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Preface

Modern high-power electrical machines differ in the increased electromagnetic,
mechanical, and thermal levels from those of former years. This book will provide
progress in the development of heavy electric machine building and raise technical
and economic indicators and competitiveness of machines. This is true not only of
machines operating in networks of industrial frequency, but also of those in
networks with nonlinear elements (in nonlinear networks), for example, with fre-
quency converters.

Practice makes great demands of professional knowledge from their creators,
knowledge that should be useful at the modern level of the power industry.
Profound academic knowledge only in any single engineering area, for example, in
the field of heat transfer, will help an engineer only a little in his production activity.
For the solution of a wide complex of problems, an engineer at work is required to
have knowledge of electromagnetism, thermal problems of heat transfer and ven-
tilation, durability of structures, insulation of windings, technology, and related
areas, all of which are inseparably linked with production.

It should be noted that unfortunately production usually does not give much time
to engineers for extensive bibliographic searches and investigations connected with
the solution of problems.

For these reasons, an effective link of production with scientific organizations is
extremely important (to universities, Russian Academy of Sciences, for instance).
For ensuring this link, a factory engineer should be able to:

• formulate correctly problems together with scientists (for example, to be able to
correctly formulate boundary conditions if the problem is solved using differ-
ential or difference equations describing an investigation process);

• estimate intermediate and end results of solutions and to actively participate in
their discussion with experts from scientific organizations;

• use correctly and comprehensively solution results of all these problems in
machine construction taking into account factory technological capability.
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Let us note that with the use of the results of investigations, factory engineers
can make a final decision on the selection of machine construction and its units
following the specifications, requests by IEC, and so on.

One of additional peculiarities in the work of modern factory engineers in
collaboration with scientists is the search for technological compromises in the
solution of production problems, because physical processes are interconnected.
The complex solution of engineering problems also has another peculiarity. It is
based on the synthesis of factory experience and its use for the generation of
uniform investigation, calculation, and design methods for machines of various
types produced by a factory.

The contents of this monograph fully meet the requirements of science for
engineers at work. The reason is that real problems are solved, connected with the
generation and operation of large, modern A.C. machines, including their operation
with nonlinear loads.

The monograph shows how to solve specific practical problems. Based on the
production and scientific activities of the authors, these problems were solved to the
extent they arose in practice. Those results were published in the past 10–15 years
and in many articles in domestic [USSR (Russia)] and foreign (Germany, USA,
Czech Republic, Poland) journals, and were discussed in a number of international
conferences. Their generalization in the form of a monograph allows us to study, in
strict and consecutive statements based on uniform positions, the complex problem
of creation and operation of motors and generators.

In spite of the fact that many problems studied in this monograph are difficult,
much attention is paid to physical processes, so that the contents are illustrated by
examples from engineering practice. When writing this book, we have followed the
fundamental idea by Dr. Ruedenberg by citing the sentences of the preface of his
book (1950) because his intention is exactly the same as ours.

From experience of more than 30 years as an engineer and still longer as a teacher, I have
learned that in the minds of students of engineering those methods of solution for intricate
problems survive best, until an opportunity for application occurs, which are of the greatest
possible simplicity. All the higher and more involved methods are more suitable for applied
mathematicians and theoretical researchers than for engineers in practice, even if they are
working scientifically. For engineers the physical understanding of the analysis of the
example and the ease of discussion of the result are of greater importance than the math-
ematical rigor and generality of the method of solution.

Reinhold Ruedenberg, Transient Performance of Electric Power Systems. McGraw–Hill
Book Company, Inc., 1950 (New York–Toronto–London).

All this allows recommending this monograph to a wide range of experts in the
field of development, operation, and repair of heavy motors and generators, as well
as in the field of study of physical processes in various modes.

Saint Petersburg, Russia Iliya Boguslawsky
Saint Petersburg, Russia Nikolay Korovkin
Tokyo, Japan Masashi Hayakawa
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Chapter 1
Problems Formulation

1.1 Requirements to High-Power A.C. Motors
and Generators

The main tendency in the creation of modern alternating current (A.C.) motors for
various industries and generators for stationary and mobile power plants is growth
of their technical and economic level by an increase in their electromagnetic,
thermal loads, improvement of construction and production technique. This ten-
dency is caused by the need to increase constantly machine competitiveness.

Modern induction and synchronous motors of industrial frequency find broad
application in metallurgy, mining, cement, woodworking industry, transport and
agriculture. Generally, in operation practice use is made of two groups of indicators
for determination of their technical and economic level: indicators for operation in
nominal (rated) mode and in start-up mode.

First group contains motor efficiency, ratio of its nominal (rated) torque to
volume of active part, its weight, etc. The second contains motor characteristics:
start-up current and torque, maximum and minimum torques, value of admissible
dynamic moment of inertia of mechanism coupled with motor shaft; in practice, the
value of this dynamic moment is often limited to opportunities of short-circuited
winding of motor rotor (damper winding, squirrel cage).

However, with growth of electromagnetic and thermal level of motors and
corresponding increase of technical and economic indicators of the first group, there
can be problems with some indicators of the second group—with motor torque at
start-up, with its maximum torque, etc.; they can decrease negatively affecting
motor competitiveness. We note that these indicators are determined considerably
by construction and parameters of short-circuited rotor winding of motor (damper
winding, squirrel cage), distribution of currents in the elements of this winding
induced during its operation. Therefore, investigation of parameters of these
windings and distribution of currents in their elements represents a practical
interest.

© Springer Japan KK 2017
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For the determination of technical and economic level of modern generators for
stationary and mobile power plants of industrial frequency, use is also made of two
groups of indicators: indicators for operation in nominal mode and in transient
mode.

The first group of indicators for generators and motors is similar. The second
contains indicators defining, for example, the degree of dynamic stability of gen-
erators for operation in parallel with high-power network, and for generators of
autonomous power plants—possibility of preset power induction motor start-up,
extent of generator voltage drop at sudden load-on. This load has peculiarities: it
differs at start-up by lowered values of power factor (cos φ = 0.3–0.4), etc.

However, with growth of electromagnetic and thermal level of generators there
can be problems with some indicators of the second group that also negatively
affect their competitiveness. These indicators at preset current load to a certain
extent are also determined by parameters depending on the construction of gen-
erator rotor damper winding.

Modern frequency-controlled electric drives nowadays are widely introduced in
those industries, which were traditional for uncontrolled electric drives or for D.C.
electric drives used, for example, in metallurgy and shipbuilding. In operation
practice, in order to determine technical and economic level of frequency-controlled
motors of these electric drives use is made of the same characteristics in nominal
mode, as for machines of industrial frequency, especially, if these motors are
intended for operation in the modes with sharp load variation. However, current and
voltage distortion factors caused by the frequency converter operation in armature
circuit have an essential impact on these indicators; they are determined by higher
time harmonics in current and voltage curves of this circuit. Fields of these higher
time harmonics induce additional EMFs (electro-motive forces) and currents in
loops of a frequency-controlled motor, including in its short-circuited winding
(damper winding, squirrel cage), especially at sharp load variation. Therefore,
physical processes in rotor loops of industrial frequency motor at start-up and
frequency-controlled motors in nominal mode and at sharp load variation are
similar.

However, unlike the short-term start-up mode of industrial frequency motors,
these EMFs and currents are typical for continuous operation mode of
frequency-controlled machines. These cause a number of additional physical pro-
cesses in motor, for example, additional heating of rotor and stator loops in com-
parison with motor operation in linear networks. Respectively, motor admissible
power fed from a frequency converter should be reduced in comparison with the
power when fed from a linear network; this admissible power taking into account
nonlinear distortion factors needs to be previously calculated and specified in
delivery specifications. With growth of machine electromagnetic level, the addi-
tional currents, losses and additional heating can also increase in rotor loops
(damper winding, squirrel cage). We note that these indicators are considerably
determined (as at asynchronous start-up from network) by construction and
parameters of short-circuited rotor winding of motor, distribution of currents in the
elements of this winding induced during continuous operation. Therefore,
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investigation of parameters of short-circuited rotor windings, distribution of cur-
rents in their elements represents a practical interest for machines of this class.

Modern generators of stationary and mobile power plants are even more often
used in nonlinear networks. In short-circuited loops of their rotors, there appear
additional currents and heating; they are similar to additional currents which con-
tinuously appear in synchronous motors fed from frequency converters.

Let us note that higher time harmonics caused by stator stepped form, in par-
ticular in salient pole machines with a small number of slots per pole and phase as
well as in double-fed machines (in generator mode) can result in network nonlin-
earity; application of known measures to decrease EMF nonlinear distortions for
these machines in practice sometimes meet certain difficulties, especially for
double-fed machines. Therefore, the solution of these problems represents a prac-
tical interest.

It is also necessary to note problems of winding MMF (magneto-motive force)
determination at non-sinusoidal power supply, in particular, generally—in asym-
metrical modes, and currents in winding phases vary in time under arbitrary peri-
odic (not only harmonic) law, and the winding is implemented with a fractional
number of slots per pole and phase so its phase zone width cannot be identical.

Thus, practice puts forward problems of profound studying processes arising in
modern A.C. machines with short-circuited rotor loops for operation in a nonlinear
network. Its purpose is a further increase in machine technical and economic
indicators and their competitiveness.

For this purpose, refinement of investigation methods is necessary for opera-
tional characteristics of the following:

• synchronous and induction motors (especially for operation from a network or
from a frequency converter in heavy modes, for example, with variable load,
etc.);

• synchronous and double-fed machines operating on nonlinear or combined load,
and currents in winding phases with a fractional number of slots per pole and
phase vary in time under arbitrary (not only harmonic) law.

Besides, practice puts forward problems of developing methods of reduction of
EMF nonlinear distortions in high-power salient pole machines not only by
skewing of stator slots (rotor poles) in axial direction, but also by shifting poles
(group or local) in tangential direction. Similar problems also arise in the produc-
tion of high-power double-fed machines.

As the solution of these problems, it is necessary to continue investigations on
refinement of the following:

• MMF harmonics of time orders Q and spatial m excited by non-sinusoidal
currents of stator winding with account of a number of its phases, their con-
nection diagram, etc.;

• MMF harmonics of spatial orders n excited by currents with frequency ωROT in
rotor loops, including short-circuited windings stated above: damper winding of
synchronous machine and squirrel cage of induction machine.
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• distribution of currents induced by these harmonics in rotor loops, including
elements of damper winding of salient pole machine, asymmetrical squirrel cage
of induction machine;

• processes in magnetically coupled loops of stator and rotor with account of
several time and spatial harmonics;

• fields of higher time harmonics of stator stepped form order for salient pole
machines and double stepped form order (stator and rotor)—for double-fed
machines;

• circulating and eddy currents in stator windings of various construction (bar,
coil), additional losses caused by these currents.

From the statement above it follows that realization of development tendencies
for modern high-power electric machine building demands solving a number of
problems connected with refinement and extension of theory and investigation
methods of A.C. machine processes, improvement of their physical and, respec-
tively, mathematical models. It refers to motors and generators operating not only in
linear, but also in nonlinear networks: to frequency-controlled induction and syn-
chronous motors, generators of stationary and mobile power plants, etc.

1.2 Actual Problems of Modern Electric
Machine-Building Industry; Their Solution
in the Monograph

This monograph generalizes a long-term production and scientific experience of
authors on the development of theory and methods of investigation of physical
processes in modern high-power A.C. motors and generators of high electromag-
netic, mechanical and thermal level. In the last decades, problems of ensuring
reliability of these machines in networks with nonlinear elements (in nonlinear
networks) were added to those of ensuring their reliable operation in linear net-
works. These are connected with higher time harmonics causing additional losses in
machine loops, shaft torques and, respectively, increased heating of windings, stator
and rotor cores, housing vibration. Factory engineers need to solve these problems
within their production activity rather often, because a modern converting equip-
ment is implemented in various industries, transport, and agriculture more widely.

In the monograph are investigated the problems connected with the distribution
of currents and losses induced in rotor loops of A.C. machines with large elec-
tromagnetic loads. For example, these are the processes in damper winding of
salient pole machines of various construction, and in squirrel cage of induction
machines with asymmetry in it. In addition, we are describing the theory and
methods of determining admissible power of these machines in various operational
modes. These problems were put forward by practice: In developing high-power
frequency-controlled induction and synchronous motors and also diesel generators
intended for the operation in nonlinear networks, authors often had to investigate
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modes of these machines and to determine their construction with account of field
harmonic in air gap. For the first time this problem was solved by them in a
developing frequency-controlled drive based on induction motor 500 kW,
660 V, 3000 rpm. («Elektrosila» Work, Stock Company “Power Machines”
St.-Petersburg); it was intended for a charger in the first loop of nuclear reactor.
Taking into account facility importance, authors considered also construction ver-
sions of squirrel cage with possible asymmetry.

However, progress in the development of converting equipments puts forward a
problem of introduction into industry high-power frequency-controlled drives based
on synchronous salient pole machines as well. Respectively, problems of creation
of these drives for mining and cement industry—were solved for nominal power up
to 10,000 kW and speed apprx. 10 rpm. (gearless drive of grinding units, shaft
torque up to 1000 T m, range of speed regulation 0–120 %, weight up to 500 T,
“ring motor”). Operation of the USSR’s first high-power frequency-controlled drive
(gearless drive for cement mill, shaft torque about 355 T m, speed 16 rpm, regu-
lation range 0–120 %, number of pole pairs p = 30) has proved the correctness of
construction solution adopted in its development. They included not only theoret-
ical investigations, but also pilot investigations of drive elements at factory bench
(«Elektrosila» Work, Stock Company “Power Machines”); in particular, there were
investigated problems of currents distribution, additional losses and overheats in
machine loops caused by high harmonics. As a prototype, authors used a serial
salient pole SDSZ type motor (2000 kW, 100 rpm, number of pole pairs p = 30,
Limited Liability Company “Scientific-Production Association” “Leningrad
Electrical Machine Building Plant”). Problems of creation of similar drives were at
the same time solved for rated power up to 20,000 kW and speed of 110–150 rpm.
(system of electric propulsion for ice breakers, shaft torque up to 180 T m, range of
speed regulation “up”—to 125 %). When developing motors of these drives, the
authors have refined methods created in developing low-frequency motors for
gearless drives; in addition, they solved the problem on optimum regulation of these
motors for obtaining maximum efficiency.

We examined very carefully the problems of current distribution in the damper
winding of the synchronous machines as well as in the cage winding by damage of
the asynchronous machines. The results were confirmed on the test bench of work
(«Elektrosila» Work, Stock Company “Power Machines”).

For generators in autonomous (independent) nonlinear networks, for example,
ship, there was additionally solved a problem of determining admissible power in
the mode, when part of load is linear, for example, vessel lighting network, and part
—nonlinear, for example, pump motors fed from a frequency converter. Methods
developed by authors, as the solution of these problems, were checked on industrial
sample of generator (up to 2000 kW, 750 rpm in factory bench conditions, at
«Elektrosila» Work, Stock Company “Power Machines” St. Petersburg). In recent
years, the problem of providing dynamic modes for A.C. generators with large
electromagnetic loads in autonomous networks has become actual; it is solved by
the authors.
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All this has demanded to investigate in more detail problems of distribution of
currents and losses not only in rotor loops, but also in stator winding; their solution
is described in the last part of the monograph.

At present, double-fed machines (DFMs) both in motor and generator mode
become widely used in world power industry; rotor winding of machine of this type
is connected to frequency converters. Calculation methods of the modes for these
machines (with account of magnetic circuit nonlinearity and higher time harmonics
from this converter) are solved by the authors.

In several works, the authors investigate the effectiveness of construction solu-
tions necessary for the restriction of nonlinear distortions in voltage curve according
to the requirements of GOST (National Industrial Standards of Russia) and IEC
(International Electrotechnical Commission) (local and group shift of poles in
tangential direction, shift of poles or stator slots in axial direction). For the
investigation of operational characteristics of frequency-controlled salient pole
motors, the MMF determination method for stator winding is developed for an
arbitrary waveform of currents in phases and unequal phase zone width, expanding
phase currents into symmetric components is excluded for these machines.
Calculation method of transient processes in an induction machine for rotor cage
asymmetry is developed in the Chap. 22 of this monograph.

It should be noted that at present the power of motors and generators intended
for the operation in nonlinear networks continue to increase. Such machines
become not only problems of investigation of their performance characteristics, but
also problems of developing assessment criteria of technical and economic indi-
cators similar to known criteria at their operation in linear networks.

Problems connected with the investigation of eddy currents and additional losses
in stator winding of modern A.C. machines of various constructions are solved in
the last chapter of the monograph. Authors often have to solve these problems for
machines of various types. If you adhere to chronology, the start was made by the
problem investigation of additional losses in hollow conductors of stator bar
winding of new series in high-power turbogenerators over 100 MW with direct
cooling. Detailed investigation of this problem led us to its solution by an iterative
method, but not by the solution of the known Helmholtz equation usually used in
such problems. Further, the authors found modifications of this method. They were
applied for the calculation of eddy currents and losses in stator windings with bars
of various height in slot, for example, for high-power turbo—and hydrogenerators
with bars where hollow and solid conductors differ in resistivity; in stator bar
winding with incomplete transposition, for example, for high-power multipolar
machines (hydrogenerators, etc.). It appeared that this method could also be applied
to modern machines with stator coil winding differing in large number of rectan-
gular elementary conductors in turn height, etc.

The problem of skin effect in the induction motor bar is investigated in
Appendix I in extensive Chap. 23 of the monograph; unlike usual investigations of
this problem, the distribution of bar temperature at start-up is considered. This
solution allows us to specify the shaft torque at start-up of high-power of induction
motors with large electromagnetic loads and can be used in the form of CAD
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element. Appendix II gives an analytical method of multiphase winding structure
with arbitrary number of slots per pole and phase q (q ≥ 1, q < 1), etc.; in practice,
the structure of such windings meets sometimes serious difficulties, especially for
multipole machines.

Theory and methods developed in the monograph differ in physical presentation
and provide simple verification of calculations performed. Tests of manufactured
machines and their operation proved correctness of found solutions.

Main contents of the monograph were published in Russia, USA, Germany,
Czech Republic, Poland, in materials of international conferences.

The publications of authors are pointed in the reference list in the end part of
each chapter.

1.3 Presentation Order of Monograph Contents
and Structure

1.3.1 Choice of Investigation Methods: Position
of Monograph’s Authors

Long-term experience of authors proves that among investigation methods of
processes in A.C. machines, in engineering practice more widely are used those
differing by clarity of their physical treatment, by opportunity to estimate inter-
mediate results, for example, by reduction of investigated processes in modern
machines to similar, but simpler ones (in particular, processes caused by breakage
of damper winding in salient pole machine—to similar processes in induction
machine with cage asymmetry, etc.). Therefore, despite the complexity of many
problems and not traditional character of solving some of them for electric machine
industry practice, constant attention is paid to the physical treatment of processes in
the monograph. The authors completely share grounds of a famous expert
R. Ruedenberg on it (Dr. Ing., Dr. hon., A.M. hon. of Harvard University; formerly
Chief Electrical Eng., Siemens Schuckertwerke, Berlin; Cons. Eng. GEC, London),
given earlier in the form of epigraph.

Analytic expressions of closed form for currents in structural components have
been obtained as the result of studies of damper windings of salient pole syn-
chronous machines:

• with segments between neighboring poles;
• with a bar on each pole whose impedance differs from other ones on it;
• with damaged bar on one of poles;
• asynchronous machines with one or few damaged bars.

Expressions for currents in components of squirrel-cage armature windings have
been used to obtain analytic expressions for MMF and air gap flux created by these
currents. In terms of salient-pole synchronous machines the air-gap irregularity
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(under pole and between poles) is to be considered by complex Fourier expansion
of flow step function. Such a presentation of Fourier expansion results allows one to
get complex amplitudes (phasors) of MMF and flux rotating around armature both
in positive and negative directions. As a result, the currents in structural compo-
nents of squirrel-cage armature windings, MMF and air-gap flux due to these
currents have been obtained in the form of generalized responses specified by
machine design, its active part geometrical sizes; such responses are convenient to
be studied as transfer functions establishing the relationship between these values
and an amplitude of total field gap induction (field mutual induction). An induction
amplitude shall be calculated with the use of known equations of flux linkage of
circuits.

However, to consider the air-gap irregularity (under pole and between poles) the
break-down of MMF and flux may be carried out along orthogonal axes according
to known papers of A. Blondel (1895), and R. H. Park (1929, 1933). In this case,
the calculation of current distribution through armature structural elements shall be
performed (with the use of the method proposed in the above paper) for both
components; resulting current shall be calculated for each component in the form of
a sum; and this shall make the solution more complicated.

It should be noted that for salient-pole synchronous machines several approaches
to avoid the transformation of mutual induction field into orthogonal components
have been made in some papers with application of methods similar to that realized
in the known paper of R. Ruedenberg (1923) for asynchronous machines. Various
modifications of equation systems have been applied for flux linkage of circuits (D.
A. Gorodsky “Theory of electrical processes in synchronous machines”,
Electrotechnical industry reporter, Moscow, 1942; S. Yamamura. “Spiral Vector
Theory of A.C. Circuits and Machines”, 1992), etc. It is also noteworthy to cite the
monograph K.S. Demirchyan, P.A. Butyrin «Modelling and numerical calculations
of electrical circuits», Moscow, 1988, in which the authors propose a new efficient
method for the analytical investigation of transients in synchronous machines.
However, these papers present a damper winding in a simplified form—in the form
of lumped impedances; the problem of calculation of current distribution in
structural components has not been studied in these papers.

1.3.2 Presentation Order of Monograph Contents

Material of the monograph is stated regularly: At first, are stated foundations of
physical processes and phenomena, theory and methods of their investigation; in
further statement they are used for the solution of practical problems connected with
the creation of high-power A.C. machines. At the same time, sections are given
whenever possible independently from each other, with minimum number of ref-
erences to previous ones. Inevitable repetitions in such statement are avoided in
such a way that for practical use of certain chapters and sections there is no need in
detail to study contents of the whole monograph. For example, the method and
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algorithm of performance characteristics calculation for double-fed machines with
account of saturation and higher harmonics in rotor circuits are so stated in the
monograph; also is stated a method and algorithm of calculation of performance
characteristics of high-power induction motors with nonlinear parameters. The
monograph also represents calculation methods and algorithms of currents distri-
bution in asymmetrical closed and open active U-shaped recurrent circuits neces-
sary, for example, in the investigation of currents in damper winding elements of
salient pole machine, etc.

1.3.3 Checking Methods Developed in the Monograph

In the monograph, the methods and developed investigation results obtained for the
first time are subjected to repeated checks. For example, general methods of
investigating passive asymmetrical U-shaped recurrent circuits (with broken ele-
ments), developed in the monograph for investigating currents in short-circuited
rotor windings, are checked by a number of numerical examples whose solution
results can also be estimated based on physical considerations. Calculation equa-
tions for currents distribution in active asymmetrical U-shaped recurrent circuits are
checked by reducing their structure to that of symmetrical circuits differing in other
boundary conditions. Calculation equations for currents distribution in complete
damper winding of synchronous machine are checked using equations for currents
in squirrel cage of induction machine as special case (at pole overlapping α = 1
(relation between the pole width and pole pitch), etc. Also several checks of
equations were performed for short-circuited rotor winding MMFs obtained by the
representation of harmonic (Fourier) series in complex plane in the form of rotating
waves, etc. It allows us to use confidently in engineering practice the results
obtained in the monograph. In addition, some of developed methods have passed
testing at factory benches («Elektrosila» Work, Stock Company “Power Machines”
St.-Petersburg and Limited Liability Company “Scientific-Production Association”
“Lenin-grad Electric Machine Building Plant”). This is, for example, the method of
determining admissible power for generator operation with nonlinear or combined
load, investigation method for double-fed machine modes, investigation method of
currents distribution in damper winding, etc.

1.3.4 Symbols Accepted in the Monograph

Current, flux density, MMF, EMF and voltage written in capital letters are complex
amplitudes (phasors, time complexes of symbolical method). In some chapters,
moduli of these complex amplitudes are used as well. To distinguish designation of
this phasor from its modulus, the standard sign of absolute value is used, for
example, its voltage modulus is designated as follows: |U|. Symbols of these and
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many other physical quantities—are usual for technical literature, for example,
D—diameter, L—length. Each new designation is explained throughout the pre-
sentation of a chapter. Besides, at the end of each chapter, symbols are given in
alphabetical order as a list, also there is explanation for each of them; symbols using
letters of the Greek alphabet are given in separate list. This is done in order to have
the opportunity to learn each chapter separately, without the learning of the pre-
vious chapters.

Indices at designations of physical quantities explain, as far as possible, their
physical sense, for example, DINN—inner diameter of stator boring, LCOR—core
length. Authors hope that all these will facilitate reading each chapter. The whole
thing simplifies the access for the engineers to the solution of problems indepen-
dently on the content of the previous chapters.

1.4 Order of References

The list of references includes the following sections:

I: monographs, general courses, textbooks;
II: induction machines (articles, author’s certificate and patents);
III: synchronous machines (articles, author’s certificate and patents);
IV: GOST, IEC and other normative documents.

According to it, in the monograph, references in the text have double numera-
tion, for example means: List of references, section II (induction machines), article
No. 1 from this list.

For material representation in the monograph, the authors considered necessary
to acquaint their readers with works of many foreign experts who played a sig-
nificant role in the formation and development of power industry including experts
of the USSR (Russia), USA, England, Germany, Czech Republic, Hungary, Italy.
Authors proceeded, thus, from the following:

• now there exist several rather effective translation means (for example, Lingvo,
Multitran, Promt, etc.), and even “speaking” translators (for example, Collins,
Companion) considerably facilitate reading publications in languages of speci-
fied countries;

• formulas in these publications usually “do not require translation”: it is well
known that “engineers in articles on their specialty read formulas without
translator”.

It should be noted that magazines with articles of monograph authors were
published not only in the USSR (Russia); at the same time they were translated into
English and published in the USA by ALLERTON PRESS, INC publishing house
(18 West Street. New York N.Y. 10001): this is “Izvestia RAN. Energetika”
magazine; “Elektrotechnika” magazine; “Electrichestvo” magazine.
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Authors consider paying expedient attention of readers of the monograph to a
number of achievements in power industry of the USSR (Russia) which charac-
terize its scientific and technological level; these are found in publications.

We give here only some of these achievements in the USSR connected with the
creation of turbogenerators and A.C. machines for various industries within the
period from 1945 (World War II end) till 2014.

In 1946, the world’s largest two-pole 50 Hz turbogenerator with indirect
hydrogen cooling was manufactured in the USSR. Its development was not only
achievement of electric machine industry, but also of metallurgy: Sizes of rotor
forging active part were also a record: length—5250 mm, diameter—1000 mm.
Since 1957, the USSR started to produce a series of turbogenerators of 60–
1200 MW with direct cooling: rotor winding with hydrogen (by 30 psig and more),
stator winding—with distillate. A turbogenerator of 1200 MW of this series was
put into operation in 1980. At that time, this generator held the position of largest
generator in Europe. At the beginning of 60th, the USSR starts the production of
turbogenerator new series of 60–1250 MW using direct cooling of windings rotor
and stator also rotor and stator cores with distillate; without hydrogen; generators of
similar construction are not produced by foreign firms.

Since 1946, the USSR starts production of a series of general-purpose
high-power induction and synchronous machines in a wide range of power (to
50 MW) and rotation speed (to 3000 rpm): for mining and cement industry, met-
allurgy, transport, including electric motion of vessels, agriculture, etc. Each series
has some modifications of construction with account of operation in these indus-
tries. Now many of machines are used as frequency-controlled (with frequency
converters). In addition, production was started for many unique machines, for
example, high-speed motors with solid rotor (in the range: 3600 kW at
12,000 rpm–200 kW at 50,000 rpm).

Development in the production of extensive nomenclature of all these machines
with high electromagnetic, mechanical and thermal load has become possible
thanks to profound scientific-research works whose results were published in
domestic and foreign editions. Within the subject of the monograph, its authors also
tried to reflect some of these publications in references to each chapter.

However, works of prof., Dr. Sci. Tech. Botvinnik M.M. deserve separate
mention. He is not only a famous author of the theory and methods of double-fed
machines regulation in various operational modes; his talent also extends to modern
theory of chess, not less difficult. Botvinnik M.M.—electrical engineer, the only in
the history of electrical equipment, who five times was the world champion in chess
(in 1948, 1951, 1954, 1958, 1961). Followers of his school, successfully continue
works of Botvinnik M. M. in the field of DFMs. References to his works and works
of his followers are given in references to Chap. 2.
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Chapter 2
Investigation Methods of Performance
Characteristics for Double-Fed Machines
with Converter in Rotor Circuit. Summary
of Main Investigation Stages of A.C.
Machines

This chapter presents investigation methods on operation modes of high-power
double-fed machines (DFMs) with frequency converter in rotor circuit. These
methods are checked experimentally and are used in modern practice, for example,
in production of these machines for operation both in modes of frequency-
controlled motors and generators with variable rotation speed.

Main stages of their investigation are noted. Obtained there are equations for
calculation of electromagnetic loads of these machines in various operational
modes, including equations for calculation of current, voltages and power of rotor
winding; they are initial for designing A.C. exciter (exciter EMF frequency is
determined by machine slip). Practical examples are given.

As a result of generalization of these stages, it is possible to formulate the main
investigation objectives for modern A.C. machines solved in subsequent chapters.

Content of this chapter is development of the methods stated in [14, 20–26].

2.1 Peculiarities of Investigation Methods

Let us consider main peculiarities in investigation methods of performance char-
acteristics for machines of this type; the converter is included into their rotor circuit
[21–24].

Summarizing main stages of this investigation, let us also determine basic
investigation stages of A.C. machines with squirrel cage rotor windings in nonlinear
networks. Investigation methods for these machines modes are more complicated
than for DFMs due to the following reasons: rotor winding of DFM is three-phase
one. Each phase of such a winding can be considered as the only loop of rotor with
lumped parameters: resistance and leakage inductance. Unlike this winding,
short-circuited rotor windings of synchronous and induction machines, for example,
damper winding of salient-pole machine, squirrel-cage with damaged bars or
without damages of induction machine, consist of several loops; these are windings

© Springer Japan KK 2017
I. Boguslawsky et al., Large A.C. Machines,
DOI 10.1007/978-4-431-56475-1_2

13



with distributed parameters. Only in the simplest case of short-circuited winding,
namely the squirrel cage, consisting of N0 intact bars, in the theory of induction
motors it is considered as a polyphase winding with number of phases mPH equal to
the number of those bars mPH ¼ N0ð Þ. In general, currents flowing through rotor
short-circuited winding loops differ not only in phase, but also in amplitude. It is
more difficult to determine these currents than those in a single current loop—either
in one of three phases mPH ¼ 3ð Þ of DFM rotor winding or in one of N0 squirrel
cage phases without any damage.

Note another distinction of short-circuited winding in a salient pole machine
rotor (damper winding, asymmetrical cage winding) from three-phase rotor winding
of DFM: for a machine with short-circuited winding in nonlinear network, each
EMF in rotor loops ðEROTÞ with frequency xROT corresponds in stator winding to
two EMFs EST;1;EST;2

� �
with frequencies x1 and x2 x1 6¼ x2; it also refers, in

particular, to the first spatial harmonic of the resulting field in the air gap.
Therefore, mode investigation methods of DFMs are easier. There is no need to

investigate the current distribution in rotor short-circuited winding loops taking into
consideration those two EMFs in stator winding, etc. However, it is also easy to
identify main stages of solving more general problems specific to machines with
rotor short-circuited windings and to give their physical interpretation.

Note further that the investigation methods of DFMs described in this chapter are
of independent practical interest: It has already been pointed out that such machines
are used in engineering practice.

DFMs now become more widely used in various industries including power
industry. In motor modes, they are used in controlled electric drives, for example,
blast furnace blowers, rolling mill converter units, turbochargers, etc.; their maxi-
mum rated power has reached 50–60 MW. In generator modes, they are used in
power plants providing constant voltage frequency and amplitude at variable
rotation speed of drive motors (diesel, turbine). Depending on type, the DFM
maximum power is various: it is 5–8 MW for wind power and small hydroelectric
power plants; 400 MW for high voltage transmission line generators; DFMs are
also used as condensers (with 60 MVA maximum power) [27–31].

Another application field of such machines has become known recently “vari-
able frequency transformers” [32]. This “variable frequency transformer” with
100 MVA rated power was manufactured by General Electric Co. It is used for
connecting two power systems different, for example, in their frequency: its stator
winding is connected to one of the systems and rotor winding—to another.
Actually, such a “variable frequency transformer” is a device converting energy of
one frequency to another. It is necessary to rotate a rotor of this machine to provide
slip frequency between two systems. It has vertical design taking into consideration
the machine high rated power and, correspondingly, its rotor dimensions. In this
case, the air gap can be made smaller than in variant with horizontally-arranged
machines. Neither advantages nor disadvantages of this trend are discussed as far as
the application of DFMs is not concerned. They are not compared with other
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technical solutions used in practice [6–9]. It should be noted that the method
mentioned below, could also be used for developing such a converter of frequency.

Numerous extensive studies of DFM physical processes, methods of analysis
and design, DFM regulation methods for determining optimal power models were
launched in 20 s of XX century [10–12]; these were proved by experiments and
operation in some European countries and the USA. DFM motor operation mode
comprising electric drive (cascades) was considered initially; they differ in their
speed regulation principles. DFM quasi steady state and transient processes in
generator modes have been researched later. Currently, due to rise of DFM appli-
cation level and use of frequency converter allowing us to control the rotor winding
voltage in amplitude and phase, it is necessary to consider more strictly DFM
magnetic circuit saturation, influence of DFM modes on this saturation and flux
winding magnitude leakages, to consider the influence of higher time harmonic
influence (Q > 1) on machine losses and shape of voltage curves [2–4, 6–9, 25].

After these preliminary remarks, let us proceed to investigation methods of
performance characteristics for DFMs with frequency converter in rotor circuit. The
method is set forth in the equations for two magnetically coupled circuits (stator and
rotor); this system takes account of machine magnetic circuit saturation.

2.2 Problem Statement

The calculation methods of DFM modes are shown by examples of the generator
mode, so that the original equations would have a univocal form; In references [6–
9, 21–23, 25] these generators are sometimes called ASG (asynchronized syn-
chronous generators); This name will be also used in this chapter for short. The
equations are written similarly for the motor mode.

There are a number of peculiarities describing the rotational speed variation of
DFM rotors:

• the first harmonic voltage at stator winding terminals remains constant in
amplitude and frequency: UST;1 6¼ f nREVð Þ; fST;1 6¼ f nREVð Þ;

• the first harmonic voltage at rotor winding terminals varies in amplitude and
frequency: UROT;1 ¼ f nREVð Þ; fROT;1 ¼ f nREVð Þ; it is assumed that rotor wind-
ing is powered from a frequency converter, for example, via contact rings;

• stator and rotor winding voltage contains a number of higher harmonics:
UST;Q ¼ f nREVð Þ; UROT;Q ¼ f nREVð Þ; fST;Q ¼ f nREVð Þ; fROT;Q ¼ f nREVð Þ.
The task is to determine specified relationships.
The assumptions adopted in these equations are standard in A.C. machine the-

ory. They take into account magnetic circuit saturation and higher time harmonic
effect. In particular, it is accepted that the resulting flux in ASG air gap is
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determined according to the Ampere’s law [1, 2]. Magnetic circuit saturation is
based on considering the first harmonic of this flux in MMF calculations. If nec-
essary, the higher time harmonics can be registered using an iteration method.

2.3 Frequencies and Amplitudes of Voltage and Current
First Harmonics in Machine Rotor and Stator
Windings

2.3.1 Ratio of Frequencies fROT;1 and f ST;1 at nREV ¼ var

In rotor speed variation modes nREV ¼ varð Þ the frequency converter control system
should provide:

fST;1 6¼ f nREVð Þ; fROT;1 ¼ f nREVð Þ:

The law of frequency regulation fROT:1 follows from the ratio:

fST;1 ¼ pnREV
60

þ fROT;1 �1ð ÞSþ 1
���

���: ð2:1Þ

Here S—sign defining the phase order sequence for the first QROT ¼ 1ð Þ rotor
winding time voltage harmonic or rotor field rotation direction relative to rotor.

Regulation laws of frequency converter are as follows:

• In rotor rotation speed modes at nREV \ 60fST=p a direct phase sequence order
(S = 1) should be provided for rotor winding first voltage harmonic; in this case
the rotor field rotation direction of the first harmonic QROT ¼ 1ð Þ and that of
rotor coincide;

• In rotor rotation speed modes at nREV [ 60fST=p an opposite phase sequence
order (S = 2) should be provided for rotor winding first voltage harmonic; in
this case the rotor field rotation direction of the first harmonic QROT ¼ 1ð Þ and
that of the rotor misalign;

• On the practice the modes with nREV [ 60fST=p did not allowed.
• in modes approaching rotor synchronous speed nREV � 60fST=p the frequency

of the first voltage harmonic QROT ¼ 1ð Þ should be fROT;1 � 0. At the same
time, winding overheating in these phases can be different.
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2.3.2 Ratio of Voltages UROT,1 and Ust,1 at nREV = var

In rotor speed variation modes nREV ¼ varð Þ the frequency converter control system
should provide:

UST;1 6¼ f nREVð Þ; UROT;1 ¼ f nREVð Þ:

The voltage control law UROT;1 follows from the equitation system for mag-
netically coupled stator and rotor circuits [1, 2, 14, 30, 31]. It is reasonable to
present them based on rotating field theory [5, 15, 16] as ASG is a non-salient pole
machine. In contrast to the usual equation system of such two circuits, at first,
machine magnetic circuit saturation is considered additionally, then influence of
higher time harmonics.

In accordance with Kirchhoff’s second law, for the first time harmonics of rotor
and stator voltage windings we have:

IROT;1j1 þU0;1j2 ¼ UROT;1 �1ð ÞSþ 1; ð2:2Þ

IST;1j4 þU0;1j3 ¼ UST;1: ð2:3Þ

K1 ¼ ZROT;1 þZF;1ðROTÞ; ZROT;1 ¼ RROT;1 þ j2pfROT;1LROT;1;

K2 ¼ j2pfROT;1WROTKW;ROT; K3 ¼ � j2pfST;1WSTKW;ST;

K4 ¼ � ZST;1-ZF;1ðSTÞ; ZST;1 ¼ RST;1 þ j2pfST;1LST;1:

Here ZF;1 ROTð Þ; ZF;1 STð Þ—impedance of filter in rotor and stator windings, corre-
spondingly; ZST;1, ZROT;1—impedance of stator winding and rotor correspondingly.
In Eqs. (2.2) and (2.3) the impedance values ZF;1 ROTð Þ; ZF;1 STð Þ are calculated at
frequencies fROT;1 and fST;1 respectively.

The following is valid for these magnetically coupled circuit windings:
FROT;1 þ FST;1 ¼ F0;1 or

IROT;1K5 þ IST;1K6 þ F0;1K7 ¼ 0; ð2:4Þ

where

K5 ¼ mROTWROTKW;ROT

pp
; K6¼mSTWSTKW;ST

pp
; K7 ¼ �1;

F0;1 ¼ FL;1 þ FM:C:;1:

Here FST;1; FROT;1—MMF complex amplitudes of stator and rotor respectively,
F0;1,…, FM:C:;1 value—MMF magnetic circuit; FL;1—MMF corresponding to PL;1
sum of no-load losses and machine additional losses (considering ventilation,
mechanical e.g., friction losses and losses in bearings, etc.) [13, 14, 16, 17]:
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FL;1 ¼ IL;1K6; where IL;1
�� �� � 2PL;1

mSTUST;1
ð2:5Þ

These losses are partially dependent on flux U0;1, as well as frequencies
fST;1; fROT;1; it is suitable to determine the value PL;1 using the iteration method. As
an initial approximation, the value IL;1 � 0 can be set; as it has been proved by
calculation practice, it is usually sufficient to have three iterations to determine the
values PL;1 and IL;1. The machine magnetic circuit saturation is calculated taking
into account the magnetization characteristics according to [13, 16]:

U0;1 ¼ U FM:C:;1
� �

: ð2:6Þ

Equations (2.1)–(2.6) make up a system for solving the first problem. The fol-
lowings are set: values UST;1; IST;1; fST;1; fROT;1; impedances ZST;1; ZROT;1;
ZF;1 STð Þ; ZF;1ðROTÞ; magnetization characteristic U0;1 ¼ U FM:C:;1

� �
.

There are four unknown values in the system: UROT;1; IROT;1; U0;1; F0;1. The
system coefficients are given in Table 2.1.

It should be noted that in ASG modes at speeds nR [ 60fST=p rotor winding can
correspond to generator mode.

As a result of problem solution given in this paragraph, it is possible to calculate
the exciter and frequency converter, thus to determine a series of higher time
voltage harmonics in ASG rotor circuit.

2.4 Frequencies and Amplitudes of Voltage and Current
Higher Time Harmonics in Machine Rotor and Stator
Windings

Amplitude values of higher current harmonics in rotor winding, as well as stator
winding voltage and current, are determined by solving the second problem. It
allows us to determine a voltage waveform of ASG stator winding, standardized by
IEC and GOST (Russian State Standard) [35]; simultaneously the filter options in
these windings are determined providing acceptable curve distortion degree.

Table 2.1 Coefficients of the
first equation system

UROT;1 IROT;1 U0;1 F0;1 The right part

ð�1ÞSþ 1 �K1 �K2 0 0

0 0 K3 0 UST;1�IST;1K4

0 K5 0 K7 �IST;1K6

0 0 1 �EN 0

Note: EN—coefficient (see Sect. 2.5.1)
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2.4.1 Ratio of Frequencies fROT;Q and f ST;Q at nREV ¼ var

Now the relation between higher harmonics voltage frequencies QROT [ 1ð Þ in both
windings is determined. Similar by to (2.1) we obtain:

fST;Q ¼ pnREV
60

þ fROT;Q �1ð ÞDþ 1
���

���; ð2:10Þ

where D—sign defining the phase sequence voltage for rotor winding higher
QROT [ 1ð Þ time voltage harmonics or direction of rotor field rotation for this
harmonic relative to rotor.

Now, we consider the modes of some practical interest:

In modes at rotor rotation speeds nREV\60 fSTp (S = 1) the rotor fields of time

order QROT ¼ 5, 11, 17,…, 6 K–1 (at K = 1, 2, 3…) and rotor rotate in the opposite
direction (D = 2), rotor fields of time order QROT = 7, 13, 19,…, 6 K + 1 (at
K = 1, 2, 3,…) and rotor—in the same direction (D = 1).

In modes at rotor rotation speeds nREV [ 60 fSTp (S = 2), rotor fields of time order

QROT = 5,11,17,.., 6 K–1 (at K = 1,2,3 …) and rotor rotate in the same direction
(D = 1), rotor fields of time order QROT = 7,13,19,.., 6 K + 1 (at K = 1,2,3…) and
rotor—in the opposite direction (D = 2).

Example. Frequency of the first voltage harmonic of ASG stator winding with
number of poles 2p = 4 is equal to fST;1 = 50 Hz; let us accept the rotor rotation
speed equal to nREV = 1150 rpm. As it follows from Eq. (2.1), the frequency of the
first voltage harmonic of rotor winding is equal to fROT;1 = 11.67 Hz (S = 1). Then,
harmonic of the order QROT = 5 (fROT;5 = 58.33 Hz) according to (2.1′) corre-
sponds to the frequency fST;5 = 20 Hz (D = 2), and harmonic of the order QROT ¼
7 (fROT;7 = 81.67 Hz), to the frequency fST;7 = 120 Hz (D = 1).

Note. It is assumed in the example that the number of rotor winding phases is
equal to mROT ¼ 3. In this case, it is possible to reduce the voltage harmonic
amplitude of frequency fST;Q by filters in both windings. However, when the
number of phases mROT ¼ 6, the time harmonic rotor fields of order QROT ¼ 5 and
QROT ¼ 7 do not induce any additional voltages in stator winding.

2.4.2 Ratio of Voltages UROT;Q;UST;Q at nREV ¼ var

In rotor speed variation modes nREV ¼ varð Þ frequencies of voltages of both
windings fROT;Q and fST;Q, and their amplitudes UROT;Q and UST;Q change.

In order to determine ratios of these amplitudes, it is advisable to use the rotating
field theory [5, 15] for solving this problem, similar to that of the first problem.
At the same time, it is also possible to consider magnetic circuit saturation [5, 17].
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In accordance with the Kirchhoff’s second law the winding voltages of stator and
rotor higher time harmonics are as follows:

IROT;Qj1;Q þU0;Qj2;Q ¼ UROT;Q; ð2:20Þ

IST;Qj4;Q þU0;Qj3;Q ¼ 0; ð2:30Þ

where K1;Q; K2;Q; K3;Q; K4;Q—coefficients similar to those K1; K2; K3; K4 from
the first problem, the impedance values ZST;Q; ZROT;Q; ZF;Q STð Þ; ZF;Q ROTð Þ, which
they contain, are computed for frequencies fST;Q and fROT;Q, respectively.

For stator winding voltage the following ratio is true: UST;Q = IST;QZ0
ST; where

Z0
ST is load impedance, which is external relative to stator winding terminals.
The expression similar to (2.4) is true to magnetically coupled rotor and stator

circuits based on Ampere’s law:

FROT;Q þ FST;Q ¼ F0;Q

or

IROT;Qj5 þ IST;Qj6 þ F0;Qj7 ¼ 0; ð2:40Þ

where F0;Q = F1;Q þ FMC:;Q. Here, FM:C:;Q—magnetic circuit MMF depending on
mutual flux similar to (2.6) according to the relation:

U0;Q ¼ U FMC:;Q
� �

: ð2:50Þ

FL;Q—MMF component corresponding to the sum of machine no-load and
additional losses for frequencies fST;Q and fROT;Q (without ventilation losses,
mechanical losses, for example, friction, in bearings, etc.) [13, 14, 16, 17]:

FL;Q ¼ IL;QK6; IL;Q
�� �� � 2PL;Q

mSTUST;Q
ð2:60Þ

These losses can be calculated using an iteration method.
Equations (2.1′)–(2.6′) make up a system for solving the second problem: where

impedances ZST;Q; ZROT;Q; ZF;Q STð Þ ZF;Q ROTð Þ; magnetization characteristic
U0;Q ¼ U FMC;Q

� �
.

There are four unknown values in the system: IROT;Q; IST;Q; U0;Q; F0;Q, and the
system coefficients are given in Table 2.2.

It should be noted that voltage and current complex values UST;1; IST;1;
�

UROT;1; IROT;1Þ in both problems determine the power factor values cosuST;1;
�

cosuROT;1Þ and, respectively, cosuST;Q; cosuROT;Q, as well as values of active and
reactive power.
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2.5 Method for Solving Both Problems; Two Systems
of Equations

In ASG modes with preset values of power factor and stator current, the first
problem can be solved without an iteration method [13, 14, 17]: flux U0;1—is
determined from Eq. (2.3): F0;1 and MMF FM:C:;1—from magnetization character-
istic (2.6) and from relationship (2.4), herewith, FM:C:;1 MMF has the same phase
angle as U0;1; IROT;1—from (2.4); UROT;1—from (2.2).

However, the given equation systems with their minor modifications remain
valid for the calculation of DFM performance characteristics not only in ASG
modes, but also in other modes, for example, in frequency controlled motor modes.
If the generator power factor (or stator winding current) is not specified, it is also
necessary to modify the equations of both systems for ASG.

Let us consider in more detail a method of calculation of DFM modes with
account of magnetic circuit saturation for this general case: ASG or motor.

2.5.1 Magnetization Characteristics Presentations h0:1 ¼
h FM:C:;1
� �

in Piecewise Linear Function Form

Both systems are nonlinear: they take into account magnetic circuit saturation in
accordance with (2.6) and (2.6′). To solve them, it is advisable to introduce the
characteristic (2.6) as a piecewise linear function.

In the simplest case, this feature could be presented as a straight line drawn from
the origin of coordinates. In this case, the magnetic circuit impedances would not be
dependent on the flux.

In a general case, this characteristic can be presented as consisting of S discrete
points at the intersections of magnetization curve (2.6) and straight lines drawn
from the origin of coordinates.

With account of Table 2.3, the relation between flux UN UN 2 U0;1
� �

in the
portion with number N = 1, 2,…, S and MMF FM:C:;N in the same portion takes the
form [14] UN ¼ EN � FM:C:;N.

Table 2.2 Coefficients of the
second equation system

IROT;Q IROT;Q U0;Q F0;Q Right part

K1;Q 0 K2;Q 0 UROT;Q

0 K4;Q K3;Q 0 0

K5 K6 0 K7 0

0 0 1 �E0
N 0

Note: �E0
N—coefficient (see Sect. 2.5.2)
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Thus, the only parameter, namely, the angular coefficient EN corresponds to each
straight line drawn from the origin of coordinates. Its value at N = 1 corresponds to
unsaturated magnetic circuit.

For this representation of curve, the equation system (2.1)–(2.6) is quasilinear
for all values N = 1, 2,…, S. The system can be considered solved provided the
calculated values of field in air gap and MMF respond to the value of coefficient EN

in Table 2.3, for which they were determined.

2.5.2 Peculiarities of Solving Both Systems

The algorithm for solving the first system QROT ¼ 1ð Þ can be represented by the
following calculation sequence:

(a) Magnetization characteristic calculation (2.6) as per [5, 17];
(b) This characteristic should be presented as it is shown in Table 2.3. In practical

calculations, the portion 0\UN\ 1
2 U0;1
� �

NOM can be represented as a single

line with coefficient EN (for N = 1), where U0;1
� �

NOM is the flux approximate
value in nominal (rated) mode;

(c) Numerical solution of quasilinear system of Eqs. (2.1)–(2.6) at
EN 1�N� Sð Þ. Coefficient EN (for N = 1) is assumed as the initial
approximation.
Results of system solution: UROT;1; IROT;1; U0;1; F0;1 and FM:C:;1;

(d) Analysis of these results: the angular coefficient value ENþK (at K� 0) is
determined according to Table 2.3 for flux U0:1. If this value is equal to EN

(К = 0), the results are the desired system solution (the end of the first problem
solution);

(e) Otherwise, the following coefficient value EN (assign N ¼ Nþ 1) should be
selected from Table 2.3 and computation of algorithm items: (c), (d), (e) are
repeated.

This method can be used for an arbitrary curve form (2.6). The only requirement

for this curve is as follows: the first derivative for angular coefficient E0
N ¼ @U0;1

@FM:C:;1
in

Table 2.3 Angular
coefficient EN for
approximation of elation
between flux in portion with
number N and MMF in the
same portion

N EN Portions UN

1 E1 0�UN\U1

2 E2 U1 �UN\U2

..

. ..
. ..

.

N EN UN�1 �UN\UN

..

. ..
. ..

.

S–1 ES�1 US�2 �UN\US�1

S ES US�1 �UN\US
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the calculation area of magnetization curve should be continuous. This requirement
is always satisfied in practical calculations.

The algorithm of the second system solution in addition should be based on that
the saturation degree of machine magnetic circuit is already determined as a result
of first problem solution. Mutual induction flux U0;Q and FM:C:;Q MMF in the
calculation area can be approximately presented as [18]:

U0;Q � E0
NFM:C:;Q; here E0

N ¼ @U0;1

@FM:C:;1
ð��Þ:

The sign (**) shows that the derivative is taken at the point of machine magneti-
zation characteristic (2.6) corresponding to the flux U0;1 determined in the first
problem.

Results of mode calculation for ASG 1250 kW, 6.3 kV; 2p = 4 are given in
Table 2.4. The effect of higher order time harmonics of EMF and of the rotor
currents for Q = 5 and Q = 7 for speed nREV = 1350 rpm is taken into account in
Table 2.5.

2.6 Check of Methods

Calculation methods have been tested experimentally by the bench test
at « Elektrosila » Work, Stock Company “Power Machines” St.-Petersburg. An
induction motor with phase-wound rotor 630 kW, 6 kV, 2p = 12 was used for ASG
mode. Excitation was performed with the use of a converter that included a D.C.
motor and a synchronous generator [20]. It provided voltage variation in amplitude
and frequency. When rotor winding is fed with voltage of higher harmonic order

Table 2.4 Results of mode calculation for ASG 1250 kW

nREV, rpm fROT;1; Hz UROT;1; V cosuROT;1

1300 6.67 120 0.635

1350 5.0 94.5 0.65

1400 3.34 63.0 0.68

1450 1.67 35.0 0.755

1550 1.67 19.5 0.36

Note: fST,1 = 50°Hz; IST,1 = 145A ≠ f(nREV); IROT,1A ≠ f(nREV)

Table 2.5 Influence of higher order time harmonics Q = 5 and Q = 7

Q fST;Q;Hz fROT;Q;Hz IST;Q;A IROT;Q;A UROT;Q;V cosuROT

5 20 25 37 181 19.0 0.115

7 80 35 19 93 13.5 0.105
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QROT = 5, 11, 17, the reverse phase sequence (A, C, B) was chosen, and for
harmonics of order QROT = 7, 13, 19—the direct one (A, B, C); thus, rotor rotation
speed was nR\500 rpm. Discrepancy between calculated and tested values of
currents in windings did not exceed 6 %.

It should be noted that in practice, when using serial induction motors with
phase-wound rotor as ASG, their rated power needs to be lowered by 15–20 % to
keep rotor winding overheat at the same level as for motors.

2.7 Excitation System Peculiarities

For DFMs as well as for synchronous machines two exciter versions [3, 4] are pos-
sible: brushless or static (with slip rings). In production and operation each of themhas
advantages and disadvantages. Brushless exciters are traditionally used for syn-
chronous machines. Recently, the works for DFMs have been under way to improve
brush assembly operational reliability of brushes and slip rings unit [33, 34] to avoid
brushless versions of exciters. Some peculiarities of exciters for DFMs should be
noted. Unlike synchronous machine exciters, its dimensions are determined by two
apparent power components PTOT;1 of rotor winding: PTOT;1 ¼ PAC;1 þ jPR;1; the
active power PAC;1 is determined bymachine electromagnetic power and its slip (with
account of winding skin effect); reactive power PR;1 depends on the rotor winding
inductance and slip; that is, on its impedance (also with account of skin effect) [3, 4,
13, 16]. Hence, dimensions of exciter active part and converter in its circuit for DFM
are more than for synchronous machine of the same power. The difference is deter-
mined by the speed control range in operating conditions.

2.8 Summarizing the Results: Main Stages of A.C.
Machine Investigations with Rotor Short Circuited
Windings

2.8.1 Stator and Rotor Circuits Frequency Voltage.
Rotational Speed of Rotor and Stator Fields
in Air Gap

The ratio between the first harmonic voltage circuit frequencies of rotor and stator
loops is determined for DFMs in Sect. 2.3.1 with using (2.1), and the ratio between
higher time harmonic frequencies at the first spatial harmonics mj j ¼ nj j ¼ 1ð Þ is
determined using Eq. (2.1′) (see Sect. 2.4.1). These fields cause the resultant field in
air gap and torque on machine shaft.

As it follows from equations for a DFM, each time harmonic of frequency EMF
xROT in rotor loop corresponds to one frequency EMF x1 in stator loop, and,
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therefore, one resulting field in air gap, one torque on machine shaft torques. This is
true for spatial harmonics of order mj j ¼ nj j � 1ð Þ. However, the calculation
method mentioned in this chapter takes into account only first spatial harmonic.

Let us designate in this paragraph for short the machines operating in nonlinear
networks and with short-circuited loops in rotor in the form of damper winding,
squirrel cage with asymmetry as: machines type (*). As it has already been noted,
there are some differences in DFMs and machine type (*). In particular, to each
EMF harmonic in rotor loops EROTð Þ with frequency xROT of (*) type machines, in
stator winding there correspond to two EMFs EST;1;EST;2

� �
with frequencies x1

and x2. Two stator fields and two rotor fields with xROT frequency currents cor-
respond to them. These fields produce two resultant fields in air gap different in
their amplitudes, rotation direction and speed and two–machine shaft torques. This
regularity is true for spatial harmonics of any order mj j ¼ nj j � 1ð Þ for (*) type
machines. Ratio of EMF frequencies in rotor and stator loops of these machines is
given in Chap. 3.

They allow us to determine rotor and stator magnetically coupled circuits of (*)
type machines.

2.8.2 Ampere’s Law Equations

The ratio between the first time harmonics of MMF stator and rotor windings is
determined by Eq. (2.4) for a DFM in Sect. 2.3.2. Both summands of this equation
correspond to the fields of the stator and rotor first time harmonics mutually fixed in
air gap generating one resulting field. The same is true for fields of each stator and
rotor higher time harmonic, their MMFs correspond to Eq. (2.4′) in Sect. 2.4.2; they
are also mutually fixed in air gap and generate one resulting field.

Each of these two equations contains expressions for MMF stator and rotor
windings. MMF equations are known [3, 4] and given in the above-mentioned
paragraphs for multiphase stator windings (usually three-phase, rarely six-phase)
and three-phase rotor winding.

However, the problem is more complicated for type (*) machines. It is necessary
to investigation preliminarily the current distribution in bars and ring portions of
these short-circuited windings in order to write down expressions for MMF of
damper winding or squirrel cage with damages. This investigation is an indepen-
dent problem, and it is solved in subsequent chapters.

2.8.3 Kirchhoff’s Second Law Equations for Stator Winding

Ratio between the first time harmonics of EMFs, voltages and stator loop currents is
determined in Sect. 2.3.2 for DFMs using Eq. (2.3). Ratio between their time higher
harmonics is determined in Sect. 2.4.2 using Eq. (2.3′). Stator winding in these
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equations is considered as a lumped circuit (with A.C. resistance and leakage
inductance), set up in solving the problem. Each of these two equations is based on
the assumption that the expression for resultant mutual induction fluxes U0;1 and,
respectively, U0;Q are determined by Eqs. (2.6) and (2.6′).

However, for (*) type machines, determination of these mutual induction fluxes
is connected with a need to find the rotor winding MMF requiring the previous
investigation of the distribution of currents in elements of damper winding or
squirrel cage with damages. It has already been noted that this investigation makes
up a separate problem, and it is solved in the following chapters.

2.8.4 Kirchhoff’s Second Law Equations for Rotor Loops.
System of Equations

The ratio between the first time harmonics of EMFs, voltages and rotor circuit
currents is determined in the same paragraphs for DFMs using Eq. (2.2) and the
ratio between their higher harmonics—using Eq. (2.2′). The rotor winding in these
equations as well as the stator winding are considered as a lumped circuit (with A.
C. resistance and leakage inductance) given in solving the problem.

However, rotor winding unlike stator winding is a circuit with distributed
parameters for (*) type machine. It consists of a series of short-circuited loops.
Therefore, the system of equations, whose order responds to the number of loops,
should be written instead of a single equation as in (2.2) or (2.2′). It should also
include the equation of the form (2.3) or (2.3′) for stator in addition to rotor circuit
equations according to Kirchhoff’s second law. At the same time, EMFs, voltages
and currents in stator loops, which differ in frequency [1, 2], should be considered
in the system. This numerical solution modification is given in Chap. 5. A system
of equations for short-circuited rotor loops is given as a part of this modification. It
allows reducing the order for system of equations for magnetically coupled loops.

The above-stated confirms additionally that it is necessary to solve preliminarily
the problem of currents distributions in short-circuited rotor winding elements:
damper winding or squirrel cage with damages. When solving this problem, it is
suitable to use generalized current and MMF characteristics of rotor windings.

Appendix 2.1

A general method of calculating DFM operating characteristics outlined above (in
Sects. 2.2–2.7) allows one to calculate the mode characteristics of frequency-
controlled motor, condenser, generator and frequency inverter. It is reduced to
solving systems of equations of the fourth order in the complex plane. However, in
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practice, it appears appropriate to develop additionally a DFM calculation method
similar to factory methods [13, 17, 19] for calculating non-salient pole machines
(turbogenerators, turbomotors and induction machines). It allows the engineer
under production conditions to consider the experience of developing traditional
designs of these non-salient pole machines. Key elements of this methodology are
given below in Sects. A.2.1.1–A.2.1.5 as applied to DFM “overexcitation” in
motor, condenser, generator modes.

A.2.1.1 DFM Rotor Current and MMF Under Load

Now, let us use the Ampere’s law according to Eq. (2.4). The first summand in the
expression for F0;1 ¼ F1;1 þ FM:C:;1 can be neglected. Magnetic circuit MMF
amplitude FM:C:;1 contains two summands [13, 17]:

FM:C:;1 ¼ FM:C:ST;1 þ FM:C:ROT;1: ðA:2:1:1Þ

First of them FM:C:ST;1 ¼ FM:C:GAP;1 þ FM:C:TOOTH;1 þ FM:C:YOKE;1 contains three
components: MMF of air gap, teeth and stator yoke, respectively. These compo-
nents in (A.2.1.1) are determined by air gap, stator magnetic circuit geometry and
mutual induction flux U0;1 in air gap [1, 13, 19]:

U0;1
�� �� ¼ j

x1WSTKWST
EvU0;1

����

����; Ev ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 uþ XST;1 þ sinu

� �2
q

; ðA:2:1:2Þ

where x1—network angular frequency; EV—internal EMF [13, 19]; XST;1—stator
winding leakage inductance (in per units system, p.u.); we accept that it exceeds A.
C. resistance RST;1; cosu—power factor on DFM stator terminals.

The second summand in (A.2.1.1) FM:C:ROT;1 ¼ F00M:C:TOOTH;1 þ F00M:C:YOKE;1

contains two components respectively, MMF of rotor teeth and yoke [13, 17, 19].
Both components are determined by the sum U0

MI;1 of mutual flux U0;1 in (A.2.1.2)
and rotor slot leakage fluxes UM:C:LEAK;1:

U0
MI;1

���
��� ¼ U0;1

�� ��þ UM:C:LEAK;1
�� ��: ðA:2:1:3Þ

Here UM:C:LEAK;1 ¼ FGEN:EQ;1
�� �� � KSLOT:LEAK, where KSLOTLEAK,—rotor slot leak-

age conductivity [13, 17, 19]; FGEN:EQ;1—equivalent generator MMF. Based on the
calculation method for turbogenerators and turbomotors, let us determine it in the
form of sum of two complex amplitudes [19]:
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FGEN:EQ;1 ¼ FST;1 þ FM:C:ST;1: ðA:2:1:4Þ

where FST;1—MMF of stator winding (phasor).
In practical calculations, it is convenient to calculate complex amplitude module

in (A.2.1.4) FGEN:EQ;1 in the form:

FGEN:EQ;1
�� ��2¼ FST;1

�� ��2 þ FM:C:ST;1

�� ��2 þ 2
FST;1
�� �� � FM:C:ST;1

�� ��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos u

XST;1 þ sin u

� 	r ðA:2:1:5Þ

After determination of FGEN;EQ;1 according to (A.2.1.4) or (A.2.1.5), U0
MI;1

according to (A.2.1.3), we obtain consistently MMF of F00M:C:TOOTH;1, F
00
M:C:YOKE;1

and FM:C:ROT;1. As a result we obtain the component in (A.2.1.1) FM:C;1—MMF of
DFM magnetic circuit.

The required complex amplitude of rotor MMF at load FROT;1 is calculated
according to (A.2.1.6) and (A.2.1.7).

First, let us determine complex amplitude components in stator coordinates (real
axis is aligned with complex phase voltage, and imaginary one makes the angle
+π/2):

Re FROT;1
� � ¼ � FM:C:;1

�� �� � sinw� FST;1
�� �� � cosu;

Im FROT;1
� � ¼ FM:C:;1

�� �� � coswþ FST;1
�� �� � sinu. ðA:2:1:6Þ

Here MMF phase angle FM:C:;1 is equal to w ¼ arccos XST;1� sinuþ 1
EV

þ p
2; angle u—

corresponds to DFM power factor. Let us note that according to (A.2.1.6) in the
adopted coordinate system, the MMF complex FM:C:;1 is positioned so that the angle
w is within the range: p

2 �w\p: In practical calculations, the complex module
FROT;1 for check is calculated similarly (A.2.1.5):

FROT;1
�� ��2¼ Re2 FROT;1

� �þ Im2 FROT;1
� �

¼ FST;1
�� ��2 þ FM:C:;1

�� ��2 þ 2
FST;1
�� �� � FM:C:;1

�� ��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ cosu
XST;1 þ sinu

� 	2
r ðA:2:1:7Þ

As it follows from the ratio (A.2.1.7), for DFM: FROT;1
�� ��[ FST;1

�� ��.
The rotor current under load IROT;1 is determined according to (A.2.1.7) from the

known ratios [13, 17] used for MMF polyphase winding.

28 2 Investigation Methods of Performance Characteristics for …



A.2.1.2 Phase Angle Defining Complex Amplitudes Position
of MMF FROT;1 and Current IROT;1 (in Stator
Coordinates)

Using Eq. (A.2.1.6), the following is obtained:

b ¼ p� arctg
IM FROT;1

� �

RE FROT;1
� �

�����

�����
: ðA:2:1:8Þ

Let us note that according to (A.2.1.6) in the adopted coordinate system, the
MMF complex FROT;1 is positioned, so that the angle b is within the range:
p
2\b\p:

A.2.1.3 Rotor Winding Voltage, Its Components

Now, the Eq. (2.2) for complex UROT;1 is transformed to find out its real and
imaginary components. They determine the phase angle c in this complex. To do it,
the following ratio is preliminarily calculated:

ZEQ;1 ¼ U0;1
j2pfROT;1 �WROT � KW;ROT

IROT
¼ ZEQ;1

�� ��ejd ¼ REQ;1 þ jXEQ;1; ðA:2:1:9Þ

Taking into account Eq. (A.2.1.9), the following is obtained:

Re UROT;1
� � ¼ Re IROT;1

� � � RROT;1 þREQ;1
� �� Im IROT;1

� � � XROT;1 þXEQ;1
� �

;

Im UROT;1
� � ¼ Re IROT;1

� � � XROT;1 þXEQ;1
� �þ Im IROT;1

� � � RROT;1 þREQ;1
� �

;

ðA:2:1:10Þ

where XROT;1 ¼ j2pfROT;1 � LROT;1;XST;1 ¼ j2pfST;1 � LST;1. According to
(A.2.1.10), the complex amplitude modulus of this phase voltage is equal to:

UROT;1

�� �� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re2 UROT;1

� �þ Im2 UROT;1
� �q

: ðA:2:1:11Þ

In practical calculations, the complex amplitude module UROT;1 is calculated as a
check as follows:

UROT;1
�� �� ¼ IROT;1RROT;1 þ jIROT;1XROT;1 þ j2pfROT;1U0;1WROTKWROT

�� ��:

ðA:2:1:12Þ
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A.2.1.4 Phase Angle Defining Complex Amplitude Position
UROT,1

In stator coordinates, the angle defining position of rotor voltage complex UROT;1 is
equal to,

c ¼ pþ arctg
Im UROT;1

� �

Re UROT;1
� �

�����

�����
: ðA:2:1:13Þ

A.2.1.5 Rotor Winding Power Factor; Active and Reactive
Winding Power; Rotor Winding Losses

It is necessary to maintain the rotor winding power factor cosuROT;1 by means of an
exciter (frequency converter) to ensure DFM operational characteristics for oper-
ation in network (including its given active and reactive power values, etc.).

It is determined with the help of phase angle values b as per (A.2.1.8) and c as
per (A.2.1.13)

uROT;1 ¼ c� b: ðA:2:1:14Þ

The angle uROT;1 should be maintained by DFM control system in real time [6–9].
From the obtained expressions for UROT;1;uROT;1 for rotor windings, we cal-

culate [13, 17] apparent, active and reactive powers of exciter (frequency con-
verter), and also rotor winding losses.

A.2.1.6 DFM Rotor Winding Design Peculiarities

First, let us consider design peculiarities of bar winding [5, 13, 16]. The Field’s
factor value for DFM high power winding is estimated. The DFM rotor slot height
is assumed to be H = 200 mm, the copper height in it is HCU ¼ 150mm, and the
Field’s coefficient for transposed bars at frequency f50 ¼ 50Hz is equal to
KF;50 � 1:25. At frequency fROT;1 ¼ 2:5Hz (slip 0.05) we obtain:KF;S � 1:0. Now
this coefficient is determined at first for the same equivalent bar with fROT;1 ¼
2:5Hz without any transposition. A “reduced height” is to be found for this bar [1,
2] HRED ¼ K0 � HCU at industrial frequency (50 Hz):

HRED;50 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x50l0D
2qCU

s

� HCU ¼ 0:085 � HCU ¼ 12:5
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where l0—air magnetic permeability,D � 0:8—copper width in slot/slot width ratio,
qCU—specific resistance (at the temperature 75°C); hence, at frequency fROT;1 ¼
2:5Hz we obtain: HRED;ROT;1 ¼ 2:8. It is assumed that the ratio of bar slot part to its
length is equal to k � 0:75. Then, for non-transposed bar, the Field’s coefficient at
fROT;1 ¼ 2:5Hz is equal to K0

F;S � 2:1. This practically eliminates a possibility to use
bars without any transposition in the design of bar winding for DFM.

Now, the coil winding design peculiarities are considered [13, 14, 17]. For this
winding at H = 200 mm and fROT;1 ¼ 2:5Hz:K0

F;S � 1:0. Hence, the coil winding
does not cause any problems with additional losses and in overheating for DFM at
slip S� 0:05.

Appendix 2.2

Generalized current characteristic of three-phase rotor winding of DFM.
As an example of DFMs, let us determine the concept of rotor winding gener-

alized current characteristic [14, 26] in relation to the first time harmonics
QROT ¼ 1ð Þ of current and EMF also to the first spatial harmonic (m = 1) of the
resulting field in air gap (mutual induction field); in this winding the resulting field
in air gap induces EMF with slip frequency xROT.

Let us name the current relation in rotor three-phase winding IROT;1 from Eq. (2.2)
to flux density amplitude by m = 1, QROT ¼ 1 as current generalized characteristic.
The flux and the flux density amplitude relation is determined at first as:

U0;1 ¼ 1
p
T1 � L � B m ¼ 1;QROT ¼ 1ð Þ:

Then, theEMF induced inwinding by this current at the frequencyxROT is equal to:

EROT;1 ¼ � jxROT

p
T1 � LCOR �WROT � KW;ROT � B0;1:

Here B0;1 ¼ B m ¼ 1; QROT ¼ 1ð Þ. Generalized characteristic of rotor winding
current for the first current time harmonics and EMF and the first resultant field
spatial harmonic in air gap can be determined as:

IROT;1 ¼ IROT;1
� � � B0;1:

Physically, this generalized current characteristic in rotor three-phase winding at
the frequency xROT ¼ idem can be considered as a similarity criterion. It deter-
mines in flux density scale B m ¼ 1;QROT ¼ 1ð Þ the amplitude and current phase in
this winding. In subsequent calculations, a similar concept of generalized MMF
winding characteristics is introduced. It will be used to form a system of equitation
of magnetically coupled rotor and stator loops.
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Brief Conclusions

1. Calculation methods for DFMs allow us to make calculations of the following
with account of magnetic circuit saturation: voltages and currents in windings
caused by the first time harmonic; voltages and currents of higher time har-
monics caused by operation of frequency converter in rotor circuit.

2. Results of mode calculation are initial for further calculations:

• of exciter in rotor circuit;
• of filter impedance in stator and rotor windings providing a voltage wave-

form as per IEC and GOST [35].

3. Generalized characteristic of rotor winding currents is determined by its number
of turns and winding factor as well as geometrical dimensions of machine active
part.

List of Symbols

fROT;1; fST;1 Frequencies of the first voltage har-
monic of rotor and stator windings

fROT;Q; fST;Q Frequencies of higher voltage harmon-
ics of rotor and stator windings

FROT;1; FROT;Q; FST;1; FST;Q; FM:C:;1; FM:C:;1 MMF complex amplitudes (phasors) of
rotor, stator windings and machine
magnetic circuit

IROT;1; IROT;Q; IST;1; IST;Q; IM:C:;1; IM:C:;Q Complex amplitudes (phasors) of cur-
rents in rotor (stator) windings and
magnetization current

KW;ROT;KW;ST Winding factors for rotor and stator
windings

LCOR Active core length
LROT;LST Leakage inductance of rotor and stator

windings
m Order of stator MMF spatial harmonic
mROT;mST Number of phases of rotor and stator

windings
n Order of rotor MMF spatial harmonic
nREV Rotor rotation speed
P Power
p Number of pole pairs
QROT;QST Orders of time voltage harmonics of

rotor and stator windings
RROT;1;RROT;Q;RST;1;RST;Q A.C. resistance of rotor and stator

windings
S Slip
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T1 Period of the first flux harmonic
UROT;1;UROT;Q;UST;1;UST;Q Complex amplitudes of phase voltages

of rotor and stator windings
WROT;WST Number of turns in phase of rotor and

stator windings
XROT;1;XROT;Q;XST;1;XST;Q Inductive leakage reactances of rotor

and stator windings
U0;1;U0;Q Complex amplitudes of mutual induc-

tion resulting fluxes
uROT;1;uROT;Q;uST;1;uST;Q Phase angles between voltage and

current of rotor (stator) windings
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Chapter 3
Stator MMF Harmonics at Non-sinusoidal
Machine Power Supply (for M ≥ 1, Q ≥ 1)

This chapter presents investigation methods of MMF harmonics of time orders Q
and spatial m excited by currents of stator multiphase winding for various con-
nection schemes (star, with separate phase power supply, etc.). When developing
these methods, practical results are obtained for three- and six-phase machines most
often used in practice. Peculiarities in operation of machines of both types at
non-sinusoidal power supply are compared; not only advantages are noted, but also
shortcomings of machines with six-phase windings. Stated are practical ways to
decrease the influence of higher time harmonics fields in air gap for machines
operating in networks with modern frequency converters. Results of investigation
performed in this chapter are a stage for determination of magnetically coupled
loops in A.C. machine stator when operating in nonlinear network. Practical
examples are given.

The content of this chapter is development of the methods stated in [1, 2, 8–12].

3.1 Initial Data and Its Representation

Main investigation stages of A.C. machines in nonlinear networks are outlined in
previous chapter. One of these stages is determination of stator MMF harmonics at
non-sinusoidal machine power supply, EMF frequencies in stator and rotor mag-
netically coupled loops, as well as field rotation speeds of these loops in the air
gap. These problems are the part of a more general problem discussed in this
chapter. Conventional assumptions adopted in A.C. machine theory for steady-state
mode analysis are used in their solution [3–5]. In particular, it is assumed that stator
and rotor core saturation is determined by the first order time and spatial harmonics;
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if it is necessary to take into account higher harmonic influence, it is refined with
the help of iteration method.

The following initial parameters are accepted for solving these problems:

• Currents flowing in stator winding phases; they vary in time according to
non-sinusoidal periodic law. Network voltage over phases is non-sinusoidal and
symmetrical; its instantaneous value for one of the phases u(t) is as follows:

u(t) ¼ U1cosðx1t� u1;UÞþ � � � þUQcosðxQt� uQ;UÞþ � � � ; ð3:1Þ

where

xQ ¼ x1Q: ð3:2Þ

Here t—time; U1; . . .;UQ—harmonic amplitudes; x1; . . .;xQ—circular frequencies
of current harmonics; Q—order of time harmonics; u1;U; . . .;uQ;U—initial phase
angles of voltage harmonics for short, initial harmonic phases are usually taken
equal to zero by expanding into function series (voltage, current, MMF, etc.) in
further description;

• Number of stator winding phases is equal to mPH; winding is distributed over the
stator slots; it generates a stepped form field in air gap. The order of MMF
harmonics of this field is equal to m. Winding has WPH turns in phase, the
winding factor for order m field harmonic is equal to KWðm);

• Rotor speed is equal to xREV;
• Number of poles in machine is equal to 2p.

Note. We note representation peculiarity of MMF and stator winding fields in the
air gap. When expanding the waveform of current distribution in slots (current load)
to harmonic (Fourier) series [3–7] with period T ¼ pD (D—boring diameter), the
harmonic order is designated by letter m. However, in investigation of air gap field,
it is often sufficient to take TEL ¼ pD=p as expansion period, then the order of the
same harmonic is equal to mEL ¼ m

p , as
mEL

TEL
¼ m

T. For example, the harmonic of

order mEL ¼ 1 at expansion to harmonic series with period TEL corresponds to that
of order m = p at expansion to series with period T.

Determinations of MMFs and fields with period TEL and order of harmonic mEL

are often used in engineering practice. However, it is connected with certain dif-
ficulties in some cases. For example, when defining MMF harmonics of order
m < p for windings with fractional slot number per pole and phase q [3–5], some of
them are of order mEL\1 using the expansion period TEL. Therefore, they are
called “fractional”, as it does not correspond to MMF mathematical expansion
procedures in harmonic series. Their order must be an integer number equal to or
greater than one [7]. In this chapter, we will investigate a step function distribution
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of stator winding MMF using harmonic series containing harmonics of order
mEL ¼ 1; 3; 5; 7; . . ..

The same also refers to rotor MMF harmonics; their order is designated in the
monograph by letter n. The same designations are accepted in subsequent chapters
for investigation of rotor MMF harmonics of order n: nEL

TEL
¼ n

T.

General problems of winding MMF expansion are investigated further, for
example, MMF of asymmetric squirrel cage of induction machine. For solution of
these tasks, it is necessary to use expansion period T ¼ pD ¼ TELp.

3.2 Stator Winding Design Peculiarities; Its Number
of Phases mPH

A.C. machine stator winding is usually made double-layer, of coil or bar type and
with shortened pitch. For induction and non-salient pole synchronous machines, the
number of slots per winding pole and phase, as a rule, is selected equal to an
integer; however, for synchronous salient pole machines (motors and generators) it
can be also fractional [6].

Basic regularities distinguishing this type of polyphase windings, winding dia-
gram plotting methods used by these regularities (including those at q < 1) are set
forth in [3–5, 8–11]. Peculiarities of single-layer winding with fractional number q
are given there as well.

Number of winding phases is usually taken to be equal mPH ¼ 3, but for high
power machines in networks with frequency converters and also for brushless
exciters armature windings with number of phases mPH [ 3, for example, with
number of phases mPH ¼ 6 are sometimes used. Phase windings usually are star
connected; the null point is usually isolated in domestic practice. However, in
networks with frequency converters in some cases use is made of circuits with
separate phase power supply. At the same time, time harmonics of order Q = 3 and
their multiples may appear in the stator current curve.

Winding with phase numbers mPH ¼ 6 is sometimes considered as a system of
two three-phase windings shifted in space relative to each other at an angle of
30 electrical degrees (30 el. degr.); it can be considered in such a conception that
one winding system voltage is shifted relative to another in time at the angle of 30
electrical degrees (30 el. degr.). In engineering practice, the stator winding with
mPH ¼ 6 is often called as: “winding with two stars under thirty electrical degrees
(30 el. degr.)”.

Modern windings are usually made with the phase zone number M equal to
double phase number ðM ¼ 2mPHÞ. It helps to obtain better usage of stator tooth
zone spacing than at M ¼ mPH [5]. According to (3.1), a non-sinusoidal current
flows in the stator winding phases mPH. For example, the instantaneous current
value iZðt) in one phase of polyphase winding (two stars with the shift on 30 el.
degr.) is as follows:
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iZðt) ¼ IZ;1
�� ��cosðx1t� rZÞþ � � � þ IZ;Q

�� ��cosQðx1t� rZÞþ � � � : ð3:3Þ

Here z—phase name, for example, A0; IZ;Q
�� ��—phase current amplitude; rZ—phase

angles of current harmonics.

3.3 MMF Harmonics at mPH = 3

According to the Ampere’s law [1, 2], each phase of six-zone stator winding with
phase number mPH ¼ 3 generates M = 6 pulsating fields in air gap. Their appear-
ance is caused by the non-sinusoidal current in phases in accordance with (3.1) and
non-sinusoidal field distribution in air gap (along the stator surface) [5]. Therefore,
with account of this expression, the phase MMF can be represented as (Table 3.1):

fZ t,x,mEL;Qð Þ ¼ FmEL;Q

�� ��cosmELða - uZÞ � cosQ x1t - rZð Þ
where a =

2px
TEL

; 0� x�TEL; uZ; rZ � according Table 3:1
ð3:4Þ

FmEL;Q—amplitude of MMF of spatial harmonics with number mEL and time har-
monics with number Q:

FmEL;Q ¼ 2IQWPHKWðmELÞ
pmELp

ð3:5Þ

We calculate the MMF of three-phase winding; for this purpose it is necessary to
summarize fZðt; x;mEL;Q) MMF of all its phases determined as per (3.4). The
orders mEL of spatial and time harmonics Q should be considered. As a result, the
following is obtained:

fST;RESðt; x;mEL;Q) ¼ fAðt; x;mEL;Q)þ fBðt; x;mEL;Q)þ fCðt; x;mEL;Q):

For example, if the value mEL ¼ 7, Q = 5 according to Eqs. (3.4) and (3.5), the
following is obtained for three-phase MMF [3–5]:

fAðt,x,mEL ¼ 7;Q ¼ 5Þ ¼ F7;5
�� �� cos 7a � cosð5x1t),

fBðt,x,mEL ¼ 7;Q ¼ 5Þ ¼ F7;5
�� �� cosð7ða - 120)) � cosð5ðx1t - 240ÞÞ;

fCðt,x,mEL ¼ 7;Q ¼ 5Þ ¼ F7;5
�� �� cosð7ða - 240)) � cosð5ðx1t - 120ÞÞ:

Table 3.1 Phase angles σZ for currents and φZ for MMF

z Phase A Phase B Phase C

σZ, φZ el. degr. 0 120 240
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In this particular case (at mEL ¼ 7, Q = 5, mPH ¼ 3), three-phase stator winding
MMF is obtained after summing in the form:

fST;RESðt,x,mEL ¼ 7;Q ¼ 5Þ ¼ 1
2
mPH F7;5

�� �� cos 5x1tþ 7
2px
TEL

� �
: ð3:5’Þ

At any values of orders of time harmonics Q 6¼ 3k1 and spatial mEL 6¼
3k2ðk1; k2 ¼ 1; 3; 5; . . .Þ MMF of three-phase stator winding is equal to,

fST;RESðt,x,mEL;QÞ ¼ 1
2
mPH FmEL;Q

�� �� cos Qx1tþð�1ÞSmEL
2px
TEL

� �
; ð3:6Þ

where S = 1 or S = 2. It depends on harmonic order combinations Q and mEL is
determined below. Physically, Eq. (3.6) corresponds to the field of mutual induc-
tion in the machine air gap rotating relative to stator winding in the direction of
rotor rotation (S = 1) or in the opposite direction (S = 2).

The value of linear rotation speed VBOR of these field relative to stator winding is

equal to, VBORðmEL;QÞ ¼ ð�1ÞðSþ 1ÞQx1
TEL
mEL2p

:

Angular rotation speed magnitude xBORðmEL;QÞ of these fields relative to stator
winding correspondingly is equal to:

xBORðmEL;QÞ ¼ ð�1ÞðSþ 1ÞQ
x1

mELp
:

In the particular case, the following is obtained for the main field angular speed
ðmEL ¼ 1;Q ¼ 1Þ according to (3.6):

xBORðmEL ¼ 1;Q ¼ 1Þ ¼ x1

p
:

In machine synchronous operation mode, this speed is equal to rotor rotation
speed xREV ¼ xBOR. The ratio of linear speed for an arbitrary order Q field har-
monics and mEL to the field linear speed with Q = 1 and mEL ¼ 1 is equal to:

VBORðmEL;QÞ
VBORðmEL ¼ 1;Q ¼ 1Þ ¼

xBORðmEL;QÞ
xBORðmEL ¼ 1;Q ¼ 1Þ :

For various orders of time Q and spatial mEL harmonics ðQ 6¼ 1;mEL 6¼ 1Þ in
fractions from the main field speed (Q = 1, mEL ¼ 1) these relations are given in
Appendix 3.1. The minus sign in Table 3.7 of Appendix 3.1 corresponds to the
direction of field rotation against that of rotor rotation.

A symbolic method is used to represent the sinusoidal currents [1, 2]. The
expression obtained for MMF stator winding is as follows:
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FST;RESðx,mEL;QÞ ¼ FSTðmEL;Q)j jejð�1ÞSmEL 2px
TEL ; ð3:7Þ

where FSTðmEL;QÞ ¼ 1
2mPH FmEL;Q

�� ��ejQx1t: Here FSTðmEL;QÞ—complex amplitude
(phasor) of stator winding MMF.

The results of MMF stator winding analysis are as follows:
For mEL ¼ 1; 7; 13; . . .; 6k1 þ 1; Q ¼ 1; 7; 13; . . .; 6k2 þ 1; ðk1; k2 ¼

0; 1; 3; 5; . . .Þ the value of S is equal to:

S ¼ 1: ð3:7’Þ

• For mEL ¼ 5; 11; 17; . . .; 6k1 þ 5; Q ¼ 1; 7; 13; . . .; 6k2 þ 1;, where k1; k2 ¼
0; 1; 3; 5; . . . or for Q ¼ 5; 11; 17; . . .; 6k1 þ 5; mEL ¼ 1; 7; 13; . . .; 6k2 þ 1,

where k1; k2 ¼ 0; 1; 3; 5; . . ., the value of S is equal to:

S ¼ 2 ð3:8Þ

• For mEL ¼ 5; 11; 17; . . .6 �1 þ 5; Q ¼ 5; 11; 17; . . .6k2 þ 5;

.
where k1; k2 ¼ 0; 1; 3; 5; . . ., the value of S is equal to:

S ¼ 1: ð3:9Þ

Let us consider the MMF of three-phase winding taking into account time and
spatial harmonics, multiple of three, also including a separate power supply of its
phases from the frequency converter.

For calculation of three-phase winding MMF in these cases also, as well as for
Q 6¼ 3k and mEL 6¼ 3k (k = 1, 3, 5,…) it is necessary to add MMFs fZðt; x;mEL;Q)
of all phases determined as per (3.4).

As a result, the following is obtained:

• for Q = 3, 9 ,15, …, 3 k; mEL = 1,5,7,11,…,

or

• for Q = 1,5,7,11,…; mEL = 3,9,15,…, 3 k (k = 1,3,5,…):

fST;RESðt; x;mEL;Q) ¼ 0: ð3:10Þ

Equation (3.10) shows that the stator winding currents of these harmonics do not
excite any fields in machine air gap (mutual induction fields). In calculations of
machine processes in this case, only leakage fields are considered: of slot and end
parts of winding.
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• for Q = 3,9,15,…, 3k1, mEL = 3,9,15,…, 3k2,

where k1, k2 = 1,3,5,…, we obtain:

fST;RESðt; x;mEL ¼ 3k2;Q ¼ 3k1Þ ¼ 3 FmEL;Q

�� �� cosð3k1x1tÞ � cos 3k22pxTEL
: ð3:11Þ

This expression indicates the pulsating field in machine air gap. It is possible to
represent [5] in the form of the sum of two components similarly to (3.7) (at S = 2
and S = 1):

f 0ST;RESðt; x;Q ¼ 3k1;mEL ¼ 3k2Þ ¼ 3
2
FmEL;Q

�� �� cos 3k1x1t - 3k2
2px
TEL

� �
;

f 00ST;RESðt; x;Q ¼ 3k1;mEL ¼ 3k2Þ ¼ 3
2
FmEL;Q

�� �� cos 3k1x1tþ 3k2
2px
TEL

� �
:

ð3:12Þ

Both of these components have identical amplitudes and rotate relative to stator
winding with equal speed in opposite directions. Note that in a particular case at
k1 = k2 = 1 being of the greatest practical interest, the first field component does
not induce any EMF in synchronous machine rotor loops in continuous operation

mode xREV ¼ x1
p

� �
:

Only a limited number of resulting field components are taken into account in
solving practical problems. The numbers of spatial harmonics are usually limited to
the order mEL � 11� 13. Ratio between amplitudes of these harmonic field is
substantially determined by winding factors KWðmELÞ. The number of time har-
monics depends on the current waveform (3.3).

3.4 MMF Harmonics at mPH ¼ 6

MMF expressions for mPH ¼ 6 and mPH ¼ 3 are derived similarly. MMF phase
amplitudes of six-phase winding are also calculated using Eq. (3.5), and MMF
distribution in the boring – using Eq. (3.7).

When representing winding as “two-star machine winding at thirty electrical
degrees (30 el. degr.)”, each phase zone of three phase windings (A, B, C) can be
considered as subdivided into two ðA0;A00Þ; ðB0;B00Þ; ðC0;C00Þ½ �. Then phase angles
rZ for currents and uZ for MMF (Table 3.2) are as follows:

Table 3.2 Phase angles rZ for currents and uZ for MMF

Z Phase A’ Phase A” Phase B’ Phase B” Phase C’ Phase C”

rZ, uZ, el. degr. 0 30 120 150 240 270
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From Table 3.2 it follows that angles of currents in phases of the first system are
equal to,rA0 ¼ 0 el. el. degr., rB0 ¼ 120 el. el. degr., rC0 ¼ 240 el. degr., and
for currents of the second: rA00 ¼ 30 el. degr., rB00 ¼ 150 el. degr., rC00 ¼ 270
el. degr., so the phase shift between currents is equal in each of systems 120 el.
degr., and between currents of adjacent phases, for example, of B0 and B00, it is
equal to 30 el. degr.

A method of winding factors calculation KW(mEL) for twelve-zone six-phase
winding with fractional number of slots per pole and phase is given in [9, 10].

It should be noted some peculiarities of winding at the number of phases
mPH = 6, representing the most practical interest:

• for Q = 1, mEL = 7,19,31,…, 6 k + 1, where k = 1,3,5,… and mEL = 5,17,29,
…, 6 k + 5, where k = 0,2,4,…:

fST;RESðt; x;mEL;Q ¼ 1Þ ¼ 0: ð3:13Þ

• for mEL = 1, Q = 7,19,31,… 6 k + 1, where k = 1,3,5,… and Q = 5,17,29,…
6 k + 5, where k = 0,2,4, ..:

fST;RESðt; x;mEL ¼ 1;Q) ¼ 0: ð3:14Þ

Other ratios of time harmonic orders Q and spatial harmonics mEL excluding stator
field emergence in air gap (fields of mutual inductance) are given in Appendix 3.1.

We consider six-phase stator winding MMF with account of time and spatial
harmonics, multiple of three, including separate power supply of its phases from the
frequency converter.

• For Q = 3,9,15,… 3 k (k = 1,3,5,…); mEL = 1,5,7,11,..,

or

• for Q = 1,5,7,11,… mEL = 3,9,15,…, 3 k (k = 1,3,5,7,11,…):

fST;RESðt; x;mEL;Q) ¼ 0: ð3:14’Þ

In calculations of machine processes in this case, as well as for three-phase
machine (mPH = 3), only leakage fields are considered: of slot and end parts of
winding.

• For Q = 3; mEL = 3 (the greatest practical interest)

fST;RESðt; x;Q ¼ 3;mEL ¼ 3Þ ¼ 3 FmEL;Q

�� �� cos 3x1t - 3
2px
TEL

� �
: ð3:11’Þ
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Here we have two three-phase systems shifted by an angle of 90 electrical degrees
(90 el. degr.). Unlike fields in three-phase machine, for considered combination of
time and spatial harmonics in six-phase machine air gap (mPH = 6), there arises
rotating (but not pulsating) field; in that specific case, at Q = mEL = 3 the angular
rotation speed of this field is equal to the synchronous rotor rotation speed.

We note that at Q = mEL = 3 this field does not induce any EMF in synchronous
machine rotor loops in continuous operation mode ðxREV ¼ x1=p).

Besides, only a limited number of resultant field harmonics are taken into
account in solving practical problems for windings with mPH = 6. For spatial
harmonics it is usually limited to the order mEL � 17� 19; it is no more than for
windings with mPH = 3, since for harmonics of orders of mEL = 5, mEL = 7 it is not
necessary to consider the resulting fields in the gap.

Number of time harmonics depends on the current waveform (3.3).
We note that the expressions for rotation speeds of separate harmonics obtained

earlier for number of phases mPH = 3 are still true for mPH = 6.

3.5 MMF Harmonic Comparison at mPH = 3
and mPH = 6

a. Q > 1, mEL > 1.

MMF and field amplitudes in air gap at mPH = 3 are practically determined by
all odd current time harmonics of order Q and spatial harmonics—of order mEL.

However, at mPH = 6, fields in air gap determined by odd harmonics with rather
high amplitudes (Q = 1 at mEL = 5; Q = 1 at mEL = 7; Q = 5 at mEL = 1; Q = 7 at
mEL = 1) are absent.

b. Q = 1, mEL = 1.

The expression for MMF main harmonic can be represented as:

FSTðmEL ¼ 1;Q ¼ 1Þj j ¼ 1
2
mPH FmEL;Q

�� ���AS
DKW

p
;

where FmEL;Q

�� ��—as per (3.5), current load AS ¼ IPHj jZSLTSN

apD ; IPHj j—phase current;
D—stator boring diameter; a—number of parallel paths in phase; ZSLT–number of
slots, SN—number of effective conductors in slot.

We compare two machines with identical power, voltage, frequency and rotation
speed, but with the number of phases: mPH = 3 and mPH = 6. Both machines are
assumed to have AS = idem, the boring diameter D = idem., p = idem.
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Ratio of MMF amplitudes is equal ceteris paribus to:

½FST�mPH¼3

½FST�mPH¼6
¼ KWðmPH ¼ 3Þ

KWðmPH ¼ 6Þ :

Thus, at mPH = 6 the absence of fields determined by spatial harmonics of order
mEL satisfying Eq. (3.13), and the absence of time harmonics fields of order Q
satisfying Eq. (3.14) makes expedient using this winding for machines fed from the
frequency converter. Thus, it becomes possible to design their stator winding with
shortening b6 a little larger (0:833\ b6 � 1Þ than in three-phase winding with
shortening b3(0:75\b3 � 0.833Þ.

Let us continue a comparison of two machines with identical power, voltage,
frequency and rotation speed with number of phases mPH = 3 and mPH = 6 under
conditions: AS = idem, D = idem, p = idem. Machine active part length at
mPH = 6 and pitch shortening b6 is 5–6 % less than for machines with winding at
number of phases mPH = 3 and pitch shortening b3 [4, 6]. In induction machines
due to the complicated winding design and its terminal, the winding with mPH = 6
is usually not used. In synchronous machines design at pitch shortening
0:833\b6 � 1 has the following peculiarities:

a. Increase of end part length. It results in the following differences from
three-phase winding:

• Leakage reactance of this winding end part is more; this fact may be
important for machines operating in networks with frequency converters;

• Increased winding insulation consumption;
• Machine axial length (between bearing shields) is also increased with equal

axial length of active part, particularly, for high-voltage machines.

b. MMF armature reaction is increased at pitch shortening b6. It is greater than for
pitch shortening b3. When setting values of maximum torque MMAX = const for
synchronous machine [13], the excitation winding MMF should be also
increased by 5–6 %; respectively, the rotor winding overheat for pitch short-
ening b6 will be by 10–12 % more than for b3 (the excitation windings are
identical and mPH = 3, mPH = 6 accordingly).

Let us turn our attention to other means of reducing additional losses in rotor
loops of modern machines in circuits with frequency converters: on the use of
frequency converters operating in pulse-width modulation system (PWM)), and on
the influence of these frequency converters on its isolation in stator winding circuit.

As it is shown in practice, when using frequency converters operating on this
principle, the higher harmonics with order typically Q > 19 are present in the
voltage converter curve. For fundamental frequency voltage converter 50 Hz, its
higher harmonic frequency usually exceeds 1 kHz. At the same time, this voltage
waveform differs in local portions with high slope. The experiments prove that the
uneven voltage distribution takes place with these converters: it is higher in the first
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stator winding circuits (counting from line terminals). Partial discharges in coil
insulation are also registered. Its damage and, correspondingly, short circuits in
winding are possible after a long operation term (typically after two years of
operation). Currently, harmonic filters are usually installed to extend machine life.
Some manufacturers additionally enhance insulation of the first winding turns;
however, it causes additional overheating of these turns, sometimes close to per-
mitted value or even exceeding it, being undesirable: this overheating can also
cause reduction of insulation life.

Note that the higher order harmonics in the voltage curve influence the electrical
device operation located near the electric machine. For example, they interfere in
the operation of modern means of motor protection, metering devices, etc.

It is an actual scientific-technical challenge to study comprehensively the effect of
these harmonics on the stator winding machine insulation and operation of nearby
electrical devices. Its solution allows formulating practical recommendations for
designing modern winding insulation fed by frequency converters of this type.

3.6 EMF Frequency in Magnetically Coupled Loops
(mEL ≥ 1, Q ≥ 1)

3.6.1 Salient Pole Machines Operating in Synchronous
Speed Modes

In this mode, the rotor angular speed xREV is determined by the first time (Q = 1)
and the first spatial (mEL = 1) harmonics:

xREV ¼ xBOR:

It is assumed that the rotor angle positive direction coincides with its rotation
direction.

a. EMF frequencies in rotor loops.

First, we consider EMF frequencies induced in the air gap by rotating fields in
magnetically coupled rotor loops; these fields are determined by MMF
fST;RESðt; x;mEL;Q).

EMF frequencies induced in magnetically coupled rotor loops by air gap pul-
sating fields will be considered additionally.

Let us designate harmonics of orders Q, mEL, having numbers: 1,7,13,…,
6 k + 1, with indices (DIR), i.e. QDIR and mDIR are marked; respectively, the
harmonics having orders (numbers) 5,11,17,…, 6 k + 5 (k = 0,1,2,3,…)—with
indices (AD), that is QAD and mAD.

The fields determined by MMF harmonics QDIR, mDIR at S = 1, according to
(3.7) induces EMF in rotor loops of the following frequency:
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xROTðQDIR;mDIRÞ ¼ x1 QDIR �mDIRj j: ð3:15Þ

For example, when QDIR ¼ 1;mDIR ¼ 7, as well as QDIR ¼ 7;mDIR ¼ 1 the
following is obtained:

xROT ¼ 6x1: ð3:15’Þ

Equation (3.15) is also valid for time and spatial harmonics of higher orders,
such as QDIR ¼ 7;mDIR ¼ 13, etc.

The field determined by MMF harmonics of orders QAD;mDIR at S = 2,
according to (3.8) induces EMF in rotor loops with frequency:

xROTðQAD;mDIRÞ ¼ x1ðQAD þmDIRÞ: ð3:16Þ

For example, when QAD ¼ 5;mDIR ¼ 1, the following is obtained:

xROT ¼ 6x1: ð3:16’Þ

As it follows from Eqs. (3.15) and (3.16), two fields determined by time har-
monics of various orders QDIR and QAD, and spatial harmonic of order mDIR induce
EMF of the same frequency in rotor loops.

xROTðQDIR;mDIRÞ ¼ xROTðQAD;mDIRÞ: ð3:17Þ

provided that the orders (numbers) of both time harmonics ðQAD;QDIRÞ satisfy the
ratio:

QDIR � QADj j ¼ 2mDIR: ð3:17’Þ

Both rotating fields determined by MMF harmonics of orders ðQDIR;mDIRÞ and
ðQAD;mDIRÞ are characterized by the same period over the stator boring TEL. They
should be taken into consideration in the general equation system for magnetically
coupled machine loops.

The field determined by MMF harmonics of orders QDIR;mAD at S = 2,
according to (3.8) induces EMF in rotor loops with frequency:

xROTðQDIR;mADÞ ¼ x1ðQDIR þmADÞ: ð3:18Þ

For example, when QDIR ¼ 1;mAD ¼ 5 the following is obtained:

xROT ¼ 6x1: ð3:18’Þ

The field determined by MMF harmonics of orders QAD;mAD at S = 1,
according to (3.9) induces EMF in rotor loops with frequency:
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xROTðQAD;mADÞ ¼ x1 QAD - mADj j: ð3:19Þ

For example, when QAD ¼ 11;mAD ¼ 5 the following is obtained:

xROT ¼ 6x1: ð3:19’Þ

As it follows from Eqs. (3.18) and (3.19), two fields determined by MMF time
harmonics of various orders QDIRandQAD, and spatial harmonic of order mAD

induce EMF of the same frequency in rotor loops.

xROTðQDIR;mADÞ ¼ xROTðQAD;mADÞ ð3:20Þ

provided that numbers of both MMF time harmonics ðQAD;QDIRÞ satisfy the ratio:

QDIR � QADj j ¼ 2mAD: ð3:21Þ

As it follows from the aforementioned equations, in synchronous mode two
fields appear simultaneously in the machine air gap. They are induced by MMF
time harmonics of order QDIRandQAD having similar spatial order ðmDIR or mADÞ.
These fields rotate in opposing directions relative to stator winding. These MMF
time harmonics can be named “adjacent” ones, for example, at mAD ¼ 5 we obtain:
QDIR ¼ 1 and QAD ¼ 11, and also QDIR ¼ 7 and QAD ¼ 17.

However, besides these fields in a machine air gap there is a number of other
fields rotating in opposite directions relative to rotor and in the same direction
relative to stator winding. They induce EMF with the same frequency in rotor
circuits. For example, at mDIR ¼ 7 we obtain: Q0

DIR ¼ 1 and Q00
DIR ¼ 13 or for

mAD ¼ 11 : Q0
AD ¼ 5 andQ00

AD ¼ 17.
There is the following frequency ratio for these fields:

xROTðQ0
DIR;mDIRÞ ¼ xROTðQ00

DIR;mDIRÞ ð�Þ

provided that numbers of both MMF time harmonics of orders ðQ0
DIR;Q

00
DIRÞ satisfy

the ratio: Q0
DIR þQ00

DIR ¼ 2mDIR, or the following frequency ratio takes place:

xROTðQ0
AD;mADÞ ¼ xROTðQ00

AD;mADÞ ð��Þ

provided that numbers of both MMF time harmonics of orders ðQ0
AD;Q

00
ADÞ satisfy

the ratio: Q0
AD þQ00

AD ¼ 2mAD.
It should be noted that fields with such peculiarities have spatial order mEL � 7,

therefore, practically they sometimes can be neglected.
Equations (3.15)–(3.21’) confirm that for calculation of currents induced in

magnetically coupled rotor loops, it is necessary to consider also the fields differing
in order of time and spatial harmonics.

Earlier it was already noted that several MMFs and fields in the air gap corre-
spond to currents in rotor loops of synchronous machines with symmetrical or

3.6 EMF Frequency in Magnetically Coupled Loops (mEL ≥ 1, Q ≥ 1) 49



asymmetrical cage and induction machines with asymmetrical cage; these current
fields in rotor loops with frequency xROTðQ;mELÞ has spatial orders n = 1,3,5,…,
2�k + 1 (k = 0,1,2, …). They rotate in opposite directions relative to rotor. In this
paragraph, EMF frequencies inducing these fields in stator winding are determined.

b. EMF frequencies in stator loops.

The fields rotating in a positive direction induce EMF in stator winding with
frequency:

xQðmEL;Q; nÞ ¼ xROTðQ;mELÞþ nx1: ð3:22Þ

Similarly, fields of order n of the same rotor currents induce EMF with the
following frequency in stator winding:

xQðmEL;Q; nÞ ¼ �xROTðQ;mELÞþ nx1j j; ð3:23Þ

if they rotate in negative direction relative to rotor.

The ratio for calculating EMF frequency in stator loops (Table 3.3) is obtained
using Eqs. (3.22) and (3.23).

For practice only the case mj j ¼ nj j is important, correspondingly mELj j ¼ nELj j.
Notes to Table 3.3.

1. Positive and negative rotation directions of field components relative to rotor are
given in the Table

2. Stator winding field harmonic effects of orders QDIR; QAD mDIR;mAD, are taken
into account in the Table. The influence of stator winding field harmonics of
orders Q = 3,9,15,…,3k1, mEL = 3,9,15,…,3k2 (k1, k2 = 1,3,5, …) for separate
power supply of its phases can be considered similarly.

3. Some expressions for frequency xQðmEL;Q; nÞ in the Table can be simplified
because the difference of the space harmonics numbers is equal to zero.
Nevertheless, to keep the structure of all expressions for xQðmEL;Q; nÞ we
omitted this simplification.

Table 3.3 EMF frequencies in stator loops (synchronous speed operation mode)

Frequency xROT Direction of rotor MMF component Frequency

xQðQ;mEL; nÞ
According to (3.15) Positive x1 nþ QDIR �mDIRj jð Þ

Negative x1 n� QDIR �mDIRj jð Þj j
According to (3.16) Positive x1 nþQAD þmDIRð Þ

Negative x1 n� QAD �mDIRð Þj j
According to (3.18) Positive x1ðnþQDIR þmADÞ

Negative x1ðn� QDIR �mADÞj j
According to (3.19) Positive x1 nþ QAD �mADj jð Þ

Negative x1 n� QAD �mADj jð Þj j

50 3 Stator MMF Harmonics at Non-sinusoidal Machine Power Supply…



For example, as it follows from the equations given in Table 3.3, the harmonic
field of orders QDIR ¼ 7;mDIR ¼ 1, n = 1 induces two EMFs of various frequency
in stator loops: xQ ¼ 7x1 and xQ ¼ 5x1. From these equations it also follows that
the harmonic QAD = 5, mDIR = 1, n = 1 also induces in stator loops two EMFs of
the same frequency: xQ ¼ 5x1 and xQ ¼ 7x1. Thus, loops with EMF frequency
xQ ¼ 7x1 and xQ ¼ 5x1 are magnetically coupled; these two frequencies in stator
loops correspond to the uniform frequency xROT ¼ 6x1 in rotor loops.

4. Some expressions for frequencies xQðmEL;Q; nÞ in the table can be simpli-
fied, since the difference in numbers of space orders between them is zero.
However, in order to keep in the table the same structure formulas for frequencies
xQðmEL;Q; nÞ, the simplification is not made.

Note that EMF with frequency xQ in stator loops induced by positive or negative
field component (Table 3.3) may have different phase sequence orders. This
sequence order can be easily determined with account of frequency values xROT;x1

and harmonic order Q; mEL; n.
As it follows from equations given in Table 3.3, the frequency of any additional

EMFs can coincide with that of other EMF in the series (3.1) in synchronous speed
operation mode ðxREV ¼ x1=p). It is also necessary to consider these magnetically
coupled loops in calculating machine modes.

3.6.2 A.C. Machines in Asynchronous Modes xREV 6¼ x1
p

� �

a. EMF frequencies in rotor loops (incl. asymmetrical cage winding).

EMF frequencies in rotor loops induced by rotating field harmonics of orders
QDIR;QAD;mDIR;mAD are obtained from Eqs. (3.15)–(3.20):

xROTðQDIR;mDIRÞ ¼ QDIRx1 - pmDIRxREVj j: ð3:24Þ

xROTðQAD;mDIRÞ ¼ QADx1 + pmDIRxREV: ð3:25Þ

xROTðQDIR;mADÞ ¼ QDIRx1 + pmADxREV: ð3:26Þ

xROTðQAD;mADÞ ¼ QADx1 - pmADxREVj j: ð3:27Þ

Rotating fields of six-phase winding machine determined by harmonics of orders
Q = 3, mEL = 3 induce in rotor loops EMF with frequency:

xROTðQ;mELÞ ¼ 3x1- 3pxREVj j: ð3:21’Þ

Pulsating fields of three phase winding machine determined by harmonics of
orders Q = 3,9,15,…,3k1, mEL = 3,9,15,…,3k2, where k1, k2 = 1,3,5,…, induce in
rotor loops EMF with frequency:
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xROTðQ;mELÞ ¼ 3k1x1 	 3k2pxREVj j:

b. EMF frequencies in stator loops.

Similarly to machine synchronous operation mode, in its asynchronous mode
currents in rotor loops with frequency xROTðQ;mELÞ [Eqs. (3.24)–(3.27)] also
generate fields in air gap; their component of spatial order n rotating in positive
direction relative to rotor induces EMF in stator winding with frequency:

xQðQ;mEL; nÞ ¼ xROTðQ;mELÞþ pnxREV: ð3:28Þ

Accordingly, EMF frequency for current field component in rotor loops rotating
relative to it in negative direction is equal to:

xQðQ;mEL; nÞ ¼ �xROTðQ;mELÞþ pnxREVj j: ð3:28’Þ

Using Eqs. (3.28) and (3.28’), we obtain ratios (Table 3.4) for calculating EMF
frequencies in stator loops in asynchronous mode ðxREV 6¼ x1=p). For practice only
the case mj j ¼ nj j is important, that is, mELj j ¼ nELj j.

EMF with frequency xQ in stator loops induced by positive or negative field
component (Table 3.4) may have different phase sequence orders. This sequence
order can be easily determined with account of frequency values xROT;x1 and
harmonic orders Q; mEL; n, as in synchronous mode.

From Table 3.4 it follows that in asynchronous mode at certain rotor rotation
speed xREV 6¼ x1=p it can appear that any of additional EMF frequencies
xQðQ;mEL; nÞ coincides with EMF frequency xQ from the series (3.1). Such
magnetically coupled loops should also be considered in the computation of
machine asynchronous mode.

Table 3.4 EMF frequencies in stator loops (asynchronous mode)

Frequency xROT Direction of rotor component Frequency

xQðQ;mEL; n)

As per (3.24) Positive pnxREV þ QDIRx1 � pxREVmDIRj j
Negative pnxREV � QDIRx1 � pxREVmDIRj jj j

As per (3.25) Positive QADx1 þ pxREVðnþmDIRÞ
Negative �QADx1 þ pxREVðn�mDIRÞj j

As per (3.26) Positive QDIRx1 þ pxREVðnþmADÞ
Negative �QDIRx1 þ pxREVðn�mADÞj j

As per (3.27) Positive pnxREV QADx1 � pxREVmADj j
Negative pnxREV � QDIRx1 � pxREVmADj jj j
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3.7 MMF Harmonics of Magnetically Coupled Loops
in Multiphase Stator Winding at Non-sinusoidal
Power Supply and their Representation

In the previous para we obtained that under certain conditions two fields in the air
gap corresponding to two MMF harmonics determined by time orders of Q1 and Q2

ðQ1 6¼ Q2Þ and spatial order of mEL = idem, induce EMF of the same frequency in
rotor loops; these harmonics are called “adjacent”. Two “adjacent” time harmonics
of stator winding MMF form two loops; both of these loops are interconnected by
their common rotor loops, their EMF frequency is equal, for example, to
xROT ¼ 6x1.

MMFs of these two stator loops have the same spatial order (mEL = idem), and
differ in amplitude, direction and speed of rotation relative to stator.

The calculated expression for these MMF harmonics is obtained in the form of
(3.6). With account of values S1 6¼ S2 it can be presented as:

FST;RESðx;mEL;Q1Þ ¼ FSTðmEL;Q1Þejð�1ÞS1 mEL2px
TEL ; ð3:29Þ

FST;RESðx;mEL;Q2Þ ¼ FSTðmEL;Q2Þejð�1ÞS2 mEL2px
TEL ; ð3:30Þ

where FSTðmEL;Q1Þ 6¼ FSTðmEL;Q2Þ—complex amplitudes (phasors) of stator
MMF corresponding to two “adjacent” time harmonics of orders Q1 and Q2;
S1 6¼ S2—attributes depending on the combination of orders of harmonics Q1 and
mEL, Q2 and mEL. These attributes are determined in para 3.3.

Now, we slightly simplify Eqs. (3.29) and (3.30) for these MMFs. It is assumed
for specificity that the sign S in combination of MMF harmonics of orders m, Q1

gets the value S = 1, and in combination of MMF harmonics of orders m, Q2—gets
the value S = 2. Then, it is convenient to represent stator MMF in the form (index
“EL” for harmonic order m and period T is omitted):

FST;RESðx;m;Q1Þ ¼ FSTðm;Q1Þe�j2pmx
T ;

FST;RESðx;m;Q2Þ ¼ FSTðm;Q2Þej
2pmx
T :

ð3:31Þ

Taking into account the accepted designations in further statement for short, we
will also use the following designations of complex amplitudes (phasors) in the
expressions as (3.31):

FSTðm;Q1Þ or simply FSTðm;Q); FSTðm;Q2Þ;FSTð�m;Q2Þ; or simply FSTð�m;Q):

3.7 MMF Harmonics of Magnetically Coupled Loops in Multiphase Stator… 53



As it follows from the aforementioned investigations, two MMFs in Eq. (3.31)
determine the following magnetically coupled loops in salient-pole machine with
non-sinusoidal power supply:

• Two “adjacent” loops in stator with EMF frequencies equal to x1Q1 and x1Q2;
• Some rotor loops (damper winding, excitation winding), where EMF of the

same frequency xROT is induced.

3.8 Magnetically Coupled Loops in Machine Operating
with Nonlinear Network Elements

Chapter 2 presented investigations of DFM operation modes with account of two
magnetically coupled loops, one in stator, the second – in rotor. In this consider-
ation we determined stator and rotor winding MMFs, limiting only to the first
spatial harmonic; para 2.3 accounts for the first voltage time harmonic, and para 2.4
for higher harmonics generated by the frequency converter in rotor circuit.

In this chapter, we determined stator winding MMF, corresponding to harmonics
of various time order Q and spatial m, and also EMFs induced by fields of these
harmonics in machine loops. This allows us to generalize the concept of machine
magnetically coupled loops operating in nonlinear network.

This generalization is restricted by operation mode of salient-pole machine in
this network; harmonic orders are restricted by values Q� 13, m� 11.

We choose for example those orders of harmonics from this series corresponding
to EMF with frequency xROT ¼ 6x1 in rotor loops (damper winding, excitation
winding). The results are given in Table 3.5.

From Table 3.5 it follows that EMFs in rotor loops with frequency xROT ¼ 6x1

are induced at Q� 13, m� 11 by fields forming four groups of magnetically
coupled loops.

Table 3.5 System of four magnetically coupled loops with common rotor loop (EMF frequency
xROT ¼ 6x1)

Stator loop. EMF frequency xQ mDIR ¼ 1

QDIR ¼ 7

mDIR ¼ 1

QAD ¼ 5

mDIR ¼ 7

Q1 ¼ 1

mDIR ¼ 7

QDIR ¼ 13

Rotor loops. EMF frequencies
xROT

xROT ¼ 6x1 xROT ¼ 6x1 xROT ¼ 6x1 xROT ¼ 6x1

Group number of magnetically
coupled loops

No. 1 No. 2 No. 3 No. 4
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Let us note that in this Table each group of magnetically coupled loops in stator
and rotor (Nos. 1–4) has the following peculiarities:

• Identical orders of spatial harmonics of stator and rotor fields in air gap;
• Identical rotation speeds of these fields relative to stator boring.

One of them is the group of loops No. 4 ðmDIR ¼ 7;QDIR ¼ 13Þ. EMF fre-
quency in stator loop of this group is equal to xQ ¼ 13x1; this loop cannot be
considered in isolation from other stator loops with other spatial orders ðmDIR 6¼ 7Þ,
but with the same frequency of EMF xROT ¼ 6x1. As a result, we obtain an
additional system from two groups of magnetically coupled loops (at Q� 13,
m� 11). The results are given in Table 3.6.

Note that each group of magnetically coupled loops in stator and rotor
(Nos. 5, 6) has peculiarities similar to those of groups Nos. 1–4 in this Table.
However, there are also differences between groups in both tables: in Table 3.6
groups Nos. 4, 5 and 6 have different spatial order.

As it follows from Table 3.6, EMFs in stator loops with frequency xQ ¼ 13x1

are induced at m� 11 by the fields forming a system of three groups of magneti-
cally coupled loops.

From both Tables, the following can be taken as a basis for setting a system of
magnetically coupled loops for a machine operating in nonlinear network:

• either stator loops with different EMF frequency, which corresponds to rotor
loops with the same frequency ðxROT ¼ idem:Þ. See, e.g., Table 3.5;

• or stator loops with different EMF frequency, which corresponds to stator loops
with the same frequency ðxQ ¼ idem:Þ. See, e.g., Table 3.6.

This generalization can be extended to induction machines operating in non-
linear network.

As it is found out for DFMs in Chap. 2, the MMF of stator and rotor windings
are included in the system of equations for magnetically coupled loops. This system

Table 3.6 System of three magnetically coupled loops with common stator loop (EMF frequency
xQ ¼ 13x1)

Stator loop. EMF frequency xQ mDIR ¼ 7 ¼ n

QDIR ¼ 13

mDIR ¼ 1 ¼ n

QDIR ¼ 13

mAD ¼ 5 ¼ n

QDIR ¼ 13

Rotor loops. EMF frequency xROT xROT ¼ 6x1 xROT ¼ 12x1 xROT ¼ 18x1

Group number of magnetically
coupled loops

No. 4 No. 5 No. 6
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is used for calculating DFM modes, determination of EMF harmonics and currents
in loops, as well as of resulting field harmonics in the air gap. Note that only one
group of magnetically coupled loops for such a machine is taken into account.

In general case, A.C. machine modes in nonlinear networks are also calculated
using a similar equation system. However, it comprises equations for several groups
of magnetically coupled loops unlike system of equations for DFMs. Such groups
of magnetically coupled loops are given in Tables 3.5 and 3.6. Harmonics of EMF
and currents in loops, and those of resulting field in air gap are also determined
from this system. Structure and peculiarities of these systems are given in Chap. 14.

Harmonic numbers in nonlinear networks were practically limited by values
Q� 13, m� 11 in order to make the data more concrete and suitable for presenting
in Tables; they may be limited to other values if confirmed by practical need.
Selection order of harmonics for a system of equations for magnetically coupled
loops is given in detail in Chap. 14.

Appendix 3.1

See Table 3.7.

Table 3.7 Field rotation speeds VBOR in the air gap relative to stator winding

mEL Q = 1 Q = 5 Q = 7 Q = 11 Q = 13 Q = 17

1 1 –5* 7* –11 13 –17*

5 –1/5* 1 –7/5 11/5* –13/5* 17/5

7 1/7* –5/7 1 –11/7* 13/7* –17/7

11 –1/11 5/11* –7/11* 1 –13/11 17/11*

13 1/13 –5/13* 7/13* –11/13 1 –17/13*

17 –1/17* 5/17 –7/17 11/17* –13/17* 1

1. Speeds in the air gap are given in fractions of synchronous value corresponding to harmonic
orders mEL ¼ 1; Q = 1
2. Field speeds rotating relative to stator in the direction opposite to its rotor rotation are marked
with “minus” sign
3. In the table are given field speeds for three- and six-phase windings. At certain combinations of
orders, mEL and Q for six-phase winding, fields in air gap are absent, for example, fields
characterized by harmonics mEL ¼ 7, Q = 1. These fields are indicated in corresponding table cells
with (*) sign
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Brief Conclusions

1. A number of mutual induction fields different in their periods and rotation
speeds occur in A.C. machine air gap at non-sinusoidal power supply. The fields
inducing EMF of the same frequency in rotor loops can be determined in them.
Loops generating these fields are magnetically coupled, for instance, loops of
rotor and stator (in Table 3.4). Except them, there are mutual induction fields
inducing EMF of identical frequency in stator loops, but differing in order of
spatial harmonics; loops corresponding to them are also magnetically coupled,
for instance loops of rotor and stator (in Table 3.5). The machine processes are
determined taking into account the interaction of these loops in the general
system of Eqs.

2. Two fields determined by time harmonics of various orders Q containing in
expansion (3.1) and spatial harmonics of order m in expansion (3.4) at certain
combination of these orders induce in rotor loops EMF of identical frequency,
for example, at mAD = 5: QDIR = 1 and QAD = 11, and also QDIR = 7 and
QAD = 17.

3. Unlike fields in air gap of three-phase machine, fields in air gap of six-phase
machine, determined by time harmonics of orders Q = 3 and spatial of order
mEL ¼ 3 form rotating (but not pulsating) fields; in that specific case, the
angular rotation speed of this fields is equal to rotor synchronous rotation speed.
Consequently, this field does not induce any EMF in synchronous machine rotor
loops in continuous operation mode ðxREV ¼ x1=p).

4. For non-sinusoidal power supply it is possible to avoid the influence of series
higher time harmonics on rotor loops using the stator winding scheme with
phase number mPH [ 3. However, there are some drawbacks in winding with
increased phase numbers.

List of Symbols

a Number of parallel branches in phase
bP Width of pole shoe
AS Stator current load
D Stator boring diameter
F1; . . .; Fm Amplitudes of spatial harmonics of stator wind-

ing phase MMF
FSTðmEL;Q), FST;RESðx;mEL;Q) Respectively, complex amplitude (phasor) and

amplitude (modulus) of spatial harmonic of order
of mEL and time harmonic of order Q of all
winding phases mPH

IQ Harmonic amplitude of order Q for stator phase
current

KW(m) Winding factor for m order field harmonic
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kQ Relation of stator current harmonic amplitude of
order Q > 1 to harmonic amplitude of order
Q = 1

m, mEL Orders of MMF spatial harmonics of MMF and
stator fields

mPH Number of stator winding phases
Q Order of time harmonics
QDIR, mDIR Order of time and spatial harmonics of direct

field
QAD, mAD Order of time and spatial harmonics of additional

field
n, nEL Orders of spatial harmonics of MMF and rotor

fields
SN Number of effective conductors in slot
T Time
P Number of machine pole pairs
Q Number of slots per pole and phase of stator

winding
T, TEL Expansion periods of MMF and mutual induc-

tion field to harmonic series
U1; . . .;UQ Amplitudes of time harmonics
WPH Number of turns in stator winding phase
Z1 Number of stator slots
b Pitch shortening of stator winding
u1;U; . . .;uQ;U Initial phase angles of voltage harmonics
τ Pole pitch
x1; . . .;xQ Stator current circular frequencies
xREV Angular rotation speed of rotor
xBOR Angular rotation speed of MMF and stator field

in air gap
xROT Circular frequency of EMF and rotor current
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Chapter 4
Peculiarities of Currents Investigation
in Magnetically Coupled Circuits for A.C.
Machines with Short-Circuited Rotor
Windings

This chapter states peculiarities of investigation methods of magnetically coupled
loops in A.C. machine with short-circuited rotor windings. Noted here are solutions
of general problem on currents distribution in these windings: stated here is the
solution algorithm for a system of equations, the concept is introduced on gener-
alized characteristics of currents in rotor loops elements (for example, in elements
of damper winding of salient pole machine). As practical usage an example of
generalized characteristics of currents and MMF of short-circuited rotor loops is
given with the calculation method of performance characteristics of high-power
induction motors with nonlinear parameters (with account of skin effect in squirrel
cage and magnetic circuit saturation). It is checked experimentally and is used in
industry for calculation of machines with power up to 12–15 MW.

The appendix to this chapter presents a method of currents calculation for pole
electromagnetic screen as one more example of generalized characteristics appli-
cation; it is developed for low-frequency high-power salient pole machines (with
torque over 50 T m). This screen carries out the same role as standard damper
winding, however, in comparison with it, for low-frequency machines it has a
number of advantages. The solution is reduced to realization of Saint-Venant’s
problem [1] on vector electric potential; thus, it was expedient to use the mesh
current method. In developing the calculation method for this screen, a link is
established between apparent current in loop of arbitrary form (mesh current) and
vector potential averaged (according to Lagrange’s mean value theorem) within the
same loop [2, 3].

The content of this chapter is development of themethods stated in [15–18, 22–26].

© Springer Japan KK 2017
I. Boguslawsky et al., Large A.C. Machines,
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4.1 General

The main investigation stages of A.C. machines operating in non-linear networks
with short-circuited rotor windings are listed in Chap. 2; it is noted that one of the
main stages is the problem of current distribution calculation in these winding
construction elements, namely, in damper windings and squirrel cage winding,
when damaged.

The magnetically coupled circuits determined in previous chapter allow for-
mulating the methods necessary for solving this problem. To use these methods
physically reasonable, it is advisable to present the currents in generalized char-
acteristic forms of the windings [15]; a special case of calculating expressions for
generalized current in a DFM rotor winding is obtained in Chap. 2.

These concepts can be easily introduced for some other rotor winding con-
structions used in practice. At first, it is necessary to consider the current calculation
features in several rotors magnetically-coupled circuits with lumped parameters;
every circuit current is determined considering its induced EMF and its impedance
(D.C. resistance and leakage inductance). Then, the results are extended to the
current calculation methods, EMF and MMF rotor branch circuits with distributed
parameters, for example, to the current calculation methods in bars, short-circuited
ring portions and etc. at non-sinusoidal power supply.

Some forms representing the equation system for magnetically-coupled circuit
currents and, accordingly, its solution methods are known in the electrical machine
theory. First, one of them is considered using the following problem as an example:
the currents in three magnetically-coupled circuits with A.C. machine lumped
parameters are determined.

It is sufficient to consider only one time harmonic, for example, the first (Q = 1).
Only the first space harmonic (m = 1) is taken into account in calculations. Two
machine circuits are located on a rotor, and one—on a stator. Its operational mode is
asynchronous. The machine is connected to A.C. networks with frequency x1 and
rotates at xREV 6¼ x1=p speed. Therefore, the EMF frequency induced in rotor
circuits is equal to xROT ¼ x1SSL 6¼ x1 (sleep at SSL 6¼ 0Þ.

To make the current calculation methods simple, it is assumed that the rotor
windings are multiphase as the stator winding is. Suppose, for example, the phase
numbers of all the windings are identical and equal to mPH. This means in practice
that the damper winding with the distributed parameters and short-circuited
single-phase excitation winding in a salient pole machine are replaced with two
equivalent circuits. It is not our task to determine the equivalent parameters of these
multi-phase rotor short-circuits.

The correspondence of two magnetically coupled rotor circuits to real salient
pole synchronous machine windings is stipulated to clarify the physical problem
under consideration. Now, the iteration method [3, 15] of determining the currents
in a stator winding and in two equivalent rotor circuits of the machine is considered
with use of generalized characteristics of the currents, MMF and EMF.
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Note additionally that this problem (as applied to one rotor winding phase and
one stator winding phase of a DFM) is solved earlier taking into account the
magnetic circuit saturation.

Here, the problem of determining the currents in two circuits on a rotor using the
iterative method, if the number of circuits on the rotor N0 � 1, is investigated.

4.2 The Problem Determination and Algorithm
of Solution

It is assumed that we know:

– phase circuit voltage UPH is with frequency x1;
– EMF frequency in rotor circuits is xROT;
– machine pole numbers are 2p;
– circuit A.C. resistances are R1;R2;R3; respectively.
– circuit inductance leakages are L1;S;L2;S;L3;S respectively;
– circuit turn numbers and winding coefficients are W1;KW1 ;W2;KW2 ;W3;KW3 ;
– no load characteristic is U0j j ¼ f F0j jð Þ.
where U0—mutual flux complex amplitude (phasor) in an air gap, F0—MMF
magnetic circuit complex amplitude (phasor) corresponding to the flux U0 in an air
gap

It is required to calculate the currents in three magnetically coupled circuits
including both short-circuited rotor ones.

The equation system for calculating currents can be written as follows.
The equation for stator winding voltage is:

UPH ¼ R1 þ jx1L1;s
� �

I1 þ jx1W1KW1U0: ð4:1Þ

The equations for EMF of both rotor short-circuits are:

0 ¼ R2 þ jxROTL2;S
� �

I2 þ jxROTW2KW2U0: ð4:2Þ

0 ¼ R3 þ jxROTL3;S
� �

I3 þ jxROTW3KW3U0: ð4:3Þ

The fourth equation corresponds to Ampere’s law:

F1 þ F2 þ F3 ¼ F0: ð4:4Þ

where F1; F2; F3—MMF complex amplitudes of three circuits; the flux U0 is
determined by no load characteristic U0j j ¼ f F0j jð Þ while the complex amplitude
phases of the flux U0 and MMF F0 coincide.

The fifth equation, namely the dependence U0 ¼ f F0ð Þ can also be expressed
analytically as:
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U0 ¼ F0TELLCORl0
dpkCARTkSAT

¼ F1 þ F2 þ F3ð ÞTELLCORl0
dpkCARTkSAT

: ð4:5Þ

where l0 —air magnetic permeability l0 ¼ 4p10�7ð Hn/m); TEL ¼ pD
p —MMF

expansion period; LCOR—stator core active length; d—equivalent air gap;
kCART; kSAT—Carter’s coefficient [4–6] and the magnetic circuit saturation coeffi-
cient, respectively.

This system contains five unknown values: three currents I1; I2; I3; the flux U0;
MMF F0. The equation connecting the complex flux density amplitude B1 and the
flux U0 is as follows (the flux density complex amplitude of resulting field in a gap
B(m = 1, Q = 1) for short, it is indicated as B m ¼ 1;Q ¼ 1ð Þ ¼ B1Þ:

B1 ¼ U0p
TELLCOR

:

It is assumed that the equations connecting MMF and the phase current for
lumped phase winding are known [4, 5, 7, 8]. For example, the MMF F1 for stator

phase windings and the current I1 are F1 ¼ mPHW1I1KW1
pp : Therefore, the MMF

F1; F2; F3 are not listed among the unknowns, and these connecting equations are
not included in the system.

If the rotor windings are short-circuited, it is convenient to use the iterative
solution method regardless of the rotor short-circuit numbers, while presenting the
equation systems for magnetically coupled circuits in (4.1)–(4.5).

As a result, it is possible to avoid difficulties implementing higher-order equation
systems in (4.1)–(4.5) relative to the unknown currents using direct calculation
methods [2, 3].

The iterative algorithm for realizing this system can be presented in the fol-
lowing calculation sequence:

1. The arbitrary value of the flux density amplitude B1 (in the form of real or
complex numbers) is set.

2. The flux U0 ¼ TELLCOR
p B1 is calculated.

3. The currents in rotor circuits are calculated using Eqs. (4.2)–(4.3): the current
I3—using Eq. (4.3), the current I2—using Eq. (4.2). The resulting MMF F0 is
determined by the machine no load characteristics; U0j j = f F0j jð Þ the phase
angle of the flux U0, i.e. the flux density B1 is assigned for this MMF.

4. The MMF F1 and the stator current I1 are determined using Eq. (4.4).
5. The voltage U is calculated using Eq. (4.1).
6. If the value Uj j 6¼ UPHj j, it is necessary to adjust the amplitude of B1 using one

of root determination methods for nonlinear equations, such as Newton’s
method [2, 3].

6:1 If the value Uj j\ UPHj j, it is necessary to increase the flux density amplitude
B1 and see Item 2.
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6:2 If the value Uj j[ UPHj j, it is necessary to reduce the flux density amplitude
B1 and see Item 2, as well.

6:3 If the value
U�UPHj j
UPHj j � e, five unknown values are the currents I1; I2; I3, the

flux density amplitude B1 and MMF F0 are desired values (here the value ε is a
preset computational accuracy of the root algorithm U ¼ f B1ð Þ.

Now, the physical interpretation of the above algorithm 1–6.3 is considered.
Firstly, the Item 3 of the algorithm is examined.
The second term in Eq. (4.3) of the EMF in the third machine rotor circuit is

indicated as follows: E3 ¼ �jxROTW3KW3U0. This EMF can also be represented
otherwise:

E3 ¼ E3½ �B1 where E3½ � ¼ �jxROTW3KW3TELLCOR

p
ð4:6Þ

– generalized characteristic of the EMF.

The result is that the expression for E3½ � is determined by geometrical dimensions
of the machine active part TEL;LCORð Þ, winding data W3;KW3ð Þ, frequency xROTð Þ
of the circuit, EMF and it is independent of any electromagnetic loads. The
expressions for calculating E2½ �; E1½ � are written similarly. The expressions
E1½ �; E2½ �; E3½ � remain constant in the process of calculating over the algorithm 1–6.3.
The current in the third shorted circuit on the rotor is expressed using the EMF

E3½ �. The following is obtained from Eq. (4.3):

I3 ¼ �jxROTW3KW3U0

R3 þ jxROTL3;S
¼ jxROTW3KW3

TELLCORB1
p

R3 þ jxROTL3;S

¼ E3½ �
R3 þ jxROTL3;S

B1 ¼ I3½ �B1:

ð4:7Þ

where I3½ � ¼ E3½ �
R3 þ jxROTL3;S

—generalised charactersitic of the current; E3½ �—over

(4.6)
The expression for current I2 is written similarly: I2 ¼ I2½ �B1. Thus, if the

shorted circuits are arranged on a rotor, the currents therein are determined up to the
amplitude B1.

Now, the Items 4 and 5 of the algorithm are considered. When submitting
currents in short-circuits in the form (4.7), the MMF values F2; F3 take the form:

F2 ¼ mPHW2KW2

pp
I2½ � ¼ mPHW2KW2

pp
I2½ �B1 ¼ F2½ �B1; F2½ � ¼ mPHW2KW2 I2½ �

pp

ð4:8Þ
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F3 ¼ mPHW3KW3

pp
I3½ �B1 ¼ F3½ �B1; F3½ � ¼ mPHW3KW3 I3½ �

pp
ð4:9Þ

where F2½ �; F3½ � are generalized characteristics of MMF
Therefore, the MMF rotor short-circuits are also determined accurately within

the amplitude value B1.
Note that expressions for calculating I2½ �; I3½ �; F2½ �; F3½ �, as well as E2½ �; E3½ � are

determined by geometrical dimensions of the machine active part TEL;LCORð Þ,
winding data, frequency (xROTÞ of the EMF rotor circuits and the circuit impe-
dance. They are not dependent on electromagnetic loads and they are constant at
EMF frequency in rotor circuits xROT.

Similarly imagine the resulting MMF F0:

F0 ¼ B1dkCARTkSAT
l0

:

The MMF F0 depends on the flux U0 or flux density B1. It is determined by the
machine no load characteristic U0j j = f F0j jð Þ. Hence, it depends on the saturation
degree of its magnetic circuit (the saturation ratio kSAT). So, it is written in the form
of:

F0 ¼ dkCARTkSAT
l0

B1 ¼ F0 kSATð Þ½ �B1: Here F0 kSATð Þ½ � ¼ dkCARTkSAT
l0

ð4:10Þ

Using this expression and Eq. (4.4), the stator winding current I1 is determined:

I1 ¼ pp
F0 kSATð Þ½ � � F2½ � � F3½ �

mPHW1KW1

B1: ð4:11Þ

Finally, item 6 of the algorithm is considered. It deals with Eq. (4.1). The
calculated expression for voltage U taking into consideration the above ratios takes
the following form:

U ¼ pp
F0 kSATð Þ½ � � F2½ � � F3½ �

mPHW1KW1

R1 þ jx1L1;S
� �

B1 þ jx1W1KW1TELLCOR

p
B1:

ð4:12Þ

It is obtained from this equation that the desired flux density amplitude B1 is
determined analytically in a closed form for a machine with an unsaturated mag-
netic circuit kSAT ¼ 1ð Þ. Respectively, the desired currents in three circuits are
determined. As far as the saturated machine is concerned, it is necessary to carry out
several iterations in order to determine this saturation degree, i.e., the coefficient
kSAT [ 1 [with take in account (4.10)].
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The obtained researching results are summarized using the iterative current
method in three magnetically coupled circuits (meshes), two of which are
short-circuited and located on a rotor. The research results have confirmed that the
current distribution problem can be divided into several stages.

First stage: to calculate the currents in shorted rotor circuits accurately within the
flux density amplitude B1 of the resulting field in an air gap. It is given by an
arbitrary value.

Second stage: to calculate the MMF created by these currents accurately within
the flux density amplitude B1 of the resulting field in an air gap.

Third stage: to calculate the stator winding current and the flux density ampli-
tude B1. The equation for this phase voltage of motor is used. This voltage UPH is
set in it.

Note that Eq. (4.4) contains the MMF current complex amplitudes (phasors).
Consequently, in general, it is supposed to expand into harmonic series a number of
current distribution curves in rotor and stator windings. The MMF determination
methods for a salient-pole machine damper winding and an asynchronous machine
squirrel cage (asymmetric or symmetric) are described in Chap. 12.

It is appropriate to extend the aforementioned solution stages to a rotor design
with distributed parameters, such as the damper winding design. Indeed, the MMF
generalized characteristic of rotor short-circuited windings F2½ �; F3½ � are obtained
using Eqs. (4.8) and (4.9). It is carried out without solving the system (4.1)–(4.5),
as these characteristics are determined by geometrical dimensions of the machine
active part TEL;LCORð Þ, winding, frequency xROTð Þ of EMF rotor circuits, as well
as the circuit impedance. They are constant at the permanent frequency xROT of
EMF in rotor circuits. Therefore, the generalized characteristics F2½ �; F3½ � can be
determined in advance. Using them, the equation system can be modified. The
system is reduced to the following two equations.

R1 þ jx1L1;S
� �

I1 þ jx1W1KW1TELLCOR

p
B1 ¼ U: ð4:120Þ

mPHW1KW1I1
pp

þ F2½ �B1 þ F3½ �B1 � F0 kSATð Þ½ �B1 ¼ 0 ð4:40Þ

It contains two unknown values: the current I1 and the flux density B1. After
determining the flux density B1, the MMF F2 ¼ F2½ �B1; F3 ¼ F3½ �B1 are deter-
mined. It is easy to determine the rotor winding currents in terms of the MMF. If it
turns out that kSAT [ 1 after determining B1, then it is required to clarify the values
kSAT and, correspondingly, F0 kSATð Þ½ �. The system is linear, if the value kSAT ¼ 1.

However, the reduction of unknown values is not so important in comparison
with the system (4.1)–(4.5). It is more important that this system is valid not only
for the rotor winding design with lumped parameters. It indicates the way to cal-
culate magnetically coupled circuits. Some of them correspond to short-circuited
windings on the rotor with distributed parameters, for example, the damper
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winding. In order to solve such a system, it is necessary to determine the gener-
alized characteristics summarized above.

As a practical example, the method of large induction motors performance
investigating is presented in Sect. 4.3. It is developed for powerful asynchronous
motors [16, 19, 20] with nonlinear parameters (including the skin effect in squirrel
cage bars and the magnetic circuit saturation). It is based on the generalized
characteristics of EMF, currents and MMF. While working on this problem, it
turned out to be necessary to develop additionally the method of determining
nonlinear algebraic equation roots. Compared with the method commonly used [3],
for example, the modification of the Newton’s method and “regula falsi” method,
the equivalent curve method developed in [21] for solving similar problems allow
determining the nonlinear function roots assigned in the form of an algorithm, and
when this function is “not smooth”. It is necessary to apply this method in algo-
rithms used for electrical machine calculations. The appearance of “non-smooth”
ratios is dependent, for example, on discrete sizes of strand conductors, experi-
mental magnetization curves, etc. An additional advantage of the developed method
determining the nonlinear algebraic equation roots [16, 21] is to reduce the iteration
numbers, thus accelerating the solution convergence.

This method has been verified experimentally. It is used in industrial practice for
investigating the operations of asynchronous machines with the rated power up to
12–15 MW [19, 20].

Another example of using generalized characteristics of EMF and currents is
presented in Appendix 4.1. This is the method for calculating the damper winding
unconventional design of powerful salient frequency—controlled machines [22–
24]. This design is expedient for frequency—controlled salient-pole machines (with
the torque on the shaft more than 50 T m at rotational speed up to 50–60 rpm).

4.3 Method Investigating of Operation Characteristics
of Powerful Squirrel Cage Motors with Nonlinear
Parameters

The practice of designing modern, powerful asynchronous motors with
squirrel-cage rotors raises the problem of verifying the calculation methods of their
characteristics. This is important in cases, where the motors are designed for
heavy-duty operation (in metallurgy, mining industry, etc.). This is applied both to
the industrial frequency machines and frequency-controlled machines. At the same
time it is necessary to take into account the motor nonlinear reactance. This non-
linearity is caused by the machine magnetic circuit saturation and by slip depending
parameters, etc. The calculations of parameters of powerful modern induction
machines, in which capacitive elements are included in the secondary circuit, are
referred to the problem of non-linear parameter registration.
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Now, the problem of calculating the currents in stator and rotor windings and the
torque on the shaft on a large asynchronous machine shaft, as well as the power
factor of other performance characteristics for a given slip value SSL is considered.
Basic equations for the A.C. machine asynchronous mode with nonlinear param-
eters, reduced to the primary circuit, have the form [16]:

I0 ¼ I1 þ I02: ð4:13Þ

I02Z
0
2 ¼ E: ð4:14Þ

U ¼ I1Z1 � E: ð4:15Þ

I0 = IA + Il: ð4:16Þ

IAj j � PCOR þ PMECH þ PAD
1:5 Uj j : ð4:17Þ

Il ¼ f Ej jð Þj j: ð4:18Þ

They correspond to the T-shape circuit for m = 1 [4–8] written for the effective
current values, EMF and voltages. In these equations:

E magnetizing circuit EMF
I0 magnetizing circuit current
I1; I02 primary and secondary circuit currents, respectively
IA active component of no load magnetizing current
Il reactive component of magnetizing current
PCOR losses in stator and rotor cores
PMECH mechanical losses
PAD additional losses
U Primary circuit voltage
Z1;Z0

2 primary and secondary circuit impedances depending on slip SSL (taking
into account the skin effect)

Note: The secondary circuit currents and impedances are reduced [4–8] to the
primary circuit and marked by a “prime” on.

The given values are assumed in this system as: U;Z1;Z0
2; the dependences as:

Il
�� �� ¼ f Ej jð Þ; PCOR ¼ f Ej jð Þ; PMECH ¼ f SSLð Þ; PAD = f Ej jð ÞSSL; e—voltage cal-
culation accuracy. Its analytical expression as well as the analytic expression for Z0

2
considering the skin effect in general case are rather complicated. That is why some
certain difficulties appear in solving the closed-form system and it is practically
inexpedient. The iterative numerical methods suitable for practical implementation
are developed below.

It is convenient to reduce the system solution (4.13)–(4.18) to solving a non-
linear algorithm [2, 3]
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U ¼ f I02
� � ð4:19Þ

or any type

U ¼ fðB1Þ: ð4:20Þ

Here the root of each algorithm is U ¼ UPH, where B1—air gap flux density
amplitude,UPH—phase voltageNote that the phase angles of current Il and flux
density B1 coincide.

The following feature is a peculiarity of using the root search method in the
nonlinear algorithm (4.19). In practical calculations, it is more convenient not to set
the secondary circuit current by a complex number, but that of the real form
I02 ¼ I02e

jW2 atW2 6¼ 0, whereW2—angle between the positive direction of the vector
I02 and real axis. It is necessary that the real axis positive direction in the coordinate
system (+1, + j) coincides with the vector positive direction. Correspondingly, the
EMF of stator winding phase is assumed in this case to be not a real number, but a
complex form E ¼ EMejwE , where wE—angle between positive direction of vector E
and real axis. It is necessary to multiply the system left and right parts (4.13)–(4.18)
over the complex ej pþwEð Þ in order to obtain the expression for I02 and E in the
indicated form. That means the turn at the angle pþwE all vectors of vector
diagram. Such transformation of the equation system (4.13)–(4.18) allows solving
nonlinear algorithms of the form (4.19) for the real I02 at a given phase voltage value
UPH.

Now, the solution of nonlinear algorithm U ¼ f I02
� �

using an equivalent curve
method [16, 21] is considered. It is suitable to present this method as a sequence of
computations performed for each slip value SSL. The iteration number is denoted
with the letter K.

1. The real number I0ðKÞ2 ¼ I0ðKÞ2L is designated and calculated using the system

(4.13)–(4.18): UðKÞ
L ¼ f I0ðKÞ2L

h i
.

2. The real number I0ðKÞ2 ¼ I0ðKÞ2R is designated and calculated using the system

(4.13)–(4.18): UðKÞ
R ¼ f I0ðKÞ2R

h i
.

3. The real number I0ðKÞ2 ¼ I0ðKÞ2M is designated and calculated using the system

(4.13)–(4.18): UðKÞ
M ¼ f IðKÞM

h i
.

4. The equivalent curve coefficients are calculated:

C Kð Þ ¼ U Kð Þ
R I0 Kð Þ

2M � U Kð Þ
M I0 Kð Þ

2R

I0 Kð Þ
2M � I0 Kð Þ

2R U Kð Þ
R � U Kð Þ

M

� � ; F Kð Þ ¼
U Kð Þ

M U Kð Þ
R I0 Kð Þ

2R � I0 Kð Þ
2M

� �
I0 Kð Þ
2M � I0 Kð Þ

2R U Kð Þ
R � U Kð Þ

M

� � :
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5. The value I0 Kð Þ
2 ¼ UPH

UPHC
ðKÞ þF Kð Þ is calculated; this value is the following

approximation of the secondary current values; this approximation is denoted
with number K.

6. The voltage U ¼ f I0 Kð Þ
2

h i
is calculated using the system (4.13)–(4.18).

7. If U�UPH

UPH

��� ���\e, the calculation is over, otherwise see Item 8.

8. If U� UPH � 0 and I0ðKÞ2 � I0ðKÞ2L � I0ðKÞ2R þ I0ðKÞ2M [ 0, it is necessary to see Item 9,
otherwise—Item 10.

9. The value I0ðKþ 1Þ
2L ¼ I0ðKÞ2M ; I0ðKþ 1Þ

2M ¼ I0ðKÞ2 ; I0ðKþ 1Þ
2R ¼ I0ðKÞ2R is specified; Items 1–

8-repeated.

10. The value I0ðKþ 1Þ
2L ¼ I0ðKÞ2L ; I0ðKþ 1Þ

2M ¼ I0ðKÞ2M ; I0ðKþ 1Þ
2R ¼ I0ðKÞ2R is specified and Items

1–7-repeated.

The voltage U of the system (4.13)–(4.18) is determined as follows: the EMF
E Il
� � ¼ EejwE is calculated over (4.14); the currents IA and Il—over (4.17) and

(4.18); the current I0 ¼ _IA þ _Il
� �

ej pþwEð Þ—over (4.16); the current I1 ¼ I0 � I02—
over (4.13); the voltage U = UejwE—over (4.15).

It is not difficult to determine the interval, in which the desired root I0 Findð Þ
2 is

found: 0� I0 Findð Þ
2 � UPH

Z0
2

����
����:

It is convenient to choose these minimum and maximum values of current I02 as

initial approximations for I0ð0Þ2L and I0ð0Þ2R , and to calculate the value I0ð0Þ2M using the

ratio: I0ð0Þ2M ¼ 0:5I0ð0Þ2R :
Similarly, the “regula falsi” method [2, 3] can be realized for the non-linear

algorithm intersection U ¼ f I02
� �

:

The iteration numbers corresponding to both methods are compared in
Table 4.1.

The nonlinear algorithm solution U ¼ f B1ð Þ now is considered, which is
described as a sequence of computations performed for each value SSL using the
“regula falsi” method:

Table 4.1 Iteration numbers
for implementing nonlinear
algorithms using numerical
methods

SSL “Regula
falsi”

Equivalent curve
method

“Regula
falsi”

U ¼ f B1ð Þ U ¼ f I02
� �

U ¼ f B1ð Þ
0.2 2 1 2

0.4 2 1 2

0.6 2 2 2

0.8 2 1 2

1.0 2 1 2
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1. The complex number BðKÞ
1 ¼ Bð0Þ

1 is specified.

2. The value EðKÞ ¼ x1W1KW1
TELLCOR

p B Kð Þ
1 e�jp2; where x1—network angular fre-

quency; W1—number of turns in rotor winding phase (for short-circuited
winding W1 = 0.5); KW1—winding factor (for short-circuited winding
KW1 = 1);

TEL—first space harmonic period TEL ¼ pD
p

� �
:

3. The current I0ðkÞ2 is calculated with (4.14).

4. The currents IðKÞA and IðKÞl are calculated with (4.17) and (4.18). The value IðKÞ0 is

calculated with (4.16), IðKÞ1 —with (4.13), UðKÞ—with (4.15).

5. If UPH�UðKÞ

UPH

��� ���\e; the calculation is over, otherwise Steps 2–5 are repeated for

BðKþ 1Þ
1 ;where e—voltage calculation accuracy.

The following can be taken as an initial approximation B0
1 :

B0
1 �

pUPH

x1W1KW1TELLCOR
:

Calculation results present the performance parameter calculations of DAZ-type
(«Elektrosila» Work, Stock Company “Power Machines” St.-Petersburg and
Limited Liability Company “Scientific-Production Association” Leningrad
Electrical Machine Building Plant”) powerful induction motor rating power (1250–
2500) kW [16, 19, 20]. The calculation accuracy is accepted as: e\0:01: The
number of iterations is compared corresponding to the “regula falsi” method and the
equivalent curve method implementing nonlinear algorithms (4.19) and 4.20). The
calculation practice confirms that less time is required for adjusting it, when the
“regula falsi” method is used for implementing the nonlinear algorithm (4.20). By
comparison, the use of the equivalent curve method for the nonlinear algorithm
solution (4.19) can result in reducing computer time, especially with the parameters
distinguished by their significant nonlinearity.

4.4 Experimental Data and Calculating Results
Comparison for the Torque M on the Shaft Depended
on Slip SSL for DAZ-Type Motor

The comparison of experimental and estimated data on DAZ-type motor is pre-
sented in Table 4.2.

It is shown in the table that the calculation algorithm constitutes a match with
experimental data sufficient for practical calculations.
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The above current calculation method used in T—equivalent structure of an
asynchronous motor is simple. It is based on the root-finding method of nonlinear
algebraic equations [2, 3, 16, 21].

In the design of high-power induction motors with heavy-duty (sudden change
of load, etc.) this method can be supplemented by a subroutine of the refinement of
the impedance of rotor bars. In the subroutine we realized the method for impe-
dance calculation with take into account simultaneously the skin effects in the rotor
bar and the temperature distribution along its height. This method is given in
Appendix 1 of Chap. 23.

4.5 Generalized Characteristic of Rotor Current in Cage
Elements

It is important to note the following peculiarities of this method for further
description of each slip SSL:

• Three values can be consistently identified setting arbitrary the flux density
amplitude value in an air gap (or the current in a secondary circuit): the sec-
ondary circuit EMF, the secondary circuit current and the circuit magnetizing
current. The primary circuit current is determined on the basis of Ampere’s law,
taking into account MMF of magnetically coupled machine circuits. There are
only two MMFs for a squirrel cage machine—one for a multiphase stator
winding, the second—for a multiphase rotor winding. These values are sufficient
to calculate the primary circuit voltage and to compare it with those specified in
the problem;

• the EMF, currents and MMF are linearly dependent on the flux density
amplitude B1 in an air gap for the secondary circuit. These dependencies subject
to squirrel cage structural peculiarities [4–8] are as follows:

• for the EMF amplitude bar EBð Þ:

Table 4.2 Experimental and
calculated results comparison
of DAZ-type motor

SSL Calculating according
[16]

Experiment

SSL ¼ 0:02 SSL ¼ 1 SSL ¼ 0:02 SSL ¼ 1

SSL Calculating according
[16]

Experiment

SSL ¼ 0:02 SSL ¼ 1 SSL ¼ 0:02 SSL ¼ 1

I1, A 406.2 1474.5 412 1470

I2, A 956.4 1421 – –

Cosφ 0.8348 0.1382 0.834 0.139

I0, A 129.5 54.1 135 55

E, V 5605 3308 5650 3310
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EB ¼ �jxROTWPHKWTELLCOR

p

� �
B1 ¼ �jxROTTELLCOR

2p

� �
B1¼ EB½ �Bl;

• for the bar current amplitude JBð Þ:

JB ¼ EB

Z2
¼ �

jxROTTELLCOR

2p

ZB þ ZR

2 sin2
pp
N0

B1 ¼ JB½ �B1;

here ZB;ZR—impedances of bar and portion of rings between two bars, N0—
number of bars;

• for the current amplitude in a ring portion between two bars IRð Þ:

IR ¼ JB
2 sin pp

N0

¼ ��jxROTTELLCOR

2p
� 1

2ZBsin
pp
N0

þ ZR

sin
pp
N0

B1 ¼ IR½ �B1; ð4:21Þ

• for MMF amplitude of a squirrel cage F2ð Þ: F2 ¼ 1
2
N0JB
pp ¼ F2½ �B1;

• It is found out that the proportionality coefficients EB½ �; JB½ �; IR½ �; F2½ � are not
dependent on winding currents. They are determined by the following main
factors:

• the machine geometrical dimensions, for example, the length LCOR;
• the winding parameters, for example, its impedances ZB and ZR calculated for a

certain slip SSL considering the skin effect;
• machine pole numbers 2p.

These proportionality coefficients can be designated EB½ �; F2½ �; JB½ �; IR½ �; namely,
the generalized characteristics of EMFs, MMF, bar currents and, respectively,
currents in squirrel cage ring portions.

Physically, these generalized characteristics of EMF, MMF, squirrel cage cur-
rents for specifying the slip SSL (or for rotor current frequency xROT ¼ idem) and
the selected winding structure can be regarded as the similarity criteria. They
characterize the amplitudes of EMF, MMF, cage currents in the flux density
amplitude scale B1. They determine the relationship between the EMF, MMF,
squirrel cage currents and the flux in a gap, i.e. the reaction of a rotor winding
exposed to flux density amplitude B1 in the steady-state mode.

74 4 Peculiarities of Currents Investigation in Magnetically …



Appendix 4.1: Screen Calculation Method of Large
Low-Frequency Motor Pole Shoe

General The problem of field current distribution in a damper system of a powerful
salient pole low-frequency motor (with shaft torque more than 50 T m) is of some
interest in practical work. This system is designed as a screen (a rectangular con-
ductive plate) and it is located at the rotor pole shoe [22–24]. Currents are induced
by the mutual magnetic field in air gap. This design is effective for powerful low
frequency machines. It is distinguished by its low level leakage flux between the
poles [7–10] from the conventional design of damper system. The requirements to
screen fields of higher order time harmonics generated by a stator circuit frequency
inverter, as well as a field of negative phase-sequence in case of motor emergency
modes (with its stator winding phase asymmetry, etc.) are only produced to the
low-frequency motor damper system unlike the industrial frequency motor damper
system. The synchronous starting is carried out for these motor types, so the damper
winding is not used as a starting one.

Methods of calculating the screens at the poles, as set out in this appendix, can
be used as a subroutine in the design of low speed high-power frequency-controlled
motors with large values of the distortion factor of voltage and current waveforms.

Problem of determination. The screen dimensions are assumed to be specified
parameters (Fig. 4.1): width FK = A = 2a; length FC = L = 2b; the screen thick-
ness is assumed to be equal to h, where h << A; h << L. The origin of coordinates
is located as follows: 0�X� 2a; 0� y� 2b: Note that the Y-axis direction
coincides with the machine axis rotation direction. To simplify the design, no
jumpers between the poles are installed. This screen is similar to incomplete damper
winding of a salient-pole machine. The screen resistivity is equal to q, and the
magnetic permeability—to l0: The ferromagnetic base (pole) resistivity is equal to

Ф

Fig. 4.1 The rectangular grid
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qFE and its magnetic permeability—lFE, while qFE � q. The mutual induction field
lines in an air gap are taken as orthogonal to the screen surface and its ferromag-
netic base. Stray fields of the screen laid on the ferromagnetic pole shoe surface are
initially neglected unlike ordinary stray fields of a conventional damper winding,
whose bars are laid in the semi-closed slots. Their accounting is described in
Sect. 4.1.5.

The mutual flux coupled with a screen varies in an air gap sinusoidal. Now, the
symbolic method [7, 8] is used. The flux density distribution in a gap of rotor
coordinates can be presented as follows:

b x; tð Þ ¼ B1j jej xROTt�px
sð Þ ¼ B1e�

jx
s ; B1 ¼ B1j jejxROTt: ðA:4:1:1Þ

where B1j j and B1—amplitude and the corresponding complex flux density
amplitude (phasor); s—pole pitch, xROT—screen current frequency; t—time; the
flux density complex amplitude B1 is determined using the generalized MMF rotor
characteristic from the magnetically coupled circuit theory [4–8, 15, 25, 26].

Now, the distributions of current I induced by the screen magnetic field
(A.4.1.1): I = I(x, y) are found out. It is assumed in Sects. 4.6.1 and 4.6.2 that the
screen element resistance does not depend on the temperature distribution in it. This
dependence is taken into account in Sect. 4.6.4.

It is convenient to calculate the current distribution I using generalized charac-
teristics, since the screen is a shorted circuit disposed on a rotor. Therefore, the
currents I are determined with the help of the method outlined previously in this
chapter with the accuracy up to the complex flux density value of the resulting field
in an air gap. These currents I = I(x, y) are not enclosed in square brackets in order
to make the notation simpler.

A.4.1.1 Simply Connected Domain

The method of solving this problem for a simply connected domain is considered:
for the screen, made of a material with only one resistivity q, for example, without
any- or additional soldered-in parts in it or structural openings; in this case:

q 6¼ q x; yð Þ ðA:4:1:10Þ

The computational domain is subdivided into elements of the loop. Their
number is chosen in such a way that it provides the practical calculation required
accuracy of currents in a screen.

Regular grid
At first, the rectangular circuit elements with NEQ ¼ NLNW are chosen, where

NL;NW—number of elements along the screen length and width, correspondingly.
It is expedient to subdivide the computational domain for this problem. Current
components directed along the machine rotation axis (along the axis Y) are of the

76 4 Peculiarities of Currents Investigation in Magnetically …



most practical interest. They form a flux in an air gap interacting with the stator
winding flux.

The Maxwell equation [7, 8, 11, 12] is true for each element loop:

,
( )

Q

db x,t
еdl= – dQ

dt∫ ðA:4:1:2Þ

where e—electric field intensity; l—element part (the integration path); Q ¼ 4AL
NEQ

—

rectangular element area.
If the mutual induction flow is changed according to (A.4.1.1), this equation is as

follows:
jπx
τ

Q

Edl= jω Be dQ
−

− ∫ ; ðA:4:1:20Þ

(Hereinafter, the subscript “1 (one)” is omitted in the complex amplitude flux
density B1Þ.

Now the “mean value theorem (Lagrange)” [2, 3] is used. The right part of this
equation can be presented for the arbitrary circuit TVWUT (Fig. 4.1) as follows:

�jx
Z
Q

Be�
jpx
s dQ ¼ �jxB�QK: ðA:4:1:3Þ

where B� ¼ Be�
jpx�p
s —average value of flux density complex amplitude of arbitrary

rectangular area element QK, for example, TVWUT; x�K—abscissa of point “K”,
where the flux density is equal to B�: This point is within the TVWUT circuit. Its
position is determined according to the equation in Appendix 4.2. As it follows
from the analysis, the point “K” can be combined with the gravity circuit center in
practical calculations of the screen current field. Equation (A.4.1.2′) with (A.4.1.3)
for TVWUT loop can be presented as

*Edl= –jωB QΛ ðA:4:1:4Þ

Similar equations are true for other screen circuits.
Now, the concept of the current vector electric potential in the screen is used.

The electric field intensity E in the element through the vector electric potential AE

[7, 8] can be presented as:

E ¼ rotAE: ðA:4:1:5Þ

The ratio (A.4.1.5) is valid because the screen line currents are continuous and
closed, so [7, 8]:

divE ¼ 0: ðA:4:1:6Þ
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The vector components E in the chosen coordinate system are as follows:

Eð ÞX¼
@AE

@y
; Eð ÞY¼ � @AE

@x
: ðA:4:1:7Þ

Now, the difference approximation of Eqs. (A.4.1.4) and (A.4.1.7) is considered.
The discrete vector values AE are assigned to the screen element gravity centers
(circuits), but not to the grid nodes, as it is sometimes taken in the numerical field
calculations [13], for example in FEM (finite element method) [11–13].

One of the circuits, for example, the average TVWUT (Fig. 4.1) is chosen
arbitrarily. The intensity vector components E along the axes X, Y are found for
these circuit (mesh) portions TU, VW, VT, WU. They are required for making a
line integral along these portions in accordance with (A.4.1.4). According to
(A.4.1.7), the following is obtained:

For the portions TU: .     
E E
Б Л

Х TU Y

A – AE = E = ; E =0
Δy

For the portions VW: .     
E E
Л Д

Х VW Y

A – A
E = E = ; E =0

y
For the portions TV:

.     
E E
Л Г

Y TV X

A – AE = E = – ; E =0
x

ðA:4:1:8Þ

For the portions WU: .     
E E
M Л

Y WU X

A – AE = E = – ; E =0
Δx

The parts along the axis are equal to: Dx ¼ 2a
NW

; Dy ¼ 2b
NL

:

Subject to the obtained Eq. (A.4.1.8) for tension components, Eq. (A.4.1.4) for
an arbitrary circuit TVWUT is as follows:

.        *
Л ЛVW WU TU TV

E Δx+ E Δy– E Δx– E Δy =–jωB Q ðA:4:1:9Þ

After the conversing Eq. (A.4.1.9) for this arbitrary circuit TVWUT taking into
account the tension component expressions presented in Eq. (A.4.1.8), the
following equation is obtained:

.E E E E E *
Л Б Г Д М Л Л
Δy Δx Δx Δy Δx Δy2A + –A –A –A –A =–jωB Q
Δx Δy Δy Δx Δy Δx
 
 
 

ðA:4:1:10Þ

The equations similar to (A.4.1.10) are written for other circuits belonging to the
screen, for example, STURS, DEVTD,…. The number of such equations NEQ is
equal to that of circuits NEQ ¼ NLNW: They form a linear equation system with the
imaginary right part, the unknown values of vector electric potentials, such as

,...E E E
Л Б ДA , A , A are contained in the left part NEQ: The methods for solving such

systems are widely used in engineering practice [7, 8].
Boundary conditions for the problem solution can be the electric potential vector

invariant of the screen outer circuit CFKQC: AE
CFKQC = const. Such a constant

value can be “zero”.
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Now, the physical interpretation of the obtained results can be considered in
detail. The arbitrary portion (the rectangle side) of one of the circuits, for example,
is the portion VW of circuit TVWUT. The first summand in Eq. (A.4.1.9) corre-
sponds to this portion:

.     E E
Л ДVW VW

ΔxU = E Δx= A –A
Δy

where Uð ÞVW—voltage between V and W nodes. Now, this expression is trans-
formed as follows:

,  E E
Л ДVW

h h ρΔxU = A – A
ρ ρ Δyh

 
 
 

ðA:4:1:11Þ
or

.  E E
Л Д Л,ДVW

h hU = A – A R
ρ ρ

 
 
 

ðA:4:1:110Þ

where Л,Д
ρΔxR =
hΔy—circuit D.C. resistance limited by points 1234 in Fig. 4.1. This

circuit has the length Dy, width Dx; its thickness is equal to h, and the resistivity
—q. It must be assumed from the last expression analysis that both first cofactor
terms in Eq. (A.4.1.11′)

E E
VW Л Д

h hI =A –A
ρ ρ ðA:4:1:12Þ

have the current dimension.
Now, dimension of the first summand in (A.4.1.12) is verified. It can be pre-

sented in the form of:

. 
 

  
  

 
   E E

Л Л

h U L UhA = A = = = I
ρ ρ R L R

 
 
 

  ðA:4:1:13Þ

The second term dimension in (A.4.1.12) is similar. As a result, it is confirmed
that the expression for IVW in Eq. (A.4.1.12) also has the current dimension. Each of
its terms is a vector. The first of them coincides in its direction with the vector E

ЛA ,
the second—with the vector E

ДA , correspondingly. The first summand is described
as:

K E
Л Л

hI =A
ρ

ðA:4:1:14Þ

The vector of loop TVWUT as the mesh current. This vector has the current
dimension. It characterizes physically the electric potential vector value E

ЛA in the
circuit (element) TVWUT. Similarly with (A.4.1.11′), the expression for the circuit
VGHWV is valid as follows:

.K E
Д Д

hI =A
ρ

ðA:4:1:140Þ
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Thus, the branch current in the portion VW according to Eq. (A.4.1.12) is
expressed in terms of the relations obtained for vectors (mesh currents) as follows:

.E E K K
VW Л Д Л Д

h hI =A –A =I –I
ρ ρ

ðA:4:1:15Þ

The expressions for these mesh currents are used and the estimated equation for
the selected circuit TVWUT is written down. Similar to (A.4.1.10), there is:

 K K K K K *
Л ЛБ ЛГ ЛД ЛМ Б ЛБ Г ЛГ Д ЛД М ЛМ L LI R +R +R +R –I R –I R –I R –I R = –jωB Q . ðA:4:1:16Þ

Here the D.C. resistance portion are calculated similarly (A.4.1.11′) for . They are
equal to:

.ЛБ ЛГ ЛМ
ρΔx ρΔy ρΔyR = ; R = ; R =
Δyh Δxh Δxh

ðA:4:1:160Þ

Equations (A.4.1.15) and (A.4.1.16) are the formulation of the mesh current
method [7, 8]. They can serve as a proof of its existence applied to this problem.

Two conditions are to be pointed out:

– Equation (A.4.1.6) is carried out for an arbitrary grid point. It corresponds to the
first Kirchhoff’s law at difference approximation of Eqs. (A.4.1.4) and (A.4.1.7).
For example, there is an identity for the node T:

;       K K K K K K K K
Б Л Г Г БI –I + I –I + I –I + I –I 0    ðA:4:1:60Þ

– for near-boundary areas (portions), for example, for the portion CD (Fig. 4.1),
the D.C. resistance is calculated as follows: RCD ¼ 2qDx

hDy ; and for the portion

GH: RGH ¼ 2qDy
Dxh :

Equations for other circuits, e.g., STURS, DEVTD, are similar (A.4.1.16). Their
numbers are equal to the circuit numbers NEQ. They form a linear equation system
with an imaginary right part containing in the left part some unknown mesh current
values NEQ, as well as the equation system for vector electric potential. Branch
currents in the screen portions are calculated using the expressions similar to
(A.4.1.15).

The same mesh current value on the outer boundary of the screen CFKQC:
ICFKQCK = const can serve as a boundary condition for solving the current distri-
bution problem. Such a constant value can be “zero”.

Note that in practice the mesh current method is generally set forth [7, 8] as a
calculation sequence for a specific circuit selected as an example. At the same time
we take all the assignments with regard to the circuit calculation method;
pre-selection “direction of path tracing” and the assignment on dependence of sign
of the “mutual impedance” (impedance of the branch between two adjacent meshes)
of the circuits; use of Kirchhoff’s equations for mesh currents, instead for branch
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currents; sequence of calculations branch currents using mesh currents etc.). They
are all derived from the Maxwell equations according (A.4.1.1)–(A.4.1.16).

Now, we will sum up the results obtained in this section:

– the branch current distribution in the screen is set on the basis of equations linear
system solutions with the imaginary right part either for the electric current
vector potential of the type (A.4.1.10) or for mesh currents of the type
(A.4.1.16);

– the assumptions taken in the mesh current calculation sequence [7, 8] are
confirmed for the problem under consideration by Eqs. (A.4.1.15), (A.4.1.16),
(A.4.1.11′) and (A.4.1.16′).

Irregular triangular grid
Now, for the screen current distribution problem we use an irregular grid, e.g.,

consisting of triangular elements. The portions, bounding each triangle in the grid
can be not only straight, but also curved. It is expedient in practice to use such grids
instead of rectangular ones, when it is necessary to specify the current distribution
in certain screen parts, or when some computational domain section forms are
different from the square ones. The triangular grid consisting of NEQ circuits (loops)
is shown in Fig. 4.2. The circuits are limited by straight portions.

Now, one of its elements, such as BEDB is chosen. Equation (A.4.1.4) for this
circuit have a form similar to (A.4.1.9)

.        *
Л ЛBE ED DF FB

E BE+ E ED+ E DF+ E FB= –jωB Q ðA:4:1:17Þ
where *

ЛB —average value of flux density complex amplitude at the point “Л“ of
arbitrary triangular circuit BEDB of area according to Eq. (A.4.1.3).

Fig. 4.2 The triangular grid
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It is easy to show in practical screen current field calculations that the point “Л”
by NEQ ! 1 can be combined with the triangular circuit gravity center, as well as
the rectangular one discussed earlier. Equation (A.4.1.5) for the vector electric
potential AE applied to the triangular grid is written similar to Eq. (A.4.1.8) for the
rectangular one:

 

 

 

 

E E
Л Г

BE

E E
Л Д

ED

E E
Л M

DF

E E
Л E

FB

A –AFor the portion BE: E = ,
ЛГ

A –A
For the portion ED: E = ,

ЛД
A –AFor the portion DF: E = ,
ЛМ

A –AFor the portion FB: E = .
ЛБ

ðA:4:1:18Þ

Here .2 1 1 1 3 1 3 1ЛГ=ЛЛ +ГГ ; ЛД=ЛЛ +ДД ; ЛМ=ЛЛ +ММ ;  ЛБ=ЛЛ +Б Б .
After conversing Eq. (A.4.1.17) with taking into account Eq. (A.4.1.18), the

following is obtained:

       E E E E E E E E *
Л Г BE Л Д ED Л М DF Л Б FB Л Л

h
A –A R + A –A R + A –A R + A –A R = –jω .B Q

ρ
  ðA:4:1:19Þ

The D.C. resistances of the triangular grid portion in Eq. (A.4.1.19) are equal to:

BE ED DF FB
ρBE ρED ρDF ρFBR = ; R = ; R = ; R =
ЛГh ЛДh ЛМh ЛБh

ðA:4:1:20Þ

with ЛГ, ЛД, ЛM,ЛБ—according (A.4.1.18).
The number of these resistances is equal to that of triangle portions in the

calculated area. Note that the resistance for the “border portion”, for example, the
portion BC is calculated as follows:

.BС
2

ρBСR =
ББ h ðA:4:1:200Þ

Now, the vectors of electric potentials in Eq. (A.4.1.19) are called as mesh
currents. This is similar to Eq. (A.4.1.14) for a rectangular grid:

.K E K E K E K E K E
Л Л Г Г Д Д Q Q R R

h h h h hI =A ; I =A ; I =A ; I =A ; I =A
ρ ρ ρ ρ ρ

ðA:4:1:21Þ

After transforming Eq. (A.4.1.19) and considering (A.4.1.21), one of the
equations of the mesh current calculation system is obtained:

 K K K K K *
Л BE ED DF FB Г BE Д ED M DF Б FB Л ЛI R +R +R +R –I R –I R –I R –I R = –jωB Q . ðA:4:1:22Þ
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The equations similar to (A.4.1.22) are also valid for the remaining triangular
circuits, for example, BAEB, BFCB,…. The number of such equations NEQ is equal
to that of circuits (meshes). They form a linear equation system with the imaginary
right part, containing NEQ vectors of electric potential unknown values in the left
part, such as , ... E E E

Л Г ДA , A , A or the corresponding mesh currents , … . K K K
Л Г ДI , I , I .

Equation (A.4.1.6) is valid for a grid arbitrary node, as well as the rectangular or
triangular one. It corresponds to the first Kirchhoff’s law at difference approxi-
mation of Eqs. (A.4.1.4) and (A.4.1.7). For example, there is the following identity
for the node F:

.     K K K K K K
Б М М Л Л БI –I + I –I + I –I 0 ðA:4:1:600Þ

The use of a triangular mesh does not affect the boundary condition formulation
for solving the current distribution problem, as it is the same used for a rectangular
grid. For example, the conditions for the area shown in Fig. 4.2 are as follows:
IKBLHCB ¼ const: This constant value can be “zero”.

The branch currents are calculated after solving this linear equation system NEQ

in accordance with ratios arising from (A.4.1.19) and (A.4.1.21):

E E K K E E K K
BE Л Г Л Г ED Л Д Л Д

E E K K E E K K
DF Л M Л M FB Л Б Л Б

h h h hI =A –A =I –I ; I =A –A =I –I ;
ρ ρ ρ ρ
h h h hI =A –A =I –I ; I =A –A = I –I .
ρ ρ ρ ρ

ðA:4:1:23Þ

Thus, the following additional results are obtained using the triangular grid (as
compared to rectangular grid):

• the calculation expressions for estimating branch currents in screen grid portions
through the electric circuits vector potential values or through the mesh current
values remain unchanged;

• also, the equations expressing mesh currents in grid elements through the vector
electric potential values at their gravity centers also remain unchanged;

• the assumptions usually made in the mesh current method are confirmed by Eqs.
(A.4.1.21), (A.4.1.22) and (A.4.1.23).

Consequently, the use of vector electric potential and its value assignment (or the
mesh current value) not to the nodes, but to the grid circuit mesh gravity centers
allows reducing it to the electric circuit calculations for solving screen current
problems numerically.

This requires solving the linear equation system. It helps prevent the variational
problem implementation [11–13], as it is accepted in the FEM.

The electric circuit calculation methods are widely used in engineering practice.
It allows us to use the experience gained in dealing with similar problems.
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A.4.1.2 Multiply Connected Domain

Now, the method of solving this problem for multiply connected domains is con-
sidered: for the screen made of different resistivity materials, for example, with
some additional soldered-in parts or structural holes. In this case,

q ¼ qðx; yÞ: ðA:4:1:24Þ

The computational domain is subdivided into elements (circuits). Their number
is determined in order to provide the necessary accuracy of screen current
calculations.

Regular grid
The elements in the rectangular circuit forms similar to those described in

Sect. 4.6.1.1 for a simply connected domain (A.4.1.1′) are chosen. The obtained
results can be used in this section for multiply connected domains (A.4.1.24),
provided that the equivalent resistive portions for the coefficients (resistivity) of the
unknown mesh currents in the system consisting of Eq. (A.4.1.16) are calculated
from the ratios of the type

.Л ДEQ EQ EQ EQЛ Б Л Г Л М
ЛД ЛБ ЛГ ЛМ

Л Д Л Б Л Г Л М

2ρ ρ 2ρ ρ 2ρ ρ 2ρ ρρ = ; ρ = ; ρ = ; ρ =
ρ +ρ ρ +ρ ρ +ρ ρ +ρ ðA:4:1:25Þ

Similarly, the coefficients are calculated for the remaining resistivity equation
system of the type (A.4.1.16). Note that the resistivities are calculated for
near-boundary areas, for example, the segment CD, thus: qEQU ¼ 2qU and for the
segment GH:

Irregular grid with triangular elements
The elements in the form of triangular circuits are similarly chosen to those

described in Sect. 4.1.1 for a simply connected domain (A.4.1.1′). The results
obtained therein may be used in this section provided that the coefficients (resis-
tance) in the system consisting of Eq. (A.4.1.22) calculated taking into account the
equivalent resistivity circuit domains are as follows

Л Г Л Д
EQ EQ2 1 1 1
BЕ ED

Л Г Л Д
1112

Л М Л Б
EQ EQ3 1 3 1
DF FB

БЛМЛ
3 1 3 1

ρ ρ ρ ρ
ЛЛ ГГ ЛЛ ДДρ = ; ρ = ;

ρ +ρ ρ +ρ
ЛЛ ГГ ЛЛ ДД

ρ ρ ρ ρ
ЛЛ ММ ЛЛ ББρ = ρ = .

ρ +ρ ρ +ρ
ЛЛ ММ

ВЕ ВЕ ED ED

ВЕ ВЕ ED ED

D

ЛЛ

F DF FB FB

;DF DF FB
ББ

FB

ðA:4:1:26Þ

Similarly, the coefficients are calculated for the remaining D.C. resistance
equations system in (A.4.1.22).
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Note that the D.C. resistance of these portions is calculated in the same way as in
Sect. 4.1.1 for a simply connected domain (Eq. A.4.1.20′) for the near-border
portions, for example, the portion BC, forming the simply connected circuit
domain, for example, the circuit BFCB.

A.4.1.3 Irregular Grid with Arbitrary Configuration
Elements

The results obtained in previous sections for the vector electric potential, mesh
currents and circuit resistances can also be used to calculate the current distribution
in a screen divided not only into rectangular or triangular elements, but also into
other configuration elements. It is assumed that the part of these elements can be not
only straight, but also curved, e.g., the parabolic portions.

The principal point of using these results is Eq. (A.4.1.3), which determines the
flux density B* estimated value of each mesh with the help of the Lagrange’s mean
value theorem [2, 3].

A.4.1.4 The Screen Element D.C. Resistance Depends
on the Temperature Distributed in It (Nonlinear
Problem); the Domain Is Simply—Or Multiply
Connected

When the screen is flown around by the currents, induced by the mutual induction
field in an air gap, the temperature h distribution in screen elements is not uniform.
Accordingly, the resistivity of these elements is not the same even for a simply
connected domain, so q ¼ q x, y; hð Þ; wherein the dependence of circuit resistivity
q on temperature is expressed by the ratio: qH ¼ q0 1þ q�hð Þ; where q0—circuit
conductor resistivity at h ¼ 0	C, q�—high-resistivity temperature coefficient.
Therefore, it is necessary to find simultaneously the temperature distribution in
screen elements (circuits) in the steady state thermal mode in order to calculate the
current distributions.

Practically, it is expedient to determine the steady state temperature and current
elements as asymptotes to which they aspire in their transient thermal mode during
the time t ! 1. It is assumed that in initial state the screen is not flown by currents
initially (no mutual induction field), the temperature of all the elements is equal to
the ambient temperature hAMB:. Then the screen is exposed to the mutual induction
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field (A.4.1.1), and various resistivity and temperature value are fixed in all ele-
ments at t ! 1.

The temperature rise process in the screen circuits (elements) can be presented as a
differential equation system of the type [14] for each mesh, for example for mesh Л:

.
EL CNV COND

Л Л Л Л
EL
Л

dθ Q –Q –Q =
dt cG

ðA:4:1:27Þ

where

Лθ element overheating
EL
ЛQ losses evolved in time t
CNV
ЛQ losses allocated from the element by convection
COND
ЛQ losses allocated to the adjacent element (entering the element) by thermal

conductivity
c screen element specific heat

EL
ЛG screen element weight (Figs. 4.1 and 4.2)

The initial conditions for this system from NEQ first order differential equations
are formulated as follows: the temperature of all screen elements is h ¼ hAMB at
t = 0. Note that there are known solutions [24] of selecting the system integration
step Dt from Eq. (A.4.1.27), its stability and convergence problems associated with
choosing this step.

The determination of steady state screen temperature elements (circuits) as the
transient thermal mode asymptotes assumes an alternate solution of two problems
for each time t: the current distribution problem using the equation systems
(A.4.1.16) or (A.4.1.22); the temperature distribution problems using the equation
system of type (A.4.1.27).

A.4.1.5 Screen Element Reactance Accounting

The following should be noted formulating the current calculation problems. Unlike
ordinary damper winding stray fields, whose bars are laid in the semi-closed slots,
the stray fields of conductive screen laid on the pole shoe ferromagnetic surface are
initially neglected.

The D.C. resistance is only taken into account, for example, the D.C. resistance
RBE of the triangular grid portion BE (Fig. 4.2).

However, it is expedient to consider these fields in general, for example, at high
screen current frequency xROT:Note that the symbolic method [7, 8] is used in Sects.
4.1.1 and 4.1.2 presenting the harmonic functions of mutual flux, electric field
intensity, and screen currents. If necessary, these peculiarities allow taking into
account the leakage field data and corresponding screen reactance circuits (elements).

If it is used, the equations for both Kirchhoff’s laws remain valid in general case,
when each part of the chain domain contains not only the D.C. resistance, but also
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the complex one. For example, the triangular grid portion BE is complex and equal
to the impedance ZBE [7, 8].

Without any additional assumptions, these symbolic method features allow
writing the linear equation system value NEQ derived in Sects. 4.1.1 and 4.1.2 as
follows:

Using a rectangular grid in the form of:

 K K K K K *
Л ЛБ ЛГ ЛД ЛМ Б ЛБ Г ЛГ Д ЛД М ЛМ Л ЛI Z +Z +Z +Z –I Z –I Z –I Z –I Z = –jωB Q . ðA:4:1:1600Þ

Using a triangular grid in the form of:

 K K K K K *
Л BE ED DF FB Г BE Д ED М DF Б FB Л ЛI Z +Z +Z +Z –I Z –I Z –I Z –I Z = –jωB Q ðA:4:1:2200Þ

Appendix 4.2: Determination of Average Flux Density Point
Location by “Mean Value Theorem (Lagrange)” [2, 3]

The original equation is:

DyB
ZNþ 1ð ÞDx

NDx

e�
jpx
s dx ¼ DyDxB � e�jpDxNþa

s :

where 1\N�NW; 0\a\1. The ratio for determining the number α is obtained
from the equation:

2s
Dxp

sin
Dxp
2s

e
�jDxp
2s ¼ e

�jaDxp
s :

The analyzed equation results are as follows: at the Dx
s � 0:01 value a � 0.5 is

obtained. Thus, the point “Л” coincides with the rectangular circuit gravity center.

Appendix 4.3: Equivalent Circuit of Powerful Induction
Motors Operating in Nonlinear Networks

Additional indications:

mST;mROT—stator and rotor winding phase numbers, respectively;
P1—network consumed power;
P2—motor shaft power;P

Q—amount of losses for calculating magnetization current active component IA;
Q1;OHM;Q2;OHM—stator and rotor winding D.C. losses;
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R1;OHM;R0
2;OHM—D.C. resistance of stator winding phase and rotor winding

equivalent phase.

Problem statement A number of assumptions [4, 6–8] are used when calculating
electromagnetic loads and performance of industrial frequency powerful motors
operating in linear networks. In these assumptions we take into account neither
mechanical losses (for ventilation, in bearings) very significant for powerful motors,
nor consider them approximately.

The losses in stator winding A.C. resistance are taken approximately within the
frameworks of these assumptions. It is approximately assumed in calculating the
inductive current component Il of the magnetizing circuit and the secondary circuit
current I02 that the EMF at its terminals is E � 0:93� 0:97ð ÞUPH depending [9, 10]
on pole numbers (2p = 4–10). The active magnetizing circuit component IA is also
calculated using approximate ratios derived on the basis of some assumptions.

All the assumptions are based on the experience of serial motor design and
operation. However, these assumptions lead to errors in current calculation results
loses and motor shaft power losses in circuits with increasing electromagnetic load
levels of industrial motor use. For example, the power balance is disturbed when a
rotor is locked SSL ¼ 1ð Þ: power consumption turns out to be not equal to the
estimated amount of losses dissipated in its circuits [10]. This contradicts the
problem physical conditions, etc. These assumptions lead to additional errors in
calculation results of powerful frequency-controlled asynchronous motors and
induction generators operating with frequency converters.

So, the practical task is to clarify the magnetizing circuit parameters, as well as
parameters of stator and rotor circuits at powerful asynchronous machine with an
increased level of electromagnetic load by accounting the distribution of main and
additional losses in it.

A.4.3.1 Basic Equations of Powerful Asynchronous
Machine Substitution Patterns QTIM
 1ð Þ

Note preliminarily that the procedure of EMF time harmonic and current order is
denoted by the letter QTIM unlike other sections. This is due to the fact that the
machine losses are marked here with the letter Q.

Now, we consider the equation system for calculating electromagnetic loads and
performance characteristics of powerful frequency-controlled induction machines in
motor mode for the harmonic order QTIM 
 1 of the supply voltage. They corre-
spond to the T-shape circuit for m = 1 [4–8] written for the effective current values,
EMF and voltages.

The expression for network consumed total power is written additionally to the
equation system (4.13)–(4.18) for magnetically coupled stator and rotor circuits.
The following is obtained for the power P01 consumed by the primary winding
(stator) phase and the secondary stator-reduced winding (rotor) phase at QTIM ¼ 1 :
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P01 ¼ UPH I1ð Þ� ¼ I1Z1 � Eð Þ I1ð Þ�¼ I1Z1 I1ð Þ��E I0 � I02
� ��

¼ I1Z1 I1ð Þ��E I0ð Þ� þE I02
� ��

:
ðA:4:3:1Þ

where I1ð Þ�—complex conjugated with complex I1; the conjugated complexes
I0ð Þ�; I02

� ��
are marked similarly.

Note that the real part of the component expression P01 is equal to the active
component P01

� �
A of network power consumption and its imaginary part—to the

reactive component P01
� �

R of this power:

P01 ¼ P01
� �

A þ j P01
� �

R: ðA:4:3:2Þ

Now, three summands in (A.4.3.1) of network totally-consumed power P01 are
considered in detail.

The first of them corresponds to the total power consumed by the primary circuit
phase (stator):

P01;1 ¼ I1Z1 I1ð Þ�¼ I1j j2 R1 þ jX1ð Þ ¼ I1j j2R1 þ j I1j j2X1 ¼ P01;1
� �

A
þ j P01:1
� �

R:

ðA:4:3:3Þ

The second summand in (A.4.3.1) corresponds to the total power consumed by
the magnetizing circuit. Considering Eq. (4.16), the following is obtained:

P01;2 ¼ �E I0ð Þ�¼ P01;2
� �

A
þ j P01;2
� �

R
: ðA:4:3:4Þ

The third term in (A.4.3.1) corresponds to the total power consumed by the
secondary circuit phase (rotor) reduced to a stator winding:

P01;3 ¼ E I2ð Þ�¼ Ej j
Z0
2

�� ��
 !2

R0
2

SSL
þ j

Ej j
Z0
2

�� ��
 !2

X0
2 ¼ P01;3

� �
A
þ j P01;3
� �

R
: ðA:4:3:5Þ

where Z0
2

�� �� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R0

2

SSL

� �
þ X0

2

� �2r
:

Note that the total power P1;3 consumed by the mST phases of secondary circuit
reduced to a stator winding can be presented as [4–6, 9]:

P1;3 ¼ mSTP01;3 ¼ mST I02
�� ��R0

2 þmST I02
�� ��2R0

2
1� SSL
SSL

þ jmST I02
�� ��2X0

2

¼ P1;3L
� �

A þ P1;3SH
� �

A þ j P1;3
� �

R�
ðA:4:3:50Þ
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where

P1;3L
� �

A¼ mST I02
�� ��2R0

2 ¼ mROT I02
�� ��2R2 � the losess in rotor winding;

P1;3SH
� �

A¼ mST I02
�� ��2R0

2
1� SSL
SSL

¼ mROT I02
�� ��2R2

1� SSL
SSL

� the power onmotor shaft:

As a result, the expression for active power P1ð ÞA consumed by the machine
from network (with phase numbers of stator winding mROT and rotor winding
mROTÞ is obtained:

P1ð ÞA ¼ P1;1
� �

A þ P1;2
� �

A þ P1;3L
� �

A þ P1;3SH
� �

A

¼ mST I1j j2R1 þmST Ej j IAj j þmROT I2j j2R2 þmROT I2j j2R2
1� SSL
SSL

:

ðA:4:3:6Þ

Accordingly, the expression for the reactive power P1ð ÞR is as follows:

P1ð ÞR ¼ P1;1
� �

R þ P1;2
� �

R þ P1;3
� �

R

¼ mST I1j j2X1 þmST Ej j Il
�� ��þmROT I2j j2X2:

ðA:4:3:60Þ

Note. According with (3.1) in the basic system (4.13)–(4.18) we have to, instead
of the value U ¼ UPH ¼ U1 QTIM ¼ 1ð Þ; use the value U = UQ for high time har-
monics QTIM [ 1ð Þ:

A.4.3.2 Machine Circuit Losses Components and Shaft
Power

Now, the power balance is discussed. The condition is when the motor-consumed
network power is equal to the sum of losses dissipated in its circuits and the
developed motor shaft power should be found out analytically by QTIM ¼ 1:

For the beginning, the first special case, namely the mode SSL ¼ 1 is considered.
As it follows from the obtained Eq. (A.4.3.6), the calculated power value P1;3SH

� �
A

is equal to “zero” at SSL ¼ 1: The expression for the machine network-consumed
active power P1ð ÞA at SSL ¼ 1; QTIM ¼ 1 is as follows:

P1ð ÞA at SSL ¼ 1ð Þ ¼ P1;1
� �

A þ P1;2
� �

A þ P1;3L
� �

A

¼ mST I1j j2R1 þmST Ej j IAj j þmROT I2j j2R2:
ðA:4:3:7Þ
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As it follows from a comparison of Eqs. (A.4.3.6) and (A.4.3.7):

(a) The power balance is achieved at SSL ¼ 1 in (A.4.3.7): the calculated machine
network-consumed active power P1ð ÞA (at SSL ¼ 1Þ is equal to the amount of
losses P1;1

� �
A; P1;2
� �

A; P1;3L
� �

A scattered in its circuits only with a proviso
that the component P1;2

� �
A is calculated from the ratio:

P1;2
� �

A¼ mST P01;2
� �

A
¼ mST Ej j IAj j: ðA:4:3:8Þ

As it follows from (4.17), this component is equal to the sum of lossesP
Q: P1;2
� �

A¼
P

Q: This amount includes the losses that are not proportional to
the machine circuit currents square I1 and I02, for example, no-load losses in stator
and rotor cores;

In practical calculations we usually accept in the basic system (4.13)–(4.18) for
high time harmonics QTIM [ 1ð Þ:X

Q ¼ QCOR þQADðNOLOADÞ: ðA:4:3:80Þ

(b) The regularities obtained in the equation analysis (A.4.3.7) for SSL ¼ 1 are
preserved at SSL 6¼ 1 in (A.4.3.6). The power balance takes place in this mode,
when the following additional conditions are observed:

– for QTIM ¼ 1 the mechanical losses (for ventilation, in bearings), whose
value is also not proportional to the machine circuit currents square
I1 and I02, should be included in the amount of losses

P
Q in addition to the

above-mentioned losses. These losses are dissipated as heat energy as well
as the winding losses. It can be assumed conditionally that:

– the component P1;3SH
� �

A¼ mROT I2j j2R2
1�SSL

SSL
corresponds to the power

available at the machine shaft: P1;3SH
� �

A¼ P2:

Thus, expanding the equation system (4.13)–(4.18) for magnetically coupled
circuits with Eq. (A.4.3.6) for the network-consumed motor total power, the con-
ditions are derived analytically, under which the arbitrary slip power balance SSL is
fulfilled: the active network-consumed power P1ð ÞA is equal to the sum of losses
dissipated in the motor circuits and the power P1;3SH

� �
A¼ P2 developed on the

shaft.
The error arises in determining the magnetizing current effects on the calculation

results of the currents distributions I1 and I02 and, consequently, on the calculated
values of losses and on the motor efficiency, as well as the power P2. Besides, this
error affects the estimated value of the magnetizing circuit reactance Xl and, hence,
the motor power factor cosu.
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A.4.3.3 Additional Losses and Equivalent Circuit
Impedances

The following ratios for the equation system parameter calculations are obtained
from Eqs. (A.4.3.6) and (A.4.3.7):

• the methods of A.C. resistance calculation taking into account the skin effect [4–
6, 9] (Field’s factor) are given for different constructions of stator windings in
Chap. 23, for different constructions of rotor bars—in appendix of Chap. 23;

• the active current magnetization value IAj j is determined for QTIM¼ 1 with the
losses according to Eq. (4.17), for QTIM [ 1—with the losses based on
Eq. (A.4.3.8′).

At QTIM [ 1 the relationship between the magnetizing circuit EMF Ej jQTIM¼1 and

the magnetization current Il
�� ��

QTIM¼1 is convenient to present [3] in the form:

Ej jQTIM
� F0QTIM¼1 Il

�� ��
QTIM

; F0QTIM¼1 ¼
@ Ej jQTIM¼1

@ Il
�� ��

QTIM¼1

 !��

The asterisk (**) denotes the derivative at the main magnetization characteristics
QTIM ¼ 1ð Þ corresponding to the EMF Ej jQTIM¼1.
As for large asynchronous machines, their losses QAD at QTIM¼ 1 are estimated

by the method commonly used in practice [10]:

QAD � 0:005P2;RAT: ðA:4:3:9Þ

where P2;RAT—rated motor power.
The test results of powerful serial asynchronous motors confirm that additional

losses QAD are usually close in rated mode to the estimated values calculated from
(A.4.3.9). The rated mode is understood as the mode with rated shaft power, rated
network frequency and rated torque.

Note that the aforementioned condition is met in (A.4.3.9): the estimated losses
QAD do not depend on the machine circuit currents squares I1 and I02:

In recent years, it is required to clarify the calculated value QAD in (A.4.3.9) due
to the increased level of electromagnetic load of modern machines including the
frequency-controlled motors. This is especially applied to modern
frequency-controlled motors: it is necessary to calculate the following operational
modes for such motors:

– with a rated torque supported throughout the control range. The machine power
and frequency are not retained rated in this range;

– with rated power maintained throughout the control range. The machine torque
and frequency are not retained rated in this range.
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Note that the losses QAD are not the same in these operating modes and they do
not remain constant with frequency network changes, so it is impossible to use
Eq. (A.4.3.9) for their calculations: it is not confirmed by the test results.

Researching the components included in the losses QAD, it is taken into account
that they are actually determined by MMF and the magnetic flux in air gap [4–6].

These components are as follows:

• no load losses determined by the harmonics of magnetic flux in air gap, for
example, the rotor circuit losses caused by stator tooths;

• load losses determined by MMF currents of stator and rotor circuit harmonics,
for example, magnetic flux leakage losses in stator and rotor cores, in stator
winding and in rotor bars.
It is necessary to separate the additional losses in this case:

• no load losses QAD(NO LOAD). To determine the value
P

Q they are summed up
to the main losses in stator and rotor cores, and at QTIM¼ 1—also with the
mechanical losses (for ventilation, in bearings);

• current dependent losses QAD(ST) and QAD(ROT) in stator and rotor windings
(from the leakage field QTIM 
 1 [4–6, 10]). These losses determine the oper-
ation mode overheating; they are considered during the calculation of the
impedances of these windings. It should be noted that there are some additional
losses in rotor bars under load (with account of the skew slots) comprising two
components [10], one of which is dependent on the stator current square, and the
second—on the rotor current square at the slot skewing of rotor short-circuited
winding.

Brief Conclusions

1. The equation system can be used for magnetically coupled circuits, whose
solution is expedient to be performed by the iteration method for calculating the
A.C. machine mode, and whose design foresees several short-circuited windings
lumped on a rotor.

2. The method feature is that the EMF currents, MMF rotor shorted circuits are
calculated in the form of generalized characteristics, i.e., to the resultant field
induction amplitude in air gap. The flux density itself is calculated by iteration
on the basis of the stator winding specified voltage.

3. These generalized characteristics of EMFs, currents, MMF of squirrel cage for a
specific slip SSL and the chosen rotor design can be regarded physically as the
similarity criteria. They characterize the amplitudes of EMF, currents and MMF
in the flux density scale amplitude B1: They determine the rotor winding
reaction, when it is subjected by the flux density amplitude equal to B1 in steady
state mode.
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4. The current distribution calculation method in the screen on the low-frequency
motor pole has the following features:

– The current distribution is determined subject to its parameters (the screen
conduction, its thickness, etc.) of the linear equation system solution either
for the vector electric potential or mesh currents.

– The method enables us to solve the current distribution problems in the
screen, in which A.C. resistance depends on its temperature. It is convenient
to obtain the solution as the thermal transient process asymptote.

– The following is obtained with the help of the vector electric potential using
electromagnetic field equations in the integral form. The assumptions
accepted in the mesh current calculation method are valid for calculating the
current screen for a computational grid of arbitrary shape. At the same time
the relationship between the fictitious current circuit of arbitrary shape (mesh
current) and the vector potential averaged within the same circuit is
established.

5. The conditions are found out analytically under which the power balance for the
arbitrary slip SSL is carried out for powerful asynchronous motors powered from
the linear network or the frequency inverter. These conditions are obtained on
the basis of the magnetically coupled circuit equations and the additional
equation for the power, consumed by the motors from the power network.

List of Symbols

AE Vector electric potential
А Width of screen
L Length of screen
h Thickness of screen
B1 Magnetic flux density amplitude of mutual flux in

air gap
E Electric field intensity
ENþ 1;N EMF of loop
F0 MMF magnetic circuit complex amplitude (pha-

sor) corresponding to the flux U0

F1, F2, F3 MMF of loops on the rotor according to the
currents I1, I2, I3

IA, Iμ Active and reactive components of magnetization
current

I0, I1, I2
′ Currents in the equivalent T-shape circuit

I2
′ Reduced to stator winding
JB, IR Currents in elements of short-circuits winding on

the rotor
k Number of iteration
kCART, kSAT Carter’s factor and saturation factor accordingly
L1,S, L2,S, L3,S Leakage inductance of rotor loops
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LCOR Core length
m Number of spatial harmonic
mPH,ST, mPH,ROT Stator an rotor winding phases number

accordingly
N0 Number of rotor meshes
p Number of pole pairs
Р1 Power consumed from network
Р2 Power on the motor shaft
PCOR, РMECH, РAD Losses in core, mechanical and additional losses

accordingly
Q Value of screen mesh square
QTIM Number of time harmonic
Q1,OHM, Q2,OHM D.C. losses in stator and rotor respectively
ΣQ Summarized losses for the calculation value of IА
R1, R2, R3 A.C. resistance of rotor circuits
R1,OHM, R2,OHM

′ D.C. resistances of stator and rotor phase windings
Xμ Magnetizing circuit inductance
SSL Slip
TEL MMF expansion period
UPH Phase circuit voltage
W1, KW1; W2, KW2; W3, KW3 Number of circuit turns of three contours and their

winding coefficients
Z1, Z2

′ Primary and secondary circuit impedances
ZB, ZR Impedances of bar and portion of short-circuited

ring
δ Equivalent air gap
ε Accuracy of iteration method
μ0 Air magnetic permeability
ρ Specific resistivity of shield
τ Pole pitch
Ф0 Flux complex amplitude (phasor) in an air gap
ψ2 Angle between positive direction of vector I2

′ and
real line

ψE Angle between positive direction of vector E and
real line

ωREV Angular frequency of rotor rotation
ω1 Circular frequency of network
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Chapter 5
Representation of Currents in Rotor
Short-Circuited Winding Elements
in the Form of Generalized Characteristics

This chapter still deals with the investigation of generalized characteristics of MMF
and rotor currents. It is obtained that currents in short-circuited rotor loop elements
can be represented in the form of generalized characteristics without any restrictions
in the structure of such windings (complete or incomplete damper winding with
broken bars or without them, etc.). Two versions of concept physical interpretation
on generalized characteristics introduced in previous chapters are given here.

The content of this chapter is development of the methods stated in [1, 2, 8–14].

5.1 Problem Statement

In the previous chapter, the iterative method of currents determination in A.C.
machine loops was given based on the assumption that there are two short-circuited
windings with lumped parameters, located in the rotor. In its realization, it is
convenient to use generalized current characteristics of these windings and their
MMFs in the air gap. An important result in solving the system of equations for
magnetically coupled loops by this method is the fact that this system is true not
only for rotor winding structure with lumped parameters; this result determines
solutions of system of equations for magnetically coupled loops, some of which
correspond to windings with distributed parameters, for example, damper winding
consisting of a number of short-circuited loops. However, it is true if it is possible to
prove that the following can be presented in the form of generalized characteristics:

• currents in rotor short-circuited winding elements regardless of the number of
loops in it;

• MMFs of these short-circuited loops or the whole winding.

Let us note that for short-circuited rotor winding it is practically not necessary to
calculate MMF generalized characteristic of its each short-circuited loop as it was
given in Chap. 4 for generalized characteristics [F2], [F3]. The method given in
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Chap. 12 allows one to find MMF generalized characteristic of damper winding
(regular or irregular) or squirrel cage (with broken bars) as a sum of MMF gen-
eralized characteristics of separate loops forming such winding, if generalized
current characteristics are found in these loops.

In the same Chap. 4 based on the method of investigation of performance data of
high power induction motors with nonlinear parameters (with account of skin effect
in cage bars and magnetic circuit saturation), the expediency of using current and
MMF generalized characteristics in a secondary loop is confirmed in practical
calculations. Physical validity of iterative method is combined thus with simplicity
of its realization.

In this chapter, we shall go on with consideration of current generalized char-
acteristics of rotor windings with distributed parameters, for example of salient pole
machine damper winding.

We formulate in this regard the following problem: Let us show that rotor
winding currents with distributed parameters irrespective of its structure (regular or
irregular damper winding, squirrel cage with broken bars) and numbers of loops in
it can be represented by means of generalized characteristics. It will serve us as
substantiation in solving main problems connected with analytical research of
currents in short-circuited rotor loops of A.C. machines fed with non-sinusoidal
current. By development of investigation methods of passive and active U-shaped
recurrent circuits of various structure, this monograph presents analytical calcula-
tion methods of currents distribution in structural elements of these short-circuited
rotor windings, and also we find regularities of their distribution and formulate
practical recommendations.

To prove a possibility of representation of currents in winding with distributed
parameters in the form of generalized characteristics, we will compile a system of
equations for rotor winding with N0 short-circuited loops, herewith, geometrical
dimensions, impedance (incl. A.C. resistance and reactance) of separate loop ele-
ments can differ from each other. This system of equations is similar to that for
magnetically coupled loops from the previous chapter and is its more general
version. Thereby, we get generality of problem solution: its results become possible
to extend to various structures of squirrel cage damper winding (for example, with
broken bars and without them), etc. At the same time, the use of system of equa-
tions given in this chapter also represents an independent practical interest, thus, it
is possible:

• to carry out additional checking of the results obtained from analytical solutions
in the following chapters;

• to obtain numerical values of generalized characteristics of resulting currents of
irregular damper winding or asymmetrical squirrel cage, without stating con-
cepts on their components: main and additional currents [8, 10, 11].
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5.2 Initial Data and Its Representation

Initial data accepted:

• resulting field in air gap with complex induction amplitude (phasor) B(m, Q);
• geometrical dimensions of winding elements;
• impedances (incl. A.C. resistances and leakage reactances) of winding elements;
• rotation speed xREV (slip SSL) and number of poles 2p;

At first, let us consider some initial data in more detail.

5.2.1 Representation of Resulting Field Harmonics
in Air Gap

Harmonics of the first order for this field (Q = 1, m = 1) for a special case—DFMs
—were already determined by corresponding systems of equations. They are cal-
culated according to the Ampere’s law [1, 2] using two summands: of the first
spatial harmonics of stator winding MMF and rotor winding MMF. These MMFs
were determined by currents in multiphase stator winding and in three-phase rotor
winding. Both currents are calculated from a system of equations for two mag-
netically coupled loops in stator and rotor.

However, in solving the problem of currents distribution calculation in damper
winding and squirrel cage structural elements fed with non-sinusoidal current,
ðQ� 1;m� 1Þ, MMF values of these windings are still unknown: these MMFs are
found with account of currents distribution in windings and their structure. In
Chap. 8, proceeding from harmonics of resulting field in air gap, we obtain
expressions for EMF necessary for calculation of this distribution. In the following
chapters there is realized a method for determination of currents and MMF of these
resulting field harmonics; for its realization use is made of generalized character-
istics properties [9, 12].

In Chap. 3 it was determined that among stator and rotor fields harmonics there
can be found those differing in identical spatial periods in air gap and identical EMF
frequency in rotor loops. For example, for salient pole machines when fed with
non-sinusoidal current, in air gap it is possible to allocate two resulting fields
meeting the following conditions: T = idem, xROT ¼ idem, where xROT—EMF
frequency in rotor loops. These resulting fields of each group of the “adjacent”
harmonics differ in the direction of rotation relative to rotor, rotation speed relative
to stator and in amplitude. They form a system of magnetically coupled loops.
EMF frequencies induced in stator loops by both these fields in air gap are obtained
in Chap. 3. Such two resulting fields with “adjacent” frequencies, are, for example,
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the fields determined by time harmonics of orders QDIR ¼ 7;QADD ¼ 17 and spatial
of order mADD ¼ 5, or fields of loops N = 1 and N = 2, N = 3 and N = 4 in
Table 3.4.

Considering features of these physical processes of occurrence of resulting fields
fed with non-sinusoidal current, we will assume in this chapter that in the A.C.
machine air gap for operation in a network with nonlinear elements each couple of
such conditions (T = idem, xROT = idem) corresponds to two resulting fields with
specified differences.

We assign BDIR(m, Q) as the flux density amplitude of resulting field whose
direction in air gap coincides with that of rotor rotation, and amplitude BAD(m, Q)
—field rotating in air gap in direction, opposite to the direction of rotor rotation.

It is more convenient to consider these two resulting fields in air gap as two
components of the uniform resulting field which meets the condition common to
both of them: T = idem, xROT = idem. Then flux density b(x, t, m, Q) in air gap in
any point x and at any timepoint t has the following form: [3, 4, 13, 14]:

bðx; t;m;QÞ ¼ BDIRðm;Q1Þj j cos xROTt� 2pmx
T

� �
þ BADðm;Q2Þj j cos xROTtþ 2pmx

T

� �
:

Here x—coordinate along boring in tangential direction; t—time; Q1 ≠ Q2—order
of time harmonics corresponding to criteria S = 1 or S = 2 according to Chap. 3. It
was already noted that the current frequency in rotor loops xROT is determined in
Chap. 3 depending on harmonics orders m and Q, and also from the speed of rotor
rotation xREV and from machine operating mode (synchronous or asynchronous).

We use a symbolical method for representation of resulting field in air
gap. Then, the flux density b(x, m, Q) in air gap takes the form:

bðx;m;QÞ ¼ BDIRðm;Q1Þ � e�j2pmx
T þBADðm;Q2Þ � ej

2pmx
T :

Here BDIRðm;Q1Þ;BADðm;Q2Þ—complex amplitudes (phasors):

BDIRðm;Q1Þ ¼ BDIRðm;Q1Þj j � ejðxROTtþuDIRÞ;

BADðm;Q2Þ ¼ BADðm;Q2Þj j � ejðxROTtþuADÞ;

where uAD;uDIR—initial phase angles.
In further statement, we will omit indices for flux density values and orders of

time harmonics for both summands in this expression for record simplification and
write down as follows:

bðx;m;QÞ ¼ Bðm;QÞ � e�j2pmx
T þBð�m;Q) � ej2pmx

T : ð5:1Þ
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5.2.2 Geometrical Dimensions of Winding Elements.
Designation of Loop EMF

Let us designate initial geometrical dimensions of loops of damper winding or
squirrel cage as follows: GN+1,N. Here, both indices mean that a loop is formed by
bars with numbers N + 1, N and corresponding ring portions (segment) with
number N; this loop is designated: (N + 1, N). It is supposed that, in general,
geometrical dimensions of loops forming short-circuited rotor winding differ from
each other: GN+1,N = var; it is true, for example, for geometrical dimensions of
damper winding loops on pole and between poles.

EMF induced by means of the first component of induction in each of
short-circuited rotor loops, for example, in loop (N + 1, N) we represent in the
form:

ENþ 1;N ¼ �jxROTGNþ 1;NBðm;QÞ: ð5:2Þ

The similar expression for the EMF corresponds to the second component of the
induction B(−m, Q).

5.2.3 A.C. Resistances and Reactances, Currents
in Winding Elements

Those sets are impedances ZB,0; ZB,1; ZB,2;…; ZB,N of bars in slots of
short-circuited winding accordingly with numbers 0, 1, 2,…, N,… ð0�N�N0 � 1Þ
and impedances of one ring portions (segment) ZR,0; ZR,1; ZR,2;…; ZR,N between
axes of adjacent bars; numbers of these portions are designated respectively
0,1,2,…, N,… (Fig. 5.1). All these impedances are calculated for a certain slip SSL
or rotor current frequency xROT with account of skin effect in rotor bars.

It is generally supposed that the winding is asymmetrical, so

ZB;0 6¼ ZB;1 6¼ ZB;2 � � � 6¼ � � �ZB;N;ZR;0 6¼ ZR;1 6¼ ZR;2 � � � 6¼ � � �ZR;N:

We designate currents in bars and ring portions (segments) respectively with
letters “J” and “I”, and their “current values” that are dependent on number N,
respectively, J(N) and I(N). In this chapter for simplification of writing down systems
of equations, brackets for indices are omitted.
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5.3 System of Equations and Peculiarities of Matrix
Structure of Its Coefficients

Let us consider an element of A.C. machine short-circuited rotor winding, for
example, of pole damper winding (Fig. 5.1).

This winding element consists of a number of loops with set bar impedances (for
example: AA0;BB0; . . .; FF0) and ring portions, (for example, AB, BC,…, EF).

We write down for clarity the following system of equations as per the second
Kirchhoff’s law for three adjacent loops in rotor:

JNþ 2 � ZB;Nþ 2 � JNþ 1 � ZB;Nþ 1 � 2INþ 1 � ZR;Nþ 1 ¼ ENþ 2;Nþ 1

for loop ðNþ 2;Nþ 1Þ:

JNþ 3 � ZB;Nþ 3 � JNþ 2 � ZB;Nþ 2 � 2INþ 2 � ZR;Nþ 2 ¼ ENþ 3;Nþ 2

for loop (Nþ 3;Nþ 2Þ:

JNþ 4 � ZB;Nþ 4 � JNþ 3 � ZB;Nþ 3 � 2INþ 3 � ZR;Nþ 3 ¼ ENþ 4;Nþ 4

for loop ðNþ 4;Nþ 3Þ:

Relation between current JN in bar number N and currents in adjacent ring
portions IN, IN-1 (Fig. 5.1) with numbers N and N − 1 is determined by the first
Kirchhoff’s law:

JN ¼ IN � IN�1: ð5:3Þ

Taking into account this ratio, we transform this system of equations to the
following:

INþ 2ZB;Nþ 2 � INþ 1 ZB;Nþ 2 þZB;Nþ 1 þ 2ZR;Nþ 1
� �þ INþ 0ZB;Nþ 1 ¼ ENþ 2;Nþ 1

for loop ðNþ 2;Nþ 1Þ:
INþ 3ZB;Nþ 3 � INþ 2 ZB;Nþ 3 þZB;Nþ 2 þ 2ZR;Nþ 2

� �þ INþ 1ZB;Nþ 2 ¼ ENþ 3;Nþ 2

for loop ðNþ 3;Nþ 2Þ:
INþ 4ZB;Nþ 4 � INþ 3 ZB;Nþ 4 þZB;Nþ 3 þ 2ZR;Nþ 3

� �þ INþ 2ZB;Nþ 3 ¼ ENþ 4;Nþ 3

for loop ðNþ 4;Nþ 3Þ:
ð5:4Þ

Fig. 5.1 Element of short-circuited rotor winding
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When checking this system, it should be noted that instead of currents in the ring
it is possible to assume a concept on the current in each loop (mesh current [1, 2]).

This system should be still added with equation as per second Kirchhoff’s law
for excitation winding:

IEXZEX ¼ EEX: ð5:40Þ

Here EEX—EMF induced in this winding by the resulting field in air gap, IEX—
current in winding, ZEX = REX + jXEX—accordingly its impedance, A.C. resis-
tance and inductive leakage reactances including the impedance in excitation sys-
tem circuit.

As for the screening influence of rotor excitation winding in modern machines,
the following should be noted:

• semiconductor elements of excitation system usually partly or completely “cut
off” a negative half wave of alternating current induced by fields of higher time
harmonics; it depends on the winding inductance.

• impedance of this winding is more than that of rotor damper winding. In this
regard, the screening influence of excitation winding in comparison with damper
winding is small.

We note that regularities in the structure of both of these systems of equations
are simple that allows to to check easily in practical calculations correctness of
equation formation; for each subsequent equation in the system it is necessary to
change by unit the index numeration for currents, impedances and EMFs.

Let us designate the sum of three impedances in the left part of system of
Eq. (5.4):

ZB;Nþ 2 þZB;Nþ 1 þ 2 � ZR;Nþ 1 ¼ ZNþ 2;Nþ 1;ZB;Nþ 3 þZB;Nþ 2 þ 2 � ZR;Nþ 2

¼ ZNþ 3;Nþ 2;ZB;Nþ 4 þZB;Nþ 3 þ 2 � ZR;N¼3 ¼ ZNþ 4;Nþ 3; . . .:

ð5:5Þ

We set out coefficients for currents in the system (5.4) in Table 5.1 taking into
account designations (5.5).

Table 5.1 Table of coefficients for unknowns in the system of equations for calculation of
currents in short-circuited winding

IN+0 IN+1 IN+2 IN+3 IN+3 … EMF

ZB,N+1 −ZN+2,N+1 ZB,N+2 … EN+2,N+1

ZB,N+2 −ZN+3,N+2 ZB,N+3 … EN+3,N+2

ZB,N+3 −ZN+4,N+3 ZB,N+4 … EN+4,N+3

… … … … … … …
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Sum of impedances ZNþ 2;Nþ 1 in (5.5) is in the left part of system of Eq. (5.4).
Index of this impedance corresponds to that at EMF ENþ 2;Nþ 1 in the right part of
equation; the same refers to indices of the sum of impedances ZNþ 3;Nþ 2 and EMF
ENþ 3;Nþ 2, sum of impedances ZNþ 4;Nþ 3 and EMF ENþ 4;Nþ 3; . . ..

Entering coefficients in this table is quite simple, and it can be easily checked in
practical calculations. Its peculiarities are as follows:

• the number of impedances in each line equals three;
• these three impedances for each next line are shifted by one column to the right,

towards increase of indices for currents;
• numbering of indices at these three impedances for each next line changes by

unit;
• each group of impedances differing by unit, for example, from those ZB,N+1, ZB,

N+2, ZB,N+3, etc., is located in the table diagonally.

The number of equations in the system and, respectively, number of lines in
Table 5.1 is determined by that of loops in short-circuited rotor winding. This
number of loops depends on its construction. For example, incomplete damper
winding with N0 bars on pole has N0 − 1 loops; respectively, for calculation of
currents in this winding it is necessary to solve a system of N0 equations including
Eq. (5.4′), and to determine N0 − 1 currents in ring elements (segments). Currents
in bars are calculated according to (5.3). However, squirrel cage in induction
machine contains N0 bars and N0 loops; respectively, system (5.4) consists of N0

equations with N0 unknown currents in ring elements (segments). Currents in N0

bars are also calculated according to (5.3), Eq. (5.4′) for rotor excitation winding is
excluded.

5.4 Solution Results: Currents in Elements
of Short-Circuited Rotor Windings.
Their Generalized Characteristics

It is convenient to present solution results of the system of Eq. (5.4) in the form:

INþ 0 ¼ DNþ 0

DSYST
; INþ 1 ¼ DNþ 1

DSYST
; INþ 2 ¼ DNþ 2

DSYST
; INþ 3 ¼ DNþ 3

DSYST
; INþ 4

¼ DNþ 4

DSYST
; . . .:

Here DSYST—system determinant dependent on the impedance of loops given in
Table 5.1; DN+0; DN+1; DN+2; DN+3; DN+4;…—algebraic adjunct [5].

Let us consider the expression for one of algebraic adjuncts in more detail, for
example, for DN+2. In its calculation, the column from the system coefficients (5.4),
that is the column of cage elements impedances ZB;Nþ 2;;�ZNþ 3;Nþ 2;ZB;Nþ 3; . . .
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corresponding in Table 5.1 to the current IN+2, we replace [5] with the column from
cage loops EMF ENþ 2;Nþ 1;ENþ 3;Nþ 2;ENþ 4;Nþ 3; . . .. We expand the determinant
obtained in this way in this column. Result of calculations is also an expression for
algebraic adjunct DN+2; for further calculations it is expedient to present it in the
form:

DNþ 2 ¼ ENþ 2;Nþ 1AþENþ 3;Nþ 2BþENþ 4;Nþ 3Cþ � � �
¼ �jxROTB(m;Q)½ �TNþ 2: ð5:6Þ

Here A, B, C….,—matrices of coefficients (impedances); order of these matrices is
one unit less than that of the system of equations; TN+2—proportionality coefficient
determined by the impedance from Table 5.1 calculated taking into account geo-
metrical dimensions of machine active part (D, LCOR) and loops GN+1,N. It follows
from Eq. (5.2) that EMF of each loop of short-circuited winding contains the same
factor: �jxROTB(m;Q)½ �. It is taken into account in Eq. (5.6) for the algebraic
adjunct DN+2.

Similar expressions from a system of equations for unknown currents can be also
obtained in the calculationofother algebraic adjuncts:DNþ 0;DNþ 1;DNþ 3;DNþ 4; . . ..

As a result of transformations performed, the expression for currents in elements
of short-circuited ring (in segments) of damper winding or squirrel cage takes the
following form:

INþ 0 ¼ �jxROTTNþ 0

DSYST
B(m;Q);

INþ 1 ¼ �jxROTTNþ 1

DSYST
B(m;Q); INþ 2 ¼ �jxROTTNþ 2

DSYST
Bðm;QÞ;

INþ 3 ¼ �jxROTTNþ 3

DSYST
B(m;Q); INþ 4 ¼ �jxROTTNþ 4

DSYST
Bðm;QÞ; . . .:

ð5:7Þ

It is easy to show that the system determinant DSYST 6¼ 0, and it is convenient to
present these currents as:

INþ 0 ¼ INþ 0½ �B(m;Q); INþ 1 ¼ INþ 1½ �B(m;Q);
INþ 2 ¼ INþ 2½ �B(m;Q); INþ 3 ¼ INþ 3½ �B(m;Q);

INþ 4 ¼ INþ 4½ �B(m;Q); . . .:
ð5:8Þ

In the last expressions we have:

INþ 0½ � ¼ �jxROTTNþ 0

DSYST
; INþ 1½ � ¼ �jxROTTNþ 1

DSYST
;

INþ 2½ � ¼ �jxROTTNþ 2

DSYST
; INþ 3½ � ¼ �jxROTTNþ 3

DSYST
;

INþ 4½ � ¼ �jxROTTNþ 4

DSYST
; . . .:
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Similarly, in Eq. (5.8) currents in bars can be represented as:

JNþ 0 ¼ JNþ 0½ �B(m;Q); JNþ 1 ¼ JNþ 1½ �B(m;Q);
JNþ 2 ¼ JNþ 2½ �B(m;Q); JNþ 3 ¼ JNþ 3½ �B(m;Q);

JNþ 4 ¼ JNþ 4½ �B(m;Q); . . .:
ð5:9Þ

They are obtained from the ratio following from (5.3).
We name proportionality coefficients obtained in (5.8) and (5.9).

INþ 0½ �; INþ 1½ �; INþ 2½ �; INþ 3½ �; INþ 4½ �; . . .; ð5:10Þ

JNþ 0½ �; JNþ 1½ �; JNþ 2½ �; JNþ 3½ �; JNþ 4½ �; . . .: ð5:11Þ

as generalized characteristics of currents in ring portions of damper winding or
squirrel cage and, respectively, in bars.

Thus, as a result we obtain that currents in short-circuited rotor winding elements
can be represented in the form of generalized characteristics without any restrictions
in the structure of such windings (complete or incomplete damper winding with
broken bars or without them, etc.).

For three-phase rotor winding of DFMs the concept of generalized character-
istics of currents was given in appendix of Chap. 2. Also, physical treatment of this
concept was given and calculation expressions for generalized characteristics of
currents were obtained in Chap. 2.

For symmetrical squirrel cage of induction machine the concept of generalized
characteristics of currents was given in Chap. 4. These generalized characteristics
for currents in elements of its cage are a special case characterizing short-circuited
rotor winding, in which:

• impedances of all bars are equal; the same refers to those of ring portions;
• EMFs of loops are equal in amplitude, but differ in phase angles uN, herewith,

the difference of phase angles of two EMFs of adjacent loops is constant:
Du ¼ uNþ 1 � uN ¼ uNþ 2 � uNþ 1 ¼ uNþ 3 � uNþ 2 ¼ � � � .
For damper winding of salient pole machine and squirrel cage induction machine

at the occurrence of damage in it, both or one of these conditions are not met.
Therefore, for the calculation of A.C. machines modes fed with non-sinusoidal
current, it was also necessary to proceed to a more complex problem formulated in
the form of system of equations for magnetically coupled loops.

Physically, these generalized current characteristics for currents in elements of
damper winding or squirrel cage (symmetrical or asymmetrical) with frequency
xROT = idem can be considered, as well as for three-phase rotor winding of DFMs,
as criteria of similarity: they determine in the scale of flux density B(m, Q) current
amplitudes and phases in all elements of these short-circuited windings.
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Generalized characteristics of currents can be considered also as transfer func-
tions; in steady-state operation mode (Heaviside’s operator jxROT ¼ p1) [1, 2] they
determine the relation between currents in short-circuited winding elements and
resulting flux in air gap, that is the winding reaction affected by this flux.

5.5 Accounting of “Adjacent” Harmonics Fields by Means
of Generalized Characteristics of Currents

In the previous para, we obtained general expressions for generalized characteristics
of currents in short-circuited rotor winding elements used in practice (in damper
winding, squirrel cage). In their calculation, it was supposed that in air gap there is
resulting field with complex amplitude of flux density B (m, Q). We designate the
corresponding generalized characteristics of currents obtained from a system of
equations for currents in short-circuited ring portion, for example, with number
N + 0 in the form [IN+0] and in the adjacent bar, for example, with the same
number, in the form [JN+0].

The system of equations for currents in short-circuited winding elements and in
excitation winding induced by the field with complex amplitude of flux density B
(−m, Q) is given similarly; we designate their generalized characteristics of currents
as follows: I0Nþ 0

� �
; I0Nþ 1

� �
; I0Nþ 2

� �
; . . . and J0Nþ 0

� �
; J0Nþ 1

� �
; J0Nþ 2

� �
; . . .. We note

that these generalized characteristics are determined with the same frequency xROT

of rotor EMF. Therefore, in their calculation the values of impedances are still true
(taking into account skin effect) specified in Table 5.1.

Then, currents induced by resulting field of “adjacent” harmonics can be cal-
culated from the ratios:

INþ 0 ¼ INþ 0½ � � Bðm;QÞþ I0Nþ 0

� � � Bð�m;QÞ;
INþ 1 ¼ INþ 1½ �Bðm;QÞþ I0Nþ 1

� �
Bð�m;QÞ;

..

.

JNþ 0 ¼ JNþ 0½ �Bðm;QÞþ J0Nþ 0

� �
Bð�m;QÞ;

JNþ 1 ¼ JNþ 1½ �Bðm;QÞþ J0Nþ 1

� �
Bð�m;QÞ;

..

.

In further statement (Chaps. 4–13) the generalized characteristics of currents in
short-circuited rotor winding elements, and also generalized characteristics of MMF
and field of these currents in air gap are not put into square brackets for the purpose to
simplify designations: in these chapters the theory and methods of their investigation
are stated.However, inChap. 14, para (14.5), these generalized characteristics are used
for the formation of system of equations for magnetically coupled loops; therefore we
will return to designations of these characteristics using square brackets.
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5.6 Peculiarities of Numerical Realization of System
of Equations for Calculation of Generalized
Characteristics

Let us note the following peculiarities of Table 5.1 with system coefficients usually
to be considered in practical calculations.

One of these is as follows: its every line contains only three impedances (co-
efficients under three unknown currents). It is accepted to name matrices of sparsity
structures. Realization of systems of equations with similar matrices has peculiar-
ities. There are several methods of their solution [6, 7] that allow one to obtain the
result with minimum calculation error, that is with minimum losses of accuracy of
the result. The second peculiarity is connected with the change of A.C. resistances
and reactances of damper winding or squirrel cage bars depending on slip SSL. For
high values of slip SSL � 1, the inductive reactance of short-circuited windings bars
is usually maximum, despite sharp manifestation of skin effect; it tends to zero as
slip reduces. A.C. resistance of bars at slips SSL � 1 is also maximum in connection
with sharp manifestation of skin effect; it tends to the value of D.C. resistance as
slip decreases. Therefore, for small slips (usually at SSL\0:2) often in practice of
calculations of similar systems difficulties arise in numerical methods; in order to
avoid them, sometimes calculation is performed with “doubled accuracy”.

Brief Conclusions

1. Currents in short-circuited rotor winding elements can be represented in the
form of generalized characteristics without any restrictions in the structure of
such windings (complete or incomplete damper winding with broken bars or
without them, etc.). As a result of this research it is obtained that generalized
characteristics of currents [I2], [I3] and MMFs [F2], [F3] obtained in previous
chapter are a special case of generalized characteristics for short-circuited rotor
winding. To use an iterative method of calculation of magnetically coupled
loops for rotor having windings with distributed parameters (for example,
damper winding), it is necessary to determine previously:

• EMF generalized characteristics of each short-circuited rotor loop; for this
purpose in the previous chapter equations used are similar to (4.6);

• generalized characteristics of currents in short-circuited winding elements;
for this purpose the system of equations of magnetically coupled loops or the
equations similar to (4.7) were used in the previous chapter;

• MMF generalized characteristics, proceeding from generalized characteris-
tics of currents in the previous chapter for this purpose there were used
equations in the form of (4.8)–(4.9).
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2. Generalized characteristics of currents in elements of damper winding or
squirrel cage (symmetrical or asymmetrical) with frequency wROT = idem can
be considered, as well as for three-phase rotor winding of DFMs, as criteria of
similarity: they determine in the scale of the flux density B(m, Q) or B(−m, Q)
the current amplitudes and phases in all elements of these short-circuited
windings. Generalized characteristics of currents can be also considered as
transfer functions; in steady-state operation mode (Heaviside’s operator
p ¼ jxROT) they determine the relation between currents in short-circuited
winding elements and resulting flux in air gap, that is the winding reaction
affected by this flux.

3. Regularities in the structure of systems of equations for calculation of currents
are simple that allows us to check easily in practical calculations correctness of
equation formation.

4. The system of equations for calculation of currents has peculiarities: each
equation contains only three impedances (coefficients under three unknown
currents). In practice, for numerical realization of systems of equations with
similar sparse matrices in the area of small slips (usually at SSL < 0.2) there
often arise difficulties: inductive and A.C. resistance of bars for these slips
sharply decrease in comparison with the mode at SSL ≈ 1.

5. Numerical calculation method of currents unlike analytical, does not allow us to
determine general regularities of current distribution in its elements for specific
structures of short-circuited rotor windings. At the same time, its development
alongwith analytical methods, represents a practical interest: themethod allows us
to carry out additional investigation of results, to obtain calculated values of
generalized current characteristics, not stating concepts on themain and additional
currents [8, 10, 11] of irregular damper winding or asymmetrical squirrel cage.

List of Symbols

A, B, C… Matrices of coefficients (impedances) of
system of equations

B(m, Q) Flux density resulting field complex ampli-
tude (phasor) in air gap

BDIR(m, Q) Complex amplitude (phasor) of flux density
of direct field

BAD(m, Q) Complex amplitude (phasor) of flux density
of additional field

b(x, t, m, Q) Instantaneous value of flux density of
resulting field in air gap

DNþ 0;DNþ 1;DNþ 2;DNþ 3;DNþ 4; . . . Algebraic adjuncts of system of equations
DSYST Determinant of system of equations
EN+1,N EMF of short-circuited loop
GN+1,N Geometrical dimensions of loops of damper

winding or squirrel cage
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JN and IN Currents in bars and ring portions
JNþ 0½ �; JNþ 1½ �; JNþ 2½ �; JNþ 3½ �; JNþ 4½ �; . . .;
INþ 0½ �; INþ 1½ �; INþ 2½ �; INþ 3½ �; INþ 4½ �; . . .

Generalized characteristics of currents in
bars and, respectively, in ring portions of
damper winding or squirrel cage

m Order of spatial harmonic
N, N + 1, … Bar (ring portions) numbers of short-

circuited rotor winding
p Number of pole pairs
Q Order of time harmonic
SSL Slip
T Spatial period
t Time
TN+2 Proportionality coefficient determined by

machine impedance
ZB;0;ZB;1;ZB;2; . . .;ZB;N; Impedances of bars in slots of

short-circuited rotor winding
ZR;0;ZR;1;ZR;2; . . .;ZR;N; Impedances of ring portions between rotor

bars
xREV Angular speed of rotor rotation
xROT Circylar frequency of rotor EMF and

current
uAD;uDIR Initial phase angles
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Chapter 6
Passive Quadripoles; Recurrent Circuits
of Various Structure: Investigation
of Their Peculiarities for Modeling Process
of Currents Distribution
in Short-Circuited Rotor Windings

This chapter develops methods of current investigation in elements of U-shaped
passive recurrent circuits with various structure of their links (symmetric, asym-
metrical, etc.) in relation to the design of short-circuited rotor windings of large A.
C. machines; peculiarities of investigation methods for asymmetrical recurrent
circuits are described in detail. This chapter establishes a basis for the investigation
of currents in elements of active U-shaped recurrent circuits used in subsequent
chapters for distribution of currents in short-circuited rotor windings. Methods are
proved with numerical examples.

The content of this chapter is development of the methods stated in [1, 2, 11–14].

6.1 General Comments

Generalized characteristics allow using analytical methods to solve problems of
currents distribution in damper winding elements of salient pole synchronous
machines and in squirrel cages (with broken bars)—of induction machines.
Practical advantages of these methods in solution of the problem considered, in
comparison with numerical are known; they allow us to determine general regu-
larities of currents distribution in various constructions of short-circuited rotor
windings, including operation in nonlinear circuit. For this purpose, peculiarities of
investigation methods of symmetrical recurrent circuits are stated in detail in this
chapter, methods of investigation of asymmetrical recurrent circuits of various
structure with account of various constructions of machine short-circuited rotor
windings of specified types are developed.

In the following chapters, these methods for the first time in engineering practice
were used to solve the problems of currents distribution in elements of modern
winding constructions in nonlinear networks of A.C. machines; it demanded a
number of additional checks of validity of results. Methods differ in description
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completeness of physical processes, strictness of their solution and clarity of
physical interpretation of results based on common ground.

Earlier, these methods were successfully used practically in investigation of eddy
currents and losses in modern constructions of stator coil windings in A.C.
machines. They will be given in Chap. 23.

In relation to problems considered, the structure of recurrent circuits has a
number of peculiarities determined by specific features of various constructions of
short-circuited windings found in practice.

6.2 Representation of Short-Circuited Rotor Winding
Elements in the Form of Quadripoles and Recurrent
Circuits

It is convenient to consider a loop of short-circuited rotor winding in A.C. machine
formed by two adjacent bars and two ring portions concluded between them as a
quadripole. A number of such quadripoles makes a recurrent circuit.

For more accurate representation of peculiarities in investigation methods of
quadripoles and recurrent circuits developed in this monograph, let us begin with
stating results of their development with quadripoles and passive recurrent circuits.
Such quadripoles feature the absence of power sources (EMF) inside each of them.

Let us note that real problems to be investigated in the following chapters are
more difficult: in each loop of short-circuited rotor winding of A.C. machines in
operational modes there are EMFs induced by resulting field in machine air
gap. For their investigation, we will use methods, typical for active quadripoles;
each containing power sources (EMF) inside. Methods of investigation of these
recurrent circuits with EMF in every loop differing in amplitude and phase, are
developed in the following chapters on the basis of results obtained in this chapter.

6.3 Passive Symmetrical and Asymmetrical Quadripoles

Let us designate the voltage and current at passive quadripole input as U1; I1, and at
output—U2; I2. We use one of notations for equations of this quadripole which
establish the relation between U1; I1 andU2; I2:

U1 ¼ AU2 þBI2;

I1 ¼ CU2 þDI2:
ð6:1Þ

Here A, B, C, D—constants determined by quadripole impedances [1, 2]. We note
that between the constants in Eq. (6.1) the following relation takes place:
AD� BC ¼ 1. Thus, passive quadripole is characterized by only three independent

116 6 Passive Quadripoles; Recurrent Circuits of Various Structure …

http://dx.doi.org/10.1007/978-4-431-56475-1_23


constants. With their help, the quadripole can be represented with one of two
equivalent circuits: T-shaped (two longitudinal elements with impedances ZR1 ;ZR3

and one cross element with impedance ZB1 are star connected) or U-shaped (two
cross elements with impedances ZB1 ;ZB3 and one longitudinal element with
impedance ZR1 are delta connected). T-shaped equivalent circuit is symmetrical if
ZR1 ¼ ZR3 , otherwise ðZR1 6¼ ZR3Þ it is asymmetrical. Similarly, U-shaped equiv-
alent circuit is symmetrical if ZB1 ¼ ZB3 , otherwise ðZB1 6¼ ZB3Þ it is asymmetrical.

In further statement, we will use these both equivalent circuits.

6.4 Structural Features of Passive Symmetrical
and Asymmetrical Recurrent Circuits

If we have a number of quadripoles and output terminals (2′, 2″) of one (Fig. 6.1)
are connected to input terminals (3′, 3″) of the following, we obtain the recurrent
circuit (Fig. 6.2) consisting of N0 cross elements; its component quadripoles are
links of such a circuit. In further statement, we will differentiate the following types
of passive recurrent circuits:

• on the ratio of values of longitudinal or cross elements: symmetrical and
asymmetrical;

• in the structure: open and closed.

Let us consider in more detail, primarily, the first type of recurrent circuits
(symmetrical and asymmetrical):

Fig. 6.1 Quadripoles and recurrent circuit

OUTIN

Fig. 6.2 Passive recurrent circuit
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• symmetrical circuits; in such a circuit all quadripoles forming it are symmetrical:
impedance of all cross elements, for example, AA′, BB′, . . ., FF′ satisfies the
following ratio:

ZB ¼ idem ð6:2Þ

and all longitudinal elements, for example, AB, BC,…, EF—to the ratio:

ZR ¼ idem ð6:3Þ

• asymmetrical circuits; in such a circuit one or several elements satisfy the ratios:

ZR 6¼ idem or ZB 6¼ idem ð6:4Þ

In asymmetrical circuits we allocate one class naming it as asymmetrical regular
or for simplicity—regular. In this recurrent circuit, groups as A1A0

1;B1B0
1; F1F

0
1

(Fig. 6.3) can be allocated consisting of N0 ≫1 symmetrical cross elements
meeting the condition (6.2) and groups, for example, A1B1;B1F1, consisting of
N0 − 1 symmetrical longitudinal elements meeting the condition (6.3).

However, there are asymmetrical longitudinal elements between these groups of
elements, for example, F1A2; F2A1, satisfying one of conditions (6.4). Such a circuit
corresponds to damper winding.

In asymmetrical circuits, we allocate one more class naming it as asymmetrical
irregular or for simplicity—irregular. In such a recurrent circuit unlike asymmetrical
regular, groups of cross elements can be allocated, for example; B1B0

1; F1F
0
1

(Fig. 6.3) not meeting the condition (6.2). Such a circuit corresponds to damper
winding, for example, with damaged bar.

Let us proceed to the second type of recurrent passive circuits (open and closed):

• open circuits; in such circuits consisting of N0 (N = 0, 1, 2,…) cross elements
and N0−1 longitudinal, the following ratios for currents are satisfied: currents in
the first (N = 0) cross element and the first longitudinal are equal in amplitude
and phase; currents in the last cross (N = N0−1) and in the last longitudinal

Fig. 6.3 Asymmetrical regular passive recurrent circuit
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(N = N0−2) element are equal in amplitude, but are opposite in phase. There are
not a EMF in elements of passive chain open circuits; the currents are created by
the external voltage sources. An example is the circuit in Fig. 6.3 if the voltage
(current) source is not connected to these elements (voltage (current) source on
element N = 0);

• closed circuits; in this circuit consisting of N0 cross elements and N0 longitu-
dinal, the following ratios for currents are satisfied: difference of currents in
longitudinal elements with numbers N = N0−1 and N = 0 is equal to the current
in cross element with number N = 0. An example is the same circuit in Fig. 6.2
if terminals OO′ and PP′ are galvanically connected if the voltage (current)
source is not connected to these elements. There are not a EMF in elements of
passive chain closed circuits; the currents are also created by the external
voltage sources. In some cases it is more convenient to set out this circuit as
“closed” (Fig. 6.4). In further statement when investigating closed recurrent
circuits both passive and active we will use both forms of closed circuits.

Let us note that from the methods of investigation of passive asymmetrical
recurrent circuits given in this chapter it follows that they are reduced to investi-
gation of symmetrical circuits with account of a number of additional boundary
conditions determined by degree of circuit asymmetry.

About the features of differencial and difference equations: currents in passive
recurrent circuit (Fig. 6.5a) and in equivalent current—carrying plate (Fig. 6.5b).

N+3 

Fig. 6.4 Passive closed recurrent circuit
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6.5 Methods of Investigation of Passive Symmetrical
Recurrent Circuits Described by “Step” or “Lattice”
Functions

6.5.1 Difference Equations, Methods of Their Solution

We proceed to the statement of calculation methods of current distribution in
passive recurrent circuits.

Thus, we will accept as initial:

• impedances in longitudinal elements—as per (6.2);
• impedances in cross elements—as per (6.3);
• voltage applied to one or several elements of recurrent circuit.

Let us consider some links (elements) of symmetrical passive recurrent circuit
presented in Figs. 6.2, 6.3 or 6.4.

As well as in the previous chapter, let designate serial numbers of cross elements
of the circuit as follows: N = 0, 1, 2, …, N − 1, …, N0−1; Let us assign number N
to each longitudinal element bounded between two cross elements with numbers N
and N + 1. Respectively, the loop bounded between cross elements with numbers
N + 1 and N and longitudinal elements with number N will be designated: (N + 1,
N). Currents in longitudinal element with number N will be designated as I[N], and
in cross element with the same number—J[N]; unknown dependence of these
currents on element number N will be designated respectively I(N) and J(N).

I INP

IINP

(a)

(b)

Fig. 6.5 Currents in passive recurrent circuit (a), and in equivalent current carrying plate (b)
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Further, let us consider a loop formed by cross elements with numbers N + 2,
N + 1 and longitudinal elements with number N + 1. For this loop we will write
down the equation as per second Kirchhoff’s law [1, 2]:

J½Nþ 2� � J½Nþ 1�ð ÞZB � 2 � I[Nþ 1�ZR ¼ 0: ð6:5Þ

According to the first Kirchhoff’s law we have the following relations between
these currents:

J½Nþ 2� ¼ I½Nþ 2� � I½Nþ 1�; J[Nþ 1�I½Nþ 1� � I½Nþ 0�: ð6:6Þ

After transformation (6.5) taking into account (6.6), we get:

I½Nþ 2� � ð2þ rÞ � I½Nþ 1� þ I½Nþ 0� ¼ 0: ð6:7Þ

where coefficient r ¼ 2 � ZR

ZB
ð6:70Þ

is determined by the relation of impedance of longitudinal and cross elements of
symmetrical recurrent circuit; generally it is a complex number. It is easy to show
that this coefficient physically corresponds to the distribution coefficient from the
theory of transmission lines [3–6].

Equation (6.7) describes the distribution of currents in all elements of recurrent
circuit. It belongs to the class of linear difference equations with constant coeffi-
cients [4–7] and has the order equal to two. Equations of this kind correspond to
processes described by so-called “step” or “lattice” functions. Features of such a
function are, in particular, that its argument changes discretely; respectively, and
this function accepts only discrete values [6, 7].

Unlike it—functions describing processes by means of differential equations
change continuously, as well as their arguments (except for special discontinuity
points not considered here).

In the task class considered, such “step” or “lattice” functions are currents in
longitudinal I[N] and in cross elements J[N]; they are connected by the ratio (6.6).
Argument of these functions as stated above changes discretely: N = 0, 1,2, …,
N − 1,….

Distinction between “step” functions describing processes by means of differ-
ence equations, and continuous functions describing processes by means of dif-
ferential equations has clear physical interpretation. It is necessary for sure to use
step functions and methods of their analysis in engineering practice.

Let us consider for example the following two physical problems; for simplicity
we select two receivers (Fig. 6.5a, b). In the first example it is necessary to find the
distribution of currents in longitudinal and cross elements of passive circuit con-
nected to terminals A, A′ of alternating current source; let us designate the impe-
dance measured between these terminals as ZEQ.
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In the second—it is necessary to find the distribution of current in a conducting
plate (for example, copper) connected to terminals AA′ of the same source and with
the same impedance between these terminals: ZEQ ¼ idem. Let us note that pro-
vided that ZEQ ¼ idemð Þ we replace (“equalize”) the circuit with discrete longitu-
dinal and cross impedances of its elements—by conducting plate. Spreading of
currents in such a plate (their continuous distribution) is described by Laplace
differential equation, and in each point of this plate the Ohm law in differential form
D ¼ c �E is true, where D—current density in plate element, γ—its specific con-
ductivity, E—electric field intensity. Unlike this continuous distribution of currents
in plate, currents in elements of recurrent circuit are distributed discretely according
to the solution of corresponding difference equation.

Difference equations can be solved by several methods.
In practice, besides classical [6–8] the method of solution of difference equations

by means of Laplace discrete transformation is widely used (Z-transformations).
This method [4–7] is similar to that of differential equations solution by means of
operational calculation and is especially convenient when solving difference
equations or their systems of high order [3].

In the analysis of currents distribution in considered recurrent circuits we will
use classical method.

In practical calculations within this method, some modifications of difference
equation solution are used as (6.7). Let us consider one of these.

Let us set out the solution of uniform difference Eq. (6.7) in the form:

IðNÞ ¼ C1 � ek1N þC2 � ek2N þ . . .CM � ekMN ð6:8Þ

Here C1, C2,. . ., CM—constants determined by boundary conditions of problem; k1,
k2, . . ., kM—coefficients determined by parameters of recurrent circuit (impedances
of its elements).

Therefore, the solution of difference Eq. (6.8) is found if the following are
determined:

• constants C1, C2,. . ., CM from boundary conditions depending on peculiarities
of recurrent circuit structure;

• coefficients k1, k2, . . ., kM from ratios containing recurrent circuit parameters.

Index M in summation determines the number of summands in (6.8); it corre-
sponds to the order of difference equation and is equal for Eq. (6.7) to two, so
M = 1; 2. Let us substitute solution (6.8) to initial Eq. (6.7). After these transfor-
mations, we get:

e2kM � ð2þ rÞ � ekM þ 1 ¼ 0: ð6:9Þ

Equation (6.9) is one of forms of characteristic equation corresponding to dif-
ference Eq. (6.7). Let us represent it as:
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e
kM
2 � e�

kM
2

� �2
¼ r.

From this expression we calculate kM 2 k1; k2::

sh
k1
2
¼ þ

ffiffiffiffi
r

p
2

; sh
k2
2
¼ �

ffiffiffiffi
r

p
2

: ð6:10Þ

When transforming Eq. (6.9) it is supposed that e
kM
2 6¼ 0; this condition is always

satisfied in the considered class of tasks. Equations (6.10) implicitly determine both
coefficients kM : k1 and k2. However, such a type of coefficient representation is
inconvenient: inverse hyperbolic functions complicate the type of calculation
equation for currents in a closed form. It practically excludes a possibility to use
calculation equations in such a form for their joint solution, for example, if they
form a system made under both Kirchhoff’s laws or if it is necessary to generalize
the analysis results of currents distribution in recurrent circuit.

In some tasks, for example, when designing grounding cables for power trans-
mission line supports [6], when studying the distribution of waves along recurrent
circuits modeling processes in high voltage lines it is possible to accept [6]:

k1�þ ffiffiffiffi
r

p
; k2�� ffiffiffiffi

r
p

:

Thus, it is supposed that when expanding function sh k1
2 into a series, only the

first term of series is considered. sh k1
2 � k1

2 ; similarly, sh k2
2 � k2

2 . However, these
approximate expressions are true only for r\\0.1 and for short-circuited rotor
windings of A.C. machines usually are not satisfied.

In practice, for the investigation of distribution of currents in elementary con-
ductors (conductor strands) of stator winding [9] or in rotor winding construction
elements [13] other modification of solution by any classical method of difference
equation as (6.7) has revealed to be more convenient. Its advantage is that it allows
obtaining the solution of difference Eq. (6.7) in a closed form. Now we consider it
in more detail. Let us perform previously the following additional transformations.
Let us designate the value ekM in (6.9) as: ekM ¼ aM, and, as before, for considered
class of tasks index M = 1;2. Then Eq. (6.9) takes the form:

a2M � ð2þ rÞ � aM þ 1 ¼ 0: ð6:11Þ

It is also a form of representation of characteristic equation corresponding to
difference Eq. (6.7). From its decision we obtain complex values a1 and a2 in an
explicit form:

a1;2 ¼ 2þr� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 4r

p

2
: ð6:12Þ
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Thus, coefficients a1, a2 are determined by parameters of recurrent circuit
elements.

Let us note that according to Vieta’s theorem [10] the following ratios are true:

a1 � a2 ¼ 1; a1 � a2 ¼ 2þr. ð6:120Þ

These both ratios can be obtained directly using Eq. (6.12) for a1 and a2. Ratios
(6.12) and (6.12) will be repeatedly used in further calculations.

As a result of transformations (6.11)–(6.12), we obtain the solution of uniform
difference Eq. (6.7) in a closed form:

IðNÞ ¼ C1 � aN1 þC2 � aN2 ; ð6:13Þ

where C1, C2—constants determined by boundary conditions; for open and closed
recurrent circuits they differ. Let us note that rightness of solution (6.13) can be
easily confirmed also directly substituting each of summands into Eq. (6.7), com-
posing Eq. (6.13); number of summands and constants at them (two) are equal thus
to the order of difference equation: M = 2.

Equation (6.13) describes the distribution of currents in longitudinal elements of
passive recurrent circuit.

Distribution of currents in its cross elements is determined from (6.13) using the
first Kirchhoff’s law (6.6):

JðNÞ ¼ C1 � aN�1
1 � ða1 � 1ÞþC2 � aN�1

2 � ða2 � 1Þ: ð6:14Þ

Thus, from the analysis of the obtained Eqs. (6.13) and (6.14) we can draw an
important practical conclusion: currents in elements of passive recurrent circuit are
distributed under aperiodic law.

We use obtained solution (6.13) of uniform difference Eq. (6.7) in a closed form
further for the investigation of currents distribution not only in symmetrical, but
also in asymmetrical passive recurrent circuits, as well as in active recurrent circuits
of various structure.

Let us note also that results of this analytical investigation of recurrent circuits
will also allow us to obtain expressions for MMF of short-circuited rotor windings
of A.C. machines (synchronous and induction), to formulate a system of equations
for the calculation of modes of these machines, including their operation in non-
linear network.

6.5.2 Pecularities of Currents Distribution in Symmetrical
Passive Recurrent Circuits

Let us perform an analysis of some peculiarities of solution (6.13) of difference
Eq. (6.7) for currents in relation to the open recurrent circuit. Let us accept for
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clarity that plus sign in Eq. (6.12) refers to the value of a1, and minus sign—to
value a2, so |a2| < |a1|, herewith, |a1| > 1, a |a2| < 1. Let us represent these both
complex values as follows:

a1 ¼ Reða1Þþ j � Im(a1Þ ¼ a1j j � eju1 ; a2 ¼ Reða2Þþ j � Im(a2Þ ¼ a2j j � eju2 :

Here, u1;u2—phase angles (generally u1 6¼ u2).
Then the expression for current (6.13) can be represented as:

IðNÞ ¼ C1 � a1j jN�ejNu1 þC2 � a2j jN�ejNu2 : ð6:15Þ

Therefore, in Eq. (6.15), current summands IðNÞ in different ways change their
amplitudes and phases with change of loop number N. For the first current sum-
mand IðNÞ with growth number N the amplitude increases, however, for the second
summand with increase of N it decreases; for both current summands IðNÞ with
growth number N, phases also change, however the law of their change is various:
it was already noted that u1 6¼ u2.

Ratios between constants C1 and C2 determine the following possible versions of
dependence of longitudinal current IðNÞ in elements of recurrent circuit on the loop
number N:

• with |C1| ≫|C2| amplitude of this current with growth number N increases under
the exponential law;

• with |C1| < < |C2| its amplitude with growth of N is attenuated under the
exponential law;

• for other combinations of constants C1 and C2 and phase angles u1;u2 of both
summands, maximum or minimum current amplitude can be reached with
growth of N.

6.6 Open Passive Recurrent Circuits. Constants
for Calculation of Currents Distribution Calculation
Examples

6.6.1 General Comments

It is noted above that constants C1, C2 are determined by boundary conditions, and
these conditions depend on structural features of recurrent circuit. Previously,
however, we can note the following:

• usually in the theory of passive quadripoles it is accepted that voltages U1, U2

and currents I1, I2 contained in Eq. (6.1) characterize respectively “input (index
1)” and “output (index 2)” of this quadripole; the same refers to recurrent
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circuits formed by several quadripoles. This condition (existence of “input” and
“output”) is generally not obligatory; further, we will consider boundary con-
ditions for the solution of recurrent circuits which have two “input (indices 1
and 2)”; physically it, for example, means that the recurrent circuit is connected
to two independent voltage (current) sources of identical frequency differing in
both amplitudes and phase angles.

6.6.2 System of Equations for Constants

Let us consider (Fig. 6.2) a passive symmetrical open recurrent circuit consisting of
N0 cross and, respectively, N0–1 longitudinal elements (N = 0,1,2,… N0 − 1). Set
in values in this circuit are:

• impedances of cross elements ZB and longitudinal ZR;
• boundary conditions to determine the constants C1, C2 in calculation equations

for currents (6.13) and (6.14):

at N ¼ �1 : Ið�1Þ ¼ IINP � ejuINP ;
at N ¼ N0 � 1 : IðN0�1Þ ¼ IOUT � ejuOUT :

ð6:16Þ

Here IINP; IOUT—complex amplitudes of currents (phasors), uINP;uOUT—corre-
sponding phase angles of these currents.

Let us find the distribution of currents in all elements of this recurrent circuit.
Such formulation of boundary conditions is based on the assumption that

recurrent circuit is connected from both sides to sources of sinusoidal voltage
(Fig. 6.2). Let us turn our attention to two special cases of such a recurrent circuit:

(a) At phase angles uINP = 0
�
;uOUT ¼ 0

�
the recurrent circuit has “input” and

“output” as currents Ið�1Þ and IðN0�1Þ coincident in phase, and their complex
amplitudes have the same sign:

Ið�1Þ ¼ þ IINP; IðN0�1Þ ¼ þ IOUT:

(b) At phase angles uINP = 0
�
;uOUT ¼ 180

�
the recurrent circuit has two “inputs”

as currents Ið�1Þ and IðN0�1Þ in opposite phase, and their complex amplitudes
have opposite signs:

Ið�1Þ ¼ þ IINP; IðN0�1Þ ¼ �IOUT:
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Generally, at difference of phase angles

u ¼ uOUT�uINP ; ð6:17Þ

lying within 0
�
\u\180

�
, the concepts “input” and “output” of recurrent circuit

become less distinct; the recurrent circuit can be characterized in these cases also as
a circuit with “double-ended power supply”.

Taking into account Eq. (6.17), boundary conditions can be presented in the
form:

at N ¼ �1 : Ið�1Þ ¼ INP;
at N ¼ N0 � 1 : IðN0�1Þ ¼ IOUT � eju: ð6:160Þ

Let us proceed to calculation of constants C1 and C2 in Eq. (6.13).
Proceeding from boundary conditions, by means of Eq. (6.13) we get:

Ið�1Þ ¼ C1 � a2 þC2 � a1; IðN0�1Þ ¼ C1 � aN0�1
1 þC2 � aN0�1

2 : ð6:18Þ

From the solution of the system of Eq. (6.18) it follows:

C1 ¼ IINP � aN0�1
2 � IOUT � eju � a1
aN0
2 � aN0

1

; C2 ¼ IOUT � eju � a2 � IINP � aN0�1
1

aN0
2 � aN0

1

ð6:19Þ

Here a1, a2 are calculated according to Eq. (6.12), and φ—is determined according
to initial data and Eq. (6.17).

6.6.3 Calculation Examples

Example 1 In a passive recurrent circuit with N0 = 6 cross and, respectively, five
longitudinal elements (N = 0, 1, K, 5) the followings are assumed as given:

• impedances of cross elements ZB = 5 Ohm and longitudinal ZR = 3 Ohm
• boundary conditions for calculation of currents in the circuit:

|IINP| = |IOUT| = 100 A.

Let us find the distribution of currents in all elements of this recurrent circuit for
two limit values of phase angle difference φ as per (6.17):

a)u ¼ 0
�
; bÞu ¼ 180

�
:

With setting out these two limit values of phase angles φ and values of cross and
longitudinal impedances, it is possible to obtain the distribution of currents in the
recurrent circuit in extremely clear physical interpretation. Thus, it is possible to
simply validate the calculated expressions.
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According to the obtained Eqs. (6.13)–(6.19) taking into account values of
recurrent circuit parameters we have:

a1 ¼ 2:849; a2 ¼ 0:351; respectively, constants of C1, C2, are determined as
follows:

(a) at u ¼ 0
�
: C1 ¼ 0:5318: C2 ¼ 35:0345

(b) at u ¼ 180
�
: C1 ¼ �0:5338: C2 ¼ 35:1658:

Calculation results of currents distribution are given in Tables 6.1 and 6.2.
Let us analyze the obtained results.
At u ¼ 0

�
we have: Jð0Þ þ Jð1Þ þ Jð2Þ þ Jð3Þ þ Jð4Þ þ Jð5Þ ¼ IðN0�1Þ � Ið�1Þ ¼ 0:

At u ¼ 180
�
we have: Jð0Þ þ Jð1Þ þ Jð2Þ þ Jð3Þ þ Jð4Þ þ Jð5Þ ¼ IðN0�1Þ � Ið�1Þ ¼ �200A:

Thus, both sums of currents in cross elements (at u ¼ 0
�
andu ¼ 180

�
) taking

into account boundary conditions satisfy the Kirchhoff’s first law and prove the
validity of stated method for passive recurrent circuit calculation.

It should be noted that methods of closed symmetrical recurrent circuits analysis
are similar to those of open circuit analysis and differ only in formulation of
boundary conditions. They will be considered in the following chapters in relation
to active recurrent circuits.

Example 2 In a passive recurrent circuit in Fig. 6.5a with N0 = 3 (N = 0, 1, 2)
cross and, respectively, two longitudinal elements, the followings are assumed as
given:

Table 6.2 Distribution of
currents in recurrent circuit
elements ðu ¼ 180

� Þ
N IðNÞ JðNÞ
−1 100.0 (boundary condition) –

0 34.63 −65.37

1 10.82 −23.81

2 0 −10.82

3 −10.82 −10.82

4 −34.63 −23.81

5 −100.0 (boundary condition. −65.37

Table 6.1 Distribution of
currents in recurrent circuit
elements ðu ¼ 0

� Þ
N IðNÞ JðNÞ
−1 100.0 (boundary condition) –

0 35.57 −64.43

1 13.81 −21.75

2 8.63 −5.18

3 13.81 5.18

4 35.57 21.75

5 100.0 (boundary condition) 64.43
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• impedances of cross elements ZB = 5 Ohm and longitudinal ZR = 10 Ohm;
• boundary conditions for calculation of currents in circuit: IINP ¼ 100A:

Let us find the distribution of currents in all elements of this recurrent circuit.
According to obtained Eqs. (6.13)–(6.19) taking into account values of recurrent

circuit parameters, we have:
a1 = 5.8284; a2 = 0.1716; constants of C1, C2 are determined as follows:

C1 = 0.0015; C2 = −1.7158.
Calculation results of currents distribution are given in Table 6.3.
It is easy to check the obtained results using both Kirchhoff’s laws [1, 2].

Comparing them with results of solution of two-dimensional Laplace Equation
(Fig. 6.5b), we obtain an additional proof of the validity of both solutions: values of
currents when the distance increases from voltage source (from terminals AA’) and
attenuation that corresponds to physical meaning of task.

6.7 Investigation Methods of Passive Asymmetrical
Recurrent Circuits

The methods of analysis of passive asymmetrical circuits developed in this
monograph do not depend on their structure and are equally applicable to closed
and open circuits including regular.

6.7.1 Difference Equations, Methods of Their Solution

Let us proceed to the statement of calculation methods of currents distribution in
asymmetrical recurrent circuits. Thus, we will consider impedances in longitudinal
and cross elements.

Let us accept that the impedance ZNp of one of cross elements with number NP,
for example, element CC’ of asymmetrical recurrent circuit (Fig. 6.2), differs from
the impedance of ZB of other cross elements:

Table 6.3 Distribution of
currents in elements of
recurrent circuit

N IðNÞ JðNÞ
−1 100.0 (boundary condition) –

0 17.143 −82.856

1 2.856 −14.287

2 0 −2.856
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ZNP ¼ ZB þDZ: ð6:20Þ

The value ΔZ can be generally both positive and negative; in case of circuit
break in the element: DZ ! 1. The method also remains true in case of asym-
metrically longitudinal impedance of recurrent circuit. If it has several asymmetrical
impedances (cross, longitudinal or cross and longitudinal) the method also remains
true, and in its realization some modifications are possible; they will be stated in the
investigation of calculation features of currents distribution in damper winding
elements of synchronous machines and squirrel cages of induction machines.

Let us introduce the following assumption:

• all impedances of recurrent circuit do not depend on currents in its elements, that
confirm the recurrent circuit is linear.

Taking into account this assumption, the increment of currents in its elements at
the occurrence of asymmetry ðDZ 6¼ 0Þ is convenient to present in the form:

IðNÞ ¼ IðNÞ þDIðNÞ; JðNÞ ¼ JðNÞ þDJðNÞ: ð6:21Þ

Here IðNÞ; JðNÞ—resulting currents in circuit elements after the occurrence of

asymmetry, IðNÞ; JðNÞ—currents in symmetrical circuit (before the occurrence of
asymmetry), let us name them as main; let us name increments DIðNÞ;DJðNÞ as
additional currents. Further it will be shown that in the absence of asymmetry,
additional currents are equal to zero;

at DZ ¼ 0 : DIðNÞ ¼ 0 andDJðNÞ ¼ 0.
Let us note that in Eq. (6.21) all currents are time complex values (phasors). Let

us write down equations under the second Kirchhoff’s law [1, 2] for a number of
loops of asymmetrical recurrent circuit; at first, let us allocate in it loops only with
symmetrical elements ZB ¼ idem:;ZR ¼ idem:ð Þ they satisfy the ratio:
ðNPþ 1;NPÞ\N\ðNP;NP�1Þ: For these loops, the following is true:

JðNÞ � ZB � JðN�1Þ � ZB � 2 � IðN�1Þ � ZR ¼ 0:

With account of (6.20) and (6.21), we have:

JðNÞZB � JðN�1Þ � ZB � 2IðNÞZR þ DJðNÞ � DJðN�1Þ
� �

ZB � 2DIðN�1ÞZR ¼ 0: ð6:22Þ

Let us note that in Eq. (6.22) for these loops the first three summands correspond
to the distribution of currents in a passive symmetrical circuit; their sum is equal to
zero: EMF sources in loop are absent.

This important result allows us to subdivide calculation problem of currents
distribution in asymmetrical recurrent circuit into two problems:

• calculation of main currents distribution IðNÞ and JðNÞ in a symmetrical recurrent
circuit before the occurrence of asymmetry in it DZ ¼ 0ð Þ;
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• calculation of additional currents distribution DIðNÞ andDJðNÞ in an asymmetrical
recurrent circuit after the occurrence of asymmetry in it ðDZ 6¼ 0Þ;
resulting currents IðNÞ and JðNÞ are determined by their addition as per (6.21).

Other summands in (6.22) form the equation:

DJðNÞ � DJðN�1Þ
� � � ZB � 2 � DIðN�1Þ � ZR ¼ 0: ð6:23Þ

Relation between additional currents DJ andDI is determined by the first
Kirchhoff’s law similarly to Eq. (6.6):

DJ[N] ¼ DI[N]� DI[N � 1�;DJ[N� 1� ¼ DI[N� 1� � DI[N� 2�: ð6:60Þ

As a result, we obtain the following difference equation of the second order:

DI[Nþ 2� � ð2þrÞ � DI[Nþ 1� þDI[Nþ 0� ¼ 0 ð6:700Þ

It is similar to Eq. (6.7), but describes the distribution of additional currents
caused by asymmetry in recurrent circuit. The solution of this difference equation
after transformations has the form:

for circuit elements with numbers N < NP:

DIðNÞ ¼ C1 � aN1 þC2 � aN2 ; ð6:24Þ

for circuit elements with numbers N�NP:

DIðNÞ ¼ C3 � aN1 þC4 � aN2 : ð6:25Þ

Here C1, C2, C3, C4—constants determined by boundary conditions for additional
currents of recurrent circuit; therefore, they depend on its structure and damage rate
of its elements (asymmetry degree). Coefficients a1, a2 are determined by param-
eters of recurrent circuit elements before damage and do not depend on the
asymmetry degree; they are found according to Eq. (6.12).

Equations (6.24) and (6.25) correspond to the distribution of additional currents
in longitudinal elements. Equations for additional currents in cross elements:

for circuit elements with numbers N < NP:

DJðNÞ ¼ C1 � aN�1
1 � ða1 � 1ÞþC2 � aN�1

2 � ða2 � 1Þ; ð6:26Þ

for circuit elements with numbers N > NP:

DJðNÞ ¼ C3 � aN�1
1 � ða1 � 1ÞþC4 � aN�1

2 � ða2 � 1Þ; ð6:27Þ
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for circuit elements with numbers N = NP:

DJðNÞ ¼ C3 � aNP
1 � C1 � aNP�1

1 þC4 � aNP
1 � C2 � aNP�1

2 : ð6:28Þ

6.7.2 Constants of Asymmetrical Passive Open Recurrent
Circuit; Their Determination

6.7.2.1 General Case of Asymmetry: 0\DZ\1

Let us allocate in recurrent circuit loops containing asymmetrical cross elements
with number Np; its impedance corresponds to Eq. (6.20).

In order to determine the constants C1, C2, C3, C4 from boundary conditions and
expressions for calculation of additional currents in the circuit, let us use the fol-
lowing four equations:

(a) It is easy to obtain two equations under the second Kirchhoff’s law for two
loops containing asymmetrical element with number NP;

for circuit loop with number (NP, NP − 1):

JðNPÞZB � JðNP�1ÞZB � 2IðNP�1ÞZR þDJðNPÞZNP � DJðNP�1ÞZB

� 2DIðNPÞZR þ JðNPÞDZ
¼ 0; ð6:29Þ

for circuit loop with number (NP+1, NP):

JðNP þ 1ÞZB � JðNPÞZB � 2IðNPÞZR þDJðNP þ 1ÞZB � DJðNPÞZNP � 2DIðNPÞZR

� JðNPÞDZ
¼ 0: ð6:30Þ

After transformation of these equations, we get:

DIðNPÞ 1þ DZ
ZB

� �
� DIðNP�1Þ 2þrþ DZ

ZB

� �
þ IðNP�1Þ ¼ �JðNPÞ

DZ
ZB

; ð6:31Þ

DIðNP þ 1Þ � DIðNPÞ 2þrþ DZ
ZB

� �
þ IðNP�1Þ 1þ DZ

ZB

� �
¼ JðNPÞ

DZ
ZB

; ð6:32Þ

(b) Two other equations result from the recurrent circuit structure. For closed and
open recurrent circuits they are different.
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Let us consider the determination of constants for an open circuit containing N0

cross elements. For such a circuit the following two equations under the first
Kirchhoff’s law are true:

DIð0Þ ¼ DJð0Þ;DIðN0�2Þ ¼ �DJðN0�1Þ or
C1 � a2 þC2 � a1 ¼ 0: C3 � aN0�1

1 þC4 � aN0�1
2 ¼ 0:

ð6:33Þ

To obtain calculation expressions for additional currents in elements of open
recurrent circuit, it is necessary to determine constants C1, C2, C3, C4.

Equations (6.31)–(6.33) form a system for their determination.
After transformation of these equations, the system takes the form:

M � C1 þT � C2 þA � C3 þB � C4 ¼ �JðNPÞ
DZ
ZB

;

ðMþHÞ � C1 þðTþK) � C2 þðAþ F) � C3 þðBþ SÞ � C4 ¼ 0;
N � C1 þ P � C2 ¼ 0; Q � C3 þR � C4 ¼ 0:

ð6:34Þ

Values of system coefficients are given in Appendix 6.1.
The order of this system (r = 4) does not depend on the number of links of

recurrent circuit being the advantage of method in practical calculations.
From this system we obtain constants for calculation of algebraic adjuncts for

currents:

Ci ¼ JðNPÞ �
DZ
ZB

� Di

DS
:

Here DS—system determinant, Di—corresponding algebraic adjuncts; i = 1, 2, 3, 4.
System determinant (NB = N0−2):

DS ¼ aNB þ 1
1 a21 � 1þ 2a1

DZ
ZB

� 2
DZ
ZB

� �
þ aNB þ 1

2 a22 � 1þ 2a2
DZ
ZB

� 2
DZ
ZB

� �

þ DZ
ZB

a2NP�NB�1
1 þ a2NP�NB�1

2

	 
ð2� a1 � a2Þ:
ð6:35Þ

Let us note that the third multiplier in the last summand, in brackets, according

to Vieta theorem (6.12) equals: 2� a1 � a2 ¼ �2 ZR

ZB:

Algebraic adjuncts of system:

D1 ¼ aNB�NP�1
1 þ aNB�NP þ 2

1

	 

a1 � 1ð Þ; D2 ¼ aNB�NP

1 þ aNP�N�3
1

	 

1� a1ð Þ;

D3 ¼ aNP�NB�1
1 þ a�NB�NP�2

1

	 

a1 � 1ð Þ; D4 ¼ aNP þNB þ 1

1 þ aNB�NP
1

	 

1� a1ð Þ:

ð6:36Þ

6.7 Investigation Methods of Passive Asymmetrical Recurrent Circuits 133



We obtained that the system determinant DS linearly depends on the asymmetry
ΔZ of recurrent circuit, and additions D1, D2, D3, D4 do not depend on ΔZ.

The obtained calculation Eqs. (6.35) and (6.36) prove that in a symmetrical
recurrent circuit (at ΔZ = 0) the additional currents in its elements are absent. It
proves the validity of developed calculation method of asymmetrical open recurrent
circuits.

6.7.2.2 Asymmetry Limit Case: Circuit Break (ΔZ → ∞)

Checking results
Calculation expressions for currents in asymmetrical recurrent circuits in relation to
short-circuited rotor loops are obtained for the first time [13], and, therefore, they
require additional checks.

Let us consider one of them: at ΔZ → ∞ the resulting current in element with
number N = Np should be obtained from equations equal to zero.

At circuit break in the element (ΔZ → ∞) the calculation expression for cur-
rents follows from the obtained expressions by passage to the limit [8–10]. As a
result, we have:

Ci ¼ JðNPÞ �
Di

D1
for i ¼ 1; 2; 3; 4: ð6:37Þ

Here, Di—as per (6.36) for i = 1, 2, 3, 4.

D1 ¼ 2aNB þ 1
1 ða1 � 1Þþ 2aNB þ 1

2 ða2 � 1Þ
þ a2NP�NB�1

1 þ a2NP�NB�1
2

	 
ð2� a1 � a2Þ:
ð6:38Þ

It follows from this equation that at N = NP and ΔZ → ∞ the absolute value of
additional current in cross element is equal to the main one, but opposite in sign
DJðNPÞ ¼ �JðNPÞ;; so the resulting current JðNPÞ in the element with this number is equal

to zero as per (6.21). This result is an additional proof of the method developed.
It should be noted that analysis methods of closed asymmetrical recurrent cir-

cuits are similar to those of open circuits and differ only in formulation of boundary
conditions. They will be considered in the following chapters in relation to active
recurrent circuits.

6.7.3 Calculation Examples

Let us continue the consideration of examples given in the previous paragraph for
angle u ¼ 180�. Distribution of currents in symmetrical recurrent circuit for this
case is given in Table 6.2.
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6.7.3.1 Asymmetry DZNP ¼ 2

Let us accept in addition that in cross elements with number N ¼ NP ¼ 2 of this

circuit there is an asymmetry: DZ ¼ 2; circuit asymmetry degree DZ
ZB

¼ 0:4. Then

we find the distribution of currents in this asymmetrical circuit.
System determinant according to Eq. (6.35) is equal to: DS ¼ 1611:749; alge-

braic adjuncts according to Eq. (6.36) are equal to: D1 ¼ 121:896;
D2 ¼ �15:018;D3 ¼ 0:0804;D4 ¼ �2831:989:

Calculation results of distribution of additional currents in recurrent circuit
elements are given in Table 6.4

Calculation results of resulting currents distribution in recurrent circuit elements
are given in Table 6.5.

From calculation results, it follows:

• at asymmetry DZ ¼ 2; DZ
ZB ¼ 0:4

� �
in comparison with the symmetrical

recurrent circuit (Table 6.2), the cross element with number N ¼ NP ¼ 2 is
unloaded, however, the currents passing through adjacent cross elements
increase, and the extent of distortion decreases with an increase in the distance
from asymmetrical element;

Table 6.4 Distribution of
additional currents
u ¼ 180

�	 

N DIðNÞ DJðNÞ
0 −0.2879 −0.2879

1 −0.9186 −0.631

2 0.9354 1.854

3 0.3239 −0.612

4 0.1012 −0.2227

5 �7:7236 � 10�6 � 0 −0.1012

Table 6.5 Distribution of
resulting currents in recurrent
circuit elements u ¼ 180

�	 

N IðNÞ JðNÞ
−1 100.0 (boundary condition)

0 34.3449 −65.655

1 9.9038 −24.4411

2 0.9354 −8.9684

3 −10.4994 −11.4348

4 −34.5331 −24.0337

5 −100.0 (boundary condition) −65.4733
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• the sum of currents in cross elements satisfies the first Kirchhoff’s law and
proves validity of developed calculation method for asymmetrical passive
recurrent circuits:

Jð0Þ þ Jð1Þ þ Jð2Þ þ Jð3Þ þ Jð4Þ þ Jð5Þ ¼ IðN0�1Þ � Ið�1Þ ¼ �200ðAÞ:

6.7.3.2 Limiting Case

Limit case: circuit break ðDZ ! 1Þ in cross element with number N ¼ NP ¼ 2.
Checking results.
According to Eqs. (6.37) and (6.38) we have:
DS = 690.269; constants are equal to C1 = −1.9112; C2 = 0.2354;

C3 ¼ �1:2605 � 10�3;C4 ¼ 44:4014:
The additional current in the element with number N ¼ NP ¼ 2 ðDZ ! 1Þ is

equal to: ΔJ(N) = 10.82; resulting current according to Table 6.2 is equal to:
JðNÞ ¼ 0. This result also proves the validity of developed calculation method.

Appendix 6.1

System coefficients to determine the constants C1, C2, C3, C4.

M ¼ �aNP�1
1 a1 þ DZ

ZB

� �
; A ¼ aNP

1 1þ DZ
ZB

� �
; H ¼ aNP�1

1 1þ DZ
ZB

� �
;

F ¼ �aNP
1 a2 þ DZ

ZB

� �
; N ¼ a2; Q ¼ aNB þ 1

1 :

Coefficients T, B, K, S, P, R can be obtained respectively from those M, A, H, F,
N, Q by replacement a1 by a2 and, respectively, a2 by a1.

Brief Conclusions

1. In passive symmetrical recurrent circuits (ΔZ = 0) equations for calculation of
currents distribution in elements contain two components; both vary depending
on the element number (N) under the aperiodic law.
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2. In passive asymmetrical recurrent circuits (ΔZ ≠ 0) calculation of currents
distribution in elements can be reduced to the solution of two problems:

• calculation of distribution of the main currents in elements of symmetrical
recurrent circuits (ΔZ = 0);

• calculation of distribution of additional currents which depends on the dis-
tribution of the main;

• calculation of distribution of resulting currents is reduced to the summation
of the main and additional currents for the same elements.

3. Equations for calculation of distribution of additional currents contain two
components in elements of an asymmetrical recurrent circuit; both vary
depending on the element number (N) under the aperiodic law.

4. For limiting case—cross element break (ΔZ → ∞)—the main and additional
currents are equal in amplitude and are opposite in phase so the resulting current
is equal to zero. It proves validity of the obtained equations.

5. Numerical examples also prove validity of the obtained calculation expressions.

List of Symbols

A, B, C, D Constants determined by quadripole impedances;
C1, C2, …, CM Constants for calculation of currents determined by boundary

conditions of recurrent circuit;
I[N], J[N] Currents in longitudinal and cross element of recurrent circuit

with number N by solution of difference equations;
IðNÞ and JðNÞ Dependence of currents in recurrent circuit elements on element

number N;
IINP; IOUT Complex amplitudes of currents at recurrent circuit input and

output;
DIðNÞ;DJðNÞ Additional currents in longitudinal and cross elements of

asymmetrical recurrent circuit;
k1, k2, …, kM Coefficients determined by impedances of recurrent circuit

elements;
N Element number of recurrent circuit;
N0 Number of elements in recurrent circuit;
NP Asymmetrical element number;
U2, I1 Voltage and current at passive quadripole input;
U2, I2 Voltage and current at passive quadripole output;
ZB1 ;ZB3 ;ZR1 ;ZR3 Impedances of recurrent circuit elements;
ZNP Impedance of asymmetrical element;
ΔZ Additional impedance of asymmetrical element;
σ Relation determined by impedances of elements of symmetrical

recurrent circuit;
uINP;uOUT Phase angles of currents at recurrent circuit input and output
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Chapter 7
Active Symmetrical and Asymmetrical
Chain Circuits: Investigation of Their
Peculiarities for Modeling Process
of Currents Distribution
in Short-Circuited Rotor Windings

This chapter develops investigation methods for active U-shaped chain (recurrent)
circuits of various structures in relation to designs of short-circuited rotor windings
of large A.C. machines; EMFs of links vary with link number under a certain law,
for example, harmonic one. The solution for a general problem and for a number of
special cases is found for this distribution of EMF in links, regularities of distri-
bution of currents in elements of symmetrical closed and open chain circuits, and
also elements of asymmetrical chain circuits of the same structure follow these
solutions. It is obtained that the current in elements of these chain circuits is
distributed under some complicated law: current contains three components which
vary with number N of U-shaped chain circuit link as follows:

• one of them varies depending on this number under the harmonic law;
• two others—under aperiodic.

For checking solution results, it is confirmed that in that specific case calculation
expressions for currents in active regular chain circuit and in open symmetric chain
circuit coincide. Analysis methods for active chain circuits of various structure
investigated in the monograph are used to solve the problems of currents distri-
bution in elements of short-circuited rotor windings of various design (damper
regular and irregular, squirrel cages with damage one or several bars). Methods are
proved with numerical examples.

The content of this chapter is development of the methods stated in [1, 2, 8–12].
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7.1 Main Definitions. Structural Kinds of Active U-Shaped
Chain Circuits and Peculiarities of EMF Distribution
of Loops

For investigation of real constructions of A.C. machines in nonlinear networks or
with sharply variable loads, it was necessary to develop calculation methods of
currents distribution in active chain circuits; occurrence of EMF source is supposed
in each link of such a circuit.

In further statement, among active chain circuits we will distinguish the same
versions as for passive circuits. Their determination is given in Chap. 6.

Let us repeat them briefly. Active chain circuits differ:

• in the ratio of values of longitudinal and cross elements: symmetrical and
asymmetrical; In asymmetrical circuits we will distinguish between regular and
irregular circuits;

• in structure: open and closed.

In this monograph from a variety of active chain circuits of various structure, we
will consider only one type of symmetrical and asymmetrical circuits representing
practical interest for investigation of currents distribution in short-circuited rotor
loops of A.C. machines. Let us turn our attention to peculiarities of this type and
mathematical formulation of problem on calculation of currents distribution in
active chain circuit elements.

Let us consider some links (elements) of a symmetrical active chain circuit given
in Fig. 7.1. Let us designate, as for a passive chain circuit, serial numbers of circuit
cross elements as follows: N = 0, 1, 2, …, N − 1, …, N + 1….; we will assign
number N to each longitudinal element set between two cross element with num-
bers N + 1 and N. Respectively, to the loop set between cross elements with
numbers N + 1 and N and longitudinal element with number N we will assign
number: (N + 1, N). We will assign this number also to loop EMF: ENþ 1;N.

Peculiarities of symmetrical chain circuits of this type are as follows:

• EMFs of all links vary with time under the harmonic law;
• amplitudes of EMF of all links are identical;
• EMF phase angles uN vay linearly with number N, so

Fig. 7.1 Active open chain circuit
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uN ¼ u0 þ kN; ð7:1Þ

where u0—initial phase angle, k—proportionality coefficient.
Then, EMF amplitude ENþ 1;N in the loop (N + 1, N) of this circuit (Fig. 7.1) is

equal to:

ENþ 1;N ¼ EMj jej xt�uNð Þ ¼ EMe�jkN ; where EM ¼ EMj jej xt�u0ð Þ: ð7:2Þ

Here EM—complex amplitude (phasor) of EMF, Ej jM—its value, ω—current
angular frequency, t—time.

Let us determine, at first, physical conception of coefficient k. We find a dif-
ference between EMF phase angles of links with number N + 1 and N:

DuN ¼ uNþ 1 � uN ¼ k ð7:10Þ

Therefore, the coefficient k characterizes a phase shift angle between EMF of
adjacent elements of chain circuit; according to the determination of symmetrical
active chain circuit we obtain: k = idem. This is one of peculiarities of considered
type of symmetrical chain circuits: EMF changes depending on link number under
the harmonic law.

Using the ratios (7.2) and (7.1′), let us write down calculation expressions for
EMF of symmetrical chain circuit links as follows ðDuN ¼ DuÞ :

E2;1 ¼ EMe�jDu; E3;2 ¼ EMe�j2Du; E4;3 ¼ EMe�j3Du; . . .;
ENþ 2;Nþ 1 ¼ EMe�jðNþ 1ÞDu; ENþ 3;Nþ 2 ¼ EMe�jðNþ 2ÞDu; . . .:

ð7:3Þ

Let us note peculiarities of asymmetrical active chain circuit. Generally:

• amplitudes of EMF of its links EM are not identical;
• shift angle of adjacent links DuN does not remain constant:

EM 6¼ idem; DuN ¼ k 6¼ idem� ð7:4Þ

In that specific case, conditions (7.1) and (7.2) can persist in an asymmetrical
chain circuit for group of loops, true for symmetrical circuits, and for some of them
—conditions (7.4). This active asymmetrical chain circuit in addition to the for-
mulation given in Chap. 6 we will name regular. It corresponds to the construction
of salient pole machine damper winding.

To study the currents in these windings, the method based on finite-difference
equations [3–5] is developed in this monograph. Solution for currents in active
chain circuits in comparison with that for currents in passive circuits has pecu-
liarities as the right parts of difference equations contain EMFs other than zero and
changing under a certain law.
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Let us find an analytical expression for currents distribution in symmetrical chain
circuit elements; they satisfy Eqs. (7.1) and (7.2).

7.2 Methods of Investigation of Active Symmetrical Chain
Circuits with EMFs Changing Depending on Number
of Link Under the Harmonic Law

7.2.1 Difference Equations, Methods of Their Solution

For calculation of currents in active symmetrical chain circuits, we will accept as
initial the following:

• impedances of longitudinal elements ZR;
• impedances of cross elements ZB;
• EMF in each circuit link.

Let us consider elements of symmetrical active chain circuit (Fig. 7.1).
Let us allocate the loop (N + 2, N + 1) formed by cross elements with numbers

N + 2, N + 1 and longitudinal with number N + 1. For this loop we will write
down the second Kirchhoff’s equation [1, 2]:

ðJ[Nþ 2� � J[Nþ 1�ÞZB � 2I[Nþ 1�ZR ¼ ENþ 2;Nþ 1; ð7:5Þ

where J, I—respectively currents in cross and longitudinal elements, and EMF
ENþ 2;Nþ 1—as per (7.3):

ENþ 2;Nþ 1 ¼ EM � e�jkðNþ 1Þ ¼ EM � e�jk � e�jkN; ð7:6Þ

where EM—as per (7.2).
Let us use the ratios between currents in longitudinal and cross elements

according to the first Kirchhoff’s law (6.6).
After transformation (7.5) we obtain:

I½Nþ 2� � ð2þrÞI½Nþ 1� þ I½Nþ 0� ¼ EM

ZB
e�jk�jkN; ð7:7Þ

where r ¼ 2 ZB

ZR
.

Let us represent the solution of difference Eq. (7.7) in the form of two sum-
mands [3–5]:

IðNÞ ¼ I0ðNÞI
00
ðNÞ: ð7:8Þ

142 7 Active Symmetrical and Asymmetrical Chain Circuits …

http://dx.doi.org/10.1007/978-4-431-56475-1_6


The first summand in (7.8) is calculated from the homogeneous uniform dif-
ference equation [3–5]:

I½Nþ 2� � ð2þrÞ � I½Nþ I� þ I½Nþ 0� ¼ 0: ð7:9Þ

It corresponds to currents distribution in a passive chain circuit and is already
obtained in Chap. 6 earlier:

I0ðNÞ ¼ C1aN1 + C2aN2 ;

where C1;C2—constants determined by boundary conditions. These conditions are
formulated taking into account concrete peculiarities of active chain circuits
structure; for example, for closed and open circuits they are differ.

Values a1 and a2 are determined from the solution of characteristic equation

obtained earlier in the same Chap. 6: a1;2 ¼ 2þr� ffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 4r

p
2 .

Second summand I00N in (7.8) is a particular solution of Eq. (7.7).
This solution, unlike the general one, corresponds to the right part of difference

equation; physically this compliance means that currents in chain circuit loops
determined by partial solution vary depending on number N under the same law, as
EMF. Therefore, the partial solution should represent a function changing
depending on number N under the harmonic law unlike currents I0ðNÞ of general
solution which change depending on number N under the aperiodic law. According
to methods of solution of difference equations, let us previously find a partial
solution in the form:

I00ðNÞ ¼
EM

ZB � KB
� e�jkN: ð7:10Þ

Here KB factor—proportionality coefficient to be determined; partial solution of
Eq. (7.7) is considered found if the calculation expression for this coefficient is
determined.

It is easy to find it directly from Eq. (7.7) if we substitute Eq. (7.10) for I00ðNÞ into
this equation. After transformations we get:

KB ¼ 1 - ð2þrÞe�jk þ e�j2k� �
ejk: ð7:11Þ

As a result, we obtain the solution of difference Eq. (7.7) and the expression for
calculation of currents distribution in longitudinal elements of chain circuit:

IðNÞ ¼ I0ðNÞ þ I00ðNÞ ¼ C1aN1 þC2aN2 þ EM

ZB � KB
� e�jkN: ð7:12Þ
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The expression for currents in cross elements of chain circuit is given by:

JðNÞ ¼ C1aN�1
1 a1 � 1ð ÞþC2aN�1

2 a2 � 1ð Þþ EM

ZBKB
1� ejk
� �

ejð�kNÞ:

In practical calculations, it is sometimes convenient to represent the third current
summand in cross elements a little differently. For this purpose, let us transform
factor 1� ejk in the last equation:

1� ejk ¼ ej
k
2 e�jk2 � ej

k
2

� �
¼ �j2ej

k
2 sin

k
2
:

As a result, we obtain the expression for calculation of currents distribution in
longitudinal elements of chain circuit:

JðNÞ ¼ C1 1� a2ð ÞaN1 þC2 1� a1ð ÞaN2 � 2jþ EM

ZBKB
ej

k
2sin

k
2
e�jkN: ð7:13Þ

Let us note that the solution of Eq. (7.7) has also the same appearance, if we
represent EMF ENþ 1;N unlike (7.2) as follows:

ENþ 1;N ¼ EMj j � ejðxt�uNÞ ¼ EMj je�jkN � e�ju0 ; ð7:14Þ

where uN—as per (7.1) and EM ¼ EMj jejxt.
Let us proceed to the calculation of constants C1;C2 determined by specific

peculiarities of chain circuit structure.

7.2.2 Constants for Currents in Active Open Symmetrical
Chain Circuits

To determine the constants C1;C2 in Eqs. (7.12) and (7.13) let us formulate the
following two boundary conditions, as well as for passive chain circuit:

J½0� ¼ I½0�; J½N� 1� ¼ �I½N� 2�: ð7:15Þ

The first boundary condition (7.15) takes the form:

C1a2 þC2a1 ¼ EM

ZB � KB
ejk: ð7:16Þ
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The second boundary condition taking into account the same equations gives:

C1a
N0�1
1 þC2a

N0�1
2 ¼ � EM

ZB � KB
ejðk�kN0Þ: ð7:17Þ

Equations (7.16) and (7.17) form a system linear relative to constant C1;C2. Its
solution is as follows:

C1 ¼ EM

ZBKB
ejk

a1e�jkN0 - aN0�1
2

aN0
2 � aN0

1

;

C2 ¼ EM

ZBKB
ejk

aN0�1
1 � a2e�jkN0

aN0
2 � aN0

1

:

ð7:18Þ

Thus, constant C2 can be obtained from C1 by substitution of a2 by a1 and,
respectively, a1 by a2.

From an analysis of the obtained Eqs. (7.7)–(7.13) and (7.18), we can draw the
following practical conclusion: unlike currents in elements of passive open chain
circuit, currents in active circuit contain three components. From these components:

• two vary with number N under the aperiodic law,
• the third vary under the harmonic law.

7.2.3 Constants for Currents in Active Closed Symmetrical
Chain Circuits

For determination of constants C1, C2, let us formulate the following boundary
conditions:

I½0� � I N0 � 1½ � ¼ J½0�; I½N0� ¼ I½0�: ð7:19Þ

These boundary conditions are satisfied, if

C1 ¼ 0; C2 ¼ 0: ð7:20Þ

These ratios are confirmed also by analytical computations given below.
Thus, currents in longitudinal elements of closed chain circuit are calculated

from the ratio:

IðNÞ ¼ EM

ZBKB
e�jkN: ð7:21Þ
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Currents in its cross elements are calculated according to (7.6):

JðNÞ ¼
�2jEM

ZBKB
ej

k
2sin

k
2
e�jkN: ð7:22Þ

From analysis of the equations obtained (7.19) and (7.20) we can draw the
following practical conclusion:

• currents in elements of symmetrical active closed chain circuit have one com-
ponent; it changes with number N under the harmonic law.

7.2.4 Constants for Currents in Regular Closed Chain
Circuits

These circuits belong to an asymmetrical class, and calculation expressions in their
elements are more complicated than for symmetrical. Distribution of currents in
regular closed chain circuit elements can be obtained, using general methods of
investigation of asymmetrical chain circuits developed in the previous chapter. For
this purpose it is sufficient to represent the impedance of asymmetrical longitudinal
element of regular circuit as the sum as per (6.20) and to write down equations
according to both Kirchhoff’s laws for calculation of additional currents.

However, in this para is developed other method. It is not requiring represen-
tation of the current in elements of regular circuit as the sum of two components: of
the main and additional currents. It is made with account of future research problem
of currents in elements of irregular damper winding synchronous machine, which
can be represented as irregular closed chain circuit. When using for its solution
general methods of investigation of asymmetrical active chain circuits, we are
required to have two types of additional impedance (DZR for longitudinal asym-
metrical element and DZB—for cross one); respectively, we have for each element
two types of additional currents: longitudinal and cross currents caused by the
asymmetry in cross element DIB andDJBð Þ, but also longitudinal and cross currents
caused by the asymmetry in longitudinal element DIR andDJRð Þ. Preliminary cal-
culations show that the problem solution does not meet any essential difficulties, but
considerably complicates checking intermediate results important in engineering
practice for confident use of the method.

Let us consider a chain circuit, where EMF changes phase angle determined in
limits: 0�u� 2p. For this purpose, it is possible to use Fig. 6.3, if in addition we
consider that:

• between two cross elements A1A0
1 andB1B0

1; B1B0
1 and F1F

0
1; . . .; A2A0

2 and
B2B0

2;B2B0
2 and F2F

0
2; . . .; there are EMF sources changing under the harmo-

nious law;
• terminals O1O0

1 are superimposed with terminals O3O0
3.
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When the phase angle varies within 0�u� 2p; it would be possible to assume
that currents in longitudinal elements of chain circuit in portions A1B1F1 and
A2B2F2 at N = idem are respectively equal in value and opposite in sign, that is are
shifted in time by angle φ = π. The same assumption can be also formulated for
cross elements. These assumptions are obvious to one of three components of
currents in Eqs. (7.12) and (7.13): it varies with number N under the harmonic law.
However, for other two components of currents in Eqs. (7.12) and (7.13) which
vary with number N under the aperiodic law, this assumption demands an addi-
tional proof.

Taking into account this remark, let us write down for determination of constants
for currents a system of equations according to both Kirchhoff’s laws [8–10]. From
its solution we will also determine constants for aperiodic components of currents.

Let us represent the equation for currents in longitudinal elements in portions
A1B1F1 for convenience in the form (index N at all currents I, J is omitted):

ICp ¼ C0 � aN0 þC1 � aN1 þC2 � aN2 : ð7:23Þ

Here, in all expressions for currents in chain circuit elements the results of
particular solution of difference equation are designated as follows:

C0 ¼ EM

ZBKB
; a0 ¼ e�jk:

It simplifies checking results, when performing algebraic transformations as all
three summands for currents in Eq. (7.23) take the similar form.

Respectively, the equation for currents in cross elements in portion A1B1F1 take
the form:

JCp ¼ C0aN0 1� a�1
0

� �þC1aN1 1� a2ð ÞþC2aN2 1� a1ð Þ: ð7:24Þ

The equation for currents in longitudinal elements in portion A2B2F2 is similar to
(7.23):

ISP ¼ C0
0a

N
0 þC0

1a
N
1 þC0

2a
N
2 : ð7:25Þ

Here constants C0, C1, C2 (current with index Cp) corresponds to currents in ele-
ments in portion A1B1F1, and constants C0

0;C
0
1;C

0
2 (current with index Sp)—in

portion A2B2F2.
The equation for currents in cross elements in portion A2B2F2 is similar to

(7.24):

JSP ¼ C0
0a

N
0 1� a�1

0

� �þC0
1a

N
1 1� a2ð ÞþC0

2a
N
2 ð1� a1Þ: ð7:26Þ
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For the last two equations by determination the following is true:

C0
0 ¼ �C0: ð7:27Þ

Now, let us use both Kirchhoff’s laws. According to the second Kirchhoff’s law
for loops F1F01A2A0

2F1 and F2F
0
2A

0
1A1F2 we have (terminals O1O0

1 are superimposed
with terminals O3O0

3):

JSP0 � JCP
N0�1

� �
ZB � 2ICP

N0�1ZF1A2 ¼ EF1A2 : ð7:28Þ

JCP
0 � JSPN0�1

� �
ZB � 2ISPN0�1ZF2A1 ¼ EF2A1 : ð7:29Þ

Here ZF1A2 ¼ ZF0
1
A0

2
¼ ZF2A1 ¼ ZF0

2
A0

1
—impedance of corresponding portions

F1A2; F01A
0
2; F2A1;F02A

0
1

� �
. EF1A2 and EF2A1 EMFs correspond to EMF in loops

F1F01A
0
2A2F1 and F2F02A

0
1A1F2. Let us note that for the type of active chain circuits

considered, the following relation takes place: EF1A2 ¼ �EF2A1 .
For the same loops according to the first Kirchhoff’s law:

ICP
N0�2 þ JCP

N0�1 ¼ ISP0 � JSP0 ; ð7:30Þ

ISPN0�2 þ JSPN0�1 ¼ ICP
0 - JCP

0 : ð7:31Þ

Equations (7.28)–(7.31) form a system, where four constants C1;C2;C0
1;C

0
2 are

unknown. Let us note that between currents in longitudinal and cross elements
entering Eqs. (7.28)–(7.31), the following relations are true:

JSP0 ¼ ISP0 � ISP�1; JCP
N0�1 ¼ ICP

N0�1 - ICP
N0�2: ð7:32Þ

After algebraic transformations of system Eqs. (7.28)–(7.31) taking into account
relations for currents (7.32) we obtain this system as follows:

C1 � DþC2 � EþC0
1 � AþC0

2 � B ¼ Q
1;

C1 � AþC2 � BþC0
1 � DþC0

2 � E ¼ �Q
1;

C1 � FþC2 � GþC0
1 � HþC0

2 � K ¼ Q
2;

C1 � HþC2 � KþC0
1 � FþC0

2 � G ¼ �Q
2:

8
>><

>>:
ð7:33Þ

Here coefficients in the left part of system equations:

A ¼ ZBð1� a2Þ;B ¼ ZBð1� a1Þ;D ¼ ZBa
N0�2
1 ð1� a1Þ � 2aN0�1

1 ZF1A2 ;

E ¼ ZBa
N0�2
2 ð1� a2Þ � 2aN0�1

2 ZF1A2 ; F ¼ aN0�1
1 ;G ¼ aN0�1

2 ;H ¼ �a2;K ¼ �a1:
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Right parts of system equations:

Q
1 ¼ EF1A2 þC0ZB 1� a�1

0

� �þC0 ZBa
N0�2
0 ða0 � 1Þþ 2ZF1A2a

N0�1
0

� �
;
Q

2

¼ �C0 aN0�1
0 þ a�1

0

� �
:

Let us find unknowns C1;C2;C0
1;C

0
2 of this system. By a general rule of its

solution they are equal to [5, 6]:

C1 ¼ D1

D0
; C2 ¼ D2

D0
; C0

1 ¼
D0

1

D0
; C0

2 ¼
D0

2

D0
:

Here: D0– system determinant, D1;D2;D0
1;D

0
2—its algebraic adjuncts.

Let us expand the determinant. For algebraic adjuncts D1 andD0
1 we obtain:

D1 ¼ ðAþDÞðGþKÞ � ðBþEÞðHþ FÞ½ � � ðG� KÞQ1 � ðE� BÞQ2½ �
D0

1 ¼ ðAþDÞðGþKÞ � ðBþEÞðHþ FÞ½ � � �ðG� KÞQ1 þðE� BÞQ2½ �

Now, let us find the sum of these algebraic adjuncts: D1 þD0
1 ¼ 0.

Similarly, the sum of algebraic adjuncts D2 andD0
2 is also obtained equal to zero.

From the analysis of system (7.33), it is easy to show that its determinant D0 6¼ 0.
Therefore, in this system coefficients of unknowns satisfy the relation:

C1 ¼ �C0
1; C2 ¼ �C0

2: ð7:34Þ

Then, from this, we obtain a system of equations only of the second order with
unknown coefficients C1, C2:

C1ðD� AÞþC2ðE� BÞ ¼ Q
1;

C1ðF� HÞþC2ðG� KÞ ¼ Q
2:

	

Constants C1 and C2 take the form: C1 ¼ D3/DS; C2 ¼ D4/DS. Here, as before:
Ds—system determinant, D3, D4—its algebraic adjuncts.

DS ¼ 2ða2 � a1Þþ aN0
1 a2�2� r0ð Þ � aN0

1 a1�2� r0ð Þþ aN0�1
1 � aN0�1

2 ;

D3 ¼ C0Kr0 � EF2A1

ZB

� �
aN0�1
2 þ a1

� �þC0 e�j�k N0�1ð Þ þ ejk
� �

Kr2 :

Kr0 ¼ 1þ 2þr0ð Þe�jkðN0�1Þ � e�jkðN0�2Þ;r0 ¼ 2
ZF1A2

ZB
;Kr2 ¼ aN0�2

2 � 2þr0ð ÞaN0�1
2 � 1:

ð7:35Þ

To obtain calculation expressions for (C2), it is necessary in the expression for D3 to
replace a1 by a2 and, respectively a2 by a1.

From an analysis of obtained Eqs. (7.34) and (7.35), we can draw the following
practical conclusion: currents in regular active chain circuit elements have the same
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peculiarities, as currents of open symmetrical one. They contain three components,
from which:

• two vary depending on number N under the aperiodic law,
• the third varies depending on number N under the harmonic law.

Special case: circuit break ZF2A1 ! 1; ZF1A2 ! 1 Checking of results.
To obtain a symmetrical open chain circuit shown in Fig. 7.1 from an asym-

metrical regular closed chain circuit shown in Fig. 6.3 (taking into account addi-
tional remarks provided in para 7.2.4) it is sufficient to set in the second of them
impedances between groups of regular links ZF2A1 ! 1 and ZF1A2 ! 1. Let us
show that in this case expressions for currents in longitudinal and cross elements
coincide with Eq. (7.18) determined earlier as the solution of this simpler problem.

Let us find a limit to which Ds system determinant tends if the impedance

ZF1A2 ! 1 and, r0 ¼ 2
ZF1A2

ZB
! 1 respectively. To determine this limit we

divide in the expression Ds all terms by r0. Then the expression for Ds takes the

form: lim
r0!1

DS
r0 ¼ �r0aN0

1 þr0aN0
2

r0 ¼ aN0
2 � aN0

1 .

Similarly, the expression for D3:

lim
r0!1

D3

r0 ¼ C0 aN0�1
2 þ a1

� �
e�jkðN0�1Þ þC0ejk 1þ e�jkN0

� � �aN0�1
2

� �
:

After reduction of similar term of equations, we obtain for constant C1:

C1 ¼ C0 � ejk a1e
�jkN0 - aN0�1

2

aN0
2 - aN0

1

¼ EM

ZBKB
� ejk a1e

�jkN0 - aN0�1
2

aN0
2 - aN0

1

: ð7:36Þ

This expression coincides with Eq. (7.18) for C1 obtained earlier for an open
symmetrical chain circuit. Constant C2 can be calculated similarly to C1.

Therefore, results of solution of this special problem (for ZF2A1 ! 1 and
ZF2A2 ! 1) proves the validity of expressions for constant C1, C2 obtained earlier
in this chapter.

7.3 Methods of Currents Investigation in Asymmetrical
Active Open and Closed Chain Circuits

Now let us proceed in this para to the solution of general problem: peculiarities of
currents distribution in asymmetrical active chain circuits. Its solution is based on
results of investigation of passive asymmetrical chain circuits developed in Chap. 6.

Investigation of currents distribution in active open and closed chain circuits at
occurrence of asymmetry (damage) in them has much in common: fundamental
difference consists in the formulation of boundary conditions determined by
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peculiarities in the structure of open and closed chain circuits. However, in practice,
open and closed chain circuits have various applications: to open chain asymmet-
rical circuit corresponding to incomplete (without jumper between poles) damper
winding, and to closed one—squirrel cage and complete damper winding.
Therefore, let us state calculation methods of currents distribution in these circuits
so that the content of one of these paragraphs could be used without sorting the
content of another.

It should be noted that the method developed in this para is also true for cal-
culation of additional currents in asymmetrical active chain circuits, for which
EMFs of chain circuit elements can differ both in amplitude and phase, and some of
them can be equal to zero that corresponds to condition (7.4). This method of
calculation of asymmetrical chain circuits does not demand that EMFs of all links
of chain circuit were equal in amplitude and differ in phase angle, herewith, the
difference of these phase angles of adjacent links would be constant. In this regard,
the method can be used for investigation of asymmetrical active circuits having
except problems of electric machine industry, also other practical applications.

7.3.1 Method of Investigation of Currents in Active Open
Chain Circuits with Asymmetrical (Damaged)
Elements. Calculation Example

Let us consider a chain circuit of active U-shaped links containing N0 − 1 longi-
tudinal and N0 cross elements. For this purpose let us use Fig. 7.1. Complex
amplitudes (phasors) of links’ EMF correspond to Eqs. (7.1) and (7.2). Let us
accept that the impedance ZR of all longitudinal elements of links is identical, and
among cross elements there is one with number Np, for example, element CC0

which the impedance ZNp differs from the others. Let us represent it in the form of
two summands as it was already made in the (6.20) in the investigation of currents
in passive asymmetrical chain circuits:ZNp ¼ ZB þDZ.

Modifications of this method can also used in the presence of several asym-
metrical (damaged) elements; at circuit break: DZ ! 1.

Let us write down for each link of the equation under the second Kirchhoff’s law
[1, 2]: for one of circuit loops with numbers ðNp þ 1;NpÞ\N\ðNp;Np � 1Þ.

JðNÞZB � JðN�1ÞZB � 2IðN�1ÞZR ¼ EðN�1Þ;
or
JðNÞZB � JðN�1ÞZB � 2IðN�1ÞZR þ DJðNÞ � DJðN�1Þ

� �
ZB � 2DIðN�1ÞZR ¼ EðN�1Þ;

ð7:37Þ

In the last Eq. (7.37) the first three summands on the left part (voltage drops in
symmetrical circuit elements) are equal to EMF on the right. This fact allows us to
reduce the problem of calculation of currents distribution in asymmetrical active
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open chain circuit to those of calculation of currents in the following two open
chain circuits:

• in an active symmetrical chain circuit; its solution was given in paras 7.2.1 and
7.2.2;

• in a passive asymmetrical chain circuit; its solution was given in paras 6.7.1 and
6.7.2. It should be noted that boundary conditions for calculation of four con-
stants in asymmetrical active open chain circuit are set in the same way as for
asymmetrical passive open circuit in Chap. 6. Two equations under the second
Kirchhoff’s law are written for the first and last of its loops, and two others—for
two loops containing asymmetrical (damaged) element with number Np:

for circuit loop with number (Np, Np − 1):

JðNPÞZB � JðNP�1ÞZB � 2IðNP�1ÞZR þDJðNPÞZðNPÞ � DJðNP�1ÞZB

� 2DIðNP�1ÞZR þ JðNPÞDZ
¼ EðNP�1Þ;

for circuit loop with number (Np + 1, Np):

JðNP þ 1ÞZB � JðNPÞZB � 2IðNPÞZR þDJðNP þ 1ÞZB � DJðNPÞZðNPÞ � 2DIðNPÞZR

� JðNPÞDZ
¼ EðNPÞ: ð7:38Þ

Therefore, all calculation relations for additional currents in open active chain
circuit elements are still true for additional currents in open passive circuit. These
were obtained in Chap. 6; let us use the results obtained in this chapter including
expressions for constants C1, C2, C3, C4 for calculation of currents.

Calculation examples
Given:

(a) Relation of impedances r ¼ 2:32 � e�j23:13;N0 ¼ 6;NP ¼ 3:
(b) Distribution of currents before the asymmetry occurrence is obtained from

equations for symmetrical active open chain circuit and is given in Table 7.1.

To find currents distribution in a chain circuit.

Table 7.1 Distribution of
currents before asymmetry
occurrence

N IðNÞ JðNÞ
0 0:3116 � ej47:19 0:3116 � ej47:19
1 0:3835 � ej41:92 0:07864 � ej20:62
2 0:3967 � ej33:79 0:05677 � e�j33:79

3 0:3941 � ej24:4 0:06595 � e�j63:33

4 0:3756 � ej14:13 0:070178 � e�j85:91

5 0:3000 � ej3:37 0:09835 � ej228:9
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Variant 1: circuit break in cross element.Np ¼ 3ðDZ ! 1Þ
Variant 2: asymmetry DZ

ZB
¼ 1 � e�j53:13 in cross element with number Np = 3.

Solution: Calculated:;a1 ¼ 4:0111 � e�j14:02; a2 ¼ 0:2493 � e�j14:02;

Checked: a2 � a1 ¼ 1; D1 ¼ 387:53 � e�j74:65; D2 ¼ 49:076 � e�j133:33;

D3 ¼ 4:72590 � 10�2 � ej23:49; D4 ¼ 819:864 � 103 � ej35:25;
Variant 1: DS ¼ D1 ¼ 25398 � 06 � ej257�3.
Distribution of resulting currents at circuit break in cross element Np ¼ 3 is

given in Table 7.2.
J
6
¼ - I

5
. Results proves the validity of the obtained calculation expressions.

Variant 2: DS ¼ 86813:8 � e�j127:64.
Distribution of currents after the occurrence of asymmetry in cross element

Np ¼ 3 is given in Table 7.3.
From results of calculation it follows: at the asymmetry the cross element with

number N ¼ Np ¼ 3 unloads in comparison with symmetrical chain circuit
(Table 7.1), however, there increase currents flowing through adjacent cross ele-
ments and the extent of distortion decreases with an increase in the distance from
asymmetrical element; These regularities are similar to those obtained for asym-
metrical passive chain circuits.

Practical interest presents a comparison of losses in chain circuit before and after
the break for variants 1 and 2:

Table 7.2 Distribution of
resulting currents IðNÞ and JðNÞ
at circuit break in cross
element Np ¼ 3

N IðNÞ JðNÞ
0 0:3121 � ej46:82 0:3121 � ej46:82
1 0:3834 � ej40:7 0:08066 � ej16:34
2 0:3940 � ej29:05 0:07960 � e�j47:51

3 0:3940 � ej29:05 0

4 0:37202 � ej15:26 0:09438 � e�j81:16

5 0:2985 � ej3:61 0:09989 � ej232:4

Table 7.3 Distribution of
resulting currents IðNÞ and IðNÞ
after occurrence of asymmetry
in cross element NP = 3

N IðNÞ JðNÞ
0 0:3113 � ej47:08 0:3113 � ej47:08
1 0:3823 � ej41:6 0:07827 � ej19:31
2 0:3911 � ej32:65 0:06106 � e�j44:6

3 0:3985 � ej25:57 0:04928 � e�j52:3

4 0:3765 � ej14:52 0:07794 � e�j86:92

5 0:2998 � ej3:48 0:09989 � ej229:7
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Before break: 100 %

After break: Variant 1 99.5 %

Variant 2 99.89 %

7.3.2 Method of Investigation of Currents in the Active
Closed Chain Circuits with Asymmetrical (Damaged)
Elements: Calculation Example

7.3.2.1 General Problem

Let us consider a closed chain circuit of active U-shaped links containing N0

longitudinal and N0 cross elements. Let us use Fig. 7.1 again. Let us consider in
addition that terminals AA0 are superimposed with terminals FF0. Longitudinal
elements of this circuit contain EMF ENð0�N \N0 � 1Þ. Complex amplitudes
(phasors) of link EMFs correspond to Eqs. (7.1) and (7.2). Let us accept that
originally the impedance ZR of all longitudinal elements in links is identical, cross
elements ZB—also identical. Let us find the distribution of currents in chain circuit
in case when one of its elements, for example, cross element with number Np has
become asymmetrical (damaged), that is its impedance ZNP differs from other ZB:
ZNP ¼ ZB þDZ.

Let us write down equations under the second Kirchhoff’s law for N0 − 2 loops
not containing a damaged element ðDZ ¼ 0Þ and two equations for two adjacent
loops containing this element. They completely coincide with Eqs. (7.37) and
(7.38), also true for open active chain circuit. In these equations as it was noted, the
first three summands on the left part (voltage drops in circuit elements) are equal to
EMF on the right. It allows one to reduce the problem of calculation of distribution
of additional currents in asymmetrical active closed chain circuit to the same task
for closed asymmetrical passive circuit.

Let us write down calculation expressions for additional currents of closed
circuit in the form:

(a) at 0�N�Np � 1: DIN ¼ C1 � aN1 þC2 � aN2 ;
(b) at Np � 1\N�N0 � 1: DIN ¼ C3 � aN1 þC4 � aN2 .

To compute the of distribution of additional currents we need to write down
boundary conditions and to calculate their C1, C2, C3, C4.

Two boundary conditions correspond to Eq. (7.38) and were already used in the
investigation of open passive chain circuits:
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DIðNpÞ 1þ DZ
ZB


 �
� DIðNp�1Þ 2þrþ DZ

ZB


 �
þ IðNp�2Þ ¼ �JðNpÞ

DZ
ZB

;

DIðNp þ 1Þ � DIðNpÞ 2þrþ DZ
ZB


 �
þ IðNp�1Þ 1þ DZ

ZB


 �
¼ JðNpÞ

DZ
ZB

Two other boundary conditions follow from the definition of closed circuit given
earlier; they follow from both Kirchhoff’s laws. For example, for loop (1, 0) it is as
follows:

or
DI1 � DI0ð2þrÞþDI N0�1ð Þ ¼ 0

C1 a1 � ð2þrÞ½ � þC2 a2 � ð2þrÞ½ � þC3a
N0�1
1 þC4a

N0�1
2 ¼ 0:

ð7:39Þ

Equation (7.39) makes a simple physical sense. As according to Vieta’s theorem
[6]: a1 þ a2 ¼ ð2þrÞ; a1 � a2 ¼ 1, this equation takes the form:

�C1a2 � C2a1 þC3a
N0�1
1 þC4a

N0�1
2 ¼ 0:

It reflects the following physical fact in this form: functions of currents in ring
portions I(N) and in bars J(N)—are continuous for loops (1, 0) and (N0-1, 0) of closed
chain circuit.

Equation for loop (N0−1, 0) is formed similarly:

C1 þC2 þC3 �aN0�1
1 ð2þrÞþ aN0�2

1

� �þC4 �aN0�1
2 ð2þrÞþ aN0�2

2

� � ¼ 0:

It is also convenient to transform it by means of Vieta’s theorem and to present
in the form:

C1 þC2 � C3a
N0
1 � C4a

N0
2 ¼ 0: ð7:390Þ

As a result, we obtain a system of four equations with four unknown constants. It
is as follows:

C1 þC2 þQC3 þRC4 ¼ 0;
LC1 þMC2 þNC3 þ PC4 ¼ 0;
HC1 þKC2 þ FC3 þ SC4 ¼ JðNpÞ ¼ DZ

ZB
;

DC1 þTC2 þAC3 þBC4 ¼ �JðNpÞ ¼ DZ
ZB

:

8
>>><

>>>:

Values of system coefficients are given in Appendix 7.1.
It was already noted that the order of this system (four) does not depend on the

number of chain circuit links that is the advantage of this method in practical
calculations.
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Equations for calculation of additional currents in chain circuit elements after
determination of constants C1–C4 are reduced to the following form:

(a) currents in longitudinal elements:

DIðNÞ ¼
JðNPÞ
DS

� DZ
ZB

� DiaN1 þDiþ 1aN2
� �

; ð7:40Þ

herewith, i ¼ 1 at 0�N�Np - 1; i ¼ 3 at Np �N�N0 - 1

(b) currents in cross elements (except N = Np):

DJðNÞ ¼
JðNPÞ
DS

� DZ
ZB

� DiaN�1
1 a1 � 1ð ÞþDiþ 1aN�1

2 a2 � 1ð Þ� �
; ð7:41Þ

herewith, i = 1 at 0\N�Np - 1; i = 3 at Np � 1\N�N0 - 1;

(c) current in cross element N = Np:

DJðNÞ ¼
JðNPÞ
DS

� DZ
ZB

� D3a1 - D1ð ÞaNp�1
1 þ D4a2 - D2ð ÞaNp�1

2

h i
; ð7:42Þ

here D1–D4—algebraic adjuncts.
Let us generalize the developed method: let us consider the problem of calcu-

lation of current distribution, if the number of asymmetrical cross links P > 1.
Let us accept that these links are not adjacent. In this problem the number of

unknowns C1; C2; C3; C4… in the equations for additional currents respectively
increases; also the order of system of in the equations for their determination
increases. It is caused by an increase in the number of equations under the second
Kirchhoff’s law containing asymmetrical links P > 1. Generally, (at P > 1) the
order [8, 9] of such systems is equal to the number of unknowns in equations for
currents DIðNÞ (according Kirchhoff’s laws). There is no analytical expression for
the determinant of the DS and for algebraic adjuncts D1–D4; these expressions and
numerical values for a particular chain-circuits easily to obtain using for example
MATCAD [13] with the coefficients from Appendix 7.1.

A closed chain circuit with three asymmetrical non-adjoining links is given for
example in Fig. 7.2 BB0;CC0;DD0ð Þ; its image is similar to Fig. 6.4 in the form of
two coaxial rings. At P = 3 the equations for additional currents DIðNÞ have
appearance (NP1 ¼ 2; NP2 ¼ 4; NP3 ¼ 6—numbers of damaged bars):

• in portions with numbers N = 0; 1; …; NP1 - 1 (portions AB and A0B0)
DIðNÞ ¼ C1aN1 þC2aN1 ;
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• in portions with numbers N ¼ NP1 ;NP1 þ 1;NP1 þ 2; . . .; NP2 � 1(portions
BC and B0C0);DIðNÞ ¼ C3aN1 þC4aN1 ;

• in portions with numbers N ¼ NP2 ;NP2 þ 1;NP1 þ 2; . . .; NP3 - 1 (portions
CD and C0D0);DIðNÞ ¼ C5aN1 þC6aN1 ;

• in portions with numbers N ¼ NP3 ;NP3 þ 1;NP3 þ 2; . . .;N0 - 1 (portions DA
and D0A0) DIðNÞ ¼ C7aN1 þC8aN1 .

As a result we have the system with r = 8 unknown coefficients. The problems
of calculating such closed circuits will be shown in Chap. 10. This chapter
examines the construction of the cage windings with several damaged bars for
induction machines.

Let us note that the developed method can be also used for calculation of
currents distribution in a closed chain circuit, where asymmetrical elements are
adjacent. This problem will be considered in Chap. 10.

7.3.2.2 Special Case—Circuit Break ðDZ ! 1Þ

Checking results.
At the break of element ðDZ ! 1Þ currents are calculated from the same ratios

(7.40)–(7.42); practically, for calculation in this case it is enough to set
DZ
ZB

¼ 100� 150.

Calculations prove that at DZ ! 1 and N = NP additional current according to
(7.42) is equal to; DJðNPÞ ¼ - JðNPÞ as a result we obtain that the resulting current
JðNPÞ ¼ 0, that proves the validity of obtained relations.
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Fig. 7.2 Active closed chain
circuit
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Calculation example
Let us find the distribution of currents in a closed active chain circuit.
Given:

(a) Asymmetry in cross element with number Np ¼ 5 : DZ
ZbA

¼ 4; relation value of

impedances r ¼ 9:818:10�2 þ j � 7:482 � 10�6 (closed chain circuit corre-
sponds to parameters of rotor squirrel cage of high-power induction motor);

(b) Distribution of currents in cross elements before the occurrence of asymmetry
(damage) corresponds to equation: JðNÞ ¼ 0:15691 � ejð274�9:NÞ.

To find the distribution of currents
Solution for 12 cross elements adjacent to asymmetrical (damaged) is given in

Table 7.4.
It follows that the value of resulting current J

N
in cross element with number

N = NP = 5 after damage makes about 20 % of its value before damage. Values of
currents in elements adjacent with damaged, increase in comparison with more
remote ones; respectively their phase angles change.

7.3.3 Modification of the Investigation Method of Currents
in the Active Closed Chain Circuits with Asymmetrical
(Damaged) Elements: Calculation Examples

Note. The generalmethod described in Sect. 7.3.2 establishes the relationship between
calculations of current distribution in an asymmetric ladder circuit of various struc-
ture: closed and open. To calculate the current distribution in a closed circuit its input
and output terminals are combined with each other. Two boundary conditions are
relevant to such a combination of terminals: that one for circuit (1, 0) and (N0−1, 0);
they take the form of Eqs. (7.39) and (7.39′). Thus, the described method does not
consider the combination of reference mark of closed circuit elements (N = 0) con-
taining the number of one of damaged elements; in this case the number of constants r

Table 7.4 Distribution of currents in cross elements of closed active chain circuit

N 0 1 2 3 4 5

JðNÞ

���
��� 0.1597 0.1607 0.16147 0.1622 0.16297 0.0328

u; �el: degr. 272.94 264.0 255.5 246.4 237.7 227.0

N 6 7 8 9 10 11

JðNÞ

���
��� 0.16295 0.1622 0.16142 0.16066 0.1599 0.1592

u; �el: degr. 220.4 211.6 202.8 194.0 185.1 176.1

Note: φ—phase angle
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to specify additional currentsDIðNÞ and DJðNÞ is equal to r� 2Pþ 2 (as a function of a
relative position of damaged elements in closed circuit).

However, to reduce the number of these constants one may combine the refer-
ence mark of circuit elements (N = 0) with the number of one of damaged ele-
ments. Then the number of constants is r� 2P.

Now let us consider the peculiarities of this method for calculation of additional
currents DIðNÞ and DJðNÞ for closed ladder circuit with one damaged element
ð0�N�N0 � 1Þ; the number of cross damaged element with impedance ZNP ¼
ZB þDZ is Np = N=0. Let us assume that there is one damaged element AA′ in
Fig. 7.2. Then additional currents for longitudinal elements ð0�N�N0 � 1Þ may
be written as

DIðNÞ ¼ C5a
N
1 þC6a

N
2 ; ð7:43Þ

while for cross elements they should be

DJðNÞ ¼ C5a
N�1
1 ða1 - 1ÞþC6a

N�1
2 ða2 - 1Þ ð7:44Þ

besides, the constants C5 and C6 may be calculated with the use of a set of equations
obtained for both circuits (1, 0) and (N0 − 1)by virtue of Kirchhoff’s law:

C5A0 þC6B0 ¼ J0 DZ
ZB

C5D0 þC6E0 ¼ �J0 DZ
ZB

8
<

:
: ð7:45Þ

The values of coefficients A0, B0, D0, E0 are given in Appendix 7.2.
The determinant of system (7.45) may be written as:

DS ¼ DS1 þ
DZ
ZB

DS2 : ð7:46Þ

and algebraic adjuncts DC5 and DC6 as:

DC5 ¼ J0
DZ
ZB

D0
C5
; DC6 ¼ J0

DZ
ZB

D0
C6
: ð7:460Þ

The values of coefficients DS1 ;DS2
;DC5 ;DC6 are given in Appendix 7.2. Then,

the expression for additional currents DIðNÞ in longitudinal elements is as follows:

DIðNÞ ¼
D0

C5
aN1 þD0

C6
aN2

DS1 þ DZ
ZB

DS2

J0
DZ
ZB

: ð7:430Þ

The expression of additional currents DJðNÞ in cross elements will be according
to (7.44).
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Calculation equations of currents in asymmetric active circuits as applied to
squirrel-cage rotor have been obtained for the first time and require additional
checks. Here are two of them.

Check 1.
At DZ ! 1 the resulting current J

0
in element with number N = Np = 0 should

be equal to zero obtained from Eqs. (7.43)–(7.46′). From these equations, we shall
have (Fig. 7.2)

DJ0 ¼ DIð0Þ � DIðNB�1Þ ¼ J0
DZ
ZB

F

DS1 þ DZ
ZB

DS2

at that, we have obtained from equations for DS1 and DS2 , that F ¼ �DS2 . Then, at

DZ ! 1 lim
DZ!1

DJ0 ¼ J0F
DS2

¼ �J0:

Therefore, the resulting current is: J
0
¼ J0 þDJ0 ¼ 0:

The result proves the validity of obtained calculation data.
Check 2.
Let it be given that a closed active circuit contains N0 = 12 elements.

An asymmetry in cross element with number N = Np = 0 is equal to DZ
ZB

¼ 0:5,

the impedance ratio is σ = 0.9.
The currents in longitudinal elements are distributed before the damage

according to equation IðNÞ ¼ 100ejDu�N at Du = 30 el. degr.
To find out the current distribution in three circuit elements that neighbor the

damaged one.
Solution.
Equation determinant DS ¼ �1:8476 � 105.
Algebraic adjuncts DC5 ¼ - 38:823ej75 � 10�4; DC6 ¼ �5:0096ej75.
The results of current calculation are shown in Table 7.5.
From Table 7.5 it follows that the currents JðNÞ in cross elements neighboring a

damaged element (at N = 11 and N = 1) are much equal in amplitude and increase
when damaged *by 5.5%, while the current in damaged element (at N = 0)
decreases by *20%. The result agrees with physical representation of current
distribution in this circuit.

Table 7.5 Current distribution in elements of closed active circuit neighboring the damaged
element

NI, J 10 11 0 1

DIðNÞ 2.1072 ej75 5.2691 ej75 −5.0094 ej75 −2.0033 ej75

JðNÞ – 51.764 ej45 51.764 ej75 51.764 ej105

IðNÞ 98.5708 e�j59:136 98.7674 e�j27:0462 98.822 e�j2:8065 98.5936 ej29:176

JðNÞ – 54.524 e�j46:661 41.4854 ej75 54.390 ej103:416

160 7 Active Symmetrical and Asymmetrical Chain Circuits …



Appendix 7.1

Values of coefficients for calculation of constants C1, C2, C3, C4.

Q ¼ �aN0
1 ;L ¼ a�1

1 ;N ¼ �aN0�1
1 ;H ¼ aNp�1

1 1þ DZNP

ZB


 �
; F ¼ aNp

1 �a2 � DZNP

ZB


 �
;

D ¼ aNp

1 �2a2 þ a22 � a2r� a2
DZNP

ZB


 �
¼ �aNp

1 1þ a2
DZNP

ZB


 �
;A ¼ aNp

1 1þ DZNP

ZB


 �
:

Coefficients R, M, P, K, S, T, B can be obtained from those Q, L, N, H, F, D, A
by replacement a2 by a1 and, respectively a1 by a2.

Appendix 7.2

Coefficients of a set of Eq. (7.45)

A0 ¼ aN0�1
1 1þ DZ

ZB


 �
� a2 � DZ

ZB
; B0 ¼ aN0�1

2 1þ DZ
ZB


 �
�a1 � DZ

ZB
;

D0 ¼ 1� aN0
1 þ DZ

ZB
1� aN0�1

1

� �
; E0 ¼ 1� aN0

2 þ DZ
ZB

1� aN0�1
2

� �
:

Determinant of system (7.45) and (7.46)

DS1 ¼ �aN0 þ 1
1 þ aN0 þ 1

2 þ aN0�1
1 � aN0�1

2 þ 2a1 � 2a2;
DS2 ¼ 2 �aN0

1 þ aN0
2 þ aN0�1

1 � aN0�1
2 þ a1 � a2

� �
:

Algebraic adjuncts of a set of Eq. (7.46′)

D0
C5

¼ �aN0
2 þ aN0�1

2 � a1 þ 1; D0
C6

¼ aN0
1 � aN0�1

1 þ a2 � 1:

List of Symbols

EM Link EMF amplitude
I
N
; J

N
Resulting currents in cross and longitudinal elements of links at
occurrence of asymmetry (damage)

J, I Currents in cross and longitudinal elements of symmetrical chain
circuit links

DIðNÞ; DJðNÞ Additional currents in longitudinal and cross elements of asymmet-
rical chain circuit

N Element number of the chain circuit
Np Asymmetrical element number
t Time
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ZB; ZR; ZF Impedance of cross and longitudinal elements
ZNP Impedance of asymmetrical element
DZ Additional impedance of asymmetrical element
r;r0 Relations determined by impedances of symmetrical chain circuit

elements
uN Phase angle of link EMF

Brief Conclusions [7]

1. In active symmetrical chain circuits of considered type, EMF has the following
peculiarities:

• EMF amplitudes of all links remain constant,
• difference of EMF phase angles of adjacent links also remains constant.

2. Currents in elements of active closed and open symmetrical chain circuits with
such EMFs in each link contain three components:

• two of them vary depending on element number (N) under the aperiodic law,
• the third—under the harmonic law.

3. Distribution of currents in an active regular chain circuit has the same regularity.
For checking results of its investigation, it is obtained that in specific case
calculation expressions for currents in it and in active open symmetrical chain
circuit coincide; it confirms the validity of obtained results.

4. Currents in elements of active closed and open asymmetrical chain circuits, as
well as in elements of passive chain circuits, similar in structure, can be found
from the solution of the following two problems:
on the distribution of main currents in elements of active symmetrical chain
circuit ðDZ ¼ 0Þ;
on the distribution of additional currents depending on distribution of the main
ones; Calculation of the distribution of resulting currents is reduced to sum-
mation of the main and additional currents for the same elements.

5. The problem on the distribution of additional currents in elements of active
asymmetrical chain circuit is similar to that for passive chain circuit of the same
structure; additional currents contain two components, both vary depending on
element number (N) under the aperiodic law.

6. Solution of limit problems—on the break of cross element ðDZ ! 1Þ—con-
firms that the main and additional currents are equal and opposite in phase so the
resulting current is equal to zero; it confirms the validity of obtained results.

7. Numerical examples also prove the validity of the obtained calculation
expressions.
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Chapter 8
EMF Induced by Resulting Field
in Short-Circuited Loops of Damper
Winding and Squirrel Cage

This chapter deals with calculation expressions for EMF in loops of short-circuited
rotor windings (of damper winding, squirrel cage) used in designs of modern A.C.
machines when operating in nonlinear network. It is previously noted that for
non-sinusoidal power supply of synchronous machines it is convenient to determine
EMF in rotor loops induced by resulting field if this field contains two components
formed by “adjacent” time harmonics of stator current; thus, both components of
stator current field meet two conditions: spatial period T = idem, current frequency
ωROT = idem.

Both these components differ in rotation direction relative to rotor, rotation speed
relative to stator and in amplitudes.

For this problem setting on determination of EMF in rotor loops and corre-
sponding currents, it is expedient (from viewpoint of skin effect and its influence on
A.C. resistance and leakage reactance of rotor winding elements) to use a method of
superposition: to calculate EMF in loop induced by one of these resulting field
components irrespective of the second. Thus, generality of results is preserved.

Obtained here are calculation expressions for EMFs induced by these field
components as a general problem: Origin of coordinates—arbitrarily, and pitch
between bars does not remain constant (the last takes place, for example, in damper
winding of salient pole machine). EMFs in winding loops used in practice are
obtained as special cases of these calculation expressions.

The content of this chapter is development of the methods stated in [1, 2, 10–14].

8.1 Initial Data and Its Representation

In first chapters of the monograph it is noted that one of important investigation
phases of A.C. machines in nonlinear networks with rotor short-circuited windings
is the problem of calculation of currents distribution in construction elements of
these windings: in damper winding and squirrel cage (in case of asymmetry in it).

© Springer Japan KK 2017
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In Chap. 7 problems of currents distribution in active U-shaped recurrent circuits
(chain circuits) were in detail investigated, provided that EMF of each link vary
depending on its number under the harmonic law. Investigation objective of these
recurrent circuits of various structure (symmetrical and asymmetrical, open and
closed) is modeling process of currents distribution in rotor short-circuited windings
of various construction (in damper winding, asymmetrical squirrel cages, etc.).

To use results of this investigation for calculation of performance characteristics
of A.C. machines fed by non-sinusoidal current, let us establish a link between
EMF in elements of active recurrent circuits and EMF induced in rotor loops of
these machines. For this purpose, in this chapter let us find analytical expressions
for EMF in various structures of damper winding and squirrel cage. This problem is
solved most simply, if assumed that harmonics of resulting field in air gap are set
out.

This assumption was already used in proving a possibility of representation of
currents in short-circuited rotor winding loops in the form of generalized charac-
teristics (Chap. 5); for this proof use was made of the system of equations with
order determined by the number of short-circuited loops in machine rotor. It is
realized by numerical methods. However, analytical expressions, available for
obtaining from investigation results of active recurrent circuits of various structure,
describe regularities of current distribution in various structures of these windings;
it allows us to establish the extent of influence of winding parameters on currents
distribution process in it, important in engineering practice.

Derivation of analytical expressions for EMF in various structures of damper
winding and squirrel cage is the first stage of search of analytical regularities of
current distribution in short-circuited rotor winding loops.

As the solution of problem on determination of EMF in damper winding and
squirrel cage loops (at absence or at occurrence of asymmetry in them) let us accept
as initial the following:

• Harmonics of resulting field in air gap;
• Geometrical dimensions of this winding elements;
• Rotor rotation speed (slip);
• Number of machine poles 2p.

Assumptions for the solution of this problem are given in [3–5] and let us
consider at first some initial data in more detail.

8.1.1 Representation of Resulting Field Harmonics in Air
Gap

Representation form of resulting field harmonics in air gap was already considered
in Chap. 5, when solving a problem on generalized current characteristics in
short-circuited rotor winding elements, generally, for any structure. Respectively,
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geometrical dimensions of these loops and their impedance (A.C. resistance and
leakage reactance) for this general case were accepted as arbitrary.

In this chapter we will obtain calculation expressions for EMF in rotor loops of
specific types of short-circuited rotor windings used in modern practice.

Harmonics of resulting field in air gap are initial data for derivation of these
expressions. Therefore, we will repeat briefly physical treatment and equations for
complex amplitudes (phasor) of flux density (phasor) of this resulting field, given in
Chap. 5.

For salient pole machines and induction machines with asymmetry in cage fed
by non-sinusoidal current, for each time voltage harmonic in air gap it is possible to
determine two resulting fields meeting the following conditions:

T ¼ idem, xROT ¼ idem, where xROT � EMF frequency in rotor loops.

T = idem, ωROT = idem, where ωROT—EMF frequency in rotor loops.
These resulting fields differ in rotation direction relative to rotor, rotation speed

relative to stator and in amplitudes.

• For salient pole machines in synchronous operating mode fed by non-sinusoidal
current, these both conditions (T = idem, ωROT = idem), correspond to two
resulting fields formed by time voltage higher harmonics. These fields are called
“adjacent” as they meet a certain condition obtained in Chap. 3. They form a
system of equations of magnetically coupled loops; this question was also
considered in Chap. 3.

• Flux density b(x,t,m,Q) of resulting field in air gap in any point x and at any
timepoint t has the form according to (5.1):

b x,m,Qð Þ ¼ B m,Qð Þ � e�2jpmx
T þB �m,Qð Þ � e2jpmx

T� ð8:1Þ

8.1.2 Initial Geometrical Dimensions of Damper Winding,
Squirrel Cage, Pole Winding

Short-circuited winding construction is assumed to be set out with slot pitch in
general case not constant. For such representation we also consider peculiarities of
damper winding structure with pitch b between slot axes on the pole is not equal to

the distance bF between axes of edge slots in adjacent poles, and bF

b [ 1.

Figure 8.1 shows a portion of such a short-circuited rotor winding with EMF in
its each loop; bar numbering is also specified there (N = 0,1,2,3,4,…, N − 1, N,
…). Designation of each loop is the same: for example, loop (N,N–1) is formed by
two bars with numbers N and N−1 (their impedance are equal accordingly to
ZB;N;ZB;N�1) and two ring portions (segments) with number N − 1 (impedance of
each is equal ZR;N�1). Position of axis of each bar on rotor relative to arbitrarily
chosen origin of coordinates (0 point) takes the form:
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for bar N ¼ 0 : x ¼ x0;
for bar N ¼ 1 : x = x1 ¼ x0 + x1;0;
for bar N ¼ 2 : x ¼ x2 ¼ x0 þ x1;0 þ x2;1;

..

.

for bar N : x ¼ xN ¼ x0 þ x1;0 þ x2;1 þ . . .þ xN;N�1;

..

.

ð8:2Þ

Here x0—distance from arbitrarily chosen origin of coordinates to axis of the first
slot (bar), x1;0; x2;1; . . .; xN;N�1—distance along rotor periphery between axes of
adjacent slots (bars) accordingly with numbers N = 1 and N = 0; N = 2 and N = 1,
…, N and N − 1. For generality, it is accepted that geometrical dimensions of loops
are different:

x1;0 6¼ x2;1 6¼ . . . 6¼ xN;N�1 6¼ . . .: ð8:3Þ

For determination of excitation winding EMF the followings are set out:

• pole shoe width bP ¼ a � s, where α—pole arc, τ—pole pitch [6–9];
• ZEX—impedance of excitation winding and equivalent impedance of exciter.

Fig. 8.1 Position of elements of short-circuited winding relative to origin of coordinates (general
problem)
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8.2 Two EMF Components in Loops of Short-Circuited
Rotor Winding

According to conditions (T = idem xROT ¼ idem), both resulting field components
(8.1) in air gap correspond to EMF and currents in rotor loops of the same fre-
quency. Therefore, the problem on determination of these EMFs and corresponding
currents from the view point of skin effect and its influence on impedance and
inductance of rotor winding elements can be considered for each of these field
components independently using a method of superposition. Proceeding from it, in
this chapter without losses of generality of results, let us obtain calculation
expressions for EMF in rotor loops induced by flux density b(x,m,Q). This EMF
can be determined in two ways: in scale of complex amplitude (phasor) B(m,Q) of
the first flux density component in (8.1):

b0 x,m,Qð Þ ¼ B m,Qð Þ � e�2jpmx
T; ð8:4Þ

or in scale of complex amplitude (phasor) B(–m,Q) of the second flux density
component in (8.1):

b00 x,m,Qð Þ ¼ B �m,Qð Þ � e2jpmx
T� ð8:4’Þ

For this formulation it is not difficult to change from EMF calculation expres-
sions for the first flux density component to the second one. For specificity,
Eq. (8.4) is used in further calculations.

8.2.1 General Problem: EMF in Any Loop
of Short-Circuited Winding

Let us find previously the EMF induced by field (8.4) in loop (N,N–1) of this
winding. It is equal to [1, 2]:

E1;0 ¼ �jxROTU1;0;

..

.

ENþ 2;Nþ 1 ¼ �jxROTUNþ 2;Nþ 1:

ð8:5Þ

Here U1;0; . . .;UNþ 2;Nþ 1—resulting fluxes linked accordingly with loop (1, 0) and
loop (N + 2, N + 1). These fluxes are equal to:
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U1;0 ¼
Rx0 þ x1;0

x0

B m,Qð Þe�2jpmx
TLCORdx

= B m,Qð ÞTLCOR
pm sin pmx1;0

T e�jpm
x1;0
T e�2jpm

x0
T ;

..

.

UNþ 2;Nþ 1 ¼
Rx0 þ x1;0 þ ��� þ xNþ 2;Nþ 1

x0 þ x1;0 þ ��� þ xNþ 1;N

B m,Qð Þe�2jpmx
TLCORdx

= B m,Qð ÞTLCOR
pm sin pmxNþ 2;Nþ 1

T e�jpm
xNþ 2;Nþ 1

T e�2jpm
x0 þ x1;0 þ ��� þ xNþ 1;N

T �

ð8:6Þ

Expressions for resulting flux magnetically coupled with any loop (N + 2,
N + 1) and with loop (1,0) completely correspond to each other. They contain four
factors. Let us consider their physical sense:

• the first factor determines loop flux amplitude;
• the second—determines pitch chording of this loop and, therefore, affects its

EMF amplitude;
• the third and fourth—determine phase angle of flux and EMF.

It should be noted that the third factor depends on geometrical dimensions
xNþ 2;Nþ 1
� �

of loop (N + 2, N + 1) considered, and the fourth—on the position of
this loop relative to the origin of coordinates, that is on the sum of geometrical
dimensions of previous loops, counting from the origin of
coordinates: x0 þ x1;0 þ � � � þ xNþ 1;N

� �
.

From Eqs. (8.5) and (8.6) for EMF ENþ 1;N it follows that this EMF is a function
both of time harmonic order Q, and spatial harmonic m. These both harmonic
orders (m, Q) are not part of upper or lower indices for flux UNþ 2;Nþ 1 and EMF
ENþ 2;Nþ 1, not to complicate their designation. For transition from obtained cal-
culation expression for EMF (8.5) to EMF induced by the second flux density
component in (8.4’), it is necessary in (8.5) to substitute complex amplitude
(phasor) B(m,Q) by B(–m,Q) and sign m by (–m).

Let us note that EMF of loop (N + 2, N + 1) linearly depends on complex
amplitude (phasor) of flux density B(m,Q), therefore, in subsequent calculations of
EMF ENþ 2;Nþ 1 from (8.5) it is sometimes convenient to represent taking into
account (8.6) in the following form of generalized characteristic:

ENþ 2;Nþ 1 ¼ ENþ 2;Nþ 1
� � � B m,Qð Þ: ð8:5’Þ

Here,

ENþ 2;Nþ 1
� �¼� jxROT

TLCOR

pm
sin

pmxNþ 2;Nþ 1

T
e�jpm

xNþ 2;Nþ 1
T e�2jpm

x0 þ x1;0 þ ...þ xNþ 1;N
T :

Now let us consider some special cases being of separate practical interest.
Results of their solution will be required for calculations in the following chapters.

170 8 EMF Induced by Resulting Field in Short-Circuited Loops of …



Let us solve them irrespective of the result obtained in this paragraph; we use it for
additional checking validity of special tasks’ solution.

8.2.2 EMF of Damper Winding Loops Located on Pole

Let us use Fig. 8.1. We consider that the portion ABF corresponds to rotor damper
winding portion with EMF in each its loop. Numbering of bars is also specified
there (N = 0, 1, 2,…, N,…); number of bars on each of two poles equals N0 (bars
AA0;BB0; . . .; FF0 are located on poles of similar polarity; bars HH0;KK0; . . .;LL0

are located on poles of opposite polarity). Distance between edge bars of adjacent
poles (LA, FH) is accepted equal to bF, and between adjacent bars on pole—equal
to b [6–8]. Position of axis of each bar on rotor relative to machine cross axis (axes
q, O point) takes the form:

for bar N ¼ 0 : x0 ¼ 0:5bF;
for bar N ¼ 1 : x1 ¼ 0:5bF þ b;
for bar N ¼ 2 : x2 ¼ 0:5bF þ 2b;

..

.

for bar N : xN ¼ 0:5bF þNb;
..
.

ð8:7Þ

Let us find EMF induced by field (8.4) in loop (N + 2, N + 1) of this winding
located on the pole. It is equal to:

ENþ 2;Nþ 1¼� jxROTUNþ 2;Nþ 1�

Here ΦN + 2, N + 1—resulting flux linked with loop (N + 2, N + 1).
This flux is equal to:

UNþ 2;Nþ 1 ¼
Z0:5bF þ b Nþ 2ð Þ

0:5bF þ b Nþ 1ð Þ

B m,Qð Þe�2jpmx
TLCORdx

= B m,Qð ÞTLCOR

pm
sin

pmb
T

e�jpmb
Te�2jpm0:5bF þ b Nþ 1ð Þ

T �

ð8:8Þ

In Chap. 7, Eqs. (7.3) for calculation of EMF in loops are given in the form

Du ¼ 2pm b
T

� �
:

ENþ 2;Nþ 1 ¼ EMe�jDu Nþ 1ð Þ; ENþ 3;Nþ 2 ¼ EMe�jDu Nþ 2ð Þ; . . .:
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From a comparison of Eqs. (7.3) and (8.8) it follows that complex amplitude
(phasor) for calculation of EMF EM of damper winding loops located on the pole is
equal to:

EM¼� jxROTB m,Qð ÞTLCOR

pm
sin

pmb
T

e
�jpmb

Te�jpmbF
T : ð8:8’Þ

Expression for the flux in any loop (N + 2, N + 1) on the pole completely
corresponds to that obtained earlier (8.6). It confirms validity of results. It contains
4 factors, and their physical sense is similar to factors in Eq. (8.6).

8.2.3 EMF of Damper Winding Loops Located on Cross
Axis q

Problem 1 Let us find EMF in loop LL0A0AL (Fig. 8.1); it is formed by portions of
short-circuited rings (segments)LA;L0A0 between poles and axes of edge bars
LL0;A0A on adjacent poles. Let us keep the origin of coordinates for determination
of bars’ position as in Sect. 8.2.2.
EMF induced by field (8.4) in the loop LL0A0AL, is equal to:

ELL0A0AL ¼ �jxROTULL0A0AL:

Flux linked with loop LL0A0AL is equal to:

ULL0A0AL¼
Zx0

�x0

B m,Qð Þe�2jpmx
TLCORdx ¼ B m,Qð ÞTLCOR

pm
sin

pmbF
T

� ð8:9Þ

We obtained that flux ULL0A0AL is a real quantity and is determined by loop
geometrical dimensions 2x0 ¼ bFð Þ.

Let us note that Eq. (8.9) for ULL0A0AL completely corresponds to Eq. (8.8) for
UNþ 1;N taking into account the accepted numbering of bars and damper winding
peculiarities.

Problem 2 Let us find EMF in a loop FF0H0HF (Fig. 8.1); it is also formed by
portions of short-circuited rings (segments) FH; F0H0 between poles and axes of
edge bars FF0;H0H on adjacent poles, but shifted relative to loop from the previous
problem LL0A0ALð Þ by half of the period. Let us keep the origin of coordinates for
definition determination of bars’ position as in Sect. 8.2.2. Expression for EMF of
such a loop will be required in subsequent chapters for determination of currents in
damper winding elements.
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It is natural to assume that EMF in this loop is equal in amplitude to EMF in loop
LL0A0AL and is shifted relative to it in phase by angle of 180 electrical degrees (el.
degr.). Let us check this assumption.

EFF0H0HF ¼ �jxROTUFF0H0HF�

Flux linked with loop FF0H0HF is equal taking into account designations
accepted in (8.7):

UFF0H0HF ¼
Z0:5Tþ x0

0:5T�x0

B m,Qð Þe�2jpmx
TLCORdx ¼ B m,Qð ÞTLCOR

pm
sin

pmbF
T

� e�jpm

ð8:9’Þ

For odd m ¼ 1; 3; 5, we have: e
�jpm ¼ �1.

We have obtained that for odd harmonics of any order the assumption is proved.
Let us note that both last relations can be also obtained directly from general

Eq. (8.6) that proves validity of given calculations.

8.2.4 EMF of Loops in Squirrel Cage

a. General case. The flux density machine squirrel cage is presented in Fig. 8.2 and
in Fig. 7.2; its image similar to Fig. 6.4 in the form of two coaxial rings is more
expedient than in the form of recurrent circuit developed on the plane as it was
accepted for regular damper winding. Portions of both rings AB, BC,
…,A0B0;B0C0 in Fig. 8.2 correspond to the impedance of cage short-circuited
rings, and radial portions between them AA0;BB0; . . .; FF0, to bars in its slots.
Expediency of such representation is explained simply: bars of two poles of

regular damper winding are laid within period TEL ¼ pDp (Fig. 8.1). However,

squirrel cage bars are not laid within this period TEL; for its investigation it should
be taken equal to T ¼ pTEL ¼ pD. Squirrel cage correspond in this regard to
stator winding with fractional number of slots per pole and phase [3–8].

Rotor contains N0 squirrel cage bars ( N ¼ 0; 1; 2; . . .;N0 � 1ð Þ, Fig. 8.2).
Distance between axes of bars (slots), as well as for damper winding on pole, is
equal to b.

Let us find EMF in loop (N + 2, N + 1) of rotor cage for a case if the origin of
coordinates is chosen so that for bar N = 0:X = X0 (Fig. 8.2).

Position of axis for each bar on the rotor relative to arbitrarily chosen origin of
coordinates (0 point) takes the form:
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for bar N ¼ 0 : x0;
for bar N ¼ 1 : x1 ¼ x0 þ b;
for bar N ¼ 2 : x2 ¼ x0 þ 2b;

..

.

for bar N : xN ¼ x0 þNb;
..
.

ð8:10Þ

EMF induced by field (8.4) in loop (N + 2, N + 1) is equal to:

ENþ 2;Nþ 1 � jxROTUNþ 2;Nþ 1: ð�Þ

Resulting flux UNþ 2;Nþ 1 coupled with loop (N + 2, N + 1), is equal to:

UNþ 2;Nþ 1 ¼
Zx0 þ Nþ 2ð Þb

x0 þ Nþ 1ð Þb

B m,Qð Þe�2jpmx
TLCORdx

= B m,Qð ÞTLCOR

pm
sin

pmb
T

e
�jpmb

Te�2jpmx0 þ b Nþ 1ð Þ
T :

ð8:11Þ

Fig. 8.2 Position of squirrel cage elements relative to arbitrary origin of coordinates
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b. Special case: let us find EMF in loop (N + 2, N + 1) of rotor cage if the origin
of coordinates coincides with the axis of zero bar AA0 (Fig. 8.2): x0¼ 0.

Resulting flux UNþ 2;Nþ 1 coupled with loop (N + 2, N + 1), is given by:

UNþ 2;Nþ 1 ¼ B m,Qð ÞTLCOR

pm
sin

pmb
T

e
�jpmb

Te�2jpmb Nþ 1ð Þ
T : ð8:12Þ

From a comparison of Eqs. (7.3) and (8.12) it follows that the complex ampli-
tude (phasor) EM to compute EMF of squirrel cage loops at x0 ¼ 0ð Þ, is equal to:

EM ¼ �jxROTB m,Qð ÞTLCOR

pm
sin

pmb
T

e�jpmb
T: ð8:12’Þ

c. Special case: let us find EMF in the loop (N + 2, N + 1) of rotor cage, when the
origin of coordinates is spaced from zero bar axis (Fig. 8.2) by a value:
x0 ¼ 0:5T.

Resulting flux UNþ 2;Nþ 1 linked with loop (N + 2, N + 1) is obtained:

UNþ 2;Nþ 1 ¼
Z0:5Tþ Nþ 2ð Þb

0:5Tþ Nþ 2ð Þb

B m,Qð Þe�2jpmx
TLCORdx

¼� B m,Qð ÞTLCOR

pm
sin

pmb
T

e
�jpmb

Te�2jpmb Nþ 1ð Þ
T �

ð8:13Þ

EMFENþ 2;Nþ 1 � according �ð Þ
Relations (8.8)–(8.9’), (8.11)–(8.13) can be also obtained directly from the

general Eq. (8.6) that proves the validity of given calculations.

8.2.5 Excitation Winding EMF

Similarly to (8.6) let us write down the equation for flux coupled with excitation
winding on the pole:

UEX ¼
Z0:5s 1þ að Þ

0:5s 1þ að Þ

B m,Qð Þe�2jpmx
TLCORdx ¼ B m,Qð ÞTLCOR

pm
sin

pmELa
2

e�jpm2 :

ð8:14Þ
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Here s ¼ pD
2p .

Respectively, the calculation expression for excitation winding EMF on the pole
takes the form: EEX ¼ �jxROTWEXUEX; here, WEX—number of turns per pole.

EMF on excitation winding terminals of EEX;RES is determined with account of
coils’ connection diagram on machine poles. Usually, they are connected in series:
EMF for such connection of pole coils, as a rule, does not exceed several hundreds
of volts. Then, EEX;RES ¼ EEX2p. From the obtained expressions it follows that field
harmonics rotating in the direction opposite to rotor rotation, for example,
m = 5, 11, 17. . . or, respectively, Q = 5, 11, 17… (at S = 2 according to Chap. 3),
flux signs, EMF of excitation winding change to the opposite.

Brief Conclusions

1. For A.C. machine fed by non-sinusoidal current, it is convenient to determine
EMF in short-circuited rotor loops (damper winding, squirrel cage) induced by
resulting field in air gap meeting conditions: T = idem, xROT ¼ idem. This field
has two components, which differ in rotation direction relative to rotor, rotation
speed relative to stator and in amplitudes. For this problem setting on deter-
mination of EMF in rotor loops and currents corresponding to them, it is pos-
sible (from viewpoint of skin effect and its influence on A.C. resistance and
inductance of rotor winding elements) to use a method of superposition: to
calculate the EMF in loop induced by one of these resulting field components
irrespective of the second.
Without losses of generality of results, it is sufficient to obtain calculation
expressions for EMF in rotor loops induced by resulting field

b x,m,Qð Þ ¼ B m,Qð Þ � e�2jpmx
T:

2. Expression for the flux coupled with any loop (N + 2, N + 1) contains 4
multipliers. The first of them determines loop flux amplitude; the second—loop
pitch chording and, therefore, affects its EMF amplitude; the third and fourth—
determine phase angle of flux and EMF, herewith, the third factor depends on
geometrical dimensions xNþ 2;Nþ 1

� �
of the loop considered (N + 2, N + 1), and

the fourth—on the sum of geometrical dimensions of previous loops, counting
from the origin of coordinates: x0 þ x1;0 þ . . .þ xNþ 1;N

� �
.

3. Calculation expressions for EMF of damper winding loops (for longitudinal and
cross axes), of squirrel cage are special cases of calculation expression in
general problem of EMF calculation for any short-circuited winding loop. It
proves the validity of the obtained calculation expressions for EMF.
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List of Symbols

b Pitch between axes of pole slots
bF Distance between axes of edge slots on adjacent poles
b(x,t,m,Q) Instantaneous value of resulting field flux density in air gap
B(m,Q) Flux density amplitude of resulting field in air gap
D Diameter of stator boring
EEX EMF on excitation winding terminals
EM Rotor loop EMF amplitude
ENþ 2;Nþ 1 EMF of the loop formed by bars with numbers N = 1 and

N = 2
IEX Excitation winding current
LCOR Stator core active length
m Spatial harmonic order
N Bar (ring portion) number of damper winding or squirrel cage
N0 Number of bars in damper winding on rotor pole or in

squirrel cage
p Number of pole pairs
Q Order of time harmonic
t Time
T Series expansion periods of MMF and fields of mutual

induction to harmonic series
WEX Number of excitation winding turns on pole
x Current coordinate along stator boring (in tangential

direction)
x0 Distance from the origin of coordinates to axis of the first slot

(bar)
ZB; ZR; ZF Impedance of bar, ring portion between bars on pole, ring

portion between edge bars of adjacent poles
ZEX Impedance of excitation winding and equivalent impedance

of exciter
α Pole arc, a ¼ bp

s , where bp—width of pole shoe, τ—pole pitch
U1;0; . . .;UNþ 2;Nþ 1 Mutual induction resulting fluxes linked accordingly with

loop (1,0) and loop (N + 2, N + 1)
UEX Flux linked with excitation winding
xROT Circylar frequency of EMF and current in rotor loops
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Chapter 9
Investigation Methods of Currents
Distribution in Regular Damper Windings
and Squirrel Cages

This chapter presents methods of investigation of currents in regular damper
winding elements of various design (complete, incomplete) caused by influence of
the first and higher harmonics (Q ≥ 1, |m| = |n| ≥ 1) of resulting field in air
gap. They are based on investigation results for currents in U-shaped recurrent
circuits of various structure. Obtained here are regularities of currents distribution in
construction elements of regular damper winding in operational modes of salient
pole machine.

Additional proof of results correctness is obtained by aggregation of obtained
calculation expressions for complete damper winding to expressions for squirrel
cage of induction machine (at pole overlapping a ¼ bp=s ¼ 1).

For currents in damper winding the following regularity of currents distribution
is obtained:

• besides the current of regular damper winding there is an additional current
which contains two components;

• both these components vary depending on bar or ring portion number under
aperiodic law.

• Methods are checked in bench conditions on pilot motor type SDSZ 2.000 kW,
6 kV, 100 rpm (LEZ, Stock Company “Ruselprom”).

Calculation method of adiabatic overheat of short-circuited rotor windings with
account of the dependence of skin effect on temperature is given in appendix to the
chapter.

The content of this chapter is development of the methods stated in [1, 2, 12–16].

© Springer Japan KK 2017
I. Boguslawsky et al., Large A.C. Machines,
DOI 10.1007/978-4-431-56475-1_9
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9.1 Compliance Between Structures of Recurrent Circuits
and Constructions of Short-Circuited Rotor Windings
(Damper Winding, Squirrel Cages)

This chapter presents analytical methods of investigation of currents distribution
induced by mutual induction field harmonics in construction elements of damper
winding of salient pole synchronous machines and squirrel cages of induction
machines.

In the previous chapters a detailed analysis was performed for this investigation
of U-shaped passive and active recurrent circuits of various construction repre-
senting practical interest for analysis of processes in A.C. machines (symmetrical
and asymmetrical, open and closed); methods of analytical calculation of currents
distribution in elements of these circuits are stated. In investigation of currents
distribution of elements in active recurrent circuits it was accepted that EMF of each
link varies depending on its number under the harmonic law.

Let us establish a relationship between the main types of short-circuited rotor
winding construction (damper winding and squirrel cages) and types of recurrent
circuits investigated in Chaps. 6 and 7. This relationship is given in Table 9.1.

However, at first, let us give the list of main peculiarities of short-circuited rotor
winding construction (damper winding and squirrel cages) found in modern prac-
tice [3–7].

(A) Damper windings of salient pole machine.
(A1) Complete damper winding. In this construction, equal number of bars is laid in
slots on each pole; all bars are connected from both rotor sides at its ends by
short-circuited rings (segments) both within poles, and in space between poles.
Pitch between bars located on poles is identical.

Table 9.1 Compliance between short-circuited rotor windings and active recurrent circuits of
various construction

No. Winding Recurrent circuit

– – On ratio of impedances In construction

1. Complete damper winding Asymmetrical Closed

1.1 Regular Asymmetrical, regular Closed

1.2 Irregular Asymmetrical Closed

2. Incomplete damper Symmetrical or asymmetrical Open

2.1 Regular Symmetrical Open

2.2 Irregular Asymmetrical Open

3. Squirrel cage Symmetrical or asymmetrical Closed

3.1 Symmetrical Symmetrical Closed

3.2 Asymmetrical Asymmetrical Closed
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(A2) Incomplete damper winding. In this construction unlike complete damper
winding, all bars are connected from both rotor sides on its ends by short-circuited
rings (segments) only within pole shoe.
We will distinguish the following kinds of damper winding constructions given
above from the viewpoint of symmetry of bars and short-circuited ring portions
(segments).
(A3) Regular damper winding. In this winding construction, all bars on poles have
equal impedance in whole working range of frequencies; the same also belongs to
impedance of all portions of both rings (segments) between bars, as well as to
impedance of all portions of both rings (segments) between poles.
(A4) Irregular damper winding. In this winding construction, there is one or several
bars with various impedance, for example:

• on one or several poles there are damage bars (in limit case—with break);
• or on each pole there are in addition to bars made of copper, bars made of brass

or bronze.

(B) Squirrel cages of induction machine. Let us distinguish the following types of
squirrel cage construction.
(B1) Symmetrical squirrel cage. In this winding construction all bars have equal
impedance in whole working range of frequencies; the same also belongs to
impedance of all portions of both short-circuited rings between bars.
(B2) Asymmetrical squirrel cage. In this winding construction there are bars with
various impedance, for example, there are bars with damage (in limit case—with
break); the same also belongs to impedance of some portions of both short-circuited
rings between bars.

Let us consider methods of analytical investigation of currents in short-circuited
rotor winding constructions found in modern practice beginning with simplest
problem: squirrel cage of induction machine.

9.2 Symmetrical Squirrel Cage of Induction
Machine [12, 13]

In analysis of recurrent circuits, the peculiarities of symmetrical active closed circuit
were considered in Chap. 7.

Distribution of currents in its longitudinal elements with account of values of
constants C1 ¼ 0;C2 ¼ 0 was obtained in the form:

IðNÞ ¼ EM

ZBKB
e�jkN:
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Respectively, currents in cross elements:

JðNÞ ¼ EM

ZBKB
ð1� ejkÞe�jkN:

According to Table 9.1, let us assign a symmetrical squirrel cage of induction
machine rotor to this recurrent circuit. Then, longitudinal elements of the circuit
correspond to ring portions with impedance ZR (A.C. resistance and leakage
reactance), and cross ones—winding bars with impedance ZB. To find currents in
these squirrel cage structural elements, previously, let us determine the following in
expressions for currents:

• coefficient k;
• EMF amplitude EM;
• coefficient KB.

In Chap. 7 we determined physical sense of the coefficient k: it is equal to phase
shift angle DuN between EMF of adjacent elements of recurrent circuit, for
example, with numbers N + 1 and N. If the circuit is symmetrical, according its
determination: k ¼ DuN ¼ const. For induction machine squirrel cage, this coef-
ficient does not depend on N and is calculated from the ratio:

DuN ¼ Du ¼ 2pm
b
T
6¼ f(N):

Here, T ¼ pD—EMF period; D—stator boring diameter; m—order of spatial
harmonic; m = 1p, 3p, 5p ….

Let us proceed to the determination of EMF EM. Calculation expressions for
squirrel cage EMF are obtained in Chap. 8. When we selected the origin of coor-
dinates coinciding with axis of zero bar (x0 ¼ 0, Fig. 8.2), we obtained the EMF
induced by the resulting field in loop (N + 2, N + 1):

ENþ 2;Nþ 1 ¼ �jxROTUNþ 2;Nþ 1 ð9:1Þ

Flux UNþ 2;þ 1, linked with loop (N + 2, N + 1) is obtained:

UNþ 2;Nþ 1 ¼ B(m,Q)
T
pm

LCOR � sin pmb
T

� e�jpmb
T � e�2jpmbðNþ 1Þ

T ;

therefore

EM ¼ �jxROTB(m;Q)
T
pm

LCOR � sin pmb
T

� e�jpmb
T:

Let us proceed to coefficient KB determined by the expression:
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KB ¼ ½1� ð2þrÞe�jk + e�2jk�ejk:

With taking account of parameters of squirrel cage it is equal to:

KB ¼ 1� ð2þrÞe�2jpmb
T þ e�4jpmb

T

h i
e2jpm

b
T: ð9:2Þ

Here r ¼ 2ZR

ZB
.

So, we obtained the expression for calculation of currents in ring portions:

IðNÞ ¼
EMe�2jpmbNT

ZBKB
: ð9:3Þ

Respectively, currents in bars: JðNÞ ¼ IðNÞ � IðN�1Þ or

JðNÞ ¼ EM 1� e2jpm
b
T

� � e�2jpmbNT

ZBKB
: ð9:4Þ

From these expressions we obtain generalized characteristics of currents in
structural elements of induction machine short-circuited rotor winding.

For currents in ring portions it takes the form:

IðNÞ
� � ¼ �jxROT

T
pm

LCORe�jpmb
T
e�2jpmbNT

ZBKB
sin

pmb
T

: ð9:5Þ

for currents in bars:

JðNÞ
� � ¼ �jxROT

T
pm

LCORe�jpmb
T
e�2jpmbNT

ZBKB
1� e2jpm

b
T

� �
sin

pmb
T

: ð9:6Þ

Here, KB—as per (9.2).

9.3 Two Definitions in Investigation of Currents
in Squirrel Cage Loops; Their Compliance and Areas
of Correctness

In previous paras, currents in rotor squirrel cage elements are obtained by the solution
of symmetrical active closed recurrent circuit using difference equations [12].

In setting these equations it is supposed that the object of calculation are squirrel
cage loops formed by two adjacent bars and short-circuited ring portions corre-
sponding to them on both rotor ends; currents in these loops are induced by
resulting rotating field in air gap. Such concept allows us to investigate the
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distribution of currents in symmetrical squirrel cage, to extend the calculation
results obtained for it to general case—asymmetrical cages, for example, with
damages arising during operation. Therefore, this concept needs to be confirmed in
addition, if we suppose to use it in calculation of induction machine performance
characteristics, frequency-controlled or general purpose application in case of
damages in its cage. It can be made, for example, by a comparison of results:

• obtained in this paragraph for special case—symmetrical squirrel cage;
• obtained from the theory of induction machines [3–6] widely used in practice.

Unlike the method stated, in the theory of induction machines the problem of
calculation of currents in symmetrical cage and determination of performance
characteristics of these machines is solved differently: rotor cage is considered as
multiphase winding with number of equivalent phases equal to number of rotor bars
N0. All these equivalent phases are accepted symmetrical, therefore, the equations
for induction machine and corresponding equivalent circuit are assumed for one
rotor phase and one stator phase. Equivalent rotor phase is formed by one bar (with
impedance ZB) and two equivalent short-circuited ring portions (each with impe-
dance Z0

R) located between axes of adjacent bars on both rotor ends. It is supposed
that these equivalent phases of rotor winding are connected in star. One of these
rings serves as zero point of this star. It is convenient to consider each of N0

portions of the second ring as external impedance between these phases (with
equivalent impedance 2Z0

R). This method was given in Chap. 4 and is successfully
used in long-term practice of designing induction machines. It was stated in relation
to the first spatial harmonic (m = 1p). Let us repeat its basic provisions for general
case (m� 1p). At the same time, we assume that the period T of expansion into a
series MMF of stator and rotor windings is equal to pD:

Peculiarity of calculation of this multiphase rotor parameters (with N0 equivalent
phases) is that the impedance [3–6] of equivalent ring portion Z0

R is not equal to the
actual impedance ZR of this portion; they differ by “reduction coefficient of
equivalent impedance of cage ring” KRED:

jRED ¼ ZR

Z0
R
¼ 4 sin2

pmb
T

: ð9:7Þ

This coefficient means that the current in bar and current in adjacent ring por-
tions differ in amplitude and phase, but both vary in space along the rotor periphery
under the harmonic law. It is obtained from the condition that the energy dissipated
in active component of impedance ZR of short-circuited ring element carrying real
current is equal to that dissipated by current in active component of equivalent
impedance Z0

R; current in this equivalent impedance is equal to that in bar. The
same condition is satisfied for reactive energy stored in inductance of real and
equivalent ring portions.
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As it follows from Eq. (9.7), each spatial harmonic of m order corresponds to its
own “reduction coefficient” jRED. This fact is important for practical calculations of
induction machines fields using two-dimensional (2D) software packages, for
example, by FEM (finite element method).

Thus, the method widely used in general theory of induction machines [3–9]
does not assume its application for solution of tasks on currents distribution in
asymmetrical cage elements: rotor loops are calculated based on its single equiv-
alent phase. For setting equations for currents in squirrel cage rotor of induction
machine, the expressions for equivalent impedance of rotor phase, resulting flux U
in air gap linked with it, and for phase EMF, and also for currents in it have other
appearance, as compared with those obtained earlier for recurrent circuit elements:

• equivalent impedance of rotor phase [3–5, 8]:

ZEQ;PH ¼ ZB þ ZR

2 sin2 pmb
T

; ð9:8Þ

• resulting flux in air gap:

U ¼
Zx0 þ

T
2

x0

Bðm;QÞe�2jpmX
TLCORdx = B(m, Q)

TLCOR

pjm
e�2jpm

X0
T : ð9:9Þ

Let us note that for x0 ¼ � T
4p and for values of order m = 1p; 3p; 5p… we

obtain the known expression [3–6]: U ¼ B(m, Q) TLCOR
pm

���
���:

• EMF phase amplitude:

EM;PH ¼ �jxROTWPHKWðmÞU: ð9:10Þ

In calculation of EMF EM;PH, it is supposed that the calculation unit (equivalent
phase) for any spatial harmonic m has the number of turns WPH ¼ 0:5 and winding
factor KWðmÞ ¼ 1;

• currents in rotor phase:

JPH ¼ EM

ZB þ ZR

2 sin2p mb
T

: ð9:11Þ
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After transformations, we get:

JPH ¼ JPH½ �Bðm,QÞ; where JPH½ � ¼ jxROTTLCOR
1

pm
ZB þ ZR

2 sin2pmb
T

: ð9:12Þ

Let us note that Eqs. (9.8–9.12) coincide with those given in Chap. 4 for a
special case: m = 1p.

Thus, we obtained two calculation expressions different by kind for generalized
characteristics of currents (9.5), (9.6), (9.12) in elements of induction machine rotor
symmetrical squirrel cage:

• Equations (9.5) and (9.6) are obtained proceeding from the distribution of
currents in symmetrical recurrent circuits and solutions of difference equations;
we assume that the calculation unit in their setting is N0 loops of rotor winding,
each of which is formed by two adjacent bars and two portions of short-circuited
rings at both rotor ends; portions of both rings are located between these two
bars. “Reduction coefficient of equivalent impedance of cage ring” for deriva-
tion of expressions is not required;

• Equations (9.12) are obtained proceeding from the assumption of harmonic
distribution of currents in multiphase symmetrical system [5, 6, 9]; we assume
that the calculation unit is one equivalent phase of squirrel cage with number of
turns WPH ¼ 0:5 and winding factor KWðmÞ ¼ 1. When deriving calculation
expressions for currents in its elements, the “reduction coefficient of equivalent
impedance of cage ring” is used for each spatial harmonic of m order.

To prove identity

JðNÞ
� ��� �� ¼ JPH½ �j j ð9:13Þ

Let us determine at first the module of complex number in expressions for
currents (9.3) and (9.4): M1 ¼ ZBKBj j:

M1 ¼ ZB ejDu � ð2þrÞþ e�jDu� ��� �� ¼ ZB 2 cosDu� ð2þrÞ½ �j j
¼ 4ZB sin2

Du
2

þ 2ZR

����

����: ð9:14Þ

Here Δφ—according to expression in Sect. 9.2.
We determine the module of complex number in expressions for currents (9.3)

and (9.4): M2 ¼ 1� e2jpm
b
T

���
���;

M2 ¼ 1� cosDu� j sinDuj j ¼ 2 sin
Du
2

: ð9:15Þ
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Using Eqs. (9.14) and (9.15) we proceed to the identity (9.13) for currents in
bars.

As a result, we get:

• rotor symmetrical squirrel cage can be investigated as symmetrical multiphase
winding (with number of phases mPh ¼ N0 and “reduction” of impedance of its
end part to slot part for each harmonic of m order), or as a set of N0 magnetically
coupled loops within recurrent circuit.

Let us consider task solutions on currents distribution in asymmetrical squirrel
cage.

Within the method used in the general theory of induction machines, it is pos-
sible to present rotor asymmetrical squirrel cage in the form of multiphase system
[11] and to investigate this system by a method of symmetrical components [1, 2].
This method is usually used for analysis of the modes in A.C. high voltage lines and
other electrical power systems, devices and installations, including A.C. machines
at asymmetrical short circuits in stator winding [9]. Investigations prove that using
the method of symmetrical components for these purposes meets serious computing
difficulties [1, 17, 19] even in the solution of elementary tasks with squirrel cage
asymmetry, thus, clarity of physical treatment is lost. For example, application of
method of symmetrical components for investigation of typical asymmetrical cage
[20] with number of slots N0 [ 36�40 requires preliminary calculation of currents
in each of these symmetrical components; let us note that “reduction coefficients”
for impedance of short-circuited ring element to bar impedance for spatial har-
monics of various orders of m differ. Therefore, its use for investigation of damper
winding (even without damages) is especially unpromising.

In this monograph for investigation of currents in asymmetrical squirrel cages
other method is developed, given in previous chapters for investigation of currents
in asymmetrical passive and active recurrent circuits. Its advantage over the method
of symmetrical components consists not only in simplicity of realization and clarity
of physical treatment, but also in the fact that it is extended for investigation of the
whole class of rotor short-circuited windings including damper winding.

9.4 Damper Winding of Salient Pole Machine [14–16]

In an analysis of active recurrent circuits we considered peculiarities of regular
active closed circuit. For deriving calculation expressions, we used Fig. 6.3 with the
following additions:

• between two cross elements A1A0
1 andB1B0

1; B1B0
1 and F1F

0
1; . . .; A2A0

2 and
B2B0

2 ; B2B0
2 and F2F

0
2; . . . there are EMF sources which vary depending on

number of link N under the harmonic law;
• terminals O1O0

1 are superimposed with terminals O3O0
3.
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We will also use the same additions to Fig. 6.3 in the analysis of damper
winding with these changes: cross elements A1A0

1; . . .; F2; F
0
2 in Fig. 6.3 will pre-

sent winding bars with impedance ZB, longitudinal A1B1; . . .;B2F2—portions of
short-circuited rings (segments) with impedance ZF; longitudinal F1A2; . . .; F2A1—
portions of short-circuited rings (segments) between poles with impedance ZF;
loops F1F01A

0
2A2F1; F2F02A

0
1A1F2—correspond to the space between poles.

Let us designate pole with bars A1A0
1;B1B0

1; . . .; F1F
0
1 as CP, and pole of

opposite polarity with bars A2A0
2;B2B0

2; . . .;F2F
0
2—as letter SP.

Equation for currents in its longitudinal elements, for example, A1B1 in portion
A1B1F1 was obtained in Chap. 7 in the form (index N in all currents I, J is omitted):

ICP ¼ C0aN0 þC1aN1 þC2aN2 : ð9:16Þ

Here, in expressions for currents in recurrent circuit elements the results of partial
solution of difference equation are designated as follows:

C0 ¼ EM

ZBKB
; a0 ¼ e�jk: ð9:17Þ

It was already noted that this designation facilitates checking results when
performing algebraic transformations; C1;C2—constants determined from bound-
ary conditions.

Respectively, equation for currents in cross elements, for example, F1F01 in
portion A1B1F1 was obtained as follows:

JCP ¼ C0aN0 ð1� a�1
0 ÞþC1aN1 ð1� a2ÞþC2aN2 ð1� a1Þ: ð9:18Þ

Equation for currents in longitudinal elements, for example, A2B2 in portion
A2B2F2:

ISP ¼ C0
0a

N
0 þC0

1a
N
1 þC0

2a
N
2 : ð9:19Þ

Equation for currents in cross elements, for example, F2; F02 in portion A2B2F2:

JSP ¼ C0
0a

N
0 ð1� a�1

0 ÞþC0
1a

N
1 ð1� a2ÞþC0

2a
N
2 ð1� a1Þ: ð9:20Þ

According to the results obtained in Chap. 8 the following ratio takes the form:
C0
0 ¼ �C0. For constants C0

1;C
0
2 in the last equations the following relationships

were proved in Chap. 7:

C0
1 ¼ �C1;C0

2 ¼ �C2: ð9:21Þ

According to Table 9.1, let us assign this regular active closed recurrent circuit
to regular damper winding of synchronous machine rotor.
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To find currents in all these structural elements of damper winding, let us pre-
viously determine the following in Eqs. (9.17)–(9.20):

• Coefficient k;
• EMF amplitude EM;
• Constants C1 and C2;
• Coefficient KB;

We already considered the similar task for squirrel cage in this chapter. For this
task, EMF period of loops was chosen equal to T ¼ pD.

However, in the analysis of fields excited by some types of windings (for
example, in the analysis of fields of regular damper winding or stator windings with
integer number of slots per pole and phase), it is sufficient to select other value of
period: TEL ¼ T/p; respectively, the order of spatial harmonic becomes equal to
mEL ¼ m=p.

Earlier, we determined physical sense of coefficient k of active recurrent circuit:
it is equal to the phase shift angle DuN between EMF of adjacent elements of active
recurrent circuit, for example, of elements with numbers N + 1 and N; it was
already noted that if the circuit is symmetrical, then by its determination: k ¼
DuN ¼ const: For damper winding construction this shift angle DuN remains
constant only within loops located on the pole:

DuN ¼ Du ¼ 2pmEL
b

TEL
¼ pmEL

b
sEL

6¼ f(N)

Here sEL ¼ s ¼ p D
2p—pole pitch [3, 4, 7].

Shift angle ΔφF between axes of edge slots on adjacent poles is equal to:

DuF ¼ 2pmEL
bF
TEL

¼ pmEL
bF
sEL

: ð9:22Þ

Let us proceed to the determination of EMF EM.
It was already obtained in Chap. 8 earlier. Here, when setting this expression for

EMF, let us take into account the selected period TEL, its change and consider that
m
T ¼ mEL

TEL
¼ mEL

2sEL
. Then expression for EMF takes the form:

ENþ 2;Nþ 1 ¼ �jxROTB(m,Q)
2sEL
pmEL

LCOR sin
pmELb
2sEL

:

� e�jpmEL
bF

2sELe�jpmEL
bF

2sELe�jpmEL
bðNþ 1Þ
sEL :

ð9:23Þ

EM ¼ �jxROTB(m, Q)
2sEL
pmEL

LCOR sin
pmELb
2sEL

� e�jpmEL
bF

2sEL � e�jpmEL
b

2sEL : ð9:230Þ

Let us write down calculation expressions for constants C1 and C2. Constants
C1;C2 were calculated earlier from boundary conditions using equations according
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to both Kirchhoff’s laws. The system was derived from these equations; these
constants are obtained from its solution

C1¼D1

D0
; C2 ¼ D2

D0
:

Here D0—system determinant, D1;D2—its algebraic adjuncts.
As a result, currents are determined in longitudinal and cross elements of damper

winding.
In Chap. 7, expressions for them are obtained in the form (7.35). We will present

expressions for calculation of these constants in this paragraph in an expanded
form. Such representation is more convenient for checking calculation expressions
obtained: in further statement they will be used for one limit task whose solution in
addition allows us to prove their validity.

Let us transform additions D1;D2 in Eq. (7.35) and present them as:

D1 ¼ EF1A2 aN0�1
2 þ a1

� �þC0 ZBðaN0�1
2 � 2aN0�1

2 a�1
0

�

þ aN0�1
0 aN0�2

2 þ a1 þ 2a1a
N0�1
0 � aN0�2

0 a1 þ aN0�2
2 a�1

0 � aN0�1
0

�a�1
0 � aN0�2

0 aN0�1
2 ÞþZF1A2 2a1a

N0�1
0 � aN0�2

0 aN0�1
2 � 2aN0�1

2 a�1
0

� ��
:

ð9:24Þ

Here ZF1A2 ¼ ZF. Constant (�C2) can be obtained from C1 by substitution of
a2 by a1 and, respectively, a1 by a2.

Let us also transform the expression for system determinant D0 in (7.35) and
present it in the form:

D0 ¼ 2ZB ða2 � a1Þþ aN0
2 � aN0

1

� �� aN0�1
2 � aN0�1

1

� �� �þ 2ZF1A2 aN0
2 � aN0

1

� �
:

ð9:25Þ

At first, let us perform an analysis of expression for D0. In the determinant, we

have the relation r ¼ 2ZB

ZR
6¼ 0; coefficients a2 6¼ a1, and for clarity it was accepted

that a2 \a1. As a result we come to an important conclusion: always system
determinant D0 6¼ 0.

To find currents in all these elements of damper winding, it is necessary to write
down in (9.24) the expression for EMF EF1A2 induced by resulting rotating field in
air gap. It was obtained in Chap. 8 in the form (8.9′):

EF1A2 ¼ �jxROTBðm;QÞ T
pm

LCOR sin
pmbF
T

e�jpmEL : ð9:26Þ
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Thus, from investigation results we obtain that the current in damper winding
elements as well as in recurrent circuit elements corresponding to it, is determined
under the complicated law:

• its two components vary with element number N under the aperiodic law,
• one—under harmonic law.

In operation of salient pole machine in nonlinear network, for example, from a
frequency converter or in an industrial network with variable load, this fact leads to
uneven distribution of currents in bars and portions of short-circuited rings (seg-
ments). With sharp load variation, for example, at start-up, middle bars on pole pass
the current of smaller amplitude than end ones; also currents in ring portions
(segments) are distributed respectively. It should be noted that motor start-up is
limited in time by only some tens seconds, however, it is characterized by high
current amplitudes in damper winding elements and, respectively, intensive emis-
sion of losses in them. Practical methods of calculating overheats in short-circuited
rotor winding elements at variable load with account of bar temperature influence
on skin effect, that is a variation of main and additional losses from the temperature
are given in Appendix 9.1.

Uneven distribution of currents in elements of damper winding and, therefore,
uneven distribution of temperature causes appearance of additional temperature
deformations and corresponding stresses, and sometimes also damages in bars
(breaks).

For balancing currents distribution, temperatures and corresponding deforma-
tions, damper winding bars of motors in some constructions are made of metals
with different resistivity. However, this action causes appearance of several addi-
tional fields in air gap and corresponding torques on motor shaft that is undesirable.
In more detail, the problem of currents distribution calculation in this damper
winding construction at asymmetry in it, is considered in Chap. 11.

Operating modes of salient pole machine in nonlinear network, for example, of
generator or frequency-controlled motor, have peculiarities distinguishing them
from modes of asynchronous start:

• these modes are long-term;
• currents in damper winding elements are less in amplitude;
• stator winding field in air gap at T = idem is created by two “adjacent” har-

monics and has two components differing in amplitude; they rotate relative to
rotor in opposite direction, but induce in its loops EMF and currents of equal
frequency xROT. These field peculiarities are given in Chaps. 3, 12 and 13.
Influence of these harmonics leads to the fact that distribution of currents and
losses in bars and ring portions, when machine operates in nonlinear network,
can differ from their distribution in asynchronous mode; peculiarities of distri-
bution of currents and losses are considered in Chap. 15.
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9.5 Checking Results: Transformation of Expression
for Currents in Elements of Complete Damper
Winding of Synchronous Machine in Expression
for Currents in Squirrel Cage Elements of Induction
Machine

Calculation expressions for distribution of currents in damper winding elements are
obtained for the first time, therefore in several paragraphs of the monograph they
are subjected to numerous checks.

In Chap. 7 for this purpose we already considered one special case of trans-
formation of asymmetrical regular active closed recurrent circuit into symmetrical
active open; this transformation proves solution validity of difference equations for
currents in both recurrent circuits and obtained calculation expressions for currents
in their elements.

In this para we will consider one more transformation which also proves validity
of calculating expressions for currents and EMF in damper winding elements of
salient pole machine obtained in previous para. This fact allows us to use confi-
dently calculation expressions for currents in damper winding elements in engi-
neering practice.

Let us consider a limit case: damper winding construction with length bF equal
to the portion between bar axes on the pole b; also their impedances are respectively
equal to:

bF ¼ b; ZR ¼ ZF: ð9:27Þ

If we assume additionally that the space between poles is filled with ferro-
magnetic material with the same properties as pole steel, practically, it means that
for this pole we have pole arc α (in p.u.) equal to a ¼ 1 (it means bp ¼ s). This
damper winding is equivalent to the squirrel cage of induction machine rotor;

number of its slots per pole N0 would be equal to N0 ¼ Z2
2p, where Z2—number of

slots of equivalent rotor in induction machine.
Let us remind at first that in this paragraph the following designation was

accepted: a0 ¼ e
�jDu

. Then, taking into account conditions (9.27) for this winding,
the following transformations are true:

a�1
0 ¼ ejDu; aN0�1

0 ¼ e�jDuðN0�1Þ ¼ �ejDu; as
e�jDuN0 ¼ �1; aN0�2

0 ¼ e�jDuðN0�2Þ ¼ �ej2Du:
ð9:28Þ

We show that in this case taking into account (9.28) both constants in equations
for currents C1 ¼ D1=D0 andC2 ¼ D2=D0 are identically equal to zero and do not
depend on the number of bars per pole N0.
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Let us present the algebraic adjunct D1 in the form of two summands:

D1 ¼ D1;1 þD1;2:

HereD1;1 ¼ EF1A2 aN0�1
2 þ a1

� �
;

D1;2 ¼ C0 ZB aN0�1
2 � 2aN0�1

2 � ejDu þ aN0�1
2 � e2jDu��

�2a1ejDu þ a1 þ a1e2jDu
�� ZF1A2 2a1ejDu þ aN0�1

2 ejDu
� ��

:

ð9:29Þ

Let us consider the first summand. We use Eq. (9.26) for EMF EF2A1 (Fig. 6.3)
and present D1;1 in the form:

D1;1 ¼ EF1A2 aN0�1
2 þ a1

� � ¼ jxROTBðm, QÞ 2sEL
pmEL

LCOR sin
pmELb
2sEL

aN0�1
2 þ a1

� �
:

In this transformation it was considered that bF ¼ b according to conditions
(9.27).

After transformation of second summand taking into account the ratios (9.28) we
have:

D1;2 ¼ C0ZB aN0�1
2 þ a1

� �� 2þrð Þ aN0�1
2 þ a1

� �
ejDu þ aN0�1

2 þ a1
� �

e2jDu
� �

:

Expression for C0 is given in the previous paragraph: C0 ¼ EM

ZBKB
. EMF EM is

already obtained earlier in (9.23′).
As a result, for the second summand D1;2 we get:

D1;2 ¼ �jxROTB(m, Q)
2sEL
pmEL

LCORe
�jpmEL

b
2sEL � e�jpmEL

b
2sEL sin

pmELb
2sEL

aN0�1
2 þ a1

� ��

� ejDu 1� ð2þrÞejDu þ e2jDu

1� ð2þrÞejDu þ e2jDu
¼ �jxROTB(m, Q)

2sEL
pmEL

LCOR sin
pmELb
2sEL

aN0�1
2 þ a1

� �
.

In this transformation it was considered that as per (9.22) Du ¼ pmEL
b
sEL

; and
coefficient KB is equal to:

KB ¼ 1� ð2þ rÞe�jDu þ e�2jDu� �
ejDu or KB ¼ 1� ð2þ rÞejDu þ e2jDu

� �
e�jDu�

We obtained both summands D1;1 andD1;2 of algebraic adjunct D1; they are
equal in value and are opposite in sign, so their sum is identically equal to zero:
D1 ¼ D1;1 + D1;2 � 0.

Similar identity is also true for the algebraic adjunct D2.
In the previous paragraph we analyzed the expression for D0. From this it

follows that at bF ¼ b; D0 6¼ 0.

9.5 Checking Results: Transformation of Expression for Currents in Elements … 193

http://dx.doi.org/10.1007/978-4-431-56475-1_6


Thus, we came to the conclusion that in limit task, under conditions bF ¼
b; ZR ¼ ZF1A2 ¼ ZF constants C1;C2 are identically equal to zero, so currents in
elements of this damper winding vary with bar number N under the harmonic law
as in squirrel cage of induction machine.

This conclusion proves additionally the validity of the obtained calculation
expressions for currents in damper winding elements.

9.6 About the Determination of Damper Winding
Reactances Based on Solution Obtained in This
Chapter on Distribution of Currents in This Winding
(Discussion Between L. A. Kilgore, Westinghouse El.
Corp. and M. E. Talaat, Elliott Comp. [21, 22])

In previous paragraphs of this chapter, we obtained an analytical solution for dis-
tribution of currents in construction elements of damper winding. On the basis of
this distribution it is possible to solve one more actual practical problem: to specify
parameters of rotor loops necessary for calculation of synchronous machine tran-
sient performances. Let us turn our attention to one of known publications [21]
devoted to the solution of this problem. It is followed by substantial discussion with
participation of leading experts of the USA from firms of manufactures of power
machines (Westinghouse, General Electric and Elliott Company).

In the publication [21], its author M. Talaat made an attempt to specify equations
for calculation of reactances in salient pole synchronous machine. Earlier, these
equations were obtained by Kilgore [22], confirmed by extensive experimental
material and were widely used in engineering practice by experts not only in the
USA, but also in Europe. In [21] M. Talaat set the task to prove that Kilgore’s [22]
work is incorrect, as the expression obtained by L. Kilgore for subtransient reac-
tance does not meet the limit condition: it does not coincide with the expression for
reactance of secondary loop of induction machine rotor (squirrel cage) if we assume
that pole arc α = 1, or in the designations accepted in this monograph: bF ¼ b.

At the same time, the expression obtained in [21] by M. Talaat, meets this
condition; in the derivation he accepted the assumption of sinusoidal distribution of
currents in bars of damper winding.

L. Kilgore in discussion proved the solution obtained by him, having noted:

… As to method, the author (M. E. Talaat) claims his assumed sinusoidal distribution of
currents in the damper to be better than my attempt to proportion the currents at least in the
pole—tip bars depending on the permeance. The chief argument is that, in a round rotor
machine with open field this distribution is approached. This does not prove that it is
accurate in practical salient—pole machines since, even with uniform bar materials and
permeances, the pole—tip bars have quite a different current distribution. Actually, neither
method of dealing with the damper is very accurate, if applied to too wide a variety of
machines. I feel there is still room for some good work by one interested in the true
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distribution of the currents who has a facility of boiling dawn exact solutions to usable
design approximation.

Let us proceed to assessment of the assumptions accepted by both authors, using
the results obtained in this monograph:

• equations for currents in damper winding elements;
• solution results of limit task: expressions for currents in damper winding of

salient pole machine for pole arc, equal to unity (a¼ 1), that is under condition:
bF ¼ b.

• It is methodically convenient to subdivide problems of determination of syn-
chronous machine reactance into two:

• problem of distribution of currents in damper winding bars;
• problem of MMF determination of rotor and stator loops for calculation of

reactance, proceeding from distribution of currents.

(a) Let us consider the first of these problems: distributions of currents in damper
winding bars.

In his work, Talaat [21] set the harmonic distribution of currents in damper
winding bars of synchronous machine as the basis for determination of reactance.
He gives no validity proof for this assumption, but it is only mentioned that this
distribution is characteristic for induction machine squirrel cage, and squirrel cage,
in his opinion, is in this case a limit task (at pole arc a ¼ 1, that is under condition:
bF ¼ b).

Contrary to this assumption, L. Kilgore proceeded from physical process of
occurrence of EMF and current in damper winding from the mutual field harmonics
in the air gap. He fairly considered that currents in damper winding bars should not
distribute under the harmonic law, and current amplitude in pole edge bars should
exceed those in middle ones; currents in these edge bars were approximately
determined by him. It is natural that harmonic distribution of currents in bars could
not be assumed by him as a basis for calculation of reactance.

Let us estimate the correctness of solution of both authors, using the solution
obtained in this monograph for currents in damper winding structural elements.

M Talaat’s assumption on harmonic distribution of currents in damper winding
considers only one summand in (9.16–9.20); both aperiodic components were not
considered. However, these components lead to considerable distortion of currents
distribution picture, and at their expense, the current amplitudes in edge bars exceed
those in middle one that is also confirmed experimentally. At the same time, the
results of task solution obtained in this monograph for currents in damper winding
(9.19–9.20) do not contradict to solution results of task on currents in squirrel cage
(9.3–9.4) and to their harmonic distribution in bars. The solution results obtained in
the previous para for limit task confirmed that at a ¼ 1 both aperiodic components
of damper winding currents become equal to zero.

L. Kilgore’s approximate solution that currents in damper winding should not be
distributed under the harmonic law, and current amplitudes in pole edge bars
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exceed those in middle ones, is correct, is confirmed by results obtained in this
monograph and reflects physical condition of the process.

Thus, solution of the first problem—distribution of currents in damper winding
bars—is more correctly executed by L. Kilgore; unfortunately, this solution belongs
only to pole edge bars, but not to all construction elements of damper winding.

b) Let us consider the second problem: determination of MMF of rotor and stator
loops for calculation of reactances, based on distribution of currents.

Calculation of these reactances assumes that in machine rotor and stator there are
magnetically coupled loops which generate in the operational modes mutually
moveless fields in air gap; these fields form the resulting field. In the problem
considered for determination of damper winding reactance such loops are: in stator
—loops of three phases forming field of stator reaction in the air gap; in rotor—loops
of damper winding also forming in the operational modes field in the air gap. When
rotor rotates with set slip, magnetically coupled stator and damper winding fields are
those which have equal periods and rotation speeds relative to stator.

Results of investigation of MMF and fields in the air gap excited by currents in
stator loops were obtained in Chap. 3 for general case (non-sinusoidal currents in
phases) at a number of phases in winding mPH ¼ 3 andmPH ¼ 6 and for various
connection circuits (star, separate phase power supply, etc.).

General method of harmonic analysis of MMF of currents in loops of
short-circuited rotor winding (damper winding, asymmetrical squirrel cage), con-
venient for practical application, is given in Chap. 12. Using the results obtained, it
is easy to show that the rotor field MMF amplitude considerably is determined by
currents in damper winding edge bars: they exceed currents in its middle bars.

From the results obtained in this chapter, it follows: In M. Talaat’s work, it could
be just for clarification (in comparison with L. Kilgore’s work) of MMF amplitudes
with account of distribution of currents in damper winding bars. However, this
substantiation cannot be executed with M. Talaat’s assumption on harmonic dis-
tribution of currents in its bars.

Thus, solution of the second problem—MMF determination of rotor damper
winding loops is performed by Talaat [21] with several considerable errors not
reflecting real physical processes. It is connected with unreasonable assumption on
harmonic distribution of currents in damper winding bars. In such an assumption,
M. Talaat does not consider the following circumstances:

• MMF amplitude of damper winding is determined not only by harmonic
component of current (9.19)–(9.20), but also by two aperiodic components in
these expressions;

• In MMF curve of damper winding there should appear besides the first spatial
harmonic somemorehigher harmonics; their assessmentwas notmadebyM. Talaat;

• Accounting of actual currents only in pole edge bars performed by L. Kilgore
reflects physical condition of problem more fully: amplitudes of these currents
in operational modes exceed current amplitudes in pole middle bars and con-
siderably determine MMF amplitude in damper winding.
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As a result, solution of the second problem—determination of MMF of rotor
loops for calculation of machine reactance—is also more correctly done by
L. Kilgore; unfortunately, when determining MMF he considered only currents in
pole edge bars, but not currents in all its bars that is associated with an error in
MMF value.

Appendix 9.1: Method of Calculation of Overheats
of Short-Circuited Rotor Winding Elements at Start-Up
with Account for Change of the Main and Additional Losses
in it from Temperature (with Account of Skin Effect)

In calculation practice, when determining admissible short-term overloads of stator
winding made of copper elementary conductors, the following relation is usually
applied [3, 4, 10]:

dH ðtÞ
dt

¼ j2EQKF

175
: ðA:9:1:1Þ

Here Θ(t)—winding temperature (overheat); t—time; jEQ—mean square value of
current density in winding element during TTR of transient thermal performance
(A/mm2), KF—Field’s factor [3, 4, 7]:

j2EQ ¼ 1
TTR

ZTTR

0

j2ðtÞ dt

and jEQ—corresponds to the effective value of current. From this ratio the stator
winding temperature is obtained:

Hðt) ¼ Hðt ¼ 0Þþ j2EQKF
TTR

175
� ðA:9:1:2Þ

Here Θ(t = 0)—stator winding temperature in the set mode before overload, for
example, at no-load or before machine commissioning.

This expression is an approximate solution of thermal balance equation for
adiabatic heating [10]:

Pdt = CGdH ðt)� ðA:9:1:3Þ

Here designated: P—electric losses dissipated in winding; Θ(t)—temperature
(overheat); C—specific heat; G—winding weight.
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Calculation Equation (A.9.1.2) is obtained from (A.9.1.3) without account of
temperature for conductor specific impedance; it is true for copper elementary
conductors with resistivity calculated at their average temperature in transient
thermal mode, equal to H � 50 �C.

However, unlike admissible temperatures of stator winding [3, 7] temperature of
short-circuited rotor winding bars of A.C. machines (damper winding, squirrel
cages) in the operational modes reaches H\300 �C [3, 4, 7]; in such modes for
calculation of bar temperature it is also necessary to consider an increase in con-
ductor resistivity with temperature increase.

At first, let us consider an increase from temperature of D.C. bar losses (ohmic).
For small power machines (with bar height in rotor slot at most 15–20 mm) we can
approximately consider that KF factor with temperature increase remains invariable;
then from the solution of differential equation (A.9.1.3) we obtain:

HðtÞ � ½Hðt ¼ 0Þq	 þ 1�etAq	 � 1
q	

: ðA:9:1:4Þ

Here ρ*—temperature factor of conductor resistivity, A ¼ j2EQ
KF

B ; values B and ρ*
are given in Table 9.2.

Let us consider an increase in not only D.C. losses (ohmic) in bar, but also
additional losses from temperature: for high power A.C. machines (with bar height
in slot over 25–30 mm) it is necessary to consider additionally a change of KF

factor with temperature increase. Let us note that for each bar shape (rectangular,
round, trapezoidal, bottle, etc.) this relation for specified dimensions is considered
only by conductor “reduced height” [1, 2].

As a result, for high-power A.C. machines fr KF om the solution of Equation
(A.9.1.3) we obtain [23]:

TTR � 2
A1q	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q	HðtÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q	Hðt ¼ 0Þ

ph i
: ðA:9:1:5Þ

Here,A1 ¼ j2EQ
KF;0

B . KF;0—value of bar Field’s factor at resistivity for temperature
Θ(t = 0).

Let us note that for motor mode the overheat is calculated at each step of
numerical integration of start-up differential equation; thus, dynamic moment of
inertia and torque on the shaft of mechanism are considered. The refined method for
calculating the overheating at the start, or due to sudden change of the mode of cage

Table 9.2 Values B and ρ* Conductor B ρ*

Copper 210 1/235

Aluminum 85 1/245

Brass (manganous) 35 1/500

Bronze (phosphorous) 28 1/333
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rotor cores with the account of the skin effect is set out in the appendix to Chap. 23.
It can be used as an element of CAD when calculating of the powerful induction
motors (see Chap. 4).

Brief Conclusions

1. Processes of currents distribution in active recurrent circuits (open and closed)
are identical to those in construction elements of short-circuited rotor windings
used in modern practice (damper winding, squirrel cages). Methods of inves-
tigation of these circuits developed in previous chapters allow obtaining regu-
larities of currents distribution, important for practice, in these windings. In
particular, we obtain the following regularity of currents distribution in con-
struction elements of regular damper winding in asynchronous operating mode
of salient pole machine and for operation in nonlinear network. Current contains
three components which vary with the number N as follows:

• one of them varies depending on bar or ring portion number under the harmonic
law;

• two others—under the aperiodic law, one of which with increase in this number
fades in amplitude, the other—decreases.

• The solution obtained for currents distribution in regular damper winding ele-
ments is confirmed:

• by coincidence of calculation expressions for currents in elements of complete
and incomplete damper winding (in limit case at ZF ! 1);

• by coincidence of calculation expressions for currents in elements of complete
and squirrel cage (in limit case at bF ¼ b and respectively, ZF ¼ ZR);

2. With sharp load variation in frequency-controlled salient pole motors or
industrial motors, the current components vary with damper winding loop
number under the aperiodic law, and result in uneven distribution of resulting
current in bars: pole middle bars pass current considerably of smaller amplitude,
than edge ones; also currents in ring portions (segments) are respectively dis-
tributed. Uneven distribution of currents in elements of damper winding causes
uneven distribution of their temperature, appearance of additional temperature
deformations and corresponding stresses, and sometimes damages (breaks) in
bars.

Stator winding field, when operating in non-linear network at T = idem, is
created by two “adjacent” harmonics and has two components differing in ampli-
tude; they rotate relative to rotor in opposite direction, but induce in its loops EMF
and currents of equal frequency xROT. A result of influence of these harmonics, the
processes of currents distribution and losses in bars and damper winding ring
portions can differ from those in asynchronous mode.
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Representation of squirrel cage in the form of symmetrical multiphase winding
with “reduction” of short-circuited ring element impedance to bar impedance is a
special case of its representation in the form of symmetrical active closed recurrent
circuit. In case of damages in cage, investigation of currents in it by the method of
symmetrical components (as in asymmetrical multiphase system) meets consider-
able computing difficulties [21] and is unpromising; at the same time, the methods
of investigation of asymmetrical active recurrent circuits developed in the mono-
graph allow us to investigate also more difficult rotor windings constructions:
irregular damper winding, squirrel cages with damage.

List of symbols

b Pitch between pole slot axes;
bP Width of pole;
bF Distance between axes of edge slots on adjacent poles;
B(m, Q) Flux density amplitude of resulting field in air gap;
C Specific heat;
D Stator boring diameter;
EM Rotor loop EMF amplitude;
G Winding weigth;
jEQ Mean square value of current density in rotor winding

element;
J, I Currents in bars and ring portions of symmetrical

short-circuited rotor winding;
KF Field’s factor;
KF;0 Value of bar Field’s factor at resistivity for temperature

Θ(t = 0);
LCOR Active length of stator core;
m, mEL Spatial harmonic order;
N Bar (ring portion) number of damper winding or squirrel

cage;
N0 Number of bars of damper winding on pole or squirrel cage

on the rotor;
Np Asymmetrical bar number;
p Number of pole pairs;
P Electric losses dissipated in winding;
Q Time harmonic order;
t Time;
T, TEL Serial expansion periods of MMF and of mutual field to

harmonic series;
TTR Time of transient thermal performance;
x Current coordinate along stator boring (in tangential

direction);
x0 Distance from origin of coordinates to first rotor slot

(bar) axis;

200 9 Investigation Methods of Currents Distribution in Regular …



ZB;ZR;ZF Impedances of bar, ring portion between pole bars, of ring
portion between edge bars of adjacent poles;

ZNp Impedance of asymmetrical bar;
ΔZ Additional impedance of asymmetrical bar;
α Pole arc ða ¼ bp=sÞ;
r;r0 Relations determined by impedances of symmetrical recur-

rent circuit elements;
τ Pole pitch;
U1;0; . . .;UNþ 2;Nþ 1 Mutual resulting fluxes linked accordingly with loop (1, 0)

and loop (N + 2, N + 1);
φN Phase angle of loop EMF with number N;
Θ(t) Winding temperature (temperature rise);
ρ* Temperature factor of conductor resistivity;
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Chapter 10
Investigation Methods of Currents
Distribution in Squirrel Cages
with Asymmetry

This chapter generalizes investigation methods of asymmetrical active U-shaped
chain circuits (open and closed) developed in previous chapters. On their basis we
obtained important results for practice regularities of currents distribution in
asymmetrical squirrel cages (with breakages) induction machines:

• besides currents in symmetrical squirrel cage elements there are additional
currents with two components;

• both components vary depending on the number of bar ring portion under the
aperiodic law, one of which fades with increase of this number in amplitude, and
another—increases.

The general problem on the calculation of currents distribution in rotor squirrel
cage with P asymmetrical bars is considered; it is obtained as being reduced to the
solution of an algebraic system of linear equations. Its order is determined only by
number P of these asymmetrical bars; it does not depend on total number of N0 bars
in the cage. This method has essential advantages in comparison with numerical
methods based on the solution of a system of Kirchhoff’s equations for N0 loops. In
practical problems N0 � 70, and P� 3� 4. For small slips, real and imaginary parts
of some system coefficients differ in some tens times, therefore, the solution of
systems of high order N0 with complex coefficients meets difficulties. Besides the
general problem, its special cases representing independent practical interest are
considered:

• asymmetrical squirrel cage with two (not adjacent) damage bars;
• asymmetrical squirrel cage with three adjacent damage bars;
• asymmetrical squirrel cage with three damage bars: two bars nearby, the third—

next but one;
• asymmetrical squirrel cage with three damage bars: three bars, not adjacent.

Prospects of investigating rotor asymmetrical short-circuited windings by means
of active closed chain circuit of various structure [7, 8] are noted: investigation of
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currents is not cumbersome and differs in clarity of physical representations. Unlike
this method, the use for this purpose of traditional analytical method (symmetric
components) leads to difficult calculations even for a number of elementary prob-
lems [9–11]. It is also noted that for investigating currents in the design of damper
winding, this traditional analytical method (of symmetric components) cannot be
practically used.

An example is given to calculate the distribution of currents in elements of
squirrel cage of DAP type motor (1250 kW, 6000 V, 1500 rpm) in case of
breakages in it («Elektrosila» Work, Joint-Stock Company “Power Machines” St.
Petersburg).

The content of this chapter is development of the methods stated in [1, 2, 12–14,
18–21].

10.1 General Comments

Let us start consideration of investigation methods of currents in asymmetrical
constructions of short-circuited rotor windings found in modern practice with
induction machine squirrel cage; in this structure, impedance of one or several bars
differs from the others. The results obtained in the investigation of passive and
active chain circuits of various structures are the basis for this investigation.
Compliance between short-circuited windings of rotor and these circuits is given in
Table 9.1 of the previous chapter.

10.2 Currents in Asymmetrical Squirrel Cages
of Induction Machine Rotors

An asymmetry in short-circuited rotor of induction motors can arise both in
machine manufacturing and in operation. In manufacturing of high-power induction
machine rotors, additional impedance in bar-end ring joint can appear (due to
low-quality soldering or welding), and in manufacturing of low and average power
machines with cast cage—due to defects in molding process. Severe operation
conditions from a network or from a frequency converter, especially with sharp load
variation, sometimes lead to bar or ring damages, including their break (due to cage
temperature deformations) [7–17].

Practice puts forward the problem of developing methods for calculating per-
formance characteristics of such motors with rotor asymmetry. The purpose of this
development: determination of admissible modes of machine operation.

Methods of analytical investigation of asymmetrical active open and closed
chain circuits were developed in Chap. 7; these chain circuits differ in that the EMF
of each loop varies depending on its number under harmonic law.
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In these investigations, it is obtained that resulting currents I
N
; J

N
in asymmet-

rical chain circuit elements (DZ 6¼ 0) have two components

I
N
¼ IN þDIN; J

N
¼ JN þDJN;

where JN; IN—main currents in symmetrical chain circuit elements (without dam-
ages); DJN;DIN additional currents caused by the asymmetry in chain circuit.
According to the first Kirchhoff’s law [1, 2]: J

N
¼ I

N
� I

N�1
, and, therefore,

JN ¼ IN � IN�1;DJN ¼ DIN � DIN�1.
The peculiarity of developed investigation method is that additional currents of

asymmetrical active chain circuit are expressed through currents of symmetrical
circuit (main currents) corresponding to it, and the order of system of equations for
calculation of constants determining additional currents is minimum. It is deter-
mined only by the number of asymmetrical bars.

Investigation methods of closed asymmetrical chain circuits [18] developed in
Chaps. 6, 7 are used for investigating damper winding of various structure and
asymmetrical squirrel cages [12, 13, 19–21].

10.2.1 Squirrel Cage with Asymmetrical Rotor Bar

Ratios obtained in Chap. 7 for the calculation of distribution of additional currents
in asymmetrical active closed chain circuit with one damaged cross element
(DZ 6¼ 0) remain true for squirrel cage with one damaged bar.

Calculation expressions for squirrel cage MMF with this damage will be given in
Chap. 12.

10.2.2 Squirrel Cage with Two (Not Adjacent) Asymmetrical
Bars in Rotor. Additional Currents in Winding
Elements

Let us use Fig. 8.2 to illustrate this construction. We accept that squirrel cage
contains two (not adjacent) asymmetrical bars: bars AA0 (with number NP1) and EE

0

(with number NP2 ), moreover NP2 [NP1 ;N ¼ 0; 1; 2; . . .;N0 � 1. Let us accept for
clarity that NP1 ¼ 0.

Additional currents in ring portions a NP2 �N \N0 are as follows:
for portions with numbers (portions of segment EFA, Fig. 8.2):

DIðNÞ ¼ C3aN1 þC4aN2 ; ð10:1Þ
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for portions with numbers NP1 �N \NP2 (portions of segment ADE, Fig. 8.2):

DIðNÞ ¼ C5aN1 þC6aN2 ; ð10:10Þ

where a1; a2��as per (6.12): a1;2 ¼ 2þr� ffiffiffiffiffiffiffiffiffiffiffi
r2 þ 4r

p
2 ; r ¼ 2 ZR

ZB
.

Expressions for additional currents in bar(s) with number(s) are as follows:

NP1\N \NP2 : � � �DJðNÞ ¼ C5aN1 1� a2ð ÞþC6aN2 1� a1ð Þ;
NP2\N \N0 : � � �DJðNÞ ¼ C3aN1 1� a2ð ÞC4aN2 1� a1ð Þ;
N = NP1 : � � �DJN¼NP1

¼ a
NP1
1 C5 � C3a2ð Þþ a

NP1
2 C6 � C4a1ð Þ;

N = NP2 : � � �DJN¼NP2
¼ a

NP2
1 C3 � C5a2ð Þþ a

NP2
2 C4 � C6a1ð Þ:

ð10:2Þ

If the number of bars with asymmetry is more than two, the number of constants
increases correspondingly [12, 13]. The solution of this general problem is con-
sidered in the following paragraph.

Let us consider a method of calculating constants C3;C4;C5;C6 in more detail.
We designate constants for currents in ring portions for NP2 �N \N0 as C3;C4

[segment portions EFA, Fig. 8.2], and for NP1 �N \NP2 (segment portions ADE)
as C5;C6, herewith, NP1 andNP2—numbers of asymmetrical bars AA0 EE0. To
determine four constants C3�C6 we will write down four equations according to
Kirchhoff’s laws: two equations for loops NP1 þ 1;NP1ð Þ; NP1 ;NP1 � 1ð Þ and two—
for loops NP2 þ 1;NP2ð Þ NP2 ;NP2 � 1ð Þ. As a result, we obtain a system of four
equations. Coefficients of this system and its right parts are given in Appendix 10.1.

10.2.3 General Problem: Squirrel Cage with Several (Not
Adjacent) Asymmetrical Bars. Additional Currents
in Winding Elements

Let us consider an asymmetrical short-circuited rotor cage of N0 bars; numbers of
bars and corresponding ring portions are as follows (Fig. 8.2): N ¼ 0; 1; 2; . . .;
. . .;N0 � 1. Let us accept bars with numbers N ¼ 0; . . .;NP; . . .;NR; . . .;NS; . . . as
asymmetrical; for example, in Fig. 8.2 these bars are AA0;CC0;EE0.

Let their number be equal to P, and the impedance of each of them is equal to
NP\NR\NSð Þ:

Z0 ¼ ZB þDZ0; . . .;ZNP ¼ ZB þDZNP ; . . .;ZNR ¼ ZB þDZNR ; . . .;ZNS

¼ ZB þDZNS ; . . .
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Here ZB impedance of undamaged (symmetrical) bars; in calculating ZB, with
taking account of skin effect [1–6]; DZ0; . . . ;DZNP ; . . . ; DZNR ; . . .;DZNS—addi-
tional impedances; each varying in a wide range of values:

0�DZ0\1; . . .; 0�DZNS\1:

Breaks of bars are also possible. In this limit case, for example, for damage bar
with number NS, we have: DZNS ! 1.

Calculation methods of main currents in symmetric cage elements were given in
Chap. 9. These currents vary depending on the number of bar N under harmonic
law. Unlike the main, additional currents in cage elements with asymmetrical bars
vary depending on bar number N under aperiodic, but not under harmonic law. At
the emergence of asymmetry in several rotor bars, it is expedient to subdivide a
squirrel cage into corresponding number of portions; on each of them additional
currents vary under aperiodic law:

0�N \NP : DIN ¼ C0aN1 þD0aN2 ;
NP �N \NT : DIN ¼ CNPa

N
1 þDNPa

N
2

NT �N \NS : DIN ¼ CNTa
N
1 þDNTa

N
2

ð10:3Þ

Here C0; . . .; CNT ; . . .; D0; . . .; DNT ; . . .—constants determined from both
Kirchhoff’s laws; their number is r� 2P + 2. Let us note that coefficients a1 and a2
are determined by impedances of symmetrical cage elements (bar ZB and
short-circuited ring portion ZR).

We proceed to the calculation of additional currents distribution in squirrel cage
elements and, therefore, to the method of calculating constants C0. . .; DNT. Let us
consider for generality the loop formed by bars with numbers NP;NP � 1 and ring
portion with the number NP � 1. Let us write down for loop NP;NP � 1ð Þ the
equation according to Kirchhoff’s second law:

J
NP
ZNP � J

NP�1
ZB � 2I

NP�1
ZR ¼ ENP;NP�1;

where ENP:NP�1—EMF in the loop NP;NP � 1ð Þ induced by resulting field in the air
gap.

After simple transformations, the last equation takes the form:

DJNP ZB þDZNPð Þ � DJNP�1ZB � 2INP�1ZR ¼ �JNPDZNP :

According to Kirchhoff’s first law [1, 2]:

DINP 1þ DZNP

ZB

� �
� DINP�1 a1 þ a2 þ DZNP

ZB

� �
þDINP�2 ¼ �JNP

DZNP

ZB
: ð10:4Þ

In setting Eq. (10.4), the following identity is taken into account:
2þ r ¼ a1 þ a2.
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From Eq. (10.4) it follows that additional currents DINP ;DINP�1;DINP�2 are

determined ceteris paribus by degree of asymmetry DZNP

ZB

� �
of bar with number NP,

and also by current JN p in it before asymmetry emergence.
Then, let us write down an equation according to Kirchhoff’s second law for the

adjacent loop (NPþ 1;NP), also containing this asymmetrical impedance ZNP:

J
NPþ 1ZB � J

NP
ZNp � 2I

NP
ZR ¼ E

N
þ 1;Np
P

:

After transformations, we obtain for loop (NPþ 1;NP):

DINpþ 1 � DINP a1 þ a2 þ
DZNp

ZB

� �
þDINP�1 1þ DZNp

ZB

� �
¼ JNp

DZNp

ZB
: ð10:5Þ

Similarly, we get equations for each two loops containing asymmetrical impe-
dances Z0; . . .;ZNP ; . . .;ZNR ; . . .;ZNS ; . . ..

From the ratios similar to (10.4) and (10.5) it is easy to obtain a system of
equations, linear relative to unknown coefficients C0; . . .;CNT ; . . .;D0; . . .;DNT ; . . ..
The number of equations in the system is equal to that of these coefficients, i.e.
2P. With account of constants C0; . . .;DNT ; . . . and parameters of symmetrical cage
a1; a2, additional currents in short-circuited ring elements and bars, and, therefore,
resulting currents in cage can be calculated.

This method of calculating the currents distribution in asymmetrical rotor cage
has a number of advantages compared to the numerical method given in Chap. 5.
For example, in realization of the problem by this numerical method, it is necessary
to solve the system from r ¼ N0 linear equations with complex coefficients. Unlike
this method, in the realization of the problem by the method stated in this para-
graph, the system consists only of in general case r� 2Pþ 2 linear equations. Let us
note that in practical problems N0 � 70; and P� 3� 4. At small slips, i.e. with
small frequencies ωROT, real and imaginary parts of some system coefficients differ
in several dozen times, therefore the numerical solution of systems of high order
(r ¼ N0) with complex coefficients (or r0 ¼ 2N0—with real coefficients) meets
difficulties; they were already stated in Chap. 5.

Constants C0; . . .;DNT as per (10.3), (10.4) and (10.5) linearly depend on the
main currents J0; . . .; JS (currents in symmetrical cage) and, therefore, linearly
depend on the complex amplitude (phasor) of resulting field in the air gap.

Therefore, additional currents can also be represented in the form of generalized
characteristics, as well as the main.

In setting equations for determination of additional currents, it was accepted that
asymmetrical bars with impedance differing from the others are not adjacent. Using
both Kirchhoff’s laws it is easy to obtain a system of linear equations like (10.4)
and (10.5) and for case of adjacent bars with asymmetry.
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With applying this general method to calculating additional currents, we con-
sider some special cases of practical interest.

10.2.4 Squirrel Cage with Three Adjacent Asymmetrical
Bars (with Damages). Additional Currents
in Winding Elements

Let us consider, as example, in more detail a problem of calculating additional
currents in cage with three asymmetrical bars: three bars located nearby. Their
numbers N = 0; N = 1; N = 2; for example, we will accept that in Fig. 8.2 these
bars are AA0;BB0;CC0.

Equations for additional currents in ring (N—numbers of ring portions):

N ¼ 0 : DI ¼ C1;
N ¼ 1 : DI ¼ C2;

2�N�N0 � 1 : DI ¼ C3aN1 þC4aN2 :
ð10:6Þ

The system of four equations for calculating constants C1;C2;C3;C4, is given in
Appendix 10.2.

Calculation expressions for squirrel cage MMF with this damage will be given in
Chap. 12.

10.2.5 Squirrel Cage with Three Asymmetrical Bars (with
Damages): Two Bars Nearby, the Third—Next
but One. Additional Currents in Winding Elements

Their numbers: N = 0, N = 2, N = 3; for example, we will accept that in Fig. 8.2
such bars are bars AA0;CC0;DD0.

Equations for additional currents in ring (N—numbers of ring portions):

0�N\2 : DI ¼ C1aN1 þC2aN2 ;
N ¼ 2 : DI ¼ C3;

3�N\N0 � 1 : DI ¼ C4aN1 þC5aN2 :
ð10:7Þ

The system of five equations for calculating constants C1;C2;C3;C4;C5 is given
in Appendix 10.3.

Calculation expressions for squirrel cage MMF with this damage will be given in
Chap. 12.
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10.2.6 Squirrel Cage with Three Asymmetrical Bars: Three
Bars, not Adjacent. Additional Currents in Winding
Elements

Their numbers are N ¼ 0; N ¼ NP1 ;N ¼ NP2 ; for example, we will accept that in
Fig. 8.2 such bars are AA0;CC0;EE0.

The general problem of calculating additional currents in an asymmetrical
squirrel cage is solved by the numerical method in Sect. 10.2.3. In this paragraph
due to the limited number of asymmetrical bars (only three), its analytical solution
is found.

Equations for additional currents in ring (N—numbers of ring portions):

0�N\NP1 : DI ¼ C1aN1 þC2aN2 ;
NP1\N \NP2 : DI ¼ C3aN1 þC4aN2 ;

NP2 \N\N0 � 1: DI ¼ C5aN1 þC6aN2 :
ð10:8Þ

The system of six equations for calculation of six constants C1;C2;C3;C4;C5;C6 is
given in Appendix 10.4.

The distribution of current amplitudes in cage bars of high-power DAP type
motor (1600 kW, 6.3 kV, 1500 rpm; “Elektosila Work”, Stock Company “Power
Machines” St. Petersburg) calculated by the method stated in this paragraph are
given in Table 10.1. In the table, the bars located in asymmetry zone are specified.
Calculation expressions for squirrel cage MMF with this damage will be given in
Chap. 12.

Table 10.1 Distribution of currents in rotor bars of DAP type motor (N0 ¼ 64) at «Elektrosila»
Work, Stock Company “Power Machines” St.-Petersburg. Variant: three bars side by side
(DZ0 ¼ 0:8ZB;DZ1 ¼ 0:9ZB;DZ2 ¼ 10ZB)

N0 Amplitude of currents with asymmetry, J (A) Phase angle u ðe1:deg:)
0* 6763.95 195.275

1* 6446.83 184.608

2* 1115.21 173.946

3 12,071.24 163.048

4 11,993.87 152.119

5 10,865.25 141.19

16 10,865.25 16.083

24 11,528.27 285.104

32 11,146.63 195.33

40 11,638.28 105.954

49 11,907.41 4.063

63 12,050.29 206.008

Bars with numbers N = 0, 1, 2 are damaged; they are marked by sign (*)
For rotor winding without damages the phase shift between currents of bars Du ¼ 11.25�el: degr.,
the current amplitude in bars calculated by the method [14] and checked by the method in Chap. 4
is equal to J = 10.9 kA
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10.2.7 Calculation Example

From calculation results, it follows:

• currents in bars, adjacent with damaged, increase; this increase leads to an
additional increase in overheat of undamaged bars, to additional thermal stresses
in cage elements;

• fluctuations of current amplitude have physical substantiation: they are caused
by emergence in the air gap of additional field rotating relative to the rotor in the
direction opposite to the main field. This field is caused by one of MMF
components in air gap; it causes also EMFs in stator winding whose frequencies
differ from that of network frequency.

Let us note that ratios obtained in appendices can be used with asymmetry
(damage) in one or two bars including their break. For example, at the break of two
(not adjacent) bars it is sufficient to set in the equations given in the last appendices:
DZ0

ZB
� 100;

DZNP1

ZB
� 100.

Appendix 10.1: Additional Currents in Eq. (10.2)
for Squirrel Cage with Two (Not Adjacent) Asymmetrical
Bars

The system of equations is given by:

X

i;j

ai;jCjþ 2 ¼ €Ii at i; j ¼ 1; 2; 3; 4:

Coefficients of system of equations (at NP1 ¼ 0; NP2 ¼ NP):

a1;1 ¼ �a2 � DZ0

ZB
; a1;3 ¼ aN0�1

1 1þ DZ0

ZB

� �
; a2;1 ¼ aNP�1

1 1þ DZNP

ZB

� �
;

a2;3 ¼ �aNP�1
1 1þ a1

DZNP

ZB

� �
;

a3;1 ¼ �aNP
1 1þ a2

DZ0

ZB

� �
; a3;3 ¼ aNP

1 1þ DZNP

ZB

� �
; a4;1 ¼ 1þ DZ0

ZB
;

a4;3 ¼ �aN0�1
1 a1 þ DZ0

ZB

� �
:
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Right parts of the system of equations:

P1 ¼ J0
DZ0

ZB
; P2 ¼ JNP

DZNP

ZB
; P3 ¼ �JNP

DZNP

ZB
; P4 ¼ �J0

DZ0

ZB
:

Note: Let us designate for generality the first index at system coefficients ai;j as i,
and the second—as j. At values of i = 1, 2, 3, 4 and at even values j = 2k (for
k = 1, 2,…) each coefficient ai;j can be obtained from the previous value ai;j (for
j = 2k–1), if we replace a1 by a2 and, respectively, a2 by a1, for example a1;2—from
a1;1; a4;4—from a3;4, etc.

Appendix 10.2: Additional Currents in Eqs. (10.6)
for Squirrel Cage with Three Adjacent Asymmetrical Bars

The system of equations is expressed by:

X

ij

ai;jCj ¼ Pi at i, j ¼ 1; 2; 3; 4:

Coefficients in the system of equations (see Note to Appendix 10.1):

a1;2 ¼ 1þ DZ2

ZB
; a1;3 ¼ �a1 � a21

DZ2

ZB
; a1;4 ¼ �a2 � a22

DZ2

ZB
; a2;1 ¼ 1þ DZ1

ZB
;

a2;2 ¼ �a1 � a2 � DZ1

ZB
� DZ2

ZB
; a2;3 ¼ a21 1þ DZ2

ZB

� �
; a2;4 ¼ a22 1þ DZ2

ZB

� �
;

a3;1 ¼ �a1 � a2 � DZ1

ZB
� DZ0

ZB
; a3;2 ¼ a2;1; a3;3 ¼ aN0�1

1 1þ DZ0

ZB

� �
;

a3;4 ¼ aN0�1
2 1þ DZ0

ZB

� �
; a4;1 ¼ 1þ DZ0

ZB
; a4;3 ¼ �aN0�1

1 a1 þ DZ0

ZB

� �
;

a4;4 ¼ �aN0�1
2 a2 þ DZ0

ZB

� �
; a1;1 ¼ a4;2 ¼ 0:

Right parts of the system of equations:

P1 ¼ J2
DZ2

ZB
; P2 ¼ �J2

DZ2

ZB
þ J1

DZ1

ZB
; P3 ¼ �J1

DZ1

ZB
þ J0

DZ0

ZB
;

P4 ¼ �J0
DZ0

ZB
:
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Appendix 10.3: Additional Currents in Eq. (10.7)
for Squirrel Cage with Three Asymmetrical Bars: Two Bars
Nearby, the Third—Next but One

The system of equations:

X

i;j

ai;jCj ¼ Pi at i; j ¼ 1; 2; 3; 4; 5:

Coefficients in the system of equations (see Note to Appendix 10.1):

a1;3 ¼ a2;4 ¼ a2;5 ¼ 1þ DZ3

ZB
; a1;4 ¼ �a21 � a31

DZ3

ZB
; a1;5 ¼ �a22 � a32

DZ3

ZB
;

a2;1 ¼ a2;2 ¼ a3;3 ¼ 1þ DZ2

ZB
; a2;3 ¼ �a1 � a2 � DZ2

ZB
� DZ3

ZB
;

a3;1 ¼ �a1 a1 þ DZ2

ZB

� �
; a3;2 ¼ �a2 a2 þ DZ2

ZB

� �
; a4;1 ¼ �a2 � DZ0

ZB
;

a4;2 ¼ �a1 � DZ0

ZB
; a4;4 ¼ a5;1a

N0�1
1 ;

a4;5 ¼ a5;1a
N0�1
2 ; a5;1 ¼ 1þ DZ0

ZB
¼ a5;2; a5;4 ¼ �aN0�1

1 a1 þ DZ0

ZB

� �
;

a5;5 ¼ �aN0�1
2 a2 þ DZ0

ZB

� �
; a1;1 ¼ a1;2 ¼ a3;4 ¼ a3;5 ¼ a4;3 ¼ a5;3 ¼ 0:

Right parts of the system of equations:

P1 ¼ J3
DZ3

ZB
; P2 ¼ �J3

DZ3

ZB
þ J2

DZ2

ZB
; P3 ¼ �J2

DZ2

ZB
; P4 ¼ J0

DZ0

ZB
;

P5 ¼ �P4:

Appendix 10.4: Additional Currents in Eq. (10.8)
for Squirrel Cage with Three Asymmetrical Bars: Three
Bars, Not Adjacent

The system of equations:

X

i;j

ai;jCj ¼ Pi at i; j ¼ 1; 2; 3; 4; 5; 6:
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Coefficients in the system of equations (see Note to Appendix 10.1):

a1;1 ¼ a1;2 ¼ 1þ DZ0

ZB
; a1;5 ¼ �aN0

1 a1 þ DZ0

ZB

� �
; a1;6 ¼ �aN0�1

2 a2 þ DZ0

ZB

� �
;

a2;1 ¼ �a2 � DZ0

ZB
; a2;2 ¼ �a1 � DZ0

ZB
; a2;5 ¼ aN0�1

1 a1;1; a2;6 ¼ aN0�1
2 a1;1;

a3;1 ¼ aNP�1
1 1þ DZNP1

ZB

� �
; a3;2 ¼ a

NP1�1
2 1þ DZNP1

ZB

� �
;

a3;3 ¼ �a
NP1�1
1 1þ a1

DZNP1

ZB

� �
; a3;4 ¼ �a

NP1�1
2 1þ a2

DZNP1

ZB

� �
;

a4;1 ¼ �a
NP1
1 1þ a2

DZNP1

ZB

� �
; a4;2 ¼ �a

NP1
2 1þ a1

DZNP1

ZB

� �
; a4;3 ¼ a

NP1
1 1þ DZNP1

ZB

� �

a4;4 ¼ �a
NP1
2 1þ DZNP1

ZB

� �
; a5;3 ¼ �a

NP2
1 1þ a2

DZNP2

ZB

� �
; a5;4 ¼ �a

NP2
2 1þ a1

DZNP2

ZB

� �

a5;5 ¼ a
NP2
1 1þ DZNP2

ZB

� �
; a5;6 ¼ a

NP2
1 1þ DZNP2

ZB

� �
; a6;3 ¼ a2a5;5; a6;4 ¼ �a1a5;6

a6;5 ¼ �a
NP2
1 a2 þ

DZNP2

ZB

� �
; a6;6 ¼ �a

NP2
2 a1 þ

DZNP2

ZB

� �
;

a1;3 ¼ a1;4 ¼ a2;3 ¼ a2;4 ¼ a3;5 ¼ a3;6 ¼ a4;5 ¼ a4;6 ¼ a5;1 ¼ a5;2 ¼ a6;1 ¼ a6;2 ¼ 0:

Right parts of the system of equations:

P1 ¼ �J0
DZ0

ZB
; P2 ¼ J0

DZ0

ZB
; P3 ¼ JNP1

DZNP1

ZB
;

P4 ¼ �JNP1

DZNP1

ZB
; P5 ¼ �JNP2

DZNP2

ZB
; P6 ¼ JNP2

DZNP2

ZB
:

Brief Conclusions

1. Investigation methods of symmetrical active open and closed chain circuits are
generalized and used to study asymmetrical chain circuits class (open and
closed). As a result of their generalization it has become possible to obtain
regularities of currents distribution, important for practice, in asymmetrical
squirrel cages (with damages). In particular, the following regularities of cur-
rents distribution in asymmetrical squirrel cage elements of induction machine
are obtained:
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• besides currents for symmetrical squirrel cage elements there are additional
currents with two components;

• both components vary depending on the number of bar ring portion under
the aperiodic law, one of which fades with increase of this number in
amplitude, and another—increases.

2. The general problem to compute currents distribution in short-circuited rotor
cage with P asymmetrical bars is reduced to the solution of algebraic system in
general case of r linear equations (r � 2P + 2); its order does not depend on
total number N0 of bars in cage. This method has essential advantages in
comparison with numerical methods based on the solution of a system of
Kirchhoff’s equations for N0 loops. In practical problems
N0 � 70; and P� 3� 4. For small slips, real and imaginary parts of some
system coefficients differ in several dozen times, therefore in practice, the
solution of systems of high order N0 with complex coefficients using numerical
methods meets difficulties.

3. Besides the general problem, its special cases representing independent practical
interest are solved:

• asymmetrical squirrel cage with one and two damaged bars;
• asymmetrical squirrel cage with three adjacent damaged bars;
• asymmetrical squirrel cage with three damaged bars: two bars nearby, the

third—next but one;
• asymmetrical squirrel cage with three damaged bars: three bars, not adjacent.

List of Symbols

C1; . . .;CNT ; . . .;D0; . . .;DNT ; . . . Constants for calculating currents determined
from both Kirchhoff’s laws;

ENP;NP�1 EMF in the loop NP;NP � 1ð Þ, induced by the
resulting field in air gap;

I
N
; J

N
Currents in ring portions (segments) and in bars
of squirrel cage at emergence of asymmetry
(damage);

IN; JN Currents in ring portions (segments) and in bars
of squirrel cage before asymmetry emergence;

DIðNÞ;DJðNÞ Additional currents in bars and ring portions of
asymmetrical squirrel cage;

N Bar (ring portion) number of squirrel cage;
N0 Number of squirrel cage bars;
NP1 ;NP2 Numbers of asymmetrical bars of squirrel cage;
ZB Impedance of the symmetrical (undamaged) bar;
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ZR Impedance of the ring portion between two
adjacent bars;

ZNP ; . . .;ZNR ; . . .;ZNS Impedances of asymmetrical (damaged) bars;
DZNP ; . . .;DZNR ; . . .;DZNS Additional impedances of asymmetrical (dam-

aged) bars
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Chapter 11
Investigation Methods of Currents
Distribution in Irregular Damper
Windings

In this Chapter, investigation methods of asymmetrical active recurrent circuits
(open and closed) developed in Chap. 7, are used for calculation of currents dis-
tribution in irregular damper windings of salient pole machines.

If in damper winding on each pole there is one bar with impedance differing
from the others, calculation of currents distribution is reduced to determination of
main and additional currents, similar to currents in asymmetrical squirrel cage.
Calculation of distribution of additional currents is reduced to that of only four
constants included in a system of difference equations. The order of this system
(r = 4) does not depend on number of bars N0 on pole. In solving the problem by a
numerical method, the system order is determined by the product r′ = 2pN0.

If in damper winding on one pole there is a bar with impedance different from
the others, calculation of currents distribution is reduced as in previous design to the
solution of two problems: Constants of calculation expressions for currents are
calculated from a system of linear equations whose order is determined only by the
number of machine poles and does not depend on the number of bars per pole: In
solving the problem by the numerical method, the system order is determined as in
previous design by product r′ = 2pN0. Developed methods allow calculating cur-
rents distribution for several bars or ringing portions whose impedance differ from
the others. These methods are proved by results of experimental bench investigation
of pilot motor type SDSZ (2000 kW, 6 kV, 2p = 60), at LEZ, Stock Company
“Ruselprom”.

The content of this chapter is development of the methods stated in [1, 2, 6–11].

© Springer Japan KK 2017
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11.1 Currents in Damper Windings with Bars of Various
Impedance on Each Pole

11.1.1 General Comments

Let us begin with the consideration of this problem with a short description of
damper winding design of SDSZ type motor (2000 kW, 6 kV, 100 rpm, 50 Hz).
This motor is intended for grinding unit drives in mining and cement industry. To
obtain more uniform distribution of current in damper winding bars at sharp load
variation, its middle bar on each pole is made of copper, and other four—of brass;
short-circuited rings (segments)—of copper. This damper winding design is also
expedient for high-power frequency-controlled machines intended for similar
operational modes, for example, for drive motors of rolling mills. As determined in
Chap. 9 it is irregular because bars with various impedances are located on poles.
However, in investigation of currents in construction elements and MMF in air gap
for this class of irregular damper windings, as well as regular damper winding it is

sufficient to assume the period equal to TEL ¼ pD
p . This circumstance facilitates

investigation of currents and MMF of such winding.

11.1.2 Initial Data and Calculation Method for Currents
in Winding Elements

The method is based on results of investigation of asymmetrical active chain cir-
cuits obtained in Chap. 7 [6].

In Chap. 9 we already used Fig. 6.3 for investigation of currents distribution in
damper winding elements. The following changes and additions were entered into
Fig. 6.3:

• cross elements A1A0
1; . . .; F2F

0
2 in Fig. 6.3 represent winding bars with impe-

dance ZB;
• longitudinal elements A1B1; . . .;B2F2 represent portions of short-circuited rings

(segments) with impedance ZR;
• longitudinal elements F1A2; . . .; F2A1 represent portions of short-circuited rings

(segments) between poles with impedance ZF;
• loops F1F01A

0
2A2F1; F2F02A

0
1A1F2—correspond to the space between poles;

• between bars A1A0
1 and B1B0

1; B1B0
1 and F1F

0
1; … there are EMF sources

changing depending on the number of link N under the harmonic law;
• terminals O1O0

1 are superimposed with terminals O3O0
3;

• Let us assign index “CP” to pole with bars A1A0
1; . . .; F1F

0
1, and index “SP” to

pole with bars A2A0
2; . . .; F2F

0
2 .
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Let us also enter an addition: Let us accept that bars B1B0
1 and B2B0

2 are
asymmetrical.

Let us list initial data to solve the considered problem. Set in values are: currents
in elements of regular damper winding, number of machine poles 2p, number of
bars N0 on each of poles, impedance ZB of symmetrical bars and ZR—impedance of
portions of short-circuited rings (segments), and also impedance ZF of jumper
between poles. Asymmetrical bars of damper winding has the number ZP, herewith,
0\NP\N0 � 1, i.e. it is not an edge one on the pole; Let us designate its impe-
dance as ZNP .

Let us find the distribution of currents in elements of such winding.
At first, we consider the case with the only bar on each pole and different

impedance DZNP ¼ DZð Þ.
Let us write down equations for EMF and currents in loops (1, 0), …,

NP;NP þ 1ð Þ; NP þ 1;NPð Þ; . . .; NB þ 1;NBð Þ; here NB ¼ N0 � 2:

For pole CP, we have:

JCP

1
� JCP

1

� �
ZB � 2ICP

0
ZR ¼ E1;

..

.

JCP

NP
ZNP � JCP

NP�1
ZB � 2ICP

NP�1
ZR ¼ E1e�jDuðNP�1Þ;

JCP

NP þ 1
ZNP � JCP

NP
ZNP � 2ICP

NP
ZR ¼ E1e�jDuNP ;

..

.

JCP

NB þ 1
ZCP
NB

� �
ZB � 2ICP

NB
ZR ¼ E1e�jDuNB ;

8
>>>>>>>>>>><

>>>>>>>>>>>:

ð11:1Þ

where I
N
—currents in winding ring portions (segments); J

N
—currents in winding

bars; ZB—impedance of symmetrical bar slot part; ZR—impedance of ring portion
between bars, Du—phase angle between EMF of bars on pole, E1 − EMF
amplitude; it is induced by resulting field in air gap in pole loops.

For each node we have:

ICP

N�1
þ JCP

N
¼ ICP

N
: ð11:2Þ

For ring segment between poles CP and SP we have:

JSP
0
� JCP

NB þ 1

� �
ZB � 2 JCP

NB
þ JCP

NB þ 1

� �
ZF ¼ EF;

ICP

NB
þ JCP

NB þ 1
þ JSP

0
¼ ISP

0
;

ð11:3Þ

where EF − EMF in loop F1F01A
0
2A2F1.
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Equations are similar for pole SP and second ring portion between poles. They
can be obtained from Eqs. (11.2) and (11.3) replacing index Cp by SP at currents
J
N
; I

N
and multiplying E1 and EF EMFs by coefficient: ej p ¼ �1.

System of equations for currents in damper winding elements is linear with
constant coefficients. Let us represent currents in these elements on both poles in the
form of two components:

J
N
¼ JN þDJN; ð11:4Þ

I
N
¼ IN þDIN: ð11:5Þ

These ratios are true if we represent the bar impedance with number Np
according to (6.20) in the form:

ZNP ¼ ZB þDZ.

Let us consider at first the equations for loops formed by identical (symmetrical)
bars; let an arbitrary loop (N + 1, N) be one of them. The equation corresponding to
it from system (11.2) to (11.5) takes the form:

JCP
Nþ 1 � JCP

N

� �
ZB � 2ICP

N ZR � E1e�jDuN� �þ DJCP
Nþ 1 � DJCP

N

� �
ZB � 2DICP

N ZR
� � ¼ 0:

ð11:6Þ

Let us note that the first sum on the left part concluded in square brackets is
identically equal to zero. It is the formulation of Kirchhoff’s second law [1, 3] for
regular damper winding loops with all bars identical. Method of calculating currents
distribution in elements of this design is given in Chap. 9.

Let us consider a loop formed by bars with various impedance, for example
NP;NP � 1ð Þ . The equation corresponding to it from system (11.1) to (11.6) takes
the form:

JCP
NP

� JCP
NP�1

� �
ZB � 2ICP

NP�1ZR � E1e�jDuðNP�1Þ
h i

þ DJCP
NP

� DJCP
NP

� ��
ZB

þDJCP
NP

� DZ + JCP
NP
DZ� 2DICP

NP�1ZR

i
¼ 0:

ð11:7Þ

Similarly as stated above, here the first sum on the left part concluded in braces
is also identically equal to zero. From this equation it also follows that additional
currents DJNP ; DJNP�1; DINP�1, subject to determination are calculated from current
JNP .

Thus, we obtain from Eqs. (11.1) to (11.7) that both for considered winding
design and for asymmetrical squirrel cage, the problem of calculating currents
distribution can be physically subdivided into two problems.
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The first one, whose solution method was given in Chap. 9 consists in calcu-
lation of the main currents for regular damper winding (main currents at ZB =
idem), and the second consists in calculation of distribution of additional currents.

For calculation of additional currents, we obtain the following system of
equations using the initial system (11.1)–(11.7). It is easy to check the left parts of
this system: they follow directly from (11.1) to (11.7) if instead of resulting currents
JðNÞ; IðNÞ we write down their increments DJðNÞ;DIðNÞ caused by asymmetrical bar

on the pole.
For pole CP: (NB = N0 − 2)

DJCP
1 � DJCP

0

� �
ZB � 2DICP

0 ZR ¼ 0;

..

.

DJCP
NP
ZNP � DJCP

NP�1ZB � 2DICP
NP�1ZR ¼ �DJCP

NP
DZ;

DJCP
NP þ 1ZB � DJCP

NP
ZNP � 2DICP

NP
ZR ¼ DJCP

NP
DZ;

..

.

DJCP
NB þ 1 � DJCP

NB

� �
ZB � 2DICP

NB
ZR ¼ 0:

8
>>>>>>>>>><

>>>>>>>>>>:

ð11:8Þ

For each node we have:

DICP
N�1 þDJCP

N ¼ DICP
N : ð11:80Þ

For ring portion between poles:

DJSP0 � DJCP
NB þ 1

� �
ZB � 2 DICP

NB
þDJCP

NB þ 1

� �
ZF ¼ 0;

DICP
NB

þDJCP
NB þ 1 þDJSP0 ¼ DISP0 :

ð11:9Þ

For pole SP and second ring portion between poles, the equations are similar.
They can be obtained by replacement of index CP by SP at currents DJN and DIN .

Let us show that the solution of this system can be reduced to that of system of
equations only of the fourth order (r = 4) at any number of pole bars, if we use the
obtained result of analytical solution of difference equations [6–9].

At first, let us consider the first equation of system (11.8). It corresponds to the
loop formed by bars with numbers N = 1 and N = 0, that is to bars with numbers
0�N \NP . Let us express additional currents in bars through currents in ring
portions (segments). As a result we obtain the following ratio between additional
currents in ring portions (segments) with numbers N = 1, N = 0, N = −1:

DICP
1 ZB � 2DICP

0 ZB þZRð ÞþDICP
ð�1ÞZB ¼ 0: ð11:10Þ
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Similar ratios are also true for other additional currents in ring portions with
numbers 0�N \NP. It is convenient to write down these ratios in the form of one
difference equation [3]:

DICP ½N + 2� � ð2þrÞDICP ½N + 1� þDICP ½N� ¼ 0;
herer ¼ 2 ZR

ZB
:

ð11:11Þ

Let us consider the last equation of system (11.8). It corresponds to the loop on
the pole formed by bars with numbers N = NB + 1 and N = NB, that is bars with
numbers NP\N�NB þ 1. Similarly, we obtain the same difference Eq. (11.11) for
additional currents in ring portions (segments) with the same numbers
NP �N�NB þ 1. Difference equations like (11.11) can be also easily obtained for
currents in ring portions (segments) of pole SP.

Let us write down the solution of these difference equations.
For pole CP currents in ring portions 0�N\NP:

DICP
N ¼ D1aN1 þD2aN2 : ð11:12Þ

For pole CP currents in ring portions NP �N�NB þ 1:

DICP
N ¼ D3aN1 þD4aN2 : ð11:13Þ

For pole SP currents in ring portions 0�N\NP:

DISPN ¼ D0
1a

N
1 þD0

2a
N
2 : ð11:14Þ

For pole SP currents in ring portions NP �N�NB þ 1:

DISPN ¼ D0
3a

N
1 þD0

4a
N
2 : ð11:15Þ

Here D1 � D4;D0
1 � D0

4—constants determined by boundary conditions.
Calculation of distribution of additional currents is reduced to that of these eight

constants. It is convenient to determine them from boundary conditions determined
by Kirchhoff’s laws for damper winding loops.

For a loop formed by jumpers between poles CP, SP and bars with numbers
N = NB + 1 (on pole CP) and N = 0 (on pole SP), two equations corresponding to
both Kirchhoff’s laws are given in (11.9). Two similar equations are true for the
loop formed by jumpers between poles SP, CP and bars with numbers N = 0 (on
pole CP) and N = NB + 1 (on pole SP).

For loops (NP + 1, NP) and (NP, NP − 1) two equations corresponding to the
second Kirchhoff’s law are given in (11.8) for pole CP. Two similar equations can
be written down for corresponding loops of pole SP. As a result, we obtain a system
of eight equations for determination of constants D1;D2;D3, D0

1;D
0
2;D

0
3;D

0
4 .

Using (11.13)–(11.16), it is convenient to represent this system in the form:
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MD1 þGD2 þ PD0
1 þRD0

2 ¼ �JCP
NP

DZ
ZB

;

QD1 þTD2 þ FD0
1 þWD0

2 ¼ �JCP
NP

DZ
ZB

;

MD0
3 þGD0

4 þ PD3 þRD4 ¼ JSPNP

DZ
ZB

;

QD0
3 þTD0

4 þ FD3 þWD4 ¼ JSPNP

DZ
ZB

;

8
>>>><

>>>>:

ð11:16Þ

AD1 þBD2 þVD3 þCD4 ¼ 0;
AD0

3 þBD0
4 þVD0

1 þCD0
2 ¼ 0;

HD3 þLD4 þ SD1 þKD2 ¼ 0;
HD0

1 þLD0
2 þ SD0

3 þKD0
4 ¼ 0:

8
>><

>>:
ð11:17Þ

Values of system coefficients are given in Appendix 11.1.
It is early proved that for main currents in bars with identical number, for

example, of NP located on adjacent poles, the following ratio is satisfied:
JCP
NP

¼ �JSPNP
[7]; it is true for all three components of the main current, including

its two aperiodic components. It is possible to show that for the system (11.17) the
following ratios are satisfied:

D1 ¼ �D0
3; D2 ¼ �D0

4; D
0
1 � D3; D0

2 � D4:

They allow us to represent this system in the form:

MD1 þGD2 � PD3 � RD4 ¼ �JCP
NP

DZ
ZB

;

ðQ + MÞD1 þðT + GÞD2 � ðF + PÞD3 � ðW + RÞD4 ¼ 0;
AD1 þBD2 þVD3 þVD4 ¼ 0;
S0D1 þKD2 þHD3 þLD4 ¼ 0:

8
>><

>>:
ð11:18Þ

Using it, we obtain the following calculation formulas for additional currents.
Pole CP.
Currents in ring portions ðNP �N�NB þ 1Þ :

DICP
ðNÞ ¼

D1aN1 þD2aN2
D

: ð11:19Þ

Currents in bars ðNP\N�NB þ 1Þ:

DJCP
ðNÞ ¼

D1(a1 � 1ÞaN1 þD2(a2 � 1)aN2
D

: ð11:19’Þ

Pole SP.
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Currents in ring portions ð0�N\NPÞ :

DISPðNÞ ¼
D3aN1 þD4aN2

D
: ð11:20Þ

Currents in bars ð0�N\NPÞ:

DJSPðNÞ ¼
D3(a1 � 1ÞaN1 þD4(a2 � 1)aN2

D
: ð11:20’Þ

Current in bar N = NP of pole CP:

DJCP
ðNPÞ ¼

D1 + D3a�1
1

� �
aN1 þ D2 + D4a�1

2

� �
aN2

D
: ð11:21Þ

Here Δ—system determinant (11.18), D1;D2;D3;D4—algebraic adjuncts corre-
sponding to required constants D1 � D4 (11.18);

D1 ¼ D1

D
;D2 ¼ D2

D
; D3 ¼ D3

D
;D4 ¼ D4

D
:

As a result, we obtain the distribution of additional current in winding bars.
Let us note that in the presence of several asymmetrical bars, the problem is

solved similarly; number of constants for calculation of additional currents
respectively increases.

Experimental and calculation distribution of currents in damper winding ele-
ments of SDSZ type motor obtained in bench conditions on the manufacturing work
is compared in Appendix 11.2. Difference between experimental and calculation
current values in bars does not exceed 11% that is acceptable for engineering
calculations.

11.2 Currents in Damper Winding with Damaged Bar
on Pole

11.2.1 General Comments

Let us proceed to the investigation of currents distribution in elements of one more
class of irregular damper winding. According to Chap. 9, in construction of such
winding only in several rotor poles, there are one or several bars with different
impedance, for example, bars with damage (break).

Change of impedance of one of damper winding bars can be caused by pro-
duction defect, for example, due to low-quality soldering or welding in
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bar-short-circuited ring (segment) joint, violations in connections between segments
in rotor assembly.

Severe operation conditions for a network or a frequency converter, especially
with sharp load variation (for example, for the motors of rolling mills), sometimes
lead to damages of bar or ring, including their break. Usually, the reason of these
damages is the temperature deformation of winding elements and mechanical
stresses in them caused by these deformations.

Practice determines the problem of developing methods for calculating perfor-
mance characteristics of machines with this asymmetry in damper winding. Purpose
of this development: determination of admissible modes of their operation.

11.2.2 Initial Data and Method of Calculating Currents
in Winding Elements

The method is based on results of investigation of asymmetrical chain circuits
obtained in Chaps. 6 and 7. It does not require any additional assumptions, besides
those used for calculation of currents in short-circuited symmetrical (without
damages) rotor winding of induction motor or regular damper winding of
salient-pole machine.

The same values as in previous problem are assumed as given.
Let us list them: currents in elements of regular damper winding, number of

machine poles 2p, number of bars N0 on each pole, impedance ZB of undamaged
(symmetrical) bars and ZR—of short-circuited ring portions (segments) between
adjoining bars, and also impedance ZF of jumper between poles; number of damper
winding damaged bar NP on pole number q(q 2 S; 1� S� 2p) . Impedance of this
bar ZNP : ZNP ¼ ZB þDZ . Let us note that at bar break DZ ! 1 .

At first, let us consider the problem on currents calculation in damper winding
with one damaged bar on pole number q on the assumption that the impedance of
all other 2pN0-1 bars of winding is the same. This circumstance leads to the fact that
in investigation of currents and MMFs in this winding, unlike the problem solved in
the previous paragraph [9], it is necessary to assume the period T ¼ pD ¼ pTEL.

Let us note that in the previous problem all poles from the viewpoint of design
and material of bars, their arrangements on pole shoe repeat each other [4], [5]; in
the considered problem [8] only one pole from this viewpoint differs from all
others.

According to this method at DZ 6¼ 0, currents in damper winding elements of
bars J

N
and short-circuited ring portions (segments) I

N
of each pole with number S

can be represented in the form of two components: of main current JN,IN and
additional DJN;DIN, herewith [6, 11]
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JðSÞ
N

¼ JðSÞN þDJðSÞN ; IðSÞ
N

¼ IðSÞN þDIðSÞN : ð11:22Þ

In previous chapters it is obtained that the main currents JðSÞN ; IðSÞN correspond to
currents of regular damper winding, impedance of all bars 2pN0 is the same and is
equal to ZB. In the considered problem, these currents are assumed as given; their
calculation method is stated above [7]. Additional currents in ring portions on each
pole satisfy the homogeneous difference equation of the second order:

DI½Nþ 2� � ð2þrÞDI½Nþ 1� þDI½Nþ 1� ¼ 0;
herer ¼ 2 ZR

ZB
:

ð11:23Þ

Solution of Eq. (11.23) for pole ring portions, where DZ ¼ 0:

DIðNÞ ¼ CðSÞaN1 þDðSÞaN2 : ð11:24Þ

Respectively, currents in bars on these poles:

DJðNÞ ¼ CðSÞaN�1
1 þDðSÞaN�1

2 ða2 � 1Þ; ð11:25Þ

where N = 0,1; . . .;N0 � 1; a1;2 ¼ 2þ rðrþ 4)
2 ;CðSÞ;DðSÞ—constants, calculated for

currents of each pole, proceeding from boundary conditions.
At first, let us obtain calculation expressions for the general case when damaged

damping bar is not the edge on the pole, i.e. its number

NP 6¼ N0 � 1 or NP 6¼ 0:

Let us designate constants CðSÞ;DðSÞ for the current in ring portions located on

both sides of damper pole bar number q respectively as CðqÞ
L ;DðqÞ

L and CðqÞ
R ;DðqÞ

R .
Thus, to determine the current in damper winding structural elements, it is

necessary to calculate r = 4p + 2 constants whose number does not depend on the
number N0 of pole bars; for example, for machine with 2p = 6 the number of
constants r = 14, and for machine with 2p = 60 this number and, respectively, the
order of system for their determination is equal to r = 122.

We consider a system of r = 4p + 2 linear equations for calculation of these
constants. These equations are obtained from both Kirchhoff’s laws [1, 3] for
corresponding loops and joints.

(a) Equations for two loops (NP, NP − 1) and (NP + 1, NP), containing damaged
bars. For the loop (NP, NP − 1) according to the second Kirchhoff’s law we
have:
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DJðqÞNP
ZNP � DJðqÞNP�1ZB � 2DIðqÞNP�1ZR ¼ �JNPDZ, ð11:26Þ

where JNP—current in bar with number NP before its damage (at DZ ¼ 0).
Using the first Kirchhoff’s law and Eqs. (11.24), (11.25) of (11.26), we have:

ACðqÞ
R þBDðqÞ

R þECðqÞ
L þ FDðqÞ

L ¼ �JNP

DZ
ZB

: ð11:27Þ

For loop (NP + 1, NP) similarly

GCðqÞ
R þHDðqÞ

R þKCðqÞ
L þLDðqÞ

L ¼ JNP

DZ
Z

: ð11:28Þ

Values of coefficients A, B, E, F, G, H, K, L are given in Appendix 11.3.

(b) Equations for 2p loops limiting the space between poles. We use the
expression for the current in jumper between poles with numbers S and S + 1.
Proceeding from the first Kirchhoff’s law, we obtain:

DJðSÞNB þ 1 þDIðSÞNB
¼ DIðSþ 1Þ

0 � DJðSþ 1Þ
0

or
CðSÞaNB þ 1

1 þDðSÞaNB þ 1
2 � CðSþ 1Þa�1

1 � DðSþ 1Þa�1
2 ¼ 0;

ð11:29Þ

where NB = N0 − 2.
For the loop (0,NB + 1) formed by bar with number NB + 1 of pole S and bar

with number N = 0 of pole S + 1 according to the second Kirchhoff’s law we have:

DJðSþ 1Þ
0 ZB � DJðSÞNB þ 1ZB � 2DIðSÞNB þ 1ZF ¼ 0;

or
MCðSþ 1Þ þ PDðSþ 1Þ þQCðSÞ þRDðSÞ ¼ 0:

ð11:30Þ

Values of coefficients M, P, Q, R are given in Appendix 11.3.
Equations like (11.29) and (11.30) are true for all 2p poles with damper winding

(S = l, 2, …, 2p), including loops between poles q − 1, q and q + 1.
For the loop between poles q − 1 and q both equations are as follows:

CðSÞaNB þ 1
1 þDðSÞaNB þ 1

2 � CðqÞ
L a�1

1 � DðqÞ
L a�1

2 ¼ 0;
MCðqÞ

L þ PDðqÞ
L þQCðSÞ þRDðSÞ ¼ 0;

(

ð11:31Þ

where S = q − 1. For the loop between poles q and q + 1:
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CðqÞ
R aNB þ 1

1 þDðSÞ
R aNB þ 1

2 � CðSÞa�1
1 � DðSÞa�1

2 ¼ 0;
MCðSÞ þ PDðSÞ þQCðqÞ

R þRDðqÞ
R ¼ 0;

(

ð11:32Þ

where S = q +1 .
Thus, we obtained the system of r = 4p + 2 linear equations for determination of

currents in damper winding construction elements with a damaged bar. Currents are
calculated from the following ratios:

• currents DIðSÞN in ring portions on poles at S 6¼ q—as per (11.24);

• currents DJðSÞN in bars on poles at S 6¼ q—as per (11.25);

• currents DIðqÞN in ring portions on pole S = q

at 0�N�NP � 1; DIðNÞ ¼ CðqÞ
L aN1 þDðqÞ

L aN2 ; ð11:33Þ

at: NP �N�NB þ 1; DIðNÞ ¼ CðqÞ
R aN1 þDðqÞ

R aN2 ; ð11:34Þ

• currents DJðqÞN in bars on pole S = q

at 0�N�NP � 1 : DJðNÞ ¼ CðqÞ
L aN�1

1 a1 � 1ð ÞþDðqÞ
L aN2 a2 � 1ð Þ; ð11:35Þ

at NP þ 1�N�NB þ 1 : DJðNÞ = CðqÞ
R aN�1

1 ða1 � 1ÞþDðqÞ
R aN2 ða2 � 1Þ;

ð11:36Þ

• current DJNP in damaged bar on pole S = q:

DJNP ¼ CðqÞ
R � CðqÞ

L a2
h i

aNP
1 þ DðqÞ

R � DðqÞ
L a1

h i
aNP
2 : ð11:37Þ

In the presence of several damaged bars located on one or different poles, the
problem is solved similarly. It is possible to show that in limit case—at bar break
Z = 1ð Þ, the system of r = 4p + 2 equations has a solution for coefficients; in
practical calculations it is enough to set the value ΔZ by 1–2 orders more, than ZB.
Thus, the problem in Appendix 11.4 is solved.

Expressions for calculation of additional currents (11.24), (11.25), (11.33)–
(11.37) are found, proceeding from the distribution of the main currents in con-
structions with bars of identical impedance on all poles. In the previous paragraph it
is obtained [7] that if there is a bar on each pole, for example, a middle one made of
metal with other resistivity, then other bars of the same pole, then for solution of
this problem it is also necessary to calculate previously the main currents in con-
struction with identical bars. Thus, in case of bar damage in more complicated
structures the following currents in its elements are calculated:

230 11 Investigation Methods of Currents Distribution in Irregular …



(a) Main, corresponding to regular winding, impedance of all 2pN0 bars that is
identical,

(b) Additional, caused by existence of bar made of metal with other resistivity on
each pole [9],

(c) Additional, caused by bar damage on pole q (calculated by stated method) [8].

Calculation method of additional currents for special case, when damaged bar is
edge one on pole, is similar.

Appendix 11.1

Values of coefficients A, V, H, S, M, P, Q, F, B, C, L, K, G, R, T, W for
determination of constants from systems (11.17) and (11.18).

A = aNB þ 1
1 ;V ¼ �a�1

1 ;H = a�1
1 a1 � 1ð ÞZB;

S0 ¼ aNB
1 1� a1ð ÞZB � 2a1ZF;M = aNP

1 1þ DZ
ZB

� �
;

P = aNP�2
1 � aNP�1

1 2þrþ DZ
ZB

� �
;

Q = aNP
1 a1 � 2þrþ DZ

ZB

� �h i
; F = aNP�1

1 1þ DZ
ZB

� �
:

Coefficients B, C, L, K, G, R, T, W can be obtained respectively from coeffi-
cients A, V, H, S0, M, P, Q, F by replacement of a1 by a2.

Appendix 11.2

Investigation of currents in damper winding elements of SDSZ type motor; a
comparison with experimental data (Table 11.1).

Research objective—determine the currents distribution in damper winding
elements of SDSZ type motor (2000 kW, 6 kV, 100 rpm, 50 Hz.) with power
supply from a frequency converter. Brief description of damper winding con-
struction for this motor is given in para 11.1.1. Investigations were performed at
voltage U supplied to a motor from frequency converter in the range of

5 Hz < f < 20 Hz under the condition: U
f ¼ const,where f—frequency.

Investigation results are given in Table 11.1 for frequency f = 6.25 Hz; this fre-
quency is selected proceeding from the following assumptions:

• for determining bar impedances ZB and bar impedance ZNP , skin effect with this
rather low frequency can be neglected that eliminates possible additional cal-
culation errors in results;

• for low frequency, signal transmission to “analog-digital” converter is connected
with smaller distortions.
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Investigations were carried out within development of the USSR’s first
high-power frequency controlled motor of SDT type [10] for gearless drive
(Fig. 11.1) of cement mill with productive capacity of 100 tons of cement per hour
(5500 kW, 900 V, 16 rpm, 8 Hz; shaft toque apprx. 350 T m). SDSZ type motor
was used as the model. In bench conditions (Fig. 11.2), at investigation of SDSZ
type motor, the following problems were solved:

Table 11.1 Calculated val
ΔR = −0.2875 × 10−3 ues of
resulting currents distribution
with frequency f = 6.25 Hz; a
comparison with experimental
data

No. 0 1 2 3 4

JðNÞ 1.405 1.31 1 1.214 1.456

JðNÞ;EXP 1.36 1.34 1.12 1.3 1.5

e1, % 3.5 −2.2 −11 −7.0 −3.0

Fig. 11.1 The USSR’s first high-power low-frequency SDT type motor for gearless drive of
cement mill with productive capacity of 100 tons of cement per hour (5500 kW, 16 rpm, 8 Hz,
shaft toque apprx. 350 tm) at “Elektrosila” Work, Stock Company “Power Machines” St.
Petersburg

232 11 Investigation Methods of Currents Distribution in Irregular …



• choice of optimum rotor sensor design (sensor of torque angle Θ in salient-pole
machine);

• working set of electric equipment with frequency converter, exciter and rotor
sensor; purpose: minimization of current and voltage distortion factors;

• investigations of additional losses from higher time harmonics in resulting field
and currents distribution in damper winding construction elements, when
operating from frequency converter.

To study the currents distribution in damper winding construction elements, its
bars from both end faces at slot exit were equipped with Rogowski sensor and
thermocouples. Bars were previously drilled for thermocouples, after installation of
thermocouples, holes were thoroughly calked. Signals from sensors arrived at the
“analog-digital” converter, and then were processed in real time in Argus system
(ICL Company, England). The decipherment of thermocouples data is carried out
according to Ross method [12].

Results

Distribution of resulting currents in bars JðNÞ for the mode f = 6.25 Hz at DR =

�0.2875.10�3Ohms DR
RB

¼ �0:75
� �

are specified in Table 11.1. Current in middle

bar (N = 2) is taken for unity. These values of currents JðNÞ compared with

experimental JðNÞEXP, are also given in Table 11.1. Here is given the difference e1
between JðNÞ and JðNÞ;EXP.

Fig. 11.2 SDSZ type motor in bench; investigations of electromagnetic processes at operation
from frequency converter at LEZ, Stock Company “Ruselprom”
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Appendix 11.3

Values of coefficients A, B, E, F, G, H, K, L for determination of constants

CðSÞ ;DðSÞ ;CðqÞ
R CðqÞ

L ;DðqÞ
R ;DðqÞ

L from systems (11.27) to (11.32).

A = aNP
1 1þ DZ

ZB

� �
;E ¼ �aNP�1

1 2þrþ DZ
ZB

� �
;

G = aNP þ 1
1 � aNP

1 2þrþ DZ
ZB

� �
;K = aNP�1

1 1þ DZ
ZB

� �
;

M = (1 - a2)ZB; Q = aNB
1 � aNB�1

1

� �
ZB � 2aNB þ 1

1 ZF:

Coefficients B, F, H, L, P, R can be obtained respectively from coefficients A, E,
G, K, M, Q replacing a1 by a2 and, respectively, a2 by a1.

Appendix 11.4

Calculation example: dependence of additional current in the damaged bar of
SBGD type generator (6 MW, 1000 rpm, 10.5 kV “Elektrosila” Work, Stock
Company “Power Machines” St. Petersburg) on impedance DZB.

Given: ZB ¼ 1:62þ j1:995ð Þ � 10�4;ZR ¼ 1:814þ j2:165ð Þ � 10�4

ZF ¼ 7:514þ j8:967ð Þ � 10�6; N0 ¼ 8; NP ¼ 3; J3 ¼ 4e�j25:5

Variants for

DZB : A ).DZB ¼ 2ZB;B Þ:DZB ¼ 20ZB;C ).DZB ¼ 80ZB;D ).DZB ¼ 100ZB:

To find for NP ¼ 3 : DJ3; J3;
J
3

���
���

J3
The solution is obtained from the system (11.27) to (11.32) and Eq. (11.37) and

tabulated in Table 11.2
Note. When designing powerful synchronous motors with severe operating

conditions (load change, etc.), the values of overheating of damper winding bars
and Field’s factor may be clarified by the method stated in Appendix 1 of Chap. 23.

Table 11.2 Dependence of
additional current in damaged
bar of damper winding on
impedance DZB of SBGD
type generator

Variants for
DZB

DJ3 J
3 J

3

���
���

J3j j
A 1.787ej154.84 2.212e−j25.78 0.553

B 3.559ej154.57 0.4404e−j25.51 0.110

C 3.879ej154.52 0.1204e−j26.09 0.030

D 3.9036ej154.48 0.0964e−j26.1 0.024
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This method provides the calculation of skin effect in the bars of the rotor, taking
into account the temperature distribution on its height.

Brief Conclusions

1. If in damper winding on each pole there is one bar with impedance differing
from the others, calculation of currents distribution is reduced to the solution of
two problems: for main and additional currents.

2. For this design of damper winding, calculating distribution of additional cur-
rents (the second problem) is reduced to the computation of only four constants
as part of difference equations. The order of this system does not depend on the
number of bars N0 on the pole and is equal to r = 4. In solving the problem by a
numerical method the system order is determined by the product r0 ¼ 2pN0.

3. At emergence of damage in damper winding bar on one of poles, calculation of
currents distribution in its elements is reduced, as well as in previous design, to
the solution of two problems. Constants of calculation expressions for additional
currents are calculated from the system of linear equations whose order is
determined only by the number of machine poles and does not depend on the
number of bars per pole: r ≤ 4p + 2. In solving the problem the system order is
determined as well as in previous design by product r0 ¼ 2pN0. Note that the
methods presented in [13–20] do not provide a solution to this problem.

4. The method allows one to calculate the distribution of currents in the presence of
several bars or ring portions whose impedances differ from the others.

List of Symbols

D1; D2; D3; D4; D0
1; D

0
2; D

0
3; D

0
4 Constants for determination of currents of both

poles of opposite polarity
E1 EMF amplitude induced by air gap resulting

field in rotor loops on pole
EF EMF in loop formed by edge bars of adjacent

poles
I
N
, J

N
Currents in ring portions (segments) and in
damper winding bars at emergence of asymme-
try (damage)

IN; JN Currents in ring portions (segments) and in
damper winding bars before asymmetry
emergence

DIðNÞ;DJðNÞ Additional currents in bars and ring portions of
asymmetrical damper winding

DJNP ;DINP Additional currents of asymmetrical (damaged)
bar and ring portions in the loop containing this
bar

Appendix 11.4 235



N Bar (ring portion) number of damper winding or
squirrel cage

N0 Number of damper winding bars on pole
Np Asymmetrical bar number
р Number of pole pairs
q Pole number with asymmetrical (damaged) bar
T,TEL Expansion period of MMF and mutual fields in

air gap to harmonic series
ZB;ZR;ZF Impedances of bar, ring portion between bars on

pole, ring portion between bars of adjacent
poles

DZNP Additional impedance of asymmetrical (dam-
aged) bar

Du Phase angle between EMF of adjacent bars on
pole
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Chapter 12
MMF of Damper Winding, Squirrel Cage
(at Asymmetry in Them or at Its Absence)
and Excitation Winding. Representation
of MMF in the Form of Harmonic Series
in Complex Plane

This chapter deals with investigation methods of MMF harmonics of spatial orders
n ( mj j¼ nj j � 1) excited by the currents with frequency xROT in rotor loops,
included in short-circuited windings: damper winding of synchronous machines and
squirrel cage of induction machines (also in asymmetrical). When developing these
methods, an expansion into harmonic series (Fourier) in complex form is applied; it
allowed us to obtain without additional transformations complex amplitudes
(phasors) of main and additional components of resultant MMF and fields in air gap
and to give them clear physical interpretation. Thus, currents in rotor structural
elements are represented by means of a symbolic method in the form of time
complexes (phasors). Expansion period T is accepted in the investigation equal to
T ¼ pD; as a result it was possible to consider not only MMF higher spatial
harmonics and fields in air gap, but also the lower; here D—calculation diameter of
stator boring. Obtained here are calculation expressions for MMF complex
amplitudes (phasors):

• damper winding (regular and irregular);
• asymmetrical squirrel cage (general problem) and its special cases, whose cal-

culation of currents was investigated in the previous chapter; they are listed
above.

• excitation winding of salient-pole machines;

The content of this chapter is development of the methods stated in [1, 2, 10–13].

12.1 Fundamental Assumptions

Among the problems of investigating A.C. machines in nonlinear networks and
with short-circuited rotor windings, the problem determining MMF of these
windings was given in Chap. 2. It was noted that the solution of this problem should
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be based on the real distribution of currents in elements of damper winding and
squirrel cage (in the absence or emergence of asymmetry). Therefore, let us use
investigation results of currents in structural elements of short-circuited windings
obtained in the previous chapters.

Besides general assumptions listed in them and used here, the following should
be noted.

Let us accept that the current in rotor bars is concentrated on the slot symmetry
axis. In damper winding of salient-pole machines, the bars are usually laid in slots
from rotor end face, so that the slot opening width in slot makes bOP ¼ 2�4�mm,

and its relation to pitch tSLT over slots is small: bOP
tSLT \0:05�0:1. The same refers

also to squirrel cages if in their structure provision is made for laying bars from end

face or filling slots with aluminum; then bOP
tSLT \0:1�0:15. For all these constructions

it is possible to assume that MMF in the air gap has a step form distributed along
the period T ¼ pD. The next MMF surge by a current value in the slot takes place
when reaching the slot symmetry axis in the process of its number increase.

In high-power induction machines slots are sometimes made open, then bars in
them are laid from the top, from the side of wedge zone. Investigations of such a
design indicates that even in case of sharp manifestation of skin effect the current
density in a bar is admissible to consider as constant along the entire slot width.
Therefore, the step form of MMF distribution somewhat changes: within a slot, the
MMF curve rises not stepwise, but linearly, and also by a current value in the slot,
and remains constant until reaching a wall of the next slot in the process of its
number increase.

Assessment of these assumptions indicates that taking into account of the linear
variation of MMF curve along the slot width even for open slots practically does
not influence the amplitude of lower MMF harmonics representing the greatest
practical interest; therefore, for open slots, with accuracy sufficient for practice, it is
possible to consider that the current is concentrated on the slot symmetry axis, if we
limit the calculation to spatial harmonics maximum in amplitude (n = 5, 7, 11).
Accounting of this linear variation of MMF curve along the slot width is usually
necessary for the solution of special tasks caused by reducing machine vibrations,
noise, etc. Peculiarities of rotor windings MMF calculation method with account of
final slot width are given in Appendix 12.1.

Let us state at first the method of MMF calculation in relation to short-circuited
rotor windings taking into account an assumption that the current in rotor bars is
concentrated on the slot symmetry axis.
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12.2 Representation of Damper Winding and Squirrel
Cage MMFs (at Asymmetry or Its Absence in Them)
in the Form of Step Function

12.2.1 Initial Data and Their Representation

The following initial data are accepted for solving this problem:

• currents distribution in structural elements of these windings;
• geometrical dimensions of windings;
• rotor rotation speed (slip);
• number of machine poles 2p.

Let us consider at first some initial data in more detail.

(a) Currents distribution in structural elements of these windings;

As obtained in the previous chapters, it is supposed that currents are set in the
form of generalized characteristics, i.e. with accuracy of flux density complex
amplitudes of resulting field in air gap. Determination methods of these complex
amplitudes are stated below, when forming equations and the solution algorithm of
a system of magnetically coupled loops.

(b) Geometrical dimensions of damper winding and squirrel cage.

These dimensions are selected the same as for calculation of EMF in damper
winding and squirrel cage loops. They were given in Chap. 8 (Figs. 8.1 and 8.2).
Let us note only that the derivation of calculation expressions for MMF is made for
general task: the distance x from the origin of coordinates to the axis of the first slot
(bar) is assumed arbitrary and equal to x ¼ x0. For generality, it is accepted also
that distances along the rotor periphery between axes of adjacent slots (bars) with
numbers: N = 1 and N = 0; N = 2 and N = 1; …; N and N − 1 designated
respectively, x1;0; x2;1; . . .; xN;N�1, are accepted not identical:

x1;0 6¼ x2;1 6¼ � � � 6¼ xN;N�1 6¼ � � � : ð12:1Þ

For such a representation, we also consider peculiarities of damper winding
construction with pitch b between slot axes on the pole not equal to distance bF
between axes of edge slots in adjacent poles, and bF

b [ 1.
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12.2.2 Peculiarities of Representing MMF and Field
of Damper Winding and Squirrel Cage Currents
in the Form of Step Function

Harmonics of MMF and fields of rotor winding currents for a special case—DFMs—
were already determined by Eqs. (2.4) and (2.4′), based on the current in three-phase
rotor winding of this machine. Calculation expressions for these MMF harmonic of
three-phase winding were obtained in Chap. 3.

Unlike rotor winding of DFMs, short-circuited rotor winding structures of
synchronous and induction machines represent a set of loops shifted in space along
the rotor periphery by a certain phase angle Du electrical degrees; respectively,
EMF of each subsequent loop is shifted relative to that of previous one in time by
the same phase angle Du. Currents in rotor loops induced by any harmonic of
mutual induction field, generate for each period T the only rotating field in the air

gap [2, 3] of order n � Z2
p in case if:

• phase angle between each two adjacent loops remains constant: Du ¼ const; air
gap d ¼ const;

• impedance of all Z2 winding bars are equal; the same refers also to the impe-
dance of short-circuited ring portions (segments).

Here Z2—number of slots in squirrel cage; for salient-pole machines Z2
2p ¼ N0,

where N0—number of pole bars.
Damper winding structure (with asymmetry or without it) and squirrel cage (with

damage) meet these requirements only partially, and squirrel cage without damages
—completely. Therefore, it is necessary to expect that the field of currents in
short-circuited A.C. machine rotor windings generally [3, 4] for every period T can
be represented in the form of two components rotating relative to the rotor winding
with these currents directed in opposite sides. The field components rotating in the
direction opposite to the rotor rotation will be so intensive, because this
short-circuited winding structure meets the listed above requirements. For example,
in the construction of complete damper winding both requirements are not met:
Bars are not installed in space between poles. In linear induction motors, the first
requirement is not met: the rotor winding is open. When the squirrel cage bar or
ring portion is damaged, the second requirement is not met.

Let us consider a general method of analysis of MMFs and fluxes in air gap
created by currents in short-circuited winding; it provides both observance of the
requirements listed above and deviation from them.

As is described in [1, 2], the magnetic flux in the air gap and MMF corre-
sponding to it meets the law of continuity. In a differential form it is determined as
follows:
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div b(x; t) ¼ 0; div f(x; t) ¼ 0; ð12:2Þ

and in an integral form

Z
T
2

�T
2

bðx; t)LCORdx ¼ 0;
Z

T
2

�T
2

fðx; t)LCORdx ¼ 0: ð12:2’Þ

Here, bðx; tÞ; fðx; tÞ correspondingly values of flux density and MMF, T ¼ pD—
period of flux or MMF variation, D—stator boring calculation diameter, LCOR—
core calculation length.

For regular damper winding it is sufficient to assume as the period TEL ¼ pDp, if

poles are made without shift and, therefore, pole pitch s ¼ pDp ¼ const; this con-

struction common for medium power generators and motors, is accepted for further
MMF investigation. Let us note that the same period is enough to be selected in the
analysis of MMF and three-phase stator winding with an integer number of slots per
pole and phase.

For damper irregular winding in which, for example, there is a bar damage in
one of poles, it is necessary to select T ¼ pD as a period.

In squirrel cage the number of bars N0 is usually selected such that its relation to
the number of pole pairs—is fractional [5, 6]. Therefore, for a squirrel cage without
damage of its elements, as well as at their emergence, the period T is selected equal
to T ¼ pD. Let us note that the same period is necessary to assume in the analysis
of MMF and three-phase stator winding with fractional number of slots per pole and
phase.

Let us use Fig. 8.2 for descriptive reasons and illustrations of the general method
of MMF determination. We already reused it: in Chap. 8 in the calculation of EMF
of squirrel cage loops and in Chap. 10 in the calculation of currents with different
types of squirrel cage asymmetry.

We consider rotor winding in Fig. 8.2 as generalized (arbitrary) construction of
short-circuited rotor cage whose particular versions are damper winding (regular or
irregular) or squirrel cage (symmetrical or asymmetrical). We consider a method of
MMF determination of this short-circuited rotor winding.

Let us proceed to the mathematical formulation of this general problem: Let us
represent short-circuited rotor winding MMF of any design in the form of step
function (Table 12.1); for this purpose, we use the Ampere’s law [1, 2]. Then, let us
determine this step function of MMF in the form of a number of rotating waves.

In the first column of Table 12.1 a serial number of portion between symmetry
axes of adjacent slots (step number) throughout which the current function keeps its
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invariable value till meeting with an axis of the following slot (in the process of slot
number increase) where it increases stepwise by the current value in this slot.

In the second column of Table 12.1 the extent of each step is specified; Let us
note that according to the condition accepted earlier, dimensions of these steps are
generally not identical; it takes place, for example, in the construction of damper
winding.

In the third column the values of current function are specified for short-circuited
winding FROTðxÞ or MMF (“heights of steps under teeth”) obtained based on the
Ampere’s law. These are designated as functions FROTðxÞ of spatial coordinate x
along the boring periphery; Let us note that currents in short-circuited winding
elements are time dependent complexes.

Table 12.1 represents all necessary parameters for MMF investigation, for
example, its harmonic analysis.

However, we perform simple mathematical transformations over current func-
tion FROTðxÞ (“heights of steps under teeth”). These transformations have a simple
physical sense and at the same time represent practical interest in the construction of
damper winding or squirrel cages. For this purpose let us transform the current
function of each step, using the first Kirchhoff’s law [1, 2]; current in bars will be
expressed through currents in adjacent portions of short-circuited rings (segments),
for example, J0 ¼ I0 � I�1; J1 ¼ I1 � I0; J2 ¼ I2 � I1; . . ..

As a result, we obtain expressions for current function FROTðxÞ in the form.

For step 1 : FROTðxÞ ¼ I0 � Ið�1Þ;
For step 2 : FROTðxÞ ¼ I1 � Ið�1Þ;
For step 3 : FROTðxÞ ¼ I2 � Ið�1Þ;
For step 4 : FROTðxÞ ¼ I3 � Ið�1Þ;
For step 5 : FROTðxÞ ¼ I4 � Ið�1Þ;

..

.

For step ðN� KÞ : FROTðxÞ ¼ IN�K�1 � Ið�1Þ;

..

.

ð12:3Þ

One notes a practical conclusion [5, 6] following from these expressions connected
with the selection of ring (segment) section qR between poles for damper winding
bar section qB selected: qR ¼ ð0:4�0:5ÞqBN0, where N0—number of bars on the
pole.

Step function given in Table 12.1 is periodic; as noted earlier, its period is equal
to T ¼ pD. Let us represent it in the form of a number of rotating waves. For this
purpose, we use the expansion of a step function into harmonic series (Fourier).
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12.3 General Method of Calculating MMF Harmonics
and Fields of Rotor Currents; Use of Symbolical
Method of Representation of Currents
in Combination with Complex Form of Harmonic
Series Representation (Fourier)

12.3.1 Physical Treatment of Method. Calculation
Expressions for Terms of Harmonic Series

Some forms of representation of this harmonic series [7, 8] are known. However,
one of them has an interesting feature for the investigation of field in air gap
allowing us to give it a simple physical interpretation: it gives an opportunity
without any additional transformations to represent step curves of MMF and
magnetic field in air gap in the form of several rotating waves, when using a
symbolic method of representation of harmonic functions and expanding into a
series in complex plane.

Let us write down at first mathematical formulation of harmonic series in
complex form [7, 8] for some function FROTðxÞ:

FROTðxÞ ¼
X

Cð�nÞe�2jpnxT þC(n)e2jp
nx
T

� �þC0:

In this expression, summation of terms of series is made over the numbers of rotor
harmonics (n); expansion coefficients are equal to,

Cð�n) ¼ 1
T

Z
T
2

�T
2

FROTðx)e2jpnxT dx; C(n) ¼ 1
T

Z
T
2

�T
2

FROTðx)e�2jpnxT dx;

C0 ¼ 1
T

Z
T
2

�T
2

FROTðx)dx:

ð12:4Þ

Here, FROTðxÞ—according to Table 12.1 (the third column) or with Eq. (12.3).
With account of magnetic field properties in the air gap (12.2’) or (12.2), we

obtain the coefficient C0 ¼ 0.
Let us consider in more detail the rotor MMF component harmonic of order n

according to the first summand in Eq. (12.4):

FROT;1ðx; nÞ ¼ Cð�nÞe�2jpnxT : ð12:50Þ

We assume that the coefficient C(−n) for this harmonic is a complex amplitude of
symbolic method [1, 2] and has the form:
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Cð�n) ¼ Cð�n)j jejxROTt;

Here Cð�nÞj j—modulus of complex amplitude, xROT—EMF frequency.
Then, this summand for harmonic of order n can take the following form:

fROT;1ðx; t; nÞ ¼ Cð�nÞj jej x ROTt�2pnxTð Þ: ð12:40Þ

Similarly, the rotor harmonic of an order according to the second summand in
Eq. (12.4) is as follows:

fROT;2ðx; t; nÞ ¼ C(n)j jej x ROTtþ 2pnxTð Þ: ð12:400Þ

Equation (12.4′) for fROT:1ðx, t, nÞ describes the rotating wave with amplitude
Cð�nÞj j; its rotation direction—towards positive values of x coordinate, that is, in
the direction of rotor rotation. Its rotation speed V relative to rotor is equal to,

VROT;1 ¼ dx
dt

¼ xROT
T
2pn

¼ xROT
D
2n

xROT
R
n
:

Here, R ¼ D
2—calculation radius of stator boring. Thus, wave speed relative to the

rotor increases with frequency xROT of EMF and currents in rotor loops; it is
inversely proportional to the order of spatial harmonic n.

Similarly, Eq. (12.4″) for fROT:2ðx; t; nÞ with amplitude C(n)j j also describes the
rotating wave; but unlike the first, its rotation direction—towards negative values of
x coordinate; that is, against the direction of rotor rotation. Its rotation speed V
relative to rotor is equal to,

VROT;2 ¼ dx
dt

¼¼ �xROT
T
2pn

¼ �xROT
D
2n

� xROT
R
n
:

As a result, we obtain an expression for instantaneous values of step function
given in Table 12.1 in the form of series:

fROTðx,tÞ ¼
X

Cð�n)j jej xROTt�2pnxTð Þ þ C(n)j jej xROTtþ 2pnxTð Þh i

¼
X

fROT;1ðx; t; nÞþ
X

fROT;2ðx; t; nÞ:
ð12:5Þ

In Eq. (12.5) summation of series terms is made over the rotor harmonics numbers
(n). Let us note that both fields correspond to rotor currents with frequency xROT.

Thus, using the representation of harmonic series (Fourier) in complex plane and
the symbolic method for current harmonic functions, we obtain a possibility to
make a clear physical interpretation of both summands of this series in relation to
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MMF and fields in the air gap of A.C. machines. Let us use designations accepted
for MMF:

X
Cð�n) ¼

X
FROT;1ðn;xROTÞ;

X
C(n) ¼

X
FROT;2ðn;xROTÞ;

with account of (12.5) we obtain:

FROTðxÞ ¼
X

FROT;1ðn;xROTÞe�2jpnxT þ
X

FROT;2ðn;xROTÞe2jpnxT : ð12:5”Þ

Summation is made over the harmonics numbers of order n. One of these two
summands corresponds to field harmonics of order n rotating in the same direction
with rotor, and the second of the same order n rotating in the opposite direction.

12.3.2 General Expressions for Calculation of Complex
Amplitudes of MMF Harmonics in Short-Circuited
Winding of Arbitrary Construction

We use Table 12.1 and expressions from (12.4) to find expansion coefficients and
complex amplitudes of MMF harmonics of short-circuited winding of arbitrary
construction in Fig. 8.2. In their calculation let us consider that the function
FROT xð Þ within each step keeps its value invariable. So, in the integration as per (12.
4) it is expedient to subdivide the period T into separate segments corresponding to
these steps; then the current function within each step can be taken out the inte-
gration sign. These segments (“step extents”) are specified in the second column of
Table 12.1. Let us note that unlike calculation expressions for coefficients C(n), C
(−n) given in the previous paragraph, here we take different integration limits: 0, T
[7, 8].

For coefficient C (−n) with account of the last, we have [7, 8]:

Cð�n) ¼ 1
T

ZT

0

FROTðxÞe2jpnxT dx ¼ I0
T

Zx1

x0

e2jp
nx
T dx

þ I1
T

Zx2

x1

e2jp
nx
T dxþ I2

T

Zx3

x2

e2jp
nx
T dx + � � � þ IN

T

ZxN

xN�1

e2jp
nx
T dx + � � �

ð12:6Þ

Note N�N0.
To obtain an expression for coefficient C(n), it is necessary to substitute the

value (−n) by (n) and vice versa in Eq. (12.6).
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In Eq. (12.6) currents I0; I1; I2; . . .; IN; . . . are resultant; at asymmetry in
short-circuited winding they have some components and according to accepted
designations should be double underlined. However, for simplification of the text
hereinafter these currents are represented without underlining.

Let us note that in this Eq. (12.6) there is no current Ið�1Þ: in integration ranging
from 0 to T it remains invariable, and the integral corresponding to it is equal to
zero.

In Eq. (12.6) we will not substitute the upper and lower limits for each step into
the exponential function e2jp

nx
T : this operation is rather obvious.

Let us regularize amplitude designations of MMFs in rotor loops. Amplitudes
of MMF stator harmonics in Chap. 3 were designated as: FSTATðm;QÞ
or FSTATð�m;QÞ. Unlike the symbol of stator winding MMF amplitudes with stator
time harmonic order Q, for rotor loops instead of time harmonic order is more
convenient to specify its frequency xROT: in Chap. 3 it is obtained that it is not
always possible to express its order as integer.

Complex amplitudes of rotor FROT;1ðn;xROTÞ and FROT;2ðn;xROTÞ in the
equations can be indicated more simply, omitting indices. We will designate the
first of them as FROTðn;xROTÞ ¼ FROT;1ðn;xROTÞ. Similarly, the second of them:
FROTð�n;xROTÞ ¼ FROT;2ðn;xROTÞ. These symbols are similar to those of stator
MMF complex amplitudes.

Let us find complex amplitudes of MMF harmonics for the construction of
short-circuited rotor winding representing practical interest now.

12.4 MMF and Field Harmonics in Squirrel Cage
with Damages for Induction Machine (General
Problem)

Let us apply the obtained results of step curve expansion, at first, to MMF and field
harmonics in squirrel cage at any degree of its asymmetry. We consider the squirrel
cage consisting of N0 bars, with distance between their axes equal to
b(x1;0 ¼ x2;1 ¼ � � � ¼ xN;N�1 ¼ b). Let us superimpose the origin of coordinates
with the bar axis having serial number N = 0, that is, we accept x0 ¼ 0. We use
investigation results obtained in the previous paragraph for the general calculation
problem of rotating MMF waves in the air gap.

We find complex amplitudes FCAGðn;xROTÞ; FCAGð�n;xROTÞ. According to
Eq. (12.6) we obtain:
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FCAGðn;xROTÞ ¼ 1
T

ZT

0

FCAGðxÞe2jpnxT dx ¼ I0
T

Zb

0

e2jp
nx
T dx

þ I1
T

Z2b

b

e2jp
nx
T dxþ I2

T

Z3b

2b

e2jp
nx
T dxþ � � � þ IN0�2

T

ZT

T�b

e2jp
nx
T dx:

ð12:7Þ

This expression is true for any arbitrary current distribution in cage elements
along the boring, including the presence of current aperiodic components caused by
its damage. In Eq. (12.7) as in (12.6), we will not substitute upper and lower limits
for each step into exponential function e2jp

nx
T : Matter is not only in cumbersome

expressions obtained after algebraic transformations, but also in the practice of
calculations and investigations of A.C. machines accepted now:

(a) Transformation of the expression like (12.7) to obtain in the closed form an
analytical ratio between key parameters of asymmetrical rotor winding would
be reasonable, if it is possible to obtain from its recommendations connected,
for example, with rational selection of MMF waveform. However, such a
result can be obtained only for squirrel cage without damages (para 12.5).
Emergence of aperiodic summands for damper winding or asymmetrical
squirrel cages in distribution curves of resulting current caused by its addi-
tional components DJðNÞ;DIðNÞ

� �
, considerably complicates calculation

expressions. They are given as an example for squirrel cage with one damaged
bar, with two bars, with three bars, as well as for irregular damper winding;
these cumbersome expressions also substantiate the stated approach for MMF
calculation. The presence of aperiodic components in the obtained analytical
expressions for MMF of these short-circuited windings did not allow the
authors to formulate any additional practical recommendations concerning
MMF waveform. We succeeded in formulating these recommendations only
for symmetrical squirrel cage, as a special case of asymmetrical (at asymmetry
DJðNÞ ¼ 0) to prove [3, 4] validity of the stated MMF determination method.
They are given in para 12.5;

(b) Thus, analytical expressions for MMF of asymmetrical squirrel cages obtained
in paragraphs of this chapter have no advantages before the given calculation
expressions like (12.6), (12.7): these analytical expressions are cumbersome,
they cover only special cases of asymmetry, and require some efforts for their
algorithmization. At the same time, the given calculation expressions like
(12.6), (12.7) are general, cover the whole class of symmetrical and asym-
metrical windings and with account of tables like 12.1 are convenient for
algorithmization.
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Design formulations of practical interest are given as an example in the fol-
lowing four sections of the chapter for asymmetrical squirrel cage construction with
one damaged bar (basic task) and with three damaged bars with their different
location (three adjacent; two close, the third—next nearest; three—non-adjacent).

12.4.1 MMF Harmonics and Fields of Asymmetrical
Squirrel Cage (with One Damaged Bar); Its Number
Is N = NP

Equations for resulting currents in components of such a cage have been presented
in Chap. 10. It follows from these equations that MMF for harmonic components of
principal current FCAGðn;xROTÞ; FCAGð�n;xROTÞ and for its aperiodic components
DFCAGðn;xROTÞ;DFCAGð�n;xROTÞ may be calculated independently. The amount
of both MMF components gives the value of MMF resulting component respec-
tively for spatial and complementary waves:

F
RES;CAG

ðn;xROTÞ ¼ FCAGðn;xROTÞþDFCAGðn;xROTÞ;
F
RES;CAG

ð�n;xROTÞ ¼ FCAGð�n;xROTÞþDFCAGð�n;xPOTÞ:

In this section we shall give design expressions for MMF complex amplitudes
corresponding to aperiodic components. Expressions for MMF complex amplitudes
which correspond to harmonic components of principal current (for symmetrical
squirrel cage) may be obtained in the following section as for special case of
asymmetrical squirrel cage.

Let us use expressions for aperiodic components in the elements of cage ring and
Eq. (12.7). After a series of transformations we shall have the following for MMF
complex amplitudes

DFCAGðn;xROTÞ ¼ 1
2jpn

S2 C1
ða1S1ÞNP � 1
a1S1 � 1

þC2
ða2S1ÞNP � 1
a1S1 � 1

þC3ða1S1ÞNP
ða1S1ÞN0�NP � 1

a1S1 � 1
þC4ða2S1ÞNP

ða2S1ÞN0�NP � 1
a2S1 � 1

" #

:

ð12:8Þ

Here C1;C2;C3;C4—are constants for calculation of aperiodic currents; they were
previously determined in Chap. 7;

S1 ¼ e2jp
nb
T ; S2 ¼ e2jp

nb
T � 1:

Complex amplitudes of additional field MMF DFCAGð�n;xROTÞ may be obtained
from (12.8) while substituting n by (−n).
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12.4.2 MMF Harmonics and Fields of Asymmetrical
Squirrel Cage (Three Adjacent Damaged Bars);
Their Numbers Are: N = 0, N = 1, N = 2

The design expression for auxiliary current MMF:

DFCAGð�n;xROTÞ ¼ 1
2jpn

S2 C1 þC2a1S1 þC3ða1S1Þ2 ða1S1Þ
N0�2 � 1

a1S1 � 1

(

þC4ða2S1Þ2 ða2S1Þ
N0�2 � 1

a2S1 � 1

) ð12:9Þ

Here C1;C2;C3;C4—are constants for the calculation of auxiliary currents; which
were previously determined in Chap. 10.

Complex amplitudes of additional field MMF DFCAGð�n;xROTÞ may be
obtained from (12.9) while substituting n by (−n).

12.4.3 MMF Harmonics and Fields of Asymmetrical
Squirrel Cage (Three Damaged Bars: Two Are
Adjacent, the Third Is Next Nearest; Their Numbers
Are: N = 0, N = 2, N = 3)

The design expression for auxiliary current MMF:

DFCAGðn;xROTÞ ¼ 1
2jpn

S2 C1ð1þ a1S1ÞþC2ð1þ a2S1ÞþC3S21
�

þC4ða2S1Þ3 ða1S1Þ
N0�3 � 1

a1S1 � 1
þC5ða2S1Þ3 ða2S1Þ

N0�3 � 1
a2S1 � 1

)

:

ð12:10Þ

Here C1;C2;C3;C4;C5—are constants for calculation of auxiliary currents; they
were previously determined in Chap. 10.

Complex amplitudes of additional field MMF DFCAGð�n;xROTÞ may be
obtained from (12.10) while substituting n by (−n).
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12.4.4 MMF Harmonics and Fields of Asymmetrical
Squirrel Cage (Three Damaged Non-adjacent Bars);
They Numbers Are: N = 0, N = NP2, N = NP3

The design expression for auxiliary current MMF:

DFCAGðn;xROTÞ ¼ 1
2jpn

S2 C1
ða1S1ÞNP2 � 1
a1S1 � 1

þC2
ða2S1ÞNP2 � 1
a2S1 � 1

(

þC3ða1S1ÞNP2
ða1S1ÞNP3�NP2 � 1

a1S1 � 1
þC4ða2S1ÞNP2

ða2S1ÞNP3�NP2 � 1
a2S1 � 1

þC5ða1S1ÞNP3
ða1S1ÞN0�NP3 � 1

a1S1 � 1
þC6ða2S1ÞNP3

ða2S1ÞN0�NP3 � 1
a2S1 � 1

)

:

ð12:11Þ

Here C1;C2;C3;C4;C5;C6—are constants for calculation of aperiodic currents;
they were previously determined in Chap. 10.

Complex amplitudes of additional field MMF DFCAGð�n;xROTÞ may be
obtained from (12.11) while substituting n by (−n).

12.5 Harmonics of MMF and Fields of Symmetrical
Squirrel Cage (Without Damages). Checking
Results [9]

If there are no cage damages, currents in its elements change along the boring under
the harmonic law. The expression for MMF calculation in squirrel cage without
damages is known and is widely used in practice [3, 4]. Therefore, the purpose of
this paragraph is the use of this known problem to check the developed method of
determining MMF of irregular and asymmetrical rotor windings, to obtain calcu-
lation expressions for MMF of symmetrical cage as for special case; to formulate
practical recommendations for the construction of symmetric squirrel cages fol-
lowing from them and to compare them with the known ones.

Let us use the expressions obtained in Chap. 8 for EMF and Eq. (12.7) for MMF
and substitute in it expressions for periodic currents in short-circuited ring elements
(I0; I1; I2;. . .; IN0�2). As a result, we have:

FCAGðn,xROTÞ ¼ I0
2jpn

e2jp
nb
T � 1

� �
1þ e2jp

ðn�mÞb
T

h

þ e2jp
2ðn�mÞb

T þ e2jp
3ðn�mÞb

T þ � � � þ e2jp
ðn�mÞðT�2bÞ

T þ e2jp
ðn�mÞðT�bÞ

T

i
:

ð12:12Þ
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Here n—order of MMF harmonic and field of squirrel cage, m—stator fields.
MMF complex amplitudes of additional field FCAGð�n;xROTÞ can be obtained

from (12.12) by substitution of n by (−n).
Let us note as previously that terms of series in braces of Eq. (12.12) make a

geometrical progression with common ratio of progression:

q1 ¼ e2jp
b
Tðn�mÞ:

To draw practical conclusions from this ratio, let us find the sum of terms of
geometrical progression in Eq. (12.12). As a result, we have:

FCAGðn,xROTÞ ¼ I0
2jpn

e2jp
b
T � 1

� � 1� e2jp
bðn�mÞ

T N0

1� e2jp
bðn�mÞ

T

: ð12:12’Þ

Let us note now that the factor in the numerator can be simplified:

q2 ¼ 1� e2jp
b n�mð ÞN0

T ¼ 1� e2jp n�mð Þ; since
bN0

T
¼ 1:

Then expression for FCAG ðn;xROTÞ also becomes simpler:

FCAG n;xROTð Þ ¼ I0
2jpn

e2jp
nb
T � 1

� � 1� e2jpðn�mÞ

1� e2jp
bðn��mÞ

T

: ð12:13Þ

Let us analyze the obtained expression FCAG ðn;xROTÞ.
(a) Orders of harmonics of mj j ¼ nj j. At such a ratio of spatial orders we obtain an

uncertainty in Eq. (12.13) for MMF FCAG ðn;xROTÞ as both in the numerator
and denominator expressions in braces are equal to zero. Expansion of
uncertainty [7, 8] gives for amplitude of squirrel cage direct field at mj j ¼ nj j:

FCAG n;xROTð Þ ¼ I0
2jpn

e2jp
nb
T � 1

� �
N0: ð12:14Þ

Let us compare this obtained expression with that for MMF amplitude of stator
multiphase winding obtained in Chap. 3:

FST;RES mEL;Qð Þ ¼ mPHKQI1WPHKWðmELÞ
pmELP

: ð12:15Þ

Here KQI1—amplitude of stator current Q time harmonic, mEL—order of MMF
spatial harmonic and stator field for expansion into harmonic series with period
TEL ¼ pD

P ; mPH—number of winding phases, p—number of pole pairs,
WPH;KWðmELÞ—number of turns in winding phase and its winding factor for
harmonic of mEL order.
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It can be applied also to MMF calculation in squirrel cage, as to winding with
number of phases mPH ¼ N0, WPH ¼ 0:5 and KWðmELÞ ¼ 1.

Let us turn our attention to Eq. (12.14) for FCAG n;xROTð Þ; Let us represent one
of factors in the form:

S = e2jp
nb
T � 1 ¼ cos

2pnb
T

� 1þ j sin
2pnb
T

;

Therefore, its modulus:

Sj j ¼ 2 sin
pnb
T

: ð12:16Þ

This factor S is known in the theory of induction machines as “factor of reduction
of currents in the ring to those in the bar” [3, 4], which determines the relationship
between currents in short-circuited ring and bar: JNj j ¼ INj j Sj j. As a result of these
transformations, we obtain identical expressions:

FCAG n;xROTð Þj j ¼ FST;RES mEL;Qð Þ�� ��;

that proves validity of the obtained Eq. (12.14).

(b) Orders of harmonics n�m 6¼ 0; and n�m 6¼ N0.

In this case as per (12.13) FCAG n;xROTð Þ ¼ 0 as in the numerator of this
expression we obtain: e2jp n�mð Þ ¼ 1.

Let us consider in more detail inequality n�m 6¼ N0. We divide both of its parts

by number of pole pairs p, and as a result, we have: nEL 6¼ N0

P þmEL.
In particular, complex amplitude FCAG n;xROTð Þ ¼ 0 for harmonics of MMF

and rotor fields of order nEL 6¼ N0

P þ 1 (at mEL ¼ 1 that represents the greatest
practical interest [3, 4]). Therefore, in the air gap there are no rotor fields whose
order is not equal to tooth one.

(c) Orders of harmonics n = m + N0.

At such a ratio of spatial orders we obtain an uncertainty in Eq. (12.13) for MMF
FCAG n;xROTð Þ as both in the numerator and denominator both expressions in
braces are equal to zero. Expansion of uncertainty [7, 8] gives:

FCAG n;xROTð Þ ¼ I0
2jpn

e2jp
nb
T � 1

� �
N0 6¼ 0: ð12:17Þ

The comparison of complex amplitudes (12.13) and (12.17) for harmonics of
order mj j ¼ nj j ¼ p and accordingly harmonics of order n = N0 + m confirms that
in (12.17) it is n times less. In particular, at mEL ¼ 1 we obtain that currents in bars
of symmetrical squirrel cage generate fields of higher harmonics, the most intensive

of which have tooth order [3, 4]: nEL ¼ N0
p þ 1.
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Let us analyze the obtained expression FCAG �n;xROTð Þ. To obtain the cal-
culation expression for complex amplitude FCAG �n;xROTð Þ, it is necessary in
(12.13) to substitute n order by (−n). Analysis of the expression FCAG �n;xROTð Þ
gives the results:

(d) Orders of harmonics n + m 6¼ 0; and n�m 6¼ N0.

The result coincides with that in item b): FCAG �n;xROTð Þ ¼ 0.

(e) Orders of harmonics n + m = N0.

The result coincides with that in item (c): FCAG �n;xROTð Þ 6¼ 0.
The most intensive fields of higher rotor harmonics have tooth order:

nEL ¼ N0

P � 1.
The conclusions given here on properties of symmetrical squirrel cage are

known [3, 4] and in addition prove the validity of the general calculation method for
MMF of various short-circuited rotor winding structures.

12.6 MMF Harmonics of Irregular Damper Windings [9]

Chapter 9 provided the definition of such windings. The following versions of their
construction are possible:

• on one or several poles there are damaged bars.
• on each pole there are one or several bars with various D.C. resistance, for

example, there are bars both from copper, and from brass or bronze. These bars
on each pole have identical position relative to its longitudinal axis.

12.6.1 First Construction Version of Irregular Damper
Winding: Bars with Different Impedance Are
Located Only on One or on Only Several Poles

The construction of such machine winding intended for nonlinear networks as it
was already noted earlier, can practically appear due to defects in the process of
production (low-quality soldering or welding in bar–short-circuited ring (segment)
joint, at violations in the process of rotor installation, etc. For salient-pole motors,
violations in the construction of damper winding arise in the operation usually
during sharp load variation.

In such constructions, currents in damaged bars with identical numbers on
adjacent poles differ not only in phase, but also in amplitude. In practice this last
circumstance is externally (visually) particularly noticeable, when comparing
heating level of damaged bars and those located near them.
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In investigation of such irregular winding MMF for the expansion period as it
was noted, it is necessary to select the value T ¼ pD; where D—stator boring
diameter [10].

Let us designate the number of bars on each of 2p poles, as usual, as N0, so that
the total number of rotor bars is equal to N02p, and serial numbers of bars on each
pole N = 0; 1; 2; 3; . . .;N0 � 1.

In order to represent damper winding of the class considered, let us use Fig. 6.3
again. We already used this figure in Chap. 6 when investigating regular passive
recurrent circuits. Let us use it for representation of irregular windings. We consider
that in each loop of this circuit there are EMFs, and that in this figure there are two
poles; on one pole ðCpÞ are located bars A1A0

1;B1;B0
1; . . .; F1; F

0
1; . . .; on the pole of

opposite polarity ðSpÞ—bars A2A0
2;B2;B0

2; . . .; F2; F
0
2; . . .; Segments F1A2 ¼

F2A1 ¼ F01A
0
1 ¼ F02A

0
1 ¼ bF—distances between edge bars of adjacent poles. Let us

superimpose cross axis (q) with point “01”, so the segment X0 ¼ bF
2 . Positive

direction, as usual, is accepted to be the direction towards bars A1A0
1;B1;B0

1; . . .:.
Let us consider two adjacent poles of such winding: one on pole with bars

A1A0
1;B1;B0

1; . . .; F1; F
0
1; . . .; and the second on pole with bars A2A0

2;B2;B0
2; . . .;

F2; F02; . . .; Number of bars on each pole is equal to N0, and their serial numbers, as
well as earlier, N = 0; 1; 2; . . .;N0 � 1. We consider that in irregular damper
winding of this type, the bar number N on pole number No. 2 is damaged.

We proceed to the mathematical formulation of the problem: We present MMF
of this version of irregular damper winding structure in the form of step function
(Table 12.2); for this purpose, we use the Ampere’s law [1, 2], similar to the
“general” construction of short-circuited windings in Table 12.1. Then, let us
represent this step function of MMF in the form of several rotating waves.

Structures of Tables 12.1 and 12.2 are similar. The difference is that in
Table 12.2 currents in bars of other poles are added; the number of poles in
Table 12.2 is limited only by two. The algorithm of table formation for other poles
with numbers 3, …, 2p becomes clear from its contents.

In the first column of Table 12.2 are specified serial numbers of pole and portion
between symmetry axes of adjacent slots (step number) on this pole; within this
portion the current function keeps its invariable value till meeting with an axis of
the following slot (in the process of slot number increase), where it increases
stepwise by the current value in this slot.

In the second column of Table 12.2 the extent of each step is specified; thus the
following geometrical ratios are used as in Fig. 6.3:

A1F1 ¼ ðN0 � 1Þb; A1F1 þ bF ¼ O1O2 ¼ TEL

2
: ð12:180Þ

In the third column are specified values of current function FDðxÞ or MMF
(“heights of steps under teeth of each pole”) obtained based on the Amper’s law.

Table 12.2 represents all necessary parameters for MMF investigation, for
example, its harmonic analysis.
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However, as previously, we performed simple mathematical transformations
over current function (“heights of steps under each tooth”) as it was already made
for the general case of short-circuited windings earlier. For this purpose, one
transforms current functions of each step, using the first Kirchhoff’s law [1, 2].

As a result, we obtain expressions for current function FDðxÞ in the form.

For pole No:1 :

For step 1 : FDðx) ¼ Ið1Þ0 � Ið1Þð�1Þ:

For step 2 : FDðx) ¼ Ið1Þ1 � Ið1Þð�1Þ:

For step 3 : FDðx) ¼ Ið1Þ2 � Ið1Þð�1Þ:

For step 4 : FDðx) ¼ Ið1Þ3 � Ið1Þð�1Þ:

..

.

For stepN0 � 1 : FDðx) ¼ Ið1ÞN0�2 � Ið1Þð�1Þ:

ð12:18Þ

For pole No. 2 expressions for currents in bars and current functions FDðxÞ are
determined similarly.

Table 12.2 MMF step function of irregular rotor damping winding (Fig. 8.1)

Pole no. 1: Step extent Function of current (“heights of steps
under teeth”) FDðxÞ

Serial number of
step (portion
between adjacent
slots) on pole no. 1

– –

1 bF
2 � x� bF

2 þ b Jð1Þ0

2 bF
2 þ b� x� bF

2 þ 2b Jð1Þ0 þ Jð1Þ1

3 bF
2 þ 2b� x� bF

2 þ 3b Jð1Þ0 þ Jð1Þ1 þ Jð1Þ2

4 bF
2 þ 3b� x� bF

2 þ 4b Jð1Þ0 þ Jð1Þ1 þ Jð1Þ2 þ Jð1Þ3

..

. ..
. ..

.

N0 � 1 bF
2 þ N0 � 1ð Þb� x� bF

2 þ TEL
2 Jð1Þ0 þ Jð1Þ1 þ � � � þ Jð1ÞN0�1 ¼ Ið1ÞN0�1 � Ið1Þð�1Þ

Pole no. 2:

Serial number of
step (portion
between adjacent
slots) on pole no. 2

– –

1 bF
2 þ TEL

2 � x� bF
2 þ TEL

2 þ b Jð2Þ0 þ Ið1ÞN0�1 � Ið1Þð�1Þ
2 bF

2 þ TEL
2 þ b� x� bF

2 þ TEL
2 þ 2b Jð2Þ0 þ Jð2Þ1 þ Ið1ÞN0�1 � Ið1Þð�1Þ

3 bF
2 þ TEL

2 þ 2b� x� bF
2 þ TEL

2 þ 3b Jð2Þ0 þ Jð2Þ1 þ Jð2Þ2 þ Ið1ÞN0�1 � Ið1Þð�1Þ
4 bF

2 þ TEL
2 þ 3b� x� bF

2 þ TEL
2 þ 4b Jð2Þ0 þ Jð2Þ1 þ Jð2Þ2 þ Jð2Þ3 þ Ið1ÞN0�1

� Ið1Þð�1Þ

..

. ..
. ..

.

N0 � 1 bF
2 þ TEL

2 þ N0 � 1ð Þb\\x� bF
2 þTEL Jð2Þ0 þ Jð2Þ1 þ � � � þ Jð2ÞN0�2 þ Ið1ÞN0�1

� Ið1Þð�1Þ
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In Table 12.2 and in Eq. (12.18) upper indices at currents in bars and ring

portions indicate the pole number. The current Ið1Þð�1Þ corresponds to that in the ring

with number N0 � 1 N ¼ 0; 1; . . .;N0 � 1ð Þ on the pole with number equal to 2p
(that is, to the current in the last ring of the last pole); for simplicity, it is supplied
with index (–1); in further calculations this current is not necessary to use.

Let us present MMF of step form (step function) in the form of several rotating
waves. For this purpose, we use the expansion of step function into harmonic series
(Fourier); for pole No. 1 it is determined as:

FD n;xROTð Þ ¼ 1
T

ZT

0

FDðxÞe2jpnxT dx ¼ Ið1Þ0

T

Z
bF þ b

2

bF
2

e2jp
nx
T dx

þ Ið1Þ1

T

Z
bF
2 þ 2b

bF
2 þ b

e2jp
nx
T dxþ Ið1Þ2

T

Z
bF
2 þ 3b

bF
2 þ b

e2jp
nx
T dx

þ Ið1Þ3

T

Z
bF
2 þ 4b

bF
2 þ 3b

e2jp
nx
T dxþ � � � þ

Ið1Þ
N0�1

T

Z
bF þTEL

2

bF
2 þ N0�1ð Þb

e2jp
nx
T dxþ � � � þ :

ð12:19Þ

For poles with numbers 2, 3, …, 2p, summands of this series are determined
similarly.

In Eq. (12.19) we will not substitute the upper and lower limits for each step into
the exponential function e2jp

nx
T : Results of such substitution are obvious in this step

function, as well as in the step function given in Table 12.1. It is made further in the
derivation of calculation expressions for MMF of some specific constructions of
damper winding used in practice.

12.6.2 Second Construction Version of Irregular Damper
Winding: Bars with Various Impedances Are
Located on Each Pole; They Occupy Identical
Position on Each Pole Relative to Its Longitudinal
Axis

In this paragraph, we investigate MMF of one more class of irregular damper
windings. An example of such irregular winding is the damper winding of motor
briefly described in the previous chapter.
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Let us use Fig. 6.3 again. We present by means of this figure irregular damper
winding with asymmetrical bar number NP on each pole. Let us superimpose, as

before, cross axis (q) with point “O1”, so that as before, the segment x0 ¼ bF
2 . We

consider methods of MMF determination of this short-circuited rotor winding.
Irregular damper winding of this type has the following differences from the

damper winding considered in para 12.6.1:

• for the investigation of its MMF it is sufficient to select as the period

TEL ¼ pDp or TEL
2 ¼ s;

• on each pole of this winding the bar with different impedance has the same
position, that is, NP = idem, for example,—middle;

• respectively, currents in winding elements in adjacent poles with identical serial
numbers N = idem. are equal in amplitude and opposite in sign. For example,

for bars with numbers N = 2 on adjacent poles the following is true: JSp2 ¼ �JCp

2 .

Method 1. Within this method, let us use calculation expressions for complex
amplitudes obtained earlier in this chapter for arbitrary structure of short-circuited
winding and for its special case—irregular damper winding with bars of different
impedance located only on one or only on several poles (para 12.6.1). According to
Eqs. (12.6) and (12.19) we have:

FD nEL;xROTð Þ ¼ 1
2jpnEL

I0 e2jpnEL
0:5bF þ b

TEL � e2jpnEL
0:5bF
TEL

� �h i
(

þ I1 e2jpnEL
0:5bF þ 2b

TEL � e2jpnEL
0:5bF þ b

TEL

� �
þ I2 e2jpnEL

0:5bF þ 3b
TEL � e2jpnEL

0:5bF þ 2b
TEL

� �

þ � � � þ IN0�1 e2jpnEL
0:5 bF þTELð Þ

TEL � e2jpnEL
0:5bF þ N0�1ð Þb

TEL

� 	


þ 1
2jpnEL

I
0
0 e2jpnEL

0:5bF þ 0:5TEL þ b
TEL � e2jpn

0:5 bF þTELð Þ
TEL

EL

" #(

þ I
0
1 e2jpnEL

0:5bF þ 0:5TEL þ 2b
TEL � e2jpnEL

0:5bF þ 0:5TEL þ b
TEL

� �

þ I
0
2 e2jpnEL

0:5bF þ 0:5TEL þ 3b
TEL � e2jpnEL

0:5bF þ 0:5TEL þ 2b
TEL

� �

þ � � � þ I
0
N0�1 e2jpnEL

bF þ 0:5TEL þ N0�1ð Þb
TEL � e2jpnEL

0:5bF þ 0:5TEL þ N0�1ð Þb
TEL

� 	)

:

ð12:200Þ

Here, I0; I1; I2; . . .; IN0�1; I
0
0 ¼ �I0; I

0
1 ¼ �I1; I

0
2 ¼ �I2; . . .; I

0
N0�1 ¼ �IN0�1—

currents in elements of short-circuited rings (segments) of adjacent poles. By means
of these ratios between currents and geometrical ratios (12.18′), Eq. (12.20′) can be
simplified a little.

MMF complex amplitudes of additional field FAD �nEL;xROTð Þ can be obtained
from (12.20′) by substitution of n by (�nELÞ.
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Method 2. The investigated class of irregular damper winding allows us to
realize one more method of determination of MMF complex amplitudes.

To represent the damper winding of the class considered, let us use Fig. 6.3
again. Let us use the peculiarity of currents distribution, noted already, in such
winding: currents in winding elements in adjacent poles with identical serial
numbers are equal in amplitude and are opposite in sign. Taking into account this
regularity we obtain that MMF step distribution curve can be determined differently
from that made earlier in previous method. It can be obtained also in the form of
number of rectangles of identical width; for example, the first of them formed by

currents JSp1 and JCp

1 has a width A1A2 ¼ TEL
2 , where TEL—period of EMF and

MMF: TEL ¼ pD
p . The same is also true for other MMF steps formed by currents JSp2

and JCp

2 ; JSp2 and JCp

3 ; . . .JSpN0�1 and JCp

N0�1. The similar method is usually used in the
analysis of turbogenerator rotor winding MMF. It is reduced to the analysis of
several rectangles whose number is equal to that of coils on rotor pole. Let us
note, however, that in steady-state operation mode the turbogenerator excitation
current—is D.C. current so it is not necessary to present MMF of its rotor in the
form of several rotating waves in complex plane.

We write down an expression for complex amplitudes of direct and additional
MMF waves of irregular damper winding of this class:

FD nEL;xROTð Þ ¼ J0
TEL

Z
bF
2 þ TEL

2

bF
2

e2jp
nELx
TEL dxþ J1

TEL

Z
bF
2 þ bþ TEL

2

bF
2 þ b

e2jp
nELx
TEL dx

þ J2
TEL

Z
bF
2 þ 2bþ TEL

2

bF
2 þ 2b

e2jp
nELx
TEL dxþ � � � þ JN0�1

TEL

Z
bF
2 þ bðN0�1Þþ TEL

2

bF
2 þ b N0�1ð Þ

e2jp
nELx
TEL dx:

ð12:20Þ

Here b—portion between axes of adjacent bars on pole. Let us transform the
expression for FD n;xROTð Þ:

FD nEL;xROTð Þ ¼ � ejp
nELbF
TEL

jpnEL
J0 þ J1e

2jpnELbTEL þ J2e
2jp2nELbTEL þ � � � þ JN0 �1e

2jp
nEL N0 �1ð Þb

TEL

� 	
:

ð12:21Þ

MMF complex amplitudes of additional field FD �nEL;xROTð Þ, can be obtained
from (12.21) replacing nEL by �nEL.
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12.7 MMF Harmonics of Regular Damper Windings [9]

Analytical expressions for currents in bars of this winding are obtained in Chap. 9:

J Nð Þ ¼ C0aN0 1� a�1
0

� �þC1aN1 1� a2ð ÞþC2aN2 1� a1ð Þ: ð12:22Þ

Here C0 ¼ EM

ZBKB
; a0 ¼ e�jDu; Du ¼ 2pnEL b

TEL
; expressions for calculation of

coefficients a1 and a2 are given in (6.12): a1;2 ¼ 2þr� ffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 4r

p
2 ; r ¼ 2 ZR

ZB
.

Let us transform the obtained Eq. (12.21) for MMF taking into account a change
of currents in bars according to (12.22).

FD nEL;xROTð Þ ¼
X �CK

jpnEL
ejpnEL

bF
TEL aK � 1ð Þa�1

K 1þ aKe
2jpnEL b

TEL þ a2Ke
2jpnEL b

TEL

h

þ a3Ke
2jpnEL 3b

TEL þ � � � þ aN0�1
K e2jpnEL N0�1ð Þ bF

TEL

i
:

Here, summation is made over the parameter (K), and it accepts values: K = 0, 1, 2,
for example, for coefficients aK we have: aK2 a0; a1; a2f g. The expression in braces

is geometrical progression with common ratio: q ¼ aKe
2jpnEL b

TEL . Let us find its sum;
then the complex amplitude FD nEL;xROTð Þ takes the form:

FD nEL;xROTð Þ ¼
X �CK

jpnEL
ejpnEL

bF
TEL aK � 1ð Þa�1

K

1� aKe
2jpnEL b

TEL

� �N0

1� aKe
2jpnEL b

TEL

: ð12:23Þ

Here summation is also made over the parameter (K) which accepts the same
values: K = 0, 1, 2.

The expression for complex amplitude FD �nEL;xROTð Þ is obtained from
FD nEL;xROTð Þ by replacement nELð Þ by �nELð Þ.

From analysis of the obtained expressions, it follows that:

• for a harmonic component of current in rotor bars which in Eq. (12.22) is equal
to the summand C0aN0 1� a�1

0

� �
, conclusions obtained in MMF analysis of

squirrel cage remain true.
• aperiodic components do not allow us to draw any general conclusions on the

influence of rotor and stator harmonics order on MMF complex amplitudes:

their dependence on the ratio of impedance r ¼ 2ZR

ZB
(also dependence on

coefficients a1; a2Þ is non-linear. These conclusions are influenced also by the
ratio of amplitudes C0;C1;C2 included in (12.22).
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12.8 MMF Harmonics of Excitation Winding
of Salient-Pole Machine and Screen on Polar Shoe [9]

12.8.1 MMF Harmonics of Excitation Winding

Then, we find a calculation expression for MMF harmonics of excitation winding
located on salient-pole machine rotor. In its loop, the resulting flux in gap induces
EMF of the same frequency as in damper winding.

At stationary operating mode in a nonlinear network the excitation winding is
constantly closed on the exciter impedance. In this mode, EMFs of several fre-
quencies determined by orders of time and spatial harmonics of stator winding
currents field are induced in this winding. These EMFs and corresponding currents
in excitation winding are invariable within the entire period of machine operation.

Excitation current is equal to,

IEX ¼ IEXj jejxROTt: ð12:24Þ

Here IEX—complex amplitude of current with frequency xROT of excitation
winding, the calculation expression for current IEX was given in Chap. 8.

Let us obtain an expression for MMF on spatial coordinate u into harmonic
series in complex form. The expansion period is taken equal to TEL, and we locate
the axis of angles origin u fixed in space. Let the cross axis q coincide with the
reference origin of angles u ¼ 0ð Þ:

Mathematical statement of harmonic series was provided earlier:

FEX u; nEXð Þ ¼ FDIREX nEX;xROTð Þe�junBX þ FADEX nEX;xROTð Þe�junBX : ð12:25Þ

Here FDIREX nEX;xROTð Þ ¼ 2
pnEX

jIEXWEXsin pnEXa
2 sin pnEX

2 ,

nEX—order of spatial harmonic of excitation winding MMF. To obtain the
calculation expression for FADEX , it is necessary in (12.25) to replace nEX by �nEXð Þ;
as a result we obtain:

FADEX nEX;xROTð Þ ¼ �FDIREX nEX;xROTð Þ: ð12:26Þ

In further statement we designate complex amplitude FDIREX nEX;xROTð Þ for
simplification as FEX n;xROTð Þ, that is without upper index “DIR”, and complex
amplitude FADEX nEX;xROTð Þ as: FEX �nEX;xROTð Þ.

Let us note that this ratio is true regardless of whether we calculate field MMF
characterized by sign S = 1 or sign S = 2; these signs characterize the direction of
field rotation in the gap and were given in Chap. 3.
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12.8.2 MMF Harmonics of Screen on Pole Shoe
of Low-Speed Frequency Controlled Motor

Appendix 4.1 gave main advantages of damper winding construction in the form of
screen of motor with large shaft torque in comparison with usual construction of
damper winding in low speed salient-pole machines. There is stated the calculation
method of currents induced in it by the resulting field in the air gap [10–13].

These currents for each screen point are obtained in the form of two components
determined by the type of selected calculation grid: regular or irregular. Let us
consider for clarity of problem solution peculiarities of MMF calculation for regular
grid in Fig. 4.1.

For MMF calculation we need to have on the periphery of the screen (on X axis)
the current component coinciding in the direction with machine rotation axis (Y
axis). According to Fig. 4.1 these components are:

• for screen segment FC: IFE; IED; . . .; IDC;
• for screen segment GS: IGV; IVT; . . .; ITS;
• for screen segment HR: IHW; IWU; . . .; IUR;
• for screen segment KQ: IKZ; IZP; . . .; IPQ.

Peculiarity of the distribution of these components within this problem consists
in the fact that currents along the machine rotation axis are distributed under the
certain law [12], and in the middle part (in zone DPZED) they are higher than in
face zones (CQPDC) and (EZKFE). Hence, for strict solution of this problem it is
necessary to determine the screen MMF, with considering the distribution of cur-
rents in it along both coordinates (X, Y). For an approximate solution, we will
reduce the problem of MMF calculation to one-dimensional; Let us determine

average values of currents ND ¼ FC
FE

� �
:

for screen segment FC: IFC ¼ IFE þ IED þ ��� þ IDC
ND

;

for screen segment GS: IGS ¼ IGV þ IVT þ ��� þ ITS
ND

;

for screen segment HR: IFC ¼ IHW þ IWU þ ��� þ IUR
ND

;

Now it is possible to fill in Table 12.3 similar to Table 12.1 of para 12.2 and to
use the general method of MMF calculation stated in para 12.3 NR ¼ FK=FGð Þ.
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Appendix 12.1: Accounting the Finite Width of Rotor Slots
in the Calculation of Damper Winding MMF (Regular
and Irregular) or Squirrel Cage (Symmetrical
and Asymmetrical)

Figure 12.1 represents an example of MMF distribution in rotor slots. Numbers of
slots with currents J1; J2; J3; . . .; JN; . . . are designated respectively as 1;2;3; …; N.
Generally, currents are not equal in amplitude and are shifted in time by some phase
angles not equal to each other (u1 6¼ u2 6¼ u3 6¼ � � � 6¼ u6Þ: Therefore, MMF dis-
tribution diagram in Fig. 12.1 has only qualitative character; actually, currents in
slots are complex, but not real values, therefore, to represent MMF distribution
diagram reflecting its quantitative variation along the boring the following is
required:

• to consider the current phase angle in the bar of each N0 slot;
• to represent the distribution diagram separately for its real and imaginary part of

this current.

However, it is not required for illustrating a method of accounting the finite slot
width because we apply a symbolic method for representing currents.

Let us use the general method stated in para 12.3; Let us find the complex
amplitude C(−n), using the ratio (12.4). It is convenient to superimpose the origin
of coordinates with the side of the first slot.

One proceeds to the mathematical statement of this general problem: We rep-
resent MMF of rotor short-circuited winding with account of the finite slot width in
the form of step function, similar to Table 12.1. Then, using the ratios (12.4), it is
easy to represent it in the form of several rotating waves. For calculation of separate
steps we will determine, as previously, the concept of slot current estimated density:

SN ¼ JN
bSLTh

; here JN; bSLT; h respectively, current amplitude of Nth slot, its width

1 2 3 N N+1 N+2

Fig. 12.1 MMF distribution diagram with account of finite width of slots
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and height. We will designate the slot pitch as tSLT. By means of this calculation
current density, it is easy to calculate the current function of separate steps.

Table 12.4 represents all necessary parameters for MMF investigation, including
its harmonic analysis.

Brief Conclusions

1. Investigation methods of damper winding, squirrel cages and excitation winding
MMFs are based on representation of periodic (with T period ¼ pD) distribu-
tion curve of current load in the form of harmonic series in complex plane. Thus,
it is convenient to present currents in these windings in the form of time
dependent complexes.

2. As a result of such representation, the expressions for rotor MMF complex
amplitudes acquire a simple physical sense: they correspond to two components
of rotor field in the air gap, which differ in amplitude and rotate relative to the
rotor in opposite directions. It allows one to develop a general method of MMF
investigation for the whole class of short-circuited rotor windings of A.C.
machines without restrictions in their construction (for example, for irregular
and regular damper winding, asymmetrical squirrel cages).

3. By means of this general method, calculation expressions for MMF complex
amplitudes are obtained:

Table 12.3 MMF step function of pole screen

Designation of step
(screen portion along X
axis)

Step extent Function of current (“heights of
steps on screen portion”) FSCRðxÞ

FG 0\x�DX IFC
GH 0X\x� 2DX IFC þ IGS
HK NR � 1ð ÞDX\x�NRDX IFC þ IGS þ IHR

..

. ..
. ..

.

Table 12.4 MMF step function of short-circuited rotor winding with account of finite slot width
(Fig. 12.1)

Serial number of step (portion
between adjacent slots)

Step extent Function of current (“heights of
steps under teeth”) FSCRðxÞ

1 0� x\bSLT J1ðxÞ ¼ S1hx

2 bSLT � x\tSLT J1
3 tSLT � x\tSLT þ bSLT J1 þ J2ðxÞ ¼ J1 þ S2hx

4 tSLT þ bSLT � 2tSLT J1 þ J2
5 2tSLT � x\2tSLT þ bSLT J1 þ J2 þ J3ðxÞ ¼ J1 þ J2 þ S3hx
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• irregular and regular damper windings;
• asymmetrical squirrel cage (general problem);
• asymmetrical squirrel cage with one damaged bar;
• asymmetrical squirrel cage with three adjacent damaged bars;
• asymmetrical squirrel cage with three damaged bars; two bars nearby, the

third—next but one.
• asymmetrical squirrel cage with three damaged bars; three bars, not adjacent.
• squirrel cage without damages;
• excitation winding of salient pole machine;
• electromagnetic screen on pole of high-power low-speed frequency con-

trolled motor.

Analysis of obtained calculation expressions validated the results.

List of symbols

b Pitch between axes of adjacent bars of
short-circuited rotor winding;

b(x, t) Flux density instantaneous values of resulting
field in air gap;

bSLT; h Width and height of rectangular slot;
bF Distance between axes of edge bars on adjacent

poles bF

b [ 1
� �

;

bOP; tSLT Opening width in slot and slot pitch;
C1;C2;C3;C4; . . . Constants for calculation of additional currents

caused by asymmetry (damage) of squirrel cage;
C(−n), C(n) MMF harmonic amplitudes of n order in expand-

ing step current function FROTðxÞ;
D Stator boring diameter;
FSTðm;QÞ; FSTð�m;QÞ MMF harmonic amplitudes of order m corre-

sponding to currents in stator winding of time
order Q;

FROTðn;xROTÞ;
FROTð�n;xROTÞ

Harmonic amplitudes of spatial order n of direct
and additional fields of MMF corresponding to
rotor currents with frequency xROT;

F
RES;CAG

ðn;xROTÞ;
FCAGðn;xROTÞ;
DFCAGðn;xROTÞ

Harmonic amplitude of direct field of order n of
MMF of asymmetrical (with damage) squirrel
cage, corresponding to resulting current in bars,
to the main current of symmetrical cage and
additional current, caused by asymmetry (dam-
age) of cage;
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F
RES;CAG

ð�n;xROTÞ; FCAG
ð�n;xROTÞ;DFCAGð�n;xROTÞ

The same for harmonics of additional field;

FROTðxÞ Current function of short-circuited rotor winding,
dependence of MMF from on spatial coordinate x
along the boring periphery (“MMF step heights
under teeth”);

fROTðx; tÞ Instantaneous values of step function rotor
currents

FDðxÞ Similar to FROTðxÞ, but for damper winding
MMF;

FDðn;xROTÞ;
FDð�n;xROTÞ

Similar FROTðn;xROTÞ; FROTð�n;xROTÞ, but for
damper winding MMF;

FEXðn;xROTÞ; FEXð�n;xROTÞ Similar FROTðn;xROTÞ; FROTð�n;xROTÞ, but for
excitation winding MMF;

FSCRðxÞ Similar to FROTðxÞ, but for screen on pole;
IN; JN Currents in ring portions (segments) and damper

winding bars;
LCOR Active length of stator core;
N Bar number of short-circuited rotor winding;
n Number of spatial harmonic of rotor MMF;
N0 Number of bars of damper winding per pole

(squirrel cage on rotor);
р Number of machine pole pairs;
qB Section of damper winding bar;
qR Section of ring (segment) between poles;
SN Calculation current density in bar with number N;
t Time
Т Expansion period of MMF and mutual induction

flux;
tS Slot pitch;
VROT;1;VROT;2 Linear speeds of direct and additional harmonic

field of order n;
WPH;KW mELð Þ Number of turns in stator winding phase and its

winding factor for harmonic of order mEL;
x Coordinate along stator boring (in tangential

direction);
x1;0; x2;1; . . .; xN;N�1 Distance between axes of adjacent bars;
x0 Distance from the origin of coordinates to axis of

the rotor first slot (bar);
d Air gap;
Du Phase angle of EMF between two adjacent loops

of short-circuited rotor winding;
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s Pole pitch;
xROT Frequency of EMF and current in rotor loops;
Du Phase angle of EMF between two adjacent loops

of short-circuited rotor winding.
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Chapter 13
Field Harmonics in Air Gap of A.C.
Machine in Nonlinear Network

Chapter 13 presents investigation methods of field harmonics in A.C. machine air
gap, when operating in nonlinear network. At non-sinusoidal power supply of A.C.
machines it is convenient to obtain calculation expressions for rotor and stator field
harmonics in air gap using a symbolic method of representation of MMF in the
form of time complexes (phasors) in combination with a complex form of repre-
sentation of harmonic series (Fourier). Thus, for induction machines, harmonic
complex amplitudes of field induced by rotor windings in air gap in certain scale
virtually repeat their MMF harmonics; the same refers to stator field harmonics.

As is obtained, unlike fields in air gap of salient-pole machines at sinusoidal
power supply in nonlinear network, the fields created in air gap by MMF of stator
windings, damper winding and rotor excitation winding have peculiarities: for each
spatial harmonic in air gap there are two components, which rotate relative to the
rotor in the opposite direction.

Rotation speeds of time and spatial harmonic fields of rotor and stator currents
are obtained.

Analysis of the obtained expressions for complex amplitudes (phasors) of field
harmonics of stator and rotor windings as well as their rotation speeds in air gap
allows us to define magnetically coupled loops in stator and rotor for a machine
operating in nonlinear network. These are necessary to formulate a system of
equations to determine currents and losses in these loops.

Results of investigation performed in this chapter generalize definition stages for
magnetically coupled loops in A.C. machine rotor, when operating in nonlinear
network.

The content of this chapter is development of the methods stated in [1–3, 13, 14].

© Springer Japan KK 2017
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13.1 Problem Setting

Calculation expressions for MMF complex amplitudes (phasors) for non-sinusoidal
power supply of A.C. machines were determined in the previous chapters: stator
winding MMF with number of phases mPH, MMF of regular and irregular damper
winding and MMF of salient-pole machine excitation winding, MMF of induction
machine asymmetrical and symmetric squirrel cage.

It was noted that MMF harmonics of stator and rotor windings with identical
spatial period and equal angular speed xBOR relative to the stator in air gap,
determine resulting mutual induction fields in air gap.

Fields in air gap excited by currents in each of listed loops are determined not
only by MMF harmonics, but also by other factors: air gap form, saturation level of
machine magnetic circuit, tooth zone geometry [3–6], etc. Investigation of fields,
excited by rotor and stator windings MMF in machine operation modes, is the
object of this chapter. We will solve this problem using the harmonic analysis of
magnetic fluxes of mutual induction in air gap; thus, we will determine complex
amplitudes (phasors), directions and rotation speeds of separate field harmonics
depending on their time and spatial orders [3, 4, 6, 13–15].

For such investigation, it is convenient to use the method developed in con-
cerning transient modes [7] of induction machines [method of rotating field,
“Drehfeldtheorie” (in German [5, 8])]. It can be also applied to the investigation of
steady-state modes of induction machines at non-sinusoidal power supply, here-
with, squirrel cage can be either symmetrical or asymmetrical. Thus, it is not
required to include any additional transformations.

However, it cannot be applied to the investigation of steady-state asynchronous
modes of salient-pole machines [9] without additional transformations: previously,
it was necessary to perform harmonic analysis of mutual induction magnetic fluxes
in air gap caused by currents in excitation winding, armatures and damper winding,
because magnetic resistances in air gap in longitudinal (d) and cross (q) axes in
machines of this kind are different. The problem becomes even more difficult at
investigation of steady-state synchronous modes of these machines at
non-sinusoidal power supply.

13.2 Initial Data and Their Representation

When solving the problem, determining fields excited by currents in machine rotor
and stator loops we accept as initial:

• complex amplitudes (phasors) of MMF harmonics of machine rotor and stator
loops;

• equivalent air gap;
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• rotor rotation speed (slip);
• number of machine poles 2p.

Let us consider at first some initial data in more detail.

13.2.1 Complex Amplitudes (Phasors) of MMF Harmonics
of Machine Rotor and Stator Loops and Their
Representation

Each MMF harmonic of order m of stator winding and n—of rotor at
non-sinusoidal power supply is obtained for a general case—in the form of two
components corresponding to two fields with opposite rotation direction.

Let us consider a small addition into designations of MMF rotor harmonics in
this chapter. Let us assume that rotor MMF harmonics are generated by currents in
its loops induced by the resulting mutual induction field; it is formed by stator
MMF harmonics of order m and rotor MMF harmonics of order n under the
condition: mj j ¼ nj j. For usability of calculation expressions obtained in this
chapter, it is expedient to take into account this order m in the designation of MMF
complex amplitudes (phasors) of rotor harmonics, for example, FROTðm; n;xROTÞ,
FROTðm;�n;xROTÞ. It additionally indicates the “origin” of currents in rotor loops,
determining one or another MMF harmonic. Implicitly, such instruction is already
present in calculation expressions for these currents: earlier we obtained expres-
sions with calculation of EMF and currents in rotor loops of m order. However, for
the discussion of obtained results in this chapter we need order m in an explicit
form.

13.2.2 Equivalent Gap and Its Representation

(a) Induction machine. Air gap d in machine boring of this type is constant, and
we will accept it as equivalent gap dEQ:

dEQ ¼ d ¼ const: ð13:1Þ

(b) Salient-pole synchronous machine. For this machine the air gap variation δ in
the tangential direction along angular coordinate (over stator boring) is
determined by the machine cross section. This function dðuÞ satisfies
Table 13.1 ð�p�u� pÞ. In its formulation, it is supposed that the axis of
angles origin coincides with rotor cross axis q.
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Here a—relative pole width ða ¼ bp=sÞ where bp—width of pole shoe, s—pole
pitch [3–5], u ¼ 2px

T ; BWðuÞ—flux density in air gap in the range of values given in
the corresponding line of Table 13.1.

As equivalent air gap dEQ we accept the following:

dEQ ¼ dMIN þ 0:33ðdMAX � dMINÞ ¼ const; ð13:2Þ

this ratio for the calculation of equivalent gap dEQ under the pole shoe is usually
accepted in design practice of salient-pole synchronous machines [3–5]; here
dMAX; dMIN—maximum and minimum values of air gap under pole.

13.2.3 Rotor Rotation Speed and Slip SSL

Let us represent the expression for slip corresponding to the first time and the first
spatial harmonics of the field rotating in the same direction as rotor in the form [4,
6]: SSL ¼ 1� xREVp

x1
.

Similarly, for the same field rotating in the direction opposite to the direction of
rotor rotation, slip SSL is equal to [4, 6]: SSL ¼ 1þ xREVp

x1
.

13.3 Calculation Method of Field Harmonics Excited
by Rotor and Stator Winding MMFs

The distribution of magnetic flux density BWðuÞ in air gap along the coordinate u,
generated by the stator or rotor winding can be calculated, proceeding from the
distribution along this coordinate [1–3]:

• MMF of this winding FWðuÞ;
• air gap dðuÞ:

Table 13.1 Variation of air gap dðuÞ of salient-pole machine along angular coordinate

Angular coordinate Air gap dðuÞ Flux density

�p�u� � p 1þ a
2

dðuÞ ! 1 BWðuÞ � 0

�p 1þ a
2 �u� � p 1�a

2
dðuÞ ¼ dEQ BWðuÞ 6¼ 0

�p 1�a
2 \u� p 1�a

2
dðuÞ ! 1 BWðuÞ � 0

p 1�a
2 \u� p 1þ a

2
dðuÞ ¼ dEQ BWðuÞ 6¼ 0

p 1þ a
2 \u� p dðuÞ ! 1 BWðuÞ � 0
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BWðuÞ ¼ l0FWðuÞ
dðuÞkCARkSAT : ð13:3Þ

Here kCAR—Carter’s factor [3–6]; kSAT—magnetic circuit saturation factor
determined by the influence of resulting flux (mutual induction flux) in air gap. Let
us note that the value of kCAR is calculated usually for the mutual induction field
determined by first spatial order; with growth of this order its value changes a little,
but in practical calculations it is usually neglected. Similarly, kSAT factor is cal-
culated usually for the mutual induction field determined by the first time and first
spatial orders; this value if necessary can be clarified by a method of iterations.

Values of flux density BWðuÞ according to the ratio (13.3) are given in the last
column of Table 13.1.

Let us find calculation expressions for fluxes of mutual induction in air gap
excited by rotor and stator windings. For this purpose, it is convenient to use their
representation as well as MMF, in the form of harmonic series in complex plane.

13.3.1 Induction Machines

(a) Harmonics of field excited by squirrel cage MMF.

For a machine of this type dðuÞ ¼ const ¼ dEQ, therefore each field harmonic in the
air gap in certain scale is equal to squirrel cage MMF harmonic.

BROTðx;m; n;xROTÞ ¼ l0
dEQkCARkSAT

FROTðm; n;xROTÞe
�2jpnx

T

h

þ FROTðm;�n;xROTÞe
2jpnx
T

i
:

ð13:4Þ

Construction peculiarities of induction machine squirrel cage allow us to
determine from the ratio (13.4) not only field harmonics with period TEL, but also
with period T = pTEL, which appear as a result of rotor cage damages.

(b) Field harmonics excited by stator winding MMF.

As well as for squirrel cage field, for stator winding field each field harmonic in
certain scale in air gap is equal to its MMF harmonic. With account of Eq. (13.3),
we have:

BSTðx;m;Q1Þ ¼
l0FSTðm;Q1Þ
dEQkCARkSAT

e
�2jpnx

T ;

BSTðx;�m;Q2Þ ¼
l0FSTð�m;Q2Þ
dEQkCARkSAT

e
2jpnx
T :

ð13:5Þ
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13.3.2 Complex Amplitudes (Phasors) of Field Harmonics
Excited by Damper Winding MMF and Excitation
Winding MMF of Salient-Pole Synchronous
Machine [13–15]

(a) Complex amplitudes (phasors) of rotor field harmonics at xREV ¼ 0.

For such a machine, the air gap varies according to Table 13.1, and at certain values
of angular coordinate ðuÞ the flux density in air gap BWðuÞ as per (13.3) becomes
equal almost to zero and then changes its sign. Curve BWðuÞ is periodic, and it is
convenient to represent it in the form of harmonic series.

Mathematical formulation of this problem is similar to that of the problem to
determine MMF harmonics. We determined MMF harmonics proceeding from the
expressions found for current functions in rotor loops. These current functions were
represented in the form of time complexes (phasors). They vary along the boring
under the periodic law and were expressed as harmonics in complex plane. Here we
determine the flux density, proceeding from MMF temporary complexes of these
loops. It also varies along the boring under the periodic law, and we will also
represent it in the form of harmonics in complex plane.

After these preliminary remarks let us find required harmonic series for field
harmonics; we should obtain it, proceeding from MMF harmonics and the law of
gap variation dðuÞ. We give it here after some additional transformations:

BSTðu;m;xROTÞ ¼
X

k

BROT;1 F(m; n;xROTÞ; k½ �e�juk

þ
X

k

BROT;2 F(m; n;xROTÞ; k½ �ejuk þBROT;0; where u ¼ 2pnELx
TEL

:
ð13:6Þ

Here k—orders of rotor field harmonics. In this expansion the third complex
amplitude (phasor) corresponding to the last summand is equal to zero [1, 2]:
BROT;0 ¼ 0. For simplification of presentation of complex amplitude (phasor)
BROTðu;m;xROTÞ, the expression like (13.6) will further be determined only for its
one summand corresponding to one value of orders m, n, k, for example, m = 1,
n = 1, k = 1; generally, both summands in Eq. (13.6) should be summarized by
values of orders m, n, k of these harmonics; in practical calculations it is usually
sufficient to consider three–four first orders.

Flux density complex amplitudes (phasors) corresponding to the first two
summands in (13.6) are determined from the expressions [10, 11] similar to (12.4):

BROT;1 F(m; n;xROTÞ; k½ � ¼ 1
T

Rp

�p
BROTðuÞejukdu;

BROT;2 F(m; n;xROTÞ; k½ � ¼ 1
T

Rp

�p
BROTðuÞe�jukdu;

where T ¼ 2p

ð13:7Þ
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From these expressions it follows that the complex amplitude BROT;2

F(m; n;xROTÞ; k½ � can be obtained from BROT;1 F(m; n;xROTÞ; k½ � by substitution of
order sign k by the opposite: k by (−k). In further statement, we will accept for
these flux densities complex amplitudes (phasors), designations similar to those for
MMF:

BROT;1 F(m; n;xROTÞ; k½ � ¼ BROT F(m; n;xROTÞ; k½ �;
BROT;2 F(m; n;xROTÞ; k½ � ¼ BROT F(m; n;xROTÞ;�k½ �:

In Eq. (13.7) the flux density of BROTðuÞ is calculated based on Eq. (13.3) with
account of substitution of index “W” by index “ROT”. The analytical expression
for rotor winding MMF in (13.3) represents harmonic series obtained earlier:

FROTðuÞ ¼
X

n

FROTðm; n;xROTÞe�jun þ
X

n

FROTðm;�n;xROTÞejun;

here harmonics of orders m, n are summarized.
As a result, we find that the problem is reduced to the determination of flux

density complex amplitudes (phasors) as:

BROT F(m; n;xROTÞ; k½ � ¼ 1
T

Zp

�p

l0
dEQkCARkSAT

FROTðm; n;xROTÞe�jun�

þ FROTðm;�n;xROTÞejun
�
ejukdu:

ð13:8Þ

Peculiarity of these analytical expressions consists in the fact that the calculation
ratio for complex amplitude (phasor) FROTðm;�n;xROTÞ can be obtained from the
expression for FROTðm; n;xROTÞ by substitution of order sign by the opposite: n by
(−n), and for complex amplitude (phasor) BROT FROTðm; n;xROTÞ;�k½ �—from
BROT FROTðm; n;xROTÞ; k½ � by substitution of sign of order k by the opposite: k by
(−k). It significantly facilitates analytical calculations connected with calculation of
integrals like (13.7 and 13.8).

Let us find the first summand in Eq. (13.8):

B0
ROT F(m; n;xROTÞ; k½ � ¼ 1

T

Zp

�p

l0FROTðm; n;xROTÞ
dEQkCARkSAT

e�junejukdu:

After its transformations with account of values dðuÞ from Table 13.1, we
obtain:

B0
ROT F(m; n;xROTÞ; k½ � ¼ 2l0FROTðm; n;xROTÞ

dEQpkCARkSATð�nþ kÞ sin
ð�nþ kÞpa

2
cos

ð�nþ kÞp
2

:
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Respectively, second summand in Eq. (13.8) we obtain from the first by sub-
stitution of sign at n order by the opposite: n by (−n):

B00
ROT F(m;�n;xROTÞ; k½ � ¼ 2l0FROTðm;�n;xROTÞ

dEQpkCARkSATðkþ nÞ sin
ðnþ kÞpa

2
cos

ðkþ nÞp
2

:

As a result, the flux density complex amplitude (phasor) of the first field com-
ponent is equal to,

BROT F(m;�n;xROTÞ; k½ � ¼ B0
ROT F(m; n;xROTÞ; k½ � + B00

ROT F(m;�n;xROTÞ; k½ �
ð13:9Þ

As it is noted above, the flux density complex amplitude (phasor)
BROT F(m; n;xROTÞ;�k½ �—is obtained from BROT F(m; n;xROTÞ; k½ � by substitution
of sign at k order by the opposite: k by (−k). We give this expression completely,
despite the fact that the result is cumbersome and evident: its separate components
will be required further in the analysis of field harmonics in air gap and with
account of their interaction.

B0
ROT F(m; n;xROTÞ;�k½ � ¼ 2l0FROTðm; n;xROTÞ

dEQpkCARkSATð�k� nÞ sin
ð�k� nÞpa

2
cos

ð�k� nÞp
2

;

B00
ROT F(m;�n;xROTÞ;�k½ � ¼ 2l0FROTðm;�n;xROTÞ

dEQpkCARkSATð�kþ nÞ sin
ð�kþ nÞpa

2
cos

ð�kþ nÞp
2

:

As a result, the flux density complex amplitude (phasor) of the second field
component is equal to,

BROT F(m; n;xROTÞ;�k½ � ¼ B0
ROT F(m; n;xROTÞ;�k½ � þB00

ROT F(m;�n;xROTÞ;�k½ �
ð13:10Þ

In conclusion of this section it should be noted that for the calculation of field
harmonics excited by MMF component in Eq. (13.8) characterized by sign S = 2 or
order of “adjacent” harmonic Q2 6¼ Q1, it is necessary in the obtained expressions
BROT F(m; n;xROTÞ; k½ � and BROT F(m; n;xROTÞ;�k½ � to replace sign at m order by
the opposite (m by −m):

B0
ROT F(�m; n;xROTÞ; k½ � ¼ 2l0FROTð�m; n;xROTÞ

dEQpkCARkSATð�nþ kÞ sin
ð�nþ kÞpa

2
cos

ð�nþ kÞp
2

:

Correspondingly, we obtain the second summand in Eq. (13.10) from the first by
substitution of sign at n order by the opposite: n by (−n):
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B00
ROT F(�m;�n;xROTÞ; k½ � ¼ 2l0FROTð�m;�n;xROTÞ

dEQpkCARkSATðkþ nÞ sin
ðkþ nÞpa

2
cos

ðkþ nÞp
2

:

As a result, the flux density complex amplitude (phasor) of the third field
component is equal to,

BROT F(�m; n;xROTÞ; k½ � ¼ B0
ROT F(�m; n;xROTÞ; k½ � þB00

ROT F(�m;�n;xROTÞ; k½ �:
ð13:11Þ

As it was already noted, the flux density complex amplitude (phasor)
BROT F(�m; n;xROTÞ;�k½ � can be obtained from BROT F(�m; n;xROTÞ; k½ � by
replacement of sign at k order by the opposite: k by (−k):

B0
ROT F(�m; n;xROTÞ;�k½ � ¼ 2l0FROTð�m; n;xROTÞ

dEQpkCARkSATð�k� nÞ sin
ð�k� nÞpa

2
cos

ð�k� nÞp
2

;

B00
ROT F(�m;�n;xROTÞ;�k½ � ¼ 2l0FROTð�m;�n;xROTÞ

dEQpkCARkSATð�kþ nÞ sin
ð�kþ nÞpa

2
cos

ð�kþ nÞp
2

:

As a result, the flux density complex amplitude (phasor) of the fourth field
component is equal to,

BROT F(�m; n;xROTÞ;�k½ � ¼ B0
ROT F(�m; n;xROTÞ;�k½ � þB00

ROT F(�m;�n;xROTÞ;�k½ �:
ð13:12Þ

These general expressions are true when computing the fields in air gap created
by currents in rotor loops: in damper winding and squirrel cages with any degree of
asymmetry, as well as in excitation winding. Substituting MMF complex ampli-
tudes (phasors) to these expressions, it is easy to obtain in a closed form analytical
expressions for flux density complex amplitudes (phasors) corresponding to MMF
of listed rotor windings. However, in relation to damper winding in practical cal-
culations it is inexpedient: currents of damper winding contain three components,
therefore analytical expressions for MMF complex amplitudes (phasors) and,
respectively, flux density are cumbersome. As in modern practice it is more con-
venient to perform numerical operations with complex numbers (by means of
computer), such cumbersome analytical expressions (in a closed form) are less
convenient for algorithmization of calculations: they exclude a possibility of
stage-by-stage check of results. At the same time, their analysis does not allow one
to formulate any additional recommendations, besides known ones [3, 4] in
selecting the geometry of the listed windings, for example, for providing field
waveform in air gap, close to sinusoidal in operation modes, etc.

13.3 Calculation Method of Field Harmonics Excited 279



Therefore, here we will give the expressions necessary for the calculation
realized by numerical methods; we will consider analytical expressions only for
special cases, which at the same time will allow us to check validity of obtained
calculation expressions.

Let us find excitation winding field harmonics. MMF complex amplitudes
(phasors) of excitation winding are obtained in the previous chapter with account of
designations accepted in this chapter like:

FEXðn;xROTÞ ¼ �2jIEXWEX

pn
sin

pna
2

sin
pn
2
:

Here n—excitation winding order of MMF spatial harmonic.
To obtain calculation the expression for MMF additional component, it is nec-

essary to substitute in this expression n by (−n); as a result, we obtain:

FEXð�n;xROTÞ ¼ �FEXðn;xROTÞ:

Let us use the expressions found in this paragraph to calculate flux density
complex amplitudes (phasors), substituting index “ROT” by index “EX”:

Let us find the flux density complex amplitude (phasor) of excitation winding
field first component BEXðm; n; k;xROTÞ:

B0
EX F(m; n;xROTÞ; k½ � ¼ 2l0FEXðm; n;xROTÞ

dEQpkCARkSATðk� nÞ sin
ðk� nÞpa

2
cos

ðk� nÞp
2

¼ 2l0ð2IEXWEXÞ
jdEQkCARkSATðk� nÞp2n sin

ðk� nÞpa
2

cos
ðk� nÞp

2
sin

pna
2

sin
pn
2
;

B00
EX F(m;�n;xROTÞ; k½ � ¼ 2l0FEXðm;�n;xROTÞ

dEQpkCARkSATðkþ nÞ sin
ðkþ nÞpa

2
cos

ðkþ nÞp
2

¼ 2l0ð�2IEXWEXÞ
jdEQkCARkSATðkþ nÞp2n sin

ðkþ nÞpa
2

cos
ðkþ nÞp

2
sin

pna
2

sin
pn
2
;

BEX F(m; n;xROTÞ; k½ � ¼ B0
EX F(m; n;xROTÞ; k½ � þB00

ROT F(m;�n;xROTÞ; k½ �:
ð13:13Þ

Complex amplitudes (phasors) of other three flux density components are
determined similarly to (13.13), based on the obtained Eqs. (13.9–13.12). In cal-
culation of these complex amplitudes (phasors) from the ratios like (13.7) it is
expedient to consider the relationships between complex amplitudes (phasors) of
excitation winding MMF obtained in the previous chapters.

We consider a special case: mj j ¼ nj j ¼ kj j ¼ 1.
The complex amplitude (phasor) of flux density BEX F(m; n;xROTÞ; k½ � of the first

component of excitation winding field has the form:
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B0
EX F(m; n;xROTÞ; k½ � ¼ 2l0IEXWEX

jdEQkCARkSATp2
pa � sin pa

2
;

B00
EX F(m; n;xROTÞ; k½ � ¼ 2l0IEXWEX

jdEQkCARkSATp2
sinpa � sin pa

2
;

BEX F(m; n;xROTÞ; k½ � ¼ B0
EX F(m; n;xROTÞ; k½ � þB00

ROT F(m;�n;xROTÞ; k½ �
¼ 2l0IEXWEX

jdEQkCARkSATp2
ðpaþ sinpaÞ � sin pa

2
:

ð13:130Þ

Let us determine the flux density complex amplitude (phasor) of excitation
winding second field component: BEX F(m; n;xROTÞ;�k½ �:

BEX F(m; n;xROTÞ;�k½ � ¼ B0
EX F(m; n;xROTÞ;�k½ � þB00

ROT F(m;�n;xROTÞ;�k½ �
¼ �2l0IEXWEX

jdEQkCARkSATp2
ðpaþ sinpaÞ � sin pa

2
:

ð13:14Þ

Expressions for other two complex amplitudes (phasors) are determined
similarly.

Let us note that the obtained expressions for BEX F(m; n;xROTÞ; k½ � and
BEX F(m; n;xROTÞ;�k½ � correspond to complex amplitudes (phasors) in the
expansion of pulsating excitation winding field into harmonic series of both rotating
fields with account of geometrical dimensions of air gap and pole shoe; they prove
validity of these calculation expressions.

It is expedient to present the obtained results in other form, which allows us to
give them a bit different physical treatment and to make additional check of results.
Taking into account Eq. (13.6) for the special case considered here
mj j ¼ nj j ¼ kj j ¼ 1ð Þ, let us determine the expression for calculating the flux

density distribution along stator boring at 0�u� 2p; u ¼ 2pnELx
TEL

:

BEXðu;m;xROTÞ ¼ BEX F(m; n;xROTÞ; k½ �e�juk þBEX F(m; n;xROTÞ;�k½ �ejuk:

We take into account the obtained Eqs. (13.13’) and (13.14); it follows from
these that

BEX F(m; n;xROTÞ; k½ � ¼ �BEX F(m; n;xROTÞ;�k½ �:

By means of last two ratios, we obtain the distribution of flux density along
stator boring like:
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BEXðu;m;xROTÞ ¼ �2jBEX F(m; n;xROTÞ; k½ � sinu
¼ �4l0IEXWEX

dEQkCARkSATp2
ðpaþ sinpaÞ � sin pa

2
� sinu:

Let us note that the reference mark of angles ðuÞ is superimposed with pole cross
axis (q). Respectively, at u ¼ 0 (in intersection point of boring circle with cross
axis) and u ¼ p

2 (in intersection point of boring circle with longitudinal axis) we
obtain:

atu ¼ 0 : BEXðu;m;xROTÞ ¼ 0:

atu ¼ p
2
: BEXðu;m;xROTÞ ¼ �4l0IEXWEX

dEQkCARkSATp2
ðpaþ sinpaÞsin pa

2
:

(It is the maximum absolute value of flux density).
Both of these results also prove validity of the obtained calculation expressions

[3, 4].

(b) Complex amplitudes (phasors) of rotor field harmonics at xREV 6¼ 0.

The expressions found for field harmonics in air gap created by currents in rotor
windings allow us to solve several problems of practical interest, for example, to
obtain ratios for these harmonic fields in various reference angle systems, and to
determine direction and speed of their rotation relative to stator.

Let us consider, for example, variation of their appearance at rotation with rotor
speed xREV in the positive direction of angle reference. Repeating calculations at
xREV 6¼ 0, it is easy to obtain that for an angle u relative to the fixed space axis,
expressions for field harmonics at xREV 6¼ 0 will be transformed in the form:

BROT F(m; n;xROT;xREVÞ; k½ � ¼ BROT F(m; n;xROTÞ; k½ �ejkxREVtp;

BROT F(m; n;xROT;xREVÞ;�k½ � ¼ BROT F(m; n;xROTÞ;�k½ �e�jkxREVtp:
ð13:15Þ

These ratios remain true both for positive and negative values of orders m, n.
We write down the expression for flux density complex amplitude (phasor) of

the first field component:

BðIÞ
ROT F(m; n;xREVÞ; k½ � ¼ B0

ROT F(m; n;xROTÞ; k½ � þB0
ROT F(m;�n;xROTÞ; k½ �� �

ejkxREVtp

or

BðIÞ
ROT F(m; n;xREVÞ; k½ � ¼ 2l0FROTðm; n;xROTÞ

dEQpkCARkSATðk�nÞ sin
ðk�nÞpa

2
cos

ðk�nÞp
2

�

þ 2l0FROTðm;�n;xROTÞ
dEQpkCARkSATðk + nÞ sin

ðkþ nÞpa
2

cos
ðkþ nÞp

2

�
ejkxREVtp:

ð13:16Þ
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We added the upper index (I) to this flux density component in air gap; in the
strict sense, there is no special need in this index because this component is fully
characterized by signs of harmonic orders m, n, k. Introduction of this index is
expedient because it indicates the speed of this field component in air gap; the
calculation expression for it is obtained in the following paragraph. It facilitates the
definition of magnetically coupled rotor and stator loops which as it was already
noted earlier, are determined by:

• identical orders of spatial field harmonics in air gap;
• identical rotation speeds of these fields relative to stator boring.

Therefore, let us add the upper index to other three components of rotor winding
fields as well as to stator winding field components. We write down an expression
for flux density complex amplitude (phasor) of the second field component:

BðIIÞ
ROT F(m; n;xREVÞ;�k½ � ¼ 2l0FROTðm; n;xROTÞ

dEQpkCARkSATð�k�nÞ � sin
ð�k�nÞpa

2
cos

ð�k�nÞp
2

�

þ 2l0FROTðm;�n;xROTÞ
dEQpkCARkSATð�kþ nÞ sin

ð�kþ nÞpa
2

cos
ð�kþ nÞp

2

�
e�jkxREVtp:

ð13:17Þ

Let us proceed to the calculation of field harmonics excited by MMF component
characterized by sign S = 2 or order of “adjacent” harmonic Q2 6¼ Q1. For this
purpose it is necessary in the obtained expressions BROT F(m; n;xROTÞ; k½ � and
BROT F(m; n;xROTÞ;�k½ � to substitute the sign at order m by its opposite (m by –

m):

BðIIIÞ
ROT F(�m; n;xREVÞ; k½ � ¼ 2l0FROTð�m; n;xROTÞ

dEQpkCARkSATðk�nÞ sin
ðk�nÞpa

2
cos

ðk�nÞp
2

�

þ 2l0FROTð�m;�n;xROTÞ
dEQpkCARkSATðkþ nÞ sin

ðkþ nÞpa
2

cos
ðkþ nÞp

2

�
ejkxREVtp:

ð13:18Þ

Similarly, the fourth flux density component of rotor field has the form:

BðIVÞ
ROT F(�m; n;xREVÞ;�k½ � ¼ 2l0FROTð�m; n;xROTÞ

dEQpkCARkSATð�k�nÞ � sin
ð�k�nÞpa

2
cos

ð�k�nÞp
2

�

þ 2l0FROTð�m;�n;xROTÞ
dEQpkCARkSATð�kþ nÞ sin

ð�kþ nÞpa
2

cos
ð�kþ nÞp

2

�
e�jkxREVtp:

ð13:19Þ
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13.3.3 Rotation Speeds ωBOR,R in Air Gap of Field
Harmonic Components Excited by Damper
Winding MMF and Excitation Winding MMF
of Salient-Pole Synchronous Machine

This paragraph is based on results obtained in Chap. 3.
Let us find calculation expressions for angular rotation speeds ωBOR,R in air gap

of these field components. We assume, thus, that rotor winding MMFs are time
complexes (phasors).

The expression xðIÞ
BOR;R for the first field component is calculated from the fol-

lowing ratio:

�2pkdx
T

þxROTdtþxREVpkdt ¼ 0;

Hence we have 2pk
T � dxdt ¼ xROT þxREVpk: We note that 2pk

T � dxdt ¼ xBOR;Rpk.

Then, the initial equation takes the form: xðIÞ
BOR;Rpk ¼ xROT þxREVpk:. For rotor

EMF frequency the following is true: xROT ¼ �xREVpkþQ1x1. With account of

the last, we obtain: xðIÞ
BOR;Rpk ¼ Q1x1. Thus,

xðIÞ
BOR;R ¼ Q1

x1

pk
6¼ f(SSLÞ: ð13:20Þ

We try to find the calculation expression for speed xðIIÞ
BOR;R of the second flux

density component. Similarly, we have:

xROTdtþ 2pkdx
T � xREVpkdt ¼ 0:

or
xðIIÞ
BOR;Rpk ¼ xREVpk� xROT:

We use the expression for EMF frequency xROT given above and expression for
rotor speed rotation xREV ¼ ð1�SSLÞ x1

p . After simple transformations, we have:

xðIIÞ
BOR;R ¼ x1

pk
2ð1�SSLÞk�Q1½ � ¼ f(SSLÞ: ð13:21Þ

Thus, the speed xðIIÞ
BOR;R generally depends on slip SSL, that is, on rotor rotation

speed xREV.
Let us consider some special cases:

• Asynchronous mode ðSSL 6¼ 0Þ; rotation speed xðIIÞ
BOR;R of the first spatial and

higher time harmonics at m = n=k = 1, Q1 [ 1;Q2 [ 1:
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xðIIÞ
BOR;R ¼ �x1

p
Q1 � 2þ 2SSL½ � ¼ �x1

p
ðQ2 þ 2SSLÞ:

• Synchronous mode ðSSL ¼ 0Þ; field rotation speed xðIIÞ
BOR;R of the first spatial and

higher time harmonics at m = n=k = 1, Q1 [ 1;Q2 [ 1:

xðIIÞ
BOR;R ¼ �x1

p
ð2� Q1Þ ¼ �Q2

x1

p
:

We try to find the calculation expression for speed xðIIIÞ
BOR;R of the third field

component. Let us take into account that unlike the first two rotor field components
excited by stator field time harmonics of order Q1, the fields of the last two com-
ponents are excited by stator field time harmonics of order Q2. The initial equation

for calculation xðIIIÞ
BOR;R is as follows:

xROTdt� 2pkdx
T þxREVpkdt ¼ 0;

or
xðIIIÞ
BOR;Rpk ¼ xREVpkþxROT:

Expressions for EMF frequency xROT and for rotor rotation speed xREV,
included in it:

xROT ¼ pkxREV þQ2x1; xREV ¼ ð1� SSLÞx1

p
:

Using them, we obtain:

xðIIIÞ
BOR;R ¼ x1

pk
2ð1� SSLÞkþQ2½ � ¼ f(SSLÞ: ð13:22Þ

We consider some special cases.

• Asynchronous mode ðSSL 6¼ 0Þ; rotation speed xðIIIÞ
BOR;R of the first spatial and

higher time harmonics at m = n=k = 1, Q1 [ 1;Q2 [ 1:

xðIIIÞ
BOR;R ¼ x1

p
ð2þQ2 � 2SSLÞ ¼ x1

p
ðQ1�2SSLÞ:

• Synchronous mode ðSSL ¼ 0Þ; field rotation speed xðIIIÞ
BOR;R of the first spatial and

higher time harmonics at m = n=k = 1, Q1 [ 1;Q2 [ 1:

xðIIIÞ
BOR;R ¼ Q1

x1

p
:
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Let us proceed to the last expression for speed xðIVÞ
BOR;R. Similarly to the previous

one, the initial equation to calculate xðIVÞ
BOR;R takes the form:.

xðIVÞ
BOR;Rpk ¼ xREVpk�xROT . Expressions for EMF frequency xROT and for

rotation speed, coincide with those obtained for xðIIIÞ
BOR;R.

As a result, we have:

xðIVÞ
BOR;R ¼ �Q2

x1

pk
6¼ f(SSLÞ: ð13:23Þ

13.3.4 Complex Amplitudes (Phasors) of Field Harmonics
Excited by Stator Winding MMF with Account
of Cross Section Geometry of Salient-Pole
Synchronous Machine at Rotor at Standstill
(ωREV = 0) and at Its Rotation (ωREV≠0)

(a) Complex amplitudes (phasors) of stator field harmonics at xREV ¼ 0.

Let us use general expressions for MMF obtained earlier in Chap. 12.
We begin with the calculation of field harmonics excited by the first MMF

component characterized by sign S = 1, for example, order of time harmonic QDIR

and spatial harmonic mDIR; corresponding ratios were given in Chap. 3. According
to designations accepted here QDIR ¼ Q1; QADD ¼ Q2.

In the initial Eq. (13.3) for calculation of flux density in air gap, it is necessary to
substitute index “W” by index “ST”. Let us determine the first summand of
complex amplitude (phasor) BSTATðm; k;Q1Þ :

BðIÞ
ST F(m;Q1Þ; k½ � ¼ 2l0FST;RESðm;Q1Þ

dEQpkCARkSATðk�mÞ sin
ðk�mÞpa

2
� cos ðk�mÞp

2
: ð13:24Þ

Thus, harmonics of series characterizing the distribution of the stator winding
field first flux density component for sign S = 1 at xREV ¼ 0 take the form:

BðIÞ
ST F(m;Q1; xÞ; k½ � ¼ 2l0FST;RESðm;Q1Þ

dEQpkCARkSATðk�mÞ sin
ðk�mÞpa

2
� cos ðk�mÞp

2
e
�2jpkx

T :

ð13:240Þ

Respectively, for complex amplitude (phasor) of the second flux density com-
ponent of the same field we obtain the expression from (13.24) by replacement of
sign at k order by the opposite (k by −k):
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BðIIÞ
ST F(m;Q1; xÞ;�k½ � ¼ 2l0FST;RESðm;Q1Þ

dEQpkCARkSATð�k�mÞ sin
ð � k�mÞpa

2
� cos ð � k�mÞp

2
:

ð13:25Þ

In this and subsequent expressions it is easy to change to positive both negative
signs, in parentheses for orders of spatial harmonics k, m, however, it restricts
visualization of correlation of complex amplitudes (phasors) obtained by changing
these signs.

Thus, the harmonics of series characterizing the distribution of second flux
density component along boring for stator winding field at S = 1 are as follows at
xREV ¼ 0:

BðIIÞ
ST F(m;Q1; xÞ;�k½ � ¼ 2l0FST;RESðm;Q1Þ

dEQpkCARkSATð�k�mÞ sin
ð � k�mÞpa

2

� cos ð � k�mÞp
2

e
2jpkx
T : ð13:25’Þ

Further, we find that these two flux density components with rotor rotation
ðxREV 6¼ 0Þ correspond to stator winding EMF differing in frequency.

Let us proceed to the calculation of flux density harmonics excited by MMF
component characterized by another sign (S = 2), for example, with order of
“adjacent” time harmonic QAD ¼ QDIR � 2 and spatial harmonic mDIR; the corre-
sponding ratios were given in the Chap. 3.

As a result, for the third flux density component at xREV ¼ 0 we obtain:

BðIIIÞ
ST F(�m;Q2; xÞ; k½ � ¼ 2l0FST;RESð�m;Q2Þ

dEQpkCARkSATðkþmÞ sin
ðkþmÞpa

2
� cos ðkþmÞp

2
e
�2jpkx

T :

ð13:26Þ

Respectively, for the fourth flux density component we obtain an expression
from (13.26) by substitution of order of k by (–k):

BðIVÞ
ST F(�m;Q2; xÞ;�k½ � ¼ 2l0FST;RESð�m;Q2Þ

dEQpkCARkSATð�kþmÞ sin
ð � kþmÞpa

2

� cos ð � kþmÞp
2

e
2jpkx
T : ð13:27Þ

(b) Complex amplitudes (phasors) of stator field harmonics at xREV 6¼ 0.

Let us consider expressions for field harmonics for rotor rotation in positive
direction of angle reference u. It will allow us to determine the direction and
rotation speed of field harmonics of various time and spatial orders relative to stator.
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Repeating calculations at xREV 6¼ 0; SSL 6¼ 0 it is easy to obtain that for the
angle u relative to the fixed one in the space axis, expressions for MMF harmonics
components differing in sign S = 1 will be transformed to the form:

BðIÞ
ST F(m;Q1; xÞ; k;xREV½ � ¼ 2l0FST;RESðm;Q1Þ

pdEQkCARkSATðk�mÞ
� sin ðk�mÞpa

2
cos

ðk�mÞp
2

e�2jpnxTejðk�mÞxREVtp:

ð13:28Þ

BðIIÞ
ST F(m;Q1; xÞ;�k;xREV½ � ¼ 2l0FST;RESðm;Q1Þ

pdEQkCARkSATð�k�mÞ
� sin ð � k�mÞpa

2
cos

ð � k�mÞp
2

e2jpn
x
Tejð�k�mÞxREVtp:

ð13:29Þ

Respectively, expressions for MMF harmonic components differing in other sign
(S = 2), will be transformed in the form:

BðIIIÞ
ST F(�m;Q2; xÞ; k;xREV½ � ¼ 2l0FST;RESð�m;Q2Þ

pdEQkCARkSATðkþmÞ
� sin ðkþmÞpa

2
cos

ðkþmÞp
2

e
�2jpkx

T ejðkþmÞxREVtp:

ð13:30Þ

BðIVÞ
ST F(�m;Q2; xÞ;�k;xREV½ � ¼ 2l0FST;RESð�m;Q2Þ

pdEQkCARkSATð�kþmÞ
� sin ð � kþmÞpa

2
cos

ð � kþmÞp
2

e
2jpkx
T ejð�kþmÞxREVtp:

ð13:31Þ

13.3.5 Rotation Speeds ωBOR,ST in Air Gap of Field
Harmonic Components Excited by Stator
Winding MMF of Salient-Pole Synchronous
Machine

Let us estimate calculation expressions for angular rotation speeds xBOR;ST in air
gap of stator field components. Thus, we take into account that stator winding
MMFs as well as rotor winding MMFs are time complexes (phasors).

The calculation expression xðIÞ
BOR;ST for the first flux density component is

computed from the ratio: �2pkdx
T þQ1x1dt ¼ 0; hence, we have: 2pk

T
dx
dt ¼ Q1x1.
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Let us note that 2pk
T

dx
dt ¼ xBOR;STpk.

Thus,

xðIÞ
BOR;ST ¼ Q1x1

pk
6¼ f(SSLÞ: ð13:32Þ

The expression for speed xðIÞ
BOR;ST coincides with that for speed xðIÞ

BOR;R.

We find the calculation expression for speed xðIIÞ
BOR;ST of the second flux density

component. Similarly, we have:

Q1x1dtþ 2pkdx
T - 2xREVpkdt ¼ 0;

or
xðIIÞ
BOR;STpk ¼ �Q1x1 þxREVpk:

Let us use an expression for rotor rotation speed xREV ¼ ð1�SSLÞx1

p . After simple

transformations, we have:

xðIIÞ
BOR;ST ¼ x1

pk
2ð1� SSLÞk�Q1½ � ¼ f(SSLÞ: ð13:33Þ

The expression for speed xðIIÞ
BOR;ST coincides with that for speed xðIIÞ

BOR;R.

Let us find the calculation expression for speed xðIIIÞ
BOR;ST of the third flux density

component. Thus, we assume that unlike the first two components, the fields of the
last two components are excited by stator field time harmonics of order Q2 and have

sign S = 2. The initial equation for calculation xðIIIÞ
BOR;ST:

Q2x1dt� 2pkdx
T þ 2xREVpkdt ¼ 0;

or
xðIIIÞ
BOR;STpk ¼ xREVpkþxROT:

Using the ratios given earlier, we obtain:

xðIIIÞ
BOR;ST ¼ x1

pk
2ð1� SSLÞkþQ2½ � ¼ f(SSLÞ: ð13:34Þ

We note that the expression for speed xðIIIÞ
BOR;ST coincides with that for speed

xðIIIÞ
BOR;R.

Let us proceed to the expression for xðIVÞ
BOR;ST. The initial equation for calculation

xðIVÞ
BOR;ST takes the form xðIVÞ

BOR;STpkþQ2x1 ¼ 0.
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As a result, we have:

xðIVÞ
BOR;ST ¼ �x1

pk
Q2 6¼ f(SSLÞ: ð13:35Þ

We note that expression for speed xðIVÞ
BOR;ST coincides with that for speed xðIVÞ

BOR;R.

13.3.6 Additional Ratios for Calculation of Complex
Amplitudes (Phasors) of Stator Windings at |m| =
|n| = |k| = 1, Their Check

The obtained complex amplitudes (phasors) of rotor and stator windings are nec-
essary to form a system of equations of magnetically coupled loops. However, let us
additionally check them.

Let us write down expressions for complex amplitudes (phasors) of rotor and
stator windings at kj j ¼ mj j ¼ nj j ¼ 1 and compare them with known ratios from
the theory of two reactions [3, 5, 7].

We consider, at first, the complex amplitude (phasor) BðIÞ
ST F(m;Q1Þ; k½ �.

For a special case considered, we have:

BðIÞ
ST F(m;Q1Þ; k½ � ¼ l0a

dEQkCARkSAT
FST;RESðm;Q1Þ:

The expression for complex amplitude (phasor) of stator winding

BðIVÞ
ST F(�m;Q2Þ; k½ � is similar.

For complex amplitude (phasor) BðIIÞ
ST F(m;Q1Þ; k½ � we obtain:

BðIIÞ
ST F(m;Q1Þ; k½ � ¼ �l0 FST;RESðm;Q1Þ

� �

dEQpkCARkSATÞ
sinðpaÞ:

The expression for complex amplitude (phasor) of stator winding

BðIIIÞ
ST F(�m;Q2Þ; k½ � is obtained similarly.
Let us find flux densities which are created in air gap MMF FST;RESðm;Q1Þ at

u ¼ p
2 (in intersection point of boring circle with rotor pole longitudinal axis) and at

u ¼ 0 (in intersection point of boring circle with rotor pole cross axis). We take
into account that the reference origin of angles u is superimposed with rotor pole
cross axis ðu ¼ 0Þ. For determination of flux density, for example, at u ¼ p

2, it is

necessary to multiply the complex amplitude (phasor) BðIÞ
ST F(m;Q1Þ;�k½ � by e

�jp
2

and the complex amplitude (phasor) BðIIÞ
ST F(m;Q1Þ;�k½ � by e

jp
2 .

We turn our attention to the theory of two reactions [3, 5, 7]. Within this theory,
two stator field form factors in air gap are used:
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• of longitudinal reaction Kd ¼ paþ sin pa
p ;

• of cross reaction Kq ¼ pa�sin pa
p .

They can be obtained if we find respectively half-sum (for u ¼ 0) and
half-difference (for u ¼ p

2) of complex amplitudes (phasors) obtained above.
It is also easy to obtain similar results for flux density which creates MMF in air

gap FST;RESð�m;Q2Þ. It follows from the expressions found.
Let us pay attention to the results obtained for those speeds of field in air gap

xðIIÞ
BOR;R ¼ xðIIÞ

BOR;ST and xðIIIÞ
BOR;R ¼ xðIIIÞ

BOR;ST, which depend on slip SSL; for special
case kj j ¼ mj j ¼ nj j ¼ 1;Q ¼ 1ð Þ they are known from the theory of A.C.
machines and are connected with occurrence of “monoaxial effect” or “Goerger’s
effect” [3] for asynchronous start-up of salient-pole synchronous motors.

The provided calculations for complex amplitudes (phasors) of flux density
harmonics and rotation speeds in air gap prove validity of calculation expressions
obtained in this chapter.

Brief Conclusions [12]

1. For non-sinusoidal power supply of A.C. machines it is convenient to obtain
calculation expressions for rotor and stator field harmonics in air gap using a
symbolic method of representation of currents and MMF in combination with
complex form of representation of harmonic series (Fourier).

2. For induction machines, harmonic complex amplitudes (phasors) of the field
created by rotor windings in air gap in certain scale repeat its MMF harmonics;
the same refers to stator field harmonics, if their order is lower than that of teeth.
Unlike fields in air gap of salient-pole machines at sinusoidal power supply, at
non-sinusoidal power supply, the fields created in gap by MMF of stator
windings, damper winding and rotor excitation winding have peculiarities: for
each spatial harmonic, calculation expressions have two components; physically
they correspond to two fields in air gap rotating relative to rotor in opposite
directions.

3. Complex amplitudes (phasors) of these field harmonics significantly depend on
geometrical dimensions of salient-pole machine cross section (form of air gap,
pole shoe, etc.).

4. Rotation speeds of time and spatial harmonic fields of rotor and stator currents
are obtained; speeds of stator harmonic fields generally are determined not only
by the order of stator current time harmonics, but also by salient-pole rotor
rotation speed.

5. Analysis of the obtained expressions for complex amplitudes (phasors) of field
harmonics of stator winding and rotor windings, as well as their rotation speeds
in air gap allows defining magnetically coupled loops in stator and rotor. They
are necessary to formulate a system of equations to determine currents and
losses in these loops in nonlinear network.
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List of Symbols

BEX F(m; n;xROTÞ; k½ � Field harmonic amplitude of excitation winding field in air
gap

BWðuÞ Flux density in air gap on values φ, determined by currents
of corresponding windings

BROT F(m; n;xROTÞ; k½ � Flux density harmonic amplitude of short-circuited rotor
winding in air gap

BST F(m;QÞ; k½ � Flux density harmonic amplitude corresponding to stator
currents

FEXðn;xROTÞ MMF harmonic amplitude of excitation winding currents
FWðuÞ MMF in the range of values u, determined by currents in

corresponding winding
FROTðm; n;xROTÞ MMF harmonic amplitude of short-circuited rotor winding
FSTðm;QÞ MMF harmonic amplitude of order m corresponding to

currents in stator winding of time order Q
k Order of rotor flux density harmonic
kCAR Carter’s factor
kSAT Magnetic circuit saturation factor
m Order of stator MMF harmonics
mPH Number of stator winding phases
n Order of rotor MMF harmonics
p Number of pole pairs in machine
SSL Slip
t Time
T, TEL Period of MMF and fields in air gap
WEX Number of excitation winding turns (per pole)
a Relative pole width ða ¼ bp=sÞ where bp—width of pole

shoe, s—pole pitch
dMAX; dMIN Maximum and minimum values of air gap under pole
dEQ Equivalent air gap
dðuÞ Relationship of air gap and angular coordinate
l0 Magnetic permeability of air
u Angular coordinate along stator boring u ¼ 2px

T

� 	

xBOR;R Angular rotation speed in air gap of rotor field components
xBOR;ST Angular rotation speed in air gap of stator field

components
x1 Network circular frequency
xREV Angular speed of rotor rotation
xROT Frequency of rotor current and EMF
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Chapter 14
System of Equations for Magnetically
Coupled Loops for A.C. Machine
in Nonlinear Network

This chapter determines a system of equations for magnetically coupled loops of
A.C. machine in nonlinear network. From this system for various operational
modes are calculated the values of stator phase voltages and currents, complex
amplitudes of resulting field in air gap, and also the distribution of currents in
machine rotor loops. As a result, are determined copper losses in these loops, their
overheats, core losses and other machine technical and economic indicators.
Representation in the form of generalized characteristics of fields in short-circuited
rotor loops (damper winding, squirrel cage) allows formulating the system, so that
its order does not depend on the number of short-circuited loops in rotor.

For setting a system of equations, there is offered a method selecting time and
spatial harmonics based on physical representations determined by non-sinusoidal
power supply of machines. It allows us to formulate a basic system of equations
considering physical processes in machine caused by higher “adjacent” time har-
monics and the first spatial harmonic of resulting field in air gap. A series of higher
spatial harmonics for this system formulation is introduced in the calculation by
expansion of basic system at the expense of increase in number of unknowns
(currents, voltages and complex amplitudes of flux density) with corresponding
increase in order of this system. Practical examples are given. The system allows us
to determine the mode with reduced values of currents and losses in rotor loops.
The content of this chapter is development of the methods stated in [7, 8].

14.1 Problem Setting

In this chapter we formulate a system of equations for magnetically coupled loops
of A.C. machines with short-circuited rotor loops for synchronous machines; the
simple modification of this system can be used for induction machines also; in this
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system of equations we take into account currents distribution in damper winding
elements or in squirrel cage with damage or without it.

Requirements to the magnetically coupled loops which create the magnetic field
in air gap, were given earlier; these loops are determined by:

• identical orders of spatial field harmonics in air gap;
• identical rotation speeds of these fields relative to stator boring.

14.2 Selection Method of Magnetically Coupled Loops
for System of Equations

Selection criteria and procedure of stator and rotor magnetically coupled loops for a
system of equations can differ; expressions necessary for such selection were
obtained in Chap. 3. For example, for a synchronous machine in network with
non-sinusoidal voltage and with the frequency of the first harmonic (Q = 1) is f =
50 Hz, and it is sufficient to assume a combination of harmonics: Q = 1, m = 7 and
to obtain EMF with frequency fROT = 300 Hz in rotor loops. Currents at this fre-
quency induce EMF in stator winding loops with frequencies, fST,1 = 50 Hz (Q =
1) and fST,2 = 650 Hz (QDIR = 13). Rotor and stator loops determined by the
harmonic of spatial order m = 7 are magnetically coupled. Such selection should be
considered as arbitrary, random: it does not take into account the fact that with
growth of time and spatial harmonics orders, the amplitudes of EMF, currents and
MMF decrease. In this monograph in selection of magnetically coupled loops we
will proceed from physical representations connected with processes in the machine
fed by non-sinusoidal power. From regularities determined in Chap. 3, in particular,
those fields in air gap determined by time harmonics of orders QDIR, QAD and the
same spatial order mDIR induce in rotor loops EMF of identical frequency:

xROTðQDIR;mDIRÞ ¼ xROTðQAD;mDIRÞ ð14:1Þ

provided that the numbers of both time harmonics ðQAD;QDIRÞ satisfy the ratio:

QDIR � QADj j ¼ 2mDIR: ð14:2Þ

Similarly, it was obtained that

xROTðQDIR;mADÞ ¼ xROTðQAD;mADÞ ð14:3Þ

provided that the numbers of both time harmonics ðQAD;QDIRÞ satisfy the ratio:

QDIR � QADj j ¼ 2mAD: ð14:4Þ
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It is convenient to use these regularities in calculation practice as they allow one
to determine in certain sequence the influence of harmonics with the highest
amplitude on machine processes, for example, harmonics of order QAD = 5,
QDIR = 7 (for machine with number of phases mPH = 3), or harmonics of order
QAD = 11, QDIR = 13 (for machine with number of phases mPH = 6). As a result,
for this method of selecting magnetically coupled loops, we obtain two “adjacent”
stator loops satisfying the ratios (14.2 or 14.4), and only one rotor loop as per (14.1
or 14.3).

14.3 Features of System of Equations for Magnetically
Coupled Loops

A system of equations for magnetically coupled loops for calculation of perfor-
mance data of DFMs with frequency converter in its rotor was formulated in
Chap. 2. Peculiarities of equations of this system consist in the fact that for the
determination of current in each phase it is sufficient to specify its impedance as for
winding with lumped parameters. It enabled us to determine machine performance
data not only for the first time harmonic (Q = 1), but also for higher harmonics
(Q > 1) caused by the frequency converter in rotor circuit. Similar problem was
solved in Chap. 4 where the calculation method was stated for performance data of
high-power induction motor with short-circuited rotor with nonlinear parameters.
Peculiarities of a system of equations for magnetically coupled loops of this motor
consist in the fact that the short-circuited rotor winding was represented in the form
of equivalent phase, similar to DFMs, therefore, for the determination of its current
it is sufficient to specify its impedance as for winding with lumped parameters. As
an example of both machines we have provided a concept of generalized charac-
teristic of rotor winding currents and MMFs.

In this chapter let us formulate a system of equations for magnetically coupled
loops to solve a more general problem using these characteristics of currents and
MMFs. Let us note that it accounts for the distribution of currents in damper
winding elements of various construction (regular, irregular) or in squirrel cage
(with damage or without it).

For its solution, the followings are assumed:

• machine rotor speed and rotation direction are determined by the first time
(Q = 1) and the first spatial (m = 1) harmonics;

• higher time harmonics differ not only in amplitudes; generally, they can also
differ in initial phase angles;

• calculation expressions for flux density complex amplitudes (phasors) in air gap
of induction machines can be obtained in two ways: either from expressions for
MMF determined for asymmetrical squirrel cage of induction machines in
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Chap. 12 or from equations for MMF of damper winding of salient pole
machines from the same chapter by setting for it relative pole width α = 1;

• for specified constructions of short-circuited rotor windings the number of
system equations does not depend on the number of loops in these windings;

• stator winding—three-phase (mPH = 3), connection scheme—star. The system
of equations for winding with mPH = 6 is formulated similarly;

• excitation winding is considered using generalized characteristics, as well as
damper winding.

We note that when defining a system of equations, the orders of stator “adjacent”
time harmonics are designated by Q1 and Q2 (Q1 ≠ Q2); they correspond to signs
S = 1 and S = 2 according to Chap. 3.

14.4 Basic System of Equations for Magnetically Coupled
Loops

14.4.1 Formulation of System; Initial Data and Results

Analysis of EMF and currents in magnetically coupled loops performed on the basis
of results obtained in the previous chapters specifies ways for practical calculations
of machine characteristics in nonlinear network. Each couple of stator loops with
two EMFs of various frequencies induced in them by fluxes of “adjacent” time
harmonics, and corresponding rotor loops with EMF of only one frequency induced
by these fluxes form a group of magnetically coupled loops; this group is connected
with other similar groups of loops with common frequency in rotor loops (Table 3.4
in Chap. 3). Practical need to account these groups is determined by their MMF
harmonics orders and can be estimated preliminarily. This leads to a practical
method of accounting time harmonics of order Q > 1 and spatial one of order
m > 1. For its realization, let us determine a concept on basic system of equations
of magnetically coupled loops and further show how on its basis by expanding
order of this system, i. e. by increasing number of equations, to consider additional
harmonics if they are of practical interest (Appendix 14.1). It should be noted, thus,
that when using a basic system of equations, it is possible to estimate intermediate
results. For example, in the calculation of losses in loops, it is possible to determine
whether there is a need of further increase in harmonics order, or it is possible to
finish the calculation with number of harmonics already accounted.

Let us determine a basic system of equations with the following values assumed:

• number of phases mPH = 3;
• harmonic amplitude of line voltage (phasor) between phases A and B in network

UQ,AB of order Q1; nonlinear network is supposed to be symmetrical;
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• frequency xST ¼ Q1x1 of this voltage harmonic; ω1—frequency of the first
voltage harmonic;

• line voltage harmonic amplitude (phasor) between phases A and B of network

Uð2Þ
Q;AB of order Q2;

• frequency xð2Þ
ST ¼ Q2x1 of this voltage harmonic;

• rotor rotation speed xREV; number of pole pairs p;
• order of spatial harmonic m = 1;
• A.C. resistances and leakage reactances of stator windings, short-circuited rotor

winding elements, rotor excitation winding (for salient pole machines), and also
network elements, external relative to machine terminals;

• geometrical dimensions of machine active part;
• generalized characteristics of currents for each element of rotor loops, gener-

alized characteristics of MMF and fields of currents in these loops.
• The problem consists in determining the following 14 values:
• three amplitudes of phase voltage harmonics UQ;A;UQ;B;UQ;C with frequency

xST ¼ Q1x1;
• three amplitudes of phase current harmonics IQ;A; IQ;B; IQ;C with frequency

xST ¼ Q1x1;

• three amplitudes of stator phase voltage harmonics Uð2Þ
Q;A;U

ð2Þ
Q;B;U

ð2Þ
Q;C with fre-

quency xð2Þ
ST ¼ Q2x1;

• three amplitudes of stator phase current harmonics Ið2ÞQ;A; I
ð2Þ
Q;B; I

ð2Þ
Q;C with frequency

xð2Þ
ST ¼ Q2x1;

• two flux density amplitude components of resulting field in air gap: B(m,Q1)
and B(−m,Q2);

In addition, as a result of system solution, the distribution of currents in
short-circuited elements of rotor loops is also determined using their generalized
characteristics.

For the calculation of machine operation mode, it is necessary to find these 14
unknowns from the system of equations of 14th order for magnetically coupled
loop. Let us note that the right part of this system of equations providing a nonzero
solution for unknown currents and resulting field flux density values contains line

voltages of “adjacent” harmonics: UQ;AB;U
ð2Þ
Q;AB;UQ;BC;U

ð2Þ
Q;BC. The system can be

simplified by forming equations only for one of phases; then the number of
unknowns and, respectively, system order can be reduced. However, when defining
a system of equations only for one phase, it cannot be used as a basis for solution of
number of important practical problems, for example, caused by asymmetry in
generator nonlinear load etc. Besides, realization of the system in given form allows
us to check in addition correctness of solution results, for example, by checking
phase shift angle of currents, shift angle between currents and voltages in each
phase, etc. When selecting the type of a system of equations it is considered that its
realization assumes a numerical (but not analytical) solution.
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14.4.2 Calculation Expressions for Flux Density Harmonics
Complex Amplitudes Flux Density (Phasors) of Rotor
and Stator Loops |m| = |n| = |k| = 1

To write down coefficients of the basic system of equations, we use calculation
expressions for complex amplitudes of field harmonics found in the previous
chapter. Let us obtain from them calculation expressions for special case – har-
monics of orders |m| = |n| = |k| = 1.

14.4.3 Calculation Expressions for Complex
Amplitudes of Rotor Winding Harmonics
Flux Density at |m| = |n| = |k| = 1

Based on general expressions found in the previous chapter for flux density har-
monics of rotor loops, we obtain:

BðIÞ
ROTðm; n; k;xROTÞ ¼ l0a

dEQkCARkSAT
FROTðm; n;xROTÞ

þ �l0
dEQpkCARkSAT

FROTðm;�n;xROTÞ sinðpaÞ:

BðIIÞ
ROTðm; n;�k;xROTÞ ¼ �l0

dEQpkCARkSAT
FROTðm; n;xROTÞ sinðpaÞ

þ l0a
dEQkCARkSAT

FROTðm;�n;xROTÞ:

BðIIIÞ
ROTð�m; n; k;xROTÞ ¼ l0a

dEQkCARkSAT
FROTð�m; n;xROTÞ

þ �l0
dEQpkCARkSAT

FROTð�m;�n;xROTÞ sinðpaÞ:

BðIVÞ
ROTð�m; n;�k;xROTÞ ¼ �l0

dEQpkCARkSAT
FROTð�m; n;xROTÞ sinðpaÞ

þ l0a
dEQkCARkSAT

FROTð�m;�n;xROTÞ:

ð14:5Þ

14.4.4 Calculation Expressions for Complex
Amplitudes of Stator Winding Harmonics
Flux Density at |m| = |n| = |k| = 1

Some of them were already given in Sect. 13.3.6 for their check and verification of
correctness. Here let us give calculation expressions completely.
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BðIÞ
STðm; k;Q1Þ ¼

l0a
dEQkCARkSAT

FST;RESðm;Q1Þ;

BðIÞ
STðm;�k;Q1Þ ¼

�l0
dEQpkCARkSAT

FST;RESðm;Q1Þ sinðpaÞ;

BðIIIÞ
ST ð�m; k;Q2Þ ¼

�l0
dEQpkCARkSAT

FST;RESð�m;Q2Þ sinðpaÞ;

BðIVÞ
ST ð�m;�k;Q2Þ ¼

l0a
dEQkCARkSAT

FST;RESð�m;Q2Þ:

ð14:6Þ

14.4.5 Result Summary: Calculation Expressions
for Complex Amplitudes; Field Speeds in Air Gap

To formulate a system of equations of magnetically coupled loops, it is expedient to
represent results of investigating fields in the table with indication of rotation speeds
in air gap xROT. Such a result summary facilitates formation and checking separate
equations of system.

Here B(m, Q1), B(−m, Q2)—complex amplitudes of flux density components of
resulting field in air gap. Using this table, it is possible to proceed to the formation
of equations. However, it is, as previously, expedient to estimate the ratio between
separate components of complex amplitudes.

Note. As it was already stated in Chaps. 4–13, generalized characteristics of
currents in short-circuited rotor winding elements, and generalized characteristics of
MMF and field of these currents in air gap are not put into square brackets for the
purpose to simplify designations: in these chapters, the theory and methods of their
investigation are stated. However, in this chapter we start with the formation of a
system of equations of magnetically coupled loops; therefore, we will retain des-
ignations of these characteristics using square brackets.

14.4.6 Comparative Assessment of Separate Components
of Complex Amplitudes (Phasors)

We note first that the obtained results confirm physical ideas of generating fields of
higher time harmonics in air gap for rotating salient pole rotor, that is, in case when
they move in gap with certain speed and not synchronously with rotor (calculation
expressions for these speeds are calculated earlier). Each of expressions for rotor

flux density harmonics, for example BðIÞ
ROT m,n,xROTð Þ; k

h i
, contains two compo-

nents. At first, let us estimate share of each of them for machine with relative pole
width α → 1; in limit this construction of short-circuited winding can be consid-
ered as squirrel cage (α = 1). Then, the first summand in the expression for
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amplitude BðIÞ
ROT m,n,xROTð Þ; k

h i
becomes proportional to aFROTðm; n;xROTÞ !

FROTðm; n;xROTÞ; the second—proportional to �FROTðm;�n;xROTÞ
p sinðpaÞ, it has

negative phase in comparison with the first one and tends to zero at α → 1 that
proves the obtained results.

It is easy to show that in practical problems [1–3] at relative pole width within
0.667 < α < 0.8, the absolute value of the second summand is less than the first
one, so their ratio makes:

at a\0.8 : sinðpaÞ
pa

���
���[ 0:234Kf ;

at a\0.667 : sinðpaÞ
pa

���
���\0:4135Kf ;

where Kf—ratio of MMFs in corresponding summands; for salient pole machines
usually Kf < 0.5–0.6.

The same is also true for other expressions for rotor flux density harmonics, for

example, BðIIIÞ
ROT �m,n,xROTð Þ; k

h i
; the field with this amplitude rotates in air gap

with the same speed relative to stator, as BðIÞ
ROT m,n,xROTð Þ; k

h i
.

Thus, in comparison with induction machines, the field in air gap formed by
currents in salient pole machine rotor loops contains additional components
determined by the value of relative pole width α; their amplitude is less than that of
the main components.

The structure of calculation ratios for complex amplitudes of stator flux density
harmonics is obtained in the form similar to that of calculation ratios for rotor.
Therefore, the obtained ratios between separate flux density components can be
estimated similarly.

14.5 System of Magnetically Coupled Loops Equations
[7, 8]

For clarity, equations are formulated for motor mode at pxREV\x1. At pxREV �x1

and for generator mode they are determined similarly.

14.5.1 Equations for the First System of Loops Determined
by EMF Frequency ωST = Q1ω1

Three equations for voltage UQ,A of phase A, UQ,B of phase B, and UQ,C of phase C
are obtained under the second Kirchhoff’s law [4, 5]:
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�UQ;A þ k1IQ;A þ k2B(m;Q1Þe
�j2px
TEL ¼ 0;

�UQ;B þ k1IQ;B þ k2B(m;Q1Þe
�j2 px
TEL

�j2p
3 ¼ 0;

�UQ;C þ k1IQ;C þ k2B(m;Q1Þe
�j2 px
TEL

�j4p
3 ¼ 0:

One equation for currents in phases under the first Kirchhoff’s law [4, 5]:

IQ;A þ IQ;B þ IQ;C ¼ 0:

Two coupling equations between line and phase voltages [4, 5]:

UQ;A � UQ;B ¼ UQ;AB
�� ��e

jp
6 ; UQ;B � UQ;C ¼ UQ;BC

�� ��e�
jp
2 :

Here, the following additional designations are accepted:

k1 ¼ RSTKFðQ1Þþ jxSTLST; k2 ¼ jxSTWPHKWðm¼1ÞTEL
LCOR

p
:

here RST—A.C. resistance of stator winding phase; KF(Q1)—Field’s factor [1–3]
calculated for frequency xST;xST ¼ Q1x1—EMF frequency of time harmonic of
order Q1;LST—leakage inductance of stator phase winding; WPH—number of turns

in phase; KWðm¼1Þ—winding factor for field harmonic of order m = 1; TEL
pD
p —

field harmonic period of order m = 1; D—stator boring diameter; p—number of
pole pairs in machine; LCOR—core calculation length [1–3].

As a result, we obtain six equations for the first system of loops determined by
EMF frequency xST ¼ Q1x1.

14.5.2 Equations for the xð2Þ
ST¼Q2x1 Second System

of Loops Determined by EMF Frequency

Three equations for voltage Uð2Þ
Q;A of phase A, Uð2Þ

Q;B of phase B, and Uð2Þ
Q;C of phase C

are obtained under the second Kirchhoff’s law [4, 5]:

�Uð2Þ
Q;A þ k6I

ð2Þ
Q;A þ k7Bð�m;Q2Þe

j2px
TEL ¼ 0;

�Uð2Þ
Q;B þ k6I

ð2Þ
Q;Â

þ k7Bð�m;Q2Þe
j2px
TEL

þ j2p
3

� �

¼ 0;

�Uð2Þ
Q;~N

þ k6I
ð2Þ
Q;~N

þ k7Bð�m;Q2Þe
j2px
TEL

þ j4p
3

� �

¼ 0:
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One equation for currents in phases under the first Kirchhoff’s law:

Ið2ÞQ;A þ Ið2ÞQ;B þ Ið2ÞQ;C ¼ 0:

Two coupling equations between line and phase voltages:

Uð2Þ
Q;A � Uð2Þ

Q;B ¼ Uð2Þ
Q;AB

���
���e

j p
6 e�jTU ; Uð2Þ

Q;B � Uð2Þ
Q;C ¼ Uð2Þ

Q;BC

���
���e�

jp
2 e�jTU :

Here, the following additional symbols are accepted:

K6 ¼ RSTKFðQ2ÞþRLOAD½ � þ jxð2Þ
ST ðLST þLLOADÞ;

K7 ¼ jxð2Þ
STWPHKWðm¼1ÞTEL

LCOR

p
;

here RLOAD;LLOAD—respectively A.C. resistance and inductance of load, external
relative to machine terminals; KF(Q2)—Field’s factor calculated for frequency

xð2Þ
ST ;x

ð2Þ
ST ¼ Q2x1—EMF frequency of time harmonic of order of Q2; TU—differ-

ence of initial phase angles between line voltages and frequencies xST and xð2Þ
ST .

As a result, we obtain six equations for the second system of loops determined

by EMF frequency xð2Þ
ST ¼ Q2x1.

14.5.3 Coupling Equations Between Both Systems of Stator
Loops Determined by EMF of These Loops

with Frequencies xST and x
ð2Þ
ST

Physically, these coupling equations correspond to the Ampere’s law [4, 5]: this law
establishes a relation between MMF and fluxes in air gap, created by:

• currents in stator loops with frequency xST, induced by currents in the same

loops with frequency xð2Þ
ST ;

• currents in rotor loops with frequency xROT, induced by both rotating resulting
fields in air gap.

According to the Ampere’s law we have the following two equations; these
equations are formulated based on Table 14.1.

The first equation corresponds to the resulting field which rotates in air gap with

the speed xðIÞ
BOR ¼ Q1x1

p :
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BðIÞ
ST m,k,Q1ð ÞþBðIIIÞ

ST �m,k,Q2ð Þþ BðIÞ
ROT m,n,xROTð Þ; k

h i

� B m,Q1ð Þþ BðIIIÞ
ROT �m,n,xROTð Þ; k

h i
B �m,Q2ð Þ ¼ B m,Q1ð Þ

ð�Þ

The second equation corresponds to the resulting field which rotates in air gap

with speed xðIIÞ
BOR ¼ �Q2

x1
p :

BðIIÞ
ST m,�k,Q1ð ÞþBðIVÞ

ST �m,�k,Q2ð Þþ BðIIÞ
ROT m,n,xROTð Þ;�k

h i

� B �m,Q2ð Þþ BðIVÞ
ROT �m,n,xROTð Þ; k

h i
B m,Q1ð Þ ¼ B �m,Q2ð Þ

ð��Þ

Let us note that in these coupling equations the value of complex amplitudes
Bðm;Q1Þ;Bð�m;Q2Þ of resulting field in air gap are conditionally presented in the
form of the right parts: they are unknown too and are determined from the system of
equations. This condition is caused by convenience to show peculiarities of cou-
pling equations with account of higher spatial harmonics in the system of equations
of several magnetically coupled loops given in Appendix 14.1.

As a result, we obtain a system of 14 equations with 14 unknowns. It should be
noted that generalized characteristics should be included as coefficients in the last
two equations corresponding to field currents in rotor loops for example

BðIIÞ
ROT m,n,xROTð Þ;�k

h i
. In comparison with the excitation winding closed on the

exciter armature resistance, the damper winding plays the main role in the creation
of rotor loops field. However, in calculations of salient pole machines, if necessary,
it is also easy to consider the influence of excitation winding. For this purpose, it is
necessary to find the sum of corresponding generalized characteristics: of
short-circuited winding and excitation winding and to use it as coefficient in these
two equations instead of generalized characteristic of short-circuited winding.
Expressions for generalized characteristics of excitation winding are obtained and
analyzed in Chap. 13 for general case and for special case: |m| = |n| = |k| = 1.

14.5.4 Peculiarities of Basic System of Equations [6]

One of peculiarity of the presented system of equations for magnetically coupled
loops is that the system considers currents distribution in elements of short-circuited
rotor loops, for example, of damper winding (regular or irregular). It was achieved
by means of generalized characteristics of fields in these short-circuited rotor loops.

Other peculiarity consists in the fact that this system can be formulated in such a
way that its order does not depend on the number of short-circuited rotor loops;
therefore, it is rather simply realized by a numerical method.
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Let us note that after calculating from this system of equations for flux density
complex amplitudes Bðm;Q1Þ and Bð�m;Q2Þ of resulting field in air gap, it is also
easy to find the distribution of currents in elements of short-circuited rotor loops.
For this purpose, it is enough to use generalized characteristics of currents in
elements of these loops. This is one more peculiarity of this system.

Selection method of time and spatial harmonics is based on physical represen-
tations determined by non-sinusoidal power supply of machines.

It is convenient to use it for compiling a basic system of equations with account
of physical processes in machine caused by higher “adjacent” time harmonics and
first spatial harmonic of resulting field in air gap. Higher time and spatial harmonics
for this system formulation are introduced in the calculation by expansion of a basic
system at the expense of increase in number of unknowns (currents, voltages and
complex amplitudes of flux density) with corresponding increase in order of this
system.

As a result of system solution, are determined: distribution of currents in loops of
machine, phase voltages and values of complex amplitudes of resulting field in air
gap. It allows one to determine losses in these loops, their overheats, core losses and
other technical and economic indicators. The system enables us to determine the
mode with reduced values of currents and losses in rotor loops.

Appendix 14.1: Accounting Higher Spatial Harmonics
in a System of Equations of Magnetically Coupled Loops

Let us consider a method of expanding the basic system of equations for accounting
higher spatial harmonics. We turn our attention, for example, again to Table 3.4 of
Chap. 3 where synchronous mode was considered for salient pole
frequency-controlled machines. In this table are given four groups of magnetically
coupled loops No. 1–No. 4; they are consolidated by common EMF frequency in

Table 14.1 Flux density complex amplitudes of stator and rotor magnetically coupled loops

Direction of
rotor
rotation and
resulting
field in air
gap

Rotation
speed of
resulting field
in air gap

Flux density complex amplitude of rotor
loops

Flux density complex
amplitude of stator loops

Coincides xðIÞ
BOR ¼ Q1x1

p BðIÞ
ROT m,n,xROTð Þ; k

h i
B m,Q1ð Þ

þ BðIIIÞ
ROT �m,n,xROTð Þ; k

h i
B �m,Q2ð Þ

BðIÞ
STðm; k;Q1Þ
þBðIIIÞ

ST ð�m; k;Q2Þ

Opposite xðIIÞ
BOR ¼ �Q2x1

p BðIIÞ
ROT m,n,xROTð Þ;�k

h i
B �m,Q2ð Þ

þ BðIVÞ
ROT �m,n,xROTð Þ; k

h i
B m,Q1ð Þ

BðIIÞ
ST ðm;�k;Q1Þ
þBðIVÞ

ST ð�m;�k;Q2Þ

306 14 System of Equations for Magnetically Coupled Loops for A.C.

http://dx.doi.org/10.1007/978-4-431-56475-1_3
http://dx.doi.org/10.1007/978-4-431-56475-1_3


rotor loops: xROT ¼ 6x1. Loops No. 1 and No. 2 correspond to spatial order
mDIR ¼ 1, and loops No. 3 and No. 4 to order mDIR ¼ 7.

Currents, voltages and complex amplitudes for groups of loops No. 1 and No. 2
are determined by equations of basic system given in Sect 14.5. It contains 14
equations with 14 unknowns and considers spatial harmonics in rotor and stator
loops of order mDIR ¼ 1 (see 14.5.1–14.5.3). Let us note that the calculation of
rotor currents with frequency f = 300 Hz assumes that the distribution of these
currents is found for EMF period equal to T; complex amplitudes of MMF and flux
density harmonics are found from their distribution curve according to methods
given in Chaps. 12 and 13, herewith, expansion period of this distribution curve is
also equal to T.

We proceed to groups of loops No. 3 and No. 4 mDIR ¼ 7ð Þ. Peculiarities of
time harmonics of orders QDIR = 1 and QDIR = 13 at mDIR = 7 were considered in
Chap. 3; the equations defining these peculiarities are marked by sign (*). They
consist in the fact that both time harmonics at mDIR = 7 correspond to sign S = 1
entered in Chap. 3. Let us list additional unknowns in determining the spatial
harmonic mDIR = 7:

• three phase currents of stator and three phase voltages of stator; their frequency
f = 50 Hz. (QDIR = 1);

• three phase currents of stator and three phase voltages of stator; their frequency
f = 650 Hz. (QDIR = 13);

• two components of complex amplitudes of field induction in air gap.

These 14 unknowns are determined from the system of equations similar to the
basic one (see 14.5.1, 14.5.3). Let us note that the calculation of rotor currents with
frequency f = 300 Hz assumes that the distribution of these currents is found for

EMF period equal to T
mDIR

¼ T
7 ; complex amplitudes of MMF and flux density

harmonics are found from their distribution curve according to methods given in
Chaps. 12 and 13, herewith, expansion period of this distribution curve is also
equal to T/7.

We consider peculiarities of physical process at simultaneous currents flow in
groups of magnetically coupled loops No. 1 – No. 4; they are consolidated by
common EMF frequency in rotor loops: xROT ¼ 6x1, i. e. f = 300 Hz. It is noted
above that complex amplitudes of MMF and flux density harmonics in a basic
system for group of loops No. 1, No. 2 are found for the expansion period equal to
T. However, complex amplitudes of MMF harmonics and of flux density harmonics

for currents of this group, are calculated with the expansion period T
mDIR

¼ T
7 .

As a result, we obtain that in air gap there is the additional resulting field of rotor
currents with period equal to T/7. This field corresponds in rotor loops to EMF and
currents with frequency f = 300 Hz, which is characterized by two complex
amplitudes of flux density.

From this point of view, groups of magnetically coupled loops No. 1 and No. 2
(with stator frequencies f = 250 Hz and f = 350 Hz) and loops No. 3 and No. 4
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(with stator frequencies f = 50 Hz and f = 650 Hz) can be considered as elec-
tromechanical energy converter.

As stated above it follows that both systems of equations should be added with
two more equations; each of them is determined by rotor current with frequency
f = 300 Hz in the form of flux density components sum for loop groups No. 1,
No. 2 and No. 3, No. 4 with identical period equal to T, T/7. Thus, with account of
harmonics of order mDIR ¼ 7 we obtain except for 14 unknowns of the basic system
additional 16 unknowns; the order of system of equations in comparison with that
of the basic is increased to 30.

The stated method of accounting higher harmonics by expansion of the basic
system of equations is simple and based on physical representations of processes in
machine with non-sinusoidal power supply. Calculation practice shows that before
further expansion of this system by including each next group of higher harmonics,
it is expedient to make assessment of this expansion. For example, losses in
machine rotor and stator windings can be chosen as assessment criteria.
Considering that with harmonics order growth, MMF and flux density amplitudes
decrease, and the increment of these losses will also decrease; respectively, the
expansion extent of basic system of equations is determined in the selection of this
criterion by calculation accuracy of losses set preliminarily. This practical assess-
ment allows us to limit the number of harmonics used for the calculation.

Brief Conclusions

1. The system of equations is formulated to calculate operation modes; in its
realization are determined values of phase voltages and currents, complex
amplitudes of resulting field in air gap, and also the distribution of currents in
elements of short-circuited rotor windings of machine (damper winding with
damage or without it, etc.). These values allow us to determine losses in rotor
and stator loops and other technical and economic indicators.

2. Representation in the form of generalized characteristics of fields in
short-circuited rotor loops (damper winding, squirrel cage with demage or
without it) enables us to formulate a system so that its order does not depend on
the number of short-circuited loops in rotor.

3. For setting a system of equations, the method of selection of time and spatial
harmonics based on physical representations determined by nonsinusoidal
power supply of machine is offered. It allows us to formulate the basic system of
equations considering physical processes in machine caused by higher “adja-
cent” time harmonics and the first spatial harmonic of resulting field in air gap.

4. Higher spatial harmonics for this system formulation are introduced in the
calculation by expansion of the basic system at the expense of increase in
number of unknowns (currents, voltages and complex amplitudes of flux den-
sity) with corresponding increase in order of this system.
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List of symbols

B(m,Q) Flux density amplitude component of resulting field in air
gap

BROTðm; n; k;xROTÞ Flux density harmonic amplitude in air gap of currents in
short-circuited rotor winding

FROTðm; n;xROTÞ MMF harmonic amplitude of currents in short-circuited rotor
winding

FSTðm;QÞ MMF harmonic amplitude of order m corresponding to
currents in stator winding of time order Q

fROT Frequency of EMF and rotor currents
fST Frequency of EMF and stator currents
IQ;A; IQ;B; IQ;C Harmonic amplitudes of order Q of stator phase current
k Order of rotor field induction harmonics
kCAR Carter’s factor
kSAT Magnetic circuit saturation factor
m Order of stator MMF spacial harmonics
mPH Number of stator winding phases
n Order of rotor MMF harmonics
p Number of pole pairs
Q Order of stator current time harmonic
UQ;A;UQ;B;UQ;C Amplitudes of machine phase voltage harmonics
UQ;AB Amplitude of line voltage harmonic between phases A and B

in network of order Q1

Uð2Þ
Q;AB

Amplitude of line voltage harmonic between phases A and B
in network of order Q2

α Relative pole width
dEQ Equivalent air gap
xROT Circular frequency of rotor winding EMF and current
xST Circular frequency of EMF and stator winding currents of

order Q xST ¼ Q1x1ð Þ
x1 Network circular frequency (frequency of stator current first

harmonic)
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Chapter 15
Peculiarities of Operation Modes
of A.C. Machine with Short-Circuited
Rotor Windings at Nonsinusoidal
Power Supply

This chapter deals with peculiarities of losses distribution in rotor short-circuited
loops obtained based on the investigation of their currents distribution. It is noted
that in nonlinear network the distribution of currents and losses in damper winding
of salient pole machines depends on the ratio of amplitudes and initial phases of
voltage harmonics. If one of voltage amplitudes of two “adjacent” time harmonics
is much less than the second, the distribution of currents in such a winding is close
to that of currents at asynchronous start-up. Calculation examples are given.

The content of this chapter is development of the methods stated in [3].

15.1 General Comments

In previous chapters it was already noted that admissible power of synchronous or
induction machines in network with non-sinusoidal sources is determined usually
based on admissible overheats of windings and cores of stator and rotor specified in
standards [4–7]. These overheats are determined, generally, by losses in machine
windings.

Currents in machine magnetically coupled loops (in stator winding, squirrel cage
of induction machine, damper winding and in excitation winding of salient-pole
machine) are calculated based on the system of equations for these loops given in
Chap. 14. These currents determine main losses in windings.

Additional losses in stator winding and in short-circuited rotor winding bars
connected with skin effect are calculated by methods stated in the Chap. 23 of the
monograph. There are also given practical examples of their calculation.

Excitation winding overheats of machines by operation in nonlinear network as a
rule are not observed in operation practice; they do not exceed usually more than by
5–10 °C overheats for this machine operation in industrial network. It is explained
by an application of high-power damper system in the construction of modern
salient-pole machines intended for operation in such networks. This system serves
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as a screen for the excitation winding: cross section of pole bars of this system is
usually selected not less than 20 % of cross section of stator winding conductors;
cross section of each short-circuited ring or segment between poles is selected not
less than 40 % of total cross section of bars of the pole (it was noted in Chap. 12).

Overheats of short-circuited rotor windings (damper winding of salient-pole
machine, squirrel cage of induction machine) in standards are not normalized, but in
practice their excess more than 160–180 °C is not allowed (smaller value of these
two restrictions refers to damper winding); these restrictions are caused by the level
of temperature deformations and mechanical stresses in construction elements.

Let us consider peculiarities of operation modes of damper winding and squirrel
cage at non-sinusoidal power supply and distinctions of their modes in network
with sharp load variation.

Thus, we will consider the results of investigations obtained earlier: at
non-sinusoidal power supply EMF and currents of some frequencies xROT are
induced in rotor cage; each such frequency xREV is determined by the number of
factors: by the first harmonic of network frequency x1, orders Q for time and m for
spatial harmonics of resulting field in air gap, by rotor rotation speed xREV, number
of machine poles 2p:

xROT ¼ fðQ;m;x1; p;xREVÞ: ð15:1Þ

15.2 Peculiarities of Squirrel Cage Operation Mode
(ωREV < ω1/p)

In symmetrical squirrel cage of induction machines at the influence of fields of
several higher time harmonics from (15.1) Q1 = 1, 7, 13, …, 6k + 1; Q2 = 5, 11,
17,…, 6k + 5 (at k = 0, 1, 2, …) there are EMF and currents of several frequencies
xROT;1, xROT;2, … [1, 2].

Losses in squirrel cage from each of frequencies xROT;1, xROT;2, … are
summarized:

PCAG:RES ¼ N0 PðxROT;1Þþ PðxROT;2Þþ PðxROT;3Þþ � � �� � ð15:2Þ

Here N0—number of bars in squirrel cage, PðxROT;1Þ; . . .; PðxROT;2Þ. . .—losses
caused by currents of frequencies xROT;1; . . .;xROT;2; . . . as per (15.1). Almost a
uniform distribution of losses on the rotor periphery in symmetrical cage causes
also the uniform distribution of overheats on the rotor periphery and, therefore,
temperature deformations and stresses. Such a distribution is interrupted at emer-
gence of asymmetry in cage and results its further damage.
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15.3 Peculiarities of Damper Winding Operation Mode
(ωREV = ω1/p)

In the previous chapters, currents in damper winding elements are found to be
distributed depending on bar number N unevenly: the current contains three
components, of which only one changes with N under the harmonic law, and two
others under aperiodic. Therefore, losses in each of N (1 ≤ N ≤ N0) bars on pole
are different; the same is also true for ring portions. Respectively, losses in damper
winding are also summarized from pair of neighboring harmonics, but separately
for each bar, ring portion and segment between poles:

PDRES ¼ 2p[PðxROT;1;N1Þþ PðxROT;1;N2Þþ PðxROT;1;N3Þþ � � � þ PðxROT;1;N0Þ
þ PðxROT;2;N1Þþ PðxROT;2;N2Þþ PðxROT;2;N3Þþ � � � þ PðxROT;2;N0Þþ � � ��:

ð15:3Þ

Here N = N1, N2, … N0—numbers of bars and ring portions (segments) on pole.
Uneven distribution of losses on the pole periphery also causes uneven distri-

bution of overheats and, respectively, temperature deformations and stresses.
In Chap. 3 we obtained that in the operation of salient-pole machines in nonlinear

network two fields in air gap characterized by various time or spatial harmonics can
induce EMF and currents of identical frequency in rotor loops. Among such harmonics
the greatest practical interest have “adjacent” time harmonics of orders Q1, Q2, for
example, harmonics of orders Q1 = 7, Q2 = 5 (order of spatial harmonic m = 1) at
number of machine phasesmPH = 3 or harmonics of ordersQ1 = 13,Q2 = 11 (m = 1)
—at mPH = 6. They meet certain conditions given in the same chapter.

For investigation of the working conditions of the damper winding under the
joint impact of “adjacent” time harmonics, for example, Q1 = 13; Q2 = 11 with
m = 1 were calculated the currents and losses in the damper winding of generator
6300 kW, 6.3 kV, 2p = 6, mPH = 6, the number of bars on the pole N0 = 8. The
amplitudes of the higher harmonics voltage concerning to the first harmonic were

adopted: U11

U1
= 9 %; U13

U1
= 7.2 %. Difference in the initial phases of the voltage

harmonics TU = 0. The calculations showed that the distribution of currents in the
bars when exposed to only one harmonic Q2 = 11 is similar to the current distri-
bution for the asynchronous machines mode and is not similar on the distribution of
currents under the combined effect of “adjacent” time-harmonic Q1 = 13; Q2 = 11.

Table 15.1 represents losses in damper winding of the same generator allocated
at separate influence of voltage harmonics of order (Q2 = 11, m = 1) and (Q1 = 13,
m = 1), and also at their combined influence (Q2 = 11, Q1 = 13, m = 1) for dif-
ference of initial phases TU = 0; voltage harmonic structure is given above. From
Table 15.1 it follows:

• distribution of currents and losses depends on the ratio of amplitudes of “ad-
jacent” voltage harmonics of orders Q1, Q2. This fact influences the distribution
of heats, temperature deformations and mechanical stresses in winding elements.
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If EMF amplitude of one of “adjacent” harmonics is much less than the second,
regularities of currents distribution in damper winding elements at
non-sinusoidal power supply and asynchronous mode are almost identical;

• losses in damper winding at non-sinusoidal voltage supply determined by
“adjacent” harmonics of orders Q1, Q2 at m = 1 exceed total losses at separate
power supply of the same harmonics.

15.4 Additional Measures to Decrease Damper Winding
Losses in Salient-Pole Machine

Winding with mPH = 6 [3] is widely used to reduce losses in rotor loops for
synchronous mode of machines in network with non-sinusoidal sources. However,
its construction is more complicated than three-phase, and in low-voltage lower
power machines (up to 1500–2000 kW) its usage is not always possible. In more
detail peculiarities of this winding were given in Chap. 3. There were also stated
other measures of reducing additional losses in rotor loops of modern machines in
nonlinear network.

At the same time, a certain decrease of losses in damper winding can be obtained
if we create the voltage on frequency converter terminals so that voltage phase
angles of “adjacent” higher harmonics of order Q1 = 7 and Q2 = 5; Q1 = 13 and
Q2 = 11;…, inducing in rotor loops EMF and currents of identical frequency, would
be shifted in addition by a certain angle TU. In practical problems for assessment of
the extent of losses decrease, it is expedient to perform a number of alternative
calculations at π/2 ≤ TU ≤ π. The assessment of losses is given in Table 15.1 for
comparison at the combined influence of two “adjacent” time harmonics (Q2 = 11,
Q1 = 13, m = 1) in machine at mPH = 6 for variants TU = 0 and TU ≠ 0. At the
combined influence of two “adjacent” harmonics Q2 = 5 and Q1 = 7 in machine at
mPH = 3 (for variants TU = 0 and TU ≠ 0) we obtain the similar results. Let us note
that for the determination of losses in rotor loops created in machine by higher time
harmonics it is almost sufficient to consider harmonics of the first four orders.

Appendix 15.1

See Table 15.1.

Table 15.1 Comparison of losses in damper winding

Mode of
generators

Synchronous Synchronous Synchronous Synchronous

Orders of
harmonics

Q2 = 11,
m = 1

Q1 = 13,
m = 1

Q2 = 11, Q1 = 13,
m = 1, TU = 0

Q2 = 11, Q1 = 13,
m = 1, TU = π

Losses (%) 56.2 25.8 100 74
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Brief Conclusions

By operation in nonlinear networks:

1. In an induction machine without cage damage, all its bars are practically in
equal thermal and mechanical state: the same refers to ring portions. This state is
violated if there is a damage in cage.

2. In salient-pole machines thermal condition of damper winding is caused by
uneven distribution of currents and losses in its elements. The law of currents
distribution depends on the ratio of amplitudes of “adjacent” harmonics and on
the difference of initial phases TU. If the amplitude of one of these harmonics is
much less than the second, the law of currents distribution in nonlinear network
approaches that of currents distribution in asynchronous mode.

3. Besides known measures on the reduction of additional losses and overheats in
damper winding structural elements given in Chap. 3, reduction of losses can be
achieved by a difference increase of “adjacent” harmonics initial phases TU

within the range π/2 ≤ TU ≤ π.

List of Symbols

m Order of stator MMF spatial harmonics
mPH Number of stator winding phases
N Bar number (ring portion or segment) of damper

winding or cage rotor
N0 Number of bars of damper winding per pole or

number of bars in squirrel cage
N = N1, N2, …, N0 Numbers of bars and ring portions (segments) on

pole
PðxROT;1Þ; . . .; PðxROT;2Þ. . . Losses in squirrel cage from currents with frequen-

cies xROT;1;xROT;2. . .
PCAG.RES Total losses in squirrel cage from rotor currents with

frequencies xROT;1;xROT;2; . . .
PD.RES Total looses in damper winding with frequencies

xROT;1;xROT;2; . . .
p Number of pole pairs
Q Order of stator current time harmonic
TU Difference of initial phases of two higher “adjacent”

voltage harmonics
ω1 Network circular frequency (frequency of stator

current first harmonic)
ωREV Angular speed of rotor rotation
ωROT,1, ωROT,2,… Circular frequencies of rotor currents

Brief Conclusions 315

http://dx.doi.org/10.1007/978-4-431-56475-1_3


References

I. Monographs, textbooks

1. Richter R., Elektrische Maschinen. Berlin: Springer. Band I, 1924; Band II, 1930; Band III,
1932; Band IV, 1936; Band V, 1950. (In German).

2. Mueller G., Vogt, K., Ponick B., Berechnung elektrischer Maschinen. Springer, 2007. 475 S.
(In German).

II. Synchronous machines. Papers, inventor’s certificates, patents

3. Boguslawsky I.Z., Particularity of 6-phases armature winding of A.C. machines with the
non-sinusoidal power supply. Power Eng. New York, 1997, No. 5.

III. State Standards (IEС, GOST and so on)

4. GOST (Russian State Standard) R-52776 (IEC 60034-1). Rotating Electrical Machines. (In
Russian).

5. IEC 60092-301 Electrical installations in ships. Part 301: Equipment Generators and Motors.
6. Rules and Regulations for the Classification of Ships. Part 6 Control, Electrical, Refrigeration

and Fire. Lloyd’s Register of Shipping (London). 2003.
7. Russian Maritime Register of Shipping. Vol. 2. Rules for the classification and construction of

sea going ships. St. Petersburg. 2003.

316 15 Peculiarities of Operation Modes of A.C. Machine with …



Chapter 16
Operation Problems of High-Power
AC Machines in Nonlinear Network

Regarding high-power synchronous and induction machines, the method of deter-
mination of their admissible power is developed in these chapters for the operation
in nonlinear network. The method was checked in bench conditions on generator,
2000 kW, 690 V, 750 rpm (at «Elektrosila» Work, Stock Company “Power
Machines” St.-Petersburg). Also we considered a special case representing practical
interest—method of determination of generator admissible power for the operation
under combined load. Influence of electromagnetic load of generators is investi-
gated on their dynamic characteristics for the operation in autonomous mode
(transient voltage deviation at load-off or load-on); practical measures for solution
of the problems arising thus are formulated.

The voltage drop ΔU is appeared due to sudden variation of load 500 kVA, by
cos φ = 0.3 was determined on the bench of «Elektrosila» work. The experimental
results are confirmed the validity of the equation, obtained in this chapter for
calculation of ΔU, what is comfortable for the practical use.

16.1 General Comments

In recent years in connection with broad application of converting equipments in
electrical power systems, these are problems of providing operation modes of
high-power AC machines in nonlinear networks, selecting their electromagnetic
loads and peculiarities of construction (in comparison with machines intended for
linear networks).

Let us consider the main of these problems.
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16.2 Admissible Power of AC Machines in Nonlinear
Network: Determination Methods; Practical
Examples [1, 11–13]

Problem formulation
In modern practice high-power AC machines fed from converters of various

types are widely used. Along with converters constructed on the principle of
pulse-width modulation (PWM) system, frequency converters based on current
inverter also find an application in the industry. Their form of stator phase current is
considerably different from sinusoidal. Usually, it is characterized by “nonlinear
distortion factor” [16–19]. This factor in nonlinear networks usually does not
exceed KDIST < 0.03–0.35, which exceeds requirements of norms (KDIST < 0.05)
specified in GOST, IEC standards and Register [16–19]. Therefore, practice defines
a problem to determine the admissible power of AC machines for values of KDIST

factor exceeding requirements of these norms.
We noted previously that this integrated factor KDIST does not take into account

the influence of separate harmonics in current curve on the DC and additional losses
in winding and stator and rotor cores and so does not allow one to estimate their
thermal condition normalized according to GOST, IEC standards and the Register.

Let us consider peculiarities of calculation method for admissible power P�ADM of
AC machine operating with this converter, proceeding from losses, thermal con-
dition of its stator winding, and also stator and rotor cores. We accept that the real
form of phase current differs from sinusoidal; for example, it can be approximately
represented by step curve or trapezium of arbitrary form characterized by param-
eters: by high I (current amplitude), width of bases: bottom BBT ¼ 0:5T0 and top
BTP\BBT;BTP ¼ var; here T0—period equal to 360 electrical degrees.

When determining the admissible power P�ADM, it is assumed that losses QAC;N,
in stator winding for the operation with converter are equal to those QAC;NET for the
operation in parallel with a network of industrial frequency; the same also refers to
losses WAC;N in stator and rotor cores for the operation with converter and power
supply from the network WTOT;NET. AC machine power P�ADM is determined,
proceeding from two conditions: QAC;N ¼ QAC;NET and WAC;N ¼ WAC;NET. From
these equalities we can calculate:

• ratio of the first current harmonic for machine operation with frequency con-
verter to the current amplitude for operation in parallel with industrial frequency
network;

• ratio of the first harmonic of resulting flux (mutual induction) in air gap for
machine operation with frequency converter to its flux amplitude for operation
in parallel with industrial frequency network.

As a result, we have also determined the value P�ADM.
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As examples of this method in Sect. 16.2.4, the value P�ADM is determined for
several current forms (trapezium at BTP\BBT;BTP ¼ var) in the range of stator
winding parameters, representing practical interest.

16.2.1 Losses in Stator Winding Carrying Alternating
Current Containing a Number of Time
Harmonics [1–4]

16.2.1.1 DC Losses

Let us consider a general case, in which the phase current curve contains all odd
harmonics of time orders of N ≥ 1 (in special cases some of these harmonics can be
absent). In this chapter the time harmonic order is designated by letter N in contrast
to letter Q agreed in other chapters (for example, in Chap. 3): in this chapter Q
denotes winding losses.

Then, the DC losses are determined by the following ratio:

X
QDC;N ¼ QDC;1 � � � þQDC;5 þ � � �QD:C:;N þ � � � : ð16:1Þ

Expressions for DC losses of separate current harmonics:

QDC;1 ¼ 0:5mPHðK1IÞ2RPH; . . .; QD:C:;5 ¼ 0:5mPHðK5IÞ2RPH;

QDC;N ¼ 0:5mPHðKNIÞ2RPH; . . .:
ð16:10Þ

Here I—current curve amplitude containing harmonics; mPH—number of phases;
K1; . . .;K1; . . .;KN—expansion coefficients of current curve with harmonics of
order 1; . . .; 5; . . .;N; . . .; RPH—DC resistance of stator winding phase. According
to (16.1) and (16.1′), we obtain:

X
QDC;N ¼ 1

2
mPHðK1IÞ2RPH 1þ � � � þ K5

K1

� �2

þ � � � þ KN

K1

� �2

þ � � �
" #

¼ 1
2
mPHðK1IÞ2RPH

X
Q�

DC;N:

ð16:2Þ

The sum of the main losses (in relative units) is designated:

X
Q�

DC;N ¼ 1þ � � � þ K5

K1

� �2

þ � � � þ KN

K1

� �2

þ � � � : ð16:20Þ
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16.2.1.2 Additional Losses

They are determined by the ratio:

X
DQDC;N ¼ DQDC;1 þ � � � þDQDC;5 þ � � � þDQD:C:;N þ � � � : ð16:3Þ

Expressions for additional losses of separate current harmonics:

DQDC;1 ¼
1
2
mPHðK1IÞ2RPHDKF;1; . . .;

DQDC;5 ¼
1
2
mPHðK5IÞ2RPHDKF;5; . . .;

DQDC;N ¼ 1
2
mPHðKNIÞ2RPHDKF;N; . . .;

ð16:30Þ

Here DKF;1; . . .;DKF;5; . . .;DKF;N; . . .—coefficients of additional losses caused by
the skin effect phenomenon in stator winding elementary conductors [2–6].
Calculation expressions of these coefficients for windings of bar and winding types
do not coincide. These are given in Chap. 23 in the form convenient for further
investigations.

As follows from Chap. 23, the expression DKF;N ðN ¼ 1; . . .5; . . .Þ for windings
of both bar and winding types can be presented in the form:

DKF;N ¼ DKF;1N2; ð16:4Þ

where DKF;1 ¼ KF;1 � 1; . . .; DKF;N ¼ KF;N � 1; KF;1; . . .;KF;N—field’s fac-
tors for time harmonics of order N [2, 5, 6].

According to (16.3), (16.3) and (16.4) we obtain:

X
DQDC;N ¼ 1

2
mPHðK1IÞ2RPH DKF;1 þ � � � þ K5

K1

� �2

DKF;5 þ � � � þ KN

K1

� �2

DKF;N þ � � �
" #

¼ 1
2
mPHðK1IÞ2RPH

X
Q�

D:C:;N

� �

ð16:5Þ

The sum of the DC losses (in relative units) is expressed as:

X
DQ�

DC;N ¼ DKF;1 1þ � � � þ K5

K1

� �2

52 þ � � � þ KN

K1

� �2

N2 þ � � �
" #

: ð16:6Þ
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16.2.1.3 AC Losses QAC,N

QAC;N ¼
X

QDC;N þ
X

DQDC;N

¼ 1
2
mPHðK1IÞ2RPH

X
Q�

DC;N þ
X

DQ�
DC;N þ

h i
;

ð16:7Þ

where
P

Q�
DC;N—as per (16.2′),

P
DQ�

DC;N—as per (16.6).
Thus, the “distortion factor” usually used in practice for the assessment of

current phase form does not determine completely stator winding losses. From
Eq. (16.6) it follows that it determines only one component of these losses
ðPQ�

DC;NÞ. This coefficient does not determine the second component of losses
ðPDQ�

DC;NÞ:

16.2.1.4 Losses in Stator Winding Carrying Sinusoidal Current
of Industrial Frequency

DC losses: QDC;C ¼ 1
2mPHI2CRPH; here IC—amplitude of sinusoidal current.

Additional losses: DQDC;C ¼ 1
2mPHI2CRPHKF;1:

AC (total) losses:

QA:C:;C ¼ 1
2
mPHI2CRPHð1þDKF;1Þ: ð16:8Þ

16.2.1.5 Admissible Power of P�w; Proceeding from Stator Winding
Losses and Its Overheat

Using Eqs. (16.7) and (16.8) for the total losses, we obtain the expression for P�w in
the form:

P�w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þDKF;1P
Q�

DC;N þ P
DQ�

DC;N

s

ð16:9Þ

Calculation expression for power P�w is a general one and it allows one to
determine the admissible power for AC machine operation in network with fre-
quency converter, proceeding from stator winding losses and overheat at any har-
monic structure of phase current.
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16.2.2 Losses in Machine Stator and Rotor Core Caused
by Mutual Induction Field [2–6] Containing
a Number of Time Harmonics

16.2.2.1 EMF and Current Frequencies in Machine Circuits

It should be noted beforehand that for high time harmonics the machine mode is
asynchronous. In this mode the stator field of time harmonic of NAD = 6 K − 1
ðK ¼ 1; 2; 3; . . .Þ order induces in rotor circuits EMF and currents of
fROTN;AD ¼ ðNAD þ 1� sN¼1ÞfST;1 frequency, while for harmonics of NDIR = 6 K − 5

order the EMF and current frequency in rotor circuits is equal to fROTN;DIR ¼ ðNDIR�
1þ sN¼1ÞfST;1. Here fST;1—stator current frequency for N = 1; the slip sN=1 for
asynchronous machine under normal operating conditions (at N = 1) is usually
sN=1 ≤ 0.01; while for synchronous machine sN=1 = 0.

As for the screening influence of rotor excitation winding in modern generators,
the following should be noted:

• semiconductor elements of excitation system usually partly or fully “cut off” a
negative half wave of alternating current induced by fields of higher time har-
monics, it depends on the winding inductance;

• impedance of this winding is more than that of rotor damper winding. In this
regard, the screening influence of excitation winding in comparison with damper
winding is small.

16.2.2.2 Mutual Induction Fields of Orders NAD and NDIR in Air
Gap. Screening Factors SN,AD and SN,DIR

In AC machine the field of rotor currents with frequency fROTN;AD and stator field of
time order NAD (both fields have identical spatial order of “m”) generate the
resulting field (mutual induction) in air gap. Respectively, it is also characterized by
time order NAD and spatial order “m”. The same is true for the field of rotor currents
with frequency fROTN;DIR and field of stator time of order NDIR. Let us note that in
further calculations fields in air gap at m = 1 are considered. According to the
Ampere law [3, 4] MMF of mutual induction field FRESN;AD of order NAD is equal to,

FRESN;AD ¼ FROTN;AD þ FSTN;AD: ð16:10Þ

For MMF of mutual induction field of order NDIR
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FRESN;DIR ¼ FROTN;DIR þ FSTN;DIR: ð16:11Þ

Here FRES;AD; . . .; FSTN;DIR:—MMF time complexes:FROTN;AD ¼ jFROTN;ADjejW
ROT
N;AD—rotor

MMF, FSTN;AD ¼ jFSTN;ADjejW
ST
N;AD—stator MMF; similarly are determined other MMF

complexes of mutual induction field of the order NDIR; WROT
N;AD, W

ST
N;AD—phase

angles. Each MMF, FRESN;AD, F
RES
N;DIR, corresponds to the resulting flux harmonic in air

gap determined by the no-load characteristic.
We consider in more detail components of time order NAD. Mutual position in

time of vectors FROTN;AD and FSTN;AD is determined by the ratio [2, 5]:

0:5p\jDWROT
N;ADj\p, where DWROT

N;AD ¼ WROT
N;AD �WST

N;AD. Thus, these vectors form
an obtuse angle between them [2, 5]. Let us use an auxiliary acute angle
DuROT

N;AD ¼ p� DWROT
N;AD. Then, the Ampere law for MMF harmonic amplitudes

takes the following form:

FRESN;AD

���
��� ¼ FROTN;AD � FSTN;ADe

jDuROT
N;AD

���
���: ð16:12Þ

The last expression allows us to estimate the screening influence of rotor currents
field harmonics on stator currents field harmonics.

From the viewpoint of this influence let us consider, as previously, differences of
physical processes in machine connected with the first and higher time harmonics
for non-sinusoidal power supply. For the first MMF harmonic FRESN¼1 and, respec-
tively, the flux in air gap are determined, proceeding from the voltage set on stator
winding terminals [2, 5] so MMF FSTN¼1 is calculated as the sum of complexes FRESN¼1

and FROTN¼1. However, for stator MMF higher harmonics, FSTN;AD is determined based
on the current harmonic amplitude of order N = NAD (according to the harmonic
analysis of specified current curve), and MMF complexes FRESN;AD and FROTN;AD are
calculated at slip SN;AD � 1 [2, 5] so that their sum should be equal to this MMF; in
this mode DuROT

N;AD � 0. According to (16.12), the effectiveness of screening at

SN;AD � 1, DuROT
N;AD � 0 is determined by a difference between rotor MMF FROTN;AD

and stator MMF FSTN;AD values.
Let us call the relation for SN;AD and a similar relation for SN;DIR—screening

factors for additional and direct field respectively. We use a relation SN;AD ¼ jFRES
N;ADj

jFST
N;ADj

for the assessment of screening action of rotor currents field. Previously we noted
that it does not remain constant with an increase in harmonic number; depending on

this number it changes in limits: 0 < SN,AD < S1, where S1 ¼ jFRES
N¼1j

jFST
N¼1j

.

For the asynchronous machine, for example, by slip sSL = 1, it is easy to obtain
calculation values SN,AD for each harmonic N = NAD from machine equivalent

16.2 Admissible Power of AC Machines in Nonlinear Network: Determination… 323



circuit [2, 5]. At Δφ ≈ 0 taking into account Eq. (16.12) from equivalent circuit, we
obtain the following:

SN � 1

1þ XM;N=Z0
2;N

���
���
: ð16:120Þ

where Z0
2;N ¼ R0

2;N þ jX0
2;N;Z

0
2;N—is rotor impedance reduced to stator winding;

R0
2;N and X0

2;N—are AC resistance and reactance with account made for skin effect
[see Eq. (16.13)]; XM;N—reactance of magnetization circuit.

Both values of screening factors SN,AD and S1 have a clear physical sense.
The first of them gives the quantitative assessment of screening degree of stator

currents field harmonics of order N = NAD by rotor currents field harmonics of
order N � NAD þ 1 (with frequency FROTN;AD). Therefore, for designing a machine
intended for operation with “current” frequency converter it is expedient to select
the structure of squirrel cage (damper winding) so that values of the relation of SN,
AD were minimum in the range of harmonics N � NAD. As a result, the machine
with these values SN,AD is characterized by minimum values of the following:

• additional losses in stator and rotor cores caused by resulting field harmonics of
order N = NAD in air gap;

• EMF harmonics of order N = NAD in stator winding phase and correspondingly
harmonics of the same order in phase voltage curve of this machine;

• additional torques at slips by rated power caused by resulting field harmonics of
order N = NAD in air gap.

The value SN,AD is influenced by the skin effect in rotor squirrel cage (damper
winding) bars: impedance of bar ZBAR;N nonlinearly depends on the frequency of
EMF and current in rotor loops:

ZBAR;N ¼ RBAR;NKF;N þ j2pfROTN;ADLBAR;NKX;N; ð16:13Þ

where RBAR;N, LBAR;N—DC resistance and leakage inductance of bar, KX;N—in-
ductance decrease factor, KF;N—losses increase factor, field’s factor; dependence of
factors KX;N and KF;N on frequency fROTN is nonlinear and has the form [3, 4, 6, 7]:

KX;N �
ffiffiffiffiffiffiffiffiffi
1

fROTN

s

; KF;N �
ffiffiffiffiffiffiffiffiffiffiffi
fROTN;AD

q
: ð16:14Þ

As it follows from both expressions, with a growth in harmonic number NAD the
reactance and resistances of short-circuited rotor winding bars increase approxi-
mately proportionally to the square root of the number of harmonic NAD. Therefore,
MMFs FROTN;AD and FRESN;AD vary nonlinearly with growth in number NAD according to
(16.13) and (16.14).
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Analysis for large AC machines (800 kW–10 MW) in the range of frequencies
representing practical interest (NAD = 5; NDIR = 7) revealed that in this range SN,
AD, SN,DIR, values vary within the range of SN ≤ 0.12. According to equations in
Sect. (16.2.2.2) they become smaller as far as the harmonic order N becomes higher
about in proportion to

ffiffiffiffi
N

p
.

Let us note that for synchronous machines the relation 1
S1

is approximately equal

to reactance [2, 5] XAD (p.u.).
Equations (16.10) and (16.11) determine the resulting field URES in machine air

gap; it can be represented in the form of harmonic time series of order of N with
amplitudes U1; . . .U5; . . .;UN, herewith, field harmonics of order NDIR from this
series (for example, 1; 7; …) rotate in the direction of rotor rotation, and order NAD

(for example, 5; 11; …) from this series—in opposite direction.
With account of these results, let us proceed to the calculation of losses in

machine cores.

16.2.2.3 Losses in Stator Core

Let us find at first the calculation expression for losses in stator yoke. It is deter-
mined by the ratio:

X
WYOKE

N ¼ WYOKE
N¼1 þWYOKE

N¼5 þ � � � þWYOKE
N :

Expressions for separate components of losses:

WN¼1 ¼ DYOKE
1 BYOKE

1

� 	2
GYOKE; WYOKE

N¼5 ¼ DYOKE
1 BYOKE

5

� 	2
GYOKE51;3

WYOKE
N ¼ DYOKE

1 BYOKE
5

� 	2
GYOKEN1;3;

where DYOKE
1 —coefficient determined for the yoke by electrotechnical steel grade,

selected by roll direction (for cold-rolled steel), stack assembly technology;
GYOKE—yoke weight; BYOKE

1 ; . . .;BYOKE
5 ; . . .;BYOKE

N —calculation flux density in
the yoke, determined by harmonics of resulting field ΦRES in air gap:
F1; . . .;F5; . . .;FN: Then flux density values in the yoke:
BYOKE
1 ¼ U1

SYOKE ; . . .BYOKE
5 ¼ U5

SYOKE ; . . .BYOKE
N ¼ UN

SYOKE, where SYOKE—calculation

section for flux density in the yoke.
With account of last two equations we obtain the calculation expression for

losses in the yoke:

X
WYOKE

N ¼ DYOKE
2 U2

1 1þ � � � þ U5

U1

� �2

51;3 þ � � � þ UN

U1

� �2

N1;3

" #

; ð16:15Þ

where DYOKE
2 = DYOKE

1
GYOKE

ðSYOKEÞ2
:
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For harmonics of order N = NAD with account of Eqs. (16.13) and (16.14) the
following ratio is true:

UN;AD

U1
¼ KSAT1

KSATN;AD

FRESN;AD

���
���

FRES1;AD

���
���
¼ KSATN;EQ

SN;AD
S1;AD

FSTN;AD
���

���

FST1;AD
���

���
; ð16:150Þ

where KSAT1;KSAT;AD—saturation factors of magnetic circuit of AC machine for
harmonics of order N = 1 and N > 1 accordingly and KSAT1\KSATN;AD. The factor

KSATN;EQ ¼ KSAT1

KSATN;AD
for the weak-saturated magnetic circuit of AC machine

(KSAT1 � 1:15) is approximately equal to KSATN;EQ � 1 and for saturated magnetic
circuit—KSATN;EQ\1. Assume for the next calculation of the losses in stator and
rotor cores (“with reserve”): KSATN;EQ ¼ 1.

Ratios in the form (16.15′) are also true for harmonics of order N = NDIR Then
the expression for losses

P
WYOKE

N takes the form:

X
WYOKE

N ¼ DYOKE
2 U2

1

X
W�ST

N : ð16:16Þ

Here

X
W�ST

N ¼ 1þ S5K5

S1K1

� �2

51;3 þ � � � þ SNKN

S1K1

� �2

N1;3: ð16:17Þ

Equation (16.17) is similar to (16.2) and (16.6); here K1; . . .;K5; . . .;KN—ex-
pansion coefficients of current curve to harmonics series of order 1; . . .; 5; . . .;N; . . .;
which are not multiple to three (star connection of stator winding phases is
supposed).

Let us proceed to the calculation expression for losses in stator teeth. It is similar
to (16.16):

X
WTEETH

N ¼ DTEETH
2 U2

1

X
W�ST

N : ð16:18Þ

Coefficient DTEETH
2 as well as DYOKE

2 are based on the consideration of elec-
trotechnical steel grade, roll direction, stack assembly technology, weight of tooth
zone and teeth calculation section [6, 7]; the sum

P
W�ST

N is calculated based on
(16.17).

16.2.2.4 Losses in Rotor Core

Calculation expressions for losses are similar to (16.16) and (16.18). Differences
consist in numerical values for coefficients DYOKE

2 and DTEETH
2 , and also in the

formulation of expression for
P

W�ROT
N . It takes the form:
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X
W�ROT

N � 1þ S5K5

S1K1

� �2

61:3 þ � � � þ S7K7

S1K1

� �2

61:3 þ � � �

þ S11K11

S1K1

� �2

121:3 þ � � � þ S13K13

S1K1

� �2

121:3 þ � � �
ð16:19Þ

Note. With increasing the order of harmonic NAD and NDIR the exponents may
differ from those specified in the Eqs. (16.15) and (16.19). Generally they depend
on the type of electrical steel used and can be specified by the manufacturer. On the
other hand, with increasing of harmonic order NAD and NDIR the factors determined
for the yoke and teeth by the kind of electric steel, the rolling direction and the
stacking technology are also changed. Those factors should be measured on the
manufacturer’s test bench against machines that are similar in design. Nevertheless
even with variation of the exponents and factors, the formulas for ΞW × NROT and
ΞW × NST are still valid, therefore the above method can still be used for the
practical calculations.

This difference is caused by the fact that for “adjacent” harmonics of both orders
(for example, NAD = 5 and NDIR = 7) the frequency of EMF and currents fROTN;AD and

fROTN;DIR in rotor loops is not equal for the same harmonics to that of EMF and currents
in stator loops; expressions for these frequencies are obtained in Sect. 16.2.2.1.

Let us neglect this difference and assume that
P

W�ROT
N � P

W�ST
N . Thus, the

calculation error in value
P

W�ROT
N makes no more than 3–5 %.

16.2.2.5 Total Losses: Admissible Power Based on Losses in Machine
Core and Its Overheats

Summarizing losses in stator and rotor yoke and teeth, we obtain total losses in
machine core, when fed from a frequency converter. Equating these losses to those
in core for machine operation in industrial network, we obtain the calculation
expression for admissible power:

P�COR ¼ 1
P

W�ST
N

: ð16:20Þ

Here
P

W�ST
N —as per (16.17).

The calculation expression for power P�COR is general and allows one to deter-
mine the admissible power for machine operation in network with frequency
converter, proceeding from losses and overheat of stator and rotor cores.

Higher time harmonics of mutual induction flux additionally saturate machine
core. However, reduction of its first harmonic according to (16.20) usually com-
pensates this saturation, so additional check of magnetic circuit saturation factor,
when machine is fed from the frequency converter is usually not required.
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16.2.3 Machine Admissible Total Power PADM

In fractions of rated power determined for machine operating mode in nonlinear
network it is found from the following ratio:

P�ADM ¼ P�WP
�
COR: ð16:21Þ

Here P�W—as per (16.9), P�COR—as per (16.20).

16.2.4 Calculation Examples: Determination of Machine
Admissible Power PADM

*

As examples of using Eqs. (16.9–16.21) calculation results of power P�ADM are
given below.

Calculations of power P�W are made based on (16.2′), (16.9) for a rectangular and
for a trapezium current form with various width of top basis (BTB = var). Three
variants of factor ΔKF1 are considered:

• ΔKF,1 = 0.075 (variant 1);
• ΔKF,1 = 0.15 (variant 2);
• ΔKF,1 = 0.25 (variant 3 practically with limit values ΔKF,1).

16.2.4.1 Calculation Peculiarities of DC and Additional Losses Based
on (16.2′), (16.6), (16.9) for Rectangular Current Waveform
(Limit Problem for Trapezium with Equal Top BTP

and Bottom BBT Bases: BTP = BBT)

X
Q�

DC;N ¼ 1þ � � � þ 1
5

� �2

þ � � � þ 1
N

� �2

þ � � � ð16:22Þ

Sum of additional losses as per (16.6)

X
DQ�

DC;N ¼ DKF;1
1
1

� �2

1ð Þ2 þ � � � þ 1
5

� �2

5ð Þ2 þ � � � þ 1
N

� �2

N2 þ � � �
" #

¼ DKF;1½1þ � � � þ 1þ � � � þ 1þ � � ��:
ð16:23Þ
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We obtained that DC losses
P

Q�
DC;N as per (16.22) with unrestrictedly large

number of expansion terms N have a limit; for example, with account of the first ten
expansion terms it is equal to

P
Q�

DC;N � 1:125.
Additional losses

P
DQ� as per (16.23) with unrestrictedly large number of

expansion terms N for rectangular current waveform, unlike trapezoidal
(BTP < BBT) have no limit: DQDC ¼ DKF;1N.

Practically, the number of terms (N) in last expression is determined only by the
maximum frequency for which field’s expressions are correct; it is considered that
for elementary conductors dimensions of stator winding usually used in practice
they are true at frequencies up to 1000–1200 Hz. With a further increase in current
frequency, the DKF;N error in calculation of additional losses increases, so for the
derivation of calculation ratios for DKF;N with such frequencies it is necessary to
investigate more strictly the real field of slot leakage. Practically, this restriction
corresponds to values of orders N < 25. As an example the first ten harmonics to
N = 19 are considered (incl.).

According to (16.9) we obtain:

• for ΔKF,1 = 0.075: P�w =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:075

1:125þ 0:75

q
¼ 0:75;;

• for ΔKF,1 = 0.15: P�w = 0.65;
• for ΔKF,1 = 0.25: P�w = 0.58.

With account of inductance in the converter circuit, the rectangular current
waveform has only theoretical interest: calculations of this current waveform
indicate the lower limit of machine power P�ADM.

According to (16.21) the machine admissible power P�ADM is equal to,

• for ΔKF,1 = 0.075: P�ADM ¼ 0:72;
• for ΔKF,1 = 0.15: P�ADM ¼ 0:64;
• for ΔKF,1 = 0.25: P�ADM ¼ 0:57.

16.2.4.2 Calculation Results of Power P�ADM for Trapezoidal Phase
Current Waveform with Various Width of Top Basis
(BTP = Var) Are Given in Table 16.1

As it follows from calculation results, when the trapezium top basis changes to the
value BTP � 2

3 BBT; the amplitudes of higher harmonics decrease; it allows us to
increase machine power to P�ADM � 0.93–0.95.

Note. Calculations P�COR indicate: Values S1, SN,AD and SN,DIR confirm the
effectiveness of screening influence of squirrel cage currents on stator field higher
harmonics. As a result, stator and rotor cores losses of this generator rise only by 3
to 4 % for considered current waveforms in comparison with losses in network
operation. Respectively, the power P�COR makes P�COR � 0.96–0.97, which is used
in Eq. (16.21) in determination of P�ADM.
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Let us note that unlike P�W, the value P�COR depends on machine equivalent
circuit parameters.

16.2.5 Experimental Determination of Screening Factors
SN,DIR, SN,AD of Asynchronous and Synchronous
Salient Pole Machines

Values of screening factors SN,DIR and SN,AD form parameters of AC machines,
which outline screening features of squirrel-cage rotor circuits (squirrel-cage or
damper winding) and their effectiveness. In practical calculations the values of
screening factors SN,DIR, SN,AD either validate the construction of rotor windings or
indicate the necessity for their “strengthening, finishing”; for this reason, their
assessment is of practical concern.

Values of screening factors SN,DIR and SN,AD for asynchronous and synchronous
salient-pole machines may be obtained by an experiment, for example, during tests
on manufacturer’s bench. It would be rational to perform tests with the help of one
of production machines manufactured at the factory which exhibits:

• much the same level of electromagnetic loads as for similar machine line;
• rotor squirrel cage construction similar for this line of machines, for example,

applied materials of its components (copper, aluminum), ratio of basic bar
section on a pole to rotor end ring section [2, 5, 7] etc.

Test bench should be equipped with a frequency source of N order harmonic
current up to N ≤ 13–17 and with a synchronous motor for tested machine driving.
The motor should be fed by a variable frequency unit that is available as a rule on
manufacturer’s bench; DC motor may be used instead of synchronous motor. For
both cases such a motor should ensure the variation of speed n of tested machine
within the range 0.9nNOM ≤ n ≤ nNOM.

1. Asynchronous machine.

1:1 Test for determination of MMF FSTN;DIR; F
ST
N;AD with supply by frequency source

of N order harmonic current up to N ≤ 13–17.

The machine is driven at a speed n < nNOM, which corresponds to the slip under
rated operating conditions; we have to note that for harmonics of N = 1 order the
slip is usually sN=1 ≤ 1 %.

Table 16.1 Power P�ADM for trapezoidal phase current waveform with various width of top basis
(BTP = var)

Trapezoidal form BTB = 140 el. degr. BTB = 120 el. degr. BTB = 100 el. degr.

P�ADM
(var.1/var.2/var.3)

0.9/0.88/0.85 0.93/0.92/0.91 0.95/0.94/0.93
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It is supplied with a voltage whose amplitude corresponds to N > 1 order har-
monic, for example, UN = UN=7. The amplitude of stator current of N order har-
monic is measured as well, for example, IN = IN=7. It should be noted that for
harmonics of N > 1 order the slip is sN ≈ 1.

As consequence, on the basis of stator current IN the value of FSTN;DIR will be
determined according to Eq. (3.5′) for MMF [2, 5, 7].

The value FSTN;DIR, for example, FSTðN¼5Þ, shall be determined by an experiment in a

similar way.

1:2 Test to specify MMF FRESN;DIR; F
RES
N;AD with supply from industrial network.

An asynchronous machine is driven at synchronous speed n = nNom, so that for
harmonics of N = 1 order the slip makes sN=1 = 0.

It is fed from an industrial network (N = 1) by U voltage within the range of
0.1UNOM ≤ U ≤ 0.7UNOM, where UNOM—machine rated voltage. During the test
for harmonics of N = 1 order one should measure the amplitude of stator current IM
(N=1) within the specified voltage range. The non-load characteristic EMðN¼1Þ ¼
f½IMðN¼1Þ� is plotted upon the results of measurements; here EMðN¼1Þ; IMðN¼1Þ are
EMF and magnetizing current amplitudes which specify the total field in an air-gap
at network frequency. EMF is calculated from the formula:
EMðN¼1Þ ¼ U� IMðN¼1ÞZ1ðN¼1Þ; here Z1ðN¼1Þ—impedance of stator winding at
industrial network frequency (N = 1). The phase angular difference Δφ between
voltage U and current IMðN¼1Þ may be taken as equal to Δφ ≈ 90 el. degr. The

reactance of magnetizing circuit at this frequency is XMðN¼1Þ ¼ jEMðN¼1Þj
jIMðN¼1Þj .

At harmonics of N > 1 order the reactance of this circuit is calculated from the
expression: XMðNÞ � NXMðN¼1Þ ðKSATN;EQ ¼ 1Þ; for example, at N = 7:
XMðN¼7Þ � 7XMðN¼1Þ. Then, for a voltage with amplitude corresponding to har-
monic order N, for example, UN = U(N=7), we shall determine the magnetizing

current: IMðN1Þ UN

jXMðNÞ þZ1ðNÞ
, for example, IMðN¼7Þ UN¼7

jXMðN¼7Þ þZ1ðN¼7Þ
, where Z1ðNÞ—

stator winding impedance at a frequency of N > 1 order.
When calculating the current IMðNÞ it should be supposed that the phase angular

difference Δφ between voltage UN and current IMðNÞ is kept equal to Δφ ≈ 90 el.
degr.

Finally, on the basis of stator current IMðNÞ the value of FRESN;DIR will be determined

according to Eq. (3.5′) for MMF [2, 5, 7], for example, FRESðN¼7Þ. The value F
RES
N;AD, for

example, FRESðN¼5Þ, shall be determined by an experiment in a similar way (directions

of rotor turning when determining MMF FRESN;DIR and FRESN;AD—are opposite).

In practice to specify the values FRESN;DIR and FRESN;AD it should be sufficient to
choose in a given voltage range 2–3 values, for example, U = 0.5UNOM;
U = 0.3UNOM, because within this range the relationship EMðN¼1Þ ¼ f½IMðN¼1Þ� is
linear.
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1:3 Now let us calculate screening factors SN;DIR ¼ jFRES
N;DIRj

jFST
N;DIRj

, for example, SN¼7 ¼
jFRES

ðN¼7Þj
jFST

ðN¼7Þj
and SN;AD ¼ jFRES

N;ADj
jFST

N;ADj
, for example, SN¼5 ¼ jFRES

ðN¼5Þj
jFST

ðN¼5Þj
.

2. Synchronous salient-pole machine.

Values of screening factors SN;AD and SN;DIR for synchronous salient pole
machine are to be specified in the way similar to that one for asynchronous machine
(p. 1).

2:1 Test to determine MMF FRESN;AD; F
ST
N;DIR with supply from frequency source of N

order harmonic current up to N ≤ 13–17.

The synchronous salient-pole machine is driven at a speed n = nNOM, in such a
way that the slip is sN=1 = 0 for N = 1 order harmonic.

It is fed by a voltage with amplitude corresponding to harmonic order N, for
example, UN = UN=7. The stator current amplitude of N order harmonic, for
example, IN = IN=7 is to be measured. We have to note that for harmonics of N > 1
order the slip makes sN ≈ 1.

It would be appropriate to measure the stator current IN by using a digital
oscillograph. This is due to the necessity to ensure FSTN;DIR and FSTN;AD calculation

accuracy: the current IN amplitude varies within the range IMIN
N � IN � IMAX

N
according to the variation of magnetic conductance in an air-gap along longitudinal
and transverse axes. On the basis of both limit amplitude values one can calculate
the value of stator current for harmonics of N order:

IMED
N ¼ IMAX

N þ IMIN
N

2
:

Thus, relying on stator current IMED
N the value of FSTN;DIR is specified according to

Eq. (3.5′) for MMF [2, 5, 7], for example FSTðN¼7Þ. The value FSTN;AD, for example,

FSTðN¼5Þ, is to be determined by an experiment in a similar way.

2:2 Determination of MMF FRESN;DIR; F
RES
N;AD.

Methods to determine by an experiment MMFs on manufacturer’s bench for
synchronous salient pole and asynchronous machines are similar (see p. 1.2). The
synchronous salient-pole machine is also driven at synchronous speed n = nNOM, so
that the slip makes sN=1 = 0 for N = 1 order harmonic.

However, in contrast to asynchronous machine there is a need to obtain as a
result of testing two no-load characteristics EM;ðN¼1Þ ¼ f½IM;ðN¼1Þ� for synchronous
salient pole machine. They differ by amplitude position of stator MMF with relation
to both axes of its poles (longitudinal d or transverse q). The first characteristic
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should be relevant to first amplitude matching with d axis and to second amplitude
matching with q axis.

To perform two tests one should need to equip additionally a test bench with a
special synchronous machine, which must provide changing a mutual position of
stator winding field with respect to its pole axes. There is a possibility to avoid
additional losses if we simulate the field of synchronous salient-pole machine under
conditions required to specify MMF FRESN;DIR; F

RES
N;AD; they are the slip sN=1 = 0 and

the absence of eddy currents in its rotor circuits.
When simulating the field the goal is to determine a mutual inductance of

three-phase stator winding and rotor pole system (in the absence of current in
excitation winding).

To achieve this goal the following is to be set:

• geometrical dimensions of a machine in cross-sectional view (stator core
diameters: outer DA and inside DINN; pole sizes; air gaps under pole δMIN and on
its periphery δMAX etc.); it should be appropriate to fill in stator slots with
ferromagnetic material in order to avoid the slot ripple effect;

• several values of amplitude of first spatial harmonic of stator winding MMF
through which the direct current is spread. They must be chosen in a way that
the magnetic system of machine remains unsaturated.

The main stages are the following:

• for period T ¼ pDCALC
p we specify a harmonic wave of MMF having amplitude

FRES; here DCALC = DINN − δMIN;
• we put the rotor in the first extreme position (when MMF amplitude coincides

with d axis of a pole);
• we determine the first harmonic of mutual induction flux Φd during period T and

its amplitude Bd;

• mutual inductance factor Md is equal to [3, 4, 8, 9] Md ¼ UdWPHKW

I

Here the describing amplitude of current I is specified from (3.5′) accordingly to
MMF amplitude FRES. The calculation expression for Md factor is to be presented in
the form as follows:

Md ¼ Bd

FRES
mPHðWPHKWÞ2 TLCOR

p2p
;

where mPH = 3—number of stator winding phases; LCOR—effective length of stator
core.

Then, we put the rotor in the second extreme position (MMF amplitude coin-
cides with pole q axis) and we calculate the factor Mq in a similar way. On the basis
of both limit values of factors Md and Mq we will determine the calculation value of

mutual induction factor Md;q ¼ Md þMq

2
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At a frequency of N > 1 order the reactance of magnetizing circuit is specified
from the expression: XM(N) = ωNMd,q; for example, at N = 7:
XM(N=7) ≈ 7ω(N=1)Md,q, where xðN¼1Þ—network frequency. Then, in a way similar
to that one for asynchronous machine for voltage whose amplitude corresponds to
N order harmonic, for example, UN = U(M=7), we may specify the current of

magnetization, for example, IMðN¼7Þ UN¼7

jXMðN¼7Þ þZ1ðN¼7Þ
, where Z1(N)—stator winding

impedance at a frequency of N > 1 order. When calculating the current IM(N) it is
supposed that in a way similar to asynchronous machines the phase angular dif-
ference Δφ between voltage UN and current IM(N) is equal to Δφ ≈ 90 el. degr.

Thus, according to Eq. (3.5′) the value FRESN;DIR, may be specified for MMF [2, 5,

7], for example, FRESðN¼7Þ.

The value FRESN;AD, for example, FRESðN¼5Þ is to be specified in a similar manner.

In practice to specify the values FRESN;DIR and FRESN;AD it should be sufficient to
choose in a given voltage range 2–3 values, for example, U = 0.5UNOM;
U = 0.3UNOM, because within this range the relationship EMðN¼1Þ ¼ f½IMðN¼1Þ� is
linear.

2:3 Let us calculate screening factors SN;DIR ¼ jFRES
N;DIRj

jFST
N;DIRj

, for example, SN¼7 ¼ jFRES
ðN¼7Þj

jFST
ðN¼7Þj

and SN;AD ¼ jFRES
N;ADj

jFST
N;ADj

, for example, SN¼5 ¼ jFRES
ðN¼5Þj

jFST
ðN¼5Þj

Notes.

1. As required, the value of current IMED
N (see p. 2.1) is to be adjusted. To do it,

there is a need to get by using a digital oscillograph the relationship IN = I(t)
[0 ≤ t ≤ 0.5T, where t—time (el. degr.), T = 2π—period], and then to calculate
IMED
N from the following expression:

IMED
N ¼ 1

p

Zp

0

IðtÞdt

In a similar manner one can adjust the value of mutual inductance Md,q (see
p. 2.2). To do this, there is a need to get at simulation the relationship M = M(x)

(0 ≤ x ≤ 0.5T, where x—coordinate, T ¼ pDCALC
p , and then to calculate Md,q using

the expression:

Md;q ¼ 2
T

Z
T
2

0

MðxÞdx
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2. To determine the mutual induction factor Md,q by using the simulation of field in
a machine it should be sufficient to apply one of program packages for elec-
tromagnetic field calculation, for example [10].

16.2.6 Checking of Rotor Short-Circuited Winding
of Asynchronous and Synchronous Salient Pole
Machines Heating Due to Higher Time Harmonics
(N > 1): Losses for Its Calculation; Their Effect
on Load of Operating Machines

In Sect. 16.2.2.1 it is obtained that additional fields in air gap caused by current
higher stator harmonics induce in rotor loops EMF and currents with frequencies
from 300 Hz to the value somewhat exceeding 1000 Hz.

Additional losses in rotor loops and their overheats for asynchronous machines
can be easily determined for each time harmonic from an equivalent circuit [2, 5, 7]
at slips SN,DIR ≈ 1 or SN,AD ≈ 1. Approximately, the losses QCAG,N in
short-circuited rotor winding from the mutual induction field of order N are
determined from the following formula. At N > 1 it is true (“with a reserve”) by slip
s � 1: I02;N � I1;N where I1;N—stator current harmonic amplitude of order N; as per
(16.1′): I1;N ¼ IKN, where I—amplitude of phase current; KN—expansion coeffi-
cient of current curve to harmonics series. As a result, we have:

QCAG;N � 1
2
mST I1;N

� 	2
R0
2;N: ð16:220Þ

where R0
2;N—reduced AC resistance of short-circuited rotor winding.

Additional losses QD;N in damper winding and its overheats for salient pole
machines can be easily determined for the time harmonic at N > 1, slip sSL ≈ 1 and
at small values of screening constants SN;DIR and SN;AD practically from the fol-
lowing ratios.

To determine approximately losses QD;N one should replace the damper winding
by an equivalent squirrel cage having the same sizes of bars and rotor end rings but
keeping the following pitches bCAG;EQ between bars bCAG;EQ ¼ bD

sp
bp
, where bD—

pitch between damper winding bars; bp—width of pole; τp—pole pitch. When
making such a replacement, one should take into account the peculiarities of syn-
chronous machine and its damper winding; in the contrast to asynchronous
machine:

• mutual induction fields of “neighbor” harmonics, for example, N = 5 and N = 7
or N = 11 and N = 13 induce in rotor circuits for the first spatial harmonic
(m = 1) the currents of the same frequency ωROT. For example, for harmonics

16.2 Admissible Power of AC Machines in Nonlinear Network: Determination… 335



N = 5 and N = 7: ωROT = 6ωST, for harmonics N = 11 and N = 13:
ωROT = 12ωST (see Chap. 3). Calculations performed for a series of syn-
chronous salient-pole machines have shown that losses QD,N in damper winding
at mutual effect of “neighbor” harmonics, for example, N = 5 and N = 7, are
about KCOM = 1.3-fold–1.35-fold greater than under their separate effect, for
example, N = 5 and N = 7 (see Chap. 15).

• the amplitude of currents in bars of damper winding rotor does not vary
according to the harmonic law (see Chaps. 7, 9–11). The analysis of calculation
of losses occurred in this type of winding and got for a series of synchronous
salient-pole machines by the solution of equation systems (Chap. 14) has shown
that in round figures to admissible power at small values of screening factors SN,
DIR and SN,AD one may calculate these losses for equivalent squirrel cage using
the equation which is similar to (16.22′):

QD;N ¼ 1
2
mSTKCOMKD I02;N

� �2
R0
2;N

� 1
2
mSTKCOMKDðI1;NÞ2R0

2;N;

ð16:2200Þ

where R0
2;N—reduced A.C. resistance of equivalent squirrel cage,

KD ¼
X EM

ZBKB
aND
0 ða0 � 1ÞþC1a

ND
1 ða1 � 1ÞþC2a

ND
2 ða2 � 1Þ

���
���

J2;EQðNDÞ
�� ��N0

2

4

3

5

2

:

Here the summing is made by numbers ND of damper winding bars on pole:
ND = 0; 1; 2; . . .; nn N0–1 symbols for EM, ZB, KB, C1, a1, C2, a2—see Chap. 9

a0 ¼ e
�j2pmbD

T
; J2;EQðNDÞ ¼ J2;EQðNDÞ

�� ��e
�j2pmbCFG:EQND

T ;

J2;EQðNDÞ—amplitude of currents in bars of equivalent squirrel cage. EMF amplitude
and values of constants C1, C2, amplitude of current J2;EQðNDÞ are to be specified for
the same amplitude of flux density in air gap Bm = idem, for example, at Bm = 1 T,
so expressions for currents in the numerator and denominator of equation for factor
KD may be considered as generalized characteristics of these currents. Usually the
value of KD is in an interval of 1.35–1.5.

Let us note that overheats of short- circuited elements in the rotor of asyn-
chronous and salient pole machines are not normalized in GOST and rule of IEC
[16–19]. However, the temperature of bars of damper winding of synchronous
salient-pole machines is limited under service conditions by the value Θ < 160–
180 °C (see Chap. 9); once it is exceeded, winding damages may take place due to
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thermal deformations. The same restrictions are set for squirrel cage temperature Θ
by asynchronous machine operating practice.

For practical needs the check of winding temperature Θ, specified by losses
QCAG,N or QD,N, is recommended to carry out upon the reduction of rated power
according to (16.21).

For practical purposes, screening factors of synchronous salient-pole machine
can use approximately Eq. (16.12′), and for losses in stator and rotor cores—
Eqs. (16.19) and (16.20) by presentation the damper winding as the equivalent
squirrel cage. There is no need to introduce additional factors for calculation while
SN,DIR ≤ 0.12 and SN,AD ≤ 0.12 due to IEX,NOM and for realized machines
P�COR � 0.92–0.95.

For correct designed construction of synchronous machine damper winding (SN,
DIR ≤ 0.12, SN,AD ≤ 0.12) the influence of higher harmonics (N > 1) on the
overheating of the excitation winding is small and can be omitted.

For the synchronous machine if the value of cos φ of the nonlinear load (with
N = 1) is less than the rated value, the rotor current should be additionally calcu-
lated [7]. This current may be greater than the nominal IEX,NOM, despite the fact that
the power P�ADM\1. Then the power P�ADM should be correspondingly reduced
further due to overheating of the rotor winding.

If P�ADM\1 and rotor current Ij jEX\0:7 Ij jEX;NOM, it is usually at KDIST < 0.35
overheating of rotor winding meets the requirements of [16].

16.3 Method of Determination Admissible Modes
of High-Power Salient-Pole Generator Under
Combined Load [11–13]

Modern salient-pole generators are often used at independent power plants marine
and stationary, for example, at Nuclear Power Plant. as reserve or emergency power
supplies. Usually, they work under a combined load; for example, on vessels they
are applied as power supplies of frequency-controlled induction motors for pumps
and onboard installations with direct current motor drives (via rectifiers), and also
as this generator lighting and heating of the vessel. Let us consider a problem on the
determination of admissible operation modes of high-power synchronous
salient-pole generator under a combined load rather often provided in circuits of
autonomous power plants; part of such a load is characterized by the reduced power
factor (cos φ < 0.8) and increased values of nonlinear distortion factor KDIST of
voltage or current [2, 5, 7].

We express the combined load of such a generator in the form of two equivalent
receivers with different parameters. Let us assume that generator ratings, its AC
resistance and reactance, and also parameters of both receivers (power factors and
nonlinear distortion factors) are set up.
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Let us accept for clarity that the nonlinear distortion factor of the first receiver
KDIST(1) < 0.05, and the second KDIST(2) > 0.05. We find a relationship between
stator current first harmonic of the second receiver I2 and the first harmonic of
admissible stator current IEQ of generator, whose value is to be determined. Let us
designate power factors of both receivers corresponding to the first harmonic of
stator currents as cos φ1 and cos φ2. We notice that in practice usually the current of
“sinusoidal load” I1, is given, and that of “rectified load” I2, is to be determined
proceeding from parameters of receivers and generator ratings of autonomous
power plant. For the first current harmonics we have [3, 4]:

I1eju1 þ I2eju2 ¼ IEQejuE ; ð16:24Þ

where values of currents I1, I2, IEQ—time complexes (phasors), φEQ—phase angle
between complexes of current IEQ and voltage U of generator.

For receivers with AC resistance and reactance from this equation we obtain an
expression for the calculation of value of current of the second receiver:

Ij j2¼ � Ij j1cosðu2 � u1Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ij j2EQ� Ij j21sin2ðu2 � u1Þ

q
: ð16:25Þ

Here jIj1; jIj2; jIjEX—moduli of current values; in the same way are designated
moduli of values of EMF, voltages and MMF. Proceeding from conditions of stator
winding heating, the following condition should be satisfied:

jIjEX\jIjNOM: ð16:26Þ

Here jIjNOM—rated current modulus of generator stator. According the current IEQ
in (16.26) we obtain the amplitude of MMF stator winding FEQ.

The calculation expression for phase angle of this current:

uQE ¼ arccos
Ij j1cosu1 þ Ij j2cosu2

Ij jEQ
:

Using Eq. (16.25) the current of the second receiver I2 is determined, if the
equivalent current IEQ of generator is known. With the condition (16.26), the
additional requirements connected with stator winding overheat and admissible
rotor current should be met.

Let us consider the influence of higher time harmonics on stator winding
overheat. For this overheat not to exceed admissible, the additional condition
should be satisfied:

jIj2EQKF;1 þ jIj22
X

Q�
DC;N þ

X
DQ�

DC;N

� �
� jIj2NOMKF;1; ð16:27Þ

summation is made over harmonics numbers of order N > 1. Usually in the sum-
mation it is enough to consider the first three–four current harmonics.
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By means of this ratio, the current of the second receiver I2 is refined with
account of higher harmonics, if the equivalent current IEQ of generator is already
determined.

For determination of current and overheat of generator rotor winding and
excitation system windings it is convenient to use Potier diagram [2, 5, 7], which
sets the dependence between excitation current IEX, stator equivalent current IEQ
and generator power factor cos φEQ:

Ij jEX 	 1
WEX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Fj j2MC þ Fj j2EQ þ 2 Fj jMC þ Fj jEQ
1þ cosuQE

XP þ sinuEQ

� �2

vuuuut
; ð16:28Þ

Ej jI¼ Uj jPHcos2 uEQ þ XP þ sinuEQ

� 	2
: ð16:29Þ

Here XP—Potier reactance (p.u.); jFjMC—magnetic circuit MMF, determined by
EMF jFjI [7]; jUjPH—generator voltage; MMF FEQ–IEQ.

jIjEX � jIjEX;NOM; ð16:30Þ

where jIjEX;NOM—generator excitation current by rating power. The last inequality
follows from the requirements of providing admissible overheat of generator rotor
winding and also excitation system windings.

In general, the determination of generator admissible mode at the combined load

is a variational problem (determination of maximum ratio of currents
jIjEQ
jIjNOM

) at set

system of restrictions (16.26), (16.27), (16.30).
The problem is formulated as follows.
Given: jUjPH; jIjNOM; jRjPH; jXjP; jIjEX;NOM; jIj1; cosu1; cosu2;KN;2;KN;N.
It is necessary to determine jIj2; jIjEQ; uEQ; jIjEX under the condition:
The ratio jIjEQ=jIjNOM with a system of restrictions (16.26), (16.27), (16.30)

should be maximum in this variational problem.
Let us state the main stages of problem solution (solution algorithm).

1. We set a current jIjEQ ¼ KEQjIjNOM, where KEQ\1. As the first approach, we
assume KEQ ¼ 0:95.

2. Let us calculate the current jIj2 and further φEQ as per (16.25).
3. Let us check the fulfillment of conditions (16.26), (16.27). If they are not

fulfilled, the value KEQ should be decreased and items 1, 2 repeated.
4. Let us calculate the current jIjEX. as per (16.28), (16.29). If the condition (16.30)

is not fulfilled, the value KEQ should be decreased and item 2, 3, 4 repeated.
5. If conditions (16.27), (16.30) are fulfilled, values jIj2, jIjE, φE and jIjEQ—to be

determined
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6. At excitation currents 0:7jIjEX;NOM � jIjEX\jIjEX;NOM and simultaneously at the
greater value of KDIST it is expedient to calculate the excitation winding heating
with account of additional losses created in rotor loops by fields higher har-
monics in stator boring. At currents jIjEX\0:7jIjEX;NOM for factors KDISTð2Þ
taking place in practice (KDIST\0:35), the excitation winding heating usually
does not exceeds the value admissible as per [16].

At achievement of listed conditions, the problem is solved.
The method was checked in bench conditions at the Work “Elektrosila” (St.

Petersburg) generator of 2000 kW, 690 V, 2p = 8, intended for drilling rig.

16.4 About the Level of Electromagnetic Load of Modern
Salient-Pole Generators and Their Dynamic
Characteristics in Independent Mode

16.4.1 General Comments

For the generators of independent power plants working in non-linear circuit have a
high level of electromagnetic load ensuring their high technical and economic
performance and competitiveness. However, on the way to raise these indicators
there are problems caused by modern practice of generators operation in dynamic
modes [14, 15]. Decreasing the rated power due to the higher harmonics in a
nonlinear network to a value of P�ADM, according to (16.21), often permits us to
solve these problems.

16.4.2 Requirements for Dynamic Modes

At sudden load variations such generators should have certain restrictions for the
value of ΔU of transient voltage deviation in comparison with rated. For generators
of marine power plants this requirement is formulated in [17–19]: load-on is made
from no-load; the value of this load is equal to P2 = 60 % of rated power of
generator ST (kVA), and its inductive power factor does not exceed cos φ ≤ 0.4;
voltage drop ΔU makes ΔU15 %; time T of voltage recover T ≤ 1.5 s, and accu-
racy—not less than ±3 % of rated voltage. Similar requirements are also imposed
in operation to generators of stationary independent power plants.

Figure 16.1 and Table 16.2 represent as illustration a voltage variation curve of
generator 625 kVA, 400 V, 1500 rpm at load-on equal to 80 % of its power at cos
φ = 0.4.

Providing these requirements for voltage drops often causes problems in
designing modern autonomous salient-pole generators for independent power
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plants. Let us consider in more detail the reason of their emergence and measure for
their solution.

16.4.3 Transient Deviation of Generator Voltage ΔU,
Influence of Its Reactances

Analytical investigation of voltage variation process at sudden load variations is
performed by several methods [8, 9], for example, on the basis of a system of Park1

equations. Voltage drop value ΔU at load-on equal to ST = 100 % (kVA) at
inductive cos φ ≤ 0.4 can be calculated from the approximate ratio:

U,%

100%

0.8 t,s

0 T

90
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5 
%

 
ΔU

=9
.8

5 
%

С

Fig. 16.1 Voltage variation
curve ΔU of generator
625 kVA

Table 16.2 Voltage variation ΔU of generator 625 kVA

Reactances Voltage variation ΔU (%)
(load-on 500 kVA = 0.8ST; cos φ = 0.3)

Error ε (%)

X0
D = 17 %

X00
D = 12 %

9.85 (test) 11.35 (calculation as per [14, 15]) 1.5

1In Russian scientific literature these equations call usually Park–Gorev’s equations, according to
the well known Gorev’s book: “Transients of synchronous machine”, Moscow, Gosenergoizdat,
1950, 551 p.
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DU � X�

1þX� ; ð16:31Þ

where X*—calculation reactance: X00
D �X� �X0

D; X
00
D, X

0
D—respectively direct-axis

subtransient and transient reactances. The value of transient voltage deviation
(drop) is expressed in fractions of generator rated voltage, and values of reactances
are expressed in relative units (p.u.) [8].

Thus, the solution of problem on the reduction of voltage dip ΔU is connected
with that on the restriction of reactances X00

D and X0
D [2, 5, 7]:

X00
D ¼ XL þ 1

1
XAD

þ 1
XF

þ 1
XKD

; ð16:32Þ

besides

XL ¼ AS
B1

KXL; XAD ¼ AS
B1

KXAD; XF ¼ AS
B1

KXF; XKD ¼ AS
B1

KXKD;

ð16:33Þ

here XL—stator winding leakage inductive reactance; XAD—inductive reactance of
direct-axis armature reaction; XF, XKD—direct axis leakage inductive reactance of
excitation winding and damper winding, correspondingly; KXL;KXAD;KXF;KXKD—
proportionality factors [7]. In the absence of damper winding (XKD ! 1), we
obtain: X00

D ! X0
D; AS—stator winding current load, B1—resulting field flux density

amplitude in air gap [2].
Therefore, for the restriction of value X* there are some opportunities to reduce

the value of proportionality factors listed in (16.33) or to reduce the ratio AS/B1.
Let us note that selection of these proportionality factors depends on the ratio

AS/B1.
Calculation practice of modern salient-pole generators for independent power

plants confirms that by decreasing proportionality factors in (16.33) due to any
change of stator tooth zone geometry, rotor poles and damper winding slots, usually
it is possible to obtain the required value of ΔU, if the voltage drop ΔU exceeds
restrictions no more than by 5–6 %: ΔE ≤ 5–6 %.

16.4.4 Inductive Resistances and Their Influence
on Generator Weight and Dimensional Indicators

Progress in achieving the modern level of technical and economic indicators (ef-
ficiency level, minimum weight MGEN and cost) is obtained due to the progress in
designing these generators and their production technology, including due to a
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rising level of their electromagnetic loads: current load AS and flux density B1. Let
us note that for the last decades we succeeded in increasing the level of these
generators approximately by 1.4–1.5 times, generally due to an increase in current
load AS. Omitting intermediate calculations, it is easy to obtain the following ratio
[7]: X� � DU � AS � 1

MGEN
.

Thus, modern requirements are to decrease the generator weight and dimensions
in conflict to requirements [17–19] on restriction of ΔU.

16.4.5 Problem Solutions: Offers

16.4.5.1 Offers for Newly Manufactured Generators

For newly manufactured generators, it is expedient to bring into compliance the
reached electromagnetic load with ΔU voltage drop required in operation, similarly
to the case with inductive reactance X0

D of modern turbogenerators in [20]; for each
group of generators with power P1;MIN � P1 � P1;MAX it is necessary to determine
the admissible value of load P2;MIN � P2 � P2;MAX, applied to generators from
no-load mode. Thus, it is necessary to consider also reactances of these generators.
We note that the number of turbogenerator groups given in the Standard [20], is
equal to three. It is expedient to distribute this recommendation also to standards for
generators of independent power plants.

16.4.5.2 Offers for Generators Which Are in Operation

For generators in operation, this problem can be solved by a different way. From a
group of consumers, it is expedient to allocate, if technologically possible, two–
three subgroups differing in degree of their production need. It is easy to automate a
sequence of connecting these subgroups (every few seconds). As a result, values of
voltage drop (ΔU)GR < 15–20 % required in operation for modern generators and
values X0

D � 0.35–0.4 can be achieved. It is confirmed as follows. In order to
connect to the subgroup P2;GR\P1, reactances for subgroup ðX00

DÞGR and ðX00
DÞGR

are calculated from the ratios:

X00
D

� 	
GR¼ X00

D
P2;GR
PNOM

; X0
D

� 	
GR¼ X0

D
P2;GR
PNOM

: ð16:34Þ

Respectively, also the calculation value of inductive reactance ðX�ÞGR changes:

X�ð ÞGR¼ X� P2;GR
PNOM

: ð16:35Þ

16.4 About the Level of Electromagnetic Load of Modern Salient-Pole… 343



As a result, we obtain: (ΔU)GR < ΔU.
However, in operation practice it is impossible to exclude such problems, when

it is impossible to allocate two–three subgroups of technological consumers. In this
case it is expedient to use a method often applied, if necessary, to start the induction
motor with high torque MMECH of driving mechanism and with high value of
moment of inertia J (“heavy start”); a generator is selected so that its model power
PMOD exceeded the rated value: PMOD [ PNOM; generator model power PMOD is
determined so that its reactances provided an application of load with the set value
of ΔU.

Note that from the Eqs. (16.34) and (16.35) it follows that decreasing the rated
power up to P�ADM according to (16.21), also allows us to simultaneously reduce the
value of ΔU

16.4.6 Additional Requirements to Generators

Additional requirements to generators: necessity to start an induction motor. This
requirement is formulated in [16]. Speed-up process of such a motor besides
reactances is influenced by the following parameters of generator excitation systems
(response speed, forcing rate, etc.), and also load parameters: torque of driving
mechanism MMECH and its dynamic moment of inertia J.

Let us note that the motor speed-up process with account of generator parameters
is usually calculated using the system of Park equations [8]. For practical calcu-
lations in this system it is expedient to present in more detail damper winding loops
(in the form of several distributed loops, but not in the form of concentrated loop in
each axis); this system should also be added to the equations describing processes
in loops of exciter and induction machine.

Brief Conclusions

1. Modern high-power salient-pole generators are often used in systems with
combined load, which partly contain frequency converters or rectifiers. Practice
moves forward the problem: to determine the admissible power of generators
with account of high time harmonics of nonlinear load. Developed method
allows solving it using a numerical method with a number of consecutive
approximations.

2. Modern highly-used generators of autonomous power plants bring forward
requirements of providing performance data in dynamic modes. These
requirements contradict to those on reducing generator dimensions and weight,
increase of their competitiveness.

3. Some practical solutions of this problem are considered: consecutive start-up of
load units, selection of generator with model power exceeding rating power, etc.
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List of symbols

AS Stator winding current load
Bm Resulting field flux density amplitude in air gap
BYOKE
1 ; . . .;BYOKE

5 ; . . .;BYOKE
N Calculation flux density in the yoke, determined

by resulting field harmonics
DYOKE;DTEETH Coefficients determined for the yoke or teeth by

grade of electrotechnical steel, roll direction (for
cold-rolled steel), stack assembly technology

fROTN;AD; f
ROT
N;DIR

Current frequencies in rotor loops induced by
fields of orders NAD;NDIR

FRESN;AD; F
ROT
N;AD; F

ST
N;AD MMF of order NAD respectively of resulting

field (of mutual induction), rotor and stator
fields

FRESN;DIR; F
ROT
N;DIR; F

ST
N;DIR The same for MMF of order NDIR

FMC Magnetic circuit MMF
GYOKE;GTEETH Weight of yoke, teeth
I Amplitude of non-sinusoidal current
I1 First current harmonic of stator “linear load” (of

the first receiver)
I2 First current harmonic of stator “nonlinear

load” (of the second receiver)
IEX Generator excitation current
INOM Generator stator rated current
IEQ First harmonic of generator stator equivalent

current
K1, KN Coefficients for harmonics of order N = 1 and

N > 1 for expansion of non-sinusoidal current
into a series

KDIST Nonlinear distortion factor
KF;1;KF;N Stator winding field’s factors for harmonics of

order N
DKF;1;DKF;N Coefficients of additional losses in stator wind-

ing for harmonics of order N = 1 and N > 1
KX Inductance decrease factor
KXL;KXAD;KXF;KXKD Proportionality factors
mPH Number of stator phases
N Order of time harmonic
NAD;NDIR Order of time harmonic respectively for posi-

tive (direct) and additional field
P�ADM Admissible total power for machine operation

with frequency converter (in p.u.)
P�w Admissible power for machine operation in

network with frequency converter, proceeding
from stator winding losses and its overheat
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P�COR The same, proceeding from losses in stator and
rotor cores of stator and its overheatP

Q�
DC;N;

P
DQ�

DC;N Sum of the main (D.C. losses) and additional
losses in winding (in p.u.)

RPH DC resistance of stator phase
RST, LST,N DC resistance and leakage inductance of rotor

bar
SN;AD; SN;DIR Screening factors
SYOKE; STEETH Calculation cross section of yoke or teeth for

flux density calculation
T Time of voltage recover
T0 = 360 el. degr. Period of current (V)
ΔU Value of generator voltage variation in transient

mode
WEX Number of turns in excitation winding
WYOKE

N¼1 ;WYOKE
N Losses in yoke from mutual induction fields of

order N = 1 and N > 1P
WTEETH

N¼1 ;
P

WTEETH
N Losses in yoke or teeth from mutual induction

fields of order N = 1 and N > 1
X00

D;X
0
D Transient and subtransient reactances of

generator
XL Stator winding leakage reactance
XAD Inductive reactance of direct-axis armature

reaction
XF, XKD Direct axis leakage reactance of excitation

winding and damper winding, correspondingly
Xp Potier reactance
ZBAR;N Impedance of rotor bar
cosuEQ; cosu1; cosu2 Equivalent power factors of receivers, respec-

tively, first and second
WROT

N;AD;W
ST
N;AD andWROT

N;DIR;W
ST
N;DIR

Phase angles of MMFs
FROTN;AD; F

ST
N;AD and FROTN;DIR; F

ST
N;DIR
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Chapter 17
Frequency-Controlled Induction
Motors in Nonlinear Networks:
Assessment Criteria of Higher Harmonics
Influence—Method of Criteria Calculation

This chapter presents the criteria for evaluation of the level of their application with
account of the harmonic composition of supply voltage, which have been elabo-
rated and proposed for frequency-controlled asynchronous machines.
Computational methods have been proposed for criteria identification. The pecu-
liarities of electromagnetic brake operating mode of motors in case of dirty power
have been featured. This mode has some distinctions: when an asynchronous motor
operates in a linear network under “electromagnetic brake” conditions the drive’s
energy corresponding to braking torque is converted into electrical power and
appears in rotor circuits, but for frequency-controlled asynchronous machines, we
have stated that in “electromagnetic brake” mode the energy corresponding to time
harmonics of voltage QAD ¼ 5; 11; 17; . . . is compensated by that of harmonics of
other orders QDIR ¼ 1; 7; 13; 19; . . ., which comes from the network and appears in
rotor circuits.

The content of this chapter is the development of methods stated in [1, 6–21].

17.1 Higher Harmonics and Need of Their Influence
Assessment on Machine Modes in Nonlinear Network

The extent of machine electromagnetic load in nonlinear network and, therefore,
machine weight, its dimensions and competitiveness can differ at the same voltage
and current nonlinear distortion factor KDIST ¼ idem usually limited to
KDIST\0:3� 0.35. It is connected not only with the ratio of amplitudes of various
time harmonics of the resulting fields in air gap of three-phase machine in nonlinear
network, but also their influence on machine processes. In Chap. 3, fields in air gap
contain time harmonics of orders [1–5]:
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QDIR ¼ 1; 7; 13; 19; . . .; 6k� 5;

QAD ¼ 5; 11; 17; 23; . . .; 6k� 1; ðat k ¼ 1; 2; 3; . . .Þ: ð17:1Þ

These harmonics differently influence the formation of frequency-controlled
machine torque without taken into account the nonlinear distortion factor KDIST. Let
us consider this extent of influence of separate higher harmonics in more detail. We
note only that in Eqs. (17.1) there are no harmonics, multiple to three: standard star
connection of stator winding phases is supposed.

For harmonics of time order of QAD [ 1 at restriction of investigation of the first
spatial harmonic (m = 1) the direction of their rotation fields is opposite to rotor
rotation, so they create “braking” torque. In electrical machine-building practice at
sinusoidal power supply (Q = 1, m = 1) the induction motor mode is assumed as
“electromagnetic brake” mode, if the stator field rotation direction is opposite to
rotor shaft direction [2, 3].

Unlike harmonics of time order QAD [ 1, for harmonics of time order QDIR [ 1
at m = 1 their direction of fields rotation coincides with that of rotor rotation. At
sinusoidal power supply, such operation mode is assumed as “motor”.

However, in relation to frequency-controlled induction and salient-pole machi-
nes both of these modes at QAD [ 1 and QDIR [ 1 (at m = 1)—have additional
peculiarities. Let us consider them.

17.2 Frequency-Controlled Induction Machines
with Short-Circuited Rotor

Such machines with frequency converter in stator circuit are nowadays rather often
used in an industry as part of frequency-controlled drives. Methods of analysis of
frequency-controlled machines with rotor that contains the phase winding and with
converter in its circuit (double fedmachines) are considered in [6–9] and in Chapter 2.

17.2.1 Harmonics QAD > 1 (m = 1): Slip SAD, EMF
and Current Frequencies FAD,ROT in Rotor Loops.
Power Balance in Secondary Loop

Slip SAD and EMF frequencies fAD;ROT, for harmonics of orders representing
practical interest are compared in Table 17.1. They are found from the ratios:

SAD ¼ QAD � S1 þ 1
QAD

; fAD;ROT ¼ f1ðQAD � S1 þ 1Þ ¼ f1SADQAD;

S1 ¼ x1 � pxREV

x1
:

ð17:2Þ

350 17 Frequency-Controlled Induction Motors in Nonlinear Networks …

http://dx.doi.org/10.1007/978-4-431-56475-1_2


Here x1—circular frequency of network voltage first harmonic x1 ¼ 2pf1; for
example f1 ¼ 50�Hz, xREV—rotor rotation speed, p—number poles pairs. Slip S1
in Table 17.1 is accepted for certainty equal: S1 � 0:01.

Let us consider losses in machine loops, power balance for harmonics of order
QAD and ratios of powers consumed by the motor from network and from shaft at
slips SAD [ 1.

We use the main equations necessary for this mode analysis. We present the
active power PADðxREVÞ of time harmonic of order QAD, consumed from network
at rotor shaft rotation speed xREV, in the form:

PADðxREVÞ ¼ PADW;STðxREVÞþ PADST ðxREVÞþ PADEL ðxREVÞ;
PADEL ðxREVÞ ¼ PADW;RðxREVÞþ PADW ðxREVÞ:

ð17:3Þ

Here PADW;STðxREVÞ� I21R1—losses in stator winding phase; PADST ðxREVÞ ¼
PFEðxREVÞþ PADðxREVÞ—losses which are not proportional to square of currents
in machine windings (in stator and rotor cores, additional, etc.). In Table 17.1 it is

designated: PADEL ðxREVÞ� I22
R2

SAD
—electromagnetic power in air gap from network;

PADW;RðxREVÞ� I22R2—losses in rotor equivalent winding; PADW ðxREVÞ�
I22R2

1�SAD

SAD
—power on motor rotor shaft created by the voltage harmonic of order

QAD; I2 and R2 are the current and A.C. resistance of rotor winding equivalent
phase reduced to stator winding phase (“dash” signs are omitted).

Powers PADEL ; P
AD
W;R; P

AD
W are represented for a comparison in Table 17.1 on the

assumption that in this table for each value of slip SAD [ 1 the common multiplier
for three last power components T ¼ I22R2 is assumed as 100 %: T = 1.

It follows from ratios (17.3) and Table 17.1:

• for harmonics QAD [ 1, the slip SAD [ 1, and with growth in harmonics order
the value SAD ! 1;

• current frequency in rotor loops is considerable: in rated mode S1 � 0:01ð Þ it is
much bigger of the network frequency; this phenomenon has a simple physical
interpretation. Occurrence of such frequencies in machines results in emergence
of not only additional losses and heatings in rotor loops, but also noise and
vibrations. From electrical machine engineering practice it is known that
induction machine modes at slips S1 [ 1ð Þ are characterized by emergence of
considerable losses and heatings [2, 3] in windings in comparison with modes at

Table 17.1 Comparison of
parameters for time harmonics
of order QAD

QAD SAD fAD;R ðHzÞ PADEL PADW;R PADW
5 1.198 299.5 0.8347 1.0 –0.1653

11 1.09 599.5 0.9174 1.0 –0.0826

17 1.0582 899.4 0.9450 1.0 –0.0550

23 1.043 1199.45 0.9588 1.0 –0.0412
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S1 � 0:01; these slips occur also in the case under consideration SAD [ 1ð Þ that
reduces the level of electromagnetic load of frequency-controlled machine.

Powers PADEL and PADW do not participate in the creation of net torque, and power
PADW creates the braking torque. As a result, the working speed of rotor shaft rotation
xREV changes in comparison with the speed when fed from a linear network; power
consumed by the motor from a network also changes and, respectively, dependence
of electromagnetic torque on slip S1. Power PADW is compensated for frequency –

controlled motors not from driving mechanism shaft as at sinusoidal power supply
in the mode of “electromagnetic brake”, but from the network at the expense of
power of harmonics of other orders. This makes a difference of braking mode
generated by time harmonics of orders QAD [ 1 from the usual braking mode of
induction motors (fed from linear network). This peculiarity of physical process in
frequency – controlled machines is not taken into account by the factor KDIST.

17.2.2 Harmonics QDIR > 1 = (m = 1): Slip SDIR,
Frequency of EMF and Currents in Rotor Loops.
Power Balance in Secondary Loop

Slip SDIR, frequency of EMFs and currents for harmonics of orders representing
practical interest are compared in Table 17.2, which are found from the ratios (17.4)
similar to (17.2):

SDIR ¼ QDIR þ S1 � 1
QDIR

; fDIR;ROT ¼ f1ðQDIR þ S1 � 1Þ ¼ f1SDIRQDIR: ð17:4Þ

Slip S1 in Table 17.2 for certainty is also accepted equal to S1 � 0:01.
Let us consider losses in machine loops, power balance for harmonics of order

QDIR and ratios of powers consumed by the motor from network and power
transferred to shaft at slips SDIR\1.

We use the main equations necessary for analysis of this mode; they are similar
to (17.3).

Powers PDIREL ; PDIRW;R; P
DIR
W are presented for a comparison in Table 17.2 as well as

in Table 17.1 on the assumption that in this table at each slip SDIR\1 for three last
components of power, their common multiplier T ¼ I22R2 (losses in rotor winding
PDIRW;R) is taken as 100 %: T = 1.

Table 17.2 Comparison of
parameters for time harmonics
of order QDIR

QDIR SDIR fDIR;R ðHzÞ PDIREL PDIRW;R PDIRW

7 0.8586 300.51 1.1647 1.0 0.1647

13 0.9238 600.470 1.0825 1.0 0.0825

19 0.9479 900.505 1.0550 1.0 0.0550

25 0.9604 1200.5 1.0412 1.0 0.0412
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From the ratio (17.4) and Table 17.2 it follows:

• for harmonics QDIR [ 1, slip SDIR\1, and with growth in their harmonics
order, the value SDIR ! 1;

• current frequency in rotor loops as well as at QAD [ 1, is practically much more
of the network frequency; all remarks concerning the influence of frequencies of
such a level on losses and heating, noise and vibrations remain true for har-
monics of order QDIR [ 1 as well as for harmonics QAD [ 1. The remark
concerning peculiarities of induction machine modes also remains true at S1 � 1
in comparison with its modes at S1 � 0:01; these peculiarities also reduce the
permissible level of electromagnetic load of a frequency-controlled machine;

• electromagnetic power PDIREL arriving at air gap from the nonlinear network as
well as in the linear network at slip S1\1, is spent partially for the rotation of
driving mechanism connected to the shaft (power PDIRW ), and partially is dissi-
pated in rotor loops in the form of thermal energy PDIRW;R. Thus, unlike the mode

with harmonics of order QAD [ 1, powers PDIREL and PDIRW participate in the
generation of net torque. Power PDIRW at the expense of higher time harmonics of
order QDIR [ 1 somewhat increases the motor resulting torque, so the working
rotor shaft speed xREV changes towards smaller slips S1 in comparison with the
operation from linear network;

• we should note regularities that occur in comparison with power balance and
losses dissipated in machine loops for modes with harmonics of orders QAD and
QDIR. For example, it follows from a comparison of both tables that at QAD ¼ 5,
the value PADW;R ¼ �0:1653, and at QDIR ¼ 7 the value PDIRW;R is equal practically

to the same value: PDIRW;R ¼ 0:1647. The same occurs for other couples of cor-
responding harmonics from both tables. It confirms that the power dissipated in
rotor loops in braking modes of frequency-controlled motor at QAD [ 1, arrives
from nonlinear network.

17.2.3 Technical and Economic Indicators
Frequency-Controlled Induction Motors [22–26]

17.2.3.1 Quantitative Assessment Criteria of Higher Time Harmonics
Influence

From statements in the previous two paras it follows that the nonlinear distortion
factor KDIST explicitly does not reflect the quality of electrical energy arriving at
stator winding terminals. Therefore, it cannot be used as the only criterion of quality
assessment: separate harmonics QAD [ 1, QDIR [ 1, and also the ratio of their EMF
amplitudes play a various role in the power value P2ðxREVÞ ¼ PWðxREVÞ on
frequency-controlled motor shaft.
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At the same time, operation practice of frequency—controlled induction motors
moves forward the problem of assessment of their technical and economic indi-
cators (with account for the quality of fed electrical power [19]).

17.2.3.2 Assessment Methods: Offers and Their Substantiation

Let us consider a number of practical offers on the introduction of such indicators.
Calculation methods of these indicators are stated after their formulations (para
17.2.4).

(a) Power factor on shaft KPW:SHAFT. Let us designate the ratio of power
P2ðxREV;NOMÞ of motor in the rated mode to the total power (kVA) ST
ðxREV;NOMÞ consumed by motor from network in the same mode.

KPW:SHAFT ¼ P2ðxREV;NOMÞ
STðxREV;NOMÞ : ð17:5Þ

This indicator for rated mode is based on (in comparison with sinusoidal net-
work) the role of the first and higher time harmonics not only in the creation of
rated power P2ðxREV;NOMÞ by the motor, but also in the consumption of active and
reactive powers from network in the rated mode.

In that specific case, at power supply of induction machines from a frequency
converter with small value of nonlinear distortion factor KDIST\0:1, the value

KPW:SHAFT � ðcosuÞNOMgNOM; ð17:6Þ

where gNOM—motor efficiency in rated mode with sinusoidal power supply.
Let us note that the voltage harmonic structure of converter feeding motor

usually depends on the drive operation mode; therefore, the factor KPW:SHAFT is
formulated as the main characteristic of rated mode (from the viewpoint of influ-
ence of higher harmonics on this mode).

(b) Factor of active power KPW:ACT. Let us designate the ratio of motor active
power PðxRÞ to the power (kVA) STðxREVÞ consumed by it from network:

KPW:ACT ¼ PðxREVÞ
STðxREVÞ : ð17:7Þ

This indicator indicates (in comparison with sinusoidal network) an additional
level of motor load with reactive currents caused by higher harmonics of orders
QAD [ 1, QDIR [ 1.

In that specific case, for induction machines fed from a frequency converter with
small value of nonlinear distortion factor KDIST\0:1, the value KPW:ACT actually
equals to cosu on motor terminals.
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KPW:ACT � cosu. ð17:8Þ

(c) Motor efficiency factor gHARM. Let us designate the ratio of motor power on
the shaft P2ðxREVÞ to active power PðxREVÞ consumed by it from network.

gHARM ¼ P2ðxREVÞ
PðxREVÞ : ð17:9Þ

This indicator means (in comparison with sinusoidal network) a function of the
first and higher time harmonics not only in the generation by motor of useful power
on the shaft, but also in the dissipation of losses in motor loops in the form of
thermal energy (including that due to harmonics of order QAD [ 1 creating braking
torques, and due to harmonics of order QDIR [ 1 creating net torques).

In that specific case, at power supply of induction machines from a frequency
converter with small value of nonlinear distortion factor KDIST\0:1, the value

gHARM ¼ g; ð17:10Þ

where g—motor efficiency with sinusoidal power supply.

(d) Factor of model power KMOD. Let us designate as a factor of model power
KMOD the ratio of two motor powers; the first of them (model) corresponds to
the operation mode when the motor is fed from a linear network, usually
selected as serial from manufacturer’s catalog; the second (rated)—corre-
sponds to the motor operation mode with specific mechanism from nonlinear
network. For example, for the operation as frequency-controlled motor a serial
motor 1000 kW, 6 kV, 750 rpm is selected with regulation limit 1:2 (“down”)
at constant torque. It is required to determine its power for the operation with
this mechanism with account of the influence of the following factors:

• losses and torques from higher harmonics QAD [ 1, QDIR [ 1;
• reduction of ventilation efficiency by speed regulation.

If as a result of solution of both these problems the following admissible data for
this motor were determined: 850 kW, 6 kV, 750 rpm., factor of model power
KMOD ¼ 850

1000 ¼ 0:85. We assume the power of serial motor (1000 kW) as model
power P2ðMODÞ, and selected motor power (850 kW) for specified operation modes
with specific mechanism P2ðNOMÞ as rated power. Thus:

KMOD ¼ P2ðNOMÞ
P2ðMODÞ

: ð17:11Þ
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Usually KMOD\1, but as a rule, it does not mean a decrease in drive technical
and economic indicators in the operation with frequency converter in comparison
with that in linear network. In practice it often appears that only a
frequency-controlled motor with model power greater than rated P2ðMODÞ [ P2ðNOMÞ
not only provides a regulation function required by specifications, but also low
values of starting current. This allows us to start a driving mechanism with a preset
value of moment of inertia, etc.

Let us note that in practice of some unregulated drive cases also other decisions
are made; for example, if it is necessary to limit the starting current or it is necessary
to start the driving mechanism with high moment of inertia (with electromechanical
time constant more than 3–5 s). In this case instead of a semiconductor starting
device (for example, frequency converter) the driving motor model power, as in
previous case, is sometimes selected: P2ðMODÞ [ P2ðNOMÞ. However, based on such
decision the need to use a semiconductor starting device is excluded, though the
model power of motor selected for this purpose exceeds that with starting device
drive in the system. As a result, the cost of electrical equipment set can decrease and
its reliability – increase.

Usually, such comparisons necessary for the selection of drive versions are
solved in practice by technical and economic analyses. Therefore, the selection of
factor KMOD should be supplemented with feasibility study (feasibility report) of
selected drive versions with account of cost of separate equipment elements con-
sidered in the feasibility report.

We note that in practical calculations to refine admissibility of “heavy start-up”
process it is expedient to consider a rise of resistivity in cage elements from tem-
perature and its influence on skin effect in cage bars.

17.2.4 Calculation Peculiarities of Technical and Economic
Indicators of Induction Motors in Nonlinear Network

Let us consider a sequence of calculations of these indicators for the main mode:
U1 ¼ UNOM.

Initial calculation data assumed as given:

• effective value of the first voltage harmonic U1 ¼ UNOM;
• dependence of power PMECH of driving mechanism on its rotation speed

xREV : PMECHðxREVÞ;
• relative values of voltage higher time harmonics U5

U1
; U7

U1
; U11

U1
; U13

U1
; U17

U1
; U19

U1
;

• equivalent circuit parameters for each harmonic; frequency f1; number of
machine poles 2p;

• rated rotation speed xREV;NOM; motor rated power.
• To determine:
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• motor power P2 depending on rotation speed xREV in the range xREV �
2pf1=P : P2ðxREVÞ.

• actual motor power and its rotation speed at U1 ¼ UNOM;
• motor technical and economic indicators; KPW:SHAFT; KPW:ACT; gHARM; KMOD.

Let us state the main stages of problem solution (solution algorithm).
We determine the followings for each value of rotation speed.

(a) Active power consumed from the circuit:

PðxREVÞ ¼ PADðxREVÞþ PDIRðxREVÞ: ð17:12Þ

Active powers PADðxREVÞ; PDIRðxREVÞ are calculated directly from equivalent
circuits for corresponding harmonics: QAD ¼ 5; 11; 17; 23; . . .;
QDIR ¼ 1; 7; 13; 19; . . .

Note. In (17.12), the expression for PADðxREVÞ contains the power PADW ðxREVÞ
on motor rotor shaft according to (17.3). It creates braking torques and at slips
SAD [ 1 is negative:

PADW ðxREVÞ� I22R2
ð1� SADÞ

SAD
: ð17:30Þ

This negative sign for PADW is given in the last column of Table 17.1 earlier.

(b) Power (kVA) STðxREVÞ consumed from a network.

Its reactive components are calculated similarly to active ones directly from
equivalent circuits for each harmonic.

(c) Losses in windings and in stator and rotor cores (main and additional).

These losses are necessary to compute the machine thermal condition and,
therefore, determination of its electromagnetic load level:

DPACTðxREVÞ ¼ PADW;STðxREVÞþ PADS;TðxREVÞþ PADW;RðxREVÞ
þ PDIRW;STðxREVÞþ PDIRST ðxREVÞþ PDIRW;RðxREVÞ:

ð17:13Þ

(d) Motor power on the shaft P2ðxREVÞ depending on the rotation speed in the
range xREV � 2pf1=p : P2ðxREVÞ ¼ PDIRW ðxREVÞþ PADW ðxREVÞ at QAD ¼
5; 11; 17; 23; . . .; QDIR ¼ 1; 7; 13; 19.

For checking calculation results the following ratio can be used that is true for
each value of speed xREV:

P2 xREVð Þ ¼ P xREVð Þ � DPACT xREVð Þ: ð17:14Þ

Here P xREVð Þ—as per (17.12), PACT xREVð Þ—as per (17.13).
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After checking (17.14) we plot the power curve on shaft P2 xREVð Þ for a number
of rotation speed values xREV � 2pf1=p.

Let us determine the point of intersection of curve PMECHðxREVÞ and curve
P2ðxREVÞ. The value P2ðxREVÞ in the point of intersection of these two curves gives
a working point of steady state mode. If the mechanism power PMECHðxREVÞ (by
speed xREV) corresponds in intersection point to its rated data, then for motor its
power P2ðxREVÞ ¼ P2ðxREV;NOMÞ and speed xREV ¼ xREV;NOM. However, if the
mechanism power PMECHðxREVÞ or speed xREV in the intersection point does not
correspond to its motor rated data, additional measures should be taken in motor
control system, for example to increase the supply voltage frequency, etc.

The found values for powers of frequency-controlled motors are sufficient to
compute its technical and economic indicators: KPW;SHAFT; KPW;ACT; gHARM;
KMOD.

Thus, both problems formulated above are solved.
We note that in practice for calculation of induction machine performance data

we usually use the equivalent circuit of [10, 11] considering the saturation of
machine magnetic circuit and skin effect in stator and rotor windings.

Brief Conclusions

1. In modern operation practice of frequency-controlled induction motors the
actual problem is development of their electromagnetic load level assessment
criteria with account of harmonic structure of supply voltage.

2. Noted are differences of motor “electromagnetic brake” mode with
non-sinusoidal power supply from the mode of induction motor “electromag-
netic brake” in linear network. The method is developed allowing us to estimate
quantitatively how energy of harmonics of order QAD of frequency-controlled
induction motor is compensated by that of harmonics of order QDIR. Distortion
factor KDIST is not based on the fact that at given shaft torque of frequency-
controlled induction motor the energy consumed from a network by harmonics
of order QDIR is as high as harmonic voltage amplitude of order QAD.

3. The offered assessment criteria of high harmonics influence and method of their
calculation for frequency-controlled induction motors allow us to consider
peculiarities of their modes in nonlinear network.

List of Symbols

f1 Voltage and current frequency of industrial network
fAD;ROT; fDIR;ROT Frequencies of rotor EMF and currents (respectively

for time harmonics of order QAD;QDIR;
I2 Current in rotor winding equivalent phase reduced to

stator winding phase (“dash” sign is omitted)
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KPW:ACT Factor of motor active power
KMOD Factor of motor model power
KPW:SHAFT Power factor on motor shaft
KDIST Nonlinear distortion factor
m Order of MMF spatial harmonic of stator field
р Number of pole pairs
PAD xREVð Þ; PDIR xREVð Þ Motor power (respectively for time harmonic of order

QAD; QDIRÞ consumed from network at speed xREV

PADW;ST xREVð Þ; PDIRW;ST xREVð Þ Losses in stator winding phase (respectively for time
harmonic of order QAD; QDIRÞ

PADST xREVð Þ; PDIRST xREVð Þ Losses in stator and rotor cores, additional losses,
ventilation losses etc. (respectively for time harmonic
of order QAD; QDIRÞ, not proportional to square of
currents in its windings

PADEL xREVð Þ; PDIREL xREVð Þ Electromagnetic power in air gap arriving from
network (respectively for time harmonic of order
QAD; QDIRÞ

PADW;R xREVð Þ; PDIRW;R xREVð Þ Losses in rotor equivalent winding (respectively for
time harmonic of order QAD; QDIRÞ

PADW xREVð Þ; PDIRW xREVð Þ Power on motor rotor shaft (respectively for time
harmonic of order QAD; QDIRÞ

PMECH xREVð Þ Driving mechanism power at speed xREV

QAD; QDIR Orders of time harmonics of stator EMF and currents
R2 A.C. resistance of equivalent phase of rotor winding

reduced to stator winding phase (“dash” sign is
omitted)

ST xREVð Þ Power (kVA) consumed from network at speed xREV

SAD; SDIR Slip (respectively for time harmonic of order
QAD; QDIRÞ

U1;U5; . . .;UQ Values of voltage time harmonics in nonlinear
network

gHARM Motor efficiency in nonlinear network
gNOM Motor efficiency in rated mode with sinusoidal power

supply
x1 Circular frequency of voltage first harmonic and

current of network
xREV Angular rotor rotation speed
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Chapter 18
Method of Minimizing Losses
in High-Power Low-Speed
Frequency-Controlled Motors
in Operation Modes at Nonlinear
Dependence of Shaft Torque on Rotation
Speed

This chapter deals with the problems of operation of frequency-controlled high
power synchronous motors with non-linear dependence of torque on shaft speed.
The method contributing to minimize losses and enhance the efficiency output
under working conditions has been developed. There has been formulated the law
of regulating voltage and frequency at rotation speed less than the rated value, as
well as criteria ensuring the maximum output under mentioned conditions.
A computational example has been shown for the motor of 20 MW, 140 rpm,
11.67 Hz. Upon the level of speed reduction the increase in efficiency output is
made from 0.5 to 2 % for this type of motors compared with the usual control laws.

The content of this chapter is the development of methods stated in [6–8].

18.1 Application Areas of High-Power Low Speed
Frequency-Controlled Motors

As in various industries and in transport, high-power low speed frequency-
controlled motors with shaft torque M = 100–150 T m find now their application,
for example, in metallurgy, mining industry, electrical propulsion systems of ice-
breakers, ocean liners, etc. [6, 7]. Mass of such machines exceeds 130–140 t. When
operating as motors of rolling mills, mine elevators, their rated rotation speed is
usually nNOM � 50 rpm, and power P2 � 5�7:5MW; when using such motors in
transport their rated rotation speed is nNOM = 110–150 rpm, and power
P2 � 11�22:5MW. Such motors are often made as six-phase (“two stars at angle
30 el. degr.”).

Problems of selecting rated voltage UNOM of such machines with winding of this
type and with standard three-phase are investigated in [6]; admissible overheats
according to [9] and minimum losses in rated mode are accepted as optimization
criteria in [6–8]. Problems of ensuring profitability by minimizing losses in
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operation modes of high-power low speed frequency-controlled motors are con-
sidered below.

18.2 Voltage, MMF and Currents in Windings
in Operation Modes (nREV < nNOM); Mutual
Induction Flux in Air Gap

Let us consider the first problem of voltage variation in operation modes, when the
motor rotation speed nREV < nNOM; respectively, the frequency f1 of network
voltage first harmonic feeding this motor is also less than rated (f1 < fNOM). As
optimality criterion for this problem solution let us assume the motor efficiency, and
as restrictions—the following: currents in stator IST and rotor windings IEX, and
also the flux of mutual induction Ф in air gap should not exceed values in rated
mode.

We note that low speed frequency-controlled motors are usually supplied with
separate ventilating equipment so overheats of their windings and stator and rotor
core practically do not depend on rotor rotation speed.

Usually in such modes, the voltage U < UNOM is selected for the following
condition to be satisfied:

U ¼ UNOM
f1

fNOM
: ð18:1Þ

For low speed frequency-controlled motors (at fNOM < 16 Hz) leakage reactance
of stator winding is comparable with A.C. resistance, so instead of this ratio a more

correct formula is the following: E ¼ ENOM
f1
fNOM

; here E—stator winding EMF.

From the last expression it follows that at the variation of rotation speed, the
mutual induction resulting flux Ф in air gap and motor magnetic circuit saturation
remain constant:

U ¼ UNOM: ð18:10Þ

In operation practice, the mechanisms driven by low speed frequency-controlled
motors differ in dependence of torque on the shaft MMECH on rotation speed nREV.
Among them there are mechanisms with quadratic dependence of MMECH ¼ kMn2REV
(kM—proportionality factor), for example, exhausters and compressors in metal-
lurgy, screw propellers in shipbuilding. Investigations show that preservation of
conditions (18.1) or (18.1′) for low speed frequency-controlled motors coupled with
such mechanisms is not always optimum. Thus, the following peculiarities for motor
operation modes with such mechanisms are taken into account:
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• motor power P2 on the shaft at the variation of rotation speed nREV varies under
the cubic law:

P2 ¼ kPn3REV; ð18:2Þ

(kP—factor of proportionality)

• stator current IST at the variation of voltage according to the ratios (18.1), (18.2)
changes under the quadratic law: IST � k1n2REV (k1—factor of proportionality
[1–4]), and short circuit losses QSC (in stator winding and additional)

QSC ¼ kQn4REV: ð18:3Þ

Here kQ—factor of proportionality [1, 2].
Let us consider the law of MMF and rotor current variation at nREV − var. We

represent rotor MMF FEX in the form of two components: Stator MMF FST and
magnetic circuit MMF FMC according Ampere’s law:

FEX ¼ FST þ FMC: ð18:4Þ

Here FEX; FST; FMC—MMF complex amplitudes (phasors).
We find that the ratio of MMF components in Eq. (18.4) is proportional to motor

SCR:

SCR � FMCj j
FSTj j : ð18:40Þ

Here FEXj j; FMCj j—modules of MMF complex amplitudes.
The first component in Eq. (18.4) is determined Fj jST¼ kF;ST Ij jST¼ kF;STkMn2REV

by stator current; the second component FMC—mutual induction flux U in air
gap. When meeting conditions (18.1), (18.1′), it does not depend on rotation speed
and practically remains constant:

Fj jMC¼ kF;MC Uj jð Þ: ð18:5Þ

Here kF;ST—factor of proportionality [1, 2], depend on stator winding data and
number of poles in machine; kF;MC Uj jð Þ—depend on geometrical dimensions of its
active part cross section and mutual induction flux Ф [3].

As a result we obtain that at the reduction of motor rotation speed, the rotor
winding MMF and its current decrease much more slowly than in stator, and at
rotation speeds nREV < nNOM.
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18.3 Structure of Losses in Low Speed
Frequency-Controlled Motor; Efficiency
in Operation Modes (nREV < nNOM)

One of the peculiarities of high-power low speed frequency-controlled motors is the
structure of losses: the share of short circuit losses QSC and excitation losses QEX in
rotor winding makes over 85–90 % of total machine losses. Let us consider at first
this peculiarity for low-frequency drives of mechanisms with quadratic dependence
of MMECH ¼ kMn2REV.

Analysis of Eqs. (18.1)–(18.5) shows that in operation modes at the reduction of
rotation speed nREV < nNOM and, respectively, f1 < fNOM, the short circuit losses
sharply decrease in comparison with excitation losses. At the same time, within the
specified restrictions for currents in windings and mutual induction flux in air gap, it
is possible for each operation mode (P2 = idem, nREV < nNOM) to obtain an
approximate equality of losses QSC � QEX. It is easy to show that this equality
corresponds to the maximum value of efficiency at low no-load losses that is true at
low frequency f1 < fNOM. To provide this equality of losses, it is sufficient instead
of the ratio (18.1) and (18.1′) to use the following:

U\UNOM
f1

fNOM
;U\UNOM: ð18:6Þ

At the reduction of flux U\UNOM the value Fj jMC¼ kF;MC Uj jð Þ also decreases
in comparison with its value in rated mode (at U ¼ UNOM) according to the no-load
curve.

At the same time for the selected mode at P2 = idem, MMF FST and losses QSC

increase. Compliance with ratios (18.6) leads, therefore, to a change in both
components of losses: QSC and QEX. At a certain ratio of MMF FST and FEX for the
voltage U according to (18.6) it is possible to obtain an approximate equality of
losses QSC, QEX and the maximum value of efficiency. Let us note that the
frequency-controlled motors usually [7] complete with sensors for monitoring and
control of stability angle Θ in real time, that gives the stability in steady-state and
transient modes [1–5].

Results of calculation of one of modes of high-power low speed frequency-
controlled motors are represented in Table 18.1 (Appendix 18.1) as an example
with ratings of 20 MW, 5.8 kV, 140 rpm, f1 = 11.67 Hz (“Elektosila Work”, Stock
Company “Power Machines”, St. Petersburg) designed for liner electrical propul-
sion systems; at the reduction of rotation speed to nREV = 60 rpm, we obtain the
power as per (18.2) P2 = 1575 kW, U ≤ 2485 V as per (18.6).

It follows from Table 18.1 that in the limits specified by the ratio (18.6), the
maximum efficiency takes place at voltage 1860 ≤ U ≤ 1980 V. The dependence
of efficiency on voltage is flat.

Nonlinear dependences of windings MMF on rotation speed and losses allow
one to find an analytical solution of this problem only approximately: investigation
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of maximum efficiency at P2 = idem, nREV = idem, U\UNOM
f1
fNOM

. However, its

numerical realization makes it possible to obtain practical results with strict
accounting of specified nonlinear dependences, and also voltage drop in leakage
reactance of stator winding and its A.C. resistance. Solution analysis shows that
generally in this nonlinear problem the equality of losses QSC � QEX can be also
true for several values of voltage within the inequality specified as determined in
(18.6).

Optimum values of efficiency of the same low speed frequency-controlled motor
are given in Table 18.2 (Appendix 18.2) with rated data 20 MW, 5.8 kV, 140 rpm,
11.67 Hz at nREV = var. (in the range 40 ≤ nREV ≤ 70 rpm).

It is expedient to obtain an approximate dependence U� ¼ F(nREVÞ� from
Table 18.3 (Appendix 18.3) by means of the following functions (with an error no
more than 5 % in the calculation of value U�):

ðaÞ n�REV ¼ U�

CU� þB
;

herewith; coefficients are equal to C ¼ 1:2; B ¼ 0:35;
ð18:7Þ

ðbÞ U� ¼ An�REV þD n�REV
� �2

;

herewith; coefficients are equal toA ¼ 0:07; D ¼ 1:6;
ð18:70Þ

here U� ¼ U
UNOM

; n�REV ¼ nREV
nNOM

. From Eqs. (18.7) and (18.7′) it follows if the

maximum efficiency in operation modes is assumed as optimization criterion, ratios
between voltage and frequency in these modes differ from those corresponding to
(18.1) and (18.1′).

When using condition (18.6), it is possible to apply an investigation method of
maximum efficiency of low speed frequency-controlled motor in operation modes
(at nREV \ nNOM) at other nonlinear dependence of power P2 on rotation speed
nREV.

Appendix 18.1

See Table 18.1.

Table 18.1 Dependence of low speed frequency-controlled motor parameters on stator winding
voltage at rotation speed = 60 rpm, f = 5 Hz

U, V 2485 2360 2230 2210 1980 1860 1735 1610

Efficiency (%) 97.4 97.5 97.6 97.7 97.73 97.73 97.70 97.6
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Appendix 18.2

See Table 18.2.

Appendix 18.3

See Table 18.3.

Brief Conclusions

1. For the operation of high-power low speed frequency-controlled motors coupled
with the mechanism having quadratic dependence of torque on rotation speed, it
is possible to find the optimum value of motor efficiency for each speed value. It
is achieved by the reduction in mutual induction flux in air gap in comparison
with that in rated mode.

2. As the solution of this problem of mode optimization there are the following
restrictions: currents in stator and rotor windings, and also mutual induction flux
in air gap (extent of magnetic circuit saturation) should not exceed the values
corresponding to them in rated operation mode.

List of symbols

E, U EMFs and voltage of the first harmonic of stator winding (ENOM;UNOM—
rated EMFs and voltage)

f1 Frequency of the first harmonic of stator winding voltage and current
(fNOM—rated frequency)

Table 18.2 Dependence of efficiency optimum values of low speed frequency-controlled motor
on rotation speed

nREV, rpm 70 65 60 55 50 45 40

Efficiency, % [at U as per (18.6)
according to offered method]

97.9 97.8 97.7 97.6 97.5 97.3 97

Efficiency, % [at U as per (18.1)] 97.8 97.6 97.4 97.1 96.6 95.9 94.9

Table 18.3 Dependence of optimum values of voltages of low speed frequency-controlled motor
on frequency

U, V 2500 2200 1920 1680 1370 1065 870

f1, Hz 5.83 5.41 5.0 4.58 4.17 3.75 3.34

U� 0.431 0.3793 0.331 0.2897 0.2361 0.1836 0.15

n�REV 0.5 0.4637 0.4286 0.3926 0.3574 0.3214 0.2863
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FEX Rotor MMF
FST Stator MMF
FMC Magnetic circuit MMF
IST, IEX Stator current (first harmonic) and rotor current
M Motor shaft torque
MMECH Torque of drive (torque on the shaft)
nREV Motor rotation speed (nNOM—rated speed)
P2 Power on motor shaft
QEX Losses in rotor winding (excitation losses)
QSC Short circuit losses (in stator winding and additional)
Ф Mutual induction flux (UNOM—rated flux)
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Chapter 19
Methods of Decreasing Nonlinear
Distortion Factor in Voltage Curve
of Salient-Pole Generator: Investigation
of EMF Tooth Harmonics of Its
Multiphase Winding with q per Pole
and Phase as Integer

This chapter presents investigation methods of nonlinear distortions of voltage
curve of salient pole generator caused by EMF tooth harmonics of its multiphase
winding: these EMFs are limited to norms of IEC and GOST [19], and also Marine
Register of Russia [20]. Restriction of nonlinear distortion factor (total harmonics
distortion—THD) according to these norms is caused by several reasons: inter-
ference caused by currents of these harmonics in telephone lines located close to
overhead power lines; danger of overvoltages in these overhead power lines con-
nected with resonance phenomenon [1, 2]; additional losses in copper and stator
core caused by fields of tooth harmonics; calculation expressions for these tooth
EMFs are obtained not only at stator (rotor poles) slots shift in axial direction by
one slot division, but also at shift of rotor poles in tangential direction (group or
local). Practical examples allowing drawing conclusions on effectiveness of each of
these constructive solutions are given.

The content of this chapter is development of the methods stated in [1–7, 15].

19.1 Introduction

In practice of developing modern multipole (2p > 40) generators for wind ener-
getics, MHPP (Mini Hydro Power Plant), TEPP (Tidal Electrical Power Plant),
powerful diesel power station with low-speed generators 20–25 MW there arises a
problem of providing line voltage waveform; this curve should meet requirements
of GOST and IEC [19]. It is usually determined at tests in generator no-load mode
at bench or installation site. Restriction of nonlinear distortion factor according to
these requirements is caused by several reasons:

• disturbances caused by currents in these harmonics in telephone lines located
close to high voltage line;
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• danger of overvoltage in these high voltage lines connected with resonance
phenomenon [4, 5].

• additional losses in stator and rotor core, in cooper of windings caused by fields
of tooth harmonics;

For providing these requirements some constructive solutions are used in
practice [3–8].

When using stator winding with integer q ≤ 3 slots per pole and phase, they
provide application of the following [1–8]:

• skewing of stator slots (or rotor poles) by one stator tooth pitch;
• local or group shift of rotor poles in tangential direction.
• To decrease tooth harmonics EMF, use is also made of stator windings with

fractional number q [9].

In practice use of these solutions has several peculiarities:

• stator slot skewing in axial direction is more often used for machines with stator
core external diameter 990 mm and less [7, 8]; additional technological diffi-
culties take place, for example, if the stator is made of several sectors, and stator
core length exceeds 1000 mm; rotor pole skewing in axial direction is usually
used for large-size machines;

• besides such slot skewing in stator (rotor poles), there find application con-
struction with shift of rotor poles in tangential direction. Some modifications of
such construction [6, 15, 16] which effectiveness is not identical are known:
shift of adjacent poles within every period T ¼ 2s (local shift) and shift of
adjacent poles within several periods T (group shift); here s—pole pitch;

• windings with fractional q < 3 in comparison with windings with integer q
usually contain in MMF curve additional spatial harmonics [3–5], which order
m < p (p—order of the main MMF harmonic by expanding into series with the
period T ¼ pD, D—stator boring diameter). Presence of such harmonics
(“subharmonics”) [9, 10] can cause additional vibrations of stator core and stator
frame with amplitude exceeding several times admissible in spite of the fact that
amplitude of these MMF harmonics are much less than that of the main har-
monic. For elimination of these vibrations, it is necessary to increase generator
dimensions and weight due to necessity to increase rigidity of its frame.
Selection of q > 3 is limited by technological possibility necessary to locate Z
slots on stator corresponding to this q; here Z ¼ 2pmPHq; mPH—number of
generator phases.

At first, we consider a general problem on field of mutual induction tooth
harmonics in generator air gap with q as integer. Using the obtained ratios, we find
for each of these constructions calculation expressions for EMF tooth harmonics of
three-phase winding; it will allow us to estimate effectiveness of each construction.
Application of these expressions is followed by examples from practice.
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19.2 Tooth Harmonics of Machine with q as Integer:
Amplitude of Their Mutual Induction Field in Air
Gap in no-Load Mode; Frequency of This Field
(Order of Tooth Harmonics)

19.2.1 Problem Formulation

In investigation of mutual induction field of tooth harmonics, we assume that the
relation of width bSLT of rectangular stator slot to pitch tSLT is equal to
bSLT=tSLT ¼ 0:5. In real constructions, this value is smaller [7, 8] and usually is in
limits 0:35\bSLT=tSLT\0:5; respectively, the amplitude of tooth harmonics in
such constructions is less than at bSLT=tSLT ¼ 0:5; therefore, the results of expan-
sion into series obtained in (19.3) are a bit “pessimistic (reserve)”; for “reserve”
result let us assume that tooth harmonics in air gap do not fade that is strictly true
only in small air gaps and for large pole pitches [9]. Let us assume also that the flux
density amplitude in field air gap of tooth harmonics depends linearly on that in
excitation winding field air gap.

When studying EMF tooth harmonics of three-phase two-layer winding with
integer q in multipole machine we will consider that such two-layer winding
contains 2pmPH phase zones. Therefore, a machine with such winding can be
represented in the form of series set of single (“elementary”) machines [3–5]; each
formed by one rotor pole pair (p = 1) and phase zones 2pmPHð Þ of this winding; it
occupies ZEL ¼ 2mPHq slots (further it is accepted for clarity: mPH ¼ 3). Number of
turns WEL

PH in winding phase of this machine (for example, in phase A) is equal to

WEL
PH = 2q STR

a ; respectively, for a group of S* elementary machines (at S* < p) the
number of turns in phase makes WS

PH ¼ WEL
PHS

�; in phase of real machine the
number of turns is equal to WPH ¼ WEL

PHp (here STR—number of turns in coil (bar),
a—number of parallel branches). One notes also that distribution factors of these
winding are identical for the main harmonic (n = 1) and for harmonics of tooth
order [3–5]. Chording factor (or pitch factor) KDS of winding for harmonics of this
order considered in EMF calculation, according to [3–5], also the winding factor
KW = KDSKCH. Therefore, below we will suppose that WEL

PH has already included
this factor KW.

It is sufficient to investigate the influence of tooth harmonics of mutual induction
field in air gap on the stator winding EMF only for one single (“elementary”)
machine [7, 8]. It is expedient to study constructions stated above by the same
method that allows us to estimate their effectiveness from uniform positions and to
make corresponding practical recommendations.
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19.2.2 Solution

Let us determine, at first, the field of tooth harmonics bz(x,n) in stator slot zone;
here x—spatial coordinate along stator boring; n—harmonic order. Further, we will
consider the influence of rotor field (excitation field), and then, proceeding from the
resulting field bZ,0(x,t,n) (mutual induction field in air gap), we will determine EMF
frequency and amplitude eZ,0(x,t,n) from tooth harmonics in this stator winding
field at no-load; here t—time. In stator tooth zone, let us assume the period T
covering three poles for expansion into harmonic series: two edge poles with
polarity N and a middle pole with polarity S (see Fig. 19.1). Longitudinal axes of
two poles with polarity N (axis d) are designated as A1A2 and D1D2; period
T = A1D1. Line portions A1C1 = C1D1 = τ = T/2. In standard rotor constructions
for middle pole with polarity S the longitudinal axis (d) coincides with C1C2.

However, we will perform these investigations for a more general case: axis
C1C2 of middle pole is shifted to the position B1B2 by the value D0 = B1C1, so that
line portion A1B1 ¼ sL\s, and line portion B1D1 ¼ sG [ s, herewith,
sG þ sL ¼ 2s ¼ T. Figure 19.1 shows for clarity the machine tooth zone with q = 2
(machine calculation data are given in Appendix 19.1). It is easy to show that at any

q the ratio of period T to pitch tSLT over slots (teeth) makes: T
tSLT ¼ 6q; therefore, in

Fig. 19.1 at number q = 2 period T corresponds to 12 slot (tooth) pitches. We

accept D0 ¼ tSLT
2 k, where k = 1, 2, …; thus, we assumed that this value changes

depending on pitch tSLT discretely.

Fig. 19.1 Tooth zone of stator (A1D1 = A2D2 = T; C1D1 = τ; A1B1 = τм < τ; B1C1 = D0

MK = tz; MN = MK = 0.5�tz
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19.2.3 Field of Harmonics bSLT(x,t,n) in Stator Slot Zone

Let us take at first that the generator inductor (rotor) and its armature (stator) are
mutually motionless, and rotor poles create in air gap mutual induction field (n = 1)
corresponding to the generator no-load EMF, if it rotates with rated speed. In this
mode, the flux density under teeth reaches a maximum, and in slot zone is mini-
mum. Let us expand into harmonic series this rectangular induction wave bZ(x,n)
under teeth and slots within the period T. We designate the amplitude of this
rectangular flux density wave at sL ¼ s as BZ. Then at D0 6¼ 0 on line portion
A1B1ðsL\sÞ it is equal to s

sL
BZ, and on line portion B1D1ðat sG [ sÞ—respectively

— s
sG
BZ; this amplitude correction is caused [4, 5] by the continuity of magnetic

flux (divA = B) on line portion A1D1 ¼ 2s; here A—vector potential of magnetic
field [4, 5].

Let us note that, in practice, the flux density amplitude BZ is determined by

relation of slot opening bSLT
tSLT and machine air gap; ratio of BZ to resulting field flux

density amplitude BM1 in air gap makes for high-power generators usually:
BZ

BM1
\0:10� 0:18, including for machines with small air gap [9].

We represent the dependence of b(x,n) in the form of series [10–12]:

bðx; nÞ ¼
X

Cð�nÞe�2jpnxT þCðþ nÞe2jpnxT� �
: ð19:1Þ

(summation over n). Amplitudes C(–n) and C(+n) are calculated from the ratios:

Cð�nÞ ¼ BZ

T
s
sL

ZsL
0

e2jp
nx
T dxþ s

sG

ZT
sL

e2jp
nx
T dx

2
4

3
5: ð19:2Þ

Expression for complex amplitude C(+n) in (19.1) is easy to obtain [10–12]
substituting in (19.2) sign at harmonic order n by opposite (n by minus n).

Let us calculate at first the first of integrals for this rotor construction with k = 1
and for stator winding at q = 2, n = 6, q = 12 (Fig. 19.1) in the form:

C1ð�nÞ ¼ BZ

T
s
sL

ZsL
0

e2jp
nx
T dx ¼ 1

2jpn
BZ

s
sM

C0
1ð�nÞ;

where

C0
1ð�nÞ ¼ ðþ 1ÞejnptSLT2s �1 þð�1Þ e2jnp

tSLT
2s � ejnp

tSLT
2s

� �
þðþ 1Þ ejnp

3tSLT
2s � e2jnp

tSLT
2s

� �
þð�1Þ ejnp

4tSLT
2s � ejnp

3tSLT
2s

� �
þ � � � þ ðþ 1Þ ejnp

11tSLT
2s � ejnp

10tSLT
2s

� �
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Similarly, for the second integral we have:

C2ð�nÞ ¼ BZ

T
s
sG

ZT
sM

e2jp
nx
T dx ¼ 1

2jpn
BZ

s
sG

C00ð�nÞ2;

where

C00ð�nÞ2 ¼ ð�1Þ ejpn
12tSLT

2s � ejpn
11tSLT

2s

� �
þðþ 1Þ ejpn

13tSLT
2s � ejpn

12tSLT
2s

� �
þð�1Þ ejpn

14tSLT
2s � ejpn

13tSLT
2s

� �
þ � � � þ ð�1Þ ejpn

24tSLT
2s � ejpn

23tSLT
2s

� �
:

After a number of transformations we obtain the complex amplitude C(–n) for
this rotor construction (at k = 1 and for stator winding at q = 2, n = 6, q = 12) in
the form:

Cð�nÞ ¼ �BZ

12jp
11

s
sL

þ 13
s
sG

� �
:

Generally, (k > 1, q ≠ 2) the calculation expression for complex amplitude
C(−n) is reduced to the following form:

Cð�nÞ ¼ �BZ

12jp
s
sL

ð6q� kÞþ s
sG

ð6qþ kÞ
� �

(under the following conditions: mPH = 3; integer q—is arbitrarily; ratios
s
sL
and s

sG
—are calculated for arbitrarily k, and sL þ sG ¼ 2s). Let us simplify the

obtained general expression. Let us write down the ratios for pole pitch sL and sG of
this rotor construction (D0 ≠ 0):

sL ¼ s� D0 ¼ s� tSLT
2 k ¼ s� s

2 � 1
3q k; then

s
sL
¼ 6q

6q�k. Similarly, s
sG
¼ 6q

6qþk.

With account of these ratios we obtain:

Cð�nÞ ¼ �2BZ

jpn
6q ¼ ð�2Þ

jp
BZ; respectively; Cðþ nÞ ¼ 2BZ

jp
: ð19:3Þ

Therefore, both amplitudes do not depend on the parameter k = 1, 2, …, and
Eq. (19.3) are true for any ratios of s

sL
and s

sG
, determined by this parameter:

Cð�nÞ 6¼ fðkÞ; Cðþ nÞ 6¼ fðkÞ: ð19:4Þ

Studies similar to Eqs. (19.1)–(19.3) confirm that regularities (19.4) remain true
also for values of parameter k < 1. We will use this result in analysis of rotor
construction with group pole shift.
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Using Eqs. (19.3), let us find the calculation ratio for harmonics field bZ(x,n) in
stator slot zone; with account of (19.3) we obtain (under conditions:
sL ¼ var; sG ¼ var; sL þ sG ¼ 2s):

bðx; nÞ ¼ 2BZ

jp

X
�e�2jpnxT þ e2jp

nx
T

� 	 ¼ 4
p
BZ sin

pnx
s

: ð19:5Þ

In deriving this expression, it is accepted that generator inductor (rotor) and its
armature (stator) are mutually motionless. Let us proceed to generator real operation
conditions; we assume that its rotor is stalled, and stator rotates in positive direction
of angle reference with rated speed xREV ¼ x1

p . Then expression for flux density b

(x,t,n) takes the form [6]:

bðx; t; nÞ ¼ 4
p
BZ sin xZt� pnx

s

� �
: ð19:6Þ

where xZ—circular frequency of tooth harmonics EMF subject to definition with
account for excitation field (rotor field).

19.2.4 Excitation Field bMI(x) (Rotor Field); Resulting
Mutual Induction Field (in Air Gap); Flux Density
bZ,0(x,t,n) of Tooth Order

Rotor pole shoes are designed so that rotor field bMI(x) varys over a period T under
the harmonic law [7–9]. For this purpose, radius RP of shoe surface is selected

smaller than R0 ¼ D
2 � 2dMIN, so the air gap dMIN under the pole middle (along axis

d) is smaller than at its edges dMAX, herewith, their ratio [7, 8] makes usually
dMAX
dMIN

¼ 1:25� 1:5. Therefore, with accuracy, sufficient for practice, we assume that
for an observer on the rotor the flux density distribution is as follows:
bMIðxÞ ¼ BMI cos 2pxT ; here BMI—amplitude of this field (reference origin coincides
with axis d, i.e. with line A1A2), where the value of flux density bMIðx ¼ 0Þ ¼ BMI.
With rated line voltage UL = 1 in the generator mode it is equal to BMI = 1;
respectively, flux density BZ is also determined at UL = 1. Let us note that for the
same observer the stator with its tooth zone rotates relative to rotor with angular
speed xREV so the resulting field of tooth harmonics mutual induction without
account of the influence of flux on stator core steel saturation in tooth zone is
determined by the following ratio [6]:

bZ;0ðx; t; nÞ ¼ 4
p
BZ sin xZt� pnx

s

� �
cos

2px
T

: ð19:7Þ

19.2 Tooth Harmonics of Machine with q as Integer: Amplitude of … 377



Let us represent Eq. (19.7) in the form [10, 11]:

bZ;0ðx; t; nÞ ¼ B0
Z sin xZt� pðn� 1Þx

s

� �
þB0

Z sin xZt� pðnþ 1Þx
s

� �
; ð19:8Þ

where B0
Z ¼ 2

pBZ:

Thus, the field of tooth harmonics mutual induction has two components. These
component fields rotate relative to motionless rotor with identical and constant
amplitude; they correspond to frequencies xZ of tooth EMFs equal respectively to

xð1Þ
Z orxð2Þ

Z :

bð1ÞZ;0ðx; t; nÞ ¼ B0
Z sin xð1Þ

Z t� pðn� 1Þx
s

� �
; ð19:9Þ

bð2ÞZ;0ðx; t; nÞ ¼ B0
Z sin xð2Þ

Z t� pðnþ 1Þx
s

� �
: ð19:10Þ

19.2.5 Frequencies of Tooth Harmonics xð1Þ
Z andxð2Þ;

Calculation Expression for Nonlinear Distortion
Factor

Let us determine these EMF frequencies from the condition that at rotation of each
field components its angular speed relative to rotor is equal to xREV ¼ x1

p .

From Eq. (19.9) for the first field component, we obtain:

xð1Þ
Z dt ¼ pðn�1Þdx

s ; considering that dxdt ¼
x1s
p we obtain:

xð1Þ
Z ¼ x1ðn� 1Þ ¼ x1ð6q� 1Þ: ð19:11Þ

Similarly, from Eq. (19.10) for the second field component:

xð2Þ
Z ¼ x1ðnþ 1Þ ¼ x1ð6qþ 1Þ: ð19:110Þ

The order n of higher harmonics for frequencies of tooth EMFs can be repre-
sented also in another form, including the case mPH ≥ 3:

nð1Þ ¼ 2mPHq� 1;

nð2Þ ¼ 2mPHqþ 1:
ð19:12Þ

We will use the obtained ratios (19.9)–(19.12) to calculate EMF eZ,0(t,n) of tooth
order in stator winding with integer q for generators of various construction.
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Let us write down the calculation expression for nonlinear distortion factor of
generator voltage [7–9]. Taking into account Eqs. (19.11) and (19.11′) nonlinear
distortion factor for tooth harmonics of generator voltage is calculated from the
ratio [19]:

Kð1Þ;ð2Þ
DIST ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eð1Þ
Z;0

E0

 !2

þ E2
Z;0

E0

 !2
vuut

: ð19:120Þ

It should be noted that these harmonics have the greatest influence on the value

of the distortion factor. Here E0—no-load EMF of generator; Eð1Þ
Z;0;E

ð2Þ
Z;0—EMFs of

tooth harmonics corresponding to frequencies as per Eqs. (19.11) and (19.11′).

19.3 Rotor Construction with Local Shift of Poles
in Tangential Direction

19.3.1 Peculiarities of Practical Realization

• in factory conditions, realization of this construction with the value of shift
D0 = τ − τL or D0 = τG − τ can be connected with certain technological diffi-
culties. They depend on the type of fastening of rotor poles. For example, for
their fastening on rotor rim it is necessary to perform a precise lay-out for bolts;
for small shift values D0 “close” tolerances for this purpose are required. When
fastening poles on shaft by means of “dovetails” or one or several “shanks” [7,
8] the problem becomes even more complicated;

• in realization of this construction it is considered also that the value of pole pitch
τL or shift D0 is limited not only by technological capabilities of rotor manu-
facturing, but also by generator performance data [7–11]. This additional
restriction is connected with the uneven distribution of leakage fluxes, closing
between adjacent poles N and S within period 2τ; asymmetry in magnetic circuit
of rotor poles influences the machine saturation level, especially at operation in
modes with generator voltage U = 1.05RAT (according to GOST and IEC [5, 7,
8, 19, 20]);

• for generator operation in case of unsuccessful rotor construction with tangential
shift, an increased level of vibrations is possible [10, 17] excluding its operation
even in no-load mode. In usual constructions (at sG ¼ sL ¼ s) phase angle
between rotor poles of opposite polarity (N and S) makes ψ = 180 el. degr. In
the considered construction with such shift (D0 ≠ 0) this condition is not met:
ψ ≠ 180 el. degr.; as a result in mutual induction field curve in air gap there
appear additional spatial harmonics, including harmonics of order n < p, even
for stator winding with q as integer. They cause vibrations of stator core and
stator frame similar to vibrations which cause harmonics of the same order
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(n < p) of stator winding with fractional q [10]. Therefore, the construction of
multipole rotor with tangential shift of poles requires an additional analysis of
mutual induction field in air gap [1–3, 9] including the determination of
amplitude and frequency of “subharmonics”.

19.3.2 Tooth Harmonics of EMF eZ,0(t,n) in Stator Winding

Let us assume as calculation unit a group with the following sequence of poles in it:
N; S; N. Distance between the first two poles is equal to sL\s, and between the
second and third sG [ s, herewith, sL þ sG ¼ 2s. Let us find previously the flux
corresponding to the first field component in air gap:

Uð1Þ
Z;0ðx; t; nÞ ¼

ZsL
0

bð1ÞZ;0ðx; t; nÞLCORdx

¼ B0
ZLCOR

2s
pnð1Þ

sin xð1Þ
Z t� pnð1ÞsL

2s

� �
sin

pnð1ÞsL
2s

; ð19:13Þ

where LCOR—calculation length of stator core [7, 8]. Let us accept that this flux
corresponds to pole “N”.

We note that this flux can be also determined differently as the flux corre-
sponding to the pole “S”:

Uð1Þ
Z;0ðx; t; nÞ ¼ �

Z2s
sL

bð1ÞZ;0ðx; t; nÞLCORdx: ð19:14Þ

Respectively, EMF eð1ÞZ;0ðt; nÞ with account of the found Eqs. (19.11) and (19.13)

for xð1Þ
Z is equal to,

eð1ÞZ;0ðt; nÞ ¼ �WEL
PH

d
dt
Uð1Þ

Z;0ðx; t; nÞ

¼ �4
p2

WEL
PHx1BZsLCOR cos xð1Þ

Z t� pnð1ÞsL
2s

� �
sin

pnð1ÞsL
2s

¼ Eð1Þ
Z;0 cos xð1Þ

Z t� pnð1ÞsL
2s

� �
;

ð19:15Þ

where amplitude Eð1Þ
Z;0 of this EMF in Eq. (19.15) is equal to,

Eð1Þ
Z;0 ¼

�4
p2

WEL
PHx1BZsLCORK

ð1Þ
L:SH; ð19:16Þ
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and Factor local shift

Kð1Þ
L:SH ¼ sin

pnð1ÞsL
2s

: ð19:17Þ

Similarly are determined for the second component in (19.8)–(19.10) the flux

Uð2Þ
Z;0ðx; t; nÞ and EMF eð2ÞZ ðt; nÞ;

eð2ÞZ;0ðt; nÞ ¼ Eð2Þ
Z;0 cos xð2Þ

Z t� pnð2ÞsL
2s

� �
Kð2Þ

L:SH;

herewith, EMF amplitudes of both components differ only in Factor Kð2Þ
L:SH:

Kð2Þ
L:SH ¼ sin

pnð2ÞsL
2s

: ð19:18Þ

Let us note the following peculiarities of obtained expressions for EMF of tooth
harmonics:

• frequencies xð1Þ
Z and xð2Þ

Z of tooth EMFs significantly exceed the network fre-
quency x1, however, the amplitude of these EMFs is determined only by fre-
quency x1;

• amplitudes Eð1Þ
Z;0 and Eð2Þ

Z;0 can be practically changed only by means of poles
local shift (Factors KL.SH.);

• in the absence of local shift sL ¼ sG ¼ s; D0 ¼ 0ð Þ Factor KL.SH. = 1 for

EMF of both frequencies xð1Þ
Z andxð2Þ

Z .

It should be also noted that when using both expressions for fluxes (19.13) and
(19.14) we obtain the doubled value of phase EMF.

19.3.3 Calculation Example

Let us use generator data from Appendix 19.1. We assume for rotor constructions

with local shift the relationship sL
s ¼ 11

12; respectively,
D0
s ¼ 1

12. The value of poles

shift is D0 ¼ 1
12 s ¼ tSLT

2 ¼ 26:2mm; such a shift can be realized in practice. Then,
as per Eq. (19.12) for nð1Þ ¼ 11; nð2Þ ¼ 13 we obtain from Eqs. (19.17) and (19.18)

Kð1Þ
L:SH: ¼ Kð2Þ

L:SH: ¼ 0:1305. Section 19.2.3 represents usual ratios for the flux density

in high-power salient-pole generators: BSLT

BMI
\0:10� 0:18. With account of this

19.3 Rotor Construction with Local Shift of Poles in Tangential … 381



relation, both obtained values for KL.SH. and Eq. (19.12′) it is equal to

Kð1Þ;ð2Þ
DIST � 0:016, that meets requirements of GOST and IEC KDIST � 0:05ð Þ.
We find that for the selected value sL

s ¼ 11
12, the amplitude of generator first EMF

harmonic practically does not decrease, as at n = 1: KL.SH. ≈ 1.

19.4 Rotor Construction with Group Shift of Poles
in Tangential Direction

19.4.1 Peculiarities of Practical Realization

• the following construction of salient-pole rotor with group shift is realized in
factory conditions [16] («Elektrosila» Work, Stock Company “Power
Machines” St.Petersburg). Poles are subdivided into four groups, each of them
contains, respectively, S�GR ¼ p=G pair of poles (for G = 4); the distance
between poles in the group is accepted equal to sL\s. The amplitudes of EMF
in the stator winding, are induced by each of these groups are equal, the phases
of these EMF are also equal each other;

• group shift has advantages compared to the local one: additional leakage fluxes
closing between poles N and S within distance sL in design with “group” shift
are less as values sL can be selected in such a construction only slightly different
from pole pitch τ decreases the level of poles saturation caused by additional
leakage fluxes between them, especially in operation modes with increased
generator voltage (within restrictions of this voltage as per GOST and IEC);

• realization of rotor construction with group shift of poles is connected with
additional technological difficulties in comparison with the previous design: at
smaller values of shift D0 more “close” tolerances for this purpose are required
for layout;

• construction of multipole rotor with group shift of poles, as well as design with
their local shift, needs additional analysis of mutual induction field in air gap
[1–3, 9], including the determination of amplitude and frequency of lower
spatial harmonics. Unsuccessful multipole rotor design used in practice caused
an increased level of generator vibrations [17] excluding its operation even at
no-load. Peculiarities of this design are stated in [18]; its analysis in [17]
indicated that such vibrations are connected generally with the influence of
“subharmonics”.

Note: Also for two-layer bar type winding, using in practice for the large gen-
erations, we have the relation between the number (WPH) of winding turns, the
number of parallel brunches and the number (q) of slots per pole and phase: WPH

2qp/a.
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19.4.2 Tooth Harmonics of EMF eZ,0(t,n) in Stator Winding

As calculation unit let us assume a group of S�GR ¼ p=G poles; distance between
poles in the group is accepted equal to sL\s. Let us find previously fluxes cor-
responding to the first field component (19.8)–(19.10) in air gap:

Uð1Þ
1 ¼

ZsL=2
�sL=2

bð1Þz;0ðx; t; nÞLCORdx ¼ B0
zLCOR

2s
pnð1Þ

sin
pnð1ÞsL
2s

sinxð1Þ
Z t;

Uð1Þ
2 ¼

Z5sL=2
3sL=2

bð1Þz;0ðx; t; nÞLCORdx ¼ B0
zLCOR

2s
pnð1Þ

sin
pnð1ÞsL
2s

sin xð1Þ
Z t� 2pnð1ÞsL

s

� �
;

Uð1Þ
3 ¼

Z9sL=2
7sL=2

bð1Þz;0ðx; t; nÞLCORdx ¼ B0
zLCOR

2s
pnð1Þ

sin
pnð1ÞsL
2s

sin xð1Þ
Z t� 4pnð1ÞsL

s

� �
;

Uð1Þ
4 ¼

Z13sL=2
11sL=2

bð1Þz;0ðx; t; nÞLCORdx ¼ B0
zLCOR

2s
pnð1Þ

sin
pnð1ÞsL
2s

sin xð1Þ
Z t� 6pnð1ÞsL

s

� �
;

. . .

Respectively, EMF eð1ÞZ;0ðt; nÞ in S� ¼ S�GR stator winding elements with account

of Eq. (19.11) found for xð1Þ
Z is equal to:

eð1Þz;0ðt; nÞ ¼ �WEL
PH

d
dt

Uð1Þ
1 þUð1Þ

2 þUð1Þ
3 þUð1Þ

4 þ . . .
h i

: ð19:19Þ

After summation of fluxes [12–14] we obtain:

eð1ÞZ;0ðt; n) ¼ Eð1Þ
Z;0 sin xð1Þ

Z t� S�GR � 1
� 	

pnð1ÞsL
s

" #
ð19:20Þ

where the amplitude of phase

Eð1Þ
Z;0

��� ��� ¼ 4
p2

WEL
PHx1BZsLCORG

sin S
�
GRpnð1ÞsL

s sin pnð1ÞsL
2s

sin pnð1ÞsL
s

ð19:21Þ

Note: The amplitude EPH of the first harmonic (n = 1) for S� ¼ S�GR stator
winding elements of generator phase voltage for the low values of D0 i.e. for
sL=s ! 1, for example sL=s ¼ 119=120 is equal to the ð2=pÞx1WEL

PHBM1LCORS�GR.
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Accordingly the EMF of phase for the harmonic with number n = 1 is equal for this
construction ð2=pÞx1WEL

PHBM1LCORGS�GR. Evidently, W
EL
PHGS

�
GR ¼ WPH.

Let us determine the group shift distortion factor Kð1Þ
DIST. As a result, we obtain:

Kð1Þ
DIST ¼ 2

p
BZ

BM1

sin S
�
GRpnð1ÞsL

s sin pnð1ÞsL
2s

S�GR sin
pnð1ÞsL

s

ð19:22Þ

Similarly to Eqs. (19.20)–(19.22) for harmonics with order n(2) we obtain:

Kð2Þ
DIST ¼ 2

p
BZ

BM1

sin S
�
GRpnð2ÞsL

s sin pnð2ÞsL
2s

S�GR sin
pnð2ÞsL

s

:

19.4.3 Calculation Example

Let us use generator data from Appendix 19.1. We assume for rotor design with

group shift [16] the relation sL
s ¼ 119

120 ;
D0
s ¼ 1

120; S
�
GR ¼ 10. The value of poles shift,

is D0 ¼ 1
120 s ¼ 1

20 tLST ¼ 2:62mm; such a shift D0 can be realized in practice at
thorough lay-out.

Section 19.2.3 represents conventional ratios for the flux density in high-power

salient-pole generators: BSLT

BMI
\0:10� 0:18. With account of this relation, both

obtained values for Kð1Þ
DIST and Kð2Þ

DIST are equal to Kð1Þ
DIST ¼ 0:008, Kð2Þ

DIST ¼ 0:0068,
KDIST ¼ 0:0105, which practically agree with the experiment results for the gen-
erator [16] and meets requirements of GOST and IEC KDIST � 0:05ð Þ.

Let us note that for the selected value sL
s ¼ 119

120, the amplitude of generator first
EMF harmonic practically does not decrease.

19.5 Generator Construction with Stator Axial Skewing
of Stator Core or Rotor Poles

19.5.1 Peculiarities of Practical Realization

Value of bevel size D0 is usually selected equal to slot pitch tZ. This choice
(D0 = tSLT) is determined by “skewing Factor” KSK. Derivation of this calculation
expression is based [5] on analogy with chording Factor of stator winding turn;
however as “calculation unit” in the derivation of KSK without winding turn, but
with only one of its sides; EMF amplitude and frequencies of tooth order harmonics
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thus are not determined [5]; in practical calculations it does not allow us to estimate
the value of nonlinear distortion factor KDIST of generator with selected value q.

Appendix 19.2 represents the derivation of calculation expression for generator
tooth EMFs with stator slots (rotor poles) skewing. In these derivations are used
ratios for mutual induction flux harmonics of tooth order obtained in Sect. 19.2.
Taking into account the expression for tooth EMFs, the value of generator nonlinear
distortion factor KDIST can be estimated. For a machine with data from Appendix
19.1 it is given in para 19.5.2.

Table 19.1 represents calculations according to Eqs. (19.12) and (A.19.2.4),

(A.19.2.6) values of skewing Factor KSK at D0
sSLT

¼ 1; D0
sSLT

¼ 0:85 and D0
sSLT

¼ 1:15;
they correspond to practical values of technological tolerance by value D0.
Calculations are made for the first three values q representing practical interest.

Calculation results for these Factors of KSK confirm that at specified tolerance
values effectiveness of skewing remains not for all values of q. Therefore, in
construction of production tooling, it is more expedient to provide a possibility of
some increase in actual skewing D0 in comparison with pitch tSLT, but not its
reduction.

Let us note that for main EMF harmonic, the skewing Factor at specified values
D0
sSLT

practically remains equal to KSK(n = 1, D0) ≈ 1. We note also that the stator
winding MMF at skewing, similar to EMF, changes amplitude by value of KSK;
also the phase angle changes similarly to (A.19.2.2) and (A.19.2.5).

19.5.2 Calculation Example

Let us use generator data from Appendix 19.1. From Table 19.1 as per (19.12) for

q = 2 at D0 = tSLT we have Kð1Þ
DIST ¼ 0:0899; Kð2Þ

DIST ¼ 0:0760.

Range of BZ

BM1
values for high-power generators is given in Sect. 19.2.3; We

accept for clarity the same value of ratio BZ

BM1
, as in previous examples (in Sects.

19.3.3 and 19.4.3). Let us estimate the value of nonlinear distortion factor KDIST

[3–6]. As a result we obtain that both factors meet requirements of GOST and IEC.

Table 19.1 Skewing Factors KSK for tooth harmonics

Q n(1), n(2) KSK (D0 = tZ) KSK (D0 = 0.85tZ) KSK (D0 = 1.15tZ)

1 5 0.1940 0.3565 0.0434

7 0.1364 0.0084 0.2085

2 11 0.0899 0.2612 0.0511

13 0.0760 0.0851 0.1783

3 17 0.0585 0.2303 0.0783

19 0.0524 0.1126 0.1632
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Appendix 19.1

Generator data to compute the nonlinear distortion factor KDIST. P = 8750 kVA;
U = 11 kV; f = 50 Hz; diameter of stator boring D = 8 m; active length of stator
core LCOR = 720 mm; core package width bPAK = 50 mm; mPH = 3; q = 2;
number of parallel branches a = 2; number of slots Z = 480.

Appendix 19.2

EMF tooth harmonics eZ,0(t,n) in stator winding with axial skewing of stator core or
rotor poles.

Figure 19.2 shows a stator winding turn AGHCA with skewing GB = HF = D0

relative to machine rotation axis; it coincides with CF; AC = BF = τ. LCOR—length
of stator core [7, 8] CF = AB = LCOR. Let us use at first Eq. (19.9) for the first
component of mutual induction flux from para 1:

bð1ÞZ;0ðx; t; nÞ ¼ B0
Z sin xð1Þ

Z t� pnð1Þx
s

� �
: ðA:19:2:1Þ

One finds the amplitudes of EMF harmonics of order n(1) induced in turn ele-
ments by this mutual induction flux. For this purpose let us divide the length of
stator core LCOR into N0 equal elements (at N0 → ∞); three of them are shown in
Fig. 19.2: CK3 = K3H3 = H3F. Respectively, the turn surface is also subdivided
into N0 elements, equal in area, for example, AΚ1Κ2CA, K1H1H2Κ2K1,

H1GHH2H1. Let us determine the flux UNINSðnð1ÞÞ of the harmonic of the order n(1),
linked with one of elements, for example, K1H1H2K2K1 having the number
NINSð1�NINS �N0Þ, if viewed from the turn side AC:

Uð1Þ
NINS

¼ LCOR

N

ZS3S1
S3S2

B0
Z sin xð1Þ

Z t� pnð1Þx
s

� �
dx:

Here (Fig. 19.2): S3S2 ¼ D0
NINS

N0
; S3S1 ¼ sþD0

NINS

N0
. With account of these ratios

after transformations, we obtain:

Uð1Þ
NINS

¼ 2B0
ZLCORs

pnð1ÞN0
sin xð1Þ

Z t� pnð1Þ

2
� pnð1ÞD0

NINS

N0s

� �
:
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Let us determine the sum of fluxes in all N0 elements. At N0 → ∞:

Uð1Þ
N ¼ 2B0

ZLCORs

pnð1Þ
sin xð1Þ

Z t� pnð1Þ
2 � pnð1ÞD0

2s

� �
sin pnð1ÞD0

2s

pnð1ÞD0
2s

:

Accordingly, the EMF with account of the found Eq. (19.11) for xð1Þ
Z is equal to:

eð1ÞZ;0ðt,n) ¼ WEL
PH

d
dt
Uð1Þ

N

¼ �4
p2

WEL
PHx1BZsLCOR cos xð1Þ

Z t� pnð1Þ

2
� pnð1ÞD0

2s

� �
sin pnð1ÞD0

2s
pnð1ÞD0

2s

¼ Eð1Þ
Z;0 sin xð1Þ

Z t� pnð1ÞD0

2s

� �
;

ðA:19:2:2Þ

where the amplitude Eð1Þ
Z;0 of this EMF is equal to:

Eð1Þ
Z;0¼� 4

p2
WEL

PHx1BZsLCORK
ð1Þ
SK; ðA:19:2:3Þ

and skewing factor:

Kð1Þ
SK ¼ sin pnð1ÞD0

2s
pnð1ÞD0

2s

: ðA:19:2:4Þ

Fig. 19.2 One turn of stator
winding (ACHGC) with
skewing towards axis
direction on the value HF
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EMF eð1ÞZ;0ðt; nÞ and skewing Factor Kð2Þ
SK for the second component have the form

similar to (A.19.2.2)–(A.19.2.4):

eð2ÞZ;0ðt; nÞ ¼ Eð2Þ
Z;0 sin xð2Þ

Z t� pnð2ÞD0

2s

� �
Kð2Þ

SK; ðA:19:2:5Þ

herewith, EMF amplitudes of both components differ only in Factor Kð2Þ
SK:

Kð2Þ
SK ¼ sin pnð2ÞD0

2s
pnð2ÞD0

2s

 !
: ðA:19:2:6Þ

Brief Conclusions

1. In high-power salient-pole generators with stator winding differing in integer
number q of slots per pole and phase, in voltage curve there appear additional
harmonics [with frequencies fZ = (6q ± 1)50 Hz] besides the main harmonics
(with frequency f1 = 50 Hz). Additional losses and stator core overheats are
connected with them; currents of these tooth harmonics can cause interference in
telephone lines located close to the high voltage line, and also overvoltages in
these high voltage lines due to resonance phenomena. The article presents
calculation expressions for tooth EMFs in general case, when within period T
(two pole pitch T = 2τ) one of poles is shifted so sL\s, and sG [ s, herewith,
sL þ sG ¼ 2s).

2. Investigated are constructions used in practice, which allow us to reduce the
amplitude of these harmonics. Proceeding from the general expression obtained
for tooth EMFs, effectiveness of these designs is considered, and ratios are
determined for nonlinear distortion factor KDIST whose value is limited by
GOST and IEC.

3. Calculation expressions obtained for each of these constructions are applied to
the calculation of Factors KDIST corresponding to them; as example, are used
generator data 8750 kVA; U = 11 kV; f = 50 Hz.

List of Symbols

a Number of parallel branches in stator winding
bSLT Width of rectangular stator slot
bPAK Width of stator core package
BMI Flux density amplitudes in excitation field air gap
BZ Flux density amplitude in air gap of tooth harmonics field
D Stator boring diameter
D0 Local (group) shift of poles, skewing of stator slots (rotor poles)
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E0 Generator EMF amplitude at no-load

Eð1Þ
Z;0;E

ð2Þ
Z;0

EMF amplitudes of tooth harmonics corresponding to tooth
frequencies

KSK Skewing factor of stator slots (rotor poles)
KDIST Harmonic distortion factor

Kð1Þ
L;SH;K

ð2Þ
L;SH Factors of local shift for tooth frequencies xð1Þ

Z ;xð2Þ

Kð1Þ
GR;SH;K

ð2Þ
GR;SH Factors of group shift for tooth frequencies xð1Þ

Z ;xð2Þ

LCOR Stator core length
mPH Number of stator phases
n Order of flux density harmonic
p Number of pole pairs
q Number of slots per pole and phase
RP Pole shoe surface radius
STR Number of turns in coil (bar)
T Spatial period of rotor field variation
t Time
tSLT Stator slot pitch
UL Generator rated line voltage
WPH Number of turns in stator winding phase (incl. winding factor)
x Spatial coordinate along stator boring
Z Number of stator slots
dMIN; dMAX Air gap under the pole middle (along axis d) and air gap at the

edges of pole shoe
τ Pole pitch

x 1ð Þ
Z ;x 2ð Þ

Z
EMF circular frequencies of tooth harmonics

xREV Angular rotation speed
x1 Circular network frequency
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Chapter 20
Methods of Decreasing Nonlinear
Distortion Factor in Voltage Curve
of Double-Fed Machines: Investigation
of EMF Tooth Harmonics of Its
Multiphase Stator and Rotor Windings
with q Per Pole and Phase as Integer

This chapter deals with investigation methods of voltage curve nonlinear distortions
for DFMs (in generator mode) caused by the same reasons—EMF tooth harmonics.
However, unlike the methods stated in the previous chapter, the influence on EMF
tooth harmonics is taken into account not only of stator multiphase winding, but
also of rotor winding. This accounting of “bilateral stepped form” considerably
complicates the solution: The number of EMF harmonics of various frequencies in
voltage curve double-fed generator considerably increases in comparison with
salient pole generator. Given here are practical examples, from which it follows that
at unsuccessful selection of parameters even of one multiphase winding, for
example, of rotor, it becomes inevitable to install filters limiting value of nonlinear
distortions in generator voltage curve.

The content of this chapter is development of the methods stated in [1–3, 15, 16].

20.1 Introduction

One of trends in the development of modern power systems is installation of DFMs
[17] in these systems, operating in generator mode. In Chap. 2 it has been men-
tioned that in references [4, 5] these generators are sometimes called ASGs
(asynchronized synchronous generators). This name will be also used in this
chapter for short. There it is also noted that ASGs are applied in power installations
providing constant frequency and amplitude of voltage in network at variable
rotation speed of driving motors (diesels, turbines). Depending on the type of these
driving motors, their maximum power differs: it is 5–8 MW for wind power and
small hydropower plants; 400 MW for large hydrogenerators; 60 MVA for
condensers.

In the previous chapter are listed the reasons limiting the value of generator
nonlinear distortion factor: interference caused by tooth harmonics currents in
telephone lines located close to high voltage transmission lines; danger of
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overvoltages in these high voltage transmission lines caused by resonance phe-
nomenon [1, 2]; additional losses in copper and core caused by fields of tooth
harmonics.

Therefore, in practice of developing modern ASGs as well as salient-pole
generators, the problem of providing line voltage waveform is actual; this curve
should meet requirements of GOST and IEC [18]. In the previous chapter we
considered methods of EMF tooth harmonics calculation for salient-pole generators
with unilateral tooth surface (only stator three-phase winding); for these machines
the problem of restriction of KDIST value is solved in electrical machine engineering
practice by shifting stator slots (rotor poles) by one slot pitch [6–11, 16], or by
shifting of poles (local or group) in tangential direction [9, 15], and also application
of stator windings with fractional number of slots per pole and phase [6–8].

However, for DFMs differing from salient-pole ones by bilateral tooth surface,
the solution of this problem becomes complicated: additional investigation of EMF
amplitudes and frequencies induced in stator winding by mutual induction field
harmonics is required [16].

20.2 Assumptions

ASGs, unlike multipole synchronous generators, are made structurally not
salient-pole: multiphase winding is laid in stator and rotor slots (usually three-phase
with integer number q of slots per pole and phase) [6–8], and this number q for
stator winding ðq1Þ and rotor winding ðq2Þ is not identical: q1 6¼ q2; the stator and
rotor cores are laminated; the voltage with slip frequency is applied to rotor slip
rings from the frequency converter.

While investigating the influence of stator and rotor harmonics on generator
EMF form, let us accept a number of assumptions similar to those accepted in
Chap. 19 for salient-pole generators:

• frequencies of tooth harmonics of higher order (over 1000 Hz) have no impact
on the conductivity of laminated stator and rotor cores made of electrotechnical
steel 0.5 mm thick. With account of the skin effect reducing this conductivity
(“reduced sheet thickness” [1, 2] makes over 3.5), the flux density amplitudes of
stator and rotor tooth harmonics field in air gap are respectively smaller;

• fields of tooth harmonics do not attenuate in generator air gap; this assumption is
true only for small air gaps and large pole pitch [12]. Taking account of this flux
density, the amplitude attenuation in field air gap of stator and rotor tooth
harmonics is respectively smaller;

• the relation of stator rectangular slot width bSLT;1 to tooth pitch tSLT;1 is equal to
bSLT;1 = tSLT;1 ¼ 0:5. In real constructions this ratio for stator is in a range of
0:35 \bSLT;1 = tSLT;1\0:5 [10–12]. The same assumptions are accepted also for
rotor tooth zone: bSLT;2 = tSLT;2 ¼ 0:5. The flux density amplitudes in field air
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gap of stator and rotor tooth harmonics is respectively less than
bSLT;1 = tSLT;1 = bSLT;2 = tSLT;2 ¼ 0:5;

• the flux density amplitude in field air gap of stator and rotor tooth harmonics
depends linearly on the flux density amplitude of excitation winding field in gap.

• Note. With these assumptions the calculated value of factor K0
DIST of nonlinear

distortions is slightly more than the experimental KDIST: the excess is usually
DKDIST = K0

DIST � KDIST � 0:005. Practically, it corresponds to an increase in
the factor KDIST with possible technological deviations in the process of gen-
erator manufacturing (inaccuracy in skewing of slots, etc.).

20.3 Peculiarities of Investigating EMF Tooth Harmonics
of ASG Stator and Rotor Three-Phase Windings
with Integer Number Q of Slots Per Pole and Phase

In studying ASGs we consider that each of its windings contains 2pmPH phase
zones, as well as stator three-phase winding of salient-pole synchronous generator.
Therefore, ASGs with such stator and rotor windings can be represented in the form
of a number of single (“elementary”) machines [6–8]; each formed by one pole pair
(p = 1) and phase zone number ð2mPHÞ of this winding. So that, tooth harmonics
EMF of ASG mutual induction field (field in air gap) are sufficient to investigate
only for one single (“elementary”) machine [6–8].

To compute these EMFs the winding factor of such elementary winding for
harmonics of arbitrary order can be considered based on [6–8].

20.4 Rotor Fields of and Their Harmonics

20.4.1 Excitation Winding and Field of Its “Winding”
Harmonics

An ASG rotor three-phase excitation winding is implemented with the number q2
usually selected [10–12] by one unit more than for stator winding q1 ðq2 [ q1Þ.
The field of this winding (mutual induction field) in rotor coordinates takes the
form:

bMIðx; nwÞ = BMI;1cos
px
s

þ � � � þBMI;nWcos
pnWx
s

; ð20:1Þ

here 0� x� s (reference mark coincides with longitudinal axis d); nW—order of
excitation winding field harmonics; s ¼ T / 2—pole pitch; BMI;1; . . .;BMI;n—am-
plitudes of harmonics.
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Physically, higher harmonics of this excitation field (with amplitude BMI;n at
nW [ 1) arise in air gap due to the fact that the excitation winding is located
discretely on rotor periphery (with current in each slot); they correspond to a step
distribution of MMF along the pole pitch ðsÞ and do not depend on the fact that
magnetic resistance of rotor teeth and slots in air gap zone is different. Therefore,
these are usually called “winding” ones. Rotation speed of this field relative to the
stator is different. The first harmonic of this field (at nW ¼ 1) rotates relative to the
stator with synchronous speed xREV ¼ x1=p and induces EMF in stator winding,
equal to rated voltage. Higher harmonics rotate not synchronously with the first;
their amplitude is determined by the current in excitation winding. These harmonics
induce in stator winding additional EMFs whose order depends on the value
nW [ 1. EMF distortion factors from these harmonics are considered in Sects. 20.7
and 20.8.

20.4.2 Toothed Rotor Form; Fields of Rotor Tooth
Harmonics

To take into account the construction of rotor with tooths form it is convenient to
present the excitation winding field as air gap field of salient-pole machines created
by the equivalent pole shoe with width bp ¼ s. Let us locate slots with bars of
equivalent damper winding on such a polar shoe. In synchronous mode currents in
these bars are absent. The number of such equivalent rotor slots on each pole is
equal to ZD¼ 3q2, and slot dimensions are the same as for ASG rotor (slot pitch
—tSLT;2, slot width—bSLT;2). In tooth zone of such a shoe the field has a rectangular
waveform with period

tSLT;2 ¼ s
ZD

¼ s
3q2

; ð20:2Þ

Physically, higher harmonics of this excitation field arise in air gap due to the
fact that magnetic resistance of rotor teeth and slots in the air gap area is deferent,
and they do not depend on the fact that the current in rotor slots is absent.
Therefore, sometimes these are called “reluctant”.

Amplitude of this rectangular wave with the period of (20.2) changes along the
pole shoe: it is maximum in the pole middle (in its longitudinal axis zone by relative
value B�

MI;1 ¼ 1) and is minimum at pole edges (in its both cross axes zone) because
this field of rotor tooth harmonics is imposed on the field, generated by excitation
winding inducing rated voltage in stator winding.

394 20 Methods of Decreasing Nonlinear Distortion Factor in Voltage …



20.4.3 Interaction of the First Harmonic of Mutual
Induction Field and Field of Rotor Tooth Harmonics

With account of (20.1), (20.2), the first harmonic of rectangular wave caused by the
rotor teeth has the form [16]:

bSLT;2ðx; nÞ = BSLT;2EQB�
MI;1 cos

px
s

� �
sin

p6q2x
s

: ð20:3Þ

here BSLT;2EQ¼ 4
pBSLT;2; relative value of flux density B�

SLT;2 for high-power gen-
erators usually makes [12]:

B�
SLT;2 ¼

BSLT;2

BMI;1
� 0:10� 0:18: ð20:4Þ

Let us note, however, that, in practice, the width of pole shoe in real salient-pole
machines is usually bp � 0:8s, and damper winding bars are usually round, slots—
with narrow opening to minimize the influence of damper winding [10–12].

20.5 The First Component of Resulting Mutual Induction
Field in Air Gap of Tooth Order

20.5.1 Amplitudes of the First Field Component

Let us determine this component with account of interaction of the following field
harmonics in machine air gap:

• rotor tooth harmonics as per (20.3);
• stator tooth harmonics.

In Sect. 20.2 it is accepted (“reserve”) that the stator and rotor slot opening of

ASG is identical and equal to bSLT;1

tSLT;1 ¼ bSLT;2

tSLT;2 ¼ 0:5. Correspondingly the flux density

amplitudes in air gap of tooth harmonics field of stator BSLT;1EQ, and rotor BSLT;2EQ

determined in ASG no-load mode only by excitation winding field, can also be
accepted identical to BSLT;1 = BSLT;2 = BSLT. Correspondingly
BSLT;1EQ = BSLT;2EQ = BSLT;EQ. Considering the resulting field in stator tooth zone
air gap, let us use the results obtained in the previous chapter [9, 15]. We accept,
thus, that ASG rotor is stalled, and the stator rotates in positive direction of angle
reference with synchronous speed xREV. Then, we obtain that the first component
of resulting mutual induction field in air gap is distributed along the pole pitch as
follows [9, 13, 14]:
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bRES;1ðx; t,nÞ = B�
MI;1 cos

px
s

BSLT;EQ sin
6q2px

s

� �
sin xZt -

6q1px
s

� �
: ð20:5Þ

here xZ—EMF circular frequency of stator tooth harmonics subject to the definition
with account of stator synchronous rotation speed xREV.

We transform Eq. (20.5); according to [13, 14] we have:

bRES;1ðx; t,nÞ = 0.25B�
MI;1BSLT;EQ cos xZt� pð6q1 + 6q2 � 1)x

s

� ��

+ cos xZt� pð6q1 + 6q2 + 1)x
s

� �
� cos xZt� pð6q1 � 6q2 � 1)x

s

� �

� cos xZt� pð6q1 � 6q2 + 1)x
s

� �	
:

ð20:6Þ

We name the flux density bRES;1ðx; t,nÞ the first component of mutual induction
field in air gap of tooth order; it has two indices: the first of them indicates the
resulting field (“RES”), and the second—number of component for the designation
of flux density. It follows from the ratios (20.6) that it has four components; they
rotate relative to the stationary (motionless) rotor with constant amplitude BZ:

Bð1Þ
Z ¼ 0:25B�

MI;1BSLT;EQ: ð20:7Þ

The field first components take the form:

bð1ÞRES;1ðx; t,nÞ = Bð1Þ
Z cos xð1Þ

Z t -
pð6q1 - 6q2 - 1)x

s

� �
;

bð2ÞRES;1ðx; t,nÞ = Bð1Þ
Z cos xð2Þ

Z t -
pð6q1 + 6q2 + 1)x

s

� �
;

bð3ÞRES;1ðx; t,nÞ = - Bð1Þ
Z cos xð3Þ

Z t -
pð6q1 + 6q2 - 1)x

s

� �
;

bð4ÞRES;1ðx; t,nÞ = - Bð1Þ
Z cos xð4Þ

Z t -
pð6q1 - 6q2 + 1)x

s

� �
:

ð20:8Þ

These correspond to frequencies xZ of tooth EMFs, equal respectively to

xð1Þ
Z ,xð2Þ

Z ,xð3Þ
Z and xð4Þ

Z .
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20.5.2 Frequencies xð1Þ
Z ,xð2Þ

Z ;xð3Þ
Z and xð4Þ

Z of EMFs
Induced in Stator Winding by the First Component
of Field Harmonics

One determines these EMF frequencies from the condition that at the rotation of
each field component its angular speed relative to the rotor is equal to
xREV ¼ x1 = p.

From Eq. (20.8) for the first field component we obtain:

xð1Þ
Z dt =

pð6q1 � 6q2 � 1)x
s

: ð20:9Þ

With account of dxdt ¼
x1s
p , we obtain:

xð1Þ
1 ¼ xZ ð6q1 � 6q2 � 1)j j: ð20:100Þ

Similarly to Eq. (20.10′) for other field components of the first field component:

xð2Þ
1 ¼ xZ ð6q1 � 6q2 + 1)j j; ð20:1000Þ

xð3Þ
1 ¼ xZ ð6q1 + 6q2 � 1)j j; ð20:10000Þ

xð4Þ
1 ¼ xZð6q1 + 6q2 + 1): ð20:100000Þ

The order of higher harmonics for frequencies of stator tooth EMFs can be
presented also in other form, including the case mPH � 3:

nð1Þ1 = 2mPHðq1 � q2Þ � 1j j; ð20:110Þ

nð2Þ1 = 2mPHðq1 � q2Þþ 1j j; ð20:1100Þ

nð3Þ1 = 2mPHðq1 + q2Þ � 1j j; ð20:11000Þ

nð4Þ1 = 2mPHðq1 + q2Þþ 1: ð20:110000Þ

20.5.3 EMF Amplitudes eð1Þ1 ; eð2Þ1 ; eð3Þ1 and eð4Þ1 Induced
in Stator Winding by the First Field Component

Let us note that in the designations of flux density (20.8), frequencies (20.10), order
of tooth harmonics (20.11) and further flux (20.12), and EMF (20.13) and (20.14),
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upper indices [(1), …, (4)] correspond to the number of field component, and lower
to the field harmonic component.

We try to find, as previously, the flux corresponding to the first component

bð1ÞRES;1ðx; t; nÞ in air gap as per (20.8). We accept as previously that the stator
winding pitch is shortened (pitch chording is equal b1); We designate the winding

factor [6–8] for the harmonic of order nð1Þ as Kð1Þ
W:ST. The flux for the harmonic of

order nð1Þ is equal to,

Uð1Þ
RES;1 ¼

Zsb1

0

bð1ÞRES;1ðx; t; nÞLCORdx =
2sBð1Þ

Z LCOR

pnð1Þ
sin xð1Þ

Z t� pnð1Þb1
2

� �
sin

pnð1Þb1
2

;

ð20:12Þ

where LCOR—calculation length of stator core [10–12].

Accordingly, EMF eð1Þ with account of Eqs. (20.10′) for xð1Þ
Z and (20.12) for

flux Uð1Þ
RES;1 of elementary winding is expressed as:

e
ð1Þ
1 ¼ �WEL

PHK
ð1Þ
W;ST

d
dt
Uð1Þ

RES;1

¼ � 2
p2

Bð1Þ
Z x1WEL

PHK
ð1Þ
W:STsLCOR cos xð1Þ

Z t� pnð1Þb1
2

� �

¼ Eð1Þ
1 cos xð1Þ

Z t� pnð1Þb1
2

� �
ð20:13Þ

where the amplitude Eð1Þ
1 of this EMF in (20.13) has the form:

Eð1Þ
1 ¼ � 2

p2
BSLTx1WEL

PHK
ð1Þ
W:STsLCOR: ð20:14Þ

Other three flux components are calculated similarly, as well as EMF in the
phase of elementary stator winding. They differ from (20.13), (20.14) only by

orders nð2Þ1 ; . . .; nð4Þ1 of tooth harmonics determined based on (20.11′)–(20.11′‴) and,

respectively, winding factors Kð2Þ
W:ST; . . .;K

ð4Þ
W:ST.

Let us note the following peculiarities of obtained expressions for EMF of tooth
harmonics:

• frequencies xð1Þ
Z ,xð2Þ

Z ,xð3Þ
Z xð4Þ

Z of tooth EMFs significantly exceed the network
frequency x1, but the amplitude of these EMFs is determined only by frequency
x1;

• amplitudes of tooth EMFs of the form (20.14) can be changed for the selected
stator construction and its tooth zone practically by means of factors

Kð1Þ
W:ST; . . .;K

ð4Þ
W:ST.
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20.5.4 Nonlinear Distortion Factor KDIST;1 of ASG Stator
Winding Voltage Caused by the First Component
of Mutual Induction Resulting Field in Air Gap
of Tooth Order

In Chap. 19 it was already noticed that these harmonics exert the greatest influence
on the value of the distortion factor. For determination of this nonlinear distortion
factor let us use the calculation expression similar to (19.12′):

KDIST =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eð1Þ�
1

h i2
þ Eð2Þ�

1

h i2
þ Eð3Þ�

1

h i2
þ Eð4Þ�

1

h i2
r

: ð20:15Þ

here Eð1Þ�
1 ¼ Eð1Þ

1

EMI;1
. The amplitude of tooth EMF Eð1Þ

1 is calculated based on (20.14).

EMF EMI;1 is induced by the first harmonic BMI;1 of excitation winding field as
per (20.1). It is equal to [6–8]:

EMI;1 ¼ � 2
p
BMI;1x1WEL

U KW:STsLCOR; ð20:16Þ

here KW:ST—stator winding factor for the calculation of EMF EMI;1, it is supposed

that the relation bSLT;1

tSLT;1 ! 0. As a result, we obtain the relation of EMF amplitudes

from (20.15) for the harmonic of order nð1Þ:

Eð1Þ�
1 ¼ B�

SLT

p
Kð1Þ

W:ST

KW:ST
. ð20:17Þ

Here according to (20.4): B�
SLT ¼ BZ;SL

BMI;1
.

Expressions for other EMF amplitudes of tooth harmonics in amplitude fractions
EMI;1 of generator EMF first harmonic have the similar form and differ by winding

factors Kð2Þ
W:ST; . . .;K

ð4Þ
W:ST

� �
for tooth harmonics as per (20.11′)–(20.11′‴).

20.5.5 Calculation Example

Using (20.10′)–(20.10′‴) we determine, at first, EMF tooth frequencies for one of
ASG constructions: q1 = 2, q2 ¼ 3. For such a construction we have

xð1Þ
Z ¼ 2p � 250s�1; xð2Þ

Z ¼ 2p � 350s�1; xð3Þ
Z ¼ 2p � 1450s�1;xð4Þ

Z ¼ 2p � 1550s�1.
Thus, we obtain two components of low frequency (250 Hz and 350 Hz, orders of
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tooth harmonics nð1Þ = 5, nð2Þ = 7) and two components of high frequency
(1450 Hz and 1550 Hz, orders of tooth harmonics nð3Þ = 29, nð4Þ = 31).

Let us determine the nonlinear distortion factor KDIST;1 for the first components
of this generator as per (20.15) and (20.17); pitch shortening for stator winding is
equal to b1 � 0:8.

This choice is reasonable by the fact that at b1 � 0:8 we obtain not only the
maximum value of winding factor KW:ST included in Eq. (20.16) for EMF EMI;1, but

also minimum values of winding factors of tooth harmonics Kð1Þ
W:ST,. . .,K

ð4Þ
W:ST inclu-

ded in expressions like (20.14) for EMF Eð1Þ
1 ;Eð2Þ

1 ;Eð3Þ
1 ;Eð4Þ

1 . Let us refine this value

for q1 ¼ 2; diametral winding pitch is equal to Y ¼ Z1
2p ¼ 3q1 ¼ 6, so that the pitch

chording b1 ¼ 5
6 ¼ 0:833. For this chording we have KW:ST ¼ 0:933; Kð1Þ

W:ST ¼ � � � ¼
Kð4Þ

W:ST � 0:07.
Let us take for clarity B�

SLT ¼ 0:18. According to (20.15) and (20.17), we obtain:

Eð1Þ�
1 ¼ � � � ¼ Eð4Þ

1 � 0:0041; KDIST;1 � 0:0085

The result meets requirements ðKDIST � 0:05Þ GOST and IEC [18] without account
of other field higher harmonics in air gap considered in Sects. 20.6 and 20.7.

20.6 The Second Component of Resulting Mutual
Induction Field in Air Gap of Tooth Order

20.6.1 Amplitudes of the Second Field Component

We try to determine this component with account of interaction of the following
field harmonics in machine air gap:

• first harmonic of excitation winding field as per (20.1);
• stator tooth harmonics.

The solution of the problem to determine this component for ASG practically
coincides with that of the similar problem for salient-pole machines; it is stated in the
previous chapter [15]. Let us formulate its main results with account of indices,
which should correspond to the field component number and ASG rotor and stator
construction peculiarities. We accept as in Sect. 20.5.1 that the ASG rotor is
motionless (stalled), and the stator rotates in positive direction of angle reference
with synchronous speed. The expression for the second components of resulting
field takes the form [15] as per (19.7) and (19.8). Let us note that for salient-pole
machines there occurs only one component of resulting mutual induction field in air
gap of tooth order; for simplicity in the previous chapter it is marked with index “0”.
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20.6.2 Frequencies xð1Þ
Z ; x

ð2Þ
Z of the Second Component

of Stator Winding EMF Tooth Harmonics

We try to determine these EMF frequencies as in Sect. 20.5.2 from the condition
that at the rotation of each field component its angular speed relative to the rotor is
equal to xREV ¼ x1

p .

According to Eq. (19.11), we obtain for the first component of this field
component:

xð1Þ
Z ¼ x1ð6q1 � 1Þ: ð20:18Þ

For the second component of this field component according to Eq. (19.11′) similar
to (20.18):

xð2Þ
Z ¼ x1ð6q1 þ 1Þ: ð20:180Þ

The order of higher harmonics for frequencies of tooth EMFs can be presented
also in the following form, including the case mPH � 3:

nð1Þ2 = 2mPHq1 � 1; ð20:19Þ

nð2Þ2 = 2mPHq1 þ 1: ð20:190Þ

20.6.3 EMF Amplitudes eð1Þ2 ; eð2Þ2 , Induced in Stator
Winding by the Second Component of Pole
Harmonics

Similarly to (19.15), (19.16) and (20.14) for both EMF components of the second
component we obtain:

Eð1Þ
2 ¼ � 4

p2
BSLTx1WEL

PHK
ð1Þ
W:STsLCOR: ð20:20Þ

EMF amplitude of component Eð2Þ
2 differs from (20.20) only by winding factor

Kð2Þ
W:ST; it is calculated for the harmonic of order nð2Þ2 as per (20.19′).

20.6 The Second Component of Resulting Mutual Induction Field in Air … 401

http://dx.doi.org/10.1007/978-4-431-56475-1_19
http://dx.doi.org/10.1007/978-4-431-56475-1_19
http://dx.doi.org/10.1007/978-4-431-56475-1_19
http://dx.doi.org/10.1007/978-4-431-56475-1_19


20.6.4 Nonlinear Distortion Factor KDIST,2 of ASG Stator
Winding Voltage Caused by the Second Component
of Mutual Induction Resulting Field in Air Gap
of Tooth Order

Similarly to (20.17) we obtain the relation of EMF amplitudes for both EMF
components; for the harmonic of the order nð1Þ:

Eð1Þ�
2 ¼ 2

p
B�
SLT

Kð1Þ
W:ST

KW:ST

�����

�����
. ð20:21Þ

The expression for E 2ð Þ�
2 differs from (20.21) only by the value of winding factor

(Kð2Þ
W:ST instead of Kð1Þ

W:ST).
Nonlinear distortion factor KDIST;2 is determined similarly to (19.12′) and (20.

15).

20.6.5 Calculation Example

According to (20.18) and (20.18′) we first determine EMF tooth frequencies in the
same ASG construction, as in the example of Sect. 20.5.5.

For such a construction ðq1 ¼ 2Þ we have xð1Þ
Z ¼ 2p � 650 s�1; xð2Þ

Z ¼
2p � 550 s�1. Thus, we obtain two components (with frequency 650 and 550 Hz,
orders of tooth harmonics, correspondingly, nð1Þ = 13, nð2Þ = 11).

As in the example Sect. 20.5.5 for the first component, one accepts that the pitch
chording for stator winding b1 ¼ 5

6 ¼ 0:833, and relative value of flux density

B�
SLT ¼ 0:18. For this shortening we have KW:ST ¼ 0:933; Kð1Þ

W:ST ¼ Kð2Þ
W:ST ¼

0:933. Based on (20.21) we obtain Eð1Þ�
2 = Eð2Þ�

2 ¼ 0:114. Result: KDIST;2 ¼ 0:16.
This result does not meet requirements of [18] GOST and IEC ðKDIST � 0:05Þ; it

is easily expected, proceeding from investigation results of distortion factors
obtained in the previous chapter. In order to reduce this factor from mutual
induction field harmonics of the second order, we need to take additional actions;
for example, a change of stator core construction (slot skewing by one slot pitch [6–
8, 16], installation of filters).
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20.7 The Third Component of Resulting Mutual Induction
Field in Air Gap

20.7.1 Amplitudes of the Third Field Component

Let us determine harmonics of this component with account of EMFs induced in
stator winding.

Equation (20.1) obtained in Sect. 20.3 indicates rotating field higher harmonics
(at nW [ 1) created by three-phase excitation current in generator no-load mode. In
Sect. 20.4.1 it was already noted that physically the higher harmonics of this field
arise in air gap due to the discrete arrangement of winding in slots and, therefore,
called “winding”; they rotate not synchronously with its first harmonic. Their
rotation speed in air gap relative to stator winding depends not only on the har-
monic order nW, but also on the ASG mode (on slip SSL).

When investigating the influence of amplitude BMI;nW of these higher “winding”
harmonics of rotor field on the generator EMF form, it is supposed that the relation
bSLT;1 = tSLT;1 ! 0. This assumption was already used to compute EMF EMI;1 as per
(20.16); it is induced by the first harmonic ðnW ¼ 1Þ of the field (20.1) considered.

Amplitudes of flux density higher harmonics BMI;W of this field are determined

only by their orders nW :
BMI;nW

BMI;1
� 1

nW
.

20.7.2 EMF Frequencies ωST,W in Stator Winding Induced
by “Winding” Harmonics of Rotor Field

Harmonics of order nW induce EMF in stator winding in a wide range of fre-
quencies. Let us write down the expression for their calculation.

For harmonics of order nW ¼ 5; 11; 17; . . . in the form:

xST;W ¼ x1ðnW � SSLnW � SSLÞ; ð20:22Þ

and for harmonics of order nW ¼ 7; 13; 19; . . .

xST;W ¼ xNðnW � SSLnW + SSLÞ; ð20:220Þ

here SSL—slip index at frequency xST;W, designates that it refers to the stator
winding EMF. Let us note that an ASG works usually at small slips SSL\10%.
Table 20.1 gives values of frequencies fST;W¼ xST;W = 2p at the slip of SSL ¼ 5%
in the range of harmonic orders ð5� nW � 17Þ usually of practical interest.

It follows from Table 20.1 that under certain conditions high order “winding”
harmonics of excitation field can induce in stator winding EMF whose frequency is
close to the tooth frequency determined by the ratios in Sects. 20.5 and 20.6.
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Table 20.1 gives EMF frequencies in stator winding induced by “winding” har-
monics of rotor field.

20.7.3 EMF Amplitudes in Stator Winding Induced
by “Winding” Harmonics of Rotor Field

The expression for EMF amplitude in stator winding induced by these harmonics
has the form [9–12]:

Eð1Þ
MI;nW

¼ � 2
p
BMI;1

nW
x1n�WW

EL
PHsLCORK

ð1Þ
W:ST; ð20:23Þ

here n�W ¼ n0
W

nW
\1—correction factor considering the slip; n0W ¼ nW � SSLnW �

SSL for harmonics of order nW ¼ 5; 11; 17; . . . n0W ¼ nW � SSLnW þ SSL for har-
monics of order nW ¼ 7; 13; . . .; . . .; the upper index at stator winding factor

Kð1Þ
W:ST indicates the number of field component in air gap (Table 20.1), for example,

harmonic nW ¼ 5 corresponds to index N = 1, harmonic nW ¼ 7 to index N = 2,
etc.; harmonic nW ¼ 17 corresponds to maximum index N = 5. Let us note that at
slip SSL = 5% the value n�W in the range of harmonics representing practical interest
ð5� nW � 17Þ is equal to n�W � 0:95.

20.7.4 Nonlinear Distortion Factor KDIST,3 of ASG Stator
Winding Voltage Caused by the Third Component
of Mutual Induction Resulting Field in Air Gap

Similarly to (20.17) for the harmonic of order nW ¼ 5 taking into account (20.16)
and (20.23) we obtain:

Eð1Þ�
3 ¼ Eð1Þ

3

EMI;1
¼ n�W
nW

� K
ð1Þ
W:ST

KW:ST
: ð20:24Þ

Table 20.1 EMF frequencies
in stator winding

N 1 2 3 4 5

nW 5 7 11 13 17

fST;W; Hz 235 335 520 620 850

N numbers of the third field component
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Expressions for E
ð2Þ�
3 ; . . .;E

ð5Þ�
3 differ only by the values of winding factors

(K
ð2Þ�
W:ST; . . .;K

ð5Þ
W:ST instead of K

ð1Þ
W:ST).

The nonlinear distortion factor KDIST;3 is determined similarly to (19.12′) and
(20.15).

20.7.5 Calculation Example

As in examples 20.5.5 and 20.6.5, we accept that the pitch chording for stator
winding b1 ¼ 5

6 ¼ 0:833. Then for harmonics given in Table 20.1, we obtain with

account of values of EMF Eð1Þ�; . . .;Eð5Þ� : KDIST;3 � 0:115. A decisive role in the
value KDIST;3 is played by harmonics of order nW ¼ 11 and nW ¼ 13 (numbers of

their components N = 3 and N = 4): for them at q = 2 winding factors Kð3Þ
W:ST ¼

Kð4Þ
W:ST ¼ KW:ST [6–8]. The obtained result ðKDIST;3 ¼ 0:115Þ does not meet

requirements of GOST and IEC [18]; from the example it follows that for the
reduction in factor from harmonics of the third mutual induction field component,
as well as from the second component, we need additional measures.

20.8 The Fourth Component of Resulting Mutual
Induction Field in Air Gap of Tooth Order

20.8.1 Amplitudes of the Fourth Field Component;
Frequency EMF

Let us determine this component with account of interaction of the following field
harmonics in machine air gap:

• higher (nW [ 1Þ harmonics of excitation winding field as per (20.1);
• stator tooth harmonics.

The solution of the problem to estimate this component for ASG practically
coincides with that of the similar problem for the first harmonic motionless (stalled)
in Sect. 20.6. Let us accept that ASG rotor is stalled, and the stator rotates at
nW [ 1 not synchronously with speed x0

REV ¼ x1n�W = p; its rotation direction is
determined by the harmonic order nW in Eq. (20.1).

Taking into account this direction similarly to Eqs. (20.11), (20,18) it is easy to
determine the frequency of the fourth field component of corresponding EMFs:
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xð1Þ
Z ¼ x1n�W ð6q1�nWÞj j: ð20:25Þ

xð2Þ
Z ¼ x1n�W ð6q1 + nWÞj j: ð20:250Þ

High frequency EMFs (about 1 kHz) present the greatest practical interest, which
are determined based on (20.25′). These EMFs are connected usually with
restriction of nonlinear distortion factor value in generators. The reasons causing
these restrictions are listed the beginning of Chap. 19 and repeated at the beginning
of this chapter.

The order of higher harmonics for EMF tooth frequencies of this component is
given by,

nð4Þ1 = 2mPHq1 � nW: ð20:26Þ

nð2Þ4 = 2mPHq1 + nW: ð20:260Þ

20.8.2 EMF Amplitudes Induced in Stator Winding
by the Fourth Component of Field Harmonics

Similar to (20.20) for the fourth component we obtain:

Eð1Þ
4 ¼ � 4

p2
BSLTx1

n0W
nW

WEL
PHK

ð1Þ
W:STsLCOR: ð20:27Þ

Expression for Eð2Þ
4 differs from (20.27) only in value of winding factor (Kð2Þ

W:ST

instead of Kð1Þ
W:ST).

20.8.3 Nonlinear Distortion Factor KDIST,4 of ASG Stator
Winding Voltage Caused by the Fourth Component
of Mutual Induction Resulting Field in Air Gap
of Tooth Order

In the similar way to (20.21) for EMF component of the fourth component deter-
mined by the harmonic of order nW, we obtain:

Eð1Þ�
4 � 2

p
B�
SLT

n0W
nW

Kð1Þ
W:ST

KW:ST
. ð20:28Þ
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The expression for Eð2Þ�
4 differs from (20.27) only by the value of winding factor

(Kð2Þ
W:ST instead of Kð1Þ

W:ST).
So that, the greatest value of EMF relative amplitudes Eð1Þ� and Eð2Þ� depends on

the value B�
SLT; it is inversely proportional to the harmonic of order nW. So,

practical interest is represented by harmonics of order nW � 17. The nonlinear
distortion factor KDIST;4 is determined similarly to (19.12′) and (20.15).

Expressions for Eð4Þ� and Eð4Þ� like (20.28) allow us to obtain the “upper”
assessment value of factor KDIST;4, which is not dependent on the pitch shortening
b1 and number q1. This highest value of factor KDIST;4 is determined, assuming that

Kð1Þ
W:ST ¼ Kð2Þ

W:ST ¼ KW:ST; for nW � 17 it takes the form:

KMAX
DIST;4 �

2
p
� B�

SLTn
�
W

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
1
5

� �2

þ 1
7

� �2

þ 1
11

� �2

þ 1
13

� �2

þ 1
17

� �2
" #vuut :

At B�
SLT¼ 0:18; n�W ¼ 0:95 we obtain

KMAX
DIST;4 ¼ 0:043

.

20.8.4 Calculation Example

As in the example 20.6.5, let us accept for stator winding q1¼ 2, and pitch coring
b1 ¼ 5=6 ¼ 0:833.

For harmonics of order ð5� nW � 17Þ with account of Eqs. (20.26) and (20.26′)
we obtain KDIST;4 � 0.02, and this result meets requirements [IV-1] of GOST and
IEC ðKDIST � 0.05). We note that in this example KDIST � KMAX

DIST;4.
Thus, the field of higher harmonics ðnW [ 1Þ in (20.1) practically does not

influence the ASG voltage waveform; the influence of the first harmonic field
ðnW ¼ 1Þ is the most significant, that is of the second component of mutual
induction resulting field in air gap of tooth order. Measures necessary for reduction
of factor KDIST;2 listed in Sect. 20.6.5 also reduce the value of KDIST;4.

Brief Conclusions

1. In high-power DFMs, for example, ASG differing in stator and rotor windings
with integer number q of slots per pole and phase [6–8], in voltage curve there
appear additional EMFs with frequency exceeding the network frequency.
Number of problems is connected with them: Additional losses and stator core
overheats; currents of these tooth harmonics can cause interference to the
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telephone lines located close to the high voltage line, and also overvoltages in
these high voltage transmission lines due to resonance phenomena.

2. As a result of investigation, we obtained calculation expressions for the fol-
lowing amplitudes and frequencies (orders of harmonics):

2:1 Tooth EMFs with account of bilateral stepped shape—due to slots on stator
and rotor.

2:2 EMF of “winding “ harmonics caused by discrete layout of winding in rotor
slots.

3. The obtained calculation expressions allow one to calculate nonlinear distortion
factor of ASG and to establish a degree of its compliance to requirements of
GOST and IEC.
As an example are calculated nonlinear distortion factors for generator EMF
with values q1 = 2; q2 = 3. It is obtained that this generator does not meet the
requirements of GOST and IEC; additional actions are required to decrease the
nonlinear distortion factor, for example, by a variation of stator core construc-
tion (slot skewing by one slot pitch [6–8,15 ], etc.), installation of filters); also
expedient is a thorough selection of stator and rotor winding construction
(values q1; q2, for pitch chording of these windings, etc.).

List of Symbols

bSLT Width of slot
BMUT Amplitude of resulting mutual induction field in air gap (flux of mutual

inductance)
bMUT Instantaneous value of magnetic flux density
bP Width of pole shoe
E Instantaneous value of EMF, induced in the stator winding by the

component of field’s harmonic
E Amplitude of EMF
KDIST Distortion factor
KW:ST Winding factor for stator
LCOR Active length of stator core
mPH Number of stator phases
n Order of harmonics
p Number of pole pairs in machine
q Number of slots per pole and phase
SSL Slip
t Time
tSLT Stator slot pitch
WEL

PH Number of turns in the phase of elementary (single) winding
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x Coordinate along stator boring (in tangential direction)
Y Winding pitch
Z Number of stator slots
s Pole pitch
URES Resulting magnetic flux in the air gap (flux of mutual inductance)
xREV Angular rotation speed
x1 Circular frequency of rated voltage and current
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Chapter 21
Method of Determination Stator
Winding MMF at Arbitrary Phase
Current Waveform and Unequal Width
of Phase Zones (for Investigation
of Operational Characteristics
of Frequency: Controlled Motors)

In this chapter to study operational characteristics of frequency—controlled motors,
there is developed a method of stator winding MMF determination at arbitrary
waveform of currents in phases and with unequal phase zone width, for example,
for winding implemented with fractional number of slots per pole and phase.

In practice of developing modern frequency—controlled motors, for example,
valve intended for various industries, there are problems of studying their operation
characteristics (torque, stability limit, efficiency, etc.). They are determined gen-
erally by the value of MMF and stator winding field.

In this chapter for the investigation of operational characteristics of frequency—
controlled motors there is developed a method to determine this MMF and field
generally—in asymmetrical modes; thus, currents in winding phases vary with time
with period TTIM under arbitrary periodic (not only harmonic processes), for
example, stepwise; for such modes expanding currents into symmetric components
are excluded. The method yields construction peculiarities of modern stator
windings: various width phase zones that usually take place for multiphase wind-
ings with fractional number of slots per pole and phase.

Given here are main stages of this method realization. Practical examples exe-
cuted for a number of limit problems confirm its correctness. The content of this
chapter is development of the methods stated in [1, 2, 10–14].

21.1 Introduction: Problem Formulation

In practice of developing modern frequency-controlled motors, for example, fre-
quency—controlled motors intended for various industries, there are problems of
elaborating their operation characteristics (torque, stability limit, efficiency, etc.).
They are determined generally by the value of MMF and stator winding field. One
of these problems requiring the solution is that of determining this MMF and field
generally—in asymmetrical modes, herewith currents in winding phases vary in
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time with period TTIM under arbitrary (not only harmonic [1–5]) law, for example,
stepwise, while the phase zone width of stator winding is different. In one of motor
constructions there can be, for example, a mode of variation in time of stator
winding currents as follows:

• within period Dt0 ¼ t1 � t0, instantaneous values of currents in winding phases
A, B and C are equal to, iA = 100 % = const., iB = 100 % = const, iC = 0;

• within period Dt1 ¼ t2 � t1, when the motor rotor turns by an angle w1 ¼ p
3,

instantaneous values of currents in phases A, B and C change: iA = 0,
iB = 100 % = const, iC = 100 % = const;

• within period Dt2 ¼ t3 � t2 when the motor rotor turns by an angle w2 ¼ 2p
3 ,

instantaneous values of currents in phases A, B and C accept the values:
iA = 100 % = const, iB = 0, iC = 100 % = const;

• …
• within period Dt6 ¼ t7 � t6, when the motor rotor turns by angle w6 ¼ 2p,

instantaneous values of currents in phases A, B and C coincide with those of
currents at t = 0.

Thus, the variation period of these currents in time is equal to TTIM ¼ 2p el.
degr., herewith, within this period currents vary not under the harmonic law. Also
other modes are possible with similar change of variation in time of currents in
stator winding phases. The variation in time of currents iA, iB, iC under arbitrary
(not only harmonic) law with period TTIM leads to the fact that the winding MMF
also varies in time under arbitrary nonharmonic law with the same period.

This chapter describes a general determination method of stator winding MMF
with account of these machine operation modes. It has the non-traditional following
peculiarities:

• the method allows us to obtain calculation expressions for MMF of three-phase
winding (mPH = 3) with account of time harmonics of order Q� 1 and spatial
harmonics of order m� 1 without using the method of symmetric components;
at Q > 1 definition of these components at mPH = 3 is caused by certain
difficulties;

• it can be applied for the determination of MMF in multiphase machine winding
(mPH > 3); in similar operation modes for these machines using the method of
symmetric components for Q� 1 meets additional difficulties in comparison
with that of MMF harmonics of three-phase winding;

• the method involves construction features of three-phase stator windings of
salient-pole and induction machines used in modern practice: stator winding is
made six-zone, and for high-power salient-pole machines the winding has
usually a fractional number of slots per pole and phase q; herewith, for this q it
is often made with phase zones of various width.

Let us turn our attention to these winding construction features. We consider the
width of the first of six phase zones (for example, phase A zone) so: bA; respec-
tively, designations for other zones: bC′; bB; bA′; bC; bB′. For such a winding, MMF
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(function of stator current) [1–7, 10–12] varies stepwise on the border between two
adjacent phase zones. For example, moving along the stator periphery (along
coordinate x) from the phase zone of width bA (with current iA) towards that with
width bC′ (with current (−iC)) the function of current [1–3] varies on the border
between these zones stepwise by a value (−iC). When tracing in this direction of all
six phase zones, we find that the function of current is stepped; its spatial period
generally—for windings with fractional number q [1–3]—is equal to TTG ¼ pD,
where D—stator boring diameter.

The width of these six zones of three-phase winding cannot be identical, for
example, to reduce the length of jumpers between these phase zones. Let us indicate
the angle DaA (el. degr.) occupied by such a phase zone with width bA, in the form:

DaA ¼ 2pbA
TTG

; ð21:1Þ

similarly are given expressions for angles aC0 ; aB; aA0 ; aC; aB0 of other phase zones.
With account of (21.1), angles occupied by winding phase zones have the following
form:

DaA ¼ p
3
� DbA; DaC0 ¼ p

3
� DbC0 ; DaB ¼ p

3
� DbB;

DaA0 ¼ p
3
� DbA0 ; DaC ¼ p

3
� DbC; DaB0 ¼ p

3
� DbB0 ;

ð21:2Þ

here DbA;DbC0 ; . . .DbB—additional angles expanding (or narrowing) winding
phase zones. Signs at them (±) should be selected to meet the condition:

�DbA � DbC0 � DbB � DbA0 � DbC � DbB0 ¼ 0: ð21:3Þ

The calculation method of stator winding MMF at arbitrary power supply of its
phase zones stated below is true at arbitrary values of additional angles
DbA;DbC0 ; . . .;DbB; with account of this condition.

We note that usually in stator winding construction practice these additional
angles are accepted equal to,

DbA ¼ �DbC0 ; DbB ¼ �DbA0 ; DbC ¼ �DbB0 : ð21:4Þ

Let us write down the calculation expressions for positions of borders between
phase zones along the stator periphery (counting from phase zone A):

aA ¼ DaA; aC0 ¼ DaA þDaC0 ; aB ¼ DaA þDaC0 þDaB;

aA0 ¼ DaA þDaC0 þDaB þDaA0 ; aC ¼ DaA þDaC0 þDaB þDaA0 þDaC;

aB0 ¼ DaA þ aC0 þDaB þDaA0 þDaC þDaB0

ð21:5Þ
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Thus, the stator three-phase winding field and its MMF vary along the stator
boring in the form of a step function of current with period TTG, and in time—under
arbitrary (not only harmonic) law with period TTIM.

Let us note that the determination of armature reaction MMF of induction and
synchronous machines in their operation from industrial network if their width of
winding phase zones is identical [1–3], is only a special problem of defining the
stator winding MMF of these machines.

Some ways are available for its solution with account of specified peculiarities of
machine construction and operation modes.

As previously, we note that for frequency—controlled motors used in an
industry, the relation of air gap δ to period TTG is usually d

TTG
\0:0125; at such

values d
TTG

the attenuation factor [6, 7] of the field in gap kATT ≈ 1 for spatial

harmonics of order m < 11, so this field has practically only radial component.

21.2 Illustration of a Method of Solution
for a Particular Case

Method of this problem solution for a special case: motor operation mode—
asymmetrical, currents in phases vary under periodic law (with period TTIM), but
widths of stator winding phase zones are identical.

Let us estimate this solution in a traditional way, using the method of symmetric
components [1–5] not only for the first time harmonic of stator three-phase current,
but also for higher (Q > 1). Let us note that at Q > 1, the argument in both

expressions for statement a ¼ ej
2pQ
3 or a ¼ ej

4pQ
3 depends on the number of this

harmonic; investigation of this dependence, when expanding into components
asymmetrical currents of multiphase stator winding (with number of phases mPH

more than three, for example, five, six or nine) meets additional difficulties.

21.2.1 Initial Data

The initial data are,
(a) Currents in phases iA, iB, iC:

iA ¼ uAðtÞ; iB ¼ uBðtÞ; iC ¼ uCðtÞ; ð21:6Þ

here t—current value of time.
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(b) Stator three-phase six-zone winding with phase zones equal in width

aA ¼ aC0 ¼ aB ¼ aA0 ¼ aC ¼ aB0 ¼ p
3

at DbA ¼ DbC0 ¼ DbB ¼ DbA0 ¼ DbC ¼ DbB0 ¼ 0ð Þ:
ð21:7Þ

It is found that the method can also be realized for the analysis of motor
asymmetrical operation modes with stator winding width of phase zones not
identical as per (21.2) and (21.3); its realization for such a winding construction
when using traditional methods causes usually additional difficulties.

21.2.2 Solution Stages

The method includes the following stages:

• representation of current in each phase in the form of harmonic series of
order Q;

• reduction of each harmonic of order Q of asymmetrical phase currents iA, iB, iC
to three systems of symmetrical components of the same order;

• determination of MMF harmonics of time orders Q� 1 and spatial harmonics of
order m� 1 for each system of currents).

21.2.2.1 Current Time Harmonics

Let us present the phase current iA = iA(t) varying in time with period TTIM in the
form of time harmonics series [4, 5] of Q order:

iAðtÞ ¼
X

IA;Q sin
2ptQ
TTIM

þuA;Q

� �
: ð21:8Þ

Here, summation is made over the parameter Q; IA,Q—harmonic amplitude of order
Q; uA—phase angle. Also currents iB(t), iC(t) can be represented similarly.
Generally, harmonics of these currents of the same order Q can be different in
amplitude IA;Q 6¼ IB;Q 6¼ IC;Q; difference of phase angles for currents of these har-
monics can also differ: uA;Q � uB;Q

�� �� 6¼ uB;Q � uC;Q

�� ��.

21.2.2.2 Symmetrical Current Components

It is expedient to present a system of phase currents as per (21.8) with amplitudes
IA,Q, IB,Q, IC,Q and with their phase angles uA;Q, uB;Q, uC;Q to determine the MMF,
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generally, in the form of three systems of symmetrical [1–5] components with

current amplitudes of direct sequence IDIRA;Q; I
DIR
B;Q ; I

DIR
C;Q

� �
, negative sequence

INEGA;Q ; INEGB;Q ; INEGC;Q

� �
and currents of zero sequence ðIZERA;Q ; I

ZER
B;Q ; I

ZER
C;Q Þ. Let us designate

phase angles for currents of each sequence respectively as uDIR
A;Q;u

DIR
B;Q ;u

DIR
C;Q

� �
;

uNEG
A;Q ;uNEG

B;Q ;uNEG
C;Q

� �
; uZER

A;Q ;u
ZER
B;Q ;u

ZER
C;Q

� �
. These current amplitudes and their

phase angles are calculated for each sequence from real phase currents determined
in (21.6) based on known ratios [4, 5]. For winding construction with isolated
neutral, zero sequence currents are usually absent; they arise only in the presence of
zero wire or in case of triangle connection of phase windings.

21.2.2.3 Result: Stator Winding MMF Harmonics for Each System
of Harmonics Currents at Q ≥ 1 and m ≥ 1 with Account
of (21.7). Mutual Induction Fields

Expressions forMMF harmonic of order Q atDbA ¼ DbC0 ¼ DbB ¼ DbA0 ¼ DbC ¼
DbB0 ¼ 0 are known [1–3, 7]. For example, for a system of direct sequence currents

with amplitudes IDIRA;Q ¼ IDIRB;Q ¼ IDIRC;Q ¼ IDIRQ it has the form: FDIRQ ¼ 3
p I

DIR
Q WPH

KW;m

pm ,

where WPH—number of turns in winding phase; KW,m—winding factor for spatial
harmonic of order m; p—number of pole pairs. Similarly, the expression for a system
of currents of negative sequence is obtained.

Direct and negative current systems in stator induce currents in rotor loops.
Fields generated by stator currents of direct sequence and these currents in rotor
loops create torque coinciding with the rotor rotation direction, and the field of
negative sequence currents—braking torques.

Thus, this problem solution expects double transformation of currents (ex-
panding phase currents to harmonic series and using the method of symmetrical
components for each time harmonic) even for a special case: at
DbA ¼ DbC0 ¼ DbB ¼ DbA0 ¼ DbC ¼ DbB0 ¼ 0.

21.3 Solution of General Problem

We proceed to the solution of general problem: motor operation mode—asym-
metrical, phase currents vary not under periodic harmonic law with period TTIM,
and stator winding phase zones differ in width.

As a solution we will not use the method of symmetrical components for the first
(Q = 1) and higher (Q > 1) time harmonics of three-phase stator current. Thereby,
it is possible to avoid difficulties arising when determining argument of the state-
ment, when using the method of symmetrical components [1–5] of multiphase
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currents system, and also summing up MMFs of separate phases for determination
of direct and negative sequence MMFs.

The method of this problem solution excludes double transformation of currents
as it is made in Sect. 21.2 and in addition it enables us to consider peculiarities of
winding construction with various width of phase zones as per (21.2) and (21.3); it is
reduced only to the determination MMF by representation of current function [4, 5,
10–12] in winding phases in the form of harmonic series with two variables [8, 9]: by
harmonics of orders Q and m. The method includes the following stages [12]:

• determination of analytical expressions for a series of MMF spatial harmonics of
order m with period TTG determined by instantaneous values of currents in
phases iA(t), iB(t), iC(t) for time intervals Dt1; . . .;DtS; . . .;DtV. For this purpose,
MMF step function of winding regardless its phase zone width is represented in
the form of a series of spatial harmonics of order m for instantaneous values of
currents iA(t), iB(t), iC(t); such a step function can be constructed for any values
of these currents in winding phases, that is regardless their variation law within
period TTIM. MMF for each spatial harmonic is determined for several time
intervals Dt1; . . .;DtS; . . .;DtV and DtS � TTIM. It is supposed that during each
of these time intervals DtS, current values in phases iA(t), iB(t), iC(t) remain
invariable. The number of these time intervals V is determined by the calcu-
lation accuracy eCAL set previously (see Sect. 21.3.4);

• approximation of MMF harmonic values of each order m (their number is equal
to V) by means of a series of time harmonics of order Q with period TTIM.
Values of these MMF harmonics of order m are considered by the number V as
nodes of MMF spatial function.

• Let us consider stages of this method realization in more detail.

Let us note as previously that the spatial harmonic of order m = p for selected
period TTG according to Sect. 2.1.1 is the main, of order m < p—the lower, and of
order m > p—the higher.

21.3.1 Initial Data

Set in the solution of this problem are:
a) Currents in phases iA; iB; iCDtð Þ for a series of time intervals

Dt1; . . .;DtS; . . .;DtV.Within each of such intervals they are set constant and equal to,

iA ¼ uAðtÞ; iB ¼ uBðtÞ; iC ¼ uCðtÞ; ð21:9Þ

b) Three-phase six-zone stator winding with phase zones DaA; DaC0 ; DaB; DaA0 ;
DaC; DaB0 as per (21.2); position of borders aA; aC0 ; aB; aA0 ; aC; aB00 between
phase zones along the stator periphery is determined according to (21.5).
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c) Stator winding—single-layer with q = 1 slot per pole and phase and pitch
shortening b ¼ 1 . We will accept to certainty: p = 1.

However, the generality of solution method stated in Sects. 21.3 and 21.4 is also
true for two-layer windings SN ¼ 2ð Þ at q > 1 and β < 1. At q > 1 the number of
current function steps [1–7] respectively increases; correspondingly, amplitudes of
spatial harmonics of order m > 1 decrease that is taken into account by the winding
distribution factor [1–3, 7]. At β < 1 it is easy to represent the two-layer winding in
the form of two single-layer, shifted relative to each other by chording factor [1–3,
7] for the corresponding harmonic of order m.

The solution of the problem is the calculation expression for a series of stator
winding MMF spatial and time harmonics F(α,m,t,Q) where a ¼ 2px

TTG
.

21.3.2 Step Functions of Stator Current: Representation
of Each of Them in the Form of Harmonic Series ΣF
(α, m, ΔtS = idem)

One finds the MMF step function Fða;Dt1Þ [1–5, 10–12] for phase currents
iA; iB; iCð ÞDt1 , corresponding to the time interval Δt1; it can be expanded into har-
monic series with period TTG: F a;Dt1ð Þ ¼ P

F a;m;Dt1ð Þ; here summation is per-
formed over the number of harmonics m. Similarly, for time intervals
Dt2;Dt3; . . .;DtS; . . .DtV let us calculate theMMF step functions by number V–1; this
function corresponds to the sum of harmonic series terms

P
Fða;m;DtS ¼ idem).

We note that within each of these time intervals V, the currents are constant in
amplitude and phase as per (21.9).

21.3.3 Determination of Amplitude and Phase of Stator
Current Step Function in the Form of Series ΣF(α,
m, ΔtS = idem) of Spatial Harmonics of Order m

For a spatial harmonic of order m, the calculation expression for MMF has the form
[8, 9]:

Fða;m;DtS ¼ idemÞ ¼ Fða;m;DtS ¼ idemÞj j sin amþ cm;S

� �
: ð21:10Þ

MMF amplitude and its phase angle in space are calculated from the ratios:

Fða;m;DtS ¼ idemÞj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2m;S þ b2m;S

q
; cm;S ¼ arctg

am;S

bm;S
: ð21:11Þ

Indices at coefficients am,S, bm,S and angle γm,S mean: m—order of spatial har-
monic, S—time interval ΔtS, determining the value of currents in phases
ðiA; iB; iCÞDtS;
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am;S ¼ 1
p

iA sinmaA þðiA � iCÞ sinm(aA þ aC0 Þ � sinmaA½ �f
þ iA � iC þ iBð Þ sinm(aA þ aC0 þ aBÞ � sinm aA þ aC0ð Þ½ �
þ iA � iC þ iB � iAð Þ sinm(aA þ aC0 þ aB þ aA0 Þ � sinm aA þ aC0 þ aBð Þ½ �
þ iA � iC þ iB þ iCð Þ sinmðaA þ aC0 þ aB þ aA0 þ aCÞ½
� sinm aA þ aC0 þ aB þ aA0ð Þ� þ iA � iC þ iB � iA þ iC � iBð Þ�
� sin 2pm� sinmðaA þ aC0 þ aB þ aA0 þ aCÞ½ �g;

ð21:12Þ

bm;S ¼ �1
p

iA cos maAð Þ � 1½ � þ ðiA � iC0 Þ½ � cosm(aA þ aCÞ � cosmaA½ �f
þ iA � iC þ iBð Þ cosm(aA þ aC0 þ aBÞ � cosm aA þ aC0ð Þ½ � þ iA � iC þ iB � iAð Þ
� cosm(aA þ aC0 þ aB þ aA0 Þ � cosm aA þ aC0 þ aBð Þ½ � þ iA � iC þ iB � iA þ iCð Þ
� cosmðaA þ aC0 þ aB þ aA0 þ aCÞ � cosm aA þ aC0 þ aB þ aA0ð Þ½ �
þ iA � iC þ iB � iA þ iC � iBð Þ cos 2pm� cosmðaA þ aC0 þ aB þ aA0 þ aCÞ½ �g:

ð21:13Þ

Let us note that the number of calculation expressions like (21.11) is equal to
that of time intervals ΔtS into which the time period TTIM is subdivided; this number
equal to V.

In Eqs. (21.12) and (21.13) for am,S, bm,S the sum of several currents in brackets
is equal to zero; for example, in the last but one summand in brackets is concluded
as (iA–iC + iB – iA + iC). In it the current sums iA and (–iA), iC and (–iC) in pairs are
equal to zero. All these currents are given in (21.12) and (21.13) only to specify
compliance between them and angles occupied by phase zones, for example,
between angle αC′ and current (–iC), angle αB and current (iB), etc.

This compliance is an additional check of coefficients am,S, bm,S.
Equations (21.11)–(21.13) are true for each time interval DtS = idem according

to condition (21.9).

21.3.3.1 Peculiarity of Calculation Expression for MMF

We, for example, calculate for MMF amplitude F a;m;DtS ¼ idemð Þj j for a series of
three consecutive time intervals: Dt1;Dt2;Dt3. For time point t = t0 = 0 we have
t1 = Δt1; respectively, the time point t2 ¼ Dt1 þDt2 ¼ t1 þDt2, and time point
t3 ¼ Dt1 þDt2 þDt3 ¼ t2 þDt3. In practical calculations of winding MMF, cur-
rents ðiA; iB; iCÞDtS at time points t1 and t2 can remain invariable, and at time point
t3—according to machine operation mode, their value changes; for example, at time
points t1 and t2 the currents are invariable and equal to iA = 100 %, iB = 100 %,
iC = 0; at time point t3 they vary and are equal to iA = 0, iB = 100 %, iC = 100 %.
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Therefore, for this example the following ratios between amplitudes and their phase
angles are true:

Fða;m;Dt1Þj j ¼ Fða;m;Dt2Þj j 6¼ Fða;m;Dt3Þj j; cm;1ðatDt1Þ ¼ cm;2ðatDt2Þ
6¼ cm;3ðatDt3Þ:

Thus, the relations between MMF amplitudes as well as between their phase
angles depend on the following:

• machine operation mode (on diagram of relation of phase currents in time),
• value of time intervals DtS (sampling increment of variation process in time of

phase currents). In more detail the problem on selecting this sampling increment
DtS is considered in the following para.

21.3.4 Approximation of Stator Current Step Function
Harmonics ΣF(α, m, ΔtS = idem) by Means of Time
Harmonious Series; Time Harmonics of Order Q ≥ 1

Equations (21.10–21.13) represent calculation expressions for MMF spatial har-
monic F a;m,DtS ¼ idemð Þ of order m with account of arbitrary variation in time of
phase currents ðiA; iB; iCÞDt provided that within time interval Dt1 they remain
invariable; the same refers to other time intervals Dt2; . . .;DtS; . . .;DtV, and these
time intervals satisfy the ratio:

Dt1 þDt3 þ � � � þDtS þ � � � þDtV ¼ TTIM: ð21:14Þ

It is convenient to consider values of MMF harmonic F a;m;DtS ¼ idemð Þ of
order m for a sequence of intervals DtS as interpolation singular points nodes and to
approximate this sequence by means of harmonic series containing harmonics of
time order Q [8, 9].

To write down expressions for terms of this harmonic series, let us generalize
calculation ratios for time points tSðat t0 ¼ 0Þ:

t1 ¼ Dt1;

t1 ¼ Dt1 þDt2 ¼ t1 þDt2;

..

.

tS ¼ Dt1 þDt2 þDt3 þ � � � þDtS ¼ tS�1 þDtS

..

.

tV ¼ Dt1 þDt2 þDt3 þ � � � þDtV ¼ tV�1 þDtV ¼ TTIM:

ð21:15Þ
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We calculate the term of harmonic series for time harmonic of order Q at first for
the time interval DtS ¼ Dt1 ¼ t1. The calculation expression has the following form
[8, 9]:

Fða;m;DtS ¼ Dt1;Q) ¼ Fða;m;DtS ¼ Dt1;Q)j j sin 2pt1Q
TTIM

þ cQ;S

� �
: ð21:16Þ

here Fða;m;DtS ¼ Dt1;Q)j j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2Q;S þ b2Q;S

� �r
—MMF amplitude, cQ;S ¼ arctg aQ;S

bQ;S

—its phase angle in time; timepoint t corresponds to the interval DtS ¼ Dt1; aQ,S,
bQ,S—expansion coefficients of harmonic series containing harmonics of time
order Q.

Taking account of (21.15), the expressions for coefficients aQ, bQ in (21.16) for
the time interval DtS ¼ Dt1 ¼ t1 take the form:

aQ;S ¼ Fða;m;DtS ¼ Dt1Þ
p

Zt1

0

cos
2pQt
TTIM

dt;

bQ;S ¼ Fða;m;DtS ¼ Dt1Þ
p

Zt1

0

sin
2pQt
TTIM

dt:

ð21:17Þ

It should be noted that in Eq. (21.17) the time interval DtS ¼ Dt1 for MMF
F a;m;DtS ¼ Dt1ð Þ corresponds to integration limits (0; t1) as per (21.15); the same
is also true for MMF corresponding to other time intervals as per (21.15) for
example, for MMF F a;m;DtS ¼ Dt2ð Þ and integration limits (t1; t2), for MMF
F a;m;DtSð Þ and integration limits (tS-1; tS).

Let us note also that the number summands in expressions like (21.16) is
determined by the number of selected time intervals Dt1;Dt2; . . .;DtS; . . .;DtV.

For practical realization of estimation method to calculate the ratios of MMF
time harmonics of order Q of this series, let us, as previously, make some
transformations.

With account of (21.14), we have:

2pDt1
TTIM

þ 2pDt2
TTIM

þ 2pDt3
TTIM

þ � � � þ 2pDtS
TTIM

þ � � � þ 2pDtV
TTIM

¼ 2p:

Let us designate separate summands in this expression as:

Dw1 ¼
2pDt1
TTIM

; Dw2 ¼
2pDt2
TTIM

; Dw3 ¼
2pDt3
TTIM

; . . .;

DwS ¼ 2pDtS
TTIM

; . . .DwV ¼ 2pDtV
TTIM

:

ð21:18Þ
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As a result, we obtain:

W1 ¼ DW1;W2 ¼ DW1 þDW2 ¼ W1 þDW2;W3 ¼ DW1 þDW2 þDW3

¼ W2 þDW3; . . .WS ¼ DW1 þDW2 þDW3 þ � � � þDWS ¼ WS�1 þDWS;

WV ¼ DW1 þDW2 þDW3 þ � � � þDWV ¼ WV�1 þDWV ¼ 2p:

ð21:180Þ

21.3.4.1 Conditions for Minimum Approximation Error; Expressions
for Calculation of Coefficients aQ, bQ of Harmonic Series

Let us formulate the conditions necessary to provide the minimum approximation
error eCAL of MMF by means of harmonic series as per (21.17) containing har-
monics of time order Q [8, 9].

The first condition determines the relation between time intervals
Dt1;Dt2; . . .;DtS; . . .;DtV as per [8, 9].

The error value eCAL in MMF calculation is at minimum, if identical time
intervals are used for its interpolation:

Dt1 ¼ Dt2 ¼ Dt3 ¼ . . .DtS. . . ¼ DtV ¼ TTIM

V
: ð21:19Þ

Then, taking into account Eqs. (21.18), (21.18′) and (21.19) we obtain:

DW1 ¼ DW2 ¼ DW3 ¼ . . . ¼ DWS ¼ . . . ¼ DWV ¼ DW ¼ 2p
V

W1 ¼ DW1 ¼ 2p
V

;W2 ¼ 2p
V

2;W3 ¼ 2p
V

3; . . .;WS ¼ 2p
V

S; . . .;WV ¼ 2p: ð21:20Þ

Expressions like (21.17) for harmonic series summands and the coefficients aQ,
bQ with account of (21.20) take the form:

for time interval Dt ¼ t1 � 0.

aQ;S ¼ Fða;m;Dt1Þ
p

sinQW1; bQ;S ¼ Fða;m;Dt1Þ
p

cos QW1 � 1ð Þ

for time interval Dt ¼ t2 � t1.

aQ;S ¼ Fða;m;Dt2Þ
p

sinðQ2W1Þ � sinðQW1Þ½ �;

bQ;S ¼ � Fða;m;Dt2Þ
p

cosðQ2W1Þ � cosðQW1Þ½ �
. . .
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for time interval Dt ¼ tS � tS�1

aQ;S ¼ Fða;m;DtSÞ
p

sinðQSW1Þ � sin QðS� 1ÞW1½ �;

bQ;S ¼ � Fða;m;DtSÞ
p

cosðQSW1Þ � cosQðS� 1ÞW1½ �:
. . .

ð21:21Þ

Let us notice that expressions for harmonics of spatial MMFs Fða;m;Dt1Þ,
Fða;m;Dt2Þ; . . .; Fða;m;DtSÞ; . . .; Fða;m;DtVÞ of order m in Eqs. (21.17) are as
per (21.10) harmonic functions with spatial period TTG.

The second condition determines the number of time intervals Dt1;Dt2;
. . .;DtS; . . .;DtV (number V), by which the time period TTIM is subdivided.

The number of time intervals V should satisfy the following ratio:

1� Fða;m; t,QÞj jW
Fða;m; t,QÞj jR

����

����\eCAL; ð21:22Þ

here, MMF amplitude Fða;m; t,QÞj jW is calculated for the number of time intervals
V = W, and MMF Fða;m; t,QÞj jR—for the number of time intervals V = R,
herewith, W > R; Let us note that with growth of spatial harmonic order m and time
harmonic Q, the number V of time intervals DtS increases.

21.3.5 Result: MMF Harmonics of Stator Winding

Equations (21.10)–(21.13) describe amplitudes of MMF spatial harmonics of order
m for a number of time interval Dt1;Dt2; . . .;DtS; . . .;DtV, and Eqs. (21.16)–(21.21)
—variation of these amplitudes in time in the form of harmonics of order Q for the
same values Dt1;Dt2; . . .;DtS; . . .;DtV. It follows from these equations that the
winding MMF within period TTIM is determined in the form of a series of summands
(number V), each containing the product like DFm;Q;S � sin amþ cm;S

� �

sin 2pt1Q
TTIM

þ cQ;S
� �

. It can be represented in the form:

DFm;Q;S �
cos 2pt1Q

TTIM
�amþ cQ;S�cm;S

� �
� cos 2pt1Q

TTIM
þ amþ cQ;S þ cm;S

� �

2
:

ð21:23Þ
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The first factor in brackets in (21.23) indicates the stator winding field which
within time interval DtS rotates in the direction of rotor rotation, and the second—in
opposite direction. Summing up these numbers we obtain winding MMF in the form:

Fm;Q ¼ DFm;Q;S¼1 þDFm;Q;S¼2 þ � � � þDFm;Q;S þ � � � þDFm;Q;V

MMF Fm,Q determines both fields of time order Q� 1 and spatial m� 1 created by
currents in stator winding; when interacting with currents in rotor loops the first
creates rotating torque, and the second—braking torque.

21.4 Checking Results: Calculation Example

Let us consider realization peculiarities of stator three-phase winding MMF
determination method stated for a specific case:

• currents in three phases vary under harmonic (but not under arbitrary) law with
time shift by an angle DW ¼ 2p

3 (el. degr.);
• current amplitudes IAMP in these phases are identical (symmetrical mode);
• width of winding six phase zones is identical; additional angles specified in

(21.2–21.4), in the considered special case are equal to zero: DbA ¼ DbC0 ¼
DbB ¼ DbA0 ¼ DbC ¼ DbB0 ¼ 0 .

Initials for calculation are assumed.

21.4.1 Phase Currents in Stator Winding

iA ¼ IAMP cos
2pt
TTIM

; iB ¼ IAMP cos
2pt
TTIM

� 2p
3

� �
; iC ¼ IAMP cos

2pt
TTIM

� 4p
3

� �
;

ð21:24Þ

where IAMP—current amplitude; initial phase angles of currents are accepted equal
to zero (uA ¼ uB ¼ uC ¼ 0).
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21.4.2 Three-Phase Six-Zone Single-Layer Stator Winding
with Diametral Pitch and Phase Zones of Equal
Width αA = αC′ = αB = αA′ = αC = αB′ = = π/3;
Number q = 1. Position of Borders Between Phase
Zones Along the Stator Periphery as Per (21.5):
αA = π/3; αC′ = 2π/3; αB = π; αA′ = 4π/3; αC = 5π/3;
αB′ = 2π

Using the method stated, it is necessary to obtain the calculation expression for
MMF known [1–3, 7] for this special case of the winding harmonics of order
m = 1, Q = 1 like:

F ¼ 3
p
IAMP

WPHKw

p
: ð21:25Þ

Here KW—winding factor for m = 1.
An example: WPH = 1; KW = 1; p = 1.
Let us illustrate peculiarities of the stated determination method for MMF in this

example. Primarily, let us assume for simplicity only three time intervals DtS (at

S = 1; 2; 3): Dt1 ¼ Dt2 ¼ Dt3 ¼ TTIM
3 ; respectively, V = 3.

Solution
Let us determine at first the spatial distribution of MMF for these three time

intervals.
For the time point t = t0 = 0 currents in phase zones as per (21.24) are equal to:

iA ¼ IAMP; iB ¼ � IAMP

2
; iC ¼ � IAMP

2
:

Let us find the amplitude and phase of spatial harmonic m = 1 for the first time
interval DtS ¼ Dt1 ¼ t1 (at S = 1):

Fða;m ¼ 1;Dt1 ¼ idemÞ ¼ Fða;m ¼ 1;Dt1 ¼ idemÞj j sin aþ cm¼1;S¼1

� �
:

We calculate for this purpose as per (21.12) and (21.13) coefficients am=1, s=1,
bm=1, s=1 and angle cm¼1;S¼1.

21.4 Checking Results: Calculation Example 425



am¼1;S¼1 ¼ 1
p

IAMP sin
p
3
þ 1:5IAMP sin

2p
3

� sin
p
3

� �
 �

þ 1 IAMP sin p� sin
2p
3

� �
þ �0 IAMPð Þ sin

4p
3

� sin p
� �

þ �0:5IAmp
� �

sin
5p
3

� sin
4p
3

� �
þ 0 IAMPð Þ sin 2p� sin

5p
3

� ��
¼ 0:

bm¼1;S¼1 ¼ �1
p

IAMP cos
p
3
� 1

� �
þ 1:5IAMP cos

2p
3

� cos
p
3

� �
 �

þ 1 IAMP cos p� cos
2p
3

� �
þ �0 IAMPð Þ cos

4p
3

� cos p
� �

þ �0:5IAmp
� �

cos
5p
3

� cos
4p
3

� �
þ 0 IAMP cos 2p� cos

5p
3

� ��
¼ �3

p
IAMP:

cm¼1;S¼1 ¼ arctg
am¼1;S¼1

bm¼1;S¼1
¼ 0:

Result:

Fða;m ¼ 1;Dt1 ¼ idemÞ
¼ Fða;m ¼ 1;Dt1 ¼ idemÞj j sin aþ cm¼1;S¼1

� � ¼ 3
p
IAMP sinðaþ 0Þ:

Let us find the amplitude and phase of spatial harmonic for the second time
interval DtS ¼ Dt2 ¼ t2 � t1 (at S = 2).

Fða;m ¼ 1;Dt2 ¼ idemÞ ¼ F a;m ¼ 1;Dt2 ¼ idemð Þj j sin aþ cm¼1;S¼2

� �

Currents in phase zones are equal to, iA = −0.5 IAMP; iB = −0.5 IAMP;
iC = IAMP.

Similarly to the first time interval calculation DtS ¼ Dt1 ¼ t1 we obtain:

am¼1;S¼2 ¼ 1
p
ð3 � 0:867ÞIAMP; bm¼1;S¼2 ¼ �1

p
1:5IAMP; cm¼1;S¼1 ¼ arctg

am¼1;S¼2

bm¼1;S¼2

¼ 2p
3
:

Result:

Fða;m ¼ 1;Dt2 ¼ idemÞ

¼ Fða;m ¼ 1;Dt2 ¼ idemÞj j sin aþ cm¼1;S¼2

� � ¼ 3
p
IAMP sin aþ 2p

3

� �
:

We find the amplitude and phase of spatial harmonic for the third (last) time
interval DtS ¼ Dt3 ¼ t3 � t2 (at S = 3).
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Fða;m ¼ 1;Dt3 ¼ idemÞ ¼ F a;m ¼ 1;Dt3 ¼ idemð Þj j sin aþ cm¼1;S¼3

� �
:

Currents in phase zones are equal to,

iA ¼ �0:5IAMP; iB ¼ �0:5IAMP; iC ¼ IAMP:

Similarly to the second time interval calculation DtS ¼ Dt2 ¼ t2 � t1 (at s = 2)
we obtain:

am¼1;S¼2 ¼ � 1
p
ð3 � 0:867ÞIAMP; bm¼1;S¼2 ¼ �1

p
ð1:5ÞIAMP;

cm¼1;S¼1 ¼ arctg
am¼1;S¼3

bm¼1;S¼3
¼ 4p

3
:

Result:

Fða;m ¼ 1;Dt3 ¼ idemÞ

¼ Fða;m ¼ 1;Dt3 ¼ idemÞj j sin aþ cm¼1;S¼3

� � ¼ 3
p
IAMP sin aþ 4p

3

� �
:

Thus, we obtain values of harmonic (m = 1) of MMF distribution along the
stator periphery (in coordinate a ¼ 2p x

TTG
) for three values (V = 3) of phase cur-

rents: for time intervals DtS ¼ Dt1 ¼ t1 (at S = 1); DtS ¼ Dt2 ¼ t2 � t1 (at S = 2);
DtS ¼ Dt3 ¼ t3 � t2 (at S = V = 3). Within each of these time intervals, MMF
amplitude and phase angle do not change.

Let us use these three MMF harmonic values Fða;m,DtS ¼ idemÞ of order m = 1
as interpolation points (nodes) and approximate sequence of these three values
using harmonic series [8, 9] with harmonics of time order Q. The term of this series
corresponding to the harmonic Q = 1, includes three summands (V = 3) as per
(21.16):

F a;m;DtS;Q ¼ 1ð Þ ¼ Fða;m;DtS;Q ¼ 1Þj j sin 2pt
TTIM

þ cQ¼1

� �
;

where it is consecutive DtS ¼ Dt1; DtS ¼ Dt2; DtS ¼ t3. Coefficients aQ=1 and
bQ=1 for the calculation of MMF amplitude F a;m;DtS;Q ¼ 1ð Þj j and phase angle
cQ¼1 as per (21.21) are equal to,

for time interval Dt1 ¼ t1 � 0.

aQ¼1 ¼ Fða;m ¼ 1;Dt1Þ
p

sinW1 ¼ 1
p
3
p
sin

2px
TTG

0:867IAMP;

bQ¼1 ¼ Fða;m ¼ 1;Dt1Þ
p

cosW1 � 1ð Þ ¼ 1
p
3
p
sin

2px
TTG

1:5IAMP:
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Phase angle cQ¼1 ¼ arctg aQ¼1

bQ¼1
¼ p

6.

Result:

F a;m ¼ 1;Dt1;Q ¼ 1ð Þ ¼ 1
p
3
p

ffiffiffi
3

p
sin

2px
TTG

sin
2pt
TTIM

þ p
6

� �
IAMP;

for time interval Dt ¼ t2 � t1

aQ¼1 ¼ Fða;m ¼ 1;Dt2Þ
p

sin 2W1ð Þ � sin W1ð Þ½ � ¼ 1
p
3
p
sin

2px
TTG

� 2p
3

� �
�

ffiffiffi
3

p� �
IAMP;

bQ¼1 ¼ Fða;m ¼ 1;Dt2Þ
p

cos 2W1ð Þ � cos QW1ð Þð Þ½ � ¼ 1
p
3
p
cos

2px
TSP

þ 2p
3

� �
0ð Þ � IAMP:

Phase angle cQ¼1 ¼ arctg aQ¼1

bQ¼1
¼ � 1

2p.

Result:

F a;m ¼ 1;Dt2;Q ¼ 1ð Þ ¼ 1
p
3
p

ffiffiffi
3

p
sin

2px
TTG

þ 2p
3

� �
sin

2pt
TTIM

� p
2

� �
IAMP;

for time interval Dt3 ¼ t3 � t2

aQ¼1 ¼ Fða;m;Dt3Þ
p

sin 3W1 � sin 2W1ð Þ ¼ 1
p
3
p

sin
2px
TSP

þ 4p
3

� �
 �
0:867IAMP;

bQ¼1 ¼ � Fða;m;Dt3Þ
p

cosW1 � cos 2W1ð Þ ¼ 1
p
3
p

cos
2px
TTG

þ 4p
3

� �
 �
ð�1:5ÞIAMP:

Phase angle cQ¼1 ¼ arctg aQ¼1

bQ¼1
¼� 7

6 p

Result:

F a;m ¼ 1;Dt3;Q ¼ 1ð Þ ¼ 1
p
3
p

ffiffiffi
3

p
sin

2px
TTG

þ 2p
3

� �
sin

2pt
TTIM

� 7p
6

� �
IAMP:

The calculation expression for MMF as a result of approximation on three points
is composed of three summands:

F a;m ¼ 1; t;Q ¼ 1ð Þ ¼ F a;m ¼ 1;Dt1;Q ¼ 1ð Þþ F a;m ¼ 1;Dt2;Q ¼ 1ð Þ

þ F a;m ¼ 1;Dt3;Q ¼ 1ð Þ ¼ 1
p
3
p

ffiffiffi
3

p
IAMP sin

2px
TTG

sin
2pt
TTIM

þ p
6

� �


þ sin
2px
TTG

þ 2p
3

� �
sin

2px
TTIM

� p
2

� �
þ sin

2pt
TTG

þ 4p
3

� �
sin

2pt
TTIM

� 7p
6

� ��

¼ � 3
p

1
p

ffiffiffi
3

p 3
2

� �
cos

2px
TTG

� 2pt
TTIM

þ p
6

� �
 �
IAMP:

ð21:26Þ
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Let us estimate the sampling error using calculation results for V = 3; by a
comparison of ratios (21.25) and (21.26) we have:

eCAL ¼ 1� 3
p

1
p

ffiffiffi
3

p
3
2

3
p

�����

�����
¼ 0:173:

This assessment indicates that selection of only three interpolation points
(V = 3) is insufficient for the approximation; use of sequence of three spatial MMF
of the form Fða;m;DtS;QÞ gives a considerable sampling error even for harmonics
of order m = 1, Q = 1.

By means of condition (21.22) it is easy to establish that for this problem the
number of points V necessary to satisfy the error eCAL\1% makes V = 15. The
calculation expression for MMF as a result of approximation on fifteen points is
obtained in the form:

F a;m ¼ 1; t;Q ¼ 1ð Þ ¼ 3
p

1
p
0:4158

15
2

� �
cos

2px
TTG

� 2pt
TTIM

� 1:362p
� �

IAMP:

ð21:27Þ

Let us estimate the sampling error for V = 15, using the ratios (21.25) and
(21.27):

eCAL ¼ 1� 3
p
1
p
0:4158

15
2

3
p

� ��1
�����

�����
¼ 0:0074:

In Table 21.1 MMF determination errors are compared using this method sub-
dividing the period TTIM by the following number of time intervals: V = 3 and
V = 15(m = 1, Q = 1).
For the number of interpolation points equal to V = 15, we obtained Eq. (21.25)
with an accuracy considerably exceeding requirements of practice: MMF calcula-
tion error—at most 1 %.

Comparing Eqs. (21.25) and (21.27) it follows:

• The expression known for MMF (21.25) obtained for the special problem (it
provides variation of phase currents as per (21.24) under harmonic law and
equal width of winding phase zones) contains the coefficient for current har-
monic amplitude equal to 3/π;

• in the expression for MMF (21.27) obtained by means of the stated method for
general problem (it provides variation of phase currents under arbitrary periodic

Table 21.1 Sampling error
of period TTIM

V W1 as per (21.20), el. degr. eCAL as per (21.22)

3 120 0.173

15 24 0.0074
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law, including harmonic one, and arbitrary including identical width of winding
phase zones, with account of (21.2) and (21.3), this coefficient is obtained at
V = 15 equal to 3

p 0:9926.

This result confirms validity of the method.

Brief Conclusions

1. Stated here is a general method of stator winding MMF calculation; for fre-
quency—controlled motors it provides a possibility of phase current variation
with period TTIM under arbitrary (not only harmonic) law as well as unequal
width of phase zones. In its realization there is no need to use a method of
symmetrical components for the first and higher time harmonics of current in
stator winding phases. The method allows one to determine instantaneous values
of motor electromagnetic moment and its pulsations, efficiency with account of
the influence of time and spatial harmonics losses.

2. The method is realized in some stages.

2:1 Period TTIM of current variation in phases iA, iB, iC is subdivided into
several time intervals: Dt1 ¼ Dt2; . . .;DtS; . . .;DtV. Within each of the
interval it is supposed that the amplitude and phase angle of currents are
invariable.

2:2 Step function of MMF distribution is determined for each time interval DtS
along the stator boring periphery (with account of values of currents iA, iB,
iC for this time interval). This function is represented for each time interval
DtS in the form of a series of spatial harmonics of order m. The number of
such step functions is equal to V.
These V values of MMF harmonics of spatial order m are used in the form
of approximation points (nodes) with a series of time harmonics of order Q
[8, 9]. The number of these points is determined by MMF calculation
accuracy eCAL set previously.

3. The calculation expression for winding MMF within period TTIM contains a
series of summands (V); each corresponding to two field components of stator
winding: one of them within time interval DtS rotates in the direction of rotor
rotation.

4. The method can be generalized and used to determine the winding MMF in
multiphase machines (mPH > 3); in similar operation modes of these machines
the use of symmetrical components method for the first and higher time har-
monics of stator current meets additional difficulties in comparison with MMF
determination for three-phase winding.
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List of symbols

aQ;S; bQ;S Coefficients for MMF approximation by Fourier series
bA, bC’; bB, bA’;bC; bB Width of stator winding phase zones
D Stator boring diameter
FDIRQ ; FNEGQ ; FZERQ MMF amplitude of order Q of currents for direct,

negative and zero sequences
iA(t), iB(t), iC(t) Instantaneous values of currents in phases A, B, C
IA,Q, IB,Q, IC,Q, Amplitudes of current time harmonic of order Q in

phases A, B, C
IDIRA;Q; I

DIR
B;Q ; I

DIR
C;Q Harmonics of order Q of currents for positive sequence in

phases A, B, C
INEGA;Q ; INEGB;Q ; INEGC;Q The same for currents of negative sequence

IZERA;Q ; I
ZER
B;Q ; I

ZER
C;Q The same for currents of zero sequence

KAT Attenuation factor of electromagnetic wave in machine
air gap

KW,m Winding factor for spatial harmonic of order m
m Order of stator MMF spatial harmonic
p Number of pole pairs
Q Order of current time harmonic
q Number of stator winding slots per pole and phase
S Time interval DtS, defining value of currents in phases

(iA, iB, iC) by S	V
SN Number of bars (coils) in slot
t Value of time
TTIM Period of phase current variation in time
TTG Period of winding MMF variation along stator boring (in

tangential direction)
V Number of time intervals into which period TTIM is

subdivided
WPH Number of turns in winding phase
DaA; aC; aB; aA0 ; aC;aB Angles occupied by winding phase zones
DbA;DbC0 ; . . .;DbB Additional angles expanding (or narrowing) winding

phase zones
β Winding pitch shortening
eCAL Accuracy of MMF calculations
uA;Q;uB;Q;uC;Q Initial phase angles of current harmonics of order Q in

phases A, B, C
uDIR
A;Q;u

DIR
B;Q ;u

DIR
C;Q Initial values of phase angles of current harmonics of

positive sequence
uNEG
A;Q ;uNEG

B;Q ;uNEG
C;Q The same for currents of negative sequence

uZER
A;Q ;u

ZER
B;Q ;u

ZER
C;Q The same for currents of zero sequence
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Chapter 22
Investigation Method of Transient Modes
in Induction Machines with Rotor Cage
Asymmetry

This chapter presents investigation methods of transient modes in induction
machines with asymmetrical rotor squirrel cage. This asymmetry can arise in the
operation (for example, in case of bar breakage, especially at overloads), or in
manufacturing (for example, due to low-quality soldering in bar-end ring joint). The
solution is represented in the form of investigation of transient modes in two
equivalent induction machines with various parameters of secondary loops:

• with symmetrical rotor cage in mutual induction direct field (field in air gap);
• with symmetrical rotor cage in mutual induction additional field (field in air gap);

It is obtained that the mutual inductance of stator and rotor loops as well as
impedance of secondary loops of these both equivalent machines is different. Stated
here are design ratios for these values of mutual inductance and impedance of
secondary loops of both equivalent machines; determined here is interrelation
between both mutual induction fields.

The “Theory of rotating field” [1–3] is applied for the determination of currents
in rotor and stator loops of these machines in transient modes, because the induction
machine is characterized by constant air gap. The method develops this theory in
relation to induction machine construction with asymmetrical squirrel cage.

The content of this chapter is development of the methods stated in [1–3, 11–17].

22.1 Introduction: Problem Formulation

The increase of electromagnetic loads in the use of induction motors in operational
modes is one of the modern development tendencies; it should also be noted that
there is a tendency to use induction machines as generators. In this regard, inves-
tigation of operational modes of induction machines is actual.

© Springer Japan KK 2017
I. Boguslawsky et al., Large A.C. Machines,
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Calculation methods of steady-state modes in A.C. machines with rotor asym-
metrical short-circuited loops with regard to the current distribution described in [2,
11, 12, 14–17], in Chaps. 6–10.

We obtained that methods of studying transient modes in these machines include
several preliminary stages; they are connected with the calculation of currents
distribution in asymmetrical cage elements in steady state conditions as stated in
these chapters and with determination of parameters of rotor asymmetrical loops
[4–8] in this mode.

Given in realization of these stages, the followings are assumed: machine power,
its voltage and power factor (cosu), slip, geometrical dimensions of machine active
part, stator and rotor winding data, impedance of stator winding and rotor sym-
metrical cage elements, degree of rotor cage asymmetry.

22.2 Calculation of Currents Distribution
in Asymmetrical Squirrel Cage Elements

22.2.1 Additional Aperiodic Current Components in Rotor
Loops at Occurrence of Rotor Cage Asymmetry

Let us determinate, as the first approximation (K = 1), the flux density amplitude of
the main harmonic of resulting mutual induction field (field in air gap) equal to
BK
RES;DIR, corresponding to the operation of induction machine with slip SSL. We

accept preliminarily that this resulting field rotates in the same direction as the rotor
and induces currents IðNÞ and JðNÞ in symmetrical squirrel cage elements containing
N0 bars; the amplitudes of these currents do not depend on the number N of ring
(bar) [6, 8]:

IðNÞ
�� �� 6¼ fðNÞ; JðNÞ

�� �� 6¼ fðNÞ; ð22:1Þ

here IðNÞ—currents in ring portions, JðNÞ—currents in bars. These currents for
symmetrical winding are explicitly determined by the flux density BK

RES;DIR.
However, at the occurrence of asymmetry, in squirrel cage elements in ring portions
and in bars there arise additional currents [14], depending on the numbers NP of
these asymmetrical elements; Let us designate these currents as DIðNÞ and DJðNÞ
respectively. They are summarized with currents in ring portions IðNÞ and bars JðNÞ
before breakage.

Additional currents DIðNÞ and JðNÞ vary depending on the cage element number
following aperiodic law [14]. The calculation expression for these currents depends
on the number P of broken cage elements. For example, with P = 1 for currents
DIðNÞ in ring portions with numbers N = 0; 1; …; NP − 1 it is determined as (NP—
broken bar number):
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DIðNÞ ¼ C1aN1 þC2aN1 ; ð22:2Þ

and with numbers NP;NP þ 1; . . .;N0 � 1 it is determined as:

DIðNÞ ¼ C3aN1 þC4aN1 : ð22:3Þ

Here a1 ¼ 2þrþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 4r

p

2
; a2 ¼ 2þr� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ 4r
p

2
; r ¼ 2ZR

ZB
; ð22:30Þ

ZR—impedance of ring portions, ZB—impedance of bar; C1;C2;C3;C4—
constants.

Values of these constants C1;C2;C3;C4 are calculated from the system of
equations. Its first two equations are obtained from the second Kirchhoff’s law
[4, 5] for loops containing the broken bar with number NP; other two equations
characterize cage geometry (it is closed). Calculation methods of these constants
were considered in detail in Chaps. 7–9.

Additional currents in bars are calculated according to the first Kirchhoff’s law
[4, 5]:

DJðNþ 1Þ ¼ DIðNþ 1Þ � DIðNÞ

In particular, the current in the broken bar (with number N = NP) is equal to,

DJðN¼NPÞ ¼ C3a
NP
1 � C1a

NP�1
1 þC4a

NP
1 � C2a

NP�1
1 : ð22:4Þ

If the number of broken bars in cage P > 1, the number of unknown values C1;C2;
C3;C4,… in the equations for additional currents respectively increases; the order of
system of equations for their definition also increases. It is caused by an increase in
number of equations as per the second Kirchhoff’s law containing broken bars with
number P > 1. As obtained in Chaps. 6–10, generally (at P > 1) the order of such
systems r� 2Pþ 2; it is equal to the number of unknowns in the equations for currents
DIðNÞ. For example, with P = 3, the equations for additional currents DIðNÞ are
determined as follows (NP1 ;NP2 ;NP3—numbers of broken bars) in this cage:

� in ring portionswith numbers N ¼ 0; 1; . . .;NP1 � 1

DIðNÞ ¼ C1aN1 þC2aN1 ;

� in ring portionswith numbers N ¼ NP1 ;NP1 þ 1;NP1 þ 2; . . .;NP2 � 1

DIðNÞ ¼ C3aN1 þC4aN1 ;

� in ring portionswith numbers N ¼ NP2 ;NP2 þ 1;NP1 þ 2; . . .;NP3 � 1

DIðNÞ ¼ C5aN1 þC6aN1 ;

� in ring portionswith numbers N ¼ NP3 ;NP3 þ 1;NP3 þ 2; . . .;N0 � 1

DIðNÞ ¼ C7aN1 þC8aN1 :

ð22:5Þ
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In Chap. 7 we find that the number of unknowns (r) can be reduced to r = 2P, if
we choose the number (N = 0) with one of the asymmetric (damaged) bars.

22.2.2 Resultant Currents in Ring Portions IðNÞ and Bars

JðNÞ After Breakage

Expressions for resulting currents IðNÞ and JðNÞ in cage elements after breakage take

the form:

IðNÞ ¼ IðNÞ þDJðNÞ; JðNÞ ¼ JðNÞ þDJðNÞ: ð22:6Þ

It should be remarked that with high slips (SSL � 1), the distribution of resulting
currents IðNÞ and JðNÞ considerably differs from that at low ones, because A.C.

resistance and impedance of cage elements increase sharply. Thus, results of
investigation method of transient mode in induction machines with asymmetry in
cage depend on its impedances in previous steady state mode.

22.3 Calculation of MMF for Asymmetrical Cage
Currents

It is convenient to represent stepped current distribution as a stepped curve f(x) in
asymmetrical cage bars within T ¼ pðDINN � dÞ period in the form of harmonic
series in complex plane as per Chap. 12 in the form of two components:

f(x) ¼
X

FSEC;DIRej
�2pmx

T þ FSEC;ADDej
2pmx
T ; ð22:7Þ

where
P

FSEC;DIR ¼ P
FSEC;DIR
�� ��ejð

xSECtþ cSEC;DIRÞ;

X
FSEC;AAD ¼

X
FSEC;DIR
�� ��ejð

xSECtþ cSEC;ADDÞ; ð22:8Þ

here the summation is made over the numbers of rotor spatial harmonic n; DINN—
stator core internal diameter; FSEC;DIR; FSEC;AAD—harmonic complex amplitudes
(phasors) of respectively direct and additional rotating MMF of rotor currents;
cSEC;DIR; cSEC;ADD—phase angles; xSEC—frequency of EMF and currents in cage
elements: xSEC ¼ x1 � xREVp = x1SSL, where x1—network frequency; xREV—
angular speed of rotor rotation; p—number of machine pole pairs; SSL—slip; n—
order of spatial harmonic; d—air gap. Let us note that expanding into series (22.7)
with T period, but not with TEL ¼ T/p, the main harmonic has order n = p.
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Let us concentrate on the investigation of machine processes using this main
harmonic. The first component with amplitude FSEC;DIR rotates relative to the stator
in the direction of rotor rotation with speed x0

DIR ¼ x1=p, and the second with

amplitude FSEC;ADD—with speed x0
ADD ¼ x1

p � 2xREV

���
���. If the slip SSL > 0.5, its

rotation direction is opposite to the stator field rotation, and if slip SSL < 0.5, it
coincides with it [6–8]. Thus, the additional field of the main harmonic (of order
n = p) can be both direct and reverse depending on the slip.

In practical calculations (22.8), it is expedient to execute an expansion into
harmonic series by a numerical method; calculation expressions were given in
Chap. 12.

22.4 Calculation of Resulting Mutual Induction Fields
(Fields in Air Gap) at n = p

22.4.1 Direct Field

In Sect. 22.2.1 we set previously as the first approximation (K = 1) the flux density
amplitude of main harmonic resulting mutual induction field (field in air gap) equal
to BK

RES;DIR; it was accepted that this resulting field rotates in the same direction as

rotor. In this para we will refine the value of amplitude of this flux density BK
RES;DIR,

so that this mutual induction field matches the value of machine preset rated voltage
USTAT:PRESET. Then rotor currents and both MMF amplitudes correspond to this
voltage according (22.8). The flux density BK

RES;DIR determinates no-load

MMF–FKNO�LOAD;DIR:

FKNO�LOAD;DIR ¼ BK
RES;DIR

l0
dKCARKSAT;DIR; ð22:9Þ

where l0—magnetic permeability of air, KCAR—Carter’s factor, KSAT—magnetic
circuit saturation factor. We should note that for the resulting field with flux density
amplitude BK

RES;DIR the saturation factor KSAT;DIR for high-power induction
machines is accepted much higher than for synchronous, and makes usually at least
KSAT;DIR ¼ 1:6� 1:8.

Using the Ampere’s law [4, 5], we obtain an expression for the main harmonic of
stator winding MMF: FKSTAT;DIR, where the frequency of currents is equal to the
network frequency x1 as follows:

FKSTAT;DIR ¼ FKNO�LOAD;DIR � FKSEC;DIR:
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Here FSEC;DIR—as per (22.8), FKNO�LOAD;DIR—as per (22.9). From the last expres-
sion we determinate the stator current amplitude with network frequency x1

IKSTAT;DIR ¼ FKSTAT;DIR
pn

3KWWSTAT
: ð22:10Þ

here KW—winding factor at np ¼ 1
� �

; WSTAT—number of turns in stator winding

phase. The stator winding phase EMF amplitude induced by the mutual induction
field with amplitude BK

RES;DIR and frequency x1 is equal to,

EK
STAT;DIR ¼ �jUK

RES;DIRx1KWWSTAT; ð22:11Þ

where UK
RES;DIR—main harmonic of mutual induction flux (flux in air gap):

UK
RES;DIR ¼ 1

pn
TBK

RES;DIRLCOR; ð22:110Þ

where LCOR—core length. Now, using Eqs. (22.10) and (22.11) it is easy to obtain
the following approximation [4, 5] for stator winding phase voltage amplitude:

UKþ 1
STAT;DIR ¼ �EK

STAT;DIR þ IKSTAT;DIRZSTAT;DIR; ð22:12Þ

where ZSTAT;DIR—total leakage impedance of stator winding at the frequency equal
to x1.

The voltage UK
STAT;DIR should satisfy the following inequality:

UK
STAT;DIR

USTAT:PRESET
� 1

�����

�����
� eU; ð22:13Þ

where USTAT:PRESET—preset motor phase voltage, eU—preset accuracy of phase
voltage calculation; usually in practical calculations it is accepted: eU ¼ 2-3 %

The inequality (22.13) is solved using the nonlinear algorithm determined by the
ratios (22.2)–(22.12) as follows:

USTAT;DIR ¼ fðBRES;DIRÞ: ð22:14Þ

As the solution of this algorithm, it is convenient to use one of consecutive
approximation methods [9, 10].

After the calculation as per (22.13), the direct field flux density amplitude
Bj
RES;DIR ¼ BRES;DIR (for harmonic of order n = p) is determined by the preset

machine voltage, and it is easy to calculate by means of the given ratios the
corresponding MMF amplitudes of both fields as per (22.8) and their parameters as
well.
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22.4.2 Additional Field

To derive Eq. (22.8) we must note that the harmonic of order n = p with amplitude
FSEC;ADD rotates relative to the stator with speed x0

ADD. This harmonic induces in
stator winding additional EMF ESTAT;ADD whose frequency differs from the net-
work frequency x1 : xADD ¼ x1 1� 2SSLj j.

Currents ISTAT;ADD correspond to additional EMF ESTAT;ADD in stator phases.
They pass through the network, external relative to machine leads, and are imposed
on currents with the frequency x1. Usually, in practice when determining these
currents, two limiting cases are distinguished for the network feeding motor:

• infinitely power network;
• independent network.

In the first case, it is considered that the network impedance is small relative to
that of motor windings, so it is possible to take that the stator winding relative to
currents with frequency xADD is short-circuited.

In the second case it is supposed that the impedance of external network
ZEXT;ADD 6¼ 0.

The additional EMF ESTAT;ADD with frequency xADD at stator winding terminals
is calculated similarly to (22.11) by a method of iterations.

EðVÞ
STAT;ADD ¼ �jUðVÞ

RES;ADDxADDKWWSTAT: ð22:15Þ

here URES;ADD—main harmonic of mutual induction additional field (flux in air gap)
[6–8]; it is calculated by a method of iterations. (V—iteration number):

UðVÞ
RES;ADD ¼ 1

pn
TBðVÞ

RES;ADDLCOR; ð22:150Þ

here BðVÞ
RES;ADD—unknown value of flux density amplitude for V-th iteration.

In case of “infinite” power networks, its currents are determined by the ratio:

IðVÞSTAT;ADD ¼ EðVÞ
STAT;ADD

ZSTAT;ADD
; ð22:1500Þ

where ZSTAT;ADD—leakage impedance of stator winding at frequency equal to

xADD. In an independent network these currents IðVÞSTAT;ADD are determined by the
similar ratio:

IðVÞSTAT;ADD ¼ EðVÞ
STAT;ADD

ZSTAT;ADD + ZEXT;ADD
: ð22:15″′Þ
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Stator winding MMF FðVÞSTAT;ADD corresponding to currents in phase IðVÞSTAT;ADD is
equal to,

FðVÞSTAT;ADD ¼ 3
pn

IðVÞSTAT;ADDKWWSTAT:

Using this MMF, according to the Ampere’s law we obtain the no-load MMF as
follows:

FðVÞNO�LOAD;ADD ¼ FSEC;ADD þ FðVÞSTAT;ADD: ð22:16Þ

The flux density amplitude BðVÞ
RES;ADD of resulting additional field (field in air

gap) is determined from the last ratio (22.16) similarly to Eq. (22.9):

BðVþ 1Þ
RES;ADD ¼ FðVÞNO�LOAD;ADD

l0
2dKCARKSAT;ADD

: ð22:17Þ

It should be noted that at usual asymmetry levels of squirrel cage for resulting
field with flux density amplitude BRES;ADD, the saturation factor KSAT;ADD for
high-power induction machines is less than KSAT;DIR and usually does not exceed
KSAT;ADD ¼ 1:2� 1:3.

Equations (22.15)–(22.17) form a system, where the value FSEC;ADD is preset as
per (22.8), and values FNO�LOAD;ADD; FSTAT;ADD; ISTAT;ADD, ESTAT;ADD, URES;ADD

are to be determined provided that flux density amplitudes BRES;ADD as per (22.15′)
and (22.17) coincide, when solving this equation by an iteration method. It is
possible to refine the values of BRES;DIR and BRES;ADD using this amplitudes.
Thereto we have to calculate the current distribution in asymmetrical rotor cage and
new values of FSEC;DIR and FSEC;ADD.

Note: Interrelation of parameters of direct and additional fields will be consid-
ered in Sect. 22.5.3.

22.5 Determination of Mutual Induction Factors
and Parameters of Secondary Loops (Rotor)
for the Main and Additional Fields

We try to study induction machine transients with asymmetrical rotor squirrel cage,
let us use the “Theory of rotating field” [1–3]; expediency of its usage is based on
the fact that machines of this type are characterized by constant air gap: d 6¼ fðxÞ
where 0� x�T. The method is based on this theory in relation to the induction
machine construction with asymmetrical squirrel cage. For its use, it is necessary to
determinate preliminarily mutual induction factors between rotor and stator loops,
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and also parameters of secondary loops (rotor) for both fields (direct and addi-
tional). In further investigation it is reasonable to replace the real squirrel cage with
N0 bars with equivalent three-phase winding with number of turns in phase
WEQ;ROT ¼ WSTAT as in stator winding, and the same winding factor KW. Then we
obtain currents in this equivalent winding:

• for direct field: ISEC;DIR ¼ FSEC;DIR
pp

3KWWSTAT
;

• for additional field: ISEC;ADD ¼ FSEC;ADD
pp

3KWWSTAT
;

for n = p.

22.5.1 Mutual Induction Factor MDIR and Parameters
of Secondary Loop (Rotor) for Direct Field

Mutual induction factors of stator and rotor loops at ESTAT;DIR as per (22.11):

MDIR ¼ ESTAT;DIR

x1INO�LOAD;DIR

����

����; ð22:18Þ

where no-load current INO�LOAD;DIR ¼ FNO�LOAD;DIR
pp

3KWWSTAT
; FNO�LOAD;DIR as

per (22.9); EMF of secondary (rotor) loop ESEC;DIR, reduced to stator winding EMF
is calculated similarly to (22.11): ESEC;DIR ¼ ESTAT;DIR.

Then, the equivalent impedance of secondary loop corresponding to the direct
field (ISEC;DIR—as per Sect. 22.5):

ZSEC;DIR ¼ ESEC;DIR

ISEC;DIR
: ð22:19Þ

Components of impedance:

ZSEC;DIR ¼ RSEC;DIR þ jxSECL0
SEC;DIR; ð22:190Þ

where RSEC;DIR—A.C. resistance of this loop, L0
SEC;DIR—its leakage inductance.

22.5.2 Mutual Induction Factor MADD and Parameters
of Secondary Loop (Rotor) for Additional Field

The mutual induction factor between stator and rotor loops at ESTAT;ADD—as per
(22.15):
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MADD ¼ ESTAT;ADD

xADDINO�LOAD;ADD

����

����; ð22:200Þ

where no-load current INO�LOAD;ADD = FNO�LOAD;ADD
pp

3KWWSTAT
; FNO�LOAD;ADD as

per (22.16); EMF of secondary loop (rotor) ESEC;ADD, reduced to stator winding
EMF is calculated similarly to (22.15): ESEC;ADD ¼ ESTAT;ADD.

Then, the equivalent impedance of secondary loop corresponding to the addi-
tional field (ISEC;ADD—as per Sect. 22.5):

ZSEC;ADD ¼ ESEC;ADD

ISEC;ADD
: ð22:20Þ

Components of impedance:

ZSEC;ADD ¼ RSEC;ADD þ jxSECL0
SEC;ADD; ð22:21Þ

where RSEC;ADD—A.C. resistance of this loop, L0
SEC;ADD—its leakage inductance.

22.5.3 Interrelation of Mutual Induction Factors
and Parameters of Secondary Loops (Rotor)
for Direct and Additional Fields

We find the following peculiarity of physical process that is determined by the
relation between direct and additional fields of induction machine with asymmet-
rical rotor cage. By means of the algorithm (22.2)–(22.12) we have determined the
main harmonic flux density amplitude of resulting mutual induction field (field in
air gap) equal to BRES;DIR; they correspond to the operation of induction machine
with slip SSL. This slip is determined by impact of two torques on rotor: the main
torque corresponding to the flux density BRES;DIR, and additional torque corre-
sponding to the flux density BRES;ADD [6–8]. We note that the additional torque is
the braking torque. Let us assume that the degree of asymmetry in rotor cage
increases, for example, due to an increase in transient impedance in bar-end ring
joint. Then the initial slip SSL of induction machine is increased also. As the result
EMF and loop impedance of the rotor are changing. This results in changing the
variation of currents in its both windings, MMF amplitudes of the main harmonics
FSEC;DIR; FSEC;ADD and, respectively, the variation of mutual induction fluxes of
both fields in machine air gap.

Therefore, direct and additional mutual induction fields and their parameters in
an induction machine with asymmetrical rotor cage are not independent: the current
distribution in the asymmetrical rotor cage is determined by the both fields with
amplitudes BRES,DIR and BRES,ADD.

442 22 Investigation Method of Transient Modes in Induction Machines …



22.6 Equations for Calculation of Transients in Both
Magnetically Coupled Machine Loops

22.6.1 Equations for Transient Currents in Stator ISTAT,DIR
and Rotor ISEC,DIR Caused by Direct Field

According to [1, 3], we write down the equations for both magnetically coupled
loops; they are determined as follows:

LSTAT;DIR
diSTAT;DIR

dt
þ iSTAT;DIRRSTAT:PH þMDIR

diSEC;DIR
dt0

¼ 0;

LSEC;DIR
diSEC;DIR

dt
þ iSEC;DIRRSEC;DIR þMDIR

diSTAT;DIR
dt0

¼ 0:
ð22:22Þ

In the last equations t—own time, and t0—time counted in one loop relative to the
second [1, 3]; MDIR—as per (22.18); RSTAT:PH—A.C. resistance of stator winding
phase; LSTAT;DIR—total inductance of stator phase winding:
LSTAT;DIR ¼ LSTAT;PH þMDIR, where LSTAT;PH—leakage inductance of stator
winding phase; LSEC;DIR—total inductance of rotor phase loop:
LSEC;DIR ¼ L0

SEC;DIR þMDIR; RSEC;DIR;L0
SEC;DIR—as per (22.19) and (22.19′).

Let us represent instantaneous values of transient currents iSTAT:DIR; iSEC;DIR in
the form:

iSTAT;DIR ¼ ISTAT;DIRejðatþuDIRÞ; iSEC;DIR ¼ ISEC;DIRejðbtþwDIRÞ; ð22:23Þ

where uDIR;wDIR—initial phase angles, α, β—circular frequencies of currents. With
account of ratios (22.23), the system of Eq. (22.22) takes the form:

jaLSTAT;DIRISTAT;DIR þ ISTAT;DIRRSTAT:PH þ jaMDIRISEC;DIR ¼ 0;

jbLSEC;DIRISEC;DIR þ ISEC;DIRRSEC;DIR þ jbMDIRISTAT;DIR ¼ 0:
ð22:24Þ

Directly connected with the time reference system is the relation between fre-
quencies of transient currents in stator a and rotor b as part of Eq. (22.24):

b ¼ a� xREVp: ð22:25Þ

Matrix rank r of this system factors equals to r = 2; for transient currents
iSTAT;DIR and iSEC;DIR in both loops the following is true [9, 10]:

iSTAT;DIR ¼ E1ejY1t þE2ejY2t;

iSEC;DIR ¼ E3ejðY1�xREVpÞt þE4ejðY2�xREVpÞt;
ð22:26Þ
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In Eq. (22.26), constants E1;E2;E3;E4; are determined by initial conditions of
transient process, and values Y ¼ Y1;Y ¼ Y2—attenuation factors of transient
currents; these attenuation factors can be obtained from a system of matrix factors
(22.24) by substituting the value a by Y. Their calculation matrix takes the form:

jYLSTAT;DIR þRSTAT:PH jYMDIR
jðY� xREVp)MDIR jðY� xREVp)LSEC;DIR þRSEC;DIR

ð22:27Þ

Equating the determinant to zero, we obtain according to the matrix rank (r = 2)
the equation of the second order relative to the unknown value Y, and, therefore,
two values of roots Y ¼ Y1 andY ¼ Y2; these roots are conjugate [1, 3].

Let us note that constants E1;E2;E3;E4 are not independent magnitudes; they
are connected with the following linear relation:E3 = E1D3;E4 = E2D4. To deter-
mine constants D3;D4, we use the system (22.24). Then, from its second equation,
neglecting the value RSEC;DIR in comparison with the value bLSEC;DIR, we obtain

D3 ¼ �MDIR

LSEC;DIR
; similarly, from its first equation, neglecting the value RSTAT:PH in

comparison with the value aLSTAT;DIR, we obtain D4 ¼ - LSTAT;DIR

MDIR
.

With considering obtained constants D3; D4, the calculation expression for
current iSEC;DIR is given as follows:

iSEC;DIR ¼ �E1MDIRejðY1�xREVpÞt

LSEC;DIR
� E2LSTAT;DIRejðY2�xREVpÞt

MDIR
: ð22:260Þ

Thus, the task solution for transient currents of stator iSTAT;DIR and rotor iSEC;DIR
caused by the main field is reduced to that of similar task for transients in induction
machines with symmetrical rotor cage, as in detail considered in [1, 3].

22.6.2 Equations for Transient Currents in Stator ISTAT,DIR
and Rotor ISEC,ADD Caused by Additional Field

According to [1, 3], we write down equations for both magnetically coupled loops.
They are similar to (22.22), but have some differences characterizing the additional
field. So, we will give the equations for both loops with account of these differ-
ences; according to [1, 3], the equations are determined as follows:

LSTAT;ADD
diSTAT;ADD

dt
þ iSTAT;ADDRSTAT:PH þMADD

diSEC;ADD
dt0

¼ 0;

LSEC;ADD
diSEC;ADD

dt
þ iSEC;ADDRSEC:ADD þMADD

diSTAT;ADD
dt0

¼ 0:
ð22:220Þ
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In these equations MADD as per (22.20′); LSTAT;ADD—total inductance of stator
winding: LSTAT;ADD ¼ LSTAT:PH þMADD, where LSTAT:PH—leakage inductance of
stator winding phase; LSEC;ADD—total inductance of rotor phase loop:
LSEC;ADD ¼ L0

SEC;ADD þMADD; RSEC;ADD;L0
SEC;ADD—as per (22.21).

Instantaneous values of transient currents iSTAT;ADD; iSEC;ADD, take the form:

iSTAT;ADD ¼ ISTAT;ADDejðktþuADDÞ; iSEC;ADD ¼ ISEC;ADDertþwADD ; ð22:230Þ

where λ, σ—circular frequencies of currents.
With account of ratios (22.23′), the system of Eq. (22.22′) takes the form:

jkLSTAT;ADDISTAT;ADD þ ISTAT;ADDRSTAT:PH þ jkMADDISEC;ADD ¼ 0;

jrLSEC;ADDISEC;ADD þ ISEC;ADDRSEC;ADD þ jrMADDISTAT;ADD ¼ 0:
ð22:240Þ

Directly connected with the time reference system is the relation between fre-
quencies of transient currents in stator k and rotor r as part of Eq. (22.24′):

r ¼ k� xREVpj j: ð22:250Þ

The sign depends on the value of SSL.
Matrix rank r of this system factors is found to be equal to r = 2; for transient

currents iSTAT;ADD and iSEC;ADD in both loops the following is true:

iSTAT;ADD ¼ G1ejY3t þG2ejY4t;

iSEC;ADD ¼ G3ejðY3 þxREVpÞt þG4ejðY4 þxREVpÞt:
ð22:2600Þ

In Eq. (22.26′) G1;G2;G3;G4 are constants determined by initial conditions of
transients and values Y ¼ Y3;Y ¼ Y4—attenuation factors of transient currents;
these attenuation factors can be obtained from system matrix factors (22.24′) with
substituting the value k by Y. Their calculation matrix takes the following form:

jYLSTAT;ADD þRSTAT:PH jYMADD
j Y� xREVpj jMADD j Y� xREVpj jLSEC;ADD þRSEC;ADD

ð22:270Þ

Equating the determinant to zero, we get according to matrix rank (r = 2) the
equation of the second order and, therefore, two values of roots Y ¼ Y3 and
Y ¼ Y4; these roots are conjugate [1, 3].

Let us show that constants G1;G2;G3;G4, as well as constants E1;E2;E3;E4 are
not independent values; they are linearly related easily determined similar to
Sect. 22.6.1. With account of these linear relations between constants, we obtain
the calculation expression for current iSEC;ADD:
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iSEC;ADD ¼ �G1MADDejðY3 þxREVpÞt

LSEC;ADD
� G2LSTAT;ADDejðY3 þxREVpÞt

MADD
: ð22:26′′′Þ

As a result, the task solution for transient currents of stator iSTAT;ADD and rotor
iSEC;ADD caused by additional field as well as tasks for transient currents caused by
the direct field is reduced to that of similar task for transients in induction machines
with symmetrical rotor cage, as considered in details in [1, 3].

22.7 The Resulting Transient Currents in Windings

Using (22.26) and (22.26′), we obtain:

22.7.1 Currents in Stator Winding

iSTAT:RESðtÞ ¼ iSTAT:DIRðtÞþ iSTAT;ADDðtÞ:

22.7.2 Currents in Secondary Loop (in Rotor)

iSEC:RESðtÞ ¼ iSEC:DIRðtÞþ iSEC;ADDðtÞ:

22.8 Prospects for Using the Method with Account
of Rotor MMF Higher Spatial Harmonics,
and also for Calculations of Transient Currents
in Synchronous Salient Pole Machines with Damper
Winding

In the previous paragraphs the investigation of induction machine transient modes
was based on only the main MMF harmonic in expansion (22.7). However, the
distribution of currents in bars of cage differs from that of harmonics more sig-
nificant for the greater number of broken bars; there increase the corresponding
amplitudes of MMF higher spatial harmonics with growth of number of broken
bars. Their accounting is similar to that described for main harmonic. Its peculiarity
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for transient currents consists in the fact that each system equation (for example
22.24) has additional summands of the same form. The same is also true for both
system equations (for example 22.24′); mutual induction factor and parameters of
secondary loop (of rotor) for additional field are calculated from the ratios similar to
those given in Sect. 22.5.2.

It should note that the stated method contains all stages necessary for calculating
transient currents in synchronous salient pole machines with damper winding; the
distribution of currents in this winding in steady state mode also considerably
differs from that of the harmonic process, as well as in squirrel cage with broken
bars. The calculation method for currents in damper winding, determinations of
MMF harmonics and mutual induction fields (with account of air gap variation
along pole division) is developed in [11, 12, 14–17], in Chaps. 6–10.

Brief Conclusions

1. To study transients in induction machines with asymmetry in rotor cage, a
number of machine parameters should be preliminarily determined: Mutual
induction factors between rotor and stator loops and also equivalent parameters
of secondary loops (of rotor) for both fields (direct and additional).

2. Calculation of these parameters requires:

• preliminary calculation of current distribution in asymmetrical cage
elements;

• expansion of the current distribution step curve in bars of rotor periphery of
this cage into harmonic series in complex plane;

• determination of amplitude complex value of MMF direct and additional
mutual induction fields (fields in gap).

3. Investigation of transients in induction machine with rotor cage asymmetry is
reduced to that of transients in two equivalent symmetrical magnetically coupled
loops (of rotor and stator); these two loops are in direct field of mutual induc-
tion, and two others—in additional field. Mutual induction factors between rotor
and stator loops and also equivalent parameters of rotor and stator secondary
loops corresponding to both fields (direct and additional) differ. Therefore,
attenuation factors of transient currents are not equal for each of this field.

4. For the investigation of transients in each of these two symmetrical magnetically
coupled loops it is expedient to use the “Theory of rotating field” [1, 3];
expediency of its choice is based on the fact that machines are characterized by
constant air gap: d 6¼ f(x), where 0 6¼ x�T.
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List of symbols

BRES;DIR;BRES;ADD FLUX density amplitude in air gap of the main
harmonic respectively of direct and additional fields

C1;C2;C3;C4 Constants determined by initial conditions
DINN Stator core diameter
ESTAT;DIR Stator winding phase EMF amplitude induced by

direct field of mutual flux density with amplitude
BRES;DIR and frequency f1

ESTAT;ADD The same, for additional field with amplitude BRES,

ADD and frequency fADD
FSTAT;DIR; FSTAT;ADD Amplitudes of MMF harmonics respectively for

stator direct and additional fields
FSEC;DIR; FSEC;DIR Amplitudes of MMF harmonics respectively for

rotor direct and additional fields
DFSEC;DIR;DFSEC;ADD Amplitudes of MMF harmonics of rotor additional

currents respectively for direct and additional fields
FNO�LOAD;DIR; FNO�LOAD;ADD Amplitudes of no-load MMF respectively for direct

and additional fields
G1;G2;G3,G4 Constants determined by initial transient conditions
IðNÞ; JðNÞ Resulting currents in short-circuited ring portions

and in bars (after breakage)
IðNÞ; JðNÞ Current amplitudes in short-circuited ring portions

and in bars (before breakage)
DIðNÞ;DJðNÞ Amplitudes of additional currents in short-circuited

ring portions and bars caused by cage asymmetry
ISTAT;DIR Stator current amplitude with network frequency x1

ISTAT;ADD Stator current amplitude with frequency fADD
iSTAT;DIR,iSEC;DIR Instantaneous values of transient currents for direct

field respectively in stator and rotor
iSTAT;ADD,iSEC;ADD The same for additional field
JðNPÞ Current amplitude in bar with number NP before its

breakage
K Iteration number
kCAR Carter’s factor
kSAT Magnetic circuit saturation factor
kW Winding factor
L0
SEC;DIR Leakage inductance of secondary loop for direct

field
L0
SEC;ADD Leakage inductance of secondary loop for addi-

tional field
LSTAT;DIR Total inductance of stator winding phase for direct

field
LSTAT;ADD Total inductance of stator winding for additional

field
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LSTAT;PH Leakage inductance of stator winding phase
LSEC;DIR Total inductance of rotor loop for direct field
LSEC;ADD Total inductance of rotor loop phase for additional

field
P Number of broken cage elements
n Order of spatial harmonic
MDIR Mutual induction factor between stator and rotor

loops for direct field
MADD Mutual induction factor between stator and rotor

loops for additional field
N0 Number of bars in cage
N Number of cage element (bar or ring portion)
NP Asymmetrical (broken) bar number
p Number of pole pairs in machine
RSEC;DIR A.C. resistance of secondary loop for direct field
RSEC;ADD A.C. resistance of secondary loop for additional

field
RSTAT;PH A.C. resistance of stator winding phase
SSL Slip
T EMF expansion period
t Own time
t0 Time counted in one loop relative to the second
USTAT:PRESET Amplitude of motor preset phase voltage
WSTAT Number of stator winding turns
Y ¼ Y1;Y ¼ Y2 Attenuation factors of transient currents for the

main field
Y ¼ Y3;Y ¼ Y4 Attenuation factors of transient currents for addi-

tional field
ZR Impedance of ring portion
ZB Impedance of bar
ZSTAT;DIR Leakage impedance of stator winding at frequency

f1
ZEXT;ADD Impedance of external network at frequency fADD
ZSTAT;ADD Leakage impedance of stator winding at frequency

fADD
ZSEC;DIR Impedance of secondary loop at frequency fSEC for

the main field
ZSEC;ADD Impedance of secondary loop at frequency fSEC for

additional field
DZ Increase of bar impedance at its breakage
ZB Impedance of unbroken bar
ZR Impedance of ring portion
cSEC;DIR; cSEC;ADD Phase angles
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xSEC Circular frequency of EMF and currents in cage
elements

x1 Network circular frequency
xREV Angular speed of rotor rotation
x0
MAIN Rotation speed of main field harmonics relative to

stator (in direction of rotor rotation)
d Air gap
l0 Magnetic permeability of air
URES;DIR;URES;ADD Main harmonic of mutual induction flux (flux in air

gap) respectively for direct and additional fields,
uMAIN;wDIR Initial phase angles
a; b Frequencies of transient currents respectively for

stator and rotor direct field
k;r Frequencies of transient currents respectively for

stator and rotor additional field
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Chapter 23
Theory and Methods of Investigation
of Eddy Currents and Additional Losses
in Stator Windings

This chapter develops determination methods of additional losses from eddy and
circulating currents in modern stator winding constructions caused by influence of
current first and higher time harmonics (Q ≥ 1). Given here are calculation methods
of additional losses and rational selection of construction of bar and coil windings.

For bar windings, the constructions with combined conductors (solid and hol-
low) are investigated, herewith, their resistivity is different; constructions with
incomplete transposition of conductors in slot that is characteristic for high-power
multipole machines, for example, diesel—and hydrogenerators; constructions with
various height of both bars in slot. Practical recommendations are provided for all
these constructions.

For coil windings constructions are investigated for high-power low-voltage
machines with small number of turns in each coil. This requires taking into account
not only leakage flux from currents in adjacent turns and coils, but also leakage flux
from elementary conductors of every turn. Practical examples are given.

Appendices for this chapter are given:

• numerical methods of investigation of skin effect in a rectangular bar of
short-circuited rotor winding with account of the variation of its resistivity due
to temperature along the slot height. The solution of this problem is connected
with modern calculation methods of induction machine starting characteristics;

• analytical design method for circuits of multiphase windings with integer or
fractional number of slots per pole and phase q; herewith, this number q can be
both more than unity (q > 1 usually for electrical machine industry practice),
and q < 1 (machines with this winding find application in recent years).

© Springer Japan KK 2017
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23.1 Problem Formulation

In present-day practice ensuring the increase of engineering-and-economic per-
formance and competitive growth of high power motors and generators may be
realized by upgrading their electromagnetic loads. To achieve this goal, it turns out
to be necessary to implement new engineering solutions; at the heart of them are the
results of ever-deep investigations of physical processes occurred in machines and
their components. Moreover, the study of machine duty conditions will be needed
while refining physical and mathematical models of the processes. This is especially
important if machine constructions or operating conditions are not standard and the
volume of experimental findings is insufficient for practical purposes. For example,
in different branches of industry—metallurgy, mining, cement industry, oil and gas
production—the utilization of motors and generators operating in networks with
non-linear elements (semiconductor frequency convertors) is due to higher-order
current harmonics induced in armature winding and respectively to additional
losses. To ensure a high level of machine efficiency and overheat according IEC
[40] it shall be necessary to carry out further investigations of eddy and circulating
currents. The goal of this chapter is to develop efficient methods of additional losses
calculation with due account made for higher-order current time harmonics [17–22]
and their distribution in slots.

It should be noted that the armature winding (stator winding) is one of machine
parts that determines to a great extent the geometry of its active component. A high
level of electromagnetic loads of modern machines results in the necessity to
carefully choose the rational stator winding construction. At present in line with
standard three-phase windings six-phase windings [23–26] are used in machines
designed for operation in non-linear networks. Construction method of winding
configurations, including fractional per pole and phase, is an open practical issue.

The solution of problems existing in electrical machine engineering requires
investigation efforts. In order to cut down additional losses in windings, to mini-
mize machine weight and sizes, the investigations must be continued:

• so that we study eddy currents and losses induced by cross-slot leakage flux in
stator windings of various construction: bar windings (with complete or
incomplete transposition, with bars of different height in slots etc.), coil wind-
ings (with large number of rectangular elementary conductors etc.);

• in order to choose an optimal loss and heating distribution in slots to determine
the level of electromagnetic loads of the machine and to identify effective
cooling methods;

• to specify methods for the optimal configurations of constructions of polyphase
windings with taking into account their features.

This list of problems is in congruence with the content of this chapter.
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23.2 Losses and Their Distribution in Bar Stator
Windings

23.2.1 Winding Construction Features

Bar stator windings are largely utilized in the practice of electrical machine engi-
neering; generally they are used for large power machines (as a rule, over 3–
5 MW). For example, powerful turbine-and water-wheel generators, powerful
diesel generators, salient-pole motors are manufactured for various branches of
industry—metallurgy, mining, cement etc. In terms of the process-oriented
approach manufacturing of bar winding is much more labor intensiveness than
that of coil winding. That is why when in practice there is a possibility to manu-
facture either coil or bar windings, the coil type will be normally chosen. However,
while designing unique machines whose maintenance downtimes must be minimum
(large power A.C. motors for roll mills, ice-breakers etc.), it should be kept in mind
that the bar winding proves to be much less maintenance time consuming. Physical
processes of eddy and circulating currents occurrence, their distribution in con-
ductors, computation methods of losses produced by these currents, are closely
related to the winding construction features. The following features of bar winding
construction are to be mentioned.

1. The bar contains insulated elementary conductors connected in parallel; the
length of each elementary conductor makes:

L0 ¼ LSLT þLS; ð23:1Þ

where LSLT;LS are the length of slot-embedded side and end winding
respectively.

Jumper straps between bar elementary conductors are to be placed at winding
end parts on either side of the machine.

2. Elementary conductors are transposed along the bar embedded side (along the
axis of rotation). In practice the following types of elementary conductor
transposition are used in slot-embedded part:

(a) complete transposition. Its execution is only possible when there is a pre-
determined combination of bar parameters: number of elementary conduc-
tors with bar height, length of stator active part etc.; these parameters must
comply with the following criterion [1, 2]:

F0 � 0:6T0; ð23:2Þ

where T0 ¼ LSLT
mBn; F0 ¼ 2ðbCON þ aÞþ 1:73Dþ 5:36� 10�3; mB; n—are

respectively the number of elementary conductors with bar height and
width; bCON—is the width of elementary conductor, a—is the double-sided
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thickness of elementary conductor insulation; D—is the thickness of vertical
strip in bar between elementary conductors (hereinafter practical units are
used in equations: SI system of units).

For a bar with this type of transposition (Fig. 23.1) it is assumed that the
machine load current with the amplitude I is uniformly distributed along its con-
ductors in a way that every elementary conductor is flowed by load current of
amplitude

IEL ¼ I
mBna0

; ð23:3Þ

where a0 is the number of winding paths (branches).
This type of transposition is largely applied in electrical machine engineering. In

the presentation that follows, unless otherwise specified, it is assumed that a
complete transposition of elementary conductors is to be applied while satisfying
the conditions of (23.2) and (23.3);

(b) incomplete transposition [17, 20]. It must be performed if it turns out that the
condition (23.2) is not met, i.e. F[ 0:6T0. Such a configuration is lesser-used
in practice as compared to complete transposition. It is used involuntarily when
it reveals impossible to perform the complete transposition. For example, in a
bar of one of large frequency-controlled motor 7 MW, 12.5 rpm, 6.25 Hz,
number of poles 2p = 60 («Elektrosila» Work, Stock Company “Power
Machines” St.-Petersburg) all elementary conductors are grouped; each group
contains two elementary (t = 2) superimposed conductors as in Fig. 23.2, all
groups are transposed between themselves.

We have to remark that the height of a bar with incomplete transposition is
somewhat greater than that with complete transposition, the number and sizes of
elementary conductors being the same. The load current is uniformly distributed
between bar groups; in each group of t conductors flows the current with amplitude

Fig. 23.1 Cross-section of a bar with solid elementary conductors (strips are placed in both bar
bases)
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IEL:GR ¼ I
mGRa0n

; ð23:30Þ

where mGR ¼ mB
t ;mGR—is the number of groups with bar height.

23.2.2 Sources of Bar Losses: Fundamental Assumptions
While Investigating Losses

If a bar primary winding is to be introduced into slots and to make the current with
amplitude I and circular frequency x flow through it, the losses QA:C: in this
winding turn to be larger [3, 4] than those ones QD:C: at direct current ID:C: flowing
around it; in this connection it is assumed that the direct current is of the same
effective value that A.C. current (ID:C: ¼ 0:707I).

The ratio of losses,

KF ¼ QA:C:

QD:C:
¼ 1þ PA:C:

QD:C:
ð23:4Þ

is determined by winding parameters and by frequency. Losses PA:C: quantitize the
losses increase at alternating current flow around, they are called additional losses,
while QD:C: is called D.C. losses and QA:C:—A.C. losses. KF is the losses increase
factor, or Field’s factor [1–7, 20].

The main reason of initiation of additional losses is the slot leakage fluxes that
are closed through the tooth, frame yoke and slot space in the tooth zone
(Fig. 23.3). They have skin effects in elementary conductors; eddy currents that are
resulting from the skin effect play the main role in the value of additional losses
PA:C:. End part winding leakage fluxes of stator and rotor are also the cause of
additional losses occurring in the stator winding. However, as compared to slot
leakage fluxes in large scale produced asynchronous and synchronous machines of
general purpose application, their influence is not important and in practice they are
usually accounted for implicitly. This influence for QA:C: losses is usually taken into
account when dealing with the unique large power electrical machines whose rate

Fig. 23.2 Cross-section of a bar with solid elementary conductors (incomplete transposition)
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of electromagnetic load is well over that one of asynchronous and synchronous
machines of routine production [2].

Several construction measures (transposition in end part etc.) allows a significant
reduction of losses from these leakage fluxes. In this section the method of cal-
culation of additional losses in bar windings caused by slot leakage fluxes has been
described. The influence of end part coil leakage fluxes on additional losses and the
methods of their reduction in large electrical machines is an independent and rather
complicated problem related to the development of calculation methods of
three-dimensional field. It has been studied in various papers [2–5, 27] etc.

It is common practice to consider a set of assumptions [2–5] at stating the
problem related to the calculation of eddy currents and winding losses due to slot
leakage flux. They contribute to slightly simplify the solution, but in practice do not
introduce any uncertainty on the result. These are the following assumptions:

(a) permeability of steel lFE in tooth area is taken as lFE ¼ 1. For rectangular slot
which is of great practical interest, it is assumed that the lines of flux in slot are
straight, parallel to its base (Fig. 23.3);

(b) currents of both bars in slots of a double-layer (two-layer) winding with
chorded ðb\1Þ or ðb[ 1Þ lengthened pitches are in phase. In fact, when
putting a double-layer winding with b 6¼ 1; there are several slots where the
both bars belong to different phases; additional losses in bars of such a slot
happen to be slightly smaller. This condition may be easily taken into account
[1, 5], but in practical calculations it is neglected as a rule and the result is
obtained with “some reserve”. In practice this is justified because in line with
this assumption the influence of end part coil leakage fluxes may be neglected
as well.

23.2.3 Problem Setting and Solving Methods

In practice the engineers frequently face the problem of rational choice of stator
winding geometry. That is why a clear idea on the features of physical processes in
windings with different types of transposition is very important to adopt a proper

Fig. 23.3 Slot leakage fluxes
(number of slots per pole and
phase q = 4)
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solution; insufficiently clear notions of these processes lead sometimes to mistakes
that may not always be corrected in practice at the work.

To outline major stages for solving the problem of additional losses and their
distribution in double-layer bar winding we shall consider first of all a simple model
of a bar with mB elementary conductors (Fig. 23.1) in height and two elementary
conductors in width (n = 2); the transposition is complete.

Let us consider an elementary conductor pth counting from the slot base
ð1� p� 2mBÞ. We shall assume that the operational (load) current with amplitude
IEL based on (23.3) of this elementary conductor is concentrated in two thin layers
BE and CD (Fig. 23.4a) spaced at hEQ � hCON (counting along the slot center line);
here hCON is the height of elementary conductor. Then the current amplitude in each
layer is:

I0EL ¼ IBE ¼ ICD ¼ 0:5IEL: ð23:300Þ

As a result, we replaced an elementary conductor by an equivalent contour
BCDE (Fig. 23.4b). In this contour equivalent parallel D.C. resistances of parts BE
and CD connected in parallel are equal to:

RBE ¼ RCD ¼ 2L0

hCONbCONnr
¼ 2RðPÞ;

where r—is the specific conductivity of elementary conductor, n—is the number of
elementary conductors in slot width, bCON—is the width of elementary conductor,
hCON—is the height of elementary conductor; RðPÞ—is the D.C. resistance of ele-
mentary conductor.

In Fig. 23.4b except for geometric sizes are shown amperemeters A1;A2;A3;A4

and two keys K. They are presented to outline the difference between the physics of
operational and eddy currents. An effective value of operational current ð0:707IELÞ
at closed keys K corresponds to the readings of amperemeter A1 (in circuit section

Fig. 23.4 Equivalent concept scheme of eddy currents circulation in elements I0 and I00 of hollow
elementary conductor
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M1N1) and A3 (in circuit section M2N2); the both sections correspond to end part of
bars with elementary conductors. In BE and CD circuit sections flows the current I0,
it has two components:

(a) current which is proportional to the machine load current; its amplitude is equal
to I0EL;

(b) eddy current LED induced by slot leakage flux, which embraces the contour
BCDE:

UP ¼ UMUT þUS: ð23:5Þ

The flux UMUT is specified by currents in all conductors n(p − 1) arranged below
that one under investigation counting from the slot base. This is a mutual flux:

UMUT ¼ l0IELðp� 1ÞnkMUT; ð23:6Þ

where l0 is the air permeability, kMUT is the conductivity for mutual fluxes.
The flux US is determined by the proper current of pth elementary conductor and

is the flux of self-inductance:

US ¼ l0I
0
ELnkS; ð23:7Þ

where kS is the conductivity for self-inductance fluxes.
Now we shall note that when considering finite sizes of solid elementary con-

ductor kMUT 6¼ kS.
Using Maxwell’s equation [3, 4], the complex amplitude of eddy current IED is

given by,

IED ¼ � jxUP

2RBE
¼ f I0EL

� �
; ð23:8Þ

where x is the current circular frequency, j ¼ ffiffiffiffiffiffiffi�1
p

.
Taking into account that eddy currents flow in a closed contour BCDE we shall

have for the complex amplitude of resulting current I0:

for BE section: I0 ¼ I0EL � IED;
for CD section:

I0 ¼ I0EL þ IED: ð23:9Þ

It should be noted that an effective value of eddy current IED induced by mutual
flux corresponds to the readings of amperemeters A2 andA4 at open keys; at that, it
is assumed that the current IEL according to (23.3) flows through each of remaining
elementary conductors n(p − 1).

An effective value of resulting current on sections BE and CD is equal to:

460 23 Theory and Methods of Investigation of Eddy Currents and …



I0;EFF ¼ 0:707
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I0EL
�� ��2 þ IEDj j2

q
:

This value of resulting current corresponds to the readings of amperemeters A2 (on
section BE) and A4 (on section CD) at closed keys K.

The losses on sections BE and CD at their flow around by direct current
ID:C: at ID:C: ¼ 0:707 I0EL

�� ��� �
are given by,

QD:C:ðBEÞ ¼ QD:C:ðCDÞ ¼ 0:5 I0EL
�� ��2RBE ¼ I0EL

�� ��2RðPÞ: ð23:10Þ

The losses on the same sections BE and CD at their flow around by the current I0
are equal to:

QA:C:ðBEÞ ¼ QA:C:ðCDÞ ¼ 0:5 I0j j2RBE ¼ 0:5 I0EL
�� ��2 þ IEDj j2

� �
RBE

¼ I0EL
�� ��2 þ IEDj j2

� �
RðPÞ;

ð23:11Þ

at that, QA:C:ðBEÞ ¼ QD:C:ðCDÞ þ PA:C:ðBEÞ; where QD:C:ðBEÞ following (23.10),

PA:C:ðBEÞ ¼ IEDj j2RðPÞ: ð23:110Þ

Thus, the increase in losses of pth elementary conductor is

KðPÞ ¼
QA:C:ðPÞ
QD:C:ðPÞ

¼ QA:C:ðBEÞ ¼ QA:C:ðCDÞ
�� ��

QD:C:ðBEÞ ¼ QD:C:ðCDÞ
�� ��

�
2 I0EL
�� ��2 þ IEDj j2

� �
RðPÞ

2 I0EL
�� ��2RðPÞ

¼ 1þ 4
IEDj j2
IELj j2 6¼ fðIELÞ;

ð23:12Þ

where QA:C:ðPÞ;QD:C:ðPÞ—are losses of pth elementary conductor at its flow around
by respectively alternating and direct currents.

The losses increase factor for all p elementary conductors in the slot height
(p = 1, 2, …, 2mB) is given by,

KF ¼ KðP¼1Þ þKðP¼2Þ þ � � �
2mB

: ð23:13Þ

Now let us summarize the results:

• eddy current of each pth elementary conductor is specified not only by its proper
operational current, but also by the operational current of other elementary
conductors n(p − 1) in the slot, if we count from its base. This current flows
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through pth elementary conductor if it is not even conductively coupled to other
elementary conductors n(p − 1) flowed around by load current;

• to calculate eddy currents and losses in pth elementary conductor it will be
necessary to find slot leakage fluxes UMUT and US engaged with this elementary
conductor.

In the context of what is said above, the problem of losses calculation in the bar
may be formulated in the following way.

Let it be given: type of transposition, amplitude of bar operational current I,
current circular frequency x, number and sizes of elementary conductors in slot,
number of allocated bars in slot.

It is required to calculate losses in each of slot bars.
From relation (23.12) it follows that to do so it is necessary to find the distri-

bution of eddy currents in an elementary conductor.
Thus being formulated and taking into account the assumptions given in

Sect. 23.2.2, the problem may be solved by using a number of analytical and
numerical methods.

Usually analytical solutions are based on a set of Maxwell’s equations in a
differential form which is to be reduced to Helmholtz equation (as a rule one- or
two-dimensional [3, 4, 8, 9]); the result of such a solution will be the distribution of
complex amplitudes of electric EM and magnetic HM magnetic-field strength in
height and width of each pth elementary conductor. This solution method is,
however, more appropriate for the calculation of A.C. resistance and impedances of
solid rectangular bar of the rotor of asynchronous motor. For modern constructions
of stator bars, for example with elementary conductors performed with complete or
incomplete transposition where besides solid there are hollow elementary con-
ductors, its application results in compound analytical ratios; the features of
physical processes are lost to a great extent [28] when the problem is solved by this
method. For bars with incomplete transposition by using this method it will be
required to solve a more complicated differential equation than that one for com-
plete transposition.

It should be also noted that the use of a set of Maxwell’s equations in differential
form the current flowing through an elementary conductor is not divided into
operational and eddy currents, as it was shown in Sect. 23.2.3: complex amplitudes
of EM and HM characterize the distribution of resulting current with elementary
conductor height [3, 4]. However, in engineering practice such integral notions as
“current”, “voltage”, “EMF”, “impedance of circuit section” are used much more
frequently than the notion of “complex amplitude of magnetic field”; this may be
explained by the fact that integral values are easier to be measured.

In this section it is shown that for elementary conductors of bar winding irre-
spective of their geometry and bar construction (with solid, hollow, combined, i.e.
hollow and solid, elementary conductors) as well as irrespective of the type of
transposition (complete or incomplete), the losses and their distribution may be
investigated by a general analytical method with the use of integral notions given
above. The method does not require any additional assumptions to be introduced,
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except for those listed in Sect. 23.2.2, it differs by the clarity of physical notions
and results in simple equations obtained in a closed form. Initially the method [10,
29] was used for solid elementary conductors in bar at their complete transposition.
Further on, it was developed as applied to the types of modern bar winding con-
structions: with solid elementary conductors at their incomplete transposition [17,
22] with hollow [8, 9, 30] and combined (hollow and solid) elementary conductors
[20–22] at their complete transposition. The results of solution applied construc-
tions of winding mentioned above are understood as particular cases of unique
general problem solution; if this is the case of incomplete transposition, there is no
need to complicate equations used for investigation of bars with complete
transposition.

The method suggests a number of stages to determine eddy currents and losses in
elementary conductors. To calculate them it will be necessary to find:

• mutual and self-inductance fluxes; they are determined following the Ampere’s
law [3, 4] on the basis of operational current, i.e. load current.

The same is done in our case study in Fig. 23.4. At closed keys K starting with
operational current IEL in circuit sections M1N1 (amperemeter A1) and M2N2

(amperemeter A2) we determined mutual and self-inductance fluxes UMUT and US

following (23.6) and (23.7) to an accuracy of conductivities kMUT and kS;

• eddy currents in each elementary conductor on the basis of found mutual and
self-inductance fluxes.

This was done in our study case. Relying on fluxes UMUT and US according to
(23.6) and (23.7) we specified the current IED according to (23.8) in circuit sections
BE and CD of loop contour BCDE;

• resulting currents in each elementary conductor; they are to be specified by
superposition of operational and induced eddy currents.

This was performed in our study case. In terms of currents I0EL and IED according
to (23.3″) and (23.8) we determined the current I0 following (23.9) in circuit
sections BE and CD of loop contour BCDE;

• refined value of leakage fluxes; it is determined according to the Ampere’s law
[3, 4] on the basis of resulting current in each elementary conductor and not of
operational current as in first iteration.

This refinement was not required to do in our study case due to reasons stated
below [see (23.14)];

• losses in terms of found current distributions on elementary conductors
cross-section.

This was done in our study case. On the basis of currents I0, I0EL and IED we
calculated losses QA:C:; PA:C: following (23.10)–(23.11′) and the factor KF

according to (23.13).
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With the use of a set of iterations by the way of reiterating stages mentioned
above there are set such values of eddy currents for which their further refinement
does not practically lead to losses value changing in elementary conductors. Thus,
we obtain the convergence (with a given accuracy) of iterative process of eddy
current calculation.

We note that to estimate the field intensity of skin effects in conductor [3, 4] in
practical calculations the notion of “reduced height” K0hCON of elementary con-
ductor is to be used, where

K0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xl0r bCONn

2bSLT

r

;

in [10] it was shown that in case of

K0hCON\1 ð23:14Þ

an adjusted distribution of fluxes and currents is not required to be determined. This
is a substantial simplification of iterative method: it shall be sufficient to determine
eddy currents in each elementary conductor on the basis of operational current only,
i.e. upon the results of the first iteration step.

As far as it concerns the sizes of solid copper conductors mostly used in practice,
Eq. (23.14) remains true for frequencies up to 650 Hz, while for hollow copper
conductors—up to 350 Hz and for hollow steel conductors—up to 7500 Hz.

We note that the eddy current calculated upon the first iteration step is shifted
according to (23.5)–(23.8) with respect to the operational current by 90° el. That is
why eddy and load current losses may be calculated according to (23.10)–(23.11′)
separately. In particular, additional losses PA:C: in bar shall be determined using
(23.11′) only by eddy currents in its elementary conductors and by its D.C.
resistance.

Note. In conclusion we turn our attention to one further practical pecularities
based on investigated physical process of current initiation in winding elementary
conductors induced by cross slot leakage flux. In multipole machines with coil
winding in case of slot insulation failure, the coil may be sometimes left in slot, but
excluded of remained coils in phase, thus creating in one of phase zones a certain
asymmetry. If in addition the insulation of some elementary conductors reveals to
be damage as well, on the basis of what was said in this section it will follow that
the coil elementary conductors are flowed through, even if this coil is excluded of
remaining coils of phase zone. Overheats of this type of coils with closed between
themselves elementary conductors may be inadmissible. The same is true if the
insulation of elementary conductors is damaged in winding bar, not in coil.
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23.2.4 General Problem of Eddy Currents and Losses
Calculation in Elementary Conductors of the Bar

Now we shall consider a bar made of transposed elementary conductors. Each
elementary conductor shall be presented in the form of two elements I0 and I00

spaced at a distance (see Fig. 23.5); electrically the both elements (sections) of this
conductor are connected in parallel.

Structurally we may imagine that the elements I0 and I00 are kept at this distance,
for example with the help of non-conducting strip. Both elements are not transposed
between themselves. Just this condition is the support of common grounds of the
general problem:

• at a = 0 it is reduced to the problem with transposed solid conductors in bar;
• at a 6¼ 0 but in the case of connecting the both elements I0 and I00 with the help of

elements II and III (Fig. 23.5) it is reduced to the problem with hollow con-
ductors in bar;

• at a 6¼ 0 but in the case when each element is insulated, it is reduced to the
problem with solid conductors at their incomplete transposition [Eq. (23.3′) at
t = 2]; here a is the double-sided insulation thickness of elementary conductor;
the elements II and III are not available.

Here we shall find eddy currents and losses in bar with elements (sections) I0 and I00.
The both elements placed on the slot bottom (p = 1) and in the second layer

(p = 2) are given in Fig. 23.6. The fundamental difference of processes at p = 1 and
p = 2 is that at p = 1 eddy currents are induced in conductor sections only by
self-induction fluxes, while at p = 2 they are induced both by self- and mutual
induction fluxes.

Let us consider the origin of coordinates at the base of each of both sections, so
as Y� h1, where h1 is the height of elementary conductor section. The slot field
intensity shall be specified following the Ampere’s law [3, 4] with account made for
assumptions adopted in Sect. 23.2.2.

Fig. 23.5 Subdivision of elementary conductor into calculable elements (I0 and I00, II, III)
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The intensity of self-induction field in the slot is obtained:

section I0

H0
S ¼ JbCONnY

bSLT
; ð23:15Þ

section I00

H00
S ¼ JbCON h1 þYð Þ

bSLT
; ð23:150Þ

where J is the density of operational (load) current. J ¼ IEL
SMS

; where IEL is the load

current in elementary conductor according to (23.3); SMS ¼ 2h1bCON is the
cross-section of elementary conductor.

The distribution of self-induction flux with height of conductor sections (per
length unit) is the following:

section I0

U0
S ¼ l0JbCONnY

2

2bSLT
; ð23:16Þ

Fig. 23.6 Distribution with height of conductor sections I0 and I00: a load current, b flux density
and c leakage flux
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section I00

U0
S ¼ l0JbCONn Yh1 þ 0:5Y2 þ ah1 þ 0:5h21

� �

bSLT
: ð23:160Þ

Figure 23.6a illustrates the distribution of load current density J with height;
here OA 6¼ fðYÞ. Figure 23.6b shows the distribution of leakage field intensity with
height of elementary conductor sections I0 and I00 at p = 1; the line OB corresponds
to Eq. (23.15) and DK—to (23.15′); the line CH also corresponds to Eq. (23.15);
when fitting this line, it is assumed that there is no current in I0 section. The
distribution of slot leakage flux is given in Fig. 23.6c; a section of parabolic curve
AB corresponds to Eq. (23.16) and section CD—to (23.16′).

Now we shall find the components of eddy currents induced by self-induction
flux.

It is evident that the eddy currents flowing on sections I0 and I00 must satisfy the
following equation

Zh1

0

J00SdYþ
Zh1

0

J0SdY ¼ 0; ð23:17Þ

where J00S, J
0
S are eddy current densities respectively on sections I00 and I0.

A similar ratio has been obtained above for BCDE contour, where eddy currents
on sections BE and CD were written in Eq. (23.9) as opposite in sign; they add up
to zero (Fig. 23.4, amperemeters A2 andA4, open keys K).

Figure 23.7a illustrates the distribution of eddy current density J00C and J0C. The
equality of areas OBNPO = RSMQR corresponds to Eq. (23.17). From this follows
the position of neutral point OP ensuring the equality of these areas

OP ¼ xl0rJbCONnh1 aþ 1:33h1ð Þ
2bSLT

Fig. 23.7 Distribution of eddy current components with height of elements I0 and I00: a from
self-induction flux and b from mutual flux
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Taking into account this equation for the density of eddy current induced by
self-induction flux, we obtain the following:

section I0

J0S ¼ jxl0rJbCONn Y2 � ah1 � 1:3321
� �

2bSLT
; ð23:18Þ

section I00

J00S ¼ jxrl0JbCONn Y2 þ 2Yh1 þ ah1 � 0:33h21
� �

2bSLT
: ð23:180Þ

In Fig. 23.7a a part of parabolic curve OB corresponds to (23.18) and QM—to
(4.18′).

Now we shall consider a slot mutual flux. It is determined by the current of all
elementary conductors n(p − 1) arranged under investigated one counting from the
slot base. The intensity of mutual inductance field in the slot with height of both
elements I0 and I00 remains constant:

section I0

HMUT ¼ JbCONn(p� 1Þ2h1
bSLT

: ð23:19Þ

The distribution of mutual flux with height of conductor sections (per length
unit) is given by the following:

section I0

U0
MUT ¼ l0JbCONn(p� 1Þ2Yh1

bSLT
; ð23:20Þ

section I00

U00
MUT ¼ l0JbCONn(p� 1Þ2h1 Yþ aþ h1ð Þ

bSLT
: ð23:200Þ

In Fig. 23.6b we show the distribution of leakage field intensity with height of
conductor sections I0 and I00 at p� 2 (mutual flux); the parts of a straight line MV
correspond to (23.19). In Fig. 23.6c a part of AK line corresponds to (23.20) and of
LM line—to (23.20′).

The components of eddy current induced by mutual flux are to be determined in
the same way as for the components induced by self-induction flux, here
Eq. (23.17) is also valid for it.
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Figure 23.7b shows the distribution of eddy current density JMUT. The equality
of area OBNPO = RSMQR corresponds here to the equation identical to (23.17). In
a similar way, the position of neutral point may be obtained from the following:

OP ¼ xl0rJbCONnðp� 1Þh1 aþ 2h1ð Þ
bSLT

: ð23:21Þ

Taking into account this equation for the density of eddy current induced by
mutual flux we have:

section I0

J0MUT ¼ �jxl0rJbCONnðp� 1Þ 4Yh1 � 2ah1 � h21
� �

2bSLT
; ð23:22Þ

section I00

J00MUT ¼ �jxl0rJbCONnðp� 1Þ 4Yh1 þ 2ah1
2bSLT

: ð23:220Þ

In a general case the eddy current is determined as self- and mutual induction
flux (see Fig. 23.6c, parts AN1 and ON2). In this case the equation of eddy current
density may be written in the following form:

section I0

J0ED ¼ J0S þ J0MUT

¼ �jl0xrJbCONn
Y2 � ah1 � 1:33h21 þðp� 1Þ 4Yh1 � 2ah1 � 4h21

� �

2bSLT

" #

;

ð23:23Þ

section I00

J00ED ¼ J00S þ J00MUT

¼ �jxl0rJbCONn
Y2 þ 2Yh1 þ ah1 � 0:33h21 þðp� 1Þ 4Yh1 þ 2ah1ð Þ

2bSLT

� 	
:

ð23:24Þ

Equations for J0ED and J00ED contain two terms, where the first does not depend on
the number of elementary conductors in the slot and the second corresponding to
mutual flux is proportional to (p – 1).

To estimate additional losses, we shall use equations identical to (23.11) and
(23.11′) where
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PA:C: ¼ 0:5 bCON
n
r

� � Zb1

0

J0ED
�� ��2dY +

Zb1

0

J0ED
�� ��2dY

2

4

3

5: ð23:25Þ

According to (23.23) and (23.24) the equation for PA:C: contains three terms; one
of them does not depend on (p − 1), the second is proportional to (p − 1) and the
third, ðp� 1Þ2.

As the whole, the equation to calculate the losses increase factor in pth conductor
is given by based on (23.4):

KðPÞ ¼ 1þðK0Þ 1:42h41 þ a2h21 þ 2ah31

 ��

þðp� 1Þ2 5:33h41 þ 4a2h21 þ 8ah31

 �þðp� 1Þ 5:33 h41 þ 4a2h21 þ 8ah31


 �o
;

ð23:26Þ

where K0 is obtained according to (23.14).
Now we shall find the losses increase factor KF for all elementary conductors in

slot; their number with height is m ¼ 2mB. Following (23.13) it is equal to
ð1� p�mÞ:

KF ¼
Kðp¼1Þ þKðp¼2Þ þ � � � þKðp¼mÞ

m
: ð23:27Þ

Let us use the following relations known from mathematics [8]:

1þ 4þ 9þ � � � þ ðm� 1Þ2 ¼ mðm� 1Þð2m� 1Þ
6

;

1þ 2þ 3þ � � � þ ðm� 1Þ ¼ 0:5m ðm� 1Þ:

Then, from Eq. (23.27) we have for KF

KF ¼ 1þ K0ð Þ4 1:42h41 þ a2h21 þ 2ah31 þ
m2 � 1ð Þ 5:33h41 þ 4a2h21 þ 8ah31

� �

3

" #

:

ð23:28Þ

We have to notice that additional losses in elementary conductor sections ðI0; I00Þ
may also be calculated approximately, if we proceed only from slot mutual fluxes
(23.20), (23.20′) and from the density of eddy currents induced by them (23.22),
(23.22′). This makes easier to establish calculation equations. Then for all ele-
mentary conductors in the slot we have:
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KF ¼ 1þðK0Þ4 ðm� 1Þð2m� 1Þ 5:33h41 þ 4ah21 þ 8h31
� �

6
: ð23:29Þ

At m ! 1 Eqs. (23.28) and (23.29) coincide.
Here let us consider particular cases of this problem.

23.2.5 Bars with Solid Conductors (Complete
Transposition): Calculation Example

We use the results of general problem solution and calculation equations obtained
in Sect. 23.2.4 for losses increase factors as applied to the bar construction with
solid elementary conductors.

From Eqs. (23.26)–(23.29) we have at a = 0; 2h1 ¼ hCON;

(a) for an elementary conductor pth counting from the slot base

KðPÞMS ¼ 1þ K0hMSð Þ4½0:09þ 0:333ðp� 1Þ2 þ 0:333ðp� 1Þ	; ð23:30Þ

(b) for all elementary conductors m with slot height [1, 3–5, 20]:

KF;MS ¼ 1þ K0hMSð Þ4 0:09þ 0:111ðm2 � 1Þ
 �
: ð23:31Þ

If when calculating losses we consider only mutual fluxes in the slot and den-
sities of eddy currents induced by them, the equation for KF;MS shall take the form:

KF;MS ¼ 1þ K0hMSð Þ4ðm� 1Þð2m� 1Þ
18

: ð23:32Þ

Calculation example
There are two bars arranged in the stator slot, each of them contains with height

14 solid elementary conductors transposed between themselves (m = 28). The sizes
of elementary conductors and slot width are: hMS ¼ hCON ¼ 2:5 mm;
bMS ¼ bCON ¼ 6:5 mm; bSLT ¼ 19:5 mm; n = 2. The machine is operated from the
network with sources of non-sinusoidal voltage; the fundamental frequency (g = 1)
is f = 43.5 Hz. Let us determine KF;MS for g = 1, g = 5, g = 7.

Solution
For r ¼ 50� 106 S=m we have bassed on (23.14) K0hCON ¼ 0:189

ffiffiffi
g

p
.

For g = 1 we have according to (23.31) and (23.32):
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KF;MS ¼ 1þð0:189Þ4½0:09þ 0:111ð282 � 1Þ	 ¼ 1:111;

KF;MS ¼ 1þð0:189Þ4 ð28� 1Þð2 � 28� 1Þ
18

¼ 1:106:
ð23:33Þ

Results for g = 1, g = 5, g = 7 are given in Table 23.1. In table the error has
been calculated as the ratio of factor KF;MS values obtained following formula
(23.32) and (23.31).

It follows from Table 23.1 that even at frequency f � 300 Hz (at g = 7) the error
of additional losses calculation does not exceed 5 % with account made of the
action of mutual flux only, it is practically admissible.

23.2.6 Bars with Hollow Conductors (Complete
Transposition): Calculation Example

Now we shall use the results of general problem solution and the design data
obtained in Sect. 23.2.4 as applied to the bar construction with hollow conductors.
In a hollow elementary conductor (Fig. 23.5) the sections ðI0; I00Þ are connected in
parallel not only at bar ends (strips in bar heads) but by elements II and III in slot
parts. Additional losses for these solid elements shall be calculated on the basis of
relations (23.31)–(23.32). D.C. losses in the hollow conductor QD:C: (losses at direct
current flowing around elementary conductor) shall be defined per length unit in a
regular manner:

QD:C: ¼
Jj j2 nSH
2r

;

where SH ¼ hHbH � aCAN � bCAN—is the hollow conductor section, hH—is the
hollow conductor height; aCAN; bCAN—are respectively channel height and channel
width (Fig. 23.8).

Upon many transformations with allowance for this equation, we shall have for
KF;H [20, 30–32]:

(a) for a hollow elementary conductor pth counting from slot base:

Table 23.1 Results for
losses increase factor in a bar
with solid conductors (g = 1,
g = 5, g = 7)

g According to
(23.31)

According to
(23.32)

Error

1 1.111 1.106 0.9950

5 3.790 3.640 0.9600

7 6.462 6.180 0.9560
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KðPÞH ¼ 1þ K0hHð Þ4 0:09þ 0:333ðp� 1Þ2 þ 0:333ðp� 1Þ
h i SH

SH;CONT
T,

ð23:34Þ

(b) for all slot elementary conductors m with height

KF;H ¼ 1þ K0hHð Þ4 0:09þ 0:111ðm2 � 1Þ
 � SH
SH;CONT

T, ð23:35Þ

where K0—according to (23.14); factor T ¼ 1� aCAN

hH

� �3bCAN

bH
characterizes the

geometry of a hollow elementary conductor; SH;CONT ¼ hHbH is the space occupied
by the hollow conductor, where SH ¼ hHbH � aCANbCAN—is the hollow conductor
section, hH—is the hollow conductor height; aCAN, bCAN—are respectively channel
height and channel width.

If in the calculation of losses one considers only mutual fluxes in the slot and
densities of eddy currents induced by them, the equation for KF;H becomes:

KF;H ¼ 1þ K0hHð Þ4ðm� 1Þð2m� 1Þ SH
SH;CONT

T
18

: ð23:36Þ

Calculation example
There are two bars placed in stator slot, each of them contains with height 7

hollow elementary conductors transposed between themselves (m = 14). The sizes
of elementary conductor and slot are hH ¼ 5 mm, bH ¼ 6:5 mm; n = 2; aCAN ¼ 2;
bCAN ¼ 3:5 mm, bSLT ¼ 19:5 mm. The machine is operated from the network
having sources of non-sinusoidal voltage; the fundamental frequency (g = 1) is
f = 43.5 Hz. Let us determine KF;H for g = 1, g = 5, g = 7.

Solution
For r ¼ 50� 106 S/m we have according to (23.14): K0hH ¼ 0:378

ffiffiffi
g

p
;

Fig. 23.8 Cross-section of a bar with hollow elementary conductors
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Using (23.34) and (23.35):

SH
SH;CONT

¼ 6:5 � 5� 2 � 3:5
32:5

¼ 0:785; T ¼ 1� aCAN
hH

 �3bCAN
bH

¼ 1� 2
5

 �33:5
6:5

¼ 0:966:

For g = 1 we have according to (23.35):

KFH ¼ 1þ K0hHð Þ4 0:09þ 0:111 m2 � 1
� �
 � SH

SH;CONT
T

¼ 1þ 0:3784 0:09þ 0:111 142 � 1
� �
 �

0:785 � 0:966 ¼ 1:336:

Following Eq. (23.36):

KF;H ¼ 1þ K0hHð Þ4ðm� 1Þð2m� 1Þ SH
SH;CONT

T
18

¼ 1þ 0:3784ð14� 1Þð2 � 14� 1Þ 0:785 � 0:966
18

¼ 1:302:

Results for g = 1, g = 5, g = 7 are given in Table 23.2. In the table the error has
been calculated as the ratio of factor KF;H values obtained following the formula
(23.36) and (23.35).

It follows from Table 23.2 that even at the frequency f � 300 Hz (at g = 7) the
error of additional losses calculation does not exceed 10 % with account of the
action of mutual flux only, it is practically admissible.

Note. Two examples given above (Tables 23.1, 23.2) are interesting not only as
illustrations of calculation of additional losses in solid and hollow elementary
conductors. It is not difficult to note that in the example of Sect. 23.2.5 solid
elementary conductors are placed practically in the same slot that hollow elemen-
tary conductors in the example given in Sect. 23.2.6. At that, the factors KF;MS are
substantially smaller both for fundamental (g = 1) and higher (g > 1) harmonics;
the error of calculation following approximate Eq. (23.32) has been reduced.

Here we shall estimate the level of A.C. losses cutting down in the slot part of
both bars in the case of hollow conductors replacement by solid.

The A.C. losses for both bar constructions correlate in the following way (at
alternating current of the same amplitude flowing around):

Table 23.2 Results for losses increase factor in a bar with hollow conductors (g = 1, g = 5,
g = 7)

g According to (23.35) According to (23.36) Error

1 1.336 1.302 0.975

5 9.40 8.55 0.910

7 17.46 15.8 0.905
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QA:C:;MS

QA:C:;H
¼ KF;MS

KF;H

nHmHSH
nMSmMSSMS

; ð23:37Þ

where nMS; nH—are respectively numbers of elementary conductors with slot width
having solid and hollow elementary conductors; mMS;mH—idem with slot height;
SMS; SH—are respectively sections of solid and hollow elementary conductors.

At g = 1 for two investigated bar constructions we have the following:

QA:C:;MS

QA:C:;H
¼

1:111
28�16:25
1:336
14�25:5

¼ 0:653:

Such a substantial reduction in A.C. losses in bars is obtained not only due to
Field’s factor reduction 1:111

1:336 ¼ 0:832
� �

but also due to a considerable increase in
total cross section of solid elementary conductors in the slot as compared to hollow
elementary conductors 28�16:25

14�25:5 ¼ 1:274; i.e. due to the reduction of D.C. resistance
of a bar with solid elementary conductors and due to overall losses cutting down.

From this example it follows that the use of hollow elementary conductors
instead of solid ones is connected not only with the increase of additional but of D.
C. losses as well. Their use in first constructions of stator winding of high-voltage
turbogenerators with direct cooling has practically resolved the problems related to
winding heat. In first constructions of windings with such elementary conductors
either oil—dielectric (turbogenerator of 260 mVA of GE Company, USA) or dis-
tilled water (turbogenerators of 37.5 mVA of Metro Vickers Company, UK and of
«Elektrosila»Work, Stock Company “Power Machines”, Russia) have been used as
cooling medium. The operation of the above machines has shown that within the
constraints imposed by winding overheating, a more efficient bar construction may
be used while utilizing both solid and hollow elementary conductors (see
Sect. 23.2.8). This circumstance has led to the construction of bar winding with
combined elementary conductors. At present it is largely used for other types of
machines.

23.2.7 Bars with Incomplete Transposition: Calculation
Example

23.2.7.1 Currents Induced by Slot Leakage Fluxes

Let us examine the problem of additional losses calculation in bars with incomplete
transposition of solid elementary conductors. We shall assume that the number of
elementary conductors in the group t = 2; this type of construction is of great
practical interest. To investigate the losses in such a construction it should be
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appropriate to use the results of investigations carried out in Sect. 23.2.4 where the
general problem of losses calculation in sections I0 and I00 of elementary conductor
has been preliminarily solved.

In investigated problem these elements I0 and I00 may be considered as both
insulated elementary conductors of slot group (at t = 2); the insulation is
double-sided in thickness a. If each elementary conductor has such an insulation
(Fig. 23.9), the current induced by leakage flux in contour formed by both con-
ductors of group is shorted only through end part. Consequently, it passes not only
in slot zone but in end part of every elementary conductor.

To have a conceptual idea on eddy currents initiation in the group containing t
elementary conductors, we shall replace each of them by two filaments with current
in the same manner as it was done in Sect. 23.2.3.

In Fig. 23.9 its sections B1E1 and B2E2 correspond to slot part of one elementary
conductor and sections C1D1 and C2D2—of the second one. Sections M1N1 and
M2N2 correspond to both end parts of first elementary conductor and M1N2 and
M2N4—of the second one. The slot leakage flux is embraced by the contour
B1C2D2E1B1 of slot part of a bar. The following current components flow through
the sections of M1M2:

(a) through sections M1B1E1M2 and M1B2E2M2 of first elementary conductor
and through M1C1D1M2 and M1C2D2M2 of second elementary conductor
passes the current which is proportional to the machine load current according
to (23.3). An effective value of this current corresponds to the readings of
amperemeters A1 and A6;

Fig. 23.9 Circuit equivalent diagram of eddy currents circulating in elementary conductors I0 and
I00 of slot group of a bar with incomplete transposition
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(b) in contours B1B2E2E1 of first elementary conductor and in C1C2D2D1 of the
second one flow local eddy currents; they are shorted within the slot part of
each elementary conductor of group. When opening keys K1 in circuit M1N1,
K2 in circuit M1N2 effective values of these eddy currents correspond to the
readings of amperemeters A2 and A4;

(c) on sections M1B1E1M2 and M1B2E2M2 of first elementary conductor and on
M1C2D2M2 and M1C1D1M2 of the second flow the currents circulating on end
parts of both elementary conductors through end pieces. When keys K5 and
K6 are open, the effective values of these currents correspond to the readings
of amperemeters A3 and A5. In contrast to “local” eddy currents we shall call
them circulating currents.

Thus, to calculate additional losses in a bar with incomplete transposition it
should be necessary to calculate on the basis of slot leakage fluxes:

• “local” eddy currents in each elementary conductor of slot group;
• circulating currents between elementary conductors of slot group.

23.2.7.2 Derivation of Calculation Equations

In Sect. 23.2.4 we have obtained equations for currents—(23.23) in element I0 and
(23.24)—in element I00 induced by cross slot leakage flux. These equations have
some very interesting features. Let us present each of them as a sum of two
components and our attention will be turned to their properties. The current density
J0ED is presented a sum in the following:

J0ED ¼ J0ED:L þ J0CIRC;

J0ED:L ¼ �jxl0rJbMSn
Y2 þ 0:33h21 þðp� 1Þ 4Yh1 � 2h21

� �

2bSLT
;

J0CIRC ¼ �jxl0rJbMSn
�ah1 � h21 þðp� 1Þ �2ah1 � 2h21

� �
 �
R

2bSLT
ðbyR ¼ 1Þ:

ð23:38Þ

In a similar way:
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J00ED ¼ J00ED:L þ J00CIRC;

J00ED:L ¼ �jxl0rJbMSn
Y2 þ 2Yh1 � 1:33h21 þðp� 1Þ 4Yh1 � 2h21

� �

2bSLT
;

J00CIRC ¼ �jxl0rJbMSn
ah1 þ h21 þðp� 1Þ 2ah1 þ 2h21

� �
 �
R

2bSLT
ðbyR ¼ 1Þ:

ð23:39Þ

The components J0ED:L and J00ED:L differ by the following important properties:

Zh1

0

J0ED:LdY ¼ 0;
Zh1

0

J00ED:LdY ¼ 0: ð23:40Þ

Physically it means that the eddy currents closed in contours B1B2E2E1 and
C1C2D2D1 (Fig. 23.9) correspond to the components J0ED:L and J00ED:L. So we shall
call them “local” eddy currents.

The components J0CIRC and J00CIRC are different in the following important
properties:

(a) the current density in both elementary conductors of slot group with height
0�Y� h1 is uniformly distributed (it does not depend on Y):

(b) in both elements I0 and I00 currents are equal: J0CIRC ¼ �J00CIRC, here

I0CIRC

Zh1

0

J0CIRCdY ¼ 0; I00CIRC ¼
Zh1

0

J00CIRCdY: ð23:400Þ

Consequently, in both elementary conductors of group these currents are equal
in value and opposite in sign. This means physically that these currents circulate
between elementary conductors of slot group. So, we shall call them circulating
currents. Equations for current densities J0 and J00 have been obtained on the
assumption that currents are closed within the slot part of elementary conductor
(R = 1). In the case when the slot leakage flux is distributed along the stator core
equal to [1]

L0
SLT ¼ LSLT � 0:5nCbC ð23:41Þ

and insulated elementary conductors of group are electrically connected in end part,
it should not be difficult to show that in this case the factor is R < 1:

478 23 Theory and Methods of Investigation of Eddy Currents and …



R ¼ L0
SLT

L0
; ð23:42Þ

(nC; bC—is the number and the width of channels in stator core).
Thus, at R < 1 the circulating current (Fig. 23.9) flowing not only through slot

but end parts of both elementary conductors of group corresponds to components
J0CIRC and J00CIRC and passes from one elementary conductor to another through end
pieces connecting them.

Now we will evaluate A.C. losses in elements I0 and I00 from local eddy and
circulating currents. For I0 section additional losses in slot leakage part are equal to:

PI0 ¼
bMSLSLTn

2r

Zh1

0

J0ED
�� ��2dY ¼ bMSLSLTn

2r

Zh1

0

J0ED:L
�� ��2dY +

bMSLSLTn
2r

Zh1

0

J0CIRC
�� ��2dY

¼ PI0ð ÞED:L þ PI0ð ÞCIRC:
ð23:43Þ

We have to note that during the calculation of J0ED
�� ��2 the third term appears:

Zh1

0

J0CIRCJ
0
ED:L

�� ��dY ¼ 0:

It is identically zero according to (23.40); this makes it possible to calculate
separately the losses produced by local eddy and circulating currents.

Let us find equations for losses in the slot part of section I′. After integration of
terms in Eq. (23.43) we have:

PI0ð ÞED:L¼ bMS
LSLTn
2r

Jj j2 K0ð Þ4 0:09h51

 þ 1:333 p� 1ð Þ2h51 þ 0:666 p� 1ð Þh51

�
;

ð23:430Þ

PI0ð ÞED:L¼ bMS
LSLTn
2r

Jj j2 K0ð Þ4 0:09h51

 þ 1:333 p� 1ð Þ2h51 þ 0:666 p� 1ð Þh51

�
;
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PI0ð ÞCIRC ¼ 1
2
bMS

LSLTn
r

Jj j2 K0ð Þ4 2h1R2



ah1 þ h21
� �2

þ 4ðp� 1Þ2h1R2 ah1 þ h21
� �2 þ 4ðp� 1Þh1R2 ah1 þ h21

� �2i
:

ð23:4300Þ

For I00 section we shall use equations for current densities (23.38) and (23.39); in
a similar way we shall obtain:

PI00ð ÞED¼ PI00ð ÞED:L þ PI00ð ÞCIRC;

where

PI00ð ÞED:L ¼ bMS
LSLTn
2r

Jj j2 K0ð Þ4 0:756h51

 þ 1:333 p� 1ð Þ2h51 þ 0:666 p� 1ð Þh51

�
;

PI00ð ÞCIRC ¼ bMS
LSLTn
2r

Jj j2 K0ð Þ4 2h1½ R2 ah1 þ h21
� �2

þ 4 p� 1ð Þ2h1R2 ah1 þ h21
� �2 þ 4 p� 1ð Þh1R2 ah1 þ h21

� �2i
:

ð23:44Þ

General equations for losses in the end part as long as LS on sections I0 and I00

may be calculated in the same manner.
It is easy to show that at R = 1 the amount of losses due to local eddy and

circulating currents on sections I0 and I00 is exactly equal to those obtained in
Sect. 23.2.4 for the same sections. This acknowledges the justice of stated
calculations.

Let us consider in greater details the physical meaning of equations for com-
ponents of losses caused by circulating currents. To do so we have to obtain in
equation for PI0ð ÞCIRC the losses components in another way bearing in mind the
following simple physical arguments:

(a) PI0ð ÞCIRC;S component. To obtain the current density and additional losses due
to self-induction it is sufficient to replace the elements I0 and I00 by infinitely thin
filaments with the current combined with their lower bases (counting from the
slot base); we assume that the same current flows through these filaments as on
respective sections I0 and I00.

For this contour I0–I00 we have the flux density BS ¼ l0JbMSnh1

bSLT
; flux combined

with contour I0–I00: US ¼ l0JbMSnh1 ¼ h1 þ að ÞL
0
SLT

bSLT
;density of circulating current

induced by self-induction flux:
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J0CIRC;S ¼ �jxl0rJbMSnh1 ¼ h1 þ að Þ R
2bSLT

: ð23:45Þ

This equation corresponds to the first term in Eq. (23.38) for J0CIRC. Thus, the
losses

PI0ð ÞCIRC;S¼ bMS
LSLTn
2r

Jj j2 K0ð Þ42h1R2 ah1 þ h21
� �2 ð23:46Þ

correspond to the first term of Eq. (22.43″);

(b) component PI0ð ÞCIRS;MUT.

To obtain the current density and additional losses caused by mutual flux we
shall replace sections I0–I00 by filaments with current. The flux density in contour
I0–I00 from mutual flux is:

BMUT ¼ l0JbMSn2h1 p� 1ð Þ
bLST

: ð23:47Þ

Mutual flux:

UMUT ¼ l0JbMSn2h1 h1 þ að Þðp� 1ÞL
0
SLT

bSLT
: ð23:48Þ

Density of circulating current induced by mutual flux:

J0CIRC;MUT ¼ � jxl0rJbMSnh1 h1 þ að Þðp� 1ÞR
bSLT

: ð23:49Þ

This equation refers to the second term in Eq. (23.38) for J0CIRC. Thus, the losses

PI0ð ÞCIRC¼ bMS
LSLTn
2r

Jj j2 K0ð Þ44 p� 1ð Þ2h1R2 ah1 þ h21
� �2 ð23:50Þ

correspond to the second term of Eq. (2.43″);

(c) component PI0ð ÞCIRC;S�MUT.

The third term of equation for PI0ð ÞCIRS corresponds to a combined action of self-
and mutual induction fluxes; it is proportional to the value (p − 1) of degree one:
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PI0ð ÞCIRC;S-MUT¼ bMS
LSLTn
2r

Jj j2 K0ð Þ44 p� 1ð Þh1R2 ah1 þ h21
� �2

: ð23:51Þ

Equations for calculation of currents and losses obtained on the basis of pure
analysis of distribution of self- and mutual induction field strength coincide com-
pletely with those obtained from more simple and physically more clear prereq-
uisites by the way of replacing sections I0 and I00 by filaments with current.

Now we note that for the calculation of current density and losses caused by
circulating currents there is no requirement imposed like K0 h1 þ að Þ\1 identical to
(23.14).

Let us proceed to the calculation of losses increase factor in mGR groups with
height making the both slot bars. These losses in slot and end parts are different: in
slot part there are eddy and circulating currents, while in end part—only circulating
currents (Fig. 23.9).

With the help of obtained calculation equations for additional losses due to
“local” eddy and circulating currents it will be fairly simple to calculate this factor:
to do so, the above additional losses should be referred to as D.C. losses of the
whole bar. As a result we shall have:

• for slot and end parts of both bars in the slot:

KF;B ffi 1þ Rþ 3R
2

4
K0hGRð Þ4m

2
GR

9
; ð23:52Þ

• for slot part of both bars in the slot:

KF;SLT ffi 1þ
R 1þ 3R

2
� �

4
K0hGRð Þ4m

2
GR

9
: ð23:53Þ

Here hGR ¼ 2h1;R ¼ R 1þ a
h1

� �
; where h1 is the height of elementary conductor in

group (without insulation), a—is a double-sided thickness of elementary conductor
insulation.

Equation (23.52) is necessary to calculate losses in the machine and its effi-
ciency factor, while Eq. (23.53)—to calculate overheating of winding slot part with
due account made for distribution of losses in some of bars in the slot. The problem
of their distribution in the slot has been described in Sect. 23.4.

To verify Eqs. (23.52) and (23.53) let us consider a particular case (complete
transposition). In this case we have: a ¼ 0;R ¼ R ¼ 1; an equivalent height of
elementary conductor is hGR ¼ hMS and their number is respectively mGR ¼ m:
Taking into account these approximations, we shall have the following:
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Eqs. (23.52) and (23.53) coincide with known equations [1, 3–5, 20] for solid
conductors (Field’s factor) described in Sect. 23.2.5. This confirms the validity of
found equations.

For ordinary sizes of copper elementary conductors used in practice Eqs. (23.52)
and (23.53) may be used at frequencies f� 650 Hz; in this case the condition
(23.14) is met.

Calculation example
We shall determine additional losses in stator winding of large power

frequency-controlled motor (7 MW, 13.1 rpm, 6.55 Hz, number of poles 2p = 60,
«Elektrosila» Work, Stock Company “Power Machines”, St.-Petersburg) fed by a
frequency converter. In current curve of the stator the most significant are har-
monics of order g = 5, g = 7, g = 11, circular frequency for g = 1: x = 41.15 l/s
(6.55 Hz). In stator slot there are two bars with height mGR = 20 groups of ele-
mentary conductors; t = 2. Winding data: h1 = 3.55 mm, bMS = 9 mm,
bSLT = 23.2 mm, a = 0.30 mm, n = 2. Now we shall determine losses increase
factors for harmonics g = 1, g = 5, g = 7, g = 11, r = 46 × 106 S/m.

Solution
For bar construction of this machine R = 0.55. From Eq. (23.53) we have
R = 0.5965. Calculation results according to Eqs. (23.52) and (23.53) are given in
Table 23.3.

In Table 23.3 additionally are given losses increase factors calculated using
(23.31); they correspond to the bar construction with complete transposition (in the
event it may be feasible). Calculation results show that for the same elementary
conductors the heating of bar slot part specified in general by factor KF;SLT

according to (23.53) remains practically the same when passing to the construction
with incomplete transposition and the losses in bars from current high time har-
monics determined, as a rule, by factor KF;B according to (23.52), increase when
passing to the construction with incomplete transposition.

Table 23.3 Losses increase factors for bar winding with incomplete transposition

g KF,MS according to
(23.52)

KF,SLT according to
(23.53)

KF,MS according to
(23.31)

1 1.0389 1.0273 1.0241

5 1.9723 1.6835 1.6011

7 2.9057 2.3397 2.1783

11 5.7058 4.3083 3.9090
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23.2.7.3 Practical Choice of Elementary Conductors in Slot
at Incomplete Transposition

Let us consider the problem which arises usually at designing stator winding in the
event when the transposition of all elementary conductors in the bar, whose number
with height makes m, fails to be feasible. We determine the height of copper in each
group with incomplete transposition, the number of such groups being 0.5 mGR

with bar height, under condition that such a winding has the same additional losses
PA:C:ðGRÞ and overheating HGR in the slot part as those for winding with complete
transposition; additional losses PA:C:, overheating H; height of transposed ele-
mentary conductor h1 and number m are supposed to be known.

Now we shall determine hGR and mGR under the conditions:

PA:C:ðGRÞ � PA:C:; ð23:54Þ

HGR �H; ð23:55Þ

(respective parameters characterizing the winding with incomplete transposition
contain symbol “GR”). The first equation indicates practically the equality of
additional losses in the slot and end parts of bars at their complete and incomplete
transposition and the second one corresponds to the parity of losses in slot part.

An overall height of copper in group hGR at incomplete transposition under
condition of (23.54) is:

hGR � 2h1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rþ 3R

2
q ; ð23:56Þ

under (23.55)

hGR � 2h1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rð1þ 3R

2Þ
q : ð23:57Þ

The number of groups at incomplete transposition under the condition of (23.54)
is

mGR � 1
2
mMS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rþ 3R

2
q

; ð23:58Þ

under (23.55)

mGR � 1
2
mMS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R 1þ 3R

2
� �r

: ð23:59Þ

Calculation example
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At motor designing the following parameters of elementary conductors in slot
have been chosen hMS = 1.8 mm, mMS = 44.

It was supposed that in the slot part a complete transposition of elementary
conductors may be realized. However, at bar designing it turned out that such a
transposition is unfeasible according to (23.2). Let us determine the height of
elementary conductors forming a group, and the number of groups at incomplete
transposition. Winding data are: bMS = 8 mm, n = 2 mm, bSLT = 20.5 mm,
a = 0.27 mm, R ¼ 0:4485, f = 50 Hz, t = 2.

Solution
First we shall specify R ¼ 0:52: This value is to be updated after determination of
h1.

For Eq. (23.54) from (23.56) and (23.58) we have hGR � 3:15 mm; mGR � 26:
For Eq. (23.55) we obtain from (23.57) and (23.59) hGR � 4:0 mm; mGR � 20:

Now we will choose hGR = 2.64 mm: the height of each elementary conductor
in the group is equal to h1 = 1.32 mm, the number of groups is mGR = 28.

Let us check the results: R ¼ R 1þ a
h1

� �
¼ 0:4485 1þ 0:27

1:32

� � ¼ 0:5402:

Thus, the value R was first chosen practically correctly.

23.2.8 Bars with Different D.C. Resistance of Elementary
Conductors: Calculation Example

Let us consider the problem of calculation of additional losses caused by eddy
currents induced by slot leakage cross-flux in elementary transposed conductors of
winding bar in the event when the D.C. resistance of these elementary conductors is
not the same (Fig. 23.10). The difference may be due to the fact that a part of bar
elementary conductors differs by electrical resistivity, cross-sectional area etc.; of
practical application are, for example, bar constructions containing solid and hollow
elementary conductors whose cross-sectional area is not the same, besides in some

Fig. 23.10 Cross-section of a bar with combined elementary conductors (hollow and solid)
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of them hollow elementary conductors are made of steel, while solid conductors—
of copper [31], so in general case:

rH 6¼ rMS; ð23:60Þ

SH 6¼ SMS; ð23:61Þ

where rH; rMS; SH; SMS are respectively the specific conductivity of elementary
conductor and cross-sectional area of hollow and solid elementary conductors.

In [20, 32] are described the methods to compute additional losses in bars with
hollow and solid elementary conductors due to eddy currents induced by slot
leakage cross-flux. However, the method described in [32] is valid only for
Eq. (23.61), i.e. for constructions where hollow and solid elementary conductors
have the same specific conductivity of elementary conductor ðrH ¼ rMSÞ; besides,
the result has not been reduced to calculation analytic equation (in closed form). In
the practice of calculations the absence of such an equation makes it impossible to
obtain an analytical dependence between parameters specifying an optimal bar
construction. In [33] there is a possibility to specify additional losses subject to both
Eqs. (23.60) and (23.61) by using numerical computations. To integrate the results
obtained in [34] there have been used methods of similarity law. However, such an
integration (in order to have an analytical equation) has been made in [34] only
under condition (23.61).

It will be more convenient to subdivide the problem analytical solution dealing
with losses QA:C: in a bar with different resistivity of elementary conductors into
several stages [20–22]:

• to determine separately losses in each type of elementary conductors;
• to establish the dependence between leakage fluxes due to currents in each type

of elementary conductors in one bar by applying Ampere’s law [3, 4].

We make it possible to use the results of first stage and to find additional losses
in a bar with combined arrangement of elementary conductors of several types.

Now we shall consider the first stage of problem solution.
The results of investigation of losses due to slot leakage cross-fluxes in bar

winding with solid elementary conductors are given in Sect. 23.2.5 [Eqs. (23.30)–
(23.32)].

As far as it concerns winding bars with hollow elementary conductors, the
results of investigation of losses due to leakage fluxes mentioned above are given in
Sect. 23.2.6 [Eqs. (23.34)–(23.36)].

Equations for calculation of losses increase factor in hollow elementary con-
ductor of pth layer and in solid elementary conductor of pth layer are of the same
topology. They contain three terms: the first of them does not depend on the number
of layers (p − 1); the second is proportional to (p − 1); the third is proportional to
ðp� 1Þ2, besides the factors at ðp� 1Þ and ðp� 1Þ2 are the same. Equations for
calculation of losses increase factor in a bar with hollow and with solid elementary
conductors are of the same topology.
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It should be noted that the primary role in origination of losses is attributed to
mutual induction slot fluxes specified in Eqs. (23.31), (23.32) and (23.35), (23.36)
by terms that are proportional to the number of elementary conductors m. This was
backed by examples (Tables 23.1, 23.2).

Equations obtained for calculation of losses increase factors in hollow and in
solid elementary conductors make it possible to have at the second stage of solution
an equation for calculation of additional losses in bar with combined elementary
conductors.

Let us consider a group (Fig. 23.11a, b) containing one hollow and q solid
elementary conductors, at that the count of solid elementary conductor in the group
if considering from the slot base shall be marked by w (w = 1, 2, 3 …, q). Solid
elementary conductors of this group occupy different positions relative to hollow
elementary conductor due to the transposition available in slot part. For the first
limiting position (a hollow elementary conductor is placed in the group above solid
elementary conductors) the intensity of slot cross-field induced by mutual induction
in the domain of wth solid elementary conductor is to be specified upon Ampere’s
law in the form [3, 4]

HMS;MUTð1Þ ¼ JHðp� 1ÞnSH þ JMSðp� 1ÞnqSMS þ JMSðw� 1ÞnSMS

bSLT
; ð23:62Þ

where JH; JMS are current densities in cross-sections of hollow and solid elementary
conductors, respectively.

From (23.62) it follows that we have established for the first limiting position
(Fig. 23.11a) the relation between the intensity HMS;MUTð1Þ of slot leakage
cross-field in the domain of wth solid elementary conductor and currents in both
types of bar elementary conductors (hollow and solid).

For the second limiting position (a hollow elementary conductor is placed in
group under solid elementary conductors, Fig. 23.11b) we shall obtain in a similar
way

HMS;MUTð2Þ ¼ JMSðp� 1ÞnqSMS þ JMSðw� 1ÞnSMS þ JHpnSH
bSLT

: ð23:63Þ

Fig. 23.11 Relative positions
of hollow and solid
elementary conductors in
group
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An averaged value of slot leakage cross field intensity in the domain of wth solid
elementary conductor of pth group is:

HMS;MUTðMEDÞ ¼ JMSðp� 1ÞnqSMS þ JMSðw� 1ÞnSMS þ JHðp� 0:5ÞnSH
bSLT

:

ð23:64Þ

In a similar way for hollow elementary conductor of pth group in both limiting
positions we have:

HH;MUTð1Þ ¼ JHðp� 1ÞnSH þ JMSðp� 1ÞnqSMS þ JMSnqSMS

bSLT
; ð23:65Þ

HH;MUTð2Þ ¼
JMSðp� 1ÞnqSMS þ JHðp� 1ÞnSH

bSLT
: ð23:66Þ

The averaged value of field intensity in the slot in the domain of hollow ele-
mentary conductor of pth group is:

HMS;MUTðMIDÞ ¼ JMSðp� 1ÞnqSMS þ 0:5JMSqnSMS þ JHðp� 1ÞnSH
bSLT

: ð23:67Þ

Equations (23.62)–(23.67) contain current densities JH; JMS in both types of
elementary conductors; in [32] it is shown that using (23.14) these current densities
may be calculated on the basis of an amplitude I of operational current (load
current) in bar, at that it shall be sufficient to assume that this current is uniformly
distributed on elementary conductor cross-section. Taking into account the above
said we have:

JH
JMS

¼ rH

rMS
: ð23:68Þ

The slot leakage field of HMS;MUTðMEDÞ intensity according to (23.64) may be
also created only by solid elementary conductors of ðp� 1ÞMS;EQ number, if this
value is calculated from the equation,

JMSðp� 1ÞMS;EQnSMS

bSLT
¼ HMS;MUTðMEDÞ: ð23:69Þ

Taking into consideration of (23.68) we shall have an equivalent number of
elementary conductors ðp� 1ÞMS;EQ creating the field of HMS;MUTðMIDÞ intensity in
the slot having only solid elementary conductors:
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ðp� 1ÞMS;EQ ¼ ðp� 1Þqþw� 1þ p� 1
2

 �
F ¼ pðqþ FÞ � qþ F

2
þ 1� w

 �
;

ð23:70Þ

where F ¼ rH
rMS

SH
SMS

:

In the manner similar to (23.70) we shall obtain an equivalent number ðp�
1ÞH;EQ of elementary conductors creating the field of HH;MUTðMEDÞ intensity in the
slot having only hollow elementary conductors:

ðp � 1ÞH;EQ ¼ ðp � 1Þþ p� 1ð Þ q
F
þ q

2F
¼ p

Fþ q
F

� q
2F

þ 1
� �

: ð23:71Þ

Let us use the results of the first stage of problem solution.
By using Eq. (23.30) for the losses increase factor KðPÞMS and Eq. (23.70) for an

equivalent number of solid elementary conductors we shall obtain the losses
increase factor for wth solid elementary conductor of pth group of real bar

KMS;GRðP�WÞ ¼ 1þ K0
MShMS

� �4

�
p(qþ FÞ � qþ F

2 þ 1� w
� �h i

þ p(qþ FÞ � qþ F
2 þ 1� w

� �h i2

3
:

ð23:72Þ

By analogy, using Eq. (23.34) for KðPÞH and the equivalent number of hollow
elementary conductors we shall obtain the losses increase factor for hollow ele-
mentary conductor of pth group of real bar

KH;GRðPÞ ¼ 1þ K0
HhH

� �4
T

SH
SH:CONT

p qþF
F � q

2F þ 1
� �h i

þ p qþF
F � q

2F þ 1
� �h i

3

2

:

ð23:73Þ

We determine losses in all nqmGR of solid elementary conductors in the slot;
here mGR is the number of groups in slot with height. Losses in each solid ele-
mentary conductor shall be calculated by Eq. (23.72), at that, a running index of
solid elementary conductor in group shall be w = 1, 2, …, q and a running index of
group—values p = 1, 2, 3, …, mGR. A calculation equation for losses in solid
elementary conductor in slot due to eddy currents induced by slot leakage cross-flux
shall be obtained in the form:

QðP;WÞ
A:C:MS ¼

1
2

IMS

mGRnq

 �2

nRMSKMS;GRðP;WÞ

byW ¼ 1; 2; . . .; q; P ¼ 1; 2; . . .;mGR

; ð23:74Þ
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where IMS is the amplitude of operational current (load current) flowing through
solid elementary conductors in slot; RMS is the D.C. resistance of solid elementary
conductor.

Now we shall determine losses in nmGR hollow elementary conductors in the
slot. Losses in each of them are calculated by Eq. (23.73). A calculation equation
for losses in hollow elementary conductors in slot due to eddy currents induced by
slot leakage cross-flux shall be obtained in the following form:

QðPÞ
A:C:H ¼ 1

2
IH

mGRn

� �2
nRHKH;GRðPÞ

by P ¼ 1; 2; . . .mGR

; ð23:75Þ

where IH is the amplitude of operational current (load current) flowing through
hollow elementary conductors in slot; RH is the D.C. resistance of hollow ele-
mentary conductor, at that

IEL:GR ¼ IH þ qIMS ð23:76Þ

is the load current in a group containing one hollow and q solid elementary
conductors.

According to (23.4) an overall losses increase factor is

KF;COMB ¼
Pq

W¼1

PmGR
P¼1 Q

ðP;WÞ
A:C:MS þ

PmGR
P¼1 Q

ðPÞ
A:C:H

QD:C:
; ð23:77Þ

where QD:C: are losses in groups of elementary conductors at their flow around by
direct current.

Taking into account relations (23.74)–(23.77) for some current components and
losses we shall have an equation in a closed form for losses increase factors in
nmGR slot groups, at that, each group contains one hollow and q solid elementary
conductors (in deriving the above equation the terms of second and higher order of
infinitesimals have been omitted):

KF;COMB ¼ 1þDKEQ

qþ F3 SH;CONT
SH

� �3
rMS
rH

� �2
T

qþ F
; ð23:78Þ

where

DKEQ ¼ K0
MShMS

� �4
m2

GR qþ Fð Þ2
9

: ð23:79Þ

Equation (23.78) is general and specifies the losses in all elementary conductors
in slot due to eddy currents induced by slot leakage cross flux for the bar
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construction satisfying the both Eqs. (23.61) and (23.62). This equation [20] has a
simple physical conception. The first of multipliers (23.79) corresponds to addi-
tional losses in nmGR groups of solid elementary conductors; each group contains q
real solid elementary conductors and F equivalent solid elementary conductors
replacing one hollow elementary conductor. The second multiplier in (23.78) refers
to the influence of existence of these F equivalent solid elementary conductors in
each group on additional losses in slot; it does not depend on the number mГP and
frequency x:

By using the method described above and the relations obtained further it is not
difficult to specify additional losses in some bars in slot and in the construction
itself where the number of elementary conductors that compose these bars are not
the same (for example, the height of solid elementary conductor of upper bar is
chosen smaller than that one of lower bar).

Now let us consider three special cases being of particular practical interest.
1st case: rH � rMS; F ! 0:
According to (23.78), (23.79) we have:

KF;COMB ¼ 1þ K0
MShMS

� �4 mGRqð Þ2
9

;

that practically corresponds to the equation for losses in solid elementary con-
ductors in slot [Sect. 23.2.5, Eq. (23.31)].

2nd case: rH � rMS, K0
MS ! 0; F ! 1; thus

KF;COMB ¼ 1þ K0
HhH

� �4
m2

GR

SH

SH;CONT
T

9
;

that practically corresponds to the equation of losses in hollow elementary con-
ductors in slot [Sect. 23.2.6, Eq. (23.35)].

The both limiting cases prove the validity of found Eq. (23.78).
3rd case: rH ¼ rMS

Equations (23.78) and (23.79) are to be simplified:

KF;COMB ¼ 1þDKEQ

qþ hH

hMS

� �3
T

qþ SH

SMS

; ð23:80Þ

where DKEQ ¼
K0hMSð Þ4m2

GR qþ SH

SMS

� �2

9
:

Equation (23.80) is of special practical interest: it is valid for winding bars
whose hollow and solid elementary conductors are made of copper.

Calculation example
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In stator slots of frequency—controlled drive motor 5.5 MW, 19.2 rpm, the
number of poles 2p = 60 [35] has been arranged a double-layer bar winding.
Number of elementary conductor groups in slot: with height mGR = 8, with width
n = 2; slot width bSLT = 24.5 mm. Each group contains one hollow and two solid
elementary conductors (q = 2). Sizes of hollow elementary conductor: hH = 5 mm,
bH = 9 mm; bCAN = 6 mm; aCAN = 2 mm. Sizes of solid elementary conductor:
hMS = 1.95 mm; conductivity of both elementary conductors 46 × 106 S/m.
A machine is operated by a network containing time harmonics of order g = 5,
g = 7, g = 11. Rated frequency (g = 1) f = 9.6 Hz.

The value of factors KF;COMB calculated for g = 5, g = 7, g = 11 for a special
case rH ¼ rMS Eq. (23.80) is given in Table 23.4. Let us note that the values given
in this table coincide practically completely with those of calculation of KF;COMB

according to [2, 32], method designed only for this special case, and by using the
numerical method [33] at rH ¼ rMS; the discrepancy does not exceed 2 %.

Table 23.4 provides the results of calculation of losses increase factor for a
construction version where the width of elementary conductor remains the same but
the hollow elementary conductor is made of steel (rH = 2 × 106 S/m), at that, in
slot with height mGR = 4; hH = 4.5 mm; bH = 9 mm, bCAN = 7.5 mm;
aCAN = 3 mm, hMS = 2.26 mm, bSLT = 24.5 mm, q = 6; so, an overall height of
elementary conductors in slot and slot sizes in this version remain practically the
same. To calculate KF;COMB a general Eq. (23.78) has been used. The results were
verified by a numerical method [33] for rH 6¼ rMS; the discrepancy does not
exceed 2 %.

It should be noted that as compared with the previous case in this construction
version the D.C. losses increase in the way that the ratio of losses in winding being
flowed by alternating current Q

A:C: for the construction at rH 6¼ rMS and for the
construction version at rH ¼ rMS makes (Table 23.5).

From the table it follows that when the machine is fed by a non-sinusoidal
current, approximately equal values of efficiency correspond to windings of both
constructions.

Table 23.4 Losses increase factors for winding bars with combined elementary conductors of a
frequency-regulated drive

g KF;COMBðrH ¼ rMSÞ KF;COMBðrH 6¼ rMSÞ
5 1.298 1.075

7 1.584 1.148

11 2.441 1.365

Table 23.5 Losses ratio Q
A:C: in bar winding of frequency-regulated drive for versions rH 6¼

rMS and rH ¼ rMS

g 5 7 11

Q
A:C: 0.920 0.806 0.620
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At calculation of KF;COMB and Q
A:C: the area of solid elementary conductor SMS

and of hollow conductor contour SH;CONT has been specified without taking into
account technological rounding, i.e. by rectangular cross-section; with allowance
for rounding these areas are approximately smaller by 1–3 %. The error of KF;COMB

does not exceed 1 % in this case.

List of symbols

a Two-sided thickness of insulation of the elementary conductor;
a0 Number of parallel branches of winding;
aCAN Height of channel in the hollow conductor;
bC Width of channel in the active stator core;
bCAN Width of channel in the hollow conductor;
bCON Width of the elementary conductor;
bH Width of the hollow elementary conductor;
bMS Width of the massive elementary conductor;
bSLT Width of the slot;
BMUT Flux density corresponds to the mutual induction of leakage flux in the

slot with the elementary conductor;
BS Flux density corresponds to the self-induction of leakage flux in the slot

with the elementary conductor;
F0 Criteria of transposition quality in the bar winding;
hCON Height of the elementary conductor;
hH Height of the hollow elementary conductor;
hMS Height of the massive elementary conductor;
H Magnetic field strength in the slot;
HH Magnetic field strength in the slot in the area of hollow conductor of

group of conductors;
HMS Magnetic field strength in the slot in the area of massive conductor of

group of conductors;
I Amplitude of stator current under load;
IED Amplitude of eddy current;
IEL Amplitude of current in the elementary conductor;
IEL,GR Amplitude of stator current in the group of elementary conductors;
J Current density;
J(CIRC) Current density of circulating current between the elementary

conductors;
JED Density of eddy current;
JH Current density in the hollow conductor;
JMS Current density in the massive conductor;
K′ The factor of reduction of the height of the elementary conductor to the

dimensionless parameter;
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K(p) Losses increase factor (Field’s factor)
K(p)H Field’s factor for the hollow conductor with number p;
K(p)MS Field’s factor for the massive conductor with number p;
KF Losses increase factor (Field’s factor);
KF,MS Field’s factor for the bar composed of massive conductors;
KF,H Field’s factor for the bar composed of hollow conductors;
L0 Length of elementary conductor between two end parts;
LS Length of end part;
LSLT Length of slot part of winding without accounting of the channel in the

active stator core;
L0
SLT Length of slot part of winding with take into account of the channel in

the active stator core;
m The number of elementary conductors on the height of the bar counting

from the bottom of slot;
mB The number of elementary conductors in the bar along the height;
mGR The number of group of elementary conductors along height counting

from the bottom of slot;
n Number of elementary conductors along width of bar;
nC Number of channel in stator core;
p Number of elementary conductor along height of bar counting from the

bottom of slot;
PA.C. Additional losses in winding under A.C. current;
q Number of massive conductors in the group;
QA.C. Losses in winding under A.C. current;
QD.C. Losses in winding under D.C. current that is equal to the RMS value of

A.C. current;
QA.C.,H Losses in winding composed of the hollow conductors under A.C.

current;
QA.C.,MS Losses in winding composed of the massive conductors under A.C.

current;
R Ratio between the length of slot part of winding (with accounting of the

channel) and length of half-turn;
SH Area of hollow conductor;
SH,CONT Area of contour of hollow conductor;
SMS Area of massive conductor;
T0 Step of transposition in the bar;
t Number of elementary conductors in group along height of bar with

incomplete transposition;
w Number of massive conductor in the group;
Y Coordinate along height of slot (axis of symmetry of rectangular slot);
β Chording of winding;
θ Overheat of winding;
λMUT Conductivity for the mutual—induction flux;
λS Conductivity for the self-induction flux;
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μ0 Magnetic permeability of air;
μFE Magnetic permeability of stator core;
σ Electroconductivity of winding conductors;
σMS Electroconductivity of massive conductors of winding;
σH Electroconductivity of hollow conductors of winding;
ФP Flux connected with the elementary conductor;
ФMUT Mutual induction flux connected with the elementary conductor with

number p;
ФS Self-induction flux connected with the elementary conductor with

number p;
ω Circular frequency of EMF and current;

23.3 Numerical Methods of Eddy Current Investigation
in Elementary Conductors of Bar Winding

23.3.1 General Observations

A wide utilization of modern computers in electrical machine engineering enables
us to determine in a very simple way losses in bar windings of various designs with
the help of numerical methods. Numerical iteration methods of calculation of
currents induced by alternating magnetic field in a conducting medium have been
elaborated in sufficient details last years. They are applied in practice to solve not
only one-dimensional but two- and three-dimensional problems [11]. However,
investigations show that for rectangular elementary conductors utilized for bar
windings and meeting the requirements of (23.14) it will be sufficient to solve
one-dimensional problem with accuracy required for practical purposes and to
apply assumptions listed in Sect. 23.2.2.

Numerical methods may be of practical interest, for example, in the event when
elementary conductors have non-standard geometric shape and analytical equations
for calculation of losses in bar having this type of elementary conductors are not
available.

For this case study let us consider (within the framework of assumptions given in
Sect. 23.2.2) the calculation method of losses in bar winding having hollow and
solid elementary conductors transposed between themselves; we shall agree for
definiteness that each group contains only one solid elementary conductor (q = 1).
This method makes it possible to calculate losses in the case when the resistivity of
both elementary conductors in group is different (Eq. 23.60). If there is an ana-
lytical solution for losses in bar having these elementary conductors, it is possible to
verify the calculation results obtained by numerical methods. The method can be
applied within CAE software for A.C. machines having elementary conductors of
various shapes and conductivity in stator bar winding.
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23.3.2 Problem Statement: Losses in Elements of Hollow
and Solid Conductors of Slot Group

Let us subdivide the conductors of slot group into elements: solid elementary
conductors—into b elements, a hollow elementary conductor—into d elements
(Fig. 23.12). Their number is to be chosen sufficiently large so that the current with
height of each elementary conductor could be considered as uniformly distributed
with accuracy sufficient for practical calculations, i.e. with accuracy at which
KF;COMB is calculated.

We shall symbolize current values in elements of hollow conductor
IHð1Þ; IHð2Þ; IHð3Þ; . . .; IHðdÞ; currents in elements of solid elementary conductor shall
be symbolized in a similar way IMSð1Þ; IMSð2Þ; IMSð3Þ; . . .; IMSðbÞ, IH—is the current in
hollow elementary conductor, IMS—is the current in solid elementary conductor.
The same symbols shall be attributed to the elements D.C. resistance of both
conductors. Then, for currents, we may write:

IHð1Þ þ IHð2Þ þ IHð3Þ þ � � � þ IHðdÞ ¼ IH;

IMSð1Þ þ IMSð2Þ þ IMSð3Þ þ � � � þ IMSðbÞ ¼ IMS;
ð23:81Þ

where IH, IMS are operational (load) currents respectively in hollow and solid
elementary conductors of group.

In Eq. (23.76) the following is valid for currents:

IH þ qIMS ¼ IEL;GR; ð23:82Þ

where IEL;GR is the amplitude of operational current in the group containing one
hollow and q solid elementary conductors; in the way similar to (23.3′) we have:

IEL;GR
I

mGRna0
:

Fig. 23.12 Subdivision of hollow and solid elementary conductors into elements
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Losses at alternating current flowing-around conductors of slot group shall be
written as follows:

• A.C. losses in hollow elementary conductor

QHðPÞ ¼
RHð1Þ IHð1Þ

�� ��2 þRHð2Þ IHð2Þ
�� ��2 þ � � � þRHðdÞ IHðdÞ

�� ��2

2
; ð23:83Þ

• A.C. losses in solid elementary conductor

QMSðPÞ ¼
RMSð1Þ IMSð1Þ

�� ��2 þRMSð2Þ IMSð2Þ
�� ��2 þ � � � þRMSðbÞ IMSðbÞ

�� ��2

2
: ð23:830Þ

Losses in the group at alternating current flowing around its elementary
conductors:

QA:C:ðPÞ ¼ QHðPÞ þ qQMSðPÞ:

Losses at direct current flowing around conductors of slot group (fundamental
losses)

QD:C:
RGR IEL;GR

�� ��2

2
; ð23:84Þ

where IEL;GR—according to (23.82), RGR—is the D.C. resistance of a group of
conductors:

1
RGR

¼ 1
RH

þ q
RMS

;
1
RH

¼ 1
RHð1Þ

þ 1
RHð2Þ

þ � � � þ 1
RHðdÞ

;

1
RMS

¼ 1
RMSð1Þ

þ 1
RMSð2Þ

þ � � � þ 1
RMSðbÞ

:

The losses increase factor (Field’s factor) KF;COMB for elementary conductors of
pth group according to (23.4) is equal to:

KF:GRðPÞ ¼
QA:C:ðPÞ
QD:C:

: ð23:85Þ

The resultant losses increase factor KF;GR shall be calculated in the way similar
to (23.27):
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KF:GR ¼ KF;GRðP¼1Þ þKF;GRðP¼2Þ þKF;GRðP¼3Þ þ � � �
mGR

: ð23:850Þ

We see that the problem of specifying losses QA:C:ðPÞ and factor KF;GR is reduced
to that of finding the currents in elements of slot group conductors.

23.3.3 System of Equations for Currents in Elements of Slot
Group Conductors. Circuits with Flux Linkage

Elements of all mGRn slot groups form closed circuits with flux linkage. There are
several forms of equation system to find currents in these circuits [19, 20, 36]. We
shall present it in the form of Kirchhoff’s equations for circuits with flux linkage fed
by a source with preset voltage. For a bar winding the voltage U between bar ends
(strips in end part) for all elementary conductors is the same: U = idem [33].

For notational convenience, it is supposed that the currents in elements of hollow
and solid conductors are arranged on their bottom bases. Each system equation shall
be written for one conductor element and contains the components of EMF induced
by leakage flux of this element (self-induction) and by leakage fluxes of other
elements of all slot conductors (mutual induction).

A numerical method using equations for circuits with flux linkage to specify the
distribution of currents in them is not a unique method to solve similar problems
related to skin effect. In [36] for example, a numerical iterative method is presented
as a convenient practical procedure. It was used for the calculation of skin effect in
rotor solid bar with account of temperature distribution in it, but it may be also used
for the solution of investigated problem.

It is presented in Appendix 1. Due to small sizes of solid and hollow elementary
conductors (as compared to the sizes of rotor bar of asynchronous motor) there is
practically no need to consider the temperature distribution along the slot center
line. However, for generality it is considered when presenting this method in
Appendix 1: skin effects may be studied in the same way in the event when the
impedance of some conductor elements is not the same due to its geometry as it
takes place, for example, in hollow conductor elements belonging with height to
different sections (its bases and zone where a cooling channel is arranged).

By using this method, it is not difficult to record an algorithm for calculation of
current and additional losses distribution in a group containing solid and one hollow
elementary conductors in stator winding bar in the manner similar to that in
Appendix 1.

The calculation practice shows that the concordance of factor values KF;GR

calculated according to (23.85) and Eqs. (23.78) and (23.79) may be obtained with
error less than 2 % if every solid elementary conductor at K0

MShMS\1 is subdivided
in height into b� 4 equal elements. A subsequent increase of the number of ele-
ments does not give any adjustment of losses value following (23.85′) but makes
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calculations complicated. By analogy, while increasing sequentially the number of
elements d of hollow elementary conductor it was established that at K0

MShMS\1 it
suffices to specify that d� 5.

Now let us write the system of Kirchhoff’s equations for elements of hollow
conductor at d = 5 and of solid elementary conductor at b = 4 [33].

Let us note the coefficients of mutual induction of one element of solid con-
ductor with other element of the same conductor or with an element of other
conductor by MMS (with respective counts of these elements) and introduce similar
notations ðMHÞ for coefficients of mutual induction of hollow conductor elements.
We shall note by LMS the coefficients of self-induction of solid conductor element
(with respective count of this element); similar notations ðLHÞ shall be introduced
for coefficients of self-induction of hollow conductor elements. As before, D.C.
resistances of solid conductor elements shall be designated as RMSð1Þ; . . .;RMSð4Þ,
and of hollow conductor elements as RHð1Þ; . . .;RHð5Þ.

Equation for νth element of solid conductor of pth group contains components of
EMF caused by the following slot leakage fluxes ðm� 4; s� 4Þ :
• flux due to load current IMSðsÞ in sth element of the same elementary conductor

ðs 6¼ mÞ

UMSðm;sÞ ¼ IMSðsÞMMSðs;mÞ; MMSðs;mÞ ¼ MMSðm;sÞ:

For example, at ν = 1 and s = 4 we have:

UMSð1;4Þ ¼ IMSð4ÞMMSð4;1Þ; MMSð4;1Þ ¼ MMSð1;4Þ:

• flux due to current IMSðmÞ in this element with count ν

UMSðmÞ ¼ IMSðmÞLMSðmÞ:

For example, at ν = 1 we have:

UMSð1Þ ¼ IMSð1ÞLMSð1Þ:

• flux due to current IEL:GR of all n(p − 1) groups of conductors arranged under
the studied elementary conductor

UMSðm;0Þ ¼ IEL:GRnðp� 1ÞMMSðm;0Þ:

For example, at ν = 1 we have:
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UMSð1;0Þ ¼ IEL:GRnðp� 1ÞMMSð1;0Þ:

We note that for the second limiting position (Fig. 23.11b) shall be added other
terms like

U0
MSðm;0Þ ¼ IHMMSðm;0Þ:

For example, at ν = 1 we have:

U0
MSð1;0Þ ¼ IHMMSð1;0Þ:

By analogy, the equation for νth element of hollow elementary conductor of pth
group contains components of EMF caused by leakage fluxes
ðm� 5Þ : UHðm;sÞ;UHðmÞ;UHðm;0Þ. We must note that for the first limiting position
(Fig. 23.11a) shall be added other terms:

U0
Hðm;0Þ ¼ IMSMHðm;0Þ:

For example, at ν = 1 we have:

U0
Hð1;0Þ ¼ IMSMHð1;0Þ:

Taking into account these equations for these fluxes the equation for the first
element of solid elementary conductor counting from slot base becomes (for the
first position in Fig. 23.11a, at q = 1):

IMSð1Þ jxLMSð1Þ þRMSð1Þ
� �þ jIMSð2ÞnxMMSð1;2Þ þ jIMSð3ÞnxMMSð1;3Þ




þ jIMSð4ÞnxMMSð1;4Þ
�

þ jIMSðp� 1ÞnxMMSð1;0Þ þ jIHðp� 1ÞnxMMSð1;0Þ

 � ¼ U:

ð23:86Þ

The first four terms in square brackets correspond to slot leakage fluxes pro-
duced by currents in elements of solid conductor of pth group, two other terms in
square brackets—to slot leakage fluxes created by currents of (p − 1)n groups
arranged under investigated group. The both sums in square brackets are compo-
nents of voltage in the slot part of elementary conductor from slot leakage fluxes.

In the same way we can write down the other three equations for three remaining
elements of solid conductor.

Now let us proceed to equations for hollow conductor elements. With allow-
ances for equations for some components of slot leakage flux we come to the
equation for the first element:
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IHð1Þ jxLHð1Þ þRHð1Þ
� �þ jIHð2ÞnxMHð1;2Þ þ jIHð3ÞnxMHð1;3Þ




þ jIHð4ÞnxMHð1;4Þ þ jIHð5ÞnxMHð1;5Þ
�

þ jIHðp� 1ÞnxMHð1;0Þ þ jIMSðp� 1ÞnxMHð1;0Þ þ jIMSnxMHð1;0Þ

 � ¼ U:

ð23:87Þ

Four other equations for remaining four elements of hollow conductor shall be
written in a similar way.

From a system of equations like (23.86) and (23.87) nine currents are to be
specified in elements of slot group conductors, while from Eqs. (23.83)–(23.85)—
the factor KF;COMB for first limiting position.

Four equations for solid conductors of slot group in the second limiting position
(Fig. 23.11b) are to be written identically to (23.86). Five equations for one hollow
conductor in second limiting position (Fig. 23.11b) are deduced in the way similar
to (23.87). For this limiting position from the system similar to the previous one
nine currents shall be specified in elements of both conductors and respectively
factor KF;GR. A resulting factor is

KF;GR ¼ KF;GRð1Þ þKF;GRð2Þ
2

:

Let us write equations for self- and mutual induction coefficients making part of
equation system.

For hollow elementary conductor in Fig. 23.13

Fig. 23.13 Current distribution profiles with height of hollow elementary conductor.
Computation results obtained with the help of numerical method: a at p = 1, b at p = 5 and
c p = 15
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LHð1Þ ¼ l0L
0
SLT

1:667h1 þaCAN

bSLT
; LHð2Þ ¼ l0L

0
SLT

1:667h1 þaCAN

bSLT
;

LHð3Þ ¼ l0L
0
SLT

h1 þ 0:334aCAN

bSLT
; LHð4Þ ¼ l0L

0
SLT

0:667h1

bSLT
;

LHð5Þ ¼ l0L
0
SLT

0:167h1

bSLT
; where L0

SLT � by ð23:2:41Þ;
MHð1;0Þ ¼ LHð1Þ;MHð1;2Þ ¼ MHð2;0Þ ¼ LHð2Þ;MHð1;3Þ ¼ MHð3;0Þ ¼ LHð3Þ;
MHð1;4Þ ¼ MHð2;4Þ ¼ MHð3;4Þ ¼ MHð4;0Þ ¼ LHð4Þ;
MHð1;5Þ ¼ MHð2;5Þ ¼ MHð3;5Þ ¼ MHð4;5Þ ¼ MHð5;0Þ ¼ LHð5Þ:

ð23:88Þ

For elements of solid conductor the inductions are to be written in a similar way.
We must note that in equations of EMF (23.86) and (23.87) the influence of

leakage flux in end parts may be taken into account.
By way of illustration in Fig. 23.13 we show the current distribution profiles

with height of hollow elementary conductor in winding of frequency-controlled
motor: (a) for p = 1; (b) for p = 5. Its winding contains mGR ¼ 8 groups with
height, the sizes of hollow and solid elementary conductors are given in the
example of Sect. 23.2; frequency f = 48 Hz (g = 5).

From Eq. (23.85) and from the system of equations like (23.86) and (23.87)
there shall be determined the losses and factor KF;GR not only in the bar with hollow
and solid elementary conductors but for two special cases when the bar is made
either only of solid or only of hollow elementary conductors. For example, in first
special case it suffices to set the resistivity of hollow elementary conductors sig-
nificantly greater than that for solid elementary conductors rH � rMSð Þ:

The treatment of calculation results for losses in hollow elementary conductors
with various overall sizes and channel dimensions at rH ¼ rMS shows that the
factor KFH may be calculated from relation:

KF;H � 1þ KF;MS � 1
� �

1þ 3 zþ 1ð Þ2
h i 1þ 1:15zhH

zþ 2ð ÞbH

0:25 zþ 2ð Þ4 ; ð23:89Þ

where z ¼ aCAN

hH
;KF;MS is the losses increase factor of in equivalent solid elementary

conductors having the same overall dimensions as hollow conductors; according to
(23.31):

KF;MS ffi 1þ m2 � 1ð Þ K0hHð Þ4
9

:

Relations (23.35) and (23.89) provide, for the same bar construction with hollow
elementary conductors, the values of KF;H that differ by less than 2 %. This proves
the validity of given calculations.

When comparing the results of numerical method of calculation of losses in bar
with combined elementary conductors obtained with the help of Eqs. (23.81)–
(23.85) and analytical Eqs. (23.78) and (23.79), we may see that the divergence
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between them does not exceed 2 % (at K0
MS\1; K0

H\1Þ, where K0
MS;K

0
H are found

following (23.14). This proves once again the validity of performed calculations.
On the basis of what was stated in this section we may see advantages and

disadvantages of the numerical method of problem solving as compared with the
analytical method.

The fulfilment of problem solving with the help of numerical methods of losses
calculation enables us to obtain on the same assumptions the result with the same
accuracy that performed by analytical method. It should be noted that when using
numerical method there are practically no limitations (within adopted assumptions)
imposed on geometric shape of elementary conductors.

In Sect. 23.3.1 we have already found that in engineering practice when
designing machines it is important to have not only the numerical result, for
example, the value of additional losses in bar with combined elementary conduc-
tors, i.e. value KF;GR. Equally important is to know what is the influence on the
result KF;GR

� �
exercised by other parameters characterizing the process, for

example, what is its dependence on aCAN, hH. By solving the problem with the help
of numerical methods it comes possible to establish such a dependence in a closed
form (like formula) by applying special mathematical methods: law of similarity
[12, 13, 34] design of experiments etc. To use these methods it would be necessary
to carry out many calculations while changing reference parameters (for example,
aCAN, hH) within the range, which is of practical interest.

List of symbols

a0 Number of parallel branches in stator winding;
g Order of temporal harmonic of the current;
IH(1), IH(2), …, IH(d) Amplitude of currents in hollow elementary conduc-

tors of group;
IMS(1), IMS(2), …, IMS(b) Amplitude of currents in solid elementary conductors

of group;
IH, IMS Amplitude of currents respectively in hollow and solid

elementary conductors of group;
IEL.GR Amplitude of currents in group containing one hollow

and q solid elementary conductors;
KCOMB(P) Losses increase factor (Field’s factor) for elementary

conductors of pth group;
LMS Self-inductance for solid elementary conductors of

group;
LH Self-inductance for hollow elementary conductors of

group;
MMS Mutual inductance for solid elementary conductors of

group;
MH Mutual inductance for hollow elementary conductors

of group;
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n The number of elementary conductors at the width of
the bar;

RH(1), RH(2), …, RH(d) D.C. resistances in hollow elementary conductors of
group;

RMS(1), RMS(2), …, RMS(b) D.C. resistances in solid elementary conductors of
group;

RGR D.C. resistance of the group of elementary conductors;
ФH Leakage flux coupled with hollow elementary con-

ductors of group;
ФMS Leakage flux coupled with solid elementary conduc-

tors of group.

23.4 Losses Distribution in Bar Winding

23.4.1 Additional Losses Distribution in Winding Turns
in Slots

Note. We will use in this para the RMS values for all currents and current densities.
Large power high-voltage machines, for example, diesel generators with low

rotational speed, frequency-controlled motors are to be manufactured in some cases
with multi-turn bar winding (number of bars in slot being N > 2). In some cases
they may be produced with coil winding (with number of turns STR [ 1Þ: However,
on reasons of winding repairability, its manufacturing in the form of bar winding is
more preferred and may be unique in case of large sections of turn.

The design of two-pole turbine generators 8–10 MW with rated voltage 6.3 and
10.5 kV with thermosetting insulated two-layer winding developed by the
“Electrosila” Work, StockCompany “Power Machines”, St. Petersburg, has some
special features. In such a machine, the number of effective conductors per stator
slot should be at least 4–6. For the winding of coil type, each coil has SC = 2–3
turns per coil. Experience shows that such two-pole coils with winding pitch in

Fig. 23.14 Section of a double-turn bar
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range of chording 0.8 ≤ β ≤ 0.833 are difficult to manufacture and therefore not
sufficiently reliable in operation.

For bar-type winding, each bar should contain 2 or 3 turns. Such bars are more
complex than one-turn bar, but they are reliable enough in operation. For example,
the “Electrosila” Work produced two-pole turbine-type generators up to 6 MW
(6.3 kV, cos φ = 0.8) and synchronous motors up to 6 MW (6 kV, cos φ = 0.9)
with two-turn bars (N = 4, β = 0.833) and also such turbogenerators of 6 MW
(10.5 kV, cos φ = 0.8) and motors of 6 MW (10 kV, cos φ = 0.9) with three-turn
bars (N = 6, β = 0.833).

The distribution of power losses over such bars is discussed below.
Figure 23.14 illustrates an example of a double turn bar (N = 4); let us designate

the number of layers in turn along of height as mB, and the total number of layers in
slot is always m. The number of elementary conductors per turn of bar winding is
Q0 ¼ mBn: In practice multi-turn bars contain either N = 4 or N = 6.

Now let us consider the distribution of losses in double-layer winding. We shall
do it first for winding with solid elementary conductors. Equation for losses
increase factor in pth layer of elementary conductors counting from the slot base
becomes according to (23.30):

KF;MSðPÞ ¼ 1þ K0hMSð Þ4 p� 1ð Þp
3

: ð23:90Þ

For all Q0 of elementary conductors in first turn (M = 1, counting from the slot
base) we shall have from (23.90):

KF;MSðM¼1Þ ¼ 1þ 1
mB

XmB

p¼1

KF;MSðpÞ � 1
� � ¼ 1þ K0hMSð Þ4 m2

B � 1
� �

9
:

By analogy, for all Q0 of elementary conductors of second turn (M = 2):

KF;MSðM¼2Þ ¼ 1þ 1
mB

X2mB

p¼mB þ 1

KF;MSðpÞ � 1
� � ¼ 1þ K0hMSð Þ4 7m2

B � 1
� �

9
:

For an unspecified M while continuing the summing up it is not difficult to
obtain the relation,

Table 23.6 Values of B for M = 1; 2; 3; 4; 5; 6

M 1 2 3 4 5 6

BM 1 7 19 37 61 91
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KF;MSðM¼NÞ ¼ 1þ K0hMSð Þ4 BMm2
B � 1

� �

9
; where BM ¼ M3 � M� 1ð Þ3:

ð23:91Þ

For some values of M = 1; 2; 3; 4; 5; 6 BM values are given in Table 23.6.
So, additional losses in bar turns counting from the slot base satisfy, according to

this table, the relation [20, 37, 38]: 1:7:19:37:61:91.
For subsequent calculations it shall be useful to find the relation between the

values of factor KF;MSðM¼1Þ of bottom turn of lower bar (M = 1) and factor KF;MS of
elementary conductors of the whole slot, i. e. factor for all turns N. By determi-
nation of KF;MSðM¼1Þ with allowance for (23.91) we have for KF;MSðM¼1Þ:

KF;MSðM¼1Þ ¼ 1þ N KF;MS � 1
� �

B M¼1ð Þ þB M¼2ð Þ þ � � � þB M¼Nð Þ
¼ 1þ KF;MS � 1

� �

N2 :

ð23:92Þ

Thus, the losses in a turn with number M at its A.C. flow-around are the following
[37, 38]:

QA:C:ðMÞ ¼ QD:C:KF;MSðMÞ ¼ QD:C: 1þ KF;MS � 1
� �

BM

N2

� 	
; ð23:93Þ

where QD:S:—are losses in Mth turn at its flow-around by the direct current, B Mð Þ is
based on Table 23.6.

In Table 23.7 as indicated in Eq. (23.93) the values of KF;MSðMÞ are given for
several turns of bar at M = 1; 2; 3; …; 6; they are of practical interest.

When obtaining Table 23.7 an average slot factor KF;MS as specified in (23.93) is
equal to KF;MS = 1.333. It follows from the table that the larger the number of turns
N in the slot, the higher the level of non-uniformity of losses distribution QA:C:.

Table 23.7 Values of factor KF,MS(M) for several turns of bar

M N = 2 N = 4 N = 6

1 1.083 1.021 1.009

2 1.583 1.146 1.065

3 1.396 1.176

4 1.771 1.343

5 1.56

6 1.843
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23.4.2 Losses in Several Bars of Double-Layer Winding

The relation of total losses in both slot bars of double-layer winding does not
depend on the number of turns N in the slot and is specified only by an average slot
factor KF;MS. This important conclusion is the result of the following. For a lower
bar the A.C. losses

QA:C:ðBTÞ ¼ QD:C: KF;MSðM¼1Þ þKF;MSðM¼2Þ þ � � � þKF;MSðM¼0:5NÞ

 �

¼ QD:C: 0; 5Nþ 0:125N3 KF;MSðM¼1Þ � 1

 �� � : ð23:94Þ

Either with allowance of (23.4.3) we have:

QA:C:ðBTÞ ¼ QD:C:N 0:5þ 0:125 KF;MS � 1
� �
 �

: ð23:940Þ

By analogy, for the upper bar whose turn numbers meet the relations
M = 0.5 N + 1; M = 0.5 N + 2;… M = N we have:

QA:C:ðTPÞ ¼ QD:C: 0:5Nþ N3 � 0:125N3� �
KF;MSðM¼1Þ � 1

 �� �

¼ QD:C:N 0:5þ 0:875 KF;MSðM¼1Þ � 1
� �
 �

:
ð23:95Þ

By consequence, the ratio of total losses in both bars is given by:

Q
TP;BT ¼ 4þ 7 KF;MS � 1

� �

3þKF;MS
:

For example, at average slot factor KF;MS = 1.333 we have Q
TP;BT = 1.462.

Table 23.8 provides the losses ratio Q
TP;BT against an average slot factor KF;MS.

From Table 23.8 it follows that for machines with high values of KF;MS the
matters of upper bar heating may be of great importance.

Table 23.8 Dependence of losses Q
TP;BT on an average slot factor KF,MS

KF,MS 1.1 1.15 1.2 1.25 1.3 1.4

Q
TR;BT 1.146 1.217 1.286 1.353 1.419 1.545
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23.4.3 Losses Ratio in Outer Turns in Slot

Let us specify the losses ratio in outer turns in the slot with numbers M = 1 and
M ¼ N� 2: This problem is more general than that one in the previous section. Its
relevance is due to the following. When machines are in short-time overload that is
typical, for example, for motors of ice-breakers, roll mills, mine hoists, the winding
deformation in the slot is due to the rate of temperature H rise in its turns. This rate
dH
dt (t—time) is to be determined for copper conductors at adiabatic heating from the

following equation [14]:

dH
dt

ffi J2

200
KF;MS 1þ q Hð Þ;

�C
S

� 	
; ð23:96Þ

i.e. it is a function of KF;MS; here ρ*—temperature coefficient of conductor resis-
tivity, J [A/mm2]—is the density of operational current in winding.

We find that in practical calculations at H < 100 °C the following relation may
be roughly applied:

dH
dt

ffi J2

175
KF;MS:

The factor KF;MS is to be calculated at a temperature under the condition of a strict
solution to the problem on adiabatic heating; at this temperature the conductivity r
has been used in the calculation (23.14), (23.31) and (23.32).

At M = 1 and M = N we have:

Q
TP;BT ¼

1þ KF;MSðM¼1Þ � 1
� �

N3 � N� 1ð Þ3
h i

KF;MSðM¼1Þ
: ð23:97Þ

Table 23.10 Average values
of slot factors KF,MS

N 2 4 6

KF,MS 1.333 1.208 1.186

Table 23.9 Losses ratio Q
TP;BT in two outer turns against N

N 2 4 6

Q
TP;BT 1.462 1.735 1.826
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According to (23.97), Table 23.9 illustrates the losses ratio Q
TP;BT in two outer

turns laid in both bases of slot; an average factor KF;MS is assumed as equal to
KF;MS = 1.333.

From this table it follows that a multi-turn bar (N > 2) must be designed in such
a way that an average slot factor is less than that designed for the standard
single-turn bar (N = 2).

Now let us find the equation that determines an average factor KF;MS for ele-
mentary conductors in the slot on the basis of a given value of Q

TP;BT. From
Eq. (23.97) we obtain:

KF;MS ¼ 1þ Q
TP;BT � 1

3 1� 1
N

� �
� Q

TP;BT�1

N2

: ð23:98Þ

In Table 23.10 according to (23.98) we show the values of KF;MS for the slot
when Q

TP;BT = 1.462 as given in the previous table for standard double-turn
winding (N = 2). Current densities in windings that differ by the number of turns N
are supposed to be equal.

It follows from this table that in the multi-turn bar (N > 2) additional losses in
the slot must be reduced by 1.5–2 times so as to keep the value Q

TP;BT at the level
which is ordinary for a single-turn bar (N = 2).

With some work it can be shown that obtained equations and losses ratios in
winding bars remain true not only for bar constructions with solid elementary
conductors, but also for other bar winding constructions (with incomplete trans-
position, with combined or hollow elementary conductors etc.).

23.4.4 Losses, Overheating and Bar Sizing in Non-standard
Design of Stator Double-Layer Winding of Large
Modern A.C. Machines

23.4.4.1 Introduction: Problem Statement

As it was mentioned above, the issues of stator winding construction for modern
large power AC machines are due to the increase of the rate of their electromagnetic
load.

In practice the following problems are put forward, which need to be solved
when designing stator winding for these types of machines:

• reduction of losses ratio in both bars;
• reduction of ratio between their heating under steady-state and transient thermal

conditions;
• reduction of losses value in slot part of bar.

23.4 Losses Distribution in Bar Winding 509



To solve these problems, it would be appropriate to use a non-standard winding
construction with bars of different height. Such a construction is most commonly
used in modern practice.

23.4.4.2 Calculation Equations

(a) Losses in both bars of different height.

Let us write first calculation equations for losses in bars containing only solid
elementary conductors (indirect cooling). It is assumed that there are two bars
arranged in the slot; a lower bar (on slot bottom) contains nmBT elementary con-
ductors, at that, n of them are placed in row in one layer; usually [1, 5] n = 2. An
upper bar (under wedge) contains respectively nmTP elementary conductors. All
elementary conductors in each bar are transposed between themselves [1, 5].

Calculation methods of losses in these bars have been examined in Sect. 23.2.5
for a special case (mBT = mTP). Here, we have to repeat only the major results
obtained in this section while accounting for the peculiarities of bar construction
under consideration.

In a general case we have a ratio mBT 6¼ mTP. In this section the ratios between
mTP and mBT (at mTP + mBT = const) will be considered for such bars, and they
correspond to the solution of problems laid down above.

Overall A.C. losses (D.C. and additional) in the slot part of each bar of
double-layer winding are:

-in lower bar:QBT;SUM ¼ KF;BTQBT;D:C;

-in upper bar:QTP;SUM ¼ KF;TPQTP;D:C:
ð23:99Þ

Here: KF;BT KF;TP are losses increase factors [1, 5, 6] for lower and upper bars of
different height; QBT;D:C:, QTP;D:C: are D.C. losses in lower and upper bars of
slot-embedded part:

QBT;D:C: ¼ I2
qLSLT

nmBTbCONhBT
; QTP;D:C: ¼ I2

qLSLT

nmTPbCONhTP
; ð23:990Þ

where I is the rated current in bar; LSLT is the length of slot-embedded part; hBT, hTP
are heights of lower and upper elementary conductors; bCON is the width of ele-
mentary conductor; q is the resistivity of elementary conductor.

On technical reasons they usually choose for both bars the same elementary
conductors ðhBT ¼ hTP ¼ h); then for a general case (at mBT 6¼ mTP) the losses
increase factors of both bars may take the form [1, 6]:
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KF;BT ¼ 1þDF;BT; KF;TP ¼ 1þDF;TP; ð23:100Þ

where

DF;BT ¼ ðK0hÞ4m2
BT

9
; DF;TP ¼ 7ðK0hÞ4m2

TP

9
; K0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xl0nbCON
2qbSLT

s

: ð23:1000Þ

Let us mark with Z the relation between the numbers of elementary conductors:

Z ¼ mBT

mSUM
; ð23:101Þ

where 0 < Z < 1; mSUM ¼ mTP þmBT—is the total number of layers occupied by
elementary conductors in both slot bars (in the direction of its line of symmetry).

With allowance of Eqs. (23.99)–(23.101) we shall have the equation for A.C.
losses in each bar with solid elementary conductors for a general case (at
mBT 6¼ mTP):

in lower bar:
QBT;SUM ¼ I2 ð1þDF;SUMZ2ÞqLSLT

ZnmSUMS
;

in upper bar:

QTP;SUM ¼ I2
1þDF;SUMð1�Z)2

 �

qLSLT

ð1�Z)nmSUMS
:

ð23:102Þ

Here S is the section of elementary conductor,

DF;SUM ¼ KF;SUM � 1 ¼ ðK0h)4m2
SUM

9
; ð23:103Þ

KF,SUM are the losses increase factors for all nmSUM elementary conductors in the
slot.

It should be noted that the values of KF,SUM, DF,SUM do not depend on the values
of Z; they are specified only by the total number of elementary conductors mSUM in
the slot.

In practice for machines with indirect cooling the value of DF,SUM is within a
range (at Z = 0.5) of 0:05\DF;SUM � 0:33; sometimes it is taken a little bit larger
for high-power turbogenerators: DF,SUM < 0.4.

Now let us examine the peculiarities of losses calculation in slot-embedded part
of bars with solid and hollow elementary conductors (with direct water cooling)
[20, 21]. We shall assume that the lower bar of winding contains nmGR,BT groups of
elementary conductors; for bar construction of such a winding the following is
usually true: n = 2. The upper bar contains respectively nmGR,TP groups of ele-
mentary conductors. Each group in both bars contains one hollow and q solid
elementary conductors (usually q = 2 or q = 3). In a general case:
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mGR;BT 6¼ mGR;TP. All elementary conductors of each bar are transposed between
themselves [1, 5]. For technical reasons usually for both bars they choose the same
elementary conductors both hollow and solid. Calculation methods for losses in
bars are studied in Sect. 23.2.6 for a special case ðmGR;BT ¼ mGR;TPÞ: Here, we
have to repeat only the major results obtained in this section, while accounting for
peculiarities of bar construction under consideration.

In general case ðmGR;BT 6¼ mGR;TPÞ for losses QBT;SUM, QTP;SUM in the
slot-embedded part of both bars Eq. (23.102) remain valid when being updated by
the following:

DF,SUM value is to be calculated from (23.79)

DF;SUM ¼ KF;SUM � 1 ¼ DKEQ

qþ F3 SH:CONT

SH

� �
rMS
rH

� �
T

qþ F
; ð23:1030Þ

where DKEQ ¼ K0
MShMS

� �4m2
GRðqþF)2

9 ; hMS is the height of solid elementary con-
ductor; K′ is according to (23.100′); r H;rMS are electric conductivities of hollow
and solid elementary conductors; mGR,SUM is the total number of layers occupied by
groups in both bars in the slot (in the direction of its line of symmetry); SH, SMS is

the section of hollow and solid elementary conductors; F ¼ r H=rMS

SH=SMS
; SH.

CONT = hHbH—is the space occupied by hollow conductor contour (circuit); T ¼

1� aCAN

hH

� �3bCAN

bCON
; bCAN; bCON ¼ bH is the channel width in hollow conductor and

respectively the width of conductor; hH, aCAN is the height of hollow conductor and
of channel, respectively. It should be noted that in some constructions solid and
hollow elementary conductors are made with different conductivities ðrH 6¼ rMSÞ;
the value of Z is calculated from (23.101′):

Z ¼ mGR;BT

mGR;SUM
; ð23:1010Þ

where 0 < Z < 1; S = SH þ qSMS.
In practice for machines with direct water cooling the value of DF,SUM is within a

range (at Z = 0.5): 0:4\DF;SUM � 0:8:
From obtained design data it follows that for winding construction with direct

cooling the values of KF;SUM;DF;SUM do not depend on the values of Z; they are
specified by the total number of elementary conductors mGR,SUM in the slot. Similar
results have been obtained for winding with indirect cooling.

The A.C. losses in both winding bars with direct and indirect cooling are:

QSUM;Z ¼ QBT;SUM þQTP;SUM

¼ I2qLSLT

nmGR;SUMS
1þ 7DF;SUMð1� ZÞ2

ð1� ZÞ þ 1þDF;SUMZ2

Z

" #

ð23:104Þ
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the value of S is calculated from equation: S ¼ SH þ qSMS is the section of ele-
mentary conductors of slot group.

According to this equation you will find below the dependence of losses in slot
on the relation Z = var (at 0\Z� 1Þ: QSUM;Z ¼ f(Z): In practical calculations it
would be useful to find a specific value of these losses (in p. u.) by calculating
beforehand the relation of losses QSUM;Z specified by Eq. (23.104) at Z = var
against losses QSUM;Z¼0:5 specified by the same equation at Z = 0.5:

Q
SUM;Z ¼ QSUM;Z

QSUM;Z¼0:5
¼ 1þDF;SUMZ2

4Zð1þDF;SUMÞ þ
1þDF;SUM7ð1� Z)2

4ð1� Z)ð1þDF;SUMÞ : ð23:105Þ

From this equation it follows that relative losses Q
SUM;Z may be determined only

by two variables: DF,SUM according to Eqs. (23.103) or (23.103′) and Z according
to Eqs. (23.101) or (23.101′).

(b) Overheating and its relationship at different sizes of both bars in slot

We shall study the overheating for different operating conditions.
Calculation equations for transient conditions
When changing load conditions for winding with indirect cooling it is usually

assumed [14] that the overheating of winding at t
TH

¼ 0:1�0:2 varies following the

adiabatic relation (t—time, TH—time constant of thermal process in winding). For
further calculations, one may admit that this assumption is also true for a winding
with direct water cooling. Then for lower bar the rate of its overheating variation
HBT is equal to [14]:

dHBT

dt
¼ QBT;SUM

a22 � a21
CCONGBT

; ð23:106Þ

where CCON is the specific heat of copper; GBT is the weight of copper in bar; a2, a1
are the current values in bar before load conditions are changed and after such a
change (in fractions of rated current), respectively. By analogy with Eq. (23.106),

the equation for upper bar overheating variation
dH

TP;BT

dt may be written.

In practical calculations it would be useful to find the overheating ratio under
transient conditions for both bars H

TP;BT
HTP
HBT

; taking into account Eqs. (23.102) and
(23.106) we have:

dH
TP;BT

dt
¼ QTP;SUM

QBT;SUM
� GBT

GTP
: ð23:107Þ

(c) Calculation equations for steady-state conditions

23.4 Losses Distribution in Bar Winding 513



Indirect cooling. The value HB of overheating of each winding bar in these
operating conditions contains three components [1, 5, 14] of temperature difference
between the elementary conductor and cooling gas in machine air gap; HINS is the
temperature difference in slot insulation, HCR—in stator core, HCNV—is the con-
vective temperature drop between stator core surface and cooling gas.

The component HINS for lower bar is equal to:

HINS;BT ¼ QBT;SUMDINS

kINSFBT
¼ QBT;SUM

KINS;BT
; ð23:108Þ

where KINS;BT is the thermal conductivity of slot insulation; DINS is the one-sided
thickness of slot insulation; λ is the specific thermal conductivity of insulation; FBT
is the cooling surface of lower bar. By analogy with (23.108) the equation may be
written for the component HINS;TP of upper bar. For lower bar the conductivity for
thermal fluxes in the direction of slot base and in the direction of inter-bar insulation
is considerably less than that in the direction of active steel teeth; for upper bar the
conductivity in the direction of wedge is also considerably less than that one in the
direction of teeth. Taking into account the above said, we shall have for both bars:
FBT � 2LSLTmBTh; FTP � 2LSLTmTPh; then the slot insulation conductivity is equal
to:

KINS;BT ¼ k2LSLTmBTh
DINS

;KINS;TP ¼ k2LSLTmTPh
DINS

ð23:1080Þ

For two other components of heat drop ðHCR;HCNVÞ equations similar to
(23.108) shall be valid. For example, for lower bar:

HCR;BT ¼ QBT;SUM

KCR;BT
; HCNV; BT ¼ QBT;SUM

KCNV;BT
;

where KCR;BT;KCNV;BT are thermal conductivities for fluxes in core and from the
surface of stator core in cooling gas.

For upper bar calculation relations are identical.
As a result, the value of overheating HB of each bar shall have the form:

HB;BT ¼ QBT:SUM

KBT
; HB;TP ¼ QTP:SUM

KTP
;

where KBT, KTP are equivalent slot thermal conductivities for thermal fluxes of
lower and upper bars respectively.

It may be shown [1, 4, 5] that an equivalent thermal conductivities for core
package KCR;BT obtained from the equivalent thermal circuit is formed by a series
of conductivities; some of them are proportional to lower bar height HBT ¼ hmBT,
for example, stator core conductivity in the area of teeth; however, others of them
are not a function of the height HBT, for example, stator core conductivity in the
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area of yoke. In a similar way, an equivalent conductivity KCNV;BT obtained from
the equivalent thermal circuit does not practically depend on the height HBT at
calculations of the component HCNV of convective temperature drop, practically
does not depend on the height HBT. These regularities remain true for conductivities
in components of temperature drops in upper bar whose height is proportional to
HTP ¼ hmTP.

Now we shall consider the following two limiting cases for both bars in slot.
In the case KBT ¼ f(HBTÞ;KTP ¼ f(HTPÞ we have:

H
TP;BT

h i

I
¼ QTP:SUM

QBT:SUM
�mBT

mTP
: ð23:109Þ

In the case KBT 6¼ f(HBTÞ;KTP 6¼ f(HTPÞ we have:

H
TP;BT

h i

II
¼ QTP:SUM

QBT:SUM
: ð23:1090Þ

A real relation H
TP;BT

h i

MID
of both bars overheating is within the range:

H
TP;BT

h i

I
\ H

TP;BT

h i

MED
\ H

TP;BT

h i

II
: ð23:110Þ

We shall note that the overheating component HINS may reach approximately
50 % of bar overheating.

Direct water cooling. In winding construction with direct water cooling the
temperature of bars [1, 5, 14] is specified by water overheating in hollow con-
ductors, under steady state conditions it may be regulated by water flow through the
winding [39]; the component of convective temperature drop between the wall of
hollow conductor channel and the water is insignificant and this component may be
neglected.

Usually both winding bars (upper and lower) are connected hydraulically in a
series, for example, in the construction of turbogenerators of P� 300�500MW
rated power; for machines of rated power, for example, for turbogenerators of
P� 500MW rated power the bars are usually connected hydraulically in parallel.

Calculations equations for an average bar overheating are the following:

at hydraulic coupling of both bars in parallel:

HTP ¼ QTP:SUM

2CWLTP
; HBT ¼ QBT:SUM

2CWLBT
; ð23:111Þ

Table 23.11 Bars of equal
height Z = 0.5:
Q

TP;BT ¼ fðDF;SUMÞ
DF;SUM 0.4 0.6 0.8 1.0

Q
TP;BT 1.545 1.783 2.0 2.2
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at hydraulic coupling of both bars in a series when the upper bar is connected to a
cold water collecting channel (version 1):

HTP ¼ QTP:SUM

2CWLTP
; HBT ¼ QTP:SUM þ 0:5QBT:SUM

CWLBT
; ð23:1110Þ

at hydraulic coupling of both bars in a series when the lower bar is connected to a
cold water collecting channel (version 2):

HTP ¼
1
2 QTP:SUM þQBT:SUM

CWLTP
; HBT ¼ QBT:SUM

2CWLBT
; ð23:1110Þ

where CW is the water specific heat; LTP;LBT—are water flows through each bar; at
both bars hydraulic coupling in the series: LTP ¼ LBT ¼ L:

The values of H
TP;BT are given in Sect. 23.4.4.3 with account of various ver-

sions of hydraulic bar coupling.

23.4.4.3 Practical Results Bar Sizing, Relations Between Bar Losses
and Between Their Overheating

The service experience has shown that long-run displacement of bars relative to
each other and relative of the slot gives the failure of their insulation. Such dis-
placements are due to different losses and overheating of upper and lower winding
bars.

(a) Bar sizing and relations between bar losses

Losses QTP:SUM and QBT:SUM in the winding of standard design with equal height
of upper and lower bars (Z = 0.5) are different; thus their overheating is different

too. In Table 23.11 the relation Q
TP;BT ¼ QTP:SUM

QBT:SUM
¼ f DF;SUM

� �
of losses is given

according to Eqs. (23.102) and (23.103) at Z = 0.5 and at 0�D� 1:
From Eqs. (23.85), (23.86), (23.102) and (23.103) it follows that for machines

with indirect cooling in a limiting case (at DF;SUM = 0.33) losses relation in bars
makes Q

TP;BT = 1.462 and for machines with direct water cooling in a limiting case
(at DF;SUM = 0.8) this relation according to these equations and Table 23.11 makes
Q

TP;BT = 2.0. These results prove the necessity to take for A.C. large power
machines additional measures so as to reduce losses relation at Z = 0.5.

Table 23.12 Equal losses in both bars in slot Q
TP;BT ¼ 1;Z ¼ fðDF;SUMÞ;QSUM;Z ¼ fðDF;SUMÞ

DF;SUM 1.0 0.8 0.6 0.40 0.2 0

Z 0.1423 0.1758 0.1171 0.3069 0.41 0.5

Q
SUM;Z 1.7924 1.6191 1.4186 1.2076 1.0502 1.0
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In general case (at Z = var) the relation between losses in upper and lower bars
has the form according to (23.103), (23.104):

Q
TP;BT ¼ 1þDF;SUM7 1� Zð Þ2

1þDF;SUMZ2 � Z
1� Z

� ð23:112Þ

From this equation it follows that the value Q
TP;BT is determined only by two

variables: DF;SUM according to (23.103) or (23.103′) and Z according to (23.101) or
(23.101′).

Let us find the first with the help of (23.112) the sizes of each of bars for the case
when their losses relation Q

TP;BT = 1 (equal losses in both bars); after transfor-

mation of (23.112) we shall have: DF;SUM ¼ 2Z� 1
1� Zð Þ 8Z2 � 7Z

� �. This cubic

equation has the solution at DF;SUM � 0 only in cases when the relation Z is within
the range: 0�Z� 0:5 and at 0.875 < Z < 1.0; the last variation range is of no
practical interest. The results of calculation of values Z within the range of
0�Z� 0:5 are shown in Table 23.12. Additionally relative values of losses Q

SUM;Z

obtained from Eq. (23.105) are shown in this table.
From Table 23.12 it follows that total losses in slot Q

SUM;Z at Q
TP;BT = 1 and

Z 6¼ 0:5 are significantly larger than in the standard winding (at Z = 0.5). Taking into
consideration the lossesofmachineefficiencyand the increase ofwindingoverheating,
onemay conclude that thewinding construction forwhichQ

TP;BT = 1, is not useful. In
practice they adopt usually a compromise decision where the values Q

SUM;Z ! 1 and
Q

TP;BT ! 1:Normally the losses increase Q
SUM;Z is limited byQ

SUM;Z � 1:05� 1:10
(with allowance of the possibility of efficiency factor decreasing).

While solving the problem related to the choice of sizes for both bars it is
assumed that slot sizes and relevant value of DF;SUM as well as an assumed level of
losses Q

SUM;Z � 1:05� 1:10 are practically specified. In this case the following
problem solution will be the most convenient.

Table 23.13 Bars of different sizes (Z = var): Q
SUM;Z ¼ fðZÞ, Q

TP;BT ¼ fðZÞ, T
TP;BT ¼ fðZÞ,

H
BT;TP ¼ fðZÞ at DF;SUM ¼ 0:33 and DF;SUM ¼ 0:80

DF;SUM ¼ 0:33 DF;SUM ¼ 0:80

Z Q
SUM;Z Q

TP;BT T
TP;BT Q

SUM;Z Q
TP;BT T

TP;BT H
BT;TP

0.5 1.0 1.4611 1.4611 1.0 2.0 2.0 2.5

0.48 1.0087 1.3977 1.2901 1.0142 1.9596 1.8089 2.5112

0.46 1.0198 1.3367 1.1387 1.0302 1.9182 1.6340 2.5213

0.44 1.0334 1.2777 1.0039 1.0481 1.8751 1.4733 2.5333

0.42 1.0497 1.2203 0.8837 1.0679 1.8300 1.3252 2.5464

0.40 1.0687 1.1641 0.7761 1.0898 1.7825 1.1883 2.5610

0.38 1.0908 1.1088 0.6796 1.1140 1.7322 1.0616 2.5773

0.36 1.1163 1.0541 0.5929 11.1406 1.6787 0.9443 2.5957
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• from Eqs. (23.105) and (23.112) to calculate relations, Q
SUM;Z ¼

f Zð Þ; Q
TP;BT ¼ f Zð Þ: Using these relations:

• to choose a given range of the value of relative losses Q
SUM;Z and relevant

equations;
• to specify for this value of Z the losses relation Q

TP;BT.

Relations Q
SUM;Z ¼ f Zð Þ; Q

TP;BT ¼ f Zð Þ; for limiting values of DF;SUM = 0.33
and DF;SUM = 0.80 are given as an example in Table 23.13.

Bar Sizing and Relations Between Bar Overheating

Transient conditions
The following Eqs. (23.106) and (23.107) have been obtained for these condi-

tions in the previous section. The relationship between the rate of overheating

variation
dH

TP;BT

dt and the relation Z may be obtained from these equations with due

account of losses (23.102) in both bars:

dH
TP;BT

dt
¼ Q

TP;BT
Z

1� Z
;

or

dH
TP;BT

dt
¼ 1þDF;SUM7 1� Zð Þ2

1þDF;SUMZ2 � Z2

1� Zð Þ2 � ð23:1070Þ

When performing practical calculations it may be possible to calculate before-

hand from Eq. (23.107′) the relations
dH

TP;BT

dt ¼ f Zð Þ for each value of DF;SUM.

These relations for limiting values of DF;SUM = 0.33 and DF;SUM = 0.80 are given
in Table 23.13 as an example in the form of T

TP;BT ¼ f Zð Þ:

Steady state conditions: Indirect cooling

A calculation equation for the first limiting case H
TP;BT

h i

I
may be taken from

Eq. (23.109); it coincides with (23.107′). The relation H
TP;BT

h i

I
¼ f Zð Þ for a lim-

iting value of DF;SUM = 0.33 (indirect cooling) is given as an example in
Table 23.13 in the form of T

TP;BT ¼ f Zð Þ:
A calculation equation for the second limiting case H

TP;BT

h i

II
can be obtained

from Eq. (23.109′); it coincides with Eq. (23.112). The relation H
TP;BT

h i

II
¼ f Zð Þ

for a limiting value DF;SUM = 0.33 is given as an example in Table 23.13 in the
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form of Q
TP;BT ¼ f Zð Þ: Real values of medium overheating H

TP;BT

h i

MED
are

shown in Table 23.13 at Z = idem between values T
TP;BT and Q

TP;BT.

Steady state conditions: Direct cooling

• The both bars are hydraulically coupled in parallel

The relation of overheatingH
TP;BT ¼ HTP

HBT
in both bars has been obtained after the

transformation of calculation Eq. (23.111):

H
TP;BT ¼ Q

TP;BT
LBT

LTP
¼ Q

TP;BT
mGR;BT

mGR;TP
� VBT

VTP
¼ Q

TP;BT
Z

1� Z
� VBT

VTP

¼ Q
TP;BT

Z
1� Z

V;

where V ¼ VBT

VTP
;VBT;VTP is the velocity of cooling water in respective bars. If we

assume that V � 1; equation H
TP;BT ¼ f Zð Þ coincides with (23.107′). For a lim-

iting value DF;SUM = 0.8 (direct cooling) it is given as an example in Table 23.13 in
the form of relation T

TP;BT ¼ f Zð Þ:
• The both bars are hydraulically connected in series

The relation of overheating H
TP;BT ¼ HTP

HBT
in both bars has been estimated after

the transformation of calculation Eqs. (23.111) and (23.111′) in the form:
for version 1:

H
TP;BTð1Þ ¼

1
2 QTP;SUM

QTP;SUM þ 1
2 QBT;SUM

¼ Q
TP;BT

2Q
TP;BT þ 1

;

It should be noted that with such a scheme the overheating of upper bar is less
than that of lower bar, so H

TP;BTð1Þ < 1:
for version 2:

H
TP;BTð2Þ ¼

1
2 QTP;SUM þQBT;SUM

1
2 QBT;SUM

¼ Q
TP;BT þ 2;

We should note that with such a scheme the overheating of upper bar is greater
than that of lower bar, so H

TP;BTð2Þ > 1.

When comparing relations H
TP;BTð2Þ and

1
H

TP;BTð1Þ
we find that the version 1 of

connection is more preferable: 1
H

TP;BTð1Þ
\H

TP;BTð2Þ at any values of within the range

1 < Q
TP;BT < 2, which is of practical interest. The results of calculation of relation

H
BT;TP ¼ 1

H
TP;BTð1Þ

f Zð Þ for DF;SUM = 0.8 are given as an example in Table 23.13.
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From the solution of given equations and from Table 23.13 it follows that the
values H

BT;TP ¼ f Zð Þ in the domain of relative losses 1.0 < Q
SUM;Z < 1.1 do not

practically vary: H
BT;TP � 2:5:

Unlike the bars with indirect cooling these values of relation H
BT;TP for a bar

with direct water cooling are ordinary and needs some measures to be taken so as to
ensure the operational reliability of winding with this system of cooling: by reg-
ulating cooling water, the consumption according to the generator loading low
overheating of both winding bars is kept constant [39].

Practical limits are discussed of parameter variation of windings with direct and
indirect cooling. Limit values of bar relative height Z and limit values of relative
losses Q

TP;BT, Q

SUM;Z and overheating T

TP;BT, H

BT;TP are shown in Table 23.13.

On the basis of calculation results in Table 23.13 it is easy to set the regularities
defining dependences of relative values Q

SUM;Z;Q

TP;BT T

TP;BT, H

BT;TP on DF;SUM

and Z.
Calculation Example 1. Let it be given the following: the slot of generator

stator with indirect cooling may contain nmSUM ¼ 2:92 elementary conductors
(with allowance for slot insulation); these elementary conductors have the losses
increase factor equal to KF;SUM ¼ 1þDF;SUM ¼ 1:38. It is required to specify the
sizes of both bars in the slot under the condition that Q

SUM;Z � 1:04:
According to Eq. (23.105) for DF;SUM = 0.38 and Q

SUM;Z � 1:04 we may have
Z = 0.4348 (at mBT = 2�92�0.4348 = 2�40; mTP = 2�52). An adjusted value of
Q

SUM;Z is equal to Q
SUM;Z = 1.0395; from Eq. (23.112): Q

TP;BT = 1.3276; from
Eq. (23.107′): T

TP;BT = 1.0213. These values correspond to limiting values given in
Table 23.13 at DF;SUM = 0.33.

Note: For DF;SUM = 0.38 and Z = 0.5 (standard winding construction) according
to given equations we shall have Q

TP;BT ¼ T
TP;BT ¼ 1:5205: As compared to this

construction when choosing the winding with the found value of Z = 0.4348
(non-standard design) the reduction of value Q

TP;BT makes: 1:3276
1:5205 = 87.35 %; of

value T
TP;BT ¼ 1:0213

1:5205 = 67.2 %.
Calculation Example 2. We give the following: the slot of generator stator with

direct cooling may contain nmGR;SUM = 2�20 groups of hollow and solid elementary
conductors (with allowance of slot insulation); these groups of elementary con-
ductors have the losses increase factor equal to KF;SUM ¼ 1þDF;SUM ¼ 1:571.
Winding bars are hydraulically connected in parallel; V = 1. It is necessary to
specify the sizes of both bars in slot under the condition that Q

SUM;Z � 1:085:
Following Eq. (23.105) for DF;SUM = 0.571 and Q

SUM;Z � 1:08 we shall have
Z = 0.4 (at mGR;BT = 2�20�0.4 = 2�8, mGR;TP = 2�12). An adjusted value of Q

SUM;Z

is equal to Q
SUM;Z = 1.081; from Eq. (23.112): Q

TP;BT = 1.4898; from
Eq. (23.107′): T

TP;BT = 0.9932. Found values correspond to limiting values given
in Table 23.13 at DF;SUM = 0.8.

Note: DF;SUM = 0.571 and Z = 0.5 (standard winding design) according to given
equations we shall have Q

TP;BT ¼ T
TP;BT ¼ 1:7495: As compared to this
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construction when choosing the winding with the found value of Z = 0.4
(non-standard design) the reduction of value Q

TP;BT makes: 1:4898
1:7495 = 85.16 %; of

value T
TP;BT ¼ 0:9932

1:7495 = 56.8 %.
It follows from both examples that the reduction of overheating T

TP;BT in
comparison to the standard winding design (Z = 0.5) makes 70 % (irrespective of
the mode of winding cooling), at that, for winding with direct cooling the value
T
TP;BT makes T

TP;BT � 1:

23.4.4.4 Reduction of Losses in Both Winding Bars

In 23.4.4.2 there have been mentioned some peculiarities of winding with direct
cooling (the practice of water consumption regulation in terms of generator loading
[39] with the aim to keep a specified level of winding overheating, a low level of
this overheating as compared to the winding with indirect cooling etc.). With
allowance of this consideration it would be useful to examine the problem related to
losses reduction in both bars in slot.

This problem may be solved with the help of Eq. (23.105). For losses Q
SUM;Z in

both bars in slot at arbitrary relation of Z, we shall have:

1þDF;SUM7 1� Zð Þ2
1� Z

þ 1þDF;SUMZ2

Z
¼ min

or after transformation:

1

1� Zð Þ2 �
1
Z2 ¼ 6DF;SUM: ð23:113Þ

It follows from this equation that minimum losses are specified only by variables
DF;SUM and Z. In Eq. (23.113) there exists such a solution within the range of
0.5 < Z < 1.0 (in contrast to the problem of Sect. 23.4.4.3). The results of problem
solving within 0.4 < DF;SUM < 0.8 being of practical interest are given in
Table 23.14.

The maximum reduction of losses in both winding bars at Z > 0.5 is less than
5 %; the utility of using the winding of such a construction (Z > 0.5) is to be
specifically considered for each generator with due account of the value of its

Table 23.14 Minimum losses in both bars in slot: Z ¼ fðDF;SUMÞ, Q
SUM;Z ¼ fðDF;SUMÞ

DF;SUM 0.4 0.5 0.6 0.7 0.8

Z 0.5719 0.5881 0.6032 0.6172 0.6303

Q
SUM;Z 0.9843 0.9773 0.9098 0.9619 0.9536
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current load, relative value of winding losses as compared to other components of
losses in generator, value of its efficiency etc.

Brief Conclusions

1. For the construction of stator winding with both indirect gas and direct water
cooling its parameters: Q

TP;BT (losses relation in upper and lower bars), Q
SUM;Z

(relative value of losses in both bars in slot), T
TP;BT, H


TP;BT (relation of upper

and lower bars overheating) are specified only by two variables: DF;SUM (total
number of elementary conductors in slot) and the relation Z of the number of
elementary conductors (or groups) in both slot bars.

2. The values DF;SUM and Z comprised in obtained equations for calculation of
parameters Q

TP;BT, Q

SUM;Z, T


TP;BT, H


TP;BT are the defining criteria. For both

stator winding constructions the values of parameters Q
TP;BT, T


TP;BT are smaller

with criteria Z changing in range 0.4 < Z < 0.5 than at Z = 0.5.
3. For a winding with direct cooling minimum values of losses in both slot bars are

obtained at values of criteria Z within 0.572 < Z < 0.63 (at 0.4 < DF;SUM < 0.8).

List of symbols

bCON Width of elementary conductor;
bSLT Width of slot;
CCON Specific heat of conductor;
CW Specific heat of distillate;
GBT, GTP Respectively weight of copper of lower and upper

bars of double-layers winding;
hBT = hTP = h Respectively height of elementary conductor of

lower and upper bars of double-layers winding;
I Amplitude of stator current under load;
J Current density in winding conductor;
K′ Factor of reduction of the height of the elementary

conductor to the dimensionless parameter;
KF,MS(P) Field’s factor of massive conductor in the p-th layer

of multiturn bar winding counting on the bottom of
slot;

KF,MS(M=1), KF,MS(M=2),
KF,MS(M=3), …., KF,MS(M=N)

Field’s factors of massive conductor in bars with
number M = 1, M = 2, M = 3, …., M = N for
multiturn bar winding;

KF,MS Field’s factor for multiturn bar winding (for all turns
in the slot);

KF,BT Field’s factor for lower bar of double-layer winding
with different height of bars;

KF,TP Field’s factor for upper bar of double-layer winding
with different height of bars;
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L Distillate consumption in lower and in upper bars
hydraulically connected serially;

LBT, LTP Respectively distillate consumption in lower and
upper bas hydraulically connected parallel;

LSLT Length of slot part of winding without accounting of
the channel in the active stator core;

M The number of elementary conductors on the height
of the bar counting from the bottom of slot;

mTP Number of elementary conductors in upper bar of
double-layer winding;

mBT Number of elementary conductors in lower bar of
double-layer winding;

mSUM Number of elementary conductors in upper and
lower bars of double-layer winding (general number
of elementary conductors in slot);

n Number of elementary conductors along width of
slot;

N Number of loops in slot of multiturn bar winding;
q Number of massive conductors in group;
QA.C.(BT) Losses in lower bar of multiturn bar winding (in the

bar on the bottom of slot by M = 1) under A.C.
current;

QA.C.(TP) Losses in upper bar of multiturn bar winding (in bar
under wedge by M = N) under A.C. current;

QBT. D.C. D.C. losses in lower bar of double-layer winding
with different height of bars;

QTP. D.C. D.C. losses in upper bar of double-layer winding
with different height of bars;

QSUM,Z A.C. losses in lower and upper bars of double-layer
winding with different height of bars;

Q*SUM,Z Ratio between A.C. losses in both bars of
double-layer winding with difference in height of
bars (Z ≠ 0.5) to A.C. and losses in lower and upper
bars of double-layer winding with identical height of
bars (Z = 0.5)

Q*TP.BT Ratio between the losses in extreme (M = N and
M = 1) turns multiturn bar winding;

QBT.SUM A.C. losses in lower bar of double-layer winding
with different height of bars;

QTP.SUM A.C. losses in upper bar of double-layer winding
with different height of bars;
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S, SH, SMS Respectevely area of group contained massive and
hollow conductors and area of massive and hollow
conductors;

SH,CONT The area occupied by the contour of the hollow
conductor;

t Time;
TTP,BT* Ratio of temperature of upper bar to the temperature

of lower bar for the extreme case of heat-transfer
under indirect cooling;

VBT, VTP, V* Distillate velocities in the channels of upper and
lower bars and ration of these velocities;

Z Ratio of number of elementary conductors (or group
of elementary conductors) in upper bar to full of they
number in the slot;

θ Overheating of winding;
ΘTP Overheating of upper bar;
ΘTP,BT* Ratio of overheatings of upper bar and lower bars;
ΘINS Temperarute drop in slot insulation of bar;
ΘCR Temperarute drop in stator core;
ΘCNV Convective temperarute drop from the surface;
λINS Heat conductivity of slot insulation;
ΛBT, ΛTP Respectevely equivalent of thermal of slot conduc-

tivity for thermal stream of upper and lower bars;
ρ Specific resistance;
σMS Electroconductivity of massive conductors of

winding;
σH Electroconductivity of hollow conductors of

winding.

23.5 Additional Losses in Coil Winding

23.5.1 Design Features

When establishing the relations for calculation of eddy currents and additional
losses one should take into account the following design features of coil winding.
As a rule, the winding is a two-layer ensemble (Fig. 23.15) and the number of turns
(effective conductors) in coil is SC < 10. The number of elementary conductors
with height of effective conductor is not usually large (N0 < 6–8). In powerful
low-voltage machines, like motors and diesel generators of 1600–2000 kW, there
are stator windings as a coil with SC = 2 and even SC = 1, while the number N0

reaches N0 = 8. From the point of view of calculation of eddy and circulating
currents in elementary conductors the significant factor is that in bar winding the
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Fig. 23.15 Section of turns in coil winding
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length of each elementary conductor connected in parallel is equal to the length L0

according to (23.1); in coil winding this length is 2SC times greater:

L0
0 ¼ LSLT þLSð Þ2SC; ð23:114Þ

where LSLT, LS are respectively the lengths of slot and end parts of winding.
We should notice that in modern large A.C. machines the length of end part

accounts for a sizable proportion of slot length.
The absence of transposition in slot part is the difference between coil- and

bar-types windings. The reduction of additional losses level may be reached in this
winding by natural transposition in end part: the process of manufacturing the coil
supposes that elementary conductors in both turn sides occupy different positions in
height (see Fig. 23.16). For example, if an effective conductor (turn) contains with
height five elementary conductors, then counting from the slot base their numbers
for one side of turn correspond to the sequence N = 0, 1, 2, 3, 4 and for the second
side—N = 4, 3, 2, 1, 0. This sequence may be different for the second side of turn if
there is an additional twisting of turn elementary conductors in end part. This may
result in additional mutual displacement of turn elementary conductors with height.
Let us note that in usual practice for large power machines (over 200 kW) such a
twisting in end part is not performed as a rule.

Fig. 23.16 Circuits of elementary conductors in coil winding
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23.5.2 Fundamental Assumptions

When setting the problem of calculation of additional losses in coil winding the
same assumptions shall be taken into consideration that those ones for bar wind-
ings. They have been stated in Sect. 23.2.2.

23.5.3 Approaches to Solve the Problems of Additional
Losses Caused by Slot Leakage Flux

In Fig. 23.16 an example is presented, composed of two slots (A and B) with
single-turn coils. Slots A and B are spaced from each other along a bore at winding
pitch y ¼ bs; where b is pitch chording [1, 5] and s is pole pitch. The coil contains
with height five elementary conductors (N0 = 5). Their relative position in both
slots is schematized in Fig. 23.16. Let us consider two arbitrary conductors, for
example, with numbers N = 2 and N = 3 in turn. They are insulated and closed by
strips at turn ends; the distance between strips makes L0

0 according to (23.114).
These two conductors form a circuit, which is located in leakage field. Such a
circuit in coil winding is similar to that formed by elementary conductors of slot
group in bar winding at their incomplete transposition. The investigations of cur-
rents induced by slot leakage flux in the coil winding circuit give the same results
that the currents in a circuit formed by elementary conductors of group at their
incomplete transposition in bar; eddy currents are partially completed within the
slot part of each elementary conductor (“local” currents) and partially between these
conductors through strips (circulating currents).

The singularities of both currents have already been examined in Sect. 23.2.
Particularly, “local” eddy currents meet the requirements of Eq. (23.40) and cir-
culating currents—of (23.40′); that is why the losses caused by each of these
currents may be calculated separately.

Additional losses due to “local” eddy currents are to be calculated from
Eqs. (23.31) or (23.32). For this reason in future we shall consider the problem
related only to circulating currents.

To calculate additional losses due to circulating currents it would be necessary to
find first their distribution along all elementary conductors of a turn.

To that end, one should find beforehand the currents in each pair of elementary
conductors, for example, elementary conductors with numbers N = 2 and N = 3,
N = 2 and N = 1, N = 2 and N = 4 etc. and then, using the method of superpo-
sition we find the resulting current in each elementary conductor and subsequently
additional losses in turn. To find this resulting current at arbitrary number N0 of
elementary conductors with turn height is an intricate problem though not com-
plicated. In the next section we propose a more convenient method of problem
solving related to the distribution of circulating currents in elementary conductors
of coil winding.
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23.5.4 Distribution of Circulating Currents

23.5.4.1 Special Case

Let us consider first a specific problem: we shall investigate the distribution of
currents in coil with the number of turns SC = 1 and the number of elementary
conductors in turn with height N0 = 5 in Fig. 23.16. Let us present these conductors
of section QMS = bMShMSn in the form of fibres concentrated in lower base of
elementary conductors (counting from slot base). According to Kirchhoff’s second
law let us write down the equation for a circuit formed by elementary conductors
with numbers N = 0 and N = 1 (see Fig. 23.16).

I0RMS � I1RMS ¼ E0;1; ð23:115Þ

where RMS ¼ L0
0

bMShMSnr
—D.C. resistance of elementary conductor.

The EMF E0,1 in the circuit (0.1) has several terms. This is explained by the fact
that turn sides are laid in two slots and occupy there with height different position.
Therefore, leakage fluxes combined with the circuit (0.1) in slots are not equal.

The leakage flux combined with the circuit (0.1) in one of slots (A) is equal to [1,
3, 4]:

UAð0;1Þ ¼
I0 þ IEL;T
� �

l0L
0
SLT hMS þ að Þ

bSLT
; ð23:116Þ

where IEL,T—is the load current of a turn, L0
SLT—according to (23.41).

The leakage flux combined with the same circuit in the second slot (B) is equal
to [1, 3, 4]:

UBð0;1Þ ¼ I4 þ I3 þ I2 þ I1ð Þl0L0
SLT hMS þ að Þ

bSLT
: ð23:1160Þ

Thus, the EMF E0,1 determined by these fluxes with account made for the
direction of execution of the contour is the following:

E0;1 ¼ � jxl0L
0
SLT

bSLT
hCON þ að Þ �I0 � IEL;T

� �þ I4 þ I3 þ I2 þ I1ð Þ
 �� ð23:117Þ

Here hCON ¼ hMS, a—double-sided insulation thickness of an elementary con-
ductor, the current IEL,T is the load current in turn
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IEL;T ¼ I
a0

;

where I—is the rated current in stator winding, a0—is the number of parallel
branches of winding.

Equations according to the Kirchhoff’s second law for the next circuit formed by
elementary conductors with numbers N = 1 and N = 2 shall be written in a similar
way (Fig. 23.16):

I1RMS � I1RMS ¼ E1;2; ð23:1150Þ

where

E1;2 ¼ � jxl0L
0
SLT

bSLT
hMS þ að Þ �I0 � I1 � IEL;T

� �
I4 þ I3 þ I2ð Þ
 �

: ð23:1170Þ

Now we shall find the difference between the left and right parts of Eqs. (23.115)
and (23.115′). As the result we shall have:

RMS I0 � 2I1 þ I2ð Þ ¼ E0;1 � E1;2� ð23:118Þ

Let us proceed to a more general problem (SC > 1). Equations of the type
(23.118) may be deduced for each of two adjoining circuits formed by conductors
with numbers N, N + 1, and N + 2.

I Nþ 2½ 	 � 2I Nþ 1½ 	 þ I Nþ 0½ 	 ¼ E N,N + 1½ 	 � E N + 1,N + 2½ 	
RMS

ð23:119Þ

(at N�N0 � 2Þ.
Equations of the type (23.118) and (23.119) are difference equations of second

order, nonhomogeneous; analytical methods of their solution are known [8, 9].
In general case expressions for EMF are more complicated than those for E0,1,

E1,2 because each circuit in slot does not occupy one position but by SC times more;
as a consequence, the number of terms in parentheses in (23.117) and (23.117′) for
EMF E[N, N + 1] or identical increases by SC times.

When establishing equations to compute circulating currents distribution in
elementary conductors of a turn in practice in expressions for EMF of the type
(23.117) and (23.117′) one may neglect [1, 5] leakage fluxes created by load
currents in elementary conductors of the turn under consideration. For example, in
our problem in Eqs. (23.117) and (23.117′) for E0,1,E1,2 they neglect currents
I0; I1; . . .; I4 and consider that the leakage flux is generated only by adjoining turn
with load current in turn IEL,T. This may be justified if SC > 2 and N0 � 5. In this
particular case Eq. (23.118) takes the form:
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I Nþ 2½ 	 � 2I Nþ 1½ 	 þ I Nþ 0½ 	 ¼ 0: ð23:1190Þ

This is the difference equation of second order [8, 9]. To solve it let us lay down
two boundary conditions.

The first condition is similar to (23.115). It follows from Kirchhoff’s equation
for two adjoining elementary conductors in turn base (effective conductor).
Counting the elementary conductor numbers from slot base we shall have

I Nþ 2½ 	 � I Nþ 1½ 	 ¼ E Nþ 2;Nþ 1½ 	
RMS

; ð23:120Þ

where E Nþ 2;Nþ 1½ 	 ¼ � jxl0L
0
SLT

bSLT
hMS þ að ÞS2CIEL;T; RMS—according to (23.115).

The second boundary condition is the following:

I0 þ I1 þ I2 þ � � � þ IN0�1 ¼ IEL;T� ð23:121Þ

However, the second boundary condition may be written in another way. To do so,
let us assume that IEL,T = 0. Then the currents I0 þ I1 þ I2 þ � � � þ IðN0�1Þ are cir-
culating currents only.

The solution of difference Eq. (23.119′) with allowance of boundary conditions
(23.120) and (23.121) for circulating currents (for the second boundary condition it
is assumed that IEL,T = 0) has the following form:

ICIRCðNÞ ¼ �E Nþ 2;Nþ 1½ 	 2N� N0 � 1ð Þ
2RMS

� ð23:122Þ

In particular, for first three elementary conductors according to (23.122) we shall
have:

ICIRCð0Þ ¼ �E Nþ 2;Nþ 1½ 	 �N0 � 1ð Þ
2RMS

;

ICIRCð1Þ ¼ �E Nþ 2;Nþ 1½ 	 1� N0ð Þ
2RMS

;

ICIRCð2Þ ¼ �E Nþ 2;Nþ 1½ 	 3� N0ð Þ
2RMS

�

ð23:1220Þ

Now let us verify the validity of Eq. (23.119′). With allowance of (23.122′) we
shall have:

ICIRCð2Þ � 2ICIRCð1Þ þ ICIRCð0Þ ¼ 0:

The resulting current in each elementary conductor will be described in this case
in the following way:
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IN ¼ IEL þ ICIRCðNÞ; ð23:123Þ

where ICIRC(N)—from (23.122′), IEL ¼ IEL;T
N0

.

It follows from this special case that circulating currents change linearly as a
function of the number N.

23.5.4.2 General Case

Let us proceed to a general problem when SC [ 1; at that the number of elementary
conductors N0 with turn height is significant ðN0 [ 5Þ so it will be impossible to
neglect leakage fluxes due to currents of these elementary conductors [18].

We shall assume that an effective conductor of double-layer coil winding is
located in the upper layer counting from the slot base. Therefore SC effective
conductors of lower and p − 1 upper ð1� p� SCÞ layers are arranged under it. The
total current under effective conductor counting from the slot base makes

IEL;M ¼ IEL;T SCeju þ p� 1
� �

: ð23:124Þ

It should be noticed that for effective conductor of lower layer we have respectively

IEL;M ¼ IEL;Tejuðp� 1Þ: ð23:1240Þ

Here φ—phase angle between currents of both turns in slot.
The current IEL;M determines the intensity of mutual induction field linked with

conductors under consideration.
To set the equation let us assume first of all that the second part of effective

conductor under consideration which belongs to the respective slot spaced from the
first at winding pitch and does not cross over the slot leakage flux. Therefore,
circulating currents due to this slot leakage flux are absent in elementary conductors
of a turn. Let us write in an integral form the first Maxwell’s equation [1, 3–5] for
two adjoining in height elementary conductors with numbers (N + 0) and (N + 1)
counting from the effective conductor base ðN ¼ 0; 1; . . .;N0 � 1Þ

HðNþ 0Þ ¼ I1 þ I2 þ I3 þ � � � þ INþ 0 þ IEL;M
bSLT

;

HðNþ 1Þ ¼
I1 þ I2 þ I3 þ � � � þ INþ 1 þ IEL;M

bSLT
:

ð23:125Þ

According to the second Maxwell’s equation [1, 3–5] we have:
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IN � INþ 1 ¼ � jxl0L
0
SLTHðNþ 0Þ hMS þ að Þ

RMS
;

INþ 1 � INþ 2 ¼ � jxl0L
0
SLTHðNþ 1Þ hMS þ að Þ

RMS

ð23:126Þ

where RMS—according to (23.115).
Now let us deduct term by term in (23.126) one equation from another, with

allowance of (23.125) we shall have:

I Nþ 2½ 	 � ð2þ d0ÞI Nþ 1½ 	 þ I Nþ 0½ 	; ð23:127Þ

where d0 ¼ jxl0rL
0
SLThMS hMS það ÞbMSn

L0
0bSLT

and L0
SLT—according (23.41).

The current changes as a function of the conductor number N and this takes the
following form [8, 9]:

IN ¼ C1aN1 þC2aN2 ; ð23:128Þ

where C1;C2—are constants specified by boundary conditions and the values a1; a2
are [8, 9].

a1;2 ¼ 2þ d0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d0ðd0 þ 4Þp

2
: ð23:1280Þ

Let us write one of Eqs. (23.126) for two adjoining elementary conductors in
turn base I0ð1þ d0Þ ¼ I1 � d0IEL;M.

With allowance of (23.128) we have:

C1ð1þ d0 � a1ÞþC2ð1þ d0 � a2Þ ¼ �IEL;Md0: ð23:129Þ

We shall use this equation as the first boundary condition.
It will be convenient to present the second boundary condition in the form:

I1 þ I2 þ I3 þ � � � þ IN0�1 ¼ IEL;T; ð23:130Þ

where IEL;T—is the load current in turn. With due account of (23.128) we shall
have:

C1 aN0
1 � 1

� �

a1 � 1
þ C2 aN0

2 � 1
� �

a2 � 1
¼ IEL;T: ð23:1300Þ

From Eqs. (23.129) and (23.130′) the constants C1 and C2 are to be calculated.
Their form is slightly simplified if we use the Vieta’s theorem [8, 9] for roots
a1 and a2 of characteristic equation corresponding to (23.127).
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This method may be used to calculate the current distribution in elementary
conductors in general case, when the coil contains SC turns connected in series. Let
us find the current distribution in elementary conductors of such a winding. With
allowance of their mutual position at both sides of turn the basic equation will take
the form [20, 22]:

I Nþ 2½ 	 � 2þ 2d0SCð ÞI Nþ 1½ 	 þ I Nþ 0½ 	 ¼ 0:

The first boundary condition shall be written as follows:

C1 1þ 2d0SC � a1ð ÞþC2 1þ 2d0SC � a2ð Þ ¼ IEL;Td0SC þ d0IEL;TMC: ð23:131Þ

For the design which is commonly used in practice (without twisting of ele-
mentary conductors in end part) the factor MC is equal to MC ¼ S2C.

Using these boundary conditions (23.130) and (23.131) we estimate the factors
C1 and C2 we have the expression for the current in each of N0 elementary
conductors:

IN ¼ ða1 � 1ÞaN1 IEL;T
ðSC þMCÞ 1�a

N0
2ð Þ

2SC
� 1

aN0
2 � aN0

1

þ ða2 � 1ÞaN2 IEL;T
ðSC þMCÞ a

N0
1 �1ð Þ

2SC
þ 1

aN0
2 � aN0

1

:

ð23:132Þ

It should be noted that the currents calculated according to (23.132) are complex
(phasor) numbers.

Table 23.15 provides as an example the distribution of current in elementary
conductors of winding turn when the number of turns in slot makes four ðSC ¼ 2Þ
and two ðSC ¼ 1Þ the number of parallel winding paths a0 ¼ 8 corresponds to the
first version of winding of frequency-controlled motors and a0 ¼ 4 corresponds to

Table 23.15 Current distribution in elementary conductors at SC = 2 and SC = 1

SC N jINj u0 IMED

2 0 26.915 322.60

1 24.578 342.34

2 26.747 9.37 25

3 34.761 34.02

1 0 9.376 292.85

1 9.448 300.00

2 9.873 313.70

3 9.111 331.80

4 13.610 350.90 12.5

5 17.550 8.66

6 23.022 24.61

7 30.161 39.39
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the second one. In first version N0 ¼ 4 and in second N0 ¼ 8 respectively. The load
current in turn is assumed to be equal to IEL;T ¼ 100 relative units (p.u.). If the
current is uniformly distributed through elementary conductors (frequency x ! 0Þ
the average current in IMED makes 25 p.u. in the first version and 12.5 p.u. in the
second one.

In Table 23.15 is also given for checking [1, 5] the phase angle ðu0Þ for the
current in each elementary conductor. From this table it follows that with SC
number and consequently parallel winding paths a0 increase, and the distribution of
current in elementary conductors appears to be more uniform. The relation of
maximum current value in elementary conductor to minimum value makes only
1.41 for = 2 SC and for = 1 SC—much larger: 3.31. The nature of current distri-
bution changes as well.

23.5.5 Losses Due to Circulating Currents and Losses
Distribution in Winding Turn

23.5.5.1 General Case

The losses increase factor in turn according to (23.4) is calculated from the
equation:

KF ¼ N0
I0j j2 þ I1j j2 þ � � � þ IN0�1j j2

IEL;T
�� ��2

: ð23:133Þ

23.5.5.2 Special Case: SC ≤ 4

If we neglect leakage fluxes caused by currents in some elementary conductors, we
shall easily have a simple analytical expression for losses and their distribution. Let
us use Eq. (23.122).

Additional losses in Nth conductor of the coil due to the circulating current
ICIRCðNÞ:

PA:C:;N ¼ ICIRCðNÞ
�� ��2RMS

2
;

Table 23.16 Losses increase factor KF for g = 1, g = 5, g = 7

g KF according to (23.133) and (23.132) KF according to (23.134)

1 1.113 1.1108

5 3.334 3.769

7 4.578 6.428
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where RMS—according to (23.115).
Additional losses in all coil turns:

PA:C: ¼ PA:C:ð0Þ þ PA:C:ð1Þ þ PACð2Þ þ � � � þ PA:C:ðN0�1Þ:

Using these equations we shall obtain the losses increase factor:

KF ¼ 1þ PA:C:
QD:C:

¼ 1þ K0hMSð Þ4 1þ a
hMS

 �2

S2CN
2
0
N2

0 � 1
12

L0
SLT

L0

 �2

; ð23:134Þ

where K0—according to (23.14), L0—according to (23.1), L0
SLT—according to

(23.41). Usually it is assumed that

N2
0 � 1 ffi N2

0; a ¼ 0: ð23:135Þ

As a rule, Eq. (23.134) is used with given approximations (23.135) for practical
calculations [1, 5]. For elementary conductor sizes used in practice Eq. (23.134)
with allowance of (23.135) for frequencies 150–200 Hz and N0 ≤ 4 may give the
following results with significant error as compared to those obtained following the
formula (23.134) for the same N0 ≤ 4.

It should be noted that the reduction of factor KF according to (23.133) or
(23.134) while keeping a certain ratio of winding parameters may be successively
gained by increasing the number of its parallel paths under the condition SC

a0
= const,

as it is proved in Table 5.1. However, this measure results in bad slot filling and,
consequently, in D.C. losses increase. This number of parallel brunches has to
correspond to that of machine poles.

Example
A double-layer coil winding is placed in the stator slot, with the number of turns

being SC = 2. Turns contain elementary conductors N0 = 6; n = 2. Their sizes are:
bMS = 4.75 mm; hMS = 2.24 mm; a = 0.22 mm; slot width bSLT = 14 mm; radial

channels—not available; ratio L0
SLT
L0

= 0.3861; frequency f = 50 Hz;
σ = 57 × 106 S/m.

It is required to find the factor KF of losses increase in the coil winding for
current harmonics of order g = 1, g = 5, g = 7.

Table 23.17 Distribution of circulating currents in elementary conductors (SC = 2, N0 = 6)

N g = 5 g = 7

0 36.51+j�36.45 47.23+j�41.84
1 30.08+j�16.44 36.90+j�16.47
2 20.76+j�1.740 22.51+j�0.22
3 11.13−j�9.31 8.060−j�10.49
4 3.14−j�9.31 −3.790−j�19.20
5 −1.81−j�26.93 −10.9−j�28.84
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Calculation results are given in Table 23.16.
Note.
The temperature for the value of σ is usually chosen according to the class of

winding insulation.
From Table it follows that the account of elementary conductor leakage flux

influence results in the fact that additional losses in turn become not proportional to
the current frequency like this is the case in a bar of asynchronous motor with deep
slots rotor [1, 5].

By way of evidence of the validity of results given in Table 23.16 we shall show
an estimated distribution of circulating currents in elementary conductors that have
been obtained at g = 5 (f = 250 Hz) and at g = 7 (f = 350 Hz) from Eq. (23.132).
The results of current calculation are given in Table 23.17.

In the calculations the operational (load) current in turn is assumed to be equal to
IEL;T = 100 p.u. From Table it follows:

• the amount of currents in elementary conductors meets the requirements of
Eq. (23.121), that proves the validity of obtained results;

• with an increase in harmonics order g the level of non-uniformity of current
distribution in coil elementary conductors becomes greater. In this way the value
of factor KF is increased.

23.6 Questions for Self-Testing

1. What is the reason of eddy and circulating currents occurring in elementary
conductors of bar and coil windings?

2. What are fundamental measures to be taken to cut down additional losses?
3. Why do the currents circulating between elementary conductors appear in bar

winding with incomplete transposition and in coil winding?
4. There is a double-layer winding with two-turn bars arranged in slots. What are

the relations between additional losses in turns of both bars?
5. A double-layer bar winding with mica insulation has been placed in stator slot of

the motor; the slot width is 20.2 mm. The bar contained 52 solid elementary
conductors (m = 26, n = 2), their sizes are: hMS = 1.5 mm, bMS = 7.1 mm.
When the thinner thermosetting insulation has been chosen, there were arranged
34 elementary conductors (m = 17, n = 2), with their sizes being
hMS = 2.5 mm, bMS = 7.5 mm. In what way did winding losses change:
(a) additional; (b) total.

6. Estimated losses (D.C. losses and additional) for coil winding of insulation class
B make 86 kW, KF,MS = 1.227. It is required to determine losses (D.C. and
additional) when changing the insulation class F [40].

Note. By A.C. resistance of winding calculation we use the temperature 75 °C
(for “B” type winding insulation) or 115 °C (for “F” type winding insulation).
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7. If an asynchronous motor is fed from a frequency converter, winding losses lead
to 115 kW and KF,MS = 1.17 (at 40 Hz). It is required to specify winding losses
at 55, 70 and 88 Hz.

8. What must be the ratio of additional to D.C. losses in bar winding with hollow
elementary conductors so that their amount was minimum? Is the result valid
yet, if elementary conductors in bar are solid or combined (hollow and solid)?

Argument. A.C. losses QA.C.(H) in winding with hollow elementary conductors
are equal to,

QA:C:ðHÞ � 0:5I2PHRPHKF;HmPH � KF;H

mHnSH
;

where mPH—number of phases, IPH—phase current, RPH—D.C. resistance of
winding phase, mH—number of elementary conductors in bar.

Taking into account this relation, we have:

QA:C:ðHÞ �
1þm2

Ht
mHx0 ;

where υ, x0—constants of proportionality.
Setting to zero the losses derivative QA.C.(H) upon m, we have:

KF:H � 1þm2
H t ¼ 2:

It should be noted that this result does not depend on the type of elementary
conductors in bar (hollow, solid, combined) because this type of elementary con-
ductors is taken into account only by constants υ and x0.

As the consequence, the minimum losses in slot for bar winding take place when
the Field’s factor is KF = 2, and here additional losses are equal to D.C. ones.

Let us note, however, the following conditions examined earlier:

• at KF = 2 the relation of A.C. losses in upper (M = 2) and lower (M = 1) bars
makes 2.2 according to (23.97), at that, the dependence QA.C. = f(m) is flat in
KF = 2 zone. These two boundary conditions lead to the choice of values KF:

(a) up to KF,MS < 1.30–1.33 for machines with solid elementary conductors
(indirect cooling). At large values of KF,MS there are difficulties occurring
with upper bar cooling;

(b) up to KF,COMB1.65–1.7 for machines with combined elementary conductors
(direct water cooling). The choice of larger values (1.8 < KF,COMB < 2)
does not practically influence the value of A.C. losses reduction in stator
winding but results in increased consumption of copper and stator core.
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List of symbols

a Thickness of elementary conductor insulation;
a0 Number of parallel brunches of stator winding;
bMS Width of massive elementary conductor in turn;
bSLT Width of slot;
E0,1, E1,2, E2,3 EMF between elementary conductors in the turn of winding;
hMS Heght of massive elementary conductor in turn;
ICIRC(N) Circulation current between elementary conductors of turn;
IEL Load current in elementary conductor of turn;
IEL,M Load current in M turns of slot (counting value of M from the

bottom of slot);
IEL,T Load current of winding turn;
KF Field’s factor of bar winding;
L0′ Length of elementary conductor between two end parts of stator

winding;
LS Length of end part of bar;
LSLT Length of slot part of bar;
m Number of elementary conductors in the slot along on the heigth;
N0 Number of elementary conductors in turn;
PA.C.,N Additional losses in Nth elementary conductor of winding turn

under circulation current (N ≤ N0);
PA.C. Additional losses in all elementary conductors of winding turn

under circulation current;
QD.C. Losses in coil by D.C. current;
QA.C. Losses in coil by A.C. current;
RMS D.C. resistance of massive elementary conductor in the winding

turn;
RPH D.C. resistance of stator winding phase;
SC Number of turns in coil (SC = STR);
WPH Number of turns in winding of a stator phase;
μ0 Magnetic permeability of air;
φ Phase angle;
ФA(0,1), ФB(0,1) Leakage flux connected with loop (0, 1) for two slots of winding

(A and B);
ω Circular frequency of stator current.

Appendix 1: Method of Skin Effect Computation in Rotor
Bars of Large Power Asynchronous Motor with Allowances
for Temperature Distribution Therein

Rotor bars of large power asynchronous squirrel-cage motors (torque on the shaft
M0 � 5� 103 NmÞ are often made square or trapezoidal. The practice shows that
the characteristic M0 = f(n) of powerful asynchronous motor with squirrel-cage
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rotor obtained on bench during its service after lengthy standstill is different from
the M0 = f(n) measured immediately after its rated duty (n—rotation speed). In
particular, this relates to deep bar rotors and may be explained by different action of
skin effect in bars under specified conditions. At motor running up the temperature
in bars depends significantly on previous service conditions. The distribution of
temperature with height of a bar influences the eddy currents distribution in it and,
consequently, the value of its resistance and inductive reactance, these values
determining the relation M0 = f(n). Making allowance of the fact that the starting
torque on the shaft is usually specified in specifications, in practice it is often
necessary to refine the parameters of motors.

Algorithms for the calculation in this appendix are convenient additionally to use
in the factory in the design of high-power induction motors with heavy start-up. For
example, as is presented in the method of designing asynchronous machines, in
Chap. 4.

Calculation equations for rectangular slot. To derive the equation character-
izing the distribution of current with bar height with taking account of the function
ρ(y), it will be more convenient to use the numerical method based upon the use of
Maxwell’s equations in an integral form (y—coordinate: 0� y� h; h—bar height,
ρ—resistivity). We shall use the assumptions adopted as a rule for calculations of
skin effect in slots [1, 3–5]. Let us assume, in particular, that the steel permeability
lFE ¼ 1 and field lines are straight, parallel to slot base; taking into account this
assumption the current density shall vary only with height h.

Let us consider first a rectangular slot. We shall divide a rectangular bar in height
into N equal elements. Their number is specified by the accuracy of calculation of
bar resistance and reactance, for practical problems it mostly makes N < 200–300
and more. The current SM within each Mth element will be considered as placed in
its lower base as an infinite thin layer. Let us write the first Maxwell’s equation for
neighboring elements in slot base:

H1 ¼ S1
bSLT

; H2 ¼ S1 þ S2
bSLT

; ðA:23:1:1Þ

(bSLT—slot width, H1, H2—magnetic field strength in the first and second slot
elements).

Then for Mth element (1 ≤ M ≤ N) counting from the slot base:

HM ¼ S1 þ S2 þ � � � þ SM
bSLT

: ðA:23:1:10Þ

Let us describe in an integral form the second Maxwell’s equation for neigh-
boring elements in the slot base:

S1R1 � S2R2 ¼ �jxl0H1hMLCOR; ðA:23:1:2Þ
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S2R2 � S3R3 ¼ �jxl0H2hMLCOR: ðA:23:1:20Þ

where hM is the height of Mth element of bar; LCOR—is the length of rotor core;
ω—is the circular frequency; μ0—the air permeability; R1, R2, R3—are resistances.

Now we shall deduct from Eq. (A.23.1.2) term-by-term Eq. (A.23.1.2′):

S3R3 � 2S2R2 þ S1R1 ¼ jxl0S2LCOR
hM
bSLT

: ðA:23:1:3Þ

For elements (M + 2), (M + 1) and (M + 0) after transformation, we shall have
respectively:

S½Mþ 2	 � S½Mþ 1	 2RðMþ 1Þ þ jxl0
LCORhM
bSLT

 �
1

RðMþ 2Þ

þ S½Mþ 0	RðMþ 0Þ
RðMþ 2Þ

¼ 0; ðM ¼ 1; 2; . . .;N� 2Þ
: ðA:23:1:4Þ

We find that Eq. (A.23.1.4) at RðMþ 2Þ ¼ RðMþ 1Þ ¼ RðMþ 0Þ corresponds com-
pletely to that of the propagated wave (Helmholtz’s equation [3, 4]), characterizing
the plane-wave propagation in a conducting medium, if the strength of electric and
magnetic fields vary sinusoidally. Its difference approximation for three points is
given in Note.

We shall also note that Eq. (A.23.1.4) may be obtained from an equation system
for magnetically connected meshes [3, 4]; these equations contain coefficients for
self- and mutual induction, calculation expressions for which are given in [33].
When calculating these coefficients one should take that the current SM is presented
as an infinite thin layer in lower base of each of N elements. This assumption is
considered true as in practical calculations the height of Mth element makes less
than 1 % of bar height.

Let us write boundary conditions for the solution of (A.23.1.4). According to the
order of difference equation, there are two conditions. We shall use as the first
Eq. (A.23.1.2):

S2 ¼ S1
R1

R2
þ jxl0

LCORhM
bSLTR2

 �
: ðA:23:1:5Þ

The sum of the currents S1; S2; . . .; SM is equal to:

XN

M¼1

SM ¼ I; ðA:23:1:6Þ

where I—load current of bar.
This relation shall be used as the second boundary condition.
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To solve the difference Eq. (A.23.1.4) it would be convenient to apply one of
sweep method modifications. For S1 we shall set an initial approximation

Sðk¼1Þ
1 ¼ I

2N
: ðA:23:1:50Þ

The calculation of current values S in the elements is to be presented in the form
of the following computing sequence (algorithm).

1. We set S1 ¼ Sðk¼1Þ
1 .

2. We calculate S2 according to (A.23.1.5); S3; S4; . . .; SN according to (A.23.1.4);

IðkÞ ¼
X

M

SM:

3. If Ik
I � 1
���

���[ e; then it is required to calculate a new approximation for S1:

Sðk¼2Þ
1 ¼ Sðk¼1Þ

1
Ik
I and proceed to p. 2, if RM ≠ f(N) i.e. ρ ≠ f(y). However,

when the temperature along of height of the bar is changed we have to use in

general case for calculation Sðk¼2Þ
1 one of the methods [8, 9] for the determi-

nation of the roots of nonlinear equations of the form IðkÞ ¼ f½SðKÞ1 	 provided
that:

P
M SM ¼ I:

Otherwise, the calculation of currents in elements is completed and one can
specify losses increase factor (Field’s factor) KF and factor KX—inductance
decrease factor. For practical calculations ε ≈ 1 × 10−5.

Both factors at ρ = var shall be determined by relations

KF ¼ S1j j2R1 þ S2j j2R2 þ � � � þ SNj j2RN

Ij j2 � 1
REQ

;

where REQ—is the D.C. resistance of a bar;

1
REQ

¼
X 1

RM
; ðA:23:1:7Þ

KX ¼ LA:C:

LD:C:
¼ 3

S1j j2 þ S1 þ S2j j2 þ � � � þ Ij j2
N Ij j2 : ðA:23:1:70Þ

Here LA.C., LD.C.—is the inductance of a bar respectively with allowance of skin
effect and at uniform distribution of current with bar height.

Estimation of maximum error. The error of solution (A.23.1.4) by a numerical
method in terms of bar division into N elements is to be conveniently estimated at
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RM ¼ con st ¼ qLCOR

bMhM
; bM��width of Mth bar element:

In this case the error is maximum as the current distribution with conductor
height at RM = const shows a more pronounced activity of skin effect than at
RðMþ 2Þ [RðMþ 1Þ [RðMþ 0Þ. The solution of difference Eq. (A.23.1.4) at
RM = const is identical to (23.127).

An analytical solution for S(y) at ρ = const is given for example in [3, 4]. Its
comparison with (A.23.1.4) allows determining the number N corresponding to a
specified error.

The choice of the number of elements (N) is closely related to the value of
relative error when specifying the factors KF and KX. The practice of calculation of
current distribution SM has shown that if we assume that a relative error in cal-
culation of KF is approximately 5 % that is sufficient for engineering calculations,
then the minimum number of N elements may be found from relation

N[ 15h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xl0
2p1

� bM
bSLT

s

: ðA:23:1:8Þ

Here ρ1 corresponds to M = 1.
This number N is an initial approximation to determine the number of elements.
Within the limits of this algorithm (p. 1–p. 3) it is easy to specify after p. 2 for

each element M of a bar the values of resistivity ρ in relation to the temperature QM:

qðM;HÞ ¼ q0 1þ qHMð Þ: ðÞ

In problems of practical importance such a refinement is necessary first of all to
define the parameters of squirrel-cage rotor of the machine operating under con-
ditions of abrupt change in loading (run-up, reverse operation etc.).

In general case to take into account the dependence (*) we have to solve the
equation:

dHM

dt
¼ QM � QCOND;M þDQMþ 1;M � DQM;M�1

CGM
: ðÞ

Here QM—losses, found in a layer with number M (M ≤ N), QCOND;M—losses
taken from the layer into rotor teeth by heat transfer and then into air gap by
convection; DQMþ 1;M; DQM;M�1—inlet and outlet losses respectively for a layer
with number M, C—specific heat of a conductor; GM—weight of Mth layer of a
bar. (In a particular case on the condition of adiabatic heating usually QCOND,

M ≈ 0).
Thus, to refine the parameters of rotor the proposed algorithm provides the

solution of two problems at each step of integration Δt:

• current distribution over cross-section of a bar;
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• calculation of the values of specific resistivity of each of M (M ≤ N) elements
(layers) of a bar when calculating the distribution.

Considering the flat nature character of variation of temperature HMðtÞ on time t
it should be sufficient to apply the Euler method [8, 9] for integration of this
equation; the integration step Δt is to be taken according to [8, 9]. Initial conditions
to solve this equation are to be specified by motor operating conditions:

• under no load conditions (after sustained service interruption), QM ¼ Q0 ¼
const; (at M = 1; 2; …; N), here Q0—ambient air temperature;

• under hot start-up conditions (without sustained service interruption, subsequent
loading change) QM = f(M), (at M = 1; 2; …; N).

These values of QM have been already specified by the solution of Eq. (**) for
the previous operating mode.

It should be noted that there is a certain relation [8, 9] between number of bars’
elements N in Eq. (A.23.1.8) and the integration time step Δt of differential
Eq. (**).

Peculiarities of calculations for trapezoidal bar. Now let us consider the
peculiarities of calculation of skin effect in trapezoidal bar at ρ = var. To calculate
skin effects in such a bar at ρ = var. we shall use traditional assumptions [3, 4]. Let
us consider first neighboring elements in slot base. According to Maxwell’s
equations, we have by analogy with (A.23.1.1), (A.23.1.2) and (A.23.1.2′):

S2R2 � S1R1 ¼ þ jxl0S1LCOR
h1
a01

;

S3R3 � S2R2 ¼ þ jxl0 S2 þ S1ð ÞLCOR
h2
a01

:

ðA:23:1:9Þ

The values a01; a
0
1 are calculated by the center line of elementary trapezoid.

Now we shall deduct the second equation from the first one:

S3R3 � 2S2R2 þ S1R1 ¼ þ jxl0 S2 þ S1ð Þ h2
a02

� S1
h1
a01

� 	
LCOR: ðA:23:1:10Þ

Equation (A.23.1.10) is significantly simplified if we introduce therein additional
conditions:

h2
a02

¼ h1
a01

¼ const:

In this case Eq. (A.23.1.10) takes the form of (A.23.1.3). Consequently, in order
to have in general case at 1�M�N the calculation equation in the form of
(A.23.1.4), it is necessary to subdivide the bar in height so that the height of its
elements is different aM ¼ bMð Þ:
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h1

b1
¼ � � � ¼ hM

bM
� � � ¼ hN

bN
¼ p,

h2

h1
¼ � � � ¼ hM

b M�1ð Þ
¼ � � � ¼ bN

b N�1ð Þ
¼ d:

9
=

;

The values b1; b2; . . .; bM; . . .; bN are calculated by center line of elementary
trapezoid.

The values δ and p are calculated from relations:

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2h
bBT

N
r

� tgu; tgu ¼ bBT � bTP
2h

; p ¼ 1� d
1þ d

ctgu;

where bBT; bTP—is the width of lower and upper bases of trapezoidal bar (counting
from slot base).

Note. The Helmholtz’s equation for plane-wave [3, 4] at sinusoidal variation in
time of electric and magnetic fields strength is:

d2E

dy2
¼ kE; where k ¼ j

xl0
q

� bM
bSLT

:

Its difference approximation [3, 4] by three equidistant points:

E[Mþ 2	 � 2E[Mþ 1	 þE[Mþ 0	
h2M

¼ j
xl0
q

� bM
bSLT

E[Mþ 1	:

After transformation we have:

E[Mþ 2	 � E[Mþ 1	 2þ jxl0
h2MbM
qbSLT

 �
þE[Mþ 0	 ¼ 0:

This equation corresponds to (A.23.1.4) at RðMþ 2Þ ¼ RðMþ 1Þ ¼ RðMþ 0Þ.

List of symbols

bSLT Slot width;
C Specific heat of conductor;
GM Weight of Mth bar element (M ≤ N);
hM High of Mth bar element (M ≤ N);
H1, H2,…,HM Strength of magnetic field in slot in boundaries of Mth bar element

of rotor (M ≤ N);
h High of rotor bar;
I Amplitude of bar current under load condition;
KF Losses increase factor (Field’s factor);
KX Factor of inductance decrease of bar;
LCOR Length of rotor core;
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LA.C. Inductance of bar with take onto account of skin effect;
LD.C. Inductance of bar without take onto account of skin effect;
M Number of bars element (M ≤ N);
N Number of elements along of the height of a bar;
QCOND,M Losses taken from layer into rotor teeth by heat transfer and then

into air gap by convection;
QM A.C. loses in Mth element of bar;
R1, R2,…,RM D.C. resistivity of bar elements;
REQ D.C. resistivity of bar;
S1, S2,…, SM Currents in bar elements;
y Coordinate along the axis of symmetry of the slot;
ε Error of calculating;
μ0 Permeability of air;
θ Temperature of winding;
ρ Resistivity of conductor;
ρ* Temperature factor of the increasing of the specific resistance;
ω Circular frequency of rotor current

Appendix 2: Analytical Method of Designing Polyphase
(mPH ≥ 3) Stator Winding with an Arbitrary Fractional
Number Q of Slots Per Pole and Phase

Introduction: Fundamental assumptions
The issues of development of common methods for designing and investigating

fractional q windings (q < 1, q > 1) are of practical interest for machines with
mPH � 3 over a wide range of rated power (0.5 kW–25 MW), including machines
working with nonlinear network.

It is has been already mentioned (see Chap. 19 etc.) that MMF of stator windings
with q fractional, especially at its small values, for example, q < 3, usually contains,
as compared to MMF with integer q, additional space harmonics [1, 3–5]. The order
of these space harmonics is m < p (p—number of pole pairs and order of funda-
mental MMF harmonic at series expansion with period being T = πD; D—stator
bore diameter). The presence of this type of harmonics (“subharmonics” [8]) may
cause additional vibrations of stator core and stator frame with amplitude being
several times larger than an admissible value [15], though amplitudes of MMF
harmonics are much less than the fundamental harmonic amplitude. To eliminate
vibrations one should increase overall dimensions and weight of a generator owing
to the necessity to strengthen its frame.

For this reason, on the practical level of multipole synchronous machine
designing it becomes necessary when selecting the design of stator winding to
examine carefully all options of stator windings with optional q number, so as to
preclude additional vibrations of stator coreand frame. In this context, a need was
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created to develop an analytical method of designing polyphase ðmPH � 3Þ stator
winding with an arbitrary fractional number q of slots per pole and phase. There has
been given a detailed account of it in [26]; in the same place, there have been
described procedures validating this analytical method to design a series of winding
structures.

By applying the results of such a design for a selected type of winding con-
struction it will not be difficult to perform the analysis of MMF harmonics and to
specify the amplitude and phase of its space harmonics, including those of space
order m < p. The method to plot a stream step function required for such an
analysis of MMF harmonics has been described in Chap. 12 with respect to the
analysis of MMF of windings dropped in rotor slots; it may be used without being
modified to solve this problem. It should be noted that in practice in multipole
machines in order to reduce the length of jumpers between winding phase bands the
jumpers are used to connect “outsider” phase bands in case when their own bands
are “far”; this adversely affects the harmonic composition of winding MMF.

Let us investigate first the peculiarities of the topology of a double-layer winding
with fractional q; at that, we shall assume that the count of upper bar (coil) coin-
cides with slot number. The characteristics of single-layer winding with fractional q
have been additionally studied. It is assumed that modern armature windings with
phase number equal to m have 2mPH phase zones. The q number is given in the
form:

q ¼ Z
2pmPH

¼ Eþ F
H
; ðA:23:2:1Þ

F < H, H 6¼ mPHG; where G = 1.2, …
Problem setting
When investigating the topology of fractional q winding and designing it the

following problems [1, 5, 6] should be solved [26]:

• to set a phase zone for each bar (coil) (for example, A);
• to determine the sequence of bar (coil) connections in phase zone;
• to determine the sequence of phase zone connection, for example, star

connection.

To solve the above problems it should be sufficient to determine the sequence R
of bar (coil) counts in the form as follows:

R ¼ nD; nE; . . .; nJ; . . .; nL; . . .; nHf g ðA:23:2:2Þ

of this winding. The sequence R contains Z bar (coil) counts which are prelimi-
narily in (A.23.2.2) placed in an arbitrary order, for example, in the form: nD = 1,
ng = 2, …, nH = Z. In this case the phase angle is between voltage vectors of bars
(coils) laid down in neighboring slots [1, 5]
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W ¼ 360
m0p
Z

¼ 180
m0

mPHq
: ðA:23:2:3Þ

However, between bar (coil) counts in sequence (A.23.2.2) there are some
regularities that are to be investigated in [26]. As a result of this investigation, the
subsequent sections contain the following regularities [24–26] allowing the solution
of set problems:

(a) A fractional q winding contains a specified series of sequences:
R ¼ R1;R2; . . .;RJ; . . .;RKf g:

At designing a fractional q winding it turns out to be necessary to determine the
topology and the configuration of only one sequence (unitary winding RJ). The
configuration of other K–1 sequences may be determined from the sequence of
unitary winding RJ with the help of parameters S, K, T whose equations have been
obtained in [26].

(b) A unitary winding contains one or several components, for example, for a
unitary winding RJ the following is true: RJ ¼ RJð1Þ;RJð2Þ; . . .;RJðV); . . .f g:

The number of components of unitary winding RJðV) is equal to the parameter
B0 whose expression has been found in [26].

At designing a fractional q winding it turns out to be necessary to determine the
topology and the configuration of only one component RJðV) making part of
unitary winding RJ.

Configurations of other components of unitary winding may be specified from
the component RJðV) configuration with the help of parameter DB [26].

(c) A unitary winding components may be presented in the form:

RJðV) ¼ nE; nP; nU; nV; . . .; nH;f g; ðA:23:2:4Þ

at that, the difference between phase angles of voltage vectors of bars (coils)
with counts nP and nE, …, nH and nV, for each fractional q winding is
minimum. In this case such a winding has a maximum distribution coefficient.
Correspondingly, the difference of counts of these bars (coils) is constant and
equal to the parameter Y:

nP � nEj j ¼ � � � ¼ nH � nVj j ¼ Y: ðA:23:2:5Þ

It should be noted that the difference Y is equal to the resulting fractional q
winding pitch [1, 5, 6]. It follows from this that the count sequence in the com-
ponent of unitary winding RJ(V) corresponds to the sequence of bar (coil) con-
nections in its configuration.

Expressions for parameters Y, DB have also been found in [26].

(d) A unitary winding contains all mPH phases (A,…, C,…) of armature winding:
RJðV) ¼ RJðA); . . .;RJðC); . . .f g:
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At designing a fractional q winding it turns out possible to determine its
topology and configuration with the help of parameter KZ [26] on the basis of the
topology and configuration of only one of its phase zones, for example A.

From these regularities of fractional q winding it follows that in order to
investigate the winding topology and to determine its configuration it should be
necessary to find calculation relations for parameters S, T, K, B, DB, Y, KZ.

In [26] are obtained the calculation relations for these parameters and in detail is
expounded the method of designing of the winding with their using. In the same
place are presented the practical examples of designing.

Brief Conclusions [16]

1. To calculate the current distribution in the elementary conductors of coil
winding it is convenient to use difference equations [8, 9]. They yield the
solution for currents in a closed form.

2. In the coil-type winding of large A.C. machines the transposition of elementary
conductors takes place usually only at the end parts. The transposition is formed
during the coils manufacture.

3. In case of a large number of elementary conductors in the turn, not only the
leakage flux of “neighbouring” turns in a slot should be taken into account, but
also the leakage flux of the elementary conductors comprising the turn.

4. To reduce eddy currents and A.C. losses in the coil type winding the number of
elementary conductor layers in the turn should be less than 5–6.

List of symbols

A, B, C, … Winding phases;
B0 Number of components of unit winding;
bSLT Slot width;
K Number of sequences in winding;
KZ Winding parameter;
mPH Number of phases;
m0 Order of field spatial harmonic in air gap;
nD; ng; . . .; nj Numbers of bars (coils);
p Number of pole pairs;
q Number of slots per pole per phase;
R Sequence of bar (coil) numbers;
S Winding parameter;
T Number of bars (coils) of unit winding, its period;
W, WM Phase angles (el. degr.);
Y Resulting winding pitch;
Z Number of slots
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