——-l— e—MA ol
Yo, = =| - 0 =7
ILHCHCPCHH
@D
D (X) =\ we-reas— [ oy =
[
0
2x 2 Ak 1 2 1 |
e | —— 20— Ax ST oA S o =
[ e i 75 ¢ xJo M TR A

cpeanee XpajgpaTiuyHOE OTKJIOHCHHE

6(X) =V DT W=—, 1. e M(X)=0(X)=

L
3 e
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Ecnp T-—mnenpepuiBHasl ciyualiiad BeJHYMHA, BBIPAXKaiowas NPOJOJKHTENb-
HOCTh BpEeMEHH 0e30TKa3HOH paloThl Kakoro-1u6o sJeMeHTa, a A— HHTeHCHBHOCTb
OTKa30B (CPEAHEe YHCJIO OTKAa30B B €IMHHLY BPEMEHH), TO IPOAOJKHTENIBHOCTH Bpe-
MeHHM ¢ Ge30TKa3HOK paBOThi TOrO 3JEMEHTA MOMKHO CUMTATh CJAydaiHOll BEIHYMHOH,
pacnpeleJeHHON M0 IT0Ka3aTeJIbHOMY 3aKkoHy C GyHKLHeH pacnpexpenenus F (f) =
=P (T < t)=1—e-M (A > 0), goTopast onpeiensier BEPOSTHOCTb OTKA3a 3JEMEHTa
8a Bpemda i.

Dynryua nadescrocmu R (1) ompejessier BepoATHOCTb Ge30TKA3HOMN paGoThl sJe-
MeHTa 3a Bpems f: R (f) =e~At,

894, Ilas xakoro 3HaueHus k GyHKIUUS

o 0 opu x <0,
f(x) _{ke"M npu x=0

ABJAETCA q)yHKHHEﬁ IIJIOTHOCTA MOKAa3aTeJbHOro 3aKoHa?
e 2] o]
A Tak xak f(x)=0 mpu x< 0, 10 Sf(x) dx=§ke—7~xdle. Otciona
0 0

e—7\.x @ k
k[~T—]O =1, F=1, n e k=) A

895. HempepoiBHas cayuaiiHas Beanmunua X pacopefeseHa Io
TI0Ka3aTeJbHOMY 3aKOHY:

o 0 npu x < 0,
f(x)—{éle"‘x npg  x=0.

Haitn BEpPOSITHOCTh TOr'0, YTO B pesyJbTare HCIIBITaHH#A X nonajer
B uHrepsaa |0,2; 0,5[.

A\ Hcnoansys dopmynty P (o < X < B)=e~2%—e—248, nmeem

P(02< X<0,b)=e-402—p=405=p-08_ ¢-2=0,4493—0,1353=0,314

L(11.71;1 BBHIUKCJICHN A 3HAUeHNH GYHKUNH e~ ¥ MBI Bocno/Ib30Basuch Tada. 11 nac. 410). A

896. Bpems ¢ pachopMupOBaHHA COCTaBa yepe3 rOpKy-—cJ/aydaid-
Hasl Be/JIMYHMHA, MOJYHHEHHAs IOKa3aTeJbHOMY 3aKOHY. [lycTb A=5—
Cpe/lHee YHCJIO II0e3[0B, KOTODBle TOpPKa MOXKeT pacdopMHpoBaTh 3a
1 4. OnpeneauTb BEePOSTHOCTb TOFO, UYTO BpeMs pactopMHpOBaHHsi
cocraBa: 1) menbure 30 MuH; 2) GoJblie 6 MUH, HO MeHbwe 24 MUH.

/\ HcrnoasayeM ¢yHKUMIO paclpejesieHHsT NOKa3aTeIbHOro sakoHa F (f) ==
=P(T < )=1—e"M,

1) BeposiTHocTh TOro, 9TO pachopMupoBaHue cocTaBa 3aiimer Metee 30 Mmun=0,5 u,
€CThb

F(0,5)=P (T < 0,5) =1 —¢=5:05==1_¢-25=1_0,082 = 0,918.

2) BeposTtHOCTB TOTO, 4TO BpeMs pacthopmuporanus cocrasasier or 6 Mun=0,11y4
10 24 muu=0,4 4, Taxkosa:

PO1<T <04)=e" 8017804 -p=05__p-2-0,6065—0,1353=0,4712. 4

897. BepoarHocTh 0e30TKa3HOH paloTHl 37eMeHTa pacupejeseHa
IO T0Ka3aTeJbHOMY 3aKOHY [ (f)=0,02¢~%%¢ (¢ > 0). Haiitu Bepo-
SITHOCTb TOrO, YTO 3JEMEHT npopaboraeT Ge30TKa3HO B TeueHnue 50 u.
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A\ Henoassys  pynxumio  nagexuoctn R (f)=e~*, noayunm R (50) =
=eT 00200 2-1=20,3679. A

898. HenpepeiBrast cayuaiinas Beaumyuna X pacnpejeneHa 1o
NOK23aTeJbHOMY 3aKOHY f (x)==2,5e~%% npu x>0 u f(x)=0 npn
x < 0. Haiitn Marematnueckoe oxiijaHue, JHCIEPCHIO H CpejpHee
KBajapaTHUHOE OTKJ/IOHEHHE.

899. HemnpepeiBHas cayuafinas Beanuuna X pacnpejeneHa Ho
NoKasaTeJbHOMY 33KOHY € (PyHKIHeH NJIOTHOCTH

i(x)={ 0 mpu x< 0,

7e=7% mpn x=0,
Haiitn BepostHOCTh TOrO, 4TO B pe3ynabTate HcnpiTanuii X mnomager
B unrepsa’a ]0,15; 0,6]. .

900. Haiitn mMaTeMaTuueckoe OxHAaHue caydyaliHON BeauusHbl X,
pAcIpeeJIEHHON O I0KAa3aTeJbHOMY 3aKOHY, ecan (YHKIHA pacrpe-
JleJIeHH s HMeeT BHJ

0 npu x < 0,
F(X):{ l1—e=%%% npn x=0.

901. Bpeums ¢ pacopMmupoBaHHSI COCTaBa 4epes TOPKY—cJydaii-
Has BeJUYMHA, NOJYMHEHHAs NoKasareJbHoMY 3akoHy. [lyctb A=5—
CpeliHee UYHCJIO 110€3[0B, KOTOpBHIE TOpKa MOMXKeT pacopMHpOBaTh
3a 1 u. Onpejfenurb BePOSITHOCTL TOTO, 4TO BpeMs pachOpMHPOBaHHS
cocraBa cocraBut Gosee 0,3 u.

902, daureasHocTh BpeMeHH 6e30TKa3HON paGoTHl 3/1eMeHTa MMeeT
nokasatesploe pacnpefenenne F ({)=1—e %% (¢ > 0). Haiitu
EEPOSITHOCTDL TOTO, YTO 3a {=24 u sjeMent: 1) orTkaxer; 2) He OT-
KazKerT.

903. BeposrHocts Ge30TKasHON paboTHl TeJeBH30pa pacnpejesena
110 nokasaTesbHOMY 3akoHy f(f)=0,002¢~°%* ({ > 0). Hafitu Bepo-
SITHOCTb TOrO, 4TO TeseBH3op npopaboraer 1000 u.

§ 11. HOPMAJIbHbIM 3AKOH PACHPEAEJIEHHSA. ®YHKUM S JIALJIACA
Hopatawnel sakon pacnpedeienus XapakTepPH3YeTCs MAOTHOCTHIO
1 2/(9g2
— = (x=m)%/(20%)
X)—=—————¢ .
F @ V=

Hetpyauo Bu3eth, uT0 QyHKMIA [ (¥) YIOBJIETBOPAET ABYM YCJIOBHAM, NpeIbiB-
-+ %
AACMBIM K TLIOTHOCTH pacnpegeaennsi: 1) f(x) > 0; 2) S fdx=1.

-
Kpueast y=f (¥) umeer Buj, Hsofpaxennnil Ha puc. 45. Ona cumMerpHuna
OTHOCHTeJABLHO Hp#MOIl x==m, MaKClIMajbHas OpAHHATA KPHBON (IpH X=m) paBHa

1/(cV 27) u oce aGcuuce sBaseTcs acHMAToToil sToit Kpusoil. Tak Kax
+ @

S X[ (x) dx=m, To mapaMeTp m ABJIAETCA MATEMaTHUECKHM QiKHJANMHEM Caydaid-

-
4@

Hoit seauunter X. C Apyroil CTOPOHH, S (x—m)? | (x) dx=0?, otryaa D (x) =a?,

-0
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T. €. 0 ABJAETCS CPefHHM KBAJPAaTHUYHBIM OT- )
KJIOHeHHeM BeauduHsl X.
BBejem o6o3naueHue

. \
6vir :

X
D (x)= V?TE Ye*tzdt. ] i
0 Puc. 45

Oyuxuusa @ (x) HaswBaetcs (yuxyued Jlansaca, WM UAME2PAI0M 6epOIN-
Hocmel. 3Ty QYHKIHIO HA3LIBAIOT TaKkKe ¢yuryued owubok U obosHauawot erf x.

Hrorpa ucnomesyiorcst n apyrue dopumel ¢ynknuu Jlamiaca, mnanpumep, @ (x) =
x
1

YV in

— 2
Se B2 gt (nopmuposannasn ¢yuxyua Jansaca), Kotopas CBf3aHa
0

2

¢ dyuknueit omubox @ (x) =-—== | e~t*d¢ coornomennem @ (x) ==0,5D (x/V 2),
7

Oy e

i © (x ¥V 2)=0,50 (v).

Aas peluncaenus suauennit Gynxunm Jlammaca noansyieTed  CHCUHATBHOR
Tabianued (cM. Taba. I na c. 411).

BepositHoeTs momanarus 8 uurepsan la, b[ cayuaitmoit seanumnst X, noxun-
HEHHOH HOPMaJIbHOMY 3aKOHY, ONpefe/sieTcss depe3 3HaueHus ¢yHxuun Jlamiaca

1o ¢opmyJe
Pla< X< b):O,S[(D < é’]—/'_’;>—@ <%)]

OrtmernM cregylowse ceolictea ¢ynkunn Jlamtaca.
0

1e, @ (0)=0, Tak Kax Se‘” di =0;
0

0

2 2 VvV
20, @ =1, nockoabky @ =—"_\ePdi=—"—. =1
(+ ) v @k e=—re | o by=1i
o

30. D (x)—HeueTHaa GYHKU NS,
CnpasegaiBa Takxe dopmyJa

P(lX—m|< £)=(D<

e
oV 2
C moMOUIbIo 3TOH (POPMY.IBI MOIKHO HAXOJHTH BEPOSTHOCTH TMONMATAHUA CaydaliHolf

BeJIH4dHHBI, HOA‘H/IHCI!IIOI"[ HOpManbHOMYy 3aKCHY, B NHTEpBaJ, CHMMeTpIILIHbIﬁ oT-
HOCHTE/JIbHO TOYKH .

904. Cayuaiinas BenuunHa X pacnpejienieHa 10 HOPMa/bHOMY
3aKOHY C MaTeMaTHYecKHM oxugannem m= 40 n aucnepcueil D = 200.
BuIYHCINTD BEPOATHOCTH IONAJAHHS! CAyYaHHOH BeJIHYHHLI B MHTEp-
Ban ]30, 80[.

A 3xeck a=230, b=80, m=40, 6=1200=10 )" 2; noapsyscn Tadm. III
Ha c. 411, Haxoaum

80—40 30—40
PE0< X<80)=05]0 (040 N g 3040 N1
< 0[ <10V2'V2> <10V2-V2>]
—0,5[D (2)+ D (0,5)] =0,5 [0,0951-0,521] =0,758. A
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905. Cuuraercs, uTO OTKJOHEHME JJHHBI H3TOTaB/JIMBaeMBIX AETa-
Jiefl OT CTaHAapTa sIBASETCS CAy4aiiHOH BEJMYMHOH, pacnpeneeHHo#
N0 HOpMasbHOMY 3akoHy. Ecau crappaprsas LJdHa paBHA m= 40 cM
W cpefiHee KBaJpaTHUHOE OTKJOHeHue paBHO 0=0,4 cM, TO KakKyw
TOYHOCTD JJIMHBL M3AEMHS MOXKHO TapaHTHPOBATh C BepoaTHOCThIO 0,87

/\ TpeGyercs HalTH MOJOXKHTeNbHOE ~ YHCI0 & AJdA  KOTOpPOro
P (| X—40| < &)=0,8. Tak kak

P(|X_40|,<e)=c13< >:CD(1,778),

€
0,4y 2
To 3ajaua CBOJAUTCS K pemenuto Hepasencrsa @ (1,77¢) > 0,8. C nomolipio ra6a. 111

yCcTaHaBJMBaeM, YTO 1,77¢ > 0,91, Ocraerca HaliTu HauMeHbIl€e 3HAYeHHE &,
YIOBJETBOPSIIOIlee 3TOMY HEDABEHCTBY, OTKYJAa e=0,52. A

906. CrpeanGa Besercs u3 Toukn O Bnoab npawoit Ox. Cpenusas
JaJbHOCTb Tojleta cHapsiga pasHa m. Ilpexnonarasi, 4TO AaJbHOCTD
nonera X pacnpefeneHa IO HOPMaJbHOMY 3aKOHYy CO CpPEJHMM KBaj-
paTHUHBIM OTKJOHeHHeM 0= 80 M, HaHTH, KaKoil MPOLEHT BhIyCKae-
MBIX CHapsi0B aact nepesner or 120 no 160 m.

907. Cnyuafinasi pejndnsa X TOAYMHEHA HOPMATBHOMY 3aKOHY
¢ MaTeMaTHUecKHM OXHIAHWEM m M CPeJAHHM KBaJ(paTHYHLIM OTKJIO-
HenpeM ©. Bpuucautbh ¢ ToyHocThio 10 0,01 BepoATHOCTH monaja-
wusi X B uHTepBatnl |m, m-+of, lm-+o, m-20[, Jm-+ 20, m 4-30].

908. [lokas3aTb, YTO BEPOATHOCTL NONAJAHHA B HHTEPBAJ Ja, o[
cygafinoll BenuunHE X € MaTeMaTHYECKHM OXHIAHMEM fm U CPeAHHM
KBaJ|paTHYHBIM OTKJIOHEHHEM O, TNOJYHHEHHOH HOpPMaJbHOMY 3aKOHY,
He W3MEHHTCS, eCJQM Kaxuoe W3 4Hcea a, b, m ¥ O YBEJIMYHTb
B A paz (A>0).

909. Macca Barona—cJydaiiHasd BeJHYWHA, pacnopeieseHHas Io
HOPMaJIbHOMY 3aKOHY C MaTEeMaTHYECKHM OXHIAHHEM 65 T u cpefHUM
KBaJpaTHUHbIM OTKJoHenueM o=0,9 1. Hajith BeposTHOCTB TOTO,
yTO OuepelHOil BaroH umeeT Maccy ne Gosee 70 T, HO He MeHee 60 T.

910. Macrepckasi H3rOTABJMBAaeT CTEPXKHM, JAJHMHA KOTOPBIX l
TnpeAcTaBasieT cofoil cayualiHyio BeJIHYHHY, PACNPEAC/ICHHYIO O HOp-
MaJbHOMY 3aKOHY C MaTeMaTHYeCKMM OXKHJAaHWeM H CpPEIHHM KBal-
paTHYHBIM OTKJOHEHHEM, PABHBIMH COOTBETCTBEHHO 25 u 0,1 cm.
HaiiTh BeposSiTHOCTb TOTO, YTO OTKJOHEHHE NIJUHBL CTEPKHA B Ty
WM APYTYIO CTOPOHY OT MATeMaTH4eCKOro OXMAAHUs He peB3oi-
ner 0,25 cm. '

911. Tloean cocrour u3 100 Baronos. Macca KaxJoro BaroHa —
cayuaiinas BeJMYMHA, PACIpEleeHHass M0 HOPMANbHOMY 3aKOHy
¢ MaTeMaTHUeCKHM OXKujaHueM =65 T ¥ CpeJHAM KBaJAPaTHUHBIM
oTka0HeHHeM o= 0,9 T. JIOKOMOTHB MOMKeT BE3TH COCTAB MacCOH He
Gosee 6600 T, B TPOTHBHOM CJyyae HEOOXOLMMO MPHUIEIJIATH BTOPOH
JOKOMOTHB. HaliTH BepOATHOCTH TOrO, 4TO BTOPOH JIOKOMOTHB HeE
noTpebyercs.

912. JIuamerp jeraju, H3roTaBIMBaeMOH Ha cTaHKe,— cJaydafdHas
BeJINUIHA, pacupeleneHHas MO HOPMAaJbHOMY 3aKOHy C MaTeMaTu-
YeCcKHM OXKHIaHHeM @=2b CM ¥ CPeAHHUM KBaJpaTHYHBIM OTKJO-
pennem o= 0,4 cM. Haiitn BepoATHOCTbL TOTO, UTO ABE B3SITHIC HAyAAUY
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JNeTaJH HMEIOT OTKJIOHEHHE OT MaTeMaTHYeCKOro OxujaHusa mno abco-
JIIOTHOH Besinyupe He Oosee 0,16 cMm.

/\ BeposiTHOCTb TOrO, UTO HayAaduy B3sTas JeTajdb HMeeT OTKJIOHeHHe § B Ty
HJAKX JAPYTyIO CTOPOHY OT MAaTeMaTHYeCKOro OXKHAAaHHs, COCTaBJIsET

Pla—8< X <at+8=P(X—al< 8=20 (§/0).
Orcioga
P X—25] <0,16) =2d (0,16/0,4) = 2D (0,4) = 2.0,1554 = 0,3108.

Toraa JJId  ABYX Hayjady B3STBIX ,z[eTaJxeii HCKOMAasa BEpPOATHOCTH €CTb
0,31082=0,006. A

913. Tlycrs X —cnyuailgas BeqHuHHA, NOAYHHEHHAS] HOPMAJbHOMY
3aKOHY € MaTeMaTHYECKUM OxKuianueM a=1,6 U cpejHHUM KBajpa-
THYHBIM OTKJOHeHHeM o= 1. KaxoBa BepoATHOCTb TOro, 4TO NpH
yeThipeX HCILITAHUSX 3Ta CjAydaiiHas BeJMUHHA MONAAET XOTS Obl OLHH
pas B untepsax |, 2[?

A\ Halizem BepostHOocTs momajaHus caysaifiHOH BeaunmHB X B HHTepBaJ
], 2[ npH OfHOM HCHBITAHHH:
1—1,6

P(1<X<2)=cﬁ<?:11—’6)_6 ; )::6(0,4)-[-6(0,6):
=0,1554 10,2257 =0,3811.

Torna BepoATHOCTL TOrO, UTO CJaAyyaiiHasg BeJMYMHA He TonafeT B uHTepsBana ]l, 2
npu oxnHoM ucnwiranuu, ectb 1—0,3811=0,6189, a npH ueTbipex HCNBITAHUAX
0,6189% ~ 0,1467. 3Hauut, HCKOMas BeposTHOCTH cocrasiasier 1—0,1467 =0,8533. A

914. Inamerp BhIIycKaeMOH aeranu—cJayuailHas Bequ4YuHa, IOJ-
YFHEHHAsi HOPMaJbHOMY 3aKOHY C MAaTeMaTHYECKHM OXKHJAaHHMEM 5 cM
H CpeIHMM KBajpaTHYHbIM oOTkKJoHeHHeM 0,9 cM. YCTaHOBHTb:
1) BEepOSITHOCTH TOro, YTO HAayAauy B3dATasg JAeTaJb HMeeT JHaMeTp
B mpejenax or 4 no 7 cM; 2) BEpOATHOCTb TOrO, UYTO pasMep Aua-
MeTpa Hayjauy B3ATOH JeTald OTJIMYaeTcss OT MaTeMaTHYeCKOro
oXugauust He Oojee yeM Ha 2 cM; 3) B KakuX TIpaHHIAX CJeAyeT
OXKHIATh pasMep jauaMerpa JeTasH, 4ToObl BepOsITHOCTb HE BLIHTH
3a 3T{ rpanuupl Oowia pasHa 0,95.

Al Pa<d< 7):6(%5) — @ (%) = D (2,22) - D (1,11) =
— 0,4867 - 0,3664 = 0,8531; ’

2) P(|d—5] < 2)=20 (2/0,9) =2® (2,22) = 2-0,4867 =0,9734;

3) P(d—5] < §)=2D (§/0,9)=0,95, @ (5/0,9)=0,475. Hcnoapsys Tabauuy
3Hauenuit HopmHpoBanuofl dyunxuuu Jlammaca, umeem §/0,9=1,96, oTkyaa
§=1,76. A

915. Cayuafinass Bennuuna X NOJYMHEHA HOPMAaJIbHOMY 3aKOHY
C MaTeMaTHYeCKHM OXHjJaHHeM 2,2 M CpeAHHM KBaJpATHYHBIM OT-
kjoHeHHeM 0,5. KakoBa BepOATHOCTb TOIO, YTO NPH NIEPBOM HCIIbITAHHH
cayyalfiHas BeIMYMHA OKaKeTcsl Ha orpeske [3, 4], a mnpu BTOPOM
MCIBITAHHM —Ha oTpeske [1, 2]?

916. Cayuaiigas seqnyuHa X NOAYHHEHA HOPMaAbHOMY 3aKOHY
C MaTeMaTHyecKuM oxuganueM a¢= 10. KakoBo p0/:KHO ObITh cpenHee
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KBaJipaTHYHOE OTKJOHEHHe O 3TOH cAy4yalHOH BeJIHYIHEI, yT1o0OBI C BE-
posiTHOCTBIO 0,8 OTKJOHEHHE OT MaTeMaTHYeCKOro OKHAAHHA 110 abco-
JIOTHOH BeJHdiHe He npesbiuaso 0,2?

§ 12. MOMEHTB!, ACHMMETPH A H 3KCUECC
CJHYYAWUHON BEJIMYUHDI

o

HavaavHou momenmon s-ro NOpsIZKA ANCKpPeTHOI cayuaiinofi seamunser X,
3ajaHHOH PsIAOM pacHpegeienis

X; xp X5 Xp

pi p1 Ps Pn

HasplBaerca cymMa paja
s s S
Qg=X1P1-FX2p2-F oo -Fanp, - oie
Jna HempepulBHOI cayyaiinoli sesnunnel X ¢ IVIOTHOCTLIO pacnpejetenus [ (x)
Ha4aJbHbIM MOMEHTOM §-TO NOPsSAKA Ha3LIBAETCS HHTErpaJ
+ o
as= S x5f (x) dx.
—_w®
HeTpy 10 BILIETh, UTO HAUAJLHLI MOMENT NEPBOTO Nopsika Cayualinoll seanaiisr X
paBeH MaTeMaTHUeCKOMY OXIIZAHINO 37Ol cayuaiinoil seanaunn: oq==M (X).

Llenmpaaoroise MOMEHMOM §-TO NOPSAKA JHCKPETHOIT C.I1y4aluoll pesirysinl X
Ha3BIBAETCH CyMMa psja

p'S:(xl_mx)s Pl—{*(xz"‘mx)s p2+ ce. + (xrl—mx)s pn"l‘ LA ]

rue m,— MaTeéMaTH4yecKoe OXHjaHue CJIy‘IaIUIHOi,l BeHunbLl X,
,H,JIH Henpepbm}{oﬁ cnyqafmoﬁ BEJIHUHHBI HEHTPAALHLIM MOMEHTOM §-TO NOpsJKa
HAa3bIEACTCS HHTEerpa.l

-+ o

o=\ —mysf () dv,

-

Jas meCoil cayuaiinoll BeINUIIHLL LLEeHTPAJBHEIT MOMEHT NepBOro nopsjxa
paeeit HyJo, T. €. pyp=0.

[lentpaibubiii MOMCHT BTOpOro mopsjka Jwobeli cayuaiinoii BeJanunHel paBeH
JUCTIEPCHH CAVYaHHOH BeTHUHHEL, T. €. po =D (X).

llentpaabubie H HauaJbHble MOMEHTHl I€PBOrO, BTOPOrO, TPETHETO H YeTBep-
TOr0 MOPSAKOB CBSA3aHBI COOTHOLIEHHAMMU:

p1=0,
2
Ug = Ol — A1,
3
Mg = o3 — 32122 -+ 201,
2 4
Py =0y — 4o g+ 6oy — 3o,
Ecan pacnpeienerie CHMMETPHYHO OTHOCHTEIBLHO MAaTeMATHUECKOTO OXKHAANIS,

TO BCE LENTPAJILHLIE MOMEHTbl HEUETHOTO NOPSIAKA PaBHbl HYJIO, T. €, [y =[i3 =
=fz=...=0.
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OrHoulenue LEHTPAJbHOTO MOMEHTA TPETLero nopsajka K K}Gy CpeHero Ksapg-
paTH4YHOrO OTKJIOHCHHUSA Ha3bIBACTCHA acummempued:

;1
Sk=}l3/6x.

Ecau pacnpepesienne cHMMETPHYHO OTHOCHTEIBHO MaTeMaTHUECKOrO OXHIAHMUSA,
TO /st Kpusolt pacnpefenenust (rucrorpamybl) Sp=0.
Ha puc. 46 u 47 usoGpaxeust rucrorpaMmel ast S > 0 n Sy < 0.

Flz)

1 5k<0

Puc. 46 Puc. 47
Ixcyeccor caydaiinolt BemnuuHel X HasbiBaeTcs BesuuuHa £, onpejengemas
PaBEHCTBOM
o 4
E.=py/ox—3.

Jns nopmanbHoro saxona pacnpegenenus £, =0.

Kpusbie, 6oJ€C OCTPOBEPIWIHHHBIE NO CpasHeHI0 C HOpPMaabHOH (Tak Hasbl-
BaeMoit kpusod [aycca), 06JARAIOT NOJOMKHTEJbHBIM 3KCLECCOM; AJMf KPHUBLIX,
Goslee maOCKOBEpIIHHHBIX, £, < 0 (puc. 48).

917. Jlan psa pacnpegeneHusi cAy4adiHofl BeaHdubbl X:

x; 1 3 5 \ 7 , 9

i 0,1 0,4 0,2‘ 0,2 ‘ 0,1

Hafitn mauanabHble M LEHTpaJjblbie MOMEHTH TepBBIX yeTbpex Io-
PAAKOB 3TOH CAy4YalHOH BEJHYIIHBl, a TAK:KEe ONPEACTHTb aclMMeT-
pPHIO H 3KCLecC.

/\ HauanbHbit MOMeHT mepBoro mopsjgka
o;=1.0,14-3-0,4-+5-0,24-7.0,2-1-9.0,1 =4,6.

HauanpHblit MOMCHT TNCPBOIO IOPSAKA fBASETCH MaTeMAaTHUECKHM OKHIaHIEM,
nostomy M (X)=4,6.
Haiigem navajbnnlii MOMEHT BTOPOrO MOpPSIIKA:

oy=1.0,1-49.0,44-25.0,2-1-49.0,2-}-81.0,1 = 26,6.
Hauansublit MOMEHT Tperbero Hopsigka
a3=1.0,1427.0,4-}125.0,24-343-0,2-}-729.0,1 =177 4.
HayapHplil MOMCHT ueTBepTOro Mopsiika
ay=1.0,14-81.0,44-625-0,2-{-2401.0,2-1-6561-.0,1 = 1293,8.

Hafiem Temepnh nentpasnine mosents. Kak mssecro, py=0. LlenrpaspHblit
MCOMEHT BTOPOro nopsiika nalizem no dopmy.e

Mo =0y — 0 = 26,6 —4,6° = 26,6 — 21,16 =5,44.
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DTOT UEHTPAJbLHBIH MOMEHT SBJSIETCS JucnepcHell cayyalHof BeNMUYHHB, T. €
D (X)=5,44.

OTC}O,’Ia JIETKO OHPC,HQJIHTI) cpenHee KpaapaTH4HOe OTKJIOHEH HE:

6, =V D(X)=V5,44=2,33.
LlenTpansHbii MOMEHT TPETLEro NOpSAZKAa ONpEeAeNHTCs No (opmyae
Lt = i3 — 30ty ly -} 200 = 177,4—3-4,6.26,6 - 2.4,63 =
= 177 4 — 367,08 -- 194,672 = 4,992,
Temeps HeTpyZHO ONpEJENHTb ACHMMETPHUIO:

My 4992 4992
Sp= Gi ~ 5,44.2,33 7 12,675 =0,394.

Jlnsl MeHTpaJLHOTO MOMEHTA UETBEpTOre NOPSAKA BOCIOMb3yeMCHd (HopMyJIoi
By = oy — 4oy g - 6afo, — 30 = 1293,8 — 4-4,6.177,4 -1 6-4,62. 26,6 — 3-4,61 =
= 1293,8 — 3264,16 -+ 33,77,136 — 1343,227 = 64,55.
Tenepp MOKHO HalTH 35KcLecC:

e o 6454 . 6455 o .
Ey=tt 3 e 3=y —3=2,18—3=—082. A

918. Mdana ¢ysxuus

0 mpu x < 0,
o ax? mprn 0<<x< 1,
TO=3 se—2 npu 1=x<2
0 mpH  x=2,

(puc. 49). Ilpu xaxoM sHauenuu a QyHKnus [(x) saBjisercs NJIOT-
HOCTBIO pacnpefenenus ciaydyaiinoil sequunnbl X? Onpeaenuts Hayaslb-

FTA
E>0

F(x)

oy
f

7z
Puc. 48 Puc. 49

Hble H I€HTpaJibHble MOMEHTHI MEPBLIX yeThipeX IOPpAILKOB, aCHMMET-
pHIO H 3KCLeCC.

/\ s HaXOXKAEHHS @ HMEEM ypaBHEHHE
1 2
a S xdx+ta S Q2—x)2dx=1,
1

0
OTKYJa

x3

3

1 2—x)®
o T3

2 a ,a 3
==1; —3-—}——?7_1, T. € a=.

1
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Haxoxum HayaJablbie MOMEHTHIL!

2

1
2
oc1=%g x3 dx—+——2— S x(2——x)2dx=-“;i-%—{——g~ (6—2;+§)>:1;
0 1

1
Qo= -g—gx“dx—\- sz(Q—x)zdx—

_ 3 [ 448 " x° 45 , 93
’“104"7‘[’5" + 5] +14 T

1
og= 3 gx" dx—}— Sx3 2—x)2dx==

2 )
0
3,8, 4 . #1145 18 63
gt |# - ﬂl—fr—— Tz
3 1
a== —2-S‘x6dx—l— Sx4(2—x)2dx—

3, 3[4 2x x7 3, 186 381
A e e i a St  ra

Haxozum uempanbﬂme MOMEHTEL:

p1=0;
pe=ay—ai=11—1=01
pa—oc3—3aloc2—|—2oc1 1,3—3-1,1-+2=0

(ReficTBHTEIBHO, KPHBAX HMEET BEPTHKAILHYIO OCh CHMMETPHUH);
22

u4—a4—4a1a3+6a1a2—3a1—- 135 4.1,34-6-1,1—3=

OTC}OILB noJayyaeM:
D (X)=p,=0,1 (uncnepcum

2_2

L
35’

0,= VD X)=V 0,1=0,316 (cpe;mee KBaJApaTHIHOE OTKJOHEHHE).

Haxo,:mm ACHMMETpPHIO: Sk-—p,s/ox =0.

Haxoaum sxcnece: Ey _.—M—i—__ =1_/3.5__3;,—___1.. A
Oy 7

919. Jlan psaj pacupejeseHusd cJyyafiHOH BeJIMYHHBL

x; 2 ‘ 4 6

pi 0,4 ‘ 0,3 0,2

0,1

Ha@itu HauyanbHbIE U IIEHTPAJbHBIE MOMEHTHI NEePBhIX yeThipex nopsA-

KOB 3TO{l CJyuailHOil BEJUUMHbI, a TaKKE ONpeAenuTh
U 3Kciecc.

acHMMETPHIO
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920. IlnotHocTh pacmpesesenusi caydaitnoii Besuyunbl X 3ajana
caenyomuM 06pasom:
0 mpn x< 0,
¥ mpu O<x< |,
[ (0= 2—x mpn 1<<x< 2,
0 npu  x=2.

Haiiti nauanbHble U LEHTpA/IBHBIE MOMEHTHI NEPBLIX YETHIPeX HOpsij-
KOB, aCHMMeTPHIO M SKCILECC.

921. Cnayyafinas penuuuna X nojunHeHa 3aKOHY ¢ NJIOTHOCTBIO
pacnpenenenuss f(x)=~2Ae-!*l, OnpemesuTp 3HAaueHHE A H 9IKCLECC
cayyafinoit eejauunner X,

§ 13. 3AKOH BOJbIIYX YHCEJ

1. Teopema Ye6nimwera. I'osopsar, uto cayualtnas seananna X, cxodumes no
BCPOAMMOCIN K @, CCIM NPH BCCX JOCTATOYHO COJLUNIX A BLINO/HISETCS HepaBeHCTBO

P(X,—al<e>1—5,

TRE € — NpOH3BOJBHOE MasIoe NOJOXKHTEIbHOE HYHCIO, a 3HAUEHHe O BSaBHCHT OT
BbiGOpa € W n. B Tepmusax pgaxsoro onpeieseHHst TeopemMy Yeboimesna
MOKHO CHOpMyIHPOBATE CJAEAYIOWUM 00Pa3oM: npu docmamouno Goavuwiom w4ucie
He3qsucumbIx ucnsumanud cpedree apudmemuveckoe Habaodaesmbx 3uaternud cayaaii-
HOW 6eALul bl CXOOUMCA N0 EePOAMHOCINU K ee samemamuseckony oxcudanum, T. e.

p (llv‘/ é x,-\//n—M(X)

ANAVES

< 8> > 1—8.

D (X)

B sToM HepaBeHCTBE MGKHO NPHHNTH 0 < § < pye,

» tae D (X)— gucnepens

cayyaiuoii Benuunner X,

Teopema YeGbliiesa aBasteTcss OZHHM 13 33KOHOB GoJbWNX yHCeNd, KOTOpLIe
JIEKAT B OCHOBE MHOMHX TPAKTHYCCKHX NPHMEHEHHH TeODHH BeposTHOCTeil,

2. Teopema Bepuymm. Opyrum n npurom NpOCTCHIIMM (M pamee BCeX ycTa-
HOBJICHHbIM) 3aKOHOM COJIbIIHX YHCEN SBJINETCS Teopema S, Bepuy.n.

Teopema Bepuyann ycramaeausaer, uto APU HEOPAHIYCHHOM Yy6eau-
HERUU HLCAQ UCNOIMAKUL HACMOMA CAYMAUHO20 COOBIMUR CX0OUMCR 1o cepoamuocmu
K gepoamuocmu cobeumusg, T. e.

P(l%—pl<e)>[—6 (1

INpHYEM MOXKHO NPHHSATH, uto 0 < § < /’qﬂ ) , €CJH BEPOSITHOCTL COOBLITHSL OT

ne?
HCTIBITANKA K HCNBITANHIO He H3MEHSETCS H paBHa p (7=1—p).

922. Mouery noaGpaceiBaior 1000 pas. Ouenuts CHI3Y DBeposiT-
HOCTb OTKJIOHEHHS! 9aCTOTBl MOsAB/eHHs «repfa» OT BEPOATHOCTH €ro
nosiBsieHust MeHble yeM Ha 0,1,

A 3pech n=1000, p=g=1;2, e=0,1. Henonnsys nepasenctso (1), noJayyaen

m 1 (12)-(1/2) 39
(Iiooo‘?! < 0’1> > 1 =T500-0.01 = 70"
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1

Hepasenctso -—\ 0,1 pasmocuanilo ABofmOMY HepasencTsy 400 < m <

m

1000 2
< 600; nosTOMY MOXKHO CKa3aTb, UTO BePOSTHOCTE YHCJA nomaganuil «rep6ax»
B nntepsax ] 400, 600 | Goavme 39/40. A&

923. B ypme 1000 6Gembix n 2000 uepmsix 1wapos. Bemym
(¢ Bosppauienneym) 300 wapos. OuneHHTh CHH3Y BEPOATHOCTL TOrO,
YTO YHCJO /71 H3BJEYEHHBIX MPI TOM GeJbIX 1AapoB YLOBJAETBOPSAET
JIBOHHOMY HEpaBEHCTBY 80 < m < 120.

A\ Jauuoe japoiiHoe HepaBEHCTBO MOYKHO NEPENHCATb B BUAL

1 m 1 1
_9 . L S
20 < m— 100 < 20, wnau B < 3003 < 3
Urax, Tpebyercsa €HHTL BEPOSATHOCT: HepaBEHCTBA ﬂ—-l— l ; CJejoBa-
Tax, Tpely on P T €pase 3003 <15, JIe]

TeapHO, €=1/15 1
m o1 1 (1/3)-(2/3) 5
P(\WF?\ < TB) > 1= 551256 A
924. Tycts B pesyabrate 100 He3aBICHMHIX ONBITOB HaHJEHHI
3HAUEHHS CAYYainol BeanuiHbl X: Xy, Xp. <.,y Xy [lycTb MaTEMa-
tyeckoe omiganne M (X)==10 u aucnepcuss D (X)=1. Ouennrsp

CHM3Y BEPOSITHOCTb TOTO, UTO a0COJIOTHAS BEJHYHHA Pa3HOCTH MEKILY
CPEHMM apu(METHYECKHUM HAGIOaeMblX 3HAYEHHH C/ydailHoil BeJH-

100 \
YHHBI | > x _,f[ 100 1 MaTeMaTIueCKHM OKilaHueM GyaeT Menplie 1/2.
\i=0 J

/\ Bocno.nayencs HepaBencTnoM

/ n N\
<2 x,')/ll—/VI(X)
=1

/
pi
\ ,
Doaaras n=100, M(X)=10, D (X)=1, e=1/2, noayuaem
/] /100 1 o4

i \ ! 1\
P o 1 100—10f < = ) > l— ==
W& 7) 00-(179) %

< e> > l--D (X).

2
ne?,

Takum 06pa3oM, HCKOMasi BepOATHOCTb Goabue 0,96. A

925. B xaxpoit u3 asyx ypH nmeerca no 10 mapos ¢ HOMepamu
or 1 no 10. McnblTanue 3aKkJOMaETCsl B BRIHIIMAHHY (C JTOCIEAYICUIHM
BO3BpAllleHNeM) H3 KakIoil ypHbl N[O Iuapy. Cayuafinas Besi4iHa
X —cymMMa HOMEpOB 1IAPOB, BLIHYTHIX M3 JBYX YPH. [Tpouspeneno

100 wucnprrannit. OHeHHTH CHH3Y BEPOATHOCTH MONZJAHHS CYMMDI
100

x, B unTepBasa | 800, 14007.
i p

i=

A\ Haiizem 3akon pacnpefesennst cayyainoff sequannsl X. Dra cayuafinas
BEJMUMHA (CYMMa HOMCPOB H3BJIEYEHHBIX M3 JBYX YPH I[HAPOB) MOXKET NPHHHMATh
BHAYEHHSA Xp=2; Xa=3; ...} X19=20

Haiigem BeposiTHOCTb TOoro, uto X Tnpnmer 3Hauenue xp=~K--1. Ecm k<< 10,
TO CyMMa HOMepOB BbIHYTHIX LIAPOB MOXKeT ObTh paBHa k-1 B caefywomwux &
PaBHOBO3MOXKHBIX CJAYyddfX:
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Ha TepsoM Iape CTOHT Homep 1, Ha BTopoM— HOMep &;
» » » » » , » » — » k-1
+ 8 s+ F 6 4 8 s 3 & o . e B . . 9 . L L T Y B ) . . LI I LN §

» » » » »  Rko» « — » 1.

Tak xak BeposITHOCTb KaxK[Joil H3 9TUX KOMOHHALME pasHa (1/10)-(1/10) =
= 1/100, To BEPOATHOCTL P MOMYUHTL Ha JBYX Lapax CyMMYy HOMEpOB, PaBHYIO
k=41 (ecmu k< 10), cocraBiser k/100. Urak, py="Fk/100 (eciu k<< 10).

Ecau & > 10, To cyMMa HOMEpOB BBIHYTBIX LIAPOB MOXKET GHITH paBHa k-1
B CJCAYIOMHX DPABHOBO3MOXKHBIX CJy4afix (UMCJO KOTOPbIX paBHo 20 —k):

Ha NEpBOM LIape CTOUT HoMep £—9, Ha BTOpoM — Homep 10,

» » » » » k—8, » »  — » 9,

4 @ *» 4 & 23 s & L R T T R S & L . * e s+ e . * & & 4 &

» » » » » 10, » » — » k—9.

Tak KaK BepoSTHOCT KaXAOH H3 5THX KOMOHHAI Ml No-npeXHeMy paBHa
1/100, 10 npu & > 10 umeem pj = (20— k)/100.

Has onpenenennss M (X) u D (X) cocrasum TaGunuy:

k *p P Prfe | $p— M (X) [ [xp= M(XO]2 pp[x,—M(X)]2
1 2 0,01 0,02 —9 81 0,81
2 3 0,02 0,05 —8 64 1,28
3 4 0,03 0,12 —7 49 1,47
4 5 0,04 0,20 —6 36 1,44
5 6 0,05 0,30 —5 25 1,25
6 7 0,06 0,42 —4 16 0,96
7 8 0,07 0,56 —3 9 0,63
8 9 0,08 0,72 —2 4 0,32
9 10 0,09 0,90 —1 1 0,09
10 11 0,10 1,10 0 0 0

11 12 0,09 1,08 1 1 0,09
12 13 0,08 1,04 2 4 0,32
13 14 0,07 0,98 3 9 0,63
14 15 0,06 0,90 4 16 0,96
15 16 0,05 0,80 5 25 1,25
16 17 0,04 0,68 6 36 1,44
17 18 0,03 0,54 7 49 1,47
18 19 0,02 0,38 8 64 1,28
19 20 0,01 0,20 9 81 0,81
> 1,00 11,00 — — 16,50

19
3nayur, M (X)= Z prxp=11, D (X)=16,5. Ouepuguo, uto
k=1
100 / 100 \
\800 < M < 1400)\ & —300 < D x—1100 < 300 j =3
/N

i=1 i=1 /

Vs

/100 /100 N
—3<( 3 x,-\/ 10011 <3&({ Dk )/ 100—11| < 3.
\[:1 _./ \i:[ y,
Taxnm ofpasom, & =3. CregoBaTespHoO,
/17100 N 165
P x /100—-11 < 3\;1_—’-z 0,982. A
(e-DESIIOSE
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926. Illecrurpannyio koctb mnopGpaceaior 10000 pas. OtleHUTD
BepOSITHOCTb OTKJIOHEHHST YaCTOTHI MOSIBJICHHST TIECTH OYKOB OT BEPOAT-
HOCTH TOSIBJIGHUs TOTO 3Ke UHcaa OuxkoB MeHpine uwem na 0,01

927. B ypue 100 Genpix u 100 yepHBIX 11apOB. Brinyau ¢ BO3-
ppamenrem 50 mapo. OleHUTb CHU3Y BEPOATHOCTH TOTO, UTO KOJIH-
4ecTBO GEJbIX IMIAPOR M3 WUHCJIA BHIHYTHIX YIOBJETBOPSIET ABOUHOMY
HepapeHCcTBY 15 < m < 35.

928. B pesyaprate 200 HE3aBUCHMBIX OTNBITOB HAFMJCHBI 3HAYECHHSA
CAy4aiHOH BENMUHHBL Xj, Xgy « -, Xyor TPHUEM M((X)=D(X)=2.
OueHHTb CHHU3Y BEPOSITHOCTH TOTO, YTO aGCOJMIOTHAs BeJHuHHa pas-
HOCTH My CPeAHHM apH(pMETHUECKUM SHAueHHH cJyyalHOH BeJH-

200
YU HBL <2 x,-)/ 900 u MaTeMaTHUECKMM OXUJaHneM Menbuie 1/5.

i=1

§ 14. TEOPEMA MYABPA — JIANIJIACA

EcJH TIPOM3BOAHTCS N MCHIBITAHKH, B KaXAOM M3 KOTODEHIX BEPOATHOCTL MOAB-
JeHus cobuTHA A paBHa p, TO 4acTOTa Mm/n TOABJECHUH COOLITHA SABAACTC CIy-
yaiiHOH BEJHUMHOMN, pacnpejeseHHOH 1Mo GMHOMHAJBHOMY 3aKOHY, MaTeMaTHUECKOE

OXHJAHHE H AHCMEPCHST KOTOPOH paBHbI COOTBETCTBEHHO p H V pg/n. Cayuaitnas

min—p

BeRYKHA TFW , MaTeMaTHuecKoe OXHJaHHe KOTOpOoil paBHO HYMO, a JHC-

nepeus — efiunkLe, HOCHT Ha3BaHHe HOPMUPOSAHHONL 4aCTOTHI cyyafiHOro COOLITHSA
(ee pacnpeseneHne —TaKKe 6HHOMHAJIBHOE).

Teopema Myaspa—Jlanmaca YCTaHABIHBAET, UTO APU HEOZDAHUNEH~
HOM 803PACIMAHLLL HUCAQ 1 UCNBLMAHUL GUHOMUAAbHBLL 3AKOH pacnpedesernus Hopmu-
posannoil 4acmomo. 8 npedeie NPeEPAUACMCS 6 HOPMAAbHOLUL € Mes dice mamenani-
weckum oscudanuen (pasuoin 0) u Oucnepcued (pasuoii 1). B cumay sTtoro mpu
GoJBIINX SHAUEHHSX 7 JJIA BEPOSTHOCTEH HEPABEHCTB, KOTOPLIM JOJIKHA YZHOBJET-
BOPSTH 4acToTa (MJH YHCJIO HacTynsieHul) caydaliHoro coGbITHA, MOXHO HCIOJIb-
30BaTh TPHOJIMIKEHHYIO OLEHKY C MOMOIbIO HHTErpasa BeposiTHocTeH (DYyHKUHH
Jlannaca), a MMeHHO, CIPABeJAMBH CJeAylollHe NPHOMHKeHHEE ¢dopmyasi:

m/n—p m—np 1 b a
rfresisz <o lre a2 )~ o ()0 ()
V p4in V npq 2 V2 V2
929. KakoBa BepoOsITHOCTb, UTO TPH 7 HCHBITAHUAX COGBITHE A
nosiBUTCS OT @ A0 P pas? BeposTHOCTb IOsiBJAeHHs coObiTHS A
paBHa p.
/\ OueBujHO, UTO
(a< 21 < b) olp+aVim < x < np+oV -
V npq
Tonaraem np--aV npg=a, np-+b Vnpg=p. Orciona a=(a—pn)/V npq,
b=([3—np)/]fﬁq. Tpnmenus Teopemy Myaepa—Jlamiaca, mnoayvum

1 p—np o—np
Pla< X <=+ [@ <—_>—¢> <_-—> A
2 V 2npq V 2npq
930. BeposiTHOCTE cOGHITHS A NpH KaKAOM MCHBITAHAH paBHA 0,7.
CKOJIbKO pa3 JOCTATOYHO IHOBTOPUTH HCIBITAHHE, YTOOBL C BEPOAT-

Hoctbio 0,9 MOXKHO GBLIO OXHAATH, UTO YaCTOTa MOsIBJEHHs COOBI-
tusi A OGYAeT OTKJOHSTbCS OT BEPOATHOCTH He GOJIbIIE 4eM Ha 0,05?
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A U3 ycnosust cnepyer, uto

TX—OJI < 0,05. Otcioga 0,657 < X < 0.75x.

B dopuy ste, nomyuenrolt npu pewenun 3apaun 929, nmonoxum o.=0,65n, p=0,75x.
Torna

P (0,650 < X < 0,750) = [o (7%_%>_

—CD< 0,65n—0,7n > :¢<V§l>.
\V 21 (172)-(1/2) 20

U3 ypasrenns @ (Y 2n/20)=0,9, ucnoansyst Taba. Il ua e. 411, maxognm
V2u/20=1,17, 1. e. n=273. A

931. KakoBa eeposTHOCTb, wuTo mpu 100 6pOCaHHSIX MOHETH
«repG» nossutca ot 40 10 60 pas?

@ Bocrnoassosateest pesyabtatoM pewenus sagaun 929 npu o=40, f =60,
n=100, p=g=1,2.

932. B ypue 80 Gessix u 20 uepHbix mapos. CkosabKo mapos
(c_BO3BpalleHHeM) HYXKHO BBIHYTH M3 YPHBI, YTOGH C E€POSITHOCTBIO
0,95 MOXKHO GbLTO 0:KMATb, YTO YACTOTA MOSIBICHIS 6es0ro 1wapa
OyZeT OTK/IOHATHCSI OT BEpOSTHOCTH Mellblle uem Ha 0,17

§ 15. CUCTEMBI CAYHAWHLIX BEJUYHH

YHacTo pesynbTar OmHTa ONMHCHBAETCH He OfiHOi cayualiHoil sennunmoit X,
4 HeCKOIbKHMH crywalinuivm memramaamu: Xyi, X, ..., X,. B stom cryyae npu-
HATO TOBOPHTE, HUTO YKa3aHRble Cayualiuele BEJHYHHEl 0Gpasyor cHCTEeMY
(Xf.) er sy nJ-

Crcremy ABYX CAY9ailHEIX BETHYHH (X, Y) moxHO wH306pasutnp ciyyaiiioit
TOYKOHl Ha IJIOCKOCTH.

CoGbITHe, COCTOSTHEE B NOMALAHHH caysaitHolt toukn (X; Y) B ofmacts D,
NPHHATO oGo3Ha4aTs B BuAE (X; Y) = D.

3aKoH pacmpejeleHHA CHCTEMBI [BYX JUCKPETHBIX CNydailHbIX BEJHUYMH MOXKET
OBITb 33aZaH C MOMOUIBIO Tab.IHIIEI

Y
\ i Yz ‘e Yn
XL P11 Piz cee Pin
X2 Pai P22 cen P2n
Xm Pmi Pm2 see Pmn
THE X1 < X2 < veo < Xy Y1 < Y2 < vee < Yppy Pij— BEPOSITHOCTL COBBITHA, 3aKJI0-

HaOWerocs B OAHOBPENEHHOM BBILOJHEHHI DPaBeHCTB X =x;, ¥ =y, IIpH stom
{ v
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m n
2 z pij=1. Tabanua MoKeT copepiats GecKoHeuHOS MHOMKECTBO CTPOK H

cT0I0UO0B.
3aKOH pacTpeie cHHS CHCTeMbl HeNpepuiBIBIX cavualinsx seanunn (X, Y)
6ynem 3azaBaTh C MOMOMIBI0 (YHKUHH IWIOTHOCTH BEPOSTHOCTH f(x, v)-
BeposaTiiocTs NONAjamis ciyuaiiHoll TOUKi (X, Y} B obaacts D onpejenserca
PABEHCTBOM
Pix; vye D= {7 pardy.
D
DyHRIHUA TUIOTHOCTH BEPOATHOCTH 06.1a23€T CAEAYIOLLINI cooficTBaMH:
18, f(x, y)=0.
+ o +w
20, S { e paxay=1.
-® —‘8
Ecau Bee cayualinme toukn (X; V) npumagiexar KoHeuyHoll ofaactn D, TO

nocJaejHee ycJoBHEe NPUHUMaET BAJ K S f(x, y)dedy=1.

o

MaremaTHUCCKHE OXHAAHMS JUCKPETHHX CJAY4ailHBIX BeUIIHH X u Y, Bx0-
JAIX B CHCTeMY, ONPEACASIOTCA Io QopyyaM

m n m n
me=MX)= > xipij my=M V)= 2 2, 470
f=1j=1 =121

a MaTeMaTHuecKHe OKHJAHHS HENPEPEIBHEIX CJy4ailHEIX BETFIHH — IO ¢opmyam

4 o + o o
ny=M(x)= g S *f(x, yydedy, my=M(X)= R S yf (x, y) dxdy.
—_— - - o

Touka (m,; my) HA3LIBACTCH YEHMPOM PALCCUSARUR cucTeMul cayyalinbiX BeqH-
yun (X, Y).

MaremaTuuecKue OXHLAHUS M, H M, MOXKHO HailTy N Mpolle, ecau caydal-
e peamuuHsl X M Y HE3aBHCHMBL. B 5TOM coryuae M3 32KOHOB pacnpesesIeHus
STHX CJAYUaiiHBIX BEJHUYHH MOMKHO ONpPEASTHTb MATEMATHUCCKHE OXKUJAAHHA Ny U My
ro (opwmyse, npHBCACHHOIN B § 6 5TOH rJaapel.

JlHcriepcHH  AHCKPETHBIX — CAYUaiiHDnIX  BeIHUHH X un Y omnpegeasiorcs no
topmyaam

m

DX)= 3 X pijlu—md DW= T Z pij =)

i=1j=1 i=1ji=1

JlmcnepcHn 3Ke HCHpepPBIBUBIX cayuafinerx seamsnd X # Y, BXOJAINX B CHCTEMY,
Haxo#ATcs 1Mo gopmysaam

+w + o +o +w
D= { § w—mpiw nardy, D= § § w—m)it drdy

Cpennue XBajpaTHUUHEIC OTKJIOHEHS cayualinex seanpuid X n ¥ onpepend-
o1Csa 1o GopmyaaM

0, =V D@, o,=V D).
Jlas BLIYHC/IEHHS] JUCTIEDCHH MOTYT 6biTh TpHMeHeHsl (GopMyJIE
D (X)=M (X3)—[M (X)1%, D (")=M (¥*)—[M ¥)}*
215



BaxHyl0 poJib B TEODHH CHCTEM CIIyyaHHBIX BEJIHYMH HCPAeT TaK Ha3bIBaeMbILl
KOppeasyuonnbil momenm (kosapuayus)

Coy=MI[(X—my) Y —my)].
[l AMCKPETHBIX CaywalHEIX BEJHYHH KOPPEJSUHOLHBI MOMEHT HAXOLWTCH
no gopmyJe
ny :Z Z (% —my) (ym—my) Pnms
m n

4 IJ17 HEeNpepHIBHEIX — 10 (opMyJie
+® + @

¥ = S S‘ (x_mx) (y_my)f(x) _l/) dx dy.

- —w

c

Koppenauuonnbii MOMEHT MOXKHO Takke HaliTH 1O topmyae
Coy=MXY)—M(X) M (V).

MXY)= 2 ; XnYmPmn

m

3aeco

AN IHCKDETHHIX CAydaiHbiX Beauuud X u YV u
+ @ +w

MXY)= S g xyf (xy) dx dy
-0 -0
A7 HENpPEepLIBHLIX BeJIHUHH.
Cayuainere seqmumnsl X w Y uaswisarotes HE3ABUCUMbIMUL, €CJIH BEPOATHOCTh

OJHOH H3 HHX IPHHATL 3HAYCHHe, Jexaiulee B JOGOM NPOMEXKYTKe 061acTu ee

SHauCHWl, HE 3ABHCHT OT TOro, KaKoe 3HAUCHHE IPHHAIA Apyras BelHYuHa.
B stoM cayuze

MXY)=M(X)-M (Y); Cyy=0.

Ias xapakTepHCTHKH cBA3H MeXAy BenuunHamu X u Y paccmarpusaercs Tak
Ha3LIBaeMBIH Koaghpuyuenm Koppersyuu

rxy :—*ny s
Ox0y
ABNSAIOWuECS 6e3pasMepHOll BeTHYHHOM.

Ecau cayuaiibpie Beqnunnsr X u Y HE3AaBHCHMEI, TO ry,=0. Eciu xke cay-
yaliibie BeMuMHBl X M Y CBS3aHBI TOYHON JMHEHHON 3aBHCUMOCTRIO Y =aX --b,
TO ryy=sgna, T. e. ryy=1npa a>0u ry=-—1 npu a < 0.

Boobuie xe kosdipuuuent Koppessiunn YJOBIETBOPSET YCAOBHIO — | Sryy <<l

933. B 1ByX simMKax HAXOmsTCS MO LIECTb 11apoB; B 1-M sinuke:
I wmap—c Ne 1, 2 mapa—c Ne 2, 3 wapa—c Ne 3; Bo 2-M dniuxe:
2 mapa—c Ne 1, 3 mapa—c Ne 2, 1 map—c Ne 3. ITycte X —
HOMEp M1apa, BLIHYTOrO M3 NEPBOIO silHKa, Y —HOMEp wiapa, BbIHY-
TOro 3 BTOpOro sAwuka. Ms kaxzoro smuka sbomyanm mno mapy.

CocTaBHTb TaG/IMIly 3aKOHA DACIHpEETEHHS CHCTEMDI CIy4YaiHbIX
BesnuHH (X, Y).

A Cayuaiinas Touka (1; 1) umeer KpatHocts 1 % 2=2;
» » (12 » » I X 3=3;
» » (I;38) » » I X 1=1;
» » (2, ) » € 2 X 2=4;
» > (2;2) » Py 2 X 3=6;
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» » (253 » » 2X 1=2;
» » 3y » » 3 X 2=6;
» » (3,2 » » 3 X 3=9;
» » 3,3 » » 3 X 1=3.

Bceero cayuaiinsix Touek 6 X 6 =236 (n-KpaTHylo TOUKY NpUHHMAaeM 32 1 TOUEK)-

Tak Kak OTHOLIENHE KPaTHOCTH TOYKH KO BCEMY KOJHYeCTBY TOUCK DaBHO
BEpOSITHOCTH MOABJEHHS 3TOM TOUKH, TO Tal/iilla 3aKOHA pacHpelefieHus CHCTEMBI
CJyyaiiHbEIX BEMTHUHH HMeeT BUJ

Y
\ 1 2 3
X
1 ’ 1/18 1/12 1/36
2 \ 1/9 1/6 1/18
3 1/6 1/4 1/12

CyMMa Bcex BepoATHOCTeH, yKasaHublx B TaGiuue, papHa eiuHHle. g

934. Hafitu MateMaTHyeckyue OXKWIAHUS CJAyYadHBIX BeaHYHH X
n Y 1o ycJoBHIO NpeiblAyied 3ajaud.

A\ Hwmeem

R RPN TP STV STIPUE NP SNT PRSI B o
nlx—1'1—8+2'§‘—|—'3"6-1—1'1—2‘—|—2'—6-+3'Z—I—1'3'—6+2'—I§+3'-1*é—-—3‘,
1

1, i I 1 1 1 1 1 I 1
my=1—1—8—[—2'1—2+3'§6+1’§+2'€+3"1‘8+1-€+2'z+3-i—2-:€.

Touka (7/3; 11/6) siBasieTcss LEHTPOM DPaCCeHBAHHS JJS 3a4aHHON CHCTEMEI (X, V).

Tak Kax cilyuyaitHbie BeqnunHbl X H Y He3aBHCHMHL (cM. 3anauy 933), To Ma-
TEeMAaTHYeCKHe OXHAAHUS Mly H MM, MOXKHO NOACUMTATh MpOULE, HCNOJIL3YA PAALL
pacnpesie/leHus :

X 1\2 3 vy 1

2'3

pi

1/6 l 1/3

12

Pj

1/3

1/2 l 1/6

Orcioga Haxomnum
1 2 3 7 1 1 1
me=% pri=gtstg=sg, m= S ru—gtityz=¢- A
6 '3 2 3 3 2 6

935. Haiitu pucnepcuu cayyaiiHblX BeJudnH X H Y MO YCJIOBHIO
sagaun 933.

A\, Ot cucTembl BesTHHI (X, Y) nepeiiicM K cucTeMe HEHTPUPOBAUULIX BEJIH-
une (X, Y), e X=X—m=X—7/3, Y=Y —my=Y—11/6. Cocrapum tad-
JHIY
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) v l —5/6 1/6 716
X
—4/3 1/18 1/12 1/36
—1/3 1/9 1/6 1/18
2/3 1/6 1/4 1/12
Himeenm

Orciona 0,=V 5/3, oy=V)17/6.
3ametiy, uto D (X$ u D (¥) moxuo mafitn no gopmyaam D (X)=M (X2) —
—[M X)) D (Y)=M(¥)—[M )] A

936. Haiitu xosdduuient xoppesawmin no yejosmo 3agaus 933.
/s Bocnoansyenca rabanueil pacnpeieacHus CHOTLMLI (:‘;’, f) LEHTPHPOBAH-

HEIX CJAYYallBIX BeJINYHH.
OnperesnM KopapualHio:

com(= ) (1) k(- )b (-4 Tt

(A=) ) e
(-2 L e
=3 (—metmtas)—5 (—& 1)+
+3 (=g rdt D)= do-d ot Zomo

Tax xar Cyy=0, To u xosdxpuient Koppeasin r,, =0,
OTOT 24€ Pe3YJIbTAT Ml MO Obl IOAVUNTH I HE Olpenenss Kopapuauuu C,.

HeficTenrenoho, nottaras Y =1, noavuaev, yTo suauenye X — | nosTopaAeTcs 2 pasa,
snayenne X==2 — 4 pasa, a snauenwe X=3 — 6 pas. 3mauur, upu Y=1 nony-
qaen psij pachpeleseHus cayuvalinoll seawunnel X:

X; 1 l 2 ' 3

i 1/6 ‘ 1/3 ‘ 1/2
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Eeqm Y =2, 1o 3nauenne X = | nosropferca 3 pasa, 3HaueHne X =2—6 pas,
a snauvenne X =3 —9 pa3. CnenoBaTenpHO, NpH Y =2 nojsy4aercst psi paclipeie-
JIeHHST CJIyYyafiHOH BeJHuHHBl X:

Hakorel, ecin Y =3, To swauesue X==1 nostopsercsi | pas, 3uadenne
X=9 — 2 pa3a, a suavennie X =3 — 3 pasa. Psx pacnpelenerus cayuyaitHo#t pe-
auyuppl X npu Y =3 unmeeT BHA

Xi

1 l 2 3

pi \ 1/6 ‘ 1/3 1/2

Wrak, mpH pasamuublX SHAUCHIAX Y moayuaesm OANH H TOT Ke PAL pacilpe-
nesenns cayuaitnoit sesuruiunl X. Tax Kak psai pacnpeledenus cayuaitHoil BeaH-

anspl X HE 3aBHCHT OT auavenif cayuaiinoft seuuuunt Y, To cayvaliHble BeTH-
unupt X H Y HesaBucHMmbl. OTCIORA CJAELYeT, UTO KOSQQHUHEHT KOPpPEIsulll paneH
HyJao. A

937. Cuctema cayudaiimpix Eeqanunn (X, Y) nojgunHeHa 3aKoHY
pacnpeﬂenemm C IJIOTHOCTBIO

flx, = { a(4-yn) mpn xhyt<rd,

0 npu x4y >
Hafitu kopuLHeHT 4.

A Kosddungent a onpejeised H3 yDaBHEHHS

a Sg (x2ty)dedy=1,
D

rie D—Kpyr, CrpasitiesHslil OKpPYMHHCCTRIO 224 yt=r2 [lepeiinn K MONAPHLIM
KOOPAMHATAM, TOJdy4aem

2rr

g 3dpdd=1 iQna—-l T. € a——a A
aS' pPdpdd=1, - =1, T.e a=—_3.
00

938, Cucrema cayuaiimpix Bemugun (X, Y) mnoaunHeHa 3aKkoHy
pacipejesietis ¢ MJIOTHOCTbIO

_ falx4y B cbaactn D;
fx, y) —{ 0 BHe STOH 061acTH.

OGaacts D—xBajapat, OrpaHHUeHHBIH npAMbIMH X = 0, x=3, y=0,
y=3. Tpedyercs: 1) onpenesith KO3PUIUEHT a; 2) BBIMUC/IHTDL Be-
POSTHOCTD TMOMATaHHA CIYYaiHOM TOUKH (X; Y) B xBaipar Q, orpa-
HuueHHbIT mpaAMbivi X =1, x=2, y=1, y=2; 3) mafiTt MareMartiu-
yeckue OXHAAHHsL m, W m,; 4) HAlTH CPeIHe KBAAPATHIHLIE OTKJIO-
HEHHA O, U 0.
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3
x2+,3x] = <227—l—227>—27a 97a=1, T. e. a=

2
1 3 2 1 3 1
= (x+7> dx— [ +¥ J1 <2+3—7__§> -
I
3) Haxoaum MaTemaTHUeCKHE OXHAAHHS My M fl,; HMeEM
. 33 | 3 \
X 3
My=1= S g x(x+y) dxdy=2—7g [xﬁy—}——g—] . dx=
s 0
_l 3 9 2 3_1, ﬁ fr—
27 (Sx +3 )dx—27 [x +Tx]o—27 (27—}—4>_—7/4.

C.TIe}jLOBaTeJIbHO, u my=T7/4.
4) Haxozum cpejHue KBaADATHUHEIE OTKJIOHEHHS Oy H Oy

0x~5((x—mx)2 f(x y) dxdy—27g g( - > “(x-y) dyde=

3 3 33
1 7\* 1 7\2 7
=5 | § (=7 ) warr g [ { (=7 ) (o g ) v
00 00
: 7\3 : 7 \?2 7N
1 3 1
=g { o) ooty § (=7 ) (54 ) e
0 0
7\ |3
1 o) g Ty (e 1
-9 4 o 27 ( J \16 16/ [0 16

Urak, o,=0,=V 11/4. A

939. Cucrema cayuaiineix BeqnyuH (X, Y) nogunnena sakoHy pac-
Ipe/ieJIeHHs C MJIOTHOCTBIO

f(x, v :{ asin(x+y) B obaactu D;

0 BHE 3TOJi 06JacTH.
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O6nacts D onpepensiercsi nepasencrBamn 0 <Cx << /2, 0<C J‘E/Q
Hatiru: 1) xoadduuuent a; 2) MaTeMaTH‘-IECKHe OKHlaHUA m u m,

3) cpeaHHe KBajpaTHUHble OTKJIOHEHHS O, H O, 4) KoacbcpHuHeHT KOp-
pensauny r,,.
/2 /2
A 1) KoaduuuesT @ HaxoquM H3 ypaBHEHHSI a- g g sin (x-+y) dydx=1. Ot-
0 0
ciona
/2 /2 /2 0
a S S sin (x+y)dyde=—a S cos (x--y) Ig/ dx =
0 0 0
/2

=a S (sin x4~ cos x) dx=a (sin x— cos x) !g/z = 2a.
0
Urag, a=1/2, 1. e. f (x, y)=(1/2) sin (x|}-y) B obaactu D.

. /2 72
2) My = S stin(x—l—y) dy dx =

0 0

| /2 /2 | /2 2
= S xdx 5 sin (x+y) dy=—5 cos(x+y)l0 xdx=
0 0 b
/2
~.=——% S \:cos (x—}—%)—cosx] xdx=
0
/2

1 1 /2
=— \ x(sin x4 cos x) dx= - x (sin x— COs X) —

2, 2 0

/2

T
-——;— S (sin x— cos x) dx-——{— 5 (cos x-}-sin x) =T'
0
Touno Tax ke H m, =a/4.
1 ﬂ/? .7'[/'2 N
8) 0}=M (X)—[M (0P = S S X2 sin (x4 ) dy dy— o=
0 0

/2 /2
- 2 w2 d 1 x2 (sin x -}- cos x) de—"
=—7 S xcos (xhy) |, dr—Tg=73 6

0 0

/2

I /2 n2
X2 (sin x—cos x) ‘0 — S x (sin x —cos X) dx_Té:

=3
/2

2
—_ S (sin x--cos x) dx——rz:

72 n/
_—=§—[-x (sin x4 cos x) 0

m2 2

T
=3 —}— —|— sin x— cos x) E—E—}_?_Q'

CIef0BaTEIBHO, Oy = 0)) = 0,0, = (n®--8n— 32)/16.
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4) OnpegeanyM KoBapHALHIO:
/2

Coy=M (X1)— 1 (-2 (1) =5 | S 3y sin (x-+5) dy de— . % =
0

<

/2 /2
1 . n2
=5 \ xdv \ ysin(x41)dy BT
0

0

4]

/2 /2
1 0 /2 T 2
= ycos (x-}y) s = Y cos (x-}-y) dy xdx—Ez
4 .
2

w2
1 7 T . by . n?
=—7 X- -2—-C08(x—]—7>—sm (x—|—5>—]—smx] dx—-E#
0
| /2 \
T, . 7
=— S x<—7smx——cosx—}— smx> dx—m_.
4 .
e 2
=% Sx (g sin x-}- cos x—sin \) u’t—-—m
0
1 /2
:=—x(smx——cos x-}-cos x) —
2 9
7t/2

1 - T n?
— § (sm X —= cos Xx-}cos x) dt—m

0
= ! sin cos e ’T—z—“
—-T——?(sm V——— X— X ~Ib_.
1 n 1 2 8n—16—n2
I S R N R T Tt
Orcropa
Cyoy  81—16—n? 0,73688 .
TG e, AT e —33 " 30005 ¥ 025 A

940. Jlana ta6anua, ONpeNeNAIIast 3aKOH PpacHpeaesaeis Ci-

CTEMBI ABYX cJayvaiinbiX Beanuus (X, Y):

\ v
20 40 60
X \\
10 32 A 0
20 2A 47 25
30 A 2A 5k
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Haitru: 1) KosppuiudeHt A; 2) MaTeMaTHUeCKHe OXKHAAHUS M, H 1M,
3) aucrepcu 03 ¥ 0y; 4) KOPOHIHEHT KOPPEIAUHH 7y

941. Cucrema caydaiimpix seauqud (X, Y) nofuiineHa 3aKoHy
pacmpejeenns ¢ MJOTHOCTLIO

’ __Jaxy ® oGnactu D,
[, y) '—{ 0 BHe 5TOit 06/ACTH.

O6nacte D—Tpeyronpunk, OrpaHHUEHHbIA MPAMBIMA x4+y—1=0,
x=0, y=0. Haiiru: 1) xoshouinent @; 2) MareMaTHiecKue OxKiia-
HHA m, W n,; 3) CTepCun o3 1 0y; 4) KO3hQUIHEHT KOPPEIAIHH £y

942, Cucrema cJay4aillbIX BeJIHUHH IIOAYMHCHA 3aKOHY pacripeje-
JIEHHS C IIJIOTHOCTDIO

i [ at—xt—y® mpn x*fyi<<a® (@a>0),
[ x, y)*{ 0 npu  x2-4-y% > a’.

Haifiti: 1) xosdpduuent a; 2) MareMaTHUECKHE OXHAAWIA MM, I 1My;
3) mucnepeii 63 1 0j; 4) KOPPHUHEHT KOPPEIAUII 7y

§ 16. JIJUHUU PETPECCHU. KOPPEJIAUU A

TMaua cicrema cayuaituox penrang (X, Y). Tlyers B pesyJabTate 1 HCTIBITAHHE
noayueno n Touek (x1; Y1), (¥2; Yz)s -eer (Xpy Yn) (CPesH 3THX TOUEK MOTYT OLITh
u copmagmiie), Tpefyercst BLIYMCAUTH KCIQOUUHEHT KOPPedAluiH 3TOH  CHCTEMBI
cayyaltHbIX BeJHYHH.

[Ipuusis BO BHUManlie 3akoH COJLLUIX UHCENT, TpH ROCTATOUHO GOJILIIOM @
B dopMmyaax AJS ONpejeaeHus 0%, oy 1 C,y MOXKHO 3aMEHHTH MaTeMaTHUECKie
oxunannsg M (X) 1 M (Y) cpeguumi apHdMETHICCKHMH 3HAaYeHHH COCTBETCTBYIOMHX
cayualubix Besuun. TTpH 3TOM HMEIOT MECTO C/CAYIOMIHE npHG/IMIKeHHbIE DABEHCTBAL

/

O ~ ;:< <. xi\/’l; M) = };:(\ii y;\/n,

OTcioia MOXKHO HaiiTi Ko(pduUEeHT KOppeTAlHH IO dopnye

, Cxy
VT o.6, "

Ecnu Irx,,llfn—l =3, T0 CBA3L MeNKAY CayualiHpiMIl BeTHYHEAMH XnY
noetatouso sepoatia. Ecau cBAzk mexay X M Y ycTaHOBieHa, TO JuHefiHOe TpH-

GJHKCHIIE Y, OT x Aaetca (opmy.oit RUHEUHOU pezpecciiil

- — o, - _
L’x“y=r«x'1/'6;‘(x‘x)r i Yy =ax-+-b.
x
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JluneiiHoe ke npuGamKenue fy OT y paercss GopMmyJolt JHHeHHCH perpeccuu

— — o — —
xy—x:rxy-o—x(y-—y), WM Xy =cy--d.
y

Crenyer uMeTb B BHAy, 4TO y,=ax-b u Xy =cY -}-d — pasauunple NPsMBIE
(puc. 50). Ileppas mpamas MOJdyuaercs B pe3yJbTaTe PELIEHHS 3aJa4H O MHHHMH-
3daHH CYMMBbI KBaapaToB OTKJIOHEHUH IO BEpPTHKAJJH, a BTOpasi—InpH peleHuy 3a-
A4uH O MHHEMHUBAUMH CYMMEBl KBAJpaToB OTKJOHEHHN IO TOPHU3OHTAJH.

J

Puc. 50

Jlas mocTpoenns ypasHesufi JHHeINHON perpeccHH HyXKHO:

1) mo ucxopnoit tadaune amauennii (X, Y) Beumcants x, y, oy, 0y, Cuys Txys

2) NpOBEPUTH THIIOTE3y O CYLIECTBOBAHHH CBASM Mexay X H V;

3) COCTaBHTL ypaBHeHHs 00EHX JIHHHH DerpeccHH H H306pasuTh rpaduKH STHX
‘ypaBHeHUH.

943, Hana Ta6auna

i|1’2 3,4 5|6'7 8 9

X |0,25 0,37‘0,44 0,55 0,60|0,62| 0,68 | 0,70 | 0,73

Y I 2,57 | 2,31 | 2,12 1,92 | 1,75 l 1,71 1,60 1,51 1,50
L | 10 11 ‘ 12 I 13 ‘ 14 15 16 I 17
X | 0,75 | 0,82 | 0,84 ' 0,87 ) 0,88 { 0,9 | 0,9 | 1,00

Y |1,41 1,33| 1,31 1,9 |1,20] 1,19 1,15 | 1,00

Onpenenntb KOIQOUIMEHT KOPpPEJISUHH 'y, W yPaBHEHHs JIMHHH pe-
rpeccuu.
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/\ CocraBHM pacueTHyio TaGJIHLY:

3 X Y Xz Y2 XY
{ 0,25 2,57 0,0625 6,6049 0,6425
2 0.37 2.31 0.1369 53361 0.8547
3 044 2’12 01936 44944 0.9328
4 0,55 1,92 0.3025 36864 1.0560
5 0.60 1.75 0.3600 370625 10500
6 0,62 171 03844 279241 10602
7 068 1,60 0.4624 275600 1.0880
8 0.70 1,51 0.4900 22801 1.0570
9 0.73 1,50 05329 272500 10950
10 0.75 1,41 0.5625 1.9881 1,0575
11 0,82 133 0.6724 17689 10006
12 0,84 1,31 0'7056 1,7161 1.1004
13 0.87 1,95 07569 15625 10875
14 0,88 1,20 07744 14400 170560
15 0,90 1,19 0’8100 1,4161 170710
16 0.95 1,15 0.9025 13225 10925
17 1.00 1,00 1.0000 1.0000 10000
s 11,95 I 26,83 9,1095 , 45,4127 17,3917

17 17 17
N3 rabauun nosyyaem: Z x;=11,95, Z y; = 26,83, 2 £ :Z 9,1095,
i=1 i=1 i=1
17 17

Zy?=45,4127, Z x;y;=17,3917. Tenepb Haxozum
i=1 i=1
¥=11,95/17=0,7029, y=26,83/17=1,5782;
05 =9,1005/17 — (0,7029)2 =0,0418, 0, =0,2042,
o =45,4127/17— (1,5782)2=0,1806, o, =0,4250;
Coy= 17,3917/17—0,7029. 1,5782 = -—0,0863;
1y = (—0,0863)/(0,2042-0,4250) = —0,09943.
Bhiuuc/isieM 3HaueHHe TIPOH3BEACHHS | 7y | V n—1; rak kak [ 7xyl Vi—i=

= 0,9943.4=23,9772 > 3, TO cBS3b JOCTAaTOUHO OGOCHOBAHA.
YpaBHeHHs JHHHH perpeccuu:

Oy -
Y=Y =Ty == (k=2
X

v

T. €
G 1,5782 = _9’39332'00#9 (x—0,7029); 7= — 2,0695x3,0320;
— — 0 -
Xy—X=ryy = Y—0),
y
T. €
Ey_0,7029=_°_’9%4_i"2%20_42 . (y—1,5782); ¥, =0,4776 y -+ 1,4566.

Tocrpous TOUKH, ompeflessieMble TaGauueli, ¥ JHHHH DPETPECCHH, BHIHM, YTO
ofe JHHMY perpeccuu npoxoAaTr uepes Touky M (0,7029; 1,5782). IlepBas suuus
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oTcekaeT na ocu opaumuar orpesok 3,0329, a Bropag—Ha ocH aGCHHCC OTpe3oK
1,4566. Touku (x;; y;) pacnojoxenbl GJAH3KO XK JHHHAM perpeccuH.

944, B pesynprate 79 ONMBITOB MOJyYeHa KOOPPEsHOHHAA Tas-
JIHLA BeJHYHH X = O0g/0p H Y

N 0,5 0,6 0,7 0,8
0,5 0 2 0 8
0,6 0 4 2 9
0,7 2 12 3 1
0,8 21 14 0 0
0,9 1 0 0 0

Uepes g 0603HAYeH Mpeie] TeKyd4ecTd CTajH, a 4Yepes Gp—Ipeiea
NPOYHOCTH CTaJH; Y —IIPOUEHTHO® COJACPKaHHE YIJIEPOAd B CTAIL
Ilesble yucaa, OPHBEJeHHbIE B TaOaHIe, SIBAIOTCA KPATHOCTAMHU 3Ha-
yeHH{l COOTBETCTBYIOWLHX CJyYaiHBIX TodyeK. Tak, HampuMep, Touka,
aast koropoit x=0,8, y=0,6, nmeer kpatHocTs 14, T.e. B pesy’b-
Tare 14 onpiToB sHayeHmo x = 0,8 cooTBeTcTBOBAIO 3Havenne y = 0,6.

TpeGyercsi onpefeauTb KODPHIHMEHT KOPPEIALIH H yPAaBHCHIHA
JIUHHIT perpeccH.

A Hcnoaeaysi Tabauunble AaHHbIE, HaXONXHUM

— _ x2 2 X
$=0,703, 7=0,622; Z;g --0,505; _Z%_zo,s%; ,%:g_yzo,m.

Onpe;xemm JUCHEPCHH H KCB apHanuwo:
6% =0,505— (0,703)2=0,505— 0,423 =0,012; o0,=0,11;

620,308 — (0,622)2=0,398— 0,387 =0,011; 5,=0,105;
Cyy=0,427—0,703.0,622=0,427 — 0,437 =— 0,01

Onpezemiv Ko3QQHIUEHT KOPpeIALHH:

ny 0,01
5= G, = T OIL0, o5 = — 867

Briuncssicy gHadellle Npou3seneHus |7y, | VY n—1; umeem

| 72y |V i—1 =0,867 ¥ 78 =0,807-8,84 ="7,66.
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Tak rag |ryy| V n—1 >3, T0 cBA3b JOCTATOUHO BEPOATHA.
Y paBHenHs JIHHI perpecci:

- — 0!] -
Ys—Y=Tay 5= (x—x),
T. €
;x—o,egoz_o,seroo’ 110}0 ¢ (x—0,703), y,=— 0,828x -+ 1,204:
= = O T
Xy—X= T3y o, (y—v),
T. €
- 0,11 - _
%,—0,703 = —0,867 + > (y—0,622), T, =—0,908, -+ 1,263. A

945. Jlama xoppeasuionnas tabauua ang seauund X u Y, roe
X—cpok cayx0bl KoJeca BaroHa B rojaX, a Y -—ycpeiHeHHoe 3Ha-
ueHue H3HOca MO TOJIIHHe 000Za KoJeca B MHJJIUMETPax:

N 0 2 7 12 17 | 22 | 27 32 | 37 | 42
0 3 6
1 25 | 108 | 44 8 2
2 3 50 | 60 | 21 5 5
3 1 11| 33 | 32 | 13 2 3 1
4 5 5 13 | 13 7 2
5 1 2 12 6 3 2 1
6 1 1 2 1 1
7 1 1 1

Onpenenuts Ko3hpUUHEHT KOppeNAlMN H ypaBHEHHs JUHHA perpec-
CHI.

946. Jlana xoppeJssuuonHasi TaGanua aas seaumuud X m Y, rie
X—cTpesia KPHBU3HBI pejibca B CAHTMMETpaX, a Y —KOJMYECTBO Je-
¢ekToB penbca (B caHTUMETpax Ha 25-METPOBHII pesbe):
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N 0 5 10 . 15 20
7,0 I 2
75 \ 1 1 1 1
8,0 l | L !
8,5 2 |
9,0 2 | 1 1 l 3
9,5 I
10,0 3 2 4 3 3
10,5 s | 5 1 3 | 1
11,0 3 ‘ 3 2 6
1,5 3 5 1 9
12,0 5 3 6 4 4
12,5 1 1 3 10 6
13,0 1 1 1 4 5
13,5 1 1 1 6
14,0 ‘ 2 1 3
v ; S
15,0 ‘ ’
15,5 1 1 l
16,0 [ | 3

Onpeeante KO3QPUIHCHT KOPPEASIUT U YPABHEHUA JIHHHH PErPeccuu.

§ 17. ONPEJEJNEHUE XAPAKTEPUCTHK CJIYYAHHBIX BEJUMYUH
HA OCHOBE ONBLITHbLIX JAHHbIX

1. TenepainHa® H BHIGOPOYHAS COBOKYNHOCTH. B6/00p0oUHOl COS0KYNHOCMEI0
(nnn 6ei60pKOLl) HA3BBAGTCSI COBOKYMHOCTh CJAY4YaHHO OTOOPAHHLIX —OJHOPOIIBIX
0GLCKTOB.

lenepaabHoi

COBOKYNHOCMb0 HAa3BIBACTCA COBCKYIIOCTL BCEX OMHODCAHBIX

o0BEKTOB, M3 KOTOPLIX NPONSBOJHMTCH BLIGODKA.
O6vemom coBOKYIHOCTH (BLIGCPOUNIOH HJIM TenepasHON) Ha3bIBACTCS YMCAO O0bEK-
TOB 3TOH COBOKYMUOCTH.
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BriGopka HasmiBaercss penpesenmamustosd (IpelCTaBUTENBHOH), eclH  OHA J10-
CTAaTOYHO XOPOILIO TPEJCTaBJASACT KOJHYECTBEHHBIE COOTHOLIEHHSI IeHEpaJbHOH COBO-
KYIHOCTH.

2. Yacrota u oTHocHTenbHas uactora. IlycTb HMeeTcst BhHIGOpKa ofbema n.
Pacnosnoxum pesyabraThl BHIGOPKH B TabJHle

E[ El" §2 Es s En

rae &5, Eoy ..., E,—3Hauenus cJuayuaiino#i seanuunnl X COoTBeTCTBeHHO B 1, 2,
, +.., n-M HcnsiTaHnsax. Cpeju IpHBENEHHBIX 3HaueHWi cayudaiiHoll Beanuuuer X
oryT 6biTh B paBuble. OGbeJlHAUB paBHble 3HaUeHHst CAyYalHOH BeNHUHILI, NOJIY-

quM Tabauly

X Xy X5 X3 ., Xy

Ny ny Mo Ng .o n;
rje n;—4HCJIO TosABJeHHit 3Hauenus x; (=1, 2, ..., I). Beanuunun ny, fg, ...
..., Ny HA3BIBAIOTCA 4ACMOMAMY COOTBETCTBYIOIIMX 3HAUEHHH Xj, Xa, ..., X; CJAy-

valincit Beanununt X. OueBHAHO, YTO Z n;=n, T.e. CyMMa 4aCTOT BCeX 3Haue-
i=1
HUM cJydafiHOH BeJHYHHBI paBHA OGbeMy BHLIGOPKH.
OrHourenre 4acTOTH #; K 06beMy BHIGOPKH 71 Ha3bIBAETCS OMHOCUMEAbHOU ua-
cmomol 3HaueHuss x; K o6o3navaerca dvepes w; (=1, 2, ..., [). OueBujno, uyto

1 Lo 14 I
tz]lw{:z§17:7i§1ni:7.n:1'

T.e. JUIsl cAyuaiiHol BeMHYHHB X CYMMa OTHOCHTENbHBIX YacTOT BCEX ee 3HayeHHH
pasHa ejuHHle.

Ta6anna, ycTaHaBIHBAIOLLASI CCOTBETCTBHE MEXKIYy 3HAUEHHSIMH cJyyalHOH Be-
JIMYMHBI H HX OTHOCHTE/JbHBIMH 4aCTOTAaMH, Ha3bIBACTCS CHAMUCIMUYECKUM pacnpe-
Oeseruem cnydyaiHoll BeJUYHHBL X:

X X1 X3 X3 eee Xy

14 wy Wy w3 . wy

CrnellyerT 3aMETHTb, YTO AOBOJLHO YaCTO CTATHCTHYECKHM DaclpefieleHHeM HashHBa-
0T Takxe TaGIHLY, ONPElEeJAOULyI0 COOTBETCTBHE MEX/y 3HAUCHHSAMH clydaiHol
BEJIMYHHEL M MX 4acTOTaMH.
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Ecan X —nenpepeiBHad ciyuafiHad BeJHMUMHA, TO ee CTATHCTHYeCKCe pacipe.
JeenIe 1eecco6pasHo npeicTaBUTh B BHAE

1 180, Euf 181, Bl 1B, &l 15-1, &l

W wy Wy w'y cee wy

37ech W;-—OTHCCHTENLHAA 4YacTeTa Ncnajaling cayualikcil Belyliopl B HHTEPBAT
i & i=1,2, ..., !

Ecau cnyuafinas BeqnuIlHA NPHMET A 3HadeHuil, PaBHBIX X;, TO B Clydae uel-
HOTO 3HAYeHIS A NMOJICBUHY 3TIX 3HAUYEHIH MOXKHO OTHeCTH K utepraay ]&; -1, &/,
a BTCpyl0 nosceBuHy— K natepsany |3;, &y, 1<Ci<C{—1. [lpu reweTuom A K

¥ Wl!
_————l——{ - .%’é b et e =
e == =TT }
_l_{ l { } { [ - {
L] LT -
0 & & & Gy S8 0% 5 % Tt o X
Puc. 51 Pue, 52

GAHCMY H3 STHX EBYX HHTE[BAIOB MOMKHO OTRecTH (- 1)/2 3Havenuil, a K ApPyro-
My (A—1);2 snasesuil. [Tpu Goapuiom c6beme 7 BLIGOPKI He HMEET CYLIECTBERIOrO
gHaueHHs, K K2KOMy H3 HHTEDBAI0B OTHeceHO Goabllee WHCJIO 3HAYeHHH.

LI HarAIHCCTH CTATHCTIMECKOE paclpelenerie THCKpeTHoll caydaiinoil Be-
JIHYIHBL HJLTOCTPHPYRTCS NOAUEOHOM Pacnpejesenns. [1Js 3TOro nec/iefcBaTeIbHbIe
ToukH (¥1; Wp), (X2} @a)y -.., (¥ w;) H306paxKalOT HAa KOOPIHHATHOHA ILIOCKOCTH
H CCeIHHSIOT HX NpPAMOJHHEHHBIMH oTpeskamu. Heo6xoauMo OTMETHTb, 4TO TOYKH,
He SABJSIOUTHECS BepIUIMHAMI MOJIHIOHA, He NPEJACTABISIOT HHTEepeca C TOUKH 3peHHA
maTemartiieckcii CTaTHCTHKH.

Tlost TICCTpAliy  pacipeiesieHHsl HenpepbiBHoH cayvaiiHoil BestIMHHbl ROMbs
3YIOTCA AHArpanMvai, KOTopule HasblBAOTCH 2HCMOepanumamu.

{. Tuctorpamma, yCTaHABIHBAIOULAA 3aBHCHMOCTb 4acTOT OT Pa3PAI0B IIHTEpP-
BaJICB, B KCTOpble [ONAJAl0T 3HAYeHHs CJAydyafiHoil BeIHYMHBL.

[lycTh EempepuiBHAs cayyaitnasi seapuuna X onpeelesa tabanueit:

I ]‘Eov 51[ 1&4, Ez[ IS, fé:;[ e ]El-—l‘, §[[

Ry iy flg flz “es ny

[pennonaras, uto pasuoetH E;—&i_1 TOCTOSMHBI, NOIOKIM E,—&_i=h ana
i=1, 2, ..., { (h—war Tabauuw). Ha ccn Ox ommerum 1ok 5o, &iy oo, g,
PaccmoTpist DYHKIIIO, Cllpele/eHHYI0 paBeHcTBaMH y==n;/l, ecm X€I5i-1 &
i=1, 2, ..., [. Bouncann maomatin S; NpAMOYTOILHHKOB, HHMKIHIMI CCHCBAHSIMI
KOTOPLIX sInIsioTest OTpe3k [§-y, & ccu Ox, a pepXHUMI —COOTRETCTBYIOULHE

oTpeskn rpaduka ¢yekuHn y=r;/l (puc. 5l); myeem
Si=(m;/h)y-h=n; (=12, ..., ).
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2. T'ncrorpamma, xapaKkTepH3VIOL[asi CTATHCTHYECKCE paclpeedenie cayuainoil
seaHunnn. Ona ycTaHapIMBaeT 32BHCHMOCTb MEXKAY paspsiaMi H OTHOCHTEJbHBIMA
yacToTaMi 3HaueHHil cayyalinoll BeTMYNHLI, NMONABUINX B 3TH paspsilbl.

B sroMm cayuae pacemarpusaercst ¢ynkuns BHIa y=uw;h (i=1, 2, ..., I}
AHaJorHuNo NpeblyuieMy, INIOMA b COOTRETCTBYIOWErO i-T0 NNAMOVIOALIINKA YAC-
JeHHo paBna w;. Taxkum o6pasom, moma b QHrYpLI, OrpanuenHoil NpAMLIMU
X=Xy, x=x;, y=0, y=w;/h(i=1, ««., 1), paBua 1 (puc. 52y,

947, B pesysbTaTe HCHBITaHHS cayyaiiHaa Beanunua X npuxaia
Caelylole 3HaueHus:

£, =2 E=5, E=7, E,=1, E =10,
=5 =9, E=6, E=8 &, =6,
En’_—?’ E =3, §13=7, 514:6» §15=8,
Els =3, E =38, Els = 107 glo = 6- Eza =7,
Eﬂ1=3 E =9, §23:4s §24—5’ Eza=6-

Tpebyercsa: 1) coctaBuTh TabaMLY, YCTAHABJAHMBAILULYI0 3aBHCHMOCTE
MeK1y 3HA4YeHHSAMH CJy4aHHOH BeJHYMHBL H €€ yacToTaMmil; 2) mocTpo-
HTb CTaTHCTHYECKOE pacnpejeseHue; 3) 1306pa3iTb IOJNITOH pacnpe-
Jie/IeH .

A\ 1) Haiijem o6bem BmGopxu: n==25, CocTaBnyM TaGJaHIy

nxll 2 | 3 | 1

2) CraTHCTHYeCKOe pacnpejesieHHe HMEeT BHJ

X 1 2 3 4 ' 5 l 6 | 7 8 9 10
W 1/25 | 2/25 | 3/25 | 1/25 l 3/25 l 5/25 ‘ 3/25 | 3/25 | 2/25 | 2/25
N T
HOCJIeILHIO!O Ta6.'muy MOXKHO nepenucaTb B BHJE

X 1 l 2 l 3 4 5 t 6 7 I 8 9 10
|4 0,04 ‘0,08 »0,12 0,04 | 0,12 \ 0,2 | 0,12 ‘ 0,12 | 0,08 | 0,08

3) Bosbmem ma mnjaockoctH xOw Touku (I

0,04), (2; 0,08), (3; 0,12) w 7. 1.

Tlocsiel0BaTeIbHO COEJIHHUB STH TOUKH l'lpﬂMOJIHHeHHbI\IH OTpe3KaMH, MOJYYHM IO+
JIUFOH pacnpejieieHus cayyaiinoft Benmuunet X (puc. 53). A
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948. B pesysbTaTe WCHBITaHHS ClAydyaiiHas BeluyuHa X NpHHAJIA

cJlefyIolie 3HAYEHHS:

£, =16, §2=17’ £;,=09, §4=13v §5=21’

§6=11v §7=79 Es=7’ §9=19v §10=5’

=17, =05, §&;3=20, 8, =18, Ei=11,

216:41 §17=6» gls:22’ §19=21’ 220:15’

€, =15, £, =23, Eu=19, 8, =25, Ey=L
TpeGyercst: cocTaBUTb TAGJMIy CTATUCTHYECKOTrO pacnpenesieHus, pas-

6us npoMexyTok |0,25] Ha mATE YYaCTKOB, HMEIOMHX OJHHAKOBbIE
IUIHHBL; TOCTPOUTH THCTOIPAMMY OTHOCHTEJbHBIX YacToT.

Y
037 ™
AR 28} Pl
] 1 l
0,24} 024 i
o0} 2 e {—11
pis} ol 1 1|
L 0,12 it 11
92 R 11
go8}- 006 ll i % i
004 1 !
0‘04 1 1 3 1 1 : 1 Il L L l ! | ! %
01 23 4 ¢ 61 8§k 05 10 15 20 25 X
Puc. b3 Puc. 54
A\ TlpeasapuTeqbHO COCTABHM Ta6/uiLy -
1 10, §] 15,10[ 110,15[ 115,20[ 120,25]
Iy 3. 5 4 8 5
CraTHCcTHYeCKCe pacnpejaesicHue HMEET BUJ
1 i 10,5[ 15,10[ 110,15] 115,20[ 120,25[
w 0,12 0,2 0,16 0,32 0,2

I'ucrporpamMya OTHOCHTENIBHLIX YacTOT H300pameHa Ha puc. 54.

3. Crarucrnueckas ¢yHknus. Ilycte F* (x) —oTHocuTeNbHAst YacToTa IOsIBJe-
HHSl 3HAYeHMil CJAyYadHOil BesuuuHbl X, YAOBJIETBOPSIOLUX HepapencTBy X < X.
Gynkuust F* (x) naswiBaercs cmamucmuueckol gyuxyueld pacnpedesenus. Taxum

c6pasom,
J 0 opu x < Xi,
R

F* (x) = ] _21 W, M Xp<<x < Xpypi (B=1, 2, ..., s—1),
/:
v 1 npH X == X,.
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Tax kak cornacno Teopeme BepHynH OTHCCHTEBHLIE YaCTOTEI IPH HEOTPaHUUEHTIOM
BO3PACTaHHH 7 CTPEMATCST MO0 BEPOATHOCTH K COOTBETCTBYIOUIHM BEPOSTHOCTSM CO-
Obitisi, TO IpH GOJBIIOM OGbeMe BLIGSPKH CTaTHCTHHECKAs (DYHKUHH pacmpesese-
nag F*(x) Gauska x uarerpasinuolt Gynkuun pacnpesetenns F (x) =P (X < X).
Toukd X1, %, ..., x; ABJAsIOTCA TeUKamH paspuisa 1 poja ¢ymkuumm F* {x).

949. lauo cTaTHCTHYECKOE paclpejeeHHe:

X I 11 12 13 14

W, l 0,4 0,1 0,3 0,2

Haditi cTaTHCTHYECKYIO YHKIHIO paclpeseeHds M NOCTPOUTL ee
rpahuk.

A\ Hveem
0 HpH x<<1l,
0,4 mpun 1l < x<< 12,

F*()=<0,5 mpu 12< x<13,
0,8 mpu 13 < x< 14,
1 npu x > 14.

Y

70

08

06

D4

42

0 1 23 4 56 71 6 9 104 12134 X

Puc. 55

Ipaduk dynkuun F*(x) ugofpaxen Ha puc. 55. &

4. Onpenesienne cpejHero 3HAYEHHS CAYYANHON BeNHUHHDI. Cpeduum 3nauertenm
CAYYalHol sequuMHBl X, 3afailHCil CTATHCTHYECKHM DacIpejeseHHeM, Ha3biBACTCS
BBl aXKeHUe

4
X=Wixg - Woky + . s +w1xz=2 WiXi,

i=1

HJTH

—x-:

M

!
n3x1 - Noko ... Fryx 1
=— 2 ;X
n n
i=1

Papenictso (1) cnpenensier cpenuee snauenne X mist BBEIOCDKH.

AManoruuiio cnpejelisercs cpeinee SHaueHHe cayuafinoit pemmyuunt X a7
reHepaie Hol COBCKYIHOCTH:

- MX{NgXet ... n,x
x=.11 2+N +NN1 (2)
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rie N —ob6bem renepaabHoll cookymuocTd. Tak Xak n;/N = p;— BepOATHOCTb, C
xotopolt X mpurnMaer suavenie X; (1 << i<C N), To paBencTso (2) MOXKHO 3alHCaTh
B BIje

x=x1pi -+ Xopy oo F xypy =M (X).

B cCOTBETCTBHI C 3aKOHOM GOJBILNX uHcea DepHyaul MOXHO CYHTaTbh, YTO
N BBIGOPOUHOIT COBOKYIIHOCTH x ~ M (X). B naabneiiweyM, npeanoaaras # jocTa
TouHO Gosblumy, GyieM mucaTs x= M (X).

Ecau Bce snauenHs caydaiinoll seauynnept X GIH3KH K IOCTOSHHOMY HHCAY @,
TO BHIUMCJCHHE X YTPOLLAETCS:

1 1 1
= Z WX = 2 w; (xj—a+ta)y= 2 w; (x;—a)-Fa 2 wl_\:——a—{-a 2 Wi,
i=1 i=1 i=1 i=1
T. €.
X=atx—a, 6]

TAe X— a—cpeinee suavenne cayuaiinoll sesmunuel X —a. Taxum ofpasom, npH
ACCTATCUYHO 60JI6HIOM 2 BLIHOJAHAETCS paBeHCTBO
MX)y=at+M(X—a). “
950. Halitn cpepnee 3Hauenue cayyadHOl BeJIYIIHBI, 3aJaHHOH
pacnpeieseHeM

A\ Bce snavenns X 6amsaku K a= 14, BbluHCAMM OTHOCHTeNbHBIE YacTOTHI H
cceTasuM TabauIy:

X—14 —0,2 —0,1 0 0,1 0,2

w 0,16 0,12 0,28 0,24 0,2

Tenepb HaxoauM
5
1= D) w; (x;— 14)=—0,16.0,2— 0,12-0,1 4 0,28.0+ 0,24.0,1 - 0,2.0,2 =
i=1
=-—0,032—0,0124 0,024 - 0,04 = 0,02,
CaexoBatensho, x= 14 0,02=14,02. A

5. Jlucnepcus ¥ cpejHee KBajpaTH4HOe OTKIOHeHHe. Cmamucmuveckoid ducnep-
cueti cJyyalHOM BeJIHYHHE, 3aJaHHON CTaTHCTHYECKHM pacrnpejenendeM, HasbBaeTca
BLIpazKeHHe

D* (X)=w; (i — %)+ wp (52— %)%+ ... 10y (1, — 1) (1)

M3 pasenctBa (1) ciepyeT, 4TO CTaTHCTHYECKAas AHCNEPCHS SIBJASETCA CPELHHM 3Ha-

yeHueM cJayuaiinoii Beamunsn (X -——Xx)2, C BospacTaHHeM £ cpejHee 3HaueHHe X
CTpeMHTCH 10 BePOATHOCTH K M (X), a OTHOCHTENbHLIE HaCTOTHL Wy, Wa, eeey W—
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K COOTBETCTBYIOUWIHM BCpOSITHOCTAM. TakuM o6pa3os, npH GoablIoM oGbeme BbIﬁOp-?:
KH HMeeT MeCTo MpuG/inKeuioe pasenctBo D*(X) ~ D (X). Bemuunna o* (X) =
=V D* (X) nasuBaetcst cpednum xeadpamuunoim omxaoteruer. Oga HMeeT TY
K€ PasMepHOCTb, YTO M CiayvaliHas Bejnyuda X.

B nanbuefier, cuutas o6bem BHIGOPKH 1 10CTAaTOUHO GOJBILIM, BMecTo D* (X)
1 0*(X) Gyxem mucatb coorserctsento D (X) u o (X).

Ecan snauennst cayuailuoli eanunnnl X GMH3KH K NOCTOAHHOIN Belnuuue g,
TO BbIYHC/ACHIE CTATHCTIYECKON AUCIEPCHH YIIPOLLAeTCH:

4 !
D*(N)= wi (i~ 0= X w; [(i—))—(r—a)]*=

i=1 i=

! !
= 2 @ (r—a—2(x—a) Dw (4—a)+F—a)?

i=1 =1

w; ==

M~

—

!
= 2 wi (5 —a)*—2 (r—a) (s—a) + (—a)*.
i=1

W3 pasenctsa (3) m. 4 creayer, 4To x—a=x—a, NO3ITOMY

D*(X) =(x—a)—(x—a)?, )
rie (x—a)*—cpennee snayenne cayvaiinofi pemuunusl (X —a)?, a (x—a)®—kKsaj- -
par cpefHero 3HadeHHs ciydqaidnofl Besuunuel X —a. Tak Kak JeBas 4acTh paseH-

CTBa (2) HE BaBHCHT OT @, TO B NPaBOM YACTH DABEHCTBA INOC/E YIIPOLICHHH @
JOMIKHO HCKJouuthes. Ecau, B wacTmoctd, a=0, 10 moayuaerca dopmyaa

D (X) =F— (@

Ananornunas $GopMyJga YacToO HCMOIL3YETCS B TEOPHH BepPOATHOCTel.
Ecan cayuaitipie sesunnnl X u ¥ cBAsanbl MHHeHHOMH 3aBucHMocTIO Y = kX -5,
TO CPEeJHHE 3HAYeHHS 5THX BEJMUHH CBSA3aHBI TOH e JUHEHHON 3aBHCHMOCTBLIO;

y=kx--b nmn M (V) =kM (X)- b. (3)
Ecnu pucmepcnio BesqHuMHHL Y BBIPAsHTH Yepes gucmepcHio BeqHUmHE X, TO
D (Y)=D (kX +b)=D (kX)4-D (b) =&2D (X),
Tak Kak D (b)) =0. Crerosarennuo,
D (v) =#* [¥*— (). (4)

951. Bouncauts D (X) u o (X) s cTaTHCTHYUECKOTO pacnpejeiie-
HHS, 3alaHHOTO B npumepe 950.

/\ CocraBum TaGmuiiy

(X —14)2 0,04 0,01 ' 0 0,01 0,04

w 0,16 0,12 0,28 0,24 0,2

Tance, nmeem x—14=0,02, (x— [4) = 0,0064-0,0012-}0,0024 - 0,008 —
== 0,018.

Caeposatenvho, D (X)=0,018—0,0004 =0,0176; o (X)=1)"0,0176 =~ 0,133. A

952, Onpexests y 1t D (Y) Ans cTaTHCTHYECKOrO Paclpe/leNieHH s
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Y'

11

15

19

23

w

0,02

0,18

0,35

0,3

0,1

0,05

A\ 3Bnauenna Y of6pasyoT apHpMETHUECKYIO IIpO
u passoctbio 4. Tostomy YV =3-4+4(X—1), 7. e
Ecaun X TnCc/efoBATeNbHO IIPHHHMaeT 3Hauenus 1,

coOTBeTCTBeHHO 3Hauenus 3, 7, 11,

craTHCTHYeCKHe pacnpegedenusi Benund X m X%

Y=

4x—1,

IPECCHIO C TEPBEIM YJIEHOM 3
k=4,
2, 3, 4, 5, 6, To Y npumer

b=—1.

15, 19, 23. Takum cf6pa3cmM, MOXKHO 3alHCaTb

X 1 2 3 4 5 6
14 0,02 0,18 0,35 0,3 0,1 0,05
X2 1 4 9 16 25 36
W, 0,02 0,18 0,35 0,3 0,1 0,05

Orciofa HaxoauM
%=0,02--0,36-1-1,05--1,2--0,5-0,3=3,43;
¥2=0,0240,724-3,15+4,84-2,5641,8=12,99
Vcnombayst gopMyly (3), mosydnnm

7=4.3,43—1=12,72,

a no gopmyse (4) HaxOAUM

D (V) =42 (12,99—11,76) =16-1,23=19,68. A

953. Haiitu cpenHee 3HaueHue, AUCIEPCHIO M cpeliiee KBaJapaTuy-
HOe OTKJIOHEHHe CJIyyalHO# BeJHYMHBI, 33AaHHOH pacHpejeleHHeM

X

9,8

9,9

10

10,1

10,2

ny

954. Onpeneauth y u D(Y) Aas CTaTHCTHYECKOTO paclpe/e/ieHH s

11

14

17 20

23

0,10

0,20

0,15

0,25

0,05

0,12

0,08

0,05




6. OnpegesieHHe MOMEHTOB CJy4al{HON BeJMYHHBI N0 AAHHBLIM BHIGOPKH. AcHM-
meTpusi H 3Kcuecc. Hauaronoim momenmom s-To MopszKa cayuyainod BequdusHel X
HasbiBaercs BesiMuuHa ag (X)=M (XS), a yenmparonoim MOMEHOM— BeJHIHHA
ps (X)=M [(X—my)®], rie my—maTeMaTHUeCKOe OXKHULaHHe CJydaiHOH BeJHYHHBL X.

Ecnn cudraTs BHICOPKY peNpe3eHTATHBHOH H HMeWed ACCTATOUHO GOJMbILIOH
ofbeM, TO AJS ONpejeseHn st ocs(X) H Mg (X) HMEIOT MeCTO NpUOJIHAKEHHDIE (O PMYJIbl

~

as (X) & Zw,x“ ps (X) & Dw; (—2)°.

=1 i=

LleHTpaJbHLIE MOMEHT MepBOro Nopsiika JOGOH CayualHOM BeJUYHIIBI TOXK-
JilecTBeHHO paBeH Hywmo. MefictButensho, =M (X—m,)=M (X)—m,=0.

B caydae cHMMETPHUYHOrO pacTpeflesieHHs CIydaHHoH BeTHYHHBL X OTHOCHTEIbHO
MaTeMaTHUeCKOTO OXKMAAHHS PaBUbl HYJIO H APyTrHe LEHTPaJbHbie MCOMEHTHl Heuer-
HOTO TNOpSZKa.

Crenyer TakxKe HMeTb B BHIY, 4TO O (X)=M(X), a ps (X) =D (X).

Ecau 3naueHHs cayvualinoll BeJMUMHBEL GIM3KH K HEKOTCPOMY YHCAY @, TO AJS
BBIMHC/ICHUS HEHTPadbHLIX MOMEHTOB IepPBBIX UETHIPeX MOPSIKOB 1Le/eccofpasHo
110/1b30BaTbCA (HOPMyJaTaMu

1y (X)=0,
e (X) =(x—a)*—(x—a)?,
ps (X) =(x—a)*—3 (x—a)-(x—a)? 42 (x—a)?,
wy (X) =@ —a)'—4 (x—a) (x—a)*+6 (x—a)? (x—a)?—3 (x—a)*.

C nomouipio 06o3HaYeHHT Vg =(x¥— a)® 3TH QOpPMyJbl [pecdpasyoTes K BHIY

w1 =0, py=mv, —, Ha==V3—3Vyvy -+ o3, Ly =V — 4vgvy - 6vyv] —3vi. )

Ecan, B wactHocT#, @=0, TO NOJy4YalOTCS PABEHCTBA, YCTAHABJIMBAIOMME 3aBHCH-
MOCTH MEXK1y NEUTPaJLHLIMH [y M HaYaJbHBIMH Oy MOMEHTAMH MNEPBBIX YeTHIPEX
HOPSIKOB:

2 3 2 4
=0, pe=as—ai, ug=as—30as} 201, py=0;—4a053-6air,—3a;. (2
Hauanpublil H UEHTPaJbHLLA MOMEHTHl S-TO MOPSAAKA HMEIOT Pa3MepHOCTb, pas-
HYIO PasMepHOCTH S-ii CTeNeHH CJy4YadHOH BeNMUMHEL
Ecan cayuaiinbie Beauunnsl X u Y cBsisaHbt JuHeHHON 3aBHCHMOCTEIO YV =

= kX -}-b, TO UEHTPANbHBI MOMEHT S-ro HOpsAKA Cayualisoil Beauuunsl Y ompe-
JleqseTcsl cAefyIoUHM 06pasom:

s (V) = prg (RX -6) = kg (X 4-/k) = by (X). ®)

Jlerko nmokasawmiBaercs, 4to W, (X +C)=p, (X), rae C —mnpoussoasHas HOCTOSTHHAS.
CpejiHee KBajpaTHUHOE OTKJOHEHHE ONpezessieTcsl Tak:

o) =V 1) =VEuL X =k VX =]k oX). *

ITycts X —ienpepoiBHas cayuvaitHas sejnunua. s onpeleeRus ee YHCJIO-
BEIX XaPaKTEPHUCTHK COCTaBHM TalJuly

X Xq Xa cee X
WJC Wy Wy oo wy
TAe Xx;—KaKoe- HIl6y[Lb ypcsao M3 uHrepmanaa }&;.y, &, i=1, 2, e I. O6BuHO

nonarawT x;=(§;_1--&;)/2. Buipasus acumMMeTpuIo M sKcuecc caydyaiHoll BeaHdHe
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B Y =~kX b uepes acuMMeTpHIO H IKCHeCC Cyu4aiiHol Beanunnnl X, (opmy.nt
Aa4 KOTOpuIX NpHBeleHH Ha c. 206, 207, noayuam

- .3 S
S (v) = Yy __Fusg(X)

03 (y) - lkl‘; 03 (X):Sgn k'Sk (X)7 (5)
. 14 B, (X ,
Eo ) =B s e 8= B (X). ©

Ouesuano, uto ecai £ > 0, 10 Sy, (kX --b) = Sg (X); ecan ke & < 0, 10 Sp (RX -+ b) =
=— S (X).

955, BoiuicauTh HEeHTpaJbHBIE MOMEHTHI TEDBHIX UETHIPEX NOpPAA-
KOB cJyuaiiHOH BeJHUHHH, HMerolell caelyiollee CTaTHCTHYECKOE pac-

npejeseHne:

X

11

12

13

14

|\

0,35

0.25

0,15

0,25

A Tlpumem a=10. Jasa BHUHCIEHHA Vi, Vg,

Vg, Vv, COCTABBM DpacHeTHY1O

TabJauLy:
X-~a 1'4 W (X-a) W (X —a)? W (X-a)? W (X -a)*
I 0,35 0,35 0,35 0,35 0,35
2 0,25 0,50 1,00 2,00 4,00
3 0,15 0,45 1,35 4,05 12,15
4 0,25 1,00 4,00 16,00 64,00
2,30 6,70 22,40 80,50

Urag, vi=2,3; v3=06,7; vg=22,4; v,=80,5. Ilo dopmyaam (1} naxomum
pi(X)=0; py (X)=6,7—232=141;
JIES (X)=22,4—3-6,7-2,3—}—2-2,33=0,504;
Js (X)=80,5—4.22,4.2,3-1-6.6,7.2,32—3.2,31 —3,1257. A

956. BrouncauTh IeHTpasbHblE MOMEHTH NEPBHIX YeTHIPEX MOpsA-.
KOB CJlyyailHOH BEJIMYMHBI, MMeOIleH CJejyrouiee CTaTHCTHYECKOe pac- |

npejesieHue:
Y 4 9 14 19
14 0,4 0,2 0,3 0,1
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A Yucaa 4, 9, 14, T19 o6paszyioT apudMETHYECKYIO NPGTPeccHio, NO3TCMY
Y=445(X—1), 1. e. Y=5X—1, k=35, b=—1. Cocrapnm Tabauuy

X W WX WXz wXs W X4
1 0,4 0,4 0,4 0,4 0,4
2 0,2 0,4 0,8 1,6 3,2
3 0,3 0,9 2,7 8,1 24,3
4 0,1 0,4 1,6 6,4 25,6

2,1 5,5 16,5 53,5

Cacgopatensio, oy =2,1; 2,="5,5; oy =16,5; 2, ="53,5. [To depuynau (2) Haxozum
p(Xy=0; py(X)=5,5—4,41=1,09;
pg (X)=16,6—6,3-5,54-2.2,13=0,372;
jty (X) =53,5—8,4.16,54+6-4,41.5,5— 34,412 = 2,0857,

Teneps, ucnoassys dopumyay (3), momyunM pg (Y) =5, (X), 7. e.
pi (V) =0, py (Y)=25-1,09=27,25; u, (¥)=125-0,372 — 46,5;
ny (Y) =625.2,0857 =1303,5625. A

957. Tlomp3yAch NAHHBIMH BLIGOPKH, OMNPEIAHTb HAYaJbHBIE
H IEHTPaJbHBIC MOMEHTBI [E€DBBIX YETBIPEX MOPAIKOB, ACHMMET PIio
M 3KCIIeCC, €CcJH caydaiiHas sequdnHa X onpejesena Tab.Huei

1 10.2[ 12,4 14,61 16,81 18,10]

Ny 3 4 10 5 3

A\ O6wem ButGopku n=25. Cocrazis Tadnuuy

X Wx WiX Wy X2 WeX3 W X4
I 0,12 0,12 0,12 0,12 0,12

3 0,16 0,48 1,44 4,32 12,96

5 0,40 2,00 10,00 50,00 250,00

7 0,20 1,40 9,80 68,60 480,20

9 0,12 1,08 9,72 87,48 787,32
5,08 31,08 210,52 1530,60

Caeronateanno, oy=>5,08; oy =231,08; 5=210,52; o, =1530,60, 1. e.
M (X)y=5,08; p;=0.



Ucnosbayst Gopmyael (2), HaxoauM
py = 31,08 25,8064 =5,1736, 1. e. D (X)=5,1736;
pg = 210,52 —3.5,08-31,08 - 2.5,08 = —0,9462;
pg = 1530,60 —4.5,08- 210,52 - 65,082 31,08 —3- 5,08¢ =67,3004.

Orciofia moJyuaem

o (X)=V'5,1736 =~ 2,275;
wa(X) 09462

Sk(X)=13 ST 2T ~ —0,0804.
we (X) 67,3004
E,(X)= Oj ® = 5o —3x=—0,488. A

§58. Tloabaysicb JaHHBIMH BHIGODKH, ONpPEAEIHTb HauaJbHble
M NEHTPAJbHbBIC MOMEHTHl NEPBBIX HYETHIPEX TOPAAKOB, ACHMMETDPHIO
U 3KcIece s caydafiHOR BeJIMYHHEL, 3ajaHHOl TabJnied

1 11, 31 13, 5l 15, 7] 17, 90 19, 1]

Ny 2 4 10 6 3

§ 18. HAXOXXAEHUE 3AKOHOB PACNPEAEJIEHH A CJIYYAWUHDBIX
BEJUYHUH HA OCHOBE ONbITHbIX AAHHbIX

1. Pacnperesenue ¢ paBHOMepHOR MAOTHOCTBIO. ITycTh 3a1anHO CTATHCTHYECKOE
pacnpejenenune

I ]§01 El[ ]glr EZ[ LR ugl—ir El[
174 wy Wy ce wy
Ecau uucaa wy, Ws, ..., Wy OAU3KHM JPYr K APyry, TO M 06pa60Txm Habmozne-

HHIl yAOGHO BOCTIOJB3OBATLCS 3aKOHOM PaCTIpefeseHts C PaBHOMEDHOI INIOTHOCTBIO.
Kaxk usBectso (cM. c. 196), IJIOTHOCTh PACIPELEICHHS B ITOM CJydae ONpPeAesaeTca
caenylomuM o6pasom:

{ 0 npu x < a;
F={ 1/6—a nmpn a<<x<b;
0 npu x> b.

Marevatuueckce oXHUjaHue, JUCIepCcHsa U CpeAHee KBaApaTHYHOE OTKJOHEHHE
AJs1 pacnpelenaeHus ¢ paBHomepHoﬁ NJICTHCCTbX) HAXOAATCH IO q)OpMyJIaM

M (X)=(a+b)/2, D(X)y=0b—a)?12, o(X)=0— a)/(2 ]/3)
Taxum 06pa3oM, PELIHB CHCTEMY ypaBHeHuil
(a--b)/2=M (X),
{ b—a)/2V 3)=0(X),
MCIKHO HAHTH a M b, a 3aTeM HCKOMYIO TWIOTHOCTE DACIpele/IeHHs.
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959, BoipaBHATL ONBITHbIE JaHHbE, TPHMEHHB 3aKOH PacClpene/Ie:
HHSl C PAaBHOMEDHOH MJIOTHOCTBIO:

I j0, 10[ | 110, 20f | j20, 30[ | 130, 40[ 140, 50[ \ 150, 60[
fly 11 14 15 10 14 . 16
A 3pecy n=_80. Coctasum TaGauuy
X 5 15 25 35 45 55
W 11/80 14/80 15/80 10/80 14/80 16/80
Tlonaras X =5T, NMOAYyUUM C/eayloulyio TaGanuy:
T w wT W T2

1 11/80 11/80 11/80

3 7/40 21/40 63/40

5 3/16 15/16 75/16

7 1/8 7/8 49/8

9 7/40 63/40 567/40

11 1/5 11/5 121/5

25/4 509/10

Janee, nmeem
M (X)=5M (T)=5-(25/4) —=31,25; M (X?) =52 M(T? =25-(509/10) = 1272,5;

D (X) = 1272,5— 976,5625 = 295,9375; {

(a+-b)/2=31,25,
(b—a)/(2 ¥V 3) =V 2959375 .

Pewids TOCTENHIO CHCTeMY, HafieM a=1,46, b=61,04, orkyra 1/(b—a)=
= 1/(61,04—1,46) =0,017. CrefoBaTeNbHO,

0 npu x < 1,46,
fw=10,017 mpn 1,46 <x< 6104,

(

) L 0 npa x > 61,04.
Jljis TOCTPOEHHS TMCTOrPaMMbl COCTABHM raGmuny (rae b= 10):
I 10, 10f | 110, 20[ | j20, 30[ | 130, 40[ 140, 50[ 150, 60
Wih 0,0138 | 0,0175 | 0,0188 0,0125 0,0175 0,02
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v Ha puc. 56 wmsoBpaxkena

Lo THCTCTPaMMa OTHOCHTE/ALHBIX 4ac-

! — TOT ~ JAHHOTO  CTaTHCTHUYCCKOIO
pacnpegeseHus M rpaduK MICT-
HOCTH pacnpejesieHi s,

Tax xak pacnpezeneune c
PaBHOMEDHOH IIOTHOCTBIO  CHM-
MeTPHUHO OTHOCHTEILHO Marewam-
YEeCKOTO OXKILAaHIfA, 10 tg (X) =
Sk (X) =0. HssecTuo Takxe, uTO

, TpPH TaKOM pachOpere’eHyH K-
. . = CHecc paBeH —I,2 He3aBHCUMO OT
W6 o2 90 46 8 8 £ suavennltaub. 4

Puc. 56 860. IlpoussecTH BHI-

paBHIIBAaHKHE OMBITHLIX JaH-

HBIX C [OMOLIbIO 3aKCHA pacnpefesieHHsi ¢ pABHOMEPHO IJIOTHO-
CTBIO:

T

p s
LUiY

n\.‘r1—ﬁ1

bt

T

I 1—1, 1 1t, 3f 13, 5[ 15, 7 17, 91

ny 6 7 4 5 8

2. Pacnpenenenue Ilyaccona. Paknpeneqemxe Ilyaccona ycrauae/aHBaeT COOT-
BETCTBHE MEXKIy 3HAYCHHAMH C/Iy4yallHOH BeauuliEbl X H BePOATHOCTAMU STHX 3Ha-
yeHuil ¢ IIOMOLIbI0 PABEHCTBA

-2
A%, (n

rie x npuHHMaeT 3Havemus 0, 1, 2, 3,
Takum o6pasoM, pax pacnpefenenns clyuafiucil Beuumubr X neer BUJ

X 0 1 2 3
—a A
p - o= A e a2 £ 93
e A 3 A 37 A

Ha IIPAaKTHKE C"Iyllﬂluﬂfaﬂ peanynHa X MPHHHMAET CTpa”HHYeHHCE YHCJIO 3HAa-

. o=kt
weuii 0, 1, 2, ..., /, Tak Kak NpH ACCTATOUHO $0JbWOM A BeJIHUHHA 7i SIB-
JISeTCST MaJof.

Hanomuns, uto zas pacnperenenns ITyaccona M (X)=D(X)=A\

[TycTs 1aHO cTaTHCTHUECKOE paCIIpejiesieHie

X 0 ' 1 2 !

My ny t ny g e ny
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3o pacipe/cseHie MOXKHO 3anucaTts 1 B BHAS

X 0 ‘ 1 2 ‘ l

W wy ‘ wy Wy e { wy

Ecan nis pansoro pacnperernenns seanunnst M (X) n D (X) ue Gauskn apyr
K Ipyry, TO OHO He siBJsAcTes pacrpejiejenuen ITyaccona. Ecan xe M (X) = A
u D (X) = X, To Jis pelenys BOMPOCA O XapakTepe PaclpelcseHds Caeiyer noji-
CTABHTH 3HaueHite A B Buipaxcenue (1) M BEUHCIMTL 3HAYEHHST ITOrO BBIPAKEHNS
npn x=0, 1.2,..., {. B ToM cayuae, Korja sHaueHHs P oraxyrca GIH3KHMH
K COCTBETCTBVIONUM 3HaueHnsiM W, MOXKIHO CUMTaTh, 4TO C.IyvaliHad BelMdnHa pac-
npeaeacna no 3axony Ilyaccona.

961. Jlano CTaTHCTHYECKOE paclpejesieHlie

SRR EAERERDITIE

13‘7 3‘2

TToka3aTh, UTO OHO OJM3KO K pacmpejenenuio Ilyaccona u ycrano-
BHTb 32BHMCHMOCTb MeXk1y 3HAYEHNsIMI CJAyuyalHOH BEJHYMHBl U Be-
POATHOCTSAMI 3THX 3HAUeHHIl.

7
A Haizew n= 3 n;=7-21-4-2641347+3+2=100. Cocrasuy TaG-

i=0
auany
X’0’1’2’3'4’5|67
W l 0,07 0,21 0,26 0,21 I 0,13 0,07 \ 0,03 0,02

OnpeneauM MaTeMaTHYecKoe OKHAAHHE CydaiiBON BEJIHUMHB:
M (X)=0,21-}-0,52+0,634-0,524+0,354-0,18 10,14 = 2,55.

CocraBuM Teneps Tabaully

X2 0 \ 1 ‘ 4 9 16 25 ‘ 36 49
|14 0,07 l 0,21 l 0,26 l 0,21 0,13 0,07 I 0,03 0,02
CaenoBareabLHO,

M(X?)=0,21+1,04-+1,80 4 2,08-}-1,754-1,08-4-0,98 = 9,03,
243



OTKYJa
D (X)=M (X2 —[M (X)]2=9,03—6,503 — 2,527.

[onoxum A=2,52; Torga 3aBUCHMOCTb MEXKAY 3HAUCHUAMHU CIy4aHHOH BeJHMYHHBL
¥ UX BEPOSITHOCTAMH MOXKHO 3alHCaTh B BHJE

e—2,52
P= —+2,52%,
x!
Tloxcuntas mo stoit gopmysne suavemus P pas x=0, 1, 2, ..., 7, nosyuum
TabIuLy
X 0 ‘ 1 2 3 4 ‘ 5 6 7
P 0,08 0,20 0,25 0,21 0,13 0,07 0,03 | 0,01 A

962. Pemiuts sajlauy, aHaJOTHYHyIO NpejblAyllef, AJasl CTaTHCTH-
YEeCKOI0 pacnpeieaeHus

X 0

1 2 3 4 5'6 7 8 9 10 | 11

Ny 1 l 3 8 14 17 17 ’ 15 10 7 5 2 1

1
|

|
I
|
|
o 4§40

| P ————

R

Puc. 57

3. HopmanbHoe pacnpepenenne. ITycts craTHCTHUECKOE pacnpenenenne

1 ]Eo» gl[ ]gl) §2[ ]El—i’ gl[

W wy W,

HMEET THCTOrpaMmy, u3obpaxennyo Ha puc. 57. CocraBum Tabauuny

W l Wy ’ Wy ' cen ’ Wy

X
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nonarast x;=(%&;_1-+§&)/2, i=1, 2, ..., I. Ha pucynke nJaBHOM JHHUEH coelH-
HEHB TOUKH (Xq; wi/h), (¥a, wofh), <., (X1 w;/h), TAe h—Inar TaGJuIbL.

Ecau mosnyueHHas TJaBHas KpuBad Onu3Ka X kpupoit T'aycca, TO MOXKHO
06pagoTaTh CTATHCTHUECKHE JAHHEIC C TMOMOILBIO HOPMANILHOTO 3aKOHA pacupegene-
pus. OnpefenuB MareMaTHYeckoe O0XKHUIaHHe m=M (X) u cpeauee KBajpaTH4HOE
OTKJIOHeHHe 0 =0 (X), paccMOTpHM (YHKIHIO

1 2 2
o p—(x—m)*/(20%)
X) = —e . 1
F® oV on M

Haiizem 3nauennss sTod (GYMKUMH B TOUKAX X1, Xo, «+-» X[ HerpyaHo BHIETS,
yro mnpoussenchust Af (x1), hf (xs), -+, hf (x;) pPaBHBI BEPOSITHOCTAM MONALAHHS
CIyualHOH BEJMYHHBI, pacnpenesicHHoll 10 HOPMajbHOMY  33KOHY (1), coorser-
crBenno B unrepsadsl &, Eif, 181, Eof, -+ s 18,1, &[. Ecin sagaHHO€ CTaTHCTH-
yecKoe pacrpejenenue GJIM3KO K HOPMaIbHOMY, TO GYRYT BHUIOJHERE! NpUOAHKEH-
Hele papeHctBa Af (x) mw;, i=1, 2, ..., [. B paabueiiieM mnpusesem 6GoJee
TOUHbLIE KPHTEDHH COTJIACOBAHHA OMIHDHYECKOrO H TEOPETHUECKOrO 3aKOHOB pac-
npeae/IeHHs.

963. Jlano craTHUCTHYECKOE pacnpeleseHue:

7 |10, 31113, 61|16, 9|19, 121 112, 15(|115, 18|18, 21[{I21, 24[|124, 27[}]27, 30

ny 1\3 4 6 1 10 7 5 2 1

TloxasaTtb, 4TO OHO OJIH3KC K HOpMaJbHOMY pacnopelesieHyo, U 1no-
CTPOUTH THUCTOrpAMMY €ro OTHOCUTEJbHBLIX 4YacCTOT.

A 3neck n=>50. Cocrapnm Tabauuy

X |1,5 |4,5 7,5 ‘10,5 13,5 {16,5 ]19,5 22,5 125,5 (28,5

w | 0,020,06 0,0810,12 0,22 0,2 0,14 0,1} 0,04 | 0,02

Tlpouspens 3ameHy nepemMenHoil @o Qopmye X =3T—1,5, sanuumem CTaTHCTH-
weckue pacnpenenenus gas T n T2

w |0,02|0,06]0,08}0,12/0,22] 0,2 | 0,14 0,1 0,04 | 0,02

T2 1 4 9 16 25 36 49 64 81 100

w |o0,02]|0,06]|008]|0,12|0,22| 0,2 | 0,14 | 0,1 | 0,04 0,02
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Hanee, nmeem
M (T)==0,02+0,12+0,24-4-0,48-41,1--1,24+0,98-4-0,8-}-0,36+0,2=5,5;
M (T%)=0,02-+0,244-0,72--1,92+5,56+7.2--6,86 6,4 3,24 -+ 2=34,[;
MX)=3M(T)—1,6=3.5,6—1,5=15;
0% (X)=9 (34,1 —30,25) =34,65; ¢ (X)=V9-3.85 =3.1,562 ~ 5,9.

CreroratesbHO,
flx)= 1__ Le—r=18)%ae,3
59V 2n
[Tonoxum (x— 15)/5,9 ==u1; Torma
1 -2 i —utz
X) = e————— e "2 0,172, Tae 2, =———s g~ Y2,
f( ) 5'9 V2n u A /4 V‘2J’E

3rauenus QYHKUHH 2z, Ipaeeiedsl B Tabi. 1V Ha c. 412
Hcnonbsys 5TH 3HaueHHud, COCTaBUM Tenepb Tadauuy (i =23)

X U 20 f (x) h (x) X U 2 f(x) af (x)
1,6 | —2,29( 0,029 | 0,005 0,02 | 16,5 0,25 | 0,387 | 0,066 | 0,20
4,5 —1,78| 0,082 | 0,014 0,04 19,5 0,76 | 0,299 | 0,05t | 0,15
7,6 | —1,27| 0,178 | 0,030 0,09 | 22,5 1,27 1 0,178 | 0,030 | 0,09
10,51 —0,76! 0,299 | 0,051 0,15 || 25,5 1,78 | 0,082 | 0,014 | 0,04
13,51 —0,25( 0,387 | 0,066 0,20 || 28,5 2,29 10,029 0,005 | 0,02

3aMeTHM, UTO IOJYYeHHHE PE3YJIBTATEl MOTYT GBITH CONMOCTABAEHH C BePOSIT-
HOCTAMH NONAXAHUSA CMyuyalHoll BeIMUHHBL HA AAHHBIH Y4YacTOK, BBIYHCALEMbIMHA 0O

dopuyae
. b—m N a-—m
pe<x<n=lo(pR)-o( 78],

2 .
rie CD(x)z-FSe—” dt —dynkuua Jlangaca, SHAaYCHHA KOTOPOIl MPHBELEHEH
T,

B 1aba. III na :.0 411, u m=M (x)=15. Tloasaysace 3Toil TaGauuell, HAXOLMN

PO<X<3)=05[—®(1,44)+ D (1,80)]=0,5 (—0,9583+4-0,9891) =
= 0,0154 ~ 0,02;

P(3< X <6)=05[—® (108D (1,44)] =0,5 (—0,8733 -1-0,9583) =
= 0,0425 ~ 0,04;

P(6< X <9)=05[—(0,72) 4 (1,08)] =0,5 (—0,6914 -1-0,8733) =
= 0,0905 =~ 0,09;

PO <X <i12)=05[—®(0,36)--D (0,72)]=0,5 (—0,3893--0,6914) =
= 0,151 = 0,15;

P(12< X < 15)=0,5[— @ (0)+ @ (0,36)] =0,5-0,3893 = 0,1946 ~ 0, 19;

P15 < X < 18)=0,5[D (0,36)— D (0)] =0,5.0,3893 =0,1946 ¥ 0,19,

P (18 < X < 21)=0,5[D (0.72) — ® (0,36)] = 0,5 (0,6914 — 0,3893) =
=0,151 ~ 0,15;

P2l < X< 24)=05[0 (1,08)—® (0,72) = 0,5 (0,8733 — 0,65 14) =
= 0,091 ~ 0,09;
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P1< X < 2T)=05[® (1,44) — @ (1,08)] =0,5 (0,9583 —0,8733) =
= 0,0425 x 0,04;

P27 < X < 30)=0,5[® (1,80)— @ (1,44)] =0,5 (0,9891 — 0,9583) =
—0,0154 = 0,02.

B pesyvasTare noayuaen tabanmy

/ E]o, 3[)]3, 6[ | 16, 9[,]9, 12[ 112, 15]

115, 18[{]18, 21

21, 24[]']24, 27[]]27, 30[

j2 1 0,02

0,04

0,04 0,09‘ 0,15 0,02

0,19 ‘ 0,19

0,15 ' 0,09

CpasnuBag 3Hauenns w 1 Af (x) (man w u P), yGexaaenvca B TOM, 4TO 3alaHHCE

CTaTHCTHYECKOE DpaCrpeieneHi€ MOXKHO CUNTAaTh: NOA1HHEHHEIM HopMaanomy 3a-
Kony (puc. 58). A

&
—
2 =
T T T T T T 1 T T

R TR

[N
NS
©
«
-
I
&
~
L=

Puc. 58

964. Pemuth 3ajauy, aHaJOTHYHYIO NPEABIAyINEH, IS CTATHCTH-
YyecKoro pacnpejiesenus

1 e 1280 | 1B 4 .50 | I 6 | 16 7 17, 8
Ny 4 4 8 16 18 20 30

1 1 90 | 19, 1or | 10, 11p | 11, 12[ | 112, 13[ | 118, 14[ | ]14, 15[
ne 28 22 18 14 10 4 4

4. Pacnpenenenne Hlapase. HopmanbHoe pacTipejenenye SBAAETCS CHMMET-

PHUHHIM, T. €. KpHBaf y=———= ¢~ ¥ (20 cpyneTpHuEA OTHOCHTETBHO TIPsi-
oV 2n

MOlt x=m. OXHakO Ha INpaKTHKe 4acTO BCTPEJaAlOTCS W aCHMMETDHUHbIE pacmpe-

aenennss. B TOM cayuae, KOra aCHMMETPHS 1O aOCOMOTHON BETHYHHE HE Ouehb

BeAUKa, pPACTIpEAea€eHHe MOMKET ObTb BHPaBHEHO C IIOMOWBIO TaK Ha3bIBAEMOrO
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saxona Hlapave. Tlnotrocrs 3akona Illapibe ompenensieTcss paBeHCTBOM

fu =1 W45 | 2L a0+ s w—eety], )

rae [ (x)—TIJIOTHOCTE HOPMATLHOTO 3aKOHA pAachpejeseHust, 4= (x—m)/0, 2z, =
=(1/V2x) e /2, Sy(X)—acummerpusi, E, (X) — sxcuecc. Takum o6pazom,
BTOpPOE CJjaraemoe B IpaBodl yacTh paseHcTBa (1) fABJsieTCS MONPABKOH K HOPMaJb-
HOMY 8aKOHy pacnpenenerus. Herpyano supers, uro ecnu Sy (X) =0 u E, (X) =0,

10 pacmpegenerue Ilapape copnagaer ¢ mopmanbubiM. Pacnpenesnenne Hlapase
MOXKHO 3amucaTh B BHJE

X
Pt 144 oy + B0 ety ]

965. Bocnonmbsosathes pacnpejenennem IHapibe npumenuTesnbio
K JAHHBIM CTATHCTHYECKOH TaG.HIIbI

1110, 3[I]3, 6[ ‘ 16, 9[ 119 12§

112, 15[!]15, 18[’]18, 21

121, 241124, 27[]]27, 30[

nel 1

5‘8

15'28‘21‘10‘6 3‘3

A 3necs n=100. Cocrapum Tabauuny

X 1,6 { 45| 7,6 | 10,5 13,5 16,5 | 19,5 | 22,5 | 25,5 | 28,5

W, {0,01}0,056}0,08)0,15]0,28] 0,21 0,1 0,06 } 0,03 | 0,03

Iepeiizem x nopoil nepevennoil T, cegsannolt ¢ X sapucumoctsio X =37 —1,5.
CTaTHCTHUECKOE PaclpeZeeHHe caydaliHol Bejnuunnl 7 HMEeT BHJ

T123456|7 8'910

w |0,01]0,05(0,08]0,15] 0,98 0,21’ 0,1 | 0,06 ’ 0,03 | 0,03

IMpuBesem pacuernyio TabjauuLy:

T w wTr W T2 wrs W Te
1 0,01 0,01 0,01 0,01 0,01
2 0,05 0,10 0,20 0,40 0,80
3 0,08 0,24 0,72 216 6,48
4 0,15 0,60 2,40 9.60 38,40
5 0,28 1,40 7.00 35,00 175,00
6 0,21 1,26 7,56 45,36 272,16
7 0,1 0,70 4.90 34.30 240, 10
8 0,06 0,48 3,84 30,72 245,76
9 0,03 0,27 2,43 21,97 197,73
10 0.03 0,30 3,00 30,00 300, 00
5,26 32,06 209,52 1476, 44
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Jlanee, umeem

M (T)=5,36; M (X)=3-5,36—1,5=14,58; M (T?) =32,06;
D (T)=132,06—28,73=3,33; G(T):Vﬁ—,ﬁ::l,SB; 0 (X) =30 (T)=5,49;

ps (T =as— 3 0ty -+ 208 = 209,52 — 3.5,36- 32,06 2. 5,36% = 1,98;
Sp (T) =g (T)/0%(T) =1,98/1,83°*=0,32;
ity (T) = a2y — 4ty - bato, — 3ot =
— 1476,44—4.5,36.- 209,52 - 6- 5,362 32,06 —3.5,36* = 34,59;
o4 (T)=3,332=11,0889; E, (T) =34,59/11,09—3=0,12; E, (X)=0,12.

Tak kak h=3, M (X)=14,58=m, o (X)=5,49, u=(x—14,58)/5,49, S (X) =
=0,32, E,(X)=0,12, To ornocurelsHas uactora pacnpepejendst Ilapave Ber-
pa)<aetcsl paBEHCTBOM

3 " 032 .
w—mzu [1—}——? (u®—3u) +

rre S=1-4-0,05 (®—3u)-}-0,005 (ut— 6u2-}-3).
CocTaBiM TaGaHLy A/f OTpeieneHNst BrlpaBHeHnbx no 3akony Illapase wactor:

012 (u4_6u2+3)]; nan ©=0,552,8,

X U |za | vz| Us us | su | euz (Uo3,2%y€/) (Ufl’g?ffig) s | P

1,51—2,38(0,02!5,66|—13,48/32,08 —7,14]33,96] —0,32 0,005 ]0,69:0,01
45| —184]0107|3,39) —6.23(11,46|—5,52(20,34| —0,04 | —0,03 10,9 |0,04
775 |—1.200°17]1.66| —2.15| 2,77|—3,87 9,96| 0,09 | —0,02 |1,050,09
1075 |—0.74{0.30[0 55| —0.41| 0,30]—2,22] 3,30| 0,09 0,00 |1.00]0,18
13.5|—019/0.39(0.04] —0,01] 0.00]—0,57| 0,24/ 0,03 0.015 |1,06|0,23
16°5| 0.350.38[0.12| 0,04/ 0,01] 1,05 0,72{ —0,05 0,01 |0.97]0.20
19,5 0,90i0,27{0,81 0,73] 0,66 2,7 | 4,86 —0,10 —0,005 |0,89]0,13
22,5 1,440, 14{2,07 2,99 4,30{ 4,32/12,42| —0,07 —0,025 (0,88{0,07
25,5 1,99/0,06{3,36 7,88|15,68| 5,97|23,76 0,10 —0,025 11,05]0,03
98'5| 2.54{0.02]5.45] 16,30[41,62| 7,62(38,70| 0,44 0,03 |1.5 0,02

Cpapuupasi 4acTOTHl, MOJIy4eHHLIE TOCJe BuipaBHuBauKs no saxkoHy [lapaee,
¢ YacTOTAaMH, 3ajlaHHLIMM CTATHCTHYeCKOR TaC/HLeH, NPHXOAUM K 3aKJIOYEHHIO,
YTO COOTBETCTBYIOLLIC YaCTOTBI AOCTATOUHO GIH3KH APYT K ApYyry. OziHako o6 OKOH-
yaTeJbHOM pelieHHH BOIPOCa O COrJacOBAHHOCTH CTATHCTHYECKOTO H TEOPETHYECKOro
pacripejie/ieHHit Mpl CMOKeM CYAMTb JiHUIb [OC/AE TOro, Xak GYAYT PacCMOTpeHbI
Kputepun corsacus ([Tupcona, Pomanoscxoro, Konwmoroposa). A

5. Kpatepuu cornacus Iupcona u Pomanosckoro. Paccmorpum BOmpoc o co-
FJIACOBAHHOCTH CTATHCTHUECKOTO H TEOpeTHYecKoro pacmpeierenuit. Ilycts cratu-
CTHUECKOe pacHpefieieHHe BbIPABHEHO C MOMOILbIO HEKOTOPOrO H3BECTHOrO 3aKOHA
pacrmpenenenust (C PaBHOMEPHOH NJIOTHOCTbIO, HOPMAJbHOTO 3aKOHA, 3aKoHa
lapave 1 T. A.).

T[IHpCOHOM NPEVIONKEH CIeTyIOUHi KPHTEPHIl COrIacOBAHHOCTH CTATUCTHYECKOrO
H TEOPETHYECKOro pacmpejenenuil. CHauasa BBOLAT BEJHYUHY

!
W — N2
X2=n2: ( zpipt) ,
i=1

rjle w;— OTHOCHTEJbIILIE YaCTOTH, 3alauHble craTHCTHuecKo Tabuunedt, a p; —
BEPOATHOCTH, MoJIyYeHHbIE MO HEKOTOPOMY TEOPETHUECKOMY 3aKOHY pacnperesenus.
3aTeM paccMaTpHBAIOT PASHOCTb r+=[—f, TAe [—UHCIO PA3PAIOB CTATHCTHUECKON
TaGauLbl, a8 [— YHCI0 YCIOBHH, NajaraeMblX Ha YacTOThl Wy, Wy, ..., Wy YHCIO 7
HA3HIBAETCS UHCJIOM cHieneHel ceo60del,
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Hanpuep, naa wopmaisbnoro 3axoma pacipejesenus {=3, TaK KaK HCIOMb-
3YIOTCA CJeAYIOMIe YCJIOBUI:

! I
1) 2 w=1; 2 Z wixp=my; 3) Z (;—m)*wi=D,,
i=1

i=1

rae my 1 Dy— vaTeMaTHUECKOe OKBIAHHe H JHCNEPCHS B TEOPETHYECKOM 3aKOHS
pacnpeieieHus.

Aas saxona Wlapase #==5, Tax Kak HMEIOTCH MATH JHHEMHBIX ypasBHenui,
CBASBIBAIOWMX BHAYCHHA D1, D2, +«+, P

i~

L
pi=1, 2 D pxi=mg 3 X (—m)p; =Dy
1 i=1 i=

MN

1)
i

z
4 2 (i—m)Ppi=ps(X); 5 21 (i —m)* pi=py (X).

—

i~

i

Henoabsyst taba. Vo (em. . 413, 414), no sHavenusiMm %% M r ONPeielsioT Bes
JIHYMRY P, XapaKTEPH3YIOULYI0 BEPOSITHOCTh COIVIACOBAHHOCTH TEOPETHYECKOr0 H CTa-
THCTHYECKOTo pacnpeaenenuit. Ecaum p < 0,1, To MOoXHO caeaaTh BHIBOA, YTO Teo-
pHsI IIOXO BOCMPOH3BOAMT sKcnepument. Ecan xe p > 0,1, 1o 910 03Hauaer, urto
THIOTE32 O MPHHATOM TEOPETHYECKOM pacnpefieleHHH He HPOTHBOPEYHT ONHWTHHIM
JaHHBIM.

B. WM. PomaHOBCKHM NpejsioXeH CIelyIOIHH KpUTepuil COrMIacHs: eCH BeH-
upHa | y2—r ]/V2r Goabuwie HAM paBHa 3, TO PACXOXKJAEHHE TEOPETHUECKHX M ONbiT-
HBIX U&CTOT HAj0 CUHTaTb HECJAy4alHGbIM; €CJH XK€ OHa MeHslue 3, TO 3T0 PacXOxK-
A€HHE MOXKHO CUHTATb CJaydalHbIM,

966. IlpoBepuTb, corsacyercs JiuI CTaTHCTHYECKOE pacnpeieseHne
3a1aun 999 ¢ TEOPETHYECKHM, HMEIOLHM DPaBHOMEDHYIO MJIOTHOCTB.

A\ Tlo pamsbIM cTatucTHyecKoil Ta6auusl B 3azave 959 6rouia onpezenesa
IJIOTHOCTb pacnpejieseHus

N 0 mpu x< 1,46,
f(x)=1 0,017 npua 1,46<Cx<C61,04,
0 nmpu x> 61,04,

Halinem 3nauennsi BepOSTHOCTH NONAajaHMS CIy4alHON BEJHUMHEL, Paclpeie-
JIEHHOH 110 YKASAHHOMY 3aKOHY C DABHOMEDHON IVIOTHOCTbIO, B HHTepBaanl ]—10, Of,
10, 10[, ]10, 20f, ..., 160, 70[, 170, 80[: 2

1{]—10, O[]0, 10{]]10, 20[‘]20, 30[ | 130, 40[ | J40, 50[']50, 60[{160, 70[l]70, 80f |

Pl o 0,14I 0,17 ] 0,17 1 0,17 | 0,17 l 0,17 0,01] 0

Caegyer orvetuts, t0 P(0 < X < 10)=P (1,46 < X < 10)=(10—1,46).0,017 =
=0,14; P(60 < X < 70)=P (60 < X < 6],04)=0,01. [Ipupepem pacueTnyio Tad-
VMY VIS BLIMHCJACHHS %2
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W P W—_p (W =Py W=Py
P
0,14 0,14 0 0 0
0,17 0,17 0 0 0
019 0017 0,02 0,0004 0,0023
0,13 0,17 —0,04 0,0016 0,0094
0,17 0 {7 0 0 0
0,2 0, 17 0,03 0,0009 0,0052
0 0,01 —0,01 0,0001 0,0
0,0269

CaenoBaTensHo, /2:80 0,0269=2,152; 1=7, t=3, r=4. llpn r=4 mu3
taba. V. uaxogum: ecau =2, 10 p==0,7 3)8 ecau y2=3, to p="0,5578; ecau
¥2=2,152, To p=0,7358—0,152.0,178 = 0"308 0,0271 =0,7087.

WUrak, MOXKHO CUMTaTh, UTO 3a1aHHOE CTATHCTHYECKOe paclpeleteHiie nof-
HOCTBIO COMVIACYeTcsi € SaKOHOM paclpejeeHHs, HMEIOWHM pPABHOMEPHYIO ILIOT-
HOCTb. A\

967. JlaHo cTaTHCTHYECKOE pacrnpeaereHie

1o, 5[\15, 1olj10, 151115, 20|12, 25([125, 30[{]30, 35[|I35, 40f|I40, 45[|]45, 50

ny 2'12' 8 4 14 6 10 2 1 1

BbIHCHHTb, coraacyeTcs JIH 3TO pacnpefe/eHle ¢ TeOPETHYECKHM,
HMEIO UM PABHOMEDHYIO IJIOTHOCTD.

A 3pecs n=70, Cocranum Tabauuny

x| 25 | 7,5 | 12,5 | 17,5 | 22,5| 27,5 | 32,5| 37,5 | 42,5 | 47,5

W 0,029 10,171 | 0,114 | 0,057 | 0,2 | 0,086 | 0,143 0,029 0,0140,157

Jlanee, HAXOZUM
10
M(X)= ) wx;=25(0,02043-0,171+5.0,1144-7-0,057+-9-0,2 - 11X~
i=1
% 0,086 13-0,14--15.0,029-1- 17.0,014 - 19.0,157) = 24,4285;
M (X?)=2,5% (0,029-}-9-0,171 +25.0,114 -1-49.0,057 -1-81.0,2{- 121 0,086 +
-+ 169-0,143 -+ 225-0,029 - 289-0,014 4 361 -0,157) = 782.67;
D (X)=782,67T— 596,75 — 185,92; o (X) =} 185,92 =13,63.
CocTaBuMm u pewnn CHCTEMY ISis onpejeneHnst a U b:
{ (ab)/2=24,43, a-}- b = 48,86,
by =4
(b—a)/(2V 3)=13,63 b—a=47,16
1/(b—a)==1/47,16=0,0212.

& (b=48,01; a=0,85);
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Hraxk,

(

0 nopu

x < 0,85,

f)=10,0212 npn 0,85 < x< 48,01,

N

0 mpu

x > 48,01.

Temnepnp naliieM BEPOSTHOCTH NONAAHHSI CIyuaiiHON BEJHUNNBI, paclpejeseH-

HOH no yxasaHHoMy 3akoHy, B urTepBajsl [0, 5[, 15, 10[, 110, 15[, ..., ]45, 50[:
-5, Of 10, 5[ 15, 10[ 10, 15f 15, 20{ 120, 25[
P 0 0,088 0,106 0,106 0,106 0,106
125, 30f | 130, 35] 135, 40[ [40, 45] 145, 50[ 150, 55[
0,106 0,106 0,106 0,106 0,064 0
OTMeTuM, 4TO
P(O< X <5=P(0,85 < X < 5)=4,15.0,0212 =0,088;
P (45 < X < 50)=P (45 < X < 48,01)=3,01.0,0212=10,064.
Pacuernast TaGauua AJsi BHIYHC/IAEHHS Y2 HMEET BH/L

w P W-p (W — Py L;P)f_

0,029 0,088 —0,059 0,003 0,034

0,171 0,106 0,065 0,004 0,038

0,114 0,106 0,008 0,006 0,057

0,057 0,106 —0,049 0,002 0,019

0,2 0,106 0,094 0,009 0,085

0,086 0,106 —0,020 0,000 0,000

0,143 0,106 0,037 0,001 0,009

0,029 0,106 —0,077 0,006 0,057

0,014 0,106 —0,092 0,008 0,075

0,157 0,064 0,093 0,009 0,141
0,515

Hrak, %2=70.0,515=36,05; [=10, ¢{=3, r=7. [lpu sHavennn r=7 gias
%2=30 u3 ta6n. V HaxoguM p=0,0001. Tax Xax npu NoCTOSHHOM 3HAUEHHH r
¢ yBeauueHneM %2 BeposTHocTb P yMeHbnaercs, To aas %2 =36,05 BeposTHOCTH
P < 0,0001. 3nayur, B JAHHOM C/Iydae TEODHA IUIOXO BOCIPOHM3BOXHMT OLEIT.

Tot ke BHIBOZ MOXKHO CHeJIaTh, HCNOAB3YS KpuTtepuit Pomanosckoro. JleiicTBu-
TeJbHO, HaXOAHM

[x2—r|_|36,05—7] 29,05
Vo V1a 3,74
HTaK, THNOTE3y O TOM, UTO 33JaHHO€ CTATUCTHYECKOE paclpeieieHue §B-

JISeTCS PACTIPEAE/IEHHEM ¢ PABHOMEDHOI IJIOTHOCTHIO, CJeAYeT CYHTaThb HENpaBjO-
noAc6HOi. A

=~ 7,763 > 3.
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968. I1pumenuts kputepun [Tupcosa u PoMaHOBCKOTro /7151 yCTaHOB-
JIeHUs TPABLONOAOOGHOCTH THUIOTE3bl O HOPMAJbHOM paclpele/eHun
cJayuaiiHO# BesqMuYHHBL B 3ajaue 963.

/\ Pacuernasi Tabauna HMeeT BHJ

W P w-p (W -Py2 UY—‘#
0,02 0,02 0 0,0000 0,00
0,06 0,04 0,02 0,0004 0,01
0,08 0,09 —0,01 0,0001 0,001
0,12 0,15 —0,03 0,0009 0,006
0,22 0,20 0,02 0,0004 0,02
0,2 0,20 0,00 0,0000 0,00
0,14 0,15 —0,01 0,0001 0,0007
0,1 0,09 0,01 0,0001 0,001
0,04 0,04 0 0,0000 0,00
0,02 0,02 0 0,0000 0,00

0,0387

10
e n\2
Tlagee, umeeM nzu:50.0,0387= 1,035, (=10, =38, r==

i=1 i

= 10—3=7. U3 ta6a. V aas r=7 Haxopum: ccau y2=1, o P=0,9948; ecau
%2=2, To P=0,9598. CnexosaresnsHo, npu %?=1,935 moayuum mnpomexyTOUHOE
sHayenne P. D10 3HaueHUE MOXKHO HAfiTH, NPHMEHHB CIIOCOG MHTEPIOJHPOBAHUS.
Ipu y2=1 n y2=2 snagenna P ornnuaiorcs Ha BeauuuHy 0,9948—0,9598 =
= 0,035. C ypeauuenuem y* BeposiTHocTb P ymeHbinaercs, mostomy npu x*= 1,935
HMeeM

P ==0,9598-10,065.0,035=0,9621, wuan nunaue P =0,9548—0,935.0,035=0,9621.

Mosnyuennasi sepositHocth Goaeire, uyeMm 0,1. Cormacno kpurepmio Ilupcona, sto
LAET OCHOBAHHE CUHTATb, YTO HOPMAJbLHBIH 3aKOH LOCTATOYHO YJAOBJETBOPUTEJbHO
BOCMPOM3BOAHT 3aJlaHHOE CTATHCTHYECKOE pacnpeieeHie.

Coraacuo xputepuio PoMaHOBCKOro, umeem

[%2—r| 11,935—7| 5,065
Vor Vid 3,742
TaxkuM o6pasoM, pacXOiK[eHHE MEXAY JAAHHBIM CTaTHCTHUECKHM paclipesele-

HHeM W BBHIDABHHBAIOUIMM €r0 TCOPCTHUECKHM DAacIpeie/eHHeM MOMKHO CUHTATh
cayuaitHbiM. A

1,354 < 3.

969. IIponspectTu BRIpaBHHUBAHUE C IIOMOILBIO HOPMAJBHOTO 3aKOHA
pacnpeneneHus AAHHBIX CTATHCTHYECKOH TaG/IHIbL:

14,1; 1 14.2; | 143 14,4, 14,5; 14.6; | 14,7;| 14.8; | 14,9;
! 42 | 430 | 44l | 450 | 460 | 47[ | 48| 49| 5
fy 1 2 3 4 5 8 8 9 10




11 podo.iorcerue maba.

]

5,4; 15,5; | 15,6; | 15,7 15,8;
5,5 56[ | 5, 5,8

71| 580 | 59

Ny 10 9 9 7 5 4 3’2‘1

TIpoBepHTb COrIACOBAHHOCTb CTATICTHYECKOTO M TEOPETHUECKOrO
pacnpefenenuii no xpurepusam [lupcona u Pomanosckoro.

A\ 3rece n=100. B naapneiimem 6yaeM npeinosaraTb, 4TO 3HAUEHHS cay-
yaliHOH BEJMYUHBI COBNAJAIOT CO CPELHUMH apH(MCTHUCCKHMH 3HAUCHUSIMH rpa-
HHI[ HHTEPBAJIOB:

X 4,15 4,25 4,35 4,45 4,55 4,66 | 4,75 | 4,85 4,95

W 0,01 0,02 0,03 0,04 0,05 0,08 | 0,08 0,09 0,1

W 0,1 0,09 0,09 0,07 0,05 0,04 | 0,03]0,02| 0,01

x | s.08 5,15‘5,25 5,35 | 545 | 5,55 | 5,65]5,75 | 585

Tax Kak 3HaueHHs Cay9ailHON BeAMUHHBI GNHM3KH K 5, TO COCTABUM Tab/mmy:

x=-5 ! w (X=5) (X=5)2 W
—0,85 0,01 —0,0085 0,0072
—0,75 0,02 —0,0150 0,0113
—0,65 0,03 —0,0195 0,0127
—0,55 0,04 —0,0220 0,0121
—0,45 0,05 —0,0225 0,0101
—0,35 0,08 —0,0280 0,0098
—0,25 0,08 —0,0200 0,0050
—0,15 0,09 —0,0135 0,0020
—0,05 0,1 —0,0500 0,0003

0,05 0,1 0,0500 0,0003

0,15 0,09 0,0135 0,0020

0,25 0,09 0,0225 0,0056

0.35 0,07 0,0245 0,0086

0,45 0,05 0,0225 0,0101

0,55 0,04 0,0220 0,0121

0,65 0,03 0,0195 0,0127

0,75 0,02 0,0150 0,0113

0,8 0,01 0,0085 0,0072

—0,001 0, 1404
CaenoBaTennHo,

M (X—5)=—0,001; M [(X—5)2]=0,1404; M (X)=5-M (X —5)=4,999;
D (X)=M [(X—5)2] —[M (X —5)]2=0,1404; 0 (X)=1V0,1404 =0,3747 ~0,375.
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[lnoTHOCTD pachipefeieRus CTyuaituoif BeMMYHHBL X ONpejeNsioTCs paBeHCTBOM

| (x—5)2/(2-0,3752)
F )= . (x—35)%/(2-0,375 , %)
¢ 0,375y 2n (
HJTH

f(x)=2,67-2,, rae u=(x—"5)/0,375 = 2,67 (x—75).

OnpeneanM BePOATHOCTH [OMAJAHIIA cayuaitHoil BeJHUNHEI, PacilpeleaeHio
Mo YKA3aHHOMY HOPMAJLHOMY 3aKouy, B HHTCPBAJIbL 14,1; 4,20, 14,2; 4,3(,
..., 15,8, 5,9] ® mpoBepHM COIACOBANHOCTL CTATHCTHYECKOrO M TEOPCTHUCCKOTO
pacupefeieHnil Mo KpUTEpIaM Iupcosia 1 Pomanosckoro. CocTaBHM ciepyowie
TaOJMHILbL:

X U 2z | fo | B w | P [W-P| (W-Py M
4,15 —2,27 1 0,03]|0,08}0,01 0,01]0,01| 0,00 0,0000 | 0,000
4.95) —2,00 {0,05]0,13]0,02 0,02]|0,02f 0,00] 0,0000 | 0,000
4,35 | —1,74 | 0,09 | 0,24 § 0,02 0,0310,02| 0,01] 0,0001 | 0,005
4,45 | —1,47 {0,13]0,35| 0,04 0,04{0,04| 0,00 0,0000 | 0,000
4,55| —1,20 |0,1910,51|0,05 0,05{0,05| 0,00 0,0000 | 0,000
4,65| —0,93 {0,25]0,67]0,07 0,08(0,07| 0,01 0,0001 | 0,001
4,751 —0,66 | 0,32 0,85 | 0,09 0,0810,09|—0,01} 0,0001 { 0,001
481 —0,40 10,37 0,99 0,10 0,09{0,10|—0,01] 0,0001 | 0,001
495| —0,13 10,39 1,0410,10 0,10/0,10| 0,00 0,0000 | 0,000
5,05 0,13 {0,391 1,04 0,10 0,10|0,10| 0,00{ 0,0000 | 0,000
5,15 0,40 | 0,37 10,99 | 0,10 0,09]0,10|—0,01} 0,0001 | 0,001
5,25 0,66 [ 0,32 0,8 | 0,09 0,09{0,09 0,00 0,0000 | 0,000
5,35 0,93 | 0,25 | 0,67 { 0,07 0,07]0,07| 0,00[ 0,0000 | 0,000
5,45 1,20 | 0,19 0,51 | 0,05 0,05(0,05| 0,00] 0,0000 | 0,000
5,55 1,47 | 0,13 0,35 ] 0,04 0,04|0,04] 0,00 0,0000 { 0,000
5,65 1,74 | 0,09 | 0,24 | 0,02 0,03]/0,02| 0,01 0,0001 | 0,005
5,75 2,00 10,05]0,13 0,02 0,02(0,02| 0,00 0,0000 { 0,000
5,85 2,27 |10,030,08| 0,01 0,01]/0,01| 0,00] 0,0000 [ ©,000

0,014,

3nauut, %2=100.0,014=14, /=18, =38, r=18—3=15. U3 1abn. V nia
r=15 naxogum: ecau y2=1, To P=1,000, ecan x*=2, To P=1,000. [Tosromy
npu y%=1,4 uckomas BeposTHOCTb * P =1,000. Takum 06pasoM, COTJaCHO KpH-
tepmio [TMPCOHA, THNOTE3A O TOM, HYTO CTaTHCTHYECKOE pACMpeesieHHe ABIACTCS
HOPMaJbHBIM PACIIPEEIEHHEM C MATEMAaTHUECKIM OXKU1AHHEM, DABHBIM 5, H JHC:
nepcueit, paseo# 0,14, npaspononoGHa.

Hcnonbayem Teneps Kpurepuii PomadoBckoro:

[%2—r| [1.4—15] 13,6
Var V30 5,477

3o eme pa3 MNOATBEpXKAaeT, HTO 3a4714HHOE CTAaTHCTHUECKOE paclnpeic/ieHue
corJacyercsi C HOpMaAbHbIM, HMCIOUHM NJOTHGCTh, ONPEIEiAeMYyI0 PaBeHCTBOM (-«)

~ 2,483 < 3.

970. ITpoBepuTh THNOTE3Y © TOM, YTO CTATHCTHYECKOE pacmpe-
JeseHHe, paccMOTpeHHoe B 3azaue 965, corsacyercss € pacnpepese-
nuem Ilapabe.

* Tak xaKk B TaGaule 3HAYEHIA NpEsexeHsl ¢ TouHocthio Ao 0,001, fo mcko-
MOC 3HAUYCHHE P HEMHOrO MEHLWC CeXHIIHIBI.
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A paC‘IeTHaH Ta6JII’IHa HMEET BUJ
w P WP (W = P2 Ww=-ry
[)
0,01 0,01 0 0,0000 0
0,05 0,04 0,01 0,0001 0,003
0,08 0,09 —0,01 0,0001 0,001
0.15 0,18 —0.03 00009 0,005
0,28 0,23 0,05 0,0025 0,011
021 0,20 0.0l 0.0001 0,001
0.10 013 —0.03 00009 0,007
0,06 0.07 —0.01 0.0001 0.001
0,03 0,03 0,00 0,0000 0,000
0,03 0,02 0,01 0,0001 0,005
0,034

Caenoparenbno, y2=100.0,034 =3,4; /=10, {=5,7. e.r =10 —5=>5. U3 1a6x. V
Ans r=5 naxopum: ecmn ¥2=3, To P=0,7000; ecan y2=4, To P=0,5494, [To-
atoMy npH y2=3,4 uMeem

P =0,7000—0,4-0,1506 =0,63976 > 0,1.

Hcnonsays xpurepuit PomaHnosckoro, Haxouum
|x2—r| 13,4—5] 1,6
Vor - Y10 3,162

Takum o6pasoM, coriacHo KpurepusM I[lupcoHa u PomaHoBckoro, THIIOTE3Y
0 TOM, YTO PACCMOTPEHHOE CTATHCTHYECKOE DACIpelieeHHe COrJacyeTcsi ¢ pacrpe-
jejenrem Illapabe, MOXKHO CUHTaTh HPAaBAONOAOGHOH.

6. Kputepuii cornacus Koamoroposa. [lycth aHo craTHCTHuecKOe pacmpesee-

~ 0,506 < 3.

HUE
X X{ X2 X3 xy
W, wi w, ws e wy
THE X{, X3, ++., X¥;~—CPEJHHE 3HAUCHHS COOTBETCTBYIOIIHX HHTEDPBAJOB CAydaiHON

BEJUUHHL. B KauecTse Mephl PACXOXKIEHHS MEXAY TEOPETHYECKHM H CTATHCTHYE-
CKHM_ pacnpejieieHHsAMH B KpuTepun Koamoroposa paccMaTpUBAeTCs MAKCHMYM 3Ha-
YEHUH MOJyJIsl PasHOCTH MEXAY CTATHCTHYeCKOH (yHKuueH pacnpenenenus F* (x)
H COOTBETCTBYIOLIEH TeopeTHuecKoli (MHTerpanbHoll) byHKuHel pacnpenenenus F (x).

Murerpanvuas ¢yHKUHA pacmpefeseHHs, KaK H3BECTHO, ONPEJENAETCS COOTHO-
IIEHHAMH

0 npu x < Xxj,
3
Fiy=< 2 pjmpn jp<<zx<ipsi(k=1, 2, ..., I—1);
i=1
1 npH X == %4,
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rie py=hf(x;) (j=1, 2, ..., ), a [(x)—nJI0THOCTb pacnpeiefeHus cayuaiioi
BeJHUHHEL X.
CHavaja HaxojsT BeJIHUYHHY

A=DV 'n, ()
rie D=max|F*(x)—F (x)], a n—o6beMm BHOOpKU. 3aTeM M3 pPaBeHCTBa
e
Ply=1— 2 (/e ¥ 2
i=-w

OTNPEAESIOT BEPOSTHOCTH TOrO, YTO 3a CYET YHCTO CJAy4aHHEIX MPHYHH MAKCHMa.Tb-
HOE pacxoxjieHHe Mexay F¥*(x) m F (x) okKaxerca He MeHbLIE, ueM (aKTHYECKI
HadJao1aeMoe.

Ecau pepostHocTs P (A) Mana (Menbwe 0,05), To rumortesy cJaeayer OTBepr-
HYTh, KaK HeNnpaBJOnNofo6HYIO; NPH CPaBHHTENbHO GosbMX 3HaueHuax P (A) rumo-
T€3y MOKHO CUHTATh COBMECTHMOH C OIBITHBIMH AaHHBIMH. A

Jlna naxokzenus suadenuii P (A) ynoGHO moJp3oBarbes Tabanuel (e, Tad1. VI
Ha c. 415).

971. Ouenurh CTENeHb COIVIACOBAHHOCTH CTATHCTHYECKOrO pacrpe-
JieJleHNsi, paccMOTpeHHoro B 3ajave 961, ¢ pacnpenesnennem Ilyaccona.

A\ Cocrasum Tabauiy

X w P F* (x) F(x) F*(x)=TF(x)
0 0,07 0,08 0,07 0,08 0,01

| 0,21 0,20 0,28 0,28 0

2 0,26 0,25 0,54 0,53 0,01

3 0,21 0,21 0,75 0,74 0.01

4 0,13 0.13 0,88 0,87 0.01

5 0,07 0,07 0,95 0,94 0.01

6 0.03 0,03 0,98 0,97 001

7 0,02 0,01 1 0,98 0,02

Ouesuano, yto D =max | F* () —F (x)]==0,02. Tax kax n=100, TO, moan-

3ysch Qopmyaoit (1), HaxoxuMm 2=0,02.77100==0,2. Hs ra6a. VI mnomyunm
P (0,2)=1,00. Takum o6pa3oM, pacCMOTPEHHOE€ CTATHCTHYECKOE pacupelesneHne He
TNIPOTHBOPEYUT TEOPETHYECKOMY pacupefeseHnio o 3akoHy I[lyaccona. A

972. Tlonp3ysacy Kputepuem Kosmoroposa, yCcTaHOBHThH, COIJa-
cyercst Jil ¢ HOpMaJibHBIM pacnpejesieHHeM CTaTHCTHUECKOE pachpe-
JieJIeHne

1110, 21112, 41|14, 61 |16, 8L (18, 10{{110, 12[{]12, 14[|114, 16[[]16, 18[} 18, 20[

ny | 10 29 51 58 102 90 81 39 30 10

9 Xo 1814 257



A 3anumem 3a/laHHOE pacnpejesieHne B BHJIE

X 1 3 5 7 9 11 13 15 17 19

W 0,02 | 0,06]| 0,10 0,12 0,20 0,18 | 0,16 [ 0,08 | 0,06 | 0,02

[Tepeitnem k nomoit mepemennoit T no dopmyste X =2T—1. Cocrasum pacuer-
Hyl0 Tab/JaHIy

-

-

Cx—Eh OB D
SONARD IR IRD

COCOmm o0
N = O
BERCESEESS

SO UIR WND —
OO OoOO
OOO—= =N == OO
NI ON ODN
NN~ OOO

—

ol
328
(]

34,38

Iance, umeeM

M (T)=5,50, M (T?=34,38, D (T)=34,28—30,25=4,13; 6 (T)=V/ T, 3=2,032;
M (X)=2M (T)—1=2.5,5—1=10; 0 (X) =20 (T)=2.2,032 = 4,064.

TO]‘;’.,& IIJIOTHOCTE pAaCIpejesIieHHsT 3anHLIETCS B BUJE

Fx)= ! e—x= 10)2/(2-4,0642)‘ (%)

und, f(x)==0,246.2,, rre u=(x— 10)/4,064.
CocraBuM fxBe TabBJHnbI:

X U 2y f(x) | Af (x) X w Af (x) | F* (x)| F(x) |F*(x)=F (x)
1| —2,214 {0,035 | 0,009 | 0,02 1]0,02| 0,02 0,02 0,02 0,00
3] —1,722 10,091 {0,022 | 0,04 310,06 0,04 | 0,08 | 0,06 0,02
51 —1,230 (0,187 {0,046 | 0,09 510,100 0,091 0,18 | 0,15 0,03
71 —0,738 10,303 (0,075 | 0,15 710,12( 0,15} 0,30 | 0,30 0,00
91 —0,246 10,387 | 0,095 | 0,19 910,201 0,19 0,50 | 0,49 0,01

11 0,246 {0,387 (0,005 | 0,19 11 10,181 0,191 0,68 | 0,68 0,00

13 0,738 {0,303 (0,075 | 0,15 13 10,16f 0,15 | 0,84 | 0,83 0,01

15 1,230 10,187 |0,046 | 0,09 156 10,08{ 0,09 [ 0,92 | 0,92 0,00

17 1,722 (0,091 | 0,022 | 0,04 17 10,06| 0,04 | 0,98 | 0,96 0,02

19 2,214 {0,035 0,009 | 0,02 19 10,02} 0,02 | 1 0,98 0,02
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W3 BTOpOii TaGJMIbI BHZHO, YTO TOYTH BCe 3HAYEHHST OTHOCHTC/BHBIX YACTOT
GJAH3KE K COOTBETCTBYIOLIMM 3HAUEHHSIM BEePOSITHOCTeH, HafileHHBHIX C IOMOULBIO
IJIOTHOCTH pacnpejesieHnsi, OnpejenesHolf pasencTeom (x). Otciona cpasy caeayer,
YTO JAHHOe CTaTMCTHUECKOE paclpeeqeHHe spJsiercss HopMaabuniM. Opnako aas
OKOHUATEJILHOrO PelIeHUst BONPOCA O COTJIACOBAHHOCTH CTATHUCTHUECKOIO pacrnpeje-
JIeHHsl ¢ HOpMaJbHBLIM IpUMEHHM KpuTepuii Koamoroposa.

Kak BHiHO M3 BTOpOH Tabauupl, D =max|F*(x)—F (x)]=0,03. Ilockoabxy
n="500, umeem A=0,03-7 500 ~ 0,67. V3 taba. VI uaxoanm P (0,65)=10,7920,
P (0,70)=0,7112. Tak Kak ¢ yBeauueHneM ) BepostHocTb P (A) ymeHbluaercs, TO
0,7112 < P (0,67) < 0,7920.

Mrax, MOMHO yTBEPXKAATh, UTO BEPXHS IpaHHUA aGCOMOTHON OmMMOGKM NpH-
Gamxennoro pasencTsa F* (x) ~ F (x) Gyaer ne menee 0,03 juis mo6oro snaueHus x. &
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FriaABA VI
NNOHAATHE OB YPABHEHHSIX B YACTHBIX NMPOU3BOJHbBIX

§ 1. AH®QEPEHUHAJIbHLIE YPABHEHU S MEPBOrO [OPSIJAKA
B YACTHbBIX HPOH3BOJHBIX

1. IMpumepst npocreliunx AuddepedunaibHbX ypapHEHHH B HACTHBIX npow3-
BOHBIX. PaccMOTPHM HEKOTOPLIE NDUMEpbl yPABHEHHH B YAaCTHBIX IPOH3BOJHBIX.

§73. Hailtu dysxumo z=z(x, ), VAOBACTBOPAIOMYIO ANdepes-
LHATLHOMY ypaBheHmio = = I,

/\ Huterpnpysi, moayuum z=x-+@ (y), Tre @ (y) — npousBoabnas QyuKLHA,
D10 —cllee pelierHe JaHHOTO AndipepenIiatbHOro ypaphenus. A
0%z

974. Pemntsb ypasuenue = by, rae z=2z(x, y).

0, ,
A\ JBaXIEl HHTETPHPYS TO Yy, TOAyYaeM £:3y2+(p ®), 2=y +
¢ (x), rie @ (x) # P (x) — npou3BONBHBIE BYHKLUIN. A

0%z
975. Pemnts ypasneune m=0.

A\ Haterpupys ypasHenme 1o x, HMmeeM gg:f {%)- TTpoHHTErpHpPOBAB MOAYeH-

HBIHl Pe3y/IbTaT HO y, HAaXomuM z= (¥)- (), rie lp(y):S FWdy. A

976. Haiitu ofmee pemenne ypaBHeHHs a;;yz l.
=0.

977. Haiitn ofluiee pereHue ypasHeHHs oxaTgy“

2. Muddepenunansuble ypaBHeHUsS NepBoro nopsagka, JuHelHble OTHOCUTEALNO
HACTHBIX NPOM3BOAHBIX. PaccMorpum quddpeperinanbioe ypabietie

0z 0z
X &—}—Y @:Z, ()

rie X, Y u Z—dyugunu x, y n z.
. IlpeBaputeabHo peluuM CHCTeMY OGBIKHOBEHHDBIX JidipepeninaIbHBIX ypaBhe-
HHIT
dx _ d dz
XY~ 7
IlyeTs pewrenue 3Toff CHCTEMBI ONpefenseTCcs paBeHCTBAMH
oy (¥, 4, 2)=Cy, 0y ==(x, y, 2) =C,.
Torfa obwuii unrerpar Anddepennnanpuoro ypasuerust (1) nmeer Bug
D o, (x, v, 2), 0, (%, Yy, 2)}=0.
rie © (05, ®;)—IponssoIbHA HENpE PLIBLO aupdepeHuupyenans QyHKLHA.
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- o 0z dz
978. Hafitu ofmwuit uH1erpas ypapHeHus xgﬁ—ya—y—_:z.
. dx dy d i
/\ PaccMoTpum cHCTeMy YpaBHEHHH f:?y:?z' Pewass  ypasuenite %:

=d—yy, NOJY4YHM %:Cl; pellleHye  ypaBHEHHS d%———% CCTh %:Cz. Teneps
MOKHO HaWTH ofmuil MHTerpaj 3alanHoro ypaBHEHHs:

D (y/x, 2/x)=0, uan z/x=1p (y/x),
T. e. 2=x{ (y/x), The }— npousBoibHast (QyHKIHA. A

979. Haiitu oOmuit nHTErpan ypaBHEHUs

0z 0z
(¢ + ¢ g5+ 22y 5, =0

/\ 3anumewm cHeTeMy ypaBHeHHI _Tﬂc_:ﬂ:(_li' Bocnob30BaBiiuch CBofi-
x2Ly2 2%y O
CTBOM NIPCTIOPINH, TNPEJCTABHM YpaBHeiue ——Ziix—:iéi B Bljle
byt 2xy
det-dy dx—dy odxty _dx—w

Frptoy wtye—2w " e T G0

Murerpupys, noayuaem

1 1 1 1 2
- = - +C, - :C, 5] = 2——=C-
x+y x—y x—y x+y ¥y
y
HOCJTE,'LHGE paBeHCTBO MOXKIIO nepenncaTb B BHiE xz—yﬁzcl'

Bropoe ypasuenue cucremu dz=0. Otcioia z=C,.
Ofuuil HHTErpajg umMeceT BHI

! Y
@ (;21—!/2, Z>—:0, IR Z:’qJ(;tT:U—z) . A

980. Haiitu 1noBepXHOCTb,  YAOBJETBOPSIOULYIO — YpaBHEHHIO

0z 0z . b 22
yz 5 +xz @:—Q,\y U OpOXOAAMNLYI0 4Yepe3 OKPYKHOCTh X% - y* =
= 16, z=3.

/A Pemum cucreMy ypaBHeHHIT Z—':(%/:——;—); OcBoGOUBIWINCh OT 3HaMe-

HaTeld, UMeeM
xdx=ydy, 2xdx=—zdz.

Hurerpupyqa ofa ypableHHs, TOJTYYUM
22
2—y?=Cy, x2+—§-=C2.
O6muit WHTerpad 3a12HHOTO YPaBHEHHS HMEET BHJ
2y 2 2__ 2
2= (). (%)
W3 cemeiicTBa MOBepXHOCTel, Ompe/lensieMbiX 3THM ypaBHEHHEM, HYIKHO Bbljle-
JUTb TOBEPXHOCTb, MPOXOAAIULYI0  Yepe3 OKPYXKHOCThb x2Ly?=16, z=3. Hasn
TOro YTOGH HaiiTH (yHKIHIO P, B paBeHCTBe () NOJOKHM x*=16—y?, z=3. Toraa
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nosyunm 16—y2--9/2=1y (16—2y%). TIlycte 16— 2y2=4{, orryna y>=8—1/2.
CuenoBatensro, ¥ () = (f--25)/2, 1. e. P (x2—y?) = (x2—y2-}25)/2. TloactaBnss
HajileHHoe BblpazieHHEe B COOTHOLIEHHE (i), HMeEeM

2 2__ 2 5
x2 _{._%:x_.._.yQ_—{—_&).’ HIIH x2_{,_y2+z2:_25‘

Wrax, HCKOMOHR NOBepXHOCTBIO SIBAsIETCS cepa. A

981. Haifitu ofwuil uHTErpas ypaBHeHUS

?—Z—sin x—l—az siny=sinz
P a—yb = :
o o 0,
982. Hafitu ofwuii MHTErpajg ypaBHEHHA yz g%—}—xz a—Z=xy.
983. Hafitu noBepXHOCTb,  yAOBJETBOPSIOULYIO  yPaBHEHHIO
192, 192_ 4 4 npoxons 0 uepes mapadony y*=z, x=0
Fat Rt v poxozsumy p paboay y*=z, x=0.

§ 2. TUNIBI YPABHEHUM BTOPOT'O MOPSAJKA B YACTHbIX
[IPOU3BOAHbIX. MPUBEZEHHE K KAHOHHYECKOMY BHAY

PaccMorpuM ypaBHeHHe BTOPOro Nopsika

0%z 0%z 0%z 0z 0z
a—a?-—l—Qbm—FC—a—yz'—l—F (x, Y, 2, -07,-@):0, (])
rie a, b, c—dynxunn x 1 y.

T'cBopsiT, uto yxasamnuoce ypasHchHe B oflactu D npuwajnexur cunepGoauye-
ckomy muny, ecnn B o7t caacta b2—ac > 0. Ecmu xe 62—ac==0, To ypasue-
HHE NPHHAJMICKNT napaboruueckeny muny, a ecau b*—ac < 0—sraunmuveckomy
muny.

Y paBHenze

0%z _F ; a_z .62
axoy \PY¥ G oy

Ha3bIBACTCSl KAHOHUMECKIM [DABHEHUEM 2UnepOOAUMecKOc0 MUna; ypaBHeHHE
0% il . 0z oz
0y2 h— ’ y> ] ax ’ 0y

— KQHOHUMECKUM YPABHEeHUEM Napaloaudeckoeo mMuna; ypanHeHHe
0% | 0%z Fle o2 dz 0z
ox: 1oy AR dy

— KQHOHUMECKUM YDPABHEHUEeM IAAUNMUNECKOS0 MUna.
Hudpdepennuanbuce ypapHenue

a (dy)2—2b dx dy ¢ (dx)2 =0

Ha3bLIBACTCS Ypasuenuem xapakmepucmukx ypasuenus (1).

Hast ypaBrenus rHnepGOIMYECKOrO THIA ypaBHEHHE XapaKTepPHCTHK MMeeT Ba
unrerpana: @ (x, y) =Cy, P (x, y) =Cp, T. €. CyLECTBYIOT ABa cemeiicTBa JeHCTBH-
TeTbHBIX XapaKTepHCTHK. C NOMOWbIO 3aMeHbl nepeMeHHbX E==¢ (x, y), N="1 (¥, y)
Au(ppepeninanbioe ypashenue (1) NPHBOAMTCH K KaHOHHYECKOMY BHAY.

st ypaBHeHusi napaGoNHuECKOro THIA 06a ceMeliCTBA XapaKTEpHCTHK COBMa-
AaT, T. e. ypaBHeHHe XapaKTEPHCTHK JaeT JHWb OAMH HHTerpas @ (x, y)=C.

B sToM ci1yuae nyHO NPOM3BECTH 3aMeHy NepeMeHHHIX § = (¥, ), =Y (x, y),
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L I L
rae P (x, y)—xaxag-HuGyap OYHKOHS, IS KOTOpol ax oy "oy Ox 0.
Iocaie Takoft saMensl ypaBHeHHe NPHBOAHTCS K KaHOHHYECKOMY BUAY.

Jlns ypaBHeHMs 3JIMIITHYECKOTO THIA MHTErpabl ypaBlielus XapaKkTepHCTHK
uMeT BUA @ (X, ) + P (¥, y) =Cy 3 TAE @ (¥, y) H VP (¥, y)— AelicTBUTEILHLIE
(ynkuun. C NOMOMILIO NMOJCTAHCBKH &= (¥, ¥), =1 (¥, y) ypabuenne (1) npu-
BOJMTCA K KaHOHHYECKOMY BHAY

984, TlpuBecTH XK KaHOHMYECKOMY BUAY ypaBHeHHE

9 0%u
2, 2 L
x ox2 Y oy: 0
A 3Bnees a=x2, b=0, ¢=—y?, b2—ac=x%* > 0; craepoBaTei1bHO, 3TO —

ypaBHenne runepGoNNIecKOro THIA.
CocraBisieM ypaBueHHe XapaKTeDHCTHK:

X2 (dy)?—y? (dx)2 =0, uan (xdy-+ydx) (x dy—y dx) =0

tlonyyaem nBa anddepeHUHANBHEIX YpaBHEHHS

xdy-+yde=0 1 xdy—ydx=0;
pasiensds NepeMEHHBIE W HHTErpHPYs, HMeeM

dy +~—_0 T. e. Iny-+lnx=InCy,

i!/___di:o, 7. e. Iny—Inx=1InC,.
y x

Tocne moteBuHpoBaHHS HAXOAHM xy=Cj H y/x==Cy-—ypaBHEHHST JABYX CeMelCTB
XapakTepUCTHK. DBBeneM HOBble nepeMmeHHble §=xy, 1 =y/x. Boipasum uactune
NPOH3BOJHLIE N[O CTAPHIM IEPEMEHHBIM 4Yepe3 YacTHLE MPOU3BOJHLIE IO HOBBIM
TIepEMEHHBIM:

ou  Ou 6§+6u an _ Ou ou y .

X 0F ox Vonm ox 0g YT om Tk

ou__Ou 05 4 0u On__ 04 ., 0u 1
dy 0% Ody " on Oy 0% gy x’
Ow __ 0 (0u 9 a_u._y_>__ Cu 05 | Ou .ﬂ) -
T ox a—g'-‘/ T\ W )T\9E " ox Tazon ox )Y
9*u 6 u dy y Ou 2y (0% u oy \
(anag ax 7)'}?+5ﬁ‘ x3_(8—§‘~"y_0§0q W )Y
[ 9% Pu oy y ,Ou 2y Fu Pu Y
_(agaq'y—onz' x2>' F o w=am V25 et
0tu  y> ou y
t5 ol e

u [ 0% 0§ 0% dy 0%u 0%u _6ﬂ>
W“x"(a oy TaTon” 6y>+x <0n0 6y+0n Oy
0u u 1 1/ 0% 0% 1\
= < x+0§6n 7>+_ (W'H_ on? '7>—
0%u I 0%
= ar2+2 0§6r1+ O




HosctaBus B pannoe auddepeninajlbHOe ypaBHEHHE HaiijeliHble JJIf BTOPHIX
TIPCH3BOAHBIX BBIPaXKEHHS, NOJYYHM

0%u 0%u y2 0%u ou y
2 2_ —_ R, P,
* (atz y— 0567] K on? x4+ on x”)
0%u 1 0%
2 LN .
~t (G b ) =0
4 9% . 2_(_9_Li Y_o OPu 1 0w 1 . u 1 ou 0,
tozan Y an " x  GEom 2 " om'xy  dTon 2E am
T. €. ypaBHelHe NPUBCJICHO K KaHOHHYECKOMY BHAY. M
985. IlpuBecTH K KaHOHHYECKOMY BHAY ypapicHHe
0% 9 0% &z
o -sin®*x—2y sin x - 0x0y+y =
AN 311,er a=sin’x, b=-—ysinx, c=y2 Tak kak b?—ac—=y?sin?x —

—y®sin® x=0, 10 AaHHOe ypaBHeHHe— NapaGOJHYCCKCrO THMA.
N;-a.;hemle XapaKTepHCTHK HMeeT BHJ

sin®x (dy)®+- 2y sin x dx dy - y* (dx)?*=0, wn (sin x dy -y dx)® =

Pasjensas s ypasne}mu sin xdy-l-ydx=0 nepemeunsle n HHTErpHPYsI, HMeem

dy X X
==U; — t —_—— N . —:_
+smx 0; Iny-Fintg 5 InC; y-tg

[ponssesieM samMeHy IepPeMEHHBIX: §=y- tg—2—, n=y (upoussoibHas (yHK-

uns). Torma moayunm
Oz 0z 0§ Oz o 1 oz

2 X,
* T 0F o Ty o — 2 oE V¢ 5
0z 0z 0% 0z on_ oz 4
dy OF 3y on oy — 3 €T T
Oz 1 (0% 08 , 9% on
=2\ 98¢ o agan_a“ y

x 1 oz 2 X x
+—2——aEySQC -ftg—é-—

ﬂ_(ﬁzz GE_I__@an) l_az ag azan
d 2 OMOE Oy onE ()y
0% 0%z
=gz 1 7+2a§a~q 2+an2’
”?z 1 <i25_di 0%z an s X, 1 02
dxdy~ 2\ 98 Oy Taton oy )Y T 2 e 3
1 /0% 0%z x
Jaidy —_— 2 2
=7 (agz €5 T5Eom )ysec 2+2 ag sect 5
Toxcraeasst B Aanuoe Auddepenunansioe ypabHenne BbIDAIKEHHS JJ/If1 BTOPHIX
HpOxI3B"ﬂ,HbIX, HMeeM

1 0% x 1 0z x x
— 22 2 sect in2 - 2 2
1o y® sec 2 sin x—|—2 E Y sec 5 ig 5 sig? x

X
sec? L=

622 X . 0z X
—_— 2 27 - 3
( 2—|—a§0 )y sec 28mx dgysecz—gsmx-}—
0%z x , 0%
T <6g2 g 2+2agan "2'+07F)=°'



02z 0%z

MOXKHO JICTKO MOKAa3aTh, YTO UJeHL, COAeprKalnie FE H 3Ton B3aHAMHO
S
YHHUYTOKAIOTCS, H ypasnenne MpUHHUMaeT BHA
L 0z sec? = tg Z-sin® x 0z 0z sec? X sinx=0
T e Y 2"2 PV GE o Y g '
HIH
0%z =5 0z sinx
y oz~ 9% ‘
2tg (x/2 x & 2Ey
Tak kak sin x=———4‘#~—)—, tg Z.==, 70 sin =gz =il - . OxoHuarteablo 1o-
1--tg® (x/2) 2 §24n?
0%z 28 0z

Jydyaem bﬁ‘zz

T A
986. Ilpusectn X KanommeCKOMy Bmy ypaBHeHHE

0%z

o O,x 0u+ _07 =0.

A 3mecs a=1, b=—1, ¢=2, b®*—ac=1< 0, T. e. ypaBrenne >1TuNTIIYL
CKOFrO THIIA.
YpasHelHe XapaKkTeplCTHR HMeeT BHT

(dy)? - 2dx dy -+ 2 (dx)2 =0, nin y”* 42y -+2=0.

Otciona y'=—1 4+ i; nonydaem [Ba ceMeHCTBA MHHMBIX XapaKTEDHCTHK:
y+x—ix=Cy u y—{—x—{—tx—Ca ITpcusBesst 3ameHy nepeMeHHslX § =y X, =1,
HMeeM

dz 0z 9z on __
ox Ot + oy ox 0g + 6n
0z Oz a5, 0z 6r] 0z

Oy _.5_: Oy + o oy 9 — 0t ;
9%z 9%z 0§ 2z 0y 0%z 0% 0%z on\ __ .
ax? (agz ox +aton 6x>+<01]6§ 0x + omE ox )—0—§5+ agarﬁﬁn’?’
P 0% 02 o 0% 0%
dxdy 0&% dx ' 0Eon Ox  0E2 6§6r_|
J*2 0% 9t 0%z on __ 0%z
gyt T OET Oy ' ogon oy  OEF
TMojcTaBuB HaiilenuLie Bhlpaxenus B Anddepennunanbioe ypaBHeHHe, NoayuaeM
0%z 9% 0% a%z
== AT I AL, Bl a0 = AL
0§2+ 0§8n+ on®? 052 26;011 F25e 9ET =0, e oE szt ony® 0. A

[TpuBecTd K KaHOHUYECKOMY BHIY YypaBHCHHS:

5 0%2 0% 2 0%z
987. x2~—ax—2+2)».y-a—x—ag—|—y o =0.

0%z 0%z 0%z 0z 0z
988. 2 Ga S a2 Oy =0
0%z 1 0"
989, 5ot g =0

§ 3. YPABHEHHE KOJIEBAHU S CTPYHbI
1. Peuenne ypasHeHUsi KoneGaHusi CTPYHb! METONOM XapaKTEPUCTHK (METOAOM

Jlanambepa). Crmpyrod HasLIBaeTCH TOHKAS HHTb, KOTOPas MOXKeT CBOGOJHO Harn-
Gatbes. IlycTs cTpyHa HaXOANTCH NOZT JeficTBUEM CHABHOTO HAua/bHOrO HaTsXKe-
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Hust Ty Ec/H BHIBECTH CTPYHY H3 TIONOMEHHS PABHOBECUSI H NoJBepTHYTh Aelcr-
BHIO KaKOH-HHOYAb CHJIBI, TO CTPYyHa HAYHET KOIeGATHCA (PHC. 59).

Orpanuunmes paccMOTpeHHEM MaJBIX, NONEPEUHBIX H MIOCKHX KoJeGaHuil
CTPYHEL, T. €. TaKHX KONeGaHMil, NpH KOTOPEIX OTK/JOHEHHS TOYEK CTPYHH OT
NOMOXEHUST TOKOST MaJabl, B JIOG0H MOMeHT
BpEMEHH BC€ TOUKH CTPYHLI HAXOASTCH B Of-
HOH M TOH 3IKe IJIOCKOCTH M KaxAas TOuKa
CTPYHBI KOJ1e0/eTCsl, ccTaBasch Ha OJHOM H
TOM 3Ke NepTeH/HKYJsape K NpsAMOI, COOTBeT-
CTBYIOUIeH COCTOSTHHIO IOKOSt CTPYHBI.

[Npunumas a1y npsmyio 3a ock Ox, 0603-
HaYHM Yepe3 u=u(x, f) OTKJOHEHHE TOYEK
CTPYHBI OT IICTOXKEHHST DPaBICBECHS B MOC-
x MeuT BpemenH f. IIpm kaxiom (HKCHpOBaH-

HOM 3HaueHun ! rpadux QyHKuud u=u (x, t)

Puc. 59 Ha nnockoetd xOu paer ¢opMy CTPYHH B MO-
MEHT BpeMenu .
Qynxnua u=u(x, {) yAoBIeTBOpseT AuddepeHunanIbHOMY Y ABHEHHIO
2 2
LCr a_”_+ f
ot? 0x2 ’

rpe a®=Ty/p, f=F/p, p—macca egnunin AJMHHBL (MTHHEHNAS TIOTHOCTh CTPYHHY),
F—cuna, peficteyiomas na crpyny NEepNeHANKYISPHO CCH a6CUHCC H pacCuuTaH-
Has HAa eAMHHIY IJIHHBI.
Ecau BHemmnss cua orcyrctByer, T. e. f=0, To NOJIYUHTCA YypasHeHue ceo-
600nvix Kosebanuli cmpynb
%u _ , 0%

BT e

Hast monnoro ompefeneHus JBHXKEHHS CTPYHBl HYXKHO 3a1aTh B HAYaNbHEL
MOMEHT (OPMy M CKOPOCTb CTPYHHI, T. €. INOJOXKEHHE ee TOYeK M HX CKOpOCTh
o Ju
B BHAC GyHKumid afcuuce ¥ 3THX ToueK. Ilycrn u]y_o==¢ (x), il 0=1p‘~(x).
OTH YCNOBHA HA3BIBAIOTCS HAYAALHOIMIL YCAOBUSMU 33[AUH.
0%u s O%u
IMpuBenst ypaBHenue TR W—_—0 K KaHOHHYECKOMY BHIYy, NOJy4YHM

2
ypaBHeHHe 52 gﬂ:()’ rie §=x—at, n=x-at. Obuee pemenne nocieanero ypas-

nerua sanuuwercst Tak: 4= 0y (§)-+60,(M), re E=x—af, n=x-tat, O, 0, —
NIPGU3BOMbHBIE (DYHKIHH.
Taxum ofpasom, ofmee pewenne Auddepennyaabuoro ypaBuens cBoGOIHBIX
KoJje0aHHi HMCeT BHJ
y=0y (x—at) -} 0, (x-+at).

Tono6pas gpynkunu €y u B, tax, urctu dynkmus =1 (, ) ynosnrerpopsaa
NPEBEACHHLIM HAYAILHBIM YCACBHAM, MPUXOAMM K DPELICHHIO HCXOAHOrO mguddeper-
LHAJILHOMO ypaBHEHHS B BUIeE

x+ at

to RGE?

x=-at

A

¢ (x—at)+ ¢ (x+a))
2

$90. HaiiTu pemesne ypapnenns

u  du . Ou
T T e SO = G

1=0 =0.

A Tax kak a=1, a § (x) =0, TO uzqa(x—at)—]2—cp(x+at)’ re ¢ (x)=x2.

266



Takum ofpasom,

:W_, am u=x2--22. A

2
991, Haiitu peluenne ypabHeHus
0% 0 u ou
= =4 -—, ecan U|_y=0, T, =

A\ 3recs a=2, cp(x):O, P (x) =x. Orciona

x+2f ;

1 X+2

2dz=—2%
8

=
I

:—é—[(x—}—?tﬁ—(x—?t)‘*], T. e u=xt. A

| -

x—2f
x-2f

2
992, Haiitu dopMy CTPyHBI, ONpeJe/sieMOd YypaBHEHHEM

o
—ar LU 5 voment {=-2, ec U] j—g=-sinx 9
= Xt B =94 t=0"" > ot
/\ Hwmeem

x+ at

sin (x -+ at) +sin (x — af) 1
= 5 -I—Z'z S dZ,;

x—at

i 1 x+at A
u=sin x cos at—f—%z ;¢ BOH u==sin x cos at -} £.

Eean ¢ =mn/(2a), To =rm/(2d), T. e. cTpyHA Napa/ireipha ocu adenuce. 4

0%u  %u

993. Haiitu peurernne ypaBHEHUST —y =75, €CIH Ul fog==x,

ou —x
Ot | t=0 ’
4. Haiir o0%u . 0% . 0
994. Haiitn peiuenne ypasHEHHS - =a° 5, €CIH 1] =e=0,
ou
57 | t=0=CcOS X.

995. Haittu  dopMy  CTpyHBI,  OmnpefenseMOd  ypaBHEHHEM
0%u 0%u . "
cee = —2— B MOMEHT {=1t, eCli1 U|;_,=sinX, — = COS X.
0rr — ox® ' =0 * Ot | t=0

2. Pemenne ypaBHeHHs KOJe§aHHS CTPYHBI, 3aKPENJeHHOH HAa KOHUAX, MeTO-
JIOM pasieeHusl MEPEMEHHBIX (METOAOM (Dypbe) [lycrs Tpefyercs mafiTd pelueHue

d%u 0%u
YpaBHEHHS —5 =u? Fr yAuBﬂerBopmomee HAYAJLHLIM M FPAHUYHBIM (KDaeBbiM)

YCJIOBHAM

ou (x 0)

u(x! 0) CP( x), =\ (x)’ u(O, t):O: u(l’ t):O'

ByreMm HckaTh (He paBHOE TOXKJECTBERHO HYJIO) pelIeHHe ypaBHeHHS B BHJE

TpoHM3BeeHHs ABYX (QYHKIHH, OAHA H3 KOTOPBIX 3aBHCHT TOJIbKO OT X, a Apyras —
TOJMIBKO OT £, T. €.

u(x, H=Xx) T ().
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ToacTapass 310 BLIpameHHe B JanHCe ypaDHeulie, HieeM
X)) T"(H)=a®X"(x) T (3),
OTKY/a, Pasienus nepeMeHHble, NOMYYHM
(@ X" (%)

a*T (t) ~ X (v °

BTo paBencTBO JBYX OTHOWeNHH, 3ABHCAUNX TOJLKOS OT X H TOABKO OT f, BO3-
MOXKHO TOJLKO B Cjydae, eCiM 004 OTHOLIEHHS paBlibl HOCTORHHOMY YHCAY — A
(raie A > 0):

X
ET{) X@

OO6mue pelieHust 3THX ypaBHeHHH WMEIOT BUJ
X(m=Acos VA x+BsinVix, Tt)=CcosaVh t+-DsinaVh ¢,
rae A, B, C, D— npou3BoabHEe NOCTOAHHbIE, a GyHKUIiA

u(x, )=(Acos VK x+Bsin Vi x)(Ccosa Vi {+Dsina VA t).

—& Toe X"(W)FAX ()=0 u T” (1) ra2T () =O.

Hocrosunpie A u B MoXHO HaliTH, HCMOIb3ydA Kpachuie yeaosust, Tak Kak

T(##0, 1o X (0)=0 u X () =0. CrnejgoBareasuo,
XO0)=A=0, X()=Acos VA [-+Bsin V& [=0,

T.¢. A=0u BsinVAI=0 us cuny Toro, uro B % 0, umeen sin YA 1=0,
orkyia VN =kl (k=1, 2,. ..). Hrax, X=Bsin k—;— x.

Halipennpie 3naueHnss A HasbIBAIOTCH COOCMBEHHLLNL 3HANCHUAMN 1A51 Jannoft
Kpaeso# 3ajaud, a ¢yukuud X = B sin anx—coﬁcnwmmz.uu yuryuann.

Tlpn najfizeHHbIX 3HaueHHsX A moayuaen

akm aks

T (t)=C cos 7 {4+ Dsin 7

t:

u (%, t):sin—anx<ak cosa—kllt-{—bksin a’;” t) (k=1, 2, ...).

Kaxiomy snauennio % orseuaioT csou nocrosiiie C u D, HO3TOMY IHIIEM

0%u .
o — X
2y

Xb—x‘z JIMHEHOE M O/IHOPOZHOE, TO CyMMa pelleHHI TakKe spascres peieHnes,

ap, bg, a mocrosunylo B BKJIOuaeM B ap H by, Tax kax ypaBlienue

KOTOpO€ MOXKHO NPEACTAaBHTL B BH€ paia

@0

@®
u(x, t):}: ug (x, t):z (ak cos al;n t+ bg sin akln t)sinflix.

k=1 k=1

DTOT PAK CHYKHT DPEUIEHHEM VPABHEHHS, €CaHu KOpGHIHEHTE @p W b TaKoBHI,
HUTO CXOAHMTCA caM psif, a TaKKe PAAE, NOJIYYalolluecs nocie ZBYKPaTHOTO Aug-
GepeHnupoBanus nmo x M mo f. Ilpn sTOM peenue 10440 Y/OBIETBOPATE Ha-
YaJbHbIM YCJIOBHSIIM:

@
u(x, 0)=2 asin f%—x:rp (x).
k=1
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Ecan ¢Qyuxuusa ¢ (x) pasitaraerca B pajl Pypbe B NPOMEKYTKE (0, I} oo cu-
Hycas, To

1
ak:-2l— \ ¢ (x) sin ——kf xdx. (H
(0/
¢, 0
M3 yeronusa ou (3£—L=u7 {(x) meem
w
du ~ akx .k
WLO—;‘L — besin = = (3).

Je=1

Onpenensiem kosQuinenter Pypue storo psia:

ak by, :% \ P (x) sin ﬁzl x dx,
b/
oTKyaa
2 ( k
. R )
bp=—r= S‘ ¥ (x) sin ——x dx. @
0

Takuy o6pa3oM, pelienie ypaBnewnsi KoieSaHua CTPYHBl MOKET OhiTh NPEICTAB-
JIEHO KaK CyMMa GEeCKOHeUHOro psna:

o=}

, 7 ks
u(x, ) :Z (ak cos akln {4 bp sin ak;t t) sin —Zn?-x,
k=1

TAe a; H by ompeaeasiores no GopMyram O u (2.

T" (1) X" (x)
11 Q. ) J — e T e T O,
MMpumMeuanue Eciu nornoxurs =T ) ar A > TO ypaBHEHHS

aas onpegenenus X (¥) # T (f) mvenn G mug X" (x)—AX 0=0mu T —
— a?\T (#)=0. O6iuee pemenne nepBoro U3 HMX X=A¢"¥ X1 Be=Vh ¥ e mo-
ET VAOBIETBOPATH [PAHHUIAIM YCJAOBUSIM.

996. CrpyHa, sakpemicHHast Ha KoHuax x=0 1 x=1[, umeer
B HauaJbHBI MOMeHT dQopmy napabonsl u= (4h/[*)-x{l—x). Onpe-
AEANTD CMeUleHHe TOueK CTPYHB[ OT OCH abcuucee, e HadajbHble
cKopocTH OTCYyTCTBYIOT (puc. 60).

A 3iecs @ (x) = (4h/1%)-x (I—x), 1 (x)=0. Haxomum xosppuiuuents paia,
ONpeeIsONIEro PELeHiie ypaBpienisa KoieGanusa CTPYHLL

dx; bk:O

{

- kax f

ay :.g. ¢ (x)-sin B = —5—33—1 ({x—x®-sin haux

[ l l {
0 : 0

ll,'lﬂ HaXOXKACHISI 1(0341>q);im1en'ra Qp ABAXALY HHTErPUDYCM IO YaCTsM:

o o knx I kax
ty =Ix—x?, dvy=sin 7 dx, duy=(—2x)dx, v1=— T SO H
1
8h 0 ! kax |l 8h kax
ak_———ﬁ(l,x——x)—E:_C—co;,——l-io—l—mg(l—%) cos——l—d,x,
0
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7

ak:—k—f—r% g‘ (I —2x) cos le[x dx;
Ug=10—2x, dv,=rcos ka‘;x dx, duy=— 2dx, zvzzﬁsm /«’.T;x ,
ak=§% (I— 2x) sin k:;x k];j:;l lsin }”;x dx=
0
=— ,:36:3 cos kﬂ;x E):_ klgnl‘”' (coskn—~l):—kl—d%[1_(_1)k]_

IToacTaBass BeIpaxeHud JAaa ap U by B pasenctso (1), moayusum

@w
y k‘:;j; [1—(—1)*] cos kaal sin _Lnx .

i l
k=1

ux, =

Ecmm k=21, 10 1—(—1)#=0, a eciu k=2n-+1, 10 1—(—1)#=2; nosromy
OKOHYATeJbHO HMEEM

2h on 1) mat on--1
u s t)_s Z (2n+1)3 ¢ (n+l)m sm(n_'; )™ A

997. Jlana cTpyHa, 3aKpensieHHass Ha KoHpax x=0 u x=1.
IlycTh B HauaJybHBIA MOMEHT (JOpMa CTPYHBI HMeeT BHJ JioMaHoii OAB,

U u
A
i N
¢ L 2 A
Z 7
Puc. 60 Puc. 61

usobpaxkennoil Ha puc. 61. Haiitu dopmy crpyubl aas o6oro mo-
MeHTa BPeMEHH f, ec/lM HavyaJbHble CKOPOCTH OTCYTCTBYIOT.

/\ Yraopoit kosduuuent npamoit OA pasen h/({/2), T. e. 2h/l. CaenoBa-
TeJNbHO, ypaBHenHe 3ToH npamoll ects u=(2h//) x. Mpsimast AB orcekaeT Ha OCSIX
KoopAuHAT oTpeskn [ n 2h; snaunT, ypabHenue stolt npsamoil umeer Bug x/1-+uf(2h)=1,
uan u={(2h/l) ({—x). Urax,

_J@rihx npn O<Cx<C /2, i
(")‘{ ©hyly ((—x) npu 2= x=1, ¥OI=0-
Haxonum
2 ! k 4/ i k 41 '
ak=—rg<p(x) sin rlrx d =-lTl g n—lidx—l--l'zl g (l—x)sin-k—rl[x—dx,
0 0 2



HMuterpupys mo yacrsm, nogyuaeMm

1/2
4h kﬂx /2 g knx
G =" ¥ + kil 5 S dx—
0
l
-ﬂ- ({—x)-co LAc N o -l'—JEC-dx
kil e P ST T
1/2
2n kn ah knx /2 kn 4h . kax
= —cos g esin S| cos s S =
___flﬁﬂ i kn+ 4h , hkm 8h E
=Tt S S = S g
CrejoBarensHo,
knx krat i
u(x, t)——— Z‘ k2 Sm—l—-~cos—l—.

k=1

BrinuieM HeCKOJILKO UJCHOB pana:

u (x 8h ’ o nat 1 i 3nx cosSTat 3nat +
, 1) = (sm——l 08 —=— 3y -sln—— ]
. Bnx Smnat 1 | Tax Trat
+—= 52 Sl =+ €08 —— —— S —j— ¢ ——+ ) A

998. Tlycts HauajbHBle OTKJIOHEHUS CTPYHDBI, 3aKpenieHHo# B TOU-
kax x=0 n x=/, paBHBl HYyJ/JIO, a HayaJbHas CKOPOCTb BLIPAKaeTCs
(opmy0#

ﬂt___j g (consty mpu | x—1/2] < /2,
0 npu | x—1/2| > h/2.
Onpeneauts (GopMy CTPYHBI AJIs JHO0Or0 MOMEHTAa BpeMeHH f.
A 3nece @ (x)=0, a {(¥)=vy B uurepsare J({—n)/2, ({4+h)/2[ u P (x)=0

Blie 3TOTO HuTepBasa.
CrejoBarenbio, ap=0;

(+h/2
b= oysin gy o LR (EEE
FTmg ) ST T T e R T Juemye
I-hn/2
. 2v ku(l—hy  ka(l4-h) ) Al km o kah
T kI [COS 21 o8 2/ ]_ Rinrq S g S g
Orciona
4uol kn knh | kmat | knx
u(x, )= g 2 k2 -sin —— 51n—71——-smT- in—=—,
HIH
4Lol mh nat X 1 in 3mh
u(x, t)_- (51n—§l— sin —— ] -slnT——S—z—- 5 ——X
3nat 3:rx Snh Snat Smx
Xsin—— sin —; -|-5 sin —5—+8in — ~sin-T-—...>. A
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999. Crpyna sakpemiena Ha koHuax x=0 u v=23. B nauvaip-
HBIH MOMeHT (opMa cTpyHbl uMeeT BuA Jomanoit OAB, rae O (0; 0),
A(2; —0,1), B(3; 0) (puc. 62). Haittu dopmy cTpyHsl aast Ja06oro

MOMEHTa BpeMeHH ¢, ecJH HavajbHbie

«h CKODOCTH TOYEK CTPYHLI OTCYTCTBYIOT.
} B - 1000. Crpyna, 3axkpenieHHas Ha KOH-
0 ; z lax x=0 1 x=1, B uHavaJbHBIl MOMEHT
Y] umeer ¢opmy =/ (*—2x3+ x). Haii-
TH GOpMy CTPYHBI a4 J000ro MOMEHTa
Puc. 62 BPEMEHH f, eCJH HauaJbHble CKOPOCTH

OTCYTCTBYIOT.

1001. Crpyna sakpemsiena B Toukax x=0 1 v—/. HavaJbHble
OTKJIOHEHHA TOYCK CTPYHbl PaBHbI HYJI0, a HauyadbHasi CKOPOCTh
BBIpaXKaeTcs QopMyJIol

cos = (x—1/2) ! I
ou B 08 ———— mpu =<5,
Of lt=0

£=0 0 npH xaé > % .

Hafitn dopmy crpynbl ans moGoro momenta BpPEMCHH {.

§ 4. YPABHEHHE TENJIONPOBOAHOCTH

1. ¥Ypaeuenne TtensonpoBoxHocTH MM HecTauueHapHoro cayuad. Of6o3naunm
wepes u=u (M, 1) Temmeparypy B Touke M ounOpCiLOrO Teda, OrpannyesHoro
TMOBEPXHOCTBIO S, B MOMEHT Bpemeru f. M3Bectrio, uTO KOJMUYECTBO TeIOTH dQ,
HOTVIOULAeMOil TeJI0M 3a BpeMsi df, BHIPaXKARTCH PABCHCTBOM

du
dQl‘»k"-Ohn—det, (])

rfie dS—o>sgeMenT NOBEPXHOCTH, E— TaK HAa3uIBaeMbIit koa(dunnenr BuyTpennell

u o
TenJIONpCBOALOCTH, %——HPOHSBO;{H&H (I)yIZKU,HH i 110 HaUPaBJIEHHIO BHEUIHEH HOP-

MaJH K TOBEPXHOCTH S. Tak xaxk Teniora pacmpocTpangacrca B HanpaBJeHHH TIio-

) 0
HHIKEHHS Temrepatypel, 10 dQ > 0, ecan %>O, n dQ < 0, ecau —(.)% <0.

M3 papencrsa (1) caenyer, uro

r . du
Q:dt-‘gj kSt as.
S

Buuncanm Q apyram cnocoboM. Briteaunm saevenr dV ofwema V, OrpaHH-
YEHHOro MNoBepXHOcTblo S. Koauvectso Temtors dQ, noayuaemMmoli saemedToMm dV
3a BpeMs df, NMPONOPHMOHANLHO NOBLILEHHIO TeMIEPATyPhl B 5TOM 3JEMEHTE H Macce
caMOoro 3JemeHTa, T. e.

Q=72 at.pav, @

TAe P~ IIOTHOCTL BeHIECTBA, Y — KOI(PQHIHEHT NMPONOPIIOHAILROCTH, HAa3biBAEMLIl
TeNNoeMKOCTbIO BellecTBa. M3 pasenctsa (2) caeayer, uto

ou
Q _—.dt-SgS (v dv.
%
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Taxum 0Gpa3oM, noJayyaeMm
du o du
SSS—a—th—a SS%dS,
v S
du . du

k ou du
T 2= —_— Ta —_— e —_—
rie a o7 YuutsiBasi, 4TO I |gradu] n gradu PP T i+ %2

npeofpasdyeM NOJyueH0e PABECHCTBO K BHAY

o ., " du T , Ou N
S S —dV=a S S [7—0? cos (n, x)+—a? cos (n, y)—r—éz— cos (n, ¢)J ds.
1% S

k,

ot

32MeliUB NPABYIO YACTH PAaBEHCTBA C TIOMOLLBIO HOPAIY.ILI Ocrporpazcsero—Iaycea,

HMeeM
* ( du \’ 02u a2, d%u
— a2 S SEpd
S.& ar aS S(0x2‘0y2‘02">dv’
Vv

N

du ! 02u 0% , 0%u
ISP ) TR SO A, =
K “\axZ‘aszrazZ”‘W 0
‘/'

19 Jro6oro ofbsema V. OTciofa monyuaem angepennnaibHoe ypaplicie
o __ .o d%u + d%u +- 0%u
ot 0x2 oy V022 )’
11a3LIBACMOC YPALHEHIeM MerAonposodrocmy 0an HeCMAYUORAaPpHOZO C1YHaR.
Ecal Telo SIBASETCS CTCPXKHEM, HANPaBJICHHDIM 1O OCH Ox, TO ypaBrenie
TEILIONPOBOIHOCTH HMEET BHJ

IIH

du g O%u

—_——Q2 e
ot ox?
Paccnyotpum 3ajavy Komu st ¢reilyIolHX TPex cIyuaes.
{.Cayvyail HeOTpPaHHYEHHOrO CTEPKHL CrapiiTcsl 3a73ada O Ha-
XOWIEHHH pelienHs i (X, f) ypaBHEHHS
2
du s 0%

>0, —oo< x< 4o,

o Y

YAOBJAETBOPAIOLErO HAYAIbHOMY YCJIOBHIO u(x, O=Ff(), —w <x< -l eo: Tpu-
MenuB meTo @ypbe, HOJyuaeM pellenHe ypaBHEHISA B BUE

+ o
D R

— unrerpan Ilyaccona.
9. Cayuaft cTepXHus, OrTpand1eHHOro ¢ OAHOH CTOPONHL
2
u

i 0
Pewenne ypaBHeHU —672112'—5;2—’ VJIOBJIETBOPSIONICE HAYATBHOMY  YCJIOBHIO

u (x, 0)=f(x) u XxpaeBOMy YCJIOBHIO 4 {0, =@ (f), Brpamaercs $opmy.oit

F(E) - [om G0 Gat - (a0 aaD ] gz 1

1
A

)
t

gy | e e e o,
0



3. Cayuait cTepXHA, OTPAHHYEHHOFO ¢ 060MX KOHLOB x=0

H x=1I. 3necp sasauya Komws cOCTOMT B TOM, YTOGH HAHTH pewieHHE ypaBHeHus
ou s 0% ‘

BoF % 5 » YAOBIETEODSIOWIEE HAUAMbHOMY YCa0BHIO U (%, ) li—o=] (x) 1 ABYM

ou

KDaeBLIM  yCJAOBHSIM, HAmpuMmep Uy_o=Uu|,_;=0 win ——

__du
0x -
B stoM ciyuae uacTHoe peluenue HmeTCs B BHJE paza

x=0 0x

=0.

x=l
o

u (x, t) =E bk' g—(kﬂa/l)z‘t.sin .’Eﬂ_x. ,
k=1
rae

bp=

4
2 F(x) sin@—dx
l {
0

(a1 KpaeBEIX yoNOBHE u]y—o=tt|s~, =0), 1 B Bujge panra

@®

\ 3 2 ks
u(x, t)—’xak-e'("”am "t cos 22X

- +ay,
k=1
rie

{
ak:%‘g,:(x).cos k—J;'f-dx, 002715 [ (x) dx

B
{

1
. o
\mx KPaeBHIX YC/IOBMIT

_du :__o>
=1

L ., 0%u
T —=Qa - Tez AJIST CIICAYIOIET O
HOI'O pacopene/ieHust TEMIIEPATY DBl CTEPIKHS:

4

ox

¥=0 0Ox

1002. Pemuts ypapuenue Hayasb-

[ Uy MpU ¥y < x < Xy,
(% Olizo=F(x)=

1 0 mpu x < x wn x > x,.
[\ Crepxenb sIBASETCH GECKOHEUHBIM, NOTOMY pelleHHe 3alMiLeTCst B Biige
unterpana Ilyaccona;

+ o

1 S‘ « —(E—=x)2/(4a2/
uix, t ——— f E)-e (5—x)*/(4a )d .
9 2V nt Yy ® 5

Tak xax f(x) B HHTepBane [¥y, Xy paBHA NOCTOSHHOI TeMIepaType u,, a BHe
HHNTepBajla TEMIepParypa paBHA HYJIO, TO DELIeHHe NpHMeT BHJ

X
ulx, t)y= _u_f’___ . Se—(g—x)fluazl)dg_
2a) nit
X1
[Tonyyennnii pesyabTaT MOMHO npeoGpascBaTe K HHTErpasny BeposTHoCTel
(cM. c. 203):

z
q:(z)=i_5e-"2dp.
Vo
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JleficTBuTeanyo, nomaras x—&/(2a V') =W, di=—2a V t.du, moayuum

(v=x2/(2a¥ )
r

u(x, §)=— ;“_ e~ Mdu=
" =02V )
(x-x,)/S?aV_l) ) (x=x3)/(2aV 7)
Uy —pne o _ —n2
=1 e dp——"7= e du.
V T u

Takum o6pa3oM, pelieHne BHIpasuTcs (opmynok

wen= [0 (Ge) o ()|

I'paduxom ¢yurnuu @ (z) aBasiercst KpuBasi, uzobpamennas na puc. 63. A

1003. Ha#itu peuenne ypaBHeHus 9(z)
du_ 0u .

o1 ax®
VCIOBHIO U= o = [ (X) =, 1 KPaeBOMY YC-
JIOBHIO U]¢==0.

YAOBJIETBOPAIOIMECE HAYaJlbHOMY 7—\—‘\-—-——--——-

Y

/\ 3mece  MB uMeeM  JjudxpepennuansHoe ‘
ypaBHeNHe TEIUIONPOBOAHOCTH JJjsl nosy6ecko- s
HEUHOro cTepxKHs. Pelexne, yJAOBIeTBOpsoLlee
YK43aHHBIM YCJIOBMSIM, HMEET BUJ Puc. 63

o

" §) =] guo[e-(g—m(m—e-(EH’)Z/W)]dg,

2VF0

(SN

i

w
w(x, 1) = ”0_?g[e—@—xﬁu4n__e—@+xv«4n]dg
g

2y
Monaras x—&/(2V ¢ Y=p, dé=—2V "t du, npeoGpasyem nepnuiii unTErpas,
NOJIb3YsICh MHTErPajioM BepOATHOCTEH, T. €.
@ x/(2VT)

s fememmmingt (0 iy o (X ].
2VHO s Va | =2 2Vt

-

[onaras x-+&/(2V 1 )=u, dg=2 V—t—dp, TOJYIUM

© +
Uy Se—(x+§)2/(4f)d§_ o S e—uzdu_lfﬂ[l_(p< X )]
= =—r n=7 — 1.
Qmeo an/(zl/t_) 2Vt

Taknm of6pasoM, pelueHHe mpuiMMaer BHA u (¥, {) =1, @ <2 l;l‘— > . A
o ou 0%
1004, Haiith pemenne ypaBHEHHS %= Tt O<x<l), t>0,
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}'AOBJIETBOP?H‘OUJ,QQ HavaJbHbIM yCJIOBHHM:
x  mpn 0 < x<< /)2,
u If:O—/C(x>- l—x mpu l)2<<x <
H KDaeBLIM YCAOBHAM U |ymo =1 |y ;==

/A Pemenne 3azaun Koww, y/10BJeTBOpSIOUee yKa3alIbM KpaeBbIM YCI0BH M,
Oy, €Ml HCKATh B BH e

o
(x, &)= Eb,c‘(”l‘ta kl
k=1
rae
12 !
o . N /
bk:E\f(x)sin/ldx:E \xsm—eﬂc—d —}2 S‘ nﬂa’x
Ly { l l
0 0
. kmx
[Tponnterpitpyen no uactam, nojaras u=x, dv:sm——l—cix, du==dx n v=
Lo B HOTYHil)
= B +COS 7 N TYHEINM
2/ Ix . /mx /2
I'-’ kax | Ix knx 2 . knx \| 40 kx
+ \ s——-l +E'Cos—l ————k2n2-sm——l ))l/z_.—kzng-sm—?-.

Cnegosa'renbuo, HCKONOE€ pelesne HMEEeT Bil[

=2
4] & 1 R ket _p2nz2figz kJTX
NY 2 sin e mRrarr gy BTY

i (x, i):n—zf-:l FERRY T
Iy
4 > 1 o -1
ulx, t)y= 2 (—l)" ) emtenr e gy (20 4 1) e _t ) A
n=0 '

ou 0%u

1005. Haiitu pemensie ypaBHEHHSA === , VIOBJETRO bsilolee Ha-
J ot ox*

YA TbHbBIM YCAOBHAM
f1~x/l opu O<Sx <</,
u(x, ) lr=g=f( 1+x/l mpi —I=<Cx= 0,

mpu x==/[ u x<<—1,

@ Peuenne Bupasutes Qopmyioit

0 !
1 5( BN etpan g o] BN e tian
ux, )= I4-= ] e (=000 ge — \ [ 1— 2 |emx=o% e
& 0 2]/:#_[ v :TQVtO l ®

3asenolt x—E/(2 V7 ) =u ynpocturs orser.

1006. Haiitu peuIeHte Y paBHeHH s TeNJIONPOBOAHOCTH, €C/It JIeBblil
koHel x=0 nojay0ecKOHEUHOro CTeP:KHSA TENVIOH3OJAHPOBAH, a Ha-
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Ya/JbHOE pacnpejiesieHHe TeMIepaTy pbl

0 npu x < 0,
tlj=o=7[(x)=1{ o TPH O<x<l,
0 mpu l<x.

1007. JlaH TOHKHIl OJHODPONHBIA CTEPHKEHb JIHHBL [, 130J11POBaH-
HBIII OT BHEIIHEro HPOCTPAHCTBA, HayasibHas TemiepaTypa KOTOpOro
pasHa f (x)= cx (I —x)/*. KoHupl cTepxHs NOALEPKNBAIOTCS IPH TEM-
nepatvpe, paBHOil Hyso. OnpenejnTb TemnepaTypy CTEPKHs B MO-
MeHT BpemenH [ > 0.

€@ 3aKoH pacTpejieleHHs TEMIEPATypLi CTEPXKHS ONHCHIBACTCS YpaBHEIMEM
cx (I—x) .
l2

Oufag u
ot " 0x*’
MA U |xm0 =t |g=; =0.

HAuaJbHBIM YCJOBHEM U |j—o=[ (¥) = M KpaeBbIMH YCJOBHUS-

2. YpasHenue TEIONPOBOAHOCTH AJISi CTALHOHAPHOTO Caydas. ¥Ypasuenue Ten-
JCHpOBOAHOCTH ISl CTALKOHAPHOTO CAy4as obpallaercs B ypasHerue Janaaca

0% , 9%u , 0%u
Tt tae =" (1)

ou
Tak Kak E‘EO' Vpasuenne Jlamsaca Moxuo sammcats 8 Bujge Au=0. 3lech u

ecTh (YNKUHS TOJLKO TOUKM H He 3aBHCHT OT BpEMEHIL.
Tas 3amau, OTHOCAINMXCS K IVIOCKUM (urypam, ypabHenhe Jlamiaca 3amucet-
BAaCcTCST B BH/IE

0%u | 0%u
WEToE @

Taxoil e BuJ HMeeT ypaBHeHue Jlamsaca W JUisi MPOCTPAHCTBA, €CJAHM i HE 3aBIl-
CHT OT KOOPAMHATH 2, T. €. u (M) coxpansieT NocrosinHoe 3Hauenve HpH Tiepe-
MelleHHH Touku M 10 TNpsAMoH, mnapamnesbHOH OcH z. 3amenolt x=r cos ©,
y=rsin © ypaBueuse (2) MOKHO I1peoGpasoBaTh K MNOAAPHBIM KOOD/UIHATAM:

%L—:zg—z cos @—{—%sin 0,
Pu_ u 0% ) 0% .,
577 =3 08 ®+2axaysm®cos @+dy2 sin? O,
du ou . ou
a—é_—a)—crsm@—{—a—yrcoso,
Pu 0w, ., Pu o, . i
308 a2 | sin @—2axayr sin © cos © -
0%u du ou
2 002 @ — ¢ — i
+dy2 r2cos? @ axrcos@ ayrsm 0.

Orciona

o%u du , 0%u 2u 9% 5 ou o
rzﬁ+r$+wzr2 <_5F+a_y2_) , HIH rzﬁ_lr'fg"ﬁ‘a—(_)—z:().

C ypapuenneM Jlamaaca CBSI3aHO NOHATHE rapMOHHMYeCKOi (ynxuui. PyHKRIMIO
Ha3LIBAIOT 2apmoHuteckod B obaacth D, ecan B 9Toil 06JacTH OHA HEMpephHIBHA
BMeCTe CO CBOMMH NPOM3BOAHBIMH JIO BTOPOrO NOPSI/IKA BKJAKUHUTEIbHO H YI10BJET-
Bopsier ypaBneuuio Jlamnaca. Tak, ans ypasuenns (1) dynkuns w==1/r, rae
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r=V (x—x)2+ (—Yo)* 4 (2—2,)?, siBasierca rapmomHuecKofi B M0G0 o6nacTn
uekmouan Toury M (xy; Yo 7). st moGoit miIockoit o6aacTH  Takoih dynkuue
eaymut u==In(1/ry (uan u=1Inr), 1. e. ata bynkuus YJOBJIETBOPAET ypaBHEHHIO (2).

3anava oTeicKaHus (YHKUHH €, FapPMOHHYECKOH B 06JacTH D, mnenpepwiBioi
B D, BRIOYASL H MOBEPXHOCTb S, OrPaHHYHBAIOILYIO 5Ty 06/7aCTh M YROBJCTBODA-
Iollell KPaeBoMy  YCJIOBHIO U |yy 5= f (M), rae f(M)=f(x, y, 2)—3agaunas we-
npepuiBHas Ha S (QyuKnus, naseiBaercst zadaueid Jupuxae.

1008. Haiitu cranmonapuoe pacnpegenenue TeMnepaTypsl B TOH-
KOM CTEpKHE C TENJIOH30JHPOBAHHON GOKOBOI MOBEPXHOCTBIO, €CJIU
Ha KOHUAX CTePKHA U|,_o=1i,, U], =u,.

A 3anada JIlupuxae ad  OJHOMEPHOTO CJIyuyas COCTOHT B HAXOXICHHM H3
d?u .
ypaBHeHus Jlamiaca ax‘,zo QYHKUMH 4, YAOBJIETBOPSOIEH KpaeBblM YCJIOBHAM

Ule—o =1y, u|x_;=u;. Obuee pemenne YKa3aHHOTO ypaBuenus ectb # = Ax}-B,
u—u
a yuyHTLIBas KDaeBble yCJOBUS, MOJIYdHM u:%x%—uo, T. €. CTauHoHapHoe

pacnpeleseHue TEeMNepaTypel B TOHKOM CTEPKHE C TENJIOH30IHPOBAHHON GOKOBOIL
NOBEPXHOCTBIO JHHEHHO. A\

1009. Haiitu crannonapHoe pacnpene/eHne TenaoThl NpOCTPAHCTBE
MEXAy ABYyMsi LMJIHHAPAMH ¢ obuieit ocblo Oz npH ycaOBMM, UTO HA
NOBEPXHOCTAX IHIUHAPOB TOJJIEPKHBACTCS NOCTOSIHHAS TEMNIEPATY Pa.

@ [epeiitn X WH/INHIPUUECKAM KCOPAHHATAM, CYMTast, YTO 4 He 3aBHUCHT OT
Oz

§ 5. 3AHAYA JUPHXJE AJS1 KPYTA

Ilycts nam kpyr paguyca R ¢ uentpom B monoce O NOJSIPHON CHCTEMDb! KO-
opanHat. Bynem nexars dywxmimo u (r, ©), rapMouuueckyio B Kpyre H YAOBJeT-
BOPSTIONLYIO HA €ro OKDYKHOCTH YCJICBHIO U|r—g==f(0), rae [ (®)— sazanuas
(yHKLHS, HempepwblBHAs HA OKpyxXKHoctd. Mckomast OGYHKIHSA JOMKHA yAOBJICTBO-
pATb B Kpyre ypaBrenuio Jlamiaca

. 0%u 0?u

ou
r W—*—f E’-—{_()—@-E:O' (l)

Orpanuunvest npumenennem merosa dypbe mpu pewennu 310l 3ajauu. Tomyc-
THM, YTO YaCTHOE pelleHHe HIeTCS B BHJE

u=Q (r):T (0).
Torpa monyymwm
r2-Q" ()T ()4 r-Q" ()T (8)4-Q (- T" (€) =0.
Pasnensiem nepemenubie:
70 Q' ()+r-Q ()
T (o) Q) )

TlpHpaBHuBas KaXIYI0 4acTh MOJyYEHHOrO paBeHCTBa moctosfnHod —£&%, mosyya-
€M ABa OGBIKHOBEHHBIX JH(pepeHUHAaTLHBIX ypaBHEHHS:

T"(©) k2T (8)=0, r2.Q"(+r-Q ()—k-Q (r) =0,
Orcrona mpu k=0 umeem
T (6)=A--BO, 2)
Qrn=C+Dlar. 3
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Ecan xe &2 > 0, 10
T (8) = A cos k® - B sin kO, 4

a pelicHEe BTOPOTO ypasHenns OyjieM HCKaTb B BHle Q(r)=r™, 410 JaeT
r2m(m—1)y re=24rmrn=t—2rm =0, wan r™ (m*—k*H) =0, 1. ¢. m=tk.
CJiel0BaTeNbHO,

Q ()=Crk+Dr-k, (%)

3ametum, urto (7, ©) Kak QyHKIHS oT © ecTh mepuojMuCIKas QYUKW C TepH-
ofloM 27, TaK KaK s 0JH03HAYHON (YHKUMH BeJWdHHBI u(r, ©) w u(r, 0 - 2m)
cosnanaior. [Tosromy u3 paseucTBa (1) caenyer, uro B=0, a B pasencTse 4 k
MOMKET NIPHHMMATb OAII0 U3 3HAaueHH# I, 2, 3, ... (k> 0). Haree, B paBeHCTBax
(3) u (5) momxkHo ObTh D==0, Tax Kak B NPOTHBHOM cCJyY2e QyHKUM HMend (931
pa3puiB B Touke r==0 H e OblIa Gpl TapMOHHYECKOH B KpyTe. Wrak, bl mouay-
YHJH Gecurc/IeHNoe MHOKeCTBO UAaCTHBIX PeuleHHii ypaBHeHus (1), HeNpephBHLIX B
KpyTe, KOTOpHIE (HCCKOIBLKO H3MEHHB OGO3HAYEHMS) MOXHO 3aNUCATh B Bije

Uy (r, ©)=Ay/2; 1, (r, )= (A, cos n®+4-B,sinn®) r* (n==1, 2, .. g
CoctaBuM Temepb ¢yHKIUIO
A o0
%
u(r, @):7" + 2‘ (A, cos n® - B, sin nB) r7,
n=1
KOTOpas BCJACACTBHE JNHHEHHOCTH H OJHOPONHOCTH ypaBuemnus Jlannaca Takxe cay-

HuT ero pemenueM. OcTaercsi onpefeauts Beduunust Ao, A, B TaK, 4yTOSHl 3Ta
(YHKIHA yAOBIETBOPSIA yeaoBuo u | =r=/[(B), T. e.

f(©) :%’—]—2 (4,, cos n® B, sinn®) R",

n=1

3jecb Mb HMeeM pasioxenne Gyuxnnn f () B pag ®@ypbe B mponexyTke [—T, al.
B cusay usBeCTHBIX (OPMYJ HAXOJLHM

n £l 4
AO:%S f (1) dr, A,,:%; S f (t) cos nt dr, an?t—:@ S f (1) sin nt dt.
-7t -7 -

Takum o6pasom,

7 <
u(r,®)=—j{_gnf(r> i2+r§l(-1%)n-cosn(r—-6) .

Vnpoctum noayuennil pesyastar. ITosaras r/R=p, 1—© =1, mnpeicraBum
BLIpaKcHie B KBaJPaTHLIX CKOOKAX B Bije

I, C 1
—2—+Lp" cos nt:Zp” cos ni——g.
n=1 n=40
PaccmeTprM psf
@ o @
2 (peit)yr = Z p" cos nt4-i 2 p" sinnt.
n=0 n=0 n=0

SroT pAL CXOAMTCS NpH p < 1 H ero cymma paBHa
1 ¥ i l—pcosttipsint
1—peit  1—pcosi—ipsint ~ 1—2pcos it p?
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Creo8aTeNbHO,

Il l—pcost l 1—p?

o" cosnt~—— l—2pcost - p2 2(1-«29 cos t-p?

i

/M, BO3BPATHBIUCH K HPEXHHM 0603}laLIEIXHﬂM, NoJYy4YUM

R2 —s2

—2Rr cos (1—©) 12 dv.

u(r, @):T‘;R S f (1) R

Me! mosyuuam peluenue sajaud Hupuxae maias kpyra. Muarterpan, crodwuii B npa-
BOIl uwacTu, naswiBaeTcsl ummeepasom I[lyaccoxa.

1010. Haiitu crannonapHoe pacnpefesieHde TeMnepaTypnl Ha
OJIHOPO/IHOH TOHKOH KpYIVIOH MJacTHHKE pajuyca R, BepXHss 10.0-
BHHA KOTODOH MOJJEP:KUBACTCS NpH Temreparype 1°, a HuxHAA —
npu Temreparype 0°.

A Bt —n<t<0, 10 f(1)=0, aecin 0<T<m, 10 f(1)=1. Pacmpe-
Ae/IeHHe TeMIepaTyphl BbIPamKaeTcst MHTErPaIoM:

TE 2 2
i, €)= 1 5 R:—r

On ) RT—2Rrcos (1—0) 12 de
0

MycTs Touka (r; ©) pacmoloxeHa B BepxXHeM monyKpyre, T.e. 0< 0 < m;
torja T—© usmensiercs oT —O 10 w— O, H TOT HHTEPBad JJHHLI 7 He COJep-

—0
KUT ToueK -+ m. [TosTomy BBejlem mojcTaHoBKY tg —-—=t, oTKyga cos (T—0) =

2
=t e 24 e monyum
= @=rpp- Tora nony
. ctg (8/2) R? 2 1 R+ ctg(0/2)
—r r
_ b t = — arct . =
u(r, ©)=— R RIEE V= g(/?—r t)'-tz(@m
~tg(8/2)
I R+tr Rtr
2 t - =
n{nrc g<R ctg >—{—arctg<R g5 9 >]
R-+r )
2 itg —
_.—I—aroto' R_r<Ctg 2 + & 2 ——-—iar t“‘ﬂ
= = 1— R-1r\2 =T ¥ sme
R—r
HIH
R:—r?
teum=—spsme"

Tax xak npaeasg 4acTh OTpuLaTenbHa, To u nmpH 0 < © < ;. yaoBAETBOpseT He-
pasenctBam ;2 < < 1. Jlas aroro caydas nosyyaeMm peileHue

R2—r2 1 R?

—r2
tg (ﬁ—zzn):m, HJIH u:l—?{arctgm 0 <0 <.
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Ecan 3Ke TOuKa pacroJiolkena B WHXKHEM TOJyKpyre, T.e. < © < 2x, 1O
nHTepBad |—O, n—O[ uameHenus T-—O COJAEPKUT TOUKY — T, HO HE conepxgm 0,

T—0 —
H MBl MOXKeM CcJleflaTh MNOJACTaHOBKY cfg ={, OTKyla COs (r—@):tz—_i_—l,
dr=—l_2-i_tt7’ Toraa nnst sTHX 3HaueHu# © Hmeem
tg(0/2)
1 R%—r2
“ O == RENTFR—DEE
—ctg(9/2)

1 R—r (&) R—r [C] )
=——E[arctg<m-tg—2—)—{—arctg<R+r-ctg?>].

TIpou3Boaa anajoruuyHble HpeoGpa3oBaHHs, HalifeM

1 R2_r2
——areto e T
I arelg 2Rr sin © (

Tak Kax mpaBas 4acTh Temepb NoJoxHTenbHa (sin® < 0), To 0 < u < 1/2. A

u= n< 0 < 2m).

1011, Ha#iTu pewenue ypaBuenus Jlansaca 1,5 BHYTPEHHE! YacTH
kosba 1<{r<C2, yrosjersopsiomiee KPaeBbM YCJIOBHSIM U [r=; =0,
u !r:g =Y.

@ Dpoectu nossipublie KOOpAHHATHI.



FJTABA vl

9JIEMEHTbI TEOPUH ®YHKUHUH
KOMIIJIEKCHOI'O NEPEMEHHOIO

§ 1. ®YHKIIUH KOMIIJIEKCHOIO NNEPEMEHHOI0

[Tycts XOMmIexCcHoe mNepeMeHHOe Z==X-}-yi NpHuHMaeT BCEBO3MOXKHEIE 3Haue-
HHs U3 HEKOTOpOro MHoKectBa Z. EcaM KaXKIoMmy 3Ha4eHdIo z M3 Z MOXKHO IOCTa-
BHTb B COOTBETCTBHE OJIHO HJH HECKOJBKO 3HAYCHHI JPYrero KOMIUIEKCHOTO Tefe-
MEHHOTO W=u-vi, TO KOMIUIEKCHOE [ePeMeHHOe W HAa3LIBAIOT (hyHKyUeid z B 06-
Jactd Z ¥ MHIYT @==f (2).

Oyrkuna w=f (z) HasbBaeTCs GOHO3HAYMOU, €CJH KamjAOMy B3HAYEHHIO 2 H3
MHO2KECTBA Z MOXKHO IIOCTaBHTb B COOTBETCTBHE TOJIBKO OJHO 3HAueHMe w. Ecax

0

Puc. 64 Puc. 65

JKe CYUIECTBYIOT 3SHAUYEHHS 2, KAXKAOMY H3 KOTOPHIX MOXKHO MOCTABHTH B COOTBET-
CTBHE HECKOJIbKO 3HaueHHil w, To (yHKuus w=(2) HA3LIBAETCH MHOR03HAUHOH.

Ecmn w=u-+vi ecthb ¢QyskOua oT z=x-}yi, TO KakJ0e U3 NEPeMEHHHX I
M v sBasercst QyHKIMER x M y, T.e. u=u(x, y), v=0v(x, y). O6parHo, ecru
w=u(x, y)-+v(x, y)i, voe u(x, y) v v(x, y)— AelicTBUTe/AbHBIE GYHKUUH X H ¥,
TO W MOXHO pacCMaTPHBATh KaK (YHKUHIO KOMIWIEKCHOTO MEePEMEeHHOro z=x--yi.
JlefCTBUTENIBHO, KAXKIOMY KOMIUIGKCHOMY YHCJIY 2==X-}-y[ COOTBETCTBYET OIpe/e-
JeHHas Napa JIeHCTBHTENBHBIX 4nces (¥; ¥), a 3Toil mape uHCcea COOTBETCTBYeT
OXHO WJH HeCKOJNBKO 3HayeHHIl w.

T'oBopaT, 4TO OAHO3HAuHAS (QYHKUUS W= (2) UpH 2 —>C uUMeeT KOHEUHbIil
npedea C (¢ 1 C—KOMIIEKCHBIE YMCJIA), €CJH A7 BCAKCTo uucaa & > 0 Haiinercs
takoe uucao & >0, uro u3 HepaBeHcTBAa |z—c)| < 8 caenyer HepaseHCTBO
|f (@) —C| < e. B arom caysae nuwmyt lim f (2) =C.

Z—>C

Oyuxuns w=[ (2) nasbIBaeTCA HenpepuisHol 6 mouke 2g, ecan lim f(2) =f (z,)-
2>z
dynxuus, HenpepuiBHas B KaxIoH TOUuKe HeKoTOpoll obaacti D, Ha3bIBaETCH He-
npepoisroli 8 amoli obaracmil.

Paccmorpum ofaacth D, orpanHueHHY0 3aMKHYTOH He camomepecexarmometics
guunefi T'. Dta ofnacts HaswiBaercst odHccensnoil (puc. 64).

Ecan o6racte D orpannyena ABYMsi 3aMKHYTHIMH He [IEPECeKaiOUIMMHCH H
He caMonepeceKalouMHCs JHHAAMH I'y u I'p, To oGmacTb D HasbiBaercs 06ycsas-
Hoi (puc. 65).

IMycrs I'y— BHewnss nunus, a I'o—BHyTpennas. O6nacTs ABAAETCS HBYCBS3-
HOH M B TOM cJydae, ectH Junusl ['y BHIDOXK/JAeTcsl B TOYKY HJIH B Ayry Hempe-
PBIBHOH JIHHHH. AHAJOIMYHO MOL'YT ObITb OIIpeJeJeHbl TPEXC3A3IbIE, YETHPEXCBA3-
Hpie M T. . obamactH. Ha puc. 66 m306parkeHa ueThipexcBsizHas 06/1acTb.

DyHKLHH KOMIVIEKCHOIO MepeMeHHoro e?, sinz, cos z, sh z, ch z onperensiorcs
KaK CYMMbl CJAeAYIOIHX PAJOB, CXOASIIMXCS BO BCEll ITOCKOCTH KOMILIEKCHOTO
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HGPEMQHHOFO‘.
z 2?28
=l gty

) z 28 25
it I e e —— e 5
s (R TR :
2 4 6
F4 z 2
COs z= I*E_JF"ZT_E'}‘ ceed
eF—e=%2 2 2 2P
he=—g—=qrty et
ez ,{, =z , 22 74
ch z:—-Q——.ZITTJ'_?ﬂ“}_”' .
Jns GynKuuit KOMIIEKCHOTO TepeMEHHOro CTpaBeiauBa ¢opsysa Jiiepa:
e¥ = cos z4-isinz.
Hs stoii dopmyast caeayer, urto
shzi=isinz, chzi=cosz.
Hspectiple u3 anementapHofl mateMaTHKE (HOPMYITEL
eZ1.e¥r—=e%1 22, @ZijeZr=p% 1~ %2,
sin (21 + 2p) =sin 2y €Os 25 4 COs 24 sin 2y,
€os (21 4 25) =1C0S 71 COS 2 F sin z; sin 2,

CNIPABE/VTHBEL U JUIST KOMIIIEKCHBIX 3HAYCHHI apryMedToB 2zq M 2.

®ynkunn 2V (n€N), Inz, arcsinz, arccosz, arclgz ompeieasiorcss Kax
ofpaTHLe [0 OTHOLIEHHIO COOTBETCTBEHHO K Oyuruuam z%, e?, sinz, cosz, tgz=

y 44 ,

\

7% [

K>
Z

o\
0 z g z

Puc. 66 Puc. 67

= sin z/cos z. TIpu atom pyukuun 27", In z, arcsin 2, arccos 2, arctg z sBasIoTCH
MHOTO3HAYHbBIMH.

Moxuo noKas3aTb, 4TO

Inz=Inp-4-(p-+-2kn)i (REZ),
rle p=|z| u p=argz.
1012. Jlana ¢ynkuus @ = 2*-|-z. Haiitu 3Havenns dyHKunn npu:
) z2=1+41i; 2) 2=2—1; 3) z=1i; 4) 2=—1.
AD)w=(1+)2414i=1+2—1414i=1+3i;
2) w=(2— i)+ 2—i=4—4i—142—i=5(l—i);

Y w=itti=—I-fi;
4) w=1—1=0. A
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1013. Jlana ¢yukmma f(2)=x>+y%, rae z=x--yi. Haiimu:
) F(1+20); 2) F(2—3i); 3) [(0); 4) [(—i).

AN x=1, y=2 f(l+42i)=1-14j;

2) x=2, y=—238, [(2—3i)=4-1-9i;

3) x=0, y=0, f(0)=0--0.i=0;

4) x=0, y=—1, f(—i)=1". A

1014. Tlokasatb, uTo QyHKuNS w=|z| HenpepLBHA npu Jaw6oM
3HAYEeHHH 2.

/A Tax xak pasHocTs ABYX CTOPOH TpeyroJbHHKa He GOJble TpeThel CTo-

POHBL, TO [|2z]|—|zg||<C|2—2,] (puc. 67). Tlyers 0 < & < &. Torna us Hepa-
BeHCTBA | z2—2y | < O caeiyer HepaBeHCTBO ||z|—|2]] < &, T.e. lim lz]=]2].
2o

Takum o6pasom, | z|—HenpepuBHas GyHKUHA. A

1015. Tloxkasarb, 4TO w==2z®— HernpepuiBHasd (QYHKIHS npH Jio-
6oM 3HaueHuu 2.

2

A\ Hmeem 22 —zp=(2—2) (z-+25). Ecant 2 —> 2, TO CYIIECTBYET TaKoe MNo-

JIOXKHTEJIbHOE YHCIO M, NPH KOTCPOM BEIIOJHSIOTCS LICPaBEHCTRA [2] <M, |z| < M.
Ho

|22l =l2—z[-|242| < |z2—2 |-(12]-F2|) < 2M|2—z|.
Bosbmem § < €/(2M). Us nepasenctsa | z2—zy | < 6 cJelyeT, 4To
[22—25| < 2M8 < 2M-¢/(2M), 1.e. | 22—22] < &.

Hrak, lim 22=z}, T.e. w=2z%-—nenpepbiBHas QyHKuHA. A
22,

1016. Haiitu In ()3 +1).

A Vveen z=V 3+i, p=|z|=2, p=argz=arctg (1/V 3)=a/6, 1.e.
In(V 3+i)=In 2+ (n/6-2%n) i, kEZ. A

1017. Bemuucants cos (i/2) ¢ Toudocteio po 0,0001.

/\ Tlockoabky
22 A g8
COSZ:I—T!—I—'T!_"G!— ceey

Haxo MM

i 1 ! 1
©osg=lTymtam eyt =120 A

1018. Jlana ¢pynkuus w=e*. HaiiTu ee anauenne npu: 1) z=mni/2;
2) z=n(l—i); 3) z=1+4 (/24 2nk)i, rae k€ Z.

1019, Mana ¢ynkuus f(2)=1/(x—yi), tae z=x- yi. Haiitu
F(L4i), F), F(3=2i).

1020. Tlokasath, uTo w= 2% —HenpepriBHas (yHKIIS.

1021, Haiitu In (1—1i).

1022, JloxkasaTh cnpaBelIMBOCTb pPaBeHCTBA sini-ch l=icosi-sh 1.

1023. Pemnts ypaBHenue cosz=2.

1024, Hafitu arcsini.

1025. BbluucanTb sini, TOACUHTAB JEHCTBHTENBHYIO H MHHMYIO
4acTH ¢ TowHocTbio g0 0,0001.
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1026. Yemy pasen sin{m/6--i)? BbMHCIUTD AEHCTBUTENbHYIO H
MHHMYIO 4acTH ¢ TounocThio jo 0,001,

1027. Hana ¢yskuus f[(z)=e*. HaliTu ee 3HaueHus B TOYKax:
1y 2=1i; 2) z=1+mi/2.

§ 2. NIPOU3BOAHAS ®YHKIIMK KOMNJEKCHOIO NEPEMEHHOIO

ITpouseodnod opHO3HAUHON (GYHKIHH KOMIUIEKCHOrO mHepeMeHHoro w=f(z) Ha-
Aw [ @+A2)—F (@)
Az

3bIBACTCHA MpPEefes OTHOLICHHI Az

, ecan Az o6l cnocoGoM

CTPEMHTCH K HYJIO.
Taxum oGpasom,
, .o Aw L F(24-A2)—(2)
f @)= lim —= lim ————— .,
Azso0 Az Az—0 Az
DyHKOHA, uMCIONasa NMPOH3BOAHYIO NIDH JAaHHOM 3HAYEHUH 2z, Ha3blBaercst Ough-
eperyupyemodi (WM MOHOZeHHOH) TIPH 3TOM 3HaueHHH 2. Ecau Qyrkuus w=/{(2)
O/HO3HAUHA M HMeeT KOHEUHYI IIPOH3BOANYI0 B KaxKjoH Touke ofjiactd D, To 3Ta
(YHKUUSA Ha3pBaeTCcsl araasumuueckoi B obnacta D.
Ecnan ¢yuxuns w=7;(2)=u(x, y)-+ v (x, y) AuddepeHunpyema B TOUKe Z =
w Ov du du

=X {, TC B 3TOH TOUKE CYIIECTBYIOT YacTHLIE NpousBoAHBIE ==, ==, ==, =
+y' y y } * axs axy ayy ayv

NpHYEeM 3TH NpPOU3BOANLIE CBA3AHBl YCJOBHAMU
ou_ov du__ v
ox 0y’ oy  ox’

KOTOpHIe Ha3LBAOTCS yeaosuamu Kowu—Pumana.

Ycaosust Kown —Pumaiia gBI410TCST HEOOXOUHMBIMY  YCJIOBHSIMH JH(pepeHi -
pyevocTi ¢yHKuuH w=Ff(2) B Touke z=x-}yi.

u Ov Odu v
OGpatHo, ec/Ii YaCTHLIE NMPOH3BOAHBE ——, ——, ——, —— HENPEPHIBHBI B TOYKe
dx’ 0x’ Oy’ oy
2=x-+yi u ycroBua Komn—Pumana Ou_ 9v  du 9
= J — ——==——, ——==-— —— BbIIOJHEHb], TO
¥ ox 0Oy’ oy ox ’

byukuus w=[ (2) nubdepenuupyema B Touke z=x-+ yi.
[ponssoanast QyHKimu f(2) BhIpaxkaercsi uyepes YACTHBE NPOU3BOAHEIE (YHK-
it # (x, y) u v(x, y) no ¢opmyaam
du | . 0v _ Ou ; Qu__0v _.0du_ v

rpy o Ou L dv  du ov , .0v
Fa=grt+igr=15; dy oy Lay"ay+t—53c~'

[Tponssojubie smementapsblX GYHKUHE 2%, eZ, cosz, sinz, Inz, arcsinaz,
arccos z, arctgz, shz, chz maxogsitca no Tem ke ¢opMynaM, 4To ¥ AAA AeficT-
BUTE/ILHOTO apryMeHTa:

(2" =n-zr=1,  (arcsinz) =1/} T—2,

(e2)’ =e?, {arccos 2)’ =—1/V T—22,
(cos2)) =—sinz, (arotg2)’=1/(1+22),
(sinz)’ =cos 2, (shz)’ =chz,

(Inz) =1y/z, (chz) =sha.

1028. Muddepenuupyema au ¢ynxuust f(2)= y - xi?

du du ov v
A\ Haxonnm u=y, v=x, 5)—(:0, a—y—:l, 5}21, 5!;:0. OnuHo M3 ycJI0BHH

Kown — Puvana ne sumoansercs. Takum o6pagom, Aannas dyHkinusa He SIBJSETCA
Audibepenuupyemor. 4

1029. uddepenwpyema mu ¢yuxuus f(2) = (x>—y2)-1-2xyi?
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: ou dou v du
Hnees =x2—y2 =Xl Fo=lX, —=—2Yy, ——=2y, ——=2x;
A HFveeM u=x2—y2, =2y o =25 3 2y = 7 2%
du  dv v ou
_O;_W’ Ve R Yeaosust Kowu — Puyana BLIIGIHSIOTCS. CreoBaTenbHo,
ou , . ov

byuxnus Audpepennupyema. Tak kax [’ (z)=—()?+ L--—a-;, TO

' (2) = 2%+ 2yi = 2 (x -} yi) = 2z.
Ipouspoguyio [’ (2) MoxHO Hafity u nzaue:
f@=(Fui=2, [ ()=2. A
1030. SIsasiercs qm gudpepenuupyemoii GyHKuMa f(2)=e* cos y-+
-Hi-e¥siny?

. du ou .

A\ Haxonum u=e*cosy, v=e¥siny; a—x=ex cos y, -gy—=—ex sin g,
v v ou Ov ‘dv ou
So=ersiny, ——=e¥cosy; —w—=——, ——m=— 2=  YcnoBus -—Pumana
oy —ersiny 9 Sy %0y ox % Ycnosus Komn
BbINOJIHEHBL. Jlajee, uMeeM
r (Z)=g—;5 i%%:ex €OS Y -} ie¥ sin y=e¥ (cos y i sin ) —e¥.e¥i = ex+yi — ¢z,
HIH HHAue

f(2)=e¥ (cos y+isiny)=e¥.e¥i—ex+yi—ez, [/ (2) =ez. A
1031. lana neficTBuTesbHas wacTs u (x, Y)=x*—y*—x nudde-
peHnupyeMoit ¢yskuuu [(z), rae z=x-+ yi. Haiitu dynkumo f(2).

du ou v .
/\ Hmeem W—Q,\c—l. Tak kax Fram (B ey oguoro u3 yesnosu#i Ko-

dv
wy —Pumana), To (}—y=2x-1. Hnterpupys, naxonum

v (% Y)=2xy—y+o (x),
rae @ (x) — NpousBoJbHasn (GyHKUHA.

K Pu Lo % Ta'KaKa—U—
Hcmonnsyem gpyroe yesdosue Komu—Pumana: AT g %=
=2y-+o’ (x), ToO g—;=—-2y—cp’ (). Ho wu3 ycaoBua sajaunm  naxopmm, uro
%:—2y. Cie;10BaTCIBHO,
—2y—¢' () =—2y, ¢’ (=0, ¢ (x)=C,

OTKy /12

@ =x"—y?—x-+i (2xy—y-+C) = —y® -} 2uyi — (x -+ yi) - Ci,
HIU

T =4y —(@+y)-Ci, e f()=22—2+Ci. A
1032. Jlana MHuMas uyacTh v(x, y)=x-+y AugdepeHuupyeMoi
¢ynkuun f(z). Haiiti a1y dynkumo.

ouv u
/\ Hmeem 5:;:1; CJIe0BATeIbHO, Fx—=l (corntacuo  ycaosuio Kot — Pu-

mana). Orcioza

du , du
u=x+¢ (), Ty =9 ), =1
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Ho %:—g—i. CaepoBatensro, ¢ (y)=—1. HHTerpuposanneM HaXOZUM, YTO

¢ (y)=—y-+C. Orcrona u=x—y-+C. Urak,
[@=x—y+Ctrixty=(1-+0)(x+y)+C 1e f@A=0+D)z+C. A

1033. flpnsiercsa au auddepenunpyemoil pyHrius f (2) = (x4 y?) —
— 2xyi?

1034. TlokasaTb, uro ¢yHkuua [(2)=(x*—3xy?) +i(3x2y— y?)
Auddepenuupyema u HalTH €€ NPOU3BOLHYIO.

1035. Tuddepenuupyema nu gyuuus f (z)=sin x ch y--i cosx sh y?
Ecnu 310 Tak, To HafiTH ee NPOU3BOAHYIO.

1036. Onpenennts jeiicTBUTENbEEE (QyHKUMH ¢ (1) 1 P (x) Tak,
ytobbl QyHKuus f(2) = ¢ (y) 4 iV (x) Gbi1a Auddepenuupyemoi.

1037. Ilpu kakom suauenuu A Qymkumus f(2) = y - Axi auddepen-
nupyema?

1038. Ilpu kakom snauenuu a dynkuus f(z)=az (rre z = x—yi)
Juddepernupyema?

1039. Jlana peficTBuTe/bHAT WYacTh u= 2%cos(yIn2) mubdepen-
uupyemoit pynkuun f(z). Haiitu sty dyukuuo.

1040. [lana munMas wacth v = sinx sh y nudpepenunpyemoit ¢byHK-
nun f(z). Haittu sty ¢yuxuuo.

§ 3. IOHATHE O KOH®OPMHOM OTOBPA)XEHMUHU

[lycts nana dymxnnsa w=f (z), ananuruteckas B obaacta D, 3ajazmM onpe-
TeJIeHHOC  3HAueHHe Zz==x--yi. DTOMY BHAUCHHIO Z COOTBETCTBYET OlIpele/eHHOe
sHauenne w=u--vi. Urax, xaxpoll Touke (r; y) na miockoct xOy cooTBeTCTBYeT
onpefeseHHas Touka (u; v) Ha mimockocTH 1O,

Ecan Touka (x; y) Ha miockocts xOy ONKMCHIBaeT HeKoTopyio Juumo T, pac-
NOJIOKEHHYI0 B o6nactd D, 1o Touka (¢; v) Ha miaockocTd uOv omumer AuHMo 1.
Jlnnuio T 6ynem maswiBath omobpascenuesn manuu I' na miockoers #0v ¢ TOMOMbIO
aHaauTH4eCKoll QyHKIMH w= [ (2).

Bosbmem na smnun I' TOUKy zp=xo-+ yoi. DToft Touke Ha auumuu I’ COOTBET-
CTBYET TOYKA W= ty+vyi. IIposesem x munum I' acatelsnyio L B Touke (xq; Yo)»
a x gunun IV —kacareqbnyio L’ B Touke (up; vg). Ilyctb a—yron, Ha KOTOpBIit
HYXHO NOBEPHYTb npsMyio L, uTolbl ee HanpaB/leHHe COBNAJO C HANPABJICHHEM
npsimoil L’ (yrosl MeX;y NEPBOHAYAJBHBIM H OTOGPaKEeHHLIM HanpaBJeHHsIMHU).
B rteopuu anamutnyeckux QyHKuuE jokasbiBaercs, uTO o= arg [’ (2¢), ecan
" (@) #0.

PaccmoTpuM Ipyryio JIMIHIO Y, KOTOpas TAKIKE IPOXOAUT Yepes TOUKY (¥, Yo),
M ee OTOGpaKeHHe—JIHHHIO V', IIPOXOUSULYIO Yepe3 TOUKy (iy; vy). [lyets [ —kaca-
TeNbHAT K JIMHHH § B TOUKe (Xo; Yp), a I'—xacareabHas K JUHHE y' B TOuKe
(1195 va)-

M Toro ytofsl HampaBaenue mpsiMoli [ cOBNasNO ¢ HampaBieHHEM npsmo# ',
HYXHO H B 3TOM Cllyyae NpsMyio [ NOBEPHYTh HA YIOJ O, TaK KaK Yroa IoBOpoTa
pasen [’ (zo) [3HauenHe NPOM3BOAHON He 3aBHCHT OT BHIGOpA KPHBOH, npoxoisuielt
uepes TOUKY (Xp; Yo); puc. 68).

Ecan ¢ # Pp—yraw, cocrannennse Kacaremsummu L u [ ¢ ocwio Ox, a (0}
H ¢’ —xacareapubiME L' u I’ ¢ ocbio Ou, 10 @' —@=a, V' —Pp=0 nu Q—¢=
=9’ —1. Cnenosareasro, Y — ¢ =1’ —¢’. Ho {p—qp— yroa Mexy KacaTeJbHBIMH
Lwl, ay'—¢ —mexny Kacatenvueivu L' n I, Takum o6pasom, ase HPOH3BOJIb-
HEble JIHHHH, NMEPECEKAIOIUECs B TOUKe (Xg; Yo), OTOOPAXKAIOTCA B JBE COOTBETCTBY-
IouLHe JHHHH, NePeceKalomuecss B Touke (Uo; V), TaK uTO yroa § mexay KacaTesb-
HbIMH K JaHHBIM M OTOOpaMeHHLIM JIHHHSIM OJHH H TOT Ke.
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Jlerko foKaswlBaercs, 4TO MOAYJIb TNIPOU3BOJIHOM B Touke (Xy; Yo), T. €. | ' (20) ],
BEIDA2KACT Tpejiesl OTHOWIEHHS PacCTOAHIMI MeXly OTOOpazKeHHbIMI TOUKaMU Wy - Aty
H Wy H NEPBOHAYAJBHBIMH TOUKaMH 25-+AZ, M 2z, (puc. 69).

PaccmoTpes  fipyrylo kpuBylo M ee oToGpameHue, NPHXOAHM K BLIBOAY, HYTO
| [" (20) | BrIpaxkaeT npesesn oTHOWeEHHS paccTOsHMI MEXAY OTOBPAXKEHHHIMH TOUKa-
MII Wo+-A'wy ¥ Wy M NepBOHAYANbHBIMH TOYKaMH 20+Az5 1 2.

q o

Piic. 68

Takum oGpasom, | [ (25) | fBAseTCA BeTHUNHON HCKAKEHHS MACIITAG4 B TOYKe 2
npH OTOOpaKeHHH C NOMOUIBIO (GYHKUHH w=f (2).

Hrak, ecan GecKOHEYHO MaJblil TPEYTOJbHHK B TJIOCKOCTH x0y orobpasurs
C NOMOMBbI0 QYHKUHK @ = f (2) HA MIOCKOCTb 1OV, TO MOJYUHTCH GECKOHEUHO MaJiblil
KPUBOJIHHEHAHBI TPEYroJbHAK, NMOAOGHBI NEePBOHAYAMBLHOMY BCJICACTBHE paBeHCTBa
COOTBETCTBYIOWMX YIJIOB H NPONOPUHOHANBLHOCTH CXO/ICTBCHHBIX CTOPOH (B Npefiene).

0

7k /

0 T 0 %
Puc. 69

Orofpaskenne ¢ MOMOLIbIO aHANHTHUECKOH (QYUKUHH @ =f (2) Ha3bBAETCH KOH-
opurom omobpaceruen.

1041. C nomomplo pynkuun w = 1/z oTo6pasntb Ha naockoctb 10V
toukn: 1) (1; 1); 2) (0; —2); 3) (2; 0).

A\ 1) Touke (1; 1) coorBeTcTByeT 3HaueHue z==1--i; cJeI0BaTeIbLHO,
1 1—i 1—i 1 1

= !

CTTHTUFha=s T2 22

Ha nnockoctn ©#Ov nonyunm touky (1/2; —1/2);
2) z=—2i, w=1/(—2i)=(1/2) i; nonyunm Touky (0; 1/2);
3) z=2, w=1/2; nonyunm Touxy (1/2; 0). A
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1042. C noMoupio (PyHKIHH @ = z® 0TOOPa3nTh Ha MIOCKOCTh 10V
JHHHIO Y= X.

A\ Haxozum
w= (x -} yi)? = 31 3x%yi— 3xy® — y*i = (x* — Bxy?) + Bx%y—y°) L.
Takum obpasom,
1= x*—3xy?, v=23x%y—y°.
M3 noayueHumX ypaBieHUHl W ypaBHeHHS y= x UCKMIOUHM X H y:
H=—2x3, v=2x% T.e. v=—u.

Urak, oroSpaxennem Guccektpuchl I u I1I xoopaunaTubix yrios cucremsr xOy
spiseTcs Ghccextpuca 11 i IV KoopausaTueix yriaoB cucremsl #Ov. &

1043. Tlycrp w==2* W z ONUCHIBAET KBaAparT, onpefensieMblil Hepa-
peuctBamu 0<Cx <1, 0<Cy<C1. Kakyio obsnacth onuchiBaer w?

A\ Hmeem
w=(x}yi)2 =x2—y?-}-2xyi, u=x*—y? v=2xy.

Haiinem otoGpaskenusi pepwyn Ksaapata (puc. 70). Ecan x=0, y=0, 70
u=0, v=0; ecan x=0, y=1, 10 u=—1, v=0; ect x=1, y=0, 10 u==1,
v=0; ecn x=1, y=1, 10 u=0, v=2.

Haiinem ortofpaxenusi CTOpPOH KBaj-
para.

OB: y=0, u=x2 v=0, 1. e. v=0,
u = 0—otrpesok OB ocu a6euuce Ou.

0A: x=0, u=—y?, v=0, 1.e.v=0,
u << 0—orpesok 0A; ocu abenuce Ou.

AC: y=1, u=x*—1, v=2x; uckiIo-
yas X, NoJAyynM u=v*/4—1—ayry napa-
€oapl, coequnsiouyio Tourn A; (— 1; 0) n
C1(0§ 2).

BC: x=1, u=1—y?, v=2y; HCKIIO~
yas y, nonyuynm 4 =1 —uv?/4 — nyry napato-
Jbl, coejuHsiiomyo Toukn By (l; 0) u
Cl (O; 2).

Hrak, otroGpakeHHeM KBajpara sBIseTCs KPHBOJHHEHHBIH TPEyroJbHHK, Orpa-
HUYeHHBIH JuHuAMH v=0, 16202/4—»1, W= l—yz/il. u pacnonomeﬂmﬂﬁ B Bepxneﬁ
NOJIYTUIOCKOCTH. 4\

1044, C nomompio QyHKUHE w = 22 -} | HaliTy OTOOpaKeHHe OKPY K-
noctu x2-+y*=1 Ha naockocTs uQuv.

A HmeeM w=2 (x--yi)-1=(2x-1)12yi, otkyaa u=2x+1, v=2y. U3
THX paBEeHCTB HaxoiuM x—={(u—1)/2, y=v/2 Y, NOACTaBJsAA 35TH BhIPANKEHHS
B ypaBHEHHE OKPYIKHOCTH, NOoAYYHM (u— 1}* 4 v*=4. VTaK, HCKOMBIM OTOOpaKeHHeM
ABJAETCS OKPYKHOCTh, pajuyc Koropofi pased 2, a mewrp—Ttouka O (1; 0). &

1045. Haiitu yroJa noBopora u Ko3pQHuIHEeHT HCKaxeHus MaciuTada

. 2 -i)2
B TOYKE 2,==— 2 IpH OTOGpaKeHHU w:%—}.
A TIpu oToBpaenunm ¢ TOMOWbI0 (yHKuuY w==f(2) yroa moBopoTa ecThb
a=argw’ (z), a KO3(puUHEHT HCKa)keHHs MaciuTaba B TOUKE 2y paBeH k= |w' (zg) |
Haxoum

204D =) —(+D?_4+E—0?

@ @—i)? G—i)?
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B Touke zy=— 2i nmeem

A (2g— D) 5 44 (z—i)2] 5
e | o (5) =0 we [FEEGE =G <1 . &

1046. B xakux TOYKAX IJIOCKOCTH Yro. HOBOpOTA NpH oTOOpa-

1-iz
JKEHHH w=lfl.z paBen Hymo? B kakux Toukax KosdbHIMEHT HCKa-

KeHusl Macwrafa pased 1?

A\ Tlpexse Bcero oTMETHM, UTO IPEINONArTaeTcsl OTHICKAHHE TAKHX TOUEK, Iie
8a/laRHOe OTOOPaXKEHHE KOHPOPMHO, TaK KaK TOJBKO NHPH 3TOM YCAOBHH MOKHO
FOBOPHTb 00 yIVie TMOBOPOTa M KOI(HUKENTe HCKamenns maciitaGa. Haxomum

o P(l—in4-i(1-ig) 20 2
- (1—iz)2 T(l—iz)? kiR
Tak kak @' (2) # 0 HH nPH OAHOM 3HAUEHWH 2, KPOMC Z=— {, TO 3aj1anHoe
OTOOpaxeHHe KOH(OPMIIO BO BCCH TJIOCKOCTH C BBIKOJZOTON TOUKOM 2:= — i. Ipu

S5TOM om6pame}mu yroJsi noBOpOTa Q. B TCOYKE Z €CThb

—Ax D20 —(y41)?]
24 (y+ 1)) '

— 927
a=argw' (2)=arg [(—z-:ﬁ;—zJ = arg

Yueno @' (2) saBisietcss JeficTBUTEAbHBIM, ecad lm w’ (2) =0, u nonoxUTEABHBIM,
ecs4, Kpome Tore, Rew’ () > 0:

Imw (2)=0 mpu (y--1)2=x2,
Rew' () >0 npu x(y++1)<O0.

Otciona y=—x—1 (x # 0). HUrak, yroa moBopora AanHoro OTOBpaKeHHUsT paBex
HYJII0O B TOYKAX MNPsIMOH y=— x— 1 (C BBIKOJOTON TOYKO Z=—1.
Kos(guuuent Bekaxenus macuiraba B TOuKe 2 pasen k=|w’ (2) |; mo YC/JIOBHIO

OH JlomKeH ObiThb papen 1. CuefoBatesbro, |@' (2) =1, T. e. I =1, um

— 2i
_ E+i?
|z+10)%|=2, orkyna ]z—{—i[:lf 2. DT0—ypaBHEHHE OKPYXKHOCTH C HEHTPOM
B TOuke z=—i M pasnycom } 2. &

1047. C nomompio GyHKIHMH @ = 2z® 0TOGPa3HTh Ha MJIOCKOCTH 1QU
npsMele x=2 1 y=1.

1048. C noMmolpio GyHKINH © = — 22 0TOOPA3UTh HA IJIOCKOCTb
uOv npamyio x+ y=1.

1049. C momompbio QpyHkunu @ =iz 1 Haiiru oToGpaxenus oceit
KOOpAMHAT Ha IockocTh uQuv.

1050. PasbsacHuTb CMBICJ OTOGpaXkeHHs Ha MJIOCKOCTb uQv ¢ 110-
MOIIBIO QYHKIHH @ = e%'z, rle ¢—I0CTOAHHAs BeJHYHHA,

1051. Jlana mapa6osa y= x®. OtoGpasuth 3Ty napaboJay Ha Io-
ckocTb #0vu ¢ NOMOLIBIO GYHKIMH ©@ = 22,

1052, IlokasaTh, 4TO YroJq MeXAy NPSIMBIMH y=1 n y=x—1
He M3MEHHTCA NpH oToOpaxennn w=(1+4-i)z-- (1 —i).

Haiitu yron nosopora u Ko3(pduIMENT HCKaKeHHs Maciitaba
B TOYKE Z, NPH OTOOpaxKeHHU W= [(2):

1053. w=2% z,=1—i. 1054. w=1/z, z,=2i.

1055. w=u--iv, Tae u=e’cosx, v=—e’sinx, z,=1i.
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Hafitu TOUKM NJIOCKOCTH, B KOTODBIX paBeH 1 Koadduuuent wuc-
KaxkeHHsl Macuitaba IpH OTOOpAXKEHWH:

1056, w =2z, 1057, w=2z*—2z.

HalitTi TOUKH MJIOCKOCTH, B KOTOPLIX paBeH HYJIO YroJ IOBOpOTa
npil oTOOpaxKeHuu:

1058, w=z". 1059. w=iz*.

§ 4. UHTETPAJI OT ®YHKUHMH KOMIIJIEKCHOT O
NEPEMEHHOIO

Kpupast T', kak H3BecTHO, HA3pIBAeTCs 22adK0f, €CAHN OHA MMEET HEMpPephlBHO
U3MEHSIOMYIOCS KacaTeablyto.

Kpusasi 1a3blBaeTcst Kycouro0-24a0xkcid, €l OHa COCTOMT W3 KOHEYHOrO 4HCna
rrajKHX JyT.

Jdana QyHKuHs KOMIVIEKCHOFO NepeMesHoro @=f (2), HenpepeiBHAas B HEKOTO-
poit ofaacti D. Tlycrs I'— nponssosblas raaikas Kpusas, aexamas B obractu D.
PaccmoTpum yTy KPHBOI C HAYalOM B TOUKE Z; M KOHIOM B TOUKC 2. Pasneqanm
3Ty Ayry Ha n uacTeil MPOUSBOJLHBIMM TOUKAMU 2y, 21, 2, <+ Zn—1) Zn=2,
PacTofOKENIBIMH [TOC/IE/I0BATEAbNO HA JAXHKK I

CocTaBHM CyMMY

Snz“f kzo) A20+f (21) Azi+... '("f (zn—l) Azy -1,

rae Azp==zp,i—zp (k=0,1, ..., n—1). Ilyctb A—mnauGoapwast M3 BeJHUHH
|Azg|. Ecin A—>0, T0 n—> 0 1 cyMMa S, CTPEMHTCST K ONpeJeJeHHoMy Tpe-
neny. droT mpenen naswpaerca uxmeepasonr dyuxkuun f(z) mo ayre xpupoii T,
3aKJI0UCHHCH MeX/]y TOUKaMH 2o H 2, T. €.

(F@ dz= tim ([ (20) Azg-f (21) Aat oo - 2m) A2l
r

Ecau | (2)=u(x, y)+iv(x, y), To unrerpa’ Sf(z) dz cBoAUTCS K ABYM KDH-
T
BOJIMHEIHEIM MHTETpasiaM OT JeCTBHTENBHBLIX QyHKUHH 1o Popmyse

Sf(z) dz= S w(x, ypdx—u(x, y)dy-+i S v(x, yyde-tu(x, 4 dy.
N r T

Tyers T— Kycouno-raajkas JuIns, cocTofmass us raajikux vacrelf T'y, Ty, ...
ver, Ipps TOr@ HHTETPAT NO 3TOMl JHHHM MOXKHO OMpPEAeNHTh C MOMOLIBIO pABEHCTBA

Sf(z) dz:S i@ dz+g F2) detnn. S i (2) de.
\ f. T

Ecmu [ (2) —ananutnueckast GylKiust B OJHOCBA3HOM ofmacTu D, To 3nauenue
HuTerpaJia Sf(z) dz, B3ATOrO BJOAb INPOH3BOJBHOH KycOuHO-TJaAkoH auumn T,
T
npunajIexauei obractu D, ne saBucHT oT Junuu I', a ompesesnsietcs AUUIb HOJO-
JKEHUAMH HayaJbHOH W KOHEYHOH TOYeK 3TOlf JIHHMH.
Jas scakot anasumuseckol yuxyun f(2) 6 nekomopoti o0Hocea3Hold o6racmu D

unmeepan S [ (2) dz, e3samoul no a060MY 3AMKRYMOMY KYCOUHO-2AQ0KOMY KORIMYPY Y,
v
aexcausermy 6 obaacmu D, pacen nyao (Teopema Ko wn).
z

PaccmoTpiM  BLIpaXeHHe F(z):Sf(t) dt. 3jech 3a NyTb MHTErPUPOBAHUSA
20
npHHUMaeTcsl TIPOH3BOJIbHAS KyCOuHO-rviaakas Jumus T, mexamast B o6aactn D
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H COCJMHAOWAA TOYKH 2y W 2. Oyskuusa f(f) npeanosaraercst anajnTHUYECKOi
B ofractH D. Moxuo serko nokasats, uto F’ (2)=f (2). Dynkuus F (z), npous-
BOJHAs KOTOPOi paBHa [ (2), HasmBaercst nepsoo6pasuol (GpyHKuKEl N0 CTHOUIEHHIO
K ¢yHkuud f(2). Ecau uspecTHa ofHA U3 NepBOOGPA3HEIX F (2), To Bce apyrue
nepBooGpasHbie cojleparca B Bhipaxenun F (2)--C, rie C— IpousBOIBHAS MOCTO-
snnast. J10 Boipaxenue F (2)4-C wHaswiBaetcsi weonpedescHmvin UHMe2parom ot
dynxnuu f(2). Tak ke Kak W 445 JeficTBUTEbHDIX (byHKUHH, 3/1eCh BHIOJAHSETCH
PaBeHCTBO

(r0dt=0@—0e)

(bopmyaa Hprorona— Jlefi6unua), rae @ (?) —xakas-nuGysb nepBOOSpasHan GyHk-
HuA N0 OTHOWIeHHIO K [ (2).

HJast HAXOKJEHHA NepBooGPasHOl (PYHKIMH 1O OTHOIIEHHIO K AHAJIHTHUECKOH
$yrkunn f (2) npuMensiorcs oBbIUNbIE BOPMYJIb HHTErPHPOBAHHUSA,

PaccmMotpuM A -1 3aMKHYTBHIX KyCOYHO-IAAKHX JHHMEL Yor V1o Y2r «vey VY
T2aKHX, UTO KaX/as U3 JHHHH Y1, Y3, ..., VY, JEKUT BHE OCTaJbHBLIX H BCE ONH
PACTIONONKEHBL BHYTPH Yy. MHOKECTBO Touek, JeXaulux OIHOBPEMEHHO BHYTpH Yo
W BHE Vi, Vs, .. Vp, NpeicTaBisier co6oét (n+- 1)-cBs3nyio obnacts D.

Ilycte [ (2)— ananuruueckass QGyHKuus B obmactu D (BKsouast 3HAYEHHA Ha
KOHTYPaX Yg, V1> V2» ---, Vu)- B 3Tom cayvae Buimosnusercss pasencTBo

S f(2) dz = g i (@) de-t- Q @) dz- ... - g i (2) de.
Yo Y1 Y2 Yn

1060. Beyucaute HHTerpad Sf(z) dz, e [(z)=(y+1)—xi,
AB
AB—0Tpe3oK npsiMOH, COeAHHSIOUHI TOUYKH Zg=1H zp=~—1.

A\ Hmeext u=y--1, v=—x. Orcioza

g f(a) dz= S W4 Ddef-xdy—i g xdx—(y-+Ddy=

i A8 AB
x=0, y=~1 . x2 )0 . (y -- 1)2 —l._.
=(y--1)-x v=l =0 U,
1. 1.
=__1—]--§~z—§1_——1.

Moxno moctynutb M mitave. Jlerko BujeTb, uto [ (2)=1—1iz u

P (1 -

R — i2)

l—iz)dz= —
V- =02

3

i (R (-
1——2£+ 2

o

\ 1) de=

[

AB

12

21 =1L A

1061. Boluucauts uurerpan ? [(2)dz, rae [(2)=x*4y%, AB—
AB
OTPe30K NpsaMOi, coepuusionnii Touxdn A=1-}i u B=2-}-3i,

A\ Hhcen u=x? v=y? suauur,

S f(2) dz= ( Xde—y2dy—-i (‘ yrdy- x2dy.

AB AD AB
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TlepBrit M3 MHTETPaJIOB B MPaBOH WACTH PABEHCTBA BBIUHCJAACTCA KaK onpeienenuiit
unterpas:

2 3 o

S xzdx—~y2dy=S x2 dx———S y? dy:—s—

AB 1 1

Jlas BLIUMCJEHHMS BTOPOrO MHTErpaa coCTaBHM YpaBHeHwue npsivoft AB:
y—1)/B—N=x—1)/2—1), 71 e y=2x—1.

Orcioa dy=2dx n

‘2-_5/3
1

|

2 2

S yrdx L2 dy= 5 [(2x— 2+ 26 dx— S (6x2—4xt 1) di=
AB 1 ) 1
=@ —221-x)[i=10—1=09.
Mrak, § 7()dz=—19349. A
AB
1+i
1062. Bpuncautp HHTErpas S zdz.
i
A Tounrerpanbuas GyHKIUHS ABAAETCS anaautnyeckoil. HMenoasaysa dopuyay
Hulotona— JleiiGHuna, Haxolum
1+i .
2
S 2[12——7

i

1+

-%[(1+i)z_iz]=_‘2_(1+2£—1+1):_;_+,-, A

1063. Brruncautb Sgdz, e y—3aMKHYyTHII KOHTYp x=C0S{,
. v
y=sint.
A Tak xak z=x—yi, de=dx{-idy, 10

S zdz= S xdx-tydyt-i Sxdy—y dx.
v ? v

INepBuiii MuTErpas B Npapoil YacTH paBeH HYJIO, Kak HHTErpat OT NO.IHOre au-
depennuata mo 3aMKHYTOMY KOHTYDY.

TIpn BLIUMCJEHHH BTOPOTO MHTETpa’a CJAEJYeT YuecThb, 47O dx=-—sin tdi,
dy=costdt. Orciona xdy—ydx= cos? ¢ dt +sin? ¢ df = dl 1 OKOHUATE.IbHO NNOSTyHaeM
21
R Zdz=i S dt =2ni. A
v J
v 0

dz .
1064. Boiuncantb \ —=, e y—3amunc x=3cost, y=2sint.
z2—4
5
A\ Toapmterpaipnas (QYHKUHA ABISETCH anajuTHUECKOIl B 003alTH, Crpasi-

. dz
wenpoil STIM SLIHICOM, NOSTOMY | — 4:0. A

v
dz

1065. Brwucaurb S:(_l—'-—l) , T1e y— OKpykHOCTh | 2—(i-+1) [=1.

v
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A\ YpaBHeuue OKPYKHOCTH MOMKHO 3aMHCATh B BHALE
C—124-(y—1)2=1, wm x=1-cos ¢, y=1-4sint, nam z=1-4iteti,

B ofractu, orpannuennoii OKDYXKHOCTBIO Y, NOABIHTErPasbHAS DYHKIUS HE SIBJISAETCS
AHAJMTHYECKOM, NOCKOJBKY B TOUKe 2= ]-|-, cayxKamed neHTpoM sTol OKpyKHO-
CTH, QyHKIHSA ofpawaercs B GeCKOHEYHOCTD.

Tak Kak dz=i-eftdt, to

1€66. Boruucaurs %dz, TA€ Y—OKPYKHOCTB |2]|=2,
v

¥ /A Tonwmterpamsnast ¢ymKmusi  umeer Pa3pLIBHL
TOMLKO B TOYKaX z=1u z=i. Pynkuus f (2) spaserca
aHAIMTHUCCKOH B TpexcBAsnofl obiacTd, npejcTaBisio-
o7 med coboit Kpyr ¢ rpaHuuHOl OKDYKHOCTBIO Yy, H3
z KOTOPOro BLIPE3aHel iBa Kpyra |z—1| < r, |z—i| < r,
D rie r > 0-—jocTaTouno Masas BeiuttHa (pHe. 71). Cure-
0 \./7; I L0BaTeJabHO,
§i@a=(r@dt (e,
Puc. 71 v V1 Ve

I7e P1-— OKPYXKHOCTE |2— 1 [=1r, ys— OKPYKUOCTD lz—i|=r.
Tak kak

a—ltz—i 1 1
MO=he=y=r=+tr=p

TO

2—1i 2—1 2—1 z2—1"
Y1 Y1 Yz

N dz . dz ﬁ dz
§Haa—§ +E +£

ITepsoe u ueTBepToc caaraembie B NpaBoil uacTH PaBHBI HYJIO, TMOCKOJIBKY MNOAbIH-
Terpajbrble QYHKUMU ABJISIOTCS aHaJUTHYECKHMH B COOTBETCTBYIOWMX 06/acTsiX.

CaesoBaTenbHO,
dz dz
Vr@a={ 2 ( 2
hY Y1

z2—i’
V2

OKpYMHHOCTb Y HMEeT ypaBHeHHe z=1-]rei®, a2 Y2— ypaBHewne 2= i--rei®,
Orciopa

2n 0 4 2n 0 g
”‘ , iret® do Coirel® dop
5 f)dz= (Sﬁ v —]—3 " =4mi. A
v 0 0

1067. Bruuncaurb uurerpan Sf(z) dz, ecnu f(2)=y- xi, T —no-
P
MaHass OAB ¢ BepIUHHAMH B TOYKax zp= 0, 2p=1, 2g=1-41,
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1068. BouucauTh UHTErpaJj S 2*dz, rae AB—oOTpe3oK IpsaMoi,
AB
COSAMIISIIONIUIT TOUKH 2,=1, Zp=1.

1069. BoiyucauTh UHTErpall S 219 dz, Tae y — vaaunc x*/a? - yhr=1.

v
1070. BonigucauTe MHTETpaAN ng, e y— OKpPYXKHOCTh (¥—4)*+

2

v

4 (y—3)p=1L
d .
1071, Briuucauts HHTErpas 872 , TJe y—OKPY/KHOCTL 2z =e'.

(a--b) z—az;—azy
(z—z1) (z—22)

v
1072. Boluucantb HHTeI‘paJIS dz, rre y—KDYT
%

|z|<R, a 2z, u z,~—BHyTpeHHHe TOUKI 3TOr0 Kpyra, npudem
2, 7 2.

§ 5. PAAbI TEWJIOPA U JIOPAHA

Myers nana Gysxuns f(2), anaantuyeckas B HEKOTOPOIf OKPECTHOCTH TOUKH d.
PaccmotpuM psijt

f(a)+

Dror psia waswBactes padom Tedaopa GyHKIHK f(2) m BUYTpH cBOero Kpyra cxo-
JIMOSTH  Bblpamaer Gyukuuo f(2), T. €. B KpPYre CXOJIHMOITH BEINOINACTCH
paBeHCTBO

f! i/l (a\ ]Un

@ g L@ g O —apy.

=10+ 2e—a+552 e—art. .

Ecan a:O, TO IOCJejHee PABLHCTBO 3aMuchLIBACTCST B BH/IEC
’ 0 " O trr O N
=10+ 2 L L8 L

B 5TOM cayuae TOBOPAT, 4TO (yHKUHA f (2) pasnoxena B pad Maxaopena.
PaccMOTpliM Teneps ABa paAAa:

A_ [ A—.z A——.
z—1a+(z-a)2+(z—:1)3+"' M
u
Ag A @—a) Ay (z2— @)+ Az (z—a)* ... . 2)

O6sacTh CXOAUMOSTH NEPBOrO pAAa (€CHAM OHA CYINECTBYET) OMpENensercs nepa-
BenctBOM | z—a| > r. Ecan cyumecTByeT 006aacThb CXOAMMOCTH BTOPOTO pAja, TO
OHa ONpe,e/feTCs HePABEeHCTBOM | Z2—a | < R. Torpa mpu ycaosad 7 < R aas psaa

A A_, Ay
"+(2_a):{+( + +

z—a)? ' z—a

At ALE—a)+ A @—aP+ Az (e—a’+ .

TI0JIYYEHHOrO CJA0XKeHHeM pfloB (1) 1 (2), 061acTLIO CXOIUMOCTH CJHYXKHUT KOJIbLO
r <|z—a| < R, orpanuyenioe KOHICHTPUMCCKHMH OKDYMKHOCTAMH C HENTPOM
B Touke @ M pajuycamu r ¥ R (puc. 72).
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ITycts f(2) — oxnosnaunas u AHAHTHYECKAs (YHKUHA B KOMblle 7 <lz—al<
< R. 312 ¢yukuus s YKa3aHHOM KOJbIlE MOXET ObiTh npeicTaBjeHa B BHe
CYMMBI psiia

A_ A_, A_y
f(Z) e '+(z——z)3+(z—a)2+5:—15+

Ao+ A1 (2—a) -+ Ay (z2— a)2 - A, (z—a)+-... .

Pax B npasoit yactu PABEHCTBA HasbiBaercs padom Jopana byuxunu f(2). Kosg-
OUUHEHTDL 5TOTO PSAA MOKHO BBITHCANTE 110 opmyae

I f@
A,,:iE (z——a)”_*'ldz (l’le Z). N
r

Pax (1) waswBaercs eaasuor “acmoro paga Jlopana, a psg (2)—npasurenoi
yacmso psifa Jlopana.

Ecan pax Jlopana copepxur TJIaBHYIO YaCTh, TO & HAa3BIBAETCS U302UpOGaAH -
notl ocobod mouxoii. Koadounuent A_ 1 naswiBaercst eswmemon byuxumnn f(2) or-
HOCHTE.TLHO H30JHPOBAHHOHA OCOGOH TOUKH 2 = q.

OcoBas Touka nasbiBaeTcs yemparnumoid, ecn Qynkuus f (2) — ananutnueckas
B OKPECTHOCTH Z==a H OrpasHyena o MOLy/II0 B 3TOH OKpecTHoCTH, T. e. cy-
WECTBYeT KOHEUHBLIH Iipejed limf (2). Ocobas

Z—>a
J TOUKA ~HASBIBAETCS 7M0410COM (PyHKUHH f (2),
ecan f (2) — aHaiuTHYeCKas OyHKIHMS BOIH3H
Z==G M CTPeMHTCH K GeCKOHeYHOCTH npu
z—a.

Oco6ast Touka z=a nazmBaercy cywecm-
6EHHO  0C000U, eClM TpPH 2, 6JAH3KHX K a, Mo-
Ayab | f(z)] we ocraercs OTPaHHYEHHBIM, HO
(QYHKUHA He cTpemuTca K oo npH 2 — a, npe-

denlimf (z) ne CYIEeCTBYeT,
Z2—=a

Hsonuposannas ocoGas TOUKA SABJSETCS:
YCTPAHHMOH, €CJAM TIVIaBHAs wacTh pas-

Vi @  JoXeHus B psx Jlopana orcyrersyer. Hanpu-
Prc. 72 . Mep, IS yHKUHU f(z)=512£'r0q1(a z2=0

CIyXUT yCTpaHHMOl 0coB0il Toukoft, Tak Kak
1 2 2 22 2t
f(Z)=? (2——3—[—]—5—- ...>=l—ﬁ+§-—...,

TI0.TI0COM 72-TO NOPAAKA, €C/IH IVABHAS YacTh COACPIKHT KOHEYHOE YHCJI0 YIEHOB,
T. €. IMEeT BH[

A_' A_g A—n 3
e R L)

sin z —0
Hanpusiep, 131 dynkuun f(z)=72—— Touka z2=0 ectb momoc mepsoro mopsaa-
Ka, TaK Kax
1 FAIN 4] 1 z 28
_— —a e — =2 T T e}
o=z lz—5++ 2 Tt ;
CYILECTBEHHO 0COGOH, eCJM IviaBHAs yacTh COZCPIKHT GECKOHEUHO® YHCIO v.e-

HoB. Hanmpumep, dynknus f(@)=elz B Touke z—0 nyeer CYULCCTBELHO 0CO0YI0
TOYKY, TaK Kak

FO=er=itotg by



Mexay Hylem u nomiocoM QYHKIHH CyulecTBYeT Cleiyiowasi cBsisb. Leau
z=a—Huyab KparhocTH k Qyukuun f(2), TO z2=a—noOmOC TOro Xe Nopsiika
dyukuuu  1/f (2); obparno, ecam z=»b—rnomoc nopsjaka k ¢yukuuu f(2), TO
z=b—HyJp TOH e KpaTHOCTH Gyukuun 1/ (2).

Creflyer 3aMeTiTh, uT0 ecau lim (z—a)kf (2) =c # 0, 10 z=a—nomoc k-ro

2—>a

nopsiika pyHRUHH f (2).

1073. Pasnoxute B psg Te#imopa no cremenam Ounoma z—i
dyuxumio f(2)=2>.

A Haxogum npoussoanvie ¢yukumn f(z2)=2% [ (2)=52z%, ["(2)=2023,
P (2) = 6022, [IV (2) = 1202, [V (2)==120, fVI(9)=[ViI(2)=...=0.

OnpejeasieM 3HAaueHHs TPON3BOIHBIX B Touke a=i: [(@)=i, [' ()=,
P () = — 206, J'" (i) ==—b60, fIV (i) = 120i, fV (i) = 120.

Orciona

f(2)=i4-5 (z—i)— 10i (z—0)> — 10 (z—i)® -} 5i (z— i) - (2 — )P

Psaon Tefttopa ¢yuknmu f(2) =2° sBAsSeTCH MHOTOUIeH ISATOH CTENeHH. g\

1074. Pasgoxuts B psag Tefinopa mo creneHsM JBydseHa z —
— (1 —ni/2) ¢pynxkumo f(z)=ch(l—2).

/\ Haxoum
f@)=ch(l—2), f (a) = ch (7i/2) = cos (11/2) =0,
[ ()= —sh(l—2), [ (@) = —sh (@i/2) = —i sin (/2) = —1,
f(2) =ch (1 —2), f* (@) =0,

Pr@=—sh(i—2), " (@=—L

CienoBaTelsiio,
F) = —i {(2_1+.;;ii>+§T <z—l+gi>3+% (z—l~[—%i)5+...l. A

1075. WccaenoBatb CXOANMOCTb psAAa
1 1 1
st z— 1)3"“22 (2—1)2"_2 z—1) +
. z—1  (z—D% | (z— 1)
‘T’I + 5 + 52 + 53 + sor e

£y Pacevotpin Ba psiia

I . 1 1
2(e—1) 22 (2_1)2+23 (2_])3+"' ’ (a)
z—1 (z—1)% | (z—1)® .
1+ 5 + 52 53 +... (%)
Ecan B prge (a) moroxuts z—1=1/2', T0 nonyuaem creneHHol paAjg
Z’ 2/2 2’3
Sttt ®
Pajuyc cxoamMocTil mocaeliero psiaa haitienM no npuauaky JatamGepa:
. [/2n-1
p—"nl_lfg 120 =

Uraxk, cremensoil psag (B) cxogurest, ecn |2'| < 2. CrefopaTenHo, psax (a) cxo-
autes, ecan | 1/(z— 1) | < 2. Orciona noayuaem |z—1[ > 1/2. 3naunt, psy (a)
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€XOINTCA BHE Kpyra pajmnyca r=1/2 ¢ nentpom B Touke z= 1. Haxognm pamuyc
exoaumoctH psaja (6):

Taxnm ofpasom, ofaacTb cXOAuMoCTH psja (6) ONpelesieTcsi HEePABEHCTBOM
lz—1] < 5.
M3 ckasaHHOro 3aKJiouaeM, UTO 061aCTbIO CXOAMMOCTH 32 aHHOrO pHia siBJs-
ercs Koablo 1/2 < |z—1| < 5.
Pewenue stoft 3agaun MoxU0 ynpocTute. Psiapt (a) M (6) SIBASIOTCS reoMeT-
: " z—1
2(@z—1) 5

< 1. CzejoBatensno, |2—1] > 1/2

PHUYECKHMH TIIPpOTPeCCHAMH COOTBETCTBEHHO CO 3HaMEHaTeJ sIMH

<lu z—1
2 (z—1) 5
u |z—1| < 5. Hrak, ofracTb CXOAHMOCTH — KOJbLO, ONpeiea1eMoe ABOHHBLIM He-
paeenctBoM 1/2 < Jz—1] < 5. A

OHU CXOAATCS, eCau

1076. Hccanenosats CXOZUMOCTD psaga

3440 (34 4i)2 | 3-1-4i : B
- AR i LN (RN (R T

4

/\ Paccyorpum apa psja
34-4i | (3-14)2 | (3-- 4i)
*L +( xzz ) +( 23_)+_._' (a)

z 22,28
s tmtmt- ©

Psawl (a) u (6) —reoMerpuueckue Nporpeccin co snamenatensinu (3--4i)/z u z/i.
Onn cxonsres, ecan | (3+4-4i)/z] < 1w |2/i| < 1. Tak xax {3-4i|—V 9F 16=5,
bil=1, 10 5/lz}< 1 u |z| <1, wmu |2|>5 u}z|< 1. Ho stu uepapencrsa
HECOBMECTHBI, CJeJ0BATeIbIO, JAHHBIH pPSIJ HEe CXOAUTCA HH B OJHOH TOUKE IWIO-
cKOCTH. A\

1077. Pasnoxute B pan Jlopana 1no creneHaM 2z (pyHKUHIO
[(2)=1/(22—5) B okpecTHOCTH TOUKH 2= 0.

/\ TlpeacraBuM JaHHYIO (YHKULHIO B Buje

. —1/5
FO=1—5,7%

B oxpecriiocty Toukn z=0 Brinonrnsercs HepaBencTBO |2¢/5] < 1, nostomy apobe

—1/5 o
-l_ﬁ MOXKHO DaccMaTpHBaTh KakK CyMMy GecKoHeuHo y6wlBaoileli reomeTpiue-
CKOH NpOrpeccHd C NEPBLIM YIeHOM a@= — 1/5 u 3HaMmenateseM g=2z/5. O1ciona
noayyaem

I 2z 922 93 %
f(z)z__g__gé_._sg_m—?——..., HJIH f(z):—«Z

n=l1

on- lzn -1

5

D10 pasnokKeHHe COJEPKHT TOJNLKO MPABHJbHYIO YacThb. M3 nepasenctsa |22/5| < 1
BaKJIOYAcM, UYTO 06JACTbIO CXOAMMOCTA pPsja sBasercs Xpyr |z| < 5/2. &

1078. Pasnoxuth B paa Jlopana no crenenam z ¢yHkumnio [(2)=
=1/(22—5) B OKPECTHOCTH TOYKH Z= 00.
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/\ Vmeem
1 1/(22)

F=5—5=1—52

B OKpecTioCTH TOUKH 2= c0 BBINOJHAETCS HEPABEHCTBO 15/(22) | < 1, mosromy
f (2) MOXKHO TpPEJCTABUTH B BHAE CYMMbI GeCKOHEUHO yObIBaloLel reomMeTpuyueckon
IIPOrPECCH C NMEPBLIM WICHOM @ = 1/(22) u anavenatesnem g = 5/(22). CrefoBatTennbHo,

1 52 52 53 * Bn-1
f@=g;-F5at g bt w1 @=2 g
n=1

B pasnoMeuun HeT MNpPaBUABHOH €acTi, Pax cxoautcs B obaactn |z]| > 5/2
(sne xpyra). A

1079. Pasgoxuth mo cremeHsM z B paAx JlopaHa (QyHKUHIO

1
f(Z):m B KOJIbIE 1 <|Zl < 3.
A Pasznomum fannyio QYHKUHIO HA npocrefimme ApoSu:

1 A B
z—10) (z——~3):z—1+z—3'

urn 1=A(—3)+B((—1).

Monaras z=1, noaysaem 1=—24, T. e — —1/2; monaras z=3, UMeeM
1=2B, 1. e. B=1/2. Takum o6pasom,
1 1 1 1
f@=—g 7=1t2 =%

VauutsBast, uto 1 < |z| < 3, MoxeM 3anucath
1] 1/z 1 1/3
T@Q=—5 1= Iz~ 2 T—2z/3°

Cr1e0BaTENLHO,

ro=—g( X33 5 ) &

n=1 n=1

4
1080. Paznoxuts B psif Jlopana QyHKIHIO f(z)z(zi no cre-

2)%
neHsm 2z —2.

A Tonoxunm z—2=2". Torzaa

2 (219 248"} 242" 4-322' + 16
[@)= = = =
- (2_2)2— 2 - 72 -

2z 2

16, 32 R
=;E—}—z—,—{—24+82 422

f(z)=%ﬁ+§_3_§+24+8(z—2>+<z—2>2.

3116(:]: rJiaBsasl 4yacTbh COJEpPKHUT IBa unaeHa, a HpaBl’lJIbHaﬂ-—TpH yJjaeHa. Taxk kak
paa,':ox(ex-me COACPXKHUT KOHeUHOoe YHC/JA0 YJIEHOB, TO OHO CTipaBeAJIuiBO it b2 J000i
TOYKH TUIOCKOCTH, KpoMe z=2. DTa TOUKa ABJAAETCS NOJIOCOM BTOPOTO NOPsAKA
Pyuruun [ (2). Boraetom 570t (YHKIWH OTHOCHTEIbHO TNOJIOCA Z==2 ABIAETCH
KO3(dunueHT Mnpu (z—2)~%, 1. e 32. A
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1081, HcesepoBath CXOIMMOCTD paaa
1 1 1 2z z \2 2 \3
ottt (5 R (5)
1082. Hccaepobath cxoaumocts psiza
4 3 2 1 ;
e +;4—+;—{—2—2-+—2-—{—1 +2z4(22)2 +(22)* + ...

1083. FPasnoxute B psa Jlopana no crenensm z dynkumo f(2)=
2% )
z—1
1084. Pasnoxute B psg Jlopana ¢yuxiiio

shz—z .
f(z):<( > npu z==0;

l oo  npu z=0.

B OKPECTHOCTH TOYKH: 1) z2=0; 2) z= oo,

1085. Haifitu nosmoce (yHxunu f(z):?j)iTﬂ)_z'

1086. Pasnoxutb B psix Teiliopa no crenensm z— 1. dyuxiumo
f(2)=1/z. Haiitn o6nactb cxoanmmoctn psia.
1087. Pasnoxute B psi Makjopena (yHKUHIO
{ 11— cosz

f)=1 = npu z =0,
12 npu z=0.

1088. Pasnoxutb B pax Jlopana ¢ynkunio f(z)= 22 21/z_.92,
OTIpeJIe/IEHHYI0 BO BCEH IJIOCKOCTH, KPOME TOYKH z == 0.

§ 6. BbIYUCJIEHUE BbIYETOB ®YHKUHUH. NPUMEHEHUE
BBIYETOB K BbIYHCJIEHHI0O UHTETPAJIOB

Hycts a—nomioc n-ro nopsgka ¢yuxuun f(2). Bhiver (pynxunn f(2) orwo-
CHTEIBHO ee JI0JI0CA A-TO NOPAAKA BBIUHC/IAETCH MO (hopmy.ae

1 d"=1[(z—a)"-[ ()]

rgs f (Z) = (n 1)| llgz dzn—1

(residue — Briver).
Ecann a—rnoaioc nepeoro nmopsaka (npoctoii nooc) ¢bynxunn [ (2), 1o

res f ()= lim (z—a) [ {2).

lycts  ynxuun @ (2 M P (2) perynspHel B OKPECTIOCTH TOUKH z=a,
9(a) #0 u P(2) B TOouke z=a0 HmeeT nyan mepsoro nopsixa. Torjia NPH BbI-
UHCJIEHHH  BbIYeTa QYHKUMH [ (2)=¢@ (2)/Pp(z) B nNpocToM nodioce z—aga yAoGHO
HOL30BaThCA (Gopmy.I0#

a
res f (=2
a Y (a)
[Tycme [ (2)—anaaumuseckan pynkyus 6 sanknyniod od.aacmu D, xpove xo-
HEUH020 HUCAQ USOAUDPISAKHLIX OCOGHLX MOYEK @i, i, - .., A (M00CO8 it Cytyecn-

€enro ocooblx mouex). Toeda urnmeepar om pyrryu no Kesmypy v, CO0C pIae sty
enpmpu ceGs IMu MONKU U YeAUKOM aedauqesy 6 odiacmu D, pacen RponsEedor 10
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20 Ha cyMmAy ebiMemoe 6 YKOSAHHOLX 0C00bLX MOUKAX, T. €.

k
Sf(z) dz=2mi ) resf (?)

v =119y

(ocnoBnas TeopeMa O BLLUETAX).
Paccmotpiv  wacthptil  cayuait.  Ilyers [ (2) —anamuTiueckas GhyHKUUA B
oGaactin D, unciao a npunagnexur obaactn D m f(a) # 0. B srom cayuae

1f(z .
¢GyuRLH F(z):zjlla uMmeer B ofaacth D momoc a mepsoro mopaika. Haitzem

Bouer QyHKUHH [F (2) OTHOCHTE/IBHO mHoJjioca a:

res F () = lim (z—a)-F () = lim f (&) =T (a).
a z2—>a Z2—a
Orcrofa, MPUMEHUB OCHOBHYIO TCOpEMy O BblueTaX, MOJyuacM

S F (2) dz=2ni [ (a),
¥
HAR

Z—Q

2—;75 @ dz=[(a).
v

Mul monyumam pechbMa Bakuylo QopMyny B Teopun GYHKUHMH KOMIVIEKCHOrO
nepenentoro —gopayay Kowi.

Heof6X01MMO, OJHAKO, OTMETHTb, 4TO BGIBOA (opmyssr Kowm posxen npex-
IUeCTBOBATL 0KA34ATEIbCTBY OCHOBHOH TEOPEMBI O BhiueTaX. 374€Chb MBI BOCIOJDL30-
BAJHCH CAyuaeM XA TOrO, 4TOOBI MO3HAKOMHTBCS C STOH BaXKHOH dopmy.Jofi.

Mycts [ (2) —anaauTndeckas yHKIUA B BepXHell IOJYMJIOCKOCTH, BKJIOYas
AellCTBATEAbHYI0  OCb, 3@ HCKJIOuUeHHeM KOHEYHOTO UHCJ4 TOJICOB dp (k=1,

2, ..., m), pPACNOJONKCHHBIX HAL JefcTBHTEABHOR ocblo. Kpome Toro, npegnodia-
raercs, uwto mnpousseaende 2%f (z) npu | 2| — -0 nMeer KoHewHbIl mpejel.
+ ® .

B 3TOM CJayuae JAaa Bbhluucjaenus on ele/IEHHOTO HHTET aJia X dx HK A
y YHKLL

—-®
NeficTBUTEBIOrO NCPEMEHHOr0 NPUMeHsieTcss GopMy.Ta
+ @
g Fde=2ni (re-fra--ov -1
-0
rae rp (k==1, 2, ..., m)—BorieT GYUKUH [ (2) OTHOCHTEABHO HOTIOCA dp.
o z
1089. Hafitu Boiyets! PyHKUHH [(2) = s—rrr=:-
A\ Tlpocruivn momocasu QyHKIuA ABAMIOTCA TOUKH 2=1 1 z==3:
z R 2z
lim 1

rsf@=lim =0 ooy ey = e—3" 2
R T . z T 2z __/1_
resf (@) =lim (@=3) « m— g =lm = A

z>38—

1090. Hafit Boruersl QyHKUHH f(z)::;g—gj—.
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INpoctMu modocamn GyHKIME  SIBJSIOTCS

A Hneem | (Z)Z_(?—_Qi)l(z_;__m) )

TOYKH 20 M —2i:
resf(z)wzlyx’mm (e=2)- (2-21)1(2W _., “inQc %:_—;«’
L e I N S

1091. Haiitu Bbluers! ¢yHRIMH f(z):zz_i ;5{_5
A\ TlpocTemvn nosmocam GYHKIME SIBASIOTCS KOPUM 3uamcnaTeas: z— 1 4 24,
Caenopatenbuo, f(z)== (2—1—2i)1(z—1—i—2[) . Haxomim
e Fa= 2 llﬂw {z—1 j-Q—L)l (;il I+2) . li‘ln+25 z— : T % ’
res f@= lim (z—l—zgt)l(zzlu =, m 2_11_2i :?lf‘ A

1-2¢

. 2°
1092. Haifttu Beiger ¢yHKUUM f(z):(z——“ﬁ)—“'
A\ Taxk xak z=2—nomioc TpeTbero NOPSIAKA, TO

L .
a2l 2 z—op
1 P }_1 N I
resf )=y lim 423 Tor )M g == A

1093. Hafitn Bbluer dynkuuu f(z):m OTHOCHTEJAbHO [0~
— S

Jqioca z=0.
A Touka z=0 ssasierca nomocoMm Broporo nopsaaxka. Heiicrsureanuo,
2 2z
lim ———— = lim =2 —
z.»ol—cosz 2 >08inz
ABJ1deTCs KoHewHolt Bennununoil. Toraa
d 22 . 2z(l—cos2)—22sinz
res =lim — | —"— )] ==
0 [e)= 250 dz<1—co)z> leno (I—LOSZ)Z
. 2z ( 91 4, + > (F' 31 + >
= lim P P = =
z=>0 b <
(?‘?*"" )
25
. 12
=21!-T>no [ 22 2t 2 =0 A
\er—art
1094. Haiirn e dz 3 i
. 5 (E Y Py TAe y—3aMKHYTHI KOHTYD,

v
BHYTPH KOTOPOr0 HaXOAATCA JIOMOCH Z=1, z=2, z=3.
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/\ OnpeneauM BbIYETHI HOALIHTErpanbHol QyHKIHH:

-1 N o 241 .
1, r;:sf(z)_zhin ——————( =) 3,

2o ol S
32— (z—2)

resf (2 )— lim
1

-1 (2—2) =3

res f(@)= llm

z-4-1
z—1) (z—2)(z—3)

Cne/l0BaTe1bHO, S 0 dz=2mi (1—3+2)=0. A

1095. Haiitu 2dz e y—OKPYKHOCTD |2 |==3.
Y Py

@E+HE—=2"
v

22 . .
/\ Hueem f(z)-—(z_l.) =9 [Mostocel i, —i, 2 HaxX0AATCg BHYTPH

samKuyToro xourypa y. Orcioxa

. . 2 1
resf (9= lim (=) (@)= Jim T
22 1

resf(z)— 11m (z—l )f(z)_zi_l)m_t - l)(2—2) == 50T’

resf (z)—. 11m (z—2)f(z)_ hmz—z_r—l—‘l e
1 4
Sm‘”:?m |ze=s—Tori s |-
v

—x (5_1_’7__2{;7+%i):n <—Z—i+—§—i>=2m. A

+®
“ d
1696. Buuucantb onpeieseHHbI HHTerpalst S (XT%%?'

4;

1 . .
A\ Pyuxuus W ABJASICTCST AHAJMTHUYECKOH B BEPXHEH MOJYNIOCKOCTH,
. . , 22
3a uck/aouyennem mosioca 2. Kpome Toro lim 2 (@)= Ilm —— 5=
"zl > teo 121 - +oo (22-1-4)?

T, e. ABASETCA KOHEUYHOIl BENHUHMHOH.
Haiigem Bbiuer QyHKUUI f(2) =1/(z%-+4)> oTHOCHTENBHO TOJCCA  BTOPOro
nopsaka 2i:

resf(z)_ Tim i[(z_gl)z}: lim i{__l___]:

- 2 5 (z-i 4)2‘ 2 > 2 dz (Z——}—21)2
—gim ——2 2 _ 1,
——Z»ZL (Z"l 211)‘—‘ 64L— 32 :

+»
It

dx . 1.
CinepoBaTesibHO, S W:Qﬂl (——ﬁt>_l—6. A

dz
NEICERICE N
9) |2|=3; 3) |2|=5

1097. Haﬁmg ecad y-—OKpyxkHOCTB: 1) z=1;
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/A Haiizem BBIYeTs! nofbHTerpaibHOM GYHKIHE OTHOCHTENbHO NOJICCOB 2= 0,
2=—2, 2=—4:

. 1 L
resh@=lim of 2 )‘zlio CI9GID—F
e @)= lim @+2)f ()= hm_zz(zf‘q):_%,

resfe)= lim (44)f ()= L”Lz_(z%m:%'

1) Buyrpn KoHTypa y— ORpYIKHOCTH |z]=1—mnaxoaurca TosLKO mOMIOC

2=0; Toraa §f(z) dz:2m'-—é—:—_ﬂ.

4
¥
2) BHYTpH KOHTYpa §— OKpYIKHOCTH | 2] =3-—mnaxoaaTcs nomocsl z=0 u
(1 I ni
z2=—2; Torja gi(z) dz = 2mi (§———4—> =7
3) BHyTpH KOHTYpa y— OKpyXHOCTH |z |=D5-—naxoastea nomocs z=0,

1 1 1
?=-—2, z=-—4; ToOrja S‘f z)dz_2m(§—z+§):0. A

1098. Haiitu Beer dyuxuuu f(z):éi—f.

1089. Haiiti Beuersr dynkunu f(z)~iz—§i~.
1100. Hafitn Beuer dynknuu [ (z)=1/sin z otHocuTenbHO TOMOC
2=n.
1101. Haiitn Biuer ¢ynkiun F(z)=(z+1)/22
2

1102. Hafitu unrerpan

—OKPYXHOCTB |2|=R > |a|.
4 .
1103. Haiiti unterpan Smdz, Y —OKPYKHOCTD |2|= R,

R>|al, R>|b|, astb.
1104. Haiitu uurterpan 81;2%“, Y —OKPYXHOCTb, BHYTPH KO-
v
TOPOi COAEP2KATCA NOJIOCH 3HAMEHATEJIS!.
1105. Haiitu unrerpan 5&—_%-_—3) dz, y— oRpyxHOCTH |z]=2
v

+ w0

o (Iv
1106. Bruluneants onpegesenssiii HHTErpaJ 5
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ri1ABA VIHI
3JIEMEHTbI ONEPALLMOHHOIO UCHUCJIEHHS

§ 1. HAXO)KIAEHHE U30BPAYKEHHH & YHKUMHA

1. OcHopubie onpexenennst. [lyctb dyuxnns [ (£) of1ajgaeT CIelyOLNMH CBOIl-
CTBaMH: :

19 f()==0 mpu £ < 0.

20, | f(f)] < Meset mpu £ >0, rae M > 0 n s,— HEKOTOpBIe JeHCTBHTE/bHBIE
NOCTOSIHHEBIR.

30, Ha mioGoM KoHeunoM oTpeske [¢, b] noxoxuteabhoii noayocs Of ¢yHk-
uusa [ (f) yIOBAETBOPSET YCJOBHSAM Jdupuxmge, T. €. a) 02paHu4enda;
6) aubGo HenpepbigHa, AuGO UMeem Alllb KOHEUHOE 4UCA0 MOUeK paspusa 1 poda;
B) UMeerm KOHeHHOe HUCAO IKCMPeMYMOs.

Takue QyHKUKH B ONEPALlMOHHOM HIUMCJAEHAH HA3bIBAIOTCA us306 pasaenoimy
no Jlanaacy, WIN OpUSUHAAAMU.

[ycrb p= o -} Pi——xomniexcHsiii mapaverp, npHuyeM Rep=a =51 > S

w

Tpu copMyTHPOBAHHBIX YCJOBUAX HHTETpal ge'ﬂi (f) dt cxoxmtca u dB-
0
asercs (yHKIHeH oT p:
o0

{e=rtf 0 at =T ).

(]

STOT HHTErpaj Ha3bIBAETCS UHMEZPANOM Janaaca, a onpefesnseMas HM Qynxuns
KOMILTEKCHOrO apTyMeHTa p HasblBaeTcs npeobpasocaruer Jlaniaca ot ¢yurnuu | (¢),
WIH aanaacoses usoGpasceruen [ (f), mau mpocTo u300pasieriien f ().

Tor ¢akr, uro Qymkuusa f(p) ssuserca usobpaxenueM opurusaiaa f(f),
0603Ha4aIoT CJIeLyIOUHMH CHMBOJIAMH

T =L{f @}, mm F(p) == F (0.

VeaBAHBAIOTCS 33 3HAYeHHe opuTHHana f(f) BO BCAKOIl €ro Touxe pa3phiBa
I pona #, MpuHMMATh NOJYCYMMY €ro HpeiesbHBIX 3HayeHui cjaeBa M chpaBa oOT
3TO TOYKHM:

f (t) = (1/2) [F (to—0)+ (fo+-0)] mpu 2y 3 0;
F(0)=F (--0) mpu to=0.
Tlpy coGIofieHuH TOro YCJIOBHSL COOTBETCTBHE MEKAY OPHIHHAIaMH H H3o6pa-
SxeHHAMH 06Jajaer cJeyIUMH CBOHCTBAMH!
amo coomeemcmeue 63QUMHO 00H03HA4HO (T. €. BCSAKOMY OpPHTHHAJY COOTBET-
CTByeT €JHHCTBEHHOE H300paXeHHE H o6paTHo),

2100000 AUHETHON KOMOUHAYUL KOHEYH020 MHOXNCECMBO OPUCUHQAL08 & Kauecmse
1306 pascenUus omeeuaern coomeememsyomas AURERAA KOMOUHAYUA UX u300pancerutl.

Taxum o6pasom, ecaut fg (p) —fr(f) k=1, 2, ..., n), TO
k=n k=n

> clr (p) < 2 cafi (0)-

k=1 k=1

2. Haxomnenne n3o6paxennii gynkuui. B Tabanue 1 B KamI0M H3 mplise-
JeHHBIX HHKe NPUMEPOB YKa3biBaeTcs TOJMbKO SHaueHHe f () npn t >0 (scerja
Waeercs B BHAY, uto f () =0, ecan ¢ < 0).
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TaGnuua n3o6paxenuil OCHOBHBIX 3MEeMeHTapHBX OYHKILHH

Ne | f(tynmpn t>0 T Ne F(fynput>o0 T
1 p—a
1 1 —_— VI ot . cos Bf —_—
p et -cos b (r—a)*+p2
11 ﬂ_ __l_. Vil ext.gin ﬁt —5___
nl prrt (p—o)2 B2
111 et 1 VIII _ti.eat ._l—
p—a n! (p—a)n+i
I pE—p2
IV CcOos f)t p2_+ﬂ_2 IX t.cos Bt (/)TW
. g . 20
\% sin P¢ —_—— X t.sin ¢ ———
P CER P R

1107. Haiitu nsoSpaxenue pynkuun f(f)=a'.

A Tak kak a=elna, 10 f (1) =e¢! Ina, Tpumenns dopuyay I1i, nosyuaem
()= A

1108. Haiitu usoGpaxenue dpyuruun f(¢)=cos®t.

p—Ina’

A\ Bocnoassyemcs dopuyaolt iiepa cos ¢ = (et -e~1)/2. Torna
1 -1 . . i .
cos? 1= <——e e )3 =% (€3 - 3eti - 3e=ti |_p=1ti) —

2
3ti _y_p—35t t | p—ti :
L ete 3.t ———i— cos 3t+% cos Z,

T4 2 4 2

ITpumenus ¢opmyay 1V, nonyuaem

N ) 3..p ___ p(r*+7)
M= st T F =G e A

1109. Haittn nsoGpaxenne dyuxunn [ (/)= shbt.

/\ Tlo onpenenenuio rumepSoMMUECKOro CHHYCA — HMeeM F(t) =(1/2) ebt —

— (1/2) e=bt, CnenoBarenbHo,
- 1 1 b
=565~ rn - A

1110. Haittn usobpaxenne ¢pyuxunn f ()= shaf sin bt.

A\ Tax kak shaf = (et —e-at)/2, 10
1 [
)= — o2 cin bt —al gj
F ) 5 e sin bt 5 e~ % sin bt,

Ipumenum dopmyay VII:
Flp)—= 1 b 1 b _ 2pab
R T N [ R e T

1111, Haiitu nsobpaxenue dyuxmuu f(t)=tchot.
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A\ Tak xak

ebtLe-bt ] 1

g B T gebt L fp-bt

=t 3 3 tebt |- 5 ¢ ,

10, npumenus qopmyay VHI mpu n==1, =4 b, mosydacy
1 | pRb?

T(P)'——" 2 (p—0b)° + 5 (p-16)° = (pz_bfz‘)‘f - A

Hafitn nsobpaxenust GyHKIHAH:

1112, f(f)=sin*¢. 1113, f({)=elcos*{. 1114, [(f)=chbt.
1115. f(t)=shatcosbl. 1116, f(/)=chal sin bf.
1117. f({)=chatcosbt. 1118. (l)==1shbtL.

§ 2. OTLICKAHHE CPUIMHAJIA NO W30EPA)KEHUIC

TIpu OTHICKAHHI OPUTHHAJR MO H300PaKEHHIO B npocTefinX ¢ayyasx HCHOMb.
3y10T TalaHIly H300paKeHHil OCIIOBHBIX 3/IEMEHTAPHBIX (yHKUHH 1 TEOpeMBl pas.io-
Keuns (Iepsyio H BTOPYIO).

BTopas Teopema pa3JoOKeHHS n03coxder nafitTi OpUTHHAT JJist
n3oGpakenus, SIBJSIOMEroc AipoGHo-panHoHanbioll  dyskuueit or p, T. e

T(p)=u(p)/v (p), tiie u(p) U v{p)-—MHOrOWIEHbH OT P COOTBETCTGEHNO CTENCHH
u 1, npuyem m < n.
Ecan pasioxenne v (p) Ha NPOCTEHlIHE MHOXKHTENH HMECT BHJ

o () =@—p)p—p) oo (p—p)T (kb R, =n),

70, KaK H3BECTI'O, (YHKUMIO [(p) MOXHO pa3NOMUTL HA CYMMYy SJEMCHTapHBIX

o iy 8 s
npoCeil Buja Z —7—» DA€ ] npumnHMaer Bee sHauenuss or 1 jo r, a s —
(p—p;)7
Bce aHauenns ot 1 jo kj. Taxum obpasom,
j=r s=k;
— —~ Aj s
f(p)zzd s+1 ° M

ke —
1s=1 (p—pj)/
Bce Ko3hQHUIHEHTE 3TOr0 Pa3/IOXKeHHS MOXKIO ONPEILIUTL TO dopmy.ie

1 . -1 e . = .
A s=gy, I L= lo—pp 1Tl @

Buecto 5Toit opMyJsl Aast onpejenenns Kodpoduuuentop Aj; ¢ MOTyT GuiTh
HCTIONB30BAHbl 3JEMCHTapHbe NIPHEMbI, TIPHMEHSIEMblE B HHTErpalbHOM HCYHCHCHHH
NpH HHTETPUPOBAHHH PALMOHAJIBHBIX Apoleil. B uwacTrocTs, 570 nesecooGpasHo
neJaTh B TeX CAyuanxX, KOrZa BCe KOMILIEKCHLIC KODHM SHamenareas v (p) mpocThie
H TONapHO CONPSXKEHHbBIE.

Ecsin Bce XOpHH U (p) TIPOCT ble, T. €.

v(p)=(p—p) (P—p2) --» (P—Pn) (p; # pr Npu | 7 k),
TO PAas3JIOKEHHE ynpouiaerc:

I

=T )" 6]

TTpu OTBICKaHMU TeM WJIH MHBIM Crnoco6OM pasioXKeHHs T (p) na npocrefimue ApoGu
opurunan f (f) HaXoAMTCA MO Caedylomim opmyanm:
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a) B clyuae KpaTHLIX KOPHell 3nameHartens v (p):

f:fSZk/' i/\.j_s
Wl . . » 'f

Fy= 2 2 A s e Y (4
j=1s=1 (k/ S)'

6) B Cayuae NpocThIX KOpHell sHamenaresst v (p):

j=n

u(pj) p .t
F= 2 o2 S ©)
gl v (py)

Ecan usofpaxenue HCKOMOI (GynKIHHM MOKeT OLITH pa3JOMKESHO B CTENEHHOI
psii mo ctenensaM 1/p, T. e.
ay

f_(p):%—}—%—{—...—[-pw_l—f—...

(mphiuent 5TOT LA CXOAMTCH K [ (p) mpu |pl > R, rae R= lim | a1/, | # ),
11— ®

10 opirika’ [ (f) maxogutcs mo gopmyse
3 12 in
f(t):ao+a1°l—!+az '5!—+...—]“a,1'71T—}—...,

npHyeMm 3TOT PS4 CXOAMTCH J/I4 BIEX 3HAYeHHH f (nepBas Teopema pasJao-
K eHH ).

1119. Haiitn opurunan q)yﬂxuun_f(p)zlﬁp_l—_f).

A\ Heneasayem sneMeHTapHbIE TPHEMBI JUISL Pa3fN0KenHs 3TOf APoGH HA cymyy
Takux ApoCell, OPHIHHA/JIBI KOTOPHIX H3BECTHBI

p _p—i41r  p—1 + 1
P25 DA )P =P
ITo dopmytam VI u VII tabauier nmeem

p—1 1 1 2 .

1 et.sin 2t.

- 5 el.cos Of: —_— . e
Gt T T T =P T D
TMostowy

(p___lp)___‘z_i_[; et . {coth—}—%sm 2[}. A

. = 1
1120. Haifitu opurunan QyHkuuu f(p):m.
A W B sToM npHMepe HCNOJb3YyeM 3JeMeHTapHLIe npHeMbl pasjioKeHus, 13-
BEITHDBIC 13 HHTErPaJbroro HCUHUCJICHUSA. Pasnoxum AAHNyIo }1[)0611 Ha IIITOCTCLUILUHG
JApOGH:
1 A 4+ Bp-1-C
pP—8 p—2 ' prl-2p4”

Aas onpereenus Ko3QdUINCHTOB HMEEM TOXKECTBO
l=A (p*~+2p-|- 4+ (Bp--C) (p—2).

Hozarast p=2, Haxojum 1=124; A=1/12. Ilpupapnueasn xosddmient mpn p?
HY1H0 M CBOJO/HBIA YieH —elunnue, noayunm A--B=0, 44—2C 1. Orcola
B=—A=—1/12; C=2A—1/2=—1/3. CaeioBarteJbro,

1 1 1 1 pi4 L1 1 (p+n+y3

P8 12 8 12 ptaop4 12 p—2 12 PRI TER
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Takum obpasom,
T(/J):_l_. 11 . pil _V‘é . V3
120p=2 12 (V3 12 (V3

Orcio1a, ucnoasays gopmyan I, VI, VII Tabaunbr usobpaxennii, naxo,

f(t):llQe ————e-t {costV 3+V 3-sintV 3}. A

1121, Haiitu opurunan ¢yHKIUY F(p):(ﬁtmz'

/\ Paszioxenne f(p) Ha npocreﬁmne ,Lpoéu HMeeT BH,T

- Ay 4 42 2
Haxoum Koatpqmuuembl 3TOr0 Pa3sOXKEeHUs, HUCHOAb3Ys ¢om1y ay (2):
1
A =or 11m —1)2 —r .
1,1 {(p ) f (p)} (p_{_ 2) 9 ’
1 d j P
A :—1m— —1)3 W= }lim — { —~2 _t __
1,2 11 o dp {(p f(p,} b 1 dp l{p»lﬁ 2)2[

T oo W 2R (2R 2T
1 .. d? 1 .. d? ’
Al,3:‘2—! ;1211 d—pi{(l’—l)g'f (P)}z'— hm1 sl [_p } =

Ap+2?
z_;—pli-lzll{ R RN s 4
Aaa=gp dim 02T OI= tm = Z,
A, 2-%{)2‘“_2;[(1’—%2) f(p)]=p£nl?dip[(pf—l)3J=

pr—o Lp—1* (p—1] 27"
Taxux ofpasom,
T(p)-——i{ . + + }
T\p—D° " (p—1 —1 (pTvﬂ P2

Or1c10,1a, ucnoasays dopmyasl 11T u VI, naxonum

f( =2—1{%iz€’+fe’—ef—1~21e-2f+e—22}:
32 - 2t—2 2t 1
.._.54—.et+ 2"]7‘ ce-2, A
1122, Haiitu opurusaa QyHKIEH fip)= pt-1

plp—1 (p—2) (p—3)°

A TlockonbKy B JNaHHOM cJayuae Bce KODHH 3Hamenareist JeiicTBHTeIbHbe H
npocThe, Jydllle BCEro BOCTIOAb30BaTbes (opmysof (5). Hueen

u(p)y=p+1, v(p)=p(p—1) (p—2) (p—3)=p*—6p>-11p*—bp;
v (p)=4p*>— 18p?-}-22p—6.
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Haxonum xopuu v (p):p, =0, py=1, ps=2, py=3. [lanee, noayunm

ulp) 1 1 u(py 2 .

Vi) —6 6’ v(p) 2

ulps) 8 3, ulp) _4_ 2

v (ps)  —2 27 v (py) 6 3°
Orciona no dopmyse (5) Haxomum

FO=—gei—derp 2o p

1123. Ha#itu opurunan f(p):p_(lleT)’ UCNOJNIb3YA TMEepPBYIO Te-
OpeMy pPasJIOKEHHS.

/\ Hwmeem
= 1 1 1 1 1 1
f(p)_p_(l——}—-p-i}-_pf’ T 7 pg—{—F—....
Pt
droT pax cxoauTcst mpu | p| > 1. Orciosa Haxoaum

14 tS t12 ll!i
FO=q—3r Tor 16T T - A

. \ Fron 1
1124, Hamx«i F(®, ecan f(p)—p(p2+ ETR
@ Pasnoxuts f(p) na mpocreitme xpoGu.
Halitn opurunans no gamnsm H306paKeHH sIM:
T 1 — o p--3
1125, f(p)m(“p_l)(pz_[}). 1126. f(p)—p————(pz_4p_{_3).
= 1
1127. f(P)=m;_—5;”T;)-
1128, C TNOMOIBIO NEPBOIT TEOPEMBI PA3JOKEHH ST HANTH OPHTHHAM
s pyHRuMH f(p) =1/(p*¥4-a*), rue k— nenoe nom0KUTEMbHOE YHCO.

§ 3. CBFPTKA ®YHKUHWH. U30BPAKEHUE NMPOU3BOAHBIX
W UHTETPAJIA OT OPUI'MHAJIA

Ceepmroii apyx dyuxuuit fy (f) u fs (f) HaspBaercs byHKUHS
¢
F() =\ fi¢—0-Fo () dv.
0

Hnurerpas, ompenensiowmii CBepTKY, He MEHSET CBOEFO 3HATEHUS OT nepecra-
HOBKH QyHKumi fy u [,, mosToMy cBepTka AByX GyHKIMI cuMMeTpuYHa OTHOCH-
TEJIbHO CBEPTHIBAEMBIX (DYHKIUMI.

H3obpascerue coepmru 08YX OpURUHAAO8 POEHO RPOU3BEOCHIIO UX usobpasicen ui

(reopema CBEPTHBAHHSA OPHTHHAJOB): €CJTH E(p)—}fl(t),
fe (p) = f2 (8), ToO

t

(he—vf @ dv < T )T o).

0
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Ilycte opurunan [ (f) nuddepenuupyem 7 pas U €ro NPOH3BOAHLIE 10 71-TO
nopsijKa B CBOIO Oyepellb SABJAAOTCA opurinasamu. Toraacnpabeanusa TeopeM 4

JubpdepeHL HPOBAHHU ST OPULHHATA: €CIH Ty >F) (k=1,2, ..., n), To
[ (@) < p-F (p) —{pF=1-F Q)+ pr=2 [ (O ... - =1 (0)}.

B uactnocty,
Py < pT@—FO), 7 () < p*F(p)—p-F O —1 O).

Jl1s Bcex OpHIMBAJOB CNPaBe/iTHEA TeopeMa HHTerpHPOBAHM S
ecan f(p) > [ (), 10

— t
I .
T E é‘f(T)dT-

Otciona BHANO, UTO 1sOOpaxeHuss NMPOU3BOJAKOH M HHTErpana NoJyuanTcd H3
nacBpamennst Gynxuun f({) ¢ NOMOUIBIO BHIMNOJHCHHS Han F(p) anrebpaunuecknx
onepauit. Caeayer Tak:Ke OTMETHTb (cm. Tabauily M306pakenuit), uTo H3oOpaxe-
HHST 3HAUMTEJbHON uvacTH OYHKUHII, HCTIOAL3YeMEIX HA mpaxTHke (%!, cos Bt, sin fi
I T. JI.), SBIASIOTCST ajre6pandecKumMu QYHKUHIMH OT p.

AT0 jlaeT BO3MOKIOSTH MUOTHC ONepalii MaTeMaTHYeTKOro aHaausa (pelcHue
ancdepentuabiblX H HATErpasblibiX ypaBHEHHIt M T. I.) CBCTH K BBHIIIONHCHHIO
aareGpanveckix AefiCTBHA 1AL H306GDPAMKENIIMH HCKOMBIX (PyHKILHIL

1129. Tlonb3ysich TeOpeMoil cBepTHIBAHUs, HAHTH OpUrHHaN (yHK-

o T =

A 3anuiem F(p) B Buze )p

_1 B cuxy 71O t
F AT Jy TOIO 41O

qp = cht,
prP—1-

o ->sin f, MO TeopeMe CBEPTHIBAHMS HMEEM
=
¢
P {»Sch(t—r)sinrdt:
0

pr—1

¢
= “é[Sh (¢t —) sint--ch ({—1) cos 7] -;— (chf{—cos 1). A

0=

1130. Haiitu usobpaxenue y' (&) —y (&)—y), ecm y(0)=
=y 0=0mu y(p)+y®.
A Tlo teopeme nudpepeniiupoBanns OPHTHHATA HMEeeM
¥ &)< py (M —y O)=p-y (),
¥'(1) < pryg () —p-y O —y ©)=p*y (p).
OT1c101a HaXOAHM

¥ O—y O—y @) < @E*—p—1)-y/)

(cyyme QYHKUUIL B KauecTBe H300p aXKeHH s COOTBETCTBYET CyMMa HX H30fpaennii). A
¢

1131. Haiitu uzo6paxenue y' (f) -+ y (¢) -+ S y (t)dr, ecan y(0)=1
0

n y(p) >y ().
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A Tlo Teopemam nuppepeHIHPOBAHKS H HHTETDHPOBAHHS OPHUTHHANA HMEeM
¢

YO +pie—yO=pgp—1, Sy (1) dv f-ilgﬂ.
0

Orcioa Haxoxum
¢ —

v O+0 O+ [y @b 14T+ LE L Gy
[

1132, Haiitn cBeptky ¢hyHKuMi £ u cosf u ee H3o6paxenue.
1133. Tlosbaysck Teopemoil cBepTHIBAHHS, HANTH OpHUTHHAM I8
2

F () :G}_-{)Tﬁz‘
1134. Haitrn wmsoGpamenne F ()= y(t)—2y' (), ecmn y(0)=0,

y(t) = y(p). , |
1135. Haiitn usobpaxkenne F (f) = y'"’ O—y" @) +2y (t)—2y (1),

ecan y(0)=0, ¥ (O) =1, y"(0)=2, y(t)éy(p;-
1136. Haiitn usoGpaxenne F({)=y (t)——gy(t) dr, ecti y (0)=
0

=0, y(£) < y(p).

§ 4. NPUMEHEHUE ONEPALIMOHHOTO UCYHCJIEHU A
K PEHIEHWIO HEKOTOPBIX AU®PEPEHLMAJBHbLIX
H HHTECPAJIbHBIX YPABHEHHH

Ecan gawo Jmnefinoe nuddepenunannuoe YPaBHEHHE n-TO NOPSJ1Ka C MOCTOSH-
HBIMH KO3(dHIHeHTaMI

YO fay Yo lay=F (1),

npasas 4acTb KOTOpOro f(f) sABIseTCS OpHTHMHAIOM, TO M peuIeHre T0ro  ypasle-
HHA, Y1O0BJCTBOPSIOUIEE NPOU3BOJLHBIM HAUAJIbHLIM YCJIOBHAM BHAA Y (0) =y,,

. - (-1 .
¥ Oy=yo, ..., yn=1 (0) =y (r. e. pewenne sapaun Kown, nocrasnenoi
AL STOTO ypaBHEHUs, C HAYANLHBIMH YCJIOBHSAMH NpH ¢ == 0), cayxur OPHI'HHAJIOM,
Ogdo3Hauast u3o6pakeHHe 5TOro PelIeHns uepes y (p), HAXOLHM H306parKeHHE JeBO
UACTH HCXOJHOrO (e PEHIHAILHOIO ypaBHeHHS H, NpUpaBHuBast ero Hu3o6pae-
Hio GysKuHy f(f), npHxosHEM K Tax Ha3bIBAEMOMY  u300parxcawueny ypasseruro,
KOTOPOE BCeria sIBIAETCs AMHEAHBIM aare6pauteck IM Y PaBHEHHEM OTHOCHTENbHO 4 ().

OupejieiuB H3 3TOr0 ypaBHEHUS Y (p), HAXOJHM OpHrHHAX y(t).
Tor xe Merox mepexoza x H300pAKAIOWEMY yPABHEHHIO MO3BOJSET JErKo
HafiTH pelleHMe HHTETPanbHBIX YPABHEHHH BHAA

t ¢
§Ke—vy@ar=r 0. vO=10+{Kt—vy@a
0 0

B KOTOPBIX GyHKuHH K (f) u [ (f) ssasiorcs OpHIHHAJ/IaMH, IIOCKOJIBKY BXOASII
B STH YDAaBHEHHA HHTEIDA SBIACTCA CBEPTKOH (yuKuuil y () u K (5).

OTH HNTerpatbHble YPABUEHHS SIBAKIOTCH YACTHBIM CIYHACM UHIMEe Paibroix
ypasrenuit Boavmeppa nepsozo u emopozo poda, OOUHI BHJT KOTOPLIX 10 yaercs,
€CaH 3aMeHHTh Qyuxuuio K (f—T) (ee Ha3bIBAIOT A0pOM MUTErpabHOro yPaBHeHH i)
HEKOTOPO# QyHKuMe(l IBYX apryMedTos K ¢ 1.
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1137. Pewurs nudepennuanbioe ypasaenne y' —2y —3y =™,
ecin y(0)=0, ¥y (0)=
A\ Tlepexoaum K u300pameHusaM:
Py O)—¢’ ©)—2 (i —y O)—Th ==,
i
b
(p+1) (p—3)*"
Pa3fouM 5Ty pallMoHaAbHYIO Apobb Ha mpocTeiune ApoGH:
! __ A . B . C
P+) =32 (=3 p—3" p+1’
=A(p+1)+B{p—3 (p-+1)+C(p—3)>
[Monaras p=— 1, noaydaem 1=16C, T. e. C 1/16; nipu p=3 umeem 1 =44,

1. e. A=1/4. Cpasuupan xoapduuuents npu p% noayunm 0=B--C, T. e. B =
=— C =1/16. CnejoBare/bHO,

2, 7 — 3 1 ”
py—2py 3y—p 33 Y=

- 11
V= =3 et

OTKyAa
__i 3t 1 3t ! -t
_4te —16°¢ +f§e . A
1138. Pewmmuth ypasuenne y'-+y —2y=e~t, ecmn y(0)=
y (0)=1.
A\ TlepexoauMm K H300paKEHHAM:
— - -1
2y —p-y O—y" Ol+[py—y Ol—2=777 -
[Mocse HECHOKHBIX NPeo0pa3oBaHHMH TOJYUYUM
p+2 )
TP (=2 P —

Orciona y=shi. &
¢

1139. Pemwutb HHTErpajbHOE YypaBHEHHE Y = Sydt—}—l.
0

A\ Crpoum usofpaxaiollee ypaBHEHHE:

-y 1 = - 1
=Y yp—)=l=——.
Yy p+p yp—1) y=o

Crenosateabho, y==ct. A

1140. Pemutbh HHTErpajbHOE ypaBHEHHE
t

g y (1) sin ( —7) dv=1—cos .
0

[\ JleBast 4acTh ypaBHEHUS SBJAAETCH cepTKO#l ¢ynxuuit y(f) u sinf. Ilepe-
XOAA K H300pameHHAM, NOJyvaeMm

— 1 1

[/ . —_—

A

CaezoBatensho, y (p)=1/p u y (f)=1.

P 1
T D p

p
A
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1141. PewuTb nHTErpajbHOe ypaBHeHUe

¢

Ly errdr=y(t)—e.
0

Jlepast vazts YpaBnerisa sBaAsierest ¢BepTKOl Gyukuuil y (/) n ef,
. oI I

JIHM K 1‘13061)21)1’.\”.‘2111.'!1\42

~ L - 1~ - I
) . — —_— / PY— = ——_—,
Y- smp=a ) ==y 4 () P YIP= o

CreaoBarennbho, Tj(p’):]/(p—‘z), T.oCo gy =e. A

1142, Pemntb cucremy yparnenii
ey,
it
dy ,
W—%—Fyﬁ’l:
ecmu x(0)=0, y(0)=5.

A\ Tlepefina K H306paxceHuAM, HMeeM

( p-X(0)=%(p)-+2 (),

1

~ — - t
\ 7y () =5=25(0) -y () 4
Pemus 3TY CHCTEMY OTHOCHTEJIBbHO )?H E noJsyyaem

— 10p -2 = pr-dp—1
== YO 5 ey

[epexo-

Has ompeleseHus x BOCmOAb3yemcss BTODON TEOPeMOil  Pa3IoKCHUST U (opmy=

Jgoi (5) § 2:

u(p)=10p+2, v(p) =p>—2p2—3p, v’ (p) = 3p2—dp—3,
P1=0, py=—1, p3=3;

ulpy) _ w© 2 u(p) _ u(—=l) g Mg u®d 8
vi(py) 0" (0) 37 vi(p) V(=) Vim0 3

2 8 I
Takum cSpaszon, x:——T—Qe-f—}—E- et Ananoruuno HaxoAum y== +

+2e—t+—§- oA

Pemmts anddepennuansubie ypaenenus:

143, y'—2y=0; y(0)=1.

1144, y' 4+ y=¢'; y(0)=0.

1145. y"—9y=0; y(0)=y (0)=0.

146, '+ y'—2y=e'; y(0)=—1, y' (0)=0.

1147, y'"' —6y"+ 11y’ —6y=0; y(0)=0, Yy (0)=1, y" (0)=0.
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PemuTh CHCTEMBl ypaBHEHHH:

d d
1148, “2=2, Sr=2x x(0)=2, y(0)=2.
d d
1149. %:3x+4y, —%:4}6—3% x(0;=y0)=1.

PelwlnTh HHTErpajbHbIe ypPaBHEHHS:

t
1
1150. Sy(r) (l—) dr =5 £°.
0
t
1151, Sy(r)cos(l‘—r)dr:l——cos £,
0

3 5. OBLLAS ®OPMVYJIA OBPAULIEHH A

[ycTs dynKius f ({) ofapaer caenyiomuMu CBOHCTBAMU
1° f(t)==0 mpu ¢ < 0.
@] < Medo! npu ¢ >0, rae M >0 u sy—HekoTOpHIE AeHCTBHTE/IbHEIE
MOCTOSHHBIE.
3°. Ha sio6om Koueunom orpesxe [a, b] (0 < a < b) dyHxuus yacsiersopser
ycaosuam Jlupuxie.
e
Torna GyHKLUS F(p), omperensemasi paBeHCTBOM Fw= g e~ P (f) dt, -
0
JiSieTCS aHAJMMTHYECKOH B MOMyMIOCKocTH Rep==si > so.
[lpn 3ToM cnpaBexIuBa popmyia obpawerus (popmyara Pumana— Mesruna)

g +io o+im

f :—2-:&.— -mli_r»noo q et (p) dp, wmu f (t):ﬁ S ePt ' (p) dp,

0 ~i® o—iw

naiomas Bbipaxkenue opurunana f(f) uepes naobpaxenne f (p), npuyeM o -— INpou3-
BOJILHOE YHCJ0, YAOBIETBOPAILLEE HEPABEHCTBY O > So.

Ecau | F(p)| < CR*, rae p:Re’e—n<6 <, R>Ry, R,y Cu b>0—

o+ i®
Al —_—
MOCTOSIHHbIE, TO WHTErpa’a S ert [ (p)dp B dopmyse ofpamenus MOKeT OblTb
g—iw
3aMEHCH Ha HHTerpast Seﬁ’f (p)dp, TAe y-—OKPYXKHOCTH C IEHTPOM B Hasale

v
KOOPAMHAT, KOTOPas COAEPMKHUT BHYTPH BCE TIOMIOCEHI bynknua F (p)=ePt] (p).

1 —
CJiei0BaTeNbHO, f(f)=2—mT ePt} (p)dp.

y
TIpiMeHHB OCHOBHYIO TEOpEMY O BBIUETAX, NOydaeM
, 1 . .
f(O) =g 200 ra-irateee +rm)s

TAC ri, Tgy =+, [m~— BBIUETHI ¢bynkunn  F (p) oTHOCHTENbEO MOJIICOB. Hraxk,
m

f)= Z rj. Ota Qopmyna A1d JpoGHC-PALUCHATBHCIO H300paXeHHs B NOAPOG-
j=1
woli 3aIACH €CTh He 4To HHOe, Kak popmyns (4) u (5) § 2.
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= 1
1152. Haiitn opuruzan no usobpakeHnio | (’U):W'

rt
A\ Haxogum Buiuer dyuxuun F (p)—_-—(peTl):}—:
1

L a2 3 o i dz )_I i Z-t—f_t
lim — [(p—l) 'F(p)]_TZT,}IP;W(EP)__Tlegllt ept = ST €

g Wp—>1dp2

I

20t
Caenosarensuo, f(f) = A

1153. Haiitu opuruHan no usoGpaxkenuio

- p
D= roraeTo
A\ Hmeem
pert
R R N IV Y

I . 2
ri= lim (p—{—l)-F(p):—ge—t, ra= lim (p-|-2)-F (p) =e~2,
p->-1 p—>2

F ()

. 2
rg= lim (p—}—3)-F(p)=~——g—e‘3t, ry= lim (/J-,'.-4)-F(/))=§-e““.
p—> -3 P> —4

1 3 2 .
CrexcBarensro, f(f) =—= e—’—]—e‘zt——Q— e “3'+—3— Y \
Haiitn opurunans mo manmubiM H300paXKeHaAM:

— 4—p—p2
1154, f(/?)=wp——
1
pt—6p3--11p—6p

- I

1155. f(p)=

§ 6. TIPUMEHEHHE ONEPALIMOHHOI'O HCHHUCJIEHUA K PELIEHUIO
HEKOTOPbLIX YPABHEHHH MATEMATHYECKOH ®H3UKHU

PacemoTpum pewenns HekoTophix YPaBHEHHI MaTeMaTHYeCKOH (UMK — BONHO-
BOrO ypaBHEHHSl M ypaBHEHUS TeIVIONPOBOAHOCTH. Haubosee sQdexTHBHEIME npH
STOM ABAAIOTCS METOALI ONEPALUUOHHOrO HCUHCACHHS, OCHOBAHHLIE Ha HJ€E HCIIOND-
30BaHus npeoGpasoBanus Jlannaca. Orpanuuumes carydaeM, Korja mckomas GyHk-
WA 4 3aBHCUT OT JBYX HE3aBHCHMBIX IEDEMEHHLIX X M f, Tje X—NpOCTpaHCcT-
BeHHas KoopaunaTa, ¢—pBpems. Hecraunonapucers paccmatpHuBaemol  3amaum
BLIPAXACTCSl B TOM, 4TO HIIETCH DEIEHHe, KOTOpOe CYWIECTBEHHO 3aBUCHUT OT
BaYaJbHBIX YCJIOBHH, H IIOTOMY HMEET MeCcTo HeycTanopuBulics (waH nepexogHoii)
PeXHUM (PH3HMYeCKOro mpolecca.

Honyctam, uro guddepenunamsuoe YPaBHEHHE B 4aCTHLIX NPOH3BOAHLIX HMEeT
BHJ|

?u ou d%u ou
A B Gy HCut A G By v, M

rae 4, B, C, Aj, By—wuenpepuiBurie dyukuun or %, 3ajaniie B NpoMeKyTKe
0<<x<C! (MoxkHO cunmrath, uto A4 > 0).

PacemorpuM gBa ocnosHBIX cayuas: 1) Ay < 0, uto coorsercrpyer runepéo-
AUYECKOMY THNY ypasuenus; 2) A;=0, B, < 0, uro COOTBCTCTBYET Napabosiyes
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ckony Tuny. [Ipi 5THX yCIOBHAX ICCTaBACHHYIO HECTALHOHAPHYIO 3ajauy MOMHO
cipopMyauposath Tax: Ttpefyercs Haiiti pemenne u(x, f) ypasnenus (1) gis
O<<x<c! 1 £=0, yicoieTBopsiollee HauaibHBIM YCI0BHAM 4 (¥, 1) |t=0 = @ (1),

du | -

3 |4 ;=0 {(¥) (mpuuen BTopoe ycaosHe 3agaercs B caydae A; < 0) n rpanuunbi
- ou du

veaosuss u(x, )| ymo=1F (1), o le—l—B o x=l=yu (¢, Dly=r, TH

o, B, v—moctoallbie. 3aMmeTHM, YTO IpH /— oo BTOPOE TIpaHHUHOE YCI0BHE
OTIaJaer.
ou 0%
[Mpeanosaraercst Taxxke, u4ro u(x, f), i e apasomyecs  PyHKIHAMH
of f. MOTYT CAVKNThL OPHTHHAJAMH H YTO H300parKenusi UCKOMOH (QyHKIMK H ee
NPCH3BOLHBIX TIMEIOT BUJ

ow w
— : o
tix, p)= g e—rty(x, 1) dt, 'S e—Pth dt =
G 0
@® —- @ . © i .
d ( du o%u d? 21
—_—— _pt = —— _Pt - [ pa— ~pt { = .
X \, ue=rtd dx ’ Se 0x? d dx? g ue=rtd dx?
0 0 0
du 0%u
31ech p paccMaTpHBAETCA TOABKO KaK HapameTp. H3olpameHusnn xe T
caymar
on — 2 — ou (x, 0)
— — 0), == «— p2u— 0) — ————
ot - pu u(xv )! 012 - p°u pu (X, ) ot ’
L7, ¢ VueroM HAYANbHBIX YCJIOBH,
ou — 0%u

SF TP (), pu —p@ () —P (¥);

- - du — -
rpanugnsie yeroBus u| y=o= [ {(p), [oc E—FB (pu— @ (x) =30 | y_z-
xXx=1
Taxum o6pa3om, peiienne ypapuesus (l) CBOAMTCA K PCLICKAIO ONCPATOPHOIO
yjaBHeHR
a2 di | .—
A+ B—+Mu-}-N=0 2
dx? + dx + I ’ @)
rie M=C—A,p%-Byp, N==— Apo— Ayp— By (p—napamerp), sBIsIOUErocs
OOLIKHOBEIHBIM JU(depeHiuaIbHBIM ypaBHEHHeM BTOPOro Mnopsiika.
Haiiqs n3o0pakenne uckomolt dyuxkuua u(x, f), ¢ nOMOWbIO TaGanuLl HId
dopyyant obpaumenns Pumana - Measuua MOXKHO ONPEACAUTE OPHTHHAJ.

1157. Koumst crpynst x=0 u x=1[ 3axpennenn »xccrro. Ha-
yanbHOe OTK/JOHEHMe aajano paseHctBoM o (x, 0)= Asin (wx/l),
0< x<Cl; nauanbuas CKopocTh papHa Hymo. Haiitu orxioneHue
u(x, t) npu t > 0.

3 Y n, (92u 1 62“

T (AT faBHent A% : T e e+

A\ Juddepenunanbioe ypaBuenie 2asaud HMCET BUL 5o = ap =0
_omx Ou(x, 0

Hauaasuoie yesopus o (0, )= Asin 7 _%t__)zo; paniynbe  YCJIOBUS

u(0, {)=u (I, {)=-0. 3anuem COOTBETCTBYICILEC CMEPATOPHOC ypabuenre

dqw opt = 1. oax
— Ly ae—pA. —sin—;
I a* [

rpanmuRme yorosiust o | yog=0| x.;=0.



OCwee pemenue ogxopoHOrO ABHEHHS HMEET Bu [
£ y

u =CelP/a) X | Coe—(Pla) %,
@ 4acTHoe peulenne HeOAHOPONOTO YpaBlenus GyZeM HCKarth B Bije

- = X, o~ mx
v =Cy cos ———+C, sin —,

[ l
T. €
P - 1 Jix
— u_(,lcosT+Czsm—l,
- X, o~ nx
A 2001 o
0 v = (’llsml+““’lco°l’
=& T gy o~ ;2 157
1 ——CI TCOb—l——Cg —ZTSIH T
pA . & P om? in @ p? ., a? X
T T la T Jsin =G ) cos IE
pA

Orciona C; =0, Czkm. Takum o6pasom, oSuiee pewenne omneparop-

HOTO YpPaBHCHHSA CCTh

— / ’ Ap nx
u(x, p)==Cye P@X_ ) ¢ ,—(p/a)x in -~
L (x, p)=Cy +Cs +p2+a3n2’12 sin =
¢ Y uw Al X
YunTpiBast TPAHHUHLIE YCIOBHS, noayunM u (x, p) = PRy sin — - Opuru-
HanoM IVIS TaKOTO M300DAXKEHHA CJyKHT dyHRUUA
wat Fié
u(x, H=A4 €0s ——sin lx A
ou o%u
1158, Haiitu pemenne YpaBHeHHA —- = q° J2> YAORJIETBOpAIOIICe
HAaYadbHBIM M TPAHUYHBIM  YCJIOBHSIM: u(x, 0)=0; u(0, £y =u,,

0<x<<oo, t>0.
/\ 3anumem onepatopnoe ypapuernme

d%u (x, p)

p —
At gt p)=0

O6wee pemenne sroro YDaBHEHUSH €CTh

- -xVp, sV
U (x, p)=Cre=*Vpla 4 Cet Vi la,
Cornacno yeaosuo, dynxnny u (x, ) m u(x, p) IPH X — 00 SABJAAIOTCS OrpaHu-
YEHHBIMH, a moTomy C,=0,
Hcnoavayst rpannunoe yenosne u (x, Pl x=0=1ty/p, Haxomium TPOUSBOJIbHYIO

nocrosuuylo Cy=uy/p. Torna uh(uo/p) e=* Vo, /". Honbsysick  coornomenmen

l —-aVp . a —
—e 7P -— Erf — |» HAXOLUM OPHIHHAT AJst QYHKUHM 1 (x, p).
e 2Vt

Pewenue naunoro ypasmenus umeer BHJ

th)

ux, t)y=u,- Erf<
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rie, KaK H3BECTHO,
® 11

S e~ dt:l—-i_g e~V dr=1—erft,
; Va 0

Erf t:-?——-'

Va
CreroBarelbHoO,
x/(2aVT)

u (x, z‘):uo-Erf<§:l-;/—_t_>:uo <l—%n S e‘Tzdr>. A
0

1159. HaiiTu perienue ypaBHeHHs TENJIONPOBOAHOCTH %: o? % ,
VIOBJETBOPSIOIIEe Ha4yaJbHbIM M TPAHUYHBIM YCIOBUsM: 4 (X, 0) =
= Asin(nax/l), 0<<x<l; u(0, {)==u(l, {)=0.

/\ OmepatopHoe ypaBHellHe, COOTBETCTBYIOWIEE AAHHOMY YPABHEHHIO B UaCTHBIX
[pOH3BOANDLIX, HMEET BHJA

d?u

- . naux
e —alp-u=— a2A sin —
a ero ofllec pelueHHe
- —aVix, o oaVh x A -
u (x, p)=Cee Cqe —_— — sin ——,
(x, p)=Cy +Cy +p-{-(n2n2)/(a212) sin =

YunreiBasg rpaHHyHBE YCJIOBHA u I x=0=t-t_l x=1 =0, moryunm
T )= sin P
P e T

- nw
OpuriHan 3TOTO peleHHst ecTb u (x, )= Ae (292} /(%) gy _lﬁ A

. 0 02
1160. Haiitu peluenne ypaBHeHHSI —%zaa%,ynomemopmomee
HauajbHOMy ycaoBHIO 4 (X, 0)=0 (x> 0) ¥ rpaHUYHBIM YCJOBHUAM
u(0,H)=0, u(h, ty=u,.

/\ 3anuilem omepaToploe ypaBHeHHe

du  p -
dx? a

u =0,

KOTOpOe Hajo pewnts npu yeaosuax u (0, $)=0, u (h, ty=uy/p. Obumee pemeHne
OnepaToOPHOTO ypaBHENUsl 3aNniueM B Bile

4(x, py=AchV pjax-+-BshV pjax- ()

Vcnosp3y st Tpanuunble ycaosis, Hafijiem nocrosunsie A n B. Hueem

u — u
A=0, X —B.sh Vpjah, 1. . B=——2—.
p p-sh ¥V pjah
IMoncrasasist 3unauenuss A u B B paBeHCTBO (%), NOAYYHM u :ll—(’—-w.
P shy pjah
CorsacHo (opmyJe ofpautenns Pumana— Mennuna, umeen
o+iw _—
: h
wiw p=g |tV PEE D, (s5)
2“‘U_m sh YV pjah P
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J11a BBIUHCJIEHHS! HHTErpaja HaiiieM BEIYETbI noJplHTerpanbhofi ¢ynxunn. [pupas-
NHBASL BHAMEHATEJb HYJI0 H YUMTHBAs, 4YTO KODPHM rHOepGO.IMYECKOro CHHyca
ABJISIOTCS YHCTO MHUMBIMH M PaBHBLIMH {kiT, HaXOJHM

sh V' plah=0, V prjah=ikn, pp=— k®n%a/h® (k € N).

Bce & mnomocoB—mpocThie, OTMuHBE OT Hy[s; NOSTOMY, NPHMEHSAS TeOpeMy
Komu o Bhiuerax, notyuaem

u (x, t):ZresF (p) e?t, rae F (p):%:_sﬂi,
2) p-N(p) pesh ¥V piah

npuueM crenenb M (p) ne npesocxoxur crenenu N (p). Torsa

M@ . MO N~ M) py
0)‘{";

Pyl At T

PN (p) 7 N ( Pe-N" (o)
MO shVplax  x M (py) __ 2ish (ikax/h)
PN by pah B P (R Rach (i e
nepGoJinieckue GyHKUUMH Yepe3 KPYyroBbie, NONYYHM

2 sin (kmx/h)

_sin (kztx/h)
7k cos (k) '

2
—(— k.~
=(=1 n k

Taxum o6pasoM, paBeHCTBO (##) NPUMET BUJ,

o0
x 2 —ahtn? sin (knx/h
u(x, 1)=1u, [7_1.7{ 2 (— 1)k.g=arzn2t/h? | %] A
k=1

. cu 1 2u
1161. Haiitu pelenue BOJHOBOrO ypaBHeHHS TRt g7 VAOB-
ax Ou(x, 0
JIeTBOpsIoliee HauadbHbIM ycaoBuaMm u(x, 0)= A4 COS’l%,—fl—(O‘t—'—):O,
du (0 du(l, t
0<Cx<C! ¥ rpaHHYHBIM YCJIOBHSAM “ Eh H_.o (ax ):O.
o - 2u 1 P
1162. Hajitu peienne BOJHOBOro ypaBHeHHA Gxi—a%' gry YAOB-
du(x, 0 . ;
JeTBOPSAIOLLEE HavyalbHBIM YCAOBUAM u (x, 0)=0, L{;\t’——-)=3 sm-’%‘—v,
0<<x<C/ u rpannunbiM yeaosusm u (0, H==u(l, t)=0.
. Q% ,0u
1163. Haiitu pemenne ypaBHeHus TENIONPOBOANOCTH 55 = ai=,
vaoBreTBopsiiomee yesaoBuaM  u(x, 0)=0, x>=0; u(0, 1)=4,

lim u(x, £)=0.
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FIABA IX
METO/1bl BbIYUCJEHUU

§ 1. MIPUBJIM)KEHHOE PELWIEHWE YPABHEHUN

3afgaua 0 HaXOXKJEHUH NPHONIKEHHBX 3HaueHMH JelfiICTBHTELHBIX KOpHeH
ypasuenusi f(x)=0 npejpycmarpuBaer NpeiBapHTE/NbHOE 0mdeienue KOPHA, T. €.
YCTAHOBJEHUE MPOMEXKYTKa, B KOTOPOM JAPYTHX KOpHEH JaHHOTO yDaBHEHHs HET.
Bynem npennosarats, uto ¢yHKuusA [ (¥) B npoMexyTke [a, b] nenmpepniBHA BMeCTe
€O CBOMMM Npou3BOAHEIMH [’ (x) m f”(x), sHauenus f(a) u f(b) GyHKIHH Ha KOH-
max NpOMEXyTKa HMEIOT pasHeie 3HakKH, T. e. f(2):f (b) < 0, n ofe mpoussojHbe
[ (x) u f” (x) coxpaHsiioT 3HaK BO BCeM IPOMEXYyTKe [a,

Tak Kak JeficTBUTENLHBIMH KOpHAMH YypaBHeHHS [ (x) =0 gpiasiorca abcuncChl
TOYeK nepeccdcHusl KPUBOH y=f(x) ¢ ocsio Ox, TO OTAe/]EHHE KOPHH MOXKHO MpO-
H3BecTH rpaduueckd. BMecTo ypaBHeHHs y==[ (X) MOXKHO B3Tb y paBHeHHe § = kf (x),
rie k—rmocTosiHuasl BeJAHUMHA, OTMHMUHAsg OT HYJS, TaK Kak ypasHedusa f(x)=0
U kf (x) =0 paBHOCHJBHBL.

TlocTOAHHYIO BEIHYMHY R MOXHO B3fTh TaK, 4TOGbl OpIHHATH TodeK rpacduka
He ObUIM uypesMepHO GOJbIIHMH HJAH, HAao00POT, YTOGbl rpaduk He Obla CJIHIIKOM
6au30K X ocu Ox. Mmoria GuiBaer mosieaHo ypasHeHue f(x)=0 3anucare B BHIE
@ (x) =1 (x). JlefcTBATENLHBIMH KOPHSIMM MCXOZHOTO yDaBHEHMA CJYXKaT aGCIHCCHI
Touek nepeceuenus rpagukoB QYHKUHE y=¢ (X) U y="1{ {x).

1. Merox xopa. Ilycte TpeGyercss BBIYHCIMTDH AefICTBHTENBHBIH KOpeHb ypas-
Henust [’ (x) =0, usonuposauHslii Ha orpeske [a, b]. PaccyorpnM rpaduk ¢pyHKIHE
y=17(x). Tlyets f(a) <0 u f(b) > 0. Touxrn rpadura A[a; f(a)] 1 B[b; [ (b)]
coeluHAM XOpioi. 3a npubTKenHoe 3HAYCHHE HCKOMOrO KOPHA NpHMem abcmucey
Xy TOUKH mnepeceuenust xopiol AB ¢ oceio Ox.

310 npubiMKEHHOE 3HAUEHHE HAXOAUTCHA 1O (opmyJe

_(b—a)[ (9)
’
f(0)—f (@
rae x{ nNpuHajdexut uutepsany la, b[. Ilycrs, manpumep, f(x;) < 0, Toraa sa
HOBLIT (60/iee y3KHil) MPOMEKYTOK H30JMSUHMH KOPHS MOXKNO NpUuATh [xy, b]. Coe-
aunuB toukn Ag[xi; [{x)] m B[b; f(b)], noayuum B Touke mepecedennss XOp.pl
¢ ocblo Ox BTOpOE NMpPHOMHXKEHHE Xy, KOTOPOE BBIMHCAHMM N0 (opMy.le

(b—x1) f (x1)

7 b
[ 6)—F {x1)
u 1. 1. [locienoBaTesbHOCTh UMCeN @, Xy, Xg, ... CTPEMHTCA K HCKOMOMY KODHIO
ypastienust [ (x)=0. Buiunciesue npHOMMKCHHBIX 3HaueHH{l KOpHEH ypaBHEHHS
CleflyeT BECTH JO TeX NOp, NMOKa He NEpPecTaHyT H3MEHATLCH Te JeCATHYHble 3HAKH,

KOTOPBI€ MLl XOTHM COXpPaHHTb B OTBETE (T. €. IIOKa He 6y,IL€T AOCTHrHYTa 3ajaH-
Has CTeNeHb TO‘-IHOCTH).

Ecau x—TouHbll KopeHb ypasuenust f(x)=0, wusosupoBaHHBII Ha oTpeske
[a, b], a E—npubanxeHHoe 3HaueHHe KODHS, HaHJEHHOE METOROM XOPJ, TO OLEH-
Ka INOrpeuIHOCTH 3TOro NPHOJMXXEHHOIO 3HaueHHs TaKOBa:

@1 ()
2

X1—=a

Xg= X1 —

[x—&] < — max

’
[a, b7) [ (0P
2. Meton xacateabHbix (merton Hblotona). Ilycte JeficTBHTeNILHBIN KOpeHb
ypaBuenus f(x)==0 uzonupoBaH Ha oTpeske [a¢, b]. Byaem npeanoaaratb, uTo BCE
OTPaHHUEHHS!, CHOPMYJIHPOBAHHLIE BBILUE OTHOCHTEABHO f (X), COXPAHAOT CHUIYy H B
3TOM ciyuae. BosbmeMm Ha oTpeske [a, b] Takoe UHCJAO Xy, NDH KOTGPOM f (o)
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MMCET TOT 3Ke 3Hak, 4T0 H [ (¥o), T. e. [ (xg)-f" (xo) > O (B wacTHOCTH, 33 Xy MO-
wer OBITh IPHHAT TOT U3 KOHIOB OTpe3ka [a, b], B KOTOpoM cOG.1I0JeHO 3TO YCJO-
pue). [lposemem B Touke Mg ([xg; [(xp)] KacaTesqbHYIO K KpPHBOM y:f(ux). 3a
NpHOIHKEHHOE 3HAuUeHHe KOPHS NpHMeM aGCLHCCY TOUKH MepecedeHust STOH Kaca-
TeabHOH ¢ ocklo Ox. D10 npubiuKeHHOe 3HayeHie KOpHA Haxo utca mo gopmyJae

I (%)
Ty
[MpuveHun 3T0T npuen BropuuHo B Touke My [xy; f(x)], Haiites
A
" (x1)
u T. n. [loryuennas TaKUM 06pa3oM IOC/IEIOBATEALHOCT Xy, X[, X3, «»e HMECT
CBOHMM IIpejesoM HCKOMBIH KOpeHb.

,HJIS{ OLLEHKH NOTpPEIIHOCTH HpHéJII/I)KQHHOI‘O 3HAUYCHHA KOpPHA, Halui,"\CHHOI'O METO-
JoM HbIOTOHa, MOZKCT ObITh HCIIOJIBE30BAHO HEPABEHCTBO

o
[F 12 £ (0
p 3
2 la, 611 [F" (%)]
3. KomOuuupoeanHsolii meTox XopX M KacaTedbHbIX. [IycTn TpeSyeTcs HafTH
JeflcTBHTCJLHLIT KOpeHb Vvpasnenus [ (x)=0, usoanposanuwuii Ha orpesxe [a, b].
[peanoaaraetcst, uto f(a) u [(b) umeroT pasuble 31AKH, a KaX/last 13 NPOH3BOJ-
HbIX COXPaHdeT OnpejeJeHHbIH 3HAK Ha OTpe3Ke H30JAUHH. Bo3brem Ha oTpeske
[a, b] Takyw TOUKV Xg, 4TO [ (xg) ¥ [” (%) (npH X, NpuHAIEKALEM IPOMEKYTKY
H30JSILHH) HMEIOT OIHHAKOBBIE 3HAKU.
Bocnoabayemcst GopyysaaMH METOJOB XOpJ I KAaCaTeJAbHBIX:

i) (b—a) f (a)

o)’ T =@

BeauduHul ¥jf M Xg» NPHHALIEKAT MPOMEKYTKY W3oasiuud, npiuem f(xyp) B f (xp)
HMEIOT pasiible 311aKH.
[Toctpoum HOBY® napy HpuGIHXKeHHH K KOPHIO:

(o) | % le_l.__(xiz—xu) [ (e1d)
Py’ 7 [ (x12) — T (x11)
Touku %31 M Xsp Ha YHCIOBOM OCH PAacroJOMKEHBI MEXIY TOUKAMHU Xy1 H Xy, IPHUEM

f(x21) 4 [ (xy) HMEIOT pasHble 3HAKH.
BbluucsnuM Tenmeph 3HaueHHs

Xy=X1

[x—g] <

X11=4%p

Xoy = X11—

X311 =X21— ——ff/ (();2211)) y X2 = Xay —_—_(;l(lr:\xj}—“ii;‘);)

HOT. .
Kaxpass U3 mociaeloBareabHOCTell

X115 X21) X815 e ey Xpui, o035 X12y Xoa, X209, coey Xpyo,y «os

CTPEMHTCS K MCKOMOMY KOPHIO, NPHYEM OTHA K3 II0C.1€710BATE]bHCCTEH MOHOTOHHO
BO3pacTaeT, a Apyras —MOHOTOHHO yObiBaeT. IlycTh, HampuMeD, X, < X < Xz
Tora 0 < x—X,_1 < Xpa—>Xn1. 3aias 3apaHee J{OCTATOUEO Ma’oe €, Mbl MOMKeM,
yBeHUHBaA 7, JAOOHTBCS BHIIIOJTHEHHS HEPABEHCTBA X, — X,1 < €; CAEI0BATEABHO,
IPH 3TOM :Ke 3HaueHHH 7 GY/1eT BLIIOJIHATBCH IepaBEHCTBO X — X,; < &. Taxun

06 a30M, X, ABAACTCH NPHOTHKEHNBIM 3HAYeHMEeM KOPHS X, BOLIMHCJAEHHBIM € HO-
TPelIHOCTLIO, He NpeBbliaomeid €.

Tax, wanpumep, 117 HAXOXKJIEHUS TPHGINKEHIIOrO 31AUCHHA X C TOYHOCTHIO
no 0,001 nyxno omgeieiutb f TakHM 0o6pasoM, YTOObL 3HAUEHNS X,; H Xz, Bbl-
yucaennsle ¢ touroctso go 0,001, coBnazamu.

4. Meton wurepaunit. Ecau JaHeoe ypaBHeHHe NpHBeleHO K BHAY x=¢ (x),
rie |  (x)|<<r <1 Bcioly Ha oTpeske [a, £], HA KOTOPOM LCXO{HOE VpaBHenue
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NIMEET eIMHCTBeHILIH KOpeHb, TO MCXO0/S H3 HEKOTOPOrO HauajJbHOrO 3Haueuns xg,
npuHaieKalero oTpe3Ky [4, 0], MOXIO NOTTPOUTE TaKYIO HOCJEA0BATEABLHOCTH:

= (%) Xa= @ (6D, <eer Xn= (6m1)-

Ilpenesom 37Ol MOCJC/OBATENBHOCTH ARIACTCA €JHMHCTBEHHEIl KODeHb ypaBHEHud

f(x)=0 na orpesxe [a, b]. TlorpemwnocTs MPUOMHKEHHOrO 3naueHis X, KOPHs X,
HalenHoro METOACM HTepaikil, OleHNBAeTCsl HepaBeHCTBOM

];_‘xn \ < 1_;. | Xp—Xn-1 [

IL’}H HaxXoXKa1eHnd HPIIGHH)KE‘HHOI‘O 3HAYEHWA KOPHS C JIOrpeIlHOCTHIO, He NpEBLI-
wamouiell €, AOCTATOUHO ONpEIeTTh 1 Tak, 4yTOoOb! BBINOJHSJI0CH HepaBelCTBO

—1

r
[ Xn—Xn-1] < €.

5. Merton npo6. Murepsas H30I9UHH JeHCTBHTEJIBHOINO KODHS BCerja MOMKHO
YMEHLWHTL NYTEM JAEJIEHHS €ro, Hanpumep, NolojaM, ONPeAeTss, Ha IpaHulax
Kakoil W3 uacTell NepBOHAUAJLHOIO HHTepBana QyHKLHS [ (x) MeHseT 3nax. 3areM
TNOJIyUeHHBI HHTEpBasd CHOBA A€IST HA JBe YacTH W T. A. 1aKO# mpoiecc NPOBO-
JAATCST A0 TeX Nop, NOKa He IepecTaiiyT H3MEHATbCH COXpaHseMble B OTBETE JeCs-
THYHLIE 3HAKH.

1164, Meroj oM Xop1 HafTII NOJ0XKUTENbHBIH KOPEHb YpaBHEHIA
xt—2yx—4=0 ¢ rtounoctbio no 0,01.

A TMonoxuTteabunit  Kopenb 3sakaioueHn B npomexkyrse [1; 1,7, Tak xax
F()=—5<0, af(l.7)=0952 > 0. ‘

Haiiiem nmeppoe npHGIHzKeHHOe 3HaueHHe KopHsa Io ¢opmyne
(L7—=0-F (D
17— 1,588,
FLD—r

Tak xraxk [(1,588)=-—0,817 < 0, To cHOBa NmpHMENHM METO] XOP1 K NpOMe-
KyTky ]1,588; 1,7[:

xlzl—

(1,7—1,588) - f (1,588)

Haiizen Tpetbe npubiKcnnoe 3HaveHHe:

(1,7— 1,630 (1,639) . o _
O = (630 1,642; f(1,642)= —0,016 < 0.

Haiinem ueTBepToe NpHOMLKENNOE 3HayYLHIIE:

(1,7 —1,642)- (1,642)
[Ty — [ (1,642)

Caezosaredsio, ¢ tounoctsio a0 0,01 uckomblit Kopeus pasen 1,64. A

x5 = 1,588 —

=1,639; f (1,639) = —0,051 < 0.

x3=1,639 —

Xy = 1,642 — —1,643; f(1,643)=0,004 > 0,

1165. Peunits npeiplAynyifi IpHMep METOLOM KacaTesbHBIX.

A 3zech f(x)=x'—2¢-—4, {' (x) =4x>—2, [" (x) = 1242 Tax kax [ (x) u f" (x)
moM x, = 1,7 WMEIOT O:iH 1l TOT Ke 3HaK, a nmenHo f(1,7)=0,952 > 0 u ["(1,7) > 0,
T0 BO:mOAb3veMzs  opmydoil xy =x;— f (x)/f (%), rae [ (1,7)=4.-1P—2=
= 17,652. Torjaa

x,=1,7—0,952,17,652 = 1,645.

[Mpusenny  cxoBa  NeTol  Kacaredbhuix. Mveem x; =x;—[ (x))/f' (x1), rae
[ (x) =7 (1,645) =0,048, [’ (1,64%) = 15,838; suauur,

xp=1,645—0,048/15,838 = 1,643.
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Anaroritanniv oSpasom waxoaum [ (1,643) =0,004; ' (1,643) = 15,740, T. e.
Xz =x3— [ (x2)/f" (xp)=1,643-0,004/15,740 = 1,6427.

Crenosatesbuo, ekomsilt Kopeib ¢ TourocTsio sio 0,01 pasern 1,64. A

1166. HMcroabsys KoMOHINPOBAHEBIL METOR XOPH M KACATE/bHBIX,

HalTH npuO/HKEHHOE 3HAYEHHE KOPHS ypaBHeHHs x° | x2—11=0,
H30/IIPOBAHHOr0 B mpomexkytke |1, 2[, ¢ Tounocreio o 0,001.
A Hmeen f(x)=x*+-x2—11, [ (x)=3x"42x, f(x)=6x+2. B ykasansom

npomexyTtke f”(x) > 0, nosToMy 3a neppoe NPHGIMKEHHE B CIOCOGE KACATENbHBIX
Oepem xp=2, Tak kKaK [ (2)=1 > 0:

X11=Xp— f(xo) ’—2—-l=1,9375 ~ 1,94;

I'(x) = 16
(b—a)f(a) C—0H(=9 9
2 —a— =1— =1 —=1,9.
BT @ T I=(—y T
Hckomblit xopenb npunainexut npomexytky ]1,9; 1,94[; umeem f(1,9) = —0,531;
f(1,94)=0,065; f (1,94)=15,172;
- 0,065 . _ 0,04-(—0,531)
Xof = 1,94——m— 1,936, xzz—l,g—m_ 1,936.

Taxk Kax 3HAYEHHS Xpj M Xyp, BEIUHCJIEHHBIE C TOYHOCTBIO A0 0,001, cosnanu, ToO
NpHOMIDKEHHO® BHAUCHHE KOPHA X, BLIUMCJCHHOE C TOYHOCTBIO JIO 0,001, ectn

1,936. A

1167. Metonom urepauuii HaliTH NPHGMMIKEHHOE 3HAUEHHE KOpHA
ypaBHenus 2—Igx—x=0 ¢ ToyHocThio 50 0,001.

/\ Hafizem uuteppan usonauuu AeHCTBUTENBHOTO KopHsl ypasrenus. [Ipencra-
BHM JaHHOE YypaBHeHHe B BHJe Igx=-—x+2 n TOCTPOUM rpadpuKu  (PyHKUHI
Yy=Ilgx u y=-—x-+2. Abcuncca Touxn M nepeceuennus STHX rpadHKOB HaXORUT-
ca B nmpovexytke [I, 2], mosromy 3a navadbHOE 3HAYEHHE X MOIKHO B3STb %=1
(puc. 73).

3anHweM HCXo[HOe VpaBHEHHe B BHAe x=2—Ilgx. 3xech P (x)=2—Igx,
¢ ()=—(ge)x, T. e. (o' ()| < 1B npoMexkyTke [1, 2] u nostromy merox Hre-
pauuii npuvennm. Haitem Teneps nepsoe NpuGIHIKEHHOE 3HAYEHHE:

X=2—lgxy=2—lgl=2.

Haiizem BTOpOe M nocieayiomue NpHOIHKEHUS:
Xp=2—1g x; =2—0,3010 = 1,6990; xg3=2—Ig 1,6090 = 2—0,2302 == 1,7698;
x,=2—1g1,7698 =2—0,2480 =1,7520;  x;=2—1Ig1,7520 =2 — 0,2435 = 1,7565;
¥s=2—1g1,7565 =2—0,2445=1,7555;  x,—2—lg1,7555 = 20,2444 — 1,7556.

Takum 06pa3oM, HCKOMBIH KOpenb x = 1,755. A

1168. Meronom mpo6 pewnts ypabmenne x° -+ 2x—7=0 ¢ Toy-
Hoctero 1o 0,01.

/\ VInTepBan H30AAHMH JNEHCTBHTENBLHOTO KOPHSI MOKHO onpejeHTh rpadu-
YCCKH, TOCTPOMB rpaduKH QyHKUME y=x3 u y= —2x-} 7 (puc. 74).

EjnnncTsensas Touka nepeceueHds rpaduKOB HAXOLMTCH B unrepsane |1, 2[.
CrenoBaTenbHO, HCKOMBI KODEHb 3aKJIIOYEH B 3TOM HHTEpBajie, T. €. MOMKHO HPH-
HATb a=1, b=2. HalijeM 3nauenus OYHKIHE H4 KOHIAX unTeppana: f (1) =
—4 < 0;f(2)=5 > 0. Pagzenun uurepsan |1, 2[ nonosam, noayuum ¢ = (@ b)/2 =
=(14-2)/2=1,5 u Bewncany | (c;) =f (1,5) = —0,625 < 0. Ciie/ioBaTesbHO, HCKO-
Molil Kopedb HMaxoluTcst B uutepsane ]1,5; 2.
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Hpumem co=1,7; f(co)=f(1,7)=1,313 > 0. Mur BujuM, UTO MCKOMHIH KOf€eHb
Haxoautcst B MuTepBante ]1,5; 1,7[. llpumem Temeps c3=1,6; f(cg)=F(1,6) =
=0,296 > 0. B pesyabraTe MHTepBAJ H3OMSILUH YAAaJOCh CY3HTh, M HCKOMEL
KOpeHb HaxoAuTCs B HHTepBane ]1,5; 1,6[.

Ilpononxas 3TOT mpoiece, uMeeM:

c4=1,55; f(cq) =T (1,55)= —0,176 < 0; wnrepsan usoasuun ]1,55; 1,6[;

cs=1,57; [(c5)=F[(1,57)=0,010 > O; unrepsan usoxsunu 11,55; 1,57[;

¢;=1,565; f(c;)=F(1,565)= —0,037 < 0; wunteppan wusonaunu ]1,56; 1,57;

cg==1,568; [ (cg) =T (1,568) = —0,009 < 0.

¥ ¥
\ 7\» y=323
2 -\
7”‘s M L }
0‘1!( I r 1
o st 2 2 TZ4Ns F
y=—2x+7
Puc. 73 Puc. 74

Takum ofpasom, Ml monyuwsnn uurepsan ]1,568; 1,57[. Otciona BHAHO; uTO
¢ TounocThlo 210 0, 01 mckoMull Kopenb x==1,57. &

1169. Onpegenuts rpaduueckd HHTEPBaJIbl H30JISANMH  JeACTBH-
TeJILHBIX KOpHell ypaBHeHus x3—9x2-418x—1=0.

1170. Onpenennte rpaduueckd HHTEPBAJLI H3OASIUH  JEHCTBH-
TeJbHBIX KOpHell ypaBHeHHs x*—12x-+1=0.

MeTonoM XOpA H KacareJNbHbIX pelnTs ¢ TouHocThio 10 0,01
ypaBHeHUsI:

1171, x*4+3x—20=0.

1172, x*—2x—5=0.

1173, x*—3x41=0.

1174, x*+3x+5=0.

1175, x* -+ 5x—7=0 (NpUMEHHUTh KOMOUHHPOBAHHBIH METOJ XOPL
M KacaTe/JbHBIX).

Merogom wurepauuit pemdth ¢ TouHOcThiO jgo 0,01 ypaBHenusi:

1176. x*—12x—5=0.
1177, x*—2x*—4x—7=0.

Meronom mpof, pesist WHTepBad M30OJALHHM KOPHS Ha YacTH, pe-
muTh ¢ TouHocTeio #o 0,01 ypaBHeHus:

1178, x--e*=0.

1179, x*—x—2=0.

1180. IlpumeHuB jBa)KAbl MeTOH XOpXA, HalTH npHOIHKEHHOE
3HaueHHe JEeHCTBHTENbHOrO KOpHs ypaBHenus x®*—10x+5=0, uso-
suposantoro B npomexytke [0; 0,6]. IlpuGnyvkenutle snauennst x,
W X, BLIYMCJAHTH C JABYMS 3HaKaMmu mocie 3ansitoil. OLeHHTb morpei-
HOCTh NPHO/IHKEHHOrO 3HAYEeHHS X,.
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A\ Haxogum
@) =x2—10x+5, f' (x)=3x2—10, f" (x) =6x;
f(0)=5; f(0,6)=0216—6-+5= —0,784;
0.6-5 3 059 [(0,52)=0,141—5,24-5—= —0,059 < 0
—o784—5 5788 0% 1059 =0,141—=52+45=—0,00 <0.
Hosuii nutepBas usoasguu 10; 0 52[ Haxonum Btopoe nmpué.inkenie:
52.5 2,6

Ky =0— ~0,059_5=5,059 =0,51.

X1 =0—

Ouenry MOTPEUIHOCTb 3TOTO NPHOJHKEHHOro 3eauennst mo QopMmye
ACYION ! (x)
2 [a b] [F (

fx—xnl<

npuass a =0, 5 =0,52. Hmeen
5.0,059
. ax
2 [0,0,52)
6x l Ox

B3x2— 100" | 7 (10—3x%)3 °
HauGoapliee 3nadenlic npu yx= 0,52. Taxknm 001230,

3,12
(10— 0,8112)% "

|x—x] <

Ox '
(3x2—10)3 |

B ykasannom nuteppate Ira QyHKUHS [pIHHMAEeT

| x—x2] < 0,1475.

Hrak, noayuaem onenxy apubanmersoro snaucuust kopns: | x—0,51 | < 0,0006.
Otcioa caeayer, uto B IPUHOJIDKENHOM 3Hadeuid xoplsa xs=0,51 o0a s3i:aka

BepHLL. A

1181. Ilpumenus paBazkIpl METOJA KacaTelbHuIX, HalTi ApuOAH-
JKCHHO® 3HauenHe AeHCTBHTENLHOTO KOpHA ypasienust x*—8x--1=0,
M30JIMpOBaHHOrO B npomexyTtke [1,6; 2|. IlpuGaurkennsie snauenus
X1 U X, BBIYUCAHUTD C ABYMS 3HAKAMU II0CJTE 3amnsTou. OLLeHI/ITb Norper-
HOCTD HpHﬁJIH)KeHHOI‘O 3HaYeHUs X,.

A Haxommm f(x)=x*—8x+-1, [' (x) =4x>—8, " (x) = 12x2; [ (1,6) = —5,246,
F@=1 (x>0, [(2=1>0, nosromy npuuumaem x, = 2. [Ipnmensiem Gopmyay
x1=xy—f (x)/f' (%0), T. €. X1 =2—1/24=1,96.

Onpegeasitem Bropoe npubmixkenne. Haxogum f(x)=1,96*—8.1,96-4-1=0,09,
I (x1) =4-1,96°—8=22,12; snauur,
Xo=x1—[ (x))/F' (x1), T. €. x5=1,96—0,09/22,12=1,956 ~ 1,96.

OuennM MOrpeltocTb HailleHHOro NPUGJIHKEHHOTO 3HAUEHHS KOPHS:

< L
[r—x]< 2 [T:;lellf’(x)]"’

B unteppane ]1,6; 2] meem
I (%)

ISR

Buytpu mpomexytka [1,6; 2] dyuxuns

3x?
162y
-2

. 12x2 i
T8

X
——(;J——;))—,— IKCTPEMYMOB HE HMEeT. Hau-

Go/bluero 3ilayeHust OHa JOCTUraeT npu x=1,6:
0,092 3,162

= L96] < =5 5 —gp
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T. €. | x—1,96] < 0,0002; caegoBaTeqbHO, B NPHGIHIKEHHOM 3HaueHuH Kopua 1,96
BCE LUGPLI BepHb. A

1182. TlpumeHuB nsTH pa3 MeTOJ HTepalnil, HalTH NPUOMHKEH-
HBl KOpeHb ypaBHeHHA 2x—cosx==0, H30JHPOBAaHHBI B NpoMe-
xyTke [0; 0,5], ¢ TouHOCTBIO 0 Tpex sHavawux Ludp.

/A 3amnuem nannoe ypapHenne B BHAe x=0,5cos x; crepopaTeanro, ¢ (x) =
=0,5cosx, ¢’ (x)=0,5sinx. B npomexyrtke [0; 0,5] nmeem | ¢’ (x) | < 0,5=r < L.
IMpumem xo=0,5; x;=0,56cos xy, xo=0,5cosx; u 1. 1.

Boinoanum BBLIUHCJIEHH A x; = 0,5 ¢co0s 0,5 = 0,5 cos 28°41" = 0,4326;
x,="0,5 cos 0,4386 = 0,5 cos 25°08’ = 0,4527, x3=0,5 cos 0,4527==0,5 cos 25°30" =
== 0,4496; x;=0,5 cos 25°46’ = 0,4503, x;=0,5 cos 25°48" =0,4502.

OnenKy NOTPELIHOCTH BHIUHCJUM IO (OpMYyJTe

r

lx—xa‘ < —r

| x5— x4].

Hueem | x—0,4502) < ]0,4502—-0,4503], 1. e.

| x—0,4502| < 0,0001, wuau 0,4501 < x < 0,4503.

CJ1e0BaTe1bHO, € TOYHOCTBIO JO Tpex 3HauauuX uudp npuGInKeHHOE 3ha-
ueHue kopua pasuo 0,450. A

6. Odoswenne metona HploTona Jiisi MPUGIMKEHHOTO pellleHsl ypaBHEeHMHIi.

a) Meron YeGbmuesa. IlycTe TpeGyercsd HalTu AeficTBUTESbHBIH KOpeHb ypas-
nenst [ (x) =0, usoaupoBanHLil B HHTepBase Ja, b[. Pynkuns f (x) npepnoaaractcs
1enpepLBHOil BMECTe C TPOMSBOLHBIMH 0 N-TO TNOPAAKA BKJIOUHTENHHO, MpHYEM
f' (x) # 0 B uutepnade |a, b[. Paccmorpum Kpusyio x=§- Ay - A ... - A"
Iox6epem napamerpui &, Ay Ay, ..., A, Tak, urobpl Kpubsle y=f(x) 1 x=§ -+

n

-+ 2 Apy® B Touke ¢ abcunccoll x, 3 uHTepBaJda @, b] umesn Kacanue n-ro
k=1

nopaika. Hanommum (cm. u. I, ra. VII, § 4), uto xpuene y=[(x) 1 y=¢ (1)

B TOUKE ¢ abCLUCION X, LMeom Kacanue n-20 nopaoka, ecau

F ) =0 (xa), I () =" (x0), [ (xa) = @" (o) ++ -5 [V (x0) = 4" (x0).-

TeoMeTpIiueckH TOUKA Kacauis 71-ro TOPsjAKa SBISETCS NPeAebBbBIM NOJOXKeHHeM
nn-+1 Touek nepeceuenyss KPHBLIX y==[ (X) M Y= @ (x) OpH CTPEMJIEHHN ITHX TOUEK
nepeceuenisi K Touke ¢ abeuuccoil xp. B nanHOM cayuae kpusas y = ¢ (x) HEABHO

n
onpejesieTcs ypaBHeHHeM X== 5 Z Apyk.
k=1
ITpu Takom BwGope napaverpos &, Ag, As, ..., A, 3a npubauiKelHoe 3Ha-
weHHe HCKOMOTO KODHS MOKNO MpHHATH aGCLUCCy TOYKH nepecedeHus KpuBoili
n

x=E-1 Z Apy® ¢ ocvio Ox, T. e. uncao §.

k=1
Ect n=1, 10 szo——f (xg)

7 (x0)

(popmyna meroza Heiotoua).
Ecau n=2, t0

o I (xo) _ I )2 (XQ (1)
[ (xo) 20 ()P T

E=Xy
Ecair n=3, 10

E—x Fleg)  (F )P () [F Gl 3P ()P —F" (x0) - ["" (x0)

90— =

TS THEDIE : @)
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Ecau n=4, 1o
E=x, f (xo) __lf (x)I?- " (xo) __ If (xo)I® .3[f" ()12 — F* (x0)- """ (x0) _
O ) T T2 (k)P 3! [F (o) I®
PO [ )2 1Y o) — 07" () 17 () " (o) +15 17 (o) P
4! [ ()l

IlpuseseMm oyenku noepewroctnu suauesdil KopHel, HaifeHHHIX DO QOpMy-
aam (1) u (2).

Has dopmyant (1) npu n=2

[
3!

S HP=F )" (¥
eI

max
[a, b]

[x—El<

Hast dopmyast (2) npu n=3
[F 1t o | WPV @—10F () F @) P )+ 15[ (1)
’ 7
4 [a, 5] 1F" ()]
6) Jlast OThICKaHHMs JelCTBUTE/JIBHOrO KODHS ypaBHeHHs [ (x) =0, H30JIMPOBaH-
HOro B HHTepBaJe [a, b[, paccMarTpuBaeTcst Kpusas
o ®
Aot AL (x—x0) + Az (x—x0)*F o . F Aoy (x—xg)n =% °
umeomas ¢ KpuBoi y=/[ (x) B TouKe ¢ abcmmccolt Xy (@ < xy < b) xacauune n-ro
nopsigka. Ilpumem 3a npuOGAHXKEHHOE 3HAYeHHE KOPHS aOCUUCCY TOUKH nepeceueHus

sTOo# KpuBO# ¢ ocbio Ox, T. e. E,.
U3 ycroBus KacaHHS HAXOAUM 3TO NPUOIMKEHHOE 3HAYCHHE:

|x—¢E| <

Y=

Dp_q

gnzxo*bo' Dn ’ (4)

rAe

D,= by by bi bo

..............

bll—l bu—z bn—-3 bn—4 bl b(!
bn bn—l bn—Z bn—3 e b2 bl

(R)
bk=_f_.§91(k=l, 2, vou, 1), byg=T (x0).

Ecau n=1, To ypapuenue (3) onpenensier mpamyio y:xl— (x—B&) v ans npu-
0

G/1MKEHHOrO 3Ha4yeHHs KOpPHsI nosydaercsd dopmyna metofa Hbiorona.

Taxum o6pasom, dopmyna (4) ofoSmaer meroa HbioTona gas NpUG/IHKEeHHOTO
pelieHusi ypaBHeHu#.
Ecanu n=2, 10

boby

§2=x0‘—m . (5)
— Y
Ecau n=3, 10
£y L Li b0 By
8= by by 0
©)
bg by by

1183. Haiitn npuGsikennoe  snauenne /3 ¢ rounoctsio j0
0,0000001.

328



A TMpumennm x ypasticnitio x2—3=0 ¢opmyay UeSsimesa nipu n=14. Hpn-
MeM xo=1,7; toraa f(0)=x"—3, (=2, ["(x)=2, [/ (=0, fIV(x)=
F(LD=—0,11, [ (1,7)=3,4, F(L,7)=2, " (1,1)=0, FIV(L,7)= 0. C'Ie;xosa-
TeJLHO,
0.1t 011122, 0,113 12 0,11* 120

34 9184 T3 3.4 4l 34
=1,7-0,0323529 — 0,0003078 -}-0,0000058 — 0,0000001 = 1,7320508.

Tak xax f (1,7320508) < 0, no f (1,7320509) > 0, 10 B NpUOIUKEHHOM 3HAYEHHH
xopus §=1,7320508 scc 3uaku pepHbul. A

g 1,7+

1184. Haiitu npubnmxenHoe 3HaueHue JAeHCTBUTEJLHOIO KOPHA
ypaBHeHusi 2x* 4-2x—7 =0 ¢ tounocteio j0 0,000001.

A Hmeem [(0)=2x3-}2x—7, [ (x)=6x?-42>0; [(x)—Bo3pacrawomas
oyurums; f (1,3)=4,394-+2, 6—7-———-0 006 < 0, f(1,4)=5,488+2,8—7=1,288 > 0.
Cneposatenbno, B wuureppase |1,3; 14[ UMeeTcsl eMHCTBEHHBIH AeHCTBHTEbHBI
KOpDeHb JaHHOTO YDaBHEeHMS.

Ipumem x,=1,3. Bocrnoasayemcsi dopmynoii UeboimeBa nmpu n=2; HaXOLUM
F)=2x342x—7, [ (x)=06x2-4-2, {" (x) =12x; [ (1,3)=—0,006, [’ (1,3)=12,14,
f’(1,3) =15,6; 3unaunr,

0,006 0,000036 15,6
E=13+ 204 5 1789, 1883 =1,3-4-0,0004942 — 0,0000002 =1,300494;

F (1,300494) = 4,399009 -+ 2,600988 — 7 = —0,000003 < 0,
7 (1,300495) = 4,399021 -I- 2,600990 — 7 = --0,000011 > 0.
CnegoBarenbHo, Bce 3HakH NPUGJIHIKEHHOrO 3HaueHusd Kopusa §=1,300494
BEDHBL. A\
1185. C nomowpio ¢opMyasl YeOuimeBa Ha#TH NpUOAHKEHHOE
anauennte /5 ¢ tounoctsio 70 0,00001. Ilpuusrs n=3.
1186. Ilpunsis B dopmysie YUeOblmeBa n =2, BLIYHCIHTH AEHCTBHU-
TeJbHbI KOpeHb ypaBHeHHs 3x° + 6x—16=0 ¢ Tounocrnio g0 0,00001.
1187. HaiiTu npuGainkeHHoe 3HayeHne V2 ¢ TouHoCTBIO 110 0,00001.

A HOJIO}KMM f(x)=x>—2. Tlpumensem dopmyay (6), saas x,=1,4. Torna
f)y=x*—2, [' (x) =2x, f" x):2 f”’(x)—O b(,:f(l 4)=—0,04, b,=[" (1,4)=2,8,

ba=(1/2) [ (1 4)=(1/2)-2 , [/ (1,4)=0. Cacposartenbto,
B _(784—[—004)004 7,88.0,04
b=l oo 7= Mt e oam
1 2,8 —0,04
0 1 2,8
0,3152

=14}~ 99 176 =1,440,01421 = [,41421.
Bce necaTHunble 3HAKM IPUOJHIKEHHOrO 3HAYEHUs] KODHS BepHBI. A

1188. IlpunsiB n==2, HaliTd nPHOJHKEHHOE 3HAYEHHE I10JIOXKH-
TETbHOIO KOPHA ypaBHeHHs X°--x?-—4 =0 c TouHocteio g0 (,0001.

A\ Tlomoxum xy=1,3. Hmeer(x)~x +-x2—4, [ (x) =3x%+2x, " (0)=6x-1+2,
bo=F(1,3)=—0,113, by=F" (1,3) =7,67, by = (1/2)- /" (1 ,3)=1(1/2)-9,8==4,9. Torza
7,67-0,113 0,86671

S=13+ w0340 = 3T 59,5808

Bee necsiTnunnie 3Hakn BepHul. A

=1,3146.
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1189. Ilpunas n =2, waiiTn npu6aHKeHHOe 3HaueHHe KOPHA ypas-
HeHust x-+Inx=3 ¢ TouyHocteio po 0,001.

1190. C nomoiupio ¢opMmyast (6) HaiiTi npHOSMKEHHOE 3Haye-
nie /5 ¢ tounocteio g0 0,00001.

1191. C nomowbio  Gopyyast (5) BHUHCAHTb OTPHLATENLHBI
KOpenb ypaBHenus 5x*—5y—47,071 =0 ¢ tounocteio jo 0,0001.

§ 2. HHTEPITOJIKPOBAHHUE

1. Hurepnoasiunonuntii muorounen Jlarpawka. Ilycth fana Tabmuua 3HaueHHi

X Xi Xo X3 250 Xn

Y Yi Y2 Ys \ ves Yn

TreGyercs coctaBuTh MHOTOWIeH Y= f (x) cTenenn m<< n—1, KOTOpLIT IPUHUMAN
6Ll 3alaHHBlE 3HAYEHHs y; INPH COOTBETCTBYIOLIHX 3HAYCHHAX X;, T. € y;=/F (x;)
(i=1, 2, ..., n). MupiMu crnosamu, rpauk 3TOro MHOTOUWIENA JIOIKCH TIPOXOXHTH
uepe3 sajannble n Touek M; (x;; y;).

OGo3nauum uepes

¢ () =(x—x1) (x—x2) (x—x2) .0 (x—x)

BCNIOMOT'aTeNbHBIT MHOTOUJEH 72-11 CTENeHN, B KOTODOM X;— 3aJaHuble TabauunbIe
3HauY€HHUAa aprymeHTa. TOI‘;La HMEET MECTO PaBCHCTBO

- 19 (%)
F)= (x—xp) (r—x2) (X —x3) - (1 — X,) T
2P (X) 1
+ (x—x2) (xa—x1) (Xg—%3) -+ (X2~ Xp) oo
Un*@ (x)
' (\—x,,) (X — X1) (X —X2) - Xn—Xp-1) ’
HJIH
n “
N S Y@ (X
Fe)= ;;1 ¢ (xp) (x—xp) "

DTO H €CTh UHINCPROIUUINAHGLI Mioeou1en Jlaepansica.

1192. Cocrasuth MHOrouJeH Jlarpamxka AJs caepyomedi TaGauub
3HaYEeHU:

X 1 ‘ 2 3 4

y 2 ‘ 3 4 5

N BCHO‘\IOI‘H’IG“IK;HDIH MHOTOMWIeH BMeeT BRI ¢ (X) = (x—1) (x — 2} (x—3) (x—4).
Briyncsnm ¢’ (X) 11001¢,10BaT€IbHO NPH AaHHLIX 3HAUEININX X:
P W)=E—2 (=3 x—4) - (x—1) x—=3) (x—9 4 (x—1) (x—

9) (r—4) 4
1) =2 = 3); ¢’ (N=—6, ¢’ D=2, ¢’ G)=—2, ¢’

4)
(4)=6.
330



Torna
P9 =25 (=2 (r—3) (e —4) o (6 1) (c—) (x—4) +

5
—}—_i_Q(x—— 1) (x—2) (x—4)—{—€ x—D)xE—2(x—3)=x+1.

Taknm 06pa3oM, B TaiilodM CIyuae HHTEPHOITUHOHHBIUT MIOTOY/IEH ecThb [ineli-
Hast pynkuna f(x)=x-+1. A

1193. Haiitu ypapxesiie mnapaGosibl, NPOXOIflNeHd 4Yepe3 TOUKH
(2; 0), (4; 3), (6;5), (8; 4), (10; 1).
/\ BenoMorarensurit nuorowlen usmeeT BH ¢ (¥) =(r—2) (x—4) (x—6) X
X {x—8) (x—10). Haxo.mm
o ()=(x—4) (x—6) (x—8) (x—10)--(x—2) (x—6) (+—8) (x—10)-|-(x—2) X
X(x—4) (x—8) (x— 10) +{x—2) (x~4) (x—6) (/x~10)j—(x~2) (x—4) (x—6) (x—8);
@' (2 =384, ¢’ (4)=—056, ¢’ (6)=064, ¢’ (8)=—FC6, ¢’ (10)=384.
Torpa

0
PO =553 (—4) (6—0) (+—8) (v 10> .

g =2 (r— 6) (x—8) (x—10)-f
’I‘G%' (x—2(x—d (x—8 (x—10) — — (1_0) (x—4) (x— 6) (x— 10) =~
+3—21 (=2 (x—H) (x =0 (x—8) = 53 (x — 2655 - 22042 — 664x -} 640).

Ciie10BaTebI0, HCKOMON #BIsieTcsl rnapalo.ia 4eTBepTOro Mmopsaxa

yrfgl (vt~ 20657 -1- 22017 — 661y - 640). A

(\,

1194. Hauo toukn (0; 3), (2; 1), (3; 5), (4; 7). CocraButh ypas-
HeHHe MHOrousieHa, NMPUHHMAOMIErO YKa3aHHbIC 3HAUeHHA JIpH 3aJall-
HBIX 3HAUEHUAX apryMeHTa.

1195. [locTpouTh MUOro4/eH, NPHHHMAIOWIHIA 3HAYEHHs, 3ajaHHbIE
TabauLei

y —7 5 ' 8 14

1196. IlocTpoutps MHOro4/eH, tpapux KOTOPOro MPOXOAUT depes
Toukd (2; 3), (4; 7), (5; 9), (10;

2. UurepnonsauuonHas ¢opmyra Helotona. Ilycte yo, Y1, Ys, ... — 3HAUEHHA
HEKOTOPOH GyukiH y = f (X}, COOTBETCTBYyIOLIME PABIOCTCTOSAUIMM 3HAYEHUAM apry-
MEHTa X, X1, Xg, +.. (T. €. Xpy1— Xp=Ax,=const).

Baejnem oGoauauens:

Y1—Yo=2Ny, Yo—U1=Ayi, «++, Yn—Yn-1=A42Y, —{—pasvocTH NepBOro Io-
pAlxa JanHoil QYHKUUH;
Ay — Ayy = A%y, Ays— Ay =Ny, .. —pa3qorm BTOpOI‘O nop,1K4;

Ay, — Ay =Ar+1yy, Ary, — Aty = A"“zq,.. —paauocru (n---ro mo-
pajaka.
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Hponaso;w HoCaef0BaTeNbHBIC NMOJCTAHOBKH, IOJYUNUM

Ao =ya— 201+ Yo, A%o=1y3—3Y2-1-3Yi—Ups «+ +s

n
Argy= D (—1)F-Cheyy_ .
k=0

TlonoGHEIM 3Ke 06pa3oM HaXojAuM

Yi=Yo+ A, Y2="Yo- 2005 -+ A2y, ys== 1t -1 3Ay, + 3A%y, -+ Ady,, ...,

n

n
] n—1
o= D CAMYy = (14 8y gy =gy bty -0 o pang,

k=0
3anumeMm TaGauly pasHocTeli:

Xo Yo
x1 Y1 Ay

X3 Yp Ayy A Ay,

X3 Ys Ay Ay,

Ecin v dopmyne (1) cuurate, 4T0 n—1ue TOJALKO 1EJ0e M TONOKUTENBHOE

UHCIO, a MOXKET OBITh JIOOHM {n==1{), TO TOXYUHM UK IMEPROIALUOHAYI Gopmyary
Howmora:

t 1{(t—1 t(f—D(F—2 o
yt:!/O“f"”—Ayo—f* (2! )Azélo*!—-(—'%(**)A“yo*!‘----{“Atyo- @

Mel nonyuniu Takyio GyeKuHIO oOT /, koropast npu {=0 oGpamaercs B y,,
TpH t=1—B yy, npn {=2—8 y, u T. A. TaKk Kax nocJegyiolee 3HAUCHHC apry-
MEHTa X TIpH DOCTOAHHOM wiare /i onpegensiercs GopMydoil x, = xo—nh, T0 n =
= (v, —xo)/h. Toraa, nonaras x=x,--1h, . e. = (x—x)/h, npusegeM ¢op-
myay (1) x Buny

X—X X—Xg) (x—x9—h) .,
Yn=1Yo -*“ h O‘Ayﬂ_}— ( 0)2(! h2 ! ) A'!/o‘f‘--- . (3)

1197. U3 tadauns

HallTH 3HaueHHe y npu X=3,1, NO/Ab3ysCch HHTEPNOJAAUHONHON (op-
MmyJoil Hototona.
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A\ CocraBuM Tabauuy passocteii:

x 7] Ay Ay Aly
1 3

4
2 7 2

6 0
3 13 2

8 0
4 21 2

10 0
5 31 2

12 0
6 43 2

14
7 57

3mecs x,=3, x=3,1, h=1. Torpa t=(x—x)/h=(3,1—38)/1=0,1. 3anumwem
MHTEPNOJALHOHHEIA MHOrouaen HobioToHa Alst 3T0ro ciaydas:
t(t—1
yz.’/o‘l't'A!/o'*‘%‘A%’o.
unu
y:13+0,1.8+w2_1—_‘>.2=13,71,

Crnegosarenbno, npH x=23,1 u y=13,7]1 HHTEepNONSUHOHHLIA MHOro4Y/IeH JIJ4
3TOH Tal/HIEl MMEET BHJ

y:3—{—(x-—l)-4—{—(x——l)2(x;2)-2=x2—{—x+l. A

1198, auwnt pecstuunple Jjorapumel uucen: 1g2,0==0,30103,
1g 2,1=0,32222, 1g 2,2=0,34242, 1g2,3=0,36173, 1g2,4=10,38021,
1g2,5=10,39794. Ilonbaysicy unTepnoasAuuonHO# dopmysnoit Hplorona,
Haitya 1g 2,03.

/\ CocraBum Tabuauuy pasHocTeil:

x lgx Ay A%y Ay Ay A’y
2,0 0.30103
21 032922 2o —99 10
2’9 031242 o —89 p —4 6
2.3 036173 T —83 . 2
2.4 038021 a8 —75
2.5 039794
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3nece x,=2,0, x=2,03, h=0,1. Toraa {—= (x—x,)/h=(2,03—2,0)/0,1 =0,3.
Orcioza

t(t—1 t{t—N (-2
y=oyt t-8yo gD ay LD U g,

_l_t(t—l)(t;!—-2) (t—3) A4y0_|_t(t—l)(t—2g!(t—-3) (t—4)

=0,30103-1-0,3.0,02119 -1.0,3.0,7-0,00099 B
- 2

Ayy=

—1-%.0,3.0,7. 1,7-0,00010+21—4-0,3.0,7. 1,7-2,7-0,00004 -}
+%-0,3.0,7. 1,7-2,7-3,7.0,00006 = 0,30750.

Takum o6pazom, Ig2,03==0,30750. ITarusnawias Tabauua JorapupmoB naer
TOT XK€ Pe3yJbTaT. M

1199. 3ajanbl nATH3HauHBe Jorapudmbl dices orT 4 o 10 yepes
exusnny. Hosbsysich unTepronsunouHoil hopMyJoii HploToHa, Bhiunc-
JINTb Y€ThIPEX3HAUHBIE Jorapudmer uucesn ot 6,5 mo 7,0 uepes 0,1.

1200. 3nas kBaapatel uncea 5, 6, 7, 8, Haiitu KBajpar yuchaa 6,25.
1201. CocrtaBuTh HHTEPNOJSNMOHHBIH MHOrouien HpioTona misa
byHKIMH, 3ajaHHOH Tabauueil

x ’ 0 ‘ 1 2 ' 3 4

y ' 1 ' 4 15 , 40 85

§ 3. NPUBJIM)KEHHOE BEBIYMCJAEHHWE ONPEAEJIEHHbIX UHTEFPAJIOB

Ecan f(x)—mnenpepuiBuas H AndepeHnupyemMas LOCTATOYHOE UHCAO pa3 Ha
orpeske [a, b] dynxuns u h=(b—a)/n, xp=x,4-kh (k=0, 1, 2, ..., n),
Yp =1 (x), TO HMEIOT MecTo ciacayouine Gopmy sl A58 DPHOAHKEHHOTO BBEYKCJE-
HHS1 ONPEACJCHIIBIX HHTErpasos.

Dopaiyabt NPANGCY 016 HUKOS

b

§ 7 ar=t @t ot y) LR, M
a
HJaIn
b
(Fear=h-+tpt ..o+t R,; @
a
Hpeﬂ\eJ]bHaH aCcomomasx I'OT pCLLHOCTD
Ro M (b—a) My, t2e My= max|f (9. 3)
2 la, 2]
Dopuyaa mpaneyu
b
| he =i (LoE gy gt g ) R @

a

334



npene/ibHasn abcoJioTHASA TOT PELTHOCTD

R,<=-5 (b—a) Ma, i M= max|/"(x)| ©)
12 [a, b
{TouHOe 3mauelue MOrpPCLIHOCTH §p=—(2/12) (b—a) " (¢}, Tae a < ¢ < b).
Popuyara Cumncorna

b

ho
S f(x) dx= 3T gy Yo -4 i -yat- o Yop-1) 1
a

—}’Q(UZ‘%‘é’r}‘---+y2k—2)]+Rn; (6
npenedbliast abCoIOTHAST NOrPCIIIOCTD
h*
R =< (h—a) Mz r1ae Mz=max]|flV(x 7
n 180( ) 3 A 3 {a,b]lf ()l ()
(TouHO® 3HAueHue MOrpeHoCTH 8¢ 2= — (h1/180) (b—a) fLV (c), Tae a < ¢ < b).

ECJIH OTbICKAMIE YETBEPTOil TPOH3BORUON 110 IbIHTEr PaibHOH (QyHKLHH 3aTpyi-
b

HHUTEJBHO, TO AJs1 OHCHKIL TIOIPELIHOCTH BLIMHCACHISA HUTErpaJa rS}“(x) dx no ¢op-
a
Mysie CHMIICOlla MOZKHO HPHMCHSITL cleAyIo I npHea.

[Monarag n =4k, BLIUHCASIOT NPUOJIUAKEHHOE 3HAUCHME JdHHOr0 HHTErpaJa
no ¢opmyae Cumncona pAas iiara h=(b—a)/(4k); nyctb uafileHHoe 3HAYCHHE
MHTEerpana ectb [y; 3areM war /i y1BauBalOT M BHIYHCJICHHE 1O ¢popmyse Cumncona
NpoBOAAT AAs wara fiy = (b—a)/(2k); nycrob HalileHHOe 3HaueHHe HHTEerpasa ectb /o;
MO PEIIHOCTh BTOPOTO BBUMC/EHHA 11PHOMH3HTENLHO B 16 pas GoJibiLe IOTPELIHOCTH
flepBoro H 0G€ OHH HMCIOT O/MiaKoBbii 3Hak. [losromy MOTPEIIHOCTE NEPBOTO
BLIUMCACHHST |[npn 1ware h==(b—a)/(4k)] ompeaeasercs cacayomieil  popmyaoi
(yunTHBAIOWEl M 312K LHOTPELIHOCTH):

8 = (I1—15)/15

{310T CNOCOG MOMKHO Ha3BATh OLEHKOH IOTpPewlioCTH ¢dopary.Int CHMICOHA IO METOAY
YABOGHHS 1UAra BLIUUCIEHHI).

2
1202. Bpiuncauts 1o ¢opMmysae NpsIMOYTrOJbHHKOB I=Sl/;dx,
1
pasbus mutepBas nuTerpuposanis ua 10 uacreit. OueHntp norpeu-
HOCTb.

A 3necs y=V x; npu n=10 umeem h=(2—1)/10=0,1. Toukamu je1eHUA
cayxkar x,=1, xy=x,Fh=11, x;= 12, ..., X9= 1,9. Hafizem cooTBeTCTByIOUIHE
3HAYEHHS NOALIHTErpaJblioll PYHKUUHL Y, = V%, = Vi=1, n= V' 1,1=1,049,
Yo = 1,005, yg=1,140, y,= 1,183, y;=1,225, ye=1,265, y;=1,304, yy=1,342,
yy=1,378

Hcroasays Gopmyay npsIMOYTOJAbHAKOB, TOJYUHM

1=0,1(1,000-41,0491-1,005 -+ 1,140 - 1,183+ 1,295 1,265 1,304 41,342 4

11,378)==0,1-11,981 ~ 1,20.

Ouenum norpemnoctb. B 1ansom cayuae [’ (x) = 1/(2 V" %) na orpesxe [1, 2]
JOCTHTaeT HAHGOJbIIEro SHAUCHHA, DPABHCIO 0,5, npu x==1. Taxum o6pasom,
|F (x) | << Mp==1/2. Orciona no dopuy.e (3) HaxoanMm

0,1

1
Ry =+ 1+ =0,025.

Crenosaredtotio, [ = 1,20 + 0,025,
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BHYHCANM ISt CPABHEHHSI STOT JXe HHTErpan: Io topmyse Hrlotona— Jleii6-
HHULA;

2 2
I=S V—xdng x1/2 dx=%§-(2 V2—1) = 1,219,
1 i

TaknM 06pasom, neflCTBHTENIBHO, HCTHHHOE 3HAUECHYE HHTErpaja JIeXXKHT B HaMjeH-
HOM HHTEpBaJje. A

1203. Beruucsuth ToT Ke MHTerpas no ¢opmyJe Tpamelui, IpH-
HSIB = 10; OLEHHUTb IOIpPEelHOCTD.

A Tlpr Tex xe ofosnaveHHAX, HCIOJIBb3yst (GopMyay Tpameuni, TIOJIYUHM

1=0,1- (5_12&+1,049+ 1,095+ 1,140 1,183 -
41,2254 1,265 1,304 1 1,342 1 1,378) =1,218.

Hanee, ["(x)=—1/(4 V' 3); | [' (x)|<<1/4 na orpeske [1, 2]. Taxmuwm obpasom,
no ¢opmyJe (5) HaxoAUM

Hrak, I~ 1,218 + 0,002. A
1204. Bpmucaute npuGmmkenHo no dopmysne Cummcona [ —
1

= S]/l -+ x*dx ¢ Tounocteio jgo 0,001.

0

A Tlpexne reero, noabsysck ¢opmyJodt (7), onpeaeaumM, Kakoi war A HYyXHO
B3ATh IS JOCTHXKEHHS 3ajaHHOH TouHocTH. MMeeMm

FO=VT+x% [ @=x/VT1F2% =1V 1105
") =—=3x/V (T4 255 [V (x) = (12x2—3)/V (I F 27"

HanGonnmee snavenne | fIV (x) | na orpeske [0, 1] mocruraercs B Touke x = 0:

| 1V (0) | =3. 3mauur,
ht ht
< =(b—a)| 1V (x) | =-—==-1.8.

Tak Kak 3Ta NOrpPEmHOCTb JOMKHA GLITh MEHbIe 0,001, To h*/60<C0,001, T. €.
ht<C0,06. Moxxno npuuste h=0,5 (ecan h=0,5, To h*=0,0625), T. €. HECKOJILKO
GoMbile HYXKHOH BEJIMUHHBI, HO 3TO HE OTPA3UTCS HA TOYHOCTH BbIYHMCJAEHHI,
TIOCKOJIBKY TIDH OleHKe Oblla HCI0JAb30BaHa IpefesibHast afCOMOTHAS IOrpelli-
HOCTb — B€JIMYKHA 3aBefoMo 60abInas (akTHUeCKOl norpewHocTd. Urak, 1as pocti-
KEHHS HYMKHON TOYHOCTH JOCTATOYHO Pas3GHTh WHTEPBAJ HHTETDHDOBAHHS NONOIAM,

Boluncanm snavenust pynkunn [ (x)=V 14 x% npu x=0; 0,5 u I: f) =
= 1,0000; f(0,5)=1,1180; f(1,0)=1,4142 (BBlumCJCHUSA NPOBELEM C OLHHM 3allac-
HBIM 3Hakom). ITostomy

05

I~ =57+[1,0000+ 4. 1,180} 1,4142] = 1, 1477.

Takum obpasoM, okpyrasia mocmennuii suak, Haxopum I =~ 1,148,
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BriuncauM AJs cpaBHEHHMs! TOYHOE 3HaueHHe 3TOr0 HHTerpania no depumyae
Hgprorona—Jleitbauna:

1
1=§ ViFade— [% V1+"x2—{——;—ln (x+1/1+‘x2)]:=
—_—% [V 2+ (14+V )] z—;—(l,4142+ 0,8814) ~ 1,1478.

TaxuM 06pasoM, 3HaueHWe STOTO HHTErPajia, BEUHCIEHHOE MO (opmy.e Cimn-
COHa, MMeeT Jake He TPH, a UeTHpe BEpHBIX 3HaKa nocne 3ansToi. A

1

1205. Bgpuucauts no ¢dopmysae Cumicosa IZS‘TdE'xT’ NIpUHSB
0

n=—_8. BplynuCJeHHs BECTH C IIECTbIO 3HAKaAMU MOCJe 3anATol. Oue-
HUTb MNOTPEIIHOCTh MNOJYUEHHOTO pe3yJabTaTta, NO0JAb3YyACh crocofoM
YABOCHHUS 1Iara BBLIYHCJIEHHU {1; CpaBHUTbL pe3yabTaT C UCTHUHHBIM 3Ha-
yeHyeM HHTerpaJa, B3dAB IOCJHEAHEE C OJHMM 3alaCHbIM (CellebIM)
3HAKOM.

A HyXHO ONpefe/HTh 3HAUCHHS TOLLIHTErPaJbHOM PYHKIHH A5 CIe1yIomHX
sHauenmit aprymesta (hy=0,125): x,=0; x=0,125; ...; xg== 1,0. Haxoxum
coorercTyiomue sHaueHust f(x)=1/(1-4-x%): Y, = 1,000000; y;=0,984625; y,y =
= 0,041176; y5—0,876712; ys==0,800000; y;=0,719101; ya=0,640000; y; =
— 0.566389; yq="0,500000. TloxcrasasieM sTH januble B (opMy.ty CHMNCOHA TPH
hy=0,125 n hy=0,25:

h N
L= o+ s+ 4 @i+ 4545 +9) +2 02+ vaH 0] =
0,125
3
-}-2.(0,941176-}- 0,800000 -+ 0,640000)] = »2]71- 18,849548 =~ 0,785398;

[1,000000 - 0,500000 -}- 4 (0,984615 - 0,876712-1-0,719101 - 0,566371 +-

Fa="2 o ysH 4 G0+ 2] =

=9§2ﬁ.[1 1000000 - 0,500000 -1 4 (0,941176 - 0,640000) -- 2-0,800000] =

:%2.9,424704 —.0,785392.

Orciona

8, ~ ~ 0,0000004.

Ii—1, _0,000006
51

TakuM 06pa3oM, Bce WIECTb 3HaKOB [y JOJIKHBI GBITh TOUHBIMH. MCTHHHOE 3HaueHue
uHTErpaja €cThb

1

dx 1 T

1=S [ 42 =arctg x| = ~ 0,7853979, ...;
0

YTO MOATBepKJAeT HalieHHBIH pesyubTaT. A
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dx
x"'A C TOYHOCTBIO JO

1206. Brpiwucants no Qopmyne Cumncona

—C 10

0,0001, npuuss n=10.
8

dx
__‘_—,
> V x+1
tl=8. Ouemm) IIOI‘peLUHOCTb 1o MCTO,’Iy yILBOSHHH m1ara; CpaBHHTb

C TOYHBLIM 3HAYEHUeM HHTerpana. BbluHCaeHHsI BecTH € NATbIO 3Ha-
KaMH ToCJie 3arsaToi.

1207. Bpluncaute no qopmyae Cumncora NpPUHAB

/2

1208. Bplurcauts no gopmy.e Tpanenuit / = S V10,5 sin® x dx,

o

IpHHAB 7126; CUEHHUTL MOTPEIIHOCTDL 3dpaHee, 4TOOBI OIpeaeJinTb,
C KaKHM 4HCJ/JIOM 3HAKOB (HpH OJAHOM SaﬂaCHOM) Hajio BE€CTH BbIYHC-
JICHU A.

o Cdx
1209. Bouluveauts mo ¢opmyse Tpaneriit 1112=S‘T C TOYHOCTHIO
1

no 0,01, npunsas n=>5.
2

Inx
1210. Boiuncauts no gopmytae Cumicosa de ¢ TOUHOCTBIO
i
o 0,01, npuuse n=4.
1
o 2
1211, Bpluncaute no gopmyae Tpaneuwnit Se” dx C TOYHOCTDIO
g
1o 0,01, npunss n=4.
/2
1212, Beiuncaute no QopMysie Tpanemuit 81
0

Cos x

X
Tz dx ¢ TOYHOCTDIO

1o 0,01, npuusis n==6.

§ 4. NIPUBJIN)KEHHOE BBIYUCJHEHHUE KPATHbBIX UHTEIPAJIOB

1. Ananor ¢opmyn npsiMoyrofibHukoB. a) PaccMOTpHM 3aMKHYTyI0 o6aacts D,
OTPAHHYEHHYIO JHHHAMHE X=a, ¥x=0b, y=¢(x), y=y(x), rae @ (x) u VP (x) —
HENpepeipHbie Ha orpeske [a, b] dynkumm, npuyem* @ (x) <<y (x) (puc. 75).
Pazaemum oGaacts D Ha # yacTelt aunuAMU

r=e 0+l W—e ] (=0 1,2 ..., . 0

Hanee, pasobpem otpesok [a, b] Ha m paBHBIX uacTell TOUKAMH a=x, < x;1 <
<X <o < Xpoy < Xp=0 H 4epes 5TH TOUKM NPOBEIEM NpsiMbie, NapaLie/b-
Heie ocu Oy:

x=x ({=0,1,2 ..., m). (2

Heynis ceneiictsamy aunuit (1) u (2) obnacte D pasjenurest Ha mn KPHBOJIHHENHBIX
UETHPEXYTOALHIKOS € 3epmm{am’u B TOUKaX P;,:(.yg Yij)s P1+1,j-€x,~.+1; y‘"'ﬁl'/)’
Pi ja1(x; Yi, jr1h Piga, Jriien Yivr, jy1)s =071, 2, .. m; j=0,1,2,7.,

* 3anernv, 4TC 3TO yCIOBHE He OTPAHHYHBaET OGUUIOCTI PaccyiCieHI.

[N
(o5
[0.2]



..., n. Tlpu duxcuporannom i(0<Ii<Im) AjdnHa Be THKAJABEOH CTOPONLI 4€TH PeX-
yroJbHHKA HE 3aBHCHT OT j }i COCTABARET

Y=o,

LY i=0,1, 2

P; ;P;
I i, j¥i, j+1] I
11306 pakeHHOr0

KPHBOJIHIIEHHOI‘O YETbIPEXYTOIBIINKE,

OG6o3nauuM 1710112, 1b
Ha puc. 76, uepes Aw; ;. Dra nuowaib BHUHCASETCS NO QopmyJe

6

Xi+d
1 I
Aojj=— (W (x) — @ (x)] dx.
n
l
Yuurnsasg

Mz pasencrsa (3) caeaver, uro 3HaucHyie Aw@;; OT j HE 3aBHCHT.
3710, 0003HAYUM Am,/_-Ao),, O<ci=—m—1, 0<{j=Ctn—1. [poiincii wunrerpan
y /‘ g ] y
1. .
: Fista fHl
Pt
Lt
[ —
D
P ipf"' ,j
. : 1/ i |
Yo I |
Daox Xy X% Yt Kb X g A Ky X
Puc. 75 Puc. 76
ng x, y)dxdy, rac dynkwia [(x, y) HenpepeiBHa B 05/1acTH D, szamciun iBY-
MepHOji HHTErpaabHoii cyMwoil, BHIGHPAsT B KauecTse Y3J05 TOYKA P;j:
m=-1 n—1
(Cren pasay~ }_ Ao Y, 2 )
D =0 j=GC
®)

@(X)--- [P (x) —9 (2]

rRe
—IU’“ JI]) Yij=
BriGipasi B KauecTBe Y3J10B 110CJAEJ0BATEIbHO TOUKH P1+1 i Piyjats Prad, j+1
COOTBCTCTBENHO Clie TPH (POPMyJabl Aas npudi KeHHOTO  BLINICAEHIA
n-1
®)

TIONTYUUM
JABOIHOI'O MHTCrpana:
m—1
gg [, p)dedy = g Ao; Lzlﬂ s
D l:O =0
m—-1 n-1
o Wl
(Cren ardy 3, 80 3020 s 9
D i=0 j=0
m—1 n—l
¢
(07 mavay~ Z Bo: 3 zivn, jot ®)
1—0

D
(7Y m (8) aBasuorcs aHanoroM (GOPMYyJ NPAMOYTOALHHKOB
OueBiano, 4To 3TH

Dopuyant (4), (6),
151 NPHOAKEHHOTO BBIUHCIENHS ONPEeJieleHHOro HHTerpaa.
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opuryzsr Tex Toumee, wem GoabUIe WHCAA M M M, T. €. UM MEHbIIE ANIHHA Kax-
HOro 13 OTPE3KOB pa3bHeHus.

6) B uacTHOM cayuae, Koraa o6sacTb D —npaMoyroJIbHHK, ONpeje/seMulit
HEPABEHCTBAMH Q<< X<Cb, c<{y<Cd, miomagu Aw; 3JEMEHTAPHBIX ILIOWAKOK
PaBHBl Mexay cofolt M BblUMCASIOTCT To dopmyJIe Aw=(b—a) (d—c)/(mn). Dop-
myast {4, (6), (7) n (8) coorsercrsenno IPUMYT BHJ

m—=1 n-1
or b—a) (d—
Wi y)dxdyz(+(ncl DT ©
D (=0 j=0
m—ln—1
> b—a) (d—
(Vi paray o =209 50 (10
D i=0;=0
m—-1n-1
o b—a) (d—
Sj f(x 9)dxdy ~ L—t;)z,f——c) 3Nz e (11
D i=0j=0
b— d_ m=-1n-1
(7 paeay =20z (12
D i=0 =0

@opmyast (9) —(12) moxkHO HasBath Gopmysany napannesenunedos.
B) E;c,rm dynkuus f(x, y) MOHOTOHHA MO KaXAOH H3 NMepeMeHHElX X H Y, TO
A ABOHHOIO HMHTErpasa CIpPaBeiiHBa OLEHKA

(b—0) (d—9) (b—a)(d—0)
Tan o B<) ) TG g drdy<—— —— M, (13)
D
m—-1n-1
rae M u {# —COOTBETCTBEHHO HauboJpIas H HauMmeHbLIAA U3 CyMM Z Z Z[j,
i=0j=0
m-1n~1 m-—1n-1 m-1n-1
Wl ~N Ol
2 Z 2iv1, o L Z 2, j+1s L 2i+d, j+i1-
i=0j=0 i=0j=0 i=0 ;=0

r) ITyets dynruus f(x, y) n ee uacTHme npOH3BONHEE [y (X, Y) U fy (X, Y)
HerpepeBHEl B 06JsacTé D —npsiMOyroabuuke @ << x<<b, c <<y << d. Toraa ouenxa
NOrpPeurHocTy  NpUOAHKeHHbIX popmya (9)—(12) ompelessieTcss ¢ NOMOLIbK Hepa-
BEHCTBA

IR| < (b—a)Z(d—C) [ My (,l;—a) + M, (:f—c) ]’ a4
rge
M=, max L6 0] Me= max |[;(x )
e<y<d $Sisy

2. Ananor QopMyabl KacaTesbHBIX. a) PaccMOTpHM  ABOiHOR  HMHTerpan
I = S S [ (%, y)dxdy. Iycte o6nactb D —npAMOyroasHuR a<Sx<<b, c<Cy<Cd,

BO BCeX TOYKAX KOTOPOTO BHINIOJHEHBl YCJIOBHS
AC—B2 >0, A<0, C<0, (15)

e A=f., C=Ffp, B=f,. DT ycioBus 0GeCTIEINBAIOT BHMYKIOCTH MOBEPXHO-

et 2= (x, y) BO BCex Toukax obnacth D (aHajornunbiM o6pasoM ycsoBusi AC —
—B%2>0, A >0, C>0 ofecrnesnBaior BOrHyTOCTb STOi IOBEPXHOCTH).
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Torja AXs NPHONHIKEHHOTO BLIUHCJIERHS ABOHBCTO HETErpala cnpape1arpa Hops
MyJa

((Fe pdxdy = p—a @0l (16)
D

rae x=(a--b)/2, y=I(c-+d)/2.

6) Pasobbem of6macTe D TNpaMBIMH X =X; (f=0. 1. 2, ..., m) 1 y=y;
(=0, 1, 2, ..., n) na mn paBHBIX pAMOYTOJIbHHKOB. Briuncasa IBOIiROH HHTE-
rpail Mo Kam/OMy 3JEMEHTAPHOMY NpPIMOYrONbHHAKY C nosowpio  Gopmyasr (16) 1
CYMMHDY$ TIOJYYCHHBIE DE3YJAbTATEL, NPHXOMMM K creayiouwteii Gopmydae 1749 TpH-
GIVXKEHHOrO BbIYHMCJAeHHst ABOfiHOro HHTErpana:

m—1n=1

(7 paray = == 3 3 26 ) i)
D 1 j=0

m
i=0

rae X;= (et x)/2 =i yN2.

®opmyaa (17) naet TpuGiMAKENnCe 3HAUEHHE JBOMROro HHTErpasa ¢ H36EITKOM,
ecay Bunoasenp yeaosua (15). 3ametM, 4TO dopmyaoit (17) MOKHO TI0Ib30BATECA
W B TOM Caydyac, KOraa Tepsoe H3 ycioBuil (15) Ke BLINOJHEHO. OjHako B 3TOM
ciyuae nemb3st ykasath, Halllleno Ju NpHOJHIKEHHOE 3HAueHHE IBOIHOTC HHTErpana
C HEJCCTATKOM HJH C H30BITKOM.

3. Apanor opmyabl Tpameuuii. a) PaccMoTpnM aeofinoit  mmterpan [ =
= ng(x, y) dxdy, ecau obnacTb D —npsiMOYrOAbHUK asx<<b c<y<d.

D
Torja st NPHGAMAKEHHOTO BLIUUCJCHH S IBORHOTO HHTErpaia Crpase LTHBa ¢topmyna

S \ F(x, p)dedy = G —a)4<d—c)) .

+2p-Fzgto2y), {18)

rie zi=f(a, ), zz=F ¥, o, zz=[(a, &), zy=[ (. 9.
Sra opMyaa faeT NMpHOJHIKEHHOE 3HAUCHHE JIBCHNOr0 HHTErpala ¢ p30HTKOM,
ecan BumodueHo ycjosue (15).

Ouenka norpemHocTy QopmyJnl (18) ompelensercst HEPABEHCTBOM

D

< (’7—[1) (d——(_‘)f(a, C)_}_f(b C)"I;f(a» d)'Tf (}7 (‘ﬂ‘ (19)

6) Pasofbem o6nacTs D MpsiMbIMY, TADALIENBHBIMA OCAM KOODAHEAT, Ha min
PABHBIX TPSIMOYTOJBHHKOB. Bbluuc/asi JBOHHON HHTErPAT NO KaXJIOMy 3fIeMen-
TapHOMy IPAMOYTONBHUKY C TMOMOMBI0 (opMy sl (18) 1 cymMupys IOJydeRHble

peayabTaTel, TPHXOAMM K caenytoutell QopmyJe Ais npuGJIHIKEHHOI G BBIUHCICHHSA
JABOItHOTO HHTErpana:

SS Fx, y)dedy =

D

b—ad—9

4dmn (S() JF 251 + 452) s (20)

rie S_,):zm,-}zm?n-l—flzo,,+z,,m'—cr§lniu;m 3naucHuil (YHKUHH B BEPUIKHAX TPAMO-

yronbuuka; Sy= Z(Zi'rg 2in) - ‘21 (297 2m ;) —cymma 3HayeHuil (YRKIHH B

y?,Jxax,l .ne)lxaumxlzlia croponaxlansmoyronbrmxa, He cuHMTas BepuHH; Sp=
m-—11n-—

= Z Zz;jwcyMMa sHauyeHull (QYHKIHH B y3Jax, JexauuX BHYTPH NPAMO-

yron—; 1]1 nluz .l
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ITpu BeimosimeHuu ycaopkit (15) mo amamornu ¢ HepaBeHCTBOM (19) moayuaem
OLlEHKY

m=-1n-1

(’*+”(2"—QZ N e ?/)<5Sf(x, y)dedy <

i=0 /=0 D

(b—a) (d—

€)
< T (So 281 +4Ss), ()]

rae X =(Xip1--%)'2, yr=(4;.1-1y,).
15 OLEHKI TOTPeIHOCTH " Npub iKenoro pasenctsa (20) Takske clpaseIHBO
HepaBercTBO (14).
B) Ecau oBaacts D orpauuuena Jmiuamu x=—a, x—b, Y=0 (x), y="1 (1),

TO B KadecTBe NPHOINIKEUHOTO 3HaueHHS JIBOHHOTO MWHTerpama ggi(x, y) dx dy
D

MOXKHO PacCMaTpHBATL CpeiHee apH(METHUECKOe De3ynbTaToB MPHOIHKEHHLIX Bbi-
YHCHCHHH [BOfiHOrO HuTerpala 1o gopmyiam (4), ©), (7) u (8):

n-1

n—1
, 1
ng(x, Yaxdy x5 ¥ Aop 3 (aiptbaied, pba, jeih 2 e (22)
(=0

D j=0

rre Aw; (=0, 1, 2, ..., m—1) BuuHCASTOTCSH TIO dopmyne (3), a anauenns zjj—
no popmynam (5). Popmyaer (4), (6), (7), (8) m (22) nenecooGpasHo HCIOML3OBATD
B TeX CJIyyasX, KOrjla TOUHOe uax NpPHOIHIKEHHOE BBIYHC/IEHHE IJomanell Aw; He
BBI3bIBAET OCOOLIX 3aTPY THEHMIT.

4. Asanor dopmyn Cumncona. a) Pacevorpum cnywail  npsimoyrodisioil o6.1a-
et D, sanaunoii nepaBenctBaMii — Ji << x << /1, —l<<y<l. Tlojbepem Kodpdu-
IHEHTHl MKOTOU.IeHA TpeThbeil cTenetiy

Py (x, ) = azyx® 4~ asx%y - agaxy? - Ayalf® + Qs x®-}- @y xy - ayey? -4
4 Q1gX 1 Qo1y 1 @y

TaK, YTOOB! B CNIEUHANbHBIM O5Pa30M BHIGPAHHLIX IATH TOYKAX (yanax) suauenust
dyukunn f(x, y) u muorousesa Pj(x, y) cosnaau. Toraa

h I h I
g Sf(x, g dedy ~ S S Py (x, ) dx dy.
—h -1 —h -1

a
YuuTHBas, yTO S @ (Hdt=0, e @(—fi=—¢(f) na [—a, a], noayyum
—-a
bopmyay
h 1
i 4nl 2 21
V70 0 avdy = 2L (@bt a1 3a,). (23
—-h =1

Ecmt BuiGpaTb yambl Tak, Kak mokasauo Ha puc. 77 u 78, To dopmyny (23)
MOXKHO 3aNHCaTb COOTBETCTBEHHO B BHIE

I h
VSreoaars B 170, nr—n 6100 04 1—h, —)4870, 0
21y

29
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=
=

JU

!
(7t oydedy ~ SR G0 OFF (= 047G D47 O, —D+2 O, O
gy

oy

h

(25)

Jlnst npsiMoyroabhiKa a<S ¥ << b, c<<y<<d dopmyan (24) n (25) cooTBETCTBEHHO
NpUMYT BUA

bd
SSf(x, y) dxdy =
ac

R R I R R R ICE R C i) | A

12
§§f(x, y) dxdyzﬁ_i)éd“_c) [f(a,cgd>+f(b, 042—d>+
o (e ()

Gopuyau (26) u (27) Tem Touilee, UeM MeHblUE pasMephl TPAMOYIOJIBHHKAE; Kak
C/IEJlYeT M3 M3JO0KEHHOro, OHY TOUHB A MHOTOYIEHOB TpeTbell CTENeHH.

yl ) ﬂ
I e
A

Puc. 77 Puc. 78

6) Pas6upasi NPAMOYTOJIbHHK IPAMBIMI, NapasiIeJbhbIMI CCAM KOOpAWHAT, Ha
4mn paBULIX NPAMOYFOJBHUKOB, MPHMEHS K Kai1oMy TakoMy [P IMOYTOJIbHHKY
dopmy.ry (26) 1 CyMmupysi NOJyUelHbe Pe3yabTaThl, MPHXOAM K tpopmyae

b d
> b—a) (d— ,
(i pavay = E 0= ot osiasctess, @9
ac
rjpe
S():i(a) C)’E'f(a1 d)%’f {b: C)‘E‘f(br d)’
m—1 n-1
Si= D (rars O+ (vars D1+ 2 [F @ 92) 4T 0 2]
i=1 j=1
m—-1ln-1 m—1n-1 Y'—Lx(' o yv‘y( o
YWY o, S N Xaj X2+ 2 Hagi+
32:2‘2‘“1‘2[’1/2/): 33=LLf< 3 > ! 2] )
i=1 j=1 i=0 j=0

Fcau B npeipIyI¥X pacCyXACHHSAX HCNOIb30BATH dopmyay (27), 10

b d

? b— 1—

{76 paray » E=gi=2 1t 0450, 29
ac
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AR L 2T . Y23 Y2 (i +1)
Si=>» 7l g ————/— b, YT +
2.1 3 ‘ 5

| SR o Xaa) N it ey N
+ X [ e, N2 )
=3 0 "
mobanl o g X Y2+ U
AT X2y YW+
.ngv i { ) J : 7 ,
i 2 2
(=0 j=0
m=1 nal
A\ Sﬁ ﬂ—(;xzi‘]“xzu#n , Yaj+tYa (1)
53=Q : g S v Y25 | xan S E— .

Copumyast (25)—(28) naror Touuwil pe3yasTar,

€C/IM NOJbIHTErpaibHast GYHKUHS SIBJIAETCS MHOTO-
YIEHOM He BEILUE TPETbeH CTeHeHH OT [epeMeH-
HBIX X, ¥, T. €. f(x, y) = P3(x, y).
) B) Ilycts o6nacte D onpejenena wepaBeH-
CTBAMH Xy << X< X2, Yo (X) <<y <<y, (x). [psimoit
xy= o+ 2%5)/2 u munnelt yy=[yo ()4 (1)]/2
pasobbeM 06aacth D Ha uersipe wacti (pHc. 79)
O6o3nauum yj (x))=y;;. Kax u pauee, f(x;, Yij)=
=2z;; (i, j==0, 1, 2)." Paccmorpum

] ’Yﬂ Xl P )‘2 X X2 Yz (x)
1=(§iw naray=(ar § fx pay.
Puc. 79 D Xo Yo (x)

[pumensis HecKOIbKO paz manyio dopmyay Cumiucona, B pe3yJbeTaTe mo.TyyuM
Cleyoulee NpHOIHKEHHOE PABeHCTBO:

576 vy~ 222 g 1) - 4230 120 +
D

44 (Y12 —Y10) (210} 4211 4 212) + Y22 — Y20) (220 - 4221 —+ 229)]. (30)

3ametiM, 4TO eCaH Yy (¥) —yo (¥) =k =const, To ¢opmyaa (30) npuuumaer Bz

WW’ y) dx dy = K22
*p

— X,

35 200202+ 220+ 22014 (201 21+ 2101 200 - 162y,
@31

B wacthocty, dopMyna (31) cnpaBeinuBa, ecau 0643CTBIO HHTerpuposanus [ gs-

JACTCA MPAMOYIOALHIK Q<< X <Cb, ¢ <y << d CO CTOPOHAMH, NAPALIEAbHLIME OCHM
KoopAuHat. B stom cayuae

Wi oaa~ =906 o4 1@ 0110, 0+
D
i [1a S50 41 (v ()
G ) E T A

Dopmyaa (30) naer TouHsl pe3ysabTaT, eciH NOJBIHTET paNbHast PYHKUHS ABJISETCS
MHOTOUIEHOM TPEeTheil CTeleHH OTHOCHTENBLHO y NPH (MHKCHPOBAHHOM X W pesyabTar
BBIMHC/ICHHS BHYTPEHHETO HHTEIPAja— MHOIOWIEHOM He Bhille TpeTheli cTemenu
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no x. Popmyaa (32) Touna, eci [ (X, y)-—MHOTOWIEH TpPEThed CTeNeHH OTHOCH-
TeJbHO X NpPH QUKCUPOBAHHOM Y (MM OTHOCHTENBHO y NpPH (HKCHPOBAHHOM x).

r) Ecau oGanactbio uHTErpHpOBanust D siBJsercst KPyr C IEHTPOM B nadane
xoopauuar u pagdycom r (puc. 80), To aast NMpUGIMMKEHHOTO BBIYHCICHHS ABO#-
HOTO MHTCrpajia [eseco00)a3no MepefiTH K NOJSpPHBIM KOOpAMuaTaM:

2r r

SSf(x, y)dxdy=g dcpSf(pCOSCP, p sin @) p dp.
D 0 0

Pasjiennm npsaMoyroibuuk B mrockoctn Op (puc. 81) mpsvbivu @=m 1 p=r/2
HAa YeTHIPC PABHLIC YacTH. BuluNcanB 3HAYEHHS NOJBIHTETPaTbHOH QYHKUHH B y31ax
H NPUMEHUB NOCJCA0BaTeNbUO (GopMydb (24) H (26), COOTBETCTBEHHO MOJTYYHM

(1o paray~5[re ota(-5. 0)]. @3)

SDgf(x.Dy)dxdyz%[f(%,0)+f<—r, o+i(=F.0)]. 6

rae S=mnr®—miomaas kpyra. Gopmyant (33) u (34) Tounnl, ecan F (p, @)-— MHO-
TOWIEH He BBIIE TPEThell CTEeNeHH OTHOCHUTENbHO P H Q.
Ucnoassys dopmyiy (32), nonyuum

(fre naay~ 516025, 0)+ 2 (=, 04 (— 5 o).
D
(35)

dta dopmyna TouHa, ecnn dyHkuua F (p, @) sBAseTCS MHOrOYJIEHOM He Bbllle
TpeTbeil CTeNeHH OTHOCHUTENIBbHO P NpPH (GUKCHPOBAHHOM @ (W/1H OTHOCHTENbHO @ IIpH
(UKCHPOBAHHOM D).

[/
PA
r
r
r
0 X 7
0 T 27 P
Puc. 80 Puc. 81

1) Ecau o6nacTs MHTErpHPOBAHHS orpaHuueHa siauncom x2/a®4y2/b%=1, 1o
€ MOMOWEI0 NpeoBpa3oBaHus KOOPAMHAT IO (opmynaMm Xx=dap Cos ¢, y=ap sin @
JBOKHOH HHTErpaJ MOXHO IepeflucaTs TaK:

2 1
I= SS fx, yydedy = g S abp-f (ap cos @, bp sin @) dp d.
D 00
®opmyast (24), (25) u (32) aast Takofi 06MacTH COOTBETCTBEHHO IPUMYT BHJ
S a
125 |fa o2 (—5.0)), (36)
S a a
x5 |15 0)+ e 041 (=5 0)). &
a

r=3[i@orar(g. o)t o 04e (—5,0)], @9

‘rie S=mnab—naoulags JAKNCA.
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1213. Bpiuucauts JaBoiiHo#l unTerpan [ = QS (x+1)*dxdy, ecan

obnacte D orpannyeHa JuHUSIMH X =1, x=3, { j—, , Y=x-|x%

A Chavasa vaiiieM TOuHOe 3HaueHHe HHTErpaJa:

3.»c+‘x2 ! 2 1 3
1=§§2 (x—ky)2dxdy=§§(x+1) §[<°w+x2)3 (k-+ 299 de =

3
=%S (75 9314 3) de = [7 PR x5—}——x*’] -
1
1
567 | 2187 9
< + 20 2 —T_E—‘>—3132

Haiizem npuban>KeHHble 3HaueHHs JBOHHOro muTerpasna mo gopmysam (4), (6)
(7), (8) u (22) u cpaBHUM 5TH 3HAYeHHHA C TO‘IHMMH

IMonomun m=4, n=4. 3navenus y;; (=0, 1, 2, 3; j=0, 1, 2, 3) Briunc-
JHM, TOJB3YSCh tpopuy Jaoit (5):

I,
!/_/—Xt‘r 4 ]—xx (xr;‘zl)-

Tax kar x;=1, x3=1,5, x=2, x3,=205, x;=3, 70 yoo=1; yoi=1,25;
Yoo=15; yos=175 yu=2; y10=2,25; y11=2,625; y1=3; 113=3,375;
Y13=3,75, Y20 =3.70; Yya1 =45, Y22 ="9; Yo3="5,5; ya; =0; 139 ==6,25; y4; =6,875;
Y32 =T7,5 ys3=8,125; ys, =875, y19=9; ¥ =9,75; y;,=10,5; py3=11,125;
yis=12. CoraacHo Qopnmy.e (3), nmeem

Xit1

1 1

Am,-:—4— \ ,\av——g)r =~( ;rl‘Yz)
L%, i
xi

Haz i=0, 1, 2, 3 noayuum Awy=0,156; Aw;=0,219; Aw,=0,281; Aw;=0,344.
Hanee, tax xax

zl'fz('vl'>%yl',f)2 (1:0! 1, 2, 3; ]:Ov 1, 2 3)’
TO 2go=4; 2¢91= 5,033, 295 =06,25; 243 =7,563; zo,_() 719 = 14,003; 29y ~ 17,016;

210=20,25; 2153 = 23,766; 214 = 27,563; 250 =36, z4; = 4’ 95; 2“_49 2,3—06,25
295 =04; 23y = 76,563; 231 = 87,891; 23 =100; 2z05=1128)1; 23, A 126,553;

Zag ~ 141 21y ~ 162,563; 235 — 182,250; 27y — 199,515+ 2,3 — 225,
l/ermyH Tenepb qvopu} aot (4), (6), (7) u (8), cooTBerCTBEUHO HAXO MM
3 3 3

o wul N
Z Ao, 2 ij= 2_‘ Aw; {zzg+ 22t 2 =

=0 =0 =0

~ 22,876-0,156 -75,035-0,219 1 183,5.0,281 -|- 377,345.0,344 ~ 201,385;

D 3
¥ < . Wl

/ . . v . . i . . 1 . ~
2: A, 2‘ 2it+1,] = Z‘A(‘)z (Ziv1,07F2zie1 127501, 22041, ) R

O =0
183,5-0,219-}-377,345. 0,281 -|- 688,329- 0,344 ~394,721.

)
2 Z 2, j+1= Z Ao; (zi -k 2p2 - 25+ 200) &
i= )

= = i=0
~ 27,8750, ,5 8‘3 595.0,219-+211,5-0,281 - 427,345. 0,344 ~ 230,190;



3 3 3
Z AO)[Z P41, j1= Z Aoy (241,121, 2T 20 41, 327 +1, ) R
(=0 i=0 (=0
~ 88,595-0,1554211,5.0,219 - 427,345.0,281 --769,329- 0,344 ~ 444,&73.
AGcomoTHas 1 OTHOCHTOILNAA NOTPEWHOCTH NCAYUYeNHbIX 3HA4eHHH JCBOILHO
BEJIHKH, YTO COLICHACTCH MATOCTLIO HHCEN m H .
[Mpumensis npudikennyw ¢opmyay (22), HoIydnMm
I~ 201,386 -+-230.190-1- 394,721 -|- 444,873  1271,17
~ 4 T4 =

317,793.

TOI‘}I& OTIIOCHTENBHAST NOTPEIIHOCTD

317,792— 313,2

S —
© 313,2

. 1009 ~ 1,3%. A

1214, Hcrnonbsyst mepasenctso (21), aaTb OUEHKY ABOKHOrO HH-
TerpaJna I:S S(x‘~’+y9) dxdy, ecnmn o6jacte D —npsAMOYroJbHHK,
D

orpannuelinplit npavpivi ¥ =0, x=4, y=1, y=>5.

A3necs [ (x, ) =32 y2, Fo (6 ) =25, [, (%, §) =29, [ra (6, ) =2, [ (¥, 1) =
=2, f;y (x, y) =0, nostomy yexopua AC— B2 >0, A > 0, C > 0 Buinosnensr. [Toac-
wum m=4, n=4. 3unauenns x 1 y, COCTBETCTBYIOIIHE TOUKAM pa3bieHus, TaKOBHI:
2y=0, x1=1, =2, x3:=3, x;=4%4, yo=1, y1=2, y2=3, ys=4, y,=>5. Tax
K2K zij:x%+y7', TO Zgn =1, 2g1 =4, 20a=9, 2pa=16, 2p3=25, 21;=2, z;1=5,
21o=10, z;3=17, 21, =26, 230==0, 221 =38, 222 =13, 253=20, 2,,=29, 22 = 10,
231=13, 23,=18, 235 =25, 25, — 34, 25y == 17, 251=20, 2,5 =25, 2;3==22, z;4=4l.
Coraacno ¢opmyne (20) unmeest '

! z% (S, -2, 1 48y),

rie Sq=1-4251+17-1-41=84, S, =2--5--10-1-20-- 25432434429+ 26 -4+
+94+16=212, S; =5+ 104178 13--20 - 13- 18 |-25 = 129. CuelcBaresHo,

1 1

(84-1-2:212 +4-120) = - 1024 =236,

I =

|

Jina mpubmiskeHHOro BbiuHCaeHus ABoiiHoro muTerpana mo dopmyne (17) cua-

vaga Haliaem x;=(x;.11-X)/2, yi=We1+y)2 (=0, 1,2 3, j=0,1,2 3y

nMeeM x0=0_,5; X = 1_52, X =25; x3=3,5; y,=1,5;y;=2,5; v =23,5; ys=4,5.
OGo3HaiuM z;;=X; -~ §j H BLIMHCIHM

2o = 0,52 1,62=2.5; 219=1,5241,52=45;
Z200=005%.25%=0,53;  z;;,=1,521252=85;
Zoa=0,52 1-3,52==125; 7z3,=1,52}+3,52=14,5;
243 =0,52--4,52 =20,5;  Z;3=1,5%-]-4,52=22,5;
Zog=2.5%|-1,52==8,5; 23, =3,5241,52=14,5;
73,==2,5%-2,57= 12,5, 23, =3,5--2,52=18,5;
Zog==2.57-{-3,52 = 18,5, 23, =23,52--3,52 = 24,5;
Zo3 =2,52-1-4,5*=26,5;  753=23,524-4,52==32,5
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Torgma
I~ :_: (2546,5--12,51-20,51 451 8,5} 14,5225 8,5+

12,5 18,5-1- 26,5} 14,5 18,5} 24,51 32,5) = 248.

Urax, 248 < I < 256.
Haiiiem TouHOE 3HAYEHHe HHTETpaJa:

45 4
5
I= S‘ S (457 dxdy=S [x“y—i—% ya]l dx=
01 0

125 1 4 124 4 2
— 2 1 149 Lo — = 1 — ~ .
= (Sx + 3% 3>dx-—\:3 ©4+ 3 x]o 250 3 =~ 250,667

SN W

Takum obpasoM, npubmmxernrie opmyas (20) u (17) AalOT COOTBETCTBEHHO OTHO®
cuTeJIbHBIE TIOrPeLIHOCTH

256 — 250,667 250,667 — 248

= « 100% =~ e . ~ 1,1%.
8 =""5zg o7 100% ~ 2,1%: & 550067 " 100% = L.1%. A

1215. Wcnonbsya dopmyay (32), BHUHCIMTL ABOMHOH WHTErpan

I= S S (x*+ 2y) dx dy, ecnu obnactb D-—rnpsaMOyrolbHUK 0 << x4,
D
0y <6.
A BbI'{I/ICJIHM TOYHCE 3HAUeHHEe HHTerpa:za:
4 6 4 4 :
I— S dx S (21 29) dy = | [x2y+y2]2dx: S (6x2-1-35) dx = [2x3 +36x]0: 279.
0 0 0 0

3nece a=0, b=4, c=0, d=6; f(x, y) =x*+2y; [(a, 0)=0; f(a, H=12;
. _ oq c-Fd\ .. c--d\ 5. a-+b .
10, 016 10, 0= 1 (@ SF4)=0; (b 7 =22 1[5 o) =

f<a—|—b1 d\/=16; f(a2 b, C_+d>—_—~10. [pumenas dopmyny (32), HaXo[HM
/

2 2

4.6

4 6
I:S f(x2+2y) dx dy = =& [0-+12-F 161 28--4 (6-+ 22 -4 - 16) -} 16- 10} =
b0

6
2
= (55 +4-484-160) = 272.

ME NoAyYHAY TOYHBIH pe3yJbTat, TaK KaK NMOJBHTErpasbHas bynkuns f (x, )=
= x2-|- 2y — MHOTOUYJIEH OTHOCHTEJNbHO X H Y, ¥MEIOWHI cTenelb HuiKe TpeTbeil. A

1216. Boiuucauth pABORHOH wuHTerpan [ = S g (%—%—‘l/;) o dxdy,
D

ecnu obnacte D onpenenena HepaseHCTBaMM —3 <KX <3, —2<KY<S
< 2.

A\ Tlepeiiiem K NOJsSPHBEIM KOOpJAMHATaM, NoJaras x==3p cos p, y=2p sin @.
Toraa x2/9 4 y2/4 =p?, 0<< @ << 2n, 0<Cp << 1. Bocrosib3oBaBuInCh ¢dopmy.toit (38),
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HalifeM mpuGJAUIKEHHOe 3HAYeHHE HHTErpasa:

2 1 1y 2 I
Ix2n (14,_2.§+2+4.-8_) =2 (3—{-7—}-74—>_._,5n:.

Tounoe 3uaucHue HIUTErpaga coCtTanasicT

27 1 2n
I=6 1ipdp =2 ol dp =S
= gSpAp <P—5§p =5

0

3

ﬂ:=2,4.1'\:.

0
OTHOCHTebHAA TOrpemnocTs 8= (2,5m— 2,4m)/2,4n-100% ~ 4,2%. A

1217. Hafitu npubmuxennoe 3HaueHue jABoHOro uurerpana [ =
= SS(—;——H/) dxdy no gopmyne (30), ecau obaacte D orpaHuyeHa
D

JuHusMH x=2, x=4, y=x*2 n y=2x.

/\ Haiigem Tounoe suavenne HHTErpana:

4 2x

4
_ X _ X y_2 2x -
i=Yes § (Grojo={[zorg e
2 x2 /2 2
A 3 A x4 4
r X x5
— 2 g X r N V. A2
——) (x +2x 7 g )dx [x 6 40:\2==
2

=64—16—25,6—8--14-0,8=16,2.
3nech

%0=2, =4, xi=(01x)/2=3, yo=4%2, y2=2x, y1=(yo+y2)/2=x*4-+x;
Yi;=Y; (x); Yoo=yo (x0) =2, Yo1= 41 (%) =3, Yo2a=ya2 (x0) =4,
Yo=Y (x1) =45, y11=uy1 (x1) =525, y12=ys (x)) =6,
Yoo =1Yo (X2) =8, Ya1 =11 (x3) =8, Yoo =1y (x2) =8.
2i;=Fxi yi)=xi/2+yi; (G i=0, 1, 2);
200:3, 201‘24, 202=5, 210:6, 2’1126,75, 212:7,5, 220‘:10, 221210, 222210.

Io ¢opmyne (30) moayuaem

4 2x
= (%J”’) drdy="Z214—2) G-+4-445)+46—15)x
2 x2/2
X (6+4-6,75+7,5) |- (8—8) (10-+4-10+10)} =16

1
H

+=16,167. A

1218. Hcnonwsys dopmyasr (26) u (32), HafiTh npuGIUKEHHBIE

"

3HaueHHus JIBOHHOrO MHTerpaja [= S S (xy+3]/§) dxdy, ecau 06-
D

aacte D—mnpamoyrompank 0<Cx<C2, 1 <Cy<{9.
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§ 5. MIPUMEHEHHE METOJA MOHTE-KAPJIO K BblYHCJIEHHIO
ONPEAEJIEHHBIX M KPATHbIX WHTETPAJIOB

1. Brluncyienne onpegeseHHbIX HHTerpajios MeTOXOM Monre-Kapio. a) Tpebyer-
1
Csl BBIYHCIHTbL MHTErpaJ S(p(t) dt. Tlycth ¢—paBHOMEpnO pacnpeieieHHas cay-

0
yailHas BeJqHYHHA, p (f) —ILIOTHOCTb pacmpejeseHisi BepOSITHOCTH 3TON cayuaifHoit
BEJIYHHBI:

[0 npu £ <0,
ph=y1 nmpu O0<t<1,
10 opu ¢ > 1.

Torza maremaTiueckoe OKHAAHHe cayualinoil ¢ynknnn ¢ (f) onpegedasiercsa pasen-
CTBOM

1
Mo 0= o0 p o a.
0
YunthiBas suauenns p (f), nosydum
1
Mg 1= ¢ (0 at. M
0
Haiinen npuGaisxentoe ssayeie MaTeMaTHYeCKOro oxujanus. ITycTb B pe3yabra-
Te N ncnbitannit nodyueno N sHaveumit cayyaiinoii Beanumun 11, 15 «vey Ip.
OTH 3HAYCHUST MOMHO B3STb M3 TabJuubl cayuaitimx uncea {(cM. ta6r. VII na

c. 415). Torpa npubmixennoe sHauenne M [¢ (£)], coraacuo Teopeme Yelrluesa,
ONpeAeIHTCS] H3 PaBEHCTBA

Mg~ = 3 ¢ (L) )

H3 pasencts (1) n (2) creayer, uto
1

N
Vow@ ~ S o, ®
6 i=1

6) PaccyoTpunm Tenepn obmuil cayuali: nycTh TpedyeTcs BHUHCAATL HHTCIDa

b
( f (x) dx. Tlepefigem K HOBOH nepeMennoli ¢ ¢ NOMOWBIO PaBelCTBA X = a-+ (b—a) £,
a

Teraa
b 1
S Fde=0—a) { ¢ 0 at, @)
a 0

rac @ (Y= {a--(b—a) t]. Ucrombaya Qopmyay (3) nis MPHOTHMEHNOIO BEUHCTe-
HIISL HHTerpa’da B HPABOH uactd pasencta (4), IoaydinnM

b N b N
& bh— -y I b—a s -
5 f(x)dx = _Na . 2‘ ¢ (1), nan u\ fx)de = —N‘( Z f(x), (5)
Q i=1 a i=1

rae x;=a--b—a)l; (i=1, 2, ..., N).
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Pacuetsast Ta6iuua JJIst BLIYMCJEHHST ONPEIeJEHHOro HHTerpala mo ¢opmysae
(5) mMmeer BiI

It ¢ xj=at(-a)t; Fxp)
1 t]_ X1 f(xl)
2 t X3 [ (%)
N % xN f(xn)
S
i=1

H3a0KenLIt MOTOT NPHOIIKEHHOIC BHIUHCJIEHU ST ONPCleNeHHLIX HHTErpasies
¢ novompto Gopmydast (5) sizasiercss OAHMM H3 YACTHBIX CJYYaeB METOAR CTATHCTH-
yecKUX Heneitanuil (metoga Moure-Kapao).

B) YKazeM APYrofl Crocof BLIMHCACHHS ONPEAeNCHHLIX HITErpajos, OCHoBari-
HBUf Ha Hcmosib3opanuil mMertopa Moute-Kapao. M3 reomerpuueckoro cmbica onge-

b
FeTEHHOrO HHTerpaja cJjeiyeT, 4To Hurerpan /= g [ (x) dx BBIpazaeT NJa0WAa b KpH-
a
FQIHHEHOR Tpanewny, orpaniuenioll JUHHAME x=a, x=b, y=0, y=[(x), ecan
dynxuus f(x¥) nenpepuiBia B LCOTpUIATeIbHA Ha oTpeske [a, b]. Pacenorpus njs-

v i
M ;
_/\72=9”/€)
y=f(x)
3, 2
ot a b X 0 g
Puc. 82 Puc. 83

MOYTOMbHUK, OTpanHHueHHBblil NpAMbBIMH X=a, x=0b, y=0, y=M, rie M=

="max f(x) (puc. 82). Ecau ¢yukuus [(x) yACBACTEOPSCT HepaBeHCTBY [ (x) ==
a<<x<h

He BO BCEX TOYKax oTpe3ka [a, b, To GyjleM NoAb30BaTLCS TOXKAECTBOM

L b b
S F () dx = S [F () |- il de—h (b—a),

rge uncao i > 0 nogoGparo Taxk, uto f(x)+h=0 naa x€Ja, bl

Jlaumblil METO/, TaK Ke KakK I NMpeiblAyLUIHH, OCHOBAH Ha WCIIOJb3CBaHUH Tal-
JMUBL CAyvaiiubix uHcesd, Tpunalaexainux npomexytky [0, 1]. B cessn ¢ stum
HEOGXOHMO OT NePeMeHHbIX X, y, NepeiTH K NepeMeHHBM §, 1 Tax, uToOui o6/iacTb
Dy npeofpasosanach B HEKOTOPYIo o06aacTh D, Jexaulyio BHYTPH €J1HHHYLOLO
ksaapata 0<<E<C 1, 0<<n<C1 (puc. 83). Hdas sroro notoxum x=a-|-(b—a)§,
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y=Mn. Torza drx=(b—a)df u npH H3MEHEHHH X B Tpelenax or a Ao b nepe-
MeHHas § npHHuMaeT 3HauenHs oT O jo 1. JlanHbiii onpejeneHsplii HuTerpai npe-
obpasyercs K BUAY

1

I=6—a)M{ ¢ d, ©)
0
rne
9 ® = Flat 6—a) 8. )

W3 pasenctsa (7) cregyer, uto [ (x) = Mo (§). PaccMoTpuM MHOXKeECTBO CIydaliHBIX
Touek (15 M1), (E25 Me), .-+, (EN; MN), DaBHOMEPHO pacnpefieJleHHLIX HAa €IHHHYHOM
KBajapare. Ilycts B o61acTb D momageT n Touek. Tak Kak caydafiHele TOUKH pace
npelieJieHH paBHOMEDHO, TO

1

(oa
n  TIO BEPOSATHOCTH B
N i :
rie 9ucao 1 Bmipaxkaer IVIOWAAbL €IMHHYHOrO KBajipara. Toria
1
n
Scp(&)waxN- )
0
M3 pasenctB (6) u (8) MOXKHO 3aKJIOUHTB, UTO
b
b—a)ynM
Sf(x)dxz,( ‘1"3” . ©)
a

ATo ¥ ecTb GopMyJia NPHG/IKEHHOTO BBIUMCAEHUST ONpPENEJEHHOTO HHTErpaja MeTo-
Aom Monre-Kapao.
TpubaukenHoe papencTBo (9) MOKHO TeEpemucaTs Tak:

b

Sf(x) dx

a n

Mo—a ~ N’ (10

OTKyJla CJeJyeT, YTO OTHOLIEHHe IJIOUlajH KPHBOJMHHeiiHOf Tpamenmu Dp X niowa-
¥ TIpAMOYTOMBHUKA (CM. pHC. 82) NpPHONMKEHHO pPaBHO OTHOMIEUHMIO YHCJA CJy-
YalHbIX TOUEK, IOMABIIMX BHYTPb KDHMBOJMHEHHON TpaneuHd H BHYTPh TpSMO-
yroJibHHKA.

Pacuetnaa Tafmuma 4S8 BbIYHCJIEHHS ONPEJCNEHHOrO HuTErpana no QopMmyae
(9) umeer Bug

i §; n; x;=a+(b-a)§; yy=Mn; Yi=f(xp)
1 & N1 X1 Y1 f (x1)
2 & T2 X2 Y2 f (x2)
N En nw XN YN f (xn)
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Cpenu 3nauenuit y; (=1, 2, ..., N) Hajo BbGpaTh Te, JJs1 KOTOPBIX BBHLUIOJIHSI-
eTcs HepaBeHcTBO y; < Y. UHMCIO 3THX 3HAYEHHH paBHo 1.
2. BblumcaeHHe KpaTHbIX HHTerpatoB metofom Monre-Kapio. a) TpeGyerca

BBIYUCJIHTD S Sf(x, y) dx dy, rae obnacte D onpeneasieTcsi HepaBEHCTBAMH a4 <

D
<x<<b, Oy (x)<<y<< @y (x). Dyiem cuurarh, YTO HeNpepbiBibie QYHKIMH (y (x)
M @y (¥) Ha oTpesxke [a, b] y/JOBIETBOPSIOT HepaBercTBaM G (X)=¢, Qo () <<d
(puc. 84).
TIponsBejem 3ameHy TepeMenibiX no dopmysam x=a--(b—a) &, y=c-+(d—
—¢)n. Tpu Takom npeoSpasoBanun ofaacte D mepexoaut B o6JacTk A, coaep-

Y L4
‘ L S——ygm j/\
b A
. el
o0 a b & gt //7
Puc. 84 Puc. 8

xamylocss B eiuHMYHOM KBajpate 0<CE<Cl, O<<m <<l (puc. 85). IlycTs A —

yyes1o caydaitHeix Touek (75 ;) (=1, 2, ..., n), nomaBwx B o6aacth A, a N—
uMC/0 CAyYaiiHBIX TOYeK, paclofOMEHHbIX BIYTPH €AHHHYHOro KBajpata. OUEBHIHO,
yTo B o6aacTh D momajer n Touek (x;; y;), rie x;=a--(b—a)&;, yi=c+{d—

—on (i=1, 2, ..., n). Ilo Teopeme 0 cpeaHeM umeeM
((ie para~iEa-s, (1
D

rae (x; 1) €D, a S—mnnomans ofmactn D. 3a npuOMHKeHHOE 3HAUEHHE f&x v)

BO3bMeM cpejnee apupMeTHueckoe 3HaueHHil pyukuuu f(x, y) B n cayyafiHbix TOY-
Kax, nonasWHX B objacTh D:

1G9~ 3T G ) (12
i=1

YuntmBast paserctsa (11) u (12), nonyuaem

(e garay~ S 7w, w0, 13
D n

i=1

dopumyaoft (13) yao6HO NOJB30BATHCHA, €CJAH IUIOMAlb S BBHMHCISAETCS JErKO.
Tlo anajoruu ¢ ¢opmy.toit (10) moxuo 3ammcaTb

S _n
@—ob—a "~ N’

riae S —miomaap objgacty D, Torza

_n—ad—o)
S~ N (14)
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Us pasencts (13) u (14) moayuum Gopmyay Ausi NpHOIHKEHHOrO BLIUKCAEHUS ABOLI-
HOr0 MHTerpana:

SS e, vy dedy = ELN(@Z I (i), (19)

D i=1

I[Tpn_BolyncAeHUH ABOMKBIX MHTETPAIOB € NOMOUBIO IPIGIHIKeHHOH dopmy.ibt
(15) y210610 MCIOAB30BATL PACUETHYIO TabJaHILY:

i E; n; r=atb-a) L, (mertd—aw | y=eip ly=ea ) | F e,y
1 & il xg Y1 Q1)) | @2(x) | f(x1, 01)
2 G2 N2 X2 Y @1 (x2) Qo (x2) | [ (%2, y2)
N| v | v XN N O (xn) | P2 (en) |f (2, yw)

Cpenu suauenuit y; (1=<<i<< N) nano sumGparth Te, s KOTOpPBIX BBINOJNLEHO yC-
JIOBHE Yy; << y; << y;. MIX uncao pasHo n.

6) OGo6wum dopmyay (9) na cayuail 1BoiiHoro wmrerpana SS [ (x, y) dx dy,

D
ecd obnacte D onpejedena HepaBeHCTBaMH a =< x<<h, @ (X) <y = P2 (x). O6o-
3Hauum yepes M Takoe umcio, uro M= max f(x, y). [IBofinoil HHTErpast

a<x<b
c<y<d

SS f (x, y) dx dy, xaK H3BeCTHO, BHIpaXKaeT O5bLEM OHJAHHApHYecKoro Teaa V, on-

D
PE]eJICHHOTO HepaBeHCTBAMU a << ¥<Ch, @1 (X) <Ty=C @y (x), O<Cz<<f (x, y). Dr0
I HJIHHPHUIECKOE Te0 PACTONIOKEHO BHYTPU NMapasieNenine’la a << x << b, ¢ << y << d,
O<z<< M.
IlepeitieM K HOBbIM nepemennbM &, M, { mo dopmysam x=a--(b6 —a) &, y=c+
4 (@d—c)n, z=ML. Toria obnactb V mpeoGpasyercst B oBaactb §), onpeieseH-
HYI0 HepaBelCcTBAMH

. @i (x)—c @a (x)—c
I<i<l —H—/—<n< T 0=i<l

O6aacTh Q JNeKUT BHYTPH €IMHHYHOrO KyGa, OTPaHUYEHHOTO MIOCKOCTAMH §==0,
E=1, =0, n=1, {=0, {=1. 3naunr,

I=p—a@d—a-m{{eEndam,
A

rre @ (E, n):ﬁlq—f[a+(b—a) g, c+(d—c)ml, a A—obaacts, nonyuensast u3 of-

JactH [ 1ocae 3aMeHBI HepeMEeHHBIX.

Paccmorpum  muoOkecTBO cayuyaitkbix ToueK (Er;Mp; &y)y (2 Me; Ca)y v .y (B
Nn; Ln), PaBHOMEDHO paclipejieeHHBIX BHYTPH €IHHHYHOrO Ky6a. HIcao 3THX TO-
Y€K, nonaBwmx B obaactb A, ofosnauum dyepes n. Tak Kak chayuaiiiple TOYKH
pacnpe/iesieHbl PaBHOMEPHO, TO

1 110 BEPOSITHOCTH

g (o mazan e ((oEmaams .
A A
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Bospamasce K nmepevennbiM x My, NOJYyUHM NpHOIHIKeHHYIO ¢opMysry Aas Bbl-
YHCJERHA ABONHHBIX HHTerpaios Meroiom Moure-Kap.o:

. b—a) (d—c) nh
ij”’de@/“g—"jl%Tliil' (16)

Pacuernas Tadmiua npi Mcnogb3oBasud Gopmyasl (16) imeer BuA

i g G lgmarG-—a g sk d=om; |2 = ME| =) | yp=aale) | Z=1xg0))
Lami|& X1 Y1 2y ¢ (x1) ®2 (x1) f (x1, y1)
218 ||k X2 Ya 2 @1 {x2) Qs (x2) [ (x2, y2)
Nty v|ty XN YN 2y | pu(en) |92 (xv) (T (xa yN)

Uneno n BaxoWITCH  CaelyiouniM opasonm: cpeinm suauermit y; (i=1,2, ..., N)
Ha10 B371b Te, AdA KOTOPLIX CHPABCIIHBO HEDABEHCTBO

yi < yi < Ui (17

COOTBETCTBEHHO 3TIIM 3HAUYEHHAM Y; cpean 3HaYeHu i Z; caeiayer Bblépa'rb TE, Aad
KOTOpPBIX BBINOJHEHO YCIOBHE

2 < Z;. (18)

3aMeTHM, 4TO IleecooSpasno HaxoIHTh He Bce sHauennd Z;=f(x;, y;), aauwb
COOTBCTCTBYIOUINE TEM Y, A KOTOPLIX BEINOAUEHO ycaosue (17).

B) ®opmysa, anajorsusas coorsomwennaM (9) u (15), uMmeer mecto H a4
k-KpaTHBIX HHTErpasOB:

k
nM
S( . S Fxy, x20 ooy Xp) dxpdxg. . cdxp = N (b;—ay), (19)
dy

i=1

rie obaacTb V npuHaiieXHT R-MEPHOMY Iapasjesennnely, KOOPIAMHATHI TOUEK
KOTOPOTO Y/OBJETBOPAIOT R HepaBeHCTBAM a; << X, <<b; (i=1,2,...,k), a ¢yuk-
nnst f (%, Xz, ..., Xx) HempepeiBHa B ofyacty V H yaoBaeTBopser ycsosuo 0<
<[ (X1, Xa, --., Xp) =< M.

Busoa dopmya (9), (15) u (16) ocHoBaH Ha MCMOJb3OBAHMM TMOHATHS CXOMM-
MOCTH 1O BeposaTHOCTH. [lostomy cooTHowenue n/N TeM ycToftuubee, uem Gonpie N,
S710 o03rauaeT, yTO JJAs JIO6Or0 CKOAb YrojlHo Mamoro uuciaa & > 0 BeposiTHOCTB
lepaBeHcTBa ll—[l < g, riae [ —Touroe 3Hauenme uHTerpada /—ero npudaaKeH-
HOe 3HaueHHe, Halijcinoc MetoloM Moute-Kapao, Bo3pacTaeT ¢ yBeJHYEHHEM N.
TeM He MeHee MOXKET CIydYHTbCS, YTO H NPH OYeHb GoaLiunx N OKaxercs, uto
|1—7| > g. ITocaenice OGCTOSITENLCTBO HA MPAKTHKE BCTPEUACTCH DE/IKO.

Uro xacaercst meroaa Monre-Kap.io, To npuBejeHible TPUMEDL HMEIOT HJLTIOCT-
paTuBHLIE XapakTep, Npecaenys Iledb IO3HAKOMHTH YUaUHXCsl C CYULHOCTERIO
MeTo/ia.

B cuny clenaHnbX Bble 3aMeuanui, A NPHOJHAKEHHOTO BLIYHC/IEHHA HH-
Terpajsos ¢ nomouiplo Meroaa Mourte-Kapno Hec6X01HMO HCNOJb30BaTh OBM,
COCTABHB NIPE/IBADIITEILIIO COOTBETCTBYIOULYIO MPOrpaMMy MeTOAa.
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1219. C nomowpio opmyast (3) HailTh npubjaHKeHHOE 3HaueHHEe
i

nurerpana [ = \ (I—12)dt, B3sB u3 TaGauubl caydyaiflHBIX uyHCesn Ha

0
c. 415 monpsag 30 zuavcHuil n OrpaHHYUBaACh TpeMs HH(ppaMu.

A\ Pacuertuast tadmuia nneer BiT

i 1( t‘;f i /; 1% i fl- 2
1 0,857 0,734 11 0,609 0,371 2t 0,070 0,005
2 0,457 0,209 121 0,179 0,032 22| 0,692 0,478
3 0,429 0,249 13 0,974 0,949 |23 0,696 0,484
4 0,762 0,581 141 0,011 0,0001 24| 0,203 0,041
5 0,431 0,186 115 0,098 0,010 {256 0,350 0,122
6 0,698 0,487 16] 0,805 0,648 |26] 0,900 0,810
7 0,033 0,001 171 0,516 0,266 [27] 0,45] 0,203
8 0,558 0,311 18] 0,206 0,088 (28] 0,318 0,101
9 0,653 0,426 1191 0,149 0,022 29| 0,798 0,637
i0 0,673 0,328 |20 0,815 0,664 {i30| 0,111 0,012
Taxnum oGpasom,
30 30
2 (1= 12)=30— 3117 =30—9,455- 20,545,
i=t Q=

0TRyRa no ¢gopmy.ae (3) nosyuaes

U o—

{ 1
(1 —1%) dt=735-20,545 ~ 0,695,
)

Touroe suavenue ROTCTIpaIa eCTh

By 2
[= (t——3—> ]0 =5 ~ 0,667,

3uavuT, aGeOTIOTHAN HOTPOHIIOCTL  COCTARTS OT [0,6(57'-0,685]20,018, a OTHOCHU-
Teapras orpewitoctn § - (0,018, 0,667)- 100%; ~ 2,79;. A
3
1220. Bowuneauts onpefesicnnbiii unrerpan / = S (x* -+ x")dx, wuc-

b

noansyst npudmukennyio gopmyiy (5).

A\ He radanust cayualinax wicea ossyem 20 3Haventi, aynnas ¢ Tpersero.
Pacucriian tadauna nweer pus
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i i =244 x2 *3 Flrpy=xdead
1 0,499 2,499 6,245 15,606 21,851
2 0,762 2,762 7,629 21,070 28,679
3 0,431 2,431 5,910 14,367 20,277
4 0,698 2,608 7,279 19,639 26,918
5 0,038 2,033 4,153 8,464 12,617
6 0,558 2,553 6,543 16,738 23,281
7 0,653 2,653 7,038 18,672 25,710
8 0,573 2,573 6,620 17,034 23,654
9 0,609 2,609 6,807 17,759 24,566

10 0,179 2,179 4,748 10,346 15,094

1 0,974 2,974 8,645 26,305 35,150

12 0,011 2,011 4,044 8,133 12,177

13 0,098 2,098 4,402 9,235 13,637

14 0,805 2,805 7,868 22,07 29,938

15 0,516 2,516 6,330 15,926 22,256

16 0,296 2,256 5,276 12,104 17,380

17 0,149 2,149 4,618 9,924 14,542

18 0,815 2,815 7,924 22,307 30, 231

19 0,070 2,070 4,285 8,870 13,1565

20 0,692 2,692 7,247 19,508 26,755

20
Ucnoabayst gopmyity (5) mpu a=2, b=3, N =20, Z f (x;)=437,888, Haxogum
i=1

I =~ 437,888/20 =21,8%4.

Tounoe 3nauenue unTerpaga €Crb

3 7
:225 ~ 22,583,

OTHOCHTQJIbHaﬂ TIOrpetHOCTh cocraBnger
8 = (22,583 —21,894)/22,583-100% ~ 3,1%. A
3

1221, Bouucantb onpejfenenusiii uuterpan /= S (x® -+ x%) dx, uc-

HoNb3ysl npHOMHKeHHOe paBeHCTBO (9).

A 3neck a=2, b=3, max (x?+x%=236. ITomoxum x=2-}-§, y=236n.
2L 03

U3 TaGuuub cayvaitnbix guces BosbMeM 40 suauennit (N =20). Pacuetnas Tabauna

HMEET BIlJ|
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: g n; x=2+%; | y;=36m; xZ x? Y=l aa?
1 0,857 0,457 2,857 16,452 8,162 23,319 31,481
2 | 0,499 | 0,762 | 2,400 | 27,433 | 6.245 | 15.606 | 21 851
3 0,431 0,698 2,431 25,128 5,910 14,367 20,277
4 0,038 0,558 2,038 20,088 4,153 8,464 12,617
5 0,653 0,573 2,663 20,628 7,038 18,672 25,710
6 | 0,609 | 0,179 | 2,609 | T6.44d | 6,807 | 17.759 | 24.566
7 | 0,974 | 0,011 | 2,974 | 0396 | 8,845 | 26.305 | 35.150
8 0,098 0,805 2,098 28,980 4,402 9,235 13,637
9 0,516 0,296 2,516 10,656 6,330 15,926 22,256
10 6,149 0,815 2,149 29,340 4,618 9,924 14,542
11 0,070 0,692 2,070 24,912 4,285 8.870 13,155
12 0,696 0,203 2,696 7,308 7,268 15,535 26,863
13 0,350 0,900 2,350 32,400 5,523 12,979 18,502
14 0,451 0,318 0,451 11,448 6,007 14,723 20,730
15 0,798 0,111 2,798 3,996 7,829 21,906 29,735
16 0,933 0,199 2,933 7,164 | 8,602 | 25,230 33,832
17 0,183 0,421 2,183 15,156 | 4,765 10,402 15,167
18 0,338 0,104 2,338 3,744 5,466 12,780 18,246
19 | 0,190 | 0,150 | 2,190 | 5g05 | 4,796 | 10,503 | 15,299
20 | 0,449 | 0,320 | 2,449 | T53p | 5.998 | 14,689 | 20,687

Kax Buano us tabauuer, 7= 13. Cielosartensuo, no gopmy.se (9) naxoium

I = (36-13)/20=23,4; 8=(23,4—22,583)/22,583-100% ~ 3,6%. A

1222, Ilpumensas dopmyny (15), HaliieM NpUOIHKEHHOE 3HAYECHHE

IBOIHOro nHrterpana /=

(VXY

D

HepasetcTBaMd 0<Cx << 1, x/2<Cy<Cx (puc. 86).

(\ (x+2y)dxdy, ecnmu obaactp D 3agana

A\ 3aeck a=0, b=1. Tak Kax ofaactb DD pacnonoxena B €lUHHYIIOM KBaI-
pate, TO HeT HEOGXOAUMOCTH NEPEXOAHTb K HOBBIM HepeMenHLM. M3 raGanunt cay-
yaiiHpiX uHcea BosbMeM noapsj 20 3Hauenuii., Pacuernas tad.anna nmeer BHJ

i x; y; Yp=xp2 ;i:xi 2y; Flepyp=xi+2y;
1 0,857 0,457 0,428 0,857 0,914 1,771
2 0,499 0,762 0,249 0,499

3 0,431 0,638 0,215 0,431

4 0,038 0,558 0,019 0,038

5 0,653 0,573 0,326 0,653 1,146 1,799
6 0,609 0,179 0,304 0,609

7 0,974 0,011 0,487 0,974

8 0,098 0,805 0,049 0,098

9 0,516 0,296 0,258 0,516 0,592 1,108
10 0,149 0,815 0,074 0,149
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ITo ¢opmyae (15} npu N =10 u n=3 nosyyaeMm
I~(1,771-+1,799 + 1,108)/10 = 4,578,10 =~ 0,458.

Haiizem TouHoe 3nauenHe MuTerpana:

1 x 1
!
1= (oo avar={ § crompacay=1 s ome] ar=
D 6 x/2 T -
1
_1 s a0 B 5 Lo
=7 g (9x —frax)ux—z- 3 r}AILNOAW

i}

Toraa 6=(0,458—0,417)/0,417-100% ~ 9,82%.

3iech, Kak il B APYLHX TIPUMEPAX, YHCJIO 7= 3 KeAO0CTATOYHO I TOTO, 4TOTLL
B JOJMAKHOI Mepe MOTTI NPOSBHUTBLCH CTATHCTIHUECKHe 3akoHomepsocTi. Tem ne Me-
jice 7 IpyGoil ODHEHTHPOBKH NMOAYUeH YAOBIETBODHTEALHLUL Peay.IbTaT. A

y y=8x
|‘~y=5x
|
_0 4 X I [ 4
Puc. 86 Puc. 87 Piuc. 88

1223. Bouicauts no npuoamkentoil dopmyae (16) asoiinoir HH-
rerpan [ = (S V' x+ydxdy, tae oOmacTb D orpannuena JHHHAMH
D
x=0, x=4, y=23x, y=238x (puc. 87).

/\ 3anncas jaHHpii JBOAHOA mHTErpad B BiAe INOBTODHOTO, HMEeM I =
8x

4
= S dx S V i+ ydy. 31ecba=0,b=4, @1 (x) ==3x, @2 (¥) =8x; 1a1¢e, ¢1(x)=0,
0

3x
@2 (x) << 32, mostomy ¢=0, d=232. Taxk xax max Vx+y=6, TO TIPOH3BEAEM
0<x<
0<y<32

sameny IlepeMennbix no (Gopmysam x=4E, y=232n, z=06L. IIpsambe y=3x u
y = 8% IpeobpasyIoTCs COOTBETCTBEHHO B paMble 1) = (3/8) &, =2 (puc. &8}, Ha TaG-
Junbl cayualinpix  yncen BoseMeM 60 anauennii (N =20). Pacuernas Tamuna
HMeeT BHJ
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i g; n; §; | x7=4%;|y;=32m; 2i=0% | y;=3xi| y;=8x;| xi+yi ZleW

0,857 10,457 10,499 | 3,428 | 14,624 | 2,994 [10,284/27,42418,052| 4,249
0,76210,431) 0,698 |3,048113,792|4,188| 9, 144/24,384[16,840] 4,104

1

2

3 10,038{0,55810,653|0,152117,856 0,456 1,216

4 10,573]0,609]0,179[2,292( 19,488 6,876/18,336
5(0,97410,0110,098 3,896 | 0,352 11,688|31,168
610,805]0,516{0,2963,220| 16,512 1,776 | 9,660|25,760|19,732] 4,441
7 10,149(0,815{0,070]0,596 | 26,080 1,788| 4,768
810,692]0,696{0,203|2,768]22,272 8,304(22, 144
910,350(0,900{0,451 | 1,400 28,800 4,200)11,200

10 [0,318]0,79810,11111,272 25,536 3,816(10,176

11 10,933(0,199]0,183|3,732| 6,368 11,196/26,976
1210,42110,338(0,104 | 1,684 | 10,816 0,624 | 5,052|13,472[12,500] 3,536
13 10,190]0,150} 0,449 0,760 | 4,800 2,694 2,280 6,080| 5,560 2,358
14 10,320{0,165{0,617 | 1,280 5,280|3,702| 3,840[10,240] 6,560 2,561
15 10,36910,069|0,248 | 1,476 2,208 4,428|11,808

16 10,9600,652 | 0,367 | 3,840 [ 20,864 | 2,202 |11,520/30,720)24,704| 4,970
17 10,16810,261{0,189{0,672{ 8,352 2,016} 5,376

18 10,703 10,142]0,486|2,812| 4,544 8,436]22, 496

19 10,233]0,42410,291 (0,932 13,568 2,796 7,456

20 10,473/0,645{0,514| 1,892 20,640 5,676}15, 136

Kak caeayer ua pacuernoft Tabauuni, n=4. TakuMm ofpasoM, 1o dopuyte (16)
HaXxoAHM

_(4—0) (32-0)-G.4

I 5 —153,6.
TOLIXIOG 3Ha4eHue mncrpasla €CTh
4
_ 2 C 3/2 8x _76 572 4__ 2 ~
1—-3-\(x+y)1 L, =Tt | = 1625 & 1621

0
a orHocHTEIbHAR norpewnocts §=(162,1—183,6)/162,1-100% ~ 5,2%. A

1224. Jdpofinoit unrerpan [ = SX Vxty+ldx dy, rpe D—nps-
D
moyroabulk 0<Sx<C4, 1<Cy<C7, BBUHCAHTL TpeMs CIIOCOBAMIL:
1) nio Qopriyie (20) § 4; 2) no dopmyse (28) § 4; 3) no Qopymy.e
(16), Bas3 13 radanupl cayuaiinpix 60 snavenuit. B xamjaoa ciyuae
OLEHITb OTHCCHTEIbHYIO HOTPELIHOCTD.

. YT e . ' cos ¢
1225. [dsofiHoil unrterpan [ = (S P L dx dy, rpe obaacte D 3anana
LV

nepapericreamu 0,2<Cx<C1, 0<Cy<Cx, BBIUHCAHTD ABYMA crocofa-
mu: 1) no ¢opmyae (30) § 4; 2) no dopmyane (16), B3 u3 TaGau-
ubl cayuaiigpix uyncen 90 sHadenuil. OlLleHHTB OTHOCHTEJbHYIO I10-
IPEeLINOCTb.

1226. Haiitu npuGamkeHHoe 3HauYeHHE TPOHHOTO MHTerpana
1= S“ (¥ -y +22) dx dy dz, Bocnonb3oBapuich dopmyoit (19) ansa
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k=23, ecnu ofbsactb D onpejenena HepaBeHCTBAMI 1<<x<3,
0<Cy<x, xty<<z<<x+2y.

A @opmyaa (19) aast TpofiHoro HutTerpasa MpUHIMACT 32

O a) (d—c) (h—g) Mn
= N .

3ueck a==1, b=3, ¢=0, d=3, g=1, h=09, M=

113BEeM 3aMCHY MEPCMEIHGIX HO (QOPMYyTaM ¥ = U- 28, v-=231. -
W3 1aGaumsr cyuainx qucex posbmem 89 suatennit (V=20 Pacuerian
1a HMeeT Bitjl

. = N

> = +
3 n 4 o; x v z u N + 20 5

i { i i { i i i i = I . OV =
&) Wb S TS

S : . iy

i 2
s 1= = | l i
! i

110, 16510, 617]0.3690, 06711, 330 1,851(3,952) 1,656|0 1,330

210, 241026010, 65210, 367|1,496|2, 880|G, 6 8,08 (01,496

310,16 10, 261(0, 182[0,703;1, 336 0.78312,512]16,872{0 11,3362, 11912, 00215,024 7,143
4 0

5

p,14210,456|0,233|0, 4241, 284 17458|2, 864]10,176|0 |1, 284
0.291|0.473(0,645[0,514[1,532|1, 4196, 160}12,336}0 [ 5a0(3, 0011, 420
610,819(0.064[0,87010, 2562, 638 0.192]7,960] 6,144]0 12,5382, 83013022
710.34710,15110,912]0, 191|1,694|0, 453}8, 256| 4.5:4|0 1,64 214712, 600
810, 259(0,006/0,01910, 854|1,518|0, 288|1 , 152|20,496[0 11,518 ! 2094123044, 110
910, 193[0,732(0,253(0,352|1 ,386 2,106|3,024| 84450 [1,3%6
10(0’ 7200 102{0, 222{0, 088|2, 4580, 306(2,776| 2,112|0 {2,458 2 764|3.07015.552{8.319
1110, 205]0,562{0, 85110, 647|1,4101,686(7, 808 1'5‘,5’588 1,410

0

1910 563(0.020[01051{0619]2, 136]0,060/1, 40815 ,576/0 |2, 13012, 10612, 256
1310, 17500, 806{0. 453]0, 546]1, 355(2,688|4,624/13,104
140/010]0. 610, 155(0, 181(2, 8382, 073]2,240| 4,34410 12, 83814, 91110, 934
150, 273]0, 87610, 690[0,484{1, 546{2, 6286, 520 11,656{0 1,546
160339(0.910}0.78610,908]1,678|2,73017,312(21,762(0 |1

1710, 263{0, 131{0, 339 0,438l1,526 0,393)4, 112]10,512{0 {1

16l 16110, 48500, 535(0,000(1, 322/ 1,455(5,280] 2,16010 1,322
16107 14200 321[00067107 0511, 28410, 563]8,752) 2,1e4{0 11, 28412, 24713, 21
2010, 4630, 25110, 526[0, 78411, 920 0,753 1,92612,67913,43

,708113,31610

<

Cuauaia axomin te siavenna gy (1 << i << 20), 724 ROTOPHIL BHIIC.IICHO YCI0BUE
Y << yp==<Y;; UX 410 DaBlo 11, dazec, cpean cootsereTylomux 11 suanenut 7,
HAXOAMM TC, JUIS KOTOPLIX 2= 2;<<2/; TakHx suauentii okaswimaercs 3. Haxo-
ieil, el COOTBCTCTBYIOUMX TPEX 3HAYEHHIT 7; HAXOJAMM TC, KOTOpbie YAUBJICT
Bopaor lepapeuctsy u; < Uj, HX 9ueao n==1. Tarua o0pasom,

I~ (48.24)/20 == 1152,20 =57,5.
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Haiinem Tounoe suauenue muterpana:

3 x x+2y 3 x
1 o |2y
lzgjdxgdy S. (x—}Ayf}—Qz)dz:Tdeg(x%—y+2z)~ " dy=
i xYy 1 0 Y

X

0
3
=t gdx Y [(3x45y)% — (3x - 3y)?] d_:/:—l_
4 ; ' 4

[

e R

1
[1—5<3x+5y)3—

0
3
Lo o L G i
-—6(3x—\3y) dx;—4—5 [T‘ —-15— g Iy =
1

9
:56% ~ 56,667;

8= (57,6 56,667)/56,667- 1009 ~ 1,6%. A

§ 6. YUCJAEHHOE UHTETPHPOBAHHUE ANPPEPEHUUAJIBHBIX YPABHEHHN

1. Meton Jiinepa. Tudpepeniinanpuoe vpaBueune y =f(x, y) onpeleaser ua
MVICCKOCTH TaK Ha3LIBACMOC N0AC HANPABACHUL, T. €. B KaK10il Touke 1JI0CKOCTH,
B Koropoil cyumectByeT ¢ynkuus f(x, y), 3aiaer HanpaeJeilie WATerpadabuoli Kpu-
BOH ypaBHeHus, NpOXoAslell uepe3 3Ty Touxy. Ilycts TpeGyercst peumts 3ajauy
Kouwm, T. e. nailth pemenne ypasHenss y'=[(x, ¥), vioBieTsopsiowee Hayagn.
HOMY YCJIOBHIO ¥ (xg) = Y,. Pasnenum otpesok [x,, X] ua n PaBHBEIX yacTed W no-
J0KuM (X —xg)/n="h (h— war uaMeHeHHus aprymenra). JlonycTum, uto BHyTpH
571EMEHTapHOr0 NPOMEXYTKA OT X, A0 Xo—-7 QyHKUWUs y' coXpanser nocTosHuoe
suauenne [ (x,, y,). Torna y1—y, ~ h-f (%y, ¥y), THA€ y;— 3HAUEHNE HCKOMOI ¢$yHK-
WHH, COOTBETCTBYIOILEE 3HAYEHHMIO X1 = X,+-k. OTCI07a noadyuaen g, RYoth-[(xy, y,).
IoBTopsas 3Ty omepaiuio, NOAYUHM NOCICI0BATEALHbIE 3HAUECHIN PyHKILHA:

Yo R Y1 hef (s va)s gs = Yo b0 f (0, 92, + oo, Wpgn & iR (s Yr).

Taxum 06paSOM, MOZKHO HpHﬁJIH}KeHHO NOCTPOHTH HHTErpajJbHylo KpPHUBYIO B BHJ2

JIoMaHoil ¢ Bepuiuamu My (xg; yz), rae Yps1=Xp+Axg, Yp1=yp-+h-f(xp, Yg).
OTOT MeTOA, Ha3bl3AETCS MEMOJOM AOMAHLLY iisepa, wau npocTo memodon dusepa.

1227. Hcnonbsysi Meron Jiinepa, HaiiTH 3Hauens byHkIHn ¥,

© y—x
onpejessseMoit nuddepennuanbHLIM ypaBHeHeM y'zh, npu  Ha-

danbHoM yenouu y(0)=1; mar h=0,1. OrpaHiuuTbcs oOThicKa-
HHEM IepBBIX YeThIpeX 3HaUeHHH y.
A\ Haxonum nocaenosarensrsie snavenns apryMenTa: ¥y =0, x; = 0,1, x,=0,2,
x3=0,3. Brruncanm COOTBETCTBYIOUINE 3HAYEHUS HCKOMOI (yUKILIH:
Y1="Yo-+hf (x0, Yo)=1-0,1-(1—0)/(1-+-0)=1,1;
y2:yl+h"f (x17 yl): 1’1 _{“0:1 '(I’I_Oal)(l’l -}707]) - 15183;
Ys=Ya+h-[ (x2, yo)=1,1834-0,1. (1,183—0.2)/(1,1834-0,2) == 1, 254;
Ya=ys+h-[ (3, ys)=1,2544-0,1-(1 ,254—0,3)/(1,254 - 0,3) = 1,315.

Taxunm o6pasom, nosxyyaem tabauny

x 0 0,1 0,2 0,3 ‘ 0,4

y 1 1,1 1,18 1,25 ‘ 1,31 A

[}
(2]
o



1228. Metonom ODiilepa Ha#¥iTH ueTbipe 3HaueHus QYHKUHH U,
onpeendeMoit ypasreHueM y'=x-{-y, npH HauUaJIbHOM YC/JIOBHH y(0)=1,
nonarast h=0,l.

A 3uavenns aprysenta x,=0, x;=0,1, x=0,2, x3=0,3. Haitem coorset-
CTBYIOUHE 3HAYCHHUIN 1

Y=ty f (%9, Po)=1--0,1-(0+1) =113
Ga==y+-NeF (v, yy) ==1,14-0,1-(0,1 1,1y =1,22;
Ys=ya-i-heF (xas 2) =1,22-0,1-(0,2--1,22) == 1,35;
yr=ys+h-[ (x5, y3) =1,3640,1-(0,3+1,36) =1,52.

TMosyuaes Tadanuy

’

y 1 1,1 1,22 1,35 1,52 A

1229. Metojom Ditiepa HaliTH TPU 3HAUEHHs] QYHKUHMH Y, Olpene-
JsieMoii ypasuentieM y' = | - X -+ 4*, npu HauaJabHoM ycaoBuu y(0)=1,
noaaras h=0,1.

1230. Merojom Diinepa HalTH uYeTblpe 3HAUeHHd (QYHKUUH Y,
onpejessiemMoil  ypapHenueM Yy  =x*--y°, NpU HAYANLHOM YCJIOBHH
y(0)=0, nonaras h=0,1.

1231. MetogoM Ofiepa HalTH UYHCJIEHHOE pelIeHHe YpaBHEHHS

y':zﬁ—}—% npu wadanapHoM ycsoBuu Yy (2)=4, mnonaras h=0,1

(4eThipe 3HaAUEHH ).
1232. Merogom Diljepa HaHTiH YUCJEHHOS peIIeHHe YpaBHEHHS
rx19) (l—xy)
Y ="
nosarast h=0,2.
1233. MerojoyM Jitsiepa HaHTH UHCJIEHHOE pelleHHEe CHCTeMbl YpaB-

y—x dy _x—+y

. dx
HeHHil —- ===, —; == TNpH HAYAIBHBIX YCJORHAX x()=1,

y(1)=1, 1 <<t <2, nonarast h=0,2.

na orpeske [0, 1] npu nauasbHoM yesosuu y(0) =1,

2. Meton Pyure —Kyrra. I[TycTs QyHKIUS y Onpejeserca nuddepeHnHanbHbIM
ypasuenueM y' =f{(x, y) NpH HAYATLHOM YCJIOBHH J (X} = Yo. Tlpu uHCREHHOM
MHTerpHPOBAHUE TAKOTO ypastienus memodos Pyunee—Kymma onpeienalor. yeThipe
i ER

b= (5, 9, ba=hef (a5 04 )
b=if (5 kg ) =l G .
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Ecoin  nomoxurs y(x+h)=y (x)-- Ay, To MoxHO poKasaTh, uTO Ay =~

=~ %(kl—k 2k + 2ky - ky). Cxema BobuICTIeHMIT MMeeT BHA

X Y kj=h~f (x, y) JloGanka
% " 2 Agy== 5 Vea+ st 2y k)
1 1 b
Xo +“2— h Yo+ 5k 2
i 1
xo‘l‘@' h Yo +—2‘ kg ks
Xo-Fh Yo+ kg ky
Xy =xo-}h Yy1=Yo-+k

1234. CocraButh TaGmuiy 3HaueHuil QyHKIMH Y. onpeeseMoi
2
ypaBHEHHEM y'::y—j»c, npu navasnbHoMm ycaosuu y(0)=1 B npo-

mexxytke [0, 1]; mar A= 0,2 (Tounoe pemenue y=V 2 F1).

A\ Haiigem uncaa:
ky=h-f(x, 1) =02 (’—g#):o’?;

h by 0,2
kz:hf(pr?, y+7>:o,2.f(0,1; 1,1)=0,2. (1,1_1_1 =0,1836;

ka:h-f<x—}——l;— , y—}—%):O,Q-f(O,]; 1,0918) =0,1817;
ky=h-[(x+h, y-|-k3)=0,2-F(0,2; 1,1817) =0,1686.

Orciona

Ay:% (0,2} 0,3672-1-0,3634 - 0, 1686) 0, 1832,

Takum ob6pasom, y;==1--0,1832==1,1832 npn x==0,2. AnaJornyto naxojin
ys v 1. A Ilponecc Borumcaciuit BejieM N0 Taxoll cxeme:
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i x v f e o ky=h-f (x, v) Ay

! 0 1 1 0,2

9 0,1 1,1 0,018 0.1838

3 0.1 10918 0.0308 01817 t 0,1832
4 0.2 11817 0.0843 0.1685

| 0.2 1,1832 0,8451 0,1690

9 0.3 19577 0.7944 0.1589 | 1584
3 0.3 12526 07874 0.1575

4 0.4 13407 0,744 01488 )

i 0,4 1,3416 0,7433 0,1491

9

3

4

i

3aMeTHM, uTO B2C IMATHL 3iakoB unzex y;=1,1832 u y,=1,3416 Bepuwl, ecin

CPABHUTh C TOULBIM PCHIEiilien y=V 2%x+1. A

1235. Mertomzom Pynre— KyTra 1pounTerpHpopars ypasHeHHe
¥y —xy=1 npn uavaawnon ycaopri y{1)=0 s npomexyrtke [1, 2];

war =0,2 [rounoe peuenue y=={x*—1)/(2x)].

/\ 3iess f(x, y):@; —-—- . Haltienm qncoa:

1 /\:_
70 1
by =hef (5, ) =0,2 - \-—+—,‘)::0,2;

1 1
::hf(x—k{),y}—k

kg==I- ]ﬂ v—¥— 1/—*—-5—)-:: 2. ’\*1’ 1. +1_Tr>::;0,18;
0 1

o] (st k) =

C.aexoBaTeabio,

2.
\

AJO“" (fy -2y = 2831 )) = 0,18, 1. e yy=yy+ Ayy=0+4-0,18=

ABa1ornuupty 06pazois HaxoHM

/O 18 1
kI:/L-f(.‘C, y) = 0 2 \ 1 2 + 1 22’)20,17;

/ g ,
o =11+ 1=0,2 = —_ | = )
Py /Lf\,\—r-Q,_/{— =0, <l"+1,3‘~’) 0,15;
/\'z——h'f(x +7~)—,y+‘“23>:

2
o=l (6 Ay y4-ke) =0, 2(—1_--;- . )=_o,14;

0,18.
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CaeopaTeabnho,
Aylzé(kl—Eka-%Afos%-kﬂ:0,15, T. €. Ya=y;--Ay;=0,18--0,15=0,33
HT. 1 A

1236. Merosom Pymure—Kyrra npounterpupopath ypaBHeHUe
4y" - 2+ 4x%, y(0)=1 B npomexyrke [0, 1] ¢ marom h=0,1. Bpx-
YHCJIeHHs] BECTH C TPeMsi BEDHBIMH 3HaKaMil.

1237. Merozom Pynre—Kyrra npounterpuposaTh —ypasHeHue
Yy =x/y+0,5y, y(0)=1 B npomexyrke [0, 1] ¢ marom h=0,1.
Boiuncnenns BecTi ¢ TpeMsi BepHLIMHM 3HAKAMH.

3. Meton Apamca. ITvern TpefyeTes IPOHNTErPHPOBATL yPaBleHHe y' =Ff(x,p),
¥ (Xg) =Yo. OARNM H3 PA3HOCTHLIX METOJCB NMPHOANKEHIOrO pelueHus TOH 3ajau
aBasercs semcd Adaaca.

3a/1aBIINCh HEKOTOPBIM INArOM H3MCHEHMS apryMenta /i, HAaXONAT KAaKHM-IHGO
COCcO0OM, HCXOAS M3 HAUAIBHBIX JAWHDLIX Y (X) ==Yy, CAEIYIOUME TPH 3HAYEHUS
HCKOMOTT QYIKUHI ¢ (X):

yr=y )=y (x-h), ya=y (o+2h), ys=y (x,-1-3h)

(3TH TPH BHAUEHNS MOKHO MOJYUNTH THOOLIM METOIOM, 0GecneuHBalomiM HYXKHYIO
TOUHOCTB: C MOMOLLbIO DA3JICKEHHST PELICHNs] B cTememuoil psig, metogoM Pyhre —
Kyrra m T. xa., HO he MmeroioMm Jiiiepa B3UJY €ro HeJOoCTATOYHOH TOYHOCTH).
C noMOmbIo 4HCT Xg, X1, X3, X3 M Yo, Y1, Y2, Y3 BBHIMHCIASIOT BEAHYHHBL

Go="yo="h-f (xo, Yo q1==I-f (x1, w1,
Ga=n-[ (x2, ¥2), qa=11-f (x3, Y3).

Haiee, cOCTZBIASIOT TAaGIHILY KOHEYHBLIX PasHOCTCil BCIMUHH y H ¢

| |

3nan uMcra B HuKHeH Kocoil cTpoke, no dopmyae Axamca Haxopar

x Yy Ay q Aq AZq Adg
X9 Yo ' ‘ o

I Ay, ‘ Ago
X1 Y1 I ' q1 I A%q,

l Ay ' l Agy ' A3g,
X3 Y2 I g2 I ‘ A%gy

I o

X3 Ys , ‘ qs '

| |

1 5.0 , 3
A =3ty Mo 13 Mg Ay,
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a 3aTeM M BeJWUHUy Y, Yz-- Ays. 3Hasi Tenepb Y, BLIYUCIAIOT gy=h-F(xy, v
HOCJe 4ero MOXKHO HAMMCATh CACAVIOULYIO KOCYIO CTPOKY:

B N s
Ags—=qgy—q3. NGy = Bgs— Ags, APqp=A%qr— A%q1.
Hopasi kocas CTpOKa MC3BOJISCT BLYHCIHTD TO opyyae Ajavca sHaueuue

1 5 s 3 s
A== Qi+7 Af/'a’]"ﬁ A%y —‘—g Agy,

a chAefeBaTeIbito, y;=Yy;--Ay; 0 T. 1.

1238. Ucroansys merox Anamca, naiitu snadenne y(0,4) ¢ Tod-
noctbto g0 0,01 mas juiddepednnaZbHoro ypasHenus y' = &% -y
y(0)=—1.

/A Haiizem nepole ucTbipe wieHa Pa3IOKeHHs PCIIEHHS JaHHOrO ypaBHEHHS
B paa Teitopa B OKpecTHOCTH ToukH x=0:

1 1 R
4=y O +y" ) xt+5 ¢ O x5y O+

Cornacko yeaosuio, y (0) —— 1; snauenns gy’ (0), y"{0) u y’” (0) HaxozuMm, moOC/E-
JIOBATEJIBIO JH(PepeHUUpPY st TaHioe ypaBHEeHHE:

Y =xy y O =04 (=1)2=1,
' =2 2y"; y (0) =042 (—1)- 1 =—2,
g =22 -2y " (0) =2 2.(—1)2 - 2-(—1)- (—2) =8.

Takum o6pasom,
4
y(x) =~ — 1—{—x—x‘-’+§x3-{— e s

Bomucasiem y (¥) B Toukax x;=0,1, x,=0,2, x3=0,3 c onuum 3amackbM
(Tpetbum) 3uakom y;=— 0,909, y,=—10,829, y3=— 0,754. CocrasuM TabauLy

x y Ay q Ag Azq Adg
0 —1 0,1
0,1 | —o0,909 0,001 003 | —0.017 1 o 006
0,080 ° —0,011 —0,002
0,2 —0,829 0'075 0.072 0007 0,004 ’
0,3 —0,754 b 0,065 ’
0,4
Torga

1 5 3
Ays =gy +7 Age-t v A%qy +_8— Adgy=
=0,065 -{——; (—0,007)+% . 0,004—[—% - (—0,002) = 0,062.

C/1ea0BaTenbHO, Yy = y3-- Ays ~— 0,754 40,062 =— 0,692~ —0,69. A

1239. Hcnonwbsyst Mertoi Apnavmca, HalTH 3HaueHHe y(0,5) nna
auddepentuanporo ypashenus y' =x--y, y(0)=1; war ~=0,1.
Boiuucaenusi Bectd ¢ TouHocTbio jo 0,001, ocraButh B pe3yJ/braTe
JBa 3HaKa.
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1240. Hcnosssyst merox Anamca, wHaiiTu swauenue y(0,4) pas
AH(OEPEHIHANBHOTO YPaBHERHST y = x2 - 42, y (0)=0; war h=0,1.
Briuncnenus Bectn ¢ tem ke wnciom 3HAKOB, YTO H B ApeNbAYLIEM
npumepe.

§ 7. METOZl TTHKAPA TOCJIEJJOBATEJIbHbBIX
NPUBJU)KEHUN

OnrAM 3 aHATHTHYECKHX METONOB NpPHGIHKENHOro pewenus auddepennans-
HLIX YpaBHewnli sipnsiercs memed lluxapa nccaedosamensmore npubauscenud. Ipu-
MEHHTEIBHO K AN¢bepennnatbnoMy ypaBHeHIO nepBoro nopsjaka

¥ =F(x y) n

€ HaYaJbHBIM YCIOBUEM ¥ (¥,) =y, OH 3aKJI0YaeTcst B TOM, YTO CTPOHTCS HCKOMOe
peliesne y=y (x) ans x>= x, (WIn X << xo). Hurerpupys NpaByl0 W JIEBYIO 4acTH
ypaBrenns (1) B npesenax ot x, 1o x, noJyyaem

oy

Y@=y )=\ 1€, pd,
WK "
yW=y,+ {Ft, g ar. @

Ilpegnonaraeres, uto B HeKOTOPOl OKDECTHOCTH TOYKH (xy; ¥o) ypasHenme (1)
Y/ZIOBJIETBOPSIET YCJIOBHAM *TEOPEMBI CYILECTBOBAHHS M  €AHHCTBCHHOCTH (Teopembt

Koumm), 7. e. uto f(x, y)— nenpepsipnas GyHKuHS CBONX apryMeHTOB M ,79} \ < K.

Las HaxcxueHHs mocaenoBaTesnHBIX NPHOIHIKEHNH 3aMEHHM B PaBeHCTBe 2
HEHSBECTHYIO (YHKUHIO y AalHbIM SHaYeHHEM yo; NOJIyYHM IepBOe NPUGAHIKEHHe

p=u -+ 1 ) dt.

Xo

Hanee, moacTaBHB B paBencTBO (2) BMECTO HEM3BECTHON byHKUHH ¥ Haligennyio
OGyHKURIO Yy, TOMYYHM BTCpOE NpUOIHKeHne

=y +{ 1, pat.

0
Bcee pansuefiune npuGnmxenns CTposiTc no (opmyuie
X
pm=p+ {1 gt @=1,2, ...

Xo

Takum o6pasowm,

®

YO R n W =yo-F { F(t, g at.

Xo

Moxno noxasars, uro  lim y, ") =y (x).
n-» @
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TTorpeiHoCTh OLEHUBAETCSI HEPABEHCTBOM
M (Kot
K-n!
re [F(x, o) |< M, [x—x| < @Ko, |y—yo| < b<< o, c=min (a, b/M).
TTMKapOBCKHe NMPUOIHIKEHHS JAIOT [OC/IEJIOBATENLHOCTh H U XK H U X GYHKIHI,
T. e. N<yi<Yp<...< Yn<y),
of

ecay 9 >0u f(x, yo) >0, u mocaeoBaTeILHOCT, B€ P X HU X GyHKUM, T. €.

[y () —yn ) | <<

Yo > Y1 > Ya > > Yy >y (%),

-

ecan gj— >0u f(x, y)) < 0. Takum o6pasom, npu 7;’; > 0 nwkapopckie mnpuG-

JIMKEHHST OBPa3yIOT OOHOCIMOPOHKIO0 NOCA2008AMEALHCCb NPpUbAUdCeH U, a TpH

of

—a—y- < 0— JsycmoporH010 n6CAeO06AMeLHOCINb.

1241. Haittu npubauxeHHoe pellileHHe YpaBHeHHS Y = x--472,
yJoBJETBOPSIIOllee Haya bHOMY ycaosHio y (0)=1.

/\ B xauecte nauaaphoro npuGaHKeHHs BosbMeM y,=y (0)=1. Toraa nep-
BCE NpPHOJIHIKEHHE

n=1 +S<t+1> dt =14 x4 22,
AHaNOTHYHO MOMYYMM BTOPOE an6Jm>KeHue

Bw=1+ f [t+(1+t+% zz)z] At =

L%

(=

3 2 1 1
=I—|—x—-|———2— x2—|—-3— x3—{-—z-x4—]—%x5

1242, Kako#i noc/ef0BaTeJbHOCTBIO TNHKAPOBCKUX NPUG/IUKEHHUH

BbIDAKAETCS pelleHHe YpaBHeHHs y’——x+y, yAOBJIETBOP AOILlee Ha-
gasbHoMy yesioBuio ¥ (0)=0 npu x=0?

/\ 3a HauanpHoe npuGmanxkesnne BosbMeM yo=1y (0)=0. Torza

X X
1
Yi="1s +S(t+yo) at = tat=g
0

| 1 ¥ %8
42 — g2 3 M X
(t+ t)dt 2x—{—6x 2!}—31,

Ot_/j&
*

:S(t+ 21 +3' )d’=§+§j'+§?—’
0
yn (9 = S(t+2,+3, TRLNT P
0

xn+1

2 X Xt
=gt tar T '+(u~}— ni-
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3zech [(x, yo)=x+y=0nu %—:1 > 0. CregoBaTtenbho, NHKapOBCKHE

NpubAHKEeHHS 00Pa3yIoT [0C1e10BATEAbHOCTD HUKIIIX ¢GyuKLUuil.
McTHEHOE aHATHTHUCCKOS BblipameHue y (x) B JaHHOM CIyvae HMEeT BHX

( x? x3 g+l
A— i ) oy RTINSl g
y ) “]_13; Yn (%) nllmw ( ST + —}-(ﬂ_;_ 1)!)
. X x? x3 g+l )
= Jim | |+——+5 . : 1),
IZ-»J:( b2l +3' ! -{—‘\n_r])l ( I )

HJAH
yx)=e*—x—1. A

1243. Haiitn Tpu nocsae10BaTeIbHBIX [PUOAIAKEHHBIX DeleHHs
ypabHeHHs1 I = x*— y?, YAOBJETBOPSIOUHX HAYATBLOMY YC/IOBHIO
y(0)=0, B3sB 3a HauajbHOe mpubmuxenne y=~0.

1244. Haiitu npudamxenHoe pellleHHe YyPaBHEHHS y +ychx=0,
yAoBJeTBOpsioLee HavanbhoMy ycsosno 4 (0)=1.

1245. Haiitu npud/au:keHHoe pelieHue W ONpele]dTb XapakTep
NMUKAPOBCKHX NPHOIILKeHU ypaBHeHHs Yy’ =X—y; HauanbHOe YCJO-
sue y(0)=1, x=0.

1246. Haittu npubnmxeHHOe peLIeHHE H ONPEeNHTb XapakTep
NHKAPOBCKHX MPHOJIIKEHHI ypaBHEeHHs y' = y COS X; HAYaNbHOE yCJI0-
Bue y(0)=1, —2 << x < 2.

1247. Haiiti npuG/IiKeHHOe pelieHne ypaBaenus y' = 2xy cos (x%),
yI0BIeTBOpSIOLIee HaualabHoMy yeaosuio ¥ (0)=1, 0 Jx <1, 0 Ty <2,
OnpeslenTs XapakTep NHKAPOBCKUX NPUOJIHKEHHUIL.

§ 8. NPOCTEAWHE CNOCOBbl OBPABOTKH
ONbITHBIX JAHHbIX

1. Ipaduueckuit cnocoG. [TycTs panHble ONBITA MPEICTaBJCHEI TaGauueii. Yepes
TOYKH, onpeiensieMble 3TOft Tabauuell MM GJM3KHe K HHUM, NPOBOJMM rpadguk u no
Bupy rpaduka mozGupaeM BH1 SMIHPHUECKOI dopmyasr. IlpocredmnM ciaydaem
cuMTaercsi TOT, AJds KOTOPOrO JaHHble OMNbiTa HPHBOASIT K TOUKAaM, pacnofaraw-
IUMCS NPUOIH3HTENTBPHO HA MPSAMOH Y =0g- Q1% WM Ha KPHUBBIX, yPaBHEHHS KO-
Tophix S=Af* u S=Ae® npeo6pasyloTCcs 3aMEHOH INEPEMEHHBIX K JHHeHOH
dyukiuu. Pewast sty 3agauyy rpapuueckuM CiocoGoM, HAHOCHM TOYKH HA KOOpIH-
HATHYIO CeTKy (C PaBHOMEpHOIl HJH JOrapHpMHIecKoi wKajnol) ¥ NpPOBOAMM Ips-
MYIO TPUOJIH3HTEbHO Yepe3 3TH TOUKH TdK, YTOOHI OHA J€xand 303MONKHO GJHKe
K KaKIOH M3 HaHeCeHHLIX TOuYeK, a 3aTeM OepeM JBe MNPOM3BOJIbHbIE TOUKH Ha
5Tofl TpAMOIl (BO3MOKHO 1afbllle OAHA OT APYIOM) M NMOJCTaB/seM HX KOODAHHATHI
B COOTHOLIEHHe Y=y a;¥. M3 IOJydeHHBIX TakuM o0pascM JBYX YpamrHeHuil
HaljeM gy H Q.

1248, CranuoHapHoe pacnpejesieHHe TEMIepaTyphl B TEIJIOU30JIH-
POBAHHOM TOHKOM CTE€piKHE OIHChIBAeTCs JHHeHHONH (yHKuUMeH u =
= @,+ a;x. OnpejequTb NOCTOSIHHBIE @, U a4, €CJH Jana Tabnuua
H3MEPEHHBIX TeMIepaTyp B COOTBETCTBYIOIIMX TOUYKAX CTEPHKHS:

x 0 2 6 8 10 14 16 20

u 32 29,2 23,3 19,9 17,2 11,3 7,8 2
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/\ TlocTpons Toukn, GTBevaloNiHe NaHHO Tabauie, BUAHM, YTO NpAMad TPOXOIUT
yepe3 Touku (0; 32) u (20; 2). IMoxcTaBass HX KOODJMHATHI B ypaBlieHHE =
p b
= (- A1X, HMeeM

{ ay-+0-a, =32,
1 ay-- 200, = 2;

OTcrola mosyuaeM HCKOMOC COOTHOWeHHe 1 =—32—1,5x,
Hackoasko xopowo sTa ¢opMy.1a OTBeuaeT TAGAHMHBIM JAHHLIM, MOJKHO CYAHTh
N0 BEIMUYMHE CYMMbl YK.JIOneHRIT § M cymmBbl KBagpaToB ykJoneunit &2 3nauenuit
(YHKLIH, BBIYNCJEHHLIX 110 (OpMy:e, oT TaSauuuniX 3Hadennii. B zamiom npumepe
0=—1,5x432—u. CaexoBareapno, &;:=-—1,5:0-1-32-32=0; 8,=—1,5.2 -
-£32—29,2=-—0,2; 83=—1,5-6--32—23,3=—0,3; 8,=—1,5.-8-32—19,9=0,1;
8p=—1,5.10432—17,2=~0,2; 6,=—1,5-14-}-32—11,3=—0,3; §; = —1,5- 16
2 S
+32—-7,8=02; 85=—15-20--82-2=0; 3 &=—07; 3 §=031. A
i=1 i=1

1249. TabanuHple nazHBE

2 3 ’ 4 ' 5 6 7

S 2,31 2,58 2,77

2,93 ( 3,05 3,16 3,26

orBeyaiotr gopmyse S=A¢* Haiitu snavenns A 1 a.

A\ Jlorapupmupys pasenctso S= At®, noayuum lg S=1g A -« lg ¢; monaras
lgS=y, lgt=x, IgA==0y, a=uay, nmeenm y=ay-+ax. Tpadnxos nodyuennoro
JHHEHHOTO YpaBHeUHUs CAyKHT NpAMas, NapaMeTphl VDaBHEHHs KOTOpofi HaiileM,
B3fiB jiBe TOUKM Ha 5TOil npsmoil, uanpumep (Igl; 1g2,31) n (ig7; 1g3,26). Iloa-
CTaBHB KOOPAMHATBI 3THX TOYCK B ypasHeHne y=Ig A - ox, noiyuim

lg23l=1gAtalgl, i Ig A==0,364,
1g3,26=1g A-+uxlg7, | 1g A-40,8450=0,513.

Orcioza 1lg A=0,364; A=2312; «=0,142,0,845=0,176. Caezoparelsno, S =
=2,312/m7, A

1250. Tab6anuaHvle gaHHbie

x 19,1 25,0 30,1 36,0 40,0 45,1 50,0

y 76,30 77,80 79,75 80,80 ’ 82,35 83,90 85,10

oTBedaloT gopMmyse y=a,-+a,x. Haiiru a, u a,.
1251. Ta6auuunie jaHHble

tll 2 3 4 5 6 7,8

S

15,3 | 20,5 27,4 35,6 49,1 65,6 87,8 ' 117,6

orseuaor gopmyse S= Ae*. Haiitu A u .
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2. Cnocod cpepunx. Cnoco6 cpeOrux OCHOBLIBAETCST WA JONYUIGHHH, YTO Hali-
GoJiee MOAXOAAILEH JHHHEH CJAYXKHT Ta, A5t KOTOPOH ajirebpanuecKasi CyMMa yKJo-
senud pasua nymo. 119 Toro urcGHl HaliTH 3THM CMOCCGOM HEH3BECTHHIE IIOCTOAH-
Hple B 3MIHPHYECKOH (opyyae, cHayala NojJcTaBiasieM B 3Ty ¢opmyldy Boe naput
HAGII0ABILIXCS IL1H 3aMEPeHHBIX 3HAaYeHUIl X W § M [I0JyYaeM CTOJbKO YKJIOHeHHI,
CKOJILKO Tap zhadediil {¥; y) B rabmiue (yKJIOHEHHS — BePTHKAILHLIE PACCTOSHIIS
OT AaHHLIX TOYeK /10 rpauka yHKuHM). 3ateM paclpeileasieM 3STH YKJIOHCHHS
N0 TPYNIaM, COTas.Isisi CTOAbKO TPYII, CKOJbKO HCH3BECTHBIX NMADAMETPOB SMIH-
puueckoit dopury.asl Halo naéiti, Hakouen, npHpaBHHBAasS HyMO CYMMY YKJIOHeHH
N0 Kax/{0if rpynne, MOJyuHM CHCTEMY JHHeflibIX ypaBHEHHH OTHOCHTEAbHO INapa-
MeTpOS.

1252, Haiiti cnocofoy cpernux ¢opmyay suga S= At*, otpe-
yawomyio TabnHue

| 23

1]

243 l 93 313 333 353 373
| a5 37,9 458 | 552 | 656 | 77.3
|

29,! 3
I |

A\ 3/iech yRIoHenna nmelor Bitl &== A/*—S8. [lojcrapass suauenus { u S,
B3ATHIE H3 TaG.’[I[ubI, H OPHPaBHHBAM VKIOUEHIS Hy. o, NONYYHM CHCTEMY Yypab-
HeHHH OTHOCHTEIbHO napaMeTpon A I @, Dbeuicilne KOTOUOﬁ SHprI\HHTQJIbHO. bes
0OaLIUION NOTEPH B TOYHOITI MOUREO MpIIPABHSATDL HYJI0 CyMMYy yK.HOHeHPHl Jora-
pupma S, T.e. &8 =lgAt+oalgt—IgS

Tora yKIOHEHHA Bbl)asdics (i)op:.lynam{

81 =Ig A5-2,4352 % —1,4083, &5 =1g A 2,4955 o — 11,6609,
Oy =Ilg A=~ 24318 2 —1,5224, §5=Ig A-}+2,5224 ¢,—1,7419,
85 =1g A4-2,4534 2 —1,5435, Or=1g A-]-2,5478 o —1,8169,
01 =1g A+-2,4659 % —1,5705, &;=Ig A-}-2,5717 o.— 1,8882,

I'I')upamms HYJII0 CVAMMY \KJIOH(‘PI! o 3THM JIBYM rpynmnam, NOOJAyuyHM CH-
CTEMY ypaBl tettii AT GHPCARMCHIT IapaseTPeB Au oo

41g A+ 9,8143 0 =6,1077,
413 A--10,1374 a=7,1079.

Pemenue 3roit cucrenn: %=~ 3,000, Ig A=7,9345; orcioia A4=8,5-10~7, Taxuy
obpason, S==8,6.10-7 3% A

253, daua Ttabanua

x | oens ; 54,9 f 77,8 63,7 45,7 36,9
! i
y ' 202 ! 283 270 235 197 181

Haliri napaverpot a,, a;, a, Gopmyast y=a,+ a,x+ a,x*, orseuaio-
weil 3toil Tad.anue
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1254. Jlana raGauila

¢ 53,92 26,36 14,00 6,99 4,28 ‘ 2,75 1,85

S 6,86 14,70 28,83 60,40 101,9 ’ 163,3 250,3

orBevarowas ¢opmyne S= A¢{“ Haiitu A u «.

3. MonGop napamerpor criocoGom HaumeHbmwnx Keazpatoe. 1) Ha mpaxruke
YacTo MPHXOAHTCH pewaTs Takyio 3ajauy. [lyeTe ans IByx QynkuHOHaZLHO CBA-
3aHNLIX BEJIMYHH X M y HSBECTHBl 71 P COOTBETCTBYIOWMX 3uaueHHd (xy; 1),
(25 #2), .+, (Xn, Yp). TpeGyerca B nanepen zazanuoii Qopmyne y=/(x, o,
Cg, «++y Q) ONPENEJUTH 1 NAPAMETPOB Gy, Cla, +... O (M < 1) Taxk, uTOCH
B 9Ty (GOpMyJy HaWIy4wnM O0PasoM «yKRaibiBadHCh» Obl U3BeCTHHIE N Iap 3Ha-
YeHHH X H Y.

Cuuraercsl (MCXOASl U3 NPHHIMIOB TEOPHH BEPOATHOCTER), UTO HAMAYULIHMH
ABIAIOTCA Te 3HAUCHHA Oy, %3, ++., Oy, KOTODbIE OOPAMAT B MHHHMYM CyMMy

k=n

2 G oy cny ey ) — gl
=y}

(T. e. cyMMy KBa/paTOB OTKJOHEHMH 3Haue€HHH Yy, BHUHCIEHHBIX 1O dopmyae, OT
3aJIaHHBIX), NO3TOMY CaM CHocO6 H NOJNYUMJ Ha3BAHHE CNOCIOA HAUMEHbUIUX KEaO-
pamos.

OTo ycJIOBHE JlaeT CHCTEMY fm ypaBHeHHH, H3 KOTODHIX ONpefe]siores o,
U2y eney Opt

k= of (x, o, @ )

2‘ [f (g 01y Oy oeey Op)—yp] k2 1’0;_’ AR Y (1
7

k=1

(=1, 2 «.., m).

Ha npaktuke sanannyio dbopmynry y=F (¥, &1, O, +.., O,) HHOTKA IIPHXO-
aurca (B yuiep6 CTPOTOCTH MOJYUYEHHOTO DPEelleHHs) INpeobpasoBLIBATH K TaKOMy
BUAY, 4TO0bl cucTemy (1) GblIO TIpolle pemwiath (cM. HUXKe NOAGOP NapaMmeTpoB B
dopMyrax y= Ae* u y==Ax9).

HacrHue cayvau. a) y=aux”-Fayx*~14...4a, (n-+1 napamerpos
Qgy A1y veey gy 1> M- 1)

Cuctema (1) mpuuumaer c/aeAyiomHuid BUA:

k=n k=n L k=n
m M
“0}2 X -y /Zx xp e+ flam:]Zl Y
k= o= =
k=n k=n k=n k=n
N 1 SENG \
Qo Z‘ i ey 2‘ X b dan 2 Xe= 2, XrlUks
k=1 k=1 k=1 k=1
k=n =11 k=n k=n @
! L mt2 mtt 2 2
ay 25 x ey D) T e, D) xh= D iy
£=1 E=1 K=l =1
k=n k= k=n k=n
2 Y 2m—1 N m D o m
ag X % Fan ) %k A an 2k =) XY
k=1 k=1 k=1 k=1

dra cuctema m-1 ypasuennii ¢ m-- 1 HeM3BECTHHIMH BCerja MMeeT eJHHCT-
BEHHOE Pelielne, TaK KaK ee CNpPeJeNHTe b OTJIHYeH OT HyJs.
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Hna ompeierenust Ko3$hiuuHenToB CHCTEMb! (2) vIOOHO COCTABHTh BCIIOMOra-
TEJIbHYO TaGIULy BILla

2 3 am " .2 .m

k Xp xp X 2 Yp YpYp Xplp e X Yg
o 3 om 2 m

1 Xy x1 X1 v X1 yi | Xy Xy e X141
2 3 m 2 n

2 Xy X2 X cen Xz Ys Xolfs Xalfa ce X2 Y2
2 3 2m 2 m

n X Xn Xn ces Xn Yn Xpln XnYn ces Xn Yn

B mocneaseit cTpoke 3aMHCHIBAIOT CYMMBI IEMEHTCB KAaMJOTO CTOAOMA, KOTOpHIE
H ABJAAIOTCS KoaddultnentamMy cucteMst (2).
Cucremy (2) 00bl4HO pewiaioT MeroioM [aycca.

6) y= Ae~
Has ynpomeﬂuﬁ cuctemst (1) a1y dopmyay, CBA3BIBAOUYIO X H Y, TIpeBapU-
TEJIbHO JIOrapHMMHPYIOT H 3aMEHFIOT (POpMyJIOH
lgy=Ig At-c-lge-x.
Cuctema (l) npuMer B 3TOM cayuae cJaelyOWUi BuJ:

k=n k=n

/
| lgf’z Xpnelg A= Z 1 Yt

{ /e‘—ll k=n k=n (3)
I\ c-lge Z Xe-1g A 2‘ Xp= Z Xe-1g Y.

BcnomorartesibHas TaGaHma iMeeT BHJ

k Xp "'/3 g Yg xk~lg Yp
2

1 xg x1 Ig yi xelgyy
2

2 X2 X2 Ig y2 xyelg ya
2

n Xn Xn Ig y, Xn-lgy,

N3 cuctembr (3) onpeneasict ¢ n 1g A.
B) y= Ax4
Oty dopmyany TaKKe npeiBapHTEIbHO JOTapHOMHPYIOT If 3aMEHSIOT cleyioweit:

lgy=I1g A-}q-lg x.
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Cucreva (1) Temepb npHmeT BiT

( k=n k=n
| ¢ 2 lexe-tnigad= ¥ lgu
k=1 k=1
{l kh=n . f!;‘ll —‘}:;1 ‘ (4)
g X It xp-Flg A ¥ lgxp= Y 1gx4-1gype
U £=1 k=1 F=1

CooTBeTeTBVIOIWNM 00pa20M H3MEHSeTCsl H BINOMOraTebHas TabJaHna.

2) Yacro GblBaeT HEOOXOANMO 3aMEHHTh HAMIVUIIHM 05pason HEKOTOpylo 3a-
JaHHYIo PYHKINIO ¥ =f (¥) Ha oTpesKe [a, b] MHOTOWIEHOM M-It CTENeHH: iy & Qgx™ —-
- ax? 1. .. -~ a,. Ipivenenne cnoco6a HAUMCHBUNIX KBI1PATOB B 5TOM Cayyae
NPUBSINT K OTLICKAHUIO KOS(DPIUHEATOB @g, €y, +.., G, H3 VCJICBHA MHHHMyMa
uHTerpaJa

L] b
K [¢ () —F ()2 dx= \‘ [apx? +apxm=1-- Lo a,, —F (O] dx.
a a

Heooxo1iMple yeacnis MHHIINYMA 5TOFO MHTETpada IIPHBOIAT K cHeTeme m -1
ypaBHennuii ¢ m-i-1 HEU3BECTHLINH Qg, Q1, @2, -+, (,, 13 KOTOPHIX ONDEJSASIOT
BCe 9TH KO¥pDHUHEHTHL:

b
( [agx? L apx? =t — oo an— (x)] 27 de =0,

o

a

b
g[aﬂx”’-[—alx"”'l—{—...+am—f(x)]x”“1dx=0, 5)

N3

b
(lagrm 4 axm =14 4o ap—7 ()] de=0.
a

1255. CnocoGoM EHamneHbUIMX KBAlpaToOB N0105paTh A 3aAaH-
HBIX 3HaYeHHIl X M Yy KBaApaTHYHYIO QYHKUHIO ¢ (X) = a,x*+ a x4 a,:

X 7 8 9 10 11 12 13
Y ' 7,4 8,4 9,1 9,4 9,5 9,5 9,4
/\ CocraBuM Tadanuny
k o) H 7 Xy Yp YpUg Ry
1 7 49 343 2401 7.4 51,8 362,6
2 8 64 512 4196 8,4 67,2 537,6
3 9 81 729 6 561 9,1 81,9 737,1
4 10 100 1000 10 000 9,4 94,0 940,0
5 11 121 1331 14 641 9,5 1045 1149,5
6 12 144 1728 20736 9.5 114,0 1368,0
7 13 169 2197 28 561 9,4 122,2 1588,6
> 70 728 7840 87 096 62,7 635,6 6683,4
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OTCi01a HMEEM CHCTeMy ypaBHEHHH

( 798 g+ 70ay 4-Tay =627,
7840a, -+ 728a; -} 70as = 635,0,
{87 096a, -|- 7840a; -} 7280y = 6633 4.

Pewas sty cHeTeMy, noavunm ap==—0,04, ar==1, 10, as=2,12. Taxum oG-
pa3oM, HCKOMAast KBa/paTHuna s QYHKLA HMEET BUJL (x) =—0 ,04x2+4-1,10x-1-2,12. &

1256. Criocodos HalNMelLIIHX KBajApaTon noaoGparh CTeneHiyio
dyrkimo S= Af1 no cacayoui Ta0IHIHBIM AIIbIM:

S ‘ 7,1 ! 27,8 ‘ 62,1 l 110 161

A Cocrapist Tadauiy

k xp=lafy * U=13 S Tk

1 0,0000 0.0000 0,8513 00000
2 0,3010 0,0996 1,4440 0,4346
3 0.4771 0,2276 1,7931 08555
4 0,6021 0,3625 92,0414 1.2291
5 0.6990 0,4886 2,2068 . 1,642
> 2.0792 1,1693 8,3366 4,0637

Taxny o0paseal, MOIVHACM CHCTeMY V]PaBlemiti

907929 -5 1g A == 8 3366,
16037 2,07 ml« A==4,0637.

Orcioa g=1,958, lg 4 -=0.3332, _T.e. A-=7 132, ChejosaTeanio, HCKOMIsL CTe-
;

nenuast QYHKIGEE UMeeT Bill So=7, 1520w, A

1257. Cnocodoy HAIMEHBINIX KRAAPATOB Me106path HOKA3aTeNh-
Hyto gyHriHio S==.1e? 1m0 ¢iaeAy UM TabAHUILIM JAaHHLIM:

S 1280 ' 635 I 324 162 76 43 l 19
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/\ CoctaBum taGanny

k t & y=g$ 1y

1 0 0 3,1072 0,0000
2 2 4 2,8028 5,6056
3 4 16 2,5105 10,0420
4 6 36 2,2095 13,2570
5 8 64 1,8808 15,0464
6 10 100 1,6335 16,3350
7 12 144 1,2787 15,3441
Z 42 364 15,4230 75,6204

Ilonyuaem cucTemy ypaBHenii
42c.1g e+ 7 lg A=15,4230,
| 364c-lge-421g A=75,6304,

T.e. c-lge=—0,1509, lg A==23,1087. CnenoBarenvno, A— 1284 n c¢=—0,347. Ta-
KHM 00pasoM, HCKOMaAs [I0Ka3aTeIbLHA (DYHKUHS HMeET BH S = 1284¢=0:347¢, A

B crexyioumux 3agadaxX cnoco6oM HaHMeHbIIHNX KBajipaToB MoI0-
6paTth GYHKIMH 32JaHI0r0 BHIA 10 NPHB2JEHHLIM TACAHIHBIM JAIHLIM.
1258. Hafitn minefinyio ¢yHKIHIO:

|
x 1, 2 3 ‘ 4 ’ 5 5 x 1 l 4 ‘ 9 l 16 25
1) 2)
yl2l4,9 7,9 (11,1{14,1} 17 y lO,I 3 }8,1 14,9 123,9
x 0 0,1 [ 0,2 ]0,3 0,4 ’ 0,5 0,6 l 0,7
3)
Y 3,02 | 2,81 | 2,57 | 2,39 2,18 1,99 1,81 ‘ 1,85
1259. Haiitu xsaaparuunyio GynKIHIO:
| |
x| 7 | 8 9 i 10 l 1t 1213 x[0,7811,5612,34|3,12(3,81
1) 2)
yi3,14,915,315,8(6,1{6,415,9 y12,5011,2011,12(2,25{4,28
x —3 -2 ' —1 0 l 1 i 2 3
3)
y —0,71 | —0,0!1 ‘ 0,51 0,82 I 0,88 l 0,81 0,49
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1260. Haiitn crenennyio ¢ynxumio S= Afi:

t < 1 2 3 l 4 l 5
S ' 7,1 15,2 48,1 } 96,3 l 150,1
1261. Hafitn noxkasarenbuyo ¢yHkumio S=—= AJect:
t l2,2 2,71 3,5 t 1 3 5 { 7 ' 9 ' 11
1) 2)
S |67 60] 53 | 50 S$10,75| 1,81 5,34 |10,86(24,52(59,00

1262. Haifiti Hannywmee npudmuokenne Gyukuim f(x) = sin (sx/2)
B HHTepBate 0<C x<{1 MHOrowIeHOM Tperheil creneH.

A\ dag paxoxieHns Koap'bn'womos dynxnun @ () = ;%3 - a1 x% - apx -+ az
COCTaB.IsieM CECTeMy ypasHeuuil Buia (5):

1
S ( X3 -1 yx* -+ apx + a3 —sin 7—2—\> £*dx =0,

1
e\
S‘(aox3~ra1x2#aor*a3—sm 5 )xz dx=0,
0
11
S 154
8 a0x3»]~a1x2—[—a2x+a;,—sm7 xdx=0,
0
1
2 ) X
ax® 4+ a1x* - a3x - ag—sin ) dx=0,

Hnrerpupys, noayuum

T Ty atE ety B ;L—J, )
I%%+5m+;%+g% son
& @t by @by =g,
l 711' a0+—;- al"i‘";“ az *?03:%-
Peunlaa INoOCaeIHWIO  cHCTeMy, Haliiem ag=-—0,40, a;=-—0,24, a,=1,64,

a3 =—0,05. CrejoBare’ibHo,
¢ (x) =—0,4x%—0,42¥% -+ 1,85x —0,05.
Tpopepxa: ecau x=1/3, 1o f(1/3)=0,50, ¢ (1/3)=0,51. A
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1263. Haiitn naunyawee npubauxenye ¢ysknui f(x)=In (44 x)
MHOrouJeHoM BTOPOil crenent npH 0<Cx<C 1.

1264. Haittn wanayumee nputauxeine ¢ynxkunu [ (x)=1/(1-x)
MHOro4JIeHOM TpeTbeil crenenn npu 0 < x < 1.

4, Uurepnonauns $GyHKuui ¢ nOMOWbI0 NpHSIHmKeHHs cnaafinamu. B ocuose
HOBOTO MeTORd, NOJIYUHBLICTO Ha3BallWe CnaiuoBoil HHTepNOJISUHN, JIEKHT NOHS-
THe cnaadna (spline — oT alrd. «IaHKA») HJIH JOMAHOH JIHHHH, 3BeHLAMH KOTOPOIl
CJIyXKAT OTPE3KH KPHBBIX, 3aTaHHBIX MHOTOYJIEHAMH.

a) Jluneiinue cnaafiup. Ilycts Ha oTpeske [a, b] saiaHa CyHKUHA
aHaJINTAYeCKH [B Biie y== (x)], TaGamuno wan rpadpuuecku. L1st 3aMeHnl 3Toft
QyHKIMH cniaiiion pasofbeM oTpe3oK [a, b] Ha n uyacTeil M cocTaBuM TaGJHIY

X Xo X1 cee Xy

Y Yo Y1 e Yn

3aech xg=a, X,=0b, a y,—sHauennss QyHxuuu f(x) mpu x=x, (k=0, 1,
2, ..., n). Ecan ¢yukuns saiawa 1abaduHo, TO 3HaYeHHs Xxp BoGHpaem u3 1al-
JIMUBL, TPU 3TOM ueM GOJblIe 11, TeM Jyuuwe anmnpokcumaunus. Ha kaxioMm us sne-
MeHTApHBIX OTPE3KOB [X, Xg41] 3aMeHHM (QyHKUHIO y=f(X) OTpPe3KOM mpsAMOii:

Ly (1) =&

= [ (g ) — [ o) T (xp). M
Xpr1— Xk
Taxum o6pa3omM, Kpusas Ha OTpeske [a, b] samensiercs JoMauoH, a QyHKIUI
y=1/(x) annpokcuMHpyeTCs NpPCCTEHIHM JIMHEHbIM CIUIaiHOM S (x).
6) Kycouno-ky6uueckue cnaains. Ilpm paccmorpennu usruga yn-

PYroro CTepKHs, ypaBHeHHe yNpYroro PaBHOBECHS KOTOPOTO HMeeT BHJ o'V (v=0,
H3OTHYTOCTH CTEPIKHS NMPHUXORMTCS ITPEICTABJ/ISTb KPHBOH TPeTbero Nopsika.

B 3TOM ciyyae 4acTO NPUMEHAIOT KYCOUHO-KyGHUECKHe CIUIaliH-(yHKIUH, KOTAd
¢yuruus f(r) HHTEPNIOIHDPYETCS HA KakKJOM 3SJNEMEHTAPHOM OTpeske KYOHUECKHM
MHOTOYJICHOM.

Ha orpeske [a, b] ocu Ox 3a1a1MM PaBHOMEPHYIO CeTKy ¢ waroM h= (b—a)/n;
B yamax x=uxp (k=0, |, 2, ..., n) 3ajaubl sHaueHus yp QyHxkund y=/(x), on-
pefeseHHOR Ha oTpeske [a, b].

BHYTpH Kax/OrO 3JeMeHTapHOrO OTpeska [Xp_y, Xzl sameuum ¢yukuuio f(x)
dyHKuHel P (x), YAOBIETBOPSIOLLEH C/IEAYIOUWHM YCIOBHAM:

I} @ (x) nenpepniBia Ha [a, b] BvecTe CO CBOMMH TNPOH3BOIHBIMII IIEPBOrO H
BTOPOro MOP#JKa.

2) @ (x) Ha KaKjIoM oTpesKe [Xp_1, Xp] fIBIAETCA KYOHUYECKHM MHOICYJIEHOM:

3
Qr ()= e (xg—x) (k=0,1,2 ..., n). @
i=1

3) Byamax ceTkn {x} BLIMOMHACTCA PABEHCTBO @ (Xg) =yr (k=0, 1, 2, ..., n).

4) @ (x) yAoBIETBOPAET IpaHHUHBIM ycaoBasM @ (a) = @" {b) =0.

MOXKHO 10Ka3aTh, YTO 3a/auya HAXOKAEHHs KyCOUHO-KyOHUecKoil cnaalin-QyrkK-
IHU @ (X) MMeeT eAMHCTBEHHOE pelleHHe.

Tak kak Bropast npoH3BozHas " (x) HenmpephIBHA H JUHEeHHA HA Ka)JA0M OT-
peske [Xg_1, Xgl, T0 ATt x€[Xp_y1, Xp] MOXKHO 3amnucaTh

” Xp—X X—Xp -1
@ (x):rnk—l kh +mk hk L i (3)
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rae my=@" (xg). TlponnTterpuposap nBamasl c6e uyacTH paserctBa (3), MOJYUHM

(xp—x)® (x—xp_y)® Xp—X X—Xp_1
@ 0 =mpg D BBl g Xy g Xl g

rie Ap U Bp— NpOMSBOJBHBIE NOCTOSHHBIE HHTerpupoBanusi. OHH HaXOAATCH H3
YCJIOBHE (p(xk)=yk.2HOACTaBJIHH B PaBEHCTBO (4) X=1Xp.; H X=X, NOJyYHM
h 2

Ap=yp1—mp_1—5> Be=yp—mp ==
Takum o6pasoM, Ha oTpeske [¥p_i, ¥z] HMeem

(xp —x)3 dm X—Xz=1)® | h? )xk—x+

@ () =mp_1 o k Ch - <yk—1'—mk—1T

h
h*\ x—xp_g
+(yk‘mk-é—>—h—-- )
Has onpenenenus KoshHITUEHTOB my H Mp_q BOCNOAb3YeMCH YCJIOBHEM He-
NPSpHIBEOCTH @’ (X) B TOUKAX Xy, Xgy «-+, X1
h 2 h 1
& Me=1t g At 1 =5 e+ 1— 208+ yr-1)- ()

Bripaxenue (6) nonyuaercst B pesysabTaTe CpaBHEHHS OJHOCTOPOHHHX NpEfeoB
NepBOH NPCH3BOIHON

, X — x)* (x—xp_1)? —UYp—1  Mp—Mpiq{
0 ()= —mp_1 ( k2h) tmy & 22 V7 YR Vkei | MMkt

h 6
a HMeHHO:
9" (x *0):£mk 1—}—£m QYR YR-1
k 6 - 3 k 3 f
’ h h —
? (xk'|‘0)=—§‘ mk—ka+1+_y_k_tlﬁﬂ_

Honosusist 3TH YCHOBHSL PaBeHCTBAMH @ (Xg)=yr ¥ @" (%) =¢" (x,)=0, mo-
JyYHM CHCTEMY yPaBHEHHIl NSl ONpejeseHHS My W MMy yq.

1265. AnnpokcumupoBath QyHKUHIO y=4* Ha oTpeske [—I, 1]
JIHHE[IHBIM CILIaHHOM. :

A\ Pasobbem orpe3ok [~1, 1] na uerhipe pasumie wactn o;=[—I1; —0,5],
0y =[~0,5; 0], w3==[0; 0,5], ©3=[0,5; 1] (puc. 89) u wa xamjoM orpeske Op
(=1, 2, 3, 4) npoBejeM JuHeildyi0 HHTepHOARUMIO. B ysnax MHTepnoJsuu 3ua-
geHHS (DYHKLHMH ONpejleqisloTCsl Cleiyioleid Tabmniieii:

x —1 —0,5 0 , 0,5 1

y 0,25 0,5 1 ' 2 4

Ipumersa na KaxioM M3 OTPe3KoB wg dopmyay (1Y, noayuum
y=0,5x-+0,75 mpu x€[—1; —0,5],

S y=x-}1 npu  x€[—0,5; 0],
@=1y—2c+1  npn x€(0; 0,3,
y=4x npu  x€{0,5; 1].

BocrosnbayeMcst MOJyUEUHBIM JHHEHHBIM CTAAMRIOM JUTS BEIUICJACHNS SHAUCHHS
dyrkund y=4% B touxe x=0,125. DT1a TOUKA MPUHANIEIKHT OTpPEIKY 3= [0; 0,5],
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na xortopom y=2x-}- 1. CrenoBaTesnno, 4%12% = §(0,125)=1,25, a ¢ momousio
Tabaun Haxonum 49125 =~ 1,19. &

1266. Kpupasi 3aBHCHMOCTH CKOPOCTH U POCIYCKa OTLENa Ha Cop-
THPOBOYHOH TOpKe OT AJHHBL [ oTuena Ipusefena Ha puc. 90. 3a-

v, M/
ﬁl\\
aor Y “%2 {
l I L
X ol 73 75 750 Lo
Puc. 89 Puc. 90

NHCaTh AHAMUTHUCCKH ypaBHeHHe 3TOi KPHBOI, NPHUMEHUB HHTepro-
JSLUHI0 JUHCHUDIM CIIJTAHHOM.

/\ Pasoivem orpesok [15, 250] ua e Hepasiluie uHacTH o) ==[15, 75]

11
g = (75, 250} n samenum KpuByio JuHeinsm crafkom. CocTaBuM TabmuLy

{ 15 75 250
v ’ 4.2 4,0 ‘ 2,7
Bocnonwonamlmcx, (1)opMy10i’4 (1), noayyum
2 7—4
11_»7|_ — (lvlo)—{ 4,2, 55678 (—175)-1-4,
B4
vy == —0,0033(-|-4,25, wv,=-—0,0074/--4,5571.

Hraxk,

h~S( [ —0,0033/-++4,25  mpn [€[15, 75],
v = SO=1 _o007411-4,5571 npn 1€[75, 2501 A

1267. Haiiry npuSmnkenue QyHKII § = Sin ¥ Ha OTpe3Ke [—m, @]
KyOUYeCKHM CIJIAHHOM.

A\ Paszofnem oTpesok [— o, ] Ha uerhpe paBHLIR YacTH O =[— &, — /2],

=[—m/2, 0], ws=1[0, /2], o, =[n/2, @]. 3necs h=um/2. 3uauzenns QyHKIHA
smx B y3JaX MUTCPIOJSIIINM 3anuiieM B TaGJauIly:

x — — /2 0 /2 14

y 0 -1 0 1 0
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Hcxomas qﬁ)yHKU,Hﬂ HMEeT BH,T

¢1(x) npn x€[—u, —m/2],
@2 (x) mpn xE€[— /2, 0],

9= ¢s(x) npn x€[0, m/2],
l%(x) npn  x€[w2, m.
Iy Haftaes q1 (1), o1 =[—m, — /2], k=1. Us pasencrsa (5) nmeem
(—2=+) :
2 (x-F)° |/ e\ T
Nem A2 7)o .
0= S g (0 24) R

Fl—1—m Ty xta
v 191 ) Tq9 0

HJIH

(x-km? xtm
G (x) =1y —— A —(l - 171174 T

TaK Kak my=Q" (x5} = 0.
Ms pasenctsa (6) nomyuaeu

k b1 2 4
—1—2 mo—]—§ ml—{—ﬁ m2=?t—[0—‘2 (—])]:E, WHE e =— 4my--—

C Apyroit cTopous:, U3 pasencTea (3) nmeem

1 0
my=¢" (0)=m w2 —tm _T =2mi—mg, WM ty=2mj.
Caenosarensro, 2m; = — 4my - 48,’n~, my=8/n2. Toraa
8(x+m® 8 xtma xigx 8
1 () ==; P T B~ I T ) o @y (x) = Erek X (@4-x) Q- x).

2) Haiigem @; (x); wy=[—m/2, 0], k=2. U3 pasenctBa (5) umeem

(4] (43)s

P2 () =— 3n3+ R
Haiinem m, us pasencrsa (6) u (3):

7 k! fyd 2 8
1—2m1+§ My +Efn3 :E(I—Q'O—l), m3:——4lﬂg—‘:ﬁ—2.

C npyroit croposs,

Y 0—x2, T2 — (—/2) 8
m3:(P —2~ =M, Q—THZTZQIHZ_F‘

Caejosateabno, my=0. Torza
8
92 () =575 % (1 1) (1—2).
3) Haiinem @3 (x), wg=[0, /2], k=3. U3 pasencTBa (5) HMeeM
X8 2x
= —_—— -+
('P3(x) m3(33,[ l()>|n'
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. 438
Hast naxoxaenus mg HCMOIb3yeM pasenctBo (6): m;:-4m3—;2. Tak xKax
J

48 8
nmy=1@" (M) = 2ms, 10 —4;123—:;:%13, My=——5. Tora
) — 8 {
¥3 (0 =55 ¥ (T%) (—x)

4) Haitzem @4 (x), oy;=[7,2, n], k=4. Vwmeen
o (@—x)? (x—12)* _omA\ n—x 7\ x—m/2
¢y (¥) = mg T M T Q L—ms 5 T 0—m, 2—4/\ R

Tak kak mg=—28/n* a my=¢" (1) =0, To

95 () = 505 ¢ (1— ) (2 —3).

Wrak, Kycouwo-KyGuueckas cniaft-pyskuust @ (x) Ha orpeske [— T, )
HMeeT BHJ,

( 38J Xx(n4x) 2nt+-x) nmpu x€[—m, — /2],

l 3n,x(n—{—x) (e—x) npu xE€[—m/2, 0],
P=1 4

I A0 @—9  mpn x€[0, w2,

L 313x(n X) (2n—x) npu x€[mw/2, m.

OrmernM, uto B ofleM cJydae TeseHHe 3aJaHHOTO OTPe3KAa HA DABHBIE YaCTH He
SIBAAETCS 06f3aTe1bHbIM. B JaHHOM cayuae 3T0 6bLIO CieMano /s yHpOLLEHHS
BoluucaeHHAIT. M

1268. Iloctpouth suHeliHylo cnaafH-QyHKUHIO A QYHKUHH
y=1g x, 3a1aHHOA TA0AHYHO Ha oTpeske [—m/4, w/4]:

x — /4 — /8 0 /8 /4

y —1 —0,4145 0 0,4146 1

1269. IToctpours mmem{ylo CIIafH-QYHKIMIO I (YyHKIUH
y={(4-x)"/?, sanannoii Tabanyno na orpeske [—I, 1]

x I —I —0,5 0 0,5 1

g l 1,7320 1,8708 2 2,1213 2,2361
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1270. HOCTpomb JVHEHHYIO CriladiH-QyHKIHIO WIS QyHKUHUH

y=chx, sajannoii TabaM4HO Ha orpeske [—I1,

1):

X —1 —0,5 0 0,5 1
y 1,5431 1,1276 1 1,1276 1,5431
1271. Tlocrpouts KyOuueckyio crtaiiH-QyHKIHIO 15 QYHKIHH

y=2%, 3ajaHHON Tal/JUYHO HA OTpesKe [—1,

1j:

—0,5

)

0,5

0,7071

1,4142

1272. Tlocrpours KyGHLxecxy}o crtaiH-Qy HK U0 A (by HKIIUH
=In(2--x), sanauHoii TabauyHo Ha orpeske [—I,

—I

—0,5

0,5

0,4054

0,6931

0,9163

1,0986




IF'JABA X

OCHOBbI BAPMALIMOHHOIO MCHMCJIEHHUS

§ 1. NOHATHUE O ®YHKUHOHAJIE

Bapuanuontnoe ucuucjeHne 3anuUMaeTcsl 3ajgaueil OTBICKaHMS HauGOJBUINX H
HAWMeHBIINX 3HaueHHIl (QYHKHNOHAJAOB, ONpEJIeJeHBLIX Ha MHOXECTBAX JHHUH WK
HOBEpPXHOCTeI.

[TousiTue (yHKLUHOHANA ABJAETCS pacillipelHeM MOHATHS (QYHKIHH Ha ciayuaf,
KOorjga o0jacTh ONpeletcHHst E €CTh MHOMXKECTBO O0BEKTOB NPOH3BOJBHON NPHJOIBL.
Ecmn xaxiomy saementy [ u3 E 1o HeKOTOPOMY NPaBHJIY CTABHTCSH B COOTBETCTBHE
JIeACTBHTENbIIOe wHCsI0 J, TO T'OBOPAT, YTO Ha MHOXKecTBe E ompelelieH ¢yHryuo-
nar J =J (f). ®ynxuuoHampl OGbLIYHO 3a7AIOTCS C MOMOLIBLIO HEKOTOPHIX ONpejedeH-
HpiX HHTerpatoB, OyHkuun M3 obsacty omnpeienesnss E pannoro ¢yuxuuona J
6yjeM Ha3blBaTh (PYHKYUAMU CpAsHCeHUL (AU OONYCMUMOIMUL (PYHKYLUAMIL).

B janbuefimem B KauectBe kjaaccoB C (YBKIHI CPaBHEHUS UCIOJAb3YIOTCS
caelyollHe MHOMKeCTBa (DYHKUMH, 3aJaHHBIX Ha OTpe3Ke [Xy, ¥1]: C[x, Xx{]—Kaacc
HerpepuBHEIX QYHRIHKI; CV [xg, x;]—Kaace TIaiKux (T. €. HMEIOIHUX HENpepLIBHLIE
IiepBble NPOU3BOJHEIE) DYHKIMI.

OGobuieHneM 3THX JABYX KJI4acCOB $BISETCS MHOKecTBO CUM) [xy, x1]— KJacc
dyHKUMI, UMEIOUKX HenpephiBibie m-e npoussBoausie (m=90, 1, 2, ...).

B xakaoMm M3 yRasannblX KJ14CCOB MOXKHO BBECTH NOHSITHe paccrosHis. Vmenno,
PACCMOAHUCM HYA26020 HOPAOKA MeXKAy JHOOBIMH JABYMSA QYHEIUAMH Y=y (¥) 4
Yy =ys (x), npuHajrexamuMu C [Xg, X1], BaswslBaeTCAd YHCIO

Po=po (1, )= max |yi(x)—y2(¥)]

oS XS Xy

Paccmosnuem nepsoeo nopsdxa Mexay GyHRuuAMH yy(X) H yp (X) M3 Kiacca
CD [xy, x1] Ha3bIBaeTCH YHCIO

p1=pi (W, )= max |y () —p @ |4+ max |y @—y2 )]

Ko S XK Xy Yo S XS

AHanOTHYHO MOMHO BBECTH IIOHSTHE DAacCTOSIHHUSL 0, (Y1, Yz) MEKAY JHOGHIMU
IBymMA QYHKIHMAMH Yy (¥) U Yy (x) U3 Kaacca C) [xy, x1].

IMycrs y (x) ECU™ [x4, x1] 1 € — IPOU3BOJBLHOE CKOJb YTOXHO MAJIO€ MOJI0KHTEN b=
HOe uMca0. MuoxecTBO BceX (yHKnui y(x) M3 kiacca CY (x, x;] Takux, uTO

pm (Y, §) < €, HA3LIBAGTCA E-0KpecmnoCmoio GYHKIMK y (X) B 3ajaHHOM KJacce
(yHKUNH,

1
1273. Buiuncauts dpysrimonan J (y (x)) = S[y (¥)]* dx, ecn y; (X)=x,

Y () =¢*, y, () =V1+4% ’

!
A\ 3pech GyHKIHOHAN 3a/1aH KaK ONpe/eneH bl uTerpa J (y (%)= g[y (%)]2 dx.

0
IloacTaBans B 5TO COOTHOWEHAE JauHEle (DYHKUWM, NOAYYHM YHCAOBbie SHAYEHHS
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¢byuknunonana., Hmeem
I
apu yi () =x: Ji(x)=Sx2dx=
0
ot
e g = T 0= { @92 = =1
0

L,
32

T
w05 () =V TR 1, (V TF8) = [ (V TFoa=t. A
1]

1274. Haiitu paccrosnne Mexay OyHKUHAMH y=2x* 0 y=x
B kuacce C [0, 1].

A Tlo onpepenenuo Po=_ <max1 |¥*—x|. Ha konuax otpeska [0, 1] dynx-
< X
uus y=x2-—x DpPUHHMAeT 3HAyeHUs, paBHee Hymo. Hccmefyem ee Ha sKCTpeMyM
B unrepBane ]0, I[. Mmeem y’'=2x—1; y'=0 npu x=1/2. Tak gak y" (1/2)=2>0,
TO B TOuKe x==1/2 uccresyemass (GyHKUHS JIOCTHraeT MHHHMYMa, paBHoro —I1/4.
ITostoMy | x2—x| mpuHuMaeT B TouKe x=1/2 HauGoubinee Ha orpeske [0, 1] 3ua-
yeHHe, paBHOe l/4. 3HAuHT, pacCTOAHHE MEXAY OGYHKUHAMH y=x% H y=x B
kaacce C[0, 1] ectb po=1/4. A

1275. Hailtn paccrosnne p, Mexny OyHKuusaMu y;(x)==xe™*
y,=0 Ha orpeske [0, 2].

1276. Ha#itu paccrognue p; Mexay PyHRKUMAMH y;(¥)=x H
Y, (x)=Inx Ha orpeske [e?, ¢].

§ 2. MOHATHUE O BAPHALUHH_ ¢ YHKUHUOHAJIA

Xy
ITycte dyukuuonan J (y (x)):SF (*, y, ¥)dx, rie F (x, y, y")—HexoTopas

Xo
u3BeCTHAst QYHKUMSA TpeX NepeMeHHBIX, onpexesneH B kKaacce C. Pasnocts

Sy W=y @W—y®, v, yHEC,

Ha3bIBAeTCS npupaujerues (WM eapuayuei) apeymenma y GyskInHOHana J (y).
Pasuocts

AT =AJ dpy=J (y-+-8y) —J (v)

Ha3blBaeTCsl rpupaueruesm gyrryuornara J (y), COOTBETCTBYIOMUM NpHpawmenuo Sy
apryMmeHra.

[ycte ¢ynxuua F (x, y, y’) HenpepelBHA M HMEET HENMpPEPLIBHBIE YaCTHLIE NPO-
H3BOJHEIE IO BCEM INepEeMeHHLIM JI0 BTOPOro MOPSJKA BKJIOYHTENBHO. Torxa B npu-
pamennn ¢yrkuuoHana AJ (Sy) MOXKHO BHIIEJNHTb TVIABHYIO 9acTh, JHHENHYIO OTHO-
CHTENIbHO BapHallMH AaprymMeHta, KOTOpas Ha3blBACTCH &apuayued (PyuKyuoHala
J (y) n oGosHauaetca uepe3 6J.

3
1277. Haiitn npupawerne dyskunoHana J(y (x))zgyzy’ dx, ecan

y(x)=2x y,(x) =" ’
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/\ 31ech mpHpaumeHne aprymMenTa QyHKUNOHAIA Sy () =y1 (N —y ) =x3—x2
a COOTBETCTBYIOUlEE eMy MpHpallienue (QyHKLHOHaIa

A =T (y (x)+ 6y (1) —J (g (=7 G2 () —J )=,
3 3

=S x6-3x’-’dx—g x.2x dx=6318. A
0 0
Xy

1278. Haiitn Bapuamne ¢yuxunonana J(y(x)) = S yy' dx, ecau

X
y(x) u 8y () €C [xg 3]
A Tlo onpeieneHu:o TNPHDAEHH dyaxunonana
Xy X1
Al =7 (y @) +by (Y—J (y () = S (y+8y) (v' +89) dx—-S yy' dx=
o Xo
Xy X1
. =S (v Sy-+y 8y dx+g 8y by" dx,
Xo Xo

oTXyZzAa ICXOMasd BapHauHA
X1

87 (= & sy+ydy) dx. A

Xo

Cpasmm; npupaimenye H BapHanuic CJIe Ay oI X v(I)YHKHMOHaJIOBI
€

1279. J(y(x)) = S (yy' -+ xy®) dx, ecmn y=Inx, dy= 9‘—&—_7%) .
13'{

1280. J (y(x)) = S y'* sinxdx, ecan y=sinx, dy = cos x.
0

§ 3. MOHSITUE Ob 3KCTPEMYME & YHKUHOHAJIA.
YACTHBIE CJYYAU MHTErPUPYEMOCTH YPABHEHU S 3HNEPA

Mycte E—xaacc GyHKuMil cpapHenns ¢ynxuunonana J. I'oBopat, 41O byuk-
1oHaT J WMeeT B 5TOM Kjacce abcoswompbili murumys ( MAKCUMYM), peanusyemMulil

Q)yﬂxuueii—y(x)EE, ecan st goSolt pysxnmA y (x) € E BHIOIHACTCT HEPABEHCIBO

Jw@=I G )< GOl (1)

T. e. npupaulenne ¢yHKIHONATA AT =J(y@x)—J (y (¥)) HeoTpuIaTEABHO (HETO-
JIOKHTEJBHO).

Topopst, 9To (yHKUHOHAT J HMeeT B Kzacce E omuoCumesbHull MUHUMYM
(MaKcumys), peasusyembtii dynxnneit y (x), ecan naiizercd Takas £-0KPeCTHOCTh
QyHEIHE ¥ (x), uTO Aus J0God yHKLHH y (x) €E u3 aTofi OKDECTHOCTH BHIION-
Hsiercst HepaBeHCTBO (1).

OueBMzHO, a6COMOTHBIY 3KCTPEMyM SBIAETCS H NOJABHO OTHOCHTE/NDHLIM 3K~
cTpemymom. OBparHoe, BoOGiie Iosopd, HEBEPHO.

IlycTb GYHKLHOHAN

x1

Jwe="\F v y)ds @

&
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onpeaeser B kiaacce C), a moxpiHTerpanbHast (yHKUMS HempepbiBHA BMECTE CO
CBOMMH YaCTHBIMM IPOM3BOJHBIME JIO BTOPOrO MOPSIKA BKAKYHTEBHO.

Teopema. Ecau gyuxyus y=y (x) €CV ydosremeopsem epanudnoiit yc0-
suam y (xg) = Yo, Y (X1)=y1 U peaausyem IKCmpemys ¢ynryuonara (1), mo ona
ABASCMCA petuerues ypasHenus Jirepa

d
Fy—-—d—'xFyrr-O, (3)

Ul 8 paseeprymoll 3anucu
Y'Fyy +y Fyyr 4 Fryr—Fy=0. @

Ypasuenne (3) mnpejctapager coGoif auddepeHunansbHOS YPaBHEHHE BTOPOro
NOpSANKA OTHOCHTENbHO HeHsBecTHON (GyHKnmu y (r). Obllee peluexue 3TOTO ypas-
HEHHS COJEPXHT JABE NponspoJbHele noctosnEbe Cy H Cg, KOTOPEIE JO/LKHBI OMpe-
JeJUTbCS M3 TPAHMUHBIX YCTOBHE ¥ (Xo) = Yo U ¥ (¥1)=y1. VInTerpaibuble Kpusble
ypaBHeHusi Jiliepa HasSHIBAIOTCH SKCMpemasamy. [1as Toro urobhl sKCTpeMasib npo-
xoamia yepes nse Toukd M (xp; o) ¥ N (x1; y1), caepyer BbiOparTh NOCTOAHHBIE
C; u C, Tak, utofn ¢ (x4, Cq, Co) = Yo U @ (1, C1, Co) =y, TAe y=¢ (¥, C1, Co)—
oflee pelleHne ypaBHeHHs Diaepa.

B ofuem ciyuae ypabHehue Diiiepa He paspemuMo B KBajpaTypax. Paccmor-
pUM 4YaCTHBIE CJIYYaH 3TOTO ypaBHEHHS.

Cayuaii 1. ®yskuusa F we saBucur or y', T. e. F=F (x, y). Torza ypas-

. oF
Henue Dlifepa NPUHHUMAET BHJL 0_y=0' dro ypashenue He spaseTcs jnddepeH-

LHaJbHBIM OTHOCHTE/JBHO HEM3BeCTHOH (YHKIHMH Y (X), TaK KaK OHO HE CONCPKHT
y’. OHo onpefenseT OAHY WA HECKOJbKO QyHKIMI, KoTOpbie, BooOlle roBops, ne
VJOBJETBOP FIOT TPAaHHUHBIM YCJOBUSIM ¥ (xg) =Yo B Y (x1)=y1. CuejloBarennHo,
pelleHHe paccMaTPUBAeMOl BapHalHOHHOH 3ajauyu B OOILeM CJyiae He CYIICCTBYET.
JIMp B cHelHMaibHBIX Caydasx HaiijleTcss KpuBas y==y (x), npoxonsmas depes
Toukn M (xy, yo) B N (x1, y1) ¥ fBASIOMASACH DEIIEHHEM (QYHKIHOHAMBHOTO ypaB-

HEeHH S W:O.
1281. Haiitu sxcTpemans QyHKIHOHANA
1

J(y(x))= S (xsiny4-cosy)dx; y(0)=0, y(l)==mn/4
0

) OF . o
A 3nece F=xsiny--cos y, —C_)—y—=x cos y—sin y u ypabHerue Diinepa umeer
BHI X c0s y—sin y=0, orkyna y=arctg x. 10 pelmenye yJ0OBIETBOPSET 3aJaHHHIM
TPaHHYHBIM YCJIOBHSIM H, CJI€L0BATEIbHO, IOJYYEHHAs KpHUBas SBJSETCST 3IKCTpe-
Malbio. A\

1282. Haiitu skcrpemans (yHKIHOHANaE

e
Ty )= (e —yeryds; y()=1, y(@=1.
1
oF .
/\ 3necy F = xe¥ —ye*, a—y:xel’—e", W ypaBHeHWe Jiljiepa 3amMCLIBa-

ercst B Buje xe¥ —e¥=0, orkyna y=x—Inx. Tlonyuennoe peircHue He yJ]O0B-
JIETBOPSIET JAHHBLIM TPAHHYHBIM YC/JAOBHAM M HaHJAEHHAs! KpUBasg He ABJIAETCH
SKCTpEManbio. A\

Canyua# 2. Oyuguus F susefino 3aBucut ot y', T. e. F=P(x, y) +
- y'Q (x, y). Torna ypaBHenue Diiepa uMeeT BUJ 95_93=0_ 910 ypaBHeHHe

0y  Ox
He ABasercs JuddepeHUHaNbHEIM OTHOCHTENBHO HEH3BeCTHOH GyHKUuM y (¥) H,
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BoOSIe ToBOPS, HE WMeeT DemeHuli, yAOBJETBOPSOMUX —3aJaHHBIM TPAHHTHLIM

oP  0Q ,
yenousiv, Ecan xe EEW , TO HOZBIHTerpanbHoe Boipaxenue F (x, y, y') dx=
=(P4y'Q)dx=Pdx-+Qdy ectp noaueil puddepenuuan HekoTopoll (QyHRUuHK
IBYX IepeMeHnpix. B aToM ciyuae snaueHne (yHKLHOHATA Le 3aBACHT OT MyTH
yuterpuposanusi. CieloBaTesabHo, QyHKIHOHAT J TOCTOsAHEH HA BCeX JIONYCTHMbIX
KPHBLIX H BapHalliOHHasi 3ajaua TepseT CMBICI.

1283. Hafitu skcTpemanb (GyHKIHOHAMA
B
T )=\ [ + 1) e e —yy 1 dx y () =a, y () =b.

[¢2
A 3pech F aunefino 3aBHCHT OT y':
F=(xy' + 1) e’ +x2—y%y = (4-e") - (¥ —y?) v,
oP _ 0Q

1. e P(x, p) =x2Fe, Q (x, ) =xe¥ —y*u —a—ll—z—a; Bripaxenue (x2-+e¥) dx+-

- (xe¥ — y?) dy ecTb nonupil Auddepernnal, H, CJACI0BATEBHO, HHTCTpaX HE 3a-
BHCAT OT NYTH HHTETPUPOBaHHS:

(; b) (B: &)

Tu= | wreat == § a(w—grtge)=
(@ a) (©a)
1 1 (B; b B3 —a® o> —b?
— Yo 3 3 —Beb — g L.
_(xe 3y+3x>(a;a) Peb — 0| 3 3

3pauenye (ynkunonana J INOCTOAHHO JUISi BCeX KPHMBEIX Y (X), MPOXOJAILINX yepe3
Touku (o; @) H (B; b), M BapHauuoHHas 3a1aya He MMeeT cMbicaa. A

Cayuait 3. ®ynknus F sapucur muws ot y', T.e. F=F (y'). Toraa ypas-
nenne Jiiiepa umeeT BuA y'Fyryr = 0. Ecam Fyryr # 0 (B mpoTuBHOM caydae Tpe-
GyeTcs JIOMOMHATENbHOE HCC/Ie10BaHIe), TO mosyuaen ypasnenne y”=0. ETo obuiee
penterne y=Cyx-+Cy, T.€. SKCTPEMAIAMH ABAFAIOTCH NpsMbIe.

1284. Haifitu axcrpeMandb GyHKUHOHANA
1

J(y(x»=§<y'2+y'+1)dx; y(O)=1, y(l)=2.

A 3peck F=y* -y’ -1, Fy=2y'+1, Fyyr=2. Ypasnenue Jinepa numeer
pug 2y’ =0, orkyna y=Cyx+Cp. 3navenns C; m C, Faiijiem M3 YCJIOBHS Npo-
XOKAEHHs 3KcTpemand uepes Toukd M (0; 1) u N(1; 2): Co=1, C;+Co=2, T.e.
Ci=C,=1. TakuM 06pasoM, 3KCTpeMaJbio ABIAETCS TpaMasi y=x--1. A

Cayuait 4, ®ysknus F sasucut Juws oT x # y', T.e. F=F (x, y'). Tax

Kak B 3TOM cJjydae %:o, TO ypaBBeHue Jiizepa MMeeT BHJ o <W> =0, orky-

oF (x, ¢’
~—(g!7,y—)=01. Paspemasi 3T0 ypaBHEHHE OTHOCHTE/NBHO y°
M HHTerpHUpyd, MOAyudM ofliee pellleHie ypaBHeHHs Jiaepa.

Jia cpasy HaxoAuM

1285. Haifitu sxcTpeManb (pyHKIIHOHAJA

e

J(y(x))=§(xy"-2y'>dx; y()=1, gy =2.
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A 3necs F=xy'*—2y’, ﬁi=2xy'——2, T.e. 2xy' —2=Cy. Orcroga y' =

9y
= Cle 2 . Unrterpupys, Haxomum y=% (Ci+2) In x4 C,. Henmonb3ys rpaHuyHble

yeiacBus, nonydaem Cp=1, %Ci—{—Cz—{—lzZ T.e. C1=0, Ca=1., IKcTpEMaIbBIO

siBIsiercst KpuBas y=Inx-41. &

Cayuait 5. ®dynkuua F 3aBucur auwe or y u y', T.e. F=F(y, y’).

Ypapuenue Oitepa, uMeroliee B 3ToM Caydae Buf y'Fyry -y Fyy—F, =0, cBo-

JHTCS K AHpdepeHlnaTbHOMY yPABHEHUIO [EPBOTO To-

X paska F—y'Fy.=C;, rie Cy—POH3EO/IbHAA [OCTOSH=
= ', Had,

1286 (3amava O HauUMeHbIIE
nNAouwaid NOBEDPXHOCTH BpalleHH ).

Bl 1) Cpenu BCeX MIOCKHX TVIafKUX KPHBHIX, coeju-
HAIOWHX ToukH A (x; y,) ¥ B(xy; y,), Halitn

Ty, KOoTopasa HOpH BpameHud BokKpyr ocu Ox

Puc. 91 o0pasyer NOBepXHOCTh HAHUMEHEUIeH MJOLIAJH,

A\ Tlroutans MOBEpXHOCTH BpAUleHHA SBASETCS (PYHKIUOHAIOM, ONPEeJETeHHbIM
B npocrpanctee C) [xq, x1]:
X1

Jwy=2m{ yV Ty ax.

Xo

3zecs F=y V1+y’2, NO3TOMY ypaBHerHe Diizepa CBOJHTCH K ypPaBHEHHIO

—_— r2 S
yl/l—{—y'z— % =C;, mm y=CV 1y

V1 4yt
IMonaras y’ =sht, naxogum y==C;ch{. Orciona
_dy Cyshidt .
dx—-;?_——rsht =C,df, T.e. x=C1t4C,.
CiejcBaTes1bHO, MCKOMOH KpPHBOIl fiBASETCH UemHAs JuHUS y=Cych szg . ITpo-
1
Cs

. Xo—
H3BOJIblble NOCTORHHBIE Cy 1 Cy ONpeNeAOTCs H3 TPAHHUHBIX Ye/I0Buit: ch —%—:

1
_ Y u—Cs  yi
=, ch o—C A

1287 (3azaua o 6paxuctoxpone). Cperu Bcex JHHHIL,
coefuHAOLMX ToukH A u B, HaliTH Ty, Mo KOTOpOil MaTepuHanbHas
TOYKa, JIBUTASICh MO [EUCTBUEM CHJBI TshxecTH H3 A 6e3 HauanbHOM
CKODOCTH, AOCTUTHeT TOYKHM B 3a KpaTuaiiinee Bpems.

N\ TIpoeesem wepes tourkn A(0; 0) u B (x1; yy) BEPTHKAILHYIO IVIOCKOCTb
(prc. 91) B BO3bMEM NPOH3BOMBHYIO JHHHIO y=[(x), 0<Cx<Cx;, rze f—nempe-
puiBHO auddepenunpyemasn pynxuus, npuduem [(0)=0 u [ (x) =y;y.

Hna npoussonbHo#t Touk M Ha OCHOBAaHHH 3dKOHA COXpPaHEHHA KULETHYECKON
SHEPTHH MOIyunM mu®/2=mgy, rle m—macca TOYKH, a v—ee CKOopocTh, OTciona

ds_V 14y?dx

v="V 2gy. C npyroit <TOpOHHI, U= G =g — (ds—sneuenr yru aunny).
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Otcoja

X o ee——

_Vigy? 1 gl 1yt

== = = x
V 2y V 2 9 Vy

Ypasuemne DilIepa B JaHHOM CaIyude NDUBOUT K CJAEIVOWIEMY Ju(pepeHii-
2/1bHOMY ypasHeiilid NepBoro nopdixa:

dt dx, T.e. J(y)=

Viry® Y’ 1
= - /._.—___:Ch T. €. ‘I/:—’—————,
Viy Vya+4v? Ci(l-+y")
ITonoxum y’:ctg7; TOrAa y=—= (1—cos), a
1
d1 sint dt
dx:—J=—q%n—(t——=L_ sin? Lat =L (1—cos t) ut,

y Wictg 5 G 2 oct

K= ({—sin £)4-Cy.
~ " act

Mnu NOJYYHM IapaMeTpUUeCKHe YpaBHeHUd LHKJIOHABL

1
Xx=—>F ({—sinl),
207
= ! (1—cos )
=—(1— s
{ 2Cy

T. e, aunnefl mauckopeiiwero ckara (GpaxHCTOXPOHOH) sABIfETCA IUIKJOH/A. ITo-

cronnnas Co=0 (tak xax x=0 npu ¢{=0), a nocroannag C; onpe/eanercs u3 yc-
JIOBUSI, YTO KpuBasi IPOXOJHT 4eped TOUKY B (x1; y1). A

Cayuait 6. ®ynkuna F 3aBicHT ToapKo oT y, T.e. F=F{(y). B srou

. oF
cayyae ypasHeHue Diisepa HMEET BHI oy =0,

1288, Haiitu srcrpemanb (yHKIHOHANA

1
J(y () =\ (2 —y)de; y(O)=1, y(I)=c.
0
., OF . y y
A 3nech F=2¢¥—y?, —ay—=2e3’—2y, 2Y —2y=0, 1. e, y=2c”. TNocnennee
ypaBHenHe He HMEET Jame WHCJIOBHIX pewenuil. A
Cayuait 7. ®ynkuun F nmmeer sui F(x, 7, Yy=py*+qx)y*+

4 2f (%), e p(x) > 0, p’ (x), q(x)==0, f(x) mempepLiBHLl Ha OTpe3Ke %02 *1l-
B sToM caydae sKcTpeMadb y =y (x) pyHKIMOHAIA

Xy

T = 0@y +90 52 +2 (9 9) dr

Xo
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NpOXOoAsIIAst 4Yepes JBe 3ajaHHble TOUKH (X, Yo) ¥ (X1, yi), YAOBAETBOpSET CJie-
AylolleMy ypaBHeHHIO Dfiepa: dii-x(py’)—qy—fzo.

1289. Haiitu skcrpemans ¢yHKUHOHANA

In 2

Jwe)=§ (v +202+2y) e dx; y(0)=y(In2)=0.

0

A Brech F=(u"* 224 2)e~%, p(=e~% q()=2"% f[(x)=e*
YpaBHenne Jilzepa nmpumer BUJ

% =y )—2e%y—e~*=0, mmm y' —y' —2 =1,

oTkyna y=Cie?¥ 4 Cye=* —1/2. Hcnone3ysi rpannuuple ycnoBus, noayuum Cyp—-
+ Co=1/2, 4C1+(1/2) Cy=1/2, r.e. Cy=1/14, Cy==3/7. Hrag, sKkcTpeMaibio
Apasercss Kpusas y=(1/14) e*¥ - (3/T)e=*—1/2. A

Hafitu skcrpemanu 3afaHHBIX (yHKIHOHAJIOB:
1

1290. J () = { (yshx—s2chx)ds; y(0)=1, y(1)=1.
0

X1
o~

1201, J(y) =\ er (1 4-xy')dx; y(x)="Yo y(x)=y,
!

1202. J () =\ 7 dx; y(0)=0, y(1)=1.

(=]

1
1298, J(y) = (xg'—y™)dx; y(©)=1, y(1)=1/4.
0

4.

i

2 o—
1294, J(y) = S%dx; y(—1)=1, y(2)

-1
X1

1205. J () = { (r+1)dx;  y(x) =y (x)=0.
303'[/2

1296. J (y) = S (*—2y"*)e~*dx; y(0)=0, y(3m/2)=e3v4,
1297. J (y) =\ (x2y* + 1290 dx; y(1)=1, y(2)=8.

1298, J(y) =

R e Wl B T ) o

(—dyydx; y(@)=1, y(8)=2.

1299. Haiitu xpuBylo y=y(x), 00 KOTOpO# MaTepuanbHas TOY-
ka nepewveuiaercst u3 Touku M (0; 1) B touky N (1; 2) co ckopocTsio
V==X 3a MHHHMAJbHOE BpeMs. ‘
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§ 4. PYHKUUOHAJIBI, 3ABUCALIUE OT NPOM3BOAHDbIX
BbICIIMX NCPAJKOB
PaccmoTpuM cayuail, Korja HHTerpast CoJIePXKHT NMPOM3BOJHBIE HCKOMOH (yHK-
MK y=y (X) BbIE NepBOTO NOpPsIAKA:
X1
To=Feu v o, oy 0
Xo
Tlpu 3tom HckoMast QynKuuA y (x) ECYM [xg, x1], ¥ yAoBIeTBOpAeT 21 rpaHny-
HBIM YCJIOBHAM:

Yt =vo; Y (%) =yo; «--3 4770 () =5" 7 2
g =y ¥ ) =y1, -, YV () =y""",
a mojpiiTerpanbuas dyuruus F (v, y, y’, ..., ') auddepenunupyema n--2 pasa

IO BCEM CBOMM apryMeHTaM.
Torpa o¢yukuus y=y (x), peanusyonias sxcTpeMyMm ¢yuKiunoHana (1) —(2),
JIO/KHA YAOBACTBOPSATL ypasuenuto Jdaepa— Iyaccona:

d d2 dll
Fy—a Fgr-i'-cm F[/r/— e —I—(—I)”C‘m Fy(!1)=0‘

1300. Cpenn Bcex (byHKuI/m KJlacca Cm [0, =], YAOBJIETBOP FOMHX
rpanuubiM yesoBusM Y (0) =y () =0, ¢’ (0)=y' (n)=1, uafitu Ta-
Kylo, KOTOpas peajlusyeT 3KcTpeMyM @yHKUHOHana J (y(x))=

T

={ (16— 4 2%) dx.
0

A\ Jnst pannoft 3ajauu ypasHenuwe Diftrepa—Ilyaccona uMeeT BHJ
32‘1/—}—(-1)2 e (—2y”)~ , nam yUvV) —16y=0.

Ero ofuiee pewenue TaKkoBo:
y=C1€%% 4 Coe—2% 4 C4 cos 24 Cy sin 2x.

Hcnone3yss rpasuunble ycaosus, noayunM Cy=C,=C3=0, C,=0,5. Hrax,
y=0,5 sin 2x—uckomas QyHKuuSI. A

Haiitu 3K0TpeMaJm 3aJaHHBIX (YHKIMOHAJOB:

1301 /{y Sy”z dx; g () =y () =0, ¥’ ()= (x,)=0

1
1802. J ()= (" +2/" + ) dx; y(O)=y()=0, ¥ (©O)=1,
0
¥ (1)=—sh1. »
1303. J (1) = § (' —pp 420 dx; v (0)=1, ¥’ (0)=0, y(m/2)=0,
0
Y (/2= —
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§ 5. ®YHKLUHOHAJIbI, 3ABUCAINUE OT ABYX ¢ YHKUHA
OAHON HE3ABMCUMOH NEPEMEHHOH

Pacemorpum dyuknuonal
Xy
Jwa={F@ g2y 2)dn ()

Xo

sapacanil or IByx Qyukunit y, zE€CH [x,, x;).
B s7ofi BapuanionHoii 3alaue HeoGXOJAHMO HafiTH KplBHeE y=y (x), 2=2 (x),
V;IOBJAETBOP AIOILHE IPAHHUHEIM YCIOBHAM

y(x)=Yo, Y=y, 2(x)=2, 2(x)=2 )

Hckombie 3KCTpeMannl SBIAIOTCH pelleHHeM cHeTeMul AudepeniiiabibX ypas-
HEHHI BTOPOro nopsijika (CHCTeMbl ypaBuenuil Diinepa)

d

Fy T dx

Fyr=0,
d
Fy— ;- Far=0.

Drta cucTeMa ypaBHeHHI OTHOCHTEJBHO WCKOMEIX ¢yHKuuil y (x) u 2z (x) urpaer B
noctaseHnol 3ajave (1)—(2) Ty ke posb, YTO H ypaBHeHHe Oiflnepa And OAHOH
HenzBecTHOH (QyHKIUM Y (X).

1304. Hafitu skctpemanu (yHKUIHOHAJIA

T

J= S (v —2y*+2yz—2"") dx; y(0)=2(0)=0, y(n)=2(n)=1.
0
/\ Cucrema uddepeHunalsiblX YpaBHeHRA a5 NanHoro QyHKuHoHaJja MMeeT
Bui y' +2y—z=0, 2’ -+ y=0. Hckmouass 2z, noayunm ypasHenume yUV)--2y"--
-+ y=0, ofmee pellenne KOTOPOIO
y=0Cy cos x4 Cy sin x+x (C5 cos x-+Cy sin x).

B cuty rpaHHUHBIX YCIOBHE C;=0, Cg=—1/a, T.e. y=Cpsinx+Cyxsinx—
— (v/m) cos x. Jaaee, nmeeM

: - 1 .
z=C,sin x}-C4 (2cos x| xsin x)—}——E (2 sin x— x cos x).
IMoctosuuse Ca 1 C, HAXOJUM, HCIONb3ysl TpaHuuHbie ycaosns pas z: Cy=0,
C»—npoussoabho. CielosarenbHo, 2z=C, sin x—(1/m)-(2sin x—x cos x). Hrak,
cemelicTBO aKcTpemadell Hmeer BuJ y= Cpsin x— (x/m) cos x, 2=Cy sin x| (1/m) X
K(2sinx—xcos x). A

Haiitu cemeiictBa 3KcTpeMaseill 3ajaHHBIX (QyHKUMOHAJOB:
1

1305. J(y, 2)= R (y"*—2xyz'ydx; y(0,5)=2, 2(0,5)=15,
y(Y=z(1)=1. o

1306, J (y, )= " —xy/x)dy; y()=z()=1, y@)=—1/;
2 (2)=1/2. ' |
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!
1807. J(g, )= § (52" —y"+2xy)dss y(—1)=2, y(1)=0,

2(—l)=—1, z(1)=1.
/2
1308. J(y, z) = S (v 42" —2y2)dx;  y(0)=0, y(m/2)=1,
z2(0)=0, z(n/Q)-——-.I.O

§ 6. ®YHKUHOHAJIBI, 3ABUCSIIIHUE OT ®YHKLHHA
ABYX HE3ABHCHUMBIX NEPEMEHHbBIX

Paccmotpum ¢yHRuHOHAT
0z 0z
J~S‘S‘F(x, b2 e a—y)dxdy.
D

0z 0z

OGo3naunm =P a—y:q. Iyets F(x, y, 2, p, q)—ObyHKUHSA, HEmpeprIs-
Hast BMECTE CO CBOMMH IDOM3BOJIHBIMH IO BTOPOrO MOPSAKA BKJIOYHTEJNBHO B HEKO-
TOPOH NMPOCTPAHCTBEHHOH o6jaacTd R 3HayeHHil NepeMEHHBIX X, Y, Z IPH BCEX KO-
HeuHHX p U ¢. [anee, nycts I'—3aMKHyTast IPOCTPAHCTBEHHAST KPHBAS, [POEKIIH S
KoTopo#t Ha MIOCKOCTb xOy eCTh IPOCTOR 3aMKHYTHI KOHTYpP C, OrpaHHYHBAIOUIKIL
ofnactb D. YpaBHeRHe NOBEpXHOCTH S, pacnosoxeHHO# B o6jactd R H npoxoss-
mei yepes kpusyio I, umeer Bug z={(x, y), rae dyHKuus f(x, y) HempephiBHA

g,
BMECTe CO CBOHMM HaCTHHIMH NMPOH3BOJHBIMH —7 H 73% .

IMocTaBUM 3a7auy OTHICKaHHS NMOBEPXHOCTH 2= f (¥, y), AAA KOTOPON wuHTerpat
HMeeT HAMMEHbllee 3HAUCHHE [0 CPAaBHEHHIO C HHTerpajaMmi, B3STHIMA HO GIH3KHUM
JONyCTHMBIM ITOBEP XHOCTSM.

Ecau Takas MOBepXHOCTh CYIIECTBYeT, TO e¢ ypaBHeHue 2= (x, y) sBAstercs
pewenneM ypasHenus 3Jidrépa— Ocmpozpadckoeo:

B[ _2 (0,
oz ax(ap oy\o9g )
1309 (Bamaua I[Tmaro). Hafitu noBepxHOCTh ¢ HauMeHbLIE

IJouajibio, NPOXOAsAlylo Yepe3 jAaHHy KpuByoo I' B mpoctpancrse.

A 3aﬂa’{a CBOJHUTCA K HAXOXKICHHIO MHHHMyMa HHTerpaJIa
- 0z \2, / 0z\2
s= VY () () e
D

3nece F=V 1+ p?+¢*. Ypasuenue ditiepa— OcTporpajckoro i 5TOr0 cayuas .
OpHHHMAET BHJ

£<_l__>+ﬁ<__q__>,__o_
w\V I+ ¢/ oy \VIfrie
Pacprmaﬂ 3TO BLIpaiKeHHe, Hai"lﬂeM

0%z 9%z 0%z
2 2 = = s= s =1
r(14+¢»)+¢(14pH—2p9s=0, rae r P 3537 t P

Ao YpaBHEHHE B YaCTHLIX [IPOM3BOJHLIX ONpejessaeT MHHHMAaJbHBIE IOBEPXHOCTH,
JAJIST KOTOPBIX CyMMa IJIaBHBIX paJHycoB KDHBH3HBI B KaxJoi Touke MOBCPXHOCTH
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pasHa HYJIO, T.€.

R1+R2:(H“72)’+( l—pz)t—2pqs]/1+p T#E—0. A

rt—s*

3anucats ypasueHue itnepa-—OcTporpaackoro Ajs (QyHKIUHOHA-
JIOB:

1310. J = S[(?) ( )]dxdy.

1311, J—SSK%) < > + 2z ¢ (x, y)}dxdj

§ 7. TAPAMETPHYECKAS ®OPMA BAPHAUMOHHbLIX 3AAAY

PaccmoTpuM dynkuuoHasn
2
J:JC:SF(x, u, % o) dt, 1)
to

rie £ " ¢ — npoussoaukie oT x (f) u y ({) no napamerpy f, @ fo W tj— 3HaueHusd ¢

Ha KoHuax kpueoil x=x({), y=y (). Ecim F (x,y, kx, ky) kF (£, 4, %, §), The
£>0, o pyrkuuy x (f) u y({), pearusylomue 3KCTpeMym (yHKUKONANA J, mpn
s1060M BLIGOpe TapameTpa ! JOJIZKHLL YJOBJETBCPATH CHCTEME YPABHEHMH E)Vmepa

Femgr (F)=0% Fr—z (F;)=
2tn ara ypaBnenus MOXKHO CBeCTH K O/IHOMY:
Fi(t, v, % 9) (9 —y) +F . —F . =0,

rue
F.. F.. F.. F .—F.

.o X X Xy vy x_z/ I/X
Fi(x, g, %, p) =———= T, W
—Xy x

@

(R— pansyc KPHBH3HBI 3KCTPEMAJH).
1312, Haiitn skcrpemann (pyHKUMOHANA
t -
=\ [Ve+y+a (—yild,
to

rie a-—HEKOTOpOoe NOJOXKHUTEJbHOE YHCIO.

/\ 3necy F= Vx~+y2+ a? (xy— YX) — IONOKNTENBHAS ofHOpOJHAA (pyHK-
)C ‘C
yB
. Hosromy ypasuenue (2) npunumaer Buj 1/R=202% Tarum 0G-

2
LKA TepBOH CTeMEeHH OT xH y. Hmeem ny =a?, Fyx-——az, Fi=

1
CE

Pa3cM, SKCTDEMAISMH CAY:KaT JyTH OKpY:KHOcTell ¢ pamuycom 1/(2a%). A
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Haiitu skcrpemanu ¢yukuuonanos:

L2 2 — 32 ylx
1313, Jo= |\ L2 C gy
(0} 0) *
(/2; 2y .
2 __ 2 42
1314, J,= LI g,
(0; 0) *

§ 8. MOHSATHE O JOCTATOYHBIX YCJIOBHU X
IKCTPEMYMA ¢ YHKUHWOHAJIA

Ho cux mop mpu paccmoTpenunu 3agauu o6 SKCTPEMaIbHOM 3HaueHUu (YHKUMO-
X1
Has1a J:S F (%, ¢, y') dx Mbl OrpasMyuBa/iCh HAXOXKICHHEM JHLDb HEOGXOXUMbIX
Xo
YCIOBHH 3KCTpeMyMa.

OMHUM H3 THIOB AOCTAaTOUHBIX YCJOBHIl SKCTPEMyMa SIBAAIOTCH ycunenHowe ye-
A0ecus JIexandpa: ecim Ha 3KCTPEMANH Y =y (x) BbITOJHSETCS HePaBeHcTBO Fyryr >
>0 (Fywyr < 0), To B coBoKynuoetn ¢ HEKOTOPBIMH ADYLHMH YCJOBHSMU 3TO yCJIO-
BHe o0eCrneunBaeT cJabblil MHHUMyM (cJ1aGblil MaKCHMYM) JaHHOTO (yHKUHOHAJA.
Ecau xe Fyryr 220 (Fyryr << 0) MpU pOU3BOABHEIX 3HAYCHHSX Y, TO AauHast 3KCTpe-
MaJb peasusyer CH/IbHbIE MHHHMYM (CHJIbHBI MaKCHMYM).

1315. Hccnenopath Ha skeTpemym (yHKIUOHAN

I (y (%)) =EV—1Vtyy—'2dX; y(0)=0, y(x,)=y;.
0

A B 3anave 1287 6bi10 MOKasaHo, uTo SKCTPEMAaNAMH ABJAIOTCS UHKIOUILL X =
=Cy(t—sinf)4Cy, y=Cy (1 —cost). Nywox nukncua x=C; (f—sint), y=
=Cy(l—cosf) ¢ uenrpom B Hauane KOODAHHAT o0pasyer LeHTPAJLHOE MOJe,
BRJOUAIONee SKCTPeManb x=a (f —sint), y=a (I —cos #), rae napaMerp a ompe-
AGJACTCA M3 YCIOBHA NPOXOXACHHS LMKAOHIL 4epe3 BTOP YO TPAHUYHYIO TOYKY
B (x1; y1). Econ x < 2ma, 10

Y 1
— e, F_l/’_l/' :»——:———.‘_ >O
VyVity Vg (g

npu JoGuix y’. CienoBatedbHO, NPH ¥y < 272 HA MUKJIOHE pPeasiusyercst CHAbHBIK
MHHHMYM. A

Fyr=

HCHOJIb3yH JAOCTAaTOUYHbIC yCJIOBH A SKCTpeMyMa, Hceaea10Bate Ha
SKCTPEMyM CliefyIolne QyHKIHOHAJEL:
2
1316. J(y) = 4’ dx; y(0)=0, y(2)—3.
0
/4

BIT. J(0) = § (4yp—y” 4+ 8y)dx; y(0) =—1, y(y4)=0.
0

a

1318, J (1) = § (e 1120y dx; y(1)=1, y(2)=8.

1
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OTBETHI

Iaasa 1
6. (e—1) —1). 7. 5. 8. 244,21, 10. ma?/2. 11. 112%5. 12. 5 (21In 2—1)/8.
0 2VT+y
13. (4-1—2V D)/4. 14. —432/169. 15. 1. 16. 26. 1. S dy X f(x, y) det
-1 _2VT+y
8 2-y 1 e 2 V2x-x2
+{ay { fwgpae B de g f ) de. 19 de S F(x v)dy.
0 —2VTay o o i 2l
1 1 1/2 Vi-y2 1 V1-y2
20. (dy {7 )ax et {ay § fenpart { ay { e
0 Y 0 Vi-2y 1/2 0
{ m-arcsing 3 4x/3 5 V25-x2 :
22, de g f(x, y)ds. 23 de S f y)dy—l—-de S f(x v) dx.
0 arcsin ¥ 0 0 3 0
3/4 x 2 Y2 +2
24. S dng(x, 4) dy. 25. de S f (x, y) dx. 30. 243, 31. 0,57 In 2. 32. 3na%/2.
0 x2 0 y*

33. 37, 34. 1470%/3. 35. 1/2. 36, 05In3. 41. 1/6km. ex. 42, 64/3kb. eL. i
43. 92— 16/3 kB. efl. 44. b kB. en. 45. 125/18 xB. ex. 46. 1/2xs. ex. 47. 27/2kB. el
48. 4/3kB. ell. 49. 8—mkB. €. 50. bSmKB. el. 51. 2n—8/3 xB. ex. :

55. 8n—32) 9/3ky6. en. 56. 17/5xy6.en. 57. w/4Ky6. en. 58. 88/105 ky®6. ex. |
59. 40/3 ky6. en. 60. 32/9 ky6. ex. 61. 90 ky6. ex. 62. 12Ky6. ex. 63. 79/60 xy6. en.

64. 4 xy6. en. 65. a%/3.70. 7 (5 V 5—1)/24 xB. en.71. 16n1/3 k8. ea. 72. ony 2ks.en.
73. 5/6--(V 2/4) In (3--2V 2) k. ex. 74. wkB. e, 75. 32 kB, eA. 76. 20 2/3 B ex, |
81. C (45/28; 279/70). 82. x=(5/6) a, y=0. 83. ¥=(3/5)a, y=(3/8) a. 84 x=y =

— 128/(1057). 85, x=y=9/20. 86. x=(6/5) p, y=0. 87. x=1, y=4/@n)."
88. 2,4. 89. 8/3. 90. 4096/105. 91. nab8/4. 92. (2/3) atk, rae k—Ko3pPHIUUEHT
NpONopIHOHATbHOCTH, 93, 2mr28. 94. ab®/12. 101. abc (a®--b%-+c?)/3. 102. 1/48.
103. 1/364. 104. ab? (10b—3a)/12. 105. 47, 106. 4. 107. 3m/2. 108. (1/5) ma®X

«(18Y 3—97/6). 109. 167/3. 110. 4r%/3. 111, 8 (2 V" 2—1)/9. 114. 7/6 xy6. ex.
115. 8 (3n—4)/9 xy6.ex. 116. 3a%/2. 117. X=7=2/5, 2=7/30. 118. x=y=3,
7=45/32.  119. (6/5; 12/5; 8/5). 120. 22°/3.  128. (n/2) In (A V 14 23).
120. (u2)In(A+V TF4). 130, (@Wln(l+o). 181 ne. 132, In (B/a).
133. (0/2) In (1-}-1). 134. In A1/, 135. Va(VB—Va)
136. (Y T—A2—1). 145. 1,1645. 146. —4,5781. 147. 2,4240. 148. 15V wu/8.
149. 0,1295. 150. 0,8934. 151. oo. 152. —2x} 3/7. 153. aV 3/5. 154. —4aV 2.
155. 4ny 2/5. 162, 1/24. 163. 3x/16. 164, 8/105.  165. 9/4096-.

166. Va

r .-;—
___.____T.._-l———-. 167
7+%)

-l

4n—ND!m on+1 1.3.7-11
_———_—(2n+l)!22"+§an . 168, —m L.
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169. —~ . 170. n/sin gm. 171, on/V 3. 172. 5732, 173. m. 174. 1/364.
b sin (amt/b)

I‘(%)-l‘ (m)

175. - F( ”+m) L176. /Y 2. 177'nsTTEn/rT)'”8' a/(2V 2). 179. /(2 sin nm).
T\%
_ P(n+1\
180 .]{_E.._.?—L.
2 r n—}—2>
(=
Iiasa 11

186. 67/6. 187. 136/3. 188. 2152/45. 189. 4. 190. 12, 191. 17,5. 192. .
193. 6/35. 194. 2. 195. x=(31n2—1)/3, y=(161n2--15)/24. 196. x=2/5,
y=—1/5, z=1/2. 197. 2a2 198. (V aZ-6%/ab) arctg (2nb/a).
199. V 2[aV 1442 +0,51n(2n4-V T4a3)].  200. 1/6.  206. U=ex+v -
~+sin (x—gy)--2¢-+-C. 207. U=x—e*~¥ }-sinx-{siny-4-C. 208. U=(1/3) x* —

— x2y24-3x-4-(1/3) y?-+-3y+C. 209. U =x2}y2—(3/2) x*y®-}2xy+C.
210. U=chx--xchy+ty+|C. 211. U =xarcsin x—y arcsin g+ T—=x2—
— V1= — (/)2 lny+C. 212, x%siny--ysinx--x%-4-cos y—y*=C,

213. ye*®*-xlny-+e¥=C. 214, i (8o Beex cayuasx). 215. 0 (8 oGoux cayyasnx).

218. ____Qy(x ql) dxdy. 219. 8. 222, 1/3kB.ex. 223. mab. 224. 45/2xs. exn.
¥ty
D

225, 25/ KB. eX. 226. 6nr?. 232, x=y=0, z=1(307—15) 5)/310.

233. 4 (1 46V 3)/15. 234. (125¥ 5—1)/420. 251. 0. 252. 12na%/5. 253. 0.
254. 4na(bctl_255. f)snaﬂh. 256. 0,1R%h (3R*-|-2h?). 257. 1/2. 258. 6. 259. R
260. 1. 261. 2m. 262. nab. 263, 3u. 264. xfy+-z. 265. (z—y) i-|-(x—2) jH+-(y—*) k.
266. 2 (j—k).

Tnasa 111

1 2 3 4 1 1 1 1

294. ll+m§+1003+10004+"" 295. ll+1111+111111+11111111+
-+....296. 1. 297. 1. 298. 1/12. 299. m. 301. Pacxoxutcs. 302. Cxoautcs.
303. Cxoaurtca. 304. Pacxoaurcs. 305. Cxoaurcsi. 306. Pacxoautest. 307. Cxo-
aurest.  308. Pacxonurcst. 3069. Cxoamtest.  310. Pacxoautcsi. 311. PacxoauTes.
312. Pacxomurcsa. 313. Cxoaurcs yeaosto. 314. Cxoaurtcs abcoaworHo. 315. Pac-
xoxures. 316, Pacxoaurtcst. 317. Pacxoautcst. 318. Cxoautcs. 319, Cxoiaurest
ycrosuo. 320. Cxonutest yentosno. 321. Cxoautcs abeomoTHo. 322. Pacxojutes.
323. Pacxoautes (CPaBHHTB C PSJOM Npeiblayliero mpumepa). 324. Cxoautcs.
325. Pacxoautcsi. 326. Cxozutcsa. 327. Cxoamtca. 328. Pacxojurtes. 329. Cxo-
aurest. 330, Cxoaurest abeosiotho. 331. Pacxoautest. 332, CXoIuTes aBCcodioTHO.
333. Pacxomurcs. 334. Cxoaurcss aBCoMOTHO. 3335. Cxoantcst yenoswo. 336. 1 -+

L, 1,1 4 4 4
g tgitag e 3% = b —grte.. . 345, B toukax x=1 u

X=2 pacxoautcsl, B Touke x=3 cxogutcs. 346. B Touke x=1 pacxoiurcs,
B TOuKe ¥ =2 cX0uTcA. 347. 0 < ¥ < 4-0.348. 1 < x < + 0. 349. —0 < ¥ <~-0.
353. Cxomutcst pasHomepHo. 354. Ja. 355. Jla. 356. Her, pay pacxoiutcs npH
JMoCoM 3HaueHHH x. 368. —ow < x <. 369. 3<<x< 5. 370. | < x < 3.
371. Psax cxoautcst To1bKo B Touke x=0. 372, Pag cxoiutcd npu MoGoM 3Ha-
vennn x. 373, —1 < x < 1. 374, —2<Cx < 2. 875. —3< x< 3.376. —l < x< 3.

399



377. —l<<x=<c1. 878. a/la—x)% 379. alna/la—x)—=x. 380. 2a/(a—x)

2] 22 3] 3
381. —2x/(1--x%2. 390 1-+txln3-42 2“, -+x—§”‘—3i+... (—o < x < o).
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400. [ (x, )=—11(x+DHu—D— D) (g—D—y—D>*(1/3) (1) (g — 1>+
+(y—1)34-0(%, rae p=V x+ D> F— D% 40L f(x, )=1-+G—)—y—

— (=1 g+ (1/2) g2 40 (p3), rae p=V x— 12142 402. [ (x, ) = —14-(x-1- 1)+
dy2—(x 1) y2+o0 (p?), rie p=]/(x+])2-{--g2. 415, 2,71828.  416. 0,60653.
417. 0,1564. 418. 1,0453. 419. 1,0186. 420. 5,196. 421. —0,0202. 422. 0,0953.
423. 1,0986. 424. 2,3026. 425. 0,4636. 426. 3,142. 432. 1/3. 433. 1. 434. 0,1996.
435. 0,102. 436. 0,015. 445, 2, —2, 2V 2, —m/4. 448, z=13(cos 157°23' +
- isin 157°23'). 447. i. 448. 1. 449. 2 cos 10° (cos 10°-}-i sin 10°). 450. —46--9L.
451. (249/1025)— (68/1025) i. 452. {5/169) (12/169) i. 453. 5,831 [cos (—30°68")+
- isin (—30°58")].  454. V2 (cos 135°--isin 135°).  455. (V 2/2)-+(V 2/2) 0.
456. cos (—150%) i sin (—150%)=—(¥ 3/2) —(1/2) i. 457. cos 22°30’}-i sin 22°30" =
= 0,92390,3827i; cos 112°30" -1 i sin 112°30" = —0,3827 -1- 0,9239; cos 202°30’ +-
-+ i sin 202°30" = —0,9239 — 0,3827¢; cos 262°30" -+~ sin 292°30" = 0,3827— 0,9239.
458. wy =2 (cos 15°-}-i sin 15°) = 1,9318 }-0,5176i; 1wy =2 (cos 135°4-isin 135°) =

=V 24V 2; wy==2(cos 255°+ { sin 255°) = —0,5176 — 1,9318:. 459. cos 4p=
= cos* p—6 cos? ¢ sin? ¢ -} sin? @, sin 4 ==4 cos? ¢ sin ¢—4 cos ¢ sin® @.
461. OxpyxXKHOCTh pajuyca R ¢ uenTpoM B Touke z=c. 462. 1) MHOXKeCTBO TOUEK
Kpyra, OFpPaHHUEHHOIO OKPYXKHOCTBIO |Zz—c = R; 2) MHOKECTBO TOYEK TJIOCKOCTH,
PACTIONOXKEHHEIX BHE OKPYXKHOCTH |z—c|=R. 463. 1) MpoxecTBo TOUeK mnOJY-
IVIOCKOCTH, PaclOJOXKEHHOH cnpaBa OT MuuMOI OCH; 2) MHOXKECTBO TOUEK INOJY-
MJIOCKOCTH, PAachoJIOKeHHOH ToA  AeHCTBHTEAbHOH OChIO. 469. S=(1/4)—i.
470. Cxomutesi. 471. Pacxoantes. 473. Psaj cxomurea Ha Bcell miuockoctd. 474, Pax

CXOAMTCA TOJbKO B TOUKe z=1--i.  479. 2-M/0 480, e~ /2, 481, —1,
483. (3/4)sinx— (1/4)sin3x.  484. il =—e~V2FN (pC7). 489. f(x) =
@

i 4 = cos (2m-
=—2 3 (—-1)m%ﬂf. 499. f(x)=%—;£—2 b —C%ﬂ 91 ) =

m=1 m=0
®

= %sh n[%+ Z f—n—;{})_—”; (cos mx—m sin mx)] . 492. [ (x)= 2 (—nmx

m=1 m=1

12 on2y _ 8 o cos 2m-F1)x | _
X(F{E——?) sinmx. 493. 1) f(x)—F':' W ) 2) f(x) =
m=0
o sin? 4h < sin (2m-F 1) 5n 10
Sin zmx v Sin {<m- X It
=2 Zl—-—”;—. 494. [ (== ZOW 495. [ ()= ——X
m= m=
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cosx  cos3x , cos5x 4 sin x sin2x_|_sin 3x > . 496, f(x) =

X( 12 + 32 + 52 +) 1 ) 3
sinx sin2x | sindx 8 /sinx sin3kasin5x > 497.2_
=2”< I _T+T—"'>'R("1T+ e )
2 OSﬂcos(2m-}—1)x o~ sinmx AT sinx 3sin 3x
T L ©@m+1)2 + }d (=1 == 498 —7 T T +
m=0 m=1
5sin bx 499 2 g‘ fym+1 sin max 500. _l__ix
+7E€2+ ’ .—.T—[lm‘(- m 2 nf
m=1
o0
2 1) 7ix [ 4
x 3 %ﬁ——— . F (@)= g oS 505 F) =

m=

2i ze—sinz—zcos 2 sin z—sin (2/2) 1/7
= . . 506. = ———— — Z) =
Vo e(F) fe @ : a1 1s@

_ ¢os (z/2)—cosz l/z
- z w

Inasa 1V

515. y==arccos eC*, 516. 20U (y-+-1)=x2-}1. 517. (1-4-eX)*tg y=38.
518. 2In|siny|==e*-b*—1,  519. y33-m/d=arctge¥. 520. In|tgy|=

+1 /{2 3/ %51
=4 (1—cos x). 521. 2% — 2V = 3/32. 522. y=e /( l/ ) 523. 2 (x—2)=In?y,
524. YV T2V TR 2=C.525. (1— V 1T—x2) (1 — ¥ T —y2)=Cuxy. 526. 2sin x+
A Injtg (y/2)|=C. 527. x*--ysinyf-cosy=C. 528. y=Intg (e*+m/4—1).
529. y=Intg (chx+C). 530. y=asin (arcsin (x/a)4-C); OTBET MOKHO 3auUCaTh
Takke B BHJe yl/azwxz*xl/azwyzzcl. 531, fx-ty-+2Inx—Iny=2.
532. 3arctg £+ 2arctg y>=un/2. 533, xty—2V x-F2V y2In|(V x4+ 1)x
(¥ y—1)|=C.534. V 2sin x}-sin y— cos y=0. 535. (g (1/2)=C [tg (y/2)+1]X
X[1—tg (x/2)]. 536. (3/2) In (y*+4){-arclg (y/2)=V EFF4x+13—In(x+4+2 4+
LV ¥ 4x1-13)4C. 537. tg xtg y=1. 538. y=arctg C (1—e¥)3. 539. y=C/x.
540. Ap— Age—kL.  541. 1) ~56,5r; 2) ~7,84u. 542 ~ 18,4 mun. 543, t =
—ontg?a (H/2 —n5/2)/(5owV 2g); T=2ntg? al®/?/(500V 2g)~844 c~ 14,1 mun.
544. ~ 4,6 mun. 550, Cx=eSSWA 551, y2=Cxe™%*.  552. Inx=(y/x)X
X [In (y/x)— 1]-+-C. 553. y2=4x21InCx. 554. y=xarcsinx. 555. 1-Isin (y/x) =
=Cx cos (y/x). 556. arcig (0,5y/x)—21In|x|=mn/4. 557, y2=x2InCx2,
558. arctg (y/x)=In CV x2—F 2. 559, y=—xIn| 1 —In x|. 560. (y/x)-arclg (y/x)=
=InCV 2Fy2 561. x° 1+ 10x%y2 4 5xyt=1. 562. 16xy=(y+4x—Cx??2,
563. In |y]—cos Bx/y)=C. 564. y= Lt xV Cx*—1. B565. y—1=C(x—1I).
568. 3x—-2y—4-+-2In|x4y—11=0. 569. x*-Lxy—y*—x+43y=C. 570. x* |-
+ 2xy—y2—A4x+-8y=C. 571 x*—y>}2xy—4x-+8y—6=0. 575. (1/2) x® -
- x sin y—cos y=C. 576. xy-}-e*siny=_C. 577. (1/2) x®y-+xsin y=C.
578. (1/3) x*+xy®+xy-+-ev =1.  579. ye*®* ;- xIny=1. 580. (1-}-x)siny--
+(1—y)sinx=C. B8l x2Iny--2y(x+1)=C. 582. x*-+3y-}-3xsiny=C.
583. yeX1-(1/2) y*=C. 584, x*-}y?-+ 2¢* siny=C. 585. xIny--y® cos Sx=e?.
586. xarcsin x+V 1—x2+-x2y-Lyarctg y—(1/2) In (1 +y?)+y=C. 587, x3y —
—cos x —siny=C. 588, exty{xifyt=1. 589. xfgytyctgx=C.
590. arcig (x/y)—xy-+ev=C. 59l. y=Cx—Inx—1; p=1/xt. 592, y=
= x(C—sinx); p=1/x2 593, x=y(C+y);, n=1/y" 5%4. w—V 1=yF=C;
p=1y 1=y 603. y=x(sinx-}C). 604. y=e~* (x2/24C).
605. cosx(x+C)/(1-+sinx). 606, y=a(x—1)/x*. 607. y=arctgx—1--
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4 Ce~cBE, 608, y=e~¥IX {arasinx—1. 609. y=tg (x/2)[(1/2)x
- (1/4) sin 2x-+C]. 610. y=(1/2)x%lnx. 61l. y=—cosx. 612, x=Cy+ty>
613, y=cos3x[l—(2/3)cos3x]. 614. x=Cy®:—1ljy. 615. x=Cy?-|-y*/2.
616. y~Y/3=Cx¥3—(3/7) % 617. y=(x—1)/(C—x). 618. y 12—tgx=
= (Incos x4-C)/x. 619, y=2=ux3 (e¥--C). 620. y==e~*[(1/2) e¥ | 1]2. 621. y=
=secx/(x341). 622, x=1/[y(y+C)]. 623. y=sec? x/(tg x—x-+C). 624. x*-
- yt=e"Y. 628, x=psinp, y=(p*—1)sinp+fpcosp--C. 629. x=eP--C,
y=epP (p—1), vau y= (x—C) [In (x—C)—1]. 630. x=2 (In p—p), y=2p—p?+-C.
631, x=1n [(V T+22—1)/p |+ p/V T p2+C, y=p/V 1T p%. 632. x=2p
+3p%, y=2p*+p*-C. 3. x=p(l4epP), y=0,5p24(p*—p--1)eP+C.
634, x=2e2P (2p2—2p--1), y=e2? (2p3—3p%-+3p—1,5)4-C. 635. x=0,51n%p 4~
+Inp+-C, y=plnp. 638. Obmee pemenue y=Cx-I- ¥ b2- a2C?; ocoboe peie-

x=—a%p/V B*+a%p?, 2,y
e { y=06*V B2 a%pe, HIH Ez—'{"b_z'-:l- 639. OGmwee pemenue Y=
' — z
= Cx— 1/C; ocoGoe pewenue :_;Z * pan y®——dx. 640. Obwee pemenie

x=2p—1,
_ y=p*
uee pewenue y=Cx--C?-|-1; ocofoe peuwenue

y=Cx-}-C (1—C); occloe pemenue { HIH y:%(x—[—l)z. 641, Oo-

x=—2p, x2
2 UM y=l—T.

; ocobbie pewenuss y=0,

=1
x=C(p41), (x—C)?
y=Cp?j2, "“MY=73C

y=—2x. 644. y=(1/48) x*--(1/8) x2-1-(1/32) cos 2x. 645. y=xcos x—3sin x4~
- x24-2x. 646. y=Insin x-Cyx®--Cox-+C;. 647. y=(1/3)sin®x4-C1x+Cs.
648, y——(x+3) =¥ (3/2) x2-L-3. 651 y=(3x*—4x3— 3612 72x-}-8)/24.
652. y—(arcsin x)2+-C; arcsin x+C. 653. y=+ 4 [(Crx-+a?)/2 4 Cox+C5)/(15CT).
654. y=(1-C7") In (1--Cyx) —CT'x+Cs. 655. y=(x3—3x% 4 6x--4)/6.
659.  0,51n(2y--3) =Cyx-+Cs. 660. y=e2*. 661. 4 (x+Co)=
=a1n[(y—|-01'+ V v+ Cl)z—az)/a], uid y-+Cy=+ ach (x+Cy)/a. 662, In y=
= Ciex -+ Coe=%. 663, y=e¥+CHE+C 664, In[Cy(y+ 1)—1]=Cy (x+Co).

665. x= 5 —0,5C; In (27 +C1)+-Ca. 668. y=Cye®. 669. gV Frci+
+CiIn(y+V g2 +C5) = & (—y2-+2Cix4-3C,)- 670. y=Coyx+Cs &
4 4(Crx+ad)®2/(15C3). 671 y=—In|1—x|. 672. y'==1 V k(¥®—1)/(20)-
- — _mg —kt/m mgt
673. y=—alncos (v/a). 674. y=1+Insecx. 675. s—?l«( e —1) -
678. y=C,+(Ci—Cox)ctgx. 679. y=(1/2 xIn? x4 Cyxlnx--Cyrx. 680. y=
= Cy sin x+C, sin® x. 683. [da. 684. [a. 685. Her. 686, [a. 687. [la. 688. Her.
696. y=Ce>%+Coe=%. 697. y=Cjcos5x--CysinSx. 698. y=Ci+Coe”.
699. y—(Ci-+Cyx) e2¥. 700. y=Cy+Cox-t Cye¥ - Coxe¥. T0L. y=(CreraV2 /2 4
-+ Cge"mV“ 2)cos(xa V' Z/2)+ (Cye@ Vals e Vela )sin (xa V'2/2).
702. y=Cyicos x4 Cysin x4 Cycos 2xC, sin 2x. 703. y—=4e~3% —3e—ix,
704, y=xe%%. 705. y=— (1 3) e¥ cos 3x. 706. y =2 sin (x;3). 707. y = (b—2e~3%);3.
708. y=V 2 sin3x. 709, y=sinx+-(1/¥ 3)cosx.  710. x=Cycosfi+-
+ Cysin Bt, win x=Asin (Qo+ps), =V ajm. 721, y= (5% 22¢3% 4 ¢¥);8,
722. y=0,5x (x4 2) ¢4%. 723, y=¢%* (C; cos 4x+ C; sin 4x) 4 (14 cos x--5sin x)/102.
724. y=— (11,/8) cos x+4 sin x—(1,8) cos 3x. 725.  y=Cre*¥ 4 Coe®* |-
- (24x2 - 52x 1 41),64. 726. y=4e"‘/2 —x—4. 727. y=(1/8)sin 2x —
—(1/4) (xcos 2x—1). 728, y=C;+Coe*¥—(1,6)-(2ch2x+sh2x). 729. y=
== (1/16) (4x— 1) sin 2x. 730. y=Cye%¥ -1 Coe~5% 4 (1/144) (1 —12x) e~2%,
731, y = C1e0% - CoeBx |- x (ae%¥ — bebBx) (o — B). 732. y=Cye¥ - Coe™%) — (1/2) x —
— (1/10) x cos 2x-- (2/25) sin 2x. 733, y=Cye5% L Coet* — (x3/3-{- X2 4 2x) €%+,
734. y=xchux 735, y=C12% | Coe=25-1-(1/4) x sh 2x. 736, y=
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642. OGuee pemeﬂne{



= ¢" “SP[C; cos (x sin ¢)+C, sin (x sin @)]-+-cos x. 737, y=e* (Cy cos x+C; sin x)—=
—0,5xe* cosx.  738. y==(1/8) cos x—(1/8) cos 3x — (1/6) x sin 3x—-(n/12) sin 3x.
739. y=e3¥ (5 cos 2x—sin 2x-}-6 sin x— 5 cos x). 742. mx+ax =
= Asinwl, x=Cjicospi--C,sinfi--[A/(a—mw?)]-sinel, e o#Fp=

=V ajm, u x=Cycos pt4-Cysin pt —[At/(2pm)]-cos Bt, ecn o =Pp=1V a/m-

743. y=Cy cos x—}—_02 sinx+(1/¥2) cosxIn I cos x--} cos?x—1/2 l -+
-1/ 2) sin x arcsin (V' 2 sin x). 744. y=C10=2% - Cyo=3% 4=
~- (1/2) e~ 2% In (1 -}-e2¥) —e~2¥ J-e=3% gretg e¥. 745, y=~Cy cos 2x -+ Cy sin 2x
-} (1/4) sin 2x In tg 2x. 746. y =Cjy cos (x/2) + C, sin (x:2) -}- 2x sin (x/2) -}~

~+4dcos (x/2) Incos (x/2). 747. 1=(3/Vg)m 1712y 2)c. T5l. y=
=x(Cycos Inx+Cysinlnx). 752. y=Cx-}-Cox®~(1/9)-(9 In? x+-24 In x-}- 26).
753. y=Cj cos Inx+CysinInx—(1,3) sin 2Inx. 754. y=(In? x}2 1611 x-2)/(2x).

2 4
5 — 3__ 2 = A T SR =
755, y=(1/2) x®*—[1/(In 2)] x* Inx. 757. y_C0<l SRRty e iR

o
N2 (9
= Cpe~*/2 (pelrenye cylecTBYeT Ha Beell uie1080i ocn). 758, y= E (.._1‘)1% =
n
n=32

le'zx—%—}-% (pewenne cymecTByer Ha Btefl uwucaosofi ocm). 759. y=

4
[ w
(—1)7 x2n _ (—1)7 x22+1
=Co D 346 2n T Dl T35, @ 1) (Pewenue cymectayer na peek
n=0 n=0
o @
. c xn x2n+1

yuca0BOH ocu). 760. y=0C, 2 m_—l)—kci 1 54 on (pemenne

n=0 n=

d (—1)m x4n+1
CymecTByeT Ha Bcefl uucnoBoli ocu). 761. y:E 1589... 41 (nt1) (pee-

n=19_

. . x o, 3¢ 178
HHe CyliecTByeT Ha Bcefl uncaoBofi ocu). 764, y:I+T-}-—2;—§——3’,——{- vee

x2 . 1245 x x>, 4x?
765- y:’_2'i'+—_5—!“’+ "0 e . 766- y= 1 +—ﬁ‘+’3—!+T!'+ "o 0w 767. y -
Y CU T R 2 (x—1)=4e=*-1+2(x—1). 768, y=1
=\t ha e J e e 2D, 168 =1

3x? | 8x3  34xt R S R I
"["X-{-*E!——l-?g--}——zvl—-l-.n. 769, y_x—ﬁx—-é—x—i—ﬂ-x—ﬂx—...

(nocJsie/ioBaTeAbHBIE TIPOW3BOJHBE NPH X =0 CBA3aHbl PEKYPPEHTHEIM CQOTHOLICHHEM
4

- X 2, X -
y{,n+2)=—yf)m+2ny8n D). 772. J1 (x)=-2—<l—ﬂ—r—m—...) . 773, y=
-2 sjaf ¥ X —a2 S )
_3VI[Clx (1‘2-5+2- .5.7_...)+ch Ut |

@

el B ey Sy

778. x=2¢% —¢t, y=2e3ttet, 779. x = Cy -} Coe™ — (3/49) 1 (714-2), y = — (2/3)Cy-
~F (1/2) Coe -1 (1/49) (14£2— 3¢ —1). 780. x=Cyet -} Coe~t -t (1/8) €3, y=— Cyel-
- Cpe~t--(5/8) e3. 781. y=C; cos x- Cg sin x-}sh x, 2= Cy sin x— C; cos x-+sh x.
782. x=(1/4) (3¢t -\ 5e=1)-I- (1/2) te! — 1, y= (5/4) (¢! — c=1) - (1/2) et — 1. 783, x =
= (1/3) 14-2, y=(2/3) t-}-4. 784, x=(C1-}-Cql) el--(1/2) cos {, y==[Cy (1— 1) —C1] X
Xet—2cost—(1/2) sint. 785. x=Cqe2t-1-Coe~2, y=23C1e? —Coe~2t, 786. x=
S H3Y-Colt?,  ye=Cyet—1)3—2C, /13, T87. x=—[(1C)) t-+Col=1, y=
=—Ci[(14Cy) t+Co]~1, 788, x=Cie~%t % —(3/7)¢l, y=Coe~t—(4/5) X
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X Cye=t{ (9/14) et. 789. x=e™V 2 /2 [C; cos (tm V' Z[2) -+ Cysin (tmV 2/2)] +
Vvl — — /'_

—I—e‘”’”2/2[C3cos(tmI/2/2)—]—C4sm(tm VZ/Q)] y= emValr

X [Cy sin (Em Y2 /2)—Cycos (tm V2/2 )} tre=tmV2 /2 [C, cos (im V2/2)—
— Cysin (tm V'212)]. 790. =Ci (2:(+c1)/(1+c;2+ C3), yr=
"Cz (2f+C1)/(1+Cz+CS) 22_C3(2t+cl)/ 1+4+Ci+C3). 796. xl—Cleat'i‘
+ Coe=at, xo=Coe—at 797.  x;=2C(e%t —4Cye=3t, x,=C,e3t |- Coe~5
798. x; = C]e_t+0262t+C3€ 2’ )Xo =Cre—t 4 Coe?t — Cae 2 yp=—Cre—t 4 20C,e%,
799. x;=Ciet -} Coe2t | Cge~t, xp=Cet—3Cse~t, Clet—}—C2e2t 5Cse~t,
800. x1=e12’(C1cos5t—{—Cosm5t) x2~612t(——61sm5t+C2cos5t) 801. x; =
= 2Cy cos t }2C, sint, x,=(C;—Cy) cos t-+(Ci-+Cy)sint. 802. x3=2Ce~t -+
+ 2 (4C;3-+C,) cos t —2(4Cy—Cy) sin £, Xy =—2C1e~t4-3 (5C, +-3C3) cos ¢
+3(5C3—3Cy) sin ¢, x3=Cye™ t+(702—|—11C3) cos {-+(7C3—11Cy) sin £. 803. x =
=t (C1f-+Cs), y=edt (C1t4-Cy—Cy). 804 x=—2¢t(Cysin2{—C, cos2t),
y=-¢t (Cy cos 2 Cy sin 2f). 805. x=ef (C1t+Cy), y=-et (C1—2C,—2C,1).

Tnasa V

811. P (A)=0 (coburue neposmcxuo). 812. 1/4. 813. 1) 1; 2) 1/5; 3) 3/5.
814. 499/1998. 815. 1/406. 819. (r/R)2. 820. (3V3)/(4n)~041 821. 0,5.
830. 1) a/(a-+b—+tc); 2) bila--b+-c); 3) c/(a-l-b+-0); 4) (a-,—b)/(a—i—b +-¢);
5 (a-+ c)/(a+o+c) 6) (b4 /(a+b-+c). 831, bd(a+b)-1(c+d) . 832. py4pa—
—2pyps. 833, 1—3a. 834. 1/3. 835. =~ 0,838. 836. 1) 22/145; 2) 51/145;
3) 72/145. 837. 0,7. 838. 0,375. 843. 7/64. 844. 21/32. 845. 4/9. 846. 27/128.
850. 15. 832. Her, 3anaua Bcerjza uMeeT pelleHue, Tak Kak (my-+q)/p —
—(mo—p)p=(-q)/p=1/p > 1. 853. Ilepsuiit — 114 uazenuii, sropoit— 112 us-

x[|0|12|3

jemumii.  854.  60. 859,  1/3.  866. )
p; |0,343|o,44110,189|0,027

x;l3|4’5|6|

867. . 868. 1) a=1/mt; 2) P (a/2< X< a)=1/3.
pi | I/6| 1/6‘ 1/3 | 1/6 I 1/6
{ 0 mpn x< O,
869. P(m< X < w)=1/4. 870. a=5; F(x):i 0,5(1—cosx) mpu 0<<x<m,
1 mpu x> .
( Qmur<o wlofr]2|s]e]
871. F(x)=1{ 5/6 mpu 0<<x<C1, 874.
UL opn x> 1. pi lo,omlo,077‘0,23()]0,346[0 259| 0,078

M (X) =3,00; D (X)=1,20. 875, A=1/4; M (X)=16/15; o,=V 44/225 =0,44.
878. M=20. 879. a—0,75; M=pn=3.882. P (3< X < 5)=(5—3)-(1/6)=1/3.
883. 2/5. 886. 0,000055. 887. M(X)=m/n=p; D(X)=pg/n. 898. M (X)=
D (X)=0,16, o(X)=0,4. 899. P (0,15 < X < 0,6)=0,3349. 900. M (X)=4.
901. P(0,3 < T < w)=e~15 = 0,2231. 902. a) F (24)=0,3812; 6) R (24)=10,6188.
903. R (1000)=e~2% =~ 0,1359. 906. 4,4%; nosyueHHblli Pe3yJbTaT He 3aBHCHT OT
uncroBoro 3xauenus m. 907. 0,34; 0,14; 0,02. 909. 0,424. 910. 0,9876. 911. 0,7328.
915. 0,018. 916. 0,156. 919. a1k4 oc:,—.20 ocg:ll68 Oy =752; ny=0; np=4;
n3=4.8; py=352; Sp=0,6; E,L:——OS 920. a;=1; a.=7/6; a3=3/2;
oy =31/15; py=0; pa=1/6; ug=0; M4_1/315 Sp=0; Ex:—06 921. A=1/2;
1 1 1 1 7
E,—3. 926. P(m e <001>,36 927. P( - ?‘<g>,,.§.
928. 3/4. 931. 0,954, 932. 61. 940. 1) A=1/20; 2) m,=22, m,,_41 3) Ox_56
05=259; 4) rey=0056. 941, 1) a=24; 2) my=m,=2/5; 3) of=0p==1/25;
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8y rey——2/3. 942. 1) a—/ Y 2 my=my=0; 3 cr=o,=1/(3V 2a);
4) ryy=0. 945, 7, =0,664; Y, =83,64x—0,15; x, = 0,12y} 1,24.°946. r,;, =0,321;
Uy =1,21x—2,45;  x,=0,0855}10,58. 953. x=10,005; D (X)=0,010475;
0(X)=0,1023.  954. y=—10,64; D (Y)=34,97. 958. o =06,32; op=144,64;
o =340,16; oy =2743,68; ul__O po=4,6976; pg==—1,3425; u4=56,422;
Sp(X)=—0,132; E(X)=—0,442.  960. M(X)=4,13; D (X)=9,07; f(x) =
(0 mpu x < —1,09,

— 1 0,096 npi —1,09 < x=< 9,35, 962. M(X)=5,06; D(X)=501. 964. M(X)=
L 0 npu x > 9,35. . . ,
8,02, D(X)=8,23, o(X)~ 2,87, [(x)=1/(2,87 ) 2n)e~ W= 02)¥(2:2,87%,

l!

I'nasa VI

976. z=xy-+¢ (- ©). ) 977, z=xQ1 () -+ @2 (P +1Ps (1) + @a (x).
981. tg (z/2) =1tg (x/2)- 1p<—§’—y—;—2—\.982. 2% =x% -} P(y® — x?). 983. [Tapabononxn Bpa-
menus z=x2-}-y2 987. —g—z_.O E=y/x, n=y. 988. 6?(;] Z—Z—O E=xty,

0%z 1 0z 1 0z\ - ey
MN=3x-4y. 989, 6°2+0 +2<€(—7—S _1_]..-0_7]_)__0, =2, 1N =x%

993, u=x(1—1). 994 u—(gosx%mat)/a. 995, u=—sinx. 999. u(x, )=
o

—(0,9/a%) - Z (1/k2)-sin (2nuk/3)-sin (kax/3)- cos (kmat/3). 1000. u==(96h/m%) X
k=1

X X 1/[(2k~-1)°] cos (2k--1) mal-sin (2k 1) 7. 1001, ux, 1) =
k=0

@D
4/ 1 sin (nk/2) cos (knh/l)
2

Ry sin (knx/l)-sin (knat/l). 1005. u(x, #) =

-H]{1+)o() o () -o-) o (7))
1
T

¢ 2 —x? - 2 u
~ e+ D31 x2/(at) (x—1/(a1) 0
]/ - [e-t¥ 2e +e IR 1006. u (x, f=— X

x+1 _ x—1 n_ 8 bl 1 v
{ <2th) <2th">]' o0, (s, 9= 2:1 CZENTNS

n
X o (2n+1)2 MPaR/I qn %‘ll_)ﬂl’f . 1009, u=u,-+(up—utg) [In (r/a):1n (b/a)].
1011, u (r, ©)=(8/3) sh(Inr)-sin O.

I'naga VII
1018. 1) w=i; 2) w=—e"; 3) w=el. 1019. (1-}9)/2, i, (3—2i)/13.
1021, (1/2)In2+4 (2knn—m/4) i, k€ Z. 1023. z=4+1iln (2+]/§).

1024. iln(1 4+ Y '2). 1025. 1,1752i, 1026. 0,772-1,018. 1027. 1) o1 x
¥ [cos (sin 1)4-isin (sin 1)]; 2) cose--isine. 1033. Her. 1034. [’ (2)=3z2.
1035. ' (§)=cosz. 1036, @ ()=ay+Cy, Y () =—ax+Cy, [(2)=Az4C,
A=—ai, C=Ci+C,. 1037. A=—1, f(z):—iz. 1038. a=0. 1039. f(z)=27-1C.

1040. f(v)——cosz—{—C 1047. u=4—02/16, u=0v?/4—1. 1048. v=(u2—1)/2.
1049, u=1, v=0. 1050. u=xcos ¢—ysin@; v=xsin @-{-y cos ¢ —npeobpaso-
BaHue KOOpJMHAT MpH TmoBopoTe oceft. 1051, u=(0/2)*/3 —(v/2)*/3. 1053. @ =—mn/2,

k=6. 1054. a=0, k=1/4. 1055. & =0, k=e. 1056. | 2|=1/2. 1057, |z2—1}=1/2.
1058. Rez=0. 1059 arg z=-—um/2. 1067. 1-4-i. 1068. —(1--)/3. 1069. 0.
1070. 0. 1071. 2mi. 1072. 2ni(a-|-b). 1081, O6aacts cxozumocTd 1< |2z|< 2.
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1082. Psaj pacxoiurcsl BO BCEX TOUKAX ILIOCKOCTH. 10183. 1)l f(z)z_—_—gf-—zs—
1 1 z V4
—-24—.-.; 2) f(2)=2+1+—z—+—z?-{—... . 1084. ‘3_'Z?+—5_’—+7—!+.§T+“. .

1085. -+ | —momocel OepBOro HopsAka; -+ {—IOJIOCH  BTOPOro mopAlnka.
1086. f(z)=1—(z—1)—{—(i—1)2—(z—1)3+ ...; obaacts cxogumocTd | z—1|<1.
2

1087. f(z)=ﬁ—2—!—}—-g—!— «..; A cXomuTCH Ha Beedl mockocTH. 1088. f(2) =

=3 0D u g o-m). 1008. 20 1089. 1; —1. 1100, —1. 1101, L. 1102. 27a®.
nt

n=1

1103. 2ni. 1104. 0. 1105. 2r/(3— 7). 1106. 3m/8.

Fnasa VIII
— — 2 —
112. f(p)=p(p+i_4)-. 1113. f(p)=(pi(1,;(;_2_{)2—{;25) . 14 T() =
=L _. 15 fp= a(p?—a*—b% . 116, F(p) =
T_p2 MPSY- 3NN ) 2152
A i NN

=G—arrenerarrer M IO e e

1118. F(p):-—z—iw. 1124, f ()= 1/4—(1/3) cos t-(1/12) cos 2¢. 1125. f(t) =

= —(1/3) et -+ (1/4) €2t - (1/12) e~ 2L, llzsikf(tt)lftl2k—2e:1j;.e:;k 127, f(H=1/4 —
t

.1 p 1 __ —
—cost«—_lﬁ-pLi_l__ TS 1133. f(t)——§ cos ({—1) cos Tdr =

=%(sint—{—tcosf). 1134. (1—2p)-y (p). 1135, (p3—p2--20—2)-y (p)—p—1.

1136. 2 (p2__1). 1143 y—et. 1144. y=sh . 1145. y=0. 1146, y=(1/3) fe!—

—(7/9) et — (2/9) e=2t. 1147, y=— (5/2) et +-4e2t —(3/2) €. 1148. x=(5/2) e*t —
—(1/2)e—2t, y=(5/2)ex—(1/2)e ~21.1149. x=(6/5) et —(1/5)e 5%, y==(3/5)e3t-(2/5)e~ 3¢,
1150, y (f)=1. 1151. y () =t. 1154. 26t —4f—3. 1155. —1/6-1(1/2) et — (1/2) et~
- (1/6) €. 1156, (1/8) (212— 6¢-}-3) et — (1/24) e=t+(2/3) sin (¢ V3 /2+/6).
1161. u (x, t)= A cos (nmat/l) cos (nrux/l). 1162. u (x, {)= B sin (nmat/l) sin (naxl).
1163. u (x, t)=AErf (ax/(2Q YV T )-

I'nasa IX

1169. 10, 1f, 12, 3[, 16, 7[. 1170. ]—4, —3[, 10, I[, 13, 4. 1171. 1,94.
1172. 2,09. 1173. 0,33; 1,30. 1174, —1,15. 1175, 1,11. 1176. 0,42. 1177. 3.62.
1178. —0,56. 1179, 1,27. 1185. £=1,70097. 1186. E=1,23429. 1189. 2,914,
1190. 1,37973. 1191, —1,4142. 1194, y=— (26— 1542} 25x—9)/3.
1195, y = 0,2(x® — 13x2 -+ 69x — 92). 1196, y =25 — L.

x' 6,5 ] 6,6 | 6,7 ] 6,8 { 6,9 | 7,0

1199

. | . 1200 39,0625.
Ig x | 0,81290,8195 I 0,8261 [0,8325‘0,8388' 0,8451

1201, f(x)=x34-x*-}-x--1. 1206. 0,5000. 1207. 1,16912; §5=-0,000004; Touroe
, 3HayeHHe HHTerpajza ecTb 4oV 2—1)——21n[(2 VE—{—I)/B] ~ 1,16912 ... .
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1208. | 8; | << (h2/12)-(b—a)-M; = 0,007 (M;— nauGoapwee 3Hauenne |f”(x)| na
HHTEepBaJe HHTerHpOBaHHﬂ) I]O9TOMY BhIYHCJIEHHE HaJ0 BeCTH C TPEMA 3HAKaMmMu

nocae 3amsiToll  (4ToObl NOJYuYMTH ABa BepHbIx 3Haka): [/ =~ 1,35. 1209. 0,69,
1210. 0,24. 1211. 0,75. 1212. 0,67. 1218. 183; 552. 1224. TouHoe 3HaueHue
I=62,572; 1) 1—62,673; 8—0,12%; 9) ]=62,730; 5=0,03%; 3) /= 66,500
6=5,999%. 1225. Tounoe 3nauenne [==0,747; 1) 71=0,746; 0=0,13%;
xlo]o1]o02]o03
9 1=0,800; 6=7,19 1229. )
gl1]1,2 ' 1,45 | 1,78
xlO,l 0,2 | 0,3 . 0,4 x| 22,1 ' 2,2] 2,3 ] 2,4
1230. . 1231 )
y| o o,omlo,oos 0,014 |4 5,8|9,44 18,78[54,86
t'l 1,2 1,4| 1,6‘ 1,8 2,0
x|olo,2 0,4‘0,6 0,8]|1,0]1,2
1232. . 1233. x 1| 1 1,07|1,17|1,3o 1,45 .
g1 1,11,18|1,241,271,271,24
yll 1,4 1,8‘2,21 2,63] 3,06
x| © | 0,1 ' 0,2 | 0,3 | 0,4
—1 | —0,975 | —0,949 | —0,921 | —o0,888
1236. .
x| 05 | 0,6 [ 0,7 ] 08 | 0,9 | 1,0
y |—0,842|—0, 802’—0,744 —0,675|—0,593|—0, 495
x|o] o,1]0,2] 0,3 l 0,4 |05 | 0,6 07]08]o09]1,0
1237. .
gl1] 1,05 1,12| 1,20| 1,20 | 1,39 | 1,50 | 1,62 | 1,75 | 1,89 | 2,03

1239. 1,78. 1240. 0,02. 1243. yy;=(1/3) 2%, y,=(1/3) x®-}-(1/63) x7, yz==(1/3) x® 4~
-1 (2/2079) x*1-L- (1/59535) x15, 1244, y-e‘5hx 1245, yp=1—x-+2X

+ (1169 274

le

e i R

pOHHAA MNOCJAEeA0BATEAbHOCTD.

_1/(x)=eSin ¥, mocseji0BaTeNbHOCTh HHXKHUX QyHRUMN. 1247. y, (x)= 2

HCTHHHOE

pelueHne
1250. y=0,279x171,14.

Y=

1251.

o ~l~1)I

>

m=0

1246, y, (x)=

sin {x2),

S'=11,58¢0,2898¢_

e

(n=3, 4, 5, ...); aBycro-

sin™ x

ml

TNOCJE10BATEIAbHOCTD

HCTHHHOE DpeEllcHHe

HH2XKH

n

sin” (x%)

—
Py m!
HX  (QYHKIHA,

1253. y=111,7-11,663x -
- 0,00437x2. 1254. S—33,02{1,65, 1258, 1) y—3,023x— 1,08; 2) y=0,992x— 0,909;

3y
D 0435.5.08%; " 3) yos 0,102+ 0,200% 0,806,
1261. 1) S=-926-0.15¢; 2) S=0,49¢0,44¢,
- 1,3424. 1264. ¢ (x)= 0 670x% — 0 728x%—0,350x -} 0,943.
1, 4?)07):—{—0 ,1708, x € [—m/4, 6]—n/8];
__} 1,0558x, x € [—xn/8, 0
1268. @ (=1 |’0558%, g [0, m/8];

1,4907x——0, 1708, x

[v/8, n/4].

— —1,802x}+2,958. 1259. 1) y——0,145x2-13,324x— 12,794; 2) y= 1,000x%—

1260.  S= 5,7¢1.97,

1263. ¢ (x) =—0,2723x% | 0,5003x -}
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( 8,2g7sx+2 0006, x € [—I; 5—8 5
125842 ¥ € [—0.5; 0];
1269. 9 (D=1 ¢ 5496x-1- e[[o 0,51;
(o 2296x+2 10065, x € [0.5; 1],
( 04%53)5—1—0 7131, % € [—1; 5~o 51
0,255 x+1 x € [—0.5; OI;
1270. (=1 0)9552¢-|- {0 0,5];
08310x+o 7121, ¥ e [0.5: 1],
0,1373 (x - 1)34-0,3799x -} 0,8799, X €[—1; —05];
1271. 0,1160 (x--0,5)3—0,1373x%-0, '3911x-{—0 9810, x € [—0,5; 0}
P ()= 0,0145 I— 2540, 1901 x3-1- 0,7399x--0,9855,  x & [0; 0,5];
(01901 (l—x) +1,2191x 40,7809, ¥ € [0.5; 1
—1,1571 (x-- 1)> - 0,8501(x -+ 1), XE[—1; —0 5]
1972 | 0,0711x5—0,1290x2 40,4932 10,6926, X€[—05; 0
c9@W=1 00393*—0,1290x2-1-0,5012x 10,6030, x€[0; 0,5];
—0,0467 (1 —x)>-I- 1,8443(1 —x) -+ 2,1972(x—0,5), x€[0,5; 1.
TFaasa X

1275. e—1. 1276. 2. 1279. Al=3a-lea?/(e—1), 8/=3a. 1280. Al=4a?/3,
87/=0. 1290. Her pewenus. 1291, Her pewenns. 1292. y=x. 1293. y=(1/4) x*—
—x+1. 1204, y=V 8Fbx—x%. 1295, y=0. 1296, y="V 2e"%sin (x/2).
1297, y=1x3. 1298. y-_x/4 1299. OkpyxHOCTb X% (y— 2)2=1 1301, y (x) =
1302. y=(1—x)shx. 1303. y=cos x. 1305. y=1/x, z2=2/x*—1.
1306. y= 4/(3x3)—1/3 z2=1/x. 1307. y=— (x3—{-5x—6)/6 z=x. 1308. y=sin x,

2z
()J~ ¢ (x, y). 11313, y=2x

02z
z=sinx. 1310, T E =0. 1311 6112+
1314. y=2sinx. 1316. y= (3/2)x peasmsyer caabuii MunEMyM. 1317, y=sin2x—1
peamu3yer cuibHBI MaxcuMyM. 1318. y==x peannsyer CHIbHEIL MHHEMYM.



TMPUJIOKEHHUE

Bnauenus ramma-bpynxuuu I (p) (npu l<<p=C?

Tadauna I

p rm 14 T(m 4 T(m p T (p)
1,00 1,0000 1,25 0,9064 1,50 0,8862 1,75 0,9191
1,01 0,9943 1,26 9044 1,51 8866 1,76 9214
1,02 9888 1,27 9025 1,52 8870 1,77 9238
1,03 9835 1,28 S007 1,53 8876 1,78 9262
1,04 9784 1,29 8990 1,54 8882 1,79 9288
1,06 9735 1,30 8975 1,55 8889 1,80 9314
1,06 9687 1,31 8960 1,56 8896 1,81 9341
1,07 9642 1,32 8046 1,57 8905 1,82 9368
1,08 9597 1,33 8934 1,58 8914 1,83 9397
1,09 9555 1,34 8922 1,59 8924 1,84 9426
1,10 G514 1,35 8912 1,60 8935 1,85 9456
1,11 9474 1,36 8902 1,61 8947 1,86 9487
1,12 9436 1,37 8893 1,62 8959 1,87 9518
1,13 9399 1,38 8885 1,63 8372 1,88 9551
1,14 9364 1,39 8879 1,64 8986 1,89 9584
1,15 9330 1,40 8873 1,65 3001 1,90 9618
1,16 9298 1,41 8868 1,66 9017 1,91 9652
1,17 9267 1,42 8864 1,67 9033 1,92 9688
1,18 9237 1,43 8860 1,68 9050 1,93 9724
1,19 9209 1,44 8858 1,69 9068 1,94 9761
1,20 9182 1,45 8857 1,70 9086 1,95 9799
1,21 9156 1,46 8856 1,71 9106 1,96 9837
1,22 9131 1,47 8856 1,72 9126 1,97 9877
1,23 9108 1,48 8857 1,73 9147 1,98 9917
1,24 9085 1,49 8859 1,74 9168 1,99 9958

2,00 1,0000

409



Ta6auna II
3HaveHHsd QyHRKOIHH ¢—F

X e~ v x e—% X e~% X e~ x e—%

0,00 11,0000 | 0,31 0,7334 | 0,61 0,5433 | 0,91 0,4025 | 1,21 0,2982
01 10,9900 | 32 7261 62 5379 92 3985 22 2952
02 9802 33 7189 63 5326 93 3946 23 2923
03 9704 34 7118 64 5273 94 3906 24 2894
04 9608 © 35 7047 65 5221 95 3867 25 2365
05 9512 :

0,06 0,9418 % 0,36 0,6977 | 0,66 0,51661 0,96 0,3829 | 1,26 0,2836
07 9324 37 6907 67 SI17 97 3791 27 2808
08 9231 38 6839 68 5066 98 3753 28 2780
09 9139 39 6777 69 5016 99 3716 29 2753
10 9048 40 6703 70 4966 || 1,00 3679 30 2725

0,11 0,898 1 0,41 0,6636 || 0,71 0,4916 | 1,01 0,3642 1,31 0,2692
12 8860 42 6571 72 4868 02 3606 32 2671
13 8781 43 6505 73 4819 03 3570 33 2645
14 8694 44 6440 74 4771 04 3534 34 2618
15 8607 i| 45 6376 75 4724 05 3499 35 2592

0,16 0,8521 | 0,46 0,6313 0,76 0,4677 | 1,06 0,3465 || 1,36 0,2567
17 8437 47 6250 77 4630 07 3430 37 2541
18 8353 48 6188 78 4534 08 3396 38 2516
19 8270 49 6126 79 4538 09 3362 39 2491
20 8187 | 50 6065 80 4493 10 3329 40 2466

0,21 0,8106 i 0,51 10,6005 | 0,81 0,4449 : 1,11 10,3296 || 1,41 0,2441
22 8025 52 5945 82 4404 12 3263 42 2417
23 7945 53 5886 83 4361 13 3230 43 2393
24 7866 54 5827 84 4317 14 3198 44 2369
25 7781 55 5769 85 4274 15 3166 45 2346

0,26 0,7711 | 0,56 0,5712 0,86 0,4232 | 1,16 0,3135 | 1,46 0,2322
27 7634 | 57 5655 | 87 4189 | 17 3104 | 47 92299
28 7558 | 58 5599 || 88 4148 | 18 3073 | 48 2976
29 7483 | 59 5543 | 89 4107 | 19 3042 | 49 2954
30 7408 60 5486 | 90 4066 20 3012 | 1,50 0,223]
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3unavenud PyHKOUR

Tadauma 1II

X X
. — 1
@ (1) =erf(x e~ %t 1 O (x) = —==— ge-ﬂ‘z/’«’dt

(g =erf () === 5 =35

0
x| ®w | Dw r | ®w | Dw®w x | @@ | D r |ow | Dw
0,00 |0,0000/0,0000| 0,60 (0,6039 0,225711,200,9103|0,3849 1,80 [0,9891|0,4641
02 0226; 0080 62| 6194 2324 221 9155, 3888 821 9899| 4656
04 04511 0160 64| 6346 2389 24| 9205 3925 84| 9907] 4671
06 0676 0239 66] 6494 2454 261 9252 3962 86| 9915{ 4686
08 0901 0319 68| 6638 2517 28| 9297 3997 881 9922 4699
0,10 1125 0398(0,707 6778 2580 1,30| 9340j 403211,50| 9928 4713
12 1348 0478 72| 6914| 2642 321 9381 4066 G2| 9934| 4726
14 1569| 0557 74| 7047{ 2703 341 9419] 4099 941 9939{ 4738
16 1790 0636 761 7175 2764 361 9456{ 4131 96| 9944 4750
18 2009 0714 781 7300| 2823 381 9490| 4162 98| 9949 4761
0,20 2027 0793]0,80] 7421| 28811,40| 9523| 4192)2,00| 9953 4772
22 2443 0871 82| 7538| 2939 421 0b554; 4222 05| 9S63] 4798
24 2657| 0948 841 7651 2995 44| 9583 4251 101 9970] 4821
26 2869] 10261 &6| 77611 3051 46| 9610] 4279 15| 9976| 4842
28 30791 1103 881 7867 3106 48| <636 4306 201 9981] 4860
0,30 3286 117910,90} 7969 3159 1,50| 9661 4332(2,25| 9985 4877
32 34911 1265 92} 8068 3212 521 0684 4357 301 9988] 4892
34 3694 1331 94| 8163] 3264 541 9706; 4382 351 9991} 4906
36 3893| 1406 g6| 8254 3315 561 9726{ 4406 40| 9993 49!8
38 4090 1480 98| 8342] 3365 581 9745 4429 451 9995 4928
0,40 4984] 15541 1,00| 8427| 3413|1,60f 9763 445212,501 9936 4938
42 4475 1628 02| &508] 3461 62| 9780f 4474 60| 9998) 4953
44 | 4662| 1700 04] 8586 3508 64| 9796 4495 701 9999 4965
46| 4847 1772 06| €661 3554 . 66 9811f 45155 80| 9999 4974
48 5027| 1844 08| 87331 3599 68| 9825 4535i2,9010,9999] 4981
0,50 5205 1915]i1,10] 8802 3643 1,701 9838 4554113,0011,0000{ 4986
52 5379 1985 121 8868; 3686 721 9850[ 4573 2011,0000{ 4993
54 5549 2054 14| 89311 3729 74| 9861] 4591 4011,0000;f 4996
56 5716 2123 16| 8991 3770 761 9872| 4608 6011,0000] 4998
0,58 [0,5879]0,2190| 1,18 0,9048(0,38101 1,78 |0,9882/|0, 4625 3,80 |1,0000/0, 4999
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Ta6auuwa IV

3HaueHH A OYHRKUHH 2,=—~—¢—1*/2

0 | 0,3983 | 3989 | 3989 | 3988 | 3986 | 3984 | 3982 | 3980 | 3977 | 3973
1 3970 | 3965 | 3961 | 3956 | 3951 | 3945 | 3939 | 3932 | 3925 | 3918
2 3910 | 3902 | 3894 | 3885 | 3876 | 3867 | 3857 | 3847 | 3836 | 3825
3 3814 | 3802 | 3790 | 3778 | 3765 | 3752 | 3739 | 3726 | 3712 | 3697
4 3683 | 3668 | 3653 | 3637 | 3621 | 3605 | 3589 | 3572 | 3555 | 3538
5 3521 | 3503 | 3485 | 3467 | 3448 | 3429 | 3410 | 3391 | 3372 | 3352

0,6 3332 | 3312 | 3292 | 3271 | 3251 | 3230 [ 3209 | 3187 | 3166 | 3i44
0,7 3123 | 3101 | 3079 | 3056 | 3034 | 3011 | 2989 | 2666 | 2943 | 2920
0,8 2897 | 2874 | 2850 1 2827 | 2803 | 2780 | 2756 | 2732 | 2709 | 2685
0,9 2661 | 2637 | 2613 | 2589 | 2565 | 2541 | 2516 | 2492 | 2468 | 2444
1,0 2420 | 2396 | 2371 | 2347 | 2323 | 2299 | 2275 | 2251 | 2227 | 2203

1,1 2179 | 2155 | 2131 | 2107 | 2083 | 2059 | 2036 { 2012 | 1989 | 1965
1,2 1942 | 1919 | 1895 | 1872 | 1849 | 1826 | 1804 | 1781 | 1758 | 1736
1,3 1714 1691 | 1669 | 1647 | 1626 | 1604 | 1582 | 1561 | 1539 | 1518
1,4 1497 1476 | 1456 | 1435 | 1415 | 1394 | 1374 | 1354 | 1334 | 1315
1,5 1295 1276 | 1257 | 1238 | 1219 | 1200 | 1182 | 1163 | 1145 | 1127

6 1109 1092 | 1074 § 1057 | 1040 | 1023 | 1006 | 0989 | 0973 | 0957
7 0940 | 0925 | 0909 | 0893 | 0878 | 0863 | 0848 | 0833 | 0818 | 0804
8 0790 | 0775 | 0761 | 0748 | 0734 | 0721 | 0707 | 0694 | 0681 | G669
9 0656 | 0644 | 0632 | 0620 | 0608 [ 0596 | 0584 | 0573 | 0562 | 0551
0 0540 | 0529 | 0519 | 0508 | 0498 | 0488 | 0478 | 0468 | 0459 | 0449

2,1 0440 | 0431 | 0422 | 0413 | 0404 | 0395 | 0387 | 0379 | 0371 | 0363
2,2 0355 | 0347 | 0339 | 0332 | 0325 | 0317 | 0310 | 0303 | 0297 | 0290
2,3 0283 | 0277 | 0270 | 0264 | 0258 | 0252 | 0246 | 0241 | 0235 | 0229
2,4 0224 | 0219 | 0213 [ 0208 | 0203 | 0198 | 0194 | 0189 | 0184 | 0180
2,5 0175 | 0171 | 0167 | 0163 | 0158 | 0154 | 0151 | 0147 | 0143 | 0139

2,6 0136 | 0132 | 0129 | 0126 { 0122 | 0119 | 0116 | 0113 | 0110 | 0107
2,7 0104 } 0101 | 0099 | 0096 | 0093 | 0091 | 0088 | 0086 | 0084 | 0081
2,8 0079 | 0077 | 0075 | 0073 | 0071 | 0069 | 0067 | 0065 | 0063 | 0061
2,9 0060 | 0058 | 0056 | 0055 | 0053 | 0051 | 0050 | 0048 | 0047 | 0046
3,0 | 0,0044 | 0043 | 0042 | 0040 | 0039 | 0038 | 0037 | 0036 | 0035 | 0034
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Ta6anmga V
3HaueHH s BEPDOSTHOCTEH AJaAs Kpurtepusa y?

1 | 0,3173 |0,6065 |0,8013 | 0,9098 | 0,9626 | 0,9856 | 0,9948 | 0,9982
2 1574 | 3679 | 5724 | 7358 | 8491 | ‘9197 | 9598 | 9810
3 0833 | 2231 | 3916 | 5578 | 7000 | 8083 | 8850 | 9344
4 0155 | 1353 | 2615 | 4060 | 5494 | 6767 | 7798 | 8571
5 0254 | 0821 | 1718 | 2673 | 4150 | 5438 | 6600 [ 7576
6 0143 | 0498 | 1116 1991 | 3062 | 4232| 5398 | 6472
7 0081 | 0302 | 0719 | 1359 | 2206 | 3208 | 4289 | 5366
8 0047 | 0183 | 0460 | 0916 | 1362 | 2381 | 3326 | 4335
9 0027 | OI11 | 0293 | 0611 | 1091 | 1736 | 2527 | 3423
10 0016 | 0067 | 0186 | 0404 | 0752 | 1247 | 1886 | 2650
11 0009 | 0041 | 0117 | 0266| 0514 | 0884| 1386| 2017
12 0005 | 0025 | 0074 | Oi74 | 0348 | 0620 | 1006 | 1512
13 0003 | 0015 | 0046 | ©0113| 0234| 0430| 0721 | 1119
14 0002 | 0009 | 0029 | 0073 | 0156 | 0296 | 0512 | 0818
15 0001 | 0006 [ 008 | 0047 | 0104 | 0203 | 0360 | 0591
16 0001 | 0003 | o011 | 0030 | 0068 | 0138 | 0251 | 0424
17 0000 | 0002 | 0007 | 0019 | 0045 | 0093 | 0174 | 0301
18 0001 | 0004 | 0012 | 0029 [ 0062 | 0120 | 0212
19 0001 | 0003 | 0008 | 0019 [ 0042 | 0082 | 0149
20 0000 | 0002 | 0005 | 003 | 0028| 0056| 0103
21 0001 | 0003 | 0008 | 0018 | 0038 | 0071
22 0001 | 0002 | 0005 | 0012 0025| 0049
23 0000 | 0001 | 0003 | 0008 | 0017 | 0034
24 0001 | 0002 | 0005 | ©0O1| 0023
25 0001 | 0001 | 0003 | 0008 | 0016
26 0000 | 0001 | 0002 | 0005 | 0010
27 0001 | 0001 | 0003 | 0007
28 0000 | 0001 | 0002 | 0005
29 0001 | 0001 [ 0003
30 0000 | 0001 | 0002

413



Hpodoascenne maba. V

15

16

414

1 0,9994 | 0,9998 | 0,9899 | 1,0000 | 1,0000 | 1,0000 | 1,0000 | 1,0000

2 9915 9963 9985 9994 9998 9999 | 1,0000 | 1,0000

3 9643 9814 9907 9955 9979 9991 | 0,9896 | 0,9998

4 9114 9473 5699 9834 9912 9955 9977 9989

5 8343 8913 9312 9580 9752 9858 9921 9958

6 7399 8153 8734 9161 9462 5665 9797 9881

7 6371 7254 7991 8576 9022 1 9347 9576 9733

8 5341 6288 7133 7851 8436 8893 9238 9489

9 4373 5321 6219 7029 7729 8311 8775 9134
10 3505 4405 5304 6160 6939 7622 8197 8666
11 2757 3575 4433 5289 6108 6860 7526 8095
12 2133 2851 3626 4457 5276 6063 6790 7440
13 1626 2237 2933 3690 4478 5265 6023 6728
14 1223 1730 2330 3007 3738 4497 5255 5987
15 0909 1321 1825 2414 3074 3782 4514 5246
16 0669 09396 1411 1912 2491 3134 3821 4530
17 0487 0744 1079 1496 1993 2562 | 3189 3856
18 0352 0550 0816 1157 1575 2068 2627 3239
19 0252 0403 0611 0885 1231 1649 2137 2687
20 0179 0293 0453 0671 0952 1301 1719 2202
21 0126 0211 0334 0504 0729 1016 1368 1785
22 0089 0151 0244 0375 0554 0786 1078 1432
23 0062 0107 0177 0277 0417 0603 0841 1137
24 0043 0076 0127 0203 0311 0458 0651 0895
25 0030 0053 0091 0148 0231 0346 0499 0698
26 0020 0037 0065 0107 0170 0259 0380 0540
27 0014 0026 0046 6077 0154 0193 0287 0415
28 0010 0018 0032 0055 0090 0142 0216 0316
29 0006 0012 0023 0039 0065 0104 0161 0239
30 0004 0009 0016 0028 0047 0076 0119 0180




Ta6anua VI

Bmawenus pyunxunm P(R)=1—2 (—1)/e-2"s

J=—®

A P 3 P A P (A A P
0,00 1,0000 0,45 0,9874 0,90 0,3927 1,70 0,0062
0,05 | 1,0000 | 0,50 9639 | 0,95 3275 | 1,80 0032
0,10 1,0000 0,55 9228 1,00 2700 1,90 0015
0,15 1,0000 0,60 8643 1,10 1777 2,00 0007
0,20 1,0000 0,65 7920 1,20 1122 2,10 0003
0,25 1,0000 0,70 7112 1,30 0681 2,20 0001
0,30 1,0000 0,75 6272 1,40 0397 2,30 0,0001
0,35 0,9997 0,80 5441 1,50 0222 2,40 0,0000
0,40 0,9972 0,85 4653 1,60 0120 2,50 0,0000

Tad6auma VII
3HayeHHST CAYYaHHBIX YHCeEJT

8574 9005 1894 3523 3393 5407 0659 5868
4575 4518 7032 7293 9108 0469 7435 2574
4999 3186 1426 1027 7891 7805 8928 6291
7627 7982 4865 2229 9085 7294 7239 7866
4315 1114 2339 1882 2638 5480 6189 3150
6987 9333 4247 2059 1313 1017 9391 7082
0387 1998 2910 5626 3897 0858 0575 4977
5581 1837 4731 8516 4380 8396 2414 0248
6531 4216 6454 6476 1618 7813 4959 0228
5735 3384 5146 5685 4858 2712 7675 7509
6092 1047 8196 0206 5354 7141 7078 0361
1791 1900 0649 0517 0905 2418 2220 9142
9746 1508 8704 6493 1420 5230 7110 1995
0118 4493 2560 1798 3218 3517 9851 3834
0986 3203 3476 8565 697 0319 6272 5697
8057 1656 1515 4534 0912 7526 0460 9908
5161 6171 9125 5460 4636 5172 9737 3621
2961 3698 1913 9197 2515 2023 3619 7302
1494 0692 2594 6917 5964 3632 0602 6722
8153 2484 0¢61 1558 7848 0761 3853 8582
0703 9602 0190 1810 5192 7016 8483 7998
6928 6521 £548 2737 8438 8805 6029 9199
6961 3678 1935 8762 8166 2064 8760 6654
2030 1683 7322 6906 6158 4213 2720 0777
3503 2614 2532 4940 6061 0806 1913 3769
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Y uebroe usdanue

ITaser Egumosuy anxo
Anexcandp Teopeuesuy Ilonos
Tamosana Slkosresna Koxcesnuxosa

BBICHIASS MATEMATHKA
B YVIIPAJKHEHHUAX M 3AJAUAX

YUACTbDH I

3aB. pegakuuell JUTepaTyph No pu3uKe U Maremaruke E. C. T'pu-
sacosa. Hayunmit penaxrop E. C. Mupouenko. Pegmakrop A. M.
Cyxonckuit. Ma. penaxrops C. A. Jloposckux, M. A, BaGapkuua.
Xynoxecrsennufi penakrop B. H. Ilomomapenko. TexHHUeCKHi
penraktop . M. Umxescknit. Koppekrop I'. H. Byxanosa

B Ne 5853
Hsp. Ne ®M-8336. Cmano B naGop 23.09.85. Tloam. B newats 31.03.86. ®opmar 60X 90/,
Bym. Tun. Ne 1. Tapuurypa JntepatypHas. IleuaTsb BbicoKast. O6beM 26 yCJ. nev. J.

26 YCaI. Kp.-OTT. 27,57 yu.-usf. 1. Tupax 110 000 sks. 3axas Ne 1814, Liena i p. 20 x.
HanatenscTso «Bricmas mxosas. 101430, Mocksa, I'CI-4, Hermunuas yi., A 29/14

Ophaena Oxrrabpbexoit Pesoaiounn # opfena Tpymroeoro Kpacuoro 3namenn
MIIO «Ilepsasi OGpasuoBasi Tunorpaguss nmenn A. A. XXganosa Cowsnonurpagnpoma
npu l'ocypapcreennom xomutere CCCP no menam H3JaTesbeTB, noJurpaduu
H KHWXHOH Toprosau. 113054, Mocksa, Banosasn, 28



