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Preface

This book on advance optoisolation circuits and nonlinearity applications in engi-
neering covers and deals two separate engineering and scientific areas and what
happens in between. It is a continuation of the first book “Optoisolation Circuits
Nonlinearity Applications in Engineering”. It gives advance analysis methods for
optoisolation circuits which represent many applications in engineering.
Optoisolation circuits come in many topological structures and represent many
specific implementations which stand the target engineering features. Optoisolation
circuits includes phototransistor and light-emitting diode (optocouplers), both
coupled together. There are many other semiconductors which include optoisolation
topologies like photo SCR, SSR, photodiode, etc. The basic optocoupler can be
characterized by Ebers–Moll model and the associated equations. The optoisolation
circuits include optocouplers and peripheral elements (capacitors, inductors, resis-
tors, switches, operational amplifiers, etc.). The optoisolation circuits analyze as
linear and nonlinear dynamical systems and their limit cycles, bifurcation, and limit
cycle stability analysis by using Floquet theory. This book is aimed at newcomers
to linear and nonlinear dynamics and chaos advance optoisolation circuits. Many
advance optoisolation circuits exhibit limit cycle behavior. A limit cycle is a closed
trajectory (system phase space V1(t), V2(t) voltages in time are coordinates); this
means that its neighboring trajectories are not closed—they spiral either towards or
away from the limit cycles. Thus, limit cycles can only occur in those optoisolation
circuits which exhibit nonlinearity (nonlinear systems). Optoisolation circuits
exhibit many kinds of bifurcation behaviors. The basic definition of bifurcation
describes the qualitative alterations that occur in the orbit structure of a dynamical
system as the parameters on which the optoisolation system depends are varied.
There are many bifurcations we discuss related to optoisolation systems:
cusp-catastrophe, Bautin bifurcation, Andronov–Hopf bifurcation, Bogdanov–
Takens (BT) bifurcation, fold Hopf bifurcation, Hopf–Hopf bifurcation, Torus
bifurcation (Neimark–Sacker bifurcation), and saddle–loop or homoclinic bifurca-
tion. Floquet theory helps us to analyze advance optoisolation systems. Floquet
theory is the study of the stability of linear periodic systems in continuous time.
Another way to describe Floquet theory: it is the study of linear systems of
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differential equations with periodic coefficients. Floquet theory can be used for
anything foe which you would use linear stability analysis, when dealing with
optoisolation periodic systems. Many optoisolation systems are periodic and con-
tinue in time; therefore Floquet theory is an ideal way for behavior and stability
analysis. There are many optoisolation systems which contain periodic forcing
source and can be analyzed by this theory. Floquet theory is also implemented in
OptoNDR circuit analysis. Optoisolation circuits with periodic limit cycle solutions
orbital stability is part of advances system. Optoisolation circuits bifurcation cul-
minating with periodic limit cycle oscillation. The route by which chaos arises from
mixed-mode periodic states in optoisolation systems. The optoisolation system
displays a rich variety of dynamical behavior including simple oscillations,
quasiperiodicity, bi-stability between periodic states, complex periodic oscillations
(including the mixed-mode type), and chaos. The route to chaos in this optoiso-
lation system involves a torus attractor which becomes destabilized and breaks up
into a fractal object, a strange attractor. Optoisolation systems exhibit sequence
leading from a mixed-mode periodic state to a chaotic one in the staircase region
and find a familiar cascade of periodic-doubling bifurcations, which finally cul-
minate in chaos. Optoisolation circuits with forced van der Pol sources exhibit a
variety of implementations in many engineering areas. Optoisolation circuit aver-
aging analysis and perturbation from geometric viewpoint.

In this book we try to provide the reader with explicit advance procedures for
application of general optoisolation circuits mathematical representations to par-
ticular advance research problems. Special attention is given to numerical and
analytical implementation of the developed techniques.

Let us briefly characterize the content of each chapter.
Chapter 1. Optoisolation Circuits with Limit Cycles. In this chapter

optoisolation circuits with limit cycles are described and analyzed. A limit cycle is
an closed trajectory (system phase space V1(t), V2(t) voltages in time are coordi-
nates); this means that its neighboring trajectories are not closed—they spiral either
towards or away from the limit cycle. Thus, limit cycles can only occur in those
optoisolation circuits which exhibit nonlinearity (nonlinear systems). In contrast a
linear system exhibiting oscillations closed trajectories are neighbored by other
closed trajectories (Example: dh/dt = f(h)). A stable limit cycle is one which attracts
all neighboring trajectories. A system with a stable limit cycle can exhibit
self-sustained oscillations. Neighboring trajectories are repelled from unstable limit
cycles. Half-stable limit cycles are ones which attract trajectories from the one side
and repel those on the other. If all neighboring trajectories approach the limit cycle,
the limit cycle is stable or attracting. Otherwise the limit cycle is unstable, or in
exceptional cases, half stable. An optoisolation circuit which exhibits stable limit
cycles oscillate even in the absence of external periodic forcing (wave generator
f(t)). Since limit cycles are nonlinear phenomena; they cannot occur in linear sys-
tems. A limit cycle oscillations are determined by the structure of the system itself.
We use in nonlinear dynamics some acronyms: Stable limit cycle (SLC), half-stable
limit cycle (HLC), unstable limit cycle (ULC), unstable equilibrium point (UEP),
stable equilibrium point (SEP), half-stable equilibrium point (HEP).
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Chapter 2. Optoisolation Circuits Bifurcation Analysis (I). In this chapter we
discuss various bifurcations which exhibit by optoisolation circuits. The first is
cusp-catastrophe which occurs in a one-dimensional state space (n = 1) and
two-dimensional parameter space (p =2). It has an equilibrium manifold in R2 x R:
dV
dt ¼ f ðV ;C1;C2Þ V 2 R

n¼1; f C1;C2g 2 R
p¼2; M ¼ fðC1;C2;VÞjC1 þC2 � V �

V3 ¼ 0g, where C1 and C2 are two control parameters and V is the system state
variable. A two-parameter system near a triple equilibrium point known as cusp
bifurcation (equilibrium structure). We can consider system with a higher dimen-
sional state space and parameter space. The Bautin bifurcation is equilibrium in a
two-parameter family of system’s autonomous ODEs at which the critical equi-
librium has a pair of purely imaginary eigenvalues and the first Lyapunov coeffi-
cient for the Andronov–Hopf bifurcation vanishes. This phenomenon is also called
the generalized Hopf (GH) bifurcation. Bogdanov–Takens (BT) bifurcation is a
bifurcation of an equilibrium point in a two-parameter family of autonomous ODEs,
critical equilibrium has a zero eigenvalue of multiplicity two.

Chapter 3. Optoisolation Circuits Bifurcation Analysis (II). In this chapter
we discuss various bifurcations which exhibit by optoisolation circuits. The fold
Hopf bifurcation is a bifurcation of an equilibrium point in a two-parameter family
of autonomous ODEs at which the critical equilibrium has a zero eigenvalue and a
pair of purely imaginary eigenvalues. The Hopf–Hopf bifurcation is when the
critical equilibrium has two pairs of purely imaginary eigenvalues in system’s
two-parameter family of autonomous differential equations. Torus bifurcations
(Neimark–Sacker bifurcations) of the limit cycles generated by the Hopf bifurca-
tions. This curve of torus bifurcations is transversal to the saddle–node and
Andronov–Hopf bifurcation curves. The torus bifurcation generates an invariant
two-dimensional torus. The invariant torus disappears via either a “heteroclinic
destruction” or a “blow-up”. Saddle–loop or homoclinic bifurcation is when part of
a limit cycle moves closer and closer to a saddle point. At the homoclinic bifur-
cation the cycle touches the saddle point and becomes a homoclinic orbit (infinite
period bifurcation).

Chapter 4. Optoisolation Circuits Analysis Floquet Theory. In this chapter
optoisolation circuits are analyzed by using Floquet theory. Floquet theory is the
study of the stability of linear periodic systems in continuous time. Floquet
exponents/multipliers are analogous to the eigenvalues of Jacobian matrices of
equilibrium points. Another way to describe Floquet theory: it is the study of linear
systems of differential equations with periodic coefficients. Floquet theory can be
used for anything for which you would use linear stability analysis, when dealing
with a periodic system. Although Floquet theory is a linear theory, nonlinear
models can be linearized near limit cycle solutions to enable the use of Floquet
theory. Floquet theory deals with continuous-time systems. The theory of periodic
discrete-time systems is closely analogous. In that case, one can multiply the T
transition matrices together to determine how a perturbation changes over a period,
which is similar to finding the fundamental matrix. One limitation of Floquet theory
is that it applies only to periodic systems. Although many systems experience
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periodic forcing, others experience stochastic or chaotic forcing. In these cases,
more general Lyapunov exponents are described which play the role of Floquet
exponents. Conceptually similar to Floquet exponents, Lyapunov exponents are
more challenging to compute numerically because, instead of calculating how a
perturbation grows or shrinks over one period, this must be done in the limit at
T!∞.

Chapter 5. Optoisolation NDR Circuits Behavior Investigation by Using
Floquet Theory. In this chapter we discuss optoisolation NDR circuits behavior
analysis by using Floquet theory. Floquet theory is the study of the stability of
linear periodic systems in continuous time. Floquet exponents/multipliers are
analogous to the eigenvalues of Jacobian matrices of equilibrium points. We con-
sider an OptoNDR circuit with storage elements (variable capacitor and variable
inductance) in the output port. OptoNDR circuits’ nonlinear models is linearized
near limit cycle solutions to enable the use of Floquet theory. We analyze Chua’s
circuit and find fixed points and stability. We replace Chua’s diode by OptoNDR
element in Chua’s circuit. The circuit contains three energy storage elements and
exhibits different and unique variety of bifurcations and chaos among the
chaos-producing mechanism with OptoNDR element. We consider an OptoNDR
circuit with two storage elements and find behavior, fixed points, and stability.
OptoNDR circuit’s two variables are simulated and analyzed by using Floquet
theory. We use Floquet theory to test the stability of optoisolation circuits limit
cycle solution.

Chapter 6. Optoisolation Circuits with Periodic Limit-Cycle Solutions
Orbital Stability. In this chapter we implement systems with periodic limit cycle
by using optoisolation circuits. We discuss periodic and solutions orbital stability.
Periodic orbits are nonequilibrium trajectories X(t) that satisfy X(T) = X(0) for some
T > 0. The basic behavior of planar cubic vector field and van der Pol equation is
analyzed and discussed for limit cycle and stability. Van der Pol system is
implemented by using OptoNDR element and the limit cycle solution is discussed.
Glycolytic oscillation is the repetitive fluctuation of in the concentrations of
metabolites. The modeling glycolytic oscillation is presented and discussed in
control theory and dynamical systems. The model explains sustained oscillations in
the yeast glycolytic system. We discuss the differential equations model of gly-
colytic oscillator and find fixed points, stability, and limit cycle. We present and
discuss optoisolation glycolytic circuits limit cycle solution.

Chapter 7. Optoisolation Circuits Poincare Maps and Periodic Orbit. In this
chapter we deal with optoisolation circuits and investigate periodic orbit and
Poincare map. A Poincare map is a discrete dynamical system with a state space
that is one dimension smaller than the original continuous dynamical system. We
use it for analyzing the original system. We use Poincare maps to study the flow
near a periodic orbit and the flow in some chaotic system. System physical behavior
in time is described by a dynamical system. A dynamical system is a function of
/ðt;XÞ, defined for all t 2 R and X 2 E 2 R

n. A Poincare map is a very useful tool
to study the stability and bifurcations of system periodic orbit. Optoisolation van
der Pol oscillator circuit with parallel capacitor C2 dynamical behavior is inspected
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by using a Poincare map. Li autonomous system with toroidal chaotic attractors is a
typical dynamical system. The Li system global Poincare surface of section has two
disjoint components. A similarity transformation in the phase space emphasizes
symmetry of the attractor. One way for the production of oscillations in L-C net-
works is to overcome circuit losses through the use of designed-in positive feedback
or generation. Negative resistance oscillator with OptoNDR device has better
performance characteristics cancellation in terms of resistive losses in oscillators
than oscillators that are not based on NDR devices. We investigate it by using
Poincare map and find periodic orbit.

Chapter 8. Optoisolation Circuits Averaging Analysis and Perturbation
from Geometric Viewpoint. In this chapter we discuss optoisolation circuits
averaging analysis and perturbation from geometric viewpoint. In many perturbed
systems, we start with a system which includes known solutions and add small
perturbations to it. The solutions of unperturbed and perturbed systems are different
and system with small perturbation has different structure of solutions. In pertur-
bation theory we use approximate solution by discussing of the exact solution. An
approximation of the full solution A, a series in the small parameters (e), like the

following solution A ¼ P1

k¼0
Ak � ek. A0 is the known solution to the exactly soluble

initial problem and A1;A2; . . . represent the higher order terms. Higher order terms
become successively smaller for small e. In every dynamical system we need to use
the global existence theorems. The system solution is altered for non-zero but small
e. We analyze OptoNDR circuit van der Pol by using perturbation method and we
use multiple scale analysis for construction uniform or global approximate solutions
for both small and large values of independent variables of OptoNDR circuit van der
Pol. OptoNDR circuit forced van der Pol is analyzed by using perturbation method
time scale. We consider forced van der Pol system with forcing term F�cos(x�t). If
“F” is small (weak excitation), its effect depends on whether or not x is close to the
natural frequency. If it is, then the oscillation might be generated which is a per-
turbation of the limit cycle. If “F” is not small (hard excitation), then the “natural
oscillation” might be extinguished.

Chapter 9. Optoisolation Advance Circuits—Investigation, Comparison
and Conclusions. In this chapter, we summarized the main topics regarding
optoisolation advance circuits; inspect behavior, dynamics, stability, comparison,
and conclusions. Optoisolation advance circuits are an integral part of every
industrial system. An optoisolation circuit can have limit cycles which we can
analyze. Additionally there are many bifurcations that can characterize optoisola-
tion circuits. Floquet theory is analyzed in many systems which include optoiso-
lation circuits. Optoisolation NDR circuits behavior is investigated by using Floquet
theory and periodic limit cycle solutions orbital stability is discussed. We present
optoisolation circuits by Poincare maps and periodic orbit. Averaging analysis and
perturbation from geometric viewpoint are implemented in our circuits.

Netanya, Israel Ofer Aluf
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Introduction

Optoisolation products are used in a wide area of many engineering applications
which can be characterized by bifurcation behaviors. Among optoelectronics iso-
lation products can be optocouplers (LEDs and bipolar phototransistor or photo
MOSFET), isolation amplifier, digital isolators, solid-state relays (MOSFET), etc.
Many topological optoisolation products schematics give a variety of nonlinear and
bifurcation behaviors which can be implemented in many engineering areas. Each
Optoisolation circuit can be represented by a set of differential equations which
depend on optoisolation variable parameters. The investigation of optoisolation
circuit’s differential equation bifurcation theory, the study of possible changes in
the structure of the orbits of a differential equation depending on variable param-
eters. The book illustrates certain optoisolation circuits observations and analyze
advance bifurcations behaviors (cusp bifurcation, Bautin bifurcation, Bogdanov–
Takens (double-zero) bifurcation, Fold–Hopf bifurcation, Hopf–Hopf bifurcation,
torus bifurcation, and homoclinic bifurcation, etc.). Since the implicit function
theorem is the main ingredient used in these generalizations, a precise statement of
this theorem is included. Additionally the bifurcations of an optoisolation product’s
differential equation on the periodic limit cycle solution orbital stability are ana-
lyzed. Implementation of Floquet theory in many optoisolation circuits and exis-
tence of a Hopf bifurcation culminates in periodic limit cycle oscillation. The
periodic limit-cycle solution orbital stability. All of that for optimization of advance
optoisolation circuits (parameters optimization) is to get the best engineering per-
formance. Floquet theory is the mathematical theory of linear, periodic systems of
ordinary differential equation (ODEs) and the study of the stability of linear peri-
odic systems in continuous time. Floquet exponents/multipliers are analogous to the
eigenvalues of Jacobian matrices of equilibrium points. We can test optoisolation
system stability of limit cycle solutions. Optocouplers can be represented as couple
which includes LED/LEDs (input control circuit) and phototransistor/
photodiode/photo MOSFET (Output controlled circuit). The influence between
the two optically separated elements can be represented as current source which
depends on input current. The functionality is nonlinear behavior and depends on
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many coupling parameters between LEDs and phototransistor f ðIjÞ ¼
P1

k¼1
ajk � Ijk.

We consider optoisolation system which can be described by a set of linear,

homogeneous, time periodic differential equations dXdt ¼ AðtÞ � X, (X = x1,…,xi). X is

a n-dimensional vector and A(t) is an n x n matrix with minimal period T.

X1

f (Ij) IjIj

Xi

A(t)

Although optoisolation system parameters A(t) vary periodically, the solutions
are typically not periodic, and despite its linearity, closed form solutions typically
cannot be found. The general solution of Floquet optoisolation system equations

takes the form xðtÞ ¼ Pn

i
ci � eli�t � piðtÞ. Where ci are constants that depend on

optoisolation system initial conditions, pi(t) are vector valued functions with peri-
odic T, and li are complex numbers called characteristic or Floquet exponents.
Characteristic or Floquet multipliers are related to the Floquet exponents by the
relationship qi ¼ eli�T . The optoisolation system fold–Hopf bifurcation is a bifur-
cation of an equilibrium point in a two-parameter family of autonomous ODEs at
which the critical equilibrium has a zero eigenvalue and a pair of purely imaginary
eigenvalues. This phenomenon is also called the zero–Hopf (ZH) bifurcation,
saddle–node Hopf bifurcation or Gavrilov–Guckenheimer bifurcation. The bifur-
cation point in the parameter plane lies at a tangential intersection of curves of
saddle–node bifurcations and Andronov–Hopf bifurcations. Depending on the
system, a branch of torus bifurcations can emanate from the ZH-point. In such
cases, other bifurcations occur for nearby parameter values, including saddle–node
bifurcations of periodic orbits on the invariant torus, torus breakdown, and bifur-
cations of Shil’nikov homoclinic orbits to saddle-foci and heteroclinic orbits con-
necting equilibria. This bifurcation, therefore, can imply a local birth of “chaos”.
Optoisolation system which is characterized by Neimark–Sacker bifurcation is the
birth of a closed invariant curve from a fixed point in dynamical systems with
discrete time (iterated maps), when the fixed point changes stability via a pair of
complex eigenvalues with unit modulus. The bifurcation can be supercritical or
subcritical, resulting in a stable or unstable (within an invariant two-dimensional
manifold) closed invariant curve, respectively. When it happens in the Poincare

xvi Introduction



map of a limit cycle, the bifurcation generates an invariant two-dimensional torus in
the corresponding ODE. Neimark–Sacker bifurcation in optoisolation system
occurs in the Poincare map of a limit cycle in ODE, the fixed point corresponding to
the limit cycle has a pair of simple eigenvalue k1;2 ¼ e�i�h0 . A unique
two-dimensional invariant torus bifurcates from the cycle, while it changes stability.
The intersection of the torus with the Poincare section corresponds to the closed
invariant curve. The torus bifurcation is sometimes called the secondary Hopf
bifurcation. The torus bifurcation can occur near the fold–Hopf bifurcation and is
always present near the Hopf–Hopf bifurcation of equilibria in ODEs.
A supercritical torus bifurcation: a stable spiraling periodic orbit becomes repelling
surrounded by a stable 2D torus. We now consider an optoisolation autonomous

system of ordinary differential equations (ODEs) dxdt ¼ f ðx; aÞ; x 2 Rn depending on

two parameters a 2 R2, where f is smooth. Suppose that at a = 0 the system has an
equilibrium x = 0. Assume that it is Jacobian matrix A = fx(0,0) has a zero
eigenvalue k1 = 0 a pair of purely imaginary eigenvalues k2,3 = +/-j·x with x > 0.
This codimension two bifurcation is characterized by the conditions k1 = 0 and Re
k2,3 = 0 and appears in open sets of two-parameter families of smooth ODEs.
Generically, a = 0 lies at a tangential intersection of curves of saddle–node
bifurcation curve and Andronov–Hopf bifurcation curve within the two–parameter
family. In a small fixed neighborhood of x = 0 for optoisolation system parameter
values sufficiently close to a = 0, the system has at most two equilibria, which can
collide and disappear via a saddle–node bifurcation or undergo an Andronov–Hopf
bifurcation producing a limit cycle. Additional curves of codimension one
bifurcations accumulate at a = 0 in the parameter plane, where codimension
one bifurcations appear to depend largely upon the quadratic Taylor coefficients of
f(x, 0). The most interested case is the appearance of a branch of torus bifurcations
(Neimark–Sacker bifurcations) of the limit cycles generated by the Hopf bifurca-
tions in optoisolation system. This curve of torus bifurcations is transversal to the
saddle–node and Andronov–Hopf bifurcation curves. The torus bifurcation gener-
ates an invariant two-dimensional torus, i.e. “interaction of the saddle–node and
Andronov–Hopf bifurcations can lead to tori”. The invariant torus disappears via
either a “heteroclinic destruction” or a “blow-up”. In some cases, homoclinic and
heteroclinic orbits connecting the two equilibria appear and disappear, while in
other cases, the torus hits the boundary of any small fixed neighborhood of x = 0.
The dynamics on the torus can be either periodic or quasiperiodic, and the torus can
lose its smoothness before disappearance. The complete bifurcation scenario is
unknown. The optoisolation system bifurcations of quasiperiodic oscillations and
transitions to chaos via their destruction are one of interesting problems of nonlinear
dynamics. There are well-known mechanisms, such as the Landau–Hopf scenario,
the Ruelle–Takens scenario, and the Afraimovich–Shilnikov scenario, that describe
the details of transitions to chaos through multifrequency oscillations. It is analyzed
in many optoisolation systems examples where a wide class of real and model
dynamical systems are used. The regimes of quasiperiodic oscillations are most
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frequently observed in periodically driven discrete-time and differential systems.
We develop the optoisolation simplest autonomous differential system that can
generate a solution in the form of stable two frequency oscillations and demonstrate
the basic bifurcation mechanisms of their destruction including period doubling
bifurcations. A two-dimensional torus can be realized in a three-dimensional
autonomous dissipative system as it has been demonstrated in the book.
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Chapter 1
Optoisolation Circuits with Limit Cycles

Many advanced optoisolation circuits exhibit limit cycle behavior. A limit cycle is a
closed trajectory (system phase space V1(t), V2(t) voltages in time are coordinates);
this means that its neighboring trajectories are not closed—they spiral either toward
or away from the limit cycle. Thus, limit cycles can only occur in those optoiso-
lation circuits which exhibit nonlinearity (nonlinear systems). In contrast, a linear
system exhibiting oscillations closed trajectories is neighbored by other closed
trajectories [Example: dh/dt = f(h)]. A stable limit cycle is the one which attracts all
neighboring trajectories. A system with a stable limit cycle can exhibit
self-sustained oscillations. Neighboring trajectories are repelled from unstable limit
cycles. Half-stable limit cycles are the ones which attract trajectories from one side
and repel those on other. If all neighboring trajectories approach the limit cycle, the
limit cycle is stable or attracting. Otherwise the limit cycle is unstable, or in
exceptional cases, half stable. Optoisolation circuits which exhibit stable limit
cycles oscillate even in the absence of external periodic forcing [wave generator
f(t)]. Since limit cycles are nonlinear phenomena; they cannot occur in linear sys-
tems. A limit cycle oscillations are determined by the structure of the system itself.
We use in nonlinear dynamics some acronyms like: Stable limit cycle (SLC),
half-stable limit cycle (HLC), unstable limit cycle (ULC), unstable equilibrium
point (UEP), stable equilibrium point (SEP), half-stable equilibrium point (HEP)
[7, 8].

1.1 Optoisolation Circuits with Limit Cycles

In electronics, an optoisolator (or optical isolator, optocoupler, photocoupler, or
photoMOS) is a device that uses a short optical transmission path to transfer a
signal between elements of a circuit, typically a transmitter and a receiver, while
keeping them electrically isolated. One of the famous systems which demonstrates
limit cycle is van der Pol oscillator. First, we define van der Pol system block
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diagram with main variable (X) which describes the dynamic of the system. Then,
we perform the desired transformation to voltage (V) main system variable and
implement it by using optoisolation devices and other elements. Investigation of
system behavior when parameters values varied is a crucial stage in our analysis.
Oscillations of van der Pol are called relaxation oscillations because the charge that
builds up slowly is relaxed during a sudden discharge in a strongly nonlinear limit
ðl � 1Þ.

d2X
dt2

þ l � dX
dt

� ðX2 � 1ÞþX ¼ 0

Let us describe our Optoisolation van der Pol system block diagram (Fig. 1.1).

X ¼ c � �b � d
2X
dt2

þ a � dX
dt

� X2 � a � dX
dt

� �
) X

¼ �c � b � d
2X
dt2

þ c � a � dX
dt

� X2 � c � a � dX
dt

Xþ c � b � d
2X
dt2

� c � a � dX
dt

þX2 � c � a � dX
dt

¼ 0

) c � b � d
2X
dt2

þ dX
dt

� ½X2 � c � a� c � a� þX ¼ 0

c � b � d
2X
dt2

þ dX
dt

� ½X2 � 1� � c � aþX ¼ 0 ) d2X
dt2

þ dX
dt

� ½X2 � 1� � a
b
þ 1

b � c � X
¼ 0

-
XE

Xout7

Xout3

Xout3

X3=f3(X)

X2=f2(X)

2[]

γ

d

dt
α ⋅

X

+

∑

[] ... []⋅ ⋅∏

2

2

d

dt
β ⋅

-

X1=f1(X)Xout2Fig. 1.1 Optoisolation van
der Pol system block diagram
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l ¼ a
b
;

1
b � c ¼ 1 ) b � c ¼ 1 ) a

l
� c ¼ 1 ) l ¼ a � c; a ¼ l � b ) b ¼ a

l
) c ¼ 1

b

We perform system variable transformation for the output variable (V), where
X ! V.

d2V
dt2

þ l � dV
dt

� ðV2 � 1ÞþV ¼ 0 ) d2V
dt2

þ a
b
� dV
dt

� ðV2 � 1Þþ 1
b � c � V ¼ 0

This is a van der Pol oscillator system equation and block diagram. We need to
implement it with optoisolation devices, op-amps, resistors, capacitors, diodes, etc.,
l � 0 ! (a/b) � 0 ! (1) a � 0; b > 0 (2) a � 0; b < 0. System equation is a

simple harmonic oscillator with a nonlinear damping term l � dVdt � ðV2 � 1Þ. This
term acts like positive damping for |V| > 1 and like negative damping for |V| < 1.
We have systems which have large output voltage amplitude oscillations decay but
if they are small, pumps back up. The van der Pol system settles into a
self-sustained oscillation. Our van der Pol system has a unique, stable limit cycle
for each l > 0 ! (a/b) > 0 ! (1) a > 0; b > 0 (2) a < 0; b < 0. To portrait our
system phase space, we define out (V, dV/dt) phase space and plot the solution.

Results Limit cycle is not a circle and the stable waveform is not a sine wave. We
define new two variables V1, V2 of our van der Pol system.

V1 ¼ V ; V2 ¼ dV
dt

;
d2V
dt2

þ l � dV
dt

� ðV2 � 1Þ ¼ d
dt

dV
dt

þ l � 1
3
� V3 � V

� �� �

FðVÞ ¼ 1
3
� V3 � V ; z ¼ dV

dt
þ l � FðVÞ ¼ dV

dt
þ a

b
� FðVÞ; d

2V
dt2

þ l � dV
dt

� ðV2 � 1Þ ¼ dz
dt

dz
dt

¼ d2V
dt2

þ l � dV
dt

� ðV2 � 1Þ ¼ �V ;
dV
dt

¼ z� l � FðVÞ; dz
dt

¼ �V ) dV1

dt
¼ z� l � FðV1Þ

dz
dt ¼ �V1; Variable change V2 ¼ z

l ) dV1

dt ¼ l � ½V2 � FðV1Þ�; dV2

dt ¼ � 1
l � V1

We get typical trajectories in the (V1, V2) phase plane. The trajectory zaps hori-
zontally onto the cubic nullcline V2 = F(V1).

dV1

dt ¼ 0 ) l � ½V2 � FðV1Þ� ¼ 0 ) V2 ¼ FðV1Þ. Stability investigation of van

der Pol system is very important. We are back to our optoisolation basic van der

Pol system equation: d2
V

dt2 þ l � dVdt � ðV2 � 1ÞþV ¼ 0. V = V1; dV/dt = V2 !
dV1/dt = V2; d2V/dt2 = dV2/dt. Then we get our van der Pol system nonlinear
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differential equations : dV1

dt ¼ V2;
dV2

dt ¼ �V1 � V2 � ðV2
1 � 1Þ � l. Our system fixed

point is calculated by setting dV1

dt ¼ 0 and dV2

dt ¼ 0 which yield to ðV�
1 ;V

�
2 Þ ¼ ð0; 0Þ.

We define f1ðV1;V2Þ ¼ V2; f2ðV1;V2Þ ¼ �V1 � V2 � ðV2
1 � 1Þ � l and calculate the

related partial derivatives of f1 and f2 respect to V1 and V2.
@f1
@V1

¼ 0; @f1
@V2

¼ 1
@f2
@V1

¼ �1� 2 � l � V1 � V2 ¼ �½1þ 2 � l � V1 � V2�; @f2
@V2

¼ �l � ðV2
1 � 1Þ. The

matrix A is called the Jacobian matrix at the fixed points: ðV�
1 ;V

�
2 Þ ¼ ð0; 0Þ.

A ¼
@f1
@V1

@f1
@V2

@f2
@V1

@f2
@V2

 !�����
ðV�

1 ;V
�
2 Þ¼ð0;0Þ

¼ 0 1
�½1þ 2 � l � V1 � V2� �l � ðV2

1 � 1Þ
� �����

ðV�
1 ;V

�
2 Þ¼ð0;0Þ

A ¼
@f1
@V1

@f1
@V2

@f2
@V1

@f2
@V2

 !�����
ðV�

1 ;V
�
2 Þ¼ð0;0Þ

¼ 0 1
�1 l

� �
) 0 1

�1 l

� �
� 1 0

0 1

� �
� k

¼ �k 1
�1 l� k

� �

The eigenvalues of a matrix A are given by the characteristic equation
det (A – k � I), where I is the identity matrix.

A� k � I ¼
@f1
@V1

� k @f1
@V2

@f2
@V1

@f2
@V2

� k

 !�����
ðV�

1 ;V
�
2 Þ¼ð0;0Þ

¼ �k 1

�½1þ 2 � l � V1 � V2� �l � ðV2
1 � 1Þ � k

� �����
ðV�

1 ;V
�
2 Þ¼ð0;0Þ

¼ �k 1

�1 l� k

� �

�k � ðl� kÞþ 1 ¼ 0 ) k2 � k � lþ 1 ¼ 0 ) k1;2 ¼ l	
ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 4

p
2

¼ 1
2
� l	 1

2
�
ffiffiffiffiffiffiffiffiffiffiffi
l� 2

p
�
ffiffiffiffiffiffiffiffiffiffiffi
lþ 2

p
l � 1 ) l� 2 
 l; lþ 2 
 l ) k1 ¼ 0; k2 ¼ l; D ¼ k1 � k2 ¼ 0;

k1 þ k2 ¼ l

D = 0, the origin is not isolated fixed point . There is either a whole line of fixed
points or a plane of fixed point, if A = 0. Without the assumption l � 1, we need to
find our system behavior.
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D ¼ k1 � k2 ¼ 1
2
� ðlþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 4

p
Þ � 1

2
� ðl�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 4

p
Þ ¼ 1

4
� ðl2 � ðl2 � 4ÞÞ ¼ 1

s ¼ k1 þ k2 ¼ 1
2
� ðlþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 4

p
Þþ 1

2
� ðl�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 4

p
Þ ¼ l ) D ¼ 1; s ¼ l; l� 0:

Case I : l ¼ 0 ! D ¼ 1; s ¼ 0, Case II : l[ 0 D ¼ 1; s ¼ l. In both cases
D > 0, so the eigenvalues are either real with the same sign (node), or complex
conjugate (spiral and centers). Nodes satisfy s2 � 4 � D[ 0, Case I (l = 0)
0 – 4 � 1 > 0 no exist, Case II (l > 0) l2 − 4 > 0 ! l > 2 or l < −2 (no exist).
Spiral satisfies s2 � 4 � D\0, Case I (l = 0) 0 – 4 � 1 < 0 exist, Case II (l > 0)
l2 − 4 < 0 ! −2 < l < 2 ! 0 < l < 2. The parabola s2 � 4 � D ¼ 0, Case I
(l = 0) −4 = 0 (no exist), Case II (l > 0) l2 − 4 = 0 ! l = ±2. The parabola
l2 − 4 = 0 is borderline between nodes and spiral; star nodes degenerate nodes live
on this parabola. The stability of the nodes and spiral is determined by s, in our case
l. l is the parameter which establishes the stability of the nodes and spiral in our
case. Since s[ 0 ) l[ 0 we have the case of unstable spirals and nodes.
Neutrally stable centers live on the borderline s ¼ 0 ) l ¼ 0, where the eigen-
values are purely imaginary.

l ¼ 0 ) d2
V

dt2 þV ¼ 0 ) V ¼ V1; dV1

dt ¼ V2 and we get the system : dV1

dt ¼ V2;

dV2

dt ¼ �V1 ) ðA� k � IÞ ¼ �k 1
�1 �k

� �
) k2 þ 1 ¼ 0 ) k1;2 ¼ 	j. In our case,

k1;2 ¼ a	 j � x; a ¼ 0; x ¼ 1
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � D� s2

p
) x ¼ 1

2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � 1� 0

p ¼ 1. All solu-
tions are periodic with period T = 2p/x = 2p. The oscillations have fixed ampli-
tude and the fixed point ðV�

1 ;V
�
2 Þ ¼ ð0; 0Þ in a center. The conclusion is that there

is a nontrivial periodic orbit for all values of the scalar parameters l. When l = 0,
our system becomes the linear harmonic oscillator. The case l < 0 can be reduced
to the case of l > 0 by reversing time. The system phase space origin is the only
equilibrium point and the eigenvalues of the linearized equations at the origin have
positive real parts, no orbits, except the origin itself, can have the origin as its x-
limit set. This implies that there must be a periodic orbit inside the positive invariant
region. We now consider little bit different van der Pol system equation:

d2V
dt2

� dV
dt

� ð2 � C� V2ÞþV ¼ 0 ) dV1

dt
¼ V2;

dV2

dt
¼ �V1 þ 2 � C � V2 � V2

1 � V2

The eigenvalues of the linearization of above van der Pol equations about the

equilibrium point at the origin are C	 i �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C2

p
. For C < 0, the origin is

asymptotically stable because the real parts of the eigenvalues are negative. At
C = 0, the origin is still asymptotically stable. For C > 0, the real parts of the
eigenvalues become positive and thus the origin is unstable. Plotting V2 against V1

by using MATLAB script.
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x ð1Þ ! V1; x ð2Þ ! V2; a ðMuiÞ ! l

function g=vanderpol(t,x,a)
g=zeros(2,1);
g(1)=x(2);%x(1) represent the van der pol V1 variable
g(2)=-x(1)-x(2)*(x(1)*x(1)-1)*a;%x(2) represent van der pol V1 
variable

function h=vanderpol1 (a,V10,V20)
[t,x]=ODE45(@vanderpol,[0,10],[V10,V20],[],a);
%plot(t,x);
plot(x(:,1),x(:,2))% V1 against V2 at time increase phase plan plot

Van der Pol’s equation provides an example of an oscillator with nonlinear
damping, energy being dissipated at large amplitudes and generated at low
amplitudes. Our system typically possesses limit cycles; sustained oscillations
around a state at which energy generation and dissipation balances. Single degree of
freedom limit cycle oscillators, similar to the unforced van der Pol system. We can
write van der Pol equation in a different way:

d2V
dt2

þ a � /ðVÞ � dV
dt

þV ¼ b � pðtÞ; a ¼ l; /ðVÞ ¼ V2 � 1

Unforced van der Pol system: b ¼ 0 ) d2
V

dt2 þ a � /ðVÞ � dVdt þV ¼ 0, where

/ ðVÞ is even and / ðVÞ\0 for Vj j\1; / ðVÞ[ 0 for Vj j[ 1. P(t) is T periodic
and a, b are nonnegative parameters. It is convenient to rewrite van der Pol system
as an autonomous system (Fig. 1.2).

Fig. 1.2 Van der Pol system
as an autonomous system
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dV1

dt
¼ V2 � a � / ðVÞ; dV2

dt
¼ �V1 þ b � p ðhÞ; dh

dt
¼ 1; ðV1;V2; hÞ 2 R

2 � S1

We need now to implement our van der Pol system by using discrete compo-
nents: Optocouplers, op-amps, resistors, capacitors, etc., we need to do variables
terminology transformation for our van der Pol system block diagram [9] (Figs. 1.3,
1.4 and 1.5).

Fig. 1.2 (continued)

Fig. 1.2 (continued)
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X1 ¼ f1ðXÞ ! V1 ¼ f1ðVÞ; X2 ¼ f2ðXÞ ! V2 ¼ f2ðVÞ; X3 ¼ f3ðXÞ ! V3 ¼ f3ðVÞ
Xout2 ! Vout2; Xout3 ! Vout3; Xout7 ! Vout7; XE ! VE

Vout1 ¼ �R1 � C1 � dV1

dt
¼ �R1 � C1 � df1ðVÞdt

;

Vout2 ¼ �R2 � C2 � dVout1

dt
¼ R1 � C1 � R2 � C2 � d

2f1ðVÞ
dt2

R1 � C1 � R2 � C2 ¼ b ) Vout2 ¼ b � d
2f1ðVÞ
dt2

Vout3 ¼ �R3 � C3 � dV2

dt
¼ �R3 � C3 � df2ðVÞdt

; R3 � C3 ¼ a ) Vout3 ¼ �a � df2ðVÞ
dt

Vout4 ¼ �Vt � ln V3

Is � R4

� 	
; Vout5 ¼ �Vt � ln V3

Is � R5

� 	
) Vout6 ¼ �R8 � Vout4

R6
þ Vout5

R7

� 	

R8 ¼ R6 ¼ R7 ) Vout6 ¼ �ðVout4 þVout5Þ ¼ Vt � ln
V3

Is � R4

� 	
þ ln

V3

Is � R5

� 	� �

Vout6 ¼ Vt � ln V2
3

I2s � R4 � R5

� �
; Vout7 ¼ �Is � R9 � exp 1

Vt
� Vout6

� �

Vout7 ¼ �Is � R9 � exp 1
Vt

� Vout6

� �
¼ �Is � R9 � exp 1

Vt
� Vt � ln V2

3

I2s � R4 � R5

� �� 	

Vout7 ¼ �Is � R9 � V2
3

I2s � R4 � R5
¼ � R9

Is � R4 � R5
� V2

3 ¼ � R9

Is � R4 � R5
� f 23 ðVÞ

R9 ¼ R4 ¼ R5 ) Vout7 ¼ � 1
Is � R4

� f 23 ðVÞ; Is � R4 
 1 ) Vout7 ¼ �f 23 ðVÞ

2

2

d

dt
β ⋅

V1=f1(V)Vout2

Fig. 1.3 Van der Pol system by using discrete components: Optocouplers, op-amps, resistors,
capacitors, etc. (Vout2)
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We can summarize our results for this stage (Fig. 1.6):

Vout2 ¼ b � d
2f1ðVÞ
dt2

; Vout3 ¼ �a � df2ðVÞ
dt

; Vout7 ¼ �f 23 ðVÞ

The circuit implementation for the above system multiplication block (Fig. 1.7):

VA ¼ �Vt � ln Vout3

Is � R10

� �
; VB ¼ �Vt � ln Vout7

Is � R11

� �
; VC ¼ �R14 � VA

R12
þ VB

R13

� �

d

dt
α ⋅

V2=f2(V)Vout3

Vout3

Fig. 1.4 Van der Pol system
by using discrete components:
Optocouplers, op-amps,
resistors, capacitors, etc.
(Vout3)

[]2

V3=f3(V)Vout7

Fig. 1.5 Van der Pol system by using discrete components: Optocouplers, op-amps, resistors,
capacitors, etc. (Vout7)
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R14 ¼ R12 ¼ R13 ) VC ¼ �ðVA þVBÞ;

VC ¼ � �Vt � ln Vout3

Is � R10

� �
� Vt � ln Vout7

Is � R11

� �� �

VC ¼ Vt � ln Vout3 � Vout7

I2s � R10 � R11

� �
; I2s � R10 � R11 
 1 ) VC ¼ Vt � ln ½Vout3 � Vout7�

VD ¼ �Is � R15 � exp 1
Vt

� VC

� �
¼ �Is � R15 � exp 1

Vt
� Vt � ln ½Vout3 � Vout7�

� 	
¼ �Is � R15 � Vout3 � Vout7

Is � R15 
 1 ) VD ¼ �Vout3 � Vout7 ¼ � �a � df2ðVÞ
dt

� �f 23 ðVÞ

 �� 	

¼ �a � f 23 ðVÞ

 � � df2ðVÞ

dt

R20 ¼ R21 ) VE ¼ �VD ¼ a � f 23 ðVÞ

 � � df2ðVÞ

dt

We can summarize our results for this stage (Fig. 1.8):

Vout2 ¼ b � d
2f1ðVÞ
dt2

; Vout3 ¼ �a � df2ðVÞ
dt

; VE ¼ a � f 23 ðVÞ

 � � df2ðVÞ

dt

Circuit implementation (Fig. 1.9):

V ¼ �R19 � Vout2

R16
þ VE

R17
þ Vout3

R18

� �
; R16 ¼ R17 ¼ R18 ¼ Rþ ; R19 ¼ R�;

R�

Rþ ¼ c

V ¼ �c � ½Vout2 þVE þVout3�
¼ �c � b � d

2f1ðVÞ
dt2

þ a � f 23 ðVÞ

 � � df2ðVÞ

dt
� a � df2ðVÞ

dt

� �

[] ... []⋅ ⋅

VE  

Vout3

Vout7

Fig. 1.6 System
multiplication block
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f1ðVÞ�V ; f2ðVÞ�V ; f3ðVÞ�V ) V ¼ c � b � d
2V
dt2

þ a � ½V2� � dV
dt

� a � dV
dt

� �

V ¼ �c � b � d
2V
dt2

þ a � ½V2� � dV
dt

� a � dV
dt

� �

¼ �c � b � d
2V
dt2

� c � a � ½V2� � dV
dt

þ c � a � dV
dt

-

- +

Vout2

VE  

Vout3

Fig. 1.8 System
summation block

Fig. 1.7 The circuit implementation for the system multiplication block
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Fig. 1.9 Circuit
implementation

Fig. 1.10 Circuit describing
optoisolation feedback loop
by using optocoupler unit

V þ c � b � d
2V
dt2

þ c � a � V2 � dV
dt

� c � a � dV
dt

¼ 0

) V þ c � b � d
2V
dt2

þ c � a � dV
dt

� ½V2 � 1� ¼ 0

V � 1
c � b þ 1

c � b � c � b � d
2V
dt2

þ 1
c � b � c � a � dV

dt
� ½V2 � 1� ¼ 0

V � 1
c � b þ d2V

dt2
þ a

b
� dV
dt

� ½V2 � 1� ¼ 0 ) d2V
dt2

þ dV
dt

� ½V2 � 1� � a
b
þV � 1

c � b ¼ 0

l ¼ a
b
;

1
b � c ¼ 1 ) b � c ¼ 1 ) a

l
� c ¼ 1 ) l ¼ a � c; a ¼ l � b ) b ¼ a

l

) c ¼ 1
b
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We now need to implement the system feedback loops by using optoisolation
circuits. The below circuit describes optoisolation feedback loop by using opto-
coupler unit. We perform feedback loop No. 1 but it is the same for all three system
feedback loops [15, 16] (Fig. 1.10).

Now we proceed to the circuit model for analytical analysis. The optical cou-
pling between the LED (D1) to Phototransistor (Q1) is represented as transistor
dependent base current on LED (D1) current. IBQ1 = k1 � ID (Fig. 1.11).

V ¼ f1ðVÞ ¼ IEQ1 � R3; VB1 ¼ ICQ1 � R2 þVCEQ1 þ IEQ1 � R3 )
VCEQ1 ¼ VB1 � ICQ1 � R2 � IEQ1 � R3

IEQ1 ¼ IBQ1 þ ICQ1; IBQ1 ¼ k1 � ID1 ) IEQ1 ¼ k1 � ID1 þ ICQ1 ) ICQ1 ¼ IEQ1 � k1 � ID1
VCEQ1 ¼ VB1 � ICQ1 � R2 � IEQ1 � R3 ¼ VB1 � ½IEQ1 � k1 � ID1� � R2 � IEQ1 � R3

VCEQ1 ¼ VB1 � ½IEQ1 � k1 � ID1� � R2 � IEQ1 � R3 ¼ VB1 � IEQ1 � R2 þ k1 � ID1 � R2 � IEQ1 � R3

VCEQ1 ¼ VB1 � IEQ1 � R2 þ k1 � ID1 � R2 � IEQ1 � R3 ¼ VB1 � IEQ1 � ½R2 þR3� þ k1 � ID1 � R2

(*) VCEQ1 ¼ VB1 þ k1 � ID1 � R2 � IEQ1 � ½R2 þR3�
The mathematical analysis is based on the basic transistor Ebers–Moll equations.

We need to implement the regular Ebers–Moll model to the above optocoupler
circuit.

VBEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � a f � 1Þ
� �

þ 1
� �

;

VBCQ1 ¼ Vt � ln ICQ1 � IEQ1 � a f
Isc � ðar � a f � 1Þ
� �

þ 1
� �

Fig. 1.11 Optoisolation
feedback loop by using
optocoupler unit equivalent
circuit
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VCEQ1 ¼ VCBQ1 þVBEQ1; but VCBQ1 ¼ �VBCQ1; then VCEQ1 ¼ VBEQ1 � VBCQ1

VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � a f � 1Þ
� �

þ 1
� �

� Vt � ln ICQ1 � IEQ1 � a f
Isc � ðar � a f � 1Þ
� �

þ 1
� �

VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1ð Þþ Ise � ðar � a f � 1Þ
ICQ1 � IEQ1 � a fð Þþ Isc � ðar � a f � 1Þ

� �
þVt � ln Isc

Ise

� �

Since Isc � Ise ! e ) ln Isc
Ise

� 
! e then we can write VCEQ1 expression.

(**) VCEQ1 ’ Vt � ln ar�ICQ1�IEQ1ð Þþ Ise�ðar�a f�1Þ
ICQ1�IEQ1�a fð Þþ Isc�ðar�a f�1Þ
h i

(*) = (**) ! VB1 þ k1 � ID1 � R2 � IEQ1 � ½R2 þR3� ’ Vt � ln ar�ICQ1�IEQ1ð Þþ Ise�ðar�a f�1Þ
ICQ1�IEQ1�a fð Þþ Isc�ðar�a f�1Þ
h i

ar � ICQ1 � IEQ1 ¼ ar � ½IEQ1 � k1 � ID1� � IEQ1 ¼ IEQ1 � ðar � 1Þ � ar � k1 � ID1
ICQ1 � IEQ1 � a f ¼ IEQ1 � k1 � ID1 � IEQ1 � a f ¼ IEQ1 � ð1� a f Þ � k1 � ID1

VB1 þ k1 � ID1 � R2 � IEQ1 � ½R2 þR3�

’ Vt � ln IEQ1 � ðar � 1Þ � ar � k1 � ID1ð Þþ Ise � ðar � a f � 1Þ
IEQ1 � ð1� a f Þ � k1 � ID1ð Þþ Isc � ðar � a f � 1Þ

� �

ID1 ¼ g1ðVÞ; VD1 ¼ Vt � ln ID1
Io

þ 1
� �

; V ¼ ID1 � R1 þVD1;

V ¼ ID1 � R1 þVt � ln ID1
Io

þ 1
� �

To get ID1ðVÞ we need to develop ln ID1
I0

þ 1
� 

, Taylor series around zero (0);

also known as the Mercator series.

ln
ID1
I0

þ 1
� �

¼
X1
n¼1

ð�1Þnþ 1

n
� ID1

I0

� �n

¼ ID1
I0

� 1
2
� ID1

I0

� �2

þ 1
3
� ID1

I0

� �3

�. . . 8 ID1
I0

����
����� 1

Unless ID1
I0
¼ �1 . The Taylor polynomials for ln ID1

I0
þ 1

� 
only provide accurate

approximations in the range �1� ID1
I0

� 1, for ID1
I0

[ 1 the Taylor polynomial of
higher degree are worse approximations. The low degree approximation gives

ln
ID1
I0

þ 1
� �


 ID1
I0

; V ¼ ID1 �R1 þVt � ln ID1
I0

þ 1
� �


 ID1 �R1 þVt � ID1
I0
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V 
 ID1 � R1 þVt � 1
I0

� �
; ID1 
 I0

I0 �R1 þVt

� �
� V ) g1ðVÞ ¼ I0

I0 �R1 þVt

� �
� V

For the case ID1
I0

[ 1, we can consider it as ID1ðVÞ and the exact expression can
be achieved by numerical calculation and algebraic function. For simplicity, let us
consider: (Taylor expansion )

ln ðxÞ ¼
X1
n¼1

ð�1Þnþ 1

n
� ðx� 1Þn ¼ ðx� 1Þ � 1

2
� ðx� 1Þ2 þ 1

3
� ðx� 1Þ3 � � � �

for jx� 1j � 1 unless x = 0. For our expression, consider ln ðxÞ 
 x� 1 . Then

Vt � ln IEQ1 � ðar � 1Þ � ar � k1 � ID1ð Þþ Ise � ðar � a f � 1Þ
IEQ1 � ð1� a f Þ � k1 � ID1ð Þþ Isc � ðar � a f � 1Þ

� �


 Vt � IEQ1 � ðar � 1Þ � ar � k1 � ID1ð Þþ Ise � ðar � a f � 1Þ
IEQ1 � ð1� a f Þ � k1 � ID1ð Þþ Isc � ðar � a f � 1Þ � 1

� �

By using the above assumption we get:

VB1 þ k1 � ID1 � R2 � IEQ1 � ½R2 þR3�

’ Vt � IEQ1 � ðar � 1Þ � ar � k1 � ID1ð Þþ Ise � ðar � a f � 1Þ
IEQ1 � ð1� a f Þ � k1 � ID1ð Þþ Isc � ðar � a f � 1Þ � 1

� �

1
Vt

� VB1 þ k1 � ID1 � R2 � IEQ1 � ½R2 þR3�
� �þ 1

’ IEQ1 � ðar � 1Þ � ar � k1 � ID1ð Þþ Ise � ðar � a f � 1Þ
IEQ1 � ð1� a f Þ � k1 � ID1ð Þþ Isc � ðar � a f � 1Þ

1
Vt

� VB1 þ k1 � ID1 � R2f g � 1
Vt

� IEQ1 � ½R2 þR3� þ 1

’ IEQ1 � ðar � 1Þ � ar � k1 � ID1ð Þþ Ise � ðar � a f � 1Þ
IEQ1 � ð1� a f Þ � k1 � ID1ð Þþ Isc � ðar � a f � 1Þ

1
Vt

� VB1 þ k1 � ID1 � R2f gþ 1� IEQ1 � ½R2 þR3�
Vt

’ IEQ1 � ðar � 1Þ � ar � k1 � ID1ð Þþ Ise � ðar � a f � 1Þ
IEQ1 � ð1� a f Þ � k1 � ID1ð Þþ Isc � ðar � a f � 1Þ

For simplicity, we define the following functions:

g1ðVÞ ¼ 1
Vt

� VB1 þ k1 � ID1 � R2f gþ 1; g2ðVÞ ¼ �ar � k1 � ID1 þ Ise � ðar � a f � 1Þ
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g3ðVÞ ¼ �k1 � ID1 þ Isc � ðar � a f � 1Þ and we get the expressions:

g1ðVÞ ¼ 1
Vt

� VB1 þ k1 � I0
I0 �R1 þVt

� �
� V � R2

� 	
þ 1;

g2ðVÞ ¼ �ar � k1 � I0
I0 �R1 þVt

� �
� V þ Ise � ðar � a f � 1Þ;

g3ðVÞ ¼ �k1 � I0
I0 �R1 þVt

� �
� V þ Isc � ðar � a f � 1Þ

By using the above functions, we get the expression:

g1ðVÞ � IEQ1 � ½R2 þR3�
Vt

’ IEQ1 � ðar � 1Þþ g2ðVÞ
IEQ1 � ð1� a f Þþ g3ðVÞ

IEQ1 � ðar � 1Þþ g2ðVÞ ¼ g1ðVÞ � IEQ1 � ½R2 þR3�
Vt

� 	
� IEQ1 � ð1� a f Þþ g3ðVÞ
� �

IEQ1 � ðar � 1Þþ g2ðVÞ
¼ g1ðVÞ � IEQ1 � ð1� a f Þþ g1ðVÞ � g3ðVÞ

� I2EQ1 �
½R2 þR3�

Vt
� ð1� a f Þ � IEQ1 � ½R2 þR3�

Vt
� g3ðVÞ

I2EQ1 �
½R2 þR3�

Vt
� ð1� a f Þþ IEQ1 � ðar � 1Þ � g1ðVÞ � ð1� a f Þþ ½R2 þR3�

Vt
� g3ðVÞ

� 	
þ g2ðVÞ � g1ðVÞ � g3ðVÞ ¼ 0

We define the following functions: A1(V), A2(V), A3(V).

A1ðVÞ ¼ ½R2 þR3�
Vt

� ð1� a f Þ; A2 ¼ ðar � 1Þ � g1ðVÞ � ð1� a f Þþ ½R2 þR3�
Vt

� g3ðVÞ
A3ðVÞ ¼ g2ðVÞ � g1ðVÞ � g3ðVÞ

Finally, we get the cubic optoisolation equation:

I2EQ1 � A1ðVÞþ IEQ1 � A2ðVÞþA3ðVÞ ¼ 0 ) IEQ1ðVÞ

¼
�A2ðVÞ 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½A2ðVÞ�2 � 4 � A1ðVÞ � A3ðVÞ

q
2 � A1ðVÞ

16 1 Optoisolation Circuits with Limit Cycles



V1 ¼ f1ðVÞ ¼ IEQ1ðVÞ � R3 ¼ R3 �
�A2ðVÞ 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½A2ðVÞ�2 � 4 � A1ðVÞ � A3ðVÞ

q
2 � A1ðVÞ

8<
:

9=
;

We need to plot the graph of V1 = f1(V). First we consider optoisolation circuit
parameters values (Table 1.1).

g1ðVÞ ¼ 1
Vt

� VB1 þ k1 � I0
I0 �R1 þVt

� �
� V � R2

� 	
þ 1

¼ 1
0:026

� 15þ 0:024 � 10�6

10�6 � 103 þ 0:026

� �
� V � 3 � 103

� 	
þ 1

¼ 577:9þV � 0:099

g2ðVÞ ¼ �ar � k1 � I0
I0 �R1 þVt

� �
� V þ Ise � ðar � a f � 1Þ

¼ �0:5 � 0:024 � 10�6

10�6 � 103 þ 0:026

� �
� V þ 10�6 � ð0:5 � 0:98� 1Þ

¼ �10�6 � ½0:44 � V þ 0:51�

g3ðVÞ ¼ �k1 � I0
I0 �R1 þVt

� �
� V þ Isc � ðar � a f � 1Þ

¼ �0:024 � 10�6

10�6 � 103 þ 0:026

� �
� V þ 2 � 10�6 � ½0:5 � 0:98� 1�

¼ �10�6 � ½0:88 � V þ 1�

A1ðVÞ ¼ ½R2 þR3�
Vt

� ð1� a f Þ ¼ 5 � 103
0:026

� �
� ð1� 0:98Þ ¼ 3846:14

A2ðVÞ ¼ ðar � 1Þ � g1ðVÞ � ð1� a f Þþ ½R2 þR3�
Vt

� g3ðVÞ
¼ �0:5� 0:02 � g1ðVÞþ 192307:6 � g3ðVÞ

A3ðVÞ ¼ g2ðVÞ � g1ðVÞ � g3ðVÞ

Table 1.1 Optoisolation
circuit parameters values

Vt 0.026 af 0.98

I0 1E−6 bf 49

k1 0.024 ar 0.5

k2,k3 0.028 br 1

Ise 1 lA R3 2 kX

Isc 2 lA R2 3 kX

R1 1 kX VB1 15 V
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We get to V1 = f(V) options: the (+) and (−) of root function in the below
expression:

V1 ¼ f1ðVÞ ¼ IEQ1ðVÞ � R3

¼ R3 � �½0:5� 0:02 � g1ðVÞþ 192307:6 � g3ðVÞ�
2:3846:14

� 	

	 R3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½�0:5� 0:02 � g1ðVÞþ 192307:6 � g3ðVÞ�2 � 4:3846:14 � ½g2ðVÞ � g1ðVÞ � g3ðVÞ�

q
2:3846:14

8<
:

9=
;

MATLAB Script

EDU�V=0:0.1:10; g1=577.9+0.099*V; g2=-0.000001*(0.44*V+0.51);
g3=-0.000001*(0.88*V+1);
EDU�A1=3846.14; A2=-0.5-0.02*g1+192307.6*g3; A3=g2-g1.*g3;
EDU�u=(-A2–(A2.^2-4*A1.*A3).^0.5)./(2*A1);
EDU�u1=u*2000;
EDU�plot(V,u1,‘r’),grid (Fig. 1.12)

The results graphs are mathematic plot, actually our system behave according to
only one option. We choose (+) option for our system analysis.

Fig. 1.12 Van der Pol feedback loop V1 = f1(V) against V graph (“+” and “−” sign of root
expression)

18 1 Optoisolation Circuits with Limit Cycles



We need to inspect our van der Pol system with the right optoisolation feedback
loop functions f1(V), f2(V), f3(V). We consider all f’s functions are the same [16].

V ¼ �c � ½Vout2 þVE þVout3�

¼ �c � b � d
2f1ðVÞ
dt2

þ a � f 23 ðVÞ

 � � df2ðVÞ

dt
� a � df2ðVÞ

dt

� �

@g1ðVÞ
@V

¼ 1
Vt

� k1 � I0
ðI0 � R1 þVt

� �
� R2

@g2ðVÞ
@V

¼ �ar � k1 � I0
ðI0 � R1 þVt

� �

@g3ðVÞ
@V

¼ �k1 � I0
ðI0 � R1 þVt

� �
;
@A1ðVÞ
@V

¼ 0;

@A2ðVÞ
@V

¼ � @g1ðVÞ
@V

� ð1� af Þþ R2 þR3

Vt
� @g3ðVÞ

@V

@A3ðVÞ
@V

¼ @g2ðVÞ
@V

� @g1ðVÞ
@V

� g3ðVÞ � g1ðVÞ � @g3ðVÞ
@V

Fig. 1.12 (continued)
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V1 ¼ f1ðVÞ ¼ IEQ1ðVÞ � R3

¼ R3 � � 1
2
� A2ðVÞ
A1ðVÞ 	

1
2
�

½A2ðVÞ�2 � 4 � A1ðVÞ � A3ðVÞ
n o1

2

A1ðVÞ

8><
>:

9>=
>;

f ðVÞ ¼ f1ðVÞ ¼ f2ðVÞ ¼ f3ðVÞ ¼ IEQ1ðVÞ ¼ IEQ2ðVÞ ¼ IEQ3ðVÞ

We consider k1 = k2 = k3 = k. We get the expression for ∂f(V)/∂t:

@f ðVÞ
@t

¼ 1
2
� R3 � �

@A2ðVÞ
@t � A1ðVÞ � A2ðVÞ � @A1ðVÞ

@t

½A1ðVÞ�2
(

	
1
2 � ½A2ðVÞ�2 � 4 � A1ðVÞ � A3ðVÞ
n o�1

2� 2 � A2ðVÞ � @A2ðVÞ
@t � 4 � @A1ðVÞ

@t � A3ðVÞþA1ðVÞ � @A3ðVÞ
@t

h in o
� A1ðVÞ

½A1ðVÞ�2

2
64

�
½A2ðVÞ�2 � 4 � A1ðVÞ � A3ðVÞ
n o1

2� @A1ðVÞ
@t

½A1ðVÞ�2

3
75
9>=
>;

There are two solutions for f(v) function: (+) root and (−) root. We define

f(V) function with (+) root as f ðVÞ ¼ Pyðþ Þ and (−) root as f ðVÞ ¼ Pyð�Þ. We take

out from van der Pol feedback loop V1 = f1(V) against V graph (“+” sign of root
expression) some dots which denote the data points (V1i , Vi), while the red curve
shows the interpolation polynomial. The numerical connection between
V1 = f1(V) against V is described in Table 1.2.

We need to construct the interpolation polynomial Pyð�Þ. Suppose that the

interpolation polynomial is in the form Pyðþ ÞðVÞ ¼
PN

i¼0 gi � Vi. N = 6 for our

above six data points (V1i , Vi). We have a set of six data points (V1i , Vi), where no

two Vi are the same. We are looking for a polynomial f ðVÞ ¼ Pyðþ Þ of degree at

most five with property Pyðþ ÞðViÞ ¼ V1i; i ¼ 1; . . .; 5. According to unisolvence

theorem such a polynomial Pyðþ Þ exists and can be approved by the Vandermonde

matrix. For n + 1 = (6) interpolation nodes (our case) Vi, polynomial interpolation

Table 1.2 The numerical
connection between
V1 = f1(V) against V

V1 (V) V (V)

V10 = 6.3 V0 = 0

V11 = 6.5 V1 = 30

V12 = 6.8 V2 = 50

V13 = 7.7 V3 = 70

V14 = 8.8 V4 = 90

V15 = 9.7 V5 = 100
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defines a linear bijection Ln : Knþ 1 !Q
n , where

Q
n is the vector space of

polynomials (defined on any interval containing the nodes) of degree at most
n. Suppose that the interpolation polynomial is in the form

Pyðþ ÞðVÞ ¼ g5 � V5 þ � � � þ g0. The statement that Pyðþ Þ interpolates the data points

means that Pyðþ ÞðViÞ ¼ V1i 8 i 2 0; 1; . . .; 5f g . If we substitute the interpolation

polynomial in here, we get a system of linear equations in the coefficients ηk. The
system in matrix-vector form leads:

V5
0 . . . 1

..

. . .
. ..

.

V5
5 � � � 1

0
B@

1
CA �

g5
..
.

g0

0
B@

1
CA ¼

V10

..

.

V15

0
B@

1
CA;

We get Vandermonde matrix

V5
0 . . . 1

..

. . .
. ..

.

V5
5 � � � 1

0
B@

1
CA

0 � g5 þ � � � þ 0 � g1 þ g0 ¼ 6:3; 305 � g5 þ � � � þ 30 � g1 þ g0 ¼ 6:5;

505 � g5 þ � � � þ 50 � g1 þ g0 ¼ 6:8

705 � g5 þ � � � þ 70 � g1 þ g0 ¼ 7:7; 905 � g5 þ � � � þ 90 � g1 þ g0 ¼ 8:8;

1005 � g5 þ � � � þ 100 � g1 þ g0 ¼ 9:7

We get η0 = 6.3 and set of five polynomials:

g0 ¼ 6:3; 305 � g5 þ � � � þ 30 � g1 ¼ 0:2; 505 � g5 þ � � � þ 50 � g1 ¼ 0:5

705 � g5 þ � � � þ 70 � g1 ¼ 1:4; 905 � g5 þ � � � þ 90 � g1 ¼ 2:5;

1005 � g5 þ � � � þ 100 � g1 ¼ 3:4

We use Mathematica software to find η5, …, η1 values. gi $ ai and we get the
following results:

NSolve 305 � a5 + 304 � a4 + 303 � a3 + 302 � a2 + 30 � a1�

¼ 00:2; 505 � a5þ 504 � a4þ 503 � a3þ 502 � a2þ 50 � a1
¼ 00:5; 705 � a5þ 704 � a4þ 703 � a3þ 702 � a2þ 70 � a1
¼ 10:4; 905 � a5þ 904 � a4þ 903 � a3þ 902 � a2þ 90 � a1
¼ 20:5; 1005 � a5þ 1004 � a4þ 1003 � a3þ 1002 � a2þ 100 � a1
¼ 3:4g; a1; a2; a3; a4; a5f g�
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Out: {{a1!0.0871111,a2!-0.00602688,a3!0.000152735,
a4! -1.54392 � 10-6, a5!6.66138� 10-9}}

Results

g0 ¼ 6:3; g1 ¼ 0:0871111; g2 ¼ �0:00602688

g3 ¼ 0:000152735; g4 ¼ �1:54392 10�6; g5 ¼ 5:66138 10�9

Double check when V ! x and V1 ! u

x=30; u=6.3+0.0871111*x-0.00602688*x^2+0.000152735*x^3-1.54392*10^-6*
x^4+5.66138*10^-9*x^5; u!u=6.5000.
x=50; u=6.3+0.0871111*x-0.00602688*x^2+0.000152735*x^3-1.54392*10^-6*
x^4+5.66138*10^-9*x^5;u!u=6.7999.
x=70;u=6.3+0.0871111*x-0.00602688*x^2+0.000152735*x^3-1.54392*10^-6*
x^4+5.66138*10^-9*x^5;u!u=7.6997.
x=90;u=6.3+0.0871111*x-0.00602688*x^2+0.000152735*x^3-1.54392*10^-6*
x^4+5.66138*10^-9*x^5;u!u=8.7994.
x=100;u=6.3+0.0871111*x-0.00602688*x^2+0.000152735*x^3-1.54392*10^-6*
x^4+5.66138*10^-9*x^5;u!u=9.6991.

Back to our original system differential equations. We consider
f1(V) = f2(V) = f3(V) = f(V), then we get:

V ¼ �c � Vout2 þVE þVout3½ �

¼ �c � b � d
2f1ðVÞ
dt2

þ a � f 23 ðVÞ

 � � df2ðVÞ

dt
� a � df2ðVÞ

dt

� �

f ðVÞ ¼ Pyðþ ÞðVÞ ¼ g5 � V5 þ � � � þ g0 ¼
X5
k¼0

gk � Vk;

X5
k¼0

gk � k � Vk�1 ¼
X5
k¼1

gk � k � Vk�1;
@

@t
, d

dt

@f ðVÞ
@t

¼
@Pyðþ ÞðVÞ

@t

¼ g1 �
@V
@t

þ 2 � g2 � V � @V
@t

þ 3 � g3 � V2 � @V
@t

þ 4 � g4 � V3 � @V
@t

þ 5 � g5 � V4 � @V
@t

@f ðVÞ
@t

¼
@Pyðþ ÞðVÞ

@t
¼ @V

@t
� g1 þ 2 � g2 � V þ 3 � g3 � V2 þ 4 � g4 � V3 þ 5 � g5 � V4� �
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@f ðVÞ
@t

¼
@Pyðþ ÞðVÞ

@t
¼ @V

@t
�
X5
k¼1

k � gk � Vk�1

( )

@2f ðVÞ
@t2

¼
@2Pyðþ ÞðVÞ

@t2

¼ @2V
@t2

�
X5
k¼1

k � gk � Vk�1

( )
þ @V

@t

� �2
�
X5
k¼1

k � ðk � 1Þ � gk � Vk�2

( )

We define the following functions for simplicity:

v1ðVÞ ¼
X5
k¼1

k � gk � Vk�1; v2ðVÞ ¼
X5
k¼1

k � ðk � 1Þ � gk � Vk�2;

@f ðVÞ
@t

¼ @V
@t

� v1ðVÞ

v1ðVÞ ¼
X5
k¼1

k � gk � Vk�1;
@v1ðVÞ

@t
¼ @V

@t
�
X5
k¼1

k � ðk � 1Þ � gk � Vk�2;
@v1ðVÞ

@t

¼ @V
@t

� v2ðVÞ

@2f ðVÞ
@t2

¼ @2V
@t2

� v1ðVÞþ
@V
@t

� @v1ðVÞ
@t

¼ @2V
@t2

� v1ðVÞþ
@V
@t

� �2
�v2ðVÞ

f ðVÞ ¼ v3ðVÞ ¼
X6
k¼1

gk�1 � Vk�1 ) f 2 ¼ v4ðVÞ ¼ ½v3ðVÞ�2 ¼
X6
k¼1

gk�1 � Vk�1

" #2

Back to our system equation:

V ¼ �c � ½Vout2 þVE þVout3�

¼ �c � b � d
2f1ðVÞ
dt2

þ a � f 23 ðVÞ

 � � df2ðVÞ

dt
� a � df2ðVÞ

dt

� �

f1(V) = f2(V) = f3(V) = f(V), then we get:

V ¼ �c � b � d
2f ðVÞ
dt2

þ a � ½f 2ðVÞ� � df ðVÞ
dt

� a � df ðVÞ
dt

� �

V ¼ �c � b � @2V
@t2

� v1ðVÞþ
@V
@t

� �2
�v2ðVÞ

( )
þ a � v4ðVÞ �

@V
@t

� v1ðVÞ � a � @V
@t

� v1ðVÞ
" #
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� 1
c
V ¼ b � @

2V
@t2

� v1ðVÞþ b � @V
@t

� �2
�v2ðVÞþ a � v4ðVÞ �

@V
@t

� v1ðVÞ � a � @V
@t

� v1ðVÞ

� 1
c
V ¼ b � @

2V
@t2

� v1ðVÞþ b � @V
@t

� �2
�v2ðVÞþ a � v1ðVÞ �

@V
@t

� v4ðVÞ � 1½ �

To get our system new differential equations with optoisolation feedback
polynomial, we define:

@

@t
, d

dt
;
@2V
@t2

¼ d2V
dt2

¼ dV2

dt
;

V2 ¼ dV
dt

¼ dV1

dt
; V1 ¼ V ; V ! V1;

dV
dt

! V2;

dV1

dt
¼ V2

� 1
c
V ¼ b � d

2V
dt2

� v1ðVÞþ b � dV
dt

� �2
�v2ðVÞþ a � v1ðVÞ �

dV
dt

� v4ðVÞ � 1½ �

� 1
c
V1 ¼ b � dV2

dt
� v1ðV1Þþ b � V2

2 � v2ðV1Þþ a � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �

dV2

dt
� b � v1ðV1Þ ¼ � 1

c
V1 � b � V2

2 � v2ðV1Þ � a � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �

dV2

dt
¼

� 1
c V1 � b � V2

2 � v2ðV1Þ � a � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �
b � v1ðV1Þ

We can summarize our system differential equations under optoisolation feed-
back loop polynomial connection:

dV1

dt
¼ V2

dV2

dt
¼

� 1
c V1 � b � V2

2 � v2ðV1Þ � a � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �
b � v1ðV1Þ

In the above system differential equations, we interest to inspect which kind of
limit cycle we have and how overall parameters influence it. We can define two

functions: dV1

dt ¼ g1ðV1;V2Þ; dV2

dt ¼ g2ðV1;V2Þ
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g1ðV1;V2Þ ¼ V2; g2ðV1;V2Þ

¼
� 1

c V1 � b � V2
2 � v2ðV1Þ � a � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �

b � v1ðV1Þ

We consider as before for a, b, c, the relationship:

l ¼ a
b
;

1
b � c ¼ 1 ) b � c ¼ 1 ) a

l
� c ¼ 1 ) l ¼ a � c;

a ¼ l � b ) b ¼ a
l
) c ¼ 1

b

Then we get the following set of differential equations:

dV1

dt
¼ V2

dV2

dt
¼

� 1
c�bV1 � V2

2 � v2ðV1Þ � a
b � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �

v1ðV1Þ

For the above notation we get:

dV1

dt
¼ V2

dV2

dt
¼ �V1 � V2

2 � v2ðV1Þ � l � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �
v1ðV1Þ

Accordingly we have g1, g2 functions:

g1ðV1;V2Þ ¼ V2; g2ðV1;V2Þ ¼ �V1 � V2
2 � v2ðV1Þ � l � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �

v1ðV1Þ

v1ðV1Þ ¼
X5
k¼1

k � gk � Vk�1
1 ¼ g1 þ 2 � g2 � V1 þ 3 � g3 � V2

1 þ 4 � g4 � V3
1 þ 5 � g5 � V4

1

v2ðV1Þ ¼
X5
k¼1

k � ðk � 1Þ � gk � Vk�2
1

¼ 2 � g2 þ 6 � g3 � V1 þ 12 � g4 � V2
1 þ 20 � g5 � V3

1

v4ðV1Þ ¼
X6
k¼1

gk�1 � Vk�1
1

" #2
¼ g0 þ g1 � V1 þ � � � þ g5 � V5

1


 �2
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We choose V1, V2 initial values (V10, V20), 0.2, 0.3, respectively and change our
system l (Mui) parameter value from 0.1 down to 0.0001 (0.1, 0.01, 0.001,
0.0001).

The related MATLAB script to get plot of V2 against V1 phase space.
x(1) ! V1; x(2) ! V2; a(Mui) ! l (Fig. 1.13).

function g=vanderpolopto(t,x,a)
g=zeros(2,1);
g(1)=x(2);%x(1) represent the van der pol V1 variable
m1=0.0871-0.012*x(1)+0.000456*(x(1)).^2-
6.172*0.000001*(x(1)).^3+28.3*0.000000001*(x(1)).^4;
m2=-0.012+0.000912*x(1)-
18.516*0.000001*(x(1)).^2+113.2*0.000000001*(x(1)).^3;
m4=(6.3+0.0871*x(1)-0.006*(x(1)).^2+0.000152*(x(1)).^3-
1.543*0.000001*(x(1)).^4+5.66*0.000000001*(x(1)).^5).^2;
g(2)=(-x(1)-(x(2)).^2.*m2-a*m1.*x(2).*(m4-1))./m1;

function h=vanderpol2 (a,V10,V20)
[t,x]=ODE45(@vanderpolopto,[0,10],[V10,V20],[],a);
%plot(t,x);
plot(x(:,1),x(:,2))% V1 against V2 at time increase phase plan plot  

Fig. 1.13 Van der Pol system with optoisolation feedback loops
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Fig. 1.13 (continued)

Fig. 1.13 (continued)
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Fig. 1.13 (continued)

Fig. 1.13 (continued)
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1.2 Optoisolation Circuits with Limit Cycles
Stability Analysis

In the last analysis, we discuss our van der Pol system with optoisolation feedback
loop . We need to analyze and find fixed points , stability under parameters values
change [5, 6].

Our system differential equations:

dV1

dt
¼ g1ðV1;V2Þ; dV2

dt
¼ g2ðV1;V2Þ

Accordingly we have g1, g2 functions:

g1ðV1;V2Þ ¼ V2; g2ðV1;V2Þ ¼ �V1 � V2
2 � v2ðV1Þ � l � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �

v1ðV1Þ

To find fixed points we set

dV1

dt
¼ 0;

dV2

dt
¼ 0 ) g1ðV1;V2Þ ¼ 0; g2ðV1;V2Þ ¼ 0 ) V2 ¼ 0

g2ðV1;V2 ¼ 0Þ ¼ �V1

v1ðV1Þ ¼ 0 ) v1ðV1Þ ¼
X5
k¼1

k � gk � Vk�1 6¼ 0 ; V1 ¼ 0

We get the result, our system fixed point : ðV�
1 ;V

�
2 Þ ¼ ð0; 0Þ then

g1ðV�
1 ;V

�
2 Þ ¼ 0; g2ðV�

1 ;V
�
2 Þ ¼ 0, let u ¼ V1 � V�

1 ; v ¼ V2 � V�
2 denote the com-

ponents of a small disturbance from the van der Pol optoisolation fixed point. To
see whether the disturbance grows or decays, we need to derive differential equa-

tions for u and v. dudt ¼
dV1

dt ¼ g1ðV�
1 þ u;V�

2 þ vÞ since V�
1 is a constant. By using

Taylor series expansion and since g1ðV�
1 ;V

�
2 Þ ¼ 0, we get the following equation:

du
dt

¼ dV1

dt
¼ g1ðV�

1 ;V
�
2 Þþ u � @g1

@V1
þ v � @g1

@V2
þO ðu2; v2; u � vÞ��g1ðV�

1 ;V
�
2 Þ¼0

¼ u � @g1
@V1

þ v � @g1
@V2

þO ðu2; v2; u � vÞ

Since @g1
@V1

and @g1
@V2

are evaluated at the fixed points ðV�
1 ;V

�
2 Þ ¼ ð0; 0Þ thus they are

numbers, not functions. O ðu2; v2; u � vÞ denotes quadratic terms in u and v (very
small). Similarly we find:

dv
dt

¼ dV2

dt
¼ g2ðV�

1 ;V
�
2 Þþ u � @g2

@V1
þ v � @g2

@V2
þO ðu2; v2; u � vÞ��g2ðV�

1 ;V
�
2 Þ¼0

¼ u � @g2
@V1

þ v � @g2
@V2

þO ðu2; v2; u � vÞ
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The disturbance (u, v) evolves according to

du
dt
dv
dt

0
BB@

1
CCA ¼

@g1
@V1

@g1
@V2

@g2
@V1

@g2
@V2

 !
�

u

v

 !
þQuadratic term;

Jacobian matrix A ¼
@g1
@V1

@g1
@V2

@g2
@V1

@g2
@V2

 !
ðV�

1 ;V
�
2 Þ

The quadratic terms are tiny and we neglect them and obtain linearized system.

du
dt
dv
dt

0
B@

1
CA ¼

@g1
@V1

@g1
@V2

@g2
@V1

@g2
@V2

 !
� u

v

 !
. We classify our system fixed points as stable

(spiral, Node) or Unstable (spiral, Node), which is done by inspection of the system
characteristic equation.

A� k � I ¼
@g1
@V1

@g1
@V2

@g2
@V1

@g2
@V2

 !
ðV�

1 ;V
�
2 Þ
� 1 0

0 1

� �
� k ¼

@g1
@V1

� k @g1
@V2

@g2
@V1

@g2
@V2

� k

 !
ðV�

1 ;V
�
2 Þ

det A� k � Ij j ¼ 0 ) det
@g1
@V1

� k @g1
@V2

@g2
@V1

@g2
@V2

� k

 !
ðV�

1 ;V
�
2 Þ

������
������ ¼ 0

) @g1
@V1

� k

� �
� @g2

@V2
� k

� �
� @g2
@V1

� @g1
@V2

� 	
ðV�
1
;V�
2
Þ

¼ 0

g1ðV1;V2Þ ¼ V2; g2ðV1;V2Þ ¼ �V1 � V2
2 � v2ðV1Þ � l � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �

v1ðV1Þ
@g1ðV1;V2Þ

@V1

����
ðV�

1 ;V
�
2 Þ¼ð0;0Þ

¼ 0;
@g1ðV1;V2Þ

@V2

����
ðV�

1 ;V
�
2 Þ¼ð0;0Þ

¼ 1

@g2ðV1;V2Þ
@V1

¼
�1� V2

2 � @v2ðV1Þ
@V1

� l � V2 � @v1ðV1Þ
@V1

� l � v1ðV1Þ � V2 � @v4ðV1Þ
@V1

n o
� v1ðV1Þ

½v1ðV1Þ�2

þ
@v1ðV1Þ
@V1

� V1 þV2
2 � v2ðV1Þþl � v1ðV1Þ � V2 � v4ðV1Þ � 1½ �� �

v1ðV1Þ½ �2

@g2
@V2

¼ �2 � V2 � v2ðV1Þ � l � v1ðV1Þ � v4ðV1Þ � 1½ �f g � v1ðV1Þ
½v1ðV1Þ�2
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v1ðV1Þ ¼
X5
k¼1

k � gk � Vk�1
1 ) v1ðV1 ¼ 0Þ ¼ g1

v2ðV1Þ ¼
X5
k¼1

k � ðk � 1Þ � gk � Vk�2
1 ) v2ðV1 ¼ 0Þ ¼ 2 � g2

v4ðV1Þ ¼
X6
k¼1

gk�1 � Vk�1
1

" #2
¼ ½g0 þ g1 � V1 þ � � � þ g5 � V5

1 �2 ) v4ðV1 ¼ 0Þ ¼ g20

@g2
@V1

����
ðV�
1
;V�
2
Þ

¼ � 1
g21

;
@g2
@V2

����
ðV�
1
;V�
2
Þ

¼ �l � ½g20 � 1�

det A� k � Ij j ¼ 0 ) det
@g1
@V1

� k @g1
@V2

@g2
@V1

@g2
@V2

� k

 !
ðV�

1 ;V
�
2 Þ

������
������

¼ det
�k 1

� 1
g21

�l � ½g20 � 1� � k

 !�����
����� ¼ 0

) fk � l � ½g20 � 1� þ k
� �þ 1

g21
¼ 0

) k2 þ k � l � ½g20 � 1� þ 1
g21

¼ 0

) k1;2 ¼
�l � ½g20 � 1� 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � ½g20 � 1�2 � 4 � 1

g21

q
2

k1 ¼ � 1
2
� l � ½g20 � 1� þ 1

2
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � ½g20 � 1�2 � 4 � 1

g21

s
;

k2 ¼ � 1
2
� l � ½g20 � 1� � 1

2
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � ½g20 � 1�2 � 4 � 1

g21

s

We need to classify our optoisolation linear system. The V1 and V2 axes played a
crucial geometric role. They determined the direction of the trajectories as
t ! ±∞. They also contained special straight line trajectories which started on one
of the coordinate axes, stayed on that axis forever, and exhibited simple exponential
growth or decay along it. Table 1.3 summarizes our system stability classification
based on eigenvalues.

We already found η0, η1 parameters circuit values: η0 = 6.3, η1 = 0.087111.
For this values g20 � 1 ¼ 38:69; ½g20 � 1�2 ¼ 1496:9; 1

g21
¼ 1

½0:087111�2 ¼ 131:92.

1.2 Optoisolation Circuits with Limit Cycles Stability Analysis 31



k1;2 ¼ �l � 19:34	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

p
; we get two roots:

k1 ¼ �l � 19:34þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

p
;

k2 ¼ �l � 19:34�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

p

Unstable Node

k1 ¼ �l � 19:34þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

pn o
[ 0;

k2 ¼ �l � 19:34�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

pn o
[ 0

Stable Node:

k1 ¼ �l � 19:34þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

pn o
\0;

k2 ¼ �l � 19:34�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

pn o
\0

Saddle Point:

k1 � k2\0 ) k1 � k2
¼ �l � 19:34þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

pn o
� �l � 19:34�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

pn o
\0

k1 � k2 ¼ l2 � 19:342 � ðl2 � 374:22� 131:92Þ\0

) l[ 26:74 or l\� 26:74

Table 1.3 System stability classification based on eigenvalues

Eigenvalues Meaning

k1 [ 0; k2 [ 0 Unstable node

k1 \0; k2 \ 0 Stable node

k1 \0 & k2 [ 0 or k1 [ 0 & k2 \0

k1 � k2 \0

Saddle point

k1; k2 complex then k1;2 ¼ a	 jx

a ¼ Reðk1;2Þ\0 then decaying oscillations spiral

Stable point spiral

k1; k2 complex then k1;2 ¼ a	 jx

a ¼ Reðk1;2Þ[ 0 then growing oscillations Spiral

Unstable point spiral

k1; k2 complex then k1;2 ¼ a	 jx

k1; k2 are pure imaginary a ¼ 0
and

Solutions are periodic solution with
period
T ¼ 2�p

x
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Stable Point Spiral

k1;2 ¼ a	 j � x; a ¼ Re ðk1;2Þ\0 ) l2 � 374:22� 131:92
� �

\0 ) �26:74\l\þ 26:74

a ¼ Re ðk1;2Þ ¼ �l � 19:34\0 ) l[ 0 ) 0\l\þ 26:74

Unstable Point Spiral

k1;2 ¼ a	 j � x; a ¼ Re ðk1;2Þ[ 0 ) l2 � 374:22� 131:92
� �

\0 ) �26:74\l\þ 26:74

a ¼ Re ðk1;2Þ ¼ �l � 19:34[ 0 ) l\0 ) �26:74\l\0

Solutions Are Periodic with Period

k1;2 ¼ a	 j � x; a ¼ Re ðk1;2Þ ¼ 0

) l2 � 374:22� 131:92
� �

\0 ) �26:74\l\þ 26:74

a ¼ Re ðk1;2Þ ¼ �l � 19:34 ¼ 0

) l ¼ 0 )
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 374:22� 131:92

p
¼ j � 11:48 ) x ¼ 11:48

We get a periodic behavior with period: T ¼ 2�p
x ¼ 2�p

11:48 ¼ p
5:74.

We want to classify our system stability statuses more deeply based on
parameters values l, η0, η1. We define our system trajectory of the form V(t) =
ek∙t ∙ W, whereW 6¼ 0 is some fixed vector to be determined, and k is a growth rate.
If the solutions form exist, they correspond to exponential motion along the line
spanned by the vector W. To find the conditions on W and k, we substitute

V(t) = ek∙t ∙ W into dV=dt ¼ A � V V ¼ V1

V2

 !
; dVdt ¼

dV1

dt
dV2

dt

0
B@

1
CA

0
B@

1
CA and obtain

k∙ek∙t∙W = ek∙t ∙ A ∙ W. When we cancel the nonzero scalar factor ek∙t yields
A ∙ W = k ∙ W. The solutions exist if W is an eigenvector of A with corresponding
eigenvalue k. V(t) = ek∙t ∙ W is an eigensolution . The eigenvalues of a linearized
matrix A are given by the characteristic equation det(A – k ∙ I) = 0, where I is the
identity matrix. We already found our linearized matrix A.

A ¼
@g1
@V1

@g1
@V2

@g2
@V1

@g2
@V2

 !
ðV�

1 ;V
�
2 Þ
¼

@g1
@V1

���
ðV�

1 ;V
�
2 Þ

@g1
@V2

���
ðV�

1 ;V
�
2 Þ

@g2
@V1

���
ðV�

1 ;V
�
2 Þ

@g2
@V2

���
ðV�

1 ;V
�
2 Þ

0
B@

1
CA ¼ 0 1

� 1
g21

�l � ½g20 � 1�
� �

For simplicity, we define four parameters a, b, c, d and build our A matrix by
those parameters.

A ¼
@g1
@V1

@g1
@V2

@g2
@V1

@g2
@V2

 !
ðV�

1 ;V
�
2 Þ
¼ a b

c d

� �
¼ 0 1

� 1
g21

�l � ½g20 � 1�
� �
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The characteristic equation becomes:

det
a� k b

c d � k

� �����
���� ¼ 0 ) k2 � s � kþD ¼ 0;

s ¼ trace ðAÞ ¼ aþ d; D ¼ det ðAÞ ¼ a � d � b � c

Then k1 ¼ sþ
ffiffiffiffiffiffiffiffiffiffiffi
s2�4�D

p
2 ; k1 ¼ s�

ffiffiffiffiffiffiffiffiffiffiffi
s2�4�D

p
2 . The eigenvalues depend only on the trace

and determinant of the matrix A. Typical solution k1 6¼ k2 and vectors W1, W2 are
linearly independent and span the entire plane. Any initial condition V0 can be
written as a linear combination of eigenvectors V0 = c1 ∙ w1 + c2 ∙ w2 and the
general solution for V(t):

VðtÞ ¼ c1 � ek1�t � w1 þ c2 � ek2�t � w2

VðtÞ ¼ c1 � e
�1

2�l� g20�1½ �þ 1
2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2�½g20�1�2�4� 1

g2
1

q� 	
�t
� w1 þ c2

� e
�1

2�l� g20�1½ ��1
2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2�½g20�1�2�4� 1

g2
1

q� 	
�t
� w2

D ¼ k1 � k2 ¼ 1
4
� l2 � g20 � 1


 �2� l2 � g20 � 1

 �2�4 � 1

g21

� 	� 	
¼ 1

g21
;

s ¼ k1 þ k2 ¼ �l � g20 � 1

 �

ðk� k1Þ � ðk� k2Þ ¼ k2 � s � kþD ¼ 0; D\0, the eigenvalues are real and
have opposite signs; hence the fixed point is a saddle point. D > 0, the eigenvalues
are either real with the same sign (nodes), or complex conjugate which is spirals and
centers. Nodes satisfy s2 � 4 � D[ 0 and spirals satisfy s2 � 4 � D\0. The parabola
s2 � 4 � D ¼ 0 is the borderline between nodes and spiral; star nodes and degenerate
nodes live on this parabola. When s\0, both eigenvalues have negative real parts
and the fixed point is stable. When s[ 0, then unstable spiral and node behavior.
Neutrally stable centers live on the borderline s ¼ 0, when the eigenvalues are
purely imaginary. If D ¼ 0, at least one of the eigenvalues is zero and the origin is
not an isolated fixed point. There is either a whole line of fixed points.

1.3 Poincare–Bendixson Stability and Limit
Cycle Analysis

We have optoisolation system and we need to establish to which parameters values
the closed orbits exist in our optoisolation particular system. We define Poincare–
Bendixson theorem which proposes that our optoisolation system resides in the
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plane. When R is a closed subset of the plane, dV/dt = f(V) is a continuously
differentiable vector field on an open set containing R. When R does not contain any
fixed point and there exist trajectories C that is confined in R, in the sense that it
starts in R and stays in R for all future time. C is a closed orbit, or it spirals toward a
close orbit as t ! ∞ R contains a closed orbit. We define our system equations as:

dr
dt

¼ r � ð1� r2Þþ l � r � cos ðhÞ; dh
dt

¼ 1; f ðl; rÞ ¼
dr
dt � r � ð1� r2Þ

l � r ¼ cosðhÞ

We define h and r as system global variables. l is system main parameter.

h ¼ arccos ½f ðl; rÞ� ¼ arccos
dr
dt � r � ð1� r2Þ

l � r

" #
;
dh
dt

¼ d
dt

arccos ½f ðl; rÞ�f g ¼ 1

d
dt

arccos ½f ðl; rÞ�f g ¼ 1 ) d
dt

arccos
dr
dt � r � ð1� r2Þ

l � r

" #( )
¼ 1;

Uðf ðl; rÞÞ ¼ arccos ½f ðl; rÞ�

dU
dt

¼ dU
df

� df
dt

) dU
dt

¼ d
df

arccos ½f ðl; rÞ�gf g � d
dt

dr
dt � r � ð1� r2Þ

l � r

" #

d
df

arccos ½f ðl; rÞ�f g ¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ½f ðl; rÞ�2

q ) dU
dt

¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ½f ðl; rÞ�2

q � d
dt

dr
dt � r � ð1� r2Þ

l � r

" #

df ðl; rÞ
dt

¼
d2

r
dt2 � dr

dt � ð1� r2Þ � r � �2 � r � drdt
� h i

� l � r � l � drdt � dr
dt � r � ð1� r2Þ
h i

½l � r�2

df ðl; rÞ
dt

¼ 1
l
�

d2
r

dt2 � dr
dt þ 3 � drdt � r2

h i
� r � dr

dt � dr
dt � rþ r3
h i

r2

8<
:

9=
;
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dU
dt

¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ½f ðl; rÞ�2

q � d
dt

dr
dt � r � ð1� r2Þ

l � r

" #

¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

dr

dt
�r�ð1�r2Þ

l�r

" #2vuut
� 1
l

�
d2

r
dt2 � dr

dt þ 3 � drdt � r2
h i

� r � dr
dt � dr

dt � rþ r3
h i

r2

8<
:

9=
;

�l � r2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

dr
dt � r � ð1� r2Þ

l � r

" #2vuut ¼ d2r
dt2

� dr
dt

þ 3 � dr
dt

� r2
� �

� r � dr
dt

� dr
dt

� rþ r3
� �

We do variable transformation and get our system set of differential equations.

X ¼ dr
dt

;
dX
dt

¼ d2r
dt2

; Y ¼ r ) X ¼ dY
dt

;
dr
dt

! X;
d2r
dt2

! dX
dt

; r ! Y

�l � Y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X � Y � ð1� Y2Þ

l � Y
� �2s

¼ dX
dt

� X þ 3 � X � Y2 � X
Y
� ½X � Y þ Y3�

We get set of two differential equations:

dX
dt

¼ �l � Y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X � Y � ð1� Y2Þ

l � Y
� �2s

þX � 3 � X � Y2 þ X
Y
� ½X � Y þ Y3�

dY
dt

¼ X

We define two functions:

f ðX; YÞ ¼ �l � Y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X � Y � ð1� Y2Þ

l � Y
� �2s

þX � 3 � X � Y2 þ X
Y
� ½X � Y þ Y3�; g ðX; YÞ ¼ X

Accordingly we get the set: dXdt ¼ f ðX; YÞ; dYdt ¼ g ðX; YÞ
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To our system fixed points , we define:

dX
dt

¼ 0 ) f ðX�; Y�Þ ¼ 0 ;
dY
dt

¼ 0 ) gðX�; Y�Þ ¼ 0 ) X� ¼ 0

gðX� ¼ 0;Y�Þ ¼ 0 ) f ðX� ¼ 0; Y�Þ ¼ 0 ) f ðX� ¼ 0; Y�Þ

¼ �l � Y� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

1� ½Y��2
� 

l

2
4

3
5
2

vuuut ¼ 0

X� ¼ 0 ) Y ð0Þ ¼ 0; Y ð1Þ ¼ þ
ffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
;

Y ð2Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
; Y ð3Þ ¼ þ

ffiffiffiffiffiffiffiffiffiffiffi
1� l

p
; Y ð4Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffi
1� l

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� ½Y��2Þ

l

" #2vuut ¼ 0 ) ð1� ½Y��2Þ
l

" #2
¼ 1

) ð1� ½Y��2Þ
l

¼ 	1 ) ð1� ½Y��2Þ ¼ 	l

ð1� ½Y��2Þ ¼ 	l ) ½Y��2 ¼ 1	 l ) Y� ¼ 	
ffiffiffiffiffiffiffiffiffiffiffi
1	 l

p
We get five fixed points in our system:

Eð0ÞðXð0Þ; Y ð0ÞÞ ¼ ð0; 0Þ; Eð1ÞðXð1Þ; Y ð1ÞÞ ¼ ð0; þ
ffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
Þ;

Eð2ÞðXð2Þ; Y ð2ÞÞ ¼ ð0;�
ffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
Þ

Eð3ÞðXð3Þ; Y ð3ÞÞ ¼ ð0; þ
ffiffiffiffiffiffiffiffiffiffiffi
1� l

p
Þ; Eð4ÞðXð4Þ; Y ð4ÞÞ ¼ ð0;�

ffiffiffiffiffiffiffiffiffiffiffi
1� l

p
Þ

We can find our fixed points directly from our system original equation.

�l � r2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

dr
dt � r � ð1� r2Þ

l � r

" #2vuut ¼ d2r
dt2

� dr
dt

þ 3 � dr
dt

� r2
� �

� r � dr
dt

� dr
dt

� rþ r3
� �

The condition to find our system fixed points: drdt ¼ 0; d
2
r

dt2 ¼ 0
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� l � ½r��2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ½r��2 � 1

l

" #2vuut ¼ 0 ) r� ¼ 0 or 1� ½r��2 � 1
l

" #2
¼ 0 ) ½r��2 � 1

l

" #2
¼ 1

½r��2 � 1
l

" #2
¼ 1 ) ½r��2 � 1

l

" #
¼ 	1 ) ½r��2 � 1 ¼ 	l ) ½r��2 ¼ 1	 l ) r� 	

ffiffiffiffiffiffiffiffiffiffiffi
1	 l

p

To classify our system fixed points stability, we first need to find the Jacobian
matrix at the fixed points (X(i), Y(i)); i = 0, 1, 2, 3, 4. Linearization technique.

A ¼
@f
@X

@f
@Y

@g
@X

@g
@Y

 !
ðXðiÞ;Y ðiÞÞ

@f
@X

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X�Y �ð1�Y2Þ

Y �l
n o2

r � ½X � Y � ð1� Y2Þ�
Y � l � 2 � Y2 þ 2 � X

Y

In all our system, fixed points X(i) = 0 for i = 0, 1, 2, 3, 4. We get

@f
@X

����
ðXðiÞ¼0;Y ðiÞÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð½Y ðiÞ�2�1Þ

l

n o2
r � ð½Y

ðiÞ�2 � 1Þ
l

� 2 � ½Y ðiÞ�2

We need to calculate @f
@X

��
ðXðiÞ¼0;Y ðiÞÞ for our system Jacobian matrix.

Y ði¼0Þ ¼ 0 ) @f
@X

����
ðXðiÞ¼0;Y ð0Þ¼0Þ

¼ � 1

l �
ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

q

Y ði¼1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
) @f

@X

����
ðXðiÞ¼0;Y ð1Þ¼ ffiffiffiffiffiffiffiffi

1þ l
p Þ

! 1

Y ði¼2Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
) @f

@X

����
ðXðiÞ¼0;Y ð2Þ¼� ffiffiffiffiffiffiffiffi

1þl
p Þ

! 1

Y ði¼3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� l

p
) @f

@X

����
ðXðiÞ¼0;Y ð3Þ¼ ffiffiffiffiffiffiffi

1�l
p Þ

! 1

Y ði¼4Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
1� l

p
) @f

@X

����
ðXðiÞ¼0;Y ð4Þ¼� ffiffiffiffiffiffiffi

1�l
p Þ

! 1

We need to calculate @f
@Y

��
ðXðiÞ¼0;Y ðiÞÞ for our system Jacobian matrix.
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@f
@Y

¼ �l �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X � Y � ð1� Y2Þ

l � Y
� 	2

s
þ X � Y � ð1� Y2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� X�Y �ð1�Y2Þ
l�Y

n o2
r � 2Y3 � X

lY2

� 	

� 6XY � X
Y

� �2
þ 2 � X � Y

In all our system fixed points X(i) = 0 for i = 0, 1, 2, 3, 4. We get

@f
@Y

����
ðXðiÞ¼0;Y ðiÞÞ

¼ �l �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð½Y ðiÞ�2 � 1Þ

l

( )2
vuut þ ð½Y ðiÞ�2 � 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð½Y ðiÞ�2�1Þ
l

n o2
r � 2 � ½Y ðiÞ�2

l

( )

Y ði¼0Þ ¼ 0 ) @f
@Y

����
ðXðiÞ¼0;Y ð0Þ¼0Þ

¼ �l �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

s

Y ði¼1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
) @f

@Y

����
ðXðiÞ¼0;Y ð1Þ¼ ffiffiffiffiffiffiffiffi

1þ l
p Þ

! 1

Y ði¼2Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
1þ l

p
) @f

@Y

����
ðXðiÞ¼0;Y ð2Þ¼� ffiffiffiffiffiffiffiffi

1þl
p Þ

! 1

Y ði¼3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� l

p
) @f

@Y

����
ðXðiÞ¼0;Y ð3Þ¼ ffiffiffiffiffiffiffi

1�l
p Þ

! 1

Y ði¼4Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
1� l

p
) @f

@Y

����
ðXðiÞ¼0;Y ð4Þ¼� ffiffiffiffiffiffiffi

1�l
p Þ

! 1

@g
@X

����
ðXðiÞ;Y ðiÞÞ

¼ 1;
@g
@Y

����
ðXðiÞ;Y ðiÞÞ

¼ 0

We get our Jacobian matrix elements. There is only meaning to the first fixed
point since all other fixed points Jacobian matrix elements ð@f@X ; @f

@YÞ go to infinite
[8, 9].

To classify our system fixed points stability we first need to find the Jacobian
matrix at the fixed points (X(i), Y(i)); i = 0. Linearization technique.

A ¼
@f
@X

@f
@Y

@g
@X

@g
@Y

 !
ðXði¼0Þ;Y ði¼0ÞÞ

¼ � 1
l�

ffiffiffiffiffiffiffiffi
1� 1

l2

p �l �
ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

q
1 0

 !
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A ¼
@f
@X

@f
@Y

@g
@X

@g
@Y

 !
ðXði¼0Þ;Y ði¼0ÞÞ

�k � I ¼ � 1
l�

ffiffiffiffiffiffiffiffi
1� 1

l2

p � k �l �
ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

q
1 �k

 !

det ðA� k � IÞ ¼ 0 ) � 1

l �
ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

q � k

0
B@

1
CA � ð�kÞþ l �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

s
¼ 0

Characteristic equation: 1
l�

ffiffiffiffiffiffiffiffi
1� 1

l2

p þ k

 !
� kþ l �

ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

q
¼ 0; C ¼ l �

ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

q

C ¼ l �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

s
) 1

C
þ k

� �
� kþC ¼ 0 ) k2 þ k � 1

C
þC ¼ 0

) k1;2 ¼ 1
2
� � 1

C
	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

C2 � 4 � C
r( )

k1;2 ¼ 1
2 � C � �1	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4 � C3

pn o
;

C ¼ l �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l2

s
) C ¼ l �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1
l2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1

p

l ¼ 0 ) C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1

p
l¼0 ¼ i;

1
Cl¼0

¼ �i; C3
l¼0 ¼ �i

k1;2jl¼0 ¼ 1
2 � C � �1	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4 � C3

pn o
l¼0

¼ � i
2
� �1	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4 � ip� �
;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4 � ip ¼ m1 þ i � m2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 � ip ¼ m1 þ i � m2 ) 1þ 4 � i ¼ m2

1 � m2
2 þ 2 � i � m1 � m2

) m2
1 � m2

2 ¼ 1; m1 � m2 ¼ 2

m2
1 � m2
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We can summarize our intermediate result in Tables 1.4 and 1.5:
We need to verify for our system, when there is a stable limit cycle at r = 1 and

the close orbit still exist for l > 0. If we start from initial radius variable value r0
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then the equation for r(t) is r(t) = r0 + [dr/dt] ∙ dt. We define dr/dt as the change
rate respect to time of radius vector r(t). We define two main cases: in the inner
circle and outer circle. We have three kinds of possible limit cycle in our system:
SLC, HLC, and USL. For each limit cycle, we need to establish the rmin and rmax

values for dr/dt conditions in the inner and outer circle. We need to find rmin and
rmax values (r > 0) then Poincare–Bendixson theorem implies existence of a closed
orbit. Table 1.6 summarizes each limit cycle type and the conditions for dr/dt in the
inner and outer circle [6, 7].
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� � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp þ r

� �
[ 0; we have two

cases:
Case I: f ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp � rg[ 0 ) r\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp
; f ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp þ rg[ 0 ) r[

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp

\r\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp

as long as l < 1 the square root make sense.

Case II:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp � r

� �
\0 ) r[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp þ r
� �

\0 )
r\� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp

Not possible!

Option II: dr/dt < 0

dr
dt

\0 ) r � ð1� r2Þþ l � r � cos h\0; cos h� � 1;

cos h ¼ �1 ) r � ð1� r2Þ � l � r\0

r � ð1� r2Þ � l � r\0 ) r � ½1� r2 � l�\0;

r[ 0 ) ½1� r2 � l�\0 ) ½ð1� lÞ � r2�\0

ð1� lÞ � r2½ �\0 ) ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp � r
� � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp þ r

� �
\0; we have two

cases:

Case I:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp � r

� �
[ 0 ) r\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp þ r
� �

\0 ) r\
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp

r\� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp
as long as l < 1 the square root make sense.

Case II:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp � r

� �
\0 ) r[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp þ r
� �

[ 0 ) r[
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp

r[
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� lÞp

as long as l < 1 the square root makes sense.

Table 1.6 Limit cycle type and the conditions for dr/dt in the inner and outer circle

Limit cycle type dr/dt in the inner circle dr/dt in the outer circle

Stable limit cycle (SLC) dr/dt > 0 dr/dt < 0

Half-stable limit cycle (HLC) dr/dt < 0 dr/dt < 0

Unstable limit cycle (ULC) dr/dt < 0 dr/dt > 0
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dr
dt

\0 ) r � ð1� r2Þþ l � r � cos h\0;

cos h� � 1; cos h ¼ 1 ) r � ð1� r2Þþ l � r\0

r � ð1� r2Þþ l � r\0 ) r � ½1� r2 þ l�\0;

r[ 0 ) ½1� r2 þ l�\0 ) ½ð1þ lÞ � r2�\0

ð1þ lÞ � r2½ �\0 ) ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp � r
� � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp þ r

� �
\0; We have two

cases:
Case I:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp � r
� �

[ 0 ) r\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp þ r

� �
\0 ) r\�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp

Then r\� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp
.

Case II:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp � r

� �
\0 ) r[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp þ r
� �

[ 0 ) r[�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp
Then r[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ lÞp
We need to plot phase portrait for our Poincare–Bendixson system. We choose

different l parameter values and X0, Y0 initial values.
Our system differential equations are

dX
dt

¼ �l � Y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X � Y � ð1� Y2Þ

l � Y
� �2s

þX � 3 � X � Y2 þ X
Y
� ½X � Y þ Y3�

dY
dt

¼ X

x(1) ! X, x(2) ! Y, a(Mui) ! l

MATLAB script (Fig. 1.14):

function g=poincarebendixson (t,x,a)
g=zeros (2,1);
g(1)=-a.*x(2).*(1-((x(1)-x(2).*(1-
x(2).^2))./(a.*x(2))).^2).^0.5+x(1)-
3.*x(1).*x(2).^2+(x(1)./x(2)).*(x(1)-x(2)+x(2).^3);
g(2)=x(1);

function h=poincarebendixson1 (a, X0, Y0)
[t,x]=ODE45 (@poincarebendixson, [0,10] , [X0,Y0] , [] , a);
%plot(t,x);
plot(x(:,1),x(:,2)) % X against Y at time increase phase plan plot
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Fig. 1.14 Poincare–Bendixson system

Fig. 1.14 (continued)
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Fig. 1.14 (continued)

Fig. 1.14 (continued)
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1.4 Optoisolation Circuits Poincare–Bendixson Analysis

We need to implement our Poincare–Bendixson system by using optoisolation
circuits.

Our system differential equations are

dX
dt

¼ �l � Y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X � Y � ð1� Y2Þ

l � Y
� �2s

þX � 3 � X � Y2 þ X
Y
� X � Y þ Y3
 �

dY
dt

¼ X

We get by transformation dY
dt ! X one system differential equation.

d2Y
dt2

¼ �l � Y �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

dY
dt � Y � ð1� Y2Þ

l � Y

" #2vuut
þ dY

dt
� 3 � dY

dt
� Y2 þ dY

dt
� 1
Y
� dY

dt
� Y þ Y3

� �

Fig. 1.14 (continued)
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d2Y
dt2

¼ �l � Y �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

dY
dt � Y � ð1� Y2Þ

l � Y

" #2vuut þ dY
dt

� 3 � dY
dt

� Y2 þ dY
dt

� �2
� 1
Y
� dY

dt
þ dY

dt
� Y2

d2Y
dt2

¼ �l � Y �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

dY
dt � Y � ð1� Y2Þ

l � Y

" #2vuut � 2 � dY
dt

� Y2 þ dY
dt

� �2
� 1
Y

d2Y
dt2

þ 2 � dY
dt

� Y2 � dY
dt

� �2
� 1
Y
¼ �l � Y �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

dY
dt � Y � ð1� Y2Þ

l � Y

" #2vuut

1�
dY
dt � Y � ð1� Y2Þ

l � Y

" #2
¼ 1�

dY
dt � Y � ð1� Y2Þ
h i2

½l � Y �2

¼
½l � Y �2 � dY

dt � Y � ð1� Y2Þ
h i2
½l � Y �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

dY
dt � Y � ð1� Y2Þ

l � Y

" #2vuut ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½l � Y �2 � dY

dt � Y � ð1� Y2Þ
h i2
½l � Y �2

vuuut

¼ 1
l � Y �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½l � Y �2 � dY

dt
� Y � ð1� Y2Þ

� �2s

Back to the main equation:

d2Y
dt2

þ 2 � dY
dt

� Y2 � dY
dt

� �2
� 1
Y
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½l � Y �2 � dY

dt
� Y � ð1� Y2Þ

� �2s

d2Y
dt2

þ 2 � dY
dt

� Y2 � dY
dt

� �2
� 1
Y

( )2

¼ ½l � Y �2 � dY
dt

� Y � ð1� Y2Þ
� �2

We use the formula: ðaþ bþ cÞ2 ¼ a2 þ b2 þ c2 þ 2 � a � bþ 2 � a � cþ 2 � b � c

52 1 Optoisolation Circuits with Limit Cycles



d2Y
dt2

� �2
þ 4 � dY

dt

� �2
�Y4 þ dY

dt

� �4
� 1
Y2 þ 4 � d

2Y
dt2

� dY
dt

� Y2

� 2 � d
2Y
dt2

� dY
dt

� �2
� 1
Y
� 4 � dY

dt
� Y � dY

dt

� �2

¼ ½l � Y �2 � dY
dt

� �2
þ 2 � dY

dt
� Y � ð1� Y2Þ � Y2 � ð1� Y2Þ2

Different terminology: d
2
Y

dt2 ! €Y ; dYdt ! _Y ; Y ! Y

½€Y �2 þ 4 � ½ _Y �2 � Y4 þ ½ _Y �4 � 1
Y2 þ 4 � €Y � _Y � Y2

� 2 � €Y � ½ _Y �2 � 1
Y
� 4 � _Y � Y � ½ _Y �2

¼ ½l � Y �2 � ½ _Y �2 þ 2 � _Y � Y � ð1� Y2Þ � Y2 � ð1� Y2Þ2

½€Y �2 þ 4 � ½ _Y �2 � Y4 þ ½ _Y �4 � 1
Y2 þ 4 � €Y � _Y � Y2

� 2 � €Y � ½ _Y �2 � 1
Y
� 4 � Y � ½ _Y �3

¼ ½l � Y �2 � ½ _Y �2 þ 2 � _Y � Y � 2 � _Y � Y3

� Y2 � ð1� 2 � Y2 þ Y4Þ

½€Y �2 þ 4 � ½ _Y �2 � Y4 þ ½ _Y �4 � 1
Y2

þ 4 � €Y � _Y � Y2 � 2 � €Y � ½ _Y �2 � 1
Y
� 4 � Y � ½ _Y �3

¼ ½l � Y �2 � ½ _Y �2 þ 2 � _Y � Y � 2 � _Y � Y3 � Y2 þ 2 � Y4 � Y6

Final equation:

½€Y �2 þ 4 � ½ _Y �2 � Y4 þ ½ _Y �4 � 1
Y2

þ 4 � €Y � _Y � Y2 � 2 � €Y � ½ _Y �2 � 1
Y
� 4 � Y � ½ _Y �3

� ½l � Y �2 þ ½ _Y �2 � 2 � _Y � Y
þ 2 � _Y � Y3 þ Y2 � 2 � Y4 þ Y6 ¼ 0

We represent above equation by multiplication of two functions:
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Y2
i¼1

nið½€Y �k; ½ _Y �l;YmÞ ¼ n1ð½€Y �k; ½ _Y �l; YmÞ

� n2ð½€Y �k; ½ _Y �l; YmÞ ¼ 0 8 k; l;m 2 0; 1; 2; 3; . . .

The solution can be for two main cases:

n1ð½€Y �k; ½ _Y �l; YmÞ ¼ 0 or n2ð½€Y �k; ½ _Y �l; YmÞ ¼ 0 at least.
We try to implement the first equation n1 by using optoisolation circuits.
The optoisolation circuit includes one optocoupler, two capacitors (C1 is initially

charged to specific voltage and C2 can be initially charged or not), switch and
resistors. The circuit has voltage double element which doubles the voltage in his
input. We consider, voltage double element’s series resistance is infinite (current
which flow through the voltage double element is very small). We define:
Rdoubler ! 1; Idoubler ! e. At t = 0, we move switch S1 from OFF to ON state,
and need to investigate the circuit dynamics [8, 9] (Fig. 1.15).

ð�Þ C1 � dV1

dt
¼ ICQ1ðV2ÞþC2 � dV2

dt
; IR1 ¼ IC1; V2 ¼ VCEQ1;

IR1 ¼ IC1 ¼ ICQ1 þ IC2 þ Idoubler

Idoubler ! e ) IR1 ¼ IC1 ¼ ICQ1 þ IC2 þ e ) IR1 ¼ IC1 
 ICQ1 þ IC2

V2
2 ¼ ID1 � R2 þVt � ln ID1

I0
þ 1

� �
; Taylor Approx ) ln

ID1
I0

þ 1
� �


 ID1
I0

Fig. 1.15 Poincare–Bendixson optoisolation circuit
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V2
2 ¼ ID1 � R2 þVt � ID1I0 ) ID1 ¼ 1

R2 þVt � 1
I0

h i � V2
2 ;

IBQ1 ¼ k � ID1 ¼ k � 1

R2 þVt � 1
I0

h i � V2
2

We consider the optical coupling between LED D1 and phototransistor Q1 as
Q1’s basis dependent current source (IBQ1 = k ∙ ID1). k is the coupling coefficient.

IR1 ¼ IC1 ¼ C1 � dV1

dt
;

V1 ¼ V2 þ IR1 � R1 ¼ V2 þR1 � C1 � dV1

dt
) V2

¼ V1 � R1 � C1 � dV1

dt

dV2

dt
¼ d

dt
V1 � R1 � C1 � dV1

dt

� 	
) dV2

dt
¼ dV1

dt
� R1 � C1 � d

2V1

dt2

dV2

dt
) ð�Þ ) C1 � dV1

dt
¼ ICQ1ðV2ÞþC2 � dV1

dt
� R1 � C1 � d

2V1

dt2

� 	

C1 � dV1

dt
¼ ICQ1ðV2ÞþC2 � dV1

dt
� R1 � C1 � C2 � d

2V1

dt2

) R1 � C1 � C2 � d
2V1

dt2

¼ ICQ1ðV2Þþ ðC2 � C1Þ � dV1

dt

Using BJT transistor Ebers–Moll equations:

V2 ¼ VCEQ1 ¼ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

þVt � ln Isc
Ise

� �

Isc
Ise


 1 ) ln
Isc
Ise

� �
! e ) V2 ¼ VCEQ1


 Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

(**) V2 ¼ VCEQ1 
 Vt � ln ðar �ICQ1�IEQ1Þþ Ise�ðar �af�1Þ
ðICQ1�IEQ1�af Þþ Isc�ðar �af�1Þ
h i
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IEQ1 ¼ IBQ1 þ ICQ1 ¼ k � 1

R2 þVt � 1
I0

h i � V2
2 þ ICQ1

ar � ICQ1 � IEQ1 ¼ ar � ICQ1 � k � 1

R2 þVt � 1
I0

h i � V2
2 � ICQ1

¼ ICQ1 � ðar � 1Þ � k � 1

R2 þVt � 1
I0

h i � V2
2

ICQ1 � IEQ1 � af ¼ ICQ1 � k � 1

R2 þVt � 1
I0

h i � V2
2 þ ICQ1

8<
:

9=
; � af

¼ ICQ1 � ð1� af Þ � k � af
R2 þVt � 1

I0

h i � V2
2

ð��Þ ) e
V2
Vt½ � ¼ e

VCEQ1
Vt


 �
¼ ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ

ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ ; e
V2
Vt½ � 
 1þ V2

Vt

1þ V2

Vt
¼ ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ

ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ

1þ V2

Vt
¼

ICQ1 � ðar � 1Þ � k � 1

R2 þVt � 1I0

h i � V2
2 þ Ise � ðar � af � 1Þ

ICQ1 � ð1� af Þ � k � af

R2 þVt � 1I0
h i � V2

2 þ Isc � ðar � af � 1Þ

ICQ1 � ð1� af Þ � k � af

R2 þVt � 1
I0

h i � V2
2 þ Isc � ðar � af � 1Þ

þ V2

Vt
� ICQ1 � ð1� af Þ � V2

Vt
� k � af

R2 þVt � 1
I0

h i � V2
2 þ

V2

Vt
� Isc � ðar � af � 1Þ

¼ ICQ1 � ðar � 1Þ � k � 1

R2 þVt � 1
I0

h i � V2
2 þ Ise � ðar � af � 1Þ
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ICQ1 � ð1� af Þ � 1þ V2

Vt

� �
þ V2

Vt
� Isc � ðar � af � 1Þ

� k � af

R2 þVt � 1
I0

h i � V2
2 �

k � af
Vt � R2 þVt � 1

I0

h i � V3
2

þ Isc � ðar � af � 1Þ ¼ ICQ1 � ðar � 1Þ
� k � 1

R2 þVt � 1
I0

h i � V2
2 þ Ise � ðar � af � 1Þ

ICQ1 � ð1� af Þ � ð1þ V2

Vt
Þ � ðar � 1Þ

� 	

¼ k � af
Vt � R2 þVt � 1

I0

h i � V3
2 þ k � af

R2 þVt � 1
I0

h i � V2
2 � k � 1

R2 þVt � 1
I0

h i � V2
2

� V2

Vt
� Isc � ðar � af � 1Þþ ðIse � IscÞ � ðar � af � 1Þ

ICQ1 � ð1� af Þ � 1þ V2

Vt

� �
� ðar � 1Þ

� 	
¼ k � af

Vt � R2 þVt � 1
I0

h i � V3
2 þ k � ðaf � 1Þ

R2 þVt � 1
I0

h i � V2
2

� V2

Vt
� Isc � ðar � af � 1Þþ ðIse � IscÞ � ðar � af � 1Þ

For simplicity, we define the following:

A1 ¼ k � af
Vt � R2 þVt � 1

I0

h i ; A2 ¼ k � ðaf � 1Þ
R2 þVt � 1

I0

h i ; A3 ¼ � 1
Vt

� Isc � ðar � af � 1Þ

A4 ¼ ðIse � IscÞ � ðar � af � 1Þ

ICQ1 � ð1� af Þ � 1þ V2

Vt

� �
� ðar � 1Þ

� 	
¼ A1 � V3

2 þA2 � V2
2 þA3 � V2 þA4

ICQ1ðV2Þ ¼ A1 � V3
2 þA2 � V2

2 þA3 � V2 þA4

ð1� af Þ � 1þ V2
Vt

� 
� ðar � 1Þ

¼
P4

i¼1 Ai � V4�i
2

ð1� af Þ � 1þ V2
Vt

� 
� ðar � 1Þ

R1 � C1 � C2 � d
2V1

dt2
¼

P4
i¼1 Ai � V4�i

2

ð1� af Þ � 1þ V2
Vt

� 
� ðar � 1Þ

þ ðC2 � C1Þ � dV1

dt
;

V2 ¼ V1 � R1 � C1 � dV1

dt
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R1 � C1 � C2 � d
2V1

dt2
¼
P4

i¼1 Ai � V1 � R1 � C1 � dV1

dt

h i4�i

ð1� af Þ � 1þ V2
Vt

� 
� ðar � 1Þ

þ ðC2 � C1Þ � dV1

dt

R1 � C1 � C2 � d
2V1

dt2
¼
P4

i¼1 Ai � V1 � R1 � C1 � dV1

dt

h i4�i

ð1� af Þþ ð1� af Þ � V2
Vt
� ðar � 1Þ þ ðC2 � C1Þ � dV1

dt

m ðV2Þ ¼ ð1� af Þ � ðar � 1Þþ ð1� af Þ � V2

Vt
¼ 2� af � ar þð1� af Þ � V2

Vt

V2 ¼ V1 � R1 � C1 � dV1

dt
) m ðV2Þ ¼ 2� af � ar þð1� af Þ � 1Vt

� V1 � R1 � C1 � dV1

dt

� 	

m V1;
dV1

dt

� �
¼ 2� af � ar þ ð1� af Þ

Vt
� V1 � ð1� af Þ � R1 � C1

Vt
� dV1

dt

We define B1 ¼ 2� af � ar; B2 ¼ ð1�af Þ
Vt

; B3 ¼ � ð1�af Þ�R1�C1

Vt

m V1;
dV1

dt

� �
¼ B1 þB2 � V1 þB3 � dV1

dt

R1 � C1 � C2 � d
2V1

dt2
¼
P4

i¼1 Ai � V1 � R1 � C1 � dV1

dt

h i4�i

B1 þB2 � V1 þB3 � dV1

dt

þðC2 � C1Þ � dV1

dt
;

B4 ¼ R1 � C1 � C2; B5 ¼ C2 � C1

B4 � d
2V1

dt2
¼
P4

i¼1 Ai � V1 � R1 � C1 � dV1

dt

h i4�i

B1 þB2 � V1 þB3 � dV1

dt

þB5 � dV1

dt

We define d2
V1

dt2 ¼ €Y ; dV1

dt ¼ _Y ; V1 ¼ Y ; B4 � €Y ¼
P4

i¼1
Ai�½Y�R1�C1� _Y �4�i

B1 þB2�Y þB3� _Y þB5 � _Y

B4 � €Y � B1 þB2 � Y þB3 � _Y
� � ¼

X4
i¼1

Ai � Y � R1 � C1 � _Y

 �4�i

þB5 � _Y � B1 þB2 � Y þB3 � _Y
� �

B4 � €Y � B1 þB2 � Y þB3 � _Y
� �� B5 � _Y � B1 þB2 � Y þB3 � _Y

� �
¼
X4
i¼1

Ai � Y � R1 � C1 � _Y

 �4�i
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B4 � B1 � €Y þB4 � B2 � Y � €Y þB3 � B4 � €Y � _Y � B5 � B1 � _Y � B5 � B2 � Y � _Y � B5 � B3 � ½ _Y �2

¼
X4
i¼1

Ai � Y � R1 � C1 � _Y

 �4�i

X4
i¼1

Ai � Y � R1 � C1 � _Y

 �4�i ¼ A1 � ½Y � R1 � C1 � _Y �3 þA2 � ½Y � R1 � C1 � _Y �2

þA3 � ½Y � R1 � C1 � _Y � þA4

B4 � B1 � €Y þB4 � B2 � Y � €Y þB3 � B4 � €Y � _Y � B5 � B1 � _Y � B5 � B2 � Y � _Y � B5 � B3 � ½ _Y �2

¼ A1 � ½Y � R1 � C1 � _Y �3 þA2 � ½Y � R1 � C1 � _Y �2 þA3 � ½Y � R1 � C1 � _Y � þA4

We use the formula: ða� bÞ3 ¼ a3 � 3 � a2 � bþ 3 � a � b2 � b3

B4 � B1 � €Y þB4 � B2 � Y � €Y þB3 � B4 � €Y � _Y � B5 � B1 � _Y � B5 � B2 � Y � _Y � B5 � B3 � ½ _Y �2

� A1 � Y3 þ 3 � A1 � R1 � C1 � _Y � Y2 � 3 � A1 � R2
1 � C2

1 � Y � ½ _Y �2 þA1 � R3
1 � C3

1 � ½ _Y �3

� A2 � Y2 þ 2 � A2 � R1 � C1 � Y � _Y � A2 � R2
1 � C2

1 � ½ _Y �2 � A3 � Y þA3 � R1 � C1 � _Y � A4 ¼ 0

B4 � B1 � €Y þB4 � B2 � Y � €Y þB3 � B4 � €Y � _Y þ _Y � ðA3 � R1 � C1 � B5 � B1Þ
þ Y � _Y � ð2 � A2 � R1 � C1 � B5 � B2Þ � ½ _Y �2 � ðB5 � B3 þA2 � R2

1 � C2
1Þ

� A1 � Y3 þ 3 � A1 � R1 � C1 � _Y � Y2 � 3 � A1 � R2
1 � C2

1 � Y � ½ _Y �2

þA1 � R3
1 � C3

1 � ½ _Y �3 � A2 � Y2 � A3 � Y � A4 ¼ 0

Back to our Poincare–Bendixson final equation:

½€Y �2 þ 4 � ½ _Y �2 � Y4 þ ½ _Y �4 � 1
Y2 þ 4 � €Y � _Y � Y2 � 2 � €Y � ½ _Y �2 � 1

Y
� 4 � Y � ½ _Y �3

� ½l � Y �2 þ ½ _Y �2 � 2 � _Y � Y þ 2 � _Y � Y3 þ Y2 � 2 � Y4 þ Y6 ¼ 0

We represent above equation by multiplication of two functions:

Y2
i¼1

nið½€Y �k; ½ _Y �l; YmÞ ¼ n1ð½€Y �k; ½ _Y �l; YmÞ

� n2ð½€Y �k; ½ _Y �l;YmÞ ¼ 0 8 k; l;m 2 0; 1; 2; 3; . . .::

We define n1 as our Poincare–Bendixson optoisolation equation [6, 7].
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n1ð½€Y �k; ½ _Y �l;Ym; ai [i = 1,2,. . .; 13�Þ ¼ a1 � €Y þ a2 � Y � €Y þ a3 � €Y � _Y
þ a4 � _Y þ a5 � Y � _Y þ a6 � ½ _Y �2 þ a7 � Y3 þ a8 _Y � Y2

þ a9 � Y � ½ _Y �2 þ a10 � ½ _Y �3 þ a11 � Y2þ a12 � Y þ a13 ¼ 0

n1ð½€Y �k; ½ _Y �l; YmÞ ¼ B4 � B1 � €Y þB4 � B2 � Y � €Y
þB3 � B4 � €Y � _Y þ _Y � ðA3 � R1 � C1 � B5 � B1Þ
þ Y � _Y � ð2 � A2 � R1 � C1 � B5 � B2Þ
� ½ _Y �2 � ðB5 � B3 þA2 � R2

1 � C2
1Þ � A1 � Y3

þ 3 � A1 � R1 � C1 � _Y � Y2

� 3 � A1 � R2
1 � C2

1 � Y � ½ _Y �2 þA1 � R3
1 � C3

1 � ½ _Y �3
� A2 � Y2 � A3 � Y � A4 ¼ 0

Equal parameters expressions between two above equations:

a1 ¼ B1 � B4; a2 ¼ B2 � B4; a3 ¼ B3 � B4;

a4 ¼ ðA3 � R1 � C1 � B5 � B1Þ; a5 ¼ 2 � A2 � R1 � C1 � B5 � B2

a6 ¼ �ðB5 � B3 þA2 � R2
1 � C2

1Þ; a7 ¼ �A1; a8 ¼ 3 � A1 � R1 � C1;

a9 ¼ �3 � A1 � R2
1 � C2

1 ; a10 ¼ A1 � R3
1 � C3

1 ;

a11 ¼ �A2; a12 ¼ �A3; a13 ¼ �A4

We define n2ð½€Y �k; ½ _Y �l; Ym; bi ½i = 1,2,. . .; 6�Þ

n2ð½€Y �k; ½ _Y �l; Ym;bi ½i = 1,2,. . .; 6�Þ ¼ b1 � €Y þ b2 � Y3 þ b3 �
_Y
Y2

þ b4 � _Y þ b5 �
_Y
Y
þ b6

Y2
i¼1

ni ½€Y �k; ½ _Y �l; Ym
� 

¼ n1 ½€Y �k; ½ _Y �l; Ym
� 

� n2 ½€Y �k; ½ _Y �l; Ym
� 

¼ a1 � €Y þ a2 � Y � €Y þ a3 � €Y � _Y þ a4 � _Y
�
þ a5 � Y � _Y þ a6 � ½ _Y �2

þ a7 � Y3 þ a8 _Y � Y2 þ a9 � Y � ½ _Y �2

þ a10 � ½ _Y �3 þ a11 � Y2 þ a12 � Y þ a13
o

� b1 � €Y þ b2 � Y3 þ b3 �
_Y
Y2 þ b4 � _Y þ b5 �

_Y
Y
þ b6

� 	
¼ 0 8 k; l;m 2 0; 1; 2; 3; . . .
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The final multiplication of n1; n2:

n1 � n2 ¼ a1 � b1 � ½€Y �2 þ €Y � Y3 � a1 � b2 þ b1 � a7ð Þþ a1 � b3 � €Y �
_Y
Y2

þ Y � €Y � a1 � b4 þb6 � a2 þ a12 � b1ð Þ
þ €Y � _Y � 1

Y
� a1 � b5 þ b3 � a2ð Þþ €Y � a1 � b6 þ a13 � b1ð Þ

þ ½€Y �2 � Y � a2 � b1 þY4 � €Y � a2 � b2
þ €Y � Y2 � b4 � a2 þ a11 � b1ð Þþ €Y � _Y � b5 � a2 þ a4 � b1ð Þ
þ a3 � b1 � ½€Y �2 � _Y þ a3 � b2 � €Y � _Y � Y3

þ a3 � b3 � €Y � ½ _Y �2 � 1
Y2 þ €Y � _Y � Y � a3 � b4 þ a5 � b1ð Þþ a3 � b5 � €Y � ½ _Y �2 � 1

Y

þ a3 � b6 � €Y � _Y þ _Y � Y3 � a4 � b2 þ a8 � b4ð Þþ a4 � b3 � ½ _Y �2 �
1
Y2

þ _Y � Y � b4 � a4 þ a7 � b3 þ a5 � b6 þ a11 � b5ð Þ

þ ½ _Y �2
Y

� b5 � a4 þ a5 � b3ð Þþ _Y � b6 � a4 þ a11 � b3 þ a12 � b5ð Þ
þ a5 � b2 � Y4 � _Y þ _Y � Y2 � a5 � b4 þ a7 � b5 þ a8 � b6ð Þ
þ ½ _Y �2 � b5 � a5 þ b6 � a6 þ a8 � b3ð Þ
þ a6 � b1 � ½ _Y �2 � €Y þ a6 � b2 � ½ _Y �2 � Y3 þ a6 � b3 � ½ _Y �3 �

1
Y2

þ ½ _Y �2 � Y � b4 � a6 þ b5 � a8 þ a9 � b6ð Þþ ½ _Y �3
Y

� b5 � a6 þ b3 � a9ð Þ
þ b2 � a7 � Y6 þ Y4 � b4 � a7 þ b2 � a12ð Þ
þ Y3 � b6 � a7 þ b4 � a11 þ a13 � b2ð Þ
þ a8 � b1 � Y2 � _Y � €Y þ a8 � b2 � _Y � Y5

þ b1 � a9 � Y � ½ _Y �2 � €Ya9 � b2 � Y4 � ½ _Y �2

þ a9 � b4 � Y2 � ½ _Y �2 þ a9 � b5 � ½ _Y �3

þ a10 � b1 � ½ _Y �3 � €Y þ a10 � b2 � ½ _Y �3 � Y3

þ a10 � b3 � ½ _Y �4 �
1
Y2 þ a10 � b4 � Y � ½ _Y �3 þ ½ _Y �4

Y
� b5 � a10

þ b6 � a10 � ½ _Y �3 þ a11 � b2 � Y5Y2 � a11 � b6 þ a12 � b4ð Þ

þ
_Y
Y
� a12 � b3 þ b5 � a13ð ÞþY � a12 � b6 þb4 � a13ð Þ

þ b3 � a13 �
_Y
Y2 þ a13 � b6 ¼ 0

1.4 Optoisolation Circuits Poincare–Bendixson Analysis 61



We can separate the above multiplication result into two additive functions.

Y2
i¼1

ni ½€Y �k; ½ _Y �l; Ym
� 

¼ n1 ½€Y �k; ½ _Y �l; Ym
� 

� n2 ½€Y �k; ½ _Y �l; Ym
� 

¼ C1 ½€Y �k; ½ _Y �l; Ym
� 

þCx ½€Y �k; ½ _Y �l; Ym
� 

¼ 0

We define the above multiplication result as a summation of Poincare–
Bendixson final equation C1 and additional function Cx.

C1 ¼ ½€Y �2 þ 4 � ½ _Y �2 � Y4 þ ½ _Y �4 � 1
Y2 þ 4 � €Y � _Y � Y2 � 2 � €Y � ½ _Y �2 � 1

Y
� 4 � Y � ½ _Y �3

� ½l � Y �2 þ ½ _Y �2 � 2 � _Y � Y þ 2 � _Y � Y3 þ Y2 � 2 � Y4 þ Y6 ¼ 0

We need to find C1 (C1 = 0) and Cx (Cx = 0) in terms of optoisolation circuit
parameters.

C1 ¼ a1 � b1 � ½€Y �2 þ a3 � b5 � €Y � ½ _Y �2 � 1
Y
þ _Y � Y3 � a4 � b2 þ a8 � b4ð Þ

þ _Y � Y � b4 � a4 þ a7 � b3 þ a5 � b6 þ a11 � b5ð Þ
þ ½ _Y �2 � b5 � a5 þ b6 � a6 þ a8 � b3ð Þ
þ b2 � a7 � Y6 þ Y4 � b4 � a7 þ b2 � a12ð Þþ a8 � b1 � Y2 � _Y � €Y
þ a9 � b2 � Y4 � ½ _Y �2

þ a10 � b3 � ½ _Y �4 �
1
Y2 þ a10 � b4 � Y � ½ _Y �3 þ Y2 � ða11 � b6 þ a12 � b4Þ

a1 � b1 ¼ 1; a9 � b2 ¼ 4; a10 � b3 ¼ 1; a8 � b1 ¼ 4;

a3 � b5 ¼ �2; a10 � b4 ¼ �4

a11 � b6 þ a12 � b4ð Þ ¼ 1� l2; b5 � a5 þ b6 � a6 þ a8 � b3ð Þ ¼ 1;

b4 � a4 þ a7 � b3 þ a5 � b6 þ a11 � b5ð Þ ¼ �2

a4 � b2 þ a8 � b4ð Þ ¼ 2; b4 � a7 þ b2 � a12ð Þ ¼ �2; b2 � a7 ¼ 1

We get the restriction on Poincare–Bendixson optoisolation circuit’s parameters
related on Poincare–Bendixson final equation.

a1 � b1 ¼ B1 � B4 � b1 ¼ 2� af � ar
� � � R1 � C1 � C2 � b1 ¼ 1 ) b1

¼ 1
2� af � ar
� � � R1 � C1 � C2
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a9 � b2 ¼ �3 � A1 � R2
1 � C2

1 � b2 ¼ �3 � k � af
Vt � R2 þVt � 1

I0

h i � R2
1 � C2

1 � b2

¼ 4 ) b2 ¼ �
4 � Vt � R2 þVt � 1

I0

h i
3 � k � af � R2

1 � C2
1

a10 � b3 ¼ A1 � R3
1 � C3

1 � b3 ¼
k � af

Vt � R2 þVt � 1
I0

h i � R3
1 � C3

1 � b3

¼ 1 ) b3 ¼
Vt � R2 þVt � 1

I0

h i
k � af � R3

1 � C3
1

a8 � b1 ¼ 3 � A1 � R1 � C1 � b1 ¼ 3 � k � af
Vt � R2 þVt � 1

I0

h i � R1 � C1 � b1

¼ 4 ) b1 ¼
4 � Vt � R2 þVt � 1

I0

h i
3 � k � af � R1 � C1

We get intermediate result:

b1 ¼
1

2� af � ar
� � � R1 � C1 � C2

& b1 ¼
4 � Vt � R2 þVt � 1

I0

h i
3 � k � af � R1 � C1

) 1
2� af � ar
� � � C2

¼
4 � Vt � R2 þVt � 1

I0

h i
3 � k � af ) 3 � k � af

¼ 4 � Vt � R2 þVt � 1I0

� �
� 2� af � ar
� � � C2

Next results:

a3 � b5 ¼ B3 � B4 � b5 ¼ �ð1� af Þ � R1 � C1

Vt
� R1 � C1 � C2 � b5

¼ �2 ) b5 ¼
2 � Vt

ð1� af Þ � R2
1 � C2

1 � C2

a10 � b4 ¼ A1 � R3
1 � C3

1 � b4 ¼
k � af

Vt � R2 þVt � 1
I0

h i � R3
1 � C3

1 � b4

¼ �4 ) b4 ¼
�4 � Vt � R2 þVt � 1

I0

h i
k � af � R3

1 � C3
1
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ða11 � b6 þ a12 � b4Þ ¼ �ðA2 � b6 þA3 � b4Þ

¼ � k � ðaf � 1Þ
R2 þVt � 1

I0

h i � b6 � 1
Vt

� Isc � ðar � af � 1Þ � b4

0
@

1
A

¼ 1� l2

� k � ðaf � 1Þ
R2 þVt � 1

I0

h i � b6 � 1
Vt

� Isc � ar � af � 1
� � � b4

0
@

1
A ¼ 1� l2

b4 ¼
�4 � Vt � R2 þVt � 1

I0

h i
k � af � R3

1 � C3
1

& � k � ðaf � 1Þ
R2 þVt � 1

I0

h i � b6 � 1
Vt

� Isc � ðar � af � 1Þ � b4

0
@

1
A ¼ 1� l2

) � k � ðaf � 1Þ
R2 þVt � 1

I0

h i � b6þ Isc � ðar � af � 1Þ �
4 � R2þVt � 1

I0

h i
k � af � R3

1 � C3
1

0
@

1
A ¼ 1� l2

) k � ðaf � 1Þ
R2 þVt � 1

I0

h i � b6 þ Isc � ðar � af � 1Þ �
4 � R2 þVt � 1

I0

h i
k � af � R3

1 � C3
1

¼ l2 � 1

) k � ðaf � 1Þ
R2 þVt � 1

I0

h i � b6 ¼ l2 � 1� Isc � ðar � af � 1Þ �
4 � R2þVt � 1

I0

h i
k � af � R3

1 � C3
1

8<
:

9=
;

) b6 ¼
l2 � 1� Isc � ðar � af � 1Þ �

4� R2 þVt � 1I0
h i
k�af �R3

1�C3
1

8<
:

9=
; � R2þVt � 1

I0

h i
k � ðaf � 1Þ

ðb5 � a5 þ b6 � a6 þ a8 � b3Þ

¼ 2 � Vt

ð1� af Þ � R1 � C2
1 � R1 � C2

� a5
�

þ
l2 � 1� Isc � ar � af � 1

� � � 4� R2 þVt � 1I0
h i
k�af �R3

1�C3
1

8<
:

9=
; � R2 þVt � 1

I0

h i
k � ðaf � 1Þ � a6 þ a8 �

Vt � R2þVt � 1
I0

h i
k � af � R3

1 � C3
1

1
CCCCCCA

¼ 1
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2 � Vt

ð1� af Þ � R2
1 � C2

1 � C2
� 2 � k � ðaf � 1Þ

R2 þVt � 1
I0

h i � R1 � C1 � ðC2 � C1Þ � ð1� af Þ
Vt

8<
:

9=
;

0
@

�
l2 � 1� Isc � ðar � af � 1Þ �

4� R2 þVt � 1I0
h i
k�af �R3

1�C3
1

8<
:

9=
; � R2 þVt � 1

I0

h i
k � ðaf � 1Þ

� ðC1 � C2Þ � ð1� af Þ � R1 � C1

Vt
þ k � ðaf � 1Þ

R2 þVt � 1
I0

h i � R2
1 � C2

1

8<
:

9=
;

þ 3 � k � af
Vt � R2 þVt � 1

I0

h i � R1 � C1 �
Vt � R2 þVt � 1

I0

h i
k � af � R3

1 � C3
1

1
A ¼ 1

2 � Vt

ð1� af Þ � R2
1 � C2

1 � C2
� 2 � k � ðaf � 1Þ

R2 þVt � 1
I0

h i � R1 � C1 � ðC2 � C1Þ � ð1� af Þ
Vt

8<
:

9=
;

0
@

�
l2 � 1� Isc � ðar � af � 1Þ � 4�½R2 þVt � 1I0�

k�af �R3
1�C3

1

� 	
� R2 þVt � 1

I0

h i
k � ðaf � 1Þ

� ðC1 � C2Þ � ð1� af Þ � R1 � C1

Vt
þ k � ðaf � 1Þ

R2 þVt � 1
I0

h i � R2
1 � C2

1

8<
:

9=
;

þ 3 � 1
R2
1 � C2

1

�
¼ 1
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ðb4 � a4 þ a7 � b3 þ a5 � b6 þ a11 � b5Þ

¼ �2 )
�4 � Vt � R2 þVt � 1

I0

h i
k � af � R3

1 � C3
1

8<
:

� � 1
Vt

� Isc � ðar � af � 1Þ � R1 � C1 � ðC2 � C1Þ � 2� af � ar

 �� 	

� 1
R3
1 � C3

1
þ 2 � k � ðaf � 1Þ

R2 þVt � 1
I0

h i � R1 � C1 � ðC2 � C1Þ � ð1� af Þ
Vt

0
@

1
A

�
l2 � 1� Isc � ðar � af � 1Þ �

4� R2 þVt � 1I0
h i
k�af �R3

1�C3
1

8<
:

9=
; � R2 þVt � 1

I0

h i
k � ðaf � 1Þ

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

þ k � 1

R2 þVt � 1
I0

h i � 2 � Vt

R2
1 � C2

1 � C2

9=
; ¼ �2

ða4 � b2 þ a8 � b4Þ ¼ 2

) 1
Vt

� Isc � ðar � af � 1Þ � R1 � C1 þðC2 � C1Þ � 2� af � ar

 �� �

�
4 � Vt � R2 þVt � 1

I0

h i
3 � k � af � R2

1 � C2
1

� 12
R2
1 � C2

1
¼ 2

b4 � a7 þ b2 � a12ð Þ ¼ �2 ) 1
R3
1 � C3

1
�

R2 þVt � 1
I0

h i
3 � k � af � R2

1 � C2
1
� Isc � ðar � af � 1Þ ¼ � 1

2

b2 � a7 ¼ 1 ) 4
3 � R2

1 � C2
1
¼ 1 ) R2

1 � C2
1 ¼

4
3
) R1 � C1 ¼ 2ffiffiffi

3
p

We implement our last result R1 � C1 ¼ 2ffiffi
3

p in all last equations.

b1 ¼
1

ð2� af � arÞ � R1 � C1 � C2

����
R1�C1¼ 2ffiffi

3
p
¼

ffiffiffi
3

p

ð2� af � arÞ � 2 � C2
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b2 ¼ �
4 � Vt � R2 þVt � 1

I0

h i
3 � k � af � R2

1 � C2
1

������
R1�C1¼ 2ffiffi

3
p

¼ �
Vt � R2 þVt � 1

I0

h i
k � af

b3 ¼
Vt � R2 þVt � 1

I0

h i
k � af � R3

1 � C3
1

������
R1�C1¼ 2ffiffi

3
p

¼
Vt � R2 þVt � 1

I0

h i
� 3 � ffiffiffi

3
p

k � af � 8

b1 ¼
4 � Vt � ½R2 þVt � 1

I0
�

3 � k � af � R1 � C1

�����
R1�C1¼ 2ffiffi

3
p

¼ 2 � Vt � ½R2 þVt � 1
I0
�ffiffiffi

3
p � k � af

b5 ¼
2 � Vt

ð1� af Þ � R1 � C2
1 � R1 � C2

����
R1�C1¼ 2ffiffi

3
p
¼ 3 � Vt

ð1� af Þ � 2 � C2

b4 ¼
�4 � Vt � R2 þVt � 1

I0

h i
k � af � R3

1 � C3
1

������
R1�C1¼ 2ffiffi

3
p

¼
�Vt � R2 þVt � 1

I0

h i
� 3 � ffiffiffi

3
p

k � af � 2

b6 ¼
l2 � 1� Isc � ðar � af � 1Þ � 4�½R2 þVt � 1I0�

k�af �R3
1�C3

1

� 	
� R2 þVt � 1

I0

h i
k � ðaf � 1Þ

��������
R1�C1¼ 2ffiffi

3
p

¼
l2 � 1� Isc � ðar � af � 1Þ �

R2 þVt � 1I0

h i
�3� ffiffi3p

k�af �2

8<
:

9=
; � R2 þVt � 1

I0

h i
k � ðaf � 1Þ

ðb5 � a5 þ b6 � a6 þ a8 � b3Þ ¼ 1 )jR1�C1¼ 2ffiffi
3

p

) 3 � Vt

ð1� af Þ � 2 � C2
� k � ðaf � 1Þ

½R2 þVt � 1
I0
� �

4ffiffiffi
3

p � ðC2 � C1Þ � ð1� af Þ
Vt

( ) 

�
l2 � 1� Isc � ðar � af � 1Þ �

R2 þVt � 1I0
h i

�3 ffiffi3p

k�af �2

8<
:

9=
; � R2 þVt � 1

I0

h i
k � ðaf � 1Þ

� ðC1 � C2Þ �
ð1� af Þ � 2ffiffi

3
p

Vt
þ k � ðaf � 1Þ

R2 þVt � 1
I0

h i � 4
3

8<
:

9=
;þ 9

4

1
A ¼ 1
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ðb4 � a4 þ a7 � b3 þ a5 � b6 þ a11 � b5Þ
¼ �2 )jR1�C1¼ 2ffiffi

3
p

) �Vt � ½R2 þVt � 1
I0
� � 3 � ffiffiffi

3
p

k � af � 2 � � 1
Vt

� Isc � ðar � af � 1Þ � 2ffiffiffi
3

p � ðC2 � C1Þ � 2� af � ar

 �� 	(

� 3 � ffiffiffi
3

p

8
þðk � ðaf � 1Þ

R2 þVt � 1
I0

h i � 4ffiffiffi
3

p � ðC2 � C1Þ � ð1� af Þ
Vt

Þ

�
l2 � 1� Isc � ðar � af � 1Þ �

R2 þVt � 1I0

h i
�3� ffiffi3p

k�af �2

8<
:

9=
; � R2 þVt � 1

I0

h i
k � ðaf � 1Þ

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

þ k � 1

R2 þVt � 1
I0

h i � 3 � Vt

2 � C2

9=
; ¼ �2

ða4 � b2 þ a8 � b4Þ

¼ 2 )jR1�C1¼ 2ffiffi
3

p ) 1
Vt

� Isc � ðar � af � 1Þ � 2ffiffiffi
3

p þðC2 � C1Þ � 2� af � ar

 �� �

�
Vt � R2 þVt � 1

I0

h i
k � af � 9 ¼ 2

ðb4 � a7 þ b2 � a12Þ ¼ �2 )jR1�C1¼ 2ffiffi
3

p

) 3
ffiffiffi
3

p

8
�

R2 þVt � 1
I0

h i
k � af � 4 � Isc � ðar � af � 1Þ ¼ � 1

2

We need to find the expression for Cx.

Cxð½€Y �k; ½ _Y �l; YmÞ ¼
Y2
i¼1

nið½€Y �k; ½ _Y �l; YmÞ � C1ð½€Y �k; ½ _Y �l; YmÞ

Cxð½€Y �k; ½ _Y �l; YmÞ ¼ n1ð½€Y �k; ½ _Y �l; YmÞ � n2ð½€Y �k; ½ _Y �l; YmÞ � C1ð½€Y �k; ½ _Y �l; YmÞ
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Cx ¼ n1 � n2 � C1 ¼ €Y � Y3 � ða1 � b2 þ b1 � a7Þ

þ a1 � b3 � €Y �
_Y
Y2 þ Y � €Y � ða1 � b4 þ b6 � a2 þ a12 � b1Þ

þ €Y � _Y � 1
Y
� ða1 � b5 þ b3 � a2Þþ €Y � ða1 � b6 þ a13 � b1Þ

þ ½€Y �2 � Y � a2 � b1 þ Y4 � €Y � a2 � b2
þ €Y � Y2 � ðb4 � a2 þ a11 � b1Þþ €Y � _Y � ðb5 � a2 þ a4 � b1Þ
þ a3 � b1 � ½€Y �2 � _Y þ a3 � b2 � €Y � _Y � Y3

þ a3 � b3 � €Y � ½ _Y �2 � 1
Y2 þ €Y � _Y � Y � ða3 � b4 þ a5 � b1Þ

þ a3 � b6 � €Y � _Y þ a4 � b3 � ½ _Y �2 �
1
Y2

þ ½ _Y �2
Y

� ðb5 � a4 þ a5 � b3Þ
þ _Y � ðb6 � a4 þ a11 � b3 þ a12 � b5Þþ a5 � b2 � Y4 � _Y
þ _Y � Y2 � ða5 � b4 þ a7 � b5 þ a8 � b6Þ
þ a6 � b1 � ½ _Y �2 � €Y þ a6 � b2 � ½ _Y �2 � Y3 þ a6 � b3 � ½ _Y �3 �

1
Y2

þ ½ _Y �2 � Y � ðb4 � a6 þ b5 � a8 þ a9 � b6Þþ
½ _Y �3
Y

� ðb5 � a6 þ b3 � a9Þ
þ Y3 � ðb6 � a7 þ b4 � a11 þ a13 � b2Þ
þ a8 � b2 � _Y � Y5 þ b1 � a9 � Y � ½ _Y �2 � €Y
þ a9 � b4 � Y2 � ½ _Y �2 þ a9 � b5 � ½ _Y �3 þ a10 � b1 � ½ _Y �3 � €Y

þ a10 � b2 � ½ _Y �3 � Y3 þ ½ _Y �4
Y

� b5 � a10 þ b6 � a10 � ½ _Y �3

þ a11 � b2 � Y5 þ
_Y
Y
� ða12 � b3 þ b5 � a13Þ

þ Y � ða12 � b6 þ b4 � a13Þþ b3 � a13 �
_Y
Y2 þ a13 � b6

Since C1ð½€Y �k; ½ _Y �l; YmÞþCxð½€Y �k; ½ _Y �l; YmÞ ¼ 0 & C1ð½€Y �k; ½ _Y �l; YmÞ ¼ 0
) Cxð½€Y �k; ½ _Y �l; YmÞ ¼ 0

We need to find possible optoisolation circuits which implement Cx function and
fulfill n1ð½€Y �k; ½ _Y �l; YmÞ � n2ð½€Y �k; ½ _Y �l; YmÞ ¼ 0. We define new Cx global parame-
ters ci.
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c1 ¼ ða1 � b2þ b1 � a7Þ ; c2 ¼ a1 � b3 ; c3 ¼ ða1 � b4 þ b6 � a2 þ a12 � b1Þ
c4 ¼ ða1 � b5þ b3 � a2Þ ; c5 ¼ ða1 � b6þ a13 � b1Þ ; c6 ¼ a2 � b1 ; c7 ¼ a2 � b2
c8 ¼ ðb4 � a2þ a11 � b1Þ ; c9 ¼ ðb5 � a2 þ a4 � b1Þ ; c10 ¼ a3 � b1 ; c11 ¼ a3 � b2
c12 ¼ a3 � b3 ; c13 ¼ ða3 � b4 þ a5 � b1Þ ; c14 ¼ a3 � b6 ; c15 ¼ a4 � b3
c16 ¼ ðb5 � a4þ a5 � b3Þ ; c17 ¼ ðb6 � a4 þ a11 � b3þ a12 � b5Þ ; c18 ¼ a5 � b2
c19 ¼ ða5 � b4þ a7 � b5þ a8 � b6Þ ; c20 ¼ a6 � b1 ; c21 ¼ a6 � b2 ; c22 ¼ a6 � b3
c23 ¼ ðb4 � a6þ b5 � a8þ a9 � b6Þ ; c24 ¼ ðb5 � a6 þ b3 � a9Þ ; c25 ¼ ðb6 � a7þ b4 � a11 þ a13 � b2Þ
c26 ¼ a8 � b2; c27 ¼ b1 � a9 ; c28 ¼ a9 � b4 ; c29 ¼ a9 � b5 ; c30 ¼ a10 � b1
c31 ¼ a10 � b2 ; c32 ¼ b5 � a10 ; c33 ¼ b6 � a10 ; c34 ¼ a11 � b2 ; c35 ¼ ða12 � b3 þ b5 � a13Þ
c36 ¼ ða12 � b6 þ b4 � a13Þ ; c37 ¼ b3 � a13 ; c38 ¼ a13 � b6

The Cx function with ci parameters (Cx = 0):

Cx ¼ n1 � n2 � C1 ¼ €Y � Y3 � c1 þ c2 � €Y �
_Y
Y2

þ Y � €Y � c3 þ €Y � _Y � 1
Y
� c4 þ €Y � c5 þ ½€Y �2 � Y � c6 þ Y4 � €Y � c7

þ €Y � Y2 � c8 þ €Y � _Y � c9 þ c10 � ½€Y �2 � _Y þ c11 � €Y � _Y � Y3

þ c12 � €Y � ½ _Y �2 � 1
Y2 þ €Y � _Y � Y � c13 þ c14 � €Y � _Y

þ c15 � ½ _Y �2 �
1
Y2 þ ½ _Y �2

Y
� c16 þ _Y � c17 þ c18 � Y4 � _Y

þ _Y � Y2 � c19 þ c20 � ½ _Y �2 � €Y þ c21 � ½ _Y �2 � Y3 þ c22 � ½ _Y �3 �
1
Y2

þ ½ _Y �2 � Y � c23 þ
½ _Y �3
Y

� c24 þ Y3 � c25 þ c26 � _Y � Y5

þ c27 � Y � ½ _Y �2 � €Y þ c28 � Y2 � ½ _Y �2 þ c29 � ½ _Y �3 þ c30 � ½ _Y �3 � €Y

þ c31 � ½ _Y �3 � Y3 þ ½ _Y �4
Y

� c32 þ c33 � ½ _Y �3 þ c34 � Y5

þ
_Y
Y
� c35 þ Y � c36 þ c37 �

_Y
Y2 þ c38

1.5 Optoisolation Nonlinear Oscillations Lienard Circuits

We need to implement optoisolation oscillation circuits which can be modeled by

second-order differential equations: d
2
V

dt2 þ f ðVÞ � dVdt þ gðVÞ ¼ 0. This is known as

Lienard’s equation. The equation is a generalization of the van der pole oscillator

system which we already discussed d2
V

dt2 þ l � ðV2 � 1Þ � dVdt þV ¼ 0
� 

.

70 1 Optoisolation Circuits with Limit Cycles



We define �f ðVÞ � dVdt as nonlinear damping force and �gðVÞ as a nonlinear

restoring force. We can define the following new system variables: Y = dV/dt,
X = V. Then we can describe Lienard’s equation equivalent system [9, 10].

d2V
dt2

þ f ðVÞ � dV
dt

þ gðVÞ ¼ 0 ) dX
dt

¼ Y ;
dY
dt

¼ �gðXÞ � f ðXÞ � Y

The below optoisolation circuit implements Lienard’s system. First switch S1 is
ON and S2 is OFF, capacitor C1 is charged to VB1 voltage (t ! ∞). The next step
switch S1 is OFF and S2 is ON (t = t0). We consider the initial C1 voltage at t = t0
is greater than LED D1 ON voltage VC1 t ¼ t0ð Þ � VD1ONð Þ . At t = t0 C1 charged
capacitor acts as voltage source. We can write the following equation for the initial

state: Vðt ¼ t0Þ ¼ VC1ðt ¼ t0Þ ¼ ID1 � R1 þVD1ðID1Þþ L1 � dID1dt . By switching S1

from OFF to ON state, LED D1 forward current is a continuous rising function with
LED D1 forward voltage. If we look on optocoupler’s phototransistor collector
current, it is rising continuous function of phototransistor collector emitter voltage
VCEQ1 = V. Optocoupler current transfer ratio (CTR) parameter is a continuous
rising function of optocoupler’s LED forward current up to specific LED forward
peak current value. We consider IL1(t = t0) = 0 (Fig. 1.16).

The most important parameter for our optoisolation Lienards system is the op-
tocoupler’s transfer efficiency, usually measured in terms of its current transfer ratio
(CTR) . This is simply the ratio between a current change in the output
phototransistor and the current change in the input LED (D1) which produced it.
Typical values of CTR range from 10 to 50% for devices with an output photo-
transistor and up to 2000% or so for those with a darlington transistor pair in the
output. Note, however that in most devices CTR tends to vary with absolute current

Fig. 1.16 Optoisolation
Lienards circuit
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level. Typically, it peaks at a LED current level of about 10 mA, and falls away at
both higher and lower current levels. Current Transfer Ratio (CTR) is the gain of
the optocoupler. It is the ratio of the phototransistor collector current to the IRED
(D1) forward current CTR ¼ ICQ1

ID1
� 100. It is expressed as a percentage (%).

The CTR depends on the current gain (hfe) of the phototransistor, the supply
voltage to the phototransistor, the forward current through the IRED (D1) and
operating temperature [16].

IC1 ¼ dVC1

dt
¼ dV

dt
; ICQ1 þ IR1 ¼ IC1; IR1 ¼ ID1 ¼ IL1;

V ¼ IR1 � R1 þVD1 þVL1; VCEQ1 ¼ VC1 ¼ V

VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ þ 1
� �

� Vt � ln ICQ1 � IEQ1 � af
Isc � ðar � af � 1Þ
� �

þ 1
� ��

;

Vt � ln Isc
Ise

� �
! e

V ¼ VCEQ1 
 Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � arÞþ Isc � ðar � af � 1Þ
� �

V ¼ R1 � ID1 þVt � ln ID1
I0

þ 1
� �

þVL1; VL1 ¼ L1 � dID1dt
¼ L1 � dIL1dt

¼ L1 � dIR1dt

IBQ1 ¼ k � ID1; IEQ1 ¼ IBQ1 þ ICQ1; IEQ1 ¼ k � ID1 þ ICQ1 ¼ k � ID1 þ dV
dt

� C1 � ID1

ICQ1 ¼ dV
dt

� C1 � ID1; IEQ1 ¼ ID1 � ðk � 1Þþ dV
dt

� C1

ar � ICQ1 � IEQ1 ¼ ar � dV
dt

� C1 � ID1

� �
� ID1 � ðk � 1Þþ dV

dt
� C1

� �

¼ ar � dVdt � C1 � ar � ID1 � ID1 � ðk � 1Þ � dV
dt

� C1

¼ ar � dVdt � C1 � ar � ID1 � ID1 � kþ ID1 � dV
dt

� C1

ar � ICQ1 � IEQ1 ¼ ðar � 1Þ � dV
dt

� C1 þ ID1 � 1� k � ar½ �

ICQ1 � IEQ1 � af ¼ dV
dt

� C1 � ID1 � af � ID1 � ðk � 1Þþ dV
dt

� C1

� �

¼ dV
dt

� C1 � ID1 � af � ID1 � ðk � 1Þ � af � ID1 � dVdt � C1
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ICQ1 � IEQ1 � af ¼ dV
dt

� C1 � ð1� af Þþ ID1 � ½af � ð1� kÞ � 1�

If we derivative the equation: V ¼ R1 � ID1 þVt � ln ID1
I0

þ 1
� 

þ L1 � dID1dt )
dV
dt ¼ R1 � dID1dt þVt � 1

ID1
I0

þ 1

�  � 1
I0
� dID1dt þ L1 � d

2
ID1
dt2

ar � ICQ1 � IEQ1 ¼ ðar � 1Þ � C1 � R1 � dID1dt
þVt � 1

ID1
I0

þ 1
�  � 1

I0
� dID1
dt

þ L1 � d
2ID1
dt2

8<
:

9=
;

þ ID1 � ½1� k � ar�

ar � ICQ1 � IEQ1 ¼ ðar � 1Þ � C1 � R1 þ Vt

ID1 þ I0

� �
� dID1
dt

þðar � 1Þ � C1 � L1 � d
2ID1
dt2

þ ID1 � ½1� k � ar�

We define ID1 as our global variable. I = ID1

ar � ICQ1 � IEQ1 ¼ d2ID1
dt2

� ðar � 1Þ � C1 � L1

þ dID1
dt

� ðar � 1Þ � C1 � R1 þ Vt

ID1 þ I0

� �
þ ID1 � ½1� k � ar�

n1 ¼ ðar � 1Þ � C1 � L1;

n2ðID1Þ ¼ ðar � 1Þ � C1 � R1 þ Vt

ID1 þ I0

� �

) n2ðIÞ ¼ ðar � 1Þ � C1 � R1 þ Vt

Iþ I0

� �
n3 ¼ ½1� k � ar�

We get the following expression:

ar � ICQ1 � IEQ1 ¼ d2ID1
dt2

� n1 þ
dID1
dt

� n2ðID1Þþ ID1 � n3
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ICQ1 � IEQ1 � af ¼ R1 � dID1dt
þVt � 1

ID1
I0

þ 1
�  � 1

I0
� dID1
dt

þ L1 � d
2ID1
dt2

8<
:

9=
;

� C1 � ð1� af Þþ ID1 � ½af � ð1� kÞ � 1�

ICQ1 � IEQ1 � af ¼ C1 � ð1� af Þ � R1 þ Vt

ID1 þ I0

� �
� dID1
dt

þ L1 � C1 � ð1� af Þ � d
2ID1
dt2

þ ID1 � ½af � ð1� kÞ � 1�

We define ID1 as our global variable. I = ID1

ICQ1 � IEQ1 � af ¼ d2ID1
dt2

� L1 � C1 � ð1� af Þ

þ dID1
dt

� C1 � ð1� af Þ � R1 þ Vt

ID1 þ I0

� �
þ ID1 � ½af � ð1� kÞ � 1�

n4 ¼ L1 � C1 � ð1� af Þ;

n5ðID1Þ ¼ C1 � ð1� af Þ � R1 þ Vt

ID1 þ I0

� �
) n5ðIÞ ¼ C1 � ð1� af Þ � R1 þ Vt

Iþ I0

� �
n6 ¼ ½af � ð1� kÞ � 1�

We get the following expression:

ICQ1 � IEQ1 � af ¼ d2ID1
dt2

� n4 þ
dID1
dt

� n5ðID1Þþ ID1 � n6

ID1 ! I ) ar � ICQ1 � IEQ1 ¼ d2I
dt2

� n1 þ
dI
dt

� n2ðID1Þþ I � n3

ICQ1 � IEQ1 � af ¼ d2I
dt2

� n4 þ
dI
dt

� n5ðID1Þþ I � n6

V ¼jI¼ID1R1 � IþVt � ln I
I0

þ 1
� �

þ L1 � dIdt ;

V ¼ VCEQ1 
 Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

R1 � IþVt � ln I
I0

þ 1
� �

þ L1 � dIdt 
 Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �
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R1 � IþVt � ln I
I0

þ 1
� �

þ L1 � dIdt 
 Vt � ln
d2

I
dt2 � n1 þ dI

dt � n2ðIÞþ I � n3 þ Ise � ðar � af � 1Þ
d2

I
dt2 � n4 þ dI

dt � n5ðIÞþ I � n6 þ Isc � ðar � af � 1Þ

2
4

3
5

We use Taylor series approximation: ln ½1þ I� ¼ P1
n¼1

ð�1Þnþ 1

n � In 
 I

) ln I
I0
þ 1

� 

 I

I0

R1 � IþVt � II0 þ L1 � dIdt 
 Vt � ln
d2

I
dt2 � n1 þ dI

dt � n2ðIÞþ I � n3 þ Ise � ðar � af � 1Þ
d2

I
dt2 � n4 þ dI

dt � n5ðIÞþ I � n6 þ Isc � ðar � af � 1Þ

2
4

3
5

We use Taylor series approximation: ln ½I� ¼ P1
n¼1

ð�1Þnþ 1

n � ðI � 1Þn )
ln ½f ðIÞ� 
 f ðIÞ � 1

ln
d2

I
dt2 � n1 þ dI

dt � n2ðIÞþ I � n3 þ Ise � ðar � af � 1Þ
d2

I
dt2 � n4 þ dI

dt � n5ðIÞþ I � n6 þ Isc � ðar � af � 1Þ

2
4

3
5



d2

I
dt2 � n1 þ dI

dt � n2ðIÞþ I � n3 þ Ise � ðar � af � 1Þ
d2

I
dt2 � n4 þ dI

dt � n5ðIÞþ I � n6 þ Isc � ðar � af � 1Þ
� 1

8<
:

9=
;

R1 � IþVt � II0 þ L1 � dIdt


 Vt �
d2

I
dt2 � n1 þ dI

dt � n2ðIÞþ I � n3 þ Ise � ðar � af � 1Þ
d2

I
dt2 � n4 þ dI

dt � n5ðIÞþ I � n6 þ Isc � ðar � af � 1Þ
� 1

2
4

3
5

1
Vt

R1 � IþVt � II0 þ L1 � dIdt
� �

þ 1 

d2

I
dt2 � n1 þ dI

dt � n2ðIÞþ I � n3 þ Ise � ðar � af � 1Þ
d2

I
dt2 � n4 þ dI

dt � n5ðIÞþ I � n6 þ Isc � ðar � af � 1Þ

I � R1

Vt
þ 1

I0

� �
þ L1

Vt
� dI
dt

þ 1
� 	

� d2I
dt2

� n4 þ
dI
dt

� n5ðIÞþ I � n6 þ Isc � ðar � af � 1Þ
� 	


 d2I
dt2

� n1 þ
dI
dt

� n2ðIÞþ I � n3 þ Ise � ðar � af � 1Þ
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d2I
dt2

� I � R1

Vt
þ 1

I0

� �
� n4 þ

dI
dt

� I � n5ðIÞ �
R1

Vt
þ 1

I0

� �
þ I2 � n6 �

R1

Vt
þ 1

I0

� �

þ I � R1

Vt
þ 1

I0

� �
� Isc � ðar � af � 1Þþ d2I

dt2
� dI
dt

� L1
Vt

� n4 þ
dI
dt

� �2
� L1
Vt

� n5ðIÞ

þ dI
dt

� I � n6 �
L1
Vt

þ dI
dt

� L1
Vt

� Isc � ðar � af � 1Þþ d2I
dt2

� n4 þ
dI
dt

� n5ðIÞþ I � n6

þ Isc � ðar � af � 1Þ ’ d2I
dt2

� n1 þ
dI
dt

� n2ðIÞþ I � n3 þ Ise � ðar � af � 1Þ

d2I
dt2

� I � R1

Vt
þ 1

I0

� �
� n4 þ

dI
dt

� I � n5ðIÞ �
R1

Vt
þ 1

I0

� �
þ n6 �

L1
Vt

� 	
þ I2 � n6 �

R1

Vt
þ 1

I0

� �

þ I � R1

Vt
þ 1

I0

� �
� Isc � ðar � af � 1Þþ n6 � n3

� 	
þ d2I

dt2
� dI
dt

� L1
Vt

� n4 þ
dI
dt

� �2
� L1
Vt

� n5ðIÞ

þ dI
dt

� L1
Vt

� Isc � ðar � af � 1Þþ n5ðIÞ � n2ðIÞ
� 	

þ d2I
dt2

� ðn4 � n1Þþ ðIsc � IseÞ � ðar � af � 1Þ ’ 0

We consider ðIsc � IseÞ ! e ) ðIsc � IseÞ � ðar � af � 1Þ ! e
(*)

d2I
dt2

� I � R1

Vt
þ 1

I0

� �
� n4 þ

dI
dt

� I � n5ðIÞ �
R1

Vt
þ 1

I0

� �
þ n6 �

L1
Vt

� 	
þ I2 � n6 �

R1

Vt
þ 1

I0

� �

þ I � R1

Vt
þ 1

I0

� �
� Isc � ðar � af � 1Þþ n6 � n3

� 	
þ d2I

dt2
� dI
dt

� L1
Vt

� n4 þ
dI
dt

� �2
� L1
Vt

� n5ðIÞ

þ dI
dt

� L1
Vt

� Isc � ðar � af � 1Þþ n5ðIÞ � n2ðIÞ
� 	

þ d2I
dt2

� ðn4 � n1Þ ’ 0

We want to represent the above system differential equation by multiplication of

Lienard differential equation w1
d2

I
dt2 ;

dI
dt ; I; g1ðIÞ; g2ðIÞ

� 
and another differential

function w2
dI
dt ; I;C1; . . .;C3

� 
.

w1
d2I
dt2

;
dI
dt

; I; g1ðIÞ; g2ðIÞ
� �

¼ d2I
dt2

þ dI
dt

� g1ðIÞþ g2ðIÞ;

w2
dI
dt

; I;C1; . . .;C3

� �
¼ I � C1 þ dI

dt
� C2 þC3

w1
d2I
dt2

;
dI
dt

; I; g1ðIÞ; g2ðIÞ
� �

� w2
dI
dt

; I;C1; . . .;C3

� �

¼ d2I
dt2

þ dI
dt

� g1ðIÞþ g2ðIÞ
� 	

� I � C1 þ dI
dt

� C2 þC3

� 	
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w1
d2I
dt2

;
dI
dt

; I; g1ðIÞ; g2ðIÞ
� �

� w2
dI
dt

; I;C1; . . .;C3

� �
¼ 0

) d2I
dt2

þ dI
dt

� g1ðIÞþ g2ðIÞ
� 	

� I � C1 þ dI
dt

� C2 þC3

� 	
¼ 0

d2I
dt2

� I � C1 þ d2I
dt2

� dI
dt

� C2 þ d2I
dt2

� C3 þ dI
dt

� I � g1ðIÞ � C1 þ dI
dt

� �2
�g1ðIÞ � C2

þ dI
dt

� g1ðIÞ � C3 þ I � C1 � g2ðIÞþ
dI
dt

� g2ðIÞ � C2 þ g2ðIÞ � C3 ¼ 0

d2I
dt2

� I � C1 þ d2I
dt2

� dI
dt

� C2 þ d2I
dt2

� C3 þ dI
dt

� I � g1ðIÞ � C1 þ dI
dt

� �2
�g1ðIÞ � C2

þ dI
dt

� ½g1ðIÞ � C3 þ g2ðIÞ � C2� þ I � C1 � g2ðIÞþ g2ðIÞ � C3 ¼ 0

We compare the above differential equation’s constants expressions to (*) sys-
tem differential equation and we get the following outcome.

C1 ¼ R1

Vt
þ 1

I0

� �
� n4 ¼

R1

Vt
þ 1

I0

� �
� L1 � C1 � ð1� af Þ

n5ðIÞ �
R1

Vt
þ 1

I0

� �
þ n6 �

L1
Vt

� 	
¼ g1ðIÞ � C1 ) g1ðIÞ ¼

1
C1

� n5ðIÞ �
R1

Vt
þ 1

I0

� �
þ n6 �

L1
Vt

� 	

g1ðIÞ ¼
1

R1
Vt

þ 1
I0

h i
� L1 � C1 � ð1� af Þ

� C1 � ð1� af Þ � R1 þ Vt

Iþ I0

� �
� R1

Vt
þ 1

I0

� �
þ ½af � ð1� kÞ � 1� � L1

Vt

� 	

g1ðIÞ ¼
R1 þ Vt

Iþ I0

h i
L1

þ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

I2 � n6 �
R1

Vt
þ 1

I0

� �
¼ I � C1 � g2ðIÞ ) I � I � n6 �

R1

Vt
þ 1

I0

� �
� C1 � g2ðIÞ

� 	
¼ 0

I � n6 �
R1

Vt
þ 1

I0

� �
� C1 � g2ðIÞ ¼ 0 ) g2ðIÞ ¼

I � n6
C1

� R1

Vt
þ 1

I0

� �

g2ðIÞ ¼
I � n6
C1

� R1

Vt
þ 1

I0

� �
¼ I � ½af � ð1� kÞ � 1�

L1 � C1 � ð1� af Þ

I � R1

Vt
þ 1

I0

� �
� Isc � ðar � af � 1Þþ n6 � n3

� 	
¼ g2ðIÞ � C3
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g2ðIÞ ¼
I � ½af � ð1� kÞ � 1�
L1 � C1 � ð1� af Þ ) R1

Vt
þ 1

I0

� �
� Isc � ðar � af � 1Þþ n6 � n3

¼ ½af � ð1� kÞ � 1�
L1 � C1 � ð1� af Þ � C3

C2 ¼ L1
Vt

� n4 ¼
L21
Vt

� C1 � ð1� af Þ

g1ðIÞ � C2 ¼ L1
Vt

� n5ðIÞ

)
R1 þ Vt

Iþ I0

h i
L1

þ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

8<
:

9=
; � L

2
1

Vt
� C1 � ð1� af Þ

¼ L1
Vt

� C1 � ð1� af Þ � R1 þ Vt

ID1 þ I0

� �

½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

¼ 0 ) R1 þ Vt

I0

� �
� C1 � ð1� af Þ 6¼ 0; ½af � ð1� kÞ � 1�

¼ 0

L1
Vt

� Isc � ðar � af � 1Þþ n5ðIÞ � n2ðIÞ
� 	

¼ g1ðIÞ � C3 þ g2ðIÞ � C2

L1
Vt

� Isc � ðar � af � 1ÞþC1 � ð1� af Þ � R1 þ Vt

Iþ I0

� �
� ðar � 1Þ � C1 � R1 þ Vt

Iþ I0

� �� 	

¼
R1 þ Vt

Iþ I0

h i
L1

þ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

8<
:

9=
; � C1 � L1 � ½2� af � ar�

þ I � ½af � ð1� kÞ � 1�
L1 � C1 � ð1� af Þ � L

2
1

Vt
� C1 � ð1� af Þ

L1
Vt

� Isc � ðar � af � 1ÞþC1 � R1 þ Vt

Iþ I0

� �
� 2� af � ar

 �� 	

¼ R1 þ Vt

Iþ I0

� �
� C1 þ ½af � ð1� kÞ � 1� � L1

R1 þ Vt
I0

h i
� ð1� af Þ

8<
:

9=
; � ½2� af � ar�

þ I � ½af � ð1� kÞ � 1� � L1
Vt
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1
Vt

� Isc � ðar � af � 1Þ � I � ½af � ð1� kÞ � 1�� �
¼ ½af � ð1� kÞ � 1�

R1 þ Vt
I0

h i
� ð1� af Þ

� ½2� af � ar�

C3 ¼ n4 � n1 ¼ L1 � C1 � ð1� af Þ � ðar � 1Þ � C1 � L1 ¼ C1 � L1 � ½2� af � ar�

We can summarize our last result in Table 1.7:
We already discussed our system differential equation:

w1
d2I
dt2

;
dI
dt

; I; g1ðIÞ; g2ðIÞ
� �

� w2
dI
dt

; I;C1; . . .;C3

� �
¼ 0

) d2I
dt2

þ dI
dt

� g1ðIÞþ g2ðIÞ
� 	

� I � C1 þ dI
dt

� C2 þC3

� 	
¼ 0

One of the option isw1
d2

I
dt2 ;

dI
dt ; I; g1ðIÞ; g2ðIÞ

� 
¼ d2

I
dt2 þ dI

dt � g1ðIÞþ g2ðIÞ
n o

¼ 0

w1 represents Lienard system differential equation. Lienard’s theorem states that
our optoisolation system has a unique, stable limit cycle under appropriate
hypotheses of η1, η2. We need to check that our system η1(I) and η2(I) satisfy the
following statements (Lienard’s theorem). Our η1(I) and η2(I) are continuously
differentiable for all I values. η2(−I) = −η2(I) for all I values. η2(I) > 0 for I > 0

only if ½af �ð1�kÞ�1�
L1�C1�ð1�af Þ [ 0 ) ½af � ð1� kÞ � 1�[ L1 � C1 � ð1� af Þ. We need to

prove under which conditions η1(−I) = −η1(I) for all I values [17, 18].

Table 1.7 System/variables
parameters and expressions

System/variables parameters System expressions

g1ðIÞ R1 þ Vt
Iþ I0

h i
L1

þ ½af �ð1�kÞ�1�
R1 þ Vt

I0

h i
�C1 �ð1�af Þ

g2ðIÞ I�½af �ð1�kÞ�1�
L1 �C1 �ð1�af Þ

C1 R1
Vt

þ 1
I0

h i
� L1 � C1 � ð1� af Þ

C2 L21
Vt
� C1 � ð1� af Þ

C3 C1 � L1 � ½2� af � ar�
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g1ðIÞ ¼
R1 þ Vt

Iþ I0

h i
L1

þ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

) g1ð�IÞ ¼
R1 þ Vt

�Iþ I0

h i
L1

þ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

�g1ðIÞ ¼ �
R1 þ Vt

Iþ I0

h i
L1

� ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

; g1ð�IÞ ¼ �g1ðIÞ

)
R1 þ Vt

�Iþ I0

h i
L1

þ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

¼ �
R1 þ Vt

Iþ I0

h i
L1

� ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

Vt � 1
I0 � I

þ 1
I0 þ I

� �
¼ Vt � 2 � I0

I20 � I2
) 2 � R1 þVt � 2 � I0

I20 � I2

¼ � 2 � ½af � ð1� kÞ � 1� � L1
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

Result The condition to get η1(−I) = −η1(I) for all I values:

R1 þVt � I0
I20 � I2

þ ½af � ð1� kÞ � 1� � L1
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

¼ 0
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R1 þVt � I0
I20 � I2

þ ½af � ð1� kÞ � 1� � L1
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

¼ 0

I0
I2 � I20

¼ 1
Vt

� ½af � ð1� kÞ � 1� � L1
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þR1

8<
:

9=
;;

I0 ¼ ðI2 � I20 Þ �
1
Vt

� ½af � ð1� kÞ � 1� � L1
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þR1

8<
:

9=
;

I0 þ I20 �
1
Vt

� ½af � ð1� kÞ � 1� � L1
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þR1

8<
:

9=
;

¼ I2 � 1
Vt

� ½af � ð1� kÞ � 1� � L1
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þR1

8<
:

9=
;

I values must be

I ¼ 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I0 � 1þ I0 � 1

Vt
� ½af �ð1�kÞ�1��L1

R1 þ Vt
I0

h i
�C1�ð1�af Þ

þR1

8<
:

9=
;

2
4

3
5

1
Vt
� ½af �ð1�kÞ�1��L1

R1 þ Vt
I0

h i
�C1�ð1�af Þ

þR1

8<
:

9=
;

vuuuuuuuuuut

Then we get restriction for expressions below the root.

I0 � 1þ I0 � 1
Vt
� ½af �ð1�kÞ�1��L1

R1 þ Vt
I0

h i
�C1�ð1�af Þ

þR1

8<
:

9=
;

2
4

3
5

1
Vt
� ½af �ð1�kÞ�1��L1

R1 þ Vt
I0

h i
�C1�ð1�af Þ

þR1

8<
:

9=
;

� 0

The next condition we check, if the odd function: FðIÞ ¼ R I0 g1ðuÞ � du has
exactly one positive zero at I = a, is negative for 0 < I < a, is positive and non-
decreasing for i > a, and F(I) ! ∞ as I ! ∞. If all above conditions fulfill our

system equation w1
d2

I
dt2 ;

dI
dt ; I; g1ðIÞ; g2ðIÞ

� 
has a unique, stable limit cycle sur-

rounding the origin in the phase plane.
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g1ðIÞ ¼
R1 þ Vt

Iþ I0

h i
L1

þ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

FðIÞ ¼
ZI
0

g1ðuÞ � du ¼
Z I
0

R1 þ Vt
uþ I0

h i
L1

þ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

8<
:

9=
; � du

FðIÞ ¼
Z I
0

g1ðuÞ � du ¼ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þ R1

L1

8<
:

9=
; �

Z I
0

duþ Vt

L1
�
ZI
0

du
uþ I0

FðIÞ ¼
Z I
0

g1ðuÞ � du

¼ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þ R1

L1

8<
:

9=
; � Iþ Vt

L1
� ln ½Iþ I0� � ln ½I0�f g

F ðI ¼ aÞ ¼ ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þ R1

L1

8<
:

9=
; � aþ Vt

L1
� ln a

I0
þ 1

� �

We need to find “a” positive value which fulfills:

F ðI ¼ aÞ ¼ 0 ) ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þ R1

L1

8<
:

9=
; � aþ Vt

L1
� ln a

I0
þ 1

� �
¼ 0

� ½af � ð1� kÞ � 1�
R1 þ Vt

I0

h i
� C1 � ð1� af Þ

þ R1

L1

8<
:

9=
; � L1

Vt
¼ 1

a
� ln a

I0
þ 1

� �

Exercise to the reader to check if all other conditions fulfill. Back to our primary
multiplication functions, we need to check the second option (w2 = 0) which is not
related to the first option (w1 = 0) of Lienard’s differential equation [7].

w1
d2I
dt2

;
dI
dt

; I; g1ðIÞ; g2ðIÞ
� �

� w2
dI
dt

; I;C1; . . .;C3

� �
¼ 0

) d2I
dt2

þ dI
dt

� g1ðIÞþ g2ðIÞ
� 	

� I � C1 þ dI
dt

� C2 þC3

� 	
¼ 0
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w2
dI
dt

; I;C1; . . .;C3

� �
¼ 0 ) I � C1 þ dI

dt
� C2 þC3 ¼ 0

) IðtÞ ¼ �C3

C1
þConst � e�

C1
C2
�t

Then we get our second option.

IðtÞ ¼ � C1 � L1 � ½2� af � ar�
R1
Vt

þ 1
I0

h i
� L1 � C1 � ð1� af Þ

þConst � e
�

R1
Vt

þ 1
I0

h i
�L1 �C1 �ð1�af Þ

L2
1
Vt

�C1 �ð1�af Þ
�t

IðtÞ ¼ � ½2� af � ar�
R1
Vt

þ 1
I0

h i
� ð1� af Þ

þConst � e�
R1
Vt

þ 1
I0

h i
�Vt

L1
�t

1.6 Optoisolation Circuits with Weakly Nonlinear
Oscillations

We implement by using optoisolation circuits weakly Nonlinear oscillator [6, 7].
The general equation of nonlinear oscillator of the form:

d2VðtÞ
dt2

þVðtÞþ e � h VðtÞ; dVðtÞ
dt

� �
¼ 0

V(t) is our system main variable, where 0 ¼ \e � 1 and h VðtÞ; dVðtÞdt

� 
is a

smooth function. We have small perturbation of the linear oscillator
d2

VðtÞ
dt2 þVðtÞ ¼ 0 ) VðtÞ ¼ cos ðtÞþ sin ðtÞ. Then it is called weakly nonlinear

oscillator. The below optoisolation circuit demonstrates our weakly nonlinear
oscillator (Fig. 1.17).

We consider capacitor C1 is initially charged to specific positive voltage before
switching S1 from OFF to ON state. VC1 t ¼ t0ð Þ � VD1ON and VC1 (t = t0) > 0.

IC1 ¼ C1 � dVC1

dt
; ICQ1 þ IR1 ¼ IC1 ¼ IL1; IR1 ¼ ID1;

V ¼ R1 � ID1 þVt � ln ID1
I0

þ 1
� �

By using Taylor series approximation: ln ID1
I0

þ 1
� 


 ID1
I0
.
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V ¼ R1 � ID1 þVt � ID1I0 ¼ ID1 � R1 þVt � 1I0

� �
) ID1 ¼ V

R1 þVt � 1
I0

� 

V ¼ VCEQ1 
 Vt � ln½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ ; IBQ1 ¼ k � ID1

IEQ1 ¼ IBQ1 þ ICQ1 ¼ k � V
R1 þVt � 1

I0

�  þ ICQ1

Assumption k > 1, for keeping the saturation process after breakover happened.

Vt � ln Isc
Ise

h i

 0 then we get the expression for Q1 emitter–collector voltage.

V ¼ VCEQ1 
 Vt � ln
ar � ICQ1 � k�V

R1 þVt � 1I0

�  þ ICQ1

2
4

3
5

0
@

1
Aþ Ise � ðar � af � 1Þ

ICQ1 � k�V
R1 þVt � 1I0
�  þ ICQ1

2
4

3
5 � af

0
@

1
Aþ Isc � ðar � af � 1Þ

2
6666664

3
7777775

V ¼ VCEQ1 
 Vt � ln
ar � ICQ1 � k�V

R1 þVt � 1I0
� � ICQ1

0
@

1
Aþ Ise � ðar � af � 1Þ

ICQ1 � k�V �af
R1 þVt � 1I0
� � ICQ1 � af

0
@

1
Aþ Isc � ðar � af � 1Þ

2
6666664

3
7777775

Fig. 1.17 Optoisolation
weakly nonlinear oscillator
circuit
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V ¼ VCEQ1 
 Vt � ln
½ar � 1� � ICQ1 � k�V

R1 þVt � 1I0
� 

0
@

1
Aþ Ise � ðar � af � 1Þ

� k�V �af
R1 þVt � 1I0
�  þ ICQ1 � ½1� af �

0
@

1
Aþ Isc � ðar � af � 1Þ

2
6666664

3
7777775

e
V
Vt½ � ¼

½ar � 1� � ICQ1 � k�V
R1 þVt � 1I0
�  þ Ise � ðar � af � 1Þ

� k�V �af
R1 þVt � 1I0
�  þ ICQ1 � ½1� af � þ Isc � ðar � af � 1Þ

Taylor series approximation: e
V
Vt½ � 
 1þ V

Vt

� 

1þ V
Vt

� �
� � k � V � af

R1 þVt � 1
I0

�  þ ICQ1 � ½1� af � þ Isc � ðar � af � 1Þ
8<
:

9=
;

¼ ½ar � 1� � ICQ1 � k � V
R1 þVt � 1

I0

�  þ Ise � ðar � af � 1Þ

� k � V � af
R1 þVt � 1

I0

�  þ ICQ1 � ½1� af � þ Isc � ðar � af � 1Þ

� k � V2 � af
Vt � R1 þVt � 1

I0

�  þ V
Vt

� ICQ1 � ½1� af �

þ V
Vt

� Isc � ðar � af � 1Þ ¼ ½ar � 1� � ICQ1

� k � V
R1 þVt � 1

I0

�  þ Ise � ðar � af � 1Þ

ICQ1 � ½1� af � þ V
Vt

� ½1� af � � ½ar � 1�
� 	

¼ k � V � af
R1 þVt � 1

I0

� � Isc � ðar � af � 1Þ

þ k � V2 � af
Vt � R1 þVt � 1

I0

� � V
Vt

� Isc � ðar � af � 1Þ � k � V
R1 þVt � 1

I0

�  þ Ise � ðar � af � 1Þ
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ICQ1 � ½1� af � þ V
Vt

� ½1� af � � ½ar � 1�
� 	

¼ k � V � af
R1 þVt � 1

I0

�  þ k � V2 � af
Vt � ðR1 þVt � 1

I0
Þ

� V
Vt

� Isc � ðar � af � 1Þ � k � V
R1 þVt � 1

I0

�  þðIse � IscÞ � ðar � af � 1Þ

Since ðIse � IscÞ ! e then ðIse � IscÞ � ðar � af � 1Þ ! e

ICQ1 � ½1� af � þ V
Vt

� ½1� af � � ½ar � 1�
� 	

¼ k � V � af
R1 þVt � 1

I0

�  þ k � V2 � af
Vt � R1 þVt � 1

I0

� 
� V
Vt

� Isc � ðar � af � 1Þ � k � V
R1 þVt � 1

I0

� 

ICQ1 ¼
V � k�ðaf�1Þ

R1 þVt � 1I0
� � Isc

Vt
� ðar � af � 1Þ

8<
:

9=
;þ k�af

Vt � R1 þVt � 1I0
�  � V2

½1� af � � ½ar � 1� þ 1
Vt
� ½1� af � � V

A1 ¼ k � ðaf � 1Þ
R1 þVt � 1

I0

� � Isc
Vt

� ðar � af � 1Þ; A2 ¼ k � af
Vt � R1 þVt � 1

I0

�  ;
A3 ¼ ½1� af � � ½ar � 1�

A4 ¼ 1
Vt

� ½1� af �; ICQ1ðVÞ ¼ V � A1 þV2 � A2

A3 þA4 � V ; V ¼ VC1 þVL1 ¼ VC1 þ L1 � dIC1dt

IC1 ¼ C1 � dVC1

dt
) VC1 ¼ 1

C1
�
Z

IC1 � dt;

V ¼ 1
C1

�
Z

IC1 � dtþ L1 � dIC1dt
; ICQ1 ¼ IC1 � ID1

ICQ1 ¼ IC1 � ID1 ¼ C1 � dVC1

dt
� V

R1 þVt � 1
I0

�  ; ICQ1ðVÞ ¼ V � A1 þV2 � A2

A3 þA4 � V

IC1 ¼ ICQ1 þ ID1 ¼ V � A1 þV2 � A2

A3 þA4 � V þ V

R1 þVt � 1
I0

�  ; dV
dt

¼ 1
C1

� IC1 þ L1 � d
2IC1
dt2
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dV
dt

¼ 1
C1

� IC1 þ L1 � d
2IC1
dt2

¼ 1
C1

� V � A1 þV2 � A2

A3 þA4 � V þ V

R1 þVt � 1
I0

� 
8<
:

9=
;þ L1 � d

2IC1
dt2

dV
dt

¼ 1
C1

� V � A1 þV2 � A2

A3 þA4 � V þ V

R1 þVt � 1
I0

� 
8<
:

9=
;þ d2V

dt2
� L1

R1 þVt � 1
I0

� 
þ L1 � d

2

dt2
V � A1 þV � A2

A3 þA4 � V
� �� 	

First we need to get the expression for dIC1dt ¼ d
dt V � A1 þV �A2

A3 þA4�V
� n o

.

d
dt

A1 þV � A2

A3 þA4 � V
� �

¼ dV
dt

� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

;

d
dt

A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

¼ �2 � ðA2 � A3 � A1 � A4Þ � A4 �
dV
dt

ðA3 þA4 � VÞ3

d
dt

V � A1 þV � A2

A3 þA4 � V
� �� 	

¼ dV
dt

� A1 þV � A2

A3 þA4 � V
� �

þV � dV
dt

� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

d2

dt2
V � A1 þV � A2

A3 þA4 � V
� �� 	

¼ d2V
dt2

� A1 þV � A2

A3 þA4 � V
� �

þ dV
dt

� d
dt

A1 þV � A2

A3 þA4 � V
� �

þ dV
dt

� �2
� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

þV � d
2V
dt2

� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

þV � dV
dt

� d
dt

A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

1.6 Optoisolation Circuits with Weakly Nonlinear Oscillations 87



d2

dt2
V � A1 þV � A2

A3 þA4 � V
� �� 	

¼ d2V
dt2

� A1 þV � A2

A3 þA4 � V
� �

þ dV
dt

� �2
� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

þ dV
dt

� �2
� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

þV � d
2V
dt2

� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

� V � dV
dt

� �2
� 2 � ðA2 � A3 � A1 � A4Þ � A4

ðA3 þA4 � VÞ3

d2

dt2
V � A1 þV � A2

A3 þA4 � V
� �� 	

¼ d2V
dt2

� A1 þV � A2

A3 þA4 � V
� �

þ 2 � dV
dt

� �2
� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

þV � d
2V
dt2

� A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #

� V � dV
dt

� �2
� 2 � ðA2 � A3 � A1 � A4Þ � A4

ðA3 þA4 � VÞ3

d2

dt2
V � A1 þV � A2

A3 þA4 � V
� �� 	

¼ d2V
dt2

� A1 þV � A2

A3 þA4 � V þV � A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
" #( )

þ 2 � dV
dt

� �2
� ðA2 � A3 � A1 � A4Þ

ðA3 þA4 � VÞ2
� 1� V � A4

ðA3 þA4 � VÞ
� �

dV
dt

¼ 1
C1

� V � A1 þV2 � A2

A3 þA4 � V þ V

R1 þVt � 1
I0

� 
8<
:

9=
;þ d2V

dt2
� L1

R1 þVt � 1
I0

�  þ L1 � d
2V
dt2

� A1þV � A2

A3þA4 � V
�

þV � A2 � A3 � A1 � A4

ðA3þA4 � VÞ2
" #)

þ 2 � L1 � dV
dt

� �2
� ðA2 � A3 � A1 � A4Þ

ðA3 þA4 � VÞ2
� 1� V � A4

ðA3 þA4 � VÞ
� �)

dV
dt

¼ 1
C1

� V � A1 þV � A2

A3 þA4 � V þ 1

R1 þVt � 1
I0

� 
8<
:

9=
;

þ L1 � d
2V
dt2

� 1

R1 þVt � 1
I0

�  þ A1 þV � A2

A3 þA4 � V þV � A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
( )2

4
3
5

þ 2 � L1 � dV
dt

� �2
� ðA2 � A3 � A1 � A4Þ

ðA3 þA4 � VÞ2
� 1� V � A4

ðA3 þA4 � VÞ
� �

We define the following functions for simplicity:
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f1ðVÞ ¼ 1
C1

� V � A1 þV � A2

A3 þA4 � V þ 1

R1 þVt � 1
I0

� 
8<
:

9=
;; f2ðVÞ

¼ L1 � 1

R1 þVt � 1
I0

�  þ A1 þV � A2

A3 þA4 � V þV � A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
( )2

4
3
5

f3 V ;
dV
dt

� �
¼ 2 � L1 � dV

dt

� �2
� ðA2 � A3 � A1 � A4Þ

ðA3 þA4 � VÞ2
� 1� V � A4

ðA3 þA4 � VÞ
� �

We get the equation: dVdt ¼ f1ðVÞþ d2
V

dt2 � f2ðVÞþ f3ðV ; dVdt Þ

d2V
dt2

� f2ðVÞ ¼ dV
dt

� f1ðVÞ � f3 V ;
dV
dt

� �
) d2V

dt2

¼ 1
f2ðVÞ �

dV
dt

� f1ðVÞ � f3 V ;
dV
dt

� �� 	
d2V
dt2

þV

¼ 1
f2ðVÞ �

dV
dt

� f1ðVÞ � f3 V ;
dV
dt

� �� 	
þV ) d2V

dt2
þV

¼ 1
f2ðVÞ �

dV
dt

� f1ðVÞ � f3 V ;
dV
dt

� �
þ f2ðVÞ � V

� 	
d2V
dt2

þV þ 1
f2ðVÞ � � dV

dt
þ f1ðVÞþ f3 V ;

dV
dt

� �
� f2ðVÞ � V

� 	
¼ 0

The general equation of weakly nonlinear system:

d2VðtÞ
dt2

þVðtÞþ e � h VðtÞ; dVðtÞ
dt

� �
¼ 0

) h VðtÞ; dVðtÞ
dt

� �
¼ � dV

dt
þ f1ðVÞþ f3 V ;

dV
dt

� �
� f2ðVÞ � V

e ¼ 1
f2ðVÞ ¼

1

L1 � 1

R1 þVt � 1I0
�  þ A1 þV �A2

A3 þA4�V þV � A2�A3�A1�A4

ðA3 þA4�VÞ2
n o2

4
3
5
; f2ðVÞ 6¼ 0

0� e � 1

) 0� 1
f2ðVÞ � 1 ) L1 � 1

R1 þVt � 1
I0

�  þ A1 þV � A2

A3 þA4 � V þV � A2 � A3 � A1 � A4

ðA3 þA4 � VÞ2
( )2

4
3
5� 1
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L1 � 1

R1 þVt � 1
I0

�  þ

k�ðaf�1Þ
R1 þVt � 1I0
� � Isc

Vt
� ðar � af � 1ÞþV � k�af

Vt � R1 þVt� 1I0
� 

8<
:

9=
;

½1� af � � ½ar � 1� þ 1
Vt
� ½1� af � � V

2
6666664

þV �

k�af
Vt � R1 þVt � 1I0
� 

8<
:

9=
; � ½1� af � � ½ar � 1�� �� k�ðaf�1Þ

R1 þVt � 1I0
� � Isc

Vt
� ðar � af � 1Þ

8<
:

9=
; � 1

Vt
� ½1� af �

½1� af � � ½ar � 1� þ 1
Vt
� ½1� af � � V

� 2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

3
7777775
� 1

Based on the above equation, we need to find system’s C1 initial voltage
minimum value.

L1 � 1

R1 þVt � 1
I0

�  þ

k� af � 1þ V
Vtð Þ�1f g

R1 þVt � 1I0
�  � Isc

Vt
� ðar � af � 1Þ

2� af � ar þ 1
Vt
� ½1� af � � V

2
66664

þV �

k�af �½2�af�ar �
Vt � R1 þVt � 1I0
� � k�ðaf�1Þ

R1 þVt � 1I0
� � Isc

Vt
� ðar � af � 1Þ

8<
:

9=
; � 1

Vt
� ½1� af �

2� af � ar þ 1
Vt
� ½1� af � � V

� 2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

3
7777775
� 1

1.7 Exercises

1. We have van der Pol system where l parameter is dependent on overall system
variable values V(t); l(V) = f##(V). Try to find system block diagram, differ-
ential equations, fixed points, phase diagrams for the following cases:
(a) f##(V) = sin(V)/V; (b) f##(V) = V2 − 1; (c) f##(V) = sign[sin(V)]. Our van der
Pol system differential equation:

d2V
dt2

þ lðVÞ � dV
dt

� ðV2 � 1ÞþV ¼ 0 ) d2V
dt2

þ f##ðVÞ � dVdt � ðV
2 � 1ÞþV

¼ 0:

2. Implement van der Pol system with l(V) dependent parameter by using
optoisolation circuits for l(V) = V3 − 1. Use optocouplers, Op-amps, resistors,
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capacitors and other discrete components. Find new system differential equa-
tions, draw phase plan graphs. Try to find limit cycles.

3. Discuss fixed points stability of van der Pol system in (2) with dependent
parameter l(V) = V3 − 1.

4. We have system equation: drdt ¼ r
1�r2 þ l � sign ðrÞ � cos ðhÞ. Find f(l, r) for two

main cases (sign(r) function). Try to represent system by two main variables X,
Y. Find Jacobian matrix, fixed points, eigenvalues, and stability analysis.

5. For system in (4) try to differentiate limit cycle types for dr/dt signs values.
Discuss all options and behaviors. Plot X, Y phase plane for different l
parameters values.

6. We have system equation: dr
dt ¼ r2

1�r3 þ l � sin ½hþCðrÞ�. C(r) is phase shift

which is dependent on r variable value. We consider the following cases:
(a) C(r) = r2 + 1; (b) C(r) = r3 − 1; (c) C(r) = r/(r2 − 1). Find f(l, r). Try to
represent the system by two main variables X, Y, find Jacobian matrix, fixed
points, eigenvalues, and stability analysis.

7. For system in (6) try to differentiate limit cycle types for dr/dt sign values,
discuss all options of behavior. Plot X, Y phase plan for different l parameter
values.

8. Try to implement drdt ¼ r2
1�r3 þ l � sin ½hþCðrÞ� system differential equations by

using optoisolation circuits. Discuss stability, limit cycle, behavior changes for
different C(r) functions (C(r) = r2/(r − 1)).

9. We have the following Lienards optoisolation circuit (Fig. 1.18).

Fig. 1.18 Lienards
optoisolation circuit
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First switch S1 is ON and S2 is OFF, capacitor C1 is charged to VB1 voltage
(t ! ∞). The next step switch S1 is OFF and S2 is ON (t = t0). We consider
the initial C1 voltage at t = t0 is greater than LED D1 ON voltage
VC1 t ¼ t0ð Þ � VD1ONð Þ. At t = t0, C1 capacitor acts as voltage source. Find
circuit differential equation, use Taylor series approximation. Find system
variables parameters as a function of circuit parameters (R1, L1, L2, I0, ar, af, k,
etc.,). Check if Lienard’s theorem satisfies all conditions.

10. We have the following optoisolation weakly nonlinear oscillation circuit
(Fig. 1.19).
We consider that capacitor C1 is initially charged to specific positive voltage
before switching S1 from OFF state to ON state. VC1 t ¼ t0ð Þ � VD1ONð Þ.
VC1(t = t0) > 0. IL1(t = t0) = 0, IL2(t = t0) = 0. Find circuit differential equa-
tions. Find the expression for e parameter as a function of V(t). Try to get
V(t) extreme values conditions based on the require that 0� e � 1. Find
h(V, dV/dt) smooth function and plot the related graphs. Plot phase space for
two variables dV/dt, V(t).

Fig. 1.19 Weakly nonlinear
oscillator circuit
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Chapter 2
Optoisolation Circuits Bifurcation
Analysis (I)

The basic definition of bifurcation describes the qualitative alterations that occur in
the orbit structure of a dynamical system as the parameters on which the system
depends are varied. In this chapter, we discuss various bifurcations which are
exhibited by optoisolation circuits. The first is cusp catastrophe which occurs in a
one-dimensional state space (n = 1) and two-dimensional parameter space (p = 2).
It has an equilibrium manifold in R2 � R: dV

dt ¼ f ðV ;C1;C2Þ V 2 R
n¼1;

fC1;C2g 2 R
p¼2; M ¼ fðC1;C2, VÞjC1 þC2 � V � V3 ¼ 0g. Where C1, C2 are

two control parameters and V is the system state variable. A two-parameter system
near a triple equilibrium point is known as cusp bifurcation (equilibrium structure).
We can consider a system with a higher dimensional state space and parameter
space. The Bautin bifurcation is equilibrium in a two-parameter family of system’s
autonomous ODEs at which the critical equilibrium has a pair of purely imaginary
eigenvalues and the first Lyapunov coefficient for the Andronov–Hopf bifurcation
vanishes. This phenomenon is also called the Generalized Hopf (GH) bifurcation.
Bogdanov–Takens (BT) bifurcation is a bifurcation of an equilibrium point in a
two-parameter family of autonomous ODEs, critical equilibrium has a zero
eigenvalue of multiplicity two [6, 7, 71].

2.1 Cusp Bifurcation Analysis System

In electronics, an optoisolator can be implemented in many engineering circuits.
Some of them demonstrate cusp bifurcation for specific system voltage band and
parameters values. We analyze Cusp catastrophe which occurs in a one-dimensional
state space (n = 1) and two-dimensional parameter space (p = 2). dVdt ¼ f ðV ;C1;C2Þ
V 2 R

n¼1; fC1;C2g 2 R
p¼2; M ¼ fðC1;C2;VÞjC1 þC2� V � V3 ¼ 0g. In the

above equation C1, C2 are two control parameters and V is the system state variable.
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A two-parameter system near a triple equilibrium point is known as cusp bifurca-
tion (equilibrium structure). This is the simplest degenerate case of the fold
bifurcation related to the cusp catastrophe theory with hysteresis bifurcation. The
projection of the cusp manifold onto the (C1, C2) plane yields the cusp bifurcation
variety, consisting of two algebraic curves in the parameter plane, meeting
tangentially at the cusp point (0, 0). For (C1, C2) in the interior of the wedge
bounded by the cusp bifurcation variety, there exist three distinct equilibrium points
V, while exterior to this wedge there is an unique equilibrium point V. On crossing
the bifurcation variety, from the interior to the exterior at any point other than the
cusp point (0, 0), two equilibrium points V coalesce and disappear in a fold
bifurcation [7–9]. Inside the wedge, the upper and lower equilibrium point V of
equation dV

dt ¼ ðC1 þC2 � V � V3Þ are stable, while the third equilibrium point lying
between them is unstable. This coexistence of two distinct attractors at the same
parameter value is called bi-stability. If C1 is varied with fixed C2 > 0, the system
jumps from one stable equilibrium to the other stable equilibrium at the two
endpoints of an interval, thus tracing a hysteresis loop. As we increase or decrease
C2, the length of this hysteresis interval increases, respectively, and it vanishes at
the cusp point (0, 0). dVdt ¼ f ðV ;C1;C2Þ; f ðV ;C1;C2Þ ¼ C1 þC2 � V � V3, we wish
to find roots of f ðV ;C1;C2Þ, which correspond to stationary solutions of the

differential equation. Turning points of f ðV ;C1;C2Þ are values of df ðV ;C1;C2Þ
dV

satisfying df ðV ;C1;C2Þ
dV ¼ C2 � 3 � V2 ¼ 0 ) V ¼ �

ffiffiffiffi
C2
3

q
, So f ðV ;C1;C2Þ has turning

points only if C2 [ 0. Hence, if C2\0 then f ðV ;C1;C2Þ has a single root, with the
root being positive if C1 > 0 and negative if C1 < 0.

If C2 [ 0 the value of f ðV ;C1;C2Þ at the turning points is given by

f V ¼ �
ffiffiffiffi
C2
3

q� �
¼ C1 þ 2

3 � C2 �
ffiffiffiffi
C2
3

q
; f V ¼ �

ffiffiffiffi
C2
3

q� �
¼ C1 � 2

3 � C2 �
ffiffiffiffi
C2
3

q
. Thus,

there will be one real, positive root of f ðV ;C1;C2Þ if C1 � 2
3 � C2 �

ffiffiffiffi
C2
3

qn o
[ 0,

three real roots if C1 � 2
3 � C2 �

ffiffiffiffi
C2
3

qn o
\0 and C1 þ 2

3 � C2 �
ffiffiffiffi
C2
3

qn o
[ 0, one real

negative root if C1 þ 2
3 � C2 �

ffiffiffiffi
C2
3

qn o
\0. Bifurcation occurs at C1 � 2

3 � C2 �
ffiffiffiffi
C2
3

q
,

and we see that these bifurcations are probably saddle–node bifurcations. Our
system differential equation is dV

dt ¼ f ðV ;C1;C2Þ; f ðV ;C1;C2Þ ¼ C1 þC2 � V � V3

to find fixed points we set dV
dt ¼ f ðV ;C1;C2Þ ¼ 0 ) C1 þC2 � V � V3 and we get

cubic equation. Every cubic equation with real coefficients has at least one solution
V among the real numbers; this is a consequence of the intermediate value theorem.
We can distinguish several possible cases using the discriminant,
D ¼ 4 � C3

2 � 27 � C2
1.

The following cases need to be considered: if D > 0, then the equation has three
distinct real roots.
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D[ 0 ) 4 � C3
2 � 27 � C2

1 [ 0 ) C1 � 2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r !

� C1 þ 2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r !
\0; C2 [ 0

C1 � 2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r !
� C1 þ 2

3
� C2 �

ffiffiffiffiffiffi
C2

3

r !
\0

) � 2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r
\C1\

2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r

If D < 0, then the equation has one real root and a pair of complex conjugate
roots.

D\0 ) 4 � C3
2 � 27 � C2

1\0 ) C1 � 2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r !

� C1 þ 2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r !
[ 0; C2 [ 0

C1 � 2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r !
� C1 þ 2

3
� C2 �

ffiffiffiffiffiffi
C2

3

r !
[ 0

) C1 [
2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r
OR C1\� 2

3
� C2 �

ffiffiffiffiffiffi
C2

3

r

If D = 0, then (at least) two roots coincide. It may be that the equation has a
double real root and another distinct single real root; alternatively, all three roots
coincide yielding a triple real root. A possible way to decide between these sub-
cases is to compute the resultant of the cubic and its second derivative: a triple root
exists if and only if this resultant vanishes.

D ¼ 0 ) 4 � C3
2 � 27 � C2

1 ¼ 0 ) C1 ¼ � 2
3
� C2 �

ffiffiffiffiffiffi
C2

3

r !
; C2 [ 0

C1 þC2 � V � V3 ¼ 0 ) C1 þC2 � V � V3 ¼ ðV � aÞðV � bÞðV � cÞ ¼ 0; we
need to find a, b, c roots as a function of system overall constant C1;C2.

a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 � 4

27 �
q

C3
2

2

3

vuut
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 � 4

27 �
q

C3
2

2

3

vuut
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b ¼ �ð1þ i � ffiffiffi
3

p Þ
2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 � 4

27 � C3
2

q
2

3

vuut
� ð1� i

ffiffiffi
3

p Þ
2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 � 4

27 � C3
2

q
2

3

vuut

c ¼ �ð1� i � ffiffiffi
3

p Þ
2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 � 4

27 � C3
2

q
2

3

vuut
� ð1þ i

ffiffiffi
3

p Þ
2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 � 4

27 � C3
2

q
2

3

vuut

Results Table 2.1 describes our cusp system differential equation behavior. We plot
the graphs for stationary case before bifurcation happened.

The graphs related to parameter value C2 > 0 are plotted for the case of three
fixed points (two stable fixed points and one unstable fixed point). All those graphs
are for the state before bifurcation. Upon changing C1 parameter value bifurcation
happened. The graphs which related to parameter value C2 < 0 give the result of
one stable fixed point. Upon changing C1 parameter value, only the location of the
stable fixed point change (no bifurcation). If we plot the fixed points (V(i)) above
(C1, C2) plane, we get the cusp catastrophe surface. The surface folds over on itself
in certain places. The projection of these folds onto the (C1, C2) plane yields the
bifurcation curves. The C1, C2 parameters change, the state of the system can be
carried over the edge of the upper surface, after which it drops discontinuously to
the lower surface. This jump could be truly catastrophic for the equilibrium of the
system. We define N variable as the number of fixed points when C2 > 0. When

C1 ¼ � 2
3 � C2 �

ffiffiffiffi
C2
3

q
two fixed points (one stable fixed point and the other unstable

fixed point) collide to one fixed point (half stable and half unstable fixed point)
(Fig. 2.1).

Cusp catastrophe system block diagram which occurs in a one-dimensional state
space (n = 1) and two-dimensional parameter space (p = 2) is demonstrated in
Fig. 2.2. It has an equilibrium manifold in R2 � R: dV

dt ¼ f ðV ;C1;C2Þ
V 2 R

n¼1; fC1;C2g 2 R
p¼2; M ¼ fðC1;C2;VÞjC1 þC2:V þV3 ¼ 0g. We change

the sign of V3 from (−) to (+). Where C1, C2 are two control parameters and V is the
system state variable. A two-parameter system near a triple equilibrium point
known as cusp bifurcation (equilibrium structure).

System equation:

dV
dt

¼ f ðV ;C1;C2Þ ¼ C1 þC2 � V þV3

dV
dt

¼ f ðV ;C1;C2Þ ¼ C1 þC2 � V þV3 ) V ¼ 1
C2

� dV
dt

� C1

C2
� 1
C2

� V3; a ¼ 1
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Table 2.1 Cusp system differential equation behavior

Γ2>0 Γ2<0
Γ1<0

Γ1=0

Γ1>0

dV/dt

V

1 0Γ <

V

dV/dt

2
1 2

2

3 3

ΓΓ + ⋅Γ ⋅

2
1 2

2

3 3

ΓΓ − ⋅Γ ⋅

2

3

Γ+

2

3

Γ−

1 0Γ <

dV/dt

V

2
2

2

3 3

Γ+ ⋅Γ ⋅

2
2

2

3 3

Γ− ⋅Γ ⋅

2

3

Γ+

2

3

Γ−

dV/dt

V

1 0Γ >

V

dV/dt 2
1 2

2

3 3

ΓΓ + ⋅Γ ⋅

2
1 2

2

3 3

ΓΓ − ⋅Γ ⋅

2

3

Γ+

2

3

Γ−

dV/dt

V

1 0Γ >
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2.2 Optoisolation Circuits Cusp Bifurcation Analysis

We need to implement the above cusp system block diagram by using optoisolation
elements, op-amps, resistors, capacitors, etc. Figure 2.3 implements our system.

Remark There is no match between system block diagram feedback loop []2

operator for V output voltage variable and system equation � 1
C2
� V3 term. We will

get the later from optoisolation circuit implementation our feedback loop []3

operator for V output voltage variable. Gama1 = C1, Gama2 = C2 [15, 16, 18].
At time t = t0 switches S1, S2, and S3 move from OFF state to ON state. The

circuit dynamic starts.

1

2

3

1Γ

N - Number of 
fixed points

2
2

2

3 3

Γ+ ⋅Γ ⋅2
2

2

3 3

Γ− ⋅Γ ⋅

Fig. 2.1 Two fixed points (one stable fixed point and the other unstable fixed point) collide to one
fixed point (half stable and half unstable fixed point)

+

α

[]2·(1⁄Γ2)

g(Γ1,Γ2)= Γ1/Γ2

_

(1⁄Γ2)·d/dt

V(t)

1Γ 2Γ

Fig. 2.2 Cusp catastrophe system block diagram
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ID1 ¼ IR1 þ IR2 þ IR3; IR1 ¼
� 1

C2
� V2 � VD1

R1
;

IR2 ¼
� C1

C2
� VD1

R2
; IR3 ¼

1
C2
� dVdt � VD1

R3

We consider VD1 ¼ Vt � ln ID1
I0

þ 1
h i

� Vt � ID1I0 (Taylor series approximation).

ID1 ¼
� 1

C2
� V2 � VD1

R1
þ � C1

C2
� VD1

R2
þ

1
C2
� dVdt � VD1

R3

ID1 ¼
� 1

C2
� V2 � Vt � ID1I0

R1
þ � C1

C2
� Vt � ID1I0
R2

þ
1
C2
� dVdt � Vt � ID1I0

R3

ID1 ¼ � 1
C2 � R1

� V2 � Vt � ID1
I0 � R1

� C1

C2 � R2

� Vt � ID1
I0 � R2

þ 1
C2 � R3

� dV
dt

� Vt � ID1
I0 � R3

ID1 ¼ �Vt � ID1
I0 � R1

� Vt � ID1
I0 � R2

� Vt � ID1
I0 � R3

� �

� 1
C2 � R1

� V2 � C1

C2 � R2
þ 1

C2 � R3
� dV
dt

Fig. 2.3 To implement the cusp system block diagram by using optoisolation elements, op-amps,
resistors, capacitors
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ID1 ¼ � 1
R1

þ 1
R2

þ 1
R3

� �
� Vt � ID1

I0
� 1
C2 � R1

� V2 � C1

C2 � R2
þ 1

C2 � R3
� dV
dt

ID1 þ 1
R1

þ 1
R2

þ 1
R3

� �
� Vt � ID1

I0
¼ 1

C2
� � 1

R1
� V2 � C1

R2
þ 1

R3
� dV
dt

� �

ID1 ¼ 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

� � 1
R1

� V2 � C1

R2
þ 1

R3
� dV
dt

� �

For simplicity, we define the following functions:

g ¼ 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

; w V ;
dV
dt

; etc:
� �

¼ � 1
R1

� V2

� C1

R2
þ 1

R3
� dV
dt

; ID1 ¼ g � w V ;
dV
dt

; etc:
� �

IEQ1 ¼ IBQ1 þ ICQ1; IBQ1 ¼ k � ID1 ¼ k � g � w V ;
dV
dt

; etc:
� �

;

IEQ1 ¼ k � g � w V ;
dV
dt

; etc.
� �

þ ICQ1

The mathematical analysis is based on the basic Transistor Ebers–Moll equa-
tions. We need to implement the regular Ebers-Moll model to the above opto-
coupler circuit.

VBEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ
� �

þ 1
	 


;

VBCQ1 ¼ Vt � ln ICQ1 � IEQ1 � af
Isc � ðar � af � 1Þ
� �

þ 1
	 


VCEQ1 ¼ VCBQ1 þVBEQ1; but VCBQ1 ¼ �VBCQ1; then VCEQ1 ¼ VBEQ1�VBCQ1

VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ
� �

þ 1
	 


� Vt � ln ICQ1 � IEQ1 � af
Isc � ðar � af � 1Þ
� �

þ 1
	 


VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1ð Þþ Ise � ðar � af � 1Þ
ICQ1 � IEQ1 � afð Þþ Isc � ðar � af � 1Þ

	 

þVt � ln Isc

Ise

� �
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Since Isc � Ise ! e ) ln Isc
Ise

� �
! e then we can write VCEQ1 expression.

V ¼ VCEQ1 ’ Vt � ln ar � ICQ1 � IEQ1ð Þþ Ise � ðar � af � 1Þ
ICQ1 � IEQ1 � afð Þþ Isc � ðar � af � 1Þ

	 

;

w ¼ w V ;
dV
dt

; etc:
� �

ar � ICQ1 � IEQ1 ¼ ar � ICQ1 � k � g � w V ;
dV
dt

; etc:
� �

þ ICQ1

� �

¼ ICQ1 � ðar � 1Þ � k � g � w V
dV
dt

; etc:
� �

ICQ1 � IEQ1 � af ¼ ICQ1 � k � g � w V ;
dV
dt

; etc:
� �

þ ICQ1

� �
� af

¼ ICQ1 � ð1� af Þ � k � g � af � w V ;
dV
dt

; etc:
� �

V ¼ VCEQ1 ’ Vt � ln ICQ1 � ðar � 1Þ � k � g � wþ Ise � ðar � af � 1Þ
ICQ1 � ð1� af Þ � k � g � af � wþ Isc � ðar � af � 1Þ
	 


;

VDD ¼ ICQ1 � RCQ1 þV ) ICQ1 ¼ VDD � V
RCQ1

V ¼ VCEQ1 ’ Vt � ln
VDD�V
RCQ1

� �
� ðar � 1Þ � k � g � wþ Ise � ðar � af � 1Þ

VDD�V
RCQ1

� �
� ð1� af Þ � k � g � af � wþ Isc � ðar � af � 1Þ

2
4

3
5

V ¼ VCEQ1 ’ Vt � ln
VDD�ðar�1Þ

RCQ1
� V �ðar�1Þ

RCQ1
� k � g � wþ Ise � ðar � af � 1Þ

VDD�ð1�af Þ
RCQ1

� V �ð1�af Þ
RCQ1

� k � g � af � wþ Isc � ðar � af � 1Þ

2
4

3
5

V ¼ VCEQ1 ’ Vt � ln
� V �ðar�1Þ

RCQ1
� k � g � wþ VDD�ðar�1Þ

RCQ1
þ Ise � ðar � af � 1Þ

h i
� V �ð1�af Þ

RCQ1
� k � g � af � wþ VDD�ð1�af Þ

RCQ1
þ Isc � ðar � af � 1Þ

h i
2
4

3
5

For simplicity we define new system global parameters: n1; n2; n3; n4.

n1 ¼ �ðar � 1Þ
RCQ1

; n2 ¼
VDD � ðar � 1Þ

RCQ1
þ Ise � ðar � af � 1Þ; n3 ¼ �ð1� af Þ

RCQ1
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n4 ¼
VDD � ð1� af Þ

RCQ1
þ Isc � ðar � af � 1Þ;

V ¼ VCEQ1 ’ Vt � ln V � n1 � k � g � wþ n2
V � n3 � k � g � af � wþ n4

	 


e
V
Vt½ � ¼ V � n1 � k � g � wþ n2

V � n3 � k � g � af � wþ n4
; e

V
Vt½ � � V

Vt
þ 1 (Taylor series approximation).

V
Vt

þ 1
� �

� ðV � n3 � k � g � af � wþ n4Þ ¼ V � n1 � k � g � wþ n2

V2

Vt
� n3 � k � g � af � w � V

Vt
þ V

Vt
� n4 þV

� n3 � k � g � af � wþ n4 ¼ V � n1 � k � g � wþ n2

V2

Vt
� n3 � k � g � af � � 1

R1
� V2 � C1

R2
þ 1

R3
� dV
dt

	 

� V
Vt

þ V
Vt

� n4 þV � n3 � k � g � af � � 1
R1

� V2 � C1

R2
þ 1

R3
� dV
dt

	 

þ n4

¼ V � n1 � k � g � � 1
R1

� V2 � C1

R2
þ 1

R3
� dV
dt

	 

þ n2

V2

Vt
� n3 þ

k � g � af
R1 � Vt

� V3 þ k � g � af � C1

R2
� V
Vt

� k � g � af
R3

� dV
dt

� V
Vt

þ V
Vt

� n4 þV � n3 þ
k � g � af

R1
� V2

þ k � g � af � C1

R2
� k � g � af

R3
� dV
dt

þ n4

¼ V � n1 þ
k � g
R1

� V2 þ k � g � C1

R2
� k � g

R3
� dV
dt

þ n2

V2 � n3
Vt

þ k � g � af
R1

� k � g
R1

	 

þV � k � g � af � C1

R2 � Vt
þ n4

Vt
þ n3 � n1

	 


þ k � g � af
R1 � Vt

� V3 � k � g � af
R3

� dV
dt

� V
Vt

þ dV
dt

� k � g
R3

� k � g � af
R3

	 


þ k � g � af � C1

R2
þ n4 �

k � g � C1

R2
� n2 ¼ 0
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V2 � n3
Vt

þ k � g � ðaf � 1Þ
R1

	 

þV � k � g � af � C1

R2 � Vt
þ n4

Vt
þ n3 � n1

	 


þ k � g � af
R1 � Vt

� V3 � k � g � af
R3

� dV
dt

� V
Vt

þ dV
dt

� k � g � ð1� af Þ
R3

þ k � g � ðaf � 1Þ � C1

R2
þ n4 � n2 ¼ 0

We define the following new system parameters: m1, m2, m3, m4, m5, m6.

m1 ¼ n3
Vt

þ k � g � ðaf � 1Þ
R1

; m2 ¼ k � g � af � C1

R2 � Vt
þ n4

Vt
þ n3 � n1;

m3 ¼ k � g � af
R1 � Vt

; m4 ¼ � k � g � af
R3 � Vt

; m5 ¼ k � g � ð1� af Þ
R3

;

m6 ¼ k � g � ðaf � 1Þ � C1

R2
þ n4 � n2

V2 � m1 þV � m2 þm3 � V3 þm4 � V � dV
dt

þ dV
dt

� m5 þm6 ¼ 0

V2 � m1 þV � m2 þm3 � V3 þ dV
dt

� ½m4 � V þm5� þm6 ¼ 0

dV
dt

� ½m4 � V þm5� ¼ �V2 � m1 � V � m2 � m3 � V3 � m6

dV
dt

¼ �V2 � m1

ðm4 � V þm5Þ � V � m2

ðm4 � V þm5Þ
� V3 � m3

ðm4 � V þm5Þ �
m6

ðm4 � V þm5Þ
dV
dt

¼ � 1
ðm4 � V þm5Þ � fV

2 � m1 þV � m2 þV3 � m3 þm6g; 1
ðm4 � V þm5Þ 6¼ 0

dV
dt

¼ � 1
ðm4 � V þm5Þ � fV

3 � m3 þV2 � m1 þV � m2 þm6g; 1
ðm4 � V þm5Þ 6¼ 0

m1 ¼ n3
Vt

þ k � g � ðaf � 1Þ
R1

¼ � ð1� af Þ
RCQ1 � Vt

þ k � ðaf � 1Þ
R1

� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2
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m2 ¼ k � g � af � C1

R2 � Vt
þ n4

Vt
þ n3 � n1

¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2 � Vt

� af � C1

þ 1
Vt

� VDD � ð1� af Þ
RCQ1

þ Isc � ðar � af � 1Þ
� �

� ð1� af Þ
RCQ1

þ ðar � 1Þ
RCQ1

m3 ¼ k � g � af
R1 � Vt

¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R1 � Vt

� af

m4 ¼ � k � g � af
R3 � Vt

¼ �k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3 � Vt

� af

m5 ¼ k � g � ð1� af Þ
R3

¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

� ð1� af Þ

m6 ¼ k � g � ðaf � 1Þ � C1

R2
þ n4 � n2

¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2

� ðaf � 1Þ � C1

þ VDD � ½ð1� af Þ � ðar � 1Þ�
RCQ1

þðIsc � IseÞ � ðar � af � 1Þ

We define a new function:

/ðVÞ ¼ V3 � m3 þV2 � m1 þV � m2 þm6 ) dV
dt

¼ � /ðVÞ
ðm4 � V þm5Þ ;

1
ðm4 � V þm5Þ 6¼ 0

We find our system fixed point by setting dV
dt ¼ 0 ) /ðVÞ ¼ 0. U(V) is a cubic

function of V (main system variable).
Before checking system bifurcation, we need to check possible signs for

equation U(V) parameters m3, m1, m2, m6.

1
ðm4 � V þm5Þ 6¼ 0 & m4 � V þm5 6¼ 0 ) V 6¼ �m5

m4

¼ �
k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
�C2�R3

� ð1� af Þ

�k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
�C2�R3�Vt

� af
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V 6¼ �m5

m4
¼ Vt � ð1� af Þ

af
[ 0; m3 [ 0

if C2 [ 0; m3\0 if C2\0; C2 6¼ 0

m1 ¼ ðaf � 1Þ � 1
RCQ1 � Vt

þ k
R1

� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

8<
:

9=
;; ðaf � 1Þ\0

Then m1 > 0 if

1
RCQ1 � Vt

þ k
R1

� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

\0; C2 6¼ 0

1
RCQ1 � Vt

þ k
R1

� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

\0 ) C2\0

) 1
C2

\�
R1 1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
RCQ1 � Vt � k

1
C2

\�
R1 � 1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
RCQ1 � Vt � k ) 0

[C2 [ � RCQ1 � Vt � k
R1 � 1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i

m1\0 if
1

RCQ1 � Vt
þ k

R1
� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

[ 0

1
RCQ1 � Vt

þ k
R1

� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

[ 0

) C2\� RCQ1 � Vt � k
1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� R1

OR C2 [ 0

m2 [ 0 if k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2 � Vt

� af � C1

þ 1
Vt

� VDD � ð1� af Þ
RCQ1

þ Isc � ðar � af � 1Þ
� �

� ð1� af Þ
RCQ1

þ ðar � 1Þ
RCQ1

[ 0
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C1

C2
[

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� R2 � Vt

k � af
� � 1

Vt
� VDD � ð1� af Þ

RCQ1
þ Isc � ðar � af � 1Þ

� �
þ ð1� af Þ

RCQ1
þ ð1� arÞ

RCQ1

� �

m2\0 if k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2 � Vt

� af � C1

þ 1
Vt

� VDD � ð1� af Þ
RCQ1

þ Isc � ðar � af � 1Þ
� �

� ð1� af Þ
RCQ1

þ ðar � 1Þ
RCQ1

\0

C1

C2
\

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� R2 � Vt

k � af
� � 1

Vt
� VDD � ð1� af Þ

RCQ1
þ Isc � ðar � af � 1Þ

� �
þ ð1� af Þ

RCQ1
þ ð1� arÞ

RCQ1

� �

m3 [ 0 if
1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R1 � Vt

� af [ 0 ) C2 [ 0

m3\0 if
1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R1 � Vt

� af\0 ) C2\0

m4 [ 0 if � k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3 � Vt

� af [ 0 ) C2\0

m4\0 if � k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3 � Vt

� af\0 ) C2 [ 0

m5 [ 0 if
k � ð1� af Þ

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

[ 0 ) C2 [ 0

m5\0 if
k � ð1� af Þ

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

\0 ) C2\0

m6 [ 0 if k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2

� ðaf � 1Þ � C1

þ VDD � ½ð1� af Þ � ðar � 1Þ�
RCQ1

þðIsc � IseÞ � ðar � af � 1Þ[ 0

106 2 Optoisolation Circuits Bifurcation Analysis (I)



C1

C2
\

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� R2

k � ð1� af Þ
� VDD � ½ð1� af Þ � ðar � 1Þ�

RCQ1
þðIsc � IseÞ � ðar � af � 1Þ

� �

m6\0 if k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2

� ðaf � 1Þ � C1

þ VDD � ½ð1� af Þ � ðar � 1Þ�
RCQ1

þðIsc � IseÞ � ðar � af � 1Þ\0

C1

C2
[

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� R2

k � ð1� af Þ
� VDD � ½ð1� af Þ � ðar � 1Þ�

RCQ1
þðIsc � IseÞ � ðar � af � 1Þ

� �

We already defined:

/ðVÞ ¼ V3 � m3 þV2 � m1 þV � m2 þm6 ) dV
dt

¼ gðC1;C2; ar; . . .Þ ¼ � /ðVÞ
ðm4 � V þm5Þ ;

1
ðm4 � V þm5Þ 6¼ 0

We wish to find roots of gðV ;C1;C2; ar; . . .Þ which correspond to stationary
solutions of the differential equation. Turning points of gðC1;C2; ar; . . .Þ are values
of dgðV ;C1;C2;ar ;...Þ

dV satisfying dgðC1;C2;ar ;...Þ
dV ¼ � d

dV
/ðVÞ

ðm4�V þm5Þ
n o

¼ 0

dgðC1;C2; ar; . . .Þ
dV

¼ �
d/ðVÞ
dV � ðm4 � V þm5Þ � /ðVÞ � m4

ðm4 � V þm5Þ2
¼ 0; V 6¼ �m5

m4

/ðVÞ ¼ V3 � m3 þV2 � m1 þV � m2 þm6

d/ðVÞ
dV

� ðm4 � V þm5Þ � /ðVÞ � m4 ¼ 0;
d/ðVÞ
dV

¼ 3 � V2 � m3 þ 2 � V � m1 þm2

ð3 � V2 � m3 þ 2 � V � m1 þm2Þ � ðm4 � V þm5Þ
� ðV3 � m3 þV2 � m1 þV � m2 þm6Þ � m4 ¼ 0

3 � V3 � m3 � m4 þ 3 � V2 � m3 � m5 þ 2 � V2 � m1 � m4

þ 2 � V � m1 � m5 þm2 � m4 � V þm2 � m5 � V3 � m3 � m4

� V2 � m1 � m4 � V � m2 � m4 � m6 � m4 ¼ 0
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2 � V3 � m3 � m4 þV2 � ð3 � m3 � m5 þm1 � m4Þ
þV � 2 � m1 � m5 þ ½m2 � m5 � m6 � m4� ¼ 0

The number of real roots in the above cubic equation is the number of turning
points in our optoisolation system. We define the following parameters:

a ¼ 2 � m3 � m4 ¼ �2 � k2 � ½af �2

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i2
�C2

2 � V2
t � R1 � R3

\0

b ¼ 3 � m3 � m5 þm1 � m4 ¼ 3 � k2 � af � ð1� af Þ
1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i2
�C2

2 � R1 � R3 � Vt

þð1� af Þ � 1
RCQ1 � Vt

þ k
R1

� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

8<
:

9=
;

� k � af
1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3 � Vt

8<
:

9=
;

c ¼ 2 �m1 �m5 ¼ �2 � ð1� af Þ2 � 1
RCQ1 � Vt

þ k
R1

� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
�C2

8<
:

9=
;

� k

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
�C2 � R3

8<
:

9=
;

d ¼ m2 �m5 �m6 �m4 ¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2 � Vt

� af � C1

8<
:

þ 1
Vt

� VDD � ð1� af Þ
RCQ1

þ Isc � ðar � af � 1Þ
� �

� ð1� af Þ
RCQ1

þ ðar� 1Þ
RCQ1

�

� k � ð1� af Þ
1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

8<
:

9=
;þ k � ðaf � 1Þ � C1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2

8<
:

þVDD � ½ð1� af Þ � ðar � 1Þ�
RCQ1

þðIsc � IseÞ � ðar � af � 1Þ
�

� k � af
1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3 � Vt

8<
:

9=
;
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The cubic equation with real coefficients (a, b, c, d) has at least one solution
V among the real numbers. We can distinguish several possible cases using dis-
criminant (D).

D ¼ �4 � b3 � dþ b2 � c2 � 4 � a � c3 þ 18 � a � b � c � d � 27 � a2 � d2

If D > 0, then the equation has three distinct real roots (three turning points).
If D < 0, then the equation has one real root and a pair of complex conjugate roots

(one turning point). If D = 0, then at least two roots coincide. It may be that the
equation has a double real root (one turning point) and another distinct singe real root
(another turning point). Alternatively, all three roots coincide yielding a triple real
root (triple turning point). The triple root exists if and only if this resultant vanishes.

gðC1;C2; ar; . . .Þ ¼ � /ðVÞ
ðm4 � V þm5Þ ;

V ¼ 0 ) /ðV ¼ 0Þ ¼ m6; gðC1;C2; ar; . . .ÞjV¼0 ¼ �m6

m5

gðC1;C2; ar; . . .ÞjV¼0 ¼ �m6

m5

����
V¼0

¼ �
k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
�C2�R2

� ðaf � 1Þ � C1 þ VDD�½ð1�af Þ�ðar�1Þ�
RCQ1

þðIsc � IseÞ � ðar � af � 1Þ

k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
�C2�R3

� ð1� af Þ

gðC1;C2; ar; . . .ÞjV¼0 ¼
m6

m5

����
V¼0

¼ R3

R2
� C1

�
VDD � ½ð1� af Þ � ðar � 1Þ� � 1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

RCQ1 � k � ð1� af Þ

�
ðIsc � IseÞ � ðar � af � 1Þ � 1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

k � ð1� af Þ

gðC1;C2; ar; . . .ÞjV¼0 ¼ �m6

m5

����
V¼0

¼ R3

R2
� C1

�
1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

k � ð1� af Þ
� VDD � ½ð1� af Þ � ðar � 1Þ�

RCQ1
þðIsc � IseÞ � ðar � af � 1Þ

� �

Next Step We investigate our system cusp catastrophe behavior [7, 8]. All
parameters are fix except C1, C2, k = 0.02 … 0.1. k 6¼ 0; k > 0 (Table 2.2).
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1þ Vt

I0
� 1

R1
þ 1

R2
þ 1

R3

� �	 

¼ 79;

1
RCQ1 � Vt

¼ 1
52

¼ 0:019

m1 ¼ � ð1� af Þ
RCQ1 � Vt

þ k � ðaf � 1Þ
R1

� 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2

¼ �10�6 � 380þ k
C2

� 0:253
	 


m1 [ 0 if 0[
C2

k
[ � 0:665 � 10�3 ) 0[C2 [ � k � 0:665 � 10�3; C2 6¼ 0

m1\0 if
C2

k
\� 0:665 � 10�3 OR

C2

k
[ 0

) C2\� k � 0:665 � 10�3 OR C2 [ 0

m2 ¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2 � Vt

� af � C1

þ 1
Vt

� VDD � ð1� af Þ
RCQ1

þ Isc � ðar � af � 1Þ
� �

� ð1� af Þ
RCQ1

þ ðar � 1Þ
RCQ1

¼ k � C1

C2
� 0:477 � 10�3 þ 5:47 � 10�3

m2 ¼ k � C1

C2
� 0:477þ 5:47

� �
� 10�3; C2 6¼ 0;

m2 [ 0 if k � C1

C2
[ � 11:46 ) C1

C2
[ � 11:46 � 1

k

m2\0 if k � C1

C2
\� 11:46 ) C1

C2
\� 11:46 � 1

k

m2 ¼ 0 if k � C1

C2
� 0:477þ 5:47 ¼ 0 ) C1

C2
¼ �11:46 � 1

k
; C2 6¼ 0

Table 2.2 Cusp
optoisolation circuit
components and parameters
values

Vt 0.026 af 0.98

I0 1E−6 bf 49

k 0.02–0.1 ar 0.5

RCQ1 2000 X br 1

VDD 15v Isc 2uA

R1;R2;R3 1000 X Ise 1uA
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m3 ¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R1 � Vt

� af ¼ k
2054 � C2

¼ 0:486 � 10�3 � k
C2

m3\0 if C2\0; m3 [ 0 if C2 [ 0;

m6 ¼ k � g � ðaf � 1Þ � C1

R2
þ n4 � n2

¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R2

� ðaf � 1Þ � C1

þ VDD � ½ð1� af Þ � ðar � 1Þ�
RCQ1

þðIsc � IseÞ

� ðar � af � 1Þ ¼ �0:253 � 10�6 � k � C1

C2
þ 3:89 � 10�3

m6 [ 0 if
C1

C2
\

15375:49
k

; m6\0 if
C1

C2
[

15375:49
k

;

m6 ¼ 0 if
C1

C2
¼ 15375:49

k

m4 ¼ � k � g � af
R3 � Vt

¼ �k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3 � Vt

� af

¼ �0:477 � 10�3 � k
C2

m4 [ 0 if C2\0; m4\0 if C2 [ 0

m5 ¼ k � g � ð1� af Þ
R3

¼ k � 1

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

� ð1� af Þ ¼ 0:253 � 10�6 � k
C2

m5 [ 0 if C2 [ 0; m5\0 if C2\0

gðC1;C2; ar; . . .ÞjV¼0 ¼ �m6

m5

����
V¼0

¼ R3

R2
� C1 �

1þ Vt
I0
� 1

R1
þ 1

R2
þ 1

R3

� �h i
� C2 � R3

k � ð1� af Þ
� VDD � ½ð1� af Þ � ðar � 1Þ�

RCQ1
þðIsc � IseÞ � ðar � af � 1Þ

� �
¼ C1 � C2

k
� 15:4 � 103
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gðC1;C2; ar; . . .ÞjV¼0¼
m6

m5

����
V¼0

[ 0 ) C1 � C2

k
� 15:4 � 103 [ 0

) C1 [
C2

k
� 15:4 � 103 C2 [ 0 ) C1

C2
[

1
k
� 15:4 � 103;

C2\0 ) C1

C2
\

1
k
� 15:4 � 103

gðC1;C2; ar; . . .ÞjV¼0¼
m6

m5

����
V¼0

\0 ) C1 � C2

k
� 15:4 � 103\0

) C1\
C2

k
� 15:4 � 103 C2 [ 0 ) C1

C2
\

1
k
� 15:4 � 103;

C2\0 ) C1

C2
[

1
k
� 15:4 � 103

gðC1;C2; ar; . . .ÞjV¼0¼ �m6

m5

����
V¼0

¼ 0

) C1 � C2

k
� 15:4 � 103 ¼ 0

) C1

C2
¼ 1

k
� 15:4 � 103

gðC1;C2; ar; . . .Þ ¼ � /ðVÞ
ðm4 � V þm5Þ ) V 6¼ �m5

m4
¼ Vt � ð1� af Þ

af
¼ 0:53 � 10�3ðAsymptoticÞ:

In Table 2.3we summarize allmi (i = 1,…, 6) expressions as a function of k,C1,C2.

MATLAB (k ! k, C1 ! A1, C2 ! A2).
EDU�v=.0004:0.00001:0.0006;k=0.02;A1=20;A2=2;m3=0.486*0.001*k/A2;m1

=−0.000001*(380+(k/A2)*0.253);m2=0.001*(k*(A1/A2)*0.477+5.47);m6=−0.253*
0.000001*k*(A1/A2)+3.89*0.001;

EDU�m4=0.477*0.001*(k/A2);m5=0.253*0.000001*(k/A2);u1=v.^3*m3+v.
^2*m1+v*m2+m6;u2=m4*v+m5;u=−u1./u2;plot(v,u,‘r’),grid

Results We see different behaviors for different k, C1, C2 values. The number of our
optoisolation system fixed points change and bifurcation occurs (Figs. 2.4, 2.5, 2.6
and 2.7).

Table 2.3 Summary of all mi

(i = 1,…, 6) expressions as a
function of k, C1, C2

mi mi = f(k, C1, C2)

m1 −10−6 � [380 + k/C2 � 0.253]
m2 [k � (C1/C2) � 0.477 + 5.47] � 10−3
m3 0.486 � 10−3 � k/C2

m4 −0.477 � 10−3 � k/C2

m5 0.253 � 10−6 � k/C2

m6 −0.253 � 10−6 � k � (C1/C2) + 3.89 � 10−3
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Fig. 2.4 Optoisolation system fixed points change and bifurcation occurs

Fig. 2.5 Optoisolation system fixed points change and bifurcation occurs
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2.3 Bautin Bifurcation Analysis System

The Bautin bifurcation is a bifurcation of an equilibrium in a two-parameter family
of autonomous ODEs at which the critical equilibrium has a pair of purely imag-
inary eigenvalues and the first Lyapunov coefficient for the Andronov–Hopf
bifurcation vanishes (Generalized Hopf (GH) bifurcation). The bifurcation point
separates branches of sub and supercritical Andronov–Hopf bifurcations in the
parameter plain. For nearby parameter values, the system has two limit cycles
which collide and disappear via a saddle node bifurcation of periodic orbits.
Autonomous system of ODEs dV

dt ¼ f ðV ;CÞ; C 2 R
n depending on two parameters

C 2 R
n where f is smooth. For all sufficiently small ||C||, the system has an

equilibrium at V = 0. Its Jacobian matrix AðCÞ ¼ fVð0;CÞ has one pair of complex
eigenvalues k1;2ðCÞ ¼ lðCÞ � i � xðCÞ. Such that lðC ¼ 0Þ ¼ 0; xðC ¼ 0Þ
¼ x0 [ 0 ) k1;2ðC ¼ 0Þ ¼ �i � x0. The Generalized Hopf (Bautin) bifurcation in
the planar system can be characterized by the following equations:
dr
dt ¼ r � ðC1 þC2 � r2 þ r � r4Þ; du

dt ¼ 1. To describe Bautin bifurcation analytically,

we consider system dV
dt ¼ f ðV ;CÞ; C 2 R

n with n = 2.

Fig. 2.6 Optoisolation system fixed points change and bifurcation occurs
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We have a system with two main variables V1, V2. cosu ¼ V1
r ) r ¼ V1

cosu then

dr
dt

¼
dV1

dt � cosuþV1 � dudt � sinu
½cosu�2 ;

du
dt

¼ 1 ) dr
dt

¼
dV1

dt � cosuþV1 � sinu
½cosu�2 :

cosu ¼ V1
r ¼ V1ffiffiffiffiffiffiffiffiffiffiffiffi

V2
1 þV2

2

p ; sinu ¼ V2
r ¼ V2ffiffiffiffiffiffiffiffiffiffiffiffi

V2
1 þV2

2

p ; C1, C2—control parameters.

V ¼ ðV1;V2ÞT 2 R
2;C 2 R

2; r ¼ sign½l2ð0Þ� ¼ �1. This normal form is simple
in polar coordinates (r, u). Non-degeneracy conditions hold: l2ð0Þ 6¼ 0; l2ð0Þ is the
second Lyapunov coefficient. The map a ! ðlðaÞ; l1ðaÞÞ is regular at a = 0, where
l1ðaÞ is parameter coefficient [71, 72].

dr
dt

¼ r � ðC1 þC2 � r2 þ r � r4Þ )
dV1

dt � cosuþV1 � sinu
½cosu�2

¼ V1

cosu
� C1 þC2 � V1

cosu

	 
2
þ r � V1

cosu

	 
4 !

Fig. 2.7 Optoisolation system fixed points change and bifurcation occurs
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dV1

dt
� cosuþV1 � sinu ¼ V1 � cosu � C1 þC2 � V2

1

½cosu�2 þ r � V4
1

½cosu�4
 !

dV1

dt
� V1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2
1 þV2

2

p þV1 � V2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
1 þV2

2

p ¼ V1 � V1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
1 þV2

2

p
� C1 þC2 � V

2
1 � ðV2

1 þV2
2 Þ

V2
1

þ r � V
4
1 � ðV2

1 þV2
2 Þ2

V4
1

 !

dV1

dt
þV2 ¼ V1 � C1 þC2 � ðV2

1 þV2
2 Þþ r � ðV2

1 þV2
2 Þ2

n o
) dV1

dt
¼ �V2 þV1 � C1 þV1 � C2 � ðV2

1 þV2
2 ÞþV1 � r � ðV2

1 þV2
2 Þ2

In the same manner sinu ¼ V2
r ) r ¼ V2

sinu ) dr
dt ¼

dV2
dt �sinu�V2�dudt �cosu

½sinu�2

dr
dt

¼ r � ðC1 þC2 � r2 þ r � r4Þ )
dV2

dt � sinu� V2 � dudt � cosu
½sinu�2

¼ V2

sinu
� C1 þC2 � V2

sinu

	 
2
þ r � V2

sinu

	 
4 !

du
dt

¼ 1 ) dV2

dt
� sinu� V2 � cosu

¼ V2 � sinu � C1 þC2 � V2
2

½sinu�2 þ r � V4
2

½sinu�4
 !

dV2

dt
� V2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2
1 þV2

2

p � V2 � V1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
1 þV2

2

p ¼ V2

� V2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
1 þV2

2

p � C1 þC2 � ðV2
1 þV2

2 Þþ r � ðV2
1 þV2

2 Þ2
n o

dV2

dt
� V1 ¼ V2 � C1 þC2 � ðV2

1 þV2
2 Þþ r � ðV2

1 þV2
2 Þ2

n o
) dV2

dt
¼ V1 þV2 � C1 þV2 � C2 � ðV2

1 þV2
2 ÞþV2 � r � ðV2

1 þV2
2 Þ2

Finally, we get the form for our system, two differential equations:

dV1

dt
¼ �V2 þV1 � C1 þV1 � C2 � ðV2

1 þV2
2 ÞþV1 � r � ðV2

1 þV2
2 Þ2
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dV2

dt
¼ V1 þV2 � C1 þV2 � C2 � ðV2

1 þV2
2 ÞþV2 � r � ðV2

1 þV2
2 Þ2

To find our system fixed points we set dV1
dt ¼ 0; dV2

dt ¼ 0 and get the following
two equations:

	ð Þ V1 þV2 � C1 þV2 � C2 � ðV2
1 þV2

2 ÞþV2 � r � ðV2
1 þV2

2 Þ2 ¼ 0

		ð Þ � V2 þV1 � C1 þV1 � C2 � ðV2
1 þV2

2 ÞþV1 � r � ðV2
1 þV2

2 Þ2 ¼ 0

	ð Þþ 		ð Þ ! V1 � V2 þðV1 þV2Þ � C1 þðV1 þV2Þ � C2 � ðV2
1 þV2

2 Þ
þ ðV1 þV2Þ � r � ðV2

1 þV2
2 Þ2 ¼ 0

V1 � V2 þðV1 þV2Þ � C1 þC2 � ðV2
1 þV2

2 Þþ r � ðV2
1 þV2

2 Þ2
n o

¼ 0;

V1 þV2 6¼ 0

V1 � V2

V1 þV2
þC1 þC2 � ðV2

1 þV2
2 Þþ r � ðV2

1 þV2
2 Þ2 ¼ 0; V1 þV2 6¼ 0

We define a new system variables: X ¼ V1�V2
V1 þV2

; Y ¼ V2
1 þV2

2

	 	 	ð Þ X þC1 þC2 � Y þ r � Y2 ¼ 0; V1 þV2 6¼ 0

	ð Þþ 		ð Þ ! V1 þV2 � ðV1 � V2Þ � C1 � ðV1 � V2Þ � C2 � ðV2
1 þV2

2 Þ
� ðV1 � V2Þ � r � ðV2

1 þV2
2 Þ2 ¼ 0

V1 þV2 � ðV1 � V2Þ � C1 þ � C2 � ðV2
1 þV2

2 Þþ � r � ðV2
1 þV2

2 Þ2
n o

¼ 0;

V1 � V2 6¼ 0 ) V1 6¼ V2

V1 þV2

V1 � V2
� C1 þ � C2 � ðV2

1 þV2
2 Þþ � r � ðV2

1 þV2
2 Þ2

n o
¼ 0;

V1 � V2 6¼ 0 ) V1 6¼ V2

X ¼ V1 � V2

V1 þV2
) 1

X
¼ V1 þV2

V1 � V2
; Y ¼ V2

1 þV2
2 ; V1 � V2 6¼ 0 ) V1 6¼ V2

	 	 		ð Þ 1
X
� C1 þ � C2 � Y þ � r � Y2
�  ¼ 0; V1 � V2 6¼ 0 ) V1 6¼ V2
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	 	 	ð Þþ 	 	 		ð Þ ! Xþ 1
X
¼ 0 ) X2 þ 1

X
¼ 0 ) X 6¼ 0;

X2 þ 1 ¼ 0 ) X ¼ �i ) V1 � V2

V1 þV2
¼ �i

Case (I)

X ¼ i ) V1 � V2

V1 þV2
¼ i ) V1 ¼ V2 � 1þ i

1� i
¼ V2 � i ) V1 ¼ V2 � i

X ¼ i ) iþC1 þC2 � Y þ r � Y2 ¼ 0 ) Y2 � rþ Y � C2 þðC1 þ iÞ ¼ 0

Y1;2 ¼
�C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � ðC1 þ iÞ

q
2 � r ¼

�C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� � 4 � r � i
q

2 � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� � 4 � r � i
q

¼ cþ i � d ) ½C2
2 � 4 � r � C1� � 4 � r � i

¼ c2 � d2 þ i � 2 � c � d

C2
2 � 4 � r � C1 ¼ c2 � d2; �2 � r ¼ c � d ) d ¼ �2 � r

c
;

C2
2 � 4 � r � C1 ¼ c2 � 4 � r2

c2

C2
2 � 4 � r � C1 ¼ c2 � 4 � r2

c2
) c4 � ½C2

2 � 4 � r � C1�

� c2 � 4 � r2 ¼ 0; c4 ! /2; c2 ! /

/2 � ½C2
2 � 4 � r � C1� � /� 4 � r2 ¼ 0 ) /1;2

¼ 1
2
� ½C2

2 � 4 � r � C1� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �

c2 ! / ) c1;2 ¼ � ffiffiffiffi
/

p
; d ¼ �2�r

c ) d1;2 ¼ �2�r
�
ffiffiffi
/

p ¼ 
 2�rffiffiffi
/

p ; we have four

possible solutions:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� � 4 � r � i
q

) c1 þ i � d1; c2 þ i � d2; c3 þ i�
d3; c4 þ i � d4

c1;2 ¼ � 1ffiffiffi
2

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �s
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c3;4 ¼ � 1ffiffiffi
2

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �s

d1;2 ¼ 
 2 � ffiffiffi
2

p � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �s ;

d3;4 ¼ 
 2 � ffiffiffi
2

p � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �s

Y1;2 ¼ 1
2 � r � �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� � 4 � r � i
q� �

) Y1;2 ¼ 1
2 � r � �C2 � ðcj þ i � djÞ

�  8 j 2 1; . . .; 4

Since there are four possible expressions to cj þ i � dj, we get eight possible
expressions for Yj (j = 1,…, 8). Y1;...;8 ¼ 1

2�r � �C2 � ðcj þ i � djÞ
�  8 j 2 1; . . .; 4.

Finally, we get the following set of equations for all possible system complex
fixed points.

V1 ¼ V2 � i; V2
1 þV2

2 ¼ 1
2 � r � �C2 � ðcj þ i � djÞ

�  8 j 2 1; . . .; 4

V1 ¼ V2 � i ) V2
1 þV2

2 ¼ 0 ) 1
2 � r � �C2 � ðcj þ i � djÞ

�  ¼ 0;

r 6¼ 0 ) �C2 � ðcj þ i � djÞ ¼ 0 8 j 2 1; . . .; 4

Case (II)

X ¼ �i ) V1 � V2

V1 þV2
¼ �i ) V1 ¼ V2 � 1� i

1þ i
¼ �V2 � i ) V1 ¼ �V2 � i

X ¼ �i ) �iþC1 þC2 � Y þ r � Y2 ¼ 0 ) Y2 � rþ Y � C2 þðC1 � iÞ ¼ 0

Y1;2 ¼
�C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � ðC1 � iÞ

q
2 � r ¼

�C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� þ 4 � r � i
q

2 � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� þ 4 � r � i
q

¼ cþ i � d ) ½C2
2 � 4 � r � C1�

þ 4 � r � i ¼ c2 � d2 þ i � 2 � c � d
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C2
2 � 4 � r � C1 ¼ c2 � d2; 2 � r ¼ c � d ) d ¼ 2 � r

c
;

C2
2 � 4 � r � C1 ¼ c2 � 4 � r2

c2

C2
2 � 4 � r � C1 ¼ c2 � 4 � r2

c2
) c4 � ½C2

2 � 4 � r � C1� � c2 � 4 � r2 ¼ 0;

c4 ! /2; c2 ! /

/2 � ½C2
2 � 4 � r � C1� � /� 4 � r2 ¼ 0 ) /1;2

¼ 1
2
� C2

2 � 4 � r � C1
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½C2
2 � 4 � r � C1�2 þ 16 � r2

q� �

c2 ! / ) c1;2 ¼ � ffiffiffiffi
/

p
; d ¼ 2�r

c ) d1;2 ¼ 2�r
�
ffiffiffi
/

p ¼ � 2�rffiffiffi
/

p ; We have four possi-

ble solutions:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� þ 4 � r � i
q

) c1 þ i � d1; c2 þ i � d2; c3 þ i � d3; c4 þ i � d4

c1;2 ¼ � 1ffiffiffi
2

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �s

c3;4 ¼ � 1ffiffiffi
2

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �s

d1;2 ¼ �2 � ffiffiffi
2

p � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �s ;

d3;4 ¼ �2 � ffiffiffi
2

p � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1�2 þ 16 � r2
q� �s

Y1;2 ¼ 1
2 � r � �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½C2

2 � 4 � r � C1� þ 4 � r � i
q� �

) Y1;2 ¼ 1
2 � r � �C2 � ðcj þ i � djÞ

�  8 j 2 1; . . .; 4

Since there are four possible expressions to cj þ i � dj, we get eight possible
expressions for Yj (j = 1,…, 8). Y1;...;8 ¼ 1

2�r � �C2 � ðcj þ i � djÞ
�  8 j 2 1; . . .; 4.
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Finally, we get the following set of equations for all possible system complex
fixed points.

V1 ¼ �V2 � i; V2
1 þV2

2 ¼ 1
2 � r � �C2 � ðcj þ i � djÞ

�  8 j 2 1; . . .; 4

V1 ¼ �V2 � i ) V2
1 þV2

2 ¼ 0 ) 1
2 � r � �C2 � ðcj þ i � djÞ

�  ¼ 0;

r 6¼ 0 ) �C2 � ðcj þ i � djÞ ¼ 0 8 j 2 1; . . .; 4

We plot our system for different C1, C2, r values and initial values V10, V20.

MATLAB Software C1 ! a, C2 ! b, r ! c, V1 ! x(1), V2 ! x(2)

function g=bautin(t,x,a,b,c)
g=zeros(2,1);
g(1)=-
x(2)+x(1)*a+x(1)*b*(x(1)*x(1)+x(2)*x(2))+x(1)*c*(x(1)*x(1)+x(2)*x(2))
*(x(1)*x(1)+x(2)*x(2));
g(2)=x(1)+x(2)*a+x(2)*b*(x(1)*x(1)+x(2)*x(2))+x(2)*c*(x(1)*x(1)+x(2)*
x(2))*(x(1)*x(1)+x(2)*x(2));

function h=bautin1 (a,b,c, V10, V20)
[t,x]=ODE45 (@bautin, [0,10] , [V10,V20] , [] , a,b,c);
%plot(t,x);
plot(x(:,1),x(:,2)) % V1 against V2 at time increase phase plan plot

Results There is different phase space behavior for different C1, C2, r values.
All possibilities of limit cycles exist and different spiral behavior (stable/unstable)
(Fig. 2.8).

Our system Bautin bifurcation planar equations are dr
dt ¼ r � ðC1 þC2 � r2 þ r � r4Þ

and du
dt ¼ 1 where r � 0. Treating our planar equation dr

dt ¼ . . . as vector field on the

line, we see that there are some fixed points. drdt ¼ 0 ) rð0Þ ¼ 0 (first fixed point) and

other fixed points fulfill C1 þC2 � ½rðjÞ�2 þ r � ½rðjÞ�4 ¼ 0, j = 1, 2,…

½rðjÞ�4 ! ½sðjÞ�2; ½rðjÞ�2 ! sðjÞ ) rðjÞ ¼ �
ffiffiffiffiffiffi
sðjÞ

p
; r � ½sðjÞ�2 þC2 � sðjÞ þC1 ¼ 0

r � ½sðjÞ�2 þC2 � sðjÞ þC1 ¼ 0 ) sðjÞ1;2 ¼
1

2 � r � �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q� �

2.3 Bautin Bifurcation Analysis System 121



rðjÞ
��
rðjÞ � 0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � ð�C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r

¼ 1ffiffiffiffiffiffiffiffiffi
2 � rp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r

rðjÞð1Þ
���
rðjÞ � 0

¼ 1ffiffiffiffiffiffiffiffiffi
2 � rp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r
;

rðjÞð2Þ
���
rðjÞ � 0

¼ 1ffiffiffiffiffiffiffiffiffi
2 � rp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r

Case (I)

C2
2 � 4 � r � C1 ¼ 0 ) C2

2 ¼ 4 � r � C1; sðjÞ ¼ � C2

2 � r

) rðjÞ
��
rðjÞ � 0¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
� C2

2 � r

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
jC2j
2 � jrj

s

Fig. 2.8 Sorts of limit cycles exist and different spiral behaviors
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C2
2 ¼ 4 � r � C1 ) r � C1 [ 0; � C2

2 � r [ 0 ) C2

r
\0

If r > 0 then C1 > 0 & C2 < 0; if r < 0 then C1 < 0 & C2 > 0.

Case (II)

C2
2 � 4 � r � C1 [ 0 ) ðC2 � 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ � ðC2 þ 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ[ 0

II.1 ðC2 � 2 �
ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ[ 0 & ðC2 þ 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ[ 0 ) C2 [ 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
II.2 ðC2 � 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ\0 & ðC2 þ 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ\0 ) C2\� 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p

rðjÞ
��
rðjÞ � 0¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � ð�C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r

r[ 0 ) �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q� �
[ 0

) C2\�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
) C2\�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q

r\0 ) �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q� �
\0

) C2 [ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
) C2 [

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q

Case (III) C2
2 � 4 � r � C1\0 (r is a complex number which is impossible), no limit

cycle.

C2
2 � 4 � r � C1\0 ) ðC2 � 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ � ðC2 þ 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ\0

III.1 ðC2 � 2 �
ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ[ 0 & ðC2 þ 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ\0

) C2 [ 2 �
ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
& C2\� 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Cannot exist!!

III.2 ðC2 � 2 �
ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ\0 & ðC2 þ 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
Þ[ 0

) C2\2 �
ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
& C2 [ � 2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
r � C1

p
We need to verify for our Bautin bifurcation system, when there is a stable limit

cycle at specific r values and when the close orbit still exists. If we start from initial
radius variable value r0 then the equation for r(t) is r(t) = r0 + [dr/dt]dt. We define
dr/dt as the change rate respect to time of radius vector r(t). We define two main
cases: in the inner circle and outer circle. We have three kinds of possible limit
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cycle in our system: Stable Limit Cycle (SLC), Half-Stable Limit Cycle (HLC), and
Unstable Limit Cycle (USL). For each limit cycle we need to establish the rmin and
rmax values for dr/dt conditions in the inner and outer circle. We need to find rmin

and rmax values (r > 0) then Bautin bifurcation system implies existence of a closed
orbit. Table 2.4 shows that for each limit cycle type, the conditions for dr/dt in the
inner and outer circle [5–8] (Fig. 2.9).

Option No.1 dr/dt > 0; C2
2 � 4 � r � C1 [ 0; 1

2�r � ½�C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
�

� ��
[ 0Þ

dr
dt

[ 0 ) r[ 0 & C1 þC2 � r2 þ r � r4 [ 0 r2 ! s; r4 ! s2

Table 2.4 Summary of each limit cycle type and the conditions for dr/dt in the inner and outer
circle

Limit cycle type dr/dt in the inner circle dr/dt in the outer circle

Stable Limit Cycle (SLC) dr/dt > 0 dr/dt < 0

Half-Stable Limit Cycle (HLC) dr/dt < 0 dr/dt < 0

Unstable Limit Cycle (ULC) dr/dt < 0 dr/dt > 0

Fig. 2.9 Bautin bifurcation system
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r � s2 þC2 � sþC1 [ 0 ) if r[ 0 ) s[
1

2 � r
� �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 

OR 0\s\

1
2 � r � �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 


r ¼ � ffiffi
s

p
; rjr� 0¼

ffiffi
s

p ) if r[ 0 ) r[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � ½�C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
�

r

OR 0\r\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 
s

r � s2 þC2 � sþC1 [ 0 ) if r\0 ) 1
2 � r

� �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 

\s\

1
2 � r � �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 


r ¼ � ffiffi
s

p
; rjr� 0¼

ffiffi
s

p ) if r\0 ) r\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � �C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 
s

& r[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 
s

Option No. 2 dr/dt < 0; C2
2 � 4 � r � C1 [ 0; 1

2�r � �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 
� ��
[ 0Þ

dr
dt

\0 ) r[ 0 & C1 þC2 � r2 þ r � r4\0; r2 ! s; r4 ! s2

r � s2 þC2 � sþC1\0 ) if r[ 0 ) 1
2 � r

� �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 

\s\

1
2 � r � �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 


r ¼ � ffiffi
s

p
; rjr� 0¼

ffiffi
s

p ) if r\0 ) r\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � ½�C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
�

r

& r[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � ½�C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
�

r
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r � s2 þC2 � sþC1\0 ) if r\0 ) 0\s\
1

2 � r
� �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 

OR s[

1
2 � r � �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 


r ¼ � ffiffi
s

p
; rjr� 0¼

ffiffi
s

p ) if r\0 ) 0\r\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � �C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 
s

OR r[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � �C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q	 
s

Our Bautin bifurcation system can be represented by the equivalent set of
differential equations:

V1 ¼ 1
C1

dV1

dt
þV2 � C2 � V1 � ðV2

1 þV2
2 Þ � r � V1 � ðV2

1 þV2
2 Þ2

� �

V2 ¼ 1
C1

dV2

dt
� V1 � C2 � V2 � ðV2

1 þV2
2 Þ � r � V2 � ðV2

1 þV2
2 Þ2

� �

The next step is to implement our Bautin bifurcation system by optoisolation
circuits, discrete parts, op-amp, etc. r = ±1. See Fig. 2.10 system functional block
diagram.

2.4 Optoisolation Circuits Bautin Bifurcation Analysis

Figure 2.11 shows the implementation of our Bautin bifurcation system. We define
four functional blocks g1(V1, V2), g2(V1, V2), g3(V1, V2), g4(V1, V2). Additionally,
we have inverter functional block (“-[]”) and derivative functional blocks (“d/dt”).

They are not implemented in our circuit [15, 16].

g01ðV1;V2Þ ¼ �ðV2
1 þV2

2 Þ � V1; g02ðV1;V2Þ ¼ �ðV2
1 þV2

2 Þ2 � V1

g03ðV1;V2Þ ¼ �ðV2
1 þV2

2 Þ � V2; g04ðV1;V2Þ ¼ �ðV2
1 þV2

2 Þ2 � V2

g01ðV1;V2Þ ¼ �g1ðV1;V2Þ ) g1ðV1;V2Þ ¼ ðV2
1 þV2

2 Þ � V1

g02ðV1;V2Þ ¼ �g2ðV1;V2Þ ) g2ðV1;V2Þ ¼ ðV2
1 þV2

2 Þ2 � V1

g03ðV1;V2Þ ¼ �g3ðV1;V2Þ ) g3ðV1;V2Þ ¼ ðV2
1 þV2

2 Þ � V2

g04ðV1;V2Þ ¼ �g4ðV1;V2Þ ) g4ðV1;V2Þ ¼ ðV2
1 þV2

2 Þ2 � V2
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Remark It is a reader exercise to implement those functional blocks using Op amps,
resistors, capacitors, diodes, and other discrete components. All feedback loops are
isolated (voltage follower op-amps) with infinite input impedance.

We define g1 ¼ g1ðV1;V2Þ; g2 ¼ g2ðV1;V2Þ; g3 ¼ g3ðV1;V2Þ; g4 ¼ g4ðV1;V2Þ

ID1 ¼ IR11 þ IR12 þ IR13 þ IR14;

ID1 ¼ �g2 � VD1

R14
þ

dV1

dt � VD1

R11
þ �g1 � VD1

R12
þ V2 � VD1

R13

IR11 ¼
dV1

dt � VD1

R11
; IR12 ¼ �g1 � VD1

R12
; IR13 ¼ V2 � VD1

R13
; IR14 ¼ �g2 � VD1

R14

We consider Taylor series approximation: VD1 ¼ Vt � lnðID1I0 þ 1Þ � Vt � ID1I0

V2

V1

1/Γ1

1/Γ1

d/dt

[]·[]·Γ2

[]^2[]·[]·σ [V1]^2+[V2]^2

d/dt

[]·[]·Γ2

[]^2

[V1]^2+[V2]^2

[]·[]·σ

Fig. 2.10 System functional block diagram
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ID1 ¼
�g2 � Vt � ID1I0

R14
þ

dV1

dt � Vt � ID1I0
R11

þ �g1 � Vt � ID1I0
R12

þ V2 � Vt � ID1I0
R13

ID1 ¼ 1
R11

� dV1

dt
� Vt � ID1

I0 � R11
� g1
R12

� Vt � ID1
I0 � R12

þ V2

R13
� Vt � ID1

I0 � R13
� g2
R14

� Vt � ID1
I0 � R14

ID1 ¼ �Vt � ID1I0 � 1
R11

þ 1
R12

þ 1
R13

þ 1
R14

� �
þ 1

R11
� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

ID1 � 1þVt � 1I0 �
1
R11

þ 1
R12

þ 1
R13

þ 1
R14

� �	 

¼ 1

R11
� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

Fig. 2.11 Implementation of Bautin bifurcation system
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ID1 ¼ 1

1þVt � 1
I0
� 1

R11
þ 1

R12
þ 1

R13
þ 1

R14

n o � 1
R11

� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

� �

For simplicity, we define the following functions: ID1 ¼ g1 � w1
dV1
dt ;V1;V2
� �

g1 ¼
1

1þVt � 1
I0
� 1

R11
þ 1

R12
þ 1

R13
þ 1

R14

n o ;

w1
dV1

dt
;V1;V2

� �
¼ 1

R11
� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

IEQ1 ¼ IBQ1 þ ICQ1; IBQ1 ¼ k1 � ID1 ¼ k1 � g1 � w1
dV1

dt
;V1;V2

� �
;

IEQ1 ¼ k1 � g1 � w1
dV1

dt
;V1;V2

� �
þ ICQ1

The mathematical analysis is based on the basic transistor Ebers–Moll equations.
We need to implement the regular Ebers–Moll Model to the above optocoupler
circuit.

VBEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1
Ise � ðar1 � af1 � 1Þ
� �

þ 1
	 


;

VBCQ1 ¼ Vt � ln ICQ1 � IEQ1 � af1
Isc � ðar1 � af1 � 1Þ
� �

þ 1
	 


VCEQ1 ¼ VCBQ1 þVBEQ1; butVCBQ1 ¼ �VBCQ1; thenVCEQ1 ¼ VBEQ1�VBCQ1

VCEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1
Ise � ðar1 � af1 � 1Þ
� �

þ 1
	 


� Vt � ln ICQ1 � IEQ1 � af1
Isc � ðar1 � af1 � 1Þ
� �

þ 1
	 


VCEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1ð Þþ Ise � ðar1 � af1 � 1Þ
ICQ1 � IEQ1 � af1ð Þþ Isc � ðar1 � af1 � 1Þ

	 

þVt � ln Isc

Ise

� �

Since Isc � Ise ! e ) ln Isc
Ise

� �
! e then we can write VCEQ1 expression.

V1 ¼ VCEQ1 ’ Vt � ln ar1 � ICQ1 � IEQ1ð Þþ Ise � ðar1 � af1 � 1Þ
ICQ1 � IEQ1 � af1ð Þþ Isc � ðar1 � af1 � 1Þ

	 

;

w1 ¼ w1
dV1

dt
;V1;V2

� �
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ar1 � ICQ1 � IEQ1 ¼ ar1 � ICQ1 � k1 � g1 � w1
dV1

dt
;V1;V2

� �
þ ICQ1

� �

¼ ICQ1 � ðar1 � 1Þ � k1 � g1 � w1
dV1

dt
;V1;V2

� �

ICQ1 � IEQ1 � af1 ¼ ICQ1 � k1 � g1 � w1
dV1

dt
;V1;V2

� �
þ ICQ1

� �
� af1

¼ ICQ1 � ð1� af1Þ � k1 � g1 � af1 � w1
dV1

dt
;V1;V2

� �

V1 ¼ VCEQ1 ’ Vt � ln ICQ1 � ðar1 � 1Þ � k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ
ICQ1 � ð1� af1Þ � k1 � g1 � af1 � w1 þ Isc � ar1 � af1 � 1ð Þ
	 


;

VDD1 ¼ ICQ1 � RCQ1 þV1 ) ICQ1 ¼ VDD1 � V1

RCQ1

V1 ¼ VCEQ1 ’ Vt � ln
ðVDD1�V1Þ

RCQ1
� ðar1 � 1Þ � k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

ðVDD1�V1Þ
RCQ1

� ð1� af1Þ � k1 � g1 � af1 � w1 þ Isc � ðar1 � af1 � 1Þ

2
4

3
5

V1 ¼ VCEQ1

’ Vt � ln
VDD1�ðar1�1Þ

RCQ1
� V1�ðar1�1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

VDD1�ð1�af1Þ
RCQ1

� V1�ð1�af1Þ
RCQ1

� k1 � g1 � af1 � w1 þ Isc � ðar1 � af1 � 1Þ

2
4

3
5

V1 ¼ VCEQ1

’ Vt � ln
� V1�ðar1�1Þ

RCQ1
� k1 � g1 � w1 þ VDD1�ðar1�1Þ

RCQ1
þ Ise � ðar1 � af1 � 1Þ

h i
� V1�ð1�af1Þ

RCQ1
� k1 � g1 � af1 � w1 þ VDD1�ð1�af1Þ

RCQ1
þ Isc � ðar1 � af1 � 1Þ

h i
2
4

3
5

For simplicity, we define new system global parameters: n11; n12; n13; n14.

n11 ¼ �ðar1 � 1Þ
RCQ1

; n12 ¼
VDD1 � ðar1 � 1Þ

RCQ1
þ Ise � ðar1 � af1 � 1Þ;

n13 ¼ �ð1� af1Þ
RCQ1

n14 ¼
VDD1 � ð1� af1Þ

RCQ1
þ Isc � ðar1 � af1 � 1Þ;

V1 ¼ VCEQ1 ’ Vt � ln V1 � n11 � k1 � g1 � w1 þ n12
V1 � n13 � k1 � g1 � af1 � w1 þ n14
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e
V1
Vt½ � ¼ V1�n11�k1�g1�w1 þ n12

V1�n13�k1�g1�af1�w1 þ n14
; e

V1
Vt½ � � V1

Vt
þ 1 (Taylor series approximation).

V1

Vt
þ 1

� �
� ðV1 � n13 � k1 � g1 � af1 � w1 þ n14Þ ¼ ðV1 � n11 � k1 � g1 � w1 þ n12Þ;

w1 ¼
1
R11

� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

V2
1

Vt
� n13 �

V1

Vt
� k1 � g1 � af1 � w1 þ

V1

Vt
� n14 þV1 � n13 � k1 � g1 � af1 � w1 þ n14

¼ V1 � n11 � k1 � g1 � w1 þ n12; w1 ¼
1
R11

� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

V2
1

Vt
� n13 �

V1

Vt
� k1 � g1 � af1 �

1
R11

� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

� �
þ V1

Vt
� n14

þV1 � n13 � k1 � g1 � af1 �
1
R11

� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

� �
þ n14

¼ V1 � n11 � k1 � g1 �
1
R11

� dV1

dt
� g1
R12

þ V2

R13
� g2
R14

� �
þ n12

V2
1

Vt
� n13 �

V1 � k1 � g1 � af1
R11 � Vt

� dV1

dt
þ V1 � g1 � k1 � g1 � af1

R12 � Vt

� V1 � V2 � k1 � g1 � af1
R13 � Vt

þ V1 � g2 � k1 � g1 � af1
R14 � Vt

þ V1

Vt
� n14 þV1 � n13 �

k1 � g1 � af1
R11

� dV1

dt
þ k1 � g1 � af1 � g1

R12

� k1 � g1 � af1 � V2

R13
þ k1 � g1 � af1 � g2

R14
þ n14

¼ V1 � n11 �
k1 � g1
R11

� dV1

dt
þ k1 � g1 � g1

R12

� k1 � g1 � V2

R13
þ k1 � g1 � g2

R14
þ n12

dV1

dt
� k1 � g1

R11
� �V1 � af1

Vt
� af1 þ 1

� �
þV1 � V1

Vt
� n13 þ

n14
Vt

þ n13 � n11

� �

þV2 � k1 � g1R13
� �V1 � af1

Vt
� af1 þ 1

� �
þ g1 � k1 � g1R12

� V1 � af1
Vt

þ af1 � 1
� �

þ g2 � k1 � g1R14
� V1 � af1

Vt
þ af1 � 1

� �
þ n14 � n12 ¼ 0
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dV1

dt
� k1 � g1

R11
� 1� af � V1

Vt
þ 1

� �� �
þV1 � V1

Vt
� n13 þ

n14
Vt

þ n13 � n11

� �

þV2 � k1 � g1R13
� 1� af1 � V1

Vt
þ 1

� �� �
þ g1 � k1 � g1R12

� af1 � V1

Vt
þ 1

� �
� 1

� �

þ g2 � k1 � g1R14
� af1 � V1

Vt
þ 1

� �
� 1

� �
þ n14 � n12 ¼ 0

We define D1 ¼ n14 � n12; D1 ! e ) n14 � n12 ! e ) n14 ¼ n12 þ e; e ! 0

D1 ¼ n14 � n12 ¼
VDD1 � ð1� af1Þ

RCQ1
þ Isc � ðar1 � af1 � 1Þ

� VDD1 � ðar1 � 1Þ
RCQ1

� Ise � ðar1 � af1 � 1Þ

D1 ¼ n14 � n12 ¼
VDD1 � ð2� af1 � ar1Þ

RCQ1

þðIsc � IseÞ � ðar1 � af1 � 1Þ; D1 ! e ! 0

VDD1

RCQ1
¼ ðIse � IscÞ � ðar1 � af1 � 1Þ

ð2� af1 � ar1Þ ; Ise � Isc\0

) Ise\Isc; ar1 � af1 � 1\0 ) ar1 � af1\1

2� af1 � ar1 [ 0;
ðIse � IscÞ � ðar1 � af1 � 1Þ

ð2� af1 � ar1Þ [ 0 ) VDD1

RCQ1
[ 0

dV1

dt
� k1 � g1

R11
� 1� af1 � V1

Vt
þ 1

� �� �
¼ V1 � �V1

Vt
� n13 �

n14
Vt

� n13 þ n11

� �

� V2 � k1 � g1R13
� 1� af1 � V1

Vt
þ 1

� �� �
þ g1 � k1 � g1R12

� �af1 � V1

Vt
þ 1

� �
þ 1

� �

þ g2 � k1 � g1R14
� �af1 � V1

Vt
þ 1

� �
þ 1

� �

dV1

dt
¼ V1 �

� V1
Vt
� n13 � n14

Vt
� n13 þ n11

� �
k1�g1
R11

� 1� af1 � V1
Vt

þ 1
n o� � � V2 � R11

R13
þ g1 � R11

R12
þ g2 � R11

R14
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dV1

dt
¼ V1 � R11

k1 � g1
�

� V1
Vt
� n13 � n14

Vt
� n13 þ n11

� �
�af1 � V1

Vt
þ 1� af1

� � � V2 � R11

R13
þ g1 � R11

R12
þ g2 � R11

R14

� V1
Vt
� n13 � n14

Vt
� n13 þ n11

� �
�af1 � V1

Vt
þ 1� af1

� � ¼ 1� e ) V1

¼
ð1� af1Þ � ð1� eÞþ n14

Vt
þ n13 � n11

n o
� Vt

af1 � ð1� eÞ � n13
; 0\e � 1

V1 ¼
ð1� af1Þ � ð1� eÞþ 1

Vt
� VDD1�ð1�af1Þ

RCQ1
þ Isc � ðar1 � af1 � 1Þ

n o
� ð1�af1Þ

RCQ1
þ ðar1�1Þ

RCQ1

n o
� Vt

af1 � ð1� eÞþ ð1�af1Þ
RCQ1

Remark Our system V1(t = t0) initial voltage and voltage in time V1(t) must be
within the above V1 values band to fulfill Bautin bifurcation differential equations.

dV1

dt
¼ V1 � R11

k1 � g1
� ð1� eÞ � V2 � R11

R13
þ g1 � R11

R12
þ g2 � R11

R14
;

C1 ¼ R11

k1 � g1
� ð1� eÞ; R11

R13
¼ 1 ) R11 ¼ R13

C2 ¼ R11

R12
; r ¼ R11

R14
; C1 ¼ R11

k1 � g1
� ð1� eÞ

¼ R11

k1 � 1

1þVt � 1I0�
1

R11
þ 1

R12
þ 1

R13
þ 1

R14

n o
2
4

3
5
� ð1� eÞ

Result Our Bautin bifurcation system control parameters depend on circuit resistors
values and mainly optocoupler coupling coefficient k1.

We find for our Optoisolation Bautin bifurcation system the radius planar fixed
points rðjÞ

��
rðjÞ � 0 as a function of system overall parameters.

rðjÞ
��
rðjÞ � 0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � ð�C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r

¼ 1ffiffiffiffiffiffiffiffiffi
2 � rp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r
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rðjÞ
��
rðjÞ � 0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R14

2 � R11
� �R11

R12
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R11

R12

� �2

�4 � R11

R14
�

R11

k1 � 1

1þVt � 1I0�
1

R11
þ 1

R12
þ 1

R13
þ 1

R14

n o
2
4

3
5
� ð1� eÞ

8>>>><
>>>>:

9>>>>=
>>>>;

vuuuuuuut

0
BBBBB@

1
CCCCCA

vuuuuuuuut

rðjÞ
��
rðjÞ � 0 ¼

ffiffiffiffiffiffiffi
R14

pffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � R11

p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�R11

R12
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R11

R12

� �2

�4 � R11

R14
�

R11

k1 � 1

1þVt � 1I0�
1

R11
þ 1

R12
þ 1

R13
þ 1

R14

n o
2
4

3
5
� ð1� eÞ

8>>>><
>>>>:

9>>>>=
>>>>;

vuuuuuuut

0
BBBBB@

1
CCCCCA

vuuuuuuuut

ID2 ¼ IR21 þ IR22 þ IR23 þ IR24;

ID2 ¼ �g4 � VD2

R24
þ

dV2

dt � VD2

R23
þ �g3 � VD2

R22
þ �V1 � VD2

R21

IR23 ¼
dV2

dt � VD2

R23
; IR22 ¼ �g3 � VD2

R22
; IR21 ¼ �V1 � VD2

R21
; IR24 ¼ �g4 � VD2

R24

We consider Taylor series approximation: VD2 ¼ Vt � lnðID2I0 þ 1Þ � Vt � ID2I0

ID2 ¼
�g4 � Vt � ID2I0

R24
þ

dV2

dt � Vt � ID2I0
R23

þ �g3 � Vt � ID2I0
R22

þ �V1 � Vt � ID2I0
R21

ID2 ¼ 1
R23

� dV2

dt
� Vt � ID2

I0 � R21
� g3
R22

� Vt � ID2
I0 � R22

� V1

R21

� Vt � ID2
I0 � R23

� g4
R24

� Vt � ID2
I0 � R24

ID2 ¼ �Vt � ID2I0 � 1
R21

þ 1
R22

þ 1
R23

þ 1
R24

� �
þ 1

R23
� dV2

dt
� g3
R22

� V1

R21
� g4
R24

ID2 � 1þVt � 1I0 �
1
R21

þ 1
R22

þ 1
R23

þ 1
R24

� �	 

¼ 1

R23
� dV2

dt
� g3
R22

� V1

R21
� g4
R24

ID2 ¼ 1

1þVt � 1
I0
� 1

R21
þ 1

R22
þ 1

R23
þ 1

R24

n o � 1
R23

� dV2

dt
� g3
R22

� V1

R21
� g4
R24

� �

For simplicity, we define the following functions: ID2 ¼ g2 � w2
dV2
dt ;V1;V2
� �
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g2 ¼
1

1þVt � 1
I0
� 1

R21
þ 1

R22
þ 1

R23
þ 1

R24

n o ;

w2
dV2

dt
;V1;V2

� �
¼ 1

R23
� dV2

dt
� g3
R22

� V1

R21
� g4
R24

IEQ2 ¼ IBQ2 þ ICQ2; IBQ2 ¼ k2 � ID2 ¼ k2 � g2 � w2
dV2

dt
;V1;V2

� �
;

IEQ2 ¼ k2 � g2 � w2
dV2

dt
;V1;V2

� �
þ ICQ2

The mathematical analysis is based on the basic transistor Ebers–Moll equations.
We need to implement the Regular Ebers–Moll Model to the above optocoupler
circuit.

VBEQ2 ¼ Vt � ln ar2 � ICQ2 � IEQ2
Ise � ðar2 � af2 � 1Þ
� �

þ 1
	 


;

VBCQ2 ¼ Vt � ln ICQ2 � IEQ2 � af2
Isc � ðar2 � af2 � 1Þ
� �

þ 1
	 


VCEQ2 ¼ VCBQ2 þVBEQ2; butVCBQ2 ¼ �VBCQ2; thenVCEQ2 ¼ VBEQ2�VBCQ2

VCEQ2 ¼ Vt � ln ar2 � ICQ2 � IEQ2
Ise � ðar2 � af2 � 1Þ
� �

þ 1
	 


� Vt � ln ICQ2 � IEQ2 � af2
Isc � ðar2 � af2 � 1Þ
� �

þ 1
	 


VCEQ2 ¼ Vt � ln ar2 � ICQ2 � IEQ2ð Þþ Ise � ðar2 � af2 � 1Þ
ICQ2 � IEQ2 � af2ð Þþ Isc � ðar2 � af2 � 1Þ

	 

þVt � ln Isc

Ise

� �

Since Isc � Ise ! e ) ln Isc
Ise

� �
! e then we can write VCEQ2 expression.

V2 ¼ VCEQ2 ’ Vt � ln ar2 � ICQ2 � IEQ2ð Þþ Ise � ðar2 � af2 � 1Þ
ICQ2 � IEQ2 � af2ð Þþ Isc � ðar2 � af2 � 1Þ

	 

;

w2 ¼ w2ð
dV2

dt
;V1;V2Þ

ar2 � ICQ2 � IEQ2 ¼ ar2 � ICQ2 � k2 � g2 � w2
dV2

dt
;V1;V2

� �
þ ICQ2

� �

¼ ICQ2 � ðar2 � 1Þ � k2 � g2 � w2
dV2

dt
;V1;V2

� �
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ICQ2 � IEQ2 � af2 ¼ ICQ2 � k2 � g2 � w2
dV2

dt
;V1;V2

� �
þ ICQ2

� �
� af2

¼ ICQ2 � ð1� af2Þ � k2 � g2 � af2 � w2
dV2

dt
;V1;V2

� �

V2 ¼ VCEQ2 ’ Vt � ln ICQ2 � ðar2 � 1Þ � k2 � g2 � w2 þ Ise � ðar2 � af2 � 1Þ
ICQ2 � ð1� af2Þ � k2 � g2 � af2 � w2 þ Isc � ðar2 � af2 � 1Þ
	 


;

VDD2 ¼ ICQ2 � RCQ2 þV2 ) ICQ1 ¼ VDD2 � V2

RCQ2

V2 ¼ VCEQ2 ’ Vt � ln
ðVDD2�V2Þ

RCQ2
� ðar2 � 1Þ � k2 � g2 � w2 þ Ise � ðar2 � af2 � 1Þ

ðVDD2�V2Þ
RCQ2

� ð1� af2Þ � k2 � g2 � af2 � w2 þ Isc � ðar2 � af2 � 1Þ

2
4

3
5

V2 ¼ VCEQ2

’ Vt � ln
VDD2�ðar2�1Þ

RCQ2
� V2�ðar2�1Þ

RCQ2
� k2 � g2 � w2 þ Ise � ðar2 � af2 � 1Þ

VDD2�ð1�af2Þ
RCQ2

� V2�ð1�af2Þ
RCQ2

� k2 � g2 � af2 � w2 þ Isc � ðar2 � af2 � 1Þ

2
4

3
5

V2 ¼ VCEQ2

’ Vt � ln
� V2�ðar2�1Þ

RCQ2
� k2 � g2 � w2 þ VDD2�ðar2�1Þ

RCQ2
þ Ise � ðar2 � af2 � 1Þ

h i
� V2�ð1�af2Þ

RCQ2
� k2 � g2 � af2 � w2 þ VDD2�ð1�af2Þ

RCQ2
þ Isc � ðar2 � af2 � 1Þ

h i
2
4

3
5

For simplicity, we define new system global parameters: n21; n22; n23; n24.

n21 ¼ �ðar2 � 1Þ
RCQ2

; n22 ¼
VDD2 � ðar2 � 1Þ

RCQ2
þ Ise � ðar2 � af2 � 1Þ;

n23 ¼ �ð1� af2Þ
RCQ2

n24 ¼
VDD2 � ð1� af2Þ

RCQ2
þ Isc � ðar2 � af2 � 1Þ;

V2 ¼ VCEQ2 ’ Vt � ln V2 � n21 � k2 � g2 � w2 þ n22
V2 � n23 � k2 � g2 � af2 � w2 þ n24

	 


e
V2
Vt½ � ¼ V2�n21�k2�g2�w2 þ n22

V2�n23�k2�g2�af2�w2 þ n24
; e

V2
Vt½ � � V2

Vt
þ 1 (Taylor series approximation).
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V2

Vt
þ 1

� �
� ðV2 � n23 � k2 � g2 � af2 � w2 þ n24Þ ¼ ðV2 � n21 � k2 � g2 � w2 þ n22Þ;

w2 ¼
1
R23

� dV2

dt
� g3
R22

� V1

R21
� g4
R24

V2
2

Vt
� n23 �

V2

Vt
� k2 � g2 � af2 � w2 þ

V2

Vt
� n24 þV2 � n23 � k2 � g2 � af2 � w2 þ n24

¼ V2 � n21 � k2 � g2 � w2 þ n22; w2 ¼
1
R23

� dV2

dt
� g3
R22

� V1

R21
� g4
R24

V2
2

Vt
� n23 �

V2

Vt
� k2 � g2 � af2 �

1
R23

� dV2

dt
� g3
R22

� V1

R21
� g4
R24

� �
þ V2

Vt
� n24

þV2 � n23 � k2 � g2 � af2 �
1
R23

� dV2

dt
� g3
R22

� V1

R21
� g4
R24

� �
þ n24

¼ V2 � n21 � k2 � g2 �
1
R23

� dV2

dt
� g3
R22

� V1

R21
� g4
R24

� �
þ n22

V2
2

Vt
� n23 �

V2 � k2 � g2 � af2
R23 � Vt

� dV2

dt
þ V2 � g3 � k2 � g2 � af2

R22 � Vt

þ V1 � V2 � k2 � g2 � af2
R21 � Vt

þ V2 � g4 � k2 � g2 � af2
R24 � Vt

þ V2

Vt
� n24 þV2 � n23 �

k2 � g2 � af2
R23

� dV2

dt

þ k2 � g2 � af2 � g3
R22

þ k2 � g2 � af2 � V1

R21
þ k2 � g2 � af2 � g4

R24
þ n24

¼ V2 � n21 �
k2 � g2
R23

� dV2

dt
þ k2 � g2 � g3

R22
þ k2 � g2 � V1

R21

þ k2 � g2 � g4
R24

þ n22

dV2

dt
� k2 � g2

R23
� �V2 � af2

Vt
� af2 þ 1

� �
þV2 � V2

Vt
� n23 þ

n24
Vt

þ n23 � n21

� �

þV1 � k2 � g2R21
� V2 � af2

Vt
þ af2 � 1

� �
þ g3 � k2 � g2R22

� V2 � af2
Vt

þ af2 � 1
� �

þ g4 � k2 � g2R24
� V2 � af2

Vt
þ af2 � 1

� �
þ n24 � n22 ¼ 0

We define D2 ¼ n24 � n22; D2 ! e ) n24 � n22 ! e ) n24 ¼ n22 þ e; e ! 0
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D2 ¼ n24 � n22 ¼
VDD2 � ð1� af2Þ

RCQ2
þ Isc � ðar2 � af2 � 1Þ

� VDD2 � ðar2 � 1Þ
RCQ2

� Ise � ðar2 � af2 � 1Þ

D2 ¼ n24 � n22 ¼
VDD2 � ð2� af2 � ar2Þ

RCQ2

þðIsc � IseÞ � ðar2 � af2 � 1Þ; D2 ! e ! 0

VDD2

RCQ2
¼ ðIse � IscÞ � ðar2 � af2 � 1Þ

ð2� af2 � ar2Þ ; Ise � Isc\0

) Ise\Isc; ar2 � af2 � 1\0 ) ar2 � af2\1

2� af2 � ar2 [ 0;
ðIse � IscÞ � ðar2 � af2 � 1Þ

ð2� af2 � ar2Þ [ 0 ) VDD2

RCQ2
[ 0

dV2

dt
� k2 � g2

R23
� 1� af2 � V2

Vt
� af2

� �
¼ V2 � �V2

Vt
� n23 �

n24
Vt

� n23 þ n21

� �

þV1 � k2 � g2R21
� 1� af2 � V2

Vt
� af2

� �
þ g3 � k2 � g2R22

� �af2 � V2

Vt
� af2 þ 1

� �

þ g4 � k2 � g2R24
� �af2 � V2

Vt
� af2 þ 1

� �

dV2

dt
¼ V2 �

� V2
Vt
� n23 � n24

Vt
� n23 þ n21

� �
k2�g2
R21

� 1� af2 � V2
Vt
� af2

� � þV1 � R23

R21
þ g3 � R23

R22
þ g4 � R23

R24

� V2
Vt
� n23 � n24

Vt
� n23 þ n21

� �
1� af2 � V2

Vt
� af2

� � ¼ 1� e

) V2 ¼
ð1� af2Þ � ð1� eÞþ n24

Vt
þ n23 � n21

n o
� Vt

af2 � ð1� eÞ � n23
; 0\e � 1

V2 ¼
ð1� af2Þ � ð1� eÞþ 1

Vt
� VDD2�ð1�af2Þ

RCQ2
þ Isc � ðar2 � af2 � 1Þ

n o
� ð1�af2Þ

RCQ2
þ ðar2�1Þ

RCQ2

n o
� Vt

af2 � ð1� eÞþ ð1�af2Þ
RCQ2
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Remark Our system V2(t = t0) initial voltage and voltage in time V2(t) must be
within the above V2 values band to fulfill Bautin bifurcation differential equations.

dV2

dt
¼ V2 � R21

k2 � g2
� ð1� eÞþV1 � R23

R21
þ g3 � R23

R22
þ g4 � R23

R24
;

C1 ¼ R21

k2 � g2
� ð1� eÞ; R23

R21
¼ 1 ) R23 ¼ R21

C2 ¼ R23

R22
; r ¼ R23

R24
; C1 ¼ R21

k2 � g2
� ð1� eÞ

¼ R21

k2 �
1

1þVt � 1I0�
1

R21
þ 1

R22
þ 1

R23
þ 1

R24

n o	 
 � ð1� eÞ

If we compare the two Bautin bifurcation optoisolation circuit’s branches (Q1
(V1) and Q2(V2) circuit branches) C1, C2, r parameters, we get the following
propositions:

C1 ¼ R11

k1 � g1
� ð1� eÞ & C1 ¼ R21

k2 � g2
� ð1� eÞ ) R11

k1 � g1
¼ R21

k2 � g2

C2 ¼ R11

R12
& C2 ¼ R23

R22
) R11

R12
¼ R23

R22
; r ¼ R11

R14
& r ¼ R23

R24
) R11

R14
¼ R23

R24

C1 ¼ R11

k1 � g1
� ð1� eÞ ¼ R11

k1 � 1

1þVt � 1I0�
1

R11
þ 1

R12
þ 1

R13
þ 1

R14

n o
2
4

3
5
� ð1� eÞ &

C1 ¼ R21

k2 � g2
� ð1� eÞ ¼ R21

k2 � 1

1þVt � 1I0�
1

R21
þ 1

R22
þ 1

R23
þ 1

R24

n o
2
4

3
5
� ð1� eÞ

) R11

k1 � 1

1þVt � 1I0�
1

R11
þ 1

R12
þ 1

R13
þ 1

R14

n o
2
4

3
5
¼ R21

k2 � 1

1þVt � 1I0�
1

R21
þ 1

R22
þ 1

R23
þ 1

R24

n o
2
4

3
5

We find for our Optoisolation Bautin bifurcation system the radius planar fixed
points rðjÞjrðjÞ � 0 as a function of system overall parameters. It is equivalent to our
previous results [71, 72].
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rðjÞ
��
rðjÞ � 0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 � r � ð�C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r

¼ 1ffiffiffiffiffiffiffiffiffi
2 � rp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � r � C1

q
Þ

r

rðjÞ
��
rðjÞ � 0¼

1ffiffiffiffiffiffiffiffiffiffiffi
2 � R23

R24

q

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�R23

R22
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R23

R22

� �2

�4 � R23

R24
�

R21

k2 � 1
1þVt � 1I0�f

1
R21

þ 1
R22

þ 1
R23

þ 1
R24

g

	 
 � ð1� eÞ
8><
>:

9>=
>;

vuuuut
0
BB@

1
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vuuuuut

2.5 Bogdanov–Takens (Double-Zero) Bifurcation System

The Bogdanov–Takens (BT) bifurcation is a bifurcation of an equilibrium point in a
two-parameter family of autonomous ODEs at which the critical equilibrium has a
zero eigenvalue of multiplicity two. The system has two equilibria (a saddle and a
non-saddle) which collide and disappear via saddle node bifurcation. The
non-saddle equilibrium undergoes an Andronov–Hopf bifurcation generating a
limit cycle. This cycle degenerates into an orbit homoclinic to the saddle and
disappear via a saddle homoclinic bifurcation [5, 6, 37]. We consider an au-

tonomous system of dx
dt ¼ f ðx; aÞ; x 2 R

n depending on two parameters a 2 R
2,

where f is smooth. Suppose that at a = 0 the system has an equilibrium x0 = 0.
Assume that its Jacobian matrix A0 = fx(0, 0) has zero eigenvalue of multiplicity
two k1,2 = 0. This bifurcation is characterized by two bifurcation conditions
k1 = k2 = 0 which has co-dimension two and appears generically in two-parameter
families of smooth ODEs. The critical equilibrium x0 is a double root of the
equation f(x, 0) = 0 and a = 0 is the origin in the parameter plane of two branches
of the saddle–node bifurcation curve, an Andronov–Hopf bifurcation curve, and a
saddle homoclinic bifurcation curve. These bifurcations are non-degenerate and no
other bifurcation occur in a small fixed neighborhood of x0 for parameter values
sufficiently close to a = 0. In this neighborhood, the system has at most two

equilibria and one limit cycle. For the private case with n = 2, dxdt ¼ f ðx; aÞ; x 2 R
2

if the following non-degeneracy conditions hold (BT.1) a(0) � b(0) 6¼ 0, where a(0)
and b(0) are certain quadratic coefficients, (BT.2) the map (x, a) ! (f(x, a), Tr(fx(x,
a)), det(fx(x, a))) is regular at (x, a) = (0, 0), then this system is locally topologically
equivalent near the origin to the following normal form:
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dV1

dt
¼ V2;

dV2

dt
¼ C1 þC2 � V1 þV2

1 þ r � V1 � V2;

V ¼ ðV1;V2ÞT 2 R
2; r ¼ sign½að0Þ � bð0Þ� ¼ �1

The first stage is to find a system fixed point and discuss stability issue.

dV1

dt
¼ 0;

dV2

dt
¼ 0 ) V ðiÞ

2 ¼ 0 & C1 þC2 � V ðiÞ
1

þ ½V ðiÞ
1 �2 ¼ 0 ) V ðiÞ

1 ¼ 1
2
� �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �

Our fixed points coordinates are as follows: V ðiÞ ¼ ðV ðiÞ
1 ;V ðiÞ

2 Þ ¼
1
2 � �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
; 0

� �
:

We have some possible cases in our system stability analysis:

Case I C2
2 � 4 � C1 ¼ 0 ) C2

2 ¼ 4 � C1 ) C2 ¼ �2 � ffiffiffiffiffiffi
C1

p ) V ðiÞ ¼ ðV ðiÞ
1 ;V ðiÞ

2 Þ ¼
� C2

2 ; 0
� �

and we need to check the stability (only one fixed point),

V ð0Þ ¼ ðV ð0Þ
1 ;V ð0Þ

2 Þ ¼ � C2
2 ; 0

� �
. We define f1ðV1;V2Þ ¼ V2; f2ðV1;V2Þ ¼ C1 þC2�

V1 þV2
1 þ r � V1 � V2; dV1

dt ¼ f1ðV1;V2Þ; dV2

dt ¼ f2ðV1;V2Þ and calculated the related

partial derivatives of f1 and f2 respect to V1 and V2,
@f1
@V1

¼ 0; @f1
@V2

¼ 1;
@f2
@V1

¼ C2 þ 2 � V1 þ r � V2;
@f2
@V2

¼ r � V1:

The matrix A is called the Jacobian matrix at the fixed point

ðV ð0Þ
1 ;V ð0Þ

2 Þ ¼ � C2
2 ; 0

� �
:

A ¼
@f1
@V1

@f1
@V2

@f2
@V1

@f2
@V2

 !�����
ðV ð0Þ

1 ;V ð0Þ
2 Þ¼ �C2

2 ;0ð Þ
¼ 0 1

C2þ 2 � V1þr � V2 r � V1

� �����
ðV ð0Þ

1 ;V ð0Þ
2 Þ¼ �C2

2 ;0ð Þ

¼ 0 1

C2 � 2 � C2
2 � r�C2

2

� �
) 0 1

C2 � 2 � C2
2 � r�C2

2

� �
� 1 0

0 1

� �
� k

¼ �k 1

C2 � 2 � C2
2 � r�C2

2 � k

� �
¼ �k 1

0 � r�C2
2 � k

� �

The eigenvalues of a matrix A are given by the characteristic equation det
(A − k � I), where I is the identity matrix.

ð�kÞ � � r � C2

2
� k

� �
¼ 0 ) k � r � C2

2
þ k

� �
¼ 0 ) k1 ¼ 0;

k2 ¼ � r � C2

2
; D ¼ k1 � k2 ¼ 0; s ¼ k1 � k2 ¼ � r � C2

2
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D = 0, at least one of the eigenvalues is zero. Then the origin is not an isolated fixed
point. There is either a whole line of fixed points, or a plane of fixed points, if A = 0.

Case II

C2
2 � 4 � C1 [ 0 ) V ðiÞ ¼ V ðiÞ

1 ;V ðiÞ
2

� �
¼ 1

2
� �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
; 0

� �

and we need to check the stability (two fixed points), first and second fixed points:

ðV ð0Þ
1 ;V ð0Þ

2 Þ ¼ 1
2
� �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
; 0

� �
;

ðV ð1Þ
1 ;V ð1Þ

2 Þ ¼ 1
2
� �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
; 0

� �

First, we check the stability of the first fixed point:

ðV ð0Þ
1 ;V ð0Þ

2 Þ ¼ 1
2
� �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
; 0

� �
:

We define f1ðV1;V2Þ ¼ V2; f2ðV1;V2Þ ¼ C1 þC2 � V1 þV2
1 þ r � V1 � V2;

dV1
dt ¼ f1ðV1;V2Þ; dV2

dt ¼ f2ðV1;V2Þ and calculated the related partial derivatives of f1
and f2 respect to V1 and V2,

@f1
@V1

¼ 0; @f1
@V2

¼ 1; @f2
@V1

¼ C2 þ 2 � V1 þ r�
V2;

@f2
@V2

¼ r � V1:

The matrix A is called the Jacobian matrix at the first fixed point.

A ¼
@f1
@V1

@f1
@V2

@f2
@V1

@f2
@V2

 !�����
ðV ð0Þ

1 ;V ð0Þ
2 Þ¼ð12� �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2�4�C1

p� 
;0Þ

¼ 0 1

C2 þ 2 � V1 þ r � V2 r � V1

� �����
ðV ð0Þ

1 ;V ð0Þ
2 Þ¼ð12� �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2�4�C1

p� 
;0Þ

¼
0 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2
2 � 4 � C1

q
r � 12 � �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �0
@

1
A

)
0 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2
2 � 4 � C1

q
r � 12 � �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �0
@

1
A� 1 0

0 1

� �
� k

¼
�k 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2
2 � 4 � C1

q
r � 12 � �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
� k

0
@

1
A
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The eigenvalues of a matrix A are given by the characteristic equation det
(A – k � I), where I is the identity matrix.

½�k� � r � 1
2
� �C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
� k

	 

� ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
� ¼ 0;

wðC1;C2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0

w ¼ wðC1;C2Þ ) �k � r � 1
2
� �C2 þwf gþ k2 � w ¼ 0

) k2 � k � r � 1
2
� �C2 þwf g � w ¼ 0

nðC1;C2Þ ¼ n ¼ r � 1
2
� �C2 þwf g ) k2 � k � n� w ¼ 0

) k1;2 ¼
n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q
2

Option I k1;2 ¼ n�
ffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4�w

p
2 ; n2 þ 4 � w ¼ 0 ) n2 ¼ �4 � w ) r2 � 14 �

�C2 þwf g2¼ �4 � w

wðC1;C2Þ ¼ w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0 then option I can’t exist.

Option II k1;2 ¼ n�
ffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4�w

p
2 ; n2 þ 4 � w[ 0 and we have two real eigenvalues (k1,

k2) and three subcases. r2 � 14 � �C2 þwf g2 þ 4 � w[ 0 )

r2 � 1
4
� C2

2 � 2 � C2 � wþw2� þ 4 � w[ 0 ) r2 � 1
4

� C2
2 � 2 � C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
þC2

2 � 4 � C1

� �
þ 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0

r2 � 1
4
� 2 � C2

2 � 2 � C2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
� 4 � C1

� �
þ 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0

1
2
� C2

2 � r2 �
1
2
� r2 � C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
� C1 � r2 þ 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0

r2 � 1
2 � C2

2 � C1
� �þ 4� 1

2 � r2 � C2
�  � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2
2 � 4 � C1

q
[ 0 and since wðC1;C2Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2
2 � 4 � C1

q
[ 0:
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We divide the above expression by w and get r2
w � 1

2 � C2
2 � C1

� �þ 4� 1
2 � r2 � C2

[ 0:

Option II.1 n�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q
[ 0 then we have two positive eigenvalues k1 > 0

and k2 > 0 and the first fixed point is unstable node.

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q
[ 0 ) r � 1

2
� �C2 þwf gþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

4
� f�C2 þwg2 þ 4 � w

r
[ 0

r � ½w� C2� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q
[ 0; r[ 0 & r\0

r[ 0 ) w� C2 þ 1
r
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q
[ 0

) 1
r
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q
[C2 � w

r\0 ) w� C2 þ 1
r
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q
\0

) 1
r
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q
\C2 � w

n�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q
[ 0 ) r � 1

2
� f�C2 þwg �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

4
� f�C2 þwg2 þ 4 � w

r
[ 0

r � ½w� C2� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q
[ 0; r[ 0 & r\0

r[ 0 ) w� C2 � 1
r
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q
[ 0

) w� C2 [
1
r
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q

r\0 ) w� C2 � 1
r
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q
\0

) w� C2\
1
r
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � f�C2 þwg2 þ 16 � w

q

Option II.2 k1 � k2\0 ) nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q	 

� n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q	 

\0 then we

have two opposite signs eigenvalues k1 > 0, k2 < 0 or k1 < 0, k2 > 0 and the first
fixed point is hyperbolic fixed point (saddle point).
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k1 [ 0 � k2\0 ) nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q	 

[ 0 � n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q	 

\0

) r � 1
2
� f�C2 þwgþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

4
� f�C2 þwg2 þ 4 � w

r
[ 0

"

� r � 1
2
� f�C2 þwg �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

4
� f�C2 þwg2 þ 4 � w

r
\0

"

k1\0 � k2 [ 0 ) nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q	 

\0 � n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q	 

[ 0

) r � 1
2
� f�C2 þwgþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

4
� f�C2 þwg2 þ 4 � w

r
\0

"

� r � 1
2
� f�C2 þwg �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

4
� f�C2 þwg2 þ 4 � w

r
[ 0

"

Option II.3 n�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q
\0 then we have two negative eigenvalues k1 < 0 and

k2 < 0 and the first fixed point is a stable node.

k1\0 � k2\0 ) ½nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q
�\0 � ½n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4 � w

q
�\0

) r � 1
2
� f�C2 þwgþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

4
� f�C2 þwg2 þ 4 � w

r
\0

"

� r � 1
2
� f�C2 þwg �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

4
� f�C2 þwg2 þ 4 � w

r
\0

"

Option III k1;2 ¼ n�
ffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 4�w

p
2 ; n2 þ 4 � w\0 and we have two complex eigenvalues

(k1, k2), k1;2 ¼ 1
2 � ðn� i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jn2 þ 4 � wj

q
Þ and three subcases n ¼ 0; n[ 0; n\0.

n2 þ 4 � w\0 ) r2 � 14 � f�C2 þwg2 þ 4 � w\0 cannot exist since

n2 [ 0 & 4 � w[ 0; wðC1;C2Þ ¼ w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0.

Second we check the stability of the second fixed point:

V ð0Þ
1 ;V ð0Þ

2

� �
¼ 1

2
� �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
; 0

� �
:

2.5 Bogdanov–Takens (Double-Zero) Bifurcation System 145



We define f1ðV1;V2Þ ¼ V2; f2ðV1;V2Þ ¼ C1 þC2 � V1 þV2
1 þ r � V1 � V2; dV1

dt ¼
f1ðV1;V2Þ; dV2

dt ¼ f2ðV1;V2Þ and calculated the related partial derivatives of f1 and f2
respect to V1 and V2,

@f1
@V1

¼ 0; @f1
@V2

¼ 1; @f2
@V1

¼ C2 þ 2 � V1 þ r � V2;
@f2
@V2

¼ r � V1:

The matrix A is called the jacobian matrix at the first fixed point.

A ¼
@f1
@V1

@f1
@V2

@f2
@V1

@f2
@V2

 !�����
ðV ð0Þ

1 ;V ð0Þ
2 Þ¼ð12� �C2�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2�4�C1

p� 
;0Þ

¼ 0 1

C2 þ 2 � V1 þ r � V2 r � V1

� �����
ðV ð0Þ

1 ;V ð0Þ
2 Þ¼ð12� �C2�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2�4�C1

p� 
;0Þ

¼
0 1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
r � 12 � �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �0
@

1
A

)
0 1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
r � 12 � �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �0
@

1
A� 1 0

0 1

� �
� k

¼
�k 1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
r � 12 � �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
� k

0
@

1
A

The eigenvalues of a matrix A are given by the characteristic equation det
(A – k � I), where I is the identity matrix.

½�k� � r � 1
2
� �C2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
� k

	 

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q	 

¼ 0;

wðC1;C2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0

w ¼ wðC1;C2Þ ) �k � r � 1
2
� f�C2 � wgþ k2 þw ¼ 0

) k2 þ k � r � 1
2
� fC2 þwgþw ¼ 0

fðC1;C2Þ ¼ f ¼ r � 1
2
� fC2 þwg ) k2 þ k � fþw ¼ 0

) k1;2 ¼
�f�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w

q
2

Option I k1;2 ¼ �f�
ffiffiffiffiffiffiffiffiffiffiffi
f2�4�w

p
2 ; f2 � 4 � w ¼ 0 ) f2 ¼ 4 � w ) r2 � 14 �

fC2 þwg2 ¼ 4 � w
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r2 � fC2 þwg2 ¼ 16 � w; wðC1;C2Þ ¼ w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0 ) k1;2 ¼ �f

2

We have three subcases: f[ 0; f\0; f ¼ 0:

Option I.1 f ¼ 0 ) r � 12 � fC2 þwg ¼ 0 ) jr¼�1C2 þw ¼ 0 ) C2 þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
¼ 0 k1;2 ¼ 0; D ¼ k1 � k2 ¼ 0; s ¼ k1 þ k2 ¼ 0, at least one of the

eigenvalues is zero and the origin is not an isolated fixed point. There is either a
whole line of fixed point, or a plane of fixed points, if A = 0.

Option I.2 f[ 0 ) r � 12 � fC2 þwg[ 0 ) r � 12 � C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
[ 0

r ¼ þ 1 ) C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0 ) C2 [ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
r ¼ �1 ) C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
\0 ) C2\�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q

k1 ¼ k2 ¼ �f
2 ) D ¼ k1 � k2 [ 0; s ¼ k1 þ k2\0, we have a star node (degenerate

node). We have two negative eigenvalues and the second fixed point is a stable node.

Option I.3 f\0 ) r � 12 � fC2 þwg\0 ) r � 12 � C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �
\0

r ¼ þ 1 ) C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
\0 ) C2\�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
r ¼ �1 ) C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
[ 0 ) C2 [ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q

k1 ¼ k2 ¼ �f
2 ) D ¼ k1 � k2 [ 0; s ¼ k1 þ k2 [ 0, we have star node (degen-

erate node). We have two positive eigenvalues and the second fixed point is an
unstable node.

Option II k1;2 ¼ �f�
ffiffiffiffiffiffiffiffiffiffiffi
f2�4�w

p
2 ; f2 � 4 � w[ 0 ) f2 [ 4 � w ) r2 � 14 �

fC2 þwg2 [ 4 � w r2 � C2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q� �2

[ 16 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
2 � 4 � C1

q
. We have

two real eigenvalues.

Option II.1 �f�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w

q
[ 0 then we have two positive real eigenvalues

and the second fixed point is an unstable node k1 [ 0; k2 [ 0 ) D ¼
k1 � k2 [ 0 s ¼ k1 þ k2 [ 0; �fþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w

q
[ 0 ) �r� 1

2 � fC2 þwgþ
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 14 � fC2 þwg2 � 4 � w

q
[ 0 )

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 14 � fC2 þwg2 � 4 � w

q
[ r � 12 � fC2 þwg:

Also must fulfill

� f�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w
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eigenvalues with opposite signs. The second fixed point is hyperbolic fixed point
(saddle point). D ¼ k1 � k2\0 s ¼ k1 þ k2 ¼ �2 � f[ 0 and if f[ 0 ) s\0 and
if f\0 ) s[ 0. We have two subcases: k1 [ 0 & k2\0 and k1\0 & k2 [ 0
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w

q	 

[ 0 & �f�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w

q	 

\0

k1\0 & k2 [ 0 ) �fþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w

q	 

\0 & �f�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w

q	 

[ 0

Option II.3 �f�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 � 4 � w

q
\0 then we have negative real eigenvalues and the
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the second fixed point is

elliptic and the eigenvalues are pure imaginary, then all solutions are periodic
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jf2�4�wj

p
2

����
f¼0

¼
ffiffiffiffiffiffiffiffiffiffi
j�4�wj

p
2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffij � wjp

T ¼ 4pffiffiffiffiffiffiffiffiffiffiffiffiffi
jf2�4�wj

p
����
f¼0

¼ 4�pffiffiffiffiffiffiffiffiffiffi
j�4�wj

p ¼ 2�pffiffiffiffiffiffiffi
j�wj

p :

f[ 0 then we have complex eigenvalues with negative real part and the second
fixed point is stable spiral point. f[ 0 then we have complex eigenvalues with

positive real part and the second fixed point is unstable spiral point. k1;2 ¼
�f�i�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jf2�4�wj

p
2 :

Case III C2
2 � 4 � C1\0 ) V ðiÞ ¼ ðV ðiÞ

1 ;V ðiÞ
2 Þ ¼ 1

2 � �C2 � i�f�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jC2

2 � 4 � C1j
q

g; 0Þ:
Complex fixed points which not discuss in our analysis, since we have only real

fixed point coordinates in our system. We can summarize our result in Table 2.5.
The next step is to move to system planar representation (r, u) space and analyze

limit cycle behavior at specific r values and when the close orbit still exist. We need
to move from (V1, V2) space to (r, u) space ((V1, V2) ! (r, u)).

Our system is locally topologically equivalent near the origin to the following
normal form: r = r(t); u = u(t) [73, 74].

dV1

dt
¼ V2;

dV2

dt
¼ C1 þC2 � V1 þV2

1 þ r � V1 � V2;

V ¼ ðV1;V2ÞT 2 R
2; r ¼ sign½að0Þ � bð0Þ� ¼ �1

For planar representation, we have the following transformations: V1 ¼ r � cosu;
V2 ¼ r � sinu; dV1

dt ¼ �r � dudt � sinuþ dr
dt � cosu; dV2

dt ¼ r � dudt � cosuþ dr
dt � sinu

dV1

dt
¼ V2 ) �r � du

dt
� sinuþ dr

dt
� cosu ¼ r � sinu

) �r � du
dt

þ dr
dt

� 1
tgu

¼ r ) dr
dt

¼ r � 1þ du
dt

� �
� tgu

dV2

dt
¼ C1 þC2 � V1 þV2

1 þ r � V1 � V2 ) r � du
dt

� cosuþ dr
dt

� sinu
¼ C1 þC2 � r � cosuþ r2 � cos2 uþ r � r2 � sinu � cosu

dr
dt

¼ r � 1þ du
dt

� �
� tgu ) r � du

dt
� cosuþ r � 1þ du

dt

� �
� tgu � sinu

¼ C1 þC2 � r � cosuþ r2 � cos2 uþ r � r2 � sinu � cosu

r � du
dt

� ½cosuþ � tgu � sinu� ¼ C1 þC2 � r � cosuþ r2 � cos2 u
þ r � r2 � sinu � cosu1 � r � tgu � sinu
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du
dt

¼ C1 þC2 � r � cosuþ r2 � cos2 uþ r � r2 � sinu � cosu� r � tgu � sinu
r � ½cosuþ � tgu � sinu�

cosuþ � tgu � sinu ¼ 1
cosu

) du
dt

¼ 1
r
� C1 � cosuþC2 � cos2 u

þ r � cos3 uþ r � r � sinu � cos2 u� sin2 u

dV1

dt
¼ V2 ) �r � du

dt
� sinuþ dr

dt
� cosu ¼ r � sinu

) �r � du
dt

þ dr
dt

� 1
tgu

¼ r ) du
dt

¼ 1
r
� dr
dt

� 1
tgu

� 1

r � 1
r
� dr
dt

� 1
tgu

� 1
	 


� cosuþ dr
dt

� sinu ¼ C1 þC2 � r � cosu

þ r2 � cos2 uþ r � r2 � sinu � cosu

dr
dt

� cosu
tgu

� r � cosuþ dr
dt

� sinu ¼ C1 þC2 � r � cosu

þ r2 � cos2 uþ r � r2 � sinu � cosu

dr
dt

� cosu
tgu

þ sinu
	 


¼ C1 þC2 � r � cosu

þ r2 � cos2 uþ r � r2 � sinu � cosuþ r � cosu

dr
dt

¼ C1 þC2 � r � cosuþ r2 � cos2 uþ r � r2 � sinu � cosu1 þ r � cosu
cosu
tgu þ sinu

cosu
tgu

þ sinu ¼ 1
sinu

) dr
dt

¼ C1 � sinuþC2 � r � cosu � sinu

þ r2 � cos2 u � sinuþ r � r2 � sin2 u � cosuþ r � cosu � sinu

dr
dt

¼ C1 � sinuþ 1
2
� C2 � r � sin½2 � u� þ 1

2
� r2 � cosu � sin½2 � u�

þ 1
2
� r � r2 � sin½2 � u� � sinuþ 1

2
� r � sin½2 � u�

dr
dt

¼ C1 � sinuþ 1
2
� r2 � sin½2 � u� � fcosuþ r � sinug

þ 1
2
� r � sin½2 � u� � f1þC2g
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There is a different phase space behavior for different C1, C2, r values. All sorts
of limit cycles exist and different spiral behavior (stable/Unstable).

To find our limit cycle radius we set dr
dt ¼ 0 (no planar radius change in time).

dr
dt

¼ 0 ) C1 � sinuþ 1
2
� r2 � sin½2 � u� � fcosuþ r � sinug

þ 1
2
� r � sin½2 � u� � f1þC2g ¼ 0

/1ðuÞ ¼
1
2
� sin½2 � u� � fcosuþ r � sinug; /2ðuÞ ¼

1
2
� sin½2 � u� � f1þC2g

r2 � /1ðuÞþ r � /2ðuÞþC1 � sinu ¼ 0

) rðjÞ ¼
�/2ðuÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2
2ðuÞ � 4 � /1ðuÞ � C1 � sinu

q
2 � /1ðuÞ

rðjÞ � 0 then we have some subcases.
We define

vðuÞ ¼ /2
2ðuÞ � 4 � /1ðuÞ � C1 � sinu ) rðjÞ ¼ �/2ðuÞ �

ffiffiffiffiffiffiffiffiffiffi
vðuÞp

2 � /1ðuÞ
;

vðuÞ ¼ 0; vðuÞ[ 0

Case I vðuÞ ¼ 0 ) /2
2ðuÞ � 4 � /1ðuÞ� C1 � sinu ¼ 0 ) /2

2ðuÞ ¼ 4� /1ðuÞ � C1�
sinu

sin2½2 � u� � f1þC2g2 ¼ 8 � sin½2 � u� � fcosuþ r � sinug � C1 � sinu

sin½2 � u� � sin½2 � u� � 1þC2f g2�8 � cosuþ r � sinuf g � C1 � sinu
n o

¼ 0

sin½2 � u� ¼ 0 ) 2 � u ¼ n � p ) u ¼ n � p
2

8 n ¼ 0; 1; 2; . . .

or other option:

sin½2 � u� � f1þC2g2 � 8 � fcosuþ r � sinug � C1 � sinu ¼ 0

2 � sinu � cosu � f1þC2g2 � 8 � fcosuþ r � sinug � C1 � sinu ¼ 0
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2 � sinu � cosu � f1þC2g2 � 4 � fcosuþ r � sinug � C1

h i
¼ 0

sinu ¼ 0 ) u ¼ n � p 8 n ¼ 0; 1; 2; . . . or

cosu � f1þC2g2 � 4 � fcosuþ r � sinug � C1 ¼ 0

cosu � f1þC2g2 � 4 � fcosuþ r � sinug � C1 ¼ 0

) f1þC2g2 � 4 � f1þ r � tgug � C1 ¼ 0

f1þC2g2 � 4 � f1þ r � tgug � C1 ¼ 0 ) tgu

¼ 1
r
� f1þC2g2

4 � C1
� 1

" #
) u ¼ arctg

1
r
� f1þC2g2

4 � C1
� 1

" #( )

For the first case we have three possible u values:

u ¼ n � p
2

; u ¼ n � p; u ¼ arctg
1
r
� f1þC2g2

4 � C1
� 1

" #( )
8 n ¼ 0; 1; 2; . . .

rðjÞ ¼ �/2ðuÞ �
ffiffiffiffiffiffiffiffiffiffi
vðuÞp

2 � /1ðuÞ

�����
vðuÞ¼0

¼ �/2ðuÞ
2 � /1ðuÞ

¼ �f1þC2g
2 � fcosuþ r � sinug

rðjÞ ¼ �f1þC2g
2�fcosuþ r�sinug [ 0 then we have two subcases:

(1) �f1þC2g[ 0 ) 1þC2\0 ) C2\� 1 & cosuþ r � sinu[ 0

(2) �f1þC2g\0 ) 1þC2 [ 0 ) C2 [ � 1 & cosuþ r � sinu\0

Case II vðuÞ[ 0 ) /2
2ðuÞ � 4� /1ðuÞ � C1 � sinu[ 0 ) /2

2ðuÞ[ 4 � /1ðuÞ �
C1� sinu

sin½2 � u� � sin½2 � u� � 1þC2f g2�8 � cosuþ r � sinuf g � C1 � sinu
n o

[ 0

Case II.1 sin½2 � u�[ 0 & fsin½2 � u� � f1þC2g2 � 8� fcosuþ r � sinug � C1�
sinug[ 0

sin½2 � u�[ 0 ) ð2 � nþ 1Þ � p[ 2u[ 2 � n � p ) nþ 1
2

� �
� p[u[ n � p
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sin½2 � u� � f1þC2g2 � 8 � fcosuþ r � sinug � C1 � sinu[ 0

) 2 � sinu � ½cosu � f1þC2g2 � 4 � fcosuþ r � sinug � C1�[ 0

Case II.1-1 sinu[ 0 & ½cosu � f1þC2g2 � 4� fcosuþ r � sinug � C1�[ 0

sinu[ 0 ) ð2 � nþ 1Þ � p[u[ 2 � n � p &

½f1þC2g2 � 4 � C1� � cosu� 4 � C1 � r � sinu[ 0

We divide two sides by cos u:

cosu[ 0 ) 3
2
þ 2 � n

� �
� p\u\

1
2
þ 2 � n

� �
� p

) ½f1þC2g2 � 4 � C1�[ 4 � C1 � r � tgu;

C1 � r[ 0 ) tgu\
½f1þC2g2 � 4 � C1�

4 � C1 � r

C1 � r\0 ) tgu[
½f1þC2g2 � 4 � C1�

4 � C1 � r

If cosu\0 ) 1
2 þ 2 � n� �� p\u\ 3

2 þ 2 � n� �� p ) ½f1þC2g2 � 4� C1� �
cosu� 4� C1 � r � sinu[ 0

We divide two sides by cos u:

½f1þC2g2 � 4 � C1�\4 � C1 � r � tgu; C1 � r[ 0

) tgu[
f1þC2g2 � 4 � C1

4 � C1 � r ; C1 � r\0 ) tgu\
½f1þC2g2 � 4 � C1�

4 � C1 � r

Case II.1-2 sinu\0 & ½cosu � f1þC2g2 � 4� fcosuþ r � sinug � C1�\0

sinu\0 ) 2 � p � ðnþ 1Þ[u[ p � ð1þ 2 � nÞ &

cosu � ½f1þC2g2 � 4 � C1� � 4 � C1 � r � sinu\0

We divide two sides by cos u:

cosu[ 0 ) 3
2
þ 2 � n

� �
� p\u\

1
2
þ 2 � n

� �
� p

) ½f1þC2g2 � 4 � C1� � 4 � C1 � r � tgu\0

) f1þC2g2 � 4 � C1\4 � C1 � r � tgu; C1 � r[ 0
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tgu[
f1þC2g2 � 4 � C1

4 � C1 � r ; C1 � r\0 ) tgu\
f1þC2g2 � 4 � C1

4 � C1 � r :

cosu\0 ) 1
2
þ 2 � n

� �
� p\u\

3
2
þ 2 � n

� �
� p;

C1 � r[ 0 ) tgu\
f1þC2g2 � 4 � C1

4 � C1 � r

C1 � r\0 ) tgu[
f1þC2g2 � 4 � C1

4 � C1 � r

Case II.2 sin½2 � u�\0 & fsin½2 � u� � f1þC2g2 � 8� fcosuþ r � sinug � C1 �
sinug \0

sin½2 � u�\0 ) 2 � p � ½nþ 1�[ 2u[ p � ½1þ 2 � n�

) p � ½nþ 1�[u[ p � 1
2
þ n

	 


2 � sinu � cosu � f1þC2g2 � 4 � fcosuþ r � sinug � C1

h i
\0

Case II.2-1

sinu[ 0 & ½cosu � f1þC2g2 � 4 � fcosuþ r � sinug � C1�\0

sinu[ 0 ) ð2 � nþ 1Þ � p[u[ 2 � n � p;
cosu � f1þC2g2 � 4 � C1 � cosu� r � 4 � C1 � sinu\0

cosu � ½f1þC2g2 � 4 � C1� � r � 4 � C1 � sinu\0; We divide two sides by cos u:

cosu[ 0 ) 3
2
þ 2 � n

� �
� p\u\

1
2
þ 2 � n

� �
� p

) ½f1þC2g2 � 4 � C1� � 4 � C1 � r � tgu\0

) f1þC2g2 � 4 � C1\4 � C1 � r � tgu;

C1 � r[ 0; tgu[
f1þC2g2 � 4 � C1

4 � C1 � r

C1 � r\0 ) tgu\
f1þC2g2 � 4 � C1

4 � C1 � r � cosu\0

) 1
2
þ 2 � n

� �
� p\u\

3
2
þ 2 � n

� �
� p
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cosu � ½f1þC2g2 � 4 � C1� � r � 4 � C1 � sinu\0

) cosu � ½f1þC2g2 � 4 � C1�\r � 4 � C1 � sinu

f1þC2g2 � 4 � C1

h i
[ r � 4 � C1 � tgu

) r � C1 [ 0 ) tgu\
f1þC2g2 � 4 � C1

h i
r � 4 � C1

r � C1\0 ) tgu[
f1þC2g2 � 4 � C1

h i
r � 4 � C1

Case II.2-2 sinu\0 & ½cosu � f1þC2g2 � 4� fcosuþ r � sinug � C1�[ 0

sinu\0 ) 2 � p � ðnþ 1Þ[u[ p � ð1þ 2 � nÞ &

cosu � f1þC2g2 � 4 � C1

h i
� 4 � C1 � r � sinu[ 0

We divide two sides by cos u:

cosu[ 0 ) 3
2
þ 2 � n

� �
� p\u\

1
2
þ 2 � n

� �
� p

) ½f1þC2g2 � 4 � C1�[ 4 � C1 � r � tgu;

C1 � r[ 0 ) tgu\
½f1þC2g2 � 4 � C1�

4 � C1 � r

C1 � r\0 ) tgu[
½f1þC2g2 � 4 � C1�

4 � C1 � r

If cosu\0 ) 1
2 þ 2 � n� �� p\u\ 3

2 þ 2 � n� �� p ) ½f1þC2g2 � 4 � C1�
� cosu� 4 � C1 � r � sinu[ 0

We divide two sides by cos u: ½f1þC2g2 � 4 � C1�\4 � C1 � r � tgu; C1 � r[ 0

) tgu[
f1þC2g2 � 4 � C1

4 � C1 � r ; C1 � r\0 ) tgu\
½f1þC2g2 � 4 � C1�

4 � C1 � r

Table 2.6 summaries for each Bogdanov–Takens bifurcation system’s limit
cycle type, the conditions for dr/dt in the inner and outer circle.

Table 2.6 Summary of Bogdanov–Takens bifurcation system

Limit cycle type dr/dt in the inner circle dr/dt in the outer circle

Stable Limit Cycle (SLC) dr/dt > 0 dr/dt < 0

Half-Stable Limit Cycle (HLC) dr/dt < 0 dr/dt < 0

Unstable Limit Cycle (ULC) dr/dt < 0 dr/dt > 0
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In Table 2.7 we summarize our last result for Bogdanov–Takens bifurcation
system’s limit cycle planar radius dr

dt ¼ 0
� �

and all possible options for control
parameters (C1, C2, r) and planar angular angle u [6–8].

Our Bogdanov–Takens bifurcation system can be represented by the
following equivalent differential equations: V2 ¼ dV1

dt ; V1 ¼ 1
C2
� dV2

dt � C1 � V2
1�

�
r � V1 � V2g:

Figure 2.12 describes our Bogdanov–Takens bifurcation system.

2.6 Optoisolation Circuits Bogdanov–Takens
(Double-Zero) Bifurcation

We need to implement our Bogdanov–Takens bifurcation system block diagram by
using optoisolation elements, op-amps, resistors, capacitors, etc. Figure 2.13
implements our system [10, 15, 16].

Remark There is no match between system block diagram feedback loop []2

operator for V1 output voltage variable and circuit feedback term []. We will get
later from optoisolation circuit implementation our feedback loop []2 operator for V1

output voltage variable. Gama1 = C1, Gama2 = C2, Sigma = r.

Rf 1

Rin1
¼ 1;

Rf 4

Rin4
¼ 1;

Rf 5

Rin5
¼ 1; Rf 3 � Cin3 ¼ 1;

Rf 2 � Cin2 ¼ 1; Vo1 ¼ �V1; Vo3 ¼ �r � V1 � V2

Vo4 ¼ �Rf 2 � Cin2 � dV1

dt

����
Rf 2�Cin2¼1

¼ � dV1

dt
;

V2 ¼ �Vo4 ¼ Rf 2 � Cin2 � dV1

dt

����
Rf 2�Cin2¼1

¼ dV1

dt

Vo5 ¼ �Rf 3 � Cin3 � dV2

dt

����
R3�Cin3¼1

¼ � dV2

dt
;

Vo2 ¼ �Vo5 ¼ Rf 3 � Cin3 � dV2

dt

����
R3�Cin3¼1

¼ dV2

dt

ID1 ¼ IR1 þ IR2 þ IR3 þ IR4 ¼
X4
j¼1

IRj; IR1 ¼ �V1 � VD1

R1
; IR2 ¼ �C1 � VD1

R2

IR3 ¼ Vo2 � VD1

R3
¼

dV2

dt � VD1

R3
; IR4 ¼ Vo3 � VD1

R4
¼ �r � V1 � V2 � VD1

R4
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V2

1/Γ2

[]^2

σ·[]·[]

d/dt

V1

d/dt

Γ1

Fig. 2.12 Bogdanov–Takens bifurcation system

Fig. 2.13 Implementation of Bogdanov–Takens bifurcation system
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ID1 ¼
X4
j¼1

IRj ¼ �V1 � VD1

R1
þ �C1 � VD1

R2
þ

dV2

dt � VD1

R3
þ �r � V1 � V2 � VD1

R4

We consider Taylor series approximation: VD1 ¼ Vt � ln ID1
I0

þ 1
h i

� Vt � ID1I0

ID1 ¼
X4
j¼1

IRj

¼ �V1 � Vt � ID1I0
R1

þ �C1 � Vt � ID1I0
R2

þ
dV2

dt � Vt � ID1I0
R3

þ �r � V1 � V2 � Vt � ID1I0
R4

ID1 ¼ �V1

R1
� Vt � ID1

I0 � R1
� C1

R2
� Vt � ID1

I0 � R2
þ 1

R3
� dV2

dt
� Vt � ID1

I0 � R3
� r � V1 � V2

R4
� Vt � ID1

I0 � R4

ID1 ¼ �Vt � ID1
I0

�
X4
j¼1

1
Rj

" #
� V1

R1
� C1

R2
þ 1

R3
� dV2

dt
� r � V1 � V2

R4

ID1 � 1þ Vt

I0
�
X4
j¼1

1
Rj

" #( )
¼ �V1

R1
� C1

R2
þ 1

R3
� dV2

dt
� r � V1 � V2

R4

ID1 ¼ 1

1þ Vt
I0
� P4

j¼1
1
Rj

h i � �V1

R1
� C1

R2
þ 1

R3
� dV2

dt
� r � V1 � V2

R4

� �

g ¼ 1

1þ Vt
I0
� P4

j¼1
1
Rj

h i ;
w

dV2

dt
;V1;V2; . . .

� �
¼ �V1

R1
� C1

R2
þ 1

R3
� dV2

dt
� r � V1 � V2

R4

IEQ1 ¼ IBQ1 þ ICQ1; IBQ1 ¼ k � ID1 ¼ k � g � w dV2

dt
;V1;V2; . . .

� �
;

IEQ1 ¼ k � g � w dV2

dt
;V1;V2; . . .

� �
þ ICQ1

The Mathematical analysis is based on the basic transistor Ebers–Moll
equations. We need to implement the regular Ebers–Moll Model to the above
optocoupler circuit.
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VBEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ
� �

þ 1
	 


;

VBCQ1 ¼ Vt � ln ICQ1 � IEQ1 � af
Isc � ðar � af � 1Þ
� �

þ 1
	 


VCEQ1 ¼ VCBQ1 þVBEQ1; butVCBQ1 ¼ �VBCQ1; thenVCEQ1 ¼ VBEQ1 � VBCQ1

VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ
� �

þ 1
	 


� Vt � ln ICQ1 � IEQ1 � af
Isc � ðar � af � 1Þ
� �

þ 1
	 


VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1ð Þþ Ise � ðar � af � 1Þ
ICQ1 � IEQ1 � afð Þþ Isc � ðar � af � 1Þ

	 

þVt � ln Isc

Ise

� �

Since Isc � Ise ! e ) ln Isc
Ise

� �
! e then we can write VCEQ1 expression.

V ¼ VCEQ1 ’ Vt � ln ar � ICQ1 � IEQ1ð Þþ Ise � ðar � af � 1Þ
ICQ1 � IEQ1 � afð Þþ Isc � ðar � af � 1Þ

	 

;

w ¼ w
dV2

dt
;V1;V2; . . .

� �

ar � ICQ1 � IEQ1 ¼ ar � ICQ1 � k � g � w dV2

dt
;V1;V2; . . .

� �
þ ICQ1

� �

¼ ICQ1 � ðar � 1Þ � k � g � w dV2

dt
;V1;V2; . . .

� �

ICQ1 � IEQ1 � af ¼ ICQ1 � k � g � w dV2

dt
;V1;V2; . . .

� �
þ ICQ1

� �
� af

¼ ICQ1 � ð1� af Þ � k � g � af � w dV2

dt
;V1;V2; . . .

� �

V ¼ VCEQ1 ’ Vt � ln ICQ1 � ðar � 1Þ � k � g � wþ Ise � ðar � af � 1Þ
ICQ1 � ð1� af Þ � k � g � af � wþ Isc � ðar � af � 1Þ
	 


;

VDD ¼ ICQ1 � RCQ1 þV1 ) ICQ1 ¼ VDD � V1

RCQ1

V1 ¼ VCEQ1 ’ Vt � ln
VDD�V1
RCQ1

� �
� ðar � 1Þ � k � g � wþ Ise � ðar � af � 1Þ

VDD�V1
RCQ1

� �
� ð1� af Þ � k � g � af � wþ Isc � ðar � af � 1Þ

2
4

3
5
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V1 ¼ VCEQ1 ’ Vt � ln
VDD�ðar�1Þ

RCQ1
� V1�ðar�1Þ

RCQ1
� k � g � wþ Ise � ðar � af � 1Þ

VDD�ð1�af Þ
RCQ1

� V1�ð1�af Þ
RCQ1

� k � g � af � wþ Isc � ðar � af � 1Þ

2
4

3
5

V1 ¼ VCEQ1 ’ Vt � ln
� V1�ðar�1Þ

RCQ1
� k � g � wþ VDD�ðar�1Þ

RCQ1
þ Ise � ðar � af � 1Þ

h i
� V1�ð1�af Þ

RCQ1
� k � g � af � wþ VDD�ð1�af Þ

RCQ1
þ Isc � ðar � af � 1Þ

h i
2
4

3
5

For simplicity we define new system global parameters as follows:
n1; n2; n3; n4.

n1 ¼ �ðar � 1Þ
RCQ1

; n2 ¼
VDD � ðar � 1Þ

RCQ1
þ Ise � ðar � af � 1Þ;

n3 ¼ �ð1� af Þ
RCQ1

; n4 ¼
VDD � ð1� af Þ

RCQ1
þ Isc � ðar � af � 1Þ;

V ¼ VCEQ1 ’ Vt � ln V � n1 � k � g � wþ n2
V � n3 � k � g � af � wþ n4

	 


e
V1
Vt½ � ¼ V1�n1�k�g�wþ n2

V1�n3�k�g�af �wþ n4
; e

V1
Vt½ � � V1

Vt
þ 1 (Taylor series approximation).

V1

Vt
þ 1

� �
� ðV1 � n3 � k � g � af � wþ n4Þ ¼ V1 � n1 � k � g � wþ n2

V2
1

Vt
� n3 � k � g � af � w � V1

Vt
þ V1

Vt
� n4 þV1 � n3 � k � g � af � wþ n4

¼ V1 � n1 � k � g � wþ n2

V2
1

Vt
� n3 � k � g � af � �V1

R1
� C1

R2
þ 1

R3
� dV2

dt
� r � V1 � V2

R4

	 

� V1

Vt
þ V1

Vt
� n4

þV1 � n3 � k � g � af � �V1

R1
� C1

R2
þ 1

R3
� dV2

dt
� r � V1 � V2

R4

	 

þ n4

¼ V1 � n1 � k � g � �V1

R1
� C1

R2
þ 1

R3
� dV2

dt
� r � V1 � V2

R4

	 

þ n2

2.6 Optoisolation Circuits Bogdanov–Takens (Double-Zero) Bifurcation 165



V2
1

Vt
� n3 þ

k � g � af � V2
1

R1 � Vt
þ k � g � af � C1 � V1

R2 � Vt
� k � g � af � V1

R3 � Vt
� dV2

dt

þ k � g � af � r � V2
1 � V2

R4 � Vt
þ V1

Vt
� n4 þV1 � n3 þ

k � g � af � V1

R1

þ k � g � af � C1

R2
� k � g � af

R3
� dV2

dt
þ k � g � af � r � V1 � V2

R4
þ n4

¼ V1 � n1 þ
k � g � V1

R1
þ k � g � C1

R2
� k � g

R3
� dV2

dt
þ k � g � r � V1 � V2

R4
þ n2

V2
1

Vt
� n3 þ

k � g � af
R1

	 

þ k � g � af � C1 � V1

R2 � Vt
� k � g � af � V1

R3 � Vt
� dV2

dt

þ k � g � af � r � V2
1 � V2

R4 � Vt
þ V1

Vt
� n4 þV1 � n3 þ

k � g � af
R1

	 


þ k � g � af � C1

R2
� k � g � af

R3
� dV2

dt
þ k � g � af � r � V1 � V2

R4
þ n4

¼ V1 � n1 þ
k � g
R1

	 

þ k � g � C1

R2
� k � g

R3
� dV2

dt
þ k � g � r � V1 � V2

R4
þ n2

V1 � k � g � af � C1

R2 � Vt
þ k � g � ðaf � 1Þ

R1
þ n4

Vt
þ n3 � n1

� �
¼ �V2

1

Vt
� n3 þ

k � g � af
R1

	 


þ k � g
R3

� dV2

dt
� �1þ af þ af � V1

Vt

� �
� k � g � r � V1 � V2

R4

� �1þ af þ af � V1

Vt

� �
þ n2 þ

k � g � C1 � ð1� af Þ
R2

� n4

� �

We define the following global parameters functions for simplicity:

X1 ¼ k � g � af � C1

R2 � Vt
þ k � g � ðaf � 1Þ

R1
þ n4

Vt
þ n3 � n1; X1 ¼ X1ðC1; g; k; af ; . . .Þ

X2 ¼ �n2 �
k � g � C1 � ð1� af Þ

R2
þ n4; X2 ¼ X2ðC1; g; k; af ; . . .Þ

V1 � X1 ¼ �V2
1

Vt
� n3 þ

k � g � af
R1

	 

þ k � g

R3
� dV2

dt
� �1þ af þ af � V1

Vt

� �

� k � g � r � V1 � V2

R4
� �1þ af þ af � V1

Vt

� �
� X2
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V1 ¼ �V2
1

Vt
� n3 þ

k � g � af
R1

	 

� 1
X1

þ k � g
R3

� dV2

dt
� �1þ af þ af � V1

Vt

� �
� 1
X1

� k � g � r � V1 � V2

R4
� �1þ af þ af � V1

Vt

� �
� 1
X1

� X2

X1

C2 ¼ X1;
k � g
R3

¼ 1; C1 ¼ X2;
k � g
R4

¼ 1;
1
Vt

� n3 þ
k � g � af

R1

	 

¼ 1

1
Vt

� � ð1� af Þ
RCQ1

þ k � g � af
R1

	 

¼ 1 ) af ¼

1
RCQ1

þVt

1
RCQ1

þ k�g
R1

af ¼
1

RCQ1
þVt

1
RCQ1

þ k�g
R1

¼
1

RCQ1
þVt

1
RCQ1

þ
k�

1

1þVt
I0
�
P4

j¼1
1
Rj

h i� �
R1

k � g
R3

¼ 1 ) k
R3

� 1

1þ Vt
I0
� P4

j¼1
1
Rj

h i
8<
:

9=
; ¼ 1 ) k

R3
¼ 1þ Vt

I0
�
X4
j¼1

1
Rj

" #

k � g
R4

¼ 1 ) k
R4

� 1

1þ Vt
I0
� P4

j¼1
1
Rj

h i
8<
:

9=
; ¼ 1 ) k

R4
¼ 1þ Vt

I0
�
X4
j¼1

1
Rj

" #

C1 ¼ X2 ) C1 ¼ �n2 �
k � g � C1 � ð1� af Þ

R2
þ n4

) C1 ¼ n4 � n2

1þ k�g�ð1�af Þ
R2

¼ R2 � ðn4 � n2Þ
R2 þ k � g � ð1� af Þ

C1 ¼ R2 � ðn4 � n2Þ
R2 þ k � g � ð1� af Þ

¼
R2 � VDD�ð1�af Þ

RCQ1
þ Isc � ðar � af � 1Þ � VDD�ðar�1Þ

RCQ1
� Ise � ðar � af � 1Þ

� �

R2 þ k �
1

1þ Vt
I0
�
P4

j¼1
1
Rj

h i !
� ð1� af Þ

C1 ¼
R2 � VDD�ð2�af�arÞ

RCQ1
þðIsc � IseÞ � ðar � af � 1Þ

h i

R2 þ k �
1

1þ Vt
I0
�
P4

j¼1
1
Rj

h i !
� ð1� af Þ
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C2 ¼ X1 ) C2 ¼ k � g � af � C1

R2 � Vt
þ k � g � ðaf � 1Þ

R1
þ n4

Vt
þ n3 � n1

Bogdanov–Takens basic differential equation dV2
dt ¼ C1 þC2 � V1 þV2

1 þ
�

r �
V1 � V2Þ must fulfil our optoisolation circuit implementation. The following
expression must be within 1 ± e; e > 0; e � 1.

dV2

dt
¼ C1 þC2 � V1 þV2

1 þ r � V1 � V2 ) V1 � C2 ¼ dV2

dt
� C1 � V2

1 � r � V1 � V2

�1þ af þ af �V1
Vt

n o
¼ ð1� eÞ ! 1; e[ 0; e � 1. We need to find the values

gap for V1(t) which fulfil Bogdanov–Takens basic differential equation.

�1þ af þ af � V1

Vt

� �
¼ ð1� eÞ ) af � V1

Vt
¼ 2� e� af ) V1ðtÞ

¼ ½2� e� af � � Vt

af

V1ðtÞ ¼ ½2� e� af � � Vt

af
¼ 1

af
� ð2� eÞ � 1

	 

� Vt; V1ðtÞje¼0¼

2
af

� 1
	 


� Vt

af ¼ 0:98; Vt ¼ 0:026V ) V1ðtÞje¼0¼
2
af

� 1
	 


� Vt

¼ 2
0:98

� 1
	 


� 0:026 ’ 27:06mV

V1ðtÞ ¼ ½2� af � e� � Vt

af
¼ 2

af
� 1

	 

� Vt � e � Vt

af

Back to Bogdanov-Takens planar radius:

/1ðuÞ ¼
1
2
� sin½2 � u� � fcosuþ r � sinug

/2ðuÞ ¼
1
2
� sin½2 � u� � 1þ k � g � af � C1

R2 � Vt
þ k � g � ðaf � 1Þ

R1
þ n4

Vt
þ n3 � n1

� �

r2 � /1ðuÞþ r � /2ðuÞþ n4 � n2 �
k � g � C1 � ð1� af Þ

R2

� �
� sinu ¼ 0

) rðjÞ ¼
�/2ðuÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2
2ðuÞ � 4 � /1ðuÞ � C1 � sinu

q
2 � /1ðuÞ
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2.7 Exercises

1. We have optoisolation cusp points in Bazykin system. The system is charac-
terized by the following two differential equations:

dV1

dt
¼ V1 � V1 � V2

1þC1 � V1
� g � V2

1 ;
dV2

dt
¼ �C2 � V2 þ V1 � V2

1þC1 � V1
� n � V2

2

1:1 Compute the (C1, f) coordinate of the cusp bifurcation points in the system.
1:2 How many fixed points are there in the system? Analyze stability?
1:3 Implement Bazykin system with optoisolation parts, op-amps, capacitors,

resistors, etc.
1:4 Try to find Global Bazykin system parameters (C1, C2, f, η) as a function

of optoisolation circuit parameters (af, ar, Ise, Isc, etc.).
1:5 Discuss cusp bifurcation as a function of optoisolation circuit parameters

(af, ar, Ise, Isc, etc.) variation.

2. We have optoisolation system which are characterized by the differential
equation: dV

dt ¼ V4 þC1 � V2 þC2 � V (quartic behavior).

2:1 Shows the set of points (C1, C2, V*) in space, where V* is a critical point of
f ðVÞ ¼ V4 þC1 � V2 þC2 � V .

2:2 Find fixed points and discuss stability and cusp catastrophe behavior.
2:3 Implement the system differential by optoisolation elements, op-amps,

resistors, capacitors, etc. Find C1, C2 as a function of optoisolation circuit
parameters.

2:4 Discuss cusp catastrophe behavior changes when all optoisolation
parameters are fixed except k (optoisolation coupling coefficient).

3. We have optoisolation system which is characterized by Bautin bifurcation in a
predator–prey system differential equations.

dV1

dt
¼ V2

1 � ð1� V1Þ
C1 þV1

� V1 � V2;
dV2

dt
¼ �r � V2 � ðC2 � V1Þ

3:1 Derive the equation for the Hopf bifurcation curve in the system and show
that it is dependent of r parameter.

3:2 Find system first and second Lyapunov coefficients and sketch the bifur-
cation diagram (the parametric portrait on the (C1,C2)-plane and all pos-
sible phase portraits) of the system.
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3:3 Try to sketch optoisolation circuit, which fulfills Bautin bifurcation in a
predator–prey system. Find C1, C2, r parameters as a function of circuit
overall parameters (af, ar, Ise, Isc, k1, k2,…).

3:4 Discuss Bautin bifurcation as a function of optoisolation overall parameters
(af, ar, Ise, Isc, k1, k2,…).

4. We have an optoisolation system which shows the model of a Bautin bifurcation
controllable resonator. We have two main system variables V1, V2 and param-
eters C1, C2, r1, r2.

dV1

dt
¼ r1 � V1 � ðV2 � C2

r2 � V1 þ 1
� 1Þ; dV2

dt
¼ C1 � ðV1 þ 1Þ � V2

When V1 � 0, r2 > 0, r1 > 1, and C1, C2 > 0, has a Bautin bifurcation point
on the Hopf curve on the (C1, C2)-plane if r2 < 1 and r2 − 1 + r1 � r2 > 0.

4:1 Find system fixed points and discuss Bautin bifurcation as a function of
parameters C1, C2, r1, r2 values.

4:2 Implement our system differential equations by optoisolation circuit. Find
system parameters (C1, C2, r1, r2) as a function of optoisolation circuit
parameters (af, ar, Ise, Isc, k1, k2,…).

4:3 Discuss Bautin bifurcation as a function of optocouplers coupling
coefficients k1, k2,… when all other parameters have fixed values (af, ar, I0,
Ise, Isc,…).

4:4 We switch between V1, V2 system variables ðV1 � V2Þ and restrict our
system parameters space to only two (C, r); C1 = ln(C2) = C; r1 = sin
(r2) = r. Discuss how the system dynamical behavior change. Find fixed
points and bifurcation behavior. Try to implement it by using optoisolation
circuit.

5. Consider the planar system dV/dt = F(V); dV
dt ¼ FðVÞþGðVÞ � u; where

FðVÞ ¼ �V2 � V1 � V2
2

V1

� �
. It possesses the non-hyperbolic equilibrium V = 0,

and J ¼ dFð0Þ ¼ 0 �1
1 0

� �
. Consider the control u(V, l, b) � G(V), with u(V,

l, b) given by uðV ; l; bÞ ¼ b1 � l1 þðb2 þ l2Þ � ðV2
1 þV2

2 Þþ b3 � ðV2
1 þV2

2 Þ2,
and G(V) = s � V, s 6¼ 0. We have G(0) = 0. M ¼ dGð0Þ ¼ s 0

0 s

� �
;

trðMÞ ¼ 2 � s 6¼ 0.
The bifurcation parameter l = (l1, l2).

5:1 Find system fixed points and discuss stability.
5:2 Find first and second Lyapunov coefficients.
5:3 Discuss how the bifurcation parameters influence our system dynamic.
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5:4 Implement the system by using optoisolation circuit which includes
optocouplers, op-amps, resistors, capacitors, diodes, etc.

5:5 How the dynamic of the system change for different optocoupling coeffi-
cient values (k parameter).

6. We have the following system dV/dt = F(V) where FðVÞ ¼
�V2 þV2

1 þ 1
3 � V3

1
V1

� �
dV
dt ¼ FðVÞþGðVÞ � u. Which possess the

non-hyperbolic equilibrium V = 0 and J ¼ dFð0Þ ¼ 0 �1
1 0

� �
. Consider the

control u(V, l, b) � G(V), with u(V, l, b) given by uðV ; l; bÞ ¼ b1 �
l1 þðb2 þ l2Þ� ðV2

1 þV2
2 Þþ b3 � ðV2

1 þV2
2 Þ2, and GðVÞ ¼ s � V1 þV1 � V2

2
s � V2 þV3

2

� �
;

s 6¼ 0. We have G(0) = 0.M ¼ dgGð0Þ ¼ s 0
0 s

� �
and trðMÞ ¼ 2 � s 6¼ 0. We

have nonlinear control system. The bifurcation parameter l = (l1, l2).

6:1 Find system fixed points and discuss stability.
6:2 Find first and second Lyapunov coefficients.
6:3 Discuss how the bifurcation parameters influence our system dynamic.
6:4 Implement the system by using optoisolation circuit which includes,

optocouplers, op-amps, resistors, capacitors, diodes, etc.
6:5 How the dynamic of the system change for different optocoupling coeffi-

cient values (k parameter), af, ar, etc.

7. We have the below Bogdanov–Takens bifurcation circuit implementation. The
circuit implementation includes two optoisolation elements: LED D1 which
coupled with photo transistor Q1 (coupling coefficient is k1), LED D3 coupled
with photo LED D2 coupling coefficient is k2). Additionally the circuit includes
op-amps, resistors, capacitors, etc. We consider the parameters of two
optoisolation elements are not the same. VDD1 6¼ VDD2 and the related resistors
are not the same.

7:1 Find circuit differential equations which based on Ebers–Moll transistor
formulas. Try to get the same shape of Bogdanov–Takens bifurcation set of
differential equations.

7:2 Discuss stability and fixed points as a functions of circuit overall param-
eters (k1, k2, af1, ar1, etc.).

7:3 What are the main circuit parameters which act as Bogdanov–Takens
bifurcation control parameters.

7:4 Consider k1 = D � k2; k2 = k. How circuit equations change? Discuss
stability and bifurcation as a function of k parameter and D coefficient.

7:5 Consider k2 = D � k1; k1 = k, How the results in (7.4) change (Fig. 2.14).
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8. We have a system which characterize by Bogdanov–Takens bifurcation.
C2 ! e�½V1�C2�; and the system differential equations:

dV1

dt
¼ V2;

dV2

dt
¼ C1 þ e�V1�C2 � V1 þV2

1 þ r � V1 � V2; f ðV1;C2Þ ¼ e�V1�C2

8:1 How the transformation C2 ! e�½V1�C2� changes our system dynamic?
8:2 Find fixed points, discuss stability. You can use Taylor series approxi-

mation but not less than second order.
8:3 How the control parameters C1, C2 influence our system dynamics?
8:4 Find implementation of our system by using optoisolation circuit.
8:5 Discuss bifurcation for different circuit overall parameters.

9. We have a system which characterize by bifurcations of a triple equilibrium with
elliptic sector. The truncated and scaled critical normal form: X, Y our main
system variables. C1 = ±1, C2 = ±2, and b > 0.

Fig. 2.14 Stability and bifurcation as a function of k parameter and D coefficient
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dX
dt

¼ Y ;
dY
dt

¼ b � X � Y þC1 � X3 þC2 � X2 � Y

9:1 Find system fixed points and discuss stability.
9:2 Discuss system bifurcation and for which C1, C2, and b values we have

saddle case, focus case, elliptic case.
9:3 Try to implement the system by using optoisolation circuit.
9:4 How the bifurcation behavior changes when optoisolation coupling coef-

ficients spread among some discrete values.
9:5 Try to find our system parameters C1, C2, and b as a function of

optoisolation circuit parameters.

10. We have system with bifurcation of a triple equilibrium with elliptic sector with
the unfolding representation. Our system main variables X, Y and system
parameters l1, l2, m, b. The system differential equations are as follows:

dX
dt

¼ Y ;
dY
dt

¼ �l1 � l2 � X þ m � Y þ b � X � Y � X3 � X2 � Y

10:1 Find system fixed points and discuss stability.
10:2 Draw 3D bifurcation graphs diagram, l2 parameter as a function of m, l1

parameters.
10:3 Draw l1 parameter as a function of m parameter when l2 and b have a

fixed value.
10:4 Implement the system by using optoisolation circuit.
10:5 How phototransistor parameters, af, ar,… values influence our system

bifurcation behavior.
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Chapter 3
Optoisolation Circuits Bifurcation
Analysis (II)

The basic definition of bifurcation describes the qualitative alterations that occur in
the orbit structure of a dynamical system as the parameters on which the system
depends are varied. In this chapter, we discuss various bifurcations which exhibit by
optoisolation circuits. The Fold-Hopf bifurcation is a bifurcation of an equilibrium
point in a two parameter family of autonomous ODEs at which the critical equi-
librium has a zero eigenvalue and a pair of purely imaginary eigenvalues. The
Hopf–Hopf bifurcation is when the critical equilibrium has two pairs of purely
imaginary eigenvalues in system’s two parameter family of autonomous differential
equations. Torus bifurcations (Neimark–Sacker bifurcations) of the limit cycles
generated by the Hopf bifurcations. This curve of torus bifurcations is transversal to
the saddle–node and Andronov–Hopf bifurcation curves. The torus bifurcation
generates an invariant two-dimensional torus. The invariant torus disappears via
either a “heteroclinic destruction” or a “blow-up”. Saddle-loop or Homoclinic
bifurcation is when part of a limit cycle moves closer and closer to a saddle point.
At the homoclinic bifurcation the cycle touches the saddle point and becomes a
homoclinic orbit (infinite period bifurcation) [5–8].

3.1 Fold-Hopf Bifurcation System

The Fold-Hopf bifurcation is a bifurcation of an equilibrium point in a two parameter
family of autonomous ODEs at which the critical equilibrium has a zero eigenvalue
and a pair of purely imaginary eigenvalues. Other names for Fold-Hopf bifurcation
are Zero-Hopf (ZH) bifurcation, saddle-node Hopf bifurcation and Gavrilov–

Guckenheimer bifurcation. We now consider the autonomous system of ODEs dVdt ¼
f ðV ; aÞ 8 a 2 R

n depending on two parameters a 2 R
2, where f is smooth function.

Suppose that at a = 0 the system has an equilibrium V = 0. The Jacobian matrix
A = fV(0,0) has a zero eigenvalue k1 = 0 and a pair of purely imaginary eigenvalues
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k2,3 = ±i � x with x > 0. The co-dimension two bifurcation is characterized by
the conditions k1 = 0 and Re k2,3 = 0 and we get appearance in open sets of
two parameter families of smooth ODEs. In the three-dimensional case we can
describe the fold-Hopf bifurcation analytically by system dV

dt ¼ f ðV ; aÞ 8 a 2
R

n;n ¼ 3 ) V 2 R
3. if the nondegeneracy conditions hold: (ZH.1) B(0) � C(0) � E

(0) 6¼ 0 and (ZH.2) map (V, a) ! (f(V, a), Tr(fV(V, a)), det(fV(V, a)) is regular at (V,
a) = (0,0). This system is locally orbit ally smoothly equivalent near the origin to the

complex normal form: dndt ¼ b1 þ n2 þ s � fj j2 þO ðn; fÞk k4
� �

and

df
dt

¼ ðb2 þ i � xÞ � fþðhðbÞþ i � h1ðbÞÞ � n � fþ n2 � fþO ðn; fÞk k4
� �

where n 2 R; f 2 C; b 2 R
2; s ¼ signBð0Þ � Cð0Þ ¼ �1; hð0Þ ¼ ReH110

Bð0Þ when

E(0) < 0, the orbital equivalence includes reversal of time. The formulas B(0), C(0),
E(0), and H110 are given in Appendix A.4. This normal form is particularly simple
in real cylindrical coordinates (r, u, n) and take the form

dn
dt

¼ b1 þ n2 þ s � r2 þO ðn2 þ r2Þ� �2
;

dr
dt

¼ r � ðb2 þ hðbÞ � nþ n2ÞþO ðn2 þ r2Þ� �2
du
dt ¼ xþ h1ðbÞ � nþO ðn2 þ r2Þ� �2

, where the O-terms are 2p periodic in u.

The bifurcation diagram of the normal form depends on the O-terms, and its
essential features are determined by the form:

dn
dt

¼ b1 þ n2 þ s � r2; dr
dt

¼ r � b2 þ hðbÞ � nþ n2
� �

;
du
dt

¼ xþ h1ðbÞ � n:

The first two equations are independent of the third one, which describes a
monotone rotation. The local bifurcation diagrams of the planar system:

dn
dt

¼ b1 þ n2 þ s � r2; dr
dt

¼ r � b2 þ hðbÞ � nþ n2
� �

with ZH:3ð Þh 0ð Þ 6¼ 0:

We can distinguish four cases:

(1) s = 1, h(0) > 0 (subcritical Hopf bifurcations and no tori).
(2) s = −1, h(0) < 0 (subcritical Hopf bifurcations and no tori).
(3) s = 1, h(0) < 0 (sub and supercritical Hopf bifurcations and torus heteroclinic

destruction).
(4) s = −1, h(0) > 0 (sub and supercritical Hopf bifurcations and torus blow up).

The next system we discuss and implement by using optoisolation circuit is
Fold-Hopf bifurcation is Rossler’s prototype chaotic system [5–9].
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�ð Þ dX
dt

¼ �Y � Z;
dY
dt

¼ X þ a � Y ; dZ
dt

¼ b � X � c � ZþX � Z 8 a; b; c 2 R
3

The system possesses at most two equilibrium points O and P, and the coor-

dinates can be calculated by setting dX
dt ¼ 0; dYdt ¼ 0; dZdt ¼ 0 (fixed points).

dX
dt

¼0)�Y�Z¼0;
dY
dt

¼0)Xþa �Y ¼0;

dZ
dt

¼0)b �X�c �ZþX �Z¼0 8 a;b;c2R
3

�Y�Z¼0)�a �Y�a �Z¼0&Xþa �Y ¼0)X�a �Z¼0)X¼a �Z
X¼a �Z)b �X�c �ZþX �Z¼0)b �a �Z�c �Zþa �Z2¼0

b �a �Z�c �Zþa �Z2¼0)Z � b �a�cþa �Zf g¼0)Zð0Þ ¼0;Zð1Þ ¼ c
a
�b

Zð0Þ ¼0;Zð1Þ ¼ c
a
�b)Xð0Þ ¼0&Xð1Þ ¼ c�ab)Y ð0Þ ¼0&Y ð1Þ ¼b� c

a

First equilibria point O (first fixed point): (X(0), Y(0), Z(0)) = (0, 0, 0). Second
equilibria point P (second fixed point): (X(1), Y(1), Z(1)) = (c − a � b, b − c/a,
c/a − b). The equilibria O and P points collide at the surface T = {(a, b, c): c = a � b}

If c = a � b then both (X(0), Y(0), Z(0)) = (0, 0, 0) and (X(1), Y(1), Z(1)) = (0, 0, 0).
We need to represent our Fold-Hopf bifurcation Rossler’s prototype chaotic

system by one high-order and nonlinear differential equation. The target is to use it
for optoisolation circuit implementation [45, 52].

dX
dt

¼ �Y � Z;
dY
dt

¼ Xþ a � Y ; dZ
dt

¼ b � X � c � ZþX � Z 8 a; b; c 2 R
3

dY
dt

¼ Xþ a � Y ) X ¼ dY
dt

� a � Y ) d
dt

dY
dt

� a � Y
� �

¼ �Y � Z ) d2Y
dt2

� a � dY
dt

¼ �Y � Z ) Z ¼ �Y þ a � dY
dt

� d2Y
dt2

dY
dt

¼ Xþ a � Y ) X ¼ dY
dt

� a � Y ) dZ
dt

¼ b � dY
dt

� a � Y
� �

� c � Z þ dY
dt

� a � Y
� �

� Z
dZ
dt

¼ b � dY
dt

� a � Y
� �

� c � Zþ dY
dt

� a � Y
� �

� Z ) dZ
dt

¼ b � dY
dt

� b � a � Y � c � Z þ dY
dt

� Z � a � Y � Z

We get two intermediate equations:

ð1Þ Z ¼ �Y þ a � dYdt � d2
Y

dt2 ; ð2Þ dZdt ¼ b � dYdt � b � a � Y � c � Zþ dY
dt � Z � a � Y � Z
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ð1Þ ! ð2Þ:
d
dt �Y þ a � dYdt � d2

Y
dt2

n o
¼ b � dYdt � b � a � Y � c � �Y þ a � dYdt � d2

Y
dt2

n o
þ dY

dt � �Y þ a � dYdt � d2
Y

dt2
n o

� a � Y � �Y þ a � dYdt � d2
Y

dt2
n o

� dY
dt þ a � d2

Y
dt2 � d3

Y
dt3 ¼ b � dYdt � b � a � Y þ c � Y � c � a � dYdt þ c � d2

Y
dt2

� dY
dt � Y þ a � dY

dt

h i2
� dY

dt � d
2
Y

dt2 þ a � Y2 � a2 � Y � dYdt þ a � Y � d2
Y

dt2

��ð Þ
�b � aþ cf g � Y þ b� c � aþ 1f g � dYdt þðc� aÞ � d2

Y
dt2

þ a � dY
dt

h i2
� dY

dt � d
2
Y

dt2 þ a � Y2 � dY
dt � Y � a2 þ 1

� 	þ a � Y � d2
Y

dt2 þ d3
Y

dt3 ¼ 0

The above nonlinear differential equation represent our system with one variable
(Y) and parameters a, b, c. We will use it latter for our optoisolation circuit
implementation. We need to investigate system fixed points stability. We define the
following three functions:

dX
dt ¼ f1ðX; Y ; ZÞ; dYdt ¼ f2ðX; Y ; ZÞ; dZdt ¼ f3ðX; Y ; ZÞ 8 a; b; c 2 R

3

f1ðX; Y ; ZÞ ¼ �Y � Z; f2ðX; Y ; ZÞ ¼ X þ a � Y ; f3ðX; Y ; ZÞ ¼ b � X � c � ZþX � Z
f1 ¼ f1ðX; Y ; ZÞ; f2 ¼ f2ðX; Y ; ZÞ; f3 ¼ f3ðX; Y ; ZÞ

We calculated the related partial derivatives of f1; f2; f3 respect to X, Y, Z.

@f1
@X

¼ 0;
@f1
@Y

¼ �1;
@f1
@Z

¼ �1;
@f2
@X

¼ 1;
@f2
@Y

¼ a;
@f2
@Z

¼ 0;
@f3
@X

¼ bþ Z

@f3
@Y

¼ 0;
@f3
@Z

¼ �cþX

The matrix A is called the jacobian matrix at the first fixed point (X(0), Y(0),
Z(0)) = (0, 0, 0).

A ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA








ðXð0Þ;Y ð0Þ;Zð0ÞÞ¼ð0;0;0Þ

¼
0 �1 �1
1 a 0
b 0 �c

0
@

1
A

)
0 �1 �1
1 a 0
b 0 �c

0
@

1
A� I � k ¼

0 �1 �1
1 a 0
b 0 �c

0
@

1
A�

k 0 0
0 k 0
0 0 k

0
@

1
A

¼
�k �1 �1
1 a� k 0
b 0 �c� k

0
@

1
A
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The eigenvalues of a matrix A are given by the characteristic equation
det (A − k�I), where I is the identity matrix.

det
�k �1 �1
1 a� k 0
b 0 �ðcþ kÞ

0
@

1
A ¼ �k � a� k 0

0 �ðcþ kÞ
� �

þ 1 0
b �ðcþ kÞ

� �

� 1 a� k
b 0

� �

detðA� k � IÞ ¼ �k � a� k 0
0 �ðcþ kÞ

� �
þ 1 0

b �ðcþ kÞ
� �

� 1 a� k
b 0

� �

detðA� k � IÞ ¼ k � ða� kÞ � ðcþ kÞ � ðcþ kÞþ b � ða� kÞ
¼ �k3 þ k2 � ða� cÞþ k � ða � c� b� 1Þþ b � a� c

detðA� k � IÞ ¼ k3 þ k2 � ðc� aÞþ k � ð1þ b� a � cÞþ c� b � a
detðA� k � IÞ ¼ 0 ) k3 þ k2 � ðc� aÞþ k � ð1þ b� a � cÞþ c� b � a ¼ 0

For simplicity we define three system parameters functions:

w1ða; b; cÞ ¼ c� a; w2ða; b; cÞ ¼ 1þ b� a � c; w3ða; b; cÞ ¼ c� b � a
w1 ¼ w1ða; b; cÞ; w2 ¼ w2ða; b; cÞ; w3 ¼ w3ða; b; cÞ

detðA� k � IÞ ¼ 0 ) k3 þ k2 � w1 þ k � w2 þw3 ¼ 0; P1ðkÞ ¼ k3 þ k2 � w1 þ k � w2 þw3

We got an eigenvalues cubic function (first fixed point ) with real parameters
functions w1, w2, w3. The eigenvalues polynomial is of degree three. The derivative
of an eigenvalues cubic function is a quadratic function and the integral of a cubic
function is a quadratic function. Our eigenvalues cubic equation with real coeffi-
cients functions (w1, w2, w3) has at least one solution k among the real numbers
which is a consequence of the intermediate value theorem. We can distinguish
several possible cases for our eigenvalues cubic function using a discriminant (D1).

D1 ¼ �4 � w3
1 � w3 þw2

1 � w2
2 � 4 � w3

2 þ 18 � w1 � w2 � w3 � 27 � w2
3

The following cases need to be considered for all first fixed point eigenvalues
options:

D1 > 0 ! we have three distinct real eigenvalues for the first fixed point.
D1 < 0 ! we have a real eigenvalue and a pair of complex conjugate roots.
D1 = 0 ! at least two eigenvalues coincide. We get double real eigenvalue and
another distinct single real eigenvalue. Alternatively all three roots coincide
yielding a triple real eigenvalues.
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We can decide between these subcases by computing the resultant of the cubic
eigenvalue function and its second derivative. A triple root exists if and only if this
resultant vanishes [5, 6].

Eigenvalues turning point (TP) for the first fixed point (Fig. 3.1):
Eigenvalues turning points (TPs):

dP1ðkÞ
dk

¼ 3 � k2 þ k � 2 � w1 þw2;
dP1ðkÞ
dk

¼ 0 ) kTP ¼ 1
3
� ð�w1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
1 � 3 � w2

q
Þ

Case I One eigenvalue turning point w2
1 � 3 � w2 ¼ 0 ) kTP ¼ � w1

3 ¼ � ðc�aÞ
3

¼ ða�cÞ
3

Case II Two distinct complex eigenvalues turning points

w2
1 � 3 � w2\0 ) kTP ¼ 1

3
� �w1 � i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
1 � 3 � w2



 

q� �

¼ 1
3
� �ðc� aÞ � i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½c� a�2 � 3 � ð1þ b� a � cÞ

 

q� �

w2
1 � 3 � w2\0 ) kTP ¼ 1

3
� a� c� i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ a � cþ a2 � 3 � ð1þ bÞj j

pn o
Case III Two distinct real eigenvalues turning points

w2
1 � 3 � w2 [ 0 ) kTP ¼ 1

3
� �w1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
1 � 3 � w2

q� �

¼ 1
3
� �ðc� aÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½c� a�2 � 3 � ð1þ b� a � cÞ

q� �

w2
1 � 3 � w2 [ 0 ) kTP ¼ 1

3
� a� c�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ a � cþ a2 � 3 � ð1þ bÞ

pn o
The next step is to find matrix A is called the jacobian matrix at the second fixed

point (X(1), Y(1), Z(1)) = (c − a � b, b −c/a, c/a − b).

3ψ

λ

P1(λ)
Eigenvalues function
Turning points

Eigenvalues function
Turning points

Fig. 3.1 Eigenvalues Turning Point (TP) for the first fixed point
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A ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA








ðXð1Þ;Y ð1Þ;Zð1ÞÞ¼ðc�a�b;b�c

a;
c
a�bÞ

¼
0 �1 �1
1 a 0
c
a 0 �a � b

0
@

1
A

)
0 �1 �1
1 a 0
c
a 0 �a � b

0
@

1
A� I � k ¼

0 �1 �1
1 a 0
c
a 0 �a � b

0
@

1
A�

k 0 0
0 k 0
0 0 k

0
@

1
A

¼
�k �1 �1
1 a� k 0
c
a 0 �a � b� k

0
@

1
A

The eigenvalues of a matrix A are given by the characteristic equation
det (A − k�I), where I is the identity matrix.

det
�k �1 �1
1 a� k 0
c
a 0 �a � b� k

0
@

1
A ¼ �k

� a� k 0
0 �a � b� k

� �
þ 1 0

c
a �a � b� k

� �

� 1 a� k
c
a 0

� �

detðA� k � IÞ ¼ k � ða� kÞ � ða � bþ kÞ � a � b� kþ c� c
a � k

detðA� k � IÞ ¼ a2 � b � kþ a � k2 � k2 � a � b� k3 � a � b� kþ c� c
a � k

detðA� k � IÞ ¼ �k3 þ k2 � a � ð1� bÞþ k � ða2 � b� 1� c
aÞ � a � bþ c

detðA� k � IÞ ¼ k3 þ k2 � a � ðb� 1Þþ k � ð1þ c
a � a2 � bÞþ a � b� c

For simplicity we define three system parameters functions:

w4ða; b; cÞ ¼ a � ðb� 1Þ;w5ða; b; cÞ ¼ 1þ c
a � a2 � b;w6ða; b; cÞ ¼ a � b� c

w4 ¼ w4ða; b; cÞ;w5 ¼ w5ða; b; cÞ;w6 ¼ w6ða; b; cÞ
detðA� k � IÞ ¼ 0 ) k3 þ k2 � w4 þ k � w5 þw6 ¼ 0;

P2ðkÞ ¼ k3 þ k2 � w4 þ k � w5 þw6

We got an eigenvalues cubic function (second fixed point) with real parameters
functions w4, w5, w6. The eigenvalues polynomial is of degree three. The derivative
of an eigenvalues cubic function is a quadratic function and the integral of a cubic
function is a quadratic function. Our eigenvalues cubic equation with real coeffi-
cients functions (w4, w5, w6) has at least one solution k among the real numbers
which is a consequence of the intermediate value theorem. We can distinguish
several possible cases for our eigenvalues cubic function using a discriminant (D2).
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D2 ¼ �4 � w3
4 � w6 þw2

4 � w2
5 � 4 � w3

5 þ 18 � w4 � w5 � w6 � 27 � w2
6

The following cases need to be considered for all first fixed point eigenvalues
options:

D2 > 0 ! we have three distinct real eigenvalues for the first fixed point.
D2 < 0 ! we have a real eigenvalue and a pair of complex conjugate roots.
D2 = 0 ! at least two eigenvalues coincide. We get double real eigenvalue and
another distinct single real eigenvalue. Alternatively all three roots coincide
yielding a triple real eigenvalues.

We can decide between these subcases by computing the resultant of the cubic
eigenvalue function and its second derivative. A triple root exists if and only if this
resultant vanishes.

Eigenvalues turning points (TPs) for the second fixed point (Fig. 3.2):
Eigenvalues turning points (TPs):

dP2ðkÞ
dk

¼ 3 � k2 þ k � 2 � w4 þw5;
dP2ðkÞ
dk

¼ 0 ) kTP ¼ 1
3
� ð�w4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
4 � 3 � w5

q
Þ

Case I One eigenvalue turning point w2
4 � 3 � w5 ¼ 0 ) kTP ¼ � w4

3 ¼ � a�ðb�1Þ
3

¼ a�ð1�bÞ
3

Case II Two distinct complex eigenvalues turning points

w2
4 � 3 � w5\0 ) kTP ¼ 1

3
� �w4 � i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jw2

4 � 3 � w5j
q� �

¼ 1
3
� �a � ðb� 1Þ � i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � ðb� 1Þ2 � 3 � 1þ c

a
� a2 � b

� �


 



r� �

w2
4 � 3 � w5\0 ) kTP ¼ 1

3
� a � ð1� bÞ � i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2 þ a2 � 3 � 1þ c

a

� �
þ a2 � b




 



r� �

6ψ

λ

P2(λ)
Eigenvalues function
Turning points

Eigenvalues function
Turning points

Fig. 3.2 Eigenvalues Turning Points (TPs) for the second fixed point
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Case III Two distinct real eigenvalues turning points

w2
4 � 3 � w5 [ 0 ) kTP ¼ 1

3
� �w4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
4 � 3 � w5

q� �

¼ 1
3
� �a � ðb� 1Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � ðb� 1Þ2 � 3 � 1þ c

a
� a2 � b

� �r� �

w2
4 � 3 � w5 [ 0 ) kTP ¼ 1

3
� a � ð1� bÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2 þ a2 � 3 � ð1þ c

a
Þþ a2 � b

r� �

W3 is the y-axis intersection value (k = 0) of polynomial eigenvalue function
P1(k) for the first fixed point and we distinguish three sub cases:

w3 ¼ 0 ) c� b � a ¼ 0 ) c ¼ b � a; w3 [ 0 ) c� b � a[ 0 ) c[ b � a
w3\0 ) c� b � a\ 0 ) c\b � a

W6 is the y-axis intersection value (k = 0) of polynomial eigenvalue function
P2(k) for the second fixed point and we distinguish three sub cases:

w6 ¼ 0 ) a � b� c ¼ 0 ) c ¼ b � a; w6 [ 0 ) a � b� c[ 0 ) c\b � a
w6\0 ) a � b� c\ 0 ) c[ b � a

We can summery our results in Table 3.1:
We need to check in which conditions our Rossler’s prototype chaotic system has

Fold-Hopf bifurcation. We define vector V as (X, Y, Z); V = (X, Y, Z) and

a ¼ ða; b; cÞ; a ¼ ða; b; cÞ 2 R
3, dVdt ¼ f ðV ; aÞ8a 2 R

n¼3.We check for the first fixed

point V(0) = (X(0), Y(0), Z(0)) = (0, 0, 0) the Jacobian matrix (A) and in which
parameters conditions Jacobian matrix A has a zero eigenvalue k1 = 0 and a pair of
purely imaginary eigenvalues k2,3 = ±i � x with x > 0. For the first fixed point
k3 þ k2 � w1 þ k � w2 þw3 ¼ 0;P1ðkÞ ¼ k3 þ k2 � w1 þ k � w2 þw3 and the condition
for P1ðk ¼ k1 ¼ 0Þ ¼ 0 ) w3 ¼ 0 ) c ¼ b � a. We get the condition k1 ¼ 0 )
w3 ¼ 0 ) c ¼ b � a: P1ðkÞjw3¼0¼ k3 þ k2 � w1 þ k � w2 ¼ k � ½k2 þ k � w1 þw2�:

The first case we choose k ¼ k2 ¼ i � x; P1ðkÞjw3¼0;k¼i�x¼ i � x � ½�x2 þ i � x �
w1 þw2� P1ðk ¼ k2Þjw3¼0;k¼k2¼i�x¼ 0 ) i � x � ½�x2 þ i � x � w1 þw2� ¼ 0;

Option I: x = 0
Option II: �x2 þ i � x � w1 þw2 ¼ 0 ) ½w2 � x2� þ i � x � w1 ¼ 0 ) w2 �

x2 ¼ 0&x � w1 ¼ 0:

x ¼ �
ffiffiffiffiffiffi
w2

p
&x � w1 ¼ 0:

Option II.1: x = 0 & x ¼ � ffiffiffiffiffiffi
w2

p ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a � cp ) 1þ b� a � c ¼

0 ) a � c� b ¼ 1
Option II.2: x ¼ � ffiffiffiffiffiffi

w2

p
&w1 ¼ 0 ) x ¼ � ffiffiffiffiffiffi

w2

p ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a2

p
& c ¼ a
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xjx[ 0 ¼ þ ffiffiffiffiffiffi
w2

p ¼ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a2

p
& 1þ b� a2 [ 0 ) a2 � b\1; c = a &

c = b � a ! a = 0 or b = 1. k ¼ k2 ¼ i � x ) k02 ¼ 0; k002 ¼ i � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a2

p
. Since

we ask k2 ¼ i � xjx[ 0 then k2 ¼ i � xjx[ 0¼ i � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a2

p
.

The second case we choose k ¼ k3 ¼ �i � x; P1ðkÞjw3¼0;k¼�i�x ¼ �i � x�
½�x2 � i � x � w1 þw2�;
P1ðk ¼ k3Þjw3¼0;k¼k3¼�i�x¼ 0 ) �i � x � ½�x2 � i � x � w1 þw2� ¼ 0;

Option I: x = 0.
Option II: �x2 � i � x � w1 þw2 ¼ 0 ) ½w2 � x2� � i � x � w1 ) w2 � x2 ¼ 0;

& x � w1 ¼ 0

x ¼ �
ffiffiffiffiffiffi
w2

p
&x � w1 ¼ 0:

Option II.1: x = 0 & x ¼ � ffiffiffiffiffiffi
w2

p ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a � cp ) 1þ b� a � c ¼

0 ) a � c� b ¼ 1:
Option II.2: x ¼ � ffiffiffiffiffiffi

w2

p
&w1 ¼ 0 ) x ¼ � ffiffiffiffiffiffi

w2

p ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a2

p
& c ¼ a

xjx[ 0¼ þ ffiffiffiffiffiffi
w2

p ¼ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a2

p
& 1þ b� a2 [ 0 ) a2 � b\1; c = a &

c = b � a ! a = 0 or b = 1. k ¼ k3 ¼ �i � x ) k03 ¼ 0; k003 ¼ �i � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a2

p

since we ask k3 ¼ �i � xjx[ 0 then k3 ¼ �i � xjx[ 0¼ �i � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b� a2

p
.

Results We got the expressions for Rossler’s prototype chaotic system Fold-Hopf
bifurcation eigenvalues first fixed point. It is a reader exercise to check for our
system second fixed point and in which conditions [9, 45, 52].

3.2 Optoisolation Circuits Fold-Hopf Bifurcation

We need to implement our Rossler’s prototype chaotic system by using optoiso-
lation circuits. In the previous Sect. 3.1 we represent our system by one high order
nonlinear differential equation with one variable (Y). The optoisolation circuits
must fulfill this differential equation (**) [5, 6].

��ð Þ f�b � aþ cg � Y þfb� c � aþ 1g � dYdt þðc� aÞ � d2
Y

dt2

þ a � ½dYdt �
2 � dY

dt � d
2
Y

dt2 þ a � Y2 � dY
dt � Y � fa2 þ 1gþ a � Y � d2

Y
dt2 þ d3

Y
dt3 ¼ 0

We define new parameters for our above differential equation m1, … m9.

��ð Þ
m1 � Y þm2 � dYdt þm3 � d

2
Y

dt2 þm4 � dY
dt

h i2
þm5 � dYdt � d

2
Y

dt2 þm6 � Y2 þm7
dY
dt � Y

þm8 � Y � d2
Y

dt2 þm9 � d
3
Y

dt3 ¼ 0
m1 ¼ �b � aþ c; m2 ¼ b� c � aþ 1; m3 ¼ c� a; m4 ¼ a; m5 ¼ �1
m6 ¼ a; m7 ¼ �fa2 þ 1g; m8 ¼ a; m9 ¼ 1
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The next block diagram demonstrates our system high order and nonlinear
differential equation.

m2 ¼ d1; m3 ¼ d2; m4 ¼ d21 � d8; m5 ¼ d1 � d2 � d4; m6 ¼ d5;

m7 ¼ d1 � d6; m8 ¼ d2 � d7; m9 ¼ d3

d1 ¼ m2 ¼ b� c � aþ 1; d2 ¼ m3 ¼ c� a; d3 ¼ m9 ¼ 1; d4 ¼ m5

m2 � m3

¼ �1
ðb� c � aþ 1Þ � ðc� aÞ

d5 ¼ m6 ¼ a; d6 ¼ m7

d1
¼ m7

m2
¼ �fa2 þ 1g

b� c � aþ 1
; d7 ¼ m8

d2
¼ m8

m3
¼ a

c� a
; d8 ¼ m4

d21
¼ m4

m2
2
¼ a

ðb� c � aþ 1Þ2

We can summarize our last results in Table 3.2 (Fig. 3.3):
The below optoisolation circuit implements our Fold-Hopf bifurcation system.
We consider Rin1 � Rf1 then Rf1/Rin1 ! e and our Op-amp transfer function is

one. Photo transistor is coupled with two LEDs D1 and D2.

Remark It is reader exercise to implement all derivative elements (d/dt), multipli-
cation elements ([] � []) and square element ([]2) by using Op-Amps, resistors,
capacitors, diodes, etc. [16, 25, 26] (Fig. 3.4).

ID1 ¼ IR11 þ IR12 þ IR13 þ IR14 ¼
X4
j¼1

IR1j ; ID2 ¼ IR21 þ IR22 þ IR23 þ IR24 ¼
X4
j¼1

IR2j

We consider VD1 ¼ Vt � ln ID1
I0

þ 1
h i

� Vt � ID1I0 ; VD2 ¼ Vt � ln ID2
I0

þ 1
h i

� Vt � ID2I0
(Taylor series approximation). IBQ1 ¼ k1 � ID1 þ k2 � ID2; IR11 ¼ V�VD1

R11
; IR12 ¼

v
V�VD1

R12

IR13 ¼
€V � VD1

R13
; IR14 ¼

V � €V � VD1

R14
; IR21 ¼

V � _V � VD2

R21
; IR22 ¼

€V � _V � VD2

R22

Table 3.2 Summary last
results ðdi8 i ¼ 1; 2; � � � ; 8
expressionsÞ

d1 b� c � aþ 1

d2 c� a

d3 1

d4 �1
ðb�c�aþ 1Þ�ðc�aÞ

d5 a

d6 �fa2 þ 1g
b�c�aþ 1

d7 a
c�a

d8 a
ðb�c�aþ 1Þ2
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Fig. 3.3 Our system high order and nonlinear differential equation

IR23 ¼
_V � VD2

R23
; IR24 ¼

½ _V �2 � VD2

R24
; ID1 ¼

X4
j¼1

IR1j

¼ V � VD1

R11
þ

vV � VD1

R12
þ

€V � VD1

R13
þ V � €V � VD1

R14

ID2 ¼
X4
j¼1

IR2j ¼
V � _V � VD2

R21
þ

€V � _V � VD2

R22
þ

_V � VD2

R23
þ ½ _V �2 � VD2

R24

ID1 ¼
X4
j¼1

IR1j ¼
V
R11

þ
vV
R12

þ
€V
R13

þ V � €V
R14

� VD1 �
X4
j¼1

1
R1j

 !

¼ V
R11

þ
vV
R12

þ
€V
R13

þ V � €V
R14

� Vt � ID1I0 �
X4
j¼1

1
R1j

 !

ID2 ¼
X4
j¼1

IR2j ¼
V � _V
R21

þ
€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24
� VD2 �

X4
j¼1

1
R2j

 !

¼ V � _V
R21

þ
€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24
� Vt � ID2I0 �

X4
j¼1

1
R2j

 !
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ID1 � 1þVt � 1I0 �
X4
j¼1

1
R1j

 !" #
¼ V

R11
þ

vV
R12

þ
€V
R13

þ V � €V
R14

;

ID2 � 1þVt � 1I0 �
X4
j¼1

1
R2j

 !" #
¼ V � _V

R21
þ

€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24

ID1 ¼ 1

1þVt � 1
I0
� P4

j¼1
1
R1j

� �h i � V
R11

þ
vV
R12

þ
€V
R13

þ V � €V
R14

( )
;

ID2 ¼ 1

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i � V � _V
R21

þ
€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24

( )

For simplicity we define

Fig. 3.4 Fold-Hopf optoisolation circuit
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g1 ¼
1

1þVt � 1
I0
� P4

j¼1
1
R1j

� �h i ; g2 ¼ 1

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i ; g1 [ 0; g2 [ 0

w1ðV ; €V ;vVÞ ¼
V
R11

þ
vV
R12

þ
€V
R13

þ V � €V
R14

; w2ðV ; _V ; €VÞ

¼ V � _V
R21

þ
€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24

w1 ¼ w1ðV ; €V ;vVÞ;w2 ¼ w2ðV ; _V ; €VÞ; ID1 ¼ g1 � w1; ID2 ¼ g2 � w2

IBQ1 ¼ k1 � ID1 þ k2 � ID2 ¼ k1 � g1 � w1 þ k2 � g2 � w2

IBQ1 ¼ k1 � ID1 þ k2 � ID2 ¼ k1 � 1

1þVt � 1
I0
� P4

j¼1
1
R1j

� �h i
8<
:

9=
; � V

R11
þ

vV
R12

þ
€V
R13

þ V � €V
R14

" #

þ k1 � 1

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i
8<
:

9=
; � V � _V

R21
þ

€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24

" #

IEQ1 ¼ IBQ1 þ ICQ1; IBQ1 ¼ k1 � g1 � w1 þ k2 � g2 � w2;

IEQ1 ¼ k1 � g1 � w1 þ k2 � g2 � w2 þ ICQ1

The Mathematical analysis is based on the basic Transistor Ebers–Moll equa-
tions. We need to implement the Regular Ebers–Moll Model to the above Opto
Coupler circuit.

VBEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ
� �

þ 1
� �

;

VBCQ1 ¼ Vt � ln ICQ1 � IEQ1 � af
Isc � ðar � af � 1Þ
� �

þ 1
� �

VCEQ1 ¼ VCBQ1 þVBEQ1; but VCBQ1 ¼ �VBCQ1; then VCEQ1 ¼ VBEQ1 � VBCQ1

VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ
� �

þ 1
� �

� Vt � ln ICQ1 � IEQ1 � af
Isc � ðar � af � 1Þ
� �

þ 1
� �

VCEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1ð Þþ Ise � ðar � af � 1Þ
ICQ1 � IEQ1 � afð Þþ Isc � ðar � af � 1Þ

� �
þVt � ln Isc

Ise

� �

Since Isc� Ise ! e ) ln Isc
Ise

� �! e then we can write VCEQ1 expression.

V ¼ VCEQ1 ’ Vt � ln ar � ICQ1 � IEQ1ð Þþ Ise � ðar � af � 1Þ
ICQ1 � IEQ1 � afð Þþ Isc � ðar � af � 1Þ

� �
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ar � ICQ1 � IEQ1 ¼ ar � ICQ1 � k1 � g1 � w1 þ k2 � g2 � w2½ � � ICQ1
¼ ICQ1 � ðar � 1Þ � k1 � g1 � w1 þ k2 � g2 � w2½ �

ICQ1 � IEQ1 � af ¼ ICQ1 � k1 � g1 � w1 þ k2 � g2 � w2½ � � af � ICQ1 � af
¼ ICQ1 � ð1� af Þ � k1 � g1 � w1 þ k2 � g2 � w2½ � � af

VDD ¼ ICQ1 � RCQ1 þV ) ICQ1 ¼ VDD � V
RCQ1

V ¼ VCEQ1

’ Vt � ln ICQ1 � ðar � 1Þ � ½k1 � g1 � w1 þ k2 � g2 � w2� þ Ise � ðar � af � 1Þ
ICQ1 � ð1� af Þ � ½k1 � g1 � w1 þ k2 � g2 � w2� � af þ Isc � ðar � af � 1Þ
� �

V ¼ VCEQ1 ’ Vt � ln
VDD�V
RCQ1

h i
� ðar � 1Þ � k1 � g1 � w1 þ k2 � g2 � w2½ � þ Ise � ðar � af � 1Þ

VDD�V
RCQ1

h i
� ð1� af Þ � k1 � g1 � w1 þ k2 � g2 � w2½ � � af þ Isc � ðar � af � 1Þ

2
4

3
5

V ¼ VCEQ1 ’ Vt

� ln
� V

RCQ1
� ðar � 1Þ � k1 � g1 � w1 þ k2 � g2 � w2½ � þ VDD

RCQ1
� ðar � 1Þþ Ise � ðar � af � 1Þ

� V
RCQ1

� ð1� af Þ � k1 � g1 � w1þ k2 � g2 � w2½ � � af þ VDD
RCQ1

� ð1� af Þþ Isc � ðar � af � 1Þ

" #

For simplicity we define new system global parameters: n1, n2, n3, n4.

n1 ¼ �ðar � 1Þ
RCQ1

; n2 ¼
VDD

RCQ1
� ðar � 1Þþ Ise � ðar � af � 1Þ; n3 ¼ �ð1� af Þ

RCQ1

n4 ¼
VDD

RCQ1
� ð1� af Þþ Isc � ðar � af � 1Þ; V ¼ VCEQ1

’ Vt � ln V � n1 � k1 � g1 � w1 þ k2 � g2 � w2½ � þ n2
V � n3 � k1 � g1 � w1 þ k2 � g2 � w2½ � � af þ n4

� �

e½
V
Vt
� ¼ V �n1�½k1�g1�w1 þ k2�g2�w2� þ n2

V �n3�½k1�g1�w1 þ k2�g2�w2��af þ n4
; e½

V
Vt
� � V

Vt
þ 1 (Taylor series approximation).

V
Vt

þ 1 ¼ V � n1 � k1 � g1 � w1 þ k2 � g2 � w2½ � þ n2
V � n3 � k1 � g1 � w1 þ k2 � g2 � w2½ � � af þ n4

V
Vt

þ 1
� �

� V � n3 � ½k1 � g1 � w1 þ k2 � g2 � w2� � af þ n4½ �
¼ V � n1 � ½k1 � g1 � w1 þ k2 � g2 � w2� þ n2
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V
Vt

þ 1
� �

� V � n3 � k1 � g1 � w1 � af � k2 � g2 � w2 � af þ n4½ �
¼ V � n1 � k1 � g1 � w1 � k2 � g2 � w2 þ n2

V2

Vt
� n3 �

V
Vt

� k1 � g1 � w1 � af �
V
Vt

� k2 � g2 � w2 � af þ
V
Vt

� n4 þV � n3
� k1 � g1 � w1 � af � k2 � g2 � w2 � af þ n4

¼ V � n1 � k1 � g1 � w1 � k2 � g2 � w2 þ n2

V2

Vt
� n3 �

V
Vt

� k1 � g1 �
V
R11

þ
vV
R12

þ
€V
R13

þ V � €V
R14

" #
� af

� V
Vt

� k2 � g2 �
V � _V
R21

þ
€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24

" #
� af

þ V
Vt

� n4 þV � n3 � k1 � g1 �
V
R11

þ
vV
R12

þ
€V
R13

þ V � €V
R14

" #
� af

�k2 � g2 �
V � _V
R21

þ
€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24

" #
� af þ n4

¼ V � n1 � k1 � g1 �
V
R11

þ
vV
R12

þ
€V
R13

þ V � €V
R14

" #

�k2 � g2 �
V � _V
R21

þ
€V � _V
R22

þ
_V

R23
þ ½ _V �2

R24

" #
þ n2

V2

Vt
� n3 � V2 � k1 � g1 � af

Vt � R11
� V � vV � k1 � g1 � af

Vt � R12
� V � €V � k1 � g1 � af

Vt � R13

� V2 � €V � k1 � g1 � af
Vt � R14

� V2 � _V � k2 � g2 � af
Vt � R21

� V � €V � _V � k2 � g2 � af
Vt � R22

� V � _V � k2 � g2 � af
Vt � R23

� V � ½ _V �2 � k2 � g2 � af
Vt � R24

þ V
Vt

� n4 þV � n3

� V � k1 � g1 � af
R11

�
vV � k1 � g1 � af

R12
�

€V � k1 � g1 � af
R13

� V � €V � k1 � g1 � af
R14

� V � _V � k2 � g2 � af
R21

�
€V � _V � k2 � g2 � af

R22
�

_V � k2 � g2 � af
R23

� ½ _V �2 � k2 � g2 � af
R24

þ n4

¼ V � n1 �
V � k1 � g1

R11
�

vV � k1 � g1
R12

�
€V � k1 � g1

R13
� V � €V � k1 � g1

R14
� k2 � g2 � V � _V

R21

� k2 � g2 � €V � _V
R22

� k2 � g2 � _V
R23

� k2 � g2 � ½ _V �2
R24

þ n2
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V2

Vt
� n3 �

k1 � g1 � af
R11

� �
� V � vV � k1 � g1 � af

Vt � R12
� V � €V � k1 � g1 � af

Vt � R13
þ k1 � g1 � af

R14
� k1 � g1

R14

� �

� V2 � €V � k1 � g1 � af
Vt � R14

� V2 � _V � k2 � g2 � af
Vt � R21

� V � €V � _V � k2 � g2 � af
Vt � R22

� V � _V � k2 � g2 � af
Vt � R23

þ k2 � g2 � af
R21

� k2 � g2
R21

� �
� V � ½ _V �2 � k2 � g2 � af

Vt � R24

þV � n4
Vt

þ n3 �
k1 � g1 � af

R11
� n1 þ

k1 � g1
R11

� �
� vV � k1 � g1 � af

R12
� k1 � g1

R12

� �
� €V � k1 � g1 � af

R13
� k1 � g1

R13

� �

� €V � _V � k2 � g2 � af
R22

� k2 � g2
R22

� �
� _V � k2 � g2 � af

R23
� k2 � g2

R23

� �
� ½ _V �2 � k2 � g2 � af

R24
� k2 � g2

R24

� �
þ n4 � n2 ¼ 0

V2

Vt
� n3 �

k1 � g1 � af
R11

� �
� V � vV � k1 � g1 � af

Vt � R12
� V � €V � k1 � g1 �

af
Vt � R13

þ ðaf � 1Þ
R14

� �

� V2 � €V � k1 � g1 � af
Vt � R14

� V2 � _V � k2 � g2 � af
Vt � R21

� V � €V � _V � k2 � g2 � af
Vt � R22

� V � _V � k2 � g2 �
af

Vt � R23
þ ðaf � 1Þ

R21

� �
� V � ½ _V �2 � k2 � g2 � af

Vt � R24

þV � n4
Vt

þ n3 � n1 þ
k1 � g1 � ð1� af Þ

R11

� �
� vV � k1 � g1 � ðaf � 1Þ

R12
� €V � k1 � g1 � ðaf � 1Þ

R13

� €V � _V � k2 � g2 � ðaf � 1Þ
R22

� _V � k2 � g2 � ðaf � 1Þ
R23

� ½ _V �2 � k2 � g2 � ðaf � 1Þ
R24

þ n4 � n2 ¼ 0

V2

Vt
� n3 �

k1 � g1 � af
R11

� �
� V � vV � k1 � g1 � af

Vt � R12
þV � €V � k1 � g1 � � af

Vt � R13
þ ð1� af Þ

R14

� �

� V2 � €V � k1 � g1 � af
Vt � R14

� V2 � _V � k2 � g2 � af
Vt � R21

� V � €V � _V � k2 � g2 � af
Vt � R22

þV � _V � k2 � g2 � � af
Vt � R23

þ ð1� af Þ
R21

� �
� V � ½ _V �2 � k2 � g2 � af

Vt � R24

þV � n4
Vt

þ n3 � n1 þ
k1 � g1 � ð1� af Þ

R11

� �
þvV � k1 � g1 � ð1� af Þ

R12
þ €V � k1 � g1 � ð1� af Þ

R13

þ €V � _V � k2 � g2 � ð1� af Þ
R22

þ _V � k2 � g2 � ð1� af Þ
R23

þ ½ _V �2 � k2 � g2 � ð1� af Þ
R24

þ n4 � n2 ¼ 0

For simplicity we define the following global parameters:

/1 ¼
1
Vt

� n3 �
k1 � g1 � af

R11

� �
; /2 ¼ � k1 � g1 � af

Vt � R12
; /3 ¼ k1 � g1 � � af

Vt � R13
þ ð1� af Þ

R14

� �

/4 ¼ � k1 � g1 � af
Vt � R14

; /5 ¼ � k2 � g2 � af
Vt � R21

; /6 ¼ � k2 � g2 � af
Vt � R22

; /7 ¼ k2 � g2 � � af
Vt � R23

þ ð1� af Þ
R21

� �

/8 ¼ � k2 � g2 � af
Vt � R24

; /9 ¼
n4
Vt

þ n3 � n1 þ
k1 � g1 � ð1� af Þ

R11
; /10 ¼

k1 � g1 � ð1� af Þ
R12

/11 ¼
k1 � g1 � ð1� af Þ

R13
; /12 ¼

k2 � g2 � ð1� af Þ
R22

; /13 ¼
k2 � g2 � ð1� af Þ

R23
; /14 ¼

k2 � g2 � ð1� af Þ
R24

/15 ¼ n4 � n2:
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We get very simple nonlinear and high order optoisolation circuit differential
equation:

V2 � /1 þV � vV � /2 þV � €V � /3 þV2 � €V � /4 þV2 � _V � /5 þV � €V � _V � /6 þV � _V � /7
þV � ½ _V �2 � /8 þV � /9 þvV � /10 þ €V � /11 þ €V � _V � /12 þ _V � /13 þ ½ _V �2 � /14 þ/15 ¼ 0

Another way to present our last differential equation:

V2 � /1 þvV � ½V � /2 þ/10� þV � _V � ½/7 þV � /5� þ ½ _V �2 � ½/14 þV � /8�
þ €V � _V � ½/12 þV � /6� þ €V � /11 þV � €V � ½/3 þV � /4� þV � /9 þ _V � /13 þ/15 ¼ 0

The above result must fulfill our Rossler’s prototype chaotic system differential
equation (**):

m1 � Y þm2 � dYdt þm3 � d
2
Y

dt2 þm4 � ½dYdt �
2 þm5 � dYdt � d

2
Y

dt2 þm6 � Y2 þm7
dY
dt � Y

þm8 � Y � d2
Y

dt2 þm9 � d
3
Y

dt3 ¼ 0
m1 ¼ �b � aþ c; m2 ¼ b� c � aþ 1; m3 ¼ c� a; m4 ¼ a; m5 ¼ �1
m6 ¼ a; m7 ¼ �fa2 þ 1g; m8 ¼ a; m9 ¼ 1

We choose our system voltage (V) values in the band which fulfill our Rossler’s
prototype chaotic system differential equation (**).

/10 � V � /2 ) V � /2 þ/10 � /10;/7 � V � /5 ) /7 þV � /5 � /7;

/14 � V � /8 ) /14 þV � /8 � /14

/12 � V � /6 ) /12 þV � /6 � /12;/3 � V � /4 ) /3 þV � /4 � /3

/10 � V � /2 ) k1�g1�ð1�af Þ
R12

� V � � k1�g1�af
Vt �R12

h i
) V � �ð1�af Þ�Vt

af

/7 � V � /5 ) k2 � g2 � � af
Vt � R23

þ ð1� af Þ
R21

� �
� V � � k2 � g2 � af

Vt � R21

� �
) V � R21

R23
� ð1� af Þ � Vt

af

� �

If R21
R23

� ð1�af Þ�Vt

af ) R21
R23

� ð1�af Þ�Vt

af � R21
R23

) V



R21
R23

�ð1�af Þ�Vt
af

� R21
R23

/14 � V � /8 )
k2 � g2 � ð1� af Þ

R24
� V � � k2 � g2 � af

Vt � R24

� �
) V � �ð1� af Þ � Vt

af

/12 � V � /6 )
k2 � g2 � ð1� af Þ

R22
� V � � k2 � g2 � af

Vt � R22

� �
) V � �ð1� af Þ � Vt

af

/3 � V � /4 ) k1 � g1 � � af
Vt � R13

þ ð1� af Þ
R14

� �
� V � � k1 � g1 � af

Vt � R14

� �

) V � R14

R13
� ð1� af Þ � Vt

af

If R14
R13

� ð1�af Þ�Vt

af ) R14
R13

� ð1�af Þ�Vt

af � R14
R13

) V



R14
R13

�ð1�af Þ�Vt
af

� R14
R13
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We can summarize our last results in Table 3.3:

If we choose af = 0.98; Vt = 0.026 V then � ð1�af Þ�Vt

af ¼ �0:53mV and

V � −0.53 m-volt. Since R21
R23

[ 0 and R14
R13

[ 0 then the global condition for our

analysis is that the initial voltage V(t = t0) and V(t) for t > 0 are � R21
R23

; R14
R13
.

Under above approximations/assumptions we get the following differential
equation:

V2 � /1 þvV � /10 þV � _V � /7 þ ½ _V �2 � /14 þ €V � _V � /12 þ €V � /11 þV � €V � /3

þV � /9 þ _V � /13 þ/15 ¼ 0

And if we compare it with Rossler’s prototype chaotic system differential
equation (**), we get the following results: V � Y .

/1 ¼ m6 ) a ¼ � 1
Vt

� ð1� af Þ
RCQ1

þ
k1 � 1

1þVt � 1I0�
P4

j¼1
1
R1j

� �h i
8<
:

9=
; � af

R11

2
6666664

3
7777775

/10 ¼ m9 )
k1 � 1

1þVt � 1I0�
P4

j¼1
1
R1j

� �h i
2
4

3
5 � 1� afð Þ

R12
¼ 1 ) k1 � 1� afð Þ

¼ 1þVt � 1I0 �
X4
j¼1

1
R1j

 !" #
� R12

/7 ¼ m7 ) a ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 1

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i
2
4

3
5 � af

Vt � R23
� ð1� af Þ

R21

� �
� 1

vuuut

Table 3.3 Summary last results

/10 � V � /2 V � /2 þ/10 � /10 V � �ð1�af Þ�Vt

af

/7 � V � /5 /7 þV � /5 � /7 V � R21
R23

� ð1�af Þ�Vt

af

h i
; V jR21

R23
�ð1�af Þ�Vt

af
� R21

R23

/14 � V � /8 /14 þV � /8 � /14 V � �ð1�af Þ�Vt

af

/12 � V � /6 /12 þV � /6 � /12 V � �ð1�af Þ�Vt

af

/3 � V � /4 /3 þV � /4 � /3 V � R14
R13

� ð1�af Þ�Vt

af ; V jR14
R13

�ð1�af Þ�Vt
af

� R14
R13
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/1 ¼ m6 &/7 ¼ m7 ) � 1
Vt

� ð1� af Þ
RCQ1

þ k1 � 1

½1þVt � 1
I0
� ðP4

j¼1
1
R1j
Þ� � R11

( )
� af

" #( )2

¼ k2 � 1

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i
2
4

3
5 � af

Vt � R23
� ð1� af Þ

R21

� �
� 1

/14 ¼ m4 ) a ¼ k2 � 1

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i
� R24

2
4

3
5 � ð1� af Þ

/12 ¼ m5 ) k2 � 1

1þVt � 1I0�
P4

j¼1
1
R2j

� �h i
�R22

2
4

3
5 � ð1� af Þ ¼ �1. The current result

/12 ¼ m5 Can exist only if k2 < 0 since g2�ð1�af Þ
R22

[ 0 & /12 ¼ k2�g2�ð1�af Þ
R22

\0: The
meaning of k2 < 0; k1 > 0 is opposite sign coupling between D1 forward current
and Q1 base dependent current source. IBQ1 ¼ k1j j � ID1 � k2j j � ID2 (Fig. 3.5)

/11 ¼ m3 )
k1 � 1

1þVt � 1I0�
P4

j¼1
1
R1j

� �h i
2
4

3
5 � ð1� af Þ

R13

¼ c� a ) c ¼ k1 � 1

1þVt � 1
I0
� P4

j¼1
1
R1j

� �h i
� R13

2
4

3
5 � ð1� af Þþ a

c ¼ ð1� af Þ � k1

1þVt � 1
I0
� P4

j¼1
1
R1j

� �h i
� R13

þ k2

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i
� R24

8<
:

9=
;

Fig. 3.5 Opposite coupling
sign between D2 forward
current and Q1 base current
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/3 ¼ m8 ) a ¼ k1 � 1

1þVt � 1
I0
� P4

j¼1
1
R1j

� �h i
2
4

3
5 � ð1� af Þ

R14
� af
Vt � R13

� �

/9 ¼ m1 ) n4
Vt

þ n3 � n1 þ
k1 � g1 � ð1� af Þ

R11

¼ �b � aþ c ) b ¼ 1
a
� c� n4

Vt
þ n3 � n1 þ

k1 � g1 � ð1� af Þ
R11

� �� �

b ¼ 1
a
� c� 1

Vt
� VDD

RCQ1
� ð1� af Þþ Isc � ðar � af � 1Þ

� ���

�ð1� af Þ
RCQ1

þ ðar � 1Þ
RCQ1

þ k1 � ð1� af Þ
1þVt � 1

I0
� P4

j¼1
1
R1j

� �h i
� R11

9=
;
3
5

b ¼ 1

k1 � 1

1þVt � 1I0�
P4

j¼1
1
R1j

� �h i
2
4

3
5 � ð1�af Þ

R14
� af

Vt �R13

� �

� ð1� af Þ � k1

1þVt � 1
I0
� P4

j¼1
1
R1j

� �h i
� R13

þ k2

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i
� R24

8<
:

9=
;

2
4

� 1
Vt

� VDD

RCQ1
� ð1� af Þþ Isc � ðar � af � 1Þ

� �
� ð1� af Þ

RCQ1
þ ðar � 1Þ

RCQ1
þ k1 � ð1� af Þ

1þVt � 1
I0
� P4

j¼1
1
R1j

� �h i
� R11

8<
:

9=
;
3
5

/13 ¼ m2 ) k2 � 1

1þVt � 1
I0
� P4

j¼1
1
R2j

� �h i
� R23

2
4

3
5 � ð1� af Þ � 1 ¼ b� c � a

/15 ¼ 0 ) n4 � n2 ¼ 0 ) VDD

RCQ1
� ½ð1� af Þ � ðar � 1Þ� þ ½Isc� Ise� � ðar � af � 1Þ ¼ 0

a, b, and c are Fold-Hopf bifurcation Rossler’s prototype chaotic system parameters
which establish system dynamic and bifurcation behavior. Our last results give as
the desire constrains between optoisolation circuit parameters and those parameters
as a function of optoisolation circuit parameters [25].

aðar; af ;R1j;R2j; k1; k2; etc.Þ; bðar; af ;R1j;R2j; k1; k2; etc.Þ; cðar; af ;R1j;R2j; k1; k2; etc.Þ
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3.3 Hopf–Hopf Bifurcation System

We consider a continuous time dynamical system depending on parameters, given

by dxðtÞ
dt ¼ f ðxðtÞ; aÞ; f 2 CkðX	 K;RnÞ with open sets 0 2 X 
 R

N ,

0 2 K 
 R
2; k� 1 Sufficiently large, N � 4. The first used tool for exploring

the dynamical behavior of system is numerical time integration. We can employ one
step methods, which consists in approximating the evolution operator by a discrete
time system x ! g(x, a) with g 2 CkðX	 K;RNÞ, where the step size were
assumed to be previously chosen. Hopf–Hopf bifurcations occur when the system
presents equilibrium with two pairs of Hopf eigenvalues. The local bifurcation
diagram near Hopf–Hopf point is known to present other phenomena, such as
Neimark–Sacker bifurcation of cycles, and homoclinic bifurcations. A point
ðx0; a0Þ 2 X	 K is referred to as a Hopf–Hopf bifurcation (HH point). It is also
called double Hopf, Hopf/Hopf mode interaction, and multiple Hopf in case that
more than two pairs of Hopf eigenvalues are present. A point ðx0; a0Þ 2 X	 K is

referred to as a Hopf–Hopf bifurcation of dxðtÞ
dt ¼ f ðxðtÞ; aÞ If f ðx0; a0Þ ¼ 0 and

fxðx0; a0Þ ¼ @f
@x




ðx¼x0;a¼a0Þ has the only critical eigenvalues k1;2 ¼

�
�i � x1; k3;4 ¼ �i � x2g; 0\x1;2 2 R8x1 6¼ x2.

The Hopf–Hopf bifurcation appears in many parameter dependent systems
which describe the dynamic of various phenomena. We consider five dimensional,
continuous time system [5–9].

dX
dt

¼ A� B � X þX2 � Y � X;
dY
dt

¼ B � X � X2 � Y ; dZ
dt

¼ X � Z � V

dV
dt ¼ B � X � Z � V þV2 �W � V ; dWdt ¼ Z � V � V2 �W with state variables

ðX; Y ; Z;V ;WÞ 2 R
5;A;B 2 R: This system can describe the behavior of oscillator

which implemented by using optoisolation circuits. First, we need to find our

system fixed points E� ¼ ðX�; Y�; Z�;V�;W�Þ by setting dX
dt ¼ 0

dY
dt ¼ 0; dZdt ¼ 0; dVdt ¼ 0; dWdt ¼ 0: We get the following five equations:

A� B � X� þ ½X��2 � Y� � X� ¼ 0;B � X� � ½X��2 � Y� ¼ 0;X� � Z� � V� ¼ 0

B � X� � Z� � V� þ ½V��2 �W� � V� ¼ 0; Z� � V� � ½V��2 �W� ¼ 0

fA� B � X� þ ½X��2 � Y� � X� ¼ 0gþfB � X� � ½X��2 � Y� ¼ 0g ) A� X� ¼ 0
) X� ¼ A

X� ¼ A&B � X� � ½X��2 � Y� ¼ 0 ) B � A� A2 � Y� ¼ 0 ) Y� ¼ B=A
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B � X� � Z� � V� þ ½V��2 �W� � V� ¼ 0
n o

þ Z� � V� � ½V��2 �W� ¼ 0
n o

) B � X� � V� ¼ 0 )jX�¼AV
� ¼ B � A

X� � Z� � V� ¼ 0 )jX�¼A;V�¼B�A) A� Z� � B � A ¼ 0 ) Z� ¼ 1=B

Z� � V� � ½V��2 �W� ¼ 0 )

Z�¼1
B;V

�¼B�A)
1
B
� B � A� B2 � A2 �W� ¼ 0 ) W�

¼ 1
B2 � A

E� ¼ ðX�; Y�; Z�;V�;W�Þ ¼ A;
B
A
;
1
B
;B � A; 1

B2 � A
� �

We define our system if the following way:

dX
dt

¼ f1ðX; Y ; Z;V ;WÞ ¼ f1;
dY
dt

¼ f2ðX; Y ; Z;V ;WÞ ¼ f2;
dZ
dt

¼ f3ðX; Y ; Z;V ;WÞ ¼ f3

f1 ¼ A� B � XþX2 � Y � X; f2 ¼ B � X � X2 � Y ; f3 ¼ X � Z � V

dV
dt

¼ f4ðX; Y ; Z;V ;WÞ ¼ f4;
dW
dt

¼ f5ðX; Y ; Z;V ;WÞ ¼ f5

f4 ¼ B � X � Z � V þV2 �W � V ; f5 ¼ Z � V � V2 �W

The next step is to find matrix A is called the jacobian matrix at fixed point
E� ¼ ðX�; Y�; Z�;V�;W�Þ ¼ A; BA ;

1
B ;B � A; 1

B2�A
� �

:

A ¼

df1
dX . . . df1

dW

..

. . .
. ..

.

df5
dX � � � df5

dW

0
BBB@

1
CCCA










E�¼ðX�;Y�;Z�;V�;W�Þ¼ A;BA;

1
B;B�A; 1

B2 �A

� �

¼

df1
dX





E�¼ A;BA;

1
B;B�A; 1

B2 �A

� � . . . df1
dW





E�¼ðA;BA;1B;B�A; 1

B2 �AÞ

..

. . .
. ..

.

df5
dX





E�¼ A;BA;

1
B;B�A; 1

B2 �A

� � � � � df5
dW





E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �

0
BBBBB@

1
CCCCCA

df1
dX






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ �Bþ 2 � X� � Y� � 1 ¼ B� 1;
df1
dY






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ ½X��2

¼ A2
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df1
dZ






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df1
dV






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df1
dW






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0

df2
dX






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ B� 2 � X� � Y� ¼ �B;
df2
dY






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ �½X��2 ¼ �A2

df2
dZ






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df2
dV






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df2
dW






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0

df3
dX






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 1;
df3
dY






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df3
dZ






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ �V�

¼ �B � A

df3
dV






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ �Z� ¼ � 1
B
;
df3
dW






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df4
dX






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ B

df4
dY






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df4
dZ






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ �V� ¼ �B � A

df4
dV






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ �Z� þ 2 � V� �W� � 1 ¼ 1
B
� 1;

df4
dW






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �
¼ B2 � A2

df5
dX






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df5
dY






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ 0;
df5
dZ






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ V� ¼ B � A

df5
dV






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ Z� � 2 � V� �W� ¼ � 1
B
;
df5
dW






E�¼ A;BA;

1
B;B�A; 1

B2 �A

� �¼ �½V��2

¼ �B2 � A2

The eigenvalues of a matrix A are given by the characteristic equation det
(A − k�I), where I is the identity matrix.

Remark Do not confuse between system parameter A and matrix A.

A� k � I ¼
df1
dX . . . df1

dW
..
. . .

. ..
.

df5
dX � � � df5

dW

0
BB@

1
CCA









E�¼ðX�;Y�;Z�;V�;W�Þ¼ A;BA;

1
B;B�A; 1

B2 �A

� ��
k . . . 0
..
. . .

. ..
.

0 � � � k

0
@

1
A
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A� k � I ¼
df1
dX � k . . . df1

dW
..
. . .

. ..
.

df5
dX � � � df5

dW � k

0
BB@

1
CCA









E�¼ðX�;Y�;Z�;V�;W�Þ¼ A;BA;

1
B;B�A; 1

B2 �A

� �
¼

B� 1� k . . . 0
..
. . .

. ..
.

0 � � � �B2 � A2 � k

0
@

1
A

detðA� k � IÞ ¼ ðB� 1� kÞ � ð�A2 � kÞ � det
�B � A� k � 1

B 0

�B � A 1
B � 1� k B2 � A2

B � A � 1
B �B2 � A2 � k

0
B@

1
CA

� A2 � ð�BÞ � det
�B � A� k � 1

B 0

�B � A 1
B � 1� k B2 � A2

B � A � 1
B �B2 � A2 � k

0
B@

1
CA

detðA� k � IÞ ¼ ðB� 1� kÞ � ð�A2 � kÞþA2 � B� �
� det

�B � A� k � 1
B 0

�B � A 1
B � 1� k B2 � A2

B � A � 1
B �B2 � A2 � k

0
@

1
A

detðA� k � IÞ ¼ ð1þ k� BÞ � ðA2 þ kÞþA2 � B� �
� det

�B � A� k � 1
B 0

�B � A 1
B � 1� k B2 � A2

B � A � 1
B �B2 � A2 � k

0
@

1
A

We define the following functions: detðA� k � IÞ ¼ g1ðA;B; kÞ � g2ðA;B; kÞ

g1ðA;B; kÞ ¼ ð1þ k� BÞ � ðA2 þ kÞþA2 � B� �
; g2ðA;B; kÞ

¼ det
�B � A� k � 1

B 0
�B � A 1

B � 1� k B2 � A2

B � A � 1
B �B2 � A2 � k

0
@

1
A

First, we find the final expression for ð1þ k� BÞ � ðA2 þ kÞþA2 � B½ � when
k ¼ i � x1;2. k1;2 ¼ �i � x1; k3;4 ¼ �i � x2

� 	
; 0\x1;2 2 R 8 x1 6¼ x2.

g1ðA;B; kÞ ¼ g1 ¼ ½ð1� BÞþ k� � ½A2 þ k� þA2 � B
¼ ð1� BÞ � A2 þ k � ½1� BþA2� þ k2

g1ðA;B; k ¼ i � x1;2Þ ¼ ð1� BÞ � A2 þ k � ½1� BþA2� þ k2



k¼i�x1;2

¼ ½ð1� BÞ � A2 � x2
1;2� þ i � x1;2 � ½1� BþA2�
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We define the following functions:

/1 ¼ ð1� BÞ � A2 � x2
1;2;/2 ¼ x1;2 � ½1� BþA2� ) g1ðA;B; k ¼ i � x1;2Þ

¼ /1 þ i � /2 � g2ðA;B; kÞ

¼ det

�B � A� k � 1
B 0

�B � A 1
B � 1� k B2 � A2

B � A � 1
B �B2 � A2 � k

0
B@

1
CA

¼ �ðB � Aþ kÞ �
1
B � 1� k B2 � A2

� 1
B �½B2 � A2 þ k�

 !

þ 1
B
� �B � A B2 � A2

B � A �½B2 � A2 þ k�

� �

We define the following functions: g2ðA;B; kÞ ¼ g21ðA;B; kÞþ g22ðA;B; kÞ

g21ðA;B; kÞ ¼ �ðB � Aþ kÞ �
1
B � 1� k B2 � A2

� 1
B �½B2 � A2 þ k�

 !
;

g22ðA;B; kÞ ¼
1
B
� �B � A B2 � A2

B � A �½B2 � A2 þ k�

� �

g21ðA;B; kÞ ¼ �ðB � Aþ kÞ �
1
B � 1� k B2 � A2

� 1
B �½B2 � A2 þ k�

 !

g21ðA;B; kÞ ¼ �ðB � Aþ kÞ � �½B2 � A2 þ k� � 1
B
� 1� k

� �
þ 1

B
� B2 � A2

� �

g21ðA;B; kÞ ¼ ðB � Aþ kÞ � ½B2 � A2 þ k� � 1
B
� 1� k

� �
� ðB � Aþ kÞ � B � A2

g21ðA;B; kÞ ¼ B3 � A3 þ k � B � A � fB � Aþ 1gþ k2
� � � 1

B
� 1

� �
� k

� �
� B2 � A3 � k � B � A2

g21ðA;B; kÞ ¼ B3 � A3 � 1
B
� 1

� �
þ k � B � A � fB � Aþ 1g � 1

B
� 1

� �
� B3 � A3

� �

þ k2 � 1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
� k3 � B2 � A3 � k � B � A2
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g21ðA;B; kÞ ¼ B3 � A3 � 1
B
� 1

� �
� B2 � A3

þ k � B � A � fB � Aþ 1g � 1
B
� 1

� �
� B3 � A3 � B � A2

� �

þ k2 � 1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
� k3

We define the following functions: g21ðA;B; kÞ ¼ /3 þ k � /4 þ k2 � /5 þ k3 � /6

/3 ¼ B3 � A3 � 1
B
� 1

� �
� B2 � A3;

/4 ¼ B � A � fB � Aþ 1g � 1
B
� 1

� �
� B3 � A3 � B � A2

� �

/5 ¼
1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
;/6 ¼ �1

g22ðA;B; kÞ ¼
1
B
� �B � A B2 � A2

B � A �½B2 � A2 þ k�
� �

¼ 1
B
� B � A � ½B2 � A2 þ k� � B3 � A3
� 	

g22ðA;B; kÞ ¼
1
B
� B3 � A3 þB � A � k� B3 � A3
� 	 ¼ A � k

g2ðA;B; kÞ ¼ g21ðA;B; kÞþ g22ðA;B; kÞ ¼ /3 þ k � ð/4 þAÞþ k2 � /5 þ k3 � /6

g2ðA;B; kÞjk¼i�x1;2
¼ g21ðA;B; k ¼ i � x1;2Þþ g22ðA;B; k ¼ i � x1;2Þ
¼ /3 þ i � x1;2 � ð/4 þAÞ � x2

1;2 � /5 � i � x3
1;2 � /6

g2ðA;B; kÞjk¼i�x1;2
¼ ½/3 � x2

1;2 � /5� þ i � x1;2 � ð/4 þAÞ � x3
1;2 � /6

h i

detðA� k � IÞ ¼ g1ðA;B; kÞ � g2ðA;B; kÞ
¼ f/1 þ i � /2g

� ½/3 � x2
1;2 � /5� þ i � ½x1;2 � ð/4 þAÞ � x3

1;2 � /6�
n o

detðA� k � IÞ ¼ f/1 þ i � /2g � ½/3 � x2
1;2 � /5� þ i � x1;2 � ð/4 þAÞ � x3

1;2 � /6

h in o
¼ /1 � ½/3 � x2

1;2 � /5� þ i � ½x1;2 � ð/4 þAÞ � x3
1;2 � /6� � /1 þ i � /2

� ½/3 � x2
1;2 � /5� � /2 � x1;2 � ð/4 þAÞ � x3

1;2 � /6

h i
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detðA� k � IÞ ¼ /1 � ½/3 � x2
1;2 � /5� � /2 � x1;2 � ð/4 þAÞ � x3

1;2 � /6

h i
þ i � ½x1;2 � ð/4 þAÞ � x3

1;2 � /6� � /1 þ/2 � ½/3 � x2
1;2 � /5�

n o

detðA� k � IÞ ¼ 0 ) /1 � ½/3 � x2
1;2 � /5� � /2 � ½x1;2 � ð/4 þAÞ � x3

1;2 � /6� ¼ 0
& ½x1;2 � ð/4 þAÞ � x3

1;2 � /6� � /1 þ/2 � ½/3 � x2
1;2 � /5� ¼ 0

First we check the first expression:

/1 � ½/3 � x2
1;2 � /5� � /2 � x1;2 � ð/4 þAÞ � x3

1;2 � /6

h i
¼ 0

) /1 � /3 � x2
1;2 � /5 � /1 � x1;2 � /2 � ð/4 þAÞþx3

1;2 � /2 � /6 ¼ 0

/1 ¼ ð1� BÞ � A2 � x2
1;2;/2 ¼ x1;2 � ½1� BþA2�;/3 ¼ �B3 � A3

/4 ¼ A� B2 � A2 � B � A� B3 � A3;/5 ¼
1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
;/6 ¼ �1

/1 � /3 ¼ �fð1� BÞ � A2 � x2
1;2g � B3 � A3 ¼ ðB� 1Þ � B3 � A5 þx2

1;2 � B3 � A3

r1 ¼ ðB� 1Þ � B3 � A5;r2 ¼ B3 � A3 ) /1 � /3 ¼ r1 þx2
1;2 � r2

/5 � /1 ¼
1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
� ½ð1� BÞ � A2 � x2

1;2�

¼ 1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
� ð1� BÞ � A2

� 1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
� x2

1;2

r3 ¼ 1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
� ð1� BÞ � A2;

r4 ¼ � 1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
) /5 � /1 ¼ r3 þ r4 � x2

1;2

/2 � ð/4 þAÞ ¼ x1;2 � ½1� BþA2� � ð2 � A� B2 � A2 � B � A� B3 � A3Þ
r5 ¼ ½1� BþA2� � ð2 � A� B2 � A2 � B � A� B3 � A3Þ ) /2 � ð/4 þAÞ ¼ x1;2 � r5

/2 � /6 ¼ x1;2 � ½B� A2 � 1�; r6 ¼ ½B� A2 � 1� ) /2 � /6 ¼ x1;2 � r6

/1 � /3 � x2
1;2 � /5 � /1 � x1;2 � /2 � ð/4 þAÞþx3

1;2 � /2 � /6 ¼ 0 )
r1 þx2

1;2 � r2 � x2
1;2 � ðr3 þ r4 � x2

1;2Þ � x1;2 � x1;2 � r5 þx3
1;2 � x1;2 � r6 ¼ 0

r1 þx2
1;2 � r2 � x2

1;2 � r3 � r4 � x4
1;2 � x2

1;2 � r5 þx4
1;2 � r6 ¼ 0

x4
1;2 � ½r6 � r4� þx2

1;2 � ½r2 � r3 � r5� þ r1 ¼ 0; r0 ¼ r6 � r4; r00 ¼ r2 � r3 � r5
x4

1;2 � ½r6 � r4� þx2
1;2 � ½r2 � r3 � r5� þ r1 ¼ 0 ) x4

1;2 � r0 þx2
1;2 � r00 þ r1 ¼ 0
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x4
1;2 � r0 þx2

1;2 � r00 þ r1 ¼ 0 ) x2
1;2 ¼

�r00 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½r00�2 � 4 � r0 � r1

q
2 � r0 ; 0\x1;2 2 R8x1 6¼ x2

) x1;2 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r00 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½r00�2 � 4 � r0 � r1

q
2 � r0

vuut









x1;2 [ 0

¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r00 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½r00�2 � 4 � r0 � r1

q
2 � r0

vuut

�r00 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½r00�2 � 4 � r0 � r1

q
2 � r0 [ 0 & ½r00�2 � 4 � r0 � r1 [ 0

We need to check for which A, B parameters values in the above two conditions
can be fulfilled.

Second we check the second expression:

x1;2 � ð/4 þAÞ � x3
1;2 � /6

h i
� /1 þ/2 � ½/3 � x2

1;2 � /5� ¼ 0

) x1;2 � ð/4 þAÞ � /1 � x3
1;2 � /6 � /1 þ/2 � /3 � x2

1;2 � /5 � /2 ¼ 0

ð/4 þAÞ � /1 ¼ 2 � A� B2 � A2 � B � A� B3 � A3� � � ½ð1� BÞ � A2 � x2
1;2�

¼ 2 � A� B2 � A2 � B � A� B3 � A3
� � � ð1� BÞ � A2

� 2 � A� B2 � A2 � B � A� B3 � A3
� � � x2

1;2

11 ¼ 2 � A� B2 � A2 � B � A� B3 � A3
� � � ð1� BÞ � A2;

12 ¼ � 2 � A� B2 � A2 � B � A� B3 � A3� �
ð/4 þAÞ � /1 ¼ 11 þ 12 � x2

1;2;/6 � /1 ¼ ðB� 1Þ � A2 þx2
1;2;

13 ¼ ðB� 1Þ � A2 ) /6 � /1 ¼ 13 þx2
1;2

/2 � /3 ¼ x1;2 � ½B� A2 � 1� � B3 � A3;

14 ¼ ½B� A2 � 1� � B3 � A3 ) /2 � /3 ¼ x1;2 � 14
/5 � /2 ¼ x1;2 � 1

B
� 1

� �
� B � A � fB � Aþ 1g

� �
� ½1� BþA2�

15 ¼
1
B
� 1

� �
� B � A � fB � Aþ 1g

� �
� ½1� BþA2� ) /5 � /2 ¼ x1;2 � 15

x1;2 � ð/4 þAÞ � /1 � x3
1;2 � /6 � /1 þ/2 � /3 � x2

1;2 � /5 � /2 ¼ 0
) x1;2 � ½11 þ 12 � x2

1;2� � x3
1;2 � ½13 þx2

1;2� þx1;2 � 14 � x2
1;2 � x1;2 � 15 ¼ 0
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x1;2 � 11 þ 12 � x3
1;2 � x3

1;2 � 13 � x5
1;2 þx1;2 � 14 � x3

1;2 � 15 ¼ 0
�x5

1;2 þx3
1;2 � ½12 � 13 � 15� þx1;2 � ½11 þ 14� ¼ 0

) x1;2 � �x4
1;2 þx2

1;2 � ½12 � 13 � 15� þ 11 þ 14
n o

¼ 0

x1;2 6¼ 0 ) �x4
1;2 þx2

1;2 � ½12 � 13 � 15� þ 11 þ 14 ¼ 0

x4
1;2 þx2

1;2 � ½13 þ 15 � 12� � ½11 þ 14� ¼ 0; i0 ¼ 13 þ 15 � 12; i
0 ¼ �½11 þ 14�

x4
1;2 þx2

1;2 � i0 þ i0 ¼ 0 ) x2
1;2 ¼

�i0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½i0�2 � 4 � i0

q
2

) x1;2 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�i0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½i0�2 � 4 � i0

q
2

vuut

0\x1;2 2 R8x1 6¼ x2 ) x1;2 ¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�i0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½i0�2 � 4 � i00

q
2

vuut
;
�i0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½i0�2 � 4 � i00

q
2

[ 0 & ½i0�2 � 4 � i00 [ 0

We need to check for which A, B parameters values in the above two conditions
can be fulfilled.

The first and second expressions conditions give total four parameters (A, B)
conditions which grantee that our five-dimensional system is a continuous time
system with Hopf–Hopf bifurcation [45, 52].

k1;2 ¼ �i � x1; k3;4 ¼ �i � x2
� 	

; 0\x1;2 2 R8x1 6¼ x2

Remark The first and second expressions give two results for x1;2 values. and the
values must be the same. It is a reader exercise to check for k ¼ �i � x1;2.

x1;2 ¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r00 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½r00�2 � 4 � r0 � r1

q
2 � r0

vuut
& x1;2 ¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�i0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½i0�2 � 4 � i00

q
2

vuut

)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r00 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½r00�2 � 4 � r0 � r1

q
2 � r0

vuut
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�i0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½i0�2 � 4 � i00

q
2

vuut
We plot our Hopf–Hopf bifurcation system behavior in time and phase portraits.

Matlab
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function h=hopfhopf1 (a,b,X0,Y0,Z0,V0,W0)
[t,x]=ODE45(@hopfhopf,[0,2],[X0,Y0,Z0,V0,W0],[],a,b);
%plot(t,x);
subplot(2,2,1);plot(x(:,1),x(:,2));subplot(2,2,2);plot(x(:,1),x(:,3))
;subplot(2,2,3);plot(x(:,1),x(:,4));subplot(2,2,4);plot(x(:,1),x(:,5)
)
%subplot(2,2,1);plot(x(:,2),x(:,3));subplot(2,2,2);plot(x(:,2),x(:,4)
);subplot(2,2,3);plot(x(:,2),x(:,5));subplot(2,2,4);plot(x(:,3),x(:,4
))
%subplot(2,1,1);plot(x(:,3),x(:,5));subplot(2,1,2);plot(x(:,4),x(:,5)
)

function g=hopfhopf(t,x,a,b)
g=zeros(5,1);
g(1)=a-b*x(1)+((x(1)).^2).*x(2)-x(1);
g(2)=b*x(1)-((x(1)).^2).*x(2);
g(3)=x(1)-x(3).*x(4);
g(4)=b*x(1)-x(3).*x(4)+((x(4)).^2).*x(5)-x(4);
g(5)=x(3).*x(4)-((x(4)).^2).*x(5);

In the following 10 system phase portrait figures, we plot all options for a = 4.6;
b = 1.2; X(t = 0) = 1; Y(t = 0) = 2; Z(t = 0) = 3; V(t = 0) = 4; W(t = 0) = 5
(Figs. 3.6, 3.7, 3.8 and 3.9).

3.4 Optoisolation Circuits Hopf–Hopf Bifurcation System

We need to implement our Hopf–Hopf bifurcation system by using optoisolation
elements, Op amps, resistors, capacitors, diodes, etc.

Fig. 3.6 Hopf–Hopf
bifurcation system X(t), Y(t),
Z(t) and W(t) functions
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Fig. 3.7 10 system phase portrait figures

Fig. 3.8 10 system phase portrait figures
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In this subchapter, we implement the circuit for X system variable [16, 25, 26].
We start with system first two differential equations:

dX
dt

¼ A� B � XþX2 � Y � X;
dY
dt

¼ B � X � X2 � Y

dX
dt

¼ A� B � X þX2 � Y � X ) Y ¼ dX
dt

� AþB � X þX

� �
� 1
X2

�ð Þ Y ¼ dX
dt

� AþB � XþX

� �
� 1
X2 ) Y ¼

dX
dt � A

X2 þ Bþ 1
X

��ð Þ dY
dt

) d
dt

dX
dt � A

X2 þ Bþ 1
X

( )

) dY
dt

¼
d2

X
dt2 � X2 � dX

dt � A
� �

� 2 � X � dXdt
X4 þ

� dX
dt � ðBþ 1Þ

X2

�ð Þ& �ð Þ ) dY
dt

¼ B � X � X2 � Y ; dY
dt

¼
d2

X
dt2
X2 �

ðdXdt � AÞ � 2 � dXdt
X3 �

dX
dt � ðBþ 1Þ

X2

Fig. 3.9 10 system phase portrait figures W against Z and W against V
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d2
X

dt2
X2 �

dX
dt � A
� �

� 2 � dXdt
X3 �

dX
dt � ðBþ 1Þ

X2 ¼ B � X � X2 �
dX
dt � A

X2 þ Bþ 1
X

( )

d2
X

dt2
X2 �

dX
dt � A
� �

� 2 � dXdt
X3 �

dX
dt � ðBþ 1Þ

X2 ¼ B � X � dX
dt

� AþX � ðBþ 1Þ
� �

d2
X

dt2
X2 �

dX
dt � A
� �

� 2 � dXdt
X3 �

dX
dt � ðBþ 1Þ

X2 ¼ � dX
dt

þA� X

Multiple two sides of the above equation by 1/X3

X � d
2X
dt2

� dX
dt

� A

� �
� 2 � dX

dt
� dX

dt
� ðBþ 1Þ � X ¼ � dX

dt
� X3 þA � X3 � X4

X � d2X
dt2

� dX
dt

� ðBþ 1Þ
� �

� dX
dt

� A

� �
� 2 � dX

dt
¼ � dX

dt
� X3 þA � X3 � X4

X � d2X
dt2

� dX
dt

� ðBþ 1Þ
� �

¼ dX
dt

� A

� �
� 2 � dX

dt
� dX

dt
� X3 þA � X3 � X4

X ¼ 1
d2

X
dt2 � dX

dt � ðBþ 1Þ
� dX

dt
� A

� �
� 2 � dX

dt
� dX

dt
� X3 þA � X3 � X4

� �

We define the following functions:

X ¼
v2

d2
X

dt2 ;
dX
dt

� �
v1 X; dXdt

� � ¼ v2
v1

; v1 ¼ v1 X;
dX
dt

� �
; v2 ¼ v2

d2X
dt2

;
dX
dt

� �

v1 X;
dX
dt

� �
¼ dX

dt
� A

� �
� 2 � dX

dt
� dX

dt
� X3 þA � X3 � X4; v2

d2X
dt2

;
dX
dt

� �

¼ d2X
dt2

� dX
dt

� ðBþ 1Þ

The following block diagram describes our system in terms of v1; v2 functions
(Fig. 3.10).

Figure 3.11 block diagram describes our system in term of basic functional

blocks d
dt ;

d2

dt2 ; ½� � ½�; ½�=½�; ½�
n 8 n ¼ 2; 3; 4

� �
:
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Fig. 3.10 System in terms of v1, v2 functions

Fig. 3.11 system in term of basic functional blocks d
dt ;

d2

dt2 ; ½� � ½�; ½�=½�; ½�
n8n ¼ 2; 3; 4

� �
:
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C1; . . .;C5 2 R;X1;X2

v2 ¼ X1 � X2 � €X � X1 � _X;X1 � X2 ¼ 1;X1 ¼ Bþ 1 ) X2 ¼ 1
Bþ 1

v1 ¼ �C1 � _XþC2 � C2
1 � _X2 � C3 � C5 � C1 � X3 � _X � C4 � X4 þC5 � X3

C2 � C2
1 ¼ 2; 2 � A ¼ C1;A ¼ C5;C4 ¼ 1;C5 � C1 � C3 ¼ 1

C1 ¼ 2 � A;C2 ¼ 2

C2
1

¼ 2
4 � A2 ¼

1
2 � A2 ;C5 ¼ A;C3 ¼ 1

C5 � C1
¼ 1

2 � A2 ;C4 ¼ 1

The next figure describes the optoisolation circuit implementation to Hopf–Hopf
bifurcation system for X variable. We sign system variable X by voltage Vx then
X � VX [5, 6].

Remark Reader exercise is to implement other system variables (Y, Z, V, W) by
using optoisolation circuits Y � VY ; Z � VZ ;V � VV ;W � VWð Þ (Fig. 3.12).

In the above circuit we sign the following parameters: Gama1 = C1,
Gama2 = C2, Gama3 = C3, Gama4 = C4, Gama5 = C5, Omega1 = X1,
Omega2 = X2. Global functions: v1 ! ð�Þ; v2 ! ð��Þ.

ID1 ¼
X5
i¼1

IRi ¼ IR1 þ . . .þ IR5; ID2 ¼ IR6 þ IR7; IBQ1 ¼ k1 � ID1; IBQ2 ¼ k2 � ID2

Fig. 3.12 Optoisolation circuit implementation to Hopf–Hopf bifurcation system for X variable
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VD1 ¼ Vt � ln ID1
I0

þ 1
h i

� Vt � ID1I0 ;VD2 ¼ Vt � ln ID2
I0

þ 1
h i

� Vt � ID2I0 (Taylor series

approximation).

IR1 ¼ �C1 � _VX � VD1

R1
; IR2 ¼ C2

1 � C2 � ½ _VX �2 � VD1

R2
IR3

¼ �C1 � C3 � C5 � V3
X � _VX � VD1

R3

IR4 ¼ �C4 � V4
X � VD1

R4
; IR5 ¼ C5 � V3

X � VD1

R5
; IR6 ¼ X1 � X2 � €VX � VD1

R6

IR7 ¼ �X1 � _VX � VD1

R7
; ID2 ¼ IR6 þ IR7 ¼

X1 � X2 � €VX � VD2

R6
þ �X1 � _VX � VD2

R7

ID1 ¼
X5
i¼1

IRi ¼
�C1 � _VX � VD1

R1
þ C2

1 � C2 � ½ _VX �2 � VD1

R2
þ �C1 � C3 � C5 � V3

X � _VX � VD1

R3

þ �C4 � V4
X � VD1

R4
þ C5 � V3

X � VD1

R5

ID2 ¼ IR6 þ IR7 ¼
X1 � X2 � €VX

R6
� X1 � _VX

R7
� Vt � ID2I0 � 1

R6
þ 1

R7

� �

ID2 � 1þ Vt

I0
� 1

R6
þ 1

R7

� �� �
¼ IR6 þ IR7 ¼

X1 � X2 � €VX

R6
� X1 � _VX

R7

ID2 ¼ 1

1þ Vt
I0
� 1

R6 þ 1
R7

� �h i � X1 � X2 � €VX

R6
� X1 � _VX

R7

� �
; g2 ¼

1

1þ Vt
I0
� 1

R6 þ 1
R7

� �h i

w2ð€VX ; _VXÞ ¼ X1 � X2 � €VX

R6
� X1 � _VX

R7
; ID2 ¼ g2 � w2ð€VX ; _VXÞ;w2 ¼ w2ð€VX ; _VXÞ

ID1 ¼
X5
i¼1

IRi ¼
�C1 � _VX

R1
þ C2

1 � C2 � ½ _VX �2
R2

� C1 � C3 � C5 � V3
X � _VX

R3

� C4 � V4
X

R4
þ C5 � V3

X

R5
� VD1 �

X5
i¼1

1
Ri

ID1 ¼
X5
i¼1

IRi ¼
�C1 � _VX

R1
þ C2

1 � C2 � ½ _VX �2
R2

� C1 � C3 � C5 � V3
X � _VX

R3

� C4 � V4
X

R4
þ C5 � V3

X

R5
� Vt � ID1I0 �

X5
i¼1

1
Ri
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ID1 � 1þ Vt

I0
�
X5
i¼1

1
Ri

 !
¼ �C1 � _VX

R1
þ C2

1 � C2 � ½ _VX �2
R2

� C1 � C3 � C5 � V3
X � _VX

R3

� C4 � V4
X

R4
þ C5 � V3

X

R5

ID1 ¼ 1

1þ Vt
I0
�P5

i¼1
1
Ri

� �
� �C1 � _VX

R1
þ C2

1 � C2 � ½ _VX �2
R2

� C1 � C3 � C5 � V3
X � _VX

R3
� C4 � V4

X

R4
þ C5 � V3

X

R5

( )

g1 ¼
1

1þ Vt
I0
�P5

i¼1
1
Ri

;w1ð _VX ;V
2
X ;V

3
XÞ ¼

�C1 � _VX

R1
þ C2

1 � C2 � ½ _VX �2
R2

� C1 � C3 � C5 � V3
X � _VX

R3

� C4 � V4
X

R4
þ C5 � V3

X

R5

ID1 ¼ g1 � w1ð _VX ;V3
X ;V

4
XÞ;w1 ¼ w1ð _VX ;V3

X ;V
4
XÞ; ID1 ¼ g1 � w1; g1 [ 0; g2 [ 0

IEQ1 ¼ IBQ1 þ ICQ1; IEQ2 ¼ IBQ2 þ ICQ2; IEQ1 ¼ k1 � ID1 þ ICQ1 ¼ k1 � g1 � w1 þ ICQ1

IBQ1 ¼ k1 � ID1 ¼ k1 � g1 � w1; IBQ2 ¼ k2 � ID2 ¼ k2 � g2 � w2; IEQ2 ¼ k2 � ID2 þ ICQ2
¼ k2 � g2 � w2 þ ICQ2

The Mathematical analysis is based on the basic Transistor Ebers–Moll equa-
tions. We need to implement the Regular Ebers–Moll Model to the above Opto
Coupler circuit. Parameters k1 and k2 are coupling coefficients between LEDs D1,
D2 and photo transistors Q1 and Q2, respectively.

VBEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1
Ise � ðar1 � af1 � 1Þ
� �

þ 1
� �

;VBCQ1

¼ Vt � ln ICQ1 � IEQ1 � af1
Isc � ðar1 � af1 � 1Þ
� �

þ 1
� �

VCEQ1 ¼ VCBQ1 þVBEQ1, but VCBQ1 ¼ �VBCQ1, then VCEQ1 ¼ VBEQ1 � VBCQ1

VCEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1
Ise � ðar1 � af1 � 1Þ
� �

þ 1
� �

� Vt

� ln ICQ1 � IEQ1 � af1
Isc � ðar1 � af1 � 1Þ
� �

þ 1
� �

VCEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1ð Þþ Ise � ðar1 � af1 � 1Þ
ICQ1 � IEQ1 � af1ð Þþ Isc � ðar1 � af1 � 1Þ

� �
þVt � ln Isc

Ise

� �
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Since Isc� Ise ! e ) ln Isc
Ise

� �! e then we can write VCEQ1 expression.

VCEQ1 ’ Vt � ln ar1�ICQ1�IEQ1ð Þþ Ise�ðar1�af1�1Þ
ICQ1�IEQ1�af1ð Þþ Isc�ðar1�af1�1Þ
h i

and in the same manner

VCEQ2 ’ Vt � ln ar2 � ICQ2 � IEQ2ð Þþ Ise � ðar2 � af2 � 1Þ
ICQ2 � IEQ2 � af2ð Þþ Isc � ðar2 � af2 � 1Þ

� �
;VX ¼ ½��

½��� ¼
VCEQ1

VCEQ2

ar1 � ICQ1 � IEQ1 ¼ ar1 � ICQ1 � ½k1 � g1 � w1 þ ICQ1�
¼ ICQ1 � ðar1 � 1Þ � k1 � g1 � w1

ICQ1 � IEQ1 � af1 ¼ ICQ1 � ½k1 � g1 � w1 þ ICQ1� � af1
¼ ICQ1 � ð1� af1Þ � k1 � g1 � w1 � af1

ICQ1 ¼ VDD1 � VCEQ1

RCQ1
) ar1 � ICQ1 � IEQ1

¼ VDD1 � VCEQ1

RCQ1

� �
� ðar1 � 1Þ � k1 � g1 � w1

ICQ1 ¼ VDD1 � VCEQ1

RCQ1
) ICQ1 � IEQ1 � af1

¼ VDD1 � VCEQ1

RCQ1

� �
� ð1� af1Þ � k1 � g1 � w1 � af1

VCEQ1 ’ Vt � ln
VDD1�VCEQ1

RCQ1

h i
� ðar1 � 1Þ � k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

VDD1�VCEQ1

RCQ1

h i
� ð1� af1Þ � k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

2
4

3
5

VCEQ1 ’ Vt

� ln
VDD1�ðar1�1Þ

RCQ1
� VCEQ1 � ðar1�1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

VDD1�ð1�af1Þ
RCQ1

� VCEQ1 � ð1�af1Þ
RCQ1

� k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

2
4

3
5

VCEQ1 ’ Vt

� ln
VCEQ1 � ð1�ar1Þ

RCQ1
þ VDD1�ðar1�1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

�VCEQ1 � ð1�af1Þ
RCQ1

þ VDD1�ð1�af1Þ
RCQ1

� k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

2
4

3
5

For simplicity we define the following functions:

n1 ¼ n1ðVDD1; k1; g1;w1; . . .Þ
¼ VDD1 � ðar1 � 1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ
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n2 ¼ n2ðVDD1; k1; g1;w1; . . .Þ
¼ VDD1 � ð1� af1Þ

RCQ1
� k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

VCEQ1 ’ Vt � ln
VCEQ1 � ð1�ar1Þ

RCQ1
þ n1

�VCEQ1 � ð1�af1Þ
RCQ1

þ n2

2
4

3
5) e

VCEQ1
Vt

� �
¼

VCEQ1 � ð1�ar1Þ
RCQ1

þ n1

�VCEQ1 � ð1�af1Þ
RCQ1

þ n2

2
4

3
5

Taylor series approximation:

e
VCEQ1

Vt

� �
� VCEQ1

Vt
þ 1 ) VCEQ1

Vt
þ 1 �

VCEQ1 � ð1�ar1Þ
RCQ1

þ n1

�VCEQ1 � ð1�af1Þ
RCQ1

þ n2

2
4

3
5

) VCEQ1

Vt
þ 1 � VCEQ1 � ð1� ar1Þþ n1 � RCQ1

�VCEQ1 � ð1� af1Þþ n2 � RCQ1

� �
VCEQ1

Vt
þ 1

� �
� �VCEQ1 � ð1� af1Þþ n2 � RCQ1½ � ¼ VCEQ1 � ð1� ar1Þþ n1 � RCQ1

� V2
CEQ1 � ð1� af1Þ

Vt
þ VCEQ1 � RCQ1

Vt
� n2 � VCEQ1 � ð1� af1Þþ n2 � RCQ1

¼ VCEQ1 � ð1� ar1Þþ n1 � RCQ1

� V2
CEQ1 � ð1� af1Þ

Vt
þ VCEQ1 � RCQ1

Vt
� n2 � VCEQ1 � ð1� af1Þ

� VCEQ1 � ð1� ar1Þþ n2 � RCQ1 � n1 � RCQ1 ¼ 0

� V2
CEQ1 � ð1� af1Þ

Vt
þVCEQ1 � RCQ1

Vt
� n2 � ð1� af1Þ � ð1� ar1Þ

� �
þ ½n2 � n1� � RCQ1 ¼ 0

V2
CEQ1 � ð1� af1Þ

Vt
þVCEQ1 � �RCQ1

Vt
� n2 þð1� af1Þþ ð1� ar1Þ

� �
þ ½n1 � n2� � RCQ1 ¼ 0

V2
CEQ1 � ð1� af1Þ

Vt
þVCEQ1 � �RCQ1

Vt
� n2 þ 2� af1 � ar1

� �
þ ½n1 � n2� � RCQ1 ¼ 0

We define for simplicity new parameter A1, when

A1 ¼ 2� af1 � ar1 & 1\af1 þ ar1\2 ) 1[A1 [ 0
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V2
CEQ1 � ð1� af1Þ

Vt
þVCEQ1 � A1 � RCQ1

Vt
� n2

� �
þ ½n1 � n2� � RCQ1 ¼ 0

V#;##
CEQ1 ¼

�A1 þ RCQ1

Vt � n2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

r
2 � ð1�af1Þ

Vt

A1 � RCQ1

Vt
� n2

� �2

�4 � ð1� af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ n22 �
RCQ1

Vt

� �2
�2 � A1 � RCQ1

Vt
� n2 þA2

1 � 4 � ð1� af1Þ � RCQ1

Vt
� n1 þ 4 � ð1� af1Þ � RCQ1

Vt
� n2

A1 � RCQ1

Vt
� n2

� �2

�4 � ð1� af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ n22 �
RCQ1

Vt

� �2
þ n2 � �2 � A1 � RCQ1

Vt
þ 4 � ð1� af1Þ � RCQ1

Vt

� �
� 4 � ð1� af1Þ � RCQ1

Vt
� n1 þA2

1

For simplicity we define the following functions:

n1 ¼ n1ðVDD1; k1; g1;w1; . . .Þ
¼ VDD1 � ðar1 � 1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

N1 ¼ VDD1 � ðar1 � 1Þ
RCQ1

þ Ise � ðar1 � af1 � 1Þ;N2 ¼ k1 � g1 ) n1 ¼ N1 � N2 � w1

n2 ¼ n2ðVDD1; k1; g1;w1; . . .Þ ¼
VDD1 � ð1� af1Þ

RCQ1
� k1 � g1 � w1 � af1

þ Isc � ðar1 � af1 � 1Þ

N3 ¼ VDD1 � ð1� af1Þ
RCQ1

þ Isc � ðar1 � af1 � 1Þ;N4 ¼ k1 � g1 � af1 ) n2

¼ N3 � N4 � w1;N4 ¼ af1 � N2

A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ ½N3 � N4 � w1�2 � RCQ1

Vt

h i2
þ ½N3 � N4 � w1� � �2 � A1 � RCQ1

Vt þ 4 � ð1�af1Þ�RCQ1

Vt

n o
�4 � ð1�af1Þ�RCQ1

Vt
� ½N1 � N2 � w1� þA2

1
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A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ N2
3 � 2 � N3 � N4 � w1 þN2

4 � w2
1

� 	 � RCQ1

Vt

h i2
þ ½N3 � N4 � w1� � 2�RCQ1

Vt � 2 � ð1� af1Þ � A1f g
�4 � ð1�af1Þ�RCQ1

Vt
� N1 þ 4 � ð1�af1Þ�RCQ1�N2

Vt
� w1 þA2

1

A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ N2
3 � RCQ1

Vt

h i2
�2 � N3 � N4 � RCQ1

Vt

h i2
�w1 þN2

4 � RCQ1

Vt

h i2
�w2

1 þN3 � 2�RCQ1

Vt � f2 � ð1� af1Þ � A1g
�N4 � 2�RCQ1

Vt � 2 � ð1� af1Þ � A1f g � w1 � 4 � ð1�af1Þ�RCQ1

Vt
� N1 þ 4 � ð1�af1Þ�RCQ1�N2

Vt
� w1 þA2

1

A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ N2
4 � RCQ1

Vt

h i2
�w2

1 þw1 � �2 � N3 � N4 � RCQ1

Vt

h i2
�N4 � 2�RCQ1

Vt � 2 � ð1� af1Þ � A1f gþ 4 � ð1�af1Þ�RCQ1�N2

Vt

� �

þN2
3 � RCQ1

Vt

h i2
þN3 � 2�RCQ1

Vt � 2 � ð1� af1Þ � A1f g � 4 � ð1�af1Þ�RCQ1

Vt
� N1þA2

1

For simplicity we define the following global parameters:

D1 ¼ N2
4 �

RCQ1

Vt

� �2
;

D2 ¼ �2 � N3 � N4 � RCQ1

Vt

� �2
�N4 � 2 � RCQ1

Vt
� 2 � ð1� af1Þ � A1f g

þ 4 � ð1� af1Þ � RCQ1 � N2

Vt

D3 ¼ N2
3 �

RCQ1

Vt

� �2
þN3 � 2 � RCQ1

Vt
� 2 � ð1� af1Þ � A1f g � 4 � ð1� af1Þ � RCQ1

Vt
� N1 þA2

1

A1 � RCQ1

Vt
� n2

� �2

�4 � ð1� af1Þ
Vt

� ½n1 � n2� � RCQ1 ¼ D1 � w2
1 þD2 � w1 þD3;

D1 ¼ N2
4 �

RCQ1

Vt

� �2
[ 0

We are using completing the square rule: A � x2 þB � x ¼ x � ffiffiffi
A

p þ B
2� ffiffiffiAp

� �2
� B2

4�A
For our case: D1 � w2

1 þD2 � w1; A ¼ D1; B ¼ D2; x ¼ w1

D1 � w2
1 þD2 � w1 ¼ w1 �

ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

� D2
2

4 � D1
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A1 � RCQ1

Vt
� n2

� �2

�4 � ð1� af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ D1 � w2
1 þD2 � w1 þD3 ¼ w1 �

ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

� D2
2

4 � D1
þD3

For simplicity we choose circuit parameters constrain (first request):

� D2
2

4 � D1
þD3 ! e80\e � 1

w1 �
ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

� D2
2

4 � D1
þD3 � w1 �

ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

Finally, we can state that

A1 � RCQ1

Vt
� n2

� �2

�4 � ð1� af1Þ
Vt

� ½n1 � n2� � RCQ1 ’ w1 �
ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

V#;##
CEQ1 ¼

�A1 þ RCQ1

Vt � n2 � w1 �
ffiffiffiffiffiffi
D1

p þ D2

2� ffiffiffiffiD1
p

� �
2 � ð1�af1Þ

Vt

; n2 ¼ N3 � N4 � w1

V#;##
CEQ1 ¼

�A1 þ RCQ1

Vt � N3 � RCQ1

Vt � N4 � w1 � w1 �
ffiffiffiffiffiffi
D1

p þ D2

2� ffiffiffiffiD1
p

� �
2 � ð1�af1Þ

Vt

We get possible two expressions for VCEQ1 � v#1 ¼ V#
CEQ1 ¼ V ðþ Þ

CEQ1; v
##
1 ¼

V##
CEQ1 ¼ V ð�Þ

CEQ1

V#
CEQ1 ¼

�A1 þ RCQ1

Vt � N3 þ D2

2� ffiffiffiffiD1
p þw1 �

ffiffiffiffiffiffi
D1

p � RCQ1

Vt � N4

n o
2 � ð1�af1Þ

Vt

V#
CEQ1 ¼

RCQ1

Vt
� N3 þ D2

2 � ffiffiffiffiffiffi
D1

p � A1

� �
� Vt

2 � ð1� af1Þ
þw1 �

ffiffiffiffiffiffi
D1

p
� RCQ1

Vt
� N4

� �
� Vt

2 � ð1� af1Þ

Since
ffiffiffiffiffiffi
D1

p � RCQ1

Vt � N4

n o



D1¼N2

4�
RCQ1
Vt

� �2¼ 0 ) V#
CEQ1 ¼ RCQ1

Vt � N3 þ D2

2� ffiffiffiffiD1
p � A1

h i
� Vt
2�ð1�af1Þ
Our above result for V#

CEQ1 does not fulfill our demand for v1 differential

equation v1 ¼ �C1 � _X þC2 � C2
1 � _X2 � C3 � C5 � C1 � X3 � _X � C4 � X4 þC5 � X3.
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V##
CEQ1 ¼

�A1 þ RCQ1

Vt � N3 � D2

2� ffiffiffiffiD1
p � w1 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
2 � ð1�af1Þ

Vt

V##
CEQ1 ¼ �A1 þ RCQ1

Vt
� N3 � D2

2 � ffiffiffiffiffiffi
D1

p
� �

� Vt

2 � ð1� af1Þ
� w1 �

RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ

The second request we need to fulfill and get VCEQ1 ¼ ½�� ¼ v1 differential
equation shape:

�A1 þ RCQ1

Vt
� N3 � D2

2 � ffiffiffiffiffiffi
D1

p
� �

� Vt

2 � ð1� af1Þ ! e 8 0\e � 1

V##
CEQ1 � �w1 �

RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ ;
RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �

� Vt

2 � ð1� af1Þ\0 ð!!Þ

RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ\0 ) RCQ1

Vt
� N4

\�
ffiffiffiffiffiffi
D1

p
) N4\� Vt � ffiffiffiffiffiffi

D1
p

RCQ1
;
Vt � ffiffiffiffiffiffi

D1
p

RCQ1
[ 0

But N4 ¼ k1 � g1 � af1 is positive number so we need to fulfill the following:

w1 ¼
�C1 � _VX

R1
þ C2

1 � C2 � ½ _VX �2
R2

� C1 � C3 � C5 � V3
X � _VX

R3

� C4 � V4
X

R4
þ C5 � V3

X

R5

�w1 ¼
C1 � _VX

R1
� C2

1 � C2 � ½ _VX �2
R2

þ C1 � C3 � C5 � V3
X � _VX

R3

þ C4 � V4
X

R4
� C5 � V3

X

R5

V##
CEQ1 � �w1 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ; By choosing C1 < 0, C2 < 0,

C3 < 0, C5 < 0, and C4 < 0 we get our v1 differential equation.

VX � X;V##
CEQ1 � v1;

1
Ri

� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ ¼ 18i ¼ 1; . . .; 5

v1 ¼ �C1 � _XþC2 � C2
1 � _X2 � C3 � C5 � C1 � X3 � _X � C4 � X4 þC5 � X3

The next step is to find our [**] circuit expression (VCEQ2).
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VCEQ2 ’ Vt � ln ar2 � ICQ2 � IEQ2ð Þþ Ise � ðar2 � af2 � 1Þ
ICQ2 � IEQ2 � af2ð Þþ Isc � ðar2 � af2 � 1Þ

� �
; IEQ2 ¼ k2 � ID2 þ ICQ2

¼ k2 � g2 � w2 þ ICQ2

ar2 � ICQ2 � IEQ2 ¼ ar2 � ICQ2 � ½k2 � g2 � w2 þ ICQ2� ¼ ½ar2 � 1� � ICQ2 � k2 � g2 � w2

ICQ2 � IEQ2 � af2 ¼ ICQ2 � ½k2 � g2 � w2 þ ICQ2� � af2
¼ ICQ2 � ½1� af2� � k2 � g2 � af2 � w2

ICQ2 ¼ VDD2 � VCEQ2

RCQ2
) ar2 � ICQ2 � IEQ2

¼ ½ar2 � 1� � VDD2 � VCEQ2

RCQ2

� �
� k2 � g2 � w2

ICQ2 ¼ VDD2 � VCEQ2

RCQ2
) ICQ2 � IEQ2 � af2

¼ VDD2 � VCEQ2

RCQ2

� �
� ½1� af2� � k2 � g2 � af2 � w2

VCEQ2 ’ Vt � ln
½ar2 � 1� � VDD2�VCEQ2

RCQ2

h i
� k2 � g2 � w2 þ Ise � ðar2 � af2 � 1Þ

VDD2�VCEQ2

RCQ2

h i
� ½1� af2� � k2 � g2 � af2 � w2 þ Isc � ðar2 � af2 � 1Þ

2
4

3
5

VCEQ2 ’ Vt � ln
½ar2 � 1� � VDD2�VCEQ2

RCQ2

h i
þ Ise � ðar2 � af2 � 1Þ � k2 � g2 � w2

VDD2�VCEQ2

RCQ2

h i
� ½1� af2� þ Isc � ðar2 � af2 � 1Þ � k2 � g2 � af2 � w2

2
4

3
5

For simplicity we define the following functions:

n3 ¼ n3ðVDD2; k2; g2;w2; . . .Þ
¼ ½ar2 � 1� � VDD2

RCQ2
þ Ise � ðar2 � af2 � 1Þ � k2 � g2 � w2

n4 ¼ n4ðVDD2; k2; g2;w2; . . .Þ
¼ VDD2

RCQ2
� ½1� af2� þ Isc � ðar2 � af2 � 1Þ � k2 � g2 � af2 � w2

VCEQ2 ’ Vt � ln
VCEQ2 � ð1�ar2Þ

RCQ2
þ n3

�VCEQ2 � ð1�af2Þ
RCQ2

þ n4

2
4

3
5) e½

VCEQ2
Vt � ¼

VCEQ2 � ð1�ar2Þ
RCQ2

þ n3

�VCEQ2 � ð1�af2Þ
RCQ2

þ n4

2
4

3
5
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e
VCEQ2

Vt

� �
� VCEQ2

Vt
þ 1 ) VCEQ2

Vt
þ 1 �

VCEQ2 � ð1�ar2Þ
RCQ2

þ n3

�VCEQ2 � ð1�af2Þ
RCQ2

þ n4

2
4

3
5

) VCEQ2

Vt
þ 1 � VCEQ2 � ð1� ar2Þþ n3 � RCQ2

�VCEQ2 � ð1� af2Þþ n4 � RCQ2

VCEQ2

Vt
þ 1

� �
� �VCEQ2 � ð1� af2½ Þ þ n4 � RCQ2� ¼ VCEQ2 � ð1� ar2Þþ n3 � RCQ2

� V2
CEQ2 � ð1� af2Þ

Vt
þ VCEQ2 � RCQ2

Vt
� n4 � VCEQ2 � ð1� af2Þþ n4 � RCQ2

¼ VCEQ2 � ð1� ar2Þþ n3 � RCQ2

� V2
CEQ2 � ð1� af2Þ

Vt
þ VCEQ2 � RCQ2

Vt
� n4 � VCEQ2 � ð1� af2Þ � VCEQ2 � ð1� ar2Þ

þ n4 � RCQ2 � n3 � RCQ2 ¼ 0

� V2
CEQ2 � ð1� af2Þ

Vt
þVCEQ2 � RCQ2

Vt
� n4 � ð1� af2Þ � ð1� ar2Þ

� �
þ ½n4 � n3� � RCQ2 ¼ 0

V2
CEQ2 � ð1� af2Þ

Vt
þVCEQ2 � RCQ2

Vt
� n4 þð1� af2Þþ ð1� ar2Þ

� �
þ ½n3 � n4� � RCQ2 ¼ 0

V2
CEQ2 � ð1� af2Þ

Vt
þVCEQ2 � �RCQ2

Vt
� n4 þ 2� af2 � ar2

� �
þ ½n3 � n4� � RCQ2 ¼ 0

We define for simplicity new parameter A2, when

A2 ¼ 2� af2 � ar2 & 1\af2 þ ar2\2 ) 1[A2 [ 0

V2
CEQ2 � ð1� af2Þ

Vt
þVCEQ2 � A2 � RCQ2

Vt
� n4

� �
þ ½n3 � n4� � RCQ2 ¼ 0

V#;##
CEQ2 ¼

�A2 þ RCQ2

Vt � n4 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

r
2 � ð1�af2Þ

Vt
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A2 � RCQ2

Vt
� n4

� �2

�4 � ð1� af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ n24 �
RCQ2

Vt

� �2
�2 � A2 � RCQ2

Vt
� n4 þA2

2

� 4 � ð1� af2Þ � RCQ2

Vt
� n3 þ 4 � ð1� af2Þ � RCQ2

Vt
� n4

A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ n24 � ½
RCQ2

Vt
�2 þ n4 � �2 � A2 � RCQ2

Vt
þ 4 � ð1� af2Þ � RCQ2

Vt

� �

�4 � ð1� af2Þ � RCQ2

Vt
� n3 þA2

2

For simplicity we define the following functions:

n3 ¼ n3ðVDD2; k2; g2;w2; . . .Þ
¼ ½ar2 � 1� � VDD2

RCQ2
þ Ise � ðar2 � af2 � 1Þ � k2 � g2 � w2

N5 ¼ ½ar2 � 1� � VDD2

RCQ2
þ Ise � ðar2 � af2 � 1Þ;N6 ¼ k2 � g2 ) n3 ¼ N5 � N6 � w2

n4 ¼ n4 VDD2; k2; g2;w2; . . .ð Þ
¼ VDD2

RCQ2
� ½1� af2� þ Isc � ðar2 � af2 � 1Þ � k2 � g2 � af2 � w2

N7 ¼ VDD2

RCQ2
� ½1� af2� þ Isc � ðar2 � af2 � 1Þ;N8 ¼ k2 � g2 � af2 ) n4

¼ N7 � N8 � w2

A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ ½N7 � N8 � w2�2 � ½RCQ2

Vt �2 þ ½N7 � N8 � w2� � �2 � A2 � RCQ2

Vt þ 4 � ð1�af2Þ�RCQ2

Vt

n o
�4 � ð1�af2Þ�RCQ2

Vt
� ½N5 � N6 � w2� þA2

2
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A2 � RCQ2

Vt
� n4

� �2

�4 � ð1� af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ N2
7 � 2 � N7 � N8 � w2 þN2

8 � w2
2

� 	 � RCQ2

Vt

� �2
þ ½N7 � N8 � w2�

� 2 � RCQ2

Vt
� 2 � ð1� af2Þ � A2f g

� 4 � ð1� af2Þ � RCQ2

Vt
� N5 þ 4 � ð1� af2Þ � RCQ2 � N6

Vt
� w2 þA2

2

A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ N2
7 � ½RCQ2

Vt �2 � 2 � N7 � N8 � RCQ2

Vt

h i2
�w2 þN2

8 � RCQ2

Vt

h i2
�w2

2

þN7 � 2�RCQ2

Vt � 2 � ð1� af2Þ � A2f g � N8 � 2�RCQ2

Vt � 2 � ð1� af2Þ � A2f g � w2

�4 � ð1�af2Þ�RCQ2

Vt
� N5 þ 4 � ð1�af2Þ�RCQ2�N6

Vt
� w2 þA2

2

A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ N2
8 � RCQ2

Vt

h i2
�w2

2 þw2 � �2 � N7 � N8 � RCQ2

Vt

h i2
�N8 � 2�RCQ2

Vt � 2 � ð1� af2Þ � A2f g
�

þ 4 � ð1� af2Þ � RCQ2 � N6

Vt

�
þN7 � 2 � RCQ2

Vt
� 2 � ð1� af2Þ � A2f g � 4 � ð1� af2Þ � RCQ2

Vt
� N5

þA2
2 þN2

7 �
RCQ2

Vt

� �2

For simplicity we define the following global parameters:

D4 ¼ N2
8 �

RCQ2

Vt

� �2
;D5 ¼ �2 � N7 � N8 � RCQ2

Vt

� �2
�N8 � 2 � RCQ2

Vt
� 2 � ð1� af2Þ � A2f g

þ 4 � ð1� af2Þ � RCQ2 � N6

Vt

D6 ¼ N7 � 2 � RCQ2

Vt
� 2 � ð1� af2Þ � A2f g � 4 � ð1� af2Þ � RCQ2

Vt
� N5 þA2

2 þN2
7 �

RCQ2

Vt

� �2

A2 � RCQ2

Vt
� n4

� �2

�4 � ð1� af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ D4 � w2
2 þD5 � w2 þD6;D4 ¼ N2

8 �
RCQ2

Vt

� �2
[ 0

We are using completing the square rule: A � x2 þB � x ¼ x � ffiffiffi
A

p þ B
2� ffiffiffiAp

� �2
� B2

4�A
For our case: D4 � w2

2 þD5 � w2; A ¼ D4; B ¼ D5; x ¼ w2
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D4 � w2
2 þD5 � w2 ¼ w2 �

ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

� D2
5

4 � D4

A2 � RCQ2

Vt
� n4

� �2

�4 � ð1� af2Þ
Vt

� ½n3 � n4� � RCQ2 ¼ D4 � w2
2 þD5 � w2 þD6

¼ w2 �
ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

� D2
5

4 � D4
þD6

For simplicity we choose circuit parameters constrain (first request):

� D2
5

4 � D4
þD6 ! e80\e � 1

w2 �
ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

� D2
5

4 � D4
þD6 � w2 �

ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

Finally, we can state that

A2 � RCQ2

Vt
� n4

� �2

�4 � ð1� af2Þ
Vt

� ½n3 � n4� � RCQ2 ’ w2 �
ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

V#;##
CEQ2 ¼

�A2 þ RCQ2

Vt � n4 � w2 �
ffiffiffiffiffiffi
D4

p þ D5

2� ffiffiffiffiD4
p

� �
2 � ð1�af2Þ

Vt

; n4 ¼ N7 � N8 � w2

V#;##
CEQ2 ¼

�A2 þ RCQ2

Vt � N7 � RCQ2

Vt � N8 � w2 � w2 �
ffiffiffiffiffiffi
D4

p þ D5

2� ffiffiffiffiD4
p

� �
2 � ð1�af2Þ

Vt

We get possible two expressions for VCEQ1 � v#2 ¼ V#
CEQ2 ¼ V ðþ Þ

CEQ2;

v##
2 ¼ V##

CEQ2 ¼ V ð�Þ
CEQ2

V#
CEQ2 ¼

�A2 þ RCQ2

Vt � N7 þ D5

2� ffiffiffiffiD4
p þw2 �

ffiffiffiffiffiffi
D4

p � RCQ2

Vt � N8

n o
2 � ð1�af2Þ

Vt

V#
CEQ2 ¼

RCQ2

Vt
� N7 þ D5

2 � ffiffiffiffiffiffi
D4

p � A2

� �
� Vt

2 � ð1� af2Þ
þw2 �

ffiffiffiffiffiffi
D4

p
� RCQ2

Vt
� N8

� �
� Vt

2 � ð1� af2Þ
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Since
ffiffiffiffiffiffi
D4

p � RCQ2

Vt � N8

n o



D4¼N2

8�
RCQ2
Vt

� �2¼ 0 ) V#
CEQ2 ¼ RCQ2

Vt � N7 þ D5

2� ffiffiffiffiD4
p � A2

h i
�

Vt
2�ð1�af2Þ

Our above result for V#
CEQ2 do not fulfill our demand for v2 differential equation

v2 ¼ X1 � X2 � €X � X1 � _X.

V##
CEQ2 ¼

�A2 þ RCQ2

Vt � N7 � D5

2� ffiffiffiffiD4
p � w2 � RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
2 � ð1�af2Þ

Vt

V##
CEQ2 ¼ �A2 þ RCQ2

Vt
� N7 � D5

2 � ffiffiffiffiffiffi
D4

p
� �

� Vt

2 � ð1� af2Þ
� w2 �

RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ

V##
CEQ2 � �w2 �

RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ ;
RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ\0 !!ð Þ

RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ\0 ) RCQ2

Vt
� N8\�

ffiffiffiffiffiffi
D4

p

) N8\� Vt � ffiffiffiffiffiffi
D4

p
RCQ2

;
Vt � ffiffiffiffiffiffi

D4
p

RCQ2
[ 0

But N8 ¼ k2 � g2 � af2 is positive number so we need to fulfill the following:

w2 ¼
X1 � X2 � €VX

R6
� X1 � _VX

R7
) �w2 ¼ �X1 � X2 � €VX

R6
þ X1 � _VX

R7

V##
CEQ2 � �w2 � RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
� Vt
2�ð1�af2Þ; By choosing X1\0;X2 [ 0

We get our v2 differential equation v2 ¼ X1 � X2 � €X � X1 � _X

VX � X;V##
CEQ2 � v2;

1
Ri

RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ ¼ 1 8 i ¼ 6; 7

We can summarize our results for v#;##
1 ¼ V#;##

CEQ1 ¼ V ðþ =�Þ
CEQ1 in Table 3.4.

We get some results for our Hopf–Hopf bifurcation system parameters:
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A ¼ � C1

2 � R1 �
RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ ;

A= � C5

R5
� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ )

C1

2 � R1 ¼ C5

R5
;�C4

R4
� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ ¼ 1 ) C4

¼ � 2 � ð1� af1Þ � R4
RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt

Table 3.4 Summary results for v#;##
1 ¼ V#;##

CEQ1 ¼ V ðþ =�Þ
CEQ1

Hopf–Hopf bifurcation system v1
expression which related to X variable

Hopf–Hopf bifurcation optoisolation circuit
VCEQ1 expression which related to VX variable

v1ðX; dXdt Þ ¼ 2 � dX
dt

h i2
�A � 2 � dXdt

� dX
dt � X3 þA � X3 � X4

V##
CEQ1 � �w1 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ

w1ð _VX ;V2
X ;V

3
XÞ ¼ �C1 � _VX

R1 þ C2
1 �C2 �½ _VX �2

R2

� C1 �C3 �C5 �V3
X � _VX

R3 � C4 �V4
X

R4 þ C5 �V3
X

R5

�w1ð _VX ;V2
X ;V

3
XÞ ¼ C1 � _VX

R1 � C2
1 �C2 �½ _VX �2

R2

þ C1 �C3 �C5 �V3
X � _VX

R3 þ C4 �V4
X

R4 � C5 �V3
X

R5

Results Hopf–Hopf bifurcation system
block diagram:
v1 ¼ �C1 � _X þC2 � C2

1 � _X2

�C3 � C5 � C1 � X3 � _X � C4 � X4 þC5 � X3

C1 ¼ 2 � A;C2 ¼ 2

C2
1

¼ 2
4 � A2 ¼

1
2 � A2

C5 ¼ A;C3 ¼ 1
C5 � C1

¼ 1
2 � A2 ;C4 ¼ 1

Circuit parameters constrain: 0\e � 1

� D2
2

4�D1
þD3 ! e80\e � 1

VX � X;V##
CEQ1 � v1

1
Ri � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ ¼ 18i ¼ 1; . . .; 5

V##
CEQ1 � C1 � _VX

R1 � C2
1 �C2 �½ _VX �2

R2

n
þ C1 �C3 �C5 �V3

X � _VX

R3 þ C4 �V4
X

R4 � C5 �V3
X

R5

o
� RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ

2 � C2
1 �C2

R2
� RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ

−2 � A C1
R1 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ

−1 C1 �C3 �C5
R3 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ

A � C5
R5 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ

−1 C4
R4 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt
2�ð1�af1Þ
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�C2
1 � C2

R2
� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ ¼ 2 ) C2
1 � C2

¼ � 4 � ð1� af1Þ � R2

RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt

�C1 � C3 � C5

R3
� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ ¼ 1 ) C1 � C3 � C5

¼ � 2 � ð1� af1Þ � R3
RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt

C1

2 � R1 ¼ C5

R5
) C1 ¼ 2 � R1

R5
� C5 ) C2

5 � C3 ¼ � ð1� af1Þ � R3 � R5
R1 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt

We can summarize our results for v#;##
2 ¼ V#;##

CEQ2 ¼ V ðþ =�Þ
CEQ2 in Table 3.5.

We get some results for our Hopf–Hopf bifurcation system parameters:

� X1 � X2

R6
� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ ¼ 1

) X1 � X2 ¼ � 2 � ð1� af2Þ � R6
RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
� Vt

B ¼ �X1

R7
� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ � 1;X1

¼ �ðBþ 1Þ � 2 � ð1� af2Þ � R7
RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
� Vt

X2 ¼ � 1
X1

� 2 � ð1� af2Þ � R6
RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
t
�Vt

¼ R6
ðBþ 1Þ � R7

3.5 Neimark–Sacker (Torus) Bifurcation System

We have a discrete time dynamical system depending on a parameter
x ! f ðx; aÞ; x 2 R

n; a 2 R
1. Where, the map f is smooth respect to both x and a. We

can write this system as ~x ¼ f ðx; aÞ;~x; x 2 R
n; a 2 R

1 where ~x denotes the image of
x under the action of the map. Let x = x0 be a hyperbolic fixed point of the system
for a = a0. We monitor this fixed point and its multipliers while the parameter varies.
There are three ways in which the hyperbolicity condition can be violated. The first:
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a simple positive multiplier approaches the unit cycle l1 = 1, the second: a simple
negative multiplier approaches the unit circle l1 = −1, the third: a pair of simple
complex multipliers reaches the unit circle l1,2 = e0

±i � h, 0 < h0 < p for some value
of parameter. The bifurcation corresponding to the presence of l1,2 = e0

±i � h,
0 < h0 < p is called a Neimark–Sacker (or torus) bifurcation. The fold and flip
bifurcations are possible if n � 1, but for the Neimark–Sacker bifurcation n � 2.
Neimark–Sacker bifurcation is the birth of a closed invariant curve from a fixed point
in dynamical systems with discrete time (iterated maps), when the fixed point
changes stability via a pair of complex eigenvalues with unit modules. The bifur-
cation can be supercritical or subcritical, resulting in a stable or unstable within an
invariant two-dimensional manifold closed invariant curve, respectively. The bi-
furcation generates an invariant two-dimensional torus in the corresponding ODE.
We consider again a map x ! f ðx; aÞ; x 2 R

n; a 2 R
1 where f is smooth. Suppose

that for all sufficiently small |a| the system has a family of fixed points x0(a). The
Jacobian matrix A(a) = fx(x

0(a), a) has one pair of complex eigenvalues k1;2ðaÞ ¼
rðaÞ � e�i�hðaÞ on the unit circle when a = 0, i.e., r(0) = 1 and 0 < h(0) < p. As a
passes through a = 0, the fixed point changes stability and a unique closed invariant
curve bifurcates from it. This bifurcation is characterized by a single bifurcation
condition |k1,2| = 1 has co-dimension one and appears generically in one parameter
families of smooth map. For the two-dimensional case, we consider the map with

n = 2,
x1
x2

� �
! f ðx1; x2; aÞ

f ðx1; x2; aÞ
� �

. If the nondegeneracy hold: (NS.1) e0
i � k � h 6¼ 1 for

k = 1, 2, 3, 4, where h0 = h(0) which is no strong resonances, (NS.2) r′(0) 6¼ 0 then

Table 3.5 Summary results for v#;##
2 ¼ V#;##

CEQ2 ¼ V ðþ =�Þ
CEQ2

Hopf–Hopf bifurcation system v2
expression which related to X variable

Hopf–Hopf bifurcation optoisolation circuit VCEQ2

expression which related to VX variable

v2
d2X
dt2 ;

dX
dt

� �
¼ d2X

dt2 � dX
dt � ðBþ 1Þ V##

CEQ2 � �w2 � RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
� Vt
2�ð1�af2Þ

w2ð€VX ; _VXÞ ¼ X1 �X2 �€VX
R6 � X1 � _VX

R7

�w2ð€VX ; _VXÞ ¼ � X1 �X2 �€VX
R6 þ X1 � _VX

R7

Results Hopf–Hopf bifurcation system
block diagram:
v2 ¼ X1 � X2 � €X � X1 � _X;X1 � X2 ¼ 1

X1 ¼ Bþ 1 ) X2 ¼ 1
Bþ 1

Circuit parameters constrains: 0\e � 1

� D2
5

4�D4
þD6 ! e80\e � 1

VX � X;V##
CEQ2 � v2

1
Ri

RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
� Vt
2�ð1�af2Þ 8i ¼ 6; 7

V##
CEQ2 � � X1 �X2 �€VX

R6 þ X1 � _VX
R7

n o
� RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
� Vt
2�ð1�af2Þ

1 � X1 �X2
R6 � RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
� Vt
2�ð1�af2Þ

�ðBþ 1Þ X1
R7 � RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
� Vt
2�ð1�af2Þ
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this map is locally conjugate near the fixed point to the normal form, and can be
written using a complex coordinate z ¼ y1 þ i � y2 as z ! ð1þ bÞ � eihðbÞ � zþ cðbÞ �
z � zj j2 þOð zj j4Þ where y ¼ ðy1; y2ÞT 2 R

2 and b 2 R is the new parameter [5–9].
(NS.3) dð0Þ ¼ Re½e�i�h0 � cð0Þ� 6¼ 0, where d(0) is the first Lyapunov coefficient

then if d(0) < 0 the normal form has a fixed point at the origin, which is asymp-
totically stable for b  0, weakly at b = 0, and unstable for b > 0. There is a
unique and stable closed invariant curve that exists for b > 0 and has a ra-
diusOð ffiffiffi

b
p Þ. This is a supercritical Neimark–Sacker bifurcation. When the

Neimark–Sacker bifurcation occurs in the Poincare map of a limit cycle in ODE, the
fixed point corresponding to the limit cycle has a pair of simple eigenvalues
l1,2 = e0

±i � h, 0 < h0 < p and all the formulated generality conditions hold.
A unique two-dimensional invariant torus bifurcates from the cycle, while it
changes stability. The intersection of the torus with the Poincare section corre-
sponds to the closed invariant curve. The torus bifurcation is sometimes called the
secondary Hopf bifurcation. The torus bifurcation can occur near the Fold-Hopf
bifurcation and is always present near the Hopf Hopf bifurcation of equilibrium in
ODEs. In a torus bifurcation, a spiral limit cycle reverses its stability and spawns a
zero-amplitude torus in its immediate neighborhood, to which trajectories in the
system are asymptotically attracted or repelled. The amplitude of the torus grows as
the bifurcation parameter is pushed further beyond the bifurcation point. One starts
off with a stable spiral limit cycle, whose Floquet multipliers are therefore a
complex conjugate pair lying within the unit circle. Beyond the bifurcation point,
the trajectories in the system are now asymptotically attracted to orbits on the
two-dimensional surface of a torus. These orbits can be either periodic or
quasiperiodic. Note that the original limit cycle still exists, but that it has become an
unstable spiral cycle, with a complex conjugate pair of Floquet multipliers now
lying outside of the unit circle. A torus bifurcation thus occurs when a complex
conjugate pair of Floquet multipliers crosses the unit circle. At a torus bifurcation a
pair of complex conjugate Floquet multipliers goes through the unit circle. The
torus bifurcation of the orbit corresponds to a Hopf bifurcation in the map, which
converts the stable spiral fixed point of the map into an unstable spiral point,
spawning an invariant circle in its neighborhood. This invariant circle corresponds
to the piercing of the Poincare plane of section by a quasiperiodic orbit lying in the
surface of the torus that asymptotically visits all points on the circle. Because of its
association with a Hopf bifurcation on the return map, the torus bifurcation is also
called a Hopf bifurcation of periodic orbits or a secondary Hopf bifurcation. It is
also referred to as the Hopf–Neimark or Neimark bifurcation. A limit cycle is stable
if all of its nontrivial Floquet multipliers lie within the unit circle. If a parameter is
gradually changed, the limit cycle can lose its stability in a “local” bifurcation if and
only if one or more of these multipliers crosses through the unit cycle. This can
happened in one of three generic ways as a single bifurcation parameter is changed:
A single real multiplier goes through +1 (saddle–node bifurcation); a single real
multiplier goes through -1 (period-doubling bifurcation); or a pair of complex
conjugate multipliers crosses through the unit circle (torus bifurcation). There are
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other nonlocal bifurcations in which limit cycles can be created or destroyed. One
of these “global” bifurcations: the homoclinic bifurcation. Floquet theory is the
study of the stability of linear periodic systems in continuous time. Floquet
exponents/multipliers are analogous to the eigenvalues of Jacobian matrices of
equilibrium points.

We consider the following model of an autonomous system, where X, Y, and
Z are state variables and C1,…,C6 are parameters [36, 38, 39].

dX
dt

¼ �ðC1 þC3Þ � XþC1 � Y � C5 � X3 þC6 � ðY � XÞ3
h i

=C4

dY
dt

¼ C1 � X � ðC1 þC2Þ � Y � Z � C6 � ðY � XÞ3; dZ
dt

¼ Y

To find our system fixed points we set dXdt ¼ 0; dYdt ¼ 0; dZdt ¼ 0
dZ
dt ¼ 0 ) Y ðiÞ ¼ 0; i ¼ 0; 1; 2 and we get two equations:

dX
dt ¼ 0& Y ðiÞ ¼ 0 ) ½�ðC1 þC3Þ � X � C5 � X3 � C6 � X3�=C4 ¼ 0

C4 6¼ 0 ) �X � C1 þC3 þX2 � ðC5 þC6Þ
� 	 ¼ 0 ) Xð0Þ ¼ 0

Y ðiÞ ¼ 0&Xð0Þ ¼ 0 ) Zð0Þ ¼ 0; Eð0Þ ¼ ðXð0Þ; Y ð0Þ; Zð0ÞÞ ¼ ð0; 0; 0Þ

C1 þC3 þ ½Xð1;2Þ�2 � ðC5 þC6Þ ¼ 0 ) ½Xð1;2Þ�2

¼ �ðC1 þC3Þ
C5 þC6

) Xð1;2Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r

dY
dt

¼ 0 ) C1 � Xð1;2Þ � Zð1;2Þ þC6 � Xð1;2Þ
h i3

¼ 0 ) Zð1;2Þ

¼ C1 � Xð1;2Þ þC6 � Xð1;2Þ
h i3

) Zð1;2Þ ¼ Xð1;2Þ � C1 þC6 � ½Xð1;2Þ�2
n o

Zð1;2Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r
� C1 � C6 � C1 þC3

C5 þC6

� �� �
:

We can summarize our system three fixed points.

Eð0Þ ¼ ðXð0Þ; Y ð0Þ; Zð0ÞÞ ¼ ð0; 0; 0Þ

Eð1Þ ¼ ðXð1Þ; Y ð1Þ; Zð1ÞÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r
; 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r
� C1 � C6 � C1 þC3

C5 þC6

� �� �� �
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Eð2Þ ¼ ðXð2Þ; Y ð2Þ; Zð2ÞÞ
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r
; 0;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r
� C1 � C6 � C1 þC3

C5 þC6

� �� �� �

We define our system in the following way:

dX
dt

¼ f1ðX; Y ; ZÞ ¼ �ðC1 þC3Þ � XþC1 � Y � C5 � X3 þC6 � ðY � XÞ3
h i

=C4

dY
dt

¼ f2ðX; Y ; ZÞ ¼ C1 � X � ðC1 þC2Þ � Y � Z � C6 � ðY � XÞ3; dZ
dt

¼ f3ðX; Y ; ZÞ
¼ Y

The next step is to find matrix A called the jacobian matrix at fixed point

A ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA; For simplicity we define the following new parameters.

C13 ¼ C1 þC3;C12 ¼ C1 þC2;

@f1
@X

¼ � 1
C4

� C13 þ 3 � C5 � X2 þ 3 � C6 � ðY � XÞ2
h i

@f1
@Y

¼ 1
C4

� C1 þ 3 � C6 � ðY � XÞ2
h i

;
@f1
@Z

¼ 0;
@f2
@X

¼ C1 þ 3 � C6 � ðY � XÞ2

@f2
@Y

¼ �C12 � 3C6 � ðY � XÞ2 ¼ � C12 þ 3C6 � ðY � XÞ2
n o

;

@f2
@Z

¼ �1;
@f3
@X

¼ 0;
@f3
@Y

¼ 1;
@f3
@Z

¼ 0

We need to find the Jacobian matrix for the first fixed point:

Eð0Þ ¼ ðXð0Þ; Y ð0Þ; Zð0ÞÞ ¼ ð0; 0; 0Þ

@f1
@X






Eð0Þ¼ð0;0;0Þ

¼ �C13

C4
¼ �ðC1 þC3Þ

C4
;
@f1
@Y






Eð0Þ¼ð0;0;0Þ

¼ C1

C4
;
@f1
@Z






Eð0Þ¼ð0;0;0Þ

¼ 0

@f2
@X






Eð0Þ¼ð0;0;0Þ

¼ C1;
@f2
@Y






Eð0Þ¼ð0;0;0Þ

¼ �C12 ¼ �ðC1 þC2Þ; @f2
@Z






Eð0Þ¼ð0;0;0Þ

¼ �1

@f3
@X






Eð0Þ¼ð0;0;0Þ

¼ 0;
@f3
@Y






Eð0Þ¼ð0;0;0Þ

¼ 1;
@f3
@Z






Eð0Þ¼ð0;0;0Þ

¼ 0
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AjEð0Þ¼ð0;0;0Þ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA








Eð0Þ¼ð0;0;0Þ

¼
@f1
@X




Eð0Þ¼ð0;0;0Þ

@f1
@Y




Eð0Þ¼ð0;0;0Þ

@f1
@Z




Eð0Þ¼ð0;0;0Þ

@f2
@X




Eð0Þ¼ð0;0;0Þ

@f2
@Y




Eð0Þ¼ð0;0;0Þ

@f2
@Z




Eð0Þ¼ð0;0;0Þ

@f3
@X




Eð0Þ¼ð0;0;0Þ

@f3
@Y




Eð0Þ¼ð0;0;0Þ

@f3
@Z




Eð0Þ¼ð0;0;0Þ

0
BB@

1
CCA

AjEð0Þ¼ð0;0;0Þ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA








Eð0Þ¼ð0;0;0Þ

¼
� ðC1 þC3Þ

C4

C1
C4

0
C1 �ðC1 þC2Þ �1
0 1 0

0
@

1
A

The eigenvalues of a matrix A are given by the characteristic equation det
(A − k � I), where I is the identity matrix.

AjEð0Þ¼ð0;0;0Þ�k � I ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA








Eð0Þ¼ð0;0;0Þ

�k � I

¼
� ðC1 þC3Þ

C4
� k C1

C4
0

C1 �ðC1 þC2Þ � k �1
0 1 �k

0
@

1
A

det AjEð0Þ¼ð0;0;0Þ�k � I
n o

¼ � ðC1 þC3Þ
C4

þ k

� �
� �ðC1 þC2Þ � k �1

1 �k

� �
� C1

C4

� C1 �1
0 �k

� �

det AjEð0Þ¼ð0;0;0Þ�k � I
n o

¼ � ðC1 þC3Þ
C4

þ k

� �
� C1 þC2ð Þþ k½ � � kþ 1f gþ C2

1

C4
� k

det AjEð0Þ¼ð0;0;0Þ�k � I
n o

¼ � ðC1 þC3Þ
C4

þ k

� �
� ðC1 þC2Þ � kþ k2 þ 1
� 	þ C2

1

C4
� k

det AjEð0Þ¼ð0;0;0Þ�k � I
n o

¼ � ðC1 þC3Þ � ðC1 þC2Þ
C4

� kþ ðC1 þC3Þ
C4

� k2 þ ðC1 þC3Þ
C4

�

þðC1 þC2Þ � k2 þ k3 þ k
	þ C2

1

C4
� k
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det AjEð0Þ¼ð0;0;0Þ�k � I
n o

¼ � ðC1 þC3Þ � ðC1 þC2Þ
C4

� C2
1

C4
þ 1

� �
� k

�

þ ðC1 þC3Þ
C4

þC1 þC2

� �
� k2 þ ðC1 þC3Þ

C4
þ k3

�

det AjEð0Þ¼ð0;0;0Þ�k � I
n o

¼ � k3 þ ðC1 þC3Þ
C4

þC1 þC2

� �
� k2

�

þ ðC1 þC3Þ � ðC1 þC2Þ
C4

� C2
1

C4
þ 1

� �
� kþ ðC1 þC3Þ

C4

�

For simplicity we define three global parameter functions: n1, n2, n3

n1 ¼ n1ðC1;C2;C3;C4Þ; n2 ¼ n2ðC1;C2;C3;C4Þ; n3 ¼ n3ðC1;C2;C3;C4Þ

n1 ¼
ðC1 þC3Þ

C4
þC1 þC2; n2 ¼

ðC1 þC3Þ � ðC1 þC2Þ
C4

� C2
1

C4
þ 1; n3 ¼

ðC1 þC3Þ
C4

det AjEð0Þ¼ð0;0;0Þ�k � I
n o

¼ � k3 þ n1 � k2 þ n2 � kþ n3
� 	

; det AjEð0Þ¼ð0;0;0Þ�k � I
n o

¼ 0

) k3 þ n1 � k2 þ n2 � kþ n3 ¼ 0

We have cubic function of system eigenvalues. n1, n2, n3 are global parameters
coefficients and are real numbers. We distinguish several possible cases using the
discriminant [40–42].

D1 ¼ �4 � n31 � n3 þ n21 � n22 � 4 � n32 þ 18 �
Y3
i¼1

ni � 27 � n23

The following cases need to be considered and present in Table 3.6.
We need to find the Jacobian matrix for the second fixed point:

Table 3.6 Neimark–Sacker (Torus) bifurcation system, Δ1 possibilities and meanings

D1 > 0 D1 < 0 D1 = 0

The equation has three
distinct real roots. When k1,
k2, k3 < 0 stable node. k1, k2,
k3 > 0 unstable node. When
at least one eigenvalue is
positive then we have saddle
point

The equation has one real
root and a pair of complex
conjugate roots. We have
stable and unstable spiral

At least two roots coincide.
The system equation has a
double real root and another
distinct single real root;
alternatively, all three roots
coincide yielding a triple
roots
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Eð1Þ ¼ ðXð1Þ; Y ð1Þ; Zð1ÞÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� CþC3

C5 þC6

r
; 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r
� C1 � C6 � C1 þC3

C5 þC6

� �� �� �

½Xð1Þ�2 ¼ �C1 þC3

C5 þC6
;
@f1
@X






Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ

¼ � 1
C4

� C13 þ 3 � ½Xð1Þ�2 � ðC5 þC6Þ
h i

@f1
@X






Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ

¼ � 1
C4

� C13 � 3 � ðC1 þC3Þ
ðC5 þC6Þ � ðC5 þC6Þ

� �

¼ � 1
C4

� C13 � 3 � ðC1 þC3Þ½ �
@f1
@X






Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ

¼ � 1
C4

� C1 þC3 � 3 � ðC1 þC3Þ½ �

¼ 2
C4

� ½C1 þC3�

@f1
@Y






Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ

¼ 1
C4

� C1 þ 3 � C6 � ½Xð1Þ�2
h i

¼ 1
C4

� C1 � 3 � C6 � C1 þC3

C5 þC6

� �� �

@f1
@Z






Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ

¼ 0;
@f2
@X






Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ

¼ C1 þ 3 � C6 � ½Xð1Þ�2

¼ C1 � 3 � C6 � C1 þC3

C5 þC6

� �

@f2
@Y




Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ¼ � C12 þ 3 � C6 � ½Xð1Þ�2

n o
¼ � C12 � 3 � C6 � C1 þC3

C5 þC6

� �n o
@f2
@Z




Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ¼ �1; @f3@X




Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ¼ 0; @f3@Y




Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ¼ 1

@f3
@Z




Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ¼ 0

AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA








Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ

¼
@f1
@X




Eð1Þ

@f1
@Y




Eð1Þ

@f1
@Z




Eð1Þ

@f2
@X




Eð1Þ

@f2
@Y




Eð1Þ

@f2
@Z




Eð1Þ

@f3
@X




Eð1Þ

@f3
@Y




Eð1Þ

@f3
@Z




Eð1Þ

0
B@

1
CA

@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA








Eð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ

¼
2
C4
� ½C1 þC3� 1

C4
� C1 � 3 � C6 � C1 þC3

C5 þC6

� �h i
0

C1 � 3 � C6 � C1 þC3
C5 þC6

� �
� C12 � 3 � C6 � C1 þC3

C5 þC6

� �n o
�1

0 1 0

0
BB@

1
CCA
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The eigenvalues of a matrix A are given by the characteristic equation det
(A − k�I), where I is the identity matrix.

AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � I ¼
2
C4
� ½C1 þC3� � k 1

C4
� C1 � 3 � C6 � C1 þC3

C5 þC6

� �h i
0

C1 � 3 � C6 � ðC1 þC3
C5 þC6

Þ � C12 � 3 � C6 � C1 þC3
C5 þC6

� �n o
� k �1

0 1 �k

0
BB@

1
CCA

For simplicity we define the following parameters:

11 ¼
2
C4

� ½C1 þC3�; 12 ¼
1
C4

� C1 � 3 � C6 � C1 þC3

C5 þC6

� �� �
;

13 ¼ C1 � 3 � C6 � C1 þC3

C5 þC6

� �
; 14 ¼ � C12 � 3 � C6 � C1 þC3

C5 þC6

� �� �

AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � I ¼
11 � k 12 0
13 14 � k �1
0 1 �k

0
@

1
A; det AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � I

n o
¼ 0

det AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � I
n o

¼ ð11 � kÞ � 14 � k �1
1 �k

� �
� 12 � 13 �1

0 �k

� �

det AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � I
n o

¼ ð11 � kÞ � fð14 � kÞ � ð�kÞþ 1gþ 12 � 13 � k

detfAjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � Ig ¼ ð11 � kÞ � ð�k � 14 þ k2 þ 1Þþ 12 � 13 � k

det AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � I
n o

¼ �k � 14 � 11 þ k2 � 11 þ 11 þ k2 � 14 � k3 � kþ 12 � 13 � k

det AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � I
n o

¼ �k3 þ k2 � ð11 þ 14Þþ k

� ð12 � 13 � 14 � 11 � 1Þþ 11

det AjEð1Þ¼ðXð1Þ;Y ð1Þ;Zð1ÞÞ�k � I
n o

¼ 0 ) �k3 þ k2 � ð11 þ 14Þ
þ k � ð12 � 13 � 14 � 11 � 1Þþ 11 ¼ 0

For simplicity we define the following global parameters:

/1 ¼ 11 þ 14;/2 ¼ 12 � 13 � 14 � 11 � 1 ) �k3 þ k2 � /1 þ k � /2 þ 11 ¼ 0

We have cubic function of system eigenvalues. U1, U 2, f1 are global parameters
coefficients and are real numbers. We distinguish several possible cases using the
discriminant.
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D2 ¼ �4 � /3
1 � 11 þ/2

1 � /2
2 þ 4 � /3

2 � 18 � /1 � /2 � 11 � 27 � 121
The following cases need to be considered and present in Table 3.7.
We need to find the Jacobian matrix for the third fixed point :

Eð2Þ ¼ ðXð2Þ; Y ð2Þ; Zð2ÞÞ
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r
; 0;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�C1 þC3

C5 þC6

r
� C1 � C6 � C1 þC3

C5 þC6

� �� �� �

Since Xð1;2Þ� �2¼ �ðC1 þC3Þ
C5 þC6

) Xð1;2Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� C1 þC3

C5 þC6

q
; Y ði¼1;2Þ ¼ 0

C13 ¼ C1 þC3;C12 ¼ C1 þC2;
@f1
@X

¼ � 1
C4

� ½C13 þ 3 � ½Xð1;2Þ�2 � ðC5 þC6Þ�

@f1
@Y

¼ 1
C4

� C1 þ 3 � C6 � Xð1;2Þ
h i2� �

;
@f1
@Z

¼ 0;
@f2
@X

¼ C1 þ 3 � C6 � Xð1;2Þ
h i2

@f2
@Y

¼ �C12 � 3C6 � Xð1;2Þ
h i2

¼ � C12 þ 3 � C6 � Xð1;2Þ
h i2� �

;

@f2
@Z

¼ �1;
@f3
@X

¼ 0;
@f3
@Y

¼ 1;
@f3
@Z

¼ 0

Our Jacobian matrixes for the second and third fixed points are the same. We get
the same eigenvalues cubic functions for the second and third fixed points. The
stability discussions and the results for the second and third fixed points are the same.
The discriminants D2 (second fixed point) and D3 (third fixed point) are the same. We
can find a torus bifurcation in this system. It is found by starting an equilibrium curve
from the trivial equilibrium point (first fixed point) Eð0Þ ¼ ðXð0Þ; Y ð0Þ; Zð0ÞÞ ¼
ð0; 0; 0Þ at C1 = 0.5; C2 = -0.6; C4 = 0.6; C5 = 0.32858; C6 = 0.93358; C3 = −0.9.

Table 3.7 Neimark–Sacker (Torus) bifurcation system, Δ2 possibilities and meanings

D2 > 0 D2 < 0 D2 = 0

The equation has three
distinct real roots. When k1,
k2, k3 < 0 stable node. k1, k2,
k3 > 0 unstable node. When
at least one eigenvalue is
positive then we have saddle
point

The equation has one real
root and a pair of complex
conjugate roots. We have
stable and unstable spiral

At least two roots coincide.
The system equation has a
double real root and another
distinct single real root;
alternatively, all three roots
coincide yielding a triple
roots
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The free parameter is C3 and the branch is the trivial one Eð0Þ ¼ ðXð0Þ; Y ð0Þ;
Zð0ÞÞ ¼ ð0; 0; 0Þ. On this branch a Hopf bifurcation is detected atC3 = −0.58934. On
the emerging branch of limit cycles a branch point of limit cycles is found; by
continuing the newly found branch one detects a torus bifurcation of periodic orbits.
We detect a torus bifurcation at C3 = −0.59575. We can run Matlab script to find our
system eigenvalues for torus and Hopf bifurcations.

C1 ! a;C2 ! b;C3 ! c;C4 ! d;C5 ! e;C6 ! f ; n1 ! m1; n2 ! m2; n3 ! m3

EDU � a ¼ 0:5; b ¼ �0:6; d ¼ 0:6; e ¼ 0:32858; f ¼ 0:93358; c ¼ �0:9;

EDU � m1 ¼ aþ cð Þ=dþ aþ bÞ;m2 ¼ ððaþ cð Þ � aþ bÞÞ=d � ða � að Þ=dþ 1;

m3 ¼ aþ cð Þ=d;

EDU � p ¼ 1m1m2m3½ �

p ¼ 1:0000 � 0:7667 0:6500 � 0:6667

EDU � r ¼ roots pð Þ

Table 3.8 System parameters values

System parameters values m1 m2 m3 System eigenvalues

C1 = 0.5; C2 = −0.6;
C3 = −0.9; C4 = 0.6;
C5 = 0.32858;
C6 = 0.93358

−0.7667 0.6500 −0.6667 k1 = 0.8842
k2 = −0.0588 + 0.8663*i
k3 = −0.0588 − 0.8663*i

C1 = 0.5; C2 = −0.6;
C3 = −0.58934; C4 = 0.6;
C5 = 0.32858;
C6 = 0.93358

−0.2489 0.5982 −0.1489 k1 = −0.00 + 0.7734*i
k2 = −0.00 − 0.7734*i
k3 = 0.2489

C1 = 0.5; C2 = −0.6;
C3 = −0.59575; C4 = 0.6;
C5 = 0.32858;
C6 = 0.93358

−0.2596 0.5993 −0.1596 k1 = −0.003 + 0.7752*i
k2 = −0.003 − 0.7752*i
k3 = 0.2656

C1 = 0.5; C2 = −0.6;
C3 = −0.69575; C4 = 0.6;
C5 = 0.32858 ;
C6 = 0.93358

−0.4262 0.6160 −0.3262 k1 = −0.0368 + 0.807*i
k2 = −0.036 − 0.8071*i
k3 = 0.4998

C1 = 0.5; C2 = −0.6;
C3 = −0.4; C4 = 0.6;
C5 = 0.32858;
C6 = 0.93358

0.0667 0.5667 0.1667 k1 = 0.1009 + 0.7814*i
k2 = 0.1009 − 0.7814*i
k3 = −0.2685
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r ¼0:8842

� 0:0588þ 0:8663i

� 0:0588� 0:8663i

Results We can control our system behavior by changing our free parameter C3

values. Stable to unstable spiral point, periodic behavior (Re[ki] = 0), and detect
Hope and Torus bifurcations (Table 3.8).

We need to plot system X versus Y, Y versus Z, X versus Z, X(t), Y(t), Z(t), and
system 3D graph.

Matlab Script

function h=torus1(a,b,c,d,e,f,x0,y0,z0)
[t,x]=ODE45 (@torus,[0,50],[x0,y0,z0],[],a,b,c,d,e,f);
plot3 (x(:,1),x(:,2),x(:,3));
xlabel ('X')
ylabel ('Y')
zlabel ('Z')
grid on
axis square
%subplot(2,2,1);plot(x(:,1),x(:,2));subplot(2,2,2);plot(x(:,3),x(:,2)
);subplot(2,2,3);plot(x(:,1),x(:,3));subplot(2,2,4);plot(t,x);

function g=torus(t,x,a,b,c,d,e,f)
g=zeros(3,1);
g(1)=(-(a+c)*x(1)+a*x(2)-e*x(1).^3+f*(x(2)-x(1)).^3)/d;
g(2)=a*x(1)-(a+b)*x(2)-x(3)-f*(x(2)-x(1)).^3;
g(3)=x(2);

First, we choose the case when torus1 (a = −0.5, b = −0.6, c = 0.6, d = 0.6,
e = 0.32858, f = 0.93358, X0 = 5, Y0 = 2, Z0 = 8) (Figs. 3.13 and 3.14)

C1 ! a;C2 ! b;C3 ! c;C4 ! d;C5 ! e;C6 ! f

torus1(a = 0.5, b = −0.6, c = 6, d = 0.6, e = 0.32858, f = 0.93358, X0 = 1,
Y0 = 1.2, Z0 = 1.3) (Figs. 3.15 and 3.16)

torus1(a = 0.5, b = −0.6, c = −0.6, d = 0.6, e = 0.032858, f = 0.093358,
X0 = 10, Y0 = 2, Z0 = 8) (Fig. 3.17 and 3.18)

The next example which we discuss is multifolded torus chaotic attractors system.
We use a fold torus system for generating multifolded torus chaotic attractors. The
folded torus system is described by the following differential and nonlinear equa-
tions. Our system variables are X(t), Y(t), Z(t). System parameters C1,…, C5.

dX
dt

¼ �C1 � gðY � XÞ; dY
dt

¼ �gðY � XÞ � Z;
dZ
dt

¼ C2 � Y

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� ð Y � X þC5j j � Y � X � C5j jÞ
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Fig. 3.13 X versus Y for a = −0.5, b = −0.6, c = 0.6, d = 0.6, e = 0.32858, f = 0.93358, X0 = 5,
Y0 = 2, Z0 = 8

Fig. 3.14 a = −0.5, b = −0.6, c = 0.6, d = 0.6, e = 0.32858, f = 0.93358, X0 = 5, Y0 = 2,
Z0 = 8
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Fig. 3.15 Z versus Y versus X for a = 0.5, b = −0.6, c = 6, d = 0.6, e = 0.32858, f = 0.93358,
X0 = 1, Y0 = 1.2, Z0 = 1.3

Fig. 3.16 a = 0.5, b = −0.6, c = 6, d = 0.6, e = 0.32858, f = 0.93358, X0 = 1, Y0 = 1.2,
Z0 = 1.3
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Fig. 3.17 Z versus Y versus X for a = 0.5, b = −0.6, c = −0.6, d = 0.6, e = 0.032858,
f = 0.093358, X0 = 10, Y0 = 2, Z0 = 8

Fig. 3.18 a = 0.5, b = −0.6, c = −0.6, d = 0.6, e = 0.032858, f = 0.093358, X0 = 10, Y0 = 2,
Z0 = 8
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Where g(Y − X) is an odd function satisfying g(X − Y) = −g(Y − X). we get
double-folded torus chaotic attractor.

First, we need to find our system fixed points: dXdt ¼ 0; dYdt ¼ 0; dZdt ¼ 0

dX
dt

¼ 0 ) �C1 � gðY ðiÞ � XðiÞÞ ¼ 0;
dY
dt

¼ 0 ) �gðY ðiÞ � XðiÞÞ � ZðiÞ ¼ 0;
dZ
dt

¼ 0

) C2 � Y ðiÞ ¼ 0

i—System fixed points index, X(i), Y(i), Z(i) are system fixed points coordinates.

� C1 � gðY ðiÞ � XðiÞÞ ¼ 0;C1 6¼ 0 ) gðY ðiÞ � XðiÞÞ ¼ 0;

� gðY ðiÞ � XðiÞÞ � ZðiÞ ¼ 0 ) ZðiÞ ¼ �gðY ðiÞ � XðiÞÞ

C2 � Y ðiÞ ¼ 0;C2 6¼ 0 ) Y ðiÞ ¼ 0; gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0

¼ �C3 � XðiÞ þ ðC4 � C3Þ
2

� C5 � XðiÞ

 

� �ðXðiÞ þC5Þ


 

n o

We need to discuss all options for gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 expression.

We define f1ðXðiÞÞ ¼ C5 � XðiÞ; f2ðXðiÞÞ ¼ �ðXðiÞ þC5Þ and we get

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0¼ �C3 � XðiÞ þ ðC4 � C3Þ
2

� f1ðXðiÞÞ

 

� f2ðXðiÞÞ

 

n o

f1ðXðiÞÞ

 

 ¼ f1ðXðiÞÞ8f1ðXðiÞÞ[ 0; f1ðXðiÞÞ

 

 ¼ �f1ðXðiÞÞ8f1ðXðiÞÞ\0

f2ðXðiÞÞ

 

 ¼ f2ðXðiÞÞ8f2ðXðiÞÞ[ 0; f2ðXðiÞÞ

 

 ¼ �f2ðXðiÞÞ8f2ðXðiÞÞ\0

f1ðXðiÞÞ ¼ C5 � XðiÞ; f1ðXðiÞÞ[ 0 ) C5 � XðiÞ [ 0 ) XðiÞ\C5

f1ðXðiÞÞ ¼ C5 � XðiÞ; f1ðXðiÞÞ\0 ) C5 � XðiÞ\0 ) XðiÞ [C5

f2ðXðiÞÞ ¼ �ðXðiÞ þC5Þ; f2ðXðiÞÞ[ 0 ) �XðiÞ � C5 [ 0 ) XðiÞ\� C5

f2ðXðiÞÞ ¼ �ðXðiÞ þC5Þ; f2ðXðiÞÞ\0 ) �XðiÞ � C5\0 ) XðiÞ [ � C5

We can summarize f1ðXðiÞÞ

 

 and f2ðXðiÞÞ

 

 expressions in Table 3.9.

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0¼ �C3 � XðiÞ þ ðC4 � C3Þ
2

� C5 � XðiÞ

 

� �ðXðiÞ þC5Þ


 

n o

gðY ðiÞ � XðiÞÞ

 


Y ðiÞ¼0¼ �C3 � XðiÞ þ ðC4 � C3Þ

2
� f1ðXðiÞÞ

 

� f2ðXðiÞÞ

 

n o
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Case I XðiÞ\� C5 (C5 > 0); XðiÞ\C5 (C5 < 0)

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ �C3 � XðiÞ þ ðC4 � C3Þ
2

� C5 � XðiÞ þXðiÞ þC5

n o
gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ �C3 � XðiÞ þ ðC4 � C3Þ � C5

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ 0 ) �C3 � XðiÞ þ ðC4 � C3Þ � C5 ¼ 0 ) XðiÞ ¼ C4

C3
� 1

� �
� C5

C5 [ 0 ) XðiÞ\� C5 ) C4

C3
� 1

� �
� C5\� C5 ) C4

C3
� 1\� 1 ) C4

C3
\0

C5\0 ) XðiÞ\C5 ) C4

C3
� 1

� �
� C5\C5 ) C4

C3
� 1[ 1 ) C4

C3
[ 2

Case II �C5\XðiÞ\C5 (C5 > 0)

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ �C3 � XðiÞ þ ðC4 � C3Þ
2

� C5 � XðiÞ � XðiÞ � C5Þ


n o

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ �C3 � XðiÞ � ðC4 � C3Þ � XðiÞ ¼ �C4 � XðiÞ

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ 0 ) �C4 � XðiÞ ¼ 0;C4 6¼ 0 ) XðiÞ ¼ 0

Case III �C5 [XðiÞ [C5 (C5 < 0)

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ �C3 � XðiÞ þ ðC4 � C3Þ
2

� �C5 þXðiÞ þXðiÞ þC5Þ


n o

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ �C3 � XðiÞ þ ðC4 � C3Þ � XðiÞ

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ 0 ) ½�2 � C3 þC4� � XðiÞ ¼ 0;
C4

C3
6¼ 2 ) XðiÞ ¼ 0

Case IV XðiÞ [C5 (C5 > 0); XðiÞ [ � C5 (C5 < 0)

gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ �C3 � XðiÞ þ ðC4 � C3Þ
2

� �C5 þXðiÞ � XðiÞ � C5



n o
gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ �C3 � XðiÞ � ðC4 � C3Þ � C5 ¼ � C3 � XðiÞ þ ðC4 � C3Þ � C5

n o
gðY ðiÞ � XðiÞÞ

Y ðiÞ¼0 ¼ 0 ) C3 � XðiÞ þ ðC4 � C3Þ � C5 ¼ 0 ) XðiÞ ¼ ð1� C4

C3
Þ � C5

C5 [ 0 ) XðiÞ [C5 ) ð1� C4

C3
Þ � C5 [C5 ) 1� C4

C3
[ 1 ) C4

C3
\0
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C5\0 ) XðiÞ [ � C5 ) ð1� C4

C3
Þ � C5 [ � C5 ) 1� C4

C3
\� 1 ) C4

C3
[ 2

We need to find ZðiÞ ¼ �gðY ðiÞ � XðiÞÞ since �C1 � gðY ðiÞ � XðiÞÞ ¼ 0

C1 6¼ 0 ) gðY ðiÞ � XðiÞÞ ¼ 0 ) ZðiÞ ¼ 0:

Summary of our system fixed points (Table 3.10):
We discuss now system stability and define our system if the following way:

dX
dt

¼ w1 ¼ �C1 � gðY � XÞ; dY
dt

¼ w2 ¼ �gðY � XÞ � Z;
dZ
dt

¼ w3 ¼ C2 � Y

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� Y � X þC5j j � Y � X � C5j jð Þ

A ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA;

@w1

@X
¼ �C1 � @gðY � XÞ

@X
;
@w1

@Y
¼ �C1 � @gðY � XÞ

@Y

@w1

@Z
¼ 0;

@w2

@X
¼ � @gðY � XÞ

@X
;
@w2

@Y
¼ � @gðY � XÞ

@Y
;
@w2

@Z
¼ �1

@w3

@X
¼ 0;

@w3

@Y
¼ C2;

@w3

@Z
¼ 0; n1ðX; YÞ ¼ Y � XþC5; n2ðX; YÞ ¼ Y � X � C5

n1 ¼ n1ðX; YÞ; n2 ¼ n2ðX; YÞ;

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� ðjn1j � jn2jÞ

n1j j ¼ n18n1 [ 0; n1j j ¼ �n18n1\0; n1j j ¼ 08n1 ¼ 0

n1j j ¼ n28n2 [ 0; n1j j ¼ �n28n2\0; n1j j ¼ 08n2 ¼ 0

Table 3.10 Summary of our system fixed points

Case
number

Condition on X(i) values Fixed point

Case II/III �C5\XðiÞ\C5 C5 [ 0ð Þ
�C5 [XðiÞ [C5 C5\0ð Þ

Eð0Þ ¼ ðXð0Þ;Y ð0Þ;Zð0ÞÞ ¼ ð0; 0; 0Þ

Case I XðiÞ\� C5 C5 [ 0ð Þ
XðiÞ\C5 C5\0ð Þ

Eð1Þ ¼ ðXð1Þ;Y ð1Þ;Zð1ÞÞ ¼ C4
C3
� 1

� �
� C5; 0; 0

� �
Case IIII XðiÞ [C5ðC5 [ 0Þ

XðiÞ [ � C5 C5\0ð Þ
Eð2Þ ¼ ðXð2Þ;Y ð2Þ;Zð2ÞÞ ¼ 1� C4

C3

� �
� C5; 0; 0

� �
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Case A

n1 [ 0 ) Y � XþC5 [ 0 ) Y � X[ � C5 & n2 [ 0

) Y � X � C5 [ 0 ) Y � X[C5

C5 [ 0 ) Y � X[C5;C5\0 ) Y � X[ � C5;C5 ¼ 0 ) Y � X[ 0

n1 ¼ Y � XþC5; n2 ¼ Y � X � C5;

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� n1j j � n2j jð Þ

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� ð2 � C5Þ
¼ C3 � ðY � XÞþ ðC4 � C3Þ � C5

@gðY � XÞ
@X

¼ �C3;
@gðY � XÞ

@Y
¼ C3;

@gðY � XÞ
@Z

¼ 0
@w1

@X
¼ �C1 � @gðY � XÞ

@X
¼ C1 � C3

@w1

@Y
¼ �C1 � @gðY � XÞ

@Y
¼ �C1 � C3;

@w1

@Z
¼ 0;

@w2

@X
¼ � @gðY � XÞ

@X
¼ C3

@w2

@Y
¼ � @gðY � XÞ

@Y
¼ �C3;

@w2

@Z
¼ �1;

@w3

@X
¼ 0;

@w3

@Y
¼ C2;

@w3

@Z
¼ 0

A ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA ¼

C1 � C3 �C1 � C3 0
C3 �C3 �1
0 C2 0

0
@

1
A

The eigenvalues of a matrix A are given by the characteristic equation
det (A − k�I), where I is the identity matrix.

A� k � I ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA� k �

1 . . . 0
..
. . .

. ..
.

0 � � � 1

0
@

1
A

¼
C1 � C3 � k �C1 � C3 0

C3 �ðC3 þ kÞ �1
0 C2 �k

0
@

1
A

detðA� k � IÞ ¼ ðC1 � C3 � kÞ � �ðC3 þ kÞ �1
C2 �k

� �
þC1 � C3 � C3 �1

0 �k

� �
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detðA� k � IÞ ¼ ðC1 � C3 � kÞ � ðC3 þ kÞ � kþC2f g � C1 � C2
3 � k

¼ �k3 þ k2 � C3 � ðC1 � 1Þ � k � C2 þ
Y3
j¼1

Cj

detðA� k � IÞ ¼ 0 ) k3 þ k2 � C3 � ð1� C1Þþ k � C2 �
Y3
j¼1

Cj ¼ 0

We have cubic function of system eigenvalues. C1;C2;C3;
Q3
j¼1

Cj are global

parameters coefficients and are real numbers. We distinguish several possible cases
using the discriminant [43, 44].

D1 ¼ 4 � C3
3 � ð1� C1Þ3 �

Y3
j¼1

Cj þC2
3 � ð1� C1Þ2 � C2

2

� 4 � C3
2 � 18 � C3 � ð1� C1Þ � C2 �

Y3
j¼1

Cj � 27 �
Y3
j¼1

C2
j

The following cases need to be considered and present in Table 3.11.

Case B

n1 [ 0 ) Y � XþC5 [ 0 ) Y � X[ � C5 & n2\0

) Y � X � C5\0 ) Y � X\C5

C5 [ 0 ) C5 [ ½Y � X�[ � C5;C5\0 and C5 ¼ 0 are not possible in that
case.

n1 ¼ Y � XþC5; n2 ¼ Y � X � C5;

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� ðjn1j � jn2jÞ

Table 3.11 Neimark–Sacker (Torus) bifurcation system, Δ1 possibilities and meanings

D1 > 0 D1 < 0 D1 = 0

The equation has three
distinct real roots. When k1,
k2, k3 < 0 stable node. k1, k2,
k3 > 0 unstable node. When
at least one eigenvalue is
positive then we have saddle
point

The equation has one real
root and a pair of complex
conjugate roots. We have
stable and unstable spiral

At least two roots coincide.
The system equation has a
double real root and another
distinct single real root;
alternatively, all three roots
coincide yielding a triple
roots

3.5 Neimark–Sacker (Torus) Bifurcation System 247



gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ � ðY � XÞ ¼ C4 � ðY � XÞ
@gðY � XÞ

@X
¼ �C4;

@gðY � XÞ
@Y

¼ C4;
@gðY � XÞ

@Z
¼ 0

@w1

@X
¼ �C1 � @gðY � XÞ

@X
¼ C1 � C4

@w1

@Y
¼ �C1 � @gðY � XÞ

@Y
¼ �C1 � C4;

@w1

@Z
¼ 0;

@w2

@X
¼ � @gðY � XÞ

@X
¼ C4

@w2

@Y
¼ � @gðY � XÞ

@Y
¼ �C4;

@w2

@Z
¼ �1;

@w3

@X
¼ 0;

@w3

@Y
¼ C2;

@w3

@Z
¼ 0

A ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA ¼

C1 � C4 �C1 � C4 0
C4 �C4 �1
0 C2 0

0
@

1
A

The eigenvalues of a matrix A are given by the characteristic equation
det (A − k�I), where I is the identity matrix.

A� k � I ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA� k �

1 . . . 0
..
. . .

. ..
.

0 � � � 1

0
@

1
A

¼
C1 � C4 � k �C1 � C4 0

C4 �ðC4 þ kÞ �1
0 C2 �k

0
@

1
A

detðA� k � IÞ ¼ ðC1 � C4 � kÞ � �ðC4 þ kÞ �1
C2 �k

� �
þC1 � C4 � C4 �1

0 �k

� �

detðA� k � IÞ ¼ ðC1 � C4 � kÞ � ðC4 þ kÞ � kþC2f g � C1 � C2
4 � k

¼ �k3 þ k2 � C4 � ðC1 � 1Þ � k � C2 þC1 � C4 � C2

detðA� k � IÞ ¼ 0 ) k3 þ k2 � C4 � ð1� C1Þþ k � C2 � C1 � C4 � C2 ¼ 0

We have cubic function of system eigenvalues. C1;C2;C4 are global parameters
coefficients and are real numbers. We distinguish several possible cases using the
discriminant.

D2 ¼ 4 � C4
4 � ð1� C1Þ3 � C1 � C2 þC2

4 � ð1� C1Þ2 � C2
2 � 4 � C3

2

� 18 � C2
4 � ð1� C1Þ � C2

2 � C1 � 27 � C2 � C1 � C4

The following cases need to be considered and present in Table 3.12.
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Case C

n1\0 ) Y � XþC5\0 ) Y � X\� C5 & n2 [ 0

) Y � X � C5 [ 0 ) Y � X[C5

C5\0 ) �C5 [ ½Y � X�[C5;C5 [ 0 and C5 ¼ 0 are not possible in that
case.

n1 ¼ Y � XþC5; n2 ¼ Y � X � C5; gðY � XÞ
¼ C3 � ðY � XÞþ ðC4 � C3Þ

2
� ðjn1j � jn2jÞ

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ � ðX � YÞ ¼ ð2 � C3 � C4Þ � ðY � XÞ

@gðY � XÞ
@X

¼ C4 � 2 � C3;
@gðY � XÞ

@Y
¼ 2 � C3 � C4;

@gðY � XÞ
@Z

¼ 0

@w1

@X
¼ �C1 � @gðY � XÞ

@X
¼ C1 � ð2 � C3 � C4Þ

@w1

@Y
¼ �C1 � @gðY � XÞ

@Y
¼ C1 � ðC4 � 2 � C3Þ; @w1

@Z
¼ 0;

@w2

@X
¼ � @gðY � XÞ

@X
¼ 2 � C3 � C4

@w2

@Y
¼ � @gðY � XÞ

@Y
¼ C4 � 2 � C3;

@w2

@Z
¼ �1;

@w3

@X
¼ 0;

@w3

@Y
¼ C2;

@w3

@Z
¼ 0

A ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA ¼

C1 � ð2 � C3 � C4Þ C1 � ðC4 � 2 � C3Þ 0
2 � C3 � C4 C4 � 2 � C3 �1

0 C2 0

0
@

1
A

The eigenvalues of a matrix A are given by the characteristic equation
det (A − k�I), where I is the identity matrix.

Table 3.12 Neimark–Sacker (Torus) bifurcation system, Δ2 possibilities and meanings

D2 > 0 D2 < 0 D2 = 0

The equation has three
distinct real roots. When k1,
k2, k3 < 0 stable node. k1, k2,
k3 > 0 unstable node. When
at least one eigenvalue is
positive then we have saddle
point

The equation has one real
root and a pair of complex
conjugate roots. We have
stable and unstable spiral

At least two roots coincide.
The system equation has a
double real root and another
distinct single real root;
alternatively, all three roots
coincide yielding a triple
roots
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A� k � I ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA� k �

1 . . . 0
..
. . .

. ..
.

0 � � � 1

0
@

1
A

¼
C1 � ð2 � C3 � C4Þ � k C1 � ðC4 � 2 � C3Þ 0

2 � C3 � C4 C4 � 2 � C3 � k �1
0 C2 �k

0
@

1
A

detðA� k � IÞ ¼ ½C1 � ð2 � C3 � C4Þ � k� � C4 � 2 � C3 � k �1

C2 �k

� �

þC1 � ð2 � C3 � C4Þ �
2 � C3 � C4 �1

0 �k

� �

detðA� k � IÞ ¼ ½C1 � ð2 � C3 � C4Þ � k� � ð2 � C3 � C4 þ kÞ � kþC2f g � C1

� ð2 � C3 � C4Þ2 � k

For simplicity we define C# ¼ 2 � C3 � C4

C# ¼ 2 � C3 � C4 ) detðA� k � IÞ
¼ ½C1 � C# � k� � fðC# þ kÞ � kþC2g � C1 � C2

# � k

C# ¼ 2 � C3 � C4 ) detðA� k � IÞ
¼ ½C1 � C# � k� � fC# � kþ k2 þC2g � C1 � C2

# � k

detðA� k � IÞ ¼ �k3 þ k2 � C# � ðC1 � 1Þ � k � C2 þC2 � C1 � C#

detðA� k � IÞ ¼ 0 ) k3 þ k2 � C# � ð1� C1Þþ k � C2 � C2 � C1 � C# ¼ 0

We have cubic function of system eigenvalues. C1;C2;C3;C4 are global
parameters coefficients and are real numbers. We distinguish several possible cases
using the discriminant.

D3 ¼ 4 � C4
# � ð1� C1Þ3 � C1 � C2 þC2

# � ð1� C1Þ2 � C2
2

� 4 � C3
2 � 18 � C2

# � ð1� C1Þ � C2
2 � C1 � 27 � C2 � C1 � C#

The following cases need to be considered and present in Table 3.13.

Case D

n1\0 ) Y � X þC5\0 ) Y � X\� C5 & n2\0

) Y � X � C5\0 ) Y � X\C5
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C5 [ 0 ) Y � X\� C5;C5\0 ) Y � X\C5;C5 ¼ 0 ) Y � X\0

n1 ¼ Y � XþC5; n2 ¼ Y � X � C5; gðY � XÞ
¼ C3 � ðY � XÞþ ðC4 � C3Þ

2
� ðjn1j � jn2jÞ

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� ð�2 � C5Þ
¼ C3 � ðY � XÞþ ðC3 � C4Þ � C5

@gðY � XÞ
@X

¼ �C3;
@gðY � XÞ

@Y
¼ C3;

@gðY � XÞ
@Z

¼ 0
@w1

@X
¼ �C1 � @gðY � XÞ

@X
¼ C1 � C3

@w1

@Y
¼ �C1 � @gðY � XÞ

@Y
¼ �C1 � C3;

@w1

@Z
¼ 0;

@w2

@X
¼ � @gðY � XÞ

@X
¼ C3

@w2

@Y
¼ � @gðY � XÞ

@Y
¼ �C3;

@w2

@Z
¼ �1;

@w3

@X
¼ 0;

@w3

@Y
¼ C2;

@w3

@Z
¼ 0

A ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA ¼

C1 � C3 �C1 � C3 0
C3 �C3 �1
0 C2 0

0
@

1
A

The eigenvalues of a matrix A are given by the characteristic equation
det (A − k � I), where I is the identity matrix.

A� k � I ¼
@w1
@X

@w1
@Y

@w1
@Z

@w2
@X

@w2
@Y

@w2
@Z

@w3
@X

@w3
@Y

@w3
@Z

0
B@

1
CA� k �

1 . . . 0
..
. . .

. ..
.

0 � � � 1

0
@

1
A

¼
C1 � C3 � k �C1 � C3 0

C3 �ðC3 þ kÞ �1
0 C2 �k

0
@

1
A

Table 3.13 Neimark–Sacker (Torus) bifurcation system, Δ3 possibilities and meanings

D3 > 0 D3 < 0 D3 = 0

The equation has three
distinct real roots. When k1,
k2, k3 < 0 stable node. k1, k2,
k3 > 0 unstable node. When
at least one eigenvalue is
positive then we have saddle
point

The equation has one real
root and a pair of complex
conjugate roots. We have
stable and unstable spiral

At least two roots coincide.
The system equation has a
double real root and another
distinct single real root;
alternatively, all three roots
coincide yielding a triple
roots
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detðA� k � IÞ ¼ ðC1 � C3 � kÞ � �ðC3 þ kÞ �1
C2 �k

� �
þC1 � C3 � C3 �1

0 �k

� �

detðA� k � IÞ ¼ ðC1 � C3 � kÞ � ðC3 þ kÞ � kþC2f g � C1 � C2
3 � k

¼ �k3 þ k2 � C3 � ðC1 � 1Þ � k � C2 þ
Y3
j¼1

Cj

detðA� k � IÞ ¼ 0 ) k3 þ k2 � C3 � ð1� C1Þþ k � C2 �
Y3
j¼1

Cj ¼ 0

We have cubic function of system eigenvalues. C1;C2;C3;
Q3
j¼1

Cj are global

parameters coefficients and are real numbers. We distinguish several possible cases
using the discriminant.

D4 ¼ 4 � C3
3 � ð1� C1Þ3 �

Y3
j¼1

Cj þC2
3 � ð1� C1Þ2 � C2

2 � 4 � C3
2

� 18 � C3 � ð1� C1Þ � C2 �
Y3
j¼1

Cj � 27 �
Y3
j¼1

C2
j

The following cases need to be considered and present in Table 3.14.

Results Discussion We got the same characteristic equations and discriminants for
case A and case D (D1 = D4). All our Jacobians (four cases) are independent on
specific system fixed point coordinates. We got four cases for system fixed points
(I/II/III/IIII) and four cases for system characteristic equations (A/B/C/D). We need
to adapt between each fixed point and characteristic equation and discuss stability.

We need to plot our system 2D phase portrait behavior, 3D phase, X(t), Y(t), Z
(t) for different Ci values (i = 1,…,5) and different initial values X(t = 0), Y(t = 0),
Z(t = 0).

Table 3.14 Neimark–Sacker (Torus) bifurcation system, Δ4 possibilities and meanings

D4 > 0 D4 < 0 D4 = 0

The equation has three
distinct real roots. When k1,
k2, k3 < 0 stable node. k1, k2,
k3 > 0 unstable node. When
at least one eigenvalue is
positive then we have saddle
point

The equation has one real
root and a pair of complex
conjugate roots. We have
stable and unstable spiral

At least two roots coincide.
The system equation has a
double real root and another
distinct single real root;
alternatively, all three roots
coincide yielding a triple
roots
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Matlab Script

C1 ! a; C2 ! b; C3 ! c; C4 ! d; C5 ! e; X t ¼ 0ð Þ ! x0; Y t ¼ 0ð Þ
! y0; Z t ¼ 0ð Þ ! z0:

function h=doubletorus1(a,b,c,d,e,x0,y0,z0)
[t,x]=ODE45 (@doubletorus,[0,500],[x0,y0,z0],[],a,b,c,d,e);
%[X,Y]=pol2cart(x(2),x(1));
%Z=abs(x(1).*exp(1i.*x(2)));
%plot3 (x(:,1),x(:,2),x(:,3));
xlabel ('X')
ylabel ('Y')
zlabel ('Z')
grid on
axis square
subplot(2,2,1);plot(x(:,1),x(:,2));subplot(2,2,2);plot(x(:,3),x(:,2))
;subplot(2,2,3);plot(x(:,1),x(:,3));subplot(2,2,4);plot(t,x);
function g=doubletorus(t,x,a,b,c,d,e)
g=zeros(3,1);
g(1)=-a*(c*(x(2)-x(1))+((d-c)/2)*(abs(x(2)-x(1)+e)-abs(x(2)-x(1)-
e)));
g(2)=-(c*(x(2)-x(1))+((d-c)/2)*(abs(x(2)-x(1)+e)-abs(x(2)-x(1)-e)))-
x(3);
g(3)=b*x(2);

doubletorus1(a = 2, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 0.8, y0 = 0.7,
z0 = 0.9) (Fig. 3.19)

When C1 = 15, C2 = 1, C3 = −0.07, C4 = 0.1, C5 = 1 the system has a
double-folded torus chaotic attractor. Our system has three equilibrium points [53,
65–69]. Eð0Þ ¼ ðXð0Þ; Y ð0Þ;Zð0ÞÞ ¼ ð0; 0; 0Þ, Eð1Þ ¼ ðXð1Þ; Y ð1Þ; Zð1ÞÞ ¼ C4

C3
� 1

� �
� C5; 0; 0

� �
and

Eð2Þ ¼ ðXð2Þ; Y ð2Þ; Zð2ÞÞ

¼ 1� C4

C3

� �
� C5; 0; 0Þ � C4

C3
� 1

� �
� C5jC4¼0:1;C3¼�0:07;C5¼1¼ � 17

7
¼ �2:42

1� C4
C3

� �
� C5





C4¼0:1;C3¼�0:07;C5¼1

¼ 17
7 ¼ 2:42: Eð0Þ ¼ ð0; 0; 0Þ;Eð1;2Þ ¼ � 17

7 ; 0; 0
� �

:

Linearization system at equilibrium point E(0), first fixed point gives the cor-

responding eigenvalues: kð0Þ1 ’ 1:43; kð0Þ2;3 ’ �0:0164� 1:023 � i. Similarly, lin-
earizing system at the equilibrium points E(1,2) gets the following eigenvalues:

kð1;2Þ1 ’ �1:0145; kð1;2Þ2;3 ’ 0:0172� 1:0172 � i (Figs. 3.20 and 3.21)
doubletorus1(a = 0.15, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 10, y0 = 2,

z0 = 3) (Figs. 3.22 and 3.23)
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doubletorus1(a = 15, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 0.1, y0 = 0.2,
z0 = 0.3) (Fig. 3.24)

doubletorus1(a = 15, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 10, y0 = 2, z0 = 3)
(Fig. 3.25)

3.6 Optoisolation Circuits Neimark–Sacker (Torus)
Bifurcation

We need to implement our multifolded torus chaotic attractors system by using
optoisolation circuits. Since we differentiated our system according all options for g
(Y − X) function, there are four options (A, B, C, D) of block diagram and op-
toisolation circuits implementation [16, 25, 26].

Case A

n1 [ 0 ) Y � XþC5 [ 0 ) Y � X[ � C5 & n2 [ 0

) Y � X � C5 [ 0 ) Y � X[C5

Fig. 3.19 X versus Y versus Z for a = 2, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 0.8, y0 = 0.7,
z0 = 0.9
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Fig. 3.20 X versus Y versus Z for a = 2, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 0.8, y0 = 0.7,
z0 = 0.9

Fig. 3.21 X versus Y versus Z for a = 2, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 0.8, y0 = 0.7,
z0 = 0.9
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Fig. 3.22 a = 2, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 0.8, y0 = 0.7, z0 = 0.9

Fig. 3.23 Z versus Y versus X for a = 0.15, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 10, y0 = 2,
z0 = 3
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Fig. 3.24 a = 0.15, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 10, y0 = 2, z0 = 3

Fig. 3.25 Z versus Y versus X for a = 15, b = 1, c = −0.07, d = 0.1, e = 1, x0 = 0.1, y0 = 0.2,
z0 = 0.3
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C5 [ 0 ) Y � X[C5; C5\0 ) Y � X[ � C5; C5 ¼ 0 ) Y � X[ 0

n1 ¼ Y � XþC5; n2 ¼ Y � X � C5;

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� n1j j � n2j jð Þ

gðY � XÞ ¼ C3 � ðY � XÞþ ðC4 � C3Þ
2

� ð2 � C5Þ
¼ C3 � ðY � XÞþ ðC4 � C3Þ � C5

dY
dt

¼ �C1 � gðY � XÞ ¼ �C1 � fC3 � ðY � XÞþ ðC4 � C3Þ � C5g
¼ �C1 � C3 � ðY � XÞ � C1 � ðC4 � C3Þ � C5

dY
dt

¼ �gðY � XÞ � Z ¼ �C3 � ðY � XÞ � ðC4 � C3Þ � C5 � Z;
dZ
dt

¼ C2 � Y

dX
dt

¼ �C1 � C3 � Y þC1 � C3 � X � C1 � ðC4 � C3Þ � C5

) X ¼ 1
C1 � C3

� dX
dt

þ Y þC5 � C4

C3
� 1

� �
dY
dt

¼ �C3 � Y þC3 � X � ðC4 � C3Þ � C5 � Z

) Z ¼ � dY
dt

� C3 � Y þC3 � X � ðC4 � C3Þ � C5

dZ
dt ¼ C2 � Y ) Y ¼ 1

C2
� dZdt . The below system block diagram describe our

system (Fig. 3.26).

f1ðC3;C4;C5Þ ¼ C5 � ðC4

C3
� 1Þ; f2ðC3;C4;C5Þ ¼ ðC4 � C3Þ � C5

We implement our system by using optoisolation circuits. The circuit variables
are VX, VY, VZ which are equivalent to system variables X, Y, Z.

VX � X;VY � Y ;VZ � Z. The below optoisolation circuits implement our
multifolded torus chaotic attractors system (Case A). Gama2 ! C2 [16, 26]
(Fig. 3.27).

ID1 ¼
X3
i¼1

IR1i ¼ IR11 þ IR12; ID2 ¼
X4
i¼1

IR2i ¼ IR21 þ IR22 þ IR23
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Using Taylor series approximation: IBQ1 ¼ k1 � ID1; IBQ2 ¼ k2 � ID2

VD1 ¼ Vt � ln ID1
I0

þ 1
� �

� Vt � ID1I0 ;VD2 ¼ Vt � ln ID2
I0

þ 1
� �

� Vt � ID2I0

IR11 ¼ � _VX � VD1

R11
; IR12 ¼ �VY � VD1

R12
; ID1 ¼

X3
i¼1

IR1i

¼ � _VX � VD1

R11
þ �VY � VD1

R12

ID1 ¼
X2
i¼1

IR1i ¼ � _VX

R11
þ �VY

R12
� VD1 �

X2
i¼1

1
R1i

¼ � _VX

R11
þ �VY

R12
� ID1 � Vt

I0
�
X2
i¼1

1
R1i

ID1 � 1þ Vt

I0
�
X2
i¼1

1
R1i

( )
¼ �

_VX

R11
� VY

R12
) ID1

¼ 1

1þ Vt
I0
�P2

i¼1
1
R1i

� � _VX

R11
� VY

R12

� �

g1 ¼
1

1þ Vt
I0
�P2

i¼1
1
R1i

;w1 ¼ w1ðVX ;VYÞ ¼ � _VX

R11
� VY

R12
; ID1 ¼ g1 � w1

Fig. 3.26 Z versus Y versus X for
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IR21 ¼
_VY � VD2

R21
; IR22 ¼ VY � VD2

R22
; IR23 ¼ �VX � VD2

R23

ID2 ¼
X3
i¼1

IR2i ¼
_VY � VD2

R21
þ VY � VD2

R22
þ �VX � VD2

R23

ID2 ¼
X3
i¼1

IR2i ¼
_VY

R21
þ VY

R22
� VX

R23
� VD2 �

X3
i¼1

R2i

¼
_VY

R21
þ VY

R22
� VX

R23
� ID2 � Vt

I0
�
X3
i¼1

R2i

Fig. 3.27 Multifolded torus chaotic attractors system (Case A)
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ID2 � 1þ Vt

I0
�
X3
i¼1

R2i

 !
¼

_VY

R21
þ VY

R22
� VX

R23

) ID2 ¼ 1

1þ Vt
I0
�P3

i¼1 R2i
�

_VY

R21
þ VY

R22
� VX

R23

� �

g2 ¼
1

1þ Vt
I0
�P3

i¼1 R2i
;w2 ¼ w2ðVX ;VYÞ ¼

_VY

R21
þ VY

R22
� VX

R23
; ID2 ¼ g2 � w2

g1 [ 0; g2 [ 0;VX ¼ VCEQ1;VZ ¼ VCEQ2

IEQ1 ¼ IBQ1 þ ICQ1; IEQ2 ¼ IBQ2 þ ICQ2;

IEQ1 ¼ k1 � ID1 þ ICQ1 ¼ k1 � g1 � w1 þ ICQ1

IBQ1 ¼ k1 � ID1 ¼ k1 � g1 � w1; IBQ2 ¼ k2 � ID2 ¼ k2 � g2 � w2;

IEQ2 ¼ k2 � ID2 þ ICQ2 ¼ k2 � g2 � w2 þ ICQ2

The Mathematical analysis is based on the basic Transistor Ebers–Moll equa-
tions. We need to implement the Regular Ebers–Moll Model to the above Opto
Coupler circuit. Parameters k1 and k2 are coupling coefficients between LEDs D1,
D2, and photo transistors Q1 and Q2, respectively. VX ¼ VCEQ1;VZ ¼ VCEQ2

VBEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1
Ise � ðar1 � af1 � 1Þ
� �

þ 1
� �

;

VBCQ1 ¼ Vt � ln ICQ1 � IEQ1 � af1
Isc � ðar1 � af1 � 1Þ
� �

þ 1
� �

VCEQ1 ¼ VCBQ1 þVBEQ1; but VCBQ1 ¼ �VBCQ1; then VCEQ1
¼ VBEQ1

� VBCQ1

VCEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1
Ise � ðar1 � af1 � 1Þ
� �

þ 1
� �

� Vt � ln ICQ1 � IEQ1 � af1
Isc � ðar1 � af1 � 1Þ
� �

þ 1
� �

VCEQ1 ¼ Vt � ln ar1 � ICQ1 � IEQ1ð Þþ Ise � ðar1 � af1 � 1Þ
ICQ1 � IEQ1 � af1ð Þþ Isc � ðar1 � af1 � 1Þ

� �
þVt � ln Isc

Ise

� �

Since Isc� Ise ! e ) ln Isc
Ise

� �! e then we can write VCEQ1 expression.

VCEQ1 ’ Vt � ln ar1�ICQ1�IEQ1ð Þþ Ise�ðar1�af1�1Þ
ICQ1�IEQ1�af1ð Þþ Isc�ðar1�af1�1Þ
h i

and in the same manner

VCEQ2 ’ Vt � ln ar2 � ICQ2 � IEQ2ð Þþ Ise � ðar2 � af2 � 1Þ
ICQ2 � IEQ2 � af2ð Þþ Isc � ðar2 � af2 � 1Þ

� �
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ar1 � ICQ1 � IEQ1 ¼ ar1 � ICQ1 � ½k1 � g1 � w1 þ ICQ1�
¼ ICQ1 � ðar1 � 1Þ � k1 � g1 � w1

ICQ1 � IEQ1 � af1 ¼ ICQ1 � ½k1 � g1 � w1 þ ICQ1� � af1
¼ ICQ1 � ð1� af1Þ � k1 � g1 � w1 � af1

ICQ1 ¼ VDD1 � VCEQ1

RCQ1
) ar1 � ICQ1 � IEQ1

¼ VDD1 � VCEQ1

RCQ1

� �
� ðar1 � 1Þ � k1 � g1 � w1

ICQ1 ¼ VDD1 � VCEQ1

RCQ1
) ICQ1 � IEQ1 � af1

¼ VDD1 � VCEQ1

RCQ1

� �
� ð1� af1Þ � k1 � g1 � w1 � af1

VCEQ1 ’ Vt � ln
VDD1�VCEQ1

RCQ1

h i
� ðar1 � 1Þ � k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

VDD1�VCEQ1

RCQ1

h i
� ð1� af1Þ � k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

2
4

3
5

VCEQ1 ’ Vt � ln
VDD1�ðar1�1Þ

RCQ1
� VCEQ1 � ðar1�1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

VDD1�ð1�af1Þ
RCQ1

� VCEQ1 � ð1�af1Þ
RCQ1

� k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

2
4

3
5

VCEQ1 ’ Vt � ln
VCEQ1 � ð1�ar1Þ

RCQ1
þ VDD1�ðar1�1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

�VCEQ1 � ð1�af1Þ
RCQ1

þ VDD1�ð1�af1Þ
RCQ1

� k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

2
4

3
5

For simplicity we define the following functions:

n1 ¼ n1ðVDD1; k1; g1;w1; . . .Þ ¼
VDD1 � ðar1 � 1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

n2 ¼ n2ðVDD1; k1; g1;w1; . . .Þ
¼ VDD1 � ð1� af1Þ

RCQ1
� k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

VCEQ1 ’ Vt � ln
VCEQ1 � ð1�ar1Þ

RCQ1
þ n1

�VCEQ1 � ð1�af1Þ
RCQ1

þ n2

2
4

3
5) e

VCEQ1
Vt

� �
¼

VCEQ1 � ð1�ar1Þ
RCQ1

þ n1

�VCEQ1 � ð1�af1Þ
RCQ1

þ n2

2
4

3
5
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Taylor series approximation:

e½
VCEQ1

Vt � � VCEQ1

Vt
þ 1 ) VCEQ1

Vt
þ 1 �

VCEQ1 � ð1�ar1Þ
RCQ1

þ n1

�VCEQ1 � ð1�af1Þ
RCQ1

þ n2

2
4

3
5

) VCEQ1

Vt
þ 1 � VCEQ1 � ð1� ar1Þþ n1 � RCQ1

�VCEQ1 � ð1� af1Þþ n2 � RCQ1

� �
VCEQ1

Vt þ 1
h i

� �VCEQ1 � ð1� af1Þþ n2 � RCQ1½ � ¼ VCEQ1 � ð1� ar1Þþ n1 � RCQ1

�V2
CEQ1 � ð1� af1Þ

Vt
þ VCEQ1 � RCQ1

Vt
� n2 � VCEQ1 � ð1� af1Þþ n2 � RCQ1

¼ VCEQ1 � ð1� ar1Þþ n1 � RCQ1

� V2
CEQ1 � ð1� af1Þ

Vt
þ VCEQ1 � RCQ1

Vt
� n2 � VCEQ1 � ð1� af1Þ

� VCEQ1 � ð1� ar1Þþ n2 � RCQ1 � n1 � RCQ1 ¼ 0

� V2
CEQ1 � ð1� af1Þ

Vt
þVCEQ1 � RCQ1

Vt
� n2 � ð1� af1Þ � ð1� ar1Þ

� �
þ ½n2 � n1� � RCQ1 ¼ 0

V2
CEQ1 � ð1� af1Þ

Vt
þVCEQ1 � �RCQ1

Vt
� n2 þð1� af1Þþ ð1� ar1Þ

� �
þ ½n1 � n2� � RCQ1 ¼ 0

V2
CEQ1 � ð1� af1Þ

Vt
þVCEQ1 � �RCQ1

Vt
� n2 þ 2� af1 � ar1

� �
þ ½n1 � n2� � RCQ1 ¼ 0

We define for simplicity new parameter A1, when

A1 ¼ 2� af1 � ar1 & 1\af1 þ ar1\2 ) 1[A1 [ 0

V2
CEQ1 � ð1� af1Þ

Vt
þVCEQ1 � A1 � RCQ1

Vt
� n2

� �
þ ½n1 � n2� � RCQ1 ¼ 0

V#;##
CEQ1 ¼

�A1 þ RCQ1

Vt � n2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

r
2 � ð1�af1Þ

Vt
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A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ n22 �
RCQ1

Vt

� �2
�2 � A1 � RCQ1

Vt
� n2 þA2

1 � 4 � ð1� af1Þ � RCQ1

Vt
� n1

þ 4 � ð1� af1Þ � RCQ1

Vt
� n2

A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ n22 � ½
RCQ1

Vt
�2 þ n2 � �2 � A1 � RCQ1

Vt
þ 4 � ð1� af1Þ � RCQ1

Vt

� �

�4 � ð1� af1Þ � RCQ1

Vt
� n1 þA2

1

For simplicity we define the following functions:

n1 ¼ n1ðVDD1; k1; g1;w1; . . .Þ
¼ VDD1 � ðar1 � 1Þ

RCQ1
� k1 � g1 � w1 þ Ise � ðar1 � af1 � 1Þ

N1 ¼ VDD1 � ðar1 � 1Þ
RCQ1

þ Ise � ðar1 � af1 � 1Þ;N2 ¼ k1 � g1 ) n1 ¼ N1 � N2 � w1

n2 ¼ n2ðVDD1; k1; g1;w1; . . .Þ
¼ VDD1 � ð1� af1Þ

RCQ1
� k1 � g1 � w1 � af1 þ Isc � ðar1 � af1 � 1Þ

N3 ¼ VDD1 � ð1� af1Þ
RCQ1

þ Isc � ðar1 � af1 � 1Þ;N4 ¼ k1 � g1 � af1 ) n2

¼ N3 � N4 � w1;N4 ¼ af1 � N2

A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ ½N3 � N4 � w1�2 � ½RCQ1

Vt �2 þ ½N3 � N4 � w1� � �2 � A1 � RCQ1

Vt þ 4 � ð1�af1Þ�RCQ1

Vt

n o
�4 � ð1�af1Þ�RCQ1

Vt
� ½N1 � N2 � w1� þA2

1

A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ N2
3 � 2 � N3 � N4 � w1 þN2

4 � w2
1

� 	 � RCQ1

Vt

h i2
þ ½N3 � N4 � w1� � 2�RCQ1

Vt � 2 � ð1� af1Þ � A1f g
�4 � ð1�af1Þ�RCQ1

Vt
� N1 þ 4 � ð1�af1Þ�RCQ1�N2

Vt
� w1 þA2

1
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A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ N2
3 � ½RCQ1

Vt �2 � 2 � N3 � N4 � ½RCQ1

Vt �2 � w1 þN2
4 � ½RCQ1

Vt �2 � w2
1

þN3 � 2 � RCQ1

Vt
� 2 � ð1� af1Þ � A1f g � N4 � 2 � RCQ1

Vt
� 2 � ð1� af1Þ � A1f g � w1

�4 � ð1� af1Þ � RCQ1

Vt
� N1 þ 4 � ð1� af1Þ � RCQ1 � N2

Vt
� w1 þA2

1

A1 � RCQ1

Vt � n2
n o2

�4 � ð1�af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ N2
4 � RCQ1

Vt

h i2
�w2

1 þw1 � �2 � N3 � N4 � RCQ1

Vt

h i2
�N4 � 2�RCQ1

Vt � 2 � ð1� af1Þ � A1f gþ 4 � ð1�af1Þ�RCQ1�N2

Vt

� �

þN2
3 � RCQ1

Vt

h i2
þN3 � 2�RCQ1

Vt � f2 � ð1� af1Þ � A1g � 4 � ð1�af1Þ�RCQ1

Vt
� N1þA2

1

For simplicity we define the following global parameters:

D1 ¼ N2
4 �

RCQ1

Vt

� �2
;D2 ¼ �2 � N3 � N4 � RCQ1

Vt

� �2
�N4 � 2 � RCQ1

Vt
� f2 � ð1� af1Þ � A1g

þ 4 � ð1� af1Þ � RCQ1 � N2

Vt

D3 ¼ N2
3 � ½

RCQ1

Vt
�2 þN3 � 2 � RCQ1

Vt
� f2 � ð1� af1Þ � A1g � 4 � ð1� af1Þ � RCQ1

Vt
� N1 þA2

1

fA1 � RCQ1

Vt
� n2g2 � 4 � ð1� af1Þ

Vt
� ½n1 � n2� � RCQ1 ¼ D1 � w2

1 þD2 � w1 þD3;

D1 ¼ N2
4 � ½

RCQ1

Vt
�2 [ 0

We are using completing the square rule: A � x2 þB � x ¼ ðx � ffiffiffi
A

p þ B
2� ffiffiffiAp Þ2 � B2

4�A
For our case: D1 � w2

1 þD2 � w1; A ¼ D1; B ¼ D2; x ¼ w1

D1 � w2
1 þD2 � w1 ¼ w1 �

ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

� D2
2

4 � D1

A1 � RCQ1

Vt
� n2

� �2

�4 � ð1� af1Þ
Vt

� ½n1 � n2� � RCQ1

¼ D1 � w2
1 þD2 � w1 þD3 ¼ w1 �

ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

� D2
2

4 � D1
þD3
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For simplicity we choose circuit parameters constrain (first request):

� D2
2

4 � D1
þD3 ! e80\e � 1

w1 �
ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

� D2
2

4 � D1
þD3 � w1 �

ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

Finally, we can state that

A1 � RCQ1

Vt
� n2

� �2

�4 � ð1� af1Þ
Vt

� ½n1 � n2� � RCQ1 ’ w1 �
ffiffiffiffiffiffi
D1

p
þ D2

2 � ffiffiffiffiffiffi
D1

p
� �2

V#;##
CEQ1 ¼

�A1 þ RCQ1

Vt � n2 � w1 �
ffiffiffiffiffiffi
D1

p þ D2

2� ffiffiffiffiD1
p

� �
2 � ð1�af1Þ

Vt

; n2 ¼ N3 � N4 � w1

V#;##
CEQ1 ¼

�A1 þ RCQ1

Vt � N3 � RCQ1

Vt � N4 � w1 � w1 �
ffiffiffiffiffiffi
D1

p þ D2

2� ffiffiffiffiD1
p

� �
2 � ð1�af1Þ

Vt

We get possible two expressions for VCEQ1. V
#
CEQ1 ¼ V ðþ Þ

CEQ1;V
##
CEQ1 ¼ V ð�Þ

CEQ1

V#
CEQ1 ¼

�A1 þ RCQ1

Vt � N3 þ D2

2� ffiffiffiffiD1
p þw1 �

ffiffiffiffiffiffi
D1

p � RCQ1

Vt � N4

n o
2 � ð1�af1Þ

Vt

V#
CEQ1 ¼

RCQ1

Vt
� N3 þ D2

2 � ffiffiffiffiffiffi
D1

p � A1

� �
� Vt

2 � ð1� af1Þ
þw1 �

ffiffiffiffiffiffi
D1

p
� RCQ1

Vt
� N4

� �
� Vt

2 � ð1� af1Þ

The second request we need to fulfill and get VCEQ1 ¼ VX differential equation
shape:

ffiffiffiffiffiffi
D1

p
� RCQ1

Vt
� N4

� �




D1¼N2

4�½
RCQ1
Vt �2

¼ 0

) V#
CEQ1 ¼

RCQ1

Vt
� N3 þ D2

2 � ffiffiffiffiffiffi
D1

p � A1

� �
� Vt

2 � ð1� af1Þ

RCQ1

Vt � N3 þ D2

2� ffiffiffiffiD1
p � A1

h i
� Vt
2�ð1�af1Þ ! e 8 0\e � 1 For the first fixed point
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V##
CEQ1 ¼

�A1 þ RCQ1

Vt � N3 � D2

2� ffiffiffiffiD1
p � w1 � RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
2 � ð1�af1Þ

Vt

V##
CEQ1 ¼ �A1 þ RCQ1

Vt
� N3 � D2

2 � ffiffiffiffiffiffi
D1

p
� �

� Vt

2 � ð1� af1Þ � w1

� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ

V##
CEQ1 ¼ �A1 þ RCQ1

Vt
� N3 � D2

2 � ffiffiffiffiffiffi
D1

p
� �

� Vt

2 � ð1� af1Þ

� � _VX

R11
� VY

R12

� �
� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ

V##
CEQ1 ¼ �A1 þ RCQ1

Vt
� N3 � D2

2 � ffiffiffiffiffiffi
D1

p
� �

� Vt

2 � ð1� af1Þ

þ
_VX

R11
� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ
þ VY

R12
� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ

We need to adapt between our system block diagram and optoisolation imple-

mentation circuit. V##
CEQ1 � X � VX ; X ¼ 1

C1�C3
� dXdt þ Y þC5 � ðC4

C3
� 1Þ Y � VY :

C5 � ðC4

C3
� 1Þ ¼ �A1 þ RCQ1

Vt
� N3 � D2

2 � ffiffiffiffiffiffi
D1

p
� �

� Vt

2 � ð1� af1Þ ;
1

C1 � C3

¼
RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt

2 � ð1� af1Þ � R11

1
R12

� RCQ1

Vt
� N4 þ

ffiffiffiffiffiffi
D1

p� �
� Vt

2 � ð1� af1Þ ¼ 1 )
RCQ1

Vt � N4 þ
ffiffiffiffiffiffi
D1

pn o
� Vt

2 � ð1� af1Þ ¼ R12

The next step is to find our VZ circuit expression (VZ = VCEQ2).

VCEQ2 ’ Vt � ln ar2 � ICQ2 � IEQ2ð Þþ Ise � ðar2 � af2 � 1Þ
ICQ2 � IEQ2 � af2ð Þþ Isc � ðar2 � af2 � 1Þ

� �
;

IEQ2 ¼ k2 � ID2 þ ICQ2 ¼ k2 � g2 � w2 þ ICQ2

ar2 � ICQ2 � IEQ2 ¼ ar2 � ICQ2 � ½k2 � g2 � w2 þ ICQ2� ¼ ½ar2 � 1� � ICQ2 � k2 � g2 � w2
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ICQ2 � IEQ2 � af2 ¼ ICQ2 � ½k2 � g2 � w2 þ ICQ2� � af2
¼ ICQ2 � ½1� af2� � k2 � g2 � af2 � w2

ICQ2 ¼ VDD2 � VCEQ2

RCQ2
) ar2 � ICQ2 � IEQ2

¼ ½ar2 � 1� � VDD2 � VCEQ2

RCQ2

� �
� k2 � g2 � w2

ICQ2 ¼ VDD2 � VCEQ2

RCQ2
) ICQ2 � IEQ2 � af2

¼ VDD2 � VCEQ2

RCQ2

� �
� ½1� af2� � k2 � g2 � af2 � w2

VCEQ2 ’ Vt � ln
½ar2 � 1� � VDD2�VCEQ2

RCQ2

h i
� k2 � g2 � w2 þ Ise � ðar2 � af2 � 1Þ

VDD2�VCEQ2

RCQ2

h i
� ½1� af2� � k2 � g2 � af2 � w2 þ Isc � ðar2 � af2 � 1Þ

2
4

3
5

VCEQ2 ’ Vt � ln
½ar2 � 1� � VDD2�VCEQ2

RCQ2

h i
þ Ise � ðar2 � af2 � 1Þ � k2 � g2 � w2

VDD2�VCEQ2

RCQ2

h i
� ½1� af2� þ Isc � ðar2 � af2 � 1Þ � k2 � g2 � af2 � w2

2
4

3
5

For simplicity we define the following functions:

n3 ¼ n3ðVDD2; k2; g2;w2; . . .Þ
¼ ½ar2 � 1� � VDD2

RCQ2
þ Ise � ðar2 � af2 � 1Þ � k2 � g2 � w2

n4 ¼ n4ðVDD2; k2; g2;w2; . . .Þ
¼ VDD2

RCQ2
� ½1� af2� þ Isc � ðar2 � af2 � 1Þ � k2 � g2 � af2 � w2

VCEQ2 ’ Vt � ln
VCEQ2 � ð1�ar2Þ

RCQ2
þ n3

�VCEQ2 � ð1�af2Þ
RCQ2

þ n4

2
4

3
5) e½

VCEQ2
Vt � ¼

VCEQ2 � ð1�ar2Þ
RCQ2

þ n3

�VCEQ2 � ð1�af2Þ
RCQ2

þ n4

2
4

3
5

e½
VCEQ2

Vt � � VCEQ2

Vt
þ 1 ) VCEQ2

Vt
þ 1 �

VCEQ2 � ð1�ar2Þ
RCQ2

þ n3

�VCEQ2 � ð1�af2Þ
RCQ2

þ n4

2
4

3
5) VCEQ2

Vt
þ 1

� VCEQ2 � ð1� ar2Þþ n3 � RCQ2

�VCEQ2 � ð1� af2Þþ n4 � RCQ2
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½VCEQ2

Vt
þ 1� � ½�VCEQ2 � ð1� af2Þþ n4 � RCQ2� ¼ VCEQ2 � ð1� ar2Þþ n3 � RCQ2

�V2
CEQ2 � ð1� af2Þ

Vt
þ VCEQ2 � RCQ2

Vt
� n4 � VCEQ2 � ð1� af2Þþ n4 � RCQ2

¼ VCEQ2 � ð1� ar2Þþ n3 � RCQ2

� V2
CEQ2 � ð1� af2Þ

Vt
þ VCEQ2 � RCQ2

Vt
� n4 � VCEQ2 � ð1� af2Þ � VCEQ2 � ð1� ar2Þ

þ n4 � RCQ2 � n3 � RCQ2 ¼ 0

� V2
CEQ2 � ð1� af2Þ

Vt
þVCEQ2 � RCQ2

Vt
� n4 � ð1� af2Þ � ð1� ar2Þ

� �
þ ½n4 � n3� � RCQ2 ¼ 0

V2
CEQ2 � ð1� af2Þ

Vt
þVCEQ2 � �RCQ2

Vt
� n4 þð1� af2Þþ ð1� ar2Þ

� �
þ ½n3 � n4� � RCQ2 ¼ 0

V2
CEQ2 � ð1� af2Þ

Vt
þVCEQ2 � �RCQ2

Vt
� n4 þ 2� af2 � ar2

� �
þ ½n3 � n4� � RCQ2 ¼ 0

We define for simplicity new parameter A2, when

A2 ¼ 2� af2 � ar2 & 1\af2 þ ar2\2 ) 1[A2 [ 0

V2
CEQ2 � ð1� af2Þ

Vt
þVCEQ2 � A2 � RCQ2

Vt
� n4

� �
þ ½n3 � n4� � RCQ2 ¼ 0

V#;##
CEQ2 ¼

�A2 þ RCQ2

Vt � n4 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fA2 � RCQ2

Vt � n4g2 � 4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

q
2 � ð1�af2Þ

Vt

A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2 ¼ n24 � RCQ2

Vt

h i2
�2 � A2 � RCQ2

Vt � n4 þA2
2

�4 � ð1�af2Þ�RCQ2

Vt
� n3 þ 4 � ð1�af2Þ�RCQ2

Vt
� n4

A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ n24 � ½RCQ2

Vt �2 þ n4 � �2 � A2 � RCQ2

Vt þ 4 � ð1�af2Þ�RCQ2

Vt

n o
� 4 � ð1�af2Þ�RCQ2

Vt
� n3 þA2

2
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For simplicity we define the following functions:

n3 ¼ n3ðVDD2; k2; g2;w2; . . .Þ
¼ ½ar2 � 1� � VDD2

RCQ2
þ Ise � ðar2 � af2 � 1Þ � k2 � g2 � w2

N5 ¼ ½ar2 � 1� � VDD2

RCQ2
þ Ise � ðar2 � af2 � 1Þ;N6 ¼ k2 � g2 ) n3 ¼ N5 � N6 � w2

n4 ¼ n4ðVDD2; k2; g2;w2; . . .Þ
¼ VDD2

RCQ2
� ½1� af2� þ Isc � ðar2 � af2 � 1Þ � k2 � g2 � af2 � w2

N7 ¼ VDD2

RCQ2
� ½1� af2� þ Isc � ðar2 � af2 � 1Þ;N8 ¼ k2 � g2 � af2 ) n4

¼ N7 � N8 � w2

A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ ½N7 � N8 � w2�2 � RCQ2

Vt

h i2
þ ½N7 � N8 � w2� � �2 � A2 � RCQ2

Vt þ 4 � ð1�af2Þ�RCQ2

Vt

n o
�4 � ð1�af2Þ�RCQ2

Vt
� ½N5 � N6 � w2� þA2

2

A2 � RCQ2

Vt � n4
n o2

�4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ fN2
7 � 2 � N7 � N8 � w2 þN2

8 � w2
2g � ½RCQ2

Vt �2 þ ½N7 � N8 � w2� � 2�RCQ2

Vt � 2 � ð1� af2Þ � A2f g
�4 � ð1�af2Þ�RCQ2

Vt
� N5 þ 4 � ð1�af2Þ�RCQ2�N6

Vt
� w2 þA2

2

fA2 � RCQ2

Vt � n4g2 � 4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2

¼ N2
7 � RCQ2

Vt

h i2
�2 � N7 � N8 � ½RCQ2

Vt �2 � w2 þN2
8 � ½RCQ2

Vt �2 � w2
2

þN7 � 2�RCQ2

Vt � f2 � ð1� af2Þ � A2g � N8 � 2�RCQ2

Vt � f2 � ð1� af2Þ � A2g � w2

�4 � ð1�af2Þ�RCQ2

Vt
� N5 þ 4 � ð1�af2Þ�RCQ2�N6

Vt
� w2 þA2

2

fA2 � RCQ2

Vt � n4g2 � 4 � ð1�af2Þ
Vt

� ½n3 � n4� � RCQ2 ¼ N2
8 � RCQ2

Vt

h i2
�w2

2

þw2 � f�2 � N7 � N8 � RCQ2

Vt

h i2
�N8 � 2�RCQ2

Vt � f2 � ð1� af2Þ � A2gþ 4 � ð1�af2Þ�RCQ2�N6

Vt
g

þN7 � 2�RCQ2

Vt � f2 � ð1� af2Þ � A2g � 4 � ð1�af2Þ�RCQ2

Vt
� N5 þA2

2 þN2
7 � RCQ2

Vt

h i2
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For simplicity we define the following global parameters:

D4 ¼ N2
8 �

RCQ2

Vt

� �2
;D5 ¼ �2 � N7 � N8 � RCQ2

Vt

� �2

� N8 � 2 � RCQ2

Vt
� f2 � ð1� af2Þ � A2gþ 4 � ð1� af2Þ � RCQ2 � N6

Vt

D6 ¼ N7 � 2 � RCQ2

Vt
� f2 � ð1� af2Þ � A2g � 4 � ð1� af2Þ � RCQ2

Vt
� N5 þA2

2 þN2
7 � ½

RCQ2

Vt
�2

A2 � RCQ2

Vt
� n4

� �2

�4 � ð1� af2Þ
Vt

� ½n3 � n4� � RCQ2 ¼ D4 � w2
2 þD5 � w2 þD6;

D4 ¼ N2
8 � ½

RCQ2

Vt
�2 [ 0

We are using completing the square rule: A � x2 þB � x ¼ x � ffiffiffi
A

p þ B
2� ffiffiffiAp

� �2
� B2

4�A
For our case: D4 � w2

2 þD5 � w2; A ¼ D4; B ¼ D5; x ¼ w2

D4 � w2
2 þD5 � w2 ¼ w2 �

ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

� D2
5

4 � D4

fA2 � RCQ2

Vt
� n4g2 � 4 � ð1� af2Þ

Vt
� ½n3 � n4� � RCQ2

¼ D4 � w2
2 þD5 � w2 þD6 ¼ w2 �

ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

� D2
5

4 � D4
þD6

For simplicity we choose circuit parameters constrain (first request):

� D2
5

4 � D4
þD6 ! e80\e � 1

w2 �
ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

� D2
5

4 � D4
þD6 � w2 �

ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2

Finally we can state that

A2 � RCQ2

Vt
� n4

� �2

�4 � ð1� af2Þ
Vt

� ½n3 � n4� � RCQ2 ’ w2 �
ffiffiffiffiffiffi
D4

p
þ D5

2 � ffiffiffiffiffiffi
D4

p
� �2
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V#;##
CEQ2 ¼

�A2 þ RCQ2

Vt � n4 � w2 �
ffiffiffiffiffiffi
D4

p þ D5

2� ffiffiffiffiD4
p

� �
2 � ð1�af2Þ

Vt

; n4 ¼ N7 � N8 � w2

V#;##
CEQ2 ¼

�A2 þ RCQ2

Vt � N7 � RCQ2

Vt � N8 � w2 � w2 �
ffiffiffiffiffiffi
D4

p þ D5

2� ffiffiffiffiD4
p

� �
2 � ð1�af2Þ

Vt

We get possible two expressions for VCEQ2. v#2 ¼ V#
CEQ2 ¼ V ðþ Þ

CEQ2; v
##
2 ¼

V##
CEQ2 ¼ V ð�Þ

CEQ2

V#
CEQ2 ¼

�A2 þ RCQ2

Vt � N7 þ D5

2� ffiffiffiffiD4
p þw2 �

ffiffiffiffiffiffi
D4

p � RCQ2

Vt � N8

n o
2 � ð1�af2Þ

Vt

V#
CEQ2 ¼

RCQ2

Vt
� N7 þ D5

2 � ffiffiffiffiffiffi
D4

p � A2

� �
� Vt

2 � ð1� af2Þ þw2 �
ffiffiffiffiffiffi
D4

p
� RCQ2

Vt
� N8

� �

� Vt

2 � ð1� af2Þ

ffiffiffiffiffiffi
D4

p
� RCQ2

Vt
� N8

� �




D4¼N2

8�½
RCQ2
Vt �2

¼ 0 ) V#
CEQ2

¼ RCQ2

Vt
� N7 þ D5

2 � ffiffiffiffiffiffi
D4

p � A2

� �
� Vt

2 � ð1� af2Þ

RCQ2

Vt � N7 þ D5

2� ffiffiffiffiD4
p � A2

h i
� Vt
2�ð1�af2Þ ! e80\e � 1 it fulfill our system fixed points

Z coordinate for all fixed points.

V##
CEQ2 ¼

�A2 þ RCQ2

Vt � N7 � D5

2� ffiffiffiffiD4
p � w2 � RCQ2

Vt � N8 þ
ffiffiffiffiffiffi
D4

pn o
2 � ð1�af2Þ

Vt

V##
CEQ2 ¼ �A2 þ RCQ2

Vt
� N7 � D5

2 � ffiffiffiffiffiffi
D4

p
� �

� Vt

2 � ð1� af2Þ
� w2 �

RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ

V##
CEQ2 ¼ �A2 þ RCQ2

Vt
� N7 � D5

2 � ffiffiffiffiffiffi
D4

p
� �

� Vt

2 � ð1� af2Þ

�
_VY

R21
þ VY

R22
� VX

R23

� �
� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ
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V##
CEQ2 ¼ �A2 þ RCQ2

Vt � N7 � D5

2� ffiffiffiffiD4
p

n o
� Vt
2�ð1�af2Þ

�
_VY

R21
� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ �
VY

R22
� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ
þ VX

R23
� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ

We need to adapt between our system block diagram and optoisolation imple-
mentation circuit. V##

CEQ2 � Z � VZ ; Z ¼ � dY
dt � C3 � Y þC3 � X � ðC4 � C3Þ �

C5Y � VY [65–69].

1
R21

� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ ¼ 1

) RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ
¼ R21

C3 ¼ 1
R22

� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ ;

C3 ¼ 1
R23

� RCQ2

Vt
� N8 þ

ffiffiffiffiffiffi
D4

p� �
� Vt

2 � ð1� af2Þ

�ðC4 � C3Þ � C5 ¼ �A2 þ RCQ2

Vt
� N7 � D5

2 � ffiffiffiffiffiffi
D4

p
� �

� Vt

2 � ð1� af2Þ

Results Discussion We got two options for VX expression and two options for VZ

expression. The first option VX ¼ V#
CEQ1=VZ ¼ V#

CEQ2 gives a real number (circuit
parameters dependent) which can represent a situation of VX/VZ coordinate at one of
the system fixed point . For VX ¼ V#

CEQ1 it can be zero (!e) for the first fixed point

or ± real value for the second and third fixed point X coordinates and for Vz ¼
V#
CEQ2 it can be zero (!e) for all fixed points Z coordinates. The second option

VX ¼ V##
CEQ1=VZ ¼ V##

CEQ2 gives the related X and Z differential equations which
describe system dynamic behavior for case A. we adapt between optoisolation
circuit parameters and system block diagram parameters (Table 3.15).

Remark We discuss multifolded torus chaotic attractors system by using optoiso-
lation circuits only for Case A. it is reader exercise to discuss it for other cases B, C,
D [65–69].
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3.7 Exercises

1. We have Rossler’s prototype chaotic system in which some of the variables
replaced by theabsolute values.

dX
dt

¼ � Yj j � Z;
dY
dt

¼ Xj j þ a � Y ;
dZ
dt

¼ b � X � c � Z þX � Zj j 8 a; b; c 2 R
3

1:1 Find system fixed points and discuss all possible options.
1:2 Find system Jacobian matrix for all options and discuss stability.
1:3 Try to describe the system block diagram.
1:4 Implement it by using optoisolation circuits. (Hint: try to differentiate each

option in the circuit implementation which fit system block diagram).

2. We have Rossler’s chaotic system variation model which includes sign()
function.

dX
dt

¼ � Yj j � Z;
dY
dt

¼ signf Xj j þ a � Yg
dZ
dt

¼ b � X � c � Zþ signfX � Zj jg 8 a; b; c 2 R
3

2:1 Find system fixed points and discuss all possible options.
2:2 Find system Jacobian matrix for all options and discuss stability.
2:3 Try to describe the system block diagram.
2:4 Implement it by using optoisolation circuits. (Hint: try to differentiate each

option in the circuit implementation which fit system block diagram).

3. We have the following planar system (truncated amplitude system).

_r1 ¼ r1 � ðl1 þ p11 � r21 þ p12 � r22 þ s1 � r42Þ
_r2 ¼ r2 � ðl2 þ p21 � r21 þ p22 � r22 þ s2 � r41Þ

l1; l2; pij 8 i ¼ 1; 2; j ¼ 1; 2; s1; s2 are system parameters.

3:1 Find system fixed points and discuss all possible options.
3:2 Find system Jacobian matrix for all options and discuss stability.
3:3 We have the following connections between our system parameters:

l1 ¼ v1 � l2; l2 ¼ l; p11 ¼ v2 � p12; p12 ¼ p#

p21 ¼ v3 � p22; p22 ¼ p##; s1 ¼ s2 ¼ s
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How system stability is dependent on these new parameters:l; p#; p##; s.
v1; . . .; v3 are Fibonacci series numbers, where

vn ¼ vn�1 þ vn�2:

3:4 Implement the system by using optoisolation circuits, find the equivalent
circuit parameters which depend on system parameters.

4. We consider Hopf–Hopf bifurcation system with five dimensional, continuous
time system. A, B system parameters. X,…, W system variables.

dX
dt

¼ A� B � Xj j þX2 � Y � X;
dY
dt

¼ B � X � signfX2 � Yg; dZ
dt

¼ X � Zj j � V

dV
dt

¼ B � X � signfZ � VgþV2 � Wj j � V ;
dW
dt

¼ Z � jV j � V2 �W

4:1 Find system fixed points and discuss all possible options.
4:2 Find system Jacobian matrix for all options and discuss stability.
4:3 How system stability depend on D parameter when A = D + B.
4:4 Implement the system by using optoisolation circuits, find the equivalent

circuit parameters which depend on system parameters.
4:5 We restrict our system to four dimensional by deleting the last differential

equation dW/dt = … and set W variable to zero. Discuss system stability
and find optoisolation circuit implementation.

5. We have system model which exhibits fold and torus bifurcation. The model is
known as a chemical model (peroxidase-oxidase reaction). η1,…,η4 are system
state variables. C1,…,C9 are system parameters.

dg1
dt

¼ �C1 �
Y3
j¼1

gj � C3 � g1 � g2 � g4 þC7 � C9 � g1

dg2
dt

¼ �C1 �
Y3
j¼1

gj � C3 � g1 � g2 � g4 þC8

dg3
dt

¼ C1 �
Y3
j¼1

gj � 2 � C2 � g23 þ 2 � C3 � g1 � g2 � g4 � C4 � g3 þC6

dg4
dt

¼ �C3 � g1 � g2 � g4 þ 2 � C2 � g23 � C5 � g4
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5:1 Find system fixed points and discuss all possible options.
5:2 Find system Jacobian matrix and how stability is dependent on C1,…,C9

parameters.
5:3 What happened when all system parameters have the same value

C1 = …. = C9 = C. Find system fixed points and discuss stability.
5:4 Find the conditions for Torus bifurcation and the related phase plots.
5:5 Implement the system by using optoisolation circuits. How the bifurcation

is dependent on circuit parameters?

6. We consider a system of two coupled oscillation elements, when one element is
used to suppress vibrations of the other. The system is given by the following
differential equations.

d2
V1

dt2 þC1 � dV1

dt �
dV2

dt

� �
þC2

2 � ð1þ e � cosðg � tÞÞ � ðV1 � V2Þ ¼ 0

d2
V2

dt2 � C3 � C1 � dV1

dt �
dV2

dt

� �
� C3 � C2

2 � ð1þ e � cosðg � tÞÞ � ðV1 � V2Þ

þC4 � dV2

dt þV2 � C5 � C2
6 � 1� c � dV2

dt

h i2� �
� V2 ¼ 0

V1, V2 are system variables and C1,…,C6, e, η, c are system parameters. The
natural frequencies of this system are

X2
1;2 ¼

1
2
� 1þC2

2 � ð1þC3Þ
� ��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
� ð1þC2

2 � ð1þC3ÞÞ2 � C2
2

r

Near the parametric resonance η0 = X2 − X1, the trivial solution exhibits a
double NS bifurcation when C1 ¼ ðC5 � C2

6 � C4Þ=ð1þC3Þ.
6:1 Represent our system by set of first order and nonlinear differential equa-

tions. Find fixed points and discuss stability.
6:2 Detect for which parameters values NS bifurcation happened.
6:3 What happened to the system when η parameter is equal to zero ?
6:4 How e parameter influences system behavior.
6:5 Implement the system by using optoisolation circuits.
6:6 Find to which circuit parameters values bifurcation happened.

7. We consider the following system X, Y, Z are variables, a is a parameter.

dX
dt

¼ �Y þX � ð1� X2 � Y2Þ; dY
dt

¼ Xþ Y � ð1� X2 � Y2Þ; dZ
dt

¼ a

Has the z-axis and the cylinder X2 + Y2 = 1 as invariant sets. The cylinder is an
attracting set. We identify the points (X, Y, 0) and (X, Y, 2p) in the planes Z = 0
and Z = 2p, we get a flow in R3 with a two-dimensional invariant torus T2 as an
attracting set. The Z-axis gets mapped onto an unstable cycle C. If a is an
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irrational multiple of p then the torus T2 is an attractor and it is the x-limit set of
every trajectory except the cycle C.

7:1 Find system fixed points and discuss stability.
7:2 Parameter a = a(X, Y), How it influences system behavior.
7:3 Implement the system by using optoisolation circuits.
7:4 The implementation optoisolation circuit must contain optocoupler which

is coupler with three LEDs IBQ1=k1 � ID1 + k2 � ID2 + k3 � ID3. Draw the
circuit and find the related differential equation. Discuss Torus bifurcation.

7:5 We transfer some of differential equation’s variables to their absolute
values. How it influence system behavior and stability.

dX
dt

¼ �Y þ Xj j � ð1� X2 � Y2Þ; dY
dt

¼ Xþ Yj j � ð1� X2 � Y2Þ; dZ
dt

¼ a

Discuss all possible options.

8. Homoclinic bifurcation is a scenario, part of a limit cycle moves closer and
closer to a saddle point. At the bifurcation the cycle touches the saddle point
and becomes a homoclinic orbit. This is kind of infinite period bifurcation. It is
also call saddle loop or homoclinic bifurcation.

We have the system dX
dt ¼ Y ; dYdt ¼ l � Y þX � X2 þX � Y

8:1 Find system fixed points and discuss stability. How l values influence
system behavior and which is the critical value lc which homoclinic
bifurcation happened.

8:2 Plots a series of phase portraits before, during, and after bifurcation. How l
parameter value influence phase portrait.

8:3 We define variation system:

dX
dt

¼ Yj j; dY
dt

¼ l � Y þX � X2 þX � Y � signfX � Yg

Discuss fixed points and stability for all options.
8:4 Implement the system by using optoisolation circuits. How circuit param-

eters cause to homoclinic bifurcation ?

9. We have coupled chaotic system, two identical chaotic systems
dX
dt ¼ f ðXÞ; dYdt ¼ f ðYÞ;X; Y 2 R

n; n� 3, evolving on an asymptotically stable
chaotic attractor A, when one to one coupling (see below)

dX
dt

¼ f ðXÞþ d1 � ðY � XÞ; dY
dt

¼ f ðYÞþ d2 � ðX � YÞ;X; Y 2 R
n; n� 3
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Is introduced, can be synchronized for some ranges of d1,2 when d1;2 2 R. We
consider the dynamics of two different Lorenz systems coupled by nonsym-
metrical one to one coupling.

dX1

dt
¼ �r � ðX1 � Y1Þþ d1 � ðX2 � X1Þ;

dY1
dt

¼ �X1 � Z1 þ r1 � X1 � Y1 þ d1 � ðY2 � Y1Þ

dZ1
dt

¼ X1 � Y1 � b � Z1 þ d1 � ðZ2 � Z1Þ;
dX2

dt
¼ �r � ðX2 � Y2Þþ d2 � ðX1 � X2Þ

dY2
dt

¼ �X2 � Z2 þ r2 � X2 � Y2 þ d2 � ðY1 � Y2Þ;
dZ2
dt

¼ X2 � Y2 � b � Z2 þ d2 � ðZ1 � Z2Þ

r;B; r1; r2; d1; d2 2 R. We assume that each uncoupled system (d1 = d2 = 0)
evolves on chaotic attractors.

9:1 Find system fixed points for the coupled case (d1,2 6¼ 0).
9:2 Find Jacobian matrix and discuss stability.
9:3 Discuss system evolution on three-dimensional torus T.
9:4 Describe evolution transverse to the Torus T.
9:5 Implement the system by using optoisolation circuits.
9:6 Discuss bifurcation upon circuit’s parameters variation.
9:7 Discuss on-off intermittency linked with the destruction of the torus

attractor of a pair coupled chaotic Lorenz systems.

10. We have system which characterize by two variables X, Y and two parameters
A, B.

dX
dt

¼ A � dY
dX

�
P3

k¼1

Pk2

l¼k X
k � Yl

Xj j

( )
= Y � Bj jð Þ;

dY
dt

¼ B � X � X2 � Y þ
Q2

k¼1

Pk2

l¼k X
k � Yl

Aþ dX
dY

� �

10:1 Find system fixed points and discuss stability for the following cases
(A = B = 0; A = 0 & B 6¼ 0; A 6¼ 0 & B = 0; A 6¼ 0 & B 6¼ 0), analyze
all possible options.

10:2 Discuss system bifurcation based on different values of A and B.
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10:3 How the system behavior changes for A = B � D? Discuss bifurcation for
different values of D parameter.

10:4 Implement the system by using optoisolation circuits.
10:5 Discuss bifurcation upon circuit’s parameters variation.
10:6 We have system constrain A/B = [A/B]2 − 1, How it influence system

behavior, fixed points and stability.
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Chapter 4
Optoisolation Circuits Analysis Floquet
Theory

Floquet theory is the study of the stability of linear periodic systems in continuous
time. Floquet exponents/multipliers are analogous to the eigenvalues of Jacobian
matrices of equilibrium points. Another way to describe Floquet theory: it is the
study of linear systems of differential equations with periodic coefficients. Floquet
theory can be used for anything you would use linear stability analysis for, when
dealing with a periodic system.

Although Floquet theory is a linear theory, nonlinear models can be linearized
near limit cycle solutions to enable the use of Floquet theory. Floquet theory deals
with continuous-time systems. The theory of periodic discrete-time systems is
closely analogous. In that case, one can multiply the T transition matrices together
to determine how a perturbation changes over a period, which is similar to finding
the fundamental matrix. One limitation of Floquet theory is that it applies only to
periodic systems. Although many systems experience periodic forcing, others
experience stochastic or chaotic forcing. In these cases, the more general Lyapunov
exponents described play the role of Floquet exponents. Conceptually similar to
Floquet exponents, Lyapunov exponents are more challenging to compute
numerically because, instead of calculating how a perturbation grows or shrinks
over one period, this must be done in the limit at T ! ∞. Many optoisolation
systems are periodic and continuous in time, therefore Floquet theory is an ideal
way for behavior and stability analysis. There are many optoisolation systems
which contain periodic forcing source (voltage or current sources) and can be
analyzed by this theory [46–48].

4.1 Floquet Theory Basic Assumptions and Definitions

We consider a set of linear, homogeneous, time periodic differential equations: dx/
dt = A(t) � x; where x is a n-dimensional vector and A(t) is an n � n matrix with
minimal period T. A(t) varies periodically and the solutions are typically not periodic,

© Springer International Publishing AG 2017
O. Aluf, Advance Elements of Optoisolation Circuits,
DOI 10.1007/978-3-319-55316-0_4

281



and despite its linearity, closed from the solutions of dx/dt = A(t) � x typically cannot
be found. The general solution of dx/dt = A(t) � x takes the form xðtÞ ¼Pn

i ci �
eli�t � piðtÞ; where ci are constants that depend on initial conditions, pi(t) are vector
value functions with period T, and li are complex numbers called characteristic or
Floquet exponents. Characteristic or Floquet multipliers are related to the Floquet
exponents by the relationship qi ¼ eli�T (li—Floquet exponents; qi—Floquet mul-
tipliers). The solution to dx/dt = A(t) � x is the sum of n periodic functions multiplied
by exponentially growing or shrinking terms eli�tð Þ. The long-term behavior of the
system is determined by the Floquet exponents. The zero equilibrium is stable if all
Floquet exponents have negative real parts or, equivalently, all Floquet multipliers
have real parts between −1 and +1. If any Floquet exponent has a positive real part
which is equivalent to a Floquet multiplier with modulus greater than one, then the
zero equilibrium is unstable and jjxðtÞjjt!1 ! 1. Thus, Floquet exponents or
Floquet multipliers can be interpreted in the same way as eigenvalues are in models
with constant coefficients in continuous/discrete time, respectively and they repre-
sent the growth rate of different perturbations averaged over a cycle. Floquet
exponents are rates with unit’s 1/time, and Floquet multipliers are dimensionless
numbers that give the period to period increase/decrease of the perturbation.
Typically Floquet exponents and multipliers must be calculated numerically while
eigenvalues of a matrix can be calculated analytically. The way is to solve the matrix
differential equation dX/dt = A(t) � X over one period (t = 0 to t = T) with the
identity matrix as an initial condition (X(t = 0) = I). X(T) is known as a fundamental
matrix and Floquet multipliers qi are the eigenvalues of X(T) and Floquet exponents,
li can calculated as (ln[qi])/T qi ¼ eli�T ) li ¼ 1

T � lnðqiÞ
� �

.

xðtÞ ¼
Xn
i

ci � eli�t � piðtÞ ) dxðtÞ
dt

¼
Xn
i

ci � li � eli�t � piðtÞþ eli�t � @piðtÞ
@t

� �

dxðtÞ
dt

¼
Xn
i

ci � li � eli�t � piðtÞþ eli�t � @piðtÞ
@t

� �
¼ dxðtÞ

dt
¼
Xn
i

ci � li � piðtÞþ
@piðtÞ
@t

� �
� eli�t

dxðtÞ
dt

¼ AðtÞ � xðtÞ )
Xn
i

ci � li � piðtÞþ
@piðtÞ
@t

� �
� eli�t ¼ AðtÞ �

Xn
i

ci � eli�t � piðtÞ

We can summarize our last discussion in Table 4.1:

dx
dt

¼ AðtÞ � x; AðtÞ ¼ Aðtþ TÞ; x� el�t � pðtÞ; pðtÞ ¼ pðtþ TÞ

We define tr(A) as the trace of an n � n square matrix A. Trace A, tr(A) is
defined to be the sum of the elements on the main diagonal which is the diagonal
from the upper left to the lower right of A [78, 79].

trðAÞ ¼ a11 þ a22 þ � � � þ ann ¼
Pn

i¼1 aii, where aii represents the entry on the
ith row and ith column of A. The trace of a matrix is the sum of the complex
eigenvalues and its invariant with respect to a change of basis. This characterization
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can be used to define the trace of a linear operator in general. The matrix trace is
only defined for a square matrix (i.e., n � n).

el1�T � el2�T � � � � � eln�T ¼
Yn
i¼1

eli�T ¼ eT �
Pn

i¼1
li ¼ e

R T

0
trðAðsÞÞ� ds

Let x1ðtÞ; . . .; xnðtÞ be n solutions of dx/dt = A(t) � x then XðtÞ ¼ ½½x1�. . .½xn��; X
(t) is an n � n matrix solution of dXdt ¼ A � X. If x1ðtÞ; . . .; xnðtÞ are linearly inde-

pendent, then X(t) is nonsingular and is called a fundamental matrix. If X(t0) = I,
then X(t) is the principal fundamental matrix.

Lemma 1 if X(t) is a fundamental matrix then so is Y(t) = X(t) � B for any non-
singular constant matrix B.

Lemma 2 If W(t) of X(t) be the determinant of X(t) then

WðtÞ ¼ Wðt0Þ � e
R t

t0
trðAðsÞÞ�ds

.

Theorem 1 Let A(t) be a T-period matrix. If X(t) is a fundamental matrix then so is
X(t + T) and there exists a nonsingular constant matrix B such that

ðIÞ Xðtþ TÞ ¼ XðtÞ � B 8 t

ðIIÞ det ðBÞ ¼ e
R T

0
trðAðsÞÞ�ds ¼ el1�T � el2�T � . . . � eln�T ¼

Yn
i¼1

eli�T ¼ eT �
Pn

i¼1
li

Table 4.1 Floquet exponents

Floquet exponents (characteristic
exponents)

Floquet multipliers

Rated with units [1/time] Dimensionless numbers

li ¼ ai þ i � bi; li—complex numbers
qi ¼ eli �T ) li ¼ 1

T � lnðqiÞ
qi ¼ eli �T ¼ qijli¼ai þ i � bi ¼ eðai þ i�biÞ�T

Using Euler’s formula
qi ¼ eai �T � ei�bi �T
qi ¼ eai �T � cosðbi � TÞþ i � sinðbi � TÞf g

Stability issue at zero equilibrium:
Stable for Re[li] = ai < 0
Unstable for Re[li] = ai > 0
jjxðtÞjjt!1 ! 1

Stability issue at zero equilibrium:
Stable for −1 < Re[qi] < 1
�1\eai �T � cosðbi � TÞ\1; T—period
Unstable if Floquet multipliers modulus (absolute
value, magnitude) greater than one
jqij ¼ eai �T [ 1; jjxðtÞjjt!1 ! 1

Typically must be calculated
numerically

Typically must be calculated numerically

Floquet exponents li can calculated as
qi ¼ eli �T ) li ¼ 1

T � lnðqiÞ
Floquet multipliers qi are eigenvalues of X(T); X
(T) is a fundamental matrix
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Definition 1 The eigenvalues q1,…,qn of B are called the characteristic multipliers
(Floquet multipliers) for dX/dt = A(t) � X. The characteristic exponent (Floquet
exponents) are l1,…,ln satisfying q1 ¼ el1�T ; q2 ¼ el2�T ; . . .; qn ¼ eln�T

lj for j 2 N may be complex.

(I) The characteristic multipliers (eigenvalues) q1,…,qn of B = X(T) with X

(T = 0) = I satisfy det ðBÞ ¼ q1 � q2 � . . . � qn ¼
Qn

j¼1 qj ¼ e
R T

0
trðAðsÞÞ�ds

(II) Trace is the sum of the eigenvalues trðBÞ ¼ q1 þ q2 þ � � � þ qn ¼
Pn

j¼1 qj
(III) The characteristic exponents are not unique since if

qj ¼ elj�T ) qj ¼ e lj þ 2�p�i
Tð Þ�T

(IV) The characteristic multipliers qj are an intrinsic property of the equation dX/
dt = A(t) � X and do not depend on the choice of the fundamental matrix.

Theorem 2 Let q be a characteristic multiplier and let l be the corresponding
characteristic exponent so that q ¼ el�T . Then there exists a solution dx/dt = A � x
such that x(t + T) = q � x(t) and there exists a periodic solution p(t) with period T
such that xðtÞ ¼ el�T � pðtÞ.

(I) If l is replaced by l + 2 � p � i/T (l ! l + 2 � p � i/T) then we get

xðtÞ ¼ pðtÞ � e lþ 2�p�i
Tð Þ�t ¼ pðtÞ � el�t � e2� p� i

T �t; where pðtÞ � e2�p�i
T �t is a periodic

with period T. The fact that l is not unique does not alter the results.
(II) xjðtþ TÞ ¼ qj � xjðtÞ; xjðtþN � TÞ ¼ qNj � xjðtÞ each characteristic multipliers

falls into one of the following categories:

(II:1) if |q| < 1 then Re(l) < 0 and x(t) ! 0 for t ! ∞.

qj ¼ elj�T ) lj ¼
1
T
� ln½qj�; qj ¼ eðaj þ i�bjÞ�T ¼ eaj�T � ei�bj�T

qj ¼ eaj�T � ½cosðbj � tÞþ i � sinðbj � tÞ� ) jqjj ¼ eaj�T ; jqjj1 ) eaj�T\1

eaj�T\1 ) aj � T\0; T[ 0 ) aj\0 ) ReðljÞ ¼ aj\0

xðtÞ ¼ pðtÞ � el�t ¼ pðtÞ � eðaþ i�bÞ�t ¼ pðtÞ � ea�t � ei�b�tj a[ 0

t ! 1
ea�t ! e

! e ¼ 0

(II:2) if |q| = 1 then Re(l) = 0 and we have pseudo-periodic solution.
If q = ±1 then the solution is periodic with period T.

qj ¼ elj�T ) lj ¼
1
T
� ln½qj�; qj ¼ eðaj þ i�bjÞ�T ¼ eaj�T � ei�bj�T

jqjj ¼ eaj�T ) jqjj ¼ 1 ) eaj�T ¼ 1 ) aj � T ¼ 0

T 6¼ 0 ) aj ¼ 0 ) ReðljÞ ¼ 0
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(II:3) if |q| > 1 then Re(l) > 0 and x(t) ! ∞ for t ! ∞.

qj ¼ elj�T ) lj ¼
1
T
� ln½qj�; qj ¼ eðaj þ i�bjÞ�T ¼ eaj�T � ei�bj�T

qj ¼ eaj�T � ½cosðbj � tÞþ i � sinðbj � tÞ� ) jqjj ¼ eaj�T ; jqjj[ 1 ) eaj�T [ 1

eaj�T [ 1 ) aj � T[ 0;T [ 0 ) aj [ 0 ) Re(ljÞ ¼ aj [ 0

xðtÞ ¼ pðtÞ � el�t ¼ pðtÞ � eðaþ i�bÞ�t ¼ pðtÞ � ea�t � ei�b�tj a[ 0
t!1
ea�t!e

! 1

The entire solution is stable if all the characteristic multipliers
satisfyjqjj � 1

(III) If b1,…,bn are n linearly independent eigenvectors of B corresponding to
distinct eigenvalues q1,…,qn then there are n linearly independent solutions
to dx/dt = A � x, which can be given by xjðtÞ ¼ elj�t � pjðtÞ:
pj(t) is T periodic. We can define the following:

X0ðtÞ ¼ ½½x1�. . .½xn��;P0ðtÞ ¼ ½½p1�. . .½pn��;D0ðtÞ ¼
l1 . . . 0

..

. . .
. ..

.

0 � � � ln

0
BB@

1
CCA

D0ðtÞ ¼
l1 . . . 0

..

. . .
. ..

.

0 � � � ln

0
BB@

1
CCA&Y0ðtÞ ¼

el1�t . . . 0

..

. . .
. ..

.

0 � � � eln�t

0
B@

1
CA

) X0 ¼ P0 � Y0; dY0dt
¼ D0 � Y0

(IV) What happened if q < 0 and is real then
q ¼ el�T ¼ eðaþ i�bÞ�T ; q ¼ eðaþ i�bÞ�T ¼ ea�T � ei�b�T jb¼0 ¼ ea�T ;

q ¼ e aþ ip
Tð Þ�T ; q ¼ �ea�TxðtÞ ¼ pðtÞ � el�t ¼ pðtÞ � ea�t � ei�p�t

T ¼ ea�t � qðtÞ;
q(t) has period T since p(t) has period T. Since we can choose x to be real,
without loss of generality, we can choose q to be real. For the general
solution if qj < 0, we can replace pj and lj with aj and get the following
results:

P0 ¼ ½½p1�. . .½qj�. . .½pn��; Y0 ¼
el1�T . . . 0
..
. . .

. ..
.

0 � � � eln�T

0
B@

1
CA;

X0ðtÞ ¼ P0ðtÞ � Y0ðtÞ

(V) Suppose that q is complex; qj ¼ eaj�T � ½cosðbj � tÞþ i � sinðbj � tÞ� then since
q is an eigenvalue of the real matrix B, �q is as well. The characteristic
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exponents are l and �l. Let l ¼ aþ i � b and pðtÞ ¼ qðtÞþ i � rðtÞ; where q
(t) and r(t) must both have period T since p(t) does. Since xðtÞ ¼ pðtÞ � el�t is
a solution to dx/dt = A(t) � x then by taking the complex conjugate,
�xðtÞ ¼ �pðtÞ � e�l�t. We can write these as

xðtÞ ¼ e½aþ i�b��t � qðtÞþ i � rðtÞf g ¼ ea�t � ei�b�t � qðtÞþ i � rðtÞf g
xðtÞ ¼ e½aþ i�b��t � qðtÞþ i � rðtÞf g ¼ ea�t � cosðb � tÞþ i � sinðb � tÞf g � qðtÞþ i � rðtÞf g
xðtÞ ¼ ea�t � qðtÞ � cosðb � tÞ � rðtÞ � sinðb � tÞþ i � ½rðtÞ � cosðb � tÞþ qðtÞ � sinðb � tÞf g
�xðtÞ ¼ ea�t � qðtÞ � cosðb � tÞ � rðtÞ � sinðb � tÞ � i � ½rðtÞ � cosðb � tÞþ qðtÞ � sinðb � tÞ�f g

We can alternately write the linearly independent real solutions:

xRðtÞ ¼ Re½el�t � pðtÞ� ¼ ea�t � qðtÞ � cosðb � tÞ � rðtÞ � sinðb � tÞf g
xIðtÞ ¼ Im½el�t � pðtÞ� ¼ ea�t � qðtÞ � sinðb � tÞþ rðtÞ � cosðb � tÞf g

X0 ¼ ½½x1�. . .½xR�½xI �. . .½xn��;P0 ¼ ½½p1�. . .½q�½r�. . .½pn��; Y0 ¼
el1�t . . . 0

..

. . .
. ..

.

0 � � � eln�t

0
B@

1
CA

X0ðtÞ ¼ P0ðtÞ � Y0ðtÞ. If we consider system dx/dt = f(x) with x 2 R
2; where

there is a periodic solution x(t) = U(t) with period T. We must have q1 = 1 then we

get q1 � q2 ¼ e
R T

0
trðAðsÞÞ�dsjq1¼1 ) q2 ¼ e

R T

0
trðAðsÞÞ�ds. The perturbation should be

bounded and hence for the solution to be stable, q1 � 1; q2 � 1 and since we
know q1 = 1 and we wish q1 and q2 to be distinct, we must have q2\1; q1 ¼ 1

q2\1 ) e
R T

0
trðAðsÞÞ�ds\1 )

ZT
0

trðAðsÞÞ � ds\0 )
ZT
0

tr
@fi
@xj

j/ðsÞ
� �

� ds\0

)
ZT
0

@f1
@x1

þ @f2
@x2

� �
j/ðsÞ � ds\0

R T
0 r � f jx¼/ � ds\0: We get instability when

R T
0 r � f jx¼/ � ds[ 0. If we

consider n x n linear equation dy(t)/dt = A(t) � y(t); t 2 R; where A(t) is a T-periodic
function. Let U(t) be a fundamental of dy(t)/dt = A(t) � y(t) and we can write dU(t)/
dt = A(t) � U(t) and U is nonsingular. The periodicity of A(�), U(t + T) is satisfies a
fundamental solution. Since there are n independent solutions of dy(t)/dt = A(t) � y
(t), thus there exists a constant nonsingular matrix X such that U(t + T) = U(t) � X.
Since any solution of y can be expressed as U(t) � x for some constant vector x, we
get y(t + T) = U(t) � X � x. If we choose x to be an eigenvector of X with
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eigenvalue q then the corresponding y(t) = U(t) � x and satisfies y(t + T) = q � y(t).
Let X has eigenvalues q1,…,qn with eigenvectors x1,…,xn then the solution
yi(t) = U(t) � xi satisfies yi(t + T) = qi � yi(t). The above definition of qi is inde-
pendent of the choice of a particular choice of the fundamental solution. If w(t) is
another fundamental solution, then there exists a constant D such that
w(t) = U(t) � D and X = U(T) � U(0)−1 = w(T) � w(0)−1. The eigenvalues qi are
called the characteristic values of dy(t)/dt = A(t) � y(t). The Wronskian W(t) = det
U(t) satisfies dW(t)/dt = [tr(At)] � W(t). Hence there exists W(t),

WðtÞ ¼ e
R t

0
½trðAðsÞ��ds 6¼ 0 ) qi 6¼ 0 8 i. We can express qi ¼ eT �li and the constants

li, i = 1,2,…,n are called Floquet exponents. If we define /iðtÞ ¼ yðtÞ � e�li�t then
Ui is a T-periodic function.

/iðtþ TÞ ¼ yðtþ TÞ � e�li�ðtþTÞjyðtþ TÞ¼qi�yiðtÞ

¼ qi � yiðtÞ � e�li�ðtþ TÞjqi¼eT �li ¼ eT �li � yiðtÞ � e�li�ðtþTÞ

/iðtþ TÞ ¼ eT �li � yiðtÞ � e�li�ðtþTÞ

¼ eT �li � yiðtÞ � e�T �li � e�li�t ¼ yiðtÞ � e�li�t ¼ /iðtÞ

We may express yiðtÞ � e�li�t ¼ /iðtÞ ) yiðtÞ ¼ /iðtÞ � eli�t. If the real part of
li � 0, then the corresponding yi(t) is bounded for t � 0 [5, 6, 46, 47].

We can inspect our Floquet theory in the glance of periodic linear differential
equation. In general, theory of time-varying differential equations like dx(t)/dt = A
(t) � x(t) only for certain classes of functions A : R ! glðd;RÞ we need to under-
stand of the qualitative behavior of the solutions. Floquet’s theory and its relation to
the idea of Lyapunov exponents and Lyapunov spaces belong to the theory for a
class of time-varying linear systems which was initiated by Floquet for the periodic
case [80].

Definition 2 A periodic linear differential equation dx/dt = A(t) � x is given by a
matrix function A : R ! glðd;RÞ that is continuous and periodic (of period T > 0).
We use the shift h(t, s) = t + s mod T. The dx/dt = A(h(t, 0)) � x and the solutions
define a dynamical system via U : R� S1 � R

d ! S1 � R
d , if we identify R mod

T with the circle S1. The results concern the fundamental matrix of a periodic linear
system.

Lemma 3 For every invertible matrix S 2 Glðd;CÞ there is a matrix R 2 glðd;CÞ
such that S = eR. For every invertible matrix S 2 Glðd;RÞ; there is a real Q 2
glðd;RÞ such that S2 = eQ. The eigenvalues of R and Q are mapped onto the
eigenvalues of S and S2, respectively.

Remark 1 We can construct Q by observing that the real parts of the eigenvalues of
S2 are all positive. Then the real logarithm of these real parts exists and one can
discuss the Jordan blocks similarly as above noting that a real logarithm of

r � cos x � sin x
sin x cos x

� �
! ðln rÞ � Iþ 0 �x

x 0

� �
.
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Remark 2 The real parts of the eigenvalues of R and Q, respectively, are uniquely
determined by S. The imaginary parts are unique up to the addition of
2 � k � p � i; k 2 k � Z. In particular, several eigenvalues of R and Q may be mapped
to the same eigenvalue of eR and eQ, respectively.

The principal fundamental solution X(t), t 2 R is a unique solution of the matrix
differential equation dX(t)/dt = A(t) � X(t) with initial value X(t = 0) = I. Then the
solutions of dx/dt = A(t) � x, x(t = 0) = x0, are given by x(t) = X(t) � x0. We need to
discuss the consequences of the periodicity assumption for A(t) for the fundamental
solution.

Lemma 4 The principal fundamental solution X(t) of dx/dt = A(t) � x with
T-periodic A(�) satisfies X(k � T + t) = X(t) � X(T)k for all t 2 R& k 2 N.

There is a matrix Q 2 glðd;RÞ such that the fundamental solution X(�) satisfies X
(2 � T) = e2 � T � Q. The real parts ki of the eigenvalues Q are uniquely determined
by this condition, and are called Floquet exponents. Furthermore, the eigenvalues aj
of X(2 � T) = X(T)2 satisfy |aj| = ekj.

Theorem 3 Let U ¼ ðh;uÞ : R� S1 � R
d ! S1 � R

d be the flow associated with
a periodic linear differential equation dx/dt = A(t) � x. The system has a finite
number of Lyapunov exponents and they coincide with the Floquet exponent’s
kj � j = 1,…,l � d. For each exponent kj and each s 2 S1; there exists a splitting
R

d ¼ 	l
j¼1Lðkj; sÞ of Rd into linear subspaces with the following properties:

(I) The subspaces L(kj, s) have the same dimension independent of s, i.e., for
each j = 1,…,l it holds that dim Lðkj; rÞ ¼ dim Lðkj; sÞ ¼ di for all
r; s 2 S1.

(II) The subspaces Lðkj; sÞ are invariant under the flow U. i.e., for j = 1,…,l it
holds that uðt; sÞ � Lðkj; sÞ ¼ Lðkj; hðt; sÞÞ ¼ Lðkj; tþ sÞ for all
t 2 R & s 2 S1.

(III) kðx; sÞ ¼ lim
t!
1

1
t � ln jjuðt; s; xÞjj ¼ kj if and only if x 2 Lðkj; sÞnf0g.

For each j ¼ 1; . . .; l� d the map Lj : S1 ! Gdj defined by s ! Lðkj; sÞ is
continuous. The linear subspaces L(kj, �) are called the Lyapunov spaces (Floquet
spaces) of the periodic matrix function A(t).

Definition 3 The stable, center and unstable subspaces associated with the periodic
matrix function A : R ! glðd;RÞ are defined as L�ðsÞ ¼ 	fLðkj; sÞ; kj\0g
L0ðsÞ ¼ 	fLðkj; sÞ; kj ¼ 0g, and Lþ ðsÞ ¼ 	fLðkj; sÞ; kj [ 0g respectively for
s 2 S1.

Theorem 4 The zero solution x(t, 0) � 0 of the periodic linear differential equa-
tion dx/dt = A(t) � x is asymptotically stable if and only if it is exponentially stable
if and only if all Lyapunov exponents are negative if and only if L�ðsÞ ¼ R

d for
some and hence for all s 2 S1.
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4.2 Optoisolation Circuit’s Two Variables with Periodic
Sources

We have an optoisolation circuits which are characterized by two main variables
V1(t) and V2(t). The first variable V1(t) characterizes the output voltage in time for
the first optocoupler’s output voltage (VCEQ1) and the second variable
V2(t) characterizes the output voltage in time for the second optocoupler’s output
voltage (VCEQ2). Each optoisolation circuit includes feedback loop which couples
with the other circuit by LED and photo transistor coupling elements. The first and
the second optoisolation circuits have input periodic sources X1(t) and X2(t). These
periodic sources Xi(t) for i = 1, 2 with X1(t) = sin(2 � p � t) and X2(t) = −sin
(2 � p � t) so that two circuit output variables can change from sources (X > 0) to
sinks (X < 0) perfectly out of phase with period T ¼ 1 2 � p � t ¼ x � t ¼ð
2 � p � f � t ) 2 � p � t ¼ 2�p

T � t ) T ¼ 1Þ. We inspect system stability, limit cycle,
and limit cycle stability by using Floquet theory. We inspect the cases for Xi(t) = 0
for i = 1, 2 and Xi(t) = (−1)i+1 � sin(2 � p � t) for i = 1, 2. Additionally we consider
two special cases. If the two optoisolation circuits are completely uncoupled
(k1 = 0; k2 = 0) or coupled (k1 6¼ 0; k2 6¼ 0) [1, 2].

k1 and k2 are the coupling coefficients between D2 forward current and photo-
transistor Q1 partial base current and D1 forward current and phototransistor Q2
partial base current, respectively. The circuits include two multiplication elements
which are implemented by using Op Amps and discrete components (capacitors,
resistors, diodes, etc.,). The output of each multiplication elements is
X1(t) � V1(t) and X2(t) � V2(t), respectively. Circuits multiplication elements input
ports impedances are infinite, then the input ports current is zero
(Rin�1 ! 1 ) Iin�1 ! e and Rin�2 ! 1 ) Iin�2 ! e). The below optoisolation
circuits implement our two variables with periodic sources system. Our circuit
includes two sub-circuits, V1 circuit (D2–Q1) and V2 circuit (D1–Q2) [10, 15]
(Fig. 4.1).

X1ðtÞ ¼ sinð2 � p � tÞ; X2ðtÞ ¼ � sinð2 � p � tÞ;
XiðtÞ ¼ ð�1Þiþ 1 � sinð2 � p � tÞ8i ¼ 1; 2

V2 ¼ ID2 � R2 þVD2 ¼ ID2 � R2 þVt � ln ID2
I0

þ 1
� 	





ln ID2
I0

þ 1

h i
�ID2

I0

¼ ID2 � R2 þVt � ID2I0

V1 ¼ ID1 � R1 þVD1 ¼ ID1 � R2 þVt � ln ID1
I0

þ 1
h i




ln ID1
I0

þ 1

h i
�ID1

I0

¼ ID1 � R1 þVt � ID1I0

(Taylor series approximation). V2 ¼ ID2 � R2 þ Vt
I0

� �
) ID2 ¼ V2

R2 þ Vt
I0

¼ I0
I0�R2 þVt

n o
� V2
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V1 circuit (D2–Q1):

V1 ¼ ID1 � R1 þ Vt

I0

� �
) ID1 ¼ V1

R1 þ Vt
I0

¼ I0
I0 � R1 þVt

� �
� V1; IBQ1

¼ k1 � ID2 þ V1 � X1ðtÞ � VBEQ1

RBQ1

VDD1 ¼ IRcQ1 � RcQ1 þV1; V1 ¼ VCEQ1; IRcQ1 ¼ ICQ1 þ IC1 þ ID1; ICQ1 ¼ ICQ1ðV1Þ

VDD1 ¼ ðICQ1 þ IC1 þ ID1Þ � RcQ1 þV1; IC1 ¼ C1 � dV1

dt
; V1 ¼ 1

C1
�
Z

IC1 � dt

Fig. 4.1 Two variables
optoisolation circuit with
periodic source
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VDD1 ¼ ICQ1ðV1ÞþC1 � dV1

dt
þ I0

I0 � R1 þVt

� �
� V1

� �
� RcQ1 þV1;VBEQ1

¼ Vt � ln ar1 � ICQ1 � IEQ1
Ise � ðar1 � af 1 � 1Þ
� 	

þ 1
� �

IEQ1 ¼ IBQ1 þ ICQ1; IBQ1 ¼ k1 � ID2 þ V1 � X1ðtÞ � VBEQ1

RBQ1

¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ � VBEQ1

RBQ1

VCEQ1 ¼ Vt � ln ðar1 � ICQ1 � IEQ1Þþ Ise � ðar1 � af 1 � 1Þ
ðICQ1 � IEQ1 � af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

þVt � ln Isc
Ise

� �
;

Isc
Ise

! 1 ) ln
Isc
Ise

� �
! e

VCEQ1 ¼ V1 ’ Vt � ln ðar1 � ICQ1 � IEQ1Þþ Ise � ðar1 � af 1 � 1Þ
ðICQ1 � IEQ1 � af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

;

IBQ1 ¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� VBEQ1

RBQ1

IBQ1 ¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� Vt

RBQ1

� ln ar1 � ICQ1 � IEQ1
Ise � ðar1 � af 1 � 1Þ
� 	

þ 1
� �

VCEQ1 ¼ V1 ¼ VBEQ1 þVCBQ1jVCBQ1¼�VBCQ1
¼ VBEQ1 � VBCQ1;

VBCQ1 ¼ Vt � ln ICQ1 � IEQ1 � af 1
Isc � ðar1 � af 1 � 1Þ
� �

þ 1
� 	

IBQ1 ¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� VBEQ1

RBQ1

) VBEQ1 ¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� IBQ1

� 	
� RBQ1

VCEQ1 ¼ V1 ) V1 ¼ VBEQ1 � VBCQ1

V1 ¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� IBQ1

� 	
� RBQ1

� Vt � ln ICQ1 � IEQ1 � af 1
Isc � ðar1 � af 1 � 1Þ
� �

þ 1
� 	
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VDD1 ¼ ICQ1 þC1 � dV1

dt
þ I0

I0 � R1 þVt

� �
� V1

� �
� RcQ1 þV1

) ICQ1 ¼ VDD1 � V1

RcQ1
� C1 � dV1

dt
� I0

I0 � R1 þVt

� �
� V1

ICQ1 ¼ VDD1 � V1

RcQ1
� C1 � dV1

dt
� I0

I0 � R1 þVt

� �
� V1

¼ VDD1

RcQ1
� V1 � 1

RcQ1
þ I0

I0 � R1 þVt

� 	
� C1 � dV1

dt

We get a result that IEQ1 ¼ IBQ1 þ ICQ1 and ICQ1 ¼ ICQ1 V1;
dV1

dt

� �
.

ar1 � ICQ1 � IEQ1 ¼ ar1 � ICQ1 � ðIBQ1 þ ICQ1Þ ¼ ICQ1 � ðar1 � 1Þ � IBQ1

¼ ICQ1 V1;
dV1

dt

� �
� ðar1 � 1Þ � IBQ1

For simplicity, we define two functions: g2 ¼ IBQ1; g1 ¼ ICQ1

IBQ1 ¼ g2

¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� Vt

RBQ1

� ln
ICQ1ðV1;

dV1

dt Þ � ðar1 � 1Þ � IBQ1

Ise � ðar1 � af 1 � 1Þ

2
4

3
5þ 1

8<
:

9=
;

IBQ1 ¼ g2

¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� Vt

RBQ1

� ln g1 � ðar1 � 1Þ � g2
Ise � ðar1 � af 1 � 1Þ
� 	

þ 1
� �

g1 ¼ ICQ1 ¼ VDD1

RcQ1
� V1 � 1

RcQ1
þ I0

I0 � R1 þVt

� 	
� C1 � dV1

dt

We get two expressions for g2 ¼ IBQ1; g1 ¼ ICQ1 which depend on V1;V2;
dV1

dt
and circuit parameters.

ICQ1 ¼ ICQ1 V1;
dV1

dt

� �
¼ g1; IBQ1 ¼ IBQ1 V1;V2;

dV1

dt
;X1ðtÞ

� �
¼ g2g1 ¼ g1 V1;

dV1

dt

� �
;

g2 ¼ g2 V1;V2;
dV1

dt
;X1ðtÞ

� �
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ar1 � ICQ1 � IEQ1 ¼ ar1 � ICQ1 � ðIBQ1 þ ICQ1Þ ¼ ICQ1 � ðar1 � 1Þ � IBQ1
¼ g1 � ðar1 � 1Þ � g2

ICQ1 � IEQ1 � af 1 ¼ ICQ1 � ðIBQ1 þ ICQ1Þ � af 1 ¼ ICQ1 � ð1� af 1Þ � IBQ1 � af 1
¼ g1 � ð1� af 1Þ � g2 � af 1

VCEQ1 ¼ V1 ’ Vt � ln ðar1 � ICQ1 � IEQ1Þþ Ise � ðar1 � af 1 � 1Þ
ðICQ1 � IEQ1 � af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

¼ Vt � ln g1 � ðar1 � 1Þ � g2 þ Ise � ðar1 � af 1 � 1Þ
g1 � ð1� af 1Þ � g2 � af 1 þ Isc � ðar1 � af 1 � 1Þ
� �

V1 ’ Vt � ln g1 � ðar1 � 1Þ � g2 þ Ise � ðar1 � af 1 � 1Þ
g1 � ð1� af 1Þ � g2 � af 1 þ Isc � ðar1 � af 1 � 1Þ
� �

) e
V1
Vt½ �

¼ g1 � ðar1 � 1Þ � g2 þ Ise � ðar1 � af 1 � 1Þ
g1 � ð1� af 1Þ � g2 � af 1 þ Isc � ðar1 � af 1 � 1Þ

Taylor series approximation:

e
V1
Vt½ � � V1

Vt
þ 1;

V1

Vt
þ 1 ¼ g1 � ðar1 � 1Þ � g2 þ Ise � ðar1 � af 1 � 1Þ

g1 � ð1� af 1Þ � g2 � af 1 þ Isc � ðar1 � af 1 � 1Þ

g1 ¼
VDD1

RcQ1
� V1 � 1

RcQ1
þ I0

I0 � R1 þVt

� 	
� C1 � dV1

dt

g2 ¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� Vt

RBQ1
� ln g1 � ðar1 � 1Þ � g2

Ise � ðar1 � af 1 � 1Þ
� 	

þ 1
� �

We use Taylor series approximation: ln g1�ðar1�1Þ�g2
Ise�ðar1�af 1�1Þ
h i

þ 1
n o

� g1�ðar1�1Þ�g2
Ise�ðar1�af 1�1Þ

We define /1 ¼ /1ðg1; g2Þ ¼ g1�ðar1�1Þ�g2
Ise�ðar1�af 1�1Þ ) ln½/1 þ 1� � /1; ln½/1 þ 1� ¼P1

n¼1
ð�1Þnþ 1

n � /n
1

For j/1j � 1 unless /1 ¼ �1. The Taylor polynomials for ln½/1 þ 1� only
provide accurate approximations in the range �1\/1 � 1 and for /1 [ 1 the
Taylor polynomials of higher degree provide worse approximation. The low degree
approximations give ln½/1 þ 1� � /1.

g2 ¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� Vt

RBQ1
� g1 � ðar1 � 1Þ � g2

Ise � ðar1 � af 1 � 1Þ
� 	
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g2 ¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1
� Vt � ðar1 � 1Þ
RBQ1 � Ise � ðar1 � af 1 � 1Þ � g1

þ Vt

RBQ1 � Ise � ðar1 � af 1 � 1Þ � g2

g2 � 1� Vt

RBQ1 � Ise � ðar1 � af 1 � 1Þ
� �

¼ k1 � I0
I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1

� Vt � ðar1 � 1Þ
RBQ1 � Ise � ðar1 � af 1 � 1Þ � g1

g2 ¼
1

1� Vt
RBQ1�Ise�ðar1�af 1�1Þ

n o �
k1 � I0

I0 � R2 þVt

� �
� V2 þ V1 � X1ðtÞ

RBQ1

� Vt � ðar1 � 1Þ
RBQ1 � Ise � ðar1 � af 1 � 1Þ � g1

2
6664

3
7775

For simplicity we define the following parameters:

A1 ¼ 1

1� Vt
RBQ1�Ise�ðar1�af 1�1Þ

n o ; A2 ¼ k1 � I0
I0 � R2 þVt

� �
;

A3 ¼ Vt � ðar1 � 1Þ
RBQ1 � Ise � ðar1 � af 1 � 1Þ

IBQ1 ¼ g2 ¼ A1 � A2 � V2 þ V1 � X1ðtÞ
RBQ1

� A3 � g1
� 	

;

g1 ¼
VDD1

RcQ1
� V1 � 1

RcQ1
þ I0

I0 � R1 þVt

� 	
� C1 � dV1

dt

A4 ¼ VDD1

RcQ1
; A5 ¼ 1

RcQ1
þ I0

I0 � R1 þVt
; g1 ¼ A4 � V1 � A5 � C1 � dV1

dt

g2 ¼ A1 � A2 � V2 þ V1 � X1ðtÞ
RBQ1

� A3 � g1
� 	

¼ A1 � A2 � V2 þ V1 � X1ðtÞ
RBQ1

� A3 � A4 � V1 � A5 � C1 � dV1

dt

� �� 	

g2 ¼ A1 � A2 � V2 þ V1 � X1ðtÞ
RBQ1

� A3 � A4 � V1 � A5 � C1 � dV1

dt

� �� 	

¼ A1 � A2 � V2 þA3 � C1 � dV1

dt
þV1 � X1ðtÞ

RBQ1
þA3 � A5

� �
� A3 � A4

� 	

Back to last result equation: V1
Vt

þ 1 ¼ g1�ðar1�1Þ�g2 þ Ise�ðar1�af 1�1Þ
g1�ð1�af 1Þ�g2�af 1 þ Isc�ðar1�af 1�1Þ
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g1 � ðar1 � 1Þ � g2 þ Ise � ðar1 � af 1 � 1Þ ¼ V1

Vt
þ 1

� �
� g1 � ð1� af 1Þ � g2 � af 1

þ Isc � ðar1 � af 1 � 1Þ

( )

g1 � ðar1 � 1Þ � V1

Vt
þ 1

� �
� ð1� af 1Þ

� �
þ g2 �

V1

Vt
þ 1

� �
� af 1 � 1

� �

þ Ise � ðar1 � af 1 � 1Þ � V1

Vt
þ 1

� �
� Isc � ðar1 � af 1 � 1Þ ¼ 0

g1 � ðar1 � 1Þ � V1

Vt
þ 1

� �
� ð1� af 1Þ

� �
þ g2 �

V1

Vt
þ 1

� �
� af 1 � 1

� �

þðar1 � af 1 � 1Þ � Ise � V1

Vt
þ 1

� �
� Isc

� �
¼ 0

For simplicity, we define the following functions:
w1 ¼ w1ðV1Þ;w2 ¼ w2ðV1Þ;w3 ¼ w3ðV1Þ

w1 ¼ w1ðV1Þ ¼ ðar1 � 1Þ � V1

Vt
þ 1

� �
� ð1� af 1Þ;w2 ¼ w2ðV1Þ

¼ V1

Vt
þ 1

� �
� af 1 � 1

w3 ¼ w3ðV1Þ ¼ ðar1 � af 1 � 1Þ � Ise � V1

Vt
þ 1

� �
� Isc

� �
; g1 � w1 þ g2 � w2 þw3 ¼ 0

w1 ¼ � ð2� ar1 � af 1Þþ V1

Vt
� ð1� af 1Þ

� �
; w2 ¼

V1

Vt
� af 1 � ð1� af 1Þ

w3 ¼ ðar1 � af 1 � 1Þ � Ise � Isc � V1

Vt
� Isc

� �
¼ ðar1 � af 1 � 1Þ � ðIse � IscÞ

� V1

Vt
� Isc � ðar1 � af1 � 1Þ

g1 � w1 ¼ A4 � V1 � A5 � C1 � dV1

dt

� �
� w1 ¼ A4 � w1 � V1 � A5 � w1 � C1 � dV1

dt
� w1

g2 � w2 ¼ A1 �
A2 � V2 � w2 þA3 � C1 � w2 �

dV1

dt

þV1 � w2 �
X1ðtÞ
RBQ1

þA3 � A5

� �
� w2 � A3 � A4

2
664

3
775
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g1 � w1 þ g2 � w2 þw3 ¼ 0 ) A4 � w1 � V1 � A5 � w1 � C1 � dV1

dt
� w1

þA1 � ½A2 � V2 � w2 þA3 � C1 � w2 �
dV1

dt

þV1 � w2 �
X1ðtÞ
RBQ1

þA3 � A5

� �
� w2 � A3 � A4� þw3 ¼ 0

g1 � w1 þ g2 � w2 þw3 ¼ 0 ) A4 � w1 � V1 � A5 � w1 � C1 � dV1

dt
� w1

þA1 � A2 � V2 � w2 þA1 � A3 � C1 � w2 �
dV1

dt

þA1 � V1 � w2 �
X1ðtÞ
RBQ1

þA3 � A5

� �
� w2 � A1 � A3 � A4 þw3 ¼ 0

C1 � dV1

dt
� fw1 � A1 � A3 � w2g ¼ A4 � w1 � V1 � A5 � w1 þA1 � A2 � V2 � w2

þA1 � V1 � w2 �
X1ðtÞ
RBQ1

þA3 � A5

� �
� w2 � A1 � A3 � A4 þw3

C1 � dV1

dt
� fw1 � A1 � A3 � w2g ¼ w1 � ðA4 � V1 � A5Þþw2

� A1 A2 � V2 þV1 � X1ðtÞ
RBQ1

þA3 � A5

� 	
� A3 � A4

� �
þw3

C1 � dV1

dt
� fA1 � A3 � w2 � w1g ¼ w1 � ðV1 � A5 � A4Þþw2

� A1 A3 � A4 � A2 � V2 � V1 � X1ðtÞ
RBQ1

þA3 � A5

� 	� �
� w3

C1 � dV1

dt
� fA1 � A3 � w2 � w1g ¼ w1 � ðV1 � A5 � A4Þ

þw2 � A1fA3 � A4 � A2 � V2 � V1 � A3 � A5g

� w3 � w2 � A1 � V1 � X1ðtÞ
RBQ1

w2 � A1 � V1 � X1ðtÞ
RBQ1

¼ V1

Vt
� af 1 � ð1� af 1Þ

� 	
� A1 � V1 � X1ðtÞ

RBQ1

¼ A1 � V2
1 � af 1 � X1ðtÞ

RBQ1 � Vt
� ð1� af 1Þ � A1 � V1 � X1ðtÞ

RBQ1
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C1 � dV1

dt
� fA1 � A3 � w2 � w1g ¼ w1 � ðV1 � A5 � A4Þ

þw2 � A1fA3 � A4 � A2 � V2 � V1 � A3 � A5g

� w3 �
V1

Vt
� af 1 � ð1� af 1Þ

� 	
� A1 � V1 � X1ðtÞ

RBQ1

dV1

dt
¼ w1 � ðV1 � A5 � A4Þþw2 � A1fA3 � A4 � A2 � V2 � V1 � A3 � A5g � w3

C1 � fA1 � A3 � w2 � w1g

�
V1
Vt
� af 1 � ð1� af 1Þ

h i
� A1�V1
RBQ1

C1 � fA1 � A3 � w2 � w1g
� X1ðtÞ

g1 ¼ g1ðV1;V2Þ
¼ w1 � ðV1 � A5 � A4Þþw2 � A1fA3 � A4 � A2 � V2 � V1 � A3 � A5g � w3

C1 � fA1 � A3 � w2 � w1g

g1 ¼ g1ðV1;V2Þ
¼ w1 � ðV1 � A5 � A4Þþw2 � A1fA3 � A4 � A2 � V2g � ½w2 � A1 � V1 � A3 � A5 þw3�

C1 � fA1 � A3 � w2 � w1g

g2 ¼ g2ðV1Þ ¼ �
V1
Vt
� af 1 � ð1� af 1Þ

h i
� A1�V1
RBQ1

C1 � fA1 � A3 � w2 � w1g
;
dV1

dt
¼ g1ðV1;V2Þþ g2ðV1Þ � X1ðtÞ

We need to calculate the following expressions (inside g1 and g2 functions):

w1 � ðV1 � A5 � A4Þ; w2 � A1 � fA3 � A4 � A2 � V2g; w2 � V1 � A1 � A3 � A5 þw3; C1

� fA1 � A3 � w2 � w1g

and

V1
Vt
� af 1 � ð1� af 1Þ

h i
� A1�V1
RBQ1

C1 � fA1 � A3 � w2 � w1g
.

w1 � ðV1 � A5 � A4Þ ¼ w1 � V1 � A5 � w1 � A4 ¼ � ð2� ar1 � af 1Þþ V1

Vt
� ð1� af 1Þ

� �
� V1 � A5

þ ð2� ar1 � af 1Þþ V1

Vt
� ð1� af 1Þ

� �
� A4
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w1 � ðV1 � A5 � A4Þ ¼ � ð2� ar1 � af 1Þ � V1 � A5 � V2
1

Vt
� ð1� af 1Þ � A5

þð2� ar1 � af 1Þ � A4 þ V1

Vt
� ð1� af 1Þ � A4

w1 � ðV1 � A5 � A4Þ ¼ � V2
1 � ð1� af 1Þ � A5

Vt
þV1 � A4

Vt
� ð1� af 1Þ � ð2� ar1 � af 1Þ � A5

� �
þð2� ar1 � af 1Þ � A4

We define the following parameters: w1 � ðV1 � A5 � A4Þ ¼ V2
1 � C11 þV1�

C12 þC13

C11 ¼ �ð1� af 1Þ � A5

Vt
; C12 ¼ A4

Vt
� ð1� af 1Þ � ð2� ar1 � af 1Þ � A5;

C13 ¼ ð2� ar1 � af 1Þ � A4

w1 � ðV1 � A5 � A4Þ ¼ V2
1 � C11 þV1 � C12 þC13 ¼

X3
n¼1

V3�n
1 � C1n

w2 � A1 � fA3 � A4 � A2 � V2g ¼ w2 � A1 � A3 � A4 � w2 � V2 � A1 � A2

¼ V1

Vt
� af 1 � ð1� af 1Þ

� 	
� A1 � A3 � A4

� V1

Vt
� af 1 � ð1� af 1Þ

� 	
� V2 � A1 � A2

w2 � A1 � fA3 � A4 � A2 � V2g ¼ V1

Vt
� af 1 � A1 � A3 � A4 � ð1� af 1Þ � A1 � A3 � A4

� V1 � V2

Vt
� af 1 � A1 � A2 þð1� af 1Þ � A1 � A2 � V2

w2 � A1 � fA3 � A4 � A2 � V2g ¼ af 1 � A1 � A3 � A4

Vt
� V1 þð1� af 1Þ � A1 � A2 � V2

� V1 � V2 � af 1 � A1 � A2

Vt
� ð1� af 1Þ � A1 � A3 � A4

We define the following parameters:

w2 � A1 � fA3 � A4 � A2 � V2g ¼ C21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

C21 ¼ af 1 � A1 � A3 � A4

Vt
; C22 ¼ ð1� af 1Þ � A1 � A2; C23 ¼ � af 1 � A1 � A2

Vt
;

C24 ¼ �ð1� af 1Þ � A1 � A3 � A4
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w2 � V1 � A1 � A3 � A5 þw3 ¼
V1

Vt
� af 1 � ð1� af 1Þ

� 	
� V1 � A1 � A3 � A5

þðar1 � af 1 � 1Þ � ðIse � IscÞ � V1

Vt
� Isc � ðar1 � af 1 � 1Þ

w2 � V1 � A1 � A3 � A5 þw3 ¼ V2
1 � A1 � A3 � A5 � af 1

Vt
� V1 � ð1� af 1Þ � A1 � A3 � A5 � V1

� Isc � ðar1 � af 1 � 1Þ
Vt

þðar1 � af 1 � 1Þ � ðIse � IscÞ

w2 � V1 � A1 � A3 � A5 þw3 ¼ V2
1 �

A1 � A3 � A5 � af 1
Vt

� V1 � ð1� af 1Þ � A1 � A3 � A5

þV1 � Isc � ð1� ar1 � af 1Þ
Vt

þð1� ar1 � af 1Þ � ðIsc � IseÞ

w2 � V1 � A1 � A3 � A5 þw3 ¼ V2
1 � A1 � A3 � A5 � af 1

Vt

þV1 � Isc � ð1� ar1 � af 1Þ
Vt

� ð1� af 1Þ � A1 � A3 � A5

� �
þð1� ar1 � af 1Þ � ðIsc � IseÞ

We define the following parameters: w2 � V1 � A1 � A3 � A5 þw3 ¼ V2
1 � C31 þV1�

C32 þC33

C31 ¼ A1 � A3 � A5 � af 1
Vt

; C32 ¼ Isc � ð1� ar1 � af 1Þ
Vt

� ð1� af 1Þ � A1 � A3 � A5;

C33 ¼ ð1� ar1 � af 1Þ � ðIsc � IseÞ

w2 � V1 � A1 � A3 � A5 þw3 ¼ V2
1 � C31 þV1 � C32 þC33 ¼

X3
n¼1

V3�n
1 � C3n; ðIsc � IseÞ

6¼ e ! 0

C1 � fA1 � A3 � w2 � w1g ¼ C1 �
A1 � A3 � V1

Vt
� af 1 � ð1� af 1Þ

� 	

þð2� ar1 � af 1Þþ V1

Vt
� ð1� af 1Þ

8>><
>>:

9>>=
>>;

C1 � fA1 � A3 � w2 � w1g ¼ C1 �
V1

Vt
� A1 � A3 � af 1 þ V1

Vt
� ð1� af 1Þ

� ð1� af 1Þ � A1 � A3 þð2� ar1 � af 1Þ

8<
:

9=
;
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C1 � fA1 � A3 � w2 � w1g ¼ V1

Vt
� C1 � fA1 � A3 � af 1 þ 1� af 1g

þC1 � f2� ar1 � af 1 � ð1� af 1Þ � A1 � A3g

C1 � fA1 � A3 � w2 � w1g ¼ V1

Vt
� C1 � f1þ af 1 � ðA1 � A3 � 1ÞgþC1 � f2� ar1 � af 1

� ð1� af 1Þ � A1 � A3g

C41 ¼ C1

Vt
� f1þ af 1 � ðA1 � A3 � 1Þg;

C42 ¼ C1 � f2� ar1 � af 1 � ð1� af 1Þ � A1 � A3g

C1 � fA1 � A3 � w2 � w1g ¼ V1 � C41 þC42:

V1

Vt
� af 1 � ð1� af 1Þ

� 	
� A1 � V1

RBQ1
¼ af 1 � A1

Vt � RBQ1
� V2

1 � ð1� af 1Þ � A1

RBQ1
� V1;

C51 ¼ af 1 � A1

Vt � RBQ1
; C52 ¼ �ð1� af 1Þ � A1

RBQ1

V1

Vt
� af 1 � ð1� af 1Þ

� 	
� A1 � V1

RBQ1
¼ C51 � V2

1 þC52 � V1 ¼
X2
n¼1

V3�n
1 � C5n

We can summarize our last results in Table 4.2.
We get the following expressions:

g1 ¼ g1ðV1;V2Þ

¼
P3

n¼1 V
3�n
1 � C1n þC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24 �

P3
n¼1 V

3�n
1 � C3n

V1 � C41 þC42

g1 ¼ g1ðV1;V2Þ ¼
P3

n¼1 V
3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

V1 � C41 þC42

g2 ¼ g2ðV1Þ ¼ �
P2

n¼1 V
3�n
1 � C5n

V1 � C41 þC42
;

dV1

dt
¼ g1ðV1;V2Þþ g2ðV1Þ � X1ðtÞ

dV1

dt
¼
P3

n¼1 V
3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

V1 � C41 þC42

�
P2

n¼1 V
3�n
1 � C5n

V1 � C41 þC42
� X1ðtÞ

We define the following functions: n1 ¼ n1ðV1;V2Þ; n2 ¼ n2ðV1Þ; n3 ¼ n3ðV1Þ
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n1 ¼
X3
n¼1

V3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24; n2

¼ V1 � C41 þC42

n3 ¼
X2
n¼1

V3�n
1 � C5n; g1ðV1;V2Þ ¼ n1ðV1;V2Þ

n2ðV1Þ ; g2ðV1Þ ¼ � n3ðV1Þ
n2ðV1Þ ;

dV1

dt

¼ n1
n2

� n3
n2

� X1ðtÞ

@n1
@V1

¼
X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞþC21 þC23 � V2;

@n1
@V2

¼ C22 þC23 � V1

Table 4.2 Summary of our last results

w1 � ðV1 � A5 � A4Þ V2
1 � C11 þV1 � C12 þC13 ¼

X3

n¼1
V3�n
1 � C1n

C11 ¼ �ð1� af 1Þ � A5

Vt

C12 ¼ A4

Vt
� ð1� af 1Þ � ð2� ar1 � af 1Þ � A5

C13 ¼ ð2� ar1 � af 1Þ � A4

w2 � A1 � fA3 � A4 � A2 � V2g C21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

C21 ¼ af 1 � A1 � A3 � A4

Vt

C22 ¼ ð1� af 1Þ � A1 � A2

C23 ¼ � af 1 � A1 � A2

Vt

C24 ¼ �ð1� af 1Þ � A1 � A3 � A4

w2 � V1 � A1 � A3 � A5 þw3 V2
1 � C31 þV1 � C32 þC33 ¼

X3

n¼1
V3�n
1 � C3n

ðIsc � IseÞ 6¼ e ! 0

C31 ¼ A1 � A3 � A5 � af 1
Vt

C32 ¼ Isc � ð1� ar1 � af 1Þ
Vt

� ð1� af 1Þ � A1 � A3 � A5

C33 ¼ ð1� ar1 � af 1Þ � ðIsc � IseÞ
C1 � fA1 � A3 � w2 � w1g V1 � C41 þC42

C41 ¼ C1

Vt
� f1þ af 1 � ðA1 � A3 � 1Þg

C42 ¼ C1 � f2� ar1 � af 1 � ð1� af 1Þ � A1 � A3g
V1
Vt
� af 1 � ð1� af 1Þ

h i
� A1 �V1
RBQ1

C51 � V2
1 þC52 � V1 ¼

X2

n¼1
V3�n
1 � C5n

C51 ¼ af 1 � A1

Vt � RBQ1
;C52 ¼ �ð1� af 1Þ � A1

RBQ1
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@n2
@V1

¼ C41;
@n2
@V2

¼ 0;
@n3
@V1

¼
X2
n¼1

ð3� nÞ � V2�n
1 � C5n

¼ 2 � V1 � C51 þC52;
@n3
@V2

¼ 0

V2 circuit (D1–Q2):

V2 ¼ ID2 � R2 þ Vt

I0

� �
) ID2 ¼ V2

R2 þ Vt
I0

¼ I0
I0 � R2 þVt

� �
� V2; IBQ2

¼ k2 � ID1 þ V2 � X2ðtÞ � VBEQ2

RBQ2

VDD2 ¼ IRcQ2 � RcQ2 þV2; V2 ¼ VCEQ2; IRcQ2 ¼ ICQ2 þ IC2 þ ID2; ICQ2 ¼ ICQ2ðV2Þ

VDD2 ¼ ðICQ2 þ IC2 þ ID2Þ � RcQ1 þV2; IC2 ¼ C2 � dV2

dt
; V2 ¼ 1

C2
�
Z

IC2 � dt

VDD2 ¼ ICQ2ðV2ÞþC2 � dV2

dt
þ I0

I0 � R2 þVt

� �
� V2

� �
� RcQ2 þV2;

VBEQ2 ¼ Vt � ln ar2 � ICQ2 � IEQ2
Ise � ðar2 � af 2 � 1Þ
� 	

þ 1
� �

IEQ2 ¼ IBQ2 þ ICQ2; IBQ2 ¼ k2 � ID1 þ V2 � X2ðtÞ � VBEQ2

RBQ2

¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ � VBEQ2

RBQ2

VCEQ2 ¼ Vt � ln ðar2 � ICQ2 � IEQ2Þþ Ise � ðar2 � af 2 � 1Þ
ðICQ2 � IEQ2 � af 2Þþ Isc � ðar2 � af 2 � 1Þ
� �

þVt � ln Isc
Ise

� �
;
Isc
Ise

! 1

) ln
Isc
Ise

� �
! e

VCEQ2 ¼ V2 ’ Vt � ln ðar2 � ICQ2 � IEQ2Þþ Ise � ðar2 � af 2 � 1Þ
ðICQ2 � IEQ2 � af 2Þþ Isc � ðar2 � af 2 � 1Þ
� �

;

IBQ2 ¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� VBEQ2

RBQ2
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IBQ2 ¼ k2 � I0
I0 � R2 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� Vt

RBQ2

� ln ar2 � ICQ2 � IEQ2
Ise � ðar2 � af 2 � 1Þ
� 	

þ 1
� �

VCEQ2 ¼ V2 ¼ VBEQ2 þVCBQ2jVCBQ2¼�VBCQ2
¼ VBEQ2 � VBCQ2;VBCQ2

¼ Vt � ln ICQ2 � IEQ2 � af 1
Isc � ðar2 � af 2 � 1Þ
� �

þ 1
� 	

IBQ2 ¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� VBEQ2

RBQ2

) VBEQ2 ¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� IBQ2

� 	
� RBQ2

VCEQ2 ¼ V2 ) V2 ¼ VBEQ2 � VBCQ2

V2 ¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� IBQ2

� 	
� RBQ2

� Vt � ln ICQ2 � IEQ2 � af 2
Isc � ðar2 � af 2 � 1Þ
� �

þ 1
� 	

VDD2 ¼ ICQ2 þC2 � dV2

dt
þ I0

I0 � R2 þVt

� �
� V2

� �
� RcQ2 þV2

) ICQ2 ¼ VDD2 � V2

RcQ2
� C2 � dV2

dt
� I0

I0 � R2 þVt

� �
� V2

ICQ2 ¼ VDD2 � V2

RcQ2
� C2 � dV2

dt
� I0

I0 � R2 þVt

� �
� V2

¼ VDD2

RcQ2
� V2 � 1

RcQ2
þ I0

I0 � R2 þVt

� 	
� C2 � dV2

dt

We get a result that IEQ2 ¼ IBQ2 þ ICQ2 and ICQ2 ¼ ICQ2 V2;
dV2

dt

� �
.

ar2 � ICQ2 � IEQ2 ¼ ar2 � ICQ2 � ðIBQ2 þ ICQ2Þ ¼ ICQ2 � ðar2 � 1Þ � IBQ2

¼ ICQ2 V2;
dV2

dt

� �
� ðar2 � 1Þ � IBQ2

For simplicity, we define two functions: 12 ¼ IBQ2; 11 ¼ ICQ2
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IBQ2 ¼ 12

¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� Vt

RBQ2

� ln ICQ2ðV2;
dV2
dt Þ � ðar2 � 1Þ � IBQ2

Ise � ðar2 � af 2 � 1Þ

" #
þ 1

( )

IBQ2 ¼ 12 ¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2

� Vt

RBQ2
� ln 11 � ðar2 � 1Þ � 12

Ise � ðar2 � af 2 � 1Þ
� 	

þ 1
� �

11 ¼ ICQ2 ¼ VDD2

RcQ2
� V2 � 1

RcQ2
þ I0

I0 � R2 þVt

� 	
� C2 � dV2

dt

We get two expressions for 12 ¼ IBQ2; 11 ¼ ICQ2 which depend on V2;V1;
dV2

dt
and circuit parameters [16, 25].

ICQ2 ¼ ICQ2 V2;
dV2

dt

� �
¼ 11; IBQ2 ¼ IBQ2 V1;V2;

dV2

dt
;X2ðtÞ

� �
¼ 12

11 ¼ 11 V2;
dV2

dt

� �
; 12 ¼ 12 V1;V2;

dV2

dt
;X2ðtÞ

� �

ar2 � ICQ2 � IEQ2 ¼ ar2 � ICQ2 � ðIBQ2 þ ICQ2Þ ¼ ICQ2 � ðar2 � 1Þ � IBQ2
¼ 11 � ðar2 � 1Þ � 12

ICQ2 � IEQ2 � af 2 ¼ ICQ2 � ðIBQ2 þ ICQ2Þ � af 2 ¼ ICQ2 � ð1� af 2Þ � IBQ2 � af 2
¼ 11 � ð1� af 2Þ � 12 � af 2

VCEQ2 ¼ V2 ’ Vt � ln ðar2 � ICQ2 � IEQ2Þþ Ise � ðar2 � af 2 � 1Þ
ðICQ2 � IEQ2 � af 2Þþ Isc � ðar2 � af 2 � 1Þ
� �

¼ Vt � ln 11 � ðar2 � 1Þ � 12 þ Ise � ðar2 � af 2 � 1Þ
11 � ð1� af 2Þ � 12 � af 2 þ Isc � ðar2 � af 2 � 1Þ
� �

V2 ’ Vt � ln 11 � ðar2 � 1Þ � 12 þ Ise � ðar2 � af 2 � 1Þ
11 � ð1� af 2Þ � 12 � af 2 þ Isc � ðar2 � af 2 � 1Þ
� �

) e
V2
Vt½ � ¼ 11 � ðar2 � 1Þ � 12 þ Ise � ðar2 � af 2 � 1Þ

11 � ð1� af 2Þ � 12 � af 2 þ Isc � ðar2 � af 2 � 1Þ

Taylor series approximation: e
V2
Vt½ � � V2

Vt
þ 1; V2

Vt
þ 1 ¼ 11�ðar2�1Þ�12 þ Ise�ðar2�af 2�1Þ

11�ð1�af 2Þ�12�af 2 þ Isc�ðar2�af 2�1Þ
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11 ¼
VDD2

RcQ2
� V2 � 1

RcQ2
þ I0

I0 � R2 þVt

� 	
� C2 � dV2

dt

12 ¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� Vt

RBQ2
� ln 11 � ðar2 � 1Þ � 12

Ise � ðar2 � af 2 � 1Þ
� 	

þ 1
� �

We use Taylor series approximation: ln 11�ðar2�1Þ�12
Ise�ðar2�af 2�1Þ
h i

þ 1
n o

� 11�ðar2�1Þ�12
Ise�ðar2�af 2�1Þ

We define /2 ¼ /2ð11; 12Þ ¼ 11�ðar2�1Þ�12
Ise�ðar2�af 2�1Þ ) ln½/2 þ 1� � /2; ln½/2 þ 1� ¼P1

n¼1
ð�1Þnþ 1

n � /n
2

For j/2j � 1 unless /2 ¼ �1. The Taylor polynomials for ln½/2 þ 1� only pro-
vide accurate approximations in the range �1\/2 � 1 and for /2 [ 1 the Taylor
polynomials of higher degree provide worse approximation. The low degree ap-
proximations give ln½/2 þ 1� � /2.

12 ¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� Vt

RBQ2
� 11 � ðar2 � 1Þ � 12

Ise � ðar2 � af 2 � 1Þ
� 	

12 ¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2
� Vt � ðar2 � 1Þ
RBQ2 � Ise � ðar2 � af 2 � 1Þ

� 11 þ
Vt

RBQ2 � Ise � ðar2 � af 2 � 1Þ � 12

12 � 1� Vt

RBQ2 � Ise � ðar2 � af 2 � 1Þ
� �

¼ k2 � I0
I0 � R1 þVt

� �
� V1 þ V2 � X2ðtÞ

RBQ2

� Vt � ðar2 � 1Þ
RBQ2 � Ise � ðar2 � af 2 � 1Þ � 11

12 ¼
1

1� Vt
RBQ2�Ise�ðar2�af 2�1Þ

n o �
k2 � I0

I0 � R1 þVt

� �
� V1

þ V2 � X2ðtÞ
RBQ2

� Vt � ðar2 � 1Þ
RBQ2 � Ise � ðar2 � af 2 � 1Þ � 11

2
6664

3
7775

For simplicity, we define the following parameters:

B1 ¼ 1

1� Vt
RBQ2�Ise�ðar2�af 2�1Þ

n o ; B2 ¼ k2 � I0
I0 � R1 þVt

� �
; B3 ¼ Vt � ðar2 � 1Þ

RBQ2 � Ise � ðar2 � af 2 � 1Þ
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IBQ2 ¼ 12 ¼ B1 � B2 � V1 þ V2 � X2ðtÞ
RBQ2

� B3 � 11
� 	

; 11

¼ VDD2

RcQ2
� V2 � 1

RcQ2
þ I0

I0 � R2 þVt

� 	
� C2 � dV2

dt

B4 ¼ VDD2

RcQ2
; B5 ¼ 1

RcQ2
þ I0

I0 � R2 þVt
; 11 ¼ B4 � V2 � B5 � C2 � dV2

dt

12 ¼ B1 � B2 � V1 þ V2 � X2ðtÞ
RBQ2

� B3 � 11
� 	

¼ B1 � B2 � V1 þ V2 � X2ðtÞ
RBQ2

� B3 � B4 � V2 � B5 � C2 � dV2

dt

� �� 	

12 ¼ B1 � B2 � V1 þ V2 � X2ðtÞ
RBQ2

� B3 � B4 � V2 � B5 � C2 � dV2

dt

� �� 	

¼ B1 � B2 � V1 þB3 � C2 � dV2

dt
þV2 � X2ðtÞ

RBQ2
þB3 � B5

� �
� B3 � B4

� 	

Back to last result equation: V2
Vt

þ 1 ¼ 11�ðar2�1Þ�12 þ Ise�ðar2�af 2�1Þ
11�ð1�af 2Þ�12�af 2 þ Isc�ðar2�af 2�1Þ

11 � ðar2 � 1Þ � 12 þ Ise � ðar2 � af 2 � 1Þ ¼ V2

Vt
þ 1

� �
� f11 � ð1� af 2Þ � 12

� af 2 þ Isc � ðar2 � af 2 � 1Þg

11 � ðar2 � 1Þ � V2

Vt
þ 1

� �
� ð1� af 2Þ

� �
þ 12 �

V2

Vt
þ 1

� �
� af 2 � 1

� �

þ Ise � ðar2 � af 2 � 1Þ � V2

Vt
þ 1

� �
� Isc � ðar2 � af 2 � 1Þ ¼ 0

11 � ðar2 � 1Þ � V2

Vt
þ 1

� �
� ð1� af 2Þ

� �
þ 12 �

V2

Vt
þ 1

� �
� af 2 � 1

� �

þðar2 � af 2 � 1Þ � Ise � V2

Vt
þ 1

� �
� Isc

� �
¼ 0

For simplicity, we define the following functions: #1 ¼ #1ðV2Þ; #2 ¼ #2ðV2Þ;
#3 ¼ #3ðV2Þ

#1 ¼ #1ðV2Þ ¼ ðar2 � 1Þ � V2

Vt
þ 1

� �
� ð1� af 2Þ;

#2 ¼ #2ðV2Þ ¼ V2

Vt
þ 1

� �
� af 2 � 1
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#3 ¼ #3ðV2Þ ¼ ðar2 � af 2 � 1Þ � Ise � V2

Vt
þ 1

� �
� Isc

� �
; 11 � #1 þ 12 � #2 þ#3 ¼ 0

#1 ¼ � ð2� ar2 � af 2Þþ V2

Vt
� ð1� af 2Þ

� �
; #2 ¼ V2

Vt
� af 2 � ð1� af 2Þ

#3 ¼ ðar2 � af 2 � 1Þ � Ise � Isc � V2

Vt
� Isc

� �

¼ ðar2 � af 2 � 1Þ � ðIse � IscÞ � V2

Vt
� Isc � ðar2 � af 2 � 1Þ

11 � #1 ¼ B4 � V2 � B5 � C2 � dV2

dt

� �
� #1 ¼ B4 � #1 � V2 � B5 � #1 � C2 � dV2

dt
� #1

12 � #2 ¼ B1 �
B2 � V1 � #2 þB3 � C2 � #2 � dV2

dt

þV2 � #2 � X2ðtÞ
RBQ2

þB3 � B5

� �
� #2 � B3 � B4

2
664

3
775

11 � #1 þ 12 � #2 þ#3 ¼ 0 ) B4 � #1 � V2 � B5 � #1 � C2 � dV2

dt
� #1

þB1 � B2 � V1 � #2 þB3 � C2 � #2 � dV2

dt

�

þV2 � #2 � X2ðtÞ
RBQ2

þB3 � B5

� �
� #2 � B3 � B4

	
þ#3 ¼ 0

11 � #1 þ 12 � #2 þ#3 ¼ 0 ) B4 � #1 � V2 � B5 � #1 � C2 � dV2

dt
� #1

þB1 � B2 � V1 � #2 þB1 � B3 � C2 � #2 � dV2

dt

þB1 � V2 � #2 � X2ðtÞ
RBQ2

þB3 � B5

� �
� #2 � B1 � B3 � B4 þ#3 ¼ 0

C2 � dV2

dt
� f#1 � B1 � B3 � #2g ¼ B4 � #1 � V2 � B5 � #1 þB1 � B2 � V1 � #2

þB1 � V2 � #2 � X2ðtÞ
RBQ2

þB3 � B5

� �
� #2 � B1 � B3 � B4 þ#3

C2 � dV2

dt
� f#1 � B1 � B3 � #2g ¼ #1 � ðB4 � V2 � B5Þþ#2

� B1 B2 � V1 þV2 � X2ðtÞ
RBQ2

þB3 � B5

� 	
� B3 � B4

� �
þ#3
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C2 � dV2

dt
� fB1 � B3 � #2 � #1g ¼ #1 � ðV2 � B5 � B4Þþ#2

� B1 B3 � B4 � B2 � V1 � V2 � X2ðtÞ
RBQ2

þB3 � B5

� 	� �
� #3

C2 � dV2

dt
� fB1 � B3 � #2 � #1g ¼ #1 � ðV2 � B5 � B4Þþ#2 � B1fB3 � B4 � B2 � V1

� V2 � B3 � B5g � #3 � #2 � B1 � V2 � X2ðtÞ
RBQ2

#2 � B1 � V2 � X2ðtÞ
RBQ2

¼ V2

Vt
� af 2 � ð1� af 2Þ

� 	
� B1 � V2 � X2ðtÞ

RBQ2

¼ B1 � V2
2 � af 2 �

X2ðtÞ
RBQ2 � Vt

� ð1� af 2Þ � B1 � V2 � X2ðtÞ
RBQ2

C2 � dV2

dt
� fB1 � B3 � #2 � #1g ¼ #1 � ðV2 � B5 � B4Þþ#2 � B1fB3 � B4 � B2 � V1 � V2 � B3 � B5g

� #3 � V2

Vt
� af 2 � ð1� af 2Þ

� 	
� B1 � V2 � X2ðtÞ

RBQ2

dV2

dt
¼ #1 � ðV2 � B5 � B4Þþ#2 � B1fB3 � B4 � B2 � V1 � V2 � B3 � B5g � #3

C2 � fB1 � B3 � #2 � #1g

�
V2
Vt
� af 2 � ð1� af 2Þ

h i
� B1�V2
RBQ2

C2 � fB1 � B3 � #2 � #1g � X2ðtÞ

h1 ¼ h1ðV1;V2Þ
¼ #1 � ðV2 � B5 � B4Þþ#2 � B1fB3 � B4 � B2 � V1 � V2 � B3 � B5g � #3

C2 � fB1 � B3 � #2 � #1g

h1 ¼ h1ðV1;V2Þ
¼ #1 � ðV2 � B5 � B4Þþ#2 � B1fB3 � B4 � B2 � V1g � ½#2 � B1 � V2 � B3 � B5 þ#3�

C2 � fB1 � B3 � #2 � #1g

h2 ¼ h2ðV2Þ ¼ �
V2
Vt
� af 2 � ð1� af 2Þ

h i
� B1�V2
RBQ2

C2 � fB1 � B3 � #2 � #1g ;
dV2

dt
¼ h1ðV1;V2Þþ h2ðV2Þ � X2ðtÞ

We need to calculate the following expressions (inside h1 and h2 functions):

#1 � ðV2 � B5 � B4Þ; #2 � B1 � fB3 � B4 � B2 � V1g; #2 � V2 � B1 � B3 � B5 þ#3; C2

� fB1 � B3 � #2 � #1g
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and

V2
Vt
� af 2 � ð1� af 2Þ

h i
� B1�V2
RBQ2

C2 � fB1 � B3 � #2 � #1g .

#1 � ðV2 � B5 � B4Þ ¼ #1 � V2 � B5 � #1 � B4 ¼ � ð2� ar2 � af 2Þþ V2

Vt
� ð1� af 2Þ

� �
� V2 � B5

þ ð2� ar2 � af 2Þþ V2

Vt
� ð1� af 2Þ

� �
� B4

#1 � ðV2 � B5 � B4Þ ¼ �ð2� ar2 � af 2Þ � V2 � B5 � V2
2

Vt
� ð1� af 2Þ � B5

þð2� ar2 � af 2Þ � B4 þ V2

Vt
� ð1� af 2Þ � B4

#1 � ðV2 � B5 � B4Þ ¼ �V2
2 � ð1� af 2Þ � B5

Vt
þV2 � B4

Vt
� ð1� af 2Þ � ð2� ar2 � af 2Þ � B5

� �
þð2� ar2 � af2Þ � B4

We define the following parameters: #1 � ðV2 � B5 � B4Þ ¼ V2
2 � N11 þ

V2 � N12 þN13

N11 ¼ �ð1� af 2Þ � B5

Vt
; N12 ¼ B4

Vt
� ð1� af 2Þ � ð2� ar2 � af 2Þ � B5;

N13 ¼ ð2� ar2 � af 2Þ � B4

#1 � ðV2 � B5 � B4Þ ¼ V2
2 � N11 þV2 � N12 þN13 ¼

X3
n¼1

V3�n
2 � N1n

#2 � B1 � fB3 � B4 � B2 � V1g ¼ #2 � B1 � B3 � B4 � #2 � V1 � B1 � B2

¼ V2

Vt
� af 2 � ð1� af 2Þ

� 	
� B1 � B3 � B4

� V2

Vt
� af 2 � ð1� af 2Þ

� 	
� V1 � B1 � B2

#2 � B1 � fB3 � B4 � B2 � V1g ¼ V2

Vt
� af 2 � B1 � B3 � B4 � ð1� af 2Þ � B1 � B3 � B4

� V1 � V2

Vt
� af 2 � B1 � B2 þð1� af 2Þ � B1 � B2 � V1

#2 � B1 � fB3 � B4 � B2 � V1g ¼ af 2 � B1 � B3 � B4

Vt
� V2 þð1� af 2Þ � B1 � B2 � V1 � V1

� V2 � af 2 � B1 � B2

Vt
� ð1� af 2Þ � B1 � B3 � B4
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We define the following parameters:

#2 � B1 � fB3 � B4 � B2 � V1g ¼ N21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

N21 ¼ af 2 � B1 � B3 � B4

Vt
; N22 ¼ ð1� af 2Þ � B1 � B2; N23 ¼ � af 2 � B1 � B2

Vt
;

N24 ¼ �ð1� af 2Þ � B1 � B3 � B4

#2 � V2 � B1 � B3 � B5 þ#3 ¼ V2

Vt
� af 2 � ð1� af 2Þ

� 	
� V2 � B1 � B3 � B5

þðar2 � af 2 � 1Þ � ðIse � IscÞ � V2

Vt
� Isc � ðar2 � af 2 � 1Þ

#2 � V2 � B1 � B3 � B5 þ#3 ¼ V2
2 � B1 � B3 � B5 � af 2

Vt
� V2 � ð1� af 2Þ � B1 � B3 � B5

� V2 � Isc � ðar2 � af 2 � 1Þ
Vt

þðar2 � af 2 � 1Þ � ðIse � IscÞ

#2 � V2 � B1 � B3 � B5 þ#3 ¼ V2
2 � B1 � B3 � B5 � af 2

Vt
� V2 � ð1� af 2Þ � B1 � B3 � B5

þV2 � Isc � ð1� ar2 � af 2Þ
Vt

þð1� ar2 � af 2Þ � ðIsc � IseÞ

#2 � V2 � B1 � B3 � B5 þ#3 ¼V2
2 � B1 � B3 � B5 � af 2

Vt
þV2 �

Isc � ð1� ar2 � af 2Þ
Vt

� ð1� af 2Þ � B1 � B3 � B5

8><
>:

9>=
>;

þð1� ar2 � af 2Þ � ðIsc � IseÞ

We define the following parameters: #2 � V2 � B1 � B3 � B5 þ#3 ¼ V2
2 �

N31 þV2 � N32 þN33

N31 ¼ B1 � B3 � B5 � af 2
Vt

; N32 ¼ Isc � ð1� ar2 � af 2Þ
Vt

� ð1� af 2Þ � B1 � B3 � B5;

N33 ¼ ð1� ar2 � af 2Þ � ðIsc � IseÞ

#2 � V2 � B1 � B3 � B5 þ#3 ¼ V2
2 � N31 þV2 � N32 þN33 ¼

X3
n¼1

V3�n
2 � N3n;

ðIsc � IseÞ e ! 0
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C2 � fB1 � B3 � #2 � #1g ¼ C2 �
B1 � B3 � V2

Vt
� af 2 � ð1� af 2Þ

� 	

þð2� ar2 � af 2Þþ V2

Vt
� ð1� af 2Þ

8>><
>>:

9>>=
>>;

C2 � fB1 � B3 � #2 � #1g ¼ C2 �
V2

Vt
� B1 � B3 � af 2 þ V2

Vt
� ð1� af 2Þ

� ð1� af 2Þ � B1 � B3 þð2� ar2 � af 2Þ

8<
:

9=
;

C2 � fB1 � B3 � #2 � #1g ¼ V2

Vt
� C2 � fB1 � B3 � af 2 þ 1� af 2g

þC2 � f2� ar2 � af 2 � ð1� af 2Þ � B1 � B3g

C2 � fB1 � B3 � #2 � #1g ¼ V2

Vt
� C2 � f1þ af 2 � ðB1 � B3 � 1Þg

þC2 � f2� ar2 � af 2 � ð1� af 2Þ � B1 � B3g

N41 ¼ C2

Vt
� f1þ af 2 � ðB1 � B3 � 1Þg;

N42 ¼ C2 � f2� ar2 � af 2 � ð1� af 2Þ � B1 � B3g

C2 � fB1 � B3 � #2 � #1g ¼ V2 � N41 þN42:

V2

Vt
� af 2 � ð1� af 2Þ

� 	
� B1 � V2

RBQ2
¼ af 2 � B1

Vt � RBQ2
� V2

2 � ð1� af 2Þ � B1

RBQ2
� V2;

N51 ¼ af 2 � B1

Vt � RBQ2
; N52 ¼ �ð1� af 2Þ � B1

RBQ2

V2

Vt
� af 2 � ð1� af 2Þ

� 	
� B1 � V2

RBQ2
¼ N51 � V2

2 þN52 � V2 ¼
X2
n¼1

V3�n
2 � N5n

We can summarize our last results in Table 4.3.
We get the following expressions:

h1 ¼ h1ðV1;V2Þ

¼
P3

n¼1 V
3�n
2 � N1n þN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24 �

P3
n¼1 V

3�n
2 � N3n

V2 � N41 þN42
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h1 ¼ h1ðV1;V2Þ ¼
P3

n¼1 V
3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

V2 � N41 þN42

h2 ¼ h2ðV2Þ ¼ �
P2

n¼1 V
3�n
2 � N5n

V2 � N41 þN42
;
dV2

dt
¼ h1ðV1;V2Þþ h2ðV2Þ � X2ðtÞ

dV2

dt
¼
P3

n¼1 V
3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

V2 � N41 þN42

�
P2

n¼1 V
3�n
2 � N5n

V2 � N41 þN42
� X2ðtÞ

We define the following functions: n4 ¼ n4ðV1;V2Þ; n5 ¼ n5ðV2Þ; n6 ¼ n6ðV2Þ

Table 4.3 Summary of our last results

#1 � ðV2 � B5 � B4Þ V2
2 � N11 þV2 � N12 þN13 ¼

X3

n¼1
V3�n
2 � N1n

N11 ¼ �ð1� af 2Þ � B5

Vt

N12 ¼ B4

Vt
� ð1� af 2Þ � ð2� ar2 � af 2Þ � B5

N13 ¼ ð2� ar2 � af 2Þ � B4

#2 � B1 � fB3 � B4 � B2 � V1g N21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

N21 ¼ af 2 � B1 � B3 � B4

Vt

N22 ¼ ð1� af 2Þ � B1 � B2

N23 ¼ � af 2 � B1 � B2

Vt

N24 ¼ �ð1� af 2Þ � B1 � B3 � B4

#2 � V2 � B1 � B3 � B5 þ#3 V2
2 � N31 þV2 � N32 þN33 ¼

X3

n¼1
V3�n
2 � N3n

ðIsc � IseÞ 6¼ e ! 0

N31 ¼ B1 � B3 � B5 � af 2
Vt

N32 ¼ Isc � ð1� ar2 � af 2Þ
Vt

� ð1� af 2Þ � B1 � B3 � B5

N33 ¼ ð1� ar2 � af 2Þ � ðIsc � IseÞ
C2 � fB1 � B3 � #2 � #1g V2 � N41 þN42

N41 ¼ C2

Vt
� 1þ af 2 � ðB1 � B3 � 1Þ �

N42 ¼ C2 � f2� ar2 � af 2 � ð1� af 2Þ � B1 � B3g
V2
Vt
� af 2 � ð1� af 2Þ

h i
� B1 �V2
RBQ2

N51 � V2
2 þN52 � V2 ¼

X2

n¼1
V3�n
2 � N5n

N51 ¼ af 2 � B1

Vt � RBQ2
;N52 ¼ �ð1� af 2Þ � B2

RBQ2
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n4 ¼
X3
n¼1

V3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24; n5

¼ V2 � N41 þN42

n6 ¼
X2
n¼1

V3�n
2 � N5n; h1ðV1;V2Þ ¼ n4ðV1;V2Þ

n5ðV2Þ ; h2ðV2Þ ¼ � n6ðV2Þ
n5ðV2Þ ;

dV2

dt

¼ n4
n5

� n6
n5

� X2ðtÞ

@n4
@V2

¼
X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞþN21 þN23 � V1;

@n4
@V1

¼ N22 þN23 � V2

@n5
@V2

¼ N41;
@n5
@V1

¼ 0;
@n6
@V2

¼
X2
n¼1

ð3� nÞ � V2�n
2 � N5n ¼ 2 � V2 � N51 þN52;

@n6
@V1

¼ 0

We can summarize our system discussion and present system’s differential
equations with periodic sources X1(t) and X2(t). The Table 4.4 presents our results.

4.3 Optoisolation Circuit’s Two Variables with Periodic
Sources Limit Cycle Stability

We discuss in this subchapter, optoisolation circuit’s two variables with periodic
sources, limit cycle stability. First, we need to prove that the system has periodic
orbits and it is done by changing system cartesian coordinates (V1(t), V2(t)) to
cylindrical coordinates (r(t), h(t)). Next we show that the cylinder is invariant. We
approve that there is a stable periodic orbit and use the fact that a stable periodic
orbit has two/three Floquet multipliers [79, 80]. One of them is unity. For the
conversion between cylindrical and Cartesian systems and opposite, it is convenient
to assume that the reference plane of the former is the Cartesian x–y plane (with
equation z = 0), and the cylindrical axis is the Cartesian z-axis. In our system, we
refer to Cartesian V1–V2 plane (with equation V3 = 0). Then the z coordinate is the
same in both systems, and the correspondence between cylindrical (r, h) and
Cartesian (V1, V2) are the same as for polar coordinates, namely V1(t) = r(t) � cos
[h(t)]; V2(t) = r(t) � sin[h(t)]; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
1 þV2

2

p
. h(t) = 0 if V1 = 0 and V2 = 0.

h(t) = arcsin(V2/r) if V1 � 0.
h(t) = −arcsin(V2/r) + p if V1 < 0. We represent our system equation as

dV1

dt ¼ g1ðV1;V2Þþ g2ðV1Þ � X1ðtÞ; dV2

dt ¼ h1ðV1;V2Þþ h2ðV2Þ � X2ðtÞ by using

cylindrical coordinates (r(t), h(t)).
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X
1(
t)
an
d
X
2(
t)

dV
1

dt
¼

g 1
ðV

1
;V

2
Þþ

g 2
ðV

1
Þ�

X
1
ðtÞ

dV
2

dt
¼

h 1
ðV

1
;V

2
Þþ

h 2
ðV

2
Þ�

X
2
ðtÞ

g 1
¼

g 1
ðV

1
;V

2
Þ

¼
P 3 n¼

1
V
3�
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1
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C
1n
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C
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Þþ
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21
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þ
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þ
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þ
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V
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þ
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h 1
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h 1
ðV

1
;V

2
Þ

¼
P 3 n¼

1
V

3�
n

2
�ð
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1n
�
N
3n
Þþ

N
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�V
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þ
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22
�V

1
þ
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�V
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�V

2
þ
N
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V
2
�N

41
þ
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g 2
¼

g 2
ðV

1
Þ¼

�
P 2 n¼

1
V
3�

n
1

�C
5n

V
1
�C

41
þ
C
42

h 2
¼

h 2
ðV

2
Þ¼

�
P 2 n¼

1
V
3�

n
2

�N
5n

V
2
�N

41
þ
N
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V1ðtÞ ¼ rðtÞ � cos½hðtÞ� ) dV1ðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

V2ðtÞ ¼ rðtÞ � sin½hðtÞ� ) dV2ðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dV1ðtÞ
dt

¼ dV1

dt
;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the equations: dV1

dt ¼ r0 � cos h� r � h0 � sin h; dV2

dt ¼ r0 � sin hþ
r � h0 � cos h.

We do our analysis first for system without periodic sources X1(t) = X2(t) = 0.

Our system equations become dV1

dt ¼ g1ðV1;V2Þ; dV2

dt ¼ h1ðV1;V2Þ and we need

to convert the representation to dr
dt ¼ lðr; h; h0Þ; dhdt ¼ Nðaf1; ar1; af2; ar2; . . .Þ

8N 2 R.
g1 ¼ g1ðV1;V2Þ

¼
P3

n¼1 V
3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

V1 � C41 þC42

g1 ¼ g1ðr; hÞ

¼
P3

n¼1 r
ð3�nÞ � cosð3�nÞ½h� � ðC1n � C3nÞþC21 � r � cos hþC22 � r � sin hþC23 � r2 � sin h � cos hþC24

r � cos h � C41 þC42

dV1

dt
¼ g1ðV1;V2Þ ) r0 � cos h� r � h0 � sin h

¼
P3

n¼1 r
ð3�nÞ � cosð3�nÞ½h� � ðC1n � C3nÞþC21 � r � cos hþC22 � r � sin hþC23 � r2 � sin h � cos hþC24

r � cos h � C41 þC42

ðr0 � cos h� r � h0 � sin hÞ � ðr � cos h � C41 þC42Þ

¼
X3
n¼1

rð3�nÞ � cosð3�nÞ½h� � ðC1n � C3nÞþC21 � r � cos hþC22 � r � sin h

þC23 � r2 � sin h � cos hþC24

C41 � r � r0 � cos2 hþC42 � r0 � cos h� r2 � h0 � C41 � sin h � cos h� C42 � r � h0 � sin h

¼
X3
n¼1

rð3�nÞ � cosð3�nÞ½h� � ðC1n � C3nÞþC21 � r � cos h

þC22 � r � sin hþC23 � r2 � sin h � cos hþC24
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C41 � r � r0 � cos2 hþC42 � r0 � cos h� r2 � h0 � C41 � sin h � cos h� C42 � r � h0 � sin h
¼ r2 � cos2 h � ðC11 � C31Þþ r � cos h � ðC12 � C32ÞþC13 � C33 þC21 � r � cos h
þC22 � r � sin hþC23 � r2 � sin h � cos hþC24

r � cos2 h � fC41 � r0 � r � ðC11 � C31Þgþ cos h � fC42 � r0 � r � ðC12 � C32Þ � C21 � rg
� r � sin h � fC42 � h0 þC22g � r2 � sin h � cos h � fh0 � C41 þC23gþfC33 � C13 � C24g ¼ 0

h1 ¼ h1ðV1;V2Þ
¼
P3

n¼1 V
3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

V2 � N41 þN42

h1 ¼ h1ðr; hÞ

¼
P3

n¼1 r
ð3�nÞ � sinð3�nÞ½h� � ðN1n � N3nÞþN21 � r � sin hþN22 � r � cos hþN23 � r2 � sin h � cos hþN24

r � sin h � N41 þN42

dV2

dt
¼ h1ðV1;V2Þ ) r0 � sin hþ r � h0 � cos h

¼
P3

n¼1 r
ð3�nÞ � sinð3�nÞ½h� � ðN1n � N3nÞþN21 � r � sin hþN22 � r � cos hþN23 � r2 � sin h � cos hþN24

r � sin h � N41 þN42

r0 � sin hþ r � h0 � cos h

¼
P3

n¼1 r
ð3�nÞ � sinð3�nÞ½h� � ðN1n � N3nÞþN21 � r � sin hþN22 � r � cos hþN23 � r2 � sin h � cos hþN24

r � sin h � N41þN42

fr0 � sin hþ r � h0 � cos hg � fr � sin h � N41 þN42g

¼
X3
n¼1

rð3�nÞ � sinð3�nÞ½h� � ðN1n � N3nÞþN21 � r � sin h

þN22 � r � cos hþN23 � r2 � sin h � cos hþN24

r0 � r � N41 � sin2 hþN42 � r0 � sin hþ r2 � h0 � N41 � cos h � sin hþN42 � r � h0 � cos h

¼
X3
n¼1

rð3�nÞ � sinð3�nÞ½h� � ðN1n � N3nÞþN21 � r � sin h

þN22 � r � cos hþN23 � r2 � sin h � cos hþN24

r0 � r � N41 � sin2 hþN42 � r0 � sin hþ r2 � h0 � N41 � cos h � sin hþN42 � r � h0 � cos h
¼ r2 � sin2 h � ðN11 � N31Þþ r � sin h � ðN12 � N32ÞþN13 � N33

þN21 � r � sin hþN22 � r � cos hþN23 � r2 � sin h � cos hþN24
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r � sin2 h � fr0 � N41 � r � ðN11 � N31Þgþ sin h � fN42 � r0 � r � ðN12 � N32Þ � N21 � rg
þ r � cos h � fN42 � h0 � N22gþ r2 � cos h � sin h � fh0 � N41 � N23g
þ fN33 � N13 � N24g ¼ 0

We can summarize our system equations in cylindrical (r, h) coordinates:

ð Þ r � cos
2 h � fC41 � r0 � r � ðC11 � C31Þgþ cos h � fC42 � r0 � r � ðC12 � C32Þ � C21 � rg

�r � sin h � fC42 � h0 þC22g � r2 � sin h � cos h � fh0 � C41 þC23gþfC33 � C24 � C13g ¼ 0

ð Þ r � sin
2 h � fr0 � N41 � r � ðN11 � N31Þgþ sin h � fN42 � r0 � r � ðN12 � N32Þ � N21 � rg

þ r � cos h � fN42 � h0 � N22gþ r2 � cos h � sin h � fh0 � N41 � N23gþfN33 � N13 � N24g ¼ 0

For simplicity, we define the following system global parameters relations:

C41 ¼ N41; C11 � C31 ¼ N11 � N31; C42 ¼ N42; C12 � C32 ¼ N12 � N32; C21 ¼ N21

v41 ¼ C33 � C24 � C13; v42 ¼ N33 � N13 � N24:

v1 ¼ v1ðr; r0Þ ¼ C41 � r0 � r � ðC11 � C31Þ ¼ r0 � N41 � r � ðN11 � N31Þ

v2 ¼ v2ðr; r0Þ ¼ C42 � r0 � r � ðC12 � C32Þ � C21 � r
¼ N42 � r0 � r � ðN12 � N32Þ � N21 � r

Based on the above assumptions we get the following two equations:

ð Þ r � cos2 h � v1 þ cos h � v2 � r � sin h � fC42 � h0 þC22g
�r2 � sin h � cos h � fh0 � C41 þC23gþ v41 ¼ 0

ð Þ r � sin2 h � v1 þ sin h � v2 þ r � cos h � fN42 � h0 � N22g
þ r2 � cos h � sin h � fh0 � N41 � N23gþ v42 ¼ 0

(*) + (**) ! (***)
r � cos2 h � v1 þ r � sin2 h � v1 þ cos h � v2 þ sin h � v2 � r � sin h � fC42 � h0 þC22g
þ r � cos h � fN42 � h0 � N22g � r2 � sin h � cos h � fh0 � C41 þC23g
þ r2 � cos h � sin h � fh0 � N41 � N23gþ v41 þ v42 ¼ 0

We get one equation: v4 ¼ v41 þ v42

r � v1 þ v2 � ðcos hþ sin hÞ � r � sin h � fC42 � h0 þC22gþ r � cos h � fN42 � h0 � N22g
þ r2 � cos h � sin h � fh0 � ðN41 � C41Þ � ðC23 þN23Þgþ v4 ¼ 0
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We choose dh/dt = h′ in time such that h0 � ðN41 � C41Þ � ðC23 þN23Þ ¼ 0 )
h0 ¼ C23 þN23

N41�C41

The last condition restricts our main result equation (***) to the below equation:

r � v1 þ v2 � ðcos hþ sin hÞ � r � sin h � fC42 � h0 þC22g
þ r � cos h � fN42 � h0 � N22gþ v4 ¼ 0

r � v1 þ v2 � ðcos hþ sin hÞ � C42 � h0 � r � sin h� C22 � r � sin h
þN42 � h0 � r � cos h� N22 � r � cos hþ v4 ¼ 0

r � v1 þ v2 � ðcos hþ sin hÞ � C22 � r � sin h� N22 � r � cos h
þN42 � h0 � r � cos h� C42 � h0 � r � sin hþ v4 ¼ 0

We consider N42 ¼ C42;C22 ¼ N22 and we get the following expression:

r � v1 þ v2 � ðcos hþ sin hÞ � C22 � r � ðsin hþ cos hÞ
þC42 � h0 � r � ðcos h� sin hÞþ v4 ¼ 0

r � v1 þ v2 � ðcos hþ sin hÞ � C22 � r � ðsin hþ cos hÞ
� C42 � h0 � r � ðsin h� cos hÞþ v4 ¼ 0

v1ðr; r0Þ ! v1; v2ðr; r0Þ ! v2 yield the following expressions:

r � fC41 � r0 � r � ðC11 � C31Þgþ fC42 � r0 � r � ðC12 � C32Þ � C21 � rg � ðcos hþ sin hÞ
� C22 � r � ðsin hþ cos hÞ � C42 � h0 � r � ðsin h� cos hÞþ v41 þ v42 ¼ 0

r � fC41 � r0 � r � ðC11 � C31Þgþ fC42 � r0 � r � ðC12 � C32Þ � C21 � rg � ðcos hþ sin hÞ
� C22 � r � ðsin hþ cos hÞ � C42 � h0 � r � ðsin h� cos hÞ
þ fðC33 þN33Þ � ðC24 þN24Þ � ðC13 þN13Þg ¼ 0

C41 � r � r0 � r2 � ðC11 � C31ÞþC42 � r0 � ðcos hþ sin hÞ � r � ðC12 � C32Þ � ðcos hþ sin hÞ
� C21 � r � ðcos hþ sin hÞ � C22 � r � ðsin hþ cos hÞ � C42 � h0 � r � ðsin h� cos hÞ
þ fðC33 þN33Þ � ðC24 þN24Þ � ðC13 þN13Þg ¼ 0

r0 � fC41 � rþC42 � ðcos hþ sin hÞg � r2 � ðC11 � C31Þ
� r � ðC12 � C32Þ � ðcos hþ sin hÞ � C21 � r � ðcos hþ sin hÞ � C22 � r � ðsin hþ cos hÞ
� C42 � h0 � r � ðsin h� cos hÞþ fðC33 þN33Þ � ðC24 þN24Þ � ðC13 þN13Þg ¼ 0
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r0 � fC41 � rþC42 � ðcos hþ sin hÞg ¼ r2 � ðC11 � C31Þþ r � ðC12 � C32Þ � ðcos hþ sin hÞ
þC21 � r � ðcos hþ sin hÞþC22 � r � ðsin hþ cos hÞþC42 � h0 � r � ðsin h� cos hÞ
� fðC33 þN33Þ � ðC24 þN24Þ � ðC13 þN13Þg

r0 � fC41 � rþC42 � ðcos hþ sin hÞg ¼ r2 � ðC11 � C31Þþ r � fðC12 � C32Þ � ðcos hþ sin hÞ
þC21 � ðcos hþ sin hÞþC22 � ðsin hþ cos hÞþC42 � h0 � ðsin h� cos hÞg
� fðC33 þN33Þ � ðC24 þN24Þ � ðC13 þN13Þg

For simplicity, we define the following functions: f1ðhÞ ¼ sin hþ cos h

f2ðhÞ ¼ sin h� cos h;D1 ¼ C11 � C31;D2 ¼ C12 � C32;

D3 ¼ ðC33 þN33Þ � ðC24 þN24Þ � ðC13 þN13Þ

And we get the following function:

r0 � fC41 � rþC42 � f1ðhÞg ¼ r2 � D1 þ r � fD2 � f1ðhÞþC21 � f1ðhÞþC22

� f1ðhÞþC42 � h0 � f2ðhÞg � D3

r0 ¼ dr
dt

¼ r2 � D1 þ r � fD2 � f1ðhÞþC21 � f1ðhÞþC22 � f1ðhÞþC42 � h0 � f2ðhÞg � D3

C41 � rþC42 � f1ðhÞ

h0 ¼ C23 þN23

N41 � C41
) dr

dt

¼
r2 � D1 þ r � D2 � f1ðhÞþC21 � f1ðhÞþC22 � f1ðhÞþC42 � C23 þN23

N41�C41

n o
� f2ðhÞ

n o
� D3

C41 � rþC42 � f1ðhÞ

We can summarize our last system expression cylindrical coordinates (r, h):

dr
dt

¼
r2 � D1 þ r � D2 � f1ðhÞþC21 � f1ðhÞþC22 � f1ðhÞþC42 � C23 þN23

N41�C41

n o
� f2ðhÞ

n o
� D3

C41 � rþC42 � f1ðhÞ

dr
dt

¼
r2 � D1 þ r � f1ðhÞ � ½D2 þC21 þC22� þC42 � C23 þN23

N41�C41

n o
� f2ðhÞ

n o
� D3

C41 � rþC42 � f1ðhÞ

dh
dt

¼ C23 þN23

N41 � C41
) h ¼ C23 þN23

N41 � C41

� �
� tþConst

h ¼ x � t ¼ 2 � p
T

� t ) dh
dt

¼ 2 � p
T

) C23 þN23

N41 � C41
¼ 2 � p

T
) T ¼ 2 � p � ðN41 � C41Þ

C23 þN23
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As a result, our solution has period T ¼ 2�p�ðN41�C41Þ
C23 þN23

.

To find our solution constant radius, we set drdt ¼ 0 which yields the following

outcome:

dr
dt

¼ 0 )
r2 � D1 þ r � f1ðhÞ � ½D2 þC21 þC22� þC42 � C23 þN23

N41�C41

n o
� f2ðhÞ

n o
� D3

C41 � rþC42 � f1ðhÞ ¼ 0

C41 � rþC42 � f1ðhÞ 6¼ 0 ) r 6¼ �C42

C41
� f1ðhÞ ) rðtÞ 6¼ �C42

C41
� f1ðh

¼ C23 þN23

N41 � C41

� �
� tþConstÞ

We define for simplicity dr
dt ¼ 0 ) r2�D1 þ r�gðhÞ�D3

C41�rþC42�f1ðhÞ ¼ 0 ) r2 � D1 þ r � gðhÞ�
D3 ¼ 0.

g ¼ gðhÞ ¼ f1ðhÞ � ½D2 þC21 þC22� þC42 � C23 þN23

N41 � C41

� �
� f2ðhÞ

g ¼ gðhÞjD2¼C12�C32
¼ f1ðhÞ � ½C12 � C32 þC21 þC22� þC42 � C23 þN23

N41 � C41

� �
� f2ðhÞ

r2 � D1 þ r � gðhÞ � D3 ¼ 0 ) r1;2 ¼ �gðhÞ 
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2ðhÞþ 4 � D1 � D3

p
2 � D1

[ 0

We need to show the conditions that a close orbit still exists for a stable limit

cycle. There is a stable limit cycle at r ¼ r1;2 ¼ �gðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2ðhÞþ 4�D1�D3

p
2�D1

[ 0.

We seek two concentric circles with radii rmin and rmax, such that drdt \0 on the

outer circle and dr
dt [ 0 on the inner circle. Then the annulus 0\rmin � r� rmax will

be our desired trapping region. There are no fixed points in the annulus since we

consider dh
dt [ 0; hence if rmin and rmax can be found, the Poincare–Bendixson

theorem will imply the existence of the closed orbit. To find rmin, we require
dr
dt ¼

r2�D1 þ r�gðhÞ�D3

C41�rþC42�f1ðhÞ [ 0 for all h. r2min�D1 þ rmin�gðhÞ�D3

C41�rmin þC42�f1ðhÞ [ 0:

We have two subcases: (1) r2min � D1 þ rmin � gðhÞ � D3 [ 0 and C41 � rmin þC42 �
f1ðhÞ[ 0: (2) r2min � D1 þ rmin � gðhÞ � D3\0 and C41 � rmin þC42 � f1ðhÞ\0. To

find rmax, we require dr
dt ¼

r2�D1 þ r�gðhÞ�D3

C41�rþC42�f1ðhÞ \0 for all h. drdt ¼
r2�D1 þ r�gðhÞ�D3

C41�rþC42�f1ðhÞ \0 and

we have two subcases: (1) r2max � D1 þ rmax � gðhÞ � D3 [ 0 and
C41 � rmax þC42 � f1ðhÞ\0.

(2) r2max � D1 þ rmax � gðhÞ � D3\0 and C41 � rmax þC42 � f1ðhÞ[ 0.
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System equations without periodic sources X1(t) = X2(t) = 0 are
dV1

dt ¼ g1ðV1;V2ÞdV2

dt ¼ h1ðV1;V2Þ. Our system dV/dt = f(V) with V 2 R
2 where

there is a periodic solution v(t) = U(t) with period T. We must have q1 = 1 then we

get q1 � q2 ¼ e
R T

0
trðAðsÞÞ�dsjq1¼1 ) q2 ¼ e

R T

0
trðAðsÞÞ�ds

: The perturbation should be
bounded and hence for the solution to be stable, q1 � 1; q2 � 1 and since we know

q1 = 1 and we wish q1 and q2 to be distinct, we must have q2\1; q1 ¼ 1

q2\1 ) e
R T

0
trðAðsÞÞ�ds\1 )

ZT
0

trðAðsÞÞ � ds\0

)
ZT
0

trð@g1=@h1
@Vj

j/ðsÞÞ � ds\0 )
ZT
0

ð@g1
@V1

þ @h1
@V2

Þj/ðsÞ � ds\0

R T
0

@g1
@V1

þ @h1
@V2

� �
jV¼/ � ds\0 We get instability when

R T
0

@g1
@V1

þ @h1
@V2

� �
jV¼/�

ds[ 0.

g1ðV1;V2Þ ¼ n1ðV1;V2Þ
n2ðV1Þ ) g1 ¼

n1
n2

;
@g1
@V1

¼
@n1
@V1

� n2 � @n2
@V1

� n1
n22

We define the following functions: n1 ¼ n1ðV1;V2Þ; n2 ¼ n2ðV1Þ.

n1 ¼
X3
n¼1

V3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24; n2

¼ V1 � C41 þC42

@n1
@V1

¼
X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞþC21 þC23 � V2;

@n1
@V2

¼ C22 þC23 � V1

@n2
@V1

¼ C41;
@n2
@V2

¼ 0. We get the following expression for @g1
@V1

@g1
@V1

¼
@n1
@V1

� n2 � @n2
@V1

� n1
n22

¼

X3

n¼1
ð3� nÞ � V2�n

1 � ðC1n � C3nÞþC21 þC23 � V2g � fV1 � C41 þC42

n o
�C41 �

X3

n¼1
V3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

n o
ðV1 � C41 þC42Þ2
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First, we take care of the numerator of the expression.

X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞþC21 þC23 � V2

( )
� fV1 � C41 þC42g

� C41 �
X3
n¼1

V3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

( )

¼
X3
n¼1

ð3� nÞ � V3�n
1 � ðC1n � C3nÞ � C41 þC42 �

X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞ

þV1 � C41 � C21 þC42 � C21 þV1 � V2 � C41 � C23 þC42 � C23 � V2

�
X3
n¼1

V3�n
1 � C41 � ðC1n � C3nÞ � C41 � C21 � V1

� C41 � C22 � V2 � C41 � C23 � V1 � V2 � C41 � C24

X3
n¼1

ð3� nÞ � V3�n
1 � ðC1n � C3nÞ � C41 ¼ 2 � V2

1 � ðC11 � C31Þ � C41 þV1 � ðC12 � C32Þ � C41

C42 �
X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞ ¼ 2 � V1 � ðC11 � C31Þ � C42 þðC12 � C32Þ � C42

X3
n¼1

V3�n
1 � C41 � ðC1n � C3nÞ ¼ V2

1 � C41 � ðC11 � C31ÞþV1 � C41 � ðC12 � C32Þ

þC41 � ðC13 � C33Þ

We get the following numerator expression:

X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞþC21 þC23 � V2

( )
� fV1 � C41 þC42g

� C41 �
X3
n¼1

V3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

( )

¼ 2 � V2
1 � ðC11 � C31Þ � C41 þV1 � ðC12 � C32Þ � C41

þ 2 � V1 � ðC11 � C31Þ � C42 þðC12 � C32Þ � C42 þV1 � C41 � C21 þC42 � C21

þV1 � V2 � C41 � C23 þC42 � C23 � V2 � V2
1 � C41 � ðC11 � C31Þ

� V1 � C41 � ðC12 � C32Þ � C41 � ðC13 � C33Þ
� C41 � C21 � V1 � C41 � C22 � V2 � C41 � C23 � V1 � V2 � C41 � C24
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X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞþC21 þC23 � V2

( )
� fV1 � C41 þC42g

� C41 �
X3
n¼1

V3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

( )

¼ 2 � V2
1 � ðC11 � C31Þ � C41 � V2

1 � C41 � ðC11 � C31ÞþV1 � ðC12 � C32Þ � C41

þ 2 � V1 � ðC11 � C31Þ � C42 þV1 � C41 � C21 � V1 � C41 � ðC12 � C32Þ � C41 � C21 � V1

þC42 � C23 � V2 � C41 � C22 � V2 þV1 � V2 � C41 � C23 � C41 � C23 � V1 � V2

� C41 � C24 þC42 � C21 þðC12 � C32Þ � C42 � C41 � ðC13 � C33Þ

X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞþC21 þC23 � V2

( )
� fV1 � C41 þC42g

� C41 �
X3
n¼1

V3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

( )

¼ V2
1 � C41 � f2 � ðC11 � C31Þ � ðC11 � C31ÞgþV1 � fðC12 � C32Þ � C41

þ 2 � ðC11 � C31Þ � C42 þC41 � C21 � C41 � ðC12 � C32Þ � C41 � C21g
þV2 � fC42 � C23 � C41 � C22gþV1 � V2 � fC41 � C23 � C41 � C23g
� C41 � C24 þC42 � C21 þC12 � C42 � C32 � C42 � C41 � C13 þC41 � C33

We define the following parameters: X1 ¼ C41 � f2 � ðC11 � C31Þ�
ðC11 � C31Þg,

X2 ¼ ðC12 � C32Þ � C41 þ 2 � ðC11 � C31Þ � C42

þC41 � C21 � C41 � ðC12 � C32Þ � C41 � C21

X3 ¼ C42 � C23 � C41 � C22;X4 ¼ C41 � C23 � C41 � C23

X5 ¼ �C41 � C24 þC42 � C21 þC12 � C42 � C32 � C42 � C41 � C13 þC41 � C33

We get the following numerator expression:

X3
n¼1

ð3� nÞ � V2�n
1 � ðC1n � C3nÞþC21 þC23 � V2

( )
� fV1 � C41 þC42g

� C41 �
X3
n¼1

V3�n
1 � ðC1n � C3nÞþC21 � V1 þC22 � V2 þC23 � V1 � V2 þC24

( )

¼ V2
1 � X1 þV1 � X2 þV2 � X3 þV1 � V2 � X4 þX5

@g1
@V1

¼
@n1
@V1

� n2 � @n2
@V1

� n1
n22

¼ V2
1 � X1 þV1 � X2 þV2 � X3 þV1 � V2 � X4 þX5

V2
1 � C2

41 þ 2 � V1 � C41 � C42 þC2
42
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dV2

dt
¼ h1ðV1;V2Þ; h1ðV1;V2Þ ¼ n4ðV1;V2Þ

n5ðV2Þ ) h1 ¼ n4
n5

;
@h1
@V2

¼
@n4
@V2

� n5 � n4 � @n5@V2

n25

We define the following functions: n4 ¼ n4ðV1;V2Þ; n5 ¼ n5ðV2Þ

n4 ¼
X3
n¼1

V3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24; n5

¼ V2 � N41 þN42

@n4
@V2

¼
X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞþN21 þN23 � V1;

@n4
@V1

¼ N22 þN23 � V2

@n5
@V2

¼ N41;
@n5
@V1

¼ 0. We get the following expression for @h1
@V2

@h1
@V2

¼
@n4
@V2

� n5 � n4 � @n5@V2

n25

¼

X3

n¼1
ð3� nÞ � V2�n

2 � ðN1n � N3nÞþN21 þN23 � V1

n o
� fV2 � N41 þN42g

�
X3

n¼1
V3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

n o
� N41

ðV2 � N41 þN42Þ2

First, we take care of the numerator of the expression.

X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞþN21 þN23 � V1

( )
� fV2 � N41 þN42g

�
X3
n¼1

V3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2þN24

( )
� N41

¼
X3
n¼1

ð3� nÞ � V3�n
2 � ðN1n � N3nÞ � N41 þ

X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞ � N42

þV2 � N41 � N21 þN42 � N21 þN23 � N41 � V1 � V2 þN23 � N42 � V1 �
X3
n¼1

V3�n
2 � ðN1n � N3nÞ � N41

� N21 � N41 � V2 � N22 � N41 � V1 � N23 � N41 � V1 � V2 � N24 � N41

X3
n¼1

ð3� nÞ � V3�n
2 � ðN1n � N3nÞ � N41 ¼ 2 � V2

2 � ðN11 � N31Þ � N41 þV2 � ðN12 � N32Þ � N41

X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞ � N42 ¼ 2 � V2 � ðN11 � N31Þ � N42 þðN12 � N32Þ � N42
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X3
n¼1

V3�n
2 � ðN1n � N3nÞ � N41 ¼ V2

2 � ðN11 � N31Þ � N41 þV2 � ðN12 � N32Þ
� N41 þðN13 � N33Þ � N41

We get the following numerator expression:

X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞþN21 þN23 � V1

( )
� fV2 � N41 þN42g

�
X3
n¼1

V3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

( )
� N41

¼ 2 � V2
2 � ðN11 � N31Þ � N41 þV2 � ðN12 � N32Þ � N41 þ 2 � V2 � ðN11 � N31Þ � N42

þðN12 � N32Þ � N42 þV2 � N41 � N21 þN42 � N21 þN23 � N41 � V1 � V2 þN23 � N42 � V1

� V2
2 � ðN11 � N31Þ � N41 � V2 � ðN12 � N32Þ � N41 � ðN13 � N33Þ � N41 � N21 � N41 � V2

� N22 � N41 � V1 � N23 � N41 � V1 � V2 � N24 � N41

X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞþN21 þN23 � V1

( )
� fV2 � N41 þN42g

�
X3
n¼1

V3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

( )
� N41

¼ V2
2 � N41 � f2 � ðN11 � N31Þ � ðN11 � N31Þg

þV2 � fðN12 � N32Þ � N41 þ 2 � ðN11 � N31Þ � N42 þN41 � N21

� ðN12 � N32Þ � N41 � N21 � N41g
þV1 � V2 � fN23 � N41 � N23 � N41gþV1 � fN23 � N42 � N22 � N41g
� N24 � N41 þðN12 � N32Þ � N42 þN42 � N21 � ðN13 � N33Þ � N41

X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞþN21 þN23 � V1

( )
� fV2 � N41 þN42g

�
X3
n¼1

V3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

( )
� N41

¼ V2
2 � N41 � fN11 � N31gþV2 � f2 � ðN11 � N31Þ � N42gþV1 � fN23 � N42 � N22 � N41g

� N24 � N41 þðN12 � N32Þ � N42 þN42 � N21 � ðN13 � N33Þ � N41

We define the following parameters: !1 ¼ N41 � fN11 � N31g;!2 ¼ 2�
ðN11 � N31Þ � N42
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!3 ¼ N23 � N42 � N22 � N41;!4

¼ �N24 � N41 þðN12 � N32Þ � N42 þN42 � N21 � ðN13 � N33Þ � N41

We get the following numerator expression:

X3
n¼1

ð3� nÞ � V2�n
2 � ðN1n � N3nÞþN21 þN23 � V1

( )
� fV2 � N41 þN42g

�
X3
n¼1

V3�n
2 � ðN1n � N3nÞþN21 � V2 þN22 � V1 þN23 � V1 � V2 þN24

( )
� N41

¼ V2
2 � !1 þV2 � !2 þV1 � !3 þ!4

@h1
@V2

¼
@n4
@V2

� n5 � n4 � @n5@V2

n25
¼ V2

2 � !1 þV2 � !2 þV1 � !3 þ!4

V2
2 � N2

41 þ 2 � V2 � N41 � N42 þN2
42

We can summarize our last results for @g1
@V1

and @h1
@V2

@g1
@V1

¼
@n1
@V1

� n2 � @n2
@V1

� n1
n22

¼ V2
1 � X1 þV1 � X2 þV2 � X3 þV1 � V2 � X4 þX5

V2
1 � C2

41 þ 2 � V1 � C41 � C42 þC2
42

@h1
@V2

¼
@n4
@V2

� n5 � n4 � @n5@V2

n25
¼ V2

2 � !1 þV2 � !2 þV1 � !3 þ!4

V2
2 � N2

41 þ 2 � V2 � N41 � N42 þN2
42

We need to find @g1
@V1

þ @h1
@V2

� �
jV¼/ at a solution with constant radius (dr/dt = 0).

We already found the solution with constant radius:

rconst ¼ r1;2 ¼ �gðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2ðhÞþ 4�D1�D3

p
2�D1

[ 0 and find @g1
@V1

þ @h1
@V2

� �
jr¼rconst

q1 � q2 ¼ e
R T

0
trðAðsÞÞ�dsjq1¼1 ) q2 ¼ e

R T

0
trðAðsÞÞ�ds ¼ e

R T¼2�p�ðN41�C41Þ
C23 þN23

0

@g1
@V1

þ @h1
@V2

� �
jr¼rconst

�ds

As a result, the limit cycle with radius rconst ¼ r1;2 ¼ �gðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2ðhÞþ 4�D1�D3

p
2�D1

[ 0

is stable if
R T
0 trðAðsÞÞ � ds\0 or q2 < 1 and unstable if

R T
0 trðAðsÞÞ � ds[ 0 or

q2 > 1.

Remark In the last analysis, we consider system without periodic sources
X1(t) = X2(t) = 0. It is reader’s exercise to do the limit cycle stability analysis for all
other cases X1(t) 6¼ X2(t) 6¼ 0 by using Floquet theory [46–48].
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4.4 Optoisolation Circuit Second-Order ODE
with Periodic Source

We have second-order ODE system with periodic source a(t), where a(t) is periodic
with period T. The system has two main variables X1(t) and V(t) which is the circuit
output voltage in time. Our system’s second-order ODE equations are

dVðtÞ
dt

¼ C1 � d
2X1ðtÞ
dt2

þC2 � X1ðtÞ; dX1ðtÞ
dt

¼ w VðtÞ; dVðtÞ
dt

; aðtÞ; @aðtÞ
@t

; . . .

� �

First, we present our optoisolation circuit second-order ODE with periodic
source. We have variable capacitor (C1) and variable inductor (L1) in series at the
output circuit. The feedback output voltage is multiple by input periodic source a
(t), with period T and feed to input LED D1 circuit (Fig. 4.2).

.

IC1 ¼ IL1; IC1 ¼ C1 � dVC1

dt
; VL1 ¼ L1 � dIL1dt

; VðtÞ ¼ VC1 þVL1

¼ L1 � dIC1dt
þ 1

C1
�
Z

IC1 � dt

VCEQ1 ¼ VðtÞ ¼ V ; IRCQ1 ¼ ICQ1 þ IC1 ¼ Vcc � V
RCQ1

) ICQ1 ¼ Vcc � V
RCQ1

� IC1

The multiplication element ([]*[]) is implemented by using op-amps, resistors,
capacitors, diodes, etc. Multiplication element’s input current is zero since its input
impedance is infinite Iinf½�½�g ! e; Rinf½�½�g ! 1; ID1 ¼ IR1.

Fig. 4.2 Optoisolation
circuit second-order ODE
with periodic source
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VðtÞ � aðtÞ ¼ VR1 þVD1 ¼ ID1 � R1 þVD1; VD1 ¼ Vt � ln ID1
I0

þ 1
� �

) VðtÞ � aðtÞ

¼ ID1 � R1 þVt � ln ID1
I0

þ 1
� �

By using Taylor series approximation ln ID1
I0

þ 1
n o

� ID1
I0
) VðtÞ � aðtÞ ¼

ID1 � R1 þVt � ID1I0 .

VðtÞ � aðtÞ ¼ ID1 � R1 þVt � ID1I0 ¼ ID1 � R1 þ Vt

I0

� �
) ID1 ¼ VðtÞ � aðtÞ

R1 þ Vt
I0

jV¼VðtÞ

¼ V � aðtÞ
R1 þ Vt

I0

IBQ1 ¼ k1 � ID1 ¼ k1 � VðtÞ � aðtÞ
R1 þ Vt

I0

jV¼VðtÞ ¼
k1 � V � aðtÞ
R1 þ Vt

I0

; IEQ1 ¼ IBQ1 þ ICQ1

¼ k1 � V � aðtÞ
R1 þ Vt

I0

þ ICQ1

IEQ1 ¼ IBQ1 þ ICQ1 ¼ k1 � V � aðtÞ
R1 þ Vt

I0

þ ICQ1 ¼ k1 � V � aðtÞ
R1 þ Vt

I0

þ Vcc � V
RCQ1

� IC1;

ICQ1 ¼ Vcc � V
RCQ1

� IC1

VðtÞ ¼ V ¼ VCEQ1 ¼ Vt � ln ðar1 � ICQ1 � IEQ1Þþ Ise � ðar1 � af 1 � 1Þ
ðICQ1 � IEQ1 � af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

þVt � ln Isc
Ise

� �
;

Isc
Ise

! 1 ) ln
Isc
Ise

� �
! e

ln
Isc
Ise

� �
! e ) V ’ Vt � ln ðar1 � ICQ1 � IEQ1Þþ Ise � ðar1 � af 1 � 1Þ

ðICQ1 � IEQ1 � af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

;

VL1 ¼ L1 � dIC1dt
; VC1 ¼ 1

C1
�
Z

IC1 � dt

IC1 ¼ IL1;
dV
dt

¼ L1 � d
2IC1
dt2

þ 1
C1

� IC1

ar1 � ICQ1 � IEQ1 ¼ ar1 � Vcc � V
RCQ1

� IC1

� �
� k1 � V � aðtÞ

R1 þ Vt
I0

þ Vcc � V
RCQ1

� IC1

( )
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ar1 � ICQ1 � IEQ1 ¼ ar1 � ðVcc � VÞ
RCQ1

� ar1 � IC1 � k1 � V � aðtÞ
R1 þ Vt

I0

� Vcc � V
RCQ1

þ IC1

ar1 � ICQ1 � IEQ1 ¼ ðar1 � 1Þ � ðVcc � VÞ
RCQ1

þ IC1 � ð1� ar1Þ � k1 � V � aðtÞ
R1 þ Vt

I0

ar1 � ICQ1 � IEQ1 ¼ ðar1 � 1Þ � Vcc

RCQ1
� ðar1 � 1Þ � V

RCQ1
þ IC1 � ð1� ar1Þ � k1 � V � aðtÞ

R1 þ Vt
I0

ar1 � ICQ1 � IEQ1 ¼ ðar1 � 1Þ � Vcc

RCQ1
� V � ðar1 � 1Þ

RCQ1
þ k1 � aðtÞ

R1 þ Vt
I0

( )
þ IC1 � ð1� ar1Þ

We define the following function: n1ðV ; aðtÞÞ ¼ ðar1�1Þ�Vcc

RCQ1
�

V � ðar1�1Þ
RCQ1

þ k1�aðtÞ
R1 þ Vt

I0

� �

ar1 � ICQ1 � IEQ1 ¼ n1ðV ; aðtÞÞþ IC1 � ð1� ar1Þ ¼ n1 þ IC1 � ð1� ar1Þ;
n1 ¼ n1ðV ; aðtÞÞ

ICQ1 � IEQ1 � af 1 ¼ Vcc � V
RCQ1

� IC1 � k1 � V � aðtÞ
R1 þ Vt

I0

þ Vcc � V
RCQ1

� IC1

( )
� af 1

ICQ1 � IEQ1 � af 1 ¼ Vcc � V
RCQ1

þ IC1 � ðaf 1 � 1Þ � k1 � V � aðtÞ � af 1
R1 þ Vt

I0

� ðVcc � VÞ � af 1
RCQ1

ICQ1 � IEQ1 � af 1 ¼ ðVcc � VÞ
RCQ1

� ð1� af 1Þþ IC1 � ðaf 1 � 1Þ � k1 � V � aðtÞ � af 1
R1 þ Vt

I0

ICQ1 � IEQ1 � af 1 ¼ Vcc � ð1� af 1Þ
RCQ1

� V � ð1� af 1Þ
RCQ1

� IC1 � ð1� af 1Þ

� k1 � V � aðtÞ � af 1
R1 þ Vt

I0

ICQ1 � IEQ1 � af 1 ¼ Vcc � ð1� af 1Þ
RCQ1

� V � ð1� af 1Þ
RCQ1

þ k1 � aðtÞ � af 1
R1 þ Vt

I0

( )

� IC1 � ð1� af 1Þ
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n2ðV ; aðtÞÞ ¼
Vcc � ð1� af 1Þ

RCQ1
� V � ð1� af 1Þ

RCQ1
þ k1 � aðtÞ � af 1

R1 þ Vt
I0

( )
;

ICQ1 � IEQ1 � af 1 ¼ n2ðV ; aðtÞÞ � IC1 � ð1� af 1Þ

n2 ¼ n2ðV ; aðtÞÞ ) ICQ1 � IEQ1 � af 1 ¼ n2 � IC1 � ð1� af 1Þ

V ’ Vt � ln n1 þ IC1 � ð1� ar1Þþ Ise � ðar1 � af 1 � 1Þ
n2 � IC1 � ð1� af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

) e
V
Vt½ � ¼ n1 þ IC1 � ð1� ar1Þþ Ise � ðar1 � af 1 � 1Þ

n2 � IC1 � ð1� af 1Þþ Isc � ðar1 � af 1 � 1Þ

n1 þ IC1 � ð1� ar1Þþ Ise � ðar1 � af 1 � 1Þ
¼ n2 � IC1 � ð1� af 1Þþ Isc � ðar1 � af 1 � 1Þ � � e V

Vt½ �

n1 þ IC1 � ð1� ar1Þþ Ise � ðar1 � af 1 � 1Þ ¼ n2 � e
V
Vt½ � � IC1 � ð1� af 1Þ � e V

Vt½ �

þ Isc � ðar1 � af 1 � 1Þ � e V
Vt½ �

IC1 � ð1� ar1Þþ IC1 � ð1� af 1Þ � e V
Vt½ � ¼ n2 � e

V
Vt½ � þ Isc � ðar1 � af 1 � 1Þ � e V

Vt½ �
� Ise � ðar1 � af 1 � 1Þ � n1

IC1 � ð1� ar1Þþ ð1� af 1Þ � e V
Vt½ �n o

¼ n2 � e
V
Vt½ � þ Isc � ðar1 � af 1 � 1Þ � e V

Vt½ � � Ise

� ðar1 � af 1 � 1Þ � n1

IC1 ¼ n2 � e
V
Vt½ � þ Isc � ðar1 � af 1 � 1Þ � e V

Vt½ � � Ise � ðar1 � af 1 � 1Þ � n1

ð1� ar1Þþ ð1� af 1Þ � e V
Vt½ �

IC1 ¼
n2 � e

V
Vt½ � � n1 þðar1 � af 1 � 1Þ � Isc � e V

Vt½ � � Ise
n o

ð1� ar1Þþ ð1� af 1Þ � e V
Vt½ �

Taylor series approximation: e
V
Vt½ � � V

Vt
þ 1;D ¼ n2 � n1

IC1 ¼
n2 � V

Vt
þ 1

� �
� n1 þðar1 � af 1 � 1Þ � Isc � V

Vt
þ 1

� �
� Ise

n o
ð1� ar1Þþ ð1� af 1Þ � V

Vt
þ 1

� � ;D ¼ n2 � n1
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IC1 ¼
n2 � n1 þ n2 � VVt

þðar1 � af 1 � 1Þ � Isc � V
Vt
þ Isc � Ise

n o
2� ar1 � af 1 þð1� af 1Þ � VVt

¼
Dþ n2 � VVt

þðar1 � af 1 � 1Þ � Isc � VVt
þ Isc � Ise

n o
2� ar1 � af 1 þð1� af 1Þ � VVt

D ¼ n2 � n1 ¼
Vcc � ð1� af 1Þ

RCQ1
� V � ð1� af 1Þ

RCQ1
þ k1 � aðtÞ � af 1

R1 þ Vt
I0

( )

� ðar1 � 1Þ � Vcc

RCQ1
� V � ðar1 � 1Þ

RCQ1
þ k1 � aðtÞ

R1 þ Vt
I0

( )( )

D ¼ n2 � n1

¼ Vcc � ð1� af 1Þ
RCQ1

� ðar1 � 1Þ � Vcc

RCQ1
þV

� ðar1 � 1Þ
RCQ1

þ k1 � aðtÞ
R1 þ Vt

I0

� ð1� af 1Þ
RCQ1

� k1 � aðtÞ � af 1
R1 þ Vt

I0

( )

D ¼ n2 � n1

¼ Vcc � ð1� af 1Þ
RCQ1

þ ð1� ar1Þ � Vcc

RCQ1
þV

� ðar1 � 1Þ
RCQ1

þ k1 � aðtÞ
R1 þ Vt

I0

� ð1� af 1Þ
RCQ1

� k1 � aðtÞ � af 1
R1 þ Vt

I0

( )

D ¼ n2 � n1

¼ Vcc � ð1� af 1Þ
RCQ1

þ ð1� ar1Þ � Vcc

RCQ1
þV

� ðar1 þ af 1 � 2Þ
RCQ1

þ k1 � aðtÞ � ð1� af 1Þ
R1 þ Vt

I0

( )

D ¼ n2 � n1

¼ ð2� af 1 � ar1Þ � Vcc

RCQ1
þV � k1 � aðtÞ � ð1� af 1Þ

R1 þ Vt
I0

� V � ð2� ar1 � af 1Þ
RCQ1

We define the following parameters for simplicity:

D ¼ DðV ; aðtÞÞ ¼ n2 � n1 ¼ A1 � V � A2 þV � aðtÞ � A3

A1 ¼ ð2� af 1 � ar1Þ � Vcc

RCQ1
; A3 ¼ k1 � ð1� af 1Þ

R1 þ Vt
I0

; A2 ¼ ð2� ar1 � af 1Þ
RCQ1
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n2 ¼ n2ðV ; aðtÞÞ ¼
Vcc � ð1� af 1Þ

RCQ1
� V � ð1� af 1Þ

RCQ1
� V � k1 � aðtÞ � af 1

R1 þ Vt
I0

;

A4 ¼ Vcc � ð1� af 1Þ
RCQ1

A5 ¼ �ð1� af 1Þ
RCQ1

; A6 ¼ � k1 � af 1
R1 þ Vt

I0

; n2 ¼ n2ðV ; aðtÞÞ ¼ A4 þV � A5 þV � aðtÞ � A6

IC1 ¼

A1 � V � A2 þV � aðtÞ � A3 þ A4 þV � A5 þV � aðtÞ � A6f g � V
Vt

þðar1 � af 1 � 1Þ � Isc � VVt
þ Isc � Ise

� �
2� ar1 � af 1 þð1� af 1Þ � VVt

IC1 ¼

A1 � V � A2 þV � aðtÞ � A3 þA4 � VVt
þ V2

Vt
� A5 þ V2

Vt
� aðtÞ � A6

þðar1 � af 1 � 1Þ � Isc � VVt
þðar1 � af 1 � 1Þ � ðIsc � IseÞ

8>><
>>:

9>>=
>>;

2� ar1 � af 1 þð1� af 1Þ � VVt

IC1 ¼

V2

Vt
� ðA5 þ aðtÞ � A6ÞþV � ðar1 � af 1 � 1Þ � Isc

Vt
� A2 þ A4

Vt
þ aðtÞ � A3

� �
þA1 þðar1 � af 1 � 1Þ � ðIsc � IseÞ

2
64

3
75

2� ar1 � af 1 þð1� af 1Þ � VVt

IC1 ¼

V2

Vt
� ðA5 þ aðtÞ � A6ÞþV � ðar1 � af 1 � 1Þ � Isc

Vt
� A2 þ A4

Vt
þ aðtÞ � A3

� �
þA1 � ð1� ar1 � af 1Þ � ðIsc � IseÞ

2
64

3
75

2� ar1 � af 1 þð1� af 1Þ � VVt

We define the following system parameters and parameters in time for
simplicity:

B1 ¼ 2� ar1 � af 1; B2 ¼ ð1� af 1Þ
Vt

; B3ðtÞ ¼ 1
Vt

� ½A5 þ aðtÞ � A6�

B4ðtÞ ¼ ðar1 � af 1 � 1Þ � Isc
Vt

� A2 þ A4

Vt
þ aðtÞ � A3;

@B3ðtÞ
@t

¼ A6

Vt
� @aðtÞ

@t
;

B5 ¼ A1 � ð1� ar1 � af 1Þ � ðIsc � IseÞ @B4ðtÞ
@t

¼ @aðtÞ
@t

� A3; IC1 ¼ V2 � B3ðtÞþV � B4ðtÞþB5

B1 þB2 � V
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We can summarize our results for BiðtÞ; @BiðtÞ
@t ði ¼ 1; . . .; 5Þ expressions in

Table 4.5:

dIC1
dt

¼ d
dt

V2 � B3ðtÞþV � B4ðtÞþB5

B1 þB2 � V
� �

¼

2 � V � dVdt � B3ðtÞþV2 � @B3ðtÞ
@t þ dV

dt � B4ðtÞþV � @B4ðtÞ
@t

n o
� fB1 þB2 � Vg

�fV2 � B3ðtÞþV � B4ðtÞþB5g � B2 � dVdt
½B1 þB2 � V �2

f V ;
dV
dt

; t

� �
¼

2 � V � dV
dt

� B3ðtÞþV2 � @B3ðtÞ
@t

þ dV
dt

� B4ðtÞþV � @B4ðtÞ
@t

� �
� fB1 þB2 � Vg

� fV2 � B3ðtÞþV � B4ðtÞþB5g � B2 � dVdt
½B1 þB2 � V �2

dIC1
dt

¼ d
dt

V2 � B3ðtÞþV � B4ðtÞþB5

B1 þB2 � V
� �

) dIC1
dt

¼ f V ;
dV
dt

; t

� �

Summary We can represent our system by two main differential equations:
dV
dt ¼ L1 � d

2
IC1
dt2 þ 1

C1
� IC1; dIC1dt ¼ f V ; dVdt ; t

� �
. We define new system variables in

time X1 = X1(t); X2 = X2(t).

X2 ¼ IC1; X1 ¼ dX2

dt
¼ dIC1

dt
;
dX1

dt
¼ d2X2

dt2
¼ d2IC1

dt2
) dV

dt
¼ L1 � dX1

dt
þ 1

C1
� X2

dV
dt

¼ L1 � dX1

dt
þ 1

C1
� X2 ) dX1

dt
¼ 1

L1
� dV

dt
� 1
C1

� X2

� �
We get the following system differential equations:

dX1

dt
¼ 1

L1
� dV

dt
� 1
C1

� X2

� �
;
dX2

dt
¼ X1; X2 ¼ IC1 ¼ V2 � B3ðtÞþV � B4ðtÞþB5

B1 þB2 � V

X2 ¼ V2 � B3ðtÞþV � B4ðtÞþB5

B1 þB2 � V ) B1 � X2 þB2 � V � X2

¼ V2 � B3ðtÞþV � B4ðtÞþB5

V2 � B3ðtÞþV � ½B4ðtÞ � B2 � X2� þ ðB5 � B1 � X2Þ ¼ 0

) V#;## ¼
B2 � X2 � B4ðtÞ 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½B4ðtÞ � B2 � X2�2 � 4 � B3ðtÞ � ðB5 � B1 � X2Þ

q
2 � B3ðtÞ
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We define the following functions: v1ðtÞ ¼ B4ðtÞ � B2 � X2; v2ðtÞ ¼ 4 � B3ðtÞ�
ðB5 � B1 � X2Þ.

v3ðtÞ ¼ 2 � B3ðtÞ; V#;## ¼
�v1ðtÞ 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½v1ðtÞ�2 � v2ðtÞ

q
v3ðtÞ

V#;## ¼
�v1ðtÞ 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½v1ðtÞ�2 � v2ðtÞ

q
v3ðtÞ

¼ �v1ðtÞ 
 f½v1ðtÞ�2 � v2ðtÞg
1
2

v3ðtÞ

_v1ðtÞ ¼
@B4ðtÞ
@t

� B2 � dX2

dt
¼ @B4ðtÞ

@t
� B2 � X1;

_v2ðtÞ ¼ 4 � @B3ðtÞ
@t

� ðB5 � B1 � X2Þ � 4 � B3ðtÞ � B1 � dX2

dt
_v2ðtÞ

¼ 4 � @B3ðtÞ
@t

� ðB5 � B1 � X2Þ � 4 � B3ðtÞ � B1 � X1;

_v3ðtÞ ¼ 2 � @B3ðtÞ
@t

¼ 2 � A6

Vt
� @aðtÞ

@t

_v1ðtÞ ¼
@B4ðtÞ
@t

� B2 � dX2

dt
¼ @aðtÞ

@t
� A3 � B2 � X1; _v2ðtÞ

¼ 4 � A6

Vt
� @aðtÞ

@t
� ðB5 � B1 � X2Þ � 4 � B3ðtÞ � B1 � X1

We can summarize our vi; _vi ði ¼ 1; 2; 3Þ expressions in the Table 4.6:

dV#;##

dt
¼ d

dt
�v1ðtÞ 
 f½v1ðtÞ�2 � v2ðtÞg

1
2

v3ðtÞ

( )

¼
� _v1 
 1

2 � ð½v1�2 � v2Þ�
1
2 � ð2 � v1 � _v1 � _v2Þ

n o
� v3 � _v3 � �v1 
 f½v1�2 � v2g

1
2

n o
½v3�2

We define the following function: dV#;##

dt ¼ g X1;X2; aðtÞ; @aðtÞ@t

� �

Table 4.5 System parameters and parameters in time

BiðtÞ ði ¼ 1; . . .; 5Þ @BiðtÞ
@t ði ¼ 1; . . .; 5Þ

B1 ¼ 2� ar1 � af 1 @B1
@t ¼ 0

B2 ¼ ð1�af 1Þ
Vt

@B2
@t ¼ 0

B3ðtÞ ¼ 1
Vt
� ½A5 þ aðtÞ � A6� @B3ðtÞ

@t ¼ A6
Vt
� @aðtÞ@t

B4ðtÞ ¼ ðar1 � af 1 � 1Þ � IscVt
� A2 þ A4

Vt
þ aðtÞ � A3

@B4ðtÞ
@t ¼ @aðtÞ

@t � A3

B5 ¼ A1 � ð1� ar1 � af 1Þ � ðIsc � IseÞ @B5
@t ¼ 0
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g ¼ g X1;X2; aðtÞ; @aðtÞ
@t

� �

g X1;X2; aðtÞ; @aðtÞ
@t

� �

¼
� _v1 
 1

2 � ð½v1�2 � v2Þ�
1
2 � ð2 � v1 � _v1 � _v2Þ

n o
� v3 � _v3 � �v1ðtÞ 
 ½v1ðtÞ�2 � v2ðtÞ

n o1
2

� �
½v3�2

dX1

dt
¼ 1

L1
� dV#;##

dt
� 1
C1

� X2

� �
;
dX2

dt
¼ X1 ) dX2

dt
¼ X1;

dX1

dt

¼ 1
L1

� gðX1;X2; aðtÞ; . . .Þ � 1
C1

� X2

� �

4.5 Optoisolation Circuit Second-Order ODE
with Periodic Source Stability of a Limit Cycle

We discuss in this subchapter, optoisolation circuit second order with periodic
source, limit cycle stability [85]. First, we need to prove that the system has periodic
orbits and it is done by changing system cartesian coordinates (X1(t), X2(t)) to
cylindrical coordinates (r(t), h(t)). Next, we show that the cylinder is invariant. We
approve that there is a stable periodic orbit and use the fact that a stable periodic
orbit has two/three Floquet multipliers. One of them is unity. For the conversion
between cylindrical and Cartesian systems and opposite, it is convenient to assume
that the reference plane of the former is the Cartesian x–y plane (with equation
z = 0), and the cylindrical axis is the Cartesian z-axis. In our system, we refer to
Cartesian X1–X2 plane (with equation X3 = 0). Then the z coordinate is the same in
both systems, and the correspondence between cylindrical (r, h) and Cartesian (X1,
X2) are the same as for polar coordinates, namely X1(t) = r(t) � cos[h(t)]; X2(t) = r

Table 4.6 Summary vi and _vi expressions

viði ¼ 1; 2; 3Þ _viði ¼ 1; 2; 3Þ
v1ðtÞ ¼ B4ðtÞ � B2 � X2

_v1ðtÞ ¼
@B4ðtÞ
@t

� B2 � dX2

dt
¼ @aðtÞ

@t
� A3 � B2 � X1

_v1ðtÞ ¼
@B4ðtÞ
@t

� B2 � dX2

dt
¼ @aðtÞ

@t
� A3 � B2 � X1

v2ðtÞ ¼ 4 � B3ðtÞ � ðB5 � B1 � X2Þ
_v2ðtÞ ¼ 4 � @B3ðtÞ

@t
� ðB5 � B1 � X2Þ � 4 � B3ðtÞ � B1 � X1

_v2ðtÞ ¼ 4 � A6

Vt
� @aðtÞ

@t
� ðB5 � B1 � X2Þ � 4 � B3ðtÞ � B1 � X1

v3ðtÞ ¼ 2 � B3ðtÞ _v3ðtÞ ¼ 2 � @B3ðtÞ
@t ¼ 2 � A6

Vt
� @aðtÞ@t
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(t) � sin[h(t)]; r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
1 þX2

2

p
. h(t) = 0 if X1 = 0 and X2 = 0. h(t) = arcsin(X2/r) if

X1 � 0.

h(t) = −arcsin(X2/r) + p if X1 < 0. We represent our system equation: dX1

dt ¼
1
L1
� gðX1;X2; aðtÞ; . . .Þ � 1

C1
� X1

n o
; dX2

dt ¼ X1 by using cylindrical coordinates (r(t),

h(t)) [78–80].

X1ðtÞ ¼ rðtÞ � cos½hðtÞ� ) dX1ðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

X2ðtÞ ¼ rðtÞ � sin½hðtÞ� ) dX2ðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dX1ðtÞ
dt

¼ dX1

dt
;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the equations: dX1

dt ¼ r0 � cos h� r � h0 � sin h; dX2

dt ¼ r0 � sin hþ
r � h0 � cos h
dX2

dt
¼ X1 ) r0 � sin hþ r � h0 � cos h ¼ r � cos h ) r0 � sin h ¼ �r � h0 � cos hþ r � cos h

r0 � sin h ¼ �r � h0 � cos hþ r � cos h ) r0 � sin h ¼ r � cos h � ð1� h0Þ ) tgh ¼ r � ð1� h0Þ
r0

tgh ¼ r � ð1� h0Þ
r0

) h ¼ arctgfr � ð1� h0Þ
r0

g;X1 ¼ r � cos h; X2 ¼ r � sin h

We can summarize our vi; _viði ¼ 1; 2; 3Þ cylindrical coordinates (r(t), h(t))
expressions in Table 4.7:

We carry out our analysis first for system with constant source:

aðtÞ ¼ 1; @aðtÞ@t ¼ 0.

We can summarize our results for BiðtÞ; @BiðtÞ
@t ði ¼ 1; . . .; 5Þ expressions with

constant source: aðtÞ ¼ 1; @aðtÞ@t ¼ 0 in Table 4.8:.
We can summarize our vi; _viði ¼ 1; 2; 3Þ cylindrical coordinates (r(t), h(t))

expressions with constant source: aðtÞ ¼ 1; @aðtÞ@t ¼ 0 in Table 4.9:.

To find our solution constant radius for system with constant source: aðtÞ ¼
1; @aðtÞ@t ¼ 0 we set drdt ¼ 0 which yield the following outcome:

dX2

dt
¼ X1 ) tgh ¼ r � ð1� h0Þ

r0
) r0 ¼ r � ð1� h0Þ

tgh
;
dr
dt

¼ 0 , r � ð1� h0Þ
tgh

¼ 0

Since r 6¼ 0, we get two possible (1) tgh ! 1 ) h ¼ p
2 þ p � n ¼

p � ð12 þ nÞ 8 n ¼ 0; 1; 2; . . ..
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(2) 1� h0 ¼ 0 ) dh
dt ¼ 1 ) h ¼ tþ const ; dh

dt ¼ 2�p
T ¼ 1 ) T ¼ 2 � p.

We need to find gðX1;X2; aðtÞ; . . .Þ in cylindrical coordinates (r(t), h(t)) for

system with constant source: aðtÞ ¼ 1; @aðtÞ@t ¼ 0. The transformation:
gðX1;X2; aðtÞ ¼ 1; . . .Þ ! gðrðtÞ; hðtÞ; aðtÞ ¼ 1; . . .Þ. We already got g(X1, X2,…)
expression:

g X1;X2; aðtÞ; @aðtÞ
@t

� �

¼
� _v1 
 1

2 � ð½v1�2 � v2Þ�
1
2 � ð2 � v1 � _v1 � _v2Þ

n o
� v3 � _v3 � �v1ðtÞ 
 ½v1ðtÞ�2 � v2ðtÞ

n o1
2

� �
½v3�2

We define new parameters for system with constant source aðtÞ ¼ 1; @aðtÞ
@t ¼ 0

XifaðtÞ ¼ 0;
@aðtÞ
@t

¼ 0g 8 i ¼ 1; 2; 3; X1 ¼ ðar1 � af 1 � 1Þ � Isc
Vt

� A2 þ A4

Vt
þA3;

X2 ¼ 4 � 1
Vt
� ½A5 þA6� � B5

ð½v1�2 � v2Þ�
1
2j X1¼r� cos h

X2¼r� sin h
¼ ðr2 � B2

2 � sin2 hþ r � sin h � fX3 � 2 � X1 � B2gþX2
1 � X2Þ�

1
2

2 � v1 � _v1 � _v2j X1¼r� cos h
X2¼r� sin h

¼ �2 � ðX1 � B2 � r � sin hÞ � B2 � r � cos h

þX3 � r � cos h

2 � v1 � _v1 � _v2j X1¼r� cos h
X2¼r� sin h

¼ r2 � B2
2 � sin 2hþ r � cos h � fX3 � 2 � X1 � B2g

¼ r2 � B2
2 � sin 2hþ r � i1 � cos h

Table 4.8 Analysis first for system with constant source

BiðtÞði ¼ 1; . . .; 5Þ; aðtÞ ¼ 1; @aðtÞ
@t ¼ 0 @BiðtÞ

@t ði ¼ 1; . . .; 5Þ; aðtÞ ¼ 1; @aðtÞ
@t ¼ 0

B1 ¼ 2� ar1 � af 1 @B1
@t ¼ 0

B2 ¼ ð1�af 1Þ
Vt

@B2
@t ¼ 0

B3ðtÞ ¼ A5 þA6
Vt

@B3ðtÞ
@t ¼ 0

B4ðtÞ ¼ ðar1 � af 1 � 1Þ � IscVt
� A2 þ A4

Vt
þA3

@B4ðtÞ
@t ¼ 0

B5 ¼ A1 � ð1� ar1 � af 1Þ � ðIsc � IseÞ @B5
@t ¼ 0
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½v1ðtÞ�2 � v2ðtÞ
n o1

2j X1¼r� cos h
X2¼r� sin h

¼ ðr2 � B2
2 � sin2 hþ r � i1 � sin hþ i2Þ

1
2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � B2

2 � sin2 hþ r � i1 � sin hþ i2

q

Finally we get g X1;X2; aðtÞ ¼ 1; @aðtÞ@t ¼ 0
� �

expression.

g X1;X2; aðtÞ ¼ 1;
@aðtÞ
@t

¼ 0
� �

¼
� _v1 
 1

2 � ð½v1�2 � v2Þ�
1
2 � ð2 � v1 � _v1 � _v2Þ

n o
� v3 � _v3 � �v1ðtÞ 
 ½v1ðtÞ�2 � v2ðtÞ

n o1
2

� �
½v3�2

g X1;X2; aðtÞ ¼ 1;
@aðtÞ
@t

¼ 0
� �

¼
B2 � r � cos h
 1

2 � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2�B2

2� sin2 hþ r�i1� sin hþ i2
p � ðr2 � B2

2 � sin 2hþ r � i1 � cos hÞ
� �

� X4

X2
4

g X1;X2; aðtÞ ¼ 1;
@aðtÞ
@t

¼ 0
� �

¼
B2 � r � cos h
 1

2 �
r2�B2

2� sin 2hþ r�i1� cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2�B2

2� sin2 hþ r�i1� sin hþ i2
p
� �� �

� X4

X2
4

g X1;X2; aðtÞ ¼ 1;
@aðtÞ
@t

¼ 0
� �

¼
B2 � r � cos h
 1

2 �
r2�B2

2� sin 2hþ r�i1� cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2�B2

2� sin2 hþ r�i1� sin hþ i2
p
� �
X4

g r; h; aðtÞ ¼ 1;
@aðtÞ
@t

¼ 0
� �

¼
B2 � r � cos h
 1

2 �
r2�B2

2� sin 2hþ r�i1� cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2�B2

2� sin2 hþ r�i1� sin hþ i2
p
� �
X4

We need to represent system first differential equation by using cylindrical co-

ordinates (r(t), h(t)) for system with constant source: aðtÞ ¼ 1; @aðtÞ
@t ¼ 0

dX1

dt
¼ 1

L1
� gðX1;X2; aðtÞ ¼ 1; . . .Þ � 1

C1
� X1

� �
! dX1ðr; hÞ

dt

¼ 1
L1

� gðr; h; aðtÞ ¼ 1; . . .Þ � 1
C1

� X1ðr; hÞ
� �

dX1

dt
¼ r0 � cos h� r � h0 � sin h;X1 ¼ r � cos h )
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r0 � cos h� r � h0 � sin h

¼ 1
L1

�
B2 � r � cos h
 1

2 � ð
r2�B2

2� sin 2hþ r�i1� cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2�B2

2� sin2 hþ r�i1� sin hþ i2
p Þ
X4

8><
>:

9>=
>;� 1

C1
� r � cos h

2
64

3
75

To find our solution constant radius for system with constant source aðtÞ ¼
1; @aðtÞ

@t ¼ 0; we set drdt ¼ 0 which yields the following outcome:

�r � h0 � L1 � sin h ¼ 1
X4

� B2 � r � cos h
 1
2
� r2 � B2

2 � sin 2hþ r � i1 � cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � B2

2 � sin2 hþ r � i1 � sin hþ i2
q
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� 1
C1
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1
C1

� r � cos h� r � h0 � L1 � sin h ¼ 1
X4

�

B2 � r � cos h
 1
2

� r2 � B2
2 � sin 2hþ r � i1 � cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2 � sin2 hþ r � i1 � sin hþ i2

q
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>>>>>;

X4

C1
� r � cos h� r � h0 � L1 � X4 � sin h ¼ B2 � r � cos h
 1

2

� r2 � B2
2 � sin 2hþ r � i1 � cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 � B2
2 � sin2 hþ r � i1 � sin hþ i2

q
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X4

C1
� r � cos h� r � h0 � L1 � X4 � sin h� B2 � r � cos h

¼ 
 1
2
� r2 � B2

2 � sin 2hþ r � i1 � cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � B2

2 � sin2 hþ r � i1 � sin hþ i2
q

0
B@

1
CA

r � X4

C1
� B2

� �
� cos h� h0 � L1 � X4 � sin h

� �

¼ 
 1
2
� r2 � B2

2 � sin 2hþ r � i1 � cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � B2

2 � sin2 hþ r � i1 � sin hþ i2
q

0
B@

1
CA
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We already got for our system’s second differential equation constant radius

solution dr
dt ¼ 0; drdt ¼ 0 , r�ð1�h0Þ

tgh ¼ 0 ) dh
dt ¼ 1 ) h ¼ tþ const

r � X4

C1
� B2

� �
� cos h� L1 � X4 � sin h

� �

¼ 
 1
2
� r2 � B2

2 � sin 2hþ r � i1 � cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � B2

2 � sin2 hþ r � i1 � sin hþ i2
q

0
B@

1
CA

Squaring two sides of above equation yields:

r2 � X4

C1
� B2

� �
� cos h� L1 � X4 � sin h

� �2

¼ 1
4
� ½r2 � B2

2 � sin 2hþ r � i1 � cos h�2
½r2 � B2

2 � sin2 hþ r � i1 � sin hþ i2�

For simplicity, we define the following functions:

HðhÞ ¼ X4

C1
� B2

� �
� cos h� L1 � X4 � sin h

� �2

) r2 � HðhÞ

¼ 1
4
� ½r2 � B2

2 � sin 2hþ r � i1 � cos h�2
½r2 � B2

2 � sin2 hþ r � i1 � sin hþ i2�

r4 � 4 � B2
2 � HðhÞ � sin2 hþ 4 � r3 � i1 � HðhÞ � sin hþ r2 � HðhÞ � 4 � i2

¼ ½r2 � B2
2 � sin 2hþ r � i1 � cos h�2

r4 � 4 � B2
2 � HðhÞ � sin2 hþ 4 � r3 � i1 � HðhÞ � sin hþ r2 � HðhÞ � 4 � i2

¼ r4 � B4
2 � sin2 2hþ 2 � r3 � B2

2 � i1 � sin 2h � cos hþ r2 � i21 � cos2 h

r4 � 4 � B2
2 � HðhÞ � sin2 h� r4 � B4

2 � sin2 2hþ 4 � r3 � i1 � HðhÞ � sin h
� 2 � r3 � B2

2 � i1 � sin 2h � cos hþ r2 � HðhÞ � 4 � i2 � r2 � i21 � cos2 h ¼ 0

r4 � B2
2 � f4 � HðhÞ � sin2 h� B2

2 � sin2 2hg
þ r3 � 2 � i1 � f2 � HðhÞ � sin h� B2

2 � sin 2h � cos hg
þ r2 � fHðhÞ � 4 � i2 � i21 � cos2 hg ¼ 0

r2 � ½r2 � B2
2 � f4 � HðhÞ � sin2 h� B2

2 � sin2 2hg
þ r � 2 � i1 � f2 � HðhÞ � sin h� B2

2 � sin 2h � cos hg
þHðhÞ � 4 � i2 � i21 � cos2 h� ¼ 0
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We get two possible solutions: (1) r2 = 0 ! r = 0 impossible since r > 0 for
constant radius solution. (2) r2 � B2

2 � 4 � HðhÞ � sin2 h� B2
2 � sin2 2h

 �þ r � 2 � i1 �
2 � HðhÞ � sin h� B2

2 � sin 2h � cos h
 � þ HðhÞ � 4 � i2 � i21 � cos2 h ¼ 0

We define for simplicity three new functions of h:

N1ðhÞ ¼ B2
2 � f4 � HðhÞ � sin2 h� B2

2 � sin2 2hg;N2ðhÞ
¼ 2 � i1 � f2 � HðhÞ � sin h� B2

2 � sin 2h � cos hg

N3ðhÞ ¼ HðhÞ � 4 � i2 � i21 � cos2 h; r2 � N1ðhÞþ r � N2ðhÞþN3ðhÞ ¼ 0

r2 � N1ðhÞþ r � N2ðhÞþN3ðhÞ ¼ 0 ) r1;2

¼
�N2ðhÞ 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
2ðhÞ � 4 � N1ðhÞ � N3ðhÞ

q
2 � N1ðhÞ

Constant radius solution dr
dt ¼ 0 must be for r > 0 then we have conditions for

the above expression: N2
2ðhÞ � 4 � N1ðhÞ � N3ðhÞ� 0 & if N2

2ðhÞ � 4 � N1ðhÞ �
N3ðhÞ ¼ 0 then r1;2 ¼ �N2ðhÞ

2�N1ðhÞ )r1;2 [ 0
N2ðhÞ
N1ðhÞ\0. Back to our system differential

equation:

dX1

dt
¼ 1

L1
� gðX1;X2; aðtÞ; . . .Þ � 1

C1
� X1

� �
;

dX2

dt
¼ X1; !1ðX1;X2Þ ¼ 1

L1
� gðX1;X2; aðtÞ ¼ 1; . . .Þ � 1

C1
� X1

� �

!2ðX1;X2Þ ¼ X1; !1 ¼ !1ðX1;X2Þ; !2 ¼ !2ðX1;X2Þ. We get our system

equations: dX1

dt ¼ !1ðX1;X2Þ; dX2

dt ¼ !2ðX1;X2Þ. We need to find
@!1
@X1

þ @!2
@X2

� �
jr¼r1;2 at a solution with constant radius (dr/dt = 0).

We already found the solution with constant radius:

rconst ¼ r1;2 ¼ �N2ðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
2ðhÞ�4�N1ðhÞ�N3ðhÞ

p
2�N1ðhÞ [ 0 & find @!1

@X1
þ @!2

@X2

� �
jr¼rconst

q1 � q2 ¼ e
R T

0
trðAðsÞÞ�dsjq1¼1 ) q2 ¼ e

R T

0
trðAðsÞÞ�ds ¼ e

R T¼2�p
0

@!1
@X1

þ @!2
@X2

� �
jr¼rconst

�ds

As a result, the limit cycle with radius

rconst ¼ r1;2 ¼ �N2ðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
2ðhÞ�4�N1ðhÞ�N3ðhÞ

p
2�N1ðhÞ [ 0.

Is stable if
R T
0 trðAðsÞÞ � ds\0 or q2 < 1 and unstable if

R T
0 trðAðsÞÞ � ds[ 0 or

q2 > 1.

Remark In the last analysis we consider system with constant source a(t) = 1; ∂a
(t)/∂t = 0. It is reader’s exercise to do the limit cycle stability analysis for all other
cases a(t) 6¼ 1; ∂a(t)/∂t 6¼ 0, periodic source by using Floquet theory [46, 47].
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4.6 Optoisolation Circuit Hills Equations

We discuss in this subchapter Hill’s equation system which is implemented by
optoisolation circuit. We have dynamic system with one main variable U(t). System

Hill’s equation d2
UðtÞ
dt2 þ ½dþ aðtÞ� � UðtÞ ¼ 0, d is a constant and a(t) is a p-periodic

function. We can write this equation in a different way, x ¼
UðtÞ

dUðtÞ
dt

0
@

1
A,

_x ¼
dUðtÞ
dt

d2UðtÞ
dt2

0
BB@

1
CCA. We get system _x ¼ AðtÞ � x; AðtÞ ¼ 0 1

�½dþ aðtÞ� 0

� �
.

If A 2 C0ðR;RdxdÞ or A 2 C0ðR;CdxdÞ is a d � d matrix function and there is
T > 0 such that A(t + T) = A(t) for all t, then differential equation is a periodic
system or a T-periodic system. T is not the minimal period. If X(t) is a d � d matrix
solution of a T-periodic system, then X(t + T) also is a solution. If X(t) is a fun-
damental matrix solution, then there is d � d constant matrix M such that X
(t + T) = X(t) � M for all t and M is nonsingular. The M matrix is called a mon-
odromy matrix and the eigenvalues q are called the Floquet multipliers. Since each
Floquet multiplier q is different from zero, there is complex number k, called a
Floquet exponent, such that q = ek � T. The Floquet multipliers and the real parts of
the characteristic exponents are uniquely defined, but the imaginary parts of the
characteristic exponents are not. We can always take X(t = 0) = I in defining the
monodromy matrix. The Floquet multipliers do depend upon the period T.
A complex number q = ek � T is a Floquet multiplier of a T-period system if and
only if there is a nontrivial solution of the form ek � t � q(t), where q(t) is T periodic.
In particular, there is a periodic solution of period T if and only if there is a
multiplier equal to +1. If qj, j = 1, 2, 3, …, d are the Floquet multipliers of the T-

periodic system then
Qd

j¼1 qj ¼ e
R T

0
TrAðsÞ�ds. If M is a nonsingular d � d matrix,

then there is d � d matrix B such that M = eB. If X(t) is a fundamental matrix for
the T-periodic system, then there exist a d � d constant matrix B and nonsingular
d � d T-periodic matrix P(t) such that X(t) = P(t) � eB � t. There are matrix B and a
2T periodic nonsingular matrix P(t) such that X(t) = P(t) � eB � t holds. If M is the
monodromy matrix for the fundamental solution X(t), X(t = 0) = I, then the Floquet

multipliers q1, q2 of
d2

UðtÞ
dt2 þ ½dþ aðtÞ� � UðtÞ ¼ 0 are the solutions of the equation:

det ½M � q � I� ¼ q2 þðTrMÞ � qþ 1 ¼ 0 since det M = 1. From the following
theorem and last equation, we can determine the stability properties of zero solution

of d
2
UðtÞ
dt2 þ ½dþ aðtÞ� � UðtÞ ¼ 0 from the magnitude of TrM. The theorem is for T-

periodic, if M is a monodromy matrix, then the solution x = 0 is uniformly stable if
and only if each q 2 rðMÞ satisfy |q| � 1 and the ones with |q| = 1 have simple
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elementary divisors. It is uniformly asymptotically stable if and only if each q 2
rðMÞ satisfies |q| < 1. There are some possibilities for our case [48, 85, 86].

(i) If |TrM| < 2, then the Floquet multipliers are complex and simple

|q1| = |q2| = 1, q1 =/q2, and the zero solution of d2
UðtÞ
dt2 þ � � � ¼ 0 is uni-

formly stable.
(ii) If |TrM| > 2, then either 0 < q1 < 1<q2 or q2 < −1 < q1 < 0 and the zero

solution of d
2
UðtÞ
dt2 þ � � � ¼ 0 is stable.

(iii) If |TrM| = 2, then q1 = q2 = 1 or q1 = q2 = −1. In the first situation, there

must be a p-periodic solution of d
2
UðtÞ
dt2 þ � � � ¼ 0 and, in the latter situation,

there must be a 2p-periodic solution of d
2
UðtÞ
dt2 þ � � � ¼ 0. The solutions of

d2
UðtÞ
dt2 þ � � � ¼ 0 are either all periodic or periodic functions times a linear

function of t depending upon whether or not the monodromy matrix is
diagonalizable.

If we consider Hill’s equation with d constant equal to zero (d = 0), we get the

following reduced Hill’s equation: d
2
UðtÞ
dt2 þ aðtÞ � UðtÞ ¼ 0; aðtþ TÞ ¼ aðtÞ.

We can write this equation in a different way, x ¼
UðtÞ

dUðtÞ
dt

0
@

1
A, _x ¼

dUðtÞ
dt

d2UðtÞ
dt2

0
BB@

1
CCA.

We get system _x ¼ AðtÞ � x; AðtÞ ¼ 0 1
�aðtÞ 0

� �
.

Linear system theory can be applied to Floquet theory to analyze the stability of
the zero solution of this T-periodic system. The first step in the stability analysis is
an application of Liouville’s formula. The Liouville’s formula proposition is sup-
pose that t ! U(t) is a matrix solution of the homogeneous linear system
_x ¼ AðtÞ � x 8 x 2 R

n, t ! A(t) is a smooth function from some open interval J�R

to the space of n � n matrices, on the open interval J. If t0 2 J, then detUðtÞ ¼
detUðt0Þ � e

R t

t0
trAðsÞ�ds

; where det denotes determinant and tr denotes trace. In par-
ticular, U(t) is a fundamental matrix solution if and only if the columns of U(t0) are
linearly independent. The exponential of a matrix is defined as an infinite series and
used this definition to prove that the homogeneous linear system _x ¼ AðtÞ � x 8 x 2
R

n has a fundamental matrix solution, namely, t ! et � A. We may recall that
€Uþ pðtÞ � _Uþ qðtÞ � U ¼ 0 and the Wronskian of the two solutions U1 and U2 is

defined by WðtÞ ¼ det
U1ðtÞ U2ðtÞ
_U1ðtÞ _U2ðtÞ

� �
then WðtÞ ¼ Wðt ¼ 0Þ � e�

R t

0
pðsÞ�ds. The

equivalent first-order system dx/dt = B(t) � x
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_x ¼ BðtÞ � x ¼ 0 1
�qðtÞ �pðtÞ

� �
� x; x ¼ UðtÞ

_UðtÞ

 !
; _x ¼

_UðtÞ
€UðtÞ

 !
with funda-

mental matrix W(t), formula WðtÞ ¼ Wðt ¼ 0Þ � e
�
Rt
0

pðsÞ�ds
is a special case of

Liouville’s formuladet WðtÞ ¼ det Wðt ¼ 0Þ � e
R t

t0
trBðsÞ�ds

. At any rate, let us apply
Liouville’s formula to the principal fundamental matrix U(t) at t = 0 for Hill’s
system to obtain the identity detU(t) � 1. Since the determinant of a matrix is the
product of the eigenvalues of the matrix, there is an important fact, the product of
the characteristic multipliers of the monodromy matrix, U(T), is 1. The character-
istic multipliers for Hill’s equation are denoted by k1 and k2 and note that they are
roots of the characteristic equation k2 � ½trUðTÞ� � kþ detUðTÞ ¼ 0. For nota-
tional convenience let us set 2 � / ¼ trUðTÞ to obtain the equivalent characteristic

equation: k2 � 2 � / � kþ 1 ¼ 0 ) k ¼ /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2 � 1

p
. There are several cases to

consider depending on the value of / [48, 78, 79] (Table 4.10).

Theorem if a : R ! R is a positive T-periodic function such that T �R T
0 aðtÞ � dt� 4 then all solutions of the Hill’s equation €xþ aðtÞ � x ¼ 0 are boun-
ded. In particular, the trivial solution is stable.

The next optoisolation circuit implements Hill’s equation system. Delta input
constant signal level (d). a(t) is a periodic source (Fig. 4.3).

UðtÞ ¼ VCEQ1 þVCEQ2; IRcQ1 ¼ ICQ1; IEQ1 ¼ ICQ2; IRcQ1 ¼ ICQ1 ¼ VDD � UðtÞ
RcQ1

;

U ¼ UðtÞ

We consider two identical optocouplers and the two photo transistors Q1, Q2
have the same parameters ar1 ¼ ar2 ¼ ar;af 1 ¼ af 2 ¼ af

� �
except coupling coef-

ficients k1 and k2 [16, 25, 26].

VCEQ1 ¼ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

þVt � ln Isc
Ise

� �
;
Isc
Ise

! 1

) ln
Isc
Ise

� �
! e

VCEQ2 ¼ Vt � ln ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ
ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ
� �

þVt � ln Isc
Ise

� �
;
Isc
Ise

! 1

) lnðIsc
Ise
Þ ! e
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VCEQ1 ’ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

;

VCEQ2 ’ Vt � ln ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ
ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ
� �

d2
U

dt2 ¼ €U ¼ R2 � ID2 þVD2 ¼ R2 � ID2 þVt � ln ID2
I0

þ 1
� �

; ln ID2
I0

þ 1
� �

� ID2
I0

using

Taylor series approximation.
d2U
dt2

¼ €U ¼ R2 � ID2 þVt � ID2I0 ¼ ID2 � R2 þ Vt

I0

� �

) ID2 ¼
€U

R2 þ Vt
I0

� � ; IBQ2 ¼ k2 � ID2 ¼ k2 � €U
R2 þ Vt

I0

� �
IEQ2 ¼ IBQ2 þ ICQ2 ¼ k2 � €U

ðR2 þ Vt
I0
Þ þ ICQ2; aðtÞ

þ d ¼ R1 � ID1 þVD1 ¼ R1 � ID1 þVt � ln ID1
I0

þ 1
� �

By using Taylor series approximation:

ln ID1
I0

þ 1
� �

� ID1
I0
; aðtÞþ d ¼ ID1 � R1 þ Vt

I0

� �

aðtÞþ d ¼ ID1 � R1 þ Vt

I0

� �
) ID1 ¼ aðtÞþ d

R1 þ Vt
I0

� � ; IBQ1 ¼ k1 � ID1 ¼ ½aðtÞþ d� � k1
R1 þ Vt

I0

� �

IEQ1 ¼ IBQ1 þ ICQ1 ¼ ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ ICQ1;ICQ1 ¼ VDD � U
RcQ1

) IEQ1

¼ ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ VDD � U
RcQ1

ICQ2 ¼ IEQ1 ¼ ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ VDD � U
RcQ1

; IEQ2 ¼ IBQ2 þ ICQ2

¼ k2 � €U
R2 þ Vt

I0

� � þ ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ VDD � U
RcQ1
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Table 4.10 Case to consider depending on the value of /

Case to consider depending
on the value of /

Case description k ¼ /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2 � 1

p
/[ 1 k1 and k2 are distinct positive real numbers such k1 � k2 = 1.

We assume that 0 < k1 < 1, k2 > 1 with k1 = 1/k2 and there
is a real number l > 0 (characteristic exponent) such that
k1 ¼ e�T�l and k2 ¼ eT�l. There is a fundamental set of
solutions of the form e�l�t � p1ðtÞ ; el�t � p2ðtÞ; where the real
functions p1 and p2 are T periodic. In this case the zero
solution is unstable

/\� 1 k1 and k2 are both real and both negative. Since k1 � k2 = 1,
we may assume that k1 < −1; −1 < k2 < 0 with k1 = 1/k2.
There is a real number l > 0 (characteristic exponent) such
that e2�T�l ¼ k21 ; e�2�T�l ¼ k22. There is a fundamental set of
solutions of the form, e�l�t � q2ðtÞe�l�t � q2ðtÞ where the real
functions q1 and q2 are 2 � T periodic. The zero solution is
unstable

�1\/\1 k1 and k2 are complex conjugates each with nonzero
imaginary part. Since k1 � �k1 ¼ 1, we have that |k1| = 1, and
therefore both characteristic multipliers lie on the unit circle
in the complex plane. Because both k1 and k2 have nonzero
imaginary parts, one of these characteristic multipliers, say k1,
lies in the upper half plane. Thus, there is a real number h
with 0 < h � T < p and ei � h � T = k1. There is a solution of
the form ei�h�t � ½rðtÞþ i � sðtÞ� with r and s both T-periodic
functions. Hence there is a fundamental set of solutions of the
form rðtÞ � cos½h � t� � sðtÞ � sin½h � t� and
rðtÞ � sin½h � t� þ sðtÞ � cos½h � t�. The zero solution is stable
but not asymptotically stable. The solutions are periodic if
and only if there are relatively prime positive integers m and n
such that 2 � p � m/h = n � T. If such integers exist, all
solutions have period n � T. if not, and then these solutions
are quasiperiodic.
Remark: suppose that Ф(t) is the principal fundamental matrix
solution of Hill’s equation at t = 0. If |trФ(T)| < 2, then the
zero solution is stable. If |trФ(T)| > 2, then the zero solution is
unstable

/ ¼ 1 k1 = k2 = 1 and the nature of the solutions depends on the
canonical form of Ф(T). if Ф(T) is the identity, then
e0 = Ф(T) and there is a Floquet normal form Ф(t) = p
(t) where p(t) is T periodic and invertible. There is a
fundamental set of periodic solutions and the zero solution is
stable. If Ф(T) is not the identity, then there is nonsingular
matrix C such that C � Ф(T) � C−1=I + N=eN where N 6¼ 0 is
nilpotent. Thus, Ф(t) has a Floquet normal form Ф(t) = p
(t) � et � B where B = C−1 � (N/T) � C. Because
et�B ¼ C�1 � ðIþ t

T � NÞ � C, the matrix t ! et � B is
unbounded, and therefore the zero solution is unstable

(continued)
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UðtÞ ¼ VCEQ1 þVCEQ2 ¼ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

þVt � ln ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ
ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ
� �

UðtÞ ¼ Vt � ln
ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

� ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ
ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ
� �

2
6664

3
7775

e
UðtÞ
Vt½ � ¼ ½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ� � ½ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ�

½ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ� � ½ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ�

By using Taylor series approximation: e
UðtÞ
Vt½ � ¼ e

U
Vt½ � � U

Vt
þ 1

Fig. 4.3 Optoisolation Hill’s
system

Table 4.10 (continued)

Case to consider depending
on the value of /

Case description k ¼ /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2 � 1

p
/ ¼ �1 The situation is similar to case / ¼ 1, expect the fundamental

matrix is represented by Q(t) � et � B where Q(t) is a 2 � T-
periodic matrix function
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U
Vt

þ 1
� �

¼ ½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ� � ½ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ�
½ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ� � ½ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ�

ar � ICQ1 � IEQ1 ¼ ar � ðVDD � UÞ
RcQ1

� ½aðtÞþ d� � k1
R1 þ Vt

I0

� � � VDD � U
RcQ1

¼ ar � VDD

RcQ1
� ar � U

RcQ1
� ½aðtÞþ d� � k1

R1 þ Vt
I0

� � � VDD

RcQ1
þ U

RcQ1

ar � ICQ1 � IEQ1 ¼ ðar � 1Þ � VDD

RcQ1
þ U � ð1� arÞ

RcQ1
� ½aðtÞþ d� � k1

R1 þ Vt
I0

� �
¼ �ð1� arÞ � VDD

RcQ1
þ U � ð1� arÞ

RcQ1
� ½aðtÞþ d� � k1

R1 þ Vt
I0

� �

ar � ICQ1 � IEQ1 ¼ �ð1� arÞ � VDD

RcQ1
þ U � ð1� arÞ

RcQ1
� ½aðtÞþ d� � k1

R1 þ Vt
I0

� �
¼ ðU � VDDÞ � ð1� arÞ

RcQ1
� ½aðtÞþ d� � k1

R1 þ Vt
I0

� �

ICQ1 � IEQ1 � af ¼ VDD � U
RcQ1

� ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� � � ðVDD � UÞ � af
RcQ1

¼ VDD

RcQ1
� U
RcQ1

� ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� � � VDD � af
RcQ1

þ U � af
RcQ1

ICQ1 � IEQ1 � af ¼ VDD � ð1� af Þ
RcQ1

þ U � ðaf � 1Þ
RcQ1

� ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� �
¼ VDD � ð1� af Þ

RcQ1
� U � ð1� af Þ

RcQ1
� ½aðtÞþ d� � k1 � af

R1 þ Vt
I0

� �

ICQ1 � IEQ1 � af ¼ ðVDD � UÞ � ð1� af Þ
RcQ1

� ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� �

ar � ICQ2 � IEQ2 ¼ ar � ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ ar � ðVDD � UÞ
RcQ1

� k2 � €U
R2 þ Vt

I0

� �
� ½aðtÞþ d� � k1

R1 þ Vt
I0

� � � VDD � U
RcQ1
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ar � ICQ2 � IEQ2 ¼ ðar � 1Þ � ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ ðar � 1Þ � ðVDD � UÞ
RcQ1

� k2 � €U
R2 þ Vt

I0

� �

ICQ2 � IEQ2 � af ¼ ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ VDD � U
RcQ1

� k2 � €U � af
R2 þ Vt

I0

� �� ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� �
� ðVDD � UÞ � af

RcQ1

ICQ2 � IEQ2 � af ¼ ½aðtÞþ d� � k1 � ð1� af Þ
R1 þ Vt

I0

� � þ ðVDD � UÞ � ð1� af Þ
RcQ1

� k2 � €U � af
R2 þ Vt

I0

� �

First we find numerator expression:

½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ� � ½ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ�

½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ� � ½ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ�
¼ ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þþ ðar � ICQ1 � IEQ1Þ � Ise � ðar � af � 1Þ
þ Ise � ðar � af � 1Þ � ðar � ICQ2 � IEQ2Þþ I2se � ðar � af � 1Þ2

½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ� � ½ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ�
¼ ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ
� far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2gþ I2se � ðar � af � 1Þ2

(1) ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þ

ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þ ¼ ðU � VDDÞ � ð1� arÞ
RcQ1

� ½aðtÞþ d� � k1
ðR1 þ Vt

I0
Þ

( )

�

ðar � 1Þ � ½aðtÞþ d� � k1
ðR1 þ Vt

I0
Þ þ ðar � 1Þ � ðVDD � UÞ

RcQ1

� k2 � €U
ðR2 þ Vt

I0
Þ

8>>>><
>>>>:

9>>>>=
>>>>;
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ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þ ¼ ðU � VDDÞ � ð1� arÞ
RcQ1

� ½aðtÞþ d� � k1
R1 þ Vt

I0

� �
8<
:

9=
;

�

ðar � 1Þ � ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ ð1� arÞ � ðU � VDDÞ
RcQ1

� k2 � €U
R2 þ Vt

I0

� �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þ ¼ ðU � VDDÞ � ð1� arÞ
RcQ1

� ½aðtÞþ d� � k1
R1 þ Vt

I0

� �
8<
:

9=
;

�

ð1� arÞ � ðU � VDDÞ
RcQ1

� k2 � €U
R2 þ Vt

I0

� �

�ð1� arÞ � ½aðtÞþ d� � k1
R1 þ Vt

I0

� �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þ

¼ ðU � VDDÞ2 � ð1� arÞ2
½RcQ1�2

� ðU � VDDÞ � ð1� arÞ � k2 � €U
R2 þ Vt

I0

� �
� RcQ1

� ðU � VDDÞ � ð1� arÞ2 � ½aðtÞþ d� � k1
RcQ1 � R1 þ Vt

I0

� �
� ½aðtÞþ d� � k1 � ð1� arÞ � ðU � VDDÞ

R1 þ Vt
I0

� �
� RcQ1

þ ½aðtÞþ d� � k1 � k2 � €U
R1 þ Vt

I0

� �
� R2 þ Vt

I0

� �

þ ð1� arÞ � ½aðtÞþ d�2 � k21
R1 þ Vt

I0

� �2
ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þ

¼ k2 � €U
ðR2 þ Vt

I0
Þ �

½aðtÞþ d� � k1
ðR1 þ Vt

I0
Þ � ðU � VDDÞ � ð1� arÞ

RcQ1

( )

þ ðU � VDDÞ2 � ð1� arÞ2
½RcQ1�2 � ðU � VDDÞ � ½aðtÞþ d� � k1 � ð1� arÞ

RcQ1 � ðR1 þ Vt
I0
Þ

� f2� argþ ð1� arÞ � ½aðtÞþ d�2 � k21
ðR1 þ Vt

I0
Þ2
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We define for simplicity the following functions:

n1ðU; aðtÞ; d; . . .Þ ¼ k2

R2 þ Vt
I0

� � � ½aðtÞþ d� � k1
R1 þ Vt

I0

� � � ðU � VDDÞ � ð1� arÞ
RcQ1

8<
:

9=
;

n2ðU; aðtÞ; d; . . .Þ

¼ ðU � VDDÞ2 � ð1� arÞ2
½RcQ1�2 � ðU � VDDÞ � ½aðtÞþ d� � k1 � ð1� arÞ

RcQ1 � R1 þ Vt
I0

� � � f2� arg

þ ð1� arÞ � ½aðtÞþ d�2 � k21
R1 þ Vt

I0

� �2
Then

ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þ ¼ €U � n1ðU; aðtÞ; d; . . .Þþ n2ðU; aðtÞ; d; . . .Þ

n1 ¼ n1ðU; aðtÞ; d; . . .Þ;n2 ¼ n2ðU; aðtÞ; d; . . .Þ
) ðar � ICQ1 � IEQ1Þ � ðar � ICQ2 � IEQ2Þ ¼ €U � n1 þ n2

(2) ðar � ICQ1 � IEQ1Þ � Ise � ðar � af � 1Þþ Ise � ðar � af � 1Þ � ðar � ICQ2 � IEQ2Þ

ðar � ICQ1 � IEQ1Þ � Ise � ðar � af � 1Þþ Ise � ðar � af � 1Þ � ðar � ICQ2 � IEQ2Þ
¼ far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2g � Ise � ðar � af � 1Þ

far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2g � Ise � ðar � af � 1Þ

¼

ðU � VDDÞ � ð1� arÞ
RcQ1

� ½aðtÞþ d� � k1
R1 þ Vt

I0

� �

þ ðar � 1Þ � ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ ðar � 1Þ � ðVDD � UÞ
RcQ1

� k2 � €U
R2 þ Vt

I0

� �

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

� Ise � ðar � af � 1Þ
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far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2g � Ise � ðar � af � 1Þ

¼

ðU � VDDÞ � ð1� arÞ
RcQ1

� ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ ðar � 1Þ � ½aðtÞþ d� � k1
R1 þ Vt

I0

� �

þ ð1� arÞ � ðU � VDDÞ
RcQ1

� k2 � €U
R2 þ Vt

I0

� �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

� Ise � ðar � af � 1Þ

far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2g � Ise � ðar � af � 1Þ

¼ � k2 � €U
R2 þ Vt

I0

� � � Ise � ðar � af � 1Þ

þ

ðU � VDDÞ � ð1� arÞ
RcQ1

� ½aðtÞþ d� � k1
R1 þ Vt

I0

� �

þ ðar � 1Þ � ½aðtÞþ d� � k1
R1 þ Vt

I0

� � þ ð1� arÞ � ðU � VDDÞ
RcQ1

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

� Ise � ðar � af � 1Þ

far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2g � Ise � ðar � af � 1Þ

¼ � k2 � €U
R2 þ Vt

I0

� � � Ise � ðar � af � 1Þ

þ
� ½aðtÞþ d� � k1

R1 þ Vt
I0

� � þ ðar � 1Þ � ½aðtÞþ d� � k1
R1 þ Vt

I0

� �

þ 2 � ð1� arÞ � ðU � VDDÞ
RcQ1

8>>>><
>>>>:

9>>>>=
>>>>;

� Ise � ðar � af � 1Þ

far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2g � Ise � ðar � af � 1Þ

¼ � k2 � €U
R2 þ Vt

I0

� � � Ise � ðar � af � 1Þþ

½aðtÞþ d� � k1 � ðar � 2Þ
R1 þ Vt

I0

� �

þ 2 � ð1� arÞ � ðU � VDDÞ
RcQ1

8>>>><
>>>>:

9>>>>=
>>>>;

� Ise � ðar � af � 1Þ
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far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2g � Ise � ðar � af � 1Þ

¼ k2 � €U
R2 þ Vt

I0

� � � Ise � ð1� ar � af Þþ

2 � ð1� arÞ � ðU � VDDÞ
RcQ1

� ½aðtÞþ d� � k1 � ð2� arÞ
R1 þ Vt

I0

� �

8>>>><
>>>>:

9>>>>=
>>>>;

� Ise � ðar � af � 1Þ

We define for simplicity the following functions:

n3 ¼
k2

ðR2 þ Vt
I0
Þ � Ise � ð1� ar � af Þ;n4ðU; aðtÞ; d; . . .Þ ¼

2 � ð1� arÞ � ðU � VDDÞ
RcQ1

� ½aðtÞþ d� � k1 � ð2� arÞ
R1 þ Vt

I0

� �

8>>>><
>>>>:

9>>>>=
>>>>;

� Ise � ðar � af � 1Þ

n4 ¼ n4ðU; aðtÞ; d; . . .Þ; far � ICQ1 � IEQ1 þ ar � ICQ2 � IEQ2g � Ise � ðar � af � 1Þ
¼ €U � n3 þ n4

(3) n5 ¼ I2se � ðar � af � 1Þ2

We can summarize our numerator expression:

½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ� � ½ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ�
¼ ð1Þþ ð2Þþ ð3Þ ¼ €U � n1 þ n2 þ €U � n3 þ n4 þ n5 ¼ €U � ðn1 þ n3Þþ n2 þ n4 þ n5

D1 ¼ n1 þ n3;D2 ¼ n2 þ n4 þ n5;

½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ� � ½ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ� ¼ €U � D1 þD2

n3, n5 are constant functions and they are not dependent on U; aðtÞ; d.
Second, we find denominator expression:

½ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ� � ½ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ�
¼ ðICQ1 � IEQ1 � af Þ � ðICQ2 � IEQ2 � af Þþ fICQ1 � IEQ1 � af þ ICQ2 � IEQ2 � af g
� Isc � ðar � af � 1Þþ I2sc � ðar � af � 1Þ2

(4) ðICQ1 � IEQ1 � af Þ � ðICQ2 � IEQ2 � af Þ
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ðICQ1 � IEQ1 � af Þ � ðICQ2 � IEQ2 � af Þ

¼ ðVDD � UÞ � ð1� af Þ
RcQ1

� ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� �
8<
:

9=
;

� ½aðtÞþ d� � k1 � ð1� af Þ
ðR1 þ Vt

I0
Þ þ ðVDD � UÞ � ð1� af Þ

RcQ1
� k2 � €U � af

R2 þ Vt
I0

� �
8<
:

9=
;

ðICQ1 � IEQ1 � af Þ � ðICQ2 � IEQ2 � af Þ ¼ ðVDD � UÞ � ð1� af Þ
RcQ1

� ½aðtÞþ d� � k1 � af
ðR1 þ Vt

I0
Þ

( )

� ½aðtÞþ d� � k1 � ð1� af Þ
R1 þ Vt

I0

� � þ ðVDD � UÞ � ð1� af Þ
RcQ1

� k2 � €U � af
R2 þ Vt

I0

� �
8<
:

9=
;

ðICQ1 � IEQ1 � af Þ � ðICQ2 � IEQ2 � af Þ

¼ ðVDD � UÞ � ð1� af Þ2 � ½aðtÞþ d� � k1
RcQ1 � R1 þ Vt

I0

� � þ ðVDD � UÞ2 � ð1� af Þ2
½RcQ1�2

� €U � ðVDD � UÞ � ð1� af Þ � k2 � af
RcQ1 � R2 þ Vt

I0

� � � ½aðtÞþ d�2 � k21 � af � ð1� af Þ
R1 þ Vt

I0

� �2
� ½aðtÞþ d� � k1 � af � ðVDD � UÞ � ð1� af Þ

R1 þ Vt
I0

� �
� RcQ1

þ €U � ½aðtÞþ d� � k1 � k2 � a2f
R1 þ Vt

I0

� �
� R2 þ Vt

I0

� �

ðICQ1 � IEQ1 � af Þ � ðICQ2 � IEQ2 � af Þ

¼ €U � k2 � af
R2 þ Vt

I0

� � � ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� � � ðVDD � UÞ � ð1� af Þ
RcQ1

8<
:

9=
;

þ ½aðtÞþ d� � k1 � ðVDD � UÞ � ð1� af Þ
RcQ1 � R1 þ Vt

I0

� � � ð1� 2 � af Þ

� ½aðtÞþ d�2 � k21 � af � ð1� af Þ
R1 þ Vt

I0

� �2 þ ðVDD � UÞ2 � ð1� af Þ2
½RcQ1�2

We define for simplicity the following functions: n6 ¼ n6ðU; aðtÞ; d; . . .Þ

n6ðU; aðtÞ; d; . . .Þ ¼ k2 � af
R2 þ Vt

I0

� � � ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� � � ðVDD � UÞ � ð1� af Þ
RcQ1

8<
:

9=
;
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n7ðU; aðtÞ; d; . . .Þ ¼ ½aðtÞþ d� � k1 � ðVDD � UÞ � ð1� af Þ
RcQ1 � R1 þ Vt

I0

� � � ð1� 2 � af Þ

� ½aðtÞþ d�2 � k21 � af � ð1� af Þ
R1 þ Vt

I0

� �2 þ ðVDD � UÞ2 � ð1� af Þ2
½RcQ1�2

ðICQ1 � IEQ1 � af Þ � ðICQ2 � IEQ2 � af Þ ¼ €U � n6ðU; aðtÞ; d; . . .Þþ n7ðU; aðtÞ; d; . . .Þ
¼ €U � n6 þ n7

(5) fICQ1 � IEQ1 � af þ ICQ2 � IEQ2 � af g � Isc � ðar � af � 1Þ

fICQ1 � IEQ1 � af þ ICQ2 � IEQ2 � af g � Isc � ðar � af � 1Þ

¼

ðVDD � UÞ � ð1� af Þ
RcQ1

� ½aðtÞþ d� � k1 � af
R1 þ Vt

I0

� � þ ½aðtÞþ d� � k1 � ð1� af Þ
R1 þ Vt

I0

� �

þ ðVDD � UÞ � ð1� af Þ
RcQ1

� k2 � €U � af
R2 þ Vt

I0

� �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

� Isc � ðar � af � 1Þ

fICQ1 � IEQ1 � af þ ICQ2 � IEQ2 � af g � Isc � ðar � af � 1Þ

¼ 2 � ðVDD � UÞ � ð1� af Þ
RcQ1

þ ½aðtÞþ d� � k1
R1 þ Vt

I0

� � � ð1� 2 � af Þ
8<
:

9=
;

� Isc � ðar � af � 1Þ � €U � k2 � af
R2 þ Vt

I0

� � � Isc � ðar � af � 1Þ

fICQ1 � IEQ1 � af þ ICQ2 � IEQ2 � af g � Isc � ðar � af � 1Þ
¼ €U � k2 � af

R2 þ Vt
I0

� � � Isc � ð1� ar � af Þ

þ 2 � ðVDD � UÞ � ð1� af Þ
RcQ1

þ ½aðtÞþ d� � k1
R1 þ Vt

I0

� � � ð1� 2 � af Þ
8<
:

9=
; � Isc � ðar � af � 1Þ
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We define for simplicity the following functions: n9 ¼ n9ðU; aðtÞ; d; . . .Þ

n8 ¼
k2 � af
R2 þ Vt

I0

� � � Isc � ð1� ar � af Þ

n9 ¼ n9ðU; aðtÞ; d; . . .Þ

¼ 2 � ðVDD � UÞ � ð1� af Þ
RcQ1

þ ½aðtÞþ d� � k1
R1 þ Vt

I0

� � � ð1� 2 � af Þ
8<
:

9=
; � Isc � ðar � af � 1Þ

fICQ1 � IEQ1 � af þ ICQ2 � IEQ2 � af g � Isc � ðar � af � 1Þ ¼ €U � n8 þ n9

(6) n10 ¼ I2sc � ðar � af � 1Þ2

n8, n10 are constant functions and they are not dependent on U; aðtÞ; d.
The denominator expression:

½ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ� � ½ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ�
¼ ð4Þþ ð5Þþ ð6Þ

½ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ� � ½ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ�
¼ €U � n6 þ n7 þ €U � n8 þ n9 þ n10 ¼ €U � ðn6 þ n8Þþ n7 þ n9 þ n10

We can summarize our result in Table 4.11:

U
Vt

þ 1
� �

¼ ½ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ� � ½ðar � ICQ2 � IEQ2Þþ Ise � ðar � af � 1Þ�
½ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ� � ½ðICQ2 � IEQ2 � af Þþ Isc � ðar � af � 1Þ�

U
Vt

þ 1
� �

¼
€U � ðn1 þ n3Þþ n2 þ n4 þ n5
€U � ðn6 þ n8Þþ n7 þ n9 þ n10

) U
Vt

þ 1
� �

� f€U � ðn6 þ n8Þþ n7 þ n9 þ n10g

¼ €U � ðn1 þ n3Þþ n2 þ n4 þ n5

€U � U
Vt

þ 1
� �

� ðn6 þ n8Þþ
U
Vt

þ 1
� �

� fn7 þ n9 þ n10g
¼ €U � ðn1 þ n3Þþ n2 þ n4 þ n5
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€U � U
Vt

þ 1
� �

� ðn6 þ n8Þ � €U � ðn1 þ n3Þþ
U
Vt

þ 1
� �

� fn7 þ n9 þ n10g � fn2 þ n4 þ n5g ¼ 0

€U � U
Vt

þ 1
� �

� ðn6 þ n8Þ � ðn1 þ n3Þ
� �

þ U
Vt

þ 1
� �

� fn7 þ n9 þ n10g � fn2 þ n4 þ n5g ¼ 0

€Uþ
U
Vt
þ 1

� �
� fn7 þ n9 þ n10g � fn2 þ n4 þ n5g

U
Vt
þ 1

� �
� ðn6 þ n8Þ � ðn1 þ n3Þ

¼ 0;

U
Vt

þ 1
� �

� ðn6 þ n8Þ � ðn1 þ n3Þ 6¼ 0

d2UðtÞ
dt2

þ ½dþ aðtÞ� � UðtÞ ¼ 0

, €Uþ
U
Vt
þ 1

� �
� fn7 þ n9 þ n10g � fn2 þ n4 þ n5g

U
Vt
þ 1

� �
� ðn6 þ n8Þ � ðn1 þ n3Þ

¼ 0

For the above Hill’s equation equivalent expressions must fulfill the below
notation:

½dþ aðtÞ� � U ¼
U
Vt
þ 1

� �
� fn7 þ n9 þ n10g � fn2 þ n4 þ n5g

U
Vt
þ 1

� �
� ðn6 þ n8Þ � ðn1 þ n3Þ

Remark It is the reader’s task to find which restrictions need to be fulfilled by U
(t) expression that makes our optoisolation circuit represent Hill’s system.

Table 4.11 Numerator
expression and denominator
expression

½ðar �ICQ1�IEQ1Þþ Ise �ðar �af�1Þ��½ðar �ICQ2�IEQ2Þþ Ise �ðar �af�1Þ�
½ðICQ1�IEQ1 �af Þþ Isc �ðar �af�1Þ��½ðICQ2�IEQ2 �af Þþ Isc �ðar �af�1Þ�
Numerator expression Denominator expression
€U � ðn1 þ n3Þþ n2 þ n4 þ n5 €U � ðn6 þ n8Þþ n7 þ n9 þ n10
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4.7 Exercises

1. In subchapter 4.3, we analyze optoisolation circuit limit cycle stability by using
Floquet theory for system without periodic sources Xi(t) = 0, i = 1,2 and
analyze optoisolation circuit limit cycle stability for the following cases:

1:1 X1(t) = sin(2 � p � t); X2(t) = 0. 1.2 X1(t) = 0; X2(t) = −sin(2 � p � t).
1:2 X1(t) = sin(2 � p � t); X2(t) = −sin(2 � p � t).
1:3 X1(t) = sin(2 � p � t) + cos(2 � p � t); X2(t) = |X1(t)|.
1:4 X1(t) = sin(2 � p � t) + cos(2 � p � t); X2(t) = −sin(2 � p � t) − cos

(2 � p � t).
2. We have an optoisolation circuits which are characterized by two main vari-

ables V1(t) and V2(t). The first variable V1(t) characterizes the output voltage in
time for the first optocoupler’s output voltage (VCEQ1) and the second variable
V2(t) characterizes the output voltage in time for the second optocoupler’s
output voltage (VCEQ2). The first and the second optoisolation circuits have
input periodic sources X1(t) and X2(t) which are coupled to the other circuit by
optocouplers. These periodic sources Xi(t) for i = 1, 2 with X1(t) = A0 � sin
(2 � p � t) and X2(t) = −A0 � sin(2 � p � t); A0 �VD1ON, A0 �VD2ON.

2:1 You need to inspect system stability, limit cycle, and limit cycle stability by
using Floquet theory for the cases Xi(t) = 0 for i = 1,2 and
Xi(t) = (−1)i+1 � A0 � sin(2 � p � t) for i = 1,2. A0 �VD1ON, A0 �VD2ON.

2:2 Additionally we consider two special cases. If the two periodic sources are
completely uncoupled (k1 = 0; k2 = 0) or coupled (k1 6¼ 0; k2 6¼ 0).
Analyze circuits limit cycle stability for these cases.

2:3 Analyze system limit cycle stability by using Floquet theory for
Xi(t) = (−1)i+1 � A0 � sin(2 � p � t) + (−1)i+1 � A0 � cos(2 � p � t) for
i = 1,2. A0 �VD1ON, A0 �VD2ON.

2:3 How optoisolation circuits limit cycle stability depends on X parameter,
k1 = k; k2 = k � X. Differentiate two subcases X > 0 and X < 0.

2:5 Analyze system limit cycle stability by using Floquet theory for
Xi(t) = (−1)i+1 � |Vi(t)| � A0 � sin(2 � p � t) for i = 1, 2. A0 �VD1ON,
A0 �VD2ON.

2:6 Analyze system limit cycle stability by using Floquet theory for
Xi(t) = (−1)i+1 � sgn{Vi(t)} � A0 � sin(2 � p � t) for i = 1, 2. A0 �VD1ON,
A0 �VD2ON. (Fig. 4.4)
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3. We have an optoisolation system which is characterized by three nonlinear
differential equations (X, Y, Z main variables), ai, bi, di (i = 1,2) system

parameters and dX
dt ¼ f1; dYdt ¼ f2; dZdt ¼ f3; dX

dt ¼ X � ð1� XÞ � a1�X
ð1þ b1�XÞ � Y ;

dY
dt ¼

a1�X
ð1þ b1�XÞ � Y � a2�Y

ð1þ b2�YÞ � Z � d1 � Y ; dZdt ¼
a2�Y

ð1þ b2�YÞ � Z � d2 � Z.
3:1 Find system fixed points and plot phase space, X(t), Y(t), Z(t).
3:2 Find system limit cycle and discuss stability of limit cycle by using Floquet

theory. We test its stability by asking if small perturbations away from the
limit cycle grow or shrink over a complete period.

3:3 Show that as nondimensional parameter b1 increases, the system undergoes
the period doubling route to chaos.

3:4 Implement the system by using optoisolation circuits, op-amps, resistors,
capacitors, etc. How circuit optoisolation coupling coefficients (k1, k2,…)
influence system limit cycle stability.

Fig. 4.4 Two variables
optoisolation circuit with
periodic source
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3:5 We have the case a1 ¼ a2 ¼ a ; b1 ¼ b2 ¼ b ; d1 6¼ d2. Analyze how sys-
tem limit cycle stability is influenced by parameters a, b values variation.
Implement it by using optoisolation circuits.

4. Consider the system of two coupled oscillators with periodic parametric exci-
tation. X = X(t), Y = Y(t) are system variables, a is system parameter.
€Xþð1þ a � cos½2 � p � t�Þ � X ¼ Y � X;€Y þð1þ a � cos½2 � p � t�Þ � Y ¼ X � Y

4:1 Find system fixed points for a = 0 and discuss stability.
4:2 How the system dynamic changes in the (x, a)-space?
4:3 Find system limit cycle and discuss stability of limit cycle by using Floquet

theory. We test its stability by asking if small perturbations away from the
limit cycle grow or shrink over a complete period.

4:4 Implement the system by using optoisolation circuits, Op-Amps, resistors,
capacitors, etc. How circuit optoisolation coupling coefficients (k1, k2,…)
influence system limit cycle stability.

4:5 System parameter a is now dependent on system main variables X, Y; a = a
(X,Y). a = |X � Y|. Analyze system dynamic, fixed points, stability, limit
cycle and limit cycle stability by using Floquet theory.

4:6 System parameter a is now dependent on system main variables X, Y; a = a
(X,Y). a = sign{X � Y}. Analyze system dynamic, fixed points, stability,
limit cycle and limit cycle stability by using Floquet theory.

5. We have system of three variables X, Y, Z which is characterized by the
following differential equations:

dX
dt

¼ X � Y � X � ðX2 þ Y2Þ; dY
dt

¼ X þ Y � Y � ðX2 þ Y2Þ;
dZ
dt

¼ Z þX � Z � Z3

5:1 Find system fixed points and discuss stability.
5:2 Prove that the system has periodic orbits. Hint: change to cylindrical

coordinates, show that the cylinder (with radius one whose axis of sym-
metry is the z-axis) is invariant.

5:3 prove that there is a stable periodic orbit. The stable periodic orbit has three
Floquet multipliers, one of them is unity.

5:4 Implement the system by using optoisolation circuits, discuss stability,
limit cycle, and limit cycle stability.

5:5 How system dynamic changes when one of optoisolation element’s cou-
pling coefficient is zero (ki = 0) for i 2 1; 2; . . .?

6. We have the following 2D system with variables U1, U2. l is a bifurcation
control parameter and n, m parameters of the system n;m 2 R; n;m 2 N.
System differential equations are

362 4 Optoisolation Circuits Analysis Floquet Theory



dU1

dt
¼ m � l � U1 � n � l � U2 � U2

1 þU2
2 ;

dU2

dt
¼ l � U2 þU1 � U2

6:1 Find system fixed points and discuss stability for l > 0 and l < 0. m,
n parameters have the following options: (6.1a) m 6¼ n, (6.1b) m = n,
(6.1c) m 6¼ 0, n = 0, (6.1d) m = 0, n 6¼ 0. Discuss every case.

6:2 Represent the system by using cylinder coordinates (r,h), find limit cycle
and discuss limit cycle stability by using Floquet theory.

6:3 Implement the system by using optoisolation circuits and discrete com-
ponents (Op-Amps, resistors, capacitors, diodes, etc.). How optoisolation
elements coupling coefficients (k1, k2,…) influence our system limit cycle
stability.

6:4 Some of our system variables are taking only absolute values, system
differential equation are

dU1

dt
¼ m � l � U1 � n � l � jU2j � U2

1 þU2
2 ;

dU2

dt
¼ l � U2 þ jU1j � U2

Discuss all cases of system dynamic (U1 > 0, U2 > 0; U1 > 0, U2 < 0;
U1 < 0, U2 > 0; U1 < 0, U2 < 0). How system dynamic changes in each
case. Find for each case system limit cycle and discuss system limit cycle
stability by using Floquet theory.

6:5 We exchange between U2
1 � U2

2 in our system equations. We get the
following system equations:

dU1

dt
¼ m � l � U1 � n � l � U2 � U2

2 þU2
1 ;

dU2

dt
¼ l � U2 þU1 � U2

How system dynamic and limit cycle stability change?

7. Consider the following differential system with X1, X2 variables, and l, r
system parameters.

dX1

dt
¼ l � X1 � X2

1 � 2 � X1 � X2;
dX2

dt
¼ ðl� rÞ � X2 þX1 � X2 þX2

2 ;

where r is a fixed parameter and l is the bifurcation parameter.

7:1 Differentiate the following cases: l > 0, r > 0; l > 0, r < 0; l < 0, r > 0;
l < 0, r < 0. Find fixed points and discuss stability.

7:2 Represent the system by using cylinder coordinates (r,h), find limit cycle
and discuss limit cycle stability by using Floquet theory.

7:3 l = r, How system dynamic changes? Discuss limit cycle stability by
using Floquet theory for l = r.

7:4 Implement the system by using optoisolation circuits and discrete com-
ponents (Op-amps, resistors, capacitors, diodes, etc.) for l = r.
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7:4 Discuss system limit cycle stability for l = n � r; n 2 N.

8. We have second-order ODE optoisolation system with periodic source a(t), see
Sect. (4.4) circuit. The periodic source is a(t) = sin[2 � p � t], ∂a(t)/∂t = 2 � p �
cos[2 � p � t], T = 1 s.

8:1 Find system equations and represent it as a system of two first-order ODE
equations.

8:2 Find system solution constant radius (dr/dt = 0) as a function of optoiso-
lation circuit’s parameters.

8:3 Find system limit cycle and discuss limit cycle stability by using Floquet
theory.

8:4 The circuit periodic source a(t) = sin[2 � p � t] + cos[p � t]. How does the
system dynamic change? Discuss limit cycle stability by using Floquet
theory.

9. We have linearized Hill’s equations which describe optoisolation system, where
n is a system parameter and x, y, z are system variables.

€x� 2 � n � _y� 3 � n2 � x ¼ 0; €yþ 2 � n � _x ¼ 0; €zþ n2 � z ¼ 0

9:1 Find system fixed points and discuss stability.
9:2 How system stability depends on “n” parameters.
9:3 There is a five-dimensional manifold in the phase space corresponding to

periodic orbits. Find them.
9:4 Implement the Hill’s system by using optoisolation elements and discrete

components (op-amps, resistors, capacitors, diodes, etc.).
9:5 Bring system equations to a set of typical Hill’s equations:

d2UiðtÞ
�
dt2 þ ½di þ aiðtÞ� � UiðtÞ ¼ 0; aiðtÞ ! e. Ui—represents new vari-

able. Ex# €x� 2 � n � _y� 3 � n2 � x ¼ 0 ) _y ¼ 1
2�n � €x� 3

2 � n � x€y ¼ 1
2�n � vx� 3

2 �
n � _x ) €yþ 2 � n � _x ¼ 0 ) 1

2�n � vx� 3
2 � n � _xþ 2 � n � _x ¼ 0 1

2�n � vx� 3
2 � n �

_xþ 2 � n � _x ¼ 0 ) 1
2�n � vxþ 1

2 � n � _x ¼ 0 ) vxþ n2 � _x ¼ 0

We define new variable _x ¼ n; €x ¼ _n; vx ¼ €n ) €nþ n2 � n ¼ 0
€nþ n2 � n ¼ 0 it typical Hill’s equation when aiðtÞ ! e; d ¼ n2.
Do the same for all system original second-order differential equations.
Find Floquet multipliers and discuss all possible options.

10. We have the following system Hill’s equation
d2

UðtÞ
dt2 þ ½d � signfaðtÞgþ aðtÞ� � UðtÞ ¼ 0, d is a constant and a(t) is a p-peri-

odic function.

10:1 Find system A(t) matrix, monodromy matrix, Floquet exponents, and
Floquet multipliers. Differentiate all possible cases.

10:2 Represent the system by using optoisolation elements and discrete com-
ponents (op-amps, resistors, capacitors, diodes, etc.).
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10:3 Investigate system behavior for a(t) = sin(p � t) + cos(2 � p � t).
10:4 Investigate system behavior for a(t) = sign{sin(p � t)} � cos(2 � p � t).
10:5 Represent d � signfaðtÞgþ aðtÞ expression in the way that our optoisola-

tion circuit represents Hill’s equation.
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Chapter 5
Optoisolation NDR Circuits Behavior
Investigation by Using Floquet Theory

Floquet theory is the study of the stability of linear periodic systems in continuous
time. Floquet exponents/multipliers are analogous to the eigenvalues of Jacobian
matrices of equilibrium points. Another way to describe Floquet theory, it is the
study of linear systems of differential equations with periodic coefficients. Floquet
theory can use for variety of OptoNDR circuits, linear stability analysis for, when
dealing with an optoisolation periodic system. Although Floquet theory is a linear
theory, OptoNDR circuits’ nonlinear models can be linearized near limit cycle
solutions to enable the use of Floquet theory. Floquet theory deals with
continuous-time systems. OptoNDR circuits’ periodic study has many engineering
implementations like oscillators, amplifiers, logic and memory. Electrical negative
resistance is often used to design oscillators. Many topologies are possible, such as
the Colpitts oscillator, Hartley oscillator, Wien bridge oscillator, and some types of
relaxation oscillators. Another engineering implementation is to use OptoNDR as a
Chua’s element in Chua’s circuit. Autonomous Chua’s circuit is containing three
energy storage elements, a linear resistor and a nonlinear resistor NR (Chua’s
element), and its discrete circuitry design and implementations. Since Chua’s circuit
is an extremely simple system, and yet it exhibits a rich variety of bifurcations and
chaos among the chaos-producing mechanisms, it has a special significance. The
term Chua’s element is a general description for a two-terminal nonlinear resistor
with piecewise-linear characteristic. There are two forms of Chua’s element, the first
type is a voltage-controlled nonlinear element characterized by iR = f(vR), and the
other type is a current-controlled nonlinear element characterized by vR = g(iR).
Chaotic oscillators designed with Chua’s element are generally based on a single,
three-segment, odd-symmetric, voltage-controlled piecewise-linear nonlinear resis-
tor structure. OptoNDR systems can be periodic and continuous in time therefore
Floquet theory is an ideal way for behavior and stability analysis [46–48, 81].
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5.1 OptoNDR Circuit Floquet Theory Analysis

We consider an OptoNDR circuit with storage elements (variable capacitor and
variable Inductance) in the output port (see Fig. 5.1). At t = 0 switch S1 moves his
position from OFF state to ON state. Circuit dynamic starts and V(t) is the main
system variable. We consider that initially capacitor C1 is charged to VC1(t = 0) and
inductance L1 is charged to IL1(t = 0). VDD � VQ1(sustain) and photo transistor Q1
reaches his sustaining voltage (breakover voltage) after we move switch S1 to ON
state. After we move S1 to ON state capacitor C1 starts to charge and the current
through inductor L1 rise up. Circuit output voltage VCEQ1 = V(t) is growing up.

VðtÞ ¼ V ¼ VCEQ1 ¼ VC1 þVL1;V ¼ VCEQ1; VDD � V ¼ IR1 � R1 þVD1; IR1 ¼ ID1

Taylor series approximation: ln ID1
I0

þ 1
� �

� ID1
I0

VD1 ¼ ln
ID1
I0

þ 1
� �

� ID1
I0

; VDD � V ¼ ID1 � R1 þVt � ln ID1
I0

þ 1
� �

� ID1 � R1 þ Vt

I0
� ID1

VDD � V ¼ ID1 � R1 þ Vt

I0

� �
) ID1 ¼ VDD � V

R1 þ Vt
I0

� � ; IBQ1 ¼ k1 � ID1

¼ ðVDD � VÞ � k1
R1 þ Vt

I0

� �

Fig. 5.1 OptoNDR circuit
with storage elements
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IC1 ¼ IL1; IC1 ¼ C1 � dVC1

dt
) VC1 ¼ 1

C1
�
Z

IC1 � dt;

VL1 ¼ L1 � dIL1dt
; V ¼ VC1 þVL1 ¼ 1

C1
�
Z

IC1 � dtþ L1 � dIL1dt

d
dt

V ¼ 1
C1

�
Z

IC1 � dtþ L1 � dIL1dt

� �
) _V ¼ 1

C1
� IC1 þ L1 � €IL1; _V ¼ dV

dt
;

€IL1 ¼ d2IL1
dt2

IC1 ¼ IL1 ) _V ¼ 1
C1

� IC1 þ L1 � €IC1; ID1 ¼ ICQ1 þ IC1 ) IC1 ¼ ID1 � ICQ1 ¼ VDD � V

R1 þ Vt
I0

� �� ICQ1

IC1 ¼ ID1 � ICQ1 ) _IC1 ¼ _ID1 � _ICQ1 ) €IC1 ¼ €ID1 � €ICQ1; ID1 ¼ VDD � V

R1 þ Vt
I0

� �) _ID1 ¼ �
_V

R1 þ Vt
I0

� �

ID1 ¼ VDD � V

R1 þ Vt
I0

� �) €ID1 ¼ �
€V

R1 þ Vt
I0

; IEQ1 ¼ IBQ1 þ ICQ1 ¼ ðVDD � VÞ � k1
R1 þ Vt

I0

� � þ ICQ1

V ¼ VCEQ1 ¼ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

þVt � ln Isc
Ise

� �
;
Isc
Ise

! 1 ) ln
Isc
Ise

� �
! e

ln
Isc
Ise

� �
! e ) V ¼ VCEQ1 � Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ

ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

ar � ICQ1 � IEQ1 ¼ ar � ICQ1 � ðVDD � VÞ � k1
R1 þ Vt

I0

� �
� ICQ1 ¼ ICQ1 � ðar � 1Þ � ðVDD � VÞ � k1

R1 þ Vt
I0

� �
ICQ1 � IEQ1 � af ¼ ICQ1 � ðVDD � VÞ � k1 � af

R1 þ Vt
I0

� �
� ICQ1 � af ¼ ICQ1 � ð1� af Þ � ðVDD � VÞ � k1 � af

R1 þ Vt
I0

� �
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V � Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� �

) e
V
Vt½ �

� ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ

Taylor series approximation:

e
V
Vt½ � � V

Vt
þ 1;

V
Vt

þ 1 � ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ

V
Vt

þ 1 ’
ICQ1 � ðar � 1Þ � ðVDD�VÞ� k1

R1 þ Vt
I0

� � þ Ise � ðar � af � 1Þ

ICQ1 � ð1� af Þ � ðVDD�VÞ� k1� af
R1 þ Vt

I0

� � þ Isc � ðar � af � 1Þ
;

€IC1 ¼ �
€V

R1 þ Vt
I0

� � þ€ICQ1

8<
:

9=
;

_V ¼ 1
C1

� IC1 þ L1 � €IC1 ) _V

¼ 1
C1

� VDD � V

R1 þ Vt
I0

� �� ICQ1

8<
:

9=
;� L1 �

€V

R1 þ Vt
I0

� � þ€ICQ1

8<
:

9=
;

_V ¼ 1
C1

� IC1 þ L1 � €IC1 ) _V

¼ 1
C1

� ðVDD � VÞ
R1 þ Vt

I0

� � � 1
C1

� ICQ1 � €V � L1

R1 þ Vt
I0

� �� L1 � €ICQ1

We define new system variables:

X ¼ _V ; _X ¼ €V ; Y ¼ V ) _Y ¼ _V ; _Y ¼ X

V
Vt

þ 1 ’
ICQ1 � ðar � 1Þ � VDD� k1

ðR1 þ Vt
I0
Þ þ

V � k1
R1 þ Vt

I0

� � þ Ise � ðar � af � 1Þ

ICQ1 � ð1� af Þ � VDD� k1� af
R1 þ Vt

I0

� � þ V � k1� af
R1 þ Vt

I0

� � þ Isc � ðar � af � 1Þ

V
Vt

þ 1 ’
ICQ1 � ðar � 1Þþ Ise � ðar � af � 1Þ � VDD� k1

R1 þ Vt
I0

� � þV � k1

R1 þ Vt
I0

� �
ICQ1 � ð1� af Þþ Isc � ðar � af � 1Þ � VDD� k1� af

R1 þ Vt
I0

� � þV � k1� af
R1 þ Vt

I0

� �
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For simplicity we define the following parameters:

A1 ¼ ar � 1;A2 ¼ Ise � ðar � af � 1Þ � VDD � k1
R1 þ Vt

I0

� � ;
A3 ¼ k1

R1 þ Vt
I0

� � ;A4 ¼ 1� af

A5 ¼ Isc � ðar � af � 1Þ � VDD � k1 � af
R1 þ Vt

I0

� � ;A6 ¼ k1 � af
R1 þ Vt

I0

� � ;
A6 ¼ A3 � af ; VVt

þ 1 ’ ICQ1 � A1 þA2 þV � A3

ICQ1 � A4 þA5 þV � A6

V
Vt

þ 1 ’ ICQ1 � A1 þA2 þV � A3

ICQ1 � A4 þA5 þV � A6
) ICQ1 � A4 � V

Vt
þ 1

� �
þA5 � V

Vt
þ 1

� �

þV � A6 � V
Vt

þ 1
� �

¼ ICQ1 � A1 þA2 þV � A3

A5 � V
Vt

þ 1
� �

þV � A6 � V
Vt

þ 1
� �

� A2 � V � A3 ¼ ICQ1 � A1 � ICQ1 � A4 � V
Vt

þ 1
� �

ICQ1 � A1 � A4 � V
Vt

þ 1
� �� �

¼ A5 � V
Vt

þ 1
� �

þV � A6 � V
Vt

þ 1
� �

� A2 � V � A3

ICQ1 � A1 � A4

Vt
� V � A4

� �
¼ A5

Vt
� V þA5 þ A6

Vt
� V2 þV � A6 � A2 � V � A3

ICQ1 � �A4

Vt
� V þA1 � A4

� �
¼ A6

Vt
� V2 þV � A5

Vt
þA6 � A3

� 	
þ ½A5 � A2�

) ICQ1 ¼
A6
Vt
� V2 þV � A5

Vt
þA6 � A3

h i
þ ½A5 � A2�

� A4
Vt
� V þA1 � A4

g1 ¼
A6

Vt
; g2 ¼

A5

Vt
þA6 � A3; g3 ¼ A5 � A2; g4 ¼ �A4

Vt
;

g5 ¼ A1 � A4; ICQ1 ¼ V2 � g1 þV � g2 þ g3
V � g4 þ g5

dICQ1
dt

¼ ½2 � V � _V � g1 þ _V � g2� � ½V � g4 þ g5� � ½V2 � g1 þV � g2 þ g3� � _V � g4
½V � g4 þ g5�2
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dICQ1
dt

¼
2 � V2 � _V � g1 � g4 þ 2 � V � _V � g1 � g5 þ _V � V � g4 � g2 þ _V � g2 � g5
�V2 � _V � g4 � g1 � V � _V � g4 � g2 � _V � g4 � g3

½V � g4 þ g5�2

dICQ1
dt

¼ V2 � _V � g1 � g4 þV � _V � 2 � g1 � g5 þ _V � ðg2 � g5 � g4 � g3Þ
½V � g4 þ g5�2

;

n1 ¼ g1 � g4; n2 ¼ 2 � g1 � g5; n3 ¼ g2 � g5 � g4 � g3

dICQ1
dt

¼ V2 � _V � n1 þV � _V � n2 þ _V � n3
½V � g4 þ g5�2

;
d2ICQ1
dt2

¼ d
dt

V2 � _V � n1 þV � _V � n2 þ _V � n3
½V � g4 þ g5�2

( )

d2ICQ1
dt2

¼
fð2 � V � ½ _V �2 þV2 � €VÞ � n1 þð½ _V �2 þV � €VÞ � n2 þ €V � n3g � ½V � g4 þ g5�2
�fV2 � _V � n1 þV � _V � n2 þ _V � n3g � 2 � ðV � g4 þ g5Þ � _V � g4

½V � g4 þ g5�4

/1ðV ; _V ; €VÞ ¼ fð2 � V � ½ _V �2 þV2 � €VÞ � n1 þð½ _V �2 þV � €VÞ � n2 þ €V � n3g

/1ðV ; _V ; €VÞjV¼Y ; _V¼X;€V¼ _X ¼ fð2 � Y � X2 þ Y2 � _XÞ � n1 þðX2 þY � _XÞ � n2 þ _X � n3g

/1ðV ; _V ; €VÞjV¼Y ; _V¼X;€V¼ _X ¼ 2 � Y � X2 � n1 þ Y2 � _X � n1 þX2 � n2
þ Y � _X � n2 þ _X � n3

/1ðV ; _V ; €VÞjV¼Y ; _V¼X;€V¼ _X ¼ _X � ½Y2 � n1 þ Y � n2 þ n3� þX2 � ½2 � Y � n1 þ n2�

f1ðYÞ ¼ Y2 � n1 þ Y � n2 þ n3; f2ðX; YÞ ¼ X2 � ½2 � Y � n1 þ n2�

/1ðY ;X; _XÞ ¼ _X � ½Y2 � n1 þ Y � n2 þ n3� þX2 � ½2 � Y � n1 þ n2�

/1ðY ;X; _XÞ ¼ _X � ½Y2 � n1 þ Y � n2 þ n3� þX2 � ½2 � Y � n1 þ n2� ) /1ðY ;X; _XÞ
¼ _X � f1ðYÞþ f2ðX; YÞ

/2ðVÞ ¼ ½V � g4 þ g5�2 ¼ V2 � g24 þ 2 � V � g4 � g5 þ g25;

/2ðVÞjV¼Y ¼ Y2 � g24 þ 2 � Y � g4 � g5 þ g25

/3ðV ; _VÞ ¼ fV2 � _V � n1 þV � _V � n2 þ _V � n3gjV¼Y ; _V¼X

¼ Y2 � X � n1 þ Y � X � n2 þX � n3

/4ðV ; _VÞ ¼ 2 � ðV � g4 þ g5Þ � _V � g4jV¼Y ; _V¼X ¼ 2 � Y � X � g24 þ 2 � X � g4 � g5
¼ 2 � g4 � ½Y � X � g4 þX � g5�
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d2ICQ1
dt2

¼
fð2 � V � ½ _V �2 þV2 � €VÞ � n1 þð½ _V �2 þV � €VÞ � n2 þ €V � n3g � ½V � g4 þ g5�2
�fV2 � _V � n1 þV � _V � n2 þ _V � n3g � 2 � ðV � g4 þ g5Þ � _V � g4

½V � g4 þ g5�4
)

d2ICQ1
dt2

¼ /1ðY ;X; _XÞ � /2ðYÞ � /3ðY ;XÞ � /4ðY ;XÞ
½/2ðYÞ�2

¼ /1ðY ;X; _XÞ
/2ðYÞ

� /3ðY ;XÞ � /4ðY ;XÞ
½/2ðYÞ�2

d2ICQ1
dt2

¼
_X � f1ðYÞþ f2ðX; YÞ

/2ðYÞ
� /3ðY ;XÞ � /4ðY ;XÞ

½/2ðYÞ�2

¼ _X � f1ðYÞ
/2ðYÞ

þ f2ðX; YÞ
/2ðYÞ

� /3ðY ;XÞ � /4ðY ;XÞ
½/2ðYÞ�2

( )

For simplicity we define the following functions:

f3ðYÞ ¼ f1ðYÞ
/2ðYÞ

; f4ðX; YÞ ¼ f2ðX; YÞ
/2ðYÞ

� /3ðX; YÞ � /4ðX; YÞ
½/2ðYÞ�2

;

d2ICQ1
dt2

¼ _X � f3ðYÞþ f4ðX; YÞ

ICQ1 ¼ V2 � g1 þV � g2 þ g3
V � g4 þ g5






V¼Y

¼ Y2 � g1 þ Y � g2 þ g3
Y � g4 þ g5

;

ICQ1 ¼ f5ðYÞ ¼ Y2 � g1 þ Y � g2 þ g3
Y � g4 þ g5

_V ¼ 1
C1

� ðVDD � VÞ
R1 þ Vt

I0

� � � 1
C1

� ICQ1 � €V � L1

R1 þ Vt
I0

� �� L1 � €ICQ1

X ¼ 1
C1

� ðVDD � YÞ
R1 þ Vt

I0

� � � 1
C1

� f5ðYÞ � _X � L1

R1 þ Vt
I0

� �� L1 � ½ _X � f3ðYÞþ f4ðX; YÞ�

X ¼ 1
C1

� ðVDD � YÞ
R1 þ Vt

I0

� � � 1
C1

� f5ðYÞ � _X � L1

R1 þ Vt
I0

� �� _X � L1 � f3ðYÞ

� L1 � f4ðX; YÞ

X � 1
C1

� ðVDD � YÞ
R1 þ Vt

I0

� � þ 1
C1

� f5ðYÞþL1 � f4ðX; YÞ ¼ � _X � L1

R1 þ Vt
I0

� �� _X � L1 � f3ðYÞ
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_X � L1

R1 þ Vt
I0

� � þ _X � L1 � f3ðYÞ ¼ �X þ 1
C1

� ðVDD � YÞ
R1 þ Vt

I0

� � � 1
C1

� f5ðYÞ

� L1 � f4ðX; YÞ

_X � L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ
8<
:

9=
; ¼ 1

C1
� ðVDD � YÞ

R1 þ Vt
I0

� � � X � 1
C1

� f5ðYÞ

� L1 � f4ðX; YÞ

_X ¼

1
C1
� ðVDD�YÞ

R1 þ Vt
I0

� �� X � 1
C1
� f5ðYÞ � L1 � f4ðX; YÞ

L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ

We can summarize our system differential equations new two variables (X, Y):

_X ¼

1
C1
� ðVDD�YÞ

R1 þ Vt
I0

� �� X � 1
C1
� f5ðYÞ � L1 � f4ðX; YÞ

L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ

_Y ¼ X

We need to check in which conditions the system has periodic orbits and it is done
by changing system Cartesian coordinates (X(t), Y(t)) to cylindrical coordinates (r(t),
h(t)). Next we show that the cylinder is invariant. We approve that there is a stable
periodic orbit and use the fact that a stable periodic orbit has two/three Floquet
multipliers. One of them is unity. For the conversion between cylindrical and
Cartesian systems and opposite, it is convenient to assume that the reference plane of
the former is the Cartesian x–y plane (with equation z = 0), and the cylindrical axis is
the Cartesian z axis. Then the z coordinate is the same in both systems, and the
correspondence between cylindrical (r, h) and Cartesian (X, Y) are the same as for
polar coordinates, namely X(t) = r(t) � cos[h(t)]; Y(t) = r(t) � sin[h(t)]; r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

.
h(t) = 0 if X = 0 and Y = 0. h(t) = arcsin(Y/r) if X >= 0. h(t) = −arcsin(Y/r) + p if
X < 0. We represent our system equation by using cylindrical coordinates (r(t), h(t)).

XðtÞ ¼ rðtÞ � cos½hðtÞ� ) dXðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

YðtÞ ¼ rðtÞ � sin½hðtÞ� ) dYðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dXðtÞ
dt

¼ dX
dt

;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r
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We get the equations:

dX
dt

¼ r0 � cos h� r � h0 � sin h; dY
dt

¼ r0 � sin hþ r � h0 � cos h

From the second system differential equation (5.2) we get _r ¼ r� ½1� _h�
tgh :

_Y ¼ X ) r0 � sin hþ r � h0 � cos h ¼ r � cos h ) r0 � sin h ¼ r � cos h � ½1� h0�
) _r ¼ r � ½1� _h�

tgh

To find our system solution constant radius we set dr
dt ¼ 0 which yield the

following outcome:

dY
dt

¼ X ) tgh ¼ r � ð1� h0Þ
r0

) r0 ¼ r � ð1� h0Þ
tgh

;
dr
dt

¼ 0 , r � ð1� h0Þ
tgh

¼ 0

Since r 6¼ 0, we get two possible equations as follows:

1. tgh ! 1 ) h ¼ p
2 þ p � n ¼ p � 1

2 þ n
�  8 n ¼ 0; 1; 2; . . .

2. 1� h0 ¼ 0 ) dh
dt ¼ 1 ) h ¼ tþ const; dhdt ¼ 2� p

T ¼ 1 ) T ¼ 2 � p.
We define

!1ðX; YÞ ¼

1
C1
� ðVDD�YÞ

R1 þ Vt
I0

� �� X � 1
C1
� f5ðYÞ � L1 � f4ðX; YÞ

L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ
;!2ðX; YÞ ¼ X

We get system differential equations:

dX
dt

¼ !1ðX; YÞ; dYdt ¼ !2ðX; YÞ

We need to find !1ðX; YÞ and !2ðX; YÞ in cylindrical coordinates (r(t), h(t)) for
our system. The transformation !1ðX; YÞ ! !1ðrðtÞ; hðtÞÞ;!2ðX; YÞ !
!2ðrðtÞ; hðtÞÞ:

f3ðrðtÞ; hðtÞÞ; f4ðX; YÞ ! f4ðrðtÞ; hðtÞÞ; f5ðX; YÞ ! f5ðrðtÞ; hðtÞÞ:
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f3ðYÞ ¼ f1ðYÞ
/2ðYÞ

¼ Y2 � n1 þ Y � n2 þ n3
Y2 � g24 þ 2 � Y � g4 � g5 þ g25





 X ¼ r � cos h
Y ¼ r � sin h

¼ r2 � sin2 h � n1 þ r � sin h � n2 þ n3
r2 � sin2 h � g24 þ 2 � r � sin h � g4 � g5 þ g25

f4ðX; YÞ ¼ f2ðX; YÞ
/2ðYÞ

� /3ðX; YÞ � /4ðX; YÞ
½/2ðYÞ�2

¼ X2 � ½2 � Y � n1 þ n2�
Y2 � g24 þ 2 � Y � g4 � g5 þ g25

� ½Y2 � X � n1 þ Y � X � n2 þX � n3� � f2 � g4 � ½Y � X � g4 þX � g5�g
½Y2 � g24 þ 2 � Y � g4 � g5 þ g25�2

X2 ¼ r2 � cos2 h; Y2 ¼ r2 � sin2 h;X ¼ r � cos h; Y ¼ r � sin h

f4ðX; YÞ ¼ f2ðX; YÞ
/2ðYÞ

� /3ðX; YÞ � /4ðX; YÞ
½/2ðYÞ�2






 X¼r� cos h
Y¼r� sin h

¼ r2 � cos2 h � ½2 � r � sin h � n1 þ n2�
r2 � sin2 h � g24 þ 2 � r � sin h � g4 � g5 þ g25

� ½r2� sin2 h� r� cos h� n1 þ r� sin h� r� cos h� n2 þ r� cos h� n3�� f2� g4� ½r� sin h� r� cos h� g4 þ r� cos h� g5�g
½r2� sin2 h� g24 þ 2� r� sin h� g4� g5 þ g25�2

f4ðX; YÞ ¼ f2ðX; YÞ
/2ðYÞ

� /3ðX; YÞ � /4ðX; YÞ
½/2ðYÞ�2






 X¼r� cos h
Y¼r� sin h

¼ r2 � cos2 h � ½2 � r � sin h � n1 þ n2�
r2 � sin2 h � g24 þ 2 � r � sin h � g4 � g5 þ g25

� ½r2� sin2 h� r� cos h� n1 þ r� sin h� r� cos h� n2 þ r� cos h� n3�� f2� g4� ½r� sin h� r� cos h� g4 þ r� cos h� g5�g
½r2� sin2 h� g24 þ 2� r� sin h� g4� g5 þ g25�2

f4ðX; YÞ ¼ f2ðX; YÞ
/2ðYÞ

� /3ðX; YÞ � /4ðX; YÞ
½/2ðYÞ�2






 X¼r� cos h
Y¼r� sin h

¼ 2 � r3 � sin h � cos2 h � n1 þ r2 � cos2 h � n2
r2 � sin2 h � g24 þ 2 � r � sin h � g4 � g5 þ g25

� ½r3� sin2 h� cos h� n1 þ r2� sin h� cos h� n2 þ r� cos h� n3�� f2� g4� ½r2� sin h� cos h� g4 þ r� cos h� g5�g
½r2� sin2 h� g24 þ 2� r� sin h� g4� g5 þ g25�2
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f4ðX; YÞ ¼ f2ðX; YÞ
/2ðYÞ

� /3ðX; YÞ � /4ðX; YÞ
½/2ðYÞ�2






 X¼r� cos h
Y¼r� sin h

¼ r3 � sin 2h � cos h � n1 þ r2 � cos2 h � n2
r2 � sin2 h � g24 þ 2 � r � sin h � g4 � g5 þ g25

� ½r3� 12� sin 2h� sin h� n1 þ r2� 12� sin 2h� n2 þ r� cos h� n3�� f2� g4� ½r2� 12� sin 2h� g4 þ r� cos h� g5�g
½r2� sin2 h� g24 þ 2� r� sin h� g4� g5 þ g25�2

f5ðYÞ ¼ Y2 � g1 þ Y � g2 þ g3
Y � g4 þ g5





X ¼ r � cos h
Y ¼ r � sin h

¼ r2 � sin2 h � g1 þ r � sin h � g2 þ g3
r � sin h � g4 þ g5

To find our system solution constant radius we set drdt ¼ 0 which yield to:

dX
dt

¼ !1ðX; YÞ ) r0 � cos h� r � h0 � sin h ¼ !1ðr; hÞ; dr
dt

¼ 0 ) �r � h0 � sin h ¼ !1ðr; hÞ

�r � h0 � sin h ¼ !1ðr; hÞ ) �r � h0 � sin h

¼

1
C1
� ðVDD�r� sin hÞ

R1 þ Vt
I0

� � � r � cos h� 1
C1
� f5ðr; hÞ � L1 � f4ðr; hÞ

L1

R1 þ Vt
I0

� � þ L1 � f3ðr; hÞ

We already got from system second differential equation constant radius solution

dr
dt

¼ 0 ) dh
dt

¼ 1 ) h ¼ tþ const;
dh
dt

¼ 2 � p
T

¼ 1 ) T ¼ 2 � p

�r � sin h ¼ !1ðr; hÞ ) �r � sin h

¼

1
C1
� ðVDD�r� sin hÞ

R1 þ Vt
I0

� � � r � cos h� 1
C1
� f5ðr; hÞ � L1 � f4ðr; hÞ

L1

R1 þ Vt
I0

� � þ L1 � f3ðr; hÞ

�r � sin h � L1

R1 þ Vt
I0

� � þ L1 � f3ðr; hÞ
8<
:

9=
; ¼ 1

C1
� ðVDD � r � sin hÞ

R1 þ Vt
I0

� � � r � cos h

� 1
C1

� f5ðr; hÞ � L1 � f4ðr; hÞ
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�r � sin h � C1 � L1
ðR1 þ Vt

I0
Þ þC1 � L1 � f3ðr; hÞ

( )
¼ ðVDD � r � sin hÞ

R1 þ Vt
I0

� � � C1 � r � cos h

� f5ðr; hÞ � C1 � L1 � f4ðr; hÞ

r � sin h � C1 � L1
ðR1 þ Vt

I0
Þ þC1 � L1 � f3ðr; hÞ

( )
¼ C1 � r � cos hþ f5ðr; hÞ

þC1 � L1 � f4ðr; hÞ � ðVDD � r � sin hÞ
R1 þ Vt

I0

� �

r � sin h � C1 � L1
ðR1 þ Vt

I0
Þ þC1 � L1 � f3ðr; hÞ

( )
� C1 � r � cos h� r � sin h

R1 þ Vt
I0

� �
¼ f5ðr; hÞþC1 � L1 � f4ðr; hÞ � VDD

R1 þ Vt
I0

� �

r � sin h � C1 � L1
ðR1 þ Vt

I0
Þ þC1 � L1 � f3ðr; hÞ � C1 � 1

tgh
� 1

ðR1 þ Vt
I0
Þ

( )

¼ f5ðr; hÞþC1 � L1 � f4ðr; hÞ � VDD

R1 þ Vt
I0

� �

From the above equation we need to get constant radius r = rconst–radius.

rconst�radius ¼
f5ðrconst�radius; hÞþC1 � L1 � f4ðrconst�radius; hÞ � VDD

R1 þ Vt
I0

� �

sin h � C1� L1
R1 þ Vt

I0

� � þC1 � L1 � f3ðrconst�radius; hÞ � C1 � 1
tgh � 1

R1 þ Vt
I0

� �
8<
:

9=
;

Remark We need to do algebraic manipulation in the above expression and get
expression without h variable in time and find rconst�radius as a function of circuit
parameters (C1, L1, af, ar, Ise, Isc, etc.).

We need to find @!1
@X þ @!2

@Y

� 


r¼rconst�radius

at a solution with constant radius

(dr/dt = 0).

q1 � q2 ¼ e

RT
0

trðAðsÞÞ� ds








q1¼1

) q2 ¼ e

RT
0

trðAðsÞÞ� ds
¼ e

RT¼2�p

0

@!1
@X þ @!2

@Y

� 


r¼rconst

� ds
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As a result, the limit cycle with radius rconst�radius [ 0 is stable ifRT
0
trðAðsÞÞ � ds\ 0 or q2 < 1, and unstable if

RT
0
trðAðsÞÞ � ds [ 0 or q2 > 1. We

need to find the expressions for @!1
@X ; @!2

@Y : !2ðX; YÞ ¼ X ) @!2ðX;YÞ
@Y ¼ 0

!1ðX; YÞ ¼

1
C1
� ðVDD�YÞ

R1 þ Vt
I0

� �� X � 1
C1
� f5ðYÞ � L1 � f4ðX; YÞ

L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ

!1ðX; YÞ ¼ 1
L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ
� 1

C1
� ðVDD � YÞ
ðR1 þ Vt

I0
Þ � X � 1

C1
� f5ðYÞ � L1 � f4ðX; YÞ

( )

@!1ðX; YÞ
@X

¼ � 1
L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ
� 1þ L1 � @f4ðX; YÞ

@X

� �

f4ðX; YÞ ¼ f2ðX; YÞ
/2ðYÞ

� /3ðX; YÞ � /4ðX; YÞ
½/2ðYÞ�2

) @f4ðX; YÞ
@X

¼ 1
/2ðYÞ

� @f2ðX; YÞ
@X

� 1

½/2ðYÞ�2
� @/3ðX; YÞ

@X
� /4ðX; YÞþ/3ðX; YÞ �

@/4ðX; YÞ
@X

� �

f2ðX; YÞ ¼ X2 � ½2 � Y � n1 þ n2� )
@f2ðX; YÞ

@X
¼ 2 � X � ½2 � Y � n1 þ n2�

/3ðX; YÞ ¼ Y2 � X � n1 þ Y � X � n2 þX � n3 )
@/3ðX; YÞ

@X
¼ Y2 � n1 þ Y � n2 þ n3

/4ðX; YÞ ¼ 2 � g4 � ½Y � X � g4 þX � g5� )
@/4ðX; YÞ

@X
¼ 2 � g4 � ½Y � g4 þ g5�

@f4ðX; YÞ
@X

¼ 1
½Y2 � g24 þ 2 � Y � g4 � g5 þ g25�

� 2 � X � ½2 � Y � n1 þ n2�

� 1

½Y2 � g24 þ 2 � Y � g4 � g5 þ g25�2
� f½Y2 � n1 þ Y � n2 þ n3� � 2 � g4 � X � ½Y � g4 þ g5�
þ 2 � g4 � X � ½Y2 � n1 þ Y � n2 þ n3� � ½Y � g4 þ g5�g
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@!1

@X
þ @!2

@Y
¼ � 1

L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ
� 1þ L1 � @f4ðX; YÞ

@X

� �

@!1

@X
þ @!2

@Y

� �




r¼rconst�radius

¼ � 1
L1

ðR1 þ Vt
I0
Þ þ L1 � f3ðYÞ

� 1þ L1 � @f4ðX; YÞ
@X

� �0
@

1
A







r¼rconst�radius

q1 � q2 ¼ e

RT
0

trðAðsÞÞ� ds








q1¼1

) q2 ¼ e

RT
0

trðAðsÞÞ� ds
¼ e

RT¼2�p

0

@!1
@X þ @!2

@Y

� 


r¼rconst

� ds

trðAðsÞÞ ¼ @!1

@X
þ @!2

@Y

� �




r¼rconst

¼ � 1
L1

R1 þ Vt
I0

� � þ L1 � f3ðYÞ
� 1þ L1 � @f4ðX; YÞ

@X

� �0
BBB@

1
CCCA










r¼rconst�radius

q2 ¼ e

RT
0

trðAðsÞÞ� ds
¼ e

RT¼2�p

0

@!1
@X þ @!2

@Y

� 


r¼rconst

� ds

¼ exp
ZT¼2� p

0

� 1
L1

ðR1 þ Vt
I0
Þ þ L1 � f3ðYÞ

� 1þ L1 � @f4ðX; YÞ
@X

� �0
@

1
A







r¼rconst�radius

� ds

8><
>:

9>=
>;

5.2 Chua’s Circuit Fixed Points and Stability Analysis

Autonomous Chua’s circuit has many implementations in various electrical circuits.
Chua’s circuit contains three energy storage elements (two capacitors and one
inductor), a linear resistor and nonlinear resistor NR, and its discrete circuitry design
and implementations. Chua’s circuit is an extremely simple system, but it exhibits a
rich variety of bifurcations and chaos among the chaos-producing mechanism.
Chua’s circuit fixed points and stability analysis is a crucial step toward under-
standing circuits and systems behavior which include Chua’s circuits. Several
realizations of Chua’s circuit are possible. The methodologies used in these real-
izations can be divided into two basic categories. In the first approach, a variety of
circuit topologies have been considered for realizing the nonlinear resistor NR in
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Chua’s circuit. The main idea in the second approach related to the implementation
of Chua’s circuit is an inductor less realization of Chua’s circuit [81, 116]
(Fig. 5.2).

The nonlinear resistor concept and Chua’s diode are important elements in system
concept analysis. The term Chua’s diode is a general description for a two-terminal
nonlinear resistor with piecewise-linear characteristic. Chua’s diode is defined in two
forms. The first type of Chua’s diode is a voltage controlled nonlinear element
characterized by iR ¼ f ðvRÞ, and the other type is a current-controlled nonlinear
element characterized by vR ¼ gðiRÞ: Chaotic oscillators designed with Chua’s diode
are generally based on a single, three-segment, voltage-controlled piecewise-linear
nonlinear resistor structure. We refer in our analysis to such a voltage-controlled
characteristic of Chua’s diode. Figure 5.3 describes three-segment odd-symmetric
voltage-controlled piecewise-linear characteristic of Chua’s diode [81].

In the above iR = f(vR) graph, aa and ab are the inner and outer slopes, respec-
tively, and ±C(C > 0) denote the breakpoints. The concave resistor NR is a
piecewise-linear voltage-controlled resistor uniquely specified by (aa, ab, C)
parameters. iR ¼ f ðvRÞ ¼ ab � vR þ 1

2 � ðaa � abÞ � vR þCj j � vR � Cj jf g; C > 0.
We differentiate three graph regions iR ¼ f ðvRÞI=II=III equations.

Fig. 5.2 Autonomous
Chua’s circuit

Region IIIRegion IIRegion I

bα

bα
aα

aα

-Γ +Γ

vR

iRFig. 5.3 Describes
three-segment odd-symmetric
voltage-controlled
piecewise-linear characteristic
of Chua’s diode
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Region I

vR\� C ) vR þC\0 ) vR þCj j ¼ �ðvR þCÞ& vR � Cj j ¼ �ðvR � CÞ

vR\� C ) iR ¼ f ðvRÞ ¼ ab � vR þ 1
2
� ðaa � abÞ � f�vR � Cþ vR � Cg

¼ ab � vR � ðaa � abÞ � C
Region II

�C� vR � þC

� C� vR � þC ) vR � C� 0& vR þC� 0 ) vR þCj j ¼ vR þC& vR � Cj j ¼ �vR þC

iR ¼ f ðvRÞ ¼ ab � vR þ 1
2
� ðaa � abÞ � vR þCj j � vR � Cj jf g

¼ ab � vR þ 1
2
� ðaa � abÞ � fvR þCþ vR � Cg

iR ¼ f ðvRÞ ¼ ab � vR þ 1
2
� ðaa � abÞ � vR þCj j � vR � Cj jf g ¼ aa � vR

Region III

vR [C ) vR � C[ 0 ) vR þCj j ¼ vR þC& vR � Cj j ¼ vR � C

iR ¼ f ðvRÞ ¼ ab � vR þ 1
2
� ðaa � abÞ � f vR þCj j � vR � Cj jg

¼ ab � vR þ 1
2
� ðaa � abÞ � fvRþC� vR þCg

iR ¼ f ðvRÞ ¼ ab � vR þ 1
2
� ðaa � abÞ � f vR þCj j � vR � Cj jg ¼ ab � vR þðaa � abÞ � C

We can summery our results in Table 5.1.
We can write system differential equations.

iL1ðt ¼ 0Þ ¼ Z0;VC1ðt ¼ 0Þ ¼ VRðt ¼ 0Þ ¼ X0;VC2ðt ¼ 0Þ ¼ Y0;VR ! X;VC2 ! Y ; iL1 ! Z

C1 � dVR

dt
¼ 1

R
� ðVC2 � VRÞ � f ðVRÞ;C2 � dVC2

dt
¼ iL1 � 1

R
� ðVC2 � VRÞ; L1 � diL1dt

¼ �VC2 � iL1 � RS

Table 5.1 Summary of our results

vR\� C ) vR þC\0 �C� vR � þC vR [C ) vR � C[ 0

iR ¼ f ðvRÞ ¼ ab � vR � ðaa � abÞ � C iR ¼ f ðvRÞ ¼ aa � vR iR ¼ f ðvRÞ ¼ ab � vR þðaa � abÞ � C
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_X ¼ 1
C1 � R � ðY � XÞ � 1

C1
� f ðXÞ; _Y ¼ 1

C2
� Z � 1

R � C2
� ðY � XÞ; _Z ¼ � 1

L1
� Y � RS

L1
� Z

We have three cases which we analyze system fixed points and stability.

Case I

vR\� C ) vR þC\0 ) iR ¼ f ðXÞ ¼ ab � X � ðaa � abÞ � C
¼ ab � Xþðab � aaÞ � C

_X ¼ 1
C1 � R � ðY � XÞ � 1

C1
� fab � Xþðab � aaÞ � Cg; _Y ¼ 1

C2
� Z � 1

R � C2
� ðY � XÞ

_Z ¼ � 1
L1

� Y � RS

L1
� Z

_X ¼ 1
C1 � R � Y � 1

C1 � R � X � 1
C1

� ab � X � 1
C1

� ðab � aaÞ � C;

_Y ¼ 1
C2

� Z � 1
R � C2

� ðY � XÞ

_Z ¼ � 1
L1

� Y � RS

L1
� Z

_X ¼ 1
C1 � R � Y � 1

C1
� X � 1

R
þ ab

� �
� 1
C1

� ðab � aaÞ � C; _Y ¼ 1
C2

� Z � 1
R � C2

� ðY � XÞ

_Z ¼ � 1
L1

� Y � RS

L1
� Z

We find system fixed points by setting _X ¼ 0; _Y ¼ 0; _Z ¼ 0:

_X ¼ 0 ) 1
C1 � R � Y	 � 1

C1
� X	 � 1

R
þ ab

� �
� 1
C1

� ðab � aaÞ � C ¼ 0;

_Y ¼ 0 ) 1
C2

� Z	 � 1
R � C2

� ðY	 � X	Þ ¼ 0

_Z ¼ 0 ) � 1
L1

� Y	 � RS

L1
� Z	 ¼ 0

� 1
L1

� Y	 � RS

L1
� Z	 ¼ 0 ) Z	 ¼ � 1

RS
� Y	;

1
C1 � R � Y	 � 1

C1
� X	 � 1

R
þ ab

� �

� 1
C1

� ðab � aaÞ � C ¼ 0
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1
C1 � R � Y	 � 1

C1
� X	 � 1

R
þ ab

� �
� 1
C1

� ðab � aaÞ � C ¼ 0

) 1
C1

� X	 � 1
R
þ ab

� �
¼ 1

C1 � R � Y	 � 1
C1

� ðab � aaÞ � C

X	 � 1
R
þ ab

� �
¼ 1

R
� Y	 � ðab � aaÞ � C ) X	

¼ 1
R � 1

R þ ab
�  � Y	 � ðab � aaÞ

1
R þ ab
�  � C

X	 ¼ 1
R � 1

R þ ab
�  � Y	 � ðab � aaÞ

1
R þ ab
�  � C ) X	 ¼ 1

ð1þR � abÞ � Y
	 � ðab � aaÞ

1
R þ ab
�  � C

1
C2

� Z	 � 1
R � C2

� ðY	 � X	Þ ¼ 0 ) 1
C2

� Z	 � 1
R � C2

� Y	 þ 1
R � C2

� X	 ¼ 0

1
C2

� Z	 � 1
R � C2

� Y	 þ 1
R � C2

� X	 ¼ 0 ) R � Z	 � Y	 þX	 ¼ 0

R � Z	 � Y	 þX	 ¼ 0 ) R � � 1
RS

� Y	
� �

� Y	 þ 1
ð1þR � abÞ � Y

	 � ðab � aaÞ
1
R þ ab
�  � C ¼ 0

� R
RS

� Y	 � Y	 þ 1
ð1þR � abÞ � Y

	 � ðab � aaÞ
1
R þ ab
�  � C ¼ 0

) Y	 � 1
ð1þR � abÞ �

R
RS

� 1
� �

¼ ðab � aaÞ
1
R þ ab
�  � C

Y	 � 1
ð1þR � abÞ �

R
RS

� 1
� �

¼ ðab � aaÞ
1
R þ ab
�  � C ) Y	

¼ 1
1

ð1þR� abÞ � R
RS
� 1

n o � ðab � aaÞ
1
R þ ab
�  � C

Z	 ¼ � 1
RS

� Y	 ) Z	 ¼ � 1
RS

� 1
1

ð1þR� abÞ � R
RS
� 1

n o � ðab � aaÞ
1
R þ ab
�  � C
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X	 ¼ 1
ð1þR � abÞ � Y

	 � ðab � aaÞ
1
R þ ab
�  � C ) X	

¼ 1
ð1þR � abÞ �

1
1

ð1þR� abÞ � R
RS
� 1

n o � ðab � aaÞ
1
R þ ab
�  � C� ðab � aaÞ

1
R þ ab
�  � C

X	 ¼ 1

1� ð1þR � abÞ � R
RS

þ 1
� �n o � ðab � aaÞ

1
R þ ab
�  � C� ðab � aaÞ

1
R þ ab
�  � C

X	 ¼ ðab � aaÞ
1
R þ ab
�  � C � 1

1� ð1þR � abÞ � R
RS

þ 1
� �n o� 1

8<
:

9=
;) X	

¼ ðab � aaÞ
1
R þ ab
�  � C �

ð1þR � abÞ � R
RS

þ 1
� �

1� ð1þR � abÞ � R
RS

þ 1
� �n o

We can summarize our fixed point’s results for the first case vR\� C
) vR þC\0 in Table 5.2.

Results Our system fixed points for the first case are independent on circuit energy
storage elements (C1, C2, and L1). They depend only on circuit’s dissipative
elements (R, Rs) and Chua’s diode parameters [81].

The next step is to discuss system stability for the first case. We can characterize
our circuit’s equations by the following notation.

_X ¼ g1ðX; Y ; ZÞ; _Y ¼ g2ðX; Y ; ZÞ; _Z ¼ g3ðX; Y ; ZÞ

g1ðX; Y ; ZÞ ¼ 1
C1 � R � Y � 1

C1
� X � 1

R
þ ab

� �
� 1
C1

� ðab � aaÞ � C;

g2ðX; Y ; ZÞ ¼ 1
C2

� Z � 1
R � C2

� ðY � XÞ

g3ðX; Y ; ZÞ ¼ � 1
L1

� Y � RS

L1
� Z

Table 5.2 Fixed point’s results for the first case vR\� C ) vR þC\0

Case I vR\� C ) vR þC\0 ) iR ¼ f ðXÞ ¼ ab � X � ðaa � abÞ � C ¼ ab � Xþðab � aaÞ � C

X	 ¼ ðab�aaÞ
1
Rþ abð Þ � C �

ð1þR� abÞ� R
RS

þ 1

� �
1�ð1þR� abÞ� R

RS
þ 1

� �n o
Y	 ¼ 1

1
ð1þR� ab Þ�

R
RS
�1

n o � ðab�aaÞ
1
Rþ abð Þ � C

Z	 ¼ � 1
RS
� 1

1
ð1þR� ab Þ�

R
RS
�1

n o � ðab�aaÞ
1
Rþ abð Þ � C
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We need to implement linearization technique. The below matrix A is called the
Jacobian matrix at the fixed points (X*, Y*, Z*).

@g1ðX; Y ; ZÞ
@X

¼ � 1
C1

� 1
R
þ ab

� �
;
@g1ðX; Y ; ZÞ

@Y
¼ 1

C1 � R ;
@g1ðX; Y ; ZÞ

@Z
¼ 0

@g2ðX; Y ; ZÞ
@X

¼ 1
R � C2

;
@g2ðX; Y ; ZÞ

@Y
¼ � 1

R � C2
;
@g2ðX; Y ; ZÞ

@Z
¼ 1

C2

@g3ðX; Y ; ZÞ
@X

¼ 0;
@g3ðX; Y ; ZÞ

@Y
¼ � 1

L1
;
@g3ðX; Y ; ZÞ

@Z
¼ �RS

L1

A ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

) A� k � I

¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

�
k 0 0

0 k 0

0 0 k

0
B@

1
CA

A ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
B@

1
CA

ðX	;Y	;Z	Þ

)
� 1

C1
� 1

R þ ab
� 

1
C1�R 0

1
R�C2

� 1
R�C2

1
C2

0 � 1
L1

� RS
L1

0
B@

1
CA

A ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
B@

1
CA

ðX	;Y	;Z	Þ

�k � I

)
� 1

C1
� 1

R þ ab
� � k 1

C1�R 0
1

R�C2
� 1

R�C2
� k 1

C2

0 � 1
L1

� RS
L1
� k

0
B@

1
CA

detðA� k � IÞ ¼ 0 ) det

� 1
C1
� 1

R þ ab
� � k 1

C1�R 0
1

R�C2
� 1

R�C2
� k 1

C2

0 � 1
L1

� RS
L1
� k

0
B@

1
CA ¼ 0
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det

� 1
C1
� 1

R þ ab
� � k 1

C1�R 0
1

R�C2
� 1

R�C2
� k 1

C2

0 � 1
L1

� RS
L1
� k

0
BB@

1
CCA

¼ � 1
C1

� 1
R
þ ab

� �
þ k

� �
�

� 1
R�C2

þ k
� �

1
C2

� 1
L1

� RS
L1

þ k
� �

0
B@

1
CA

� 1
C1 � R �

1
R�C2

1
C2

0 � RS
L1

þ k
� �

0
@

1
A

¼ � 1
C1

� 1
R
þ ab

� �
þ k

� �
� 1

R � C2
þ k

� �
� RS

L1
þ k

� �
þ 1

L1 � C2

� �

þ 1
C1 � C2 � R2 �

RS

L1
þ k

� �

detðA� k � IÞ ¼ � 1
C1

� 1
R
þ ab

� �
þ k

� �

� 1
R � C2

þ k

� �
� RS

L1
þ k

� �
þ 1

L1 � C2

� �
þ 1

C1 � C2 � R2

� RS

L1
þ k

� �

detðA� k � IÞ ¼ � 1
C1

� 1
R
þ ab

� �
þ k

� �
� k2 þ k � 1

R � C2
þ RS

L1

� �
þ 1

L1 � C2
� RS

R
þ 1

� �� �

þ 1
C1 � C2 � R2 �

RS

L1
þ 1

C1 � C2 � R2 � k

1
C1

� 1
R
þ ab

� �
þ k

� �
� k2 þ k � 1

R � C2
þ RS

L1

� �
þ 1

L1 � C2
� RS

R
þ 1

� �� �

¼ k3 þ k2 � 1
C1

� 1
R
þ ab

� �
þ 1

R � C2
þ RS

L1

� �

þ k � 1
C1

� 1
R
þ ab

� �
� 1

R � C2
þ RS

L1

� �
þ 1

L1 � C2
� RS

R
þ 1

� �� �

þ 1
L1 � C1 � C2

� 1
R
þ ab

� �
� RS

R
þ 1

� �
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For simplicity we define new parameters:

g1 ¼
1
C1

� 1
R
þ ab

� �
þ 1

R � C2
þ RS

L1
; g2

¼ 1
C1

� 1
R
þ ab

� �
� 1

R � C2
þ RS

L1

� �
þ 1

L1 � C2
� RS

R
þ 1

� �

g3 ¼
1

L1 � C1 � C2
� 1

R
þ ab

� �
� RS

R
þ 1

� �

1
C1

� 1
R
þ ab

� �
þ k

� �
� k2 þ k � 1

R � C2
þ RS

L1

� �
þ 1

L1 � C2
� RS

R
þ 1

� �� �
¼ k3 þ k2 � g1 þ k � g2 þ g3

detðA� k � IÞ ¼ �ðk3 þ k2 � g1 þ k � g2 þ g3Þþ
1

C1 � C2 � R2 �
RS

L1
þ k

� �

detðA� k � IÞ ¼ �ðk3 þ k2 � g1 þ k � g2 þ g3Þþ
1

C1 � C2 � R2 �
RS

L1
þ 1

C1 � C2 � R2 � k

detðA� k � IÞ ¼ 0 ) k3 þ k2 � g1 þ k � ðg2 �
1

C1 � C2 � R2
Þþ g3 �

1
C1 � C2 � R2

� RS

L1
¼ 0

We define

a ¼ 1; b ¼ g1; c ¼ g2 �
1

C1 � C2 � R2 ; d ¼ g3 �
1

C1 � C2 � R2 �
RS

L1

Our cubic equation a � k3 þ b � k2 þ c � kþ d ¼ 0 with real coefficients has at
least one solution k among the real numbers; this is a consequence of the inter-
mediate value theorem. We can distinguish several possible cases using the dis-
criminant D,

D ¼ �4 � b3 � dþ b2 � c2 � 4 � a � c3 þ 18 � a � b � c � d � 27 � a2 � d2:

If D > 0, then the equation has three distinct real roots. If D < 0, then the
equation has one real root and a pair of complex conjugate roots. If D = 0, then (at
least) two roots coincide. It may be that the equation has a double real root and
another distinct single real root; alternatively, all three roots coincide yielding a
triple real root. A possible way to decide between these subcases is to compute the
resultant of the cubic and its second derivative: a triple root exists if and only if this
resultant vanishes [7, 8].
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We get three degree polynomial in k (cubic equation in k) which can have three
roots: k1, k2, k3. We classify system critical point (fixed point ) according to
Table 5.3.

Case II

�C� vR � þC; iR ¼ f ðvRÞ ¼ aa � vR; iR ¼ f ðXÞ ¼ aa � X

_X ¼ 1
C1 � R � ðY � XÞ � 1

C1
� aa � X; _Y ¼ 1

C2
� Z � 1

R � C2
� ðY � XÞ

_Z ¼ � 1
L1

� Y � RS

L1
� Z

_X ¼ 1
C1 � R � Y � X � 1

C1
� 1

R
þ aa

� �
; _Y ¼ 1

C2
� Z � 1

R � C2
� Y þ 1

R � C2
� X

_Z ¼ � 1
L1

� Y � RS

L1
� Z

We find system fixed points by setting _X ¼ 0; _Y ¼ 0; _Z ¼ 0:

_X ¼ 0 ) 1
C1 � R � Y	 � X	 � 1

C1
� 1

R
þ aa

� �
¼ 0;

_Y ¼ 0 ) 1
C2

� Z	 � 1
R � C2

� Y	 þ 1
R � C2

� X	 ¼ 0

_Z ¼ 0 ) � 1
L1

� Y	 � RS

L1
� Z	 ¼ 0

Table 5.3 Eigenvalues of A (Jacobian) vs type of critical point (fixed point)

Eigenvalues of
A (Jacobian)

Type of critical point (fixed point)

Real, unequal, same
sign

Node (stable/unstable), driven away or back from steady-state value

Real, unequal,
opposite sign

Saddle point and is unstable

Real and equal Node (stable/unstable), driven away or back from steady-state value

Complex conjugate Spiral point (stable/unstable), oscillates around steady-state value with
decreasing/increasing amplitude

Pure imaginary Center (oscillates around steady-state value with constant amplitude)

5.2 Chua’s Circuit Fixed Points and Stability Analysis 389



� 1
L1

� Y	 � RS

L1
� Z	 ¼ 0 ) Z	 ¼ � 1

RS
� Y	

1
C1 � R � Y	 � X	 � 1

C1
� 1

R
þ aa

� �
¼ 0 ) X	 ¼ 1

1
C1
� 1

R þ aa
�  � 1

C1 � R � Y	

¼ 1
ð1þ aa � RÞ � Y

	

1
C2

� Z	 � 1
R � C2

� Y	 þ 1
R � C2

� X	 ¼ 0 ) Y	 � 1
C2

� 1
R
� 1

ð1þ aa � RÞ � 1
� �

� 1
RS

� �
¼ 0 ) Y	 ¼ 0

Y	 ¼ 0 ) Z	 ¼ 0 ) X	 ¼ 0

The next step is to discuss system stability for the first case. We can characterize
our circuit’s equations by the following notation.

_X ¼ g1ðX; Y ; ZÞ; _Y ¼ g2ðX; Y ;ZÞ; _Z ¼ g3ðX; Y ; ZÞ

g1ðX; Y ; ZÞ ¼ 1
C1 � R � Y � X � 1

C1
� 1

R
þ aa

� �
;

g2ðX; Y ; ZÞ ¼ 1
C2

� Z � 1
R � C2

� Y þ 1
R � C2

� X

g3ðX; Y ; ZÞ ¼ � 1
L1

� Y � RS

L1
� Z

We need to implement linearization technique. The below matrix A is called the
Jacobian matrix at the fixed points (X*, Y*, Z*).

@g1ðX; Y ; ZÞ
@X

¼ � 1
C1

� 1
R
þ aa

� �
;
@g1ðX; Y ; ZÞ

@Y
¼ 1

C1 � R ;
@g1ðX; Y ; ZÞ

@Z
¼ 0

@g2ðX; Y ; ZÞ
@X

¼ 1
R � C2

;
@g2ðX; Y ; ZÞ

@Y
¼ � 1

R � C2
;
@g2ðX; Y ; ZÞ

@Z
¼ 1

C2

@g3ðX; Y ; ZÞ
@X

¼ 0;
@g3ðX; Y ; ZÞ

@Y
¼ � 1

L1
;
@g3ðX; Y ; ZÞ

@Z
¼ �RS

L1
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A ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

) A� k � I ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

�
k 0 0

0 k 0

0 0 k

0
B@

1
CA

A ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

¼
� 1

C1
� 1

R þ aa
� 

1
C1�R 0

1
R�C2

� 1
R�C2

1
C2

0 � 1
L1

� RS
L1

0
BB@

1
CCA

detðA� k � IÞ ¼ 0 ) det

� 1
C1
� 1

R þ aa
� � k 1

C1�R 0
1

R�C2
� 1

R�C2
� k 1

C2

0 � 1
L1

� RS
L1
� k

0
B@

1
CA ¼ 0

det

� 1
C1
� 1

R þ aa
� � k 1

C1�R 0
1

R�C2
� 1

R�C2
� k 1

C2

0 � 1
L1

� RS
L1
� k

0
BB@

1
CCA

¼ � 1
C1

� 1
R
þ aa

� �
þ k

� �
�

� 1
R�C2

þ k
� �

1
C2

� 1
L1

� RS
L1

þ k
� �

0
B@

1
CA

� 1
C1 � R �

1
R�C2

1
C2

0 � RS
L1

þ k
� �

0
@

1
A
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det

� 1
C1
� 1

R þ aa
� � k 1

C1�R 0
1

R�C2
� 1

R�C2
� k 1

C2

0 � 1
L1

� RS
L1
� k

0
BB@

1
CCA

¼ � 1
C1

� 1
R
þ aa

� �
þ k

� �
� 1

R � C2
þ k

� �
� RS

L1
þ k

� �
þ 1

L1 � C2

� �

þ 1
C1 � C2 � R2 �

RS

L1
þ k

� �

¼ � 1
C1

� 1
R
þ aa

� �
þ k

� �
� k2 þ k � 1

R � C2
þ RS

L1

� �
þ 1

R � C2
� RS

L1
þ 1

L1 � C2

� �

þ 1
C1 � C2 � R2

� RS

L1
þ 1

C1 � C2 � R2
� k

1
C1

� 1
R
þ aa

� �
þ k

� �
� k2 þ k � ð 1

R � C2
þ RS

L1
Þþ 1

R � C2
� RS

L1
þ 1

L1 � C2

� �

¼ k3 þ k2
1
C1

� 1
R
þ aa

� �
þ 1

R � C2
þ RS

L1

� �

þ k � 1
C1

� 1
R
þ aa

� �
� 1

R � C2
þ RS

L1

� �
þ 1

R � C2
� RS

L1
þ 1

L1 � C2

� �

þ 1
C1

� 1
R
þ aa

� �
� 1

R � C2
� RS

L1
þ 1

L1 � C2

� �

For simplicity we define new parameters:

X1 ¼ 1
C1

� 1
R
þ aa

� �
þ 1

R � C2
þ RS

L1
;

X2 ¼ 1
C1

� 1
R
þ aa

� �
� 1

R � C2
þ RS

L1

� �
þ 1

R � C2
� RS

L1
þ 1

L1 � C2

X3 ¼ 1
C1

� 1
R
þ aa

� �
� 1

R � C2
� RS

L1
þ 1

L1 � C2

� �

1
C1

� 1
R
þ aa

� �
þ k

� �
� k2 þ k � 1

R � C2
þ RS

L1

� �
þ 1

R � C2
� RS

L1
þ 1

L1 � C2

� �
¼ k3 þ k2 � X1 þ k � X2 þX3
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det

� 1
C1
� 1

R þ aa
� � k 1

C1�R 0
1

R�C2
� 1

R�C2
� k 1

C2

0 � 1
L1

� RS
L1
� k

0
BB@

1
CCA

¼ � 1
C1

� 1
R
þ aa

� �
þ k

� �
� 1

R � C2
þ k

� �
� RS

L1
þ k

� �
þ 1

L1 � C2

� �

þ 1
C1 � C2 � R2 �

RS

L1
þ k

� �

¼ �fk3 þ k2 � X1 þ k � X2 þX3gþ 1
C1 � C2 � R2 �

RS

L1
þ k

� �

detðA� k � IÞ ¼ �fk3 þ k2 � X1 þ k � X2 þX3gþ 1
C1 � C2 � R2 �

RS

L1
þ k

� �

detðA� k � IÞ ¼ 0 ) k3 þ k2 � X1 þ k � X2 þX3 � 1
C1 � C2 � R2 �

RS

L1

� 1
C1 � C2 � R2 � k ¼ 0

detðA� k � IÞ ¼ 0 ) k3 þ k2 � X1 þ k � X2 � 1
C1 � C2 � R2

� 	

þX3 � 1
C1 � C2 � R2 �

RS

L1
¼ 0

We define

a ¼ 1; b ¼ X1; c ¼ X2 � 1
C1 � C2 � R2 ; d ¼ X3 � 1

C1 � C2 � R2 �
RS

L1

Our cubic equation a � k3 þ b � k2 þ c � kþ d ¼ 0 with real coefficients has at
least one solution k among the real numbers; this is a consequence of the interme-
diate value theorem. We can distinguish several possible cases using the discrimi-
nant D, D ¼ �4 � b3 � dþ b2 � c2 � 4 � a � c3 þ 18 � a � b � c � d � 27 � a2 � d2.

If D > 0, then the equation has three distinct real roots. If D < 0, then the
equation has one real root and a pair of complex conjugate roots. If D = 0, then (at
least) two roots coincide. It may be that the equation has a double real root and
another distinct single real root; alternatively, all three roots coincide yielding a
triple real root. A possible way to decide between these subcases is to compute the
resultant of the cubic and its second derivative: a triple root exists if and only if this
resultant vanishes.

We get three degree polynomial in k (cubic equation in k) which can have three
roots: k1, k2, k3. We classify system critical point (fixed point ) according to
Table 5.4 [5, 6].
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Case III

vR [C ) vR � C[ 0; iR ¼ f ðXÞ ¼ ab � Xþðaa � abÞ � C

_X ¼ 1
C1 � R � ðY � XÞ � 1

C1
� fab � Xþðaa � abÞ � Cg; _Y ¼ 1

C2
� Z � 1

R � C2
� ðY � XÞ

_Z ¼ � 1
L1

� Y � RS

L1
� Z

_X ¼ 1
C1 � R � Y � 1

C1 � R � X � 1
C1

� ab � X � 1
C1

� ðaa � abÞ � C;

_Y ¼ 1
C2

� Z � 1
R � C2

� Y þ 1
R � C2

� X

_Z ¼ � 1
L1

� Y � RS

L1
� Z

_X ¼ 1
C1 � R � Y � 1

C1
� X � ð1

R
þ abÞ � 1

C1
� ðaa � abÞ � C;

_Y ¼ 1
C2

� Z � 1
R � C2

� Y þ 1
R � C2

� X

_Z ¼ � 1
L1

� Y � RS

L1
� Z

We find system fixed points by setting _X ¼ 0; _Y ¼ 0; _Z ¼ 0:

_X ¼ 0 ) 1
C1 � R � Y	 � 1

C1
� X	 � 1

R
þ ab

� �
� 1
C1

� ðaa � abÞ � C ¼ 0;

_Y ¼ 0 ) 1
C2

� Z	 � 1
R � C2

� Y	 þ 1
R � C2

� X	 ¼ 0

_Z ¼ 0 ) � 1
L1

� Y	 � RS

L1
� Z	 ¼ 0

Table 5.4 Eigenvalues of A (Jacobian) vs type of critical point (fixed point)

Eigenvalues of
A (Jacobian)

Type of critical point (fixed point)

Real, unequal, same
sign

Node (stable/unstable), driven away or back from steady-state value

Real, unequal,
opposite sign

Saddle point and is unstable

Real and equal Node (stable/unstable), driven away or back from steady-state value

Complex conjugate Spiral point (stable/unstable), oscillates around steady-state value with
decreasing/increasing amplitude

Pure imaginary Center (oscillates around steady-state value with constant amplitude)
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� 1
L1

� Y	 � RS

L1
� Z	 ¼ 0 ) Z	 ¼ � 1

RS
� Y	;X	 ¼ 1

ð1þ ab � RÞ � Y
	 � 1

1
R þ ab
�  � ðaa � abÞ � C

1
C2

� Z	 � 1
R � C2

� Y	 þ 1
R � C2

� X	 ¼ 0 )

� 1
RS � C2

� Y	 � 1
R � C2

� Y	 þ 1
R � C2

� 1
ð1þ ab � RÞ � Y

	 � 1
1
R þ ab
�  � ðaa � abÞ � C

( )
¼ 0

� 1
RS � C2

� Y	 � 1
R � C2

� Y	 þ 1
R � C2

� 1
ð1þ ab � RÞ � Y

	 � 1
R � C2

� 1
1
R þ ab
�  � ðaa � abÞ � C ¼ 0

Y	 � 1
R
� 1
ð1þ ab � RÞ �

1
RS

� 1
R

� �
¼ 1

ð1þR � abÞ � ðaa � abÞ � C

Y	 ¼ 1
1
R � 1

ð1þ ab�RÞ � 1
h i

� 1
RS

n o � 1
ð1þR � abÞ � ðaa � abÞ � C

¼ 1
1

ð1þ ab�RÞ � 1� R
RS

n o � 1
1
R þ ab
�  � ðaa � abÞ � C

Z	 ¼ � 1
RS

� Y	 ¼ � 1
RS

� 1
1

ð1þ ab�RÞ � 1� R
RS

n o � 1
ð1R þ abÞ

� ðaa � abÞ � C

X	 ¼ 1
ð1þ ab � RÞ �

1
1

ð1þ ab�RÞ � 1� R
RS

n o � 1
1
R þ ab
�  � ðaa � abÞ � C� 1

1
R þ ab
�  � ðaa � abÞ � C

X	 ¼ 1

1� ð1þ ab � RÞ � 1þ R
RS

� �n o� 1

8<
:

9=
; � ðaa � abÞ � C

1
R þ ab
� 

We can summarize our fixed point’s results for the third case vR [C
) vR � C[ 0iR ¼ f ðXÞ ¼ ab � Xþðaa � abÞ � C in Table 5.5.

Results Our system fixed points for the third case are independent on circuit energy
storage elements (C1, C2, and L1). They depend only on circuit’s dissipative
elements (R, Rs) and Chua’s diode parameters.

The next step is to discuss system stability for the third case. We can characterize
our circuit’s equations by the following notation.
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_X ¼ g1ðX; Y ; ZÞ; _Y ¼ g2ðX; Y ;ZÞ; _Z ¼ g3ðX; Y ; ZÞ

g1ðX; Y ; ZÞ ¼ 1
C1 � R � Y � 1

C1
� X � 1

R
þ ab

� �
� 1
C1

� ðaa � abÞ � C;

g2ðX; Y ; ZÞ ¼ 1
C2

� Z � 1
R � C2

� Y þ 1
R � C2

� X

g3ðX; Y ; ZÞ ¼ � 1
L1

� Y � RS

L1
� Z

We need to implement linearization technique. The below matrix A is called the
Jacobian matrix at the fixed points (X*, Y*, Z*).

@g1ðX; Y ; ZÞ
@X

¼ � 1
C1

� 1
R
þ ab

� �
;
@g1ðX; Y ; ZÞ

@Y
¼ 1

C1 � R ;
@g1ðX; Y ; ZÞ

@Z
¼ 0

@g2ðX; Y ; ZÞ
@X

¼ 1
R � C2

;
@g2ðX; Y ; ZÞ

@Y
¼ � 1

R � C2
;
@g2ðX; Y ; ZÞ

@Z
¼ 1

C2

@g3ðX; Y ; ZÞ
@X

¼ 0;
@g3ðX; Y ; ZÞ

@Y
¼ � 1

L1
;
@g3ðX; Y ; ZÞ

@Z
¼ �RS

L1

The Jacobian is the same like in Case I and stability analysis is the same except
system’s fixed point it is related to.

A ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

) A� k � I ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

�
k 0 0

0 k 0

0 0 k

0
B@

1
CA

Table 5.5 Summary our system fixed point

Case III vR [C ) vR � C[ 0; iR ¼ f ðXÞ ¼ ab � X þðaa � abÞ � C

X	 ¼ 1

1�ð1þ ab �RÞ� 1þ R
RS

� �n o� 1

8<
:

9=
; � ðaa�abÞ�C

1
Rþ abð Þ

Y	 ¼ 1

1
ð1þ ab �RÞ�1� R

RS

n o � 1
1
Rþ abð Þ � ðaa � abÞ � C

Z	 ¼ � 1
RS
� Y	 ¼ � 1

RS
� 1

1
ð1þ ab �RÞ�1� R

RS

n o � 1
1
Rþ abð Þ � ðaa � abÞ � C
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A ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

)
� 1

C1
� 1

R þ ab
� 

1
C1�R 0

1
R�C2

� 1
R�C2

1
C2

0 � 1
L1

� RS
L1

0
BB@

1
CCA

A ¼
@g1
@X

@g1
@Y

@g1
@Z

@g2
@X

@g2
@Y

@g2
@Z

@g3
@X

@g3
@Y

@g3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

�k � I

)
� 1

C1
� 1

R þ ab
� � k 1

C1�R 0
1

R�C2
� 1

R�C2
� k 1

C2

0 � 1
L1

� RS
L1
� k

0
BB@

1
CCA

For simplicity we define new parameters:

g1 ¼
1
C1

� ð1
R
þ abÞþ 1

R � C2
þ RS

L1
; g2

¼ 1
C1

� 1
R
þ ab

� �
� 1

R � C2
þ RS

L1

� �
þ 1

L1 � C2
� RS

R
þ 1

� �

g3 ¼
1

L1 � C1 � C2
� 1

R
þ ab

� �
� RS

R
þ 1

� �

1
C1

� 1
R
þ ab

� �
þ k

� �
� k2þ k � 1

R � C2
þ RS

L1

� �
þ 1

L1 � C2
� RS

R
þ 1

� �� �
¼ k3 þ k2 � g1þ k � g2 þ g3

detðA� k � IÞ ¼ �ðk3 þ k2 � g1 þ k � g2 þ g3Þþ
1

C1 � C2 � R2 �
RS

L1
þ k

� �

detðA� k � IÞ ¼ �ðk3 þ k2 � g1 þ k � g2 þ g3Þþ
1

C1 � C2 � R2 �
RS

L1
þ 1

C1 � C2 � R2 � k

detðA� k � IÞ ¼ 0 ) k3 þ k2 � g1 þ k � g2 �
1

C1 � C2 � R2

� �
þ g3 �

1
C1 � C2 � R2 �

RS

L1
¼ 0
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We define a ¼ 1; b ¼ g1; c ¼ g2 � 1
C1�C2�R2 ; d ¼ g3 � 1

C1�C2�R2 � RS
L1

Our cubic equation a � k3 þ b � k2 þ c � kþ d ¼ 0 with real coefficients has at
least one solution k among the real numbers; this is a consequence of the interme-
diate value theorem. We can distinguish several possible cases using the discrimi-
nant D, D ¼ �4 � b3 � dþ b2 � c2 � 4 � a � c3 þ 18 � a � b � c � d � 27 � a2 � d2.

If D > 0, then the equation has three distinct real roots. If D < 0, then the
equation has one real root and a pair of complex conjugate roots. If D = 0, then (at
least) two roots coincide. It may be that the equation has a double real root and
another distinct single real root; alternatively, all three roots coincide yielding a
triple real root. A possible way to decide between these subcases is to compute the
resultant of the cubic and its second derivative: a triple root exists if and only if this
resultant vanishes. We get three degree polynomial in k (cubic equation in k) which
can have three roots: k1, k2, k3. We classify system critical point (fixed point)
according to Table 5.6.

We need to plot system phase plane X–Y–Z, X–Y, X–Z, Y–Z, and X(t), Y(t),
Z(t) (Figs. 5.4, 5.5, 5.6 and 5.7).

C1 ¼ 1000 uF ¼ 1mF;C2 ¼ 1000 uF ¼ 1mF;R ¼ 1 kX; L1 ¼ 10mH;Rs ¼ 1X

C1 � R ¼ 1;C2 � R ¼ 1;
1
L1

¼ 100;
Rs

L1
¼ 100;

1
C1

¼ 1000;
1
C2

¼ 1000

Matlab Script aa ! a; ab ! b;C ! c

Table 5.6 Eigenvalues of A (Jacobian) vs type of critical point (fixed point)

Eigenvalues of
A (Jacobian)

Type of critical point (fixed point)

Real, unequal, same
sign

Node (stable/unstable), driven away or back from steady-state value

Real, unequal,
opposite sign

Saddle point and is unstable

Real and equal Node (stable/unstable), driven away or back from steady-state value

Complex conjugate Spiral point (stable/unstable), oscillates around steady-state value with
decreasing/increasing amplitude

Pure imaginary Center (oscillates around steady-state value with constant amplitude)
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Fig. 5.4 Z versus Y versus X for a = 0.5, b = 0.2, c = 0.5

Fig. 5.5 Y versus X for a = 0.5; b = 0.2; c = 0.5, Y versus Z for a = 0.5; b = 0.2; c0 = 0.5, Z versus
X for a = 0.5; b = 0.2; c = 0.5, X(t), Y(t), Z(t) for a = 0.5; Y = 0.2; Z = 0.5
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Fig. 5.6 Z versus Y versus X for a = 0.5, b = 0.2, c = −5

Fig. 5.7 Y versus X for a = 0.5, b = 0.2, c = −5; Y versus X for a = 0.5, b = 0.2, c = −5; Z versus X
for a = 0.5, b = 0.2, c = −5; X(t), Y(t), Z(t) for a = 0.5, b = 0.2, c = −5
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function g=chua(t,x,a,b,c)
g=zeros(3,1);
g(1)=(x(2)-x(1))-1000.0*(b*x(1)+0.5*(a-b)*(abs(x(1)+c)-abs(x(1)-c)));
g(2)=1000.0*x(3)-(x(2)-x(1));
g(3)=-100*x(2)-100*x(3);

function h=chua1(a,b,c,x0,y0,z0)
[t,x]=ODE45 (@chua,[0,.1],[x0,y0,z0],[],a,b,c);
%plot3 (x(:,1),x(:,2),x(:,3));
%xlabel ('X')
%ylabel ('Y')
%zlabel ('Z')
%grid on
%axis square
subplot(2,2,1);plot(x(:,1),x(:,2));subplot(2,2,2);plot(x(:,3),x(:,2))
;subplot(2,2,3);plot(x(:,1),x(:,3));subplot(2,2,4);plot(t,x);

5.3 Chua’s Circuit with OptoNDR Element Stability
Analysis

We replace Chua’s diode by OptoNDR element in Chua’s circuit. The circuit
contains three energy storage elements (Inductance L1, Capacitors C1 and C2).
Chua’s circuit exhibits different and unique variety of bifurcations and chaos among
the chaos-producing mechanism with OptoNDR element. OptoNDR element is a
current-controlled nonlinear element characterized by vNDR ¼ gðiNDRÞ. We divide
circuit methodologies to two basic categories. The first category includes a variety
of circuit topologies which considered for realizing the OptoNDR element in
Chua’s circuit. The second category approach related to the implementation of
Chua’s circuit, several alternative hybrid realizations of Chua’s circuit combining
circuit topologies proposed for the OptoNDR and the inductor element. The
OptoNDR dynamical mechanism is described by iNDR increasing which cause to
vNDR increase up to breakover voltage, then vNDR decreases and photo transistor
enters to saturation state.

Initially circuit’s energy storage elements have some amount of energy.
Capacitors C1 and C2 are charged to VC1(t = 0) and VC2(t = 0), respectively. We
consider, Inductor L1 is charged to initial current IL1(t = 0) which is enough to
cause Chua’s circuit OptoNDR element gets breakover voltage [81, 85, 86, 116].

We can write system differential equations (Fig. 5.8).

INDR ¼ IOptoNDR;VNDR ¼ VOptoNDR; iL1ðt ¼ 0Þ ¼ Z0;VC1ðt ¼ 0Þ ) INDRðt ¼ 0Þ ¼ X0

VC2ðt ¼ 0Þ ¼ Y0; INDR ! X;VC2 ! Y ; iL1 ! Z;VNDR ¼ gðINDRÞ ¼ gðXÞ
C1 � dVNDR

dt
¼ 1

R
� ðVC2 � VNDRÞ � INDR;C2 � dVC2

dt
¼ iL1 � 1

R
� ðVC2 � VNDRÞ;

L1 � diL1dt
¼ �VC2 � iL1 � RS
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_VNDR ¼ 1
C1 � R � ðY � VNDRÞ � 1

C1
� X; _Y ¼ 1

C2
� Z � 1

R � C2
� ðY � VNDRÞ; _Z ¼ � 1

L1
� Y � RS

L1
� Z

_gðXÞ ¼ 1
C1 � R � ðY � gðXÞÞ � 1

C1
� X; _Y ¼ 1

C2
� Z � 1

R � C2
� ðY � gðXÞÞ; _Z ¼ � 1

L1
� Y � RS

L1
� Z

We need to find g() function ðVNDR ¼ gðINDRÞ ¼ gðXÞÞ in our system. INDR �X
VNDR � gðXÞ Ic ¼ ICQ1; Ie ¼ IEQ1; Ib ¼ IBQ1;Vce ¼ VCEQ1

We need to implement the Regular Ebers–Moll Model to the OptoNDR element
and get a complete final expression for the Negative Differential Resistance (NDR)
characteristics VNDR ¼ gðINDRÞ ¼ gðXÞ of that element [85, 86].

Ide ¼ ar� Ic�Ie
ar� a f�1 and Idc ¼ Ic�Ie� a f

ar� a f�1 ; now we can get the expression for Vbe and
Vbc.

Vbe ¼ Vt � ln ar � Ic� Ie
Ise � ðar � a f � 1Þ
� �

þ 1
� 	

AND

Vbc ¼ Vt � ln Ic� Ie � a f
Isc � ðar � a f � 1Þ
� �

þ 1
� 	

Vce = Vcb + Vbe, but Vcb = −Vbc, then Vce = Vbe − Vbc

Fig. 5.8 Autonomous Chua’s circuit with OptoNDR element
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Vce ¼ Vt � ln ar � Ic� Ie
Ise � ðar � a f � 1Þ
� �

þ 1
� 	

� Vt � ln Ic� Ie � a f
Isc � ðar � a f � 1Þ
� �

þ 1
� 	

Vce ¼ Vt � ln ar � Ic� Ieð Þþ Ise � ðar � a f � 1Þ
Ic� Ie � a fð Þþ Isc � ðar � a f � 1Þ

� 	
þVt � ln Isc

Ise

� �
; ID1 ¼ IcQ1 ¼ Ic

VD1 ¼ Vt � ln ID1
Io

þ 1
� 	

; VD1 ¼ Vt � ln Ic
Io

þ 1
� 	

;

Ib ¼ k � Ic; Ie ¼ Ibþ Ic; Ie ¼ Ic � ðkþ 1Þ

Now we proceed to the circuit model for analytical analysis. The optical cou-
pling between the LED (D1) to Photo Transistor (Q1) is represented as Transistor
dependent base current on LED (D1) current. Ib = k � Id1, Id1 = Ic1, Ib = Ic � k (k is
coupling coefficient between LED D1 and photo transistor Q1).

Assumption k > 1, for keeping the saturation process after breakover occurs.
As long as the Photo transistor (Q1) is in Cut off region the current Ic, Ie, and Ib

are very low. When the Photo transistor reaches the Breakover voltage it (the Photo
Transistor) enters the saturation region (Vce decrease, Ic Increase). The region in
which Vce deceases and Ic increases is the Negative Differential Resistance area of
the V−I Characteristics. The positive feedback in which the Transistor collector
current increases and then, Ib increases (Ib = Ic ∙ k) is repeated in increasing
cycles. The positive feedback ends when the photo transistor reaches saturation
state. Finally’ we arrive at an expression which is the voltage (VNDR � Vce) as a
function of the current (INDR � Ic) for the NDR circuit.

VNDR ¼ VD1 þVce

¼ Vt � ln Ic � ðar � k � 1Þþ Ise � ðar � a f � 1Þ
Ic � ð1� a f � ð1þ kÞÞþ Isc � ðar � a f � 1Þ
� 	

þVt � ln Isc
Ise

� �
þVt

� ln Ic
I0

þ 1
� �

Assume Vt � ln Isc
Ise

�  � 0; we get the expression for NDR value for that region. The
value is changed as the process come closer to the photo transistor saturation
region. Ic ¼ INDR

VNDR ¼ VD1 þVce

¼ Vt � ln INDR � ðar � k � 1Þþ Ise � ðar � a f � 1Þ
INDR � ð1� a f � ð1þ kÞÞþ Isc � ðar � a f � 1Þ
� 	

þVt

� ln Isc
Ise

� �
þVt � ln INDR

I0
þ 1

� �
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ln
Isc
Ise

� �
! e ) VNDR ¼ VD1 þVce

¼ Vt � ln INDR � ðar � k � 1Þþ Ise � ðar � a f � 1Þ
INDR � ð1� a f � ð1þ kÞÞþ Isc � ðar � a f � 1Þ
� 	

þVt

� ln INDR
I0

þ 1
� �

VNDR ¼ gðINDRÞ ¼ Vt � ln INDR � ðar � k � 1Þþ Ise � ðar � a f � 1Þ
INDR � ð1� a f � ð1þ kÞÞþ Isc � ðar � a f � 1Þ
� 	

þVt � ln INDR
I0

þ 1
� �

For simplicity we define the following parameters:

A1 ¼ ðar � k � 1Þ;A2 ¼ Ise � ðar � a f � 1Þ;A3 ¼ ð1� a f � ð1þ kÞÞ;
A4 ¼ Isc � ðar � a f � 1Þ

VNDR ¼ gðINDRÞ ¼ Vt � ln INDR � A1 þA2

INDR � A3 þA4

� 	
þVt � ln INDR

I0
þ 1

� �
;

dVNDR

dt
¼ dgðINDRÞ

dt
¼ dgðINDRÞ

dINDR
� dINDR

dt

dVNDR

dt
¼ dgðINDRÞ

dt
¼ Vt � d

dt
ln

INDR � A1 þA2

INDR � A3 þA4

� 	� �
þVt � d

dt
ln

INDR
I0

þ 1
� �� �

d
dt

ln
INDR � A1 þA2

INDR � A3 þA4

� 	� �
¼

_INDR � A1 � ðINDR � A3 þA4Þ � _INDR � A3 � ðINDR � A1 þA2Þ
½INDR � A1 þA2� � ½INDR � A3 þA4�

d
dt

ln
INDR � A1 þA2

INDR � A3 þA4

� 	� �
¼ _INDR � A1 � A4 � A3 � A2

½INDR � A1 þA2� � ½INDR � A3 þA4�
� �

n1ðINDRÞ ¼
A1 � A4 � A3 � A2

½INDR � A1 þA2� � ½INDR � A3 þA4� )
d
dt

ln
INDR � A1 þA2

INDR � A3 þA4

� 	� �
¼ _INDR � n1ðINDRÞ

d
dt

ln
INDR
I0

þ 1
� �� �

¼ 1
INDR
I0

þ 1
�
_INDR
I0

¼ _INDR � 1
ðINDR þ I0Þ ; n2ðINDRÞ ¼

1
ðINDR þ I0Þ

d
dt

ln
INDR
I0

þ 1
� �� �

¼ _INDR � n2ðINDRÞ;
dVNDR

dt
¼ dgðINDRÞ

dt
¼ _INDR � Vt � fn1ðINDRÞþ n2ðINDRÞg

wðINDRÞ ¼ Vt � fn1ðINDRÞþ n2ðINDRÞg ) dVNDR

dt
¼ dgðINDRÞ

dt
¼ _INDR � wðINDRÞ
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Back to our system differential equations: _VNDR ¼ dVNDR

dt ¼ dgðINDRÞ
dt ¼

_INDR � wðINDRÞ

_VNDR ¼ 1
C1 � R � ðY � VNDRÞ � 1

C1
� X; _Y ¼ 1

C2
� Z � 1

R � C2
� ðY � VNDRÞ; _Z ¼ � 1

L1
� Y � RS

L1
� Z

INDR ! X ) _VNDR ¼ dVNDR

dt
¼ dgðXÞ

dt
¼ _X � wðXÞ;VNDR ! gðXÞ

_X � wðXÞ ¼ 1
C1 � R � ðY � gðXÞÞ � 1

C1
� X;

_Y ¼ 1
C2

� Z � 1
R � C2

� ðY � gðXÞÞ; _Z ¼ � 1
L1

� Y � RS

L1
� Z

_X ¼ 1
C1 � R � wðXÞ � ½Y � gðXÞ� � 1

C1 � wðXÞ � X;

_Y ¼ 1
C2

� Z � 1
R � C2

� ðY � gðXÞÞ; _Z ¼ � 1
L1

� Y � RS

L1
� Z

VNDR ¼ gðXÞ ¼ Vt � ln X � A1 þA2

X � A3 þA4

� 	
þVt � ln X

I0
þ 1

� �

¼ Vt � ln X � A1 þA2

X � A3 þA4

� 	
� X

I0
þ 1

� �� �

We find system fixed points by setting _X ¼ 0; _Y ¼ 0; _Z ¼ 0:

_X ¼ 0 ) 1
C1 � R � wðX	Þ � ½Y

	 � gðX	Þ� � 1
C1 � wðX	Þ � X

	 ¼ 0;

_Y ¼ 0 ) 1
C2

� Z	 � 1
R � C2

� ½Y	 � gðX	Þ� ¼ 0

_Z ¼ 0 ) � 1
L1

� Y	 � RS

L1
� Z	 ¼ 0 ) Z	 ¼ � 1

RS
� Y	

) � 1
RS � C2

� Y	 � 1
R � C2

� ½Y	 � gðX	Þ� ¼ 0

We get two fixed points (X*, Y*) equations:

1
C1 � R � wðX	Þ � ½Y

	 � gðX	Þ� � 1
C1 � wðX	Þ � X

	 ¼ 0;� 1
RS � C2

� Y	 � 1
R � C2

� ½Y	 � gðX	Þ� ¼ 0
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� 1
RS � C2

� Y	 � 1
R � C2

� ½Y	 � gðX	Þ� ¼ 0 ) Y	 � R
RS

þ 1
� �

¼ gðX	Þ ) Y	

¼ 1
R
RS

þ 1
� � � gðX	Þ

Y	 ¼ 1
R
RS

þ 1
� � � gðX	Þ ) 1

C1 � R � wðX	Þ � gðX
	Þ � 1

R
RS

þ 1
� �� 1

2
4

3
5� 1

C1 � wðX	Þ � X
	 ¼ 0

gðX	Þ
wðX	Þ �

1
R
RS

þ 1
� �� 1

2
4

3
5 � 1

C1 � R� 1
C1

� X	

wðX	Þ ¼ 0

) 1
C1 � wðX	Þ � gðX	Þ � 1

R
RS

þ 1
� �� 1

2
4

3
5 � 1

R
� X	

8<
:

9=
; ¼ 0

We have two possible options as follows:

1. 1
C1�wðX	Þ ¼ 0 ) 1

wðX	Þ ! e ) wðX	Þ ! 1 ) fn1ðX	Þþ n2ðX	Þg ! 1

2. gðX	Þ � 1

R
RS

þ 1

� �� 1

2
4

3
5 � 1

R � X	

8<
:

9=
; ¼ 0 ) gðX	Þ � 1

R
RS

þ 1

� �� 1

2
4

3
5 � 1

R ¼ X	

gðX	Þ ¼ Vt � ln X	 � A1 þA2

X	 � A3 þA4

� 	
þVt � ln X	

I0
þ 1

� �

¼ Vt � ln X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �� �

gðX	Þ � 1
R
RS

þ 1
� �� 1

2
4

3
5 � 1

R
¼ X	 ) Vt � ln X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �� �
� 1

R
RS

þ 1
� �� 1

2
4

3
5 � 1

R
¼ X	

ln
X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �� �
¼ 1

Vt � 1
R � 1

R
RS

þ 1

� �� 1

2
4

3
5
� X	;NðR;RSÞ ¼ 1

Vt � 1
R � 1

R
RS

þ 1

� �� 1

2
4

3
5

NðR;RSÞ � X	 ¼ ln
X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �� �
) eNðR;RSÞ�X	 ¼ X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �
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Taylor series approximation: eNðR;RSÞ�X	 � 1þNðR;RSÞ � X	

eNðR;RSÞ�X	 ¼ X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �

) 1þNðR;RSÞ � X	 ¼ X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �

1þNðR;RSÞ � X	 ¼ X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �
) ½1þNðR;RSÞ � X	� � ½X	 � A3 þA4�

¼ ½X	 � A1 þA2� � X	

I0
þ 1

� �

X	 � A3 þA4 þNðR;RSÞ � A3 � ½X	�2 þA4 � NðR;RSÞ � X	

¼ ½X	�2 � A1

I0
þX	 � A1 þ A2 � X	

I0
þA2

NðR;RSÞ � A3 � ½X	�2 � ½X	�2 � A1

I0
þX	 � A3 � X	 � A1 � A2 � X	

I0
þA4 � NðR;RSÞ � X	 þA4 � A2 ¼ 0

½X	�2 � NðR;RSÞ � A3 � A1

I0

� �
þX	 � A3 � A1 � A2

I0
þA4 � NðR;RSÞ

� �
þA4 � A2 ¼ 0

We define the following parameters for simplicity: N1;N2;N3

N1 ¼ NðR;RSÞ � A3 � A1

I0
;N2 ¼ A3 � A1 � A2

I0
þA4 � NðR;RSÞ;

N3 ¼ A4 � A2 ) ½X	�2 � N1 þX	 � N2 þN3 ¼ 0

½X	�2 � N1 þX	 � N2 þN3 ¼ 0 ) X	
1;2 ¼

�N2 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
2 � 4 � N1 � N3

q
2 � N1

Back to option (1):

fn1ðX	Þþ n2ðX	Þg ! 1; n1ðX	Þ ¼ A1 � A4 � A3 � A2

½X	 � A1 þA2� � ½X	 � A3 þA4�

n2ðX	Þ ¼ 1
ðX	 þ I0Þ ;

A1 � A4 � A3 � A2

½X	 � A1 þA2� � ½X	 � A3 þA4� þ
1

ðX	 þ I0Þ ! 1
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A1 � A4 � A3 � A2

½X	 � A1 þA2� � ½X	 � A3 þA4� þ
1

ðX	 þ I0Þ ! 1

) ½A1 � A4 � A3 � A2� � ðX	 þ I0Þþ ½X	 � A1 þA2� � ½X	 � A3 þA4�
½X	 � A1 þA2� � ½X	 � A3 þA4� � ðX	 þ I0Þ ! 1

½X	 � A1 þA2� � ½X	 � A3 þA4� � ðX	 þ I0Þ ! 0 ) X	 ¼ �A2

A1
;X	 ¼ �A4

A3
;X	 ¼ �I0; k\1

A1 ¼ ðar � k � 1Þ\0;A2 ¼ Ise � ðar � a f � 1Þ\0;

A3 ¼ ð1� a f � ð1þ kÞÞ[ 0;A4 ¼ Isc � ðar � a f � 1Þ\0

A3 ¼ ð1� a f � ð1þ kÞÞ[ 0 ) k\
1� a f
a f

; 0\a f\1 ) k\
1� a f
a f

[ 0

) 0\k\
1� a f
a f

; I0 ¼ 10�6

ar ¼ 0:5; a f ¼ 0:98 ) 1� a f
a f

¼ 0:02 ) 0\k\
1� a f
a f

) 0\k\0:02; Ise ¼ 1uA; Isc ¼ 2uA

A1 ¼ ðar � k � 1Þ\0 ) 0:5� k � 1\0 ) k[ � 0:5;

A2 ¼ Ise � ðar � a f � 1Þ\0 ) A2 ¼ �0:51 � 10�6

A4 ¼ Isc � ðar � a f � 1Þ\0 ) �1:02 � 10�6;X	 ¼ �A2

A1





 A2\0
A1\0

\0;X	 ¼ �A4

A3





 A4\0
A3 [ 0

[ 0

Since INDR [ 0 ) I	NDR [ 0; I	NDR ! X	 ) X	 [ 0. We choose only

X coordinate fixed point which is positive X	 ¼ �A4
A3




 A4\0
A3 [ 0

[

0 ) X	 ¼ � Isc� ðar� a f�1Þ
ð1�a f � ð1þ kÞÞ [ 0

A1 � A4 � A3 � A2jA1 � A4 [ 0
A3 � A2\0

[ 0;X	 ¼ � Isc � ðar � a f � 1Þ
ð1� a f � ð1þ kÞÞ [ 0 ) X	

¼ Isc � ð1� ar � a f Þ
ð1� a f � ð1þ kÞÞ

We can summery our system fixed points in Table 5.7.
We need to discuss system stability. INDR ! X;VC2 ! Y ; iL1 ! Z
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_X ¼ 1
C1 � R � wðXÞ � ½Y � gðXÞ� � 1

C1 � wðXÞ � X;

_Y ¼ 1
C2

� Z � 1
R � C2

� ðY � gðXÞÞ; _Z ¼ � 1
L1

� Y � RS

L1
� Z

!1ðX; Y ; ZÞ ¼ 1
C1 � R � wðXÞ � ½Y � gðXÞ� � 1

C1 � wðXÞ � X;

!2ðX; Y ; ZÞ ¼ 1
C2

� Z � 1
R � C2

� ðY � gðXÞÞ

!3ðX; Y ; ZÞ ¼ � 1
L1

� Y � RS

L1
� Z; _X ¼ !1ðX; Y ; ZÞ; _Y ¼ !2ðX; Y ; ZÞ; _Z ¼ !3ðX; Y ; ZÞ

!1ðX; Y ; ZÞ ¼ 1
C1 � R � wðXÞ � ½Y � gðXÞ� � 1

C1 � wðXÞ � X

¼ 1
C1 � wðXÞ �

1
R
� ½Y � gðXÞ� � X

� �

We need to calculate our Chua’s circuit with OptoNDR Jacobian elements.

@!1

@X
;
@!1

@Y
;
@!1

@Z
;
@!2

@X
;
@!2

@Y
;
@!2

@Z
;
@!3

@X
;
@!3

@Y
;
@!3

@Z
;

!1 ¼ !1ðX; Y ;ZÞ;!2 ¼ !2ðX;Y ; ZÞ;!3 ¼ !3ðX; Y ; ZÞ

d
dX

1
wðXÞ
� 	

¼ � dwðXÞ=dX
w2ðXÞ ;

d
dX

$ @

@X
;
@!1

@Y
¼ 1

C1 � wðXÞ � R ;
@!1

@Z
¼ 0

@!1

@X
¼ � 1

C1 � wðXÞ �
1

wðXÞ �
@wðXÞ
@X

� 1
R
� ½Y � gðXÞ� � X

� �
þ 1

R
� @gðXÞ

@X
þ 1

� 	

Table 5.7 Summary of our system fixed points

Fixed point
coordinate

Option (1) Option (2)

X*
X	 ¼ Isc� ð1�ar� a f Þ

ð1�a f � ð1þ kÞÞ X	
1;2 ¼ �N2


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
2�4�N1 �N3

p
2�N1

Y*
gðX	Þ ¼ Vt � ln X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �� �

Y	 ¼ 1
R
RS

þ 1
� � � gðX	Þ

gðX	Þ ¼ Vt � ln X	 � A1 þA2

X	 � A3 þA4

� 	
� X	

I0
þ 1

� �� �

Y	 ¼ 1
R
RS

þ 1
� � � gðX	Þ

Z* Z	 ¼ � 1
RS
� Y	 ¼ � 1

ðRþRSÞ � gðX	Þ Z	 ¼ � 1
RS
� Y	 ¼ � 1

ðRþRSÞ � gðX	Þ
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@!2

@X
¼ 1

R � C2
� @gðXÞ

@X
;
@!2

@Y
¼ � 1

R � C2
;
@!2

@Z
¼ 1

C2
;

@!3

@X
¼ 0;

@!3

@Y
¼ � 1

L1
;
@!3

@Z
¼ �RS

L1

We classify our system fixed point as stable (Spiral, Node) or unstable (Spiral,
Node), which is done by inspection of the system characteristic equation.

A� k � I ¼
@!1
@X

@!1
@Y

@!1
@Z

@!2
@X

@!2
@Y

@!2
@Z

@!3
@X

@!3
@Y

@!3
@Z

0
BB@

1
CCA

ðX	;Y	;Z	Þ

�
1 0 0

0 1 0

0 0 1

0
B@

1
CA � k

¼
@!1
@X � k @!1

@Y
@!1
@Z

@!2
@X

@!2
@Y � k @!2

@Z
@!3
@X

@!3
@Y

@!3
@Z � k

0
BB@

1
CCA

ðX	;Y	;Z	Þ

A� k � I ¼

@!1
@X




X	;Y	;Z	�k 1

C1�wðXÞ�R




X	;Y	;Z	

0

1
R�C2

� @gðXÞ
@X





X	;Y	;Z	

� 1
R�C2

þ k
� �

1
C2

0 � 1
L1

� RS
L1

þ k
� �

0
BBBB@

1
CCCCA

Let |A – k ∙ I| = 0 then

det A� k � Ij j ¼ det

@!1
@X




X	;Y	;Z	�k 1

C1�wðXÞ�R




X	;Y	;Z	

0

1
R�C2

� @gðXÞ
@X





X	;Y	;Z	

� 1
R�C2

þ k
� �

1
C2

0 � 1
L1

� RS
L1

þ k
� �

0
BBBB@

1
CCCCA
























¼ 0

det A� k � Ij j ¼ @!1

@X






X	;Y	;Z	

�k

 !
� det

� 1
R�C2

þ k
� �

1
C2

� 1
L1

� RS
L1

þ k
� �

0
B@

1
CA

� 1
C1 � wðXÞ � R






X	;Y	;Z	

� det
1

R�C2
� @gðXÞ

@X





X	;Y	;Z	

1
C2

0 � RS
L1

þ k
� �

0
B@

1
CA
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det A� k � Ij j ¼ @!1

@X






X	;Y	;Z	

�k

 !
� 1

R � C2
þ k

� �
� RS

L1
þ k

� �
þ 1

L1 � C2

� �

þ 1
C1 � C2 � R2 �

1
wðXÞ






X	;Y	;Z	

� @gðXÞ
@X






X	;Y	;Z	

� RS

L1
þ k

� �

det A� k � Ij j ¼ @!1

@X






X	;Y	;Z	

�k

 !
� k2 þ k � 1

R � C2
þ RS

L1

� �
þ 1

L1 � C2
� RS

R
þ 1

� �� �

þ 1
C1 � C2 � R2 �

1
wðXÞ






X	;Y	;Z	

� @gðXÞ
@X






X	;Y	;Z	

� RS

L1
þ k

� �

det A� k � Ij j ¼ �k3 þ k2 � @!1

@X






X	;Y	;Z	

� 1
R � C2

þ RS

L1

� �( )

þ k � @!1

@X






X	;Y	;Z	

� 1
R � C2

þ RS

L1

� �
� 1
L1 � C2

� RS

R
þ 1

� �( )

þ @!1

@X






X	;Y	;Z	

� 1
L1 � C2

� RS

R
þ 1

� �

þ 1
C1 � C2 � R2 �

1
wðXÞ






X	;Y	;Z	

� @gðXÞ
@X






X	;Y	;Z	

� RS

L1
þ k

� �

det A� k � Ij j ¼ �k3 þ k2 � @� 1

@X






X	;Y	;Z	

� 1
R � C2

þ RS

L1

� �( )

þ k � @� 1

@X






X	;Y	;Z	

� 1
R � C2

þ RS

L1

� �
� 1
L1 � C2

� RS

R
þ 1

� �(

þ 1
C1 � C2 � R2 �

1
wðXÞ






X	;Y	;Z	

�@gðXÞ
@X






X	;Y	;Z	

þ @� 1

@X






X	;Y	;Z	

� 1
L1 � C2

� RS

R
þ 1

� �

þ RS

C1 � C2 � R2 � L1 �
1

wðXÞ





X	;Y	;Z	

�@gðXÞ
@X






X	;Y	;Z	

We define the following parameters for simplicity: C0, C1, C2, C3
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C0 ¼ �1;C1 ¼ @!1

@X






X	;Y	;Z	

� 1
R � C2

þ RS

L1

� �

C2 ¼ @!1

@X






X	;Y	;Z	

� 1
R � C2

þ RS

L1

� �
� 1
L1 � C2

� RS

R
þ 1

� �

þ 1
C1 � C2 � R2 �

1
wðXÞ






X	;Y	;Z	

� @gðXÞ
@X






X	;Y	;Z	

C3 ¼ @!1

@X






X	;Y	;Z	

� 1
L1 � C2

� RS

R
þ 1

� �
þ RS

C1 � C2 � R2 � L1 �
1

wðXÞ





X	;Y	;Z	

� @gðXÞ
@X






X	;Y	;Z	

det A� k � Ij j ¼ 0 ) C0 � k3 þC1 � k2 þC2 � kþC3 ¼ 0

We get cubic function of the form C0 � k3 þC1 � k2 þC2 � kþC3 where C0 is
nonzero, a polynomial of degree three. The derivative of a cubic function is a
quadratic function. The integral of a cubic function is a quartic function. Setting
det A� k � Ij j ¼ 0 and assuming C0 6¼ 0; C0 = −1 produces a cubic equation of the
form: C0 � k3 þC1 � k2 þC2 � kþC3 ¼ 0: The coefficients C0, C1, C2, C3 are real
numbers. Every cubic equation with real coefficients (C0, C1, C2, C3) has at least
one solution k among the real numbers. This is a consequence of the intermediate
value theorem. We can distinguish several possible cases using the discriminant
D ¼ �4 � C3

1 � C3 þC2
1 � C2

2 þ 4 � C3
2 �18 � C1 � C2 � C3 � 27 � C2

3. The following
cases need to be considered. If D > 0, then the equation has three distinct real root.
If D < 0, then the equation has one real root and a pair of complex conjugate roots.
If D = 0, then at least two roots coincide.

We classify system critical point (fixed point ) according to Table 5.8 [5].
We need to implement our system/circuit stability analysis to specific circuit

parameters. Table 5.9 describes typical circuit parameters.

Table 5.8 Eigenvalues of A (Jacobian) vs type of critical point (fixed point)

Eigenvalues of
A (Jacobian)

Type of critical point (fixed point)

Real, unequal, same
sign

Node (stable/unstable), driven away or back from steady-state value

Real, unequal,
opposite sign

Saddle point and is unstable

Real and equal Node (stable/unstable), driven away or back from steady-state value

Complex conjugate Spiral point (Stable/Unstable), oscillates around steady-state value
with decreasing/increasing amplitude

Pure imaginary Center (oscillates around steady-state value with constant amplitude)
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Since INDR can get only positive values INDR > = 0, we get possible fixed point
values X* ! INDR which are positive.

A1 ¼ ðar � k � 1Þ ¼ �0:51;A2 ¼ Ise � ðar � a f � 1Þ ¼ �0:51 � 10�6

A3 ¼ ð1� a f � ð1þ kÞÞ ¼ 0:0102;A4 ¼ Isc � ðar � a f � 1Þ ¼ �1:02 � 10�6

NðR ¼ 1kX;RS ¼ 1XÞ ¼ 1

Vt � 1
R � 1

R
RS

þ 1

� �� 1

2
4

3
5
¼ �38850;

N1 ¼ NðR;RSÞ � A3 � A1

I0
¼ 509603:8

N2 ¼ A3 � A1 � A2

I0
þA4 � NðR;RSÞ ¼ 1:069;N3 ¼ A4 � A2 ¼ �0:51 � 10�6

We can summery our system fixed points values in Table 5.10.
The next step is to find system characteristic equations for option (1) and option

(2) which summery in Table 5.10.

Option (1) X* = 92.72 uA, Y* = 0.28 mV, Z* = −0.28 mA, gðX	Þ ¼ 0:2834

Table 5.9 Typical circuit parameters

Ise 1 uA Isc 2 uA

I0 1 uA af 0.98

ar 0.5 k 0.01

L1 10 mH RS 1 X

R 1 kX C1 1000 uF

C2 1000 uF Vt 0.026 V = 26 mV

Table 5.10 Summary of our system fixed points values

Fixed point
coordinate

Option (1) Option (2)

X* ! INDR* X	 ¼ Isc� ð1�ar� a f Þ
ð1�a f � ð1þ kÞÞ ¼ 92:72 uA X	

1;2 ¼ �N2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
2�4�N1 �N3

p
2�N1

¼ 0:4 uA

Y* ! VC2* gðX	Þ ¼ 0:2834

Y	 ¼ 1
R
RS

þ 1
� � � gðX	Þ ¼ 0:28mV

gðX	Þ ¼ �0:00042

Y	 ¼ 1
R
RS

þ 1
� � � gðX	Þ ¼ �0:4 uA

Z* ! IL1* Z	 ¼ � 1
RS
� Y	 ¼ �0:28mA Z	 ¼ � 1

RS
� Y	 ¼ 0:4 uA
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C0 ¼ �1;C1 ¼ @!1

@X






X	;Y	;Z	

� 1
R � C2

þ RS

L1

� �

C2 ¼ @!1

@X






X	;Y	;Z	

� 1
R � C2

þ RS

L1

� �
� 1
L1 � C2

� RS

R
þ 1

� �

þ 1
C1 � C2 � R2 �

1
wðXÞ






X	;Y	;Z	

� @gðXÞ
@X






X	;Y	;Z	

C3 ¼ @!1

@X






X	;Y	;Z	

� 1
L1 � C2

� RS

R
þ 1

� �
þ RS

C1 � C2 � R2 � L1 �
1

wðXÞ





X	;Y	;Z	

� @gðXÞ
@X






X	;Y	;Z	

@!1

@X
¼ � 1

C1 � wðXÞ �
1

wðXÞ �
@wðXÞ
@X

� 1
R
� ½Y � gðXÞ� � X

� �
þ 1

R
� @gðXÞ

@X
þ 1

� 	

@gðXÞ
@X






X	;Y	;Z	

¼ Vt � A1 � A4 � A3 � A2

ðX	 � A1 þA2Þ � ðX	 � A3 þA4Þ
� 	

þVt � 1
X	 þ I0

� 	
;wðXÞjX	;Y	;Z	

@wðXÞ
@X






X	;Y	;Z	

; n1ðXÞ ¼
A1 � A4 � A3 � A2

½X � A1 þA2� � ½X � A3 þA4� ; n2ðXÞ ¼
1

ðXþ I0Þ ;wðXÞ ¼
@gðXÞ
@X

wðXÞ ¼ Vt � fn1ðXÞþ n2ðXÞg ) @wðXÞ
@X

¼ Vt � @n1ðXÞ
@X

þ @n2ðXÞ
@X

� �
;wðX	 ¼ 92:72uAÞ ¼ 3808

@n1ðXÞ
@X

¼ ½A3 � A2 � A1 � A4� � f2 � A1 � A3 � XþA1 � A4 þA3 � A2g
½X � A1 þA2�2 � ½X � A3 þA4�2

;
@n2ðXÞ
@X

¼ �1

ðXþ I0Þ2

n1ðX	 ¼ 92:72uAÞ ¼ 135710:5; n2ðX	 ¼ 92:72uAÞ ¼ 10752:68;
@n1ðXÞ
@X






X¼X	

¼ 12839:5 � 106

@n2ðXÞ
@X






X¼X	

¼ �115:6 � 106; @wðXÞ
@X






X¼X	

¼ Vt � @n1ðXÞ
@X






X¼X	

þ @n2ðXÞ
@X






X¼X	

� �
¼ 330:82 � 106

@!1

@X






X	;Y	;Z	

¼ 7:1657;C0 ¼ �1;C1 ¼ �93:83;C2 ¼ �99375:27;C3 ¼ 717386:57
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C0 � k3 þC1 � k2 þC2 � kþC3 ¼ 0 ) k1 ¼ �0:5050þ 3:1233i

k2 ¼ �0:5050� 3:1233i ; k3 ¼ 0:0717

The above polynomial is represented in MATLAB software as
[-1-93.83-99375.27 717386.57] and the roots of the characteristic polynomial are
returned in a column vector by

EDU >> p = [-1-93.83-99375.27 717386.57]; r = roots (p)
r =
1.0e + 002 *
−0.5050 + 3.1233i
−0.5050-3.1233i
0.0717

Our fixed point in option (1) is a saddle point.

Remark It is reader exercise to discuss stability of system fixed point in option (2).
We run MATLAB script to find system phase portrait and behavior in time.
We need to plot system phase plane X–Y–Z, X–Y, X–Z, Y–Z, and X(t), Y(t),

Z(t) (Figs. 5.9, 5.10, 5.11, and 5.12).
W(X) ! p; g(X) ! m; C1 = C1 = 1000 uF; Rs = 1 X; R = 1 kX; L1 = 10 mH
X0 ! INDR(t = 0); Y0 ! VC2(t = 0); Z0 ! IL1(t = 0)

Fig. 5.9 Z versus Y versus X for C1 = C1 = 1000 lF; Rs = 1 X; R = 1 kX; L1 = 10 mH
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Fig. 5.10 Y versus X for X0 = 0.001, Y0 = 0.002, Z0 = 1; Y versus Z for X0 = 0.001, Y0 = 0.002,
Z0 = 1; Z versus X for X0 = 0.001, Y0 = 0.002, Z0 = 1; X(t), Y(t), Z(t) for X0 = 0.001, Y0 = 0.002,
Z0 = 1

Fig. 5.11 Z versus Y versus X for C1 = C1 = 1000 lF; Rs = 1 X; R = 1 kX; L1 = 10 mH
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function g=chuaopto(t,x)
g=zeros(3,1);
m=0.026*log(((-0.51*x(1)-0.51*0.000001)./(x(1)*0.0102-
1.02*0.000001)).*(x(1)/0.000001+1));
p=0.026*((0.52*0.000001+0.005*0.000001)./((-0.51*x(1)-
0.51*0.000001).*(x(1)*0.0102-1.02*0.000001))+1/(x(1)+0.000001));
g(1)=(1/p).*(x(2)-m)-(1000/p).*x(1);
g(2)=1000*x(3)-x(2)+m;
g(3)=-100*x(2)-100*x(3);

function h=chuaopto1(x0,y0,z0)
[t,x]=ODE45 (@chuaopto,[0,.1],[x0,y0,z0],[]);
%plot3 (x(:,1),x(:,2),x(:,3));
%xlabel ('X')
%ylabel ('Y')
%zlabel ('Z')
%grid on
%axis square
subplot(2,2,1);plot(x(:,1),x(:,2));subplot(2,2,2);plot(x(:,3),x(:,2))
;subplot(2,2,3);plot(x(:,1),x(:,3));subplot(2,2,4);plot(t,x);

Fig. 5.12 Y versus X for X0 = 0.001, Y0 = 10, Z0 = 1; Y versus Z for X0 = 0.001, Y0 = 10, Z0 = 1;
Z versus X for X0 = 0.001, Y0 = 10, Z0 = 1; X(t), Y(t), Z(t) for X0 = 0.001, Y0 = 10, Z0 = 1
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5.4 OptoNDR Circuit’s Two Variables Analysis

We consider an OptoNDR circuit with two storage elements (variable capacitor and
variable Inductance see Fig. 5.13). At t = 0 switch S1 moves his position from OFF
state to ON state. Circuit dynamic starts and V(t) is the main system variable. We
consider that initially capacitor C1 is charged to VC1(t = 0) and inductance L1 is
charged to IL1(t = 0). VBB � VQ1(sustain) and photo transistor Q1 can reach his
sustaining voltage (breakover voltage) after we move switch S1 to ON state. After
we move S1 to ON state capacitor C1 starts to charge and once VCEQ1 reaches
sustain voltage the current through inductor L1 rise up [1, 2, 85].

Now we proceed to the circuit model for analytical analysis. The optical cou-
pling between the LED (D1) to Photo transistor (Q1) is represented as transistor
dependent base current on LED (D1) current. IBQ1 = k1 ∙ ID1–….

The (–) sign is for partial dependent current which flow through L1–R2 branch
(Fig. 5.14).

IR1 ¼ ID1; ID1 ¼ ICQ1 þ IC1;VCEQ1 ¼ VC1;

IC1 ¼ C1 � dVC1

dt
¼ C1 � dVCEQ1

dt
;VD1 ¼ Vt � ln ID1

I0
þ 1

� 	

IC1 ¼ C1 � dVdt ;VBB ¼ ID1 � R1 þVD1 þVCEQ1;

IEQ1 ¼ IBQ1 þ ICQ1; k1 � ID1 ¼ IBQ1 þ IL1

IL1 ¼ IR2;VBEQ1 ¼ VL1 þVR2;VL1 ¼ L1 � dIL1dt
;VBEQ1 ¼ L1 � dIL1dt

þ IL1 � R2

Fig. 5.13 OptoNDR circuit
with two energy stroage
elements
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VBEQ1 ¼ Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ þ 1
� 	

;

VCEQ1 ¼ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� 	

þVt � ln Isc
Ise

� 	

Assumption Isc
Ise
! 1 ) ln Isc

Ise

h i
! e

Isc
Ise

! 1 ) ln
Isc
Ise

� 	
! e ) V ¼ VCEQ1

¼ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� 	

VBB ¼ ID1 � R1 þVt � ln ID1
I0

þ 1
� �

þV ;Vt � ln ID1
I0

þ 1
� �

� Vt � ID1I0 ;

VBB ¼ ID1 � R1 þVt � ID1I0 þV

Taylor series approximation: Vt � ln ID1
I0

þ 1
� �

� Vt � ID1
I0
; ID1 ¼ VBB�V

R1 þ Vt
I0

VBB ¼ ID1 � R1 þVt � ln ID1
I0

þ 1
� �

þV ;Vt � ln ID1
I0

þ 1
� �

� Vt � ID1I0 ;

VBB ¼ ID1 � R1 þVt � ID1I0 þV

Fig. 5.14 OptoNDR circuit
with two energy stroage
elements equivalent circuit
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VBEQ1 ¼ L1 � dIL1dt
þ IL1 � R2 ) Vt � ln ar � ICQ1 � IEQ1

Ise � ðar � af � 1Þ þ 1
� 	

¼ L1 � dIL1dt
þ IL1 � R2

k1 � ID1 ¼ IBQ1 þ IL1 ) IL1 ¼ k1 � ID1 � IBQ1 ) IL1 ¼ k1 � VBB � V

R1 þ Vt
I0

" #
� IBQ1

ID1 ¼ ICQ1 þ IC1; k1 � ID1 ¼ IBQ1 þ IL1 ) IBQ1 ¼ k1 � ID1 � IL1 ¼ k1 � VBB � V

R1 þ Vt
I0

" #
� IL1

ID1 ¼ ICQ1 þ IC1 ) ICQ1 ¼ ID1 � IC1 ¼ VBB � V

R1 þ Vt
I0

" #
� C1 � dVdt ;

IEQ1 ¼ ðk1 þ 1Þ � VBB � V

R1 þ Vt
I0

" #
� C1 � dVdt � IL1

IEQ1 ¼ IBQ1 þ ICQ1 ) IEQ1 ¼ k1 � VBB � V

R1 þ Vt
I0

" #
� IL1 þ VBB � V

R1 þ Vt
I0

" #
� C1 � dVdt

¼ ðk1 þ 1Þ � VBB � V

R1 þ Vt
I0

" #
� C1 � dVdt � IL1

ar � ICQ1 � IEQ1 ¼ ar � VBB � V

R1 þ Vt
I0

" #
� C1 � dVdt

( )
� ðk1 þ 1Þ � VBB � V

R1 þ Vt
I0

" #
� C1 � dVdt � IL1

( )

ar � ICQ1 � IEQ1 ¼ ½ar � ðk1 þ 1Þ� � VBB � V

R1 þ Vt
I0

" #
þð1� arÞ � C1 � dVdt þ IL1;

ar � ICQ1 � IEQ1 ¼ n1 V ;
dV
dt

� �
þ IL1

We define for simplicity

n1 V ;
dV
dt

� �
¼ ½ar � ðk1 þ 1Þ� � VBB � V

R1 þ Vt
I0

" #
þð1� arÞ � C1 � dVdt

ICQ1 � IEQ1 � af ¼ VBB � V

R1 þ Vt
I0

" #
� C1 � dVdt

� ðk1 þ 1Þ � VBB � V

R1 þ Vt
I0

" #
� C1 � dVdt � IL1

( )
� af
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ICQ1 � IEQ1 � af ¼ ½1� ðk1 þ 1Þ � af � � VBB � V

R1 þ Vt
I0

" #
� ð1� af Þ � C1 � dVdt þ IL1 � af ;

ICQ1 � IEQ1 � af ¼ n2 V ;
dV
dt

� �
þ IL1 � af

We define for simplicity n2 V ; dVdt

� �
¼ ½1� ðk1 þ 1Þ � af � � VBB�V

R1 þ Vt
I0

� 	
�ð1� af Þ � C1 � dVdt

ar � ICQ1 � IEQ1 ¼ n1 V ;
dV
dt

� �
þ IL1; ICQ1 � IEQ1 � af ¼ n2 V ;

dV
dt

� �
þ IL1 � af

Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ þ 1
� 	

¼ L1 � dIL1dt
þ IL1 � R2

) Vt � ln
n1 V ; dVdt

� �
þ IL1

Ise � ðar � af � 1Þ þ 1

2
4

3
5 ¼ L1 � dIL1dt

þ IL1 � R2

Vt � ln
n1 V ; dVdt

� �
þ IL1

Ise � ðar � af � 1Þ þ 1

2
4

3
5 ¼ L1 � dIL1dt

þ IL1 � R2

) dIL1
dt

¼ Vt

L1
� ln

n1 V ; dVdt

� �
þ IL1

Ise � ðar � af � 1Þ þ 1

2
4

3
5� IL1 � R2

L1

n1 V ;
dV
dt

� �
¼ ½ar � ðk1 þ 1Þ� � VBB

R1 þ Vt
I0

" #
� ½ar � ðk1 þ 1Þ� � V

R1 þ Vt
I0

" #
þð1� arÞ � C1 � dVdt

A1 ¼ ½ar � ðk1 þ 1Þ� � VBB

R1 þ Vt
I0

" #
;A2 ¼ � ½ar � ðk1 þ 1Þ�

R1 þ Vt
I0

;

A3 ¼ ð1� arÞ � C1;A1 ¼ �A2 � VBB ) A1

A2
¼ �VBB

n1 V ;
dV
dt

� �
¼ A1 þA2 � V þA3 � dVdt ;

n2 V ;
dV
dt

� �
¼ ½1� ðk1 þ 1Þ � af � � VBB � V

R1 þ Vt
I0

" #
� ð1� af Þ � C1 � dVdt
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n2 V ;
dV
dt

� �
¼ ½1� ðk1 þ 1Þ � af � � VBB

R1 þ Vt
I0

 !
� ½1� ðk1 þ 1Þ � af �

R1 þ Vt
I0

� V � ð1� af Þ � C1 � dVdt

A4 ¼ ½1� ðk1 þ 1Þ � af � � VBB

R1 þ Vt
I0

 !
;A5 ¼ � ½1� ðk1 þ 1Þ � af �

R1 þ Vt
I0

;A6 ¼ �ð1� af Þ � C1

A4 ¼ �A5 � VBB ) A4

A5
¼ �VBB ) A1

A2
¼ A4

A5
; n2 V ;

dV
dt

� �
¼ A4 þA5 � V þA6 � dVdt

V ¼ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ðICQ1 � IEQ1 � af Þþ Isc � ðar � af � 1Þ
� 	

) V ¼ Vt � ln
n1 V ; dVdt

� �
þ IL1 þ Ise � ðar � af � 1Þ

n2 V ; dVdt

� �
þ IL1 � af þ Isc � ðar � af � 1Þ

2
4

3
5

V ¼ Vt � ln
n1 V ; dVdt

� �
þ IL1 þ Ise � ðar � af � 1Þ

n2 V ; dVdt

� �
þ IL1 � af þ Isc � ðar � af � 1Þ

2
4

3
5

) e
V
Vt½ � ¼

n1 V ; dVdt

� �
þ IL1 þ Ise � ðar � af � 1Þ

n2 V ; dVdt

� �
þ IL1 � af þ Isc � ðar � af � 1Þ

Taylor series approximation: e
V
Vt½ � � V

Vt
þ 1; n1 ¼ n1 V ; dVdt

� �
; n2 ¼ n2 V ; dVdt

� �

V
Vt

þ 1
� �

¼
n1 V ; dVdt

� �
þ IL1 þ Ise � ðar � af � 1Þ

n2 V ; dVdt

� �
þ IL1 � af þ Isc � ðar � af � 1Þ

;

V
Vt

þ 1
� �

¼ n1 þ IL1 þ Ise � ðar � af � 1Þ
n2 þ IL1 � af þ Isc � ðar � af � 1Þ

n1 þ IL1 þ Ise � ðar � af � 1Þ ¼ n2 �
V
Vt

þ 1
� �

þ IL1 � af � V
Vt

þ 1
� �

þ Isc � ðar � af � 1Þ � V
Vt

þ 1
� �

A1 þA2 � V þA3 � dVdt þ IL1 þ Ise � ðar � af � 1Þ

¼ A4 þA5 � V þA6 � dVdt
� �

� V
Vt

þ 1
� �

þ IL1 � af � V
Vt

þ 1
� �

þ Isc � ðar � af � 1Þ � V
Vt

þ 1
� �
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A1 þA2 � V þA3 � dVdt þ IL1 þ Ise � ðar � af � 1Þ

¼ A4 � V
Vt

þ 1
� �

þA5 � V � V
Vt

þ 1
� �

þA6 � dVdt �
V
Vt

þ 1
� �

þ IL1 � af � V
Vt

þ 1
� �

þ Isc � ðar � af � 1Þ � V
Vt

þ 1
� �

A1 þA2 � V þA3 � dVdt þ IL1 þ Ise � ðar � af � 1Þ

¼ A4 � VVt
þA4 þA5 � V

2

Vt
þA5 � V þA6 � dVdt �

V
Vt

þA6 � dVdt
þ IL1 � af � VVt

þ IL1 � af þ Isc � ðar � af � 1Þ � V
Vt

þ Isc � ðar � af � 1Þ

A3 � dVdt � A6 � dVdt �
V
Vt

� A6 � dVdt ¼ A4 � VVt
þA4 þA5 � V

2

Vt

þA5 � V þ IL1 � af � VVt
þ IL1 � af

þ Isc � ðar � af � 1Þ � V
Vt

þ Isc � ðar � af � 1Þ
� A1 � A2 � V � Ise � ðar � af � 1Þ � IL1

A3 � A6 � V
Vt

þ 1
� �� �

� dV
dt

¼ �A1 � Ise � ðar � af � 1Þ

þA4 þ Isc � ðar � af � 1Þ

þV � �A2 þ A4

Vt
þ Isc � ðar � af � 1Þ

Vt
þA5

� �

þðaf � 1Þ � IL1 þ IL1 � V � af
Vt

þ A5

Vt
� V2

For simplicity we define the following parameters: B3 ¼ af � 1;
B4 ¼ af

Vt
;B5 ¼ A5

Vt

B1 ¼ �A1 � Ise � ðar � af � 1ÞþA4 þ Isc � ðar � af � 1Þ;

B2 ¼ �A2 þ A4

Vt
þ Isc � ðar � af � 1Þ

Vt
þA5

A3 � A6 � V
Vt

þ 1
� �� �

� dV
dt

¼ B1 þV � B2 þB3 � IL1 þ IL1 � V � B4 þB5 � V2
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dV
dt

¼ B5 � V2 þV � B2 þB1 þB3 � IL1 þ IL1 � V � B4

½A3 � A6� � A6
Vt
� V ;B6 ¼ A3 � A6;B7 ¼ �A6

Vt

dV
dt

¼ B5 � V2 þV � B2 þB1 þB3 � IL1 þ IL1 � V � B4

B6 þB7 � V ;

w1ðV ; IL1Þ ¼
B5 � V2 þV � B2 þB1 þB3 � IL1 þ IL1 � V � B4

B6 þB7 � V

Vt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ þ 1
� 	

¼ L1 � dIL1dt
þ IL1 � R2

) dIL1
dt

¼ Vt

L1
� ln ar � ICQ1 � IEQ1

Ise � ðar � af � 1Þ þ 1
� 	

� IL1 � R2

L1

dIL1
dt

¼ Vt

L1
� ln ar � ICQ1 � IEQ1

Ise � ðar � af � 1Þ þ 1
� 	

� IL1 � R2

L1

) dIL1
dt

¼ Vt

L1
� ln

n1ðV ; dVdt Þþ IL1

Ise � ðar � af � 1Þ þ 1

" #
� IL1 � R2

L1

dIL1
dt

¼ Vt

L1
� ln

n1ðV ; dVdt Þþ IL1

Ise � ðar � af � 1Þ þ 1

" #
� IL1 � R2

L1

) dIL1
dt

¼ Vt

L1
� ln

A1 þA2 � V þA3 � dVdt þ IL1

Ise � ðar � af � 1Þ þ 1

" #
� IL1 � R2

L1

dV
dt

¼ w1ðV ; IL1Þ )
dIL1
dt

¼ Vt

L1
� ln A1 þA2 � V þA3 � w1ðV ; IL1Þþ IL1

Ise � ðar � af � 1Þ þ 1
� 	

� IL1 � R2

L1

w2ðV ; IL1Þ ¼
Vt

L1
� ln A1 þA2 � V þA3 � w1ðV ; IL1Þþ IL1

Ise � ðar � af � 1Þ þ 1
� 	

� IL1 � R2

L1
) dIL1

dt
¼ w2ðV ; IL1Þ

We can summarize our system differential equation: dV
dt ¼ w1ðV ; IL1Þ;

dIL1
dt ¼ w2ðV ; IL1Þ

w1ðV ; IL1Þ ¼
B5 � V2 þV � B2 þB1 þB3 � IL1 þ IL1 � V � B4

B6 þB7 � V
w2ðV ; IL1Þ ¼

Vt

L1
� ln A1 þA2 � V þA3 � w1ðV ; IL1Þþ IL1

Ise � ðar � af � 1Þ þ 1
� 	

� IL1 � R2

L1
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V ! X; IL1 ! Y ) dX
dt

¼ w1ðX; YÞ;
dY
dt

¼ w2ðX; YÞ

w1ðX; YÞ ¼
B5 � X2 þX � B2 þB1 þB3 � Y þ Y � X � B4

B6 þB7 � X
w2ðX; YÞ ¼

Vt

L1
� ln A1 þA2 � X þA3 � w1ðX; YÞþ Y

Ise � ðar � af � 1Þ þ 1
� 	

� Y � R2

L1

To find system fixed points we set dX
dt ¼ 0 ) w1ðX	; Y	Þ ¼ 0;

dY
dt ¼ 0 ) w2ðX	; Y	Þ ¼ 0

Vt

L1
� ln A1 þA2 � X	 þ Y	

Ise � ðar � af � 1Þ þ 1
� 	

� Y	 � R2

L1
¼ 0

) Vt � ln A1 þA2 � X	 þ Y	

Ise � ðar � af � 1Þ þ 1
� 	

¼ Y	 � R2

Vt � ln A1 þA2 � X	 þ Y	

Ise � ðar � af � 1Þ þ 1
� 	

¼ Y	 � R2 ) e
Y	�R2
Vt ¼ A1 þA2 � X	 þ Y	

Ise � ðar � af � 1Þ þ 1

Taylor series approximation: e
Y	�R2
Vt � � Y	�R2

Vt
þ 1

Y	 � R2

Vt
¼ A1 þA2 � X	 þ Y	

Ise � ðar � af � 1Þ ) Y	 � R2

Vt
� Ise � ðar � af � 1Þ ¼ A1 þA2 � X	 þ Y	

Y	 � R2

Vt
� Ise � ðar � af � 1Þ ¼ A1 þA2 � X	 þ Y	

) Y	 � R2 � Ise
Vt

� ðar � af � 1Þ � 1
� �

¼ A2 � X	 þA1

Y	 � R2

Vt
� Ise � ðar � af � 1Þ � 1

� �
¼ A2 � X	 � A1

) Y	 ¼ A2
R2
Vt
� Ise � ðar � af � 1Þ � 1

� X	 þ A1
R2
Vt
� Ise � ðar � af � 1Þ � 1

Y	 ¼ � ar � ðk1þ 1Þ
R2
Vt
� Ise � ðar � af � 1Þ � 1

n o
� R1þ Vt

I0

� � � X	 þ ½ar � ðk1 þ 1Þ� � VBB

R2
Vt
� Ise � ðar � af � 1Þ � 1

n o
� R1 þ Vt

I0

� �
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C0 ¼ � ar � ðk1 þ 1Þ
R2
Vt
� Ise � ðar � af � 1Þ � 1

n o
� R1 þ Vt

I0

� � ;
C1 ¼ ½ar � ðk1 þ 1Þ� � VBB

R2
Vt
� Ise � ðar � af � 1Þ � 1

n o
� R1 þ Vt

I0

� � ;C1 ¼ �C0 � VBB

Y	 ¼ C0 � X	 þC1;
dX
dt

¼ 0 ) w1ðX	; Y	Þ ¼ 0

) B5 � ½X	�2 þX	 � B2 þB1 þB3 � Y	 þ Y	 � X	 � B4

B6 þB7 � X	 ¼ 0

B6 þB7 � X	 6¼ 0 ) X	 6¼ �B6

B7
;B5 � ½X	�2 þX	 � B2 þB1 þB3 � Y	 þ Y	 � X	 � B4 ¼ 0

B5 � ½X	�2 þX	 � B2 þB1 þB3 � ðC0 � X	 þC1Þþ ðC0 � X	 þC1Þ � X	 � B4 ¼ 0

B5 � ½X	�2 þX	 � B2 þB1 þB3 � C0 � X	 þB3 � C1 þC0 � B4 � ½X	�2 þC1 � B4 � X	 ¼ 0

ðB5 þC0 � B4Þ � ½X	�2 þX	 � ðB2 þB3 � C0 þC1 � B4ÞþB1 þB3 � C1 ¼ 0

X0 ¼ B5 þC0 � B4;X1 ¼ B2 þB3 � C0 þC1 � B4;

X2 ¼ B1 þB3 � C1;X0 � ½X	�2 þX1 � X	 þX2 ¼ 0

X0 � ½X	�2 þX1 � X	 þX2 ¼ 0 ) X	 ¼
�X1 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

1 � 4 � X0 � X2

q
2 � X0

We consider X* (V) fixed point is only real and has positive value

X2
1 � 4 � X0 � X2 [ 0;

�X1 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

1 � 4 � X0 � X2

q
2 � X0

[ 0

We need to find system fixed points for specific circuit’s parameters for two
options: (1) VBB1 = 15 V and (2) VBB2 = 150 V (Table 5.11).

The next table gives as circuit’s parameters values for two options:
(1) VBB1 = 15 V and (2) VBB2 = 150 V (Table 5.12).

Table 5.11 Circuit’s
parameters values for two
options: VBB1 = 15 V and
VBB2 = 150 V

Ise 1 uA Isc 2 uA

I0 1 uA af 0.98

ar 0.5 k1 0.01

L1 100 uH R2 1 kX

R1 1 kX C1 0.1 uF

VBB 15 V/150 V Vt 0.026 V = 26 mV
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Table 5.12 Circuit’s parameters values for two options: 1 VBB1 = 15 V and 2 VBB2 = 150 V

Circuit parameter VBB1 = 15 V VBB2 = 150 V

A1 ¼ ½ar � ðk1 þ 1Þ� � VBB

R1 þ Vt
I0

� 	
−0.28 � 10−3 −2.8 � 10−3

A2 ¼ � ½ar � ðk1 þ 1Þ�
R1 þ Vt

I0

A1 ¼ �A2 � VBB ) A1

A2
¼ �VBB

18.8 � 10−6 18.8 � 10−6

A3 ¼ ð1� arÞ � C1 0.05 � 10−6 0.05 � 10−6

A4 ¼ ½1� ðk1 þ 1Þ � af � � VBB

R1 þ Vt
I0

� �
5.5 � 10−6 55 � 10−6

A5 ¼ � ½1� ðk1 þ 1Þ � af �
R1 þ Vt

I0

A4 ¼ �A5 � VBB ) A4

A5
¼ �VBB ) A1

A2
¼ A4

A5

−0.37 � 10−6 −0.37 � 10−6

A6 ¼ �ð1� af Þ � C1 −0.002 � 10−6 −0.002 � 10−6

B1 ¼ �A1 � Ise � ðar � af � 1Þ
þA4 þ Isc � ðar � af � 1Þ

0.284 � 10−3 2.85 � 10−3

B2 ¼ �A2 þ A4
Vt

þ Isc � ðar � af�1Þ
Vt

þA5
153.13 � 10−6 2056.98 � 10−6

B3 ¼ af � 1 −0.02 −0.02

B4 ¼ af
Vt

37.69 37.69

B5 ¼ A5
Vt
¼ � ½1�ðk1 þ 1Þ� af �

R1 þ Vt
I0

h i
�Vt

−14.23 � 10−6 −14.23 � 10−6

B6 ¼ A3 � A6 ¼ ð1� arÞ � C1 þð1� af Þ � C1 0.052 � 10−6 0.052 � 10−6

B7 ¼ � A6
Vt
¼ ð1�af Þ�C1

Vt

0.076�10−6 0.076 � 10−6

C0 ¼ � ar�ðk1 þ 1Þ
R2
Vt
� Ise � ðar � af�1Þ�1f g� R1 þ Vt

I0

� � −18.5 � 10−6 −18.5 � 10−6

C1 ¼ ½ar�ðk1 þ 1Þ��VBB

R2
Vt
� Ise � ðar � af�1Þ�1f g� R1 þ Vt

I0

� � 0.2775 � 10−3 2.775 � 10−3

X0 ¼ B5 þC0 � B4 −711.49 � 10−6 −711.49 � 10−6

X1 ¼ B2 þB3 � C0 þC1 � B4 10612.47 � 10−6 106.646 � 10−3

X2 ¼ B1 þB3 � C1 0.2785 � 10−3 2.794 � 10−3

D ¼ X2
1 � 4 � X0 � X2 [ 0 113.09 � 10−6 11381.31 � 10−6

X	 ¼
�X1 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

1 � 4 � X0 � X2

q
2 � X0

[ 0

X	 ! V	

Xð0Þ ¼ 14:928V

Xð1Þ ¼ �0:0123V

Xð0Þ ¼ 150V

Xð1Þ ¼ �0:0239V

Y	 ¼ C0 � X	 þC1

Y	 ! I	L1

Y ð0Þ ¼ 1:5 uA

Y ð1Þ ¼ 277 uA

Y ð0Þ ! 0

Y ð1Þ ¼ 2:77mA
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Remark We got two possible circuit’s fixed points which based on initial condi-
tions we start our circuit dynamic (V(t = 0) ! X(t = 0), IL1(t = 0) ! Y(t = 0)).

It is reader task to find Basin Of Attraction (BOA) for these fixed points.
We need to calculate our OptoNDR circuit’s two variables Jacobian elements.

V ! X; IL1 ! Y ) dX
dt

¼ w1ðX; YÞ;
dY
dt

¼ w2ðX; YÞ;w1 ¼ w1ðX;YÞ;w2 ¼ w2ðX; YÞ

w1ðX; YÞ ¼
B5 � X2 þX � B2 þB1 þB3 � Y þ Y � X � B4

B6 þB7 � X ;

w2ðX; YÞ ¼
Vt

L1
� ln A1 þA2 � XþA3 � w1ðX; YÞþ Y

Ise � ðar � af � 1Þ þ 1
� 	

� Y � R2

L1

@w1

@X
;
@w1

@Y
;
@w2

@X
;
@w2

@Y
;

@w1

@X
¼ B7 � B5 � X2 þ 2 � B5 � B6 � Xþ Y � ðB4 � B6 � B3 � B7ÞþB2 � B6 � B1 � B7

ðB6 þB7 � XÞ2

@w1

@Y
¼ B3 þX � B4

B6 þB7 � X ;
@w2

@X
¼

Vt � A2 þA3 � @w1
@X

� �
L1 � fA1 þA2 � XþA3 � w1 þ Y þ Ise � ðaf � ar � 1Þg

@w2

@Y
¼

Vt � A3 � @w1
@Y þ 1

� �
L1 � fA1 þA2 � XþA3 � w1 þ Y þ Ise � ðaf � ar � 1Þg �

R2

L1

We classify our system fixed points as stable (Spiral, Node) or unstable (Spiral,
Node), which is done by inspection of the system characteristic equation.

A� k � I ¼
@w1
@X

@w1
@Y

@w2
@X

@w2
@Y

 !
ðX	;Y	Þ

� 1 0
0 1

� �
� k ¼

@w1
@X � k @w1

@Y
@w2
@X

@w2
@Y � k

 !
ðX	;Y	Þ

A� k � I ¼
@w1
@X � k
� �




ðX	;Y	Þ
@w1
@Y





ðX	;Y	Þ

@w2
@X





ðX	;Y	Þ

@w2
@Y � k
� �




ðX	;Y	Þ

0
B@

1
CA
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A� k � I ¼ Vt � ðA2 þA3 � @w1
@X Þ

L1 � fA1 þA2 � XþA3 � w1 þ Y þ Ise � ðaf � ar � 1Þg

( )





ðX	;Y	Þ

@w1
@X �k
� 



ðX	 ;Y	Þ

0
BBBB@

Vt � ðA3 � @w1
@Y þ 1Þ

L1 � fA1 þA2 � XþA3 � w1 þ Y þ Ise � ðaf � ar � 1Þg �
R2

L1

( )
� k

 !





ðX	;Y	Þ

@w1
@Y




ðX	 ;Y	Þ

9>>>>=
>>>>;

A� k � I ¼ @w1

@X
� k

� �




ðX	;Y	Þ

�
Vt � A3 � @w1

@Y þ 1
� �

L1 � ðA1 þA2 � XþA3 � w1 þ Y þ Ise � ðaf � ar � 1g �
R2

L1

8<
:

9=
;� k

0
@

1
A







ðX	;Y	Þ

� Vt � ðA2 þA3 � @w1
@X Þ

L1 � fA1 þA2 � XþA3 � w1 þ Y þ Ise � ðaf � ar � 1Þg

( )





ðX	;Y	Þ

� @w1

@Y






ðX	;Y	Þ

@w1

@X






ðX	;Y	Þ

¼ B7 � B5 � ½X	�2 þ 2 � B5 � B6 � X	 þ Y	 � ðB4 � B6 � B3 � B7ÞþB2 � B6 � B1 � B7

ðB6 þB7 � X	Þ2

@w1

@Y






ðX	;Y	Þ

¼ B3 þX	 � B4

B6 þB7 � X	 ;
@w2

@X






ðX	;Y	Þ

¼
Vt � A2 þA3 � @w1

@X





ðX	;Y	Þ

� �
L1 � fA1 þA2 � X	 þA3 � w1 þ Y	 þ Ise � ðaf � ar � 1g

A� k � IjðX	;Y	Þ¼
Vt � A3 � @w1

@Y





ðX	;Y	Þ

þ 1
� �

� @w1
@X





ðX	;Y	Þ

L1 � fA1 þA2 � X	 þA3 � w1ðX	; Y	Þþ Y	 þ Ise � ðaf � ar � 1g
� R2

L1
� @w1

@X






ðX	;Y	Þ

� k � @w1

@X






ðX	;Y	Þ

�
Vt � A3 � @w1

@Y





ðX	;Y	Þ

þ 1
� �

L1 � fA1 þA2 � X	 þA3 � w1ðX	;Y	Þ þ Y	 þ Ise � ðaf � ar � 1Þg � k

þ R2

L1
� kþ k2 �

Vt � A2 þA3 � @w1
@X





ðX	;Y	Þ

� �
� @w1

@Y





ðX	;Y	Þ

L1 � fA1 þA2 � X	 þA3 � w1ðX	;Y	Þþ Y	 þ Ise � ðaf � ar � 1Þg
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A� k � IjðX	;Y	Þ¼ k2 þ k

� R2

L1
� @w1

@X






ðX	;Y	Þ

�
Vt � A3 � @w1

@Y






ðX	;Y	Þ

þ 1

 !

L1 � fA1 þA2 � X	 þA3 � w1ðX	; Y	Þþ Y	 þ Ise � ðaf � ar � 1Þg

8>>>><
>>>>:

9>>>>=
>>>>;

þ
Vt � A3 � @w1

@Y






ðX	;Y	Þ

þ 1

 !
� @w1

@X






ðX	;Y	Þ

L1 � fA1 þA2 � X	 þA3 � w1ðX	; Y	Þþ Y	 þ Ise � ðaf � ar � 1Þg �
R2

L1
� @w1

@X






ðX	;Y	Þ

For simplicity we define two parameters: N1;N2;A� k � IjðX	;Y	Þ¼
k2 þ k � N1 þN2

det A� k � Ij jðX	;Y	Þ¼ 0 ) k2 þN1 � kþN2 ¼ 0 ) k1; k2

N1 ¼ R2

L1
� @w1

@X






ðX	;Y	Þ

�
Vt � A3 � @w1

@Y





ðX	;Y	Þ

þ 1
� �

L1 � fA1 þA2 � X	 þA3 � w1ðX	; Y	Þþ Y	 þ Ise � ðaf � ar � 1Þg

N2 ¼
Vt � A3 � @w1

@Y





ðX	;Y	Þ

þ 1
� �

� @w1
@X





ðX	;Y	Þ

L1 � fA1 þA2 � X	 þA3 � w1ðX	; Y	Þþ Y	 þ Ise � ðaf � ar � 1Þg �
R2

L1
� @w1

@X






ðX	;Y	Þ

We need to discuss circuit’s stability for VBB = 15 V (two fixed points)
(Table 5.13).

Remark If two eigenvalues real, unequal, opposite sign then fixed point is a saddle
point and is unstable.

5.5 OptoNDR Circuit’s Two Variables Analysis by Using
Floquet Theory

We need to check in which conditions the OptoNDR circuit’s two variables system
has periodic orbits and it is done by changing system Cartesian coordinates (X(t),
Y(t)) to cylindrical coordinates (r(t), h(t)). Next we show that the cylinder is
invariant. We approve that there is a stable periodic orbit and use the fact that a
stable periodic orbit has two/three Floquet multipliers [46–48]. One of them is
unity. For the conversion between cylindrical and Cartesian systems and opposite, it
is convenient to assume that the reference plane of the former is the Cartesian
x–y plane (with equation z = 0), and the cylindrical axis is the Cartesian z axis.
Then the z coordinate is the same in both systems, and the correspondence between
cylindrical (r, h) and Cartesian (X, Y) are the same as for polar coordinates, namely
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X(t) = r(t) � cos[h(t)]; Y(t) = r(t) � sin[h(t)]; r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p
. h(t) = 0 if X = 0 and

Y = 0. h(t) = arcsin(Y/r) if X >= 0. h(t) = −arcsin(Y/r) + p if X < 0. We represent
our system equation by using cylindrical coordinates (r(t), h(t)).

XðtÞ ¼ rðtÞ � cos½hðtÞ� ) dXðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

YðtÞ ¼ rðtÞ � sin½hðtÞ� ) dYðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dXðtÞ
dt

¼ dX
dt

;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the equations:

dX
dt

¼ r0 � cos h� r � h0 � sin h; dY
dt

¼ r0 � sin hþ r � h0 � cos h

V ! X; IL1 ! Y ) dX
dt

¼ w1ðX; YÞ;
dY
dt

¼ w2ðX; YÞ;w1 ¼ w1ðX; YÞ;w2

¼ w2ðX; YÞ

w1ðX; YÞ ¼
B5 � X2 þX � B2 þB1 þB3 � Y þ Y � X � B4

B6 þB7 � X ;

w2ðX; YÞ ¼
Vt

L1
� ln A1 þA2 � XþA3 � w1ðX; YÞþ Y

Ise � ðar � af � 1Þ þ 1
� 	

� Y � R2

L1

We need to find w1ðX; YÞ and w2ðX; YÞ in cylindrical coordinates (r(t), h(t)) for
our system. The transformation w1ðX; YÞ ! w1ðrðtÞ; hðtÞÞ;w2ðX; YÞ ! w2ðrðtÞ;
hðtÞÞ.

w1ðX; YÞ
¼ B5�X2 þX�B2 þB1 þB3� Y þ Y �X�B4

B6 þB7�X



 X¼r� cos h
Y¼r� sin h

w2ðX; YÞ
¼ Vt

L1
� ln A1 þA2�X þA3�w1ðX;YÞþY

Ise� ðar � af�1Þ þ 1
h i

� Y � R2
L1




 X¼r� cos h
Y¼r� sin h

We get two equations, two variables rðtÞ; hðtÞ:

dX
dt

¼ w1ðX; YÞ ) r0 � cos h� r � h0 � sin h

¼ B5 � r2 � cos2 hþ r � cos h � B2 þB1 þB3 � r � sin hþ r2 � sin 2h � B4

B6 þB7 � r � cos h
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dY
dt

¼ w2ðX; YÞ ) r0 � sin hþ r � h0 � cos h

¼ Vt

L1
� ln A1 þA2 � r � cos hþA3 � w1ðrðtÞ; hðtÞÞþ r � sin h

Ise � ðar � af � 1Þ þ 1
� 	

� r � sin h � R2

L1

To find our system solution constant radius we set drdt ¼ 0 which yield to:

r0 � cos h� r � h0 � sin h ¼ w1ðr; hÞ

r0 � sin hþ r � h0 � cos h

¼ Vt

L1
� ln A1 þA2 � r � cos hþA3 � fr0 � cos h� r � h0 � sin hgþ r � sin h

Ise � ðar � af � 1Þ þ 1
� 	

� r � sin h � R2

L1

r0 þ r � h0 � 1
tgh

¼ 1
sin h

� Vt

L1

� ln½A1 þA2 � r � cos hþA3 � fr0 � cos h� r � h0 � sin hgþ r � sin h
Ise � ðar � af � 1Þ þ 1�

� r � R2

L1

r0 ¼ 0 ) r � h0 � 1
tgh

¼ 1
sin h

� Vt

L1
� ln A1þA2 � r � cos h� A3 � r � h0 � sin hþ r � sin h

Ise � ðar � af � 1Þ þ 1
� 	

� r � R2

L1

r � h0 � 1
tgh

þ r � R2

L1
¼ 1

sin h
� Vt

L1
� ln A1 þA2 � r � cos h� A3 � r � h0 � sin hþ r � sin h

Ise � ðar � af � 1Þ þ 1
� 	

We consider periodic 2 ∙ p, h ¼ 2� p
T � t ) h0 ¼ 2� p

T ; h0 ¼ 1 ) T ¼ 2 � p

r � 1
tgh

þ r � R2

L1
¼ 1

sin h
� Vt

L1
� ln A1 þA2 � r � cos h� A3 � r � sin hþ r � sin h

Ise � ðar � af � 1Þ þ 1
� 	

Back to the first equation:

dX
dt

¼ w1ðX; YÞ ) r0 � cos h� r � h0 � sin h

¼ B5 � r2 � cos2 hþ r � cos h � B2 þB1 þB3 � r � sin hþ r2 � sin 2h � B4

B6 þB7 � r � cos h
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r0 � r � h0 � tgh ¼ B5 � r2 � cos hþ r � B2 þ B1
cos h þB3 � r � tghþ r2 � 2 � sin h � B4

B6 þB7 � r � cos h

r0 ¼ 0; h0 ¼ 1 ) �r � tgh
¼ B5 � r2 � cos hþ r � B2 þ B1

cos h þB3 � r � tghþ r2 � 2 � sin h � B4

B6 þB7 � r � cos h

We can summarize our two equations in r and h:

ð	Þ � r � tgh ¼ B5 � r2 � cos hþ r � B2 þ B1
cos h þB3 � r � tghþ r2 � 2 � sin h � B4

B6 þB7 � r � cos h

ð		Þ r � 1
tgh

þ r � R2

L1
¼ 1

sin h
� Vt

L1
� ln A1 þA2 � r � cos h� A3 � r � sin hþ r � sin h

Ise � ðar � af � 1Þ þ 1
� 	

From above equations we need to get constant radius r = rconst–radius.

�rconst�radius � tgh ¼

B5 � r2const�radius � cos hþ rconst�radius � B2 þ B1

cos h

�
þB3 � rconst�radius � tghþ r2const�radius � 2 � sin h � B4

�
B6 þB7 � rconst�radius � cos h

rconst�radius � 1
tgh

þ rconst�radius � R2

L1
¼ 1

sin h
� Vt

L1

� ln

A1 þA2 � rconst�radius � cos hf
�A3 � rconst�radius � sin hþ rconst�radius � sin hg

Ise � ðar � af � 1Þ þ 1

2
66664

3
77775

ð	Þ ) �r � tgh ¼ B5 � r2 � cos hþ r � B2 þ B1
cos h þB3 � r � tghþ r2 � 2 � sin h � B4

B6 þB7 � r � cos h
) �r � ½B6 þB7 � r � cos h� � tgh� B3 � r � tgh
¼ B5 � r2 � cos hþ r � B2 þ B1

cos h
þ r2 � 2 � sin h � B4

) �r � ½B6 þB7 � r � cos hþB3� � tgh ¼ B5 � r2 � cos h
þ r � B2 þ B1

cos h
þ r2 � 2 � sin h � B4

tgh ¼ B5 � r2 � cos hþ r � B2 þ B1
cos h þ r2 � 2 � sin h � B4

�r � ½B6 þB7 � r � cos hþB3�
) 1

tgh
¼ �r � ½B6 þB7 � r � cos hþB3�

B5 � r2 � cos hþ r � B2 þ B1
cos h þ r2 � 2 � sin h � B4
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ð		Þ ) r � 1
tgh

þ r � R2

L1
¼ 1

sin h
� Vt

L1
� ln A1 þA2 � r � cos h� A3 � r � sin hþ r � sin h

Ise � ðar � af � 1Þ þ 1
� 	

) 1
tgh

¼ 1
r � sin h �

Vt

L1
� ln A1 þA2 � r � cos h� A3 � r � sin hþ r � sin h

Ise � ðar � af � 1Þ þ 1
� 	

� R2

L1

We get the one expression:

�r � ½B6 þB7 � r � cos hþB3�
B5 � r2 � cos hþ r � B2 þ B1

cos h þ r2 � 2 � sin h � B4

¼ 1
r � sin h �

Vt

L1
� ln

A1 þA2 � r � cos hf
�A3 � r � sin hþ r � sin hg

Ise � ðar � af � 1Þ þ 1

2
6664

3
7775� R2

L1

Remark We need to do algebraic manipulation in the above expression and get
expression without h variable in time and find rconst�radius as a function of circuit
parameters (C1, L1, af, ar, Ise, Isc, etc.).

We need to find @w1
@X þ @w2

@Y

� �



r¼rconst�radius

at a solution with constant radius (dr/

dt = 0).

q1 � q2 ¼ e

RT
0

trðAðsÞÞ� ds








q1¼1

) q2 ¼ e

RT
0

trðAðsÞÞ� ds
¼ e

RT¼2� p

0

@w1
@X þ @w2

@Y

� 


r¼rconst

� ds

As a result, the limit cycle with radius rconst�radius [ 0. Is stable ifRT
0
trðAðsÞÞ � ds\0 or q2 < 1 and unstable if

RT
0
trðAðsÞÞ � ds[ 0 or q2 > 1. We need

to find the expressions for @w1ðX;YÞ
@X ; @w2ðX;YÞ

@Y

w1ðX;YÞ ¼
B5 � X2 þX � B2 þB1 þB3 � Y þ Y � X � B4

B6 þB7 � X
@w1ðX; YÞ

@X
¼ B5 � B7 � X2 þ Y � ðB4 � B6 � B3 � B7Þþ 2 � B5 � B6 � XþðB2 � B6 � B1 � B7Þ

ðB6 þB7 � XÞ2

w2ðX; YÞ ¼
Vt

L1
� ln A1 þA2 � XþA3 � w1ðX; YÞþ Y

Ise � ðar � af � 1Þ þ 1
� 	

� Y � R2

L1

@w2ðX; YÞ
@Y

¼ Vt

L1
� 1

A1 þA2�X þA3�w1ðX;YÞþY
Ise� ðar � af�1Þ þ 1

� � � A3 � @w1ðX;YÞ
@Y þ 1

Ise � ðar � af � 1Þ �
R2

L1
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@w1

@X
þ @w2

@Y
¼ B5 � B7 � X2 þ Y � ðB4 � B6 � B3 � B7Þþ 2 � B5 � B6 � XþðB2 � B6 � B1 � B7Þ

ðB6 þB7 � XÞ2

þ Vt

L1
� 1

A1 þA2�XþA3�w1ðX;YÞþ Y
Ise � ðar � af�1Þ þ 1

n o � A3 � @w1ðX;YÞ
@Y þ 1

Ise � ðar � af � 1Þ �
R2

L1

@w1

@X
þ @w2

@Y

� �




r¼rconst�radius

¼

B5 � B7 � X2 þ Y � ðB4 � B6 � B3 � B7Þ
�
þ 2 � B5 � B6 � XþðB2 � B6 � B1 � B7Þg

ðB6 þB7 � XÞ2












r¼rconst�radius

þ Vt

L1
� 1

A1 þA2�X þA3�w1ðX;YÞþ Y
Ise� ðar � af�1Þ þ 1

n o



r¼rconst�radius

�
A3 � @w1ðX;YÞ

@Y





r¼rconst�radius

þ 1
� 	

Ise � ðar � af � 1Þ � R2

L1

q1 � q2 ¼ e

RT
0

trðAðsÞÞ� ds








q1¼1

) q2 ¼ e

RT
0

trðAðsÞÞ� ds
¼ e

RT¼2� p

0

@w1
@X þ @w2

@Y

� 


r¼rconst

� ds

trðAðsÞÞ ¼ @w1

@X
þ @w2

@Y

� �




r¼rconst

¼

B5 � B7 � X2 þY � ðB4 � B6 � B3 � B7Þ
�
þ 2 � B5 � B6 � XþðB2 � B6 � B1 � B7Þg

ðB6 þB7 � XÞ2












r¼rconst�radius

þ Vt

L1
� 1

A1 þA2�XþA3�w1ðX;YÞþY
Ise� ðar � af�1Þ þ 1

n o



r¼rconst�radius

�
A3 � @w1ðX;YÞ

@Y





r¼rconst�radius

þ 1
� 	

Ise � ðar � af � 1Þ � R2

L1

q2 ¼ e

RT
0

trðAðsÞÞ�ds
¼ e

RT¼2�p

0

@w1
@X þ @w2

@Y

� 


r¼rconst

�ds

¼ exp
ZT¼2�p

0

fB5 � B7 � X2 þY � ðB4 � B6 � B3 � B7Þ
þ 2 � B5 � B6 � X þðB2 � B6 � B1 � B7Þg

ðB6 þB7�XÞ2










r¼rconst�radius

2
6664

þ Vt
L1
� 1

A1 þA2 �X þA3 �w1ðX;YÞþY
Ise �ðar �af �1Þ þ 1

n o



r¼rconst�radius

�
A3�@w1ðX;YÞ@Y




r¼rconst�radius

þ 1

h i
Ise�ðar �af�1Þ � R2

L1

3
75 � ds

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;
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5.6 OptoNDR Circuit’s Second-Order ODE with Periodic
Source Stability of a Limit Cycle

We can use Floquet theory to test the stability of optoisolation circuits limit cycle
solution. It helps us to understand how dynamics depend on circuit parameter
values. We have OptoNDR circuit which characterized by set of differential

equations:dx1dt ¼ f1ðx1; x2; . . .; xnÞ; . . .; dxndt ¼ fnðx1; x2; . . .; xnÞ. We study the stability

of the limit cycle solution, first we have to locate it [5–7]. One point on the limit
cycles, as well as its period T, such that x1ðtþ TÞ ¼ x1ðtÞ; . . .; xnðtþ TÞ ¼ xnðtÞ:
Once we know the limit cycle and test its stability by checking if small perturbations
away from the limit cycle grow or shrink over a complete period. It is done by
finding the stability of the periodic system, obtained by linearizing the circuit model
around the limit cycle. We define the Jacobian matrix of our system differential
equations:

AðtÞ ¼
@f1
@x1

. . . @f1
@xn

..

. . .
. ..

.

@fn
@x1

� s @fn
@xn

0
BB@

1
CCA

ðx1ðtÞ;...;xnðtÞÞlimitcycle

The Floquet multipliers of A(t) determine the stability of the limit cycle. Floquet
multiplier of A(t) as some circuit parameters in increase or decrease, the dominant
Floquet multiplier passes through −1, signifying a period doubling bifurcation of
the limit cycle. We present our OptoNDR circuit second-order ODE with periodic
source. We have variable capacitor (C1) and variable Inductance (L1) in series at the
output circuit. The feedback output voltage is multiplied by input periodic source a
(t), with period T and feed to input LED D1 circuit. Vcc � VQ1 break, at t = 0 switch
S1 move from OFF state to ON state [85, 86] (Fig. 5.15).

Fig. 5.15 OptoNDR circuit
second-order ODE with
periodic source
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IC1 ¼ IL1; IC1 ¼ C1 � dVC1

dt
;VL1 ¼ L1 � dIL1dt

;VðtÞ ¼ VC1 þVL1

¼ L1 � dIC1dt
þ 1

C1
�
Z

IC1 � dt

VCEQ1 ¼ VðtÞ ¼ V ; IRCQ1 ¼ Vcc � VA

RCQ1
; ID1 ¼ IR1 þ IRCQ1; ID1 ¼ ICQ1 þ IC1 ) ICQ1 ¼ ID1 � IC1

The multiplication element ([]*[]) is implemented by using op-amps, resistors,
capacitors, diodes, etc. Multiplication element’s input current is zero since his input
impedance is infinite Iinf½�	½�g ! e;Rinf½�	½�g ! 1.

VðtÞ � aðtÞ ¼ VR1 þVD1 þVðtÞ ¼ IR1 � R1 þVD1 þVðtÞ;
ID1 ¼ IR1 þ IRCQ1 ) IR1 ¼ ID1 � IRCQ1

VðtÞ � aðtÞ ¼ IR1 � R1 þVD1 þVðtÞ;

VD1 ¼ Vt � ln ID1
I0

þ 1
� �

) VðtÞ � aðtÞ ¼ IR1 � R1 þVt � ln ID1
I0

þ 1
� �

þVðtÞ

VðtÞ � aðtÞ ¼ ðID1 � IRCQ1Þ � R1 þVt � ln ID1
I0

þ 1
� �

þVðtÞ ) VðtÞ � ½aðtÞ � 1�

¼ ðID1 � IRCQ1Þ � R1 þVt � ln ID1
I0

þ 1
� �

VðtÞ � ½aðtÞ � 1� ¼ ðID1 � IRCQ1Þ � R1 þVt � ln ID1
I0

þ 1
� �

) VðtÞ

¼ ðID1 � IRCQ1Þ
½aðtÞ � 1� � R1 þ Vt

½aðtÞ � 1� � ln
ID1
I0

þ 1
� �

By using Taylor series approximation ln ID1
I0

þ 1
n o

� ID1
I0

VðtÞ ¼ ðID1 � IRCQ1Þ
½aðtÞ � 1� � R1 þ Vt

½aðtÞ � 1� � ln
ID1
I0

þ 1
� �

) VðtÞ

¼ ðID1 � IRCQ1Þ
½aðtÞ � 1� � R1 þ Vt

½aðtÞ � 1� �
ID1
I0

VðtÞ ¼ ðID1 � IRCQ1Þ
½aðtÞ � 1� � R1 þ Vt

½aðtÞ � 1� �
ID1
I0

) VðtÞ

¼ ID1
½aðtÞ � 1� � R1 þ Vt

I0

� �
� IRCQ1 � R1

½aðtÞ � 1�
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V ¼ VðtÞ;V ¼ ID1
½aðtÞ � 1� � ðR1 þ Vt

I0
Þ � IRCQ1 � R1

½aðtÞ � 1�
) ID1 ¼ ½aðtÞ � 1�

R1 þ Vt
I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

IBQ1 ¼ k1 � ID1 ¼ k1 � ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

;

IEQ1 ¼ IBQ1 þ ICQ1 ¼ k1 � ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

þ ICQ1

IEQ1 ¼ IBQ1 þ ICQ1 ¼ k1 � ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

þ ID1 � IC1

¼ ðk1 þ 1Þ � ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

� IC1

VðtÞ ¼ V ¼ VCEQ1 ¼ Vt � ln ðar1 � ICQ1 � IEQ1Þþ Ise � ðar1 � af 1 � 1Þ
ðICQ1 � IEQ1 � af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

þVt � ln Isc
Ise

� �
;
Isc
Ise

! 1 ) ln
Isc
Ise

� �
! e

ln
Isc
Ise

� �
! e ) V ’ Vt � ln ðar1 � ICQ1 � IEQ1Þþ Ise � ðar1 � af 1 � 1Þ

ðICQ1 � IEQ1 � af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

;

IC1 ¼ C1 � dVC1

dt
;VL1 ¼ L1 � dIL1dt

IC1 ¼ C1 � dVC1

dt
) VC1 ¼ 1

C1
�
Z

IC1;

VL1 ¼ L1 � dIL1dt
) IL1 ¼ 1

L1
�
Z

VL1 � dt;V ¼ VC1 þVL1 ¼ 1
C1

�
Z

IC1 þ L1 � dIL1dt

IC1 ¼ IL1 ) V ¼ VC1 þVL1 ¼ 1
C1

�
Z

IC1 þ L1 � dIC1dt
;
dV
dt

¼ 1
C1

� IC1 þ L1 � d
2IC1
dt2
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ar1 � ICQ1 � IEQ1 ¼ ar1 � ICQ1 � ðk1 þ 1Þ � ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

� IC1

2
4

3
5

ICQ1 ¼ ID1 � IC1 ¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

� IC1

ar1 � ICQ1 � IEQ1 ¼ ar1 � ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

� IC1

2
4

3
5

� ðk1 þ 1Þ � ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

� IC1

2
4

3
5

ar1 � ICQ1 � IEQ1 ¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

� ðar1 � k1 � 1Þþ IC1 � ð1� ar1Þ

IRCQ1 ¼ Vcc � VA

RCQ1
¼ Vcc

RCQ1
� VA

RCQ1
;VA ¼ VD1 þV

¼ Vt � ln ID1
I0

þ 1
� �

þV

� �




ln ID1

I0
þ 1

n o
�ID1

I0

¼ Vt � ID1I0 þV

VA ¼ Vt � ID1I0 þV ¼ Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

þV

IRCQ1 ¼
Vcc � Vt

I0
� ½aðtÞ�1�

R1 þ Vt
I0

� � � V þ IRCQ1�R1

½aðtÞ�1�
� �

þV

8<
:

9=
;

RCQ1

¼ ðVcc � VÞ
RCQ1

� 1
RCQ1

� Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

IRCQ1 ¼ ðVcc � VÞ
RCQ1

� 1
RCQ1

� Vt

I0
� ½aðtÞ � 1� � V

R1 þ Vt
I0

� � � 1
RCQ1

� Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� � � IRCQ1 � R1

½aðtÞ � 1�

IRCQ1 þ 1
RCQ1

� Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� � � IRCQ1 � R1

½aðtÞ � 1�

¼ ðVcc � VÞ
RCQ1

� 1
RCQ1

� Vt

I0
� ½aðtÞ � 1� � V

R1 þ Vt
I0

� �
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IRCQ1 � 1þ 1
RCQ1

� Vt

I0
� R1

R1 þ Vt
I0

� �
2
4

3
5 ¼ ðVcc � VÞ

RCQ1
� 1
RCQ1

� Vt

I0
� ½aðtÞ � 1� � V

R1 þ Vt
I0

� �

IRCQ1 � 1þ 1
RCQ1

� Vt

I0
� R1

R1 þ Vt
I0

� �
2
4

3
5 ¼ 1

RCQ1
� Vcc � V � 1þ Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� �
0
@

1
A

8<
:

9=
;

IRCQ1 ¼ 1

RCQ1 � 1þ 1
RCQ1

� Vt
I0
� R1

R1 þ Vt
I0

� �
2
4

3
5
� Vcc � V � 1þ Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� �
0
@

1
A

8<
:

9=
;

We define:

IRCQ1 ¼ n1ðV ; aðtÞÞ ¼
1

RCQ1 � 1þ 1
RCQ1

� Vt
I0
� R1

ðR1 þ Vt
I0
Þ

� 	 � Vcc � V � 1þ Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� �
0
@

1
A

8<
:

9=
;

ar1 � ICQ1 � IEQ1 ¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �

� ðar1 � k1 � 1Þþ IC1

� ð1� ar1Þ

We define:

g1ðV ; aðtÞÞ ¼
½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �

� ðar1 � k1 � 1Þ;

ar1 � ICQ1 � IEQ1 ¼ g1ðV ; aðtÞÞþ IC1 � ð1� ar1Þ

ICQ1 � IEQ1 � af 1 ¼ ½ID1 � IC1� � IEQ1 � af 1 ¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

� IC1

� ðk1 þ 1Þ � ½aðtÞ � 1�
R1 þ Vt

I0

� � � ðV þ IRCQ1 � R1

½aðtÞ � 1�Þ � IC1

2
4

3
5 � af 1

ICQ1 � IEQ1 � af 1 ¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ IRCQ1 � R1

½aðtÞ � 1�
� �

� ðk1 þ 1Þ � ½aðtÞ � 1� � af 1
R1 þ Vt

I0

� �
� V þ IRCQ1 � R1

½aðtÞ � 1�
� �

þ IC1 � ðaf 1 � 1Þ
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ICQ1 � IEQ1 � af 1 ¼ ½aðtÞ � 1�
ðR1 þ Vt

I0
Þ � ðV þ IRCQ1 � R1

½aðtÞ � 1�Þ � ½1� ðk1 þ 1Þ � af 1� þ IC1 � ðaf 1 � 1Þ; IRCQ1

¼ n1ðV ; aðtÞÞ

ICQ1 � IEQ1 � af 1 ¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �

� ½1� ðk1 þ 1Þ

� af 1� þ IC1 � ðaf 1 � 1Þ; IRCQ1
¼ n1ðV ; aðtÞÞ

ICQ1 � IEQ1 � af 1 ¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �

� ½1� ðk1 þ 1Þ � af 1�

� IC1 � ð1� af 1Þ; IRCQ1
¼ n1ðV ; aðtÞÞ

We define: g2ðV ; aðtÞÞ ¼ ½aðtÞ�1�
ðR1 þ Vt

I0
Þ � ðV þ n1ðV ;aðtÞÞ�R1

½aðtÞ�1� Þ � ½1� ðk1 þ 1Þ � af 1�

ICQ1 � IEQ1 � af 1 ¼ g2ðV ; aðtÞÞ � IC1 � ð1� af 1Þ; g1 ¼ g1ðV ; aðtÞÞ; g2 ¼ g2ðV ; aðtÞÞ

We get two expressions:

ar1 � ICQ1 � IEQ1 ¼ g1 þ IC1 � ð1� ar1Þ; ICQ1 � IEQ1 � af 1 ¼ g2 � IC1 � ð1� af 1Þ

V ’ Vt � ln ðar1 � ICQ1 � IEQ1Þþ Ise � ðar1 � af 1 � 1Þ
ðICQ1 � IEQ1 � af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

) V ’ Vt � ln g1 þ IC1 � ð1� ar1Þþ Ise � ðar1 � af 1 � 1Þ
g2 � IC1 � ð1� af 1Þþ Isc � ðar1 � af 1 � 1Þ
� �

e
V
Vt ’ g1 þ IC1 � ð1� ar1Þþ Ise � ðar1 � af 1 � 1Þ

g2 � IC1 � ð1� af 1Þþ Isc � ðar1 � af 1 � 1Þ ) g2 � e
V
Vt � IC1 � ð1� af 1Þ � eV

Vt

þ Isc � eV
Vt � ðar1 � af 1 � 1Þ ¼ g1 þ IC1 � ð1� ar1Þþ Ise � ðar1 � af 1 � 1Þ

IC1 ¼ g2 � e
V
Vt � g1 þ Isc � eV

Vt � ðar1 � af 1 � 1Þ � Ise � ðar1 � af 1 � 1Þ
½ð1� ar1Þþ ð1� af 1Þ � eV

Vt �

IC1 ¼ g2 � e
V
Vt � g1 þ ½Isc � eV

Vt � Ise� � ðar1 � af 1 � 1Þ
½ð1� ar1Þþ ð1� af 1Þ � eV

Vt �

Taylor series approximation: e
V
Vt½ � � V

Vt
þ 1;D ¼ g2 � g1
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IC1 ¼
g2 � V

Vt
þ 1

� �
� g1 þ Isc � V

Vt
þ 1

� �
� Ise

h i
� ðar1 � af 1 � 1Þ

ð1� ar1Þþ ð1� af 1Þ � V
Vt
þ 1

� �h i

¼
g2 � V

Vt
þ g2 � g1 þ Isc � V

Vt
þ Isc � Ise

h i
� ðar1 � af 1 � 1Þ

ð1� ar1Þþ ð1� af 1Þ � V
Vt
þ 1

� �h i

IC1 ¼
g2 � V

Vt
þ 1

� �
� g1 þ Isc � V

Vt
þ 1

� �
� Ise

h i
� ðar1 � af 1 � 1Þ

ð1� ar1Þþ ð1� af 1Þ � V
Vt
þ 1

� �h i

¼
g2 � V

Vt
þDþ Isc � V

Vt
þ Isc � Ise

h i
� ðar1 � af 1 � 1Þ

2� ar1 � af 1 þð1� af 1Þ � V
Vt

h i

D ¼ g2 � g1 ¼
½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �

� ½1� ðk1 þ 1Þ � af 1�

� ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �

� ðar1 � k1 � 1Þ

D ¼ g2 � g1 ¼
½aðtÞ � 1�
ðR1 þ Vt

I0
Þ � ðV þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1� Þ � f½1� ðk1 þ 1Þ � af 1� � ðar1 � k1 � 1Þg

½1� ðk1 þ 1Þ � af 1� � ðar1 � k1 � 1Þ ¼ 2þ k1 � ð1� af 1Þ � af 1 � ar1

D ¼ g2 � g1 ¼
½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �

� ½2þ k1 � ð1� af 1Þ � af 1 � ar1�

IC1 ¼
g2 � V

Vt
þDþ Isc � V

Vt
þ Isc � Ise

h i
� ðar1 � af 1 � 1Þ

2� ar1 � af 1 þð1� af 1Þ � V
Vt

h i

dIC1
dt

¼

dg2
dt � V

Vt
þ g2

V � dVdt þ dD
dt þ

Isc
Vt
� dVdt � ðar1 � af 1 � 1Þ

h i
� 2� ar1 � af 1 þð1� af 1Þ � V

Vt

h i
� g2 � V

Vt
þDþ Isc � V

Vt
þ Isc � Ise

h i
� ðar1 � af 1 � 1Þ

h i
� ð1�af 1Þ

Vt
� dVdt

2� ar1 � af 1 þð1� af 1Þ � V
Vt

h i2
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dD
dt

¼ daðtÞ=dt
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �2

4

þ ½aðtÞ � 1�
ðR1 þ Vt

I0
Þ �

dV
dt

þ
dn1ðV ;aðtÞÞ

dt � R1 � ½aðtÞ � 1� � daðtÞ
dt � n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�2

0
@

1
A
3
5

� ½2þ k1 � ð1� af 1Þ � af 1 � ar1�

IRCQ1 ¼ n1ðV ; aðtÞÞ ¼
1

RCQ1 � 1þ 1
RCQ1

� Vt
I0
� R1

R1 þ Vt
I0

� �
2
4

3
5

� Vcc � V � 1þ Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� �
0
@

1
A

8<
:

9=
;

n1 ¼ n1ðV ; aðtÞÞ;
dn1
dt

¼ � 1

RCQ1 � 1þ 1
RCQ1

� Vt
I0
� R1

R1 þ Vt
I0

� �
2
4

3
5

� dV
dt

� 1þ Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� �
0
@

1
AþV � Vt

I0
� daðtÞ=dt

R1 þ Vt
I0

� �Þ
8<
:

9=
;

g2ðV ; aðtÞÞ ¼
½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �

� ½1� ðk1 þ 1Þ � af 1�

g2 ¼ g2ðV ; aðtÞÞ;
dg2
dt

¼ daðtÞ=dt
R1 þ Vt

I0

� � � V þ n1 � R1

½aðtÞ � 1�
� �8<

:
þ ½aðtÞ � 1�

R1 þ Vt
I0

� � � dV
dt

þ
dn1
dt � R1 � ½aðtÞ � 1� � n1 � R1 � daðtÞdt

½aðtÞ � 1�2

0
@

1
A
9=
;

� ½1� ðk1 þ 1Þ � af 1�

We define function f V ; dVdt ; t
� �

: dIC1dt ¼ f V ; dVdt ; t
� �
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f V ;
dV
dt

; t

� �

¼

dg2
dt � V

Vt
þ g2

V � dVdt þ dD
dt þ

Isc
Vt
� dVdt � ðar1 � af 1 � 1Þ

h i
� 2� ar1 � af 1 þð1� af 1Þ � V

Vt

h i
� g2 � V

Vt
þDþ Isc � V

Vt
þ Isc � Ise

h i
� ðar1 � af 1 � 1Þ

h i
� ð1�af 1Þ

Vt
� dVdt

2� ar1 � af 1 þð1� af 1Þ � V
Vt

h i2

Summary We can represent our system by two main differential equations:
dV
dt ¼ L1 � d

2
IC1
dt2 þ 1

C1
� IC1; dIC1dt ¼ f V ; dVdt ; t

� �
: We define new system variables

in time X1 = X1(t); X2 = X2(t).

X2 ¼ IC1;X1 ¼ dX2

dt
¼ dIC1

dt
;
dX1

dt
¼ d2X2

dt2
¼ d2IC1

dt2
) dV

dt
¼ L1 � dX1

dt
þ 1

C1
� X2

dV
dt

¼ L1 � dX1

dt
þ 1

C1
� X2 ) dX1

dt
¼ 1

L1
� dV

dt
� 1
C1

� X2

� �
:

We get the following system differential equations:

dX1

dt
¼ 1

L1
� dV

dt
� 1
C1

� X2

� �
;
dX2

dt
¼ X1;

X2 ¼ IC1 ¼
g2 � V

Vt
þDþ Isc � V

Vt
þ Isc � Ise

h i
� ðar1 � af 1 � 1Þ

2� ar1 � af 1þð1� af 1Þ � V
Vt

h i
X2 ¼ IC1

¼

½aðtÞ�1�
R1 þ Vt

I0

� � � V þ n1�R1
½aðtÞ�1�

� �
� ½1� ðk1þ 1Þ � af 1�

8<
:

9=
; � V

Vt

þ ½aðtÞ�1�
R1 þ Vt

I0

� � � V þ n1�R1
½aðtÞ�1�

� �
� ½2þ k1 � ð1� af 1Þ � af 1 � ar1� þ Isc � V

Vt
þ Isc � Ise

h i
� ðar1 � af 1 � 1Þ

2� ar1 � af 1 þð1� af 1Þ � V
Vt

h i

NðV ; aðtÞÞ ¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � V þ n1 � R1

½aðtÞ � 1�
� �

� ½1� ðk1 þ 1Þ � af 1� � VVt
þ ½2þ k1 � ð1� af 1Þ � af 1 � ar1�

� �

þ Isc � ðar1 � af 1 � 1Þ � V
Vt

þðIsc � IseÞ � ðar1 � af 1 � 1Þ

X2 ¼ IC1 ¼ NðV ; aðtÞÞ
2� ar1 � af 1 þð1� af 1Þ � V

Vt

h i
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For simplicity we define the following functions and global parameters:

w1ðaðtÞÞ ¼
½aðtÞ � 1�
R1 þ Vt

I0

� � ;B1 ¼ ½1� ðk1 þ 1Þ � af 1� � 1
Vt

;

B2 ¼ ½2þ k1 � ð1� af 1Þ � af 1 � ar1�
B3 ¼ Isc � ðar1 � af 1 � 1Þ � 1

Vt
;B4 ¼ ðIsc � IseÞ � ðar1 � af 1 � 1Þ;w1 ¼ w1ðaðtÞÞ

NðV ; aðtÞÞ ¼ w1ðtÞ � V þ n1 � R1

½aðtÞ � 1�
� �

� ðB1 � V þB2ÞþB3 � V þB4;w1ðtÞ ¼ w1ðaðtÞÞ

n1ðV ; aðtÞÞ ¼
1

RCQ1 � 1þ 1
RCQ1

� Vt
I0
� R1

R1 þ Vt
I0

� �
2
4

3
5
� Vcc � V � 1þ Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� �
0
@

1
A

8<
:

9=
;

B5 ¼ 1

RCQ1 � 1þ 1
RCQ1

� Vt
I0
� R1

ðR1 þ Vt
I0
Þ

� 	 ; n1ðV ; aðtÞÞ ¼ B5 � Vcc � V � 1þ Vt

I0
� w1ðaðtÞÞ

� �� �

n1 ¼ n1ðV ; aðtÞÞ;w1ðtÞ ¼ w1ðaðtÞÞ; n1 ¼ B5 � Vcc � V � 1þ Vt

I0
� w1ðtÞ

� 	� �

NðV ; aðtÞÞ ¼ w1ðtÞ � V þ
B5 � Vcc � V � 1þ Vt

I0
� w1ðtÞ

h in o
� R1

½aðtÞ � 1�

0
@

1
A � ðB1 � V þB2ÞþB3 � V þB4

NðV ; aðtÞÞ ¼ w1ðtÞ

� V þ
Vcc � B5 � R1 � V � B5 � R1 � V � Vt

I0
� w1ðtÞ � B5 � R1

n o
½aðtÞ � 1�

0
@

1
A

� ðB1 � V þB2ÞþB3 � V þB4

NðV ; aðtÞÞ ¼ w1ðtÞ

� B1 � V2þV � B2 þ
Vcc � B5 � R1 � V � B5 � R1 � V � Vt

I0
� w1ðtÞ � B5 � R1

n o
� ðB1 � V þB2Þ

½aðtÞ � 1�

8<
:

9=
;

þB3 � V þB4
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NðV ; aðtÞÞ ¼ w1ðtÞ

� B1 � V2 þV � B2 þ

Vcc � B5 � R1 � B1 � V � V2 � B5 � R1 � B1 � V2 � Vt

I0
� w1ðtÞ � B5 � R1 � B1

�

þVcc � B5 � R1 � B2 � V � B5 � R1 � B2 � V � Vt

I0
� w1ðtÞ � B5 � R1 � B2

	
½aðtÞ � 1�

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

þB3 � V þB4

NðV ; aðtÞÞ ¼ w1ðtÞ

� B1 � V2 þV � B2 þ

B5 � R1 � ðVcc � B1 � B2Þ � V � V2 � B5 � R1 � B1 � V2 � w1ðtÞ � Vt
I0
� B5 � R1 � B1

h
þVcc � B5 � R1 � B2 � V � w1ðtÞ � Vt

I0
� B5 � R1 � B2

i
½aðtÞ � 1�

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

þB3 � V þB4

For simplicity we define the following parameters:

A1 ¼ B5 � R1 � ðVcc � B1 � B2Þ;A2 ¼ B5 � R1 � B1;A3 ¼ Vt

I0
� B5 � R1 � B1;

A3 ¼ Vt

I0
� A2;A4 ¼ Vcc � B5 � R1 � B2

A5 ¼ Vt

I0
� B5 � R1 � B2;A3 ¼ Vt

I0
� B5 � R1 � B1 ) Vt

I0
� B5 � R1 ¼ A3

B1
) A5 ¼ A3

B1
� B2

NðV ; aðtÞÞ ¼ w1ðtÞ

� B1 � V2 þV � B2 þ ½A1 � V � V2 � A2 � V2 � w1ðtÞ � A3 þA4 � V � w1ðtÞ � A5�
½aðtÞ � 1�

� �
þB3 � V þB4

X2 ¼ NðV ; aðtÞÞ
2� ar1 � af 1 þð1� af 1Þ � V

Vt

h i ;A6 ¼ 2� ar1 � af 1;A7 ¼ ð1� af 1Þ � 1
Vt

X2 ¼
w1ðtÞ � B1 � V2 þV � B2 þ ½A1�V�V2�A2�V2�w1ðtÞ�A3 þA4�V �w1ðtÞ�A5�

½aðtÞ�1�
n o

þB3 � V þB4

½A6 þA7 � V �
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X2 � ½A6 þA7 � V �

¼ w1ðtÞ � B1 � V2 þV � B2 þ ½A1 � V � V2 � A2 � V2 � w1ðtÞ � A3 þA4 � V � w1ðtÞ � A5�
½aðtÞ � 1�

� �
þB3 � V þB4

X2 � ½A6 þA7 � V � � ½aðtÞ � 1� ¼ w1ðtÞ
� fB1 � ½aðtÞ � 1� � V2 þV � B2 � ½aðtÞ � 1�
þ ½A1 � V � V2 � A2 � V2 � w1ðtÞ � A3 þA4 � V � w1ðtÞ � A5�g
þB3 � ½aðtÞ � 1� � V þB4 � ½aðtÞ � 1�

X2 � A6 � ½aðtÞ � 1� þX2 � A7 � ½aðtÞ � 1� � V ¼ w1ðtÞ � B1 � ½aðtÞ � 1� � V2

þV � w1ðtÞ � B2 � ½aðtÞ � 1�
þw1ðtÞ � A1 � V � V2 � w1ðtÞ � A2 � V2 � w1ðtÞ � w1ðtÞ � A3

þw1ðtÞ � A4 � V � w1ðtÞ � w1ðtÞ � A5

þB3 � ½aðtÞ � 1� � V þB4 � ½aðtÞ � 1�

w1ðtÞ � B1 � ½aðtÞ � 1� � V2 þV � w1ðtÞ � B2 � ½aðtÞ � 1�
þw1ðtÞ � A1 � V � V2 � w1ðtÞ � A2 � V2 � w2

1ðtÞ � A3

þw1ðtÞ � A4 � V � w2
1ðtÞ � A5 þB3 � ½aðtÞ � 1� � V

þB4 � ½aðtÞ � 1� � X2 � A6 � ½aðtÞ � 1� � X2 � A7 � ½aðtÞ � 1� � V ¼ 0

w1ðtÞ � V2 � fB1 � ½aðtÞ � 1� � A2 � w1ðtÞ � A3g
þV � fw1ðtÞ � B2 � ½aðtÞ � 1� þw1ðtÞ
� A1 � w2

1ðtÞ � A5 þB3 � ½aðtÞ � 1� � X2 � A7 � ½aðtÞ � 1�g
þw1ðtÞ � A4 þB4 � ½aðtÞ � 1� � X2 � A6 � ½aðtÞ � 1� ¼ 0

We define the following functions: v1ðtÞ � V2 þ v2ðtÞ � V þ v3ðtÞ ¼ 0

v1ðtÞ ¼ w1ðtÞ � fB1 � ½aðtÞ � 1� � A2 � w1ðtÞ � A3g
v2ðtÞ ¼ w1ðtÞ � B2 � ½aðtÞ � 1� þw1ðtÞ

� A1 � w2
1ðtÞ � A5 þB3 � ½aðtÞ � 1� � X2 � A7 � ½aðtÞ � 1�

v3ðtÞ ¼ w1ðtÞ � A4 þB4 � ½aðtÞ � 1� � X2 � A6 � ½aðtÞ � 1�

v1ðtÞ � V2 þ v2ðtÞ � V þ v3ðtÞ ¼ 0 ) V#;##

¼ �v2ðtÞ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ

p
2 � v1ðtÞ
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We can summery our additional functions and parameters in the following
Table 5.14.

Table 5.14 Summary of our additional functions and parameters

Function/parameter Expression

w1ðaðtÞÞ; @w1 ðaðtÞÞ
@t w1ðtÞ ¼ ½aðtÞ�1�

R1 þ Vt
I0

� � ; @w1 ðtÞ
@t ¼ @aðtÞ=@t

R1 þ Vt
I0

� �
B1;

@B1
@t ¼ 0 B1 ¼ ½1� ðk1 þ 1Þ � af 1 � � 1

Vt

B2;
@B2
@t ¼ 0 B2 ¼ ½2þ k1 � ð1� af 1Þ � af 1 � ar1�

B3;
@B3
@t

B3 ¼ Isc � ðar1 � af 1 � 1Þ � 1
Vt

B4;
@B4
@t ¼ 0 B4 ¼ ðIsc � IseÞ � ðar1 � af 1 � 1Þ

B5;
@B5
@t ¼ 0 B5 ¼ 1

RCQ1 � 1þ 1
RCQ1

� VtI0 �
R1

R1 þVt
I0

� �
2
4

3
5

n1ðtÞ n1 ¼ B5 � Vcc � V � 1þ Vt

I0
� w1ðtÞ

� 	� �

n1ðV ; aðtÞÞ ¼
1

RCQ1 � 1þ 1
RCQ1

� Vt
I0
� R1

R1 þ Vt
I0

� �
2
4

3
5
� Vcc � V � 1þ Vt

I0
� ½aðtÞ � 1�

R1 þ Vt
I0

� �
0
@

1
A

8<
:

9=
;

@n1 ðtÞ
@t dn1

dt ¼ � 1

RCQ1 � 1þ 1
RCQ1

� VtI0 �
R1

R1 þVt
I0

� �
2
4

3
5
� dV

dt � 1þ Vt
I0
� ½aðtÞ�1�
ðR1 þ Vt

I0
ÞÞ þV � Vt

I0
� daðtÞ=dt

R1 þ Vt
I0

� �
0
@

1
A

8<
:

9=
;

g1ðV ; aðtÞÞ g1ðV ; aðtÞÞ ¼ ½aðtÞ�1�
R1 þ Vt

I0

� � � V þ n1 ðV ;aðtÞÞ�R1

½aðtÞ�1�
� �

� ðar1 � k1 � 1Þ

@g1 ðV ;aðtÞÞ
@t @g1

@t
¼ daðtÞ=dt

ðR1 þ Vt
I0
Þ � V þ n1 � R1

½aðtÞ � 1�
� �(

þ ½aðtÞ � 1�
R1 þ Vt

I0

� � � dV
dt

þ
dn1
dt � R1 � ½aðtÞ � 1� � n1 � R1 � daðtÞdt

½aðtÞ � 1�2

0
@

1
A
9=
; � ðar1 � k1 � 1Þ

g2ðV ; aðtÞÞ g2ðV ; aðtÞÞ ¼ ½aðtÞ�1�
R1 þ Vt

I0

� � � V þ n1 ðV ;aðtÞÞ�R1

½aðtÞ�1�
� �

� ½1� ðk1 þ 1Þ � af1 �

dg2
dt dg2

dt
¼ daðtÞ=dt

ðR1 þ Vt
I0
Þ � V þ n1 � R1

½aðtÞ � 1�
� �(

þ ½aðtÞ � 1�
ðR1 þ Vt

I0
Þ �

dV
dt

þ
dn1
dt � R1 � ½aðtÞ � 1� � n1 � R1 � daðtÞdt

½aðtÞ � 1�2

0
@

1
A
9=
; � ½1� ðk1 þ 1Þ � af 1�

DðtÞ ¼ g2ðtÞ � g1ðtÞ DðtÞ ¼ ½aðtÞ�1�
R1 þ Vt

I0

� � � V þ n1 ðV ;aðtÞÞ�R1

½aðtÞ�1�
� �

� ½2þ k1 � ð1� af1Þ � af 1 � ar1�

dD
dt

¼ daðtÞ=dt
ðR1 þ Vt

I0
Þ � V þ n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�
� �"

þ ½aðtÞ � 1�
R1 þ Vt

I0

� � � dV
dt

þ
dn1 ðV ;aðtÞÞ

dt � R1 � ½aðtÞ � 1� � daðtÞ
dt � n1ðV ; aðtÞÞ � R1

½aðtÞ � 1�2

0
@

1
A
3
5 � ½2þ k1 � ð1� af1Þ � af1 � ar1 �

A1 A1 ¼ B5 � R1 � ðVcc � B1 � B2Þ
A2 A2 ¼ B5 � R1 � B1

A3 A3 ¼ Vt
I0
� B5 � R1 � B1

A4 A4 ¼ Vcc � B5 � R1 � B2

A5 A5 ¼ Vt
I0
� B5 � R1 � B2

A6 A6 ¼ 2� ar1 � af 1

A7 A7 ¼ ð1� af 1Þ � 1
Vt
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v1ðtÞ ¼ w1ðtÞ � fB1 � ½aðtÞ � 1� � A2 � w1ðtÞ � A3g

_v1ðtÞ ¼
@w1ðtÞ
@t

� fB1 � ½aðtÞ � 1� � A2 � w1ðtÞ � A3gþw1ðtÞ

� B1 � @aðtÞ
@t

� @w1ðtÞ
@t

� A3

� �

v2ðtÞ ¼ w1ðtÞ � B2 � ½aðtÞ � 1� þw1ðtÞ � A1

� w2
1ðtÞ � A5 þB3 � ½aðtÞ � 1� � X2 � A7 � ½aðtÞ � 1�

_v2ðtÞ ¼
@w1ðtÞ
@t

� B2 � ½aðtÞ � 1� þw1ðtÞ � B2 � @aðtÞ
@t

þ @w1ðtÞ
@t

� A1 � 2 � w1ðtÞ �
@w1ðtÞ
@t

� A5

þB3 � @aðtÞ
@t

� @X2

@t
� A7 � ½aðtÞ � 1� � X2 � A7 � @aðtÞ

@t

v3ðtÞ ¼ w1ðtÞ � A4 þB4 � ½aðtÞ � 1� � X2 � A6 � ½aðtÞ � 1�

_v3ðtÞ ¼
@w1ðtÞ
@t

� A4 þB4 � @aðtÞ
@t

� @X2

@t
� A6 � ½aðtÞ � 1� � X2 � A6 � @aðtÞ

@t

We can summarize our vi; _viði ¼ 1; 2; 3Þ expressions in Table 5.15:

Table 5.15 Summary of our expressions vi; _viði ¼ 1; 2; 3Þ
viði ¼ 1; 2; 3Þ _viði ¼ 1; 2; 3Þ
v1ðtÞ ¼ w1ðtÞ � fB1 � ½aðtÞ � 1�

� A2 � w1ðtÞ � A3g
_v1ðtÞ ¼

@w1ðtÞ
@t

� fB1 � ½aðtÞ � 1� � A2 � w1ðtÞ � A3g

þw1ðtÞ � B1 � @aðtÞ
@t

� @w1ðtÞ
@t

� A3

� �

v2ðtÞ ¼ w1ðtÞ � B2 � ½aðtÞ � 1� þw1ðtÞ � A1

� w2
1ðtÞ � A5 þB3 � ½aðtÞ � 1� � X2 � A7 � ½aðtÞ � 1�

_v2ðtÞ ¼
@w1ðtÞ
@t

� B2 � ½aðtÞ � 1� þw1ðtÞ � B2 � @aðtÞ
@t

þ @w1ðtÞ
@t

� A1 � 2 � w1ðtÞ �
@w1ðtÞ
@t

� A5 þB3 � @aðtÞ
@t

� @X2

@t
� A7 � ½aðtÞ � 1� � X2 � A7 � @aðtÞ

@t
@X2
@t ) dX2

dt ;
dX2

dt ¼ X1

_v2ðtÞ ¼
@w1ðtÞ
@t

� B2 � ½aðtÞ � 1� þw1ðtÞ � B2 � @aðtÞ
@t

þ @w1ðtÞ
@t

� A1 � 2 � w1ðtÞ �
@w1ðtÞ
@t

� A5 þB3 � @aðtÞ
@t

� X1 � A7 � ½aðtÞ � 1� � X2 � A7 � @aðtÞ
@t

v3ðtÞ ¼ w1ðtÞ � A4 þB4 � ½aðtÞ � 1�
� X2 � A6 � ½aðtÞ � 1�

_v3ðtÞ ¼
@w1ðtÞ
@t

� A4 þB4 � @aðtÞ
@t

� @X2

@t
� A6 � ½aðtÞ � 1� � X2 � A6 � @aðtÞ

@t
@X2
@t ) dX2

dt ;
dX2

dt ¼ X1

_v3ðtÞ ¼
@w1ðtÞ
@t

� A4 þB4 � @aðtÞ
@t

� X1 � A6 � ½aðtÞ � 1� � X2 � A6 � @aðtÞ
@t
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V#;## ¼ �v2ðtÞ 
 ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ�
1
2

2 � v1ðtÞ

) dV#;##

dt
¼ d

dt
�v2ðtÞ 
 ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ�

1
2

2 � v1ðtÞ

" #

dV#;##

dt
¼

� _v2ðtÞ 
 1
2 � ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ��

1
2 � ½2 � v2ðtÞ � _v2ðtÞ � 4 � _v1ðtÞ � v3ðtÞ

n
�4 � v1ðtÞ � _v3ðtÞ�g � 2 � v1ðtÞ � �v2ðtÞ 
 ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ�

1
2

n o
� 2 � _v1ðtÞ

4 � v21ðtÞ

We define the following function:

dV#;##

dt
¼ gðX1;X2; _X1; _X2; aðtÞ; @aðtÞ

@t
;w1ðtÞ;

@w1ðtÞ
@t

Þ

g X1;X2; _X1; _X2; aðtÞ; @aðtÞ
@t

;w1ðtÞ;
@w1ðtÞ
@t

� �

¼

� _v2ðtÞ 

1
2
� ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ��

1
2 � ½2 � v2ðtÞ � _v2ðtÞ � 4 � _v1ðtÞ � v3ðtÞ

�

�4 � v1ðtÞ � _v3ðtÞ�g � 2 � v1ðtÞ � �v2ðtÞ 
 ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ�
1
2

n o
� 2 � _v1ðtÞ

4 � v21ðtÞ

We already got the following expression: dX1

dt ¼ 1
L1
� dV

dt � 1
C1
� X2

n o

dX1

dt
¼ 1

L1
� dV#;##

dt
� 1
C1

� X2

� �
;
dX2

dt
¼ X1 ) dX2

dt
¼ X1;

dX1

dt
¼ 1

L1
� gðX1;X2; aðtÞ; . . .Þ � 1

C1
� X2

� �

We can define out OptoNDR differential equations:

dX1

dt
¼ f1ðX1;X2; aðtÞ; . . .Þ; dX2

dt
¼ f2ðX1;X2; aðtÞ; . . .Þ

f1ðX1;X2; aðtÞ; . . .Þ ¼ 1
L1

� fgðX1;X2; aðtÞ; . . .Þ � 1
C1

� X2g; f2ðX1;X2; aðtÞ; . . .Þ ¼ X1

Next we need to find our system Jacobian matrix at limit cycle A(t).
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AðtÞ ¼
@f1
@X1

@f1
@X2

@f2
@X1

@f2
@X2

 !
ðX1ðtÞ;X2ðtÞÞlimitcycle








@f2
@X2

¼0; @f2@X1
¼1

¼ � @f1
@X2






ðX1ðtÞ;X2ðtÞÞlimitcycle

¼ � 1
L1

� @gðX1;X2; aðtÞ; . . .Þ
@X2

� 1
C1

� �




ðX1ðtÞ;X2ðtÞÞlimitcycle

@f1
@X1

¼ 1
L1

� @gðX1;X2; aðtÞ; . . .Þ
@X1

;
@f1
@X2

¼ 1
L1

� @gðX1;X2; aðtÞ; . . .Þ
@X2

� 1
C1

� �
;
@f2
@X1

¼ 1;
@f2
@X2

¼ 0

We need to find the expressions for @gðX1;X2;aðtÞ;...Þ
@X1

; @gðX1;X2;aðtÞ;...Þ
@X2

@g X1;X2; aðtÞ; @aðtÞ@t

� �
@X1

¼ @

@X1

� _v2ðtÞ 
 1
2 � ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ��

1
2 � ½2 � v2ðtÞ � _v2ðtÞ � 4 � _v1ðtÞ � v3ðtÞ

n
�4 � v1ðtÞ � _v3ðtÞ�g � 2 � v1ðtÞ � �v2ðtÞ 
 ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ�

1
2

n o
� 2 � _v1ðtÞ

4 � v21ðtÞ

2
66666664

3
77777775

@g X1;X2; aðtÞ; @aðtÞ@t

� �
@X2

¼ @

@X2

� _v2ðtÞ 
 1
2 � ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ��

1
2 � ½2 � v2ðtÞ � _v2ðtÞ � 4 � _v1ðtÞ � v3ðtÞ

n
�4 � v1ðtÞ � _v3ðtÞ�g � 2 � v1ðtÞ � �v2ðtÞ 
 ½v22ðtÞ � 4 � v1ðtÞ � v3ðtÞ�

1
2

n o
� 2 � _v1ðtÞ

4 � v21ðtÞ

2
66666664

3
77777775

w1ðtÞ ¼
½aðtÞ � 1�
R1 þ Vt

I0

� � ; @w1ðtÞ
@t

¼ @aðtÞ=@t
R1 þ Vt

I0

� �
v1ðtÞ ¼ w1ðtÞ � fB1 � ½aðtÞ � 1� � A2 � w1ðtÞ � A3g

¼ ½aðtÞ � 1�
R1 þ Vt

I0

� � � B1 � ½aðtÞ � 1� � A2 � ½aðtÞ � 1�
R1 þ Vt

I0

� � � A3

8<
:

9=
;

v2ðtÞ ¼ w1ðtÞ � B2 � ½aðtÞ � 1� þw1ðtÞ � A1 � w2
1ðtÞ � A5 þB3 � ½aðtÞ � 1�

� X2 � A7 � ½aðtÞ � 1�

v2ðtÞ ¼
½aðtÞ � 1�
R1 þ Vt

I0

� � � ðB2 � ½aðtÞ � 1� þA1Þ � ½aðtÞ � 1�
R1 þ Vt

I0

� �
2
4

3
5
2

�A5

þB3 � ½aðtÞ � 1� � X2 � A7 � ½aðtÞ � 1�

452 5 Optoisolation NDR Circuits Behavior Investigation …



v3ðtÞ ¼ w1ðtÞ � A4þB4 � ½aðtÞ � 1� � X2 � A6 � ½aðtÞ � 1� ¼ ½aðtÞ � 1� � A4

R1 þ Vt
I0

� � þB4 � X2 � A6

0
@

1
A

_v1ðtÞ ¼
@aðtÞ
@t

� 1

R1 þ Vt
I0

� � � B1 � ½aðtÞ � 1� � A2 � ½aðtÞ � 1�
R1 þ Vt

I0

� � � A3

8<
:

9=
;

2
4

þ ½aðtÞ � 1�
R1 þ Vt

I0

� � � B1 � A3

ðR1 þ Vt
I0
Þ

( )35

_v2ðtÞ ¼
@aðtÞ
@t

� B2 � ½aðtÞ � 1�
R1 þ Vt

I0

� � þ ½aðtÞ � 1�
R1 þ Vt

I0

� � � B2

8<
:

þ 1

R1 þ Vt
I0

� � � A1 � 2 � ½aðtÞ � 1�
R1 þ Vt

I0

� � � A5

R1 þ Vt
I0

� � þB3 � X2 � A7

9=
;

� X1 � A7 � ½aðtÞ � 1�

_v3ðtÞ ¼
@aðtÞ
@t

� A4

R1 þ Vt
I0

� � þB4 � X2 � A6

2
4

3
5� X1 � A6 � ½aðtÞ � 1�

We need to find the Jacobian Matrix elements at limit cycle.

@f1
@X1






ðX1ðtÞ;X2ðtÞÞlimitcycle

¼ 1
L1

� @gðX1;X2; aðtÞ; . . .Þ
@X1






ðX1ðtÞ;X2ðtÞÞlimitcycle

@f1
@X2






ðX1ðtÞ;X2ðtÞÞlimitcycle

¼ 1
L1

� @gðX1;X2; aðtÞ; . . .Þ
@X2






ðX1ðtÞ;X2ðtÞÞlimitcycle

� 1
C1

( )

@f2
@X1






ðX1ðtÞ;X2ðtÞÞlimitcycle

¼ 1;
@f2
@X2






ðX1ðtÞ;X2ðtÞÞlimitcycle

¼ 0

We study the stability of the limit cycle solution, first we have to locate it. One
point on the limit cycles, as well as its period T, such that X1ðtþ TÞ ¼ X1ðtÞ;
X2ðtþ TÞ ¼ X2ðtÞ: First we need to prove that the system has periodic orbits and it
is done by changing system cartesian coordinates (X1(t), X2(t)) to cylindrical
coordinates (r(t), h(t)). Next we show that the cylinder is invariant. We approve that
there is a stable periodic orbit and use the fact that a stable periodic orbit has
two/three Floquet multipliers [46, 47]. One of them is unity. For the conversion
between cylindrical and Cartesian systems and opposite, it is convenient to assume
that the reference plane of the former is the Cartesian x–y plane (with equation
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z = 0), and the cylindrical axis is the Cartesian z axis. In our system we refer to
Cartesian X1−X2 plane (with equation X3 = 0). Then the z coordinate is the same in
both systems, and the correspondence between cylindrical (r, h) and Cartesian (X1,
X2) are the same as for polar coordinates, namely X1(t) = r(t)∙cos[h(t)]; X2(t) = r(t)
∙sin[h(t)]; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
1 þX2

2

p
. h(t) = 0 if X1 = 0 and X2 = 0. h(t) = arcsin(X2/r) if

X1 >=0.
h(t) = −arcsin(X2/r) + p if X1 < 0. We represent our system equation:

dX1

dt ¼ 1
L1
� gðX1;X2; aðtÞ; . . .Þ � 1

C1
� X2

n o
; dX2

dt ¼ X1 by using cylindrical coor-

dinates (r(t), h(t)) [78–80].

X1ðtÞ ¼ rðtÞ � cos½hðtÞ� ) dX1ðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

X2ðtÞ ¼ rðtÞ � sin½hðtÞ� ) dX2ðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dX1ðtÞ
dt

¼ dX1

dt
;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the equations:

dX1

dt
¼ r0 � cos h� r � h0 � sin h; dX2

dt
¼ r0 � sin hþ r � h0 � cos h

dX2

dt
¼ X1 ) r0 � sin hþ r � h0 � cos h ¼ r � cos h
) r0 � sin h ¼ �r � h0 � cos hþ r � cos h

r0 � sin h ¼ �r � h0 � cos hþ r � cos h

) r0 � sin h ¼ r � cos h � ð1� h0Þ ) tgh ¼ r � ð1� h0Þ
r0

tgh ¼ r � ð1� h0Þ
r0

) h ¼ arctg
r � ð1� h0Þ

r0

� �
;X1 ¼ r � cos h;

X2 ¼ r � sin h

To find our solution constant radius for system with constant source: aðtÞ ¼
1; @aðtÞ@t ¼ 0 we set drdt ¼ 0 which yield the following outcome:

dX2

dt
¼ X1 ) tgh ¼ r � ð1� h0Þ

r0
) r0 ¼ r � ð1� h0Þ

tgh
;
dr
dt

¼ 0 , r � ð1� h0Þ
tgh

¼ 0

Since r 6¼ 0, we get two possible

1. tgh ! 1 ) h ¼ p
2 þ p � n ¼ p � 1

2 þ n
� 8 n ¼ 0; 1; 2; . . .

2. 1� h0 ¼ 0 ) dh
dt ¼ 1 ) h ¼ tþ const; dhdt ¼ 2� p

T ¼ 1 ) T ¼ 2 � p.
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We need to find gðX1;X2; aðtÞ; . . .Þ in cylindrical coordinates (r(t), h(t)) for

system with constant source: aðtÞ ¼ 1; @aðtÞ@t ¼ 0: The transformation:
gðX1;X2; aðtÞ ¼ 1; . . .Þ ! gðrðtÞ; hðtÞ; aðtÞ ¼ 1; . . .Þ.

v1ðtÞjaðtÞ¼1;@aðtÞ@t ¼0¼ 0; v2ðtÞjaðtÞ¼1;@aðtÞ@t ¼0¼ 0; v3ðtÞjaðtÞ¼1;@aðtÞ@t ¼0¼ 0

_v1ðtÞjaðtÞ¼1;@aðtÞ@t ¼0¼ 0; _v2ðtÞjaðtÞ¼1;@aðtÞ@t ¼0¼ 0; _v3ðtÞjaðtÞ¼1;@aðtÞ@t ¼0¼ 0

We get undefined expression:
@g X1;X2;aðtÞ;@aðtÞ@tð Þ

@X2
for aðtÞ ¼ 1; @aðtÞ@t ¼ 0.

Our solution constant radius for system can not be with constant source. We
choose periodic source and find Jacobian matrix at limit cycle A(t).

dX1

dt
¼ f1ðX1;X2; aðtÞ; . . .Þ ¼ f1;

dX2

dt
¼ f2ðX1;X2; aðtÞ; . . .Þ ¼ f2

We get our system equations:

dX1

dt
¼ f1ðX1;X2; aðtÞ; . . .Þ; dX2

dt
¼ f2ðX1;X2; aðtÞ; . . .Þ

We need to find @f1
@X1

þ @f2
@X2

� �



ðX1ðtÞ;X2ðtÞÞlimitcycle

at a solution with constant radius

(dr/dt = 0).

q1 � q2 ¼ e

RT
0

trðAðsÞÞ� ds








q1¼1

) q2 ¼ e

RT
0

trðAðsÞÞ� ds
¼ e

RT
0

@f1
@X1

þ @f2
@X2

� �



r¼rconst

� ds

As a result, the limit cycle with radius rconst. Is stable if
RT
0
trðAðsÞÞ � ds\0 or

q2 < 1 and unstable if
RT
0
trðAðsÞÞ � ds[ 0 or q2 > 1.

Remark In the last analysis our solution constant radius for system can not be with
constant source; ∂a(t)/∂t = 0. It is reader exercise to do the limit cycle stability
analysis for all other cases ∂a(t)/∂t 6¼ 0, periodic source by using Floquet theory
[46, 47].

The stability of a limit cycle is analyzed by changing OptoNDR system’s
parameters and verify when max(Re(qi)) value pass through “−1” value. It is sig-
nifying a period doubling bifurcation of a limit cycle.
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5.7 Exercises

1. We consider an OptoNDR circuit with storage elements, variable capacitors (see
Fig. 5.16). At t = 0 switch S1 moves his position from OFF state to ON state.
Circuit dynamic starts and V(t) is the main system variable. We consider that
initially capacitor C1 is charged to VC1(t = 0) and capacitor C2 is charged to
VC2(t = 0) VDD � VQ1(sustain) and photo transistor Q1 reaches his sustaining
voltage (breakover voltage) after we move switch S1 to ON state. After we
move S1 to ON state capacitors C1 and C2 start to charge. Circuit output voltage
VCEQ1 = V(t) is growing up.

1:1 Find optoisolation circuit differential equations.
1:2 Check in which conditions the system has periodic orbits. Hint: It is done by

changing system Cartesian coordinates to cylindrical coordinates r(t), h(t).
Find system periodic T.

1:3 Get system constant radius as a function of circuit parameters (C1, C2, af, ar,
Ise, Isc, etc.).

1:4 Find the expression for Floquet multipliers and discuss stability.
1:5 We set C = C1 = 2 ∙ C2. How system periodic orbit dependents on

C capacitor values? How system constant radius changes when we change C
capacitor values? rconst�radius ¼ f ðCÞ:

2. We consider an OptoNDR circuit with storage elements, variable capacitors (see
Fig. 5.17). At t = 0 switch S1 moves his position from OFF state to ON state.
Circuit dynamic starts and V(t) is the main system variable. We consider that
initially capacitor C1 is charged to VC1(t = 0) and capacitor C2 is charged to
VC2(t = 0) VDD � VQ1(sustain) and photo transistor Q1 reaches his sustaining
voltage (breakover voltage) after we move switch S1 to ON state. After we

Fig. 5.16 OptoNDR circuit
with storage elements,
variable capacitors
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move S1 to ON state capacitors C1 and C2 start to charge. Circuit output voltage
VCEQ1 = V(t) is growing up. Photo transistor Q1 has two coupling LEDs D1 and
D2.

IBQ1 ¼ k1 � ID1 þ k2 � ID2 or IBQ1 ¼ k1 � n1ðID1Þþ k2 � n2ðID2Þ:

2:1 Find optoisolation circuit differential equations for IBQ1 = k1∙ID1 + k2∙ID2.
2:2 Check in which conditions the system has periodic orbits for

IBQ1 = k1∙ID1 + k2∙ID2. Hint: It is done by changing system Cartesian
coordinates to cylindrical coordinates r(t), h(t).
Find system periodic T.

2:3 Get system constant radius as a function of circuit parameters (C1, C2, af, ar,
Ise, Isc, etc.) for IBQ1 = k1∙ID1 + k2∙ID2.

2:4 Find the expression for Floquet multipliers and discuss stability for
IBQ1 = k1∙ID1 + k2∙ID2.

2:5 We set C = C1 = 2∙C2 and n1ðID1Þ ¼ I2D1; n2ðID2Þ ¼ ID2 � C� 1: How
system periodic orbit dependents on C capacitor values? How system
constant radius changes when we change C capacitor values and C
parameter values? rconst�radius ¼ f ðC;CÞ: IBQ1 = k1 ∙ n1(ID1) + k2 ∙ n1
(ID2).

3. We have autonomous Chua’s circuit with OptoNDR element which contains
phototransistor Q1 coupled with two LEDs (D1, D2). The circuit contains three
energy storage elements (Inductance L1, Capacitors C1, and C2). Chua’s circuit
exhibits different and unique variety of bifurcations and chaos among the
chaos-producing mechanism with OptoNDR element. OptoNDR element is a
current-controlled nonlinear element characterized by VOptoNDR = g(iNDR, iC1).
iC1 = iD2; iD1 = iCQ1. We consider iBQ1 as a combination of two circuit’s

Fig. 5.17 OptoNDR circuit
with storage elements,
variable capacitors
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currents with k1 and k2 coupling coefficients, respectively. iBQ1 equation is
IBQ1 ¼ k1 � ID1 þ k2 � IC1; k1 ¼ n � k2; k2 ¼ k; k1; k2\1 (Fig. 5.18).

3:1 Find circuit’s differential equations and represent the main variables as X(t),
Y(t), Z(t).

3:2 Find circuit’s fixed points. How circuit’s fixed points are dependent on k,
n circuit’s parameters?

3:3 Find Chua’s circuit OptoNDR Jacobian matrix and elements.
3:4 Discuss stability for possible circuit’s fixed points.
3:5 How system stability changes for various k, n parameters values.
3:6 We turn over the polarity of D2. How circuit’s fixed points and stability

analysis change.

4. We have autonomous Chua’s circuit with OptoNDR element which contains
phototransistor Q1 coupled with three LEDs (D1, D2, D3). The circuit contains
three energy storage elements (Inductance L1, Capacitors C1, and C2). Chua’s
circuit exhibits different and unique variety of bifurcations and chaos among the
chaos-producing mechanism with OptoNDR element. OptoNDR element is a
current-controlled nonlinear element characterized by VOptoNDR = g(iNDR, iC1,
iEQ1). iC1 = iD2; iD1 = iCQ1. We consider IBQ1 as a combination of three circuit’s
currents with k1, k2, and k3 coupling coefficients, respectively. IBQ1 equation is
IBQ1 ¼ k1 � ID1 þ k2 � IC1 þ k3 � IEQ1; k1 ¼ n � k2; k2 ¼

ffiffiffi
n

p � k; k3 ¼ k; k1\1;
k2\1; k3\1 (Fig. 5.19).

4:1 Find circuit’s differential equations and represent the main variables as X(t),
Y(t), Z(t).

4:2 Find circuit’s fixed points. How circuit’s fixed points are dependent on k,
n circuit’s parameters?

Fig. 5.18 Autonomous Chua’s circuit with OptoNDR element which contains phototransistor Q1
coupled with two LEDs (D1, D2)
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4:3 Find Chua’s circuit OptoNDR Jacobian matrix and elements.
4:4 Discuss stability for possible circuit’s fixed points.
4:5 How system stability changes for various k, n parameters values.
4:6 We turn over the polarity of D3. How circuit’s fixed points and stability

analysis change.

5. We have autonomous Chua’s circuit with two OptoNDR elements, OptoNDR
elements (No. 1 and No. 2) contain phototransistor Q1 coupled with LED D1
and phototransistor Q2 coupled with LED D2, respectively. The circuit contains
three energy storage elements (Inductance L1, Capacitors C1, and C2). Chua’s
circuit exhibits different and unique variety of bifurcations and chaos among the
chaos-producing mechanism with OptoNDR elements. OptoNDR elements are a
current-controlled nonlinear elements characterized by VOptoNDR1 = g1(iNDR1)
and VOptoNDR2 = g1(iNDR2) (Fig. 5.20).
We consider that the two optocouplers are not the same ar1 6¼ ar2; af1 6¼ af2;
k1 6¼ k2. iR = iOptoNDR1. IBQi=ki � IDi for i = 1, 2.

5:1 Find circuit’s differential equations and represent the main variables as X(t),
Y(t), Z(t).

5:2 Find circuit’s fixed points. How circuit’s fixed points are dependent on k1, k2
circuit’s parameters?

5:3 Find Chua’s circuit OptoNDR’s Jacobian matrix and elements. Discuss
stability for possible circuit’s fixed points.

Fig. 5.19 Autonomous Chua’s circuit with OptoNDR element which contains phototransistor Q1
coupled with three LEDs (D1, D2, D3)
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5:4 How system stability changes for various k1, k2 parameters values. We
disconnect OptoNDR2 element. How circuit’s fixed points and stability
analysis change.

6. We have an OptoNDR circuit with three storage elements (variable capacitor
and variable Inductances see Fig. 5.21). At t = 0 switch S1 moves his position
from OFF state to ON state. Circuit dynamic starts and V(t) is the main system
variable. We consider that initially capacitor C1 is charged to VC1(t = 0) and
inductances L1 and L2 are charged to IL1(t = 0) and IL1(t = 0), respectively.
VBB � VQ1(sustain) and photo transistor Q1 can reach his sustaining voltage
(breakover voltage) after we move switch S1 to ON state. k1 is the coupling
coefficient between LED D1 and photo transistor Q1. D2 (LED) is coupled with
D3 (photo diode), k2 is the coupling coefficient (ID3 = k2 ∙ ID2). 2∙Lm element

Fig. 5.20 Autonomous Chua’s circuit with two OptoNDR elements, OptoNDR elements
(No. 1 and No. 2) contain phototransistor Q1 coupled with LED D1 and phototransistor Q2
coupled with LED D2, respectively

Fig. 5.21 OptoNDR circuit
with three storage elements
(variable capacitor and
variable Inductances)
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represents the mutual inductance between L1 and L2. Lm ¼ c � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1 � L2

p
, c is

the coupling coefficient of two inductors 0� c� 1. After we move S1 to ON
state capacitor C1 starts to charge and once VCEQ1 reaches sustain voltage the
current through inductor L1 rise up.

6:1 Write system equations and differential equations
6:2 How system stability is dependent on coupling coefficient c?
6:3 Discuss stability of system periodic orbit by using Floquet theory.
6:4 How our system Floquet multipliers are dependent on parameters k1, k2, and

c?
6:5 Discuss system parameters variation which cause to periodic orbit transition

from unstable to stable.

7. We have OptoNDR system with three global variables: X, Y, Z.

dX
dt

¼ w1ðX; Y ; ZÞ;
dY
dt

¼ w2ðX; Y ; ZÞ;
dZ
dt

¼ w3ðX; Y ; ZÞþ
ffiffiffiffi
N

p

7:1 Draw possible system circuits implementation which fulfils OptoNDR
system with three global parameters.

7:2 Find wi(i = 1,2,3) functions and find how system stability is dependent on
these functions.

7:3 Express N global parameter as a function of circuit parameters.
7:4 Discuss stability of system periodic orbit by using Floquet theory.
7:5 Discuss system parameters variation which cause to periodic orbit transition

from stable to unstable.
7:6 Find circuit implementation which represents by only two global variables

dX
dt ¼ w1ðX; ZÞ; dZdt ¼ w3ðX; ZÞþ

ffiffiffi
N

p

sin 2� p
N2
� t

� . Discuss stability switching for

various values of N global parameter.

8. We have optoisolation system with two global variables X1(t) and X2(t). The
global variables grow or shrink exponentially at rate ri(t) with
r1ðtÞ ¼ cosð2 � p � tÞ; r2ðtÞ ¼ � cosð2 � p � tÞ, so that they change from sources
(r > 0) to sinks (r < 0) perfectly out of phase with period T = 1. The global
variables X1(t) and X2(t) are coupled by random disposal with rate n. The model

for this situation is dX1

dt ¼ r1ðtÞ � X1 þ n � ðX2 � X1Þ dX2

dt ¼ r2ðtÞ � X2 þ n�
ðX1 � X2Þ:
8:1 Find possible circuits implementation for our system by using optoisolation

elements and discrete components.
8:2 If the two global variables are completely uncouples (n = 0), then the

growth rate for each global variable varies from −1 to +1. The average
growth rate is zero. Discuss circuit’s parameters, stability, Floquet expo-
nents, and Floquet multipliers. Find max(Re(li)) as a function of optoiso-
lation circuit parameters.
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8:3 What happened when we exchange between periodic sources r1(t) and r2(t),
r1ðtÞ � r2ðtÞ? How system dynamic and stability behavior change?

8:4 If the two global variables are completely well-mixed (n ! ∞), what
changes happened? Draw circuit implementation and discuss all related
Eqs.

8:5 We have new functions for periodic sources: r1ðtÞ ¼ sinð2 � p � tÞþ cosð2 �
p � tÞ r2ðtÞ ¼ sinð2 � p � tÞ � cosð2 � p � tÞ: Analyze system dynamic and
limit cycle stability by using Floquet theory.

9. Figure 5.22 OptoNDR circuit with periodic source a(t) includes two resistors
(R1, RcQ1), two inductors (L1, L2), and one capacitor C1. The circuit includes
two voltage sources Vcc1, Vcc2 which there voltages are much bigger than photo
transistors break voltages VCC1 � VQ1breakVCC2 � VQ2break. The multiplication
element ([]*[]) is implemented by using op-amps, resistors, capacitors, diodes,
etc. Multiplication element’s input current is zero since his input impedance is
infinite Iinf½�	½�g ! e Rinf½�	½�g ! 1. At t = 0 switch S1 move from OFF state to
ON state and after s s switch S2 move from OFF state to ON state S1 = U(t),
S2 = U(t − s). You can neglect the coupling between the two inductors.

9:1 Find circuit differential equations and define global parameters.
9:2 Find system Jacobian A(t) matrix at limit cycle.
9:3 Find Floquet multipliers and discuss the system stability of a limit cycle.
9:4 Return your calculations (9.1, 9.2, 9.3) for s = 0 and s ! ∞.
9:5 How our system stability of a limit cycle is dependent on s parameter?

Fig. 5.22 OptoNDR circuit with periodic source a(t) includes two resistors (R1, RcQ1), two
inductors (L1, L2), and one capacitor C1
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9:6 How our circuit analysis results and system stability of a limit cycle change
if, first we switch S2 OFF ! ON and after s s switch S1 OFF ! ON.

Remark Two photo transistors and LEDs have different parameters.

10. We have optoisolation system with three global variables: X1, X2,X3, and
global parameters: Ci, Ni, Xi for i = 1, 2. Our system differential equations:

dX1

dt
¼ X1 � ð1� X1Þ � C1 � X1

1þX1 � X1
� X2;

dX3

dt
¼ C2 � X2

1þX2 � X2
� X3 � N2 � X3

dX2

dt
¼ C1 � X1

1þX1 � X1
� X2 � C2 � X2

1þX2 � X2
� X3 þ signðN1Þ � N1 � X2

signðN1Þ ¼ þ 1 for N1 [ 0; signðN1Þ ¼ �1 for N1\0

10:1 Draw possible system circuits implementation which fulfils OptoNDR
system with three global parameters.

10:2 Find Ci, Ni, Xi for i = 1, 2 global parameters and find how system stability
is dependent on these parameters.

10:3 Discuss stability of system periodic orbit by using Floquet theory.
10:4 Express Ci, Ni, Xi for i = 1, 2 global parameters as a function of circuit

parameters.
10:5 Discuss system parameters variation which cause to periodic orbit tran-

sition from stable to unstable.
10:6 Find circuit implementation which represents by only two global

variables:

dX1

dt
¼ X1 � ð1� X1Þ � C1 � X1

1þX1 � X1
� X2

dX2

dt
¼ C1 � X1

1þX1 � X1
� X2 � C2 � X2

1þX2 � X2
� X1 � signð

ffiffiffiffiffiffi
N1

p
Þ � N1 � X2

Discuss stability switching for various values of global parameters.
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Chapter 6
Optoisolation Circuits with Periodic Limit
Cycle Solutions Orbital Stability

Optoisolation systems periodic orbits are frequently encountered as trajectories. We
use solutions of initial value problems, as a mean of finding stable periodic orbits of
vector fields. We can represent our system as a vector fields in Euclidean space,

systems of differential equations: dXdt ¼ f ðX;XÞ; X 2 R
n; X 2 R

k with X a vector

of optoisolation circuit parameters. Periodic orbits are nonequilibrium trajectories
X(t) that satisfy X(T) = X(0) for some T > 0. The smallest such T is the period of the
orbit. The local dynamics near a periodic orbit are typically determined by return
map. The return map has a fixed point at its intersection with a periodic orbit. If the
Jacobian of the return map at this fixed point has eigenvalues inside the unit circle,
the orbit is asymptotically stable. Initial conditions in the Basin of Attraction
(BOA) of the periodic orbit have trajectories whose limit set is the periodic orbit. It
is the right circuit design issue, by choosing the optoisolation elements and discrete
components, topological circuit structure which fulfill system periodic orbits [5–8].

6.1 Planar Cubic Vector Field and Van der Pol Equation

We can represent our planar cubic vector field system as two differential equations:
dX1

dt ¼ X2;
dX2

dt ¼ �ðX3
1 þ r � X2

1 þ n � X1 þmÞþ ðC� X2
1Þ � X2: The system contains

the unfolding of a co-dimension two bifurcation of an equilibrium point with a
double eigenvalue zero in the presence of a rotational symmetry of the plane. To

find system fixed points we set dX1/dt = 0; dX2/dt = 0. dX1

dt ¼ 0& dX2

dt ¼ 0 ) X2 ¼
0 ) X3

1 þ r � X2
1 þ n � X1 þm ¼ 0: We need to find the roots of PðX1Þ ¼

0; PðX1Þ ¼ X3
1 þ r � X2

1 þ n � X1 þm: Every cubic equation with real coefficients
has at least one solution X1 among the real numbers; this is a consequence of the
intermediate value theorem. We can distinguish several possible cases using the
discriminant, D ¼ �4 � r3 � mþ r2 � n2 � 4 � n3 þ 18 � r � n � m� 27 � m2. If D > 0,
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then the equation has three distinct real roots. If D < 0, then the equation has one
real root and a pair of complex conjugate roots. If D = 0, then (at least) two roots
coincide. We consider our system roots are only real [9]. We define the root of
PðX1Þ ¼ 0 ) X�

1 and we define our system fixed points :

EðjÞ ¼ ðX�
1 ; 0Þ:

dX1

dt
¼ f1ðX1;X2Þ; f1ðX1;X2Þ ¼ X2;

dX2

dt
¼ f2ðX1;X2Þ

f2ðX1;X2Þ ¼ �ðX3
1 þ r � X2

1 þ n � X1 þmÞþ ðC� X2
1Þ � X2: Our Jacobian Matrix

at the fixed point EðjÞ ¼ ðX�
1 ; 0Þ is A ¼

@f1
@X1

@f1
@X2

@f2
@X1

@f2
@X2

 !
EðjÞ¼ðX�

1 ;0Þ
. @f1
@X1

¼ 0; @f1
@X2

¼ 1

@f2
@X1

¼ �ð3 � X2
1 þ r � 2 � X1 þ nÞ � 2 � X1 � X2;

@f2
@X2

¼ C� X2
1

@f2
@X1

jEðjÞ¼ðX�
1 ;0Þ ¼ �ð3 � ½X�

1 �2 þ r � 2 � X�
1 þ nÞ; @f2

@X2
jEðjÞ¼ðX�

1 ;0Þ ¼ C� ½X�
1 �2

A ¼
@f1
@X1

@f1
@X2

@f2
@X1

@f2
@X2

 !
EðjÞ¼ðX�

1 ;0Þ
¼ 0 1

�ð3 � ½X�
1 �2 þ r � 2 � X�

1 þ nÞ C� ½X�
1 �2

� �
; det jA� k � Ij ¼ 0

A� k � I ¼ �k 1
�ð3 � ½X�

1 �2 þ r � 2 � X�
1 þ nÞ C� ½X�

1 �2 � k

� �

det jA� k � Ij ¼ 0 ) �k � ðC� ½X�
1 �2 � kÞþ ð3 � ½X�

1 �2 þ r � 2 � X�
1 þ nÞ ¼ 0

k2 � k � ðC� ½X�
1 �2Þþ ð3 � ½X�

1 �2 þ r � 2 � X�
1 þ nÞ ¼ 0

k1;2 ¼ ðC�½X�
1 �2Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC�½X�

1 �2Þ2�4�ð3�½X�
1 �2 þ r�2�X�

1 þ nÞ
p

2 . We have the following possibili-
ties for our system eigenvalues: k1 [ 0; k2 [ 0 our fixed point is unstable spiral.
k1\0; k2\0 our fixed point is stable node. k1 � k2\0 then our fixed point is saddle
node. k1;2 complex then k1;2 ¼ a� j � x and a ¼ Reðk1;2Þ\0 then decaying oscil-
lations spiral (stable point spiral). k1;2 complex then k1;2 ¼ a� j � x and a ¼
Reðk1;2Þ[ 0 then growing oscillations spiral (unstable point spiral). k1;2 complex
then k1;2 ¼ a� j � x and a ¼ Reðk1;2Þ ¼ 0 then eigenvalues are pure imaginary and
the solutions are periodic with period T = 2p/x. Our interest is in periodic solution
and we need to find the system parameters conditions. For getting

complex eigenvalues we get the condition: ðC� ½X�
1 �2Þ2 � 4 � ð3 � ½X�

1 �2 þ r � 2 �
X�
1 þ nÞ\0; a ¼ ðC�½X�

1 �2Þ
2 and periodic solution a ¼ 0 ) ðC�½X�

1 �2Þ
2 ¼ 0 ) C ¼

½X�
1 �2; x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC�½X�

1 �2Þ2�4�ð3�½X�
1 �2 þ r�2�X�

1 þ nÞ
p

2 T ¼ 2�p
x ¼ 4�pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðC�½X�
1 �2Þ2�4�ð3�½X�

1 �2 þ r�2�X�
1 þ nÞ

p :

The oscillations have fixed amplitude and the fixed point is a center. We need to
prove that the system has periodic orbits and it is done by changing system cartesian
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coordinates (X1(t), X2(t)) to cylindrical coordinates (r(t), h(t)). Next we show that the
cylinder is invariant. For the conversion between cylindrical and Cartesian systems
and opposite, it is convenient to assume that the reference plane of the former is the
Cartesian x–y plane (with equation z = 0), and the cylindrical axis is the Cartesian
z axis. In our system we refer to Cartesian X1 − X2 plane (with equation X3 = 0).
Then the z- coordinate is the same in both systems, and the correspondence between
cylindrical (r, h) and Cartesian (X1, X2) are the same as for polar coordinates, namely
X1(t) = r(t) � cos[h(t)]; X2(t) = r(t) � sin[h(t)]; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
1 þX2

2

p
. h(t) = 0 if X1 = 0 and

X2=0. h(t) = arcsin(X2/r) if X1 � 0. x ! X1, y ! X2. X1ðtÞ ¼ rðtÞ � cos½hðtÞ� )
dX1ðtÞ
dt ¼ drðtÞ

dt � cos½hðtÞ� � rðtÞ � dhðtÞdt � sin½hðtÞ�

X2ðtÞ ¼ rðtÞ � sin½hðtÞ� ) dX2ðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dX1ðtÞ
dt

¼ dX1

dt
;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the following equations:

dX1

dt
¼ r0 � cos h� r � h0 � sin h; dX2

dt
¼ r0 � sin hþ r � h0 � cos h

dX1

dt
¼ X2 ) r0 � cos h� r � h0 � sin h ¼ r � sin h ) r0 � cos h ¼ r � h0 � sin hþ r � sin h

r0 � cos h ¼ r � h0 � sin hþ r � sin h ) r0 � cos h ¼ r � sin h � ðh0 þ 1Þ ) tgh ¼ r0

r � ðh0 þ 1Þ
tgh ¼ r0

r � ðh0 þ 1Þ ) h ¼ arctg
r0

r � ðh0 þ 1Þ
� �

; X1 ¼ r � cos h; X2 ¼ r � sin h
dX2

dt
¼ �ðX3

1 þ r# � X2
1 þ n � X1 þmÞþ ðC� X2

1Þ � X2; r ! r#

r0 � sin hþ r � h0 � cos h ¼ �ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ
þ ðC�r2 � cos2 hÞ � r � sin h

We can summarize our system as two differential equations in r, h.
(*) tgh ¼ r0

r�ðh0 þ 1Þ ) r0 ¼ r � ðh0 þ 1Þ � tgh
(**) r0 � sin hþ r � h0 � cos h ¼ �ðr3 � cos3 h þ r# � r2 � cos2 hþ n � r � cos hþ

mÞ þ ðC� r2 � cos2 hÞ � r � sin h
(*) ! (**)

r � ðh0 þ 1Þ � tgh � sin hþ r � h0 � cos h ¼ �ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ
þ ðC� r2 � cos2 hÞ � r � sin h
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r � h0 � ½tgh � sin hþ cos h� ¼ �ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ
þ ðC� r2 � cos2 hÞ � r � sin h� r � tgh � sin h

tgh � sin hþ cos h ¼ sin2 h
cos h

þ cos h ¼ sin2 hþ cos2 h
cos h

¼ 1
cos h

h0 ¼ � 1
r
� ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h

þðC� r2 � cos2 hÞ � sin h � cos h� sin2 h

r0 ¼ r � ðh0 þ 1Þ � tgh ) r0 ¼ f�ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h
þ r � ðC� r2 � cos2 hÞ � sin h � cos h� r � sin2 hþ rg � tgh

Finally, we get two differential equations in r and h:

h0 ¼ � 1
r
� ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h

þðC� r2 � cos2 hÞ � sin h � cos h� sin2 h

r0 ¼ f�ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h
þ r � ðC� r2 � cos2 hÞ � sin h � cos h� r � sin2 hþ rg � tgh

If there is a stable limit cycle as specific value of radius r, dr/dt = 0 then

r0 ¼ 0
) f�ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos hþ r � ðC� r2

� cos2 hÞ � sin h � cos h� r � sin2 hþ rg � tgh
¼ 0:

Option I tg h ¼ 0 ) h ¼ k � p 8k ¼ . . .� 2;�1; 0; 1; 2; . . . k is integer number.
We have two cases: k is even (k = 0, 2, 4, …), sin h ¼ 0&
cos h ¼ 1) h0 ¼ � 1

r � ðr3 þ r# � r2 þ n � rþmÞ. k is odd (k = 1, 3, 5, …),
sin h ¼ 0& cos h ¼ �1 ) h0¼ 1

r � ð�r3 þ r# � r2 � n � rþmÞ:
Option II

� ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h
þ r � ðC� r2 � cos2 hÞ � sin h � cos h� r � sin2 hþ r ¼ 0

ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h
¼ r � ðC� r2 � cos2 hÞ � sin h � cos h� r � sin2 hþ r
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h0 ¼ � 1
r
� fr � ðC� r2 � cos2 hÞ � sin h � cos h� r � sin2 hþ rg

þ ðC� r2 � cos2 hÞ � sin h � cos h� sin2 h

h0 ¼ �fðC� r2 � cos2 hÞ � sin h � cos h� sin2 hþ 1g
þ ðC� r2 � cos2 hÞ � sin h � cos h� sin2 h

h0 ¼ �ðC� r2 � cos2 hÞ � sin h � cos h� cos2 hþðC� r2 � cos2 hÞ � sin h � cos h� sin2 h

) h0 ¼ �1

h0 ¼ �1 ) dh
dt

¼ �1 ) h ¼ �tþ const;
dh
dt

¼ 2 � p
T

¼ �1 ) T ¼ �2 � p

r3 � cos4 hþ r# � r2 � cos3 hþ n � r � cos2 hþm � cos h ¼ r � C � sin h � cos h
� r3 � cos2 h � sin h � cos h� r � sin2 hþ r

r3 � cos3 h � ½cos hþ sin h� þ r2 � r# � cos3 hþ r � ½n � cos2 h� C � sin h � cos hþ sin2 h� 1�
þm � cos h ¼ 0

Other case is when system limit cycle is resided in annulus 0\rmin\r\rmax

and there is no constant r in limit cycle dr/dt 6¼ 0. We seek two concentric circles
with radii rmin and rmax. dr/dt < 0 on the outer circle and dr/dt > 0 on the inner
circle. To find rmin, we require dr/dt > 0 for all values of h:

f�ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos hþ r � ðC�r2 � cos2 hÞ
� sin h � cos h� r � sin2 hþ rg � tgh[ 0:

We have two subcases to fulfill dr/dt > 0 for all values of h (find rmin):

(1) f�ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h þ r � ðC� r2 �
cos2 hÞ � sin h � cos h� r � sin2 hþ rg[ 0 and tgh[ 0. tgh[ 0 ) p � k\
h\p� 1

2 þ k
� � 8 k ¼ . . .;�1; 0; þ 1; . . . then 0\ cos h\1 & 0\ sin h\1 or

�1\ cos h\0 & � 1\ sin h\0. First, we choose the option:
0\ cos h\1 & 0\ sin h\1, the first limit sin h = 1 and cos h = 0 then
f�rþ rg[ 0 which is not true, second limit sin h = 0 and cos h = 1
f�ðr3 þ r# � r2 þ n � rþmÞþ rg[ 0 ) r3 þ r# � r2 þ r � ðn� 1Þþm\0, we
need to investigate the cubic function. If r# ¼ 0; n ¼ 1; m ¼ 0 ) r3\0 )
r ! rmin ) rmin\0 and since rmin is always positive this is not true in our case.
The cubic equation with real coefficients has at least one solution rmin among
real numbers; this is a consequence of the intermediate value theorem. We can
distinguish several possible cases using the discriminant (D) [64].
D ¼ 18 � r# � ðn� 1Þ � m� 4 � r3# � mþ r2# � ðn� 1Þ2 � 4 � ðn� 1Þ3 � 27 � m2.
If D > 0 we have three distinct real roots. If D = 0 then we have multiple root
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and all its roots are real. If D < 0 then the equation has one real root and two
non-real complex conjugate roots. In case of three distinct real roots, m = 0
then r3 þ r# � r2 þ r � ðn� 1Þ ¼ 0 ) r � ½r2 þ r# � rþðn� 1Þ� ¼ 0 ) r1 ¼ 0;

r2;3 ¼
�r#�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 : We have two graph peaks: rpeaks ¼

�r#�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�3�ðn�1Þ

p
3 ;

upon location of the peaks we have two possibilities:

0\rmin\
�r# þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 or

�r#�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 \rmin\ 0 not exist since rmin is

always positive. The only possible solution is 0\rmin\
�r# þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 . In

case of m 6¼ 0 then we need to solve it numerically and find rmin real values
which cubic function get negative values. Second, we choose the option
�1\ cos h\0 &� 1\ sin h\0 the first limit sin h = 0 and cos h = −1 then
�r3 þ r# � r2 � n � rþmþ r[ 0 ) r3 � r# � r2 þ r � ðn� 1Þ � m\0 r !
rmin. if r# ¼ 0; n ¼ 1; m ¼ 0 ) r3\0 ) r ! rmin ) rmin\0 and since rmin

is always positive this is not true in our case. The cubic equation with real
coefficients has at least one solution rmin among real numbers; this is a con-
sequence of the intermediate value theorem. We can distinguish several pos-
sible cases using the discriminant (D). D ¼ 18 � r# � ðn� 1Þ � m� 4 � r3# � m
þ r2# � ðn� 1Þ2 � 4 � ðn� 1Þ3 � 27 � m2. If D > 0 we have three distinct real
roots. If D = 0 then we have multiple root and all its roots are real. If D < 0
then the equation has one real root and two non-real complex conjugate roots.
In case of three distinct real roots, m = 0 then r3 � r# � r2 þ r � ðn� 1Þ ¼ 0 )
r � ½r2 � r � r# þðn� 1Þ� ¼ 0 ) r1 ¼ 0; r2;3 ¼

r#�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 : We have two

graph peaks: rpeaks ¼
r#�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�3�ðn�1Þ

p
3 ; upon location of the peaks we have two

possibilities: 0\rmin\
r# þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 or

r#�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 \rmin\0 not exist

since rmin is always positive. The only possible solution is

0\rmin\
r# þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 . In case of m 6¼ 0 then we need to solve it numeri-

cally and find rmin real values which cubic function get negative values. Second
limit sin h = −1 and cos h = 0 then f�rþ rg[ 0 which is impossible.

Remark The upper limit of rmin must be positive value and r2# [ 4 � ðn� 1Þ, we get
two possible rmin upper limits:

�r# þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 and

r# þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 , choose the

positive one of them. In case r2# ¼ 4 � ðn� 1Þ. Then possible rmin upper limits are
�r#
2 ;

r#
2 and we chose the positive of them.

(2) f�ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos hþ r � ðC� r2�
cos2 hÞ � sin h � cos h� r � sin2 hþ rg\0
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And tgh\0. tgh\0 ) p � ðk � 1
2Þ\h\p � k 8 k ¼ . . .;�1; 0; þ 1; . . ., then

0\ sin h\1& � 1\ cos h\0 or 1[ cos h[ 0 &� 1\ sin h\0. First, we
choose the option: 0\ sin h\1& � 1\ cos h\0 the first limit sin h = 1 and
cos h = 0 then f�rþ rg\0 which is not true. Second limit sin h = 0
and cos h = −1 �r3 þ r# � r2 � n � rþmþ r\0 ) r3 � r# � r2 þ r � ðn� 1Þ�
m[ 0. We need to investigate the cubic function. If r# ¼ 0; n ¼ 1; m ¼
0 ) r3 [ 0 ) r ! rmin ) rmin [ 0 anyway this is the base condition. The
cubic equation with real coefficients has at least one solution rmin among real
numbers; this is a consequence of the intermediate value theorem. We can
distinguish several possible cases using the discriminant (D). D ¼ 18 � r#�
ðn� 1Þ � m� 4 � r3# � mþ r2# � ðn� 1Þ2 � 4 � ðn� 1Þ3 � 27 � m2. If D > 0 we
have three distinct real roots. If D = 0 then we have multiple root and all its
roots are real. If D < 0 then the equation has one real root and two non-real
complex conjugate roots. In case of three distinct real roots, m = 0 then
r3 þ r# � r2 þ r � ðn� 1Þ ¼ 0 ) r � ½r2 � r# � rþðn� 1Þ� ¼ 0 ) r1 ¼ 0;

r2;3 ¼
r#�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 .

We have two graph peaks: rpeaks ¼
r#�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�3�ðn�1Þ

p
3 ; upon location of the peaks

we have two possibilities: 0\rmin\
r# þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 or

r#�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 \rmin\0

not exist since rmin is always positive [6, 7]. In case of m 6¼ 0 then we need to solve
it numerically and find rmin real values which cubic function get positive values.
Second, we choose the option 1[ cos h[ 0 &� 1\ sin h\0 the first limit
sin h = 1 and cos h = 1 then �r3 � r# � r2 � n � r � mþ r\0 ) r3 þ
r# � r2 þ r � ðn� 1Þþm[ 0. We need to investigate the cubic function. If r# ¼
0; n ¼ 1; m ¼ 0 ) r3 [ 0 ) r ! rmin ) rmin [ 0 anyway this is the base con-
dition. The cubic equation with real coefficients has at least one solution rmin among
real numbers; this is a consequence of the intermediate value theorem. We can
distinguish several possible cases using the discriminant (D).
D ¼ 18 � r# � ðn� 1Þ � m� 4 � r3# � mþ r2# � ðn� 1Þ2 � 4 � ðn� 1Þ3 � 27 � m2. If
D > 0 we have three distinct real roots. If D = 0 then we have multiple root and all
its roots are real. If D < 0 then the equation has one real root and two non-real
complex conjugate roots. In case of three distinct real roots, m = 0 then

r3 þ r# � r2 þ r � ðn� 1Þ � m ¼ 0jm¼0 ) r � ½r2 þ r# � rþðn� 1Þ� ¼ 0

r3 þ r# � r2 þ r � ðn� 1Þ ¼ 0 ) r � ½r2 þ r# � rþðn� 1Þ� ¼ 0 ) r1 ¼ 0;

r2;3 ¼
�r# �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2# � 4 � ðn� 1Þ

q
2
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We have two graph peaks: rpeaks ¼
�r#�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�3�ðn�1Þ

p
3 ; upon location of the peaks

we have two possibilities: 0\rmin\
�r# þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 or

�r#�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 \rmin\0

not exist since rmin is always positive. In case of m 6¼ 0 then we need to solve it
numerically and find rmin real values which cubic function get positive values.
Second limit sin h = −1 and cos h = 0, then f�rþ rg\0 which is not true.

Remark The upper limit of rmin must be positive value and r2# [ 4 � ðn� 1Þ, we get

two possible rmin upper limits:
r# þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 and

�r# þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
#
�4�ðn�1Þ

p
2 , choose the

positive one of them. In case r2# ¼ 4 � ðn� 1Þ then possible rmin upper limits:
�r#
2 ;

r#
2 and we chose the positive of them.

The same analysis we do for finding rmax in the outer circle, dr/dt < 0. To find
rmax, we require dr/dt < 0 for all values of h:

r0 ¼ f�ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h
þ r � ðC� r2 � cos2 hÞ � sin h � cos h� r � sin2 hþ rg � tgh

r0\0 ) r0 ¼ f�ðr3 � cos3 hþ r# � r2 � cos2 hþ n � r � cos hþmÞ � cos h
þ r � ðC� r2 � cos2 hÞ � sin h � cos h� r � sin2 hþ rg � tgh\0

We have two subcases to fulfill dr/dt < 0 for all values of h (find rmax):

(1) f�ðr3 � cos3 hþ r# � r2 � cos2 h þ n � r � cos hþmÞ � cos hþ r � ðC� r2 �
cos2 hÞ � sin h � cos h� r � sin2 hþ rg[ 0 and tgh\0. The next step is to
finding rmax expression.

(2) f�ðr3 � cos3 hþ r# � r2 � cos2 h þ n � r � cos hþmÞ � cos h þ r � ðC� r2 �
cos2 hÞ � sin h � cos h� r � sin2 hþ rg\0 and tgh[ 0. The next step is to
finding rmax expression.

The Van der Pol oscillator can be given by the following equations: dX1

dt ¼ X2

and dX2

dt ¼ �X1 � l � ðX2
1 � 1Þ � X2. We can express it by second-degree differential

equation: d
2
X1

dt2 þ l � ðX2
1 � 1Þ � dX1

dt þX1 ¼ 0. To find system fixed points we set
dX1

dt ¼ 0; dX2

dt ¼ 0 then X�
1 ¼ 0; X�

2 ¼ 0. We consider the system
dX1

dt ¼ f1ðX1;X2Þ; dX2

dt ¼ f2ðX1;X2Þ; f1ðX1;X2Þ ¼ X2; f2ðX1;X2Þ ¼ �X1 � l � ðX2
1 � 1Þ� X2.

And we suppose that ðX�
1 ;X

�
2Þ is a fixed point f1ðX�

1 ;X
�
2Þ¼ 0& f2ðX�

1 ;X
�
2 Þ¼ 0.

Let u ¼ X1 � X�
1 ; v ¼ X2 � X�

2 and denote the components of a small disturbance
from the fixed point. To see whether the disturbance grows or decays, we need to

derive differential equations for u and v. dudt ¼
dX1

dt since X�
1 is constant and by

substitution du
dt ¼

dX1

dt ¼ f1ðX�
1 þ u;X�

2 þ vÞ. Using Taylor series expansion du
dt ¼
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dX1

dt ¼ f1ðX�
1 þ u;X�

2 þ vÞ ¼ f1ðX�
1 ;X

�
2Þþ u � @f1

@X1
þ v � @f1

@X2
þOðu2; v2; u � vÞ:

Since f1ðX�
1 ;X

�
2 Þ ¼ 0 we get dudt ¼

dX1

dt ¼ u � @f1
@X1

þ v � @f1
@X2

þOðu2; v2; u � vÞ. The
partial derivatives are to be evaluated at the fixed point ðX�

1 ;X
�
2Þ; thus they are

numbers, not functions. Oðu2; v2; u � vÞ denotes quadratic terms in u and v. Since

u and v are small, these quadratic terms are extremely small. Also dv
dt ¼

dX2

dt ¼ u � @f2
@X1

þ v � @f2
@X2

þOðu2; v2; u � vÞ; hence, the disturbance (u, v) evolves according to
du
dt
dv
dt

 !
¼

@f1
@X1

@f1
@X2

@f2
@X1

@f2
@X2

 !
þ quadratic term. The matrix A ¼

@f1
@X1

@f1
@X2

@f2
@X1

@f2
@X2

 !
ðX�

1 ;X
�
2 Þ
:

Is called the Jacobian at the fixed point ðX�
1 ;X

�
2Þ. We obtain our Van der Pol

system linearized system
du
dt
dv
dt

 !
¼

@f1
@X1

@f1
@X2

@f2
@X1

@f2
@X2

 !
. Next is to get the values for

matrix A elements. @f1
@X1

jX�
1¼0;X�

2¼0 ¼ 0; @f1
@X2

jX�
1¼0;X�

2¼0 ¼ 1 ; @f2
@X1

jX�
1¼0;X�

2¼0 ¼ �1;
@f2
@X2

jX�
1¼0;X�

2¼0 ¼ l

A� k � I ¼ �k 1
�1 l� k

� �
) det jA� k � Ij ¼ k � ðk� lÞþ 1: det jA� k � Ij ¼ 0

) k2 � k � lþ 1 ¼ 0:

k2 � k � lþ 1 ¼ 0 ) k1;2 ¼ l�
ffiffiffiffiffiffiffiffi
l2�4

p
2 , we get eigenvalues k1;2 ¼ l�

ffiffiffiffiffiffiffiffi
l2�4

p
2 .

We see that if 0 < l < 2, the equilibrium is an unstable spiral. For l > 2, the
equilibrium is an unstable node. Because there are no other equilibria , the only
possible attractors for this system are the point at infinity, or periodic solutions. If
l = 0 then k1;2 ¼ �j (eigenvalues are pure imaginary), solutions are periodic with
period T = 2p. If −2 < l < 0, then k1;2 ¼ A� j � B ; A\0 & B[ 0 the equilib-
rium is stable spiral. If l = −2 then k1;2 ¼ �1, then equilibrium is stable node. If
l < −2 then we have two negative eigenvalues and the equilibrium is stable node.

If we look on equation d2
X1

dt2 þ l � ðX2
1 � 1Þ � dX1

dt þX1 ¼ 0, its looks like a simple

harmonic oscillator, but with nonlinear damping term l � ðX2
1 � 1Þ � dX1

dt . This term

acts like ordinary positive damping for |X1| > 1, but like negative damping for
|X1| < 1. The system settles into a self-sustained oscillation where the energy dis-
sipated over one cycle balances the energy pumped in. The Van der Pol equation
has a unique, stable limit cycle for each l > 0. Van der Pol equation can be with
forcing function f(t). The oscillator of Van der Pol is structurally stable under small
autonomous perturbations. There are changes in the structure of the solutions when
oscillator is subjected to non-autonomous periodic perturbations. We consider the

non-autonomous system: dX1

dt ¼ X2;
dX2

dt ¼ �X1 � l � ðX2
1 � 1Þ � X2 þC � f ðtÞ. f(t) is
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a T periodic function of the independent variable t, and C is a real parameter. The
term C � f ðtÞ is called the forcing function. When C = 0, there is no forcing and the
system is the oscillator of Van der Pol equivalently, we may consider the orbits of

the three-dimensional autonomous system: dX1

dt ¼ X2;
dX2

dt ¼ �X1 � l � ðX2
1 � 1Þ �

X2 þC � f ðX3Þ; dX3

dt ¼ 1: The case of C = 0: the limit cycle, the isolated periodic

orbit, of unforced oscillator of Van der Pol becomes a cylinder, homeomorphism to
S1 � R. This cylinder is an invariant manifold in the sense that any solution starting
on the cylinder remains on it for all positive time. For C = 0, the invariant cylinder
is filled with a family of periodic solutions. Let us consider the case of periodic
forcing with small amplitude, that is, |C| small. There is still a cylinder in
R2 � R close to the invariant cylinder of the unforced oscillator. This cylinder is an
invariant manifold of solutions of the forced equation and attracts all nearby
solutions. More sophisticated system is coupler Van der Pol oscillators. We can
express our coupled Van der Pol oscillators by two differential equations:

d2X1

dt2
þX1 � l1 � ð1� X2

1 Þ �
dX1

dt
¼ a1 � ðX2 � X1Þ; d2X2

dt2
þð1þDÞ � X2 � l2

� ð1� X2
2Þ �

dX2

dt
¼ a2 � ðX1 � X2Þ;

where D, l1, l2, a1, and a2 are parameters. D is related to the small difference in
linearized frequencies, and a1 and a2 represent the strength of the coupling for the
first and second Van der Pol systems respectively. l1 and l2 are the parameters
which establish the behavior of each Van der Pol system respectively.

Remark System is one Van der Pol oscillator. We can separate each second-degree
Van der Pol differential equation to two first-degree differential equations. Totally,
we have four differential equations for our two coupled Van der Pol systems. Our
new variables are as follows: X1 ¼ X1ðtÞ; X 0

1 ¼ X 0
1ðtÞ; X2 ¼ X2ðtÞ; X 0

2 ¼ X 0
2ðtÞ

X 0
1 ¼

dX1

dt
;
dX 0

1

dt
þX1 � l1 � ð1� X2

1 Þ � X 0
1 ¼ a1 � ðX2 � X1Þ

X 0
2 ¼

dX2

dt
;
dX 0

2

dt
þð1þDÞ � X2 � l2 � ð1� X2

2Þ � X 0
2 ¼ a2 � ðX1 � X2Þ

To find system fixed points we set dX1

dt ¼ 0; dX 0
1

dt ¼ 0 ; dX2

dt ¼ 0; dX 0
2

dt ¼ 0

X 0�
1 ¼ 0; X 0�

2 ¼ 0 ; ð1þDÞ � X�
2 ¼ a2 � ðX�

1 � X�
2Þ; X�

1 ¼ a1 � ðX�
2 � X�

1Þ. And at
fixed points: X�

1 ¼ a1
ð1þ a1Þ � X�

2 ; 1þ Dþ a2
ð1þ a1Þ ¼ 0; X�

1 ¼ � a1
a2
� ð1þDÞ � X�

2 .
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Stability Analysis Our coupled Van der Pol oscillator’s Jacobian matrix (A):

A ¼

@f1
@X1

. . . @f1
@X 0

2

..

. . .
. ..

.

@f4
@X1

� � � @f4
@X 0

2

0
BB@

1
CCA

dX1

dt
¼ X 0

1

dX 0
1

dt
¼ a1 � ðX2 � X1Þ � X1 þ l1 � ð1� X2

1Þ � X 0
1

dX2

dt
¼ X 0

2

dX 0
2

dt
¼ a2 � ðX1 � X2Þ � ð1þDÞ � X2 þ l2 � ð1� X2

2 Þ � X 0
2

f1 ¼ X 0
1; f2 ¼ a1 � ðX2 � X1Þ � X1 þ l1 � ð1� X2

1Þ � X 0
1; f3 ¼ X 0

2

f4 ¼ a2 � ðX1 � X2Þ � ð1þDÞ � X2 þ l2 � ð1� X2
2Þ � X 0

2

f1 ¼ X 0
1 )

@f1
@X1

¼ 0;
@f1
@X 0

1
¼ 1;

@f1
@X2

¼ 0;
@f1
@X2

¼ 0;
@f2
@X1

¼ �a1 � 1� 2 � l1 � X 0
1 � X1

@f2
@X 0

1
¼ l1 � ð1� X2

1Þ;
@f2
@X2

¼ a1;
@f2
@X 0

2
¼ 0;

@f3
@X1

¼ 0;
@f3
@X 0

1
¼ 0;

@f3
@X2

¼ 0;
@f3
@X 0

2
¼ 1

@f4
@X1

¼ a2;
@f4
@X 0

1
¼ 0;

@f4
@X2

¼ �a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2;

@f4
@X 0

2
¼ l2 � ð1� X2

2Þ

det jA� k � Ij ¼ �k � det
l1 � ð1� X2

1Þ � k a1 0

0 �k 1

0 �a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2 l2 � ð1� X2

2Þ � k

0
B@

1
CA

� det

�a1 � 1� 2 � l1 � X 0
1 � X1 a1 0

0 �k 1

a2 �a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2 l2 � ð1� X2

2Þ � k

0
B@

1
CA

det

l1 � ð1� X2
1Þ � k a1 0

0 �k 1

0 ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�

0
B@

1
CA ¼

½l1 � ð1� X2
1 Þ � k� � det �k 1

½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�
� �

� a1 � det
0 1

0 ½l2 � ð1� X2
2Þ � k�

� �
; det

0 1

0 ½l2 � ð1� X2
2Þ � k�

� �
¼ 0
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det

l1 � ð1� X2
1Þ � k a1 0

0 �k 1

0 ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�

0
B@

1
CA

¼ ½l1 � ð1� X2
1Þ � k� � det �k 1

½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�
� �

For simplicity we define the following functions:

!1 ¼ l1 � ð1� X2
1Þ; !2 ¼ ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0

2�; !3 ¼ l2 � ð1� X2
2Þ

det

l1 � ð1� X2
1Þ � k a1 0

0 �k 1

0 ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�

0
B@

1
CA

¼ ½!1 � k� � det �k 1

!2 ½!3 � k�

� �
¼ ½!1 � k� � f�k � ½!3 � k� � !2g

¼ �k3 þ k2 � ð!1 þ!3Þþ k � ð!2 � !3 � !1Þ � !2 � !1

We define the following functions parameters: Xi; i = 0, …, 3

X0 ¼ �!2 � !1; X1 ¼ ð!2 � !3 � !1Þ; X2 ¼ ð!1 þ!3Þ; X3 ¼ �1

det

l1 � ð1� X2
1Þ � k a1 0

0 �k 1

0 ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�

0
B@

1
CA

¼ k3 � X3 þ k2 � X2 þ k � X1 þX0 ¼
X3
i¼0

ki � Xi

det

�a1 � 1� 2 � l1 � X 0
1 � X1 a1 0

0 �k 1

a2 ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�

0
B@

1
CA

¼ ½�a1 � 1� 2 � l1 � X 0
1 � X1� � det

�k 1

½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�
� �

� a1 �
0 1

a2 ½l2 � ð1� X2
2Þ � k�

� �

det

�a1 � 1� 2 � l1 � X 0
1 � X1 a1 0

0 �k 1

a2 ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�

0
B@

1
CA

¼ ½�a1 � 1� 2 � l1 � X 0
1 � X1� � f�k � ½l2 � ð1� X2

2Þ � k� � ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2�gþ a1 � a2

¼ ½�a1 � 1� 2 � l1 � X 0
1 � X1� � f�k � l2 � ð1� X2

2 Þþ k2 þða2 þð1þDÞþ 2 � l2 � X2 � X 0
2Þgþ a1 � a2
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For simplicity we define the following functions: !4 ¼
½�a1 � 1� 2 � l1 � X 0

1 � X1�

!3 ¼ l2 � ð1� X2
2Þ; !5 ¼ a2 þð1þDÞþ 2 � l2 � X2 � X 0

2; !6 ¼ a1 � a2

det

�a1 � 1� 2 � l1 � X 0
1 � X1 a1 0

0 �k 1

a2 ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�

0
B@

1
CA

¼ !4 � ð�k � !3 þ k2 þ!5Þþ!6 ¼ k2 � !4 � k � !3 � !4 þð!5 � !4 þ!6Þ

We define the following functions parameters: Ni; i = 0, …, 3

N0 ¼ !5 � !4 þ!6; N1 ¼ �!3 � !4; N2 ¼ !4

det

�a1 � 1� 2 � l1 � X 0
1 � X1 a1 0

0 �k 1

a2 ½�a2 � ð1þDÞ � 2 � l2 � X2 � X 0
2� ½l2 � ð1� X2

2Þ � k�

0
B@

1
CA

¼ k2 � !4 � k � !3 � !4 þð!5 � !4 þ!6Þ ¼
X2
i¼0

ki � Ni

Summary of our last calculations:

det jA� k � Ij ¼ �k �
X3
i¼0

ki � Xi �
X2
i¼0

ki � Ni ¼ �
X3
i¼0

kiþ 1 � Xi þ
X2
i¼0

ki � Ni

" #

To find our characteristic equation: det jA� k � Ij ¼ 0 )P3
i¼0

kiþ 1 � Xi þ
P2
i¼0

ki � Ni ¼ 0

X3
i¼0

kiþ 1 � Xi ¼ k4 � X3 þ k3 � X2 þ k2 � X1 þ k � X0;

X2
i¼0

ki � Ni ¼ k2 � N2 þ k � N1 þN0

X3
i¼0

kiþ 1 � Xi þ
X2
i¼0

ki � Ni ¼ k4 � X3 þ k3 � X2 þ k2 � ½X1 þN2�

þ k � ½X0 þN1� þN0:
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We can define new parameters:
P3
i¼0

kiþ 1 � Xi þ
P2
i¼0

ki � Ni ¼
P4
k¼0

kk � Uk

U4 ¼ X3; U3 ¼ X2; U2 ¼ X1 þN2; U1 ¼ X0 þN1; U0 ¼ N0; det jA� k � Ij ¼ 0

)
X4
k¼0

kk � Uk ¼ 0

Fixed point are E(i), i = 0, 1, … EðiÞðX�
1 ;X

0�
1 ;X

�
2 ;X

0�
2 Þ ¼ ðX�

1 ; 0;X
�
2 ; 0Þ

!1jðX�
1 ;0;X

�
2 ;0Þ ¼ l1 � ð1� ½X�

1 �2Þ; !2jðX�
1 ;0;X

�
2 ;0Þ ¼ ½�a2 � ð1þDÞ�;

!3jðX�
1 ;0;X

�
2 ;0Þ ¼ l2 � ð1� ½X�

2 �2Þ
!4jðX�

1 ;0;X
�
2 ;0Þ ¼ �ð�a1 þ 1Þ; !5jðX�

1 ;0;X
�
2 ;0Þ ¼ a2 þð1þDÞ; !6jðX�

1 ;0;X
�
2 ;0Þ ¼ a1 � a2

X0jðX�
1 ;0;X

�
2 ;0Þ ¼ �½�a2 � ð1þDÞ� � l1 � ð1� ½X�

1 �2Þ;
X1jðX�

1 ;0;X
�
2 ;0Þ ¼ ½�a2 � ð1þDÞ� � l2 � ð1� ½X�

2 �2Þ � l1 � ð1� ½X�
1 �2Þ

X2jðX�
1 ;0;X

�
2 ;0Þ ¼ l1 � ð1� ½X�

1 �2Þþ l2 � ð1� ½X�
2 �2Þ; X3jðX�

1 ;0;X
�
2 ;0Þ ¼ �1

N0jðX�
1 ;0;X

�
2 ;0Þ ¼ ½a2 þð1þDÞ� � ða1 � 1Þþ a1 � a2;

N1jðX�
1 ;0;X

�
2 ;0Þ ¼ l2 � ð1� ½X�

2 �2Þ � ð�a1 þ 1Þ; N2jðX�
1 ;0;X

�
2 ;0Þ ¼ a1 � 1:

For getting our system eigenvalues, we need to find eigenvalues for specific
system’s parameters (D, l1, l2, a1, a2) values and analyze stability behavior

det jA� k � Ij ¼ 0 ) P4
k¼0

kk � Uk ¼ 0.

Limit Cycle Discussion, One Van der Pol Oscillator System
The unforced Van der Pol oscillator can be given by the following equations:
dX1

dt ¼ X2 and dX2

dt ¼ �X1 � l � ðX2
1 � 1Þ � X2. We need to prove that Van der Pol

system has periodic orbits and it is done by changing system cartesian coordinates
(X1(t), X2(t)) to cylindrical coordinates (r(t), h(t)). Next we show that the cylinder is
invariant. For the conversion between cylindrical and Cartesian systems and
opposite, it is convenient to assume that the reference plane of the former is the
Cartesian x–y plane (with equation z = 0), and the cylindrical axis is the Cartesian z
axis. In our system we refer to Cartesian X1 − X2 plane (with equation X3 = 0).
Then the z coordinate is the same in both systems, and the correspondence between
cylindrical (r, h) and Cartesian (X1, X2) are the same as for polar coordinates,
namely X1(t) = r(t) � cos[h(t)]; X2(t) = r(t) � sin[h(t)]; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
1 þX2

2

p
. h(t) = 0 if

X1 = 0 and X2 = 0. h(t) = arcsin(X2/r) if X1 � 0. x ! X1, y ! X2.
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X1ðtÞ ¼ rðtÞ � cos½hðtÞ� ) dX1ðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

X2ðtÞ ¼ rðtÞ � sin½hðtÞ� ) dX2ðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dX1ðtÞ
dt

¼ dX1

dt
;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the equations:

dX1

dt
¼ r0 � cos h� r � h0 � sin h; dX2

dt
¼ r0 � sin hþ r � h0 � cos h

dX1

dt
¼ X2 ) r0 � cos h� r � h0 � sin h ¼ r � sin h ) r0 � cos h ¼ r � h0 � sin hþ r � sin h

r0 � cos h ¼ r � h0 � sin hþ r � sin h ) r0 � cos h ¼ r � sin h � ðh0 þ 1Þ ) tgh ¼ r0

r � ðh0 þ 1Þ
tgh ¼ r0

r � ðh0 þ 1Þ ) h ¼ arctg
r0

r � ðh0 þ 1Þ
� �

; X1 ¼ r � cos h; X2 ¼ r � sin h
dX2

dt
¼ �X1 � l � ðX2

1 � 1Þ � X2 ) r0 � sin hþ r � h0 � cos h ¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h

tgh ¼ r0

r � ðh0 þ 1Þ ) r0 ¼ r � ðh0 þ 1Þ � tgh

then for the second equation, we get

r � ðh0 þ 1Þ � tgh � sin hþ r � h0 � cos h ¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h
r � h0 � tgh � sin hþ r � tgh � sin hþ r � h0 � cos h ¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h
r � h0 � ½tgh � sin hþ cos h� þ r � tgh � sin h ¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h

tgh � sin hþ cos h ¼ sin2 h
cos h

þ cos h ¼ sin2 hþ cos2 h
cos h

¼ 1
cos h

r � h0 � 1
cos h

þ r � tgh � sin h ¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h

h0 � 1
cos h

þ tgh � sin h ¼ � cos h� l � ðr2 � cos2 h� 1Þ � sin h ) h0�
1

cos h
¼ �tgh � sin h� cos h� l � ðr2 � cos2 h� 1Þ � sin h

h0 ¼ � sin2 h� cos2 h� l � ðr2 � cos2 h� 1Þ � sin h � cos h; � sin2 h� cos2 h ¼ �1

h0 ¼ �1� l � ðr2 � cos2 h� 1Þ � sin h � cos h; sin½2 � h� ¼ 2 � sin h � cos h
) sin h � cos h ¼ 1

2
� sin½2 � h�

h0 ¼ �1� 1
2
� l � ðr2 � cos2 h� 1Þ � sin½2 � h�

We need to get the expression for r0.
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tgh ¼ r0

r � ðh0 þ 1Þ ) h0 ¼ r0

r � tgh� 1:

Back to our second equation:

dX2

dt
¼ �X1 � l � ðX2

1 � 1Þ � X2 ) r0 � sin hþ r � h0 � cos h
¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h

r0 � sin hþ r � r0

r � tgh� 1
� �

� cos h ¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h

r0 � sin hþ r � r0

r � tgh � cos h� r � cos h ¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h

r0 � sin hþ r � 1
r � tgh � cos h

	 

� r � cos h ¼ �r � cos h� l � ðr2 � cos2 h� 1Þ � r � sin h

r0 � sin hþ r � 1
r � tgh � cos h

	 

¼ �l � ðr2 � cos2 h� 1Þ � r � sin h

r0 � sin hþ 1
sin h

� cos2 h
	 


¼ �l � ðr2 � cos2 h� 1Þ � r � sin h; sin hþ 1
sin h

� cos2 h ¼ 1
sin h

r0 � 1
sin h

¼ �l � ðr2 � cos2 h� 1Þ � r � sin h ) r0 ¼ �l � ðr2 � cos2 h� 1Þ � r � sin2 h

We can summarize our last results:
(*) h0 ¼ �1� 1

2 � l � ðr2 � cos2 h� 1Þ � sin½2 � h�; (**) r0 ¼ �l � ðr2 � cos2 h�
1Þ �r � sin2 h

We define n1ðr; hÞ ¼ �1� 1
2 � l � ðr2 � cos2 h� 1Þ � sin½2 � h�; n2ðr; hÞ

¼ �l � ðr2 � cos2 h� 1Þ � r � sin2 h

h0 ¼ n1ðr; hÞ; r0 ¼ n2ðr; hÞ. If there is a stable limit cycle as specific value of
radius r, dr/dt = 0 then r0 ¼ n2ðr; hÞ ¼ 0 ) �l � ðr2 � cos2 h� 1Þ � r�
sin2 h ¼ 0; r 6¼ 0; l 6¼ 0: Then r2 � cos2 h� 1 ¼ 0 (Case A) or sin2 h ¼ 0 (Case
B). H(t) = 0.2p then only Case A exist.

r2 � cos2 h� 1 ¼ 0 ) ðr � cos hþ 1Þ � ðr � cos h� 1Þ ) r1;2 ¼ �1
cos h

; r[ 0

) rðtÞ ¼ 1
j cos hðtÞj :

This is contradiction with the assumption that dr/dt = 0 since r(h). Other case is
when system limit cycle is resided in annulus 0\rmin\r\rmax and there is no
constant r in limit cycle dr/dt 6¼ 0. We seek two concentric circles with radii rmin

and rmax. dr/dt<0 on the outer circle and dr/dt > 0 on the inner circle. To find rmin,
we require dr/dt > 0 for all values of h: �l � ðr2 � cos2 h� 1Þ � r�

480 6 Optoisolation Circuits with Periodic Limit Cycle Solutions …



sin2 h[ 0; sin2 h� 0. r > 0 then we have two subcases: �l � ðr2 � cos2 h�
1Þ[ 0 ) l � ðr2 � cos2 h� 1Þ\0 r ! rmin. l � ðr2 � cos2 h� 1Þ\0. Can be
divided into two subcases: (1) l[ 0 and ðr2 � cos2 h� 1Þ\0, (2) l\0 and
ðr2 � cos2 h� 1Þ[ 0 [5, 6].

ð1Þ l[ 0; ðr2 � cos2 h� 1Þ\0 ) ðr � cos h� 1Þ � ðr � cos hþ 1Þ\0

(1:1) ðr � cos h� 1Þ\0 ; ðr � cos hþ 1Þ[ 0; cos h 2 ½�1; þ 1�, and we
check it for cos h ¼ �1; 0; þ 1:

(1:1:1) cos h ¼ �1 ) r ¼ rmin; ð�rmin � 1Þ\0 ; ð�rmin þ 1Þ[ 0
) �1\rmin\1

And since rmin [ 0 ) 1[ rmin [ 0
(1:1:2) cos h ¼ 0 ) r ¼ rmin ) �1\0 ; þ 1[ 0 can’t exist.
(1:1:3) cos h ¼ þ 1 ) r ¼ rmin; ðrmin � 1Þ\0 ; ðrmin þ 1Þ[ 0

) �1\rmin\1
And since rmin [ 0 ) 1[ rmin [ 0.
OR

(1:2) ðr � cos h� 1Þ[ 0 ; ðr � cos hþ 1Þ\0; cos h 2 ½�1; þ 1�, and we
check it
for cos h ¼ �1; 0; þ 1.

(1:2:1) cos h ¼ �1 ) r ¼ rmin; ð�rmin � 1Þ[ 0 ; ð�rmin þ 1Þ\0
) rmin\� 1; rmin [ 1

Not exist.
(1:2:2) cos h ¼ 0 ) r ¼ rmin; �1[ 0 ; þ 1\0 can’t exist.
(1:2:3) cos h ¼ 1 ) r ¼ rmin; ðrmin � 1Þ[ 0 ; ðrmin þ 1Þ \0 ) rmin\

�1; rmin [ 1 can’t exist.

ð2Þ l\0; ðr2 � cos2 h� 1Þ[ 0 ) ðr � cos h� 1Þ � ðr � cos hþ 1Þ[ 0

(2:1) ðr � cos h� 1Þ[ 0 ; ðr � cos hþ 1Þ[ 0; cos h 2 ½�1; þ 1�, and we
check it for cos h ¼ �1; 0; þ 1.

(2:1:1) cos h ¼ �1 ) r ¼ rmin [ 0; ð�rmin � 1Þ[ 0 ; ð�rmin þ 1Þ[ 0
) rmin\� 1; rmin\1

rmin\� 1 can’t exist.
(2:1:2) cos h ¼ 0 ) r ¼ rmin ) �1[ 0 ; þ 1[ 0 can’t exist.
(2:1:3) cos h ¼ 1 ) r ¼ rmin [ 0; ðrmin � 1Þ[ 0 ; ðrmin þ 1Þ[ 0

) rmin [ � 1; rmin [ 1
Which yield rmin [ 1.
OR

(2:2) ðr � cos h� 1Þ\0 ; ðr � cos hþ 1Þ\0; cos h 2 ½�1; þ 1�, and we check
it for cos h ¼ �1; 0; þ 1:
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(2:2:1) cos h ¼ �1 ) r ¼ rmin [ 0; ð�rmin � 1Þ\0 ; ð�rmin þ 1Þ\0
) rmin [ �1; rmin [ 1

Which yield to rmin [ 1.
(2:2:2) cos h ¼ 0 ) r ¼ rmin ) �1\0 ; þ 1\0 can’t exist.
(2:2:3) cos h ¼ 1 ) r ¼ rmin [ 0; ðrmin � 1Þ\0 ; ðrmin þ 1Þ\0

) rmin\�1; rmin\1
Which yield to rmin\�1, not exist.

Result (A) fl[ 0; 0\rmin\1g OR fl\0; rmin [ 1g and fl[ 0g[ fl\0g ¼
l 2 R; l 6¼ 0

To find rmax, we require dr/dt < 0 for all values of h: �l � ðr2 � cos2 h� 1Þ � r �
sin2 h\0 sin2 h� 0 ; r[ 0 ) �l � ðr2 � cos2 h� 1Þ \0 ) l � ðr2 � cos2 h�
1Þ[ 0. Can be divided to two subcases: (3) l[ 0 and ðr2 � cos2 h� 1Þ[ 0,
(4) l\0 and ðr2 � cos2 h� 1Þ\0.

(3). l[ 0; ðr2 � cos2 h� 1Þ[ 0 ) ðr � cos h� 1Þ � ðr � cos hþ 1Þ[ 0

(1:1) ðr � cos h� 1Þ[ 0 ; ðr � cos hþ 1Þ[ 0; cos h 2 ½�1; þ 1�, and we
check it for cos h ¼ �1; 0; þ 1.

(1:1:4) cos h ¼ �1 ) r ¼ rmax; ð�rmax � 1Þ[ 0 ; ð�rmax þ 1Þ[ 0
) rmax\� 1

Can’t exist since rmax [ 0.
(1:1:5) cos h ¼ 0 ) r ¼ rmax ) �1[ 0 ; þ 1[ 0 can’t exist.
(1:1:6) cos h ¼ þ 1 ) r ¼ rmax; ðrmax � 1Þ[ 0 ; ðrmax þ 1Þ[ 0

) rmax [ 1

OR

(1:2) ðr � cos h� 1Þ\0 ; ðr � cos hþ 1Þ\0; cos h 2 ½�1; þ 1�, and we
check it
for cos h ¼ �1; 0; þ 1.

(1:2:1) cos h ¼ �1 ) r ¼ rmax

; ð�rmax � 1Þ\0 ; ð�rmax þ 1Þ\0 ) rmax [ 1
(1:2:2) cos h ¼ 0 ) r ¼ rmax; �1\0 ; þ 1\0 can’t exist.
(1:2:3) cos h ¼ 1 ) r ¼ rmax ; ðrmax � 1Þ\0 ; ðrmax þ 1Þ\0 ) rmax\

�1 can’t exist.

ð4Þ: l\0; ðr2 � cos2 h� 1Þ\0 ) ðr � cos h� 1Þ � ðr � cos hþ 1Þ\0

(2:1) ðr � cos h� 1Þ[ 0 ; ðr � cos hþ 1Þ\0 ; cos h 2 ½�1; þ 1�, and we
check it for cos h ¼ �1; 0; þ 1.

(2:1:1) cos h ¼ �1 ) r ¼ rmax [ 0; ð�rmax � 1Þ[ 0;
ð�rmax þ 1Þ\0 ) rmax\�1; rmax [ 1
can’t exist.
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(2:1:2) cos h ¼ 0 ) r ¼ rmax ) �1[ 0 ; þ 1\0 can’t exist.
(2:1:3) cos h ¼ 1 ) r ¼ rmax [ 0; ðrmax � 1Þ[ 0 ; ðrmax þ 1Þ\

0 ) rmax [ 1; rmax\� 1
can’t exist.

OR

(2:2) ðr � cos h� 1Þ\0 ; ðr � cos hþ 1Þ[ 0; cos h 2 ½�1; þ 1�, and we
check it for cos h ¼ �1; 0; þ 1.

(2:2:1) cos h ¼ �1 ) r ¼ rmax [ 0; ð�rmax � 1Þ\0;
ð�rmax þ 1Þ[ 0 ) rmax [ � 1; rmax\1

rmax 6¼ 0 ; rmax [ 0 ) 0\rmax\1

(2:2:2) cos h ¼ 0 ) r ¼ rmax ) �1\0 ; þ 1[ 0 can’t exist.
(2:2:3) cos h ¼ 1 ) r ¼ rmax [ 0; ðrmax � 1Þ\0 ; ðrmax þ 1Þ

[ 0 ) rmax\1; rmax [ �1
rmax 6¼ 0 ; rmax [ 0 ) 0\rmax\1:

Result (B) fl\0; 0\rmax\1g OR fl[ 0; rmax [ 1g and fl[ 0g[ fl\0g ¼
l 2 R; l 6¼ 0 (Table 6.1).

We can see that one Van der Pol system has a unique, stable limit cycle for each
l > 0.

Limit Cycle Discussion, One Van der Pol Oscillator System, l = 0

The Van der Pol oscillator can be given by the following equations: dX1

dt ¼ X2 and
dX2

dt ¼ �X1 � l � ðX2
1 � 1Þ � X2 ) jl¼0

dX2

dt ¼ �X1. To find system fixed point we

set dX1

dt ¼ 0; dX2

dt ¼ 0 ) E�ðX�
1 ;X

�
2Þ ¼ ð0; 0Þ.

dX1

dt
dX2

dt

0
@

1
A ¼ 0 1

�1 0

� �
� X1

X2

� �
;

A ¼ 0 1
�1 0

� �
A� k � I ¼ �k 1

�1 �k

� �
) det jA� k � Ij ¼ 0 ) k2 þ 1 ¼ 0 )

k1;2 ¼ �j (Eigenvalues are pure imaginary), solutions are periodic with period
T = 2p. We need to prove that Van der Pol system (l = 0) has periodic orbits and it
is done by changing system cartesian coordinates (X1(t), X2(t)) to cylindrical

Table 6.1 Combining results
(l < 0 and l > 0)

l < 0 l > 0

rmin [ 1; drdt [ 0 0\rmin\1; drdt [ 0 Inner circle

0\rmax\1 drdt \0 rmax [ 1; drdt \0 Outer circle
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coordinates (r(t), h(t)). Next we show that the cylinder is invariant. For the con-
version between cylindrical and Cartesian systems and opposite, it is convenient to
assume that the reference plane of the former is the Cartesian x–y plane (with
equation z = 0), and the cylindrical axis is the Cartesian z axis. In our system we
refer to Cartesian X1 − X2 plane (with equation X3 = 0). Then the z coordinate is
the same in both systems, and the correspondence between cylindrical (r, h) and
Cartesian (X1, X2) are the same as for polar coordinates, namely X1(t) = r(t) � cos
[h(t)]; X2(t) = r(t) � sin[h(t)]; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
1 þX2

2

p
. h(t) = 0 if X1 = 0 and X2 = 0.

h(t) = arcsin(X2/r) if X1 � 0. x ! X1, y ! X2.

X1ðtÞ ¼ rðtÞ � cos½hðtÞ� ) dX1ðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

X2ðtÞ ¼ rðtÞ � sin½hðtÞ� ) dX2ðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dX1ðtÞ
dt

¼ dX1

dt
;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the following equations:

dX1

dt
¼ r0 � cos h� r � h0 � sin h; dX2

dt
¼ r0 � sin hþ r � h0 � cos h

dX1

dt
¼ X2 ) r0 � cos h� r � h0 � sin h ¼ r � sin h ) r0 � cos h ¼ r � h0 � sin hþ r � sin h

r0 � cos h ¼ r � h0 � sin hþ r � sin h ) r0 � cos h ¼ r � sin h � ðh0 þ 1Þ ) tgh ¼ r0

r � ðh0 þ 1Þ
tgh ¼ r0

r � ðh0 þ 1Þ ) h ¼ arctg
r0

r � ðh0 þ 1Þ
� �

; X1 ¼ r � cos h; X2 ¼ r � sin h

tgh ¼ r0

r � ðh0 þ 1Þ ) r0 ¼ r � ðh0 þ 1Þ � tgh ) h0 ¼ r0

r � tgh� 1

dX2

dt
¼ �X1

) r0 � sin hþ r � h0 � cos h ¼ �r � cos h ) r0 � sin hþ r � r0

r � tgh� 1
	 


� cos h ¼ �r � cos h

r0 � sin hþ r0

tgh
� cos h� r � cos h ¼ �r � cos h ) r0 � sin hþ cos h

tgh

	 

¼ 0;

sin hþ cos h
tgh

¼ 1
sin h

r0 � 1
sin h

¼ 0 ) r0 ¼ 0 ) r ¼ const.
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6.2 OptoNDR Circuit Van der Pol Limit Cycle Solution

The Van der Pol oscillator can be given by the following equations: dX1

dt ¼ X2 and
dX2

dt ¼ �X1 � l � ðX2
1 � 1Þ � X2. We can express it by second-degree differential

equation: d
2
X1

dt2 þ l � ðX2
1 � 1Þ � dX1

dt þX1 ¼ 0. The parameter l is non-negative real

number l� 0; l 2 R. The equation is related to nonlinear electrical circuits and
related to simple harmonic oscillator which includes a nonlinear damping term

l � ðX2
1 � 1Þ � dX1

dt . Practically, this term is like ordinary positive damping for jX1j[ 1,

but like negative damping for jX1j\1. The behavior, l � ðX2
1 � 1Þ � dX1

dt term causes

large amplitude oscillations to decay, but it pumps them back up if they become too
small. Our system settles into a self-sustained oscillation and the special phenomena
happened. The energy is dissipated over one cycle which balances the energy pumped
in. The Van der Pol equation has a unique, stable limit cycle for l[ 0; l 2 R. We
have a Van der Pol oscillator circuit. The active element of the circuit is semicon-
ductor device (OptoNDR circuit/device). It acts like an ordinary resistor when current
I(t) is high (I(t) > Isat), but like negative resistor (energy source ) or negative differ-
ential resistance (NDR) when I(t) is low I(t) > Ibreak and I(t) < Isat. Our circuit

current–voltage characteristic V ¼ f ðIÞ 8 dI
dt ¼ 0 resembles a cubic function. We

consider that a source of current is attached to the circuit and then withdrawn. We
neglect in our analysis the current below Ibreak (I(t) < Ibreak) [1, 2, 4] (Fig. 6.1).

Fig. 6.1 OptoNDR van der Pol circuit current–voltage characteristic V ¼ f ðIÞ 8 dI
dt ¼ 0

resembles a cubic function
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VC [VB; V ¼ VCB ¼ VC � VB ¼ �VBC, denote the voltage drop from point C

to point B in the circuit. V ¼ VC1 ; IC1 ¼ C1 � dVdt ; I ¼ �IC1 ;
dV
dt ¼

IC1
C1

¼ � I
C1
;

VL1 ¼ VAB ¼ L1 � dIdt KVL (Kircoff’s Voltage Law): VCD þVAB � V ¼ 0;

VCD ¼ VD1 þVCEQ1 ¼ f ðIÞ; VAB ¼ VL1

f ðIÞþVL1 � V ¼ 0; VCD ¼ VC � VD ¼ f ðIÞ; f ðIÞþ L1 � dIdt � V ¼ 0; VA ¼ VD

We want to show that the system circuit is equivalent to Van der Pol basic

equations, dV
dt ¼ � I

C1
) dV

dt �
ffiffiffiffiffiffi
C1

p � ffiffiffiffiffiffi
C1

p ¼ �I; dV
dt �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � L1

p � ffiffiffiffiffiffi
C1

p ¼ �I � ffiffiffiffiffi
L1

p
.

We define new time variable s ¼ 1ffiffiffiffiffiffiffiffi
C1�L1

p � t ) t ¼ s � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � L1

p
; dt ¼ ds � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C1 � L1
p

.
dV

ds� ffiffiffiffiffiffiffiffiC1�L1
p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C1 � L1
p � ffiffiffiffiffiffi

C1
p ¼ �I � ffiffiffiffiffi

L1
p ) dV

ds �
ffiffiffiffiffiffi
C1

p ¼ �I � ffiffiffiffiffi
L1

p
: We define new

variables: x ¼ I � ffiffiffiffiffi
L1

p
; w ¼ V � ffiffiffiffiffiffi

C1
p

; I ¼ xffiffiffiffi
L1

p ; V ¼ wffiffiffiffi
C1

p then the first differential

equationdVds �
ffiffiffiffiffiffi
C1

p ¼ �I � ffiffiffiffiffi
L1

p ) dw
ds

1ffiffiffiffi
C1

p � ffiffiffiffiffiffi
C1

p ¼ � xffiffiffiffi
L1

p � ffiffiffiffiffi
L1

p
; dw
ds ¼ �x.

V ¼ f ðIÞþ L1 � dIdt ; f ðIÞ ¼ l � 1ffiffiffiffiffiffi
C1

p � FðI � ffiffiffiffiffi
L1

p Þ; x ¼ I � ffiffiffiffiffi
L1

p ) I ¼ xffiffiffiffiffi
L1

p

f
xffiffiffiffiffi
L1

p
� �

¼ l � 1ffiffiffiffiffiffi
C1

p � F xffiffiffiffiffi
L1

p � ffiffiffiffiffi
L1

p� �
) f

xffiffiffiffiffi
L1

p
� �

¼ l � 1ffiffiffiffiffiffi
C1

p � FðxÞ; FðxÞ ¼
ffiffiffiffiffiffi
C1

p
l

� f xffiffiffiffiffi
L1

p
� �

V ¼ f ðIÞþ L1 � dIdt ) V ¼ l � 1ffiffiffiffiffiffi
C1

p � FðI � ffiffiffiffiffi
L1

p Þþ L1 � dIdt ; V ¼ l � 1ffiffiffiffiffiffi
C1

p � FðxÞþL1 � dIdt
V � ffiffiffiffiffiffi

C1
p ¼ l � FðxÞþ L1 �

ffiffiffiffiffiffi
C1

p � dI
dt

; w ¼ V � ffiffiffiffiffiffi
C1

p
; w ¼ l � FðxÞþ L1 �

ffiffiffiffiffiffi
C1

p � dI
dt

w ¼ l � FðxÞþ L1 �
ffiffiffiffiffiffi
C1

p � dI
dt

) w ¼ l � FðxÞþ ffiffiffiffiffi
L1

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � L1

p � dI
dt

; dt ¼ ds � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � L1

p

w ¼ l � FðxÞþ ffiffiffiffiffi
L1

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � L1

p � dI
ds � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C1 � L1
p ) w ¼ l � FðxÞþ ffiffiffiffiffi

L1
p � dI

ds
; I ¼ xffiffiffiffiffi

L1
p

w ¼ l � FðxÞþ ffiffiffiffiffi
L1

p � dx
ds

� 1ffiffiffiffiffi
L1

p ) w ¼ l � FðxÞþ dx
ds

;
dx
ds

¼ w� l � FðxÞ

We can summarize our new Van der Pol equations (w and x variables):

dw
ds

¼ �x;
dx
ds

¼ w� l � FðxÞ; dx
ds

¼ w� l � FðxÞ ) w ¼ dx
ds

þ l � FðxÞ

dw
ds

¼ d2x
ds2

þ l � dFðxÞ
ds

;
dw
ds

¼ �x ) d2x
ds2

þ l � dFðxÞ
ds

¼ �x;
d2x
ds2

þ l � dFðxÞ
ds

þ x

¼ 0
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The classical two-degree differential equation of Van der Pol equation: d
2
x

ds2 þ l �
dFðxÞ
ds þ x ¼ 0; x ! X1;

dFðxÞ
ds ! ðX2

1 � 1Þ � dX1

ds and we get our classical Van der

Pol equation d2
X1

ds2 þ l � ðX2
1 � 1Þ � dX1

ds þX1 ¼ 0.

OptoNDR Element Mathematical Analysis
Our OptoNDR element/circuit is constructed from LED and phototransistor in
series. The LED (D1) light strikes the phototransistor (Q1) base window and can be
represented as a dependent current source. The dependent current source depends
on the LED (D1) forward current, with proportional k constant
(IBQ1 ¼ ILED � k ¼ ICQ1 � k) and is the phototransistor base current. The mathemat-
ical analysis is based on the basic transistor Ebers–Moll equations. The basic
Ebers–Moll schematic for NPN bipolar transistor is shown in the next figure. We
need to implement the regular Ebers–Moll model to the optocoupler circuit (tran-
sistor Q1 and LED D1) and get a complete final expression for the negative dif-
ferential resistance (NDR) characteristics of that circuit [18] (Fig. 6.2).

iDE þ iDC ¼ ibQ1 þ af � iDEQ1 þ ar � iDCQ1 ; iDCQ1 þ ICQ1 ¼ af � iDEQ1 ; iDEQ1

¼ ar � iDCQ1 þ iEQ1

Fig. 6.2 NPN BJT Ebers-Moll model circuit
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iDCQ1 þ ICQ1 ¼ af � iDEQ1 ) iDCQ1 ¼ af � iDEQ1 � ICQ1 ; iDEQ1 ¼ ar � ðaf � iDEQ1 � ICQ1Þþ iEQ1

iDEQ1 ¼ ar � af � iDEQ1 � ar � ICQ1 þ iEQ1 ; iDEQ1 � ar � af � iDEQ1 ¼ iEQ1 � ar � ICQ1

iDEQ1 ¼
iEQ1 � ar � ICQ1

1� ar � af ; iDCQ1 ¼ af � iDEQ1 � ICQ1 ¼ af � iEQ1 � ar � ICQ1

1� ar � af

� �
� ICQ1

iDCQ1 ¼ af � iEQ1 � ar � ICQ1

1� ar � af

� �
� ICQ1 ¼

af � ðiEQ1 � ar � ICQ1Þ � ICQ1 � ð1� ar � af Þ
1� ar � af

iDCQ1 ¼
af � iEQ1 � ICQ1

1� ar � af ;

VBase�Emitter ¼ Vt � ln 1
Ise

� iDEQ1 þ 1
	 


; VBase�Emitter ¼ Vt � ln 1
Ise

� iEQ1 � ar � ICQ1

1� ar � af

� �
þ 1

	 


VBase�Collector ¼ Vt � ln 1
Isc

� iDCQ1 þ 1
	 


; VBase�Collector ¼ Vt � ln 1
Isc

� af � iEQ1 � ICQ1

1� ar � af

� �
þ 1

	 

VCollector�Emitter ¼ VCollector�Base þVBase�Emitter; VCollector�Base ¼ �VBase�Collector

VCollector�Emitter ¼ VCollector�Base þVBase�Emitter ¼ VBase�Emitter � VBase�Collector

VCollector�Emitter ¼ Vt � ln 1
Ise

� iEQ1 � ar � ICQ1

1� ar � af

� �
þ 1

	 

� Vt

� ln 1
Isc

� af � iEQ1 � ICQ1

1� ar � af

� �
þ 1

	 


VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
Ise � ð1� ar � af Þ

	 

� Vt

� ln af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
Isc � ð1� ar � af Þ

	 


VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
Ise � ð1� ar � af Þ

� �	

� Isc � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �


VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

� Isc
Ise

� �	 


VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
	 


þVt � ln Isc
Ise

	 

;

ICQ1 ¼ ID1 ; IEQ1 ¼ IðtÞ ¼ I
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VD1 ¼ VCE ¼ Vt � ln ID1

I0
þ 1

	 

; VD1 ¼ VCE ¼ Vt � ln ICQ1

I0
þ 1

	 

;

iEQ1 ! IEQ1 ; iCQ1 ! ICQ1

The optical coupling between the LED (D1) and the phototransistor (Q1) is
represented as transistor-dependent base current on LED (D1) current:

IBQ1 ¼ ID1 � k; ID1 ¼ ICQ1 ; IBQ1 ¼ ICQ1 � k; IEQ1 ¼ I; IEQ1 ¼ ICQ1 þ IBQ1 ¼ ICQ1 � ð1þ kÞ
IEQ1 ¼ I ) I ¼ ICQ1 � ð1þ kÞ ) ICQ1 ¼

I
ð1þ kÞ ; IBQ1 ¼ ICQ1 � k ¼

I � k
ð1þ kÞ

As long as the phototransistor (Q1) is in cut-off region, the currents ICQ1 ; IEQ1 ,
and IBQ1 are very low. When the phototransistor (Q1) reaches breakover voltage it
enters saturation region (VCollector�Emitter decreases and ICQ1 increases). The region
which VCollector�Emitter decreases and ICQ1 increases is the Negative Differential
Resistance area of VCD–ICQ1 characteristics. The positive feedback in which the
phototransistor collector current ICQ1 increases and then IBQ1 increases
(IBQ1 ¼ ICQ1 � k) is repeated in increasing cycles [1]. The positive feedback ends
when the phototransistor reaches saturation state. Finally, we arrive at an expression
which is the voltageVCollector�Emitter as a function of the current (ICQ1 ) for NDR
circuit (VCD ¼ VCollector�Emitter þVD1 ).

VCD ¼ VCollector�Emitter þVD1

¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
	 


þVt � ln Isc
Ise

	 

þVt � ln ICQ1

I0
þ 1

	 


Assume, Isc 	 Ise; Vt � ln Isc
Ise

h i
	 0

VCD ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
	 


þVt � ln ICQ1

I0
þ 1

	 


ICQ1 ¼
I

ð1þ kÞ ; IBQ1 ¼ ICQ1 � k ¼
I � k

ð1þ kÞ

VCD ¼ f ðIÞ; VCD

¼ Vt � ln
I � ar � I

ð1þ kÞ þ Ise � ð1� ar � af Þ
af � I � I

ð1þ kÞ þ Isc � ð1� ar � af Þ

" #
þVt � ln I

ð1þ kÞ � I0 þ 1
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f ðIÞ ¼ Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

þVt � ln I
ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 


The typical values for our BJT transistor and LED diode parameters are

Vt ¼ 0:026 ¼ 26mV; k ¼ 0:02; Ise ¼ 1 lA ¼ 10�6; Isc ¼ 2 lA ¼ 2� 10�6

ar ¼ 0:5; af ¼ 0:98; I0 ¼ 1 lA ¼ 10�6; 1� ar � 1
ð1þ kÞ ¼ 0:51; Vt � ln Isc

Ise

	 

¼ 0:018

af � 1
ð1þ kÞ ¼ �0:000392; Ise � ð1� ar � af Þ ¼ 0:51� 10�6; Isc � ð1� ar � af Þ ¼ 1:02� 10�6

1
ð1þ kÞ�I0 ¼ 980; 392:15. We need to plot the graph f(I) versus I (Fig. 6.3).

Fig. 6.3 I vs V for OptoNDR circuit (V = f(I))
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MATLAB Script

I=0:0.00001:0.009;
a=0.018;b=0.026*log(I*980392.15+1);
d=I*0.51+0.51*0.000001;e=-I*0.000392+1.02*0.00000102;
c=0.026*log(d./e)+a+b;
plot(c,I,′-r′);

df ðIÞ
dI

¼ Vt � ddI ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

8<
:

9=
;þVt

� d
dI

ln
I

ð1þ kÞ � I0 þ 1
	 
� �

df ðIÞ
dI

¼ Vt � 1
Iþð1þ kÞ � I0 þVt �

I � af � 1
ð1þ kÞ

h i
þ Isc � ð1� ar � af Þ

I � 1� ar � 1
ð1þ kÞ

h i
þ Ise � ð1� ar � af Þ

8<
:

9=
;

�

1� ar � 1
ð1þ kÞ

	 

� I � af � 1

ð1þ kÞ
	 


þ Isc � ð1� ar � af Þ
� �

� af � 1
ð1þ kÞ

	 

� I � 1� ar � 1

ð1þ kÞ
	 


þ Ise � ð1� ar � af Þ
� �

I � af � 1
ð1þ kÞ

h i
þ Isc � ð1� ar � af Þ

n o2

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

df ðIÞ
dI

¼ Vt � 1
Iþð1þ kÞ � I0

þVt �
ð1� ar � af Þ � 1� ar � 1

ð1þ kÞ
h i

� Isc � af � 1
ð1þ kÞ

h i
� Ise

n o
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af
n o

8<
:

9=
;

� I � af � 1
ð1þ kÞ

	 

þ Isc � ð1� ar � af Þ

� �

We get the conditions in NDR region: I 6¼ �ð1þ kÞ � I0

I � 1� ar � 1
ð1þ kÞ

	 

þ Ise � ð1� ar � af Þ 6¼ 0 ) I 6¼ � Ise � ð1� ar � af Þ

1� ar � 1
ð1þ kÞ

h i
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I � af � 1
ð1þ kÞ

	 

þ Isc � ð1� ar � af Þ 6¼ 0 ) I 6¼ � Isc � ð1� ar � af Þ

af � 1
ð1þ kÞ

h i

We can demonstrate the df ðIÞ
dI equation as a parametric function with some

constant. Let us define the constants first.

C1 ¼ ð1þ kÞ � I0; C2 ¼ ð1� ar � af Þ � 1� ar � 1
ð1þ kÞ

	 

� Isc � af � 1

ð1þ kÞ
	 


� Ise
� �

C3 ¼ 1� ar � 1
ð1þ kÞ

	 

; C4 ¼ Ise � ð1� ar � af Þ; C5 ¼ af � 1

ð1þ kÞ
	 


; C6 ¼ Isc � ð1� ar � af Þ

df ðIÞ
dI

¼ Vt � 1
IþC1

þVt � C2

fI � C3 þC4g � fI � C5 þC6g
� �

; C1;C2; . . .;C6 2 R:

We need to analyze the above equation for regions which are near the saturation
region and cut-off region. For the region which is after the breakover voltage but
near enough to the cut-off region:

Q1ðcutoffÞðDf ðIÞ ! e 
 1; DI ! 0Þ ) NDR ¼ Df ðIÞ
DI

! 1:

For the region which is near and in the phototransistor saturation state:

Q1ðsaturationÞðDf ðIÞ ! e 
 1; DI ! 1Þ ) NDR ¼ Df ðIÞ
DI

! 0:

For the cut-off region before the breakover k = 0 then we get the expression df ðIÞdI .

df ðIÞ
dI

jk¼0 ¼ Vt � 1
Iþ I0

þVt

� ð1� ar � af Þ � f½1� ar� � Isc � ½af � 1� � Iseg
fI � ½1� ar� þ Ise � ð1� ar � af Þg � fI � af � 1

� �þ Isc � ð1� ar � af Þg

( )

Back to our circuit Van der Pol differential equations:
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dV
dt

¼ � I
C1

; f ðIÞþ L1 � dIdt � V ¼ 0

dV
dt

¼ � I
C1

;

Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt � ln I

ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 

þ L1 � dIdt � V ¼ 0

Limit cycle discussion, Van der Pol circuit oscillator: VðtÞ ¼ V ; IðtÞ ¼ I.
We need to prove that our Van der Pol circuit has periodic orbits and it is done

by changing system Cartesian coordinates (V(t), I(t)) and show that the cylinder is
invariant. For the conversion between cylindrical and Cartesian circuits system and
opposite, it is convenient to assume that the reference plane of the former is the
Cartesian x–y plane (with equation z = 0), and the cylindrical axis is the Cartesian
z axis. In our circuit system we refer to Cartesian V–I plane (with equation, addition
coordinate equal to zero) [7, 8]. Then the z coordinate is the same in both circuits
system, and the correspondence between cylindrical (r, h) and Cartesian (V, I) are
the same as polar coordinates, namely VðtÞ ¼ rðtÞ � cos½hðtÞ�; IðtÞ ¼ rðtÞ �
sin½hðtÞ�; r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2 þ I2
p

.

hðtÞ ¼ 0 if V = 0 and I = 0. hðtÞ ¼ arcsinðI=rÞ if V > 0, x ! V ; y ! I.

VðtÞ ¼ rðtÞ � cos½hðtÞ� ) dVðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

IðtÞ ¼ rðtÞ � sin½hðtÞ� ) dIðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�

dVðtÞ
dt

¼ dV
dt

;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the equations:
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dV
dt

¼ r0 � cos h� r � h0 � sin h; dI
dt

¼ r0 � sin hþ r � h0 � cos h
dV
dt

¼ � 1
C1

� I ) r0 � cos h� r � h0 � sin h ¼ � 1
C1

� r � sin h;

r0 � cos h ¼ r � h0 � sin h� 1
C1

� r � sin h

r0 � cos h ¼ r � sin h � h0 � 1
C1

	 

) r0 ¼ r � tgh � h0 � 1

C1

	 

; tgh ¼ r0

r � h0 � 1
C1

h i

tgh ¼ r0

r � h0 � 1
C1

h i) h ¼ arctg
r0

r � h0 � 1
C1

h i
8<
:

9=
;;

V ¼ r � cos h; I ¼ r � sin h

Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt

� ln I
ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 

þ L1 � dIdt � V ¼ 0

Vt � ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

þVt � ln r � sin h
ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 


þ L1 � ðr0 � sin hþ r � h0 � cos hÞ � r � cos h ¼ 0

r0 ¼ r � tgh � h0 � 1
C1

	 


Vt � ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt � ln r � sin h

ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 

þ L1 � ðr � tgh � h0 � 1

C1

	 

� sin hþ r � h0 � cos hÞ � r � cos h ¼ 0

Vt � ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt � ln r � sin h

ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 

þ L1 � r � tgh � sin h � h0 � 1

C1

	 

þ L1 � r � h0 � cos h� r � cos h ¼ 0
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Vt � ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt � ln r � sin h

ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 


þ L1 � r � h0 � tgh � sin hþ cos h½ � � L1 � r � tgh � sin h � 1
C1

� r � cos h ¼ 0

tgh � sin hþ cos h ¼ sin2 h
cos h

þ cos h ¼ sin2 hþ cos2 h
cos h

¼ 1
cos h

Vt � ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt � ln r � sin h

ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 

þ L1 � r � h0 � 1

cos h
� L1 � r � tgh � sin h � 1

C1
� r � cos h ¼ 0

L1 � r � h0 � 1
cos h

¼ L1 � r � tgh � sin h � 1
C1

þ r � cos h� Vt

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � ln r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � ln Isc
Ise

	 


h0 ¼ sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 


We need to get the expression for r′: r0 ¼ r � tgh � h0 � 1
C1

h i

r0 ¼ r � tgh � sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

�

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

�Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

�
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We can summarize our last results:

h0 ¼ sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 


r0 ¼ r � tgh � sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

�

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

�

We define h0 ¼ n1ðr; hÞ; r0 ¼ n2ðr; hÞ

n1ðr; hÞ ¼ sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 


n2ðr; hÞ ¼ r � tgh � sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

�

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

�

If there is a stable limit cycle as specific value of radius r, dr/dt = 0 then
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r0 ¼ n2ðr; hÞ; r0 ¼ 0; r 6¼ 0

r � tgh � sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

�

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

�
¼ 0

Case A tgh ¼ 0 ) h ¼ k � p 8 k ¼ . . .;�2;�1; 0; 1; 2; . . . the tgh function is
undefined for h ¼ p

2 þ p � k ¼ p � 1
2 þ k
� �

.

Case B

sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

¼ 0

sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
C1

� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 


¼ Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


þ 1
L1 � r � cos h � Vt � ln

r � sin h � 1� ar � 1
ð1þ kÞ

h i
þ Ise � ð1� ar � af Þ

r � sin h � af � 1
ð1þ kÞ

h i
þ Isc � ð1� ar � af Þ

2
4

3
5

The above function is difficult for analytic solution and numerical solution can
be very good. In our solutions, we ignore all negative values and complex values of
r (r[ 0; r 2 Rþ ). Additionally, h must be real number and we ignore complex
values h 2 R [54, 55]:

r0 ¼ r � tgh � h0 � 1
C1

	 

; r0 ¼ 0 ) r � tgh � h0 � 1

C1

	 

¼ 0 ) h0 ¼ 1

C1
;

h ¼ 1
C1

� tþConst.
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Other case is when system limit cycle is resided in annulus 0\rmin\r\rmax

and there is no constant r in the limit cycle drdt 6¼ 0. We seek two concentric circles

with radii rmin and rmax. Exist drdt \0: On the outer circle and dr
dt [ 0 on the inner

circle. To find rmin, we require dr
dt [ 0 for all values of h: r0 [ 0 ) n2ðr; hÞ[ 0.

r � tgh � sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

�

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

�Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

�
[ 0

r > 0 always then tgh � wðr; hÞ[ 0 is the condition we need to check. We have
two subcases, Case 1.1: tgh[ 0; wðr; hÞ[ 0 and Case 1.2: tgh\0; wðr; hÞ\0.

wðr; hÞ ¼ sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

Case 1.1

r ! rmin ; tgh[ 0&wðrmin; hÞ[ 0; tgh[ 0 ) p � ðk � 1Þ\h\p � k � 1
2

� �

sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � rmin

� cos h � Vt

� ln
rmin � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
rmin � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � rmin

� ln rmin � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � rmin

� ln Isc
Ise

	 

� 1
C1

[ 0

The above function with condition is difficult for analytic solution and numerical
solution can be very good to find the limits for rmin. In our solutions, we ignore all
negative rmin values and complex rmin values of rmin (rmin [ 0; rmin 2 Rþ ).
Additionally, h must be real number and we ignore complex values h 2 R.
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Case 1.2 r ! rmin; tgh\0&wðrmin; hÞ\0; tgh\0 ) p � ðk � 1
2Þ\h\p � k

sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � rmin

� cos h � Vt

� ln
rmin � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
rmin � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � rmin

� ln rmin � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � rmin

� ln Isc
Ise

	 

� 1
C1

\0

The above function with condition is difficult for analytic solution and numerical
solution can be very good to find the limits for rmin. In our solutions, we ignore all
negative rmin values and complex rmin values of rmin (rmin [ 0; rmin 2 Rþ ).
Additionally, h must be real number and we ignore complex values h 2 R.

To find rmax, we require dr
dt \0 for all values of h: r0\0 ) n2ðr; hÞ\0

r � tgh � sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

�

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5� Vt � cos h � 1

L1 � r � ln
r � sin h

ð1þ kÞ � I0 þ 1
	 


�Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

�
\0

r > 0 always then tgh � wðr; hÞ\0 is the condition we need to check. We have
two subcases, Case 2.1: tgh[ 0; wðr; hÞ\0 and Case 2.2: tgh\0; wðr; hÞ[ 0.

wðr; hÞ ¼ sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � r � cos h � Vt

� ln
r � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
r � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � r � ln

r � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � r � ln

Isc
Ise

	 

� 1
C1

Case 2.1

r ! rmax; tgh[ 0&wðrmax; hÞ\0; tgh[ 0 ) p � ðk � 1Þ\h\p � k � 1
2

� �
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sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � rmax

� cos h � Vt

� ln
rmax � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
rmax � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � rmax

� ln rmax � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � rmax

� ln Isc
Ise

	 

� 1
C1

\0

The above function with condition is difficult for analytic solution and numerical
solution can be very good to find the limits for rmax. In our solutions, we ignore all
negative rmax values and complex rmax values of rmax (rmax [ 0; rmax 2 Rþ ).
Additionally, h must be real number and we ignore complex values h 2 R.

Case 2.2 r ! rmax; tgh\0 & wðrmax; hÞ[ 0; tgh\0 ) p � ðk � 1
2Þ\h\p � k

sin2 h � 1
C1

þ 1
L1

� cos2 h� 1
L1 � rmax

� cos h � Vt

� ln
rmax � sin h � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
rmax � sin h � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� Vt � cos h � 1
L1 � rmax

� ln rmax � sin h
ð1þ kÞ � I0 þ 1
	 


� Vt � cos h � 1
L1 � rmax

� ln Isc
Ise

	 

� 1
C1

[ 0

The above function with condition is difficult for analytic solution and numerical
solution can be very good to find the limits for rmax. In our solutions, we ignore all
negative rmax values and complex rmax values of rmax (rmax [ 0; rmax 2 Rþ ).
Additionally, h must be real number and we ignore complex values h 2 R.

OptoNDR Van der Pol Circuit System Stability Analysis

Our circuit Van der Pol differential equations: dVdt ¼ � I
C1
; f ðIÞþ L1 � dIdt � V ¼ 0

dV
dt

¼ � I
C1

; Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

þVt � ln I
ð1þ kÞ � I0 þ 1
	 


þVt � ln Isc
Ise

	 

þ L1 � dIdt � V ¼ 0

dI
dt

¼ 1
L1

� V � 1
L1

� Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5� 1

L1
� Vt

� ln I
ð1þ kÞ � I0 þ 1
	 


� 1
L1

� Vt � ln Isc
Ise
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To find Van der Pol circuit system fixed points we set dVdt ¼ 0; dI
dt ¼ 0

dV
dt

¼ 0 ) � I�

C1
¼ 0; I� ¼ 0;

dI
dt

¼ 0; ln
I�

ð1þ kÞ � I0 þ 1
	 


jI�¼0 ¼ 0; E�ðV�; I�Þ ¼ ð0; 0Þ

1
L1

� V� � 1
L1

� Vt � ln Ise
Isc

	 

� 1
L1

� Vt � ln Isc
Ise

	 

¼ 0 ) V� ¼ Vt � ln

Ise
Isc

	 

þ ln

Isc
Ise

	 
� �

¼ Vt � ln Ise
Isc

� Isc
Ise

	 

; V� ¼ 0:

We define our system differential equations: dVdt ¼ #1ðV ; IÞ; dI
dt ¼ #2ðV ; IÞ

#1ðV ; IÞ ¼ � I
C1

#2ðV ; IÞ ¼ 1
L1

� V � 1
L1

� Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� 1
L1

� Vt � ln I
ð1þ kÞ � I0 þ 1
	 


� 1
L1

� Vt � ln Isc
Ise

	 


We need to establish the stability of our OptoNDR Van der Pol system fixed
point. We can ask for other quantitative measure of stability like rate of decay to the
stable fixed point. There is a need for linearization about the fixed point. We
implement the linearization technique to our dimensional system [4, 85, 86].

Suppose that the system differential equations are dVdt ¼ #1ðV ; IÞ; dI
dt ¼ #2ðV ; IÞ and

suppose that ðV�; I�Þ is a fixed point, then #1ðV�; I�Þ ¼ 0; #2ðV�; I�Þ ¼ 0. Let
u ¼ V � V�; v ¼ I � I� denote the components of a small disturbance from the
fixed point. To see whether the disturbance grows or decays, we need to derive

differential equations for u and v. The u equation is dudt ¼ dV
dt since V

� is constant and

by substitution du
dt ¼ dV

dt ¼ #1ðV� þ u; I� þ vÞ. Using Taylor series expansion
du
dt ¼ dV

dt ¼ #1ðV� þ u; I� þ vÞ ¼ #1ðV�; I�Þþ u � @#1
@V þ v � @#1

@I þOðu2; v2; u � vÞ.
Since #1ðV�; I�Þ ¼ 0, we can write du

dt ¼ dV
dt ¼ u � @#1

@V þ v � @#1
@I þOðu2; v2; u � vÞ.

The partial derivatives @#1
@V ; @#1

@I are to be evaluating at the fixed point ðV�; I�Þ; thus
they are numbers and not functions. The notation Oðu2; v2; u � vÞ denotes quadratic
term in u and v. Since u and v are small, the quadratic terms are very small and

similarly we can write dV
dt ¼ dI

dt ¼ v � @#2
@V þ v � @#2

@I þOðu2; v2; u � vÞ. Hence, the

disturbance (u, v) evolves according to
du
dt
dV
dt

 !
¼

@#1
@V

@#1
@I

@#2
@V

@#2
@I

 !
� u

v

� �
þ

Oðu2; v2; u � vÞ:
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The matrix A ¼
@#1
@V

@#1
@I

@#2
@V

@#2
@I

 !
ðV�;I�Þ

is called the Jacobian matrix at the fixed point

ðV�; I�Þ. Since the quadratic terms Oðu2; v2; u � vÞ are very small, we can neglect

them and we get the linearized system:
du
dt
dV
dt

 !
¼

@#1
@V

@#1
@I

@#2
@V

@#2
@I

 !
� u

v

� �
.

#1ðV ; IÞ ¼ � I
C1

) @#1

@V
¼ 0;

@#1

@I
¼ � 1

C1
;
@#2

@V
¼ 1

L1

#2ðV ; IÞ ¼ 1
L1

� V � 1
L1

� Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

� 1
L1

� Vt � ln I
ð1þ kÞ � I0 þ 1
	 


� 1
L1

� Vt � ln Isc
Ise

	 


@#2

@I
¼ � @

@I
1
L1

� Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

8<
:

þ 1
L1

� Vt � ln I
ð1þ kÞ � I0 þ 1
	 
�

@

@I
ln

I � 1� ar � 1
ð1þ kÞ

h i
þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
666664

3
777775

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

¼

1� ar � 1
ð1þ kÞ

h i
� I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ
n o

� I � 1� ar � 1
ð1þ kÞ

h i
þ Ise � ð1� ar � af Þ

n o
� af � 1

ð1þ kÞ
h i

I � af � 1
ð1þ kÞ

h i
þ Isc � ð1� ar � af Þ

n o2

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

�
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ

8<
:

9=
;
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@

@I
ln

I � 1� ar � 1
ð1þ kÞ

h i
þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
666664

3
777775

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

¼
ð1� ar � af Þ � 1� ar � 1

ð1þ kÞ
h i

� Isc � Ise � af � 1
ð1þ kÞ

h in o
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ
n o

� I � 1� ar � 1
ð1þ kÞ

h i
þ Ise � ð1� ar � af Þ

n o
8<
:

9=
;

@

@I
ln

I � 1� ar � 1
ð1þ kÞ

h i
þ Ise � ð1� ar � af Þ

I � af � 1
ð1þ kÞ

h i
þ Isc � ð1� ar � af Þ

2
4

3
5

8<
:

9=
;

@I�¼0

¼
1� ar � 1

ð1þ kÞ
h i

� Isc � Ise � af � 1
ð1þ kÞ

h i
Ise � Isc � ð1� ar � af Þ

8<
:

9=
;

@

@I
ln

I
ð1þ kÞ � I0 þ 1
	 
� �

¼
1

ð1þ kÞ�I0
I

ð1þ kÞ�I0 þ 1
¼

1
ð1þ kÞ�I0
I

ð1þ kÞ�I0 þ 1

( )
� ð1þ kÞ � I0
ð1þ kÞ � I0

¼ 1
Iþð1þ kÞ � I0

@

@I
ln

I
ð1þ kÞ � I0 þ 1
	 
� �

jðV�;I�Þ ¼
1

ð1þ kÞ � I0

@#2

@I
¼ � Vt

L1
� @

@I
ln

I � 1� ar � 1
ð1þ kÞ

h i
þ Ise � ð1� ar � af Þ

I � af � 1
ð1þ kÞ

h i
þ Isc � ð1� ar � af Þ

2
4

3
5þ @

@I
ln

I
ð1þ kÞ � I0 þ 1
	 
8<

:
9=
;

@#2

@I
jðV�;I�Þ ¼ � Vt

L1
�

1� ar � 1
ð1þ kÞ

h i
� Isc � Ise � af � 1

ð1þ kÞ
h i

Ise � Isc � ð1� ar � af Þ þ 1
ð1þ kÞ � I0

8<
:

9=
;

@#1

@V
¼ @#1

@V
jðV�;I�Þ ¼ 0;

@#1

@I
¼ @#1

@I
jðV�;I�Þ ¼ � 1

C1
;
@#2

@V
¼ @#2

@V
jðV�;I�Þ ¼

1
L1

A ¼
@#1
@V

@#1
@I

@#2
@V

@#2
@I

 !
ðV�;I�Þ

¼
0 � 1

C1

1
L1

� Vt
L1
�

1�ar � 1
ð1þ kÞ

h i
�Isc�Ise� af� 1

ð1þ kÞ

h i
Ise�Isc�ð1�ar �af Þ þ 1

ð1þ kÞ�I0

8<
:

9=
;

0
BB@

1
CCA

The characteristic equation becomes detðA� k � IÞ ¼ 0
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detðA� k � IÞ ¼ det
@#1
@V

@#1
@I

@#2
@V

@#2
@I

 !
ðV�;I�Þ

�k � I
2
4

3
5 ¼ det

@#1
@V � k @#1

@I
@#2
@V

@#2
@I � k

 !
ðV�;I�Þ

¼ 0

det

�k � 1
C1

1
L1

� Vt
L1
�

1�ar � 1
ð1þ kÞ

h i
�Isc�Ise� af� 1

ð1þ kÞ

h i
Ise�Isc�ð1�ar �af Þ þ 1

ð1þ kÞ�I0

8<
:

9=
;� k

0
BB@

1
CCA ¼ 0

ð�kÞ � � Vt

L1
�

1� ar � 1
ð1þ kÞ

h i
� Isc � Ise � af � 1

ð1þ kÞ
h i

Ise � Isc � ð1� ar � af Þ þ 1
ð1þ kÞ � I0

8<
:

9=
;� k

0
@

1
Aþ 1

L1 � C1
¼ 0

k2 þ k � Vt

L1
�

1� ar � 1
ð1þ kÞ

h i
� Isc � Ise � af � 1

ð1þ kÞ
h i

Ise � Isc � ð1� ar � af Þ þ 1
ð1þ kÞ � I0

8<
:

9=
;þ 1

L1 � C1
¼ 0

traceðAÞ ¼ � Vt

L1
�

1� ar � 1
ð1þ kÞ

h i
� Isc � Ise � af � 1

ð1þ kÞ
h i

Ise � Isc � ð1� ar � af Þ þ 1
ð1þ kÞ � I0

8<
:

9=
;;

D ¼ detðAÞ ¼ 1
L1 � C1

k1 ¼
traceðAÞþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
traceðAÞ½ �2�4 � 1

L1�C1

q
2

; k2 ¼
traceðAÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
traceðAÞ½ �2�4 � 1

L1�C1

q
2

:

Eigenvalues k1 and k2 are the solutions of the quadratic equation. The eigen-
values depend on the trace and determinant of the matrix A. The typical situation is
for system eigenvalues to be distinct k1 6¼ k2, and eigenvectors linearly indepen-
dent and span entire plane. If the eigenvalues are complex, the fixed point is either
a center or a spiral. A center fixed point is a simple harmonic oscillator; the origin is
surrounded by a family of closed orbits. The centers are neutrally stable, since
trajectories are neither attracted to nor repelled from the fixed point. A spiral would
occur if the harmonic oscillator were lightly damped. Then the trajectory would fail
to close, the oscillator loses a bit of energy on each cycle [7]. The complex
eigenvalues occur when ½traceðAÞ�2 � 4 � 1

L1�C1
\0, and we can simplify the notation

by writing the eigenvalues as k1 ¼ X1 þ i � X2; k2 ¼ X1 � i � X2. Where X1 ¼
traceðAÞ

2 X2 ¼ 1
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � 1

L1�C1
� ½traceðAÞ�2

q
and by assuming X2 6¼ 0 then the eigen-

values are distinct. Exponentially decaying oscillations if X1 ¼ Reðk1Þ\0; X1 ¼
Reðk1Þ ¼ Reðk2Þ and growing oscillations if X1 ¼ Reðk1Þ[ 0;
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X1 ¼ Reðk1Þ ¼ Reðk2Þ. The corresponding fixed points are stable and unstable
spiral, respectively. If the eigenvalues are pure imaginary (X1 ¼ 0), then all solu-
tions are periodic with period T ¼ 2�p

X2
. The oscillations have fixed amplitude and

the fixed point is a center.

X1 ¼ traceðAÞ
2

¼ � Vt

2 � L1 �
1� ar � 1

ð1þ kÞ
h i

� Isc � Ise � af � 1
ð1þ kÞ

h i
Ise � Isc � ð1� ar � af Þ þ 1

ð1þ kÞ � I0

8<
:

9=
;

X1 ¼ 0 )
1� ar � 1

ð1þ kÞ
h i

� Isc � Ise � af � 1
ð1þ kÞ

h i
Ise � Isc � ð1� ar � af Þ þ 1

ð1þ kÞ � I0 ¼ 0

X1 ¼ 0 )
1� ar � 1

ð1þ kÞ
h i

� Isc � Ise � af � 1
ð1þ kÞ

h in o
� ð1þ kÞ � I0 þ Ise � Isc � ð1� ar � af Þ

Ise � Isc � ð1� ar � af Þ � ð1þ kÞ � I0 ¼ 0

Ise � Isc � ð1� ar � af Þ � ð1þ kÞ � I0 6¼ 0

1� ar � 1
ð1þ kÞ

	 

� Isc � Ise � af � 1

ð1þ kÞ
	 
� �

� ð1þ kÞ � I0
þ Ise � Isc � ð1� ar � af Þ ¼ 0

k ¼ I0 � ðar � Isc � IseÞ � Ise � Isc � ð1� ar � af Þ
I0 � ðIsc � Ise � af Þ � 1; T ¼ 2 � p

X2

¼ 2 � p
1
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � 1

L1�C1
� ½traceðAÞ�2

q :

Result Discussion By choosing the right proportional k constant value, we guar-
antee our OptoNDR Van der Pol system oscillations.

k[ 0 ) I0 � ðar � Isc � IseÞ � Ise � Isc � ð1� ar � af Þ
I0 � ðIsc � Ise � af Þ [ 1; Isc [ Ise � af

I0 � ðar � Isc � IseÞ � Ise � Isc � ð1� ar � af Þ[ I0 � ðIsc � Ise � af Þ

Assumption k > 1, for keeping the saturation process after breakover occurs and
accordingly the parameters condition.
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6.3 Glycolytic Oscillator Periodic Limit Cycle
and Stability

Glycolytic oscillation is the repetitive fluctuation of in the concentrations of
metabolites. The problem of modeling glycolytic oscillation has been studied in
control theory and dynamical systems. The behavior depends on the rate of sub-
strate injection. Early models used two variables (X, Y), but the most complex
behavior they could demonstrate was period oscillations due to the Poincaré–
Bendixson theorem. The Poincaré–Bendixson theorem is a statement about the
long-term behavior of orbits of continuous dynamical systems on the plane,
cylinder, or two-sphere [7, 8]. The condition that the dynamical system is on the
plane is necessary to the theorem. Chaotic behavior can only arise in continuous
dynamical systems whose phase space has three or more dimensions. However, the
theorem does not apply to discrete dynamical systems, where chaotic behavior can
arise in two- or even one-dimensional systems. A two-dimensional continuous
dynamical system cannot give rise to a strange attractor. Periodic oscillations in
biochemical systems are receiving much attention. The existence of sustained
oscillations in yeast cell extracts and in the whole yeast cell as well as in heart
muscle cell extracts has been proved. The model explains sustained oscillations in
the yeast glycolytic system. The model has no limit cycle for those values of its
parameters with which self-oscillations are observed. The model represents an
enzyme reaction with substrate inhibition and product activation. Practically, the
dynamical process called Glycolysis can proceed in an oscillatory fashion. The
differential equations model of glycolytic oscillator is presented as follows:

dX
dt

¼ �Xþ l1 � Y þX2 � Y ; dY
dt

¼ l2 � l1 � Y � X2 � Y ; f1ðX; YÞ¼ � Xþ l1 � Y þX2 � Y

f2ðX; YÞ¼l2 � l1 � Y � X2 � Y ; dX
dt

¼ f1ðX; YÞ; dYdt ¼ f2ðX; YÞ

To find fixed points , we set dXdt ¼ 0; dY
dt ¼ 0; f1ðX�; Y�Þ¼0; f2ðX�; Y�Þ¼0:

f1ðX�; Y�Þ¼0 ) �X� þ l1 � Y� þ ½X��2 � Y� ¼ 0;

f2ðX�; Y�Þ¼0 ) l2 � l1 � Y� � ½X��2 � Y� ¼ 0

� X� þ l1 � Y� þ ½X��2 � Y� ¼ 0 ) Y� ¼ X�

l1 þ ½X��2 ; X� ¼ l2; Y� ¼ l2
l1 þ ½l2�2

@f1ðX; YÞ
@X

¼ �1þ 2 � X � Y ; @f1ðX; YÞ
@Y

¼ l1 þX2;

@f2ðX; YÞ
@X

¼ �2 � X � Y ; @f2ðX; YÞ
@Y

¼ �l1 � X2
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@f1ðX; YÞ
@X

jX�;Y� ¼ �1þ 2 � ½l2�2
l1 þ ½l2�2

;
@f1ðX; YÞ

@Y
jX�;Y� ¼ l1 þ ½l2�2

@f2ðX; YÞ
@X

jX�;Y� ¼ �2 � ½l2�2
l1 þ ½l2�2

;
@f2ðX; YÞ

@Y
jX�;Y� ¼ �l1 � ½l2�2:

Classify our system fixed points as stable (spiral, node), unstable (spiral, node) is
done by inspecting of glycolytic oscillator system characteristic equation:

A� k � I ¼
@f1ðX;YÞ

@X
@f1ðX;YÞ

@Y
@f2ðX;YÞ

@X
@f2ðX;YÞ

@Y

 !
ðX�;Y�Þ

� 1 0
0 1

� �
� k

¼
@f1ðX;YÞ

@X � k @f1ðX;YÞ
@Y

@f2ðX;YÞ
@X

@f2ðX;YÞ
@Y � k

 !
ðX�;Y�Þ

A ¼
2 � ½l2�2

l1 þ ½l2�2
� 1 l1 þ ½l2�2

�2 � ½l2�2
l1 þ ½l2�2

�ðl1 þ ½l2�2Þ

0
@

1
A

detðA� k � IÞ ¼ 0 Then det
@f1ðX;YÞ

@X � k @f1ðX;YÞ
@Y

@f2ðX;YÞ
@X

@f2ðX;YÞ
@Y � k

 !
ðX�;Y�Þ


 ¼ 0

det
2 � ½l2�2

l1 þ ½l2�2
� 1� k l1 þ ½l2�2

�2 � ½l2�2
l1 þ ½l2�2

�l1 � ½l2�2 � k

0
@

1
A

X�¼l2;Y�¼ l2
l1 þ ½l2 �2

� �



¼ 0

2 � ½l2�2
l1 þ ½l2�2

� ½1þ k�
 !

� ð�ðl1 þ ½l2�2Þ � kÞþ 2 � ½l2�2
l1 þ ½l2�2

� ðl1 þ ½l2�2Þ ¼ 0

�2 � ½l2�2 � k
l1 þ ½l2�2

þ ½1þ k� � ðl1 þ ½l2�2Þþ ½1þ k� � k ¼ 0

�2 � ½l2�2 � k
l1 þ ½l2�2

þðl1 þ ½l2�2Þþ k � ðl1 þ ½l2�2Þþ kþ k2 ¼ 0

k2 þ k � ðl1 þ ½l2�2Þ � 2 � ½l2�2
l1 þ ½l2�2

þ 1

( )
þ l1 þ ½l2�2 ¼ 0
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ðl1 þ ½l2�2Þ � 2 � ½l2�2
l1 þ ½l2�2

¼ 2 � ½l2�2 � ðl1 � 1Þþ l21 þ ½l2�4
l1 þ ½l2�2

2 � ½l2�2 � ðl1 � 1Þþ l21 þ ½l2�4
l1 þ ½l2�2

þ 1 ¼ ð2 � l1 � 1Þ � ½l2�2 þ l21 þ ½l2�4 þ l1
l1 þ ½l2�2

:

Glycolytic oscillator system characteristic equation:

k2 þ k � ðl1 þ ½l2�2Þ � 2 � ½l2�2
l1 þ ½l2�2

þ 1

( )
þ l1 þ ½l2�2 ¼ 0

k2 � k � f2 � ½l2�2
l1 þ ½l2�2

� ðl1 þ ½l2�2Þ � 1gþ ðl1 þ ½l2�2Þ ¼ 0

s ¼ traceðAÞ ¼ 2 � ½l2�2
l1 þ ½l2�2

� ðl1 þ ½l2�2Þ � 1; D ¼ l1 þ ½l2�2:

The solution of the quadratic equation (characteristic equation):

k1 ¼ sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 � 4 � D

p

2
; k2 ¼ s�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 � 4 � D

p

2
:

The eigenvalues depend only on the trace and the determinant of the matrix A. In
case, eigenvalues to be distinct k1 6¼ k2 corresponding eigenvectors are linearly
independent, and hence span the entire plane. If the eigenvalues are complex, the
fixed point is either a center and the origin is surrounded by a family of closed
orbits. The centers are stable and trajectories are neither attracted to nor repelled
from the fixed point. A spiral occurs if oscillations are lightly damped. Complex
eigenvalues occur when C1ðs;DÞ ¼ s2 � 4 � D\0.

C1ðsðl1; l2Þ;Dðl1; l2ÞÞ ¼ C1ðl1; l2Þ

¼ 2 � ½l2�2
l1 þ ½l2�2

� ðl1 þ ½l2�2Þ � 1

( )2

�4

� ðl1 þ ½l2�2Þ\0:

We plot 3D C1ðl1; l2Þ function: C1ðl1; l2Þ ! Gama � 1; l1 ! k1;Mui�
1; l2 ! k2;Mui� 2 (Fig. 6.4).
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Fig. 6.4 C1 as a function of l1 and l2 (3D)
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MATLAB Script

[k1,k2]=meshgrid(0:0.1:2,0:0.1:2);
e1=2*(k2.*k2)./(k1+k2.*k2)-(k1+k2.*k2)-1;
e2=e1.*e1;e3=4*(k1+k2.*k2);
e4=e2-e3;
meshc(e4);

Classification of fixed points : k1;2 ¼ s�
ffiffiffiffiffiffiffiffiffiffiffi
s2�4�D

p
2 ; D ¼Q2

k¼1 kk; s ¼P2
k¼1 kk . If

D < 0, the eigenvalues are real and have opposite signs and the fixed point is a
saddle point (D\0 ) l1 þ ½l2�2\0 ) ½l2�2\�l1; l1\0; ½l2�2\jl1j). If
D > 0, the eigenvalues are either real with the same sign (nodes), or complex
conjugate (spiral and center). D[ 0 ) l1 þ ½l2�2 [ 0 ) ½l2�2 [ �l1. The
parabola C1ðs;DÞ ¼ s2 � 4 � D ¼ 0 is the borderline between nodes and spirals; star
nodes and degenerate nodes lie on this parabola. The stability of nodes and spirals is
determined by s. When s\0 both eigenvalues have negative real parts and the fixed
point is stable. If s[ 0 then spiral nodes are unstable. Stable centers lie on the
borderline s ¼P2

k¼1 kk ¼ 0, where the eigenvalues are purely imaginary.

s ¼ traceðAÞ ¼ 2 � ½l2�2
l1 þ ½l2�2

� ðl1 þ ½l2�2Þ � 1 ¼ 0. We need to plot sðl1; l2Þ 3D
function (Fig. 6.5).

Fig. 6.4 (continued)
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Fig. 6.5 Classification of fixed points, trace(A) as a function of l1 and l2
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MATLAB Script

l1 ! k1;Mui� 1; l2 ! k2;Mui� 2
[k1,k2]=meshgrid(0:0.1:2,0:0.1:2);
e1=2*(k2.*k2)./(k1+k2.*k2)-(k1+k2.*k2)-1;
meshc(e1);

If D ¼Q2
k¼1 kk ¼ 0 (D ¼ 0 ) l1 þ ½l2�2 ¼ 0), at least one of the eigenvalues is

zero then the origin is not an isolated fixed point . There is either a whole line of
fixed points or a plane of fixed points. Stable centers lie on the borderline
s ¼P2

k¼1 kk ¼ 0, where the eigenvalues are purely imaginary and all the solutions
are periodic with period T ¼ 2�p

1
2�
ffiffiffiffiffiffiffiffiffiffiffi
4�D�s2

p ¼ 4�pffiffiffiffiffiffiffiffiffiffiffi
4�D�s2

p .

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � D� s2

p

2
¼ 1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � ðl1 þ ½l2�2Þ � 2 � ½l2�2

l1 þ ½l2�2
� ðl1 þ ½l2�2Þ � 1

( )2
vuut

T ¼ 4 � pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � ðl1 þ ½l2�2Þ � 2 � ½l2�2

l1 þ ½l2�2
� ðl1 þ ½l2�2Þ � 1

n o2
r

Remark 4 � ðl1 þ ½l2�2Þ � 2 � ½l2�2
l1 þ ½l2�2

� ðl1 þ ½l2�2Þ � 1
n o2

[ 0.

The oscillations have fixed amplitude and the fixed point is a center. We need to
prove that the system has periodic orbits and it is done by changing system
cartesian coordinates (X(t), Y(t)) to cylindrical coordinates (r(t), h(t)). Next we show
that the cylinder is invariant. For the conversion between cylindrical and Cartesian
systems and opposite, it is convenient to assume that the reference plane of the
former is the Cartesian x–y plane (with equation z = 0), and the cylindrical axis is
the Cartesian z axis. In our system we refer to Cartesian X–Y plane (with equation
third coordinate equal to zero). Then the z coordinate is the same in both systems,
and the correspondences between cylindrical (r, h) and Cartesian (X, Y) are the
same as for polar coordinates, namely X(t) = r(t) � cos[h(t)]; Y(t) = r(t) � sin[h(t)];
r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

. h(t) = 0 if X = 0 and Y = 0.
h(t) = arcsin(Y/r) if X � 0. x ! X, y ! Y. XðtÞ ¼ rðtÞ � cos½hðtÞ�

XðtÞ ¼ rðtÞ � cos½hðtÞ� ) dXðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

YðtÞ ¼ rðtÞ � sin½hðtÞ� ) dYðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dXðtÞ
dt

¼ dX
dt

;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the equations: dX
dt ¼ r0 � cos h� r � h0 � sinh; dY

dt ¼ r0 � sin hþ
r � h0 � cos h
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X ¼ r � cos h; Y ¼ r � sin h. The differential equations model of glycolytic

oscillator is presented dX
dt ¼ �X þ l1 � Y þX2 � Y ; dY

dt ¼ l2 � l1 � Y � X2 � Y , and
we move to polar coordinates.

First differential equation: dXdt ¼ . . .

r0 � cos h� r � h0 � sin h ¼ �r � cos hþ l1 � r � sin hþ r2 � cos2 h � r � sin h

r0 ¼ r � h0 � sin h
cos h

� rþ l1 � r �
sin h
cos h

þ r2 � cos h � r � sin h

Second differential equation: dYdt ¼ . . .

r0 � sin hþ r � h0 � cos h ¼ l2 � l1 � r � sin h� r2 � cos2 h � r � sin h

r0 ¼ l2 �
1

sin h
� l1 � r � r2 � cos2 h � r � r � h0 � cos h

sin h

&&&

r � h0 � sin h
cos h

� rþ l1 � r �
sin h
cos h

þ r2 � cos h � r � sin h

¼ l2 �
1

sin h
� l1 � r � r2 � cos2 h � r � r � h0 � cos h

sin h

r � h0 � ðtghþ ctghÞ ¼ l2 �
1

sin h
� l1 � r � r2 � cos2 h � rþ r � l1 � r � tgh� r2

� cos h � r � sin h:

Finally, we get two differential equations in r and h:

h0 ¼ l2 �
1

r � sin h� l1 � r2 � cos2 hþ 1� l1 � tgh� r2 � cos h � sin h
� �

� 1
ðtghþ ctghÞ

r0 ¼ l2 �
1

sin h
� l1 � r � r2 � cos2 h � r � r � fl2 �

1
r � sin h� l1 � r2 � cos2 h

þ 1� l1 � tgh� r2 � cos h � sin hg � 1
ðtghþ ctghÞ �

cos h
sin h

If there is a stable limit cycle as specific value of radius r, dr/dt = 0 then
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r0 ¼ 0 ) l2 �
1

sin h
� l1 � r � r2 � cos2 h � r � r � l2 �

1
r � sin h� l1 � r2 � cos2 h

�

þ 1� l1 � tgh� r2 � cos h � sin h� � 1
ðtghþ ctghÞ �

cos h
sin h

¼ 0

1
ðtghþ ctghÞ �

cos h
sin h

¼ sin h � cos h � cos h
sin h

¼ cos2 h

l2 �
1

sin h
� l1 � r � r2 � cos2 h � r � l2 �

cos2 h
sin h

þ r � cos2 h � l1 þ r3 � cos4 h
� r � cos2 hþ r � cos2 h � l1 � tghþ r3 � cos3 h � sin h ¼ 0

r � ½l1 � ðcos2 h� 1Þ � cos2 hþ cos2 h � l1 � tgh� þ r3 � ½ðcos2 h� 1Þ � cos2 hþ cos3 h � sin h�
¼ l2 �

1
sin h

� ½cos2 h� 1�

r � ½l1 � sin h � ðcos h� sin hÞ � cos2 h� þ r3 � sin h � cos2 h � ½cos h� sin h�
þ l2 � sin h ¼ 0

r3 � sin h � cos2 h � ½cos h� sin h� þ r � ½l1 � sin h � ðcos h� sin hÞ � cos2 h�
þ l2 � sin h ¼ 0

X1ðl1; l2; hÞ ¼ sin h � cos2 h � ½cos h� sin h�;
X2ðl1; l2; hÞ ¼ l1 � sin h � ðcos h� sin hÞ � cos2 h

X3ðl1; l2; hÞ ¼ l2 � sin h; r3 � X1ðl1; l2; hÞþ r � X2ðl1; l2; hÞþX3ðl1; l2; hÞ ¼ 0

We get cubic function of radius (r) variable:

r3 � X1ðl1; l2; hÞþ r � X2ðl1; l2; hÞþX3ðl1; l2; hÞ ¼ 0; l1; l2; h 2 R

rð1Þ limitcycle ¼ � 1
3 � X1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27 � X2

1 � X3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð27 � X2

1 � X3Þ2 þ 108 � X3
1 � X3

2

q
2

3

vuut

� 1
3 � X1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27 � X2

1 � X3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð27 � X2

1 � X3Þ2 þ 108 � X3
1 � X3

2

q
2

3

vuut

rð2Þ limitcycle ¼ 1þ i � ffiffiffi
3

p

6 � X1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27 � X2

1 � X3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð27 � X2

1 � X3Þ2 þ 108 � X3
1 � X3

2

q
2

3

vuut

þ 1� i � ffiffiffi
3

p

6 � X1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27 � X2

1 � X3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð27 � X2

1 � X3Þ2 þ 108 � X3
1 � X3

2

q
2

3

vuut
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rð3Þ limitcycle ¼ 1� i � ffiffiffi
3

p

6 � X1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27 � X2

1 � X3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð27 � X2

1 � X3Þ2 þ 108 � X3
1 � X3

2

q
2

3

vuut

þ 1þ i � ffiffiffi
3

p

6 � X1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27 � X2

1 � X3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð27 � X2

1 � X3Þ2 þ 108 � X3
1 � X3

2

q
2

3

vuut

We know rðiÞ limitcycle [ 0; rðiÞ limitcycle 2 Rþ 8 i ¼ 1; 2; 3 so we ignore all
improper results. System limit cycle radius rðiÞ limitcycle must be real and positive
number.

X1ðl1; l2; hÞ 6¼ 0 ) sin h � cos2 h � ½cos h� sin h� 6¼ 0 ; sin h 6¼ 0 ) h 6
¼ k � p; k ¼ . . .;�2;�1; 0; 1; 2; . . .ð Þ

cos2 h 6¼ 0 ) cos h 6¼ 0 ) h 6¼ p � kþ 1
2

� �
; ðk ¼ . . .;�2;�1; 0; 1; 2; . . .Þ

cos h� sin h 6¼ 0 ) sin h 6¼ cos h ) tgh 6¼ 1 ) h 6¼ p � kþ 1
4

� �
;

ðk ¼ . . .;�2;�1; 0; 1; 2; . . .Þ

The coefficients X1ðl1; l2; hÞ;X2ðl1; l2; hÞ;X3ðl1; l2; hÞ are real numbers.
Every cubic equation with real coefficients has at least one solution r among the real
numbers (r > 0); this is a consequence of the intermediate value theorem. We can
distinguish several possible cases using determinant (Det).

Det ¼ �4 � X1 � X3
2 � 27 � X2

1 � X2
3; X1 ¼ X1ðl1; l2; hÞ;X2 ¼ X2ðl1; l2; hÞ;

X3 ¼ X3ðl1; l2; hÞ

Case a: If Det[ 0, then the equation has three distinct real roots.
Case b: If Det\0, then the equation has one real root and pair of complex con-
jugate roots (not the case since r[ 0; r 2 Rþ ).
Case c: If Det ¼ 0 then (at least) two roots coincide. It may be that the equation has
a double real root and another distinct single real root; alternatively, all three roots
coincide yielding a triple real root. A possible way to decide between these sub-
cases is to compute the resultant of the cubic and its second derivative; a triple root
exists if and only if this resultant vanishes [7].

Other case is when system limit cycle is resided in annulus 0\rmin\r\rmax

and there is no constant r in limit cycle dr/dt 6¼ 0. We seek two concentric circles
with radii rmin and rmax. dr/dt < 0 on the outer circle and dr/dt > 0 on the inner
circle. To find rmin, we require dr/dt > 0 for all values of h:
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r0 [ 0 ) l2 �
1

sin h
� l1 � r � r2 � cos2 h � r � r � l2 �

1
r � sin h� l1 � r2 � cos2 h

�

þ 1� l1 � tgh� r2 � cos h � sin h� � 1
ðtghþ ctghÞ �

cos h
sin h

[ 0

r3 � sin h � cos2 h � ½cos h� sin h� þ r � ½l1 � sin h � ðcos h� sin hÞ � cos2 h� þ l2
� sin h[ 0

r ! rmin; r3min � sin h � cos2 h � ½cos h� sin h� þ rmin � ½l1 � sin h � ðcos h� sin hÞ
� cos2 h� þ l2 � sin h[ 0

The same analysis we do for finding rmax in the outer circle, dr/dt < 0. To find
rmax, we require dr/dt < 0 for all values of h:

r0\0 ) l2 �
1

sin h
� l1 � r � r2 � cos2 h � r � r � l2 �

1
r � sin h� l1 � r2 � cos2 h

�

þ 1� l1 � tgh� r2 � cos h � sin h� � 1
ðtghþ ctghÞ �

cos h
sin h

\0

r3 � sin h � cos2 h � ½cos h� sin h� þ r � l1 � sin h � ðcos h� sin hÞ � cos2 h
� �þ l2

� sin h\0

r ! rmax; r3max � sin h � cos2 h � cos h� sin h½ � þ rmax

� l1 � sin h � ðcos h� sin hÞ � cos2 h
� �þ l2 � sin h\0:

6.4 Optoisolation Glycolytic Circuits Limit Cycle Solution

The differential equations model of glycolytic oscillator is presented:

dX
dt

¼ �X þ l1 � Y þX2 � Y ;
dY
dt

¼ l2 � l1 � Y � X2 � Y ; f1ðX; YÞ¼ � Xþ l1 � Y þX2 � Y

f2ðX; YÞ¼l2 � l1 � Y � X2 � Y ; dX
dt

¼ f1ðX; YÞ; dYdt ¼ f2ðX; YÞ:

We need to implement it using operational amplifiers, capacitors, resistors,
inductors, diodes, optic couplers, etc. Opt couplers consist of gallium arsenide
infrared LED and a silicon NPN phototransistor [85, 86]:
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dX
dt

¼ �Xþ l1 � Y þX2 � Y ) dX
dt

þX ¼ ðl1 þX2Þ � Y ; Y ¼
dX
dt þX

l1 þX2

dY
dt

¼ l2 � l1 � Y � X2 � Y ) dY
dt

¼ l2 � l1 þX2
� � � Y ; dY

dt
¼ l2 � l1 þX2

� � � dX
dt þX
� �
l1 þX2ð Þ

dY
dt

¼ l2 �
dX
dt

þX

� �
) dY

dt
¼ l2 �

dX
dt

� X; X ¼ l2 �
dX
dt

� dY
dt

We can summarize our glycolytic oscillator X and Y equations (Fig. 6.6):

Y ¼
dX
dt þX

l1 þX2 ; X ¼ l2 �
dX
dt

� dY
dt

In our dynamical optoisolation glycolytic circuit we use operational amplifiers in
various topologies (inverter amplifier, non-inverting amplifier, difference amplifier,

Fig. 6.6 Block diagram of dynamical optoisolation glycolytic circuit
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inverting summing amplifier, differentiator, integrator, etc.) [132]. The operational
amplifiers are used in the amplification loop and feedback loop elements in our
optoisolation circuit system. The operational amplifier is a direct-coupled high-gain
amplifier to which feedback is added to control its overall response characteristic. It
is used to perform a wide variety of linear functions and is referred to as the basic
linear integrated circuit. The integrated operational amplifier offers all the advan-
tages of monolithic integrated circuits, small size, high reliability, reduced cost,
temperature tracking, and low offset voltage and current. A large number of
operational amplifiers have a different input, with voltages V1 and V2 applied to the
inverting and non-inverting terminals, respectively. A single-ended amplifier may
be considered as a special case where one of the input terminals is grounded.
Nearly, all operational amplifiers have only one output terminal. In our optoiso-
lation circuit system we consider op-amp as ideal operational amplifier. The ideal
op-amp has the following characteristics; Input resistance Ri ! 1, Output resis-
tance Ro ¼ 0, Voltage gain Av ¼ �1, Bandwidth = ∞, Perfect balance: VO = 0
when V1 = V2, characteristics do not drift with temperature [85, 86]:

X ! Vx; Y ! Vy; l1 ! Vl1 ; l2 ! Vl2

VA1 ¼ Vx; VA16 ¼ Vy; VA3 ¼ �R4 � C1 � dVx

dt
; VA18 ¼ �R18

R17
� Vx;

R18

R17
¼ 1 ) VA18 ¼ �Vx

VA5 ¼ �R1 � VA3

R2
þ VA18

R3

� �
¼ �R1 � �R4

R2
� C1 � dVx

dt
� Vx

R3

� �
;

R2 ¼ R3 ¼ R1; VA5 ¼ R4 � C1 � dVx

dt
þVx

R4 � C1 ¼ 1 ) Vp1 ¼ VA5 ¼
dVx

dt
þVx; Vp2 ¼ VA7 ¼ �R5 � �Vl1

R6
� V2

x

R7

� �
;

R5 ¼ R6 ¼ R7; Vp2 ¼ VA7 ¼ Vl1 þV2
x

VA12 ¼ �R16 � C2 � dVy

dt
; VA13 ¼ �R15 � C3 � dVx

dt
; VA9 ¼ �R12 � VA12

R13
þ VA13

R14

� �
¼ � VA12 þVA13ð Þ

R12 ¼ R13 ¼ R14; VA9 ¼ �R12 � VA12

R13
þ VA13

R14

� �
¼ �ðVA12 þVA13Þ

¼ � �R16 � C2 � dVy

dt
� R15 � C3 � dVx

dt

� �

VA9 ¼ R16 � C2 � dVy

dt
þR15 � C3 � dVx

dt
; R16 � C2 ¼ 1; R15 � C3 ¼ 1; VA9 ¼

dVy

dt
þ dVx

dt

VAx ¼
R9þR8

R10 þR11

� �
� R11

R9
� Vl2 �

R8

R9
� VA9 ; R9 ¼ R10; R8 ¼ R11;

R8 ¼ R9; VAx ¼
R8

R9
� Vl2 � VA9

� �
R8jjR9 ¼ R10jjR11; VAx ¼ Vl2 � VA9 ¼ Vl2 �

dVy

dt
þ dVx

dt

� �

:

We can summarize our results: Vp2 ¼ VA7 ¼ Vl1 þV2
x ; Vp1 ¼ VA5 ¼ dVx

dt þVx

(Fig. 6.7)
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VAx ¼ Vl2 � VA9 ¼ Vl2 �
dVy

dt
þ dVx

dt

� �
:

Division Circuit In our division circuit implementation, we use Log and Antilog
amplifiers, discrete components (resistors, capacitors), LEDs, and phototransistors.
Log and Antilog amplifiers are nonlinear circuits in which the output voltage is
proportional to the logarithmic (or exponent) of the input. It is well known that
some process such as multiplication and division can be performed by addition and
subtraction of logs. They have numerous applications in electronics, such as mul-
tiplication and division, powers and roots, compression and decompression, true
RMS detection, and process control. There are two basic circuits for logarithmic
amplifiers: Tran’s diode and diode-connected transistor. Most logarithmic ampli-
fiers are based on the inherent logarithmic relationship between the collector current
Ic, and the base–emitter voltage, Vbe in silicon bipolar transistor. The input voltage
is converted by input resistor into a current, which flows through the transistor’s
collector modulation, the base–emitter voltage according to the input voltage. The

Fig. 6.7 Dynamical glycolytic circuit
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op-amp forces the collector voltage to that at non-inverting input, zero voltage. We
have in the circuit three current sources (Icont1; Icont2; Icont3), which inject current to
LEDs (D1, D2, and D3). LEDs lights strike the phototransistors (Q1, Q2, and Q3)
base window and can be represented as a dependent current source respectively.
BJT transistors base current is constructed from feedback loop partial current and
the current which caused by the light strike on the phototransistors base window.
Operational amplifiers virtual ground VB1 ¼ 0; VB6 ¼ 0; VB3 ¼ 0; VB8 ¼ 0.
A resistor is often inserted between the non-inverting input and ground, reducing
the input offset voltage due to different voltage drops due to bias current, and may
reduce distortion in op-amp. The potential at the operational amplifier inputs
remains virtually constant (near ground) in the inverting configuration. An opera-
tional amplifier is a DC-coupled high-gain electronic voltage amplifier with a dif-
ferent input and a single-ended output. In this configuration, an op-amp produces an
output potential (relative to circuit ground) that is typically hundreds of thousands
of times larger than the potential difference between its input terminals (Fig. 6.8).

Logarithmic Amplifier Function We have logarithmic amplifiers in our division
circuit . Logarithmic amplifier is constructed from operational amplifier, resistor,
and phototransistor on the feedback loop . We short phototransistor collector–base
junctions and practically our phototransistor is operated as a base–emitter junction
diode. The first logarithmic amplifier is market by index (i = 1) and the second
logarithmic amplifier is marked by index (i = 2).

Fig. 6.8 Glycolytic circuit logarithmic simplifiers and antilog amplifier circuit schematic
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VCEQi ¼ VCBQi þVBEQi ; VCBQi ¼ 0 ) VCEQi ¼ VBEQi ; af 1 6¼ af 2; ar1 6¼ ar2; k1 6¼ k2; i ¼ 1; 2

Remark Optocouplers (Q1–D1 and Q2–D2) are not identical.
The op-amp forces the collector voltage to that at the non-inverting input, zero

volts. We use the transistor Ebers–Moll model to get the logarithmic amplifier
function. Ii is the current that flows from operational amplifier inverting port to the
phototransistor (i). The output voltage of logarithmic amplifier is a negative voltage
compared to the input voltage.

VCBQi ¼ 0 ) ICQi ¼ 0; IEQi ¼ ICQi þ IBQi ; ICQi ¼ 0ð! eÞ ) IEQi ’ IBQi

IBQi ¼ Ii þ ki � Icont�i; IEQi ¼ Ii þ ki � Icont�i; iDCQi ¼ 0:

Ebers–Moll model:

iDCQi ¼
afi � IEQi � ICQi

1� ari � afi
; VBase�EmitterQi ¼ VBEQi ¼ Vt � ln 1

Ise
� iDEQi þ 1

	 


iDEQi ¼
IEQi � ari � ICQi

1� ari � afi
; VBase�EmitterQi ¼ VBEQi ¼ Vt � ln 1

Ise
� IEQi � ari � ICQi

1� ari � afi

� �
þ 1

	 


ICQi ¼ 0 ) VBase�EmitterQi ¼ VBEQi ¼ Vt � ln 1
Ise

� IEQi

1� ari � afi

� �
þ 1

	 


VBEQi ¼ Vt � ln 1
Ise

� IEQi

1� ari � afi

� �
þ 1

	 

) exp

VBEQi

Vt

	 

¼ 1

Ise
� IEQi

1� ari � afi

� �
þ 1

exp
VBEQi

Vt

	 

� 1 ¼ 1

Ise
� Ii þ ki � Icont�i

1� ari � afi

� �
;

exp
VBEQi

Vt

	 

� 1

� �
� Ise � ð1� ari � afiÞ ¼ Ii þ ki � Icont�i

Ii ¼ exp
VBEQi

Vt

	 

� 1

� �
� Ise � ð1� ari � afiÞ � ki � Icont�i:

For the first logarithmic amplifier (i = 1), R1 is connected to the op-amp inverting
port:

Vp1

R1
¼ VA5

R1
¼ I1;

Vp1

R1
¼ exp

VBEQ1

Vt

	 

� 1

� �
� Ise � ð1� ar1 � af1Þ � k1 � Icont�1
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Vp1

R1
¼ exp

VBEQ1

Vt

	 

� 1

� �
� Ise � ð1� ar1 � af1Þ � k1 � Icont�1;

exp
VBEQ1

Vt

	 

� 1; exp

VBEQ1

Vt

	 

� 1 	 exp

VBEQ1

Vt

	 


Vp1

R1
¼ exp

VBEQ1

Vt

	 

� Ise � ð1� ar1 � af1Þ � k1 � Icont�1; exp

VBEQ1

Vt

	 


’ k1 � Icont�1

Ise � ð1� ar1 � af1Þ
þ Vp1

R1 � Ise � ð1� ar1 � af1Þ

exp
VBEQ1

Vt

	 

’ Vp1

R1 � Ise � ð1� ar1 � af1Þ
þ k1 � Icont�1

Ise � ð1� ar1 � af1Þ
:

VBEQ1 is the output voltage from the logarithmic amplifier (�VBEQ1 ¼ VB2 ).
VBEQ1

Vt
’ ln

Vp1

R1 � Ise � ð1� ar1 � af1Þ
þ k1 � Icont�1

Ise � ð1� ar1 � af1Þ
	 


VB2 ¼ �VBEQ1 ’ �Vt � ln Vp1

R1 � Ise � ð1� ar1 � af1Þ
þ k1 � Icont�1

Ise � ð1� ar1 � af1Þ
	 


In the same manner the calculation is done for the second logarithmic amplifier:

VB7 ¼ �VBEQ2 ’ �Vt � ln Vp2

R6 � Ise � ð1� ar2 � af2Þ
þ k2 � Icont�2

Ise � ð1� ar2 � af2Þ
	 


:

Current sources Icont�1; Icont�2 function as a setting current for logarithmic
amplifiers.

Icont�1 ¼ 0 ) VB2 ’ �Vt � ln Vp1

R1 � Ise � ð1� ar1 � af1Þ
� �

; Icont�2 ¼ 0 ) VB7

’ �Vt � ln Vp2

R6 � Ise � ð1� ar2 � af2Þ
� �

:

If R1 � Ise � ð1� ar1 � af1Þ ¼ 1 and R6 � Ise � ð1� ar2 � af2Þ ¼ 1 then VB2 ’ �Vt �
lnðVp1Þ and VB7 ’ �Vt � lnðVp2Þ.
Antilogarithmic Amplifier Function We have antilogarithmic amplifier in our di-
vision circuit . Antilogarithmic amplifier is constructed from operational amplifier,
resistor, and optocoupler. The resistor is in our operational amplifier feedback loop .
The optocoupler is connected to the operational amplifier inverting terminal. We
short phototransistor collector–base junctions and practically our phototransistor is
operated as a base–emitter junction diode.
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VCEQ3 ¼ VCBQ3 þVBEQ3 ; VCBQ3 ¼ 0 ) VCEQ3 ¼ VBEQ3

The op-amp forces the collector voltage to that at the non-inverting input, zero
volts. We use the transistor Ebers–Moll model to get the antilogarithmic amplifier
function. I3 is the current that flows from operational amplifier inverting port to
phototransistor Q3. The output voltage of antilogarithmic amplifier is a negative
voltage compared to the input voltage [85, 86].

VCBQ3 ¼ 0 ) ICQ3 ¼ 0; IEQ3 ¼ ICQ3 þ IBQ3 ; ICQ3 ¼ 0ð! eÞ ) IEQ3 ’ IBQ3

IBQ3 ¼ I3 þ k3 � Icont�3; IEQ3 ¼ I3 þ k3 � Icont�3; iDCQ3 ¼ 0

Ebers–Moll model:

iDCQ3 ¼
af3 � IEQ3 � ICQ3

1� ar3 � af3
; VBase�EmitterQ3 ¼ VBEQ3 ¼ Vt � ln 1

Ise
� iDEQ3 þ 1

	 


iDEQ3 ¼
IEQ3 � ar3 � ICQ3

1� ar3 � af3
; VBase�EmitterQ3 ¼ VBEQ3 ¼ Vt � ln 1

Ise
� IEQ3 � ar3 � ICQ3

1� ar3 � af3

� �
þ 1

	 


ICQ3 ¼ 0 ) VBase�EmitterQ3 ¼ VBEQ3 ¼ Vt � ln 1
Ise

� IEQ3

1� ar3 � af3

� �
þ 1

	 


VBEQ3 ¼ Vt � ln 1
Ise

� IEQ3

1� ar3 � af3

� �
þ 1

	 

) exp

VBEQ3

Vt

	 

¼ 1

Ise
� IEQ3

1� ar3 � af3

� �
þ 1

exp
VBEQ3

Vt

	 

� 1 ¼ 1

Ise
� I3 þ k3 � Icont�3

1� ar3 � af3

� �
;

exp
VBEQ3

Vt

	 

� 1

� �
� Ise � 1� ar3 � af3

� � ¼ I3 þ k3 � Icont�3

I3 ¼ exp
VBEQ3

Vt

	 

� 1

� �
� Ise � 1� ar3 � af3

� �� k3 � Icont�3

For the antilogarithmic amplifier, R7 is connected to the op-amp inverting port:

VB9

R7
¼ I3;

VB9

R7
¼ exp

VBEQ3

Vt

	 

� 1

� �
� Ise � ð1� ar3 � af3Þ � k3 � Icont�3

VB9

R7
¼ exp

VBEQ3

Vt

	 

� 1

� �
� Ise � ð1� ar3 � af3Þ � k3 � Icont�3;

exp
VBEQ3

Vt

	 

� 1; exp

VBEQ3

Vt

	 

� 1 	 exp

VBEQ3

Vt

	 

VB9

R7
¼ exp

VBEQ3

Vt

	 

� 1

� �
� Ise � ð1� ar3 � af3Þ � k3 � Icont�3;

VB9

R7
¼ exp

VBEQ3

Vt

	 

� Ise � ð1� ar3 � af3Þ � k3 � Icont�3

exp
VBEQ3

Vt

	 

’ VB9

R7 � Ise � ð1� ar3 � af3Þ
þ k3 � Icont�3

Ise � ð1� ar3 � af3Þ
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VB9

R7 � Ise � ð1� ar3 � af3Þ
’ exp

VBEQ3

Vt

	 

� k3 � Icont�3

Ise � ð1� ar3 � af3Þ

VB9 ’ R7 � Ise � ð1� ar3 � af3Þ � exp
VBEQ3

Vt

	 

� k3 � Icont�3 � R7:

Current source Icont�3 functions as a setting current for antilogarithmic amplifier.

Icont�3 ¼ 0 ) VB9 ’ R7 � Ise � ð1� ar3 � af3Þ � exp
VBEQ3

Vt

	 


If Ise � R7 � ð1� ar3 � af3Þ ¼ 1 then VB9 ’ exp
VBEQ3
Vt

h i

VB4 ¼
ðR2 þR5Þ
ðR3 þR4Þ �

R4

R2
� VB7 �

R5

R2
� VB2 ; R2 ¼ R3; R5 ¼ R4 ) VB4

¼ R5

R2
� ðVB7 � VB2Þ

R2jjR5 ¼ R3jjR4;
R5

R2
¼ 1 ) VB4 ¼ VB7 � VB2 ; VB0

4
¼ �VB4 ¼ �ðVB7 � VB2Þ

R8 ¼ R9 ) VB0
4
¼ �VB4

VB4 ¼ VB7 � VB2 ¼ �Vt � ln Vp2

R6 � Ise � ð1� ar2 � af2Þ
þ k2 � Icont�2

Ise � ð1� ar2 � af2Þ
	 


� �Vt � ln Vp1

R1 � Ise � ð1� ar1 � af1Þ
þ k1 � Icont�1

Ise � ð1� ar1 � af1Þ
	 
� �

VB4 ¼ �Vt � ln
Vp2

R6 � Ise � ð1� ar2 � af2Þ
þ k2 � Icont�2

Ise � ð1� ar2 � af2Þ
	 
�

� ln
Vp1

R1 � Ise � ð1� ar1 � af1Þ
þ k1 � Icont�1

Ise � ð1� ar1 � af1Þ
	 
�

VB4 ¼ �Vt � ln
Vp2

R6�Ise�ð1�ar2 �af2 Þ
þ k2�Icont�2

Ise�ð1�ar2 �af2 Þ
Vp1

R1�Ise�ð1�ar1 �af1 Þ
þ k1�Icont�1

Ise�ð1�ar1 �af1 Þ

8<
:

9=
;

Icont�1 ¼ 0; Icont�2 ¼ 0; VB4 ¼ �Vt � ln Vp2

Vp1
� R1 � ð1� ar1 � af1Þ
R6 � ð1� ar2 � af2Þ

� �

VB4 ¼ �Vt � ln Vp2

Vp1

� �
� Vt � ln R1 � ð1� ar1 � af1Þ

R6 � ð1� ar2 � af2Þ
	 


;
R1 � ð1� ar1 � af1Þ
R6 � 1� ar2 � af2

� � 	 1

) VB4 ’ �Vt � ln Vp2

Vp1

� �
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�Vt � ln Vp2

Vp1

� �
¼ Vt � ln Vp1

Vp2

� �
; VB4 ¼ Vt � ln Vp1

Vp2

� �
� Vt � ln

R1 � 1� ar1 � af1
� �

R6 � 1� ar2 � af2
� �

" #

VB9 ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ � exp
VBEQ3

Vt

	 

;

VB4 ¼ �VB0
4
; VBEQ3 ¼ �VB0

4
¼ VB4

�VB0
4
¼ VBEQ3 ¼ VB4 ¼ Vt � ln Vp1

Vp2

	 

� R6 � ð1� ar2 � af2Þ

R1 � ð1� ar1 � af1Þ
	 
� �

VB9 ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ
� exp ln

Vp1

Vp2

	 

� R6 � ð1� ar2 � af2Þ

R1 � ð1� ar1 � af1Þ
	 
� �	 


exp ln
Vp1

Vp2

	 

� R6 � ð1� ar2 � af2Þ

R1 � ð1� ar1 � af1Þ
	 
� �	 


¼ Vp1

Vp2

	 

� R6 � ð1� ar2 � af2Þ

R1 � ð1� ar1 � af1Þ
	 


VB9 ’ R7 � Ise � ð1� ar3 � af3Þ �
Vp1

Vp2

	 

� R6 � ð1� ar2 � af2Þ

R1 � ð1� ar1 � af1Þ
	 


� k3 � Icont�3 � R7

Vy ¼ VB9 ’ R7 � Ise � ð1� ar3 � af3Þ �
Vp1

Vp2

	 

� R6 � ð1� ar2 � af2Þ

R1 � ð1� ar1 � af1Þ
	 


� k3 � Icont�3 � R7

If R7 � Ise � ð1� ar3 � af3Þ � R6�ð1�ar2 �af2 Þ
R1�ð1�ar1 �af1 Þ
h i

¼ 1 and Icont�3 ¼ 0 then Vy ¼ Vp1
Vp2

.

In case all LED’s control currents are bigger than zero
(Icont�k [ 0 8 k ¼ 1; 2; 3)

VB4 ¼ �Vt � ln
Vp2

R6�Ise�ð1�ar2 �af2 Þ
þ k2�Icont�2

Ise�ð1�ar2 �af2 Þ
Vp1

R1�Ise�ð1�ar1 �af1 Þ
þ k1�Icont�1

Ise�ð1�ar1 �af1 Þ

8<
:

9=
;

VB4 ¼ Vt � ln
Vp1

R1�Ise�ð1�ar1 �af1 Þ
þ k1�Icont�1

Ise�ð1�ar1 �af1 Þ
Vp2

R6�Ise�ð1�ar2 �af2 Þ
þ k2�Icont�2

Ise�ð1�ar2 �af2 Þ

8<
:

9=
;

VB9 ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ � exp
VBEQ3

Vt

	 

; VB4 ¼ �VB0

4
;

VBEQ3 ¼ �VB0
4
¼ VB4
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VB9 ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ

� exp ln

Vp1
R1�Ise�ð1�ar1 �af1 Þ þ

k1�Icont�1
Ise�ð1�ar1 �af1 Þ

Vp2
R6�Ise�ð1�ar2 �af2 Þ

þ k2�Icont�2
Ise�ð1�ar2 �af2 Þ

8<
:

9=
;

2
4

3
5

exp ln

Vp1
R1�Ise�ð1�ar1 �af1 Þ

þ k1�Icont�1
Ise�ð1�ar1 �af1 Þ

Vp2
R6�Ise�ð1�ar2 �af2 Þ

þ k2�Icont�2
Ise�ð1�ar2 �af2 Þ

8<
:

9=
;

2
4

3
5 ¼

Vp1
R1�Ise�ð1�ar1 �af1 Þ

þ k1�Icont�1
Ise�ð1�ar1 �af1 Þ

Vp2
R6�Ise�ð1�ar2 �af2 Þ

þ k2�Icont�2
Ise�ð1�ar2 �af2 Þ

VB9 ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ �
Vp1

R1�Ise�ð1�ar1 �af1 Þ
þ k1�Icont�1

Ise�ð1�ar1 �af1 Þ
Vp2

R6�Ise�ð1�ar2 �af2 Þ þ
k2�Icont�2

Ise�ð1�ar2 �af2 Þ

8<
:

9=
;

Vy ¼ VB9 ) Vy ¼ VB9 ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ

�
Vp1

R1�Ise�ð1�ar1 �af1 Þ þ
k1�Icont�1

Ise�ð1�ar1 �af1 Þ
Vp2

R6�Ise�ð1�ar2 �af2 Þ
þ k2�Icont�2

Ise�ð1�ar2 �af2 Þ

8<
:

9=
;:

Square Circuit In our square circuit implementation, we use Log and Antilog
amplifiers, discrete components (resistors, capacitors), LEDs, and phototransistors.
Log and Antilog amplifiers are nonlinear circuits in which the output voltage is
proportional to the logarithmic (or exponent) of the input. It is well known that
some process such as multiplication and division can be performed by addition and
subtraction of logs. There are two basic circuits for logarithmic amplifiers: Tran’s
diode and diode connected transistor. Most logarithmic amplifiers are based on the
inherent logarithmic relationship between the collector current Ic, and the base–
emitter voltage, Vbe in silicon bipolar transistor. The input voltage is converted by
input resistor into a current, which flows through the transistor’s collector modu-
lation the base–emitter voltage according to the input voltage. The op-amp forces
the collector voltage to that at non-inverting input, zero voltage. We have in the
circuit three current sources (Icont4; Icont5; Icont6), which injects current to LEDs (D4,
D5, and D6). LEDs light strikes the phototransistors (Q4, Q5, and Q6) base window
and can be represented as a dependent current source, respectively. BJT transistors
base current is constructed from feedback loop partial current and the current which
caused by the light strike on the phototransistors base window. Operational
amplifiers virtual ground are VE1 ;VE3 ;VE5 ;VE8 ;VE7 (Fig. 6.9).

Logarithmic Amplifier Function We have logarithmic amplifiers in our square
circuit. Logarithmic amplifier is constructed from operational amplifier, resistor,
and phototransistor on the feedback loop. We short phototransistor collector–base
junctions and practically our phototransistor is operated as a base–emitter junction
diode. The first logarithmic amplifier is market by index (i = 4) and the second
logarithmic amplifier is marked by index (i = 5).
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VCEQi ¼ VCBQi þVBEQi ; VCBQi ¼ 0 ) VCEQi ¼ VBEQi ; af 4 6¼ af 5; ar4 6¼ ar5;

k4 6¼ k5; i ¼ 4; 5

Remark Optocouplers (Q4–D4 and Q5–D5) are not identical.
The op-amp forces the collector voltage to that at the non-inverting input, zero

volts. We use the transistor Ebers–Moll model to get the logarithmic amplifier
function. Ii is the current that flows from operational amplifier inverting port to the
phototransistor (i). The output voltage of logarithmic amplifier is a negative voltage
compared to the input voltage:

VCBQi ¼ 0 ) ICQi ¼ 0; IEQi ¼ ICQi þ IBQi ; ICQi ¼ 0ð! eÞ ) IEQi ’ IBQi

IBQi ¼ Ii þ ki � Icont�i; IEQi ¼ Ii þ ki � Icont�i; iDCQi ¼ 0

Ebers–Moll model:

iDCQi ¼
afi � IEQi � ICQi

1� ari � afi
; VBase�EmitterQi ¼ VBEQi ¼ Vt � ln 1

Ise
� iDEQi þ 1

	 


Fig. 6.9 Square circuit
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iDEQi ¼
IEQi � ari � ICQi

1� ari � afi
; VBase�EmitterQi ¼ VBEQi ¼ Vt � ln 1

Ise
� IEQi � ari � ICQi

1� ari � afi

� �
þ 1

	 


ICQi ¼ 0 ) VBase�EmitterQi ¼ VBEQi ¼ Vt � ln 1
Ise

� IEQi

1� ari � afi

� �
þ 1

	 


VBEQi ¼ Vt � ln 1
Ise

� IEQi

1� ari � afi

� �
þ 1

	 

) exp

VBEQi

Vt

	 

¼ 1

Ise
� IEQi

1� ari � afi

� �
þ 1

exp
VBEQi

Vt

	 

� 1 ¼ 1

Ise
� Ii þ ki � Icont�i

1� ari � afi

� �
;

exp
VBEQi

Vt

	 

� 1

� �
� Ise � 1� ari � afi

� � ¼ Ii þ ki � Icont�i

Ii ¼ exp
VBEQi

Vt

	 

� 1

� �
� Ise � ð1� ari � afiÞ � ki � Icont�i:

For the first logarithmic amplifier (i = 4), R10 is connected to the op-amp
inverting port:

Vx

R10
¼ VA1

R10
¼ I4;

Vx

R10
¼ exp

VBEQ4

Vt

	 

� 1

� �
� Ise � ð1� ar4 � af4Þ � k4 � Icont�4

Vx

R10
¼ exp

VBEQ4

Vt

	 

� 1

� �
� Ise � ð1� ar4 � af4Þ � k4 � Icont�4; exp

VBEQ4

Vt

	 


� 1; exp
VBEQ4

Vt

	 

� 1 	 exp

VBEQ4

Vt

	 


Vx

R10
¼ exp

VBEQ4

Vt

	 

� Ise � 1� ar4 � af4

� �� k4 � Icont�4; exp
VBEQ4

Vt

	 


’ k4 � Icont�4

Ise � 1� ar4 � af4
� � þ Vx

R10 � Ise � 1� ar4 � af4
� �

exp
VBEQ4

Vt

	 

’ Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�1

Ise � ð1� ar4 � af4Þ
:

VBEQ4 is the output voltage from the logarithmic amplifier (�VBEQ4 ¼ VE2 ).
VBEQ4

Vt
’ ln

Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 


VE2 ¼ �VBEQ4 ’ �Vt � ln Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 


:

In the same manner the calculation is done for the second (i = 5) logarithmic
amplifier:
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VE6 ¼ �VBEQ5 ’ �Vt � ln Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 


Current sources Icont�4; Icont�5 function as a setting current for logarithmic
amplifiers.

Icont�4 ¼ 0 ) VE2 ’ �Vt � ln Vx

R10 � Ise � ð1� ar4 � af4Þ
	 


; Icont�5 ¼ 0 ) VB7

’ �Vt � ln Vx

R14 � Ise � ð1� ar5 � af5Þ
	 


:

If R10 � Ise � ð1� ar4 � af4Þ ¼ 1 and R14 � Ise � ð1� ar5 � af5Þ ¼ 1 then VE2 ’ �Vt �
ln½Vx� and VB7 ’ �Vt � ln½Vx�.

Inverting summing amplifier: VE4 ¼ �R13 � VE2
R11

þ VE6
R12

� �

R16 ¼ R17 ) VE0
4
¼ �VE4 ; VE0

4
¼ R13 � VE2

R11
þ VE6

R12

� �

VE0
4
¼ �R13 � Vt � 1

R11
� ln Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 
�

þ 1
R12

� ln Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 
�

1
R11

¼ 1
R12

) VE0
4
¼ �R13

R11
� Vt � ln

Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 
�

þ ln
Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 
�

VE0
4
¼ �R13

R11
� Vt � ln Vx

R10 � Ise � 1� ar4 � af4
� � þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ

" #(

� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 
�

If Icont�4 ¼ 0 and Icont�5 ¼ 0 then

VE0
4
¼ �R13

R11
� Vt � ln Vx

R10 � Ise � ð1� ar4 � af4Þ
	 


� Vx

R14 � Ise � ð1� ar5 � af5Þ
	 
� �

If Icont�4 ¼ 0; Icont�5 ¼ 0 and R10 � Ise � ð1� ar4 � af4Þ ¼ 1; R14 � Ise � ð1� ar5 �
af5Þ ¼ 1 then
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VE0
4
¼ �R13

R11
� Vt � ln½V2

x �

Antilogarithmic Amplifier Function We have antilogarithmic amplifier in our
square circuit. Antilogarithmic amplifier is constructed from operational amplifier,
resistor, and optocoupler. The resistor is in our operational amplifier feedback loop .
The optocoupler is connected to the operational amplifier inverting terminal. We
short phototransistor collector–base junctions and practically our phototransistor is
operated as a base–emitter junction diode.

VCEQ6 ¼ VCBQ6 þVBEQ6 ; VCBQ6 ¼ 0 ) VCEQ6 ¼ VBEQ6 :

The op-amp forces the collector voltage to that at the non-inverting input, zero
volts. We use the transistor Ebers–Moll model to get the antilogarithmic amplifier
function. I6 is the current that flows from operational amplifier inverting port to
phototransistor Q6. The output voltage of antilogarithmic amplifier is a negative
voltage compared to the input voltage:

VCBQ6 ¼ 0 ) ICQ6 ¼ 0; IEQ6 ¼ ICQ6 þ IBQ6 ; ICQ6 ¼ 0ð! eÞ ) IEQ6 ’ IBQ6

IBQ6 ¼ I6 þ k6 � Icont�6; IEQ6 ¼ I6 þ k6 � Icont�6; iDCQ6 ¼ 0:

Ebers–Moll model:

iDCQ6 ¼
af6 � IEQ6 � ICQ6

1� ar6 � af6
; VBase�EmitterQ6 ¼ VBEQ6 ¼ Vt � ln 1

Ise
� iDEQ6 þ 1

	 


iDEQ6 ¼
IEQ6 � ar6 � ICQ6

1� ar6 � af6
; VBase�EmitterQ6 ¼ VBEQ6 ¼ Vt � ln 1

Ise
� IEQ6 � ar6 � ICQ6

1� ar6 � af6

� �
þ 1

	 


ICQ6 ¼ 0 ) VBase�EmitterQ6 ¼ VBEQ6 ¼ Vt � ln 1
Ise

� IEQ6

1� ar6 � af6

� �
þ 1

	 


VBEQ6 ¼ Vt � ln 1
Ise

� IEQ6

1� ar6 � af6

� �
þ 1

	 

) exp

VBEQ6

Vt

	 

¼ 1

Ise
� IEQ6

1� ar6 � af6

� �
þ 1

exp
VBEQ6

Vt

	 

� 1 ¼ 1

Ise
� I6 þ k6 � Icont�6

1� ar6 � af6

� �
;

exp
VBEQ6

Vt

	 

� 1

� �
� Ise � 1� ar6 � af6

� � ¼ I6 þ k6 � Icont�6

I6 ¼ exp
VBEQ6

Vt

	 

� 1

� �
� Ise � ð1� ar6 � af6Þ � k6 � Icont�6

For the antilogarithmic amplifier, R15 is connected to the op-amp inverting port:
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VE9

R15
¼ I6;

VE9

R15
¼ exp

VBEQ6

Vt

	 

� 1

� �
� Ise � ð1� ar6 � af6Þ � k6 � Icont�6

VE9

R15
¼ exp

VBEQ6

Vt

	 

� 1

� �
� Ise � 1� ar6 � af6

� �� k6 � Icont�6;

exp
VBEQ6

Vt

	 

� 1; exp

VBEQ6

Vt

	 

� 1 	 exp

VBEQ6

Vt

	 

VE9

R15
¼ exp

VBEQ6

Vt

	 

� 1

� �
� Ise � ð1� ar6 � af6Þ � k6 � Icont�6;

VE9

R15
¼ exp

VBEQ6

Vt

	 

� Ise � ð1� ar6 � af6Þ � k6 � Icont�6

exp
VBEQ6

Vt

	 

¼ VE9

R15 � Ise � ð1� ar6 � af6Þ
þ k6 � Icont�6

Ise � ð1� ar6 � af6Þ

VE9

R15 � Ise � ð1� ar6 � af6Þ
¼ exp

VBEQ6

Vt

	 

� k6 � Icont�6

Ise � ð1� ar6 � af6Þ

VE9 ’ R15 � Ise � ð1� ar6 � af6Þ � exp
VBEQ6

Vt

	 

� k6 � Icont�6 � R15:

Current source Icont�6 functions as a setting current for antilogarithmic amplifier:

Icont�6 ¼ 0 ) VE9 ’ R15 � Ise � ð1� ar6 � af6Þ � exp
VBEQ6

Vt

	 


If R15 � Ise � ð1� ar6 � af6Þ ¼ 1 then VE9 ’ exp
VBEQ6
Vt

h i
VBEQ6 ¼ �VE0

4
; VE0

4
¼ �VE4 ; VBEQ6 ¼ VE4

VE9 ’ R15 � Ise � ð1� ar6 � af6Þ � exp
VE4

Vt

	 

� k6 � Icont�6 � R15

VE9 ’ R15 � Ise � ð1� ar6 � af6Þ � exp
VE4

Vt

	 

� k6 � Icont�6 � R15

VE0
4
¼ �VE4 ¼ �R13

R11
� Vt � ln Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 
�

� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 
�
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VE4 ¼
R13

R11
� Vt � ln Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 
�

� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 
�

VE9 ’ R15 � Ise � 1� ar6 � af6
� � � exp R13

R11
� ln Vx

R10 � Ise � 1� ar4 � af4
� � þ k4 � Icont�4

Ise � 1� ar4 � af4
� �

" #("

� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 
�


� k6 � Icont�6 � R15

R13

R11
¼ 1 ) VE9 ’ R15 � Ise � 1� ar6 � af6

� �
� exp ln

Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	�	 


� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 
�


� k6 � Icont�6 � R15

exp ln
Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	�	 


� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 
�


¼ Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 


� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 


VE9 ’ R15 � Ise � ð1� ar6 � af6Þ �
Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 


� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 


� k6 � Icont�6 � R15

R18 ¼ R19 ) VE11 ¼ �VE9 ; VE11 � � V2
x

VE11 ¼ �R15 � Ise � ð1� ar6 � af6Þ �
Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 


� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 


þ k6 � Icont�6 � R15

Special case: Icont�4 ¼ 0; Icont�5 ¼ 0; Icont�6 ¼ 0; R15 � Ise � ð1� ar6 � af6Þ ¼ 1

R10 � Ise � ð1� ar4 � af4Þ ¼ 1; R14 � Ise � ð1� ar5 � af5Þ ¼ 1:

Then VE11 ¼ �V2
x :
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We can summarize our optoisolation glycolytic circuit equations:

Vp2 ¼ VA7 ¼ Vl1 þV2
x ; Vp1 ¼ VA5 ¼

dVx

dt
þVx; VAx ¼ Vl2 � VA9 ¼ Vl2 �

dVy

dt
þ dVx

dt

� �

Vx ¼ Vl2 � VA9 ¼ Vl2 �
dVy

dt
þ dVx

dt

� �
; Vx ¼ Vl2 �

dVy

dt
þ dVx

dt

� �
; Vy ’ VA16 ; Vx ’ VA1

Vy ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ �
Vp1

R1�Ise�ð1�ar1 �af1 Þ
þ k1�Icont�1

Ise�ð1�ar1 �af1 Þ
Vp2

R6�Ise�ð1�ar2 �af2 Þ þ
k2�Icont�2

Ise�ð1�ar2 �af2 Þ

8<
:

9=
;

Vy ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ �

dVx

dt
þVx

R1�Ise�ð1�ar1 �af1 Þ þ
k1�Icont�1

Ise�ð1�ar1 �af1 Þ
Vl1 þV2

x

R6�Ise�ð1�ar2 �af2 Þ þ
k2�Icont�2

Ise�ð1�ar2 �af2 Þ

8>><
>>:

9>>=
>>;

R15 � Ise � ð1� ar6 � af6Þ �
Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 


� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 


� k6 � Icont�6 � R15 , V2
x

We define tðVx; Icont�4; Icont�5; Icont�6Þ ¼ tðVxÞ function for simplicity:

tðVx; Icont�4; Icont�5; Icont�6Þ

¼ R15 � Ise � ð1� ar6 � af6Þ �
Vx

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 


� Vx

R14 � Ise � ð1� ar5 � af5Þ
þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 


� k6 � Icont�6 � R15

Vy ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ �

dVx

dt
þVx

R1�Ise�ð1�ar1 �af1 Þ þ
k1�Icont�1

Ise�ð1�ar1 �af1 Þ
Vl1 þ tðVxÞ

R6�Ise�ð1�ar2 �af2 Þ þ
k2�Icont�2

Ise�ð1�ar2 �af2 Þ

8>><
>>:

9>>=
>>;:

We get two sets of glycolytic oscillator differential equations: first, mathematical
differential equations and second, optoisolation circuit implementation differential
equations [131, 132]. The second set includes setting current sources
Icont�i; i ¼ 1; 2; . . .; 6.

We can move from the mathematical differential equations variables to
optoisolation circuit differential equations variables (X ! Vx; Y ! Vy).
Additionally, Vl1 , l1; Vl2 , l2.

Optoisolation glycolytic circuit equations cylindrical (r, h) and Cartesian (Vx, Vy)
are the same as for polar coordinates, namely Vx(t) = r(t) � cos[h(t)];
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Vy(t) = r(t) � sin[h(t)]; r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
x þV2

y

q
. h(t) = 0 if Vx = 0 and Vy = 0.

h(t) = arcsin(Vy/r) if Vx � 0. x ! Vx, y ! Vy. VxðtÞ ¼ rðtÞ � cos½hðtÞ�

VxðtÞ ¼ rðtÞ � cos½hðtÞ� ) dVxðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

VyðtÞ ¼ rðtÞ � sin½hðtÞ� ) dVyðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ�þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�
dVxðtÞ
dt

¼ dVx

dt
;
dVyðtÞ
dt

¼ dVy

dt
;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r

We get the following equations:

dVx

dt
¼ r0 � cos h� r � h0 � sin h; dVy

dt
¼ r0 � sin hþ r � h0 � cos h

Vx ¼ r � cos h; Vy ¼ r � sin h:

Vx ¼ Vl2 �
dVy

dt
þ dVx

dt

� �
) r � cos h

¼ Vl2 � ðr0 � sin hþ r � h0 � cos hþ r0 � cos h� r � h0 � sin hÞ:

If there is a stable limit cycle as specific value of radius r, dr/dt = 0 (r0 ¼ 0).

r0 ¼ 0 ) r � cos h ¼ Vl2 � r � h0 � cos hþ r � h0 � sin h
r � ½cos hþ h0 � ðcos h� sin hÞ� ¼ Vl2 ; r ¼ Vl2

cos hþ h0 � ðcos h� sin hÞ

r � ½cos hþ h0 � ðcos h� sin hÞ� ¼ Vl2 ) h0 ¼ Vl2

r � ðcos h� sin hÞ �
cos h

ðcos h� sin hÞ

tðr; h; Icont�4; Icont�5; Icont�6Þ

¼ R15 � Ise � ð1� ar6 � af6Þ �
r � cos h

R10 � Ise � ð1� ar4 � af4Þ
þ k4 � Icont�4

Ise � ð1� ar4 � af4Þ
	 


� r � cos h
R14 � Ise � ð1� ar5 � af5Þ

þ k5 � Icont�5

Ise � ð1� ar5 � af5Þ
	 


� k6 � Icont�6 � R15

Vy ’ �k3 � Icont�3 � R7 þR7 � Ise � ð1� ar3 � af3Þ

�
r0 � cos h�r�h0 � sin hþ r� cos h

R1�Ise�ð1�ar1 �af1 Þ
þ k1�Icont�1

Ise�ð1�ar1 �af1 Þ
Vl1 þ tðr;hÞ

R6�Ise�ð1�ar2 �af2 Þ
þ k2�Icont�2

Ise�ð1�ar2 �af2 Þ

8<
:

9=
;

534 6 Optoisolation Circuits with Periodic Limit Cycle Solutions …



r0 ¼ 0 ) Vyðr; h; h0Þ ’ �k3 � Icont�3 � R7

þR7 � Ise � ð1� ar3 � af3Þ �
�r�h0 � sin hþ r� cos h
R1�Ise�ð1�ar1 �af1 Þ

þ k1�Icont�1
Ise�ð1�ar1 �af1 Þ

Vl1 þ tðr;hÞ
R6�Ise�ð1�ar2 �af2 Þ þ

k2�Icont�2
Ise�ð1�ar2 �af2 Þ

8<
:

9=
;

r0 ¼ 0 ) Vyðr; hÞ ’ �k3 � Icont�3 � R7

þR7 � Ise � ð1� ar3 � af3Þ �

r� cos h�r� Vl2
r�ðcos h�sin hÞ� cos h

ðcos h�sin hÞ

h i
� sin h

R1�Ise�ð1�ar1 �af1 Þ

0
@

1
A

þ k1�Icont�1
Ise�ð1�ar1 �af1 Þ

Vl1 þ tðr;hÞ
R6�Ise�ð1�ar2 �af2 Þ

þ k2�Icont�2
Ise�ð1�ar2 �af2 Þ

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

Vyðr; hÞ ¼ r � sin h

r0 ¼ 0 ) r � sin h ’ �k3 � Icont�3 � R7

þR7 � Ise � 1� ar3 � af3
� � �

r� cos h�r� Vl2
r�ðcos h�sin hÞ� cos h

ðcos h�sin hÞ

h i
� sin h

R1�Ise�ð1�ar1 �af1 Þ

0
@

1
A

þ k1�Icont�1
Ise�ð1�ar1 �af1 Þ

Vl1 þ tðr;hÞ
R6�Ise�ð1�ar2 �af2 Þ

þ k2�Icont�2
Ise�ð1�ar2 �af2 Þ

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

:

To find the glycolytic oscillator limit cycle radius (r) analytically is very difficult
and it is recommended to calculate it numerically.

6.5 Exercises

1. We have coupled planar cubic vector systems as four differential equations (X1,
X2 are coupling parameters):
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dX1

dt
¼ X2 ;

dX2

dt
¼ �ðX3

1 þ r � X2
1 þ n � X1 þmÞþ ðC� X2

1Þ � X2 þX1 � ðX4 � X2Þ

dX3

dt
¼ X4 ;

dX4

dt
¼ �ðX3

3 þð1� rÞ � X2
3 þð1� ffiffiffi

n
p Þ � X3 þm2Þþ ð

ffiffiffiffi
C

p
� X2

3Þ � X4

þX2 � ðX2 � X4Þ

1:1 Check if the systems contain the unfolding of a co-dimension two bifur-
cation of an equilibrium point with a double eigenvalue zero in the presence
of a rotational symmetry of the plane.

1:2 Find systems fixed points and Jacobian.
1:3 Discuss systems stability and Basin of Attraction (BOA) for the selected

fixed points.
1:4 Prove that the systems have a periodic orbit. Find dhi/dt = n1i(ri, hi), dri/dt =

n2i(ri, hi) expressions (i = 1, 2—system index).
1:5 Consider that systems limit cycle is resided in annulus 0\rmin;i\ri\rmax;i

and there is no constant ri in limit cycle dri/dt 6¼ 0. Find the conditions for
rmin,i and rmax,i as a function of coupled system parameters (i = 1, 2—
system index).

1:6 How X1, X2 coupling parameters influence our systems stability and limit
cycle?

2. We have three coupler Van der Pol systems which can be characterize by the
following differential equations:

d2X1

dt2
þX1 � l1 � ð1� X2

1Þ �
dX1

dt
¼ a1 � ðX2 � X1=X2Þ

d2X2

dt2
þð1þDÞ � X2 � l2 � ð1� X2

2Þ �
dX2

dt
¼ a2 � ðX3 � X2=X3Þ

d2X3

dt2
þð1þ

ffiffiffiffi
D

p
Þ � X3 � jl1 � l2j � ð1� X2

3Þ �
dX3

dt
¼ ja1 � a2j � ðX3=X2 � X3Þ

a1 and a2 are coupling coefficients. D, l1, l2, a1, and a2 are parameters. D is
related to the small difference in linearized frequencies, and a1 and a2 represent
the strength of the coupling for Van der Pol systems. l1 and l2 are parameters
which establish the behavior of each Van der Pol system.

2:1 Check if the systems contain the unfolding of a co-dimension two bifur-
cation of an equilibrium point with a double eigenvalue zero in the presence
of a rotational symmetry of the plane.

2:2 Find systems fixed points and Jacobian.
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2:3 Discuss systems stability and Basin of Attraction (BOA) for the selected
fixed points.

2:4 Prove that the systems have a periodic orbits. Find dhi/dt = n1i(ri, hi),
dri/dt = n2i(ri, hi) expressions (i = 1, 2, 3—system index).

2:5 Consider that system limit cycle is resided in annulus 0\rmin;i\ri\rmax;i

and there is no constant ri in limit cycle dri/dt 6¼ 0. Find the conditions for
rmin,i and rmax,i as a function of coupled system parameters (i = 1, 2, 3—
system index).

2:6 How a1 and a2 coupling parameters influence our systems stability and limit
cycle?

3. Consider the system d2
X

dt2 þ l � dXdt � X2 þ dX
dt

� �2
�1

	 

þX ¼ 0; l[ 0; l 2 R l

value established the dynamical of our system.

3:1 Find system fixed points and discuss stability and stability switching for
different values of l parameter.

3:2 Show that system has a circular limit cycle, and find amplitude and period.
3:3 Determine stability and limit cycle for different values of l parameter and

show that limit cycle is unique.
3:4 Implement the system using op-amp, resistors, capacitors, optocouplers, etc.
3:5 Discuss system circuit stability switching for different values of optocou-

plers parameters (afi ; ari ; ki ; i ¼ 1; 2; 3; . . .).

4. Consider the system dX
dt ¼ Y þ l1 � X � ð1� 2 � l2 � X2 � Y2Þ

dY
dt

¼ �Xþ l1 � Y � ð1� X2 � Y2Þ ; l1; l2 2 R ; 0\l1  1 ; 0\l2 
1
2

4:1 Write polar coordinate of the system. Find limit cycle radius (r) and discuss
his variation for different values of l1; l2 parameters.

4:2 Prove that there is at list one limit cycle or several but the same period
Tðl1; l2Þ. If l2 ¼ 0 there is only one limit cycle, prove it.

4:3 When system limit cycle is resided in annulus 0\rmin\r\rmax and there is
no constant r in limit cycle dr/dt 6¼ 0. We seek two concentric circles with
radii rmin and rmax. dr/dt < 0 on the outer circle and dr/dt > 0 on the inner
circle. Find the expressions for rmin and rmax and they change for different
values of l1; l2 parameters.

4:4 Discuss stability and stability switching for different values of l1; l2
parameters.

4:5 Implement the system using op-amp, resistors, capacitors, optocouplers, etc.
4:6 Discuss system circuit stability switching for different values of optocou-

plers parameters (afi ; ari ; ki ; i ¼ 1; 2; 3; . . .).
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5. We have circuit implementation of Van der Pol system. The active elements of
the circuit are semiconductor devices (two OptoNDR circuits/devices in series).
Capacitor C2 is placed between the first OptoNDR circuit (Q1–D1) and the
second OptoNDR circuit (Q2–D2). Active elements act like an ordinary resistors
when current I(t) is high (IðtÞ[ Isat), but like negative resistors (energy source)
or negative differential resistances (NDRs) when I(t) is low (Isat [ IðtÞ[ Ibreak).
Parameters k1 and k2 are the coupling coefficients between LEDs (D1, D2)
current and phototransistors (Q1, Q2) base window current, respectively. Our

circuit current voltage characteristic is V ¼ f ðIÞ 8 dI
dt ¼ 0. We consider that a

source of current is attached to the circuit and then withdrawn. We neglect in our
analysis the current below Ibreak(IðtÞ\Ibreak) (Fig. 6.10).

5:1 Write circuit differential equations, and find the analogy to Van der Pol’s
mathematical differential equations. Use BJT transistor Ebers–Moll
equations.

5:2 Find fixed points and discuss stability and stability switching for different
values of C1, C2, and L1.

5:3 Discuss Van der Pol circuit limit cycle and find limit cycle radius (r).
5:4 When our system circuit limit cycle is resided in annulus line

0\rmin\r\rmax and there is no constant (r) in the limit cycle dr
dt 6¼ 0.

Find the expressions for rmin and rmax. How the expressions are influenced
when we change optocouplers parameters (afi ; ari ; ki ; i ¼ 1; 2).

5:5 We short capacitor C2. How it influences our system circuit dynamics? Find
fixed points and discuss limit cycle.

Remark The optical coupling between the LEDs (D1, D2) to the phototransistors
(Q1 and Q2) is represented as transistor-dependent base current on LED (D1) current
and LED (D2) current respectively, “ki” is the multiplication coefficient (first
optocoupler i = 1 and second optocoupler i = 2).

Fig. 6.10 Circuit implementation of van der Pol system
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6. Consider the Lienard system d2
X

dt2 þ l � ðX2 � 1Þ � dXdt þ tghðXÞ ¼ 0 ; l[ 0.

Lienard equation is a second-order differential equation and it can be used to
model oscillating circuits. Lienard’s theorem guarantees the uniqueness and
existence of a limit cycle for such a system. The basic Lienard equation is
constructed from two continuously differentiable functions g1ðXÞ and g2ðXÞ on
R, with g2ðXÞ an odd function and g1ðXÞ an even function. Then the

second-order ordinary differential equation of form d2
X

dt2 þ g1ðXÞ � dXdt þ g2ðXÞ ¼
0 is called Lienard equation and g1ðXÞ ¼ l � ðX2 � 1Þ ; g2ðXÞ ¼ tghðXÞ.
Hyperbolic tangent (tgh; tanh):

tghðXÞ ¼ sinhðXÞ
coshðXÞ ¼

eX � e�X

eX þ e�X
; tghðXÞ ¼ e2�X � 1

e2�X þ 1
¼ 1� e�2�X

1þ e�2�X ; tghð0Þ ¼ 0

tghðXÞ ¼ 1 8 X ! 1; tghðXÞ ¼ �1 8 X ! �1; tghð�XÞ ¼ �tghðXÞ:

6:1 Find system fixed points and discuss stability and stability switching for
different values of l parameter.

6:2 Find limit cycle and radius (r). Show that the system has exactly one period
solution.

6:3 What happened for the case l ¼ 0? Find fixed points and discuss stability
and limit cycles.

6:4 Implement Lienard system circuit using op-amps, capacitors, resistors,
optocouplers, etc.

6:5 Discuss Lienard system circuit stability switching for different values of
optocouplers parameters (afi ; ari ; ki; i ¼ 1; 2; 3; . . .).

Remark A Lienard system has a unique and stable limit cycle surrounding the
origin if it satisfied the following additional properties: g2ðXÞ[ 0 for all X > 0,

limG1ðXÞ
X!1

¼ limX!1
R X
0 g1ðnÞ � dn ¼ 1. Function G1ðXÞ has exactly one positive

root at some value q, where G1ðXÞ\0 for 0\X\q. Function G1ðXÞ[ 0 mono-
tonic for X[ q.

7. Consider the system with two variables: X, Y and is represented by two dif-

ferential equations: dXdt ¼ l1 � X � Y � l2 � X � ðX2 þ Y2Þ � X � ðX2 þ Y2Þ2

dY
dt

¼ X þ l1 � Y � l2 � Y � ðX2 þ Y2Þ � Y � ðX2 þ Y2Þ2; l1;l2 2 R:

7:1 Investigate the stability of the fixed point (X*, Y*) = (0, 0) and find any
bifurcation families of periodic orbits that may exist.
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7:2 Draw a bifurcation diagram (a graph over (l1; l2) space) indicating the fixed
points and periodic orbits.

7:3 Discuss stability and stability switching for different values of l1; l2
parameters. If l1 ¼ 0, how the dynamic of the system is changed.
Find fixed points and discuss stability.

7:4 Implement the system circuit using op-amp, capacitors, resistors, optocou-
plers, etc.

7:5 Discuss system circuit stability and stability switching for different values of
optocouplers parameters (afi ; ari ; ki; i ¼ 1; 2; 3; . . .).

8. Rossler system is a system of three differential equations with a simple strange

attractor than Lorenz’s. dX
dt ¼ �Y � Z; dY

dt ¼ Xþ l1 � Y and
dZ
dt ¼ l2 þ Z � ðX � l3Þ; l1; l2; l3 2 R. In one direction there is compression

toward the attractor, and in the other direction there is divergence along the
attractor. There are expanding directions along which stretching takes place,
where l1; l2 and l3 are parameters. This system contains only one nonlinear
term Z � X, and is simpler than the Lorenz system. The system shows periodic
relaxation oscillations in dimensional two and higher types of relaxation
behavior. It has chaotic behavior if the motion is spiraling out on one branch of
the slow manifold. System oscillations can be amplified if l1 [ 0, which results
into a spiraling out motion. The system possesses two steady states: one at the
origin X� ¼ 0; Y� ¼ 0; Z� ¼ 0, around which the motion spirals out, and
another one at some distance of the origin due to the quadratic nonlinearity. This
system presents stationary, periodic, quasiperiodic, and chaotic attractors
depending on the value of the parameters l1; l2; l3.

8:1 Find system fixed points and discuss stability for different values of
parameters l1; l2; l3.

8:2 Discuss system limit cycle and find radius (r). When system’s limit cycle is
resided in annulus 0\rmin\r\rmax and there is no constant r in limit cycle
dr/dt 6¼ 0. We seek two concentric circles with radii rmin and rmax. dr/dt < 0
on the outer circle and dr/dt > 0 on the inner circle.
Find the expressions for rmin and rmax and they change for different values
of l1; l2 and l3 parameters.

8:3 If l3 ¼ 0, how it influences system dynamic? Find fixed point and discuss
stability. Discuss limit cycle and find radius (r).

8:4 Implement the system circuit using op-amp, capacitors, resistors, optocou-
plers, etc.

8:5 Discuss system circuit stability and stability switching for different values of
optocouplers parameters (afi ; ari ; ki; i ¼ 1; 2; 3; . . .).

9. We have circuit implementation of Van der Pol system with additional discrete
components. The active elements of the circuit are semiconductor devices (two
OptoNDR circuits/devices). Capacitor C2 is placed in parallel to Q1 collector
emitter. Inductor L2 is placed between the two OptoNDR circuits. Active

540 6 Optoisolation Circuits with Periodic Limit Cycle Solutions …



elements act like an ordinary resistors when current I(t) is high (IðtÞ[ Isat), but
like negative resistors (energy source) or negative differential resistances
(NDRs) when I(t) is low (Isat [ IðtÞ[ Ibreak). Parameters k1 and k2 are the
coupling coefficients between LEDs (D1, D2) current and phototransistors (Q1,
Q2) base window current, respectively. Our circuit current voltage characteristic

is V ¼ f ðIÞþwðIÞ 8 dI
dt ¼ 0. We consider that a source of current is attached

to the circuit and then withdrawn. We neglect in our analysis the current below
Ibreak(IðtÞ\Ibreak) (Fig. 6.11).

9:1 Write circuit differential equations, and find the analogy to Van der Pol’s
mathematical differential equations. Use BJT transistor Ebers–Moll equa-
tions. Find the functions f ðIÞ;wðIÞ.

9:2 Find fixed points and discuss stability and stability switching for different
values of L1, L2 inductors.

9:3 Discuss Van der Pol circuit limit cycle and find limit cycle radius (r).
9:4 When our system circuit limit cycle is resided in annulus line

0\rmin\r\rmax and there is no constant (r) in the limit cycle dr
dt 6¼ 0.

Find the expressions for rmin and rmax. How the expressions are influenced
when we change optocouplers parameters (afi ; ari ; ki; i ¼ 1; 2).

9:5 We short inductor L2. How it influences our system circuit dynamics? Find
fixed points and discuss limit cycle.

Remark The optical coupling between the LEDs (D1, D2) to the phototransistors
(Q1 and Q2) is represented as transistor-dependent base current on LED (D1) current
and LED (D2) current, respectively, “ki” is the multiplication coefficient (first
optocoupler i = 1 and second optocoupler i = 2).

Fig. 6.11 Circuit implementation of van der Pol system with additional discrete components
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10. Consider the system differential equations, variables X and Y.

dX
dt

¼ X � ð1� X2 � Y2Þ � ðX2 þ Y2 � l1Þþ Y � ðX2 þ Y2 þ l2 � X � l3Þ

dY
dt

¼ Y � ð1� X2 � Y2Þ � ðX2 þ Y2 þ l1Þ � X � ðX2 þ Y2 þ l2 � X � l3Þ

l1; l2; l3 2 R:

10:1 Find critical points of the system and prove that there is an asymptotically
stable focus at (0, 0).

10:2 Move to system polar coordinates and discuss limit cycle. Find radius
(r) and discuss stability.

10:3 Find and discuss from the equations of dr
dt ¼ . . .; dh

dt ¼ . . . the cases:
dr
dt \0; dr

dt [ 0 and find the trajectories.

10:4 Find in which conditions all trajectories inside the unit circle converge to
the critical point (0, 0) which is an asymptotically stable focus.

10:5 Implement the system circuit using op-amp, capacitors, resistors, opto-
couplers, etc.

10:6 Discuss system circuit stability and stability switching for different values
of optocouplers parameters (afi ; ari ; ki; i ¼ 1; 2; 3; . . .).
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Chapter 7
Optoisolation Circuits Poincare Maps
and Periodic Orbit

Poincare maps is the intersection of a periodic orbit in the state space of a con-
tinuous dynamical system with a certain lower dimensional subspace, called the
Poincaré section, transversal to the flow of the system. Poincare map is a discrete
dynamical system with a state space that is one dimension smaller than the original
continuous dynamical system. We use it for analyzing the original system. We use
Poincare maps to study the flow near a periodic orbit, the flow in some chaotic

system. We define n-dimensional system dX
dt ¼ f ðXÞ. Let “S” be an (n − 1)

dimensional surface of section. “S” is required to be transverse to the flow and all
trajectories starting on “S” flow through it, not parallel to it. The Poincare map w is
a mapping from “S” to itself and trajectories from one intersection with “S” to the
next. If Xk 2 S denotes the kth intersection, then Poincare map is defined by
Xkþ 1 ¼ wðXkÞ. If X* is a fixed point then wðX�Þ ¼ X�. Then a trajectory starting at

X* returns to X* after time T and a closed orbit for the original system dX
dt ¼ f ðXÞ.

Many systems are presented by set of differential equations and analysis is done by
using Poincare maps. We implement these dynamical systems by using opto cou-
plers, Op-amps, and discrete components (resistors, capacitors, etc.,) and investi-
gation is done by using Poincare maps [5–8].

7.1 Poincare Maps and Periodic Orbit Flow

In every dynamical system we need to use the global existence theorems. The
dynamical system describes the physical behavior in time. Many dynamical systems
described by its position and velocity as functions of time and the initial conditions.
A dynamical system is a function /ðt;XÞ, defined for all t 2 R and X 2 E 2 R

n. It
describes how points X 2 E move with respect to time. The families of maps
/tðXÞ ¼ /ðt;XÞ have the properties of a flow. Integral part of our analysis is
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periodic orbits or cycles, limit cycles and separatrix cycles of a dynamical system

/ðt;XÞ defined by dXdt ¼ f ðXÞ. Periodic orbits have stable and unstable manifold just

as equilibrium points do. A finite union of compatibly oriented separatrix cycles is
called a compound separatrix cycle or graphic. We need to discuss the stability and
bifurcations of periodic orbits by the Poincare map or first return map. A separatrix
is the boundary separating two modes of behavior in a differential equation and an
equation to determine the borders of a system. A phase curve meets a hyperbolic
fixed point or connects the unstable and stable manifolds of a pair of hyperbolic or
parabolic fixed points. A separatrix marks a boundary between phase curves with
different properties. Poincare map is very useful tool to study the stability and

bifurcations of periodic orbit. If C is periodic orbit of the system dX
dt ¼ f ðXÞ through

the point X0 and R is a hyperplane perpendicular to C at X0, then any point X 2 R

sufficiently near X0, the solution dX
dt ¼ f ðXÞ through X at t = 0, /tðXÞ will cross the

R again at a point wðXÞ near X0. The mapping X ! wðXÞ is called the Poincare
map. When the surface R intersects the curve C transversally at X0, R is a smooth
surface, through a point X0 2 C, which is not tangent to C at X0. Additionally, we
can discuss the existence and continuity of the Poincare map wðXÞ and of its first

derivative DwðXÞ. Consider the system d2
X

dt2 þ l1 � dXdt þ sinðXÞ ¼ l2; l1; l2 2 R.

Let Y ¼ dX
dt then the system becomes dXdt ¼ Y ; dYdt þ l1 � Y þ sinðXÞ ¼ l2. The fixed

points satisfy dX
dt ¼ 0; dYdt ¼ 0 then Y� ¼ 0; sinðX�Þ ¼ l2 ) X� ¼ arcsinðl2Þ.

Hence there are two fixed points on the cylinder if l2\1, and none if l2 [ 1
(l2 [ 1 ) sinðX�Þ[ 1), cannot exist. When the fixed point exists, one is a saddle
and the other is a sink. We define the following functions: g1ðX; YÞ ¼
Y ; g2ðX; YÞ ¼ �l1 � Y � sinðXÞþ l2 then

dX
dt ¼ g1ðX; YÞ dYdt ¼ g2ðX; YÞ. We need

to use linearization technique about the fixed point.

g1ðX�; Y�Þ ¼ 0; g2ðX�; Y�Þ ¼ 0 Let u ¼ X � X�; v ¼ Y � Y� denote the com-
ponents of a small disturbance from the fixed point. We need to analyze whether the
disturbance grows or decays. We derive differential equations for u and v

du
dt

¼ dX
dt

¼ g1ðX� þ u; Y� þ vÞ;
du
dt

¼ dX
dt

¼ g1ðX�; Y�Þþ u � @g1
@X

þ v � @g1
@Y

þOðu2; v2; u � vÞ

g1 X�; Y�ð Þ ¼ 0 ) du
dt ¼ dX

dt ¼ u � @g1@X þ v � @g1@Y þOðu2; v2; u � vÞ. The partial

derivatives are to be evaluated at the fixed point X�; Y�ð Þ. Expression Oðu2; v2; u � vÞ
denotes quadratic term in u and v. Since u and v are small, these quadratic terms are

small. Similarly, we find dv
dt ¼ dY

dt ¼ u � @g2@X þ v � @g2@Y þOðu2; v2; u � vÞ. Hence the
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disturbance (u; v) evolves according to

du
dt
dv
dt

0
B@

1
CA ¼

@g1
@X

@g1
@Y

@g2
@X

@g2
@Y

 !
� u

v

 !
þ

quadratic terms.

The matrix A ¼
@g1
@X

@g1
@Y

@g2
@X

@g2
@Y

 !
ðX�;Y�Þ

is called the Jacobian matrix at the fixed

point (X�; Y�). Since the quadratic terms Oðu2; v2; u � vÞ are tiny, we neglect them
altogether. We obtain the linearized system:

du
dt
dv
dt

0
BB@

1
CCA ¼

@g1
@X

@g1
@Y

@g2
@X

@g2
@Y

 !
�

u

v

 !
;

A ¼
@g1
@X

@g1
@Y

@g2
@X

@g2
@Y

 !
ðX�;Y�Þ

;
@g1ðX; YÞ

@X
¼ 0;

@g1ðX; YÞ
@Y

¼ 1

@g2ðX; YÞ
@X

¼ � cosðXÞ; @g2ðX; YÞ
@Y

¼ �l1; A ¼ 0 1
� cosðXÞ �l1

� �

AðX�;Y�Þ ¼ 0 1
� cosðXÞ �l1

� �
ðX�¼arcsinðl2Þ;Y�¼0Þ

¼ 0 1
� cosðarcsinðl2ÞÞ �l1

� �

cos(arcsin(l2ÞÞ = sin(arccos(l2ÞÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

q
; X 2 ½�1; 1�

AðX�;Y�Þ ¼ 0 1
� cosðXÞ �l1

� �
ðX�¼arcsinðl2Þ;Y�¼0Þ

¼ 0 1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
�l1

� �

The eigenvalues of matrix A are given by the characteristic equation
detðA� k � IÞ ¼ 0, where “I” is the identity matrix [5, 7].

detðA� k � IÞ ¼ det
�k 1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
�l1 � k

� �
¼ 0. Expanding the determinant

yields:

� k � ð�l1 � kÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

q
¼ 0;

k2 þ k � l1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

q
¼ 0;

s ¼ traceðAÞ ¼ �l1
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D ¼ detðAÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
; k1;2 ¼ s�

ffiffiffiffiffiffiffiffiffiffiffi
s2�4�D

p
2 . The eigenvalues depend only on the

trace and determinant of the matrix A.

k1 ¼
�l1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21 � 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

pq
2

; k2 ¼
�l1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21 � 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

pq
2

The above expressions are the solutions of characteristic equation. The typical
situation of the characteristic equation is for the eigenvalues to be distinct: k1 6¼ k2.
If the eigenvalues are complex, the fixed point is either center or a spiral
(l21 � 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
\0). The origin is surrounded by a family of closed orbits and

the centers are neutrally stable. Nearby trajectories are neither attracted to nor
repelled from the fixe point. Thus complex eigenvalues occur when
s2 � 4 � D\ 0 ) ½l21 � 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
�\ 0; l21\4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
.

k1 ¼
�l1 þ i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
� l21

q
2

; k2 ¼
�l1 � i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
� l21

q
2

k1 ¼ � l1
2

þ i � 1
2
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

q
� l21

r
; k2 ¼ � l1

2
� i � 1

2
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

q
� l21

r
:

By assumption 1
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
� l21

q
6¼ 0 ) 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
� l21 6¼ 0 ) l21 6¼

4 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
:

Then the eigenvalues are distinct D¼ Q2
k¼1

kk; s ¼
P2
k¼1

kk:

If D\0 )
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
\0, the eigenvalues are real and have opposite sign; hence

the fixed point is a saddle point (cannot exist since the graph of function
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
made up of half a parabola with vertical directrix ). If D[ 0 )

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
[ 0 then

1� l22 [ 0 ) l22 � 1\0;� 1\l2\1 and the eigenvalues are either real with the
same sign (nodes), or complex conjugate (spirals and centers). Nodes satisfy

l21 � 4 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
[ 0 And spirals satisfy l21 � 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
\0. The parabola

l21 � 4 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
¼ 0 is the borderline between nodes and spirals. Star nodes and

degenerate nodes live on this parabola. The stability of the nodes and spirals is
determined by s ¼ traceðAÞ ¼ �l1. When �l1\0 ) l1 [ 0, both eigenvalues
have negative real parts and the fixed point is stable. If �l1 [ 0 ) l1\0 then we
get unstable spirals and nodes. Stable centers live on the borderline l1 ¼ 0 and the
eigenvalues are purely imaginary. If D ¼ 0 )

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
¼ 0 ) 1� l22 ¼ 0 )

l2 ¼ �1 then at least one of the eigenvalues is zero. Then the origin is not an
isolated fixed point and there is either a whole line of fixed points or a plane of fixed
points. If the eigenvalues are pure imaginary � l1

2 ¼ 0 ) l1 ¼ 0, then all solutions
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are periodic with period T ¼ 4�pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�
ffiffiffiffiffiffiffiffi
1�l22

p
�l21

p ; l21\4 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
. We need to

investigate the existence of a system closed orbit. There are two fixed points on the
cylinder if l2\1, and none if l2 [ 1 (l2 [ 1 ) sinðX�Þ[ 1), cannot exist. If
l2 [ 1 (l2 [ 1 ) sinðX�Þ[ 1) there are no more fixed points available. Isocline
is a curve through points at which the parent function’s slope will always be the
same, regardless of initial conditions. Null clines in mathematics analysis called

zero growth isoclines. Nullcline of our system dY
dt þ l1 � Y þ sinðXÞ ¼ l2;

dY
dt ¼ 0.

l1 � Y þ sinðXÞ ¼ l2 ) Y ¼ l2
l1
� 1

l1
� sinðXÞ.

sinðXÞ 2 ½�1; 1� ) Ymax ¼ l2 þ 1
l1

; Ymin ¼ l2�1
l1

. All trajectories enter the strip

Y1 � Y � Y2; Y [ 0 ) dX
dt [ 0; 0\Y1\Ymin ) 0\Y1\

l2�1
l1

;

Y2 [ Ymax ) Y2 [
l2 þ 1
l1

: Inside the strip, the flow is always to the right. Fact,

X ¼ 0; X ¼ 2 � p are equivalent on the cylinder sinð0Þ ¼ sinð2 � pÞ ¼ 0. We define
rectangular box 0�X� 2 � p; Y1 � Y � Y2. The trajectory starts at the height Y on
the left side of the box and flows until it intersects the right side of the box at new
height wðYÞ. The mapping from the Y to wðYÞ is called Poincare map. We get
information on height of the trajectory changes after one lap around the cylinder.
The Poincare map is also called first return map. If there is a point Y*; wðY�Þ ¼ Y�,
then the corresponding trajectory will be closed orbit. Function wðYÞ is a mono-
tonic function. We define Xðl1;l2Þ function (3D). The function Xðl1; l2Þ ¼
l21 � 4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l22

p
and we plot it in three dimensional (l1 ! m1; l2 ! m2);

0\l1\10; �1\l2\1 [54].

MATLAB [m2,m1] = meshgrid(-1:0.01:1,0:0.1:10);
e = m1.*m1-4*sqrt(1-m2.*m2);
meshc(e); (Fig. 7.1)

System’s limit cycle discussion

System differential equations: dX
dt ¼ Y ; dYdt þ l1 � Y þ sinðXÞ ¼ l2. We need to

prove that the system has periodic orbits and it is done by changing system
Cartesian coordinates (X(t), Y(t)) to cylindrical coordinates (r(t), h(t)). Next we
show that the cylinder is invariant. For the conversion between cylindrical and
Cartesian systems and opposite, it is convenient to assume that the reference plane
of the former is the Cartesian x–y plane (with equation z = 0), and the cylindrical
axis is the Cartesian z-axis. In our system we refer to Cartesian X–Y plane (with
equation Z = 0). Then the z coordinate is the same in both systems, and the cor-
respondence between cylindrical (r, h) and Cartesian (X, Y) are the same as for polar
coordinates, namely X(t) = r(t)�cos[h(t)]; Y(t) = r(t)�sin[h(t)]; r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

.
h(t) = 0 if X = 0 and Y = 0. h(t) = arcsin(Y/r) if X>=0. x ! X, y ! Y.
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XðtÞ ¼ rðtÞ � cos½hðtÞ� ) dXðtÞ
dt

¼ drðtÞ
dt

� cos½hðtÞ� � rðtÞ � dhðtÞ
dt

� sin½hðtÞ�

YðtÞ ¼ rðtÞ � sin½hðtÞ� ) dYðtÞ
dt

¼ drðtÞ
dt

� sin½hðtÞ� þ rðtÞ � dhðtÞ
dt

� cos½hðtÞ�

dXðtÞ
dt

¼ dX
dt

;
drðtÞ
dt

¼ r0;
dhðtÞ
dt

¼ h0; hðtÞ ¼ h; rðtÞ ¼ r:

We get the equations: dXdt ¼ r0 � cos h� r � h0 � sin h; dYdt ¼ r0 � sin hþ r � h0 � cos h

dX
dt

¼ Y ) r0 � cos h� r � h0 � sin h ¼ r � sin h; r0 � cos h ¼ r � sin h � ½h0 þ 1�

dY
dt

þ l1 � Y þ sinðXÞ ¼ l2

) r0 � sin hþ r � h0 � cos h
þ l1 � r � sin hþ sinðr � cos hÞ ¼ l2

r0 � cos h ¼ r � sin h � ½h0 þ 1� ) r0 ¼ r � tgh � ½h0 þ 1�

Fig. 7.1 Xðl1; l2Þ vs l1 and l2 (3D graph)
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r � tgh � ½h0 þ 1� � sin hþ r � h0 � cos hþ l1 � r � sin hþ sinðr � cos hÞ ¼ l2

h0 ¼ l2 � sinðr � cos hÞ � l1 � r � sin h� r � tgh � sin h
r � ½tgh � sin hþ cos h�

r0 ¼ r � tgh � ½h0 þ 1�

¼ r � tgh � l2 � sinðr � cos hÞ � l1 � r � sin h� r � tgh � sin h
r � ½tgh � sin hþ cos h� þ 1

� �
:

Finally, we get two differential equations in r and h:

h0 ¼ l2 � sinðr � cos hÞ � l1 � r � sin h� r � tgh � sin h
r � ½tgh � sin hþ cos h�

r0 ¼ r � tgh � l2 � sinðr � cos hÞ � l1 � r � sin h� r � tgh � sin h
r � ½tgh � sin hþ cos h� þ 1

� �
:

If there is a stable limit cycle as specific value of radius r, drdt ¼ 0; r 6¼ 0; r[ 0.

r0 ¼ 0 ) r � tgh � l2 � sinðr � cos hÞ � l1 � r � sin h� r � tgh � sin h
r � ½tgh � sin hþ cos h� þ 1

� �
¼ 0

Case A r 6¼ 0; tgh ¼ 0 ) h ¼ k � p8 k ¼ 0; 1; 2; . . .

Case B l2�sinðr�cos hÞ�l1�r�sin h�r�tgh�sin h
r�½tgh�sin hþ cos h� þ 1 ¼ 0

l2 � sinðr � cos hÞ � l1 � r � sin h� r � tgh � sin h ¼ �r � tgh � sin h� r � cos h

l2 � sinðr � cos hÞ ¼ r � ½l1 � sin h� cos h�

Case r 6¼ 0; tgh ¼ 0 ) h ¼ k � p 8 k ¼ 0; 1; 2; . . .

sin h ¼ � tghffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tg2h

p ; cos h ¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tg2h

p ;

tgh ¼ 0 ) sin h ¼ 0; cos h ¼ �1

Equation: h
0 ¼ l2�sinðr�cos hÞ�l1�r�sin h�r�tgh�sin h

r�½tgh�sin hþ cos h�

h0 ¼ l2 � sinðr � ½�1�Þ
r � ð�1Þ ; h0 ¼ 0 ) l2 � sinðr� � ½�1�Þ ¼ 0;

sinðr� � ½�1�Þ ¼ � sinðr�Þ
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At fixed point : r0 ¼ 0; h0 ¼ 0 ) l2 � ½� sinðr�Þ� ¼ 0 ) l2 � sinðr�Þ ¼ 0
) sinðr�Þ ¼ �l2

r� 6¼ 0; r� [ 0; l2 [ 0 ) r� ¼ arcsinðl2Þ; l2\0 ) r� ¼ arcsinðl2Þ

We find one possible fixed point: r� ¼ arcsinðl2Þ; tgh� ¼ 0 ) h� ¼ k � p 8 k ¼
0; 1; 2; . . .

SystemCartesian coordinatefixed point:Y� ¼ 0; sinðX�Þ ¼ l2 )X� ¼ arcsinðl2Þ

r� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðX�Þ2 þðY�Þ2

q
; X� ¼ arcsinðl2Þ; Y� ¼ 0 ) r� ¼ X� ¼ arcsinðl2Þ

&&&

Consider the system vector field given in polar coordinates: dh
dt ¼ 1 dr

dt ¼
r � ðl21 � r2Þ � ðl2 � rÞ and n-dimensional system dX

dt ¼ nðXÞ. Let “S” be an (n − 1)

dimensional surface of section and all trajectories starting on “S” flow through it. In
our case “S” be the positive x-axis, and compute Poincare map. We define the initial

condition on “S” as r0. Since dh
dt ¼ 1; h ¼ x � t ¼ 2 � p � f � t; dhdt ¼ 1; h ¼ 2�p

T � t;
dh
dt ¼ 2�p

T ¼ 1 ) T ¼ 2 � p then the first return to “S” occurs after a time of flight

T ¼ 2 � p. Then we define the Poincare map w as the mapping from “S” (positive x-
axis) to itself. It is obtained by trajectories from one intersection with “S” (positive
x-axis) to the next. If Xk 2 S (Xk 2 positive x-axis) denotes the k-th intersection,
then the Poincare map is defined by Xkþ 1 ¼ wðXkÞ supposes that r* is a fixed point
of w then r� ¼ wðr�Þ then a trajectory starting at r� return to r� after some time

T ¼ 2 � p. It is a closed orbit for the original system dX
dt ¼ nðXÞ. By inspecting the

behavior of w near this fixed point r�, we can determine the stability of the closed
orbit. Our Poincare map converts, closed orbits analysis into fixed points of a
mapping analysis.

dr
dt

¼ r � ðl21 � r2Þ � ðl2 � rÞ; dr
r � ðl21 � r2Þ � ðl2 � rÞ ¼ dt;

r1 ¼ wðr0Þ; r2 ¼ wðr1Þ; r3 ¼ wðr2Þ

rkþ 1 ¼ wðrkÞ. For r1 ¼ wðr0Þ )
Rr1
r0

dr
r�ðl21�r2Þ�ðl2�rÞ ¼

R2�p
0
dt ¼ 2 � p:

First we calculate the integral
Rr1
r0

dr
r�ðl21�r2Þ�ðl2�rÞ.
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Zr1
r0

dr
r � ðl21 � r2Þ � ðl2 � rÞ ¼

Zr1
r0

dr
r � ðl1 � rÞ � ðl1 þ rÞ � ðl2 � rÞ

¼
Zr1
r0

A
r
þ B

ðl1 � rÞ þ
C

ðl1 þ rÞ þ
D

ðl2 � rÞ
� �

� dr

A ¼ Aðl1; l2Þ; B ¼ Bðl1; l2Þ; C ¼ Cðl1; l2Þ; D ¼ Dðl1; l2Þ

A
r
þ B
ðl1�rÞþ

C
ðl1þrÞþ

D
ðl2�rÞ¼

fA�ðl1�rÞ�ðl1þrÞ�ðl2�rÞþB�r�ðl1þrÞ�ðl2�rÞ
þC�r�ðl1�rÞ�ðl2�rÞþD�r�ðl1�rÞ�ðl1þrÞg

r�ðl1�rÞ�ðl1þrÞ�ðl2�rÞ

A
r
þ B
ðl1�rÞþ

C
ðl1þrÞþ

D
ðl2�rÞ¼

fA � ðl21�r2Þ � ðl2�rÞþB �r � ðl1þrÞ � ðl2�rÞ
þC �r � ðl1�rÞ � ðl2�rÞþD �r � ðl21� r2Þg

r � ðl1�rÞ � ðl1þrÞ � ðl2�rÞ

A � ðl21 � r2Þ � ðl2 � rÞ ¼ A � l21 � l2 � A � l21 � r � A � r2 � l2 þA � r3

B � r � ðl1 þ rÞ � ðl2 � rÞ ¼ B � l1l2r � B � l1r2 þB � r2l2 � B � r3

C � r � ðl1 � rÞ � ðl2 � rÞ ¼ C � r � l1 � l2 � C � l1 � r2 � C � r2 � l2 þC � r3

D � r � ðl21 � r2Þ ¼ D � r � l21 � D � r3

A
r
þ B
ðl1�rÞþ

C
ðl1þrÞþ

D
ðl2� rÞ¼

fA �l21 �l2�A �l21 �r�A �r2 �l2þA �r3
þB �l1 �l2r�B �l1 �r2þB �r2 �l2�B �r3
þC �r �l1 �l2�C �l1 �r2�C �r2 �l2þC �r3
þD �r �l21�D � r3g

r � ðl1�rÞ � ðl1þrÞ � ðl2� rÞ

A � l21 � l2 þ r � ½B � l1 � l2 � A � l21 þC � l1 � l2 þD � l21�
þ r2 � ½B � ðl2 � l1Þ � C � ðl1 þ l2Þ � A � l2� þ r3 � ½A� BþC � D�

A
r
þ B
ðl1�rÞþ

C
ðl1þrÞþ

D
ðl2�rÞ¼

fA�l21�l2þr�½B�l1�l2�A�l21þC�l1�l2þD�l21�
þr2�½B�ðl2�l1Þ�C�ðl1þl2Þ�A�l2�
þr3�½A�BþC�D�g

r�ðl1�rÞ�ðl1þrÞ�ðl2�rÞ

A�l21�l2¼1)A¼ 1
l21�l2

;B�l1�l2�A�l21þC�l1�l2þD�l21¼0
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B � ðl2 � l1Þ � C � ðl1 þ l2Þ � A � l2 ¼ 0; A� BþC � D ¼ 0:

Then we get three equations with B, C, and D parameters.

B � l1 � l2 þC � l1 � l2 þD � l21 ¼
1
l2

;

B � ðl2 � l1Þ � C � ðl1 þ l2Þ ¼
1
l21

1
l21 � l2

� BþC � D ¼ 0 ) D ¼ 1
l21 � l2

� BþC

B � l1 � l2 þC � l1 � l2 þ
1

l21 � l2
� BþC

� �
� l21 ¼

1
l2

B � l1 � ½l2 � l1� þC � l1 � ½l2 þ l1� ¼ 0 ) B ¼ C � ½l1 þ l2�
½l1 � l2�

C � ½l1 þ l2�
½l1 � l2�

� ðl2 � l1Þ � C � ðl1 þ l2Þ ¼
1
l21

;

� C � ½l1 þ l2�
½l2 � l1�

� ðl2 � l1Þ � C � ðl1 þ l2Þ ¼
1
l21

�2 � C � ðl1 þ l2Þ ¼
1
l21

) C ¼ � 1
2 � l21 � ðl1 þ l2Þ

; B ¼ � 1
2 � l21 � ½l1 � l2�

D ¼ 1
l21 � l2

� BþC ¼ 1
l21 � l2

þ 1
2 � l21 � ½l1 � l2�

� 1
2 � l21 � ðl1 þ l2Þ

D ¼ 2 � ½l1 � l2� � ½l1 þ l2� þ l2 � ½l1 þ l2� � l2 � ½l1 � l2�
2 � l21 � l2 � ½l1 � l2� � ½l1 þ l2�

D ¼ 1
l2 � ½l1 � l2� � ½l1 þ l2�

; D ¼ 1
l2 � ½l21 � l22�

:

We can summary our parameter functions:

A ¼ 1
l21 � l2

; B ¼ � 1
2 � l21 � ½l1 � l2�

;

C ¼ � 1
2 � l21 � ½l1 þ l2�

; D ¼ 1
l2 � ½l21 � l22�
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A
r
þ B
ðl1�rÞþ

C
ðl1þrÞþ

D
ðl2�rÞ¼

1
l21 �l2

�1
r
� 1
2 �l21 � ½l1�l2�

� 1
ðl1�rÞ

� 1
2 �l21 � ½l1þl2�

� 1
ðl1þrÞþ

1
l2 � ½l21�l22�

� 1
ðl2�rÞ

A
r
þ B
ðl1�rÞþ

C
ðl1þrÞþ

D
ðl2�rÞ¼

1
l21 �l2

�1
r
þ 1
2 �l21 � ½l1�l2�

� 1
ðr�l1Þ

� 1
2 �l21 � ½l1þl2�

� 1
ðl1þrÞ�

1
l2 � ½l21�l22�

� 1
ðr�l2Þ

:

We define for simplicity four functions: /kðl1; l2Þ; k ¼ 1; 2; 3; 4.

/1ðl1; l2Þ ¼
1

l21 � l2
; /2ðl1; l2Þ ¼

1
2 � l21 � ½l1 � l2�

;

/3ðl1; l2Þ ¼
1

2 � l21 � ½l1 þ l2�
; /4ðl1; l2Þ ¼

1
l2 � ½l21 � l22�

A
r
þ B
ðl1�rÞþ

C
ðl1þrÞþ

D
ðl2� rÞ¼/1ðl1;l2Þ �

1
r
þ/2ðl1;l2Þ �

1
ðr�l1Þ

�/3ðl1;l2Þ �
1

ðl1þrÞ�/4ðl1;l2Þ �
1

ðr�l2Þ
Zr1
r0

A
r
þ B

ðl1 � rÞ þ
C

ðl1 þ rÞ þ
D

ðl2 � rÞ
� �

� dr ¼
Zr1
r0

/1ðl1; l2Þ �
1
r
þ/2ðl1;l2Þ �

1
ðr � l1Þ

�

�/3ðl1;l2Þ �
1

ðl1þ rÞ � /4ðl1;l2Þ �
1

ðr � l2Þ
� dr
�

Zr1
r0

/1ðl1;l2Þ�
1
r
þ/2ðl1;l2Þ�

1
ðr�l1Þ

�/3ðl1;l2Þ�
1

ðl1þrÞ�/4ðl1;l2Þ�
1

ðr�l2Þ
� �

�dr

¼/1ðl1;l2Þ�
Zr1
r0

1
r
�drþ/2ðl1;l2Þ�

Zr1
r0

1
ðr�l1Þ

�dr

�/3ðl1;l2Þ�
Zr1
r0

1
ðl1þrÞ�dr�/4ðl1;l2Þ�

Zr1
r0

1
ðr�l2Þ

�dr
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Zr1
r0

½/1ðl1;l2Þ�
1
r
þ/2ðl1;l2Þ�

1
ðr�l1Þ

�/3ðl1;l2Þ�
1

ðl1þrÞ�/4ðl1;l2Þ�
1

ðr�l2Þ
��dr

¼/1ðl1;l2Þ�½lnðr1Þ�lnðr0Þ�þ/2ðl1;l2Þ�½lnðr1�l1Þ�lnðr0�l1Þ�
�/3ðl1;l2Þ�½lnðl1þr1Þ�lnðl1þr0Þ��/4ðl1;l2Þ�½lnðr1�l2Þ�lnðr0�l2Þ�

/1ðl1; l2Þ � ½lnðr1Þ � lnðr0Þ� ¼ /1ðl1; l2Þ � ln
r1
r0

� �

) /1ðl1; l2Þ � ½lnðr1Þ � lnðr0Þ� ¼ ln
r/1ðl1;l2Þ
1

r/1ðl1;l2Þ
0

" #

/2ðl1; l2Þ � ½lnðr1 � l1Þ � lnðr0 � l1Þ� ¼ /2ðl1; l2Þ � ln
ðr1 � l1Þ
ðr0 � l1Þ
� �

/2ðl1; l2Þ � ½lnðr1 � l1Þ � lnðr0 � l1Þ� ¼ ln
ðr1 � l1Þ/2ðl1;l2Þ

ðr0 � l1Þ/2ðl1;l2Þ

" #

/3ðl1; l2Þ � ½lnðl1 þ r1Þ � lnðl1 þ r0Þ� ¼ /3ðl1; l2Þ � ln
ðl1 þ r1Þ
ðl1 þ r0Þ
� �

/3ðl1; l2Þ � ½lnðl1 þ r1Þ � lnðl1 þ r0Þ� ¼ ln
ðl1 þ r1Þ/3ðl1;l2Þ

ðl1 þ r0Þ/3ðl1;l2Þ

" #

/4ðl1; l2Þ � ½lnðr1 � l2Þ � lnðr0 � l2Þ� ¼ /4ðl1; l2Þ � ln
ðr1 � l2Þ
ðr0 � l2Þ
� �

/4ðl1; l2Þ � ½lnðr1 � l2Þ � lnðr0 � l2Þ� ¼ ln
ðr1 � l2Þ/4ðl1;l2Þ

ðr0 � l2Þ/4ðl1;l2Þ

" #

Zr1
r0

/1ðl1;l2Þ�
1
r
þ/2ðl1;l2Þ�

1
ðr�l1Þ

�/3ðl1;l2Þ�
1

ðl1þrÞ�/4ðl1;l2Þ�
1

ðr�l2Þ
� �

�dr

¼ln
r/1ðl1;l2Þ
1

r/1ðl1;l2Þ
0

" #
þln

ðr1�l1Þ/2ðl1;l2Þ

ðr0�l1Þ/2ðl1;l2Þ

" #
�ln

ðl1þr1Þ/3ðl1;l2Þ

ðl1þr0Þ/3ðl1;l2Þ

" #
�ln

ðr1�l2Þ/4ðl1;l2Þ

ðr0�l2Þ/4ðl1;l2Þ

" #

554 7 Optoisolation Circuits Poincare Maps and Periodic Orbit



Zr1
r0

/1ðl1;l2Þ�
1
r
þ/2ðl1;l2Þ�

1
ðr�l1Þ

�/3ðl1;l2Þ�
1

ðl1þrÞ�/4ðl1;l2Þ�
1

ðr�l2Þ
� �

�dr

¼ln
r/1ðl1;l2Þ
1

r/1ðl1;l2Þ
0

�ðr1�l1Þ/2ðl1;l2Þ

ðr0�l1Þ/2ðl1;l2Þ

" #
�ln

ðl1þr1Þ/3ðl1;l2Þ

ðl1þr0Þ/3ðl1;l2Þ �
ðr1�l2Þ/4ðl1;l2Þ

ðr0�l2Þ/4ðl1;l2Þ

" #

Zr1
r0

/1ðl1;l2Þ�
1
r
þ/2ðl1;l2Þ�

1
ðr�l1Þ

�/3ðl1;l2Þ�
1

ðl1þrÞ�/4ðl1;l2Þ�
1

ðr�l2Þ
� �

�dr

¼ln
r/1ðl1;l2Þ
1

r/1ðl1;l2Þ
0

�ðr1�l1Þ/2ðl1;l2Þ

ðr0�l1Þ/2ðl1;l2Þ �
ðl1þr0Þ/3ðl1;l2Þ �ðr0�l2Þ/4ðl1;l2Þ

ðl1þr1Þ/3ðl1;l2Þ �ðr1�l2Þ/4ðl1;l2Þ

" #

Zr1
r0

/1ðl1;l2Þ�
1
r
þ/2ðl1;l2Þ�

1
ðr�l1Þ

�/3ðl1;l2Þ�
1

ðl1þrÞ�/4ðl1;l2Þ�
1

ðr�l2Þ
� �

�dr

¼ln
r/1ðl1;l2Þ
1 �ðr1�l1Þ/2ðl1;l2Þ

ðl1þr1Þ/3ðl1;l2Þ �ðr1�l2Þ/4ðl1;l2Þ �
ðl1þr0Þ/3ðl1;l2Þ �ðr0�l2Þ/4ðl1;l2Þ

r/1ðl1;l2Þ
0 �ðr0�l1Þ/2ðl1;l2Þ

" #

Zr1
r0

dr
r�ðl21�r2Þ�ðl2�rÞ¼

Zr1
r0

A
r
þ B
ðl1�rÞþ

C
ðl1þrÞþ

D
ðl2�rÞ

� �
�dr

¼
Zr1
r0

/1ðl1;l2Þ�
1
r
þ/2ðl1;l2Þ�

1
ðr�l1Þ

�/3ðl1;l2Þ�
1

ðl1þrÞ�/4ðl1;l2Þ�
1

ðr�l2Þ
� �

�dr

¼ln
r/1ðl1;l2Þ
1 �ðr1�l1Þ/2ðl1;l2Þ

ðl1þr1Þ/3ðl1;l2Þ�ðr1�l2Þ/4ðl1;l2Þ�
ðl1þr0Þ/3ðl1;l2Þ�ðr0�l2Þ/4ðl1;l2Þ

r/1ðl1;l2Þ
0 �ðr0�l1Þ/2ðl1;l2Þ

" #

ln
r/1ðl1;l2Þ
1 � ðr1 � l1Þ/2ðl1;l2Þ

ðl1 þ r1Þ/3ðl1;l2Þ � ðr1 � l2Þ/4ðl1;l2Þ �
ðl1 þ r0Þ/3ðl1;l2Þ � ðr0 � l2Þ/4ðl1;l2Þ

r/1ðl1;l2Þ
0 � ðr0 � l1Þ/2ðl1;l2Þ

" #

¼ 2 � p

expð2 �pÞ¼ r/1ðl1;l2Þ
1 � ðr1�l1Þ/2ðl1;l2Þ

ðl1þr1Þ/3ðl1;l2Þ � ðr1�l2Þ/4ðl1;l2Þ �
ðl1þr0Þ/3ðl1;l2Þ � ðr0�l2Þ/4ðl1;l2Þ

r/1ðl1;l2Þ
0 � ðr0�l1Þ/2ðl1;l2Þ

/1 ¼ /1ðl1; l2Þ; /2 ¼ /2ðl1; l2Þ; /3 ¼ /3ðl1; l2Þ; /4 ¼ /4ðl1; l2Þ
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expð2 � pÞ ¼ r/1
1 � ðr1 � l1Þ/2

ðl1 þ r1Þ/3 � ðr1 � l2Þ/4
� ðl1 þ r0Þ/3 � ðr0 � l2Þ/4

r/1
0 � ðr0 � l1Þ/2

:

For getting the Poincare map w; specific values of l1; l2 parameters:

/1ðl1; l2Þ ¼ 1 ) 1
l21 � l2

¼ 1; /2ðl1; l2Þ ¼ 1 ) 1
2 � l21 � ½l1 � l2�

¼ 1

1
l21 � l2

¼ 1 ) l2 ¼
1
l21

;
1

2 � l21 � ½l1 � l2�
¼ 1 ) 1

2 � l21 � ½l1 � 1
l21
� ¼ 1

1

2 � l21 � l1 � 1
l21

h i ¼ 1 ) 1
2 � ½l31 � 1� ¼ 1 ) l31 ¼

3
2
) l1 ¼

ffiffiffi
3
2

3

r
¼ 3

2

� �1
3

l2¼
1
l21

¼ 1
3
2

	 
2
3

¼ 1ffiffi
3
2

3
qh i2¼ 3

2

� ��2
3

;/3ðl1;l2Þ¼
1

2 �l21 � ½l1þl2�
¼ 1

2 � 3
2

	 
2
3� 3

2

	 
1
3þ 3

2

	 
�2
3

h i

/3ðl1;l2Þ¼
1

2 �l21 � ½l1þl2�
¼1
5
;/4ðl1;l2Þ¼

1
l2 � ½l21�l22�

¼ 1
3
2

	 
�2
3� 3

2

	 
2
3� 3

2

	 
�4
3

h i

/4ðl1; l2Þ ¼
1

l2 � ½l21 � l22�
¼ 1

1� 3
2

	 
�2
h i ¼ 1

1� 2
3

	 
2h i ¼ 1
1� 4

9

� � ¼ 9
5
:

We can summarize our last results in Table 7.1.

r/1¼1
1 ¼ r1; ðr1�l1Þ/2¼1¼ r1�l1; r/1ðl1;l2Þ¼1

0 ¼ r0; ðr0�l1Þ/2ðl1;l2Þ¼1¼ r0�l1

ð1þb �rÞa¼1þ a �b �r
1!

þ a � ða�1Þ �r2 �b2
2!

þ a � ða�1Þ � ða�2Þ �r3 �b3
3!

þ ���

Table 7.1 Summary of our
last results

k /kðl1;l2Þ l1 l2 Remark

1 1
ffiffi
3
2

3
q 1ffiffi

3
2

3
p� �2 /1ðl1;l2Þ ¼ 1

2 1
ffiffi
3
2

3
q 1ffiffi

3
2

3
p� �2 /2ðl1;l2Þ ¼ 1

3 1/5
ffiffi
3
2

3
q 1ffiffi

3
2

3
p� �2 /3ðl1;l2Þ\1

4 9/5
ffiffi
3
2

3
q 1ffiffi

3
2

3
p� �2 /4ðl1;l2Þ[ 1
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Binomial series: ð1þ b � rÞa ¼ P1
n¼0

a�ða�1Þ���ða�nþ 1Þ�bn�rn
n! :

This series is valid for |r| < 1, and sometimes also valid at one or both and points
r ¼ �1 (in our case r = 1), the function is a polynomial and the series terminates
(finally many terms are zero).

ðl1 þ r1Þ/3¼1
5 ¼ l1 � 1þ r1

l1

� �� �1
5

¼ l
1
5
1 � 1þ r1

l1

� �1
5

¼ ffiffiffiffiffi
l15

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r1

l1
5

r

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ r1

l1
5

r
¼ 1þ r1

l1

� �1
5

¼1þ 1
5 �l1

�rþ
1
5 � �4

5

	 
 �r2 � 1
l21

2!
þ

1
5 � �4

5

	 
 � �9
5

	 
 �r3 � 1
l31

3!
þ ���

ffiffiffiffiffiffiffiffiffiffiffi
1þ r1

l1
5

r
¼ 1þ r1

l1

� �1
5

	1þ 1
5�l1

�r1;ðl1þr1Þ/3¼1
5¼ ffiffiffiffiffi

l15
p �

ffiffiffiffiffiffiffiffiffiffiffi
1þ r1

l1
5

r
	 ffiffiffiffiffi

l15
p � 1þ 1

5�l1
�r1

� �

ðr1 � l2Þ/4¼9
5 ¼ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffir1 � l25

p �9 ¼ �l2 � � r1
l2

þ 1
� �� �9

5

¼ ð�l2Þ
9
5 � � r1

l2
þ 1

� �9
5

ð1þb �rÞa¼1þ a �b �r
1!

þ a � ða�1Þ �r2 �b2
2!

þ a � ða�1Þ � ða�2Þ �r3 �b3
3!

þ ���

� r1
l2

þ1
� �9

5

; b¼� 1
l2

; a¼9
5

� r1
l2

þ1
� �9

5

¼1þ
9
5 � � 1

l2

 �
�r1

1!
þ

9
5 � 9

5�1
	 
 �r21 � � 1

l2

 �2
2!

þ
9
5 � 9

5�1
	 
 � 9

5�2
	 
 � r31 � � 1

l2

 �3
3!

þ ���

� r1
l2

þ1
� �9

5

¼1�9
5
� 1
l2

�r1þ 1
2
�9
5
�4
5
� r21 � � 1

l2

� �2

�1
3
�9
5
�4
5
�1
5
�r31 � � 1

l2

� �3

þ ���

ðr1 � l2Þ/4¼9
5 ¼ ð�l2Þ

9
5 � � r1

l2
þ 1

� �9
5

	 ð�l2Þ
9
5 � 1� 9

5
� 1
l2

� r1
� �

expð2 � pÞ ¼ r/1
1 � ðr1 � l1Þ/2

ðl1 þ r1Þ/3 � ðr1 � l2Þ/4
� ðl1 þ r0Þ/3 � ðr0 � l2Þ/4

r/1
0 � ðr0 � l1Þ/2

expð2 �pÞ	 r1 � ðr1�l1Þffiffiffiffiffi
l15

p � 1þ 1
5�l1 � r1

 �
� ð�l2Þ

9
5 � 1� 9

5 � 1l2 �r1
 � � ðl1þr0Þ/3 � ðr0�l2Þ/4

r/1
0 � ðr0�l1Þ/2
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expð2 � pÞ � ffiffiffiffiffi
l15

p � ð�l2Þ
9
5 � 1þ 1

5 � l1
� r1

� �
� 1� 9

5
� 1
l2

� r1
� �

	 r1 � ðr1 � l1Þ � ðl1 þ r0Þ/3 � ðr0 � l2Þ/4

r/1
0 � ðr0 � l1Þ/2

expð2 � pÞ � ffiffiffiffiffi
l15

p � ð�l2Þ
9
5 � 1þ 1

5 � l1
� r1

� �
� 1� 9

5
� 1
l2

� r
� �

1

	 r1 � ðr1 � l1Þ � ðl1 þ r0Þ/3 � ðr0 � l2Þ/4

r/1
0 � ðr0 � l1Þ/2

1þ 1
5 � l1

� r1
� �

� 1� 9
5
� 1
l2

� r1
� �

¼ 1þ 1
l1

� 9
l2

� �
� 1
5
� r1 � 9

25 � l1 � l2
� r21 ;

r1 � ðr1 � l1Þ ¼ r21 � r1 � l1

1þ 1
l1

� 9
l2

� �
� 1
5
� r1 � 9

25 � l1 � l2
� r21 	

ðr21 � r1 � l1Þ � ðl1 þ r0Þ/3 � ðr0 � l2Þ/4

expð2 � pÞ � ffiffiffiffiffi
l15

p � ð�l2Þ
9
5 � r0 � ðr0 � l1Þ

:

We define function: vðr0; l1; l2Þ ¼ ðl1 þ r0Þ/3 �ðr0�l2Þ/4
expð2�pÞ� ffiffiffiffil15p �ð�l2Þ

9
5�r0�ðr0�l1Þ

1þ 1
l1

� 9
l2

� �
� 1
5
� r1 � 9

25 � l1 � l2
� r21 	 ðr21 � r1 � l1Þ � vðr0; l1; l2Þ

r21 � vðr0; l1; l2Þþ
9

25 � l1 � l2
� r21 � r1 � l1 � vðr0; l1; l2Þ �

1
l1

� 9
l2

� �
� 1
5
� r1 � 1

	 0

r21 � vðr0; l1; l2Þþ
9

25 � l1 � l2

� �
� r1 � l1 � vðr0; l1; l2Þþ

1
l1

� 9
l2

� �
� 1
5

� �
� 1

	 0

r1 ¼

l1 � vðr0; l1; l2Þþ 1
l1
� 9

l2

h i
� 15

h i
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 � vðr0;l1; l2Þþ 1

l1
� 9

l2

h i
� 15

h i2
þ 4 � vðr0; l1; l2Þþ 9

25�l1�l2

h i
vuuut

2 � vðr0; l1; l2Þþ 9
25�l1�l2

h i :
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Hence Poincare map is w:

wðrÞ ¼

l1 � vðr; l1; l2Þþ 1
l1
� 9

l2

h i
� 15

n o
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 � vðr; l1; l2Þþ 1

l1
� 9

l2

h i
� 15

h i2
þ 4 � vðr; l1; l2Þþ 9

25�l1�l2

h i
vuuut

2 � vðr; l1; l2Þþ 9
25�l1�l2

h i

Results There are two possible Poincare maps.

wð1ÞðrÞ ¼

l1 � vðr;l1; l2Þþ ½ 1l1 �
9
l2
� � 15

n o
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 � vðr; l1; l2Þþ 1

l1
� 9

l2

h i
� 15

h i2
þ 4 � vðr; l1; l2Þþ 9

25�l1�l2

h i
vuuut

2 � vðr; l1; l2Þþ 9
25�l1�l2

h i

wð2ÞðrÞ ¼

l1 � vðr; l1; l2Þþ 1
l1
� 9

l2

h i
� 15

n o
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 � vðr; l1; l2Þþ 1

l1
� 9

l2

h i
� 15

h i2
þ 4 � vðr; l1; l2Þþ 9

25�l1�l2

h i
vuuut

2 � vðr; l1; l2Þþ 9
25�l1�l2

h i :

Remark It is reader exercise to plot Poincare maps and investigate occurrences of
fixed point . Suppose that r� is a fixed point of wð1Þ or wð2Þ

Then wðkÞðr�Þ ¼ r� 8 k ¼ 1; 2. The trajectory starting at r� returns to r� after
some time T [9].

7.2 Optoisolation van der pol Circuit Poincare Map
and Periodic Orbit

We have a van der Pol oscillator circuit with parallel capacitor C2. The active
element of the circuit is semiconductor device (OptoNDR circuit device) with
parallel capacitor C2. Its acts like an ordinary nonlinear resistor when current I(t) is
high (I(t) > Isat), but like nonlinear negative resistor (energy source ) or negative
differential resistance (NDR) when I(t) is low I(t) > Ibreak and I(t) < Isat. Our circuit

current voltage characteristic V ¼ f ðIÞ 8 dI
dt ¼ 0 resembles a cubic function. We

consider that a source of current is attached to the circuit and then withdrawn. We
neglect in our analysis the current below Ibreak (I(t) < Ibreak).
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VC [VB; V ¼ VCB ¼ VC � VB ¼ �VBC, denote the voltage drop from point

C to point B in the circuit.
V ¼ VC1 ; IC1 ¼ C1 � dVdt ; I ¼ �IC1 ;

dV
dt

¼ IC1

C1
¼ � I

C1
; VL1 ¼ VAB ¼ L1 � dIdt :

KVL (Kircoff’s Voltage Law): VCD þVAB � V ¼ 0; VCD ¼ VD1 þVCEQ1¼
f ðIÞ; VAB ¼ VL1

VCEQ1
¼ VC2 ; VCD ¼ VD1 þVC2¼f ðIÞ; IC2 ¼ C2 � dVC2

dt
; IC2 ¼ C2 � dVCEQ1

dt

f ðIÞþVL1 �V ¼0; VCD¼VC�VD¼ f ðIÞ; f ðIÞþL1 �dIdt�V ¼0; VA¼VD:

Our OptoNDR element/circuit is constructed from LED and phototransistor in
series (additional parallel capacitor C2). The LED (D1) light strikes the photo-
transistor (Q1) base window and can be represented as a dependent current source.
The dependent current source depends on the LED (D1) forward current, with
proportional k constant (IBQ1 ¼ ILED � k ¼ ID1 � k; IBQ1 ¼ ðICQ1 þ IC2Þ � k) and is the
phototransistor base current. The mathematical analysis is based on the basic
transistor Ebers–Moll equations [7, 85, 86] (Fig. 7.2).

Fig. 7.2 OptoNDR van der Pol circuit with parallel capacitor C2
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The basic Ebers–Moll schematic for NPN bipolar transistor is shown in the next
figure.We need to implement the regular Ebers–Mollmodel to the opto coupler circuit
(transistor Q1 and LED D1) and get a complete final expression for the Negative
Differential Resistance (NDR) characteristics of that circuit [18] (Fig. 7.3).

iDE þ iDC ¼ ibQ1 þ af � iDEQ1 þ ar � iDCQ1 ;

iDCQ1 þ ICQ1 ¼ af � iDEQ1 ; iDEQ1 ¼ ar � iDCQ1 þ iEQ1

iDCQ1 þ ICQ1 ¼ af � iDEQ1 ) iDCQ1 ¼ af � iDEQ1 � ICQ1 ;

iDEQ1 ¼ ar � ðaf � iDEQ1 � ICQ1Þþ iEQ1

iDEQ1 ¼ ar � af � iDEQ1 � ar � ICQ1 þ iEQ1 ; iDEQ1 � ar � af � iDEQ1 ¼ iEQ1 � ar � ICQ1

iDEQ1 ¼
iEQ1 � ar � ICQ1

1� ar � af ; iDCQ1 ¼ af � iDEQ1 � ICQ1 ¼ af � ðiEQ1 � ar � ICQ1

1� ar � af Þ � ICQ1

iDCQ1 ¼ af � iEQ1 � ar � ICQ1

1� ar � af

� �
� ICQ1 ¼

af � ðiEQ1 � ar � ICQ1Þ � ICQ1 � ð1� ar � af Þ
1� ar � af

iDCQ1 ¼
af � iEQ1 � ICQ1

1� ar � af ; VBase�Emitter ¼ Vt � ln 1
Ise

� iDEQ1 þ 1
� �

;

VBase�Emitter ¼ Vt � ln 1
Ise

� ðiEQ1 � ar � ICQ1

1� ar � af Þþ 1
� �

Fig. 7.3 Ebers-Moll schematics for NPN bipolar transistor
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VBase�Collector¼Vt �ln 1
Isc

�iDCQ1þ1�
� �

; VBase�Collector¼Vt �ln 1
Isc

� af �iEQ1�ICQ1

1�ar �af

� �
þ1

� �
VCollector�Emitter¼VCollector�BaseþVBase�Emitter; VCollector�Base¼�VBase�Collector

VCollector�Emitter¼VCollector�BaseþVBase�Emitter¼VBase�Emitter�VBase�Collector

VCollector�Emitter ¼ Vt � ln 1
Ise

� iEQ1 � ar � ICQ1

1� ar � af

� �
þ 1

� �
� Vt

� ln 1
Isc

� af � iEQ1 � ICQ1

1� ar � af

� �
þ 1

� �

VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
Ise � ð1� ar � af Þ

� �

� Vt � ln af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
Isc � ð1� ar � af Þ

� �

VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
Ise � ð1� ar � af Þ

� �
� Isc � ð1� ar � af Þ

af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �� �

VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

� Isc
Ise

� �� �

VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

þVt � ln Isc
Ise

� �
;

ICQ1 þ IC2 ¼ ID1 ; IEQ1 þ IC2 ¼ IðtÞ ¼ I

VD1 ¼ VCE ¼ Vt � ln ID1

I0
þ 1

� �
; VD1 ¼ VCE ¼ Vt � ln ICQ1 þ IC2

I0
þ 1

� �
;

iEQ1 ! IEQ1 ; iCQ1 ! ICQ1 :

The optical coupling between the LED (D1) to the phototransistor (Q1) is rep-
resented as transistor dependent base current on LED (D1) current.

IBQ1 ¼ ID1 �k; ID1 ¼ ICQ1 þIC2 ; IBQ1 ¼ ID1 �k¼ðICQ1þIC2Þ �k; IEQ1þIC2 ¼ I

IEQ1 ¼ ICQ1 þIBQ1 ¼ ICQ1þðICQ1þIC2Þ �k; IEQ1 ¼ ICQ1 � ð1þkÞþIC2 �k
IEQ1þIC2 ¼ I) ICQ1 � ð1þkÞþIC2 �kþIC2 ¼ I; ICQ1 � ð1þkÞþIC2 � ðkþ1Þ¼ I

ICQ1 ¼
I

ð1þkÞ� IC2 ; IBQ1 ¼ðICQ1þIC2Þ �k¼
I

ð1þkÞ
� �

�k; IBQ1 ¼
I

ð1þkÞ
� �

�k:

As long as the phototransistor (Q1) is in cutoff region, the current ICQ1 ; IEQ1 and
IBQ1 are very low and the impedance between Q1’s collector–emitter is very high.
Capacitor C2 is charged. When the phototransistor (Q1) reaches breakover voltage it
enters saturation region (VCollector�Emitter decreases and ICQ1 increases). The
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impedance between Q1’s collector–emitter decrease and capacitor C2 is started to
discharge through Q1’s collector–emitter junctions. The region which
VCollector�Emitter decreases and ICQ1 increases is the Negative Differential Resistance
area of VCD–ICQ1 characteristics. The positive feedback in which the phototran-
sistor collector current ICQ1 increases and then IBQ1 increases
(IBQ1 ¼ ðICQ1 þ IC2Þ � k) is repeated in increasing cycles [1]. The positive feedback
ends when the phototransistor reaches saturation state and capacitor C2 is com-
pletely discharge (disconnected). Finally, we arrive at an expression which is the
voltage VCollector�Emitter as a function of the current (ICQ1 ) for NDR circuit
(VCD ¼ VCollector�Emitter þVD1 ; VCD ¼ VC2 þVD1 ).

VCD ¼ VCollector�Emitter þVD1 ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

þVt � ln Isc
Ise

� �
þVt � ln ICQ1 þ IC2

I0
þ 1

� �
:

Assume: Isc 	 Ise;Vt � ln Isc
Ise

h i
	 0

VCD ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

þVt � ln ICQ1 þ IC2

I0
þ 1

� �
;

IC2 ¼ C2 � dVCEQ1

dt

ICQ1 ¼
I

ð1þ kÞ � IC2¼
I

ð1þ kÞ � C2 � dVCEQ1

dt
;

IBQ1 ¼
I

ð1þ kÞ
� �

� k; IEQ1 ¼ IBQ1 þ ICQ1 ¼ I � C2 � dVCEQ1

dt

VCD ¼ f ðIÞ; VCD ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

þVt � ln ICQ1 þ IC2

I0
þ 1

� �

f ðIÞ ¼ Vt � ln
I � C2 � dVCEQ1

dt � ar � I
ð1þ kÞ � C2 � dVCEQ1

dt

 �
þ Ise � ð1� ar � af Þ

af � I � C2 � dVCEQ1

dt

 �
� I

ð1þ kÞ � C2 � dVCEQ1

dt

 �
þ Isc � ð1� ar � af Þ

2
64

3
75

þVt � ln I
ð1þ kÞ � I0 þ 1
� �
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VCEQ1 ¼ Vt � ln
I � C2 � dVCEQ1

dt � ar � I
ð1þ kÞ � C2 � dVCEQ1

dt

 �
þ Ise � ð1� ar � af Þ

af � I � C2 � dVCEQ1

dt

 �
� I

ð1þ kÞ � C2 � dVCEQ1

dt

 �
þ Isc � ð1� ar � af Þ

2
64

3
75

exp
VCEQ1

Vt

� �
¼

I � C2 � dVCEQ1

dt � ar � I
ð1þ kÞ � C2 � dVCEQ1

dt

 �
þ Ise � ð1� ar � af Þ

af � I � C2 � dVCEQ1

dt

 �
� I

ð1þ kÞ � C2 � dVCEQ1

dt

 �
þ Isc � ð1� ar � af Þ

I � af � 1
ð1þ kÞ

� �
� exp VCEQ1

Vt

� �
þð1� af Þ � C2 � exp VCEQ1

Vt

� �
� dVCEQ1

dt
þ Isc � ð1� ar � af Þ � exp VCEQ1

Vt

� �

¼ I � 1� ar � 1
ð1þ kÞ

� �
þC2 � dVCEQ1

dt
� ðar � 1Þþ Ise � ð1� ar � af Þ

ð1� af Þ � exp VCEQ1

Vt

� �
� ðar � 1Þ

� �
� C2 � dVCEQ1

dt
¼ I � 1� ar � 1

ð1þ kÞ
� �

þ Ise � ð1� ar � af Þ

� I � af � 1
ð1þ kÞ

� �
þ Isc � ð1� ar � af Þ

� �
� exp VCEQ1

Vt

� �

�ð Þ dVCEQ1

dt
¼

I � 1� ar � 1
ð1þ kÞ

 �
þ Ise � ð1� ar � af Þ

� I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2

&&&

IC1 ¼ C1 � dVdt ;

I ¼ �IC1 ) �I ¼ C1 � dVdt ) dV
dt

¼ � 1
C1

� I;

V ¼ � 1
C1

�
Z

I � dt

f ðIÞþ L1 � dIdt � V ¼ 0;

VCEQ1 ¼ VC2 ;

VD1 þVC2 ¼ f ðIÞ;
VD1 þVCEQ1 ¼ f ðIÞ
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VD1 ¼ Vt � ln ICQ1 þ IC2

I0

� �
þ 1; ICQ1 ¼

I
ð1þ kÞ � IC2 ;

VD1 ¼ Vt � ln I
ð1þ kÞ � I0 þ 1
� �

f ðIÞ ¼ Vt � ln I
ð1þ kÞ � I0 þ 1
� �

þVCEQ1 ; f ðIÞþ L1 � dIdt � V ¼ 0

Vt � ln I
ð1þ kÞ � I0 þ 1
� �

þVCEQ1 þ L1 � dIdt þ
1
C1

�
Z

I � dt ¼ 0:

Derivate the above differential equation (both sides):

Vt �
1

ð1þ kÞ�I0
I

ð1þ kÞ�I0 þ 1
h i þ dVCEQ1

dt
þ L1 � d

2I
dt2

þ 1
C1

� I ¼ 0;

Vt � 1
½Iþð1þ kÞ � I0� þ

dVCEQ1

dt
þ L1 � d

2I
dt2

þ 1
C1

� I ¼ 0

dVCEQ1

dt
¼ � 1

C1
� I � L1 � d

2I
dt2

� Vt � 1
½Iþð1þ kÞ � I0� :

We define for simplicity new variable: d
2
I

dt2 ¼ dX
dt ;

dI
dt ¼ X

��ð Þ dVCEQ1

dt
¼ � 1

C1
� I � L1 � dXdt � Vt � 1

½Iþð1þ kÞ � I0�

(**) ! (*)

� 1
C1

� I � L1 � dXdt � Vt � 1
½I þð1þ kÞ � I0�

¼
I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2

L1 � dXdt ¼ � 1
C1

� I � Vt � 1
½Iþð1þ kÞ � I0�

�
I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2
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dX
dt

¼ � 1
C1 � L1 � I �

Vt

L1
� 1
½I þð1þ kÞ � I0�

�
I � 1� ar � 1

ð1þ kÞ
� �

þ Ise � ð1� ar � af Þ � I � af � 1
ð1þ kÞ

� �
þ Isc � ð1� ar � af Þ

� �
� exp VCEQ1

Vt

� �

ð1� af Þ � exp VCEQ1
Vt

 �
� ðar � 1Þ

h i
� C2 � L1

We can summarize our system three differential equations:

dX
dt

¼ � 1
C1 � L1 � I �

Vt

L1
� 1
½Iþð1þ kÞ � I0�

�
I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2 � L1

dI
dt

¼ X;
dVCEQ1

dt

¼
I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2

:

Remark Our system variables are X, I, VCEQ1.
We define three functions: g1ðX; I;VCEQ1Þ; g2ðX; I;VCEQ1Þ; g3ðX; I;VCEQ1Þ

g1ðX; I;VCEQ1Þ ¼ � 1
C1 � L1 � I �

Vt

L1
� 1
½I þð1þ kÞ � I0�

�
I � ð1� ar � 1

ð1þ kÞÞ þ Ise � ð1� ar � af Þ � I � ðaf � 1
ð1þ kÞÞ þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2 � L1

g2ðX; I;VCEQ1Þ ¼ X;

g3ðX; I;VCEQ1Þ ¼
I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2

g1 ¼ g1ðX; I;VCEQ1Þ; g2 ¼ g2ðX; I;VCEQ1Þ; g3 ¼ g3ðX; I;VCEQ1Þ
dX
dt

¼ g1ðX; I;VCEQ1Þ;
dI
dt

¼ g2ðX; I;VCEQ1Þ;
dVCEQ1

dt
¼ g3ðX; I;VCEQ1Þ:
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At fixed points: dXdt ¼ 0; dI
dt ¼ 0;

dVCEQ1

dt ¼ 0; X� ¼ 0

g1ðX�; I�;V�
CEQ1

Þ ¼ � 1
C1 � L1 � I

� � Vt

L1
� 1
½I� þ ð1þ kÞ � I0�

�
I� � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � I� � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp V�

CEQ1
Vt

 �
ð1� af Þ � exp

V�
CEQ1
Vt

 �
� ðar � 1Þ

h i
� C2 � L1

At fixed points: g1ðX�; I�;V�
CEQ1

Þ ¼ 0

� 1
C1 � L1 � I

� � Vt

L1
� 1
½I� þ ð1þ kÞ � I0�

�
I� � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � I� � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp V�

CEQ1
Vt

 �
ð1� af Þ � exp

V�
CEQ1
Vt

 �
� ðar � 1Þ

h i
� C2 � L1

¼ 0

g3ðX�; I�;V�
CEQ1

Þ

¼
I� � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � ½I� � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ� � exp V�

CEQ1
Vt

 �
ð1� af Þ � exp

V�
CEQ1
Vt

 �
� ðar � 1Þ

h i
� C2

At fixed points: g3ðX�; I�;V�
CEQ1

Þ ¼ 0

I� � 1� ar � 1
ð1þ kÞ

 �
þ Ise � ð1� ar � af Þ � I� � af � 1

ð1þ kÞ
 �

þ Isc � ð1� ar � af Þ
h i

� exp V�
CEQ1
Vt

 �
ð1� af Þ � exp

V�
CEQ1
Vt

 �
� ðar � 1Þ

h i
� C2

¼ 0

ð1� af Þ � exp
V�
CEQ1

Vt

� �
� ðar � 1Þ 6¼ 0 ) ð1� af Þ � exp

V�
CEQ1

Vt

� �
6¼ ðar � 1Þ;

exp
V�
CEQ1

Vt

� �
6¼ ðar � 1Þ

ð1� af Þ

I� � 1� ar � 1
ð1þ kÞ

� �
þ Ise � ð1� ar � af Þ � I� � af � 1

ð1þ kÞ
� �

þ Isc � ð1� ar � af Þ
� �

� exp V�
CEQ1

Vt

� �
¼ 0

I� ¼
Isc � ð1� ar � af Þ � exp V�

CEQ1
Vt

 �
� Ise � ð1� ar � af Þ

1� ar � 1
ð1þ kÞ

 �
� af � 1

ð1þ kÞ
 �

� exp V�
CEQ1
Vt

 � :

We define the following parameters for simplicity: I� ¼
N1� exp

V�
CEQ1
Vt

 �
�N2

N3�N4� exp
V�
CEQ1
Vt

 �
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N1 ¼ Isc � ð1� ar � af Þ; N2 ¼ Ise � ð1� ar � af Þ; N3 ¼ 1� ar � 1
ð1þ kÞ

� �
;

N4 ¼ af � 1
ð1þ kÞ

� �

� 1
C1 �L1 � I

��Vt

L1
� 1
½I�þð1þkÞ � I0��

I� �N3þN2�½I� �N4þN1� �exp V�
CEQ1
Vt

 �
ð1�af Þ �exp

V�
CEQ1
Vt

 �
�ðar�1Þ

h i
�C2 �L1

¼0

� 1
C1 � L1 �

N1 � exp V�
CEQ1
Vt

 �
� N2

N3 � N4 � exp
V�
CEQ1
Vt

 �
2
64

3
75� Vt

L1
� 1

N1�exp
V�
CEQ1
Vt

 �
�N2

N3�N4�exp
V�
CEQ1
Vt

 � þð1þ kÞ � I0
2
4

3
5

�

N1�exp
V�
CEQ1
Vt

 �
�N2

N3�N4�expð
V�
CEQ1
Vt

Þ

2
4

3
5 �N3þN2�

N1�exp
V�
CEQ1
Vt

 �
�N2

N3�N4�exp
V�
CEQ1
Vt

 �
2
4

3
5 �N4þN1

0
@

1
A �exp V�

CEQ1
Vt

 �

ð1�af Þ �exp
V�
CEQ1
Vt

 �
�ðar�1Þ

h i
�C2 �L1

¼0:

We define for simplicity the function: g� ¼ g�ðV�
CEQ1

Þ ¼ exp
V�
CEQ1
Vt

 �

� 1
C1 �L1 �

N1 �g��N2

N3�N4 �g�
� �

�Vt

L1
� 1

N1�g��N2
N3�N4�g�þð1þkÞ�I0
h i�

N1�g��N2
N3�N4�g�
h i

�N3þN2

� N1�g��N2
N3�N4�g�
h i

�N4þN1

 �
�g�

½ð1�af Þ�g��ðar�1Þ��C2 �L1¼0

� 1
C1 � L1 �

N1 � g� � N2

N3 � N4 � g�
� �

� Vt

L1
� ðN3 � N4 � g�Þ
½N1 � g� � N2 þ ð1þ kÞ � I0 � ðN3 � N4 � g�Þ�

� ½N1 � g� � N2� � N3 þN2 � ðN3 � N4 � g�Þ � ð½N1 � g� � N2� � N4 þN1 � ½N3 � N4 � g��Þ � g�
½ð1� af Þ � g� � ðar � 1Þ� � C2 � L1 ¼ 0

� 1
C1

� N1 � g� � N2

N3 � N4 � g�
� �

� Vt � ðN3 � N4 � g�Þ
½N1 � g� � N2 þ ð1þ kÞ � I0 � ðN3 � N4 � g�Þ�

� ½N1 � g� � N2� � N3 þN2 � ðN3 � N4 � g�Þ � ð½N1 � g� � N2� � N4 þN1 � ½N3 � N4 � g��Þ � g�
½ð1� af Þ � g� � ðar � 1Þ� � C2

¼ 0

� 1
C1

� N1 �g��N2

N3�N4 �g�
� �

�Vt � ðN3�N4 �g�Þ
½fN1�ð1þkÞ � I0 �N4g�g�þð1þkÞ � I0 �N3�N2�¼0:
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We define for simplicity: X1 ¼ N1 � ð1þ kÞ � I0 � N4; X2 ¼ ð1þ kÞ�
I0 � N3 � N2

� 1
C1

� ½N1 � g� � N2�
½N3 � N4 � g�� þVt � ½N3 � N4 � g��

½X1 � g� þX2�
� �

¼ 0;
½N1 � g� � N2�

C1 � ½N3 � N4 � g�� þ
Vt � ½N3 � N4 � g��
½X1 � g� þX2� ¼ 0

½N1 � g� � N2� � ½X1 � g� þX2� þVt � C1 � ½N3 � N4 � g�� � ½N3 � N4 � g��
C1 � ½N3 � N4 � g�� � ½X1 � g� þX2� ¼ 0

N3 � N4 � g� 6¼ 0 ) g� 6¼ N3

N4
; X1 � g� þX2 6¼ 0 ) g� 6¼ �X2

X1

½N1 � g� � N2� � ½X1 � g� þX2� þVt � C1 � ½N3 � N4 � g�� � ½N3 � N4 � g�� ¼ 0

½N1 � g� � N2� � ½X1 � g� þX2� ¼ N1 � X1 � ½g��2 þðN1 � X2 � N2 � X1Þ � g� � N2 � X2

½N3 � N4 � g�� � ½N3 � N4 � g�� ¼ N2
3 � 2 � N3 � N4 � g� þN2

4 � ½g��2

ðN1 � X1 þVt � C1 � N2
4Þ � ½g��2 þ ½N1 � X2 � N2 � X1 � 2 � Vt � C1 � N3 � N4� � g�

� N2 � X2 þVt � C1 � N2
3 ¼ 0:

We define for simplicity: P1 ¼ N1 � X1 þVt � C1 �N2
4; P2 ¼ N1 � X2 � N2�

X1 � 2 � Vt � C1 � N3 � N4P3 ¼ �N2 � X2 þVt � C1 � N2
3

P1 � ½g��2 þP2 � g� þP3 ¼ 0 ) g�1;2 ¼
�P2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

2 � 4 �P1 �P3

q
2 �P1

g� ¼ exp
V�
CEQ1

Vt

� �
) exp

V�
CEQ1

Vt

� �
¼

�P2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

2 � 4 �P1 �P3

q
2 �P1

V�
CEQ1

¼ Vt � ln
�P2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

2 � 4 �P1 �P3

q
2 �P1

0
@

1
A;

I� ¼
N1 � �P2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

2�4�P1�P3

p
2�P1

� �
� N2

N3 � N4 � �P2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

2�4�P1�P3

p
2�P1

� � :

Stability Analysis We need to implement linearization technique for our system.
First, find system Jacobian matrix at the fixed point (X�; I�;V�

CEQ1
) [5, 6].
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A ¼

@g1ðX;I;VCEQ1 Þ
@X

@g1ðX;I;VCEQ1 Þ
@I

@g1ðX;I;VCEQ1 Þ
@VCEQ1

@g2ðX;I;VCEQ1 Þ
@X

@g2ðX;I;VCEQ1 Þ
@I

@g2ðX;I;VCEQ1 Þ
@VCEQ1

@g3ðX;I;VCEQ1 Þ
@X

@g3ðX;I;VCEQ1 Þ
@I

@g3ðX;I;VCEQ1 Þ
@VCEQ1

0
BBB@

1
CCCA

ðX�;I�;V�
CEQ1

Þ

:

We need to find the partial derivatives of our functions:

g1 ¼ g1ðX; I;VCEQ1Þ; g2¼g2ðX; I;VCEQ1Þ; g3¼g3ðX; I;VCEQ1Þ;
@g1ðX; I;VCEQ1Þ

@X
¼ 0

g1ðX; I;VCEQ1Þ ¼ � 1
C1 � L1 � I �

Vt

L1
� 1
½I þð1þ kÞ � I0�

�
I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � ½I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ� � exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2 � L1

@g1ðX; I;VCEQ1Þ
@I

¼ � 1
C1 � L1 þ Vt

L1
� 1

½Iþð1þ kÞ � I0�2

� 1
C2 � L1 �

1� ar � 1
ð1þ kÞ

 �
� af � 1

ð1þ kÞ
 �

� exp VCEQ1
Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
8<
:

@g1ðX; I;VCEQ1Þ
@VCEQ1

¼ � 1
C2 � L1

�

� I � ðaf � 1
ð1þ kÞÞþ Isc � ð1� ar � af Þ

� �
� 1
Vt

� exp VCEQ1

Vt

� �

� ð1� af Þ � exp VCEQ1

Vt

� �
� ðar � 1Þ

� �

� I � 1� ar � 1
ð1þ kÞ

� �
þ Ise � ð1� ar � af Þ

�

� I � af � 1
ð1þ kÞ

� �
þ Isc � ð1� ar � af Þ

� �
� exp VCEQ1

Vt

� ��

�ð1� af Þ � 1Vt
� exp VCEQ1

Vt

� �

ð1� af Þ � exp VCEQ1
Vt

 �
� ðar � 1Þ

h i2

g2ðX; I;VCEQ1Þ ¼ X;
@g2ðX; I;VCEQ1Þ

@X
¼ 1;

@g2ðX; I;VCEQ1Þ
@I

¼ 0;
@g2ðX; I;VCEQ1Þ

@VCEQ1

¼ 0
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g3ðX; I;VCEQ1Þ

¼

I � 1� ar � 1
ð1þ kÞ

 �
þ Ise � ð1� ar � af Þ

� I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2

@g3ðX; I;VCEQ1Þ
@X

¼ 0

@g3ðX; I;VCEQ1Þ
@I

¼
1� ar � 1

ð1þ kÞ
 �

� af � 1
ð1þ kÞ

 �
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2

@g3ðX; I;VCEQ1Þ
@VCEQ1

¼ 1
C2

�

� I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� 1
Vt
� exp VCEQ1

Vt

 �
� ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ
n

� I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �o
�ð1� af Þ � 1

Vt
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i2

g2ðX; I;VCEQ1Þ ¼ X;
@g2ðX; I;VCEQ1Þ

@X
¼ 1;

@g2ðX; I;VCEQ1Þ
@I

¼ 0;
@g2ðX; I;VCEQ1Þ

@VCEQ1

¼ 0

@g1
@X

¼ @g1ðX; I;VCEQ1Þ
@X

;

@g1
@I

¼ @g1ðX; I;VCEQ1Þ
@I

;

@g1
@VCEQ1

¼ @g1ðX; I;VCEQ1Þ
@VCEQ1
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@g3
@X

¼ @g3ðX; I;VCEQ1Þ
@X

;

@g3
@I

¼ @g3ðX; I;VCEQ1Þ
@I

;

@g3
@VCEQ1

¼ @g3ðX; I;VCEQ1Þ
@VCEQ1

A¼
0 @g1

@I
@g1

@VCEQ1

1 0 0

0 @g3
@I

@g3
@VCEQ1

0
BB@

1
CCA

ðX�;I�;V�
CEQ1

Þ

;det(A�k�IÞ¼0; det

�k @g1
@I

@g1
@VCEQ1

1 �k 0

0 @g3
@I

@g3
@VCEQ1

�k

0
BB@

1
CCA

ðX�;I�;V�
CEQ1

Þ

¼0

�k �det
�k 0
@g3
@I

@g3
@VCEQ1

�k

 !
ðX�;I�;V�

CEQ1
Þ
�@g1

@I

����
ðX�;I�;V�

CEQ1
Þ
�det

1 0

0 @g3
@VCEQ1

�k

 !
ðX�;I�;V�

CEQ1
Þ

þ @g1
@VCEQ1

����
ðX�;I�;V�

CEQ1
Þ
�det 1 �k

0 @g3
@I

 !
ðX�;I�;V�

CEQ1
Þ
¼0

k2 � @g3
@VCEQ1

����
ðX�;I�;V�

CEQ1
Þ
�k

0
@

1
A� @g1

@I

����
ðX�;I�;V�

CEQ1
Þ
� @g3

@VCEQ1

����
ðX�;I�;V�

CEQ1
Þ
�k

0
@

1
A

þ @g1
@VCEQ1

� @g3
@I

� �����
ðX�;I�;V�

CEQ1
Þ
¼ 0

k2 � @g3
@VCEQ1

����
ðX�;I�;V�

CEQ1
Þ
�k3 � @g1

@I
� @g3
@VCEQ1

� �����
ðX�;I�;V�

CEQ1
Þ
þ @g1

@I

����
ðX�;I�;V�

CEQ1
Þ
�k

þ @g1
@VCEQ1

� @g3
@I

� �����
ðX�;I�;V�

CEQ1
Þ
¼ 0

k3�k2

� @g3
@VCEQ1

����
ðX�;I�;V�

CEQ1
Þ
�@g1

@I

����
ðX�;I�;V�

CEQ1
Þ
�kþ @g1

@I
� @g3
@VCEQ1

� @g1
@VCEQ1

�@g3
@I

� �����
ðX�;I�;V�

CEQ1
Þ

¼0

X3
k¼0

kk � ik ¼ 0; i3 ¼ 1; i2 ¼ � @g3
@VCEQ1

����
ðX�;I�;V�

CEQ1
Þ
; i1 ¼ �@g1

@I

����
ðX�;I�;V�

CEQ1
Þ
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i0 ¼ @g1
@I

� @g3
@VCEQ1

� @g1
@VCEQ1

� @g3
@I

� �����
ðX�;I�;V�

CEQ1
Þ
:

Eigenvalues Stability Discussion Our optoisolation van der Pol circuit with parallel
capacitor (C2) involving N variables (N > 2, N = 3), the characteristic equation is of
degree N = 3 and must often be solved numerically. Expect in some particular
cases, such an equation has (N = 3) distinct roots that can be real or complex. These
values are the eigenvalues of the 3x3 Jacobian matrix (A). The general rule is that
the Steady State (SS) is stable if there is no eigenvalue with positive real part. It is
sufficient that one eigenvalue is positive for the steady state to be unstable. Our
3-variables (X; I;VCEQ1 ) optoisolation van der Pol circuit with parallel capacitor
(C2) has three eigenvalues. The type of behavior can be characterized as a function
of the position of these eigenvalues in the Re/Im plane. Five nondegenerated cases
can be distinguished: (1) the three eigenvalues are real and negative (stable steady
state), (2) the three eigenvalues are real, two of them are negative (unstable steady
state), (3) and (4) two eigenvalues are complex conjugates with a negative real part
and the other eigenvalues are real and negative (stable steady state), two cases can
be distinguished depending on the relative value of the real part of the complex
eigenvalues and of the real one, (5) two eigenvalues are complex conjugates with a
negative real part and other eigenvalue is positive (unstable steady state) [7, 8].

Plotting optoisolation van der Pol circuit with parallel capacitor (C2), phase
planes and variables (X; I;VCEQ1 ) time behavior. First we choose our circuit
parameters values [99] (Tables 7.2 and 7.3)

Table 7.3 Variables
functions and MATLAB
variables

Variables/functions MATLAB variables

X ! X x(1)

I ! Y x(2)

VCEQ1 ! Z x(3)

g1ðX; I;VCEQ1 Þ g(1)

g2ðX; I;VCEQ1 Þ g(2)

g3ðX; I;VCEQ1 Þ g(3)

Table 7.2 Circuit parameters
values

ar 0.5 C1 1 lF

af 0.98 C2 0.4–4 lF

k 0.02 L1 0.1 mH

Vt 0.026 V Ise 1 lA

I0 1 lA Isc 2 lA
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ð1þ kÞ � I0 ¼ 1:02
 10�6;

1� ar � 1
ð1þ kÞ

� �
¼ 0:509;

Ise � ð1� ar � af Þ ¼ 0:51
 10�6

af � 1
ð1þ kÞ

� �
¼ �0:00039;

ð1� af Þ ¼ 0:02;

ðar � 1Þ ¼ �0:5;

Isc � ð1� ar � af Þ ¼ 1:02
 10�6:

MATLAB scripts

optovanderpol1 (1e−6,0.4e−6,0.1e−3,1,1,1) (Fig. 7.4).

Optoisolation van der pol Circuit with Parallel Capacitor (C2) Poincare map
Poincare map is an important tool for the investigation of dynamical systems in
applications. They are used for models (usually in 3D) that exhibit periodic or
quasi-periodic behavior. A 2D Poincare section through a periodic 3D flow is a
planar cross section transverse to the flow such that a periodic orbit intersects it at
its center. The corresponding Poincare map is defined as a map correlating

function h= optovanderpol1 (C1,C2,L1,X0,Y0,Z0)
[t,x]=ODE45(@optovanderpol,[0,10],[X0,Y0,Z0],[],C1,C2,L1);
plot3 (x(:,1),x(:,2),x(:,3));
xlabel ('dI/dt(A/sec)')%x-axis
ylabel ('I(A)')%y-axis
zlabel ('VceQ1(volt)')%z-axis
grid on
axis square
%plot(t,x);
%plot(x(:,1),x(:,2));%X=dI/dt (x-axis) and I (y-axis)
%plot(x(:,1),x(:,3));%X=dI/dt (x-axis) and VCEQ1 (y-axis)
%plot(x(:,2),x(:,3));%I (x-axis) and VCEQ1 (y-axis)

function g=optovanderpol(t,x,C1,C2,L1)
g=zeros(3,1);% the elements of the vector g represent the right hand 
sided of the three DEs
g(1)=-1/(C1*L1)*x(2)-(0.026/L1)*(1/(x(2)+1.02e-6))-(x(2)*0.509+0.51e-
6-(x(2)*(-0.00039)+1.02e-6)*exp(x(3)/0.026))./((0.02*exp(x(3)/0.026)-
(-0.5))*C2*L1);
g(2)=x(1);
g(3)=(x(2)*0.509+0.51e-6-(x(2)*(-0.00039)+1.02e-
6)*exp(x(3)/0.026))./((0.02*exp(x(3)/0.026)-(-0.5))*C2);

First we plot 3D graph dI/dt(A/sec)x-axis ; 'I(A)y-axis ; 'VceQ1(volt)z-axis 
C1=1uF ; C2=0.4uF ; L1=0.1mH ; dI/dt(t=0)=1 ; I(t=0)=1 ; VCEQ1(t=0)=1 
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Fig. 7.4 Opto van der Pol circuit with parallel capacitor C2 graphs
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Fig. 7.4 (continued)
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consecutive intersections of flow trajectories with the Poincare section. The
Poincare map is a discrete dynamical system of one dimensional less than the
continuous flow which it is constructed. Most important flow properties are
inherited by the Poincare map and its analysis is usually simpler due to its reduced
dimensionality. It is often used for analysis instead of the 3D flow. The investi-
gation of dynamical system through Poincare map is done by taking intersections of
the orbit of flow by a hyperplane parallel to one of the coordinate hyperplanes of
co-dimension one. For a 3D-attractor, the Poincare map gives rise to 2D points,
which can describe the dynamics of the attractor properly. In a special case, 2D
points are considered as their 1D projection to obtain a 1D map. It is a practical way
of reducing the 2D map by dropping one of the variables. The two coordinates of
the points on the Poincare section are functionally related. In general, to describe
the dynamics of the 3D chaotic attractor, the minimum dimension of the Poincare
map must be two. It is always possible to obtain two-dimensional Poincare map for
any three-dimensional dynamical system and in general it is not reducible to a
one-dimensional Poincare map. Such 2D Poincare map is capable of studying the
chaotic behavior of the system. Two-dimensional Poincare maps are the maps of
minimum dimension, which are capable to explain the dynamics of
three-dimensional attractors [5, 6]. It is important to emphasis that in Poincare
maps; points on the Poincare section S get mapped back onto S by the flow. First
we take (*) and (**) differential equations:

�ð Þ dVCEQ1

dt

¼
I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � ½I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ� � exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2

��ð Þ dVCEQ1

dt
¼ � 1

C1
� I � L1 � d

2I
dt2

� Vt � 1
½Iþð1þ kÞ � I0� :

First we transfer our system variables to Cartesian coordinates (X(t), Y(t)) ter-
minology (IðtÞ $ XðtÞ; VCEQ1ðtÞ $ YðtÞ). We need to prove that the system has
periodic orbits and find Poincare map. It is done by changing system Cartesian
coordinates (X(t), Y(t)) to cylindrical coordinates (r(t), h(t)). Next we show that the
cylinder is invariant. For the conversion between cylindrical and Cartesian systems
and opposite, it is convenient to assume that the reference plane of the former is the
Cartesian x–y plane (with equation z = 0), and the cylindrical axis is the Cartesian z-
axis. In our system we refer to Cartesian X–Y plane (with equation Z = 0). Then the
z coordinate is the same in both systems, and the correspondence between cylin-
drical (r, h) and Cartesian (X, Y) are the same as for polar coordinates, namely X
(t) = r(t) � cos[h(t)]; Y(t) = r(t) � sin[h(t)]; r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

. h(t) = 0 if X = 0 and
Y = 0. h(t) = arcsin(Y/r) if X >=0. x ! X, y ! Y. I ¼ r � cos h , X ¼
r � cos h; VCEQ1 ¼ r � sin h , Y ¼ r � sin h.

7.2 Optoisolation van der pol Circuit Poincare Map … 577



dI
dt

¼ dr
dt

� cos h� r � dh
dt

� sin h; dVCEQ1

dt
¼ dr

dt
� sin hþ r � dh

dt
� cos h

d2I
dt2

¼ d2r
dt2

� cos h� dr
dt

� dh
dt

� sin h� dr
dt

� dh
dt

� sin h� r � d
2h
dt2

� sin h� r � dh
dt

� �2
� cos h:

First we represent the second differential equation (**) in cylindrical coordinates
(r(t), h(t)).

dVCEQ1

dt
¼ � 1

C1
� I � L1 � d

2I
dt2

� Vt � 1
½Iþð1þ kÞ � I0�

dr
dt

� sin hþ r � dh
dt

� cos h ¼ � 1
C1

� r � cos h� L1 � d2r
dt2

� cos h� dr
dt

� dh
dt

� sin h� dr
dt

� dh
dt

� sin h
�

�r � d
2h
dt2

� sin h� r � dh
dt

� �2
� cos h

)
� Vt � 1

½r � cos hþð1þ kÞ � I0�

h¼x � t = 2 � p
T

� t; dh
dt

¼x ) 2 � p
T

¼ x; T ¼ 2 � p
x

;
dh
dt

¼ x ) d2h
dt2

¼ 0

h¼x � t Which regard the optoisolation van der Pol circuit with parallel capacitor

(C2) system as a vector field on a cylinder dhdt ¼x. Any vertical line on the cylinder

is an appropriate section S: we choose S ¼ fðh; rÞ : h ¼ 0 mod 2 � pg. Consider
an initial condition on S given by hðt ¼ 0Þ ¼ 0;rðt ¼ 0Þ ¼ r0 then the time of flight
between successive intersections is T ¼ 2�p

x .

dr
dt

� sinðx � tÞþ r � x � cosðx � tÞ ¼ � 1
C1

� r � cosðx � tÞ � L1 � d2r
dt2

� cosðx � tÞ � dr
dt

� x � sinðx � tÞ
�

� dr
dt

� x � sinðx � tÞ � r � x2 � cosðx � tÞ
�
� Vt � 1

½r � cosðx � tÞþ ð1þ kÞ � I0�

d2r
dt2

� L1 � cosðx � tÞþ dr
dt

� ½1� 2 � L1 � x� � sinðx � tÞþ r � x � cosðx � tÞþ 1
C1

� cosðx � tÞ
�

�x2 � L1 � cosðx � tÞ�þVt � 1
½r � cosðx � tÞþ ð1þ kÞ � I0� ¼ 0:

Second we represent the first differential equation (*) in cylindrical coordinates
(r(t), h(t)).
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dVCEQ1

dt

¼
I � 1� ar � 1

ð1þ kÞ
 �

þ Ise � ð1� ar � af Þ � I � af � 1
ð1þ kÞ

 �
þ Isc � ð1� ar � af Þ

h i
� exp VCEQ1

Vt

 �
ð1� af Þ � exp VCEQ1

Vt

 �
� ðar � 1Þ

h i
� C2

dVCEQ1

dt
¼

I � 1� ar � 1
ð1þ kÞ

 �
þ Ise � ð1� ar � af Þ � I � af � 1

ð1þ kÞ
 �

þ Isc � ð1� ar � af Þ
h i

� exp VCEQ1
Vt

 �
ð1� af Þ � C2 � exp VCEQ1

Vt

 �
þ ð1� arÞ � C2

We define six parameters for simplicity: H1;H2; . . .;H6

H1 ¼ 1� ar � 1
ð1þ kÞ

� �
; H2 ¼ Ise � ð1� ar � af Þ; H3 ¼ af � 1

ð1þ kÞ
� �

;

H4 ¼ Isc � ð1� ar � af Þ

H5 ¼ ð1� af Þ � C2; H6 ¼ ð1� arÞ � C2

dVCEQ1

dt
¼

I � H1 þH2 � ðI � H3 þH4Þ � exp VCEQ1
Vt

 �
H5 � exp VCEQ1

Vt

 �
þH6

Moving to cylindrical coordinates (r(t), h(t)).

dr
dt

� sin hþ r � dh
dt

� cos h ¼
H1 � r � cos hþH2 � ðH3 � r � cos hþH4Þ � exp r�sin h

Vt

 �
H5 � exp r�sin h

Vt

 �
þH6

;

h¼x � t; dh
dt

¼ x

dr
dt

� sinðx � t)þ r � x � cosðx � t)

¼
H1 � r � cosðx � t)þH2 � ðH3 � r � cosðx � t)þH4Þ � exp r�sinðx�t)

Vt

 �
H5 � exp r�sinðx�t)

Vt

 �
þH6

dr
dt

¼ �r � x � cosðx � t)
sinðx � t)

þ
H1 � r � cosðx � t)þH2 � ðH3 � r � cosðx � t)þH4Þ � exp r�sinðx�t)

Vt

 �
H5 � exp r�sinðx�t)

Vt

 �
þH6

h i
� sinðx � t)
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dr
dt

¼ �r � x � 1
tgðx � t) þ

H1 � r � cosðx � t)þH2 � ðH3 � r � cosðx � t)þH4Þ � exp r�sinðx�t)
Vt

 �
H5 � exp r�sinðx�t)

Vt

 �
þH6

h i
� sinðx � t)

Remark To compute Poincare map wðPoincare map) we need to solve the above

differential equations dr
dt ¼ � � � ; d2

r
dt2 � ð� � �Þ þ dr

dt � ð� � �Þ þ r � ð� � �Þ þ � � � ¼ 0 and

find the wðrÞ function. It is reader exercise.

r1 ¼ wðr0Þ; r2 ¼ wðr1Þ; r3 ¼ wðr2Þ . . . rk ¼ wðrk�1Þ 8 k ¼ 1; 2; 3; . . .

7.3 Li Dynamical System Poincare Map
and Periodic Orbit

One of the typical dynamical systems is Li autonomous system with toroidal chaotic
attractors. The Li dynamical system is autonomous and themotion appears to occur on
a surface with a toroidal structure. The Li system global Poincare surface of section
has two disjoint components . A similarity transformation in the phase space
emphasizes symmetry of the attractor. Poincare section located segments of a chaotic
trajectory are good approximations to unstable periodic orbit. Li system can be
described by three Ordinary Differential Equations (ODEs) [110, 111].

dX
dt

¼ l1 � ðY � XÞþ l2 � X � Z; dY
dt

¼ l3 � Xþ l4 � Y � X � Z;
dZ
dt

¼ l5 � ZþX � Y � l6 � X2:

The system is invariant under the group of two fold rotations about the symmetry
axis in the phase space R

3ðX; Y ; ZÞ : RZðpÞ : ðX; Y ; ZÞ ! ð�X;�Y ; þ ZÞ.
We would like to have measure of stability like rate of decay to a stable fixed

point. It can be achieved by linearization about the fixed point. We define the
following functions: f1ðX; Y ; ZÞ ¼ l1 � ðY � XÞþ l2 � X � Z

f2ðX;Y ; ZÞ ¼ l3 � X þ l4 � Y � X � Z; f3ðX; Y ; ZÞ ¼ l5 � ZþX � Y � l6 � X2

dX
dt

¼ f1ðX; Y ; ZÞ; dY
dt

¼ f2ðX; Y ; ZÞ; dZdt ¼ f3ðX; Y ; ZÞ:

We suppose that (X�; Y�; Z�) is a fixed point. f1ðX�; Y�; Z�Þ ¼ 0; f2ðX�; Y�;
Z�Þ ¼ 0
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f3ðX�; Y�; Z�Þ ¼ 0. Let u ¼ X � X�; v ¼ Y � Y�; w ¼ Z � Z� denote the
components of a small disturbance from the fixed point. We derive differential
equation for u, v, and w to inspect whether the disturbance grows or decays.

Since X�; Y� and Z� are constants: dudt ¼ dX
dt ;

dv
dt ¼ dY

dt ;
dw
dt ¼ dZ

dt .

du
dt

¼ dX
dt

¼ f1ðX� þ u; Y� þ v; Z� þwÞ; dv
dt

¼ dY
dt

¼ f2ðX� þ u; Y� þ v; Z� þwÞ

dw
dt ¼ dZ

dt ¼ f3ðX� þ u; Y� þ v; Z� þwÞ. By using Taylor series expansion :
du
dt

¼ dX
dt

¼ f1ðX�; Y�; Z�Þþ u � @f1
@X

þ v � @f1
@Y

þw � @f1
@Z

þOðu2; v2;w2; u � v � w; . . .Þ
dv
dt

¼ dY
dt

¼ f2ðX�; Y�; Z�Þþ u � @f2
@X

þ v � @f2
@Y

þw � @f2
@Z

þOðu2; v2;w2; u � v � w; . . .Þ
dw
dt

¼ dZ
dt

¼ f3ðX�; Y�; Z�Þþ u � @f3
@X

þ v � @f3
@Y

þw � @f3
@Z

þOðu2; v2;w2; u � v � w; . . .Þ

Since fkðX�; Y�; Z�Þ ¼ 0; k ¼ 1; 2; 3 then we can write the following
expressions:

du
dt

¼ dX
dt

¼ u � @f1
@X

þ v � @f1
@Y

þw � @f1
@Z

þOðu2; v2;w2; u � v � w; . . .Þ
dv
dt

¼ dY
dt

¼ u � @f2
@X

þ v � @f2
@Y

þw � @f2
@Z

þOðu2; v2;w2; u � v � w; . . .Þ
dw
dt

¼ dZ
dt

¼ u � @f3
@X

þ v � @f3
@Y

þw � @f3
@Z

þOðu2; v2;w2; u � v � w; . . .Þ :

The above partial derivatives are evaluated at the fixed point ðX�; Y�; Z�Þ and
they are numbers, not functions. Oðu2; v2;w2; u � v � w; . . .Þ denotes quadratic terms
in u, v, and w. Since u, v, and w quadratic terms are small.

du
dt

¼ u � @f1
@X

þ v � @f1
@Y

þw � @f1
@Z

;

dv
dt

¼ u � @f2
@X

þ v � @f2
@Y

þw � @f2
@Z

;

dw
dt

¼ u � @f3
@X

þ v � @f3
@Y

du
dt
dv
dt
dw
dt

0
BBBBBB@

1
CCCCCCA

¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA �

u

v

w

0
B@

1
CAþ quadratic terms:
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The matrix A ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
B@

1
CA

ðX�;Y�;Z�Þ

is called the Jacobian matrix at the

fixed point X�; Y�; Z�. Since the quadratic terms are very small we neglect them
altogether and we get linearized Li system.

@f1
@X

¼ �l1 þ l2 � Z;
@f1
@Y

¼ l1;

@f1
@Z

¼ l2 � X;
@f2
@X

¼ l3 � Z;

@f2
@Y

¼ l4;
@f2
@Z

¼ �X

@f3
@X

¼ Y � l6 � 2 � X;
@f3
@Y

¼ X;
@f3
@Z

¼ l5

Li system fixed points: dX
dt ¼ 0; dY

dt ¼ 0; dZ
dt ¼ 0; l1 � ðY� � X�Þþ

l2 � X� � Z� ¼ 0

l3 � X� þ l4 � Y� � X� � Z� ¼ 0; l5 � Z� þX� � Y� � l6 � ½X��2 ¼ 0

l3 � X� þ l4 � Y� � X� � Z� ¼ 0 ) X� � Z� ¼ l3 � X� þ l4 � Y�

l1 � ðY� � X�Þþ l2 � X� � Z� ¼ 0 ) l1 � ðY� � X�Þþ l2 � ðl3 � X� þ l4 � Y�Þ ¼ 0

ðl1 þ l2 � l4Þ � Y� þ ðl2 � l3 � l1Þ � X� ¼ 0 ) Y� ¼ ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� X�

l5 � Z� þX� � Y� � l6 � ½X��2 ¼ 0 ) Z� ¼ l6
l5

� ½X��2 � 1
l5

X� � Y�

l1 � ðY� � X�Þ þ l2 � X� � Z� ¼ 0 ) l1 � ðY� � X�Þþ l2 � X� � l6
l5

� ½X��2 � 1
l5

X� � Y�
� �

¼ 0

l1 � Y� � l1 � X� þ l2 �
l6
l5

� ½X��3 � l2
l5

� ½X��2 � Y� ¼ 0

ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� 1
� �

� l1 � X� þ l6 �
ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� �
� l2
l5

� ½X��3 ¼ 0

ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� 1
� �

� l1 þ l6 �
ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� �
� l2
l5

� ½X��2
� �

� X� ¼ 0
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X�
ð1Þ ¼ 0 ) Y�

ð1Þ ¼ 0 ) Z�
ð1Þ ¼ 0;

ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� 1
� �

� l1 þ l6 �
ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� �
� l2
l5

� ½X��2 ¼ 0

½X��2 ¼
ðl1�l2�l3Þ
ðl1 þl2�l4Þ � 1
h i

� l1
ðl1�l2�l3Þ
ðl1 þ l2�l4Þ � l6
h i

� l2l5
) X�

ð2;3Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1�l2�l3Þ
ðl1 þ l2�l4Þ � 1
h i

� l1
ðl1�l2�l3Þ
ðl1 þl2�l4Þ � l6
h i

� l2l5

vuuut
ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� 1 ¼ �l2 � ðl3 þ l4Þ
l1 þ l2 � l4

;

ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� l6 ¼
l1 � l2 � l3 � l6 � ðl1 þ l2 � l4Þ

l1 þ l2 � l4

X�
ð2;3Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�l2�ðl3 þ l4Þ
l1 þ l2�l4 � l1

l1�l2�l3�l6�ðl1 þl2�l4Þ
l1 þl2�l4

h i
� l2l5

vuuut ;

X�
ð2;3Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 � l5 � ðl3 þ l4Þ

l2 � l3 þ l6 � ðl1 þ l2 � l4Þ � l1

s

Y�
ð2;3Þ ¼ � ðl1 � l2 � l3Þ

ðl1 þ l2 � l4Þ
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l1 � l5 � ðl3 þ l4Þ
l2 � l3 þ l6 � ðl1 þ l2 � l4Þ � l1

s

Z�
ð2;3Þ ¼

l6 �l1 � ðl3þl4Þ
l2 �l3þl6 � ðl1þl2 �l4Þ�l1

�ðl1�l2 �l3Þ
ðl1þl2 �l4Þ

� l1 � ðl3þl4Þ
l2 �l3þl6 � ðl1þl2 �l4Þ�l1

Z�
ð2;3Þ ¼

l1 � ðl3 þ l4Þ
l2 � l3 þ l6 � ðl1 þ l2 � l4Þ � l1

� l6 �
ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� �

Z�
ð2;3Þ ¼

l6
l5

� ½X��2 � 1
l5

X� � Y� ¼ l6
l5

�
ðl1�l2�l3Þ
ðl1 þl2�l4Þ � 1
h i

� l1
ðl1�l2�l3Þ
ðl1 þ l2�l4Þ � l6
h i

� l2l5

� 1
l5

�
ðl1�l2�l3Þ
ðl1 þ l2�l4Þ � 1
h i

� l1
ðl1�l2�l3Þ
ðl1 þl2�l4Þ � l6
h i

� l2l5

0
@

1
A � ðl1 � l2 � l3Þ

ðl1 þ l2 � l4Þ
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Z�
ð2;3Þ ¼ l6 �

ðl1 � l2 � l3Þ
ðl1 þ l2 � l4Þ

� �
�

ðl1�l2�l3Þ
ðl1 þl2�l4Þ � 1
h i

� l1
ðl1�l2�l3Þ
ðl1 þl2�l4Þ � l6
h i

� l2

2
4

3
5 ¼ 1� ðl1 � l2 � l3Þ

ðl1 þ l2 � l4Þ
� �

� l1
l2

Z�
ð2;3Þ ¼

ðl4 þ l3Þ � l1
l1 þ l2 � l4

:

The system has three fixed points (equilibrium points ), one located on the
symmetry axis at the origin ðX�

ð1Þ; Y
�
ð1Þ;Z

�
ð1ÞÞ ¼ ð0; 0; 0Þ. The other two fixed points

are symmetry-related fixed points.

X�
ð2;3Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 � l5 � ðl3 þ l4Þ

l2 � l3 þ l6 � ðl1 þ l2 � l4Þ � l1

s

Y�
ð2;3Þ ¼ � ðl1 � l2 � l3Þ

ðl1 þ l2 � l4Þ
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l1 � l5 � ðl3 þ l4Þ
l2 � l3 þ l6 � ðl1 þ l2 � l4Þ � l1

s
;

Z�
ð2;3Þ ¼

ðl4 þ l3Þ � l1
l1 þ l2 � l4

:

Stability classification of the first fixed point: ðX�
ð1Þ; Y

�
ð1Þ; Z

�
ð1ÞÞ ¼ ð0; 0; 0Þ

@f1
@X

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ �l1;
@f1
@Y

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ l1;

@f1
@Z

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ l2
@f2
@X

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ l3;

@f2
@Y

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ l4;
@f2
@Z

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ 0

@f3
@X

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ 0;

@f3
@Y

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ 0;

@f3
@Z

����
ðX�

ð1Þ;Y
�
ð1Þ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼ l5
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A ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
BB@

1
CCA

ðX�ð1Þ ;Y
�
ð1Þ ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼
�l1 l1 l2
l3 l4 0

0 0 l5

0
B@

1
CA;

A� k � I ¼
�l1 � k l1 l2

l3 l4 � k 0

0 0 l5 � k

0
B@

1
CA

detðA� k � IÞ ¼ 0 ) det
�l1 � k l1 l2

l3 l4 � k 0
0 0 l5 � k

0
@

1
A ¼ 0

detðA� k � IÞ ¼ �ðl1 þ kÞ � det l4 � k 0

0 l5 � k

� �
� l1 � det

l3 0

0 l5 � k

� �

þ l2 � det
l3 l4 � k

0 0

� �

detðA� k � IÞ ¼ �ðl1 þ kÞ � ðl4 � kÞ � ðl5 � kÞ � l1 � l3 � ðl5 � kÞ

detðA� k � IÞ ¼ �k3 þ k2 � ðl4 þ l5 � l1Þþ k � ð½l4 þ l5� � l1 � l4 � l5 þ l1 � l3Þ
� l1 � l5 � ðl4 þ l3Þ

detðA�k � IÞ¼0)k3þk2 � ðl1�l4�l5Þþk � ðl4 �l5�½l4þl5� �l1�l1 �l3Þ
þl1 �l5 � ðl4þl3Þ¼0:

We define the following parameters: 13¼ 1; 12 ¼ ðl1 � l4 � l5Þ

11 ¼ l4 � l5 � ½l4 þ l5� � l1 � l1 � l3; 10 ¼ l1 � l5 � ðl4 þ l3Þ

detðA� k � IÞ ¼ 0 )
X3
k¼0

kk � 1k ¼ 0:

Eigenvalues Stability Discussion Our Li dynamical system involving N variables
(N > 2, N = 3), the characteristic equation is of degree N = 3 and must often be
solved numerically. Expect in some particular cases, such an equation has (N = 3)
distinct roots that can be real or complex. These values are the eigenvalues of the
3 
 3 Jacobian matrix (A). The general rule is that the Steady State (SS) is stable if
there is no eigenvalue with positive real part. It is sufficient that one eigenvalue is
positive for the steady state to be unstable. Our 3-variables (X; Y ; Z) Li dynamical
system has three eigenvalues. The type of behavior can be characterized as a
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function of the position of these eigenvalues in the Re/Im plane. Five
non-degenerated cases can be distinguished: (1) the three eigenvalues are real and
negative (stable steady state), (2) the three eigenvalues are real, two of them are
negative (unstable steady state), (3) and (4) two eigenvalues are complex conjugates
with a negative real part and the other eigenvalues are real and negative (stable
steady state), two cases can be distinguished depending on the relative value of the
real part of the complex eigenvalues and of the real one, (5) two eigenvalues are
complex conjugates with a negative real part and other eigenvalue is positive
(unstable steady state) [5, 6].

Stability classification of the second and third fixed points :

X�
ð2;3Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 � l5 � ðl3 þ l4Þ

l2 � l3 þ l6 � ðl1 þ l2 � l4Þ � l1

s

Y�
ð2;3Þ ¼ � ðl1 � l2 � l3Þ

ðl1 þ l2 � l4Þ
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l1 � l5 � ðl3 þ l4Þ
l2 � l3 þ l6 � ðl1 þ l2 � l4Þ � l1

s
;

Z�
ð2;3Þ ¼

ðl4 þ l3Þ � l1
l1 þ l2 � l4

Functions (f1; f2; f3) partial derivatives at second and third fixed points:

@f1
@X

¼�l1þl2 �Z�
ð2;3Þ;

@f1
@Y

¼l1;
@f1
@Z

¼l2 �X�
ð2;3Þ;

@f2
@X

¼l3�Z�
ð2;3Þ;

@f2
@Y

¼l4

@f2
@Z

¼�X�
ð2;3Þ;

@f3
@X

¼Y�
ð2;3Þ �2 �l6 �X�

ð2;3Þ;
@f3
@Y

¼X�
ð2;3Þ;

@f3
@Z

¼l5

A ¼
@f1
@X

@f1
@Y

@f1
@Z

@f2
@X

@f2
@Y

@f2
@Z

@f3
@X

@f3
@Y

@f3
@Z

0
BB@

1
CCA

ðX�ð1Þ ;Y
�
ð1Þ ;Z

�
ð1ÞÞ¼ð0;0;0Þ

¼
�l1 þ l2 � Z�

ð2;3Þ l1 l2 � X�
ð2;3Þ

l3 � Z�
ð2;3Þ l4 �X�

ð2;3Þ
Y�
ð2;3Þ � 2 � l6 � X�

ð2;3Þ X�
ð2;3Þ l5

0
B@

1
CA

A� k � I ¼
�l1 þ l2 � Z�

ð2;3Þ � k l1 l2 � X�
ð2;3Þ

l3 � Z�
ð2;3Þ l4 � k �X�

ð2;3Þ
Y�
ð2;3Þ � 2 � l6 � X�

ð2;3Þ X�
ð2;3Þ l5 � k

0
@

1
A; det(A� k � IÞ ¼ 0

A� k � I ¼ ðl2 � Z�
ð2;3Þ � l1 � kÞ � det

l4 � k �X�
ð2;3Þ

X�
ð2;3Þ l5 � k

 !
� l1 � det

l3 � Z�
ð2;3Þ �X�

ð2;3Þ
Y�
ð2;3Þ � 2 � l6 � X�

ð2;3Þ l5 � k

 !

þ l2 � X�
ð2;3Þ � det

l3 � Z�
ð2;3Þ l4 � k

Y�
ð2;3Þ � 2 � l6 � X�

ð2;3Þ X�
ð2;3Þ

 !
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A� k � I ¼ ðl2 � Z�
ð2;3Þ � l1 � kÞ � ½ðl4 � kÞ � ðl5 � kÞþ ðX�

ð2;3ÞÞ2�
� l1 � ½ðl3 � Z�

ð2;3ÞÞ � ðl5 � kÞþ ðY�
ð2;3Þ � 2 � l6 � X�

ð2;3ÞÞ � X�
ð2;3Þ�

þ l2 � X�
ð2;3Þ � ½ðl3 � Z�

ð2;3ÞÞ � X�
ð2;3Þ � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ � ðl4 � kÞ�

A� k � I ¼ ð½l2 � Z�
ð2;3Þ � l1� � kÞ � ½l4 � l5 þðX�

ð2;3ÞÞ2 � k � ðl4þ l5Þþ k2�
� l1 � ½ðl3 � Z�

ð2;3ÞÞ � l5 � k � ðl3 � Z�
ð2;3ÞÞ þ ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ � X�

ð2;3Þ�
þ l2 � X�

ð2;3Þ � ½ðl3 � Z�
ð2;3ÞÞ � X�

ð2;3Þ � ðY�
ð2;3Þ � 2 � l6 � X�

ð2;3ÞÞ � l4 þðY�
ð2;3Þ � 2 � l6 � X�

ð2;3ÞÞ � k�

A� k � I ¼ ½l2 � Z�
ð2;3Þ � l1� � ðl4 � l5 þðX�

ð2;3ÞÞ2Þ � k � ðl4þ l5Þ � ðl2 � Z�
ð2;3Þ � l1Þ

þ k2 � ðl2 � Z�
ð2;3Þ � l1Þ � k � ðl4 � l5 þðX�

ð2;3ÞÞ2Þþ k2 � ðl4 þ l5Þ � k3 � l1 � ðl3 � Z�
ð2;3ÞÞ � l5

þ k � l1 � ðl3 � Z�
ð2;3ÞÞ � l1 � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ � X�

ð2;3Þ þ l2 � X�
ð2;3Þ � ðl3 � Z�

ð2;3ÞÞ � X�
ð2;3Þ

� l2 � X�
ð2;3Þ � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ � l4þ l2 � X�

ð2;3Þ � ðY�
ð2;3Þ � 2 � l6 � X�

ð2;3ÞÞ � k

A� k � I ¼ ½l2 � Z�
ð2;3Þ � l1� � ðl4 � l5 þðX�

ð2;3ÞÞ2Þ � l1 � ðl3 � Z�
ð2;3ÞÞ � l5

n
� l1 � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ � X�

ð2;3Þ þ l2 � X�
ð2;3Þ � ðl3 � Z�

ð2;3ÞÞ � X�
ð2;3Þ

�l2 � X�
ð2;3Þ � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ � l4

o
þ k � l1 � ðl3 � Z�

ð2;3ÞÞ � ðl4þ l5Þ � ðl2 � Z�
ð2;3Þ � l1Þ � ðl4 � l5 þðX�

ð2;3ÞÞ2Þ
n

þ l2 � X�
ð2;3Þ � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ

o
þ k2 � ðl2 � Z�

ð2;3Þ � l1Þþ k2 � ðl4þ l5Þ � k3

We define the following parameters:

P0 ¼ ½l2 � Z�
ð2;3Þ � l1� � ðl4 � l5 þðX�

ð2;3ÞÞ2Þ � l1 � ðl3 � Z�
ð2;3ÞÞ � l5 � l1 � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ � X�

ð2;3Þ
þ l2 � X�

ð2;3Þ � ðl3 � Z�
ð2;3ÞÞ � X�

ð2;3Þ � l2 � X�
ð2;3Þ � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ � l4

P1 ¼ l1 � ðl3 � Z�
ð2;3ÞÞ � ðl4 þ l5Þ � ðl2 � Z�

ð2;3Þ � l1Þ � ðl4 � l5 þðX�
ð2;3ÞÞ2Þ

þ l2 � X�
ð2;3Þ � ðY�

ð2;3Þ � 2 � l6 � X�
ð2;3ÞÞ

P2 ¼ l2 � Z�
ð2;3Þ � l1;P3 ¼ �1; detðA� k � IÞ ¼ 0 )

X3
k¼0

kk �Pk ¼ 0:

Eigenvalues Stability Discussion Our Li dynamical system involving N variables
(N > 2, N = 3), the characteristic equation is of degree N = 3 and must often be
solved numerically. Expect in some particular cases, such an equation has (N = 3)
distinct roots that can be real or complex. These values are the eigenvalues of the
3 
 3 Jacobian matrix (A). The general rule is that the Steady State (SS) is stable if
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there is no eigenvalue with positive real part. It is sufficient that one eigenvalue is
positive for the steady state to be unstable. Our 3-variables (X; Y ; Z) Li dynamical
system has three eigenvalues. The type of behavior can be characterized as a
function of the position of these eigenvalues in the Re/Im plane. Five
non-degenerated cases can be distinguished: (1) the three eigenvalues are real and
negative (stable steady state), (2) the three eigenvalues are real, two of them are
negative (unstable steady state), (3) and (4) two eigenvalues are complex conjugates
with a negative real part and the other eigenvalues are real and negative (stable
steady state), two cases can be distinguished depending on the relative value of the
real part of the complex eigenvalues and of the real one, (5) two eigenvalues are
complex conjugates with a negative real part and other eigenvalue is positive
(unstable steady state).

Li dynamical system Poincare map discussion: The chaotic dynamics of Li
system can be inspected by Poincare surface section. We need to choose a global
Poincare surface of section for low dimensional attractors. The missing details are
the bounding torus that contains the attractor. The Li system attractor is contained
within a sphere and that this sphere is presented by two holes, one surrounding the
z-axis, the other surrounding the x-axis. These two axes intersect at

ð0; 0; Z�
ð2;3ÞÞ ¼ 0; 0; ðl4 þ l3Þ�l1

l1 þ l2�l4

 �
. The global Poincare surface of section has two

disconnect components. We can trace these two components to the corresponding
components of the Poincare surface in the original phase space R

3. None of the
intersections with the two components of the Poincare surface of section occurs
with Z < 50. Intersections with the Poincare section locate segments of the chaotic
trajectory very close to unstable periodic orbits. These segments were located by
searching for close returns in the Poincare section. The topological period of these
orbits is the number of distinct intersections with the Poincare section. Li system
exhibits a chaotic attractor with an unusual topological structure. The Li system
attractor is contained in a three dimensional space that is topological equivalent to a
solid sphere pierced by two intersecting holes. The global Poincare surface of
section consists of two disjoint components . Li dynamical system attractor exists in
a genus—three bounding torus [8, 9].

Plotting Li dynamical system: phase planes and variables (X; Y ; Z) time
behavior. First we choose our Li system parameters values (U1;U2; . . .;U6) [98].

l1 ! U1; l2 ! U2; l3 ! U3; l4 ! U4; l5 ! U5; l6 ! U6
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MATLAB scripts

First Case l1 ¼ 41; l2 ¼ 0:16; l3 ¼ 55; l4 ¼ 20; l5 ¼ 11; l6 ¼ 0:65
Initial condition: X0 ¼ 1; Y0 ¼ 1; Z0 ¼ 1 (Fig. 7.5).

Second Case l1 ¼ 41; l2 ¼ 0:16; l3 ¼ 55; l4 ¼ 20; l5 ¼ 11
6 ; l6 ¼ 0:65

Initial condition: X0 ¼ 1; Y0 ¼ 1; Z0 ¼ 1 (Fig. 7.6).

function h=LiSystem1 (U1,U2,U3,U4,U5,U6,X0,Y0,Z0)
[t,x]=ODE45(@LiSystem,[0,1],[X0,Y0,Z0],[],U1,U2,U3,U4,U5,U6);
plot3 (x(:,1),x(:,2),x(:,3));
xlabel ('X')%x-axis
ylabel ('Y')%y-axis
zlabel ('Z')%z-axis
grid on
axis square
%plot(t,x);
%plot(x(:,1),x(:,2));%X=dI/dt (x-axis) and I (y-axis)
%plot(x(:,1),x(:,3));%X=dI/dt (x-axis) and VCEQ1 (y-axis)
%plot(x(:,2),x(:,3));%I (x-axis) and VCEQ1 (y-axis)

function g=LiSystem(t,x,U1,U2,U3,U4,U5,U6)
g=zeros(3,1);% the elements of the vector g represent the right hand 
sided of the three DEs
g(1)=U1*(x(2)-x(1))+U2*x(1)*x(3);
g(2)=U3*x(1)+U4*x(2)-x(1)*x(3);
g(3)=U5*x(3)+x(1)*x(2)-U6*x(1)*x(1);

Fig. 7.5 Li system (2D) and (3D) graphs, X(t), Y(t) and Z(t) graph
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Fig. 7.5 (continued)
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Fig. 7.5 (continued)
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Fig. 7.6 Li system Z vs X vs Y (3D graph) and X(t), Y(t), and Z(t) graph and Y vs X graph and Z vs
X graph and Z vs Y graph
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Fig. 7.6 (continued)
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7.4 OptoNDR Negative Differential Resistance
(NDR) Oscillator Circuit Poincare Map
and Periodic Orbit

One way for the production of oscillations in L-C networks is to overcome circuit
losses through the use of designed-in positive feedback or generation. Two
alternatives exist for a potential oscillator. In the first alternative, the tuned active
network may have excess loss. The second alternative is that of a successful
oscillator where excess loss will have been compensated and a sustained oscillation
is obtained at the circuit’s output. We can distinguish two sine wave oscillator
types. The feedback and the negative resistance oscillator, Opto NDR device has
better performance characteristics cancelation in terms of resistive losses in oscil-
lators than oscillators that are not based on NDR devices. All cancelation of
resistive losses methods shown to be equivalent in the results and losses being
effectively canceled out by the negative differential resistance contributed by the
active device and associated reactive components. Two ways of carrying out this
process are series and a parallel L-C circuit. In the case that the loss cancelation is
incomplete, the loop gain of a sine wave oscillator will be less than unity and
oscillations will not start building up. On the other hand, if the gain is close to unity
the circuit will behave as a regenerative or high gain narrow band tuned amplifier.
OptoNDR is one of compound active device that exhibit negative resistance regions

Fig. 7.6 (continued)
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on their static I–V characteristics curves. This device can be successfully employed
in construction of L-C oscillators and regenerative amplifiers. We consider that a
source of voltage is attached to the circuit’s capacitor C1 and then withdrawn.
Initially, the electrical energy from the capacitor C1 is transferred into the magnetic
energy of the inductor. When the electrical energy of the capacitor becomes zero,
the process is reserved. The magnetic energy from the inductor is transferred into
the electrical energy of the capacitor. Electromagnetic oscillation occurs when
energy is transferring between the capacitor and inductor. Parasitic resistance R1 in
the system causes the oscillation to damp and Opto NDR is the negative element
which postpones the damping process [85, 86] (Fig. 7.7)

Our OptoNDR element/circuit is constructed from LED and photo transistor in
series. The LED (D1) light strikes the phototransistor (Q1) base window and can be
represented as a dependent current source. The dependent current source depends
on the LED (D1) forward current, with proportional k constant (IBQ1 ¼ ILED � k ¼
ID1 � k; IBQ1 ¼ ICQ1 � k) and is the phototransistor base current. The mathematical
analysis is based on the basic transistor Ebers–Moll equations. The basic Ebers–
Moll schematic for NPN bipolar transistor is shown in the next figure. We need to
implement the regular Ebers-Moll model to the opto coupler circuit (transistor Q1

and LED D1) and get a complete final expression for the Negative Differential
Resistance (NDR) characteristics of that circuit [18] (Fig. 7.8).

iDE þ iDC ¼ ibQ1 þ af � iDEQ1 þ ar � iDCQ1 ;

iDCQ1 þ ICQ1 ¼ af � iDEQ1 ;

iDEQ1 ¼ ar � iDCQ1 þ iEQ1

iDCQ1 þ ICQ1 ¼ af � iDEQ1 ) iDCQ1 ¼ af � iDEQ1 � ICQ1 ;

iDEQ1 ¼ ar � ðaf � iDEQ1 � ICQ1Þþ iEQ1

Fig. 7.7 Parallel circuit with
OptoNDR circuit, C1, L1, and
R1 elements
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iDEQ1 ¼ ar � af � iDEQ1 � ar � ICQ1 þ iEQ1 ;

iDEQ1 � ar � af � iDEQ1 ¼ iEQ1 � ar � ICQ1

iDEQ1 ¼
iEQ1 � ar � ICQ1

1� ar � af ;

iDCQ1 ¼ af � iDEQ1 � ICQ1 ¼ af � iEQ1 � ar � ICQ1

1� ar � af

� �
� ICQ1

iDCQ1 ¼ af � iEQ1 � ar � ICQ1

1� ar � af

� �
� ICQ1

¼ af � ðiEQ1 � ar � ICQ1Þ � ICQ1 � ð1� ar � af Þ
1� ar � af

iDCQ1 ¼
af � iEQ1 � ICQ1

1� ar � af ;

VBase�Emitter ¼ Vt � ln 1
Ise

� iDEQ1 þ 1
� �

;

VBase�Emitter ¼ Vt � ln 1
Ise

� iEQ1 � ar � ICQ1

1� ar � af

� �
þ 1

� �

Fig. 7.8 Ebers-Moll schematic for NPN bipolar transistor
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VBase�Collector ¼ Vt � ln 1
Isc

� iDCQ1 þ 1
� �

;

VBase�Collector ¼ Vt � ln 1
Isc

� af � iEQ1 � ICQ1

1� ar � af

� �
þ 1

� �

VCollector�Emitter ¼ VCollector�Base þVBase�Emitter;

VCollector�Base ¼ �VBase�Collector

VCollector�Emitter ¼ VCollector�Base þVBase�Emitter ¼ VBase�Emitter � VBase�Collector

VCollector�Emitter ¼ Vt � ln 1
Ise

� iEQ1 � ar � ICQ1

1� ar � af

� �
þ 1

� �

� Vt � ln 1
Isc

� af � iEQ1 � ICQ1

1� ar � af

� �
þ 1

� �

VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
Ise � ð1� ar � af Þ

� �

� Vt � ln af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
Isc � ð1� ar � af Þ

� �

VCollector�Emitter

¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
Ise � ð1� ar � af Þ

� �
� Isc � ð1� ar � af Þ

af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �� �

VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

� Isc
Ise

� �� �

VCollector�Emitter ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

þVt � ln Isc
Ise

� �
;

ICQ1 ¼ ID1

VD1 ¼ Vt � ln ID1

I0
þ 1

� �
;

VD1 ¼ Vt � ln ICQ1

I0
þ 1

� �
;

iEQ1 ! IEQ1 ; iCQ1 ! ICQ1 :

The optical coupling between the LED (D1) to the phototransistor (Q1) is rep-
resented as transistor dependent base current on LED (D1) current.
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IBQ1 ¼ ID1 � k; ID1 ¼ ICQ1 ; IBQ1 ¼ ICQ1 � k; IEQ1 ¼ ICQ1 þ IBQ1 ¼ ICQ1 � ð1þ kÞ
IEQ1 ¼ ICQ1 � ð1þ kÞ ) ICQ1 ¼

IEQ1

ð1þ kÞ ; IBQ1 ¼ ICQ1 � k ¼
IEQ1 � k
ð1þ kÞ :

As long as the phototransistor (Q1) is in cut off region, the current ICQ1 ; IEQ1 and
IBQ1 are very low. When the phototransistor (Q1) reaches break over voltage it
enters saturation region (VCollector�Emitter decreases and ICQ1 increases). The region
which VCollector�Emitter decreases and ICQ1 increases is the Negative Differential
Resistance area of VA1-ICQ1 characteristics. The positive feedback in which the
phototransistor collector current ICQ1 increases and then IBQ1 increases
(IBQ1 ¼ ICQ1 � k) is repeated in increasing cycles [1]. The positive feedback ends
when the phototransistor reaches saturation state. Finally, we arrive at an expression
which is the voltage VCollector�Emitter as a function of the current (ICQ1 ) for NDR
circuit (VA1 ¼ VCollector�Emitter þVD1 ).

VA1 ¼ VCollector�Emitter þVD1

¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

þVt � ln Isc
Ise

� �
þVt � ln ICQ1

I0
þ 1

� �

Assume: Isc 	 Ise; Vt � ln Isc
Ise

h i
	 0

VA1 ¼ Vt � ln iEQ1 � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � iEQ1 � ICQ1 þ Isc � ð1� ar � af Þ
� �

þVt � ln ICQ1

I0
þ 1

� �

ICQ1 ¼
IEQ1

ð1þ kÞ ; IBQ1 ¼ ICQ1 � k ¼
IEQ1 � k
ð1þ kÞ ; IEQ1 ¼ ICQ1 � ð1þ kÞ

VA1 ¼ Vt � ln ICQ1 � ð1þ kÞ � ar � ICQ1 þ Ise � ð1� ar � af Þ
af � ICQ1 � ð1þ kÞ � ICQ1 þ Isc � ð1� ar � af Þ
� �

þVt � ln ICQ1

I0
þ 1

� �

VA1 ¼ Vt � ln ICQ1 � ð1þ k � arÞþ Ise � ð1� ar � af Þ
ICQ1 � ðaf � ð1þ kÞ � 1Þþ Isc � ð1� ar � af Þ
� �

þVt � ln ICQ1

I0
þ 1

� �

IR1 ¼
VA1

R1
; VL1 ¼ L1 � dIL1dt

;

IC1 ¼ C1 � dVC1

dt
; VA1¼VC1 ¼ VR1 ¼ VL1 ;

IC1 þ IR1 þ ICQ1 þ IL1 ¼ 0
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VL1 ¼ L1 � dIL1dt
) VA1 ¼ L1 � dIL1dt

;

IL1 ¼
1
L1

�
Z

VA1 � dt; IR1 ¼
VA1

R1
; IC1 ¼ C1 � dVA1

dt

IC1 þ IR1 þ ICQ1 þ IL1 ¼ 0 ) C1 � dVA1

dt
þ VA1

R1
þ ICQ1 þ

1
L1

�
Z

VA1 � dt ¼ 0

d
dt

C1 � dVA1

dt
þ VA1

R1
þ ICQ1 þ

1
L1

�
Z

VA1 � dt ¼ 0
� �

) C1 � d
2VA1

dt2
þ 1

R1
� dVA1

dt
þ dICQ1

dt
þ 1

L1
� VA1 ¼ 0

We start from VA1 equation.

VA1 ¼ Vt � ln ICQ1 � ð1þ k � arÞþ Ise � ð1� ar � af Þ
ICQ1 � ðaf � ð1þ kÞ � 1Þþ Isc � ð1� ar � af Þ
� �

þVt � ln ICQ1

I0
þ 1

� �

We define some global parameters for simplicity:

X1 ¼ 1þ k � ar; X2 ¼ Ise � ð1� ar � af Þ;
X3 ¼ af � ð1þ kÞ � 1; X4 ¼ Isc � ð1� ar � af Þ

VA1 ¼ Vt � ln ICQ1 � X1 þX2

ICQ1 � X3 þX4

� �
þVt � ln ICQ1

I0
þ 1

� �

Remark Natural logarithmic function derivative.

@

@x
lnðf ðxÞÞ; @

@x
lnðxÞ ¼ 1

x
;

@

@x
lnðxÞ ¼ lim

Dx!0

lnðxþDxÞ � lnðxÞ
Dx

¼ lim
Dx!0

ln xþDx
x

	 

Dx

lim
Dx!0

ln xþDx
x

	 

Dx

¼ lim
Dx!0

1
Dx

� ln xþDx
x

� �
¼ lim

Dx!0
ln

xþDx
x

� � 1
Dx

;

n ¼ x
Dx

) x ¼ n � Dx; 1
Dx

¼ n
x

lim
Dx!0

ln
xþDx

x

� � 1
Dx

¼ lim
Dx!0

ln
xþDx

x

� �n�1x

¼ lim
Dx!0

1
x
� ln xþDx

x

� �n

¼ lim
Dx!0

1
x
� ln 1þ Dx

x

� �n
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n ¼ x
Dx

; Dx ! 0 ) n ! 1; lim
n!1

1
x
� ln 1þ Dx

x

� �n

;

n ¼ x
Dx

) Dx
x

¼ 1
n
; lim

n!1
1
x
� ln 1þ 1

n

� �n

lim
n!1

1
x
� ln 1þ 1

n

� �n

¼ 1
x
� lim
n!1 ln 1þ 1

n

� �n

;

lim
n!1 1þ 1

n

� �n

¼ e;
1
x
� lnðeÞ ¼ 1

x
;

@

@x
lnðxÞ ¼ 1

x

lnðf ðxÞÞ; gðxÞ ¼ lnðxÞ; hðxÞ ¼ f ðxÞ;

gðhðxÞÞ ¼ lnðf ðxÞÞ; @ lnðf ðxÞÞ
@x

¼ g0ðhðxÞÞ � h0ðxÞ

g0ðxÞ ¼ 1
x
; g0ðhðxÞÞ ¼ 1

f ðxÞ � f
0ðxÞ; @

@x
lnðf ðxÞÞ ¼ 1

f ðxÞ � f
0 ðxÞ

f ðxðtÞÞ ) @

@t
lnðf ðxðtÞÞÞ ¼ 1

f ðxðtÞÞ �
@f ðxðtÞÞ

@t

¼ 1
f ðxðtÞÞ �

@f ðxðtÞÞ
@x

� @x
@t

@

@t
lnðf ðxÞÞ ¼ 1

f
� @f
@x

� @x
@t

;

x ! ICQ1 �!½@ $ d� d
dt
lnðf ðICQ1ÞÞ ¼

1
f
� df
dICQ1

� dICQ1

dt

f ðICQ1Þ ¼
ICQ1 � X1 þX2

ICQ1 � X3 þX4
or f ðICQ1Þ ¼

ICQ1

I0
þ 1

&&&

dVA1

dt
¼ Vt � ICQ1 � X3 þX4

ICQ1 � X1 þX2
�

dICQ1
dt � X1 � ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ � dICQ1dt � X3

ðICQ1 � X3 þX4Þ2

2
4

3
5

þVt � 1
ICQ1
I0

þ 1
� 1
I0
� dICQ1

dt

dVA1

dt
¼ Vt � dICQ1

dt
� X1 � X4 � X2 � X3

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ
� �

We define function nðICQ1Þ ¼ X1�X4�X2�X3
ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ
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dVA1

dt
¼ Vt � nðICQ1Þ �

dICQ1

dt
;

d2VA1

dt2
¼ Vt � dnðICQ1Þ

dt
� dICQ1

dt
þVt � nðICQ1Þ �

d2ICQ1

dt2

dnðICQ1Þ
dt

¼ dnðICQ1Þ
dICQ1

� dICQ1

dt
;

d2VA1

dt2
¼ Vt � dnðICQ1Þ

dICQ1

� dICQ1

dt
� dICQ1

dt
þVt � nðICQ1Þ �

d2ICQ1

dt2

nðICQ1Þ ¼
X1 � X4 � X2 � X3

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ

dnðICQ1Þ
dICQ1

¼ �ðX1 � X4 � X2 � X3Þ � ½X3 � ðICQ1 � X1 þX2ÞþX1 � ðICQ1 � X3 þX4Þ�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

� 1

ðICQ1 þ I0Þ2

dnðICQ1Þ
dICQ1

¼ �ðX1 � X4 � X2 � X3Þ � ½2 � ICQ1 � X1 � X3 þX3 � X2 þX1 � X4�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

� 1

ðICQ1 þ I0Þ2

dnðICQ1Þ
dICQ1

¼ � ðX1 � X4 � X2 � X3Þ � ½2 � ICQ1 � X1 � X3 þX3 � X2 þX1 � X4�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

þ 1

ðICQ1 þ I0Þ2
( )

d2VA1

dt2
¼ Vt � dnðICQ1Þ

dICQ1

� dICQ1

dt
� dICQ1

dt
þVt � nðICQ1Þ �

d2ICQ1

dt2

¼ Vt � dnðICQ1Þ
dICQ1

� dICQ1

dt
� dICQ1

dt
þ nðICQ1Þ �

d2ICQ1

dt2

� �

d2VA1

dt2
¼ Vt � � ðX1 � X4 � X2 � X3Þ � ½2 � ICQ1 � X1 � X3 þX3 � X2þX1 � X4�

ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2
("

þ 1

ðICQ1 þ I0Þ2
)

� dICQ1

dt

� �2
þ X1 � X4 � X2 � X3

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ
� �

� d
2ICQ1

dt2

#

Our system differential equation:

C1 � d
2VA1

dt2
þ 1

R1
� dVA1

dt
þ dICQ1

dt
þ 1

L1
� VA1 ¼ 0
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C1 � Vt � � ðX1 � X4 � X2 � X3Þ � ½2 � ICQ1 � X1 � X3 þX3 � X2 þX1 � X4�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

("

þ 1

ðICQ1 þ I0Þ2
)

� dICQ1

dt

� �2
þ X1 � X4 � X2 � X3

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ
� �

� d
2ICQ1

dt2

#

þ 1
R1

� Vt � nðICQ1Þ �
dICQ1

dt
þ dICQ1

dt
þ 1

L1
� Vt � ln

ICQ1 � X1 þX2

ICQ1 � X3 þX4

� �
þ ln

ICQ1

I0
þ 1

� �� �
¼ 0

N1 ¼ X1 � X4 � X2 � X3; N2 ¼ 2 � X1 � X3; N3 ¼ X3 � X2 þX1 � X4

C1 � Vt � � N1 � ½ICQ1 � N2 þN3�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

þ 1

ðICQ1 þ I0Þ2
( )

� dICQ1

dt

� �2"

þ N1

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ
� �

� d
2ICQ1

dt2

�

þ 1
R1

� Vt � nðICQ1Þ �
dICQ1

dt
þ dICQ1

dt
þ 1

L1
� Vt � ln

ICQ1 � X1 þX2

ICQ1 � X3 þX4

� �
þ ln

ICQ1

I0
þ 1

� �� �
¼ 0

We define new variable Y ¼ dICQ1
dt ) dICQ1

dt ¼ Y ; dY
dt ¼

d2
ICQ1
dt2

C1 � Vt � � N1 � ½ICQ1 � N2 þN3�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

þ 1

ðICQ1 þ I0Þ2
( )

� Y2

"

þ N1

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ
� �

� dY
dt

�

þ 1
R1

� Vt � nðICQ1Þ � Y þ Y þ 1
L1

� Vt � ln
ICQ1 � X1 þX2

ICQ1 � X3 þX4

� �
þ ln

ICQ1

I0
þ 1

� �� �
¼ 0

� C1 � Vt � N1 � ½ICQ1 � N2 þN3�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

þ 1

ðICQ1 þ I0Þ2
( )

� Y2

þC1 � Vt � N1

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ
� �

� dY
dt

þ 1
R1

� Vt � nðICQ1Þ � Y þ Y þ 1
L1

� Vt � ln
ICQ1 � X1 þX2

ICQ1 � X3 þX4

� �
þ ln

ICQ1

I0
þ 1

� �� �
¼ 0
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C1 � Vt � N1

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ
� �

� dY
dt

¼ C1 � Vt � N1 � ½ICQ1 � N2 þN3�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

þ 1

ðICQ1 þ I0Þ2
( )

� Y2

� Y � 1
R1

� Vt � nðICQ1Þþ 1
� �

� 1
L1

� Vt � ln
ICQ1 � X1 þX2

ICQ1 � X3 þX4

� �
þ ln

ICQ1

I0
þ 1

� �� �

dY
dt

¼
N1�½ICQ1 �N2 þN3�

ðICQ1 �X3 þX4Þ2�ðICQ1 �X1 þX2Þ2 þ
1

ðICQ1 þ I0Þ2

� �
� Y2

N1
ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ
 �

� Y �
1
R1
� Vt � nðICQ1Þþ 1

 �
C1 � Vt � N1

ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1
ðICQ1 þ I0Þ

 �

�
1
L1
� Vt � ln

ICQ1 �X1 þX2

ICQ1 �X3 þX4

h i
þ ln

ICQ1
I0

þ 1
h i �

C1 � Vt � N1
ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ
 �

System equilibrium points (fixed points ): dYdt ¼ 0;
dICQ1
dt ¼ 0 ) Y� ¼ 0

1
L1
� Vt � ln

I�CQ1 �X1 þX2

I�CQ1 �X3 þX4

� �
þ ln

I�CQ1
I0

þ 1
h i� �

C1 � Vt � N1
ðI�CQ1 �X3 þX4Þ�ðI�CQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ

� � ¼ 0

N1

ðI�CQ1
� X3 þX4Þ � ðI�CQ1

� X1 þX2Þ þ
1

ðICQ1 þ I0Þ 6¼ 0

ln
I�CQ1

� X1 þX2

I�CQ1
� X3 þX4

" #
þ ln

I�CQ1

I0
þ 1

� �
¼ 0 ) ln

I�CQ1
� X1 þX2

I�CQ1
� X3 þX4

" #
� I�CQ1

I0
þ 1

� �( )

¼ 0

e0 ¼ I�CQ1
� X1 þX2

I�CQ1
� X3 þX4

" #
� I�CQ1

I0
þ 1

� �
) I�CQ1

� X1 þX2

I�CQ1
� X3 þX4

" #
� I�CQ1

I0
þ 1

� �
¼ 1

7.4 OptoNDR Negative Differential Resistance (NDR) … 603



I�CQ1
� X1 þX2

I�CQ1
� X3 þX4

" #
� I�CQ1

þ I0
I0

� �
¼ 1 ) ðI�CQ1

� X1 þX2Þ � ðI�CQ1
þ I0Þ

¼ ðI�CQ1
� X3 þX4Þ � I0

½I�CQ1
�2 � X1 þ I�CQ1

� ½I0 � ðX1 � X3ÞþX2� þ ðX2 � X4Þ � I0 ¼ 0

I�CQ1ð1;2Þ ¼
�½I0 � ðX1�X3ÞþX2��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½I0 � ðX1�X3ÞþX2�2�4 �X1 � ðX2�X4Þ � I0

q
2 �X1

½I0 � ðX1 � X3ÞþX2�2 � 4 � X1 � ðX2 � X4Þ � I0 [ 0
) ½I0 � ðX1 � X3ÞþX2�2 [ 4 � X1 � ðX2 � X4Þ � I0

We define two functions: g1ðICQ1 ; YÞ; g2ðICQ1 ; YÞ

g1ðY ; ICQ1Þ ¼
N1�½ICQ1 �N2 þN3�

ðICQ1 �X3 þX4Þ2�ðICQ1 �X1 þX2Þ2 þ
1

ðICQ1 þ I0Þ2

� �
� Y2

N1
ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ
 �

� Y �
1
R1
� Vt � nðICQ1Þþ 1

 �
C1 � Vt � N1

ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1
ðICQ1 þ I0Þ

 �

�
1
L1
� Vt � ln

ICQ1 �X1 þX2

ICQ1 �X3 þX4

h i
þ ln

ICQ1
I0

þ 1
h i �

C1 � Vt � N1
ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ
 �

g2ðY ; ICQ1Þ ¼ Y ;
dY
dt

¼ g1ðY ; ICQ1Þ;
dICQ1

dt
¼ g2ðY ; ICQ1Þ

Stability Analysis We need to implement linearization technique for our system.
First, find system Jacobian matrix at the fixed point (Y�; I�CQ1

).

A ¼
@g1ðY ;ICQ1 Þ

@Y
@g1ðY ;ICQ1 Þ

@ICQ1
@g2ðY ;ICQ1 Þ

@Y
@g2ðY ;ICQ1 Þ

@ICQ1

0
@

1
A

ðY�;I�CQ1 Þ

We need to find the partial derivatives of our functions: g1 ¼ g1ðY ; ICQ1Þ
g2 ¼ g2ðY ; ICQ1Þ
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@g1ðY ; ICQ1Þ
@Y

¼
N1�½ICQ1 �N2 þN3�

ðICQ1 �X3 þX4Þ2�ðICQ1 �X1 þX2Þ2 þ
1

ðICQ1 þ I0Þ2

� �
� 2 � Y

N1
ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ
 �

�
1
R1
� Vt � nðICQ1Þþ 1

 �
C1 � Vt � N1

ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1
ðICQ1 þ I0Þ

 �

@g1ðY ; ICQ1Þ
@Y

����
ðY�¼0;I�CQ1 Þ

¼ �
1
R1
� Vt � nðI�CQ1

Þþ 1
 �

C1 � Vt � N1
ðI�CQ1 �X3 þX4Þ�ðI�CQ1 �X1 þX2Þ þ 1

ðI�CQ1 þ I0Þ

� �

Complex expression:
@g1ðY ;ICQ1 Þ

@ICQ1

���
ðY�¼0;I�CQ1 Þ

.

@g2ðY ; ICQ1Þ
@Y

¼ 1;
@g2ðY ; ICQ1Þ

@ICQ1

¼ 0;
@g2ðY ; ICQ1Þ

@Y
jðY�¼0;I�CQ1 Þ

¼ 1;

@g2ðY ; ICQ1Þ
@ICQ1

ðY�¼0;I�CQ1 Þ
��� ¼ 0

A ¼
@g1ðY ;ICQ1 Þ

@Y
@g1ðY ;ICQ1 Þ

@ICQ1
@g2ðY ;ICQ1 Þ

@Y
@g2ðY ;ICQ1 Þ

@ICQ1

0
@

1
A

ðY�;I�CQ1 Þ

¼
�

1
R1
�Vt �nðI�CQ1 Þ þ 1

 �
C1�Vt � N1

ðI�
CQ1

�X3 þX4Þ�ðI�CQ1
�X1 þX2Þ

þ 1
ðI�
CQ1

þ I0Þ

� � @g1ðY ;ICQ1 Þ
@ICQ1

���
ðY�¼0;I�CQ1 Þ

1 0

0
BBB@

1
CCCA

@g1
@Y

¼ @g1ðY ; ICQ1Þ
@Y

;
@g1
@ICQ1

¼ @g1ðY ; ICQ1Þ
@ICQ1

;

@g2
@Y

¼ @g1ðY ; ICQ1Þ
@Y

;
@g2
@ICQ1

¼ @g1ðY ; ICQ1Þ
@ICQ1

det(A� k � IÞ ¼ 0

det
�

1
R1
�Vt �nðI�CQ1 Þþ 1

 �
C1�Vt � N1

ðI�
CQ1

�X3 þX4Þ�ðI�CQ1
�X1 þX2Þ

þ 1
ðI�
CQ1

þ I0Þ

� �� k
@g1ðY ;ICQ1 Þ

@ICQ1

���
ðY�¼0;I�CQ1 Þ

1 �k

0
BBB@

1
CCCA ¼ 0

k2 þ
1
R1
� Vt � nðI�CQ1

Þþ 1
 �

� k

C1 � Vt � N1
ðI�CQ1 �X3 þX4Þ�ðI�CQ1 �X1 þX2Þ þ 1

ðI�CQ1 þ I0Þ

� �� @g1ðY ; ICQ1Þ
@ICQ1

����
ðY�¼0;I�CQ1 Þ

¼ 0
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X2
k¼0

kk � ik ¼ 0; i2 ¼ 1; i1 ¼
1
R1
� Vt � nðI�CQ1

Þþ 1
 �

C1 � Vt � N1
ðI�CQ1 �X3 þX4Þ�ðI�CQ1 �X1 þX2Þ þ 1

ðI�CQ1 þ I0Þ

� �

i0 ¼ �@g1ðY ; ICQ1Þ
@ICQ1

����
ðY�¼0;I�CQ1 Þ

:

Eigenvalues Stability Discussion If k2\k1\0 then both Eigen solutions decay
exponentially. The fixed point is a stable node. Trajectories typically approach the
origin tangent to the slow eigendirection, defined as the direction spanned by the
eigenvector with smaller |k|. In the backwards time (t ! �1), the trajectories
become parallel to the fast eigendirection. If the eigenvalues are complex, the fixed
point is either a center or a spiral. Example of center is when the origin is sur-
rounded by a family of closed orbits. The centers are neutrally stable, since nearby
trajectories are neither attracted to nor repelled from the fixed point. A spiral would
occur if our circuit oscillator were lightly damped. Then the trajectory would fail to
close, because our oscillator loses energy on every cycle. The below table describes
the stability based on circuit eigenvalues [7, 8] (Table 7.4).

Plotting Opto NDR oscillator circuit phase plane (ICQ1 ; Y ). First we choose our
circuit parameters values (Table 7.5).

X1 ¼ 1þ k � ar¼ 0:52; X2 ¼ Ise � ð1� ar � af Þ ¼ 0:51
 10�6; X3 ¼ af � ð1þ kÞ � 1 ¼ �0:0004

X4 ¼ Isc � ð1� ar � af Þ ¼ 1:02
 10�6; N1 ¼ X1 � X4 � X2 � X3 ¼ 0:53
 10�6

N2 ¼ 2 � X1 � X3¼� 0:000416; N3 ¼ X3 � X2 þX1 � X4 ¼ 0:529
 10�6:

We define the following functions for simplicity (Table 7.6)

F1 ¼ C1 � Vt � N1

ðICQ1 � X3 þX4Þ � ðICQ1 � X1 þX2Þ þ
1

ðICQ1 þ I0Þ
� �

Table 7.4 The stability
based on circuit eigenvalues

Circuit eigenvalues k1; k2 Stability classification

k1 ¼ k2\0 Attracting focus

k1\k2\0 Attracting node

k1\k2 ¼ 0 Attracting line

k1\0\k2 Saddle point

k1 ¼ 0\k2 Repelling line

0\k1\k2 Repelling node

0\k1 ¼ k2 Repelling focus
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F2 ¼ X1 � ½ICQ1 � N2 þN3�
ðICQ1 � X3 þX4Þ2 � ðICQ1 � X1 þX2Þ2

þ 1

ðICQ1 þ I0Þ2
 !

;

F3 ¼ nðICQ1Þ

F4 ¼ 1
R1

� Vt � nðICQ1Þþ 1
� �

;

F5 ¼ 1
L1

� Vt � ln
ICQ1 � X1 þX2

ICQ1 � X3 þX4

� �
þ ln

ICQ1

I0
þ 1

� �� �
:

MATLAB scripts

function h=NDRosc1 (C1,L1,R1,Y0,X0)
[t,x]=ODE45(@NDRosc,[0,.05],[Y0,X0],[],C1,L1,R1);
%plot(t,x);
plot(x(:,1),x(:,2));%Y=dICQ1/dt (x-axis) and ICQ1 (y-axis)

function g=NDRosc(t, x, C1,L1,R1)
g=zeros(2,1);% the elements of the vector g represent the right hand 
sided of the three DEs
F1=((0.53*1e-6)/((x(2)*(-0.0004)+1.02*1e-6)*(x(2)*0.52+0.51*1e
6))+1/(x(2)+1e-6))*C1*0.026;
F2=(0.53*1e-6*(x(2)*(-0.000416)+0.529*1e-6))/((x(2)*(-
0.0004)+1.02*1e-6).^2*(x(2)*0.52+0.51*1e-6).^2)+1/((x(2)+1e-6).^2);
F3=(0.53*1e-6/((x(2)*(-0.0004)+1.02*1e-6)*(x(2)*0.52+0.51*1e-
6))+1/(x(2)+1e-6));
F4=(1/R1)*0.026*F3+1;
F5=(1/L1)*0.026*(log((x(2)*0.52+0.5*1e-6)/(x(2)*(-0.0004)+1.02*1e-
6))+log(x(2)/1e-6+1));
g(1)=(F2.*x(1).*x(1)*C1*0.026)./F1-(x(1).*F4)./F1-(F5./F1);
g(2)=x(1);

NDRosc1(1e−5,1e−5,1000,100,000,.1) (Fig. 7.9).

Table 7.5 Circuit parameters
values

ar 0.5 C1 10 lF

af 0.98 R1 1 kX

k 0.02 L1 10 lH

Vt 0.026 V Ise 1 lA

I0 1 lA Isc 2 lA

Table 7.6 Variables/
Functions and MATLAB
variables

Variables/functions MATLAB variables

Y ! Y x(1)

ICQ1 ! X x(2)

g1ðICQ1 ; YÞ g(1)

g2ðICQ1 ; YÞ g(2)
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Opto NDR oscillator periodic orbit and Poincare map: Poincare map is an
important tool for the investigation of dynamical systems in applications. Circuit
dynamical system can be inspected through Poincare map. It is most beneficial tool
in nonlinear dynamic. This is done by taking intersections of the orbit of flow by a
hyper-plane parallel to one of the coordinate hyperplanes of co-dimension one. It is
found that the two coordinates of the points on Poincare section are functionally

related. First we write again our circuit differential equations:
dICQ1
dt ¼ Y

dY
dt

¼
N1�½ICQ1 �N2 þN3�

ðICQ1 �X3 þX4Þ2�ðICQ1 �X1 þX2Þ2 þ
1

ðICQ1 þ I0Þ2

� �
� Y2

N1
ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ
 �

� Y �
1
R1
� Vt � nðICQ1Þþ 1

 �
C1 � Vt � N1

ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1
ðICQ1 þ I0Þ

 �

�
1
L1
� Vt � ln

ICQ1 �X1 þX2

ICQ1 �X3 þX4

h i
þ ln

ICQ1
I0

þ 1
h i �

C1 � Vt � N1
ðICQ1 �X3 þX4Þ�ðICQ1 �X1 þX2Þ þ 1

ðICQ1 þ I0Þ
 � :

Fig. 7.9 NDR oscillator, ICQ1 vs
dICQ1
dt
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First we transfer our system variables to Cartesian coordinates (X(t), Y(t)) ter-
minology (ICQ1ðtÞ $ XðtÞ; YðtÞ $ YðtÞ). We need to prove that the system has
periodic orbits and find Poincare map. It is done by changing system Cartesian
coordinates (X(t), Y(t)) to cylindrical coordinates (r(t), h(t)). Next we show that the
cylinder is invariant. For the conversion between cylindrical and Cartesian systems
and opposite, it is convenient to assume that the reference plane of the former is the
Cartesian x–y plane (with equation z = 0), and the cylindrical axis is the Cartesian
z-axis. In our system we refer to Cartesian X–Y plane (with equation Z = 0). Then
the z coordinate is the same in both systems, and the correspondence between
cylindrical (r, h) and Cartesian (X, Y) are the same as for polar coordinates, namely
X(t) = r(t) � cos[h(t)]; Y(t) = r(t) � sin[h(t)]; r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

. h(t) = 0 if X = 0 and
Y = 0. h(t) = arcsin(Y/r) if X >=0. x ! X, y ! Y. ICQ1 ¼ r � cos h , X ¼
r � cos h; Y ¼ r � sin h , Y ¼ r � sin h.

dICQ1

dt
¼ dr

dt
� cos h� r � dh

dt
� sin h; dY

dt
¼ dr

dt
� sin hþ r � dh

dt
� cos h

dICQ1

dt
¼ Y ) dr

dt
� cos h� r � dh

dt
� sin h ¼ r � sin h; dr

dt
¼ r � tgh � 1þ dh

dt

� �

dr
dt

� cos h� r � dh
dt

� sin h ¼ r � sin h ) dh
dt

¼ dr
dt

� 1
r � tgh� 1

dr
dt
�sinhþr �dh

dt
�cosh

¼

N1 � ½r �cosh �N2þN3�
ðr �cosh �X3þX4Þ2 � ðr �cosh �X1þX2Þ2

þ 1

ðr �coshþI0Þ2
 !

�r2 �sin2h

N1

ðr �cosh �X3þX4Þ � ðr �cosh �X1þX2Þþ
1

ðr �coshþI0Þ
� �

�r �sinh �
1
R1
�Vt �nðr �coshÞþ1

 �
C1 �Vt � N1

ðr �cosh �X3þX4Þ � ðr �cosh �X1þX2Þþ
1

ðr �coshþI0Þ
� �

�
1
L1
�Vt � ln

r �cosh �X1þX2

r �cosh �X3þX4

� �
þ ln

r �cosh
I0

þ1
� �� �

C1 �Vt � N1

ðr �cosh �X3þX4Þ � ðr �cosh �X1þX2Þþ
1

ðr �coshþI0Þ
� �
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r � tgh � 1þ dh
dt

� �
� sin hþ r � dh

dt
� cos h

¼

N1�½r�cos h�N2 þN3�
ðr�cos h�X3 þX4Þ2�ðr�cos h�X1 þX2Þ2

þ 1

ðr�cos hþ I0Þ2
�
� r2 � sin2 h

N1
ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1

ðr�cos hþ I0Þ
 �

� r � sin h �
1
R1
� Vt � nðr � cos hÞþ 1

 �
C1 � Vt � N1

ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1
ðr�cos hþ I0Þ

 �

�
1
L1
� Vt � ln r�cos h�X1 þX2

r�cos h�X3 þX4

h i
þ ln r�cos h

I0
þ 1

h i �
C1 � Vt � N1

ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1
ðr�cos hþ I0Þ

 �

dh
dt

¼ 1
r � ðtgh � sin hþ cos hÞ �

N1�½r�cos h�N2 þN3�
ðr�cos h�X3 þX4Þ2�ðr�cos h�X1 þX2Þ2

þ 1

ðr�cos hþ I0Þ2
�
� r2 � sin2 h

N1
ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1

ðr�cos hþ I0Þ
 �

8>>>>>>><
>>>>>>>:

� r � sin h �
1
R1
� Vt � nðr � cos hÞþ 1

 �
C1 � Vt � N1

ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1
ðr�cos hþ I0Þ

 �

�
1
L1
� Vt � ln r�cos h�X1 þX2

r�cos h�X3 þX4
� þ ln½r�cos hI0

þ 1
h i �

C1 � Vt � N1
ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1

ðr�cos hþ I0Þ
 �� r � tgh � sin h

9=
;

dr
dt

� sin hþ r � dr
dt

� 1
r � tgh� 1

� �
� cos h

¼

N1�½r�cos h�N2 þN3�
ðr�cos h�X3 þX4Þ2�ðr�cos h�X1 þX2Þ2

þ 1

ðr�cos hþ I0Þ2
�
� r2 � sin2 h

N1
ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1

ðr�cos hþ I0Þ
 �

� r � sin h �
1
R1
� Vt � nðr � cos hÞþ 1

 �
C1 � Vt � N1

ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1
ðr�cos hþ I0Þ

 �

�
1
L1
� Vt � ln r�cos h�X1 þX2

r�cos h�X3 þX4

h i
þ ln r�cos h

I0
þ 1

h i �
C1 � Vt � N1

ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1
ðr�cos hþ I0Þ

 �
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dr
dt

¼ 1

sin hþ 1
tgh � cos h

 � �
N1�½r�cos h�N2 þN3�

ðr�cos h�X3 þX4Þ2�ðr�cos h�X1 þX2Þ2

þ 1

ðr�cos hþ I0Þ2
�
� r2 � sin2 h

N1
ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1

ðr�cos hþ I0Þ
 �

8>>>>>>><
>>>>>>>:

� r � sin h �
1
R1
� Vt � nðr � cos hÞþ 1

 �
C1 � Vt � N1

ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1
ðr�cos hþ I0Þ

 �

�
1
L1
� Vt � ln r�cos h�X1 þX2

r�cos h�X3 þX4

h i
þ ln r�cos h

I0
þ 1

h i �
C1 � Vt � N1

ðr�cos h�X3 þX4Þ�ðr�cos h�X1 þX2Þ þ 1
ðr�cos hþ I0Þ

 � þ r � cos h
9=
;:

If there is a stable limit cycle as specific value of radius r, dr/dt = 0 then

dr
dt

¼ 0 ) r � tgh � 1þ dh
dt

� �
¼ 0; r 6¼ 0;

tgh ¼ 0 ) h ¼ k � p 8 k ¼ . . .;�2;�1; 0; 1; 2; . . .

1þ dh
dt

¼ 0 ) dh ¼ �dt ) h ¼ �t;

h ¼ x � t ) dh
dt

¼ x ¼ 2 � p
T

;
2 � p
T

¼ �1 ) T ¼ �2 � p

dh
dt ¼ x; dh

dt ¼ �1 ) x ¼ �1.

Case I tgh ¼ 0 ) h ¼ k � p 8 k ¼ . . .;�2;�1; 0; 1; 2; . . .

Case II 1þ dh
dt ¼ 0 ) dh

dt ¼ �1. It is reader exercise for each case to calculate and

get the radius expression and value. It is easier to do it numerically than analytic
[7, 8].

Poincare Map We need to compute Poincare map for our system wðrÞ. Angel
h ¼ x � t and regard the system as a vector field on a cylinder. Then dh

dt ¼ x

Consider initial condition on S (it is n − 1 dimensional surface of section and the
Poincare map wðrÞ is a mapping from S to itself), hðt ¼ 0Þ ¼ 0; rðt ¼ 0Þ ¼ r0.
Then the time of flight between successive intersections is 2�p

x . The analytical
expressions we get for calculation of Poincare map are described below:
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x ¼ 1
r � ðtgðx � tÞ � sinðx � tÞþ cosðx � tÞÞ �

N1�½r�cosðx�tÞ�N2 þN3�
ðr�cosðx�tÞ�X3 þX4Þ2�ðr�cosðx�tÞ�X1 þX2Þ2

þ 1

ðr�cosðx�tÞþ I0Þ2Þ � r
2 � sin2ðx � t

�
N1

ðr�cosðx�tÞ�X3 þX4Þ�ðr�cosðx�tÞ�X1 þX2Þ

þ 1

ðr�cosðx�tÞþ I0Þ
�

8>>>>>>>><
>>>>>>>>:

� r � sinðx � tÞ �
1
R1
� Vt � nðr � cosðx � tÞÞþ 1

 �
C1 � Vt � N1

ðr�cosðx�tÞ�X3 þX4Þ�ðr�cosðx�tÞ�X1 þX2Þ þ 1
ðr�cosðx�tÞþ I0Þ

 �

�
1
L1
� Vt � ln r�cosðx�tÞ�X1 þX2

r�cosðx�tÞ�X3 þX4

h i
þ ln r�cosðx�tÞ

I0
þ 1

h i �
C1 � Vt � N1

ðr�cosðx�tÞ�X3 þX4Þ�ðr�cosðx�tÞ�X1 þX2Þ þ 1
ðr�cosðx�tÞþ I0Þ

 �
� r � tgðx � tÞ � sinðx � tÞg

dr
dt

¼ 1

sinðx � tÞþ 1
tgh � cosðx � tÞ

 � �
N1�½r�cosðx�tÞ�N2 þN3�

ðr�cosðx�tÞ�X3 þX4Þ2�ðr�cosðx�tÞ�X1 þX2Þ2

þ 1

ðr�cosðx�tÞþ I0Þ2Þ � r
2 � sin2ðx � t

�
N1

ðr�cosðx�tÞ�X3 þX4Þ�ðr�cosðx�tÞ�X1 þX2Þ

þ 1

ðr�cosðx�tÞþ I0Þ
�

8>>>>>>>><
>>>>>>>>:

� r � sinðx � tÞ �
1
R1
� Vt � nðr � cosðx � tÞÞþ 1

 �
C1 � Vt � N1

ðr�cosðx�tÞ�X3 þX4Þ�ðr�cosðx�tÞ�X1 þX2Þ þ 1
ðr�cosðx�tÞþ I0Þ

 �

�
1
L1
� Vt � ln r�cosðx�tÞ�X1 þX2

r�cosðx�tÞ�X3 þX4

h i
þ ln r�cosðx�tÞ

I0
þ 1

h i �
C1 � Vt � N1

ðr�cosðx�tÞ�X3 þX4Þ�ðr�cosðx�tÞ�X1 þX2Þ þ 1
ðr�cosðx�tÞþ I0Þ

 � þ r � cosðx � tÞ
9=
;

Remark It is very difficult to get the expression of Poincare map wðrÞ analytically
rather numerically. We recommend the reader to choose the easiest way.

7.5 Exercises

1. We have system which is characterized by the following two differential

equations: dXdt ¼ �l � Y þX � 1� X2

l � Y2
 �

; dYdt ¼ Xþ Y � 1� X2

l � Y2
 �

l is

a parameter that establishes the dynamic of the system (l 2 R).

1:1 Find system fixed points and investigate how they change for different
values of l parameter.
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1:2 Find system Jacobian matrix after linearization. Discuss stability and sta-
bility switching for different values of l parameter.

1:3 Show that there is a periodic solution of the system that lies on the ellipse
Xffiffi
l

p
 �2

þ Y2 ¼ 1.

1:4 Write system in cylindrical coordinates rðtÞ; hðtÞ and find differential

equations drdt ¼ n1ðr; hÞ; dhdt ¼ n2ðr; hÞ.
1:5 Find if there is a limit cycle as a specific value of radius r (drdt ¼ 0).

1:6 Consider the system vector field given in polar coordinates: dhdt ¼ 1.

Find Poincare map (w). How Poincare map behavior is changed for dif-
ferent values of l parameter?

1:7 Plot Poincare maps and investigate occurrences of fixed points.

2. We have two sinusoidal forced circuits which can be written in dimensionless

form as dXdt þX ¼ l1 � sinðx1 � tÞ; dYdt þ Y ¼ l2 � cosðx2 � tÞ

x1;x2 2 Rþ ; x1;x2 [ 0; l1; l2 2 R

2:1 Using Poincare map, show that these systems have a unique, globally stable
limit cycles. How these limit cycles depend on l1; l2 parameters?

2:2 Plot the graphs of w1;w2 Poincare maps and intersection with the diagonal
at unique points respectively.

2:3 Show that the deviation of Xk; Yk from the fixed points is reduced by a
constant factor with each iteration.

2:4 Try to draw the implementation optoisolation circuits for these two sinu-
soidal forced circuits. Investigate stability and stability switching for dif-
ferent values of l1; l2 parameters.

2:5 Show that the circuits always settle into the same forced oscillations,
regardless of the interval conditions.

3. We have system model which characterize by two differential equations:
dX
dt ¼ l1 � X � ffiffiffiffiffi

l2
p � X�Y

1þ l3�X2 ;
dY
dt ¼ l3 � X�Y

1þ l2�X2

l1; l2; l3 2 Rþ ; l1; l2; l3 [ 0

3:1 Find all the system fixed points and classify them. Investigate the dynamics
and behavior of the model.

3:2 Try to find conditions on l1; l2; l3 under which the system has a stable
limit cycle.

3:3 Discuss stability and bifurcation for different values of l1; l2; l3
parameters.

3:4 Move to cylindrical coordinates rðtÞ; hðtÞ and find limit cycle as a specific

value of radius (drdt ¼ 0).
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3:5 Consider the system vector field given in polar coordinates dh
dt ¼ 1. Find

Poincare map (w). How Poincare map behavior is changed for different
values of l1; l2; l3 parameters.

4. We have a van der Pol oscillator circuit with two parallel capacitors C2 and C3.
The active element of the circuit is semiconductor device (OptoNDR circuit
device) with two parallel capacitors C2 and C3. Capacitor C2 is parallel to
phototransistor Q1 collector emitter ports and capacitor C3 is parallel to LED
D1. OptoNDR circuit acts like an ordinary nonlinear resistor when current I(t) is
high (I(t) > Isat), but like nonlinear negative resistor (energy source) or negative
differential resistance (NDR) when I(t) is low I(t) > Ibreak and I(t) < Isat. Our

circuit current voltage characteristic V ¼ f ðIÞ 8 dI
dt ¼ 0 resembles a cubic

function. We consider that a source of current is attached to the circuit and then
withdrawn. We neglect in our analysis the current below Ibreak (I(t) < Ibreak)
(Fig. 7.10).

4:1 Write circuit differential equations. Hint: The mathematical analysis is
based on the basic transistor Ebers-Moll equations. The LED (D1) light
strikes the phototransistor (Q1) base window and can be represented as a
dependent current source. The dependent current source depends on the
LED (D1) forward current, with proportional k constant and is the photo-
transistor base current. Find circuit fixed points.

4:2 Write circuit Jacobian matrix at fixed points. Implement linearization
technique for the system circuit. Discuss stability.

Fig. 7.10 Van der Pol
oscillator circuit with two
parallel capacitors C2 and C3
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4:3 Plot optoisolation van der Pol circuit with two parallel capacitors (C2, C3)’s
phase planes and variables time behavior.

4:4 Move to cylindrical coordinates and show that the cylinder is invariant.
Compute Poincare map (w).

4:5 Capacitor C2 is disconnected, How it influences our circuit system
dynamics? Write circuit differential equations and find fixed points. Discuss
stability and find Poincare map (w).

5. Consider an overdamped linear oscillator forced by Triangle wave. The system

can be nondimensional to dX
dt þX ¼ gðtÞ where g(t) is a Triangle wave of a

period T. k ¼ . . .;�2;�1; 0; 1; 2; . . .

gðtÞ ¼
2�A
T � ðt � k � TÞ 8 k � T\t\T � kþ 1

2

	 

A� 2�A

T � t � T � kþ 1
2

� �	 
 8 kþ 1
2

	 
 � T\t\T � ðkþ 1Þ
A 8 t ¼ kþ 1

2

	 
 � T
0 8 t ¼ k � T

8>><
>>:

9>>=
>>;

Function g(t) is periodically repeated for all other t. Consider that the system is
strobed by Triangle wave (Fig. 7.11).

5:1 Show that all system trajectories approach a unique periodic solution. Let X
(t = 0) = X0 and find Poincare map. : Consider our system as a general Hint
dX
dt ¼ aðtÞ � X þ bðtÞ; aðtÞ ¼ �1; bðtÞ ¼ gðtÞ. First consider the homo-

geneous problem dX
dt ¼ aðtÞ � X; XHðtÞ ¼ C � eAðtÞ AðtÞ ¼ R aðtÞ � dt. The

unknown constant is found by setting t = t0 and using initial data.
The general system is solve by using integration factor. We can rewrite the

equation as dX
dt � aðtÞ � X ¼ bðtÞ ¼ gðtÞ and we call FðtÞ ¼ eAðtÞ the inte-

gration factor. Let XðtÞ ¼ yðtÞ � FðtÞ and finally XðtÞ ¼ K � eAðtÞ þ
eAðtÞ � R t e�AðsÞ � bðsÞ � ds.

5:2 What are the limits of X(T) if T ! 0 or T ! ∞?
5:3 Let X1 = X(T), and define the Poincare map w by the X1 ¼ wðX0Þ and more

generally Xnþ 1 ¼ wðXnÞ. Plot the graph of w.

0

g(t)

A

T 2 T 3 TT/2

3 T/2 5 T/2

Fig. 7.11 Function g(t) in
time
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5:4 Show that Poincare map w has a globally fixed point and the original
system settles into a periodic response to the forcing.

5:5 Try to implement overdamped linear oscillator forced by Triangle Wave by
using optoisolation devices and discrete components (capacitors, resistors,
inductors, etc.).

6. The Brusselator (Brussels and oscillator) is a theoretical model for a type of
autocatalytic reaction. The dynamics of the forced Brusselator reaction can be
described by a system of two ODEs. In dimensional form they are presented
below. Forced terms: g1ðtÞ ¼ A � sinðhÞ; g2ðtÞ ¼ B � cosðhÞ

dX
dt

¼ 1� ð1þ l2Þ � X þ l1 � X2 � Y þ g1ðtÞ;
dY
dt

¼ l2 � X � l1 � X2 � Y þ g2ðtÞ

X; Y 2 R; l1; l2 2 R; l1; l2 [ 0; h ¼ x � t; x[ 0; hðt ¼ 0Þ ¼ 0

Xðt ¼ 0Þ ¼ X0:

6:1 Find the equilibria of the system when forced terms are equal to zero
g1ðtÞ ¼ 0; g2ðtÞ ¼ 0ðA ¼ 0;B ¼ 0Þ. Find Jacobian matrix of the system
and analyze the stability of the system.

6:2 Compute system dX
dt and

dY
dt null clines. Hint: It is done by setting dX

dt ¼ 0

and dY
dt ¼ 0. Null cline is a good tool to analyze system phase plane,

sketching and analyzing phase planes. The X - null cline is a set of points in

the phase plane so that dXdt ¼ 0. Geometrically, these are the points where

the vectors are either straight up or straight down. In the same manner, Y-

null cline is a set of points in the phase plane so that dYdt ¼ 0. These are the

points where the vectors are horizontal going either to the left or to the
right.

6:3 Discuss Brusselator system bifurcation and trapping region.
6:4 Compute Poincare maps wX ;wY (g1ðtÞ ¼ A � sinðhÞ; g2ðtÞ ¼ B � cosðhÞ).

To compute wX ;wY , we need to solve differential equations. Its general
solution is a sum of homogeneous and particular solution.

6:5 Plot the graphs of wX ;wY . Show its intersection with the diagonal at unique
points and show that the system always settles into the some forced
oscillator regardless of the initial conditions.

7. We have oscillator circuit which has two OptoNDR devices, capacitor C1,
resistor R1 and inductor L1. Our OptoNDRs elements/circuits are constructed
from LEDs and phototransistors. The first OptoNDR circuit is constructed from
LED D1 in series with phototransistor Q1. Accordingly, the second OptoNDR
circuit is constructed from LED D2 in series with phototransistor Q2. We
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consider that a source of voltage is attached to the circuit’s capacitor C1 and then
withdrawn. Initially, the electrical energy from the capacitor C1 is transferred into
the magnetic energy of the inductor. When the electrical energy of the capacitor
becomes zero, the process is reserved. The magnetic energy from the inductor is
transferred into the electrical energy of the capacitor. Parasitic resistance R1 in the
system causes the oscillation to damp and OptoNDRs are the negative elements
which supposed to postpone the damping process (Fig. 7.12).
The LED (D1) light strikes the phototransistor (Q1) base window and can be
represented as a dependent current source. The dependent current source
depends on the LED (D1) forward current, with proportional k1 constant
(IBQ1 ¼ ILED1 � k1 ¼ ID1 � k1; IBQ1 ¼ ICQ1 � k1) and is the phototransistor base
current. The mathematical analysis is based on the basic transistor Ebers–Moll
equations. In the same manner for the second OptoNDR circuit
(IBQ2 ¼ ILED2 � k2 ¼ ID2 � k2; IBQ2 ¼ ICQ2 � k2; k1 6¼ k2).
We need to implement the regular Ebers–Moll model to the opto coupler
circuits (OptoNDR Q1-D1 and OptoNDR Q2-D2) and get a complete final
expressions for the Negative Differential Resistances (NDRs) characteristics of
that circuit. In your circuit analysis consider that the first and the second
OptoNDRs are not identical.

7:1 Write circuit differential equations and find fixed points (equilibrium
points).

7:2 Discuss stability and stability switching for different values of circuit
parameters. Hint: Implement linearization technique for our system. You
need to calculate system Jacobian matrix at fixed points.

7:3 Move to circuit cylindrical coordinates rðtÞ; hðtÞ. Show that the cylinder is

invariant. Find the differential equations: drdt ¼ 11ðr; hÞ dhdt ¼ 12ðr; hÞ.

Fig. 7.12 Oscillator circuit with two OptoNDR devices, capacitors C1 and C2, resistor R1, and
inductor L1
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7:4 Show that there is a stable limit cycle as specific value of radius r; drdt ¼ 0.

7:5 Find Poincare map w. Draw w function and show it intersection with the
diagonal at unique points.

8. We have systems that characterize by two differential equations:
dX
dt ¼ �Y þX � ð1� l1 � X2 � l2 � Y2Þ3; dYdt ¼ X þ Y � ð�l1 � X2 � l2 � Y2Þ3
X; Y 2 R; l1; l2 2 R.

8:1 Find fixed points (equilibrium points) and calculate system Jacobian
matrix. Hint: Implement linearization technique for our system.

8:2 Discuss stability and stability switching for different values of l1, l2
parameters.

8:3 Move to system cylindrical coordinates rðtÞ; hðtÞ. Find differential equa-

tions: drdt ¼ 11ðr; hÞ; dhdt ¼ 12ðr; hÞ Show that there is a stable limit cycle as

specific value of radius r dr
dt ¼ 0
 �

8:4 We move to system one parameter l1 ¼ l; l2 ¼ ffiffiffi
l

p
. How the behavior of

the system is changed for different values of l parameter? Discuss stability
and stability switching for different values of l parameter

8:5 8.5Find Poincare maps wX ;wY . Draw wX ;wY functions and show it inter-
section with the diagonal at unique points.

9. We have oscillator circuit which has two OptoNDR devices, capacitors C1 and
C2, resistor R1 and inductor L1. Additionally, there is opto coupler (D3 and Q3).
Our OptoNDRs elements/circuits are constructed from LEDs and phototran-
sistors. The first OptoNDR circuit is constructed from LED D1 in series with
phototransistor Q1. Accordingly, the second OptoNDR circuit is constructed
from LED D2 in series with phototransistor Q2. We consider that a source of
voltage is attached to the circuit’s capacitors C1 and C2, and then withdrawn.
Initially, the electrical energy from the capacitor C1 and C2 is transferred into
the magnetic energy of the inductor. When the electrical energy of the capac-
itors becomes zero, the process is reserved. The magnetic energy from the
inductor L1 is transferred into the electrical energy of the capacitors C1 and C2.
Parasitic resistance R1 in the system causes the oscillation to damp and
OptoNDRs are the negative elements, which supposed to postpone the damping
process (Fig. 7.13).
The LED (D1) light strikes the phototransistor (Q1) base window and can be
represented as a dependent current source. The dependent current source
depends on the LED (D1) forward current, with proportional k1 constant
(IBQ1 ¼ ILED1 � k1 ¼ ID1 � k1; IBQ1 ¼ ICQ1 � k1) and is the phototransistor base
current. The mathematical analysis is based on the basic transistor Ebers–Moll
equations. In the same manner for the second OptoNDR circuit and third opto
coupler Q3−D3 (IBQ2 ¼ ILED2 � k2
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IBQ2 ¼ ID2 � k2; IBQ2 ¼ ICQ2 � k2; IBQ3 ¼ ILED3 � k3; IBQ3 ¼ ID3 � k3; k1 6¼ k2 6¼ k3).

We need to implement the regular Ebers-Moll model to the opto coupler circuits
(OptoNDR Q1-D1 and OptoNDR Q2-D2, opto coupler Q3–D3) and get a complete
final expressions for the Negative Differential Resistances (NDRs) characteristics
of that circuit. In your circuit analysis consider that the first and the second
OptoNDRs are not identical.

9:1 Write circuit differential equations and find fixed points (equilibrium points).
9:2 Discuss stability and stability switching for different values of circuit

parameters. Hint: Implement linearization technique for our system. You need
to calculate system Jacobian matrix at fixed points.

9:3 Move to circuit cylindrical coordinates rðtÞ; hðtÞ. Show that the cylinder is

invariant. Find the differential equations: drdt ¼ 11ðr; hÞ dhdt ¼ 12ðr; hÞ.
9:4 Show that there is a stable limit cycle as specific value of radius r; drdt ¼ 0.

9:5 Find Poincare map w. Draw w function and show it intersection with the
diagonal at unique points.

10. We have forced system which can be written in dimensionless form as
dX
dt þ jXj ¼ A � sinðx1 � tÞþB � cosðx2 � tÞ; X 2 R; x1;x2 [ 0; h1 ¼

Fig. 7.13 Oscillator circuit with two OptoNDR elements, opto coupler, capacitors C1 and C2,
resistor R1, and inductor L1
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x1 � t; h2 ¼ x2 � t dh1
dt ¼ x1;

dh2
dt ¼ x2; h1ðt ¼ 0Þ ¼ 0; h1ðt ¼ 0Þ ¼ 0; Xðt ¼

0Þ ¼ X0 Consider that there are two possible time of flights between successive
(A;B 2 R) intersections (t1 ¼ 2�p

x1
; t2 ¼ 2�p

x2
). The system is strobed one per drive

cycle. Differentiate two cases: X > 0 and X < 0. What happened for X = 0?

10:1 Show that all system trajectories approach a unique periodic solution. Let
X(t = 0) = X0 and find Poincare map.

10:2 What are the limits of X(T) if T ! 0 or T ! ∞?
10:3 Let X1 = X(T), and define the Poincare map w by the X1 ¼ wðX0Þ and

more generally Xnþ 1 ¼ wðXnÞ. Plot the graph of w.
10:4 If x1 ¼ x; x2 ¼ x2

find Poincare map and discuss periodic for different
values of x parameter (x 2 R).

10:5 Show that Poincare map w has a globally fixed point and the original
system settles into a periodic response to the forcing.
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Chapter 8
Optoisolation Circuits Averaging Analysis
and Perturbation from Geometric
Viewpoint

In many dynamical systems there are linear oscillators with small perturbations or
weakly nonlinear sources. These systems are valid on semi-infinite time intervals
under suitable conditions. In many perturbed systems, we start with a system which
includes known solutions and add small perturbations of it. The solutions of
unperturbed and perturbed systems are different and system with small perturbation
has different structure of solutions. For finite times unperturbed and perturbed
solutions are close. We study the asymptotic behavior of the solutions and structure.
Generally perturbation theory has tools to solve problems with approximate solu-
tion by discussing of the exact solution of a simpler problem. An approximation of
the full solution A, a series in the small parameters (e), is like the following solution:
A ¼P1

k¼0 Ak � ek . A0 is the known solution to the exactly solvable initial problem
and A1, A2, … represent the higher order terms. For small e these higher order terms
become successively smaller. The initial solution and “first-order” perturbation
correction is A � A0 þ e � A1. The method of averaging provides a useful means to
study the behavior of nonlinear dynamical system under periodic forcing. Averaged
equation of a time-dependent differential equation gave the Poincare map, stability
analysis, and recover higher orders of averaging. It discusses higher order averaged
expansions for periodic and quasiperiodic differential equations. Averaging can be

implemented to systems of the form dX
dt ¼ e � f ðX; tÞ; Xðt ¼ 0Þ ¼ X0; where f is

T-periodic f ðX; tÞ ¼ f ðX; tþ TÞ; X 2 R
n. The average of f ðX; tÞ is typically given

as f ðX; tÞ ¼ R tþT
t f ðX; sÞ � ds where the evaluation point X is considered fixed. The

average defines new autonomous equation dY
dt ¼ e � f ðY ; tÞ; Yðt ¼ 0Þ ¼ X0.

Averaging theory determines conditions under which the two flows coincide and to
what degree they coincide. The parameter e will provide a means to determine this
coincide. Oscillators which include optoisolation elements are integral part of many
engineering applications. The construction process of negative differential resis-
tance (NDR) devices using analog optocouplers is used to make a highly stable,
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radio-frequency oscillator. Typical oscillator is van der Pol “Negative Resistance”
(e.g., tunnel diode, optoisolation circuit, etc.) oscillators [5–8].

8.1 Poincare Maps and Averaging

In every dynamical system we need to use the global existence theorems. Some
system’s differential equations cannot be solved exactly and if there is exact
solution, it exhibits an intricate dependency in the parameters that it is hard to use as
such. We identified the parameter as e, and the solution is available and reasonably
simple for e ¼ 0. The system solution is altered for nonzero but small e. We get
systematic interpretation by the perturbation theory. We have system that charac-

terized by the following differential equation: dX
dt ¼ e � f ðX; tÞ; X 2 R

n; e � 1

where f is periodic in t, f ðX; tÞ ¼ f ðX; tþ TÞ; X 2 R
n.

The solution evolution is “SLOW” which characterized the T-periodic forcing
term. We characterized a weakly nonlinear oscillator system by differential equa-

tion: d
2
X

dt2 þx2 � X ¼ e � f X; dXdt ; t
� �

. The linear oscillator d
2
X

dt2 þx2 � X ¼ 0 is per-

turbed. Basically, strongly nonlinear system is described as dXdt ¼ f ðXÞX 2 R
n and

we add weak dissipation and forcing term e � gðX; tÞ and get the system differential

equation dX
dt ¼ f ðXÞþ e � gðX; tÞ; X 2 R

n. Poincare map in time periodic single

degree of freedom is an integral part of our analysis. Our system is characterized by

the differential equation: dXdt ¼ e � f ðXÞX 2 R
n; 0� e � 1; f :Rn � R� R

þ ! R
n,

bounded on bounded set and has T periodic in t (T > 0). We define our bounded set
U 2 R

n and define the associated autonomous averaged system:
dY
dt ¼ e � f ðY ; tÞ; f ðY ; tÞ ¼ 1

T �
R T
0 f ðY ; t; 0Þ � dt.

The Averaging Theorem

Under coordinate change ðX ¼ Y þ e � wðY ; t; eÞÞ dXdt ¼ e � f ðX; tÞ; X 2 R
n; e � 1

becomes dYdt ¼ e � f ðY ; tÞþ e2 � f1ðY ; t; eÞ. Function f1ðY ; t; eÞ is of period T in t.

(I) If X(t) and Y(t) are solutions of dX
dt ¼ e � f ðX; tÞ; X 2 R

n; e � 1 and
dY
dt ¼ e � f ðY ; tÞ. Based on X0; Y0 respectively at t = 0 ðX0 ¼ Xðt ¼ 0Þ; Y0 ¼
Yðt ¼ 0ÞÞ and jX0 � Y0j ¼ OðeÞ then jXðtÞ � YðtÞj ¼ OðeÞ on a timescale
t� 1

e.

(II) We define C0 as a hyperbolic fixed point of dYdt ¼ e � f ðY ; tÞ; Y 2 R
n then

there exist e0 [ 0 such that for all 0\e� e0 exist dXdt ¼ e � f ðX; tÞ possesses a
unique hyperbolic period orbit ceðtÞ ¼ C0 þOðeÞ of the same stability type
as C0.

622 8 Optoisolation Circuits Averaging Analysis …



(III) If XSðtÞ 2 WSðceÞ is a solution of dXdt ¼ e � f ðX; tÞ; X 2 R
n; e � 1 lying in

the stable manifold of the hyperbolic period orbit ceðtÞ ¼ C0 þOðeÞ then

YSðtÞ 2 WSðC0Þ is a solution of dYdt ¼ e � f ðY ; tÞ lying in the stable manifold

of the hyperbolic fixed point C0 and jXSðt ¼ 0Þ � YSðt ¼ 0Þj ¼ OðeÞ then
jXSðtÞ � YSðtÞj ¼ OðeÞ for t 2 ½0;1Þ. In the same manner we implement it
to solutions lying in the unstable manifolds on the time interval t 2 ð�1; 0	.

We need to show that according to averaging theorem, changing of coordinates

X ¼ Y þ e � wðY ; t; eÞ yields to the differential equation: dY
dt ¼ e � f ðY ; tÞþ

e2 � f1ðY ; t; eÞ; Y 2 R
n. We split the periodic function f ðX; t; eÞ to two functions:

f ðX; tÞ part (f ðX; tÞje¼0 ¼ 1
T �
R T
0 f ðX; t; 0Þ � dt and its oscillating part f ðX; t; eÞ

f ðX; t; eÞ ¼ f ðX; tÞþ f ðX; t; eÞ
� �

. Let X ¼ Y þ e � wðY ; t; eÞ and differentiating

respect to time gives @X
@t ¼ @Y

@t þ e � @wðY ;t;eÞ@t :

f ðX; t; eÞ ¼ f ðX; tÞþ f ðX; t; eÞ ) f ðX; t; eÞ ¼ f ðY þ e � wðY ; t; eÞ; tÞþ f ðY þ e � wðY ; t; eÞ; t; eÞ
dX
dt

¼ e � f ðX; tÞ ) dX
dt

¼ e � f ðY þ e � wðY ; t; eÞ; tÞþ f ðY þ e � wðY ; t; eÞ; t; eÞ
h i

We can subtract from the two sides of the equation e � @wðY ;t;eÞ@t term [31, 45].

dX
dt

� e � @wðY ; t; eÞ
@t

¼ e � f ðY þ e � wðY ; t; eÞ; tÞþ f ðY þ e � wðY ; t; eÞ; t; eÞ
h i

� e � @wðY ; t; eÞ
@t

Differentiate X ¼ Y þ e � wðY ; t; eÞ in Y DY ¼ @
@Y

� �
yields @X

@Y ¼ 1þ e � @wðY ;t;eÞ@Y :

Multiplication by @Y
@t term yields @X

@Y � @Y@t ¼ 1þ e � @wðY ;t;eÞ@Y

� �
� @Y@t :

@X
@t

¼ 1þ e � @wðY ; t; eÞ
@Y

� �
� @Y
@t

) @X
@t

¼ ð1þ e � DYwðY ; t; eÞÞ � @Y
@t

ð1þ e � DYwðY ; t; eÞÞ � @Y
@t

¼ dX
dt

� e � @wðY ; t; eÞ
@t

ð1þ e � DYwðY ; t; eÞÞ � @Y
@t

¼ e � f ðY þ e � wðY ; t; eÞ; tÞþ f ðY þ e � wðY ; t; eÞ; t; eÞ
h i

� e � @wðY ; t; eÞ
@t

@Y
@t

¼ 1
ð1þ e � DYwðY ; t; eÞÞ � e �

n
f ðY þ e � wðY ; t; eÞ; tÞþ f ðY þ e � wðY ; t; eÞ; t; eÞ
h i

� @wðY ; t; eÞ
@t

o
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Expanding the above expression in powers of e and choosing w to be the

anti-derivative of f : @wðY ;t;eÞ
@t ¼ f ðY ; t; 0Þ. We get the following expression:

@Y
@t

¼ e � f ðY ; tÞþ e2 � @f ðY ; t; 0Þ
@Y

� wðY ; t; 0Þ
�

� @wðY ; t; 0Þ
@Y

� f ðY ; t; 0Þþ @f ðY ; t; 0Þ
@e

#
þOðe3Þ

f1ðY ; t; eÞ ¼ @f ðY ; t; 0Þ
@Y

� wðY ; t; 0Þ � @wðY ; t; 0Þ
@Y

� f ðY ; t; 0Þþ @f ðY ; t; 0Þ
@e

@Y
@t

¼ e � f ðY ; tÞþ e2 � f1ðY ; t; eÞ

One typical oscillator system is van der Pol oscillator. It includes nonlinear
damping and energy is being dissipated at large amplitudes and generated at low
amplitudes. The van der Pol system possesses limit cycles. At balance energy is
generation and dissipation. The van der Pol system oscillators are sustained around

a state. The basic van der Pol system can be written in the form d2
X

dt2 þ a � /ðxÞ �
dX
dt þX ¼ b � PðtÞ where /ðxÞ an even function is and /ðxÞ\0 for |X| < 1,

/ðxÞ[ 0 for |X| > 1. Function P(t) is T-periodic (f ðtÞ ¼ f ðtþ TÞ). Parameters a
and b are non-negative parameters (a; b 2 Rþ ). If we want to move to autonomous

system, we set Y ¼ dX
dt ;

dY
dt ¼ d2

X
dt2 then we get the following system differential

equations: dXdt ¼ Y ; dYdt ¼ �X � a � /ðxÞ � Y þ b � PðtÞ.
If T ¼ 2 � p ) h ¼ x � t ¼ 2�p

T � tjT¼2� p ¼ t then h ¼ t; dhdt ¼ 1. Another way to

write our autonomous system is as follows: dX
dt ¼ Y � a � UðXÞ; dYdt ¼ �Xþ b �

PðhÞ; dhdt ¼ 1; X; Y ; h 2 R. Where UðXÞ ¼ R X0 /ðnÞ � dn is odd function and UðX ¼
0Þ ¼ UðX ¼ 
aÞ ¼ 0 8 a[ 0 (Fig. 8.1).

dX
dt

¼ Y � a � UðXÞ ) Y ¼ dX
dt

þ a � UðXÞ; dY
dt

¼ d2X
dt1

þ a � dUðXÞ
dt

dUðXÞ
dt

¼ d
dt

ZX
0

/ðnÞ � dn ¼ /ðXÞ � dX
dt

) dY
dt

¼ d2X
dt1

þ a � /ðXÞ � dX
dt

dY
dt

¼ �X þ b � PðhÞ ) d2X
dt2

þ a � /ðXÞ � dX
dt

¼ �Xþ b � PðhÞ
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d2X
dt2

þ a � /ðXÞ � dX
dt

¼ �Xþ b � PðhÞ ) d2X
dt2

þ a � /ðXÞ � dX
dt

þX ¼ b � PðhÞ; dh
dt

¼ 1

When our van der Pol system is unforced system we need to set b ¼ 0 then the

differential equation becomes d2
X

dt2 þ a � /ðxÞ � dXdt þX ¼ 0 [5–7]. The case param-

eter a � 1 yields to a � /ðxÞ � dXdt ! e and we get the differential equation: d
2
X

dt2 þ
X ¼ 0; Y ¼ dX

dt ;
dY
dt ¼ d2

X
dt2 ;

dY
dt þX ¼ 0 ) dY

dt ¼ �X. At fixed points:

dX
dt

¼ 0;
dY
dt

¼ 0; X� ¼ 0; Y� ¼ 0;
dX
dt
dY
dt

0
@

1
A ¼ 0 1

�1 0

� �
� X

Y

� �
; A ¼ 0 1

�1 0

� �

A� k � I ¼ �k 1
�1 �k

� �
; detðA� k � IÞ ¼ 0 ) k2 þ 1 ¼ 0; k1;2 ¼ 


ffiffiffiffiffiffiffi
�1

p
; k1;2 ¼ 
j

The eigenvalues are pure imaginary then all solutions are periodic with period
2 � p. The oscillations have fixed amplitude and the fixed point is a center.
Practically, the system phase plane filled with circular periodic orbits each of period
2 � p. First we select the invertible transformation:

• •

• •

+

Fig. 8.1 Poincare maps and averaging block diagram
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u ¼ X � cosðtÞ � Y � sinðtÞ; v ¼ �X � sinðtÞ � Y cosðtÞ; h ¼ 2 � p
T

� tjT¼2�p ¼ t

d
dt
tgðtÞ ¼ sec2ðtÞ ¼ 1

cos2ðtÞ ; u ¼ X � cosðtÞ � Y � sinðtÞ ) X ¼ u
cosðtÞ þ Y � tgðtÞ

v ¼ �X � sinðtÞ � Y cosðtÞ ) v ¼ � u
cosðtÞ þ Y � tgðtÞ
� �

� sinðtÞ � Y cosðtÞ

v ¼ �u � tgðtÞ � Y � ½tgðtÞ � sinðtÞþ cosðtÞ	; Y ¼ �ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ

X ¼ u
cosðtÞ þ Y � tgðtÞ ¼ u

cosðtÞ �
ðu � tgðtÞþ vÞ

tgðtÞ � sinðtÞþ cosðtÞ � tgðtÞ

Summary

X ¼ u
cosðtÞ �

ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ � tgðtÞ; ; Y ¼ �ðu � tgðtÞþ vÞ

tgðtÞ � sinðtÞþ cosðtÞ

dX
dt

¼ du
dt

� 1
cosðtÞ þ u � tgðtÞ � 1

cosðtÞ � tgðtÞ �

dv
dt � tgðtÞþ u � 1

cos2ðtÞ
� �

� ½tgðtÞ � sinðtÞþ cosðtÞ	

�ðu�tgðtÞþ vÞ� � sinðtÞþ tgðtÞ�cosðtÞþ sinðtÞ� 1
cos2ðtÞ

� �
½tgðtÞ�sinðtÞþ cosðtÞ	2

8<
:

9=
;

� ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ �

1
cos2ðtÞ

dX
dt

¼ du
dt

� 1
cosðtÞ þ u � tgðtÞ � 1

cosðtÞ � tgðtÞ �
dv
dt � tgðtÞþ u � 1

cos2ðtÞ
� �
½tgðtÞ � sinðtÞþ cosðtÞ	

8<
:

�
ðu � tgðtÞþ vÞ � tgðtÞ � cosðtÞþ sinðtÞ � 1

cos2ðtÞ � 1
h i� �

½tgðtÞ � sinðtÞþ cosðtÞ	2

9=
;

� ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ �

1
cos2ðtÞ

Hint 1
cos2ðtÞ � 1 ¼ 1�cos2ðtÞ

cos2ðtÞ ¼ sin2ðtÞ
cos2ðtÞ ¼ tg2ðtÞ

tgðtÞ � cosðtÞþ sinðtÞ � 1
cos2ðtÞ � 1
� 


¼ tgðtÞ � cosðtÞþ sinðtÞ � tg2ðtÞ
¼ tgðtÞ � ½cosðtÞþ sinðtÞ � tgðtÞ	
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dX
dt

¼ du
dt

� 1
cosðtÞ þ u � tgðtÞ � 1

cosðtÞ � tgðtÞ �
dv
dt � tgðtÞþ u � 1

cos2ðtÞ
� �
½tgðtÞ � sinðtÞþ cosðtÞ	

8<
:

� ðu � tgðtÞþ vÞ � tgðtÞ � ½cosðtÞþ sinðtÞ � tgðtÞ	
½tgðtÞ � sinðtÞþ cosðtÞ	2

)
� ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ �

1
cos2ðtÞ

dX
dt

¼ du
dt

� 1
cosðtÞ þ u � tgðtÞ � 1

cosðtÞ � tgðtÞ �
dv
dt � tgðtÞþ u � 1

cos2ðtÞ
� �
½tgðtÞ � sinðtÞþ cosðtÞ	

2
4

3
5

8<
:

� ðu � tgðtÞþ vÞ � tgðtÞ
cosðtÞþ sinðtÞ � tgðtÞ
� 
�

� ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ �

1
cos2ðtÞ

dX
dt

¼ du
dt

� 1
cosðtÞ þ u � tgðtÞ � 1

cosðtÞ �
dv
dt � tg2ðtÞþ u � 1

cos2ðtÞ � tgðtÞ
� �

½tgðtÞ � sinðtÞþ cosðtÞ	

2
4

3
5

þ ðu � tgðtÞþ vÞ � tg2ðtÞ
cosðtÞþ sinðtÞ � tgðtÞ
� 


� ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ �

1
cos2ðtÞ

dX
dt

¼ du
dt

� 1
cosðtÞ þ u � tgðtÞ � 1

cosðtÞ �
dv
dt

� tg2ðtÞ
½tgðtÞ � sinðtÞþ cosðtÞ	 �

u � 1
cos2ðtÞ � tgðtÞ

½tgðtÞ � sinðtÞþ cosðtÞ	
þ ðu � tgðtÞþ vÞ � tg2ðtÞ

cosðtÞþ sinðtÞ � tgðtÞ
� 


� ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ �

1
cos2ðtÞ

dX
dt

¼ Y ) du
dt

� 1
cosðtÞ þ u � tgðtÞ � 1

cosðtÞ �
dv
dt

� tg2ðtÞ
½tgðtÞ � sinðtÞþ cosðtÞ	 �

u � 1
cos2ðtÞ � tgðtÞ

½tgðtÞ � sinðtÞþ cosðtÞ	

þ ðu � tgðtÞþ vÞ � tg2ðtÞ
cosðtÞþ sinðtÞ � tgðtÞ
� 


� ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ �

1
cos2ðtÞ ¼ � ðu � tgðtÞþ vÞ

tgðtÞ � sinðtÞþ cosðtÞ

dY
dt

¼ �

du
dt

� tgðtÞþ u � 1
cos2ðtÞ þ

dv
dt

� 

� ½tgðtÞ � sinðtÞþ cosðtÞ	

�ðu � tgðtÞþ vÞ � � sinðtÞþ tgðtÞ � cosðtÞþ sinðtÞ � 1
cos2ðtÞ

� 

½tgðtÞ � sinðtÞþ cosðtÞ	2
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dY
dt

¼ �X )

du
dt

� tgðtÞþ u � 1
cos2ðtÞ þ

dv
dt

� 

� ½tgðtÞ � sinðtÞþ cosðtÞ	

�ðu � tgðtÞþ vÞ � � sinðtÞþ tgðtÞ � cosðtÞþ sinðtÞ � 1
cos2ðtÞ

� 

½tgðtÞ � sinðtÞþ cosðtÞ	2

¼ u
cosðtÞ �

ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ � tgðtÞ

du
dt

� tgðtÞþ u � 1
cos2ðtÞ þ

dv
dt

� 

� ½tgðtÞ � sinðtÞþ cosðtÞ	

�ðu � tgðtÞþ vÞ � � sinðtÞþ tgðtÞ � cosðtÞþ sinðtÞ � 1
cos2ðtÞ

� 

½tgðtÞ � sinðtÞþ cosðtÞ	2 ¼ u

cosðtÞ �
ðu � tgðtÞþ vÞ

tgðtÞ � sinðtÞþ cosðtÞ � tgðtÞ

du
dt � tgðtÞþ u � 1

cos2ðtÞ þ dv
dt

h i
½tgðtÞ � sinðtÞþ cosðtÞ	 �

ðu � tgðtÞþ vÞ � tgðtÞ � cosðtÞþ sinðtÞ � 1
cos2ðtÞ � 1
� �h i

½tgðtÞ � sinðtÞþ cosðtÞ	2

¼ u
cosðtÞ �

ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ � tgðtÞ

Hint 1
cos2ðtÞ � 1 ¼ 1�cos2ðtÞ

cos2ðtÞ ¼ sin2ðtÞ
cos2ðtÞ ¼ tg2ðtÞ

tgðtÞ � cosðtÞþ sinðtÞ � 1
cos2ðtÞ � 1
� 


¼ tgðtÞ � cosðtÞþ sinðtÞ � tg2ðtÞ
¼ tgðtÞ � ½cosðtÞþ sinðtÞ � tgðtÞ	

du
dt � tgðtÞþ u � 1

cos2ðtÞ þ dv
dt

h i
½tgðtÞ � sinðtÞþ cosðtÞ	 � ðu � tgðtÞþ vÞ � tgðtÞ

cosðtÞþ sinðtÞ � tgðtÞ
¼ u

cosðtÞ �
ðu � tgðtÞþ vÞ

tgðtÞ � sinðtÞþ cosðtÞ � tgðtÞ

tgðtÞ
½tgðtÞ � sinðtÞþ cosðtÞ	 �

du
dt

þ
1

cos2ðtÞ
½tgðtÞ � sinðtÞþ cosðtÞ	 � uþ

1
½tgðtÞ � sinðtÞþ cosðtÞ	 �

dv
dt

� ðu � tgðtÞþ vÞ � tgðtÞ
cosðtÞþ sinðtÞ � tgðtÞ ¼

u
cosðtÞ �

ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ � tgðtÞ

We can summarize our differential equations: dudt ¼ . . .; dvdt ¼ . . .
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du
dt

� 1
cosðtÞ þ u � tgðtÞ � 1

cosðtÞ �
dv
dt

� tg2ðtÞ
½tgðtÞ � sinðtÞþ cosðtÞ	 �

u � 1
cos2ðtÞ � tgðtÞ

½tgðtÞ � sinðtÞþ cosðtÞ	
þ ðu � tgðtÞþ vÞ � tg2ðtÞ

cosðtÞþ sinðtÞ � tgðtÞ
� 


� ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ �

1
cos2ðtÞ ¼ � ðu � tgðtÞþ vÞ

tgðtÞ � sinðtÞþ cosðtÞ

tgðtÞ
½tgðtÞ � sinðtÞþ cosðtÞ	 �

du
dt

þ
1

cos2ðtÞ
½tgðtÞ � sinðtÞþ cosðtÞ	 � uþ

1
½tgðtÞ � sinðtÞþ cosðtÞ	 �

dv
dt

� ðu � tgðtÞþ vÞ � tgðtÞ
cosðtÞþ sinðtÞ � tgðtÞ ¼

u
cosðtÞ �

ðu � tgðtÞþ vÞ
tgðtÞ � sinðtÞþ cosðtÞ � tgðtÞ

We need to find the functions: n1ðu; vÞ; n2ðu; vÞ. dudt ¼ n1ðu; vÞ; dvdt ¼ n2ðu; vÞ.
Averaging functions n1ðu; vÞ; n2ðu; vÞ is done to approximate the functions u,

v which vary slowly because du
dt and

dv
dt are small. Integrating each function with

respect to t from 0 to T ¼ 2 � p, holding u, v is fixed. When a is not small the
averaging procedure no longer works. For a � 1, and for trajectories close to the
origin, the amplitude of oscillation grows very slowly, each oscillation with a
different amplitude and period. This behavior gives rise to the concept of multiple
timescale of oscillation. For a � 1, the oscillator goes into important oscillations
known as relaxation oscillations where a so-called crawl is followed by a sudden
discharge. The method of average equations is as an alternative method to solving
the van der Pol oscillator [29, 31, 45, 53].

Weakly Nonlinear Oscillator Perturbation Method
Weakly nonlinear oscillator can be presented by the differential equation:
d2

X
dt2 þx2

0 � X ¼ e � f X; dXdt ; t
� �

where f is T periodic in t. If f is a sinusoidal with

frequency x � k � x0, we have a system close to a resonance of order k. Where

0� e � 1 and f ðX; dXdt ; tÞ is called on arbitrary smoothing constant. Basically, the

differential equation represents small perturbations of the linear oscillator
d2

X
dt2 þx2

0 � X ¼ 0 and are therefore called weakly nonlinear. Duffing equation and

van der Pol equation are both weakly nonlinear oscillators. We can seek solution for

differential equation d2
X

dt2 þx2
0 � X ¼ e � f ðX; dXdt ; tÞ in the perturbation expansion

form of Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþ � � �, where it is perturbation series.
The equation becomes soluble when we set e ¼ 0. We get linear oscillator for
e ¼ 0. Let us consider the following weakly nonlinear oscillator perturbed system:
d2

X
dt2 þX þC � e � dXdt ¼ 0. When x2

0 ¼ 1 and f ðX; dXdt ; tÞ ¼ �C � dXdt ; C 2 R. If we

set Y ¼ dX
dt ;

dY
dt þXþC � e � Y ¼ 0. At fixed point dX

dt ¼ 0; dYdt ¼ 0 ) X� ¼
0; Y� ¼ 0:
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dX
dt
dY
dt

0
B@

1
CA ¼ 0 1

�1 �C � e
� �

� X

Y

 !
; A ¼ 0 1

�1 �C � e
� �

; A� k � I

¼ �k 1
�1 �C � e� k

� �

detðA� k � IÞ ¼ k � ðC � eþ kÞþ 1 ¼ k2 þ k � C � eþ 1; k1;2

¼ �C � e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 � e2 � 4

p

2

k1 ¼ �C�eþ
ffiffiffiffiffiffiffiffiffiffiffiffi
C2�e2�4

p
2 ; k2 ¼ �C�e�

ffiffiffiffiffiffiffiffiffiffiffiffi
C2�e2�4

p
2 : We need to classify our system fixed

points: C[ 0; C 2 R; 0� e � 1: (Table 8.1)

We assume that XðtÞ ¼ er�t is a solution of d
2
X

dt2 þXþC � e � dXdt ¼ 0 where “r” is

a constant. By finding the value of “r” and substitute XðtÞ ¼ er�t into weakly

nonlinear oscillator differential equation, it will be soluble. dXðtÞdt ¼ r � er�t

d2XðtÞ
dt2

¼ r2 � er�t; d
2X
dt2

þX þC � e � dX
dt

¼ 0 ) r2 � er�t þ er�t þC � e � r � er�t ¼ 0

½r2 þC � e � rþ 1	 � er�t ¼ 0. Now either er�t ¼ 0 or r2 þC � e � rþ 1 ¼ 0. We
choose the latter as it is a quadratic equation and it allows us to solve for the value
of the “r”. Hence, we have r2 þC � e � rþ 1 ¼ 0 and this form of solution to dif-

ferential equation is called the auxiliary equation: r2 þC � e � rþ 1 ¼ 0 ) r ¼
�C�e


ffiffiffiffiffiffiffiffiffiffiffiffi
C2�e2�4

p
2 : r ¼ � 1

2 � C � e
 1
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 � e2 � 4

p
. So the solution can be XðtÞ ¼

e
1
2�ð�C�e


ffiffiffiffiffiffiffiffiffiffiffiffi
C2�e2�4

p
Þ�t:. We shall apply perturbation theory to solve the damped oscil-

lator in equation:

d2X
dt2

þXþC � e � dX
dt

¼ 0: Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþ � � �

dXðt; eÞ
dt

¼ d
dt

X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþ � � �� 
¼ dX0ðtÞ

dt
þ e � dX1ðtÞ

dt
þ e2 � dX2ðtÞ

dt
þ � � �

d2Xðt; eÞ
dt2

¼ d2

dt2
X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþ � � �� 

¼ d2X0ðtÞ
dt2

þ e � d
2X1ðtÞ
dt2

þ e2 � d
2X2ðtÞ
dt2

þ � � �
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Xðt; eÞ ¼
X1
k¼0

ek � XkðtÞ; dXðt; eÞdt
¼
X1
k¼0

ek � dXkðtÞ
dt

;
d2Xðt; eÞ

dt2
¼
X1
k¼0

ek � d
2XkðtÞ
dt2

d2X
dt2

þX þC � e � dX
dt

¼ 0 )
X1
k¼0

ek � d
2XkðtÞ
dt2

þ
X1
k¼0

ek � XkðtÞþC � e �
X1
k¼0

ek � dXkðtÞ
dt

¼ 0:

We differentiate the above differential equation term by term with respect to
t and we group terms according to the powers of e, omitting all terms with coef-
ficients of e2 and higher.

d2X0ðtÞ
dt2

þ e � d
2X1ðtÞ
dt2

þ e2 � d
2X2ðtÞ
dt2

þ � � �
� �

þ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþ � � �� �
þC � e � dX0ðtÞ

dt
þ e � dX1ðtÞ

dt
þ e2 � dX2ðtÞ

dt
þ � � �

� �
¼ 0

d2X0ðtÞ
dt2

þX0ðtÞ
� 


� e0 þ d2X1ðtÞ
dt2

þX1ðtÞþC � dX0ðtÞ
dt

� 

� eþO e2

� � ¼ 0:

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to
the left-hand side, the coefficient of each power of e should be equal to zero. The

zeroth of e gives us d
2
X0ðtÞ
dt2 þX0ðtÞ ¼ 0; d

2
X1ðtÞ
dt2 þX1ðtÞþC � dX0ðtÞ

dt ¼ 0.

Next we need to solve the above differential equations. These equations are
indeed homogenous linear differential equations with constant coefficients
[133–135].

First we investigate the d2
X0ðtÞ
dt2 þX0ðtÞ ¼ 0 differential equation. Let us assume

that X0ðtÞ ¼ er�t is a solution to equation where r is a constant. The auxiliary

equations are d2
X0ðtÞ
dt2 ¼ r2 � er�t ) r2 � er�t þ er�t ¼ 0; ðr2 þ 1Þ � er�t ¼ 0; r ¼ 
j:

Here the r real part is equal to zero and the imaginary part is equal to one. If as
we assumed from above that the general solution for X0ðtÞ is of the form
cosðtÞþ sinðtÞ and we double check for solution: X0ðtÞ ¼ cosðtÞþ sinðtÞ:
dX0ðtÞ
dt ¼ cosðtÞ � sinðtÞ; d

2
X0ðtÞ
dt2 ¼ � sinðtÞ � cosðtÞ ¼ �½sinðtÞþ cosðtÞ	. Then

d2
X0ðtÞ
dt2 þX0ðtÞ ¼ 0: We can write our solution to d2

X0ðtÞ
dt2 þX0ðtÞ ¼ 0 in the con-

venient form: X0ðtÞ ¼ A1 � cosðtÞþA2 � sinðtÞ where A1 and A2 are constants to be

determined. If we utilized the initial conditions: X0ðt ¼ 0Þ ¼ 0; dX0ðt¼0Þ
dt ¼ X.

Given to find the values of the constants A1 and A2, we have by substituting
these values in equation: X0ðtÞ ¼ A1 � cosðtÞþA2 � sinðtÞ that A1 ¼ 0 hence
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X0ðtÞ ¼ A2 � sinðtÞ; dX0ðtÞ
dt

¼ A2 � cosðtÞ; dX0ðt ¼ 0Þ
dt

¼ A2 ¼ X

then X0ðtÞ ¼ X � sinðtÞ.
The second differential equation is d

2
X1ðtÞ
dt2 þX1ðtÞþC � dX0ðtÞ

dt ¼ 0 and from our

last solution dX0ðtÞ
dt ¼ X � cosðtÞ then d2

X1ðtÞ
dt2 þX1ðtÞ ¼ �C � X � cosðtÞ. The last dif-

ferential equation is a typical case of resonance. It is because of resonant interactions
between consecutive orders that nonuniformity has appeared in the regular pertur-
bation series. This is a simple harmonic oscillator with natural frequency one, driven
by a periodic, external, forcing frequency which is equal to one ðx ¼ 1Þ on the
right-hand side. The amplitude of oscillation for such a system is unbounded as
t ! 1 because the oscillator continually absorbs energy from the periodic external
force, and thus, system is in resonance with the external force. The solution,
therefore, to such a system, represents this fact in term “t � sinðtÞ” appeared in the
solution in equation Xðt; eÞ because the inhomogeneous term �C � X � cosðtÞ is itself
a solution of the associated homogeneous equation: d

2
X1ðtÞ
dt2 þX1ðtÞ ¼ �C�X � cosðtÞ.

The secular terms appear whenever the inhomogeneous term is itself a solution of the
associated homogeneous differential equation. A secular term always grows faster
than the corresponding solution of the homogeneous solution by at least a
factor t. The appearance of secular terms demonstrates the nonuniform validity of the
perturbation expansion for large t. The X1ðtÞ solution is � 1

2 � C � X � t � sinðtÞ and
then X1ðtÞ ¼ � 1

2 � C � X � t � sinðtÞ. Derivative X1ðtÞ with time gives

dX1ðtÞ
dt

¼ � 1
2
� C � X � sinðtÞ � 1

2
� C � X � t � cosðtÞ

d2X1ðtÞ
dt2

¼ � 1
2
� C � X � cosðtÞ � 1

2
� C � X � cosðtÞþ 1

2
� C � X � t � sinðtÞ

d2X1ðtÞ
dt2

þX1ðtÞ ¼ � 1
2
� C � X � cosðtÞ � 1

2
� C � X � cosðtÞþ 1

2
� C � X � t � sinðtÞ

� 1
2
� C � X � t � sinðtÞ

d2X1ðtÞ
dt2

þX1ðtÞ ¼ � 1
2
� C � X � cosðtÞ � 1

2
� C � X � cosðtÞ ¼ �C � X � cosðtÞ:

It fulfils our differential equation solution.

Summary X0ðtÞ ¼ X � sinðtÞ; X1ðtÞ ¼ � 1
2 � C � X � t � sinðtÞ we only now have to

substitute for X0ðtÞ and X1ðtÞ in equation Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞ
þ � � �
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Xðt; eÞ ¼
X1
k¼0

XkðtÞ � ek ¼ X0ðtÞþ e � X1ðtÞþOðe2Þ:

Perturbation Theory Multiple Timescale
We can use multiple scale analysis for constructing uniform or global approximate
solutions for both small and large values of independent variables. The dependent
variables are uniformly expanded in terms of two or more independent variables,
scales. The issue is the choice of ordering scheme and the form of the power series
expansion. We can implement in many engineering systems, multiple scale per-
turbation theory (MSPT). In the perturbation series expansion itself, secular terms
appear in all orders except O(1) which is Zeroth order and violate the boundedness
of the solution. Basically, multiple scale analysis is a technique to construct uni-
formly valid approximations to the solutions of perturbation systems and problems,
both for small as well as large values of the independent variables. It is done by
fast-scale and low-scale variables for an independent variable, and subsequently
treating these variables (fast and slow) as if they are independent. The resulting
additional freedom introduced by the new independent variables which used to
remove secular terms. The coordinate transforms and invariant manifolds provide a
support for multiscale modelling. Practically, there are at least two timescales in
weakly nonlinear oscillators. Two timing builds two timescales from the start and
produces better approximations than the regular perturbation theory. We need to

apply two timing to differential equation: d
2
X

dt2 þx2
0 � X ¼ e � f X; dXdt ; t

� �
. Let tA ¼ t

denote the fast O(1) time, and let tB ¼ e � t denote the slow time. We take these
times as independent variables. The functions of slow time tB are constants on the

fast timescale tA. We expand the solution d2
X

dt2 þx2
0 � X ¼ e � f X; dXdt ; t

� �
as a series

Xðt; eÞ ¼ X0ðtA; tBÞþ e � X1ðtA; tBÞþOðe2Þ. We need to implement time derivatives
in systems differential equation and are transferred using the chain rule.

@tA ¼ @

@tA
; DtA ¼ d

dtA
;

@

@tA
, d

dtA
; @tB ¼ @

@tB
; DtB ¼ d

dtB
;

@

@tB
, d

dtB
;
dX
dt

¼ dX
dtA

þ dX
dtB

� dtB
dt

¼ @X
@tA

þ @X
@tB

� @tB
@t

:

It is time derivative of Xðt; eÞ variable using the chain rule.

tA ¼ t; tB ¼ e � t; dtB
dt

¼ @tB
@t

¼ e ) dX
dt

¼ dX
dtA

þ dX
dtB

� e;
@X
@t

¼ @X
@tA

þ @X
@tB

� e; @X
@t

¼ dX
dt

¼ @tAX þ e � @tBX:

We know that Xðt; eÞ ¼ X0ðtA; tBÞþ e � X1ðtA; tBÞþOðe2Þ
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dXðt; eÞ
dt

¼ @X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

� eþ e � @X1ðtA; tBÞ
@tA

þ e � @X1ðtA; tBÞ
@tB

� 

þOðe2Þ

dXðt; eÞ
dt

¼ @X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

þ @X1ðtA; tBÞ
@tA

� 

� eþ e2 � @X1ðtA; tBÞ

@tB
þOðe2Þ

e2 � @X1ðtA; tBÞ
@tB

þOðe2Þ ! Oðe2Þ ) dXðt; eÞ
dt

¼ @X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

þ @X1ðtA; tBÞ
@tA

� 

� eþOðe2Þ

dXðt; eÞ
dt

¼ @X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

þ @X1ðtA; tBÞ
@tA

� 

� eþ e2 � @X1ðtA; tBÞ

@tB
þOðe2Þ:

We already find the below differential equation:

dXðt; eÞ
dt

¼ @X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

� eþ e � @X1ðtA; tBÞ
@tA

þ e � @X1ðtA; tBÞ
@tB

� 

þO e2

� �

d2Xðt; eÞ
dt2

¼ @

@tA

@X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

� e
� 


þ e � @

@tB

@X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

� e
� 
�

þ @

@tA

@X1ðtA; tBÞ
@tA

þ e � @X1ðtA; tBÞ
@tB

� 
�
þOðe2Þ

d2Xðt; eÞ
dt2

¼ @2X0ðtA; tBÞ
@t2A

þ @2X0ðtA; tBÞ
@tA@tB

� eþ e � @
2X0ðtA; tBÞ
@tB@tA

þ @2X0ðtA; tBÞ
@t2B

� e2

þ @2X1ðtA; tBÞ
@t2A

� eþ e2 � @
2X1ðtA; tBÞ
@tA@tB

þOðe2Þ

d2Xðt; eÞ
dt2

¼ @2X0ðtA; tBÞ
@t2A

þ @2X0ðtA; tBÞ
@tA@tB

þ @2X0ðtA; tBÞ
@tB@tA

þ @2X1ðtA; tBÞ
@t2A

� 

� e

þ @2X0ðtA; tBÞ
@t2B

þ @2X1ðtA; tBÞ
@tA@tB

� 

� e2 þO e2

� �

@2X0ðtA; tBÞ
@t2B

þ @2X1ðtA; tBÞ
@tA@tB

� 

� e2 þO e2

� �! O e2
� �

d2Xðt; eÞ
dt2

¼ @2X0ðtA; tBÞ
@t2A

þ 2 � @
2X0ðtA; tBÞ
@tA@tB

þ @2X1ðtA; tBÞ
@t2A

� 

� eþO e2

� �
:

We need to implement it to our weakly nonlinear oscillator perturbed system

differential equation: d
2
X

dt2 þX þC � e � dXdt ¼ 0; Xðt ¼ 0; eÞ ¼ 0
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d2Xðt; eÞ
dt2

þXðt; eÞþC � e � dXðt; eÞ
dt

¼ 0; Xðt ¼ 0; eÞ ¼ 0

@2X0ðtA; tBÞ
@t2A

þ 2 � @
2X0ðtA; tBÞ
@tA@tB

þ @2X1ðtA; tBÞ
@t2A

� 

� eþX0ðtA; tBÞþ e � X1ðtA; tBÞ

þC � e � @X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

� eþ e � @X1ðtA; tBÞ
@tA

þ e � @X1ðtA; tBÞ
@tB

� 

þOðe2Þ

� �
þO e2

� � ¼ 0

@2X0ðtA; tBÞ
@t2A

þ 2 � @
2X0ðtA; tBÞ
@tA@tB

þ @2X1ðtA; tBÞ
@t2A

� 

� eþX0ðtA; tBÞþ e � X1ðtA; tBÞ

þC � e � @X0ðtA; tBÞ
@tA

þ @X0ðtA; tBÞ
@tB

þ @X1ðtA; tBÞ
@tA

� 

� e

� �
þO e2

� � ¼ 0

:

Since e2 � @X1ðtA;tBÞ
@tB

þOðe2Þ ! Oðe2Þ
Since e 6¼ 0, for the right-hand side of above differential equation to be equal to

the left-hand side, the coefficient of each power of e should be equal to zero [7, 8].

@2X0ðtA; tBÞ
@t2A

þX0ðtA; tBÞþ 2 � @
2X0ðtA; tBÞ
@tA@tB

þ @2X1ðtA; tBÞ
@t2A

þX1ðtA; tBÞþC � @X0ðtA; tBÞ
@tA

� 

� e

þ @X0ðtA; tBÞ
@tB

þ @X1ðtA; tBÞ
@tA

� 

� C � e2 þO e2

� � ¼ 0

@X0ðtA; tBÞ
@tB

þ @X1ðtA; tBÞ
@tA

� 

� C � e2 þO e2

� �! O e2
� �

@2X0ðtA; tBÞ
@t2A

þX0ðtA; tBÞþ 2 � @
2X0ðtA; tBÞ
@tA@tB

þ @2X1ðtA; tBÞ
@t2A

þX1ðtA; tBÞþC � @X0ðtA; tBÞ
@tA

� 

� e ¼ 0:

We get pair of differential equations: Oðe0 ¼ 1Þ ) @2X0ðtA;tBÞ
@t2A

þX0ðtA; tBÞ ¼ 0

OðeÞ ) 2 � @
2X0ðtA; tBÞ
@tA@tB

þ @2X1ðtA; tBÞ
@t2A

þX1ðtA; tBÞþC � @X0ðtA; tBÞ
@tA

¼ 0

Differential equation @2X0ðtA;tBÞ
@t2A

þX0ðtA; tBÞ ¼ 0 is for a simple harmonic oscil-

lator. Its general solution is X0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ. The constants B1

and B2 are actually functions of slow time tB. Times tA and tB should be regarded as
independent variables and functions of tB behaving like a constants on the fast
timescale tA. We need to determine the constants B1ðtBÞ and B2ðtBÞ. It is done by
going to the next order of e substituting X0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ into
OðeÞ differential equation.
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2 � @
2X0ðtA; tBÞ
@tA@tB

þ @2X1ðtA; tBÞ
@t2A

þX1ðtA; tBÞþC � @X0ðtA; tBÞ
@tA

¼ 0

@X0ðtA; tBÞ
@tA

¼ B1 � cosðtAÞ � B2 � sinðtAÞ; @
2X0ðtA; tBÞ

@t2A
¼ �B1 � sinðtAÞ � B2 � cosðtAÞ

@2X0ðtA; tBÞ
@tA@tB

¼ @B1

@tB
� cosðtAÞ � @B2

@tB
� sinðtAÞ

2 � @B1

@tB
� cosðtAÞ � @B2

@tB
� sinðtAÞ

� 

þ @2X1ðtA; tBÞ

@t2A
þX1ðtA; tBÞ

þC � ½B1 � cosðtAÞ � B2 � sinðtAÞ	 ¼ 0

@2X1ðtA; tBÞ
@t2A

þX1ðtA; tBÞ ¼ � C � B1 þ 2 � @B1

@tB

� 

� cosðtAÞþ C � B2 þ 2 � @B2

@tB

� 

� sinðtAÞ:

The right-hand side of the above equation is a resonant forcing that will produce
secular terms like tA � sinðtAÞ and tA � cosðtAÞ in the solution of X1ðtA; tBÞ. These
terms would lead to convergent. The approximation is done with no secular terms
and need to set the coefficients of the resonant terms to zero.

C � B1 þ 2 � @B1

@tB
¼ 0; C � B2 þ 2 � @B2

@tB
¼ 0; C � B1 þ 2 � @B1

@tB
¼ 0 )

@B1
@tB

B1
¼ �C

2

@B1
@tB

B1
¼ �C

2
) dðlnðB1ÞÞ

dtB
¼ �C

2
)
Z

dðlnðB1ÞÞ
dtB

� dtB ¼ �
Z

C
2
� dtB;

lnðB1Þ ¼ �C
2
� tB

lnðB1Þ ¼ �C
2
� tB ) B1 ¼ B1ðtB ¼ 0Þ � e�C

2�tB ; C � B2 þ 2 � @B2

@tB
¼ 0 )

@B2
@tB

B2
¼ �C

2

@B2
@tB

B2
¼ �C

2
) dðlnðB2ÞÞ

dtB
¼ �C

2
)
Z

dðlnðB2ÞÞ
dtB

� dtB ¼ �
Z

C
2
� dtB;

lnðB2Þ ¼ �C
2
� tB

lnðB2Þ ¼ �C
2
� tB ) B2 ¼ B2ðtB ¼ 0Þ � e�C

2�tB :
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Next is to find initial values for B1ðtB ¼ 0Þ and B2ðtB ¼ 0Þ; it is done by the
following equations: Xðt; eÞ ¼ X0ðtA; tBÞþ e � X1ðtA; tBÞþOðe2Þ and

X0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ; Xðt ¼ 0; eÞ ¼ 0;
dXðt ¼ 0; eÞ

dt
¼ X:

Equation: Xðt; eÞ ¼ X0ðtA; tBÞþ e � X1ðtA; tBÞþOðe2Þ gives Xðt ¼ 0; eÞ ¼ 0 then

Xðt; eÞ ¼ 0 ) X0ðtA ¼ 0; tB ¼ 0Þþ e � X1ðtA ¼ 0; tB ¼ 0ÞþOðe2Þ ¼ 0

t ¼ 0 ) tA ¼ t; tB ¼ e � t ) tA ¼ 0; tB ¼ 0. To satisfy this equation for all
sufficiently small e, we must have X0ðtA ¼ 0; tB ¼ 0Þ ¼ 0 and X1ðtA ¼ 0; tB ¼ 0Þ
¼ 0.

Similarly dXðt¼0;eÞ
dt ¼ X; dXðt;eÞdt ¼ @X0ðtA;tBÞ

@tA
þ e � @X0ðtA;tBÞ

@tB
þ @X1ðtA;tBÞ

@tA

h i
þOðe2Þ

dXðt ¼ 0; eÞ
dt

¼ @X0ðtA ¼ 0; tB ¼ 0Þ
@tA

þ e

� @X0ðtA ¼ 0; tB ¼ 0Þ
@tB

þ @X1ðtA ¼ 0; tB ¼ 0Þ
@tA

� 

þOðe2Þ ¼ X:

Result @X0ðtA¼0;tB¼0Þ
@tA

¼ X; @X0ðtA¼0;tB¼0Þ
@tB

þ @X1ðtA¼0;tB¼0Þ
@tA

¼ 0:
Combining X0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ; X0ðtA ¼ 0; tB ¼ 0Þ ¼ 0 then

B1 � sinðtAÞ ¼ 0; B2 � cosðtAÞ ¼ 0. Hence B2ðtB ¼ 0Þ ¼ 0; B2ðtBÞ ¼ 0; similarly

X0ðt; eÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ; @X0ðtA ¼ 0; tB ¼ 0Þ
@tA

¼ X

Imply

@X0ðtA; tBÞ
@tA

¼ B1 � cosðtAÞ � B2 � sinðtAÞ; B2 ¼ 0& tA ¼ 0 ) B1ð0Þ ¼ X; B1ðtBÞ
¼ X � e�C

2�tB :

Xðt; eÞ ¼ X0ðtA; tBÞþ e � X1ðtA; tBÞþOðe2Þ; X0ðtA; tBÞ ¼ X � e�C
2�tB � sinðtAÞ

Xðt; eÞ ¼ X � e�C
2�tB � sinðtAÞþ e � X1ðtA; tBÞþOðe2Þ; e � X1ðtA; tBÞ ¼ OðeÞ

Xðt; eÞ ¼ X � e�C
2�tB � sinðtAÞþOðeÞþOðe2Þ:

It is approximate solution predicted by two timing.
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8.2 OptoNDR Circuit van der Pol Perturbation Method

The van der pol oscillator can be given by the following equations: dX1

dt ¼ X2 and
dX2

dt ¼ �X1 � l � ðX2
1 � 1Þ � X2 (see Sect. 6.2). We can express it by second-degree

differential equation: d2
X1

dt2 þ l � ðX2
1 � 1Þ � dX1

dt þX1 ¼ 0. The parameter l is

non-negative real number l 0; l 2 R. The equation is related to nonlinear elec-
trical circuits and related to simple harmonic oscillator which includes a nonlinear

damping term l � ðX2
1 � 1Þ � dX1

dt . Practically, this term is like ordinary positive

damping for jX1j[ 1, but like negative damping for jX1j\1. The behavior, l �
ðX2

1 � 1Þ � dX1

dt term, causes large amplitude oscillations to decay, but it pumps them

back up if they become too small. Our system settles into a self-sustained oscillation
and the special phenomena happened. The energy is dissipated over one cycle
which balances the energy pumped in. The van der Pol equation has a unique,
stable limit cycle for l[ 0; l 2 R. We have a van der Pol oscillator circuit. The
active element of the circuit is semiconductor device (OptoNDR circuit/device). It
acts like an ordinary resistor when current I(t) is high (I(t) > Isat), but like negative
resistor (energy source) or negative differential resistance (NDR) when I(t) is low I

(t) > Ibreak and I(t) < Isat. Our circuit current–voltage characteristic V ¼ f ðIÞ 8 dI
dt ¼

0 resembles a cubic function. We consider that a source of current is attached to the
circuit and then withdrawn. We neglect in our analysis the current below Ibreak (I
(t) < Ibreal) [1, 2, 4] (Fig. 8.2).

Our OptoNDR element/circuit is constructed from LED and phototransistor in
series. The LED (D1) light strikes the phototransistor (Q1) base window and can be
represented as a dependent current source. The dependent current source depends
on the LED (D1) forward current, with proportional k constant (IBQ1 ¼ ILED�
k ¼ ICQ1 � k) and is the phototransistor base current [85]. The mathematical analysis
is based on the basic transistor Ebers–Moll equations. The basic Ebers–Moll
schematic for NPN bipolar transistor is already discussed (see Sect. 6.2). We need
to implement the regular Ebers–Moll model to the optocoupler circuit (transistor Q1

and LED D1) and get a complete final expression for the negative differential
resistance (NDR) characteristics of that circuit (see Sect. 6.2).

f ðIÞ ¼ Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt

� ln I
ð1þ kÞ � I0 þ 1
� 


þVt � ln Isc
Ise

� 
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df ðIÞ
dI

¼ Vt � 1
Iþð1þ kÞ � I0 þVt

�
ð1� ar � af Þ � 1� ar � 1

ð1þ kÞ
h i

� Isc � af � 1
ð1þ kÞ

h i
� Ise

n o
I � 1� ar � 1

ð1þ kÞ
� 


þ Ise � ð1� ar � af Þ
� �

� I � af � 1
ð1þ kÞ

� 

þ Isc � ð1� ar � af Þ

� �

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

We get the conditions in NDR region: I 6¼ �ð1þ kÞ � I0

I � 1� ar � 1
ð1þ kÞ

� 

þ Ise � ð1� ar � af Þ 6¼ 0 ) I 6¼ � Ise � ð1� ar � af Þ

1� ar � 1
ð1þ kÞ

h i

I � af � 1
ð1þ kÞ

� 

þ Isc � ð1� ar � af Þ 6¼ 0 ) I 6¼ � Isc � ð1� ar � af Þ

af � 1
ð1þ kÞ

h i :

We can demonstrate the df ðIÞ
dI equation as a parametric function with some

constant. Let us define the constants first (see Sect. 6.2).

Fig. 8.2 OptoNDR circuit van der Pol perturbation
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C1 ¼ ð1þ kÞ � I0; C2

¼ ð1� ar � af Þ � 1� ar � 1
ð1þ kÞ

� 

� Isc � af � 1

ð1þ kÞ
� 


� Ise
� �

C3 ¼ 1� ar � 1
ð1þ kÞ

� 

; C4 ¼ Ise � ð1� ar � af Þ; C5 ¼ af � 1

ð1þ kÞ
� 


; C6

¼ Isc � ð1� ar � af Þ

df ðIÞ
dI

¼ Vt � 1
IþC1

þVt � C2

fI � C3 þC4g � fI � C5 þC6g
� �

; C1;C2; . . .;C6 2 R:

We need to analyze the above equation for regions which are near the saturation
region and cut-off region. For the region which is after the breakover voltage but
near enough to the cut-off region:

Q1ðcutoffÞðDf ðIÞ ! e � 1; DI ! 0Þ ) NDR ¼ Df ðIÞ
DI

! 1:

For the region which is near and in the phototransistor saturation state:

Q1ðsaturationÞðDf ðIÞ ! e � 1; DI ! 1Þ ) NDR ¼ Df ðIÞ
DI

! 0:

For the cut-off region before the breakover k = 0 then we get the expression df ðIÞdI .

df ðIÞ
dI

jk¼0 ¼ Vt � 1
Iþ I0

þVt

� ð1� ar � af Þ � f½1� ar	 � Isc � ½af � 1	 � Iseg
fI � ½1� ar	 þ Ise � ð1� ar � af Þg � fI � ½af � 1	 þ Isc � ð1� ar � af Þg
� �

:

Back to our circuit van der Pol differential equations:

dV
dt

¼ � I
C1

; f ðIÞþ L1 � dIdt � V ¼ 0

dV
dt

¼ � I
C1

; Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5

þVt � ln I
ð1þ kÞ � I0 þ 1
� 


þVt � ln Isc
Ise

� 

þ L1 � dIdt � V ¼ 0

:

We can investigate our OptoNDR van der Pol as a weakly nonlinear oscillator
and analyze it using perturbation method.
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f ðIÞþ L1 � dIdt � V ¼ 0 ) V ¼ f ðIÞþ L1 � dIdt ;
dV
dt

¼ df ðIÞ
dt

þ L1 � d
2I
dt2

;
df ðIÞ
dt

¼ df ðIÞ
dI

� dI
dt

� I
C1

¼ df ðIÞ
dt

þ L1 � d
2I
dt2

) L1 � d
2I
dt2

þ I
C1

¼ � df ðIÞ
dt

dV
dt

¼ � I
C1

;
df ðIÞ
dt

¼ Vt � 1
IþC1

þ C2

fI � C3 þC4g � fI � C5 þC6g
� �

� dI
dt

;

C1;C2; . . .;C6 2 R

L1 � d
2I
dt2

þ I
C1

¼ �Vt � 1
IþC1

þ C2

fI � C3 þC4g � fI � C5 þC6g
� �

� dI
dt

d2I
dt2

þ I
L1 � C1

¼ � Vt

L1
� 1

IþC1
þ C2

fI � C3 þC4g � fI � C5 þC6g
� �

� dI
dt

:

We define g I; dIdt ; t
� �

¼ � 1
IþC1

þ C2
fI�C3 þC4g�fI�C5 þC6g

� �
� dIdt ; e ¼

Vt
L1
:

The OptoNDR van der Pol weakly nonlinear oscillator can be presented by the

differential equation: d
2
I

dt2 þ I
L1�C1

¼ Vt
L1
� g I; dIdt ; t
� �

; x2
0 ¼ 1

L1�C1

e ¼ Vt

L1
� 1; e ¼ Vt

L1
[ 0; x2

0 ¼
1

L1 � C1
) x0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L1 � C1
p ; x � k � x0 ¼ k � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L1 � C1
p :

We consider that function g I; dIdt ; t
� �

is T periodic in time and is called on

arbitrary smoothing in time. The differential equation represents small perturbations

of the linear oscillator d
2
I

dt2 þ I
L1�C1

¼ 0 and are therefore called weakly nonlinear.

We can concern van der Pol equation as a weakly nonlinear oscillator and the same

for duffing equation. We can seek solution for differential equation d2
I

dt2 þ I
L1�C1

¼
Vt
L1
� g I; dIdt ; t
� �

; x2
0 ¼ 1

L1�C1
in the perturbation expansion form of Iðt; eÞ ¼ I0ðtÞþ

e � I1ðtÞþ e2 � I2ðtÞþ � � �, where it is a perturbation series. The equation becomes
soluble when we set e ¼ 0. We get linear oscillator for e ¼ 0; e ¼ Vt

L1
! 0 )

L1 ! 1. In our analysis we consider the following weakly nonlinear oscillator
perturbed system: x2

0 ¼ 1
L1�C1

! 1; L1 � C1 ! 1

d2I
dt2

þ I � 1
L1 � C1

þ Vt

L1
� 1

IþC1
þ C2

fI � C3 þC4g � fI � C5 þC6g
� �

� dI
dt

¼ 0; e ¼ Vt

L1
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wðIÞ ¼ 1
IþC1

þ C2

fI � C3 þC4g � fI � C5 þC6g ;
d2I
dt2

þ I � 1
L1 � C1

þ Vt

L1
� wðIÞ � dI

dt
¼ 0

Y ¼ dI
dt ;

dY
dt þ I � 1

L1�C1
þ Vt

L1
� wðIÞ � Y ¼ 0. At fixed points, dIdt ¼ 0; dYdt ¼ 0

Y� ¼ 0; I � 1
L1 � C1

þ Vt

L1
� wðIÞ � Y� ¼ 0 ) I� ¼ 0;

1
L1 � C1

6¼ 0

dI
dt

¼ Y ;
dY
dt

¼ �I � 1
L1 � C1

� Vt

L1
� wðIÞ � Y ; dI

dt
¼ n1ðI; YÞ;

dY
dt

¼ n2ðI; YÞ

n1ðI; YÞ ¼ Y ; n2ðI; YÞ ¼ �I � 1
L1 � C1

� Vt

L1
� wðIÞ � Y ; @n1ðI; YÞ

@I
¼ 0;

@n1ðI; YÞ
@Y

¼ 1

@n2ðI; YÞ
@I

¼ � 1
L1 � C1

� Vt

L1
� @wðIÞ

@I
� Y ; @n2ðI; YÞ

@Y
¼ � Vt

L1
� wðIÞ

The matrix A (Jacobian matrix) at the fixed point (I�; Y�) = (0, 0):

A ¼
@n1ðI;YÞ

@I
@n1ðI;YÞ

@Y
@n2ðI;YÞ

@I
@n2ðI;YÞ

@Y

 !
ðI�;Y�Þ

¼ 0 1
� 1

L1�C1
� Vt

L1
� @wðIÞ@I � Y � Vt

L1
� wðIÞ

� �
ðI�¼0;Y�¼0Þ

wðIÞ ¼ 1
IþC1

þ C2

fI � C3 þC4g � fI � C5 þC6g ) wðI� ¼ 0Þ ¼ 1
C1

þ C2

C4 � C6

@wðIÞ
@I

¼ � 1

ðIþC1Þ2
� C2 � fC3 � ðI � C5 þC6ÞþC5 � ðI � C3 þC4Þg

ðI � C3 þC4Þ2 � ðI � C5 þC6Þ2

@wðIÞ
@I

jI�¼0 ¼ � 1

C2
1

� C2 � ðC3 � C6 þC5 � C4Þ
C2
4 � C2

6

¼ � 1

C2
1

þ C2 � ðC3 � C6 þC5 � C4Þ
C2
4 � C2

6

" #

A ¼ 0 1
� 1

L1
� 1

C1
þVt � @wðIÞ@I � Y

h i
� Vt

L1
� wðIÞ

� �
ðI�¼0;Y�¼0Þ

¼ 0 1
� 1

L1�C1
� Vt

L1
� wðI� ¼ 0Þ

� �

AjI�¼0;Y�¼0 ¼
0 1

� 1
L1�C1

� Vt
L1
� 1

C1
þ C2

C4�C6

� �� �
; detðA� k � IÞ ¼ 0
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A� k � I ¼ �k 1
� 1

L1�C1
� Vt

L1
� 1

C1
þ C2

C4�C6

� �
� k

� �
; detðA� k � IÞ

¼ k � Vt

L1
� 1

C1
þ C2

C4 � C6

� �
þ k

� 

þ 1

L1 � C1

detðA� k � IÞ ¼ 0 ) k � Vt

L1
� 1

C1
þ C2

C4 � C6

� �
þ k

� 

þ 1

L1 � C1
¼ 0

k2 þ k � Vt

L1
� 1

C1
þ C2

C4 � C6

� �
þ 1

L1 � C1
¼ 0;

k1;2 ¼
� Vt

L1
� 1

C1
þ C2

C4�C6

� �



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
t

L21
� 1

C1
þ C2

C4�C6

� �2
�4 � 1

L1�C1

r
2

:

Classification of fixed point: We get two eigenvalues. Cases, k1 ¼ k2\0 (at-
tracting focus), k1\k2\0 (attracting node), k1\k2 ¼ 0 (attracting line),
k1\0\k2; k1 � k2\0 (saddle node), k1 ¼ 0\k2 (repelling line), 0\k1\k2
(repelling node), 0\k1 ¼ k2 (repelling focus).

Our system differential equation (second order): d2
I

dt2 þ I � 1
L1�C1

þ Vt
L1
�

wðIÞ � dIdt ¼ 0

x2
0 ¼

1
L1 � C1

! 1; L1 � C1 ! 1; 0\e ¼ Vt

L1
� 1;

d2I
dt2

þ I � x2
0 þ e � wðIÞ � dI

dt
¼ 0:

We shall apply perturbation theory to solve the OptoNDR van der Pol oscillator

in equation: d
2
I

dt2 þ I � x2
0 þ e � wðIÞ � dIdt ¼ 0.

Iðt; eÞ ¼ I0ðtÞþ e � I1ðtÞþ e2 � I2ðtÞþ � � � ; dIðt; eÞ
dt

¼ dI0ðtÞ
dt

þ e � dI1ðtÞ
dt

þ e2 � dI2ðtÞ
dt

þ � � �

d2Iðt; eÞ
dt2

¼ d2I0ðtÞ
dt2

þ e � d
2I1ðtÞ
dt2

þ e2 � d
2I2ðtÞ
dt2

þ � � � ; Iðt; eÞ ¼
X1
k¼0

ek � IkðtÞ; dIðt; eÞdt

¼
X1
k¼0

ek � dIkðtÞ
dt

d2Iðt; eÞ
dt2

¼
X1
k¼0

ek � d
2IkðtÞ
dt2

;
d2I
dt2

þ I � x2
0 þ e � wðIÞ � dI

dt
¼ 0
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X1
k¼0

ek � d
2IkðtÞ
dt2

þðI0ðtÞþ e � I1ðtÞþ e2 � I2ðtÞþ � � �Þ � x2
0 þ e � w I ¼

X1
k¼0

ek � IkðtÞ
 !

�
X1
k¼0

ek � dIkðtÞ
dt

¼ 0:

We differentiate the above differential equation term by term with respect to
t and we group terms according to the powers of e, omitting all terms with coef-
ficients of e2 and higher.

d2I0ðtÞ
dt2

þ e � d
2I1ðtÞ
dt2

þ e2 � d
2I2ðtÞ
dt2

þ � � � þ ðI0ðtÞþ e � I1ðtÞþ e2 � I2ðtÞþ � � �Þ � x2
0

þ e � w I ¼
X1
k¼0

ek � IkðtÞ
 !

� dI0ðtÞ
dt

þ e � dI1ðtÞ
dt

þ e2 � dI2ðtÞ
dt

þ � � �
� �

¼ 0

w I ¼
X1
k¼0

ek � IkðtÞ
 !

¼ wðIÞ ¼ 1P1
k¼0 e

k � IkðtÞþC1

þ C2

C3 �
P1

k¼0 e
k � IkðtÞþC4

� � � C5 �
P1

k¼0 e
k � IkðtÞþC6

� �

w I ¼
X1
k¼0

ek � IkðtÞ
 !

¼ wðIÞ ¼ 1
I0ðtÞþ e � I1ðtÞþ e2 � I2ðtÞþ � � � þC1

þ C2

fC3 � ðI0ðtÞþ e � I1ðtÞþ e2 � I2ðtÞþ � � �Þ þC4g � fC5 � ðI0ðtÞþ e � I1ðtÞþ e2 � I2ðtÞþ � � �Þ þC6g

:

We omit from the above expression the Oðe2Þ elements and get the expression:

w I ¼
X1
k¼0

ek � IkðtÞ
 !

¼ wðIÞ ¼ 1
I0ðtÞþ e � I1ðtÞþC1

þ C2

fC3 � ðI0ðtÞþ e � I1ðtÞÞþC4g � fC5 � ðI0ðtÞþ e � I1ðtÞÞþC6g

w I ¼
X1
k¼0

ek � IkðtÞ
 !

¼ wðIÞ ¼ 1
I0ðtÞþ e � I1ðtÞþC1

þ C2

ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
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wðIÞ ¼ ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6ÞþC2 � ðI0ðtÞþ e � I1ðtÞþC1Þ
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

wðIÞ ¼ ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6ÞþC2 � I0ðtÞþ e � C2 � I1ðtÞþC2 � C1

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ ¼ C3 � C5 � I20ðtÞþC3 � C5 � I0ðtÞ � I1ðtÞ � e
þC3 � C6 � I0ðtÞþ e � C3 � C5 � I1ðtÞ � I0ðtÞþ e2 � C3 � C5 � I1ðtÞ � I1ðtÞþ e � C3 � C6 � I1ðtÞþC4 � C5 � I0ðtÞ
þC4 � C5 � e � I1ðtÞþC4 � C6

ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
¼ C3 � C5 � I20ðtÞþC3 � C5 � I0ðtÞ � I1ðtÞ � eþC3 � C6 � I0ðtÞþ e � C3 � C5 � I1ðtÞ � I0ðtÞ
þ e � C3 � C6 � I1ðtÞþC4 � C5 � I0ðtÞþC4 � C5 � e � I1ðtÞþC4 � C6 þOðe2Þ

ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
¼ C3 � C5 � I20ðtÞþC3 � C6 � I0ðtÞþC4 � C5 � I0ðtÞþC4 � C6 þ e � fC3 � C5 � I0ðtÞ � I1ðtÞ
þC3 � C5 � I1ðtÞ � I0ðtÞþC3 � C6 � I1ðtÞþC4 � C5 � I1ðtÞgþOðe2Þ

ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6ÞþC2 � I0ðtÞþ e � C2 � I1ðtÞþC2 � C1

¼ C3 � C5 � I20ðtÞþC3 � C6 � I0ðtÞþC4 � C5 � I0ðtÞþC4 � C6 þ e � fC3 � C5 � I0ðtÞ � I1ðtÞþC3 � C5 � I1ðtÞ � I0ðtÞ
þC3 � C6 � I1ðtÞþC4 � C5 � I1ðtÞgþC2 � I0ðtÞþ e � C2 � I1ðtÞþC2 � C1 þOðe2Þ

:

If we neglect the Oðe2Þ term in the above equation, we get the following
expression:

ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6ÞþC2 � I0ðtÞþ e � C2 � I1ðtÞþC2 � C1

¼ C3 � C5 � I20ðtÞþ ½C3 � C6þC4 � C5 þC2	 � I0ðtÞþC4 � C6 þC2 � C1 þ e � f½C3 � C5 þC3 � C5	 � I1ðtÞ � I0ðtÞ
þ ½C3 � C6 þC4 � C5 þC2	 � I1ðtÞg

wðIÞ ¼

C3 � C5 � I20 ðtÞþ ½C3 � C6 þC4 � C5 þC2	 � I0ðtÞþC4 � C6 þC2 � C1

þ e � f½C3 � C5 þC3 � C5	 � I1ðtÞ � I0ðtÞþ ½C3 � C6 þC4 � C5 þC2	 � I1ðtÞg
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

e � wðIÞ ¼

e � fC3 � C5 � I20ðtÞþ ½C3 � C6þC4 � C5 þC2	 � I0ðtÞþC4 � C6 þC2 � C1g
þ e2 � f½C3 � C5 þC3 � C5	 � I1ðtÞ � I0ðtÞþ ½C3 � C6þC4 � C5 þC2	 � I1ðtÞg

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

Oðe2Þ ¼ e2 � ½C3 � C5 þC3 � C5	 � I1ðtÞ � I0ðtÞþ ½C3 � C6 þC4 � C5 þC2	 � I1ðtÞf g
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e � wðIÞ ¼ e � C3 � C5 � I20ðtÞþ ½C3 � C6 þC4 � C5þC2	 � I0ðtÞþC4 � C6 þC2 � C1
� �þOðe2Þ

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ :

If we omit the Oðe2Þ term from the above expression, we get

e � wðIÞ ¼ e � C3 � C5 � I20ðtÞþ ½C3 � C6 þC4 � C5þC2	 � I0ðtÞþC4 � C6 þC2 � C1
� �

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

d2I0ðtÞ
dt2

þ e � d
2I1ðtÞ
dt2

þ e2 � d
2I2ðtÞ
dt2

þ � � � þ ðI0ðtÞþ e � I1ðtÞþ e2 � I2ðtÞþ � � �Þ � x2
0

þ e � fC3 � C5 � I20ðtÞþ ½C3 � C6þC4 � C5 þC2	 � I0ðtÞþC4 � C6þC2 � C1g
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

� dI0ðtÞ
dt

þ e � dI1ðtÞ
dt

þ e2 � dI2ðtÞ
dt

þ � � �
� �

¼ 0

d2I0ðtÞ
dt2

þ e � d
2I1ðtÞ
dt2

þOðe2Þþ I0ðtÞþ e � I1ðtÞþOðe2Þ� � � x2
0

þ e � fC3 � C5 � I20 ðtÞþ ½C3 � C6 þC4 � C5þC2	 � I0ðtÞþC4 � C6 þC2 � C1g
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

� dI0ðtÞ
dt

þ e � dI1ðtÞ
dt

þOðe2Þ
� �

¼ 0

:

We omit from the above expression the Oðe2Þ and get

d2I0ðtÞ
dt2

þ e � d
2I1ðtÞ
dt2

þðI0ðtÞþ e � I1ðtÞÞ � x2
0

þ e � fC3 � C5 � I20ðtÞþ ½C3 � C6þC4 � C5 þC2	 � I0ðtÞþC4 � C6þC2 � C1g
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

� dI0ðtÞ
dt

þ e � dI1ðtÞ
dt

� �
¼ 0

d2I0ðtÞ
dt2

þ I0ðtÞ � x2
0

� 

þ e � d2I1ðtÞ

dt2
þ I1ðtÞ � x2

0

� 


þ e � fC3 � C5 � I20 ðtÞþ ½C3 � C6 þC4 � C5þC2	 � I0ðtÞþC4 � C6 þC2 � C1g
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ �

dI0ðtÞ
dt

�

þ e2 � fC3 � C5 � I20ðtÞþ ½C3 � C6 þC4 � C5 þC2	 � I0ðtÞþC4 � C6 þC2 � C1g
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ �

dI1ðtÞ
dt

�
¼ 0

Oðe2Þ ¼ e2 � fC3 � C5 � I20ðtÞþ ½C3 � C6 þC4 � C5 þC2	 � I0ðtÞþC4 � C6 þC2 � C1g
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ �

dI1ðtÞ
dt

:

We omit from the above expression the Oðe2Þ and get

8.2 OptoNDR Circuit van der Pol Perturbation Method 647



d2I0ðtÞ
dt2

þ I0ðtÞ � x2
0

� 

þ e � d2I1ðtÞ

dt2
þ I1ðtÞ � x2

0

� 


þ e � fC3 � C5 � I20ðtÞþ ½C3 � C6þC4 � C5 þC2	 � I0ðtÞþC4 � C6þC2 � C1g
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

� dI0ðtÞ
dt

¼ 0

h4ðI0Þ ¼ C3 � C5 � I20 ðtÞþ ½C3 � C6 þC4 � C5 þC2	 � I0ðtÞþC4 � C6 þC2 � C1; I0
¼ I0ðtÞ

d2I0ðtÞ
dt2

þ I0ðtÞ � x2
0

� 

þ e � d2I1ðtÞ

dt2
þ I1ðtÞ � x2

0

� 


þ e � h4ðI0Þ
ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

� dI0ðtÞ
dt

¼ 0

:

Next step is to develop the denominator of the above expression.

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
¼ fC3 � I20ðtÞþ e � I0ðtÞ � C3 � I1ðtÞþ I0ðtÞ � C4 þ e � C3 � I0ðtÞ � I1ðtÞþ e2 � C3 � I21ðtÞþ e � I1ðtÞ � C4

þC1 � C3 � I0ðtÞþ e � C1 � C3 � I1ðtÞþC1 � C4g � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
¼ fC3 � I20ðtÞþC1 � C3 � I0ðtÞþ I0ðtÞ � C4 þC1 � C4 þ e � ½2 � C3 � I0ðtÞ � I1ðtÞþ I1ðtÞ � ðC4

þC1 � C3Þ	 þOðe2Þg � ðC5 � I0ðtÞþC6 þ e � C5 � I1ðtÞÞ
:

We omit from the above expression the Oðe2Þ and get

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
¼ fC3 � I20ðtÞþ ðC1 � C3 þC4Þ � I0ðtÞþC1 � C4 þ e � ½2 � C3 � I0ðtÞ � I1ðtÞþ I1ðtÞ � ðC4

þC1 � C3Þ	g � ðC5 � I0ðtÞþC6 þ e � C5 � I1ðtÞÞ

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
¼ C3 � C5 � I30ðtÞþC3 � C6 � I20ðtÞþ e � C5 � C3 � I20ðtÞ � I1ðtÞ
þ ðC1 � C3 þC4Þ � C5 � I20ðtÞþ ðC1 � C3 þC4Þ � C6 � I0ðtÞþ e � C5 � ðC1 � C3 þC4Þ � I0ðtÞ � I1ðtÞ
þC1 � C4 � C5 � I0ðtÞþC1 � C4 � C6 þ e � C1 � C4 � C5 � I1ðtÞ
þ e � ½2 � C3 � I0ðtÞ � I1ðtÞþ I1ðtÞ � ðC4 � þC1 � C3Þ	 � ½C5 � I0ðtÞþC6	 þOðe2Þ
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ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
¼ C3 � C5 � I30ðtÞþC3 � C6 � I20ðtÞþ ðC1 � C3 þC4Þ � C5 � I20ðtÞþ ðC1 � C3 þC4Þ � C6 � I0ðtÞ
þC1 � C4 � C5 � I0ðtÞþC1 � C4 � C6 þ e � f½2 � C3 � I0ðtÞ � I1ðtÞþ I1ðtÞ � ðC4 � þC1 � C3Þ	
� ½C5 � I0ðtÞþC6	 þC5 � C3 � I20ðtÞ � I1ðtÞþC5 � ðC1 � C3 þC4Þ � I0ðtÞ � I1ðtÞ
þC1 � C4 � C5 � I1ðtÞgþOðe2Þ

:

We define the following functions:

h1ðI0Þ ¼ C3 � C5 � I30 ðtÞþC3 � C6 � I20ðtÞþ ðC1 � C3 þC4Þ � C5 � I20ðtÞ
þ ðC1 � C3 þC4Þ � C6 � I0ðtÞþC1 � C4 � C5 � I0ðtÞþC1 � C4 � C6

h2ðI0; I1Þ ¼ ½2 � C3 � I0ðtÞ � I1ðtÞþ I1ðtÞ � ðC4 � þC1 � C3Þ	 � ½C5 � I0ðtÞþC6	
þC5 � C3 � I20ðtÞ � I1ðtÞþC5 � ðC1 � C3 þC4Þ � I0ðtÞ � I1ðtÞ

h3ðI1Þ ¼ C1 � C4 � C5 � I1ðtÞ; h2ðI0; I1Þþ h3ðI1Þ ¼
X3
k¼2

hkðI0; I1 9 k ¼ 2Þ

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ
¼ h1ðI0Þþ e � ½h2ðI0; I1Þþ h3ðI1Þ	 þOðe2Þ

ðI0ðtÞþ e � I1ðtÞþC1Þ � ðC3 � I0ðtÞþ e � C3 � I1ðtÞþC4Þ � ðC5 � I0ðtÞþ e � C5 � I1ðtÞþC6Þ

¼ h1ðI0Þþ e �
X3
k¼2

hkðI0; I1 9 k ¼ 2ÞþOðe2Þ

d2I0ðtÞ
dt2

þ I0ðtÞ � x2
0

� 

þ e � d2I1ðtÞ

dt2
þ I1ðtÞ � x2

0

� 

þ e

� h4ðI0Þ
h1ðI0Þþ e �P3

k¼2 hkðI0; I1 9 k ¼ 2ÞþOðe2Þ �
dI0ðtÞ
dt

¼ 0:

We omit from the above equation the Oðe2Þ term and get the equation:

d2I0ðtÞ
dt2

þ I0ðtÞ � x2
0

� 

þ e � d2I1ðtÞ

dt2
þ I1ðtÞ � x2

0

� 

þ e

� h4ðI0Þ
h1ðI0Þþ e �P3

k¼2 hkðI0; I1 9 k ¼ 2Þ �
dI0ðtÞ
dt

¼ 0:

Assumption: x2
0 ¼ 1

L1�C1
! 1; L1 � C1 ! 1
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d2I0ðtÞ
dt2

þ I0ðtÞ
� 


þ e � d2I1ðtÞ
dt2

þ I1ðtÞ þ h4ðI0Þ
h1ðI0Þþ e �P3

k¼2 hkðI0; I1 9 k ¼ 2Þ �
dI0ðtÞ
dt

( )
¼ 0

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to
the left-hand side, the coefficient of each power of e should be equal to zero. The
zeroth of e gives us the following expressions:

d2I0ðtÞ
dt2

þ I0ðtÞ ¼ 0;
d2I1ðtÞ
dt2

þ I1ðtÞ

þ h4ðI0Þ
h1ðI0Þþ e �P3

k¼2 hkðI0; I1 9 k ¼ 2Þ �
dI0ðtÞ
dt

¼ 0

Next we need to solve the above differential equations. These equations are
indeed homogenous linear differential equations with functional coefficients.

First we investigate the d2
I0ðtÞ
dt2 þ I0ðtÞ ¼ 0 differential equation. Let us assume

that I0ðtÞ ¼ er�t is a solution to equation where r is a constant. The auxiliary

equations are d2
I0ðtÞ
dt2 ¼ r2 � er�t ) r2 � er�t þ er�t ¼ 0; ½r2 þ 1	 � er�t ¼ 0 ) r ¼ 
j:

Here the r real part is equal to zero and the imaginary part is equal to one. If we
assumed from above that the general solution for I0ðtÞ is of the form cosðtÞþ sinðtÞ.
And we double check for solution: I0ðtÞ ¼ cosðtÞþ sinðtÞ:

dI0ðtÞ
dt

¼ � sinðtÞþ cosðtÞ; d
2I0ðtÞ
dt2

¼ � cosðtÞ � sinðtÞ;
d2I0ðtÞ
dt2

¼ �½sinðtÞþ cosðtÞ	

We write our solution d2
I0ðtÞ
dt2 þ I0ðtÞ ¼ 0 in the convenient form: I0ðtÞ ¼

A1 � cosðtÞþA2 � sinðtÞ where A1;A2 are constants to be determined. If we utilized

the initial conditions: I0ðt ¼ 0Þ ¼ 0; dI0ðt¼0Þ
dt ¼ X. Given to find the values of the

constants A1;A2, we have by substituting these values in equation: I0ðtÞ ¼
A1 � cosðtÞþA2 � sinðtÞ that A1 ¼ 0 hence I0ðtÞ ¼ A2 � sinðtÞ and dI0ðtÞ

dt ¼
A2 � cosðtÞ ) dI0ðt¼0Þ

dt ¼ X ¼ A2 then I0ðtÞ ¼ X � sinðtÞ. The second differential

equation d2
I1ðtÞ
dt2 þ I1ðtÞþ h4ðI0Þ

h1ðI0Þþ e�
P3

k¼2
hkðI0;I1 9 k¼2Þ

� dI0ðtÞdt ¼ 0 and from our last

solution dI0ðtÞ
dt ¼ X � cosðtÞ then we get the following equation:
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d2I1ðtÞ
dt2

þ I1ðtÞ ¼ � h4ðI0ðtÞ ¼ X � sinðtÞÞ
h1ðI0Þþ e �P3

k¼2 hkðI0ðtÞ ¼ X � sinðtÞ; I1 9 k ¼ 2Þ � X � cosðtÞ

We need to check and approve the conditions which the above equation is a case
of resonance [6, 7]. It is because of resonant interactions between consecutive
orders that nonuniformity has appeared in the regular perturbation series. This is a
type of harmonic oscillator with natural frequency one, driven by a periodic,
external, forcing frequency is equal to one (x ¼ 1) on the right-hand side. The
amplitude of oscillation for such a system is unbounded as t ! 1 because the
oscillator continually absorbs energy from the periodic external force, thus, system
in resonance with the external force. The solution, therefore, to such a system,
represents this fact in term “t � sinðtÞ” appeared in the solution in equation Iðt; eÞ
because the inhomogeneous term � h4ðI0ðtÞ¼X�sinðtÞÞ

h1ðI0Þþ e�
P3

k¼2
hkðI0ðtÞ¼X�sinðtÞ;I1 9 k¼2Þ

� X � cosðtÞ is

itself a solution of the associated homogeneous equation:

d2I1ðtÞ
dt2

þ I1ðtÞ ¼ � h4ðI0ðtÞ ¼ X � sinðtÞÞ
h1ðI0Þþ e �P3

k¼2 hkðI0ðtÞ ¼ X � sinðtÞ; I1 9 k ¼ 2Þ � X � cosðtÞ

The secular terms appear whenever the inhomogeneous term is itself a solution
of the associated homogeneous differential equation. A secular term always grows
faster than the corresponding solution of the homogeneous solution by at least a
factor t. The appearance of secular terms demonstrates the nonuniform validity of
the perturbation expansion for large t. The I1ðtÞ solution is quite complicated and is
recommended to solve it using MATLAB and other simulation software. It is also
possible to solve it numerically rather than analytic.

Summary We need to solve the differential equation for I1ðtÞ and find the
expression I1ðtÞ ¼ . . .

I0ðtÞ ¼ X � sinðtÞ; d
2I1ðtÞ
dt2

þ I1ðtÞ

¼ � h4ðI0ðtÞ ¼ X � sinðtÞÞ
h1ðI0Þþ e �P3

k¼2 hkðI0ðtÞ ¼ X � sinðtÞ; I1 9 k ¼ 2Þ � X � cosðtÞ

Now substitute for I0ðtÞ and I1ðtÞ in the Iðt; eÞ equation

Iðt; eÞ ¼ I0ðtÞþ e � I1ðtÞþ e2 � I2ðtÞþ � � � ; Iðt; eÞ ¼
X1
k¼0

IkðtÞ � ek

¼ I0ðtÞþ e � I1ðtÞþOðe2Þ:
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8.3 OptoNDR Circuit van der Pol Perturbation Method
Multiple Timescale

We can use multiple scale analysis for construction uniform or global approximate
solutions for both small and large values of independent variables of OptoNDR
circuit van der Pol. The dependent variables are uniformly expanded in terms of
two or more independent variables, scales. The issue is the choice of ordering
scheme and the form of the power series expansion . We can implement in
OptoNDR van der Pol system, multiple scale MSPT. The coordinate transforms and
invariant manifolds provide a support for multiscale modeling. Practically, there are
at least two timescales in weakly nonlinear OptoNDR circuit van der Pol oscillator.
Two timing builds two timescales from the start and produces better approxima-
tions than the regular perturbation theory. We need to apply two timing to

OptoNDR van der Pol differential equation x2
0 ¼ 1

L1�C1
! 1

� �
:

d2
I

dt2 þ I � x2
0 þ e � wðIÞ � dIdt ¼ 0 (see Sect. 8.2). Let tA ¼ t denote the fast O(1)

time, and let tB ¼ e � t denote the slow time. We take these times as independent
variables. The functions of slow time tB are constants on the fast timescale tA, and

we expand the solution d2
I

dt2 þ I � x2
0 þ e � wðIÞ � dIdt ¼ 0 as a series expression

Iðt; eÞ ¼ I0ðtA; tBÞþ e � I1ðtA; tBÞþOðe2Þ. We need to implement time derivatives in
systems differential equation and are transferred using the chain rule [5–7].

@tA ¼ @

@tA
; DtA ¼ d

dtA
;
@

@tA
, d

dtA
; @tB ¼ @

@tB
; DtB ¼ d

dtB
;
@

@tB
, d

dtB

dI
dt ¼ dI

dtA
þ dI

dtB
� dtBdt ¼ @I

@tA
þ @I

@tB
� @tB@t . It is time derivative of Iðt; eÞ variable using

the chain rule.

tA ¼ t; tB ¼ e � t; dtB
dt

¼ @tB
@t

¼ e;
dI
dt

¼ dI
dtA

þ dI
dtB

� e;
@I
@t

¼ @I
@tA

þ @I
@tB

� e @I
@t

¼ dI
dt

¼ @tA Iþ e � @tB I:

We know that Iðt; eÞ ¼ I0ðtA; tBÞþ e � I1ðtA; tBÞþOðe2Þ

dIðt; eÞ
dt

¼ @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

� eþ e � @I1ðtA; tBÞ
@tA

þ e � @I1ðtA; tBÞ
@tB

� 

þOðe2Þ

dIðt; eÞ
dt

¼ @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

þ @I1ðtA; tBÞ
@tA

� 

� eþ e2 � @I1ðtA; tBÞ

@tB
þOðe2Þ
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e2 � @I1ðtA; tBÞ
@tB

þOðe2Þ ! Oðe2Þ ) dIðt; eÞ
dt

¼ @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

þ @I1ðtA; tBÞ
@tA

� 

� eþOðe2Þ

dIðt; eÞ
dt

¼ @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

þ @I1ðtA; tBÞ
@tA

� 

� eþ e2 � @I1ðtA; tBÞ

@tB
þOðe2Þ:

We already find the below differential equation:

dIðt; eÞ
dt

¼ @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

� eþ e � @I1ðtA; tBÞ
@tA

þ e � @I1ðtA; tBÞ
@tB

� 

þOðe2Þ

d2Iðt; eÞ
dt2

¼ @

@tA

@I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

� e
� 


þ e � @

@tB

@I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

� e
� 
�

þ @

@tA

@I1ðtA; tBÞ
@tA

þ e � @I1ðtA; tBÞ
@tB

� 
�
þOðe2Þ

d2Iðt; eÞ
dt2

¼ @2I0ðtA; tBÞ
@t2A

þ @2I0ðtA; tBÞ
@tA@tB

� eþ e � @
2I0ðtA; tBÞ
@tB@tA

þ @2I0ðtA; tBÞ
@t2B

� e2

þ @2I1ðtA; tBÞ
@t2A

� eþ e2 � @
2I1ðtA; tBÞ
@tA@tB

þOðe2Þ

d2Iðt; eÞ
dt2

¼ @2I0ðtA; tBÞ
@t2A

þ @2I0ðtA; tBÞ
@tA@tB

þ @2I0ðtA; tBÞ
@tB@tA

þ @2I1ðtA; tBÞ
@t2A

� 

� e

þ @2I0ðtA; tBÞ
@t2B

þ @2I1ðtA; tBÞ
@tA@tB

� 

� e2 þOðe2Þ

@2I0ðtA; tBÞ
@t2B

þ @2I1ðtA; tBÞ
@tA@tB

� 

� e2 þOðe2Þ ! Oðe2Þ

d2Iðt; eÞ
dt2

¼ @2I0ðtA; tBÞ
@t2A

þ 2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

� 

� eþOðe2Þ:

We need to implement it to our weakly nonlinear OptoNDR van der Pol
oscillator perturbed system differential equation:

d2I
dt2

þ I � x2
0 þ e � wðIÞ � dI

dt
¼ 0; Iðt ¼ 0; eÞ ¼ 0

d2Iðt; eÞ
dt2

þ Iðt; eÞ � x2
0 þ e � wðIðt; eÞÞ � dIðt; eÞ

dt
¼ 0; Iðt ¼ 0; eÞ ¼ 0
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@2I0ðtA; tBÞ
@t2A

þ 2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

� 

� eþOðe2Þþ I0ðtA; tBÞþ e � I1ðtA; tBÞ½ 	 � x2

0

þ e � w I0ðtA; tBÞþ e � I1ðtA; tBÞþOðe2Þ� � � @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

� e
�

þ e � @I1ðtA; tBÞ
@tA

þ e � @I1ðtA; tBÞ
@tB

� 

þOðe2Þ



¼ 0

@2I0ðtA; tBÞ
@t2A

þ 2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

� 

� eþOðe2Þþ ½I0ðtA; tBÞþ e � I1ðtA; tBÞ	 � x2

0

þ e � wðI0ðtA; tBÞþ e � I1ðtA; tBÞþOðe2ÞÞ

� @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

� eþ e � @I1ðtA; tBÞ
@tA

þ e2 � @I1ðtA; tBÞ
@tB

�
þOðe2Þ ¼ 0

e2 � @I1ðtA; tBÞ
@tB

þOðe2Þ ! Oðe2Þ; x2
0 ! 1

@2I0ðtA; tBÞ
@t2A

þ 2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

� 

� eþOðe2Þþ ½I0ðtA; tBÞ

þ e � I1ðtA; tBÞ	 þ e � w I0ðtA; tBÞþ e � I1ðtA; tBÞþOðe2Þ� � � @I0ðtA; tBÞ
@tA

�

þ @I0ðtA; tBÞ
@tB

� eþ e � @I1ðtA; tBÞ
@tA

þOðe2Þ


¼ 0

Since e 6¼ 0, for the right-hand side of the above differential equation to be equal
to the left-hand side, the coefficient of each power of e should be equal to zero. We
ignore the Oðe2Þ elements.

@2I0ðtA; tBÞ
@t2A

þ 2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

� 

� eþ I0ðtA; tBÞþ e � I1ðtA; tBÞ

þ e � wðI0ðtA; tBÞþ e � I1ðtA; tBÞÞ � @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

� eþ e � @I1ðtA; tBÞ
@tA

� 

¼ 0

@2I0ðtA; tBÞ
@t2A

þ I0ðtA; tBÞþ e � 2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

� 

þ e � I1ðtA; tBÞ

þwðI0ðtA; tBÞþ e � I1ðtA; tBÞÞ � e � @I0ðtA; tBÞ
@tA

þ e2 � @I0ðtA; tBÞ
@tB

þ @I1ðtA; tBÞ
@tA

� �� 

¼ 0

e2 � @I0ðtA; tBÞ
@tB

þ @I1ðtA; tBÞ
@tA

� �
! Oðe2Þ; Oðe2Þ ! 0
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@2I0ðtA; tBÞ
@t2A

þ I0ðtA; tBÞþ e � 2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

� 

þ I1ðtA; tBÞ

�

þwðI0ðtA; tBÞþ I1ðtA; tBÞÞ � @I0ðtA; tBÞ
@tA

�
¼ 0

:

We get pair of differential equations: Oðe0 ¼ 1Þ ) @2I0ðtA;tBÞ
@t2A

þ I0ðtA; tBÞ ¼ 0

OðeÞ ) 2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

� 

þ I1ðtA; tBÞ

þ @I0ðtA; tBÞ
@tA

� wðI0ðtA; tBÞþ I1ðtA; tBÞÞ ¼ 0

Differential equation @2I0ðtA;tBÞ
@t2A

þ I0ðtA; tBÞ ¼ 0 is a simple harmonic oscillator.

The general solution is I0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ. The constants B1 and
B2 are actually functions of slow time tB. Times tA; tB should be regarded as
independent variables and functions of tB behaving like constants on the fast
timescale tA. We need to determine the constants B1ðtBÞ and B2ðtBÞ. It is done by
going to the next order e substituting I0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ into
OðeÞ differential equation equation.

2 � @
2I0ðtA; tBÞ
@tA@tB

þ @2I1ðtA; tBÞ
@t2A

þ I1ðtA; tBÞþ @I0ðtA; tBÞ
@tA

� wðI0ðtA; tBÞþ I1ðtA; tBÞÞ
¼ 0

@I0ðtA; tBÞ
@tA

¼ B1 � cosðtAÞ � B2 � sinðtAÞ; @
2I0ðtA; tBÞ
@t2A

¼ �B1 � sinðtAÞ � B2 � cosðtAÞ

@2I0ðtA; tBÞ
@tA@tB

¼ @B1

@tB
� cosðtAÞ � @B2

@tB
� sinðtAÞ

2 � @B1

@tB
� cosðtAÞ � @B2

@tB
� sinðtAÞ

� 

þ @2I1ðtA; tBÞ

@t2A
þ I1ðtA; tBÞ

þ ½B1 � cosðtAÞ � B2 � sinðtAÞ	 � wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞ ¼ 0

@2I1ðtA; tBÞ
@t2A

þ I1ðtA; tBÞ ¼ �½B1 � cosðtAÞ � B2 � sinðtAÞ	 � wðB1 � sinðtAÞ

þB2 � cosðtAÞþ I1ðtA; tBÞÞ � 2 � @B1

@tB
� cosðtAÞ � @B2

@tB
� sinðtAÞ

� 
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@2I1ðtA; tBÞ
@t2A

þ I1ðtA; tBÞ ¼ � B1 � wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞþ 2 � @B1

@tB

� 

� cosðtAÞ

þ B2 � wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞþ 2 � @B2

@tB

� 

� sinðtAÞ

:

The right-hand side of the above equation is a resonant forcing that will produce
secular terms like tA � sinðtAÞ and tA � cosðtAÞ in the solution of I1ðtA; tBÞ.

These terms would lead to convergent. The approximation is done with no
secular terms and need to set the coefficients of the resonant terms to zero.

B1 � wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞþ 2 � @B1

@tB
¼ 0

B2 � wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞþ 2 � @B2

@tB
¼ 0

@B1
@tB

B1
¼ � 1

2
� wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞ

dðlnðB1ÞÞ
dtB

¼ � 1
2
� wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞ

Z
dðlnðB1ÞÞ

dtB
�dtB ¼ � 1

2
�
Z

wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞ � dtB

lnðB1Þ ¼ � 1
2
�
Z

wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞ � dtB

B1 ¼ B1ðtB ¼ 0Þ � e�1
2�
R

wðB1�sinðtAÞþB2�cosðtAÞþ I1ðtA;tBÞÞ�dtB

@B2
@tB

B2
¼ � 1

2
� wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞ

dðlnðB2ÞÞ
dtB

¼ � 1
2
� wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞ

lnðB2Þ ¼ � 1
2
�
Z

wðB1 � sinðtAÞþB2 � cosðtAÞþ I1ðtA; tBÞÞ � dtB

B2 ¼ B2ðtB ¼ 0Þ � e�1
2�
R

wðB1�sinðtAÞþB2�cosðtAÞþ I1ðtA;tBÞÞ�dtB

Next is to find initial values for B1ðtB ¼ 0Þ and B2ðtB ¼ 0Þ, it is done by the
following equation: Iðt; eÞ ¼ I0ðtA; tBÞþ e � I1ðtA; tBÞþOðe2Þ and
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I0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ; Iðt ¼ 0; eÞ ¼ 0;
dIðt ¼ 0; eÞ

dt
¼ X:

Equation Iðt; eÞ ¼ I0ðtA; tBÞþ e � I1ðtA; tBÞþOðe2Þ gives Iðt ¼ 0; eÞ ¼ 0 then

Iðt ¼ 0; eÞ ¼ 0 ) I0ðtA ¼ 0; tB ¼ 0Þþ e � I1ðtA ¼ 0; tB ¼ 0ÞþOðe2Þ ¼ 0

t ¼ 0 ) tA ¼ t; tB ¼ e � t ) tA ¼ 0; tB ¼ 0. To satisfy this equation for all
sufficiently small e, we must have I0ðtA ¼ 0; tB ¼ 0Þ ¼ 0 and I1ðtA ¼ 0; tB ¼ 0Þ
¼ 0.

Similarly, the following expression exists:

dIðt ¼ 0; eÞ
dt

¼ X;
dIðt; eÞ
dt

¼ @I0ðtA; tBÞ
@tA

þ @I0ðtA; tBÞ
@tB

þ @I1ðtA; tBÞ
@tA

� 

� eþOðe2Þ

dIðt ¼ 0; eÞ
dt

¼ @I0ðtA ¼ 0; tB ¼ 0Þ
@tA

þ @I0ðtA ¼ 0; tB ¼ 0Þ
@tB

þ @I1ðtA ¼ 0; tB ¼ 0Þ
@tA

� 

� eþOðe2Þ ¼ X

Result

@I0ðtA ¼ 0; tB ¼ 0Þ
@tA

¼ X;
@I0ðtA ¼ 0; tB ¼ 0Þ

@tB
þ @I1ðtA ¼ 0; tB ¼ 0Þ

@tA
¼ 0:

Combining I0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ; I0ðtA ¼ 0; tB ¼ 0Þ ¼ 0 then
B1 � sinðtAÞ ¼ 0; B2 � cosðtAÞ ¼ 0. Hence B2ðtB ¼ 0Þ ¼ 0; B2ðtBÞ ¼ 0 similarly

I0ðt; eÞ ¼ I0ðtA; tBÞ ¼ B1 � sinðtAÞþB2 � cosðtAÞ; @I0ðtA ¼ 0; tB ¼ 0Þ
@tA

¼ X

Imply

@I0ðtA; tBÞ
@tA

¼ B1 � cosðtAÞ � B2 � sinðtAÞ; B2 ¼ 0 & tA ¼ 0 ) B1ð0Þ ¼ X

B1 ¼ B1ðtB ¼ 0Þ � e�1
2�
R

wðB1�sinðtAÞþB2�cosðtAÞþ I1ðtA;tBÞÞ�dtB

¼ X � e�1
2�
R

wðB1�sinðtAÞþB2�cosðtAÞþ I1ðtA;tBÞÞ�dtB

Iðt; eÞ ¼ I0ðtA; tBÞþ e � I1ðtA; tBÞþOðe2Þ; I0ðtA; tBÞ
¼ X � e�1

2�
R

wðB1�sinðtAÞþB2�cosðtAÞþ I1ðtA;tBÞÞ�dtB � sinðtAÞ

8.3 OptoNDR Circuit van der Pol Perturbation Method Multiple Timescale 657



Iðt; eÞ ¼ X � e�1
2�
R

wðB1�sinðtAÞþB2�cosðtAÞþ I1ðtA;tBÞÞ�dtB � sinðtAÞþ e � I1ðtA; tBÞþOðe2Þ

OðeÞ ¼ e � I1ðtA; tBÞ;
Iðt; eÞ ¼ X � e�1

2�
R

wðB1�sinðtAÞþB2�cosðtAÞþ I1ðtA;tBÞÞ�dtB � sinðtAÞþOðeÞþOðe2Þ

It is approximate solution predicted by two timing and need to be solved
numerically.

8.4 OptoNDR Circuit Forced van der Pol Perturbation
Method Timescale

The unforced van der Pol equation has a limit cycle with radius approximately
equal to two and period approximately 2p. The limit cycle is generated by the
balance between internal energy loss and energy generation, and the forcing term
will alter this balance. We consider forced van der Pol system with forcing term
F � cosðx � tÞ. If “F” is small (weak excitation), its effect depends on whether or not
x is close to the natural frequency. If it is, the oscillation might be generated which
is a perturbation of the limit cycle. If “F” is not small (hard excitation) or if the
natural and imposed frequency are not closely similar, we should expect that the
“natural oscillation” might be extinguished, as occurs with the corresponding linear
equation [7, 8]. The forced van der Pol system can be given by the following

equations: d
2
X1

dt2 þ e � ðX2
1 � 1Þ � dX1

dt þX1 ¼ F � cosðx � tÞ and can be expressed by

first-degree differential equations dX1

dt ¼ X2;
dX2

dt þ e � ðX2
1 � 1Þ � X2 þX1 ¼

F � cosðx � tÞ. By considering x is close to the natural frequency, we set x ¼ 1 and
then define s ¼ x � t. If x ¼ 1 then s ¼ t and we get the following forced van der

Pol equation: dX1

dt ¼ X2;
dX2

dt þ e � ðX2
1 � 1Þ � X2 þX1 ¼ F � cosðtÞ. If x 6¼ 1 and s ¼

x � t then t ¼ s
x ;

d2
X1

dð sxÞ2
þ e � ðX2

1 � 1Þ � dX1

dð sxÞ
þX1 ¼ F � cosðsÞ and we get the fol-

lowing van der Pol equation: x2 � d
2
X1

ds2 þx � e � ðX2
1 � 1Þ � dX1

ds þX1 ¼ F � cosðsÞ
where the differentiation with respect to s. First we consider hard excitation, for
from resonance and assume that x is not close to an integer. Let call to variable X1,
X (X1 ! X), then our system second-order differential equation becomes

x2 � d2
X

ds2 þx � e � ðX2 � 1Þ � dXds þX ¼ F � cosðsÞ. Let Xðe; sÞ ¼P1
k¼0 e

k � XkðsÞ
then Xðe; sÞ ¼ X0ðsÞþ e � X1ðsÞþ � � �. The first derivative of Xðe; sÞ, dXðe;sÞ

ds ¼P1
k¼0 e

k � dXkðsÞ
ds and the second derivative of Xðe; sÞ, dXðe;sÞds ¼P1

k¼0 e
k � dXkðsÞ

ds . Then

we can define

658 8 Optoisolation Circuits Averaging Analysis …



dXðe; sÞ
ds

¼ dX0ðsÞ
ds

þ e � dX1ðsÞ
ds

þ e2 � dX2ðsÞ
ds

þ � � � ;
d2Xðe; sÞ

ds2
¼ d2X0ðsÞ

ds2
þ e � d

2X1ðsÞ
ds2

þ e2 � d
2X2ðsÞ
ds2

þ � � �

x2 � d2X0ðsÞ
ds2

þ e � d
2X1ðsÞ
ds2

þ e2 � d
2X2ðsÞ
ds2

þ � � �
� �

þx � e � X0ðsÞþ e � X1ðsÞþ e2 � X2ðsÞ
��

þ � � �g2�1
�
� dX0ðsÞ

ds
þ e � dX1ðsÞ

ds
þ e2 � dX2ðsÞ

ds
þ � � �

� �
þX0ðsÞþ e � X1ðsÞþ e2 � X2ðsÞ ¼ F � cosðsÞ

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to
the left-hand side, the coefficient of each power of e (except e0) should be equal to
zero. We omit first all Oðe3Þ elements.

x2 � d
2X0ðsÞ
ds2

þx2 � e � d
2X1ðsÞ
ds2

þx2 � e2 � d
2X2ðsÞ
ds2

� �
þx � e � ðX2

0ðsÞþ 2 � e � X0ðsÞ � X1ðsÞ

þ e2 � X2
1ðsÞ � 1Þ � dX0ðsÞ

ds
þ e � dX1ðsÞ

ds
þ e2 � dX2ðsÞ

ds

� �
þX0ðsÞþ e � X1ðsÞþ e2 � X2ðsÞ ¼ F � cosðsÞ

x2 � d
2X0ðsÞ
ds2

þx2 � e � d
2X1ðsÞ
ds2

þx2 � e2 � d
2X2ðsÞ
ds2

� �
þðx � e � X2

0ðsÞþ 2 � x � e2 � X0ðsÞ � X1ðsÞ

þx � e3 � X2
1ðsÞ � x � eÞ � dX0ðsÞ

ds
þ e � dX1ðsÞ

ds
þ e2 � dX2ðsÞ

ds

� �
þX0ðsÞþ e � X1ðsÞþ e2 � X2ðsÞ

¼ F � cosðsÞ

:

Next we omit all Oðe2Þ elements.

x2 � d
2X0ðsÞ
ds2

þx2 � e � d
2X1ðsÞ
ds2

� �
þx � e � ðX2

0ðsÞ � 1Þ � dX0ðsÞ
ds

þ e � dX1ðsÞ
ds

þ e2 � dX2ðsÞ
ds

� �
þX0ðsÞþ e � X1ðsÞ ¼ F � cosðsÞ

x2 � d
2X0ðsÞ
ds2

þx2 � e � d
2X1ðsÞ
ds2

� �
þðX2

0ðsÞ � 1Þ � x � e � dX0ðsÞ
ds

þx � e2 � dX1ðsÞ
ds

þx � e3 � dX2ðsÞ
ds

� �
þX0ðsÞþ e � X1ðsÞ ¼ F � cosðsÞ

x2 � d
2X0ðsÞ
ds2

þx2 � e � d
2X1ðsÞ
ds2

þðX2
0 ðsÞ � 1Þ � x � e � dX0ðsÞ

ds
þX0ðsÞþ e � X1ðsÞ

¼ F � cosðsÞ
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x2 � d
2X0ðsÞ
ds2

þX0ðsÞþ e � x2 � d
2X1ðsÞ
ds2

þðX2
0ðsÞ � 1Þ � x � dX0ðsÞ

ds
þX1ðsÞ

� �
¼ F � cosðsÞ

x2 � d
2X0ðsÞ
ds2

þX0ðsÞ ¼ F � cosðsÞ;

x2 � d
2X1ðsÞ
ds2

þðX2
0ðsÞ � 1Þ � x � dX0ðsÞ

ds
þX1ðsÞ ¼ 0:

Functions X0ðsÞ and X1ðsÞ have period 2 � p. The only X0ðsÞ solution having
period is X0ðsÞ ¼ F

1�x2 � cosðsÞ and therefore Xðe; sÞ ¼ F
1�x2 � cosðsÞþOðeÞ. The

solution is therefore a perturbation of the ordinary linear response and the limit
cycle is suppressed as expected. To get the exact solution of X1ðsÞ, we get
dX0ðsÞ
ds ¼ � F

1�x2 � sinðsÞ; X2
0ðsÞ ¼ F2

ð1�x2Þ2 � cos2ðsÞ:

x2 � d
2X1ðsÞ
ds2

� F2

ð1� x2Þ2 � cos
2ðsÞ � 1

 !
� x � F

ð1� x2Þ � sinðsÞþX1ðsÞ ¼ 0

x2 � d
2X1ðsÞ
ds2

þX1ðsÞ ¼ F2

ð1� x2Þ2 � cos
2ðsÞ � 1

 !
� x � F

ð1� x2Þ � sinðsÞ:

The above differential equation solution gives the X1ðsÞ expression.
Second, we consider soft excitation, far from resonance. This case is similar to

hard excitation above but with F ¼ e � F0 and this solution is unstable.

x2 � d
2X0ðsÞ
ds2

þX0ðsÞþ e � fx2 � d
2X1ðsÞ
ds2

þðX2
0ðsÞ � 1Þ � x � dX0ðsÞ

ds
þX1ðsÞg

¼ e � F0 � cosðsÞ

x2 � d
2X0ðsÞ
ds2

þX0ðsÞþ e � x2 � d
2X1ðsÞ
ds2

þ X2
0 ðsÞ � 1

� ��

�x � dX0ðsÞ
ds

þX1ðsÞ � F0 � cosðsÞ
�

¼ 0

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to the
left-hand side, the coefficient of each power of e should be equal to zero. The zeroth of

e gives us x2 � d
2
X0ðsÞ
ds2 þX0ðsÞ ¼ 0 and the second differential equation

x2 � d
2
X1ðsÞ
ds2 þðX2

0ðsÞ � 1Þ � x � dX0ðsÞ
ds þX1ðsÞ � F0 � cosðsÞ ¼ 0. First we investigate

thex2 � d
2
X0ðsÞ
ds2 þX0ðsÞ ¼ 0 differential equation. Let us assume that X0ðsÞ ¼ er�s is a
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solution to equation where r is a constant. The auxiliary equations are d2
X0ðsÞ
ds2 ¼

r2 � er�s ) x2 � r2 � er�s þ er�s ¼ 0; ½x2 � r2 þ 1	 � er�s ¼ 0; r2 ¼ �1
x2 ; r ¼ 
j

x . Here the
r real part is equal to zero and the imaginary part is equal to 1

x. If we assumed from
above that the general solution for X0ðsÞ is of the form sinð1x � sÞþ cosð1x � sÞ and we
double check for solution: X0ðsÞ ¼ sinð1x � sÞþ cosð1x � sÞ

dX0ðsÞ
ds

¼ 1
x
� cos 1

x
� s

� �
� 1
x
� sin 1

x
� s

� �
;
d2X0ðsÞ
ds2

¼ � 1
x2 � sin

1
x
� s

� �
þ cos

1
x
� s

� �� 

:

Thenx2 � d
2
X0ðsÞ
ds2 þX0ðsÞ ¼ 0.We can write our solution tox2 � d

2
X0ðsÞ
ds2 þX0ðsÞ ¼

0 in the convenient form: X0ðsÞ ¼ A1 � sinð1x � sÞþA2 � cosð1x � sÞ where A1;A2 are
constants to be determined. If we utilized the initial conditions:

X0ðs ¼ 0Þ ¼ 0; dX0ðs¼0Þ
ds ¼ X. Given to find the values of the constants A1;A2, we

have by substituting these values in equation: X0ðsÞ ¼ A1 � sinð1x � sÞþA2 � cosð1x � sÞ
that A2 ¼ 0; hence X0ðsÞ ¼ A1 � sinð1x � sÞ; dX0ðsÞ

ds ¼ A1 � 1
x � cosð1x � sÞ; dX0ðs¼0Þ

ds ¼
A1 � 1

x ¼ X ) A1 ¼ x � X then X0ðsÞ ¼ x � X � sinð1x � sÞ. The second differential

equation is x2 � d
2
X1ðsÞ
ds2 þðX2

0ðsÞ � 1Þ � x � dX0ðsÞ
ds þX1ðsÞ � F0 � cosðsÞ ¼ 0 and

from our last solution X0ðsÞ ¼ x � X � sinð1x � sÞ then we get the following differential
equation

dX0ðsÞ
ds

¼ X � cos 1
x
� s

� �
; X2

0ðsÞ ¼ x2 � X2 � sin2 1
x
� s

� �

x2 � d
2X1ðsÞ
ds2

þ x2 � X2 � sin2 1
x
� s

� �
� 1

� 

� x � X � cos 1

x
� s

� �
þX1ðsÞ � F0 � cosðsÞ ¼ 0

x2 � d
2X1ðsÞ
ds2

þX1ðsÞ ¼ F0 � cosðsÞ � x2 � X2 � sin2 1
x
� s

� �
� 1

� 

� x � X � cos 1

x
� s

� �
:

The last differential equation is close to a typical case of resonance. It is because
of resonant interactions between consecutive orders that nonuniformity has
appeared in the regular perturbation series.

Third, we consider soft excitation, near resonance. In this case we define
F ¼ e � c, and for near resonance x ¼ 1þ e � x1. The expansion is assumed to be
Xðe; sÞ ¼P1

k¼0 e
k � XkðsÞ; Xðe; sÞ ¼ X0ðsÞþ e � X1ðsÞþ � � � and we get our system

van der Pol differential equation:
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ð1þ e � x1Þ2 � d
2X
ds2

þð1þ e � x1Þ � e � ðX2 � 1Þ � dX
ds

þX ¼ e � c � cosðsÞ

x2 � d
2X0ðsÞ
ds2

þX0ðsÞþ e � x2 � d
2X1ðsÞ
ds2

þðX2
0ðsÞ � 1Þ � x � dX0ðsÞ

ds
þX1ðsÞ

� �
¼ e � c � cosðsÞ

ð1þ e � x1Þ2 � d
2X0ðsÞ
ds2

þX0ðsÞþ e � ð1þ e � x1Þ2 � d
2X1ðsÞ
ds2

�

þðX2
0ðsÞ � 1Þ � ð1þ e � x1Þ � dX0ðsÞ

ds
þX1ðsÞ

�
¼ e � c � cosðsÞ

ð1þ 2 � e � x1 þ e2 � x2
1Þ �

d2X0ðsÞ
ds2

þX0ðsÞþ e � ð1þ 2 � e � x1 þ e2 � x2
1Þ �

d2X1ðsÞ
ds2

�

þðX2
0ðsÞ � 1Þ � ð1þ e � x1Þ � dX0ðsÞ

ds
þX1ðsÞ

�
¼ e � c � cosðsÞ

ð1þ 2 � e � x1 þ e2 � x2
1Þ �

d2X0ðsÞ
ds2

þX0ðsÞþ ðeþ 2 � e2 � x1 þ e3 � x2
1Þ �

d2X1ðsÞ
ds2

þðX2
0ðsÞ � 1Þ � ðeþ e2 � x1Þ � dX0ðsÞ

ds
þ e � X1ðsÞ ¼ e � c � cosðsÞ

:

Next we omit all Oðe2Þ and Oðe3Þ elements.

ð1þ 2 � e � x1Þ � d
2X0ðsÞ
ds2

þX0ðsÞþ e � d
2X1ðsÞ
ds2

þðX2
0ðsÞ � 1Þ � e � dX0ðsÞ

ds
þ e � X1ðsÞ ¼ e � c � cosðsÞ

d2X0ðsÞ
ds2

þX0ðsÞþ e � 2 � x1 � d
2X0ðsÞ
ds2

þ d2X1ðsÞ
ds2

þðX2
0ðsÞ � 1Þ � dX0ðsÞ

ds
þX1ðsÞ � c � cosðsÞ

� �
¼ 0:

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to the
left-hand side, the coefficient of each power of e should be equal to zero. The zeroth

of e gives us Oðe0Þ ) d2
X0ðsÞ
ds2 þX0ðsÞ ¼ 0 and for Oðe1Þ

2 � x1 � d
2X0ðsÞ
ds2

þ d2X1ðsÞ
ds2

þðX2
0ðsÞ � 1Þ � dX0ðsÞ

ds
þX1ðsÞ � c � cosðsÞ ¼ 0

d2X1ðsÞ
ds2

þX1ðsÞ ¼ �2 � x1 � d
2X0ðsÞ
ds2

� ðX2
0ðsÞ � 1Þ � dX0ðsÞ

ds
þ c � cosðsÞ:
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We require solution with period 2 � p; then second-order differential equation
d2

X0ðsÞ
ds2 þX0ðsÞ ¼ 0 has the solutions X0ðsÞ ¼ a0 � cosðsÞþ b0 � sinðsÞ:

dX0ðsÞ
ds

¼ �a0 � sinðsÞþ b0 � cosðsÞ; d
2X0ðsÞ
ds2

¼ �½a0 � cosðsÞþ b0 � sinðsÞ	

X0ðsÞ ¼ a0 � cosðsÞþ b0 � sinðsÞ ) X2
0ðsÞ

¼ a20 � cos2ðsÞþ 2 � a0 � b0 � cosðsÞ � sinðsÞþ b20 � sin2ðsÞ

2 � a0 � b0 � cosðsÞ � sinðsÞ ¼ a0 � b0 � sinð2 � sÞ;
X2
0ðsÞ ¼ a20 � cos2ðsÞþ a0 � b0 � sinð2 � sÞþ b20 � sin2ðsÞ

d2X1ðsÞ
ds2

þX1ðsÞ ¼ 2 � x1 � ½a0 � cosðsÞþ b0 � sinðsÞ	 � ða20 � cos2ðsÞþ a0 � b0 � sinð2 � sÞ
þ b20 � sin2ðsÞ � 1Þ � ½�a0 � sinðsÞþ b0 � cosðsÞ	 þ c � cosðsÞ

d2X1ðsÞ
ds2

þX1ðsÞ ¼ 2 � x1 � a0 � cosðsÞþ 2 � x1 � b0 � sinðsÞ � ð½a20 � cos2ðsÞþ a0 � b0 � sinð2 � sÞ
þ b20 � sin2ðsÞ	 � 1Þ � ½�a0 � sinðsÞþ b0 � cosðsÞ	 þ c � cosðsÞ

d2X1ðsÞ
ds2

þX1ðsÞ ¼ 2 � x1 � a0 � cosðsÞþ 2 � x1 � b0 � sinðsÞ � f½a20 � cos2ðsÞþ a0 � b0 � sinð2 � sÞ
þ b20 � sin2ðsÞ	 � ½�a0 � sinðsÞþ b0 � cosðsÞ	 þ a0 � sinðsÞ � b0 � cosðsÞgþ c � cosðsÞ

d2X1ðsÞ
ds2

þX1ðsÞ ¼ 2 � x1 � a0 � cosðsÞþ b0 � cosðsÞþ c � cosðsÞþ 2 � x1 � b0 � sinðsÞ � a0 � sinðsÞ
� ½a20 � cos2ðsÞþ a0 � b0 � sinð2 � sÞþ b20 � sin2ðsÞ	 � ½�a0 � sinðsÞþ b0 � cosðsÞ	

d2X1ðsÞ
ds2

þX1ðsÞ ¼ ½2 � x1 � a0 þ b0 þ c	 � cosðsÞþ ½2 � x1 � b0 � a0	 � sinðsÞ
� ½a20 � cos2ðsÞþ a0 � b0 � sinð2 � sÞþ b20 � sin2ðsÞ	 � ½�a0 � sinðsÞþ b0 � cosðsÞ	

d2X1ðsÞ
ds2

þX1ðsÞ ¼ ½2 � x1 � a0 þ cþ b0 � sin2ðsÞ � ð2 � a20 � b0Þ	 � cosðsÞ
þ ½2 � x1 � b0 þ a0 � cos2ðsÞ � ða20 � 2 � b20Þ	 � sinðsÞ � a20 � b0 � cos2ðsÞþ a0 � b0 � sin2ðsÞ

:

We define a new parameter r0 and it is equal to r0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a20 þ b20

p
; r0 [ 0;

r0; a0; b0 2 R.

8.4 OptoNDR Circuit Forced van der Pol Perturbation Method Timescale 663



d2X1ðsÞ
ds2

þX1ðsÞ ¼ 2 � x1 � a0 þ c� b0 � 1
4
� r20 � 1

� �� 

� cosðsÞ

þ 2 � x1 � b0 þ a0 � 1
4
� r20 � 1

� �� 

� sinðsÞþ � � �

We ignore the higher harmonics elements in the above second-order differential
equation. For periodic solution we require 2 � x1 � a0 � b0 � 1

4 � r20 � 1
� � ¼ �c and

2 � x1 � b0 � a0 � 1
4 � r20 � 1
� � ¼ 0. By squaring and adding these two equations we

obtain the following expression: r20 � 4 � x2
1 þ 1

4 � r20 � 1
� �2h i

¼ c2. We get possible

amplitude r0 of the response for given x1 and c. Let us analyze van der Pol forced

system x2 � d2
X

ds2 þx � e � ðX2 � 1Þ � dXds þX ¼ F � cosðsÞ by Fourier series. The

solutions can emerge as series of sines and cosines with frequencies which are
integer multiplies of the forcing frequency. These appeared as a result of reorga-
nizing terms like X3, but by making presentation by using Fourier series. We
consider our van der Pol forced system as a more general forced equation:
d2

X
ds2 þ e � hðX; dXdt ÞþX2 � X ¼ FðsÞ. The transformation from forced van der Pol

general differential equation to our van der Pol forced system is as follows:
d2

X
ds2 þ 1

x � e � ðX2 � 1Þ � dXds þ 1
x2 � X ¼ F � 1

x2 � cosðsÞ; FðsÞ ¼ F � 1
x2 � cosðsÞ; X2 ¼

1
x2 and hðX; dXdsÞ ¼ 1

x � ðX2 � 1Þ � dXds , where e is a small parameter. Function FðsÞ is
periodic, with the time variable already scaled to give it 2 � p, and its mean value is
zero and there is zero constant term in its Fourier series representation, its
time-averaged value of FðsÞ is zero over a period and we expand FðsÞ as a Fourier
series: FðsÞ ¼P1

n¼1 ðAn � cosðn � sÞþBn � sinðn � sÞ [5–7]. The Fourier coefficients
are given by

An ¼ 1
p
�
Z2�p
0

FðsÞ � cosðn � sÞ � ds

and

An ¼ F � 1
x2 �

1
p
�
Z2�p
0

cosðsÞ � cosðn � sÞ � ds; Bn ¼ 1
p
�
Z2�p
0

FðsÞ � sinðn � sÞ � ds

Bn ¼ F � 1
x2 �

1
p
�
Z2�p
0

cosðsÞ � sinðn � sÞ � ds:

We define X parameter which is close to some integer N by writing
X2 ¼ N2 þ e � b. The perturbation method requires that the periodic solutions
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emerge from periodic solutions of some appropriate linear equation. If FðsÞ ¼P1
n¼1 ðAn � cosðn � sÞþBn � sinðn � sÞ has a nonzero term of order N then

d2
X

ds2 þ e � h X; dXdt

� �
þX2 � X ¼ FðsÞ, with e ¼ 0, is clearly not an appropriate lin-

earization, since the forcing term has a component equal to the natural frequency
N and there will be no periodic solutions. If we write AN ¼ e � A and BN ¼ e � B the
term in FðsÞ giving resonance is removed from the linearized equation and we have
a possible family of generating solutions. By applying a mathematical manipula-

tions to d2
X

ds2 þ e � hðX; dXdt ÞþX2 � X ¼ FðsÞ and isolating the troublesome term in

FðsÞ by writing f ðsÞ ¼ FðsÞ � e � A � cosðN � sÞ � e � B � sinðN � sÞ
f ðsÞ ¼Pn 6¼N ðAn � cosðn � sÞþBn � sinðn � sÞÞ. Equation d2

X
ds2 þ e � hðX; dX

dtÞþX2 � X ¼ FðsÞ becomes FðsÞ ¼ f ðsÞþ e � A � cosðN � sÞþ e � B � sinðN � sÞ
then X2 ¼ N2 þ e � b

d2X
vs2

þX2 � X ¼ f ðsÞþ e � A � cosðN � sÞþ e � B � sinðN � sÞ � e � h X;
dX
dt

� �

d2X
ds2

þðN2 þ e � bÞ � X ¼ f ðsÞþ e � A � cosðN � sÞþ e � B � sinðN � sÞ � e � h X;
dX
dt

� �

d2X
ds2

þN2 � X ¼ f ðsÞþ e � A � cosðN � sÞþ e � B � sinðN � sÞ � e � h X;
dX
dt

� �
� e � b � X

d2X
ds2

þN2 � X ¼ f ðsÞþ e � A � cosðN � sÞþB � sinðN � sÞ � h X;
dX
dt

� �
� b � X

� 

:

We get the linearized equation d2
X

ds2 þN2 � X ¼ f ðsÞ, with no resonance. Now we

write

Xðe; sÞ ¼
X1
k¼0

ek � XkðsÞ; Xðe; sÞ ¼ X0ðsÞþ e � X1ðsÞþ � � �

where X0;X1; . . . have period of 2 � p. We expand hðX; dXdt Þ in powers of e and we

have the following expression:

h X;
dX
dt

� �
¼ h X0;

dX0

dt

� �
þ e � h1 X0;

dX0

dt
;X1;

dX1

dt

� �
þ � � �
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where h1 function can be calculated, and by substituting Xðe; sÞ ¼ P1
k¼0

ek � XkðsÞ and

h X; dXdt

� �
¼ . . . into d2

X
ds2 þN2 � X ¼ f ðsÞþ e � ½A � cosðN � sÞþ � � � we obtain

d2X
ds2

þN2 � X ¼ f ðsÞþ e � A � cosðN � sÞþB � sinðN � sÞ � h X0;
dX0

dt

� ���

þ e � h1 X0;
dX0

dt
;X1;

dX1

dt

� ��
� b � X




Xðe; sÞ ¼ X0ðsÞþ e � X1ðsÞþ e2 � X2ðsÞ;
d2Xðe; sÞ

ds2
¼ d2X0ðsÞ

ds2
þ e � d

2X1ðsÞ
ds2

þ e2 � d
2X2ðsÞ
ds2

d2X0ðsÞ
ds2

þ e � d
2X1ðsÞ
ds2

þ e2 � d
2X2ðsÞ
ds2

þN2 � fX0ðsÞþ e � X1ðsÞþ e2 � X2ðsÞg ¼ f ðsÞ

þ e � A � cosðN � sÞþB � sinðN � sÞ � h X0;
dX0

dt

� �
þ e � h1 X0;

dX0

dt
;X1;

dX1

dt

� �� ��
�b � X0ðsÞþ e � X1ðsÞþ e2 � X2ðsÞ

� �

d2X0ðsÞ
ds2

þ e � d
2X1ðsÞ
ds2

þ e2 � d
2X2ðsÞ
ds2

þN2 � X0ðsÞþ e � N2 � X1ðsÞþ e2 � N2 � X2ðsÞ ¼ f ðsÞ

þA � e � cosðN � sÞþB � e � sinðN � sÞ � e � h X0;
dX0

dt

� �
þ e2 � h1 X0;

dX0

dt
;X1;

dX1

dt

� �� �
� b � e � X0ðsÞþ e2 � X1ðsÞþ e3 � X2ðsÞ

� �
:

We ignore Oðe3Þ elements.

d2X0ðsÞ
ds2

þ e � d
2X1ðsÞ
ds2

þ e2 � d
2X2ðsÞ
ds2

þN2 � X0ðsÞþ e � N2 � X1ðsÞþ e2 � N2 � X2ðsÞ � f ðsÞ

� A � e � cosðN � sÞ � B � e � sinðN � sÞþ e � h X0;
dX0

dt

� �
þ e2 � h1 X0;

dX0

dt
;X1;

dX1

dt

� �
þ e � b � X0ðsÞþ e2 � b � X1ðsÞ ¼ 0

d2X0ðsÞ
ds2

þN2 � X0ðsÞ � f ðsÞþ e � d2X1ðsÞ
ds2

þN2 � X1ðsÞ � A � cosðN � sÞ � B � sinðN � sÞ
�

þ h X0;
dX0

dt

� �
þ b � X0ðsÞ

�
þ e2 � d2X2ðsÞ

ds2
þN2 � X2ðsÞþ h1 X0;

dX0

dt
;X1;

dX1

dt

� �
þ b � X1ðsÞ

� �
¼ 0

:

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to
the left-hand side, the coefficient of each power of e should be equal to zero. The

zeroth of e gives us d
2
X0ðsÞ
ds2 þN2 � X0ðsÞ � f ðsÞ ¼ 0
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d2X0ðsÞ
ds2

þN2 � X0ðsÞ ¼
X
n 6¼N

ðAn � cosðn � sÞþBn � sinðn � sÞÞ

d2X1ðsÞ
ds2

þN2 � X1ðsÞ ¼ A � cosðN � sÞþB � sinðN � sÞ � h X0;
dX0

dt

� �
� b � X0ðsÞ

d2X2ðsÞ
ds2

þN2 � X2ðsÞ ¼ �h1 X0;
dX0

dt
;X1;

dX1

dt

� �
� b � X1ðsÞ:

The solution of d
2
X0ðsÞ
ds2 þN2 � X0ðsÞ ¼

P
n6¼N ðAn � cosðn � sÞþBn � sinðn � sÞÞ is

X0ðsÞ ¼ a0 � cosðN � sÞþ b0 � sinðN � sÞþ
X
n 6¼N

An � cosðn � sÞþBn � sinðn � sÞ
N2 � n2

/ðsÞ ¼
X
n6¼N

An � cosðn � sÞþBn � sinðn � sÞ
N2 � n2

; X0ðsÞ

¼ a0 � cosðN � sÞþ b0 � sinðN � sÞþ/ðsÞ:

Parameters a0; b0 are constants to be determined. We require X0 has 2 � p peri-
odic solutions. This is equivalent to requiring that its right side has no Fourier term
of order N, since such a term would lead to resonance. We required therefore that
the below equations will exist [52–54]:

b � a0 ¼ � 1
p
�
Z2�p
0

hða0 � cosðN � sÞþ b0 � sinðN � sÞþ/ðsÞ;�a0 � N � sinðN � sÞ:

þ b0 � N � cosðN � sÞþ d/ðsÞ
ds

�
� cosðN � sÞ � dsþA

b � b0 ¼ � 1
p
�
Z2�p
0

hða0 � cosðN � sÞþ b0 � sinðN � sÞþ/ðsÞ;�a0 � N � sinðN � sÞ:

þ b0 � N � cosðN � sÞþ d/ðsÞ
ds

�
� sinðN � sÞ � dsþB

:

Which constitute two equations for the unknowns? a0; b0 The resulting equa-
tions are the same as those for the first-order approximation, with N = 1. Each
equation in the sequence has solutions containing constants a1; b1; a2; b2; . . .

Whose values are similarly established at the succeeding step? The equations for
subsequent constants are linear. The pairs b � a0 ¼ . . . and b � b0 ¼ . . . are the only
ones which may have several solutions. We have a forced van der Pol circuit. We
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consider forced van der Pol circuit with forcing source F � cosðx � tÞ. The active
element of the circuit is semiconductor device (OptoNDR circuit/device). It acts
like an ordinary resistor when current IðtÞ is high (IðtÞ[ Isat), but like negative
resistor (energy source ) or negative differential resistance (NDR) when IðtÞ is low
Isat [ IðtÞ[ Ibreak. Our circuit current–voltage characteristic F � cosðx � tÞþV ¼
f ðIÞ 8 dI

dt ¼ 0 resembles a forced cubic function. Additionally, we consider that a

source of current is attached to the circuit and then withdrawn. We neglect in our
analysis the current below Ibreak(IðtÞ\Ibreak). Our OptoNDR element/circuit is
constructed from LED and phototransistor in series. The LED (D1) light strikes the
phototransistor (Q1) base window and can be represented as a dependent current
source. The dependent current source depends on the LED (D1) forward current,
with proportional k constant (IBQ1 ¼ ILED � k ¼ ICQ1 � k) and is the phototransistor
base current. The mathematical analysis is based on the basic transistor Ebers–Moll
equations. We need to implement the regular Ebers–Moll model to the optocoupler
circuit (transistor Q1 and LED D1) and get a complete final expression for the
negative differential resistance (NDR) characteristics of that circuit (see Sect. 6.2)
(Fig. 8.3).

Fig. 8.3 OptoNDR forced van der Pol circuit
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f ðIÞ ¼ Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt

� ln I
ð1þ kÞ � I0 þ 1
� 


þVt � ln Isc
Ise

� 


df ðIÞ
dI

¼ Vt � 1
Iþð1þ kÞ � I0 þVt

�
ð1� ar � af Þ � 1� ar � 1

ð1þ kÞ
h i

� Isc � af � 1
ð1þ kÞ

h i
� Ise

n o
I � 1� ar � 1

ð1þ kÞ
� 


þ Ise � ð1� ar � af Þ
� �

� I � af � 1
ð1þ kÞ

� 

þ Isc � ð1� ar � af Þ

� �

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

:

We get the conditions in NDR region: I 6¼ �ð1þ kÞ � I0

I � 1� ar � 1
ð1þ kÞ

� 

þ Ise � ð1� ar � af Þ 6¼ 0 ) I 6¼ � Ise � ð1� ar � af Þ

1� ar � 1
ð1þ kÞ

h i

I � af � 1
ð1þ kÞ

� 

þ Isc � ð1� ar � af Þ 6¼ 0 ) I 6¼ � Isc � ð1� ar � af Þ

af � 1
ð1þ kÞ

h i :

We can demonstrate the df ðIÞ
dI equation as a parametric function with some

constant. Let us define the constants first (see Sect. 6.2).

C1 ¼ ð1þ kÞ � I0;

C2 ¼ ð1� ar � af Þ � 1� ar � 1
ð1þ kÞ

� 

� Isc � af � 1

ð1þ kÞ
� 


� Ise
� �

C3 ¼ 1� ar � 1
ð1þ kÞ

� 

;

C4 ¼ Ise � ð1� ar � af Þ; C5 ¼ af � 1
ð1þ kÞ

� 

; C6 ¼ Isc � ð1� ar � af Þ

df ðIÞ
dI

¼ Vt � 1
IþC1

þVt � C2

fI � C3 þC4g � fI � C5 þC6g
� �

; C1;C2; . . .;C6 2 R:
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We need to analyze the above equation for regions which are near the saturation
region and cut-off region. For the region which is after the breakover voltage but
near enough to the cut-off region:

Q1ðcutoffÞðDf ðIÞ ! e � 1; DI ! 0Þ ) NDR ¼ Df ðIÞ
DI

! 1:

For the region which is near and in the phototransistor saturation state:

Q1ðsaturationÞðDf ðIÞ ! e � 1; DI ! 1Þ ) NDR ¼ Df ðIÞ
DI

! 0:

For the cut-off region before the breakover k = 0 then we get the expression df ðIÞdI .

df ðIÞ
dI

jk¼0 ¼ Vt � 1
Iþ I0

þVt

� ð1� ar � af Þ � f½1� ar	 � Isc � ½af � 1	 � Iseg
fI � ½1� ar	 þ Ise � ð1� ar � af Þg � fI � ½af � 1	 þ Isc � ð1� ar � af Þg
� �

:

Back to our circuit van der Pol differential equations:

dV
dt

¼ � I
C1

; f ðIÞþ L1 � dIdt � V ¼ F � cosðx � tÞ

Vt � ln
I � 1� ar � 1

ð1þ kÞ
h i

þ Ise � ð1� ar � af Þ
I � af � 1

ð1þ kÞ
h i

þ Isc � ð1� ar � af Þ

2
4

3
5þVt � ln I

ð1þ kÞ � I0 þ 1
� 


þVt � ln Isc
Ise

� 

þ L1 � dIdt � V ¼ F � cosðx � tÞ

:

We can investigate our OptoNDR van der Pol as a weakly nonlinear oscillator
and analyze it using perturbation method [5, 6].

f ðIÞþ L1 � dIdt � V ¼ F � cosðx � tÞ ) V ¼ f ðIÞþ L1 � dIdt � F � cosðx � tÞ

dV
dt

¼ � I
C1

;
dV
dt

¼ df ðIÞ
dt

þ L1 � d
2I
dt2

þF � x � sinðx � tÞ;

� I
C1

¼ df ðIÞ
dt

þ L1 � d
2I
dt2

þF � x � sinðx � tÞ

� I
C1

¼ df ðIÞ
dI

� dI
dt

þ L1 � d
2I
dt2

þF � x � sinðx � tÞ
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� I
C1

¼ Vt � 1
IþC1

þVt � C2

fI � C3 þC4g � fI � C5 þC6g
� �� 


� dI
dt

þ L1 � d
2I
dt2

þF � x � sinðx � tÞ

d2I
dt2

¼ � I
L1 � C1

� Vt

L1
� 1

IþC1
þ C2

fI � C3 þC4g � fI � C5 þC6g
� �� 


� dI
dt

� F � 1
L1

x

� sinðx � tÞ:

We define g I; dIdt ; t
� �

¼ � 1
IþC1

þ C2
fI�C3 þC4g�fI�C5 þC6g
n oh i

� dIdt ; e ¼
Vt
L1
:

The OptoNDR forced van der Pol weakly nonlinear oscillator can be presented
by the differential equation: 0\e � 1

d2I
dt2

¼ � I
L1 � C1

þ Vt

L1
� g I;

dI
dt

; t

� �
� F � 1

L1
x � sinðx � tÞ;

x2
0 ¼

1
L1 � C1

; x0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1 � C1

p :

By considering x is close to the natural frequency, we set x ¼ 1 and then define
s ¼ x � t. If x ¼ 1 then s ¼ t and for s ¼ x � t we get the following forced van der
Pol equation (s ¼ x � t ) t ¼ s

x):

x2 � d
2I

ds2
¼ �I � x2

0 þ e � g I;x � dI
ds

;
s
x

� �
� F � 1

L1
x � sinðsÞ

g I;
dI
dt

; t
� �

¼ hðIÞ � dI
dt

; hðIÞ ¼ � 1
IþC1

þ C2

I � C3 þC4f g � fI � C5 þC6g
� �� 


x2 � d
2I

ds2
¼ �I � x2

0 þ e � hðIÞ � dI
dt

� F � 1
L1

x � sinðsÞ

x2 � d
2I

ds2
¼ �I � x2

0 þx � e � hðIÞ � dI
ds

� F � 1
L1

x � sinðsÞ:

First we consider hard excitation, for from resonance and assume that x is not
close to an integer. Our circuit system second-order differential equation:

x2 � d2
I

ds2 ¼ �I � x2
0 þx � e � hðIÞ � dIds � F � 1

L1
x � sinðsÞ. Let Iðe; sÞ ¼P1

k¼0 e
k �

IkðsÞ and the first derivative dIðe;sÞds ¼P1
k¼0 e

k � dIkðsÞds ; d
2
Iðe;sÞ
ds2 ¼P1

k¼0 e
k � d

2
IkðsÞ
ds2 then

we can define dIðe;sÞ
ds ¼ dI0ðsÞ

ds þ e � dI1ðsÞds þ � � � ; d
2
Iðe;sÞ
ds2 ¼ d2

I0ðsÞ
ds2 þ e � d

2
I1ðsÞ
ds2 þ � � �

(omitting Oðe2Þ and OðenÞ 8 n[ 2 elements) and we get
ðIðe; sÞ ¼ I0ðsÞþ e � I1ðsÞÞ:
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x2 � d2I0ðsÞ
ds2

þ e � d
2I1ðsÞ
ds2

� 

¼ �½I0ðsÞþ e � I1ðsÞ	 � x2

0 þx � e � hðI0ðsÞ

þ e � I1ðsÞÞ � dI0ðsÞ
ds

þ e � dI1ðsÞ
ds

� 

� F � 1

L1
x � sinðsÞ

x2 � d
2I0ðsÞ
ds2

þ e � x2 � d
2I1ðsÞ
ds2

¼ �I0ðsÞ � x2
0 � e � I1ðsÞ � x2

0

þ dI0ðsÞ
ds

� x � e � hðI0ðsÞþ e � I1ðsÞÞþ e2 � dI1ðsÞ
ds

� x � hðI0ðsÞþ e � I1ðsÞÞ

� F � 1
L1

x � sinðsÞ

:

We omit from the above differential equation Oðe2Þ element:

x2 � d
2I0ðsÞ
ds2

þ e � x2 � d
2I1ðsÞ
ds2

¼ �I0ðsÞ � x2
0 � e � I1ðsÞ � x2

0

þ dI0ðsÞ
ds

� x � e � hðI0ðsÞþ e � I1ðsÞÞ � F � 1
L1

x � sinðsÞ

x2 � d
2I0ðsÞ
ds2

þ I0ðsÞ � x2
0 þ e � x2 � d

2I1ðsÞ
ds2

þ I1ðsÞ � x2
0 �

dI0ðsÞ
ds

� x � hðI0ðsÞ
�

þ e � I1ðsÞÞ	 ¼ �F � 1
L1

x � sinðsÞ
:

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to
the left-hand side, the coefficient of each power of e (except e0) should be equal to
zero.

x2 � d
2I0ðsÞ
ds2

þ I0ðsÞ � x2
0 ¼ �F � 1

L1
x � sinðsÞ

x2 � d
2I1ðsÞ
ds2

þ I1ðsÞ � x2
0 �

dI0ðsÞ
ds

� x � hðI0ðsÞþ e � I1ðsÞÞ ¼ 0:

Remark It is a reader exercise to solve the above two differential equations and then
to find the expressions for I0ðsÞ and I1ðsÞ, then to get the solution
Iðe; sÞ ¼ I0ðsÞþ e � I1ðsÞ.

Second, we consider soft excitation, far from resonance. This case is similar to
hard excitation above but with F ¼ e � F0 and this solution is unstable.

x2 � d
2I

ds2
¼ �I � x2

0 þx � e � hðIÞ � dI
ds

� e � F0 � 1L1 x � sinðsÞ
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Let Iðe; sÞ ¼P1
k¼0 e

k � IkðsÞ and the first derivative dIðe;sÞ
ds ¼P1

k¼0 e
k�

dIkðsÞ
ds ; d

2
Iðe;sÞ
ds2 ¼P1

k¼0 e
k � d

2
IkðsÞ
ds2 , and then we can define dIðe;sÞ

ds ¼ dI0ðsÞ
ds þ e �

dI1ðsÞ
ds þ � � � ; d

2
Iðe;sÞ
ds2 ¼ d2

I0ðsÞ
ds2 þ e � d

2
I1ðsÞ
ds2 þ � � � : (omitting Oðe2Þ and OðenÞ 8 n[ 2

elements) and we get (Iðe; sÞ ¼ I0ðsÞþ e � I1ðsÞ):

x2 � d2I0ðsÞ
ds2

þ e � d
2I1ðsÞ
ds2

� 

¼ �½I0ðsÞþ e � I1ðsÞ	 � x2

0 þx � e � hðI0ðsÞ

þ e � I1ðsÞÞ � dI0ðsÞ
ds

þ e � dI1ðsÞ
ds

� 

� e � F0 � 1L1 x � sinðsÞ

x2 � d
2I0ðsÞ
ds2

þ e � x2 � d
2I1ðsÞ
ds2

¼ �I0ðsÞ � x2
0 � e � I1ðsÞ � x2

0

þ dI0ðsÞ
ds

� x � e � hðI0ðsÞþ e � I1ðsÞÞ

þ e2 � dI1ðsÞ
ds

� x � hðI0ðsÞþ e � I1ðsÞÞ � F � 1
L1

x � sinðsÞ

:

We omit from the above differential equation Oðe2Þ element.

x2 � d
2I0ðsÞ
ds2

þx2 � e � d
2I1ðsÞ
ds2

¼ �I0ðsÞ � x2
0 � e � I1ðsÞ � x2

0

þx � e � dI0ðsÞ
ds

� hðI0ðsÞþ e � I1ðsÞÞ � e � F0 � 1L1 x � sinðsÞ

x2 � d
2I0ðsÞ
ds2

þ I0ðsÞ � x2
0 þ e � x2 � d

2I1ðsÞ
ds2

þ I1ðsÞ � x2
0 � x � dI0ðsÞ

ds
� hðI0ðsÞ

�

þ e � I1ðsÞÞþF0 � 1L1 x � sinðsÞ


¼ 0

:

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to
the left-hand side, the coefficient of each power of e should be equal to zero.

x2 � d
2I0ðsÞ
ds2

þ I0ðsÞ � x2
0 ¼ 0 ) x

x0

� �2

� d
2I0ðsÞ
ds2

þ I0ðsÞ ¼ 0

x2 � d
2I1ðsÞ
ds2

þ I1ðsÞ � x2
0 � x � dI0ðsÞ

ds
� hðI0ðsÞþ e � I1ðsÞÞþF0 � 1L1 x � sinðsÞ ¼ 0:

First, we investigate the ðxx0
Þ2 � d

2
I0ðsÞ
ds2 þ I0ðsÞ ¼ 0 differential equation. We can

assume that the general solution for I0ðsÞ is of the form sinðx0
x � sÞþ cosðx0

x � sÞ and
we double check for solution: I0ðsÞ ¼ sinðx0

x � sÞþ cosðx0
x � sÞ
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dI0ðsÞ
ds

¼ x0

x
� cos x0

x
� s

� �
� x0

x
� sin x0

x
� s

� �
;
d2I0ðsÞ
ds2

¼ � x0

x

� �2
� sinðx0

x
� sÞþ cos

x0

x
� s

� �h i
;

then ð xx0
Þ2 � d

2
I0ðsÞ
ds2 þ I0ðsÞ ¼ 0. We can write our solution to ð xx0

Þ2 � d
2
I0ðsÞ
ds2 þ I0ðsÞ ¼

0 in a convenient form: I0ðsÞ ¼ A1 � sinðx0
x � sÞþA2 � cosðx0

x � sÞ where A1;A2 are
constants to be determined. If we utilized the initial conditions:

I0ðs ¼ 0Þ ¼ 0; dI0ðs¼0Þ
ds ¼ X. Given to find the values of the constants A1;A2, we have

by substituting these values in equation: I0ðsÞ ¼ A1 � sinðx0
x � sÞþA2 � cosðx0

x � sÞ that
A2 ¼ 0 hence

I0ðsÞ ¼ A1 � sinðx0

x
� sÞ; dI0ðsÞ

ds
¼ A1 � x0

x
� cosðx0

x
� sÞ; dI0ðs ¼ 0Þ

ds
¼ X ¼ A1 � x0

x

A1 ¼ X � x
x0

then I0ðsÞ ¼ X � x
x0

� sin x0
x � s� �

. The second differential equation is

x2 � d
2I1ðsÞ
ds2

þ I1ðsÞ � x2
0 � x � dI0ðsÞ

ds
� hðI0ðsÞþ e � I1ðsÞÞþF0 � 1L1 x � sinðsÞ ¼ 0

I0ðsÞ ¼ X � x
x0

� sin x0

x
� s

� �
;
dI0ðsÞ
ds

¼ X � cos x0

x
� s

� �

x2 � d
2I1ðsÞ
ds2

þ I1ðsÞ � x2
0 � x � X � cos x0

x
� s

� �
� h X � x

x0
� sin x0

x
� s

� �
þ e � I1ðsÞ

� �

þF0 � 1L1 x � sinðsÞ ¼ 0:

Remark It is a reader exercise to solve the above differential equation.
Third, we consider soft excitation, near resonance. In this case we define

F ¼ e � c, and for near resonance x ¼ 1þ e � x1 [8, 9]. The expansion is assumed
to be Iðe; sÞ ¼P1

k¼0 e
k � IkðsÞ; Iðe; sÞ ¼ I0ðsÞþ e � I1ðsÞþ � � � and get our circuit

system van der Pol differential equation:

x2 � d
2I

ds2
¼ �I � x2

0 þx � e � hðIÞ � dI
ds

� F � 1
L1

x � sinðsÞ

ð1þ e � x1Þ2 � d
2I

ds2
¼ �I � x2

0 þð1þ e � x1Þ � e � hðIÞ � dIds
� e � c � 1

L1
ð1þ e � x1Þ � sinðsÞ:
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We concern the expansion Iðe; sÞ ¼ I0ðsÞþ e � I1ðsÞ and omit Oðe2Þ and

OðenÞ 8 n[ 2 elements dIðe;sÞds ¼ dI0ðsÞ
ds þ e � dI1ðsÞds ; d

2
Iðe;sÞ
ds2 ¼ d2

I0ðsÞ
ds2 þ e � d

2
I1ðsÞ
ds2 .

ð1þ e � x1Þ2 � d2I0ðsÞ
ds2

þ e � d
2I1ðsÞ
ds2

� 

¼ �ðI0ðsÞþ e � I1ðsÞÞ � x2

0 þð1þ e � x1Þ � e � hðI0ðsÞ

þ e � I1ðsÞÞ � dI0ðsÞ
ds

þ e � dI1ðsÞ
ds

� 


� e � c � 1
L1

ð1þ e � x1Þ � sinðsÞ

ð1þ e � x1Þ2 ¼ 1þ 2 � e � x1 þ e2 � x2
1; ð1þ e � x1Þ2 ¼ 1þ 2 � e � x1 þOðe2Þ:

We omit Oðe2Þ element from the above expression ð1þ e � x1Þ2 ¼ 1þ 2 � e � x1

ð1þ 2 � e � x1Þ � d2I0ðsÞ
ds2

þ e � d
2I1ðsÞ
ds2

� 

¼ �ðI0ðsÞþ e � I1ðsÞÞ � x2

0 þð1þ e � x1Þ � e � hðI0ðsÞ

þ e � I1ðsÞÞ � dI0ðsÞ
ds

þ e � dI1ðsÞ
ds

� 


� e � c � 1
L1

ð1þ e � x1Þ � sinðsÞ

d2I0ðsÞ
ds2

þ e � d
2I1ðsÞ
ds2

� 

þ 2 � e � x1 � d

2I0ðsÞ
ds2

þ 2 � x1 � e2 � d
2I1ðsÞ
ds2

¼ �I0ðsÞ � x2
0 � e � I1ðsÞ � x2

0

þðeþ e2 � x1Þ � hðI0ðsÞþ e � I1ðsÞÞ � dI0ðsÞ
ds

þ e � dI1ðsÞ
ds

� 

� e � c � 1

L1
ð1þ e � x1Þ � sinðsÞ

:

We omit Oðe2Þ element from the above expression.

d2I0ðsÞ
ds2

þ e � d
2I1ðsÞ
ds2

þ 2 � e � x1 � d
2I0ðsÞ
ds2

¼ �I0ðsÞ � x2
0 � e � I1ðsÞ � x2

0

þ e � hðI0ðsÞþ e � I1ðsÞÞ � dI0ðsÞ
ds

þ e � dI1ðsÞ
ds

� 

� e � c � 1

L1
ð1þ e � x1Þ � sinðsÞ

d2I0ðsÞ
ds2

þ I0ðsÞ � x2
0 þ e � d

2I1ðsÞ
ds2

þ 2 � e � x1 � d
2I0ðsÞ
ds2

þ e � I1ðsÞ � x2
0

¼ hðI0ðsÞþ e � I1ðsÞÞ � e � dI0ðsÞ
ds

þ e2 � dI1ðsÞ
ds

� 

� c � 1

L1
ðeþ e2 � x1Þ � sinðsÞ

:

We omit Oðe2Þ element from the above expression.
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d2I0ðsÞ
ds2

þ I0ðsÞ � x2
0 þ e � d2I1ðsÞ

ds2
þ 2 � x1 � d

2I0ðsÞ
ds2

þ I1ðsÞ � x2
0

�

� dI0ðsÞ
ds

� hðI0ðsÞþ e � I1ðsÞÞþ c � 1
L1

� sinðsÞ


¼ 0

:

Since e 6¼ 0, for the right-hand side of above differential equation to be equal to
the left-hand side, the coefficient of each power of e should be equal to zero.

d2I0ðsÞ
ds2

þ I0ðsÞ � x2
0 ¼ 0 ) 1

x2
0
� d

2I0ðsÞ
ds2

þ I0ðsÞ ¼ 0

d2I1ðsÞ
ds2

þ 2 � x1 � d
2I0ðsÞ
ds2

þ I1ðsÞ � x2
0 �

dI0ðsÞ
ds

� hðI0ðsÞþ e � I1ðsÞÞþ c � 1
L1

� sinðsÞ ¼ 0:

First, we investigate 1
x2

0
� d

2
I0ðsÞ
ds2 þ I0ðsÞ ¼ 0 differential equation. Let us assume

that I0ðsÞ ¼ er�s is a solution to equation where r is a constant. The auxiliary

equations are d2
I0ðsÞ
ds2 ¼ r2 � er�s ) 1

x2
0
� r2 � er�s þ er�s ¼ 0; 1

x2
0
� r2 þ 1

h i
� er�s ¼ 0

1
x2

0
� r2 þ 1 ¼ 0; r ¼

ffiffiffiffiffiffiffiffiffiffi
�x2

0

p
¼ 
j � x0. Here the r real part is equal to zero and the

imaginary part is equal to x0. If we assumed from above that the general solution
for I0ðsÞ is of the form sinðx0 � sÞþ cosðx0 � sÞ and we double check for solution:

I0ðsÞ ¼ sinðx0 � sÞþ cosðx0 � sÞ; dI0ðsÞds
¼ x0 � cosðx0 � sÞ � x0 � sinðx0 � sÞ

d2
I0ðsÞ
ds2 ¼ �x2

0 � ½sinðx0 � sÞþ cosðx0 � sÞ	 then 1
x2

0
� d

2
I0ðsÞ
ds2 þ I0ðsÞ ¼ 0 [5–7]. We can

write our solution to 1
x2

0
� d

2
I0ðsÞ
ds2 þ I0ðsÞ ¼ 0 in the convenient form: I0ðsÞ ¼

A1 � sinðx0 � sÞþA2 � cosðx0 � sÞ where A1;A2 are constants to be determined. If

we utilized the initial conditions, I0ðs ¼ 0Þ ¼ 0; dI0ðs¼0Þ
ds ¼ X1. Given to find the

values of the constants A1;A2, we have by substituting these values in equation:
I0ðsÞ ¼ A1 � sinðx0 � sÞþA2 � cosðx0 � sÞ that A2 ¼ 0 hence I0ðsÞ ¼ A1 � sinðx0 � sÞ
dI0ðsÞ
ds ¼ A1 � x0 � cosðx0 � sÞ; dI0ðs¼0Þ

ds ¼ A1 � x0 ¼ X1 ) A1 ¼ X1
x0

then I0ðsÞ ¼ X1
x0
�

sinðx0 � sÞ. The second differential equation is as follows:

d2I1ðsÞ
ds2

þ 2 � x1 � d
2I0ðsÞ
ds2

þ I1ðsÞ � x2
0 �

dI0ðsÞ
ds

� hðI0ðsÞ

þ e � I1ðsÞÞþ c � 1
L1

� sinðsÞ ¼ 0
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dI0ðsÞ
ds

¼ X1 � cosðx0 � sÞ; d
2I0ðsÞ
ds2

¼ �X1 � x0 � sinðx0 � sÞ

d2I1ðsÞ
ds2

� 2 � x1 � X1 � x0 � sinðx0 � sÞþ I1ðsÞ � x2
0

� X1 � cosðx0 � sÞ � h X1

x0
� sinðx0 � s

� �
þ e � I1ðsÞÞþ c � 1

L1
� sinðsÞ ¼ 0

:

Remark It is a reader exercise to solve the above differential equation.

8.5 Exercises

1. We have system that can be characterization by the second-order differential

equation: d2
X

dt2 þX � X1 þ e � X2 � dXdt ¼ 0 with Xðt ¼ 0Þ ¼ C1
dXðt¼0Þ
dt ¼ C2;

C1;C2 2 R.

1:1 Obtain the exact solution of the system second-order differential equation.
How the exact solution is dependent on parameters X1 and X2

(X1;X2 2 R).
1:2 Using regular perturbation theory, find X0;X1 and X2 in the series expan-

sion Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþOðe3Þ.
1:3 Does the perturbation solution contain secular terms? How they are

dependent on parameters C1;C2?
1:4 We set the parameters X1;X2 as X2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þX1 � c

p
; X ¼ X1; X; c 2 R.

How the behavior of the system is changed for different values of X; c?
Draw the system series expansion terms (X0;X1;X2) functions as a function
of parameters X; c.

1:5 Try to implement the system second-order differential equation by using
optoisolation elements and discrete components.

2. We have weakly nonlinear oscillator which is represented by the differential

equation: d
2
X

dt2 þx2
0 � ðX þ 1Þ ¼ e � f X; dXdt ; t

� �
where f is T periodic it t. We set

function f X; dXdt ; t
� �

as f X; dXdt ; t
� �

¼ dX
dt �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � cþ 1

p
where 0� e � 1. We

seek solution for differential equation in the perturbation expansion form
Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþ � � � where it is perturbation series

Xðt ¼ 0Þ ¼ 1; dXðt¼0Þ
dt ¼ 0

� �
. The equation becomes soluble when we set

e ¼ 0. We need to investigate the behavior of the system for e 6¼ 0.

2:1 Find the system fixed points and eigenvalues. How system fixed points and
eigenvalues are dependent on c parameter? Plot the graphs of system fixed
points as a function of parameter c.
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2:2 Classify our system fixed points (attracting focus, repelling focus, saddle
point, attracting spiral, repelling spiral, center, etc.). How our system fixed
points classification is dependent on parameter c?

2:3 Assume that XðtÞ ¼ er�t is a solution of d2
X

dt2 þx2
0 � ðXþ 1Þ ¼ e �

f X; dXdt ; t
� �

where “r” is a constant, substitute XðtÞ ¼ er�t into system dif-

ferential equation and find solution XðtÞ.
2:4 Apply the perturbation theory to solve our system differential Equation

Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþ � � � groups terms according to the
power of e, omitting all terms with coefficients of e2 and higher e 6¼ 0ð Þ.
Xðt ¼ 0Þ ¼ X1;

dXðt¼0Þ
dt ¼ X2.

2:5 Find the expressions for X0ðtÞ;X1ðtÞ;Xðt; eÞ when Xðt; eÞ ¼ P1
k¼0

XkðtÞ�
ek ¼ X0ðtÞþ e � X1ðtÞþOðe2Þþ � � �

3. We have system that is characterized by differential equation d2
X

dt2 þC1 � Xþ e �
h X; dXdt

� �
¼ 0 with 0\e � 1. Function h X; dXdt

� �
is h X; dXdt

� �
¼ jjXj � 1jð Þ�

dX
dt

� �2
, (Hint: Absolute functions give some possibilities).

3:1 Find system fixed points and eigenvalues. How the system fixed points and
eigenvalues are dependent on C1 parameter? Plot the graphs of system
fixed points as a function of C1 parameter.

3:2 Classify our system fixed points (attracting focus, repelling focus, saddle
point, attracting spiral, repelling spiral, center, etc.).

3:3 Solve the problem exactly and by using regular perturbation theory, find
X0;X1 and X2 in the series expansion Xðt; eÞ ¼P1

k¼0 XkðtÞ � ek

Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþOðe3Þ:

3:4 Investigate the system if parameter C1 ¼ 0. Find fixed points and eigen-
values, classify system fixed points.

3:5 For parameter C1 ¼ 0, use regular perturbation theory and find X0;X1 and
X2 in series expansion Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþOðe3Þ.

4. Consider system which is characterized by differential equation:

d2X
dt2

� C1 þ e � C2 � dX
dt

� �k

þX ¼ 0; k 2 N; k 3; C1;C2 2 R

4:1 Find system fixed points and eigenvalues for k = 3 and k = 4. How system
fixed points and eigenvalues are dependent on C1 and C2 parameters?
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4:2 Classify our system fixed points for k = 3 and k = 4. Discuss stability.
4:3 Solve the problem exactly (for the cases k = 3 and k = 4), use regular

perturbation theory (for the cases k = 3 and k = 4), find X0;X1 and X2 in the
series expansion: Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþOðe3Þ.

4:4 Investigate the system if C1 ¼ 0 (cases k = 3 and k = 4), find fixed points
and eigenvalues investigate stability. Find Xðt; eÞ by using regular pertur-
bation theory.

4:5 Investigate the system if C2 ¼ 0 (cases k = 3 and k = 4), find fixed points
and eigenvalues investigate stability. Find Xðt; eÞ by using regular pertur-
bation theory.

5. Fig. 8.4 van der Pol oscillator circuit with additional two capacitors Ca and Cb.
The active element of the circuit is semiconductor device (OptoNDR/Device).
It acts like an ordinary resistor when current I(t) is high (IðtÞ[ Isat), but like
negative resistor (energy source) or negative differential resistance (NDR) when
I(t) is low IðtÞ[ Ibreak and IðtÞ\Isat. Our circuit current voltage characteristic

V ¼ f ðIÞ 8 dI
dt ¼ 0 and we consider that a source of current is attached to the

Fig. 8.4 OptoNDR element/circuit with additional two capacitors Ca and Cb
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circuit and then withdrawn. We neglect in our analysis the current below
Ibreak(IðtÞ\Ibreak).
Our OptoNDR element/circuit is constructed from LED and photo transistor in
series. The LED (D1) light strikes the photo transistor (Q1) base window and
can be represented as a dependent current source. The dependent current source
depends on the LED (D1) forward current, with proportional k constant
(IBQ1 ¼ ILED � k ¼ ICQ1 � k) and is the photo transistor base current. The math-
ematical analysis is based on the basic transistor Ebers–Moll equations.

5:1 Find the mathematical expression for f ðIÞ and demonstrate the df ðIÞ
dI equa-

tion as a parametric function with some constants.
5:2 Investigate OptoNDR van der Pol circuit with two additional capacitors

(Ca and Cb) by using perturbation method (Hint: omit Oðe2Þ terms and
higher terms).

5:3 Find circuit fixed points and eigenvalues. Classify circuit fixed points and
investigate stability.

5:4 How the behavior of the circuit is changed if we disconnect capacitor Cb?
Investigate the circuit (Cb is disconnected) by using perturbation method
(Hint: omit Oðe2Þ terms and higher terms).

5:5 How the behavior of the circuit is changed if we disconnect capacitor Ca?
Investigate the circuit (Ca is disconnected) by using perturbation method
(Hint: omit Oðe2Þ terms and higher terms).

6. We have system which characterize by the differential equation:
d2

X
dt2 þ e � C1 � sgn dX

dt

� �
� dXdt þC2 � X ¼ 0; C1;C2 2 R. The C1 parameter can be

represent system frictional force, where sgn( ) is a Signum function. sgn dX
dt

� �
¼

1 8 dX
dt [ 0; sgn dX

dt

� �
¼ �1 8 dX

dt \0; sgn dX
dt

� �
¼ 0 8 dX

dt ¼ 0

0\e � 1. Hint: In your analysis differentiate different values of sgn( ) function
cases.

6:1 Analyze the system behavior of the above oscillatory system by using
phase plane technique. Discuss stability issue.

6:2 Solve the problem exactly, use regular perturbation theory, find X0;X1 and
X2 in the series expansion: Xðt; eÞ ¼ X0 þ e � X1ðtÞþ e2 � X2ðtÞþOðe3Þ

6:3 Investigate the system if C2 ¼ 0. Find fixed points and eigenvalues. Classify
system fixed points. Find Xðt; eÞ by using regular perturbation theory.

6:4 Solve the problem exactly, use regular perturbation theory, find X0;X1;X2

and X3 in the series expansion Xðt; eÞ ¼P3
k¼0 Xk � ek þOðe4Þ.
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6:5 We replace sgn dX
dt

� �
function in our system differential equation by

sgn dX
dt

� �h i2
function. How the behavior of the system changed? Solve the

problem exactly, use regular perturbation theory, find X0;X1 in the series
expansion Xðt; eÞ ¼ X0 þ e � X1ðtÞþOðe2Þ.

7. Fig. 8.5 van der Pol oscillator circuit with additional capacitor Ca and coupling
LED (D2) photo transistor Q1. The active element of the circuit is semicon-
ductor device (OptoNDR circuit/Device). It acts like an ordinary resistor when
current I(t) is high (IðtÞ[ Isat), but like negative resistor (energy source) or
negative differential resistance (NDR) when I(t) is low IðtÞ[ Ibreak and

IðtÞ\Isat. Our circuit current–voltage characteristic V ¼ f ðIÞ 8 dI
dt ¼ 0 and we

consider that a source of current is attached to the circuit and then withdrawn.
We neglect in our analysis the current below Ibreak(IðtÞ\Ibreak).
Our OptoNDR element/circuit is constructed from LED D1 and LED D2, and
photo transistor Q1. The LED D1 and LED D2 light strikes the photo transistor
Q1 base window and can be represented as a dependent current source.
The dependent current source depends on the LED (D1) forward current and
LED (D2) forward current, with proportional k1 and k2 constants

Fig. 8.5 Van der Pol oscillator circuit with additional capacitor Ca and coupling LED (D2) photo
transistor Q1
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(IBQ1 ¼ ILED1 � k1 þ ILED2 � k2; ICQ1 ¼ ILED1 ) and is the photo transistor base
current. Constants k2 ¼ k; k1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k � cp

; k1; k2; k; c 2 Rþ . The mathemati-
cal analysis is based on the basic transistor Ebers–Moll equations.

7:1 Find the mathematical expression for f(I) and demonstrate the df(I)/
dt equation as a parametric function with some constants. How functions
f(I) and df(I)/dt are dependent on c parameter?

7:2 Investigate OptoNDR van der Pol circuit with additional capacitor Ca and
LED (D2) by using perturbation method. Hint: omit Oðe2Þ terms and higher
terms.

7:3 Find circuit fixed points and eigenvalues. Classify circuit fixed points and
investigate stability for different values of c parameter.

7:4 How the behavior of the circuit is changed if we short capacitor Ca?
Investigate the circuit (Ca is short) using perturbation method. Hint: omit
Oðe3Þ terms and higher terms.

7:5 Investigate OptoNDR van der Pol circuit with additional capacitor Ca and
LED (D2) by using perturbation method, omit Oðe3Þ terms and higher terms.

8. Consider a system which is characterized by the differential equation:
d2

X
dt2 þx2

0 � X þ e � Xk þ e � dX
dt

� �
� sgnðXÞ ¼ 0; k 2 N; k 3; x0 2 R

where sgn( ) is a Signum function: sgn dX
dt

� �
¼ 1 8 dX

dt [ 0 sgn dX
dt

� �
¼ �1 8

dX
dt \0; sgn dX

dt

� �
¼ 0 8 dX

dt ¼ 0; 0\e � 1:

Hint: In your analysis differentiate different values of sgn( ) function cases.

8:1 Find system fixed points and eigenvalues for k = 4 and k = 5. How the
system fixed points and eigenvalues are dependent on x0 parameter?

8:2 Classify our system fixed points for k = 4 and k = 5. Discuss stability.
8:3 Solve the problem exactly (for the cases k = 4 and k = 5), use regular

perturbation theory for these cases, find X0;X1 and X2 in the series
expansion: Xðt; eÞ ¼ X0ðtÞþ e � X1ðtÞþ e2 � X2ðtÞþ e3 � X3ðtÞþOðe4Þ.

8:4 Investigate the system if x0 ¼ 0 and x0 ¼ 1 (cases k = 3 and k = 4). Find
fixed points and eigenvalues. Classify system fixed points. Find Xðt; eÞ by
using regular perturbation theory.

8:5 Investigate the system if x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

p
; x0 ¼ n1ðkÞ then we get the sys-

tem differential equation:
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d2X
dt2

þ n21ðkÞ � X þ e � Xk þ e � dX
dt

� �
� sgnðXÞ ¼ 0; k 2 N; k 3; x0 2 R

Find fixed points and eigenvalues; how they change for different values of
k parameters? Classify system fixed points. Find Xðt; eÞ by using regular
perturbation theory.

9. Consider a modified van der Pol system which is characterized by the differ-

ential equation: d
2
X

dt2 � e2 � ð1� X2Þ � dXdt þX � e � X3 ¼ 0; 1 � e[ 0

9:1 Find system fixed points and eigenvalues. Discuss stability of the system
and limit cycle.

9:2 Find periodic solution to this equation to order e2 using perturbation theory.
9:3 Try to implement the modified van der Pol system with optoisolation

elements and discrete components (resistors, capacitors, inductors, etc.).
9:4 We replace the system differential equation’s term (e � X3) by (e � X5). How

the behavior of the system is changed? Find fixed points, eigenvalues, and
discuss stability.

9:5 In the case of e � X5 term (9.4), find the periodic solution to this equation to
order e3 using perturbation theory.

10. A capacitor of capacitance C is connected in series to a Non Linear Diode
(NLD) which has current i. When e is the voltage across the capacitor C. The
relation between e and i of the form: i ¼ C1 � eþC2 � e2 þC3 � e3 with the
voltage across the capacitor at t = 0 having the value e ¼ E. The relevant

circuit equation is C � dedt þC1 � eþC2 � e2 þC3 � e3 ¼ 0. Introduction dimen-

sion less variable x � e
E and s � C1�t

C then we get the system differential equa-

tion: dx
ds ¼ �x� C2

C1
� x2 � E � C3

C1
� x3 � E2. We choose e ¼ C2

C1
� E when

C3 ¼
P2

i¼1 Ci then C3
C1

¼
P2

i¼1
Ci

C1
¼ 1þ e � 1E. We get the system differential

equation: dxds ¼ �x� x2 � E2 � e � x2 � ð1þEÞ:
10:1 Assume the standard expansion xðsÞ ¼ x0 þ e � x1 þ e2 � x2 þ e3 � x3 þ � � �

and since e is arbitrary, equal power of e can be equated. Write down the
various orders of e.

10:2 Solve the system exactly, use regular perturbation theory, find x0; x1; x2
and x3.

10:3 We change the relation between e and i to the form i ¼ C1 � eþC2 �
e2 þC3 � lnðeÞwith the voltage across the capacitor at t = 0 having the value
e ¼ E. Assume the standard expansion xðsÞ ¼ x0 þ e � x1 þ e2 � x2 þ � � �.
Since e is arbitrary, equal power of e can be equated.Write down the various
orders of e and solve the system exactly (find xðsÞ).
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10:4 We change the relation between e and i to the form i ¼ C1 � eþC2 �
e2 þC3 � expð

ffiffiffiffiffiffiffiffiffiffi
eþ 1

p Þ with the voltage across the capacitor at t = 0 having
the value e ¼ c � E; c 2 Rþ . Assume standard expansion xðsÞ ¼ x0 þ e �
x1 þ e2 � x2 þ e3 � x3 þ � � � and since e is arbitrary, equal power of e can be
equated. Write down the various orders of e and solve the system exactly
(find xðsÞ).

10:5 How the behavior of our system is changed for different values of c
parameter? Plot the graph of exact solution xðsÞ as a function of c
parameter.
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Chapter 9
Optoisolation Advance Circuits—
Investigation, Comparison,
and Conclusions

Optoisolation circuits in many topological structures represent many specific
implementations which stand the target engineering features. Optoisolation circuits
include photo transistor and light emitting diode (opto couplers), both coupled
together. There are many other semiconductors which include optoisolation
topologies like photo SCR, SSR, photo diode, etc. The basic optocoupler can be
characterized by Ebers–Moll model and the associated equations. The optoisolation
circuits include optocouplers and peripheral elements (capacitors, inductors, resis-
tors, switches, operational amplifiers, etc.). In a phototransistor the photodetector is
the collector-base junction so the capacitance impairs the collector rise time. Also,
amplified photocurrent flows in the collector-base junction and modulated the photo
response, thereby causing nonlinearity. One of the basic optocoupler structure is a
Negative Differential Resistance (NDR) circuit. Negative resistance or negative
differential resistance is a property of electrical circuit elements composed of certain
materials in which, over certain voltage ranges, current is a decreasing function of
voltage. This range of voltages is known as a negative resistance region. Such a
circuit must contain an energy source , and can be used as a form of amplifier.
However, the use of the term negative resistance to encompass negative differential
resistance is more common. Absolute negative resistances without an external
energy source cannot exist as they would violate the law of conservation of energy.
In electrical circuits, static resistance is the ratio of the voltage across a circuit
element to the current through it. However, the ratio of the voltage to the current
may vary with either voltage or current. The ratio of the change in voltage to the
change in current is known as dynamic resistance. It is more correct to say that a
circuit element has a negative differential resistance region than to say that it
exhibits negative resistance because even in this region the static resistance of the
circuit element is positive, while it is the slope of the resistance curve which is
negative. Electronic circuit elements displaying negative differential resistance
(NDR) , such as tunnel diodes, have a wide variety of device applications, including
oscillators, amplifiers, logic, and memory. We build negative differential resistance
(NDR) devices using analog optocouplers which are positive differential resistance
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elements but specific connection gives the negative differential resistance behavior.
The benefits are the negative differential parameters which can be changed and
controlled by the specific connection of those optocouplers. We inspect circuit
which involves optoisolation devices as a dynamical system where a fixed rule
describes the time dependence of a specific circuit voltage in a geometrical space.

Among advance optoisolation circuits many exhibit limit-cycle behavior. A limit
cycle is a closed trajectory, this means that its neighboring trajectories are not
closed—they spiral either toward or away from the limit cycle. Limit cycles can
only occur in those optoisolation circuits which exhibit nonlinearity. In contrast a
linear system exhibiting oscillations closed trajectories are neighbored by other
closed trajectories. A stable limit cycle is one which attracts all neighboring tra-
jectories. A system with a stable limit cycle can exhibit self-sustained oscillations.
Half-stable limit cycles are ones which attract trajectories from one side and repel
those on other. If all neighboring trajectories approach the limit cycle, the limit
cycle is stable or attracting otherwise the limit cycle is unstable. An optoisolation
circuits which exhibits stable limit cycles oscillate even in the absence of external
periodic force. Since limit cycles are nonlinear phenomena; they can not occur in
linear system. We use in nonlinear dynamics some acronyms like: Stable Limit
Cycle (SLC), Half-stable Limit Cycle (HLC), Unstable Limit Cycle (ULC);
Unstable Equilibrium Point (UEP), Stable Equilibrium Point (SEP), and Half-stable
Equilibrium Point (HEP). One of the system which demonstrate limit cycle is van
der Pol oscillator and it can be implemented using optoisolation devices. Oscillation
of van der Pol are called relaxation oscillations because the charge that builds up
slowly is relaxed during a sudden discharge in a sudden discharge in strongly

nonlinear limit (l � 1Þ, d2
X

dt2 þ l � dXdt � ðX2 � 1ÞþX ¼ 0: The next step is to

analyze van der Pol system with optoisolation feedback loop and find fixed points
and stability under parameters values change. We use Poincare–Bendixson theorem
in those optoisolation systems and establish which parameters values the closed
orbits exist in an optoisolation particular system. Poincare–Bendixon theorem
supports that our optoisolation system resides in the plane. One crucial issue is to
implement optoisoaltion oscillation circuit which can be modeled by second-order

differential equation: d
2
V

dt2 þ f ðVÞ � dVdt þ gðVÞ ¼ 0. This is a Lienard’s equation. The

equation is a generalization of the van der Pol oscillator system. The term f ðVÞ � dVdt
is the nonlinear damping force and gðVÞ is the nonlinear restoring force. Other
implementation is the optoisolation circuit with weakly nonlinear oscillations.
The general equation of nonlinear oscillator is of the form
d2

V
dt2 þV þ e � hðV ; dVdt Þ ¼ 0;V ¼ VðtÞ, V(t) is our system main variable where

0\e � 1 and hðV ; dVdt Þ is a smooth function. If we have small perturbation of the

linear oscillator then it is called weakly nonlinear oscillator. Various bifurcations
can be exhibited by optoisolation circuits. Bifurcation describes the qualitative
alterations that occur in the orbit structure of a dynamical system as the parameters
on which the system depends are varied. An opto isolator can be implemented as a
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circuit which demonstrate cusp bifurcation for specific system voltage band and
parameters values. Cusp-catastrophe bifurcation occurs in a one-dimensional state
space (n = 1) and two-dimensional parameter space (p = 2).
dV
dt ¼ f ðV ;C1;C2Þ;V 2 R

n¼1

fC1;C2g 2 R
p¼2;M ¼ fðC1;C2;VÞjC1 þC2 � V � V3 ¼ 0g. Where C1;C2

parameters are two control parameters and V is the system state variable. A two
parameters system near a triple equilibrium point is known as cusp bifurcation
(equilibrium structure). This is the simplest degenerate case of the fold bifurcation
related to the cusp catastrophe theory with hysteresis bifurcation. We implement
cusp system using optoisolation elements, Op amps, resistors, capacitors, etc.
Another bifurcation which can be implemented by optoisolation elements is Bautin
bifurcation. The Bautin bifurcation is a bifurcation of an equilibrium in a two
parameter family of autonomous ODEs at which the critical equilibrium has a pair of
purely imaginary eigenvalues and the first Lyapunov coefficient for the Andronov–
Hopf bifurcation vanishes (generalized Hopf (GH) bifurcation). The bifurcation
points separates branches of sub- and super-critical Andronov Hopf bifurcations in
the parameter plane. For nearby parameter values, the system has two limit cycles
which collide and disappear via a saddle-node bifurcation of periodic orbit. Another
bifurcation system is Bogdanov–Takens (double-zero) bifurcation. The Bogdanov–
Taken (BT) bifurcation is a bifurcation of an equilibrium point in a two parameter
family of autonomous ODEs at which the critical equilibrium has a zero eigenvalue
of multiplicity two. The system has two equilibria (a saddle and a non-saddle) which
collide and disappear via saddle-node bifurcation. The non-saddle equilibrium
undergoes an Andronov Hopf bifurcation generating a limit cycle. This cycle de-
generates into an orbit homoclinic to the saddle and disappear via a saddle homo-
clinic bifurcation. The Fold–Hopf bifurcation is a bifurcation of an equilibrium point
in a two parameter family of autonomous ODEs at which the critical equilibrium has
a zero eigenvalue and a pair of purely imaginary eigenvalues. Another names for
Fold-Hopf bifurcation are Zero-Hopf (ZH) bifurcation, saddle-node Hopf bifurca-
tion and Gavrilov–Guckenheimer bifurcation. We discuss the autonomous system of

ODEs dVdt ¼ f ðV ; aÞ 8 a 2 R
n depending on two parameters a 2 R

2, where f ðV ; aÞ is
a smooth function. We implement Rossler’s prototype chaotic system using
optoisolation circuits. We consider a continuous-time dynamical system depending

on parameters, given by dxðtÞ
dt ¼ f ðxðtÞ; aÞ; f 2 CkðX� K;RnÞ with open sets

0 2 X � R
N ; 0 2 K � R

2; k[ 1 sufficiently large, N � 4: The first used tool for
exploring the dynamical behavior of the system is numerical time integration. We
can employ one step methods, which consists in approximating the evolution
operator by a discrete-time system x ! gðx; aÞ with g 2 CkðX� K;RNÞ; where the
step sizes were assumed to be previously chosen. Hopf–Hopf bifurcations occurs
when the system presents equilibrium with two pairs of Hopf eigenvalues. The local
bifurcation diagram near Hopf–Hopf point is known to present other phenomena
such as Neimark–Sacker bifurcation of cycles, and homoclinic bifurcations. A point
ðx0; a0Þ 2 X� K is referred to as a Hopf–Hopf bifurcation (HH point). It is also
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called double Hopf, Hopf/Hopf mode interaction, and multiple Hopf in case that
moves than two pairs of Hopf eigenvalues are present. The Hopf–Hopf bifurcation
appears in many parameter-dependent systems (optoisolation circuits) which
describe the dynamic of various phenomena. We implement Hopf–Hopf bifurcation
system using optoisolation elements, Op amps, resistors, capacitors, diodes, etc.
We have a discrete-time dynamical system depending on a parameter
x ! f ðx; aÞ; x 2 R

n; a 2 R
1 where, the map f is smooth respect to both x and a. We

can write this system as ~x ¼ f ðx; aÞ; ~x; x 2 R
n; a 2 R

1 where ~x denotes the image of
x under the action of the map. Let x = x0 be a hyperbolic fixed point of the system for
a = a0. We monitor this fixed point and its multipliers while the parameter varies.
There are three ways in which the hyperbolicity condition can be violated. The first:
a simple positive multiplier approaches the unit cycle l1 = 1, the second: a simple
negative multiplier approaches the unit circle l1 = −1, the third: a pair of simple
complex multipliers reaches the unit circle l1,2 = e0

±i∙h, 0 < h0 < p for some value of
parameter. The bifurcation corresponding to the presence of l1,2 = e0

±i∙h, 0 < h0 < p
is called a Neimark–Sacker (or torus) bifurcation. The fold and flip bifurcations are
possible if n � 1, but for the Neimark–Sacker bifurcation n� 2. Neimark–Sacker
bifurcation is the birth of a closed invariant curve from a fixed point in dynamical
systems with discrete time (iterated maps), when the fixed point changes stability via
a pair of complex eigenvalues with unit modules. The bifurcation can be super-
critical or subcritical, resulting in a stable or unstable within an invariant
two-dimensional manifold closed invariant curve, respectively. We implement
multi-folded torus chaotic attractors system using optoisolation circuits. Many
optoisolation systems are periodic and continuous in time therefore we implement
Floquet theory and investigate behavior and stability. There are many optoisolation
systems which contain periodic forcing source (voltage or current source) and can be
analyze by Floquet theory. Floquet theory is the study of the stability of linear
periodic systems in continuous time. Floquet exponents/multipliers are analogous to
the eigenvalues of Jacobian matrices of equilibrium points. Basically it is the study
of linear systems of differential equations with periodic coefficients.

Floquet theory is a linear theory, nonlinear models can be linearized near limit
cycle solutions to enable the use of Floquet theory. Floquet theory deals with
continuous-time systems and the theory of periodic discrete-time systems is closely
analogous. We multiply the T transition matrices together to determine how a
perturbation changes over a period which is similar to finding the fundamental
matrix. One limitation of Floquet theory is that it applies only to periodic systems.
The more general Lyapunov exponents plays the role of Floquet exponents.
Lyapunov exponents are more challenging to compute numerically because, instead
of calculating how a perturbation grows or shrinks over one period, this must be
done in the limit at T ! 1. Firstly we consider a set of linear, homogeneous, time

periodic differential equations; dxdt ¼ AðtÞ � x where x is a n-dimensional vector and

A(t) is an n� n matrix with minimal periodT. A(t) vary periodically and the
solutions are typically not periodic, and despite its linearity, closed from the

688 9 Optoisolation Advance Circuits—Investigation, Comparison …



solutions of dx
dt ¼ AðtÞ � x typically can not be found. The general solution of

dx
dt ¼ AðtÞ � x takes the form xðtÞ ¼ Pm

i ci � eli�t � piðtÞ where ci are constants that

depend on initial conditions, piðtÞ are vector-values functions with periodic T, and
li are complex numbers called characteristic or Floquet exponents. It is true to state
that qi ¼ eli�T (li—Floquet exponents, qi—Floquet multipliers). We implement
optoisolation circuit which has two variables with periodic sources. Analysis for
optoisolation circuit’s two variables with periodic sources is done and we
investigate limit cycle stability. We prove that the system has periodic orbits by
changing system Cartesian coordinates V1(t), V2(t) to cylindrical coordinates r(t),
h(t). Next is to show that the cylinder is invariant. In fact there is a stable periodic
orbit and use the fact that a stable periodic orbit has two/three Floquet multipliers.
Possible optoisolation circuit is second-order ODE with periodic source. We ana-
lyze the stability of a limit cycle of the optoisolation circuit second-order ODE with
periodic source. Some optoisolation circuits can be characterized by Hills
equations. The optoisolation circuit dynamic system has one main variable U(t).

System Hill’s equation: d
2
UðtÞ
dt2 þ ½dþ aðtÞ	 � UðtÞ ¼ 0, d is a constant and a(t) is a p

periodic function. We can write this equation in different way,

x ¼
UðtÞ

dUðtÞ
dt

0

@

1

A; dxdt ¼
dUðtÞ
dt

d2UðtÞ
dt2

0

B
B
@

1

C
C
A

And we get system dx
dt ¼ AðtÞ � x;AðtÞ ¼ 0 1

�½dþ aðtÞ	 0

� �

: Floquet theory can

be implemented to OptoNDR circuits, linear stability analysis as well, when dealing
with an optoisolation periodic system. OptoNDR circuits nonlinear models can be
linearized near limit cycle solutions to enable the use of Floquet theory. OptoNDR
circuits’ periodic study has many engineering implementations like oscillators,
amplifiers, logic, and memory. Electrical negative resistance is often used to design
oscillators. Many topologies are possible, such as Colpitts oscillator, Hartley
oscillator, Wien bridge oscillator, and some types of relexation oscillators. Another
engineering implementation is to use OptoNDR as a Chua’s element in Chua’s
circuit. Autonomous Chua’s circuit is containing three energy storage elements, a
linear resistor and a nolinear resistor NR (Chua’s element), and its discrete circuitry
design and implementations. Since Chua’s circuit is an extremely simple system,
and yet it exhibits a rich variety of bifurcations and chaos among the
chaos-producing mechanisms, it has a special significance. The term Chua’s
element is a general description for a two-terminal nonlinear resistor with
piecewise-linear characteristic. There are two forms of Chua’s element, the first
type is a voltage-controlled nonlinear element characterized by iR ¼ f ðvRÞ and the
other type is a current-controlled nonlinear element characterized by vR ¼ gðiRÞ.
Chaotic oscillators designed with Chua’s element are generally based on a single
three-segment, add-symmetric, voltage-controlled piecewise-linear nonlinear
resistor structure. OptoNDR systems can be periodic and continuous in time
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therefore Floquet theory is an ideal way for behavior and stability analysis.
Autonomous Chua’s circuit has many implementations in various electrical circuits.
Since Chua’s circuit is an extremely simple system and it exhibits a rich variety of
bifurcations and chaos among the chaos production mechanism. Chua’s circuit
fixed points and stability analysis is a crucial step toward understanding circuits
and systems behavior which include Chua’s circuits. Several realizations of Chua’s
circuit are possible. The methodologies used in these realizations can be divided
into two basic categories. In the first approach, a variety of circuit topologies have
been considered for realizing the nonlinear resistor NR in Chua’s circuit. The
second approach is related to the implementation of Chua’s circuit and is an
inductor less realization of Chua’s circuit. We replace in our circuit the Chua’s
diode by OptoNDR element in Chua’s circuit. The circuit contains three energy
storage elements (inductance, and two capacitors). Chua’s circuit exhibits different
and unique variety of bifurcations and chaos among the chaos-producing mecha-
nism with OptoNDR element. We need to check in which conditions the OptoNDR
circuit’s to variables system has periodic orbits and it is done by changing system
Cartesian coordinates to cylindrical coordinates. We show that the cylinder is
invariant and it approves that there is a stable periodic orbit and use the fact that a
stable periodic orbit has two/three Floquet multipliers. One of them is unity. It is
also important to analyze and model stability of a limit cycle for OptoNDR circuit’s
second-order ODE with periodic source. Optoisolation systems periodic orbits are
frequently encountered as trajectories. We use solutions of initial value problems, as
a mean of finding stable periodic orbits of vector fields. We can represent our
system as a vector fields in Euclidean space , systems of differential equations:
dX
dt ¼ f ðX;XÞ;X 2 R

n;X 2 R
k with X a vector of optoisolation circuit parameters.

Periodic orbits are non-equilibrium trajectories X(t) that satisfy X(T) = X(0) for
some T > 0. The smallest such T is the period of the orbit. The local dynamics near
a periodic orbit are typically determined by return map. The return map has a fixed
point at its intersection with a periodic orbit. If the Jacobian of the return map at
this fixed point has eigenvalues inside the unit circle, the orbit is asymptotically
stable. Initial conditions in the Basin Of Attraction (BOA) of the periodic orbit
have trajectories whose limit set is the periodic orbit. It is the right circuit design
issue, by choosing the optoisolation elements and discrete components, topological
circuit structure which fulfil system periodic orbits. We can represent our planar
cubic vector field system as two differential equations:
dX1

dt ¼ X2;
dX2

dt ¼ �ðX3
1 þ r � X2

1 þ n � X1 þmÞþ ðC� X2
1Þ � X2. The system contains

the unfolding of a co-dimension two bifurcation of an equilibrium point with a
double eigenvalue zero in the presence of a rotational symmetry of the plane.
Additional oscillation we investigate is Glycolytic oscillation. Glycolytic oscillation
is the repetitive fluctuation of in the concentrations of metabolites. The problem of
modeling glycolytic oscillation has been studied in control theory and dynamical
systems. The behavior depends on the rate of substrate injection. Early models used
two variables (X, Y), but the most complex behavior they could demonstrate was
period oscillations due to the Poincaré–Bendixson theorem. The Poincaré–
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Bendixson theorem is a statement about the long-term behavior of orbits of con-
tinuous dynamical systems on the plane, cylinder, or two-sphere [7, 8]. The con-
dition that the dynamical system is on the plane is necessary to the theorem. Chaotic
behavior can only arise in continuous dynamical systems whose phase space has
three or more dimensions. However, the theorem does not apply to discrete
dynamical systems, where chaotic behavior can arise in two- or even
one-dimensional systems. A two-dimensional continuous dynamical system cannot
give rise to a strange attractor. Periodic oscillations in biochemical systems are
receiving much attention. The existence of sustained oscillations in yeast cell
extracts and in the whole yeast cell as well as in heart muscle cell extracts has been
proved. The model explains sustained oscillations in the yeast Glycolytic system.
The model has no limit cycle for those values of its parameters with which
self-oscillations are observed. The model represents an enzyme reaction with
substrate inhibition and product activation. Practically the dynamical process called
Glycolysis and can proceed in an oscillatory fashion. The differential equations
model of Glycolytic oscillator is presented:

dX
dt

¼ �X þ l1 � Y þX2 � Y ; dY
dt

¼ l2 � l1 � Y � X2 � Y ;
f1ðX; YÞ ¼ �X þ l1 � Y þX2 � Y

f2ðX; YÞ ¼ l2 � l1 � Y � X2 � Y ; dX
dt

¼ f1ðX; YÞ; dYdt ¼ f2ðX; YÞ

We implement Glycolytic system limit cycle solution using optoisolation ele-
ments. Poincare maps is the intersection of a periodic orbit in the state space of a
continuous dynamical system with a certain lower dimensional subspace, called the
Poincaré section, transversal to the flow of the system. Poincare map is a discrete
dynamical system with a state space that is one dimension smaller than the original
continuous dynamical system. We use it for analyzing the original system. We use
Poincare maps to study the flow near a periodic orbit, the flow in some chaotic

system. We define n-dimensional system dX
dt ¼ f ðXÞ: Let “S” be an (n−1) dimen-

sional surface of section. “S” is required to be transverse to the flow and all
trajectories starting on “S” flow through it, not parallel to it. The Poincare map w is
a mapping from “S” to itself and trajectories from one intersection with “S” to the
next. If Xk 2 S denotes the kth intersection, then Poincare map is defined by
Xkþ 1 ¼ wðXkÞ: If X* is a fixed point then wðX
Þ ¼ X
. Then a trajectory starting at

X* returns to X* after time T and a closed orbit for the original system dX
dt ¼ f ðXÞ:

Many systems are presented by set of differential equations and analysis is done by
using Poincare maps. We implement these dynamical systems by using opto cou-
plers, Op-amps, and discrete components (resistors, capacitors, etc.) and investigate
is done using Poincare maps. In every dynamical system we need to use the global
existence theorems. The dynamical system describes the physical behavior in time.
Many dynamical systems described by its position and velocity as functions of time
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and the initial conditions. A dynamical system is a function /ðt;XÞ; defined for all
t 2 R and X 2 E 2 R

n. It describes how points X 2 E move with respect to time.
The families of maps /tðXÞ ¼ /ðt;XÞ have the properties of a flow. Integral part of
our analysis is periodic orbits or cycles, limit cycles, and separatrix cycles of a

dynamical system /ðt;XÞ defined by dX
dt ¼ f ðXÞ: Periodic orbits have stable and

unstable manifold just as equilibrium points do. A finite union of compatibly
oriented separatrix cycles is called a compound separatrix cycle or graphic. We
need to discuss the stability and bifurcations of periodic orbits by the Poincare map
or first return map. A separatrix is the boundary separating two modes of behavior
in a differential equation and an equation to determine the borders of a system.
A phase curve meets a hyperbolic fixed point or connects the unstable and stable
manifolds of a pair of hyperbolic or parabolic fixed points. A separatrix marks a
boundary between phase curves with different properties. Poincare map is very
useful tool to study the stability and bifurcations of periodic orbit. If C is periodic

orbit of the system dX
dt ¼ f ðXÞ through the point X0 and R is a hyperplane per-

pendicular to C at X0, then any point X 2 R sufficiently near X0, the solution
dX
dt ¼ f ðXÞ through X at t = 0, /tðXÞ will cross the R again at a point wðXÞ near X0.
The mapping X ! wðXÞ is called the Poincare map. When the surface R intersects
the curve C transversally at X0, R is a smooth surface, through a point X0 2 C,
which is not tangent to C at X0. Additionally, we can discuss the existence and
continuity of the Poincare map wðXÞ and of its first derivative DwðXÞ: We analyze
the behavior of optoisolation van der Pol circuit Poincare map and periodic orbit.
One of the typical dynamical systems is Li autonomous system with toroidal
chaotic attractors. The Li dynamical system is autonomous and the motion appears
to occur on a surface with a toroidal structure. The Li system global Poincare
surface of section has two disjoint components. A similarity transformation in the
phase space emphasizes symmetry of the attractor. Poincare section located seg-
ments of a chaotic trajectory are good approximations to unstable periodic orbit. Li
system can be described by three Ordinary Differential Equations (ODEs).

dX
dt

¼ l1 � ðY � XÞþ l2 � X � Z; dY
dt

¼ l3 � X þ l4 � Y � X � Z;
dZ
dt

¼ l5 � ZþX � Y � l6 � X2

The system is invariant under the group of two fold rotations about the symmetry
axis in the phase space R

3ðX; Y ; ZÞ : RZðpÞ : ðX; Y ; ZÞ ! ð�X;�Y ; þ ZÞ:
We would like to have measure of stability like rate of decay to a stable fixed

point. One way for the production of oscillations in L-C networks is to overcome
circuit losses through the use of designed-in positive feedback or generation. Two
alternatives exist for a potential oscillator. In the first alternative, the tuned active
network may have excess loss. The second alternative is that of a successful oscil-
lator where excess loss will have been compensated and a sustained oscillation is
obtained at the circuit’s output. We can distinguish two sine wave oscillator types.
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The feedback and the negative resistance oscillator, Opto NDR device has better
performance characteristics cancelation in terms of resistive losses in oscillators than
oscillators that are not based on NDR devices. All cancelation of resistive losses
methods shown to be equivalent in the results and losses being effectively canceled
out by the negative differential resistance contributed by the active device and
associated reactive components. Two ways of carrying out this process are series and
a parallel L-C circuit. In the case that the loss cancelation is incomplete, the loop gain
of a sine wave oscillator will be less than unity and oscillations will not start building
up. On the other hand, if the gain is close to unity the circuit will behave as a
regenerative or high gain narrow band tuned amplifier. OptoNDR is one of com-
pound active device that exhibit negative resistance regions on their static I-V
characteristics curves. This device can be successfully employed in construction of
L-C oscillators and regenerative amplifiers. In many dynamical systems there are
linear oscillators with small perturbations or weakly nonlinear sources. These sys-
tems are valid on semi-infinite time intervals under suitable conditions. In many
perturbed systems, we start with a system which includes known solutions and add
small perturbations of it. The solutions of unperturbed and perturbed systems are
different and system with small perturbation has different structure of solutions. For
finite times unperturbed and perturbed solutions are close. We study the asymptotic
behavior of the solutions and structure. Generally, perturbation theory has tools to
solve problems with approximate solution by discussing of the exact solution of a
simpler problem. An approximation of the full solution A, a series in the small
parameters (e), like the following solution A ¼ P1

k¼0 Ak � ek . A0 is the known
solution to the exactly solvable initial problem and A1, A2, … represent the higher
order terms. For small e these higher order terms become successively smaller. The
initial solution and “first-order“ perturbation correction is A � A0 þ e � A1. The
method of averaging provides a useful means to study the behavior of nonlinear
dynamical system under periodic forcing. Averaged equation of a time-dependent
differential equation gave the Poincare map, stability analysis, and recover higher
orders of averaging. It discusses higher order averaged expansions for periodic and
quasi-periodic differential equations. Averaging can be implemented to systems of

the form dX
dt ¼ e � f ðX; tÞ;Xðt ¼ 0Þ ¼ X0 where f is T-periodic

f ðX; tÞ ¼ f ðX; tþ TÞ;X 2 R
n. The average of f ðX; tÞ is typically given as

f ðX; tÞ ¼ R tþT
t f ðX; sÞ � ds where the evaluation point X is considered fixed. The

average defines new autonomous equation dY
dt ¼ e � f ðY ; tÞ; Yðt ¼ 0Þ ¼ X0.

Averaging theory determines conditions under which the two flows coincide and to
what degree they coincide. The parameter e will provide a means to determine this
coincide. Oscillators which include optoisolation elements are integral part of many
engineering applications. The construction process of negative differential resistance
(NDR) devices using analog opto couplers is used to make a highly stable,
radio-frequency oscillator. Typical oscillator is van der Pol “Negative Resistance”
(e.g., tunnel diode, opto isolation circuit, etc.) oscillators. In every dynamical system
we need to use the global existence theorems. Some system’s differential equations
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cannot be solving exactly and if there is exact solution, it exhibits an intricate
dependency in the parameters that it is hard to use as such. We identified the
parameter as e, and the solution is available and reasonably simple for e ¼ 0: The
system solution is altered for non-zero but small e. We get systematic interpretation
by the perturbation theory. We have system that characterized by the differential

equation: dX
dt ¼ e � f ðX; tÞ;X 2 R

n; e � 1 where f is periodic in t, f ðX; tÞ ¼
f ðX; tþ TÞ; X 2 R

n. The solution evolution is “SLOW,” which characterized the
T-periodic forcing term. We characterized a weakly nonlinear oscillator system by

differential equation: d
2
X

dt2 þx2 � X ¼ e � f ðX; dXdt ; tÞ: OptoNDR van der Pol is ana-

lyzed by perturbation method. We can use multiple scale analysis for construction
uniform or global approximate solutions for both small and large values of inde-
pendent variables of OptoNDR circuit van der Pol. The dependent variables are
uniformly expanded in terms of two or more independent variables, scales. The issue
is the choice of ordering scheme and the form of the power series expansion. We can
implement in OptoNDR van der Pol system, Multiple Scale Perturbation Theory
(MSPT). The coordinate transforms and invariant manifolds provide a support for
multiscale modeling. Practical there are at least two time scales in weakly nonlinear
OptoNDR circuit van der Pol oscillator. Two timing builds two time scales from the
start and produces better approximations than the regular perturbation theory. The
unforced van der Pol equation has a limit cycle with radius approximately equal to
two and period approximately 2p. The limit cycle is generated by the balance
between internal energy loss and energy generation, and the forcing term will alter
this balance. We consider forced van der Pol system with forcing term F � cosðx � tÞ:
If “F” is small (weak excitation), its effect depends on whether or not x is close to
the natural frequency. If it is, the oscillation might be generated which is a pertur-
bation of the limit cycle. If “F” is not small (hard excitation) or if the natural and
imposed frequency are not closely similar, we should expect that the “natural
oscillation”might be extinguished, as occurs with the corresponding linear equation.

The forced van der Pol system can be given by the following equations: d
2
X1

dt2 þ e �
ðX2

1 � 1Þ � dX1

dt þX1 ¼ F � cosðx � tÞ and can be express by first degree differential

equation dX1

dt ¼ X2;
dX2

dt þ e � ðX2
1 � 1Þ � X2 þX1 ¼ F � cosðx � tÞ:
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Appendix A
Stability and Bifurcation Behaviors

A.1 Cusp Bifurcation

The cusp bifurcation is a bifurcation of equilibria in a two-parameter family of
autonomous ODEs at which the critical equilibrium has one zero eigenvalue and the
quadratic coefficient for the saddle–node bifurcation vanishes.

At the cusp bifurcation point, two branches of saddle–node bifurcation curve
meet tangentially, forming a semicubic parabola. For nearby parameter values, the
system can have three equilibria which collide and disappear pairwise via the
saddle–node bifurcations. The cusp bifurcation implies the presence of a hysteresis
phenomenon and observed in two-parameter space which associated to the presence
of bistability and to hysteresis phenomenon. Because the cusp bifurcation can only
be seen in a 2-parameter plane, it is called a co-dimension 2 bifurcation. Suppose

the system dx
dt ¼ f ðx; aÞ; x 2 R

1; a 2 R
2 with a smooth function f, has at a = 0 the

equilibrium x = 0 for which the cusp bifurcation conditions are satisfied, namely

k ¼ fxð0; 0Þ ¼ 0; @f@x ¼ fx and a ¼ 1
2 � fxxð0; 0Þ ¼ 0; @

2f
@x2 ¼ fxx. If we expand of f ðx; aÞ

as a Taylor series with respect to x at x = 0 yields to expression:
f ðx; aÞ ¼P3

j¼0 fjðaÞ � x j þOðx4Þ and since x = 0 is an equilibrium, we have f0(0)
= 0, f(0, 0) = 0. The cusp bifurcation conditions yield f1ð0Þ ¼ fxð0; 0Þ ¼ 0 and

f2ð0Þ ¼ 1
2 � fxxð0; 0Þ ¼ 0. With a parameter-dependent shift of the coordinate n ¼

xþ dðaÞ ) x ¼ n� dðaÞ ) dx
dt ¼

dn
dt and taking into account the f(x,a) expansion

(Taylor series with respect to x at x = 0) yields

dn
dt

¼ ½f0ðaÞ � f1ðaÞ � dþ d2 � uða; dÞ� þ ½f1ðaÞ � 2 � f2ðaÞ � dþ d2 � /ða; dÞ� � n
þ ½f2ðaÞ � 3 � f3ðaÞ � dþ d2 � wða; dÞ� � n2 þ ½f3ðaÞþ d � hða; dÞ� � n3 þOðn4Þ

Let us consider smooth functions u, U, w, h. Since f2(0) = 0, we cannot use the
implicit function theorem to select a function d(a) to eliminate the linear term in n in
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the above equation. There is a smooth shift function d(a), d(0) = 0, which anni-
hilates the quadratic term in the equation for all sufficiently small ||a||, provided that

f3ða ¼ 0Þ ¼ 1
6 � fxxxð0; 0Þ 6¼ 0; @3f

@x3 ¼ fxxx. We denote the coefficient in the front of n2

by F(a,d): Fða; dÞ ¼ f2ðaÞ � 3f3ðaÞ � dþ d2 � wða; dÞ, additionally
Fð0; 0Þ ¼ 0; @F@d jð0;0Þ ¼ �3 � f3ða ¼ 0Þ 6¼ 0. Then the implicit function theorem

gives the local existence and uniqueness of a smooth scalar function d = d(a), such
that d(0) = 0 and F(a,d(a)) � 0 for ||a|| small enough. The equation of n, with d(a)
constructed as above contains no quadratic terms. We define parameters.

l = (l1, l2) by the following settings:

l1ðaÞ ¼ f0ðaÞ � f1ðaÞ � dðaÞþ d2ðaÞ � uða; dðaÞÞ; l2ðaÞ
¼ f1ðaÞ � 2 � f2ðaÞ � dðaÞþ d2ðaÞ � /ða; dðaÞÞ

l1 is the n independent term in the equation, while l2 is the coefficient in front of
n and l(0) = 0. The parameters are well-defined if the Jacobian matrix of the map
l = l(a) is nonsingular at a1 = a2 = 0.

det @l
@a

� �
ja¼0 ¼ det

fa1 fa2
fxa1 fxa2

� �
ja¼0 6¼ 0. Then the inverse function theorem

implies the local existence and uniqueness of a smooth inverse function a = a(l)

with a(0) = 0. The equation for n is dndt ¼ l1 þ l2 � nþ cðlÞ � n3 þOðn4Þ.
And cðlÞ ¼ f3ðaðlÞÞþ dðaðlÞÞ � hðaðlÞ; dðaðlÞÞÞ is a smooth function of l and

cðl ¼ 0Þ ¼ f3ða ¼ 0Þ ¼ 1
6 � fxxxð0; 0Þ 6¼ 0. Preform a linear scaling g ¼ n

jcðlÞj
b1 ¼ l1

jcðlÞj ; b2 ¼ l2 ) dg
dt ¼ b1 þ b2 � gþ s � g3 þOðg4Þ; s ¼ signcð0Þ ¼ �1 and

the O(η4) terms can depend smoothly on b. The following lemma exists:

Suppose that a one-dimensional system dx
dt ¼ f ðx; aÞ; x 2 R

1; a 2 R
2 with

smooth f, has at a = 0 the equilibrium x = 0, and let the cusp bifurcation conditions
hold k ¼ fxð0; 0Þ ¼ 0; a ¼ 1

2 � fxxð0; 0Þ ¼ 0. Assuming the following generality
conditions are satisfied: fxxx(0, 0) 6¼ 0; (fa1⋅ fxa2 − fa2 � fxa1)(0, 0) 6¼ 0 and then there
are smooth invertible coordinate and parameter changes transforming the system

into dg
dt ¼ b1 þ b2 � g� � g3 þOðg4Þ . We define a unique and smooth fold bifur-

cation curve C, defined by f(x, a) = 0; fx(x, a) = 0.

Fixed points fulfill dx
dt ¼ 0 ) f ðx; aÞ ¼ 0 and system turning points fulfill

fxðx; aÞ ¼ @f ðx;aÞ
@x ¼ 0, passes through (x, a) = (0, 0) in R3 space with coordinates (x,

a) and can be locally parameterized by x. Given fx(0, 0) = fxx(0, 0) = 0, the
non-degeneracy condition and the transversally condition together are equivalent to
the regularity (non-singularity of the Jacobian matrix) of the map F : R3 ! R3

which defined by F : ðx; aÞ ! ðf ðx; aÞ; fxðx; aÞ; fxxðx; aÞÞ at the point (x, a) = (0, 0).

System dg
dt ¼ b1 þ b2 � g� � g3 þOðg4Þ with the Oðg4Þ terms truncated is called the
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approximate normal form for the cusp bifurcation. The bifurcation diagram show
that higher order terms do not actually change them.

dg
dt ¼ b1 þ b2 � g� � g3 þOðg4Þ ) dg

dt ¼ b1 þ b2 � g� � g3. It is the topological

normal form for the cusp bifurcation. By corresponding s = −1, dgdt ¼ b1 þ b2 �
g� � g3 and the system can have form one to three equilibria. A fold bifurcation
occurs at a bifurcation curve T on the (b1, b2) plane that is given by the projection
of the curve C : b1 þ b2 � g� g3 ¼ 0; b2 � 3 � g2 ¼ 0 onto the parameter plane.
Eliminating η from these equations gives the projection
T ¼ fðb1; b2Þ : 4 � b32 � 27 � b21 ¼ 0g.

b2 � 3 � g2 ¼ 0 ) g ¼ �
ffiffiffiffiffi
b2
3

r
) b1 � b2 �

ffiffiffiffiffi
b2
3

r
� b2

3
�

ffiffiffiffiffi
b2
3

r
¼ 0

) 4 � b32 � 27 � b21 ¼ 0:

It is called a semi cubic parabola. The curve T has two branches, T1 and T2,
which meet tangentially at the cusp point (0, 0). The resulting wedge divides the
parameter plane into two regions. First region inside the wedge, there are three
equilibria, two stable and one unstable. The second region, outside the wedge, there
is a single equilibrium, which is stable. A non-degenerate fold bifurcation with
respect to the parameter b1 takes place if we cross either T1 or T2 at any point other
than the origin. If the T1 curve is crossed from the first region to the second region,
the right stable equilibrium collides with the unstable one and both disappear. The
same happens to the left stable equilibrium and the unstable equilibrium at T2. If we
approach the cusp point from inside first region, all three equilibria merge together

into a triple root of the right-hand side of dgdt ¼ b1 þ b2 � g� � g3. This bifurcation is
presented by plotting the equilibrium manifold of dg

dt ¼ b1 þ b2 � g� � g3.
Equilibrium manifold M ¼ fðg; b1; b2Þ : b1 þ b2 � g� g3 ¼ 0g in R3. The standard
projection of M onto the (b1, b2) plane has singularities of the fold type along C
except the origin, where a cusp singularity shows up. The curve C is smooth
everywhere and has no geometrical singularity at the cusp point. It is the projection
that makes the fold parametric boundary non-smooth. The cusp bifurcation implies
the presence of the phenomenon known as hysteresis. It is a catastrophic “jump” to
a different stable equilibrium which caused by the disappearance of a traced stable
equilibrium via a fold bifurcation as the parameters vary, happens at branch T1 or T2
depending on whether the equilibrium being traced belongs initially to the upper or
lower sheet ofM. If we make a roundtrip in the parameter plane, crossing the wedge
twice, a jump occurs on each branch of T. The case s = 1 can be treated similarly or
reduced to the considered case using the substitutions t! −t, b1 ! −b1, b2 ! −b2.
In this case, the truncated system typically has either one unstable equilibrium or
one stable and two unstable equilibria that can pairwise collide and disappear
through fold bifurcations [5–9, 71, 72].
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A.2 Bautin (Generalized Hopf) Bifurcation

We have a system dV
dt ¼ f ðV ; aÞ; V 2 R

2; a 2 R
2 . f ðV ; aÞ is smooth and has at a =

0 the equilibrium V = 0, which satisfies the Bautin bifurcation conditions. The
equilibrium has purely imaginary eigenvalues k1;2 ¼ �x0 8x0 [ 0 and the first
Lyapunov coefficient vanishes (l1 ¼ 0). Since k = 0 is not an eigenvalue, the
equilibrium in general moves as a varies but remains isolated and close to the origin
for all sufficiently small ||a||. We perform a shift of coordinates that puts this
equilibrium at V = 0 for all a with ||a|| small enough, and assume that f(0, a) � 0.

We can write dVdt ¼ f ðV ; aÞ in a complex form dz
dt ¼ ½lðaÞþ i � xðaÞ� � zþ gðz; z; aÞ;

a 2 C
1 where l, x, g are smooth functions of there arguments, l(0) = 0, x(0) = 0,

and gðz; z; aÞ can be formally by gðz; z; aÞ ¼Pkþ l� 2
1

k!�l! � gklðaÞ � zk � zl; gklðaÞ is a
smooth function.

kðaÞ ¼ lðaÞþ i � xðaÞ ) dz
dt

¼ kðaÞ � zþ gðz; z; aÞ ) dz
dt

¼ kðaÞ � zþ
X

kþ l� 2

1
k! � l! � gklðaÞ � z

k � zl þOðjzj6Þ

l(0) = 0, x(0) = x0 > 0 can be transformed by invertible parameter-dependent
change of the complex coordinate, smoothly depending on the parameters:

z ¼ xþ P
2	 kþ l	 5

1
k!�l! � hklðaÞ � xk � xl; h21ðaÞ ¼ h32ðaÞ ¼ 0 for all sufficiently

small ||a|| into the equation: dxdt ¼ kðaÞ � xþ c1ðaÞ � x � jxj2 þ c2ðaÞ � x � jxj4 þ
Oðjxj6Þ. The coefficients c1(a) and c2(a) are complex and they can be made

simultaneously real by a time re-parameterization. The system dx
dt ¼ kðaÞ � xþ

c1ðaÞ � x � jxj2 þ . . .
Is locally orbit ally equivalent to the system: kðaÞ ¼ mðaÞþ i; c1ðaÞ ¼ l1ðaÞ;

c2ðaÞ ¼ l2ðaÞ

dx
dt

¼ ½mðaÞþ i� � xþ l1ðaÞ � x � jxj2 þ l2ðaÞ � x � jxj4 þOðjxj6Þ

where mðaÞ, l1ðaÞ, l2ðaÞ are real functions, mða ¼ 0Þ ¼ 0 . The real function l2ðaÞ is
called the second Lyapunov coefficient. Suppose that at a Bautin point l1ða ¼ 0Þ 6¼ 0
(B.1). A neighborhood of the point a = 0 can be parametrized by two new param-
eters, the zero locus of the first one corresponding to the Hopf bifurcation condition,
while the simultaneous vanishing of both specifies the Bautin point. mðaÞ is the first
parameter and l1ðaÞ is the second parameter. Both are defined for all sufficiently
small ||a|| and vanish at a = 0. We define our new parameters l1 ¼ mðaÞ and l2 ¼
l1ðaÞ assuming its regularity at a = 0 (B.2)
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mðaÞ ¼ lðaÞ
xðaÞ ja¼0;xða¼0Þ¼x0

¼ lða ¼ 0Þ
x0

; d1ðaÞ ¼ c1ðaÞ
xðaÞ ja¼0;xða¼0Þ¼x0

¼ c1ða ¼ 0Þ
x0

d2ðaÞ ¼ c2ðaÞ
xðaÞ ja¼0;xða¼0Þ¼x0

¼ c2ða¼0Þ
x0

; v, d1, d2 are complex values.

det
@m
@a1

@m
@a2

@l1
@a1

@l1
@a2

 !
ja¼0 ¼

1
x0

� det
@l
@a1

@l
@a2

@l1
@a1

@l1
@a2

 !
ja¼0 6¼ 0

We can write a in terms of l, thus obtaining the equation:

dx
dt

¼ ½l1 þ i� � xþ l2 � x � jxj2 þ L2ðlÞ � x � jxj4 þO jxj6
� �

; L2ðlÞ ¼ l2ðaðlÞÞ

L2 is a smooth function of l, such that L2(0) = l2(0) 6¼ 0 due to (B.1). then
rescaling x ¼ ffiffiffi

4
p jL2ðlÞju; u 2 C

1; b1 ¼ l1; b2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffijL2ðlÞj

p
l2 and we get the

normal form du
dt ¼ ðb1 þ iÞ � uþ b2 � u � juj2 þ s � u � juj4 þOðjuj6Þ; s ¼ signl2ð0Þ

¼ �1.
The results of the last discussion: The planar system, f is smooth with equilib-

rium V = 0; dVdt ¼ f ðV ; aÞ; V 2 R
2; a 2 R

2. The eigenvalues are k1;2ðaÞ ¼ lðaÞ �
i � xðaÞ for all ||a|| sufficiently small, where x(0) = x0 > 0. For a = 0, let the Bautin
bifurcation conditions hold: l(0) = 0, l1(0) = 0 and the system can be reduced to
dz
dt ¼ ðb1 þ iÞ � zþ b2 � z � jzj2 þ s � z � jzj4 þOðjzj6Þ where s ¼ signl2ð0Þ ¼ �1. l1(a)

is the first Lyapunov coefficient and the following conditions hold: (B.1) l2(0) 6¼ 0,
where l2(0) is the second Lyapunov coefficient, (B.2). The map a! (l(a), l1(a))

T is
regular at a = 0. Bautin bifurcation diagram of the normal form: s = −1 and we write

the system dz
dt ¼ ðb1 þ iÞ � zþ b2 � z � jzj2 þ . . .

Without Oðjzj6Þ term in polar coordinates (r, u), where z = r ⋅ ei ⋅u ! r = z ⋅ e−i⋅u

�drdt ¼ r � ðb1 þ b2 � r2 � r4Þ; dudt ¼ 1 . To find our fixed planar radius we set dr/dt =

0 and get drdt ¼ 0 ) r � ðb1 þ b2 � r2 � r4Þ ¼ 0; dudt ¼ 1 which gives some results

rð0Þ ¼ 0; ðb1 þ b2 � ½rðiÞ�2 � ½rðiÞ�4Þ ¼ 0 8 i� 1 and we get r(i) values:

½rðiÞ�2 ¼
b2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 þ 4 � b1

q
2

) rðiÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 þ 4 � b1

q
2

vuut
¼ � 1ffiffiffi

2
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 þ 4 � b1

qr
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We have some possibilities which need to be inspected deeply. We move to
differential equation with complex z variable r 2 R

1 ! z 2 C
1 .

r ¼ z � e�i�u ) dr
dt

¼ dz
dt

� i � z � du
dt

� �
� e�i�u; r ¼ z � e�i�u;

r2 ¼ z2 � e�2�i�u; r4 ¼ z4 � e�4�i�u

dz
dt

� i � z � du
dt

� �
� e�i�u ¼ z � e�i�u � ðb1 þ b2 � z2 � e�2�i�u � z4 � e�4�i�uÞ

dz
dt

� i � z � du
dt

¼ z � b1 þ b2 � z2 � e�2�i�u � z4 � e�4�i�u	 

) dz

dt
¼ i � z � du

dt
þ z � b1 þ b2 � z3 � e�2�i�u � z5 � e�4�i�u

dz
dt

jdu
dt¼1 ¼ z � ½iþ b1� þ b2 � z3 � e�2�i�u � z5 � e�4�i�u

) dz
dt

jdu
dt¼1 ¼ z � ½iþ b1� þ b2 � z � fz2 � e�2�i�ug � z � fz4 � e�4�i�ug

z2 � e�2�i�u ¼ ½z � e�i�u�2jr¼z�e�i�u ¼ jzj2; z4 � e�4�i�u ¼ ½z � e�i�u�4jr¼z�e�i�u ¼ jzj4

We get the equation: dzdt jdudt¼1;Oðjzj6Þ¼0;s¼�1 ¼ z � ½iþ b1� þ b2 � z � jzj2 � z � jzj4

We can see the effect of high-order terms which the system:

dz
dt

¼ ðb1 þ iÞ � zþ b2 � z � jzj2 � z � jzj4 þO jzj6
� �

Is locally topologically equivalent near the origin to the system:
dz
dt ¼ ðb1 þ iÞ � zþ b2 � z � jzj2 � z � jzj4 and any generic two-parameter system.
dV
dt ¼ f ðV ; aÞ; V 2 R

2; a 2 R
2 having at a = 0 an equilibrium V = 0 that exhibits

the Bautin bifurcation, is locally topologically equivalent near the origin to one of

the following complex normal form: dzdt ¼ ðb1 þ iÞ � zþ b2 � z � jzj2 � z � jzj4. The
multidimensional case of the Bautin bifurcation can be treated by the center
manifold reduction to the studied planar case. The topological normal form for
Bautin bifurcation in Rn:

dz
dt ¼ ðb1 þ iÞ � zþ b2 � z � jzj2 þ s � z � jzj4; df�dt ¼ �f�;

dfþ
dt ¼ fþ . To find fixed

points we set dz
dt ¼ 0; df�dt ¼ 0; dfþdt ¼ 0 ) zð0Þ � fðb1 þ iÞþ b2 � jzðiÞj2 þ

s � jzðiÞj4g ¼ 0.
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zð0Þ ¼ 0; ðb1 þ iÞþ b2 � jzðiÞj2 þ s � jzðiÞj4 ¼ 0 8 i� 1; fðiÞ� ¼ 0; fðiÞþ ¼ 0 8 i� 0
where s ¼ signl2ð0Þ ¼ �1; z 2 C

1; f� 2 R
n� , and n− and n+ are the numbers of

eigenvalues of the critical equilibrium with Rek > 0 and Rek < 0, respectively, n− +
n+ + 2 = n. For a system with planar Bautin bifurcation control functions, we

consider dV
dt ¼ FðVÞþGðVÞ � u; V ¼ ðV1;V2ÞT 2 R

2 is the state vector F, G:

R
2 ! R

2 are smooth vector fields, u ¼ uðV ; l; bÞ; l 2 R
2; b 2 R

3, and G(V) ⋅ u is
the control input. Assume that F(0) = 0, G(0) = 0 and J = dF(0) has purely
imaginary eigenvalues k1,2 = ±x0 ⋅ I, x0 � 0, and l ¼ ðl1; l2Þ 2 R

2 is Bautin
bifurcation parameter, b ¼ ðb1; b2; b3Þ 2 R

3 and tr(M) are the control parameters.
b1 determines the stability of the equilibrium point, b2 determines the orientation
and the stability of the limit cycle emerging at a Hopf bifurcation, b3 and tr
(M) establish the orientation and stability of the limit cycles emerging at the Bautin
bifurcation.

M ¼ dGð0Þ ¼
@G1
@V1

@G1
@V2

@G2
@V1

@G2
@V2

 !
jV¼0 ¼ mij

	 

ij¼1;2

We consider the following expression for the scalar function (u):uðV ; l; bÞ ¼
b1 � l1 þðb2 þ l2Þ � ðV2

1 þV2
2 Þþ b3 � ðV2

1 þV2
2 Þ2. We need to find values of the

control parameters b1; b2; b3 and tr(M) such that our system dV
dt ¼ FðVÞþGðVÞ �

u; V ¼ ðV1;V2ÞT 2 R
2 undergoes controllable Bautin bifurcations [5–9, 71, 72].

A.3 Bogdanov–Takens (Double-Zero) Bifurcation

We consider a two-parameter system dV
dt ¼ f ðV ; aÞ;V ¼ ðV1;V2; . . .;VnÞT 2 R

n

a ¼ ða1; a2ÞT 2 R
2 and f is a sufficiently smooth function of (V, a). Suppose that

at a = a0, the system has an equilibrium V = V0 for which either the fold or Hopf
bifurcation conditions are satisfied. There is a bifurcation curve B in the (a1, a2)
plane along which the system has an equilibrium exhibiting the same bifurcation. C
is bifurcation curve in R3 (C 
 R

3). Let the parameters ða1; a2Þ be varied simul-
taneously to track a bifurcation curve C (or B). Then, the following events might
happen to the monitored non-hyperbolic equilibrium at some parameters values:
extra eigenvalues can approach the imaginary axis, thus changing the dimension of
the center manifold Wc, some of the generality conditions for the codim 1 bifur-
cation can be violated. For nearby parameter values we can expect the appearance
of new phase portraits of the system, implying that a codim 2 bifurcation has
occurred. Only violating a non-degeneracy condition can produce new phase por-
traits. If @

@ai
Rek1;2ðaÞ ¼ 0 at the Hopf bifurcation point, then, generically, the
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eigenvalues do not cross the imaginary axis as ai passes the critical value. If we
follow the fold bifurcation curve Bt, a typical point in this curve defines an equi-
librium with a simple zero eigenvalue k1 = 0 and no other eigenvalues on the

imaginary axis. The restriction of dV
dt ¼ f ðV ; aÞ;V ¼ ðV1;V2; . . .;VnÞT 2 R

n to a

center manifold Wc has the form dn
dt ¼ b � n2 þOðn3Þ . An additional real eigen-

value k2 approaches the imaginary axis, and Wc becomes two-dimensional: k1,2 = 0.
These are the conditions for Bogdanov–Takens or double-zero bifurcation. To have
this bifurcation we need n � 2. The Bogdanov-Takens bifurcation can also be
located along Hopf bifurcation curve, as x0 approaches zero. At this point, two
purely imaginary eigenvalues collide and we have double-zero eigenvalue (k1 = k2
= 0). Topological normal form for Bogdanov–Takens (BT) bifurcation: Any

generic planar two-parameter system dV
dt ¼ f ðV ; aÞ having, at a = 0, an equilibrium

that exhibits the Bogdanov–Takens (BT) bifurcation, is locally topologically
equivalent near equilibrium to one of the following normal forms:
dg1
dt ¼ g2;

dg2
dt ¼ b1 þ b2 � g1 þ g21 � g1 � g2. The Bogdanov–Takens bifurcation

gives rise to a limit cycle bifurcation, namely, the appearance of the homoclinic
orbit, for nearby parameter values. There is a global bifurcation in the system. The
following topological normal form for the Bogdanov–Takens bifurcation in Rn:
dg1
dt ¼ g2;

dg2
dt ¼ b1 þ b2 � g1 þ g21 þ s � g1 � g2; df�dt ¼ �f�;

dfþ
dt ¼ fþ

We need to find our system fixed points: dg1dt ¼ 0; dg2dt ¼ 0; df�dt ¼ 0; dfþdt ¼ 0

And we get gðiÞ2 ¼ 0; ½gðiÞ1 �2 þ b2 � gðiÞ1 þ b1 ¼ 0 ) gðiÞ1 ¼ �b2�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b22�4� b1

p
2 ; fðiÞ� ¼ 0;

fðiÞþ ¼ 0. Where s = sign{A(0) ⋅ B(0)} = ±1, ðg1; g2ÞT 2 R
2; f� 2 R

n� , and n− and
n+ are the numbers of eigenvalues of the critical equilibrium with Rek > 0 and
Rek<0, n− + n+ + 2 = n [5–9, 71, 72].

A.4 Fold–Hopf Bifurcation

We have a two-parameter system dV
dt ¼ f ðV ; aÞ;V ¼ ðV1; . . .;VnÞT 2 R

n; a ¼
ða1; a2ÞT 2 R

2.
And f is a sufficiently smooth function of (V, a). The restriction of dV/dt = f(V, a)

to a center manifoldWC has the form dn
dt ¼ b � n2 þOðn2Þ. When two extra complex

eigenvalues k2,3 arrive at the imaginary axis, and WC becomes three-dimensional:
k1 = 0; k2,3 = ±i ⋅ x0, x0 > 0. These conditions correspond to the fold–Hopf
bifurcation (Gavrilov–Guckenheimer/Zero–pair bifurcation). We obviously need
n � 3 for these bifurcations to occur. Now we consider a smooth three-dimensional

system depending on two parameters: dVdt ¼ f ðV ; aÞ;V 2 R
n¼3; a 2 R

2.
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Suppose that at a = 0 the system has the equilibrium V = 0 with one zero
eigenvalue k1 = 0 and a pair of purely imaginary eigenvalues k2,3 = k2,3 = ±i ⋅ x0,
x0 > 0. The following is the deviation of the normal form. We can expand f(V, a)

with respect to V at V = 0, dVdt ¼ f ðV ; aÞ ) dV
dt ¼ aðaÞþAðaÞ � V þFðV ; aÞ where a

(0) = 0, F(V, a) = O(||V||2). Since the eigenvalues k1 = 0; k2,3 = ±i ⋅ x0, x0 > 0 of
the matrix A(0) are simple, the matrix A(a) has simple eigenvalues k1ðaÞ ¼ mðaÞ and
k2;3ðaÞ ¼ lðaÞ � i � xðaÞ for all sufficiently small ||a||, where m, l and x are smooth
functions of a such that mða ¼ 0Þ ¼ lða ¼ 0Þ ¼ 0; xð0Þ ¼ x0 [ 0. These eigen-
values are the eigenvalues of the equilibrium V = 0 at a = 0 but typically a(a) 6¼ 0
for nearby parameter values and the matrix A(a) is not the Jacobian matrix of any

equilibrium point of dV
dt ¼ aðaÞþAðaÞ � V þFðV ; aÞ. The matrix A(a) is well

defined and has two smoothly parameter-dependent eigenvalues:
q0ðaÞ 2 R

3; q1ðaÞ 2 C
3 corresponding to the eigenvalues m(a) and

kðaÞ ¼ lðaÞþ i � xðaÞ, respectively AðaÞ � q0ðaÞ ¼ mðaÞ � q0ðaÞ anAðaÞ � q1ðaÞ ¼
kðaÞ � q1ðaÞ. The ad joint eigenvectors P0ðaÞ 2 R

3&P1ðaÞ 2 C
3 can be defined by

ATðaÞ � P0ðaÞ ¼ mðaÞ � P0ðaÞ;ATðaÞ � P1ðaÞ ¼ kðaÞ � P1ðaÞ. Normalize the eigen-
vectors such that hp0; q0i ¼ hp1; q1i ¼ 1 for all ||a|| small. The following orthog-
onally properties follow from the Fredholm alternative theorem:

hp1; q0i ¼ hp0; q1i ¼ 0. Any real vector V can be represented as V ¼ u �
q0ðaÞþ z � q1ðaÞþ z � q1ðaÞ with u ¼ hP0ðaÞ;Vi; z ¼ hP1ðaÞ;Vi and in coordinates
u 2 R

1; z 2 C
1 we get the following system differential equations:

du
dt ¼ CðaÞþ mðaÞ � uþ gðu; z; z; aÞ; dz

dt ¼ XðaÞþ kðaÞ � zþ hðu; z; z; aÞ; and

CðaÞ ¼ hP0ðaÞ; aðaÞi;XðaÞ ¼ hP1ðaÞ; aðaÞi are smooth functions of a, C(0) = 0,
X(0) = 0 and the following notations:

(*) gðu; z; z; aÞ ¼ hP0ðaÞ;Fðu � q0ðaÞþ z � q1ðaÞþ z � q1ðaÞ; aÞi
(**) hðu; z; z; aÞ ¼ hP1ðaÞ;Fðu � q0ðaÞþ z � q1ðaÞþ z � q1ðaÞ; aÞi
Are smooth functions of u; z; z; a whose Taylor expansions in the first three

arguments start with quadratic terms:

g u; z; z; að Þ ¼
X

jþ kþ l� 2

1
j! � k! � l! � gjklðaÞ � u

j � zk � zl

h u; z; z; að Þ ¼
X

jþ kþ l� 2

1
j! � k! � l! � hjklðaÞ � u

j � zk � zl

cðaÞ is real, and since g must be real, we have gjklðaÞ ¼ gjklðaÞ. Functions gjkl
and hjkl can be computed by formal differentiation of expressions (*) and (**) with
respect to u; z; z. In the three-dimensional case we already describe the fold–Hopf

bifurcation analytically by system dV
dt ¼ f ðV ; aÞ 8 a 2 R

n, n ¼ 3 ) V 2 R
3. If the

non-degeneracy conditions hold: (ZH.1) B(0) ⋅ C(0) ⋅ E(0) 6¼ 0 and (ZH.2) map (V,
a) ! (f(V, a), Tr(fV(V, a)), det(fV(V, a))) is regular at (V, a) = (0, 0). This system is
locally orbit ally smoothly equivalent near the origin to the complex normal form:
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dn
dt ¼ b1 þ n2 þ s � jfj2 þOðjjðn; fÞjj4Þ and df

dt ¼ ðb2 þ i � xÞ � fþðhðbÞþ i �
h1ðbÞÞ � n � fþ n2� fþOðjjðn; fÞjj4Þ:

Where n 2 R; f 2 C; b 2 R
2; s ¼ signBð0Þ � Cð0Þ ¼ �1; hð0Þ ¼ ReH110

Bð0Þ :

When E(0) < 0, the orbital equivalence includes reversal of time.
The bifurcation diagram of the normal form depends on the O-terms, and its

essential features are determined by the form:

dn
dt

¼ b1 þ n2 þ s � r2; dr
dt

¼ r � ðb2 þ hðbÞ � nþ n2Þ; du
dt

¼ xþ h1ðbÞ � n:

The first two equations are independent of the third one, which describes a
monotone rotation. The local bifurcation diagrams of the planar system:

dn
dt ¼ b1 þ n2 þ s � r2; drdt ¼ r � ðb2 þ hðbÞ � nþ n2Þ with (ZH.3) h(0) 6¼ 0.

We can distinguish four cases:

(1) s = 1, h(0) > 0 (subcritical Hopf bifurcations and no tori).
(2) s = −1, h(0) < 0 (subcritical Hopf bifurcations and no tori).
(3) s = 1, h(0) < 0 (sub and supercritical Hopf bifurcations and torus heteroclinic

destruction).
(4) s = −1, h(0) > 0 (sub and supercritical Hopf bifurcations and torus blow up).

The normal form coefficients which are involved in the non-degeneracy condi-
tions (ZH.1) and (ZH.3) can be computed for n � 3 and we write the Taylor
expansion of f(V, 0) at V = 0. We move from V ! x and get

f ðx; aÞ ¼ A � xþ 1
2 � Bðx; xÞþ 1

6 � Cðx; x; xÞþOðjjxjj4Þ where B(x, y) and C(x, y,
z) are the multi linear functions with components:

Bjðx; yÞ ¼
Xn
k;l¼1

@2fjðn; 0Þ
@nk@nl

jn¼0 � xk � yl; Cjðx; y; zÞ ¼
Xn

k;l;m¼1

@3fjðn; 0Þ
@nk@nl@nm

jn¼0 � xk � yl � zm

j = 1, 2, …, n. We have two eigenvectors q0 2 R
n; q1 2 C

n;A � q0 ¼ 0; A � q1 ¼
i � x � q1 and two ad joint eigenvectors p0 2 R

n; p1 2 C
n, AT � p0 ¼ 0;

AT � p1 ¼ �i � x � p1. Normalize them such that hp0; q0i ¼ hp1; q1i ¼ 1. hn;mi is
the inner product of two vectors. G200 ¼ 1

2 � hp0;Bðq0; q0Þi; H110 ¼
hp1;Bðq0; q1Þi; G011 ¼ hp0;Bðq1; q1Þi.

G300 ¼ 1
6
� hp0;Cðq0; q0; q0Þþ 3 � Bðq0; h200Þi

G111 ¼ hp0;C q0; q1; q1ð ÞþB q1; h110
	 
þB q1; h110ð ÞþBðq0; h011Þi
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H210 ¼ 1
2
� hp1;Cðq0; q0; q1Þþ 2 � Bðq0; h110ÞþBðq1; h200Þi

H021 ¼ 1
2
� hp1;C q1; q1; q1ð Þþ 2 � Bðq1; h011ÞþB q1; h020ð Þi; h020

¼ ð2 � i � x � In � AÞ�1 � Bðq1; q1Þ

While the vectors h200, h011, h110 are the solutions of the following non-singular
systems:

A q0
pT0 0

� �
� h200

s

� �
¼ �Bðq0; q0Þþ hp0;Bðq0; q0Þi � q0

0

� �

A q0
pT0 0

� �
� h011

s

� �
¼ �B q1; q1ð Þþ p0;B q1; q1ð Þh i � q0

0

� �

ixIn � A q1
pT1 0

� �
� h110

s

� �
¼ Bðq0; q1Þ � hp1;Bðq0; q1Þi � q1

0

� �

B(0) = G200; C(0) = G011

Eð0Þ ¼ Re H210ð0ÞþH110ð0Þ � ReH021ð0Þ
G011ð0Þ � 3 � G300ð0Þ

2 � G200ð0Þ þ
G111ð0Þ
2G011ð0Þ

� ��

�H021ð0Þ � G200ð0Þ
G011ð0Þ

�

The following theorem is for simple fold-Hopf bifurcation. We consider the

system V ! x ) dx
dt ¼ f ðx; aÞ; x 2 R

3; a 2 R
2 with smooth f function, has at a = 0

the equilibrium at x = 0 with eigenvalues: k1ð0Þ ¼ 0; k2;3 ¼ � i � x0; x0 [ 0.
Let the following generality conditions hold: (ZH0.1) G200(0) ⋅ G011(0) > 0,

(ZH0.2) h0 ¼ ReH110ð0Þ
G200ð0Þ [ 0. (ZH0.3) the map a ! ðcðaÞ; lðaÞÞT is regular at a = 0.

Then the system is locally topologically equivalent near the origin to the system:
dq
dt ¼ b2 � qþ h0 � f � q; dudt ¼ 1; dfdt ¼ b1 þ f2 þ q2, where ðq;u; fÞ are cylindrical

coordinates. q is the radial distance, Euclidean distance from the z axis to the point
P. u azimuth which is the angle between the reference direction on the chosen plane
and the line from the origin to the projection of P on the plane. f is the height,
signed distance from the chosen plane to the point P. For the conversion between
cylindrical and Cartesian coordinate systems, it is convenient to assume that the
reference plane of the former is the Cartesian X–Y plane with equation Z = 0, and
the cylindrical axis is the Cartesian z-axis. Then the z coordinate is the same in both
systems, and the correspondence between cylindrical (q, u) and Cartesian (X, Y) are
the same as for polar coordinates (q, u) ! (X, Y). X ¼ q � cosu;
Y ¼ q � sinu; q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

.
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X ¼ 0& Y ¼ 0 ) u ¼ 0; X� 0 ) u ¼ arcsinðY=qÞ; X\0 ) u
¼ � arcsinðY=qÞþ p:

dq
dt

¼ b2 � qþ h0 � f � q ) f ¼ dq=dt
q

� b2

� �
� 1
h0

) df
dt

¼ d2q=dt2 � q� dq=dt½ �2
q2

( )
� 1
h0

df
dt

¼ b1 þ f2 þ q2 ) d2q=dt2 � q� ½dq=dt�2
q2

( )
� 1
h0

¼ b1 þ
dq=dt
q

� b2

� �2
� 1

h20
þ q2

d2q=dt2 � q� ½dq=dt�2
q2

( )
� h0 ¼ dq=dt

q
� b2

� �2
þ b1 þ q2
	 
 � h20

€q ¼ d2q
dt2

&_q ¼ dq
dt

) €q � q� ½ _q�2
q2

( )
� h0 ¼ _q

q
� b2

� �2
þ b1 þ q2
	 
 � h20

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p
) dq

dt
¼ X2 þ Y2	 
�1

2� X � _X þ Y � _Y
	 
 ¼ X � _X þ Y � _Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

d2q
dt2

¼
_X
� �2 þX � €Xþ _Y

� �2 þ Y � €Y
n o

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p � X� _X þY � _Yf gffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p � X � _Xþ Y � _Y
 �

X2 þ Y2

d2q
dt2

¼
_X
� �2 þX � €X þ _Y

� �2 þ Y � €Y
n o

� X2 þ Y2ð Þ � X � _Xþ Y � _Y
 �2

X2 þ Y2ð Þ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p

€q � q ¼
_X
� �2 þX � €X þ _Y

� �2 þ Y � €Y
n o

� X2 þ Y2ð Þ � X � _Xþ Y � _Y
 �2

X2 þ Y2ð Þ

½ _q�2 ¼ X � _X þ Y � _Y
� �2

X2 þ Y2 ;
_q
q
¼ X � _Xþ Y � _Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

� �
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p ¼ X � _Xþ Y � _Y

X2 þ Y2

We get the first system Cartesian (X, Y) differential equation:
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_X½ �2 þX� €Xþ _Y½ �2 þY � €Y
 �

� X2 þ Y2ð Þ� X� _Xþ Y � _Yf g2

X2 þY2ð Þ � X� _X þY � _Y½ �2
X2 þ Y2

X2 þ Y2ð Þ

8><
>:

9>=
>; � h0

¼ X � _X þ Y � _Y
X2 þ Y2 � b2

� �2
þ b1 þX2 þ Y2	 
 � h20

_X
� �2 þX � €Xþ _Y

� �2 þ Y � €Y
n o

� X2 þ Y2ð Þ � 2 � X � _X þ Y � _Y
 �2

X2 þ Y2ð Þ2

8<
:

9=
; � h0

¼ X � _Xþ Y � _Y
X2 þ Y2 � b2

� �2
þ b1 þX2 þ Y2	 
 � h20

The next step is to get the second system Cartesian (X, Y) differential equation:

u ¼ arcsin
Y
q

� �
¼ arcsin

Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p
� �

; g1ðX; YÞ ¼ Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p ) u

¼ arcsin g1ðX; YÞ

du
dt

¼ du
dg1

� dg1
dt

;
du
dg1

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g21

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Y2

X2 þY2

q ;
dg1
dt

¼
_Y � X2 þ Y2ð Þ � Y � X � _Xþ Y � _Y

	 

X2 þ Y2ð Þ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

dg1
dt

¼
_Y � X2 þ Y2ð Þ � Y � X � _Xþ Y � _Y

	 

X2 þ Y2ð Þ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p ) dg1

dt
¼

_Y � X2 � Y � X � _X

X2 þ Y2ð Þ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p

du
dt

¼ du
dg1

� dg1
dt

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Y2

X2 þY2

q �
_Y � X2 � Y � X � _X

X2 þ Y2ð Þ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p ¼
_YX � Y _X
X2 þ Y2

du
dt

¼ 1 ) 1 ¼
_YX � Y _X
X2 þ Y2 ) X2 þ Y2 ¼ _YX � Y _X

Back to our system cylindrical (q, u, f) representation:
dq
dt ¼ b2 � qþ h0 � f � q; dudt ¼ 1; dfdt ¼ b1 þ f2 þ q2. We can find our fixed point

or the radial distance (q) and height (f) which dq/dt = 0 & df/dt = 0 (limit cycle).

The point (P) go around with du
dt ¼ 1. If dqdt ¼ 0 ) q � ½b2 þ h0 � f� ¼ 0 ) qð0Þ ¼ 0

Appendix A: Stability and Bifurcation Behaviors 707



qð0Þ ¼ 0& df
dt ¼ 0 ) b1 þ ½fð0Þ�2 ¼ 0 ) fð0Þ ¼ � ffiffiffiffiffiffiffiffiffi�b1

p 8b1 	 0. The first

fixed point ðqð0Þ; fð0ÞÞ ¼ ð0;� ffiffiffiffiffiffiffiffiffi�b1
p Þ 8 b1 	 0. If dq

dt ¼ 0 ) q � ½b2 þ h0 � f� ¼ 0

) fð1Þ ¼ � b2
h0

fð1Þ ¼ � b2
h0

&
df
dt

¼ 0 ) b1 þ ½b2
h0
�2 þ ½qð1Þ�2 ¼ 0 ) qð1Þ

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�fb1 þ ½b2

h0
�2g

s
8b1 þ ½b2

h0
�2 	 0

b1 þ ½b2h0�
2 	 0 ) b1 	 � ½b2h0�

2.

The second fixed point ðqð1Þ; fð1ÞÞ ¼ ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�fb1 þ ½b2h0�

2g
q

;� b2
h0
Þ 8 b1 	 � ½b2h0�

2.

Since the radial distance is non-negative value, q � 0 then the second fixed point

ðqð1Þ; fð1ÞÞ ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�fb1 þ ½b2h0�

2g
q

;� b2
h0
Þ 8 b1 	 � ½b2h0�

2 [5–9, 71, 72].

A.5 Hopf–Hopf Bifurcation

We consider a two-parameter system dV
dt ¼ f ðV ; aÞ;V ¼ ðV1;V2; . . .;VnÞT 2 R

n

a ¼ ða1; a2ÞT 2 R
2 and f is a sufficiently smooth function of (V, a). If we follow

a Hopf bifurcation curve BH in the system at a typical point on this curve, the
system has an equilibrium with a simple pair of purely imaginary eigenvalues k1,2 =
±i ⋅ x0, x0 > 0 and no other eigenvalues with Rek = 0. The center manifold WC is
two dimensional in this case, and there are polar coordinates (q, u) for which the

restriction of dVdt ¼ f ðV ; aÞ;V ¼ ðV1;V2; . . .;VnÞT 2 R
n to this manifold is orbit ally

equivalent to dq
dt ¼ l1 � q3 þOðq4Þ; dudt ¼ 1þOðq3Þ. l1 6¼ 0 at a non-degenerate

Hopf point. While moving along the curve, we can encounter two extra complex
conjugate eigenvalues k3,4 approach the imaginary axis, WC becomes
four-dimensional: k1,2 = ±i ⋅ x0, k3,4 = ±i ⋅ x1; x0 > 0 and x1 > 0. These
conditions define the Hopf–Hopf or two pair bifurcation. It is possible only if n �
4. The Hopf–Hopf bifurcation is a bifurcation of an equilibrium point in a
two-parameter family of autonomous ODEs at which the critical equilibrium has
two pairs of purely imaginary eigenvalues (double-Hopf bifurcation). The bifur-
cation point in the parameter plane lies at a transversal intersection of two curves of
Andronov–Hopf bifurcations, two branches of torus bifurcations emanate from

Hopf–Hopf (HH) point. Back to our two-parameter system dV
dt ¼ f ðV ; aÞ;V ¼

ðV1;V2; . . .;VnÞT 2 R
n; a ¼ ða1; a2ÞT 2 R

2, suppose that at a = 0 the system has an
equilibrium V = 0. Assume that its Jacobian matrix A = fV(0, 0) has two pairs of
purely imaginary eigenvalues k1;2 ¼ �i � x1ða ¼ 0Þ; k3;4 ¼ �i � x2ða ¼ 0Þ.
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With x1ða ¼ 0Þ[x2ða ¼ 0Þ. This co-dimension two bifurcation is character-
ized by the conditions Rek1;2 ¼ 0&Rek3;4 ¼ 0 and appears in the open sets of
two-parameter families of smooth ODEs. Two Andronov–Hopf bifurcation curves
intersect transversally at a = 0 and two-torus bifurcation curves emanate from the
point a = 0. In a small fixed neighborhood of V = 0 for parameter values sufficiently
close to a = 0, the system has at most one equilibrium, which can undergo the
Andronov–Hopf bifurcations, producing limit cycle. Each torus bifurcation of these
limit cycles generates an invariant two-dimensional torus with periodic or
quasiperiodic orbits. We consider now system with n = 4,

dV
dt ¼ f ðV ; aÞ;V ¼ ðV1; ::;V4ÞT 2 R

n¼4. If the following non-degeneracy condi-

tions hold: k � x1ða ¼ 0Þ 6¼ l � x2ða ¼ 0Þ 8 k; l[ 0; kþ l	 3. The map
a ! ðRek1ðaÞ;Rek3ðaÞÞ.

Where k1;3ðaÞ are eigenvalues of the continuation of the critical equilibrium for
small ||a|| such that k1ða ¼ 0Þ ¼ i � x1ða ¼ 0Þ; k3ða ¼ 0Þ ¼ i � x2ða ¼ 0Þ, is reg-
ular at a = 0. This system is locally orbitally smoothly equivalent near the origin to
the Poincare normal form:

dv1
dt

¼ ðb1 þ i � x1ðbÞÞ � v1 þG2100ðbÞ � v1 � jv1j2 þG1011ðbÞ � v1
� jv2j2 þO jj v1; v1; v2; v2ð Þjj4

� �
dv2
dt

¼ ðb2 þ i � x2ðbÞÞ � v2 þH1110ðbÞ � v2 � jv1j2 þH0021ðbÞ � v2
� jv2j2 þO jj v1; v1; v2; v2ð Þjj4

� �

Where v1; v2 2 C; b 2 R
2 and Gjklm(b), Hjklm(b) are complex values smooth

functions. We will discuss later the formulas for G2100(b = 0), G1011(b = 0), H1110(b
= 0), and H0021(b = 0). The normal form is particularly simple in polar coordinates
(rk, uk), k = 1, 2, where it takes the form:

dr1
dt

¼ r1 � b1 þ a11ðbÞ � r21 þ a12ðbÞ � r22
� �þO r21 þ r22

	 
2� �
dr2
dt

¼ r2 � b2 þ a21ðbÞ � r21 þ a22ðbÞ � r22
� �þO r21 þ r22

	 
3� �
du1

dt
¼ x1ðbÞþO r21 þ r22

	 

;
du2

dt
¼ x2ðbÞþO r21 þ r22

	 

a11ðbÞ ¼ ReG2100ðbÞ; a12ðbÞ ¼ ReG1011ðbÞ; a21ðbÞ ¼ ReH1110ðbÞ; a22ðbÞ

¼ ReH0021ðbÞ
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Remark The O—terms are 2p periodic in uk. The bifurcation diagram of the
normal form depends on the O—terms, some of its features are determined by the

truncated normal form: du1

dt ¼ x1ðbÞ; du2

dt ¼ x2ðbÞ

dr1
dt

¼ r1 � b1 þ a11ðbÞ � r21 þ a12ðbÞ � r22
� �

;
dr2
dt

¼ r2 � b2 þ a21ðbÞ � r21 þ a22ðbÞ � r22
� �

The first two equations are independent of the last two defining monotone
rotations. The local bifurcation diagrams of the planar amplitude system:

dr1
dt

¼ r1 � b1 þ a11ðbÞ � r21 þ a12ðbÞ � r22
� �

;
dr2
dt

¼ r2 � b2 þ a21ðbÞ � r21 þ a22ðbÞ � r22
� �

Satisfying some extra generality conditions and there are two cases which should
be distinguished: first when there is no periodic orbits in the amplitude system
a11(0) ⋅ a22(0) > 0 and second when there is a possible periodic and heteroclinic
orbits in the amplitude system a11(0) ⋅ a22(0) < 0. Each case includes many sub-

cases depending on h ¼ a12ð0Þ
a22ð0Þ ; d ¼ a21ð0Þ

a11ð0Þ. The equilibrium r1 = 0; r2 = 0 of the

amplitude system corresponds to the equilibrium of the 4D system
dV
dt ¼ f ðV ; aÞ;V ¼ ðV1; ::;V4ÞT 2 R

n¼4. Nonzero equilibrium (r1, 0) and (0, r2)

corresponds to limit cycles, while positive equilibria (r1, r2); r1 > 0, r2 > 0
correspond to invariant 2D tori. The limit cycles of the amplitude system corre-
spond to invariant 3D tori. The appearance of an equilibrium (r1, 0) and (0, r2) in
the amplitude system corresponds to Andronov–Hopf bifurcation, while branching
of a positive equilibrium from one of the above implies a torus bifurcation of the
corresponding limit cycle. The cubic coefficients in the normal form can be com-
puted for n � 4. First we write the Taylor expansion of f(V, a = 0) at V = 0 as
f ðV ; aÞ ¼ A � V þ 1

2 � BðV ;VÞþ 1
6 � CðV ;V ;VÞþOðjjV jj4Þ.

Where B(x, y) and C(x, y, z) are the multilinear functions with components:

Bjðx; yÞ ¼
Xn
k;l¼1

@2fjðn; 0Þ
@nk@nl

jn¼0 � xk � yl; Cjðx; y; zÞ

¼
Xn

k;l;m¼1

@3fjðn; 0Þ
@nk@nl@nm

jn¼0 � xk � yl � zm; j ¼ 1; 2; . . .; n

[5–9, 71, 72].
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A.6 Neimark–Sacker (Torus) Bifurcation

Continuous time dynamical systems with phase space dimension n > 2 can have
invariant tori. An invariant two-dimensional torus T2 appears through a generic
Neimark–Sacker bifurcation. A stable cycle in R3 can lose stability when a pair of
complex conjugate multipliers crosses the unit cycle. Then, provided there are no
strong resonances and the cubic normal form coefficient has the proper sign, a
smooth, stable, invariant torus bifurcates from the cycle. There are changes of the
orbit structure on an invariant two-torus under variation of the parameters of the
system. We discuss now the “normal form” of Neimark–Sacker bifurcation. We can
describe two-dimensional discrete-time system depending on one parameter by the
following transformation:

x1
x2

 !
! ð1þ aÞ � cos h � sin h

sin h cos h

� �
� x1

x2

 !
þðx21 þ x22Þ �

cos h � sin h
sin h cos h

� �

� d �b
b d

� �
� x1

x2

 !

Where a is the parameter; h = h(a); b = b(a); d = d(a) are smooth functions; and
0 < h(a = 0) < p; d(a = 0) 6¼ 0. This system has the fixed point x1 = x2 = 0 for all a

with Jacobian matrix A ¼ ð1þ aÞ � cos h � sin h
sin h cos h

� �
. The matrix has eigenvalues

l1;2 ¼ ð1þ aÞ � e�i� h which takes the map invertible near the origin for all small |a|.
The fixed point at the origin is non-hyperbolic at a = 0 due to a complex conjugate
pair of the eigenvalues on the unit cycle.

A ¼ ð1þ aÞ � cos h � sin h
sin h cos h

� �
) A� k � I

¼ ð1þ aÞ � cos h� k �ð1þ aÞ � sin h
ð1þ aÞ � sin h ð1þ aÞ � cos h� k

� �

detfA� k � Ig ¼ 0 ) fð1þ aÞ � cos h� kg2 þð1þ aÞ2 � sin2 h ¼ 0

fð1þ aÞ � cos h� kg2 þð1þ aÞ2 � sin2 h ¼ ð1þ aÞ2 � cos2 h� 2 � k � ð1þ aÞ
� cos hþ k2 þð1þ aÞ2 � sin2 h

ð1þ aÞ2 � cos2 h� 2 � k � ð1þ aÞ � cos hþ k2 þð1þ aÞ2 � sin2 h ¼ ð1þ aÞ2 � ðcos2 hþ sin2 hÞ
� 2 � k � ð1þ aÞ � cos hþ k2 ¼ k2 � 2 � k � ð1þ aÞ � cos hþð1þ aÞ2
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detfA� k � Ig ¼ 0 ) k2 � 2 � k � ð1þ aÞ � cos hþð1þ aÞ2 ¼ 0

l1;2 ¼ k1;2 ¼
2 � ð1þ aÞ � cos h�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � ð1þ aÞ2 � cos2 h� 4 � ð1þ aÞ2

q
2

l1;2 ¼ k1;2 ¼ ð1þ aÞ � cos h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ aÞ2 � ½cos2 h� 1�

q
¼ ð1þ aÞ � fcos h�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½cos2 h� 1�

p
g

l1;2 ¼ k1;2 ¼ ð1þ aÞ � fcos h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þ � ½1� cos2 h�

p
g ¼ ð1þ aÞ � fcos h� i � sin hg ¼ ð1þ aÞ � e�i� h

Analyzing the corresponding bifurcation, first we define the complex variable
z ¼ x1 þ i � x2 ! �z ¼ x1 � i � x2 ! jzj2 ¼ z � �z ¼ x21 þ x22 and set d1 = d + i ⋅ b. The
equation for z: z ! ei� h � z � ð1þ aþ d1 � jzj2Þ ¼ l � zþ c1 � z � jzj2 where
l ¼ lðaÞ ¼ ð1þ aÞ � ei� hðaÞ.

And c1 ¼ c1ðaÞ ¼ ei� hðaÞ � d1ðaÞ are complex functions of the parameter a � z !
ð1þ aÞ � ei� hðaÞ � zþ ei� hðaÞ � d1ðaÞ � z � jzj2. We define z ¼ q � ei�u ) q ¼ jzj.

q ! q � j1þ aþ d1ðaÞ � q2j. We can get the mathematical expression:

j1þ aþ d1ðaÞ � q2j ¼ ð1þ aÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 � dðaÞ

1þ a
� q2 þ jd1ðaÞj2

ð1þ aÞ2 � q
4

s

¼ 1þ aþ dðaÞ � q2 þOðq4Þ

We get the following polar form of the system:

q ! q � 1þ aþ dðaÞ � q2	 
þ q4 � RaðqÞ; u ! uþ hðaÞþ q2 � QaðqÞ

R, Q are smooth functions of (q, a). Bifurcations of the systems’s phase portrait
as a passes through zero can easily be analyzed using the latter form since the
mapping for q is independent of u. The first equation q ! q � . . .

Defines a one-dimensional dynamical system that has the fixed point q = 0 for all
values of a. The point is linearly stable if a < 0; for a > 0 the point becomes linearly
unstable. The stability of the fixed point at a = 0 is determined by the sign of the
coefficient d(a = 0). Suppose that d(a = 0) < 0 then the origin is stable at a = 0. The

q-map has an additional stable fixed point q0ðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
� a

dðaÞ
q

þOðaÞ for a > 0. The u

map of u ! uþ hðaÞþ q2 � QaðqÞ describes a rotation by an angle depending on q
and a and it is approximately equal to h(a). By superposition of the mapping
defined by q ! q � . . .; u ! uþ . . ., we obtain the bifurcation diagram for the
original two-dimensional system. The system always has a fixed point at the origin.
This point is stable for a < 0 and unstable for a > 0. The invariant curves of the
system near the origin look like the orbits near the stable focus of a continuous time
system for a < 0 and like orbits near the unstable focus for a > 0. At the critical
parameter value a = 0 the point is nonlinear stable. The fixed point is surrounded
for a > 0 by an isolated closed invariant curve that is unique and stable. The curve is
a circle of radius q0(a). All orbits starting outside or inside the closed invariant
curve, except at the origin, tend to the curve under iterations
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q ! q � . . .; u ! uþ . . .. This is a Neimark–Sacker bifurcation. This bifurcation
can also be presented in (x1, x2, a) space. The appearing family of closed invariant
curves, parameterized by a, forms a parabolic surface. The case d(a = 0) > 0 can be
analyzed in the same way. The system undergoes the Neimark–Sacker bifurcation
at a = 0. There is an unstable closed invariant curve that disappears when a crosses
zero from negative to positive values. Any generic two-dimensional system
undergoing a Neimark–Sacker bifurcation can be transformed into the form

x1
x2

� �
! ð1þ aÞ � cos h � sin h

sin h cos h

� �
� x1

x2

� �
þ x21 þ x22
	 
 � cos h � sin h

sin h cos h

� �

� d �b
b d

� �
� x1

x2

� �
þO xk k4

� �

Oðjjxjj4Þ is higher order terms and can depend smoothly on a. Oðjjxjj4Þ terms do
not affect the bifurcation of the closed invariant curve. That is, a locally unique
invariant curve bifurcates from the origin in the same direction and with the same
stability as in the system without higher order terms. Consider a system x !
f ðx; aÞ; x ¼ ðx1; x2ÞT 2 R

2; a 2 R
1 with a smooth function f, which has at a = 0 the

fixed point x = 0 with simple eigenvalues l1;2 ¼ e�i� h0 , 0 < h0 < p. By the implicit
function theorem, the system has a unique fixed point x0(a) in some neighborhood
of the origin for all sufficiently small |a| since l = 1 is not an eigenvalue of the
Jacobian matrix. We can perform a parameter-dependent coordinate shift, placing
this fixed point at the origin. We may assume without loss of generality that x = 0 is
the fixed point of the system for |a| sufficiently small. Thus the system can be
written as x ! AðaÞ � xþFðx; aÞ where F is a smooth vector function whose
components F1,2 have Taylor expansions in x starting with at least quadratic terms,
F(x = 0, a) = 0 for all sufficiently small |a|. The Jacobian matrix A(a) has two
multipliers: l1;2ðaÞ ¼ rðaÞ � e�i�uðaÞ where r(a = 0) = 1; u(a = 0) = h0. Thus
l1;2ða ¼ 0Þ ¼ e�i� h0 and r(a) = 1 + b(a) for some smooth function b(a), b(a = 0) =
0. If b′(a = 0) 6¼ 0 then we can use b as a new parameter and express the multipliers
in terms of b, l1(b) = l(b), l2(b) 6¼ l(b) where h(b) is a smooth function such that
h(b = 0) = h0 and l1ðbÞ ¼ lðbÞ ¼ ð1þ bÞ � ei� hðbÞ; l2ðbÞ ¼ �lðbÞ ¼
ð1þ bÞ � e�i� hðbÞ. We summarize our last discussion by two theorems:
Theorem A Suppose a two-dimensional discrete-time system x ! f ðx; aÞ, x 2
R

2; a 2 R
1 with smooth f function, has, for all sufficient small |a|, the fixed point

x = 0 with multipliers l1;2ðaÞ ¼ rðaÞ � e�i�uðaÞ where r(a = 0) = 1; u(a = 0) = h0.

Let the following conditions be satisfied: r0ða ¼ 0Þ 6¼ 0& ei�k� h0 6¼
1 8 k ¼ 1; 2; 3; 4:

Then, there are smooth invertible coordinate and parameter changes trans-
forming the system into
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y1
y2

� �
! ð1þ bÞ � cos hðbÞ � sin hðbÞ

sin hðbÞ cos hðbÞ

� �
� y1

y2

� �

þðy21 þ y22Þ �
cos hðbÞ � sin hðbÞ
sin hðbÞ cos hðbÞ

� �
� dðbÞ �bðbÞ

bðbÞ dðbÞ

� �
� y1

y2

� �
þO jjyjj4

� �

h b ¼ 0ð Þ ¼ h0; d b ¼ 0ð Þ ¼ Re e�i� h
0 � c1 b ¼ 0ð Þ �

:

Theorem B For any generic two-dimensional one parameter system x ! f(x, a)
having at a = 0 the fixed point x0 = 0 with complex multipliers l1;2 ¼ e�i� h0 , there is
a neighborhood of x0 in which a unique closed invariant curve bifurcates from x0 as
a passes through zero. (Generic Neimark–Sacker bifurcation [5–9, 71, 72].)
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Appendix B
Phototransistor Circuit with Double
Coupling LEDs

One of the innovative optoisolation circuit is phototransistor with double coupling
LEDs which is implemented in many engineering applications. The circuit’s ele-
ments are one phototransistor (Q1), two LEDs (D1, D2), two capacitors (C1, C2),
inductor (L1), resistor (R1) and switch (S1). LEDs light strike in the base window of
phototransistor (Q1). We can take Q1-LEDs coupling as two dependent current
sources which inject current to Q1’s base. IBQ1 ¼ k1 � ID1; IBQ2 ¼ k2 � ID2. The cir-
cuit is describe in Fig. B.1.

Capacitor C1 is initially charge to high voltage, bigger than phototransistor
Collector–Emitter breakover voltage. Capacitor C2 voltage is initially close to zero.
VC1ðt ¼ 0Þ[ 0;VC1ðt ¼ 0Þ � VCEQ1ðbreakÞ; IL1ðt ¼ 0Þ ¼ 0;VC2ðt ¼ 0Þ ! e. At t =
0 we move switch S1 from OFF to ON state and analyze our circuit dynamics.

VD1 ¼ Vt � ln ID1
I0

þ 1
� �

;VD2 ¼ Vt � ln ID2
I0

þ 1
� �

;VðtÞ ¼ VL1 þVD1

þVCEQ1 þVD2

.

Fig. B.1 Photo transistor circuit with double coupling LEDs
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Now we need to implement the Regular Ebers–Moll Model to the Opto coupler
circuit.

Ide ¼ ar�Ic�Ie
ar� af�1 and Idc ¼ Ic�Ie� af

ar� af�1, We now can get the expression for Vbe and Vbc.

VBEQ1 ¼ Vt � ln ar�ICQ1�IEQ1
Ise�ðar� af�1Þ
� �

þ 1
h i

and VBCQ1 ¼ Vt � ln ICQ1�IEQ1� af
Isc�ðar� af�1Þ
� �

þ 1
h i

Vce = Vcb + Vbe, but Vcb = −Vbc, then Vce = Vbe − Vbc

Vce ¼ Vt � lnVt � ln ar � ICQ1 � IEQ1
Ise � ðar � af � 1Þ
� �

þ 1
� �

� Vt

� ln ICQ1 � IEQ1 � af
Isc � ðar � af � 1Þ
� �

þ 1
� �

VCEQ1 ¼ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ICQ1 � IEQ1 � afð Þþ Isc � ðar � af � 1Þ

� �
þVt � ln Isc

Ise

� �
; IR1 ¼ ID1 ¼ IC1

Isc
Ise

! 1 ) Vt � ln Isc
Ise

� �
! e ) VCEQ1

’ Vt � ln ðar � ICQ1 � IEQ1Þþ Ise � ðar � af � 1Þ
ICQ1 � IEQ1 � afð Þþ Isc � ðar � af � 1Þ

� �

IBQ1 ¼ k1 � ID1 þ k2 � ID2; ICQ1 ¼ ID1 � IC2 ) ID1 ¼ ICQ1 þ IC2; ID2 ¼ IEQ1
¼ IBQ1 þ ICQ1

The equivalent circuit of our photo transistor with double coupling LEDs is in
Fig. B.2:

ID2 ¼ IEQ1 ¼ IBQ1 þ ICQ1; ID1 ¼ IL1 ¼ IC1 ¼ IR1 ¼ IC2 þ ICQ1;

IBQ1 ¼ k1 � ðIC2 þ ICQ1Þþ k2 � IEQ1

IEQ1 ¼ IBQ1 þ ICQ1 ¼ k1 � ðICQ1 þ IC2Þþ k2 � IEQ1 þ ICQ1
) IEQ1 � ð1� k2Þ ¼ k1 � ðICQ1 þ IC2Þþ ICQ1

IEQ1 ¼ 1
ð1� k2Þ � k1 � ðICQ1 þ IC2Þþ ICQ1

 � ¼ ICQ1 � ðk1 þ 1Þ
ð1� k2Þ þ IC2 � k1

ð1� k2Þ

VðtÞ ¼ VL1 þVD1 þVCEQ1 þVD2;VC2 ¼ VCEQ1 þVD2 ¼ VCEQ1 þVt � ln ID2
I0

þ 1
� �

VC2 ¼ VCEQ1 þVD2 ¼ VCEQ1 þVt � ln IEQ1
I0

þ 1
� �

; IC2 ¼ C2 � dVC2

dt
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ar � ICQ1 � IEQ1 ¼ ar � ICQ1 � ICQ1 � ðk1 þ 1Þ
ð1� k2Þ þ IC2 � k1

ð1� k2Þ
� �

¼ ICQ1 � ar � ð1þ k1Þ
ð1� k2Þ

� �
� IC2 � k1

ð1� k2Þ

ICQ1 � IEQ1 � af ¼ ICQ1 � ICQ1 � ðk1 þ 1Þ
ð1� k2Þ þ IC2 � k1

ð1� k2Þ
� �

� af

¼ ICQ1 � 1� ð1þ k1Þ � af
ð1� k2Þ

� �
� IC2 � k1 � af

ð1� k2Þ

We define the following parameters for simplicity: A1 ¼ ð1þ k1Þ
ð1�k2Þ ;A2 ¼ k1

ð1�k2Þ

A1ðk1; k2Þ ¼ ð1þ k1Þ
ð1� k2Þ ;A2ðk1; k2Þ ¼ k1

ð1� k2Þ ;
ar � ICQ1 � IEQ1 ¼ ICQ1 � ðar � A1Þ � IC2 � A2

ICQ1 � IEQ1 � af ¼ ICQ1 � ½1� A1 � af � � IC2 � A2 � af ; ar � ICQ1 � IEQ1
¼ ICQ1 � ðar � A1Þ � IC2 � A2

VC2 ¼ VCEQ1 þVD2 ¼ VCEQ1 þVt � ln ID2
I0

þ 1
� �

¼ VCEQ1 þVt � ln IEQ1
I0

þ 1
� �

Fig. B.2 Photo transistor circuit with double coupling LEDs equivalent circuit
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VCEQ1 ’ Vt � ln ICQ1 � ðar � A1Þ � IC2 � A2 þ Ise � ðar � af � 1Þ
ICQ1 � ½1� A1 � af � � IC2 � A2 � af þ Isc � ðar � af � 1Þ
� �

IC2 ¼ C2 � dVC2

dt
¼ C2 � d

dt
VCEQ1 þVt � ln IEQ1

I0
þ 1

� �� �
;

IEQ1 ¼ ICQ1 � ðk1 þ 1Þ
ð1� k2Þ þ IC2 � k1

ð1� k2Þ ¼ ICQ1 � A1 þ IC2 � A2

IC2 ¼ C2 � dVC2

dt
¼ C2 � d

dt
VCEQ1 þVt � ln IEQ1

I0
þ 1

� �� �

¼ C2 � d
dt

VCEQ1 þVt � ln ICQ1 � A1 þ IC2 � A2

I0
þ 1

� �� �

IC1 ¼ IR1 ¼ IL1 ¼ ID1;VC1 ¼ R1 � IC1 þVD1 þVL1 þVC2

¼ R1 � IC1 þVD1 þVL1 þVCEQ1 þVD2

VC1 ¼ R1 � IC1 þVD1 þVL1 þVC2

¼ R1 � C1 � dVC1

dt
þVt � ln ID1

I0
þ 1

� �
þVL1 þVC2

IC1 ¼ C1 � dVC1

dt
) VC1 ¼ 1

C1
�
Z

IC1 � dt;VL1 ¼ L1 � dIL1dt

VC1 ¼ R1 � C1 � dVC1

dt
þVt � ln ID1

I0
þ 1

� �
þVL1

þVC2 ¼ R1 � IC1 þVt � ln IC2 þ ICQ2
I0

þ 1
� �

þ L1 � dIC1dt
þVC2

VC1 ¼ R1 � IC1 þVt � ln IC2 þ ICQ2
I0

þ 1
� �

þ L1 � dIC1dt

þVC2 ) 1
C1

�
Z

IC1 � dt ¼ R1 � IC1 þVt � ln IC2 þ ICQ2
I0

þ 1
� �

þ L1 � dIC1dt
þVC2

d
dt

1
C1

�
Z

IC1 � dt
� �

¼ d
dt

R1 � IC1 þVt � ln IC2 þ ICQ2
I0

þ 1
� �

þ L1 � dIC1dt
þVC2

� �

1
C1

� IC1 ¼ R1 � dIC1dt
þVt � 1

IC2 þ ICQ2
I0

þ 1
� 1
I0
� dIC2

dt
þ dICQ2

dt

� �
þ L1 � d

2IC1
dt2

þ dVC2

dt

�ð Þ 1
C1

� IC1 ¼ R1 � dIC1dt
þVt �

dIC2
dt þ dICQ2

dt

� �
ðIC2 þ ICQ2 þ I0Þ þ L1 � d

2IC1
dt2

þ dVC2

dt
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VC2 ¼ VCEQ1 þVt � ln IEQ1
I0

þ 1
� �

¼ VCEQ1 þVt � ln ICQ1 � A1 þ IC2 � A2

I0
þ 1

� �

dVC2

dt
¼ dVCEQ1

dt
þVt � 1

ICQ1�A1 þ IC2�A2

I0
þ 1

� 1
I0
� dICQ1

dt
� A1 þ dIC2

dt
� A2

� �

��ð Þ dVC2

dt
¼ dVCEQ1

dt
þVt � 1

ICQ1 � A1 þ IC2 � A2 þ I0
� dICQ1

dt
� A1 þ dIC2

dt
� A2

� �

ð��Þ ) ð�Þ ) 1
C1

� IC1 ¼ R1 � dIC1dt
þVt �

dIC2
dt þ dICQ2

dt

� �
ðIC2 þ ICQ2 þ I0Þ þ L1 � d

2IC1
dt2

þ dVCEQ1

dt

þVt � 1
ICQ1 � A1 þ IC2 � A2 þ I0

� dICQ1
dt

� A1 þ dIC2
dt

� A2

� �

IC1 ¼ IC2þ ICQ1 ) 1
C1

� ðIC2 þ ICQ1Þ ¼ R1 � d IC2 þ ICQ1ð Þ
dt

þVt �
dIC2
dt þ dICQ2

dt

� �
IC2þ ICQ2 þ I0ð Þ

þ L1 � d
2 IC2þ ICQ1ð Þ

dt2
þ dVCEQ1

dt
þVt � 1

ICQ1 � A1 þ IC2 � A2 þ I0
� dICQ1

dt
� A1 þ dIC2

dt
� A2

� �

IC1 ¼ IC2þ ICQ1 ) 1
C1

� IC2 þ ICQ1ð Þ ¼ R1 � dIC2
dt

þ dICQ1
dt

� �
þVt �

dIC2
dt þ dICQ2

dt

� �
IC2 þ ICQ2þ I0ð Þ

þ L1 � d2IC2
dt2

þ d2ICQ1
dt2

� �
þ dVCEQ1

dt
þVt � 1

ICQ1 � A1 þ IC2 � A2 þ I0
� dICQ1

dt
� A1 þ dIC2

dt
� A2

� �

IC2 ¼ C2 � dVC2

dt
¼ C2 � dVCEQ1

dt

�

þVt � 1
ICQ1�A1 þ IC2�A2

I0
þ 1

� 1
I0
� dICQ1

dt
� A1 þ dIC2

dt
� A2

� �)

IC2 ¼ C2 � dVC2

dt
¼ C2 � dVCEQ1

dt

�

þVt � 1
ICQ1 � A1 þ IC2 � A2 þ I0

� dICQ1
dt

� A1 þ dIC2
dt

� A2

� ��

IC2 ¼ C2 � dVC2

dt
¼ C2 � dVCEQ1

dt
þ

C2 � Vt � dICQ1
dt � A1 þ dIC2

dt � A2

h i
ICQ1 � A1 þ IC2 � A2 þ I0
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Back to our VCEQ1 expression:

VCEQ1 ’ Vt � ln ICQ1 � ðar � A1Þ � IC2 � A2 þ Ise � ðar � af � 1Þ
ICQ1 � ½1� A1 � af � � IC2 � A2 � af þ Isc � ðar � af � 1Þ
� �

We define two functions g1, g2: g1 ¼ g1ðICQ1; IC2Þ; g2 ¼ g2ðICQ1; IC2Þ

g1 ¼ g1 ICQ1; IC2ð Þ ¼ ICQ1 � ar � A1ð Þ � IC2 � A2 þ Ise � ðar � af � 1Þ

g2 ICQ1; IC2ð Þ ¼ ICQ1 � ½1� A1 � af � � IC2 � A2 � af þ Isc � ðar � af � 1Þ

VCEQ1 ’ Vt � ln g1
g2

� �
) dVCEQ1

dt
¼ Vt � g2

g1
�

dg1
dt � g2 �

dg2
dt � g1

n o
g22

¼ Vt
g1 � g2 �

dg1
dt

� g2 � dg2
dt

� g1
� �

We define the following (***) VCEQ1 ’ Vt
g1�g2 �

dg1
dt � g2 �

dg2
dt � g1

n o

IC2 ¼ C2 � dVC2

dt
) ð� � ��Þ IC2 � 1

C2
¼ dVCEQ1

dt
þ

Vt � dICQ1
dt � A1 þ dIC2

dt � A2

h i
ICQ1 � A1 þ IC2 � A2 þ I0

dVCEQ1

dt
¼ IC2 � 1

C2
�
Vt � dICQ1

dt � A1 þ dIC2
dt � A2

h i
ICQ1 � A1 þ IC2 � A2 þ I0

ð� � ��Þ ) ð�Þ 1
C1

� IC2 þ ICQ1ð Þ ¼ R1 � dIC2
dt

þ dICQ1
dt

� �
þVt �

dIC2
dt þ dICQ2

dt

� �
IC2 þ ICQ2 þ I0ð Þ

þ L1 � d2IC2
dt2

þ d2ICQ1
dt2

� �
þ IC2 � 1

C2

IC2 � 1
C1

� 1
C2

� �
þ 1

C1
� ICQ1 ¼ R1 � dIC2

dt
þ dICQ1

dt

� �
þVt �

dIC2
dt þ dICQ2

dt

� �
ðIC2 þ ICQ2 þ I0Þ

þ L1 � d2IC2
dt2

þ d2ICQ1
dt2

� �

We use the approximation: 1
C1

� 1
C2

) C1  C2 ) 1
C1
� 1

C2
� 1

C1

1
C1

� IC2 þ ICQ1
 � ¼ R1 � dIC2

dt
þ dICQ1

dt

� �
þVt �

dIC2
dt þ dICQ2

dt

� �
ðIC2 þ ICQ2 þ I0Þ

þ L1 � d2IC2
dt2

þ d2ICQ1
dt2

� �
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We define a new variable X ¼ IC2 þ ICQ1; dXdt ¼
dIC2
dt þ dICQ1

dt
d2

X
dt2 ¼ d2

IC2
dt2 þ d2

ICQ1
dt2

and get the last equation which expressed as a function of X variable.

1
C1

� X ¼ R1 � dXdt þVt �
dX
dt

ðXþ I0Þ þ L1 � d
2X
dt2

) 1
C1

� X � ðX þ I0Þ

¼ R1 � ðXþ I0Þ � dXdt þVt � dXdt þ L1 � ðX þ I0Þ � d
2X
dt2

1
C1

� X2 þ I0
C1

� X ¼ R1 � X � dX
dt

þR1 � I0 � dXdt þVt � dXdt þ L1 � X � d
2X
dt2

þ L1 � I0 � d
2X
dt2

1
C1

� X2 þ I0
C1

� X ¼ R1 � X � dX
dt

þðR1 � I0 þVtÞ � dXdt þ L1 � X � d
2X
dt2

þ L1 � I0 � d
2X
dt2

ð� � �Þ ) ð� � ��Þ ) IC2 � 1
C2

¼ Vt
g1 � g2 �

dg1
dt

� g2 � dg2
dt

� g1
� �

þ
Vt � dICQ1

dt � A1 þ dIC2
dt � A2

h i
ICQ1 � A1 þ IC2 � A2 þ I0

We add ICQ1 � 1
C2

term to above equation two sides.

IC2 � 1
C2

þ ICQ1 � 1
C2

¼ Vt
g1 � g2 �

dg1
dt

� g2 � dg2
dt

� g1
� �

þ
Vt � dICQ1

dt � A1 þ dIC2
dt � A2

h i
ICQ1 � A1 þ IC2 � A2 þ I0

þ ICQ1 � 1
C2

We define n ¼ Vt
g1�g2 �

dg1
dt � g2 �

dg2
dt � g1

n o
þ

Vt � dICQ1

dt
�A1 þdIC2

dt
�A2

h i
ICQ1�A1 þ IC2�A2 þ I0

þ ICQ1 � 1
C2

IC2 � 1
C2

þ ICQ1 � 1
C2

¼ n ) dIC2
dt

þ dICQ1
dt

¼ C2 � dndt

We previously get the expression for g1 and g2 functions.

g1 ¼ g1ðICQ1; IC2Þ ¼ ICQ1 � ðar � A1Þ � IC2 � A2 þ Ise � ðar � af � 1Þ

g2 ¼ g2ðICQ1; IC2Þ ¼ ICQ1 � ½1� A1 � af � � IC2 � A2 � af þ Isc � ðar � af � 1Þ
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g1 � g2 ¼ fICQ1 � ðar � A1Þ � IC2 � A2 þ Ise � ðar � af � 1Þg � fICQ1 � ½1� A1 � af �
� IC2 � A2 � af þ Isc � ðar � af � 1Þg

g1 � g2 ¼ I2CQ1 � ðar � A1Þ � ½1� A1 � af � � ICQ1 � ðar � A1Þ � IC2 � A2 � af
þ ICQ1 � ðar � A1Þ � Isc � ðar � af � 1Þ � IC2 � A2 � ICQ1 � ½1� A1 � af �
þ I2C2 � A2

2 � af � IC2 � A2 � Isc � ðar � af � 1ÞIse � ðar � af � 1Þ
� ICQ1 � ½1� A1 � af � � Ise � ðar � af � 1Þ � IC2 � A2 � af þ Ise � Isc � ðar � af � 1Þ2

g1 � g2 ¼ I2CQ1 � ðar � A1Þ � ½1� A1 � af � þ I2C2 � A2
2 � af

� ICQ1 � IC2 � fðar � A1Þ � A2 � af þA2 � ½1� A1 � af �g
� IC2 � fA2 � Isc � ðar � af � 1Þþ Ise � ðar � af � 1Þ � A2 � af g
þ ICQ1 � fðar � A1Þ � Isc � ðar � af � 1Þþ Ise � ðar � af � 1Þ � ½1� A1 � af �g
þ Ise � Isc � ðar � af � 1Þ2

We define six parameters: ni (i = 1, 2, 3, …, 6).

n1 ¼ ðar � A1Þ � ½1� A1 � af � ¼ ar � A1 � af � ar � A1 þA2
1 � af ; n2 ¼ A2

2 � af

n3 ¼ ðar � A1Þ � A2 � af þA2 � ½1� A1 � af � ¼ A2 � fðar � A1Þ � af þ 1� A1 � af g
¼ A2 � far � af � A1 � af þ 1� A1 � af g ¼ A2 � far � af þ 1� 2 � A1 � af g

n4 ¼ A2 � Isc � ðar � af � 1Þþ Ise � ðar � af � 1Þ � A2 � af
¼ ðar � af � 1Þ � A2 � ½Iscþ Ise � af �

n5 ¼ ðar � A1Þ � Isc � ðar � af � 1Þþ Ise � ðar � af � 1Þ � ½1� A1 � af �
¼ ðar � af � 1Þ � fðar � A1Þ � Iscþ Ise � ½1� A1 � af �g

n6 ¼ Ise � Isc � ðar � af � 1Þ2

g1 � g2 ¼ I2CQ1 � n1 þ I2C2 � n2 � ICQ1 � IC2 � n3 � IC2 � n4 þ ICQ1 � n5 þ n6

We already defined a variable X ¼ IC2 þ ICQ1 and define Y ¼ IC2 � A2 þ ICQ1 � A1

X ¼ IC2 þ ICQ1 ) IC2 ¼ X � ICQ1; Y ¼ IC2 � A2 þ ICQ1 � A1

¼ ðX � ICQ1Þ � A2 þ ICQ1 � A1

Y ¼ X � A2 � ICQ1 � A2 þ ICQ1 � A1 ) ICQ1 ¼ Y � X � A2

A1 � A2
; IC2 ¼ X � ICQ1

¼ X � Y � X � A2

A1 � A2

722 Appendix B: Phototransistor Circuit with Double Coupling LEDs



IC2 ¼ X � ICQ1 ¼ X � Y � X � A2

A1 � A2
¼ X � A1 � Y

A1 � A2

We can summarize our last results: ICQ1 ¼ Y�X�A2
A1�A2

; IC2 ¼ X�A1�Y
A1�A2

dICQ1
dt

¼
dY
dt � dX

dt � A2

A1 � A2
¼ 1

ðA1 � A2Þ �
dY
dt

� A2

ðA1 � A2Þ �
dX
dt

dIC2
dt

¼
dX
dt � A1 � dY

dt
A1 � A2

¼ A1

ðA1 � A2Þ �
dX
dt

� 1
ðA1 � A2Þ �

dY
dt

Finally we get two equations:

1
C1

� ðIC2 þ ICQ1Þ ¼ R1 � dIC2
dt

þ dICQ1
dt

� �
þVt �

dIC2
dt þ dICQ2

dt

� �
ðIC2 þ ICQ2 þ I0Þ þ L1

� d2IC2
dt2

þ d2ICQ1
dt2

� �
þ IC2 � 1

C2

1
C1

� X ¼ R1 � dXdt þVt �
dX
dt

ðXþ I0Þ þ L1 � d
2X
dt2

þ X � A1 � Y
A1 � A2

� �
� 1
C2

IC2 � 1
C2

¼ Vt
g1 � g2 �

dg1
dt

� g2 � dg2
dt

� g1
� �

þ
Vt � dICQ1

dt � A1 þ dIC2
dt � A2

h i
ICQ1 � A1 þ IC2 � A2 þ I0

Back to our g1, g2 equations:

g1 ¼ g1ðICQ1; IC2Þ ¼ ICQ1 � ðar � A1Þ � IC2 � A2 þ Ise � ðar � af � 1Þ

g2 ¼ g2ðICQ1; IC2Þ ¼ ICQ1 � ½1� A1 � af � � IC2 � A2 � af þ Isc � ðar � af � 1Þ
dg1
dt

¼ dICQ1
dt

� ðar � A1Þ � dIC2
dt

� A2;
dg2
dt

¼ dICQ1
dt

� ½1� A1 � af � � dIC2
dt

� A2 � af

g1 ¼ g1ðICQ1; IC2Þ
¼ Y � X � A2

A1 � A2

� �
� ðar � A1Þ � X � A1 � Y

A1 � A2

� �
� A2 þ Ise � ðar � af � 1Þ

g2 ¼ g2ðICQ1; IC2Þ
¼ Y � X � A2

A1 � A2

� �
� ½1� A1 � af � � X � A1 � Y

A1 � A2

� �
� A2 � af þ Isc � ðar � af � 1Þ
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dg1
dt

¼
dY
dt � dX

dt � A2

A1 � A2

( )
� ðar � A1Þ �

dX
dt � A1 � dY

dt
A1 � A2

( )
� A2

dg2
dt

¼
dY
dt � dX

dt � A2

A1 � A2

( )
� ½1� A1 � af � �

dX
dt � A1 � dY

dt
A1 � A2

( )
� A2 � af

g1 � g2 ¼ I2CQ1 � n1 þ I2C2 � n2 � ICQ1 � IC2 � n3 � IC2 � n4 þ ICQ1 � n5 þ n6

g1 � g2 ¼ Y � X � A2

A1 � A2

� �2

�n1 þ X � A1 � Y
A1 � A2

� �2

�n2 � ðY � X � A2Þ � ðX � A1 � YÞ
ðA1 � A2Þ2

 !
� n3

� X � A1 � Y
A1 � A2

� �
� n4 þ Y � X � A2

A1 � A2

� �
� n5 þ n6

ðY � X � A2Þ2 ¼ Y2 � 2 � Y � X � A2 þX2 � A2
2; ðX � A1 � YÞ2

¼ X2 � A2
1 � 2 � X � A1 � Y þ Y2

ðY � X � A2Þ � ðX � A1 � YÞ ¼ Y � X � ðA1 þA2Þ � Y2 � X2 � A1 � A2

Y � X � A2

A1 � A2

� �2

�n1 ¼ Y2 � 2 � Y � X � A2 þX2 � A2
2

ðA1 � A2Þ2
� n1

¼ Y2

ðA1 � A2Þ2
� n1 � 2 � Y � X � A2

ðA1 � A2Þ2
� n1 þ X2 � A2

2

ðA1 � A2Þ2
� n1

X � A1 � Y
A1 � A2

� �2

�n2 ¼ X2 � A2
1 � 2 � X � A1 � Y þ Y2

ðA1 � A2Þ2
� n2

¼ X2 � A2
1

ðA1 � A2Þ2
� n2 � 2 � X � A1 � Y

ðA1 � A2Þ2
� n2 þ Y2

ðA1 � A2Þ2
� n2

� ðY � X � A2Þ � ðX � A1 � YÞ
ðA1 � A2Þ2

 !
� n3 ¼ � Y � X � ðA1 þA2Þ � Y2 � X2 � A1 � A2

ðA1 � A2Þ2
� n3

¼ � Y � X � ðA1 þA2Þ
ðA1 � A2Þ2

� n3 þ Y2

ðA1 � A2Þ2
� n3 þ X2 � A1 � A2

ðA1 � A2Þ2
� n3

¼ � Y � X
ðA1 � A2Þ � n3 þ

Y2

ðA1 � A2Þ2
� n3 þ X2 � A1 � A2

ðA1 � A2Þ2
� n3

� X � A1 � Y
A1 � A2

� �
� n4 ¼ � X � A1

ðA1 � A2Þ � n4 þ
Y

ðA1 � A2Þ � n4
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Y � X � A2

A1 � A2

� �
� n5 ¼ Y

ðA1 � A2Þ � n5 �
X � A2

ðA1 � A2Þ � n5

Back to g1 ⋅ g2 expression:

g1 � g2 ¼ Y2 � n1
ðA1 � A2Þ2

þ n2
ðA1 � A2Þ2

þ n3
ðA1 � A2Þ2

" #
þX2 � n1 � A2

2

ðA1 � A2Þ2
þ n2 � A2

1

ðA1 � A2Þ2
þ n3 � A1 � A2

ðA1 � A2Þ2
" #

þ Y � X � � 2 � A2 � n1
ðA1 � A2Þ2

� 2 � A1 � n2
ðA1 � A2Þ2

� n3
ðA1 � A2Þ

" #
þ Y � n4

ðA1 � A2Þ þ
n5

ðA1 � A2Þ
� �

� X � n4 � A1

ðA1 � A2Þ þ
n5 � A2

ðA1 � A2Þ
� �

þ n6

g1 � g2 ¼ Y2 �
P3

i¼1 ni
ðA1 � A2Þ2

þX2 � n1 � A2
2 þ n2 � A2

1 þ n3 � A1 � A2

ðA1 � A2Þ2
" #

� Y � X � 2 � ðA2 � n1 þA1 � n2Þ
ðA1 � A2Þ2

þ n3
ðA1 � A2Þ

" #

þ Y � n4 þ n5
ðA1 � A2Þ
� �

� X � n4 � A1 þ n5 � A2

ðA1 � A2Þ
� �

þ n6

For simplicity we define the following parameters:

g1 ¼
P3

i¼1 ni
ðA1 � A2Þ2

; g2 ¼
n1 � A2

2 þ n2 � A2
1 þ n3 � A1 � A2

ðA1 � A2Þ2
;

g3 ¼ � 2 � ðA2 � n1 þA1 � n2Þ
ðA1 � A2Þ2

þ n3
ðA1 � A2Þ

" #

g4 ¼
n4 þ n5

ðA1 � A2Þ ; g5 ¼ � n4 � A1 þ n5 � A2

ðA1 � A2Þ
� �

; g6 ¼ n6

g1 � g2 ¼ Y2 � g1 þX2 � g2 þ Y � X � g3 þ Y � g4 þX � g5 þ g6;A1 � A2

¼ 1
ð1� k2Þ ; ðA1 � A2Þ2 ¼ 1

ð1� k2Þ2

Next, we need to find the expressions for dg1dt � g2;
dg2
dt � g1
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dg1
dt

� g2 ¼ dICQ1
dt

� ðar � A1Þ � dIC2
dt

� A2

� �
� ICQ1 � ½1� A1 � af �


�IC2 � A2 � af þ Isc � ðar � af � 1Þg ¼ dICQ1
dt

� ICQ1 � ðar � A1Þ � ½1� A1 � af �

� dICQ1
dt

� IC2 � ðar � A1Þ � A2 � af þ dICQ1
dt

� ðar � A1Þ � Isc � ðar � af � 1Þ

� dIC2
dt

� ICQ1 � A2 � ½1� A1 � af � þ dIC2
dt

� IC2 � A2
2 � af �

dIC2
dt

� A2 � Isc � ðar � af � 1Þ

dICQ1
dt

� ICQ1 ¼ 1
ðA1 � A2Þ �

dY
dt

� A2 � dXdt
� �

� Y � X � A2

A1 � A2

� �

¼
Y � dYdt � A2 � dY

dt � Xþ dX
dt � Y

� �
þ dX

dt � X � A2
2

ðA1 � A2Þ2

dICQ1
dt

� IC2 ¼ 1
ðA1 � A2Þ �

dY
dt

� A2 � dXdt
� �

� X � A1 � Y
A1 � A2

� �

¼
dY
dt � X � A1 � dY

dt � Y � A2 � A1 � dXdt � XþA2 � dXdt � Y
ðA1 � A2Þ2

dIC2
dt

� ICQ1 ¼ 1

ðA1 � A2Þ2
� A1 � dXdt �

dY
dt

� �
� ½Y � X � A2�

¼
A1 � dXdt � Y � A1 � A2 � dXdt � X � dY

dt � Y þ dY
dt � X � A2

ðA1 � A2Þ2

dIC2
dt

� IC2 ¼ 1
ðA1 � A2Þ � A1 � dXdt �

dY
dt

� �
� X � A1 � Y

A1 � A2

� �

¼
A2
1 � dXdt � X � A1ð� dXdt � Y þ dY

dt � XÞþ dY
dt � Y

ðA1 � A2Þ2

We define for simplicity the following parameters:

P1 ¼ ðar � A1Þ � ½1� A1 � af � ; P2 ¼ �ðar � A1Þ � A2 � af ;
P3 ¼ ðar � A1Þ � Isc � ðar � af � 1ÞP4 ¼ �A2 � ½1� A1 � af �;

P5 ¼ A2
2 � af ; P6 ¼ �A2 � Isc � ðar � af � 1Þ

dg1
dt

� g2 ¼ dICQ1
dt

� ICQ1 � P1 þ dICQ1
dt

� IC2 � P2 þ dICQ1
dt

� P3 þ dIC2
dt

� ICQ1 � P4 þ dIC2
dt

� IC2 � P5 þ dIC2
dt

� P6



dg1
dt

� g2 ¼
Y � dYdt � A2 � dY

dt � X þ dX
dt � Y

� �
þ dX

dt � X � A2
2

ðA1 � A2Þ2

0
@

1
A � P1

þ
dY
dt � X � A1 � dY

dt � Y � A2 � A1 � dXdt � XþA2 � dXdt � Y
ðA1 � A2Þ2

 !
� P2

þ 1
ðA1 � A2Þ �

dY
dt

� A2 � dXdt
� �

� P3

þ
A1 � dXdt � Y � A1 � A2 � dXdt � X � dY

dt � Y þ dY
dt � X � A2

ðA1 � A2Þ2
 !

� P4

þ
A2
1 � dXdt � X � A1 � dXdt � Y þ dY

dt � X
� �

þ dY
dt � Y

ðA1 � A2Þ2

0
@

1
A � P5

þ 1
ðA1 � A2Þ � A1 � dXdt �

dY
dt

� �
� P6

dg1
dt

� g2 ¼ 1

ðA1 � A2Þ2
� Y � dY

dt
� P1 � 1

ðA1 � A2Þ2
� A2 � dY

dt
� Xþ dX

dt
� Y

� �
� P1

þ 1

ðA1 � A2Þ2
� dX
dt

� X � A2
2 � P1 þ 1

ðA1 � A2Þ2
� dY
dt

� X � A1 � P2

� 1

ðA1 � A2Þ2
� dY
dt

� Y � P2 � 1

ðA1 � A2Þ2
� A2 � A1 � dXdt � X � P2

þ 1

ðA1 � A2Þ2
� A2 � dXdt � Y � P2 þ 1

ðA1 � A2Þ �
dY
dt

� P3

� 1
ðA1 � A2Þ � A2 � dXdt � P3 þ 1

ðA1 � A2Þ2
� A1 � dXdt � Y � P4

� 1

ðA1 � A2Þ2
� A1 � A2 � dXdt � X � P4 � 1

ðA1 � A2Þ2
� dY
dt

� Y � P4

þ 1

ðA1 � A2Þ2
� dY
dt

� X � A2 � P4 þ 1

ðA1 � A2Þ2
� A2

1 �
dX
dt

� X � P5

� 1

ðA1 � A2Þ2
� A1

dX
dt

� Y þ dY
dt

� X
� �

� P5 þ 1

ðA1 � A2Þ2
� dY
dt

� Y � P5

þ 1
ðA1 � A2Þ � A1 � dXdt � P6 � 1

ðA1 � A2Þ �
dY
dt

� P6
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dg1
dt

� g2 ¼ 1

ðA1 � A2Þ2
� Y � dY

dt
� P1 � 1

ðA1 � A2Þ2
� A2 � dYdt � X � P1

� 1

ðA1 � A2Þ2
� A2 � dXdt � Y � P1 þ 1

ðA1 � A2Þ2
� dX
dt

� X � A2
2 � P1

þ 1

ðA1 � A2Þ2
� dY
dt

� X � A1 � P2 � 1

ðA1 � A2Þ2
� dY
dt

� Y � P2

� 1

ðA1 � A2Þ2
� A2 � A1 � dXdt � X � P2 þ 1

ðA1 � A2Þ2
� A2 � dXdt � Y � P2

þ 1
ðA1 � A2Þ �

dY
dt

� P3 � 1
ðA1 � A2Þ � A2 � dXdt � P3

þ 1

ðA1 � A2Þ2
� A1 � dXdt � Y � P4 � 1

ðA1 � A2Þ2
� A1 � A2 � dXdt � X � P4

� 1

ðA1 � A2Þ2
� dY
dt

� Y � P4 þ 1

ðA1 � A2Þ2
� dY
dt

� X � A2 � P4

þ 1

ðA1 � A2Þ2
� A2

1 �
dX
dt

� X � P5 � 1

ðA1 � A2Þ2
� A1 � dXdt � Y � P5

� 1

ðA1 � A2Þ2
� A1

dY
dt

� X � P5 þ 1

ðA1 � A2Þ2
� dY
dt

� Y � P5

þ 1
ðA1 � A2Þ � A1 � dXdt � P6 � 1

ðA1 � A2Þ �
dY
dt

� P6

dg1
dt

� g2 ¼ dY
dt

� Y � ðP1 � P2 � P4 þP5Þ
ðA1 � A2Þ2

þ dX
dt

� X

� ðA
2
2 � P1 � A2 � A1 � P2 � A1 � A2 � P4 þA2

1 � P5Þ
ðA1 � A2Þ2

dY
dt

� X

� 1

ðA1 � A2Þ2
� ð�A2 � P1 þA1 � P2 þA2 � P4 � A1 � P5Þþ dX

dt
� Y

� 1

ðA1 � A2Þ2
� ð�A2 � P1 þA2 � P2 þA1 � P4 � A1 � P5Þ dXdt �

1
ðA1 � A2Þ

� ð�A2 � P3 þA1 � P6Þþ dY
dt

� 1
ðA1 � A2Þ � ðP3 � P6Þ
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We define the following functions:

/1 ¼
ðP1 � P2 � P4 þP5Þ

ðA1 � A2Þ2
;/2 ¼

ðA2
2 � P1 � A2 � A1 � P2 � A1 � A2 � P4 þA2

1 � P5Þ
ðA1 � A2Þ2

/3 ¼
1

ðA1 � A2Þ2
� ð�A2 � P1 þA1 � P2 þA2 � P4 � A1 � P5Þ;/4

¼ 1

ðA1 � A2Þ2
� ð�A2 � P1 þA2 � P2 þA1 � P4 � A1 � P5Þ

/5 ¼
1

ðA1 � A2Þ � ðP3 � P6Þ;/6 ¼
1

ðA1 � A2Þ � ð�A2 � P3 þA1 � P6Þ

dg1
dt

� g2 ¼ dY
dt

� Y � /1 þ
dX
dt

� X � /2 þ
dY
dt

� X � /3 þ
dX
dt

� Y � /4

þ dX
dt

� /6 þ
dY
dt

� /5

g1 � dg2dt ¼ ½ICQ1 � ðar � A1Þ � IC2 � A2 þ Ise � ðar � af � 1Þ�

� dICQ1
dt

� ½1� A1 � af � � dIC2
dt

� A2 � af
� �

¼ ICQ1

� dICQ1
dt

� ðar � A1Þ � ½1� A1 � af � � ICQ1 � dIC2dt
� ðar � A1Þ � A2 � af

� IC2 � dICQ1dt
� A2 � ½1� A1 � af � þ IC2 � dIC2dt

� A2
2 � af

þ dICQ1
dt

� Ise � ðar � af � 1Þ � ½1� A1 � af �

� dIC2
dt

� Ise � ðar � af � 1Þ � A2 � af

We define the following parameters:

q1 ¼ ðar � A1Þ � ½1� A1 � af �; q2 ¼ �ðar � A1Þ � A2 � af ; q3 ¼ �A2 � ½1� A1 � af �

q4 ¼ A2
2 � af ; q5 ¼ Ise � ðar � af � 1Þ � ½1� A1 � af �; q6

¼ �Ise � ðar � af � 1Þ � A2 � af

g1 � dg2dt ¼ ICQ1 � dICQ1dt
� q1 þ ICQ1 � dIC2dt

� q2 þ IC2 � dICQ1dt
� q3 þ IC2 � dIC2dt

� q4 þ dICQ1
dt

� q5 þ dIC2
dt

� q6
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We already got the below results:

dICQ1
dt

� ICQ1 ¼ 1
ðA1 � A2Þ �

dY
dt

� A2 � dXdt
� �

� Y � X � A2

A1 � A2

� �

¼
Y � dYdt � A2 � dY

dt � Xþ dX
dt � Y

� �
þ dX

dt � X � A2
2

ðA1 � A2Þ2

dICQ1
dt

� IC2 ¼ 1
ðA1 � A2Þ �

dY
dt

� A2 � dXdt
� �

� X � A1 � Y
A1 � A2

� �

¼
dY
dt � X � A1 � dY

dt � Y � A2 � A1 � dXdt � XþA2 � dXdt � Y
ðA1 � A2Þ2

dIC2
dt

� ICQ1 ¼ 1

ðA1 � A2Þ2
� A1 � dXdt �

dY
dt

� �
� ½Y � X � A2�

¼
A1 � dXdt � Y � A1 � A2 � dXdt � X � dY

dt � Y þ dY
dt � X � A2

ðA1 � A2Þ2

dIC2
dt

� IC2 ¼ 1
ðA1 � A2Þ � A1 � dXdt �

dY
dt

� �
� X � A1 � Y

A1 � A2

� �

¼
A2
1 � dXdt � X � A1 � dXdt � Y þ dY

dt � X
� �

þ dY
dt � Y

ðA1 � A2Þ2

g1 � dg2dt ¼
Y � dYdt � A2 � dY

dt � X þ dX
dt � Y

� �
þ dX

dt � X � A2
2

ðA1 � A2Þ2

2
4

3
5 � q1

þ
A1 � dXdt � Y � A1 � A2 � dXdt � X � dY

dt � Y þ dY
dt � X � A2

ðA1 � A2Þ2
" #

� q2

þ
dY
dt � X � A1 � dY

dt � Y � A2 � A1 � dXdt � XþA2 � dXdt � Y
ðA1 � A2Þ2

" #
� q3

þ
A2
1 � dXdt � X � A1 � dXdt � Y þ dY

dt � X
� �

þ dY
dt � Y

ðA1 � A2Þ2

2
4

3
5 � q4

þ 1
ðA1 � A2Þ �

dY
dt

� A2

ðA1 � A2Þ �
dX
dt

� �
� q5

þ A1

ðA1 � A2Þ �
dX
dt

� 1
ðA1 � A2Þ �

dY
dt

� �
� q6
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g1 � dg2dt ¼
Y � dYdt � q1
ðA1 � A2Þ2

�
A2 � dYdt � X � q1
ðA1 � A2Þ2

�
A2 � dXdt � Y � q1
ðA1 � A2Þ2

þ
dX
dt � X � A2

2 � q1
ðA1 � A2Þ2

þ
A1 � dXdt � Y � q2
ðA1 � A2Þ2

�
A1 � A2 � dXdt � X
ðA1 � A2Þ2

�
dY
dt � Y � q2
ðA1 � A2Þ2

þ
dY
dt � X � A2 � q2
ðA1 � A2Þ2

þ
dY
dt � X � A1 � q3
ðA1 � A2Þ2

�
dY
dt � Y � q3
ðA1 � A2Þ2

�
A2 � A1 � dXdt � X � q3

ðA1 � A2Þ2
þ

A2 � dXdt � Y � q3
ðA1 � A2Þ2

þ
A2
1 � dXdt � X � q4
ðA1 � A2Þ2

�
A1 � dXdt � Y � q4
ðA1 � A2Þ2

�
A1 � dYdt � X � q4
ðA1 � A2Þ2

þ
dY
dt � Y � q4
ðA1 � A2Þ2

þ
dY
dt � q5

ðA1 � A2Þ �
A2 � dXdt � q5
ðA1 � A2Þ þ

A1 � dXdt � q6
ðA1 � A2Þ �

dY
dt � q6

ðA1 � A2Þ

g1 � dg2dt ¼ Y � dY
dt

� q1 � q2 � q3 þ q4
ðA1 � A2Þ2

( )
þ dX

dt
� X

� A2
2 � q1 � A1 � A2 � q2 � A2 � A1 � q3 þA2

1 � q4
ðA1 � A2Þ2

( )

þ dX
dt

� Y � �A2 � q1 þA1 � q2 þA2 � q3 � A1 � q4
ðA1 � A2Þ2

( )
þ dY

dt
� X

� �A2 � q1 þA2 � q2 � A1 � q4 þA1 � q3
ðA1 � A2Þ2

( )

þ dY
dt

� q5 � q6
ðA1 � A2Þ
� �

þ dX
dt

� �A2 � q5 þA1 � q6
ðA1 � A2Þ

� �

We define the following parameters:

w1 ¼
q1 � q2 � q3 þ q4

ðA1 � A2Þ2
; w2 ¼

A2
2 � q1 � A1 � A2 � q2 � A2 � A1 � q3 þA2

1 � q4
ðA1 � A2Þ2

w3 ¼
�A2 � q1 þA1 � q2 þA2 � q3 � A1 � q4

ðA1 � A2Þ2
; w4 ¼

�A2 � q1 þA2 � q2 � A1 � q4 þA1 � q3
ðA1 � A2Þ2

w5 ¼
q5 � q6
ðA1 � A2Þ ; w6 ¼

�A2 � q5 þA1 � q6
ðA1 � A2Þ
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g1 � dg2dt ¼ Y � dY
dt

� w1 þ
dX
dt

� X � w2 þ
dX
dt

� Y � w3 þ
dY
dt

� X � w4

þ dY
dt

� w5 þ
dX
dt

� w6

We can summarize our last results:

dg1
dt

� g2 ¼ dY
dt

� Y � /1 þ
dX
dt

� X � /2 þ
dY
dt

� X � /3 þ
dX
dt

� Y � /4

þ dX
dt

� /6 þ
dY
dt

� /5

g1 � dg2dt ¼ Y � dY
dt

� w1 þ
dX
dt

� X � w2 þ
dX
dt

� Y � w3 þ
dY
dt

� X � w4 þ
dY
dt

� w5

þ dX
dt

� w6

We already present the equation:

IC2 � 1
C2

¼ Vt
g1 � g2 �

dg1
dt

� g2 � dg2
dt

� g1
� �

þ
Vt � dICQ1

dt � A1 þ dIC2
dt � A2

h i
ICQ1 � A1 þ IC2 � A2 þ I0

X � A1 � Y
A1 � A2

� �
� 1
C2

Vt � dY
dt � Y � /1 þ dX

dt � X � /2 þ dY
dt � X � /3 þ dX

dt � Y � /4 þ dX
dt � /6 þ dY

dt � /5

n
�Y � dYdt � w1 � dX

dt � X � w2 � dX
dt � Y � w3 � dY

dt � X � w4 � dY
dt � w5 � dX

dt � w6

o
Y2 �

P3

i¼1
ni

ðA1�A2Þ2 þX2 � n1�A2
2 þ n2�A2

1 þ n3�A1�A2

ðA1�A2Þ2
h i

� Y � X � 2�ðA2�n1 þA1�n2Þ
ðA1�A2Þ2

h�

þ n3
ðA1�A2Þ

i
þ Y � n4 þ n5

ðA1�A2Þ
h i

� X � n4�A1 þ n5�A2
ðA1�A2Þ

h i
þ n6

o

þ
Vt � 1

ðA1�A2Þ � dYdt �
A2

ðA1�A2Þ � dXdt
� �

� A1 þ A1
ðA1�A2Þ � dXdt � 1

ðA1�A2Þ � dYdt
� �

� A2

h i
Y�X�A2
A1�A2

� �
� A1 þ X�A1�Y

A1�A2

� �
� A2 þ I0

X � A1 � Y
A1 � A2

� �
� 1
C2

¼

Vt � dY
dt � Y � ð/1 � w1Þþ dX

dt � X � ð/2 � w2Þþ dY
dt � X � ð/3 � w4Þ

n
þ dX

dt � Y � ð/4 � w3Þþ dX
dt � ð/6 � w6Þþ dY

dt � ð/5 � w5Þ
o

fY2 � g1 þX2 � g2 þ Y � X � g3 þ Y � g4 þX � g5 þ g6g

þ
Vt � dY

dt � A2 � dXdt
� �

� A1 þ A1 � dXdt � dY
dt

� �
� A2

h i
ðY � X � A2Þ � A1 þðX � A1 � YÞ � A2 þ I0 � ðA1 � A2Þ

We already present 1
C1
� X ¼ R1 � dXdt þVt �

dX

dt
ðXþ I0Þ þ L1 � d

2
X

dt2 þ X�A1�Y
A1�A2

� �
� 1
C2
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Multiple two sides by ðA1 � A2Þ � C2 term gives the below equation.

ðA1 � A2Þ � C2

C1
� X ¼ ðA1 � A2Þ � C2 � R1 � dXdt þ

Vt � ðA1 � A2Þ � C2 � dXdt
ðX þ I0Þ

þ ðA1 � A2Þ � C2 � L1 � d
2X
dt2

þX � A1 � Y

Y ¼ X � A1 � ðA1 � A2Þ � C2

C1

� �
þðA1 � A2Þ � C2 � R1 � dXdt þ

Vt � ðA1 � A2Þ � C2 � dXdt
ðXþ I0Þ

þ ðA1 � A2Þ � C2 � L1 � d
2X
dt2

dY
dt

� A2 � dXdt
� �

� A1 þ A1 � dXdt �
dY
dt

� �
� A2

¼ dY
dt

� ðA1 � A2Þ;ðY � X � A2Þ � A1 þðX � A1 � YÞ � A2 ¼ Y � ðA1 � A2Þ

X � A1 � Y
A1 � A2

� �
� 1
C2

¼

Vt dY
dt � Y � ð/1 � w1Þþ dX

dt � X � ð/2 � w2Þþ dY
dt � X � ð/3 � w4Þ

n
þ dX

dt � Y � ð/4 � w3Þþ dX
dt � ð/6 � w6Þþ dY

dt � ð/5 � w5Þ
o

Y2 � g1 þX2 � g2 þ Y � X � g3 þ Y � g4 þX � g5 þ g6f g

þ
Vt � dYdt � ðA1 � A2Þ

Y � ðA1 � A2Þþ I0 � ðA1 � A2Þ

We define the following functions:

n1 ¼ n1 X;
dX
dt

; Y ;
dY
dt

� �
¼ dY

dt
� Y � ð/1 � w1Þþ

dX
dt

� X � ð/2 � w2Þþ
dY
dt

� X � ð/3 � w4Þ

þ dX
dt

� Y � ð/4 � w3Þþ
dX
dt

� ð/6 � w6Þþ
dY
dt

� ð/5 � w5Þ

n2 ¼ n2ðX; YÞ ¼ Y2 � g1 þX2 � g2þ Y � X � g3 þY � g4þX � g5 þ g6;
X � A1 � Y
A1 � A2

� �
� 1
C2 � Vt ¼

n1
n2

þ
dY
dt

Y þ I0

We define the following setting: Z ¼ dX
dt ;

dZ
dt ¼ d2

X
dt2

Y ¼ X � A1 � ðA1 � A2Þ � C2

C1

� �
þðA1 � A2Þ � C2 � R1 � Z

þ Vt � ðA1 � A2Þ � C2 � Z
ðXþ I0Þ þ ðA1 � A2Þ � C2 � L1 � dZdt

We define the following new parameters: W1 ¼ ðA1 � A2Þ � C2 � R1;
W2 ¼ Vt � ðA1 � A2Þ � C2
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W3 ¼ ðA1 � A2Þ � C2 � L1;W4 ¼ A1 � ðA1 � A2Þ � C2

C1
; Y ¼ X �W4 þW1

� Z þ W2 � Z
ðXþ I0Þ þW3 � dZdt Y ¼ X �W4 þW1

� Z þ W2 � Z
ðXþ I0Þ þW3 � dZdt )

dZ
dt

¼ 1
W3

� Y � X �W4 �W1 � Z � W2 � Z
ðX þ I0Þ

� �

n1 ¼ n1 X; Z; Y ;
dY
dt

� �
¼ dY

dt
� Y � ð/1 � w1ÞþZ � X � ð/2 � w2Þþ

dY
dt

� X � ð/3 � w4Þ

þ Z � Y � ð/4 � w3Þþ Z � ð/6 � w6Þþ
dY
dt

� ð/5 � w5Þ

X � A1 � Y
A1 � A2

� �
� 1
C2 � Vt ¼

n1
n2

þ
dY
dt

Y þ I0

) X � A1 � Y
A1 � A2

� �
� 1
C2 � Vt ¼

dY
dt � Y � ð/1 � w1Þþ Z � X � ð/2 � w2Þþ dY

dt � X � ð/3 � w4Þ
h
þ Z � Y � ð/4 � w3Þþ Z � ð/6 � w6Þþ dY

dt � ð/5 � w5Þ
i

Y2 � g1 þX2 � g2 þ Y � X � g3þ Y � g4 þX � g5 þ g6
þ

dY
dt

Y þ I0

X � A1 � Y
A1 � A2

� �
� n2ðX;YÞ

C2 � Vt ¼ dY
dt

� Y � ð/1 � w1Þþ Z � X � ð/2 � w2Þþ
dY
dt

� X � ð/3 � w4Þ

þ Z � Y � ð/4 � w3Þþ Z � ð/6 � w6Þþ
dY
dt

� ð/5 � w5Þþ
dY
dt � n2ðX; YÞ

Y þ I0

dY
dt

� Y � ð/1 � w1Þþ/5 � w5 þX � ð/3 � w4Þþ
n2ðX; YÞ
Y þ I0

� �

¼ X � A1 � Y
A1 � A2

� �
� n2ðX; YÞ

C2 � Vt � Z � Y � ð/4 � w3Þ � Z � ð/6 � w6Þ � Z � X � ð/2 � w2Þ

dY
dt

� Y � ð/1 � w1Þþ/5 � w5 þX � ð/3 � w4Þ
n2ðX;YÞ

þ 1
Y þ I0

� �

¼ X � A1 � Y
A1 � A2

� �
� 1
C2 � Vt þ

�Z � Y � ð/4 � w3Þ � Z � ð/6 � w6Þ � Z � X � ð/2 � w2Þ
n2ðX;YÞ

We define the following function:

vðX; YÞ ¼ Y � ð/1 � w1Þþ/5 � w5 þX � ð/3 � w4Þ
n2ðX; YÞ

þ 1
Y þ I0
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dY
dt

� vðX; YÞ ¼ X � A1 � Y
A1 � A2

� �
� 1
C2 � Vt

þ �Z � Y � ð/4 � w3Þ � Z � ð/6 � w6Þ � Z � X � ð/2 � w2Þ
n2ðX; YÞ

dY
dt

¼ 1
vðX; YÞ �

X � A1 � Y
A1 � A2

� �
� 1
C2 � Vt

�

þ �Z � Y � ð/4 � w3Þ � Z � ð/6 � w6Þ � Z � X � ð/2 � w2Þ
n2ðX; YÞ

�

We can summarize our system three differential equations:

dX
dt

¼ Z

dY
dt

¼ 1
vðX; YÞ �

X � A1 � Y
A1 � A2

� �
� 1
C2 � Vt

�

þ �Z � Y � ð/4 � w3Þ � Z � ð/6 � w6Þ � Z � X � ð/2 � w2Þ
n2ðX; YÞ

�
dZ
dt

¼ 1
W3

� Y � X �W4 �W1 � Z � W2 � Z
ðXþ I0Þ

� �

To find system fixed points we set dX/dt = 0; dY/dt = 0; dZ/dt = 0; i = 0, 1, 2

ZðiÞ ¼ 0;
1

v XðiÞ; Y ðiÞð Þ �
XðiÞ � A1 � Y ðiÞ

A1 � A2

� �
� 1
C2 � Vt ¼ 0;

1
W3

� Y ðiÞ � XðiÞ �W4

h i
¼ 0

1
W3

� Y ðiÞ � XðiÞ �W4

h i
¼ 0 ) Y ðiÞ ¼ XðiÞ �W4 ) 1

vðXðiÞ;XðiÞ �W4Þ �
XðiÞ � ½A1 �W4�

A1 � A2

� �
� 1
C2 � Vt ¼ 0

1
v XðiÞ;XðiÞ �W4ð Þ �

XðiÞ � ½A1 �W4�
A1 � A2

� �
� 1
C2 � Vt ¼ 0 ) XðiÞ ¼ 0 or vðXðiÞ;XðiÞ �W4Þ ! 1 or A1 ¼ W4

1
C2�Vt 6¼ 0. We get one possible fixed point: Eði¼0ÞðXði¼0Þ;

Y ði¼0Þ; Zði¼0ÞÞ ¼ ð0; 0; 0Þ

vðX; YÞ ! 1 ) Y � ð/1 � w1Þþ/5 � w5 þX � ð/3 � w4Þ
n2ðX; YÞ

þ 1
Y þ I0

� �
! 1

A1 ¼ W4 &W4 ¼ A1 � ðA1 � A2Þ � C2

C1

� �

) W4 ¼ W4 � ðW4 � A2Þ � C2

C1
) �ðW4 � A2Þ � C2

C1
¼ 0
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� ðW4 � A2Þ � C2

C1
¼ 0 ) C2

C1
6¼ 0 ) W4 � A2 ¼ 0 ) W4 ¼ A2 &W4 ¼ A1 � ðA1 � A2Þ � C2

C1

) A2 ¼ A1 � ðA1 � A2Þ � C2

C1
) A2 � A2 � C2

C1
¼ A1 � A1 � C2

C1
) A2 ¼ A1 ) k1

ð1� k2Þ ¼
ð1þ k1Þ
ð1� k2Þ

) k1 ¼ 1þ k1 ) 0 ¼ 1 ðImpossible)

We choose the below circuit parameters (Table B.1):
Then we calculate our system global parameters.

A1 ¼ 1:051;A2 ¼ 0:0206; n1 ¼ 0:0165; n2 ¼ 0:000415; n3 ¼ �0:0117; n4 ¼ �0:0313� 10�6

n5 ¼ 0:577� 10�6; n6 ¼ 0:5202� 10�12; g1 ¼ 0:00491; g2 ¼ 0:0002; g3 ¼ 0:00988; g4 ¼ 0:5298� 10�6

g5 ¼ 0:0203� 10�6; g6 ¼ 0:5202� 10�12;P1 ¼ 0:0165;P2 ¼ �0:0111;P3 ¼ 0:562� 10�6

P4 ¼ 0:000617;P5 ¼ 0:000415;P6 ¼ 0:021� 10�6;

/1 ¼ 0:0257;/2 ¼ 6:529� 10�4;/3 ¼ �0:01166;

/4 ¼ �3:349� 10�4;/5 ¼ 0:525� 10�6;/6 ¼ 0:0101� 10�6;

q1 ¼ 0:0159; q2 ¼ 0:0111; q3 ¼ 0:000617;

q4 ¼ 0:000415; q5 ¼ 0:0152� 10�6; q6 ¼ 0:0102� 10�6;

w1 ¼ 0:00433;w2 ¼ �6:646� 10�4w3 ¼ �0:0158;

w4 ¼ 1:07� 10�4;w5 ¼ 0:00485� 10�6;w6 ¼ 0:01� 10�6;

W1 ¼ 0:10304;W2 ¼ 2:679� 10�6;W3 ¼ 1:0304� 10�7;W4 ¼ �1029:349;

A1 � A2 ¼ 1:051� 0:0206 ¼ 1:0304

We run MATLAB script to get phase portrait and time series of X, Y, Z variables
in time for our system. We define the following parameters in our MATLAB script:
v ! h; ηi (i = 1, 2, …, 6). n2 ! r. 1/[C2 ⋅ Vt] = 384,615.38 (Fig. B.3).

/1 � w1 ¼ 0:0257� 0:00433 ¼ 0:02137;/5 � w5 ¼ 0:525� 10�6 � 0:00485� 10�6 ¼ 0:52� 10�6

/3 � w4 ¼ �0:01166� 1:07� 10�4 ¼ �0:01176;/4 � w3 ¼ �3:349� 10�4 þ 0:0158 ¼ 0:0154

B.1 Circuit parameters

Vt 0.026 af 0.98

I0 1E−6 bf 49

R1 1 k X ar 0.5

C1 0.1 lF br 1

C2 100 lF k2 0.03

L1 1 mH k1 0.02

Ise 1 lA Isc 2 lA
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Fig. B.3 X vs Y vs X graph and Y vs X graph and Y vs Z graph and Z vs X graph and X(t), Y(t),
Z(t) graph for our system
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/6 � w6 ¼ 0:0101� 10�6 � 0:01� 10�6 ¼ 0:0001� 10�6;/2 � w2

¼ 6:529� 10�4 þ 6:646� 10�4 ¼ 13:175� 10�4

MATLAB Script

function g=doublcoupling(t,x)
g=zeros(3,1);
g(1)=x(3);
r=x(2)*x(2)*0.00491+x(1)*x(1)*0.0002+x(1)*x(2)
*0.00988+x(2)*0.5298*0.000001+x(1)*0.0203*0.000001
+0.5202e-12;
h=(x(2)*0.02137+0.525e-6-x(1)*0.01176)./r+1/(x(2)
+1e-6);
g(2)=(1./h).*((x(1)*1.051-x(2))/1.0304*384615.38-(x
(3)*x(2)*0.0154+x(3)*0.0001*1e-6+x(3)*x(1)
*13.175e-4)./r);
g(3)=1/1.0304e-7*(x(2)+x(1)*1029.349-0.10304*x(3)-
2.679e-6*x(3)./(x(1)+1e-6));

function h=doublcoupling1(x0,y0,z0)
[t,x]=ODE45 (@doublcoupling,[0,.001],[x0,y0,z0],[]);
plot3 (x(:,1),x(:,2),x(:,3));
%xlabel ('X')
%ylabel ('Y')
%zlabel ('Z')
grid on
axis square
%subplot(2,2,1);plot(x(:,1),x(:,2));subplot(2,2,2);
plot(x(:,3),x(:,2));subplot(2,2,3);plot(x(:,1),x
(:,3));subplot(2,2,4);plot(t,x);

X ¼ IC2 þ ICQ1; Y ¼ IC2 � A2 þ ICQ1 � A1; Z ¼ dIC2
dt

þ dICQ1
dt
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Appendix C
Optoisolation Elements Bridges
Investigation and Stability Analysis

Optoisolation devices are used in many industrial applications and can be widely
implemented in many circuit’s structures and topologies. One set of engineering
topologies is optoisolation Elements Bridge. The structure is a bridge of four LEDs
and each LED is coupled with photo transistor. We activate the circuit in an
alternate fashion by using square wave. We can divide our square wave source to
frequently positive value (duration TA) and negative value (duration TB). We
assume that TA 6¼ TB. The middle capacitor Cm is charged in one direction and
charged in opposite direction according to the positive and negative values period
of the square wave through resistor Rm (Fig. C.1).

VB\0;VA [ 0;VA ¼ jVBj;V1 � VA � V2;V2  jVBj;V1 [ 0;V2 [ 0;V1 6¼ V2

Vs(t) is infinite series of square waves, positive amplitude VA (Va = VA) and
negative amplitude VB (Vb = VB). The duration of the square wave positive portion
is TA (Ta = TA) and the negative portion is TB (Tb = TB). Complete cycle is define as
T (T = TA + TB), Positive duty cycle is define as D+ and negative duty cycle is define
as D− (Dþ ¼ 1

1þ TB=TA
;D� ¼ 1

1þ TA=TB
). Series of square waves is define as Xn(t). n =

1, 2, … , k.
Remark U(t − D) is a step function. It is equal to 1 for t � D and equal to zero for
t < D.

XnðtÞ ¼ ½Uðt � ðn� 1Þ � ðTA þ TBÞÞ � Uðt � n � TA � ðn� 1Þ � TBÞ� � VA

þ ½Uðt � n � TA � ðn� 1Þ � TBÞ � Uðt � n � ðTA þ TBÞÞ� � VB
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n ¼ 1 ) X1ðtÞ ¼ ½UðtÞ � Uðt � TAÞ� � VA þ ½Uðt � TAÞ � Uðt � ðTA þTBÞÞ� � VB

n ¼ 2 ) X2ðtÞ ¼ ½Uðt � ðTA þ TBÞÞ � Uðt � 2TA � TBÞ� � VA

þ ½Uðt � 2 � TA � TBÞ � Uðt � 2 � ðTA þ TBÞÞ� � VB

n ¼ 3 ) X3ðtÞ ¼ ½Uðt � 2 � ðTA þTBÞÞ � Uðt � 3 � TA � 2 � TBÞ� � VA

þ ½Uðt � 3 � TA � 2 � TBÞ � Uðt � 3 � ðTA þ TBÞÞ� � VB

VsðtÞ ¼
X1
n¼1

XnðtÞ ¼ VA �
X1
n¼1

½Uðt � ðn� 1Þ � ðTA þTBÞÞ � Uðt � n � TA � ðn� 1Þ � TBÞ�

þVB �
X1
n¼1

½Uðt � n � TA � ðn� 1Þ � TBÞ � Uðt � n � ðTA þ TBÞÞ�;VA [ 0;VB\0;VA ¼ jVBj

The mutual relationship between VA, VB, V1, and V2 can be describe in the below
levels figure (Fig. C.2).

V1

V2

VA

V(volt)

0 t (sec)

VB

TA TB

Fig. C.2 Optoisolation ele-
ments bridge mutual relation-
ship between VA, VB, V1, and
V2

Fig. C.1 Optoisolation elements bridge circuit
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Circuit Operation We divide our analysis into two sections. The first section is
which Vs(t) = VA for ðn� 1Þ � ðTA þ TBÞ	 t	 n � TA þ TB � ðn� 1Þ; n ¼ 1; 2; 3; . . .
and the second section is which Vs(t) = VB for n � TA þðn� 1Þ � TB 	 t	ðTA þ TBÞ �
n; n ¼ 1; 2; 3; . . . .

If Vs(t) = VA then D2 and D3 are ON state and D1 and D4 are OFF state. if Vs(t) =
VB then D2 and D3 are OFF state and D1 and D4 are ON state. If Vs(t) = VA then
capacitor Cm is charged through D2, D3 and resistor Rm. If Vs(t) = VB then capacitor
Cm is charged through D1, D4 and resistor Rm. If Vs(t) = 0 then all bridge’s LEDs
(D1, …, D4) are in OFF state and all phototransistors (Q1, …, Q4) are in OFF state.
Once the current starts to flow through specific LED the coupled phototransistor
enters to saturation accordingly (It depends on the amount of current that flows
through the LED). The final capacitor Cm voltage after k cycles of input square
wave signal is important in our analysis.

We consider that all optocouplers in the circuit are not identical. The circuit
model for analysis is based on the assumption that the LED light which strikes the
photo transistor base window can be represented as a dependent current source. The
dependent current source depends on the LED forward current, with proportional ki
constant (Index i = 1 for the first optocoupler, i = 2 for the second … etc.,).
IB�i ¼ ILED�i � ki and is the photo transistor (IB�i) base current. The mathematical
analysis is based on the basic transistor Ebers–Moll equations. VCEQi—Transistor
(i) collector emitter voltage. ICQi—Transistor (i) collector current. IEQi—Transistor
(i) emitter current. The main benefit of using optocoupler as an element in our
circuit is the ability to choose circuit characteristic by switching from one analog
optocoupler to another one. Each optocoupler has unique specific parameters
(I0; Ise; Isc; ar; af ; k).

VCEQi ¼ Vt � ln ðarQi � ICQi � IEQiÞþ Ise � ðarQi � afQi � 1Þ
ðICQi � IEQi � afQiÞþ Isc � ðarQi � afQi � 1Þ
� �

þVt � ln Isc
Ise

� �
; i ¼ 1; 2; 3; 4

Isc
Ise

� 1 ) ln
Isc
Ise

� �
! e; IEQi ¼ ICQi þ IBQi ; IEQi ¼ ICQi þ ILED�i � ki; afQi

arQi

¼ Isc
Ise

The equivalent circuit for our analysis is describing (Fig. C.3).
A bipolar junction phototransistor (BJT or bipolar phototransistor) can be rep-

resents as Ebers–Moll model and we define some parameters. Vt is the thermal
voltage k�T

q (approximately 26 mV at 300 K at room temperature). afQi is the

common base forward short circuit gain of phototransistor (i), 0.98–0.998. arQi =
0.1 − 0.5 typically. Ise; Isc are photo transistor saturation currents. Ise: reverse sat-
uration current of the base emitter diode. Isc: reverse saturation current of the base–
collector diode.

IEQ1 ¼ ICQ2 ; IEQ4 ¼ ICQ3
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VCEQi ¼ Vt � ln ðarQi � ICQi � ðICQi þ ILED�i � kiÞÞþ Ise � ðarQi � afQi � 1Þ
ðICQi � ðICQi þ ILED�i � kiÞ � afQiÞþ Isc � ðarQi � afQi � 1Þ
� �

þVt � ln Isc
Ise

� �
! e; i ¼ 1; 2; 3; 4

VCEQi ¼ Vt � ln ð½arQi � 1� � ICQi � ILED�i � kiÞþ Ise � ðarQi � afQi � 1Þ
ðICQi � ½1� afQi � � ILED�i � ki � afQiÞþ Isc � ðarQi � afQi � 1Þ
� �

Case I Vs(t) = VA for ðn� 1Þ � ðTA þ TBÞ	 t	 n � TA þ TB � ðn� 1Þ; n ¼ 1; 2; 3; . . .

KCL @ A1: IRs þ IEQ3 þ IEQ2 ¼ ILED�2. The assumption is D1 and D4 are in OFF
state, and we consider as disconnected elements. ILED�1 ! e; ILED�4 ! e.

ILED�2 ¼ ICm ¼ IRm ¼ ILED�3; IRs ¼
VsðtÞ � VA1

Rs
jVsðtÞ¼VA [ 0 ¼

VA � VA1

Rs
;

VA1 ¼ VLED�2 þVCm þVRm þVLED�3

ICm ¼ Cm � dVCm

dt
;VRm ¼ IRm � Rm;VLED�2 ¼ Vt � ln ILED�2

I0
þ 1

� �
;

VLED�3 ¼ Vt � ln ILED�3

I0
þ 1

� �

Fig. C.3 Optoisolation elements bridge circuit equivalent circuit
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V1 � VA1 ¼ ICQ1 � R1 þVCEQ1 þVCEQ2 ;V1 � VA;V2 � VA1

¼ ICQ4 � R2 þVCEQ4 þVCEQ3 ;V2  VA

VCEQ1 ¼ Vt � ln
arQ1 � 1½ � � ICQ1 � ILED�1 � k1ð Þþ Ise � arQ1 � afQ1 � 1

	 

ICQ1 � 1� afQ1

� �� ILED�1 � k1 � afQ1

	 
þ Isc � arQ1 � afQ1 � 1
	 


" #

VCEQ2 ¼ Vt � ln
arQ2 � 1½ � � ICQ2 � ILED�2 � k2ð Þþ Ise � arQ2 � afQ2 � 1

	 

ICQ2 � 1� afQ2

� �� ILED�2 � k2 � afQ2

	 
þ Isc � arQ2 � afQ2 � 1
	 


" #

VCEQ3 ¼ Vt � ln
arQ3 � 1½ � � ICQ3 � ILED�3 � k3ð Þþ Ise � arQ3 � afQ3 � 1

	 

ICQ3 � 1� afQ3

� �� ILED�3 � k3 � afQ3

	 
þ Isc � arQ3 � afQ3 � 1
	 


" #

VCEQ4 ¼ Vt � ln
arQ4 � 1½ � � ICQ4 � ILED�4 � k4ð Þþ Ise � arQ4 � afQ4 � 1

	 

ICQ4 � 1� afQ4

� �� ILED�4 � k4 � afQ4

	 
þ Isc � arQ4 � afQ4 � 1
	 


" #

VA1 ¼ Vt � ln ILED�2

I0
þ 1

� �
þVCm þ IRm � Rm þVt � ln ILED�3

I0
þ 1

� �
;

ICm ¼ Cm � dVCm

dt
) VCm ¼ 1

Cm
�
Z

ICm � dt

VA1 ¼ Vt � ln ILED�2

I0
þ 1

� �
þ 1

Cm
�
Z

ICm � dtþ IRm � Rm þVt

� ln ILED�3

I0
þ 1

� �
; ILED�2

¼ ICm ¼ IRm ¼ ILED�3

IRs ¼
VsðtÞ � VA1

Rs
jVsðtÞ¼VA [ 0 ¼

VA � VA1

Rs
) VA1 ¼ VA � IRs � Rs; IRs ¼ ILED�2 � IEQ3 � IEQ2

VA1 ¼ VA � ILED�2 � IEQ3 � IEQ2ð Þ � Rs

VA � ðILED�2 � IEQ3 � IEQ2Þ � Rs ¼ 2 � Vt � ln ILED�2

I0
þ 1

� �

þ 1
Cm

�
Z

ILED�2 � dtþ ILED�2 � Rm

V1 � VA þ ILED�2 � IEQ3 � IEQ2ð Þ � Rs ¼ ICQ1 � R1 þVt � ln

arQ1 � 1½ � � ICQ1 � ILED�1 � k1ð Þ
þ Ise � arQ1 � afQ1 � 1

	 

ICQ1 � 1� afQ1

� �� ILED�1 � k1 � afQ1

	 

þ Isc � arQ1 � afQ1 � 1

	 


2
6664

3
7775

þVt � ln
arQ2 � 1½ � � ICQ2 � ILED�2 � k2ð Þþ Ise � arQ2 � afQ2 � 1

	 

ICQ2 � 1� afQ2

� �� ILED�2 � k2 � afQ2

	 
þ Isc � arQ2 � afQ2 � 1
	 


" #
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V2 � VA þ ILED�2 � IEQ3 � IEQ2ð Þ � Rs ¼ ICQ4 � R2 þVt � ln

arQ4 � 1½ � � ICQ4 � ILED�4 � k4ð Þ
þ Ise � arQ4 � afQ4 � 1

	 

ICQ4 � 1� afQ4

� �� ILED�4 � k4 � afQ4

	 

þ Isc � arQ4 � afQ4 � 1

	 


2
6664

3
7775

þVt � ln
arQ3 � 1½ � � ICQ3 � ILED�3 � k3ð Þþ Ise � arQ3 � afQ3 � 1

	 

ICQ3 � 1� afQ3

� �� ILED�3 � k3 � afQ3

	 
þ Isc � arQ3 � afQ3 � 1
	 


" #

We derivate the two side of previous expression (dVA

dt ¼ 0) by

d
dt

VA � ILED�2 � IEQ3 � IEQ2ð Þ � Rs
 � ¼ d

dt
2 � Vt � ln ILED�2

I0
þ 1

� �
þ 1

Cm
�
Z

ILED�2 � dtþ ILED�2 � Rm

� �

� dILED�2

dt
� dIEQ3

dt
� dIEQ2

dt

� �
� Rs ¼ 2 � Vt � ddt ln

ILED�2

I0
þ 1

� �
þ 1

Cm
� ILED�2 þ dILED�2

dt
� Rm

d
dt
ln

ILED�2

I0
þ 1

� �
¼ 1

ILED�2
I0

þ 1
� � � 1

I0
� dILED�2

dt
¼ 1

ILED�2 þ I0
� dILED�2

dt

� dILED�2

dt
� dIEQ3

dt
� dIEQ2

dt

� �
� Rs ¼ 2 � Vt

ILED�2 þ I0
� dILED�2

dt
þ 1

Cm

� ILED�2 þ dILED�2

dt
� Rm

� dILED�2

dt
þ dIEQ3

dt
þ dIEQ2

dt

� �
� Rs ¼ 2 � Vt

ILED�2 þ I0
þRm

� �
� dILED�2

dt
þ 1

Cm

� ILED�2

Based on the assumption: ILED�1 ! e; ILED�4 ! e; ILED�2 ¼ ILED�3 ¼ ICm ¼ IRm

V1 � VA þ ILED�2 � IEQ3 � IEQ2ð Þ � Rs ¼ ICQ1 � R1

þVt � ln
arQ1 � 1½ � � ICQ1ð Þþ Ise � arQ1 � afQ1 � 1

	 

ICQ1 � 1� afQ1

� �	 
þ Isc � arQ1 � afQ1 � 1
	 


" #

þVt � ln
arQ2 � 1½ � � ICQ2 � ILED�2 � k2ð Þþ Ise � arQ2 � afQ2 � 1

	 

ICQ2 � 1� afQ2

� �� ILED�2 � k2 � afQ2

	 
þ Isc � arQ2 � afQ2 � 1
	 


" #

V2 � VA þðILED�2 � IEQ3 � IEQ2Þ � Rs ¼ ICQ4 � R2

þVt � ln ð½arQ4 � 1� � ICQ4Þþ Ise � ðarQ4 � afQ4 � 1Þ
ðICQ4 � ½1� afQ4 �Þ þ Isc � ðarQ4 � afQ4 � 1Þ
� �

þVt � ln ð½arQ3 � 1� � ICQ3 � ILED�2 � k3Þþ Ise � ðarQ3 � afQ3 � 1Þ
ðICQ3 � ½1� afQ3 � � ILED�2 � k3 � afQ3Þþ Isc � ðarQ3 � afQ3 � 1Þ
� �
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dIEQ3

dt
� Rs þ dIEQ2

dt
� Rs ¼ 2 � Vt

ILED�2 þ I0
þRm þRs

� �
� dILED�2

dt
þ 1

Cm
� ILED�2;

IEQ1 ¼ ICQ2 ; IEQ4 ¼ ICQ3

IEQ1 ¼ ICQ1 þ ILED�1 � k1; IEQ2 ¼ ICQ2 þ ILED�2 � k2; IEQ3 ¼ ICQ3 þ ILED�3 � k3; IEQ4 ¼ ICQ4 þ ILED�4 � k4
ILED�1 ! e; ILED�4 ! e ) IEQ1 � ICQ1 ; IEQ4 � ICQ4 ; ILED�2 ¼ ILED�3 ) IEQ3 ¼ ICQ3 þ ILED�2 � k3

We do the following transformation: ICQ1 � IEQ1 ¼ ICQ2 ¼ IEQ2 � ILED�2 � k2

ICQ2 ¼ IEQ2 � ILED�2 � k2; ICQ3 ¼ IEQ3 � ILED�2 � k3; ICQ4 � IEQ4 ¼ ICQ3

¼ IEQ3 � ILED�2 � k3

We get the following two equations, which include variables IEQ2; IEQ3; ILED�2:

V1 � VA þðILED�2 � IEQ3 � IEQ2Þ � Rs ¼ ½IEQ2 � ILED�2 � k2� � R1

þVt � ln

ð½arQ1 � 1� � ½IEQ2 � ILED�2 � k2�Þ
þ Ise � ðarQ1 � afQ1 � 1Þ

ð½IEQ2 � ILED�2 � k2� � ½1� afQ1 �Þ
þ Isc � ðarQ1 � afQ1 � 1Þ

2
66664

3
77775

þVt � ln ð½arQ2 � 1� � ½IEQ2 � ILED�2 � k2� � ILED�2 � k2Þþ Ise � ðarQ2 � afQ2 � 1Þ
ð½IEQ2 � ILED�2 � k2� � ½1� afQ2 � � ILED�2 � k2 � afQ2Þþ Isc � ðarQ2 � afQ2 � 1Þ
� �

V2 � VA þðILED�2 � IEQ3 � IEQ2Þ � Rs ¼ ½IEQ3 � ILED�2 � k3� � R2

þVt � ln

ð½arQ4 � 1� � ½IEQ3 � ILED�2 � k3�Þ
þ Ise � ðarQ4 � afQ4 � 1Þ
ð½IEQ3 � ILED�2 � k3� � ½1� afQ4 �Þ
þ Isc � ðarQ4 � afQ4 � 1Þ

2
6664

3
7775

þVt � ln ð½arQ3 � 1� � ½IEQ3 � ILED�2 � k3� � ILED�2 � k3Þþ Ise � ðarQ3 � afQ3 � 1Þ
ð½IEQ3 � ILED�2 � k3� � ½1� afQ3 � � ILED�2 � k3 � afQ3Þþ Isc � ðarQ3 � afQ3 � 1Þ
� �

We can represent the above equations as:

V1 � VA þ ILED�2 � ½Rs þ k2 � R1� � IEQ3 � Rs � IEQ2 � ½Rs þR1� ¼ Vt

� ln

arQ1 � 1½ � � IEQ2 � ILED�2 � k2½ �ð Þ
þ Ise � arQ1 � afQ1 � 1

	 

IEQ2 � ILED�2 � k2½ � � 1� afQ1

� �	 

þ Isc � arQ1 � afQ1 � 1

	 


2
6664

3
7775

þVt � ln
arQ2 � 1½ � � IEQ2 � ILED�2 � k2½ � � ILED�2 � k2ð Þþ Ise � arQ2 � afQ2 � 1

	 

IEQ2 � ILED�2 � k2½ � � 1� afQ2

� �� ILED�2 � k2 � afQ2

	 
þ Isc � arQ2 � afQ2 � 1
	 


" #

Appendix C: Optoisolation Elements Bridges Investigation and Stability Analysis 745



V2 � VA þ ILED�2 � ½Rs þ k3 � R2� � IEQ3 � ½Rs þR2� � IEQ2 � Rs ¼ Vt

� ln

arQ4 � 1½ � � IEQ3 � ILED�2 � k3½ �ð Þ
þ Ise � arQ4 � afQ4 � 1

	 

IEQ3 � ILED�2 � k3½ � � 1� afQ4

� �	 

þ Isc � ðarQ4 � afQ4 � 1Þ

2
6664

3
7775

þVt � ln
arQ3 � 1½ � � IEQ3 � ILED�2 � k3½ � � ILED�2 � k3ð Þþ Ise � arQ3 � afQ3 � 1

	 

IEQ3 � ILED�2 � k3½ � � 1� afQ3

� �� ILED�2 � k3 � afQ3

	 
þ Isc � arQ3 � afQ3 � 1
	 


" #

We define four new functions for simplicity of our analysis.

n11 IEQ2 ; ILED�2ð Þ ¼ arQ1 � 1½ � � IEQ2 � ILED�2 � k2½ �ð Þ þ Ise � arQ1 � afQ1 � 1
	 


n12 IEQ2 ; ILED�2ð Þ ¼ IEQ2 � ILED�2 � k2½ � � 1� afQ1

� �	 
þ Isc � arQ1 � afQ1 � 1
	 


n13 IEQ2 ; ILED�2ð Þ ¼ arQ2 � 1½ � � IEQ2 � ILED�2 � k2½ � � ILED�2 � k2ð Þþ Ise � arQ2 � afQ2 � 1
	 


n14 IEQ2 ; ILED�2ð Þ ¼ IEQ2 � ILED�2 � k2½ � � 1� afQ2

� �� ILED�2 � k2 � afQ2

	 
þ Isc � arQ2 � afQ2 � 1
	 


n21 IEQ3 ; ILED�2ð Þ ¼ arQ4 � 1½ � � IEQ3 � ILED�2 � k3½ �ð Þ þ Ise � arQ4 � afQ4 � 1
	 


n22 IEQ3 ; ILED�2ð Þ ¼ IEQ3 � ILED�2 � k3½ � � 1� afQ4

� �	 
þ Isc � arQ4 � afQ4 � 1
	 


n23 IEQ3 ; ILED�2ð Þ ¼ arQ3 � 1½ � � IEQ3 � ILED�2 � k3½ � � ILED�2 � k3ð Þþ Ise � arQ3 � afQ3 � 1
	 


n24 IEQ3 ; ILED�2ð Þ ¼ IEQ3 � ILED�2 � k3½ � � 1� afQ3

� �� ILED�2 � k3 � afQ3

	 
þ Isc � arQ3 � afQ3 � 1
	 


dn11 IEQ2 ; ILED�2ð Þ
dt

¼ arQ1 � 1½ � � dIEQ2

dt
� dILED�2

dt
� k2

� �
dn12 IEQ2 ; ILED�2ð Þ

dt
¼ dIEQ2

dt
� dILED�2

dt
� k2

� �
� 1� afQ1

� �
dn13 IEQ2 ; ILED�2ð Þ

dt
¼ arQ2 � 1½ � � dIEQ2

dt
� dILED�2

dt
� k2

� �
� dILED�2

dt
� k2

dn14 IEQ2 ; ILED�2ð Þ
dt

¼ dIEQ2

dt
� dILED�2

dt
� k2

� �
� 1� afQ2

� �� dILED�2

dt
� k2 � afQ2

dn21 IEQ3 ; ILED�2ð Þ
dt

¼ arQ4 � 1½ � � dIEQ3

dt
� dILED�2

dt
� k3

� �
dn22 IEQ3 ; ILED�2ð Þ

dt
¼ dIEQ3

dt
� dILED�2

dt
� k3

� �
� 1� afQ4

� �
dn23 IEQ3 ; ILED�2ð Þ

dt
¼ arQ3 � 1½ � � dIEQ3

dt
� dILED�2

dt
� k3

� �
� dILED�2

dt
� k3

dn24 IEQ3 ; ILED�2ð Þ
dt

¼ dIEQ3

dt
� dILED�2

dt
� k3

� �
� 1� afQ3

� �� dILED�2

dt
� k3 � afQ3
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We can rewrite our equations by using new functions.

V1 � VA þ ILED�2 � Rs þ k2 � R1½ � � IEQ3 � Rs � IEQ2 � Rs þR1½ � ¼ Vt � ln n11 IEQ2; ILED�2ð Þ
n12 IEQ2; ILED�2ð Þ
� �

þVt � ln n13 IEQ2; ILED�2ð Þ
n14 IEQ2; ILED�2ð Þ
� �

V2 � VA þ ILED�2 � Rs þ k3 � R2½ � � IEQ3 � Rs þR2½ � � IEQ2 � Rs ¼ Vt � ln n21 IEQ3 ; ILED�2ð Þ
n22 IEQ3 ; ILED�2ð Þ
� �

þVt � ln n23 IEQ3 ; ILED�2ð Þ
n24 IEQ3 ; ILED�2ð Þ
� �

Hint: If X = X(t) and Y = Y(t) are differentiable at t and Z = W(X(t), Y(t)) is
differentiable at (X(t), Y(t)) then Z = W(X(t), Y(t)) is differentiable at t and

dZ
dt

¼ @Z
@X

� dX
dt

þ @Z
@Y

� dY
dt

:

First we derive the two sides of the first equation: ILED�2 ¼ ILED�2ðtÞ

IEQ2 ¼ IEQ2ðtÞ; IEQ3 ¼ IEQ3ðtÞ;
d
dt
ðV1 � VAÞ ¼ 0

d
dt

V1 � VA þ ILED�2 � ½Rs þ k2 � R1� � IEQ3 � Rs � IEQ2 � ½Rs þR1�
 � ¼ d

dt
Vt � ln n11 IEQ2 ; ILED�2ð Þ

n12 IEQ2 ; ILED�2ð Þ
� ��

þVt � ln n13 IEQ2 ; ILED�2ð Þ
n14 IEQ2 ; ILED�2ð Þ
� ��

dILED�2

dt
� ½Rs þ k2 � R1� � dIEQ3

dt
� Rs � dIEQ2

dt
� ½Rs þR1� ¼ Vt � d

dt
ln

n11 IEQ2 ; ILED�2ð Þ
n12 IEQ2 ; ILED�2ð Þ
� ��

þ ln
n13 IEQ2 ; ILED�2ð Þ
n14 IEQ2 ; ILED�2ð Þ
� ��

Z1 ¼ ln
n11 IEQ2 ; ILED�2ð Þ
n12 IEQ2 ; ILED�2ð Þ
� �

;
dZ1
dt

¼ @Z1
@IEQ2

� dIEQ2

dt
þ @Z1

@ILED�2
� dILED�2

dt

@Z1
@IEQ2

¼ n12ðIEQ2 ; ILED�2Þ
n11ðIEQ2 ; ILED�2Þ
� �

�
@n11 IEQ2 ;ILED�2ð Þ

@IEQ2
� n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � @n12 IEQ2 ;ILED�2ð Þ

@IEQ2

n12 IEQ2 ; ILED�2ð Þ½ �2

2
64

3
75
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@Z1
@IEQ2

¼
@n11 IEQ2 ;ILED�2ð Þ

@IEQ2
� n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � @n12 IEQ2 ;ILED�2ð Þ

@IEQ2

n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

@Z1
@IEQ2

¼
@n11 IEQ2 ;ILED�2ð Þ

@IEQ2
� n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � @n12 IEQ2 ;ILED�2ð Þ

@IEQ2

n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

@n11 IEQ2 ; ILED�2ð Þ
@IEQ2

¼ ½arQ1 � 1�; @n12 IEQ2 ; ILED�2ð Þ
@IEQ2

¼ 1� afQ1

� �
@Z1
@IEQ2

¼ arQ1 � 1½ � � n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � ½1� afQ1 �
n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

@Z1
@ILED�2

¼ n12 IEQ2 ; ILED�2ð Þ
n11 IEQ2 ; ILED�2ð Þ
� �

�
@n11 IEQ2 ;ILED�2ð Þ

@ILED�2
� n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � @n12 IEQ2 ;ILED�2ð Þ

@ILED�2

n12 IEQ2 ; ILED�2ð Þ½ �2

2
4

3
5

@Z1
@ILED�2

¼
@n11 IEQ2 ;ILED�2ð Þ

@ILED�2
� n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � @n12 IEQ2 ;ILED�2ð Þ

@ILED�2

n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

2
4

3
5

@n11 IEQ2 ; ILED�2ð Þ
@ILED�2

¼ �k2 � arQ1 � 1½ �; @n12 IEQ2 ; ILED�2ð Þ
@ILED�2

¼ �k2 � 1� afQ1

� �
@Z1

@ILED�2
¼ �k2 �

arQ1 � 1½ � � n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � 1� afQ1

� �
n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

� �

dZ1
dt

¼ arQ1 � 1½ � � n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � 1� afQ1

� �
n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

� �
� dIEQ2

dt

�k2 �
arQ1 � 1½ � � n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � 1� afQ1

� �
n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

� �
� dILED�2

dt

dZ1
dt

¼ arQ1 � 1½ � � n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � 1� afQ1

� �
n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

� �
� dIEQ2

dt
� k2 � dILED�2

dt

� �

Z2 ¼ ln
n13 IEQ2 ; ILED�2ð Þ
n14 IEQ2 ; ILED�2ð Þ
� �

;
dZ2
dt

¼ @Z2
@IEQ2

� dIEQ2

dt
þ @Z2

@ILED�2
� dILED�2

dt

748 Appendix C: Optoisolation Elements Bridges Investigation and Stability Analysis



@Z2
@IEQ2

¼ n14 IEQ2 ; ILED�2ð Þ
n13 IEQ2 ; ILED�2ð Þ
� �

�
@n13 IEQ2 ;ILED�2ð Þ

@IEQ2
� n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ � @n14 IEQ2 ;ILED�2ð Þ

@IEQ2

n14 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

2
64

3
75

@Z2
@IEQ2

¼
@n13 IEQ2 ;ILED�2ð Þ

@IEQ2
� n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ � @n14 IEQ2 ;ILED�2ð Þ

@IEQ2

n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

2
64

3
75

@n13 IEQ2 ; ILED�2ð Þ
@IEQ2

¼ arQ2 � 1½ �; @n14 IEQ2 ; ILED�2ð Þ
@IEQ2

¼ 1� afQ2

� �

@Z2
@IEQ2

¼ arQ2 � 1½ � � n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ � 1� afQ2

� �
n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

� �

@Z2
@ILED�2

¼
@n13 IEQ2 ;ILED�2ð Þ

@ILED�2
� n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ � @n14 IEQ2 ;ILED�2ð Þ

@ILED�2

n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

2
4

3
5

@n13 IEQ2 ; ILED�2ð Þ
@ILED�2

¼ �k2 � arQ2 � 1½ � þ 1ð Þ ¼ �k2 � arQ2 ;
@n14 IEQ2 ; ILED�2ð Þ

@ILED�2
¼ �k2½ � � 1� afQ2

� �� k2 � afQ2 ¼ �k2

@Z2
@ILED�2

¼ �k2 � arQ2 � n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ
n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

� �

dZ2
dt

¼ arQ2 � 1½ � � n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ � 1� afQ2

� �
n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

� �
� dIEQ2

dt

� k2 � arQ2 � n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ
n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

� �
� dILED�2

dt

We can summarize our results:

dZ1
dt

¼ arQ1 � 1½ � � n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � 1� afQ1

� �
n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

� �

� dIEQ2

dt
� k2 � dILED�2

dt

� �
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dZ2
dt

¼ arQ2 � 1½ � � n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ � 1� afQ2

� �
n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

� �
� dIEQ2

dt

� k2 � arQ2 � n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ
n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

� �
� dILED�2

dt

We define for simplicity three functions:

!1 IEQ2 ; ILED�2ð Þ ¼ arQ1 � 1½ � � n12 IEQ2 ; ILED�2ð Þ � n11 IEQ2 ; ILED�2ð Þ � 1� afQ1

� �
n11 IEQ2 ; ILED�2ð Þ � n12 IEQ2 ; ILED�2ð Þ

!2 IEQ2 ; ILED�2ð Þ ¼ arQ2 � 1½ � � n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ � 1� afQ2

� �
n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

!3 IEQ2 ; ILED�2ð Þ ¼ k2 � arQ2 � n14 IEQ2 ; ILED�2ð Þ � n13 IEQ2 ; ILED�2ð Þ
n13 IEQ2 ; ILED�2ð Þ � n14 IEQ2 ; ILED�2ð Þ

� �

dZ1
dt

¼ !1 IEQ2 ; ILED�2ð Þ � dIEQ2

dt
� k2 � dILED�2

dt

� �
;

dZ2
dt

¼ !2 IEQ2 ; ILED�2ð Þ � dIEQ2

dt
� !3 IEQ2 ; ILED�2ð Þ � dILED�2

dt

We already found that

Z1 ¼ ln
n11 IEQ2 ; ILED�2ð Þ
n12 IEQ2 ; ILED�2ð Þ
� �

) dZ1
dt

¼ !1 IEQ2 ; ILED�2ð Þ � dIEQ2

dt
� k2 � dILED�2

dt

� �

Z2 ¼ ln
n13 IEQ2 ; ILED�2ð Þ
n14 IEQ2 ; ILED�2ð Þ
� �

) dZ2
dt

¼ !2 IEQ2 ; ILED�2ð Þ � dIEQ2

dt
� !3 IEQ2 ; ILED�2ð Þ � dILED�2

dt

dILED�2

dt
� Rs þ k2 � R1½ � � dIEQ3

dt
� Rs � dIEQ2

dt
� Rs þR1½ �

¼ Vt � !1 IEQ2 ; ILED�2ð Þ � dIEQ2

dt
� k2 � dILED�2

dt

� ��

þ!2 IEQ2 ; ILED�2ð Þ � dIEQ2

dt
� !3 IEQ2 ; ILED�2ð Þ � dILED�2

dt

�

Second we derive the two sides of the second equation: ILED�2 ¼ ILED�2ðtÞ
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IEQ2 ¼ IEQ2ðtÞ; IEQ3 ¼ IEQ3ðtÞ;
d
dt
ðV2 � VAÞ ¼ 0

d
dt
fV2 � VA þ ILED�2 � Rs þ k3 � R2½ � � IEQ3 � Rs þR2� � IEQ2 � Rs½ � ¼ d

dt
Vt � ln n21ðIEQ3 ; ILED�2Þ

n22ðIEQ3 ; ILED�2Þ
� ��

þVt � ln n23ðIEQ3 ; ILED�2Þ
n24ðIEQ3 ; ILED�2Þ
� ��

dILED�2

dt
� Rs þ k3 � R2½ � � dIEQ3

dt
� Rs þR2½ � � dIEQ2

dt
� Rs ¼ Vt � d

dt
ln

n21ðIEQ3 ; ILED�2Þ
n22ðIEQ3 ; ILED�2Þ
� �� �

þVt � d
dt

ln
n23ðIEQ3 ; ILED�2Þ
n24ðIEQ3 ; ILED�2Þ
� �� �

Z3 ¼ ln
n21 IEQ3 ; ILED�2ð Þ
n22 IEQ3 ; ILED�2ð Þ
� �

;
dZ3
dt

¼ @Z3
@IEQ3

� dIEQ3

dt
þ @Z3

@ILED�2
� dILED�2

dt

@Z3
@IEQ3

¼
@n21 IEQ3 ;ILED�2ð Þ

@IEQ3
� n22 IEQ3 ; ILED�2ð Þ � n21 IEQ3 ; ILED�2ð Þ � @n22 IEQ3 ;ILED�2ð Þ

@IEQ3

n21 IEQ3 ; ILED�2ð Þ � n22 IEQ3 ; ILED�2ð Þ

@n21 IEQ3 ; ILED�2ð Þ
@IEQ3

¼ arQ4 � 1½ �; @n22 IEQ3 ; ILED�2ð Þ
@IEQ3

¼ 1� afQ4

� �

@Z3
@IEQ3

¼ arQ4 � 1½ � � n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � 1� afQ4

� �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

@Z3
@ILED�2

¼
@n21ðIEQ3 ;ILED�2Þ

@ILED�2
� n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � @n22ðIEQ3 ;ILED�2Þ

@ILED�2

n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

@n21ðIEQ3 ; ILED�2Þ
@ILED�2

¼ �k3 � arQ4 � 1½ �; @n22ðIEQ3 ; ILED�2Þ
@ILED�2

¼ �k3 � 1� afQ4

� �
@Z3

@ILED�2
¼ �k3 �

arQ4 � 1½ � � n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � 1� afQ4

� �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

� �

dZ3
dt

¼ arQ4 � 1½ � � n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � 1� afQ4

� �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

� �
� dIEQ3

dt

� k3 �
arQ4 � 1½ � � n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � 1� afQ4

� �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

� �
� dILED�2

dt
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dZ3
dt

¼ arQ4 � 1½ � � n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � 1� afQ4

� �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

� �

� dIEQ3

dt
� k3 � dILED�2

dt

� �

Z4 ¼ ln
n23ðIEQ3 ; ILED�2Þ
n24ðIEQ3 ; ILED�2Þ
� �

;
dZ4
dt

¼ @Z4
@IEQ3

� dIEQ3

dt
þ @Z4

@ILED�2
� dILED�2

dt

@Z4
@IEQ3

¼
@n23ðIEQ3 ;ILED�2Þ

@IEQ3
� n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ � @n24ðIEQ3 ;ILED�2Þ

@IEQ3

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

@n23ðIEQ3 ; ILED�2Þ
@IEQ3

¼ arQ3 � 1½ �; @n24ðIEQ3 ; ILED�2Þ
@IEQ3

¼ 1� afQ3

� �

@Z4
@IEQ3

¼ arQ3 � 1½ � � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ � 1� afQ3

� �
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

@Z4
@ILED�2

¼
@n23ðIEQ3 ;ILED�2Þ

@ILED�2
� n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ � @n24ðIEQ3 ;ILED�2Þ

@ILED�2

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

@n23ðIEQ3 ; ILED�2Þ
@ILED�2

¼ arQ3 � 1½ � � �k3½ � � k3 ¼ �arQ3 � k3;
@n24ðIEQ3 ; ILED�2Þ

@ILED�2
¼ �k3

@Z4
@ILED�2

¼ �k3 � arQ3 � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

� �

dZ4
dt

¼ arQ3 � 1½ � � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ � 1� afQ3

� �
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ � dIEQ3

dt

� k3 � arQ3 � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

� �
� dILED�2

dt

We can summarize our results:

dZ3
dt

¼ ½arQ4 � 1� � n22 IEQ3 ; ILED�2ð Þ � n21 IEQ3 ; ILED�2ð Þ � ½1� afQ4 �
n21 IEQ3 ; ILED�2ð Þ � n22 IEQ3 ; ILED�2ð Þ

� �

� dIEQ3

dt
� k3 � dILED�2

dt

� �
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dZ4
dt

¼ arQ3 � 1½ � � n24 IEQ3 ; ILED�2ð Þ � n23 IEQ3 ; ILED�2ð Þ � 1� afQ3

� �
n23 IEQ3 ; ILED�2ð Þ � n24 IEQ3 ; ILED�2ð Þ � dIEQ3

dt

� k3 � arQ3 � n24 IEQ3 ; ILED�2ð Þ � n23 IEQ3 ; ILED�2ð Þ
n23 IEQ3 ; ILED�2ð Þ � n24 IEQ3 ; ILED�2ð Þ

� �
� dILED�2

dt

We define for simplicity three functions:

!4ðIEQ3 ; ILED�2Þ ¼
arQ4 � 1½ � � n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � 1� afQ4

� �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

!5ðIEQ3 ; ILED�2Þ ¼ ½arQ3 � 1� � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ � ½1� afQ3 �
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

!6ðIEQ3 ; ILED�2Þ ¼ k3 � arQ3 � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

� �

dZ3
dt

¼ !4 IEQ3 ; ILED�2ð Þ � dIEQ3

dt
� k3 � dILED�2

dt

� �
;

dZ4
dt

¼ !5ðIEQ3 ; ILED�2Þ � dIEQ3

dt
� !6 IEQ3 ; ILED�2ð Þ � dILED�2

dt

We already found that

Z3 ¼ ln
n21ðIEQ3 ; ILED�2Þ
n22ðIEQ3 ; ILED�2Þ
� �

) dZ3
dt

¼ !4ðIEQ3 ; ILED�2Þ � dIEQ3

dt
� k3 � dILED�2

dt

� �

Z4 ¼ ln
n23ðIEQ3 ; ILED�2Þ
n24ðIEQ3 ; ILED�2Þ
� �

) dZ4
dt

¼ !5ðIEQ3 ; ILED�2Þ � dIEQ3

dt
� !6ðIEQ3 ; ILED�2Þ � dILED�2

dt

dILED�2

dt
� ½Rs þ k3 � R2� � dIEQ3

dt
� ½Rs þR2� � dIEQ2

dt
� Rs ¼ Vt � !4ðIEQ3 ; ILED�2Þ � dIEQ3

dt
� k3 � dILED�2

dt

� �

þVt � !5ðIEQ3 ; ILED�2Þ � dIEQ3

dt
� !6ðIEQ3 ; ILED�2Þ � dILED�2

dt

� �

We can summarize our system three differential equations:

ð�Þ dIEQ3

dt
� Rs þ dIEQ2

dt
� Rs ¼ 2 � Vt

ILED�2 þ I0
þRm þRs

� �
� dILED�2

dt
þ 1

Cm
� ILED�2
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ð��Þ
dILED�2

dt � ½Rs þ k2 � R1� � dIEQ3
dt � Rs � dIEQ2

dt � ½Rs þR1� ¼ Vt � !1ðIEQ2 ; ILED�2Þ


� dIEQ2
dt � k2 � dILED�2

dt

� �
þ!2ðIEQ2 ; ILED�2Þ � dIEQ2dt � !3ðIEQ2 ; ILED�2Þ � dILED�2

dt

o

ð� � �Þ
dILED�2

dt � ½Rs þ k3 � R2� � dIEQ3
dt � ½Rs þR2� � dIEQ2

dt � Rs ¼ Vt � !4ðIEQ3 ; ILED�2Þ
� dIEQ3

dt � k3 � dILED�2

dt

� �
þVt � !5ðIEQ3 ; ILED�2Þ � dIEQ3dt � !6ðIEQ3 ; ILED�2Þ � dILED�2

dt

� �

We need to get thee functions for our stability analysis:

dILED�2

dt
¼ g1ðILED�2; IEQ2 ; IEQ3Þ;

dIEQ2

dt
¼ g2ðILED�2; IEQ2 ; IEQ3Þ;

dIEQ3

dt
¼ g3ðILED�2; IEQ2 ; IEQ3Þ

First we work on equation (**).

dILED�2

dt � ½Rs þ k2 � R1� � dIEQ3
dt � Rs � dIEQ2

dt � ½Rs þR1� ¼ Vt � !1ðIEQ2 ; ILED�2Þ


� dIEQ2
dt � k2 � dILED�2

dt

� �
þ!2ðIEQ2 ; ILED�2Þ � dIEQ2dt � !3ðIEQ2 ; ILED�2Þ � dILED�2

dt

dILED�2

dt
� ½Rs þ k2 � R1� � dIEQ3

dt
� Rs � dIEQ2

dt
� ½Rs þR1� ¼ Vt � !1ðIEQ2 ; ILED�2Þ � dIEQ2

dt

� Vt � !1ðIEQ2 ; ILED�2Þ � k2 � dILED�2

dt
þVt � !2ðIEQ2 ; ILED�2Þ � dIEQ2

dt
� Vt � !3ðIEQ2 ; ILED�2Þ � dILED�2

dt
dILED�2

dt
� ½Rs þ k2 � R1� þVt � !3ðIEQ2 ; ILED�2Þ � dILED�2

dt
þVt � !1ðIEQ2 ; ILED�2Þ � k2 � dILED�2

dt

¼ Vt � !1ðIEQ2 ; ILED�2Þ � dIEQ2

dt
þVt � !2ðIEQ2 ; ILED�2Þ � dIEQ2

dt
þ dIEQ2

dt
� ½Rs þR1� þ dIEQ3

dt
� Rs

dILED�2

dt
� fRs þ k2 � R1 þVt � !3ðIEQ2 ; ILED�2ÞþVt � !1ðIEQ2 ; ILED�2Þ � k2g

¼ dIEQ2

dt
� fVt � !1ðIEQ2 ; ILED�2ÞþVt � !2ðIEQ2 ; ILED�2ÞþRs þR1gþ dIEQ3

dt
� Rs

dIEQ3

dt
� Rs ¼ dILED�2

dt
� fRs þ k2 � R1 þVt � !3ðIEQ2 ; ILED�2ÞþVt � !1ðIEQ2 ; ILED�2Þ � k2g

� dIEQ2

dt
� fVt � !1ðIEQ2 ; ILED�2ÞþVt � !2ðIEQ2 ; ILED�2ÞþRs þR1g

dIEQ3

dt
¼ dILED�2

dt
� f1þ k2 � R1

Rs
þ Vt

Rs
� !3ðIEQ2 ; ILED�2Þþ Vt

Rs
� !1ðIEQ2 ; ILED�2Þ � k2g

� dIEQ2

dt
� fVt

Rs
� !1ðIEQ2 ; ILED�2Þþ Vt

Rs
� !2ðIEQ2 ; ILED�2Þþ 1þ R1

Rs
g
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We define for simplicity the following functions:

dIEQ3

dt
¼ dILED�2

dt
� X11ðIEQ2 ; ILED�2Þ � dIEQ2

dt
� X12ðIEQ2 ; ILED�2Þ

X11ðIEQ2 ; ILED�2Þ ¼ 1þ k2 � R1

Rs
þ Vt

Rs
� !3ðIEQ2 ; ILED�2Þ

þ Vt

Rs
� !1ðIEQ2 ; ILED�2Þ � k2

X12ðIEQ2 ; ILED�2Þ ¼ Vt

Rs
� !1ðIEQ2 ; ILED�2Þþ Vt

Rs
� !2ðIEQ2 ; ILED�2Þþ 1þ R1

Rs

Second we work on equation (***).

dILED�2

dt
� ½Rs þ k3 � R2� � dIEQ3

dt
� ½Rs þR2� � dIEQ2

dt
� Rs ¼ Vt � !4ðIEQ3 ; ILED�2Þ

� dIEQ3

dt
� k3 � dILED�2

dt

� �
þVt � !5ðIEQ3 ; ILED�2Þ � dIEQ3

dt
� !6ðIEQ3 ; ILED�2Þ � dILED�2

dt

� �

dILED�2

dt
� ½Rs þ k3 � R2� � dIEQ3

dt
� ½Rs þR2� � dIEQ2

dt
� Rs ¼ Vt � !4ðIEQ3 ; ILED�2Þ

� dIEQ3

dt
� k3 � dILED�2

dt

� �
þ!5ðIEQ3 ; ILED�2Þ � dIEQ3

dt
� Vt � !6ðIEQ3 ; ILED�2Þ � dILED�2

dt

dILED�2

dt
� ½Rs þ k3 � R2� � dIEQ3

dt
� ½Rs þR2� � dIEQ2

dt
� Rs ¼ Vt � !4ðIEQ3 ; ILED�2Þ � dIEQ3

dt

� Vt � !4ðIEQ3 ; ILED�2Þ � k3 � dILED�2

dt
þ!5ðIEQ3 ; ILED�2Þ � dIEQ3

dt
� Vt � !6ðIEQ3 ; ILED�2Þ � dILED�2

dt

dILED�2

dt
� ½Rs þ k3 � R2� þVt � !4ðIEQ3 ; ILED�2Þ � k3 � dILED�2

dt
þVt � !6ðIEQ3 ; ILED�2Þ � dILED�2

dt

¼ dIEQ2

dt
� Rs þVt � !4ðIEQ3 ; ILED�2Þ � dIEQ3

dt
þ!5ðIEQ3 ; ILED�2Þ � dIEQ3

dt
þ dIEQ3

dt
� ½Rs þR2�

dILED�2

dt
� fRs þ k3 � R2 þVt � !4ðIEQ3 ; ILED�2Þ � k3 þVt � !6ðIEQ3 ; ILED�2Þg

¼ dIEQ2

dt
� Rs þ dIEQ3

dt
� Vt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2
 �

dIEQ3

dt
¼ dILED�2

dt
� Rs þ k3 � R2 þVt � !4ðIEQ3 ; ILED�2Þ � k3 þVt � !6ðIEQ3 ; ILED�2Þ

Vt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2

� �

� dIEQ2

dt
� Rs

fVt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2g

We define for simplicity the following functions:
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dIEQ3

dt
¼ dILED�2

dt
� X21ðIEQ3 ; ILED�2Þ � dIEQ2

dt
� X22ðIEQ3 ; ILED�2Þ

X21ðIEQ3 ; ILED�2Þ ¼ Rs þ k3 � R2 þVt � !4ðIEQ3 ; ILED�2Þ � k3 þVt � !6ðIEQ3 ; ILED�2Þ
Vt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2

X22ðIEQ3 ; ILED�2Þ ¼ Rs

fVt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2g

Outcome of the above discussion:

dILED�2

dt
� X11ðIEQ2 ; ILED�2Þ � dIEQ2

dt
� X12ðIEQ2 ; ILED�2Þ

¼ dILED�2

dt
� X21ðIEQ3 ; ILED�2Þ � dIEQ2

dt
� X22ðIEQ3 ; ILED�2Þ

dIEQ2

dt
� ½X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ�

¼ dILED�2

dt
� ½X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ�

dIEQ2

dt
¼ dILED�2

dt
� X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ

X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ
� �

;

dIEQ2

dt
¼ dILED�2

dt
� N1ðIEQ2 ; IEQ3 ; ILED�2Þ

N1ðIEQ2 ; IEQ3 ; ILED�2Þ ¼ X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ
X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ

dIEQ3

dt
¼ dILED�2

dt
� X11ðIEQ2 ; ILED�2Þ � dILED�2

dt
� N1ðIEQ2 ; IEQ3 ; ILED�2Þ

� X12ðIEQ2 ; ILED�2Þ

dIEQ3

dt
¼ dILED�2

dt
� X11ðIEQ2 ; ILED�2Þ � N1ðIEQ2 ; IEQ3 ; ILED�2Þ � X12ðIEQ2 ; ILED�2Þ
 �

N2ðIEQ2 ; IEQ3 ; ILED�2Þ ¼ X11ðIEQ2 ; ILED�2Þ � N1ðIEQ2 ; IEQ3 ; ILED�2Þ
� X12ðIEQ2 ; ILED�2Þ

Back to equation (*)
dIEQ3
dt ¼ dILED�2

dt � N2ðIEQ2 ; IEQ3 ; ILED�2Þ

dIEQ3

dt
� Rs þ dIEQ2

dt
� Rs ¼ 2 � Vt

ILED�2 þ I0
þRm þRs

� �
� dILED�2

dt
þ 1

Cm
� ILED�2
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dILED�2

dt
� X11ðIEQ2 ; ILED�2Þ � N1ðIEQ2 ; IEQ3 ; ILED�2Þ � X12ðIEQ2 ; ILED�2Þ
 � � Rs

þ dILED�2

dt
� X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ

X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ
� �

� Rs ¼ 2 � Vt

ILED�2 þ I0
þRm þRs

� �

� dILED�2

dt
þ 1

Cm
� ILED�2

dILED�2

dt
� X11ðIEQ2 ; ILED�2Þ � N1ðIEQ2 ; IEQ3 ; ILED�2Þ � X12ðIEQ2 ; ILED�2Þ
 �

� Rs þ dILED�2

dt
� N1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs ¼ 2 � Vt

ILED�2 þ I0
þRm þRs

� �

� dILED�2

dt
þ 1

Cm
� ILED�2

dILED�2

dt
� N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þ dILED�2

dt
� N1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs

¼ 2 � Vt

ILED�2 þ I0
þRm þRs

� �
� dILED�2

dt
þ 1

Cm
� ILED�2

dILED�2

dt
� N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs � 2 � Vt

ILED�2 þ I0
þRm þRs

� ��
¼ 1

Cm
� ILED�2

dILED�2

dt
¼ 1

Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs � 2�Vt
ILED�2 þ I0

þRm þRs

h in o � ILED�2

dIEQ2

dt
¼ ILED�2 � N1ðIEQ2 ; IEQ3 ; ILED�2Þ

Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs � 2�Vt
ILED�2 þ I0

þRm þRs

h in o

dIEQ3

dt
¼ ILED�2 � N2ðIEQ2 ; IEQ3 ; ILED�2Þ

Cm � fN2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs � ½ 2�Vt
ILED�2 þ I0

þRm þRs�g

dILED�2

dt
¼ g1ðILED�2; IEQ2 ; IEQ3Þ;

dIEQ2

dt
¼ g2ðILED�2; IEQ2 ; IEQ3Þ;

dIEQ3

dt
¼ g3ðILED�2; IEQ2 ; IEQ3Þ

g1ðILED�2; IEQ2 ; IEQ3Þ ¼
1

Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io
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g2ðILED�2; IEQ2 ; IEQ3Þ ¼
ILED�2 � N1ðIEQ2 ; IEQ3 ; ILED�2Þ

Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io

g3ðILED�2; IEQ2 ; IEQ3Þ ¼
ILED�2 � N2ðIEQ2 ; IEQ3 ; ILED�2Þ

Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io

To analyze our system fixed points for the case Vs(t) = VA for ðn� 1Þ �
ðTA þ TBÞ	 t	 n � TA þ TB � ðn� 1Þ; n ¼ 1; 2; 3; . . . we need to consider TA ! 1
otherwise there is no fixed points and the analysis is done only until TA seconds
(dynamical behavior which is restricted in time). TA ! 1 then at fixed points
(equilibrium points )

dILED�2

dt
¼ 0;

dIEQ2

dt
¼ 0;

dIEQ3

dt
¼ 0;

dILED�2

dt
¼ 0 ) I�LED�2 ¼ 0:

dIEQ2

dt
¼ 0 ) I�LED�2 ¼ 0 or N�

1ðI�EQ2
; I�EQ3

; I�LED�2Þ ¼ 0;

dIEQ3

dt
¼ 0 ) I�LED�2 ¼ 0 or N�

2ðI�EQ2
; I�EQ3

; I�LED�2Þ ¼ 0

fI�LED�2 ¼ 0g\ fI�LED�2 ¼ 0 or N�
1ðI�EQ2

; I�EQ3
; I�LED�2Þ ¼ 0g

\ fI�LED�2 ¼ 0 or N�
2ðI�EQ2

; I�EQ3
; I�LED�2Þ ¼ 0g ¼ fI�LED�2 ¼ 0g

Web approximate the phase portrait near our system fixed points by that of a
corresponding linear system. Our system differential equations:

dILED�2

dt
¼ g1ðILED�2; IEQ2 ; IEQ3Þ;

dIEQ2

dt
¼ g2ðILED�2; IEQ2 ; IEQ3Þ;

dIEQ3

dt
¼ g3ðILED�2; IEQ2 ; IEQ3Þ

And suppose that ðI�LED�2; I
�
EQ2

; I�EQ3
Þ is a fixed pointgiðI�LED�2; I

�
EQ2

; I�EQ3
Þ ¼ 0;

i ¼ 1; 2; 3.
Let u ¼ ILED�2 � I�LED�2; v ¼ IEQ2 � I�EQ2

;w ¼ IEQ3 � I�EQ3
denote the compo-

nents of a small disturbance from the fixed point (equilibrium point). To see
whether the disturbance grows or decays, we need to derive differential equations

for u, v, and w. Let’s do u equation first: dudt ¼
dILED�2

dt since I�LED�2 is a constant and

by substitution du
dt ¼

dILED�2

dt ¼ g1ðuþ I�LED�2; vþ I�EQ2
;wþ I�EQ3

Þ and by using

Taylor expansion du
dt ¼

dILED�2

dt ¼ g1ðI�LED�2; I
�
EQ2

; I�EQ3
Þþ u � @g1

@ILED�2
þ v � @g1

@IEQ2
þw�

@g1
@IEQ3

þOðu2; v2;w2; . . .Þ.
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g1ðI�LED�2; I
�
EQ2

; I�EQ3
Þ ¼ 0 ) du

dt
¼ dILED�2

dt

¼ u � @g1
@ILED�2

þ v � @g1
@IEQ2

þw � @g1
@IEQ3

þOðu2; v2;w2; . . .Þ

To simplify the notation, we have written @g1
@ILED�2

; @g1
@IEQ2

; @g1
@IEQ3

. These partial
derivatives are to be evaluated at the fixed point ðI�LED�2; I

�
EQ2

; I�EQ3
Þ; thus they are

numbers, not functions. The shorthand notation Oðu2; v2;w2; . . .Þ denotes quadratic
terms in u, v, and w. Since u, v, and w variables are small, these quadratic terms are
extremely small. In the same way we find the following:

dv
dt

¼ dIEQ2

dt
¼ g2 I�LED�2; I

�
EQ2

; I�EQ3

� �
þ u � @g2

@ILED�2
þ v � @g2

@IEQ2

þw � @g2
@IEQ3

þOðu2; v2;w2; . . .Þ
dw
dt

¼ dIEQ3

dt
¼ g3 I�LED�2; I

�
EQ2

; I�EQ3

� �
þ u � @g3

@ILED�2
þ v � @g3

@IEQ2

þw � @g3
@IEQ3

þOðu2; v2;w2; . . .Þ

Hence the disturbance (u, v, w) evolves according to

du
dt
dv
dt
dw
dt

0
BBBBBB@

1
CCCCCCA

¼

@g1
@ILED�2

@g1
@IEQ2

@g1
@IEQ3

@g2
@ILED�2

@g2
@IEQ2

@g2
@IEQ3

@g3
@ILED�2

@g3
@IEQ2

@g3
@IEQ3

0
BB@

1
CCAþ quadratic term

The matrix A ¼

@g1
@ILED�2

@g1
@IEQ2

@g1
@IEQ3

@g2
@ILED�2

@g2
@IEQ2

@g2
@IEQ3

@g3
@ILED�2

@g3
@IEQ2

@g3
@IEQ3

0
BB@

1
CCA

ðI�LED�2;I
�
EQ2

;I�EQ3 Þ

is called the system

Jacobian matrix at the fixed point ðI�LED�2; I
�
EQ2

; I�EQ3
Þ. Since the quadratic terms are

tiny, it’s tempting to neglect them altogether. We get our optoisolation elements
bridge circuit linearized system.

du
dt
dv
dt
dw
dt

0
BBBBBB@

1
CCCCCCA

¼

@g1
@ILED�2

@g1
@IEQ2

@g1
@IEQ3

@g2
@ILED�2

@g2
@IEQ2

@g2
@IEQ3

@g3
@ILED�2

@g3
@IEQ2

@g3
@IEQ3

0
BB@

1
CCA �

u

v

w

0
B@

1
CA

g1 ILED�2; IEQ2 ; IEQ3ð Þ ¼ 1
Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt

ILED�2 þ I0
þRm þRs

h io � ILED�2
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@g1
@ILED�2

¼

Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io
� ILED�2 � Cm � @N2ðIEQ2 ;IEQ3 ;ILED�2Þ

@ILED�2
� Rs

n
þ @N1ðIEQ2 ;IEQ3 ;ILED�2Þ

@ILED�2
� Rs � @

@ILED�2

2�Vt
ILED�2 þ I0

h io
C2
m � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io2

@

@ILED�2

2 � Vt

ILED�2 þ I0

� �
¼ �2 � Vt

ILED�2 þ I0½ �2

@N2ðIEQ2 ; IEQ3 ; ILED�2Þ
@ILED�2

¼ @X11ðIEQ2 ; ILED�2Þ
@ILED�2

� @N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@ILED�2

� X12ðIEQ2 ; ILED�2Þ

� N1ðIEQ2 ; IEQ3 ; ILED�2Þ � @X12ðIEQ2 ; ILED�2Þ
@ILED�2

@X11ðIEQ2 ; ILED�2Þ
@ILED�2

¼ Vt

Rs
� @!3ðIEQ2 ; ILED�2Þ

@ILED�2
þ @!1ðIEQ2 ; ILED�2Þ

@ILED�2
� k2

� �

!3ðIEQ2 ; ILED�2Þ ¼ k2 � arQ2 � n14ðIEQ2 ; ILED�2Þ � n13ðIEQ2 ; ILED�2Þ
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ

� �

@!3ðIEQ2 ; ILED�2Þ
@ILED�2

¼ k2 �

arQ2 � @n14ðIEQ2 ;ILED�2Þ
@ILED�2

� @n13ðIEQ2 ;ILED�2Þ
@ILED�2

h i
� n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ

� @
@ILED�2

n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ
 � � arQ2 � n14ðIEQ2 ; ILED�2Þ


�n13ðIEQ2 ; ILED�2Þ

�
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ½ �2

2
6666666664

3
7777777775

@

@ILED�2
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ
 � ¼ @n13ðIEQ2 ; ILED�2Þ

@ILED�2
� n14ðIEQ2 ; ILED�2Þ

þ n13ðIEQ2 ; ILED�2Þ � @n14ðIEQ2 ; ILED�2Þ
@ILED�2

;
@n13ðIEQ2 ; ILED�2Þ

@ILED�2
¼ �k2 � arQ2 ;

@n14ðIEQ2 ; ILED�2Þ
@ILED�2

¼ �k2

!1ðIEQ2 ; ILED�2Þ ¼ ½arQ1 � 1� � n12ðIEQ2 ; ILED�2Þ � n11ðIEQ2 ; ILED�2Þ � ½1� afQ1 �
n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ

@!1ðIEQ2 ; ILED�2Þ
@ILED�2

¼

½arQ1 � 1� � @n12ðIEQ2 ;ILED�2Þ
@ILED�2

� @n11ðIEQ2 ;ILED�2Þ
@ILED�2

� ½1� afQ1 �
n o

�n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ � ½arQ1 � 1� � n12ðIEQ2; ILED�2Þ


�n11 IEQ2 ; ILED�2ð Þ � ½1� afQ1 �
� � @

@ILED�2
n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ
 �

n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ½ �2
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@

@ILED�2
n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ
 � ¼ @n11ðIEQ2 ; ILED�2Þ

@ILED�2
� n12ðIEQ2 ; ILED�2Þ

þ n11ðIEQ2 ; ILED�2Þ � @n12ðIEQ2 ; ILED�2Þ
@ILED�2

@n11ðIEQ2 ; ILED�2Þ
@ILED�2

¼ �k2 � ½arQ1 � 1�; @n12ðIEQ2 ; ILED�2Þ
@ILED�2

¼ �k2 � ½1� afQ1 �

N1ðIEQ2 ; IEQ3 ; ILED�2Þ ¼ X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ
X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ

@N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@ILED�2

¼

@X11ðIEQ2 ;ILED�2Þ
@ILED�2

� @X21ðIEQ3 ;ILED�2Þ
@ILED�2

h i
� X12ðIEQ2 ; ILED�2Þ½

�X22ðIEQ3 ; ILED�2Þ� � X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ½ �
� @X12ðIEQ2 ;ILED�2Þ

@ILED�2
� @X22ðIEQ3 ;ILED�2Þ

@ILED�2

h i
X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ½ �2

X12ðIEQ2 ; ILED�2Þ ¼ Vt

Rs
� !1ðIEQ2 ; ILED�2Þþ Vt

Rs
� !2ðIEQ2 ; ILED�2Þþ 1þ R1

Rs

@X21ðIEQ3 ; ILED�2Þ
@ILED�2

¼ Vt

Rs
� @!1ðIEQ2 ; ILED�2Þ

@ILED�2
þ @!2ðIEQ2 ; ILED�2Þ

@ILED�2

� �

X21ðIEQ3 ; ILED�2Þ ¼ Rs þ k3 � R2 þVt � !4ðIEQ3 ; ILED�2Þ � k3 þVt � !6ðIEQ3 ; ILED�2Þ
Vt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2

@X12ðIEQ2 ; ILED�2Þ
@ILED�2

¼

Vt � @!4ðIEQ3 ;ILED�2Þ
@ILED�2

� k3 þ @!6ðIEQ3 ;ILED�2Þ
@ILED�2

h i
� Vt � !4ðIEQ3 ; ILED�2Þ½

þ!5ðIEQ3 ; ILED�2ÞþRs þR2�
� Rs þ k3 � R2 þVt � !4ðIEQ3 ; ILED�2Þ � k3 þVt � !6ðIEQ3 ; ILED�2Þ½ �

� Vt � @!4ðIEQ3 ;ILED�2Þ
@ILED�2

þ @!5ðIEQ3 ;ILED�2Þ
@ILED�2

h i
Vt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2½ �2

!2ðIEQ2 ; ILED�2Þ ¼ ½arQ2 � 1� � n14ðIEQ2 ; ILED�2Þ � n13ðIEQ2 ; ILED�2Þ � ½1� afQ2 �
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ

@!2ðIEQ2 ; ILED�2Þ
@ILED�2

¼

½arQ2 � 1� � @n14ðIEQ2 ;ILED�2Þ
@ILED�2

� @n13ðIEQ2 ;ILED�2Þ
@ILED�2

� ½1� afQ2 �
n o

� n13ðIEQ2 ; ILED�2Þ
�n14ðIEQ2 ; ILED�2Þ � ½arQ2 � 1� � n14ðIEQ2 ; ILED�2Þ � n13ðIEQ2 ; ILED�2Þ � ½1� afQ2 �

 �
� @
@ILED�2

n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ
 �

½n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ�2
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@

@ILED�2
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ
 � ¼ @n13ðIEQ2 ; ILED�2Þ

@ILED�2
� n14ðIEQ2 ; ILED�2Þ

þ n13ðIEQ2 ; ILED�2Þ � @n14ðIEQ2 ; ILED�2Þ
@ILED�2

!4ðIEQ3 ; ILED�2Þ ¼ ½arQ4 � 1� � n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � ½1� afQ4 �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

@!4ðIEQ3 ; ILED�2Þ
@ILED�2

¼

½arQ4 � 1� � @n22ðIEQ3 ;ILED�2Þ
@ILED�2

� @n21ðIEQ3 ;ILED�2Þ
@ILED�2

� 1� afQ4

� �n o
�n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ � ½arQ4 � 1� � n22ðIEQ3 ; ILED�2Þ


�n21ðIEQ3 ; ILED�2Þ � ½1� afQ4 �

� � @
@ILED�2

n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ
 �

n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ½ �2

@

@ILED�2
fn21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þg ¼ @n21ðIEQ3 ; ILED�2Þ

@ILED�2
� n22ðIEQ3 ; ILED�2Þ

þ n21ðIEQ3 ; ILED�2Þ � @n22ðIEQ3 ; ILED�2Þ
@ILED�2

!5ðIEQ3 ; ILED�2Þ ¼ ½arQ3 � 1� � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ � ½1� afQ3 �
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

@!5ðIEQ3 ; ILED�2Þ
@ILED�2

¼

½arQ3 � 1� � @n24ðIEQ3 ;ILED�2Þ
@ILED�2

� @n23ðIEQ3 ;ILED�2Þ
@ILED�2

� ½1� afQ3 �
n o

�n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ � ½arQ3 � 1� � n24ðIEQ3 ; ILED�2Þ


�n23ðIEQ3 ; ILED�2Þ � ½1� afQ3 �
� � @

@ILED�2
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ
 �

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ½ �2

@

@ILED�2
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILEDLED�2Þ
 � ¼ @n23ðIEQ3 ; ILED�2Þ

@ILED�2
� n24ðIEQ3 ; ILED�2Þ

þ n23ðIEQ3 ; ILED�2Þ � @n24ðIEQ3 ; ILED�2Þ
@ILED�2

!6ðIEQ3 ; ILED�2Þ ¼ k3 � arQ3 � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

� �

@!6ðIEQ3 ; ILED�2Þ
@ILED�2

¼ k3 �

arQ3 � @n24ðIEQ3 ;ILED�2Þ
@ILED�2

� @n23ðIEQ3 ;ILED�2Þ
@ILED�2

h i
�n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ � arQ3 � n24ðIEQ3 ; ILED�2Þ½

�n23ðIEQ3 ; ILED�2Þ� � @
@ILED�2

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ
 �

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ½ �2
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g1ðILED�2; IEQ2 ; IEQ3Þ ¼
1

Cm � N2ðIEQ2 ,IEQ3 ; ILED�2Þ � Rs þN1(IEQ2 ,IEQ3 ; ILED�2) � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io � ILED�2

@g1
@IEQ2

¼
�ILED�2 � Cm � @N2ðIEQ2 ;IEQ3 ;ILED�2Þ

@IEQ2
� Rs þ @N1ðIEQ2 ;IEQ3 ;ILED�2Þ

@IEQ2
� Rs

n o
C2
m � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io2

@N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ2

¼

@X11ðIEQ2 ;ILED�2Þ
@IEQ2

� @X21ðIEQ3 ;ILED�2Þ
@IEQ2

h i
� X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ½ �

� X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ½ � � @X12ðIEQ2 ;ILED�2Þ
@IEQ2

� @X22ðIEQ3 ;ILED�2Þ
@IEQ2

h i
X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ½ �2

@X21ðIEQ3 ; ILED�2Þ
@IEQ2

¼ 0;
@X22ðIEQ3 ; ILED�2Þ

@IEQ2

¼ 0

@N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ2

¼

@X11ðIEQ2 ; ILED�2Þ
@IEQ2

� ½X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ�

�½X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ� � @X12ðIEQ2 ; ILED�2Þ
@IEQ2

½X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ�2

X11ðIEQ2 ; ILED�2Þ ¼ 1þ k2 � R1

Rs
þ Vt

Rs
� !3ðIEQ2 ; ILED�2Þþ Vt

Rs
� !1ðIEQ2 ; ILED�2Þ

� k2

@X11ðIEQ2 ; ILED�2Þ
@IEQ2

¼ Vt

Rs
� @!3ðIEQ2 ; ILED�2Þ

@IEQ2

þ @!1ðIEQ2 ; ILED�2Þ
@IEQ2

� k2
� �

X12ðIEQ2 ; ILED�2Þ ¼ Vt

Rs
� !1ðIEQ2 ; ILED�2Þþ Vt

Rs
� !2ðIEQ2 ; ILED�2Þþ 1þ R1

Rs

@X12ðIEQ2 ; ILED�2Þ
@IEQ2

¼ Vt

Rs
� @!1ðIEQ2 ; ILED�2Þ

@IEQ2

þ @!2ðIEQ2 ; ILED�2Þ
@IEQ2

� �

!1ðIEQ2 ; ILED�2Þ ¼ ½arQ1 � 1� � n12ðIEQ2 ; ILED�2Þ � n11ðIEQ2 ; ILED�2Þ � ½1� afQ1 �
n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ

@!1ðIEQ2 ; ILED�2Þ
@IEQ2

¼

½arQ1 � 1� � @n12ðIEQ2 ;ILED�2Þ
@IEQ2

� @n11ðIEQ2 ;ILED�2Þ
@IEQ2

� 1� afQ1

� �� �
�n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ � ½arQ1 � 1� � n12ðIEQ2 ; ILED�2Þð

�n11ðIEQ2 ; ILED�2Þ � ½1� afQ1 �

 � @

@IEQ2
n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ
 �

n11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þ½ �2

Appendix C: Optoisolation Elements Bridges Investigation and Stability Analysis 763



@

@IEQ2

fn11ðIEQ2 ; ILED�2Þ � n12ðIEQ2 ; ILED�2Þg ¼ @n11ðIEQ2 ; ILED�2Þ
@IEQ2

� n12ðIEQ2 ; ILED�2Þ

þ n11ðIEQ2 ; ILED�2Þ � @n12ðIEQ2 ; ILED�2Þ
@IEQ2

n11ðIEQ2 ; ILED�2Þ ¼ ð½arQ1 � 1� � ½IEQ2 � ILED�2 � k2�Þþ Ise � ðarQ1 � afQ1 � 1Þ
n12ðIEQ2 ; ILED�2Þ ¼ ð½IEQ2 � ILED�2 � k2� � ½1� afQ1 �Þþ Isc � ðarQ1 � afQ1 � 1Þ

@n12ðIEQ2 ; ILED�2Þ
@IEQ2

¼ ½1� afQ1 �;
@n11ðIEQ2 ; ILED�2Þ

@IEQ2

¼ ½arQ1 � 1�

!2ðIEQ2 ; ILED�2Þ ¼ ½arQ2 � 1� � n14ðIEQ2 ; ILED�2Þ � n13ðIEQ2 ; ILED�2Þ � ½1� afQ2 �
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ

@!2ðIEQ2 ; ILED�2Þ
@IEQ2

¼

½arQ2 � 1� � @n14ðIEQ2 ;ILED�2Þ
@IEQ2

� @n13ðIEQ2 ;ILED�2Þ
@IEQ2

� ½1� afQ2 �
� �

�n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ � ð½arQ2 � 1� � n14ðIEQ2 ; ILED�2Þ
�n13ðIEQ2 ; ILED�2Þ � ½1� afQ2 �Þ � @

@IEQ2
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ
 �

n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ½ �2

@

@IEQ2

n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ
 � ¼ @n13ðIEQ2 ; ILED�2Þ

@IEQ2

� n14ðIEQ2 ; ILED�2Þ

þ n13ðIEQ2 ; ILED�2Þ � @n14ðIEQ2 ; ILED�2Þ
@IEQ2

n13ðIEQ2 ; ILED�2Þ ¼ ð½arQ2 � 1� � ½IEQ2 � ILED�2 � k2� � ILED�2 � k2Þþ Ise � ðarQ2 � afQ2 � 1Þ
n14ðIEQ2 ; ILED�2Þ ¼ ð½IEQ2 � ILED�2 � k2� � ½1� afQ2 � � ILED�2 � k2 � afQ2Þþ Isc � ðarQ2 � afQ2 � 1Þ

@n13ðIEQ2 ; ILED�2Þ
@IEQ2

¼ ½arQ2 � 1�; @n14ðIEQ2 ; ILED�2Þ
@IEQ2

¼ ½1� afQ2 �

!3ðIEQ2 ; ILED�2Þ ¼ k2 � arQ2 � n14ðIEQ2 ; ILED�2Þ � n13ðIEQ2 ; ILED�2Þ
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ

� �

@!3ðIEQ2 ; ILED�2Þ
@IEQ2

¼ k2 �

arQ2 � @n14ðIEQ2 ;ILED�2Þ
@IEQ2

� @n13ðIEQ2 ;ILED�2Þ
@IEQ2

h i
�n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ � arQ2 � n14ðIEQ2 ; ILED�2Þ½
�n13ðIEQ2 ; ILED�2Þ� � @

@IEQ2
n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ
 �

n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ½ �2

2
6666666664

3
7777777775
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@

@IEQ2

n13ðIEQ2 ; ILED�2Þ � n14ðIEQ2 ; ILED�2Þ
 � ¼ @n13ðIEQ2 ; ILED�2Þ

@IEQ2

� n14ðIEQ2 ; ILED�2Þ

þ n13ðIEQ2 ; ILED�2Þ � @n14ðIEQ2 ; ILED�2Þ
@IEQ2

N2ðIEQ2 ; IEQ3 ; ILED�2Þ ¼ X11ðIEQ2 ; ILED�2Þ � N1ðIEQ2 ; IEQ3 ; ILED�2Þ
� X12ðIEQ2 ; ILED�2Þ

@N2ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ2

¼ @X11ðIEQ2 ; ILED�2Þ
@IEQ2

� @N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ2

� X12ðIEQ2 ; ILED�2Þ � N1ðIEQ2 ; IEQ3 ; ILED�2Þ � @X12ðIEQ2 ; ILED�2Þ
@IEQ2

g1ðILED�2; IEQ2 ; IEQ3Þ ¼
ILED�2

Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io

@g1
@IEQ3

¼
�ILED�2 � Cm � @N2ðIEQ2 ;IEQ3 ;ILED�2Þ

@IEQ3
� Rs þ @N1ðIEQ2 ;IEQ3 ;ILED�2Þ

@IEQ3
� Rs

n o
C2
m � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io2

N1ðIEQ2 ; IEQ3 ; ILED�2Þ ¼ X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ
X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ

@N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ3

¼

@X11ðIEQ2 ;ILED�2Þ
@IEQ3

� @X21ðIEQ3 ;ILED�2Þ
@IEQ3

� � ½X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ
h i
� X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ½ � � @X12ðIEQ2 ;ILED�2Þ

@IEQ3
� @X22ðIEQ3 ;ILED�2Þ

@IEQ3

h i
X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ½ �2

@X11ðIEQ2 ; ILED�2Þ
@IEQ3

¼ 0;
@X12ðIEQ2 ; ILED�2Þ

@IEQ3

¼ 0

@N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ3

¼

� @X21ðIEQ3 ;ILED�2Þ
@IEQ3

� X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ½ �
þ X11ðIEQ2 ; ILED�2Þ � X21ðIEQ3 ; ILED�2Þ½ � � @X22ðIEQ3 ;ILED�2Þ

@IEQ3

X12ðIEQ2 ; ILED�2Þ � X22ðIEQ3 ; ILED�2Þ½ �2

X21ðIEQ3 ; ILED�2Þ ¼ Rs þ k3 � R2 þVt � !4ðIEQ3 ; ILED�2Þ � k3 þVt � !6ðIEQ3 ; ILED�2Þ
Vt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2

Appendix C: Optoisolation Elements Bridges Investigation and Stability Analysis 765



@X21 IEQ3 ; ILED�2ð Þ
@IEQ3

¼

Vt � @!4ðIEQ3 ;ILED�2Þ
@IEQ3

� k3 þVt � @!6ðIEQ3 ;ILED�2Þ
@IEQ3

h i
� ½Vt � !4ðIEQ3 ; ILED�2Þ

þ!5ðIEQ3 ; ILED�2ÞþRs þR2� � ½Rs þ k3 � R2 þVt � !4ðIEQ3 ; ILED�2Þ � k3
þVt � !6ðIEQ3 ; ILED�2Þ� � Vt � @!4ðIEQ3 ;ILED�2Þ

@IEQ3
þ @!5ðIEQ3 ;ILED�2Þ

@IEQ3

h i
½Vt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2�2

!4ðIEQ3 ; ILED�2Þ ¼ ½arQ4 � 1� � N22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � ½1� afQ4 �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ

@!4ðIEQ3 ; ILED�2Þ
@IEQ3

¼

½arQ4 � 1� � @n22ðIEQ3 ;ILED�2Þ
@IEQ3

� @n21ðIEQ3 ;ILED�2Þ
@IEQ3

� ½1� afQ4 �
� �

�n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ
� ½arQ4 � 1� � n22ðIEQ3 ; ILED�2Þ � n21ðIEQ3 ; ILED�2Þ � 1� afQ4

� �	 

� @
@IEQ3

n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ
 �
n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; IEÞ½ �2

@

@IEQ3

n21ðIEQ3 ; ILED�2Þ � n22ðIEQ3 ; ILED�2Þ
 � ¼ @n21ðIEQ3 ; ILED�2Þ

@IEQ3

� n22ðIEQ3 ; ILED�2Þ

þ n21ðIEQ3 ; ILED�2Þ � @n22ðIEQ3 ; ILED�2Þ
@IEQ3

@n22ðIEQ3 ; ILED�2Þ
@IEQ3

¼ ½1� afQ4 �;
@n21ðIEQ3 ; ILED�2Þ

@IEQ3

¼ ½arQ4 � 1�

!6ðIEQ3 ; ILED�2Þ ¼ k3 � arQ3 � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

� �

@!6ðIEQ3 ; ILED�2Þ
@IEQ3

¼ k3 �

arQ3 � @n24ðIEQ3 ;ILED�2Þ
@IEQ3

� @n23ðIEQ3 ;ILED�2Þ
@IEQ3

h i
� n23ðIEQ3 ; ILED�2Þ

�n24ðIEQ3 ; ILED�2Þ � arQ3 � n24ðIEQ3 ; ILED�2Þ½
�n23ðIEQ3 ; ILED�2Þ� � @

@IEQ3
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ
 �

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ½ �2

2
6666666664

3
7777777775

@

@IEQ3

fn23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þg ¼ @n23ðIEQ3 ; ILED�2Þ
@IEQ3

� n24ðIEQ3 ; ILED�2Þ

þ n23ðIEQ3 ; ILED�2Þ � @n24ðIEQ3 ; ILED�2Þ
@IEQ3

@n23ðIEQ3 ; ILED�2Þ
@IEQ3

¼ ½arQ3 � 1�; @n24ðIEQ3 ; ILED�2Þ
@IEQ3

¼ ½1� afQ3 �
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!5ðIEQ3 ; ILED�2Þ ¼ ½arQ3 � 1� � n24ðIEQ3 ; ILED�2Þ � n23ðIEQ3 ; ILED�2Þ � ½1� afQ3 �
n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ

@!5ðIEQ3 ; ILED�2Þ
@IEQ3

¼

½arQ3 � 1� � @n24ðIEQ3 ;ILED�2Þ
@IEQ3

� @n23ðIEQ3 ;ILED�2Þ
@IEQ3

� ½1� afQ3 �
� �

�n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ � ½arQ3 � 1� � n24ðIEQ3 ; ILED�2Þð
�n23ðIEQ3 ; ILED�2Þ � ½1� afQ3 �


 � @
@IEQ3

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ
 �

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ½ �2

@

@IEQ3

n23ðIEQ3 ; ILED�2Þ � n24ðIEQ3 ; ILED�2Þ
 � ¼ @n23ðIEQ3 ; ILED�2Þ

@IEQ3

� n24ðIEQ3 ; ILED�2Þ

þ n23ðIEQ3 ; ILED�2Þ � @n24ðIEQ3 ; ILED�2Þ
@IEQ3

X22ðIEQ3 ; ILED�2Þ ¼ Rs

fVt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2g

@X22ðIEQ3 ; ILED�2Þ
@IEQ3

¼
�Rs � Vt � @!4ðIEQ3 ;ILED�2Þ

@IEQ3
þ @!5ðIEQ3 ;ILED�2Þ

@IEQ3

� �
fVt � !4ðIEQ3 ; ILED�2Þþ!5ðIEQ3 ; ILED�2ÞþRs þR2g2

N2ðIEQ2 ; IEQ3 ; ILED�2Þ ¼ X11ðIEQ2 ; ILED�2Þ � N1ðIEQ2 ; IEQ3 ; ILED�2Þ
� X12ðIEQ2 ; ILED�2Þ

@N2ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ3

¼ @X11ðIEQ2 ; ILED�2Þ
@IEQ3

� @N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ3

� X12ðIEQ2 ; ILED�2Þ

� N1ðIEQ2 ; IEQ3 ; ILED�2Þ � @X12ðIEQ2 ; ILED�2Þ
@IEQ3

;
@X11ðIEQ2 ; ILED�2Þ

@IEQ3

¼ 0;
@X12ðIEQ2 ; ILED�2Þ

@IEQ3

¼ 0

@N2ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ3

¼ � @N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ3

� X12ðIEQ2 ; ILED�2Þ

g2ðILED�2; IEQ2 ; IEQ3Þ ¼
ILED�2 � N1ðIEQ2 ; IEQ3 ; ILED�2Þ

Cm � N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs


� 2�Vt
ILED�2 þ I0

þRm þRs

h io

g2ðILED�2; IEQ2 ; IEQ3Þ ¼ g1ðILED�2; IEQ2 ; IEQ3Þ � N1ðIEQ2 ; IEQ3 ; ILED�2Þ

@g2
@ILED�2

¼ @g1ðILED�2; IEQ2 ; IEQ3Þ
@ILED�2

� N1ðIEQ2 ; IEQ3 ; ILED�2Þþ g1ðILED�2; IEQ2 ; IEQ3Þ

� @N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@ILED�2
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@g2
@IEQ2

¼ @g1ðILED�2; IEQ2 ; IEQ3Þ
@IEQ2

� N1ðIEQ2 ; IEQ3 ; ILED�2Þþ g1ðILED�2; IEQ2 ; IEQ3Þ

� @N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ2

@g2
@IEQ3

¼ @g1ðILED�2; IEQ2 ; IEQ3Þ
@IEQ3

� N1ðIEQ2 ; IEQ3 ; ILED�2Þþ g1ðILED�2; IEQ2 ; IEQ3Þ

� @N1ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ3

g3ðILED�2; IEQ2 ; IEQ3Þ ¼
ILED�2 � N2ðIEQ2 ; IEQ3 ; ILED�2Þ

Cm �
�
N2ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs þN1ðIEQ2 ; IEQ3 ; ILED�2Þ � Rs

� 2�Vt
ILED�2 þ I0

þRm þRs

h i�

g3ðILED�2; IEQ2 ; IEQ3Þ ¼ g1ðILED�2; IEQ2 ; IEQ3Þ � N2ðIEQ2 ; IEQ3 ; ILED�2Þ

@g3
@ILED�2

¼ @g1ðILED�2; IEQ2 ; IEQ3Þ
@ILED�2

� N2ðIEQ2 ; IEQ3 ; ILED�2Þþ g1ðILED�2; IEQ2 ; IEQ3Þ

� @N2ðIEQ2 ; IEQ3 ; ILED�2Þ
@ILED�2

@g3
@IEQ2

¼ @g1ðILED�2; IEQ2 ; IEQ3Þ
@IEQ2

� N2ðIEQ2 ; IEQ3 ; ILED�2Þþ g1ðILED�2; IEQ2 ; IEQ3Þ

� @N2ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ2

@g3
@IEQ3

¼ @g1ðILED�2; IEQ2 ; IEQ3Þ
@IEQ3

� N2ðIEQ2 ; IEQ3 ; ILED�2Þþ g1ðILED�2; IEQ2 ; IEQ3Þ

� @N2ðIEQ2 ; IEQ3 ; ILED�2Þ
@IEQ3

Remark Our stability analysis is done based on the particular assumption that
TA ! 1;Dþ ¼ 1

1þTB=ðTA!1Þ ! 1;D� ¼ 1
1þðTA!1Þ=TB ! e otherwise our system

dynamical analysis is restricted in time.

For stability analysis we need to find our system characteristic equation. It is
done by finding the determinant of system Jacobian matrix at the fixed point
ðI�LED�2; I

�
EQ2

; I�EQ3
Þ minus the unity matrix (3 � 3) multiples by eigenvalue k.
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A ¼

@g1
@ILED�2

@g1
@IEQ2

@g1
@IEQ3

@g2
@ILED�2

@g2
@IEQ2

@g2
@IEQ3

@g3
@ILED�2

@g3
@IEQ2

@g3
@IEQ3

0
BB@

1
CCA

ðI�LED�2;I
�
EQ2

;I�EQ3 Þ

;

A� k � I ¼

@g1
@ILED�2

� k @g1
@IEQ2

@g1
@IEQ3

@g2
@ILED�2

@g2
@IEQ2

� k @g2
@IEQ3

@g3
@ILED�2

@g3
@IEQ2

@g3
@IEQ3

� k

0
BB@

1
CCA

ðI�LED�2;I
�
EQ2

;I�EQ3 Þ

det jA� k � Ij ¼ @g1
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA

� det

@g2
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �
@g3
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
BBBB@

1
CCCCA

� @g1
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � det

@g2
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �
@g3

@ILED�2
j

I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
BBBB@

1
CCCCA

þ @g1
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � det

@g2
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g2
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

@g3
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g3
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �

0
BBBB@

1
CCCCA

det

@g2
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �
@g3
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
BBBB@

1
CCCCA ¼ @g2

@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA

� @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA� @g3

@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �
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det

@g2
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �
@g3

@ILED�2
j

I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
BBBB@

1
CCCCA ¼ @g2

@ILED�2
j

I�
LED�2

;I�
EQ2

;I�
EQ3

� �

� @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA� @g3

@ILED�2
j

I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �

det

@g2
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g2
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

@g3
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � @g3
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �

0
BBBB@

1
CCCCA ¼ @g2

@ILED�2
j

I�
LED�2

;I�
EQ2

;I�
EQ3

� �

� @g3
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g3
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g2
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA

Finally we get the eigenvalues characteristic equation:

det jA� k � Ij ¼ @g1
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA � @g2

@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA

8><
>:

� @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA� @g3

@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �
9>=
>;

� @g1
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g2
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA

8><
>:

� @g3
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �
9>=
>;þ @g1

@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �

� @g2
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g3
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �
8><
>:
� @g3
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � @g2
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � � k

0
B@

1
CA
9>=
>;
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We define for simplicity the following characteristic equation parameters:

B1 ¼ @g1
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;B2¼ @g2
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;
B3 ¼ @g3

@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �

B4 ¼ @g3
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;B5 ¼ @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;
B6 ¼ @g1

@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �

B7 ¼ @g2
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;B8 ¼ @g3
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;
B9 ¼ @g3

@ILED�2
j

I�
LED�2

;I�
EQ2

;I�
EQ3

� �

B10 ¼ @g2
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;B11 ¼ @g1
@IEQ3

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;
B12 ¼ @g2

@ILED�2
j

I�
LED�2

;I�
EQ2

;I�
EQ3

� �

B13 ¼ @g3
@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ; B14 ¼ @g3
@ILED�2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� � ;
B15 ¼ @g2

@IEQ2

j
I�
LED�2

;I�
EQ2

;I�
EQ3

� �

det jA� k � Ij ¼ ðB1 � kÞ � fðB2 � kÞ � ðB3 � kÞ � B4 � B5g � B6 � fB7 � ðB8 � kÞ
� B9 � B10gþB11 � fB12 � B13 � B14 � ðB15 � kÞg

det jA� k � Ij ¼ B1 � B2 � B3 � B1 � ðB2 þB3Þ � kþB1 � k2
� B1 � B4 � B5 � k � B2 � B3 þðB2 þB3Þ � k2 � k3

þ k � B4 � B5 � B6 � B7 � B8 þB6 � B7 � k
þB6 � B9 � B10 þB11 � B12 � B13 � B11 � B14 � B15 þB11 � B14 � k
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det jA� k � Ij ¼ B1 � B2 � B3 � B1 � B4 � B5 � B6 � B7 � B8 þB6 � B9 � B10

þB11 � B12 � B13 � B11 � B14 � B15 þ k

� ½B4 � B5 þB6 � B7 þB11 � B14 � B1 � ðB2 þB3Þ � B2 � B3�
þ ½B1 þB2 þB3� � k2 � k3

U0 ¼ B1 � B2 � B3 � B1 � B4 � B5 � B6 � B7 � B8 þB6 � B9 � B10

þB11 � B12 � B13 � B11 � B14 � B15

U1 ¼ B4 � B5 þB6 � B7 þB11 � B14 � B1 � ðB2 þB3Þ
� B2 � B3;U2 ¼ B1 þB2 þB3;U3 ¼ �1

det jA� k � Ij ¼
X3
k¼0

Uk � kk; det jA� k � Ij ¼ 0 )
X3
k¼0

Uk � kk ¼ 0

The system characteristic cubic function isP3
k¼0 Uk � kk ¼ U3 � k3 þU2 � k2 þU1 � kþU0 ¼ 0
with U3 6¼ 0. The coefficients U0;U1;U2;U3 are assumed to be real numbers.

Our system characteristic cubic function with real coefficients has at least one
eigenvalue solution (k) among the real numbers and this is a consequence of the
intermediate value theorem. We can distinguish several possible cases using the
discriminant (D(/0, /1, /2, /3)) by the following expression:

DðU0;U1;U2;U3Þ ¼ 18 �
Y3
k¼0

Uk � 4 � U3
2 � U0 þU2

2 � U2
1 � 4 � U3 � U3

1 � 27 � U2
3

� U2
0

The following cases need to be considered: If D(/0,/1,/2,/3) > 0, then the
system characteristic equation has three distinct eigenvalue real roots. If D(/0, /1,
/2, /3) = 0, then the characteristic equation has a multiple eigenvalue root and all
its root real. If D(/0, /1, /2, /3) < 0, then the system characteristic equation has
one eigenvalue real root and two nonreal eigenvalue complex conjugate roots. For
our system characteristic cubic function equation

P3
k¼0 Uk � kk ¼ 0 the general

formula for the eigenvalue roots in terms of the coefficients (/0, /1, /2, /3) is as
follow: kk ¼ �1

3�U3
� ðU2 þ nk � T þ D0

nk �TÞ 8 k 2 f1; 2; 3g
Where n1 ¼ 1; n2 ¼ �1þ i� ffiffi3p

2 ; n3 ¼ �1�i� ffiffi3p
2 are the three characteristic cube roots

of unity, and where T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
1�4�D3

0

p
2

3
q

;D0ðU1;U2;U3Þ ¼ U2
2 � 3 � U3 � U1

D1ðU1;U2;U3;U4Þ ¼ 2 � U3
2 � 9 �

Y3
k¼1

Uk þ 27 � U2
3 � U0;D0 ¼ D0ðU1;U2;U3Þ

D1 ¼ D1ðU1;U2;U3;U4Þ; T ¼ TðU1;U2;U3;U4Þ;D2
1 � 4 � D3

0 ¼ �27 � U2
3 � D:
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Table. C.1 Optoisolation element’s bridge system eigenvalues and fixed points stability
classification

System eigenvalues (k1, k2, k3) System fixed point stability classification (TA ! 1)

k1 [ 0; k2 [ 0; k3 [ 0
ki [ 0 8 i ¼ 1; 2; 3

Unstable node

k1 [ 0; k2 [ 0; k3\0 Saddle point

k1 [ 0; k2\0; k3\0 Saddle point

k1\0; k2\0; k3\0
ki\0 8 i ¼ 1; 2; 3

Stable node

Reðk1Þ[ 0; k2 ¼ k�1; k3 [ 0
k1 ¼ C1 þ i � C2; k2 ¼ C1 � i � C2

Reðk1Þ ¼ Reðk2Þ ¼ C1

Unstable spiral node

Reðk1Þ[ 0; k2 ¼ k�1; k3\0
k1 ¼ C1 þ i � C2; k2 ¼ C1 � i � C2

Reðk1Þ ¼ Reðk2Þ ¼ C1

Unstable spiral saddle point

Reðk1Þ\0; k2 ¼ k�1; k3 [ 0
k1 ¼ C1 þ i � C2; k2 ¼ C1 � i � C2

Reðk1Þ ¼ Reðk2Þ ¼ C1

Unstable spiral saddle point

Reðk1Þ\0; k2 ¼ k�1; k3\0
k1 ¼ C1 þ i � C2; k2 ¼ C1 � i � C2

Reðk1Þ ¼ Reðk2Þ ¼ C1

Stable spiral node
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D ¼ DðU0;U1;U2;U3Þ. In these formulas, ffip
;
ffi

3
p denote any choice for the

square or eigenvalue cube roots. The changing of choice for the square root
amounts to exchanging k2 and k3. The changing of choice for the cube root amounts
to circularly permuting the roots. Thus the freeness of choosing a determination of
the square or eigenvalue cube roots corresponds exactly to the freeness for num-
bering the eigenvalue roots of the characteristic equation.

There are special cases in our analysis: If D 6¼ 0 and D0 = 0, the sign offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
1 � 4 � D3

0

q
¼

ffiffiffiffiffiffi
D2
1

q
has to be chosen to have T 6¼ 0, that is one should defineffiffiffiffiffiffi

D2
1

q
¼ D1, which even is the sign of D1. If D = 0 and D0 = 0, the three eigenvalue

roots are equal: k1 ¼ k2 ¼ k3 ¼ � U2
3�U3

. If D = 0 and D0 6¼0, the above expression
for the eigenvalue roots is correct but misleading. In this case there is a double
eigenvalue root k1 ¼ k2 ¼ 9�U3�U0�U2�U1

2�D0
and a simple eigenvalue

rootk3 ¼ 4�
Q3

k¼1
Uk�9�U2

3�U0�U3
2

U3�D0
. We can classify our optoisolation elements bridge

system’s fixed points for stability analysis (Table C.1).
Case II Vs(t) = VB < 0 for n � TA þðn� 1Þ� TB 	 t	ðTA þ TBÞ � n; n ¼ 1; 2; 3; . . ..
KCL @ A1: IEQ3 þ IEQ2 þ ILED�1 ¼ IRs . The assumption is D1 and D4 are in ON
state, and D2 and D3 are in OFF state. We consider D2 and D3 as disconnected
elements. ILED�2 ! e; ILED�3 ! e. VsðtÞ ¼ VB\0 ) VA1\0
VB\0;VA [ 0;VA ¼ jVBj;V1 � VA � V2;V2  jVBj;V1 [ 0;V2 [ 0;V1 6¼ V2



ILED�1 ¼ ICm ¼ IRm ¼ ILED�4 ; IRs ¼
VA1 � VsðtÞ

Rs
jVsðtÞ¼VB\0 ¼

VA1 � VB

Rs
;

jVA1 j ¼ VLED�1 þVCm þVRm þVLED�4

ICm ¼ Cm � dVCm

dt
;

VRm ¼ IRm � Rm ; VLED�1 ¼ Vt � ln ILED�1

I0
þ 1

� �
;

VLED�4 ¼ Vt � ln ILED�4

I0
þ 1

� �
V1 � VA1 ¼ ICQ1 � R1 þVCEQ1 þVCEQ2 ;

V1 � VB ; V2 � VB ; V2 � VA1 ¼ ICQ4 � R2 þVCEQ4 þVCEQ3

Remark It is reader task to analyze stability of our system for Vs(t) = VB < 0. In our
analysis we consider TB ! 1.
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Appendix D
BJT Transistor Ebers–Moll Model
and MOSFET Model

A bipolar junction transistor (BJT or bipolar transistor) is a type of transistor that
relies on the contact of two types of semiconductor for its operation. BJTs can be
used as amplifiers, optoisolation circuits, switches, or in oscillators in many
industrial and commercial applications. BJTs can be found either as individual
discrete components, or in large numbers as parts of integrated circuits. The
operation of bipolar transistor involves both electron and holes. There are two
kinds of charge carriers which characteristic of the two kinds of doped semicon-
ductor material. Electrons are majority charge carriers in n-type semiconductors,
whereas holes are majority charge carriers in p-type semiconductors. Unipolar
transistors such as the field-effect transistors have only one kind of charge carrier.
Charge flow in a BJT is due to diffusion of charge carriers across a junction between
two regions of different charge concentrations. The regions of a BJT are called
emitter, collector, and base. A discrete transistor has three leads for connection to
these regions. Typically, the emitter region is heavily doped compared to the other
two layers, whereas the majority charge carrier concentrations in base and collector
layers are about the same. By design, most of the BJT collector current is due to the
flow of charges injected from a high-concentration emitter into the base where there
are minority carriers that diffuse toward the collector, and so BJTs are classified as
minority-carrier devices. There are two types of BJT transistors, PNP and NPN
based on the doping types of the three main terminal regions. An NPN transistor
comprises two semiconductor junctions that share a thin p-doped anode region, and
a PNP transistor comprises two semiconductor junctions that share a thin n-doped
cathode region. In an NPN transistor, when positive bias is applied to the base–
emitter junction, the equilibrium is disturbed between the thermally generated
carriers and the repelling electric field of the n-doped emitter depletion region. This
allows thermally excited electrons to inject from the emitter into the base region.
These electrons diffuse through the base from the region of high concentration near
the emitter towards the region of low concentration near the collector. The electrons
in the base are called minority carriers because the base is doped p-type, which
makes holes the majority carrier in the base.

The collector–emitter current can be viewed as being controlled by the base–
emitter current (current control), or by the base–emitter voltage (voltage control).
These views are related by the current–voltage relation of the base–emitter junction,
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which is just the usual exponential current–voltage curve of a p–n junction (diode).
The Bipolar transistor exhibits a few delay characteristics when turning on and off.
Most transistors and especially power transistors, exhibit long base-storage times
that limit maximum frequency of operation in switching applications. One method
for reducing this storage time is by using a Baker clamp. The proportion of elec-
trons able to cross the base and reach the collector is a measure of the BJT effi-
ciency. The heavy doping of the emitter region and light doping of the base region
causes many more electrons to be injected from the emitter into the base than holes
to be injected from the base into the emitter. The common–emitter current gain is
represented by bFðbf Þ or the h-parameter hFE. It is approximately the ratio of the
DC collector current to the DC base current in forward-active region. It is typically
greater than 50 for small signal transistors but can be smaller in transistors designed
for high-power applications. Another important parameter is the common-base
current gain aFðaf Þ. The common-base current gain is approximately the gain of
current from emitter to collector in the forward-active region. This ratio usually has
a value close to unity; between 0.98 and 0.998. It is less than unity due to
recombination of charge carriers as they cross the base region.

aF ¼ IC
IB
; bF ¼ IC

IB
; b ¼ IC

IE � IC
¼ IC=IE

1� IC=IE
¼ aF

1� aF
; aF ¼ bF

aF þ 1

Transistors can be thought of as two diodes (P–N junctions) sharing a common
region that minority carriers can move through. A PNP BJT will function like two
diodes that share an N-type cathode region, and the NPN like two diodes sharing a
P-type anode region. Connecting two diodes with wires will not make a transistor,
since minority carriers will not be able to get from one P–N junction to the other
through the wire. Both types of BJT function by letting a small current input to the
base control an amplified output from the collector. The result is that the transistor
makes a good switch that is controlled by its base input. The BJT also makes a good
amplifier, since it can multiply a weak input signal to about 100 times its original
strength. Networks of transistors are used to make powerful amplifiers with many
different applications. In the discussion below, focus is on the NPN bipolar tran-
sistor. In the NPN transistor in what is called active mode, the base–emitter voltage
VBE and collector–base voltage VCB are positive, forward biasing the emitter–base
junction and reverse-biasing the collector–base junction. In the active mode of
operation, electrons are injected from the forward biased n-type emitter region into
the p-type base where they diffuse as minority carriers to the reverse-biased n-type
collector and are swept away by the electric field in the reverse-biased collector–
base junction. For a figure describing forward and reverse bias, see semiconductor
diodes. The bipolar junction transistor can be considered essentially as two p–n
junctions placed back to back, with the base p-type region being common to both
diodes. This can be viewed as two diodes having a common third terminal as shown
in Fig. D.1. The two diodes are not in isolation but are interdependent. This means
that the total current flowing in each diode is influenced by the conditions
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prevailing in the other. In isolation, the two junctions would be characterized by the
normal diode equation with a suitable notation used to differentiate between the two
junctions as can be seen. When the two junctions are combined, to form a transistor,
the base region is shared internally by both diodes even though there is an external
connection to it.

In the forward active mode, aF of the emitter current reaches the collector. This
means that aF of the diode current passing through the base–emitter junction
contributes to the current flowing through the base–collector junction. Typically, aF
has a value of between 0.98 and 0.99. This is shown as the forward component of
current as it applies to the normal forward active mode of operation of the device.
This current is shown as a conventional current. It is equally possible to reverse the
biases on the junctions to operate the transistor in the “reverse active mode”. In this
case, aRðarÞ times the collector current will contribute to the emitter current. For the
doping ratios normally used the transistor will be much less efficient in the reverse
mode and aR would typically be in the range 0.1–0.5. The Ebers–Moll transistor
model is an attempt to create an electrical model of the device as two diodes whose
currents are determined by the normal diode law but with additional transfer ratios
to quantify the interdependency of the junctions. Two dependent current sources are
used to indicate the interaction of the junctions. Figure D.2 describes NPN Bipolar
transistor Ebers–Moll model.

Applying Kirchoff’s laws to the model gives the terminal current as:

IDE ¼ IE þ ar � IDC; IC þ IDC ¼ af � IDE; af � Ise ¼ ar � Isc ¼ Is; IE ¼ IC þ IB

af = 0.98 − 0.99 typically. ar = 0.1 − 0.5 typically. Ise: reverse saturation current
of the base emitter diode. Isc: reverse saturation current of the base collector diode.

IDC ¼ Isc � ðe
VBC
VT � 1Þ; IDE ¼ Ise � ðe

VBE
VT � 1Þ. VT—the thermal voltage VT ’ k�T

q

(approximately 26 mV at 300 K (*room temperature). IE is the transistor’s emitter
current. IC is the transistor’s collector current. IB is the transistor’s base current. The
base internal current is mainly by diffusion (see Fick’s law) and

JnðbaseÞ ¼ q�Dn�nbo
W � e

VBE
VT . W is the base width. Dn is the diffusion constant for electron

in the p type base.

Fig. D.1 Bipolar transistor
shown as two back to back
p–n junction
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IDE ¼ IE þ ar � IDC ) Ise � e
VBE
VT � 1

� �
¼ IE þ ar � Isc � e

VBC
VT � 1

� �
) IE

¼ Ise � e
VBE
VT � 1

� �
� ar � Isc � e

VBC
VT � 1

� �

IC þ IDC ¼ af � IDE ) IC þ Isc � ðe
VBC
VT � 1Þ ¼ af � Ise � ðe

VBE
VT � 1Þ ) IC ¼ af � Ise �

ðe
VBE
VT � 1Þ � Isc � ðe

VBC
VT � 1Þ IB ¼ IE � IC ¼ ð1� af Þ� Ise � ðe

VBE
VT � 1Þþ ð1� arÞ �

Isc � ðe
VBC
VT � 1Þ If we use the notation af � Ise ¼ ar � Isc ¼ Is;Isc ¼ Is

ar
;Ise ¼ Is

af
the

following Ebers–Moll equations:

IE ¼ Is
af

� e
VEB
VT � 1

� �
� ar � Isar � e

VCB
VT � 1

� �
) IE ¼ Is

af
� e

VEB
VT � 1

� �
� Is � e

VCB
VT � 1

� �

IC ¼ af � Isaf � e
VEB
VT � 1

� �
� Is
ar

� e
VCB
VT � 1

� �
) IC ¼ Is � e

VEB
VT � 1

� �
� Is
ar

� e
VCB
VT � 1

� �

IB ¼ 1� af
	 
 � Is

af
� e

VEB
VT � 1

� �
þ 1� arð Þ � Is

ar
� e

VCB
VT � 1

� �
;
1
bf

¼ 1� af
af

;
1
br

¼ 1� ar
ar

IB ¼ 1� af
	 
 � Is

af
� e

VEB
VT � 1

� �
þ 1� arð Þ � Is

ar
� e

VCB
VT � 1

� �
) IB ¼ Is

bf
� e

VEB
VT � 1

� �
þ Is

br
� e

VCB
VT � 1

� �

Fig. D.2 NPN Bipolar transistor Ebers–Moll model
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The expressions for VBE, VBC, and VCE are as follow:

IE ¼ Ise � e
VEB
VT � 1

� �
� ar � Isc � e

VCB
VT � 1

� �
) e

VEB
VT � 1

� �
¼

IE þ ar � Isc � e
VCB
VT � 1

� �
Ise

IC ¼ af � Ise �
IE þ ar � Isc � e

VCB
VT � 1

� �
Ise

0
B@

1
CA� Isc � e

VCB
VT � 1

� �

) IC ¼ af � IE þ af � ar � Isc � e
VCB
VT � 1

� �
� Isc � e

VCB
VT � 1

� �
IC ¼ af � IE þðaf � ar � 1Þ � Isc � e

VCB
VT � 1

� �
) e

VCB
VT ¼ IC � af � IE

ðaf � ar � 1Þ � Isc þ 1

e
VCB
VT ¼ IC � af � IE

ðaf � ar � 1Þ � Isc þ 1 ) VCB ¼ VT � ln IC � af � IE
ðaf � ar � 1Þ � Isc þ 1
� �

IC ¼ af � Ise � e
VEB
VT � 1

� �
� Isc � e

VCB
VT � 1

� �
) e

VCB
VT � 1

� �

¼
af � Ise � e

VEB
VT � 1

� �
� IC

Isc

e
VBC
VT ¼ IC � af � IE

ðaf � ar � 1Þ � Isc þ 1 ) VBC ¼ VT � ln IC � af � IE
ðaf � ar � 1Þ � Isc þ 1
� �

IC ¼ af � Ise � e
VBE
VT � 1

� �
� Isc � e

VBC
VT � 1

� �
) e

VBC
VT � 1

� �

¼
af � Ise � e

VBE
VT � 1

� �
� IC

Isc

IE ¼ Ise � e
VBE
VT � 1

� �
� ar � Isc �

af � Ise � e
VBE
VT � 1

� �
� IC

Isc

0
@

1
A

) IE ¼ Ise � e
VBE
VT � 1

� �
� ar � af � Ise � e

VBE
VT � 1

� �
þ ar � IC

IE ¼ ð1� ar � af Þ � Ise � e
VBE
VT � 1

� �
þ ar � IC ) e

VBE
VT ¼ IE � ar � IC

ð1� ar � af Þ � Ise þ 1

e
VBE
VT ¼ IE � ar � IC

ð1� ar � af Þ � Ise þ 1 ) VBE ¼ VT � ln IE � ar � IC
ð1� ar � af Þ � Ise þ 1
� �

;VBE

¼ VT � ln ar � IC � IE
ðar � af � 1Þ � Ise þ 1
� �
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We can summarize our intermediate results:

VBC ¼ VT � ln IC � af � IE
ðaf � ar � 1Þ � Isc

� �
þ 1

� �
;VBE

¼ VT � ln ar � IC � IE
ðar � af � 1Þ � Ise

� �
þ 1

� �

VCE ¼ VCB þVBE; butVCB ¼ �VBC:ThenVCE ¼ VBE � VBC:

Remark there is a use with capital and small letters in the Appendix as compared to
Chapter 1, consider the terminology is the same.

Ie ¼ IE; Ic ¼ IC; Ib ¼ IB;Vt ¼ VT ; Vbe ¼ VBE;Vcb ¼ VCB;Vce ¼ VCE

VCB ¼ �VBC ¼ �VT � ln IC � af � IE
ðaf � ar � 1Þ � Isc

� �
þ 1

� �
;VCE ¼ VBE � VBC

VCE ¼ VBE � VBC

¼ VT � ln ar � IC � IE
ðar � af � 1Þ � Ise

� �
þ 1

� �
� VT � ln IC � af � IE

ðaf � ar � 1Þ � Isc

� �
þ 1

� �

VCE ¼ VT � ln ar � IC � IE þðar � af � 1Þ � Ise
ðar � af � 1Þ � Ise

� �
� VT

� ln IC � af � IE þðaf � ar � 1Þ � Isc
ðaf � ar � 1Þ � Isc

� �

VCE ¼ VT

� ln ½ar � IC � IE þðar � af � 1Þ � Ise�
ðar � af � 1Þ � Ise � ðaf � ar � 1Þ � Isc

½IC � af � IE þðaf � ar � 1Þ � Isc�
� �

VCE ¼ VT � ln ½ar � IC � IE þðar � af � 1Þ � Ise�
½IC � af � IE þðaf � ar � 1Þ � Isc� �

Isc
Ise

� �

VCE ¼ VT � ln ½ar � IC � IE þðar � af � 1Þ � Ise�
½IC � af � IE þðaf � ar � 1Þ � Isc�
� �

þVT � ln Isc
Ise

� �
;
Isc
Ise

� 1

) ln
Isc
Ise

� �
! e

VCE � VT � ln ½ar � IC � IE þðar � af � 1Þ � Ise�
½IC � af � IE þðaf � ar � 1Þ � Isc�
� �
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Figure D.3 describes PNP Bipolar transistor Ebers–Moll model.

IDE ¼ IE þ ar � IDC ) Ise � e
VEB
VT � 1

� �
¼ IE þ ar � Isc � e

VCB
VT � 1

� �
) IE

¼ Ise � e
VEB
VT � 1

� �
� ar � Isc � e

VCB
VT � 1

� �

IC þ IDC ¼ af � IDE ) IC þ Isc � ðe
VCB
VT � 1Þ ¼ af � Ise � ðe

VEB
VT � 1Þ ) IC ¼ af � Ise �

ðe
VEB
VT � 1Þ � Isc � ðe

VCB
VT � 1Þ IB ¼ IE � IC ¼ ð1� af Þ�

Ise � ðe
VEB
VT � 1Þþ ð1� arÞ � Isc � ðe

VCB
VT � 1Þ. If we use the notation af � Ise ¼ ar � Isc ¼

Is; Isc ¼ Is
ar
; Ise ¼ Is

af
the following Ebers–Moll equations:

IE ¼ Is
af

� e
VEB
VT � 1

� �
� ar � Isar � e

VCB
VT � 1

� �
) IE ¼ Is

af
� e

VEB
VT � 1

� �
� Is � e

VCB
VT � 1

� �

IC ¼ af � Isaf � e
VEB
VT � 1

� �
� Is
ar

� e
VCB
VT � 1

� �
) IC ¼ Is � e

VEB
VT � 1

� �
� Is
ar

� e
VCB
VT � 1

� �

IB ¼ ð1� af Þ � Isaf � e
VEB
VT � 1

� �
þð1� arÞ � Isar � e

VCB
VT � 1

� �
;
1
bf

¼ 1� af
af

;
1
br

¼ 1� ar
ar

IB ¼ ð1� af Þ � Isaf � e
VEB
VT � 1

� �
þð1� arÞ � Isar � e

VCB
VT � 1

� �
) IB ¼ Is

bf
� e

VEB
VT � 1

� �
þ Is

br
� e

VCB
VT � 1

� �

Fig. D.3 PNP Bipolar transistor Ebers–Moll model
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The expressions for VEB, VCB, and VEC are as follow:

IE ¼ Ise � e
VEB
VT � 1

� �
� ar � Isc � e

VCB
VT � 1

� �
) e

VEB
VT � 1

� �
¼

IE þ ar � Isc � e
VCB
VT � 1

� �
Ise

IC ¼ af � Ise � ð
IE þ ar � Isc � e

VCB
VT � 1

� �
Ise

Þ � Isc � e
VCB
VT � 1

� �
) IC ¼ af � IE þ af � ar � Isc � e

VCB
VT � 1

� �
� Isc � e

VCB
VT � 1

� �
IC ¼ af � IE þðaf � ar � 1Þ � Isc � e

VCB
VT � 1

� �
) e

VCB
VT ¼ IC � af � IE

ðaf � ar � 1Þ � Isc þ 1

e
VCB
VT ¼ IC � af � IE

ðaf � ar � 1Þ � Isc þ 1 ) VCB ¼ VT � ln½ IC � af � IE
ðaf � ar � 1Þ � Isc þ 1�

IE ¼ Ise � ðe
VEB
VT � 1Þ � ar � Isc �

af � Ise � e
VEB
VT � 1

� �
� IC

Isc

0
@

1
A

) IE ¼ Ise � e
VEB
VT � 1

� �
� ar � af � Ise � ðe

VEB
VT � 1Þþ ar � IC

IE ¼ ð1� ar � af Þ � Ise � e
VEB
VT � 1

� �
þ ar � IC ) e

VEB
VT ¼ IE � ar � IC

ð1� ar � af Þ � Ise þ 1

e
VEB
VT ¼ IE � ar � IC

ð1� ar � af Þ � Ise þ 1 ) VEB ¼ VT � ln IE � ar � IC
ð1� ar � af Þ � Ise þ 1
� �

;VEB

¼ VT � ln ar � IC � IE
ðar � af � 1Þ � Ise þ 1
� �

We can summarize our result regarding IC and IE:

IC ¼ af � Ise � e
VEB
VT � 1

� �
� Isc � e

VCB
VT � 1

� �
; IE

¼ Ise � e
VEB
VT � 1

� �
� ar � Isc � e

VCB
VT � 1

� �

IB ¼ IE � IC

¼ Ise � e
VEB
VT � 1

� �
� ar � Isc � e

VCB
VT � 1

� �
� af � Ise � e

VEB
VT � 1

� �
� Isc � e

VCB
VT � 1

� �h i

IB ¼ IE � IC ¼ ð1� af ÞIse � e
VEB
VT � 1

� �
þð1� arÞ � Isc � e

VCB
VT � 1

� �
;VBE

¼ �VEB;VBC ¼ �VCB
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IC ¼ af � Ise � e
�VBE
VT � 1

� �
� Isc � e

�VBC
VT � 1

� �
; IE

¼ Ise � e
�VBE
VT � 1

� �
� ar � Isc � e

�VBC
VT � 1

� �

IB ¼ IE � IC ¼ ð1� af ÞIse � e
�VBE
VT � 1

� �
þð1� arÞ � Isc � e

�VBC
VT � 1

� �
VCE ¼ VCB þVBE; butVCB ¼ �VBC:ThenVCE ¼ VBE � VBC:

VCB ¼ VT � ln IC � af � IE
ðaf � ar � 1Þ � Isc þ 1
� �

;VEB ¼ VT � ln ar � IC � IE
ðar � af � 1Þ � Ise þ 1
� �

VBC ¼ �VT � ln IC � af � IE
ðaf � ar � 1Þ � Isc þ 1
� �

;VBE ¼ �VT � ln ar � IC � IE
ðar � af � 1Þ � Ise þ 1
� �

VCE ¼ VCB þVBE

¼ VT � ln IC � af � IE
ðaf � ar � 1Þ � Isc þ 1
� �

� VT � ln ar � IC � IE
ðar � af � 1Þ � Ise þ 1
� �

VCE ¼ VCB þVBE ¼ VT � ln IC � af � IE þðaf � ar � 1Þ � Isc
ðaf � ar � 1Þ � Isc

� �

� VT � ln ar � IC � IE þðar � af � 1Þ � Ise
ðar � af � 1Þ � Ise

� �

VCE ¼ VCB þVBE ¼ VT � ln IC � af � IE þðaf � ar � 1Þ � Isc
ar � IC � IE þðar � af � 1Þ � Ise

� �
� Ise

Isc

� �� �

VCE ¼ VCB þVBE ¼ VT � ln IC � af � IE þðaf � ar � 1Þ � Isc
ar � IC � IE þðar � af � 1Þ � Ise

� �
þVT � ln Ise

Isc

� �
; Ise

� Isc; ln
Ise
Isc

� �
! e

Table. D.1 Summary of our BJT NPN and PNP transistors Ebers–Moll equations

BJT NPN transistor BJT PNP transistor

IC IC ¼ af � Ise � e
VBE
VT � 1

� �
� Isc � e

VBC
VT � 1

� �
IC ¼ af � Ise � e

�VBE
VT � 1

� �
� Isc � ðe

�VBC
VT � 1Þ

IE IE ¼ Ise � e
VBE
VT � 1

� �
� ar � Isc � e

VBC
VT � 1

� �
IE ¼ Ise � e

�VBE
VT � 1

� �
� ar � Isc � e

�VBC
VT � 1

� �
IB IB ¼ ð1� af Þ � Is

af
� e

VBE
VT � 1

� �

þð1� arÞ � Is
ar

� e
VBC
VT � 1

� �
IB ¼ ð1� af ÞIse � e

�VBE
VT � 1

� �
þð1� arÞ � Isc � e

�VBC
VT � 1

� �

VCE VCE � VT � ln ½ar �IC�IE þðar � af�1Þ�Ise �
½IC�af �IE þðaf � ar�1Þ�Isc �
n o

VCE � VT � ln IC�af �IE þðaf � ar�1Þ�Isc
ar �IC�IE þðar � af�1Þ�Ise

n o
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VCE ¼ VCB þVBE � VT � ln IC � af � IE þðaf � ar � 1Þ � Isc
ar � IC � IE þðar � af � 1Þ � Ise

� �

VCE�NPN � VT � ln ½ar � IC � IE þðar � af � 1Þ � Ise�
½IC � af � IE þðaf � ar � 1Þ � Isc�
� �

;VCE�PNP

� VT � ln IC � af � IE þðaf � ar � 1Þ � Isc
ar � IC � IE þðar � af � 1Þ � Ise

� �

Summary of our BJT NPN and PNP transistors Ebers–Moll equations
(Table D.1):

There are three basic circuit configurations to connect bipolar junction transistor.
First Common Base (CB) , both the input and output share the base “in common”.
Second Common Emitter (CE) , both the input and output share the emitter “in
common”. Third Common Collector (CC) , both the input and output share the
collector “in common”. There are four bipolar junction transistor biasing modes.
Active biasing is useful for amplifiers (most common mode). Saturation biasing
mode is equivalent to an on state when transistor is used as a switch. Cutoff biasing
mode is equivalent to an off state when transistor is used as a switch. Inverted
biasing mode is rarely if ever used (Table D.2).

The BJT transistor base current is much smaller that the emitter and collector
currents in forward active mode. If the collector of an NPN transistor was open
circuit, it would look like a diode. When forward biased, the circuit in the base–
emitter junction would consist of holes injected into the emitter from the base and
electrons injected into the base from the emitter. But since there are many more
electrons in the emitter than holes in the base, the vast majority of the current will
be due to electrons. When the reverse-biased collector is added, It “sucks” the

Table D.2 Summary of BJT transistor biasing modes

Biasing mode
(NPN)

E–B junction bias
(NPN)

C–B junction bias
(NPN)

Applied voltages
(NPN)

Saturation Forward Forward VE < VB > VC

Active (forward
active)

Forward Reverse VE < VB < VC

Inverted (reverse
active)

Reverse Forward VE > VB > VC

Cutoff Reverse Reverse VE > VB < VC

Biasing mode
(PNP)

E–B junction bias
(PNP)

C–B junction bias
(PNP)

Applied voltages
(PNP)

Saturation Forward Forward VE > VB < VC

Active (forward
active)

Forward Reverse VE > VB > VC

Inverted (reverse
active)

Reverse Forward VE < VB < VC

Cutoff Reverse Reverse VE < VB > VC
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electrons out of the base. Thus, the base-emitter current is due predominantly to
hole current (the smaller current component) while the collector-emitter current is
due to electrons (larger current component due to more electrons from the n+
emitter doping). We define two BJT transistor performance parameters: emitter
efficiency (c) and base transport factor (aT). Emitter efficiency parameter charac-
terizes how effective the large hole current is controlled by the small electron
current. Unity is best, zero is worst. Base transport factor characterizes how much
of the injected hole current is lost to recombination in the base. Unity is best, zero is
worst. c ¼ IEp

IE
¼ IEp

IEp þ IEn
aT ¼ ICp

IEp
. We define some equations in active mode, com-

mon base characteristics. ICBo is defined as the collector current when the emitter is
open circuit. It is the collector–base junction saturation current. IC is the fraction of
emitter current making it across the base + leakage current.

IC ¼ adc � IE þ ICBo, where adc is the common base DC current gain.

ICp ¼ aT � IEp ¼ c � aT � IE; IC ¼ ICp þ ICn ¼ aT � IEp þ ICn ¼ c � aT � IE þ ICn; adc
¼ c � aT

and ICBo ¼ ICn. We define some equations in active mode, common emitter char-
acteristics. ICEo is defined as the collector current when the base is open circuit. IC is
multiple of the base current making it across the base + leakage current.
IC ¼ bdc � IB þ ICEo; Where bdc is the common emitter DC current gain. ICEo is
defines as the collector current when the base is open circuit.

aF ¼ adc is common base current gain. IE ¼ aR � IC; aR 6¼ aDC. In inverse mode,
the emitter current is the fraction of the collector current “collected”.

IE ¼ IC þ IB; IC ¼ adc � ðIC þ IBÞþ ICBo; IC ¼ adc
1� adc

� IB þ ICBo
1� adc

bdc ¼
adc

1� adc
; ICEo ¼ ICBo

1� adc
; bdc ¼

IC
IB

We can break the BJT transistor up into a large signal analysis and a small signal
analysis and “linearize” the nonlinear behavior of the Ebers–Moll model. Small
signal models are only useful for forward active mode and thus, are derived under
this condition. Saturation and cutoff are used for switches which involve very large
voltage/current swings from on to off states.

Small signal models are used to determine amplifier characteristics (“Gain” =
increase in the magnitude of a signal at the output of a circuit relative to its
magnitude at the input of the circuit). Just like when a diode voltage exceeds a
certain value, the nonlinear behavior of the diode leads to distortion of the
current/voltage curves, if the inputs/outputs exceed certain limits, the full Ebers–
Moll model must be used. There are physical meanings of bf (bF) and br (bR). bF is
the current gain (IC/IB) of the device when it is operating with the emitter as the
emitter and the collector as the collector in the active mode. bR is the current gain of
the device when it is operating with the emitter as a collector and the collector as an
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emitter in the reverse mode. The BJT device is made to have higher forward current
gain than reverse current gain. The terminals for emitter and collector are not
completely interchangeable due to different doping of the collector and emitter.
BJT Transistor Modes of Operation
The Ebers–Moll BJT model is a good large signal, steady-state model of the
transistor and allows the state of conduction of the device to be easily determined
for different modes of operation of the device. The different modes of operation are
determined by the manner in which the junctions are biased. BJT NPN transistor
Ebers–Moll BJT model:

IC ¼ af � Ise � e
VBE
VT � 1

� �
� Isc � e

VBC
VT � 1

� �
; IE ¼ Ise � e

VBE
VT � 1

� �
� ar � Isc � e

VBC
VT � 1

� �
IB ¼ ð1� af Þ � Is

af
� e

VBE
VT � 1

� �
þ ð1� arÞ � Is

ar
� e

VBC
VT � 1

� �
; af � Ise ¼ ar � Isc ¼ Is;

Isc ¼ Is
ar

; Ise ¼ Is
af

IB ¼ ð1� af Þ � Ise � ðe
VBE
VT � 1Þþ ð1� arÞ � Isc � ðe

VBC
VT � 1Þ

(A) Forward-Active mode:

B–E forward biased, VBE positive e
VBE
VT � 1; ðe

VBE
VT � 1Þ � e

VBE
VT . B–C reverse

biased, VBC negative e
VBC
VT  1; ðe

VBC
VT � 1Þ � �1. Then from the Ebers–Moll model

equations we get the following results:

IE ’ Ise � e
VBE
VT þ ar � Isc � Ise � e

VBE
VT ; Ise � e

VBE
VT � ar � Isc; Relatively large.

IC ’ af � Ise � e
VBE
VT þ Isc � af � Ise � e

VBE
VT ¼ af � IE; af � Ise � e

VBE
VT � Isc; Relatively

large.

IB ’ ð1� af Þ � Ise � e
VBE
VT � ð1� arÞ � Isc � ð1� af Þ � Ise � e

VBE
VT

¼ ð1� af Þ � IE; ð1� af Þ � Ise � e
VBE
VT � ð1� arÞ � Isc

(B) Reverse active mode:

B–E reverse biased, VBE negative e
VBE
VT  1; ðe

VBE
VT � 1Þ � �1. B–C forward

biased, VBC positive e
VBC
VT � 1; ðe

VBC
VT � 1Þ � e

VBC
VT . The transistor conducts in the

opposite direction. Then from the Eber–Moll model equations we get the following
results:

IE ’ �Ise � ar � Isc � e
VBC
VT � �ar � Isc � e

VBC
VT ; ar � Isc � e

VBC
VT � Ise; Moderately high.
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IC ’ �af � Ise � Isc � e
VBC
VT n � �Isc � e

VBC
VT ; Isc � e

VBC
VT � af � Ise Moderate.

IB ’ �ð1� af Þ � Ise þð1� arÞ � Isc � e
VBC
VT � ð1� arÞ � Isc � e

VBC
VT ; ð1� arÞ � Isc � e

VBC
VT

� ð1� af Þ � Ise

It is as high as 0.5 ⋅ |IC|. This mode does not provide useful amplification but is
used, mainly, for current steering in switching circuits, e.g., TTL.

(C) Cut-off mode:

B–E is unbiased, VBE = 0 V. B–C is reverse biased, VBC negative.

e
VBE
VT ¼ 1; ðe

VBE
VT � 1Þ ! e ¼ 0; e

VBC
VT  1; ðe

VBC
VT � 1Þ � �1

IE ’ ar � Isc; Leakage current nA. IC ’ Isc; Leakage current nA.
IB ’ �ð1� arÞ � Isc.

This is equivalent to a very low conductance between collector and emitter, i.e.
open switch (Fig. D.4).

(D) Saturation mode:

B–E is forward biased, VBE is positive e
VBE
VT � 1; ðe

VBE
VT � 1Þ � e

VBE
VT and both

junctions are forward biased. B–C is forward biased, VBC

e
VBC
VT � 1; ðe

VBC
VT � 1Þ � e

VBC
VT . We get the following currents expressions:

IC � af � Ise � e
VBE
VT � Isc � e

VBC
VT ; IE � Ise � e

VBE
VT � ar � Isc � e

VBC
VT

IB � ð1� af Þ � Ise � e
VBE
VT þð1� arÞ � Isc � e

VBC
VT

Fig. D.4 The cutoff mode of operation as equivalent to a leaky switch
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In this case, with both junctions forward biased.

VBE � 0:8V; VBC � 0:7V; VCE ¼ VCB þVBE;VCB ¼ �VBC;VCE ¼ VBE � VBC

¼ 0:1V

There is a 0.1 V drop across the transistor from collector to emitter which is quite
low while a substantial current flows through the device. In this mode it can be
considered as having a very high conductivity and acts as a closed switch with a
finite resistance and conductivity (Fig. D.5).
BJT Transistor Avalanche Breakdown Region of Operation
An avalanche transistor is a bipolar junction transistor designed for operation in the
region of its collector-current/collector-to-emitter voltage characteristics beyond the
collector-to-emitter breakdown voltage, called avalanche breakdown region. This
region characterized by avalanche breakdown, a phenomenon similar to Negative
Differential Resistance (NDR) . Operation in the avalanche breakdown region is
called avalanche-mode operation. It gives avalanche transistors the ability to switch
very high currents with less than nanosecond rise and fall times (transition times).
Transistors not specifically designed for the purpose can have reasonably consistent
avalanche properties.
Static Avalanche Region Characteristics
The static characteristic of an navalanche transistor is IC − VCE. The static char-
acteristic of an avalanche NPN transistor is the same as PNP devices only changing
sign to voltages and currents accordingly. The avalanche breakdown multiplication
is present only across the collector–base junction. The first step of the calculation is
to determine collector current as a sum of various component currents through the
collector since only those fluxes of charge are subject to this phenomenon.
Applying Kirchhoff’s current law (KCL) to a bipolar junction transistor, implies
the following relation which satisfied by the collector current IC (IC = IE − IB) while
for the same device working in the active region. a ¼ af ; b ¼ bf IC ¼ b � IB þ
ðbþ 1Þ � ICBo, IB is the base current. ICBo is the collector–base reverse leakage

Fig. D.5 Saturation mode of operation equivalent to a closed switch
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current. IE is the emitter current. B is the common emitter current gain of the
transistor. Equating the two formulas for IC gives the following result

IE ¼ ðbþ 1Þ � IB þðbþ 1Þ � ICBo and since a ¼ b
bþ 1; a is the common base

current gain of the transistor, then a � IE ¼ b � IB þ b � ICBo ¼ IC � ICBo )
IC ¼ a � IE þ ICBo.

When the avalanche effects in a transistor collector are considered, the collector
current IC is given by IC ¼ M � ða � IE þ ICBoÞ. M is miller’s avalanche multiplica-
tion coefficient. It is the most important parameter in avalanche mode operation
M ¼ 1

1�ð VCB
BVCBo

Þn. BVCBo is the collector–base breakdown voltage. n is a constant

depending on the semiconductor used for the construction of the transistor and
doping profile of the collector–base junction. VCB is the collector–base voltage.
Using Kirchhoff’s current law (KCL) for the bipolar junction transistor and the
expression for M, the resulting expression for IC is the following:
IC ¼ M

ð1�a�MÞ � ða � IB þ ICBoÞ ) IC ¼ a�IB þ ICBo
1�a�ð VCB

BVCBo
Þn

VCB ¼ VCE � VBE;VBE ¼ VBEðIBÞ where VBE is the base-emitter voltage.
IC ¼ a�IB þ ICBo

1�a�ðVCE�VBE ðIBÞ
BVCBo

Þn ’
a�IB þ ICBo

1�a�ð VCE
BVCBo

Þn Since VCE � VBE . This is the expression of

the parametric family of the collector characteristics IC − VCE with parameter IB (IC
increases without limit if ð1� aÞ ¼ ð VCE

BVCBo
Þn ) VCE ¼ BVCEo ¼ BVCBo �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� aÞn

p ¼ BVCBoffiffiffiffiffiffiffiffi
bþ 1n

p ; 1� a ¼ 1� ð b
bþ 1Þ ¼ 1

bþ 1 b � 1 ) VCE ¼ BVCEo ¼ BVCBo�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� aÞn
p jb�1 ¼ BVCBoffiffi

bn
p . Where, BVCEo is the collector–emitter breakdown voltage.

Avalanche Multiplication
The maximum reverse-biasing voltage which may be applied before breakdown
between the collector and base terminals of the transistor, under the condition that
the emitter lead be open circuited, is represented by the symbol BVCBo. This
breakdown voltage is a characteristic of the transistor alone. The breakdown may
occur because of avalanche multiplication of the current ICO that crosses the collector
junction. As a result of this multiplication, the current becomes M � ICO, in which M
is the factor by which the original ICO is multiplies by the avalanche effect. It is
possible to neglect leakage current, which does not flow through the junction and is
therefore not subject to avalanche multiplication. At a high enough BVCBo, the
multiplication factor M becomes nominally infinite and the region of breakdown is
then attained. The current rises abruptly, and large changes in current accompany
small changes in applied voltage. The avalanche multiplication factor depends on the
voltage VCB between transistor’s collector and base. If a current IE is caused to flow
across the emitter junction, then, neglecting the avalanche effect, a fractiona � IE,
where a is the common–base current gain, reaches the collector junction. If we take
multiplication into account, IC has the magnitudeM � a � IE. In presence of avalanche
multiplication, the transistor behaves as though its common base current gain where
M � a. The maximum allowable collector to emitter voltage depends not only upon
the transistor, but also upon the circuit in which it is used.
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BJT Transistor Second Breakdown Avalanche Mode
When the collector current rises above the data sheet limit ICmax, a new breakdown
mechanism happened, the second breakdown. This phenomenon is caused by
excessive heating of some points (hot spots) in the base-emitter region of the
bipolar junction transistor, which give rise to an exponentially increasing current
through these points. This exponential rise of current in turn gives rise to even more
overheating, originating a positive thermal feedback mechanism. While analyzing
the IC − VCE static characteristic, the presence of this phenomenon is seen as a sharp
collector voltage drop and a corresponding almost vertical rise of the collector
current. While this phenomenon is destructive for bipolar junction transistors
working in the usual way, it can be used to push up further the current and voltage
limits of a device working in avalanche mode by limiting its time duration . The
switching speed of the device is not negatively affected.

Small signal model of the BJT, base charging capacitance (diffusion capaci-
tance). In active mode when the emitter–base is forward biased, the capacitance of
the emitter–base junction is dominated by the diffusion capacitance (not depletion
capacitance). Recall for a diode we define the following:

CDiffusion ¼ dQD

dv0D
¼ dQD

dt � dt
dv0D

. The sum up all minority carrier charges on either side

of the junction.

QD ¼ q � A �
Z1
0

pno � e
v0
D
VT � 1

� �
� e� X

LP � dXþ q � A �
Z1
0

npo � e
v0
D
VT � 1

� �
� e� X

Ln � dX

If we neglect charge injected from the base into the emitter due to p+ emitter in

PNP then QD ¼ q � A � R10 pno � ðe
v0
D
VT � 1Þ � e� X

LP � dX. Excess charge stored is due
almost entirely to the charge injected from the emitter. The BJT acts like a very
efficient “siphon,” As majority carriers from the emitter are injected into the base
and become “excess minority carriers”, the collector “siphons them” out of the
base. We can view the collector current as the amount of excess charge in the base
collected by the collector per unit time and we can express the charge due to the
excess hole concentration in the base as: QB ¼ ic � sF or the excess charge in the
base depends on the magnitude of current flowing and the “forward” base transport
time, sF , the average time the carriers spend in the base. sF ¼ W2

2�DB
, W is the base

quasi-neutral region width. DB is the minority carrier diffusion coefficient.
Thus, the diffusion capacitance is CB ¼ @QB

@vBE
jQ�point ¼ ð W2

2�DB
Þ � @ic

@vBE
jQ�point;

CB ¼ sF � IC
VT

¼ sF � gm. The upper operational frequency of the transistor is limited

by the forward base transport time f 	 1
2� p� sF . It is the similarity to the diode

diffusion capacitance.
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CDiffusion ¼ gd � st; st ¼ jpno � Lp þ npo � Lnj � q � A
IS

;CDiffusion

¼ gd � jpno � Lp þ npo � Lnj � q � A
IS

st is the transit time. In active mode for small forward biases the depletion
capacitance of the base–emitter junction can contribute to the total capacitance.

CjE ¼ CjEoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ VEB

Vbi for emitter�base

q . CjE � zero bias depletion capacitance.

Vbi for emitter–base � built in voltage for E-B junction. Thus, the emitter–base
capacitance is Cp = CB + CjE. In active mode when the collector–base is reverse
biased, the capacitance of the collector–base junction is dominated by the depletion
capacitance (not diffusion capacitance).

Cl ¼ Cloffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ VCB

Vbi for collector�base

q . Clo � zero bias depletion capacitance.

Vbi for collector–base � built in voltage for the B–C junction. In some integrated
BJTs (lateral BJTs in particular) the device has a capacitance to the substrate wafer
it is fabricated in. This results from a “buried” reverse-biased junction. Thus, the
collector–substrate junction is reverse biased and the capacitance of the collector–
substrate junction is dominated by the depletion capacitance (not diffusion
capacitance).

Ccs ¼ Ccsoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Vcs

Vbi for collector�substrate

p . Ccs � zero bias depletion capacitance.

Vbi for collector–substrate � built in voltage for the C substrate junction.
Small signal model of the BJT, parasitic resistances:

rb = base resistance between metal inter connect and B–E junction.
rc = parasitic collector resistance.
rex = emitter resistance due to polysilicon contact.

Complete BJT Small Signal Model
What set the maximum limits of operation of the BJT circuit? Forward-active mode
lies between saturation and cutoff. Thus, the maximum voltage extremes that one
can operate an amplifier over can easily be found by examining the boundaries
between forward active and cutoff and the boundaries between forward active and
saturation. Output signals that exceed the voltage range that would keep the tran-
sistor within its forward-active mode will result in “clipping” of the signal leading
to distortion. The maximum voltage swing allowed without clipping depends on the
DC bias points (Fig. D.6).
MOSFET Transistor Model
The basic static model of MOSFET transistor (Shichman and Hodges) is as follow:

IDS ¼ l0 � Cox � W
Leff

� ðVGS � VTHÞ � VDS � V2
DS
2

h i
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IDSsat ¼ 1
2
� l0 � Cox � W

Leff
� ðVGS � VTHÞ2

There is an empirical correction to these equations to account for the channel
length modulation (Fig. D.7):

Fig. D.6 Complete BJT small signal model

Fig. D.7 MOSFET transistor model graph
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IDS ¼ l0 � Cox � W
Leff

� ðVGS � VTHÞ � VDS � V2
DS

2

� �
� ½1þ k � VDS�

IDSsat ¼ 1
2
� l0 � Cox � W

Leff
� ðVGS � VTHÞ2 � ½1þ k � VDS�

In the linear region:

IDS ¼ KP � W
ðL� 2 � XjlÞ � ðVGS � VTHÞ � VDS � V2

DS

2

� �
� ½1þ k � VDS�

In the saturation region:

IDsat ¼ KP
2

� W
ðL� 2 � XjlÞ � ðVGS � VTHÞ2 � ½1þ k � VDS�

Xjl is the lateral diffusion parameter (Fig. D.8).
Threshold Voltage (VTH)
The threshold voltage changes with changes in body-source voltage, VBS. The
expression for threshold voltage VTH ¼ VTO þ c � ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 � /p � VBS
p � ffiffiffiffiffiffiffiffiffiffiffiffi

2 � /p

p Þ
Where VTO is the threshold voltage when the body-source voltage is zero, c is the
body effect parameter and Up is the surface inversion potential. If the bulk is
connected to the source (i.e. the MOSFET is acting as a 3 terminal device, the
threshold voltage is always equal to the value VTO). There is a depletion layer which
grows into the accumulation region and thus for a given VGS, cuts off the channel.
Need to add more VGS to re-establish the channel when we stacked transistors in

Fig. D.8 MOSFET transistor structure and important parameters
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integrated circuits. If you connected bulk to source on each transistor in an inte-
grated circuit you would end up shorting many points in the circuit to ground.
Complete DC Model
The model includes body-source and body-drain diodes. Equations used for the
diode model, for forward bias on the body-source/body-drain diodes:

IBS ¼ ISS � e
VBS
Vt � 1

h i
þGMIN � VBS; IBD ¼ ISD � e

VBD
Vt � 1

h i
þGMIN � VBD

For the negative reverse bias on those diodes (Fig. D.9):

IBS ¼ ISS � VBS

Vt
þGMIN � VBS; IBD ¼ ISD � VBD

Vt
þGMIN � VBD

MOSFET body diodes: The reverse bias terms are simply the first terms in a
power series expansion of the exponential term. The GMIN convergence resis-
tance. ISS and are taken to be one constant in simulation.

DC MOSFET parameters: L = channel length, W = channel width, KP(kp) =
The trans-conductance parameter, VTO = Threshold voltage under zero bias con-
ditions, GAMMA (c) = Body effect parameter, PHI (Up) = surface inversion
potential, RS(RS) = source contact resistance, RD(RD) = Drain contact resistance,
LAMBDA(k) = channel length modulation parameter, XJ(Xjl) = lateral diffusion
parameter. IS (ISS, ISD) = reverse saturation current of body-drain/source diodes.

Large signal transient model: We add some capacitances to the DC model to
create the transient model to form the final transient model, as shown in Fig. D.10:

Fig. D.9 MOSFET complete DC model
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Capacitances: Static overlap capacitances between gate and drain (CGB0), gate
and source (CGS0), and gate and bulk (CGB0). These are fixed values, and are
specified per unit width. In saturation, CGS ¼ 2

3 � C0x þCGS0 �W ;CGD ¼ CGD0 �W
In saturation after pinch-off, it is assumed that altering the drain voltage does not
have any effect on stored charge in the channel and thus the only capacitance
between gate and drain is the overlap capacitance.

In the linear/triode region, in this region the following equations are used:

CGS ¼ C0x � 1� VGS � VDS � VTH

2 � ðVGS � VTHÞ � VDS

� �2( )
þCGS0 �W

CGD ¼ C0x � 1� VGS � VTH

2 � ðVGS � VTHÞ � VDS

� �2( )
þCGD0 �W

As the device is moved further into the linear region, VGS becomes large com-
pared to (VDS − VTH) then the values of CGS and CGD become close to C0x/2 (plus
the relevant overlap capacitance).

The body diode capacitances: The capacitances of the body diodes are given by
slightly modified expressions for junction capacitances of the diode model: The

expression for a PN diode capacitance: Cj ¼ Cjð0Þffiffiffiffiffiffiffiffi
1� V

V0

p . The MOSFET equation is

based on the following slightly modified equation:

Cj ¼ Cjð0Þffiffiffiffiffiffiffiffi
1� V

V0

p þ CjSW ð0Þffiffiffiffiffiffiffiffi
1� V

V0

p . The junction capacitance is made up of two components.

The main component, due to Cj(0) is the normal junction capacitance. The second
parameter is the perimeter junction capacitance of the diffused source. The diffusion

Fig. D.10 MOSFET large signal transient model
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capacitance is zero in reverse bias and the MOSFET must be operated with the
bulk-drain and bulk-source diodes in reverse bias to stop large bulk currents
flowing. The additional parameters required for specifying the transient model in
addition to those required by the DC model are thus:

CGD0(CGD0) = Gate drain overlap capacitance per unit width of device.
CGS0(CGS0) = Gate source overlap capacitance per unit width of device.
CJ(Cj) = Zero bias depletion capacitance for body diodes.
CJSW(Cjsw) = Zero bias depletion perimeter capacitance for body diodes.
TOX(tox) = Oxide thickness (used for calculating Cox).

Bipolar Transistor Metrology and Theory
The interest topics regarding bipolar junction transistor (BJT) are operation, I–V
characteristics, current gain and output conductance. High-level injection and heavy
doping induced band narrowing. SiGe transistor, transit time, and cutoff frequency
are important parameters. There are several bipolar transistor models which are
used (Ebers–Moll model, Small signal model, and charge control model). Each
model has its own areas of applications. The metal–oxide–semiconductor (MOS)
ICs have high density and low power advantages. The BJTs are preferred in some
high frequency and analog applications because of their high speed, low noise, and
high output power advantages such as in some cell phone amplifier circuits. A small
number of BJTs are integrated into a high density complementary MOS (CMOS)
chip integration of BJT and CMOS is known as the BiCMOS technology. The term
bipolar refers to the fact that both electrons and holes are involved in the operation
of a BJT. Minority carrier diffusion plays the leading role as in the PN diode
junction diode. A BJT is made of a heavily doped emitter, a P-type base, and an
N-type collector. This device is an NPN BJT, a PNP BJT would have a P+ emitter,
N-type base, and P-type collector. NPN transistor exhibit higher trans-conductance
and speed than PNP transistors because the electron mobility is larger than the hole
mobility, BJTs are almost exclusively of the NPN type since high performance is
BJT’s competitive edge over MOSFETs (Fig. D.11).

When the base-emitter junction is forward biased, electrons are injected into the
more lightly doped base. They diffuse across the base to the reverse-biased base–

Fig. D.11 NPN BJT transistor voltages connection
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collector junction which is the edge of the depletion layer and get swept into the
collector. This produces a collector current, IC. IC is independent of VCB as long as
VCB is a reverse bias or a small forward bias. IC is determined by the rate of electron
injection from the emitter into the base, determined by VBE. The rate of electron

injection is proportional to e
q�VBE
k�T . The emitter is often connected to ground. The

emitter and collector are the equivalents of source and drain of a MOSFET when
the base is the equivalent of the gate. The IC curve is usually plotted against VCE.
VCE = VCB + VBE, below VCE = 0.3 V the base–collector junction is strongly forward
biased and IC decreases. Because of the parasitic IR drops, it is difficult to accu-
rately ascertain the true base–emitter junction voltage. The easily measurable base
current IB is commonly used as the variable parameter in lieu of VBE, IC is pro-
portional to IB (Fig. D.12).

Collector current: The collector current is the output current of a BJT transistor.
Applying the electron diffusion equation to the base region gives the following
d2

n0

dx2 ¼ n0
L2B
; LB ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sB � DB
p

; d
2
n0

dx2 ¼ n0
sB�DB

(Fig. D.13).

sB and DB are the recombination lifetime and the minority carrier (electron)
diffusion constant in the base, respectively. The boundary conditions are as follow:

n0ð0Þ ¼ nB0 � ðe
q�VBE
k�T � 1Þ; n0ðWBÞ ¼ nB0 � ðe

q�VBC
k�T � 1Þ � �nB0 � 0. Where nB0 ¼ n2i

NB

and NB is the base doping concentration. VBE is normally a forward bias (positive
value) and VBC is a reverse bias (negative value).

Fig. D.12 NPN transistor structure, connections and graphs
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We get the following expression for n0ðxÞ ¼ nB0 � ðe
q�VBE
k�T � 1Þ � sinhðWB�x

LB
Þ

sinhðWB
LB
Þ . Modern

BJTs have base widths of about 0.1 lm. This is much smaller than the typical
diffusion length of tens of microns. In the case of WB  LB we get the n0ðxÞ
expression: n0ðxÞ ¼ n0ð0Þ � ð1� x

WB
Þ ¼ n2iB

NB
� ðeq�VBE

k�T � 1Þ � ð1� x
WB
Þ. niB is the intrinsic

carrier concentration of the base material. The subscript B, is added to ni because
the base may be made of a different semiconductor such as SiGe alloy, which has a
smaller band gap and therefore a larger ni than the emitter and collector material.
The minority carrier current is dominated by the diffusion current. The sign of IC is
positive and defined in the expression:

IC ¼ jAE � q � DB � dn
dx j ¼ AE � q � DB � n0ð0Þ

WB
¼ AE � q � DB

WB
� n2iB
NB

� ðeq�VBE
k�T � 1Þ. AE is

the area of the BJT specifically the emitter area. There is a similarity between BJT

transistor IC current and the PN diode IV relation. Both are proportional to ðeq�V
k�T �

1Þ and to D�n2i
N . The only difference is that dn0

dx has produced the 1
WB

term due to the

linear n′ profile. We can condense the expression of IC to IC ¼ Is � ðe
q�VBE
k�T � 1Þ,

where Is is the saturation current. IC ¼ AE � q�n2i
GB

� ðeq�VBE
k�T � 1Þ and

GB ¼ n2i
n2iB

� NB
DB

�WB ¼ n2i
n2iB

� p
DB

�WB, where p is the majority carrier concentration in

the base. It is valid even for no uniform base and high-level injection condition if

Gb is generalized to 1. GB ¼ RWB

0
n2i
n2iB

� p
DB

� dx, GB has the unusual dimension of

s/cm4 and is known as the base Gummel number. In the special case of niB ¼ ni, DB

is a constant, and pðxÞ ¼ NBðxÞ which is low level injection.

GB ¼ 1
DB

� RWB

0 NBðxÞ � dx ¼ 1
DB

� base dopant atoms per unit area. The base
Gummel number is basically proportional to the base dopant density per area. The

Fig. D.13 NPN transistor structure with depletion layers
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higher the base dopant density is, the lower the IC will be for a given VBE. The
concept of a Gummel number simplifies the IC model because it contains all the
subtleties of transistor design that affect IC; changing base material through niBðxÞ,
nonconstant DB, non-uniform base dopant concentration through pðxÞ ¼ NBðxÞ and
even the high-level injection condition, where p > NB. Although many factors affect
GB, GB can be easily determined from the Gummel plot. The inverse slope of the
straight line can be described as 60 mV per decade. The extrapolated intercept of
the straight line and VBE = 0 yields Is. GB is equal to AE � q � n2i divided by the
intercept (Fig. D.14).

The decrease in the slope of the curve at high IC is called the high-level injection
effect. At large VBE, n′ can become larger than the base doping concentration NB,
n0 ¼ p0 � NB. The condition of n0 ¼ p0 � NB is called high-level injection.

A consequence is that in the base n � p � ni � e
q�VBE
2�k�T ;GB / ni � e

q�VBE
2�k�T :

Yield to Ic / ni � e
q�VBE
2�k�T . Therefore, at high VBE or high IC, Ic / e

q�VBE
2�k�T and the

inverse slope becomes 120 mV/decade. IKF, the knee current, is the current at which
the slope changes. It is a useful parameter in the BJT model for circuit simulation.
The IR drop in the parasitic resistance significantly increases VBE at very high IC
and further flattens the curve.

Base current: Whenever the base-emitter junction is forward biased, some holes
are injected from the P-type into the N+ emitter. These holes are provided by the
base current IB, IB is an undesirable but inevitable side effect of producing IC by
forward biasing the BE junction. The analysis of IB, the base to emitter injection
current, is a perfect parallel of the IC analysis. The base current can be expressed as

IB ¼ AE � q�n2i
GE

� ðeq�VBE
k�T � 1Þ;GE ¼ RWE

0
n2i
n2iE

� p
DE

� dx. GE is the emitter Gummel num-

ber. In case of uniform emitter, where niE;NE(emitter doping concentration) and DE

are not functions of x. IB ¼ AE � q � DE
WE

� n2iE
NE

� ðeq�VBE
k�T � 1Þ (Fig. D.15).

Fig. D.14 NPN transistor Ic
[A] versus VBE [V]
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Current gain: The most important DC parameter of a BJT is its common emitter
current gain bF. Another current ratio, the common base current gain, is defined by

aF. bF � IC
IB
; IC ¼ aF � IE; aF ¼ IC

IE
¼ IC

IC þ IB
¼ IC=ICB

IC=ICB þ 1 ¼ bF
1þ bF

. aF is typically very

close to unity, such as 0.99, because bF is large. aF ¼ bF
1þbF

;bF ¼ aF
1�aF

. IB is a load

on the input signal source, an undesirable side effect of forward biasing the BE

junction. IB should be minimized (bF should be maximized). bF ¼ GE
GB

¼ DB�WE �NE �n2iB
DE �WB�NB�n2iE

.

A typical good bF is 100. D and W cannot be changed very much. The most
obvious way to achieve a high bF, is to use a large NE and a small NB. A small NB,
would introduce too large a base resistance, which degrades the BJT’s ability to
operate at high current and high frequencies. Typically NB is around 1018 cm−3. An
emitter is said to be efficient if the emitter current is mostly the useful electron
current injected into the base with little useless hole current (the base current). The
emitter efficiency is defined as cE ¼ IE�IB

IE
¼ IC

IC þ IB
¼ 1

1þGB=GE
. To raise bF, NE is

typically made larger than 1020 cm−3. When NE is very large, n2iE becomes larger

than n2i . This is called the heavy doping effect. n2i ¼ NC � NV � e�Eg
k�T , heavy doping

can modify the Si crystal sufficient to reduce Eg and cause n2i to increase signifi-
cantly. Therefore, the heavy doping effect is also known as band gap narrowing.

n2iE ¼ n2i � e
DEgE
k�T , DEgE is the narrowing of the emitter band gap relative to lightly

doped Si and is negligible for NE < 1018 cm−3, 50 meV at 1019 cm−3, 95 meV cm−3

at 1020 cm−3, and 140 meV at 1021 cm−3. To further elevate bF, we can raise niB by
using a base material that has a smaller band gap than the emitter material. Si1�gGeg
is an excellent base material candidate for an Si emitter. With η = 0.2, EgB is
reduced by 0.1 eV. In a SiGe BJT, the base is made of high quality P-type epitaxial
SiGe. In practice, η is graded such that η = 0 at the emitter end of the base and 0.2 at
the drain end to create a built in field that improves the speed of the BJT. Because
the emitter and base junction is made of two different semiconductors, the device is
known as a heterojunction bipolar transistor or HBT. HBTs made of InP emitter
(Eg = 1.35 eV) and InGaAs base (Eg = 0.68 eV) and GaAlAs emitter with GaAs
base are other examples of well-studied HBTs. The ternary semiconductors are used
to achieve lattice constant matching at the heterojunction. Whether the base material
is SiGe or plain Si, a high-performance BJT would have a relatively thick (>100

Fig. D.15 NPN transistor structure electron flow and hole flow

800 Appendix D: BJT Transistor Ebers–Moll Model and MOSFET Model



nm) layer of As-doped N+ poly-Si film film in the emitter. Arsenic is thermally
driven into the “base” by *20 nm and converts that single crystalline layer into a
part of the N+ emitter. This way, bF is larger due to the large WE, mostly made of
the N+ poly-Si. This is the poly-Silicon emitter technology. The simpler alternative,
a deeper implanted or diffused N+ emitter without the poly-Si film film, is known to
produce a higher density of crystal defects in the thin base causing excessive
emitters to collector leakage current or even shorts in a small number of the BJTs.
High speed circuits operate at high IC, and low power circuits may operate at low
IC. Current gain b, drops at both high IC and at low IC. In Gummel plot the IC
flattens at high VBE due to the high-level injection effect in the base. That IC curve
arising from hole injection into the emitter, does not flatten due to this effect
because the emitter is very heavily doped, and it is practically impossible to inject a
higher density of holes than NE. Over a wide mid-range of IC, IC and IB are parallel,
indicating that the ratio IC/IB, i.e., bF is a constant. Above 1 mA, the slope of IC
drops due to high-level injection. Consequently, the IC/IB ratio or bF decreases
rapidly. This fall-off of current gain unfortunately degrades the performance of
BJTs at high current where the BJTs speed is the highest. IB is the base emitter
junction forward bias current. The forward bias current slope decreases at low VBE

or very low current due to the Space Charge Region (SCR) current. As a result, the
IC/IB ratio or bF decreases at very low IC.

As in MOSFETs, a large output conductance, @IC
@VCE

, of BJTs is deleterious to the
voltage gain of circuits. The cause of the output conductance is base-width mod-
ulation. The thick vertical line indicates the location of the base–collector junction.
With increasing Vce, the base–collector depletion region widens and the neutral
base width decreases. This leads to an increase in IC. If the curves IC − VCE are
extrapolated, they intercept the IC = 0 axis at approximately the same point. VA is
defined as early voltage. VA is a parameter that describes the flatness of the IC
curves. Specifically, the output resistance can be expressed as VA/IC:
r0 � ð @IC

@VCE
Þ�1 ¼ VA

IC
. A large VA (large r0) is desirable for high voltage gains.

A typical VA is 50 V. VA is sensitive to the transistor design. We can except VA and
r0 to increase, expect the base width modulation to be a smaller fraction of the base
width, if we increase the base width, increase the base doping concentration NB or
decrease the collector doping concentration NC. Increasing the base width would
reduce the sensitivity to any given DWB. Increasing the base doping concentration
NB would reduce the depletion region thickness on the base side because the
depletion region penetrates less into the more heavily doped side of a PN junction.
Decreasing the collector doping concentration NC would tend to move the depletion
region into the collector and thus reduce the depletion region thickness on the base
side, too. Both increasing the base width and the base doping concentration NB

would depress bF. Decreasing the collector doping concentration NC is the most
acceptable course of action. It is also reduces the base–collector junction capaci-
tance, which is a good thing. Therefore, the collector doping is typically ten times
lighter than the base doping. The larger slopes at VCE > 3 V are caused by impact
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ionization. The rise of IC due to base-width modulation is known as the early effect.
Model the collector current as a function of the collector voltage: IC ¼ bF � IB and
differentiating with respect to VC while IB was held constant gave, @IC

@VC
¼ IB � @bF

@VC
.

The question is how can bF change with VC, the collector depletion layer thickens
as collector voltage is raised. The base gets thinner and current gain raises.
Bipolar Transistor Transit Time and Charge Storage
Static IV characteristics are only one part of the BJT theory. Another part is its
dynamic behavior or its speed. When the BE junction is forward biased, excess
holes are stored in the emitter, the base, and even the depletion layers. The sum of
all excess hole charges everywhere QF. QF is the stored excess carrier charge. If QF

= 1 pC (Pico coulomb), there is +1 pC of excess hole charge and −1 pC of excess
electron charge stored in the BJT. The ratio of QF to IC is called the forward transit
time sF (sF � QF

IC
). Ic and QF are related by a constant ratio sF. QF and therefore sF

are very difficult to predict accurately for a complex device structure. sF can be
measured experimentally and once sF is determined for a given BJT, equation
sF � QF

IC
becomes a powerful conceptual and mathematical tool giving QF as a

function of IC, and vice versa. sF sets a high frequency limit of BJT operation. The

excess hole charge in the base QFB: QFB ¼ q � AE � n0ð0Þ �WB=2;
QFB
IC

� sFB ¼ W2
B

2�DB
.

The base transit time can be further reduced by building into the base a drift field
that aids the flow of electrons from the emitter to the collector. There are two ways
of accomplishing this. The classical method is to use graded base doping (a large
NB near the EB junction), which gradually decreases toward the CB junction. Such
a doping gradient is automatically achieved if the base is produced by dopant
diffusion. The changing NB creates a dEv=dx and adEc=dx. This means that there is
a drift field. Any electron injected into the base would drift toward the collector

with a base transit time shorter than the diffusion transit time, W2
B

2�DB
. In a SiGe BJT,

P-type epitaxial Si1�gGeg is grown over the Si collector with a constant NB and η
linearly varying from about 0.2 at the collector end to 0 at the emitter end. A large
dEc=dx can be produced by the grading ofEgB. These high speed BJTs are used in
high frequency communication circuits. Drift transistors can have a base transit time

several times less than W2
B

2�DB
, as short as 1 p s. The total forward transit time, sF is

known as the emitter to collector transit time. sFB is only one portion of sF. The
base transit time typically contributes about half of sF. To reduce the transit (or
storage) time in the emitter and collector, the emitter and the depletion layers must
be kept thin. sF can be measured. sF starts to increase at a current density where the
electron density corresponding to the dopant density in the collector (n = NC) is
insufficient to support the collector current even if the dopant induced electrons
move at the saturation velocity. This intriguing condition of too few dopant atoms
and too much current leads to a reversal of the sign of the charge density in the
depletion region.
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IC ¼ AE � q � n � vsat; q ¼ q � NC � q � n ¼ q � NC � IC
AE �vsat ;

d}ðxÞ
dx ¼ q

es
. When IC is

small then q(q ¼ q � NC) as expected from the PN junction analysis, and the electric
field in the depletion layer. The N+ collector is always present to reduce the series
resistance. No depletion layer is shown in the base for simplicity because the base is

much more heavily doped than the collector. As IC increases, q decreases and d}ðxÞ
dx

decreases. The electric field drops to zero in the very heavily doped N+ collector as
expected. Because of the base widening, sF increases as a consequence. This is
called the Kirk effect. Base widening can be reduced by increasing NC and VCE.
The Kirk effect limits the peak BJT operating speed.
Bipolar Transistor Small Signal Model
The equivalent circuit for the behavior of a BJT in response to a small input signal
(10 mV sinusoidal signal, superimposed on the DC bias) is presented in Fig. D.16.
BJTs are often operated in this manner in analog circuits.

If VBE is not close to zero, the “1” in IC ¼ Is � ðe
q�VBE
k�T � 1Þ is negligible; in that

case

IC ¼ Is � ðe
q�VBE
k�T � 1Þ � Is � e

q�VBE
k�T . When a signal vBE is applied to the BE junc-

tion, a collector current gm � vBE is produced. gm, the trans-conductance, is

gm � dIC
dVBE

¼ d
dVBE

Is � e
q�VBE
k�T

� �
¼ q

k � T � Is � e
q�VBE
k�T ¼ IC=

k � T
q

; gm ¼ IC=
k � T
q

At room temperature, gm ¼ IC=26mV. The trans-conductance is determined by
the collector bias current, IC. The input node, the base, appears to the input drive

circuit as a parallel RC circuit. 1
rp
¼ dIB

dVBE
¼ 1

bF
� dIC
dVBE

¼ gm
bF
; rp ¼ bF

gm
. QF is the excess

carrier charge stored in the BJT. If QF = 1 pC, there is +1 pC of excess holes and −1
pC of excess electrons in the BJT. All the excess hole charge, QF, is supplied by the

Fig. D.16 Bipolar transistor small signal model
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base current, IB. Therefore, the base presents this capacitance to the input drive

circuit: Cp ¼ dQF

dVBE
¼ d

dVBE
½sF � IC� ¼ sF � gm. The capacitance CP may be called the

charge storage capacitance, known as the diffusion capacitance. There is one charge
component that is not proportional to IC and therefore cannot be included in QF.
That is the junction depletion layer charge. Therefore, a complete model of CP

should include the BE junction depletion layer capacitance, CdBE,
Cp ¼ sF � gm þCdBE. Once the parameters in the basic small signal model of the
BJT have been determined, one can use the small signal model to analyze circuits
with arbitrary signal source impedance network which composing resistors, ca-
pacitors, and inductors, and additionally load impedance network. r0 is the intrinsic
output resistance, VA/IC. Cl also arises from base width modulation; when VBC

varies, the base width varies; therefore, the base stored charge varies, thus giving

rise toCl ¼ dQFB

dVCB
. CdBC is the CB junction depletion layer capacitance. Model

parameters are difficult to predict from theory with the accuracy required for
commercial circuit design. Therefore, the parameters are routinely determined
through comprehensive measurement of the BJT AC and DC characteristics.

The Fig. D.17 describes the small signal model which can be used to analyze a
BJT circuit by hand.

Cutoff frequency: We consider small signal model when the load is a short
circuit. The signal source is a current source ib, at a frequency f. The question is at
what frequency the AC current gain does b � ic=ib fall to unity?

vbe ¼ ib
input admittance

¼ ib
1=rp þ j � x � Cp

; ic ¼ gm � vbe

bðxÞ � ic
ib

����
���� ¼ gm

1=rp þ j � x � Cpj j ¼
1

1=gm � rp þ j � x � sF þ j � x � CdBE=gmj j
¼ 1

1=bF þ j � x � sF þ j � x � CdBE � k � T=q � ICj j

Fig. D.17 Bipolar transistor small signal model which can be used to analyze a BJT circuit by
hand
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The Fig. D.18 describes the small signal model for circuit simulation by
computer.

At x = 0, i.e., DC b(x) = … equation reduces to bF as expected. As x increases,
b drops. By carefully analyzing the b(x) data, one can determine sF. If bF � 1 so
that 1/bF is negligible, bðxÞ / 1

x and b = 1 at fT , fT ¼ 1
2� p�ðsF þCdBE �k�T=q�ICÞ .

If we use a more complete small signal model, it can be shown that fT ¼
1

2�p�½sF þðCdBE þCdBCÞ�k�T=ðq�ICÞþCdBC �ðre þ rcÞ� . fT is the cutoff frequency and is commonly

used to compare the speed of transistors. The above equations predict that fT rises
with increasing IC due to increasing gm, in agreement with the measured fT. At very
high IC, sF increases due to base widening (Kirk effect), and therefore, fT falls. BJTs
are often biased near the IC where fT peaks in order to obtain the best high frequency
performance. FT is the frequency of unity power gain. The frequency of unity

power gain, called the maximum oscillation frequency. fmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð fT
8� p�rb�CdBC

Þ
q

, it is

therefore important to reduce the base resistance, rb. While MOSFET scaling is
motivated by the need for high packing density and large Idsat, BJT scaling is often
motivated by the need for high fT and fmax. This involves the reduction of sF (thin
base, etc,) and the reduction of parasitic (CdBE;CdBC; rb; re; rc). We interested in
BJT with poly-Si emitter, self-aligned base, and deep trench isolation. The base is
contacted through two small P+ regions created by boron diffusion from a P+

poly-Si film film. The film also provides a low resistance electrical connection to
the base without introducing a large P+ junction area and junction capacitance. To
minimizing the base series resistance, the emitter opening is made very narrow. The
lightly doped epitaxial N-type collector is contacted through a heavily doped
sub-collector in order to minimize the collector series resistance. The substrate is

Fig. D.18 Bipolar transistor small signal model for circuit simulation
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lightly doped to minimize the collector capacitance. Both the shallow trench and the
deep trench are filled with dielectrics (SiO2) and serve the function of electrical
isolation. The deep trench forms a rectangular moat that completely surrounds the
BJT. It isolates the collector of this transistor from the collectors of neighboring
transistors. The structure incorporates many improvements that have been devel-
oped over the past decades and have greatly reduced the device size from older BJT
design. BJT is a larger transistor than a MOSFET.
Bipolar Transistor Charge Control Model
The small signal model is ideal for analyzing circuit response to small sinusoidal
signals. If the signal is large, input is step function IB switching from zero to 20 lA
or by any IB(t) and then IC(t) is produced. The response is analyzed with the charge
control model which is a simple extension of the charge storage concept.

IC ¼ QF
sF

) ICðtÞ ¼ QFðtÞ
sF

, IC(t) becomes known if we solve for QFðtÞ. sF has to be
characterized beforehand for the BJT being used. IC is controlled by QF (charge
control model). At DC conditionIB ¼ IC

bF
¼ QF

sF � bF , the equation has a straightforward

physical meaning. In order to sustain a constant excess hole charge in the transistor,
holes must be supplied to the transistor through IB to replenish the holes that are lost
to recombination. Therefore, DC IB is proportional to QF. When holes are supplied
by IB at the rate ofQF=sF � bF , the rate of hole supply is exactly equal to the rate of
hole loss to recombination and QF remains at a constant value. In the case that IB is
larger than QF=sF � bF(IB [QF=sF � bF), holes flow into the BJT at a higher rate
than the rate of hole loss and the stored hole charge QF increases with time

(dQF

dt ¼ IBðtÞ � QF
sF � bF).

The presented equations together constitute the basic charge control model.

For any given IB(t), equation dQF

dt ¼ IBðtÞ � QF
sF � bF can be solved for

QF(t) analytically or by numerical integration. Once QF(t) is found, IC(t) becomes

known from equation ICðtÞ ¼ QFðtÞ
sF

. Figure D.19 describes the charge control model.
Excess hole charge QF rises or falls at the rate of supply current IB minus loss
(/ QF).

QF is the amount of charges in the vessel, and QF
sF � bF is the rate of charge leakage.

IB is the rate of charges flowing into the vessel. The Fig. D.19 is a basic version of
the charge control model. We can introduce the junction depletion layer capaci-

tances into equation dQF

dt ¼ IBðtÞ � QF
sF � bF . Diverting part of IB to charge the junction

capacitances would produce an additional delay in IC(t).

QF(t)
IB(t) QF/(τF·βF)Fig. D.19 Bipolar transistor

charge control model
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Bipolar Transistor Model for Large Signal Circuit Simulation
The BJT model used in circuit simulation can accurately represent the DC and
dynamic currents of the transistor in response to VBE(t) and VCE(t). A typical circuit
simulation model or compact model is made of the Ebers–Moll model when VBE

and VBC are two driving forces for IC and IB, plus additional enhancements for
high-level injection, voltage dependent capacitances that accurately represent the
charge storage in the transistor, and parasitic resistances as shown. This BJT model
is known as the Gummel–Poon model. The two diodes represent the two IB terms
due to VBE and VBC. The capacitor labeled QF is voltage dependent such that the
charge stored in it is equal to the QF described in the bipolar transistor transit time
and charge storage discussion. QR is the counterpart of QF produced by a forward
bias at the BC junction. Inclusion of QR makes the dynamic response of the model
accurate even when VBC is sometimes forward biased. CBE and CBC are the junction
depletion layer capacitances. CCS is the collector to substrate capacitance
(Fig. D.20).

IC ¼ I 0s � ðe
q�VBE
k�T � e

q�VBC
k�T Þ � ð1þ VCB

VA
Þ � Is

bR
� ðeq�VBC

k�T � 1Þ. The 1þ VCB
VA

factor is added

to represent the early effect – IC increasing with increasing VCB. I 0s differs from Is in
that I 0s decreases at high VBE due to the high-level injection effect in accordance with

equation GB � RWB

0
n2i
n2iB

� p
DB

� dx.
IB ¼ Is

bF
� ðeq�VBE

k�T � 1Þþ Is
bR
� ðeq�VBC

k�T � 1Þþ ISE � ðe
q�VBE
nE �k�T � 1Þ. ISE and nE parameters

are determined from the measured BJT data as are all of the several dozens of
model parameters. We can summarize the current appendix discussion, that base
emitter junction is usually forward biased while the base–collector junction is re-
verse biased. VBE determines the rate of electron injection from the emitter into the

Fig. D.20 Bipolar transistor
BJT model used for circuit
simulation
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base, and thus uniquely determines the collector current, IC regardless of the reverse

bias VCB. IC ¼ AE � q�n2i
GB

� ðeq�VBE
k�T �1Þ;GB � RWB

0
n2i
n2iB

� p
DB

� dx GB is the base Gummel

number, which represents all the subtleties of BJT design that affects IC; base
material, non-uniform base doping, non-uniform material composition, and the
high-level injection effect. An undesirable but unavoidable side effect of the
application on VBE is a hole current flowing from the base, mostly into the emitter.
This base input current, IB, is related to IC by the common emitter current gain bF
(bF ¼ IC

IB
� GE

GB
) where GE is the emitter Gummel number. The common base current

gain is aF � IC
IE
¼ bF

1þ bF
. The Gummel plot indicates that bF falls off in the high IC

region due to high-level injection in the base and also in the low IC region due to
excess base current. Base width modulation by VCB results in a significant slope of
the IC – VCE curve in the active region. This is the early effect. The slope, called the
output conductance, limits the voltage gain that can be produced with a BJT. The
early effect can be suppressed with a lightly doped collector. A heavily doped
sub-collector is routinely used to reduce the collector resistance. Due to the forward
bias, VBE, a BJT stores a certain amount of excess hole charge, which is equal but of
opposite sign to the excess electron charge. Its magnitude is called the excess
carrier charge, QF. QF is linearly proportional to IC (QF � IC � sF).

sF is the forward transit time. If there were no excess carriers stored outside the

base sF ¼ sFB ¼ W2
B

2�DB
. sFB is the base transit time, sF [ sFB because excess carrier

storage in the emitter and in the depletion layer is also significant. All these regions
should be made small in order to minimize sF. Besides minimizing the base width,
WB, sFB may be reduced by building a drift field into the base with graded base
doping (also with graded Ge content in a SiGe base). sFB is significantly increased
at large IC due to base widening which known at the Kirk effect. In the Gummel–
Poon model, both the DC and the dynamic (charge storage) currents are well
modeled. The early effect and high-level injection effect are included. Simpler
models consisting of R, C, and current source are used for hand analysis of circuits.

The small signal models employ parameters such as trans-conductance gm ¼
dIC
dVBE

¼ IC= k�T
q and input capacitance Cp ¼ dQF

dVBE
¼ d

dVBE
½sF � IC� ¼ sF � gm and input

resistancerp ¼ dVBE

dIB
¼ bF

gm
. The BJT’s unity gain cutoff frequency at which b falls to

unity is fT. In order to raise device speed, device density, or current gain, a modern
high-performance BJT usually employs poly-Si emitter, self-aligned poly-Si base
contacts, graded Si-Ge base, shallow oxide trench, and deep trench isolation.
High-performance BJTs excel over MOSFETs in circuits requiring the highest
device gm and speed.
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