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Abstract

Gearbox is the core part of a wind turbine which realizes the transmission and
energy transfer from wind blades to electric generator. The dynamics and vibration
properties of the gearbox especially of its geared rotor systems prominently
determine the efficiency and operating quality, even the whole-life expectation and
reliability of the machine set. In this book, the dynamic analyses and vibration
behaviors are investigated for the gearboxes which are popularly used to modern
wind turbines by using mechanics theories, finite element-based simulations,
experimental measurements, and vibration signal processing techniques.

Firstly, the background and main ideas of the book are described. Secondly, the
torsional dynamic model and vibration resonances are achieved based on the
lumped mass model of the geared rotor system, which is composed of two stages of
planetary gear trains and one parallel gear pair. Furthermore, the load sharing of the
planetary gear train based on the given torsion model is presented with considering
time-varying mesh stiffness, tooth backlash, fixing error, and manufacturing error
of the gears and carrier. Also, the measured strains at the gear tooth roots are used to
confirm that load-sharing analyses of the planetary gear train are acceptable. Based
on the model, the vibrations of both the geared rotor systems and the gearbox
housings are calculated under either the internal excitations coming from gear sets
or external loads transferring from wind loads.

Next, the parameter optimization for planetary gear system is defined and pro-
cessed based on the torsional dynamics of the geared rotor system of wind turbine.
The fault-induced vibrations of the geared rotor system are simulated, which
involves the popularly occurring fault of support misalignment of the rotor. The
rotor-misaligned fault-induced vibrations are of importance in practical manufac-
turing error control and assembly processing optimization, even helpful in operating
condition monitoring and fault diagnosis.

And then, the whole gearbox finite element model (WG-FEM) is built, and its
natural frequencies and modes of the gearbox system (including shells and geared
rotors) are calculated. Experimental measurements of vibrations on the wind turbine
gearbox are performed on the test rig and on-site. The vibration signals of different
testing points are analyzed in time and frequency domains to explore the underlying

xi



complicated behaviors. Some technologies of Hilbert–Huang transform-based
analyses are also achieved in the vibration signal processing.

At last, the gear coupling frequencies and fault characteristic frequencies are
obtained from the vibrations of the gearbox housing.

In summary, the technologies and results of this work provide some good ref-
erences for dynamic design and vibration prediction and analysis for gearbox and
its geared rotor system of wind turbine, even for many other machines.

Keywords Gearbox in wind turbine � Geared rotor system � Model of torsional
dynamics � Parameter optimization � Load sharing of planetary gear train � Whole
gearbox finite element model �Whole gearbox modes �Vibration signal processing �
Vibration fault diagnosis

xii Abstract



Chapter 1
Introduction

1.1 Requirement of Wind Turbine Gearbox

Wind energy is one of the most developed renewable energy prospects. The world’s
wind power industry developed rapidly in recent years, and the total wind power
capacity reached 432 GW by the end of 2015. Chinese wind power capacity
increases rapidly and becomes the largest one all over the world. By the end of
2015, the total installed capacity reached 145 GW, accounting for 33.6 % of the
world’s wind power capacity.

However, China’s wind turbines are often operating in low efficiency, and the
yearly average utilization time of a wind turbine set is only 1903 h, less than the
expected 2500 h [1]. The main reasons are various premature failures and poor
reliability of the wind turbines. Figure 1.1 shows the failure statistics of Chinese
wind turbines from January 2011 to August 2011, in which 23,600 machine parts
have been suffered from failures in operation and it happened more than 40,000
times [2]. It is also well known to be the similar situation in Europe and North
America, including some famous companies [3]. Among these failures, massive
problems belong to the core parts of the energy transmission chain, i.e., inside the
gearboxes and the rotor systems.

The transmission chain of the wind turbine (here excluding the direct-drive wind
turbine) contains the hub, the main shaft and its bearing, the gearbox, and the
generator, as shown in Fig. 1.2. The gearbox is the major part to transfer energy and
works under severe loading condition. The failures of the transmission chain of the
wind turbine always cause a sudden shutdown. According to the statistics finished
by wind energy companies, the mean time between failures (MTBF) of the gears
and the bearings and other mechanical transmission parts in wind power equipment
is as low as only hundreds of hours, and almost 20 % of the downtime is caused by
the failures of the gearbox.

Due to the severe loading condition, such as strong wind, rain, dust, and together
with the huge and changeable loads, the gearbox components of wind turbine often

© Springer Nature Singapore Pte Ltd. 2017
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suffer from wear, pitting, crack, and other structural damages. Most structure faults
stem from the bending and the torsion effects of the gear-rotor system in the
gearbox, involving the coupling mechanism of them under the possible contact and
shock loads because of the clearances between the gear sets and the bearings.

Recently, the gearbox failures and faults are in a more desperate situation in the
wind energy industry, which brings high maintenance costs and frequent shutdowns.
Many researchers and technicians are working hard to improve the reliability,
especially focusing on its gearbox dynamics and vibration control technology.

1.2 Dynamics of Gearbox

Many researchers focus on the dynamics of the gear transmission system. Abboudi
established the three-dimensional transient dynamic model for wind power trans-
mission gearbox to show the dynamic return differences of planetary gears [4].
Bahk studied the effects of the uneven load distribution of the gearbox planetary
and the planet wheel on the passing errors [5]. Helsen applied the flexible

(a) Failure statistics of parts of wind turbine
(b) Failure parts and happening rates

Fig. 1.1 Failure statistics of wind turbines. a Failure statistics of parts of wind turbine. b Failure
parts and happening rates

Fig. 1.2 Gearbox in a wind turbine
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multibody simulation technology on the dynamic characteristics of wind turbine
gearbox and analyzed the stresses of the gear under the meshing impact [6]. Zhang
studied the dynamics of wind turbine gearbox by using Romax Designer software
and obtained the effect of random fluctuations of the integrated system errors [7].
Chen established a torsional model of wind power planetary gear transmission
system in which the gear meshing stiffness and transmission errors are regarded to
be changeable timely [8]. Currently, many researches about the planetary gear
system vibration analyses, dynamic models, and simulations are conducted [9, 10].

Due to the complex configurations of the planetary gear driven in wind turbine
gearbox, it is not easy to detect the damages inside the gearbox. The fault infor-
mation and its characteristic energy become very weak after passing the supports
and the shells of the gearbox. Many researches have done lots of works in gearbox
damage identification methods, but intensive researches are still needed to learn the
damage principles under severe loading condition to find out effective damage
prediction and identification technology.

1.3 Structure Description of Gearbox in Wind Turbine

There are many types of gearboxes used in wind turbine, such as cylindrical gear-
boxes, planetary growth boxes, and combined gearbox. Figure 1.3 shows a hori-
zontal shaft wind turbine with a fixed parallel shaft gear and a planetary gear set.

The wind turbine gearbox is mainly composed of the housing shell, gear pairs,
shafts, and bearings. They are described as follows.

(1) The housing shell of the gearbox should be sufficiently rigid to withstand the
forces without deformation. The bearing support on the housing shell is also
required to support the bearing rigidly and keep the shafts in good alignment
situation. In order to prevent the gearbox vibrations transfer to the tower of the
wind turbine, the gearbox is mounted on the elastic shock absorbers.

The static or dynamic stress distribution of the housing shell of wind turbine
gearbox is often too complicated to calculate even by using finite element methods.
Fracture mechanics and field measurement are also important for vibration damage
analyses of the housing shells.

(2) The gears and the shafts are important in the transmission chain of wind
turbine and require very strict material selection and structural design. They
are not recommended to use prefabricated structures or welded assembly. The
driving shaft and the driven shaft also need quenching and tempering to get
high surface hardness and good ductile inside.

(3) The bearing life should not be less than 130,000 h in design opinion. The
deformation of the shaft and the bearing in operating condition and the shaft
misalignment will cause damages to both the gears and the bearings. The
severe overload and improper lubrication can also lead to gear tooth and
bearing fatigues on their contact surfaces.

1.2 Dynamics of Gearbox 3



1.4 Modeling Methods for Dynamic and Vibration
Analyses

The multilevel modeling strategy can be adopted in modeling the wind turbine
gearbox to analyze the system dynamics and its key parts. The different level
models can be used to describe the whole machine modal matching, modal coupling
among parts, vibration predictions of key positions, and so on. The whole machine
model such as a WG-FEM can be built by using finite element method or by using
simplified models of the sub-systems which is called as a hybrid model. An analysis
method of the wind turbine gearboxes is shown in Fig. 1.4.

Fig. 1.3 Horizontal shaft wind turbine and its gearbox
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Even in order to model the wind turbine transmission chain, the gearbox, hub,
generator, etc. can be modeled and analyzed separately at first, and then, the whole
model is built by coupling all these sub-systems or components.

1.5 Shaft Misalignment in Gearbox

Wind turbine generator system (WTGS) has a long transmission chain and a lot of
components, which makes it hard to control the links causing misalignment. The
main factors causing misalignment include machining error, installation error,
deformation of components, changes in environment and working condition, and
improper design.

High-precision component is the key factor of the shafts alignment. For exam-
ple, there are strict requirements in machining accuracy, such as perpendicularity
between the central axis of the bearing seat and the base, parallelism between the
axes of gearbox input shaft and gearbox output shaft, and all of which should be
strictly controlled in the process of the production and checkout. But in reality, it is
hard to guarantee machining accuracy; for example, the relative altitude of several
fixing positions in the base could not well meet high accuracy requirements through
machining.

Alignment of shafts is always a difficult problem for a long transmission chain.
However, the installation of WTGS is needed operated in the cabin, which is always
tens of meters, even hundreds of meters high. What’s more, the installation space is
small, while the size and mass of components are relatively big, which might easily
bring large misalignment in the installation. For this reason, manufacturers always
assemble the transmission system in the ground and adjust the shafts again on the
top of tower after hoisting.

The deformation of components mainly occurs in the rubber supporters of cabin
base, gear case, and electric generator. Cabin base usually uses welding, casting, or
molding, and the aging treatments should also be conducted in most cases. Even so,
the resident stress is difficult to completely eliminate due to the large size.
Moreover, the environment temperature changes rapidly in wind field, and the

Torsional Model

Equivalent virtual shaft section method

The whole machine model

flexible character

boundary conditions

Fig. 1.4 Multilevel modeling
strategy
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nonuniform deformation occurs in the cabin base during the process of WTGS
operating, which can also lead to shafting misalignment.

Shafting misalignment is a typical failure mode of WTGS. Misalignment will
increase the load on bearing and gearbox, causing vibrations of components or
overall machine, and increase the dynamic load on bearing and gearbox. According
to the basic fatigue life formula from ISO281-1990, when dynamic load is increased
by 5 %, fatigue life will decrease by 15 %. Thus, shafting misalignment issue
should be highly valued.

1.6 Measurement and Analysis of Gearbox Vibration

In the prototype test, the manufacturers of wind power machines will carry out
different tests for different purposes before installation. As an example, Danish
company Vestas set up a wind turbine test platform that can be used for
V164-8.0 MW wind turbine testing. However, the wind turbine test platforms are
hard to simulate the real load conditions. The internal information of a gearbox is
also difficult to be measured such as the gear tooth contact stress distributions. In
China, Shanghai Electric, Dongfang Electric, Guodian United Power, and other
companies built many MW-class wind turbine test platforms to finish the machine
performance testing. Throughout, the vibration measurement and fatigue life test
are not conducted, even though these data are so important for the design and the
maintenance of the gearbox.

Researchers have already studied the dynamics and vibration problems of the
gear transmission from the aspects of the vibration characteristics, incentive
mechanism, forced vibration, dynamic loading, and fatigue life and made a lot of
achievements. Many test standards on the whole transmission chain and assess-
ments, such as IEC61400, are made early and widely used. But the wind turbine
failures resulted from gearboxes inevitably show that there are many underlying
problems need to be solved in designing, manufacturing, and testing, such as the
nonlinear dynamic behaviors of both whole machine and part structures when
considering the varying mesh stiffness, damping, support stiffness, manufacturing
errors, installation errors, and bearing stiffness.

1.7 Works in This Book

In this work, the dynamics analysis, vibration characteristics, response predictions,
and test measurements of the wind turbine gearbox are introduced, which is one
type of large wind turbine gearbox composed of two stages of planetary gear train
and one parallel gear pair. Firstly, the torsional vibration resonances are obtained
based on the lumped mass model of torsional dynamics of the gear-rotor system,
where the time-varying mesh stiffness and tooth backlash are considered. Based on
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the model, parameter optimization and load factors of the gear-rotor system are
achieved. Moreover, the equivalent virtual shaft section method of the geared rotor
system is proposed,while the vibrations of the gear-rotor system involving the
popularly occurring fault of unbalance and support misalignment are also simulated
based on this model. And then, the whole gearbox finite element model (WG-FEM)
is built, and the natural characteristics (natural frequencies and mode shapes) of the
whole gearbox are calculated. Finally, Numbers of bench and field test of vibration
data and time-frequency domain analysis results are introduced. The measured
vibration signals are analyzed thoroughly in time domain and frequency domain by
using modern time–frequency-domain analysis methods.
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Chapter 2
Torsional Dynamics of Gear-Rotor System
in Wind Turbine Gearbox

A torsional dynamics modeling for planetary gear transmission system in wind
turbine is established after comprehensively considering these nonlinear factors
associated with time-varying mesh stiffness, dynamic transmission error, gear mesh
impact, and input-varying load. Load factors of planetary gear transmission system
are induced from the coupled nonlinear dynamics modeling. Then, the load-sharing
performance is studied and the load balance method suited for this model which is
validated by the test is obtained from the perspective of load-sharing structure.
These results provide fundamental basis for multistage planetary gear transmission
system design.

2.1 Lumped Mass Model for Torsional Dynamics

2.1.1 Mechanical Schematic

A two-stage planetary transmission gearbox system in the wind turbine is shown in
Fig. 2.1, and its dynamic model is shown in Fig. 2.2. The equivalent dynamics
model based on the lumped-parameters and Lagrange general function is shown in
Fig. 2.3 [1, 2]. The 1st stage has four planet gears, and the 2nd has three ones.
Since the relative position between the axial and meshing line direction is simple
(there is a helix angle between them and the planetary location has no effect on it),
there is no axial diagram for illustration [3, 4].

© Springer Nature Singapore Pte Ltd. 2017
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2.1.2 Definition of DOFs

The generalized coordinates of the planetary transmission in two stages are
established in rotary coordinate systems which are rotating with each carrier,
respectively. Because of the carriers in two stages rotating in plane, rotary coor-
dinate system has no influence on DOF along z-axis. The definition of every
variable and parameter of the planetary system is also shown in Fig. 2.3.

The displacement vector of the gear-rotor system of the two-stage planetary
gearbox is defined as

d ¼ ðuc1; xc1; yc1; zc1; up1i; np1i; gp1i; zp1i; ur1; xr1; yr1; zr1; us1; xs1; ys1; zs1; uc2; xc2; yc2; zc2;
up1i; np2i; gp2i; zp2i; ur2; xr2; yr2; zr2; us2; xs2; ys2; zs2; h7; x7; y7; z7; h8; x8; y8; z8ÞT

ð2:1Þ

inT

1ip 1r 2ip 2r 2g

1s 2s

1g

1c
2c

outT

Fig. 2.1 A two-stage planetary gearbox used in wind turbine
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Fig. 2.2 Dynamic model for torsional dynamics
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The vector is 60 degrees of freedom, in which x; y; z represents the deflection
along the respective coordinate axes, u represents torsional deflection presented as
u = rbω, rb represents base circle radius of gears or carriers, the subscripts of s, p, r,
and c, respectively, represent sun gear, planet, ring gear, and carrier.

2.1.3 Mesh Stiffness Excitation

Considering the helical gear tooth meshing begins at one end and gradually extends
to the entire tooth surface, time-varying mesh stiffness is proposed as the first-order
harmonic instead of step waveforms to simulate helical gear mesh condition [5].

O
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Fig. 2.3 Dynamics model of the planetary gear train
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Supposing that the variation range of a meshing period is 2π and initial phase of
Planet 1 is 0, the phase of Planet i should be ðZr; ZsÞwi. The inner and external
time-varying mesh stiffness are presented in Eq. (2.2) [6].

krpðtÞ ¼ �krp½1þ S sinðxmtþ Zrwi þ csrÞ�
kspðtÞ ¼ �ksp½1þ S sinðxmtþ ZswiÞ�

ð2:2Þ

xmi ¼ ðxsi � xciÞZsip
30

ð2:3Þ

In Eq. (2.2), �krp; �ksp are the average values of inner and external mesh stiffness.
S is the amplitude ratio valuing 0.2. csr is phase difference between inner mesh and
external mesh in planetary transmission, which values 0 in case that planet teeth
number is even and values p in case of odd. ωmi is mesh frequency in the ith stage.
The expression in case of fixed ring gear is Eq. (2.3). ωsi and ωci are rotational
speeds of sun gear and carrier in the ith stage. Zs and Zr are the numbers of sun gear
teeth and ring gear teeth. wi is planetary phase represented as

wi ¼ 2pði� 1Þ=N ð2:4Þ

where N ¼ 4 for the 1st stage; N ¼ 3 for the 2nd stage; i ¼ 1; . . .N.

2.1.4 Transmission Error Excitation

The component errors affecting load-sharing performance considered in this paper
can be classified as tooth frequency error, shaft-frequency error, and constant error
by frequencies which are shown in Table 2.1. θri and θsi are presented as Eq. (2.5).
αt is transverse pressure angle of the ring and sun.

hr;si ¼ at � wi ð2:5Þ

Equivalent accumulated errors are presented in Eqs. (2.6) and (2.7)

espi ¼ eEs þ eAs þ esEpi þ esApi þ elsp þ ees þ eepi ð2:6Þ

erpi ¼ eEr þ eAr þ erEpi þ erApi þ elrp þ eer þ eepi ð2:7Þ

where the errors are defined and listed in Table 2.1.
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2.1.5 Mesh Damping in the Planetary Train

The damping coefficient of the gear tooth mesh is as follows [7]

crp;sp ¼ 2ng

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�krp;spm1m2

m1 þm2

s
ð2:8Þ

where ng is damping ratio of tooth mesh, which is between 0.03 and 0.17. �krp;sp is
the average values of mesh stiffness. m1 and m2 represent the mass of driving and
driven gears, respectively.

Table 2.1 Error definitions

Part
name

Error name Symbol Equivalent error

Carrier Eccentricity error (Ec, bc) eEc ¼ �Eccosðyi � bcÞ (ξp-axis
component)
eEc ¼ �Ecsinðbc � yiÞ (ηp-axis
component)

Planet shaft hole tangential
error

(Es) eEt ¼ �Et

Sun Manufacturing error (Es, bs) eEs ¼ Es sin½hsi þ bs � xst�
Fixing error (As, cs) eAs ¼ As sinðhsi þ csÞ
Tooth profile error of
external mesh

(lsp) elsp ¼ lsp sinðxmtþ ZswiÞ

Thickness deviation (es) ees ¼ �es
Planet Manufacturing error (Epi,

bpi)
esEpi ¼ �Epi sin½bpi þ asp þxpt�
(external mesh)

erEpi ¼ �Epi sin½bpi � arp þxpt�
(inner mesh)

Fixing error (Api,
cpi)

esApi ¼ �Api sinðcpi þ aspÞ (external
mesh)

erApi ¼ �Api sinðcpi � arpÞ (inner
mesh)

Thickness deviation (epi) eepi ¼ �epi
Ring Manufacturing error (Er , br) eEr ¼ �Er sinðhri � brÞ

Fixing error (Ar , cr) eAr ¼ �Ar sinðhri � brÞ
Tooth profile error of inner
mesh

(er) elrp ¼ lrp sinðxmtþ Zrwi þ cspÞ

Thickness deviation (er) eer ¼ �er
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2.1.6 Governing Equations

Due to the use of helical gears in the transmission system, torsional deflection,
radial deflection, and axial deflection of each gear should be taken into account in
the model. Considering the influence of torsional deflection, radial deflection, and
axial deflection of planet carrier, it totally has 60 degrees of freedom. The dynamics
equations of the system are as follows.

Dynamic equations in the 1st stage are represented in Eqs. (2.9)–(2.12).

ðIc1=r2c1Þ€uc1 þCoc1 _uc1 þ koc1uc1 þ
P4
i¼1

ðkp1dcg1i þCp1
_dcg1iÞ ¼ Tc1=rc1

mc1ð€xc1 � 2xc1 _yc1 � x2
c1xc1ÞþCc1ð _xc1 � xc1yc1Þþ kc1xc1

�kp1
P4
i¼1

ðdcn1i cosw1i þ dcg1i sinw1iÞ�

�Cp1
P4
i¼1

ð _dcn1i cosw1i þ _dcg1i sinw1iÞ ¼ 0

mc1ð€yc1 þ 2xc1 _xc1 � x2
c1yc1ÞþCc1ð _yc1 þxc1xc1Þþ kc1yc1

�kp1
P4
i¼1

ðdcn1i sinw1i þ dcg1i cosw1iÞ

�Cp1
P4
i¼1

ð _dcn1i sinw1i þ _dcg1i cosw1iÞ ¼ 0

mc1€zc1 þCc1 _zc1 þ kc1zc1 � kp1
P4
i¼1

dcf1i � Cp1
P4
i¼1

_dcf1i ¼ 0

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:9Þ

ðIp1=r2bp1Þ€up1i � ½krp1iðtÞf ðdrp1i; br1ÞþCrp1i
_drp1i� cos bb1

þ ½ksp1iðtÞf ðdsp1i; bs1ÞþCsp1i
_dsp1i� cos bb1 ¼ 0

mp1ð€np1i � 2xc1 _gp1i � x2
c1np1iÞþCp1ð _dcn1i � xc1dcn1iÞþ kp1dcn1i

þ ½krp1iðtÞf ðdrp1i; br1ÞþCrp1i
_drp1i� sin at1 cos bb1 � ½ksp1iðtÞf ðdsp1i; bs1Þ

þCsp1i
_dsp1i� sin at1 cos bb1 ¼ 0

mp1ð€gp1i þ 2xc1
_np1i � x2

c1gp1iÞþCp1ð _dcg1i þxc1dcn1iÞþ kp1dcg1i
�½krp1iðtÞf ðdrp1i; br1ÞþCrp1i

_drp1i� cos at1 cos bb1 � ½ksp1iðtÞf ðdsp1i; bs1Þ
þCsp1i

_dsp1i� cos at1 cos bb1 ¼ 0
mp1

€fp1i þCp1
_dcf1i þ kp1dcf1i þ ½krp1iðtÞf ðdrp1i; br1ÞþCrp1i

_drp1i� sin bb1
�½ksp1iðtÞf ðdsp1i; bs1ÞþCsp1i

_dsp1i� sin bb1 ¼ 0

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð2:10Þ
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ðIr1=r2br1Þ€ur1 þCor1 _ur1 þ kor1ur1

þ P4
i¼1

½krp1iðtÞf ðdrp1i; br1ÞþCrp1i
_drp1i� cos bb1 ¼ 0

mr1ð€xr1 � 2xc1 _yr1 � x2
c1xr1ÞþCr1ð _xr1 � xc1yr1Þþ kr1xr1

�P4
i¼1

½krp1iðtÞf ðdrp1i; br1ÞþCrp1i
_drp1i� sin hr1i cos bb1 ¼ 0

mr1ð€yr1 þ 2xc1 _xr1 � x2
c1yr1ÞþCr1ð _yr1 þxc1xr1Þþ kr1yr1

þ P4
i¼1

½krp1iðtÞf ðdrp1i; br1ÞþCrp1i
_drp1i� cos hr1i cos bb1 ¼ 0

mr1€zr1 þCr1 _zr1 þ kr1zr1

�P4
i¼1

½krp1iðtÞf ðdrp1i; br1ÞþCrp1i
_drp1i� sin bb1 ¼ 0

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð2:11Þ

ðIs1=r2bs1Þ€us1 þCos1 _us1 þ koscðus1 � rbs1
rc2

uc2Þ
�P4

i¼1
½ksp1iðtÞf ðdsp1i; bs1ÞþCsp1i

_dsp1i� cos bb1 ¼ 0

ms1ð€xs1 � 2xc1 _ys1 � x2
c1xs1ÞþCs1ð _xs1 � xc1ys1Þþ ks1xs1

þ P4
i¼1

½ksp1iðtÞf ðdsp1i; bs1ÞþCsp1i
_dsp1i� sin hs1i cos bb1 ¼ 0

ms1ð€ys1 þ 2xc1 _xs1 � x2
c1ys1ÞþCs1ð _ys1 þxc1xs1Þþ ks1ys1

þ P4
i¼1

½ksp1iðtÞf ðdsp1i; bs1ÞþCsp1i
_dsp1i� cos hs1i cos bb1 ¼ 0

ms1€zs1 þCs1 _zs1 þ ks1zs1 þ
P4
i¼1

ðksp1iðtÞf ðdsp1i; bs1ÞþCsp1i
_dsp1iÞ sin bb1 ¼ 0

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð2:12Þ

Dynamic equations in the 2nd stage are represented in Eqs. (2.13)–(2.16).

ðIc2=r2c2Þ€uc2 þCoc2 _uc2 þ koscðuc2 � rc2
rbs2

us1Þþ
P3
i¼1

ðkp2dcg2i þCp2
_dcg2iÞ ¼ 0

mc2ð€xc2 � 2xc2 _yc2 � x2
c2xc2ÞþCc2ð _xc2 � xc2yc2Þþ kc2xc2

�kp2
P3
i¼1

ðdcn2i cosw2i þ dcg2i sinw2iÞ�

�Cp2
P3
i¼1

ð _dcn2i cosw2i þ _dcg2i sinw2iÞ ¼ 0

mc2ð€yc2 þ 2xc2 _xc2 � x2
c2yc2ÞþCc2ð _yc2 þxc2xc2Þþ kc2yc2

�kp2
P3
i¼1

ðdcn2i sinw2i þ dcg2i cosw2iÞ

�Cp2
P3
i¼1

ð _dcn2i sinw2i þ _dcg2i cosw2iÞ ¼ 0

mc2€zc2 þCc2 _zc2 þ kc2zc2 � kp2
P3
i¼1

dcf2i � Cp2
P3
i¼1

_dcf2i ¼ 0

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:13Þ
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ðIp2=r2bp2Þ€up2i � ½krp2iðtÞf ðdrp2i; br2ÞþCrp2i
_drp2i� cos bb2

þ ½ksp2iðtÞf ðdsp2i; bs2ÞþCsp2i
_dsp2i� cos bb2 ¼ 0

mp2ð€np2i � 2xc2 _gp2i � x2
c2np2iÞþCp2ð _dcn2i � xc2dcn2iÞþ kp2dcn2i

þ ½krp2iðtÞf ðdrp2i; br2ÞþCrp2i
_drp2i� sin at2 cos bb2 � ½ksp2iðtÞf ðdsp2i; bs2Þ

þCsp2i
_dsp2i� sin at2 cos bb2 ¼ 0

mp2ð€gp2i þ 2xc2
_np2i � x2

c2gp2iÞþCp2ð _dcg2i þxc2dcn2iÞþ kp2dcg2i
�½krp2iðtÞf ðdrp2i; br2ÞþCrp2i

_drp2i� cos at2 cos bb2 � ½ksp2iðtÞf ðdsp2i; bs2Þ
þCsp2i

_dsp2i� cos at2 cos bb2 ¼ 0
mp2

€fp2i þCp2
_dcf2i þ kp2dcf2i þ ½krp2iðtÞf ðdrp2i; br2ÞþCrp2i

_drp2i� sin bb2
�½ksp2iðtÞf ðdsp2i; bs2ÞþCsp2i

_dsp2i� sin bb2 ¼ 0

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð2:14Þ

ðIr2=r2br2Þ€ur2 þCor2 _ur2 þ kor2ur2

þ P3
i¼1

½krp2iðtÞf ðdrp2i; br2ÞþCrp2i
_drp2i� cos bb2 ¼ 0

mr2ð€xr2 � 2xc2 _yr2 � x2
c2xr2ÞþCr2ð _xr2 � xc2yr2Þþ kr2xr2

�P3
i¼1

½krp2iðtÞf ðdrp2i; br2ÞþCrp2i
_drp2i� sin hr2i cos bb2 ¼ 0

mr2ð€yr2 þ 2xc2 _xr2 � x2
c2yr2ÞþCr2ð _yr2 þxc2xr2Þþ kr2yr2

þ P3
i¼1

½krp2iðtÞf ðdrp2i; br2ÞþCrp2i
_drp2i� cos hr2i cos bb2 ¼ 0

mr2€zr2 þCr2 _zr2 þ kr2zr2

�P3
i¼1

½krp2iðtÞf ðdrp2i; br2ÞþCrp2i
_drp2i� sin bb2 ¼ 0

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð2:15Þ

ðIs2=r2bs2Þ€us2 �
P3
i¼1

½ksp2iðtÞf ðdsp2i; bs2ÞþCsp2i
_dsp2i� cos bb2

þC7s2
_hs2 � rs2

r7
_h7

� �
þK7s2 hs2 � rs2

r7
h7

� �
¼ 0

ms2ð€xs2 � 2xc2 _ys2 � x2
c2xs2ÞþCs2ð _xs2 � xc2ys2Þþ ks2xs2

þ P3
i¼1

½ksp2iðtÞf ðdsp2i; bs2ÞþCsp2i
_dsp2i� sin hs2i cos bb2 ¼ 0

ms2ð€ys2 þ 2xc2 _xs2 � x2
c2ys2ÞþCs2ð _ys2 þxc2xs2Þþ ks2ys2

þ P3
i¼1

½ksp2iðtÞf ðdsp2i; bs2ÞþCsp2i
_dsp2i� cos hs2i cos bb2 ¼ 0

ms2€zs2 þCs2 _zs2 þ ks2zs2 þ
P3
i¼1

ðksp2iðtÞf ðdsp2i; bs2ÞþCsp2i
_dsp2iÞ sin bb2 ¼ 0

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð2:16Þ

Dynamics equations of the high-speed stage are shown as follows.
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ðI7=r27Þ€h7 þðC78 _x78 þ k78x78Þrb7 cos bb3 þC7s2
_h7 � r7

rs2
_hs2

� �
þ k7s2 h7 � r7

rs2
hs2

� �
¼ 0

m7€x7 þðC78 _x78 þ k78x78Þ cos bb3sinat78 þC7x _x7 þ k7xx7 ¼ 0
m7€y7 þðC78 _x78 þ k78x78Þ cos bb3 cos at78 þC7y _y7 þ k7yy7 ¼ 0
m7€z7 þðC78 _x78 þ k78x78Þ sin bb3 þC7x _z7 þ k7zz7 ¼ 0

8>>><
>>>:

ð2:17Þ

ðI8=r28Þ€h8 � ðC78 _x78 þ k78x78Þrb8 cos bb78 ¼ �Tout=r8
m8€x8 � ðC78 _x78 þ k78x78Þ cos bb78 sin at78 þ c8x _x8 þ k8xx8 ¼ 0
m8€y8 � ðC78 _x78 þ k78x78Þ cos bb78 cos at78 þ c8y _y8 þ k8yy8 ¼ 0
m8€z8 � ðC78 _x78 þ k78x78Þ sin bb78 þ c8z _z8 þ k8zz8 ¼ 0

8>><
>>: ð2:18Þ

In Eqs. (2.9)–(2.18), dcnij; dcgij; dcfij are relative displacements between carrier
and planet gear along n; g; f axis, respectively, in rotational coordinate system
which is presented in Eq. (2.19).

dcnij ¼ npij � xci coswij � yci sinwij
dcgij ¼ gpij þ xci sinwij � yci coswij þ uci
dcfij ¼ fpij � zci

8<
: ð2:19Þ

where δrpij is relative displacement along the meshing line between ring gear and
planet which is presented in Eq. (2.20).

drpij ¼ ðuri � upij � xri sin hrij þ yri cos hrij þ npij sin ati � gpij cos atiÞ cos bbi þðfpij
� zriÞ sinbbi þ erpijðtÞ

ð2:20Þ

where δspij is relative displacement along the meshing line between sun gear and
planet which is presented in Eq. (2.21).

dspij ¼ ð�usi þ upij þ xsi sin hsij þ ysi cos hsij � npij sin ati � gpij cos atiÞ cos bbi þðzsi
� fpijÞ sin bbi þ espijðtÞ

ð2:21Þ

The subscript i is the stage number and j is the planet number. Their relationship
is presented in Eq. (2.22)

i ¼ 1; j ¼ 1; . . .4
2; j ¼ 1; . . .3

�
ð2:22Þ

The total relative displacement along the meshing line of high-speed stage is

x78 ¼ ½ðrb7h7 � rb8h8Þþ ðy7 � y8Þ cos at78 þðx7 � x8Þ sin at78� cos bb78 � e78
ð2:23Þ
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where rb7, rb8, αt78, βb78, and e78, respectively, represent the base circle radius of
wheel, the base circle radius of pinion, the working transverse pressure angle, the
base helix angle, and the dynamic transmission error of high-speed stage.

The other terms are described as follows.

Ic1, Ir1, Ip1, Is1 are rotational inertia of carrier, ring gear, planets, and sun gear in the
1st stage.
Ic2, Ir2, Ip2, Is2 are rotational inertia of carrier, ring gear, planets, and sun gear in the
2nd stage.
mc1, mr1, mp1, ms1 are mass of carrier, ring gear, planets, and sun gear in the 1st
stage.
mc2, mr2, mp2, ms2 are mass of carrier, ring gear, planets, and sun gear in the 2nd
stage.
koc1, kor1 are torsional stiffness of carrier and ring gear in the 1st stage.
koc2, kor2 are torsional stiffness of carrier and ring gear in the 2nd stage.
kosc is coupled torsional stiffness of the shaft connecting two stages in series.
kc1, kr1, kp1, ks1 are supporting stiffness of carrier, ring gear, planets, and sun gear in
the 1st stage.
kc2, kr2, kp2, ks2 are supporting stiffness of carrier, ring gear, planets, and sun gear in
the 2nd stage.
krp1i is mesh stiffness between ring gear and the ith planet gear in the 1st stage.
ksp1i is mesh stiffness between sun gear and the ith planet gear in the 1st stage.
krp2i is mesh stiffness between ring gear and the ith planet gear in the 2nd stage.
ksp2i is mesh stiffness between sun gear and the ith planet gear in the 2nd stage.
Crp1i is mesh damping between ring gear and the ith planet gear in the 1st stage.
Csp1i is mesh damping between sun gear and the ith planet gear in the 1st stage.
Crp2i is mesh damping between ring gear and the ith planet gear in the 2nd stage.
Csp2i is mesh damping between sun gear and the ith planet gear in the 2nd stage.
Cc1, Cr1, Cp1, Cs1 are supporting damping of carrier, ring gear, planets, and sun gear
in the 1st stage.
Cc2, Cr2, Cp2, Cs2 are supporting damping of carrier, ring gear, planets, and sun gear
in the 2nd stage.
βb1, βb2 are base helix angles of two stages.
αt1, αt2 are the working transverse pressure angle of two stages.
θs1i, θr1i are, respectively, the external and inner mesh phase angles in the 1st stage.
θs2i, θr2i are, respectively, the external and inner mesh phase angles in the 2nd stage.
k7s2 is the torsional stiffness between the 2nd-stage sun gear and high-speed stage
wheel.
C7s2 is the torsional damping between the 2nd-stage sun gear and high-speed stage
wheel.
k7x, k7y, k7z are the supporting stiffness of wheel in x, y, z directions, respectively.
k8x, k8y, k8z are the supporting stiffness of pinion in x, y, z directions, respectively.
C7x, C7y, C7z are the supporting damping of wheel in x, y, z directions, respectively.
C8x, C8y, C8z are the supporting damping of pinion in x, y, z directions, respectively.

18 2 Torsional Dynamics of Gear-Rotor System in Wind Turbine Gearbox



Assembling the equations in matrix form, the global equation of motion of the
planetary gearing system is written as

M�xþC_xþKx ¼ F ð2:24Þ

where M, C, K, and F, respectively, represent mass matrix, damping matrix,
stiffness matrix, and exciting force vector. x; _x;€x are the vectors of vibration
displacement.

2.2 Torsional Dynamics of the Gearbox

The parameters of the above planetary system in this book are listed in Table 2.2.
According to Eqs. (2.9)–(2.18), the obtained nature frequencies and mode

shapes of the system are shown in Table 2.3.
The modal energy distribution in each node of the system is obtained as shown

in Table 2.4. Nodes 1–7 denote the planet carrier, 4 planet gears, annular gear, and
sun gear in the first stage separately. Nodes 8–13 denote the planet carrier, 3 planet
gears, annular gear, and sun gear in the second stage separately. Nodes 14 and 15
are output parallel gears.

2.3 Load Factors of Gear-Rotor System in Gearbox

2.3.1 Analysis of System Excitation and Damping

The equation of the two-parameter Weibull distribution is used to describe the wind
speed [8, 9]:

fvðmÞ ¼ k
c

� �
v
c

� �k�1
e�

v
cð Þk ; 0\v\1 ð2:25Þ

Table 2.2 The parameters of the planetary gear system

z mn(mm) β (°) α (°) B (mm) m (kg)

Sun gear 29 (1st)
28 (2nd)

18
(1st)
12
(2nd)

20
(1st)
20
(2nd)

7.17
(1st)
8.67
(2nd)

470(1st)
260(2nd)

713 (1st)
139 (2nd)

Ring gear 99 (1st)
122 (2nd)

555 (1st)
265 (2nd)

Planet gear 35 (1st)
47 (2nd)

4419 (1st)
1537 (2nd)
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where v, k, and c represent the wind speed, the shape parameter, and the scale
parameter separately, and the unit is m/s.

The mathematic expectation and variance of the wind speed can be determined
based on Eq. (2.25). The expectation of the wind speed can be expressed as

EðvÞ ¼ �v ¼
Zþ1

0

v � fv vð Þdv ¼ c � C 1þ 1
k

� �
ð2:26Þ

The expression of the variance of wind speed is

DðvÞ ¼
Zþ1

0

v� E vð Þ½ �2fv vð Þdv ¼ c2 � C 1þ 2
k

� �
� C 1þ 1

k

� �� 	2( )
ð2:27Þ

where Г(x) is gamma function in Eqs. (2.26) and (2.27).
The parameters of wind turbine and wind speed are listed in Table 2.5.
According to Eqs. (2.26) and (2.27), the two parameters are determined, k is 5.5

and c is 11.9089. The time-domain model of the random wind based on the
two-parameter Weibull distribution function is shown in Fig. 2.4 in 100 s.

Kinetic energy generated by the blade which is driven by natural wind per unit
time is numerically equal to the output power of the blade, namely the input power
of wind turbine gearbox. The relation between the input torque and the input

Table 2.3 Nature frequencies and mode shapes of the planetary system

Order Frequency
(Hz)

Mode shape descriptions

1 27.8 Vibration of the output parallel gear

2 67.3 Vibration of the planet gear in the 1st stage

3 114.1 Vibration of the planet gear in the 2nd stage

4 134.2 Vibration of the annular gear in the 1st stage

5 144.7 Vibrations of the sun gear in the 2nd stage and the gear in the
high-speed stage

6 189.0 Vibration of the planet carrier in the 1st stage

7 194.0 Vibration of the sun gear in the 1st stage and the planet carrier in the
2nd stage

8 194.3 Vibration of the annular gear in the 2nd sage

9 235.2 Vibration of the planet carrier in the 1st and 2nd stages

10 253.9 Vibration of the planet carrier in the 2nd stage

11 309.1 Vibration of the planet carrier in the 1st stage

12 332.4 Vibration of the planet carrier in the 1st stage
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Table 2.4 The modal energy distributions of the planetary system of the first 12 orders

1st 2nd 3rd

4th 5th 6th

7th 8th 9th

10th 11th 12th
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Table 2.5 Parameter values
of the wind speeds

Parameters Value

Rated design power P (kW) 3300

Rated working speed ne (r/min) 13

Rated torque Te (kNm) 2424.052

Rated wind speed Ve (m/s) 13.5

Radius of blade R (m) 52

Density of wind ρ (kg/m3) 1.225

Average wind speed vm (m/s) 11

Standard deviation σm (m/s) 2.27

Cut in speed Vcut in (m/s) 3.5

Cut off speed Vcut off (m/s) 25

Blade top speed ratio λ 9

Power coefficient Cp (λ) 0.485
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working speed of variable pitch can be obtained by the wind energy and blade top
speed ratio. They are

Tin ¼
0 v\Vcut in
Te
V2
e
� v2 Vcut in � v�Ve

Te Ve � v� Vcut off

0 v[ Vcut off

8>><
>>: ð2:28Þ

nin ¼
0 v\Vcut in
ne
Ve
� v Vcut in � v�Ve

ne Ve � v� Vcut off

0 v[ Vcut off

8>><
>>: ð2:29Þ

According to Eqs. (2.28) and (2.29), the simulated input working speeds are
shown in Fig. 2.5.
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Fig. 2.4 Simulation of the
random wind speeds
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Fig. 2.5 Simulation of the
input working speeds
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For the time-varying input load, the torsional displacement, velocity and
acceleration of the sun gear and the planetary gear in the first-stage components are
shown in Figs. 2.6 and 2.7, respectively. And the frequency spectrum results of
torsional velocity and acceleration of planetary gear are shown in Figs. 2.8 and 2.9,
respectively.

As shown in Figs. 2.6 and 2.7, the vibration displacement, velocity, and
acceleration of the sun gear and planetary gear in the first-stage components along
the torsional direction have same changing trends with the external load excitation.
It mainly affects low-frequency vibration by the external load excitation while it
affects the high-frequency vibration by the internal load excitation. If the input load
is not stable, it will lead to relatively complex changing of the transverse vibration,
and it has a very little influence on the vibration amplitude affected by the variable
external load (Figs. 2.8 and 2.9).
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(a) Torsional displacement of planetary gear (b) Torsional velocity of planetary gear

(c) Torsional acceleration of planetary gear 

Fig. 2.6 Time-domain results of the planetary gear in the first-stage components. a Torsional
displacement of planetary gear. b Torsional velocity of planetary gear. c Torsional acceleration of
planetary gear
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(a) Torsional displacement of sun gear (b) Torsional velocity of sun gear

(c) Torsional acceleration of sun gear 
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Fig. 2.7 Time-domain results of the sun gear in the first-stage components. a Torsional
displacement of sun gear. b Torsional velocity of sun gear. c Torsional acceleration of sun gear
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Fig. 2.8 Frequency spectrum results of torsional velocity and acceleration of planetary gear.
a Torsional velocity of planetary gear. b Acceleration of planetary gear
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2.3.2 Load Factors of Gear-Rotor System

The dynamics Eq. (2.24) can be expressed as

M€xþC _xþ ½Km þDKðt)]� ½xþ xs�eðt)]¼ Fs þDFðt) ð2:30Þ

where xs, x, Fs, Km, ΔK(t), and ΔF(t) represent the static relative displacement
vector, the dynamic relative displacement vector, the static load, the average
stiffness, the variable stiffness, and the variable part of external excitation
separately.

Ignoring the smaller values, the expanded expression of Eq. (2.30) is rewritten as

M€xþC _xþKmx ¼ DKðt)eðt)þDFðt) ð2:31Þ

where ΔK(t)e(t) is the additional dynamic load caused by internal excitation and ΔF
(t) is the additional dynamic load caused by external excitation. The ratio of the sum
of the additional internal (external) dynamic load is the tangential load application
factor (dynamic load factor).

(a) The application factor

KA is defined as the application factor of the external factors of the gear meshing
to the additional dynamic load. For the wind turbine transmission system, the
additional external dynamic load is mainly caused by the variation of the wind load.
The common method to obtain the factor relies on the look-up table method;
dynamic analysis results are used to obtain more accurate result here. KA is
expressed as

KA¼ ðFs þFexÞ=Fs ð2:32Þ
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Fig. 2.9 Frequency spectrum results of torsional velocity and acceleration of sun gear.
a Torsional velocity of sun gear. b Acceleration of sun gear
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where Fτ and Fex(Fex = kmxi) represent the tangential load of the gear set and the
additional external dynamic load, respectively.

(b) The dynamic load factor

KV is defined as the dynamic factor considering the influence of the manufacture
accuracy and the working speed to the additional dynamic load. It is the important
measurement of the dynamic characteristics of the system, which shows the con-
dition of maximum load in the moving process. In traditional design, dynamic load
factor is determined by existing chart according to accuracy of gear and working
speed. The expression of dynamic load factor which is obtained from compre-
hensive dynamic analysis is

KV¼ ðFs þFinÞ=Fs ð2:33Þ

In Eq. (2.33), Fin is additional internal dynamic load.
According to ISO 81400-4-2005: Wind turbines-Part 4 Design and Specification

of Gearboxes, the life expectancy is 20 years under the circumstance of meeting
design reliability requirement of 0.99. The application factor and the dynamic load
factor are shown in Figs. 2.10, 2.11, 2.12, 2.13, 2.14, 2.15, 2.16, 2.17, 2.18, and
2.19 under the circumstance when system reliability requirement is 0.99.

The variation ranges of KA and KV of each gear pair, as shown in Figs. 2.18 and
2.19, have no obvious difference between the 1st and 2nd stages. KA of the 1st-stage
sun–planet and ring–planet gear pair is 1.10. KA of the 2nd-stage sun–planet gear
pair is 1.10. KA of the 2nd-stage ring–planet gear pair is 1.12. KA of the high-speed
stage is 1.27, which is significantly increased. KV of the 1st-stage sun–planet and
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ring–planet gear pair is 1.05. KV of the 2nd-stage sun–planet and ring–planet gear
pair is 1.08 and 1.07, respectively. KV of high-speed stage is 1.36, which is sig-
nificantly increased similarly.

The computation program of KA is attached in the Appendix A. The computation
program of dynamic load factor KV is similar to that of KA, and it is ignored here.

2.4 Load-Sharing Coefficients Based on Torsional
Dynamics

Load balance of a planetary gear train mainly refers to the engaging forces between
each planet gear in planetary gear train. The basic floating components, such as the
sun gear, the annular gear, or the planet carrier, are frequently used to realize better
load balance among the planet gears. The floating component can move in the radial
direction without radial support, which can make sure each planet gear shares the
load equably under the unbalanced force. Load balance structure can decrease the
load-sharing coefficient of the planetary gear transmission, reduce the noise, and
improve the stability and the reliability of the system.

The supporting stiffness, mesh stiffness, and torsional stiffness of each gear in
the system are calculated according to ANSI/AGMA ISO 1328-1 standard. The
values are shown in Table 2.6.

The inner mesh force Frpij and the external mesh force Fspij can be calculated by
classical Runge–Kutta method according to Eqs. (2.9)–(2.18). Subsequently, planet
load-sharing coefficient (PLSC) is defined as

brpij ¼ NFrpij=
XN
j¼1

Frpij

 �

; bspij ¼ NFspij=
XN
j¼1

Fspij

 � ð2:34Þ

The maximum of each PLSC in the same stage is defined as the system
load-sharing coefficient (SLSC) as

Bri ¼ N �maxðFrijÞPN
j¼1 Frij

;Bsi ¼ N �maxðFsijÞPN
j¼1 Fsij

ð2:35Þ

where brpij is the inner meshing PLSC of the jth planet in the ith stage, bspij is the
external meshing PLSC of the jth planet in the ith stage, Bri is the inner meshing

Table 2.6 Stiffness values in the torsional model (�109N/m)

Stage ks kr kp koc kor �ksp �krp
1st 1.02 1.88 18.6 0.8 438.7 9.30 8.93

2nd 0.60 1.08 10.30 1.5 514.2 5.51 5.12
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SLSC in the ith stage, Bsi is the external meshing SLSC in the ith stage. N is the
number of the planets in each stage.

2.4.1 Calculation of Load-Sharing Coefficients

The numerical solution for dynamical equations is obtained by the fourth-order
Runge–Kutta method. Subsequently, the PLSC curve of each planet with rotation
angle of the carrier in the 1th (θc1) is obtained according to Eq. (2.23) shown in
Figs. 2.20 and 2.21. The SLSC curve of each stage is obtained according to
Eq. (2.24) shown in Fig. 2.22. Finally, the maximum of SLSC for each planet gear
is obtained, max (Sr1) = 1.066, max (Ss1) = 1.062, max (Sr2) = 1.130, max
(Ss2) = 1.107, and is defined as the load-sharing coefficient.

(a) PLSC of internal meshing (b) PLSC of external meshing
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Fig. 2.20 PLSC in the 1st-stage planetary transmission. a PLSC of internal meshing. b PLSC of
external meshing
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2.4.2 Load-Sharing Structure Design

Load-sharing performance of the planetary transmission can be improved by
adopting appropriate load-sharing structure in practice. Two types of load-sharing
structures are discussed according to the characteristics of the planetary model in
this chapter.

(1) The elastic support of the planet gear

Elastic support of the planet gear is an effective load-sharing method and is
becoming the future development direction of the load-sharing mechanism for the
planetary transmission of the high-power wind turbine gearbox. The planets and the
carrier in the same stage are connected by flexible pin to make the planets elastic
float. SLSC is obtained by decreasing the planetary supporting stiffness to simulate
the effect of the flexible pin. Since the SLSC variation between the external and
internal meshing is mainly consistent shown in Fig. 2.22, the following calculation
takes the external meshing for instance. Ssi is reduced from 1.07 to 1.02 in the 1st
stage and from 1.15 to 1.01 in the 2nd stage with the elastic supporting planets in
Fig. 2.23. It indicates that the elastic supporting planets can improve load-sharing
performance especially in the 2nd stage.

Each planet floating displacement range is represented by the shadow in
Fig. 2.24. The value is a = 17 μm, b = 7.5 μm, c = 7 μm, d = 3 μm, e = 10 μm,
and f = 57 μm. All displacements are within the limit of maximum deflection
according to HG/T 4082-2009, and the dynamic stability of the system is not
disturbed.

(2) The center part floating with clearance

Floating center part (sun gear, ring gear or carrier) of the planetary system can
also make the load of the planets more uniform by allowing radial and torsional
deflection of float parts. Double (single)-tooth gear coupling is used as the floating
component to achieve clearance float. The supporting forces of center part Px and Py

(a) SLSC in the 1st stage (b) SLSC in the 2nd stage
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Fig. 2.22 SLSC of planetary transmission. a SLSC in the 1st stage. b SLSC in the 2nd stage
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are presented in Eqs. (2.36)–(2.37) after considering supporting clearance nonlin-
earity. Px and Py are taken into dynamical equations and Ssi is obtained.

Px ¼ ksi;ri;ciðxsi;ri;ci � rsi;ri;ciÞ; xsi;ri;ci
�� ��� rsi;ri;ci

0; xsi;ri;ci
�� ��\rsi;ri;ci

�
ð2:36Þ

Py ¼ ksi;ri;ciðysi;ri;ci � rsi;ri;ciÞ; ysi;ri;ci
�� ��� rsi;ri;ci

0; ysi;ri;ci
�� ��\rsi;ri;ci

�
ð2:37Þ
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Fig. 2.24 Floating range of planets. a Floating range in 1st stage. b Floating range in 2nd stage
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where Px and Py are the supporting forces of center part in Xc- and Yc-directions,
respectively. rsi, rri, and rci are maximum permissible offset of center part presented
in Eq. (2.38)–(2.39) [10].

rs1;r1 ¼ Es1 þ 4
ffiffiffi
2

p
Ep1 cos at1 þEr1 þ 4Ec1 cos at1 þ 2Es1 cos at1

rc1 ¼ Es1 þEr1
2 cos at1

þ 2Ep1 þEc1 þEs1

ðN ¼ 4Þ

8<
: ð2:38Þ

rs2;r2 ¼ Es2 þ 8
3Ep2 cos at2 þEr2 þ 2Ec2 cos at2 þ 4

3Es2 cos at2
rc2 ¼ Es2 þEr2

2 cos at2
þ 4

3Ep2 þEc2 þEs2

ðN ¼ 3Þ

8<
: ð2:39Þ

Ssi of different floating parts are compared in Fig. 2.25 and is reduced obviously
by floating any center part for both two stages. In particular, the Ss1 is reduced from
1.068 to 1.002 and Ss2 from 1.107 to 1.003 under sun gear floating. SLSC of the sun
gear floating is minimum due to its little inertia and flexible movement. Floating
center part of one stage has no influence on SLSC of the other stage.

SLSC can be reduced more in coupled floating mode, such as the sun gear of the
1st stage and the carrier of the 2nd stage floating together, compared with only one
center part floating, as shown in Fig. 2.26. The value of SLSC with different
load-sharing structure is listed in Table 2.7, where W/O represents system without
load-sharing structure. It can be found that coupled floating mode, with a long
spindle connecting sun gear of the 1st stage and carrier of the 2nd stage, can
achieving a better load-sharing performance and is more suitable than any other
structure for the two-stage planetary transmission.

Each center floating part displacement range is represented by the shadow in
Fig. 2.27. The floating value is g = 20 μm, h = 70 μm, i = 6 μm, j = 3 μm,
k = 1 μm, l = 4 μm, m = 8 μm, n = 73 μm, o = 7 μm, p = 3 μm, and q = 2 μm.
All displacements are within the limit of maximum deflection according to HG/T
4082-2009, and dynamic stability of the system is not disturbed.

(a) SLSC in the 1st stage (b) SLSC in the 2nd stage
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Fig. 2.25 SLSC of center part floating structure. a SLSC in the 1st stage. b SLSC in the 2nd stage

34 2 Torsional Dynamics of Gear-Rotor System in Wind Turbine Gearbox



2.4.3 Load-Sharing Performance Effected by the Errors

Since the component errors are major factors to make the planetary load distribution
uneven, it is important to decrease the effect of the component errors on the
load-sharing performance. The errors considered in this chapter are shown in

(a) SLSC in the 1st stage (b) SLSC in the 2nd stage 
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Fig. 2.26 SLSC of coupled float structure. a SLSC in the 1st stage. b SLSC in the 2nd stage

Table 2.7 SLSC of different
load-sharing structure

Ss1 Ss2
W/O 1.0681 1.1071

Planets elastic support 1.0231 1.0133

Center part floating Ring 1.0073 1.0720

Carrier 1.0043 1.0221

Sun 1.0015 1.0030

Coupled float 1.0012 1.0018

(a) Floating range in 1st stage (b) Floating range in 2nd stage
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Fig. 2.27 Floating range of center floating parts. a Floating range in 1st stage. b Floating range in
2nd stage
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nomenclature. λ is the dynamical sensitivity of PLSC to the errors, bigger λ means
larger influence of the error on load-sharing performance. Direct derivative method
is applied to obtain λ in this chapter. The calculating flowchart of λ is shown in
Fig. 2.28. Equations (2.9)–(2.16) are organized into a matrix form with ignoring its
tooth backlash nonlinearity and represented as follows

M€dþC _dþKd ¼ FðdÞ ð2:40Þ

Taking partial derivative of both sides with the errors, Eq. (2.28) is rewritten as

M
@€d
@e

þC
@ _d
@e

þK
@d
@e

¼ @FðdÞ
@e

� @M
@e

€dþ @C
@e

_dþ @K
@e

d

� �
ð2:41Þ

Since @M
@e

€dþ @C
@e

_dþ @K
@e d ¼ 0, Eq. (2.29) can be simplified as follows:

M
@d
@e

� �00
þC

@d
@e

� �0
þK

@d
@e

� �
¼ ~F

@d
@e

� �
ð2:42Þ

Partial derivative of dynamic response on the error is obtained by classical
Runge–Kutta method, and the sensitivity of SLSC to the errors can be obtained in
Eq. (2.43).

k ¼ @prpij;spij
@e

¼ N
F0
rpij;spij

PN
i¼1 Frpij;spij


 �þFrpij;spij
PN

i¼1 F
0
rpij;spij

� �
PN

i¼1 Frpij;spij

 �2 ð2:43Þ
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Fig. 2.28 Calculating
flowchart of λ
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In Eq. (2.43), F0
rpij;spij is partial derivative of the internal or external meshing

force on error with its expression is

F0
rpij;spij ¼

@Frpij;spij

@e
¼ F

@d
@e

;
@ _d
@e

 !
rpij;spij

ð2:44Þ

Taking Ec1 for instance, dynamic sensitivity of PLSC to Ec1 (λEc1) is obtained
without load-sharing structure in Fig. 2.29. λEc1 fluctuates within a certain range
after the system maintains a stable state. Figure 2.29a shows that λEc1 of P12 is the
largest of the four planets and λEc1 of P14 is opposite to P12 due to the symmetrical
location of planets. λEc1 in the 2nd stage is close to 0 in Fig. 2.29b. It indicates that
Ec1 only affects PLSC in the same stage and has no influence on the other, with the
same regularity as the other type of errors. The following research takes external
meshing of P12 in the 1st stage for instance.

Dynamic sensitivity of PLSC to each type of error without load-sharing structure
is given in Fig. 2.30. It shows that Eτ12 and Ep12 have tremendous influence on
PLSC compared with other type of errors in Fig. 2.30, which adequate attention
should be paid on planetary transmission design. Sensitivity to er1;s1;p12 is almost
zero shown in Fig. 2.30e which can be ignored in planetary load-sharing research.

Figure 2.31 lists the root mean square (RMS) of sensitivities by each type of
load-sharing structure this paper discussed above. It shows that when a component
of planetary transmission is used as the load-sharing structure, the sensitivity to the
relevant error is reduced. So it is concluded that adopting load-sharing structure not
only can improve load-sharing performance but also can reduce the requirement of
component precision for planetary transmission.

(a) Sensitivity of PLSC to Ec1 in the 1st stage (b) Sensitivity of PLSC to Ec1 in the 2nd stage
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Fig. 2.29 Influence of Ec1 on PLSC. a Sensitivity of PLSC to Ec1 in the 1st stage. b Sensitivity of
PLSC to Ec1 in the 2nd stage

2.4 Load-Sharing Coefficients Based on Torsional Dynamics 37



(a) Sensitivity to manufacturing errors (b) Sensitivity to fixing errors
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2.5 Experimental Test of Load Balances in Gearbox

Taking a planetary gearbox with single stage as an example, load-sharing experi-
ment is carried out by using two load-sharing structures, W/O load balance struc-
ture, and floating sun gear with single-tooth coupling. Test bench layout is shown in
Fig. 2.32. Electronic measure method was adopted in the experiment to acquire
planetary gear load, testing points were arranged in the ring gear, as shown in
Fig. 2.33.

The gearbox was loaded by 0, 50, and 100 % of the rated load with the motor
speed 13 r/min, and the planetary strains were measured, as shown in Figs. 2.34
and 2.35.
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The inner meshing strain is increased with the increasing of the load. The results
of the experiment indicate that load fluctuation of the gear teeth is significantly
reduced by floating sun gear and PLSC decreased correspondingly. It is concluded
that the calculation results are agreed well with experiment. Due to the influence of
the actual working conditions on the sharing load performance, such as manufac-
turing and installation errors, there is a little difference between the experimental
and theoretical value, but same regularity they presented is consistent.

Four tested teeth 
of the ring

1a 1b 1c 1d

2e 2f 2g 2h

Fig. 2.33 Testing points arrangement
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Table 2.8 lists the comparative results of SLSC by experiment vs numerical
calculation in the case of 50 and 100 % load, respectively.
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Chapter 3
Parameter Optimization for Planetary
Gear System Based on Torsional
Dynamics

As the key component of wind turbine, the weight of the gear transmission system
becomes larger and larger with the increasing power of wind turbine [1]. The
planetary gear system needs less weight and higher reliability to reduce cost and
work healthily. Here, we take the minimal volume of the transmission system as the
optimization objective and the reliability as the constraint. Based on the dynamic
characteristics of wind turbine gearbox transmission system, a coupled nonlinear
dynamic model of the transmission system is established considering the nonlinear
factors associated with time-varying mesh stiffness, dynamic transmission error,
gear mesh impact, and input varying load. In the dynamic model, the translational
and rotational degrees of freedom of the gears are considered, and the major
nonlinear factors are included. The application factor and the dynamic load factor of
each gear pair are obtained by solving the dynamic model. The method to obtain the
load factors in this chapter is more scientific and suitable than that by traditional
look-up table method. Based on these load factors, an optimization design approach
for the gear transmission system in wind turbine is presented.

3.1 Design Variables and Objective Function

The number of teeth (zsj), the normal modulus (mnj), the face width (bj), the helix
angle (βj), the profile modify coefficient (xnsj), and the working transverse pressure
angle (αsjpj) of sun gear are defined as design variables. The vector of design
variable is expressed as

X ¼ ½X1;X2;X3;X4;X5;X6�T ¼ ½zzj ;mnj ; bj; xnsj ; asjpj �T ð3:1Þ
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The objective function for minimal volume is written as

minðfjÞ ¼ minðpbjðd2asj þN � d2apj þ d2frj � d2arjÞ=4Þ ð3:2Þ

where dasj, dapj, darj, dfrj, and N represent the tip diameter of the sun gear, the planet
gear, the ring gear, the root diameter of the ring gear, and the number of planet
gears separately.

3.2 The Constraint Function

(1) Gear teeth matching

Transmission ratio

i ¼ 1þ zrj=zsj ð3:3Þ

Concentricity

Aspj ¼ Arpj ð3:4Þ

Assembling

ðzsj þ zrjÞ=N ¼ Integer ð3:5Þ

Adjacency
To avoid crash, the space between two adjacent planet gears should be greater

than half of the modulus.

dapj þ 0:5mtj � ðzsj þ zpjÞmtj sinðp=NÞ� 0 ð3:6Þ

In Eqs. (3.3)–(3.6), zrj, zpj, mtj, Aspj, and Arpj, respectively, represent teeth
number of ring gear, teeth number of planet gear, transverse module, the actual
center distance of sun–planet gear pair, and ring–planet gear pair.

(2) Contact ratio

1:2� ea � 2:2 ð3:7Þ

1� eb � 0 ð3:8Þ
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(3) Number of teeth

17� zsj � 45 ð3:9Þ

(4) Modulus

6�mnj � 20 ð3:10Þ

(5) Helix angle

6� � bj � 20� ð3:11Þ

(6) Working transverse pressure angle

20� � asjpj � 23� ð3:12Þ

(7) Profile modify coefficients

�0:5� xnsj � 1:2 ð3:13Þ

0:5� xnsj þ xnpj � 0:8 ð3:14Þ

�0:5� xnrj � xnpj � 0:4 ð3:15Þ

(8) Tooth thickness at the tip cylinder

0:4mtj � Sa � 0 ð3:16Þ

(9) Width–radius ratio

0:125� bj=drj � 0:30 ð3:17Þ

In Eqs. (3.7)–(3.17), εα, εβ, xnpj, xnrj, Sa, drj, represent the transverse contact
ratio, the overlap ratio, the planet modify coefficient, the ring modify coefficient, the
tooth thickness at the tip cylinder, and the pitch diameter of the ring gear separately.
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(10) Avoiding fillet interference

Avoiding fillet interference between the root of the sun gear and the tip of the
planet gear

� tan atsjpj �
zpj
zsj

tan aatpj � tan atsjpj
0� �þ tan atsjpj

0 þ 4 h�an � xnsj
� �

cos bj
zsj sin 2atsjpj

� 0

ð3:18Þ

Avoiding fillet interference between the tip of the sun gear and the root of the planet
gear

� tan atsjpj �
zsj
zpj

tan aatsj � tan atsjpj
0� �þ tan atsjpj

0 þ 4 h�an � xnpj
� �

cos bj
zpj sin 2atsjpj

� 0

ð3:19Þ

In above equations, han
* , αatpj, αatsj, αtsjpj, αtsjpj ́́ represent the addendum coefficient,

the working transverse pressure angle at the tip diameter of the planet gear and the
sun gear, the transverse pressure angle and the working transverse pressure angle of
the sun–planet gear pair.

(11) Avoiding profile overlap interference of ring gear

zrjðinvaatrj þ drjÞ � zpjðinvaapj þ dpjÞ � ðzrj � zpjÞinva0trjpj � 0 ð3:20Þ

where, dpj ¼ arccos
r2arj�r2apj�a2rjpj

2rapj arjpj
; drj ¼ arccos

r2arj�r2apj þ a2rjpj
2rapj arjpj

, and αtrjpj is the transverse

pressure angle of the ring–planet gear pair.

(12) Equal strength principle

The relationship between the contact strength and the bending strength can be
reflected by m/a, inappropriate ratio may cause excessive contact strength, bearing
capacity per volume, and bending strength, which can result in large modulus and
have influence on the stability, the contact ratio, and the economic benefit.
Generally, the proper range of m/a is from 0.028 to 0.045.

m
a
¼ 2u

ðu	 1Þ2
Z2
rmaxr

2
H lim

Z2
rKHS2H lim

� �
YrKFSFmin

rF limYr lim

� �
ð3:21Þ

0:028�m=a� 0:045 ð3:22Þ

where, Zσmin = ZNTZLZVZRZWZX, Zσ = ZHZEZεZβ, KH = KHβKHα, KF = KFβKFα,
Yσlim = YSTYNTYδrelTYRrelTYX, Yσ = YFαYSαYεYβ. ZNT, ZL, ZV, ZR, ZW, ZX, ZH, ZE, Zε,
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Zβ, KHβ, KFβ, KHα, KFα, YST, YNT, YδrelT, YRrelT, YX, YFα, YSα, Yε, Yβ, u, σHlim, σFlim
represent the finite life factor, the lubrication factor, the speed factor, the roughness
factor, the material mating factor, the size coefficient, the zone factor, the elasticity
coefficient, the contact ratio factor, the helix angle factor, the face coefficient (flank),
the face coefficient (tooth root), the transverse coefficient (flank), the transverse
coefficient (tooth root), the stress correction factor, the finite life factor (tooth root),
the support factor, the surface factor, the size coefficient (tooth root), the tooth form
factor, the stress correction factor for single tooth meshing, the contact ratio factor
(tooth root), the helix angle factor (tooth root) and transmission ratio, the fatigue
strength for Hertzian pressure, and the fatigue strength for tooth root stress.

(13) Reliability

Supposing the tooth surface contact stress, the contact fatigue strength, the
bending stress, and the bending fatigue strength follow lognormal distribution, and
the expressions of the reliability constraint are expressed as [2]

ln r0H lim � ln r0Hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
r0H lim

þC2
r0H

q � zR ð3:23Þ

ln r0F lim � ln r0Fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
r0F lim

þC2
r0F

q � zR ð3:24Þ

where zR; r0H lim; r
0
F lim; r

0
H ; r

0
F ;Cr0Hlim

;Cr0Flim ;Cr0H ;Cr0F represent the association
coefficient, the average value of contact fatigue strength and the bending fatigue
strength, the average value of contact stress and the bending stress, and the coef-
ficient of the variation of each corresponding variable.

3.3 Parameter Optimization for High-Speed Transmission
System with Parallel Axes

The normal modulus mn78, the number of teeth z7, the helix angle β78, the profile
modify coefficient xn7, the face width b78, the working transverse pressure angle α78
of the wheel are design variables. The vector of the design variables is defined as

X 0 = [X 0
1,X

0
2,X

0
3,X

0
4,X

0
5,X

0
6]

T ¼ ½mn78; z7; b78; xn7; a78; b78�T ð3:25Þ

The objective function of the minimal volume is expressed as

minðf 0Þ ¼ minðpb78ðd2a7 þ d2a8Þ=4Þ ð3:26Þ
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where, da7, da8 represent the tip diameter of the wheel and the pinion of the
high-speed stage, respectively.

Similar to the planetary gear stage, the constraints of the high-speed stage
contain the transmission ratio, the contact ratio, the number of teeth, the modulus,
the helix angle, the equal strength principle, the reliability, etc.

3.4 Distribution of Reliability

Equal distribution method is used to distribute reliability of each unit. Only the
reliability constraint of the gear is considered and is expressed as follows [3]:

Ri ¼ ½Rs�
1
ns ð3:27Þ

where Ri, Rs, ns represent the reliability index of each unit, the reliability index of
the system, and the number of reliability constraints of the gear.

3.5 Example and Analysis

In the example, the parameters of the system are shown in Table 3.2 and the total
ratio of transmission system is 69.21. Under the circumstance of reliability
requirement of 0.99, 0.999, and 0.9999, optimization design is carried out based on
the above approach. The optimized parameters KA and KV could be obtained from
above analysis. The original and optimized parameters are shown below.

(1) Optimization results

On the basis of the load conditions and the optimization model, sequential
quadratic programming algorithm is employed to carry out the optimization [4].
The results are shown in Tables 3.1, 3.2, and 3.3, and the number of teeth, the
modulus, and the width of the gear are rounded.

(2) Application factor and dynamic load factor

KA of each gear pair before and after optimization is shown in Table 3.4, and the
reliability requirement is 0.99, 0.999, and 0.9999 in the optimization.

As shown in Table 3.4, KA of transmission system changes little before and after
optimization, which can be concluded that KA does not change with the improve-
ment of reliability. The reason is that the improvement of reliability could not
change the additional external dynamic load, which is associated with the external
excitation. KA of high-speed stage is relatively large before and after optimization,
which can be concluded that the influence of external excitation on the additional
dynamic load of high-speed stage is greater.
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KV of each gear pair before and after optimization is shown in Table 3.5, and the
reliability requirement is 0.99, 0.999, and 0.9999 in the optimization.

As shown in Table 3.5, under the circumstance of each reliability requirement,
KV of the 1st stage is minimal and high-speed stage is maximal in accordance with

Table 3.1 Original and optimized parameters of the 1st stage

Parameter Rn = 0.99 Rn = 0.999 Rn = 0.9999 Original

Teeth number of sun 40 42 44 29

Teeth number of planet 47 51 53 35

Teeth number of ring 136 142 152 99

Normal modulus 11 11 11 18

Face width 470 485 530 470

Helix angle 9.959 9.484 9.072 7.167

Working pressure angle 21.582 21.491 21.413 21.800

Sun modify coefficient 1.097 1.098 1.098 0.222

Planet modify coefficient −0.700 −0.697 −0.701 0.152

Ring modify coefficient −0.293 −0.305 −0.296 0.543

Table 3.2 Original and optimized parameters of the 2nd stage

Parameter Rn = 0.99 Rn = 0.999 Rn = 0.9999 Original

Teeth number of sun 34 36 38 28

Teeth number of planet 57 61 63 47

Teeth number of ring 149 156 166 122

Normal modulus 8 8 8 12

Face width 200 205 215 260

Helix angle 10.168 9.653 9.210 8.667

Working pressure angle 21.443 21.359 21.289 21.780

Sun modify coefficient 1.072 1.072 1.073 0.284

Planet modify coefficient −0.707 −0.704 −0.707 0.131

Ring modify coefficient −0.338 −0.344 −0.335 0.547

Table 3.3 Original and optimized parameters of high-speed stage

Parameter Rn = 0.99 Rn = 0.999 Rn = 0.9999 Original

Teeth number of pinion 27 28 29 41

Teeth number of wheel 79 82 86 120

Normal modulus 8.500 8.500 8.500 8

Face width 310 295 345 240

Helix angle 4.794 7.220 4.355 12.500

Working pressure angle 18.076 18.266 18.246 21.649

Pinion modify coefficient −0.600 −0.603 −0.605 0.327

Wheel modify coefficient −0.005 0 0.004 0.363
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that KV increases with speed. KV of the 1st and 2nd stage change little, which
increase slightly with improvement of reliability requirement. Under the circum-
stance of different reliability requirement 0.99, 0.999, and 0.9999, KV increases
slightly, and the amplitude is small. After optimization, KV of high-speed stage
decreases significantly owing to big change of the teeth number, the modulus, the
helix angle, etc.

The volume of gear pairs of the transmission system with different reliability
requirement is shown in Fig. 3.1. It is obtained that the volume of the gear system is
decreased after optimization but increased with the improvement of the reliability
requirement, namely higher reliability requirement needs the gear to bear larger
contact and bending fatigue loads.

Table 3.4 Original and optimized KA of the gear pair

Stage Gear pair Original Rn = 0.99 Rn = 0.999 Rn = 0.9999

The 1st stage Sun–planet 1.10 1.13 1.10 1.11

Ring–planet 1.10 1.16 1.11 1.13

The 2nd stage Sun–planet 1.10 1.13 1.10 1.13

Ring–planet 1.12 1.11 1.10 1.11

High-speed stage Wheel-pinion 1.27 1.25 1.25 1.26

Table 3.5 Original and optimized KV of the gear pair

Stage Gear pair Original Rn = 0.99 Rn = 0.999 Rn = 0.9999

The 1st stage Sun–planet 1.05 1.06 1.05 1.07

Ring–planet 1.05 1.06 1.04 1.06

The 2nd stage Sun–planet 1.08 1.08 1.11 1.10

Ring–planet 1.07 1.07 1.09 1.10

High-speed stage Wheel-pinion 1.36 1.09 1.10 1.12

Rn=0.99 Rn=0.999 Rn=0.9999 Original design
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Fig. 3.1 Optimization results
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Chapter 4
Influence of Unbalance and Misalignment
on Load-Sharing Coefficient of Gear-Rotor
System Based on Torsional Dynamics

The equivalent virtual shaft section method is proposed in this chapter based on
linear mesh stiffness hypothesis, in which the rotating components are introduced as
beam elements with the same mass and stiffness characteristics, and the effects of
shaft stiffness and supporting stiffness of the gearbox are also taken into account.
Then, the influence of unbalance and misalignment on the load-sharing coefficient
is analyzed.

4.1 Modeling Method for Dynamic Analysis
of Gear-Rotor System

The method of FEA (finite element analysis) can be used for rotor-gear system
coupled from gears; all parts of system are split to different elements for modeling
and theoretical analysis.

The various elements used in system modeling are described as follows.

4.1.1 Shaft Element

The rotating shaft of the rotor system can be modeled by the two node space
rotating beam element shown in Fig. 4.1. The i and j are defined as the two end
nodes of the beam element; each shaft element has 12 degrees of freedom and is
expressed as follows [1]:

uij ¼ ½xi yi zi hxi hyi hzi xj yj zj hxj hyj hzj�T ð4:1Þ
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Equation of motion of shaft element is written as

Ms€uij þðCs þXGsÞ _uij þKsuij ¼ Fs ð4:2Þ

where Ω is the rotational speed of shaft element, Fs is external load applied to shaft
element,Ms is mass matrix, Cs is damping matrix, Gs is gyro force matrix, and Ks is
the stiffness matrix of shaft element [2, 3].

Damping matrix Cs can be expressed as the form of Rayleigh damping, which is
defined as follows [4]:

Cs ¼ a �Mb þ b �Kb ð4:3Þ

where α and β denote the scale factors.

4.1.2 Lumped Mass Element

For the gears with large size, ignoring its deformation effect, it can be regarded as
lumped mass with rotational effect. The degree of freedom of lumped mass element
is 6, as shown in Fig. 4.2. The displacement vector can be expressed as

ui ¼ ½xi yi zi hxi hyi hzi�T ð4:4Þ
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Supposing that the mass of lumped mass element is m and diameter rotational
inertia and polar rotational inertia through axis are Jd and Jp, the vibration differ-
ential equation of lumping mass element is expressed as follows:

Md€uþXGd _u ¼ Fd ð4:5Þ

where Ω represents the rotational speed, Fd represents the generalized force vector,
and Md and Gd, respectively, are the mass matrix and gyro force matrix of element
and are expressed as follows:

Md ¼

m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Jp 0 0
0 0 0 0 Jd 0
0 0 0 0 0 Jd

2
6666664

3
7777775
; Gd ¼

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 �Jp
0 0 0 0 Jp 0

2
6666664

3
7777775

4.1.3 Bearing Element

In finite element model, the bearing can be treated as spring element with stiffness
and damping, which is applied at rotor supporting point. For the general bearing,
supposing that the point of coupling between one end of bearing and rotor is i and
the other end of bearing is regarded as the full constraint, the coupling force model
is shown in Fig. 4.3.

The degree of freedom of bearing element is 6, which is the displacement and
rotation along the x, y, z directions; the displacement vector can be expressed as

ui ¼ ½xi yi zi hxi hyi hzi�T ð4:6Þ

Thus, the governing equations of the bearing can be written as

Cb _uþKbu ¼ Fb ð4:7Þ

ii-1 i+1

Kb Cb

Fb

i-2 i+2

x
y

z

Fig. 4.3 Bearing element
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where Fb represents the generalized force vector and Cb and Kb, respectively,
represent the damping matrix and stiffness matrix of bearing after the linearization
of bearing force. Ignoring the effect of stiffness generated by the bearing on the
shaft neck turning, stiffness of system can be expressed as

Cb ¼

cxx 0 0 0 0 0
0 cyy cyz 0 0 0
0 czy czz 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
6666664

3
7777775
; Kb ¼

kxx 0 0 0 0 0
0 kyy kyz 0 0 0
0 kzy kzz 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
6666664

3
7777775

4.1.4 Gear Meshing Element

(1) Helical cylindrical gear meshing element

Figure 4.4 shows the dynamic model of helical gear, i and j are a pair of helical
gears meshing with each other, its transverse pressure angle is αij, and helix angle is
βij (definition: gear i is right hand if βij > 0, and gear i is left hand if βij < 0), where
gear i is driving gear, the driving torque is Ti, and j is driven gear; on the meshing
surface, kij is meshing stiffness and cij is meshing damping; the direction angle of
the gear ϕij is the angle between the centerline of gear and the x-axis; ψij is the
direction angle from y-axis to meshing surface, and it is expressed as

gear i

gear j

Fig. 4.4 The dynamic model
of a helical gear pair
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wij ¼
aij � /ij the torque on driving is counter - clockwise direction
�aij � /ij the torque on driving is clockwise direction

�
ð4:8Þ

The degree of freedom of this gear pair is 12. Each gear has three translational
degrees of freedom x, y, and z and three rotational degrees of freedom θx, θy, and θz,
and degree of freedom is expressed as follows:

Xij ¼ ½xi; yi; zi; hxi; hyi; hzi; xj; yj; zj; hxj; hyj; hzj�T ð4:9Þ

The motion equation of gear pair ij is expressed as follows:

mi€xi � ½cij _pijðtÞþ kijpijðtÞ� sin bij ¼ 0

mi€yi þ ½cij _pijðtÞþ kijpijðtÞ� cos bij sinwij ¼ 0

mi€zi þ ½cij _pijðtÞþ kijpijðtÞ� cos bij coswij ¼ 0

Ipi€hxi þ ri½cij _pijðtÞþ kijpijðtÞ� cos bij ¼ Ti

Idi€hyi þ ri½cij _pijðtÞþ kijpijðtÞ� sin bij sinwij ¼ 0

Idi€hzi þ ri½cij _pijðtÞþ kijpijðtÞ� sin bij coswij ¼ 0

mj€xj þ ½cij _pijðtÞþ kijpijðtÞ� sin bij ¼ 0

mj€yj � ½cij _pijðtÞþ kijpijðtÞ� cos bij sinwij ¼ 0

mj€zj � ½cij _pijðtÞþ kijpijðtÞ� cos bij coswij ¼ 0

Ipj€hxj � rj½cij _pijðtÞþ kijpijðtÞ� cos bij ¼ �Tj

Idj€hyj � rj½cij _pijðtÞþ kijpijðtÞ� sin bij sinwij ¼ 0

Idj€hzj � rj½cij _pijðtÞþ kijpijðtÞ� sin bij coswij ¼ 0

ð4:10Þ

where pij(t) represents the displacement deformation of gear teeth along the
meshing line, mainly consists of four parts, namely deformation caused by gear on
the torsion pijr, deformation caused by transverse vibration pijl, deformation caused
by axial vibration pija, and deformation caused by the swing around diameter pijt,
and it is expressed as follows:

pijðtÞ ¼ pijr þ pijl þ pija þ pijt ð4:11Þ

where the deformation of gear teeth along the direction of the meshing line caused
by axial vibration can be expressed as follows:

pija ¼ ð�xi þ xjÞ sin bij ð4:12Þ
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The deformation along the direction of the meshing line caused by transverse
vibration can be expressed as follows:

pijl ¼ ½ðyi � yjÞsinwij þðzi � zjÞ coswij� cos bij ð4:13Þ

The deformation of gear teeth along the direction of the meshing line caused by
torsional vibration around rotating shaft can be expressed as follows:

pijr ¼ cos bijðrihxi � rjhxjÞ ð4:14Þ

The deformation of gear teeth along the direction of the meshing line caused by
the swing around diameter can be expressed as follows:

pijt ¼ ððrihyi þ rjhyjÞ sinwij þðrihzi þ rjhzjÞ coswijÞ sin bij ð4:15Þ

where ri and rj, respectively, represent base circle radius of gear i and gear j.
For the gear meshing element, Eq. (4.10) can be organized as a matrix as

follows:

Mij€uþCij _uþKiju ¼ F ð4:16Þ

where F represents generalized force vector of gear element, u represents dis-
placement vector of gear pair, and Mij, Cij, and Kij, respectively, represent mass
matrix, damping matrix, and meshing stiffness matrix of gear element and are
expressed as follows:

u ¼ ½ui; vi;wi; hxi; hyi; hzi; uj; vj;wj; hxj; hyj; hzj�T ð4:17Þ

Mij ¼

mi

mi

mi

Ji
Ii

Ii
mj

mj

mj

Jj
Ij

Ij

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA
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Cij ¼ cij � aTij � aij ¼
c1;1 . . . c1;12
..
. . .

. ..
.

c12;1 � � � c12;12

0
B@

1
CA;

Kij ¼ kij � aTij � aij ¼
k1;1 . . . k1;12
..
. . .

. ..
.

k12;1 � � � k12;12

0
B@

1
CA;

where

aij ¼ ½� sin bij sinwij cos bij coswij cos bij sgnri cos bij sgnri sinwij sin bij sgnri coswij sin bij
sin bij � sinwij cos bij � coswij cos bij sgnrj cos bij sgnrj sinwij sin bij sgnrj coswij sin bij �

Meshing stiffness kij is comprehensive effect of meshing gear teeth in the whole
meshing zone. In the linear analysis, the average meshing stiffness can be used as its
value. The expression of average meshing stiffness for spur gear and helical gear
with helix angle β ≤ 30° is given in the reference.

kij ¼ ccB ð4:18Þ

where B represents gear thickness and cγ represent average meshing stiffness of gear
along the direction of tooth width on unit length. The unit is N mm−1 μm−1. It is
expressed as follows:

cc ¼ ð0:75ea þ 0:25Þc0 ð4:19Þ

where εa is transverse contact ratio, and c′ is stiffness of single tooth and is
expressed as follows:

c0 ¼ c0thCMCRCB cos b ð4:20Þ

where c0th is theoretical value of stiffness of single tooth, c′th = 1/q′. For external
meshing gear, the equivalent tooth number of pinion and big gear is known as zn1
and zn2, modification coefficients are known as x1 and x2, and q′ can be expressed as

q0 ¼0:04723þ 0:15551
zn1

þ 0:25791
zn2

� 0:00635x1 � 0:11654
x1
zn1

� 0:00193x2 � 0:24188
x2
zn2

þ 0:00529x21 þ 0:00182x22

ð4:21Þ

where CM is theoretical correction coefficient, and the general value is CM ¼ 0:8.
CR is gear billets structure coefficient; for solid gear, the value is CR ¼ 1.
CB is basic tooth profile coefficient, CB ¼ ½1þ 0:5ð1:2� hfp=mnÞ�

½1� 0:02ð20� � anÞ�; for the standard gear that basic tooth profile meets a ¼ 20�,
hfp ¼ 1:2mn, the value of CB is 1.
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(2) Internal mesh spur gear mesh element

The dynamic effect of gear mesh can be approximately equivalent to spring
damping element. The big gear and the drive pinion are coupled through the gear
mesh stiffness; schematic diagram of coupling dynamics is shown in Fig. 4.5.

Comprehensive mesh stiffness of gear teeth kg is comprehensive effect of the
gear teeth involved in meshing in the whole meshing zone, mainly related to the
elastic deformation of the single tooth, comprehensive elastic deformation of single
gear pair(comprehensive stiffness), and gear contact ratio. In the research of gear
deformation, the most widely used is the Ishikawa formula.

kg ¼ Fmesh

dBr þ dBt þ ds þ dG
ð4:22Þ

where δBr is bending deformation of rectangular section, δBt is bending deformation
of trapezoid section, δs is deformation caused by shearing, and δG is deformation
caused by elastic tilt on the root of gear tooth.

Supposing the nodes of mesh gear pair are i and j, i is on pinion, comprehensive
mesh stiffness of gear pair on the mesh area is kg, and the direction angle of the gear
ϕij is the angle between the centerline of gear and the y-axis; ψij is the angle from z-
axis to mesh surface, and it is defined as follows:

wij ¼
aij � /ij the torque on driving is counter - clockwise direction
�aij � /ij the torque on driving is clockwise direction

�
ð4:23Þ

where αij is transverse pressure angle of gear pair.

Y

Z

Ω

kg(t) Cg(t)

Gear iω

Gear j

Φij

Fig. 4.5 The dynamic
diagram of gear coupling
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Symbolic function sgn is defined as

sgn ¼ 1 the driving gear is counter - clockwise direction
�1 the driving gear is clockwise direction

�
ð4:24Þ

One gear pair has 12 degrees of freedom. Each gear has three translational
degrees of freedom including x-axis direction as well as transverse of the y and
z directions and three rotational degrees of freedom θx, θy, and θz. For gear pair i and
j, motion equation without damping can be expressed as follows:

mi€yi þ kijpijðtÞ sinwij ¼ 0; mi€zi þ kijpijðtÞ coswij ¼ 0; Ji€hxi þ sgnrikijpijðtÞ ¼ Ti

mj€yj � kijpijðtÞ sinwij ¼ 0; mj€zj � kijpijðtÞ coswij ¼ 0; Jj€hxj þ sgnrjkijpijðtÞ ¼ �Tj
;

where pij(t) represent relative position from normal direction of gear mesh to
contact surface and expressed as

pijðtÞ ¼ yi sinwij � yj sinwij þ zi coswij � zj coswij þ sgnrihxi þ sgnrjhxj
� �
þ �xi þ xj þ sgnrihyi sinwij þ sgnrjhyj sinwij þ sgnrihzi coswij þ sgnrjhzj coswij

� �

Above equation can be organized as a matrix as follows:

Kiju ¼ F ð4:25Þ

where F represents generalize force vector of gear element, u represents dis-
placement vector of gear pair, and Kij represent mesh stiffness matrix of gear
element and are expressed as follows:

u ¼ ½ui; vi;wi; hxi; hyi; hzi; uj; vj;wj; hxj; hyj; hzj�T

Kij ¼ kij � aTij � aij ¼
k1;1 . . . k1;12
..
. . .

. ..
.

k12;1 � � � k12;12

0
B@

1
CA ð4:26Þ

where

aij ¼ ½ 0 sinwij coswij sgnri 0 0 0 � sinwij � coswij sgnrj 0 0 �
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4.1.5 Basic Principles and Dynamics Model

Based on equivalent virtual shaft section method, hybrid model including various
influence factors is built. Method of control variable analysis is used to study the
sensitivity of system vibration to each influence factor and the influence of various
factors on the system vibration. Research technical route is shown in Fig. 4.6.

A hierarchical model of gear mesh system is established. The multistage plan-
etary gear pair is decomposed into multiple independent subsystems, and inter-
mediate shaft connection element is used to couple boundary among the mechanical
simplified model of various subsystems. Based on the mechanical simplified model,
the lumped mass model of the whole gear system with less degree of freedom is
established. Based on component composition, lumped mass model divides the
system into a number of lumped mass which are connected by springs and dampers;
the degree of freedom is determined by the complexity of the structure and the
dynamics of the problem. By solving lumped mass model, transient response time
series of the lumped mass points are obtained, and transient loads of every moment
are obtained from the time series. Considering the coupling of the pinion and ring
gear mesh among the component and using the three-dimensional finite element,
the three-dimensional Timoshenko beam element, and the analytical model, the
multibody model of the gear-rotor system is established. The transient load obtained
from the calculation of lumped mass model is loaded into a multibody mixture
model, and then, the nonlinear static analysis is carried out to obtain the instanta-
neous stress and deformation of the key parts, especially the joint parts under the
condition of multicause excitation. Based on the boundary condition of the joint,
the stiffness and damping of the joint parts under the multifactors are calculated

Integrated mixed reduction model

Solving model

System discretization

Meshing element supporting element

Element model Element model Element model

Integrated mixed model

Solving dynamic equation by PIM integral method 

Vibration response of each node and element

Gear rotor system model based on equivalent virtual shaft section method

Joint element

Fig. 4.6 Basic modeling idea
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explicitly, and the coupling vibration characteristics of the composite structure are
analyzed.

Aimed at a certain type of wind turbine gearbox system, its structure is similar to
Fig. 3.2. The gears are spur gears, the mesh angle of gear pair is 20, and the main
parameters are defined as in Tables 4.1 and 4.2.

Table 4.1 Main design parameters of planetary gear train

The first-stage planetary gear train The second-stage planetary gear train

Name Parameter Name Parameter

Transmission ratio 3.9:1 Transmission ratio 3.52:1

Number of planetary gear 3 Number of planetary gear 4

The module of sun gear 5 The module of sun gear 4

The module of planetary gear 5 The module of planetary gear 4

The module of internal gear 5 The module of internal gear 4

Number of sun gear tooth 20 Number of sun gear tooth 25

Number of planetary gear tooth 19 Number of planetary gear tooth 19

Number of internal gear tooth 58 Number of internal gear tooth 63

Tooth width/mm 50 Tooth width/mm 50

The mass of sun gear/Kg 4.8 The mass of sun gear/Kg 3

The mass of planetary gear/Kg 2.8 The mass of planetary gear/Kg 2.7

The mass of internal gear/Kg 8 The mass of internal gear/Kg 8

The mass of planetary shelf/Kg 5 The mass of planetary shelf/Kg 5

Rotational inertia of sun
gear/Kgm2

0.09 Rotational inertia of sun
gear/Kgm2

0.04

Rotational inertia of planetary
gear/Kgm2

0.03 Rotational inertia of planetary
gear/Kgm2

0.03

Rotational inertia of internal
gear/Kgm2

0.2 Rotational inertia of internal
gear/Kgm2

0.2

Rotational inertia of planetary
shelf/Kgm2

0.08 Rotational inertia of planetary
shelf/Kgm2

0.08

Diameter rotational inertia of
sun gear/Kgm2

0.06 Diameter rotational inertia of
sun gear/Kgm2

0.025

Diameter rotational inertia of
planetary gear/Kgm2

0.02 Diameter rotational inertia of
planetary gear/Kgm2

0.02

Diameter rotational inertia of
internal gear/Kgm2

0.1 Diameter rotational inertia of
internal gear/Kgm2

0.1

Diameter rotational inertia of
planetary shelf/Kgm2

0.05 Diameter rotational inertia of
planetary shelf/Kgm2

0.05
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4.2 Load-Sharing Coefficient Analyses

4.2.1 Load-Sharing Coefficient of Planetary Gear Trains

Using the dynamic model established and considering the dynamic stiffness of gear
meshing and the change of transmission error, load-sharing coefficient of planetary
gear and sun gear in the two-stage planetary gear trains is obtained as shown in
Fig. 4.7. Influenced by internal incentive of gear mesh, load-sharing coefficient of
planetary gear is not a fixed value, but a value of periodic fluctuation.

4.2.2 Influence of Unbalance on Load-Sharing Coefficient

In the practical manufacturing, unbalance of rotor system is unable to eliminate, and
its existence has significant influence on load-sharing coefficient of planet gear
[5–8]. Using the data in Table 4.3, the influence of unbalance value on planet gear
is analyzed, and the result is shown in Fig. 4.8.

As the result shows, unbalance value increases the amplitude of the average load
coefficient of the planetary gear and makes the average load coefficient more
complex; the waveform is coupled of multiharmonics. This result shows that the

(a) The second stage planetary gear train (b) The first stage planetary gear train
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Fig. 4.7 Sharing load coefficient of planetary gear train

Table 4.2 The main design
parameters of spur gear pair

Design parameters Gear 7 Gear 8

Module 4

Tooth width/mm 40

Number of gear tooth 68 17

Mass/Kg 5 2.7

Rotational inertia/Kgm2 0.14 0.03

Diameter rotational inertia/Kgm2 0.08 0.02
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unbalance value of rotor system increases the uneven degree of load distribution
and is bad for transmission performance of planetary gear transmission system.

4.2.3 Influence of Misalignment on Load-Sharing
Coefficient

As shown in Fig. 4.9a, the misalignment angle at the coupling part of two planetary
gear train is set as α. Let one shaft axis is projected to the yz plane, and the angle of
axis of projection y-axis stands by angle β, as shown in Fig. 4.9b. Torque T can be
decomposed into two components Tx and Ts, and can be expressed as follows [9,
10]:

Tx ¼ T cos a; Ts ¼ T sin a ð4:27Þ

where Tx is the torque transmitted to the rotor, and Ts is the torque vertical to the
rotor radial direction, which can cause the bending vibration of the rotor.

As shown in Fig. 4.9b, Ts also can be decomposed into two bending moments in
y-axis and z-axis directions as follows:

Ty ¼ T sin a cos b; Tz ¼ T sin a sin b ð4:28Þ

Table 4.3 Unbalance value of gear system

Node position Unbalance value (gmm) Phase of unbalance value (rad)

1 1500 0

8 1000 0

 (a) The second stage planetary gear train

0 0.5 1.51 2
0.9

0.95

1

1.05

1.1
bsp1

0 0.2 0.4 0.6 0.8 1
0.4

0.6

0.8

1

1.2

1.4

1.6
bsp4

bsp3 bsp2

bsp1

bsp2

bsp3

timetime

sh
ar

in
g 

lo
ad

 c
oe

ff
ic

ie
nt

sh
ar

in
g 

lo
ad

 c
oe

ff
ic

ie
nt

(b) The first stage planetary gear train 

Fig. 4.8 Sharing load coefficient of planetary gear train under the influence of unbalance
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Then, Tx, Ty, and Tz can also be calculated from the Euler’s equation of the
motion

Tx ¼ Ix _xx þxyxz Iz � Iy
� �

Ty ¼ Iy _xy þxzxy Ix � Izð Þ
Tz ¼ Iz _xz þxxxy Iy � Ix

� � ð4:29Þ

where ωi is the rotor angular velocity, Ii is the rotational inertia of the rotor around
i-axis, and i ¼ x; y; z.

Because of the rotation of the rotor only around the x-axis, Eq. (4.29) can be
simplified as

T cos a ¼ IReR ð4:30Þ

where IR is the polar moment of inertia of rotor, and εR is the angular acceleration of
rotor.

For the rotor with angle α, the angular velocity meets the following relation.

xR=xM ¼ C= 1þD cos 2hMð Þ ð4:31Þ

where C ¼ 4 cos a= 3þ cos 2að Þ; D ¼ 1� cosað Þ= 3þ cos2að Þ.
Equation (40) can be expanded as follows:

xR=xM ¼ A0 � A2 cos 2hM þA4 cos 4hM � � � � þ �1ð ÞnA2n cos 2nhM þ � � �
ð4:32Þ

where ωM is the input shaft angular velocity, θM is the input shaft angle, and ωR is
the output shaft angular velocity.

I II
y

x
T

Tx

Ty

Tz

Ts

z

A B
α

α

αx

z

y
(a) (b)

Fig. 4.9 Torque decomposition of misalignment rotor system
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A0 ¼ C 1þD2=2þ 3D4=8þ 5D6=16þ 35D8=128þ � � �� � ¼ 1

A ¼ C Dþ 3D3=4þ 5D5=8þ 35D7=64þ � � �� �
A4 ¼ C D2=2þD4=2þ 15D6=32þ 7D8=16þ � � �� �
� � �

Equation (4.32) can be rewritten as

eR=x
2
M ¼ B2 sin 2hM � B4 sin 4hM þ � � � þ �1ð Þnþ 1B2n sin 2nhM þ � � � ð4:33Þ

where n = 1, 2, 3…, B2 = 2A2, B4 = 4A4, B6 = 6A6…
Defining hM ¼ Xt, the transfer torque can be obtained From Eqs. (4.30) and

(4.33)

T ¼ IRX
2= cos a

� � X1
n¼1

�1ð Þnþ 1B2n sin 2nXt

 !
ð4:34Þ

Equation (4.28) can be expressed as

Ty ¼
X1
n¼1

E2n sin 2nXt; Tz ¼
X1
n¼1

G2n sin 2nXt ð4:35Þ

where E2n ¼ �1ð Þnþ 1IRX
2B2ntanacosb, G2n ¼ �1ð Þnþ 1IRX

2B2ntanasinb.
Therefore, the transfer misalignment force Fr is obtained as follows:

Fr ¼
X1
n¼1

F2n sin 2nXt ð4:36Þ

where F2n ¼ ½0; . . .;E2n;G2n�T.
Selecting the misalignment angle 1°and 2.5°of two planetary gear trains, the

influence of misalignment on average load coefficient of planetary gear train is
analyzed, and the result is shown in Figs. 4.10 and 4.11.

As the result shows, in the same with unbalance value, misalignment also
increases the amplitude of the average load coefficient of the planetary gear. With
the increase in the misalignment angle, the amplitude variation increases with the
geometric progression; meanwhile, compared with the second-stage planetary gear
train, the influence of misalignment angle on average load coefficient of the
first-stage planetary gear train is more sensitive.
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Fig. 4.10 Sharing load coefficient of planetary gear train under the misalignment angle 1°

(a) The second stage planetary gear train

Bsp1 Bsp2

Bsp3

0 0.5 1 1.5 2
0.9

1

1.1

0 0.2 0.4 0.6 0.8 1
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Bsp1 Bsp2

Bsp3
Bsp4

sh
ar

in
g 

lo
ad

 c
oe

ff
ic

ie
nt

sh
ar

in
g 

lo
ad

 c
oe

ff
ic

ie
nt

timetime
(b) The first stage planetary gear train

Fig. 4.11 Sharing load coefficient of planetary gear train under the misalignment angle 2.5°
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Chapter 5
Modal Analyses Based on Whole
Gearbox FE Model in Wind Turbine

Dynamic analysis result of the geared rotor system is always important in the wind
turbine gearboxes’ design stage, but there is sometimes great distinction between
the calculation value and the real one because the wind turbine gearboxes is an
integrated system, which is composed by many components besides the geared
rotor. To improve the simulation precision, a reasonable modeling method of each
component and connection method among components are needed. In this chapter,
the whole gearbox finite element model is built and the natural characteristics
(natural frequencies and mode shapes) of the whole gearbox are calculated.

5.1 FE Model of Transmission Chain System in Wind
Turbine

According to the multilevel modeling strategy, the whole model for dynamic
analysis of a wind turbine transmission chain can be expressed as shown in
Fig. 5.1. It is a simplified model, which is used as a reference for coming modal
analyses based on the whole gearbox finite element model (WG-FEM), where the
other components besides the geared rotor and the contact mechanics model are
considered [1, 2].

According to the whole model, the natural frequencies of the transmission chain
system of wind turbine are listed in Table 5.1.

The modal energy distributions of the system are different on different modes.
The modal energy distribution analysis can help to find out which part of the
transmission chain system is sensible effectively. As shown in Fig. 5.2, the modal
energy distributions of the 1st mode and 14th mode are quite different.
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5.2 Whole Gearbox FE Model (WG-FEM) of Wind
Turbine

The wind turbine gearbox is modeled by using finite element method in which the
rotor systems and substructures are all included. The bearings are equivalently
modeled by linear spring elements in which extending lines go through the shaft
cross sections and fix on both sides of the housing shells. The whole gearbox model

Fig. 5.1 Whole model of a transmission chain

Table 5.1 Nature frequencies of the wind turbine transmission chain

Order 1 2 3 4 5 6 7

Natural frequency/Hz 1.72 9.10 184.18 224.36 419.49 663.59 894.6

Order 8 9 10 11 12 13 14

Natural frequency/Hz 1028.3 1125.49 1318.12 1343.6 1401.97 1537.9 1621.71

Fig. 5.2 The modal energy distribution of the transmission chain based on whole model
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is then achieved by coupling of the above sub-systems for dynamic analyses. The
obtained WG-FEM is shown in Fig. 5.3. The stiffness values of the bearings are
shown in Table 5.2.

5.3 Modal Analysis of the Gearbox

Based on the above WG-FEM, the modal analysis of the gearbox is achieved, and
the obtained natural frequencies and mode shapes are shown in Table 5.3 and
Fig. 5.4, where the first 20 modes are listed. It can be found that, different from the
torsional dynamic model in previous section, more modes are obtained by using the
WG-FEM, which is important for detecting substructure coupling of the gearbox.

Fig. 5.3 Bearing element and WG-FEM of gearbox

Table 5.2 Bearing stiffnesses of the gearbox

Bearing position Lateral stiffness (N/m) Axial stiffness (N/m)

The 1st stage Driving shaft 5.389 × 109 8.542 × 108

Driven shaft 2.718 × 1010 2.692 × 109

The 2nd stage Driving shaft 6.101 × 109 1.396 × 109

Driven shaft 6.382 × 109 1.904 × 109

High-speed stage Driving shaft 3.960 × 109 0

Driven shaft 3.973 × 109 0
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Table 5.3 Natural frequencies based on WG-FEM of gearbox

Order Natural
frequency (Hz)

Mode shape description

1 25.5 The gearbox swings along the supporting shaft, the maximum
deformation occurs at the long bushing at the output end

2 106.9 The gearbox swings from side to side, the maximum deformation
occurs at the second stage planet frame

3 113 The long bushing deforms severely, the maximum deformation
occurs at the middle of long bushing

4 115.9 The long bushing deforms severely, the maximum deformation
occurs at the middle of long bushing

5 116.4 The gear-rotor system rotates, the maximum deformation occurs
at the output gear

6 160.4 The gearbox swings up and down along the supporting shaft, the
maximum deformation occurs at locking plate at the end of the
input shaft

7 214.9 The gearbox swings from side to side, the maximum deformation
occurs in the back cover

8 228.3 The output end deforms seriously, the maximum deformation
occurs at the back cover of the box

9 241.5 The geared rotor system rotates, the maximum deformation
occurs at tooth at the output end

10 266.4 The gearbox folds up and down, the maximum deformation
occurs at the back cover of output end

11 304.3 The housing shell deforms locally, the maximum deformation
occurs at the back cover

12 310.5 The output shaft deforms complexly, the maximum deformation
occurs at the meshing place of the second stage sun wheel and the
planet gear

13 312.1 The output shaft deforms complexly, the maximum deformation
occurs at the meshing place of the first stage sun wheel and the
planet gear

14 330.7 The output end deforms largely, the maximum deformation
occurs at the back cover of the box

15 358.4 The output end deforms largely, the maximum deformation
occurs at the back cover of the box

16 375.3 The geared rotor system deforms complexly, the maximum
deformation occurs at the output end

17 382.7 The geared rotor system deforms complexly, the maximum
deformation occurs at tooth of the high-speed stage

18 396.0 The output end deforms largely, the maximum deformation
occurs at the back cover of the box

19 422.8 The output end deforms largely, the maximum deformation
occurs at the back cover of the box

20 434.5 The geared rotor system rotates, the maximum deformation
occurs at tooth at the output end
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Fig. 5.4 The first 20 modes of the gearbox based on WG-FEM
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Chapter 6
Vibration Measurements of Wind Turbine
Gearbox

Wind turbine manufacturers will conduct many product performance tests before
on-site installation. Many wind turbine test platforms are built and used to support
design in many companies all over the world, for example, the wind turbines test
platform in Denmark Vestas Corporation, the wind turbine gearbox test platform in
Hansen Corporation, and the 5 MW wind turbine transmission chain platform in
Spain Center Corporation, which is equipped with a torque load simulator with five
degrees of freedom. But these wind turbine test platforms are often lack of simu-
lating the real working condition accurately, especially lack of measuring dynamic
and fatigue data of structures inside the gearbox.

6.1 Bench Tests

In bench tests of wind turbine transmission chain, the dynamics and vibration
characteristics, and the lifetime and reliability of the multistage planetary gear train
are the most important tasks. At present, traditional transducers and sensors such as
piezoelectric accelerators and strain gauges are used to measure signals of the
gearbox. The transmission property, load characteristics, and vibration or noise of
the gearbox are obtained by bench tests.

In order to predict the possible failures of gearbox, some tests with different
faults are also carried out, such as the tooth crack and the tooth contact fatigue. The
strain measurements of gear tooth surfaces and roots in rotating state are more
important and challenging. The load and the mechanical properties in the process of
continuous dynamic meshing, especially the tooth root bending stress testing, will
be more valuable to grasp the dynamic deformation behavior and fatigue life of
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gears. Recently, it was reported that the spiral gear tooth root bending stress had
been measured by using the embedding strain gauges (the size is 0.38 mm). It is
also known that the bending strains at gear tooth roots under static load are mea-
sured by using the embedding strain gauges with the help of wireless transducer.
Here, the fiber Bragg strain sensors are used to measure the bending stresses of the
tooth roots.

A bench test rig of wind turbine gearbox is shown in Fig. 6.1. The vibration
measure positions are shown in Fig. 6.2.

Fig. 6.1 Bench test of a wind turbine gearbox

Point 4(X\Y\Z)Point 3(Y)Point 2(X\Y\Z)Point 1(X\Y\Z)

Fig. 6.2 Picking positions for vibration measurement on gearbox
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The measured 3D spectra of the vibrations at the high-speed shaft are shown in
Fig. 6.3. Given different loading ratios (listed in Table 6.1) and different rotating
speeds, the measured vibration energy or severity values are plotted in Fig. 6.4.

It can be seen from the measured vibration signals at high-speed shaft that the
vibration amplitudes are increased along the rotating speeds but not along the
increment of the external loads. Only the vibration amplitudes increase slightly at
the near 40 % rated load level.

6.2 Operating Modal Tests

In the modal analysis, it is needed to measure the data of reference points and
response points of at the same time, and the testing points are selected as shown in
Fig. 6.5, in which the numbers ‘1’–‘9’ indicate the points of putting accelerators,
and the letter ‘F’ refers to the reference point. All the picking points are selected to
ensure that interesting modes of the gearbox can be triggered. Before the modal test,
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Fig. 6.3 3D spectra of vibrations at high-speed shaft

Table 6.1 Loading ratios in
experiment

Speed (rpm) Load (%)

1000 0 20 40 60 80 – – –

1200 0 20 40 60 80 – – –

1300 0 20 40 60 80 100 – –

1500 0 20 40 60 80 100 110 120

1600 0 20 40 60 80 100 110 120

1700 0 20 40 60 80 100 110 120

1790 0 20 40 60 80 100 110 120
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the structure analysis of gearbox is analyzed, and the natural frequencies and modes
are calculated.

The acceleration responses of the 21 points in each condition are obtained;
typical spectra are shown in Fig. 6.6.

From the spectra, it can be seen that the fundamental frequencies and their
harmonics are obvious in many picking points. The signals are more complicated
near the high-speed shaft. Besides, many vibrations are excited due to the housing
shell coupling mechanism.
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Using the least squares method in the complex frequency domain to perform
modal analysis, the operation diagram of stable modal analysis is shown in Fig. 6.7.
In Fig. 6.7, the letters ‘s’, ‘d’, ‘v’, ‘f’, and ‘o’ stand for the pole characteristics of
different order calculation model correspondingly, where ‘s’ stands for the fre-
quency, damping and modal are stable; ‘d’ stands for the frequency and damping
are stable; ‘v’ stands for the frequency and vibration mode are stable; ‘f’ stands for
the frequency is stable; ‘o’ stands for the ordinary poles. By selecting the pole ‘s’,
much order modes are obtained.

The obtained natural frequencies under different load cases are listed in
Table 6.2.

(a) The arrangement of testing 
      points in frontage

(b) The arrangement of testing
      points in the reverse side

(c) The testing system (d) Test site of 5MW wind
       turbine gearbox 

INV 9821
Acce. sensor

INV LF low pass
 filter amplifier

NI USB-9234 Four
channel acquisition card

DASP acquisition 
analysis system

Fig. 6.5 Arrangement of testing points in operating modal test. a The arrangement of testing
points in frontage. b The arrangement of testing points in the reverse side. c The testing system.
d Test site of 5 MW wind turbine gearbox
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According to the identified results of natural frequencies as shown in Table 6.2,
enough input load is needed to recognize more order natural frequency; namely,
low-power input is not enough to trigger all natural frequencies. It is also found that
the modal characteristics of the geared rotor system cannot easily be measured by
testing on the housing shell.

Comparing the results of the finite element analysis with the test results of the
whole gearbox, the mode frequencies results of the first 20 orders are shown in
Table 6.3. The measured mode frequencies are lesser than the calculated results by
using finite element method.
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Fig. 6.6 Acceleration spectra on the case of 100 % rated load. a Point 1. b Point 2. c Point 3.
d Point 4. e Point 5. f Point 6. g Point 7. h Point 8
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6.3 Vibrations of On-site Tests

The wind field tests on the 1.5 MW/2 MW wind power unit transmission chain are
shown in Fig. 6.8. The testing points are shown in Fig. 6.9. The measured testing
results of test point 5 are shown in Fig. 6.10.

Fig. 6.7 Operation diagram of stable modal analysis

Table 6.2 Identified natural frequencies of the gearbox under different loads

Order 50 % load 75 % load 100 % load

Frequency
(Hz)

Damping
(%)

Frequency
(Hz)

Damping
(%)

Frequency
(Hz)

Damping
(%)

1 294.27 1.27 294.18 1.38 294.13 1.1

2 – – – – 311.55 6.31

3 – – 400.21 6.11 405.42 2.91

4 – – – – 425.36 2.56

5 508.82 1.99 509.55 1.49 508.76 1.27

6 513.59 3.20 513.12 1.95 513.40 2.98

7 532.78 2.04 529.84 1.68 530.07 1.64

8 567.25 0.95 570.15 0.65 570.48 0.85

9 – – – – 575.45 0.85

10 – – 585.75 1.23 588.76 1.05

11 595.26 2.25 – – 593.98 2.28

12 – – 601.74 1.05 605.55 0.56
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Table 6.3 Comparison of
modal frequency results with
the measured and FEM

Order FEM (Hz) Test (Hz) Errors (%)

1 220.550 – –

2 227.657 – –

3 268.695 – –

4 302.756 294.127 2.93

5 320.590 – –

6 340.622 311.553 9.33

7 438.303 405.418 8.11

8 446.255 425.358 4.91

9 471.031 – –

10 493.814 508.758 2.94

11 517.864 513.404 0.87

12 547.183 530.070 3.22

13 565.099 570.484 0.94

14 580.953 575.451 0.96

15 587.886 588.762 0.15

16 591.478 – –

17 596.098 593.982 0.36

18 600.371 – –

19 630.985 – –

20 656.754 605.552 8.45

Speed sensor

WindCon monitoring system

Accelerator

2MW transmission chain

Fig. 6.8 Vibration test of the wind turbine transmission chain
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6.4 Fault Diagnoses for Wind Turbine Gearbox Based
on Vibration Measurements

Vibration monitoring is one of the main technologies for condition monitoring and
fault diagnosis of wind turbine [1, 2]. The typical vibration faults of the geared rotor
systems and their main causes are listed in Table 6.4.

Based on the vibration test results of a wind turbine gearbox, the reason of the
abnormal vibration is analyzed, considering the vibration data of gear case under

Point 2(Z)
Point 2(Y)

Point 2(X)
Point 1(Z) Point 1(X)

Point 3(Y)
Point 1(Y)

Point 4(X) Point 5(Y)
Point 5(Z)

Point 5(X)

Arrangement of testing
points on gearbox

Arrangement of testing
points on transmission train

Testing system diagram

CDMA
wireless router

WindCon intelligent 
acquistion element

ICP vibration 
acceleration sensor

Internet

VPN router

Acquistion 
monitoring host

GPRS

Point 6(Y)Point 7(Z)
Point 7(Y)

Point 8(X)
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Fig. 6.9 Arrangement of testing points
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Fig. 6.10 Testing results at point 5
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Table 6.4 Popular faults of gear system and their causes

Fault type Causes Time-domain features Frequency-domain features

Uniform
abrasion

Caused by the
lubrication, material and
other reasons or
long-time high-work
load

The backlash increases
constantly, and the
meshing waveform
suffered some damage

Position of the meshing
frequency and its harmonic
components in the spectrum
is the same, but their
amplitude will change
greatly. In particular, the
harmonic amplitude will
increase obviously. When
the wear is intensified, it
may produce the fractional
harmonic 1=kðk ¼ 2; 3; � � �Þ
of meshing frequency fm

Eccentricity Misalignment of the
gear center and of
rotating shaft center
which is caused by
processing

When a gear exists
eccentric in the gear pair,
the vibration waveform
will produce amplitude
vibration

The additional pulse
amplitude which uses the
rotation frequency of gear
for the characteristics will
increase, and the load
fluctuation appears, which
leads to the phenomenon of
amplitude modulation.
Frequency modulation for
the time is gear-rotating
frequency, lesser than the
modulation meshing
frequency

misalignment Misalignment of gear
and shaft caused by
improper assembly of
the gear and shaft

There is obvious
phenomenon of amplitude
modulation

It will produce side
frequency clusters, with
each order meshing
frequency nfm as its center,
the rotation frequency of
gear fr as the interval, and
the harmonic of fr will also
be reflected in the spectrum

Local
anomaly

Broken teeth, tooth
crack, partial tooth
profile error, partial
tooth wear, etc.

The time-domain vibration
waveform is the shock
pulse waveform which
uses the rotation frequency
of gear as the cycle

In the frequency domain, it
will use instantaneous
impact and rotation
frequency as the main
features

Pitch error Each gear pitch is not
equal and caused by
tooth profile error

Effect of the change in gear
rotation angle, resulting in
AM and FM phenomenon

The frequency spectra of
vibration signal contain the
order meshing frequency
nfm, harmonics of rotation
frequency nfr , and the side
frequency
nfm � mfrðn;m ¼ 1; 2; . . .Þ,
which uses rotation
frequency of fault gear as
spaced, etc.

(continued)
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the 100 % rated load can most effectively reflect the presence of faults in gearbox,
as shown in Fig. 6.11. The vibration sensors are fixed as closely as possible to the
measured objects and the rotating parts. The sampling frequency of vibration data is
10.24 kHz.

Table 6.4 (continued)

Fault type Causes Time-domain features Frequency-domain features

Imbalance
gear

Gear rotary center does
not coincide with the
center of mass

Vibration on unbalance
force, in which amplitude
modulation as based and
frequency as a supplement

The meshing frequency fm
and its harmonics will
produce side frequency
cluster, in which frequency
is nfm � mfrðn;m ¼
1; 2; . . .Þ on both sides.
Under the unbalanced force,
gear shaft rotation
frequency and its harmonic
energy will increase

Fig. 6.11 Vibration monitoring points on a gearbox. 1 Vertical of the left flexible support, 2
horizontal of the left flexible support, 3 vertical of the right flexible support, 4 horizontal of the
right flexible support, 5 vertical of the front bearing on input shaft, 6 horizontal of the front bearing
of output shaft, 7 horizontal of the rear bearing of output shaft, 8 horizontal of the inner gear ring
(left), 9 horizontal of the inner gear ring (right), 10 horizontal of the base horizontal, 11 vertical of
the second-level active front bearing vertical, 12 vertical of the second-level active rear bearing, 13
vertical of the front bearing of intermediate shaft, 14 vertical of the rear bearing of intermediate
shaft
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The input speed of the gearbox is 17.3 rpm and the output speed is 1800.55 rpm.
The number of teeth and the modulus of each gear are shown in the Table 6.5.

The rotation and the revolution cycle frequency and the existent meshing fre-
quency of each rotating parts are calculated and listed in Table 6.6.

Some of the measured vibrations (time-domain waveform and frequency-domain
spectra) at the testing points in 100 % rated load are shown in Fig. 6.12.

Figure 6.12a is the signal of vibration at the testing point 2, which contains the
frequency components of 30, 170, 690 Hz that reflect the gear meshing frequency,
while 105 Hz was not obvious. But the 2× and 4× harmonics of 105 Hz, 2× and
3× harmonics of 170 Hz, 2× and 3× and 4× harmonics of 690 Hz are very
obvious. In addition, it also contains other low-energy burr compositions.

Figure 6.12b is the signal of testing point 4, which contains the frequency
components of 30, 170, 690 Hz that reflect the gear meshing frequency. In addition,
the 2× and 3× harmonics of 170 Hz, the 2× and 3× and 4× harmonics of 690 Hz
are also very obvious.

Figure 6.12c is the signal of testing point 6, which contains the frequency
components of 170, 690 Hz that reflect the gear meshing frequency. In addition, the
2× and 3× harmonics of 170 Hz, the 2× and 3× and 4× and 5× and 6× har-
monics of 690 Hz are all very obvious. And 1320 Hz is also more obvious.

From the vibration spectra of each testing point under different loads, some
conclusions can be drawn as follows:

1. The gear pair meshing frequency between the medium- and the high-speed
shafts is 690 Hz, and that of the medium-to low-speed shaft is 170 Hz. The
inner gear ring–planetary gear meshing frequency is 30 Hz, and the low-speed
shaft of the sun wheel–planetary wheel meshing frequency of 107 Hz. These
four meshing frequencies are relatively not clear. It is because the first three of

Table 6.5 Tooth number and the modulus of each gear

Gear
ring

Planet
wheel

Sun
wheel

Medium-speed
shaft gear

Output
gear shaft

Medium-speed
gear shaft

Low-speed
shaft gear

m 14 14 14 7 7 10 10

z 102 40 21 94 23 23 100

Table 6.6 Main existent frequencies of the gearbox (Hz)

High-speed shaft
rotational frequency

Middle-speed shaft
rotational frequency

Low-speed shaft
rotational
frequency

Planet carrier
rotational
frequency

30 7.343 1.69 0.2883

Gear meshing
frequency of middle-to
high-speed shaft

Gear meshing
frequency of middle-to
low-speed shaft

Meshing
frequency of sun
and planet gear

Meshing
frequency of inner
ring–planet gear

690.2 168.9 124.5 29.4
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the gear pair meshing energy are easily transferred to the housing shells, but the
meshing of the sun wheel and a planetary wheel is difficult to transfer outward.

2. There are no fractional or sub-harmonics of each meshing frequency, and it
indicates that there are no tooth-broken and other serious faults.

3. The energy of the fundamental frequency, two times, three times or even higher
frequency of medium–high-speed shaft gear pair meshing frequency 690 Hz are
all lager, which illustrates that the high-speed shaft alignment is not good
enough. There may be two reasons: The shaft centering alignment accuracy of
the high-speed shaft is not high. The centering alignment accuracy in the con-
nections of motor and the high-speed shaft is not high. It is suggested that the
centering positioning precision of high-speed shaft should be increased. No
matter in experimental or working conditions, it should be ensured that the
centering positioning accuracy requirements of the joint meet the requirements
in the installation of the connecting piece of high-speed shaft and the outside.

(a) Testing point 2 (b) Testing point 4

(c) Testing point 6 

(m/s2)[2:9821-100721] full waveform

(m/s2)[2:9821-100721] single peak spectrum A=0.00578

(m/s2)[4:9821-100537] full waveform

(m/s2)[4:9821-100537] single peak spectrum A=0.00706

(m/s2)[6:9821-100718] full waveform

(m/s2)[6:9821-100718] single peak spectrum A=0.12052

Fig. 6.12 Time-domain and the frequency-domain signals at different testing points on gearbox.
a Testing point 2. b Testing point 4. c Testing point 6
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Otherwise here is easy to produce the extra stress, which will greatly reduce the
service life of the high-speed shaft.

4. The energy of the fundamental frequency, two times, three times or even higher
frequency of the medium- to low-speed shaft gear pair meshing frequency
170 Hz are lager, which illustrates the high-speed shaft alignment is not good
enough. There are two reasons: The shaft centering alignment accuracy of the
middle-speed shaft is not high, and the additional stress caused by the
non-centering of the high-speed shaft, which transfer the stress through the
high-speed to middle-speed shaft gear pair.

5. There are many edge clusters of 30 and 60 Hz around the rotating frequency and
its harmonics of the high-speed shaft (170, 690 Hz). The possible reasons are
imbalance gear, tooth pitch error, and the misalignment of gears to its shaft.
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Chapter 7
Vibration Signal Analyses of Gearbox
in Time-Domain, Frequency-Domain,
and Time–Frequency Domain

The vibration signals of different testing points on the wind turbine gearbox are
analyzed in time and frequency domains to explore the underlying dynamic
behaviors of wind turbine gearbox applying light or severe loads. Some tech-
nologies of data processing including Hilbert–Huang transform (HHT) are achieved
in this chapter.

7.1 Structure Description and Measuring Method

A 5.0-MW wind turbine gearbox is composed of one inner ring driving planetary
gear train, one fixed axis gear train, and one stage of parallel shaft, as shown in
Fig. 7.1. The technical parameters and the rated input powers of the wind turbine
gearbox are listed in Table 7.1.

The speed ratio of the first transmission stage is 4.333; those of the second
transmission stage and the parallel shaft are 3.609 and 6.550, respectively. Then,
the total speed ratio is 102.426. The first stage of planetary gear train has three
planet gears which are all circumferential distribution structure with load sharing as
sun float gear train. The fixed shaft driving transmission is parallel gear train.

The gear meshing frequencies of the wind turbine gearbox and its shaft fre-
quencies are shown in Table 7.2. As the wind turbine gearbox was driven by ring
gear, the rated input speed is 11.9 rpm at rated power 5560 kW. The input shaft
frequency is only 0.198 Hz (i.e., 11.9 r/min), and the meshing frequency of output
stage is 406.293 Hz under the rated input speed. The range of working speed of this
type of wind turbine gearbox is from 5 to 23 rpm. Therefore, the input shaft
frequency is only 0.083 Hz if the input speed is 5 rpm, while the meshing fre-
quency of output stage is 785.272 Hz if the input speed is 23 rpm. The frequency of
each shaft and gear pair changes from 0.083 to 785.272 Hz under the normal
operation condition.

© Springer Nature Singapore Pte Ltd. 2017
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(a) Transmission principle
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Fig. 7.1 A wind turbine gearbox

Table 7.1 Basic parameters and rated input loads of a wind turbine gearbox

Rated input power 5730 kW

Rated input speed 11.9 r/min

Transmission configuration NW planetary + one stage parallel shaft gear train

Total transmission ratio 102.426

Table 7.2 Frequency of each
shaft and gear pair under rated
input speed

Parameters Frequency (Hz)

Meshing frequency of input stage 18.048

Meshing frequency of middle stage 71.334

Meshing frequency of output stage 406.293

Input shaft frequency 0.198

Planetary gear shaft frequency 0.859

Sun gear shaft frequency 3.1

Output shaft frequency 20.3
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7.2 Vibration Measurements of Wind Turbine Gearbox

The on-site measurement of the 5.0-MW wind turbine gearbox is carried out.
Vibration signals of the wind turbine gearbox are measured under different rated
input loads of 50, 100, and 110 %.

The on-site test machine is shown in Fig. 7.2, and the testing points are shown in
Fig. 7.3, in which the numbers ‘1’–‘9’ indicate the points of putting accelerators, and
the letter ‘F’ refers to the reference point. The testing points of 1, 4, and 7 are located
at the driving side; points of 3, 6, and 9 are located at the driven side. The sensors are
fixed as closely as possible to the measured objects and the rotating parts.

7.3 Analysis of Vibration Signals of Gearbox Based
on Time Domain

The measured vibration signals at the points of 1, 2, and 3 at cases of 50, 100, and
110 % rated load are shown in Figs. 7.4, 7.5, and 7.6. Point 1 is located at the
low-speed shaft; point 2 is the reference testing point. Point 3 is located at the
high-speed shaft.

Preliminary time history curves are illustrated with the measured vibration sig-
nals under different rated input loads, as shown Figs. 7.4, 7.5, and 7.6. From
Figs. 7.4, 7.5, and 7.6, we can see the acceleration level is increasing as load
increases. The vibration of input side shaft is much more severe than that of output
side shaft.

Fig. 7.2 The on-site measurement of gearbox
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Fig. 7.3 The test points on the gearbox
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Fig. 7.4 The vibration signals of point 1 at cases of 50, 100, and 110 rated input load
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7.4 Cross-Correlation Function Estimates of Vibration
Signals

The time-domain analysis is further carried out in order to explore the relationship
between the different picking points at either input side or output side. In order to
analysis the vibration signals in time domain, besides the amplitudes of vibrations,
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Fig. 7.5 The vibration signals of point 2 at cases of 50, 100, and 110 % rated input load
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Fig. 7.6 The vibration signals of point 3 at cases of 50, 100, and 110 % rated input load
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the correlation analyses including autocorrelation and cross-correlation are used to
identify the relationship and similarity of vibration signals under different rated
input loads of the wind turbine gearbox.

In MATLAB, C = XCORR(A, B), where A and B are length of M vectors
(M > 1), returns the length 2*M − 1 cross-correlation sequence C. XCORR pro-
duces an estimate of the correlation between two random (jointly stationary)
sequences:

CðmÞ ¼ E½AðnþmÞ � conjðBðnÞÞ� ¼ E½AðnÞ � conjðBðn� mÞÞ� ð7:1Þ

It is also the deterministic correlation between two deterministic signals.
XCORR(A), when A is a vector, is the autocorrelation sequence.

Autocorrelation and cross-correlation function estimates of different vibration
signals picked at driving side shaft of point 1, reference point 2, and driven side
shaft of point 3 at the cases of 50, 100, and 110 % rated input load are shown,
respectively, in Figs. 7.7, 7.8, and 7.9.

The values of autocorrelation and cross-correlation incline to zero as time delay
increases. Periodic and regularity impulse does not exist. The vibration signals are
the results of vibrating and impacting of the wind turbine system which has wide
and uniform spectra. It is preliminarily adjudged that the vibration signals of the
wind turbine gearbox are stationary. Through analyzing the autocorrelation and
cross-correlation relationship of vibration signals of the wind turbine gearbox, it can
also diagnose the gearbox healthy or not.

7.5 Spectra Analysis of Vibration Signals of the Wind
Turbine Gearbox

The frequency-domain analysis techniques based on FFT are used to analyze the
vibration signals of the wind turbine gearbox under different rated input loads.

In MATLAB, FFT(X) is the discrete Fourier transform (DFT) of vector X. For
length N input vector x, the DFT is a length N vector X, with elements N

N
X kð Þ ¼ sum x nð Þ � exp �j � 2 � pi � k � 1ð Þ � n� 1ð Þ=Nð Þ; 1� k�N:
n ¼ 1

ð7:2Þ

The inverse DFT (computed by IFFT) is given by

N
x nð Þ ¼ 1=Nð Þ sumX kð Þ � exp j � 2 � pi � k � 1ð Þ � n� 1ð Þ=Nð Þ; 1� n�N:
k ¼ 1

ð7:3Þ
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Frequency spectra of vibration signals picked at driving side shaft of point 1 and
driven side shaft of point 3 and reference point 2 at cases of 50, 100, and 110 %
rated input load are shown in Figs. 7.10, 7.11, and 7.12. The amplitude spectra

(a) auto-correlation

-3 -2 -1 0 1 2 3

x 10
5

-1

0

1
Auto-correlation of vibration signals at 50% rated load

-3 -2 -1 0 1 2 3

x 10
5

-1

0

1
Auto-correlation of vibration signals at 100% rated load

-3 -2 -1 0 1 2 3

x 10
5

-1

0

1
Auto-correlation of vibration signals at 110% rated load

(b) cross-correlation

-3 -2 -1 0 1 2 3

x 10
5

-0.05

0

0.05
Cross-correlation between vibration signals at 50% and 100% rated load

-3 -2 -1 0 1 2 3

x 10
5

-0.05

0

0.05
Cross-correlation between vibration signals at 50% and 110% rated load

-3 -2 -1 0 1 2 3

x 10
5

-0.2

0

0.2
Cross-correlation between vibration signals at 100% and 110% rated load

Fig. 7.7 Autocorrelation and cross-correlation of vibration signals of point 1 at cases of 50, 100,
and 110 % rated input load. a Autocorrelation. b Cross-correlation
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provide the running information of the gearbox under different input loads. As rated
input load increases, the amplitude of line spectrum increases obviously. The fre-
quency bands of the vibration signals of the gearbox under different rated input
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Fig. 7.8 Autocorrelation and cross-correlation of vibration signals of point 2 at cases of 50, 100,
and 110 % rated input load. a Autocorrelation. b Cross-correlation
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loads are certainly wide which means the vibrations excited by different compo-
nents of the gear train are also obvious. The suitable frequency bands are useful for
monitoring the gearbox operating conditions.
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Fig. 7.9 Autocorrelation and cross-correlation of vibration signals of point 3 at cases of 50, 100,
and 110 % rated input load. a Autocorrelation. b Cross-correlation
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Fig. 7.11 The vibration signals of point 2 at cases of 50, 100, and 110 % rated input load
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Fig. 7.10 The vibration signals of point 1 at cases of 50, 100, and 110 % rated input load
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7.6 Phase Analysis of Vibration Signals of Wind Turbine
Gearbox

It is known that the traditional FFT phase analysis of a signal has two disadvan-
tages. The first is the great noise which makes the maxima detection and the peaks
discrimination difficult. The second is that the shape of the phase is not fixed. Phase
analysis based on analytic signal theory with Hilbert transform estimates of
vibration signals of the wind turbine gearbox at cases of 50, 100, and 110 % rated
input load is researched in this part.

7.6.1 Phase Analysis Based on Analytic Signal Theory
with Hilbert Transform

In order to stabilize the phase shape, a solution to control the real and imaginary
part values of the DFT spectrum must be found. Consequently, the real part must be
null excepted at characteristic frequencies. The solution is to interpret the DFT
modulus as the real part of a new signal called ‘analytic signal.’ Indeed, the
modulus contains very weak values, and Dirac impulsions are studied often. So, the
shape of the real part is well-known at each frequency point, and the signal-to-noise
ratio (SNR) is increased.
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Fig. 7.12 The vibration signals of point 3 at cases of 50, 100, and 110 % rated input load
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The analytic signal is obtained by a HT of the line current spectrum modulus.
Considering a signal s(t), the analytic signal ~sðtÞ can be expressed as

~sðtÞ ¼ sðtÞþ jqðtÞ ð7:4Þ

where

qðtÞ ¼ HðsðtÞÞ ¼ sðtÞ � 1
pt

ð7:5Þ

The HT qðtÞ ¼ HðsðtÞÞ is defined as the convolution product of the signal sðtÞ
(which becomes the real part of ~sðtÞ) by a filter whose the impulse response is
hðtÞ ¼ 1

pt. The analytic signal can be obtained by a HT of the spectrum modulus.
The Fourier transform of the signal qðtÞ, which represents the HT of the signal

sðtÞ, is given by the following equation

qðtÞ�!FT � jsgnðxÞSðxÞ ð7:6Þ

where SðxÞ is the Fourier transform of sðtÞ, and sgnðxÞ ¼ f1; 0;�1g when
x[ 0; ¼ 0; \0.

Consequently, the analytic signal ~sðtÞ can be obtained by using the Fourier
transform with the expression

~sðtÞ!FT SðxÞþ j½�jsgnðxÞ�SðxÞ ¼ ½1þ sgnðxÞ�SðxÞ ð7:7Þ

The Fourier image of the analytic signal is doubled at positive frequencies and
canceled at negative frequencies with respect to SðxÞ. The advantage of this
transformation is that the result remains in the same domain as the signal analyzed
(time, e.g.).

A particularity here is that the HT is applied on the spectrum modulus of original
time signal data, such as jYðxÞj of yðtÞ. Hence, the analytic signal of this modulus
provides

~YðxÞ ¼ jYðxÞj þ jYHTðxÞ ð7:8Þ

where YHTðxÞ ¼ HðYðxÞÞ.
The analytic signal phase WHTðxÞ can be calculated with the expression

WHTðxÞ ¼ arctan
Imð~YðxÞÞ
Reð~YðxÞÞ ¼ arctan

YHTðxÞ
jYðxÞj ð7:9Þ

The HT applied to the spectrum modulus of signal gives a phase restricted to the
interval ½�p=2; p=2�. Moreover, the knowledge of the imaginary part from HT
allows predicting the exact form of the analytic signal phase. Besides, due to the
noise reduction, phase jumps are more pronounced which permits easier nonlin-
earity factor detection.
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7.6.2 Results of Phase Analysis of Vibration Signals
of Wind Turbine Gearbox

Phase analysis of vibration signals picked at driving side shaft of point 1 and driven
side shaft of point 3 and reference point of point 2 of the wind turbine gearbox at
cases of 50, 100, and 110 % rated input load is shown in Figs. 7.13, 7.14, and 7.15.

It is clear that the phase spectra of vibration signals of the wind turbine gearbox
under different rated input load are in the same phase pattern. They have small
difference from each other.

7.7 Hilbert–Huang Transform Analysis of Vibration
Signals of Wind Turbine Gearbox

In a nonstationary data, it is mostly difficult to make sure of the perfect periods of
harmonic components. The time–frequency analysis method named HHT has
merits such as uniform resolution at the low- and high-frequency parts, ability to
deal with the signals of large size, and so on [1–3].

HHT estimates of vibration signals of the wind turbine gearbox at cases of 50,
100, and 110 % rated input load are researched in this part.
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Fig. 7.13 Phase spectra of vibrations of point 1 with Hilbert transform at 50, 100, and 110 %
rated input load
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Fig. 7.14 Phase spectra of vibrations of point 2 with Hilbert transform at 50, 100, and 110 %
rated input load
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Fig. 7.15 Phase spectra of vibrations of point 3 with Hilbert transform at 50, 100, and 110 %
rated input load
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(a) IMFs and residue of point 1

(b) IMFs and residue of point 2

Fig. 7.16 IMFs and residue of vibration signals of point 1, 2, and 3 at case of 50 % rated input
load. a IMFs and residue of point 1. b IMFs and residue of point 2. c IMFs and residue of point 3
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7.7.1 Basic Principle of Hilbert–Huang Transform
Technique

The technique works by performing a time adaptive decomposition operation
named empirical mode decomposition (EMD) on the signal and decomposing it
into a set of complete and almost orthogonal components named intrinsic mode
function (IMF), which is almost mono-component [4].

Utilizing Hilbert transform on those obtained IMFs, we can get a full energy–
frequency–time distribution of the signal, designated as the Hilbert–Huang spec-
trum. Every IMF component can be amplitude modulation and/or frequency
modulation [5, 6]. So, it is powerful to extract the two kinds of modulations for a
nonstationary or nonlinear data. In particular, it can separate the nonlinear com-
ponent from background noise, and it is useful for nonlinear identification. The
IMFs satisfy the following requirements: (1) The number of extrema and the
number of zero crossings in the IMF must either be equal or different at most by
one; and (2) at any point, the mean value of the envelopes defined by the local
maxima and local minima must be zero.

Some recent works show that HHT is powerful in machine fault diagnosis. For
example, the periodic rub-impact in a rotor system will induce the amplitude

(c) IMFs and residue of point 3

Fig. 7.16 (continued)
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modulated nonlinear signals. Besides the rub-impact components, there are strong
components coming from rotating and other processes.

Here, we apply EMD and Hilbert envelope analysis to the nonstationary and
nonlinear data. With EMD, signals are decomposed into a series of zero-mean

(a) Instantaneous frequencies of point 1

(b) Instantaneous frequencies of point 2

Fig. 7.17 Instantaneous frequencies of vibration signals of points 1, 2, and 3 at case of 50 % rated
input load. a Instantaneous frequencies of point 1. b Instantaneous frequencies of point 2.
c Instantaneous frequencies of point 3
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amplitude-modulation frequency-modulation (AM-FM) components, i.e., IMFs,
which represent the characteristic timescale of the observation.

The process to find the IMFs of a signal x(t) comprises the following steps:

(1) Find the positions and amplitudes of all local maxima and minima in the input
signal x(t). Then, create an upper envelope by cubic spline interpolation of the
local maxima and a lower envelope by cubic spline interpolation of the local
minima. (The reason why the cubic spline is suitable for envelope function is
given in known references.)

(2) Calculate the mean of the upper and lower envelopes; this is defined as m1ðtÞ.
(3) Subtract the envelope mean from the original input signal and give the sifting

results h1ðtÞ

h1ðtÞ ¼ xðtÞ � m1ðtÞ ð7:10Þ

(4) Check whether h1ðtÞ meets the requirements to be an IMF. If h1ðtÞ is an IMF,
stop.

(5) Otherwise, treat h1ðtÞ as the new signal data and iterate on h1ðtÞ through the
previous step (1)–(4). That is, to set

h11ðtÞ ¼ xðtÞ � m11ðtÞ ð7:11Þ

(c) Instantaneous frequencies of point 3

Fig. 7.17 (continued)
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(6) Repeat this sifting procedure k times until h1kðtÞ is an IMF; this is designated
as the first IMF. Note the first-order IMF is

c1ðtÞ ¼ h1kðtÞ ð7:12Þ

(a) IMFs and residue of point 1

(b) IMFs and residue of point 2

Fig. 7.18 IMFs and residue of vibration signals of point 1, 2, and 3 at case of 100 % rated input
load. a IMFs and residue of point 1. b IMFs and residue of point 2. c IMFs and residue of point 3
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Subtract c1ðtÞ from the input signal, and define the remainder as the first
residue r1ðtÞ as follows:

r1ðtÞ ¼ xðtÞ � c1ðtÞ ð7:13Þ

(7) Since the residue r1ðtÞ still contains information related to longer period
components, it is treated as a new data stream, and the above-described sifting
process is repeated until reaching the last order IMF.

This procedure can be repeated j times to generate j residues, rjðtÞ, resulting in

r2ðtÞ ¼ r1ðtÞ � c2ðtÞ; . . .; rnðtÞ ¼ rn�1ðtÞ � cnðtÞ ð7:14Þ

The sifting process is stopped when either of two criteria are met: (1) The
component cnðtÞ, or the residue rnðtÞ, becomes so small as to be considered
inconsequential, or (2) the residue, rnðtÞ, becomes a monotonic function from which
an IMF cannot be extracted. For example, the stopping condition for an IMF is

X
t

½hk�1ðtÞ � hkðtÞ�2
h2k�1ðtÞ

\SD ð7:15Þ

(c) IMFs and residue of point 3

Fig. 7.18 (continued)
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where hkðtÞ is the sifting result in the kth iteration, and SD is typically set between
0.2 and 0.3. Besides, in order to achieve the last IMF, a simple way can be used,
that is, the last order IMF will be obtained when the cubic spline fitting stops
because the number of local maxima or minima of the residue is less than 2.

(a) Instantaneous frequencies of point 1

(b) Instantaneous frequencies of point 2

Fig. 7.19 Instantaneous frequencies of vibration signals of points 1, 2, and 3 at case of 100 %
rated input load. a Instantaneous frequencies of point 1. b Instantaneous frequencies of point 2.
c Instantaneous frequencies of point 3
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Finally, we obtain the decomposed components of the original signal by HHT as

xðtÞ ¼
Xn
j¼1

cjðtÞþ rnðtÞ ð7:16Þ

In other words, the original signal can now be represented as the sum of a set of
intrinsic mode functions plus a residue.

Now, applying the Hilbert transform to all IMFs, we get

H½cjðtÞ� ¼ 1
p

Z1

�1

cj sð Þ
t � s

ds ð7:17Þ

After the Hilbert transform, H cjðtÞ
� �

and cjðtÞ together form a complex signal,

ajðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2j ðtÞþ ðH½cjðtÞ�Þ2

q� �
. So that, the phase function of every IMF is

UjðtÞ ¼ arctan
H½cjðtÞ�
cjðtÞ ð7:18Þ

(c) Instantaneous frequencies of point 3

Fig. 7.19 (continued)
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The instantaneous frequency of the IMF is obtained by time differential opera-
tion as

xjðtÞ ¼ dUjðtÞ
dt

ð7:19Þ

(a) IMFs and residue of point 1

(b) IMFs and residue of point 2

Fig. 7.20 IMFs and residue of vibration signals of point 1, 2, and 3 at case of 110 % rated load.
a IMFs and residue of point 1. b IMFs and residue of point 2. c IMFs and residue of point 3
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7.7.2 HHT Analysis of Vibrations of Wind Turbine Gearbox

HHT analysis of vibration signals picked at driving side shaft of point 1 and driven
side shaft of point 3 and reference point of point 2 of the wind turbine gearbox at
cases of 50, 100, and 110 % rated input load is shown in Figs. 7.16, 7.17, 7.18,
7.19, 7.20 and 7.21.

It is clear that the HHT vibration signals of the wind turbine gearbox under
different rated input loads can be used to distinguish each other. The vibration
signals of the gearbox at case of 50 % rated input load are selected to introduce the
difference between point 1 and point 2.

There are 10 IMFs of vibration signals of point 1 at case of 50 % rated input
load, but 9 IMFs of point 2. The first IMF c1 of point 1 appears as amplitude
modulation; in contrast, c1 of point 2 is quite different. The second- and third-order
IMFs of point 1 and 2, c2 and c3, appear frequency modulation. The changing
patterns of the instantaneous frequencies of point 1 and point 2 are also different.
The vibration signal of points 1 and 2 could be regarded as a nonstationary data
without strongly nonlinear.

(c) IMFs and residue of  point 3

Fig. 7.20 (continued)

114 7 Vibration Signal Analyses of Gearbox in Time-Domain, Frequency …



(a) Instantaneous frequencies of point 1

(b) Instantaneous frequencies of point 2

Fig. 7.21 Instantaneous frequencies of vibration signals of point 1, 2, and 3 at case of 100 %
rated input load. a Instantaneous frequencies of point 1. b Instantaneous frequencies of point 2.
c Instantaneous frequencies of point 3
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Chapter 8
Conclusions

This book discusses the dynamic analysis methods and test measurements of the
wind turbine gearbox systemically.

Modal characteristics and mode energy distributions of a wind turbine gearbox
composed of a two-stage planetary gears and a high-speed output shaft are obtained
based on the lumped mass model according to torsionals of geared rotor system.

The load-sharing distributions of the gears within the wind turbine transmission
chain are also compared considering different internal excitation and external load.
The measured tooth strains under different load-sharing conditions show that the
prediction based on the torsional model of the geared rotor system is acceptable.

The load-sharing distribution of the geared system under misalignment is
obtained and compared with that of the normal condition. The coupling
misalignment has a significant effort on PLSC of geared rotor system, so as to affect
the reliability of the system greatly.

The modal characteristics of the gearbox are also analyzed based on the whole
gearbox finite element model (WG-FEM) by using finite element method. The
operating modal measurements are also obtained to check the calculated modes for
the whole machine based on the WG-FEM.

The measured vibrations on bench test and on-site test show the modal char-
acteristics, vibration responses, and vibrations induced by faults that are also
valuable for wind turbine design.
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Appendix A
Codes of Factor KA

A.1 Main_Program.m

clc; 

clear; 

% options=0.1; 

% tspan=[0,5]; 

%define iteration scope 

options = odeset; 

options.RelTol=1e-6;

%define initial value 

x0=[0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0

;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0]; 

w=jili(13,44,151); 

T=2*pi/w; 

[t,x]=ode45(@mkcf,[0:T/500:300*T],x0,options); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

midu=1.225;  %wind density   unit Kg/m3 

R=52;         %radius of wind wheel   unit m 

lamad=9;       %blade tip speed ratio 

Cplamad=0.485;   % wind energy utilization coefficient 

Ctlamad=Cplamad/lamad;   %torque coefficient  

Vc=0.85;        % change coefficient 

Vm=13;         % average wind speed  

Va=Vm*Vc;   %wind velocity amplitude 

Tinm=1/2*midu*pi*R^3*Ctlamad*Vm^2; 

%input gear parameters:   born_internal gear    c_planet carrier    p_planet gear       s_sun gear 

mn=12;             %input stage module mm

mn1=8;           %middle stage module mm

mn2=8;             %output stage module mm

bet=9.0724;         %input stage helix angle  

bet1=9.20947;       %middle stage helix angle 

bet2=4.35489;       %output stage helix angle 

beta=bet*pi/180;     % input stage helix angle  radian 

© Springer Nature Singapore Pte Ltd. 2017
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nin=13;           %the input speed of input stage planetary carrier r/min  
wc1=2*pi*nin/60; 

p=Tinm*nin/9549;  %power KW

deltaT=1/2*midu*pi*R^3*Ctlamad*Va^2*sin(wc1*t).*sin(wc1*t);   %alternating section of input torque  

Tin=Tinm+deltaT;  %input torque 

i1=1+zb/zs;        % transmission ratio of input stage 

i2=1+zb1/zs1;        % transmission ratio of middle stage 

i3=z1/z2;          % transmission ratio of out stage 

nout=nin*i1;        %the speed of middle stage planetary carrier(the speed of input stage sun gear) r/min  
wc2=2*pi*nout/60; 

n1=nout*i2;         % the speed of out stage large gear( the speed of middle stage sun gear)   r/min  

n2=n1*i3;        %the speed of output pinion   r/min  
wc3=2*pi*n2/60; 

alfa=20;              %pressure angle of input stage 

alfa1=20;             % pressure angle of middle stage 

alfa2=20;             % pressure angle of output stage 

afaw=alfa*pi/180;    %out meshing normal pressure angle of input stage radian 

afan=alfa*pi/180;    %internal meshing normal pressure angle of input stage radian 

afaw1=alfa1*pi/180;      %out meshing normal pressure angle of middle stage radian 

afan1=alfa1*pi/180;    % internal meshing normal pressure angle of middle stage radian  

afaw2=alfa2*pi/180;   % out meshing normal pressure angle of output stage radian 

gw=0.532;          %tooth width of input stage m

gw1=0.213;            % tooth width of middle stage m

gw2=0.346;            % tooth width of output stage m

bs=gw;             %tooth width of input stage sun gear  m 

bs1=gw1;         % tooth width of middle stage sun gear  m 

bp=gw;             %tooth width of input stage planetary gear m    

bp1=gw1;           % tooth width of middle stage planetary gear m 

bb=gw;             %tooth width of input stage internal gear m 

bb1=gw1;         % tooth width of middle stage internal gear m 

b1=gw2;         % tooth width of out stage large gear m 

b2=gw2;          % tooth width of out stage pinion m

beta1=bet1*pi/180;    % middle stage helix angle  radian 

beta2=bet2*pi/180;    % output stage helix angle  radian 

zs=44;              %the number of input stage sun gear 

zs1=38;             % the number of middle stage sun gear 

zp=53;              % the number of output stage planetary gear 

zp1=64;           % the number of middle stage planetary gear 

zb=151;             %the number of input stage internal gear 

zb1=165;            % the number of middle stage internal gear

z1=86;              %the number of out stage large gear  

z2=29;              %the number of output stage pinion 
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afat=atan(tan(afaw)/cos(beta));             % pressure angle at reference diameter of input stage  radian

betab=atan(tan(beta)*cos(afat));              % helix angle at base diameter of input stage  radian 

afat1=atan(tan(afaw1)/cos(beta1));         % pressure angle at reference diameter of middle stage  radian 

betab1=atan(tan(beta1)*cos(afat1));            % helix angle at base diameter of middle stage  radian 

afat2=atan(tan(afaw2)/cos(beta2));         % pressure angle at reference diameter of output stage  radian 

betab2=atan(tan(beta2)*cos(afat2));        % helix angle at base diameter of output stage  radian 

rs=mn*zs/cos(beta)/2000;                   %reference radius of input stage sun gear m

rs1=mn1*zs1/cos(beta1)/2000;             % reference radius of middle stage sun gear m 

rbs=rs*cos(afat);                           %base radius of input stage sun gear m

rbs1=rs1*cos(afat1);                      % base radius of middle stage sun gear m 

rp=mn*zp/cos(beta)/2000;                 % reference radius of input stage planetary gear m

rp1=mn1*zp1/cos(beta1)/2000;             % reference radius of middle stage planetary gear m

rbp=rp*cos(afat);                         % base radius of input stage planetary gear m 

rbp1=rp1*cos(afat1);                       % base radius of middle stage planetary gear m

rb=mn*zb/cos(beta)/2000;                 % reference radius of input stage inner gear rim m 

rb1=mn1*zb1/cos(beta1)/2000;               % reference radius of middle stage inner gear rim m

rbb=rb*cos(afat);                           % base radius of input stage inner gear rim m

rbb1=rb1*cos(afat1);                      % base radius of middle stage inner gear rim m 

a1=mn*(zp+zs)/2000/cos(beta); %centre distance of input stage external engagement before modification  m 

a2=mn*(zb-zp)/2000/cos(beta);    % centre distance of input stage internal engagement before modification  m 

a3=mn1*(zp1+zs1)/2000/cos(beta1); % centre distance of middle stage external engagement before modification  m 

a4=mn1*(zb1-zp1)/2000/cos(beta1);  % centre distance of middle stage internal engagement before modification  m 

a5=mn2*(z1+z2)/2000/cos(beta2); % centre distance of output stage external engagement before modification  m 

afatt1=21.4134*pi/180;     %transverse mesh angle of input stage external engagement  radian 

afatt2=21.4134*pi/180;  % transverse mesh angle of input stage internal engagement  radian 

afatt3=21.2891*pi/180;     % transverse mesh angle of middle stage external engagement  radian 

afatt4=21.2891*pi/180;   % transverse mesh angle of middle stage internal engagement  radian 

afatt5=18.2459*pi/180;     % transverse mesh angle of output stage external engagement  radian 

aa=a1*cos(afat)/cos(afatt1);    %actual center distance of input stage  m 

aa1=a3*cos(afat1)/cos(afatt3);  % actual center distance of middle stage  m 

aa2=a5*cos(afat2)/cos(afatt5);  % actual center distance of output stage  m 

rc=aa;                      %rotation radius of input stage planetary carrier  m 

xb=-0.298194;      %normal modification coefficient of input stage internal gear mm

xb1=-0.337459;     % normal modification coefficient of middle stage internal gear  mm  

xp=-0.698194;      % normal modification coefficient of input stage planetary gear 

xp1=-0.705062;       % normal modification coefficient of middle stage planetary gear 

xs=1.09819;          % normal modification coefficient of input stage sun gear 

xs1=1.07267;         % normal modification coefficient of middle stage sun gear 

x1=0;               % normal modification coefficient of output stage large gear  

x2=-0.605264;        % normal modification coefficient of output stage pinion 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% Parameters 
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han=1.0;   %addeneum coefficient 

ysp=(aa-a1)*1000/mn;      %center distance modification coefficient of input stage external engagement 

ysp1=(aa1-a3)*1000/mn1;   % center distance modification coefficient of middle stage external engagement 

yrp=(aa-a2)*1000/mn;      % center distance modification coefficient of input stage internal engagement 

yrp1=(aa1-a4)*1000/mn1;   % center distance modification coefficient of middle stage internal engagement 

yn12=(aa2-a5)*1000/mn2;   % center distance modification coefficient of output stage external engagement 

xsp=xp+xs;        % total modification coefficient 

xsp1=xp1+xs1; 

xrp=xb-xp; 

xrp1=xb1-xp1; 

xn12=x1+x2; 

deltaysp=xsp-ysp;     %addendum modification coefficient  

deltaysp1=xsp1-ysp1;

deltayrp=xrp-yrp; 

deltayrp1=xrp1-yrp1; 

deltay12=xn12-yn12; 

hap=(han+xp-deltaysp)*mn/1000;      % addendum  

hap1=(han+xp1-deltaysp1)*mn1/1000; 

has=(han+xs-deltaysp)*mn/1000; 

has1=(han+xs1-deltaysp1)*mn1/1000; 

hab=(han-xb+deltayrp)*mn/1000; 

hab1=(han-xb1+deltayrp1)*mn1/1000; 

ha1=(han+x1-deltay12)*mn2/1000; 

ha2=(han+x2-deltay12)*mn2/1000; 

dap=2*rp+2*hap;      %tip diameter of input stage planetary gear  m 

dap1=2*rp1+2*hap1;   % tip diameter of middle stage planetary gear  m 

das=2*rs+2*has;    % tip diameter of input stage sun gear  m 

das1=2*rs1+2*has1;   % tip diameter of middle stage sun gear  m 

dab=2*rb-2*hab;      % tip diameter of input stage inner gear rim  m 

dab1=2*rb1-2*hab1;   % tip diameter of middle stage inner gear rim  m 

d1a=2*r1+2*ha1;      % tip diameter of output stage large gear  m 

d2a=2*r2+2*ha2;     % tip diameter of output stage pinion gear  m 

rc1=aa1;                    % rotation radius of middle stage planetary carrier  m 

rbc=aa*cos(afat);             %equivalent base radius of input stage planetary carrier  m 
rbc1=aa1*cos(afat1);          % equivalent base radius of middle stage planetary carrier  m 

r1=mn2*z1/cos(beta2)/2000;    % equivalent base radius of output stage planetary carrier  m 

r2=mn2*z2/cos(beta2)/2000;     %reference radius of output stage pinion  m 

r1b=r1*cos(afat2);          % base radius of output stage large gear  m 

r2b=r2*cos(afat2);           % base radius of output stage pinion  m 

rD=1.0475; 

rD1=0.85; 
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in(afat+wc1*t).*(x(:,23))-sin(afat).*x(:,54)+cos(afat).*x(:,55)); 

%

Dxps1sc2=cos(betab)*(sin(afat-pi/2+wc1*t).*(x(:,74))+wc1*cos(afat-pi/2+wc1*t).*(x(:,22))-cos(afat-pi/2+wc1*t).*(x

(:,75))+wc1*sin(afat-pi/2+wc1*t).*(x(:,23))-sin(afat).*x(:,54)+cos(afat).*x(:,55)); 

%

Dxps1sc3=cos(betab)*(sin(afat-pi+wc1*t).*(x(:,74))+wc1*cos(afat-pi+wc1*t).*(x(:,22))-cos(afat-pi+wc1*t).*(x(:,75))

+wc1*sin(afat-pi+wc1*t).*(x(:,23))-sin(afat).*x(:,54)+cos(afat).*x(:,55)); 

%

Dxps1sc4=cos(betab)*(sin(afat-pi/2*3+wc1*t).*(x(:,74))+wc1*cos(afat-pi/2*3+wc1*t).*(x(:,22))-cos(afat-pi/2*3+wc

1*t).*(x(:,75))+wc1*sin(afat-pi/2*3+wc1*t).*(x(:,23))-sin(afat).*x(:,54)+cos(afat).*x(:,55)); 

% relative displacement of planetary gear equivalent radial deformation along meshing line 

xps1p1=cos(betab)*(cos(afat)*x(:,7)-sin(afat)*x(:,6)); 

xps1p2=cos(betab)*(cos(afat)*x(:,11)-sin(afat)*x(:,10)); 

xps1p3=cos(betab)*(cos(afat)*x(:,15)-sin(afat)*x(:,14)); 

xps1p4=cos(betab)*(cos(afat)*x(:,19)-sin(afat)*x(:,18)); 

% relative displacement derivative of planetary gear equivalent radial deformation along meshing line 

Dxps1p1=cos(betab)*(cos(afat)*x(:,59)-sin(afat)*x(:,58)); 

Dxps1p2=cos(betab)*(cos(afat)*x(:,63)-sin(afat)*x(:,62)); 

Dxps1p3=cos(betab)*(cos(afat)*x(:,67)-sin(afat)*x(:,66)); 

Dxps1p4=cos(betab)*(cos(afat)*x(:,71)-sin(afat)*x(:,70)); 

%external engagement synthetic error 

eps1wc1=ea1*sin(pi*(nout-nin)*zs*t/30); 

eps1wc2=ea1*sin(pi*(nout-nin)*zs*t/30); 

eps1wc3=ea1*sin(pi*(nout-nin)*zs*t/30); 

eps1wc4=ea1*sin(pi*(nout-nin)*zs*t/30); 

%external engagement synthetic error derivative 
Deps1wc1=ea1*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Deps1wc2=ea1*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Deps1wc3=ea1*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Deps1wc4=ea1*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30);  

%relative displacement of external engagement along the meshing line 

xps1x1=xps1sita1+xps1sc1+xps1p1-eps1wc1; 

3)); 

% relative displacement derivative of sun gear and planetary carrier equivalent radial deformation along meshing line 

Dxps1sc1=cos(betab)*(sin(afat)*x(:,74)-cos(afat)*x(:,75)-sin(afat)*x(:,54)+cos(afat)*x(:,55)); 

Dxps1sc2=cos(betab)*(sin(afat-pi/2)*x(:,74)-cos(afat-pi/2)*x(:,75)-sin(afat-pi/2)*x(:,54)+cos(afat-pi/2)*x(:,55)); 

Dxps1sc3=cos(betab)*(sin(afat-pi)*x(:,74)-cos(afat-pi)*x(:,75)-sin(afat-pi)*x(:,54)+cos(afat-pi)*x(:,55)); 

Dxps1sc4=cos(betab)*(sin(afat-pi/2*3)*x(:,74)-cos(afat-pi/2*3)*x(:,75)-sin(afat-pi/2*3)*x(:,54)+cos(afat-pi/2*3)*x(:,

55)); 

%
Dxps1sc1=cos(betab)*(sin(afat+wc1*t).*(x(:,74))+wc1*cos(afat+wc1*t).*(x(:,22))-cos(afat+wc1*t).*(x(:,75))+wc1*s
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Fps1x1=ksp.*xps1x1; 

Fps1x2=ksp.*xps1x2; 

Fps1x3=ksp.*xps1x3; 

Fps1x4=ksp.*xps1x4; 

%external engagement damping force  

Dps1x1=Csp.*Dxps1x1; 

Dps1x2=Csp.*Dxps1x2; 

Dps1x3=Csp.*Dxps1x3; 

Dps1x4=Csp.*Dxps1x4; 

%displacement of input stage internal engagement along meshing line 

%relative displacement of equivalent torsional deformation along meshing line 

xrp1sita1=cos(betab)*(rbb*x(:,1)-rbp*(x(:,5)+x(:,1))); 

xrp1sita2=cos(betab)*(rbb*x(:,1)-rbp*(x(:,9)+x(:,1))); 

xrp1sita3=cos(betab)*(rbb*x(:,1)-rbp*(x(:,13)+x(:,1))); 

xrp1sita4=cos(betab)*(rbb*x(:,1)-rbp*(x(:,17)+x(:,1))); 

%relative displacement derivative of equivalent torsional deformation along meshing line 

Dxrp1sita1=cos(betab)*(rbb*x(:,53)-rbp*(x(:,57)+x(:,53))); 

Dxrp1sita2=cos(betab)*(rbb*x(:,53)-rbp*(x(:,61)+x(:,53))); 

Dxrp1sita3=cos(betab)*(rbb*x(:,53)-rbp*(x(:,65)+x(:,53))); 

Dxrp1sita4=cos(betab)*(rbb*x(:,53)-rbp*(x(:,69)+x(:,53))); 

%relative displacement of planetary gear and planetary carrier equivalent radial deformation along meshing line 

xrp1pc1=cos(betab)*(sin(afat)*x(:,2)+cos(afat)*x(:,3)+sin(afat)*x(:,6)+cos(afat)*x(:,7)); 

xrp1pc2=cos(betab)*(sin(afat+pi/2)*x(:,2)+cos(afat+pi/2)*x(:,3)+sin(afat)*x(:,10)+cos(afat)*x(:,11)); 

xrp1pc3=cos(betab)*(sin(afat+pi)*x(:,2)+cos(afat+pi)*x(:,3)+sin(afat)*x(:,14)+cos(afat)*x(:,15)); 

xrp1pc4=cos(betab)*(sin(afat+pi/2*3)*x(:,2)+cos(afat+pi/2*3)*x(:,3)+sin(afat)*x(:,18)+cos(afat)*x(:,19)); 

%relative displacement derivative of planetary gear and planetary carrier equivalent radial deformation along meshing 
line 
Dxrp1pc1=cos(betab)*(sin(afat)*x(:,54)+cos(afat)*x(:,55)+sin(afat)*x(:,58)+cos(afat)*x(:,59)); 

Dxrp1pc2=cos(betab)*(sin(afat+pi/2)*x(:,54)+cos(afat+pi/2)*x(:,55)+sin(afat)*x(:,62)+cos(afat)*x(:,63)); 

Dxrp1pc3=cos(betab)*(sin(afat+pi)*x(:,54)+cos(afat+pi)*x(:,55)+sin(afat)*x(:,66)+cos(afat)*x(:,67)); 

Dxrp1pc4=cos(betab)*(sin(afat+pi/2*3)*x(:,54)+cos(afat+pi/2*3)*x(:,55)+sin(afat)*x(:,70)+cos(afat)*x(:,71)); 

% internal engagement synthetic error 

xps1x2=xps1sita2+xps1sc2+xps1p2-eps1wc2; 

xps1x3=xps1sita3+xps1sc3+xps1p3-eps1wc3; 

xps1x4=xps1sita4+xps1sc4+xps1p4-eps1wc4; 

%relative displacement derivative of external engagement along the meshing line 

Dxps1x1=Dxps1sita1+Dxps1sc1+Dxps1p1-Deps1wc1; 

Dxps1x2=Dxps1sita2+Dxps1sc2+Dxps1p2-Deps1wc2; 

Dxps1x3=Dxps1sita3+Dxps1sc3+Dxps1p3-Deps1wc3; 

Dxps1x4=Dxps1sita4+Dxps1sc4+Dxps1p4-Deps1wc4; 
%external engagement elastic force 
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%relative displacement of internal engagement along the meshing line 

xrp1x1=xrp1sita1+xrp1pc1-erp1wc1; 

xrp1x2=xrp1sita2+xrp1pc2-erp1wc2;

xrp1x3=xrp1sita3+xrp1pc3-erp1wc3; 

xrp1x4=xrp1sita4+xrp1pc4-erp1wc4; 

%relative displacement derivative of internal engagement along the meshing line 

Dxrp1x1=Dxrp1sita1+Dxrp1pc1-Derp1wc1; 

Dxrp1x2=Dxrp1sita2+Dxrp1pc2-Derp1wc2; 

Dxrp1x3=Dxrp1sita3+Dxrp1pc3-Derp1wc3; 

Dxrp1x4=Dxrp1sita4+Dxrp1pc4-Derp1wc4; 

%inxternal engagement elastic force 

Frp1x1=knp.*xrp1x1; 

Frp1x2=knp.*xrp1x2; 

Frp1x3=knp.*xrp1x3; 

Frp1x4=knp.*xrp1x4; 

%internal engagement damping force  

Drp1x1=Cnp.*Dxrp1x1; 

Drp1x2=Cnp.*Dxrp1x2; 

Drp1x3=Cnp.*Dxrp1x3; 

Drp1x4=Cnp.*Dxrp1x4; 

%displacement of middle stage external engagement along meshing line 

%relative displacement of equivalent torsional deformation along meshing line 

xps2sita1=cos(betab1)*(rbp1*(x(:,29)+x(:,25))-rbs1*(x(:,41)-x(:,25))); 

xps2sita2=cos(betab1)*(rbp1*(x(:,33)+x(:,25))-rbs1*(x(:,41)-x(:,25))); 
xps2sita3=cos(betab1)*(rbp1*(x(:,37)+x(:,25))-rbs1*(x(:,41)-x(:,25))); 

%relative displacement derivative of equivalent torsional deformation along meshing line 

Dxps2sita1=cos(betab1)*(rbp1*(x(:,81)+x(:,77))-rbs1*(x(:,93)-x(:,77))); 

Dxps2sita2=cos(betab1)*(rbp1*(x(:,85)+x(:,77))-rbs1*(x(:,93)-x(:,77))); 

Dxps2sita3=cos(betab1)*(rbp1*(x(:,89)+x(:,77))-rbs1*(x(:,93)-x(:,77))); 

% relative displacement of sun gear and planetary carrier equivalent radial deformation along meshing line 

xps2sc1=cos(betab1)*(sin(afat1)*x(:,42)-cos(afat1)*x(:,43)-sin(afat)*x(:,26)+cos(afat)*x(:,27)); 

xps2sc2=cos(betab1)*(sin(afat1-pi/3*2)*x(:,42)-cos(afat1-pi/3*2)*x(:,43)-sin(afat-pi/3*2)*x(:,26)+cos(afat-pi/3*2)*x

erp1wc1=ea2*sin(pi*(nout-nin)*zs*t/30); 

erp1wc2=ea2*sin(pi*(nout-nin)*zs*t/30); 

erp1wc3=ea2*sin(pi*(nout-nin)*zs*t/30); 

erp1wc4=ea2*sin(pi*(nout-nin)*zs*t/30); 

%internal engagement synthetic error derivative 

Derp1wc1=ea2*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Derp1wc2=ea2*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Derp1wc3=ea2*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Derp1wc4=ea2*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 
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x(:,27)); 
% relative displacement derivative of sun gear and planetary carrier equivalent radial deformation along meshing line 

Dxps2sc1=cos(betab1)*(sin(afat1)*x(:,94)-cos(afat1)*x(:,95)-sin(afat)*x(:,78)+cos(afat)*x(:,79)); 

Dxps2sc2=cos(betab1)*(sin(afat1-pi/3*2)*x(:,94)-cos(afat1-pi/3*2)*x(:,95)-sin(afat-pi/3*2)*x(:,78)+cos(afat-pi/3*2)*

x(:,79)); 

Dxps2sc3=cos(betab1)*(sin(afat1-pi/3*4)*x(:,94)-cos(afat1-pi/3*4)*x(:,95)-sin(afat-pi/3*4)*x(:,78)+cos(afat-pi/3*4)*

x(:,79)); 

%
Dxps2sc1=cos(betab1)*(sin(afat1+wc2*t).*x(:,94)+wc2*cos(afat1+wc2*t).*x(:,42)-cos(afat1+wc2*t).*x(:,95)+wc2*s

in(afat1+wc2*t).*x(:,43)-sin(afat)*x(:,78)+cos(afat)*x(:,79)); 
%

Dxps2sc2=cos(betab1)*(sin(afat1-pi/3*2+wc2*t).*x(:,94)+wc2*cos(afat1-pi/3*2+wc2*t).*x(:,42)-cos(afat1-pi/3*2+w

c2*t).*x(:,95)+wc2*sin(afat1-pi/3*2+wc2*t).*x(:,43)-sin(afat)*x(:,78)+cos(afat)*x(:,79)); 
%

Dxps2sc3=cos(betab1)*(sin(afat1-pi/3*4+wc2*t).*x(:,94)+wc2*cos(afat1-pi/3*4+wc2*t).*x(:,42)-cos(afat1-pi/3*4+w

c2*t).*x(:,95)+wc2*sin(afat1-pi/3*4+wc2*t).*x(:,43)-sin(afat)*x(:,78)+cos(afat)*x(:,79)); 

% relative displacement of planetary gear equivalent radial deformation along meshing line 

xps2p1=cos(betab1)*(cos(afat1)*x(:,31)-sin(afat1)*x(:,30)); 

xps2p2=cos(betab1)*(cos(afat1)*x(:,35)-sin(afat1)*x(:,34)); 

xps2p3=cos(betab1)*(cos(afat1)*x(:,39)-sin(afat1)*x(:,38)); 

% relative displacement derivative of planetary gear equivalent radial deformation along meshing line 

Dxps2p1=cos(betab1)*(cos(afat1)*x(:,83)-sin(afat1)*x(:,82)); 

Dxps2p2=cos(betab1)*(cos(afat1)*x(:,87)-sin(afat1)*x(:,86)); 

Dxps2p3=cos(betab1)*(cos(afat1)*x(:,91)-sin(afat1)*x(:,90)); 

%external engagement synthetic error 

eps2wc1=ea3*sin(pi*(n1-nout)*zs1*t/30); 

eps2wc2=ea3*sin(pi*(n1-nout)*zs1*t/30); 

eps2wc3=ea3*sin(pi*(n1-nout)*zs1*t/30); 

%external engagement synthetic error derivative 

Deps2wc1=ea3*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

Deps2wc2=ea3*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

Deps2wc3=ea3*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

%relative displacement of external engagement along the meshing line 

(:,27)); 

xps2sc3=cos(betab1)*(sin(afat1-pi/3*4)*x(:,42)-cos(afat1-pi/3*4)*x(:,43)-sin(afat-pi/3*4)*x(:,26)+cos(afat-pi/3*4)*x

(:,27)); 

% xps2sc1=cos(betab1)*(sin(afat1+wc2*t).*x(:,42)-cos(afat1+wc2*t).*x(:,43)-sin(afat)*x(:,26)+cos(afat)*x(:,27)); 

%

xps2sc2=cos(betab1)*(sin(afat1-pi/3*2+wc2*t).*x(:,42)-cos(afat1-pi/3*2+wc2*t).*x(:,43)-sin(afat)*x(:,26)+cos(afat)*

x(:,27)); 

%
xps2sc3=cos(betab1)*(sin(afat1-pi/3*4+wc2*t).*x(:,42)-cos(afat1-pi/3*4+wc2*t).*x(:,43)-sin(afat)*x(:,26)+cos(afat)*
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Fps2x1=ksp1.*xps2x1; 

Fps2x2=ksp1.*xps2x2; 

Fps2x3=ksp1.*xps2x3; 

%external engagement damping force  

Dps2x1=Csp1.*Dxps2x1; 

Dps2x2=Csp1.*Dxps2x2; 

Dps2x3=Csp1.*Dxps2x3; 

%displacement of middle stage internal engagement along meshing line 

%relative displacement of equivalent torsional deformation along meshing line 

xrp2sita1=cos(betab1)*(rbb1*x(:,25)-rbp1*(x(:,29)+x(:,25))); 

xrp2sita2=cos(betab1)*(rbb1*x(:,25)-rbp1*(x(:,33)+x(:,25))); 

xrp2sita3=cos(betab1)*(rbb1*x(:,25)-rbp1*(x(:,37)+x(:,25))); 

%relative displacement derivative of equivalent torsional deformation along meshing line 

Dxrp2sita1=cos(betab1)*(rbb1*x(:,77)-rbp1*(x(:,81)+x(:,77))); 

Dxrp2sita2=cos(betab1)*(rbb1*x(:,77)-rbp1*(x(:,85)+x(:,77))); 

Dxrp2sita3=cos(betab1)*(rbb1*x(:,77)-rbp1*(x(:,89)+x(:,77))); 

%relative displacement of planetary gear and planetary carrier equivalent radial deformation along meshing line 

xrp2pc1=cos(betab1)*(sin(afat1)*x(:,26)+cos(afat1)*x(:,27)+sin(afat1)*x(:,30)+cos(afat1)*x(:,31)); 

xrp2pc2=cos(betab1)*(sin(afat1+pi/3*2)*x(:,26)+cos(afat1+pi/3*2)*x(:,27)+sin(afat1)*x(:,34)+cos(afat1)*x(:,35)); 

xrp2pc3=cos(betab1)*(sin(afat1+pi/3*4)*x(:,26)+cos(afat1+pi/3*4)*x(:,27)+sin(afat1)*x(:,38)+cos(afat1)*x(:,39)); 

%relative displacement derivative of planetary gear and planetary carrier equivalent radial deformation along meshing 

line 
Dxrp2pc1=cos(betab1)*(sin(afat1)*x(:,78)+cos(afat1)*x(:,79)+sin(afat1)*x(:,82)+cos(afat1)*x(:,83)); 

Dxrp2pc2=cos(betab1)*(sin(afat1+pi/3*2)*x(:,78)+cos(afat1+pi/3*2)*x(:,79)+sin(afat1)*x(:,86)+cos(afat1)*x(:,87)); 

Dxrp2pc3=cos(betab1)*(sin(afat1+pi/3*4)*x(:,78)+cos(afat1+pi/3*4)*x(:,79)+sin(afat1)*x(:,90)+cos(afat1)*x(:,91)); 

%internal engagement synthetic error 

erp2wc1=ea4*sin(pi*(n1-nout)*zs1*t/30); 

erp2wc2=ea4*sin(pi*(n1-nout)*zs1*t/30); 

erp2wc3=ea4*sin(pi*(n1-nout)*zs1*t/30); 

%internal engagement synthetic error derivative 

Derp2wc1=ea4*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

Derp2wc2=ea4*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

Derp2wc3=ea4*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

xps2x1=xps2sita1+xps2sc1+xps2p1-eps2wc1; 

xps2x2=xps2sita2+xps2sc2+xps2p2-eps2wc2; 

xps2x3=xps2sita3+xps2sc3+xps2p3-eps2wc3; 

%relative displacement derivative of external engagement along the meshing line 

Dxps2x1=Dxps2sita1+Dxps2sc1+Dxps2p1-Deps2wc1; 

Dxps2x2=Dxps2sita2+Dxps2sc2+Dxps2p2-Deps2wc2; 

Dxps2x3=Dxps2sita3+Dxps2sc3+Dxps2p3-Deps2wc3; 

%external engagement elastic force 
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%internal engagement elastic force 
Frp2x1=knp1.*xrp2x1; 

Frp2x2=knp1.*xrp2x2; 

Frp2x3=knp1.*xrp2x3; 

%internal engagement damping force  
Drp2x1=Cnp1.*Dxrp2x1; 

Drp2x2=Cnp1.*Dxrp2x2; 

Drp2x3=Cnp1.*Dxrp2x3; 

%relative displacement of helical 7 and helical 8 along the directional meshing line 

x781=cos(betab2)*((r1b.*x(:,45)-r2b.*x(:,49))+cos(afat2).*(x(:,47)-x(:,51))+sin(afat2).*(x(:,46)-x(:,50))); 

Dx781=cos(betab2)*((r1b.*x(:,97)-r2b.*x(:,101))+cos(afat2).*(x(:,99)-x(:,103))+sin(afat2).*(x(:,98)-x(:,102))); 

e78=ea5*sin(pi*n2*z2*t/30); 

De78=ea5*pi*n2*z2/30*cos(pi*n2*z2*t/30); 

x78=x781-e78; 

Dx78=Dx781-De78; 

F78=k78.*x78; 

D78=C78.*Dx78;  

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Toutm=9.55*1000*p/n2;       %unit :Nm 

Tc=0.3;    %torque change coefficient 

Ta=Toutm*Tc; 
deltaT1=Ta*sin(wc3*t); 

Tout=Toutm+deltaT1; 

Tinm1=Tinm/(1+zb/zs); 

F1=Tinm1/4/rbs; 

Tinm2=Tinm1/(1+zb1/zs1); 

F2=Tinm2/rbs1/3; 

Tinm3=Tinm2*z2/z1; 

F3=Tinm3/r2b; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Ff1=Fps1x1/F1; 

Ff2=Fps1x2/F1; 

Ff3=Fps1x3/F1; 

%relative displacement of internal engagement along the meshing line 

xrp2x1=xrp2sita1+xrp2pc1-erp2wc1; 

xrp2x2=xrp2sita2+xrp2pc2-erp2wc2; 

xrp2x3=xrp2sita3+xrp2pc3-erp2wc3; 

%relative displacement derivative of internal engagement along the meshing line 

Dxrp2x1=Dxrp2sita1+Dxrp2pc1-Derp2wc1; 

Dxrp2x2=Dxrp2sita2+Dxrp2pc2-Derp2wc2; 

Dxrp2x3=Dxrp2sita3+Dxrp2pc3-Derp2wc3; 
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Ff5=Frp1x1/F1; 

Ff6=Frp1x2/F1; 

Ff7=Frp1x3/F1; 

Ff8=Frp1x4/F1;  

figure (2) 

plot(t,Ff5); 

title(['(damping dynamic load coefficient curve-input stage planetary gear and inner gear rim)']); 

xlabel('time  t/s'); 

ylabel('using factor   KA'); 

box off; 

     hold on;  

Ff11=Fps2x1/F2; 

Ff22=Fps2x2/F2; 

Ff33=Fps2x3/F2;   

figure (3)  

plot(t,Ff11); 

title(['(damping dynamic load coefficient curve-middle stage planetary gear and sun gear)']); 

xlabel('time  t/s'); 

ylabel('using factor  KA'); 

box off; 

     hold on;  

Ff44=Frp2x1/F2; 

Ff55=Frp2x2/F2; 

Ff66=Frp2x3/F2;   

 figure (4)  

plot(t,Ff44); 

title(['(damping dynamic load coefficient curve-middle stage planetary gear and inner gear rim)']); 

xlabel('time  t/s'); 

ylabel('using factor  KA'); 

box off; 

hold on;  

 mm=F78/F3; 

 figure (5) 

Ff4=Fps1x4/F1; 

figure (1) 

plot(t,Ff1); 

title(['(damping dynamic load coefficient curve-input stage sun gear and planetary gear)']); 

xlabel('time  t/s'); 

ylabel('using factor  KA'); 

box off; 

hold on;  
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A.2 Subprogram.m

function jjfc=mkcf(t,x)%jjfc express reduced order equation  

midu=1.225;    %wind density   Kg/m3 

R=52;      %radius of wind wheel   m 

lamad=9;   %blade tip speed ratio 

Cplamad=0.485;   % wind energy utilization coefficient 

Ctlamad=Cplamad/lamad;   %torque coefficient  

Vc=0.85;   % change coefficient 

Vm=13;   % average wind speed  

Va=Vm*Vc;  %wind velocity amplitude 

Tinm=1/2*midu*pi*R^3*Ctlamad*Vm^2; 

%input gear parameters:   b or n_internal gear    c_planet carrier    p_planet gear       s_sun gear 

mn=12;               %input stage module mm

mn1=8;             %middle stage module mm

mn2=8;               %output stage module mm
bet=9.0724;      %input stage helix angle  

bet1=9.20947;          %middle stage helix angle 

bet2=4.35489;          %output stage helix angle 

beta=bet*pi/180;     % input stage helix angle  radian 

beta1=bet1*pi/180;     % middle stage helix angle  radian 

beta2=bet2*pi/180;      % output stage helix angle  radian 

zs=44;             %the number of input stage sun gear 

zs1=38;               % the number of middle stage sun gear 

zp=53;                % the number of output stage planetary gear 

zp1=64;               % the number of middle stage planetary gear 

zb=151;               %the number of input stage internal gear    

zb1=165;              % the number of middle stage internal gear

z1=86;           %the number of out stage large gear  

z2=29;                %the number of output stage pinion 

nin=13;               %the input speed of input stage planetary carrier r/min  

wc1=2*pi*nin/60; 

p=Tinm*nin/9549;              %power KW

deltaT=1/2*midu*pi*R^3*Ctlamad*Va^2*sin(wc1*t).*sin(wc1*t);   %alternating section of input torque  

Tin=Tinm+deltaT;  %input torque 

i1=1+zb/zs;     % transmission ratio of input stage 

     plot(t,mm); 

    title(['(damping dynamic load coefficient curve-high speed stage)']); 

xlabel('time  t/s'); 

ylabel('using factor  KA'); 

box off; 

hold on;   
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wc3=2*pi*n2/60; 

alfa=20;      %pressure angle of input stage 

alfa1=20;     % pressure angle of middle stage 

alfa2=20;     % pressure angle of output stage 

afaw=alfa*pi/180;      %out meshing normal pressure angle of input stage radian 

afan=alfa*pi/180;      %internal meshing normal pressure angle of input stage radian 

afaw1=alfa1*pi/180;     %out meshing normal pressure angle of middle stage radian 

afan1=alfa1*pi/180;    % internal meshing normal pressure angle of middle stage radian  

afaw2=alfa2*pi/180;   % out meshing normal pressure angle of output stage radian 

gw=0.532;            %tooth width of input stage m

gw1=0.213;            % tooth width of middle stage m

gw2=0.346;            % tooth width of output stage m

bs=gw;             %tooth width of input stage sun gear  m 

bs1=gw1;            % tooth width of middle stage sun gear  m 

bp=gw;            %tooth width of input stage planetary gear m    

bp1=gw1;            % tooth width of middle stage planetary gear m

bb=gw;            %tooth width of input stage internal gear m 

bb1=gw1;            % tooth width of middle stage internal gear m 

b1=gw2;             % tooth width of out stage large gear m 

b2=gw2;             % tooth width of out stage pinion m 

xb=-0.298194;       %normal modification coefficient of input stage internal gear  mm

xb1=-0.337459;      % normal modification coefficient of middle stage internal gear  mm  

xp=-0.698194;       % normal modification coefficient of input stage planetary gear 

xp1=-0.705062;        % normal modification coefficient of middle stage planetary gear 

xs=1.09819;           % normal modification coefficient of input stage sun gear 

xs1=1.07267;          % normal modification coefficient of middle stage sun gear 

x1=0;              % normal modification coefficient of output stage large gear  

x2=-0.605264;          % normal modification coefficient of output stage pinion 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% middle parameter 

afat=atan(tan(afaw)/cos(beta));             % pressure angle at reference diameter of input stage  radian 

betab=atan(tan(beta)*cos(afat));           % helix angle at base diameter of input stage  radian 

afat1=atan(tan(afaw1)/cos(beta1));           % pressure angle at reference diameter of middle stage  radian 

betab1=atan(tan(beta1)*cos(afat1));        % helix angle at base diameter of middle stage  radian 
afat2=atan(tan(afaw2)/cos(beta2));           % pressure angle at reference diameter of output stage  radian 

betab2=atan(tan(beta2)*cos(afat2));        % helix angle at base diameter of output stage  radian 

i2=1+zb1/zs1;   % transmission ratio of middle stage 

i3=z1/z2;       % transmission ratio of out stage 

nout=nin*i1;        %the speed of middle stage planetary carrier(the speed of input stage sun gear) r/min  
wc2=2*pi*nout/60; 

n1=nout*i2;         % the speed of out stage large gear( the speed of middle stage sun gear)   r/min  

n2=n1*i3;         %the speed of output pinion r/min  
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rbp=rp*cos(afat);                           % base radius of input stage planetary gear m 

rbp1=rp1*cos(afat1);                      % base radius of middle stage planetary gear m

rb=mn*zb/cos(beta)/2000;                    % reference radius of input stage inner gear rim m 

rb1=mn1*zb1/cos(beta1)/2000;                % reference radius of middle stage inner gear rim m

rbb=rb*cos(afat);                          % base radius of input stage inner gear rim m

rbb1=rb1*cos(afat1);                         % base radius of middle stage inner gear rim m 

a1=mn*(zp+zs)/2000/cos(beta);   %centre distance of input stage external engagement before modification  m 

a2=mn*(zb-zp)/2000/cos(beta);   % centre distance of input stage internal engagement before modification  m 

a3=mn1*(zp1+zs1)/2000/cos(beta1); % centre distance of middle stage external engagement before modification  m 

a4=mn1*(zb1-zp1)/2000/cos(beta1);  % centre distance of middle stage internal engagement before modification  m 

a5=mn2*(z1+z2)/2000/cos(beta2);   % centre distance of output stage external engagement before modification  m 

afatt1=21.4134*pi/180;     %transverse mesh angle of input stage external engagement  radian 

afatt2=21.4134*pi/180;  % transverse mesh angle of input stage internal engagement  radian 

afatt3=21.2891*pi/180;     % transverse mesh angle of middle stage external engagement  radian 

afatt4=21.2891*pi/180;   % transverse mesh angle of middle stage internal engagement  radian 

afatt5=18.2459*pi/180;     % transverse mesh angle of output stage external engagement  radian 

aa=a1*cos(afat)/cos(afatt1);    %actual center distance of input stage  m 

aa1=a3*cos(afat1)/cos(afatt3);  % actual center distance of middle stage  m 

aa2=a5*cos(afat2)/cos(afatt5);  % actual center distance of output stage  m 

rc=aa;                      %rotation radius of input stage planetary carrier  m 

rc1=aa1;                    % rotation radius of middle stage planetary carrier  m 

rbc=aa*cos(afat);             %equivalent base radius of input stage planetary carrier  m 

rbc1=aa1*cos(afat1);        % equivalent base radius of middle stage planetary carrier  m 

r1=mn2*z1/cos(beta2)/2000; % equivalent base radius of output stage planetary carrier  m 

r2=mn2*z2/cos(beta2)/2000;  %reference radius of output stage pinion  m 

r1b=r1*cos(afat2);           % base radius of output stage large gear  m 

r2b=r2*cos(afat2);          % base radius of output stage pinion  m 

rD=1.0475; 

rD1=0.85; 

han=1.0;   %addeneum coefficient 

ysp=(aa-a1)*1000/mn;      %center distance modification coefficient of input stage external engagement 

ysp1=(aa1-a3)*1000/mn1;   % center distance modification coefficient of middle stage external engagement 

yrp=(aa-a2)*1000/mn;      % center distance modification coefficient of input stage internal engagement 

yrp1=(aa1-a4)*1000/mn1;   % center distance modification coefficient of middle stage internal engagement 

rs=mn*zs/cos(beta)/2000;                 %reference radius of input stage sun gear m

rs1=mn1*zs1/cos(beta1)/2000;               % reference radius of middle stage sun gear m 

rbs=rs*cos(afat);                       %base radius of input stage sun gear m

rbs1=rs1*cos(afat1);                       % base radius of middle stage sun gear m 

rp=mn*zp/cos(beta)/2000;                 % reference radius of input stage planetary gear m

rp1=mn1*zp1/cos(beta1)/2000;               % reference radius of middle stage planetary gear m
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deltaysp=xsp-ysp;     %addendum modification coefficient  

deltaysp1=xsp1-ysp1; 

deltayrp=xrp-yrp; 

deltayrp1=xrp1-yrp1; 

deltay12=xn12-yn12; 

hap=(han+xp-deltaysp)*mn/1000;      % addendum  

hap1=(han+xp1-deltaysp1)*mn1/1000; 

has=(han+xs-deltaysp)*mn/1000; 

has1=(han+xs1-deltaysp1)*mn1/1000; 

hab=(han-xb+deltayrp)*mn/1000; 

hab1=(han-xb1+deltayrp1)*mn1/1000; 

ha1=(han+x1-deltay12)*mn2/1000; 

ha2=(han+x2-deltay12)*mn2/1000; 

dap=2*rp+2*hap;     %tip diameter of input stage planetary gear  m 

dap1=2*rp1+2*hap1;  % tip diameter of middle stage planetary gear  m 

das=2*rs+2*has;     % tip diameter of input stage sun gear  m 

das1=2*rs1+2*has1;  % tip diameter of middle stage sun gear  m 

dab=2*rb-2*hab;     % tip diameter of input stage inner gear rim  m 

dab1=2*rb1-2*hab1;  % tip diameter of middle stage inner gear rim  m 

d1a=2*r1+2*ha1;     % tip diameter of output stage large gear  m 

d2a=2*r2+2*ha2;     % tip diameter of output stage pinion gear  m 

afaatp=acos(rbp/dap*2);                % pressure angle at tip circle of input stage planetary gear 

afaatp1=acos(rbp1/dap1*2);             % pressure angle at tip circle of middle stage planetary gear 

afaatb=acos(rbb/dab*2);               % pressure angle at tip circle of input stage inner gear rim 

afaatb1=acos(rbb1/dab1*2);            % pressure angle at tip circle of middle stage inner gear rim 

afaats=acos(rbs/das*2);                  % pressure angle at tip circle of input stage sun gear 

afaats1=acos(rbs1/das1*2);            % pressure angle at tip circle of middle stage sun gear 

afaat1=acos(r1b/d1a*2);                  % pressure angle at tip circle of output stage large gear 

afaat2=acos(r2b/d2a*2);                % pressure angle at tip circle of output stage pinion 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%mass matrix 

% 1:seeking the actual volume 

vs=pi*rs*rs*bs;              %the volume of input stage sun gear  m^3 

vs1=pi*rs1*rs1*bs1;        % the volume of middle stage sun gear  m^3 

yn12=(aa2-a5)*1000/mn2;   % center distance modification coefficient of output stage external engagement 

xsp=xp+xs;        % total modification coefficient 

xsp1=xp1+xs1; 

xrp=xb-xp; 

xrp1=xb1-xp1; 

xn12=x1+x2; 
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% relative displacement derivative of planetary gear equivalent radial deformation along meshing line 

Dxps1p1=cos(betab)*(cos(afat)*x(59)-sin(afat)*x(58)); 

Dxps1p2=cos(betab)*(cos(afat)*x(63)-sin(afat)*x(62)); 

Dxps1p3=cos(betab)*(cos(afat)*x(67)-sin(afat)*x(66)); 

Dxps1p4=cos(betab)*(cos(afat)*x(71)-sin(afat)*x(70)); 
%external engagement synthetic error 

eps1wc1=ea1*sin(pi*(nout-nin)*zs*t/30); 

eps1wc2=ea1*sin(pi*(nout-nin)*zs*t/30); 

eps1wc3=ea1*sin(pi*(nout-nin)*zs*t/30); 

eps1wc4=ea1*sin(pi*(nout-nin)*zs*t/30); 

%external engagement synthetic error derivative 

Deps1wc1=ea1*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Deps1wc2=ea1*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Deps1wc3=ea1*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Deps1wc4=ea1*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30);  

%relative displacement of external engagement along the meshing line 

xps1x1=xps1sita1+xps1sc1+xps1p1-eps1wc1; 

xps1x2=xps1sita2+xps1sc2+xps1p2-eps1wc2; 

xps1x3=xps1sita3+xps1sc3+xps1p3-eps1wc3; 

xps1x4=xps1sita4+xps1sc4+xps1p4-eps1wc4; 

%relative displacement derivative of external engagement along the meshing line 

Dxps1x1=Dxps1sita1+Dxps1sc1+Dxps1p1-Deps1wc1; 

Dxps1x2=Dxps1sita2+Dxps1sc2+Dxps1p2-Deps1wc2; 

Dxps1x3=Dxps1sita3+Dxps1sc3+Dxps1p3-Deps1wc3; 

Dxps1x4=Dxps1sita4+Dxps1sc4+Dxps1p4-Deps1wc4; 

%external engagement elastic force 

Fps1x1=ksp.*xps1x1; 

Fps1x2=ksp.*xps1x2; 

Fps1x3=ksp.*xps1x3; 

Fps1x4=ksp.*xps1x4; 

%external engagement damping force  

Dps1x1=Csp.*Dxps1x1; 

Dps1x2=Csp.*Dxps1x2; 

Dps1x3=Csp.*Dxps1x3; 

Dps1x4=Csp.*Dxps1x4; 

).*(x(75))+wc1*sin(afat-pi/2*3+wc1*t).*(x(23))-sin(afat)*x(54)+cos(afat)*x(55)); 

% relative displacement of planetary gear equivalent radial deformation along meshing line 

xps1p1=cos(betab)*(cos(afat)*x(7)-sin(afat)*x(6)); 

xps1p2=cos(betab)*(cos(afat)*x(11)-sin(afat)*x(10)); 

xps1p3=cos(betab)*(cos(afat)*x(15)-sin(afat)*x(14)); 

xps1p4=cos(betab)*(cos(afat)*x(19)-sin(afat)*x(18)); 
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%relative displacement derivative of equivalent torsional deformation along meshing line 

Dxrp1sita1=cos(betab)*(rbb*x(53)-rbp*(x(57)+x(53))); 

Dxrp1sita2=cos(betab)*(rbb*x(53)-rbp*(x(61)+x(53))); 

Dxrp1sita3=cos(betab)*(rbb*x(53)-rbp*(x(65)+x(53))); 

Dxrp1sita4=cos(betab)*(rbb*x(53)-rbp*(x(69)+x(53))); 

%relative displacement of planetary gear and planetary carrier equivalent radial deformation along meshing line 

xrp1pc1=cos(betab)*(sin(afat)*x(2)+cos(afat)*x(3)+sin(afat)*x(6)+cos(afat)*x(7)); 

xrp1pc2=cos(betab)*(sin(afat+pi/2)*x(2)+cos(afat+pi/2)*x(3)+sin(afat)*x(10)+cos(afat)*x(11)); 

xrp1pc3=cos(betab)*(sin(afat+pi)*x(2)+cos(afat+pi)*x(3)+sin(afat)*x(14)+cos(afat)*x(15)); 

xrp1pc4=cos(betab)*(sin(afat+pi/2*3)*x(2)+cos(afat+pi/2*3)*x(3)+sin(afat)*x(18)+cos(afat)*x(19));

% xrp1pc1=cos(betab)*((sin(afat)*x(2)+cos(afat)*x(3))+sin(afat)*x(6)+cos(afat)*x(7)); 

% xrp1pc2=cos(betab)*((sin(afat)*x(2)+cos(afat)*x(3))+sin(afat)*x(10)+cos(afat)*x(11)); 

% xrp1pc3=cos(betab)*((sin(afat)*x(2)+cos(afat)*x(3))+sin(afat)*x(14)+cos(afat)*x(15)); 

% xrp1pc4=cos(betab)*((sin(afat)*x(2)+cos(afat)*x(3))+sin(afat)*x(18)+cos(afat)*x(19)); 

%relative displacement derivative of planetary gear and planetary carrier equivalent radial deformation along meshing 

line 

Dxrp1pc1=cos(betab)*(sin(afat)*x(54)+cos(afat)*x(55)+sin(afat)*x(58)+cos(afat)*x(59)); 

Dxrp1pc2=cos(betab)*(sin(afat+pi/2)*x(54)+cos(afat+pi/2)*x(55)+sin(afat)*x(62)+cos(afat)*x(63)); 

Dxrp1pc3=cos(betab)*(sin(afat+pi)*x(54)+cos(afat+pi)*x(55)+sin(afat)*x(66)+cos(afat)*x(67)); 

Dxrp1pc4=cos(betab)*(sin(afat+pi/2*3)*x(54)+cos(afat+pi/2*3)*x(55)+sin(afat)*x(70)+cos(afat)*x(71)); 

% internal engagement synthetic error 

erp1wc1=ea2*sin(pi*(nout-nin)*zs*t/30); 

erp1wc2=ea2*sin(pi*(nout-nin)*zs*t/30); 

erp1wc3=ea2*sin(pi*(nout-nin)*zs*t/30); 

erp1wc4=ea2*sin(pi*(nout-nin)*zs*t/30); 

%internal engagement synthetic error derivative 

Derp1wc1=ea2*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Derp1wc2=ea2*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Derp1wc3=ea2*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

Derp1wc4=ea2*pi*(nout-nin)*zs/30*cos(pi*(nout-nin)*zs*t/30); 

%relative displacement of internal engagement along the meshing line 

xrp1x1=xrp1sita1+xrp1pc1-erp1wc1; 

xrp1x2=xrp1sita2+xrp1pc2-erp1wc2; 

xrp1x3=xrp1sita3+xrp1pc3-erp1wc3; 

xrp1x4=xrp1sita4+xrp1pc4-erp1wc4; 

%displacement of input stage internal engagement along meshing line 

%relative displacement of equivalent torsional deformation along meshing line 

xrp1sita1=cos(betab)*(rbb*x(1)-rbp*(x(5)+x(1))); 

xrp1sita2=cos(betab)*(rbb*x(1)-rbp*(x(9)+x(1))); 

xrp1sita3=cos(betab)*(rbb*x(1)-rbp*(x(13)+x(1))); 
xrp1sita4=cos(betab)*(rbb*x(1)-rbp*(x(17)+x(1))); 
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Frp1x1=knp.*xrp1x1; 

Frp1x2=knp.*xrp1x2; 

Frp1x3=knp.*xrp1x3; 
Frp1x4=knp.*xrp1x4; 

%internal engagement damping force  

Drp1x1=Cnp.*Dxrp1x1; 

Drp1x2=Cnp.*Dxrp1x2; 

Drp1x3=Cnp.*Dxrp1x3; 

Drp1x4=Cnp.*Dxrp1x4; 

%displacement of middle stage external engagement along meshing line 

%relative displacement of equivalent torsional deformation along meshing line 

xps2sita1=cos(betab1)*(rbp1*(x(29)+x(25))-rbs1*(x(41)-x(25))); 

xps2sita2=cos(betab1)*(rbp1*(x(33)+x(25))-rbs1*(x(41)-x(25))); 

xps2sita3=cos(betab1)*(rbp1*(x(37)+x(25))-rbs1*(x(41)-x(25))); 

%relative displacement derivative of equivalent torsional deformation along meshing line 

Dxps2sita1=cos(betab1)*(rbp1*(x(81)+x(77))-rbs1*(x(93)-x(77))); 

Dxps2sita2=cos(betab1)*(rbp1*(x(85)+x(77))-rbs1*(x(93)-x(77))); 

Dxps2sita3=cos(betab1)*(rbp1*(x(89)+x(77))-rbs1*(x(93)-x(77))); 

% relative displacement of sun gear and planetary carrier equivalent radial deformation along meshing line 

xps2sc1=cos(betab1)*(sin(afat1)*x(42)-cos(afat1)*x(43)-sin(afat1)*x(26)+cos(afat1)*x(27)); 

xps2sc2=cos(betab1)*(sin(afat1-pi/3*2)*x(42)-cos(afat1-pi/3*2)*x(43)-sin(afat1-pi/3*2)*x(26)+cos(afat1-pi/3*2)*x(2

7)); 

xps2sc3=cos(betab1)*(sin(afat1-pi/3*4)*x(42)-cos(afat1-pi/3*4)*x(43)-sin(afat1-pi/3*4)*x(26)+cos(afat1-pi/3*4)*x(2

7)); 

% xps2sc1=cos(betab1)*(sin(afat1+wc2*t).*x(42)-cos(afat1+wc2*t).*x(43)-sin(afat1)*x(26)+cos(afat1)*x(27)); 

%

xps2sc2=cos(betab1)*(sin(afat1-pi/3*2+wc2*t).*x(42)-cos(afat1-pi/3*2+wc2*t).*x(43)-sin(afat1)*x(26)+cos(afat1)*x

(27)); 

%

xps2sc3=cos(betab1)*(sin(afat1-pi/3*4+wc2*t).*x(42)-cos(afat1-pi/3*4+wc2*t).*x(43)-sin(afat1)*x(26)+cos(afat1)*x

(27)); 

% relative displacement derivative of sun gear and planetary carrier equivalent radial deformation along meshing line 

Dxps2sc1=cos(betab1)*(sin(afat1)*x(94)-cos(afat1)*x(95)-sin(afat1)*x(78)+cos(afat1)*x(79)); 

Dxps2sc2=cos(betab1)*(sin(afat1-pi/3*2)*x(94)-cos(afat1-pi/3*2)*x(95)-sin(afat1-pi/3*2)*x(78)+cos(afat1-pi/3*2)*x

(79)); 

%relative displacement derivative of internal engagement along the meshing line 

Dxrp1x1=Dxrp1sita1+Dxrp1pc1-Derp1wc1; 

Dxrp1x2=Dxrp1sita2+Dxrp1pc2-Derp1wc2; 

Dxrp1x3=Dxrp1sita3+Dxrp1pc3-Derp1wc3; 

Dxrp1x4=Dxrp1sita4+Dxrp1pc4-Derp1wc4; 
%inxternal engagement elastic force 
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%

Dxps2sc3=cos(betab1)*(sin(afat1-pi/3*4+wc2*t).*x(94)+wc2*cos(afat1-pi/3*4+wc2*t).*x(42)-cos(afat1-pi/3*4+wc2

*t).*x(95)+wc2*sin(afat1-pi/3*4+wc2*t).*x(43)-sin(afat1)*x(78)+cos(afat1)*x(79)); 

% relative displacement of planetary gear equivalent radial deformation along meshing line 

xps2p1=cos(betab1)*(cos(afat1)*x(31)-sin(afat1)*x(30)); 

xps2p2=cos(betab1)*(cos(afat1)*x(35)-sin(afat1)*x(34)); 

xps2p3=cos(betab1)*(cos(afat1)*x(39)-sin(afat1)*x(38)); 

% relative displacement derivative of planetary gear equivalent radial deformation along meshing line 

Dxps2p1=cos(betab1)*(cos(afat1)*x(83)-sin(afat1)*x(82)); 

Dxps2p2=cos(betab1)*(cos(afat1)*x(87)-sin(afat1)*x(86)); 

Dxps2p3=cos(betab1)*(cos(afat1)*x(91)-sin(afat1)*x(90)); 

%external engagement synthetic error 

eps2wc1=ea3*sin(pi*(n1-nout)*zs1*t/30); 

eps2wc2=ea3*sin(pi*(n1-nout)*zs1*t/30); 

eps2wc3=ea3*sin(pi*(n1-nout)*zs1*t/30); 

%external engagement synthetic error derivative 

Deps2wc1=ea3*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

Deps2wc2=ea3*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

Deps2wc3=ea3*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

%relative displacement of external engagement along the meshing line 

xps2x1=xps2sita1+xps2sc1+xps2p1-eps2wc1; 

xps2x2=xps2sita2+xps2sc2+xps2p2-eps2wc2; 

xps2x3=xps2sita3+xps2sc3+xps2p3-eps2wc3; 

%relative displacement derivative of external engagement along the meshing line 

Dxps2x1=Dxps2sita1+Dxps2sc1+Dxps2p1-Deps2wc1; 

Dxps2x2=Dxps2sita2+Dxps2sc2+Dxps2p2-Deps2wc2; 

Dxps2x3=Dxps2sita3+Dxps2sc3+Dxps2p3-Deps2wc3; 

%external engagement elastic force 

Fps2x1=ksp1.*xps2x1; 

Fps2x2=ksp1.*xps2x2; 

Fps2x3=ksp1.*xps2x3; 

%external engagement damping force  

Dps2x1=Csp1.*Dxps2x1; 

Dxps2sc2=cos(betab1)*(sin(afat1-pi/3*2+wc2*t).*x(94)+wc2*cos(afat1-pi/3*2+wc2*t).*x(42)-cos(afat1-pi/3*2+wc2

*t).*x(95)+wc2*sin(afat1-pi/3*2+wc2*t).*x(43)-sin(afat1)*x(78)+cos(afat1)*x(79)); 

Dxps2sc3=cos(betab1)*(sin(afat1-pi/3*4)*x(94)-cos(afat1-pi/3*4)*x(95)-sin(afat1-pi/3*4)*x(78)+cos(afat1-pi/3*4)*x

(79)); 

%

Dxps2sc1=cos(betab1)*(sin(afat1+wc2*t).*x(94)+wc2*cos(afat1+wc2*t).*x(42)-cos(afat1+wc2*t).*x(95)+wc2*sin(a

fat1+wc2*t).*x(43)-sin(afat1)*x(78)+cos(afat1)*x(79)); 
%
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%relative displacement derivative of equivalent torsional deformation along meshing line 

Dxrp2sita1=cos(betab1)*(rbb1*x(77)-rbp1*(x(81)+x(77))); 

Dxrp2sita2=cos(betab1)*(rbb1*x(77)-rbp1*(x(85)+x(77))); 

Dxrp2sita3=cos(betab1)*(rbb1*x(77)-rbp1*(x(89)+x(77))); 

%relative displacement of planetary gear and planetary carrier equivalent radial deformation along meshing line 

xrp2pc1=cos(betab1)*(sin(afat1)*x(26)+cos(afat1)*x(27)+sin(afat1)*x(30)+cos(afat1)*x(31)); 

xrp2pc2=cos(betab1)*(sin(afat1+pi/3*2)*x(26)+cos(afat1+pi/3*2)*x(27)+sin(afat1)*x(34)+cos(afat1)*x(35)); 

xrp2pc3=cos(betab1)*(sin(afat1+pi/3*4)*x(26)+cos(afat1+pi/3*4)*x(27)+sin(afat1)*x(38)+cos(afat1)*x(39)); 

% xrp2pc1=cos(betab1)*((sin(afat1)*x(26)+cos(afat1)*x(27))+sin(afat1)*x(30)+cos(afat1)*x(31)); 

% xrp2pc2=cos(betab1)*((sin(afat1)*x(26)+cos(afat1)*x(27))+sin(afat1)*x(34)+cos(afat1)*x(35)); 

% xrp2pc3=cos(betab1)*((sin(afat1)*x(26)+cos(afat1)*x(27))+sin(afat1)*x(38)+cos(afat1)*x(39)); 

%relative displacement derivative of planetary gear and planetary carrier equivalent radial deformation along meshing 

line 

Dxrp2pc1=cos(betab1)*(sin(afat1)*x(78)+cos(afat1)*x(79)+sin(afat1)*x(82)+cos(afat1)*x(83)); 

Dxrp2pc2=cos(betab1)*(sin(afat1+pi/3*2)*x(78)+cos(afat1+pi/3*2)*x(79)+sin(afat1)*x(86)+cos(afat1)*x(87)); 

Dxrp2pc3=cos(betab1)*(sin(afat1+pi/3*4)*x(78)+cos(afat1+pi/3*4)*x(79)+sin(afat1)*x(90)+cos(afat1)*x(91)); 

% Dxrp2pc1=cos(betab1)*((sin(afat1)*x(78)+cos(afat1)*x(79))+sin(afat1)*x(82)+cos(afat1)*x(83)); 

% Dxrp2pc2=cos(betab1)*((sin(afat1)*x(78)+cos(afat1)*x(79))+sin(afat1)*x(86)+cos(afat1)*x(87)); 

% Dxrp2pc3=cos(betab1)*((sin(afat1)*x(78)+cos(afat1)*x(79))+sin(afat1)*x(90)+cos(afat1)*x(91)); 

%internal engagement synthetic error 

erp2wc1=ea4*sin(pi*(n1-nout)*zs1*t/30); 

erp2wc2=ea4*sin(pi*(n1-nout)*zs1*t/30); 

erp2wc3=ea4*sin(pi*(n1-nout)*zs1*t/30); 

%internal engagement synthetic error derivative 

Derp2wc1=ea4*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

Derp2wc2=ea4*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

Derp2wc3=ea4*pi*(n1-nout)*zs1/30*cos(pi*(n1-nout)*zs1*t/30); 

%relative displacement of internal engagement along the meshing line 

xrp2x1=xrp2sita1+xrp2pc1-erp2wc1; 

xrp2x2=xrp2sita2+xrp2pc2-erp2wc2; 

xrp2x3=xrp2sita3+xrp2pc3-erp2wc3; 

%relative displacement derivative of internal engagement along the meshing line 

Dxrp2x1=Dxrp2sita1+Dxrp2pc1-Derp2wc1; 

Dxrp2x2=Dxrp2sita2+Dxrp2pc2-Derp2wc2; 

xrp2sita3=cos(betab1)*(rbb1*x(25)-rbp1*(x(37)+x(25))); 

Dps2x2=Csp1.*Dxps2x2; 

Dps2x3=Csp1.*Dxps2x3; 

%displacement of middle stage internal engagement along meshing line 

%relative displacement of equivalent torsional deformation along meshing line 

xrp2sita1=cos(betab1)*(rbb1*x(25)-rbp1*(x(29)+x(25))); 

xrp2sita2=cos(betab1)*(rbb1*x(25)-rbp1*(x(33)+x(25))); 
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A.3 plantary_carrier_Stiffness.m

A.4 Excitation.m
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Appendix B
Codes of Time-frequency Analysis
of Vibration Signals

B.1 time domain waveform.m

B.2 fft.m

xt=load('xt.dat'); 

x=reshape(xt,25,2000);x=x';   

yt=load('yt.dat'); 

y=reshape(yt,25,2000);y=y';   

N=2000; 

dt=(x(2000,1)-x(1,1))/2000; 

fs=1/dt; 

t=0:(1/fs):((N-1)/fs); 

f=fs/(N)*(0:N/2-1); 

xs=detrend(x(:,16)); 

Y1=fft(xs,N); 

Pxx1=sqrt(Y1.*conj(Y1))/(N/2); 

ys=detrend(x(:,17)); 

Y2=fft(ys,N); 

Pxx2=sqrt(Y2.*conj(Y2))/(N/2); 

 [Axx1,I]=max(Pxx1);Axx1=Axx1   %amplitude spectrum: amplitude of the maximum amplitude spectrum 

f1=f(I)                        % amplitude spectrum: frequency of the maximum amplitude spectrum 

figure (6) 

plot(f,Pxx1(1:N/2),'k') 

xlabel('Frequency(Hz)','fontsize',14,'fontweight','bold') 

ylabel('Amplitude(\mum)','fontsize',14,'fontweight','bold') 

2.1 time domain waveform.m 
xt=load('xt.dat'); 

x=reshape(xt,25,2000);x=x';   

yt=load('yt.dat'); 

y=reshape(yt,25,2000);y=y';   
figure (1) 

plot(y(:,1),y(:,16),'k') 

ylabel('Disp of y/\mum','fontsize',14,'fontweight','bold') 

xlabel('Time(Sec)','fontsize',14,'fontweight','bold') 
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B.3 main_3D_FFT.m

%  ======================= first step: read data=========================== 

fp=fopen('xt1.dat','r'); 

x=fscanf(fp,'%f',1024); 

fclose(fp);  

%  =======================second step: data processing======================== 

N=1024; 

fs=3000; 

nfft=N/8; 

nov=nfft/2; 

 [b1,ff,tt]=specgram(x,nfft,fs,[],nov);%time frequency power spectrum

b=detrend(b1); 
tt;
abs(b'); 

ff;

tt=tt*1000*length(x)/(2*(length(x))/nfft+1); 

%  =======================third step: display graphic======================== 

figure; 

waterfall(ff,tt,abs(b')); 

title('three-dimensional spectral array '); 

ylabel('time/ms'); 

xlabel('frequency/Hz'); 

zlabel('power spectral density'); 
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Appendix C
Codes of Hilbert-Huang Transform Analysis
of Vibration Signals

emd.m

%emd.m 

% the function is used to complete the EMD decomposition 

function [c,rn,nIMF]=emd(y,Ns,fs) 

s1=y;   %data 

 Ns=length(y); 

 fs=6.4*1000*2.56; 

s2=s1;   

for i=1:Ns 

 s2(Ns-i+1)=s1(i); 

end 

s=[s2 s1 s2];   % left and right extension of original signal 

t=0:(1/fs):((3*Ns-1)/fs);  

X0=s;

X=X0; 

tic

[Xa Xb]=EvelopeData(X); 

toc

figure (3) 

plot(Xa(:,1),Xa(:,2),'or') 

hold on 

plot(s) 

%EMDdecomposition process 

%IMF calculation 
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          break 

    end

    h1=h1k; 

 end 

% 

if IMFflag==0 

    break; 

end 

c1=h1; 

r1=X-c1; 

c=[c c1']; 

X=r1;  

h1=X; 

end   

c;                  

rn=r1;              % remnant 

t=0:(1/fs):((Ns-1)/fs);   

c=c(Ns+1:2*Ns,:); 

rn=rn(Ns+1:2*Ns); 

rn=rn'; 

[Ns3,nIMF]=size(c); 

nIMF 

c=[]; 

 h1=X; 

 IMFflag=1; 
for i_IMF=1:30 

 for k=1:420 

    [Xa Xb]=EvelopeData(h1); 

     [Ma,Na]=size(Xa);[Mb,Nb]=size(Xb); 

if min(Ma,Mb)<2    

Ma

Mb

IMFflag=0;break
    end

    Ya=spline(Xa(:,1)/fs,Xa(:,2),t); 

Yb=spline(Xb(:,1)/fs,Xb(:,2),t);

m1=(Ya+Yb)/2;

    h1k=h1-m1; 

    SD=sum((h1-h1k).^2/h1.^2);   

    if SD<0.25 

          h1=h1k; 
          r1=X-h1;
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C.1 hhspectrum.m

%hhspectrum.m 

%the function is used to calculate Hilbert-Huang spectrum 

% [A,f,tt] = HHSPECTRUM(x)  

% inputs: 

%   - x   : matrix with one signal per row 

% outputs: 

%   - A   : instantaneous amplitudes  

%   - f   : instantaneous frequencies 

%   - tt  : truncated time instants    

% program  

function [A,f,tt] = hhspectrum(x) 

t=1:size(x,2);                   %  t: time instants 

l=1;                           %  l: estimation parameter for instfreq (integer >=1 (1:default)) 

if min(size(x)) == 1 

 if size(x,2) == 1 

  x = x'; 

  t = 1:size(x,2); 

 end 

 Nmodes = 1; 

else 

 Nmodes = size(x,1); 

end 

lt=length(t); 

tt=t((l+1):(lt-l)); 

for i=1:Nmodes 

an(i,:)=hilbert(x(i,:)')'; 

f(i,:)=instfreq(an(i,:)',tt,l)'; 

A=abs(an(:,l+1:end-l)); 

end 
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C.2 toimage.m

%tomimage.m 

%the function is used to transform one dimensional spectrum into two dimensional spectrum 

% inputs :   - A    : amplitudes of modes (1 mode per row of A)          

%         - f    : instantaneous frequencies 

%         - t    : time instants  

% outputs :  - im   : 2D image of the spectrum 

%         - tt   : time instants in the image 

%         - ff   : centers of the frequency bins 

%program 

function [im,tt,ff] = toimage(A,f) 

DEFSPL =800;% frequency normalization 

    t = 1:size(A,2);              %t: time instants  

    sply = DEFSPL;             %sply : number of rows of the output im (frequency resolution). 

    splx = length(t);             %splx : number of columns of the output im (time resolution). 

%If different from (tlength), works only for uniform sampling. 

if isvector(A) 

A = A(:)'; 

f = f(:)'; 

end 

f = min(f,0.5); 

f = max(f,0); 

indf = round(2*f*(sply-1)+1); 

indt = repmat(round(linspace(1,length(t),splx)),size(A,1),1); 

im = accumarray([indf(:),indt(:)],A(:),[sply,splx]); 

indt = indt(1,:); 

tt = t(indt); 

ff = (0:sply-1)*0.5/sply+1/(4*sply); 

end 
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C.3 disp_hhs.m

%disp_hhs.m 

%the program is used to display Hilbert-Huang spectrum 

% inputs:  - im: image matrix (e.g., output of "toimage") 

%        - t (optional): time instants (e.g., output of "toimage")  

%        - inf (optional): -dynamic range in dB (wrt max) 

%         default: inf = -20

%        - fs: sampling frequency 

% use:  disp_hhs(im) ; disp_hhs(im,t) ; disp_hhs(im,inf) 

%      disp_hhs(im,t,inf) ; disp_hhs(im,inf,fs) ; disp_hhs(im,[],fs) 

%      disp_hhs(im,t,[],fs) ; disp_hhs(im,t,inf,fs) 

%program 

function disp_hhs(varargin) 

error(nargchk(1,3,nargin)); 

fs = 0; 

inf = -20; 

im = varargin{1}; 

t = 1:size(im,2); 
switch nargin 

case 1 

    %raf 

case 2 

    if isscalar(varargin{2}) 

      inf = varargin{2};

    else 

      t = varargin{2}; 

    end

case 3 

    if isvector(varargin{2}) 

      t = varargin{2}; 

      inf = varargin{3};

    else 

      inf = varargin{2};

      fs = varargin{3}; 

    end

case 4 

    t = varargin{2}; 

    inf = varargin{3}; 

    fs = varargin{4}; 

end 

if isempty(inf) 
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inf = -20; 

end 

if inf > 0 

inf = -inf; 

elseif inf == 0 

error('inf must be nonzero') 

end 

M=max(max(im)); 

warning off 

im = 10*log10(im/M); 

warning on 

figure(6) 
if fs == 0 

imagesc(t,[0,0.5],im,[inf,0]); 

ylabel('normalized frequency') 

else 

imagesc(t*0.00039,[0,0.5*fs],im,[inf,0]); 

ylabel('Frequency /Hz','fontsize',8) 

end 

set(gca,'YDir','normal') 

xlabel('Time /sec','fontsize',8) 
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