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YacruHa nepia

BCTYN

MaremaTrka — OpHa 3 HalflaBHIIMX HAayK, I{O 3apOAUIIAcs Ha CBITAHKY
nuBinisauii. Bona nocriiiHo 36aravyBanacs, yac BiJ 1acy iCTOTHO OHOBJIIOBa-
nack i Bce Ginble yTBEpAXKYyBanach sK 3aci® mi3HaHHS 3aKOHOMIPHOCTEH Ha-
BKOJIMUIHBOIO CBiTY. PO3mmprorouH i 3MinHIOI04M cBOi 6araTorpaHHi 3B’s13-
KH 3 [pPakTHKOIO, MaTeMaTHKa JoIloMara€ JIOACTBY BiKpHBaTH i
BHKOPHCTOBYBATH 3aKOHHU NMPHUPOJH | € y HAIll YaC MOTYTHIM pylIieM po3-
BUTKY HayKHM i TEXHIKH.

Came HalIoMy 4acy BHAAIOTHCS OCOGJIMBO CHiB3BYYHUMH IPOPOUi ClloBa
Besukoro Jleorappo ga Binyi npo Te, mo HifKi JIOACEKI HOCTHIXEHHS He
MOXHA Ha3BaTH CIPaBXHLEOIO HayKOlO, SIKIO BOHY HE NPOHIUIN Yepe3 Ma-
TEeMaTHYHi OBENEHHS. '

Illo x Take MareMaTHKa? BinnmoBicTy Ha 1e 3amUTaHHA JaJIEKO HE MPO-
CTO, i 3aJI€XKHO Bif piBHA MaTeMaTHYHHUX 3HaHb BiANOBifi OynyTh y3Ke pi3Hu-
MH. BunyckHEK cepeHbOl IIKOJIK CIIOBOM «MaTEMAaTHKa» KOPHUCTYETHCS K
36ipHMM TEpMiHOM JJIsl HO3HAYEHHS apU(PMETHKH, aNreOpy Ta ITOYATKIB aHa-
ni3y i reoMeTpii. CTYIeHT TEXHIYHOrO By3y Ni3HAETHCH, IO ICHYIOTH H iHmI
pO3iNin MATEMATHKH, HANIPUKIIAJ aHAJITHYHA reoMeTpist, fudepeHLiansHe
Ta iHTerpasnbHe YMCIEHHs, IudepeHtianbHi piBHAHAS Tomo. s cremiati-
CTa-MaTeMaTHKa KilBKiCTh HUX PO3LiJiB csArae KiIbLKOX JECATKIB i 3 4acoMm
3pocrae, TOMY HIO PO3BHUTOK Cy4acCHOI MAaTEMAaTHKH CYNPOBOIXKYETHCS BU-
HHKHEHHSIM HOBUX pO3finiB. B ocranHiil Tpetuni 20-ro cT. y Maremaruui
cpopmysanocs yxe monap 250 nanpsiMis. Ilpore nepelrik ix He BifoBigae Ha
HOCTaB/IeHE 3aIUTAHHS.

3aranbHONPUAHATOrO O3HAYEHHS NpPEMeTa MaTEeMAaTHKH HeMae. Y MH-
HyJIOMy MaTE€MaTHMKY BBaXKalW HAYKOIO NpO BUMIpHI BelnyuHM abo vucna.
Ilisxime BUHHXIO O3HAYEHHS MAaTEMaTHKH SK HAyKM NPO HECKIHYEHHI Be-
nUYMHA. Y CyvacHMil Mepiof M MaTeMaTHKOIO PO3yMilOTh HAyKy HpO Ma-
TEeMaTH4Hi CTPYKTYpH. TaKy TOYKy 30py 3aHOYaTKyBaJsa rpyna (paHIy3bKIX
MaTeMAaTHKiB, Ka BilOMa I KoneKTuBHUM ncepfoniMoM H. Byp6aci [3].

Cnig 3a3HaYATH, IO MATEMATHYHI CTPYKTYpPH — HE JOBiUIBHI TBODPIHHS
PO3yMy, a BilOHTTH 06’ €KTHBHOTO CBiTY, HEXall HEPIIKO HaBITh y Ay>Ke abCT-
pPakTHOMY BUIJIsIfi. MaTeMaTKa BUBYa€ ITOHATTS, OfiepXXKaHi IUIsIXoM abcT-
_ pakuii Bif ABHIL peanbHOTO CBITY, a TAKOX abGcTpakLil Bif monepenxix ader-
pakuifi. AGCTpakTHICTh y MaTeMaTHIlI He BiipHMBa€ Mi3HAHHS Bif HiCHOTO
CBITY, a la€ 3MOTY Ni3HaTH #Oro HairiubuIe i HalnoBHimre. AGCTpakiii By-
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HUKAIOTE 3 pEasIbHOT RIHCHOCTI i1 TOMY 3 HEIO TiCHO NOB’SI3aHi. Ilo cyTi, came
0C 3YMOBJIIO€ NPUJATHICTh MaTEMATHYHUX PE3YNABTATIB O OMUCYBaHHSA
Pi3HOMaHITHHUX HaBKOIHIIHIX ABHILL, yCIiX TOIO MPOLECY, KM MH CbOTOMHi
CHOCTEPIraeMo i sIKMit OiepKaB Ha3By MaTeMmartusaiii 3HaHb. MaTeMaTHuHul
PE3YJIbTAaT MA€ Ty BIACTHUBICTB, IO BiH 3aCTOCOBHMIT He JIALIE 1pH BUBYEHHI
AKOTOCh O{HOTO ABHILA YM IIPOLECY, a MOXE BUKOPHCTOBYBAaTHCE i B 6ara-
TBOX IHIIKX, 5IKi CYTTEBO BiNPI3HSIOTHCA CBOEIO ¢isuunolo npuponoro. Ha-
IpUKIIaf, OfiHe i Te caMe AnepeHmiaabue PIiBHSIHHS Y’ = ky omucye xapak-
T€p pafioaKTHBHOrO PO3NAajy, MIBMAKICTE PO3MHOXeHHs1 GakTepiil, 3Miny
aTMocdepHoro THCKY, IPOLEC ONPICHEHHS PO3YHHY, 3MiHY TeMIIEpaTypH pe-
OBMHH, XiJ{ XiMi4HOI peakii TOIIO.

Icropito posButky MartemaTHky MoxHa YMOBHO NOJIIUTH HA YOTHUPH
nepionw.

Ilepwuii nepiod po3suTKy MaTeMaTukn — Iepiof] 3apOJKeHHs MaTe-
MAaTHKH SIK CAMOCTIHHOI UCUMILTIHE — TIOYaBCH B TIMOVHI THCAYOIITHLOT
icropii smoxcTsa i TpuBas NpuGIN3HO 10 6-5 cT. o H. e. Y uekt nepion popmy-
BAJIHCA ITOHATTSA UiNOTrO YHMCIA i palioHaNbLHOrO npo6y, Bifcraui, mroumi,
06’eMy, CTBOPIOBaIHCS IPAaBHIIA fIiil 3 YHCIAMY Ta HaHTIpocCTiIIi npasma 06-
1HCAeHHA oIl iryp i 06’emiB Tin. Tak Hakonu4yBaBca MaTepial, Ha 6a3i
#IKOTO 3apONMIIUCE apu(MeTHKa Ta anre6pa. BumipioBanus miomy i 06’emip
CIIPUATIO PO3BUTKY FEOMETPIl, @ B 38’I3Ky 3 3alATaMK aCTPOHOMIi BUHHKIHN
TTOMaTKU TpUroHoMeTpii. OfHaK y ueil nepiog MaTemMaTKa He Maja e op-
MH R€YKTHBHOI HayKH, BOHA SIBJISLIA COGOI0 36ipKy NpaBuJI )15t pO3B’A3yBaH-
HSl OKPEMHX NMPAKTUYHUX 3aay.

Apyezuii nepioo — nepioy CJIEMEHTAPHOI MATEMATHKH — TPUBAB Bij{ 65 CT.
O H. e. 1o cepenunu 17 cr. Y neit nepiog MateMaTnka crae CaMOCTiHHOIO Ha-
YKOIO 3 CBOEDPIIHUM, YiTKO BUPAKEHUM METONIOM i CHCTEMOIO OCHOBHUX ITO-
HATE. B Inpii 6yno creopeno AECATKOBY CHCTeMY YnC/IeHHs, B Kurai 3Haiige-
HO . METOA pO3B’A3YBaHHA JIHIHHUX PiBHSHB, a 3anponoHoBaHMi
CTapOlaBHiIMH IPEKAMHU CIIOCI6 BUKJIAJly €JIEMEHTapHO! reoMeTpii Ha 6asi cu-
CTEMH aKCiOM CTaB 3pa3KOM JIeAyKTHBHOL NoGYOBH MATEMATHIHOT Teopii Ha
Gararo cronite. ¥ 15-16 cr. 3amicts I'POMI3AKOTO CIIOBECHOTO ONHMCaHHS
apupMeTHIHHX Jiif Ta anreGpaivHux BHPA3iB I04aJIH 3aCTOCOBYBATH 3HAKH
AONaBaHHS, BiRHIMAHHS, 3HAKK CTEIEHIB, KOPEHIB, RYKKH, OYKBH JIJIsf IO3HA-
'ICHHS 3a{aHAX Ta HEBIIOMUX BEJIMYMH TOLIO.

Benuke 3navenns s POSBHTKY CJIEMEHTapHOI MaTeMaTHKH Bifirpanu
nmpaui rpeubKAxX BYEHHX dajeca, Hicbaropa, Eskina, Apximena, immii-
CbKOrO MaTeMaTHKa i acTpOHOMa ApiaGXaTTH, KHTaliCHKOro MaTeMaTHKa
Ixan Llana, iTanificbkKux MaTeMaTuKin Kappano i ®eppapi, tpaHLy3EKOro
Maremaruka BieTa Ta GaraThox iHmmnx Buenux.

Tpemiii nepiod—nepion CTBODCHHS MaTEMaTHKH 3MiHHUX BEJIMYHUH (ce-
penuHa 17 — novaTtok 20 CT.). IlpuponosnaseTso i Texnika AiCTalny HOBHI
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METOJ| BHBUEHHS PYXy i 3MiHM CTaHy PE4OBHH —nepeHIianbHe Ta iHTer-
pansHe uncineHns. CTBOPUBCs AR HOBHX MaTEMAaTHIHUX HAYK — Teopis au-
¢epeniaNbHUX PiBHSHB, TEOPid ¢dyHkuii, gudepenianpaa reoMeTpis Ta
iHwi. BypX/MBHit PO3BUTOK MaTEMATHKHU B TOH NEPIOJl OB’ I3aHMI 3 iIMEHaMH
¢paunuysskux Buenux P. Jlexapra, [1. depMa, 2K. Jlarpanxa, aHrniHCBKHUX
mareMaTuKis [Ix. Bannica, I. HeloTOHA, HIMEIBKHX matemaTtukis B. JleiOHi-
ua, K. 5Ixo6i, K. Beitepurpacca Ta 6araTbOX iHIINX yIEHUX.

3HAYHY PONIb y PO3BUTKY MATEMATHKH 3MiHHHX BEJIMYMH Biflirpay npaui
M. B. Ocrporpancskoro, I1. JI. YeGumienpa Ta iHIMX POCIHCHKHX i YKPATHCh-
KHX BYEHHX [2].

B YkpaiHi B leil nepiof BiIKpPHTO YHiBepCHTETH B XapKOBi (1805),
Kuesi (1834) ta Opeci (1865), B sikux Gynu MaTeMaTHy4Hi BijineHus 4a da-
KyIBTETH.

Yemeepmuii nepiod — NEPION CyYacHOI MATEMaTHKH — XapakTepusy-
€ThCs Haf3BMUYAITHO IIHPOKUM 3aCTOCYBaHHIM MaTEMATHKH 10 3aay, IO X
BHCYBa€ PUPOO3HABCTBO i TexHika. Ha 6asi ixHix 3anuTiB BUHHKAE i Oypx-
JTUBO PO3BUBAETHCS DS HOBUX MATEMATHYHUX INCUMILTIH i HAIIPAMIB: ¢yHK-
[iOHaNBHUN aHalli3, Teopis MHOXHH, TEOPis AMOBIpHOCTEIl, Teopid irop Ta
iHui. Y PO3BATKY MaTeMaTHKH LbOTO NEPiOfly 3HAYHY PONb Bifirpamu pobo-
i HiMebkux MaTeMartukis [I. [insGepra i I'. Kanropa, dpaHiysskoro ma-
teMaTuka A. JleGera, yKpaincekux i pociiicekux matemarukis I1. C. Arek-
canfposa, M. M. BoromoGosa, A. M. Koamoroposa, B. M. I'myuwikosa,
M. I1. Kpasuyka, }0. O. MUTPOIIO/IECHKOrO Ta 6ararbox iHIImX.

CTBOpPEHHS BCEPEAMH] HALIOTO CTOMITTSA €JeKTPOHHNX OGUHCITIOBAIBHUX
mamme (EOM) 3Ha4YHO DO3IAPIOE MOXJIMBOCTI MaTeMaTHKH. 3aBIsKH

. EOM MaTeMaTH4Hi MeTO[H 3aCTOCOBYIOTHCA HHHi HE JIMIeé B TaKHX
TpapuIiiHKX HAyKaX, 1K MeXaHiKa, (hi3uKa, acTpOHOMis, a i B XiMil, Giomnorii,
IICKXOJIOTiT, COLiOJIOri], MEAMIIMHI, JIIHTBICTHL Ta iH.

Y noci6HuKy HyMepalisi PHCYHKIB i pOpMyJI a€THCS aBTOHOMHO B MEXKax
KOXHOI riaBy. CiumBonu O i ® B TEKCTi 03HAYAIOTh BiMOBITHO MOYATOK i
KiHeLs JOBEICHHS TEOPEMH UM PO3B’A13aHHA 3afiayi. [lJsi CKOPOUEHHS 3anucy
3aMiCTh CIIiB «iCHY€», «MIsi MOBITBHOTO» i «Ciify€» BHKOPUCTOBYIOTECS
BiiOBif{HO TaKi JoriuHi cuMBoiIM: 3, V, = .



IT'aasal
EJIEMEHTH JITHIOHOX AJITEBPH

Tepwmin «anre6pa» noxoauts BiJl HasBH TBOpy «Asb1xe6p aJIb-MyKaba-
J1a» y306elbKGro MaTeMaTHKa Myxammerna anb-Xopeami. Llei TBip Mic-
THTb METOJH PO3B’A3YBaHHS 3a1ay, WO 3BOAATHCH RO PIBHAHHb mepIoro
i apyroro crenenis.

Anre6paiuna cumBonixa GyJ1a crBopeHa B OCHOBHOMY B 16—17 cr. [1ep-
LIMM 3aCTOCYBaB GYKBeHHi NO3HAYeHHS K /15 HEBIJIOMHX, TaK i A1 3a7a-
HHX B 3ajiavi BeJHYMH, dpaHIy3bKHE ‘MarematHk ®. Bier.

Io cepenunn 18 cr. anreGpa cKJajacst pUGJIH3HO B TOMY 06’eMi, aKHi
HHHI HasHBaIOThL €JIEMEHTAPHOIO aareGpoio.

Onniero 3 ocHoBHHX 3ajau sinifinol anre6pu € po3B’si3yBaHHA CHCTeM
JiHIAHHX anreGpaiunux piBHsb. Y 3B'A3KY 3 BHBUCHHAM LHX CHCTeM
BHHHK.JIH IOHATTS BHSHAYHHKA Ta MATPHIL]. IoGynoBy saranbrot Teopii cHe-
TeM JIiHIAHUX piBHSAHBL GyJo 3aBepuieHo B 19 cT.

§ 1. BUSHATHHKH
1.1. Bussaunuxu apyroro i TPeTbOro NopsjKiB Ta iXHi BAacTHBOCTI
Bupas .

Ay G
Q31 Qyy

Ha3HBAETbCA susnaunuKom (demepminanmonm ) Opyeoeo nopsdky.'
Honsitra «Busnaunux» (8in sathHCHKOrO determino — BH3HA4aio) BBiB
B. Jleit6nin.
Bupas

Ay Gy Gy
A =la, ay Qo3 | = Q1105043 -+ ApyQ30%,4 - 1303384, — Q130004 —
Qg1 Q3 Qg

A= = QyyQp — Q1,04 (1)

T Q1904035 — Q30405 2

HA3UBAETLCA SUSHAUNUKOM (Oemepminanmon) mpembozo nopadky.
-CHMBOJIH a;; Ha3MBAIOTBCH eeMeHTaMH BH3HAYHHKA, NPHYOMY NepUIHf
inzekc i mokasye HOMEp pfAka, a Apyruil ingeKc j — HoMep CTOBNISA, Ha
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nepeTHHi AKHX CTOITH AaHuf eleMeHT. Tak, e/eMEHT agg CTOITH Y APYroMy
pAAKY i TPeTbOMY CTOBIII.

EnemeHTH @y, Q33 Y BHSHAUHHKY (1) i @y, Qy,'G53 Y BUBHAUHHKY (2)
CKJIaZal0Th TOJIOBHY AiaroHajlb BHSHAYHHKA, a €JEMEHTH Qyz, Gy 13, Gz,
Qg B THX CaMHX BH3HAYHHKaX — MOGiYHY AiaroHa/b.

a5t o6uHC/IeHHs BH3HAYHHKA PYroro nopsaky norpi6Ho Bia 1o6yTKy
e/leMeHTIB, L0 CTOATh Ha TOJIOBHil NiaroHasi, BilHATH TOGYTOK e/IEMEHTIB,
posmillleHHX Ha MoGiunif niaronaui.

BH3HaUHHK TPETHOrO MOPSAKY OGYHCMIOETHCS 33 NMPaBHJIOM TPHKYTHH-
KiB (puc. 1.1): mepwi TpH AoJaHKH B MpaBifi YacTHHI dopmyJIH (2) € no6yT-
KaMH eJIeMEHTIB, [0 CTOSTb Ha rOJIOBHif JAiaronani i B BeplIHHAX JBOX
TPUKYTHHKIB, y IKHX OJlHa CTOPOHA napaJieJibHa roJIoBHil aiaronasni. Aua-
JIOriYHO yTBOPIOIOTbCA JONAHKH 31 3HAKOM MiHYC, /e 32 OCHOBY Geperbcsi
noGiyna jpiaroHassb. , '

3ayBaXkHMO, IO eeMEHTaMH BH3HAYHHKA MOXKYTb 6yTH He TIIbKH YHC-
Aa, a i aareGpaiuni 4M TpHroHoMeTpHUHi BHpasH, QYHKUII Tolo.

N puraad
OGYHC/INTH BH3HAUHHKH: -
2 4 sin 2 3 4
2) =4, cosa sino o |5 —2 1.
-3 5 —sina cosa ) o 3|
O 3a dopmysamu (1) i (2) maemo:
—4
a)|2 |=2.5—(—4).3=22; 6| %% S| _ ogapsinta—
3 5 —sina cosa
2 3 4
=1; B |6 —2 1 =2+(—2-3+5:2:44+3-1:1—1.(—2-4—1-2X
1 2 3 ‘ '

X2—3.5.3=—10. @

PosrasineMo (Ha TMPHKMAAli BH3HAUHHKIB TPETHOTO NOPAAKY) OCHOGHL
eAacmusocmi BUSHAYHUKIS.

19, Bu3HAuYHHK HE 3MIiHHTBCS, AKIIO Horo PAAKH 3aMiHUTH BinnoBiAHH-
‘MH CTOBIIISIMH:

Q; @3 Qg a;; Gy Ay
Qy Gy Qyg| = |Gy Gyy Qg -
Gy Qg3 Qg Q3 Q33 93



Lls Bractusicth noBoAMTBCS Gesnocepennbo TEepeBIPKOIO: OCTATHBO Po3-'
KDHTH 0GHJIBa BH3HAUHHKH 32 (DOPMYJI00 (2). Baacrusicts 1° BCTaHOBJIOE
piBHOmpaBHicTb psiAKiB i cToBNLiB BH3HauHHKa. ToMy Bci mopansini Baa.
THBOCTI CIpaBeIHBI i A pAAKiB i gus croBnuis. [loBoasATbCS BOHH, SIK §-
BJacTuBicTh 1°, mepesipkoio.

2°. Slkmo mepecrasutH Micusmu aBa PsAKH (CTOBOLI), TO BH3HAUHHK,

nominsie sHak. Hanpukian,

Ay G, Gy Gy @; ay
Qg1 Qg Q) =— |Gy a, ayl.
Q31 Qg Qg gy Qg Qg

38°. Slkmo onwuu 3 paxkis (croBnuiB) BH3HaUHHKA CKJIaJlaeThCA TiNBKH 8
HYJB, TO BH3HAYHHK NOPiBHIOE Hymo. Hanpuknag, :

A Gy a5 a; @y 0
Q3 Qg Qg G Qg 0

4°. SIKmo BHSHAYHMK Mae ABA ONHAKOBUX paakH (croBmui), To BiW j0-
pisuioe mymo. Hanpukaap, :

Qi1 @y 4y a a a
a b ¢ |=]b b a,l=0
a b ¢ C € ay

5% Crninbuuit MHOXHHK, II0 MICTHTbCS B yCiX eJeMeHTax ORHOro psj-
Ka (CTOBNUSf), MOXHA BHHECTH 83 3HAK BH3HauHHKa. Hanpuknapx,

ay a kay, 191 Gy Gy
Oy Qg kg | =Fk|ay Qgy Qg .
Qy;  Qyy  kag, Qg1 Qgn  Qgy|

6°. Slkmo y BUsHAuUHHKY enerentH ABOX PSAZRKIB (CTOBNIIB) mpomopuif-
Hi, TO BUSHAUHHK JOpiBHIOE Hy.IIO.

7°. SIKIO KOMEeH eNeMeRT n-ro psfka (n-ro croemus) e CyMa J1BOX Ro-
AaHKiB, TO TaKHH BH3HAYHHK JOPiBHIOE CyMi ZBOX BU3HAYHHKIB, ¥ OLHOrO
3 AKHX n-R PANOK (n-# CTOBMenb) CKJIaMaeThes 3 nepuux nopankis, a y
Apyroro — 3 Apyrux; iHWi eNeMeHTH yciX TPbOX BH3HAuHHKIB OJ{HaKOBi.
Hanpukanag,

Qy Gyt+by ay a,y @, oy @, by ay
Ay Qg+ by Qy3| =|ay, Qs Gog) 410Gy by ay,|.
Q3 Qgy by, Qg Gy, Q3 Qg Ay, by Gy

8°. Busnaunuk ne SMIHHTBCSA, SKILO IO e/IEMEHTIB OJHOrO panka (crosm-
Us) AoAaTH BiANOBiAHI eseMeHTH iHmoro pAAka (croBmus), nomHoxeni
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ga ofHe i Te caMe uncio. Hanpuknag,

an Q3 Gy ay+kayy a, ay
Ay Gy Qg = Qg+ kayy ay ay).
Qs Qg Qg Qg ROy Qg Gy

1.2. Poskaan BH3HAYHHKA 32 eJleMEHTAMH psjKa a6o cToBnus
Hexa#i 3apaHo BH3HAYHHK TPETLOro HOPSAAKY
A Gy Gy

A=lay ay ay. 3)
Qg3 Q3 Qg

Minopom M;; eneMenTa a;; BH3HGUHMKA Ha3HBAETbCS BH3HAYHHK, AKHMA
YTBOPIOETBCS 3 JAHOrO BHSHAYHHKA B pe3y/ibTaTi BUKPeCJIeHHs i-ro pAlKa
Ta j-ro croBnusA. Hampukaan, s BusHaunMKa (3) MiHOpamH ejeMeHTIiB
Qgy 1 age € TAKi BH3HAYHHUKH:

a; G @)y G

My = 3 My =

Qg1 Qg

Q3 Qs

Ancebpaiunum donosnennam A;y eneMeHTa a;; Ha3UBaeTbcs Horo MiHop,
B3sTHA 3i 3HaKOM (—1)+/, TObTO

Ay = (=) My @
01 —2
2+11 —2
Hanpuknaz, sxkmo A =[2 38 —1{, 10 Ay, =(~—1) s 3=
‘ 5 4 -3
= —§.

Tenep chopmyJmoeMo i aoBeseMo TeopemH NPo Po3KJ/IaJ BU3HAUHHKA 3a
eJIEMEHTaMH DsfKa (CTOBILSA).

Teopema 1. Busnasnux Oopienios cymi dobymxis eremenmis Axozo-te-
Oyodv padka (cmosnys) Ha ixui arzebpaiuni OONOSHEHHA.

O Tokaxkemo, mo &1 BH3HAuHMKa (3) BHKOHYIOTbCS TaKi PiBHOCTI:

A =0,y + A+ a4 A =045 + a5 Ay + a5 Ay;
A = Ay + Gl + ageles A = 0334, + Gy Ay + 03345 .
A =8, A5 + aplsy + 053As5 A = apAss + Ag3Ags + GgsAss  (5)
Hosenemo, nanpukaan, nepuy 3 HHX.

Pgaxpnaaxo!m BH3HAUHHK (3) 32 dopmyJoio (2) i rpynyloun IoAaHKH,
IO MICTATD e/leMeHTH NeEpPILOro PAAKA, MAEMO

A=a, (339053 — Q33055) + @13 (5,035 — A3 835) + Ay3 (351859 — A33031)-
) 9



3a ¢opmyJioio (4) BHpa3H, IO CTOATH y AYXKKaX, BiAmOBigHO AopiBHio-
10Tb ajre6paiyHuM AoNOBHeHHAM Ajy, Ay, A3, TOMY

A = a4y, + 61341 + 0,54,

Ananoriuno noBogaTbCs # iHWi piBHoCTI. @
3anuc BHsHaUHHKa 32 GyAb-siKolO 3 hopMys (5) HasuBaiOTH po3kaadom
BUSHAYRUKA 3a e/IeMeHTaMH BiANOBIAHOroO pSifKa YH CTOBIIA.

N puxaad

1 23
OGuucantn susHaunmk A= (0 1 2|, posknagaioun floro sa enementamu Tpe-
3 —1 4
TBHOTO pAAKa.
© 3a Tperboio 3 popMya (5) mMaemo
2 3 1 3 1 2
= 3 {— )3+ — 1) (— 32 )33 =9,
L M N e N R o il

Taknh camuft pesyabrar aae dopmyna (2). @

Teopema 2. Cyma dobymxis eremenmis 6ydo-axozo paoka (cmosnys)
BUBHAUHUKA Ha aneebpaiunl O00noeHenHA 6ION0BIOHUX eremenmis iHWI020
pAadka (cmoenys) dopienios Hyaro.

O Posriasinemo, Hanpukiazn, cymy no6yTKiB eJeMeHTiB nepuioro psa-
Ka BH3HaYHHKa (3) Ha anreGpaiuni NONOBHEHHS e/leMEHTIB APyroro psaka:

: Q3 Gy a; Gy
ay Ay + a9 45, + Q13hsy = —ayy 12, 4
, Q3 QAgy 31 Qg3
a5, Gy ~
Oy .| =" (@953 — Q1304) + Q130,055 — Q,305,) —
Qg QAgy

— Gy3(ay,a3, — aya5) =0. @

1.3. ToHATTS NpO BH3HAYHMKH BHIGHX NOPAAKIB

Teopema 1 nae 3mory BBecTH O3HaueHHS BH3HAYHHKA AOBLJBHOrO Io-
PARKY. 3a O3HAUEHHAM BH3HAYHHK N-T'O NOPALKY AopiBHIoe cyMi 106y TKiB
eneMedTiB OyAb-siKOro psaaka (CToBNusA) Ha iXHi aireGpaiuni nomoBHeHHS.
MoxHa nosects, mo BCi Po3r/AAHYTI BHINE BJACTHBOCTI BH3HAYHHKIB Tpe-
TbOrO NOPAAKY CHPABIKYIOTbCA AJIs BH3HAYHHKIB GYIb-SIKOro NMOPAAKY.

Posrasnemo, Hanpukiaj, BH3HAUHHK 9eTBEPTOro NOPAAKY

G 4 G5 ay

A= g1 Gy Qps Gy
Q3 Q3 Qg Gy,
gy G G Ayl

10



el BH3HAUHHK MOXKHA PO3KJIACTH 32 eJleMeHTaMH Gylb-fIKOro psijKa,
HanpHKJaj Ieploro:
A = a4 + Gl + Gy + aAse )
Ockinbku Bei anre6paiuni gonosHeHHst Ay y dopmydi (6) € BUSHAUHH-
KH TPETbOro MOPALKY, TO Hi€lo GOPMYJIOI0 MOXKHA KODHCTYBATHCD AJist 06-
quC/IeHHs BU3HAYHHKA YeTBEpTOro NopsAaKy. Ase Takuf croci6 oGUHC/IeHHs
rPOMI3AKHI: SKIIO VIS 3HAXOKEHHS BH3HAYHMKA 9ETBEPTOro MOPAAKY
tpe6a 0GIHC/IOBATH YOTHDH BH3HAYHHKH TPETHOrO NMOPSIAKY, TO 1A 3HA-
XOMKEHHS BH3HAUHHMKA N'SITOrO MOPSAKY BXKe MPHAAETLCS OGUHUCTIOBATH
ABafUATL BH3HAUHMKIB TpeThoro nopsaaky! Tomy Ha npakTHili cnodaTky
3a IONOMOTOIO BJIaCTHBOCTI 8° epeTBOPIOIOTh BH3HAUHHK TaK, 100 y AefKo-
MY PSAKY UH CTOBINLi BCi €IeMEHTH, KPiM O/IHOTO, CTaJIH HYJIAMH. Poakaa-
Jal09H TOAi BM3HAUHHK 3TiZHO 3 TEOPEMOIO 32 €JIEMEHTaMH IbOTO pAJKa,
JicTaHeMo Ti/IbKH OJMH JI04aHOK, TOMY IO BCi iHINi NOJaHKH e A00yTKaMH
anre6paiuHUX NONOBHEHb HA HYJIb.

Iolg)umaau
JHCJUTH BH3HAYHHKR!
2 7 3 4 5
1o —12 ‘ 1 3 4 2 2
D A = 12-—20.2)A_
M=} 5 o o’ 1=|—-2 =5 17 —6 —11}-
291 —1 3 4 2 1 7 9

8 3 6 8 i1
O 1) ¥ nepuioMy psjiKy mepeTBOpHMO BCi eeMeHTH, KpiM nepuwioro, Ha uyal. [as
[bO0T0, 3aJHMAIOWH Mepimnil i Apyruft croBnui Ge3 sMiH, IO TPeTHOro JoAaMo nepiunfl, a
2O derBepTOro — nepuuit, noMHoxenn#t Ha (—2). Toai

10 o0 0
= 1 2 —1 —2
—1 3 —1 4|

21 1 -1
PosknaBmy neft BHSHAUHMK 8a €JIEeMEHTaMH IepLIOro psiiKa, AicTaHeMmo
2 —1 -2
Ag=1.(—=1H{3 —1 —
1 1 —1
2) ¥ nepmomy crosnni neperBophMo BCl eeenTH, KpiM Ipyroro, Ha Hy.ai. s
nporo, SajNumaud APYruit paaok Ges sMiH, KO MepLOro psAKa IOAAMO Apyrufi, nomHo-

senuh Ha (—2), 1O TPeTLOro — mepmuft, A0 ueTBepTOro — nepiufi, NOMHOXKEHHA Ha
(—2), a fo n’aToro — gerBepTHit, MOMHOXeHHA Ha (—2). MarumeMo

0 1 —5 0 1
1 3 4 2 2
A =]0 2 20 —2 —6|.
0 —12 —5 —1 —1
0 —1 4 —6 —7
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Po3knanemo 1eft BH3HAYHHK 3a eJleMeHTaMM MepIIOrO CTOBILS i BHHeCEMO 3a 3HaK
BH3HAYHHKA CIi/JbHHA MHOXHHK 2 3 TpeTboro pagka i (—1) 3 uerseproro:

I —5 0 1 0 0 0 1
Ba= 1o (=12 (=) l; lg —i ?=21? 1?) : ? )
—1 4 —6 —7 6 —31 —6 —7
PosknaBuwii neft BH3HAYHHK 3a elleMeHTaMH NepLIOTO PsAKa, AiCTAHEMO
4 —5 —| 4 —5 —|
A=2. (- it |11 10 lj=—2 15 5 0l=150. @
‘6 —31 —6 —18 —1 0

3aBpraHHs aas CAMOKOHTpPpOAIO

1. [lo HasMBa€ThCA BH3HAYHHKOM APYIOTO MOPSIKY?

2. lllo HasHBaE€TLCS BH3HAYHMKOM TPETHOrO MOPSAKY?

3. CdopMy.0BaTH OCHOBHI BJIaCTHBOCTi BHSHAUHMKIB.

4. lllo nasuBaeTbcst MiHOPOM i a/reGpaiuHHM JONOBHEHHAM?

5. Chopmy/ioBatd i JOBECTH TeOpPeMY MPO pPO3KMaJ BHSHAYHHKA 33 eJeMeHTAMH
psaka (crosnus). Homy nopiBHioe cyma BoGyTKiB eleMeHTiB OfiHOrO pANKa (CTOBNIS) Ha
BiAnoBinui anreGpaiuni JonoBHeHHs iHWIOTO psjka (CTOBMLS)? ]

6. SIK OGUHCIIOIOTHCS BH3HAYHMKH BHUUX (WeTBEpPTOro, m'AToro i T. A.) MOpsAKiB?

7. OGUHCJINTH BH3HAYHHKH:

— in? 2 25 -2
TR R (BT e B T
13 5
2 3 4 6 3 0 3 3 7 —2 4}
W[5 —2 1]; ¢ 4 4 2 1| ;o) -3 =2 6 —4 .
i 2 3 0 4 4 2 5 5 —3 2 !
77 85 2 6 —5 3
8. Posp’asatu pieusHus:
x 4 9 x? 3 2
a) [x 2 3|=0 6 |[x —1 1|=0.
1 11 0 1 4
9. Posp’ssatu HepiBHOCTI:
x 0 1 x 21
a) |2 1 3|0 6) |[I x x2|<l.
4 x 1 Xt 1 =x

Bidnoeidi. 17.a)ll;6)—I;8)sin (e -+ B)sin (@ — B); r) 3; 1) —10; &) —218
€) —303. 8. a) 2; 3; 6) 0; 2. 9. a) [0; 1]; 6) (0; PD).

12



"! 2. MATPHII

2.1. OcHOBHi O3HAYeHHH

[IpsiMoKyTHA Ta6auus uHcen a;, i =1, 2, ..., mij=1,2,..,n,cKkia
jeHa 3 m PAAKIB Ta n CTOBHUIB i 3amucaHa y BUIIAA]
an an LRI aln au alz e aln
a ceo @ a Ao ++ « QY
A=|% % 27 | .60 A = [ G nl
Qm1 Qm2 - - - Qmn Ani Om2 --. Qmn

pasuBaeTbess mampuyero. TIOHATTS MaTpuui Brepiue BBeJH aHrJinchbKi
matematukn Y. Tamiabron i [1. Keai. KopoTko MaTpHIio TO3HAYAl0Th TaK:

A = (a;)) abo A =]ay|,

fle @iy — €JeMEeHTH MaTpHIi, NPHYOMY iHAEKC i B eJIeMEeHTi @;; 03Ha4ae HOo-
Mep Psi/iKa, & j — HOMep CTOBILUS, Ha NIEPETHHI AKUX CTOITh AAHHH C/IEMEHT.
. IlobyTox wHc/ia PSAKIiB /M HA YHCIO CTOBMNIiB 7 HAa3HBAIOTb PO3MipOM
MaTpHli i mo3HavaioTh m X n. SIKIO XOUYTh BKa3aTH poamip m X n mar-
pui A, 1o mEmyTh Amxn.

Marpuusa, B sikoi 4HCJO PAAKIB AOPiBHIOE YHCTY CTOBILiB, Ha3HBa-
etbes keadpamnoro. KinbKicTs psnkis (cToBILIB) KBajpaTHOi MaTpHIi
HasuBaeTbes i1 nopadxom. MarpHus, y KOl BCbOro OJMH PAAOK, Ha3HBa-
€ThCsl MAaTPHUEIO-PALKOM, a MaTpHUsA, y SIKOI BCOrO OAMH CTOBMElb,—
matpuueio-cropnueM. JBi Matpuii Amxn = (@i;) Ta Bmxn = (bi;) nasu-
BalOTbCs PiBHHMH, SIKIHO BOHH OIHAKOBHX PO3MipiB i maroTb piBHiBiamo-
BiaHi enementH: a;; = b;;. Hyabo6owo Ha3HUBAETbCs MATPHLA, Y fIKOi BCi
eJIeMEeHTH AOPiBHIOOTh Hymo. [103HAYaeThCA Taka MaTpHUs GYKBOIO 0.
K i B Bu3HaunHKax (1. 1.1), B KBagpaTHHX MaTPUUAX BHIIISIOTH FOJOBHY
i no6iuny niaronaJb.

KBajzpatha MaTpulst Ha3HBaeTbCa 0ia2ONAALROIO, SAKINO Bcl i enemen-
TH, KpiM THX, 1O 3HAXOASTHCSA Ha roJIOBHif HiaroHari, JOpiBHIOIOTb HYJIIO.
HiaronasbHa MaTpHLSA, Y SIKOI KOXKEH eJIeMeHT FOJIOBHOI AiaroHadi Aopis-
RIOE OJHHHLI, HA3WBAeTbCs 00umu4nOl 1 TMo3HauaeThesi Gyksow E. Ha-
NpHKJAJ, OAMHUYHA MATPHUA TPETHOro MOPSALKY Mae BHIJIAA

100
E=|0 1 0}.
0 0 1
Bynp-siki# ksagpataifi Marpuui
ay Gy --- Qin
A% - an

anl ang o0 ann
13



MOXHa MOCTaBHTH Y BianoBiguicTb meBHe uyMC/IO, siIKe Ha3HBaeTbCA 6U-
snaunuxom (Oemepminanmom) uiei MaTpHUi i mMo3HauaeTbCs CHMBOJOM
det A. 3a o3HaueHHAM

au ala oo aln
detA =% %= o
Qny Qn2 . Qnn

Hanpuknan, skimo

A 01 det A 01
=(3 5),1‘0 et A =

3 5
[TpamMokyTHa MaTpHLs poaMipoM m X n (n % m) BHSHAUHHKA He Mae.

=—3

2.2. Nii napn maTpuusmu

1°. Onepanis dodasanna mampuybs BBOZMTBCH TIIBKH JJIS MATPHILb
onHakosoro posMipy. Cymoio C = A + B nsox Matpuub Amxn = (&)
i Bmxn = (by) HasuBaeTbcs MaTpHUA Cpxn = (cyy) = (i + bi;). Ha-

NpHKAaz,
—1 2 3 3 2 0 2 4 3
( 15 o)+<1 3 4)"'(2 8 4)’
2°. Hobymxom mampuyi Amxn = (a;)) na wucro k (abo uncna k Ha mat-
PHW® Amxn) Ha3HBAETHCA MATPHUA Bpyn = (ka:;). Hanpuxkaan,

2(1 23(1 23)224 6
'0—1—3,)=o—1_3’=o_2 ——6)'

3% Pisnuys mampuys A — B Bu3HAuaeThCA AK CyMa martpuui A i Mar-
puui B, nomHoxenol Ha —I1:
A—B=A+(—1)B.

Cnpasennusi Taki BractuBocti omepauif:

a) A+ B = B+ A — romymamusnicme eidnocno dodasanns mam-
puyp; :
6) A+ (B + C) = (A + B) + C— acoyiamusnicmo sidnocno do-
Oasanns mampuys;

B) A+ 0=A4; A— A = 0 — poav nyvosoi mampuyi B XifxX Hag
MaTPHIAMH TaKa, fK i YHCAA HYJb B HifX Haj UHACHAMH; .

r) @ (BA) = (aB) A — acoyiamuenicmo 6idnocno mHOMeHHA uucer;

n a(A+ B)=ad + aB — oucmpubymuericmo MHONCEHNA HA 4uC-
A0 6i0HOCHO G00aBaHHA Mampuyb;

€) (@ + B) A = aA + BA — ducmpubymusnicms MHoXeHRS Ha Mam-
puyo idnocro dodasanns uucen.

4°. Onepauis mnoxenns 0sox mampuy> BBOXMTLCHA JIHIle LA y3ro-
JkeHux Martpuub. Matpuus A HasuBaerncs yseodwenoo 3 mampuyeo B,

14



AKIIO KiJbKicTb croBmuiB mepmoi matpuii A mopiBHIoe KijibKocTi pankis
Zpyroi marpuui B.

SIkoio us yMoBa He BHKOHYETbCA, TOGTO MaTpHli Hey3rojxeHi, 1o
MHOXEHHSI TAaKMX MaTpHIb HeMOXJIHBe.

3 ysromkenocti MaTpHui A 3 B He BHIIMBae, B3arani KaxyuH, ysro-
mxedictb mMatpuui B 3 A. -

KBazpaTHi MaTpHIi OAHOrO MOPSAKY B3a€MHO Y3roKeHi.

Jo6ymxon C. = AB mampuyi Amxn = (ai;) Ha mampuyw Bnxi =
= (by;) Ha3MBaeTbCA TaKa MATPHIA, Y AKOI eJleMeHT Cy; JOPiBHIOE CyMi
Z06YTKiB e/ieMeHTIB i-ro psifika MaTpuui A Ha BiINMOBiAHi eleMeHTH j-ro

croBnus maTtpuui B: :

cij = aubyy + Qgboy + +++ + @unbny € = Cmxe = (C1j),
i=1,2....,m j=1,2,...,k

Ile O3HAYEHHA HA3HBAIOTb NPABUAOM MHOXCEHHA pAdxa na cmoeneys. Ha-
NPHKJAJ, 06 BH3HAYHTH €JIEMEHT Cgy, U0 CTOITH B APYTOMY PAAKY f uer
pepTomy crosnuj marpuui C = AB, notpi6ro sHaiitn cymy A00yTKiB ee-
MeHTiB Apyroro psaka matpuii A Ha BiAnoBimni eJeMeHTH 4YeTBepTOro
croBnus MaTpuui B.

I punaad
3uafith mMatpumo C = AB, axmo:

s ) a=(h 2 Yraac Y. smn

O a) Marpuus A,y o ySTOAXKeEHa 3 MaTPHIEO By, 3, TOMY 33 O3HAUEHHAM MAEMO

o[l 122 1.242:0 1.342(—1) ) —3 2 1)
“(0-1+(~—1)<—2> 0.2+ (—1)-0 0.3+ (=1 (=1 =( 20 1)

0.1 0.2 0o 0
5)C=AB=A2xlle2g(_2.l _2'2)=(__2 _4).0

3 npasu/ia MHOXEHHS MaTpHIlb BHIVIMBae€, IIO 3aBXAH MOXHA nepe-
MHOXXUTH 1Bi KBajpaTHi MaTpHLi OLHOTO MOPSAKY; B Pe3yabTati AicTaHe-
MO MaTpHIJO TOrO Camoro nopsaiaxky. 3oKkpema, KBaApaTHy MaTpHIIO MOXK-
Ha IOMHOXHTH camy Ha ce6e, ToOTO miiHeCTH A0 KBajpaTa; MPAMOKYTHY
HEKBaZpaTHy MaTpHIIO MifHECTH O KBajpara He MOXHaA.

- Onmepallifl MHOXEHHs MaTPHIlb He KOMyTaTHBHA, TOGTO NpH MHOXKeHHi
MaTpHUb He MOXKHA MIHATH MiCUSIMH MHOMXHHKH:

AB = BA.
-Hanpuknan (nuépepipre):

(o ot o) oo o)
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(1 —9 0)( ; ; (_5-1>'

3 =1 s)\_% =los up)
1 L oo 2 —9 3
3 4( _ 5)-_- 15 —10 20).
—1 o/\8 ~1 92 o

Haa pif 1°—4° nan marpunsamu BHKOHYIOTbCA TakKi BaacTuBocti (3a
YMOBH, IO BKasaHi omepauii Maiorh 3mict):

a) (AB) C = A (BC); 6) (@d) B = A (@B) = a (AB);

B) (A+ B)C=AC+H BC; 1) C(A + B) = CA + CB;

n A -0=O-A=0;e)AE=EA=A;e)det(AB)=detA X
X det B.

(VV]

2.3. OGeprena maTpHus ,

Hexat A — kBagpatha matpuusa. Matpuns A~ pasuBaetses obep-
HeHOI0 10 MaTpHLi A, AKUIO BHKOHYEThCA yMOBa

AA7' =A"'A < E.

KBanpatna matpuus A HasuBaeTbhcs eupodxcernoro, akmo det A =0, i
Heeupodacerow, akmo det 4 =4 0.

Teopema 3. [an icuyeanns obepnenoi mampuyi A~ neobxiono i do-
cmamuoo, wo6 mampuys A Gyra Hesupodiceror.

OHeo6xinuicrn Hexal o6eprena matpunsa A~ icaye, Togi
AA™' = E. 3aCTOCOBYIOUH MPABHIO 3HAXOMKEHHS BH3HAUHHKA D06yTKYy
ZBOX MaTpHLb, Maemo det A . det A" = 1, Tomy det 4 =& 0.

Hoctarnicrts. HexalidetA 540, roni MaTpuusa A Mae obepHeHy
matpuiio A%, [IpHYOMY

Ay Ay Ay
-1 1 A, A, ... A
A = TV 12 29 n2 , )

..........

Ain A ... A, )
Ze Ay — anreGpaiuHi JONOBHEHHS eleMeHTIB @y BU3HAYHMKA MAaTpHI]
Q3 G ... G
A= Qg Gy o.. Qg . (8)

an] a’ﬂ .o ann

Hi#cuo, no6ytkn AA™ i A~'A maTpHUb (7) i (8) nopiBHIOOTL MaTph-
ui, y sikoi ‘Bci efleMeHTH rosoBHoi Aiaronani aopiBHIOITb OZHHHLI (sa Teo-
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peMoio 1), a Bci HeniaroHaibHI eeMeHTH — HYJO (32 TEOPEMOIO 2). Or-
xe, A'A = AA™' = E.

" Tokamemo, uo A™' — epuna ofepuena matpuud. Hexali A" — e
ofiHa o0epHeHa MaTpHIs, Toni

' A =ATE=A7"(AA) = (AT'A) A" =EA” = A". @

11 puraad
3ualiTH MATpPHIUC A~!, ofepueny xo Marpuui

1 20
Am(-——l 1 2).
3 01

O O6uHC/IHMO BHSHAYHHK MaTpwii A:

120 1 o 0]
detA=|—1 1 2|=|—1 3 2[=1I5
301 3 —6 1

Marpuus A HeBHpOJUKCHa, TOMY ofepheHa MATpHIS 3HAXOLUTECA 3a dopmyon
(7). 3uaxogumo anreGpaluHi JONOBHEHHA Belx entementis JaHol MaTpuui:

I 2 —1 2 —1 1

Au=|g |=8 A =] 5 q|=T Aw=] g o|=—3;
20 i 0 1 2
gy = - == — 4, A‘= == 1 = e - G
AAJI ~ \0 l‘ 2; 2% !3 l\ 1; Aas |3 ol 6'
20 i0 1 2
== == 4 .4 = — = H A = =9,
Asl 1 9 4‘ 32 l_l 2| 2 83 ‘-—-l l| 3
CknagaeMo oGepHeHY MaTpHILO
L2 4
15 715 15
7 1 2
—1 == - A =
4 ¥ B T
-1 2 L
L 5 5
Ileperonyesocs, mo
A2 4
15 T 16 15
bzo 7 1 2
(-‘ : 2) I A
3 0 1
A2 L
| & 5 5
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cnlm al-— alw
o~ alm gl-r-

2.4. Paur matpuni ,

Hexait sanano marpumio A%, = A. Buaiaumo s marpuui A G6yanb-aki
k psAKiB i CTiNIbKH X cTOBNNIB, e £ — ancro, He Gibure yHcesa m in, To6-
10 kB < min (m, n).

BusHayHEK NOPANKY &, CK/IaZieHHN 3 eleMenTIB, WO CTOATH Ha nepeTH-
Hi BHIIJIEHHX PSALKIB i CTOBNILIB, HA3HBAETLCS MiHOpOM k-TO MOPSAKY MaT-
puui A.
~ Panzom r (A) matpuui A nasuBaetbes HaBGiABLHE 3 nopsakie ii Mi-
HOpiB, BiAMiHHMX Bix Hyas.

Besnocepennpo s osHauenns Buminsae, mo:

1) Panr icaye nas 6yap-skoi MaTpHUi Amxn, npHUOMY

0 (A< min(m, n);

2) r (A) = 0 Toui i Timbku Tozi, Koam A = 0;

3) ans KkBanparHol MaTpHUi n-ro NOPAAKY paHr KopiBHIOE 71 TORi 1 Tisib-
KH TOZi, KO/IM MATPHIS HEBUPOIKEHA. '

Paur matpuni moxua snafith Tak. ko sci MIiHODH mepIoro nopsiaKy
(enemenTH MaTpHLi) KOpPiBHIOIOTH HyJmo, 10 r = 0. Ko X04 oaUH 3 Mi-
HOPiB mepuworo NOPsAAKY BiAMiHHHH Bin HyJq, a Bci MiHopH gpyroro mo-
PsiAKY JOpiBHIOIOTh HyMO, TO 7 = 1. ¥ BHIAJIKY, KOJIH € MiHOp Apyroro mo-
PAAKY, BiMiHHUHA Bix HyJs, KoCHiAKYeMO MiHOpH TpeTboro nopsauky. Tak
NPOJOBXKY€EMO IOTH, NOKH He CTAHEThCS OAHE 3 JBOX: abo BCi MiHopH no-
PAAKY k. ZODiBHIOIOTE HyJIO, a60 MiHOpiB HOpsAAKY k He icHye, Tomi r =

1 0 —1 0
A= ( 20 4 0) .
30 60
O Cepen minopiB nepimoro nopsaky (to61o exementis Matprni) e Bigminni Big nyas)

ToMy r(A)> 1.
: Ockinpky ogus 3 MiHopis gpyroro Nnopsaxy

I puraad
3Hafith panr matpuui

1 -1
=6
) 4| -0,
a BCi MIHOPH TDETbOFO HOPAZKY KOPIBHIOKTH HYMO, T0 7 (4) = 2, @
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BKasaHuii MEeTOL 3HAXOMKEHHS PaHry MaTpHIi He 8aBXIW 3PYyuHHA,
ToMy LIO NOB’A3aHHH 3 o6uiic/IeHHSIM 3HAYHOrO YHCJa BH3HAYHHKIB. IIpo-
crilnufi MeTOL TPYHTYETbCA HAa TOMY, IO PaHr MaTpHili He 3MiHIO€TbCS,
AKIIO HaJ MATPHIEI0 BUKOHATH TaK 3BaHi ejeMeHTapHi NepeTBOpeHHs, a
came [11: .

a) MepecTaBHTH MiCLSIMH JABa PAIKH (croBnui);

6) TIOMHOXHTH KOXeH €JIeMEHT psijka (croBmus) Ha oxuH i Toff camuh
piaMiHHHA Bix HYJS MHOXHHK;

B) JOJATH O eJeMeHTiB psiKa (CTOBMLS) BianoBiAHi eseMeHTH Apyro-
ro paika (CTOBNIA), MOMHOXKEHI Ha OiHe i Te came uHcJsO.

Il puxaad

Suafith paHr MartpHui
1 2 2 0 —1
3 -1 4 -2 4
5 3 10 8 2
1 -5 0 —2 6

O Buxonyioun eJqeMeHTapHi NepeTBOPeHHS, MaeMo:

1 2 2 0 —1 1 2 2 0 —1
3 —1 4 —2 4 0 —7 —2 —2 7
5 3100 8 2] lo—=7 o 8 1)
1 —5 0 —2 6 0 —7 —2 —2 7
1 0 0 00 /100 00
0 —7 —2 —2 7 011 11
1o =7 o s7~01o—41)~
0 —7 —2 —2 7 011 11
10 0 00 10 0 00 10000
o 11 01 0 00 01000
00 -1t —50] Voo -1 —50] loor100]f
06 0 00 00 0 00 006 0 0
r(4) =3.

(3HaK ~ MiX MaTPHIAMH MOKasye, M0 BOHK YTBOPIOIOTECH OHA 8 APYTOi e/leMeHTapHHMM
TepPeTBOpEHHAMHE 1, OTXKe, MaioTh OAHH i Tofk camuft paur). @

3aRxABHS AAS CAMOKORTPOAM

1. lllo HasuMBa€TECA MATPHILEIO?

2. SIK BHSHAuAIOTHCHA: CyMa XBOX MATpPHIb, AOGYTOK MaTpHIi Ha 4HCJIO, pisHADA
Ta f06yTOK ABOX MaTPHIb?

3. llo HasuBaeTbcs OGEPHEHOI0 MATPHLEIO?

4. CopMymoBaTH | JOBECTH TeopeMy NpO iCHyBaHHS OGepHeHO! MmarpHui.

-5, lllo nasuBaeThcs panroM Matpuii? SIK SHAaXOZMTbCH paHI?
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6. SIki neperBopenns nag MaTpHUAMH HaSHBaIOTLCH €JIeMEHTapHUMH?
7. IlepecBiguntnch, mo

507 1 2 3 2 3 22
1 2 3 2 01 )=t 14 —1 8
—1 0 2 3 —1 1 5§ —4
8. 3ualiru obepreny matpumo A~ zo0 watpuni
3 5 —2
A=|1 —3 2].
6 7 -3
9. 3uafiTH panr MaTpumb:
10 20 12 3 4
A=3060;B=—\:(2’72;,
50100 —1 4 12 10
. -5 1 4
Bidnoeidl 8. A_“a—llb— 15 3 —8 |. 9. r (A =1, r(B) =8
26 9 —|4

§ 3. CHCTEMH /IHINHAX PIBHAHD

3.1. OcHoBHi o3HavenHs
Cucremolo m ainifigux PiBHAHD 3 n HeBizoMUMH X1y Xgy ..., X, Ha3HBa-
€TbCA CHCTeMa BHAy

Quky + QypXy + o+ o 4 Quux, = by;
Q¥ + Xy + o - o+ Ggx, = by; ©)

“ s e e . L T T,

Am1Xy + QmoXg 4~ - - + AnnXp = bpy.

Yncaa Qi =1,2, ..., m j=1,2, .., n6ig HEBiIOMHX Ha3HBa-
IoThCs Koeinientamu, a wncna b, — BiNbHUMH YNeHaMM cHCTeMH 9).

Cucrema piBusiHb (9) HasuBaerbca 00r0pidHoI0, KO BCi BidBHI wie-
HH JIOPiBHIOIOTb HyJIO, i HeoOHOpIOHOI0, SIKIO XOU ONHH 3 HHX BiaMiHHHA
Big Hyas.

Muoxuua yncen a,, G, ..., @, HA3HBAETLCS 6NOPAAKOBAKOI0, KO BKa-
S8aHO NOPAZOK CIiRYBaHHA WHX UHCen, TOGTO BKa3aHO, fIKe 3 HHX e mep-
UMM, sike ApyruM, sike TperiM i T. 1. Hanpukaan, sxmo BIIOPANKOBaHa
Tpifika yuces, 1o B 3amucy a, b, ¢ yucso a BBaXKaeThes nepiuM, b — npy-
THM, ¢ — TperiM, B 3anucy b, a, ¢ NIEpPIUHM € YHCJI0 b, APYrUM — 9HC/IO g
I TpeTiM — yuciio c. '
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Ynopsazakosanui HaGip n yHcea () 3, .oy X9) Ha3MBaETbCs po3s’A3-
xom cucmemu (9), SIKIO NMPH MiJCTaHOBLI LHX YHCE] 3aMicTb HeBiJOMHX
Xg» X -+es Xq YCi PIBHSIHHS CHCTEMH MEPETBODIOIOTECS B toroxkHocti. Taky
CHCTEMY UHCeJl Ha3HBAKTh TAKOX M-8UMiPHIUM 6eKMOPOM, a6O0 TOUKOIO n-BH-
mipHoro mpocropy (auB. m. 2.6, ru. 2).

CucTeMa piBHAHD Ha3HBAETBCHA CYMICHOI0, SIKLIO BOHA Mae X04a 6 onuH
pO3B’A30K, i HECYMICHOIO, SIKIIO BOHA HE MA€ XKOJHOro pO3B’A3KY.

CymicHa cHCTeMa Ha3HBAETbCA GU3HAYEHO0, IKILO BOHA Ma€ eIuHH#A po3-
B’530K, TO6TO iCHYe Ti/IbKH OOHH Halip n yuces x‘l’, xg, veey x?,. AKHH nepe-
BOpIOE BCi piBHAHHA cHcTemu (9) B TOTOXHOCTI.

CyMicHa cHCTeMa Ha3MBAETbCS HEGUBHAYERO0, AKIIO BOHA Mae 6inbmre,
HiX OfHH PO3B’f30K.

IIBi cHcTeMH JiHiHHMX DIBHSIHb HA3HBAIOTBCS eKBIBANCHMAUMU, FKILO
BOHH MalOTb OZHY ¥ Ty X MHOXKHHY Po3B’si3KiB. ExBiBasieHTH] cHCTemH ni-
CTAI0Tb, 30KpeMa, BHACJIJOK eJleMEHTapHHX NepeTBOpeHb AaHOI CHCTEMH.
E/leMeHTapHi ePETBOPEHHS CHCTeMH JiHiAAHHX PiBHAHB BiANOBiAAIOTh eJie-
MeHTapHHM NIepPeTBOPEeHHSM MaTpHLli (I. 2.4) 32 YMOBH, IO BOHH BHKOHY-
JOTHCS JIMIIIE Haj PSAAKAMH MaTpHIL.

3.2. Posp’sasyBanusi cHcTeM Jinifinux pisusinb 3a Gopmynamu Kpamepa
Hexait 3a5aHo CHCTeMy NBOX JiHiHHX DiBHAHB 3 ABOMa HeEBIIOMHMH
xiy
{ ayx + @Y = by;
(10
Qg X + gl = by
BuKoHaeMo Taki eJemenTapHi meperBopenHs cHcremu (10): cmouaTky
OMHOKHMO Mepilie PiBHAHHS Ha Ggy, APYTE — HA —dyy, 2 NOTIM CK/IALEMO
Yx; mic/st wporo mepiie piBHAHHS MOMHOXHMO HA dgy, @ APYre — Ha —dy
i cknagemo ix. Idicranemo cucremy

‘ X (@11 093 — 031 855) = b1839 — Dyl1g; (11)
Y (@10g9 — A5 0y5) = by ~— b1y
Cucremy (11) MoxXHa 3amucaTH 3a JONOMOIOI0 BH3HAUHHKIB!

{x A=A, (12)
y . A = Aﬂ’
ae
A= Qyy Qg S A= by ay]. — % b1‘ )
Qg Qg by ay, ay by

Busnaunux A, ckaagenuit 3 koepiuientiB cucremu (10), HasHBaeTbCA
sustaunukom cucmemy. Busnaunuku A, Ta Ay yTBOPIOIOTECSA 3 BU3HAUHHKA
A BignoBizHo 3aMiHOIO CTOBMILIB IPH HEBiJIOMHX X Ta Y BiIbHHMH YJIeHaMH.
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Ipu poss’ssyBanni piusub (12) MoxyTs 6yTH Taki BHmAnKH.
1) A 50, Toxi cucrema (10) Mae exunuii pO3B’A30K:

Ay . :
= = (13)

®opmyan (13) snepue suBis K. Kpamep i BoHH HasuBaoTbCs gopmy-
samu Kpamepa. :

2) A =0; A, 5= 0 a6o A, 5= 0, Toni cucrema (10) He Mae po3B’A3KiB,
TOGTO € HeCcyMiCHOI0. ’

3) A=A, = Ay=0, Toni cucrema (10) sBoguTbCA O OXHOrO piB-,
HAHHS | Mae Gessiu po3B’si3KiB, TO6TO € HeBH3HAYEHOIO.

PosrasimeMo Temep cucremy Tphox JiHifiHHX PiBHAHD 3 TpbOMa HeBi-
JOMHMH X, Y, 2:

Gy X + gy + ay32 = by;
Ay X + Qgey + Qg2 = by; - (14
Qg X + Qgel + Agy2 = by,

OG6UHC/IMMO BH3HAYHHKM:

a5 Gy Gy by ay ay ay b ay
A =lay ay ay|; A, = by Gy ayli Ay=lay b, ayl;
Q3 Gy Ay . by ay ay Ay by ay
a4y @Gy b
A, =|ay, ay by.
Ay Qg by

SIKIo BU3HAYHHK cHCTeMH A =% (), TO CHCTeMa (14) mae epunuit poss’s-
30K, AKHH SHAXOAHTbCA 32 (OpPMyJaaMH Kpamepa:

A A A
x:::—-‘Ax—, y:::——AL, Zr—-—z’—. (15)

Hosenemo, manpuxaan, apyry 3 ¢opmya (15). INomuoxkumo mepime,
Apyre i Tpere piBHsHHS cucreMH (14) Ha anre6paiuni nonosHeHHs Bigmo-
BIAHHX KoedilieHTiB npH y, T06TO Ha Ayg, Ay, Agg, @ NOTIM CKIAKEMO iX:

x(apAss + ag Ay + agAg) + y (a13413 + agAgs + AgeAse) +
+ 2(a134;5 + agyAgy + Ag3ss) = by A,y + byAss + bzA.aa-

3a Teopemolo 2 BHPASH B AyXKKaxX npH x { 2z B wifk piBHocTi nopiBHIOlOTH HY-
Jio, & 3a TeopeMoio 1 BHpa3 B KyXKax NpH y i mpaBa yacTHHA JOPiBHIOIOTH
BiamosigHo A { Ay, To6T0 Ay = A - 4.
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AHaJnoriuno AoBonATbes dopMyan Kpamepa jjs; 3HAXOIKeHHS HeBi-
goMHX x i z. SIKwo 3anaHo n JdinifiHHX piBHAHDb 8 r: HeBizoMHMH (n > 3)

Ay Xy + QaXg + - 4 QiaXy = by}
gy Xy +e8gXy + o+ + Gonky = by (16)
Qn1 Xy + Qn2Xy + ee A ApaXp = b,

{ pu3HAYHHK cucTeMH A 540, To Taka cuCTeMa Mae e;mﬁuﬁ pO3B’S130K, SIKHHA
sHAXOAUTHCA 3a (opMyamu Kpamepa, ananoriunumu no dopmya (13) i
(15):

A A .4
Xpm o, Xgm gt e Xy =g (17)

'Y BUNajKy, KOJIH BUSHAUHHK cuctemu (14) un (16) nopisHioe Hy.o, op-
myau Kpamepa (15) i (17) ne matoTb 3micry. Taki cHcTeMH, a TaKOX CHC-
TeMH, y SIKHX UHCJIO HeBiOMHX He JOpiBHIOE UHCJIY PiBHSIHB i 1o AKHX,
oueBHIHO, popmyan Kpamepa Tex He MOXKHA 3aCTOCYBaTH, POSIJISTHEMO
B n. 3.5.

I puxasad

Po3B’sizaTh cucTeMH 3a cdopMynamn Kpamepa:

6) (x—y+2z2=0;

2%t y+z="5
2y —2=3.

a) {2x—y=0:
x4+3y=17;

© a) 3uaxogumo BH3HAUHHKH A, Ag, Ay
0 —l

A|2_1
11 8

2 0
‘=7, Ay=-'=|l 7|=:l4.

3a dopmyaamn (13)

Ay _ T
= = =1 =__._.___.=2.
=TT A 7

6) Po3p’sis0K aicTanemo 3a dopMynami (15). Maemo

1 —1 1 0 —1 1
A=2 1 1]l=—14,=[56 1t 1 [=-],
0 2 —I 3 2 —l
101 1 —1 0
A, =258 1]=—2 A=|2 1 5|=],
03 —I 0 2 3

x=l’ y=2, l-_—'l..



8.3. Marpuunuit sanuc cucreMun aiuifinux pisusmnb 1 iT poss’ssysanns

Hexaii sanano cucremy (16), axa MictuTtp n ainifiHEX PiBHSIHL 7 3 He-
BiZOMHMH.

Bsezemo Matpumi

all al’ e a]n xl b].

a,; a a Xa b,
A=] % ay . n 1 X=] 2], B=]|".

n G2 ... a,, x, \b,

Martpuuio A, cknazeny s Koediuientis cucremu (16), HasuBaoTh sam-
punero a60 OCHOSHOI0 MAMPUYEI0 CHCTEMH, MATPHIO X — MaTpHIEIo 3 He-
BiJIOMHX, a MaTPHIIO B — matpunéo 3 BibHUX wienis. Toxi 3rifHo 3 mpa-
BHJIOM MHOXKEHHSI MAaTpHIb cicteMy (16) MOXHa 3ammcaTd ofHHM MaTpHU-
HHM DiBHSIHHAM 3 HeBiZOMOIO MaTpHmelo X:

AX = B. (18)
Hpnnycmuo; mo mMarpuus A cucremu (16) Mae ofepHeny Marpuumio A™';
MOMHOXHMO 06HABI wacTunu pisHocti (18) Ha A~ axisa:
A7'AX = A7'B.
Ockineku A7'A = E i EX = X, 10
X =A"'B. (19)

Orxe, mo6 poss’s13aTH cucremy piBHsHb (16), ZOCTaTHBO 3HANTH MaTpHIo,
oGepHeHy 10 MaTpHIIi CHCTeMH, i IOMHOXHTH i1 ClIpaBa Ha MaTpPHIUO 8 Bijib-
HHX 4JIeHiB. 4

Popmysy (19) Ha3SHBAIOTD MAMPUYHUM SANUCOM DPOSE’ASKY CuCTEME ,
(16) abo poss’ssxom mampuunoeo pisnanns (18). :

3ayBakuMmo, 110 PO3B’A30K CHCTEMH DiBHSAHDB y MATPHUHIM ¢opmi moxk-
JIHBHA JIHIIE TORi, KOJH MAaTPHUA CHCTEMH HEBHPOIKEHa.

Il pursad

Posp’satH cucremy piBusub
x+ 2y =3;
—x+y+22=5;
3x+ 2= -2,

O Maemo (muB. nprkaax n. 2.3) - 0 4 -
1 2 0 Ty 3 15 T I8 15
| o R 41 7 12 |-
A=l —1 1 2], X vl 5 ]; 4 = =

3 01 z —2 1 2 1
5 B 5
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3a dopmyaoto (19) suaxoxumo

A2 4T
X 5 —"15 15 1
_ 7 12 _
1IT1 T T 15 2
-1 2 1 =2
5 5 5

Omke, x=—1, y=2,2=1 @

3.4. Po3p’sasyBanHsa cHcTeM JiHifAHHX pinmmb meropom laycca

OnuuM 3 HafMOWHpeHIMHX METOAIB PO3B’ASYBaHHA CHCTEM JiHifHHMX
PiBHSHD € METOJ NMOC/iZOBHOTO BHKJIIOUEHHS HEBiZOMHX, a6o meron ayc-
ca. Lieft meTon sanpononosanufi K. I'ayccom 1.rpyHTYyeThcs Ha eneMekTap-
HHX NEPeTBOPeHHAX CHCTeMH piBHsHB (m. 2.1).

Hexaft maemo cucremy (9), fika MicTuTb m piBHsHB i n HeBigoMux. Oue-
BHAHO, cepen KoedillieHTiB a;; xo4a 6 onun BigMminHu#k Bix nyas. ko x
a;; = 0, To mepwHM B cucteMi (9) 3anuiuemMo Te PiBHAHHSA, B AIKOMY Koe-
dluient mpu x, Biaminauf Bix Hyas. [TosHauumo meft xoedimienT uepes aj;.

[TeperBopuMo cuctemy (9), BHK/IIOYAIOYM Xx; B ycCiX piBHAHHAX, KpiM

nepmoro. [/ bOro MOMHOMHMO Tepille PiBHAHHA Ha — 2L i JofaMoO o
oy

a .
apyroro, noTiM MOMHOXUMO Iepiue PiBHAHHS Ha — —= i JoAamo A0 Tpe-

a

i

thoro i T. A. IIpy nbOMy MOKe CTaTHCh TaK, IO JAPYTe HEBiZlOMe Xy TAKOK
-He BXORHTb B yci piBHsiHHS 3 Homepom i >> l. Hexafi x, — HeBizome 3
HafiMeHIIHM ‘HOMEPOM, SIKe BXOAHTb B GyAb-fiKe PIBHAHHSA, He pPaxyIouH
nepmoro. Hicranemo cucremy

auxy + - + anx, = by;
Aopxy + oo+ ~+ amx, be, ’ (20)
a;ukxk + .- + amnxn == brm k>1, aj+0.

3acTocoBYIOUH IO BCiX piBHAHB, KpiM nepioro, TaKy camy IpoueRypy
{ BHKOHABIIH PAX eJeMEHTapHHX NepeTBOpeHb, KiCTAHEMO CHCTeMY

anx,; + .- + ajnx, =by;
” ” ~
QopXy, + oo -+ AgnXp = b%;

aa: + e Fawt, =by @n

Gty +re Gty = by G0, G0,
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SIKIO NMPOAOBXKHTH LieA MpolEC, TO MAaTHMEMO CHCTeMY

QX+ - +alnxn=b1§
Qouxy + oo- + @onx, = by;
ayx; 4 - + Qanx, = by

QrsXg + -« + amx, =b,;
0=5r+1»

0=5,

Taky cucremy piBHSHBL Ha3HBAIOTH cxiduacmoio aGo mpaneyicnodibro0.
Hocnigumo 1o cucremy.

1. SIxuo cucrema micTuTh piBHAHHA BURY O = b, i b, 5%~ 0, To BoHa ove-
BHAHO HecyMicHa.

2. Hexait cucrema (22) ne micTuts piBHsnb BHRY 0 = b, (b, 5= 0). Ha-
3BEMO HeBilloMi X, Xy, X, ..., X,, 3 AIKHX MIOYHHAIOTBCS MeEpIUe, APYTe, ...,
r-e piBHSIHHA, OCHOBHHMH, a BCi iHIWI, AKIO BOHH €, BinbHHMH. OCHOB-
HHX HeBiZIOMHX 3a OSHayeHHAM r. Hajaiouu Bi/IbHUM HeBioMHM HOBiNbHI
3HaYeHHsl i MiJCTaBJAIOUM Ii 3HAUYEHHS B PiBHSHHSA CHCTEMH, 3 r-ro pie-
HAHHA 3HalaemMO x,. [TincTaBasioun ue 3HadeHHs B nepwi r — 1 piBHAHD i,
mizHiMalouHch Bropy Io CHcremi, 3Haiigemo Bci ocHOBHI HeBizomi. OcKifb-
KH Bi/JIbHI HeBijoMi MOXyTh HaGyBaTH GyAb-sIKHX 3HaYeHb, CHCTEMa Mae
6e3siu po3B’sA3KiB.

3. Hexaiit B cucremi (22) r = n. Toxi BiNbHHX HeBifOMHX HeMae, TOG.
TO BCi HeBiloMi oCHOBHI i cHcTeMa (22) Mae Tak 3BaHHH TPHKYTHMA BUIVIAL -

Q%+ - + QinXy = _b_l;
g%y + + -+ amx, =by
ann?‘n =b,.

3 ocTannboro piBHIHHA CHCTEMH 3HaWJEMO X, i, ITiHIMAaIOUHCh 1O CH-,
cremi Bropy, sHaijiemo Bci iHmi.HepigoMi. OTKe, B IIbOMy BHNAAKY CHC
TeMa Mae e€NMHHH pO3B’S30K.

3ayeanmenns 1. BukaageHHd HaMH MeTOL NOCJiZOBHOTO BH-
KJIIOUeHHs! 3MiHHHX HasHBaIOTb e ajsroputMoM [aycca. Bin ckaagaerscs
3 ONHOTHMIIOBHX olepalifl i Jerko peasisyerbcsi Ha cyyacHux EOM.

3ayeaxennsa 2. Ilpu po3s’s3yBaHHi CHCTeMH JiHiAHHX piB-
HAHb Merofiom I'aycca spyuHillle IPHBOAHTH X0 TPHKYTHOrO UM Tpamenie-
NoAiGHOro BHIVIALY He CaMy CHCTeMY PiBHSIHb, a4 PO3IUHPEHY MAaTPHIUO Liiei
CHCTEMH, TOGTO MaTPHIO, YTBOPeHY NMPHEAHAHHAM 10 MaTpHli ii Koedini-
€HTIB CTOBNLS BiIbHUX WieH{B. BHKOHYIOUH Haj pAZKaMH PO3IIKUPEHOI MaT-
pHLI eneMeHTapHi nepeTBOPeHHs, NPHXOAUMO JO PO3B’ 3Ky CHCTEMH.
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T puxsad
Po3B’asatn chcteMH piBHAHBL MerofioM [aycca:

8) (x—y-+22=—1; O (*+y+z=1 B) (~x+y+22=1;

9 22=1; .

x4 2%—32=3; *+y+ 21 x42—2z=2
. x+y+3z= 3 2% y 3z 1:

2% —y 4 32=2; et 8z 15 ) !5y"—5. =

O a) BukonyeMmo eneMeHTapHi neperBOpeHHs HaX PAAKAMH DOSIIHPEHOI M aTpHLi
RaHOl cHCTeMH (ITO3HAYaTHMEMO IIe CHMBOJIOM =b):

1 -1 2 -1 1 51 2 -l 1'—1 2 -1
-1 2 3 3 |={0 I —1 2 =310 1 —1 2 ].
2 -1 3 2 01 —1 4 0 0 o0 2

TakuMm umHOM, CHCTeMa a) eKBiBaNeHTHa CHcTeMi
A—y+2=—1
o O x4+y—2z=2;
0:-x4+0:-y+0.2=2,
B ocranilbomy pisnsnni BinbHHA wnen jgopisHioe nBOoM, a KoedimieRTH npH HesizoMmmx

JopiBriojorb HyMo (To6ro 0 = 2), ToMy cucremMa HecyMicHa.
6) Maemo

1 111 (1 1 1 1
21 21 0 —1 0 —1
= =
113 2 0 0 2 1
1 031 0 —1 2 0
1 1 1 1 \ P 1 1 1
0 —1 0 —1 0 —1 0 -1
o o 2 1 | o o 2 1 |
o 0 2 1 } 0 0 0 O
Orxe, cucreMa 6) ekBiBa/leHTHA CHCTeMi TPHUKYTHOrO BHIIAALY
*tyt+ez=1 i Mae exHHHUR POSB’A30K:
—y+0.2=~—1; 1 1.
2=t; f=—geu=b o=y
B) Maemo
-1 1 2 1 -1 1 2 1 —1 1 21
2 —1 2 0 31 3 0 31 3
= =
2 1 =31 0 31 3 0O 00O
1 5 0 5 0 6 2 6 0 00O
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Orxe, cucrema B) eksiBanenTHa chcremi Tpanenienoni6soro BHIIARY
—x+y+2=1
{ 3y +2z2==3
i mMae Gesniuy poss’sskis. 3 OCTaHHBOI CHCTEMH SHAXOZHMO

2 5
y=l—"g., x="3+=

5 t
TakiM 4YHHOM, PO3B’SI3KH CHCTEMH B) MalOTh BHIVIAL X = T Ly=1— Fz= {, ne

{ — mOBiNbHe YHCIO (—o00 << << — 00).
3a3Ha4uMO, 110 XKOAHY 3 HaBEJIeHUX Y LbOMY NPHKJIAAi CHCTeM He MOXHA PO3B’A3y-
BaTH Hi 3a gopMysiamMu Kpamepa, Hi MaTpuunuM cmocoGoM. @

3.5. Onnopigsa cucrema JinifiHKX piBHAHD
Hexait 3a1aH0 OJIHOPiAHY cHcTeMY m JiHIAHAX PiBHAHD 3 1 HEBiJOMHMH

Ay %y + QyeXg + -0+ ax, =0; ‘
Qg1 Xy + Agoxy + -+ + QonX, = 0; (23)

AmiXy + AmoXy + <<+ + QmaX, =0.

[1s cHcTeMa 3aBXKIH Ma€ HYJbOBHH po3B’A30K X, = 0,x3 = 0, ..., x, =
= 0, TOMY IO NiACTAHOBKA HYJiB 3aMiCTb HEBiJlOMHX B KOXHe 3 PiBHSAHb:
(23) mepetBopioe ix B ToToxKHOCTi. HeHy/1boBi PO3B’sA3KH (AKILO BOHH ic-'
HYOTb) cucTeMH (23) MoxkHa 3HaliTH MetonoM [aycca.

[TokaxkeMo, 1O A OAHOPiAHOI CHCTEMH TPbOX DiBHSIHb 3 TPbOMA He-
BiJOMHMH MOXHa SHaHTH 3arajbHi ¢GoOpMyJiH, 10 BUPAXKaIOTb HEHYJIbOB] .
pO3B’sI3KM uepe3 Koe(illieHTH CHCTEMH.

Po3ry1siHeMo cHCTEMY

ax+ay+age =0 _
byx + byy + bgz = 0; 24)
i x +cy ez = 0.

SIKIo BH3HAUHHK CHCTeMH A == 0, TO cucTeMa Mae eJHHHH HYJIbOBHH
po3p’sizok. Ilificno, susHaunukH A, = A, = A, = 0 (oaun croBmeus B
KOXKHOMY BH3HAUHHKY MICTHTb TiJIbKH HYJIi), Tomy 3a dopmynamu Kpa-
mepa x =0, y =0, z=0. :

ITokaxeMo, o KoJau BH3HAUHHK A = 0, To chcTeMa (24) mae Geasiu
po3p’sa3kiB. Po3risHeMo Taki IIBa BHNAIKH. v

1. Tpunycrtumo, 1o y BU3HAYHHKY A icHYe npunaimni o0un ei0minnul -
6i0 Hyas minop Opyzoeo nopadky. Hexah, nanpukiag,

a; Qg

0. 25
b, by * @)
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BisbmeMo Ti piBHAHHA cucremH (24), mo MicTarth Biaminnui BiA Hyns
uinop, i 3anHwemo ix y BHrasani
lalx + QY = —a,z;
blx + bzy = —bsz-
OcKinbKH BU3HAUHHK (25) cuctreMn (26) BiaminHH# Big HyJAs, TO 3a dop-
myiamu Kpamepa

(26)

Ayz Ayz
AT - @n
Ae .
a, Gy, a; Qg A as 4
Sio, by” TFT by bylt VT by by

OckizbKH 2 MoXe HalyBaTH 6ylb-fAKHX AifCHHX 3HaUeHb, MOKJIANEMO Z =
= A . t, ne t — noBiabHe Aificne uHcao, ToAi 3 dopmya (27)

a, a a; a; a, a
b, by b, b, b, by

[lincrasasioun poss’si3ku (28) y Tpete piBHAHHA CHCTeMH (24) i BHKO-
pHCTOBYIOUH Teopemy 1, BleBHIOEMOCH, IO ¢dopmyau (28) npH OyZAb-IKOMY
{ BM3HAYAIOTh DO3B’13KH OAHOpiAHOI cHucTemH (24)..

2. Hexait Tenep Bu3HAuHHK cucTeMH (24) i eci dozo minopu dpyeoeo
nopadky dopieniooms Hyato. Lle 3HauuTD, Mo KoedillieHTH BCiX TPbOX pib-
ganb (24) npomopuifiHi, TOMy CHCTeMa 3BOIMTHCS IO ONHOTO PiBHAHHS 3
TpboMa Hesizomumu. Hanawouu asoM HeBizomuMm IOBiJIbHHX 3HaueHb, 3Ha-
XOAATL BiAmoBifHe iM Tpere HeBiJoMe.

Orxke, SIKIIO BU3HAUHMK A ofHOpinmHOI cHcTeMH (24) nopiBHIOE Hy.JIIO,
T0 Taka cucTeMa Mae 6e3niu posB’A3KiB. )

X = - 1 = ol 2= - L. (28)

Hpuraad
Posp’sisaTh CHCTEMH piBHSHb:

a) {x+2y+32=0; 6) (—x+y—22=0
A +y+z=0 x—y+22=0;

x—y+22=0; 24+y—2z=0.
O a) Bu3HAUYHHK CHCTeMH
1 2 3 1 3 1

A=|2 1 1|=|2 3 —3|w=0,

I -1 2 10 0

TOMy CHCTeMa a) Mae eHHHA posB’s3ok: x =0, y=0, 2= 0.
6) BH3HAuHUK CHCTEMH
-1 1 =2 -1 1

2
2 1 -1 2 11
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TOMy cHcreMa G) HeBHSHaueHa. Bei minopu apyroro mopszky, mo MictaTees y nepuiomy
i ApyroMy psjaKax BHSHaYHHKa, AOPiBHIOIOTH HYJMO. BissMemo apyre i Tpere piBHsHHS

CHCTEMH: _
x—y+22=0;
24y—2=0.
L{ piBusnns micrars sigminuufi Bin Hyas miHop Apyroro nopsaky
1 —1
s 3|0
ToMy 3a dopmyaamu (28) maemo
-1 2. 2 1 1 -1
== . . t == —t; == o = N = = .
x 1 — y_lz‘t5t12l‘t3t

Orxe, cucreMa 6) Mae Geaniu posp’sskiB: x = —¢, y = 5¢, z = 3¢, ge { — JoBiibHe
alficee yucao. @

3.6. Kpurepit cymicHocti cucremn ainifinnx piBHSHB
Hexait safnano cucremy m JiniiHuX piBHAHBL 3 n HeBiAOMHMH:
%y +apxy + <o+ aax, =by;

A%y + QggXy + o+ + Gonx, =by; (29)

L ® e o o 8 + e o o & e o

A1 Xy + AmaXe + <+« + AmnX, = bm.

CxnaneMo ocHoBHY mMatpHIio A i poswupeny matpumio A AaHOI CHCTeMH:

Q; Gy ... Qna @y Qg ... Qn b
A=|% Qu ... an ; A=| 9% Qs ... an b,
Ui Qmg .. Qmn, mi Gm2 .. Qmn b,

Buuepnry BignoBiab Ha 3anMTaHHSA PO iCHYBaHHS PO3B’SI3KYy CHCTeMH (29)
nae teopema Kponekepa — Kamesnni. HaBogumo 1i Ges noBefeHHS.

Teopema 4. Jlrn moeo wpb cucmema AiRIGHUX PiBHAHL GYaa CYMICHOI0,
Heobxidno i docmammubo, wob pane ii ocnosHol mampuyi dopieniosas paney
poswuperol mampuyi.

AKuo pane ocrosnoi mampuyl Ooplenioe panay posuiupenoi mampuyi i
Jopisrioe uucry residomux, mo cucmema mas eOunUil poss’ asokK.

AKuwo pane ocrnoseroi mampuyi dopienios paxzy posuiuperoi mampuyi,
are menwuti yucaa Hesidomux, mo cticmema mas Oesniv poss sskie [1, 9.

T puxaad

Hocaiauta Ha eymicuicTs cucremy piBHAHB
x+2 —z=21;
2% —y+22=8;
Sx+y+42=5,



¥ © Ockinbku panr ocroHol Matpuud r (A) = 2, a panr posmmpenol Marpaui r (A) =
1% 3 (mepeBipTe), TO 3ajaHa CHCTeMa piBHSIHL HecyMiCHa. @

" 3aBNAHHA ANA CAMOKOHTPOJI
‘}‘ 1. [llo HasuBaeTbCs CHCTEMOIO m JXiHifuHX anre6paluHUX pPIBHAHD 3 n HEBiJOMHMH?
&

2, flka cucrema aiHifiHuX piBHSIHb HA3MBAETHCS CYMiCHOIO; HECYMICHOIO; BH3Haue-
'B0I0; HEBH3HAUEHOIO? :

3. 3anucatu dopmyan Kpamepa. B sikoMy BHnaaxy BoHu 3actocosyiotbesi? JJosectn
#opuyan Kpamepa pnsi CHCTEMH TPBOX DiBHSIHb 3 TPbOMa HEBiIOMHMH.
~ 4. Y gomy noasirae merop Faycca? :

. 5. 3a AKHX YMOB ONHOpiNHA cHcTeMa JiHiAHUX piBHAHD Mae eRuHUR HYAbOBHH po3-
'8'830Kk; Gesntiu poss’sI3KiB?
* 6. ChopmynioBatn TeopeMy Kponexepa — Kaneaui.
. 7. Posp’sizaty cucreMH piBHSHDB, KopHCTYIOunCh dopMynamun Kpamepa:.
X 29+ 2%+ 31, =1;
8 (3 2 =b; 6 .
) [3x+ 2%+ x ) 1 8k, —xy — £y — 24y = —48
2 3 = |3 .
Xy + X3 +3x8 , 2x1 + sz — g — Xy = __6;
2 = 11;
e R ’ Xy + 2%y + 3xg — 1, = —4.

.. 8. Posp’si3aTH cHCTeMy MaTPHUHHM CnocoGoM:

Xy + g+ 225 = —I;
‘ 2%, — xg + 265 = —4;
4xy + x4 4 dxg = —2,
9. Pose’sisatm cucreMn MerofoM [aycca: :
Gttt o [T
%y + %y + 5xg = —T7;

2x; + 3xq — 3xy = 14,
10. Posp'sizath oaHopiani cucremu:

X — 2%y | xg — x5 = —1;

: Xy —2% + x5+ 3x4=3;

6) (3x+2y—2=0;

a) {2x—5 22 =0;
){x+4yy-+3z=0;' Z—y+3=0
x+4y—z=0,
1}, Hocninuté Ha cyMicHICTH CHCTeMH:
a) (x+y+2=2 6) [ 2% — x4 + x4 —5x; = 4;
26 —3y —2==5; 20+ x4+ 205 —x, =13
, ity—z=T; 6x; — xg +4xy — 112, = 6,

i

Bidnoeidi. 7. a) (2 —2;3); 6) (—1; —1;0; 1). 8 (1; 2; —2). 8. a) x3=

Uy 20y, x,= 15 6) (I3 2, —2). 10. a) (7¢; 8¢; 13); 6) (0; 0; 0). 11. a) Cymic-
t 88; 6) HecyMicHa. ‘
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Tnasa 2
EJIJEMEHTH BEKTOPHOI AJITEBPH

BexTopHa aire6pa — po3jil MaTeMaTHKH, B AKOMY BHBYaloTbes Xif
Haj BeKTopamH. BekTopHa a/ire6pa BHHHKJA i BIOCKOHAMIOBAAACh Y 38’43
Ky 3 norpeGamu mMexauiky i dpisuku. Ho 19 cr. seauuuny, Mo sycrpivanucs
y Mexaniui i ¢isuni, 3anapanu gucioM abo KilbKoma AIACHHMH YHCTAMH.
Hanbwuii posBHTOK QisMKH MOKa3as, W0 AesiKi 3 QiSHUHHX BEJHYHH Ha-
6arato [ouinbHillle XapaKTepH3YyBaTH He TiNbKH YHCJIOM, a H HanpaMoM,
T06TO BEKTOPOM.

Brepuue BexTopu 3actocysaB K. Becceab y 1799 p. mis intepnperauii
KOMIVIEKCHHX 4Hces. [1poTe cnpaBxkHilt pO3BHTOK BEeKTOpHOI a/ireOpH pos-
nmoyaBcs JiMile B cepeAnHi 19 CT. i mpHBiB 0 CTBOPEHHS HOBOI MaTeMaTHY-
HOI AMCUHINIHK — BEKTOPHOTO aHanisy.

Anapat BeKTOPHOTrO YHC/IeHHs epeKTHBHO BHKOPHCTOBYETbCA B 6aratbox
3araJIbHOHAYKOBHX Ta iHXX€HEPHHX AMcuumiinax (enekrtpo- i rizpoauna-
Miui, TeopeTHunif i rexuiunifi mexawiui, Teopii mexaniamis i mammu).

§ 1. BEKTOPH I JITHIAHI OII 3 HAMHA

1.1. Cxanspui | BexTOpHi BENHYHHH

Barato ¢isHuHMX BeJIHYHH MOBHICTIO BH3HAYalOThCAI CBOIM YHC/JOBHM
sHauenHsM (06’eM, Maca, rycTHHA, TeMIepaTypa TollO); BOHH Ha3HBAKThb-
ca ckaaaprumu. Ane e i Taki BeIHYHHH, 9Ki KPiM YHCIOBOro 3HAYEHHA Ma-
10Th Hie # HanpsMm (WBHAKICTb, CHJA, HANPYXKeHICTb MarHiTHOro noJs
Touro). Taki BeHuMHH HA3IHBAIOTLCA BEKMOPHUMLL.

Bynb-fika ynopsakoBaHa mapa Todok A i B mpocTopy BH3Hayae Ha-
npamsenull 8i0pisox, abo éexmop, 10670 BiAPi30K, IO Ma€ NEBHY AOBXKHHY
i nesuuit HanpsM. (Tepmin «BekTop» (BixaarT. vector — nepeHOCHHK) BBiB
y 1848 p. l'amiabron.) [Tepiy Touky A Ha3HBAIOTh MOYATKOM BEKTOpa, a
apyry B — xiduem BekTopa. HampsiMoMm BekTOopa BBaXaioTh HAaNpsM Bil
fioro mouaTky mo KiHos.

BekTop, nouaTtok AKoro 3HaxonuThcs B touni A, a kinenp — B ToULi

i sy
B, nosnauaerbca cuMBosioM AB aGo a. Hanpsam BeKTopa Ha PHCYHKY no-
- =

KasyioTb cTpinkoio (pue. 2.1). Binctans Mix mouatkom Bektopa a = AB
i fioro kinuem nasusaerbea doaacunow (a6o modyaem) sexmopa i nosHava-

=
etbca |a| abo |XB].
BexTop, IOBXKHHA AKOro NOPiBHIOE OJHHHII, HASHBAETLCA OOUHUYHUM.
—y
OnuHuuHHA BEeKTOp, HaNpsM AKOro 36iraeTbCs 3 HaNpAMOM BeKTOpa 4, Ha-
-

s
SHBAETLCA OPMOM 6eKmopa a i Mo3HayaeThea uepes 4.
BexTop, nmouaTok sikoro 36iraeTbcs 3 KiHlleM, Ha3HBAETBCA HYAbOSUM:
-

i ro3nauaeTbca Yepes 0; HaNpsAM HYJIbOBOrO BeKTOpa HeBH3HAueHHH, a Horo
DOBXHHA ROPiBHIOE HYJIO.
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- —
Bexropu a i b nasuBaloTbCA KOAIHeApHUML, AKIO BOHH - 8
AeXaTb Ha OXHiA mpsAmii abo Ha mapanenbHHX MPAMHX. /
KoaineapHi. sekTopy MOXYTb 6YTH HanpsAMJieHi OLHAKOBO 9

‘860 npoTHAeXHO. HynboBHI BeKTOp BBAKAETLCA KoJineap- Puc. 2.1

HHM 5y).1b-ﬂKOMy sBekTopy Bektopu 2 i b nasuBawTHCH

pisHumMU (a = b), SIKIO BOHH KoJliHeapHi, 0lHaKoBO HanmpsamJeHi i MawTb
piBHi NOBXHHH.

B osnauenni piBHOCTI BeKTOPiB He mepeibayeHo sKech NMeBHe PO3Mi-
HIeHHA TX, TOMY, He NoOpyllyloud piBHOCTi, BEKTOPH MOXKHA NEPEHOCHTH
HapaenbHo CaMHM cob6i. ¥ 3B’SI3KY 3 IlUM BEKTOPH B aHaJiTHYHIH reomer-
pii HasuBawTbc BiMbHHMH. IHOAI BiNbHICTL MepewmilleHHs BEKTOpa 06-
MEXYeTbcA. B MexaHiui, Hampuk/iazg, posrysifaloThC KOB3Hi i 3B’A3aHi
pexktopHu. [IpMK/IafoM KOB3HOrO BeKTOpa € BEKTOP KYTOBOI LUBHAKOCTi APH
ofepTaHHi TiJa, TOMy WO BiK MOXKe po3MilllyBaTHCA JIHIIE HA oci 06epTaHHS.
[puknanom 3B’A3aHOrO BeKTOpa € cu/Ia, MPHKAAJEHA JO AKOiCh TOUKH
NPYXKHOro Tifia, OCKi/IbKH pe3y/bTaT Ril CHAM 3a/eXHTb Bill TOUKH NPH-
KIaJaHHA.

TpH BeKTOpH HA3UBAIOTLCA KOMNAAHAPHUMU, AKUIO BOHH JeXaTb B Ofl-
wif niomuHi a6o B mapaJesnbHHX NJOUIMHAX. J0KPeMa, BEKTOPH KOMILIa-
HapHi, fiKImo 1Ba 3 HUX abo BCi TpH KoaineapHi. TpH BeKTOpH BBaxKalOTh-
cs KOMILJIAHADHHMH TaKOX y TOMY BHIIaZKY, KOJH Xo4a 6 OIMH 3 HHX HY-
-IbOBHH.

1.2. Jliniini ni'n‘ 3 BeKTOpamMu

* Ho aiuifinux #if 3 BeKTOpamMH Ha/leXaTh JOAABAHHSA i BlAHlMaHHﬂ BeK-
f0piB, MHOXKEHHS BeKTOpa Ha uncjo.

1. Hodaeanuﬂ eexmopis. CyMa a -+ b IBOX BeKToplB 2ibaa O3HaveH-
HAM € BEKTOp c. HaIlpﬂMJleHHPl 3 NOYATKY BeKTopa a B Kielb BeKTOpa bsa
'YMOBH, 110 IOYATOK BEKTOPA b s6iraetbes 3 KinueM BeKTOpa a (puc. 2.2).

€ NPaBHJIO J0NaBaHHA BEKTOpPAa HA3WBAIOTb NPABHJIOM TPHKYTHHKA.

-

é

z 3

Bl
a
& X

_?ﬁBmua marematuka, 4. 1
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/ s LA , =

Puc. 2.4 Puc. 2.5

258
e
Pue. 2.7 Puc. 2.8

CyMy 1BOX BeKTOpiB MOXKHA MOOYAyBAaTH TaKOX 3a MPaBHJOM napa-
nejgorpama (puc. 2.3).

1106 noGynyBaTh cymy GYAb-sKOro CKiHUEHHOro 4HcJa BeKToOpiB, mno-
Tpi6HO B KiHWi nepuworo BeKTopa mobyayBaTH APYruH, B KiHLi Apyroro
noGyaysarH Tpetif i T. 4. Hanpﬂwleﬂuﬁ BiApPi3OK, WO fiJle 3 MOYATKY nep-
Woro BEKTOpa B KiHellb OCTaHHBOIO i Gy 1e CyMOIo JaHHX BeKTOpiB (pHc. 2.4).

2. Bzammauux sexmopis BH3HAUAETHCA AIK nis, obepHeHa NOAABaHHIO.
Pisnuueo a — b ) Ha3HBAETHCA BEKTOP ¢, AKHi, 6yny4H NOJAHH# 10 BeKTOpa

—»

b, nae BekTop a (puc. 2.5).
IlBa BekTOpHM HA3HBAIOTLCR NpPOMUAEHHUMU, AKIIO BOHH xo.niHeapHi
JOBXHHH |x OIIHAKOBI, a HanpsMH IPOTHJIEKH. BeKTOp, MPOTHAEKHUH

BEKTOpY a, M03HAYaETbCS Yepes —a. Toni plSHHIUO a—b ' MOXHA TJIyMa-
YHTH Ue # TakK (pnc 2.6): BigHATH Bin BekTOpa a BeKTOp b Le BCe OAHO, ;
o o BeKTOpa a zonamH BEKTOD, NTPOTHJIEKHHA BEKTOPY b 10610 @ — b =
=a + (-b).

3. Munoocenns sexmopa na wucro. Hexah 3anani Bekrtop a 5= 0 i une-
10 A == 0. Jo6yTKoM Ad HasMBaeTbCA BEKTOP, HOBXHHA FIKOTO HOpiBHIOE :
[ A a |, a HanpsaM 36iraeTbca 3 HANpAMOM BEKTOpa c_z: akio A > 0, i npo-

.- e ~
THIEXHHA fomy, ko A << 0. flkmo A = 0 a6oa = 0, 1o Aa = 0.
leomeTpuuHuit 3MICT onepaiii MHOXEHHS BEKTOpPAa Ha YHC/O Taxmr :

MHOXEHHA BeKTOpa 4 Ha uHCI0 A MOXKHA PO3YMiTH K <POSTAr» BEKTOPA a
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g A pasiB pu A > 1 i «ctick» npn 0 < A << 1, npuvomy npu A < 0 Bin-
GysaeTbes e i 3amina Hanpsmy. Ha puc. 2.7 nokasano BekTopH a_,'—2z, 5 a.

3 03HAUEHHS MHOXEHHA BEKTOPa Ha THC/IO BHIIMBAE, WO KOMH BeK-
TOpH Ko.uiueapm, TO 1cuye elMHe YHCO A Take, mo b = Aa i, .HaBmaxu,

AKIO b= M TO BEKTOPH 2ib KoJliHeapHi.
Jlinifini omepauil Haa BeKTOpaMH MalOThb TaKi eaacmueocmi:
1°. KoMyTaTHBHICTb BiIHOCHO JIOAaBaHHA BEKTOPiB:

- - - -
at+b=>b+a.
29, AcouniaTHBHICTb BiHOCHO [OLaBAHHA BEKTOPiB:
' - — - - -» -
a+b)+c=a+@+o.
. . - -
39, AcomiaTHBHIiCTb BilHOCHO MHOXEHHH uHcelr: A (pa) = (Au) a.
4°, uctpubyTuBHICTb BiJAHOCHO NOAaBaHHA YHCeJ:

(A +pa = ra+ pa.
5% ucTpu6GyTHBHICTH BiJHOCHO NONABaHHA BEKTOPiB!
M(a -+ b) = Aa -+ Ab.

'O loBeneMo, HanpHKAAL, BJACTHBiCTb 5% Hexaﬁa id Hexonmeapm BeK-
TOpH iA > 0. Hocynyemo {puc. 2.8) BexTOpH OB =d +b, OX = }a,
OB1 = A (b + a) 3 nogi6xocri TpHKyTHHKlB OAB i OAIBI BHNIMBaE, 1O
AIB1 = kb a i3 A 0A,B, MaeMo OA + A Bl = OBl, T06T0 A + Ab =
=) (a + b) Bnnanox A<O ) posraAaeThes aHa.norltmo

meo a 1 b KoJineapHi i a a 0 TO BEKTOp b MoxHa 3anHcaTH y BH-

Mam b = pa Tom, BHKOPHCTOBYIOUH Baactusocti 3° i 4%, Maemo: A (a +

D) =A@+pa)=ra+ 1. @ :

" Po3rasiHyTi BAACTHBOCTI MAIOTh Be/IHKe 3HAYEHHSA Y BEKTOPHil aare6pi,
60 BOHH 1AIOTh npaBo POCHTH MEpeTBOPEHHS B JiHiAHUX omepalifnX 3 BeK-
TOpaMH TaK CaMo, SIK y 3BHYaiHill anre6pi: BeKTOpHi JOJAHKH MOXHa Nepe-
CTaB/IATH MicUsAMH i CnoyuaTH iX B FPYNH, BBOAKTH AyXKH, BHHOCHTH 3a
BYXKH K CKaJsipHi, TaK i BEKTOPHi CHi/JIbHi MHOXKHHKH.

1.3. Po3knan BexTOpa 3a 6a3ncom
3acrocoByioun JiHiHHI omepallii HaJl BeKTOpaMH, MOXHa 3HaXOMHTH
Cylm»x J:(OﬁyTKlB yucen o, Aei = 1, 2, ..., n, Ha BEKTOPH a ocla1 -+ a2a, -+
;l: -{-a,,a,, BupasH Takoro BHAY HA3HBAIOTbCA AIHIUHUMU KOMOIHQ-
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yiamu eekmopis, a yucaa o, MO BXOAATDb B JiHiiHy kom6inauiio,— ii ko-
edinieHTamH.

Basucom Ha npamili Ha3uBaeTbCs HOBIJIbHHH HEHYJbOBHH BeKTOD Ha
uift mpaMii.

Basucom nHa naroujuni Ha3HBAETbCA NOBiJAbHA YNOPAJAKOBAHA Mapa He-
KoJliHeapHHUX BEeKTOpiB, a 6asucom y npocmopi — JOBiJbHA yNOPALKOBaHA
Tpifika HeKOMIIaHapHUX BeKTopiB. BexTopH, mlo cKkiaajgaoTh 6asuc, Ha-
3uBaoThea GasucHuMH. Po3kaacTh BekTop 3a 6asncoM 03Hauae 306pasHTH
fioro y Buraaai JinifiHol KomGiHauii 6asHCHHX BexTopiB

._.....,....

Axuo BekTOpH A, b, ¢ CKAajai0Th 6a3uc i BekTop d PO3KJIaJeHH il 32 LHM
6a3ucom, To6TO d=oaa+ ﬁb + 'pc TO 4HC]A O, [5 y_HasHBaIOTbCA K0Op-
dunamamu eexmopa de danomy éaauc: a BEKTOpH aa ﬁb i vc — KOMIMOHeH-
Tami. abo CKJaJOBHMH BEKTOpaMH d Kamy’rb TaKOX, IO BEKTOP d niniit-

HO BMPaXKaeTbCHA Yepe3 BEKTOPH a, b i ¢ abo e miniftsoio KoMmbiHauiew 1x.
Teopema 1. Kosxcen sexmop, napareavruil akiti-nebyde npamitl, moxcHa
poskaacmu 3a 6asucom Ha yild npamid.
Koowcen 6exmop, napanerbrul AKLL-HebyOb NAOWUHE, MONCHA PO3KAACTIL
3a 6asucom Ha yitl NAOUUHI
Koocen eexmop moxcna poskaacmu 3a OQ3UCOM Y npocmop;
Koopdunamu eexmopa y xoxcHomy 8unadxy 6uUsHA4AIOMbCA 00HO3HAYHO.
He synunsiounch Ha noBefeHHi wiei Teopemu (4], posrasinemo ii reo-
MeTpHYHHH 3MicT.

iy
[Tepuie TBepaKeHHS TeOpeMH 03Hauae, Wo A JOBiJIbHOTO BeKToOpa d,
KOJ1iHeapHOTO HeHYJIbOBOMY BEKTOPY a (puc. 29 a), 3HafizeTbcs Take

.

4yuCao 2, o d = aa. OueBHAHO, IO &6 = —J————I-, SIKULO BEKTODH ai d
. I a

, AKIIO Wi BEKTOPH MPOTHJIEXKHO

sl

O/HAKOBO HamnpamJeHi, i o = —

a—l|‘

HanpsaMJeHi.

,[[pyre TBEPIKEHHA O3Hadae, L0 AJf KOXHOro BEKTOpa 3. KoMnaa-
HapHOTO 3 [BOMAa HeKOJiHeapHHMH BeKTOpaMH artab (puc. 2.9, 6), sua-
#AyTbCA Taki yHcaa a Ta f, o d=aa+ ﬁ—é.

[1lo6 yxa3aTH KOMIIOHEHTH aa Ta ﬁl;; HOCHTDL PO3K/IACTH BEKTOD d na

CYMY BeKTOpiB, KO/liHeapHHX BeKTopaM a Ta b (3rapaiite po3k/aan cHiu y
¢isuni Ha 18I cKaaposi).

Tpere TBepaKeHHS TeOpemMH O3HAYae, WO AMA KOXKHOIO BEKTOpa d
i HEKOMILIaHAPHHX | BEKTOpiB a bi c-3Haﬁnymca Taki uucna o, B iy, wo
- — — - .
d =aa + ﬁb -+ 'Vc. Ckaanosi aa, fb ta yc nokasasi Ha puc. 2.9, .
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- Takum unHoM, 6a3uc B npoctopi jae 3MOry KOXHOMY BEKTOPY OJIHO-
8HAuHO CHiBCTAaBHTH YNOPAIKOBaHY TpifiKy uHcea (KOOPAMHAT UBOTO BeK-
yopa) i, HaBNaK#u, KOXHiH ynopsiAKoBaHifl Tpifili yHcen @, B iy 3a nomno-
- - -
MOrol0 6asHCy MOXHA CHiBCTaBHTH exuHuil BekTOop oa + Pb + ve, ne

Py

- =
a, b, ¢ — BekTOpH 6asucy, T06TO o6panufi 6a3uC Ja€ 3MOry BCTaHOBHTH

B38EMHO OIHO3HAYHY BiNIOBIAHICTh MiX BeKTOpamH i YMOPANAKOBaHHMH
TpifikaMH 4HCes.

11 puraad
Hexait ABC_‘_[Z — napanenorpaM, M _l) N — cepenunn fioro cropin (puc. 2.10). Pos-
- - —>
gadern sekrop DC 3a extopamu a = AM, b = AN.
O 3 tpukytuukis AND i AMB maemo
- { - 1
b=/-1—5+756, a=52‘+—2—;[)-),
SIKuto 3 mepuwioi piBHOCTi 3HAATH BEKTOP A-Bi nigcraBuTH HOro sHaueHHs B APYry,
Ricranemo

S o e Lm) 3 e Lpopx 4o 23
d=DC+5(b— C)= T C+5 b D=ga—7gb
- —_— — —
OrxKe, AKIO Ga3VCHHMH BEKTOpaMH € BEKTOpH a = AM i b= AN, 10 KoOpLHHa-
4 =2
TaMH BeKTopa _L_)>C B nbomy Gasuci e aucaa -~z i—3—. @

1.4. Mpoekilis BeKTOpa Ha BiCh

Biccio Ha3uBaeTbCsi HanmpsiMiena npsiva. Hanpsm npsimoi mos3navaioTb
crpinikoto. 3ajaHuil Ha OCi HANpsAM BBAXalOTb LOJATHHM, 2 IPOTHJIEKHH#H
fiomy — Bil eMHHM. 8 M

IIpoexyieto mouku A Ha 6iCb U HA3UBAETHCS OC- p
HoBa A, nepmnenaukyaspa AA,, onyueHoro 3 Tou-
Ku A na nany Bich. TakuM UMHOM, MPOEKLisA Ay
€ TOYKOI NepeTHHy oci u 3 IJIOLULHHOIO, AKa Mpo-
XOIMTL uepe3 Touky A, NEpNeHJUKyasipHO 10
oci u. Puc. 2.10
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Puc. 2.12
o . - —>
Hexaii y npoctopi sanano Bick u { Bekrop AB. [losnauumo uepes:
A, Ta B, npoekuii Ha Bicb u BianoigHo mouatky A i kinus B BEKTOpa&
— — -
AB i posrasuemo Bexktop A,B; (puc. 2.11).
— —
[ poexyleto sexkmopa AB na 6ice u HA3HBAIOTH NOAATHE YHCIIO | AyB, |,
— .
akulo sekrop A,B; i Bichb u ognHakoBo HanpsamaeHi, i Blx emue uncio —
- . -
| AiB, |, skwo sexrop A,B, i Bich 4 npoTHIexRHO Hanpamaeri. [Tpoekuio
- - - -3
BEKTOpa @ Ha BiCb II03HAYAlOTh T3K: Ip ,a. SIKWO @ == 0, TO BBaKaIOTh,
-
wmonp,a =0.

: -

Kymom ¢ mix sexmopom a i siccio u (a6o Mixk 4BOMa BeKTOpaMH) Ha3H-
Ba€ThCA MEHIUHH 3 KYTiB, Ha AKHH MOTPIGHO IOBEPHYTH ONMH BeKTOp aGo
Bicb, 06 BiH 36iraBcs 3a HANPSMOM 3 ADYTHM BEKTOpoM a6o Biccio: ¢ =

e

= (a, u) = (a, u%), <o
Y nesikMx BHmajgkax Mu GyneMo BKasyBaTH, BiX fIKOro BeKTopa i B
AKOMY HanpaMi KyT BifpaxoByerbcs, '
CrpaBennusi Taki saacmusocmi npoexyiil.

A S
1. [poexyis sexmopa a na eicb u dopisnioe dobymky dosxcunu eesmo-
- .

PQ a HA KOCURYC Kyma @ MIJHC 6eKmopom i 8iccro, mobmo

npu3=zcoscp. 0]
O Slkmo ¢ =(iu)<—’2‘—(puc. 2.12), To npu3=|31| =|-¢_1’|coscp.
SIkmo q>>—g— (puc. 2.13), 10 npu2=—[31 =—|Zlcos(n——
—¢) =lajcose.

Akmo ¢ = —;l » TO dopmydaa (1) cnpaBennnBa, OCKiNBKH np, a=0. ®

2%, [Tpoexyin cymu Kirvkox sexmopis na dany eico dopistioe cymi ixuix
npoexyid na ‘yro sicb, mobmo

mp, (@ + b +¢) =np,a +1p, b + np, c. @
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Puc. 2.13 ’ Puc. 2.14

- -

O Hexait BekTop d=a+b —I—Z (puc. 2.14). Maemo
np,d = |dy| =@, | +18,] —[er| = wp,a +p, b +1p,C. @

© 89, I1pu mHodCenni seKkmopa @ Ha wucao M dozo NPOEKYif MAKOX NOMHO-
MUMBC HA Ye. YUCAO: :
- np, (A@) = Anp, a. (3)
'O Hexalt 9 = (@ u) i ¢ = (A, ). Slkmo A0, To 3a copmy-
aoio (1)
' np,,()v;z’)-_-[kacm(p’=k|a|cosq>=7~npua;
axuo A < 0, To

np,,(?»c_{) =|7Q¢'lcosq>’ =—7~|2|cos(n—-—qp) =M npuz. )

Ta‘kuM- YHHOM, OCHOBHi BJIACTHBOCTi Mpoekuii BeKTopa Ha BiCb NO/AraloTbh
B TOMy, WO MiHiitHi omepauii HaA BeKTOpaMH NMPHUBOAATH A0 BiAMOBIAHHX
MHiAHKX omepallifi HaJ NPOEKLiiIMH UMX BEKTOPIB.

. 3aBaanus AN CAMOKOHTPOAIW

1. Lo Ha3uBacTbCA: BEKTOPOM, OPTOM, HYJIBLOBHM BeKTOpOM?
©- 2, (ki BeKTOPH HA3WBAIOTh DIBHHUMH, KONiHEAPHUMH, KOMIJIaHAapPHHUMH?
©'8. 9Kk BM3HAuaETLCA CyMa LBOX BEKTOPiB, CyMa KiJIbKOX BEKTOpIB, pisHMUSA ABOX
,BEKTOpiB, AOGYTOK BeKTOpa Ha UYHCJOP
4. ChopmyJuioBars BJaCTHBOCTi JinifiHHX omepallifl HAA BeKTOpaMH.
.. 8. Illo Ha3HBaeTbCA GasHcoM Ha npsMifi, Ha maommul, B npoctopi? ChopmyJoBath
teopeMy npo PO3KJak BeKTopa 3a GasHCOM.{ 3'acyBaTd il reoMmeTpHunHii aMicr.
“78. Illo nasuBaeTbCs mpoekuielo BexTopa Ha Bick? CopMyJioBaTH i HOBECTH BJIACTH- .
hocti mpoekuif.
7. NoBectn, mo npu 6yab-ikoMy posmiuteHHi rouok A, B, C cnpasepnnBa gopmyna

‘ AB+ BC +CA=0.
8. ¥ tpukytuuky OAB nposenena meniana OC. osectu, mwo
0C = 0,5 (0A + OB).
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9. llosectn, mo ymosa :-}-_5 +e=0e reo6xixHO0 | AOCTaTHBLOW AAs ToroO, mMOG
e e B - = - —- — —+
3 Bextopis 4, b, ¢ Moxna GyN0 YTBOPHTH TPHKYTHHK (as20, b0, ¢ 5 0).
-
10. Binowo, wo (@, b) =60°, [a| =5, [b|=8. [oxasaru, mo |a + b|=
=1, |a — b|=1.
—OA—. — -
11. Bimomo, wo (a, b) = 120°, |a| = 4. Tloxasatu wmo rrp_b.a=—2.
Brasiexa. Koxuy Bich MOXHa SafaTH BEKTODOM, fIKHH JeXWTh Ha wift oci i mae 3

Heio oAHakoBHA Hanpam. Tomy cumBon Hp_,_:l noTpi6GHO TAYMAa4YHTH AK NPOeKLio BekTopa
: b

- -
g H8 BiCb, KA BH3HAuaE€ThCA BEKTOPOM b.

§ 2. CHCTEMH KOOPJHHAT

2,1. JlekapToBa CHCTEMAa KOOPAHHAT
Posrasnemo B npocropi Touky O i aeskuil 6a3uc, 0 3a7a€ThCA BEKTO-
-

b -
pamu e, €, e, (puc. 2.15).

CykynHicTb TOUKH i 6a3HCY HA3UBAETLCA OEKAPITIOBOIO CUCMEMOO KOOD-
dunam 6 npocmopi Ha YecTb (paHIy3bKoro matemathka P. Jlexapra. Tou-
Ka O Ha3uBaeTLCA nouwamxkom Koopdunam, a oci, sIKi MPOXOAATD Yepes mo-
4aToK KOOpAHHAT B HanpaMi Ga3HCHHX BeKTOPiB, Ha3HBAIOTLCH OCAMU

-

roopdunam. [lepima 3 HHX NPOXOAUTH B HANPAMi BEKTOPA ¢, i Ha3UBaeThCH
-
siccio abcyuc, Apyra Bich, fiKa MPOXOAHTb Y HaNpsiMi BEKTOpa €,,— 8icCio
—

opounam i TpeTa — B HanpsAMi BeKTOpa ey — @icclo anaikam.
[lomuny, AKi NpoXoaATh Yepe3 oci KOOPAHHAT, HA3HBAIOTLCA KOOPOU-
HAMHUMU  NAOUURAMU.

—
Besikii Touni mpocropy MoxHa cnisctaBHTH BekTop OM, novatok fiko-
ro 36iraeTbCcs 3 nouatkoM KoopauHar O, a KiHeup — 3 Toukoio M. Takuit
BEKTOP Ha3sHBAETLCA padiycom-eexmopom mouku M BinHocHo Touku O. 3rigHo’
3 TeopeMolo | icHyIOTE Taki HificHi yucaa x,, x,, X5, IO

—_ - - —
OM = x,e;, + x,e, -+ xge5. “4)

o MRy X3 X5) Koopaunarn x,, x,, xs papiyca-sekropa
TOYKH M BiZIHOCHO NMOYATKY KOOPAHHAT Ha-
3HBAIOTb JeKapmosUMU KOOPOUHAMAMU MOYKL

Puc. 2.15 Puc. 2,16



M B nawmiit cucremi xoopauHar i muyTh: M (xy; x,; X5). Koopannara x,
Ha3sHBAEeTbCA abcyucot0 ToykH M, xoopaunarta x, — opQuuamoro i Koop-
IHHATa X; — anaikamow TOUKH M.

AnanoriyHo BM3HAYalOTbCS JEKAPTOBI KOOPAHHATH TOYKH HA NJIOUIHMHI
i Ha npaMi#. Pisauug aume B ToMy, U0 TOYKA Ha NJOLIHHI Mae ABi Koop-
IHHATH, a ToYKAa Ha NpAMii — ogHy. TakWM YHHOM, FKIIO B MNPOCTOPi
00paHo IeKapToBy CHCTEMY KOODAMHAT, TO KOXHiH TO4lli mpocTopy BiA-
NoBijae ofHa ynmopsJAKOBaHA TpifKa AIHCHHX uHcel — JieKapToBi KOOPAH-
HaTH Uiel TOYKH. | HaBNMaKH, A KOXHOI ynopsiaxoBaHoO! TPifikH 4Hcen
3HafeTbCA €HHA TOUKA NMPOCTOPY, AJAA AKOI i YHCAA € NeKAPTOBHMH KO-
opaxHaTamH. [le osnauae, 10 o6paHa THM 4H iHIIHM cnoco6GoM JeKapToBa
CHCTeMa KOOPAMHAT YCTAHOB/IOE B3AEMHO OHO3HAYHY BiAMOBIAHICTH MiXk
TOUKaMH MPOCTOPY i YNOPSAKOBAHWMH TPifiKaMH 4HCel.

Cucrema KoOpAMHAT Ha NUIOWMHI BH3HAuYae TaKy caMmy BiimoBiiHICTb
MiX TOYKaMH IJIOLIHHH | YIOPALKOBAHHMH NTApaMH YHCeN, a Ha npsMil —
MiX TOYKaMH nmpsaAMoi i AIHCHUMH YHCJIaMH.

2.2. MpsamokyTHA cHCTeMa KOOPAMHAT

OueBHIHO, I€KAPTOBHX CHCTEM KOOPAMHAT MOXHA 3aJaTH CKiIbKH 3aB-
- rogno. Cepesl HMX LIHPOKO BHKOPHCTOBYETHCS MPAMOKYTHA NeKapTOBa
CHcTeMa KoopauHart. 1106 BH3HAYHTH L0 CHCTeMY, BBeJeMO TaKi MOHATTS

YnopsigkoBaHa Tpifika OZHHUYHHX [IONApPHO OPTOrOHaJIbHHX aexmpla
HA3HBAETLCH OPMOHOPMOBAHUM BA3UCOM. ﬂoanaqalom opmnopuoaaunn

Gasuc uepes i, . B, pe |i|=|jl=1kl=1, G B =G H =05 =
k) 4

5

¥nopagkoana Tpifika a, b, P HEKOMNNAHApHHX BeKTCPiB HasHBa-
erbes npasoro (puc. 2.16, @), 9KiIo 3 KiHIA TPeTbOrO BeKTopa P HafiKopoT
UIHA MOBOPOT Bij MepIIOro BeKTopa a 10 apyroro BeKTopa-f; BHAHO MPOTH
ro,nnunuxonon CTPiJIKH; B MPOTHJIEKHOMY BHNAAKY Tplﬁxa BEKTOpiB a

b "¢ Ha3HBAETBCA 260/ (puc. 2.16, 6).

ITpamoxymnoro dexapmosaro cucmemoio koopdunam (aGo NPOCTO NPAMO-
KYMHOI0 CUCMEMOI0 KOOPOUHAm) Ha3HBAETbCA AEKAPTOBA CHCTEMA KOOPAH-
Har, GasHc AKoi opToHopMoBauufi. [IpAMOKYyTHa cHcTeMa KOOPAHHAT Ha-
3MBa€ETbCA npasoio (aigoio), AKWO ii OPTOHOPMOBAHHH G6a3HC YTBOpIOE
npaey (niBy) Tpifiky BektopiB. Hapnani kopHcTyBaTHMeMOCS NpaBolo CH-
CTEMOI0 KOOPAMHAT, fKa BH3HAYAETLCA NMPABHM OPTOHOPMOBAHHM 6a3HCOM:

0k

IpsMOKYTHY CHCTeMY KOOpPAMHAT Mo3HavaloTb (puc. 2.17) uepes
Oxyz (Ox — Bich abcuuc, Oy — Bich opamnar, Oz — Bich anJjikar), a
KOOpAHHATHI miomuau — 4epe3 Oxy, Oyz, Ozx. Boun nopinswoTs npocrip
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% 9
Puc. 2.17 Puc, 2.18

Ha BiciM okrautis. [lpn 306pamenHi cucremu KOOpAMHAT, AK NPaBHJIO,
-3 —

MOKa3yioTb JIHUIe OCi KOOPAHHAT, BEKTODH i, j, k HEe BKA3yIOTh.
Hexaii 3anana npsimokyTHa cHcrema KoopauHat Oxyz i foBiabHa TOU-
—_—

ka M (puc. 2.17). Paniyc-sexmp? = OM uiei ToukH 3riaHo 3 gopmyitoo
(4) sanucyloTb y - BHLAIAAI

-+ -2 - b d - .
r=xi +yj-+ 2k, abo r = (x; y; 2). _ (5)
Koopaunath x, y, 2 paniyca-BekTopa Touku M Ha3HBaKOTbCS Koopdu-
namamu mouxu M. Touka M 3 KoopAHHATaMH X, y, z NO3HAYAETHCA yepes
M (x; y; 2). ' _
3 OpTOroHanbHOCTI GasHCHHX BEKTODIiB CHCTeMH Oxyz BumiuBae, WO
KOOpIAHHATH TOYKH M HOpiBHIOIOTH BiAmOBiZHHM mpoekuism (m. 1.4) pa-
Aiyca-BeKTopa niel TOUKH Ha oci KOOpZHHAT, TO6TO

- —
X == IIPox OW,' y= “pOyOM; z = npo, OM, (6)

| BH3HAYAIOTLCA MPOEKTYBAHHAM TOUKH M Ha KoopaxHaTHi oci (puc. 2.18).
IIpsiMOKyTHI KOOpPAHHATH TOUKM Ha MJCWIMHI i HA npaMif BH3HAYAIOTH-
€A TaKHM caMHM criocoGoM, fiK i B IpocTopi.
IIpsiMokyTHa crcTeMa KoopaunaT Oxy Ha MAOWIHHI 3aa€TbCs  TOUKOIO
O — no4YaTKOM KOOpAMHAT i [BOMa B3aEMHO NepNeHAHKYASAPHHMH OIH-

¥
Az A, 8 1

2167133 x _-?-é-i_g_

-2
a -3

Pue. 2,15
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HHYHHMH BEKTOpaMH I, = 6a3HCOM CHCTEMH KOOpAHHAT, CHCTEéMA KOODJIH-
-

HaT Ha NpsAMif 3aaaeTbcsa Toukolo O i ONHHHYHHM BEKTOPOM i. 3po3ymio,
wo touka M (x; y) Ha nioWKHI Mae JMine ABi KoopauHath (abcumcy i
opAHHaTy), a Touka M (x) Ha npsaMiit — oaHy.

I pusaadu
1. Ha koopaunatul# npamifi Ox no6yaysatu Touku: A, (3), Ag (—32).
. (2.3&' g)p AMOKYTHif cHcTeMi KoopannaT Oxy no6yAyBaTH TOUKH b, (1: 2), By (2; —3),
g \—9; .
b 3. ¥V npamoxyrnift cucremi Koopaunat Oxyz noGynysaTh Toukn C; (1; 2; 3), C; (3;
—<; 3), Gy (—1; —3; —5H).

IMo6ynoBy TouoK moKasaHo Ha puc. 2.19, a—s.

2.3. MoaspHa cHcTeMa KOODPAMHAT

IlexapToBa cHCTeMa KOOpAHHAT He €lMHHMH croci6 BM3HAYaTH 3a JoMNo-
MOrOI0 YHCeJ MiClle 3HaXOAXKeHHs TOYKH Ha mJomuHi. s uiei meTH BH-
KOPHCTOBYIOTh 6ararto iHLIHX KOOPJHHATHHX CHCTeM.

Haitaxsusimoro nicns NpAMOKYTHOI CHCTEMH KOOPAHHAT € NOAAPHA
cucmema xoopdunam. BoHa 3ajaerbcs Toukoo O, AKa Ha3SHBAETLCA NOAIK0-
com, i npomeneM Op, AKHH BHXOJHTb 3 IIOJIOCA | HA3HBAETHCA NOAAPHON
siccio. 3ajal0ThCA TAKOXK OZMHHMUI MacmTaby: JiHifiHa — 138 BHMipiOBaH-
Hs1 JIOBXKHH Biflpi3KiB i KyToBa — /1 BHMipIOBaHHA KYTiB.

PosrasiHeMo noasipHy cucTeMy KOOpAMHAT i BisbMeMO Ha IVIOLULHHI

JoBinbHY Touky M (puc. 2.20). Hexaiti p = IO_j‘Td | — BigcTanp BiA TOY-

—
kn O no Toukn M i ¢ = (Op, OM) — Kyr, Ha siKu#i Tpe6a MOBEPHYTH NO-
JAPHY BiCb NPOTH TOAHHHHKOBOI CTPiJNIKH, WO6 CyMiCTHTH 1i 3 BeKTO-

-—
pom OM.

[NonsipHkMHE KoopAMHATaMM TOYKH M HasHBawTbes uucsaa p i .
ITpu uboMy 4MCIO p BBaXKaeThCA MEPILOI0 KOOPAHHATOK i HAa3UBAETbCA
noasaprum padiycom, a YHCJO ¢ — APYrol0 KOOPAHHATOI i HA3HBAETHCA
noaspHum Kymosm. Touka M 3 moJSIpPHHMH KOOpAMHATaMH p i @ Mo3Hada-
eTbes Tak: M (p; @). OueBuaHo, nossipHKi pajiyc Moxke HaGyBaTH AOBiJjb-
HHX HeBiJ'eMHHX 3HaueHb: 0 << p << + oo moasipHHA KYT BBaXKaTHMEMO
TaKHM, 110 3MiHIOeTbes B Mexkax 0 < ¢ << 2n. IHoAi po3raanalotTh KYTH
¢, Giapwi Big 27, a TakoX Bix'eMHi KyTH, TO6TO TaKi, [0 BiAK/1a4al0ThCA
Bill MOASIPHOI OCi 38 MOXMHHHKOBOIO CTPiJIKOIO.

BupasuMo seKapToBi kKoopAHHATH TOYKH M depe3 MOJsPHi.

BeaxkaTHmeMo, 1110 TOYATOK MPSIMOKYTHOI CHCTe- M
- MH 36iraeThbcsl 3 MOJIIOCOM, 8 Bick Ox — 3 MOJ/ISIPHOIO £
“Biccio Qp. ko Touka M (pue. 2.21) mae fexapTo-
Bi KoopAHHATH X i y i noasaApHi p i @, TO Y
0 P
x=pcosp, y=psing, ) Puc. 2.20



M
P ly
¥ | .~
0| x X
Puc. 2.2] Puc. 2.22
3BiNKH
p=l/x“’—|—y2. m:—arctg-i—. t))

3ayBaxumo, mo Apyra 3 dopmyan (8) nae 1Ba 3HAUEHHS KYyTa @, OCKiJb~
KH BiH 3MinioeTbCs Big 0 10 2n. 3 LHX 1BOX 3HaueHb KyTa Tpeba B3TH Te,
A1 AKOro 3a/0BOJLHSAIOTLCS (opmyan (7). Dopmysan (7) Ha3uBaOTH
gopmyramu nepexody 6id noasprux KoopOuram 0o Oexapmosux, a ¢opmy-
7 (8) — opmyramu nepexody 6id dexapmosux KoopOunam 00 noaspuux.

I puxaad
[Mo6yaysatu Touku 3a NONSIPHUMH KOOpAMHaTamH: A (3; %) , B= (2; -% n),
5
C= (4; . Hani Toukm nokasano ma puc, 2,22,

2.4. TMepeTBOpeHH NPAMOKYTHHX KOOPAHHAT Ha MJIOWHHI

IIpu poss’sasysanni sanau inogi TpeGa nepexoguTH Bix opHiei npsamo-
KYTHOI CHCTeMH 1O iHlIOi. BukonyeTbes Takmit nepexii 3a Jomomoroio
dopMy mepeTBOpeHHS KOOpAHHAT.

Posrasinemo neperBopenns KoopiMHAT Ha MJIOMIMH].

1° [Tapanenvre nepenecenns oceii. Bisbmemo npi PAMOKYTHI AeKapToBi
cHcTeMH koopauHar Oxy i O, XY 3 pisHMMH noyaTKaMK KoopaHHAT i onHa-
KOBO HANpSMJIEHHMH OCSMH.

Hexait Touku O;>i M B cucremi Oxy (pHc. 2.23) matoTb BixmOBiAHO KO-
opaMHaTH (a; b) i (x; y), Toni KoOpAHHATH ToukH M B CHCTeMi 0, XY 3a-
NOBiNBLHSAIOTH piBHOCTI

X=x—a, Y—y—b. )

Dopmyn (9) nasuBaloTLCa Gopuyranu nepemeopenna Koopdunam npu
napareavHomy nepenecenni oceti. BoHH BHPAXKalOTb KOODAMHATH TOYOK
B cucreMi 0, XY uepes KOOpAMHATH TOYOK B CHCTeMi Oxy.

2% Ilosopom oceii koopdunam. Hexait Ha mnomuni sanaxi JBi mpsaMo-
KYTHi cucTeMH koopaunat Oxy i OXY, uo MaioTh CIiJIbHHE [OYaTOK Koop-
AHHAT, npuyoMy cHctema OXY yrtBopena 3 cucremu Oxy moBopotoM ocelt
Ha JojaTHHH KyT o (pHc. 2.24).
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Puc. 2.23 , Puc. 2.24

3uaiiiemo GOpMYJIH, IO BHPAXKAIOTL KOOPAMHATH (x; y) Toukn M B
cuctemi Oxy uepes KoopAuHaTH (X Y) uiei Toukn B cuctemi OXY. Beezie-
Mo IIBi noJsipHi CHCTEMH KOOpAHHAT i3 cnisibauM nosiocoM O i NOJISIPHHME
ocsimu Ox i OX, Tofii 3rinHo 3 opMyJiamMH (7) maemo

— pcos(p + @) =pcosgcosa —psingsina = Xcosa— Y sing;
y =psin(e + o) = p sin @ cosa + p cos @ sin-a =Y cosa + Xsina,
3BiKH
X = xcosa + ysina, = —xsina + ycosa. (10)

®opmyau (10) Ha3UBAIOTHLCH opmyramu nepemeopeni Koopdunam npu
nosopomi oceti.

I puraad

B cucremi Oxy Touka M Mae KOOPAHHATH (2; 4). 3uaiitu il KOOpAHHATH B cucTeMi
OXY, siKa yTBOPIOETECsi 3 cHcTemu Oxy MOBOPOTOM Ha KYT n/2.

O3a ¢dopmyaamu (10) Maemo

)] )
X=2cos—2—+4sin-§—=4,

)1
Y=——2sin-—2—+4cos-£2t—=-——2.

Taxufl caMuil peayJibTaT MOXHA JiCTaTH FEOMETPHUHO, noGyxypasin Touky M i cucTeMu
koopaunar Oxy i OXY.@

2.5. Lmaingpuuna Ta chepuuHa CHCTEMH KOOPAMHAT

Y npocTopi KpiM MPAMOKYTHOI CHCTEMH KOOPJHHAT 4acToO BXKHMBAIOTHCH
LM/iHAPHYHA Ta ChepHYHa CHCTEMH KOODAMHAT.

1°. [Juaindpuuna cucmema koopournam. Sixuio B npAMOKYTHi# cHCTeMi
Koopauuat Oxyz 3amicTh MEPIIHX ABOX KOOPAHHAT X, y B3SITH NONAPHI
KOOPIAMHATH P, ¢, & TPETIO KOOPAMHATY Z 3a7MILUTH Ge3 3MiHH, TO AiCTaHEMO
WHJIHADHYHY CHCTEMY KOODAMHAT (pHC. 2.25). KoopauHaTH TOUYKH M
mpocTopy B il cHCTeMi 3aMUCYIOTbCA Y purasgi M (p; @; 2).
3aJeXKHOCTI MiXK TIPAMOKYTHHMH KOOpAHHATaMH TOHYKA M (x; yi. 2
nuaisApUuREMH koopAnHaTame M (p; @; Z) BUILIMBAIOTb 3 POpMYJl (7):

x=pcosg, y=psing, z=2 (1
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ae
0<p<+oo, 0<<p<2nm, —00 <Z 2 < H-00.

Otxe, AKIO NPAMOKYTHA i UHJIHAPHYHA CHCTEMH KOOpDAHHAT pPO3Mi-
IeHi Tak, fK Ha puc. 2.25, To 38’30K Mix NPAMOKYTHHMH i UMJIIHADHY-
HAMH KOOpAMHATaMH BHpaxaetbcs dopmysamu (11).

2, Cepepuuna cucmema xoopdunam. Y cuctemi Oxyz BisbMeMo TOuky
M i uepes wo Touky i Bich Oz npoBeneMo miowHHy (puc. 2.26). Hexai
r — BiACTaHb BiX NOYATKy KOOPAHHAT [0 TOYKH M; @ — nBorpannuit Kyt
Mix nuiomwunamu Ozx i 20M; 0 — KyT mix Biccio Oz i npomenem OM. Yno-
palkoBaHa Tpifika uucen 7, ¢, O 0AHO3HAYHO BH3HAUAE MONONKEHHS TOUKH
M y mpocropi. Lii uncaa HasuBawThes cpepuunumu Koopdurnamamu mou-
Ku M.

3HafileMo 3aneXHicTb Mix NPAMOKYTHHMH i CEPHYHHMH KOOpXHHA-
TaMH TO4KH M. 3 IpAMOKYTHHX TPUKYTHHKIB ONM i OPN maemo

2=rcos®, p=rsind, x=opcosg, y=opsing,
ToAi
X =rsin@cosQ, y=rsinOsing, z=rcos, (12)

ae
I<r<+oo, 0<o<2n, 0<<OL .

Taxum unnowm, akmo IIPSIMOKYTHA i cepHuHa CHCTEMH KOODAHHAT pos-
MillleHi TaK, fiK Ha puc. 2.26, 10 3B’ A30K MiXK OPAMOKYTHHUMH i cepHuHu-
MH KQOpAHHATAMH BHpaxaetbesi dopmyaamu (12).

2.6. MouaTTa npo n-suMipHuiH apocrip

SIK yxe BKasyBasoch B . 2.1, Mix FEOMETPHYHHMM BeKTopamH i ixHi-
MH KoOpaMHATaMH Y (iKcoBaHOMY Gasuci icHye B3aeMHO OAHO3HauHa BiX-
nosiauicts. Ipu ubomy koxnOMY BEKTODY IPOCTOPY CHiBCTABJAAETHCS YIIO-
PAAKOBaHa Tpifika yHCeJ, KOXKHOMY BEKTOPY, IO HAIEKHTb JesiKill 1mao-
IHHi,— yMopsiiKOBaHa mapa wuces, a KOXXHOMY BEKTOPY, IO HaJeKHTh
ResiKifl npamifi,— nificHe umucao, i HaBnakw.

Puc. 2.25 Puc. 2.26
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YnopaakoBany Tpifiky 4Hcen HA3HBAIOTb MPUBUMIPHUM BEKMOPOM,
a MHOXHHY BCiX TPHBHMIDHHX BEKTOPiB HAa3HBalOTb MPUBUMIDHUM NpPO-
tmopox i NO3HAYalOTh yepes Ry .

YnopsakoBaHi mapu yucesl HasHBAlOTb OB0SUMIPHUMU 8eKmOpamu, a
YHcaa — 00HOBUMIpHUMU. MHOXKMHH JBOBHMiDHMX i OJHOBHMIpHUX Bek-
TOpiB Ha3HBAIOTb BIAMOBINHO ABOBUMIPRUMU | OOHOBUMIPRUMU NPOCMOPAML
i nosnavatoth uyepes R, i R;.

Y3araabniotous npoctopu Ry, R,, R3, IPHXOAMMO 10 n-BUMipHOro npo-
cropy R,, e n — [0BiJibHe HATypa/JbHE YHCJIO.

YnopsiikoBaHa MHOXHHA n NiACHHX 4YHCEN X;, Xg, ..., X, Ha3HBAETbCA

e

5
n-BUMipHHUM 6eKMOpPOM X | MO3HAUAETBCA TaK: X = (X3 Xg; .5 Xn)-
MHOXHHa BCiX n-BUMIPDHHX BEKTOPiB HA3HBAETHCA N-BUMIPHUM NPOCHLO-
-

pom i nosHauaeTbes uepes R,. SIKIIO JOBIMbHHA BEKTOP X = (X3} Xy ...
... 3X,) mpocTopy R, po3rasijaTh fK paaiyc-BeKTop BixnosiaHoi Touku M Bix-
HOCHO TO4aTKy BMOPAHOi CHCTEMH KOODAMHAT, TO KOOPIHHATH ToukH M
BH3HAYAIOTHCA AK KOOPJAMHATH LbOTrO pajiyca-BeKTopa. Y 3B’SKY 3 UMM
n-BHMipHHA TIPOCTip R, MOXKHA TIYMauHTH TAKOXK K MHOXHHY BIOPAAKO-
BaHHX CYKyNMHOCTeH n AiHCHHX 4Hces.

Ipoctoph R;, R;, R, € OKpeMHMH BHNaaKaMu npocTopy R,. Ix moxHa
306pa3HTH reOMETPHYHO; IVIf 1 => 3 MPOCTOPH R, reoMEeTPHYHO BXKe YABH-
TH He MOXHA, NPOTe BOHH BilirpaloTb BaXKJHBY posib y Haydi i TexHiui.

1 puraadu
: 1. Y cucremi (9) sinifiuux piBHaAHb (T41. 1) KOXHe PiBHAHHS MOXHA POSIVIAJATH K
{(n 4 1)-BaMipnufi BekTOp, 60 BOHO BU3HauaE€TLCA BMNOPAAKOBAHOK CykymHictio (n + 1)
uncen. Tak, nepine PiBHAHHR BH3HAUAETLCH BEKTOPOM

(@315 219t - o039 by).
2. Po3B’'130K CHCTeMH piBHSIHD 3 N HeBiJJOMHMH € n-BHMipHUM BEKTOPOM.
3. Koxnuuh psmok matpsui A (ra1. |, n. 2.1) e n-BHMipHUM BEKTOpOM, a KOXHHHA

cTOBNelb — mM-BAMiPHHM. PslKM Ha3HB2WTh TOPH3OHTANLHHAMH, a CTOBMUI — BEPTHKAJIb-
HHMH BeKTOpamH MaTpuli. OTXe, IOBiNbHY MaTPHIUO MOXKHA PO3I/IANATH AK IAEHKY ymo-
paAKOBaHY cyKynHicTb il BepTHKalbHHX aG0 TOPH3OHTAJbHHX BEKTOPiB.

2.7. Jlinifina sasexnicTb BexTOpiB
PosrnisiHeMo CHCTeMY 3 m n-BHMipHHX BEKTOpiB

e -

a, Qg ..., Oy (13)
3a osnauenusam sekTopH (13) Ha3HBAIOTLCA AIHIGHO 3aAeHHUMY, KOO
piBHicTb
- - -
a8, f o, + o Fana, =0 (14

MOXJIHBA 32 YMOBH, 10 X04a G oxHe 3 YHCeN Oy 0, ei= 12, .., m
Slkmo *x piBHicTb (14) MOXJ/HBA JIHIe 33 YMOBH, [0 O = Oy = ... =
= a, = 0, To BeKTOpH (13) HA3UBAIOTLCA AHIUHO HE3QNCHHUMU.
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4

Ias 3’sicysanHs NHTaHHA npo JiwifiHy 3anexHicTs BektopiB (13)
- -

KOXKEH i3 3aaHHX BEKTOPIiB @; = (aj: Qo ...: Qni) 1 HYJIb-BEKTOp 0 ==
= (0; 0; ...; 0) 3anHIIEMO K MATPHIIO-CTOBNELb, TOA] BEKTOpHY piBHicTb
(14) moxna sanucati y mMatpuunii dopmi (ra. 1, o. 2.2):

[ Q1 O1q Aim 0

a Qqy | Qom 0

al el T e dan = T ]

Qpy Qn2 Anm 0

a6o

A% + Q1% + +++ 4 ayme, =0;

futy T Auls + e o Gty = 0; (15)

.« .

Ay + Qpotty + =+ v« 4 AnmQly = 0.

Maewmo ninifiny onHopiauy cucremy pisHsiEb (ra. 1, 1. 3.5) BigHOCHO He-
BizoMHuXx a;. SIKwo cucrema (15) mae auwe HYJbOBHH PO3B’ 130K, TO BEKTO-
pu (13) 6yRyTb aiHiliHO HesaneXXHUMH. SIKIIO XK KpPiM HYJbOBOro CHCTEMA
(15) mae me # HeHysbOBi po3B’s13KH, TO BekTOopH (l13) ainifino 3anexui.

HaBoaumo Ges noenenHs Taki BaacTHBOCTI NoHaTTs JiHifiHO! 3a/ex-
Hacri [1, 4]

1) aKwo ceped eexmopis (13) € nyavosuir, mo yi sexmopu AiniliHO 3a-
AEHCHI; :

2) axujo eexmopu (13) rinidino sanexcui, mo nican dodasanna Ao Hux
00HO020 YU KiALKOX HOBUX 6eKmopig Oicmanemo AiHiliHO 3anredcHy cucmemy
sekmopis; ‘ :

3) akuwio eexmopu (13) ainitino nesaredcni, mo nicas eidxudants oduoeo
4l KiAbKOX 6eKmopis OiCmaNemo 3HOBY ALHILNO He3arexHcHi sexmopu,

4) eekmopu (13) rinitino saresicni modi i ruwe modi, Koau 0OuH 3 Hux
€ AHIAHOI KoMOIHaUic Inwux;

5) Axwo dea HenyabOS mpusumipri BEKMOPU AHILHRO 3AACHCHI, MO 60HU
KoAineapui, [ Hasnaxu;

6) AKkwo mpu nenyrvosi mpusumipni eexmopu rinidno saremcni, mo
B0HU KOMNAAHAPHL, | HABNAKU _

7) womupu (i Giabwe) mpusumiprux eekmopu 3aemdu AiHIGHO 3a1eNCHi.

Honstra ninifiHol 3anexnocti Mae A0CHTb riHGOKHH 3MiCT i HIMPOKO
BHKODHCTOBYETbCA B MaTematHUi. He Baaiounch g0 noapo6Guub, HaBesemo
TakKi 3acTocyBaHHs Uboro noaarrs [7].

1°. Beska ynopsaakosana cykynmicTs JiHINHO He3alexHHX BeKTOpiB,
yepes fiKi JiHIHHO BHPaXKaeTbCs! AOBIJbHKI BEKTOD OpocTopy, Ha3HBAETH-
¢ 6asucom uboro npocropy. HeBakKo mepekoHaTHCh B €KBiBaJeHTHOCTI
UbOro O3HAYeHHA | 03HaYeHHR 6a3uciB y npocropax R;, R,, R,.

2°. MakcumanbHe uMCAO JIHIAHO He3aNeKHHX BEeKTOpiB HesiKoro
MPOCTOPY HA3UBAETbCA HOro posmipnicmio. Po3mipHicTs mpoctopy nopis-
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HIOE ukicay Ga3sKCHMX BEKTOpiB uboro mpocropy. Biamosiaso 1o uboro
03HAYeHHS MPAMY JiHil0 PO3IVIALAOTb AK ORHOBHUMIpPHMA mpoctip R, 3
onHHM Ga3HCHMM BEKTOPOM; ILIOL{HHA — Lie JBOBHMipHHA npocTip Ks,
6azuc AKOro MIiCTHTL )BA BEKTOPH i T. II.

30, Makcuma/bHe YHCJO JiHiHHO He3aldeXHHX CTOBMUIB MaTpHli Jo-
piBHIOE MaKCHMaIbHOMY YHOTY 1T NidifiHO He3ANEXKHHUX PHAAKIB, 1 e YHCIO
JIOPiBHIOE PaHT'y MaTpHIUI. :

PoarasiHeMo cucteMy JiHilinux pisuanb (9) (auB. ra. 1) i sadixkcyemo
AKui-He6yab BiAMIHHHA Big HyJs MiHOp, MOPAJAOK SIKOTO JOPIBHIOE Paii-
ry MaTpuui uiei cucremu. PiBHSIHHSA, y SIKKX Koedili€HTH NpH HEBIXOMHX
YTBOPIOIOTL 00paHuii MiHOp, Ha3HBalOTh 6asucnumu. Toni 3 TBEpKEHH:
30 pHnAMBAE TAKME BAXKAMBHIA A1 NPAKTUKH BHCHOBOK: cHCTeMa JiHifi-
HHX DiBHAKb e€KBiBa/eHTHa CHCTeMi CBOiX Ga3sHCHHX PiBHSIHB.

- ll pukaad

HoBectn, 10 BeKTOPH Q= (1; 2; 3),_13 = (0; 1; 2),—c)= (1; 3; —1) ninifine - Hesa-
nexni.

- - -
Poap'sikeMo piBHSHHR @ + b -+ oz == 0. Maemo
1 9 3

1 iy 1 (1N (o) -+ ay=0;
a2} +ay| ! |+l 3 J=]0]abo 2a, + o5 4 By = 0;
3 2 \—1 0 3oty 4 20, —ag =0,

OCKi/JIbXKH BH3HAYHMK CHCTeMM BiAMiHHME Bif uy.s (nepeBipre), TO CHCTeMa Maé €RHHHU
po3B’A30K oy = 0, &g = 0, &ty = 0. Orxe, 3agaui BeXTOpH JiHifiHo Hesansexni. @

3asaaHHg AR CaAaMOXOHTPONIO

1. [1lo HA3HBAETLCA REKAPTOBOIO CHCTEMOIO KOOPAMHAT?

2. Jlatn BH3HaueHHA AEKAPTOBMX KOOPLMHAT TOYKH: Ha npsamifi; Ha naowuui; B
npocropi.

3. Br3HauuTH NPAMOKYTHY CHCTEMY KOOpAHHAT. $lKa cuctema KOODAUHAT Ha3HBAETh-
¢ npasomw, Jisowo?

4. [lomecTd, MO KOOPAMNATH TOMKH Y MPAMOKXYTHIN cucremi AOpPiBRIOIOTh BiRUIOBiA-
HUM NpoeKlisM paaiyca-BeKTOpa Ui€l TOYKH Ha oCi KOOPAMHAT. :

5. Oxapaxrepuaysaty MOAKPHY, HMIiRApHUHY Ta chepHUHY CHCTEMY KOOPIAMHAT.

8. JlobecTH bOpMYJIH fepeTBOPENHS KCOPAMHAT NpPH MapalelbHOMY MepeHecenHi
ocell KOOpAMHAT i NPH TXHLOMY NOBOPOTI HAaBKOJO oci.

7. Jatu oouaTrs #A-BEMIPHOTO BeKTopa i A-BHMIpHOro npocTopy.

8. 3'sicysatu nonsaTTs AiHifHol 3aJ€XHOCTI BekTOpiB i cpopuyionata AOro BIaCTH-
BOCTI.

- - -

9. [osectn, mo sextopu g = {}; —1; 2), b= (10; 1; 1) i ¢ = (2; —1; 6) miniitno

He3aJIeMHi.
b d - - -3
i0, Homecty, mo ekropu a = (3; —2; 1), b= (—1; I} =2}, ¢ = (& 1, --3) i d=
B

= (1}; —86; 5) ainiftno sanexnui. Bupasutu Bekrop 4 sik ainifiny xomGinauilo Bektopis

Y

(
. b, ¢
Bionoside d= 2 —3b+c

oy
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§ 3. BEKTOPH B CHCTEMI KOOPIHHAT

3.1. Koopaunath, n0BKHHa i nanpsMui KOCHHYCH BeKTOpa
Has Toro mo6 onepauii Haa BeKTOpaMu 3BecTH [0 onepauifi Hax yuc-
7laMH, DO3TJ/17AaTHMEMO BEKTOPH B CHCTeMi KOOPAHHAT.
1. Koopdunamu sexmopa. Hexah B npaMOKyTHi# chcremi KOOpJHHAT
>

Oxyz sanano BekTop a. lle osHayae, wo B OPTOHOpPMOBaHOMY 6asHci 7, —;,
Z, AKHA 3a/lac O6paHy CHCTEMY KOODAHMHAT, BEKTOP a= ax?+ ay]_"+ a;;
(n, 1.3), ne uucna a,, a,, a, — KOOpAHHATH BEKTOpa 2B LiboMy 6asuci.
Ase 3 BnactuBocTel npoekuii (n. 1.4) BHILTHBae, 1O
- - -
ay =TMpox @, a,=nNpoya, d, = 0po,a. (16)

Orke, KOOpHHATH BEKTOPa B CHCTEMi KOOPAHHAT Oxyz ue Horo npoek-
uii Ha oci koopauHaT.

- :
2. [losocuna eexmopa. Bextop a e iaroHa/nio npsMOKyTHOTO napaJe-
JAeninena (puc. 2.27) 3 suMipamu | a, |, | a, |, | a, |, ToMy HoBxkHHA wboro
BEKTOpa JAOpiBHIOE
- ,
—_ 2
lal-—-Vax+a§—]—a§. (1n

SIKIo noyaTok BeKTopa g = Eﬁ(pnc. 2.28) micTuTben B TOUli A (ry;
Y15 21), @ KiHeup — B Toulli B (xy; Yy; 25), T0 3 opmya (2) i (16) BAnmBae,
WO Gy = X3 — X3, Qy == Yy — Yy, Ay = 23 — 2;, TOOTO

—
AB = (3 — %3 Ys— Y3 23— 2y (18)

Toxni 3 popmyan (17) 3HaXOIHMO [OBXKHHY BeKTopa /TB:

—_

AB =V (x,— %, + (9, — nf + (2 —z)% (19)

Llieto popmy:010 KOPHCTYIOTHCS /sl SHAXOIMKEHHS Gidcmani mix mouxa-
muAiB.

3. Hanpamni xocunycu eexmopa. Hanpsm pfosisnbHOro BeKkTOpa a =,

5
= (a,; ay; a,) BU3HAYAETHCA KyTaMH a, B, ¥, AKi YTBOPIOE BEKTOp a 3 ocs-
MH KoopiuHat (pHuc. 2.27):

a=( i), B=@ ) v=( k), 0<a B, y<a

KochHycH 1uX KyTiB Ha3HBaIOTBCH HANPAMHUMU KOCUHYCAMU. dopmynn
AJi HaNPSIMHHX KOCHHYCIiB ZictaeMo 3 dopmya (1) i (16):

cos o =

- ’ ?

O cosp = — cosy = %, . (26)
lal . lal lai



A(xh'yh’zl)

ﬁﬂ’z?yz:‘zz)

Puc. 2.27 Puc. 2.28

TligHocsiuM OGMABI YaCTHHH KOXHOI 3 piBHocTedl (20) 10 KBa}:LpaTa i

nmijcyMoBylouH, 3 ypaxyBaHHsM dopmyau (17) aicranemo
cos? o 4 cos?P 4 cos® y =1, 21)

To6TO CyMa KBaJpaTiB HAaNMPSIMHUX KOCHHYCIB JOBi/IbHOTO BeKTOpa AOPiB-
HIOE OJMHHIL.

M puxaadn

1. 3anano Toukn A (0; —1; 2) i B (—1; 1; 4). Y

3HaliTh KOOpAWHATH, JOBXHHY Ta Hangs;MHi KOCHHYCH BeKtopa AB.

— st e
O 3 dopmyx (18), (19) i (20) maemo AB = (—1; 2; 2); | AB| = Yit+d4+4=
1 2

=3 cosa=— 7, cos f = cosy=73. @

2. Uy Moxe BEXTOp YTBODIOBATH 3 OCSIMH KOOPAMHAT KyTH o = f = 60°, v = 30°?

5
O cos? 60° 4 cos? 60° 4 cos? 30° = —~ =~ 1,

ToMy 3rizuo 3 dopmysoio (21) ZicTaHemo Ha L€ 3aNHTaHHS HEraTHBHY BiflOBiAb. @

3.2. Jlinifimi nii 3 Bexropamu. Pimmicrs i xoJiHeaphicTh BexToOpiB

1. [ii 3 éexmopamu. SIKulo BiZOMi KOOpAMHATH BEKTODiB, TO JiHIHHHM
XifiM 3 BEKTOPAMH BiJNOBiAalOTh BiANOBiAHi apudmernyHi Aii Hal TXHIMH
KoopiuHatamu. Lle BumauBae 3 BaactuBocredt 2°, 3% mpoekuih (m. 1.4).

- -
Hexail 3azaHO BeKTOPH a = (@ g ;) b = (by; by by) i AificHe uncao A,
g -3 e

topi Aa = (May; My Aa,), a £ b = (a, = {)_y; Gy &+ by, a, b,_)).

2. Pignicms eexmopis. Hexalt Bextopn a = (ay; ay a,) Ta b = (by
by; b;) pisHi, To6TO MaIOTh OJHAKOBi NOBXKHHH 1 HalpsaM, TOIi 3 QopmyJ
(1) i (16) BunauBae, WO

a, = bx, ay S by, a, == bz ) (22)
i HaBmakW, AKWO MaoTh Micue dopmyau (22), To a = b. Orxe, Bcsika

BeKTOpHa PiBHiCTb BUAY @ = b eKBiBa/leHTHA TPbOM CKAJISAPHEM PiBHOCTAM
(22).
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3. Konineapnicms eexmopis. Heo6xinHoWO i IOCTaTHBOIO. YMOBOIO TOTO,
- -
O BEKTOPH a = (ay; ay; a;) Ta b = (b, b,; b,) Konineapi, € nponopuio-
HaJbHiCTh TXHIX Npoekuid: - .

b= Yy _ % (23)

- - -
HiiicHo, K10 BEKTOPH a i b KoaiHeapHi, To icHye Take 4uCa0 A, O a =
-

= Ab, Toni 3 dopmys (22) mictaeMo piBHOCTI a, = Aby a, = Aby; a, =
= Ab,, 3 IKHX BHIIMBAIOTb GOPMYJIH (23).

I puraadu

1. 3nailiTH BekTOp a= (ay; —1; a,), koniseapHuil BexTOpY b= (1, —2; 3).
1 —2 3 1 3

O 3 ymos (23) maemo a_x=t_l—=?' ay =5, az=_2- ®

- -
2. Jlosectn, 1o KoOpAHHATH OpTa a° BEKTOpa a = (ayi a,; a,) 36iraloTbcst 3 HanpsM-
HHMHM KOCHHYCaMH AaHOTO BeKTopa.

- “
e a 1 a a a
Cal=_ =—=—(ax a; a;) =( =, L. = )= (cos a; cos B;
la} le] lal la] lal

cosy) @&

3.3. MNopia sinpisxa B naHomy Bignowenni. Koopaunaru UEHT pa Mac
Hexait sapano Binpisox AB Toukamu A4 (x;; y,; 2) i B (220 Yo 23).
3HaiineMo Ha Bifpi3Ky Taky Touky M (x; y; 2), Ka AiauTh wefi Bixpizok
— -
y BinHowenni A, To6t0 | AM |: | MB | = A. BBegemo paliycH-BeKTOpH
- —_— - — - —
n = 04, = (x;; yy; 2), r=0M = *: 4 2, 1y = OB = (xy; Y2 2)
(puc. 2.29). Ockinexu AM =r —r;, MB = ry — r i 3a yMoBoio AM =
=AMMB, 10 r —ry = A(r, — 1), 3BilKH r = T [IpupisHiotoyu
npoekiii 06ox uyacTHH Wiei piBHOCTI Ha oci KoOpAMHAT, 3TiiHO 3 (opMy-
JaMH (22) Maemo ’

_ - Ax _ i+ Ay, .zt Az
=ty o Y=o s 24)
z Al ) 3o0kpeMa, KOOpAHHATH TOUKH, sIKa AiJMTb Bij-
1191171 pisok AB HaBnin (A = 1), 3HaxonsTh 3a pop-

M (%:4;2) MyJ1aMH

5(4*2;!/2;22) = + %, _ Wty
=T  ¥="=
: _ itz
] 2 = — (25)
X Puc. 2.29 Busesnemo Tenep dopmy.n gns koopaunar



IleHTpa Mac CHCTeMH MatepialbHHX TOUOK My (x1; Y15 1), My (Xa; Ya5 29), ---
voos M, (X} Yni 2,), B SIKHX S0CEPE/XKEHO MaCH my, My, ..., My. 3Halnemo
criouatKy eHTp Macu N, (Xn,; Yn,; Zv,) CHCTEMH [BOX TOYoK M; ta M,.
OcKiJIbKH LEHTP MacH JeXHTb Ha Biapisaky MM, i niauts foro y Bii-

—
. m M,N
HOIIEHHI A; = "}711 = I——LWI_" TO 3a QopMysamu (24)
. 1 I Nl 2 I
Xy == myX; 4= MyXs YN, = MYy 1 MaYs 2y = myzy - Mmyz,
N my + my ’ M my + my T my 4 my

(26)

Touka, KOOPJHHATH KOl OGUHCIOIThCSA 3a popmyJsiamu (26), HasuBa-
eThes yenmpom mac 0sox mamepiarbrux mowok M, i M,.
Po3srsisiHeMO Tenep cHcTeMy TouoK Ny i Mj;, B IKHX 30Cepe/iKeHO MacH
m, + mg i my i 3Hafizemo uentp MacH N, (xn,; Yn,; 2n,) LHX TOYOK. Ockinb-
. —>
Ki Ay = — Tlfm = INiﬁl” , T0 8 tdopmya (24) i (26) maemo
! 2 | NoMg
Xy, = myxy -+ MyXy 4 MaXy yn, = myyy + MYy - Meyy @7
: my -+ mq +- my ’ : my + my + my ’

myzy + mazy + mszy

my 4 my + my

Touka, KOOPJHHATH siKOI OBUMCJIOIOTECS 3a GopMyaaMu (27), HasHBa-
€TbCsl HEHTPOM Mac TPbOX MaTepiaJbHHX TOWOK Mj, M,, M.

MetogoM MaTeMaTHyHOl iHAYKIiI MOXHa JOBECTH, LIO IIEHTp Mac CH-
CTeMH n MaTepia/lbHHX TOYOK 8HaXOXHTbcsA B Toulli C (xc; yc; zc), ne

n n
21 m;xy 21 MYy 21 mga;
= == . =
fe=—""— ', Yo=—"—., = - ®

2m ani xm

i=] i=1 i=1

2N, =

3aBRaHHA AJA CAMOKOHTpPOJIO

1. SIX BH3HAualOTbCA KOOPAMHATH i KOBXHHA BeKTOpa?

2. Sk 3uafitu Bigcranb MiX ToukamH A (xy; yy; 23) i B (x5 ys; 25)?

3. 1llo Ha3HBaeThCH HANPSIMHMMH KOCHHYCaMH BeKTopa? SIK BOHM 3SHaXoASTBCH?

4. JloBecTH, WO HanpaAMHi KOCHHYCH BeKTOpa 3afOBOJIbHSIOTH YMOBY cOs? o —+
+ cos2 B+ coszy= |.

5. JloBecTH, 0 KOOpPAMHATAMH OPTa AOBIJILHOTO BEKTOPa € HaNPSIMHi KOCHHYCH b0~
ro BeKropa.

6. $SIk BusHaualoThbCA JiHifHI omepalil 3 BekTOpaMmH, 3ajlaHHMH CBOIMH KOODAHHa-
TaMH?

7. fxi ymosu piBHocTi Ta KosizeapHOCTi BeKTOpiB, 3ajaHHX CBOIMH npPOeKKiAMH?

8. Y uyoMy moasrae 3ajaua Npo MOLIM BiApisKa B JaHOMY BimHOmieHHi?

9. 3anucati GopMyaH ANS KOOPAMHAT TOYKH, fKa AiNHTH AauHil BiApisoK y JaHoMYy
BifHOWeHHI.
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10. ¥ uomy nonsirae 3ajada npo LEHTP Mac CHCTeMH MaTepiajbHHX TOYOK?
11. Busect# GopMynH RI5 KOODAHHAT LEHTPa Mac ABOX MaTepiabHHX TOUOK.

7 12. Bizxomo, uxo_;z = (0; —2; —3),3 == (3; 2; 3). Tepexonarucs, mo | 3a + 217] =
13. Biapisox mix Toukamu A (2; —3)i B (6; 8) Toukamu C i D nopuineno va TpH piB-
ai yacruud. [lepecBimunThch, MmO

10 2 14 13

=73 ¥c=T3 p="3 ., Ip="3
14. B toukax A (—2) i B (7) mictarscs MacH my = 5 i my = 3. YneBuutHCh, mo

, \ 11
UEHTP MaC UUX TOYOK MicTHTbCA B Touui C (T)

§ 4. CKAJIIPHUAN JOBYTOK JBOX BEKTOPIB
4.1. O3nayennsi, reomeTpHunHii Ta Mexaniunm@t smict CKaJasApHOro
A00yTKY .

- - - - =
Craaaprum dobymrom 0ox éekmopis a i b HasUBaeTbcs 4HCIAC @ - b,
WO JOPiBHIOE JOOYTKY AOBXKHH IHX BEKTOPiB Ha KOCHHYC KYTa MiXX HHUMM:

a-b=|a||b|cose, (28)
e @ = (71, 3) ~— KYT MiX BEKTOpamMu aib.

-

SIxwo xo4a 6 OAHH 3 BEKTOPIiB a uM b HyJALOBHA, TO 3a O3HAYECHHSM
- —_ - - -
a - b = 0. Ockinbku 3a popmyJioo (3) |a|cos ¢ = np-a, |b]cos =

= npzj;, T0 3 (28) Maemo

®opmy.in (29) BHPaXKaiOTh reOMETPHUHHA 3MICT CKaJIApHOTO HOGYTKY:
CKaVIipHUA JOOYTOK JBOX BEKTOPiB NOPiBHIOE AOGYTKY AOBXKHHH OJHOTO
BEKTOpA Ha NPOEKILilI0 Ha HbOTO PYrOro BEKTOpA.

>
3 ¢isuku Bifomo, wo pobora A cuau F npu nepemilenHi Matepiannuol
- -
TOYKH 3 IIOYATKY B KiHellb BeKTOpa S, KM yTBOPIOE 3 BeKTOpoM  F KyT
- -
(puc. 2.30), nopisaioe A = | F || S| cos a, abo

E”. A=F.8S. (30)
“ S Orxe, po6oTa JOpiBHIOE CKaJsipHOMY JA0GYT-
7/, Ky BeKTOpa CHJIH Ha BEKTOp IepeMillleHHs,
B ubomy cyTh MexaHiuHOro sMicTy ckaJspHoro

Puc. 2.30 JA06yTKY.
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4.2. BaacTHBOCTI cKaasipHOro AoGyTKY

Py

. - — _ - —_ -
Y BEKTODHOMY YHCJEHHi BeJMUMHY @ - b = [a}|b]cos (a, b) Hasn-
— -

BalOTh CKaJfipHHM JOGYTKOM BEKTOPiB @ Ta b Tomy, 10, Mo-Iepiue, us
BeJIMUMHA € CKaJap i, No-Apyre, Mae JesKi anre6paiuHi B/JIAaCTHBOCTI 3BH- .
gaiiHoro J0OGYTKY YHCeJ.
PosrasineMo TpH aazebpaidmi eaacmugocmi CKajisipHoro JOGYTKY.
1°. Komymamuena BJACTHBiCTb MHOXKEHHA:
- = —_— -
a-b=2~b-.a.

-~
- - -

O 3a o03HaueHHAM CKaJsipHOro HOGYTKY a-b= |a|lb]cos (a, _l;)

i'b-q= | EHZI cos (3, @). OckinbkH [ZHQ = |%/|\|Z| AK J006y-
TOK 4HCeN i cos (Zz', I_;) = COs (t:“a—)’, TOMY IO (2, 55 = (3, Z), T0a-b=

=b-.2 @ |

2°, Acoyiamuena BAACTHBICTb BiIHOCHO MHOXKEHHS HA UHCJIO M
(a)- b =A(a-b)

O 3 dopmya (29) i (3) maemo

(Aa) - b = |3|np?(?»2) = x|3|np?2 ~A(@-b). @
3%, ucmpubymuena BJACTHBICTb BiJIHOCHO JI0JaBaHHs BEKTOPiB:
2. G+ =a-b+a-c
O 3riaHo 3 dopmy.iamu (29) i (2) micraHemo
5. B+9=lampy @+ =lalnpyb +

+|Z|np:?:'=2. bta-c @

Lli" Tpu BJIaCTHBOCTi OGYMOBJIOIOTH raM6oOKy aHAJIOr{l0 MiXK BEKTOPHOIO
asnreGpoio i anre6poto yncel. [lepua BJIACTHBICTB Jla€ 3MOT'Y MiHATH Micus-
MH MHOXHHKH, JApyra — oG eIHYBaTH qyucoBi KoedillieHTH BEKTOPHHX
MHOXKHHKiIB, a TpeTs — PO3KpHBaTH aGo BBOJAMTH AYXKKH i BUHOCHTE 32
HHX CHiJbHi CKaJspHi Y BEKTODHI MHOXHHKH. [pore aHajoris Mix
CKaJIAiPHHM JOGYTKOM BEKTOPiB i JOGYTKOM YHCEN € HeNOBHO. 30KpeMma,

He iCHYe CKa/ipHOro AOGYTKY TPbOX 1 6i/1b1IOTO YHCJA BEKTOPIB; PiBHICTb

" —

-
a - b =0 MoXke BHKOHYBAaTHCb i MpH HeHYJbOBHX MHOXHHKaX a 0,
~~

- AP n . .
b == 0, akuwo (a, b) = —55 He MOXHa pOOUTH BHCHOBOK, LIO 3 PIBHOCTI
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- - - - . . —» -> . - . .

@ -b=a-c BANIMBae DiBHiICTb b = ¢ HaBiThb KOJH a = 0. PiBHuicts
- - - = - -—»A—» - o,
a-b=a-cnpua0 o3Hauae, mo (a, b—¢) = —~ | mpaBHJIbHA PR
- -

b s=c. ’

HaBenemo zceomempuuni eracmusocmi CKaJiipHOro HOGYTKY.
40, ﬂxugoz #0ib 0,moa-b> 0, xoau kym (71, _I;) — eocmputdi,

ia-b<<0, koau kym @ = (a, b) — mynud.

5° Cranspruii dobymox 08ox Henyabosux eeKmopis OOpiBHIE HYAI0
modi i auwe modi, KoAu yi 6eKMOPU B3AEMHO nepneHOuKyARpHi.

6°. Cxaaspuuii xeadpam eexmopa dopienioe Keadpamy 020 Go8HUHL

at=|ap, (31
36i0Ku ‘
12| =V a. . (32)
BnacruBocri 4°—6° GeanocepeHbo BHIIHBAIOTH 3 GOPMYJIH (28).
I puxaadu

1. BuafiTn cKaAApHuR nOGyTOK BeKTopin m= 2_4;—3‘5 in= 4;+5b-,' AKIO

- - —f\—» F14
lal=1, |bl=2, (q, by =—3.
O KopHucryiounch BractusocTamu 1°—3°, maemo
Mm-n= (28—3b) (424 56) =835+ 108 + B — 193 + B — 150 ==
== 8a% — 22 - b — 153,
3acrocosyroun dopmyan (28) i (31), sHaxomumo

- -

m-n=8-l'-—2-1-2--—;-_15.22=_54, ®

- - - - - . - -
2. 3ualiTH ZOBXWHY BeKTOpa ¢ = 22 —3b, AKWO [a]= L |bl=4, (a, b) =
n
= T

O 3a dopmynoo (32) aicranemo

1¢]= 2_’2=V(2?{-_3’5)==V4Z’=-.12'5-3'+932=V1'24"=2V3_1. °
4.3. Bupas ckaaspsoro no06yTKy 4epe3 KOODIHHATH. Kyt mix Bex-
TOpaMH .

Hexait 3agano nBa Bektopu a = (a,; Qy; a;) Tab = (by; by; b,). 3naiige-
Mo ixHifi ckanspuuli Jo6yTok. BukopucroByloun saactusocti 1° i 3° cka-
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aﬂbnoro' no6yTKy, HAicTaHeMo
G b =(agi + 0 + ak) - (bei + b,] +bF) =
— bt + agbyi - ]+ abi -k +abei- [ +ab, i+
T aybyf b Gk - T+ abk - |+ abk

. i dig . 3 %3
OCKIJ[bKH i ], k — MONAapHO OPTOTOHAMNBLHI OPTH, TO (2-= 2 = k% = |,
- - =
] k= ] =0, TOMY

- -
a-b=ayb, +ab, + ab,. (33)
Orxe, ckaagpHu#i JO6YyTOK HNBOX BEKTODIB, 3aJaHHX KOODAMHAaTaMyu
B NPAMOKYTHifl CHCTeMi KOOpAMHAT, MODPiBHIOE cyMi NOOYTKiB iXHiX Bin-
NOBiJIHHX KOOpAMHAT
BKaxeMo Ha psj BaXK/IUBHX BHCHOBKIB 3 opMyan (33).
1. Heo6xifHoi0 i ZOCTaTHHOIO YMOBOIO MEPNEHAHKYJIAPHOCTI BEKTOPiB
- ->
a=(a,. a,; a,)ib= by by, b, e piBHicTb
azh, + ayb, + ab, =0. L (34)
2. JloBXHHa BekTOpa @ = (a,; a4, @) BH3HAYaeThcs 3a HOPMYJIOI0
- ) 2 B
|a|=Va,+ay—|~az. (35)

®opmyana (35) Bunausae 3 gopmya (32) i (33). B n. 3.1 wo dopmyay mu
JOBeJIW iHIIHM CIocoGoM.

—:\—-b . - —
3. Kyt @ = (a, b) Mix Bextopami a = (a,; a,. a,) Ta b = (by; b, b,)
BH3HAYAeTbCA PiBHICTIO

-

— ”'xbx + ayby + azbz . . (36)
131181 Va4 +2VE+68+0
15 gopmyaa € Hac1iakoM dopmy. (28), (33) i (35).

Cos p ==

a-b
211

H pukaadu
1. O6uuc/anTH, Ky poGOTy BHKOHYE CHJa F= @2; —1; 4), AKa np;mommﬁno nepe-
MimLye MaTepiaibry TOuky 3 Toukn M (—I1; 0; 3) B Touky N (2 -3

O 3a dopmynamu (18) auafinemo BEKTOP nepeMlmeHHa 3= MN 3; —3: 2),
Toni 3a dopmynamn (30) i (33) pobora A = F.8=17. o
2, 3anam BEKTOPH Z— (2; 0; —2) ib= (—2; 1; 2). 3nafity npoeknilo BexTOpa
20+ b na BEKTOp b
O 3uaillfeMO KOOpPAMHATH BeKTOpa P

=2 - (=T T =2 ] —%=(2 I; —2).
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3 dopmya (29), (33) i (35) aicraemo

- bec 2. (—9)+1:-14+(—=2.2 _ 7
npe=—5—= o _—~T'.
b |5 Viri+4
3. TpukyTHHK 3apaunult Bepmnnamu A (0; —1; 2), B (—1; —2; 7), C (1; —2; 6),
3Haiity fioro BHYTpimHifl KyT npu BepunHi A.
O Kopucrylounce gopmynamu (18) i (36), aicraHemo

AB=(—1; —1; 5), AC=(1; —1; 4), cos ¢ = cos (AB, AC) = ~0,91,

20
9V6
p~25° @

3aBRaHHN AN CAMOKOHTPOJIIO

1. lllo nHasHBaeTbcA CKaAsApHHUM JAOGYTKOM ABOX BeKTOpPiB?

2. Y doMy nonsra€ reoMerpHuHHil Ta MeXaniummfi 3MicT cKaaspHOro Ro6yTKy?

3. CpopmymioBatH i moBectH anre6paiuni BIACTHBOCTI CKaJIApHOro ROGYTKY.

4. CpopmymioBaTd i JOBECTH TeOMETPHYHI BJAaCTHBOCTI CKaAAPHOro ROGYTKY.

5.. loBecTH, WO cKa/ApHY# 106yTOK BeKTOPiB, 3aAaHHX KOOPAWHATAMH B TP AMOKYT-
Hill cucreMi Koopausar, mopiBHIoE cyMi A0GyTKiB iXHiXx BiAnOBigHHX KoOpAHHAT.

6. Chopmymosatu i goBectH Heo6xinny i AocTaTHIO yMOBY neprenmuKyaspocti
JIBOX BEKTOPiB, -3aflaHHX KOOpAHHAaTaMH. :

7. 3anucaty i fosecTH OPMYJIY A/ISl 3HAXOJUKEHHS KYTa MiXK BeKTOpaMH, 3ajaHHMH
KOOpAWHATaMH.

~

8. Bimomo, mo It?l =3, ﬁ | = 4, (—Z, ?:) = 120°. O6uncaunru:
) a-b5 2k 3) @—h% 4 (a+ %) - (30— 2b).

9. 3uafitu Kyt MiX Aiaronansmi mapanenorpama, noGyA0OBaHOrO Ha BeKTopaxz=
=% —7 b= —1+ 2. .

—

10. 3anmano rouku A (1; 1; 1) i B (4; 5; —3). 3ualiTh npoekuiio Bexropa AB Ha Bich,

siKa YTBOPIOE 3 KOOPAHHATHHMH OCSIMH DiBHi KyTH.

Bidnoeidi 8.1)—6;2)9; 3)37; 4 —61. 9. % 10. V3.

§ 5. BEKTOPHHA NOBYTOK NBOX BEKTOPIB

5.1. O3HauenHs i BAACTHBOCTI BeKTOPHOro AOGYTKY
; e — -
BekTopHHM JOGYTKOM BEKTOpa @ Ha BEKTOpP b HAa3HBaeThCsl BEKTOP c,
AKHA BH3HAYA€TbCSl TAKHMH TPbOMa YMOBAMH:
— . - - - . —»A—>
1) noBKKMHa BeKTOpa ¢ AOpiBHIOE [ ¢ | = | a || b | sin @, ae ¢ = (a, b);
— - -
2) BeKTODp ¢ NepNeHAUKY A pHHH J0 KOXHOTo 3 BeKTOpiB a i b;
- - —

-
3) akuwo ¢ %= 0, To BekTOpH @, b, ¢ YTBOPIOOTL NpaBy TPiHKy BeKTOpiB
(n. 2.2).
Bexropuuii J0o6yTOK MO3HAYalOTh OAHHM i3 CHMBOJIIB!

c=axb=[ab] =[a xb].
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axé

ﬁ A
F g
0 z /) £ — a
\ /7
)”/-V wé'xZ
Puc. 2.31 ) Puc. 2.32

PosrasHeMO KiJbKa npmmamn
1. Hexai B Touni A (puc. 2.31) npuk/ianeHa cuna F i 0 — nesika ik-
coBaHa TouKa. JIK BIILOMO 8 QisukH, MOMEHTOM cunn F BiflHOCHO TOUKH O

Ha3HBAEeThCA BEKTOD M JIOBXHHA FKOTO IopiBHIOE NOGYTKY CHJIH Ha mjeye
i AKMH HanmpAMJeRHA MO oci o6epTaHHA TaK, IO KOJH IMBHTHCA 3 fioro
Kinns, To o6epTaHHsA Tina BiAOYBaeTbCA NPOTH PYXY CTPiJIKH FOJMHHHKA.
OckKiJabKH

N

\M| =|FlON = |F]||r|sing = |F1104|sin(F, 04),

TO MOMEHT CHJIH F npukaajeHoi B Touli A, BilHOCHO TOYKH O BH3Haya-
€TbCA BEKTOPHHM no6yTK0M

— —> - R
M=0AXxF. . 37)
2. HIBH}J;KICTb  ToukH P TBepJOro TiJa, fiKe 06epTaeThcd 3 KYTOBOIO

mBu)J,mcno o) HaBKOJIO Hepyxomm oci I, Bu3HauaeTbcs 3a popmydoio Eftne-

pa =0 X T
3. SIKIIO €NeKTPOH, 3apsj AKOro nopnsmoe e, pyXaeTbca 3 lllBPl}.IKlCTlO

U B MArHiTHOMY Mofi cTajIoi HAampyrH H, 1o Ha eneKTpOH Aie cHia F, sika
BH3HauaeThCs 32 (opMyJIOI0

—

F =—E—(v X 17),

Jie ¢ — WBHAKICTb CBiT/IA.
PosrasHeMo axaee6pamm aaacmueocmi 6eKmopHo2o JobymxKy.
10, AHmuxomymamusHicmb MHONCEHHA!

'

-
axb=— (b X @),

10610 Bijl NEPECTaHOBKH MHO)KHHK]B BexTopmm J0GYTOK 3MiHIOE 3HaK,
Lle BHN/HBaE 3 TOrO, U0 BEKTOPH 2 X bib X @ MaioTh OJHaKOBi Moy,
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— = - - - - - -
KoJTiHeapHi i Tpiliku BekTOpiB (a, b, a X b)i (a, b, b X a) nporuaexHol
opienrauii (puc. 2.32).

2°. AcoyiamusHicme 8iOHOCHO CKAAAPHO20 MHOXCHUKA M:

- - — - - — — -
haxb=>A(a Xb) aXxib=2»2(a Xb)

3%, Hucmpubymusticms 8i0HocHO Go0asanHa 8eKmopie:

- — - - - - -
axXxb+c)=axbtaxe.

AnreGpaiuHi BJAacTHBOCTi BEKTOPHOro AOGYTKY JaloTh 3MOry IpH
MHOMKEHHi JIiHiHHHX BEKTOpiB BHKOHYBAaTH [ii Tak caMo, fiK 3 anre6paiy-
HMMH MHoOrouseHaMH. Ilpore OpH BHKOHaHHIi BEKTOPDHOrO MHOMEHHs
CJiJ maM’ ATaTH, L0 BOHO HEKOMYTaTHBHE: NPH NepecTaBJsHHI CIiBMHOX-
HHKiB 3HaK BEKTOPHOro NOOGYTKY 3MiHIOETbCH Ha IPOTHJIEKHME,

HaBeneMo eeomempuuni eaacmusocmi 6eKmopHozo 0o6ymxy.

4°, Bexmopruil dobymox 060x exmopis OOpisHIOE HYyat0 modi i auwe
mo0i, Koau Yi 6eKMOPU KOAIHEAPHI.

5% Modyae | a X b| eexmoprozo 0Oobymxy uexoniueapuux 6ekmopie

dopientoe naowi S napaserozpama, nobydosanoeo Ha eexmopax a i b, ¢id-
Hecerux 00 cninvHoeo nowamxky, mobmo

S=|axb| (38)
6°. Bexmopni Oobymixu opmia 3a0080A6HA0Mb MAKL PIBHOCIE:
IxT=jxj=kxk=0 ixXj=k [xk=L
Exi=f jxi=—k kXj=—i ixXk=—]
M purasad

OG6uyncauTh [(32-——3) X (;—23) l m(m.olt?l =3, |E’| = 4, (E: E):

o s

O Ga—TB)x(@—26)=3@xa)—6@xbh—(GxXa)+2(bx0) =

a

=—6@xb+axb=—5@xb;: |—5@xb|=5a}|b|sin5 =5-3x
X4:-1=60 @
5.2. BexkrTopHuit n00yTOK [BOX BeKTOpi8, 3aJaHHX KOOPAHHATAMH
Hexali B MpsAMOKYTHiH cucTeMi KOOpPAHHAT 3aJlaHO BEKTODH Q= (g
a, a,) i b= (bys by, by). [lokaxkeMo, WO BEKTOPHHH H0GYTOK BeKTOpaTZ
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-

Ha BeKTOp b BH3HauaeThcd 3a (OpMYJOI0

S
[y

a (39)
b, b, b,

O BuxkopucroByioun Baacrusocti 1°—3° i 6° BexropHoro DOGYTKY i
TeopeMy TIpO pO3KJaj BH3HayHHKaA (ra. 1, m. 1.2), maemo

3 X B = (af + ay] + ak) X (b - b,] +bF) = aby(iXi) + azb, (@ x
S+ agb, (T X B + ayby ( x 1)+ ayb, (7 x 1)+ agb, ( x B) +
tab, (b x D) +ab,(kx )+ ab, (B x k) =(ab: — azh,) 7 —

g i a a,|— a a,l—
—](axb,—asz)+(a,by—aybx)k =¥ i i+
by bz bx bz
A
a, ay|7
k =
+ bx by x ay a, .

b, b, b,
I puxaadu
1. 3HaiiTH NJOLlY TPHUKYTHHKA, 3alaHOTO BepUIMHAMH A(l; 2, 0), B (0; —2; 1),

C(—1; 0; 2).
O Taoua TPHKYTHHKA ABC popiBHioe nojoBuHi miowi napajesorpaMa, no6yno-

> —
sanoro ua sekropax AB i AC. Ockinbgn AB=(—1; —4; l),TC= (—2; —2; 2 i 3a pop-
mysoto (39)

Tk
— —
AB x AC = —1 —4 1] =—6i—6k,
—2 =2 2

1 JEE— —
T0 3a dopmyaocio (38) miaoma S, 4pc |ABX AC | =5 VEEF 6 =3V2. @
2, 3naiiTh MOMEHT CHJIH F= (1; —2; 4), npuxaanenoi no touku A (1; 2; 8), Bin-

"ocHo ToukH B (3; 2 —1).
O 3rinno 3 ¢opmynoio (37) MOMEHT CHJIH M= 7371 % F. Ockinbku B_Z = (—2;

0; 4), 10

=8 4 12/ +4%. @

v o =i
PO

. 7
M=|_2
1 -
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3aBAAHHA AN CAMOKOHTpPOMAIO

1. lati OsHaueHHs BEKTOPHOrO AOGYTKY ABOX BeKTOpiB.

2. Chopmymosatd BIACTHBOCTI BEKTOPHOrO ZOGYTKY: :

8. 3anucaru i BuBecTH .popMYJIy Il OGUHCJEHHSA BEKTOPHOTO RoGYTKY ABOX BeKTO-
piB, JalaHuX KOOPAMHATaMK B NMPAMOKYTHIH cHCTeMi KOOpAHHAT.

- — — — - -
4. [osectn, mo (a4 b) X (a — b) =2 (b X a).
5. JloBeCTH TOTOXHiCTB: (Zx 7;)2 + (Z- Z)’ = 2%,
6. 3uaiiTh niowy napaneiorpama, MoGyAOBAHOTO Ha BEKTOPAX a=m— 2n, b=
— — - e d —»A—> 11
= 2m - 3n, sKkWo |m}=|n|=1, (m, n = 5.
7. i cmm?‘l =(2,1;3)i Fz = (l; 3; —5) npuxnaajeni B touui A (2; —1; —2),
3uafitn MomeHT PiBHOAIRHOI HMX CHJI BiXHOCHO MOYATKY KOOPXHHAT..
Bidnosidi, 6. 3,5 7. 15.
§ 6. MIIIAHAYH JOBYTOK BEKTOPIB
6.1. OsHauenns i oGuMcaenHs MiwaHoro Ro6yTKy
- =
[Ipu mMHOXeHHi 1BOX BeKTOPIB a i b BHIe 6yJ/10 BU3HAYEHO IBA BHAM JI0-
- -
GyTKiB: CKa/sipHHH, Pe3y/bTATOM SIKOTO € YHCJIO @ - b, i BEKTOHHH, pe-
- -~
3yJIbTaTOM SIKOTO € BeKTop a@ X b.
-3 >
MHOXKeHHS TPbOX BEKTOPIB @, b i ¢ MOXKHa BHKOHATH Pi3HHMH CIOCO6a-
MH. 30Kpema, MOXHO YTBODHTH TaKi HOGYTKH:
e — - - - - -
(@a-b)-c, (axbxe, (axb)-c
- -
[Mepwn#t 3 unx OGYTKiB BiANOBiJlae MHOXKEHHIO CKajsipa @ - b Ha
- R d -
BeKTOp ¢ i He posrasjaerbes. Te came crocyerbest noGyTKiB (a - ¢) - b Ta
- = -
b-0¢:a
PesyabratoM apyroro fo6yTKy € BeKToOp d, SIKHH Ha3HBaeThbCs n00sLy-
HUM 6eKMOPHUM 800 8eKMOPHO-6eKMOPHUM 006YmMKOM LAHUX TPbOX BeK-

TOpiB: > 5 s o
d=(a Xb)Xc. ,
s 3HaXOJKeHHsl NOABIHHOrO BEKTOPHOro AOGYTKY 3aCTOCOBYIOTh
dopmyan ‘
- - - - - - - —
(@axb)yxc=(@-c)b—(b-c)a;
— fed - g - — — - —
axXbxc)=(a-c)b—(a-b)c:
[Nonsifinuit BEKTOPHHI HOGYTOK -4aCTO 3YCTPiYaEThCA y BEKTOPHOMY YHC-
JIGHHi, &Jle IEBHOTO reOMEeTPHYHOr0 3MICTy He Mae.
- - -
OcranHiéi 3 HaBefleHUX N0GYTKiB (2 X b) - ¢ — ue cKaaspHuN A06Y-
- —> -
TOK BEKTOPa @ X b Ha BEKTOp ¢; HOro Ha3HBAlOTb Miwanum O006ymKom
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- -~ =
BekTOpiB @, b i c. Llefi 106YyTOK Mae WiTKHA reOMETPHYHHUHA 3MiICT i LWHPOKO
BHKODHCTOBYEThCA B 3ajayax. -

-, - >

3ualizemMo MimaHulh 106YTOK BEKTOPIB a, b, ¢, 3aJJaHHX KOOPJHMHATAMH:
- - ->
a=(ay ay a;). b=(by b, b)), c=(cx ¢, C)
e -
KoopauHaty BekTOpa @ X b BH3Haualo1bCa 3a GopMmynoio (39):
a, a;|- al= | la. a4l3
/] t4 t4 I + X Y k'
b, b, \b, b
[ToMHOXHBILY BEKTOp @ X b CKaJIsIpHO Ha BeKTOp ¢, 3a dopmy.iolo
(33) aicranemo

ay

by b,

- -
axb=

x Yy

a, a, a,
(@xb)-c=|b, b, b,l. (40)
i Cx cy C,

6.2. BaactuBocti MimaHoro a06yTKy

1. Sxwo e miwanomy 0obymry nominamu micysmu AKil-nebyoo 0Osa
HHOMCHUKW, MO MiaHWil 000YMOK 3MIHUMb SHAK, HANPUKAQD:

- - —> — -~ =
(ax b)y-c=—c-(bxa).

[i#icHo, fKiO B MilIaHOMY [0GYTKY MOMIiHATH MiCUAMH JBa MHOX-
HHKH, TO He Te came, MO Yy BH3HAYHHKY (40) nmomimsiTH MmicusmM fABa
PAAKH, a Bil UbOrO BH3HAYHHMK 3MIHIOE 3HAaK.

2%, [Ilpu yukaiunii nepecmanosyi MHONCHUKIE Mmiwanul 006ymox
He 3MIHIEMbCA:

(@xb).c=((bxc)-a=(xa)-b.
CnpaBpni, npu nukJiuHili nepecTaHOBLI MiHAIOTbCA MiCHAMH JBa pash
MHOXHHKH, a6o, o Te came, y BH3HAYHUKY (40) panoxk miHseTbcA MicueM
IBa pasH, a BiJl LbOro BU3HAYHHK He 3MiHIOETbCS.

A LA % Miwanomy JobymKy 3HAaKu 6eKMOpPHOEO i cxa/mpuoeo dobymxie
MONCHA MIHAMU MICUAMU:

(@xb)-c=a- (b xo)

Hificho, 3 BaactuBocTi 2° i KOMYTAaTHBHOCTI CKaJsipHOro JoGyTKY
‘MAaEMO

@xB)-c=(bxc)-a=a-(bxo).
Y 3B’s3Ky 3 UMM MimaHi JO6YTKH (; X l;; .o (BexTOpHO-CKaNApHUHA

- i

#obyToK) i @ - (b X ¢) (cKanApHO-BEeKTOPHUHA 2O6YTOK) CKOPOUEHO IO3Ha-
¢ R e

Naioth Tak: abe.
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by
4°. Modyav mimarnoeo dobymry abe.
dopisnioe 06’ emy napasesenineda, noby- -
- - -
doeanoeo Ha eexmopax a, b ic, sidnece.
Rux 00 CNiAbKO20 NoYamKy:

——py
V=|abcl 41y
O BisbmeMo Tpy HeKoMIIaHApHHX
- - :

BeXTOpH a, b i ¢ i no6ynyeMo Ha uux
BekTOpax mnapaneseniney (puc. 2.33). O6’em uboro napasneneninena

V = Sh,

ze §—nroma ocHoBd, a h—pucota. Ane S =|a||b|sin(a, b)
=[Zx3|, h=|AA2]=lnp.z

]

— ; - - , - .
x‘EC!’ ToMy V =|a X anp_a.x?c\=

={(axb)-cl=|abc]|. @

—ppp - - —
5°. 1Ko mimanuil J06yTOK a b ¢ fopaTHYE, TO BEKTOPH @, b, ¢ yTBOpIO-
I0Tb 1paBy TPifiKY, a AKWO BiA'eMHHUH, TO NiBY. ’
O 3 dopmyn (29) Bunamusae, wmo abec=|a X b| Ip—s-»c. SKumo
—>—r— - - AN -
abc>0, To0 np 4 ¢ > 01ikyr ¢ = (@ X b, ¢) rocrpuit, To6TO BEKTODH.
a, b, ¢ yTBOpIOIOTH MpABY TPikKy. kim0 abec < 0, TO np;.)'(-iz < 0, xyr

N
- =

- - —
® = (a X b, ¢) Tynuil, TOMY BeKTOpH @, b i ¢ YTBOPIOIOTH AiBY Tpifiky. @
-5 > e )
6°. Bexmopu a, b, ¢ komnaanapni modi i misexu modi, Koau ixmii
Miwanut 006ymoK dopistioc nyao. - '

R e e d - - - . d
O flxwme abc = 0, To BeKTOp ¢ NePNEHAUKYAAPHUI 10 BeKTOopa a X b
e ]
i JIEXHTb 3 BEKTODaMH &, b B oaHill maouwuui, Lle o3Hauae, wo BEKTOpPH

e - = 3

a, b i ¢ komnnaunaphi. Hasnaxu, sxuio sektopn a, b, ¢ KOMILTaHapHi, 10

n
== '—2—2 abc=20 @

Baactusocri 4°—6° BHpaXaioTs reoMeTpHUHHH 3MiCT MilllaHOTO 100yT-
KY TpPbOX BEKTOpiB.

_~
—p sl —ph
MOZKHA BBa)KaTH, IO BOHHM JIEXKATb B OHiH NJIOWMHI, TOMy (@ X b, ¢) = :

11 pukaadu :
1. 3naiity 06’em Tetpaenpa, sanaroro sepmrnami A (2; —1; 0), B (5; 5; 3), C (3; .
2, -2, D4 L, 2.

-3 -
C Binomo, mo o6’em TeTpaeapa V 4pcp, n0GyaoBanoro va sextopax AB, AC, AD,
IopiBHIOE WOCTiil yacTuni 06’eMy napaseseninesa, no6yA0BaHOrO HA UUX BekTopax. Tos
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My 3a tdopmysoio (41) maemo
Ve 3B A D).
3HaxoaMMO BEKTOPH 273 =2 (3; 6; 3), Tq’c = (1; 3; —2), ;1-5 = (2; 2; 2),
3a dopmyaoio (40) aicranemo s

36 3
Va_é.a 1 3 —2|]=3. @
2 2 2

2. Hosectu, mo roukn A (0; 1; 2), B (—2; 0; —1) C(—l 5; 8), D (1; 6; 11) aexkath
B OxHifi maomuni.

O Touxu A, B,C, D .ne)xa‘rb B OxHik naomuni, su(uxo BEKTOPH AB AC AD KOM-

naanapul. 3HaxoauMO BEKTOPH AB = (=2; —1; —3), AC == (—1; 4; 6), AD = (1;5;9).
Ockinbkn Mimanul zoGyTox B

—2 —1 —3
AB A AD=|—1 ‘4 8|=0,
1 5 9

-
70 3a BaactusicTio 6° BeRTOPH AB, ACi Xb KOMIJIaHapHi, TOMY sanaul TOYKH JIeXaTb

B OAHifl maomuHi. @ .
3. SIxy Tpifiky yTBOPIOIOTE BEKTOpH @, b, ¢, AKIO = (1; 2;°3), b= (—1; 0; 2),

¢= (1; =2 57
O Ockinbka Mimaunfl K06yTOK

2 3

>

abe =|—1- 0 2|]=24>0,
1 —2 5

10 3a BaactusicTio 5° nani BeKTOpH yTBOpIOIOTH mpasy Tpifiky. @

3aBAAHHA ANA CAMOKOHRTPOAIO

1. Ulo HasnBaeTbca MimiaHHM XOGYTKOM TPBOX BEKTOPiB?

2, X obuucaloeTbcs MimaHu#i AOGYTOK TPbOX BeKTOpiB, S3afiaHHX xoop;mna’ramn
B NpSAMOKYTHIA cucreMi KoopaMHAT?

3. Y uomy noasrae reoMerpuuHHA smicT Mimanoro AOGYTKY?

‘4, Y YoMy mnoasirae ymMoBa Koun.naﬂapﬂoc'n TPbOX BEKTOPiB?

6. Hosectn, mo KOJIR Bemopu a, b c yTBOPIOIOTb NpaBy Tpifiky, 'ro a b ¢> 0, a Roau

aigy Tpifixy, TO abc. << 0.
6. Hosectn, mo o6’eM Terpaeipa Aopinmoe woctifi yactuni Moxyns mimaxoro go-
6yTKYy Tgbox HeKOMIJIaHAPHEX Bex'ropin, sn(n g’rno pioloTb pefpa TeTpaeipa.
nani Bepwuny terpaexpa A (1; 2 6; 4), C (3; 0; 4), D (5; 2; 6). ITepe-

KOHATHCb, IO BHCOTa 're'rpaeapa onymena 3 Bepwuuy D, aopisnioe -37
8. Ilosectn, mo BeKTOpH a= (1;9;, —1 l), b= (—1; 6; ——6) ic= (—2; —3; b) KoM~
nJaHapHi.

9. JloBecTH, IO BEKTOpPH a= 8; 4 1), b= 2; —2; 1), c= (4; 0; 3) yrsopioOTH
aiBy Tpifiky BekTOpiB,

nua Matemartvka, 4. 1 , . .
3 Buuy, 65



I'nasa 3
EJIEMEHTH AHAJITHYHO! T'EOMETPIY

AHasiTHYHA reoMeTpisi — Ile PO3AiJN MaTeMaTHKH, B SKOMY BJACTHBOC-
Ti reoMeTpUuHUX 06’€KTiB (TOYOK, JiHifl, NOBEPXOHb, iryp, Ti ToLLO)
BMBYAIOTbCsl 3aco0aMH a/re6pH Ha OCHOBi METOAY KOOPAMHAT.

OCHOBONO/IOXKHHKOM aHaJiTHYHOI reoMerpii BBaXaioTh P. Hexkapra,
KWl Biiepiue B 1637 p. y cBoiit Kuu3i «['eoMerpisi» 1aB uiTKM# BHKAaz el
METOAY KOOpJAMHAT Ha mowwuHi. P. JlekapT 3anponoHyBaB MO/NOMEHHS
TOYKH Ha IJIOWIMHI BiJHOCHO 3a/]aHOI CHCTEMH KOOpDAMHAT BH3HauaTH 3a
JONOMOroI0 IBOX YHcesq — ii KOODAMHAT, a KOXHY JIiH{l0. Ha IJIOLIMHI
PO3T/IAJIaTH IK MHOXKHHY TOYOK, 3alaHHX NIEBHOIO FEOMETPHUHOIO YMOBOIO.
L1 ymoBa 3anucyerbca y BHIVISAI pIBHSAHHSA, siKe 3B’ A3ye 3MiHHI KOOpJH-
HaTH TOUKH, IO HAaJIEXKHTb JaHiHl JiHil, i Ha3uBaeTbCs PIBHAHHAM ILijei
JiHii. Takufi cnoci6 NocC/ilkeHH FeoOMeTPHYHHX 06 €KTiB i HA3HBAIOTH
METOJIOM KOOpJAHHAT.

HacTynnuii Bax/IMBHI BKNa) B aHANITHYHY TeOMeTpilo 3poGHB (paH-
uysbkuit yuenuit XK.-J1. Jlarpaux, sixuit nepiue B 1788.p. y cBoemy TBODIi
«AHa/liTHYHAa MeXaHiKa» 3alPONOHYBaB MOJOMXEHHA BEKTOpa BH3HAYATH
32 JIOIIOMOrOI0 YMCesN — HOro NMpoeKuill Ha KoopAMHaTHi oci. PosBHTOK
ineit JlarpaHxa NpUBIB JI0 CTBOPEHHS! BEKTOPHOI ajreGpH.

Meroz KoopMHAT Ta anapaT BEKTOPHOI aire0pH MHPOKO BHKOPHCTO-
BYIOTbCSl B CYy4acHi¥ aHaJiTHuHifi reoMerpii. ‘

§ 1. JIIHIY HA IIJIOIIHHI TA IXHI PIBHAHHSA

1.1. TouarTa npo Jainilo Ta ii piBHAHHA
PoarasiHeMo pipHicTb
F(x, yy =0, 1)

sIKa 3B’ A3ye 3MiHHI BeJIHYHHH X Ta Y.

Pisnictb (1) Ha3uBaOTL pisnaHnAM 3 BoMa BMIHHUMU X 1 Y, AKINO U5
PiBHICTb BHKOHY€TbCS He VIl BCIX Iap 4Mces X, y, i TOTOXHICTIO, SKIIO
BOHA CNpaBeJVIMBa L/ BCiX SHaueHb x i y. Hampukaan, piBHocti x -+
+y=01ix>+y*=9 e piBHaHHAMH, a piBHOCTI X + y — (x +
+y) =0 1a (x + y)? — x? — 2xy — y% = 0 — TOTOKHOCTAMH.

PiBusinna (1) HasuBaeTbes pignannam ainii I, 1Ka 3ajaHa Ha IJIOWMHI
BiiHOCHO MeBHOI CHCTEMH KOOPIHMHAT, SIKWIO L€ PiBHSHHA 3aJ0BOJIbHAIOTH
KOODIMHATH X i y KOXKHOI TOUKH JiHii / i He 3aOBOJILHAIOTb KOOPIHHATH
X i y XOAHOI TOUKH, sIKa He JIEAKHUTb Ha Wil JiHii.

Konu piBusinusg (1) e piBrsnaaM Jinii /, To KaXyTb, WO L€ pPiBHSAHHSA
BU3Hauae (abo 3ajiae) JiHilo [. OTxKe, AKWO JiHiA 3ajaHa PiBHAHHAM, TO
IpO KOXKHY TOYKY IVIOIMHM MOXKHA CKa3aTH, YH JIEXXHTb BOHA Ha LiH Ji-
Hil, 41 He JIeXHUTb. SIKWIO KOODJMHATH TOUKH 3aJ0BONbHSIOTH PiBHSHHSA
JiHi{, TO TOYKa JIEXKHTb Ha Hifl, AKIIO He 3aJ0BO/ILHAIOTh, TO HE JIEXKHTb.
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Jlinisi, fixa sajana piBHaAHHAM (1) BiZIHOCHO NIeBHOI CHCTEMM KOODAH-
Hat y IVIOMMHI, € reOMETPHYHHM MiClleM TOYOK, KOODAMHATH AKHX 3aJ10-
BOJIbHSIIOTb 3ajJaHe pPiBHAHHSA.

3minni x i y B piBHaHHI (1) AiHil / HA3HBAIOTLCA 3MIKHUMU KOOPOUHAMA-
Mmu 11 TOYOK.

Hexa#t sinis /| BigHOCHO cucreMH KoopAuHaT Oxy BH3HayaeTbcA piB-
HanusaM (1). B anajituyniil reomerpii siHil KJ1acCHQiIKYIOTh 3a/J1€XKHO Bij
BJIaCTHBOCTeH LbOro piBHAHHA. SIkwio BHpas F (x, y) B piBHaHHI (1) e
MHOTOUJIEHOM BiJi 3MiHHHX X Ta Y (TO6TO CyMa CKiHYEHHOro YKC/a OJHOYJIe-
HiB ax*y™, ne a — cranui KoedillieHT, a NOKA3HHKH & i m — uiai nonart-
Hi yncsa abo HyJi), TO JiHifA, IO 3a]aeThCsA LUM PiBHAHHAM, HA3HBAEThCH
anzebpaiuHor.

AnreGpaiuHi niHil po3pi3HSAIOTH 3a/M€XKHO BiX iXHbOro nopsaixy. Cme-
nerem o0HouseHa axky™ HasuBaeTbcd cyMa k - m NOKasHMKIB IPH 3MiH-
HUX. Cmenenem pisnanna (1) Ha3UBaeTbCA HAWBUINMA CTeliHb OJHOUJIEHA,
IO BXOJAMTb A0 HOro ckaany. Aure6paiuHow JiHi€l0 n-ro Nopsajxy HasH-
BaeTbCs JiHifl, IUO BHPAXKAeTbCs PiBHAHHAM n-ro creneHd. [lopsmok an-
re6paiyHol JiiHil He 3MiHIOETbCA IIPH 3aMiHi OfHiel JeKapToOBOi CHCTEMH
Ha iHmy.

JliHist, sika He e ajreGpaiyHOIO, Ha3UBAEThCA MpaHcyerdenmnow. Mu
BHBUYATHMEMO JIMINE JIiHIl Neplioro Ta Apyroro mopsjkis, Tobro JiHii,
WO 3ajaloThCsl PiBHAHHIMH

ax+by+c=0Ta ax® +-by® +cxy+dx+t+ey-+f=0.

TakuM YuHOM, JIiHII0 Ha IJIONMHI MOXKHA 3aAaTH FeOMETPHYHO K CYKYyI-
HicTh TOYOK 3 MEBHHMH TE€OMETPHYHHMH BJIACTHBOCTAMH i aHa/liTHYHO —
3a JIONIOMOrOIO PiBHAHHS. Y 3B’ 13Ky 3 LIMM BHHUKAIOTH IBi THIOBI VI8 aHa-
JiTayHOi reoMerpii 3ajaui: ckJacTd piBHIHHA JiHii, AKa 3ajlaHa reoMer-
pHYHO, i HaBNaKH, BCTAHOBHTH reoMeTpu4Huil o0pa3 aiHii, 3afanoi aHaJi-
THYHO. 3a3HAauHMO, W0 B aHaJiTHYHiN reomerpii Apyra 3ajava poss’s3y-
eTbes JMIle 15 aare6paiusux niHif mepruorp Ta apyroro nopsixis. 3a-
rajbHUH# Meroj NOCHiJKeHHs JiHif, 3aJaHHX piBHAHHAMH, JAaeThCd B
Kypci MaTeMaTHYHOro aHaJisy.

I pukaaiu,

1. PiBusuHa y = 2x — | BH3Hayae Ha muomuHi npsMy Jaixilo.

2. Pisusinns 12 — y2 =0 a6o (x+ y) (x — y) = O BusHavawoTs Al npami —
6iCeKTPHCH KOOPAMHATHHX KYTiB.

3. PiBusanns x3 -I-.yz = 0 3afoBoAbHAE NHIe OfHa Touka O (0; 0). ¥ mopibuux Bu-
najgkKax KaxyTb, LU0 PIBHAHHSA BH3Ha4a€ BHPOJXKEHY JIHIIO.

4. PiBusnust x® + y? 4+ 1 = 0 He BM3Hauae HiISKOro TEOMETPHYHOTO MiCIS TOYOK,
OCKIIbKH Aisl GyAb-SIKHX 3HaYeHb x Ta y MaeMo x2 + y2 4 1> 0.

1.2. 3naxomxeHHa pPIBHAHHA JiHii 3a 11 reoMeTpHYHHMMH BJACTHBOC-
TSIMH

3ynuHEMOCS JlerajbHille Ha 3afaui Npo CKJAajZaHHA DiBHAHHA JiHii,
sajaHoi reomerpuuHo. iyt 1i posp’si3aHHA NOTPiGHO BCTAaHOBHTH reOMeT-
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PHUHY BJIaCTHBICTb, SIKY 3aJOBOJILHAIOTH JHUIIE TOUKH AaHoi JjiHif, 1 3a-
NHCaTH W0 BAACTHBiCTb y BUIJsAAI piBHAHHA. Take piBHSIHHA NOB’s3ye
8MiHHi KOOD/JHHATH TOYOK JaHOI JIiHil i Ti BiOMi CcTaMi BeJH4UHH, SIKi reo-
METPHYHO BU3HAYAIOTh caMe 10 JiHilo.

Hpukaadu '

1. Ckuacru piBHsivus Jainil, cyMa kBajpatiB BifcTaneli KOXHOI TOUKH sIKOI XO To-
ok A (—1; 0) i B (1; 0) nopisuioe 4.

O Hexait Touka M (x; y) nexurs Ha ainii, Topi sa ymosolo AM?2 4 BM?2 = 4,
Ockinpku AM2 = (x - 12 4+ g2, BM2 = (x — 12+ g2, o(x + 12 + 2 4 (x — 1)24-
~+ y3 = 4, 3Biaxu nicas cnpouweHs AiCTaeMo IMyKaHe piBHgHHA: X3 -yt =], @

2. Ckaactu piBrgHHA JiHiT, KoXHa TouKa sKol poaMimena Bix Touxu A (1; 2) B xBa
pasn jani, Hix Big Touku B (—2; 0).

p O Tosnayumo sMminHy Touky Jainii uepes M (x; y), Toai 3a ymosoio AM == 2BM,
T06TO

VGE—1PF g — D=2V &+ 2 + 4

IleperBopioloun ue piBHSHHS, MaEMO
3x24-3y?2 -+ 18x+4y+11=0. @

1.3. Moasipui piBusinga ninii

PisHanHs @ (p, @) = 0 HasuBaeTbCH pPIBHAHHAM AiKIL | 8 noasphux
KoopOuramax, a60 NOAAPHUM DPIBHAHHAM, SKIWO HOrO 3aJ0BOJLHSIOTH
MOJIAIPHI KOOpAMHATH p i ¢ OyAb-s1KOT TOUKH JHHIT [ i He 3a80BOJILHAIOTH
KOODJMHATH XKOJAHOI TOUKH, fiKa He JIeXKHTb Ha Wil JiRii. [Ilo6 Bix moasp-
HOrO piBHAHHA JiHil nepefitn 1o piBHaHHA (1), moTpi6HO NMONAPHI KoopAu-
HaTH B piBHAHHI @ (p, 9) = 0 BHpa3uTH yepe3 AeKapToBi (m. 2.3, ra. 2).

I puxaadu

1. Cnipasnro Apximeda nasuBaeThCs JiiHis, onMcaHa TOYKOW, WO piBHOMIpHO py-
Xa€ThCs MO NMPOMEHIO, AKHH caM piBHOMipHO oGepTa€TbCs HaBKOJIO CBOTO moyatky. Pis-
HAHHA cnipaai Apximena (puc. 3.1) mae Burasg p = a@, ge a > 0 — cTaja BeJHYHHA.

2. Pasauxom Ilackars HasuBaoTb KPUBY (pHC. 3.2), 1O 3aJa€TbCA PIBHAHHAM P =
=aqacos Q- b.

3. Jlemnickamow bBepryasi Ha3WBAaOTb KPHBY, IO 3aJaeTbCi PIBHAHHAM P =
= q )/ cos 2¢ i Mae BuraAK BiciMKH (puc. 3.3). ¥V npsAMOKYTHUX KOOpRHHATAX PiBHAHHA
NeMuickath Depuyani sanucyerscs ckiaaguime: (x2 4+ y2)2 — a? (x2 — y2) = 0.

4. Tpunenocmrosoro po3o0 Ha3HBAaIOTL KPHBY (puc. 3.4), WO 3aja€Thca piBHAHHAM
P = a cos 3¢.

5. KoopOurnamnumu ainiamu Ha3HBAWOTh JiHil, B AKHX OZHA 3 KOOPAHHAT € CTAJNOIO
BEJHYMHOIO. Y AEKapTOBHX KOOPAHHATAX KOOpAUHATHI Jimil {;l‘BOplOlOTb IBa cimeficTBa
NpsAMHX, NapajelbBHX ONHIA 8 ocefi KoopauHaT (puc. 3.5, a). ¥ moAsipHEX KoOpAMHATaX
Ainil p = const yTBOpIOIOTH CiMeACTBO KOHLEHTPHYHUX Kil 3 HenTpoM y modaroci, a airif
@ = const - cimeficTBo npomenis, mo BUXOANTL 3 nojioca (puc. 3.5, 6).

1.4. MMapamerpuuni piBusauua alnii
Hexatfi 3asexHicTb MiK 3MiHHUMH X { y BupaxeHa uepe3 TpeTio SMIHHY
{, TobtO

x=x@l), y=y@. @)
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3MmiHHa { Ha3WBaE€TbCA napamempom i BU3HaUae
NoJIoKeHHS TOuKH (x; y) Ha nuouwuHi. Hanpuk-
aAag, akmo x = 2t -+ 1, y = ¥, T0 3HaAYeHHIO
napamerpa f = 3 BiANOBiJae Ha MJIOWHHI TOYKA
(79, Tomymo x =2 -3+ 1=7,9y=3=

SIKuIo ¢ 3MiHIOETBCSI, TO TOYKA Ha IJIOIMH{
nepeMilLyeThCcsi, OMUCYIOuH JeAKy Jiniio /. Ta-
Kuit croci6 3ajaHHsa JiHII HA3HBAEThCA Mapame- »
TPUYHHM, a PiBHAHHA (2) — napamempuiHumy Puc. 3.1
pienannamu ainii 1. 1106 BiL piBHAHHS 2y
nepeittu 0 piBHsHHs (1), noTpi6HO GyIb-fKHM CNOCOGOM 3 ABOX piB-
HsiHb (2) BHKJIOYMTH TNapaMeTp ¢ (HampUKAaA, 3 MepWoro piBHAHHA
BHPa3HTH yepe3 X i pe3yJbTaT MiJACTABHTH B Jpyre piBHsHHs). Auie Taku#
Tnepexij He 3aBXIH JOLIbHHUA. i He 3aBXK/IH MOXK/IHBHH, TOMY NOBOAHTbCS
KOPHCTYBaTHCb NapaMeTPHYHHMH DiBHAHHAMH (2).

H pukxaadu

1. Po3risiHeMo TPaeKTOPil0 TOUKH KOJa, sIKe KOTHThCS 6e3 KOB3aHHS B3JOBX He-
pyxoMoi npsaMoi. SIKuo B3ROBXK oci Ox KOTHTHLCS 6e3 KOB3aHHS KoJo paiiyca R, To 6yzp-
sIKa HEPYXOMa TOUKa KO/Ia ONHCYe KPHBY, KA HA3HBAETHCHA uuxaoinow (puc. 3.6) i sana-
€TbCl PIBHAHHAM -

x=R({ —sint), y=R (1l —cosf); —oo<<t<{} o0,

SIkmo mapamerp ! aminioeTsed Big 0 1o 27, To AaHi PiBHSIHHS BH3HAUAIOTb NMepIIy apKy
WHKJIOIAH, SKMO 271 <C { << 4% — TO ApYyry apky i T. I.

1uka0iga € HalinpocTiloo 3 KPUBHX, fIKi ONHCYe Ha Hepyxoml#t maomuni Touka og-
niei ainii, mo KOTHTLCA 6e3 KoB3aHHS mo Apyrif ainii.

a>é qz a<8
Puc. 3.2

Puc. 3.4
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y 2. Tinouukaoigamu (puc. 3.7, a)
Ta eniuukaoixamu (puc. 3.7, 6) nash-
BalOTbCS KpMBi, fAKi omHcye Touka
) KOJla, sIKA KOTHTLCS MO HEPYXOMOMY
—— KONy ycepemuni Ta 330BHi. Burvisx
0 Z#R X

i piBHSHHA KpHBHX SajeXaTb Bif
Pue. 3.6 BifHOmenHs papiycis Kix.
. Timoumrnoina npu Bigmomenni
paniycis 1 : 4 HazuBa€TLCA acTpoinocio
(puc. 3.8, a), a eniumkaoiza npu Bin-
HowenHi pagiycis 1 : 1 nasupaeTncst
Kapaioigoio (puc. 3.8, 6). Ilapame-
\ TpU4Hi PiBHAHHA 4cTpPOiAM MaioTh
TaKH#l BHIJAL:

x=Rcos®t, y=Rsind¢
0<<t < 2n,

a g Kapnioina sagaerbcst mapamerpuuHu-
Pue. 3.7 MH piBHAHHAMH

x=2Rcost(l +cost), y=2Rsint(l-4cost); 0t << 2m.
[Tpocrime sanncyersest noasipwe piBHAHHS Kapaioizu:
©=2R (1 4 cos ¢).

Yel ni prnBi WIHPOKO 3aCTOCOBYIOTbCA B TeOpil MexaHiaMiB.

3. EBO/IbBEHTHOI0 PO3TOPTKOI0 KOJa (BiAA JIATHHCLKOLO €vOlVo — pOSTOpTaTH) Ha-
SHBAETHCHA KPHBa, WO 3aJa€ThCsl pPiBHAHHAMH

x=R(cost+-tsint), y=R(sint—tcost); 0t <+ co.

Mexaniune Kpec/IeHHsT @BOILBEHTH BUKOHYETBCH TaK: Ha KOJO TYTO HaMOTYIOTh THyu-
Ky @ HEPO3TAXKHY HHTKY, 3aKpinueny B tTouni A (puc. 3.9), i 3 BinbHHM Kinuem M B mikk
touni. Bixraryioun nutky sa Binbuuil Kinenp, smoTyioTs 1i 8 kona; Touka M npu IbOMY
OIHCYe Nyry €BOJbBEHTH KoJa, TOOTO, KO0 M — JOBiNbH3 TOYKA €BOJNLBEHTH, TO AOB-
KuHa Ayru AB popiBhioe gomxuui Bigpiska MB.

Tpodini nepesaxuoi Ginbmocri 3y6uis 3yGuacTux Kodic okpecieni 3 60KiB Ayramu
€BOJILBEHTH KOJa.

1:5. BexktropHe piBHsHHA Ainii

- -
JIiHilo MOXHa 3aJjaTH TaKOXX BEKTODHHM DiBHsHHAM r = r (f), fe { —
CKaJIipHHHA 3MiHHMHA napaMerp. KoXKHOMY 3HayeHHIO #, BiJNoBilae wiJ.

Puc. 3,8 ' Puc, 3.9
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- e d
KOM BH3HAueHUH BeKTOp r, = r (fy) NJIOMMHH. L7
Taxkum unHOM, AKINO napamerp ¢ HaOyBae nesHoi | M

MHOXXHHH JedKHX 3HaueHb, TO piBHﬂHHﬁ r =

= r (f) 3ajlae JesiKy MHOXXHHY BeKTOpiB. $IKIIO
Biz touku O (puc. 3.10) nsowmHH BiAKJACTH
- -

3

xy ™

Bektopy OM = r, TO reomeTpHuHe Micile TOYOK,  Puc. 3.10
AKi 36iraloTbcs 3 KiHUAMHM LMX BeKTOpiB (32
YMOBH, LI0 BCi BEKTOPH KOMILAAaHapHi), BH3HAuUHThb Ha IVIOWIMHI LeAKY
Jidilo L.
- -
BekTopHOMY MapaMeTpH4HOMY piBHSIHHIO 7 = r (f) B TNpPSIMOKYTHiH
cicteMi KoopauHaT Oxy BiANMOBiZalOTh ABa CKaNAPHHX PiBHAHHSA:

x=x(t), y=y(),
TOGTO MpOEKWisAAMM Ha OCi KOOpAMHAT BEKTOPHOrO piBHAHHA JiHIl € ii
napaMeTpuuHi piBHSHHSA.

BektopHe piBHAHHS Ta MapaMeTpuyHi piBHAHHA JiHIi MaOTb Takui
MeXaHiyHU# 3MicT: AIKIIO TOYKa pPyXaeTbCs Ha NJIOUMHI, TO BKasaHi piB-
HSHHS HAa3MBAIOTbCA DiBHAHHSAMH PYXY TOUKH, a JiHia [ — Tpaekropiewo
TOUKH; IIapaMeTpoM [ [IPH IbOMY € 4ac.

1.6. Tpo 3anexuHicrb piBHAHHS JiHii BiA BHOOPY CHCTEMH KOOPJAMHAT

YV nonepeaHix NpHK/JajaXx BKa3ysaJsoch, L0 OAHY # Ty camy JaiHiio
MOXHA 3aJaTH Pi3HAMH PiBHAHHAMH. TaKHM YMHOM, BUIJISIA PpiBHSIHHSA
Ninil 3aJexuTh BiJl BMGOPY CHCTEeMH KoopiaHHart a6o, W0 Te came, Bil
po3MillleHHs JiHil BilHOCHO cHcTeMH KoopjuHaT. PiBHsIHHS JiHil 3MiHIO-
€TbCs K TPH NepeXoli BiX oaHi€l AeKapTOBOi CHCTEMH JIO iHWOl, TO6TO MpH
nepeTBOpeHHi' KOOpAHHAT (N1, 2, . 2), TaK i NpH Nepexoli BiA leKapTo-
BUX JI0 OY/Ib-AKHX [HUIHX KOOpAHHAT (ra1. 2, 1. 2.5).

Y 3B’3Ky 3 UMM BHHHKAIOTb TaKi 3ajayi: K oOpaTH TaKy CHCTEMY
KOODAMHAT, Y fiKiit piBHsIHHA MiHil, 3afaHOi reomMeTpHyHO, 6yJ0 6 Ha#mpo-
cTiwkM, a6o K 3aMiHHTH CHCTEMY KOOpPAMHAT, W06 3ajaHe piBHAHHSA Ji-
nii cmpocrunoes? IMoni6ui 3azaui MH po3rasiaTHMEMO NPH BUBYEHHI Ji-
Hifi gpyroro MopsiKy.

Yce ckasaHe TYT NIPO 3a/eXKHICTb PiBHAHHA JiHil Ha IJIOWMHI BiX BH-
GOpy CHCTEMH KOODAMHAT OfHAKOBO CTOCYeTh(Al i piBHsHb NMOBEPXOHb Ta
aiuif y npocropi. [Tpo ue #tumernca B § 2.

3aspganHg ANS CaMOKOHTpoOAW

1. [lo nasuBacThc piBHsIHHAM 3 JBoMa aMiHHHMH? fIKa pisHHilE MiX piBHAHHSAM
i ToTOXKHicCTIO?

2. Illo HasuBaeTbest PiBHAHHAM JiHil Ha MIOmMHHI?

3. SIka aiuia nasuBaerbcs anreGpaiusoio? Illo HasHBaeTwCs MOPAAKOM ajarebpaiu-
Hol inni'i??ﬂx 3aMHCYIOTbCS B 3arajbHOMY BUIVIAAL aare6paiuni ainii nepworo Ta xpyroro
nopsAKis
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Puc. 3.11
5 P 0 ? 2R
a J 8
Puc. 3.12
) yh -

&

Puc. 3.13

4. SIK suafitH piBHstHHA aiHil 8a i1 reoMeTpHYHHMA BJaCTHBOCTAMH?

5. Mlo nasuBaerbcs noaspuuM piBustuuHaM ainii? Hasectn npuxsamm.

6.. Sl sanucyiorecs BeKTOpHe Ta NapametpHuni piensmus ainit? ¥ uomy moasrae
ixnifi Mexaniunu#t smicr? Habecth NpHKAAM.

7. YoMy Burasa piBuARHs JiHil SajJeXHTh Bif CHCTEeMH KOOpAHHAT?

8. MNoGynysaru niuii, sanani piBHAHHAMHA B JleKaPTOBHX KOOPAHHATAX: a) y = 2x -~
+ 1; 6) x4+ y3=1; B) y = cos x. .

9. NoGyaysaru xinil, sagani nonapuuMH pisHsHEsMu: 8) p==5; 6) ¢ = L
B) p = 2 cos @. 4
10. Tlo6yaysata ainii, sanani napameTpHYHHMH DIBHARHAMU: a) x == {— ], y =

t
=2+1;6 x=—3, y==.t’; B) x==2cosf, y=2sint,

. 11. Toura M pyxaerTncs TaK, mi0 NMif wac pyxy SajJHIIaeTLCA Bech 4ac Y ABa pasy
6anxvoio fo A (15 0), wix xo B (4; 0). Crinacrs piBusHRs i TpaexTopii.
. 12, Cknacrr pisnsnns ainif, koxua touka sxol piproBinanena Blx Tourn A (3; 0)
i npamoi x4 3= 0.
Bidnoeidi. 8. Puc. 3.11. 9, Puc. 3.12, 10, Pme, 3,13, 11, x4yt = 4.
12, 4% == 12,
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§ 2. HOBEPXHI I JITHIY B IPOCTOPI. IXHI PIBHAHHS

2.1. Mosepxust Ta ii piBHAHHSA
Po3srsisiHeMO CHiBBiJHOILIEHHA

F(x,y4,2)=0 )

MiX TPpbOMa 3MiHHHMH BEJIHUHHAMH X, ¥, 2.

PiBHictb (3) Ha3sHBaOTh PIBHAHHAM 3 TPbOMa 3MiHHHMH X, ¥, 2, AKIIO
1171 piBHiCTb He BHKOHYETbCS A/l BCiX TPifOK WHCeN X, ¥, 2, i TOTOXKHICTIO,
IKINO BOHA CIIpaBLKYeTbCs NP Oy Ib-AKHX 3HAYEHHAX X, ¥, 2. ‘

[Ipunycrumo, Napoio 3HauyeHb X = Xy i ¥ = Yo 3 PiBHAHHA (3) Bu3Ha-

YaeTbCsl €MHe 3HAYEHHA 2 = 2,. YTNOPSAJKOBaHA TpifKa HHCEN Xg, Yo,
Z, y 3ajaHiii NpAMOKYTHiHl CHCTEMi KOODAHHAT BH3Hauae TOYKY M (x,;
Yo 2)- :
CyKynHicTb BCix po3B’si3KiB z piBHsIHHA (3), AKi BiANOBiJaI0Th NEBHHM
3HAYeHHSIM X Ta y, BU3HAuae B NMPOCTOPi Jiesike LeOMETPHYHE Miclle TOYOK
M (x; y; 7), sike HasuBaeTbes nogepxneo (puc. 3.14), a pisusanua (3) —
piBHAHHAM Liel NMOBEPXHi. :

Orxe, piBHAHHA (3) Ha3HBAETHCA DIGHAHHAM NOGEPXHi BiJHOCHO 3aja-
HOI CHCTEMH KOOPAMHAT, $IKIIO 1€ PiBHAHHS 33JO0BOJIbHSAIOT KOODAHHATH
X, Y, 2 KOXHOI TOYKH JlaHOi NOBEpXHi i He 3aJ0BOJILHSOTE KOOPAHHATH
X, Y, 2 ¥OLHOI TOUKH, sIKA He JIeKHMTb Ha nifi moBepxHi.

[ToBepxHelo, 3aaHOI0 PiBHAHHAM (3) BiAHOCHO NEBHOI CHCTEMH KOOD-
JMHAT, HA3UBAa€EThCsl reomeTpuuHe Micue Towok M (X; y; 2), KOOpAHHATH
fIKHX X, Y, 2 3aJl0BOJIbHAIOTh JaHe PiBHAHHSA.

slkmo Bupas F (x; y; 2) B piBusHHI (3) € MHOrOWIEHOM BiJ
X, Y, 2, TOGTO CYMOIO CKiHUEHHOTO YHCJ/a OLHOUJIEHIB axky™zP i3 cTaNuMH
xoedinientaMn a i HeBil'€MHMMH UIJHMH TOKAa3HHKaMH k, m, p, TO
NOBEpPXHs, fKA 3aJaeTbCsl UMM DiBHAHHAM, Ha3HBAeThCs aszebpa-
{4Hor0.

Heanre6paiudi NoBepXHi HAa3MBAIOTLCA MPAHCYEHOCHMHUML. ITopso-
KOM Qn2e6paiunOi nogepXHi HA3UBAETLCH CTENiHb MHOrOYJeHa, SAKHM
3aJaeThCsl JaHa JiHif. '

Mu posrasjateMeMo JiHile anre6paiuHi NOBEpXHi MepILOro MOPSAKY
i nesiki anreGpaiuni MOBepXHi Apyroro HOPsA-
Ky. Omxke, fK i JiHi0 Ha NJIOWKHI, HOBEPXHIO
B mPOCTOpi MOXKHA 3aJaTH TeOMETPHYHO i aHa-
JiTHYHO. SIKINO MOBEepXHA 3ajaHa TeOMETPHUHO,
TO BMHHKAe 3ajaya IpO CKJIaJaHHs piBHAHHS
uiel noBepxHi i, HaBMakH, SAKINO NOBEPXHA 3a-
JaHa piBHsHHsM, TO TIOCTae 3ajaya mpo ii reo-
METpHYHi BJIaCTHBOCTI. ' :

IITpuxaad
Cx/acTH piBHSRHS T€OMETPHYHOTO Micns TOUOK, piB-
nosigaanenux Bix Towor A (1; —1; 2) i B (0; —2; 3). Pue. 3.14
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O Hexail Touka M (x; y; 2) JeXHTb Ha sanauii
nosepxni. Toai sa ymoBowo AM = BM, to6t0

Ve F U+ P Fe—2r=
=VE—0"F G+ T =0,

3BiRKH mic/afA cnpoweHb KicTaeMo myKaHe piBHAHHSA
2+2y—224+7=0. @
Kx,y,z)=0

F(xy,2)=6

0 2.2. PiBHsinua ainii B npocropi
% Y Jlinito | B npocTopi MoXHa po3rJIszaTH
Puc. 3.15 ‘ sIK JiH{l0 IepeTHHY ABOX IIOBEpXOHK, a60 reo-

METPHYHE MiClle TOYOK, IO 3HAXOHATHLCH Of-
HOYaCHO Ha JIBOX MOBEPXHAX; OTKe, Akwo Fy (x, y, 2) =0 i F, (x, g,
2) = 0 piBHAHHSA JBOX NOBEPXOHb, 5Ki BH3HAYAIOTH JiHiIO { (puc. 3.15),
TO KOOpAHHATH TOYOK i€l JIiHil 3aJI0BOJILHSIIOTL CHCTEMY JABOX piBHSIHB
3 TPbOMa HEBiJOMHMH:

{Fl(x’yvz)":O; (4)
Fa(x,y,2)=0.

PiBusiHHA cHcTemu (4) cymicHO Bu3HaualoTh JiHiI0 [ i HA3HBAIOTLCS
PIBHANKAMU AIHIi 8 npocmopi.

JIiHil0 B IPOCTOpPi MOXHA PO3IVIAZATH TAKOMK AK TPAEKTOPilo pyXxoMoi
ToukH. IIpu Takomy minxoni JIiHil0 B IPOCTOPi 3a/a10Tb BEKTOPHHM MNapa-
METDHYHHM pPiBHSIHHAM

r=r(). (5)

BekropHoMy napamerpuunoMmy piBHSIHHIO (5) BimmoBinaiotb ckanspHi
napaMeTpuyHi piBHAHHSA

x=x(), y=y@), z=2()
— Tpoexilii Bektopa (5) Ha oci koopaunar. TakuM unHOM, BEKTOpHi piB-
HAHHA JiHil Ha NVIOWKHI i B IPOCTOPi MalOTh ORHAKOBUI BHIVIAL i OHAKO-
BY CYTb, a BilMOBiAHi NapaMeTpHYHI PiBHAHHA BiAPi3HAIOTHCS JHIIE KiJb-
KiCTIO DiBHfHDb, KA 3aJI€XHTh Bijl YHC/a 6a3HCHHX BEKTOPiB Ha MJIOIIHH]
i B mpocropi.

Il pursaadu

1. Skwo nesika Touka M piBHOMIpHO pyXaeTbes mo TBipHift KpyroBoro umuainapa,
a caM UHAIHAD piBHOMIPHO 0GepTaeThcst HABKOAO CBOET oci, TO Touka M OIIUCYE KpPHBY,
AKa HAa3UBAETLCS @2BUHMOBOI0 AIRIEN.

Padiycom 26unmosoi inii HasHBaOTH paaiyc umningpa, a il eicco — ich unaingpa.
Bincrane, Ha sKy smicTHThCA TOuKa B3zOBXK TBipHOI NpH NOBHOMY o6epTi LuAiNApa, Ha-
SUBAETLCST KPOKOM 28uMma i mosHauacTbes yepea h. L1106 BuBecTH piBHSHHS T'BUHTOBOL
ainii, siabMeMo Bich wuminapa 3a Bick Oz, a maomuHy Oxz — 3a NOYaTOK BiAMIKY KyTa
nosopory uuaiuzpa (puc. 3.16, a).

Hexat /NOB =1 i M (x; y; 2) — nosiibHa Touka remHTOBOI MiHil. Koopaunaru
x 1y Toukn M 36iraloTbcst 3 KOOPJHHATAMH TOUKH B (puc. 3.16, 6): x= Rcost, y=
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[l

). Z
0 AjxN B8 N,

g 8
Puc. 3.16 ' Puc. 3.17

= R sin {, ne R — paaiyc uunisapa. [[{o6 BH3HAUHTH KOOPAMHATY 2, MOGYAYEMO pO3-
roptky uuningpa NN,D,D (puc. 3.16, 8), B akit NN, = 2nR, N,D, = ND = h,
NB = Rt, BM = z. 3 nogi6unocri TpukyraakiB NMB i NDyN; nicranemo

2 Rt h

A ="2aR » ¥=Tom b
TakuM YMHOM, NMapaMeTPHuHi piBHAHHA rBUHTOBOI JiHil MalOTh BHIIAR
h

x=Rcost, y==Rsint, 2= —51
—

a6o y BeKTOpHif :bopMi-; () = R cos t?—{— R sin tT—i— % k.
2. Jligisz, fKa 3afa€TbCA PiBHAHHAMHA
x2 4 y? - 22 = RY;
{x’ +y* 4+ Rx=0,

YTBODIOETLCS TNIPH nepeTHni umaiHApHYHOI Ta ChepHUHO NOBEPXOHD (§ 7) i nasuBaeTCs
ainiero Bisiani (puc. 3.17).

3aspanusa Aaf CAMOKOHTpPONIO

1. [llo HasuBaeTbC PiBHSHHSAM MOBEPXHi?

2. lllo nasuBaeThesl aire6paiuHOI0 NMOBEpXHEIO n-r0 MOPAZKY?

3. §x amaniTMuHO 3ajaTH JiHilO, sIKa YTBOPIOETbCA NPH NepeTHHi HBOX moBep-
XOHB?

4. Sk ananiTHuRO 3ajaTH JAiHil0, fiKa € TpaeKkTOpicl0 pyxomoi TOUKH?

5. YneBuuTHch, mo Touka A (1; 0; —1) mexuthb Ha nosepxHi x2 - y2 4 223 — 3 =
= (0, a Touka B (l; 2; 0) — He JexHTb Ha Hili. :

6. TlepecpinuuTuch, wo Touka A (1; 2; 3) JexuThb Ha Ainil, AKa BU3HAYaETbCS CHCTe-
MO0 piBHSIHB

{x"+xy—z’+6=0;
x+2—32+4=0.

7. BuBecTH DiBHSIHHSI FeOMETPHYHOrO MiCL#i TOUOK, CYMH BijcTaHeH AKHX BiJl ABOX
Jaunx Touok A (0; 0; -—4)31 B (0; 0; 4) — Besuuunu crani i gopiswiotots 10,

, X' Y 22
Bionoside, 7. —-9——|—-—9—+-§§—=l.
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$ 3. IPAMA HA IIJIOUIHHI

3.1. Pi3ni Buau piBHﬂHb npsiMoi Ha MO HHI

[IpsiMa Ha MIOWMHI F€OMETPHYHO MOXKe 6y'm 3ajaHa pi3HHMH clocoba-
MH: TOYKOIO i BEKTOpPOM, NapajeqbHUM AaHii npsMifi; JBOMa TOUKaMH;
TOYKOIO | BEKTOpPOM, TNePIeHIHKYJIS PHUM A0 JaHOL HpﬂMOl TOILIO. Pisnum
cnoco6am 3ajJaHHs IpsAMoi BianosiaawoTh y npsmoxyTHm cHCTeMi KoOpaH-
HaT pisHi BHAM 1i piBHsHB.

Hexait npsima (Ha mowuHi M B npocropi) MPOXOJHTD uepes 3ajiany

TOUKY M, mapa/ie/bHO 3a/laHOMY HEHYJIbOBOMY BEKTODY s, AKHil HasHBa-
ETbCH HANPAMHUM 6eKmopom npsmoi. IpsamMa Mae Gea/iy HANPAMHHX Bek-
TopiB, TXHi BiANOBINHI KoopAuHaTH mponopuiitni. Touka M, i'ii Hanpsm-
HHH BEKTOP LiJKOM BH3HAYalOTh NPAMY, TOMY LIO uepes TouKy M, MOXKHa

TNIPOBECTH JIHLIE OJHY NPsMY, NapaJse/ibHy BekTopy s. Ck/agemo piBHAHHS

uiei npsamoi. [Tosnaunmo uepes M (pnc 3 18) JlOBlJIbHy TOUKY HpsAMO] i

PO3IJ/ISHEMO palliyCH-BEKTOPH r0 = OMo Tar = OM ToyoK M, Ta M i Bek-
ke ;

TOp MM, 110 JEXHUTb Ha namﬁ npmmi’{

—

OcCKiJIbKH BEKTOpH MOM =r — r0 is KoJliHeapHi, To - r0 = st
3BiJKH
- -> -
r=ry,+st. ‘ 6)
3minna ¢y dopmyai (6) Moxke HaGyBaTH NOBiNMbHHX NiHCHHX 3HAYEHD i
Ha3UBAETbCA napamempon, a PiBHsHHS (6) HA3UBAETLCS GeKMOPHUM napa-
MEMPUUHUM PIBHARHAM NPAMOL.
BekTopHe mapamerpuyHe piBHSIHHS NpsMOi Mae OZHAKOBHH BHIJsf i

Ha njomuHi, i B mpocropi.
SIxmo mpsiMa [ posrasjaeTbes _Ha nyomusi { sajaeThcsi TOUKOM

M, (xo; yo) Ta HAIPSIMHUM BEKTOPOM s (m; n), To, NPUPiBHIOIOUH BiAmO-
BiJHi KOOpAHHATH BeKTOplB rTa ro + stsa tdopmy.iolo (6), MaeMo

X=X,+mt, y=y,+nt, (7)
3BijgKH

x—x y—y,
m == n = 8)

lemmm (7) HasuBawoTbCA napamMempuuHumu piBHARHAMU NpAMOL, a
piBHAHHA (8) — 11 KaHOHiuHUM pisHAHHAM.
3okpewma, AKWO NpsiMa IPOXOJAUTH Yepe3 TOUKY My (xo; ¥,) TNapasesnbHo
-

oci Ox, To il HanpsiMHH# BekTOp s = (m; 0), Tomy piBHsiHHs (8) Habupae
BHUTASARY

X—~Xo __ Y—UYo ,
m - 0
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Sk Binomo, NOGYTOK cepeHix uneHiB mponopuii AopiBHIOE TOGYTKY Kpail-
Hix uneniB. Tomy MaeMo (y — yo) m = (x — xp) - 0, 3BiAKM Y = y,.
Lle i e piBHSIHHS NpsIMOI, siKa mapaJeabHa oci Ox.

AHasoriuHo, AKIIO MpsiMa TIPOXOAHTL 4yepe3 TOuKy M, (xo; Y,) napa-
JgenbHo oci Oy, To 11 PiBHAHHAM € X = X,. ;

BuBejeMo piBHsiHHSI NPsAIMOI 3 KYTOBHM KoedillieHToM. SIKwo npsAma
He mepneHauKyaspHa 1o oci Ox, To piBHAHHA (8) MOXHa 3amuCaTH y BH-
rasji

n n n
Y—Yo= (X —Xp) a6o y = —x + (!/0—7"0)-
[o3nauuBu -;':l— =k, Yo— "r% x = b, picranemo

Y—Yo=k(x—x) )]
a6o

BigHomenHa k = —,'—;- = tga, Je o — KyT, YTBOpPeHHH NpAMOIO 3
ponatHHM HampsiMoM oci Ox (puc. 3.19), Ha3uBaeTbcA Kymosum Koegi-
YicHmom npamoi, a BeJUYuHa b = y, — —:}1— X, — OpJAMHATa TOYKH Iiepe-
THHY npsAMoi 3 Biccio Oy SIKio psMa NPOXOAMTb Yepes MOYaTOK KOOpAH-
Hat, T0 b = 0 i piBHAHHA Takoi NpPAMOi Mae BUIIAL

y = kx. (11

PiBusuHa (9) HA3HBAETbCA PIGHAHHAM NPAMOL, AKa npoxodumb uepes
sadany mouky i mae 3adanud Kymoeut Koegpiyicnm, a piBHAHHA (10) —
PIBHAHHAM NPAMOL 3 KYMOBUM KOEDIYIEHMOM.

PiBHSIHHA TMPAMOI, Ka NPOXOAUTb uepe3 ABi 3afaHi ToukH M, (x5; ¥4)
Ta Mj (X3 yo), diCTaHEMO 3 PIBHAHHS MPAMOI, 10 HPOXOIHTb YepPe3 TOUKY

-

M, i Mae HanpsiMHHH BEKTOp § ==

—_

= MiM; = (X3 — X35 Y2 — Y1): y
X—X% _ Y4 . (‘2)
Xy — X1 Ya—

° | 8=y,~Fixs
% )|

- 0 Xo X
Puc. 3,18 Pnc. 3.19
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y ¥i )
t\ _ \ L’
8(0.¢) /"/Wx,-y)
\ M)

. -~
Afa,0)
7 \ X ] X
Pue. 3.20 Puc. 3.21

PiBHstHHs (12) HA3UBAETBCS Pi6HAHHAM NPAMOL, KA NPOXOdUME uepes 06l
3adani mouku.
3o0kpeMa, SIKIIO NpAMa MPOXO HTb uepes Touku A (a; 0) Ta B (0; b), T06-
TO BiATHHAE Ha OCSIX BiApi3kH a Ta b (puc. 3.20), 10 3 piBHsAHHA (11) Maemo
X-—a y—0

X y
= = 4= at0 — 4L . (13)

PiBHsAHHs (13) HAa3HBAETbCS PIGHAHHAM NPAMOT Y eldpizkax Ha ocsx.
Posrnsinemo piBHAHHS npsiMoi, sika NPOXOIHTb Yepe3 3aJaHy TOYKY
-

M; (xy; y;) NMepneHIMKYJNSAPHO KO 3aJAHOTO HEHYJbOBOTO BEKTOpa 1 =

’

Bisbmemo Ha mpsmilt [ goBinbHY TOUKy (puc/. 3.21) M (x; y) i BBeAeMoO
g -

-—
BeKTOp MiM == (X — %43 y — y;). Ockinbku BekTOPH 1 i MM IeprneH-
RMKYJAPHI, TO IX CKanapHuit 106yTOK NOPiBHIOE HYJIO, TOGTO

Ax—x)+ By —uy)=0. (14)

PiBHsiHHS (14) Ha3UBAETbCA PIBHAHHAM NPAMOL, AKa npoxodume uepe3
3adany mouky nepnenduxyaspuo do 3adarozo gexmopa. '
-

Bektop n = (A; B) Ha3HBaeTbCH HOPMAALHUM 8eKMOpoM NPAMOI.
IIpsiMa mae Geaniy HOpMaibHHX BekTOpiB. Yci BoOHH napaJienbHi, orxe,
iXHi BiIMOBiAHI KOOpAMHATH npomOpuiiHi.

3.2, 3aranbue piBHAHHA npAMOT Ta fioro KocaimKeHHS

Yci onepxani BHWwe piBHsAHHA npaAMOI NiHIT € PiBHAHHAMH HEpUIOTO
CTeNeHs! BiIHOCHO 3MiHHHX X i y, TO6TO JIiHiltHUMH piBHsAHBEAMH. OTxe,
PiBHAHHA 6y Ib-s1KOI IIPSIMOT, KA JIEXKHTH B IJIOMIMH] Oxy, e ninifiHuM piB-
HAAHHAM BiJ{HOCHO X i y.

[Tokaxemo, wo mpasuiabHuM Gyze i obepHene TBEPUKEHHA: KOXHe
JAiHifHe piBHAAHHS ~

Ax+By+C=0 | (15)

8 JBOMa 3MiHHHMH X i y BU3Hayae Ha ILIOWMHi B MPAMOKYTHifl cHcTeMi
KOOpJAHHAT 11 MY JiHII0.
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IlificHo, AKmO (x;, y,) — OYAb-KHH PO3B’A30K DiBHAHHSA (15), 1o .

Ax, 4 By, +C =0. (16)
Bignimatoun nousenHo Bij pisHsinHs (15) piBricts (16), AicTaemo
A(x—x1)+Bly—uy) =0. (17)

PiBusinnga (17) exBiBanentHe pisusnHio (15) i 3rizHo 3 dopmy.oto (14)
BH3Hauae Ha MJOWHHI Oxy MpsAMY, siKa MPOXOAHMTb uepe3 TOUKYy M, (x4,

y,) NepneHAHKYASPHO A0 BeKTOpa n = (A; B), To6to piBHAHHA (15) Ta-
KOX BH3HAYae MPAMY | HASHBAETLCS 3a2AAbHUM pisHArHAM npamoi. Koe-
dinientn A i B npy HeBiIOMHX X i y 3ara/bHOro piBHAHHS € KOOpAHHATA-
MH i1 HOpMaJbLHOTO BEKTOpa.
KoxHe 3 piBHsHb (7) — (14) 3BOAMTBCS 110 PiBHAHHA (15), oTXKe, KOX-
Ha TpsMa JiHis 3ajagThesl PiBHAHHAM (15), 1 HaBNaKH, KOXHE piBHAHHA
(15) Bu3Hauae Ha miomuHi Oxy npsamy. lle o3Hayae, WO KOXKHA NpAMa —
Le JiHis Iepumoro MOPSAKY, i HaBNaKH, KOXKHA JiHif Neploro nopsiky
€ mpsMa. ‘
JlocaizuMo 3araibHe pIBHAHHA, TOOTO PO3IJIsHEMO OKPeMi BHIAJKH
pO3MileHHst pAMOI B CHCTeMi KoopauHaT Oxy 3a/1eXHO BiJi 3HaueHb Koe-
- ¢injentiB 4, B i C. ,
1. SIkmo A %0, B =0, C 5 0, To piBHsHHA (15) 3BOAUTBCA 10 piB-
HSIHHA NIPsIMOi Y BiJpi3kax Ha ocsAX

X Ty .
—C/A + —C/B L
T00TO NnpsiMa nNepeTnHae oci KOOpJAMHAT B TOUKAX 3 KOOpJHHaTaMH (—-— —CX; 0)
. C
1 0, _ -E' .

2. Ikmo A = 0, To npama By + C = 0 napaneabHa oci Ox i mpoxo-
JUTb Yepe3 TOYKY (0; —-——g-), OCKi/IbKH HOPMaJbHHH BEKTOp 1 = (0; B)

npsiMoi NepNeHAMKYAAPHHUi 10 oci Ox, a KOOPAMHATH JaHOi TOUKH 3a10-
BOJIbHAIOTb PiBHAHHA NMPAMOI.
3. AHaJIOriuHO ToNepeiHboMy, siKmo B = 0, To npama Ax + C =0

napasenbna oci Oy i NPOXOJAUTD Uepe3 TOUKY (-— —ﬁ—; O).

4. SIkmo C = 0, 1o npsima Ax + By = 0 mpoxoautb 4epes IOYATOK
KOOpJMHAT, ToMy w0 KoopauHatH ToukH O (0; 0) 3a10BOJIbHSAIOTD piBHAHHS
npsiMoi.

5. SIkmo A = C = 0, To 3riaHo 3 nonepeaHiM piBHaAHHA By = 0 ato
y = 0 Bu3nauae Bicb Ox. :

6. SIkmo B = C =0, 1o piBHsinHa Ax = 0 a6o x = 0 BH3Hauae
Bice Oy.
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3.3. Kyr mix apoma npsmumn. ¥mosH napajensuocti i nepneHAuKy-
AAPHOCTI ABOX NpPAMHX

Kyt Mix 1BoMa npsiMHMH BHMi pioeTbes KyTOM MiX iXHiIMH HanpsIMHHMH
BeKkTopaMu. [Ipu upoMy cain sasHauutH, wo, BHGpABIIN Ha OAHIH i3 nps-
MHX HaNpPSAMHHI BEKTOp, HANPSMJIEHHA B NPOTHJIEXHY CTOPOHY, IicTaHe-
MO IpYru# KyT, AKH# NONOBHIOE MepIHit 1o =,

a) Hexait mpami /; ta I, 3a1aH0 KaHOHIYHHMH piBHSAIHHSMH

X% _  ¥—Y1 . X—X3 _ Y—Y,

my n my ny

: —~
i @ — KYT MiX uuMH npamumu: @ = (I}, 1), 0 < ¢ << n. OcKiNbKY Bek-
TOPH $; = (my; ny) i 5, = (my; n,) € HANPAMHUMH BEKTOpaMH HaHHX Mps-’
N

Mux (puc. 3.22) i ¢ = (E;, s:), T0 32 opmyioio (36) (auB. ra1. 2) Maemo

— s

Syt S mymy —+ nyny
COS @ = 12 . (18)
Isillsal VitV mdtnd

- -

SIkwo npsmi I; i I, mapanenshi, To BeKTOpH s, i S, TeX napaJesbHi, ToMy
iXHi KOOpAMHATH Hponopuifini, To6TO

m n g .

Pile S W (19)

mny ny :
— Ymosa napaseavrocmi 06ox npamux. SIKWO npami I i I, nepnengukyasp-
-> -

Hi, TO BEKTODH Sy i S, TEX NEPNEHAUKYAADPH] 1 IXHi CKalifApHHA HOGYTOK
IODiBHIOE HYJIIO, OTXKe,

mlmﬂ + nlna = 0 . (20)
— YM08a nepnenOuKyASpHOCMi 080X NpAMUX.

6) Hexait renep npsmi I, i I, 3anani 3aranbHumMH piBHAHHAMH A;x -+
+By+ C =01 Ay + By + C, = 0, Toxi KYT ¢ MiX HuMH

(pue. 3.23) nopiBHioe KyTy MiX iXHIMH HOPMaJbHHMH BEKTOpaMH n; =
= (A;; By i—;z, = (A,; B,); TOMy aHaJIOriuHO BUMAJKY a) AiCTaHEMO:
1) dopmyay nns kyra @ mix npamumu I, i l,: '
A - A+ By -B,
VA&+BV A+ B
2) ymoBy mapanienbHOCTi npamux Iy i I,

COS @ ==

i @1

A By (22)

3) yMOBY nepmeHAHKyJIApHOCTI NpaMHX [ i ly:
A1 . Aa + 31 . Bz —_"—0. (23)
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1 Z,

AP

Puc. 3.22 Puc. 3.23

Hexait npami I, i l, sajaHi piBHAHHAMH 3 KYTOBUMH KoedillieHTaMH
y=kix + by, y = kox + by, ne ky = tg oy, ky = tg oy — KYTOBI Koe-
¢inientu, 10 3 puc. 3.24 BUAHO, WO ,

tgay —t
tgg =tglas—oy) = T%%—;%.t‘
ky — kg
89 =T g @

3ayBaxuMmo, mo GopMysa (24) BusHauae XyT, Ha sKHHA Tpe6a NOBEpHY-
TH npaMy [, (IpOTH FOAMHHHKOBOI CTPiJIKH), 1106 BoHA 36irjach 3 MPAMOIO
I,. SIKumo npsimi 4 i I, napanenbHi, 0 ¢ = 0 i tg @ = 0, ToMy 3 dopmynn
(24) maemo k, — ky = 0. OTie, yMOBOIO NapasesbHOCTi JABOX NPAMHX
€ piBHiCTb TXHIX KyTOBHX Koe(illieHTiB:

kl = kg- (25)

ko npsmi I i I, nepneﬂxnxynﬂpkﬂi, o @ = 90° i tg ¢ He icHye,
TOMY IO 3HAMEHHHK ApoOy (24) nopismioe Hyo. TakuMm uHHOM, yMoOBa
neprneHAHKYAAPHOCTI NPAMHX Mae BHIJIAL

by +1=0a60 hy=———. (26)
dopmyann (18), (21) i (24) naotb 3mory BH3HAUHTH OJHH i3 JABOX CyMiX-
HUX KYTiB, AIKi YTBOPIOIOTbCH NPH NepeTHHi ABOX mpaMux. Hpyruit Kyt
JopiBHioe 7 — ¢. IHOAI BHpa3u cnpaBa B LMX QopMmyJax 3aNHCYIOTh IO
MOJYJII0, TOAI BH3HAYAETbCHA FOCTPUH KYT MiXK MPSAMHMH.

y A
Y 1,
(TALS] -
0 / x
S/
Puc. 3.24 - Puc. 3.25
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N pursadu. '
1. 3uafit XyT Mik npavumu 3x — 4y 4+ 1=0 1 5x — 12y + 3= 0.
3a ¢opmyaoo (21) maemo
3.5 4 (—4) - (—12) 15 4 48 63

O Ve Vet i 5 18 6 ~0%

@ = arccos 0,96. @

2. Craacru piBHSAHHA NPAMOI, O NPOXOAHTH Yepes TouKy (—8; 1) napasenbio nps-
Mift 2x —y 4+ 7=0. _

O Ilpusenemo sanane piBusnus Ao Burasgy (10): y = 2¢ — 7, oTxe, KyTOBHil KOe-
¢inient npsaMoi k= 2,

Ockinbru wykana { sagana npsMi napasensui, To 3a ymMmoBoio (25) ixui RytoBi KOe-
¢iuientn pisui Mix coboio, ToMy, ckopHCTaBmHCh piBHsHHAM (9), AicTaHeMo y—1=
=2(x+48) a6o y—2x—17=0. @

3. Menianu BM i CN (puc. 3.25) tpukyruuka ABC nexaTs Ha npsMHX x - y=3
iB2x + 3y =1, a Toura A (1; 1) — BepwuHa TPHKyTHHKa. CKaacTH piBHsHHA npsMol

C. .

O Posp’sisyioun cHeTeMy piBHAHHA { ¥ty=3 SHAXOAMMO TOYKY NEpeTHHy
2x 4- 3y =1,
menian: O (8; —5). 3 ninﬂomenm—o—i,— == A i gopmya (24) (ra. 2) nicranemo Koop-
14 2xp 142yp 23

—_ P 5= TP,
. 1+2" 142
KH ToukH B | C sexars Ha sapaHux NpsIMHX, TO iXHl KOOpAHHATH  3aZOBOJBLHAIOTHL
ajani piBusinna. Touka P ainnTs Bizpisox BC nononam, oTxe, MacMo cHCTeMY PiBHAHB
¥p+%c _ 23 . ¥Yg+yc

= —

2 2 2

n¥HATH TOYKH P: 8 = *p=——, Yp= —8. Ockiab-

=—8; xgtys=3; 2c+3yc=1,

v

23
3BiakH xo =11, yo=—7, TlpaMa BC npoxonuT> uepes Touxu P 5 —8)[

— 23/2
C (11; —7), Tomy 3a dopmysoio (12) nicTanemo lxl __22‘;//2 = _"/7-:_88 a6o 2x 4~y —

—15=0. @

3.4. Bincranp Big TOukM 10 mpsmoi
Hexaii sanano npamy ! pisasunam Ax + By 4+ C =0 i TOYKY
My (xo; 4o)- Bincranb d (puc. 3.26) Toukn M, in npsimoi [ JlopiBHIOE MoO-

os _>
Ayumo nmpoekuii Bektopa M, M,, ne M, (x,; y,) —
ZOBiJIbHA TOUKA MpPAMOI /, HAa HANMpPsAM HOpMaJb-

HOro BeKTOpa n= (4; B). Orxe,

- -
T MMy,-n
d=an:M1M0I=¥:>o——L=

In
— 1A% + Byo— Ax, — By, |
M, , V AT+ B? '
Puc. 3.26 Ockinekn Ax; + By, + C =0, 10 —Ax, —
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— By, = C, Tomy

| Ax+ Byy +C|
d = ;/Z”—:—O_B"‘ . 27)

3ayeasenna Yucno d saBxau fopaTe, 6o ue Biacramb. Bio-
xunennam & ToukM M, (xo; Yo) Bia npsimoi Ax -+ By - C = 0 nasupa-
eTbes JoAaTHE YHucI0 O = d, skwmo Toukd M, i O (0; 0) sexaTh no pisui
CTOpOHH BiZ npsiMoi, i Bif’eMHe ucyio § = —d, fKWO Ii TOYKH JIexKaTh M0
ofuH 6ix Bia Bei. 3 dopmyanu (27) BunHBAE, WO BiAXHJIEHHS

5 — Axo+B!/o+C'
+yVAaAfB

Ie 3HAK 3HAMEHHHKa Mae GyTH MpoTHIEXHuH 1o 3HaKa C.

T puxaad

3HaiiTH IJIONLY KBaApaTa, ABi CTOPOHH SIKOTO JIeXaTh Ha NpsMux 4x — 3y — 10 = 0
i 8 —6y--15=0. .

O Ockiapkn 3ajani npsiMi napaienbHi, T0 JOBXKUHY d CTOPOHH KBajpara MOXHA
3ualiTé $IK BiACTaHb Bif AOBLIbHOI ToukM opHiel mpsmMoi Xo Apyroi mpsimoi.

3nalileMo AKy-HeGYAb TOUKY Ha mepmiiii npsmiit. Hexalt, nanpuxnan, x = 1, Toa
4.1—3y—10=0, sBigkun y = —2. Omxe, Touka M, (1; —2) Hanexutp nepimif
npamii.

3a popmyaoro (27) suafigeMo BijcTawb Bifl ToukH M, Ro Apyroi mpsMol:

d__i8-l—-—6-(—2)+151 7
=T Vet o

=7
49
TMiaoma xeagpata S = d? = 5 @

3asnanug AJAS CAMOKOHTpPOJAIO

1. [0 Ha3sKMBAaETLCS HAMPSIMHMM BEKTOPOM MPSAMOi?

2. Cknactu piBHSIHHA mpsAMoi, sfiKa NMPOXORHTb uepe3 3aJlaHy TOYKY HapajiesbHO
8allaHOMY BEKTODY. ‘

3. l%’unecm KaHOHiuHi Ta mapaMeTpHuHi piBHAHHA NpAMOi Ha IJIOMMHI.

4. BupecTH piBHSIEHS TpAMO! 3 KyTOBMM KoediuiesToM Ta piBHauHs npaMoi, mo
IPOXOANTL uYepe3 ABi TOYKH,

5. BuBectn piBusnua npAMoi y BiApisKax Ha ocsiX Ta sarajibHe PiBHSHHS nmpsMoi.

6. Josectn, mo Bcaxe piBHsAHHA Ax - By 4+ C = 0 Bu3Hayae Ha nJomuHi Oxy
npamy aiuiro. Nocaigutn saraipie piBHSHHS NpAMOoi.

7. Sk snality xyT Mix ABoMa npsmumu? ChopmysosaTd i 3anHcaTH yMOBH napa-
JI/IBHOCTI Ta NepleHJHKYJsSPHOCTI JBOX TpPAMHX. )

8. BupectH ¢opMyay Ais SHaXOAMKEHHs BiAcraHi TOYKM Bif mpsamoi.

9. Bxasatu Xoua 6 OZMH HalpsIMHMH BEeKTOp NpAMOi, fiKa: a) Ma€ KyTOBH Koedi-
nient k; 6) 3anana pisusauuam Ax 4+ By + C = 0. ‘
10. BxasaTi Xoua 6 OAMH HOPMaJbHHE BeKTOD KOXKHOI 3 MPAMHX y 3amaui 9.

11. 3anano tpu Touxu: A (5; 2), B (9; 4) i C (7; 3). Ilokasarsi, mo BOHH JieXaThb Ha
onuilt npamiit i Hanucatn ii piBHAHHA. )

12. 3uaiity KyT MiK mpamumu x =41 2x —y — 1= 0.

13. Touka A (2; 0) € BEpWIHMHOIO NPABHJIBHOFO TPHKYTHHKA, a MPOTHJIENKHA if CcTO-
pOHa JIEXHTh Ha npsaMift x - y — 1 = 0. CkacTd piBHAHHA ABOX iHIUHX CTOpiH.

83



14, Cgnacru piBusiHHA npaMnx, ski sHaxomsThest Bin Touxn A (1; —2) ua siacranl

d =120 i napanenvhi rpamifi 2 —y — 5= 0,

B (2lﬁé)llonecm, o npsiMa 3x + 2y — 6 = 0 nepernnae Biapisox AB, ge A (L 1),
’ bl 2
Bidnoesidi. 9. (1; k); (B; — A). 10. (k; —1); (4; B). 12. arccosW,

13 x—(2+V3)y—2=0, x—(2—V3)y—2=0. 4. 26—y — 14 =0, 2x —

y -+ 6= 0. 15. Bkasiexa. Ynemnuruch, mo Toukn A ta B Jexath no pisni Goku Big

npsaMoi.

§ 4. INIOIHHA B NPOCTOPI

4.1. 3arajbHe DiBHSIHHS IVIOLIHHH Ta HOTO JOCJi JKeHH A
Hexali B npsamokyTHi#i cuctemi kooprunar Oxyz sapnaHo nnowmuny I7

(puc. 3.27) Toukoio M, (xy; Yo; 2,) i BeKTOpOM n= (4; B; C), nepnenau-
KyJspHUM Jo uiel nuomunu. Bisbmemo Ha miomuni Touky M (6 y; 2 i

3HaHJeMO BEKTOD 'M_:M = (X — X0} Y — Yo, 2— 2,). [pu 6yb-siKOMY
—

?,
noJsioxkenHi To4kH M na nnouuni /7 Bektopu n i MM B3aemHo nepreHau-
KyJIspHi, ToMy iXHifi cKansipHuil 106yTOK AOpiBHIOE HYJ0, TOOTO

A(x —x)+B(y—yo) +C(z—2)) =0 (28)
abo
Ax+ By +Cz+D =0, (29)

ne D = —Ax, — By, — Cz,.
PiBusinns (28) Ha3HBAE€TbCS PISHANHAM NAOWUNY, AKQ npoxodumo ue-

pe3 mouky Mg (xo; Yoy 20) nepnenduxyaapro 0o eexmopa = (4; B; O,
a piBHsIHHA (29) — B3aeasbHum piBHAHHAM NAOWUNL.

-

Bekrop n = (4; B; C) HasHBaeTLCS HOPMANLHUM 8EKMOPOM nAOWURU.
KoxHna nyomuna mMae 6e3/1iy HopManbHHX BEKTOpiB. Yci BoHH napasnenbhi
MiK coGolo, a ixmi KoopAuHaTH nponopuiiini. OTxe, BCAKAa MIomMHA
B NPAMOKYTHiA CHCTEMi KOODAWHAT BH3HAYA€ETbCH PIBHAHHAM MEPLIOrO
CcTemneHs.

Hokaxemo Tenep cnpasenausicts obepueHo-
ro TBepJUKEHHS: BCAKe PiBHSHHS MepIioro cre-
neHs

Ax4+By-+Cz+D =0 (30)
3 TPbOMa 3MIiHHHMH X, Y i 2 3ajae B IPAMOKYT-
Hilt cucremi koopaunar Oxyz mJomMAHY.

Hexa#i sanano noBinbne pisasagus (30) i (%o,
Yo 2p) — OyZb-sIKHH PO3B’A30K LLOTO PiBHAHHS,
To6TO

Axy+ Byy + C2y+ D = 0. (31)
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BinusiBmu Bix pisnamns (30) pienicts (31), Aicranemo
A(x—x0) + By —yo) +C(z2—2) =0. (32)

PiBusnus (32) ekBiBajentne piBHsHHIO (30) i 3rignHo 3 dopmy.oi0
(28) BH3Hauae B MPOCTOPi IUIOLWIMHY, siKa NPOXONHTb Hepe3 TOUKY M, (Xo;

5
Yo, 2,) MepneHauKyaAspHO KO Bexkropa n = (A; B; C). Orxe, piBHAHHA
(30) TakoxX BH3HAuae IIOLIKHY.

TakuM YHHOM, KOXHe ajrefpaiune piBHAHHS IepLIOro CTeneHs i3
3MIHHHMH X, ¥ i 2 € PiBHAHHAM IJIOLIMHH.

Hocaigumo 3araibHe PiBHAHHSA IJIOLIHHHM.

1. SIkmo B piBusnnax (30) D = 0, To BoHo HaGupae BUrsAYy Ax +
+ By + Cz = 0. lle piBusinus safiorosbusie Touka O (0; 0; ). Orxe,
SIKIIO B 3arajlbHOMY PiBHAIHHI IJIONIMHH BiJCYTHi# BiNIbHUE 4jeH, TO TaKa
IVION[MHA NPOXOJUTb Yepe3 M0YaTOK KOOpAMHAT.

2. Slkmo A = 0, To piBHsinHa (30) naGupae Buraspy By -+ Cz +

=
4 D = 0 i BU3Hauae MJOLIHKHY, HOpMaJbHUi BeKTop fiKol n = (0; B; C)
nepnenaukyaapHuil go oci Ox. OTxHe, AKIIO B 3aTaJbHOMY PiBHSIHHI IUIO-
IIMHK KoedillienT npy 3MiHHIA X AOPiBHIOE HY/MIO, TO TaKke DiBHsIHHS BH-
sHayae IVIOLMHY, L0 napaJjesbHa oci Ox. ’

Amnasoriuto piBHsiHHA Ax 4 Cz 4+ D = 0 Bu3Hayae IVIOLIMHY, Napa-
neabny oci Oy, a piBesnua Ax -+ By + C = 0 — mJjomuHy, napaieib-
Hy Oz.

3. 9kmo A =0, B=20, C =0, D 50, 10 piBaanua (30) nabupae

purasay Cz +-D =0 abo z = — —2—-. 3 BuNaAKy 2 BHIIHBae, MO L€

piBHSIHHA BH3HaYae IVIOWIMHY, sika mapaJjeabna ocaM Ox Ta Oy (xoedi-
1ieHTH TIpH # i y AopiBHIoOTL 0), TOGTO NJIOIIMHY, NapajiebHy MJIOWHUHI
Oxy.

Anasoriuno miomusa By 4 D = 0 napaneabHa naomunl Oxz, a
niomuna Ax -+ D = 0 napaneabha nuomusni Oyz.

4. 9xmo B piBusnHi (30) A =D = 0, To naomuna By - Cz = 0 npo-
xoauThb uepes Bicb Ox. Cripasji, 3rifHo 3 nonepeanim, npu D = 0 naouwy-
Ha TIPOXOAMTH yepes MOYaTok KoopiuHat, a npu A = 0 — napazenbHo
oci Ox, oTxe, NPOXOIUTb uepes Bich Ox.

Ananoriuno muomuna Ax -+ Cz = 0 npoxoautb uepes Bich Oy, a 1mwio-
muua Ax 4+ By = 0 — uepes Bicp Oz.

5. kmo B piBHAHHI miomunn A = B = D = 0, 1o naomuna Cz =
= 0 260 z = 0 36iraeTbcs 3 MOMHHOW Oxy. AHanoriuso miomuHa Ax =
= 0 a6o x = 0 36iraetbca 3 maomuHo Oyz, a NuomWKHEA Y = 0 — 3 mJo-
muHow Oxz.

M puxaadu ‘ : ) )
1. CknacTH piBHAHHS IVIOMMHH, sIKA NPOXOZHTH yepes Touky M (1; 2; 3) nepmennu-
-
KyaspHo fo Bektopa n = (—1; —3; I).
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O Iykaue piBuanns 8HaxoxuMo 3a opmysolo (28):
—le =D+ (=] =2 +1-(z—3) =0,

x+3y—z2—4=0 @
2. CxJacTH PiBHSHHS TJIOWMHH, SIKA IPOXOJUTE uepes Touky M, (—3; 4; 5) nepnen-
AuxyaspHo no oci Oy.
—
O Opr = (0; 1; 0) nepresAuKyASpHUA A0 MIOWHMHH, TOMY ROro MOXHa PO3Iisiia-
TH K HOpMaJbHUR BeKTOp. OTXKe, WyKaHe PIBHAHHA Mae BUIIAZ

0-(x+3)+1:(y—4)+0.(z—5)=0a60 y=4. @

4.2. PiBHAHHA NJOIHHM, LI0 NPOXOIHTDb 4Yepe3 TPH TOUKM. PiBHAHHSA
njomuHH y Bigpiskax Ha ocax .

Hexait na nnommni /7 sazano TpH Toukw: My (x5 Yy 2), My (xg
Ysi 23), M3 (xs; ys; 25), 5Ki He JekaTh Ha ORHifl npami#. Ll Touku oxmo-
3HAYHO BH3HAYAIOTh MJOWHHY. 3HaiiaeMo ii piBHAHHS.

Bisbmemo na miomuni RoBinbuy Touky M (x; i/; 2) i sHafizemo BEKTOPH

—
MMy = (x3— X;5 Ys — t5; 23—2,),

a6o

— . —
MM = (x —x; Yy—yi; 2— 2), MMy = (x5 — X35 yg— yy; 2, —2,).

LLi Bextopu nexats B nuomuni /1, To6T0 BOHH KoMmaHaphi. Ockinb-
K4 Mimaruii A0GyTOK KOMIJIaHADHHX BEKTOpPiB jopiBHIoe HYJIO, TO
- —> —
MMM MM M; =0 abo
X—Xy Y—Y 22—z
Xa—% Yg—Y 2,—2|=0. (33)

Xg— X Yg—Y1 23— 2;
MaeMo pignanna naougunu, wo npoxodumv wepes mpu mouxu. 3okpema,
Hexai IJIomKHa BiATHHae Ha ocax Ox, Oy, Oz Bilpisk# a, b, ¢, To610 NpO-
XoauTL 4epe3 Touku A (a; 0; 0), B (0; b; 0) i C (0; O; ¢). IiacraBasioun
KOOpAHHATH LHX TOYOK y ¢opmynay (33) i po3kpHBalOUH BU3HAUHMK, Ai-
CTaHEeMO

) x y 1
xbc—}—yac—l—zabﬂ—-abc =0 abo T'l"'b— —l——; = 1. (34)

Pisuanus (34) nasuBaetbesi pisuanuam naowury Y 8i0piskax Ha ocax.
Hum spyuno kopucryBatuch npu no6ynoBi MJOLHHK.

I purxaaiu.

1. Handcard aarajibHe piBHAHES [VIOMHHH, HIO IPOXOAHTD uepes Touku M; (1; 2; 3),
My (—1; 0; 2), Mg (—2; 1; 0).

O IligcraBuMo KoOpAMHATH TOYOK y piBHsmHs (33):

x—1 y—-2 23
-2 -2 —1|=0,
-3 -1 =3
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4\‘"‘
v
AP |\

ot 44
—)s "
Puc. 3.28 Puc. 3.29
Po3knageMo BH3HAUHHK 8a €JleMEHTaMH NepHIOro psaka:
—_2 —1 -2 —1 —2 -2
—1 —y—2 — =0.
«—n|=% Til-w-2]|7; _3L+u m|_3 —

OGuHCAIOIUA BH3HAYHHKH APYroro MOPSAKY, SHAXOAMMO MIyKaHe DPiBHAHHS:
(x—1)5—(@y—234+(@2—3)(—4) =0 ato 5x—3y—4z+4+13=0. @
2. Tlo6ynysats niomuuy 3x — 2y + 4z — 12=0. - :
O 3anumemo 3ajiane piBHAHNA ¥ BiApiskaX Ha ocax. [as usoro nepesecemo y npa-
By YAaCTHHY BiJIbHMH uieH i NMOAINIEMO Ha HbOrO OGMIABI YaCTHHH piBHAHHSA:
x Y 2z
Tt—sgt3=h

8Bigku a=4, b= —6, ¢= 3.
3ualoun BiApi3KH, siKi BilTHHA¢ MJIOMMHA HA OCAX KOOPAHHAT, JIETKO no6yanyeatH
naomuny (puc. 3.28). @ :

4.3. Kyt mix AsoMa niomusamMy. YMOBH napaieabHocti i mepnen-
AHKYJASIpHOCTi ABOX MJIOWIHH
Hexa#t 3agano asi naowunn I1, i I1, BiAnoBiaHo piBHAHHAMH
Alx+Bly+C1z+D1=0, A2x+Bzy+sz+Dg=0.
JlBorpaHHmfi KyT MiX NVIOLIMHAMH BHMipIO€TbCs JIHIAHHM KYTOM,
SIKHH JOpIBHIOE KYTY MiX HOpMaJbHMMH BEKTOPaMH 7, = (4,; B,;; C)

i ;{, = (Aq; Bg; C,) umx nmomun (puc. 3.29). Orxe, 3 dopmymn (36)
(ra. 2) maemo

m-ny A Ag + BBy + GGy .
imlinl YV R+B+C Y 4+B+C
SIkmo nuiomunn /1, i /1, nepnen UKy AspHi, T0 cKalApHH# AO6YTOK IXHiX
HOpMaJbHHX BEKTOPiB JOpiBHIOE HYJIO, TOOTO PiBHICTh.

‘ AA,+ BB, +C,Cy =0 (36)

€ YMOBOI0 NEPNEHOUKYAAPHOCHLE NAOULUH.

cosQp = (35)
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Slxmo nnomuun [T, i I1, napanenvui, 70 KOODAHHATH HOPMAJbHHUX
BeKTopiB mponopuiiiHi, T06T0 ymo60t0 napareabrocmi naouur € piBHiCTb
BiJlHOLIEHb:

Al B 1 Cl (37)

————— Sy . T ————

IIpuxaad .
3uafity KyT Mik naomuHam# 2x +y+ 32 —1=0i x4+ y—z45=0.
O 3a ¢opmynoio (35) maeMo

2-141-143.(—=1)
VEFTE+@VEF P+ (=D

OTXe, faHi IVIOMHKHHH NepHeHAHKYJIAPHI. @

€os @ = =0,

4.4, Biacraub Big TOUKH 10 NJOWHHH

SIxmo sapane piBHAHHA Ax -4 By 4 Cz2 +D = 0 nuowuuu 1 1
Touka My (Xo; Yo; 20), IO He JIEKHTb HA Wil niomuui, To BiacTanb d Bif
TOYKH M, fo naomuny /1 3HaxoAuTbCsA 3a HOPMYJIOIO

| Axo.+ Byy + C2, - D | (38)
VE+BE TG
Hosenenns dopmyan (38) take came, K i popmyau (27).

a =

M puraad
3uafitu sucoty AH nipaminu, saganoi ceoimu Bepumnamu A (—1; 2; —1), B (1; 04
2), C (0; 1; —1), D (2; 0; —1). '
B O 3a ¢opmyaow (33) 3naxoAKMO PiBHAHHS NJOWMHH, WO NPUXOIHTb Yepes TOUKH
, C, D: o
x—1 y—0 2z —2
—1 1 -3 | =0,
1 0 —3
3Bigku 3x + 6y +2—5=0.
Bucory AH suafinemo sik Biacrans Toukn A (—1; 2; —1) i nuiomunu BCD sa dop-
MmyJsolo (38):
3. (=D+6-241:(=138 5
| 1253

3asapadsa aas CAMOKOHTPOJIO

AH =

1. Jlosectn, Mo KOXHA MJIOMIMHA MOXKe GyTH SHpaXkeHa JiHiftHMM DIBHAHHAM Bif-
HOCHO HPSIMOKYTHOI cHCTeMH Koopiunar Oxyz i, HaBNakH, KoxHe Jinifine piBHsAHHA S
TPbOMa HeBiXOMHMH X, y i 2 BH3Hauae y npocropi MJIOHIEHY.

2. 3anucaty# { ZocaifuTH 3araibHe pIBHANHS NJIOUIHHH.

3. BuBectn piBHAHHS IVIOWIMHH, $KA NIPOXONUTb Yepe3 TPH TOUKH,

4. BupecTH piBHsHHS IVIOWMHH Y BiApiskax Ha ocsx.

5. SIk obuncauTi KyT MiX ABOMa miaoumHaMH? SIKi yMOBH mapanenbHocTi i mepmen-
AUKYJASAPHOCTI ABOX MJIOLHH?P

6. Busectn ¢opmyny pas oGuHMcieHHS BifcTani BiXl TOYKH QO IJIOMIHHH,
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7. 3anano touxu My (13 2; —1) i M, (0; 3; 1). Ckaactn piBHAHHA NJOMMHH, SKa
NPOXOAUTH uepes TOUKYy M, nepleHAUKY/IAPHO IO BeKTOpa M,
8. Cknacm piBHAHHSA nnomﬂnn AIKa NPOXOAUTD Yepe3 TOUKY A (l 0; —1) napanenn-
HO BeKTOpaM a= (5;0; 1) i b= ©; 1; —1.
29 3uafitn Bincraubp MiX mIoWHHaMH 2x — Yy + 22+9=01 4x — 2y 4 42 —
— 21 =0.
Bidnogidi. 7. x—y—22—1=0. 8. x—5y—52—6=0. 9. 6,5.

§ 5. IPAMA JIHIA B IPOCTOPI

5.1. Pisui supu pisusub npsimoi B npocropi
K yKe 3a3Hauasocs B § 3, KoJH npsma 3ajlaHa TOYKOI0 i HaNPsiMHUM
BEKTOPOM, TO il BeKTOpHe napamerpuqﬂe pumsunm (AK Ha NJIOLIMHI,

Tax i B npoctopi) Mae Buman 6): r= r0 4 st ne r— pamyc-BeKTop 3min-

Hoi ToukH M npsiMo; ro — papniyc-BeKTop 3aanoi Toukn M,; s— HeHy-
JLOBHH HaNpsAMHMA BEKTOp mpsMol; ¢ — napamerp.
Hexait y npocropi B npsaMOKYTHifi crcremi KOOPAHHAT 3alaHO MpsMy

TOUKOI0 My (X0 Yo; 2o) i HAMPAMHHM BEKTOPOM S = (m; n; p). Bisbmemo
RoBinbHY TOuKy M (x; y; 2) uiei npsiMoi (puc. 3. 30) Toni ananoriuno To-
My, Ak Oysi0 sHafizieno popmyan (7, (8) i (12), nicraemo:

1) napamempuuni pieHAHHA NPAMOL 8 npocmopi:

x=xo+mt, y=y,+nt, z=2+pt; (39)
2) KarnoHidni piBHAHHA npAMOL 8 npocmopi:

x_;to e Y=Y _  2—2% : (40)

m n P

3) pisHAHHA npamol 8 npocmopi, axa npoxoaumb uepes 06i sadani mouxu
M, (x5 45 2)) | My (%5 Ys: EAH

X—%n _  Y—=h 2% . (41)

X3— X Yas— Y 22—

V piBuarnax (39) — (41) onna a6o ABi KOOpAMHATH HaNPSAMHOTO BEKTOpa
MOXYTb AopiBHIiOBaTH HyMO (BHMaikKH m=n=p =0 Ta X3 —x, =

= Y — Yy = 2y — 2; = 0 HeMOX/HBi, 60 33 03Ha- )
yennsam s 5= 0). M
meom =0, ns£0, ps= 0 TO Hanpﬂmmﬁ

BeKTOp s nepneHANKYJAApHHA N0 oci Ox, ToMy pm- A'
HAHHA L

X—Xy . Y—Yo _ 2—2 0 -

0 - n - p A Y

BH3Hauae npamy, OepneHAMKyaspHy po oci Ox. | Puc, 3,30
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Ananoriudo piBHAHHA, B AKHX Jume n =0 a6o p =
= (, BH3HAuyalOTh NpsMi, mepnenauKyAspHi fo oci Oy
a6o Oz.

dkmom =n=0,p50,a6om = p =0, n£0,
abon = p = 0, m 5= 0, T0 piBHAHHS (40) BuU3HAuaAIOTh
npsaMi, BiAnosiaxo napanenbHi ocsam Oz, Oy, Ox.

Posr/isiHeMo Tenep BHNaZOK, KOJH NPsiMa B MPOCTOPi
3ajiaeTbcsl NEPETHHOM JBOX MUIOMIHH. Binomo, mo aBi
HemapaJie/ibHi IVIOLIMHY NIePETHHAIOTHCSA N0 NpAMif JiHil.
7 A Orxe, cdcreMa piBHAHb ABOX IJIOLUIHH

Puc. 3.31 { Ax +By+Cz+D =0
Ayx + By +Cyz2+ D, =0,
e
HOPMaJbHi BEKTOPH SKHX n1 (A By; C)) iny = (Ag; By Cy) e xoui-
HeapHi, BU3Hauae B mpocTopi npsaMy Jiuiio.
PiBusinns (42) Ha3HBAIOTLCA 3A2AAbHUMU PIBHAKHAMU NPAMOL 8 NPOCIO-

pi. 1llo6 Bip 3araabuux piBHsAHL (42) mepedTH A0 .KAHOHIYHHX plBHﬂHb
(40), HOTplﬁﬂo 3HAHTH TOUKY My (Xo; Yo 2o) Ha mpsaMiit i i HanpaMHuA

BEKTOp = (m; n; p). lna sHaxomxennsa Touku M, oany 3 il KoopauHar,
HATIPUKAAL, X = X, 6epyThb JOBIJIbHOI, a ABi iHLIi BH3HAYAIOTh i3 CHCTEMH
{ By + Cyz =—D, — A\x;

By +Cyg2 = — D, — A2xo-

142)

15 cucremMa MaTHMe PO3B’f30K 332 YMOBH, m.o #: . Slkmo ns ymoBa

nopyuyerbcs, TO B cucremi (42) noBinbHE 3Ha'-IEHHH HalaloTh 3MiHHiH
y a6o 3MiHHIHA 2.

Hans 3HAXOJUKEHHS HANpsSIMHOTO BEKTOpa s BpaxyeMo, W10 HOpMaJibHi
BEKTOPH nl i n, JAHUX TUIOMUH MepNeHIuKyAapHi 1o npsamoi (puc. 3.31).
Tomy 32 BeKTOp 'S MoXKHA B3sITH XHif Bemopﬂnﬁ Jo6yTOK:

.

l

—_ —
s=n,

=

]k
=|4, B, G- R )
A, B, C, ' |
Il punaad
3pecTH piBHAHHA nmpAMol
x+y—2z2—1=0;
{ 2k —y-+324+5=0

0 KaHOHIYHOro BHIVIANY,
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O 3nafigeMo sKy-HeGyAb TOUKY My (xo; yo: 20) Ha manift npsmilt. lns uvoro noxna-
leMo B 060X piBHAHHAX X = 0 i po3B’sKeMO cHCTeMy

y—z—1=0;
{ ~y+3245=0,
8BifkH 2 = —2, y = —1. Omxe, Touka M, (0; —1; —2) Hanexurs Aaniit npamift.
Hanpsmuuit Bexmp?suaxonnmo 3a (opmyoio (43):

— - —_

§={1 1 —1|=2{—5j—3k.
2 —1 3

Kanoniudi piBusiHusa sajauol npsiMoi MaioTb BHIVIAZ

y+1 _ 242
—5 -3 ¢

X =
2

5.2. Kyt Mix aBoMa npamumu. ymonu napaneabHocti i mepnenanky-
ASPHOCTI MPSIMHX
Hexaii npsaui [, i [, 3anano plBHﬂHHﬂMH

X—X Y=Y _ 22— . X—X  Y—Y _ 2—2
my m P ! my Ny Pa

Kyt mix nqumu npAMUMH (puc. 3.32) nopu;moe KYTY @ MiX IXHiMH Hanp M-

HHMH BEKTOPaMH s1 = (m,; nqy; py) i s“x = (my; ny; pg), TOMY aHaJOriuHO
8 BHNaAKoM a) n. 3.3 aicranemo:
1) bopmyany aas kyma @ mioe npamumu l, i ly:

Sp S mymg -+ myny + P1Pg : (44)

—

llsl Ym0 mt i+ o}
2) ymosy napaneavrocmi npamux 1y i ly:

cosQ =

L WL W & S
my — ng Py’ (45)
3) ymosy nepnendusxyrsprocmi npamux Iy i ly:
mymy + myny + pyps = 0. (46)

1 puraadu

1, 3uafiTH KyT @ MIX npaMuME - : LA
{2x+y-—-z—l=0; ;’/ ><<;
2% —y-+324+5=0 & -
. : \ 3]
) x ==2t; [ -
z2=—2-43t, Puc, 3,32
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O 3a dopmyaamu (43) i (39) sHaxoauMO HanpAMHI BEKTOPH JaHHX NPSAMHUX: s‘;= (2
—8; —4) i sa= (2, —1; 3).
. indng )
Ockinbky sy S5=10, T0 ¢ = 90°. @
2. Tlpu AKuX SHaueHHAX my 1 ny npami

x _y—2 _ z+41 ; x+1 _ y4+8 _ 243

™y 2 4 =1 Ny 2

napaJesibHi?
O 3 ymosH (45) maemo

my 2 4 . my
— 1 ny —2

sBigku my = 2, ng=—1. @

5.3. Kyt mix npsimoro i njomuHol0. YMOBH mapajenbHocti i nmepmen-
AMKYJISPHOCTI MPAMOT i NVIOLXHHH
Kyt Mix npsamoio [ i njomuHow /7 32 03Ha4YeHHAM € KYT MiXK NpsAMOIo
! i 11 npoekuieo Ha nuouuny I7.
Hexait nomuna /7 i npsimMa ! 3afani piBHAHHAMH
X—X% Y—Yo 22

Ax +By+Cz+D =0 i ==

[TosHauumo roctpuii KyT Mix npsimoto [ (puc. 3.33) i ii npoekuiero /;
Ha miomuny 7 uepes @, a KyT MiK HOpMaJbHEM BekTopoM 1 = (A; B; C)

mromuuy I1 i HanpsiMHUM BEKTOPOM;= (m; n; p) npsamoi ! — uepes 0.
ko 6 << 90°, To ¢ = 90° — 6, ToMy sin ¢ = cos 8; axmo X 6 > 90°,
0 @ =0 —90° i sin ¢ = —cos 6.

Otxe, B 6yiAb-KOMYy BHHmajaky sin ¢ = | cos 8 |. Aze
cosf = —-3_ |
[nilsl
w}
T.?
t
7
1
74 1

Puc. 3.33 Puc. 3.34
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TOMY Kym Mid RPAMOI0 i NAOWUHOI0 3HAXOAUTBCA 3a GOPMY.JIOI0

|n-sL | Am + Bn+Cp| . )
1nlist  VAFBE+CVm et

sing =

SIxmo npsama ! napanenbHa niomuHi /7, To BEK1OpH nis HepHeHAHKY-
JspHi, Tomy n.s= 0, Tobro
Am+Bn+Cp=0 48)
— YM08Q NAPANEALHOCME NPAMOL | NAOUWURL.

Slkmo mpsiva [ mepneHAHKyJ/ifpHA A0 MJIOWHHH [T, TO BeKTopu nis
napanesibHi, TOMy cHiBBifHOLIEHHSA

A B C

€ YMOBOI0 NepneHOUKYAAPHOCME NPAMOL i NAOWURL.

I puraadu

1. Uepes sagmany Touky My (Xo; Yo; Zo) IIPOBECTH NpAMY I, nepneﬂnuxynxpuy pi 0o}
nnomu HH 11, 3ananoil piBusinusM Ax + By + Cz+ D = 0.

o) OCKibKH npsMa [ mepneHguKyAspHa o naomuuu I7, 1o HaMpAMHHM BEKTOPOM

npsiMoi / MOXKHa B3SITH HOPMaJBHUA BekTop nuIomuHH IT: (puc. 3.34): s=n= (4; B; C).
Tomy srigno s ¢opmyioio (40) pisHAHHS npsaMoi ! mae BHIISAA
X—X _ Y—Y . 2—2
A B c o

2. Uepes 3ajiany TOUKY My (%0} Yo; 2,) NPOBECTH IVIOIKHY I1, nepneRgHKYyASAPHY 1O
npamoi [, 3afgaHoi piBHAHHAMH

X—=% Y~ _ 2”24
m n 2
O Hopmanbuum BekTopoM miotunuy IT Moxke 6yTH HanpsaMmuui (puc. 3.35) Bexrop nps-
Mol I == (m; n; p), Tomy sa dopmysnolo (28) piBHauHa naowuHH [ Mae BHIVIAR
m(x—x)+ny—y)+r@E—2)=0. @

8. Uepes sanany Touky M, (xo; Yoi 2o )i npsAMy I, sanamy piBHSHHSMH X% ';lx L =

=YY% - 2%  pposecru mrouuny /1.
n
O Hexatt M (x; y; z) — noBinbua Touka nuomuuy /7 (puc. 3.36), a My (x4; 1 21) —
—
sanana Touka npamoi [. Toai Bekropn MMy = (Xa — %15 Yo — Y13 20 — 21), MM =

-
= (X —X;; Y — Y1; 2—2;) i HanpsMHHA BeKTOp § = (m, n; p) npamoi KomnJaaunapsi,
TOMY piBHAHHS IVIOIHHH II Mae BHIISAX

X=X §—4%h 22—
=X Yo—Y1 Z—%|=0. @
m n P
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@4
~

Puc. 3.35

4. SIx posMimena npsMa [, sajana piBHABHAMH

x = x, + mit;
Y =yo+nt;
2 =2, pt,

BigHocHO nutoumuad /7, sapanol piBHAHHAM Ax+By+ Cz+ D =07
O Mixcrasusuy B piBnsuus niomuHu IT samicts x, y, z iXni sHavenHs 3 piBHsAHb
npsmol I, picranemo piBHAHHSA

Aty +mt) + B (go+n) +C(z+pl) + D=0, .

3 SKOr0 MOXHA BH3HAYMTH Te SHAYEHHS NapameTpa /, sike BiAnoBilae mykauiX Touui
neperuny. SIKIO e piBHAHHS Mae eXHHHH po3B’5I30K, TO NpsiMa | neperurae niowuny /1,
AKILO GesJrie PO3B’A3KiB — npsiMa [ Jexutb B nuouwHi [, AKIMO oflepXKaHe PiBHAHHA He
Mae posn sA3KiB, TO npaMa ! napanensia miomuni 7. @

. 3HaliTH TOYKY nepeTHHY NpAMHX [y i l;, 3afaunux piBHAHHAMH

=X + mt; X =xy+ myl;
y=y1+mt, 1 { y=ys+nt;
z2=2 + pyt z =2y - pyl.

O Hexalt M, (xy; Yo; 20) — TOYKA NepeTHMHY 3afaHUX NpsMux. IIpu siKOoMychb 3Ha-
ueHHi # mapaMerpa f 1i KOOPAUHATH 3aJOBOILHATHMYTh PiBHAIHHA NpAMO! /j, a npH nep-
HOMY 3HaueHHi f3 — PiBHAHHA HpPAMOI [y, TOGTO

Xg = Xy -+ myly; Xy = Xy -+ myly;
Yo =t + Mty !lo Ya + nata;
=2z; + pitys =2y + Pl

IpupiBHioioun npaBi 4acTHHH HX CHCTeM, NiCTA€EMO CHCTEMy TPHOX MiHiAHHX piBHSHB
8 JiBOMa HEBIIOMHMH {4 i £y, IKY MOXKHA PO3B’#3aTH, HanpHKAal, MetosioM l'aycca. xmo
Ud CHCTeMa Mae OflUH PO3B’SA30K, TO NpAMi NepeTHHAIOTLCA, SKIIO Geaniy poaB’A3KiB —
npsaMi 36iraioTbes, AKWO CHCTEMA He Ma€ PO3B’sA3KiB, TO mpaMi MEMOGikHi. @
6. 3nafitu BigcTanb 3agaHoi Touku My (%55 Yos 20) BiR
npaMoi /, 3afianol piBHSHHAME

M0 X— Xy __ }—yl 22—
( - dzn -

m n P

P ; O Bincranp d Bia Touxkn M, (puc. 3.37) no npsmoi !
zopisuioe Bifcrani MixX Toukoio M, Ta ii npoexuieio P na
wo npamy: d = M,P. Ilo6 sWalhte Touky P, KocuTb
uepes TouKy M, npoBecTd oMKy [1, nepneHAUKyAsSpRY
po npsamoi ! (nmpuknag 3), i sHaRTH TOYKY ii neperuHy

Puc, 3.37 8 npsmoio ! (npukaag 4). @
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7. fx poamimeni mpami

- - - e -~
r=ry4-st 1 r=rgt 5i?

i

-— —

1, Sairy —7, KoJaineapHi (puc. 3.38, a).
- -

o

O Tpsami [ 1 I 36iraoThes, AKIMO BEKTOPA
YMOBOIO mapaniefibHOCTI JanuX NpAMHX € KoJdiHeapHicTh BeKTopiB s, 1 s
- -
(puc. 3.38, 6), To6TO 51 X 55 = 0.
» . - . - =
Mpsmi [, i /3 nepeTHHaloThes, AKINO BEKTOPH S; i S, He KoJiHeapHi, a BEKTOPH §;, Sy
- — . Sy - - :
irp—ry xomnnaiﬂaHL (pm_:; 3.38, 6), TO6TO §;8, (ry — rg) = 0.
Orxe, yMOBa ;S (r;, — ry) 5= 0 exBiBaleHTHa ToMY, WO mpaMi Iy i I, Mlir:ioﬁi)KHi. ®
8. Hosectn, mo BiacTanb d Toukn M, (pHc. 3.39) 3 paniycoM-BeKTOpPOM ry Bif npsmoi
» . hd - - .
!, sapaHol pIiBHAHHAM r == ry -~ s/, BH3HayaeTbCcA 33 (POPMYJIOID
- — -
15X (=191
= = .
I8l
O Bincraus d nopiBHioe ofHilt 3 BUCOT napaJnenorpaMa, NOGyAOBAHOTO Ha BEKTOpax
e e d -
s i ry —rny. o .
9. Hosectu, mo Bifcranb (puc. 3.40) Mixk MUMOGIXKHHMH NPSIMHEMH (XOBXHHA crijib-

. - - - - - -
HOTO NIepNeHANKYAApa) [y 1 Iy, 3aXaHHAMH DIBHAHHAME 7 = r; -+ 8§21 7 = ry -+ S,y¢, 3HaX0-
JHTBCA 33 (POPMYJIOI0

d

d=\slsz(’z—’x)|

> =
{51 X sl

Pue, 3.40
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O Biacrans d JopiBHioe Bificrani MiX nmapaeIbHEMH TJOWMHAMH, B SKHX J€XaTh
upsami [y i ly. Lla sifcrans, B cBolo uepry, aopisHioe Bucoti napanenenineaa, no6yxoBancro
- -

- =
Ha BeKTOpax sy, S i rg—r;. @

3aBnaHHA AJNA CAMOKOHTPOJAKW

1. Cxnactu BekTOpHe napamerpuyne piBHsHHS mpaAMof, siKa safiawa B mpoctopi
TOUKOIO | HaNPAMHHM BEKTOPOM.

2. BmBectn KauoHiyRi T2 napaMerpuun] piBHSHHA mpsMol B npocropi i piBran-
Hf NpAMOI, KA NMPOXOXHTL uepe3 XBi 3afaHi TOUKH.

3. Hanucaru saranbii piBusiHug npsamol. Sk nmepefity Bix saranbaux piBHaHb nps-
Mol 0 KaHOHiYHMX?

4. SIx sHafiTH KYT MiXK /BOMa IPAMHMH B npocropi? HanucaTh yMOBH napasesbrocti
i nepneRIMKYJIAPHOCTI NpAMUX.

5. SIx suaitte KyT MiX mpamolo i mrowmHoio? ki ymMoBH napanensHocti i nmepnen-
nuxyaspHocti npsiMoi i maomuuM?

6. Josects, mo yMoBy, 32 kol ABi npami

X—% . Y=W 2% § X—X Y—VYs 22
my ny P my ng Py

Jexars B OfHiA naowmuHui, MoXHa sanMcatk y Barasal

X=Xy Y1—Yy HL—2

my ny Py | =0,
my fa 12
7. HosecTH, mo PiBHAHHA IJIOWHMHH, AKa NPOXOJHTb Yepes NpaMy
X—X% . Y—U 22—
my ny P
napatensho npamii X "2 = ¥ —Us — 22  yoxna sanucarn y Burasgi
mg ny Ps
X—% Y—y 22—
my ny Py |=0.
my ny Ps
8. IoBectH, mo piBHAHHA IVIOWHHH, fiKa NPOXOJHTL uepe3 npaMy
X—X _ Y—Yo _ 2—2
m n p

nepHeHAHKYNAPHO Xo miomurn Ax = By + Cz -+ D = 0, moxHa sanucatn y surasai
X—Xy Y—UYo Z2—2
m n p =0,
A B c
9. 3nafitu Touky, cumerpmudy Touni (4; 3; 10) BiamocHo mpsiMol
x~—1 _ y—2 2-—3
2 4 5

+ “10. %uanm TOUKY, cuMerpHuny Toumi (1; 5; 2) BignocHo muaowmuu 2% — y — 2 -+
Bidnosidi, 9. (2 9 6). 10. 3; 7; 4).
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§ 6. JIHIY XPYIOro nmorPAaKyY

6.1, Monsatra ainii apyroro mnopsiaKy :
Sk sasnavanocs B n. 1.1, ninia aApyroro nopsfKy — le MHOXHHA TO-
YOK, KOOPAWHATH AKHX 33JI0BOJNBHSIOTH PiBHAHHA BHAY

ax® 4 by® + cxy + dx +ey+f=0, (50)

Je xoediuientu a, b, ¢, d, e, f — nificui uucya, npudomy xoda 6 onue 3
yHcen a, b, ¢ BiaMinne BiA Hyus, T06T0 0% 4 b? 4 ? 5% 0. 3okpema, no
nigif. gpyroro mopsiAKy Hajexkartb Taki JiHil: Kojo, edainc, rimep6oda i
napa6ona. Bussiisierbes, U0 MHOXKHHOIO TOUOK (X; i) 3 AiACHHMH KOOpAH-
nataMH, siKi 3agoBoabHSWOTh piBHAHHS (50); Moxe 6yTH He TiNbKH OfHA
8 Ha3Bauux Jqinif. PiBusuna (50) Moxke BHM3HAauaTH Ha MoIIHHI Oxy Ta-
KOX IBi npsMi, OAHY NpfAMY, TOYKY a6o He BH3HAYaTH XKOAHOI TOYUKH.

Orxe, koso, eninc, napa6osa i rinepfosa 3ajalOTbCs PiBHAHHAMH
ApYroro crenessi, aje, Ha Biaminy Bia npsaMoi ninii, obepHene TBepLKeH-
Hf HempaBUJIbHE. .

+ [llo6 BianoBicT Ha 3anuTaHHA, fiKe reOMETPHYHE MicIie TOYOK BH3HAYa-
erbes piBuaHHAM (50), Tpe6a nmiaibpaty Taky cCHCTEMY KOOPAMHAT, B fKif
e pisHsAHHs cnpoctunock 6u. Binomo [1], mo mra Besxkoi ainii apyroro
NopsAKY iCHye NPAMOKYTHA crcreMa koopiuHart (ii HaduBaoThb KaHOHiY-
HoOw), B AKill piBuaHHa (50) Mae Hailinpoctiwnil a60 KaHOHIUHHH BHIVISAA.
Mu ne 3afimaTHMeMoCs TYT 3BeJeHHSM 3arajabHoro piBHAHHA (50) Xo Ka-
HOHIUHOTO BUTJ/ISARY, 4 BCTRHOBHMO i JOCHiAMMO Jivllle OKpeMi KaHOHiuHi
piBHAHHA,

Jlinii Apyroro nOpsAKy HA3HBAOTb TaKOX KOHIYHHMH nepepisamu
yepe3 Te, IO X MOXKHA AiCTaTH fK JiHii IepeTHHY KpyroBoro KOHyca 3
miomuHolo. KoJio yTBOPIOEThCA fIK JiHif NepeTHHY IVIOWIMHM, fIKa nep-
NeHAMKYAsipHA M0 OCi KOHyca i He MNpOXOAHTb Yepe3 HOro BEPUIHHY
(puc. 3.41, @); eninc — JiHis NepeTHHY NVIOLIUHH, KA IePeTHHAE BCi TBipHi
KOHycCa, He NepNeHIHKYIApHa A0 Oci KOHyca i He NPOXOAHTH uepes fioro
BepuiHy (puc. 3.41, 6); fIKIIO NMEPETHYTH JIBONOPOXHHHHHA KOHYC MJIO-

ALEX

Puc. 3.41
4 Buwa matemarunka, u. 1



UHHOIO, MapaJjieJbHOI0 JABOM TBipHHM, Alcranemo rimepGoay (3.41, 8),
a ofHil TBipHil — nmapaGoay (puc. 3.41, e).
Jlinii apyroro nopsiiky IHPOKO 3aCTOCOBYIOTbCA B Hayui i Texuini,

I purasadu

1. Tlnanern ConsuHoi cHCTEMH pPyXaloThes MO enincax, mo MaTh cninpHuf dokye,
8 fKoMY ~postamoBaHo CoHlle.

2. Sxmo y ¢oxyci mapaGosH po3MiCTHTH Axepeso CBiT/Ia, TO nMpoMeHi, BiAGHUBIIHCH
six napaGonu, nmifyTh napajieabHo ii oci. Ha uift- Bractusocti rpynryerncs nmoGyxosa
NpOoXKeKTOopa.

3. Y munaMilli KOCMiuHHMX NMOJMBbOTIB BHKODHCTOBYIOTbCA MOHSTTS TPbOX KOCMiuHHX
wBHAKoCTeR: vy = 7,9 KM/c, v, = 11,2 kM/c, vg = 16,7 km/c, Hexalt v, — novaTkosa
IIBUAKICTb, 3 AKOIO IITYUYHHI CYNYTHUK 3aNMyCKAa€EThCH 3 moBepxHi 3emui. ‘hpn HejoCTaT-
Hifl mouatkoBifi mBHAKOCTI Uy << Uy CYNYTHHK oGepTaTHCH HaBKoAO 3emii He Gyne. Ko
Up = U1, TO CYNyTHHK Oyne ofepTaTics no Kpyrosift op6iti, neHtp saxol 3HaxoZHTHLCH
B LeHTp] 3emai. AKmo vy << v << Uy, TO OOEPTAHHA CYNYTHHKA BixGyBaTHMeTbCA MO edin-
cy, NpHYoMy UeHTp 3eMai SHaxOZHTHMeTbcH B OXZHOMY 3 doxycis eninca.

Ipu v, << vy << U3 CYNYTHHK JOJIa€ 3eMHe TAXKIHHS i crae WTyyHuM cynyTHEKOM Con.
usi, pyXalouKCh NMPH 1BOMY MO Napa6oni (npu vy = vy) a60 no rimepGoai (MpH vy << Uy << Uy)
BiaHocHO 3emui. FKINO Uy > Ug, TO CYNYTHHK CNOYATKY RONae 3eMHe, a NMOTIM | COHAUHE
TAXiHAA i sanauinae CoHSUHY CHCTeMy.

4. Pyx MarepianpHoi TOUKH Nmif Ai€l0 IEHTPAJLHOrO NOAA CHAH TAXKIHHA Bix6y-
BaeThcA MO OAHIA 8 ximift Apyroro mopsaky. . ‘

6.2. Kono

Kosom Ha3sHBalOTb MHOMKHHY TOUOK NJIOHIMHH, Bifcrani akux Bin 3a-
JaHOi TOUKH IIOMIWHH (LEHTpPa KoJa) AOPiBHIOIOTL CcTajJoMy 4Hcay (pa-
aiycy). '

o6 BuBecTH piBHAHHA KOJIa, BHKOPHCTAEMO INPSAMOKYTHY CHCTEMY
KoopauHaT Oxy; mo3Hauumo uepe3 O, (a; b) — ueHTp Kosa, uepes M (x}
Y) — HOBiNbHY TOYKY MJIOMHHH i uepe3 R — pagiyc kona (puc. 3.42).

Touka M nexutb Ha Koai ToAi i yimie Tofi, Koan O,M = R abo

Vix—a?+@—0b'=R. 1)

PiBusannsa (51) i e wykanum piBusiHHAM Koaa. Aue 3pyuniwe Kopucry-
BaTHCb PiBHAHHAM, fKe JicraHeMo npu mignecenni o6ox uacTHH piBHAH-
Hsa (51) o kBajpara:

(x—a) + (y — b)* = R™. (52)

Ockinbkn piBusanHA (52) BunauBae 3 piBHA7HA (51), TO KoopauuaTH
BCAKOI TOUKH, fAKi 3a/0BObHAIOTL piBHAHHA (51), 3aJ0BOJBLHATHMYTb
takoX piBHaHHA (52). IIpore npu mniaHecenni Oyab-fKoro piBHAHHA A0
KBaJpara, sIK BiloMo, MOXYTb 3’ IBHTHCS CTOPOHH{ KopeHi, TO6TO piBHAHHS
(61) i (52) MoxyTh BHABHTHCA HeeKBiBaseHTHHMH. [lokakeMo, mio B LbOMY
BHNAJAKy Tak He 6yne. CnpaBai, fo6yBiIH KOPiHb 3 060X YaCTHH piBHSAHHA
(52), micranemo V (x — a)? + (y — b)® = +-R. Ane B npasifi yacrusi
3HaK MiHyc Tpe6a BiAKHHYTH, 6o BiActanb R > 0. Otxe, piBuauus (51)
i (62) ekBiBa/eHTHi, TO6TO BH3HAYAIOTb OAHY M Ty caMy KpHBY -— KOJO.
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Yy
v p
3
N 0 i
2a X
0| 0
Puc. 3.42 Puc. 3.43

drmo ueHTp Kosa MIiCTHTBCA B NMOYATKY KOOpHAHHAT, TO @ = b =0
| piBusinng (62) wabupae BHrasay

) . x2 +y2 = Rz. (53)
Pisuannn (53) Ha3MBAETHCH KAHOMIYHUM DIBHANKHAM KOaa. SIKWO B piB-
HAHHI PO3KPUTH AYXKH, TO AICTRHEMO 3a2a1bHe PIBHAHKA KOAQ

_ , 4y + Ax 4By +C =0, (54)
e A = —2a, B = -2b, C = a® + b® — R?. Orxe, KOJIO — JiHif ApYy-
rore MOpsAKY.

PiBusaHns KOJMa Mae Taki eiacmusocmi.

1°. Koepiyienmu npu x® i y? pieni mixc coboro.

20, V pisnanni eidcymnill uaex 3 o6ymrom xy.

O6epHeHe TBepIKEHHS HeNpPaBHJbHE: He BCAKE PIBHAHHSA APYroro cre-
nens, siKe 3afoBoJbHAE ymoBH 1° i 2° € piBHSIHHAM KoJa, TOGTO He BCSIKe
piBusanHA BHAY (54) BH3Hauae KoJsoO.

11 pusaadu

1. Hanucatu pisnsuHas Koja, Akmo Toukn A (—1; 4) i B (3; 2) € kinuamu fioro pia-
MeTpa.

© Hexalt 0; (a; b) — nentp xona. Tozi A0, = OB, TomMy sa dopmynamu (25)
(rn. 2) maemo

Xpa+xg _ —143 _
as= ) = T 1, 6=3.
Ockinbku pagiyc kona R = A0, = V3, T0 3a dopmyJoto (52) aicraemo myKaHe piBHSH-
Ha: (x — l)’l(y—3)‘= 5 @
uafith uentp i paziyc kosa x2 + g% 4 4y — 6y — 23 = 0.

© Srpynyemo nozanku i3 sMinnowo ¥ Ta sminxoio y i ronosnuMO ofepiani Bupasu

RO TIGBHEX KBajparis:
x244x 4yt —6y —23=<0,
a6o
(B+4x44)—4+ (2 —6y+9—9—23=0,
8BiAKH
(x+ 2%+ (y — 3)* = 36.

.. Orxe, Touka (—2; 3) — neHrp Koaa, a R = 6 — #oro paniyc. @

3. MNoxasath, mo pisuguna x3 4 y® + 6x — 6y -~ 19 = 0 He BH3Hayae KisKkoro
reOMETPHUYHOro 06 eKTa,
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O [lepersopumo piBHAHHA
(B46x+9)—9+ (P —6y+9)—9+19=0
abo
x+32+(y—32=—1.

- Ockinbkr cyMma HeBif'eMHHX uHCeN He MoxXe OyTd Bix’ €MHHM 4HC/IOM, TO 3ajiaHe
pIBHAHAS He SaJlOBOJBHSAIOTb KOOPAHHATH KOAHOI ToukH maomurH Oxy. @

4. Apka Mae dopmy Ayru Kosa. 3HalfiTH JOBKHHY ! AyTH apKH, AKIIO it mpoair {
niafiom signosizxo mopisuiowTs 2a i b. (TTigfoM apku popiBHIOE BixHOIWIEHHIO il BHCOTH
A0 NPOJBOTY.)

O Bsaenemo cuctem KOOpAHHAT Oxy T4aK, 9K I0Kas3aHo Ha puc. 3.43, Ae apka MPN —
Ayra kona, MO = Ny = p = B o6panif#t cucreMi xoopauHar Touku M, P
i N maiotb KoopauHaTh M (—a, 0), P (0 2ab), N (a; 0).-Hexat Oy (0; o) i R Binnomuﬂo
ueHTp i paaiyc Kosa, Toai #oro piBHAHHS Mae BHIVIAX

A+ — gt =R
OcKiZIbKH KOJIO NPOXOAUTL 4epe3 ToukH P i N, 1o

(2ab — yo)* = R¥; a? + yf = RS,
3BiAKH

4014 1) a r—1)a
R=—(—T—z ll/o|='("""4—b'—-

3uafineMo ueHTpadbHuRt KyT 200 = / MO,N, Ka axuft cnupaerbcs Ayra apku. Maemo

[’ |46 — 1| 4562 — 1|
cma=—129—=w, TOMY ‘2@:2 arccos—l—‘fﬁjl_—'l—'.
OTKe,
4024 1)a 4p% — |
l-=2Ra=-(—.2‘;——)—arccos—'mTll—'. °
6.3. Enainc

Eaincon Ha3uBalOTh MHOXHHY BCiX TOYOK NJIOLIMHH, cyMa BificTaHel
AKHX BiA ABOX AAaHHMX TOYOK Wiei IMVIOLHHM, AKi HasHBAlOTbCA (OKYycaMH,
€ BeJIMYHHa cTaa i 6ijblua Bif Biacrani Mixk doxkycamu. Illo6 BuBectH pie-
HAHHA eJjinca, BisabMeMo Ha nJjouMHi ABi Toukn F, i Fy — GoKycH eninca
i po3aMiCTHMO NPAMOKYTHY CHCTEMY KOOPAMHAT TaK, mo6 Bick Ox NPoXoau-
Ja yepes (GOKyCH, a NOYaTOK KOOpDAHHAT HinuB BiApisok F,F, HaBnin
(puc. 3.44).

[To3naunMo BiAcTaHb MiX (GOKycaMH, Ky Ha3HBaiOTb (OKaJbLHOIWO,
yepes 2¢ : F\Fy = 2¢, a cymy Bijcrane#l Bin foBiabHOI ToukH ejinca Ao
tokyciB — yepes 2a. Toai ¢okycH MaloTh Taki Koopauuatu: F; (—c; 0)
i Fy (c; 0). 3a o3Hauenuam 2a > 2¢, o610 a > c.

Hexa#i M (x; y) — noBinbHa Touka miaomuHH. I[g Touka JexuTb Ha
eainci Toai, kKoau F.M +4- F;M = 2a a6o

Ve+o+32+VE—c)F + 4 =2a. (55)
e, no cyTi, i € pienanua eainca. o6 cnpocTuTi #oro, nepeHeceMo OAHH
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pamukan y mpaBy 4acTHHYy, miiHecemo o6uaBl uwactunm no kBagpara |
sBefleMo nofi6Hi. Matumemo

caVx—=cRF 4 =a®—cx.

IMignicn o6uaBi wacTHHA LbOro piBHAHHSA HIE pa3 Ao KBajgpara Ta cnpo-
CTHBIIM BHpa3, Jicranemo x2 (a* — c?) + a%y? = a? (a® — c?).
Ockinbku a > ¢, 10 @ — ¢* > 0, TOMy MOXKHa NO3HAUHTH

a® —c® = b2 . (56)
Toxi piBusiuua (55) nabepe BHrIaLy
x2b% + a%y? = a%?
a6o

=1 (67)

MoxHna poBectd, mo piBuaunsa (55) i (57) ekBiBanentni. PiBuanusa (57)
HA3HBAETbCA KAHOWIYHUM DiBHAHKAM erinca. OTxe, eninc — KpHBa Apy-
roro mMopsifiKy.

BcranoBuMO Aesiki éaacmusocmi i gocnigumo dopMy edinca.

19. Pignanua (D7) micmumb 3MIHHI X Ma Y AUWE 8 NAPHUX CMENEHAX,
momy, AKWO mouka (x; Y) Haselcums eAincy, mo oMY MAKONC HAAENHAMmb
mouky (—x; 4), (v; —y) i (—x; —y). Tomy eninc cuMeTpHUHHE BiAHOCHO
oceit Ox ta Oy, a TakoX BigHocHO ToukH O (0; 0), Ky HA3UBAIOTb YEHMPOM
eninca. OTXe, ANS BCTAHOBJIEHHS (OPMH ejinca AOCTATHBO LOCTiAHTH TY
Horo YacTHHY, siKa po3MillleHa B ONHOMY, HaNPUKJaJA B NepHIOMY, KCOPAH-
HAaTHOMY KYTi.

2%, B nepuiomy KoopOuramuomy xymt x>0, y =0, momy 3 pienocmni
(87) masmo

b
‘ y=—-Va—x (58)
s6i0ku eunaueae, ujp mouku A, (a; 0) ma B, (0; b) narescams erincy, npu-
womy, AKWO x 36irbuiyemoca 6i0 0 do a, mo y 3meHuwyemocs 6i0 b do 0.
Kpin moeo, He icHye mo4ok eainca, y akux x = a, 60 eupas (58) npu x >a
He maé 3micmy. TakuM YHHOM, YacTHHa eninca, posMmillleHa B NepuioMy

yTﬁf(”i’)
Mix;y) __@ VA(a;0)
Azf"i”)\o ﬂ £
At60 01 F(c0) x R DY)

Puc, 3.44 Puc, 3.45
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A KOODAHHATHOMY KyTi, Mae (opMy Ayru
A,B, (puc. 3.45). Bino6Gpasusuiu w0
Iyry CHMeTpHYHO BiiHOCHO ocefi Ox Ta
Oy, nicranemo Bech eninc. Bin Bmimy-
€TbCs B NPAMOKYTHHK i3 CTOpPOHaMu 2a

% 1 2b. Cropoun mnpsiMOKYTHHKa JOTHKa-

1OTbCH JO eJinca B TOYKAaxX TEpPeTHHY
v=4 fioro 3 ocamu Ox i Oy.
Eninc nepernnae oci koopanHar B

Puc. 3.46 TO4Kax Al (a; 0), A2 (""a; O)’ B1 (0, b),
T B; (0; —b). Lii Touku Ha3uBalOTLCA 8ep-
wunamu eainca.

Bennyunn A;A; = 2a ta BB, = 2b Ha3HBalOTbCA BiANOBiAHO Geau-
KOO Ta MQAAOI0 OCAMU eainca.

Takum unnoM, 3 BiacTuBocrest 19 i 2° BunJinBae, WO BCAKUE eqinc Mae
06i 63a6MHO nepnenOuKyAApHi oci cumempii (20108Hi oci eainca) i yewmp
cumempii (yenmp eninca). ToYKH, B AKHX eJiNC NEpPETHHAE TOJOBHi OCi,
0OMeXYIOTb Ha TOJIOBHHX OCAX Bifipisku noBxkuHamu 2a i 2b, aki Hasu-
BaIOTbCS BEAUKOI0 i MAAOI0 OCAMU erinca, a uucyia a Ta b — seaukow i ma-
A010 nisocamu exinca. Bech eninc BMillyeTbcsi B NMPSIMOKYTHHK i3 CTOpO-
Hamu 2a i 2b. CTopoHH NPAMOKYTHHKA NOTHKAIOThCH O ejinca B HOro
BepHIHHAX.

3% Axupo a = b, mo pienanna (57) nabupae 6uzaady

Pyt =at,

mobmo dicmaemo pisHARKA Koaa. OTKe, KOJO € OKPEMHM BHNAAKOM eJine
ca. 3 ¢popmyn (56) BunsHBaE, WO NpH a = b sHavenHa ¢ = 0, T0610 Ko-
N0 — ue eJinc, y Akoro GoKycH 36iraiorbcs 3 HOro UEHTPOM.

Mipa Binxunenns eninca Bill Kola XapaKTepPHU3YETbCS BEJHMYHMHOIO €,
fIKa HA3HBAETbCH eKcyenmpucumemom eainca i AOPIBHIOE BiZHOIIEHHIO
nosoBHHH Horo ¢okanabHOi BiacTaHi N0 NOBXHHH 6ijbluoi miBoci:

\c )
8=T, (59)

npuuoMy 0 << & << 1, ockinbku 0 << ¢ < a.
3 dopmya (56) i (59) aicraemo

b T2 3 —
—a—=——-—-Vaa ¢ =Vl——%=v-l—82-

Orxe, axkmo & = 0, To b = a, TO6TO eJ1iNC NePETBOPIOETLCS B KOJIO; AKIIO
€ HaGJHXKaeTbeA N0 ONMHHIL, TO BifHOWeHHs ocefi b/a ameHwyeTbCsA, TO6TO
eqtinc Bce GiJble po3TATYeTbCs B3AOBK oci Ox.

4%, Hexal M (x; y) — Oosinbra mouka eninca 3 goxycamu F, i F,
(puc. 3.46). Bidcmani F\M = ry i FoM = r, nasusawomecs okarorumu
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padiycamu mouxu M. Ouesudno, ry - ry, = 2a. Ipani x = + -2 wasu-

6arombcs Qupekmpucamu eainca. :

Bidnowenna doxaronux padiycie 0osiavroi mouxu eainca do sidcmaned
yiei mouxu 6i0 6i0nogidnux Oupexmpuc € eeautuna cmasa i ddpisnioe exc-
yenmpucumemy eainca, mobmo

L T, T
i = e. (60)
n pumiaau
1. CknacTi KaHOHiuHe piBHAHHSA eninca, sIKHA NPOXOAHTH uepes TOUKH M, (3; 2)

iM, (4; g.3£2), AKWO POKYCH HOTO JexaTh Ha oci Ox CHMETPHYHO MOYATKY KOOPAHHAT.

O 3a yMOBOIO KOODAHHATH 3aJaHHX TOYOK 3af0BONLHANTL piBHAHHA (57):

16 8 9 4
Wt =h Tt =l

Posp’sisyioun wo cucremy piBHAHB, sHaxofuMo a® = 18 i b* = 8. Omxe, myKaHe pis-
HAHHSA Mae BHIVIAX

x? yﬂ

Tty =le

2, Cknactn KaHOHiyHe piBHMHHs enifica, (OKyCH sKoro posMimeHi Ha oct Ox cu-
METPHYRO MOUaTKy KOOPAHHAT, AKMO BijcTaHb MiX doKycamu RopiBHIoe 14, a eKcuenTpH-
curer aopisuioe 7/9.

QO Ockinexn 2¢ = 14, To ¢ = 7. 3 dopmya (59) i (56) nicraemo, moa = 9 i b3 = 32.

Orxe, mykaHe PIBHAHHA Ma€ BUIASA

X2 .yt
3l T3 =1 @

. 16
8. JlosectH, mo nosnsApHe PiBHAHHA P =—5:-m BH3Hauae eninc. 3Haltu

niBoci weoro esinca.
O Buxopucrosyroun ¢opmynn (7), (8) (rr. 2), nepefineMo Bix saganoro pisusnHgA Ko
piBHsHHA B NpAMOKYTHIR cHcTemi koopauuar: 4 )

VIFR = —— .
T
Hani Maemo
S5V 8 —3x=16, 25 (x4 y?) = 256 + 96x - 93,

— 3)2 2
16 (x — 3)3 + 2543 = 400, ﬁ_%__)_l__ly(i_: 1.
Bpaxosyioun ¢opMy/an napajenbHoro nepesocy (ra. 2, m. 2.4), poGHMO BHCHOBOK,
mo OCTaHHE piBHAHHA BH3Hayae eninc 8 nentpoM y Touui (3; 0) i niBocaAMU @ == 5] b =
=4 @
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6.4. I'inepbona

linep6020/10 na3uBaETbCA MHOXKHHA BCIX TOYOK MJIOUIMHH, MORYJb pis-
HHLI BilcTaHe#i AKMX BiJ ABOX JAHHX TOYOK Uiel NJIOM[HHH, INO Ha3uBa-
I0TbCH (OKycaMH, € BEIHYHHA CTajJa i MeHIIa BiAcTaui MiX (okycam.

TTo3nauumo uepes F, i F, ¢okycu rinep6o/iu, BiicTaHb MiX HUMH —
yepes 2c¢, a MGAyJIb Pi3HULi BificTaned Bil A0BinbHOT TOuKkM rimep6oau A0
¢okyciB — yepes 2a. 3a o3HaueHHM a << ¢. IIlo6 BuBecTH piBHAHHA ri-
nep6oau, BisbMEMO Ha TJIOMHHI NMPAMOKYTHY CHCTEMY KOOpAMHAT Oxy
TaK, wob Bich Ox npoxoauna yepes GOKYCH, a IOYATOK KOOPAMHAT NOAI/IHUB
Binpisoxk F,F, nasnin (puc. 3.44). Touka M (x; y) NJOWHHH J€XHTh HA
rinepGosi Toai i muwe Toni, Koan | MF; — MF, | = 2a a6o

V& FeP+98 —V{e—cP +o° |=2a
‘Bukonasun Ti cami nepersopeHHs, mo # npu BuBeneHHi piBHAHHS
eqinca, LicrageMo KaHOHiyHe PiBHAHHA rinep6oJu

3
- o

ae =
b= ¢ — g, (62)

Orxe, rinep6oJia e JiHielo APyroro nOpsAKy.

BceranoBuMo Resiki 8aacmusocmi i pocninuMo gopmy einepboau.

1°. Tinepbora cumempuuna ocsm Ox, Oy i nowamky xoopduram.

20, [laa uacmunu 2inep6oau, AKa AEKCUMb Y NEPUOMY KOOPOURAMHOMY
kymi, 3 pisnanna (61) dicmaremo

y=aVeE—a. (63)

3 pisHocri (63) BHnNAHKBaAE, WO X == a.

Touka A, (a; 0) Hanexxuthb rinep6oJi i € TOUKOIO NepeTHHY rimepGosn
8 Biccio Ox. linepboaa ne nepemunae sico Oy. SIkmo x >a, 10 y > 0,.
NpHYOMY AKIIO x 36i/bLIyeTbes, TO Y TaKOXK 36iMblIyEThCst, TOGTO AKIIO
X — 400, TO y - +o0.

Nokaxemo, mo, 6iddarsntouuce y veckinuernicmo, sminna mouka M (x;
y) 2inepboaru Heobmesnero Habauxcacmocs 600 nPamoi

Y= —Z— x. (64)

Taka npsaimMa Ha3WBaeTbcsi acumnmomoro einepboau. Jlas uporo BisbMemo
Touyky N, 110 JIeXKHTb Ha aCHMNTOTI i Mae Ty caMy a6cumcy X, o i Touka
M (x; y), i snahnemo pisHnmgo MN wmix opawHatamu Jiuif (63) i (64)
(puc. 3.47):

_ b=V —a) (x4 VP — ) - ab
T a x4V B —a i+yViE—a
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3BiacH, AKIO X — 4-00, TO 3HaMEHHHK TeX npsMye Ao +oo, a MN —
- 0, 60 uMcCeJbHHK € cTajolo BesquuuHol. Otxe, ToukH M rinepGoas,
Bijansiouuch BiJ Touku A, {(a; 0) y HeckiHueHHicTb, HeoOMexxeHO HaG/IK-
XKawTbes A0 npamoi (64), To6To A NpsAMa € aCHMNITOTOL.

TakuM ynHOM, YacTHHa rinepGoJiH, posMillieHa y NEpLIOMY KOOPAH-
HAaTHOMY KyTi, Mae BUTJIAJ AYTH, AKa NoKasaHa Ha puc. 3.47. Bino6pa3sus-
IIH WO AYTY CHMETPHYHO BilHOCHO KOOPAHHATHHX ocefl, AiCTAaHEMO BHIVISA
Bciel rimepGosn.

Iinep6osa cknagaerncs 3 ABOX BiTOK (niBoi i mpaBoi) i Mae ABi acHMIr-
TOTH:

b
y=—% y=——7=%

Oci cumerpii HasuBalOTLCH OcAMU 2inepboau, a TOUKA NEPETHHY ocel —
if uentpoM. Bicb Ox neperuHae rimepboay B ABox Toukax A, (a; 0) i
A, (—a; 0), AKi HasuBalOTLCA epuunany einepboau. Lis Bicb HasHBaeTb-
cs1 Oiticnoro siccro 2inepboau, a Bicb, 1Ka He Mae CHIJbHHX TOYOK 8 rimep- .
60J1010,— YABHOIO 8iCCIO.

JlikicHolo Biccio Ha3HBalOTb TaKOXK Biapisok A,A,, fKkuii cnonyuae
BepiuuHH rinepGoau i fioro noBxuHy A;A, = 2a. Bigpisok ByB,, akui
cnonydyae Toukd B, (0; b) i By (0; —b), a Takox #oro ROBXKHHY, Ha3HBa-
10Tb YA6HOr0 eiccio. Bennunnu a i b BiZNOBiAHO Ha3WBalOTbCA OilicHO i
YasHOW nigocamu 2inepboiu. '

[IpaAMOKYTHHK i3 cTopoHamu 2a i 2b Ha3HBAETbCA OCHOBHUM NPAMO-
Kymuukom zinepboau. :

[pu no6ynosi rinepGoan (61) rouijbHO cnoyaTky noGyAyBaTH OCHOB-
Huit npamokyTHHK C,D,DC (puc. 3.48), npoBectd npsmi, 10 MPOXOAATh
yepe3 NPOTHJEKHI BEPIUMHH IbOrO NPAMOKYTHHKA — ACHMITOTH rinep-
Goau i Bu3HauutH BepinHu A, i A, rinep6ouau. v

PiBasnus

2 ]
i )

TaKOX BH3Hauae rinep6oJy, sika Ha3WBaeTbCA cnpaxcerow 00 einepboiu
(61). TinepGona (65) nokasaHa Ha puc. 3.48 WTPHXOBOIO JiHielw0. Bepuin-

¥
N
_ M
P
0 A0l xR
Puc, 3.47 Puc, 3,48
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HH 1iei rinep6osn Jiexarb B Toukax B, (0; b) i B, (0; —b), a if acumnrorn
36iraloTbcs 3 aCHMNTOTaMu rinepGoau (61).

Tinep6osa 3 piBaumMu mniBocsiMu (a = b) HasuBaeTbcs pigHOCMOPOH-
HbOro, 11 KaHOH{YHe PIBHAHHA Mae BHIVIAL

X% —y? = a2,
OCHOBHUM NpAMOKYTHHKOM PiBHOCTOPOHHBOT rinepbouu e KBagpar i3
CTOPOHOIO 2g, a iI acHMNTOTaMM — GiCeKTPHCH KOOPAHHATHHX KYTiB.

3%, Excyenmpucumem 2inep6oau 6USHAYAEMbCR AK BIOHOWEHNA NON0BU-
Hu ghoxaavroi eidcmani do doesxcunu it diticnoi nisoci:

4
g = 'l (66)
Ockinbki ¢ > a, 10 € > 1. Kpim toro, 3 gopmya (62) i (€6) BunKBaE, o
-—g— =Vet—1.§
Orixe, ekcuentpucuter rinepGosn xapakrepusye ii ¢popMmy: unM Gibiumit

€KCIIeHTPHUCHTET, TUM OiJblle BiJHOWEHHS - TO6TO THM 6ifbllle OCHOBHHH

NPpAMOKYTHHK PO3TAryeThes B HanpsMi oci Oy, a rinep6oaa Bigxuaserbes
Bif oci Ox; uuM GMKYe eKCUEHTPHUCHTET A0 OJIHHHLI, THM Gijblle OCHOB-
HUH NPSIMOKYTHHK PO3TATYeTbCA B Hanpami oci Ox, a rinep6onta nabnu-
}KaeTbca 1o uiei oci.

3 a .y s . .
4, [Ipami x = 4+ - Oe a — Oilicna nissice zinepboru, a e — ii

excyenmpucumem, rasusaromocs Gupexmpucamu 2inepGoau. JupekTpucH
rinepGosin MaloTh Ty camy BJactuBicTe (60), WO # AMpPeKTpHCH eimca.

Il puraadu
1. Ckaactu kaoniune piBHsHHA rinep6osn, doKycu skoi posmimero Ha oci Ox
CHMETPHYHO TI0YaTKy KOOPAHHAT, SIKIO AificHa Bich nopiBHioe 6, a eKcueHTpHCHTeT € ==

== —3~ .
O Ockinbku 22 = 6, T0 @ = 3. 32¢opmyn (62) i (66) SHaXOAMMO, mo b = 4,

2
Ulyxane piBHAHHA Mae BHrJIAN _:‘_‘9___ —!;6_ =10

2. 3uafitu BiacTaHb dokyca rinmep6oan x* — 8y% = 8 Big ii acuMmTOTH.
O 3anumemo KaHoHiuHe piBHAHHS Aanoi rimep6oan:
x2 y2
&~ 71 =

spigkn a= V&, b= 1 — niBoci__ rinepGoau, Tomy srigHo 3 (opmynoio (64) piBHAHHA
acHMNTOTH Mae BUrIAA x — y V'8 = 0.

3 dopmy.tn (62) sHaxoaumo, wo ¢ = 3, Tomy F; (—3; 0) i Fy (3; 0) — ¢okycu rinep-

JIH.

3a q)opmym)m (27) obuncaioemo sincrans d Big dokyca Fy (a6o, mo Te came, tokyca
F,) no suafigenoi acuMnrotu: d = 1. @
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N1 |3/5 x
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/1% \s
FIN \
|
Puc. 3.49 Puc. 3.50

3. Ha npsamoninifinomy Biupisky sanisauni posramosaHo cranuii A i B, sigcrann
Mix axumu (. Bix saBoxy N finyre npsMi aBToMarictpani NA i NB, npuuomy NB <
<< NA. Banrax i3 3aBopy N Ha craHuiio A MoxHa TpaHcnopTyBaTH a60 1O aBTOMaricTpa-
ai NB, a 3BiaTh sanisnunelo (mepummit mwisx), a6o GeanocepefHLO MO aBTOMaricrpari
NA (mpyra#t masx). Ilpn usomy Tapud (Baprtictb nepesesenns | T BanTaxy Ha 1 KM) sa-
JIi3HALEI0 i aBTOTPAHCIOPTOM CTAaHOBUTH BifnoBigHo m i n (n > m), a po3BaHTaKEHHA-
8aBaHTaXXeHHA OAHIel TOHHM Kourrye k. BusHauuti 30Hy BOAMBY crasuil B, 10610 MHO-
K1HY TOYOK, 3 IKHX JelleBille JOCTABHTH BaHTaX B A MepIIUM LUIAXOM, HiX APYruM.

O BsezneMo cucreMy koopauuat Oxy Tak, AK MOKa3aHO Ha pHc. 3.49, ge /f(g = 0OB.
3uafizeMo piBHSHHSA MHOXKHHH TOYOK M (x; y), A1 AKHX OGHABZ LLISXH €OXHAKOBO BH-
rizni», T06T0 TaKHX, IO BapTiCTh MOCTABKH BaHTaxXy S; = ryn - k -~ Im nepmum mas-
xoM fopiBHioe BapTocTi Sg = rin JOCTaBKH BaHTaXy APYTHM LLISIXOM

rantktim=rn, (AM=r; BM=r,).
3 ulei ymoBH picranemo

Orxe, MHOXKHHOIO TOYOK, B fIKHX Sy = S,, € npaBa BiTKa rimepGonn
x3 4

@ —m =L
Im4 &  (—
e a= —-—2_:— y b= ) V@ —4a%, Jaa TouoK niomMHH, AKi JexaTh cnpasa Bix uiel

BiTKH, Sy < S;, TO6TO BHTiAHIMM € MepwAf WX, & A8 TOHOK, AKi JeXaTh 8iiBa,—
APYrAfl uLIAX.

Taxum uuHoM, mpaBa BiTKa rinepGoan o6Mexye 3oHy BuIHBY cranuii B, a aisa —
cranuii A. @

4. BeranoButd, wo piBHAHHA 16x2 — 9y3 — 64x — 54y — 161 = 0 BH3SHauae
rimep6ony. 3nafitu i uentp i miBoci.

O Bupinumo mosui kBagpaTd BigHOCHO X Ta y:

16 (x® —4x) — 9 (42 4 6y) — 161 = 0;
6(x®—~4x+4-—-4)—9(@2+6y+49—9) —161 =0;
16(x—2)3—64 —9(@+3)2+81—161=0;

(x—2? (y+3)?
9 - 16

=],

16 (x—2)* —9 (y 4 3)* = 144;
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Bpaxysasum ¢hopMyJsH napajesbHOro NepeHocy, AifileMo BUCHOBKY, IO 3aaHe piBHAHHA
BH3Ha4ae rinep6oay 3 uentpom y Tounli O; (2; —3) i miBocamu @ = 3; b = 4 (puc. 3.50). @

N

6.5. IlapaGona

Ilapaboaoro Ha3sUBAa€eTbCsi MHOXHHA BCiX TOYOK IJIOMHHH, KOXHa 3
SIKHX 3HaXOAMTbCA HAa OAHAKOBiH BiJACTaHi BiJ JAaHOI TOYKH, KA Ha3HBa-
€rbesl hokycoM, i Bin naHoi mpsMoi, fiKa HA3HBAETbCH AUPEKTPUCOIO | He
HpOXOJHTb uepe3 (oKyc.

3Hailiaemo piBHAHHS mapaGoniu. Hexalt Ha nuomuHi 3amaui dokyc F
i paMpekTpuca, npuyoMmy BiicTaHb QoKyca BiL AHPEKTPHCH IOpiBHIOE p.
Bisbmemo npsMOKyTHY cHcTemy KoopAuHat Oxy Tak, 1mo6 Bick Ox npoxo-
Ausa 4yepes GoKyc, NEepPNeHAUKYJISPHO N0 JUPEKTPUCH, a Bich Oy Ainmaa
BificTanb Mix ¢okycom F i pupekrpucolo HaBnia (puc. 3.51). Toxni pokyc

Mae Koopauuatu F (—'-;—; 0), a piBHAHHSA JHPEKTPHUCH MaE€ BUTIAA X = — %.

Hexalt M (x; y) — noBisnbHa TOYKaA mJomHHH, a Biapiskn MB.i MF —
BiAcTani wiel Touky Bin aupekTpucu i pokyca. Touka M TOAi JeKuUTb HA
napaboJi, konu MB = MF a6o

V=5 o=+ (67)

Ile i e piBasinns napaGouu. llo6 cnpoctury itoro, nignecemo o6HABI yacTH-
Hu piBHocti (67) Ko KBazpara:

2 2
B—prt It =4 pr+ B,
T06TO
y? =2px. (68)
Moxna oBectH, wo piBHsiHHA (67) i (68) piBHOCHJIBHI.
Pipusnna (68) Ha3HBaeTbCsi KAHOHIYKUM piBHAHHAM napaboru. OTie,
napa6osa € JiHig Apyroro mopsjky.
Hocninumo gopmy napabosnn. Ockiabku piBHsiHHs (68) MicTHTb 3MiHHY
Y B napHoMy cTeneni, to mapa6o/a cHMeTpHuYHa BigHocHO oci Ox. Tomy
AOCTaTHLO PO3IVISHYTH JiMule Ty il YacTHHY, siKa JIeXKWTb y BepXHi#l mie-
nuowuHi. las wiel yacruun y = 0, Tomy 3 piBHanHs (68) micTaneMo

. y=V2px. (69)
3 wuiei piBHocTi BHNMMBae, mo napaGosia poamimeHa crmpasa Bif oci
Oy, Tomy 1o npu x << 0 Bupa3 (69) ne mae amicry. 3Hauennss x = 0,y = 0
3aJ10BOJIbHAIOT piBHAHHA (69), TO6TO mapaGosia NPOXOAWTbL Yepes
NOYaTOK KOOPAHHAT. I3 3pOCTaHHAM X 3HaYeHHS Yy TaKOX 3poctae. OTxe,
3MiHHa Touka M (x; y) napaGo/iy, BHXOASIYM 3 MOYATKY KOOPAHHAT i3 3po-
CTaHHfIM X, PYXa€eTbCs MO Hifi BMPaBo i BBEpPX.
BukonaBiiin cuMeTpuuHe BifoGpaXkeHHs DPO3IVISIHYTOI YacTHHHM Mapa-
Gosn BiaHOCHO oci Ox, MaTHMeMo BClo napaboay (puc. 3.52).
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-:.28‘ 0 F(f"(j X 0 F X
x=-§ Puc. 3.51 Puc. 3.52

Bich cumerpii mapaGosnu HasuBaeThcs ii 6iccro; TOUKa MEPETHHY OCi
8 napa6oJiol0 — eepuiunoto Napaboau; Yucio, sKe JopiBHioe BincTaHi
dokyca Bin AMpeKTpHCH,— napamempom napaboau. Biccio napa6ouu, 3a-
AaHoi piBHsHHAM (68), € Bich Ox, Bepumnowo — Touka O (0; 0) i napa-
MeTPOM — YHCJIO p.

3’sicyeMo BIUIHB mapamerpa p Ha ¢opMmy mapaGosn. Sikmo B piBHsAHHI

(68) mokmactu x = P 1o Bignosigui 3HaueHHs opauHaTH y = =+ p, TOG-
D) p y p

TO MaeMo Ha mapaGoai ABi cuMeTpuuHi BillHOCHO oci OX TOUKH (%; p) i

(-g—; —p). Bincraup MiX nMMH Toukamu zopiBHIoe 2p { 36inbliyeThes i3

86inbmennsam p. OTxe, napaMeTp p XapaKTepusye «LIMPHHY» 06J1acTi, AKY
obmexxye mapabona.

PiBusunsa y? = —2px, x = 2py, x* = —2py, y AKHX mapamerp p >
> 0 Bu3HaualoTb napabosu, 3o6paxeni Ha puc. 3.53. '

3ayeaxenna BuxopucroByioun Biaacrupicth 4° eninca Ta ri-
nepGosy i o3HaueHHs napaboJjH, MOXHA AaTH Take 3arajbHe O3HaUEHHS
KpHBOI ApYroro nopsaky (KpiM Kosia): MHOXHHA TOYOK, LIS AKHX BifHO-
lleHHs € BiAcraHi Mo ¢oKyca i JO BiANMOBiAHOI AMPEKTPHCH € BeJIMYHHA
crana,— ue eninc (npu 0 << &€ << 1), a6o napaGona (npu & = 1) a6o ri-
nep6osna (mpu &> 1).

M purasadu

1. HocaiguTH BsaeMHe posmimenss mapaboan y® = x i npamoi x+y—2=0.

O Posp’aaywoun cucreMy piBHSIHB =% 3HAXONMMO PO3B’A3KH (4; —2)
x+y—2=0,

i (1; I). He osnavae, mo npsMa NepernHae napabosy B Tourax M; (4; —2), My (1; 1). @
2. B napabony x? = y V'3 Bnucano piBHoCTOpOHHIA TPHKYTHHMK Tak, IO ORHA 3
BepIIMH AOro 36iraeTscs 3 BePLIHHOIO NapaGoaH. 3HafTH CTOPOHY TPHKYTHHKA.
O Hexait Touka A (x,; y,) — OfHa 3 BePLIHH TPHKYTHHKA. Toxi inuuMu fioro Bep-
mHHAaMH GYLyTh TOUKH B (—x,; yo) i O (0; 0). OcKinbKH TPHKYTHHK piBHOCTOpOHHIH, TO

AB = AO = BO, sBigku 2x, = ng + yg. Posp’sisyioun ue piBHSHHA pasoM 8 pis-
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Y ¥
=2 pX S y
N x 0

Puc. 3.53 Puc. 3.54

HAHHAM xg = yo V'3, 3anaxomuMo xo = 3. OTXe, CTOpOHA TPHKYTHHKa XODiBHIOE 2x, ==
=6. @

3. Crpyminb Bogu BHTiKae 3 KOHiuHOI HacaAKM 8 WBHAKICMO v, NiX KyTOM 0. A0 ro-
pusonty. Hexryioun onopom nosiTpst, cKkiacTh piBHIHHSA CTPyMeHS BiRHOCHO NMpPAMOKYT-
Hol cHcTeMH KoopaunaT Oxy, BBaxalouH, Mo CTPyMiHb MicTHTbCA B naomuHi Oxy, Touka
O 36iraeTbesi 3 BEXiXHHM OTBOPOM HACaAKH, a Bicb Ox NPOXOAHTH TOPHIOHTANBLHO B HANpPst-
Mi noavoTy crpymensi (puc. 3.54). 3uafiTh faneHicTh noavoty I, BHCOTY ninfiomy A i Ky,
NpH AKOMY RaJAbHICTL NOJMbOTY HaitGinbia.

O Buginnmo B cTpyMeni Bogu YacTHHKY ONMHMYHO! MacH. SIKGH Ha Hel He Risna

. by o4
CHJIa TSXKiHHS, TO 3a yac ¢ BoHa npoRmia 6 waAx, AKRA fopisHIOE MORYJIO BeKTOpa ON =
= (vl cOS @; Uyl Sin @), fie vy — MOUaTKOBa LIBHAKICTb YaCTHHKH.
TTix aieio cuam TAXKiHHA YacTHHKA 32 TO# XKe yac £ npofife WAAX, WO AOpiBHIOE HOB-
xurl ayrn OM. Ockinbkn cHia TSOKIHHA HaNpSMJIEHa BEPTHKAJIbHO ’BHHS, TO papiyc-

BEXTOp YaCTHHKH Mae nnmaﬁ O_AZ = (x; ) = (v.,t cos o; Uyt sin a —-%—) , Ae g — npH-

CKOpEHHS CHJH TaXiHHA. PiBHAHHA

{3

x = Uyf COs a3
. g
y=v0tsma——-—§—,

— ue napamerpuuni pisHsuus TpaexTopil NONBLOTY YacTHHKH. BHK/IIOUHBIIH Dapamerp
t, nicranemo y = ax — bx2, ge

g
a=tga; b= 3ot
ga 203 sec o
TakuMm unHOM, TpaekTOpiA PyXy YaCTHHKH, a OTXe, | Bech cTpyMiHb MaoTh GopMy
napabonu. Jaabuicrs HOABOTY CTPyMeHs AicTaHemo 3 #oro pisusaHHs npu y = 0, a BH-

coTy nigfiomy — npu x = .é_ :
= v3 sin 2 e vasin? @

g 28
Hanvaicts noavory Haf6ianma, skmo o= 45°, @

6.6. INMoaspui Ta napameTpnuni PiBHAHHA KPHBHX APYroro HOPSAKY
1. Hexail B npaMoKyTHi#i cucreMi KoopauHaT piBHsAHHAM (D3) 3agaHO
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KoJi0. SIKINO BBECTH MOJsSIPHi KOOPAMHATH P i @ TaK, K yKasaHo B 1. 2.3
(ra1. 2), To piBHsiHHA (53) 3anuIIeTbCs y BHIVIALI

(p cos 9)* +(psing)* = R?; a6o p =R. (70)

Lie i € noaapue pisuanna xoaa 3 uentpoM y mouoci i pagiycom R. Llo6
BHBECTH MapaMeTpHuHi PiBHAHHSA KoJia, IO3HAUHMO uepes ! KyT MiX Biccio

-> 3
Ox i paniycom-BexTopom OM poBinbHoi ToukH M (x; y) Koaa (puc. 3.55).
Touka M (x; y) neXHuTb HA KOJi TOAI i TiILKH TOAi, KOJIH '

x=Rcost, y=Rsint; 0<<t<2n. (71)

PiBusnua (71) HAa3HBAIOTBCA NAPAMEMPULHUMU DIBHAHHAMU KOAQ.

2. Posrisinemo Tenep KpuBy [/, sika Moxe OyTH enincoM, napa6oJoio
a6o npasolo BiTKolo rinmepbosn (puc. 3.56).

Hexa#i F — ¢okyc kpusoi ! (sxwo ! — exinc, 1o F — iioro JiBri
¢okyc), d — BignosiaHa uboMy (OKycy AHPEKTpHCA, 20 — JOBXKHHA
XOpAH, iKa NPOXOAMTDH uepes QOKYC MapasellbHO AHPEKTPHCI, i & — eKc-
neHTpucuTeT KpHBoi /. BBesemo moasipHy CHCTEMY KOOpAWHAT TaK, 1106
il nositoc 36irasca 3 F, a mojspHa Bicb Fx Oysia nepneHAMKYJsPHOIO
o aupexTpHcH d i Hanpsiviena B GiK, npoTunexHui Bix Hei. Toni sriixo
8 3araJbHHM O3HAYEHHAM KPHBOI APYroro nopsiiKy (3aysaxenHs . 6.5)
Maemo

F
= (72)
Ockinbky MF = p, TO
NsF
o =T =% MQ=QWN,+MN =-£-+pcose
i 3 piBHoCTi (72) Aicranemo
p
P =Tty - (79)

Lle i e aazasvne noaspne pigianns kpusoi I. TIpn 0 << & << 1 piBHAHHA
(73) Bu3navae eainc, npu e =1 — napaGosy, a npu & > 1 — npasy BiTKy
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rinepGosu. Pisusanua alBoi BiTKH
rinepbonu B ofpauiit noanspxifi cu-
creMi Mae BHrasj \

- —P
J p= I+ecosg *

/,\\
l/ﬂ}\ﬁ

(4
J 6 X Yucao p B NONAPHUX PIBHAHHAX
. Ha3UBAETLCA NMOJAPHHM NapaMeTpoM
- kpuBoi. Ins Toro mo6 BupasuTH p
e yepes napamMeTpH KaHOHiUHHX piB-
p——" uanb (57), (61) i (68) xpusoi I, no-
Puc. 3.57 - 'CHTb B Ue PiBHAHHA NiACTaBHTH Ko-

OpAHHATH TOYKH N,:x =¢, Yy =
= p — s ejxinca i rinepGonu i x = —’21-, Yy = p — Aas napaGboau. Toal

. : b2
Ans eainca i rinep6osn MaeMmo p = —» @13 napaGoJiH noaApHA# napa-

MeTp fopiBHIOe mapamerpy p ii kKaHowiusoro piBnsHHs (68). PiBHsHHA
(73) 3actocoByeTbCst B MeXaHilli. v

II puraad
SIky KpuBY BU3HAuae TOJADHE PIBHAHHA P == ——————
Y KpHBY pue p e 2—V§cosq>4
O Ipusisuin pame piBHAHHA 10 BHraAAAY p=-——V——.——-, aicranemo:
: l—__2 cos @
2
p=4, e= ‘;E << 1. Orxe, sanana niuis e eximc. 3uafigemo fioro misoci. Ockibe
b2 c? i

Ki,p=4=—Cgiel="gr=—3.10a=81b=4)2 @

Hasenemo Ges noBepenHs napamempuuni pisHanus erinca i einep6oau
[9]. Tlapamerpuuni piBHsHHS
x=xy+acost; y=y,+bsint, (@a>0, 6>0, 0t < 2n)
3aJ1a10Th €JIiNC 3 UEHTPOM Y Toui (x,; Y,) i 3 NiBocAMHM a i b.
[lapamerpuyni piBHAHHSA rinepboJiu 3 UEHTPOM y Touli (X ¥,) i mib-
ocAMH a i b MaloTh BUrang
=Xytacht; y=y,+bsht, (@a>0, 6>0, — o0 <<t<< -+ 0),

Ze ch t i sh ¢ — rinepGosiunnfi Kocuryc i rinep6oaiunuit cunyc (ra. 5,
1. 2.4).

T puxaad : :

Kpusownn OA (puc. 3.57) o6epraeThest HaBKOMO ToukH O i3 CTa/N0I0 KYTOBOIO IIBH -
KiCTiO @ i NPHBOAUTL y pYX noB3yH B 3a nonomororo waryna AB, npuuoMy OA = AB =
= @, CK1aCTH piBHAHHSA TpaeKTOpil cepeAnrol ToukH M waryma.
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O Hexaft M (x; y) — cepenus Touxa matyra AB, ¢ = £ AOB, Toal

3
vxr-OAL+A1M1=0Acosq>+-;-0.4costp=Tacosq>;

1
y= MM, = MBsin ¢ = Tasin .

Ockinbky @ == ©f, T0
' 3 . 1 in of
x=-g-acoswl y=-g-asinol,

ae £ — uac. OTiKe, TPaeKTOpi€l0 cepeiHbOl TOUKH MIaTyHa € eninc. BuayyuBuid napaMerp
¢, nicraneMo foro KaHoHiune piBHAHHA:

x3 y?
T+ a " e
Sy | _—

4 4

3asnranna RAA CAMOKOHTpONW

1. [lo nasuBaerThcs JXiHi€lo Apyroro nopAAKy?

2. {0 HasuBaeThCs KOAOM? BuBeCcTH PIBHAHHSA KOJI2 3 UEHTPOM y Toutti Mg (¥o3 ¥o)
| paaiycom R.

3. BupecTH nonspue i napamerpmuni piBHANHA KoJa.

4. Illo nasuBaeThCA enincoM? BHBecTH KaHOHiuHe piBusiHus eainca.

5. IlocainuTu gopMy eainca, 3alanoro KaHOHI4HHM piBHsnHAM, i noGyRyBaTH #Aore,

6. 3anucaTs moaspHe i mapameTpuuni piBHsHHS exinca.
. lllo nasupaerncs rimepGosioro? BusecTd: kaHoHiune piBHsuHA rinepGoan.
. Hocaizuth QopMy rinep6oin, 3a1aH0i KaHOHIYHHM piBasnEaAM, i no6yxysary if.

9. 3anucaté nonspri i napamerpuuni piBHAHHA rinep6oJH.

10. BuBecTH piBHSHHA ACHMITOT FillepGOJIH. .

11. 1o HasuBaeTbCd GOKANBHEM PajiycoM, eKCUEHTPHCHTETOM i mupexTpucoio eain-
ca, rinep6oau? : i

12. 1llo nasuBaeTbcs napaGosoio? BusectH Kasoniune piBusiuHs napaGoan i Ro-
caiputi i popmy.

13. 3anucaTH noaspHe piBHAHHA napaGonn. HoMy. RopisHIoe noJiApHHE napaMerp
B MONSPHUX PiBHAHHAX eninca, rinepGon i napaGoan?

14. ¥ yoMy monsrae XapaKTepHa OCOGMHBICTL AHPEKTPHC eainca, rinep6oau i napa-
Goau? Marn 3arajibHe O3HAYEHHA UHX KDHBHX.

15. 3uafitn paaiyc i XKOOPAMHATH 1LleHTPa KoJja

243 - 24 — 12¢ 4y 43 =0,

a +16. Clmaacm piBHAIMHSA Kosa 3 LEHTPOM y Touwi (Z; 2), AKe ROTHKAETBCA N0 npamoi
X+ y—18=10
17. 3uaiity KOBKHHY XopHH elirica 4x3 -+ 942 == 36, fiKa NPOXOAHTH Hepes fioro
oKy HepmeHAUKYISIPHO RO BeXHKol oci.
18. OBUHCNATH eKCUEHTPHCATET ealnca, KO BiACTaHb MiX Horo dorycamu Aopie-
HIO€ CepeiHboMY apH(PMETHYHOMY ROBXHH ocefi.

o~

. 5
19. CkaacTH KaHOHiyHe piBHSHHA rinep6oau, fKa MPOXOAKTH HUePes TOUKY (—--;4-:

3
vl i Mae aCHMNTOTH y == =-2x.

20. Cxnactd Kanomlume piBHsHHR NapatoaH, y AKol BiAcTaHb BiA PoKYCa RO AUPEKT-
pucu gopismioe 12.
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. 1
21. flky KpHBY BH3Hayae NOJsIpHe piBHAHHA @ = ———— P

A
sin? 2

Bidnoeidi. 15. 2; (0; —92). 18. (x —2)? + (y — 23 = 10. 17. -g—. 18. 0,8,

%3 4
19. T — 7 =1 20. y*=24x. 21. PP=4(x+1).

§ 7. IOBEPXHI JIPYTOTO HOPAIKY

[loHATT nOBepxHi APYroro MOPAAKY :
Hoeepxueto 0pyeoeo nopAdKy Ha3HBAEeTbCs MHOXMMHA TOYOK, MPSAMOKYT-
Hi KOODAMHATH SIKHX 3af0BOJIBHSAIOTH DIBHSIHHS BHAY

ax? 4+ by® 4+ c2® 4-dxy + exz —[—fyz—l—gx-{—hy—}—kz-l—l_o (74)
JAe npHHaAHMHI OfKMH 3 Koediuientis a, b, ¢, d, e, f Biaminuuh Bix Hyas.

PiBusanua (74) HasuBaeTbCsl 3A2AAbHUM PIBHARHAM NOBEPXHI Opyeoeo
nopaoxky.

IToBepxHsl Apyroro NOpSiAKYy fIK reOMETPHUHUH 06’€KT HE 3MiHIOEThCS,
SIKIIO BiX 3alaHOi NPSAMOKYTHOI CHCTEMH KOOPAHHAT NepeHTH A0 iHINOi.
ITpu nbomy piBHsHHS (74) i piBHAHHS, 3HalieHe NiC/s NepeTBOPEHHs KO-
opanHat, OyAyTh eKBiBaJIEHTHI. :

MoxHna nosectu [14], wo icHye chcrema KoopAuMHAT, B sAKifi piBHAHHSA
(74) mae nadfnpocriumf (a6o KaHOHiYHHEH) BHIVISA.

o noBepxoHb ApPyroro mMoOpsiiKy HaJexaTb, 30KpeMa, LHJIiHEPHYHI
Ta KOHiuHi MOBepXHi, 1oBepXHi o6epTaHHs, chepa, enilcoil, OLHOMOPOXK-
HHHHMH Ta ABONMOPOXKHHHHHHA rinepGoJsoinu, erxinTuuHu# Ta rinepGosiu-
HHI napa6osoinn. PosrasineMo ui moBepxHi Ta iXHi KaHOH{uHi piBHSHHS.

7.2, Unaingpuuni nosepxHi

Lunaindpuuror nosepxrero HA3UBAIOTb MOBEPXHIO O, YTBOPEHY MHOXH-
HOIO NPAMHX (TBipHHx) AKi NepeTHHAIOTh 3aJaHy ainito L (HanpﬂMHy)
I napanenbui sananifi npsimii [ (puc. 3.58). Bupuarnmemo e TaKi
UHIiHAPUYH] TOBEPXHi, HANPAMHI SKHX
JeKatb B OJiHill 3 KOOpAHHATHUX IJIOLIMH,
a TBipHi napasenapHi KoopaunaTHi# oci,
fiKa MepneHAUKyJAsipHA A0 Liel IIOWHHY.

L

\
Puc, 3,53 Puc. 3.59
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o

Zh b4

Pue. 3.60

PoarsisineMo BHNAKoK, KoJu TBipHi uuainapuysoi nosepxul napanenb-
Hi oci Oz, a HanpsAMHa JeXuTb B IVIomuHi Oxy.
Hexait 3agaHo piBHAHHA

f(x y) =0, (75)
fike B mJowuHi Oxy Bu3Hauae (puc. 3.59) jeaxky JaiHilo L — MHOXHHY
TouoK M (x; y), KOOpDAMHATH SIKHX 3aJOBOJIbHSIOTH e piBHsAHHA. [lane
PIBHAHHA 3aJ0BOJIbHAIOT TAKOX KOOPAHHATH BCiX THX Touok N (x; y;
2) npocTopy, y SIKuX ABi nepmi KoopAuhaTH x i y 36iraioTbcs 3 KOOpAHHA-
TaMu 6yb-siKol TOYKH JiHil L, a TpeTs KoOpAHHATa Z — JOBiJkHa, TO6TO
THX zoqox npocTopy, siki npoekTylorbes Ha niomuHy Oxy B TOYKH Ji-
mit L.

Bei Taki Touku Jexarb Ha npamifi, sika napanenbna oci Oz i neperu-
Hae Jinilo L B rouni M (x; y). CykynHuictb Takux npamux i e uuainapuy-
HOIO NOBEPXHEIO 0.

SIKIIO TOYKa He JIEXKMTbh Ha NOBEPXHi O, TO BOHA HE MOXE NPOEKTYBATH-
¢ B TouKy JiHii L, To6T0 koopAHHATH TakKoi ToukH piBHAHHA (7D) He sa-
BoBoabHsloTb. Ormke, piBHAHHA (7D) Bu3Hauae mnoBepxHI0 ©. Takum
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YHHOM, piBHAHHA f (x, y) = 0 Bu3Hauae B npocTopi LU/ HAPHYHY TIOBEPXHIO,
TBipHi fIKOI mapaJesbhi oci Oz, a HanpsivHa L B naomuni Oxy 3agaetbes
THM caMHM piBHsAHHAM [ (x, y) = 0. Ll cama ninia B npocropi Oxyz 3a-
DaeTbCcsl JBOMA PiBHAHHSIMHU:

{f(:g)=0

Ananoriuno piBusinHsA f (x, 2) = 0, B AKOMY BiACYTHs 3MiHa y, BU3Ha-
yae B NMpocTopi UMMiHAPHYHY MOBEPXHIO, TBipHi AKoi napaseabHi oci Oy,
a HanpsivHa L B nuiowuni Oxz 3aiaeThest THM CaMUM piBusnHM [ (x, 2) =
= 0; piBHAHHA f (y, 2) = O BH3Hauae B mpoCcTOpi LHJIiHAPHYHY nosepx-
HIo, TBipHi sKoi mapanennbHi oci Ox.

1 pursaadu

1. TloBepxust, iKa BH3HA4Ya€TbcA PIBHAHHAM x2 - y2 == R?, e nnainApnunow i Ha-
8HBAETBCH NPAMUM Kpyeosum yusindpos. 1i TBipui napanensui oci Oz, a HanpsAMHOW B
nnomuni Oxy € Kono x% - y2 = R? (puc. 3.60, a)

’ .
2. loBepxHs, 4Xa BH3HAYa€ThCHA pusnmm;m_. + %T I, e umaingpuuxoo 1
Ha3HBAEThCS eainmusnum yurindpom (puc. 3.60, 6).

2
3. IluninppuuHa mnoBepXHsi, siIKa BH3HAYAETHCH pisuanﬂnm%—% = |, Ha3uBa-
€TbCa 2inepboriunum yurindpos (puc. 3.60, 6).
4. IluninnpHuHa NOBEepXHsA, fKa BH3HauaeThcs PIiBHAHHAM y3 = 2px, HA3UBAETHCH
napaboariunum yurindposr (puc. 3.60, 2).
5. PiBusHHA 22 = | — y BH3Hauac B npocropi napaGosivHuil mmmnp, HanpsaMHa
skoro B omuHi Oyz € mapa6ona 22 = | — y, a TBipHi napasensHi oci Ox (pue. 3.60, 9).

7.3. TNosepxni obepTanns

[NoBepxHi0, yTBOpeHY obepTaHHAM 3afaHOI MJIOCKOI KPHBOI ! HABKOJO
safiaHoi npsiMoi (oci oGepTaHHs), sIKA JIEXHTb B IVIOMIMHI KpHBOi [, HA3H-
BalOTb N0BEPXHEI0 00epManHA.

Hexaii ninis [, mo nexurs B niomuHi Oyz, 3ajana piBHAHHAMU

F(Y,2)=0;
{X=O

(X, Y, Z — amiuni xoopaunaru touok Jinii /, a x, y, 2) — 3MiHHI Koop-
JHHATH TOUOK NOBEPXHi).

Posrssinemo noBepxHio, yTBopeHy oGepTaHHAM ILiiei JiHii HaBKoJIO oci
Oz (puc. 3.61), i 3Hafinemo piBHAHHSA NMOBepPXHi 06EPTaHHA.

ITpoBeneMo yepe3 noBinbHY Touky M (x; y; 2) noBepXHi 06epTaHHs MJIO-
IHHY, TMeprneHAUKyJAspHy 1o oci Oz, i mosnauumo uepes K i N Touku
nepeTHHy uiel nuomuny 3 Bicco 0z i ainieio l. Ockinpxyu BiApisKH k/Y I
KN i KM piBri mixk coboro sk paniycu, KP =y, PM =x, 10
=+ Vi F ?, KpiM TOro, Z = 2. OcKilhKH KOODPAMHATH TOYKH N
8aJ0BOJIbHAIOT piBHAHHA F (X, Z) = 0, To, MiACTaBJIAIOUH B Li¢ PiBHAHHA
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samictb Y, Z pieui im Bennuunu 4 Y x% 4 47, 2,
AicraHeMo piBHSTHHA _

F(£Vx+4 2 =0, (76)
fiKe 3a/10BOJIbHSAE AOBiNbHA Touka M (x; y; 2) no-
BepxHi ofepTaHHa. MoXHa MoKasatd, 10 KOOPAH-
HaTH TOYOK, $IKi He JexaTb Ha WiH MOBepxHi,
piBHsiHH#A (76) He 3ai0BOAbHSAOTE. OTKE, PIBHAHHSA
(76) e piBHAHHAM noBepXHi obepTaHHA.

AHanoriyHo Mo2KHa CKJIaCTH PiBHSIHHS NI0BEPXOkb
ofepTanHs HaBKoJsio ocelt Ox i Oy. Takum uuHOM,
mo6 AicraTy piBHAHHA NMOBepXHi 06epTaHHA KPUBOI
HaBKOJIO sIKOi-HeOyAb KoopAHHaTHOI oci, Tpeba
B piBHAHHI KPHBOI 3aJHIIHTH 6e3 3MiHH KOOpJHHA-
Ty, fiKka BianoBinae oci oGepraHHs, a APYry KOOpAHHATY 3aMiHMTH Ha
KBaJpaTHH# KOpiHb i3 CyMH KBaApaTiB JABOX iHLUIHX KOOPAMHAT, B3ATHI
is sHakom -+ a6o —.

N pursad

3nafiTn piBHsHHA noBepxul oGepranus eninca x% + 4y% = 4, z= 0 naskoJo0 oci Ox,

O V¥ piBuanHi exinca TpeGa 3anuumuTH Ge3 3MiHM KOOpAHHATY X, 4 3aMiCTb KOOpAH-

HaTH y niicTaBuTé B piBHAHEA £V §® - 22

Puc. 3.61

244 (y?422) =4 3602—2+y2+z3=1. )

7.4. Koniuni mosepxHi

Koniunoto nogepxneio Ha3WBAaeTbCS MOBEPXHS, YTBOPEHA MHOMKHHCIO
NpSAMHX, IO NPOXOASTL Yepes3 3ajlaHy Touky P i nepeTHHalOTh 32JaHy Ji-
Hito L. Ilpu upomy JiHis L Ha3HUBAeTbCA HANPAMHONWO KOHI4HOL NOBEPXHI,
Touka P — 1i 6epuunoro, a KOXHa 3 TIPSAMHX, SKi YTBOPIOIOTb KOHiYHY
NIOBEPXHIO,— MBLPHOI.

Hexaii nanpamia L 3ajaHa B NpsMOKYTHIH cucTeMi KOOpAMHAT piB-
HAHHAMH

{Fl (X,Y, Z) =0; )

Fy(X, Y, 2)=0,

a Touka P (xy; Y, 2,) — BepuHHA KoHiunoi moBepxwi (puc. 3.62). Llo6
CK/IACTH PiBHfAAHHS KOHi4HOI NMoBepXHi, Bi3bMeMO Ha MOBepXHi JOBiNbHY
Touky M (x; y; 2) i NO3HAYHMO TOUKY NepeTHHY TBipHOi PM 3 HanpsiMHOIO
L uepes N (X;Y; Z).

Kanoniyni piBHsiHHA TBipHUX, siki nmpoxoasTh uyepes Touku N i P,
MalTh BHIVIAL '

X—X%% _Y—Y _ 2—2% 78
X—xy,  Y—yo Z—z,° (78)

Bukmouatoun X, Y i Z s pisusnb (77) i (78), aicTaneMo wykane pis-
HAHHA KOHIYHOI NOBepXHi,
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n
)

i

Puc. 3.62 Puc. 3.63

1 pur.aadu .
1. Criiacty pisasinns koniynol nosepxui 3 BepunHol0 B Touni O (0; 0; 0) i 3 Hanpam-
HOI0 L, 3ajaHOI0 DiBHAHHAMH

X Y
a—’+—b§.=l' Z=c.

O. Hexa#t M (x; y; z2) — noBinnHa Touka Koniunoi nosepxui, a N (X; Y; Z) — Tou-
Ka nepetuny TBipHoi OM i ninii L. Kanouiuni pisusuns teiproi OM MaioTh BHIJIAR

2o 2. Ocxkimkn Z=c¢,10 X=cX,Y=cY . Migcramasioun ui sua-
XY  Z . L2 2
uentsi X i Y 8 nepwe 3 pisuaHb Hanpamuoi L, aicraneMo mykane piBHAHHA:
c2x2 2y 0 2 23
a%z? b223 a? b2 c3
[lpn a = b nanpsmuoio L € koo X2 + Y2 = g2, Z = ¢, a-piBHsiuns KoniuHOl nobepxui
3 ]
Mae Bumnn_‘%_{__y.a___z.z_= 0. Lla noBepxHf Ha3HBAETLCA NPAMUM KPY208UM KD
a a c

nycom (puc. 3.63).
2. PiBnsanust Kodiunoi nosepxmi, Bepmmuoio sikoi € touka O (0; 0; 0), a HanpAM-
HOI0 — eqinc (puc. 3.64) ¥

VA
=1L ¥Y=35

Mae€ BHIVIAA

x3 22 y’
vt =0
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7.5. Chepa z

Cepeporo Ha3HBAIOTb MHOXKHHY BCIX TO-
YOK NpOCTOpy, piBHOBijJaseHux Bij 3aja-
HOI TOUKH, SIKa HAa3HBAE€TbCH UEHMPOM KO-
2a. Binpisok, mio cnoayuae weHTp cpepu
8 ii JOBI/IbHOIO TOYKOM, HAa3HBAETbCS pPa-
diycom cohepu.

BisbMeMo B mpocTopi NpsIMOKYTHY CH-
creMy koopaunat Oxyz. [Ho6 ckaactu pis-
HAHHA chepH 3 ueHTpoM y Touui O, (a; b; ¢)
i pamiycom R (puc. 3.65), BisbMemo B
npoctopi ZoBinbHY Touky M (x5 y; 2).
Touka M Hanexuthb chepi ToAi i Auwe TOAI,
Kont OM =R, abo}) (x —a)? +
U (y — b)? + (2 — )% Le i e pisuanns cepu. Insa spyunocrti #Horo
8alIUCYIOTh Y TaKOMYy BHIVIAAL:

(s— @)+ (y — b + (2 — ) = R™. (79)
3okpeMa, sikuio ueHTp cepu 36iraeTbcs 3 MOYATKOM KOOPAMHAT, TOO-
T0a = b == ¢ = 0, To piBHAHHA TaKOI chHepH Mae BUIIA]

. x2+y2+z2=R2.

Ao B piBHAHHI (79) PO3KPHEMO AYKKH, TO MATHMEMO 3arajbHe PiBHAHHA

chepu
X4+yt+22 4+ Ax+By+Cz+D =0, (80)
Je A =—2, B= —2b, C=—2c, D = a® + b% 4 ¢* — R,
Ile piBHAHHA Ma€ TaKi BAACTHBOCTI.
1°. Pisnanns (80) ¢ pisnannam dpyeoeo cmenens 8iOHOCHO X, Y i z, om-
e, cihepa — nosepxna Apyeoeo nopaodky. '
2°. Koegiyicnmu npu x%, y2, 2° pieni misc coboro.
3%. ¥ pisnanni sidcymni usenu 3 dobymramu xy, xz, yz.
I[Ipore He BcsAke piBHAHHA BHAY (80), sike 3af0BOJIbHsi€ yMOBH 19—3°,
sobpaxye coepy.
I purasadu
1. 3uafitn uentp i papiyc cdepu, saganoi piBHAHHAM
Bty 4+2242¢ 4y —62—11=0. ‘
O Bupinsioun noeui KBagpaTH no x, y i 2, sanuueMo 3afaHe PiBHAHHA Y BHLIAR
(x4 12+ (g + 2)3 + (z — 3)* = 25. Orxe, Touka Oy (—1; —2; 3) — meHtp coepu
i R=5—1i paziyc. @
2. Pipusuns x2 24224 2x+ 4y — 624 15= 0, a6o (x+ 1)2+ (y4 2)* +
-+ (2 — 3)®*= —1 He BH3Haua€ HiAKOTO TeOMETPHYHOIO 06’€KTa.

Puc. 3.65

7.6. Exincoin . _
EnincoiGom HasMBaeTbcs NOBEPXHs, siKa B JEfAKiH NPSMOKYTHIH CH-
CTeMi KOOPJAMHAT BH3HAYa€TbCA PiBHAHHSM

2 2 2
Sttt =1 (81)
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PiBusnus (81) HasuBaeTbCcs KaHOHI4HUM DPIBHAHHAM eaincoida. Iochi-
IUKeHHs QOpMH enincoiia npoBeseMO METOAOM NapaJjesibHUX nepepisis.
Jas mboro posrssiHeMo nepepisu AaHOro eqincoifia NJOLIMHAMHM, napa-
JeabHuMH maowuHi Oxy. KoXHa 3 TaKHX NJOIMMH BH3HAYaeTbCA piBHSH-
HAM 2 = h, fie h — noBiNbHE AificHE YHCIIO, a JIiHisA, IKa YyTBOPHUThCA B ne-
pepisi, BH3HauaeTbCA PiBHSIHHAMH

EaNE R N P T (82)

c3

Hocnigumo piBnsuus (82) mpu plsnux SHaqemmx h.
1. Slkmo || >¢, ¢ >0, TO a, + 5 << 0 i piBHAnHA (82) niskol

Jiniil He BH3HaualOTb, TO6TO TOUOK nepemny IJIOLIHHY 2 = h 3 enincoi-
JloM He icHye.

2. Slkwo A = 4 ¢, 10 -2; + g—: = 0 i ainia (82) BupomkyeTbCcs B

toukH (0; 0; ¢) i (0; 0; —c), TO6TO MJIOMKUHU 2 = ¢ | 2 = —C JOTHKAIOThCS
Jo enincoiaa.

3. sdxkwmo ]h[<c, TO + yz =1, ze al—a Vl-—--——

by=0> Vl —.—, TO6GTO NJIOIIHHA 2 = h fepeTHHAe eJlincoij no emincy

3 niBocAMH a, i bl. Ilpu smeninenni h 3Hauenns a, i b, s6inbumyrorses i
JocAralots CBOIX HallGijibluux 3Hauyedb npu £ = 0, To6To B nepepisi
eqincoifia miomwuHowo Oxy MaTHMeMO HaiGisnbluni eninc 3 niBocAMH @, =
=a, by =0b.

Ananoriuni pesyabraTd RiCTaHEMO, SIKUIO PO3rJsJaTHMEMO Iepepisu
eqincoia njoutyHaMu x = hiy = h

Takum unHOM, pE3r/IsAHYTI nepepi3n AalOTb 3MOry 300pasuTH eiNcoif
K 3aMKHYTy OBaJIbHY nosepxio (puc. 3.66). Benuunnu a, b, ¢ nasusa-
10TbCs nigocamu eaincoida. Slkwo OyAb-siki ABi miBoci piBi Mix coGoio,
TO TPHOCHHH eJIiNCOiA NEePETBOPIOLTLCs B e/1iNcoiA 06epTaHns, a SKIIO BCi

" TpH niBoci piBHi Mixk co6oio,— y chepy.

M puxaad .
3uadite uentp i nisoci enincoiga, sagasoro
piBHARHAM

3% 4 4y -+ 622 — 6x + 16y — 362 49 = 0.

O Buainsioun noBHi KBagpaTH BigHOCHO
x, Y, 2, AicTaHemo

3x—1)'+4@W+21+6(e—32=36

(x—1)*% y+23% (z—3)?*
Puc, 3,66 o 2zt~ 9 7% =1
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Otxe, nauuft enincoin mae nisocl: a = 23, b = 3, c= Y6, foro
HeHTp 3Haxoautecs B Toyui O (1, —2; 3). @

7.7. OnHonopoxuueuni rinepGoaoin

O0nHonoposcHULHUM 2inep60a0idom HA3HBAETHCSH MO-
BEPXHs, siKa B JesAKifl NpAMOKyTHifi cucreMi KoopaHHAT
BH3HAYaEeThCs PiBHAHHAM

x2 2 23
= +LH -5 =1 . (83)

PiBusanns (83) Ha3HBAaeTbCH KAMOHIYHUM DIBHAHHAM
00HONOPOINCHUKRHO20 2inepGoaoida.

Hocainxyots pisnanns (83), Ak i B nomepexubomy
NYHKTi, MeTolIoM napasenbHuX nepepisis. [leperunaioun
OLHOMOPOXHHHHHA rinep6osioill MIOIIHHAMH, NapaJeb-
Humu mioutudi Oxy, Nictanemo B mepepisi enincu. Ko nosepxHio (83)
nepeTHHATH MJIOUMHamMK x = h abo y = h, T0 B nepepisi AicraneMo riner-
GoJth.

Heransuuit ananis uux nepepisiB nokasye, WO OAHOTIOPOMHHHHUMA Ii-
nep6onoin mae Gopmy HeckiHueHHOT TPYGKH, KA HEOGMEKEHO POSLIMpICe
erbcsa B o6uaBa GOKH BiA HafiMeHWIOro eJinca, Mo iKOMy OXHOMOPOXKHHH-
HHH rinepGosoix nepetnHae nuomuHy Oxy (puc. 3.67).

11 puxrad .
. X2 ¥t 23
3HafiTh Minii nepeTHRY ONHOMOPOXHHHHOTO rinepGonoiza <+ 5 16 =
== 1 nuomuHamu: a) Oxz; 6) Oxy; B) x =4.
O a) Jlinielo nepernny niomunys Oxz 3 faHuM rinepGoaoifoM € rinepGoua

L B, y=0, a0 1 o
6) Jlinieio meperuny niomuun Oxy 3 AaHUM rinepGosoinoMm e eainc:
i‘:—-}-%-—-—?———- I, 2=0, abo ‘%—I—% =1, 2=0.
B) Jlinia neperuny naomunn x = 4 3 naHuM rinepGosoinom e rimepGona:
2 2, k=4, a0 s -—4%=_|, r=4.@

7.8. JisonopoxHHHHHA rinepGoaoix
Jleonoposxcrunnum einepboroidom Ha3HBaeTbCS NMOBEPXHS, siKa B Je-
fIKili IpAMOKYTHI# cHCTeMi KOOPIAMHAT BH3HAYaeTbCs PiBHAHHAM
x? P 22
PiBuanun (84) Ha3HBAETbCH KAHONIYHUM DIBHAHHAM OBONOPONCHUNHOZ0
einepboaoioa.
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X

Prc. 3.68 Puc. 3.69

Meropa napasenbHuX nepepi3iB fAae 3MOTY 306pa3sHTH ABONOPOXKHUHHHUA
rinep6oJIoil K MOBEPXHIO, IO CKJANaeTbCsl 3 ABOX OKPEMHX MOPOKHHH
(3Bificu Ha3Ba NBOMOPOMHHHHHMI), KOXHA 3 AKHX nepeTHHae Bich Oz | mae
dopMy onyksoi HeckiHueHHoi yauii (pHc. 3.68).

O pursad
Craactu piBHAHHS moBepxHl o6epTaHHsA, yTBOpeHOI o6GepTaHHAM rimep6osu .f:_—-

2
—_ __y?)_ == 1, 2 == 0 HaBKoJI0 oci a6crucC, i BASHAYHTH BHJ NOBepXHi.

O Miacrapusmu B piBHAHAA TimepGonu 3amicTs y Bupas = V42 + 22, Maemo

o0 21 52 2 2 «2
T = S =1

Lle piBHsiHHA ABOMOPONKHUHEOIrO rinepGosoina, akui neperunae sice Ox B Touxax (2; 0
0) i (—2; 0; 0) (puc. 3.69). @

7.9. Enintuynnii napa6onoig
Eainmuunum napaboaoidom HaA3HUBAETbCS MNOBEPXHSA, fKa B JeAKilt
NpAMOKYTHI CHcTeMi KOODAHMHAT BHM3HAYa€TbCH PiBHAHHAM

x2 y2
s tE =2 (85)
WO e KaHOHIYHMM pIBHAHHAM enxinTHuyHOro napabonoina. Bin mae dopmy

HecKiHueHHol onmykJoi vami (puc. 3.70). Jliniamu napanenbHux nepepisis
eninTHuHoro mapa6oJsoina e nmapaGosau abo enincu.

I puxaad
3HafiTH TOYKH NepeTHHY enimtHuHoro napa6osoina
X
=g +¢°
3 npaMoIo

x—2 y+41 z2—10

2 T =1 T 4 ’

122



O 3annwemo napamerpuunl piBHsiHHS jamoi npsMoi:
x=242 y=—t—1, z=4t410.
TixcraBuMo BHpasu a1 X, ¥, 2 B piBHsAHHS napa6oJsoiaa i sHaiiieMo Ti sSHaueHHs1 napaMer-
pa, axi BignosixaioTe TOYKaM nepeTHHY:
(2t 4 2)2 |

U4+ 10=——"F""+(—1— )% 4+ 10=2020+4+4t+42; t{,=—2, =2
IligcraBasioun 3HalifileHi 3HaueHHA napaMeTpa B napaMeTpHuHi piBHAHHA npaMoi, sHa-
BaeMo Touku neperuny: M; (—2; I; 2) i My (6; —3; 18). @

Puc. 3.70 Puc. 3.71

7.10. Tinep6oaiunniét napaGonoixn
Tinepboaiunum napabonroidom Ha3MBAETbCsA NOBEPXHA, fiKa B JeAKil
NPAMOKYTHifi cHcTeMi KOOpAMHAT BH3HayaeTbCsl DPiBHAHHAM

2 2
S =2 (86)

IO € KAHOHIYHUM DIBHAHHAM einepboaiunoeo napabosoida.lls moBepxHS
Mae Qopmy cina (puc. 3.71).

JliniaMn napaneabHHX nepepisiB rinep6osiuHoro mapa6Gosioifa € ri-
nep6Gosiu a6o mapaGoJin.

7.11. Jligifvari nosepxni

TloBepxHi, TBipHi fAKHX € NpaAMi NiHii, Ha3uBalOTbCA AlHilddamumu.
TakuMH NOBEepXHSIMH € UMJiHAPHYHI Ta KOHiuHi moBepxHi. PosrasHemo
PiBHSIHHS OJHOTIOpOXKHHHHOrO rinep6osoina (83) i 3anuwemo fioro y Bu-

raaai
et -2)=(+ (-5 o
CkJsazileMo cHcTeMy DiBHAHB:

%+—:—=k(l+—}); &)

Je k — JOBiNbHMHA, BiIMiHHHA Bij HyJAs, napamerp.
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Puc. 3.72 Puc. 3.73

Ipu meBHOoMy 3HaueHHi mapamerpa k KOXHe 3 DiBHSIHb CHCTeMH (88)
BH3HaYae NJIOLIMHY, a KOXKHA 3 CHCTeM BH3Hayae NpAMY JIiH{lo fK Mepe-
_ THH ILJIOLUMH.

Axino nepeMHoOXHuTH piBHAHHA (88) mouseHHO, TO JicTaHeMoO piBHAH-
ua (87). Tomy foBinibHa TOUKa (X; y; 2), IO 3af0BOJIbHsE cHcTeMy (88),
JeXHTh Ha moBepxHi (87). Lle o3Hauae, mo KoxHa 3 mpamux (88) nos-
HicTIO VIeXUTh Ha MOBePXHi OXHOMOPOXKHHHHOTO rinmepGosoifa (puc. 3.72),
OrXe, ONHOMOPOXHUHHUA rinepGonoil — JiHifiuara noeepxHsa. Te
caMe cTocyeThcsd i rimepGoJiunoro napa6osoina (86).

3a3HauyKMO, 10 OJHOTIOPOKHHHHI rinepGoJioiix 3acTOCOBYIOTbCSt B G-
aipaunTBi. CHOPYMKEHHSI Pi3HOMAaHiTHHX BHCOTHHX BeX 3 BHKOpDHCTaH-
HAM NpPSIMOJIiHiAHHX TBIPHHX OJHOMNOPOXHHEHOro rimep6oJioifa moeiHye
B co6i MillHieTh KoHCTpYKuii i mpocrory ii BHKOHaHHA. IjJes BHKOpHC-
TaHHs OJHOTIOPOXHHHHOrO rinmepGosnoiga B OYAIBHHLUTBI  HA/NEXKHTb
pociiickkomy BueHomy B. I'. IllyxoBy. 3a mpoektoM lllyxoBa no6ynosana
TesigBi3ifiHa Bexa Ra IllaGosioBui B MockBi. BoHa ckiajaerbcs 3 cekuliit
OJIHOTIOPOXKHHHHHX rinepGosoifiB oGepTaHHS.

H puraad \
23
3uaiitd Ti npsmoainifini TBipHi rinepGosidHoro napa6osoiga x = ig———yr ,
7
Akl TIPOXOAATE Yepe3 TOUKYy A(4; 2; -—§—) .
. x y x Y
O 3anumemo 3apane pipasuns y suraaal z= |3 —-5° T+—§-) .
St
CknajeMo cHcTeMy piBHAHB | I[ligcTaBUBIIM KOOPKHMHATH TOUKH
LI A
It =%
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X Puc. 3.74 Puc. 3.75

3
A B neplie DiBHAHHS CHCTeMH, SHafiaeMo k= —%~.’'Omxe, npama

x ¥y _ 3.

3~ 21" {l4x—2ly—-181=0;
abo

PR 2x—3y—14=0

_§_+..2_=_3_'

€ OJHi€I0 3 THX TBIPHHX 8aJaHOro mapa6oJoifa, fKa npoxoiuts uepes Touky A. Hpyry
TBipHY 3HAXOAMMO. aHAJOTIYHO 3 CHCTEMH

X

3+_‘y2=”‘3
x4y 1
3-—2_k'.

3aBAaHHA ANA CAMOKOHTpOJW

1. lllc HasuBaeTbCH MOBEPXHEIO APYIOro MOPAAKY?

2. Jlosecty, mo piBHAHHA f (x, y) = 0 3agae B mpocropi HMAIHAPHYHY NMOBEPXHIO,
TBipui sikoi napanenbhi oci Oz, a HaNpsAMHA 3aJa€TbCA THM CaMHM DiBHSHHSM.

3. Cknacrd piBHSHHS NoBepxHi, fIKa yTBOPIOEThCA oGepTanHsaM ainii, saganol pis-
uauuaM f (y, z) = 0 naskogo oci Oz.

4. ?x CKJIaCTH piBHAHHA KOHiyHOl noBepxHi, 3ajaHOl BepIIMHO | HampsMHOIO
aAinieio

5. CkaacTH i OXapaKTepM3yBaTH piBHAHHS CcepH.

6. Illo HasuBaeTbCs enincoifoM? ¥ YoMy moJfArae MeTol napaieibHHX nepepisis?

7. 1[0 Ha3uBaeTbCs ORHONMOPOXKHHHHMM rinepGonoifom? JlosectH, mo B nepepisax
OAHOMOPOXHHHHOrO Tinep6o/IOiAa MJICWHMHAMU X == A 1 y == h yTBOpIOIOTLCS rinepBoan.

8. 1llo Ha3MBaETbCH ABOMOPOXHHHHMM rimepGonoinom? ocnipuru nepepisH uief
noBepXHi IUIOMMHAMH 2 = h,

9, Illo HasuBaeThcA eninTHUHMM napaGonoizom? Hocniputh ninii meperuny napa-
Gonoiga mJOMIMHAMH X = h.

10. Cknactu piBHsHHA moBepXHi, yTBOpeHOI oGepTanHaM Xinil y = x HaBKoJO oci
Ox. INo6ynyBaTH NMOBEPXHIO.

11. SIky nosepxuio BH3Hauae piBHsHHA x? — y® — 28 — 4 = O? [lo6yAysaTH mo-
BEpXHIO.

12. SIKa noBepXHs BHSHAUAETHCS PiBHAHHAM y = x2 + 22? [ToGyAyBaTu NOBEPXHIO,

Bidnosidi. 10. x? = g2+ 22 (puc. 3.73). 11. [dsonopoxuunnufl rinepboaoix
obeprauns (puc, 3,74), 12. IlapaGonoin oGepranna (puc, 3,75),

125



I'nasa 4
BCTYII 1O MATEMATHYHOTI'O AHAJII3Y

Maremaruunuii aHanis — e CyKyNHiCTb PO3AI/B MaTeMaTHKH, IpH-
CBSTYEHHX NOCHiJKeHHI0 QYHKUil MeTojJaMH HecKiHYeHHO Majux. OCHOBH
Aado y mpausx I. Helorona, I'. Jlefi6nina, JI. Efinepa ta iHmmx mare-
MatukiB 17—18 cr. O6rpyHTyBaHHsI MaTeMaTHYHOTO aHaJi3y 3a JOIOMO-
roo MOHATTA rpaHuni Hajsexutb O. JI. Kowi.

Kypc MareMaTHYHOro aHa/li3y MiCTHTb TaKi pPO3JiJM: BCTYN JO aHani-
3y, AudepeHLia/lbHe YHCJAEHHS, iHTerpajbHe UMCJEHHs i Teopia psaniB.

¥ 1920 cr. MeToAaMH MaTeMaTHYHOTO aHa/i3y MOYaJ H BUBYATH CKJIajl-
Hiwi MareMaTHuHi 06’eKkTH, HiX ¢ynkuii. Lle npuBemo a0 creBopeHHs
(GYHKUiOHAJBHOTO aHa/Ki3y Ta 6araThbOX iHIIHX MaTEMaTHYHHX AHCLMMIH.

§ 1. AINCHI YUCJA

1.1. Muoxunu. Jloriuni cHmBoan

TToHATT MHOXHHH € OAHHM 3 QyHIAAMEHTAJbHUX Y MaTeMaTHIli. BoHo
HaJIeXKHTh [0 TMOHATb, IKHM He MOXHa JaTH CTpore o3HauyeHHs, TOGTO 1o
TaK 3BaHHX NEPBiCHHX, AKi He MOXXKHA BHPA3HTH yepe3 NMPOCTillli ‘MOHATTA,
IHTYyiTHBHO MHOXHHY PO3yMiloTb fIK CYKYNHicTb (cimelicTBo, HaGip, si-
6panHs) NesiKHX 00’eKTiB, 06’e¢IHaHUX 3a IEBHOI0 O3HAKOIO UM BJIACTH-
BiCTIO.

IMpuknazamMn MHOXHH MOxe GYTH MHOXKHHa Jerajell, 3 SKHUX CKJala-
€TbCs JaHHA MeXaHi3M, MHOMHHA WIKiJ JaHOTO MicTa, MHOXHHa 3ipoK
NeBHOro cysip’st, MHOXKHHA PO3B’'fI3KiB JaHOTO DiBHSAHHS, MHOXHMHA BCix
IiJUX YHCeJ TOLIO.

O6’ekTH, 3 IKHX CKJaJaeTbC MHOXHHA, Ha3HBAIOThCA 11 eJleMeHTaMH.
MHOXUHY TO3HAYAIOTh BEeJHKHMH GYKBaMH JIaTHHCHKOTO andaBiTy, a ix
€JIEMEHTH — MaJHMH. SIKIIO e/leMeHT X Ha/leXXHTh MHOXHHI X, TO NHUIYTb
x € X: 3amuc x € X a6o x ¢ X o3Hayae, WO eJEeMEHT X He HaJeXHTb
MHOXKHHI X. '

MHoXHHAa BBaXKaeTbCfl 3aJlaHOI0, fAKUIO BiOMa XapaKrepucTHka Ii
eNeMeHTiB, KOJIH NP0 KOXHHA eJeMeHT MOXKHa CKa3aTH, HaJ/IeXXHTb Bi#
uift MHOXHMHi uM Hi. Tak, MHOXKMHI UiMX yHCe HaNEXKHTb YHCAO 7, ane
He HaJexurb uncio 0,7. : »

MHoXHHa, fKa MiCTHTb CKIHUEHHY KiJbKiCTb €/eMeHTiB, Ha3HBaEcThCA
cKinuennoo. 3anuc A = {a,; a; ...; a,,) 0O3Hauae, WO MHOXKHHA A CKiH-
YeHHa i MiCTHTb m eneMeHTiB. MHOXHHa X = {X;; X3} ..., X} ... }, fIKA
MiCTHTb HECKiHUEHHY KiJbKiCTh €JIeMEeHTiB, Ha3HBAETBCH HECKIHYEHHOO.
Tak, MHOXHHA CJ1yXadiB B faHift ayauTopii — CKiHueHHa, a MHOXKHHA TpH-
KYTHHKiB, fIKi MOXHA BNHCAaTH B JaHe KOJIO,— HeCKiHYeHHa.

MHoXuHa, fiKa He MiCTHTb JKOJHOTO eJeMeHTa, Ha3HBaeTbCA NOPOoX-
Hboro i TMO3HayaeThc CHMBOJIOM (. [IpuK/iajoM NMOPOXKHBOI MHOXKHHH €
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MHOXHHA JifiCHHX KOpeHiB piBHAHHS
x% 4+ 1 = 0. Hexait 3agaHo a8i MHo-
KuHM A i B. SKmo KoxeH ejeMeHT
MHOXHHH A € e/IeMEeHTOM MHOXHHH
B, To MHOXHHY A Ha3HBaIOThb nio-
MHOXCUHOI0 MHOXHHM B i numyTth
A < B a6o B o A («A mictutbca
B B» a6o «B mictute A»). Hanpu-
KJaJl, MHOXXHHA HATypaJbHHX UHCe] e
NiAMHOXKHHOIO Liaux unces. QueBHA- Puc. 4.1

HO, IO KOXXHA MHOXHHA € CBOEIO ,
NIAMHOXHHOIO i MOPOXKHS MHOXKHHA € HiAMHOXHHOI OYJAb-KOI MHOXH-
HH. SIKmo MHOXHHH A i B mictsith OJHi i Ti caMi esemeHTH, To6T0 A <
c Bi B < A, 10 ix HasuBaiotTh pieHumu i mumytb A = B.

BH3HauuMo Jesiki onepauil, fKi MOXXHa BHKOHYBATH HaJ MHOXXHHAMH.

Muoxuny C, siKa MiCTHTb e/IeMeHTH, KOJKeH 3 IKHX HaJIeXKHTb MHOXH-
Hi A a60 MHOXuHiI B, Ha3UBAIOTb 06°cOHaHHAM (cymorw) Mmuomur A, B
i nosnavaiotb C = A {J B (puc. 4.1, a). Orxe,

a€Al B&a€e A abo a€ B.
Muoxuny D, 10 CKJ1ajaeTbCA 3 eJeMeHTiB, KOXeH 3 SKHX OJJHOYacHO
HaJNIeXXHTh MHOXHHaM A i B, Ha3uUBAIOTb nepepizom (006YmMKom) MHONCUR
Ai B i nosHavaiorb D = A (] B (puc. 4.1, 6). Otke, a€ A B&
&a€EBi a€A.

MHoxuHy E, IO CK/IaJaeThCsd 3 €NEMEHTIB, KOXEeH 3 AKHX HaJ/IeXHThb
MHOXKHHI A i He HaJIeXKHThb MHOXHHI B, Ha3HBalOTb pi3HHUIEI0 MHOXHH
Ai Binosnayatorb E = A \ B (puc. 4.1,6). Otxe, a€ A \ B &
&acAi atB.

Hanpukaag, axmo

A={—2% —1;0 1; 92}, B={—%;O; - 1},

C=A4\ B'={—2; —1; ——;—;0; —;—; L 2},

Hexait P (x) — neska BaacTUBiCTh 4HCIa X, ToAi 3amHc (x| P (x)}
O3Hayae MHOXHHY BCiX THX YHCeJ ¥, LA IKMX BUKOHYETbCA BJACTHBICTb
P (x). Hanpuxkaag,

{XIxa——l =0} = {— I; 1}9 {xlx< l’ x>5} = (.
1.2. MuoxdHa aificHux uHcea
¥ Kypci BHINOI MaTeMaTHKH 4aCTO BHKOPHCTOBYIOTb MHOXKHHH, eJie-

MeHTH SIKHX e 9Hcaa. Taki MHOXKHHH Ha3sHBalOThCA wucaosumu. Hassemo
JedaKki 3 HHX:
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1) mHoxuHa HarypanbHux uncen N = {1; 2; ...; n; ...}

2) MHOXHHA WIMHX HeBiA eMuHX umcen Z, = {0; 1; 2; ...; n; ...}

3) MHOXKHHa Wiaux uncen Z = {0; =1, +2; ...; £n; ...};

4) MHOXWHA pauioHajbHux umcen Q = {p/g|p € Z, g€ N};

5) MHOXHHA HRificHHX uyHcen R == {x|x = a, ;0,04 ...}, ¢ a €2,
oy — UHGDPH JECATKOROI CHCTEMHM UMCJIEHHSA.

Mix HHMH MHOXHHAMH iCHye 3B’fI30K:

NcZ,cZcQcR.

MHoxnHa AificHHX uuces MicTHTH pallioHanbHi 1a ippauionanbui yHncaa.
Bcsike pauioHasibHe 4HMC/IO € a60 WiAHM YHCJIOM, a0 CKiHYEHHHMM YH He-
pioZMuUHHM JecATKOBUM jpoboM. IppanioHasabHe tmcno — L€ HecKiH-

yeHHU# Henepioanynuil necsiTkoBuil Api6. Tak, = 2 = 0,4; 5 = 0,333... —

pamionaneni uncna;, V2 = 1,4142..., n = 3,1415 ——ippanionanb-
Hi yucsaa.

He Bpaiounch g0 Teopii mificnux wucen [11], sasHauumo, o Ha 'MHO-
KUHI JIHCHUX uMcesa 3aBKIM BHKOHYIOTbCA olepauii nojnaBaHHA, BijHi-
MaHHs#, MHOXeHHA i aiteHHs (KpiM aiedHs Ha 0). Kopib HemapHoro cre-
neHa 3 JOBiJbHOTO AiHCHOTO uHCJIa Mae OjHe JificHe 3HaueHHA. Kopiub
napHOro CTelleHs 3 JOJATHOTO YHC/Ia Mae JBA 3HaYeHHs, AKi BinpisHa-
10THCA JIHIIE 3HAKOM. KOleb NapHOro cremens 3 Bix €MHOTO YHC/1a Ha MHO-
WuHi QiACHHX yMces 3MiCcTy He Mae.

HifcHi yucna 306paxants Toukamy (ri. 2. n. 2.2) Ha KoopAMHATHIH
oci abo yucaoBi#i npsmii.

TakuM YHHOM, MiX MHOXKHHOK JNiHCHHX umcer R { MHOXHHOW Beix
TOUOK NPSMOl MOXKHA BCT2HOBHTH B3aeMHO OXHO3HAUHY BiJNOBiJAHICTb.
ILle o3Hauae, mo KoxHOMY uHCIy x € R BiANOBiJlaec NMesHa TOYKA NHpsi-
Moi i, HaBNaKH, KOXKHi#l Touli npsgMoi BianoBilae neBHe yHC/O.

1.3. Yucnosi npomixkku. Okin Touxu

Hexa#t ai b — nificui yucaa, npuuomy a < b. Posrasuemo yHcaoBi
MHOXHHH: '

[a; 8] = {x|a < x < b)s (a; + o0) = {xja< x};

(a; b] = {x ]a<x<b}, (— o0 b) = {x|x << b};

(a; b) = {x|a<<x << b); [a; 4 o0) = {x|a < x};

[a; b) = {x|ax < b); (— oo; b] = {x| x< b}
(—o00; 4-00) = {x]|—00 << x < +4-0c}.

Vei ui MHOMHHM Ha3WBAIOTbCA YHCJIOBHMH npoMidKamy, NPHUOMY
fa; b] — eidpisox (ce.menm{ (a; b), (a; +00), (—o00; b), (—o0; +00) —
tnmepearu, (a; b, la; b), la; +o0), (=00, b] — niginmepeasu.

Ipomixkku [a, bl, (a; b), (a; b], la; b) Has3HBaOTbCS CKiHUEHHHMH i
NO3HAYalThCs CHiIbHHM cHMBosioM {a; b); TOUKM ai b Ha3HBaOTbL Bif-
NOBiZHO JIiBHM i NpaBHM KiHLEM LUX NPOMIXKiB.
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OcTaHHi 3 HaBe/leHHX TIPOMiXKKiB Ha3HBAIOTbCS HeCKiHUeHHHMH. CuM-
BOJIH —oo i 400 B IMX MPOMiXKKax He Tpeba po3risjaT K UHCJa; le
CHMBOJIiYHEe MO3HAYeHHS IIpoliecy HeoOMeXXeHOro BiJJaJieHHA TOYOK YHC-
JI0BOT oci Bij 1i moyaTky BAiBO i BpaBo. ApudMeTHuHi onepanil Haj CHM-
BOJAMH —o00 i --o0o HempunycTHMi. BBaxaioTh, mo Oyib-sike AificHe
yucao x Gisiblue, HiXK —oo, i MeHLIe, HiXK +-o00: — 00 < x < -+ oo.

BBeeMO iHTepBa/H, WO HASHBAIOTbCS OKOJamu TOuKH. Hexa# X, —
JOBiMbHe pificHe uncao. OKk040M TOUKH X, HA3MBAIOTH OYAb-sIKUH iHTEpBaN
(; B), mo MicTuTb WO TOUKY, To6T0 a << X << B. Tak, oKosaMu TOUKH
x, = 1 e intepBanu (—0,5; 1,5), (0; 2) i T. A

IntepBan (x, — & X, + €), fe &€ > 0, Ha3WBaKwTb €-0KOAOM TOYKH
X,, TIPHYOMY TOYKY X, Ha3HBAIOTb YEHMPOM, & YHCIIO € — padiycom oxory.
Lle# oki/n Ha3MBAIOTh JOCHTb MaJlUM, SIKIIO YHC/IO € JOCHTh Mase.

1.4. Monyab (aGcoMmoTHA BeqMYMHA) AIACHOrO “HMCJA
Modyrem diilcHoeo wucaq X Ha3UBAKOTb YHCIIO | x |, iKe BH3HauaeTbCA

3a (popMyJiolo
x, fkwmo x>0;

x| = 0, skmo x=0;
— x, sxmo x<<O.
Tak, |5|=51—4|=4,|n—5|=5—m,

_ x—3, x>3;
|x —3] = 0, = 3;
3—x, x<3.

[eoMeTpHuHO uMC/IO | X | BU3HAua€ BiACTaHb BiJ IOYATKY BiTiKY
0 j0 TOUKH, BiANOBiAHOI YHCNY X Ha UHCJIOBIH oOci.

PosrasineMo apu¢MeTHYHE 3HAUEHHS KOpeHsd Va?, ne a — nosinbhe
nificHe yncso. OueBHAHO, IO

a, a>0;
Vat={ 0, a=0;
—a, a<<0.

Orxe, Va =|al
ChopmymoeMo saacmusocmi modyas OiticHozo wucaa.
1%, Pigni misk cob0t0 4ucaa maome pisni mis coboro modyari:

a=b=-|a|=|b].
20, Modyab uucaa € uucao Hesid emHe:
|£>0.
3% Yucro He Giavue c6020 MOOYAS:

x<lx|.
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4°, ITpomunesxci wucra mawoms pieHi mis co6oi0 MoOYA:
lx| =|—x].

5% Modyab cymu Osox wucer He Giavuuudii cymu ixnix modyaie:
lx+yi<I|x|+1y]-

6% Mooyas pisnuyi 06ox wuces He merwindl pisHuyi ixHix moOyarie:
lx—ygl=>1xl—1lyl.

7% Modyae dobymxy 0Osox wucea Oopiguioe dobymky Ixuix modyaie:

lx-yl=Ixllyl.

8%, Modyae uacmku Oopienre wacmyi modyaie OGisenoeo i dinvruka:

X X

v = {51 90

9% Axup a>0, mo nepisrocmi| x| < a ma —a << x < a pisro-
CUNbHI:

Va>0:|x|<ao (x| —ax<La).
10° [aa dosinvrozo wucaa a >> 0 uepishocmi | x |} >=>a ma x < —a
abo X = a piBHOCUAbHI:
(Va>0:|x|za)e(x|x<K—a abo x>a).
Kopucrywounch NOHATTAM MOAYJIsi, AeAKi 3 HaBeJEHMX BHIIE MPOMixK-
KiB MOXHA 3alucaTH y BHLJAAL]
—aKrxLao[—ag alelx|<Lg
— 00 << X< + 00D (— 00; + V| x]|<< + o0.
30KpeMa, &-OKiJl TOUKH X, 3aMHCYETbCA Y BHIVISAI X, — & << x <<
<X+ e (xg—e x,+ 8 S |x—x,| <e ueit camuil okia 3 6u-
KOAOIMOK MOYKOW X, 34MHCYETHCS TaK:
O<|x—xp|<e.
I puraad

Poss’s3atu HepiBHoCTi: a) | 2x — 3| << 5; 6) (x — 2)2 > 9.
O a) 3a eaactusictio 99 MaeMmo

—5 << 2x —3<5, a0 —2<<2x < 8, abo —1 < x <4,

Otxe, nana HepiBHICTE BHKOHYETBCA [ THX 3HaueHb X, AKi HaJdeXKaTb iHTepBady
(—1; 4.

6) Ockinbku YV a® = | aé, ToV (¥ —2)?=|x —2]isa sracrusicrio 10° maemo
x—22>3a60 x —2< —3=> x>5 a60 x << —1. Tarum uuHOM, jaHa HepiBHicTB
CnpaBeAdKBa ANs BeiXx 3HaueHb x € (—oo; —I1f U [5; + o). @

3aBaauHs AAR CAMOKOHTPOJI

1. §lk onucath mousTTa MHOXHHUP? HaBecTn npukaaiu.
2, 3anucaT¥ MHOXHHH: HaTyDaJbHHX 4Hces, LIIHX HeBiJ'eMHHX 4HCea, HiJAHX UH-
cell, pallioHaNbHHX uHces, AIACHHX uyHucel,
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3. SIKi MHOMHHHM HASHBalOTLCH YHCJOBHMH NPOMiXKaMH?

4. lllo Ha3uBa€TLCA E-OKOJOM TOYKH XoP

5. SIkuit smict sanucy A = {x| P (»)}?

6. SIK BH3HAualOTbcs OC €IHAHHS, Mepepis Ta pisHMUA ABOX 3afiaHHX MHOXMH? Ha-
BECTH NPHKJIAH.

7. lllo nasuBaeThcs Moay/eM AilicHoro uncia? SIKui reoMeTpHUHHA 3MicT MopyJas?

8. ChopMyJioBaTH BJaCTHBOCTi MOAyJas AificHOro uyucia.

9. Poss’sisatu HepiBHOCT:

a) [3x+1]<2 6) (x—122>9; B) |x2 —Bx 4 6} > x2 — 5x + 6.

llo:}_PoaB'ﬂsa'm piBusHEs: 8) | 2+ 1| = x% 6) |sinx|=sinx+ 2; B) [x —
—1 |x—2]=1. ‘ :

Bidnosgidi.9. a) (— I; —;—), 6) (——o<\>; —2)U [4; 4 o0); B) (2; 3). 10, a) —1;
14V 6 —5 +2%m, keZ ®) (12

§ 2. ®OYHKIIA

2.1. Crani i 3miHHi BEJHYHHH

BeauuuHa — ofHe 3 OCHOBHHX MaTe€MaTHYHHX IOHATD, 3MICT SKOIo
3 DOSBHTKOM MaTeMaTHKH 3MIHIOBABCH | y3arasbHIOBAaBCA. Ile nousarTs
HACTi/IbKH HIHpOKe i BceoXxoIamwye, IO HOoro Ba*XKO BU3HAUYUTH. Maca,
CHJIa, THCK, Hampyra, JOBXKWHa, 06’eM, AiMiCHS® YHCJO, BEKTOp — BCé I
npukaaau Beawund. Ha nepwifi cranii min BeJqHYKHHOIO po3ymMminu Te,
1110, BUPAXKaYHCh B MeBHUX OAMHHUAX (Hanpnxnan, JOBXXHHA B ME€Tpax,
Maca — B rpaMmax i T. [.), XapaKTepH3YeTbCsi CBOIM YHC/IOBHM 3HAUEHHAM.

3ro/0M BeJUYHHAMH CTajH i Taki MOHATTA, SIK YHCJIO, BEKTOD Ta iHii.
BeJuuHHH B IeAKOMY MHpoleci MOXyTb HabyBaTH pisHHX aGo OJHAKOBHX
YHCJIOBHX 3HAuUeHb. ¥ NnepumoMy BHNAAKY BeJIMUMHA Ha3HBAETbCA 3MIHHOIO,
y IpYromMy — cmasosw.

11 pusaadu.

1. Bignomenns AOBKHHH KoJa [0 HOTO AiaMeTpa € BeJMuMHa CTaja Ais BCix Kia
i mopiBHIOE uMcay .

2. BenuuuHa x, fiKa 3agoBoabHse ymoBy x € [0; 1], € sminnoo BexHuHHOIO.

3. SIKmo B pisHux Micuax i Ha pisHUX IMIMGHHAX .03ePa BHMipIOBATH OXHOYACHO THCK

BOJAH ifi T'yCTHHY, TO BUSABUTLCH, IO THCK — 3MiHHa BeJIMUKHA, a T'YCTHHY MOXHa BBaxXa--
TH BEeJUYUHOIO CTaJoI0. .

Y mepmnx [BOX NPHKJajax craja i SMiHHa BEJMYHHH BH3HAYalOTbHCA
TouHO. ¥ TpPeThoMy BHIAJKYy FYCTHHA BOJH, XOU i HE3HauHO, ajie 3MiHIo-
€TbCsl, TOMY BOHA € CTaJOI0 TI/bKH 3 NMEBHOW TOYHicTio. B Garathox pe-
aJbHUX fBHIIAX MOXHA BKa?aTH BEJMUMHHM, fKi Julle yMOBHO OyIyTb
CTaJINMH.

[IpenveroM BHUIOI MaTeMaTHKH € BUBYEHHS! 3MiHHHX BeJHYHH.

Crana BeNMuUMHa BBAXKAETbCA OKPEMHM BHIIaJIKOM 3MiHHOi: cTaja —
e Taka 3MiHHa, BCi 3HaueHHs siKoi piBHI MiX coGoio.

JIKmo BeJHuWHA HaGyBae CBOiX 3HaueHb IHCKPeTHO (NepepBHO), TO
ii HasuBalOTb nocaidosnicmro (. 3.1). SIKIO X 3MiHHA Be/IMYHHA HaGyBae
HerlepepBHHX 3HaueHb, TO il MPOCTO Ha3MBAIOTL 3MiHHOIO.
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2.2. Moustra dynknii

BuBualoun Te uH iHie siBHIE, MH, K IIPAaBHJIO, ONEPYEMO KilbKOMa Be-
JIHYHHAMH, SIKi NOB’'sA3aHi MiXk co6OI0 TakK, WO 3MiHa AKX 3 HUX NIPHUBO-
JHTb 10 3MiHH HIIHX.

Takuii B3aeMO3B’ 130K y MaTeMaTHIli BUPa’KaeThbCs 3a JONOMOIOI0 pyrK-
yii. Lle#t repmin Bnepiue BBiB I'. Jlel6HiL,

Il puraadu

1. Hexail enexTpauHe KoJIO cKJajaeTses 3 Jxepena nocriitnol wanpyra U i peocta-
Ta R. Ilpu sMini oropy R sminioBaTnMeTsest cuaia ctpymy. Hanpyra U — Besnuuna crana
(B nanomy xoni), a onip R i crpym / — smiugi, npusomy / 3MiHIOEThCA 3aJIeXKHO Bif 3Mi-

HH R 3a 3akonom Oma: / = 7 TobTo cuna ctpymy / € dyukuis onopy R.

2. Tlix vac BinbHOro mafinus Tina npofigenudi WX S 3aeXuTb Bif SMiHn gacy. .
’ . . .
38’430k MiX sMinunMu BeanuuHamu S i f 3ajacThes GOPMYJION0

gt
="

Ae g — NPHCKOPEHHSI MpH BifbHOMY naginHi (crana BenuunHa). Beauuuna S 3anexuth
Bij 3MiHH BelHuMHH {, TO6TO Wasix S € PyHKuicio uacy £ .
3. 3rinno 3 3akoHoM Bo#iis — Mapiorta 06’em rasy V ta Tuck P npHu cranifi tem-
nepatypi nos’sasaui ¢opmynow PV = ¢, 5ie ¢ — fesika craia. 3sigcu
c
V = 7

T06TO aMiHHa Beauyuna V sMiHIOETbCH 3ajexHo Bif aMinu P, Tomy of’em V ¢byHkuia
THCKY P.

4. Nlosxuna. [ Kona RiaMerpa d BH3HaYaeTbes 3a opMyJsIo [ = nid, fe 1 — craa
Be/IMyHHA. 3MiHHa [ 3aNeXuTh Bij 3MiHHOT BesIHUHHH d, TO6TO JOBXKHHA KONa [ € ¢byskuieio
Hiametpa d.

CriJibHEM y IHX NPHKNAJax € Te, WO 3B’A30K MiXK 3MIHHHMH BeJu-
UHHAMK OMHCYETbCs MEBHUM MPABUAOM (3a1€XKHICTIO, 3aKOHOM, BiJOBI -
HIiCTIO) TaK, UI0 KOXKHOMY 3HAauyeHHIO OAHiel BeJTHUMHH (R, P, t, d) Big-
NoBilae eanne 3HaueHus apyroi (I, V, S, ).

Hamo rtenep osHaueHHs ¢yHKUii. SIKWO KOXHOMY YHCAY X 3 fesiKol
YUCJIOBOI MHOXMHHM X 32 NeBHMM MPABH/IOM NOCTABJEHE Y BiANOBiAHICTS
€HHE YHCAO Yy, TO KaXyTh, WO y € GYHKUIA Bin x i nmuwyts y = f (x),
x € X. lle osHauenHs Hanexutb M. 1. JloGaueBcbkomy i JI. HipixJe.

3MiHHA ' X HA3HBAETbLCA HEBAACHHOI 3MIHHOW, 460 apeymenmom, a
3MiHHA y — 304€9CHOI0 BMINHOIW, 800 (PyHKYi€n; TiA CHMBOJIOM f posy-
MIIOTb Te NMPaBHJIO, 32 AKHM KOKHOMY X BiamoBiae y, aGo Ti onepanii,
IKi Tpe6a BHKOHATH Hajl apryMeHTOM, o6 AicTaTH BiANOBijAHE 3HAYEHHS
byHKUIT ‘

MHuoxuna X HasuBaeTbcs 00acmio usHaueHHs Qyukyii. MHOXMHA
Y ycix uucen y, Takux, wo y = f (x) 1% KOKHOTO X € X HasuBaerbcs
MHOJCUHOW 3HAueHb (pyHKyil, TOGTO ’

Y={yly=f(x), VxeX}
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IHoni y osHavenni ¢yukuii npunyckaiors, mo OJIHOMY 3HAaYeHHIO apry-
MeHTa BiANOBijJae He OlHe, a KiJbKa 3HaueHb y a6o HaBiTb HeCKiHYeHHA
MHOXHHA 3HaueHb Y. Y UbOMY BHIAAKY (YHKUiIO Ha3HBAlOTL 6azamo-
8HAQHOI0, HA BIAMIHY BiA O3HaueHOi BHIe 00no3HauHOi hynKyii. TIpukna-
AaMH MHOTOSHauYHUX GYHKUIH € y= 4+ V'x, y = Arcsin x Towo. Hapnaani
MH DOSIJIfJJATHMEMO JIHUIE ONHO3HAYHI (PyHKLLT.

Y wupuioMy posyMiHHi NOHATTA QYHKHIi BXUBAeTbCH K CHHOHIM
NOHATTA BiAOOpaXKeHHA MHOXKHHH Ha MHOMXMHY.

Hexa#i sanano n8i HemopoxHi MHOXuEM X i Y 3 eneMeHTaMH x €X
i y €Y i Hexail neperBopeHHs f nepeBOAHTH x B y. Toai ne neperBopen-
nst f (mpaBuno, 3aKoH, BilNOBiaHicTb, BinOGpaxeHHs, 3a/1eXKHICTh) HasH~
BaloTh yHKLi€o | NHINYTh

X LY abo f: X >V

(X ta YV MHOXHHH JedAKHX efeMeHTIB, He 060B’A3KOBO YHCJIOBI),

¥ uboMy BHRaAKy, fiK i y BMNaJKy YUCIOBHX MHOXHMH X Tta Y, nj
MHOXHHH HA3HBAIOTb 00AACTU0 GUSHAMEHNA TA MHONCUHOIO SHQYEHb pyrryii.
3anexHo Bin npuposu MHOXHHE X Ta Y jis dyHKuii f BXuBaloTh pi3Hi
Has3BH. Tak, skwo X Ta Y — MHOXKHHHM JifiCHHX uHCel, TO KaxyThb, 10
[ — nificha QyuKuis AificHoro aprymenty; Kmo X — MHOMHNA KOM-
neKCHUX yucen (ra1. 7, m. 1.4), a Y — MHOXHHa FificHHX uHces, TO f—
RiHCHA QYHKLis KOMIIEKCHOIO apTyMeHTY; siKio X — MHOMXHHa byHK-
Li#, a Y — uucioBa MHOXKHHA, TO [ Ha3HBaeTbCs pynryionaom.

TopisHiooun o3nauenHs dyukuii, 6aunmo, mo B nepuIoMy 3 HUX nia
pyHgUiel0 y = f (x) posymilorb ii 3HaueHHS — uHCsIO y. 3a apyrum
O3HAUEHHAM OYHKUiA — lle 3aKoH a6o mpaBHIO f, 3a AKuUM KOXKHOMY
€leMeHTy x € X CTaBHTbCA Y BilNOBiAHICTL €AMHUII eJeMeHT yevyY.
TakuM yMHOM, 32 NMEPIIHM O3HAYEHHSM NOHATTSH ¢yHkuil 3BoauThCA 10
TOHATTA 3MIHHOI BEJIMYMHH, a 3a APYrMM — JO TNOHSTTS BiINOBiAHOCTI,
Inoxi nonarrs GyHKuil Bupakaerncs i uepe3 iHIi MOHATTS (HanpHKAa,
MHoxKuHYy). Hajani kopucryBaTHMeMoch MepiiMM o3HaueHHsM GYyHKILT.

Y Kypci MaTeMaTHYHOrO aHalisy poO3riisijaioTh byHKLT, ans aKux
0671acTh BH3HAaYeHHs1 X | MHOXHHA 3HaueHb Y CKJAANAIOTHCS 3 JificHnX
yncest. ToMy mix MOHATTAM «yuc/IO», AKWO He 3po6JIeHO 3acTepeXKeHHs,
po3yMiTHMeMo HilicHe uucao. .

3 o3gHavenns GyHKUIT He BUIIHBaE, M0 Pi3HHM 3HaYEHHSIM apTyMeHTy
BiINOBi1al0Th pisni 3HaueHHs QYHKNiT. DYHKLis Moxe B yciit oGaacri
BH3HAYeHHs HaGyBaTH Ki/JbKOX a60 HaBiTh OJHOTO 3HaUEHHS. 3okpema, .
AKILO MHOXKHHA SHaueHb QYHKUII CK/MajaeThes JIHLIE 3 OJHOTO YMCHA c,
T0 TaKy (YHKUIO Ha3HBAIOTh CTAJIOK i MUWIYTH y=-c

2.3. CnocoGu 3apanns dyuxuiii

[llo6 sanatn pynkuio y = f (x), TpeGa BKasaTH ii o6nacTb BHaHAUeH-
H X, MHOXHWHY 3HaueHb Y i npaBuJo f, 32 AKuM A5 JOBiJIbHOTO uncaa
x € X MoXHa 3HaliTi BiANOBiAHe KoMy uHC/IO yevy.
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OcHoBHI cnoco6u 3afaHua GyHKuii: aHaxiTuunuRt, rpadiunuft i Tat-
JAYHHHA,

[lpu aHaniTHYHOMY CNOCOGi 3aJaHHS ¢ynKuil BiAnoBiAHiCTb MiX ap-
ryMeHToM i YHKuielo 3ajaeThcsi (OpMYJIoo (aHaJMiTHYHHM BHPA30M),
Jie 3a3HaueHo, fKi Ail MoTpi6HO BHKOHATH HAJl SHAUEHHAM apryMeHty Ta
CTalHMH uHMCJaMM, Mo6 JicTaTH BiANOBiZHE 3HaYEHH: ¢yukuii. SKmo
npH uboMy o6sacTb BH3HAUSHHs He BKA3YEThbCH, TO Il OCTaHHBOIO PO3YMi-
10Tb 064aCMb iCHYBAHHA PYHKYIL — MHOKUHY BCiX JificCHNX 3HaueHb apry-
MeHTY, AJsi sIKHX aHaNiTHYHHA BUPa3 Mae 3MicCT. ‘

3ayeaxenn a He cail OTOTOXHIOBATH ¢dyHkuio i opmyay, sa
JOTIOMOT0I0 KOl 1s pyHKLis 3ajana. Opuielo # Tielo QOpMYJIOI0 MOXHaA
sajaBatH pisHi dyHKIII, i HaBNaKH, OfHa # Ta cama GYHKLiS Ha pisHHX
ninsgEKAx 17 o6nacTi BUSHAUEHHS MOXKe 3a/laBaTHCh PISHHMH ¢dopmyamH.
Tak, bynkuii y = 1%, x € [0; 111 y = x*, x € (2; 5) — pisHi, 60 BOHH
MaloTh pisHi obaacti BH3HaYeHHs; ¢byHKLiA

_ [2x— 1, »x<<0;
b= 1g x, x>0

BH3HAYEHa Ha MPOMiXKY (—oo; —00), ajde LI HeAONAaTHHX i JojaTHHX
3HaueHb apryMmeHTy ii 3ajjaHo pisHHMH QOpMYJaMH.

I puraad
3naitth obnacti BH3HaueHHA QyHKUil:

x+2 ) e ) i X
a) y= Vg e B 6) y =Igsin (x—2); B) y = arcsin

. ——
N y=Vi=z+ 1/x_l__l.+1g(x—2); 0 y=n.

O 8 X={rl—2F3x+4>0)={x|—1<xr<4}=(—14);
6) X={xlsin(x—2)>0}={x|2(nn+l)<x<(2n+l)n+'2};

B) X={"| 'x_a_x—l <‘}ﬂ {xlx¢0}=(—°°:—%]UH-; +<><>):

N X={x[4—x>0} N {x|x*1} N {x|1x—2>0}= 2; 41;

1) dopmyna y = nl cTaBHTh Y BiANOBiAHICTb KOXKHOMY HAaTYPaJIbLHOMY YHCHY 1 HHC-
50 y = nl. Hanpuknag, axmo n==3, 10 y = 3! = 1.2.3=6, akmo n=5, 10
y=>51=1.2.3.4.5=120. Omxe, X = Z, (BBaxkaloth, mo 0! = 1). @

—1
3x !

Ili npukaajM NOKasyioTh, WO 06JAcTiO iCHYBaHHA dyHKLiT MOXYTh
6yTH NOCHTb PiSHOMaHiTHi MHOXHHH: Bilpi3OK, Kisbka a6o HaBiTh He-
cKiHUeHHa KiJbKicTh Bifpi3KiB, AMCKPETHa MHOXHHa TOYOK TOUIO.

3a3HayMMo, IO 3a7aua 3HAXO/KEHHs MHOXHHH Y SHaueHb aHaji-
THUHO 3ajiaHoi BYHKuii HaGararo cKJajHima i MoB’si3aHa 8 3ajlauel0 Mpo
ekcrpemMyMn GyHKW (ra. 6, m. 6.3).

Tlpu rpadiutomy croco6i- 3ajanus GyHKUil y = f (x) BimnosigmicTs
MiX SMIHHEMH X i Yy 3ajiaeTbCsl epagixom — MHOXKHHOIO TOUOK x; 9
IJIOMKHHA, OPSMOKYTHi KOOpAMHATH SKHX 3aJIOBOJIbHAIOTH piBHicTD ¥ =
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= f (x). 3anexHo BiA TOro, AKY 3ajaHO ¢dyHKuilo, rpadik ii Moxe ckaa-
JaTHCb 8 OJIHi€l CYLiJIbHOI MiHil, Ki/IbKOX JiHi#l, AUCKPETHOT MHOXHUHH TO-
YOK MJIOIIHHH TOIIO.

Ipadiunnm cnocodom 3ajaHHA GYHKUil mMHPOKO xopucryxo'rbcn npH
JOCHiJPKEHHSIX, NOB’13aHHX 3 BHKODHCTAHHAM TaKHX CaMONHCHHX IPHJa-
aiB, sfix Gaporpad (zns samucy 3MiH aTMoc(epHOro THCKY), ocumiorpadp
(an1a 3anucy 3MiH elEKTPHYHOTO CTpyMy abo Halpyru), ejgeKTpoKapuio-
rpad (a1s 3amHCy eJeKTPHUHHUX SIBHIN, IIOB’SI3aHHUX 3 AifJbHICTIO cepus),
TepMorpad (A1 samucy 3MiH TemmepaTypu nositps) Tomo. Kpui (ix
Ha3WBalOTh BiANOBiJHO Gaporpama, OCLMJOTpaMa, eJleKTpoKapJiorpama,
TepMOrpama), WO iX BHAHMCYIOTb NIPHJIAJH, 3aJaI0Th LiJKOM NEBHY (YHK-
1Li10, BJIACTHBOCTI 1IKOI XapaKTepH3YIOTb Itepelir TOro 4YH iHIIOTO IpoleCy.

I'pacdiku dyHKUi MoXHA crocTepiraTH Ha OHCIIEAX KOMII'IOTepiB.
Y MmareMaTHLi rpadikaMM HIHPOKO KOPHCTYIOTBCA JAJsS FeOMeTPHYHOro
306paxkeHHs (GYHKLIiH, HaBiTb TOAi, KOJH Iii GYHKHII 3aJaHi aHaiTHYHO.
dxwmo dyHknia y = f (x) 3anana Ha meski#l MHOXHHI X dopmyJolo, TO
3aBXKJY MOXKHa BBa)KaTH, W0 1# BiamoBijae neBHUH rpadik, AKNi BH3Ha-
4ae o QYHKILII0 FeOMETPHYHO. A sxmo ¢yHKIisA 3a1aHa JOBiAbHUM Irpacdi-
KOM, TO 4H MOXKHa ii 3aJaTu JesKoIo Q)opMy.noro?‘ Le nyxe CKJiajiHe 3amH-
TauHa. [lo6 BignmoBicTH Ha KbOTO, MOTPiGHO 3’ icyBaTH, IKHH 3MiCcT Mae To-
HATTA GopMmyau. SIkwo yskilis y = f (x) 3agana popMynol0, TO MH NO-
KH 110 BBaXKa€MO, 110 PYHKILiA y YTBOPIOETHCA 3a JONOMOrOI0 CKiHU€HHOro
YuCJIa TaKUX oNepalii Haj x, sIK J0JaBaHHs, BiHiMaHHsA, MHOXeHHS, Hi-
JeHHs, JoOyBaHHs1 KOpeHs, JiorapudMyBaHHs, B3STTA sin, arcsin Touo.
MaTemaTnuHu#l aHa/i3 Jlae 3MOTY 3HAUHO DPO3IIKPHTH HOHSATTS (GOPMYJIH.
3okpeMma, GOpMYJOK BBaXKAE€ThCH TAKOXK 1 HECKiHUeHHHH psl, 4JeHaMH
AKoro € Ti yu iHwWi GyHKUiI, TO6TO JONYCKaeTbCA HECKiHUEGHHe YHCJIO olle-
paui#t Hap uuMH ¢GYHKUiAMH. 3a JONOMOrOK0 TaKHX ¢(opMyJa - 6ifblicTb
KPUBHX, LIO 3YyCTpiualOTbCA Ha NPaKTHIli, MOXHa 3aJaTH aHaMiTHYHO
(ra. 9).

I puxaadu
1. I'papixom dymkuii y == 2n — 3, n € N € HeckiHuenHa MHOXHHA i301bOBAHHX

ToyoK ‘(puc. 4.2), AKi JexaTh Ha npﬂmﬁ y = 2x — 3.

2. Ppad);xom dyHrUil y = | x | € cykynHicTb GicexTpHC Mepmoro i npyroro KOOpJH-
HaTHHX KyTiB (pHC.

3. T'padikom dyHkuii :

{x“‘-—— 2, —oo<<x2;
y =

2, 2<x<<Ho0,

1o 33ajaHa Pi3HUMM aHANITHYHUMH BHpa3aMHM Ha Pi3HHX YaCTHHaX o6JjacTi aMiHM x, e
cygynHicts napa6osn i npsaMoi (puc. 4.4). Crpinka Ha rpadiky o3Havae, o Touka M (2;
2) He HaJeXHTb NpaAMill.

4. Oyukuis
—1, x<0;
y=signx=) 0, x=0;
I, x>0
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Y|
5:— - —T yi
34— —9 l ¥
M(2;2)
S T
'_3 |- 45N A4S 2 2| 3
'2 3 4 x o o R \ 0 1‘ X
_l-r 0‘ % K/
Puc. 4.2 i Puc. 4.3 Puc. 4.4

(YHTAETbCA ¢CHTHYM IKC») BH3HAYEHA Ha Becift yneaoBift oci i HaGyBae TPbOX 3HAueHb :
21,0 I X= (—o0: +09), ¥ = {—1,0, 1}. Tpadik uiei dyukuil 3o6paxeno Ha
puc. 4.5.

6. Pynkuis y = ..'%l (pnc. 4.6) BHaHaueHa npu x 7= 0 i waGyBae ABOX 3HaueHb:
—1; 13 X = (—oc; 0) U (0: +oo): Y= {-—I,.1}.

3ayBaXuMO, WO B NPSAMOKYTHill CHCTeMi KOOpAHHAT Oxy (puc. 4.7)
(YHKIIO 3aJa€ JHIle TaKa KPHBA [y, AKY KOXKHA NpsiMa, 1O IPOXOJUTD
yepes TOUKY x € X mnapa/ebHO oci Oy, mepeTHHae Juie B OAHi# TOY-
gi. O6nacTb Bu3HaueHHs Uiel QyHKuil — BiApi3oK [a; b], sakuit e mpoek-
uieio kpuBoi Ha Bicb Ox. [1l06 3HalTH 3HAUCHHS byHKIT Yy = f (%), WO
BiNNMOBifiae 3HAUEHHIO apIYMEHTY X,, NOTPiGHO uepes TOUKY X, € la;
b] npoBecTy NepHEHIUKYAP 10 OCi Ox. JJoBXHHA IbOTO MepIeHAnKY -
pa Bin oci Ox 1o Touku M, (%, Yo) TIEPETHHY 3 KPHMBOIO, B3fTa 3 HaJe€X-
HHM 3HAKOM, i € SHAUeHHAM BYHKUIT B TOULi X, TO6TO Y, = [ (Xo). Kpu-
Ba [, He 3afae QYHKIUIIO.

Tabauunuii cnoci6 sadanna @ynkyii y = f (x) moasirae B ToMy, WO
BiAMOBIAHICTb MK 3MIHHAMH X Ta Y 3aJA€TbCs Y BUIVIALI TabJHL.

 Tabaunuiiuii croci6 AOCHTh 4acTO BHKOPHCTOBYSTBCA IPH NpoBeJleHHi
eKCTIepHMeNTiB, KOJIH 33 a10Th [IEBHY CYKYTHICTb Xy, Xs, ..., Xp 3HAUEHDb ap-
TYMEHTY i JOCHAijHMM UISXOM 3HAXOAATb BifnoBiAHi 3HaueHHs (YHK-
uii: Yy, Ya» --o» Yan-

SIkmo QyHKLis 3aflaHa aHaliTHYHO, TO /IS Hel MCXKHa noGyaysaTd
ra6auio, To6To Taby moBaty GyHkuilo. TabymowTbed, 4K NPaBUIIo, byHK-
uii, AKi BHpaxkaloThCs CKJIALHOW GOPMYJION0, aje 4acTo 3yCTpiyaloThCs B
npakruii. Takumu €, Hanpukaz, ta6auii JorapugmiB, TPUTOHOMETPHUHI

¥ K Yy
1 | tnsssmman— e )
a x -
t——— ~{ 0 _’ X
Puc. 4,6 Pnc. 4.6
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Puc. 4.8

Tabauni Towo. I TyT, AK i npu rpadiuHoMy 3ajanni Qymkuii, BHHHKae
obepHeHe 3alMTaHHA: UM 3aBXKJAH MOXHA Bill TaG/IHUHOTO 3a]aHHA (YHK-
Uil nepedTH 10 aHa/iiTHYHOro, TOGTO YH MOXKHA (YHKLUilO, 3ajaHy Ta6-
JnLelo, 3afati ¢opmyJoto? 106 BiANOBiCTH Ha HBOrO, 3ayBaXKHUMO, LIO
Tab/MuLs Jae He Bei 3HaueHHs ¢yHKuii. [Ipomixni iT sHaueHHs, AKi He BXo-
JATh y 3ajaHy TaG/HINO, MOXHA 3HaHTH HaGJIMXKEHO 3a NOTIOMOICI0 TakK
3BaHOI onepayii inmepnoosanns ¢ynkyii. Tomy B saranbHOMY BHIAZ-
Ky 3HalTH TOYHHH aHaNiTHUHUI BHUpa3 GYHKUIT 32 IT TaGIHLEI0 HEMOXKJIH-
Bo. [Ipore Moxna no6ynysat GopmyJ1y, IpHUOMY He OAHY, sIKA sl 3Ha-
YeHb Xy, IO € B TabauUi, Oyje naBaTh BiANOBinHI 3HaueHHs y; QYHKUIT.
Taki gopmynn nasusalotbest inmepnoasyiiinumu (ra. 5, 0. 79). .

OcranHiM uyacoM TaGJHYHHHE CNOCI6 IWHPOKO 3aCTOCOBYETHCS y 3B's3-
Ky 3 BUKODUCTaHHAM €/IeKTPOHHO-06UHCMOBaAbHHX MawnH (EOM), Tomy
o BhXiAHy iHdopmanito EOM BuAae y Bursisijii uHC/IOBHX MacHBiB (Ta-
JHUB). Y 8B'A3KY 3 LIWM Bee GiJiblue NMOIIMPIOETHCS | CT4€ OJHHM 3  OC-
HOBHHX YeTBepPTHH cmoci6 3ajJaHHs (YHKUIl — 3a JONOMOrol0 KoM io-
TepHHX nporpam. SIk NpaBH/IO, MM CHOCOGOM 3aJdlOTbCH TaKi (yHKIT,
fiKi € pO3B’sI3KaMH CKJIaJIHHX MaTeMaTHYHHX 3ajiau. )Koanum 3 nomeper-
HiX cnoco6iB moji6Hi GOYHKIIT 3ajaTH He MOXKHA.

- Kpim posrasHyTnx icHyloTb # iHuw cnoco6H sajanna ¢ynkuii. Tak,

GYyHKIUII0 MOXHA 3aJaTH CJIOBECHHM OIHCOM 3aJIeXKHOCTI MiXX 3MiHHHMH.

I puxaadu

1. QyHKuii0 ¥ 32KaHO YMOBOIO: KOXKHOMY AifCHOMY YHCY X CTaBHTLCH y BiAnoBia-
HicTh HafiGiabIe Line yKHCaO, fKe He mepepuimye x (puc. 4.8). s dbyuruis, Bu3Hauena na
MHOXKHHI NifCHUX 4HCEN, HA3WBAETLCS YIAOK 4ACMUHOW0 x i nosnauaeThes y = [x] abo
y = E (x) (E — nouaTkoBa Jqirepa (paruysbkoro cnosa entier — uinnit). Hanpuknax,
[0,21=0,[—2,5]= -3, [l =5ir.

2. KoxHOMY panioHANbHOMY WHCIY CTaBHTbCA y BinoBimmicTs amcao 1, a ippanio-
HasnbHomy — uncao 0. Lla gyHKuis Tex BusHauena na MHoxuHI R. BoHa mnosHauaerncst

uepe3 D (x) i nasuBaerses Qyuryicro dipixae:
1, #Rmo x— panioHajsbHe uHCJO;

D ==
® {0, AKWo x — ippaiionanbue wHCTO,

T'padix dynxuil D (xr) npakTuuno 306pasuTh He MOXKHA, 60 BiH CKNaZAETbCA 3 TOUOK
npaMot y = 1, mo MaloTh abcuucaMy pauioHalbHi nCaa, i 8 TouoK npaMoi y = 0, B AKHX
adcuucy — ippauionanbii uncaa,
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2.4. Knacudikauis enementapuux QyHxuiit

OCHOBHHMH eJeMeHTAPHHMH (YHKISIMH Ha3MBAIOTbCA TaKi:

1. Cmenenesa gynxyia y = x*, o € R. O6aactb BH3HaUCHHH i rpa-
diku uiei QyHKUIT 3anexaTb BiX 3HAUEHHS o (puc. 4.9, a—¢).

9. IToxasnukosa pyuxyia y = a*, a >0, a1 (puc. 4.10).

3. Jlozapupmiuna ¢ynuxyin y = logza x, a >0, a1 (puc. 4.11).

4. Tpuzonomempuuni ynkyii: y =sinx, y =Co0sXx, Y = tg x,
y = ctg x (puc. 4.12, a—2).

5. ObepHeni mpuzonomempuuni QyHKyil: y = arcsin x, y = arccos X,
y = arctg x, y = arcctg x (puc. 4.13, a—2).

T'padiky OCHOBHHX eJleMEHTapHHX dyukuifi Tpe6a nam’ statd. [lepe-
TBOPIOIOYH X, MOMHA JHicTaTH rpadiku GaraTbox iHmHx ¢yHkuif, He-
xait rpadik ®yHKUil y = f (x) BigoMu#, pO3rJHEMO JesiKi IepeTBOPEHHA
uboro rpagika.

1. Cpadik dyukuil y = f (x) + b picranemo 3 rpadika GyHKLI y =
= f (x) mapaieJbHEM NEPEHECEHHSM OCTAHHLOrO B3JOBX oci Oy Ha Be-
JMYHHY, WO AopiBHIOE b (puc. 4.14).

2. Tpadix ¢pyukuii y = f (x + a) Aicraemo 3 rpadika QyHKuUii y =
= f (X) mapajeJbHMM TIeDeHECEHHSIM OCTAaHHBOTO B3JOBXK oci Ox Ha Be-
JMUEHY, WO JopiBHIOE a (puc. 4.15).

3. Tpadix byukuii y = cf (x), ¢ #= 0 (puc. 4.16) nicraeMo 3 rpadika

dynxuii y = f (x) npu 0 << ¢ << | 3a nonemoroio CTHCKYBaHHS B —— pasiB
OpIMHAT OCTAaHHBOTO, a IPH ¢ = 1 32 JIONOMOTrOI0 POSTATYBAHHSA B € pasis

yoxz Yl 9) 7 g
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0 x
Puc. 4.10 Puc. 4.11

fioro opaHHaT i3 36epexKeHHAM BinoBigHHUX abcuuc. SIKIWO —oo << ¢ <
<0, To rpadik y = cf (x) e H3epKaJbHHM BifoGpaxkeHHSIM rpadika
y = —cf (x) BigHOCHO oci Ox (BimmOBiAHO N0 BHNAAKIB —1 <<c << 0 i
c<—1).

4. I'padik ¢yHruii y = f (kx), k£ 5= 0 nicraemo 3 rpadika ¢yHKuii
y = [(x) nmpu 0 < k <1 36inbLUIeHHAM B - PasiB aGcumc fioro Toyok,

a npn | <k << +4oo 3MeHLIEHHIM B k pasiB a6Gcuuc HOro TO4YOK i3
s0epexxeHHAM ixHiXx opauHat (puc. 4.17).

SAkwo —oo <<k <0, 10 rpadix y = f (kx) e A3epkasbHUM Bino6pa-
XKeHHsM rpadika f (—kx) BigHocHo oci  Oy.

Beenemo apuémernuni omepauii Hajy ¢yHkuismu. Hexafi ¢yHkuis
y = [ (x) Bu3HaueHa Ha MHOXHHI A, a ¢ (x) — Ha MHOXHHI B, npuuo-
My niepepis uux MHOXXHR C = A (| B == . Toxi Ha MHOXuHi C MoxKHa
BH3HAaUHTH cyMy QYHKLIR f (x) 4+ @ (x). 3HaueHHs cymH B TouWi X =
= %9 € C — e uucio, sKe INOpiBHIOE cyMi f (x)) + @ (x,). AHajoriuno

y ¢ Y=sinx 3 y=cosx

~— - Yook

TR NLF NE T N\
1 g 7
A y2tgx vl y=ctgx
X 0 % X % | X
8
Puc. 4.12
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Yy YA Y
1T
£ |y z
I =aresinx N7 |y-arecosx 2
2 | | ‘
| i I T
-1 /10 1 x -10 1 X
e x
2
y=arectgx
7 X
2
Puc. 4.13
Y y=flx)+6,8>0 y
’ y=flera) "1 y=fix) y=fix+a)
s _y=fx) 220 Lai fal a<o
s / .
0 A X 0 X
y”ﬁ}"‘l 8<0
Puc. 4.14 Puc. 4.15
O e
=fx, =flkx sf(x
Y y=cfx),e>1 Y 5;«-1 4=ty
y=rix)
=flkx),
=Cf(x),0<¢ <1 g<l(/<§}
_-*7 X 0 X
N\ yeeffx),-1<e<0
N el o<t g +Flkx)
~ -1<K<0
Puc. 4.16 Puc. 4.17
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MOXXHA BH3HauuTH piznumio f (x) — ¢ (x), noéyrdx F(x) 9 (x) Ta yacr-

Ky étx)) uux ¢yHkui (ocraHHio 3a ymoBH, wo ¢ (x) =0, Vx € ().

Han ¢yHKUiAMH BUKOHYIOTD i TaK 3BaHy omepauilo cynepnosuyii, a6o
naxaadanns. Hexalt ¢yHkuis y = f () BU3HaueHa Ha MHOXHHI A, a
¢yHKIiA 4 = @ (¥) — Ha MHOXHUHI B, npHuoMy JJ/isi KOXKHOTO 3HaueHHS
X € B Bignosinne 3HayenHs u = ¢ (x) € A. Toai Ha MHOxHHI B BH3Ha-
yena ¢yukuin f (¢ (v)), AKY Ha3uBaOTb cKaadeHow pyrkyicw BiL x, a6o
cynepnoauyicio 3ananux Gyuruii, abo gyukyicr 8id dynryii.

3MiHny u = @ (v) dysruii y = [ (1) Ha3uBaOTL npominnum apey-
meHmom, a60 suympiwneoro gyrkyiero, a 3minny y = f (1) soeniwuneor
Qyrryicero.

Hanpuknap, ¢yskuia y = ;/ sin X € Cynepmo3uliel0 /ABOX OCHOB-
an eNeMeHTapHHX (YHKIiH — CTeneHeBOi Ta TPHTFOHOMETPHYHOI: Yy =

= |/u, ucl—1; 1, u=sinx, x € (—oo0; +oo0). Ckaageti OyHKUil
MOXKHa YyTBOPIOBATH 3a JOIOMOroi0 CYneprno3ulil He TiJbKM OBOX, 2 #
6inbiuoi KinbKoCTi PyHKHLiH. '

Hanpuxkaan, dyskuilo y =
3uuilo Tppox QyHKUiH:

y=2 u€[—1; 1], u=siny, vE(— oo; +oo),
v=2x% X€(—oo; + )

OcHoBHi eslemeHTapHi GyHKLIT, a TakoX ¢yHKuii, yTBopeHi 3a jomo-
Morow ¢opMmyJ, B SIKHX -HaJ OCHOBHHMH eJeMEHTapHHMM GYHKLiaAMH
BUKOHYETbC JIHIIE CKiHUeHHe 4{C/a0 apudMeTHUHHX onepauii (zoaa-
BaHHs, BiJHIMaHHs, MHOMKEHHS, AiJieHHA) i CyNepnosHilifi, Ha3HBAIOTbCA
eACMEHLMAPHUMU.

2sln x* !
MOXHa pO3IJIAJaTH #AK CyNepro-

. 2 —1 ;
Tak, oyHkuis y = arccos %— + %Fx_‘ € esieMeHTapHo dyHKIielo,
a ¢yHkuii
x2 —o0 < XL 1 £ x A
y=|7" SESE o Z S g
2% 1, l<x< 4 o0
He € eseMeHTapHuUMH. HeeseMeHTapHHMM € TaKoX ququi’f nl, sign x,
E (), D (x).
Enemenrapri &yHKUil MOAiNAI0OTE HAa TaKi KJACH.
1) ®yrkuia Bugy P (x) = qx" + apx*!' + ...+ ap—yx + a,, ze
néZz, a, a, ..., a, — QidicHi uncaa — xoetpiu_ieHTH (a, #= 0), Ha3uBa-

€TbCH 1IN0 PayionarvHow ynkyieio, abo MmuoeouaeHom (noaiHOMOM)
cmenens n. MHOrousieH NepLIOro CTeleHsi HA3UBAETHhCH TaKOX ALHILHO0
QyrKyicro, a APYTOTO — K8AOPAMUHHOIN.

2) OyHKUisl, Mo € BiIHOWEHHAM ABOX MEOTOWIeHIB

(x) = a4 ay X" 4 oo fap
bX™ 4 by s by,
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HasuBaeTbca Opobosoro payionarvroo Gynkyico, abo  payionarbHum
_Gpobom.

CykynHicTb MHOrou/eHiB i pauioHaAbHHX APOGiB yTBOpIOE KJac pa-
ylonaavrux QynKyid.

3) dyuKuis, YTBOpeHa 3a LOTIOMOTOI0 CKiHYEHHOro 4YHC/a CylepIo-
3unif Ta apuOMETHYHHX onepalifi Haj panioHaJbHHMH QYHKUisAMH i Hap
cTeneHeBUMH (YHKIisIMH 3 APOGOBHMH NOKa3HHKaMH i sika He € pauio-
HaJIbHOIO, HA3MBAETbCA IPPAYIOHANLHOIW (QYHKYIEr.

Hanpuknan, ¢yskuii y = —i‘:—:%—: y = V'x + 5 — ippauio-
HaJ/bHi. ,

4) EnemeHtapHa QyHKIif, fiKa He € pallioHa/JbHOW a60 ippalioHa/b-
HOIO, Ha3WBaEThCsA mpancyendenmuoro ¢pynxyicro. 1le, Hanpuknan, ¢yHk-

mi y =sinx, y =2"4+x, y =1gx, y = arctg x Tomo.

2.5. O6mexeni dynxuil
dyukLUio f (x), BU3HayeHy Ha MHOXHHI A, Ha3HBaIOTb 0GMENHCEHOIO
Ha Uil MHOXHHi, KoaH icHye Take uncio M >0, mo ana Beix x € A
BHKOHYyeTbcA HepiBHicTb |f (x) | << M. Takum 4nHOM, 3HaueHHs oOMe-
meHol ByHKIii He BUXOAATH 3a Mexi Bizpiska [—M; M]. Tomy ii rpa-
diK JeXuTb MiK NpsAMHMH y = —M Ta y = M (puc. 4.18). Hampuxk-
naj, PyHKUii y = sin x Ta y = cos x o6MeXeHi Ha Bcifi yucaoBif oci,
6o Asinxlg 1, |[cosx | << 1, x € (—o0; +00).
Kmo aas GyHKuii f (x) a6o ¢ (x), BUSHAuUEHHX Ha MHOXHHiI A, ic-
Hye Take 4ucao N, IO BHKOHYeTbCs HepiBHiCTb f (x) << N abo ¢ (x) >
> N, To o¢yHKUil0 [ (X) Ha3HBaIOTL obOMedxceHol0 3s6epxy, a @ (x) —
obmexcenoro 3nusy. Hampuknan, oyHKuis y = a* Ha iHTepBaji (—oo;
+oo0) obMexeHa 3HM3Yy mpsMolo y = 0, aje He oOMexeHa 3Bepxy;
¢ynkuia y = —x® 4+ 4x — 3 (puc. 4.19) o6MexeHa 3Bepxy mnpsMoi0

. 1
y = 1, ane He oOMexeHa 3HH3Y; QYHKNIA Y = — — HeoOMeXeHa.

Posrasnaioun ob6MexeHictb ¢yHKUii f (x), MM THM caMHM XapakTe-
pH3YEMO MHOXHHY 3HaueHb uiei QyHKUil.

Y g=M

|
—L .
aIL/D \/ \jlldx

Puc. 4.18 Puc. 4.19
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2.6. Monorouni ¢ynxuil

Hexait pynkuis f (x) Busnauena Ha mHoXuHi A. SIKwo aas 1Box no-
BiJIbHMX Di3HHX 3HaueHb X, i X, apryMeHTY, B3ATHX i3 MHOXHHH A, 8 He-
piBHOCTi X, << X, BHUI/IHBaAE, WIO:

a) f (%)) <f (xy), To QyHKLisI Ha3UBAETLCA SPOCMAIOUOI;

6) [ (x) <[ (xy), TO QyHKLIs HasuBaeTbCs HecnadHol0;

B) [ (x)) > [ (x,), TO QYHKUiA HasHMBaeTbCA cnadHor;

) f(x) =>F(x), To pyHKUin HasuBaeTbCH He3pocmarowoLw.

Hanpukaan, ¢yukuis y = a* (puc. 4.10) e spocraiouoto npn a >
> 11 cnagsoio mpu 0 <<a <1 Ha iHTepBasi- (—o0; -+ 00); dyHKuUisn
y =—x* + 4x — 3 (puc. 4.19) e 3pocraiouoio Ha inTepBani (— oo; 2) i
cmajHolo Ha iHTepBadi (2; +oo); dyHkuis E (x) (puc. 4.8) — HecnazgHa.

3pocraioui, Hespocraloui, cnaiHi i HecnaiHi QYHKI{T Ha MHOMKHHI
A Ha3UBAIOTLCA MOHOMOWHUMU HA Uil MHOXWHI, a 3pocTaioui i crag-
Hi — cMp0o20 MOKOMOHKUMU.

Hexah ¢yHKuis He e MOHOTOHHOIO B yciit cBOi#l 06sacTi BH3HaueHHs,
aze Wo 06/1acTh MOXHa PO3GHTH Ha Jesike (CKiHUEHHe UM HecKiHueHHe)
YHC/IO NMPOMiXKKiB, fKi He INePEeTHHAIOTLCS i Ha KOMKHOMY 3 SIKHX ¢dyHk-
Ui MOHOTOHHA. Taki NPOMIXKKH HASHBAIOTLCH NPOMINCKAMU MOHOMOH-
Hocmi ghynryii.

Tak, ¢ynkuia y = x® He e MOHOTOHHOW Ha Bcilf wHC/IOBif oci, ane
Mae JBa NPOMiXKH MOHOTOHHOCTi: (—oo; 0) i (0; -o00); Ha mepomy
8 HHX QYHKUiA cnajga€, a Ha APYroMy — 3poOCTaE.

QyHKUI] y = sin x i y = cos X MalOTb HecKiHYeHHY KiibKiCTb npo-
MiXKKiB MOHOTOHHOCTI. ‘

2.7. NMapni i Henapui dynkuii

Hexait gynkuis f (x) Bu3HaueHna na mHOXuHi A Towok oci Ox, pos-
MillleHHX CHMETPHYHO BifHOCHO TOYKH X = 0, To6T0 AKIWO x €A, TO
B —x€cA. ’

@yHkuio f(x) HasuBaloTh napuoro, sxmo f(—x) =f(x), x € A,

i nenaprnow, saxmo f(—x) = —f (x), x € A.
II puraadu
1. Qyskuisg y = x-il- 5 He € NapHoIo i He € HenmapHOIO, 60 i o6nacTh BHSHANEHHA

He CHMETPHYHA BifHOCHO TouxkH x == 0: B TouUi X = 2 ¢yHKNin BH3HaYeHa, a B Toumi
X = —2 — He BH3HaueHa.

2. QyHkuin y = _2Lj-_’i Mae 00/1aCTb BU3HaueHHS (— o0; 0) |J (0; + oo), chmer-

PHUHY BiIHOCHO TOuKH X == (), aje He € Hi MapHOW, Hi HenapHol0, 6o

9 (— )8 b (— 242 P
=t ED | Wor g 2tr

H—x#f&), f(—)*—Ff(@).
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v ’ .
3. O6Gnactb BH3HaueHHsi (ynkuii f(x)=..x2_+.%cumefrpuqﬂa BiTHOCHO TOUKH
P :

x=0{x % =¥ 3), i ua Ppynkuis napsa, 60

—x)? 1 2]
f("‘x)=£_i;2i3=ini-3=f(x)-

4. ®ynkuii y = sinx, y = tg x, y = ctg x — Henapui, a y = cos x — napua.

Ipadik napHoi gysKuil cumerpuauil BigHocHo oci Oy, a HenapHoi — BigHOCHO IO~
yaTKy KoopauuaT. KpiM TOro, sKiIO NapHa u¥ Hemapha QYHKUIA Mae nesHy BJacTHBiCTh
A5 NOJATHHX 3HaYeHb X, TO MOXKHa BA3HAUMTH BiANOBiZHY BAaCTUBRICTH AdS Bif'eMHHX
snauens x. Hanpugnan, sKkiio o x > 0 napHa gyukuis spocrae, ™o 415 x << 0 151 PyHK-
uis cnagae. '

2.8. Mepiopnuni dynxuii

dynkuia f (x), BUSHaYeHa Ha BCifl YHCJOBiIM NpsAMiH, HasHBAETbCA
nepioduunorw, AKuo icHye Take uucio T, mo f(x + 7T) = f (x). YUneao
T HasuBaeTbesi nepiodom ¢pyukuii. Slkmo T — mepiog gymkuii, To 17 me-
pionamu e Takox yucaa kT, ne k nopisHioe £1, +2, ... Haimenmuit
8 JOJATHHUX TepioaiB QyHKLUIl, AKIIO TAKUH iCHYe, HA3HUBAETHCA OCHOBHUM
nepiodom GyHKILII.

Mnu BH3HAuMJIH Tepioguudy QyHKUilO, 3ajaHy Ha BCiHl uncaoOBil mps-
Mifl. Binpw 3araJsHUM € Take O3HaYeHHS.

dyuxuis [ (x), BU3HaueHa Ha MHOXHHI X, Ha3MBaeThCA nepio0uuroto
Ha yit mHodcuni, sikwo icnye take uueio T %0, wo x + TeX i
fx+T) =7k, xeX.

3 o3HayeHHs BHIJIMBAE, WO JNIs MOOYLOBH rpadika mepiofuuHoi 3 me-
piogom T GyHKUil ZocuTb NoGyayBaTH ii rpadik Ha JIOBiJIbHOMY TIPOMiX-
Ky aoBxuHu T, a nOTiM NPOAOBKUTH Le#l rpadik Ha BCIO o6/1acTh BH3HaA-
YeHHs, TIOBTOPIOIOUH HOro yepe3 KOXHUH IPOMiXKOK JOBXHHH T.

N puraadu :

1. Ochoprum nepiofoM ¢yHkuit y = sinx, y = cos x € 4uCjIoO T = 2m,

2. ®yuknil y = tgx i y = clg x MaoTb OCHOBHHI nepiog T = m.

3. Tepionom dynxuii y = C (C — crana) e foBinbHe, BiaMiHHe Bif Hyas 4HCHO;
us hYHKLis He M€ OCHOBHOrO Mepiofy.

4. 3uafin nepion ¢ynxuii y = sin (ax + b), ¥ € (— o0} -+ o0).
O fxwo us ¢yuxkuis nepioguuua, TO iCHye TaKe YHCIO T %0, mo

sin (ax -+ b) = sin (a (x+ T) + b),

‘ snifgn

2nn
2nn4-ax +b=ax-+al +b, T=—f , neZ,

. . 25
Orke, OCHOBHHM nhepiogoM JAaHoi ¢ysxuil € THCIO0 T="__.@

jai

TNepioguuni ¢yHKuii BigirpaioTh BaXJIHBY POJb /ISt MATEMATHIHOTO
ONHCY epiOJMYHHX SABHIL, LIO CHOCTEPiraloThesl B IPUPONLi. XapakTepHOio
OCOGMHBICTIO LMX SBHIL € MepiojiuyHe NOBTOPEHHs IX uepes MeBHI IIpo-
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MiXKkH yacy. [Ipukjagamu MoxyThb GYTH Pyi MasgTHHKa HaBKOJO oOci,
PyX HeGeCHUX TiJl (I1aHETH PYyXaloThCsl MO eNiNTHYHHX op6iTax), pobora
Mailxe BCiX MalluH i MeXaHi3MiB IOB’si3aHa 3 NepiOAMYHMM pYXoM (pyX
NOPLIHIB, IIATYHIB TOLLO). -

2.9. HeaBno 3anani dynxuii

SIkumo QyHKUin 3ajaHa piBHAHHAM y = f (x), po3B’A3aHUM BiJIHOCHO
8aJ1eXKHOI 3MiHHOI Y, TO KakyThb, IO GYHKNis 3a1aHa y sBHil gopmi abo
€ fBHOIO,

Ilipn HesBHEM sajaHHAM GYHKIIT po3yMiloTh 3ajaHHS ¢yHKUIT y
BUrNsAAi piBHAHHA F (x, y) = 0, He pO3B’S32aHOr0 BiJJHOCHO 3aJeXHOL
3MiH HO.

e piBHsiHHEA 3a/ae GYHKU{IO JHLIe TOAI, KON MHOMHHA BIOPSAKOBA-
HHMX nap ynced (x, y), AKi € PO3B’I3KOM JIaHOTO PiBHFHHS, TaKa, WO OYMb-
IKOMY HHCAY X, Y Uifi MHOXKHH{ BianoBijae He Ginblle oxHiel napu (x,,
Yo) 3 NEPIIMM eNleMeHTOM X,. Tak, piBHsiHHA 2x -+ 3y — | = 0 3anae
¢yHKujl0, a piBHaHHA x® - y® = 4 He 3ajae, G0 3HaueHHIO X, = }/3
Binnoinae nsi mapu uncen: (V'3, 1), (3, —1).

HloBinbHy $IBHO 3alaHy (YHKUiO y = f (¥) MOXHA 3aNHCATH K He-
IBHO 3ajlaHy piBHAIHHAM f (x) — y = 0, aje He HaBmaku. Hanpuknan,
GyHKUilO € — x 4 y = 0 ABHO 3aNHCaTH He MOXHa, 60 le PpiBHSHHA
He MOXHa pO3B’si3aTH BiJlHOoCHO y. ToMy HesBHa Qopma 3anucy QyHk-
uil Ginbw saranbHa, HiX sBHA. HesiBHO 3ajany dysKiilo HasuBaoTh
HEABHOI0.

3ayBaxXuMo, IO TePMiHH «sBHA OYHKLis» i «HesBHA GYHKUif» XapaK-
TepH3yIOTb He NpHpoaAy (yHKiil, a ananitHudufl cnoci6 ii 3ajaHHs.

2.10. OGepueni ¢ynxuii

Hexait sagana ¢pynkuisa y = f(x) 3 o6nacrio BusnauenHss X i MHo-
KHHOIO 3HaueHb Y. OyHKIiA f (x) KOXKHOMY 3HAueHHIO Xo € X craBHTH
y BiAMOBiAHiCTh €nyHe 3HaueHHs y, € Y (puc. 4.20). ITpn uboMy moxe
BHABHTHCD, WO Pi3HUM 3HAYEHHSM apryMmMeHTy X, i X, BignoBigae onme
it Te came sHauenHs yHKUIl y, (puc. 4.21). lonaTKOBO BHMaraTHMeMo,
mo6 dyHKUis f (x) pisHMM 3HaYeHHAM X CTaBWJa Y Bianosimmicth pis-

4 :
G ¥l .
Y gl
) !
1 . i .

Puc. 4.20 Puc. 4.21
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P} Hi sHauenHs y. Toli KOXHOMY 3HayeHHIO

A y € Y BignoBizaTuMe eAnHE 3HAUECHHA X € X,
41— MN TO6TO MOMKHA BH3HAYHTH QYHKLIIO X = @ (y)
YA 3 06/1aCTIO BU3HAUyeHHS Y .1 MHOMXHHOIO 3Ha-
S/ A AN .
yenb X. Ll GyHKUis Ha3MBaeTbCsi 06EPHEHOI0

(ynKyiero IO JaHOI.

Orxe, dyHkuis x = ¢ (y) € obepHEHOW0
1o pyHkuil y = f (x), AKwo:

1) o6nactio BH3HaueHHs QYHKLUIi ¢ € MHO-
*KHHa 3HaueHb OQYHKUIl f;

9) MHOXHHa 3HaueHb QYHKUii ¢ e obaac-

Prc. 4.22 TIO BU3HaueHHs dyHKWi f; _
3) KOXHOMY 3HaueHHIO 3MiHHOi y € Y Bif-
OBiJae euHe 3HaueHHsl 3MiHHOI X € X.

3 bOro BHILIMBAE, WO KOXKHA 3 JBOX GYHKLIH y = f (¥) i x = @ (1)
Moxke 6yTH Ha3BaHa NpPsAMOI0 a6o 0GepHEHOIo, TO6TO Ui BYHKIT B3aeMHO
o6GepHeHi.

IIlo6 snafiTh GyHKUilO x = @ (y), o6epHeny o dyHkuii y = f(x),
JOCTATHBO DO3B’3aTH PIBHSHHA [ (X) = y BiAHOCHO 3MiHHOI X (KO
1e Mox.11BO). OCKiIbKH KOXHa TouKa (x; y) KpuBoi y = f (x) € onHouac-
HO TOUKOIO KPHBOI X = @ (y), To rpadiku B3aeMHO OGepHEHHX GYHKIiH
y=[f(x 1 x= ¢ (y) sb6iraiorbca. KO XK J0JATKOBO 3aXKajaTH, o6,
AK 3BHYafiHO, HesajlekHa 3MiHHa NO3HayaJjach 4Yepe3 X, a 3a/exHa —
yepes y, TO 3aMicTb QYHKUii x = @ (y) MaTuMemo OYHKUiIO y= @ (»).
Ile osHauae, MmO KOXKHA TouKa M, (X Yo) KpHBOI y = f(x) cTaHe TOUKOIO
M, (yo; xo) KpuBOI y = @ (x). OCKiJIbKH B CHCTeMi KOODAMHAT Oxy TO4KH
M, i M; cumerpuuni BigHOoCHO mpsiMoi y = X, TO TrpadiK# B3aEMHO
obepreHnX GyHKIiA y = f (x) i y = @ (x) cuMerpHuHi BigHOCHO Gicek-
TPHCH TepIIOTO i TPeTbOro KOOPAMHATHHX KyTiB (puc. 4.22).

3 osHaueHHs o6epHeHOl (yHKIUii BunAuBae, WO OYHKUIA y = ¢ {X),
x€X, y€EY Mae obepHeHy ToAi i TiMIbKH ToAi, KoaW ust QyHKUiA
3ajlac B3aeMHO OJHO3HAUHYy BiJAMOBiAHiCTb MiX MHOXHMHamH X i
Taky BJacTHBiCTh MaioTh, 30KpeMa, 3pocTaioui GYHKIi, OCKiJbKH A
HEX (%, < %) & (4 << yo), 1 cnapni pynkuii, ToMy wo ans HUX (¥ <
< xy) © (y; > y,). 3Bigcu BuIUIMBae, mo 6yAb-sika CTPOro MOHOTOHHA
¢yHKUiA Mae oGepHeHy ¢yHkKuilo. Ilpu LboMy, SKIIO NpsAMa byHKLinA
crporo 3pocrae (cmaja€), To obepHeHa i#t GyHKLUis TaKOX CTPOrO 3pocTae
(cmapae).

3asHaunmo Ge3 JOBeJeHHS, MO Koau GQyHKuUis y = f (x) apocrae
(cnanae) i HenepepB(Ha Ha Bigpisky la; bl, To BoHa Mae o6e[:pﬂeﬂy q}yﬂxi
uilo, sfKa spocrae (cmajae) i HemepepBHa Ha Biapisky [f (a); ()]
(F ®: @) (121 ’ ’

M puxsadu

1. dyHrnis y = 2x — 1 Mae obepHeny QyHKLIIO y = x-; 1 (puc. 4.23).
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¥*X2 x€l0;00)

1
Puc. 4.23 Puc. 4.24

2. Qynkuis y = £ Ha MHOXHH] (—o0; F-c0) He Mae oGepHeHOl, TOMY WO BOHA He ¢

?OHOT(;HSO)IO; Ha MHOXHH] (0; +o0) BoHa Mae o6epHeny dynKuilo y = Vx. x¢€ 0; +o0)
puc. 4.24). )

8. ®ynxuis y = a*, x € R, y € (0; + o) (pHc. 4.10) Mae obepreny dynkuilo y=
= log, x, x € (0; +o0), y € R (puc. 4.11). .

4. Qyukuia y = sin x, x € R (puc. 4.12, a) He Mae oGepHeHol; pyHKuin y = sin x,

n -
X €|~ .g_] Mae oGepHeny ¢ynkuilo y = arcsin x, x € [—1; 1] (puc. 4.13, a).

5. Dyuxuig y = cos x; x € [0; ] (puc. 4.12, 6) mae ofepHeny o¢ynkuio y =
= arccos ¥, x € [—1; 1], y €[0; n] (puc. 4.13, 6). .
6. dyuknis y = arctg x, x € (—oo; +o0) (puc. 4.13, 8) obepheHa ¢ynkuii y =

n
= tgx, xG[—‘g—; < | ¥ €R (puc. 4.12, o).

7. ®ynxuia y = arctg x, x € R (puc. 4.13, 2) obeprena ¢yHkuii y = ctg x, x € (0;
n), Yy €R (puc. 4.12, o). :

2.11. Mapametpuuno sanaui dyuxuii
Hexait sanano gBi ¢ymkuii

x=09@), y=9(@ 1)

OflHiel Heaa/exHOI SMiHHOI {, BU3HAaueHi Ha ofiHOMY #i TOMY caMoMy npo-
MiXKY. SIKWo GyHKIisA X = @ (f) cTPOro MOHOTOHHA, TO 3rifHO 3 nomnepe-
HiM NYHKTOM BOHa Mae oGepHeHy dyHkuilo ¢ = @ (x). Tomy 3MiHHY g
MOXHa pO3rISJaTH K CKJaleHy QyHKUio Big x : y = P (O (x)).

3anaHHs OGYHKUIOHAABHO! 3a/eXHOCTI MiX X i Yy y Burasai asox
dyukuii (1) HasuBaOTL napamempuunum 3a0aHHAM ¢ynryid. ono-
MiXHa 3MiHHa { DM LbOMY HA3HBAETHCH napamempom. Bcsaka napamer-
pHUHO 3aj1aHa GyHKUis (1) Bu3Hayae Ha miomuHi Oxy LesKy KpHUBY, Ipo-
Te He BCKa NapaMeTpHYHO 3ajaHa Kpusa (ra1. 3, n. 1.4) Bu3Hauae QyHK-
miro. - .

1 puxsadu
1. Pisusnnst x = R cos f, y = R sin ¢, ¢ € [0; n] Busnauawors ¢dyHKIil0, OCKiNBKH
aMinHa x = R cos 4, ¢ € [0; n] crporo monoToHHa. 3azana ¢yHKuis BHSHaYa€e MiBKOJIO

y =V RY —x3, posmimene Y BepxHilt nmiBnyomuni, ToMy wo npu 0 < { << N 3HaueHHS
y=Rsint>0.
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. ] .
2, Pipusnus x = acos® {, y = asin® {, 0 < { < 5~ BH3HAUAIOTH ¢dyuxuio, rpa-
thikoM axoi € Ayra acTPOIAN, L0 3HAXOAUTELCA Y MepLIoMy KoopaunatHoMy KyTi (puc. 3.8).

3aBaganHa LAA CAMOKOHTPOAKW

1. lllo wasupaetbest dynxiuiero? Hasecrds nmpuxaanu.
2, Ulo HasupaeTbCs OGJACTIO BH3HAUYEHHS Ta MHOXHHOIO 3HAueHb dyHRuii?
3. OxapaKTepH3yBaTH OCHOBHi CHOCOGH 3afiaHHf dyuknii,
4. SIki ¢ysxuil HA3MBAIOTHCA OCHOBHHMH eJIeMEHTAPHHMH byHKRniaMu?
5. IMo6yaysaty rpadiki TaKHX OCHOBHHX €JIeMEHTapHUX dyHKuii:
y=ux; y=x% y=x% y=x"'1; y = a*;
y=log,x; y=sinx; x=cosx; y=1{gx;
y = ctg x; y = arcsin x; y == arccos x; y = arctg x.
+ b)ﬁ' fIx, matoun rpadix gyuxuii y = [ (x), noGyaysaTH rpagik dyukuil y = af (kx 1+
2
7. Sixa yukuisn HasHBaETHCA CKiafenoic? Hapecrn npukaamu.
8. SIka QYHKUisi Ha3HBAETBCH €JIEMEHTaPHOIO?
9. Sk kaacudikyioTh ejleMeHTapHi byrxuii?
10. SIki QyHKUil Ha3UBAIOTBCA MOHOTOHHHMU? HaBect npuKAajy.
11. Ska pyHKIis HASHBAETLCA NAPHOIO, HENAPHOIO? ki oco6anBocti UMX dyHKuUiA?
HaBecT npHKIaay.
12. SIxa dysKuin nasuBaerhes Nepiognunoio? [fo Ha3HBaETHCA i ocHOBHPM nepio-
aoM? Hasectu npHkaAamM.
13. §Ik 3naiit GyHKuilo, o6epHeHY 10 RaHOi? 3a AKHX yMOB icHye o6epHena pyHK-
nis? Habectn npuxaans.
14. SIka OGyuKuin HA3HBAETHCA HESBHO 3A1aHOI0, NapaMeTpHiHO 3a/1aHOIO?
15. 3uaii1d o6nacTb BH3HauYeHHA QyHKUIiHA: :

3x—1
a) y = V% - arcsin x4 +1g (9 — x3); 6) y==lgcosx.

16. Hexa# f (¥) = (¢ + 1) (¢ — 1)L, Hosecru, mo f (x™) = —f (x).

17. 3a JONOMOTOI0 MEPETBOpeHb BiANOBIAHHX rpaiixis OCHOBHHX eJEMEHTapHHX
‘byl;}miﬁ n-ogyuysam rpadiks ¢ywkuif: a) y=sinx -+ 3; 6) y=3sin2x; B) y=
= 1g (x — 1),

18. osectu, WO KOJH KOXKHa 3 QyHKuint f (x) i @ (x) spocrae Ha iutepsani (a; b),
to ixns cyma f (¥) + @ (¥) TaKOX 3poCTae Ha ULOMY iHTepBati. .

19. Hoséctn: a) dyukuis y = x8 -+ 2x3, x € [0; 1] e € ni napuoio, Hi HemapHoIO;
6) dyuxuia y = x2 -+ cos x, x € (—oo; +0o) napHa; B) dysruiz y= x3 —3sinx,
X € R — nenapua.

YA

[\/5/\”}“'”" ?

l

Puc. 4.25
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1 . ; :
20. Hoectn, mo dysruis y = sin ~ Henepiozuuna, a QyHKuis y = sin3x wae
2
OCHOBHHM DepiogoM uucao T = .

5
Bidnoeidi. 15. a) [0; —3~]; 6) (2nk_%; 2nk+%), kez.

17. Ins. puc. 4.25, a —a.

§ 3. TPAHUIIA ®YHKIIIL

3.1. Yucaosa nocaigosuicTb

3 NMOHATTAM YHCMOBOI MOCJiZOBHOCTI MM 3ycTpivaluch i uac - BH-
BUeHHs IIKIILHOIO Kypcy anre6pH Ta reoMerpii. 30Kpema, YHC/JIOBHMH IO-
CJiIOBHOCTSIMH € apuUdMeTHuHa Tporpecis, reoMeTpHuHa IMporpecis, mMo-
CJIi JOBHICTh NEPUMETPIB i MJIOLL IPABUIbHUX 7-KYTHHKIB, BIHCAHHX ¥ Ko-
J10, TMOC/IiOBHICTb ILIOW| NOBEPXOHb Ta 06 €MiB MPaBHJIbHHX n-TpaHHUX
IIp U3M, BOHCAHHX B LMJiHAP, TOMLIO. ‘

Cchopmy m0eMO  O3HAUeHHs YMC/IOBOT TOCAiZOBHOCTI B 3arajibHOMY
BUIVISIAL: SIKILO KOXKHOMY HAaTypajbHOMy uucay n € N 3a [eBHHM npa-
BUJIOM CTarHTbCSl y BilNOBiAHICTb YMCJO X,, TO MHOXKHHY YHCe]

{10 Xo0 ooy Xp, .00}

HA3UBAIOTDb 4UCA080/10 nocaidosricmiso (a0 KOPOTKO nocaidosuicmio) i mo-
3HAYaiOThb CHMBOJIOM {X,}. _

Oxpemi.uucna xy, Xy, ..., X, ... HA3UBAIOTb YIEHAMU 260 eJeMeHTAMH
NOCJI IOBHOCTI:  X; — NepIUHil YleH MoC.i0BHOCTI, Xy — APYTHHA i T. 1.,
X, — n-#, abo 3arajbHHUH u4JeH IOCJiAOBHOCTI.

3a 03HauYeHHAM NOCJiJOBHICTh MICTHTD HeCKiHYeHHY KiJbKICTb 4JseHiB,
npuuoMy OyAb-siKi JBa 3 HHX BijJpizHAIOTBCA, OpHHAHMH{, HOMepaMmH.
Orxe, eneMeHTH X, i £, PN n 7=.m BBa)KalOTbCA Pi3HUMH, Xoua SIK
YHCJIa BOHH MOXYTb OyTH piBHi MiK co6010. SIKIIO BCi esleMeHTH IoC/Ii10B-
HocTi {x,} AOpIBHIOIOTH OAHOMY i TOMY caMoMy uhcay, TO il Ha3HBAKOTb
CTaJ10Io0.

l'eomeTpuunO MOC/IiOBHICTL 306paxaeThcsi HA YHCAOBIfH oOci Yy BHIJISA-
Al MOC/iOBHOCTI TOUOK, KCOPAHHATH $IKUX JACPIBHIOWTbL BiANOBiAHUM
YyJjeHaM MOCAiNOBHOCTI. MOMKHA TaKoK 300pazKaTH MOCJiJAOBHICTb TOYKA-
Mi KOOpAHHaTHOI MAOWHHA Oxy, BilK/a/jawuu Ha oci OX HOMEpH UJeHiB
nocJigoBHocti, a Ha oci Oy — BigNMOBiAHI wcHH.

[locinoBHicTs BBakKaeTbes 3a4aHOIO, SIKIIO BKA3aHO CIOCIG 3HAXO-
JUKeHHs T sarasibHOro unena. Hafiuactime IIOC/Ii IOBHICTh 3aJa€ThCs ctop-
MYyJI0t0 11 3arajibHOro 4sjeHa. '

OueBupHo, mwo Besika GyHKUIA y = f (n), 3ajaHa Ha MHOXKH i HaTy-
PanbHUX unces N, BH3HAUa€ [efKy YHCJOBY MOCHIJOBHICTb {y,) 8 3a-
raJibHUM ujieHoM y, = f (n).
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YucJioBi MOC/TiZIOBHOCTi MOXHA 3aflaBaTH i Tak 3BaHHM DeKYPEHTHHM
(Biz NMaTHHCHKOrO recurrens — 3BOPOTHHH) crocoGoM. CyTb Horo mossrae
B TOMY, IO 3a/al0Th KiJbKa YJeHiB IOCJiJIOBHOCTI i BKa3yl0Th NpaBHJIO,
3a AKMM MOXKHA 3HAUTH HACTYIHHH ii uJjeH.

[HOAi uMCJIOBi NOCJHJOBHOCTI 3alalOTh CJIOBECHHM OIIHCOM. 3asHa-
yEMO, LIO B 3arajJbHOMY BHNAJKy 3ajaya HalMCAHHS (QOPMYJH 3arab-
HOTO YJieHa HOCJIiJOBHOCTi He pPO3B’SI3YE€ThCH, TOOTO He MOXKHA CTBEPIKY-
BaTH, W0 ANs JOBiNbHOI Moc/HifoBHOCTI MOXHa 3HafiTH dopmyay ii sa-
raJIbHOI'O 4JIeHa.

Il puraadu . L

1. 3anucath mepuwi n’ATh wieHiB MocTifoBHOCTI, 3afaHol il saraipHHM 4WJIEHOM!
2n+1 n4(—1)"%n

a)xn=———-n ; 6) yn=_i(_n,_)__-,

O Mizcrasasioud y opmyay n-ro 4ieHa nociinosxo uucaa 1, 2, 3, 4, 5, nicra-
HEMO :

5 7 9 11
a){xl,x2,x3,X4,X5,...}=3,'_2—,'3—, T,T,-A- :
6){.'/1»!/2»?3'!/4’!/5:-~-}={0,2s0;2.0,...}.. X

2, 3anucaTH mepwi m'sTh qaeHiB noctinosHocTi {ap}, sanaHoi pexypenTHHM cniB-
. 3a, —a
BiHOILEHHAM @ = — "1 3 "2 pen=3,4,..., 9Kmo a; =1, g, =2,
O 3rinHo 3 peKypenTHOW (oOpMYyJIOI0 MaEMO
3a, —a 5 3ag —a 3a, —a 4
G="ty =g, a="g =l a=""3 =79,
oTKe,
5 4

{alvaZv aa: Qyq, asy e }={1v2) T, It—g—, e }- [ ]

3. EBkma f0BiB, 10 MHOXHHA NPOCTHX YHCEN
{2,38,5,7, 11,13, 17, 19, 23, 29, ... }

HecKiHueHHa, TO6TO MPOCTi YUC/Ia YTBOPIOWOTH noc/ifoBuicts. PopMyia 3araqbHOTO wie-
Ha uiei nocaifoBHOCTi Joci He 3HaliieHa i HaBiTh HeBiJIOMO, M Taka ¢opMyJa icHYe.

3.2. Ipanuns uncaosoi nocainosHocti. panuus 3MiHHOT BeJHYHHH,
€nuHicTp rpaHuui

Hexait amiHna x, nepe6irae sHaueHHs NMOCJTiNOBHOCTI {x,}, TOOTO €
IMCKPEeTHOIO 3MiHHOIO.

UHCI0 X, HA3HBAETLCA IPAHMLEIO NOCAIZOBHOCTI * {Xy}, SAKILO A5 JO-
BiAbHOTO uncaa & > 0 icHye takufi Homep N = N (g), wWo mpu BCiX
n > N BHKOHyeTbCs1 HepiBHiCTb

Ixn_xol<8' ‘ (2)
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SIKIIO uHea0 X, € IpaHuuelo nocaigoBHOCTI {X,}, TO mUyTH

lim x, = x,, a6o lim x, = x,, x, - X,,
n-»o0
i kaxyTp, mo nocainoBHicTh {x,}, a6o 3aMiHHA X,, Mae rpaHUIlO, fKa Jo-
piBHIOe yHCay X, a60 NpsAMye A0 X,. KOPOTKO 03HaueHHsi rpaHMIli MOXKHA
3amucaTH Tak:
(Ve>03N =N(e):Vn>N=|x, — x| <e)o lim x, = x,.
n-»>o0o
[ocninoBHiCTb, fiIKa Mae TPaHHIIO ¥,, HasHUBaeTbCs 36isxcHow0 00 X, (abo
npocro 36ixkHOW0). I[locnigoBHiCTb, sika He € 306iXKHOI0, Ha3HBAETHCS
po3bixcHOI0.
PosryisineMo reoMeTpHMyYHHHA 3MiCT rpaHuui nocaizoBHocti. Hepis-
Hictb (2) piBHOCHJIBHA HepiBHOCTSM

—e<< X, — X,<8, ab0 xy—e<<x,<<X,}E€,

AKi 1OKasyloTh, IO €JeMEHT X, 3HAXOAUTbCS B €-OKOJI TOUKH X,
(puc. 4.26). ToMy o3Ha4yeHHs rpaHHIl I€OMETPHYHO MOXKHA CHOPMYJIIO-
BaTH TaK: YUCJIO X, HAa3MBAeTbCS TPAaHHILEI0 MOCHiJOBHOCTI {x,}, AKIIO
JUIsl IOBiJIbHOTO &-OKOJIY TOUKH X, iCHye Takuil Homep N = N (e), o
BCi 3HaYyeHHA X,, AId AKUX n > N, mnomajgamnoTh B el okij. [Tosa uum
OKOJIOM MOXe 3aJMINNTHCA Xi6a IO CKiHYeHHa KiJbKiCTh uJeHiB No-
caigoBHOCTI {X,}.

11 pursadu
. . N ="\ _ e =
1. Bigomo, mo lim x, = lim {24 ——— . _| = 2. Hexait ¢ = 0,01.
n-»o0 n-soo n?

Ckinbkn wirenis nocaigosrocti {x,} JAeXkuTb nosza okonoM (2 — 0,01; 2 4+ 0,01) = (1,99;
2,01)? :

O Ockiabku
1

(=n* 1
T T

[0 —2]= 7

10 HepiBmicTh | x, — 2| << 0,01 BMKOHYBaTHMeTbCst TpH _1_2. < 0,01, 3Biakn n > 10.
n

Ormxe, mosa oxosoM (1,99; 2,01) snaxoautsca sumre 10 uneHiB panol nocsigoBhocTi.

['eomerpuuno e 03Hauae, WO Bei WieHH nocaigosrocti {x,} npu n > 10 3HaXoxATECS
BiX TOuKH 2 Ha BixcTaHi, sKa Menua Big 0,01. Ha pucynkry ue 306pasuTH He MOXKHA, 60O
Toukd 1,99; 2,01 — kinui oxosy i HeckiHueHHa KiJbKiCTb TOUOK X, Ze nn = 10, fKi Je-
XaTb B LbOMY OKOJi, NPaKTHUHO 3/HBAIOTLCS B OAHY TOUKY. @

. 2n—1
2. HosectHu, mo- lim my3 = 1.
n—>o
2n—1 . 2n — 1 4
OHexaﬁ{xn}={-m—3-}, Toni |x, —1|= 3 —1|= SnF3 -

3anamo noBineHe 4Hcao g£>> 0. HepiBHicTs | x, — 1| < & BHKOHYBaTHMeThCH, SKIO
4

%n F 3 <&, SBiAKH n> —— — 5. TlosHaukmo uepes N Haibisblue uine 4ucao,
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11 L 86 4
— > q._g 4 2 175 3 2
X6 Xo Xn Xot& X X X% % X5 X5 ¥, X
Puc. 4.26 Puc. 4.27
2 3 2 3 . . o
fIKe He TepeBHIlye —= — 5" :N=E (_&;——_2—) . Toni npu Bcix n > N maTumemo
i 2n — 1

| ¥, — 1} <<e. lle osnauae, mo nl_)ﬂ; Sy = 1. ®

3. JloBectd, mo mnocuaifgoBricTs {cos min} posCixHa.
O 3ajana NOCHiZOBHICTb Ma€ BUIVIAL
(—1, +1, =1, +1, ..., (=D% oo

BoHa He Mae rpanuili, TOMy 10 1032 AOBiJbHHM €-OKOJIOM (0 < & < 1) 6Gyxb-AKOI TOUKH
YuCJIOBOI OCi MICTMTbCS HECKiHUeHHa KiJbKiCTb usieHiB JaHOl nocJiifoBHoCcTi. @
4, JopecTH, U0 NOCHAiZOBHiCTb, SIKa 3aiaHa 3araibHUM YIEHOM
n-1
> n=1,3,5 ...,

Xp =

1
- n=2 4,6, ...

He Ma€ rpaHMIL.

O 3naiizeMo KiJIbKa MOUATKOBHX WIEHIB NMOCHiA0BHOCTE i 306pa3uMo iX CXeMaTHYHO
Ha uncaoBil npamii (puc. 4.27). Hna niel TOC/IiJOBHOCTI XapaKTepHHM € Te, Lo NpH J0-
CTaTHBO BEJHKHX Kk SHAUEHHS Xop 3 TAPHUMH HOMEPAMH SIK 3aBPOJHO Malo BigpisnsmoTbHCH
BiAi HyJIsl, @ 3HAUCHHT Xy, | 3 HENAPHHUMH HOMEPAMH AIK 3aBLOAHO MaJIo BifpisHAIOTECA Bid
OJMHHUIL. -

323 03HAYEHHSAM YHCIO X, Gy/e TPaHHLelo NocaiI0BHOCTI, AKIO B Gy Ib-AKOMY E-0KOIi

TOUKH ¥, SHAXOAMTbCS HECKiHUEHHA, a 3a OKOJIOM — CKIHYeHHa MHOXNHA il unenis.
Y KaHOMY BHNANKy B JOBiibHOMY &-0Koai (0 << & < 1) Hy/1t MiCTHTBCS HECKiHUEHHa MHO-
JKHHA YJIeHiB MOC/IiA0BHOCT] 3 NapHUMK HOMEPaMH, a 32 LIUM OKOJIOM 3HaXOAUTHCH HeCKiH-
yeHHA MHOMKHHA il WIeHiB 38 HemapHHUMH HoMepaMH. lle sHauuTb, WO YACIO 0 He Oyze
rpaHulel0 3aJaHol 1OCJ1i JOBHOCTI .

AHajoriuyHO NepeKOHYEMOCh, L0 TPaHHIeI0 He MOxe GyTH i uucao 1. Orxe, 3anana
noclifioBHicTh po36ikHa. @

Hexait Temep 3MiHHA BeqnuuHa X HaOyBa€ BCiX UHCJIOBHX 3HAUCHDb
JeSIKOTO CKiHUEHHOTO MIPOMiXKKY X, TOGTO € Henepeperow SMIHKOI, i ne-
xaii TouKa x, € X abo x, € X.

YucJ0 X, Ha3HBAIOTh 2PARUYE0 3MIHHOL X, AKILO A5 JOBiJILHOTO u¥MC-
na e > 0 icuye Take 3HaueHHs X', TIOUHHAIOUH 3 AKOTO A BCix HacTyn-
HUX 3HAUeHb X BUKOHYETHCS HEPiBHICTb | ¥ — Xo | << & i muumyTh

lim x = x, abo x— X,.

TeoMeTpruHUi 3MICT MOHATTA [PAHHIL 3MiHHOI TaKu#: YHCIO X, € Ipa-
HMIEI0 2MIHHOI X, SIKUIO AJIs1 JOBiJIbHOTO €-OKOJNY TOUKH X, 3HAH AeTbCs
TaKe SHAYEHHs X', WO BCi HACTYNHi 3HAYeHHs SMiHHOI X TNONajalOTh
B Lell OKiJ.
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IX-Xol >€ IX;X;I<8

W{

Puc. 4.28 |

SIKIO NOpiBHATH O3HAaueHHs T'PAHHLUi NMOC/KiZOBHOCTI i rpaHMIi 3MiH-
HOi, TO B O3HAYeHHi FPaHMUi NOCJiOBHOCTIi FOBODHTbCA NMPO HOMEP 7
TOTO 4JeHa NOCAiOBHOCTI (Xx,}, MOUHHAIOUH 3 SIKOTO BHKOHYETbCH He-
PiBHICTb | x, — X, | <C &, a B O3HaueHH] rpaHuLi 3MiHHOI X HaeTbes mpo
YHCJIOBe 3HAYEHHA 3MiHHOT x’, TOGTO Mpo Te 3HaueHH: x’, MOYHHAIOYH
3 AIKOTO ECi HACTYMNHi 3HAHEHHA 3MiHHOI 3a0BO/ILHAIOTE HEPiBHICTD | X —
- xo ' < e.

Orxe, rpanHuelo 3MiHHOI BeJIHUHHH X € TPAHHIA JOBiJIbHOI NOC/iI0B-
HOCTi 3HaueHb, fKi LS 3MiHHa HalyBae:

lim x = x, & lim x, = x, a60 x — X, & x,, — X,
n-»00 n-»o0

SIK 3asHauanoch B § 1, ctany Beanunny C MOXKHA PO3IJISJaTH K
8MiHHY, BCi 3HaueHHA sIKOi oAHaKOBi: x = C.

I'pannns cranof Besinuiuy AopiBHIOE Uil cTanif ToMy, mo

I3 osnauenns rpaHulli BHNJHBae, WO 3MiHHA He MOXe MaTH JBOX
rpannus, Hificuo, AKOH BHAIBHJIOCh, WO X —> X i X — X0 (X < Xo), TO X
Mae 32/0BONLHATH BiApa3y ABi HepiBHOCTI:

Clx—xl<e i |lx—xl<e

x' — X,

Ana fK 3aBrOJIHO MaJoro €, a L€ HEeMOXJHBO, AKIIO & <= — ) 2
(puc. 4.28). '

[Iio Bnacrusicte He Tpe6a po3yMmiTU TaK, WO BCAKa 3MiHHA 0GOB’A3-

KoBo Mae oy rpanuimo. Ilpuknaan 3 i 4 ciguarts, WO Ue He Tak. AJe

AKWIO 3MiHHA Mae rPaHHILIO, TO US rPAHHIA TiJALKH OIHA.

3.3. Heckinuenno sequki 3minui Beanuunn

Tlpu osHauenui rpaHHUi ¥, 3MiHHOI BEeIMUMHU X BBAXKaJoCh, WO X
3MIHIOETLCS Ha [eKOMY CKiHUEHHOMY TIPOMIXKKY i W10 X, — CTaJIe YHCJO.
PosrasneMo Tenep sMiHHY, sika HaGyBae BCiX 3HaUCHB JEsIKOrO HeCKiH-
YEeHHOro NpoMikKYy X.

SIkuto ans noBinbHOro wneaa M > 0 icHye TaKe 3HaueHHs X', MOYH-
HAIOYH 3 SIKOTO BCi HACTYNH{i 3HaueHHA X 3aJOBOJBHAIOTH HepiBHiCTD
| x|> M, 70 KaxkyTh, WO 3MiHKA X NPsIMYe 1O HeCKiHueHHOCT! i NUWIYTH

limx = c0 260 x— oo.

SIKmo aMiHHA x — 00, TO {7 HA3UBAIOTb HECKIHUEHHO 6EAUKOIO BMIHNOIO
eeautunoro. KOPOTKO 03HaueHHs HeCKiHYEHHO BENHKOI 3MiHHOI BeJHUMHH

a, 4.1
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MOXKHA 3anHcaTH Tak:
(VM>03x €X:V|x|>]+|=[x|>M) e limx = co.

JlopaTHa i BiA' €eMHa HeCKiHueHHO BeJHKi 3MiHHI BeJHYHHM BiImOBiJAHO
BH3HAYalOThCA Tak:

(VM>0 I EX:Vx>x'==x>M)elimx = +oo;
(VM>03x'€X:Vx<x'=>x<—M)®hmx=—-oo.

M puxaadu
1. 3minna {x,} = n!= {1, 2, 6, 24, 120, ..} — HeckiHUeHHO BeJHKa BeJHUHHa,
fKa MpAMYyE O IIOC Heckinuennocti: lim x, = +oo.

n—->oo
2. 3uinna (yp) = {—n3} = (—1, —8, =27, ...} e HeCKiHUEHHO BEJHKOIO BEJNHYH-
HOI0, INO MpAMYE JO MiHYC HecKiHueHHOCTi: lim y, = —oo. ’
n-»o0
3. 3minna {z,)} = {n2cos nn} = {—1, 4, —9, ...} ¢ HecKiHYeHHO BEJIMKOIO BeJiH-
YHHOIO, Y AKOI HEeOOMeXeHO 3pOCTae MORYJb, TOMY lim 2z, = oo.
n-»o00

4. 3minua Benuuuna {f,) -—-{.’ﬂ'..(T'“L)_"_".}= (0,20 40,6,...}

He € HeCKiHUEHHO BEJIMKOK BeJHYHHO0, 60 Asi ROBiIbHOro uMcia M ue icmye yucaa
t € {t,) Taxoro, wo6 npu f, > ' BHKOHyBaNach HepiBHicTb I > M.

3BepraeMo yBary Ha Te, LIO BHpa3 «x NpsAMye A0 HeCKiHUeHHOCTi»,
MOXe BHKJHKATH HelpaBu/bHe YABJEHHsS, WO x NpsAMye Jo AKOroch
ypcsia, B ToH yac iK HECNpaBAi X HiKYAH He NPsAMYe, a Jdue 3MiHIOETBCHA
TaK, wo | x | nepepocrae B 6yib-AKe BeHKe JOJaTHE YHCJIO. Te came notpi6-
HO CKa3aTH BiJHOCHO BHpA3iB «TDAHHLEI0 3MIHHOI X € HeCKiHYeHHiCTb»
Ta «HECKiHYEHHO BeJHKa BelMuuHa». [OBOPAYM NMPO HECKiHYEHHO BEJIHKY
BEJIMUMHY, MAIOTb Ha yBa3i BeJIMYUHY 3MiHHY, fiKa HEeCKiHYeHHO 3DOCTaE,
TO6TO CyTh HECKiHUEHHO BEJIMKOI BeJIHYHHH 30BciM He B ii BesanuuHi a6o
posmipax, a B Xapakrepi 11 3MiHH.

KopHCTyIounCh O3HAYeHHSIMH, MOXHA TMOKasard, Lo CyMa HeCKiH-
YEHHO BeJHKOI BeJHUMHH i BEJHUMHH OOMEXeHOI € BelHuHHa HecKiH-
yenHo BeanKa. CHMBOJIUHO ue 3amucyioTh Tak: C -+ oo = oo.

CyMa ABOX HEeCKiHYeHHO BEJHKHX BEJIHYMH OJHOrO 3HAKa € HeCKiH-
YeHHO BeJHMKa BeJNHYHHA: ©00 -~ 0o == 00,

Ha BiaMiHy BiA 1bOro cyma JBOX HECKiHYEHHO BEJUKHX BEJHUHH pis-
HHX 3HaKiB He 3aBXJH GyJe HeCKiHUeHHO BEJHKOIO BEJIMYHHOIO, TOMY L
CyMa HasHMBaeTbCs HEBH3HAUEHICTIO BHAY 00 — 0.

Jlo6yTOK ABOX HeCKiHUEHHO BEJHKHX BEJHUYHH € BEJIHUHHOI0 HECKiH-
YeHHO BEJHKOIO: 00 + 00 == 0O.

Jo6yToK HEeCKiHYUEHHO BeJMKOi BEJIHYHHH Ha BEJHUHHY, WO 6isbiua
3a a6COJIOTHHM SHaueHHSM JeSKOro JOJAaTHOroO uHCJla, TaKOX €. .Hec-
KiHYUEeHHO BeJIHKa BeJIMUHHA.

UacTKka ABOX HECKiHUEHHO BEJIHKHX BEJHYMH HE 3aBXKIH € HeCKiH-
YEHHO BEJMKOIO BEJHUMHOIO, TOMY ApOGOBHI BHPa3, YHCEJbHHK i 3HaMeH-
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HHK fIKOTO HeCKiHUEHHO BeJIMKi 3MiHHI BeJIMYHHH, Ha3WBAIOTb HEeBH3Havye-
. Lo <]
HICTIO BHRY -

Takum unHOM, 3 BUpa3aMH' 00, —4-00 i —o0 He MOXKHa MOBOJHMTHCH
fIK 3 yucJaMH, 60 Le He YHC/Ia, a JIHIIe CHMBOJIH, SIKi XapaKTepH3yIoTh
MeBHY 3MiHHY BeJIMYMHY.

3.4. panuusa dyuxkuii B Touni

Ipunycrumo, mo He3asexXHa sMiHHA X Mae IPaHMIO X,. PoarasHemo
aMiHy QYHKIIT y = f (x) npu x — x,.

Hexait ¢pynkuisa y = f (x) BusHauena B JesakoMy OKoJi X TOYUKH X,,
KpiM, MOXKJIHBO, CaMOi TOYKH .- X,.

YUncao A HasuBaloTh epanuyero Qynkyii y = f (x) e mouyi x, (abo
MpH X — X,), SIKWIO VISt JOBiJbHOI 36iXkHOI Jo X, mocaifoBHOCTI {x,},
Ie x, € X, x, 5= %y, mocnigosHictb {f (x,)} Mae rpaHmmio, AKa JOpiB-
Hioe uucny A, i 3anucyiorb

il =4 (3)

Orxe, sIKWO AN LOBiMbHHX 86IMHHX HO X, NOCHiOBHOCTER {x,)

icHye onHa i Ta cama rpanuua lim f (x,) = A, To ua rpamuna i Gyne
n—>oo °

rpanuneio ¢yHKIil f (x) B Toumi Xx,.

SIxmo X ans pesixoi xoua 6 ofHiel mocaigoBHOCTI {x;,} Xn 5= X, 361%K-
HOI [0 X, mocaifoBHicts {f (xn)} TpamHmi He Mae, To odyukuia- f (x) e
Mae I'paHulli B TOYHi X,.

Ananoriuno Qyukuis f(r) He Mae rpaHuui B Toulmi X, AKMO AIs
IBOX Pi3HHX, 3GiKHHX 1O X, MOCHiZOBHOCTed {X,} i {xn} BiamoBimai
nocninosrocti {f (xa} i {f (xn} Malorh pisi rpaHuii.

dyHKuia f (x) moxe MaTH B TOULli X, Ti/IbKH OAHY rpauumo. Lle Bu-
IVIKBA€ 3 TOrO, IO KOXKHA 3MiHHa MOXe MaTH JIHIIE ORHY TPaHHMILO.

N puxaadu .

1. Oynkuis f (x) = x B 6yab-AKifi Touli x, YACJIOBOI MPSIMOI Mae rPaHMINO, AKa

ZopiBHIOE X, TOMY mo nocainosHocti {x,} i {f (xn)} 36iraiotecs: lim f (x) = lim x = x,,
x->x, X->X,

1
2. QyHkuis f (x) = sin 5 (puc. 4.29), Bu3HaueHa g BCix x £ 0, B Tounmi x = 0
rpanuui se mae. [ificio, Bispmemo ABi 36ixkHi fo O mocAifOBHOCTI 8HaYeHb apryMenty:

AP FL U T 1.
{xn}_{n » 9w * 3; nmn -..},
(2 2 2 2
{x"}—{n' 658 > 9 * *° ' (4n—3)n ’}
Ouesnpno, x,—+0, x, 0 i x, 50, x, %0,
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3uafinemo Bixmosizui mocnigosnocti 3HaueHnh (ynkuii:
{f (x;;)} = {Sil’lnﬂ-} = {0,'0, . -" ’ oy . -}:

gy =fsin-F 2 o (=T )=,

3Biaku lim f (x;l) =0, limf (x',',) =1, OTie, /I ABOX PisHUX SGIXKHUX JO HYJAs mocai-
n-»c0 n-»00 3 R . -
ZOBHOCTef! 3HaueHb apryMeHTY NOCJAiZ0BHOCTI BIANOBiAHAX SHayeHb QYHKuil MalOTh pi3ni
rpanuui. Lle osnauae, mo lim sin — e icuye.
x>0 X

leoMeTpHuHu#t 3MicT rpannui ¢yHKUil: cnisBignowenns lim f (x) =

X->Xo

= A osHayae, MO AJs BCiX TOYOK X JOCHTb GJH3bKHX JO TOUKHM X, BiA-
NOBijHi 3HaueHHs GYHKUIT K 3aBrOJHO MaJio BiApi3HAIOTbCA Bijl TOUKM A.

3 uuM nos’sizaHe Apyre o3HayeHHs rpaHuli. Hexa# ¢yuruia f(x)
BH3HAau€Ha B JiesKOMY OKoJi X TOUKH X,, KPiM, MOX/MBO, CaMol TOYKH
Xo. UHCHO- A HasHBaeTbCH eparuyero yHKyii 8 mouyi X,, AKIO AN JO-
BiMbHOro umcnaa € >0 icHye uucao 6 = § (g) > 0 Take, mo Ana BCix
x € X, AKi 3aA0BOJBHSAIOTb HEPiBHICTb

v 0<|x—x,| <6,
BHKOHYETbCA HepiBHiCTb

“ |[fx) —Al<e.
[ie 03HaueHHS KOPOTKO MOXXHa 3aMuCaTH TaK:

(Va>036_>0:0<|x—x0|<6=>\f(x)—A[<e)©lim flx) =A.

leoMeTpHYHO Le 1MOCTPYeTbCA Tak: uHcAo A e rpaHuuelo OyHKUii
f () IpH x — x,, AKIWO A5l AOBINLHOTO &-OKOMY TOYKH A 3Hailaerbcst
§-0KiJl TOUKH X, TaK##, 1O KOJIH 3HAYEHHS apTYMEHTY X B3SI'TH 3 MHOXH-
Hu (xp — 8; x, + 8) \ {x,), To BimmoBimui sHauenHa OyHKUIT [ (x)
JeXaTHMYTb B e-okoai Toukn A (puc. 4.30).

[lepuie o3HaueHHsi rpaHuLi GyHKuii 6a3yeTbcs Ha NOHATTI rpaHHLi
TNOCAi JOBHOCTi, TOMY HOrO Ha3HUBAIOTb O3HAYEHHAM HQ «MOBL NOCAIO06HOC-

y y=rx)

0 x,'d x’o X,"‘f X
Puc. 4.29 Puc. 4.30
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med», a60 osnauenuam eparnuyi sa ledne. Jlpyre o3HaueHHs Ha3MBaIOTb
O3HA4ERHAM «Ha Mmo6i & — O», a0 osHauennam epanuyi sa Kowi.
Moxna mnokasatu [22], mo ui o3HaueHHs eKBiBaJieHTHi.

N puraad
JoBectu, wo lirP Bx 4 2) = 5.

x>
O Hexalt y = 3x + 2 i sagano nosinbue &> 0. 3uaiinemo 8 > 0 Take, mo AAR
Beix x, #Ki 3aj0BOALHSIOTE HepiBHOCTI 0 <C|x — 1| << 8, BukOHyeThcs HepiBHicTb
|y — 5] <<e. IIns BukoHaHHs uiel nepiBHocTi Heo6ximHo, w06

e
|8x+2—5]|<e, abo jx—1 I<-3
sBigcn & = .g_ . Slxino Tenep A8 KoBiNbHOrO & > 0 i 3nafijenoro & BaaTH 3Hauenus x,
10 3af0BOJIbHSAIOTh HepiBHOCTI [x — 1 | << @, TO

fx—1|<0=|r—1| <5 =|3+2—5|<es|y—5|<e. @

Y HaBeleHHX BHIE O3HaueHHAX rpaHuui lim f (x) = A BBaxasocsh,
X->Xq

IO X NpsIMye IO X, JOBiJbHHM CHOCOGOM: 3a/IHILAIOYHCH MEHINHM Bif
Xo (3niBa Bl x,), 6inbLINM BiX X, (cmpaBa BiA x,) UM KOJIHBAIOYHCH
HaBKOJIO Xy, TOOTO X —» X,, HaGyBalOYH 3HaA4YeHb TO MEHIIXX, TO GiJbLIHX
Bil x, (TO 3niBa TO CHpaBa Bifl X,), AK aMIJiTya 3aTyXalOYHX KOJHBaHb
MasTHUKa. [lpore TpanuasieTbes, mo cnoci6 HaGMHKEHHST apryMeHTy x
RO X, CYTTEBO BN/IUBAE Ha 3HaueHHA rpaHuui ¢yHkuii. Tomy nouianHo
BBECTH NOHATT OOHOCIMOPONHIX 2panulyb.

Hexaih ¢yukuia y = f (x) (puc. 4.31) BusHayeHa B HesiKOMY OKOJIi
TOUKH X,. Uucao A HasuBaeTbCs rpanuueio GyHKUil y = f (x) azisa (460
416010 eparuyei0) B TOUUi X,, AKIWO A1 GyAb-fiKOro ucaa e > 0 icuye
uncio 6 = 8 (&) >0 take, WO npH x € (X, — 8; X,) BAKOHYETbCA HePiBHICTD
1f(x) —A|<e.

Yucio B HasuBaeThca rparuneilo GyHkuii y = f (x) cnpasa (abo
npagoto 2panuyero) B TOULI Xy, AKWO AAs 6yAb-KOro yucaa e > 0 ic-
Hye uncao 8 = 8 (2) >0 Take, WO npu X € (Yo Xo + 8) BUKOHYEThCs
HepiBHicTb |f(x) — A | <e.

Y. - p—

l y
1]

A)-—.__.

|
\

Puc. 4.31 Puc. 4.32
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Jlipy i npasy rpanuni ¢yukuii (puc. 4.31) HasHBaiOTh 00HOCMOPOHHKI-
Mu epanuysamu i NO3HAYAIOTh TaK:

lim f(x) = lim f@®)=f(%—0)= A;

X->X,
x< X,
:;):: x-);o+0

SIxmo x, = 0, TO 3aNMHCYIOTb
linolf (x) = limof(x) = f(—0) = 4;

x<0

limf(x) = lim f(x) = f(4+0) = B.

x>0 x->+0

x>0 ’
SIkmo GyHKUiA y = f (x) BU3HAueHa Ha MPOMixkkKy (a; b), TO B TOYHi
a Moxe MaTH 3Mmict auuie yucsao [ (a - 0), a B Touui b — JsHIe YHCHO
f (@ —0). :

YmoBa f(xy + 0) = [ (xo — 0) e Heo6xinHoiwo i nocrarheoto [10] ans

icuysanns rpaHuui QynKuii y = f (x) B TouNi X,

qm+m=n%—M=m@@nm=A- (4)
I puraadu
1. Hexait f (x) = sign x (puc. 4.5), Toni .
lim f(x)=—1, lim f(x)=+41.
x->—0 x-»-40
2. fkmo @ (x) = 1 (puc. 4.32), To

142 =1
e(14+0=0, o(1—0 =1

3.5. T'pammus ¢yuxuii npn x — oo. HeckinveHHo BeJHka pynxuis

MH pO3r/isiHYJM NOHATTA TPaHHLi GYHKLI B CKiHUEHHiH TOUL{ X,.
Hocnimkyoun GYHKIT, BU3HAUeHi HA HECKiHYEHHHX TpoMiXKKax, 4acro
JIOBOAMUTbCA BHBUATH NMOBEAiHKY UMX (YHKIIH NpPH fK 3aBrOJAHO BEJUKHX
3a MOJIy/ieM 3HAaueHHAX apryMeHTy X, To6To MpH X —- oo.

Hexa#t dynkuia y = f (x) BH3HaueHa Ha NPOMiXKYy (—oo; - 00),
Yncao A HasuBalOTb rpaHHUelo ¢yHKWii f(x) mpy x — oo i muWyTh

limf (x) = A; sAKkmo A1s IOBiJbHOrO uHcaa & >0 icHye Take YHCIO
x>

Mm= M (g) >0, mo npu | x | > M BHKOHYeTbCsl HEpiBHIiCTb

1fx)—Al<e.
KOpOTKO e O3HayeHHA MOXKHa 3allHCaTH TakK:

(Va>03M>0:|x|>M.=>lf(x)—A|<e)ali_1nf(x)=A.
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“ave ]
< —— 7 A
1y.=”" | At n | i—e
—i7 5 = ~ _ -M 0 \ x
Puc. 4.33 Puc. 4.34

I'eoMerpuuHHit 3MicT UbOro O3HaueHHs Taku#t (puc. 4.33). Ias no-
BisibHOTO yHc1a €& = 0 icHye Take uMcno M >0, mo npu x € (—oo;
—M) a6o npu xE(M -+-o00) BiamoBimHi 3HayeHHs QyHKIIT f(x) no-
najaoTb B e-0KiJ ToukH A, To6To BiANOBiAHi TO‘-!KH rpadika uiel QpyHk-
i Jexars y cMmysi, o61we>xemﬁ NPAMHMH Y = A+ei y=A4—ce,

3Haloun 3MiCT CHMBOJIB X — 400 i X — —o00, Jerko chopMmy.JoBa-
TH O3HayeHHs rpaHuui OyHKWii Anst BHNagkis, xoau lim f (x) = B

(puc. 4.34) 12 llm f x) = C (puc. 4.35). =

Hoci posmﬂ;lanum, BHNAJKH, XKOJH (PyHKUis MaJja rpaHuielo aem(e
ypcsno. PosrasiHeMo Temep BHIAZOK, KOJMH rpaHHueto GyHKUil e HecKil-
YeHHiCTb.

dyukuia y = f(x) npH x — x, HA3HBAETBCA HECKIHHEHHO B6EAUKOIO
(Mae rpaHHIIO o), fIKUIO BOHA BH3HaueHa B JEAKOMY OKOJli TOYKH X,
KPiM, MOXKJIHBO, CaMOi TOUKH X, i INs AoBinbHOrO uncaa M >0 iCHye Take
yucao 8 = 86 (M) >0, mo ana BCix x, AKi 3a0BOJbHAIOTH HepiBHOCTI
0 <|x — x| < 8, Buxonyerbcs HepiBHictb |f (x) | > M. Ilo3Hauen-

Ha: lim [ (X) = o0 a6o [ (x) > o mpu x— x,. I'eomerpuuHo
xX—>X,
lle O3Hauae: SKUM OH BEJIHKHM He 6yno 3ajane uucio M > 0, Touku

rpadika ¢yHKuil y = f (x), KpiM, MOXJIHBO, TOUKH (Xo; f (x,), Nexarb
30BHi cMyrH, o6MexeHOl npaMumMi y = M i y = —M, AKIIO 3HayeHHs
x B3aTi 3 8-0KOAy TOuKH X, (pHc. 4.36).

SIxwo f (x) npamye A0 HecKiHueHHOCTi MPH X — X, i NPH LLOMY Ha-
GyBae suiie fogaTHHX (puc. 4.37) a6Go auitie Bix’eMHHX 3HayeHb (puc. 4.38),
TO

lim f(x) = +oc0 a6o lim f(x) = —o0.
XX, X-»Xo
dyuxuio f(x), 3agaHy Ha Bcifi yuc/0Bifi npaMill, npu x — oo Hasy-

BAlOTb HECKiH4eHHo geauxoro i muyTh lim f (x) = oo, AKWO ANA JOBiNb-
X=»oo

Horo uHcaa M >0 MoxHa 3Hafitu Take uucio N = N (M) >0,
1o AJs BCiX X, AKi 3aJOBOJBLHAIOTL HepiBHiCTB | x | > N, BHKOHyeTbcs
HepiBHicTb | f (¥) | > M (puc. 4.39).
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vi y y
N
L - et 11l
0 M X 0 Xgﬂ ‘lfx"]l'x'*d. X
“Mo— I
Pnc. 4.35 Puc. 4.36

Yy x,Oxp xpt0

yM % 1R i
| N L] e
1 e N
L1l -
X50%p X+0 X

Puc. 4.37

| y=-M
Puc. 4.39 Puc. 4.40 Puc. 4.41
3okpema, QyHKIiA f (¥) € HecKiHYEHHO BEJHKOIO NMPH X — 00, AKILO
lim f(x) = 400, lim f(x) =—o0, lim f(x) = +oo,
~>-}-00 x->-+}-00 £>—00

lim f(X) = —00.

OueBHAHO, BCAKA HecKiHYeHHO BesMKa (QYHKIiA B OKOJi TOUKH X, €
HeoOMeKeHOI0 B LboMy OKoJsi. O6GepHeHe TBep/UKEHHS HeNpaBHJbHe: He
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BCIKa HeoOMexxeHa (yBKIis € HeCKiHUeHHO BenuKoiw. [Ipore AKWO QyHK-
uis f (x) Mae ckinueHHy rpanumo A NpH X —> Xo, TO s PYHKIIA oGMe-
MeHa npH X — X,. Cnpasji, 3 o3HauenHs (3) BHIIMBAE, IO NPH X —- X,
|f(x) —A|<e, abo

A—e<<f(x)<<A-te, ssinku |f(x)|<|A4|+e,
a ue i osHauae, mo OyHKWis f(x) mpu x — x, obMexeHa. Kosu

Him f (x) % 0, TO mpH x —> X, 6yXie oOMexenol TakoX QYHKHA —r (‘x) )
x>x,
OGepHeHe TBepIKeHHs HempaBHJAbHe: He BCfiKa oOMeXeHa GYHKIIA Mae

CKIHYeHHY rpaHHIjO.

I puxaad

2245
1. Hosectu, mo lim —_—= 2.
X=»00

O Hexaty = ﬁ.j.__s. i sagaHo AosinbHe uHeno e > 0. 3xafigemo yucao M (g) >

&> 0 Take, WO A5 BCIX X, 11O 38A0BOILHAIOTH HepiBHicTe | X | > M, BHROBYeTHCS HepiB-
sicts |y — 2| < e. Ocranng HepiBHICTL BHKOHYBATHMETBCSH, AKINO

2x 45 5 8
—~'-x-——-2 <e, abo 2+";"—2 <e, abo - <e,

5 5
8BiAKH lxl>—é—. Hexalt M =——, Toni

2x 45
x

X->o0

5 5
|xl>M¢lx}>'-e-=>\T\<e=>\ —2|l<e-_-> limg=2 e
2. JloectH, mo yHKIIA ¥ = 2x3 OpH X — 0o € HecKiHueHHO BeMHKOI0 pyHKulewo.
O Bisbmeno n0Biibie uncio M > 0 i sHafizieMo Taxe unciao N = N (M), mo aas
mx %, Akl 380BOABHAOTE HepisuicTs | x | > N, puxonyersca Hepismics |y | > M.
eno ~

[gI>M=20> M= x| > ]/—"—g-
Hexalt N = Vg, Toni

e M
Vxijx|>Neix]> l/-ﬂ‘—:x’>—-2—=>2x'>M=> lim 2x3 = J-c0. @
2 X=>00
3. Dynkuia y = «® mnpaAMye X0 -—oo NpH X — —oo i Ao -+oo npH X = 00
(puc. 4.40):
lim ®=-—0o0, lim x*= 400,
X=Ppse 00 >4

4, ®yuxuia y = sin x obMexena Ha Beift uncaosift oci. Ase npr x —> oo BOHA rpa-
HHIl He Mae.

5. ®ynkuis y = x sin x (puc. 4.41) mpn x — co HeoOMexKeHa, alle He € HeCKiHYeHHO
BEJIAKOI0, TOMY 110 BOHa Jopisuioe uymo npu ¥ == 0, %, 2%, ... . A me osHuuae, wo Jid
nosinpHoro uncna M > 0 He MoXHA 3HalTH Take YHCJIO N, o6

Ve jx|>N=1f)I>M,
161



3.8. Heckinuenno mani seamuumnu. Ixui Baactusocti

Heckinuenno manorw éeauduror0 Ha3UBaeTbCsi 3MiHHA BeJH4YHHaA, rpa-
HHIA AKOI JOpiBHIOE HYJIIO.

3okpeMa, QyHKIif o (X) Ha3HBAETbCS HECKIHUYEHHO MANO0I0 6EAUXUHON0
(a6o neckinwenno Marow PYHKYIEIO) IPH X — X, a60 X — 00, SIKIIO

lim a (x) = 0 a6o hm o(x) =
X>X,

MoxHa JaTH eKBiBaJleHTHE OSHaueHHs Ha «MOBi & — O»i gynKyin o (x)
HASUBAEMLCA HECKIHYEHHO MAAOI NPpU X — Xy (X - 00), AKuo 045 008irb=
nozo &> 0 icnye uucao 8 > 0 (M > 0) maxe, wpo 0aa ecix x, wjo 3ado-
sonvrsiome Hepisnicmo | X — x| << 8 (| x | > M), suxonyemoca nepis-
Hiems | o (x) | < e.

AnanoriuHi o3HaueHHsA HeCKIHUEHHO MaJioi BeJHUHHH o (X) NpH X —
— X + 0, x > xy—01imnpn x —>—o0, x > +}o00: B yciXx HUX BHIAZKAX
o (x) — 0.

I puraadu

1. (Dym(uia y = (x — 2)* ¢ HecKiHUeHHO MaJIOI0 BEJHYHHOIO NPH X —» 2: lim (x —
— 2)% = 0 (puc. 4.42).

2. Gynkuis y=—j € HecKIHYEHHO MasOl0 BeJHTIHHOIO NPH X—>oo: lim y =

X»0o

= ( (puc. 4.43).

POSI/ISIHEMO OCHOBHI 6AQCMUBOCMI HECKINYEHHO MAAUX BEAUHUH.

19, [las mozo w6 uwucso A Gyao eparuyero ¢ynxyii f (x) npu x —

— X,, HeoBxiOHo i docmammneo, wpb pisnuys f (x) — A 6YAa HECKIHY4EeHHO
MON0I0 BeAUHUNO0, mOoOmo

limf(x) =4 f(x)=A4+a(x), fe lima(x) =0.
X=>X x~>Xqo
O Hexait lim f(x) = A, toai
XX,

(Ve>0380=80)>0:10<|x—x|<d)=|fx)—A|<e.
Ile o3nauae, mo BennunHa a (x) = f(x) — A e HecKiHUEHHO MaJoOIO.

(7 yi
& | ,"////////////
~Z ”//// f 72z
X
R ‘ i, A
/] + x l
Puc. 4.42 I Pac, 4.43
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Hasnaku, uexa#t f(x) = A + a(x), e lima (x) = 0, Toxi

X-»X,

(Ve>0 36=6(e)>0:0<|x-—xo|<6=>
=>la@x|<eo|f(x)—A|<e)olimfx)=A. @

XX

2°, Axuwo pynkyia o (X) — HECKIKUEHKO MAAQ BEAULUHA NPU X —> X,
(o 5= 0), mo ynkyia —— ® € HECKIHYEHHO BEAUKOI0 BEAULUHOI0 NPU X —> X,
§ nasnaku, Ko @ynkyia PB(X) — HECKIHYEHHO 6eauxka 6eaudura npu
X > X, TO gy € HECKIHYEHHO MQAOI0 BeAUHUHOI0 NPU X ~—> Xq.

O Hexa#i o (x) npy x — x, € HeCKiHUEHHO MaJOI0 BEJIHUHHOWO, TOAI

>M=1,

e

(Ve>036>0: 0<|x—xo|<6)=>|a(x)|<e=>|

o (x)

T06T0 QYHKUIA — ( )

AHaJoriuyHO JIOBOAUTBCA OGepHEHe TBEpKeHHH. @

3% Cyma CKiH4EHHO20 HUCAQ HECKIHHEHHO MAAUX BEAUXUR 6 6EAUHUHA
HECKIHYEHHO Maiq.

O Hexa#t o, (x) i o, (x) — HecKiHueHHO MaJjli BeJIHUYHHH npn X =
— x,. lle 03Hayae, mO AJf NOBijMbHOro uuciaa & >0 icHyloTb uHcsa
8, >0i 8 > 0 raki, w0 A1 BCix 3HauUeHb xsoxo.ny O<|x—x|<

<< 8, BHKOHyeTbCs HepiBHiCTH | oy (x) |< —~» 8 L 3HaueHb X 3 OKO-

€ HeCKiHuUeHHO BeJIHKOIO TIIpH X —> Xy. @

ny 0 < |x —x,|<<8, cupaBennuBa HepiBHicTb | oy (1) | << —g—.
Y MeHLIOMY 3 LMX OKOJIiB BUKOHYIOThbcA OOHZBI HepiBHOCTI!

lal(x)|’<_;_, |a2(x)|<—‘-;—.
Orxe, B 1(bOMY OKOJH '
fay (%) + g (x) | < | g (x)] +|“2(x)|<—§—+%=8,

To6TO cyma oy (x) + &g (X) ABOX HecKiHueHHO Masux pyHKuift e QyHk-
Lif HeCcKiHY2HHO MaJia.

AnaJsoriuHe JoBelleHHSI JJifi JOBiJIbHOrO CKiHUEHHOTO YHCJA HECKiH-
YeHHO MaJjiHX. @

4°, Jlobymox ob6mesnceHoi (YHKYIL HA HECKINYEHHO MAAY € 8eAutuna
HECKIHYEHHO Mara.

O Hexaft ¢pynknia f (x) obmexeHna nmpu x — X,, & (X) — HecKiH-
yenHo Mana. Toxi zna  peskoro umcia M > 0 icHye Take wueno 8, >
> 0, mo Ay 3HaueHb x 3 okoay 0 << | x — x, | << 8, BHKOHyeTbcA He-
" pienictb | f (x) | << M. KpiM Toro, ajs 6yab-fikoro uucaa e > 0 -icuye
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Take yncao 6, > 0, mo nia Beix sHayeHb X 8 okoay O < [ X —x, | <
<< 8, BUKORYyeTbCA HepiBHiCTD | & (X) | << —:4—. JlJ11 MEHIIOro 8 KX OKOJiB
MaeMO

IF@a@=1f@le@|<M- 3+ =e,

a ue o3Hauae, WO AOGYTOK f (x) a (X) mpH X — X, € HECKiHYEHHO MaJoI0
dyHKUic0. @ )
8° HYacmkxa 6i0 OiseHHS HECKIHYEHHO MQAOL GeAudUNU Ha (yHKyilo,
AKa MaE GIOMIRRY 8(0 HYAR 2PAHULIO, € BEAUYUHA HECKIHYEHHO MAAQ.
IloBenenns niei BAacTHBOCTI aHaJOriyHe NONEPENHLOMY.

BaysaxeHns, Yactka Bif RiNlenns ABOX HECKiHYEHHO MaJHX BeJHUMH Y Sa-
raJbHOMY BHNALKY He € HeCKiHYeHHO MaJol0 BeJHUHHOIO.
Bennuunn o (x) = x, oy (x) = 2x, o3 (x) = x* — HecKiHueHHO Mani mpu x — 0
TOMY, INO
lim a; (x) = lim o, (x) = lim a3 (x) =0,
x>0 x>0 x>0

Maemo ) : ) )
%y (¥ - o Cg (¥ -
R wmm — 2 MM e = MM ®m =0

TO6TO IPaHALA BiZHONIEHHS JBOX HECKiHUEHHO MAJHX BEJIHSHH MOXe AOPIBHIOBAaTH Jesi-
KOMY uHcsy, HecKinueHHOCTI 260 HYJIO. ¥ 3B'ASKY 3 LM BifHOIIEHHS XBOX HeCKiHYEHHO

MaJHX BEJIHYHH HA3HBAIOTL HeBHSHaueHicTIO BHAY <5~ Te came crocyerscst ROGYTKY He-

CKiHUeHHO MaJIOl BeIHYHHH Ha HecKiHueHHO BenHKY Beanuuny, Takuft Ro6yTok HasuBa-
10Tb HeBM3Hauenicrio BUZY 0 + oco.

3.7. OcuoBHi Teopemu npo rpanuui

Y rnonepepHix npuknajax MH GauusHM, MO 3HAXOMKEHHs rpaHun]
¢yHKUil Ha OCHOBI O3HaueHHs JocHThb rpomisiake. Cmpasai, mpH obumc-

JeHHi rpaHaui lim f(x) cmouaTky Tpe6Ga B3fATH AKYy-HeGyIb 36iXHY 10
x>X,

Xo TMOCAiAOBHICTh {X,} 3HaUeHb aprymMeHTy | BHSHAUHTH NOC/HiAOBHIiCTB

BifiNOBifAHHX 3sHagedHp GyHKUii {f (x,)}. 3HafimoBmH yHcae A =

= lim f (x,}, me Tpe6a BneBHHuTHCH, WO f (¥) — A { TOAi, KOAH X — X,
xn-»xo

AOBiNILHHM CIIOCOGOM.

HaBezemo TeopemH, fiKi 3HaYHO NOJIETIIYIOTh 3HAXOMKEHHS rpaHHu]
bynxuii. PopmyaioBaHHA i NOBeJeHHs UHX TEOPEM JJI BHIALKIB, KOJIH
X — 00 Ta X — X,, aHaJoriyHi.

Teopema 1 (npo epanuyro cymu, dobymky i wacmxu). STKwo KosxcHa
3 pynxyid f (x) ma @ (x) mas cKinwenny spanuio 8 mouyi X, mo 6 yid mouyl

icnyiomb maxosc eparuyi dynkyid f (x) =@ (x), f () ¢ (x), ;;—-((% (ocman-
HA 3a ymosu, wo lim @ (x) 54 0) [ cnpasedausi dopmyau
X->X,
lim (f(x) &= @ (x)) = lim f (x) & lim @ (x); 6)
XXy X->Xe X->Xxy
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tim £() 9c) = lim F(9)lim g (s} )

m f(x)

7 ;(x) —_ X-»Xq

11_130 o(x) ~ lime(x) ° (7
XX,

O Hexa#t limf(x) = A4, lim ¢(x) =B, Tomi 3a BaacTusictio
X-»X, X-»X,
1° (n. 3.6) )
f(x) =A+oy(x), @(x)=B+a,(x), ze a; (x)>0, ay(x)—0

ODH X —> X,.
3BiAcH Maemo
[(x) £ 9 (x) = A 3= B +[a, (x) + a, (1)]; ®)
f(x) @ (x) = AB + [Aay, (x) 4 Bo, (x) + o (x) oty (x)1s )
’( ) A B 1 —A g (X,
® (fc) =7 +\ aBB(J-?- Ba,?x)( L] (10)

3a BaactuBocTaME 3°—5° (1. 3.6) BHpasH B KBaZpaTHHX LYXKKaX e Be-
JHYMHH HECKiHYEHHO Mani NpH X — X, TOMY, 3aCTOCyBaBIIH JO piB-
Hocre#t (8), (9), (10) ue pas BaacTusicTb 1° HecKiHUEHHO MaJsHX, HicTaHe-
Mo BijnoBiaHo dopmyan (5), (6), (7). @ :

3ayBaXKKMO, WO JOBEJEHA TeOpeMa CNpPaBIXYeTbCs AJs anreGpaiy-
HOI CyMH Ta JI0GYTKY OyZb-1KOrO CKiHUEHHOro Yncaa GyHKIIH, 9Ki MaioTsh
IPaHHL0 B TOYLi.

Hacainku fxwo limf (x) icnys, mo eukonyromoca pisnocmi:

X>x,

1) lim ¢f (x) =clim f(x), c€R;
2) lim O = [lir;x f (x)]", sokpema,

3) lim x" =43, néeN.
X->Xg
M puraadu
1. O6uncauru limz(sx’ — 13x - 5).
X3 ’
O BHKOpPHCTOBYI0YM TeopeMy Npo TpaHHIO CyMH i Hacaigku 1) —8), MaeMo
lim (542 — 13x 4+ 5) =51lim ¥~ 13limx - lim5=—1, @
x>2 X2 X2 X2

2
2, O6umcnums lim £t 1
x->1 —
O 3a Teopemolo NPO IPaHHINO YACTKH AiCTaHEMO

lim (x2 41
lim x2+l — xl—>l(x + )

- —2.
N Tm=T = Tm @@= i
x>l
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3. O6uncauta lim _"’__ﬂﬁi.
x->3 x?—9

O Tyt TeopeMy NMpo IPaHHINO HACTKH sacTocyBaTn He Moxua, ToMy mo lim (x* —
x-3

— 9) == 0. Kpim Toro, lim (x* — 5x +- 6) = 0, T06T0 MaeMO HEBHSHAUEHiCTb BHAY "
x->3

PosK/MafieMO UHCENIbHHK i 3HAMEHHHK Ha MHOXHHKH:
2 —5Bx46=(x—2) (x—3), »®—9=(x—3) (x-+3).
OcKinbKH NpE 3HaXOAMeHHI rpaHmii dysxui#i B Touni x = 3 PO3IIANAOTLCA 3HA-
qeHHS X 5= 3, TO HaHMil Api6 MOXKHa CKOPOTATH Ha X — 3, Tomy

. 2 _5x+46 . (x—2 (x—3) _ x—2 _ 1
lim X2 =22 +0 _jm X T Y 2T L =1im = .
>3 2—9 >3 (x—3) (x—3) >3 x+3 6 ¢
4, OGuncautd lim .

x»2 X —2

O Tyt lim (x —2) =0, ToMy TeopeMy IpO IPAHAIIO YaCTKH SACTOCYBaTH He MOX-
-2

. 3
ga. Ockimbkn x®—4 mpy x—»2 i lim Y =

. . X2 X —
AK JOGYTOK HeCKIHUEHHO BETHKOI BeAWUMHH Ha OOMEXeHY BEHIHHY, AKa He € HeckiH-

4eHHO Majol. @

= oo (1, 3.6), 10 lim
x-2

Teopema 2 (npo 2panuyio NpPOMIdCHOL (ynxyii). Hexai e Oesxomy
oKOAi MOYKU Xy, KPIM, MONCAUBO, CAMOL MOUKU Xo, susHaueni ynKyil
@ (%), f(x) i P (%) I euxonyromecs HepisHocmi

()< <P (11)
Todi, axwpo Pynxyil @ (x) i ¢ (x) matomo & mouyi x, 00HYy & my camy
epanuyte
lim @ (x) = lim $ (x) = 4, ' (12)
X->Xo X-»Xy
mo maky camy eparuyro Mae GYHKYil f (%):
lim f(x) = A.

O 3 pisHocreft (12) BuminBae, WO MIA noBisbHOrO yucaa e =0 ic-
HYIOTb JiBa OKOJIH TOUKH X,, B OJHOMY 3 fKHX BHKOHYIOTbCA HepiBHOCTI
—e<p¥)—A<e, a B

yh v Apyromy — HepiBHOCTI —& <
1 < P (x) —A < e. 3 HepisHo-

A f&) wfx) creir (11) 3HaxomMMo, WO
A+E——

A"—'—-/ | A
AoE 1|

[ T 4
[/ X0 Xo Xotd X 0 G B
Puc. 4.44 Puc. 4.45

166



) —A<f(x) —A<<P(x) —A, TOMy B MEHIIOMY 3 OKOJIiB
BHKOHYIOTbCSI HEPiBHOCTI — e L@ (x) —ALf () —A<Yp(x) —A < e
(puc. 4.44).
3Bincy —e<<f(x) —A<<e, TO6TO limf(x) =A. @
X->X,

Teopema 3 (npo epanuinuil nepexio y nepissocmax). Sxujo 6 deaxomy
OKOAL MOYKU Xy, KDIM, MONCAUBO, CAMOL MOUKL Xy, BUKOHYEMbCSR HepisHicmb
) >0 i ichye epanuya lim f (x) = b, mo b > 0.

X->Xy

O llpunycruMo, mo b << 0, Toni npu x — x, MaeMo | f (x) — b | >
=>|b|>0, Tomy lim [f (x) — b] 5= 0, 10610 lim f (x) 55 b. Lle cyme-

XX, X->X,

peunTh yMoBi TeopeMH. Otxke, b > 0. @

Hacainox. SMkupo 8 deaxomy oxori mouku x,, Kpim, MOxAUGO,
0aMOT MO4KU Xo, BUKOHYEMbCA Hepisricmb [ (x) = @ (x) i icnywome zpa-
Huyi

lim f(x), lim @ (x), mo lim f(x) >1lim @ (x).
XX, X—>X, X->Xo XX,

Teopema 4 (npo epanuyto MmoHOmMOHHOL PynKyii). SKuwo Pynkyia
[ (¥) monomonna i obmexcena npu x-<< x, abo npu x > x,, mo icHye
8i0nogiOno ii aiea epanuys limof (%) = f (xo — 0) abo ii npasa epanuys

K> Xy ‘
lim f(x) = f (x, + 0).

X->%440

HoBenenns niel TeopemMu naHo, HampukJaz, B [29].

H1uxaad

Iosectu, mo: a) lim sin x=0; 6) limsin —~-=0; B) limcos x=1.
x->0 x>0 2 x>0
O a) llosuauuMo uepes x pamianny Mipy ueHTpaibHOro Kyta KoJa pagiyca |

(puc. 4.45). Axmo x> 0, T0 04 = 1, AC = sin x, AB == x, 0 < sin x << x. OcKiabkn
lim0=0, lim x=0, 10 3 Teopemn 2 BunsuBae, mo lim sin x = 0.

x>0 x>0 i x~>+0

ko x << 0, To |sinx | <<|x}fa6o—] x| <<sinx <<|x| tomy lim sinx= 0.

x>0
OTtxe,
lim sinx= lim sin x = lim sin x.
x-3—0 x>+0 x>0
6) Ockinbku sin_f_|<|sin x| ao — |sin x| <sin_x_<|sinx| ilimsinx =
2 2 x>0

=0, 10 lim sin X_ =o0.
x>0 2

B) Ockineku cos x = 1 — 2 sin? -32‘._ , TO

lim cos x = lim (1—2sin2_£_ =]—2(lim sin X '—1 ®
x-30 2 2

x>0 x>0
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3asnaHHA AAA CAMOKOHTPOAW

1. lllo 1asuBaeTsCs YHCAOBOW nocaifosricTio i A il Moxua sanatu? Hasecrs npa-
KJafH.

2. [llo HasKBaeTLCS TPaHULEIO YKCAOBOT nocaigoBHocTi?  Akuil reomerprunnft amicr
rpaHHLi?

3. lllo HasuBaeTbCs TpaHunelo 3MIHHOL BeHYHHA?

4, oBectH, WO KOAH 3MiHHA BeJHuHHa Mae TPAHKINO, TO UA IPAHHLA JHIIE OAHA.

5. JloBecTH, WO rpaHHUsA Crajoi BeJHYHHHM Xopimmioe wift craaift.

6. SIka BeqHuMHA HasHBaeTbesA HecKinweHHO Benukoio? ChopMy/IOBATH BaacTHBOCT]
HeCKIHUEHHO BeJHKHX BeJHYHH. :

%. IlatH o3sauenns rpauuii ¢yskoii B Touni Ha emoBi mociaizosrocreft» { Ha emosi-
g - 09,

8. Y uomy noasrae reomerpuunnit smict rpannmd dynxuit 8 touni? Hasecrn npu-
KJIaJH.

9. [llo uasupaerbcs JiBoio rpasuuelo ¢yHkunii B Touni?

10. o uasmBaetbcs Mpaso rpannnelo pynkuil B rTouni?

11. [le nHasuBaeTbes rpanuuelo GYRKUil upH X —» oo?

12. llo HasuBaeTbCH HecKiHUEHHO BeNHKOI QyHKUicio?

13. IloBect# TBepXeHHs: siKmo icHye rpanuud lim f (x), To npH x — xy ¢yHKuia

X=>Xy .

1
 (x) obMexena; sikmo icHye rpauung lim f (x) 55 0, To npu x — xo $yuxnin i"f—(}')"
X=>Xy

ofMexena. :

14, Skl BeaHuHHH HasMBalOTLCS HeckinuenHo Maaumu? Chopmymosatd | Xomectn
BJAACTHBOCTI HeCKiHYeHHO MaJIuX.

15. ChopMymoBaTh i JOBECTH TeOPEMR NPO rPaHHIO CyMH, XOGYTKY 1 uacTku; npo
rpansiyo npomixuol dyukuii; npo rpaHRuHEk nepexix y HepiBHoCTAX.

16. ChopMymoBaTH TeopeMy Npo icHyBauHs rpan#ini Monoronsoi_¢ymxuii.

17. IoBectu TaKi TBepJKeHHS:

1) skmo icuye ckimuenwa rpamuua lim f(x) i lim @ (x) = o0, To lim i -
0: ‘ X=>Xg x>y 2%, P (%)

% sxmo icaye rpammma lim f(x) 560 i lim @ (1) =0, 1o Iim L& — o;
XXy X-pXo 2%, ¢(%)
3) axmo lim f(x) = oo i ichye ckinyenna rpamuua lim @ (x), 10 lim AL -
Xrx, X=>Xy - B=»Xy ‘P(x)
=1 00}

4) axmo icrye rpamuna lim f(x) %0 i lim @ (x) = o0, 10 lim f (%) ¢ (¥) = oco;
X-PXy X->Xo X->Xy
8) akmo lim f(x) == oo 1 icuye ckinuenna rpamuus lim ¢ (x), 0 lm [f (x) &
XXy X->%y . X-»Xy

£ @ (x)] = oo;

6) sxmo lim f(x) = lim @ (x) = 40, (lim f(x) = lim ¢ (x) = —o0), TO
- -, XX X-pXo

X->Xo X->Xy ->Xo
xlj)n: lf (0 + @ (x)] = oo, (lim{f(x) + @ (x)] = —o0).
18. Kopucryouuch 03HaueHHAM TIpaHuli, ROBECTH, IO

on41 _ 2

a) lim = _2.; 6) lim (2x4- 1) = 5.
5 x->2

nave B —1
19. KopHeryiounch TeopeMaMu npo rpasHul, OCUHCHAHTH
: x3—-5¢+6 B2 —x—2 |

im U lim <
) vy A—2 ' 2 PR g P R
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v lim —

V5+ x>0 x" ’
"Bidnoeids. 19. a) —-._i_; 6) —6; 1) 48; r) 0.

a€R, neEN.

§ 4. OBYMCJIEHHA I'PAHNIL OYHKITA

4.1. Nepma BaxJHBA TpaHHUS
HoseneMo, mo -

lim 225 . (13)

x50
O BisbmeMo kpyr paaiyca 1 (puc. 4.46) | nosHauuMo panianny Mmipy
Kyra AOD wuepes x, 0 <x << -“5- INopiBHiolOuH MJOM{ TPUKYTHHKIB
AOD, BOD i xonosoro cexropa AOD, nicranemo

SA40D << Scexraop < Sapob,
sBiakn

4 AC . OD <1 OD* . x << OD . BD
a6o
t .- 1 1
- sinx <3 x<Ttgx.
Posninusmin ocranni HepisHocri Ha L2 sin x > 0, nicraxemo

slnx

1
| < i smx <5 80 1> > cos x.
Ockinbku lim 1 = 11 lim cos x == 1, T0 8a Teopemolo 2 (m. 3.7)
X0 x>0
lim 0% g, (14)
x>0 ¥

Hexatt teniep x << 0. Poaraanemo dyskuio f (x) = snlx (pHc. 4.47).
Ockinbru  f (¥) = f (—x), 0
lim S22 _ gjm S0 gy, S22 g (15)
r>—0 % x40 X x>0 %
3 pieHocret (14) i (15) micranemo dopmyany (13), Aka HOCHTH ua-
CTO BHKODHCTOBYeTbCS NpH OGuHCAeHH]i rpaHuub. ToMy ii HasuBaloTh nep-
WIOK0 BAXCAUBOID eparuyern. @

N puraadu
1. 3mafitn Hm SR 4 o,
x50 X

7 Buula MmateMartuka, v. 1 169



Puc. 4.46

O 3BefieMo WO TPaHHILIO RO Nepiliol BaXIHBOL rpauuui IlOAiJlKBmH Ta MOMHOMXHBILIH
api6 na k:

lim sinkx _ lim ksin kx =k lim sin kx =t @
x>0 X x=>0 kx kx>0 kx
2. 3nafitu lim cos 5x — cos 3x
. im ——
O Maeuo
lim 98 55 —c0s3x _ 5 (im sin4xsin (—x) _
x50 X x>0 x3
=2 lim sin 4x lim = sinx _ _g °

x50 X x50 X

8. 3nafith lim-=>__. tg kx .

x>0 X
O Maemo
lim {EA% _ m_sinkx _ g sinkx 1 g 9
>0 X x->0 XCOs kx x»0 X x->0 COskx
4, 3pafitu  lim (x - _’_‘_) tg x.
n 2
x-»-i-

O Bsenemo noBy 3minny y=x-——g—, Tonl x=y+%—‘l

n 2

lim (x—-’.‘.)tgx= lim y tg (y+ _’.‘_) =
y=>0 2
2 ‘

=-—-limyctgy—-—ll_)n(:) Sl‘:lly cosy=—1. @

4.2, Yucho e. Ha’rypa.nbﬂi Jaorapudmu
PosrnsineMo ABi 4HCJOBi IOCJiJOBHOCTI:

l={(1+ )" n>1) 1l ={(1+ 57221
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INoxkaxemo, MmO BOHM MalOTh TaKi eaacmusgocmi: -
l) Xp < Yn» n> l;

2) sminna x, cmpoeo spocmae;

3) sminna y, cmpoeo cnadae.

O Cnpasai, OCKiJbKH

b= (1 ) = o+ 22>

TO BJACTHBicTh 1) crnpasejninBa.
BaactuBocti 2) i 3) moBoasAThCA 3a nonomoroxo Hepisnocmi Kowil:

Va o . o atat o £

n

ze
: {ay, agy ..., a,} = [0; +o0), nEN.

3acrocyeMo 10 HepiBHiCTH JI0 YHCJIOBOI MHOXKHHH, SIKa MiCTHTb 4H-
1
eno 1, a Takox n yucen 1 + -

B R R

Je n €& N. Idicranemo

1
s ta(i+ )

"+11'(1+—1-)n< b e SO WY PO
n arr =ltggrell+g) <
‘ i n+1

< (1 + T )

8BiIKH { BHUNIKBae BJACTHBIiCTb 2).

AHanoriuHo ansi JoBefieHHs TBepJKeHHs 3) ZOCHTh 3aCTOCYBaTH Hepis-
Hicte Kowli 0 ync/10B0i MHOXKHHY, sika MicTutb 1 i n uncen 1 — —, ze

neN,n>2. @

3 saacrusocrert 1) — 3) maemo

B < I < I <Y1 <Y<+ <Y< neN.
Orxe, 3MiHHa x, 3pocraioua i o6mexkeHa 3Bepxy. ToMy 3a Teopemolo 4
(n. 3.7) BoHa Mae rpaHuilio, iKYy NO3HAYalOTh GYKBOIO € (lle Mo3BaueHHs,
fK i NO3HaueHHs yucaa w, Hasexuth JI. Efnepy)

lim (1 + -,‘,—)" =e. (16)

n—>o0
3minna y, cnanae i o6mexena suusy, Tomy rpanung lim y, Takox
n~>o00

icaye. Ockinbkn
X,
Yn = Xp + —5"—, T0o limy, =e.
n-»o0
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TakuM YHHOM,
. 1\n 1 \n+1
lim (14 )" =lim (14 ] =,

n-y»o0

NpHYOMY
VnEN:(l -+ %)"<e<(1 + —,,'—)"+l .

Jloseneno, mo e — ippanionanbue yncno. Bisbime toro, II. Epmir fosis,
MO € — TPAaHCUEHJEHTHE YHCJIO, TOGTO He € KopeHeM Hisikoro anreGpa-
iuHoro piBHSIHHS 3 HiJHMH Koebiuientamu. Moro HaGamkeHe SHauYeHHA

s Tounicrio go 107" popismioe 2,718281828459045.

Yucesio e HIMPOKO BHKOPHCTOBYEThCS B MaTeMarHui Ta ii sacrocyBan-
nix. 30Kpema, NoKasHMKOBa ¢yHKIIA y = e* sa OCHOBOIO € Bijirpae
BaXJIMBY poJib B Teopil MeXxaH{UHHX KOJIMBaHb, B eJeKTPOTeXHili Ta pa-
niorexnini. Ilio GyHKUil0 Ha3HBAIOTL TAKOXK EKCNOHEHUIGAbHOWO (DYHK-
yieto, abo excnonenmoro (Bifl aHrJificbxoro exponential — nokasuukoBui),
i nosnavaloTh Tak: y = exp X.

JlocHTb 4acTo JOBOAMTLCH 3yCTpiuaTHCh 3 JOrapHpMaMH 3a OCHOBOIO
e. SIk Binomo, dynkuia y = log, x Bu3HavaeThes, AKmo a >0, a + 1. 3o0-
Kpema, fKo a = 10, To y Ha3HBAaETbCA OLCAMKOGUM A02APUPMOM HUCAD
x i nosnavaerbes 1g x. IlecsiTkoBi Jorapudmu 6y seefeni I'. Bpirrcom.
SIKIWO a = e, TO Y HA3UBAETbCS HAMYparbHum, abo Heneposum (Ha HecTh
mot/aHAcbKoro Maremaruka Jxx. Henépa — BuHaxiguuka sorapudmis),
Aozapugpmom uucsa x i nosHavaerbcs In x.

Y Bumifi MaTeMaTHIi 3aCTOCOBYIOTb B OCHOBHOMY HAaTypa/bi Jora-
pubMH, OCKiNbKH JJIfi HHX, AK NoGauuMo Aaji, SHAYHO CHPOLLYETbCA PSA
dopmyJr. ~

p3ﬂaﬁ)1emo 3B’ASOK MiX JECATKOBHMH i HaTypaJbHHMHM JorapupMam.
Hexaii y = Inx, Toai x = e¥. Jlorapupmyioun mo piBHicTb 32 0CHOBOIO
a, nicranemo log, x = y log, e, sBiiKH ‘

log, x =log;elnx=Inx = "Io—gl',,Tbgax'

Yucao M = log, e Ha3HBAIOTb MOLYJIEM I1epeXOAy BIA HaTypaibHHX Jo-
rapudMmip fo JorapudmMis 3 ocHoBowo a. 3okpema, npu a = 10 Maemo

| . 1 | ~
M = lge =10 ~ 0,4343, —M— = Tze =Inl0~ 2,3025.
;“ y=lnx
1 /'——E;z'qx
Tk ——
g 10 x
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Orxe, 3B’5130K MIX JNecATKOBUMHU | HATYpalbHUMH JOrapHbMaMu BHpa-
XKalTbes PopMysiaMu

lgx=lgelny = 1 Inx=0,4343 In x;

=In 101g x ~ 2,3026 1g x.
Ipadikn ynkuili y = lgx Ta y = In x so6paxkeno ua puc. 4.48.

4.3. pyra paxauBa rpaHuua
Hosexgemo, o

. 1\» :
l‘ﬂ(l+7) =e. (17
CnouaTKy noKaemo, 1o
1

i (4] =
Hexali x>11 E(x) =n, Toni n<x<<n + 1; ToMy cnpasesnusi
uepisﬂocm

1 1 1, 1 n4-1

T <F ST (1+n+1)<(1+ ) (1+ ) . (19)-

Slkmo x — 400, T0 n—> oo, TOMy 3a dopmyioio (16) MaeMo

e Jmi ) .
"l;rg(l-}- n-:—l) = n!i)l?o(l-*' +1) =T =6
’1'1:2(1+ )"*‘ M,(“L )lltg(l—l— ‘) —e.l=e

Bacrocysabiu jo HepiBrocti (19) Teopemy 2 (m. 3.7), Alcranemo dop-
myay (18). Temep nosenemo, o

1 \x
li 1 4+ —| =e. 20
Jim (14 ) =e @0
Hexalt x << —1. Benemo sminny y = —x, toni
lim (14 ) = lim (1— )™ = lim (£51)7 =
Jim (U4 ) = jim (1 — A5
= lim y ) | 1 )” =
y—>+oe ( y—1 y—:{{»-noo( +
=lim 1 ) lim ( ll)=e-1=e.
v—>+°o y->too -
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d O6’enuapmu Bunagkn (18) i (20), micranemo
r g=fr+£)* dopmyay (17). Moknapun x = -;-, MaeMo

1
e lim(l+g)¥¢ =e. 21
y->0
1.'/ Pipuocri (17) Tta (21) nasuBaotbh dpyeoro
—» BAJCALBOIO 2paHUYEr0 1 LIHPOKO BHKCPHCTOBYIOTh
10 X npH obuxc/aeHHi rpanuub. Cpadik dynkuii y =
Puc. 4.49

(l + ) noKasaHo Ha puc. 4.49.

3ayeaxenns llpu onc.neHm TpaHUIb, NOB’ASAHHX 3 UHCIOM
€, 4acTo 3aCTOCOBYIOTb Take TBEpJUKEHHs: SAKIIO ICHYIOTb rpanuui
lim f (x), llm ¢ (x), npuyomy llm [ (x) >0, To icHye TaKox rpaHuus

lim f (x)‘l’(” ‘sxa oﬁquc.moe'rbc;( 3a GhopMyI0I0

2%y
lim @(x)
lim f(x)® = (lim F(x))"™™ . (22)
X>X, X~3Xy
I puraadu
X
1, 3uafith lim (1 +_E.) .
X~»00 X
X
O Cxopucraemocs piBmoctamn (17) i (22), Maemo lim (l +.T’:_) = lim (l +
Lk X-»00
top) = e
x/k )
2. 3uafitn

lim ¥ 1T sin 2x.
T X

O CkopucraBmmcy pissoctsamu (13), (21) i (22), aicranemo
1

lim ¥/ TF sin 2% = lim (1 +sin 2¢) * =
x>0 x>0

1 sin2x lim Sin 2%
=Hm (1 +sin2) M2~ F 0 *F _a g
x>0
2 —1 |15+
3. 3nafru li .
"a.r"x-»'l( % F3 )
" O Maemo -
2% — 1 1--5x ( 9% — 1 )l—5x ( 4 )1—53
1 = lim |1 —_— = [i ) g— =
xir?o(zx+3) Jm M+ 17 ! o %73

2043 —4  1-bx iy 202t
1 — 2x+3 1 m
== {im (l +—m—§—) o= ¥ %3 =¢l @

X-»o0
-— 4
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1
4. 3mafma lim (cos 2x) SIM*3%
x>0
O Hicranemo 1
1
lim (cos 2%) 8 = lim [1 4 (cos 2¢x — 1)} ¥1™*3* =
x>0 x>0 .

1 -2 sifid x —2 lim sin® x 2

—lm [1 4 (= 2sint ) TR AT v emar _ " g
x->0

5. Bararo ximiunux peaxuifi i npouecis npoxXoAATH TaK, IO B KOKHHA MOMEHT Jacy
{ WBHAKICTL yTBOpeHHSA Aesxol pedoBHHM nponopuifina Kinbxoerl ulel pewosunu B 3ana-
HHf MOMeHT uacy. ’

3uafiT 3aKoH, 8a AKHM Bif6YBacThCH YTBOPEHHS DEUOBHHH.

O Hexalt my — xinbkicts pedosunu B MoMeHT uacy ¢ == 0 (To610 mowarkosa Kias-
Ricth peuosunn). [Tpomixkox uacy (0; f) posi6’emo Ha n api6uux mpomixkis:

o) (o). () (),

SIKUI0 BBAXKATH, NIO NPOTArOM KOXKHOTO 3 IHX MaJHX npoMiXKis dacy IIBHAKICTS
peaxkuii crana, To klibKoCTi peYOBHHH B MOMEHTH 4acy

t 2t 3t ¢
R I I
BIANOBIAHO JOpPIBHIOBaTHMYTH
Tt kt
ml=mo+kmo_n_= mo(l—l—.—n_)l
t kt \*
m,=m1+km17=mo(l+—;——) }
¢ kt \?
ma=ma+kms—n-= mo(1 +—n-) t

...................

Ie k — sapanuft Koedinient nponopuifinocri. Aje 3a yMoBoio safasi npolec yTBOPeHHA
peuoBHHH BinGyBaerhca HemepepeHO. ToMy, mo6 ssafith Touny dopmyny, TpeGa npa-
NYCTATH, IO 9HCIO APiGHHUX MpoMiKKiB HeoOMeXKeHO 3pocTae, a IXHSA TPHBaMICTL npsmMye
Zo Hyas. 3sincu ans KinbKoCTi pedoBHHH m B KOBiNbHHA MOMeHT uacy f lcTaeMo Gopmyay

n
m= lim m, (l +_’:li) = myet’,

n—»oo

Ile i e sakon, sa sxum BixGyBaeThes yTBOpeHHs peuoBuHH. BiH sycrpiuaerncd npm
HOCHiLXKeHH] TaKHX Mpolecis, AK Po3Kiaj pajilo, po3MHOXKeHHs Gakrepili Tomo. [Tiskl-
lile MH INe NOBepHeMoch A0 niel sagaui (ra. 8, n. 1.9). @

4.4. NMopisnanns Heckindenno maanx d¢yuxuifi. Exsivanentui mHe-
ckinuenno Mani dynxkuil

JIBi HeckinuenHo mani ¢yukuii mopiBHioloTbcA Mix coboro 3a Aong-
MOTOI0 JIOC/i/PKeHHA iXHboro BifHouwleHHs. Hexalt a; (x) Ta ag (x) —
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HecKiHueHHo Masi GyHKuil npi x —» x,, To6TO

lime, (x) =0, lima, (x) = 0.
X~>Xo XDxy

BBezemo Taki o3nauesss:

1) dynkuii o, (x) i @y (X) HASHBAIOTLCA HECKINYEHRO MAAUMU O0HO20
nopadky npu x — X,, KO

i G (%) .
,l\:-l;l:o a’(x) A-';éoﬁ AE R)
2) ¢ynKuis o, (X) HA3HBAETbCSA HECKINYEHHO MAAOI0 6UW4O20 NOPAJKY,
HiNE Gy (X) npu x — x, SKIO
o (x) = 0:

lim ) =

XX,
-3) byHRUIA 04 (X) HA3HUBAETLCS HECKINYEHHO MAAOI0 HUNCY020 NOPAOKY,
Hid ag (X) npu x — x,, AKIIO

x>x, %8 )
4) pyHKLia a, (x) HA3HUBAETbCH HECKiNYeHHO maaoio k-20 nopadky ei0-
HOCHO Q.5 (X) NpU X —> X,, SIKHO

lim 29 _ a-20, A€R;
x>x, g (x)

5) HeckinueHHO Masi yHKUIl @, (¥) Ta o4 (X) HA3HBAIOTLCA Henopis-
HAHHUMU NPU X —= Xy, SIKIIO B TOYHi X, He iCHye rpaHuui iXHbLOrO BijHO-
HIeHHS. .

BBeieHi 03HaYeHHs OXOIVIOIOTH yCi BHNAIKH, sIKI MOXKYTb TPalHTHCh
NpH NOPiBHAHHI ABOX HeCKiHYEHHO MaJHX (QYHKUiA B OKOJi TOUKH X,.
Taki cami npaBuJia NOPiBHAHHA HECKiHYEHHO MAJHX MPH X — 00, X —
~> =00, X — —-00 Ta NpH X — X, = 0.

AHaNOriYHO MOPIBHIOIOTbCA HECKIHYEHHO BEJIHKI BEJHUHHH,

= 00,

11 purnaadu .
1. Qyukuii @, (x) = x, oy (x) = sin 5x HeckiHYeHHO MaJi oHOro NOPAAKY DPH
x = 0, ToMy Do :

lim —r— = L
x‘_’:}, sinbx — 5 °
2, ®yuxuin o (x) = x® npu x — 0 € HeCKiHYEHHO MaJOl0 BHIOTO NMOPSAKY, HIK
$yHELin &, (x) = tg x, ToMy wpo
x3 X
lim <= = lim x lim
x>0 tgx x50 x-»0

Ouesnano, pyHkiin Gy (x) = tg x npH x —» 0 € HeCKIHYEHHO MAJIOK HHKIOTO MOPHAKY,
HiX oy (x) = x3, :
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8. ®yuxuia a; (x) = 1 — cos 4x nph x ~ 0 ¢ HeCKiHYEHHO MAJIOIO APYTOTO MOPSAAKY
BignocHo $pyHknii ag (x) = x, ToMy mo
1 —cos 4x 2 sin? 2«

Hm 3 == ]im 3
x>0 X x>0 x )

=8,

1
4. Heckingenno Mani oyuknii ay (x) = x 1 o3 (¥) = x sin 3 HenopiBHAKHI npH
x = 0, TOMy LIO

|
xsin — 1

lim X  =limsin—
x>0 X x>0 X

He lcnye (aus. m. 3.5).

Cepen, HecKiHUeHHO MaJMX QYHKHiA OJHOro NMOPSAKY OCOGJHUBY POJb
Biirpalotb Tak 3BaHi ekBiBaJeHTHI HeckiHueHHO MaJi.

®yukuil o, (x) i oy (x), HecKiHUeHHO Maai MpH X — X, HASHBAIOTbCA
EKBIBANCHMHUMU HECKIHYEHNO MAAUMU, FKIIO

lim LX) (x) =1,
X=X, Gy (x)
EkBiBasieHTHICTb TO3HAYAETHCA TaK: o, (¥) ~ a3 (X). ,

PosraseMo Jiesiki BJAacTHBOCTI €KBiBajgHTHHX HeCcKIHUEHHO MAaJNuXx
dynkuii.

Teopema 1. Heckinuenno manri oy (x) 1 ay (x) exsisarenmni npu x —
— X, mod i misbku modi, xoau pisHuys o, (X) —ag (X) € HecKinuenno
MANOI0 BULYO20 NOPAJKY, KIN KONCHA 8 PynKkylld oy (X) ma ag (x).

® Hexalt a, (x) ~ a; (x) npu x — x,, TOGTO

a8 s %a(X)
},‘_{Eﬂ A T; l‘_’,’:o ww =D
TOAi
s Ay (X)—ag (%) g %y (¥) \ _ o (%)
i S =l (1 ) =1l S =
AnaJoriusno
i () —ap(x)
.ltgl:, as (%) =0.

Orxe, pisnung oy (X) — @y (X) 1pu X — Xy € HeCKiHYEHHO MaJIOI0 BHINO-
ro NopajKy, HiX a, (x) Ta a4 (x).

Hexat Temep, HaBnakH, BifoMo, mo pisnuug a, (x) — ag (x) npu x —
— X, € HeCcKiHYeHHO MaJIol0 BHUIOrO MOPSIKY, Hik o5 (x) | Hixk a4 (),
T06TO .

(%) —g (%) g (X)) —ag (%)
lm = =~im == =0
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T @) —a(x) __ : — % ® ) __ ;
SIxmo 11_1;120 —m 0, TO 3-1:9. (l = ) 0, sBigku
. %) I, To6T0 @ (¥) ~a,(x) mpu x-—>x, Slkmo
X->xy @ (x)

i Oy (X)) —og(x) : @ () ) : o; (x)
ll_g} B e 0, To0 11_130 (————m2 £ l) = (), 3BigKH xl_i)r:: ()
= f, TOOTO 0y (X) ~ a3 (X) Npu x —x,. @

Teopema 2. Hexal o,(x) ~ af(x), o,(x) ~ a3 (x) npu x — %,

HAxwo icuye lim 31 E:; » mo icnye i lim :'_ :3 i yi epanuyi pisni
X-PXo t ] X—»Xy )
Mixe coboro. :
O Maemo

lim 28 _ % (x) a; (x) . a3 (x) — lim 22 (®)
ng:O ag (1) ,l,.i_g: al’ ® az‘ (%) a, (¥) 11{20 “—_1. ) X

af (%) or (%)

[ ] .
s lim A g B9 -1 = lim .
xx, O3 (X) x->x, %2 ) x->x, 05 (%) x->x, Og (X)

Iis Teopema Aae 3MOry NpH SHaXOKEeHH! IPaHHI BiJHOWEHHS ABOX
BaJlaHMX HeCKiHYEHHO MaiuX QYHKIifi KokHY 3 HUX (a60 TiibKH OfHY)
8aMiHATH iHIIO HECKiHUEHHOI0 MaJolo, sIKa eKBiBajeHTHa 3ajaHifi. Uac-
TO SyCTpiuaioTbesl, HaNlpHK/AaA, TaKi eKBiBaJieHTHI HeCKiHueHHO Madli
Besinunen  [12]): : '

sina ~ o, o->0; e“—l&a, o —0;

tgoa~a, a—0; @ —1~alna, a—0;
arcsina ~ a, o —0; log, (1 + a) ~alog, e, o—0;
arctga ~a, a —»0; In(l +a)~a, a—>0;

l——-cosa~—%’—,a—>0; (1 +a)f —1~ka, a0, £>0.

3asHauMMoO, WO Li eKBiBaJEHTHOCTI HOCHTb IIPOTO AicTaTH 3a AOMOMO-
rolo npasuia Jloniranra (ra. 5, n. 5.3).
Teopema 8. Cyma cKiH4eHH020 YUCAQ HECKIHYEHHO MANUX Pynxyi pisnux
nopaoKie exgisarenmua 000aHKY HUNHO20 NOPAIKY.
O [Hobenemo Teopemy ans asox dynkuifi. Hexail o, x) -0 |
¢, (x) = 0 npu  x — x,, npuUOMy &, (¥) — HecKiHYeHHO Maina bynKIis
oy (%

BHINOTO MOPsAJKY, HiX g (¥) npH X — X, ToOT0 lim o = 0, Toal
X->Xq 2(x)
%)+ (¥) o (%) - -
T ma im e F =01
oTKe,

@ (%) + oy (X) ~a (%), x—>% @
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I pursadu
3 i sin 8x
1. 3nafity Ilim ETYE g2

x-50
O Ockinvkn sin 8x ~ 8%, tg 2x ~ 2¢ npu x — 0, T0 sa TeopeMolo 2 aicranemo

fim 082 um—ﬁ—s‘ i@
x>0 tg 2 x50 )

arcsin (x — 3)
2. 3nafitn JI‘i_r::l3 “Y—4xF3 -

O arcsin (¥ — 3) ~ x — 3 npH x — 3, TOMY

arcsin (x — 3) x—3 1
Im =33 ~Imeg=ge=n =la5=T=7®
In cos 2%

3. 3nafitn lim 3 ’
(o) OCKlJleP! lncos2x In(l+cos2x—1) ~cos2x— 1 npr x—>0, 10
In cos 2¢ cos 2x — 1 — 28intx

Hm = lim = lim =—2,
xs0 X x>0 x x>0 x? hd
. sin6x 4 x* — 10«3
4. 3uafitu l;rr{; ox — %8 .

O 3a Teopemoio 3 Maemo npu x — 0
sin 6x 4- x3 — 10x® ~ sin 6x] 2¢x — x% ~ 2,
TOMy
sin 6x - x? — 10x3 li sin 6x

6 .
li =lim =— =3,
x—r:lo 2% —xb x>0 2 2 i

4,5. Po3kpHTTs NeAKHX HeBH3HaYeHocTel
SIk yxe Bkasysajioch, Y Haﬁnpocrimux BHNA/IKaX SHaXODKeHHA rpa-

nuui lim f (x) sBoautbca Mo migcraHoBku y ¢yHKuilo f (x) rpaHHuHOrO
X->X,

SHAYEHHs apTYMEHTY X, AJre 4acTo Taka miACTaHOBKA IPHBOJHTb IO He-
BH3HaueHHX BHpasiB. lle Taki BHpasu:
1) siguomenns ABOX HECKiHUEHHO BEJHKHX BeJIHUHH — HEBH3Haye-

HicTb BHAY —:%;

2) pisHuumA ABOX HeCKiHYGHHO BEIHKHMX BEIHYMH — HEBH3Ha4eHICThb
" BHLY 00 — o00;

3) Aoﬁy'rox HeCKiHYeHHO MaJioi cpyﬂxni'f HAa HECKiHYEeHHO BeJHKY —
HeBH3HaueHicTh Bugy O - H

4) BimHOIEHHA ABOX HECKiHYEHHO Ma/NHX BeJHYHMH — HeBH3HaYeHicTb

S0
BHAY 5

5) akmpo oy (x) —0 Ta &y (¥) > 0 pH X — X, TO BHpPA3 ai* —
HeBu3HaueHicTs Buay 0°)
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6) axmo o (x) > 0, B (x) > oo npu x> %, To BHpa3 I3°‘ — HeBH-
SHaueHicTb BHAYy oo0%; ‘

7) axwo f (x) = 1, B (x) = oo npu x — x,, TO Bupas f® — HeBusHa-
yeHictb BHAY 17 (Ue He OAMHHLUS B SKOMYCh xouxpemomy cTelneHi, a
CHMBOJI JUIfi CKOPOYEHOro NosHaueHHs rpamnui Bupasy [P, ze f— 1,
p — o).

Onepauito sHaXokeHHsl TPAHHMLI y LMX BHIALKAX HA3HBAIOTb PO3-
Kpummsm HesusHaueHocmi.

3aranbuufl croci6 po3KpHTTA HeBH3HaueHocTed Jamo B ra. 5, a Ty
posrysHeMo Hesiki okpemi Bpmamm

1. Hesusnauenicmo 6udy > — %a0ana 6lOHOWeENHAM 080X MHO204AeHIS,
N puraad

¥42—1
—x3410c 45

3HaliTH lim
X->00 sx‘

o0
O Maemo HeBHSHaueHICTb BUAY = IoninuMo unceNbHEK | SHaueHHHK APOGY Ha x4

1
=—. @
. 10 | 5 3

lim = lim
2op00 KX — 2+ 10x+5 x>0 g _

x4 2x— 1 ! + _zl‘_
L d0 L5
X8 Xt
3acrocoBanuit IpHHOM € 3araJbHUM: 106 DPOSKPHTH HEBH3HAUEHiCTb
BHAY %, 3allaHy BiAHOLUEHHAM ABOX MHOroOuwJeHiB, TpeGa YHCENbHHK i
S8HAMEHHHUK PO3AIJMTH Ha HalBHMUIMK cTeNmiHb X y ILMX MHOrouJeHax.

- . 0 . .
2. Hesusnauenicmo 6udy T 300aHa GIOHOWEHHAM 080X MHOZ04AEHI8.

Hpuraad
222 —x—2
3nafiTh }:i-?ll A% —14 .
O Ockinbku
Hm (52 + 261 —x —2) =0, lim(x’+3x-—4) =0,
X->

0
TO MaeMo HeBH3HaueHICTb BHAY <5 [1lo6 poskpuTH HeBH3HAUEHICTD, DPOBKJIAZEMO HHCE b
HHK | SHaMeHHHK Ha MHO)KHHKH

W2ty —2=(x—1) (x* 482+ 2); x’+3x—-4,=‘(x-—l)(x+4‘).
Maemo

P42 —x—2 (x—1) (43042 Apt2 6
I rs—4 =T EThe+e <ImTogg =% e
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Ile Tex saranbuuft npufiom. CkopoueHHs Ha X — 1 TYT MOX/HBe, TOMY

Mo npu BusHAueHHi rpanuni lim f (x) = A sHaueHHs x 55 X,.
XX,

MHOXHHK X — X,, Yepe3 fKHA UHCEJbHHK | SHaMEHHHK NpPSMYIOTb
Jio HyJs, 1HOAI HAasSHBAIOTb KPUMUHHUM MHOOICHulCOM

Takum YHHOM, 06 PO3KPHTH HEBH3HAUEHICTb 0 , 3ajiany BiJHOIIeH-

HSIM JBOX MHOrOUJIeHiB, Tpe6a B YHCENbHHKY i SHAMEHHUKY BHAIJINTH KDH-
THYHHA MHOXHHK i CKOPOTHTH Ha Hboro Api6. SIKIMO mpH uboMy poO3-
KJaJaHHA Ha MHOMXHHMKH BMSIBUTbCA YTPYIAHEHHM, To Tpeba DOSHi/IHTH
qHCeJbHUK | 3HAMEHHMK HA KDHTUYHHA MHOXKHHK «Yy CTOBIYHK».

Hpuraad
Bxt—3x2 L x—1
3uafte lim 48 28 —3x —1 °

x-»—1

0
Maemo nepusHaueHicTb BHAY 7. OCKiNBKH 1A HeBH3HaueH{cTh 3ajaeTncs Bif-
0 R

HOIIEHHSM ABOX MHOTO4/IeHiB, T0 YHCENLHHK 1 SHaMeHHHK Tpeba NMOAIMHTH HA KPUTHYHHUMA
MHOXHEK X -+ 1. Maemo

Sxt —3xt -} x—1 x4 1
T bxt 4 Bx? B — 6o 2&x—1;
_ — 813 3 4x3 - 242 — 3x — 1
—5x0 gt — o L el
IRGEY e ’
2+ 2 — 202
——x—1 T =1
—x—1 T e—x—1
0 ‘ 0

Byt — 303 fx— 1= (x4 1) (5x% — 522+ 2 — 1);
— 2% =3¢ — | == (% - 1) (423 — 20 — 1);
bxt —3x0 - x— 1 5x3 — Bxd - 20 — | 13

Jm s roe— =1 Ww—%—1 =5 - ®

= lim
X->—1

8. Hegusnauenicmo eudy —g— 5a0aHa ipPAUIOHANOHUMY BUPASAMU.

Hpuwnasadu

1, 3uvafitg lim L2 T - "¢ y < +3

X=»2

0
© Tyr HepusHauenicrs = e 2 — kpuruunnf MHOXuHK. [los6Gyremocs ‘Big ippa-
nionanpHocT B qnce:xbﬂuxy Maemo

im V?T-'FB‘ —lim YR FE—=) VFF5+3) _

x52 X—2 2 x—2) (VA543
= Him x»45—9 — lim x—2) (x4 2) 2 °
22 G—2 (V@ F6+3) 152 s—QW 2 +5+3 37
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Inoxni. Big ipp:{uionamnoc'ri MOXHA 1o36yTHCA BBejeHHAM HOBOI sMimmol,
2, 3uafitu: ‘

3 B f o
a) lim—@-—z—; 6) ”m_‘.{.g_i;_).::-_l..'
x50 x-30
O a) Bsegeno sminny y® = 8 - x3. fIxkmo x — 0, T0 ¥y 2, ToMy
lim —2 = lim ! =
y->2 y3_8 y->2 y2+2y+4
6) Hexalt y*= x+ | Toni

__‘._
2

lim—!!‘—:‘l—=lim P+y+y+1 =_€'_
y->1 y‘—l y..)ly‘+ya+y’+2y+4 5 :
A 4
Leh camuft pesyasrar gicraneMo 3 exsiBanenrsoctri (1 -+ x) LI x5 e

4. Hesusnauenocmi sudy oo — oo 3a0ani ippayioHarbHUMU GUPA3AME.

Hpunasad
3naiith  lim (Y %2+ 2x —Xx).
X=p-o00
—_ 2
o lim YEFE_OWFT+x+y 0 %
X->-}-00 9 Viafox+x x-)+oo VaF2k+x
L= " lim =1.@

aadl VTR AN

5. Hesusnauedocmi eudy % 8G0ani eupasamu, wio Micmams MpPpuzono-

mempusni Pynxyii, wacmo poatcpuearombcn 3a Gonomozot0 nepuioi eaxciu-
6ol epanuyl.

I puraad .
3nafity lim -Igj—%ﬁ-.

250

sinx ( L l) 1 L
O lim cos X =lim cos x = lim 1 —cosx -

x>0 x50 x2 x>0 x%cosx
z
1 cos\x Zsin® - (L) 1
lim = 21im =-5.
= £-»0 xt = y—-)O o8 . xi->0 x8 2 i

6. pu posxpummi neeusnavenocmi eudy 1% esuxopucmosywomos dpyey
ea%NCAUBY  eParULIO.
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M puxsadu
3nuafita:

1
8) lim (1 +5tgs x)*'€* %, 6) lim (cosx) ** .
x50 x50

1 5tgsx ctgr x

Oa) lim(l +5tgty)d®@* 1
x>0 .

= lim e5 tgs xctgsx _ eb;

x>0
X8
1 cosx—l cos Xx—1 - T 1

6) lim(14(cosx— 1))**=1  #  —jime * =lime * =e¢ %. @

x—_>0 ) x>0 x>0
3aBaaHHAd AN CAMOKOHTDPOAW
1. HosectH:

sinx . 1\n

8) lim—> =1; 6) lim (1+——) =e, n¢N;

x>0 x n-»o0 n

1

1 \* —_

B) lim (l+_x—) =¢ r)lim(l49¥Y =e
X—>00 y->0

2. Sk nopisuiolotbest MIX co6ol0 HecKiHueHHo Mani BeJHUHHH?

8. Skl HeckindyeHHO MaNi BeJIHUMHH Ha3SHBAIOTbCH EKBIBAJEHTHHMH?

4, Iosecrd, wo ! — cos 2x ~ 2x? npu x — 0.

5. OGuucauTH rpanuni:

. ¥ —55+46 o1 3
8 lim—a—Tor 207 9 ,‘,L’,‘}(_l—x —T== )‘
B) lim X—=5%+6 . r) lim_ly__ﬁ_‘_‘_l_;

x>0 X34 51 Yx—~1
» lim sin(a—i-x):sin (a —x) . & lim tgx;—aslnx ;-
x-»0 . {-»0 a'x BZ
243 (x5 In (1 4+ kx) % — ¢
] (—-———-) ; —_— _—
O dim(Tr) WS 9 T

2 1
Bidnosidi. 5. a) —;—; 6) —1; 8) 1; 1) 55 A) 2cosa; e) 5 €) e; XK) k;
8) o —B.

$ 5. HEIEPEPBHICTH ®OYHKII!

3 NoHATTAM rpanuui ¢yHKUil TicHo nop’s3aHe iHIle BaXJHMBe MNOHAT-
TS MaTeMaTHYHOrO aHalisy — TIOHATTA HemepepBHOCTI (YHKIIT.

Poarasnemo rpadiku dyukuit f(x) i ¢ (x) (puc.4.60). Hum Binpis-
HaoTbed Ui rpadiku? Hensosnauny i 4iTKy Bifinosigb Ha ue 3almUTaHHS
ZaTH He Tak yxe # npocro. Moxua ckasar, mo rpadixom ¢ysxuii
f (x) € cyuinbua kpusa (puc. 4.50, a), a dyukuii ¢ (x) — He cyuinbHa
(puc. 4.50, 6). I'padix ¢yuxkuii f (x) MOXXKHa IpoBecTH, He BiJpHBAIOYH
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| oniBeup BiA manepy, a QyHkuil

¥ @ (x) — He Moxua; NpH mocrymosii

e e 3MiHi aprymeHTy x sHaueHHs QyHKUiT

f (x) Takox smiHioeTbcs mocTymoBo,

' a 3HaveHHs1 QyHKUil ¢ (x) — He mo-

/'I CTYTNOBO, y To4li X, 3HAiHCHIOETbCH

| cTpHGOK. Yei ui BiANOBiAi NpaBU/Ib-

Hi, ajie He JOCHTb YiTKi AJs MaTeMma-

THYHHX opmysioBanb. Hapith sik6u

Puc. 4.50 AKach i3 HHX HAaC 3al0BOJIbHHJIA, TO

SIK BIAMOBiCTH Ha TaKe 3allMTaHHA:

«CYUiNbHHHA» YH «PO3pHBHHI» rpadik

$ynkuii, sananoi, ckaximo, popMyioio? [To6ynosa rpadika «mo TouKax»

He JIONIOMOXKe, TOMY LIO 0COG/HBY TOUKY X, MOXKHA BHIAAKOBO IPORYCTHTH

(puc. 4.50, 0).

3posymino, mo xapaktep rpadikis dynkuifi f(x) i @ (x) B ToOUNLi X,

pisuuit. Kaxyre, mo dynkuis f (x) B Touui x, Henepepsa, a byHK1is
¢ (x) B Touni x, po3pusHa. [lepexomuMo A0 YiTKUX O3HAYEHb.

0 a %o x0 gXe X

5.1. Henepepsuictb ¢ynkuii B Touni. Toukn pospusy

Hexalt ¢ynxuia f (x) Busnauena B Touni x, i B HesiKoMy ‘oKkoJi Hiel
TOYKH.

QyHKuis [ (x) HasHBAETBCA Henepepsnow 6 mouyi x,, SKIIO I'PAHHUS
Gynkuii i 11 sHavenns B nifl Touui pisui, To6TO

lim /(o) = Fx). | (23)

SIKio MOPIBHATH e O3HaueHHS 3 O3HAYEHHAM rpanuni dyuxuif

limf(x) = A, 7o npu osnavenni rpamuui Oyuxuii uuciao x, Morao
X->Xy .

i He HasexaTH o6nacti BU3HaueHHA GYHKUIT, a AKHIO UHMCIO X, HATEKAIO
o6JiacTi BU3HAYEHHS, TO 3HaYeHHS GYHKUIl [ (x,) B Wift Touwi Morvo # He
36iratuca 3 rpanuueo A.

Takum uynnoM, Qyukuia f (x) 6yae nenepepsHow B Touni x, ToAi i
TiIbKH TOAI, KOJM BHKOHYIOTbCA TaKi YMOBH:

1} dbynkuis BH3HAueHa B Touli X, i B NesKoMy oKoai uiei TOUKH;

2) icuye rpamuug lim f (x);

X-»Xg

3) rpanuus QyHKUii f(x) B Touli x, i3Havenns yukuii B wift Toumi x,
36iraoTbesi, T06TO BUKOHYeTbesi PiBHicTb (23). :

Ockinbku xo = lim x, To ¢opmyay (23) MoxHa 3amucaTd y BUIVISKL

X3, .

lim f () = f (lim x) = } (x0). (24)

®opmyaa (24) BHpaxKae NPABHJIO IPAHUYHOTO NMEPEXONY: MPH 3HAXONKEH-
Hi rpaHuuji HenepepsHoi GYHKIIT f (x) MoXxHa nepefiTh Jio rpaHuni miA 3ua-
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KoM ¢yHKuii, to6to y ¢ynkuito f(x) samicth aprymerty x nmigcra-

BHUTH 3HaueHHs X, == lim x. [eoMerpHuHHil 3MiCT MOHATTA HeMepepBHOCTi
X->Xg.

BiAnoOBijae reomeTpuuHOMY amicry rpamuni (23): Touxkd rpadixa dpynkuii
¥y =f(x) #AK 3aBrojuo GJu3bKi 0 TOUKH (x4 f(x,), AKmMO 1XHI aGcuHcH
JoCTaTHLO MaJo BiApiaHAWTbCA Bip uncaa x, (pac. 4.50, a).

«Moaoxo ¢ — §» nenepepsHicTh iMocTpyerhcs Ha puc. 4.30, 1¢ uucao

= [ (xy).

Mosxua narn ime ofie 03HaYeHHs HellepepBHOCTI PyHKUIT, OIHPAYHCH
Ha [OHSTTA NOPHPOCTIB aprymenty i ¢yHKOii.

Hexafi yucsa x, Ta x Hanexarb obJacti BuznaueHns QyHkuii y =
= f (x). Pisuuus x - ¥, HasHBAETbCHA NPUPOCTIOM AP2yMeHmy B TOWII
X, i mosnagaetbcA uepes Ax («gesibTa X»):

Ax = x— x,.

Pisuuns BignoBiguux sHauenb oynkuii f (x) — f (x,) HasuBaerTbcs

npupcemom Pynkyii B Touui X, i no3Hauaerbcsi vuepes Ay:
Ay = Af = [ (x) — [(xo) = F (%o + Ax) — [ (xq)-

OueBuzHo, npupict Ax moxe 6yTH ZojaTHHM a6o BiJ'€éMHHM YHC/IOM,
npupict Ay — aoBinbHEM uMcjoM. 3anumtemo piBicts- (23) B HOBHX
NO3HAYEHHNAX, LIS YOTO IepeHeceMo B Hii 3naueHHa [ (x,) B aiBy wac-
THHY i BHeceMO fioro nif 3uak rpanuii. OCKiJbKH YMOBH X —> X5 i X —
— X, -~ 0 opHaxoBi, To piBHicTp (23) HaOyBae BUrIALY

lim (f (%) — F(x5)) =0 a6o hm Ay =0. (25)
XX y> .

Pisnicrs (25) 1 € me opauM O3HAYCHHSM HenepepBHOCTi d,)ym(uu, fKe
MOXKHA CPOPMYJIOBATH TaK.

®yukuia [ (x), Bu3Havena B oxo.ni TOYKH X,, HA3HBAETbCA Helepeps-
HOIO B TOMILL X, AiKmIO i mpupicrt B il Toyui e meckinyeHHO Mauo0 QYHK-
pielo npan Ax — 0,

Yacro 3ycrpivaersesl OOHATTA 00HOCMOPoLnboi nenepepssocmi. PyHk-
nif f (x) HAa3UBAEThCS Henepepenoro 8 movyl X, 3aiéa, SIKIIO BOHA BH3HA-
ueHa Ha miBiHTepBadi (X, — €; Xol, #e e >0 i 11m f (x) = [ (xp); #KIO

oyuxuis  f (x) BusHauena Ha uiBiurepsaai lxg; xD + e) i lim+f (x)
) ) X>Xy
== f (x,), TO OYHKIIA HA3HBAECTLCA HENEPEPBHO0 @ MOHUL X, Cnpasa.

Buxopucrosyloun ui nonstra ta opmyan (4), MOKHA CKa3aTH, W0
dynkuis f (x) 6yae HenepepsHOIO B TOUUI Xo TOAIL | TIILKH Tom KO/MH BOHA
BH3HAYEHa B KEAKOMY OKOJi TOURH X i

lim [(x) = lim f(x)=f(x) (26)
X=>Xq~=0 X140 .

fikmo xova 6 ojHa 3 MX YMOB He BHKOHyeTbed, TO &yHKuis HasuBa-
€TbCS POSPUBHOIO 8 IMOYYL X,, A CaMa TOYKA X, HA3HBACTBCS MOUKQI0 PO3PU-
8y Pynryii.
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Pospisnstorb Taki Buau pospusis. Skuo aas byuaxull f (x) ignyms
ckinveHHi rpanuui

x.!’i‘?wf (x) =} (xo—0), .'3"10 F(x) = [ (x, +0),

npuuoMy e Bei wncna f (xo), f (xo — 0), f (x, + 0) pieai mix coboio, 10

pospHB B TouLi X, HA3HBAIOTL pOspUsOM nepwiozo  pody, TOYKY Xy —

mo4Kot0 pospusy neputoeo pody. 3okpema , AKUIO ‘ ’
F(%e—0) = f(x, + 0) 5= (x,),

TO POSPHB B TOUL X, HASHBAIOTH YCYBHUM, a TOUKY X, — mo4KoI0 - ycye-
HO20 pospusy. ¥ ubOMY BHNAAKY JAOCHTb AOBHSHAUHTH ¢dyskuio auue B
onHifl Touil Xy, moknaBumm f (xg) = f (x, = 0), mo6 Aicraru YHKI{IO,
HenepepeHy B Touni X, Beawuuny 8 = | lim f (x) — lim f (x) | nasupa-
X>Xg—0 X>2y}0

10Tb CMpubKos QPynxyii.

SIkmo xoua 6 ofHa 3 OAHOCTOPOHKIX rpanuLb y dopmyai (26) ue icnye
a6o fiopiBHioe HeckiHUeHHOCTI, TO pospuB B TOYL] Xo Ha3HBAETHCH pPOSpu-
6om Opyeoeo pody, a cama TOUKA X, — MOYKOI0 pospusy dpyezozo pody.

M punsady ’ ;
1. Oyuxuia f (x) = _s__nii (pHe. 4.47) ne BusHaueHa B Touni x = 0, ane Mae B yift
Tounl rpaHEIO, TOMy ¥ == ( — TOuKa YCYBHOTO PospHBYy; AOCHTH mokaacth f (0) =
sin x .
= lim =% =1, mo6 dyuknis crana wenepepsHoio. Orx;e, byukuia

sinx
—_— x50
o=
. 1, x=0
€ HemepepBHOIO B Touu x == 0, ‘
2. dyuxnia —-{3"" x<l°n1~ol 1 Gyne uenepepsnoio (puc. 4.51
. PyHKIL, y_x+2,x>l' ud x YA pepaHgo (puc. 4.51),
ToMy mo $yHKnin BusHavena B Touni X = i 8 6yab-sixoMy oxoal ulel Touxu. Kpim Toro,
IHD)=3; lim f(x) =1im3x*=3; lim F(x) =1lim (x 4 2) = 3,
Xl=-0 X=p1 X-»14-0 x-»1
’ x<0 - x>1

4 —x2, 2
x, £ < 2; Mae B Touli x = 2 (puc. 4. 52) pospus nepumio-

-1,
y: Hm =lim{4 —-a1)=0; I =iim (1) = — 1.
ro poay x_)z_”f (x) Hﬁ( x3) x->2$o [ (x) i ;”3( ) Crputox
X

3. Gyukuin y =

x<2
dyuriii s Touni x = 2 nopinmioe S=|—~1—0]|=1. .
4. ®yuxuin y = E (x) (puc. 4.8) Mae Seania Touox po3pHBY nepinoro pogy.

5. Oyuxnin y = sin 3 (puc. 4.29) B roun] x = 0 mae pospuB Apyroro pony; TOMY
1o MoAHa 3 OAHOCTOPOHHIX' rpaHHUL B NIl Touni He ichye.

. 1
8. Oyuxuis f (x) = =T (puc, 4,53) B Touni x = | mae pospus Apyroro popy,
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17
Yy
ol 1 X
Puc. 4.51 , Puc. 4.52 . Puc. 4.53
TOMy Mo . .
e

x>1 ' %<1

x : ’
7. Oynguia y = 57 — ] POSPHBHA B TOUKaX X = <1, TOMY IO B IHX TOYKAX BOHA
me BusHauena. Ockiabku

. X
im —g—=—o0, lim -——m—— =4
grmlmp 1 % gm0 B —1 T oo
x
lim ) = -—00, lim —i"f'l—=+°°.
210 ¥ — 140 ¥

70 x = -] — TOUKH pOSpHBY Apyroro poxy (puc. 4.54).
8. Jocniputs Ha Henepepmuicts dyuxuiio f (x) = 2*H 5 rouni x = —I.

O ®yHKuiA He BusHaueHa B Toumi ¥ = —1, TOMy QyHKuis B Uik TOUIi POIPHBHA.
1lio6 BHSHAuATH XapaxTep PospHBY, sHalitemo rpaHuumi saiea i cnpasa:

1 1
lim f() = lm 2" =0; lim f(x) = lim 2**! =4 oo,
0 xp=-1 X3—1

e x-»—140
x<—1 . 2>
Orxe, TouKa ¥ = —1 € TOUROI POSPHBY APYroro popy (puc. 4.55). @

} . i v
|

I l ; » |

I

-Il AN X
i ‘ | — _‘L— r _
I : ( - 0 X
Puc, 4,64 Puc, 4,66
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9. Hosect, mo ¢dynkuia f (x) = x? Henepepsna B Gyab-axi#i Touni x, € R.
O CropucraeMoch ‘APYTHM OSHAYeHHsIM HemepepBHocti. [lns MOBIIBHEX SHadeHp -
xo 1 Ax maemo

F(x0) = 23, f (%4 Ax) = (¥ + Ax)® = x3 + 3x2Ax -+ 3x,A%3 + AX;
By = Af = f (xy + Ax) — f (x;) = 3x3A% + 3x,Ax® 4 Ax3;
lim Ay = lim (3x3Ax 4 3x)Ax® + Ax%) = 0. @
Ax->0 Ax-0

AnanoriuHo MOXHa JOBECTH, HIO KOKHA OCHOBHA eseMeHTapHa QyHKNIA HenepepBHa
B KOXHift Touni, B fKifi BoHa BH3Hauena.

5.2. Al Hap menepepmuumH ¢yHxknismH. Henepepsuicth enementap-
HUX dyuknif

Teopema 1. SIkwpo pynxyli f (x) i @ (x) nenepepeni 6 mouyl x, mo @
yld mouyi nenepeperumu € Pynxyii

foxe@® e L2 @n

(ocmanns sa ymoeu, wo @ (x,) % 0).

O Ockinbku Henepepsri B Touni x, Gynkuii f (x) i @ (x) maiots rpa-
HHL, IO TopiBHIOTDL f (%,) i @ (%), To 32 Teopemoto 1 (n.’ 3.7) rpannuui
¢ynkuif (27) icmyorb i BimmoBimHO JHopiBHICIOTL [ (%) = @ (X,),

f (x0) @ (%), %ﬁ—q)—. Aune ni BeinuMHH 0P iBHIOIOTH 3HAYCHHAM Bi/ANOBiAHHX

¢dynkuii. Orxe, oq)yﬂxui'i (27) sa mepmuM o3HavYeHHAM HemepepBHOCTI
€ HEeMepepBHHUMH B TOUI X,. @

HoBenena TeopeMa cnpasejiBa L aareSpaiunol CymH Ta JA0GYTKY
MOBIJIbHOI CKiHYeHHOI KibKOCTI HemepepBHHX B TOUi X, yHKif.

Teopema 2. sikuo ynxyia u = @ (x) Henepepsna 8 mouyi xq, a Pynx-
yia y = f (1) nenepepena 6 mouyi u, = f (x,), mo ckradena PynKyin y =
= f (¢ (x)) Henepepena 6 mouyi x,.

O s noBefieHHs! TeOPEeMH NOCHTH BCTAHOBMTH, MLIO

lim (@ (%)) = f (¢ (xo)-
X-¥xy
Ockinbku QyHKUis # = @ (x) 32 yMOBOIO HenepepsHa B ToULl X,, TO

li_fg P (x) = ¢ (x,) =1,

TO6TO NPH X ~» X, SHAUEHHs ¢ynknii 4 — u,. ToMy BHacaifok Henme-
pepBHocTl dyHKUiI f (1)

lim f (p () = lim f (u) = f (u0) = (9 (o). @
Ak Binomo (nm. 2.4), eneMentapHOl0 HasHBaeTbcs TaKa ¢ynkuis, Aky

MOXHA 8ajiaTH OAHi€I0 (opMyJiolo, KA MICTHTb CKiHUEHHE YHCJIO apHp-
METHYHHX AlA i cynepnosuiii OCHOBHHX eJieMEHTapHHX GyHKUift.
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- OckibKH OCHOBHI ejeMeHTapHi (QYHKUIl HemepepBHi B yciX TOUKax,
B AKHX BOHH BPI3Ha‘{EHl TO 3 TeOpeM 11 2 BunmaHBae Taka TeopemMma.

Teopema 3. Beaxka enemenmapra pynxyis HencpepeHa 8 Koxckid mouyl,
8 AKLL 60HA BU3HAYEHA.

5.3. BaacrtuBocti ¢dyHKui#t, HenepepBHHX Ha Biapisky

SIxmo ¢yHKIisA HenepepBHA B KOXHilt Touui iHrepBaxy(a, b), To BoHa
Ha3MBaETbCsl HEMEPEpPBHOIO HA LbOMY iHTepBaii.

DyHKIisi HA3HBAETbCH HENEPEPBHOIO Ha BiApisKy la; b], ko BoHa
HenepepeHa Ha iHTepBaii (a; bJ i, KpiM Toro, HenepepBHa clpaBa B TO4-
ui aiasaisa B Tounmi b.

¥/ § pmmabu

4—x2 x<<2;
—_1, x2>2

2)i [2 +-00). B Toyni x = 2 BOHa HemepepBHa ClpaBa.

2. ®yukuis y = [x] (puc. 4.8) HenmepepBHa Ha KoXHOMY 8 mpomixkkis [a; n -~ 1),
n ¢ N. B Toukax x = n BOHa HemepepBHa CIIpaBa.

3. Gynguiay=Y1 —x8 HentepepBHa Ha Bixpisky [—1; 1]. B Touni x = —1 BoHa
nerlepepana crnpaBa, a B Touyni x == 1 suiBa.

1. Oyuxuia y={ (puc. 4.52) HenepepmsHa Ha NpoMiXKax (— oo;

Henepepeni na Bifpisky ¢yHKuii MaioTb psii BaXJMBHX BJacTHBO-
cref.

CdopmymoeMo feski 8 Hux Ges foBenenns [12]. '

Teopema 1. (nepuwa meopema Boavyarno-Kowi). Skuo dynkyis f (x)
Henepepena Ha alopisky la; bl i na dozo Kinyax nHabupas sHavenb pisHux
snakie, mo ecepeduni 8idpiska la, bl snaildemocs xowa 6 00na mouka x =
= ¢, 6 Akl ¢ynkyia dopisnioe nymo: f (¢) =0, a <c <b.

Teomerpuunnit smict uiel Teopemu Takuit (pue. 4 .b6): HenepepBHa
KpHBa NpH nepexoil 3 onuiel MiBIVIOMKHE B APYry, MexKeio MK SKHMH
€ Bico Ox, meperuHae 1o Bich.

Teopema 1 3acTocoByeThCSl IPH PO3B nayBaHHi piBHSAHB 1 JQXKHUTL B 0¢-
HOBi TaKk 3BaHOTO Memody noaosurnozo nodiay (fioro HasHBAIOTb TaKOXK
MeMOOOM «BUAKUY).

NI puxaad

Hosect, mo 1a siapisky [0; 1] piBHsHHSA x4 - x8 — 1 == 0 Mae KopiHb, SHaliTH fioTo
3 Touuictio zo 0,1.

O Hexait | (x) = x4 4- x® — 1, Ln ¢byukuis HemepepBHa Ha BCilt umcaoBifi oci,
a orxe, i Ha Bigpisky [0; 1]. Ockinbxk f (0) = —1 < 0, f (1) = 1 > 0, T0 sa Teopemoio
1 naue pisusnns Ha Bizpiaky [0; 1] Mae xopinb. Touxkomw x; = 0,5 Al.mmo sigpisox [0; 1]
HaBI[I(l)nsi suaxopuMo f (0,5) = —0,81. Ockinekn f (1) = 1, T0 KOpiHb JeXUTb Ha Biapis-
ky [0,5; 1].

Touxoro xg == 0,75 glaumo Bippisox [0,8; 1] nasnin i swaxogumo f (0,75) = —0,12;
oTXe, KOpiHb SHAXOZHTbCA Ha Bixpisky [0,75; 1}

Touxkoro x5 = 0,875 ginnmo Biapisox [0,75; 1] HaBnia. Ockizbky f (0,875) = 0,27 >
> 0,a f (0,75 3 < 0 To Kopiub sHaxoxmTecs Ha Bixpisky [0,75; 0,875).. IIpr mbomy

0,876 — 0,75 == 0,125 = g ToMy, SKWO 8a Kopinb piBHAHHA B3ATH LOBi/AbHE YHCIO
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YA \
7 Sp—
N/ |
ac 0l ax, x 6 X
Puo. 4.57 Pue. 4.58

1
¢ € [0,75; 0,875}, To we umcao 6yxe KopeHem 3 TouHlcTiO KO R Hacrynsa Touka nogiay

1
=5 (0.75 -+ 0,875) = 0,8125, Gyae xopeneM 3 Tounicrio %o -Tlé— Orxe, 8 TounicTio

Ao 0,1 xopenem zaHoro piBHAHHA e wHcao 0,81.
IMponosxyioun nefi nponec, MoXHa 8HaliTH KOpiHb 8 GyAb-fKOI Hamepel 3afaHOK
TOUHICTIO. @

Teopema 2 (Opyea meopema Bovyano — Kowi). Hexall dynxyin we-
nepepena na eldpisky la; bl i nabyeae na dozo Kinysx pisnux snadensv:
f(a = A, () =B, A= B. Todi 023 dosirerozo wucaa p € (A; B)
sratidemsca maxe wucao ¢ € (a; b), wo f (¢) = p.

Orxe, HenepepBHa (YHKLiA NpH NepexoAi BiA OAHOro 3HAYEHHA O
IZpyroro HaGyBae TakoX BCiX NPOMIKHUX 3HAYEHb.

3mict TeopeMu 2 imocTpyeThca Ha puc. 4.57. :

3asnauumo, mo TeopeMy 1 MOXKHA PO3MVISfaTH SIK OKpeMHil BHNaJOK
TeopeMu 2: AKo A Ta B npormwiexHi 3a sHaKOM, TO uncao p = 0 Jexa-
THEMe Mixk yucaamua A ta B.

Teopema 3 (Bedepumpacca). Axwp dynxyia f (x) nenepepsna wna
6idpiscy la; bl, mo ceped ii snauenv Ha yoomy eidpisky icnye Hatmenwe
i Halbirvlue. :

Orxe, HenepepsHa Ha Bifpiaky la, b] byukuis f (x) KocArae Ha upomy
Blgpisky wait6inbimoro. 3HadeHHs M = maxbf(x) i pafiMentioro sHa-

asxsg :
yedHa m = min f (x) (puc. 4.58).
asxsh

3aBAaHHS AR CAMOKOHTpPOJO

1. JaT osHaueHHs HenepepBHOCTI GyHKIIT B TOyNi: a) yepes ORHOCTOPOHH] rpanHLi}
6) vepe3 NMPHPOCTH apryMmedty i ¢yHkuii.

2. Slxufi po3puB Ha3UBAETHCA: a) POSPHBOM MEPIIOro PoAy; 6) PO3PHBOM APYroro
poay? Hasects npukaanu.

3. fIxuf pp3pnB Ha3nsaeTbCH ycyBHHM. Hamectn mpukaags.

4. HoBectH, mo QYyHKLiA y = sinlx HemepepBHa Ha Beift unciosifl npamidt.

6. HoBectH, mo pyHKUin y = P Mae B Touni x = 2 pO3pHB APYroro poay,
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