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TEPE/IMOBA

V nixifiHi#t anrebpi BUBYAIOTLCA, FOJIOBHUM UHHOM, 00 €K-
TH TPbOX THMIB: JIiHIHHI NPOCTOPH, MaTpuili Ta anredpuuni popmu. Teo-
pii unX 06’€KTIB TICHO NOB’#3aHi Mix co600. MeToan niHiliHOT anre6pu
3aCTOCOBYIOTHCA B TEOPIT KiJiewb | MOAYJIiB, Y Teopil 300pakeHHs rpyn, ¥
byHkuioHanbHOMY aHasizi. Bei 06°€kTH, 110 po3MIAAAOTLCSA | BUBYAIOTh-
cs B JiHiWHINA anreOpi, BaXMBI UM 3aJay reoMeTpii, 00UHCAIOBATLHOT
MaTeMaTukH, Pi3uku, MATeMATHYHUX METOAIB B €KOHOMILL TOLIO.

Teopis anreOpuyHux GopM CKIAgaeThCs 3 Teopil JiHIHHUX, KBapa-
THYHHX dopM i Teopii dopM BULIOTO cTeneHs. Anarebpa MaTpHlb 0col-
JIMBO 3py4YHa IJI1 BMBYEHHS NiHIMHHX i KBaapaTUYHUX (OpM, cHCTEM
JiHIAHUX piBHAHbL Ta NiHiIAHUX HepiBHocTel. OO0 eaHyrouMM 00’ €KTOM
yciX YacTHH NiHiHOT anrebpu € NiHiiiHUA (BEeKTOPHUIT) IpOCTIp.

3anponoHoBaHMil MiAPYYHUK HAMMCAHO Ha miacTaei GararopivHOro
JOCBINy BUKIafaHHA Kypcy anrebpu B YpanbChbKOMY YHIBEPCHTETI Ta Ha
MexaHiko-MarematuuHoMy (akynwTeri it ¢akynbTeTi KibepHeTHKH Kuis-
ChKOr0 HauioHalbHOro yHiBepcureTy imeni Tapaca [lleBuenka.

HMepwi aBa pos3ainu “IMons i MHorouneHu™ Ta “Teopis BU3HAYHMKIB”
€ MArOTOBYMMM ANs 3arajbHOl Teopil JiHIHHMX MPOCTOPIB CKIHUEHHOT
PO3MipHOCTI.

V poznini | HaBeneHo eneMeHTH Teopii moniB i Kimeub. JloBOIMTLCH
OCHOBHa Teopema BuLIOT anredpu. 3akmouHuii naparpad posniny npuces-
Y€HO BiJUTILHOCTI AifICHUX KOpeHiB MHOroYseHiB. LI TeMa nouynaeTsed 3
O3HAYEHHs 3BHYAHOTO i y3araipHeHoro paay Lltypma. [loBoasTbes Bia-
noeigxi Teopemu Lltypma. Po3ramaloTecs BIAacTUBOCTI KOPEHIB OJIHOFO
KJacy MHOTOY/IEHIB, 3aJaHHX 3BOPOTHUMH CIiBBiIHOIUEHHAMH (O UBOTO
Kacy Hanexars MHorounend Jlexanapa, Epmita ta in.). Teopis Bu3Hau-
HHUKIB BUKNAJieHa Tak, 100 HaBMUKY, HAOYTi mpH 1X oGYUCNEeHH], niaroTy-
BAJIN CTYAEHTIB 110 CIIPUHHATTA NMOHATTA 6araToBMUMipHOro BEKTOPA.

Y po3zini 2 HaBeNEHO TOHATTA BU3HAYHMKA A-TO MOpanky. Jloeo-
IUMThCs TeopeMa Kpamepa 1Jist CUCTEMH /1 PIBHAHB 3 /7 HEBIAOMUMH.

Y po3zainax 3—7 po3risHYTO BRACTMBOCTI JIiHIHHUX MPOCTOPIB, CHC-
TeM JiHIHHUX piBHAHb i NiHiIMHKMX neperBopeHb. HaBenewo npasuna i
AropuT™My  OOYMCNIeHHs 0a3uCy Ta paHry CHCTEMH BEKTOPIB, paHry
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Marpuili, po3B’A3aHHA CHCTEM JiHIIHUX PiBHAHb, OOUMCNEHHA OGEpHEHUX
martpuub. [IpU UbOMY OCHOBHHM 3acob0M po3B’s3aHHA GinbLocTi 3agay4
06paHO METOA €N1EMEHTAPHUX NMEPETBOPEHb HAll BEKTOPaMH. Po3raHyTO
MeToau OOYMCIEHHS MaTpuub JiHIHHMX OmepatopiB Ta iX Xxapakrepuc-
TUYHHMX MHOTOU/EHIB, a TaKOXK HaBeleHO OYAOBY AeAKHX Haibinbll Bax-
NUBUX TUMIB JiHIHHUX OMepaTopiB, 30KpeMa, CaMOCTIPAKEHUX i OpToro-
HaJlbHUX ONEPaToPiB €BKJIZOBOro MpoCTOpy.

Pozain 8 npucBIYeHO NUTAHHAM MCEBAONEPETBOPEHHN HiHCHUX
MaTpHub. 3agava npo obuucaeHHs ncesnoobepHeHoi MaTpHli Ge3moce-
penHbo MoB’sA3aHa 3 METONOM HaliMeHIUX kBaapartie [‘aycca. HaseneHo
eeKTHBHUI MeTOR 0GYHCIEHHA NceBA00OepHEHOI MaTpHULl Ha MiACTaBi
Bigomoro anropurmy . K. ®anneesa.

Y po3aini 9 npo omykni MHOXHMHH LIHPOKO BHKOPHCTOBYIOTLCA TOMO-
AoriyHi BAACTMBOCTI MiAMHOXHH €BKJIAOBOro npocropy. Josoasrtbes i
MOTiM 3aCTOCOBYIOTHCS TEOpEMH BiIIINBHOCTI I OMYKJIMX MHOMHH.
Onucyetbcst 6y10Ba oNyKIMX 6araTorpaHHMKIB, @ TAKOXK KOHYCIB i Onyk-
JiuX GaraTorpaHHUX MHOXHH (TOOTO MHOXHH YCiX po3B’A3KiB CyMicHOT
CHCTEMH NiHIAHMX HepiBHOCTel). Marepian uporo posainy € teoperud-
HOK OCHOBOIO KYpCY JIiHi/iHOrO i HeNiHIHHOro nporpaMyBaHHs, a TAKOXK
cnedianbHoro kypcy “Jliilini HepiBHOCTI”.

Ocranniit po3ain 10 mpo cucTeMH JiHiHHHX Ai0AHTOBHUX piBHAHBL
HanucaHui npodecopom KHiBCbKOro HaliOHaJILHOIO YHIBEPCUTETY iMEHI
Tapaca lllepuenka 1. B. [IpoTacosum.

Y niapyuHuKy HaBeneHO 6araro NpUKNazie po3B’A3aHHA KOHKPETHUX
3anay. OkpiM TOro, KOXHHI naparpad) MiCTUTbL BrpaBu A8 CaMOCTiHHOT
pobortu.

ABTOp BHCIOBIIOE IIKMPY NOAAKY KaHAMAATY (i3MKO-MaTeMaTHUHHUX
Hayk C. C. lllecTakoBy 3a y4acTsb y NiArOTOBLi MiZPYYHHKA O APYKY.



Po3din 1. NONsA | MHOIO4JNIEHN

§ 1.1. Kinbus i nonsa

Jns aificHUX i pauioHaNbHNUX YMCES BU3HAYEHO YO-
™Mpu apudmeTHuni omepauii (aii) — NoAaBaHHsA, BiAHIMaHHS,
MHOXeHHS i AineHHs. Pe3ynbTaToM uMx Jiil OAEpPKYIOTbCA uKcaa
Takoro > Buay. JIns UinX uucen nulwe nepuli TpU apudMeTUUHI
orlepalil TakoX MOPOLKYIOTh YHCAA Lifi.

Onepauii, avanoriyni apupMeTHYHUM JiM 3 yncnamu, Biano-
BiflHUM YHMHOM BBOJATHCA i Ans iHIKWX o6’extiB. [Ipu ubomy
3’SCOBYETHCA, 1110 BOHU MAOTh Ti cami BNacTMBOCTI, 110 # Aif Haa
ynucaamu. baratoBuan Takux ClopigHEHHX 00’€KTiB BU3HAUALOTL-
€A aKCiOMaTH4HO 32 JOMOMOTOI0 O3HAaUYeHb, HABEJCHUX HWKYE.

Osnauenna. Iosnauumo uepes K 0eaxy nenoposicHio MHOICU-
1y, wo ckaadaemuvcs 3 enemenmis a,b,c,..,x,y,z,... Hexait ons
KoXCHOI napu enemenmis a, b eusnaueno 0ei onepayir:

1. Jooasanusn. Buacniook zacmocysanns yici onepayii ene-
Mmenmam a i b cmagumsca y 6iOnogionicme mpemiii eaemenm
a+b, axuit nanexcumo mitt dce muodxcuni K i nazusaemecs cy-
mooaib.

2. Muoocenna. Licio onepayicio 00HO3HAUHO CMAGUMBCA Y
gionogionicme enemenmam a i b mpemiii enemenm a-b, axui na-
nexcume miit xce mroxcuni K i nazusaemscsa 0oobymkom a i b.

Henopoocns muosxcuna K nasusaemeca xinoyem, sikugo yi one-
payii nionopaoKoBaHi MAaKumM OCHOGHUM 3AKOHAM.

1. 3akonu oooaeanns
I,. Acoyiamusnicmy.:

Va,b,ceK{a+(b+c)=(a+b)+c}.

1. KomymamugHicms.

Va,be K {a+b=b+a}.



L. Icnysanns nynvogoeo enemenma 0:

30e K VaeK{a+0=0+a=a}.

1y, Icuysanns npomunescHozo enemewma X, AKUl NO3HA4a-
embes —a:

VacK 3xe K {a+x=x+a=0}.

II. 3axonu muodxcenns

II,. Acoyiamugnicmy:

Va,b.ce K{a-(b-c)=(a-b)-c}.

H1. Posnodinbui 3akonu
ah. Va,b,ce K{a-(b+c)=a-b+a-c}.
1. Va,b,ce K{(a+b)-c=a-c+b-c}.

Kinvye K naszusacmvcs KoMymamugHuM, SAKUO0 BUKOHYEMbCA
000aMKOBO Q0 OCHOGHUX 3UKOHIB Uje OOUH 3AKOH — KOMYMAmMug-
HICMb MHOJCEHHA.

Ih. Ya,b{a-b=b-a}.

[Mpuknanu kineupb (KOMyTaTUBHHX):

MHOXXHHA Z BCIX UiJIKX Yucen BiAHOCHO Aili 10JaBaHHA | MHO-
HKEHHS;

MHOXHHA BCIX LITHX YHCEN, KPaTHUX 33/ITaHOMY LiJIOMY YlCITy m;

MHOXHHa () BCiX pallioHANbHUX YMCel;

MHOXHWHA BCIX pallOHAJIbHUX YHCE BUAY _/7 saemip Ha6y-
2

BalOTh BiANOBiAHO BCIX WiIMX i BCiX HATYpaJIbHUX YHMCEN.
HoBenemo pgeski 3arajibHi BIaCTHUBOCTI Kijlellb, WO BHMIMIHBa-
FOTb 3 OCHOBHHX 3aKOHIB.
1. ¥V kinbui K icHye equHuii Hy1b0BHIi eneMeHT 0.
Hosenenus. Hexaii 0 i © — iforo HynboBi enementi. Toxi
a+0=a=0+a i a+0=a=0+a qna Oyap-skoro ae€ K. Axwo
a=0,To010+0=0i0+6=0. Tomy 6=0.
2. Jlns Oynb-sixoro enemeHTta a€ K icHye eauHuit obepHeHni
eNEMEHT X = —a.
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Hosenenus. Maemo a+x=0. Hexaii ans peskoro ye K
mae micue y+a=0. Toai y+(a+x)=y+0=y. Ha niacrasi
sakony acouiarusHocTi (1)) y+(a+x)=(y+a)+x=0+x=x.
Tomy y=x.

3. Hexa#t gq;€K,i=1,2,..,ni b,EK,j= 1,2,...,m. 3a po3-

ﬂOIliﬂbHYlM 3aKOHOM MaeEMO

(o +ay+..+a,) (b +by+..+b,)=

m m
S| tay: Zb, +..+a,- Z‘Tbi =
l=

1 ,:

=al-

A

i b +Za,b +.. +2a,,b, a-b+ag-by+..+a;-b +..

Omxe, W06 MOMHOXHTH CYMYy @ +3a;+..+a, Ha cymy
b +by + ... +b,, NOTPiGHO KOXKHUI AOJAHOK MEPIIOT CyMH M1O-
MHOXHTH Ha KOXHHMI JOAaHOK ApYroi CyMu i osepkaHi N0OyTKH
nonaru. [opsinok MHOXHUKIB a; 1 b, 30epiraeTbcs.

4. V kinbui K BuU3HauaeThCA Aif GiIOHIMaHHS: AN Oy[Ab-AKUX
#ioro enemMeHTiB a i b BU3HAYAETLCS PI3HUUS b —a TaKUM HHHOM.
Akwo x =—a — obepHeHuii eneMeHT And a, ToAi

b-a=b+(-a).

VY Kknaci KOMyTaTHBHHX Kijlelib OKpeMO BHAIUMO MOJs.

O3nauennsa. [lonem nazusacmocs komymamushe Kinoye P, Ons
AKO20 000AMKOBO BUKOHYIOMbCS 3AKOHU MHOICEHHSL.

1. Icnyeanns oounuuHo2O enemenma e:

JeVa{a-e=aj.
1. Icnysanns obepuenoee enemenma X, AKULl NO3HAUAMU-
memves @', ons a#0:
Va#03x{a-x=¢}.

V Oyab-skoMy noji P OOUHUUHHA enemMeHT e i ofepHeHuii

enemeHT a~' /15 HeHyTbOBOTO €EMEHTa a — €AuHi. JloBeeHHs
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UMX TBEP/DKEHb AHANIOTIYHE NOBEAEHHSAM €AMHOCTI HYJILOBOIO
enemenTa 0 i 06epHeHOro —a BiAHOCHO AiT J0AaBaHHs.
VY noni P BU3HAYAETLCA OMepauis JijeHHs.
. b
SAxuo a,he P i a#0, TO 4ACTKOIO — HA3UBAETLCH EEMEHT
a
c=a'b=ba”" uvoro nons.

Ynopsdxoeani nons i none diticHux yucen

Osnauennsa. Ilone P nasusacmocs anopsiokosanum,
AKWO ONA U020 eNeMEHIIG susnaueno enacmugicms Gymu dooam-
HUM [ SIKE XaPAKINEPU3YEMbCA MAKUMU 3aKONAMU.

V. 3akonu oooamnocmi

IV\. JIns koocnoeo enemenma a€ P euxonyemoca nuute ooue i3
cnigsionowens: a=0, a>0, —a>0.
Vs, a>0&5>0 = a+b>0.

V. a>0&b>0=>a-b>0,a"' >0.

Enemenm a snopsoxosarnoco nons P nazusaemocs 6io ‘emuum,
axuo —a>0.

Y BnopsakoBaHoMy noni P Ui KOXKHOI mapu pi3HuUX efe-
MEHTIB @ i b MOXXHa BBECTH BiJHOLUEHHS HACTYITHOCTI.

1. SAkuwio a, b€ P, TO 111 HUX BUKOHYETHLCS OJHE i3 CNiBBij-
HOLLIEHDb, B32EMOBUKIIIOYAIOUUX OJIHE OJIHOTO:

a) b—a=0.Toni b=a;

6) b—a>0. Toxni 3anucyemo b > a (b HacTymnHe 3a a);

B) —(b—a)>0, T06T0 a—-b>0. Toai 3anucyemo a>b (a Ha-
CTyNHe 3a b).

Omxe, ans 6y1b-AKOT APH €N1EMEHTIB a, b BAKOHYETHCH OAHE i
JIMILE OJIHE 3 TPHOX CHMiBBiAHOLUEHD:

a=b,b>a,a>b.

2. Slkwo a>b, 10 a+c>b+c pns Oyab-akoro ce P. lle
BMIMIMBAE i3 CNiBBIAHOLLIEHb

(a+c)-(b+c)=a-b>0.



3.8kwo a>b i ¢>0, Tomi a-c>b-c. Omxe, a>b=
= a~b>0= (a-b)-¢>0 = ac-bc >0, 10670 ac>bhc.

4. Axu0 a>b i a>0, b>0, Tomi 3 a'b(b—l—a_')=

=a-b>0 sunmBac b' —a”' >0 itomy b >a7'.

MuoxuHa R ycix AificHux uucen i3 3araibHONPHITHATHMH
apUPMETHUHUMHU [iAMH Hal YMCNAMHU i BiAHOWIEHHAM TOPAAKY —
BaXIMBUH MPUKIAL YTOPAAKOBAHOTO MO,

Cyuachuii BUKJI1an Teopii AiiCHUX Ynce, K NpaBuio, NoYHHa-
€TbCA 3 aKcioMaTHyHOI NOOYHOBM Teopil HATypalbHUX uucen.
Binomuit iTaniticekuii Mmaremaruk [leano (1891 p.) 3anpononysas
nobynyBaTH LIO TEOPit0, BAXOAAYH 3 TAKOT CUCTEMHU AKCiOM:

1. 0 — 4ucno, sike He € HACTYNHUM 33 OYb-1KUM YHUCIIOM.

2. JIns KOXXHOrO 4YHCIIa @ € PiBHO OJIHE YMCII0, HACTYMHE 32 a.

BoHo nosHavaerses a’ .

3.13 a’ = b’ Bunnusae, wo a = b.

4. Sxwo uncno 0 Mae nesky BnacTuBicTs 4 i ana Gyab-aKOro
YUCNA @ HA MIJACTaBi TOrO, IO @ TEX MAE BIACTHBICTbL A, BHINU-
BaE, WO if uncno @’ Mae BIacTHBICTb A, TO i 6yab-sKe YHCO X Mo-
BHHHO MaTH Taky caMy BacTUBICTb 4.

OctaHHs akcioMa Ha3HBAETLCA MPUHLUNOM MAMEMAMUMHOL
inOyxyii. MOBOIO MaTeMaTH4HOT JIOTiKH BOHA 3aMUCYETLCS TaK:

A(0) & Ya{A(a) = A(d)} = Vx A(x).

3a 0NOMOTOI0 LIMX aKcioM BBOAATHLCA onepauil A0JaBaHHSA i
MHOKEHHS, a MOTIM BUBYAIOTLCA TX BJIACTHBOCTI Ta PO3BHUBAETHCH
elleMeHTapHa Teopis YHCeJl.

[Tone R ycix AifCHUX uMcen BUAINSETbCA B KJIAci BIOPAAKOBA-
HHMX NOJ1iB OJHi€0 PyHAAMEHTANBLHOIO BIACTHBICTIO (BNACTUBICTIO
HEeMnepepBHOCTI):

V. Ipunyun Jeoekinoa

Hexait 3anano 6yab-ke po3OHTTA BCiX AilicHUX uuMcen Ha ABa
Knacu E; i E,, uio MaloTh Taki BIACTHBOCTI:

o61aBa KJ1acH HEeMOPOXKHi | He NepPeTHHAIOTHCS;

KOXHE 4ucio knacy E, 6inblie koxxHoro uucna knacy E;.



Toai icHye nuile ofHe AiIfiCHE YUCIIO Z TaKe, O KOXKHE YUCO
X, MEHLLE 3a z, HaNeXUThb Khacy E|, a koxHe 4ucio y, Ginbiue 3a z,
Hanexutsh kiacy E,. [lpy uboMy 3po3yminio, 110 YMCIO Z Haje-
KHUTb abo E|, abo E,.

Bynb-ske none P, Wo € NiAMHOXHHOIO NoJs R AiHCHUX uKcen,
Ha3UBAETLCA AIMCHUM rnoneM. IHaklle KaKy4W, OIlICHUM NOnem
Hasueaemocst 6yOb-axa niomuoxcuna P muoxcunu R ycix Oiticnux
Yucen, AKUI0 6OHA MAE MAKi GIACMUBOCHI.!

a,be P> a+beP,
abeP=>a-beP,
abe P=>a-be P,

abe R& a#0 = 2 e P.
a

Bnpasu

1. JloBecTy, 1o Koau AilicHe nosie P HeTpuBianbHe (TOOTO Mic-
TUTh y KPaliHbOMY BHIIAAKY OJIHE YHCNO0 a # 0), TO BOHO MIiCTHTb
none Q pauioHaIbLHUX YUCeJL.

2. llo3HauuMo uepes Q[x/ﬂ MHOXHHY BCiX uucen BHIY

x=a+bJ2 ,0e abe Q. MoeecTty, wo Q [ﬁ] — none.

§ 1.2. Mone KoMNNEKCHUX Yucen

KomMmnnekcHi yucna

O6epeMO Ha MIOLIKHI NPSIMOKYTHY CHUCTEMY KOOp-
JIMHAT 3 104aTKOM y Touli O Ta 3 OAMHUYHUMH KOOPAMHATHHUMH
BEKTOpaMu 1=(@1,0) Ta 7=(0,1), cnpsAMOBaHMMHM BiAMOBIAHO
B310BX oceit Ox i Oy (puc. 1).
Byab-sikuil BEKTOp Z , O MIiCTUTbCS B MuiowuHi Oxy, MOXHa
MOAATH Y BUTJISAAI CYMH

7=al + bi,

e a i b— npoekuii BexTopa BiAnoBiaHO Ha Bick Ox i Oy.
10




Sk iy Bumaaky onepauiit 3 AifiCHUMHU YucnaMu, 1/ BEKTODIB,
WO HalexaTh OJHIN MIOLMHI, BBeAeMO onepauii J0AaBaHHA,

BilHIMaHHA, MHOXKEHHSA | AiNIeHHA, a Ta- y -
KOX onepauii foJaBaHHs, BiiHIMaHHA Ta Z
MHOXEHHS Ha CKaJsp. T
Onepanii goaasanus, BigHiMauns i
MHOXeHHs Ha ckaisp. Hexail Z=a-1+
+bi, Z=d 1+b-i,0e a, b, a, b ~ 0 T g

JOBUNbHI JilicHi uucna (enemMeHTH mnons
R). Toni Puc. 1

+% = (a+a)l+(b+b)z,
-7 =(a-d) +(b-b)i,

E-c=c-2=(c-a)7+(c-b)1?

g ce R

Onepanii MHOXkeHHA. BusHauumo crouatky npanmo MHO-
KeHHs 6asHCHMX BekTOpiB 1 Ta i, nokmasww 1-1=1, 1-7 =
=j-1=i,i-i= —1. AGo y Bursasai tabauui

1 i
1 1 i

i i -1

Ho6yTok Z-Z' 0GYMCIMMO 3a 3BUYAHHMM NPaBHIOM MHOXKEH-
HA ABOWIEHIB a-1+b-7 i a’-1+b"-7 3 ypaxyBaHHsM Tabnuui
MHOXEHHS 0a3UCHUX EJIEMEHTIB:

-7 =(a-1+b-7)(a-1+¥-7)=
=ad -(1-1)+a-b'-(1-T)+b-a'G-1)+b-b'(F7) =
=qg-d-1+a-bi+b-da -i+b-b(-1)=
=(a-d~b-b)1+(a b +b-a)i.

Omxe, aicTanu Bektop p = Z-Z' 3 npoekuiamu a-a’ —b-b’
a-b'+b-a’ Ha oci xoopauHar.
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Teopema 1. Axwgo na muoxcuri C 6Cix 0606UMIDHUX BeKMODIE
yeecmu onepayii 000aBAHHA | MHOXCeHHA Ona Z =a-1+b-i ma

=t

F=a - 1+b -1 30 npasuramu
F+7=(a+d)+B+b)i,
Z-F=(a-a’=b-b)1+(a-b'+b-a) i,
mo C — norne.
HosenenHs. [MepeBipumo ocHoBHi 3akonu 1, I i III, wo
XapaKTepU3yIoThb MoJie.

BukonanHs 3akoHiB 1) — I3 oueBuane. Ilpyn upomy ponb HysbO-
BOIO €JIEMEHTa BiJlirpaBaTiMe HYJIbOBHI BEKTOD 0=0-1+0-7.

OGeprenum ans Z=al +bi € —Z =(~a)-1+(=b)-i .

3akon Il oueBMaHMii, a poiib OAMHMYHOIO €1eMEHTa (3aKOH
I1;) BuKOHY€ BekTOp 1 =1-7 +0-7 .

INepeBiprMO acoLiaTHBHICTh MHOXEHHS (3aKoH 11)).

Hexaii 2 = a-1+b-1,7=a-1+b -1, =a"- 1+b"-i
Toni
2.7 =(@-d-b-b)1+@-b+d-b)i,
(3-7)-2"=[(a-d -b-b)-a"—(a-b'+a -b)-b"]- 1+
+[(a-a-b-b)-b"+(a-b'+d -b)-a"]-i=
=(a-a'-a"—b-b'-a'—a-b'-b”—a'-b-b’)-f+
+(a-a'-b"—b-b'-b’+a-b'-a’+b-a'-a’)-f.
ani
7= a"-b-b)1+@ b +b-d")-i
Ta
F(F-7)=(a-1+b0)-[(d-a"=b-b) 1+ - b+ b-a")-i]=
=[a(d-a"-b-b")=b-(a-b"+b-a")]- 1+
+la-(@-b"+b-a")+(@-a"-b-b")-b]-i=
=(ad'd"-ab’'b"-ba'b"-bb'a’) 1+
+(adb’+ab'd"+ba'd" - bb'b") i .
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[opiBHio04M ABa OCTaHHI pe3yanam ficTanemo
(z:-2)-27=z-(Z-Z").
[Tepesipumo 3axoH ;.
Hexaii Z=a-1+b-1#0 , TOBTO a*+b*>0. [Ilykaemo Bek-
TOp W=x-1+ y-i Takuii, mo6 z - w=1.Maemo
Z-w=(@-x-b-y)-1+@-y+b-x)-i=1-1+0-7

3BiAicH AicTaHEMO piBHAHHA a-x—b-y=1, a-y+b-x=0, i

pO3B’A30K
_a _ b
x—a2+b2’y——a2+b2'
OTxe, 0OepHEHHM € BEKTOP
W=z = 2a21_2b2¢
a + b a + b
[Tepesipky po3noaibHUX 3aKOHIB 3aJIMILIMMO Y BHT/ISI BIIPABH.
TeopeMy noBeaeHoO.
VYV nobynosanomy moni C BU3HA4AETHCA oOnNepauis OileHHs
Bekropa Z=a 1 +b'7 HaBekTop Z =al + bi #0, To6TO
Z b -
2—4 ) (a1+bz)[ T, a2+bzlj

— a/_ a _ b" + b,' a ; _
a* +b* az+b2 a +b2 a* + b?

___aa+b'b~+ba—ab;
a* +b? at+bp*

EnemenTu nons C HA3UBAKOTLCS KOMAINEKCHUMU YUCTAMU.

[Mo3naunmo uepes R MHOXHHY BCiX KOMIUIEKCHUX YMCEll BH-
Ay a=a- 1+0- i,ne a HabyBa€ BCix 3HaueHb nosist R AificHUX
uncen. JlifCHe YMCIO @ 33]a€ KOMILIEKCHE YMCI0 d=a- 1 .

s migMHOXHHA R 3 nona C BIJHOCHO BBEJEHMX Olepailiif
Takox € noneM, 10670 R — mianone nos C. Moxna nepeBipuTH,
1[0 OTlepallis Haj YHCAAMH g -1 TOYHO BiATIOBiZae aphdMeTHu-
HMM AifM Hag AiMCHUMHM 4YMCIaMu a, IO 1X 3a7arTh. OTXe, HoJsA
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RiR, Bifipi3Hs04HKCh 3a HOpMOIO, 0HaKOBI Mo cyTi. Ha wiif nia-
CTaBi MOXHa BBXaTy nosie C po3wWMpeHHSM nons R AiicHUX yncen.

3BiACH HanpoLIyeETbCS L€ OAUH BUCHOBOK. KoXKHe kommniekc-
HE UMCII0 MOXXKHA 3aMUCaTH CTIPOLLEHO Y BUIIIAAI

z=a+bi,
JI€ ONyILIeHO 3HaK BekTopa (— ), AKHii paHille NO3HAYaB HaNEX-
HICTb 10 JBOBUMipHUX BekTOpiB. JJogaHOK a Ha3uBaETbCa Ailic-
HOIO YaCTHUHOIO YUcNa z, a bi — HOTo YSABHOKO YaCTHHOIO.
Binnosiani anrebpuuHi onepauii Hax Humu 36epiratoThes 3

ypaxyBaHHSIM CHpoOLeHoro 3anucy. Tak, Hanpuknaa, tabGnuus
MHOXEHHS 6a3UCHUX YKCesl Ma€E BUTITAL

1 i
1 1 i

i i -1

Bnpasa

VYBeneMo Hal JBOBUMIPHUMM BEKTOpaMH Z =a - 1+b- i, ne
T=(,00tai= (0,1), onepauii fonaBaHHs, aHaOTIYHO 10 TOrO,
AK ue Oyn0 BBEJEHO I KOMIUIEKCHHUX YMCEN, ajle 3 HOBOK Tab-
JVILIEIO MHOXEHHS 7151 623MCHUX BEKTOPIB I tai:

1-1=1,1i=i-1=i,i-i=-1.
Hictaemo MHOXKHBRY K KOMIUIEKCHHX YMCel HOBOT MPHPOIH.
Yy Oyne mHoxnHa K kinbuem? nosiem?

CnpsxeHi KomnnekcHi yucna

Ak 1 nomoBUNKCH, OYAEMO 3aMMCYBaTH KOMIIEKCHI
yucna y cnpouweHii dopmi z=a+bi, ge a, b — niiicHi uucna.
Huciio i Ha3MBAETHLCS YSIBHOKO OAMHHULEHO | is Hel i2=-1.

Yucno z =a—bi Ha3MBAETBCHA CHPANCEHUM 10 BIHOUIEHHIO
10 z. 'eOMETPUYHO BOHO 300paXKYyETbCA Y BUMIIALI BEKTOpA, OAep-
JKaHOTO 3 BEKTOpa z I3epKaTbHUM BioOpaXkeHHAM BiHOCHO oci Ox.

HaBenemo 0CHOBHI BIaCTMBOCTI CNIPSAYKEHUX KOMIJIEKCHUX YH-
cell. Yci BOHH JIETKO BU3HAYAIOThCH.
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’ -
- = z z
5.2p°2,=2%2-2,. . (—-—j=——.

[pu obuucneHHi yacTku Big AineHHs uncna z' =da’ + b’i Ha
Yueno z = a + bi # 0 MOXHA KOPUCTYBATUCH TAKUM [1PABHJIOM.

’

. zZ
YucenbHUK | 3HaMEHHUK ApoOy — MHOXAaTbCS Ha CIIpsXKeHe
z

yucno z . Toai o04ucieHHs 3iHCHIOITLCS TakK:

7 ’

z_=z-7=(a'+b'i)(a—bi)= y ,
z z-Z (a+bi)(a—bi) I
=(a'a+b'b)+(b'a—a'b)i= = % -
a® +b® |
_da+b'b N ba-adb . z
ISR Puc.2

Lle 36iracTbcsa 3 pe3yabTaTOM [iNIEHHS Ha MiACTaBi 3arajbHOro
npasuna.

Teopema 2. Axwo 8nacnioox ckiHueHHO20 yucia onepayiii 0o-
OaBaHHSL, GIOHIMAHHS, MHOJCEHHS MA OLIeHHS HAO KOMIIEKCHUMU
YUCTAMU Z{, Zy, ..., Z, OO0EPIICYEMLCA YUCIO W, OOI GHACRIOOK
mux camux onepayiii i y momy ¢ HOPAOKY HAO CRPAJICEHUMU HUC-
NAMU Z)y Zyy ooy 2y, 00epIACYEMBC YUCTIO W, CNPAJICEHE 3 W .

Aii Had KomnnexkcHUMU Yucnamu
6 mpu2oHOMempu4Hii popmi

306pa3ziMo KOMIIEKCHE YUCIo z=a+bi y BUTTAAI Bek-
TOpa 3 IpoeKUisMU a i b BianoBigHo Ha oci Ox i Oy. [loBxuHa 1BOrO
BEKTOpA Ha3MBAEThCA MOOYIEM YACTA Z | TO3HAYAETHCS Yepe3 |z| .

Beznocepem{bo 3 pucC. 3 BUIIMBAE, 110

|z| = \/a2 +b%.
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Kyt ¢ Mix nonaTHum HanpsMkoM oci Ox i BEKTOPOM z Ha3u-
BAETHCA apeyMeHmoM YUCAA z i MO3HA4YaeThea argz. ApPryMeHt

Yucna BU3HAYAETHCA HEOAHO3HAYHO, JIWILE 3 TOYHICTIO 40 JOAaH-
KiB BUOy 271k, k=0, *1

Ha niacrasi puc. 3 matumemo

il sinQ = —
2l g

Hanpuknaa, skumo z =2-2i, 10 lz!=\[22 +(—2)2 =22

cosQ = -5%, sin@ = —g. Kyrom ¢ 6yne —l:-. Ab6o0 y 3arans-

cosQ =

. s
HOMY BUIIAAl argz = — Z+ 2nk.
Hns aucna z = a + bi 3 Moaynem |z | i apryMeHTOM @ OTpHMaEeMo
y a:|z|coscp, b=|z|sin(p.

_______ Tomy
z=|z|-(cos@+ising).

o

IMo3HauuBLIM |z| = r, MATHMEMO Mpu-
P 2OHOMEMPUYHY POpMY UMCIA Z :
g A X z=r-(cos@+ising).
Puc.3 VY HaBeneHOMY BHMllUe MPHKIAAi s
HC.

yucna z=2-2i AicTaHeMoO

SUNE )

MHoxeHHs1 | nidHeceHHA A0 cmeneHa
KOMIMIIEeKCHOR20 Yyucna

Hexait komrnuiekcHi yncna z i z' momaHo y Tpuro-
HOMeTpHuHiil opmi
z=r-(cos@+isin@) i z' =r"-(cos@’ +ising’).
Toni
16




z-2'=r (cos@ +isin@)-r'(cosg’ + ising’) =
=rr'(cos@ +isin@)-(cosq’ +ising’ ) =
=r- r'[(cos(p-cos(p’— sin@-sin@” )+i(cos@-sin@’+sin ¢-cos ¢’ )] =
=r-r’[cos((p + @) +isin(o + (p’)].
3giacu sHaxoaumo, wo r-r’=|z|-|z’| - momyne uncna z-z’°,
10610 |z-2'|=|2||2’|, @ @ + ¢ — aprymenT ogepxanoro uncna,
T06TO arg(z - z') = argz + argz’.
IpaBuao 1. [Ipy MHOXEHHI KOMIUIEKCHMX YMCEN iX MOAyIi
NepeMHOXYIOTbCS, @ aprYMEHTH MiACYMOBYIOThCS.

IpaBuno BipHe Ans Oyab-sKoi KiNbKOCTI MHOXHHMKIB: SKIIO
z, =1, (COsQy +ising,), k=1, m, ner, =|z|, @ =argz,, o

Z) 2y Ty =R B By [COS(Q @yt .o+ Q)
+isin(Q+ @+ ... + ¢,,)].
3okpeMa, npy MiTHECEHH] [0 LJIOro CTEMEHs Yucna z = r(cos(p +
+isin@) AicTaeMo opmyIy, ska HOCHTE Ha3By Qopmynu Myaspa.

IIpaBuio 2 (dpopmyaa Myaspa). [Tpu niasecenni go uinoro
CTEMEHs 7 KOMIJIEKCHOTO YMCNa MOAYJb HOro migHOCHTHCA M0
CTEMEHs 71, @ APCYMEHT MHOXHTBCS Ha NOKa3HUK CTENEHA 71

[r(cos(p + isin(p)]n = r" (cosn@ + isinn Q).

Npuxaan 1. Oduucnutu (2 — 2i)'%,

Ockinbku z = 2 - 2i = 2«/5(005(— g—) + isin(— Zn, TO

= (2v2) . {cos[—%-lOO) + isin[—%-lOOﬂ =

= 2" [cos (- 257) + isin(- 25m)] = 2"*° (cos (-m)) = -2

a

Tipu r =1 dopmyna Myaspa HabyBae BUrAARY

= cosn@ +isinng@.
) ks b!f Ty
o
ﬂ;.bl}jli!r

“Tliee



Lls ¢opMyna ctae y npurosi npu JoBeAeHHi 6araTbox TpUro-
HOMETPUUYHHX TOTOXKHOCTEN.

Hpuxaan 2. [Mogatu cosSx i sinSx yepes cosx i sinx.
3actocyemo (opmyny Myaspa 1o n=5. Jlicranemo

(cos@ + ising)’ = cosS@+isinS@.

3 apyroro 60Ky, 10 JiBOi YaCTUHKM OCTAHHLOT PIBHOCTI 3acTO-
cyemo 6iHoM HetoToHa:

(cos@+isin@)’ =cos® @+ Ci cos* @(isin@)+C2 cos® @(isin)? +
+ C53 cos? @(isin o)’ + C;’ cosp(isin@)* + (isin 0’ =
= (cos’ ¢ — 10cos’ @sin® @+ Scos@ sin® @) +
+i(5cos? @ sing — 10cos> 0] sin’ @ +sin’ ).

[opiBHiotoun nificHi Ta ysBHi 4acTMHUM ABOX piBHOCTeH ans
(cos@ +isin (p)5 , OCTaTOYHO JOBOJAUMO

cos5¢ = cos’ @ - 10cos’ @sin®@+ Scos¢ sin* 0,

sin5¢@ = 5cos* @ sin@ - 10cos? @ sin® @ +sin’@.

Bnpasu
1. BukopuctoBytoun opmyny Myaspa, JOBECTH, WO COSH P
MOHa MOJaTH Y BUTISAI

cosn@=a,cos” @+ a cos” 2@+ a,cos” "t +..

s

npuuomy ay = 2", g, ay, ... — 1ini ykcna.
2. Hexai

P, =1+cos@+cos2¢+...+cosn@,
O, =sin@+sin2¢Q +...+sinn@.

HosecTu, 1o

sinZ 1(p-cosﬁ(p sinnH(p-sinﬁ(p
P = 2 2 0, = 2 2
’ sinl - sinl(p ’
2(p 2
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Bxa3ziBka. CkiacTit KOMILIEKCHY CyMY
S,=P,+iQ,=1+ (cos@ +isin@) +
+(cos2@ + isin2@) + ... + (cosn@ + isinn@).

Akuwo z = cos@ +isin@, To 3a gonomoroto ¢opmyau Myaspa
aictaHeMo

S, =l+z+z22+. . +z2".

Jani notpiGHO OBYMCANTM OCTaHHIO CyMy SIK CyMy 4jeHiB
reoMeTpu4HOI Nporpecii i B oaepikaHili popmyni okpemo BUAINK-
TH AIMCHY YaCTHHY BiJl YSBHOI.

3. Jlosecty, 110

b 3n S n
cOS— + COS— + COS—— + COS—— + COS— =
1 1 1
4. 3HaiiT! CyMH
P=1-C3+C}-CS+ ...,
g,=Cl-c+C)-...,

pe (1+i)' =B, +0,-i.
5. 3naiiTu

n— oo

lim (l+lcos (p+—l-cos2 + +—l—cosn(p)
5 2 Q+.. > .

6. 3HaiiT cymun
P, = cos@ +2c0s2¢ + ...+ ncosn@,
Q, =sin@ + 2sin2¢ +... + nsinnQ.

7. JloBecTH, O

n
2

I+C,‘,‘+Cff+---=i 27 427 cosZE |,
2 4

n.
C:,+C3+CZ+---=]E[2"" +2° sinl’f}.
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Hinenus koMnnexcHux yucen

Anst wncen z = r(cos@+ising) i z'=r'(cos@'+ ising’)
crnpoOyeMo BiAlyKaTH Take YUCAO0 w = P (CosW + isiny), 1o

4

z =z-w3aymoBu z # 0. Toxi
z'=r(cos@ + isin@)-p(cosy + isiny) =
=rp[cos(@ + y) + isin (¢ + y)].

Ha mincrasi pisHocTi  r'(cos@’+ising’)=rp[cos(@+y)+

4

+isin(@+y)] Matumemo ' = p -7, ¢ =Q+Vy i, oTke, p =,
,

Wy = @'~ ¢@. OctaTouHo

’

= rT [cos (@' @) + isin (¢’ 9)].

™ I (8]

Hpasuao 3. Tpu ainenni uncna z’ wa wucno z # 0 ix momyni
LiNATBCS, @ apryMEHTH BiJHIMaOTHCA:

|17
|z

z z ,
—| =1—,arg—=argz’—argz.
z z

Hasesemo nepenik OCHOBHMX BIACTMBOCTEH MOAYRIB KOMI-
JIEKCHUX YHCE:
1. |z + z'| < |z'| + | z| (BUNIMBAE 3 O3HAUEHHS CyMHU BEKTOPIB).

2.1 2l = 12 ; = ..
22| =12 2| iz 2y 2] = | 2] | 2] | 2]
77
3.1z" =|z|.
7 7
2| _|7]
a |2 =B s,
z| |z

['eoMeTpuuHe TIIyMaYeHHs KOMIUIEKCHUX YHCE NPUBOAUTSL 10
TaKol HEPIBHOCTI:
|z+2|< |z|+|z'|.
[i Tymauats, sik cniBBinHOWEHHS MiXK JOBXKUHAMM CTODIH TPHKYT-

HHUKa. LI10 HEPIBHICTL MOXKHA OGIPYHTYBATH aireGp14HO.
Hexail, nanpuknan, uncna z i z° nogasi y TpuroHomerpuunii

dopmi
20




z =r(cos@ +isin@), z' =p (cosy +isiny),
ne r =|z|, p =|z].
Toni
2z + 2= (rcos@ + pcosy) + i (rsin@ + psiny)

|z + Zf = (rcosg + peosy)’ + (rsing + psiny)? =
=1+ p2+2rp (cosQ cosY + sin@ siny) =
=r+p’+ 2rpcos(@-V) .
Ockinbkn cos (@ — ) MicTuTbea Ha Biapisky [—1, 1], To Ma-

THMEMO HepiBHOCTI

2
PP+p?-2rp<|z+ 2] <P+ p’+2rp,

TOOTO
(r -p)? S|z+z'|2 <@p+r).

3BiacH AicTaHEMO HEPIBHOCTI
5. ||z|—|z'i <lz+2< |z|+|z'l.

Bnpaeu

1 .
1. [NepekoHaTHCS, 1O KOAU Zz + — = 2€OSP, TOA!
zZ

2. OGYHUCIUTH

Ho6ysaHHs KopeHie

Mone C KOMIJIEKCHUX YMCe BiApi3HAETbCA Bifl MO
R piiicHnx umcen JBOMa BUMOraMH.
TMo-nepie. [Tone R ynopsakosane. ¥ noni C HEMOXKIMBO BCTa-
HOBMTH BigHOWeHHA > (6inbwie) mns Oyab-sKOi nmapy uMcen i3
36epeskeHHAM YCiX OCHOBHHX BJIACTMBOCTEH UBOrO BiAHOIUEHHS.
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Ilo-apyre. [Tone C 3aMKHeHe BiIHOCHO Lie OAHI€T onepauii —
onepauii 100yBaHHA KOpeHiB Oyab-AKOro cteneHs n: Ans Gyab-
skoro z € C i Oyab-fKOTO HATYPaIbHOrO YMCNa 7 3Haitnerbes

Take we C,wo w' = z.

Posrnsnemo cnouarky 100yBaHHs KBaJpaTHOrO KOPEHs 3 KOM-
mjiekcHoro uucna. Hexaih z =a + bi — xommnekcHe uucio. [lo-

TPIOHO 3HaiTH Take YMCIO w=x + yi, Wo6 w? =z. Y LboMy
BUNAAKY A X i y AiCTAHEMO CUCTEMY PiBHSHb

x2—y2=a,

2xy =b.
BBeznemo HoBi HeBinoMi £, = x>, t,=-y*. Toni 4 ity — Ko-

ai\/a2+b2

1
Pat-—b=0=p , =V 77 o

4 2
I “z|+a bt “zl-—a
B 2 7 B y

ae |:|=\/a2+b2.

3naku Ans x i y noTpibHo BUOMpATH Tak, W06 BUKOHYBanach

PeHi KBaZipaTHOTO PiBHAHHA

PiBHICTb
2xy=b.

Ao 5> 0, Tox i y MawOTh OXHAKOBI 3Haku; sKwob< 0 —

pi3Hi 3Haku; ko b =0, Toni y =0, x =t a,a>0; x=0,

y=i‘\/—|7,a<0.

3a uux ymoB anst OyAp-AKoro udcna z # 0 MaeMo /1Ba KOpeHi Jz.

Hpuxaan 1. O6uncant 3 —4i .
3HaiieMO KOpiHb y BUTAIAAI w = x + iy . JlictaHeMo cuctemy

piBHAHb
X y?=3,
2xy = —4.
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Skmo £ =x", t2=—y2, Toni #, !, — KOpEHi piBHAHHSA

2-31-4=0=1=4t,=-1=x"=4, y’ =1.
Ha nincTasi ymMoBu xy = —2 3HAXOAMMO LLYyKaHi pO3B’43KH:

x=2,y=-lix=-2, y=1.

OcTaro4HO, KOPEHAMH ,/3 ~4i ewm=2-iiwy=-2+1.
PosrnsHeMmo 3aranbhuii Bunagok. Hexail z = a + bi # 0. [o-
JaMO LIe YMCJI0 Y TPHrOHOMETPHUHIN dopMi: z =7 (cos@ + ising).
CnpobGyemo 3HalTH Uz cepell KOMIUIEKCHHX 4YHCel BHIY
w=p(cosy +isiny).
JInsi 3HAXOMKEHHA MOAYAA P i apryMeHTa Y BHKOPUCTAEMO

piBHicTh W = z, TO6TO

p" (cosny + isinny) = r(cos@ +isin@).

PiBHi KOMIUIEKCHI YMCNa MalOTh PiBHI MOAYNi ¥ aprymMeHTH,
AKi BiZPI3HAIOTHCA, MOXKIINBO, HA KpaTHi 27. 3BiAcH

p"=r, ny=0+2nk (k=0,%l, 12,..).

OcKinbkH KOpiHb W 3aNexuTs Bia uucna k, To Gyaemo foro
CYNpOBOMXKYBATH iHAEKCOM Kk

w,‘=('/;(cos(p+ 2mk +isin(pur 21tk)

n n

3 Gyab-skum tinuM k = 0, 1, £2, ...

Buainumo cepen uux uncen w, Habip <w0, W5 e Wy ]> =W.

TTokaxemo, 1o /¥ BUYEpnye BCi NOMAPHO Pi3Hi KOpeHi 4z
1. Yci uucna 3 W nonapHo pi3Hi, To6TO

0k<iIsn-1=>w #w.

IIOBeIICHHSI NnpoBeNeMO METOAOM Bill CYyNpOTHBHOIO.
Hexait 0<k<I<n-1,ane w,=w,, 10610

4 (cos—-——(p + 2mk + isin—-——(p h 2nk) =

n n
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=4 (cos(p + 2l +isin 27 211:1)
n n
i ¢+2nl _9+2nk
n n
[ - k mae pinutucs Ha n. 3a ymMoBo n—121 -k >0. lpu-
AW 1O CyniepeyuHoCTi.
2. INokaxemo, wo Gyap-akni KOpiHb W, piBHMI ofHOMY 3

Ton +27nm. 3Bincu I=k+mn, [ -k =mn;

uucen Habopy W .
Hexait / — ocraua Big nineHHs yucna k Ha n:

k=nh+l,0<]<n-1.
Toni

n n

= &’/; [cos((p +2n + 2nh] + isin (M+ 21rhﬂ =

n n

= (’/;(cos(p+2nl +isin(p+2nl) =w.

n n

w,(=('/;[cos(p+ 2mk +isin(p+2nk) =

Omxe, w, =w,,ne w e W.

IlpaBuno 4. KopeHsmu 7 -ro cTeneHs 3 uucna B TPUroHOMeT-
puuHil GopMi z =r (cos@ + isin@) € uucna

wk=('/;(cos(p+2nk +isin(p+2nk), k=0,1,2,..,n-1.

n n

Ilpu upomy inaexc k moxe HaGyBaTh 6yab-KHX 3HaYeHb 1 MO~
CJlIIOBHUX HATypallbHUX YHCE.

Hpukaan 2. O6uncnnty kopeni 4 —4 .
Maemo —4 = 4(cosT + isinm). Tomy

we=4—4 =$/Z(cos“+2“k +isinn+42nkj,k=0, 1,2,3;
wo=\/_(cosz+zsm4) (\/- \/—J—Hi;
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w,=\/§ cosn+2n+isinn+2nj=\/§ ——2—+i—3 =—1+i
4 4 2 2

|

w2=\/—2- (cosn:‘”c + isinn+44n] =2

2
w3=\/§(cosn26n+isin-1—t—f4—6——7£)=\/§[\/§—~i72 =1-1i.

KopeHi 3 oduHuuyi

Jnst 3HaXOMKEHHS KODEHIB 3 OJMHHLI 3acTOCYEMO
3aranbHe npaBuio. Matumemo 1 = 1(cos0 + isin0) . Toai wykaxi
KopeHi o6uHcIoITLCs 32 GopMyIor0

€ = {lﬁ = coszzk + isin—2:]c ,

Y
k=0,1,2,..,n-1. 5 "
Ha nnowmHi Kivui BexTopiB, WO 30- -

. -
OpaxyloTb 4Kcha €, AUIATb OJMHUUYHE

KOJIO 3 LIEHTPOM Ha MOYaTKy KOOpAWHAT
Ha » PiBHUX YACTHH (pUC. 4).

Cepent KOpeHiB n-ro creneHs 3 OAMHHULI OKPEMO BUAINAIOTLCS
TaK 3BaHi mepeicui KOpeHi, cTeneHi AKUX JAlOTb PELITY KOpPEHiB
JlaHoro cTerneHs 1. 30kpeMa, KOpiHb € cepell YCiX KOPEHiB €, €

Puc. 4

fepBiCHUM, OCKiJIbKH

k
2nk .. 2mk 2t .. 2m
8k=COS—+lSln~——-= cOS —+1ISin — =Sl.
n n n n

[TpaBusio BiflykaHHA BCiX NEPBICHUX KOPEHiB n-ro CTEMeHs 3
OAWHMLI HaBeneHo B § 1.4.

Bnpaeu
1. Poss’si3aty piBHanns x° —(2+i)x+(~1+7i)=0.

2. 3HailiTH Bci nepBicHi KOpeHi 6-ro cTeneHs 3 OAUHMLI.
3. 3HaiiTi cyMy BCiX pi3HUX KOPEHiIB n-ro cTeneHs 3 OJHHHMLI.
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4. 3HaiiTH cyMy m-ro CTeneHs BCiX KOpEHiB M-TO CTeneHs 3
OJMHMULI.
BignoBiab. Lllykana cyma JOpPIiBHIOE n, KO YMCHO m Oi-
JINTbCA Ha 1, | AOPiBHIOE 0, AKLIO M HE AUTHThLCS Ha K.
2 -
5. O6uncnut cymy 1+2e+3e” +...+ne"", ne € — Gynp-

SKMH KOpiHb 1-TO CTENEeHs 3 OAUHHLI.

§ 1.3. KomyraTusHi kinbus
6e3 ainbHMKIB HyNA (KiNbUA WiNiCHOCTI)

O3nauennn. Komymamusne rinoye K nasusacmocs
Kinbyem 6e3 OinoHukie nynsa, xoau oas écix a,be K i3 a-b=0
sunnugac, wpo a=0 abo b=0. Taxi kinbys HazusaromMme MaKo’C
Kinbysimu yinichocmi.
[Tpuknagamu Takux Kineub € Oyab-fiKe KijbLE WiIWX Yucen,
O6yAb-ske mosie ToLWo.
Hexaii K — nesixe komytatuBHe Kinbue. [lobyayemo 3a poro-
MOTOKO HOBOIO CUMBOJIY X, sIKWit He HanexuThb K, Taki BUpa3su:

FxX)=ay +ax+axt+...+a,x",
a € K, j=0,1,2,....m
31 CKIHUEHHMM YMCJIOM ujeHiB. BBaxarmmemo, mo ax=xa pid
Oyab-ikoro ae K. Taki BUpa3su Ha3UBAIOTLCA MHO2OUNEHAMU GIO X;
MO3HaYMMO X MHOXUHY uepe3 K [x].
Hns 6ynb-skuX MHOTOYNEHIB

fX)=ay+ax+...+a,x", glx)=by +bx+...+b,x"

i3 MHOXMHM K [x] BU3HAYMMO omnepauii Z0AaBaHHS i MHOXEHHS 3a
npaBHIaMu:

S +gx)=¢,x,

Re c, =a, +bj,j=0, 1, 2,...,N; N=max(m, n),

£6)-g0=Yd,x,
ac d,/ = z aib/(’j=07 19 21 --',M; M=n+m.

itk=j
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BigHocHO uux onepalilii MHOXHHA CTaE KOMYTaTHBHHUM Kinb-
uem. Tepexia Big kxinsus K no kinsug K [x] HazuBaeTbes npueo-
HAHHAM 3MIHHOL X.

o [0 Kinbus K MOCNiIOBHO MPUENHATH 3MIHHI X, X5, ..., X,

Tobro 6yaysatn kimbua K, =K[x], K, =K|[x,] i T. 4., Toai
nicTaHemo Kinbue K[x;, X, , ..., X, |, AIKe CKIanaeTbes 3 BUPasis BUAY

m my m,
Zam,,mz,...,m,, X X3 Xn s

SIKi Ha3UBAIOTLCA MHO2OUNEHAMY GIO 3MIHHUX Xy, ..., X, . [1p1 upbo-
My MOXUIMBA Oyab-fika NepecTaHOBKa MHOXHHKIB xf ! ,xfz , x,’; i
enemeHTiB a€ K.

Kinvye K[x,,%,, ..., X, | Hazusacmoca xinbyem muozounenis 6io
3MIHHUX Xy, ..., X, HAO Kinbyem K.

Axwo K — kinsue uinicHocTi, To kinbue K [x] — Takox KinbLe
LiNiCHOCTI.

Hexailt f(x),g(x)eK[x]i f(x)#0, g(x)#0. Mosuauumo
yepes a,, # 0 crapumii koediuieHT f(x), a uepe3 b, #0 — crap-
umii  koedinieHT g(x). Toni a,, -b, — crapuuuii koediuieHT
f(x)g(x)ia,- b, #0.0mxe, f(x)g(x)#0.

3a f0MOMOrow iHAYKIIT 32 4MCAOM 7 3MIHHUX X[, X3, ..., X,
JOBOANTHCH, 1110 KiJbLE K[xl 3 X5 eens x,,] HE Ma€ AiNbHUKIB HYJIA.

Sxkuto komyTaTHBHE Kifblie K MicTHTBCA B Aesikomy nodi F, To
BOHO He Ma€ [iNBHUKIB HyJS i 3 enemeHTiB Horo OyayrThCs yacT-

. a - -
Kku: axkwo a, be K, b#0, Toni —b—=ab '=p7'a € F. MoxHa ne-

pEKOHATHCA, WO JUIS BiJHOLIEHb BUKOHYIOTHCS TaKi PiBHOCTI:

2.% o a-d=b-clabc,de K),
b d

. a . .
Lli yactku 3 YTBOPIOWOThL Tone P, sike MiCTUTbCS B nosi F.

BoHO Ha3UBAETLCA nOMEM HACMOK KOMymamugnozo Kinoys K.
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Teopema. Kooicne xinvye yinicnocmi K moxcna sanypumu 6

nosne.
HosenenHs. Hexail kinbue K MICTHTb €JIeMEHTH, BiAMIiHHI

Bil Hyns. PosrnsHemo MHOXHHY Bcix map (a, b), ae a, be Kk,
b#0. BeegemMo Ha Uil MHOXHHI BiJHOLIEHHA €KBiBANIEHTHOCTI,

MoK/1aBUIN
(a, b) ~ (c, d) & ad =be.
Lle BiAHOWIEHHS Nap € BiAHOLIEHHAM €KBiBaJIEHTHOCTI.
L. Pednekcusuicts: (a, b)~(a, b);
2. Cumetpuunicts: (a, b)~(c, d)=(c,d)~(a, b);
3. Tpausutusuicts: (a, b)~(c,d), (c,d)~(e.f)=>(a, b)~ (e, f).

JloBeaeMo TpaH3UTUBHICTb BiJHOLWEHHS €KBiBAIEHTHOCTI.
Binnowenus (a,b) ~ (¢, d) o3nauae, wo ad =bc; BiaHo-

wenns (¢, d) ~ (e, ) o3nauae, wo cf = de. Maemo
(ad) £ =(be) £ =b(ef) = bde).

3Biacu (qf)d=(be)d. Ane d#0. Tomy af =be, T06TO
(.6) ~ (e.]).

BinHowenns expisaneHTHoCTi po3Gusae Bei napu (a,b) Ha

KJ1aCH €KBiBAJEHTHOCTi: MHOXMHA BCiX €KBiBANEHTHUX Nap CKia-
Ja€ OJMH KJiac.

oo a
Knac, sikuii Mictuts napy (a, ), nossauumo vepes 3 Omxe,

© (a,b) ~(c,d) © b#0,d#0, ad = bc.

SRR
Qe

BBenemo onepauii 1o1aBaHHsA | MHOXKEHHS 33 MPaBUIIaMHU:

a c¢ ad+bec
It —=

b d  bd
2. c_ac
b d bd

[Nlepir 3a Bce Tpeba moBecTH, 1O BBeJEHi onepauii Haj kiaca-

. . .a.c N
MM He 3aJexxath BiJ BUOOpY NpeacTaBHUKIB kjacis 3 i R Hexait
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(a', b)) € %,(c', d’) e 3, Tobro a’b=ab’, ¢'d =cd’. Jloso-
ZIMMo 30ir knaciB
ad+bc a'd +b'c
bd b'd’

Jinst uporo cnin BeraHosutn (ad + be, bd) ~ (a’d’ +b'c’, b'd’).

IposenemMo cepito 06UUCIEHD:
(ad +bc)b'd’ = adb’'d’ + beb'd’ = (ab")dd'+(cd")bb" =
= (a'b) dd’+(c'd)bb’ = d'bdd’ +dbb' =(d'd'+c'b') bd &
& (ad +bc)bd =(dd +c'b) bd .
Lle i € HeoOXixHA HaM PiBHICTb.
AHanoriuHo J0BOAUTLCA PiBRICTb
ac _dd
bd b'd"’
3’scyeMo Tenep, LU0 BBEAEHI onepauii Hal Knacamu 3a40BOJb-

HSIOTb YCi OCHOBHI 3aKOHH MOJIS.
[TepeBipUMO 3aKOH ACOLIATHBHOCTI [101aBaHHS:

£+(c e)__cl+cf+a'e_adf+b(cf+de)_adf+bcf+bde_
b 9

—+

d f) b df bdf bdf
[a cj e ad+bc e adf +bcf+bde a (c eJ
—+—|+—= +—= =—+|—+—].
b d) f bd f bdf b \d f

PeliTa 3aKOHIB EPEBipAETHCA aHATOTITHO.

. . a
OCTaTO‘{HO, MHOXHHA P yCiX KnaciB ; € none. BoHo Ha3uBa-

€TBCA nonem Yacmox xinoysa yinicnocmi K.
Omxe, Kinbue K MicTuTbes y noni P.

3 KOXHHUM eleMeHTOM c€ K 3icTaBUMO BCi 4YacTKH BHIY

—C;, b#0. Yci ui yacTky piBHi

ch _ ch’
b b
ans b, b’ #0, ockinbku chb’ =chb’.
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IlBoMm pisuum enemeHTam ¢, ¢’ e K Binnosigaiots pi3Hi YacTku

’
cb b . . .
3 5 MoskHa nokasaTy, WO BCTAHOBJIEHA BiANOBIAHICTL MiX

. ch .
enementamu c€ K i yactkamu - He TiIbKM B3aEMHO OAHO3HAY-

Ha, ane # 30epirac onepauii n0xaBaHHA i MHOXEHHS. Y ubOMy
naaHi kinbue K BxknageHo B nose P.
Osnauenna. Payionanenumu QYHKYIAMU SMIHHUX X)Xy, ...,

X,,-1»X, Hao nonem K nazusaromucs wvacmxu

(%, %, )

2 ()
muozounenis  f(x, %y, . x,) i g(X,%, 0 X, )20 3 Kitoys
K[x,%, . x,].

3 noBeleHO! BHLIE TEOpeMH BHILUIMBAE, L0 MHOXHMHA BCiX
pauioHanbHux (GyHKUiM BiJ 3MiHHUX X, X;,..., X,, Haa nonem K €

noJe.
§ 1.4. Kinbue uinux uucen.
HaiGinbwni cninbHWM AiNbHUK Winux yucen
IMouyHemO 3 HOBEJEHHS TeopeMu NpPO MOAINLHICTL
UUTHX YMCe.

Teopema 1. Hexaii a i m — yini wucna (npunycmumo, wo m# ().
Hna nux suaidymeca maxi yini wucna h i v, npuuomy 0Sr<‘m|,
wo a=mh+r.

Yucno h nazugaemecs yacmxoi, a r — ocmayeio 8io dinenns a
Ha m. Yacmxa ti ocmaya 8U3HAYAIOMbCS YUCIAMU A | M OOHO3HAYHO.

Hosenenus. [TosHauumo vepe3 X MHOXHHY BCiX uinux uu-
cen, sKi MOXHa NoJaTH y BUMIAAi X =a—mz, iie z npobirae Kinsue
Z ycix uinux uucen. Ha MHoxuui X MictaThes nopatHi Ta
BiJ €MHI uucna.

Hexait » — naiimenuie Hesin’ emue uucio 3 X. Toai » =a — mh
i aeskoro ke Z. [punyctumo, 1o erml. Akwo r =r—-m,

T0 /;<r i K 20. Ane rp =a—m(h+1)€X. Le cynepeunts Bu-
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Gopy uKcia r. AHaNOTiUHO OREPIKYETLCS CYNEPEUHICTh i y BUMaj-
Ky m<0.

Orxe, a=mh+r i 0Sr<|m|.

Tenep noBefeMo e€aMHicTb. Hexall, KpiM TOro, MaeMo piBHIiCTb
a=mh’+r" i 0<r'<|m|. Beakarumemo, wo r>7’. 3 agox pis-
HocTel BimHimManHam aicrawemo 0=m (h—h")+(r —r’). 3Bixcu
r—r'=m(h’—h). Ockinbku r—r’'<|m|, To OcTauHs piBHiCTE
npaBunbHa suwe npu r—r =0, To6T0 TMpH r=r". Tomy
m(h-h)=0=>h-h=0=h=h.

Teopemy noseneHo.

SIKLO YMUCNIO @ AINMTBCA Ha m, TOO6TO octaya »=0, TO BigHO-
IUEHHSA MK YMcNaMH a i m no3HavaeTbes m|a.

Osnauenna. ITiomnoocuna I kineys Z yinux yucen nasusacme-
caioeanom, AKWO BOHA MAE MAKI GACMUCOCI!

Lx,yel=>x+yel;

. xel,zeZ=>x-ze .

Hageznemo oauH i3 crioco6iB nobynoBu igeanis Kinbus Z.

Hexaii ay, a,, ..., a, — AeAKi Wini yucna, / — MHOXMHA BCiX Lii-
AMX YNCEN BUAY X =aZ; +ay2Zy + oo ¥ UypZy, A€ Zy,Zp, 0 Zy
npoGirae kinbue Z.

Jlerko nepekoHarucs, o / —inean.

Akmo x,y€l, TO x=aqz; + ... + Az, V=42 + a3z +
+..+a,z,, ne z,z, €Z 3sincn x+y=a(z+z)+ ..+
+a,,(z, +z,)€ I. AHanori4Ho nepeBipseThCA i BNACTMBIiCTb 2,
XapakTepHa Juis iaeany.

[To6ynoBanuii izean, MopoakKeHUH yuciamu qp, ..., a,,, NO3Ha-
4aetbest vepes [ =(ay, ay, vy Ay )-

Inean I Ha3suBaETbCA 20106HUM, SKILO BiH MOPOJLKYETLCS O~
HHM LiIUM YUCIIOM a.

I= (a).
Teopema 2. 'V kineyi yinux yucen 6yOb-aKuil ioean — 2010GHUN.

Ioseaenus. Hexail inean I mictuts uucna, BiAMIHHI BiJ Hy-
ns (B iHLIOMY BUMAAKy TBEpAXEHHs Teopemu oueuaue). Toni y
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HLOMY MICTATbCS i A0AaTHI yucna. Bubepemo B HbOMY HaliMeHLle
noaatHe uncno m. Hexait a € I ir — ocraua Bin isieHHA a Ha m,
10670 a=mh+r. Hexail 0<r<m. Toai matumemo r=a—mh.
Ockinoku a, m € I, 10 r =a—mh € I. [lpunyiwenns, uo 0<r
cynepeuuts BuGopy uucna m. Tomy r=0 i, omxe, a=mh. Lle
03HAYaE, L0 YUCIIO a — eJIEMEHT rOJIOBHOrO iaeany (m), noposke-
HOrO 4MciIOM m. Y pesyibTaTi AOBiNbHOCTI BHOOpY uucna a 3
ineany I maemo BkmoueHHs [ C(m).

O6epHeHe BratoUYeHHs (m) C I ouesuane. OcratouHo, [ = (m).

Teopemy 10BEAEHO.
O3nauenna. Haibinowum cninbnum Oinvruxom (HCI) yinux
ucen ay,dy, ..., d, NA3UBAEMbCA Yine YUCIO M, AKe MAE maki ena-

cmugocmi:
@) m — cninbHuil OiNLHUK YUX Hucen, mobmo

mlal,m|a2,...,m|ap;
6) 6yOb-aKutl cnineHutl ObHUK YuX wucen OUMe YUCIo m,
mobmo axkugo n|ay,n|a,, ... nla,, modi n|m.

Hosuauenns natibineuio20 CRibHO20 OibHUKA MAE GULAAO

m=HC]H (al,az, - a,,).

[TepekoHaeMoCh, 10 Oyab-ski nsa HCJ naHux yucen MOXyTb
BIIPi3HATHCA NULLE 3HAKOM.

Hexait Takox [=HC]] (a, s Ay s s dp ) 3 03HaueHHs BUIMIMBAE!
Ilm i m|l.Tonim=If il=mg, ne f, g € Z. 3sincu [=Ifg i Tomy
fz=1. OcTanHs piBHiCTb MOXNMBA nuie npu f=*1 i g==1.
Orxe, m=t 1

3ayBaxeHHa. JloBeleHy BHlle BAAacCTUBICTb 6) MOXHa Lie
chOopMyITIOBaTH TaK:

8) QiNbHUK M € HAUDLILUUM 3G ADCONIOMHOIO BENUYUHOIO Oinb-
HUKOM YUCeN Q),dy, ..., Ap .

ExBiBaleHTHICTb BIACTUBOCTE! a), 6) 3 BNAaCTHBOCTAMM a), B)
BUILTMBAE i3 TEOpEMH 3.
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Teopema 3. [na 6yov-axux yinux wucen ay,a, ... a, icHye
Haubinbwui cninohuti dinvnux. Axwo m=HC/T (al,az, s Ay )

mo icuyroms maxi yini 4ucaa z,, z,, w2y, WO

alzl +£1222 +... +apz =m.

p

Hoseneuns. Hexail 1=(a],a2, ...,ap) — inean, nopopKeHHUH
UHCNAMH ), ay, ..., Q) . Bin € ronosunm: I=(m). Toai m|a,, k =
=1_,—1;. IcHyroTh Taki uini umcna z, z,, w2y, AUIAL SKMX MaE Micue
PiBHICTE m=ayz) +ayz; + ... + a,z,. Ko [ — cninbHuit ainb-
HUK YHCEN G, dy, ...,d,, TO 3 OCTAHHLOT PiBHOCTI BUMNMBAE [ |m.

Orxe, m — HCJ] nauux yucen.
Teopemy noseneHo.

Anzopumm Eeknida

Hna 3naxomxenns HCJI uucen a i b notpi6Ho npo-
BECTH TaKy MOCJiJOBHICTb AiJIEHHS 3 OCTAYEID:

(1) a=>bh +n, 0<r<|p|; |
(2) b=nhy+r,, 0<r<n;
(3) K =rnh+r, 0sn<n;
(k) hea=h_ b +r, 0Sr.<n_
(k+1) r_ =nhy,,.

Y Uil nocnigoBHOCTI Ha AeAkoMy (k-My) Kpoui OZepKy€eTbes
IoaTHa ocTaua (7; >0), a Ha HactynHomy (k+ I-My) — jineHHs

6e3 ocraui.

HoseneMo, wo r,=HC]] (a, b).

Hexait m=HC]I (a, b). Ockinbku I=(a, b)=(m), To MaeMo ce-
pilo BKIIOYEHD y MONIOBHHIA inean (m):
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Tomy m|rn,.
3 apyroro 6oky, 3 nocaigoBHocTi pisHocteii (1), (2), ..., (k),
(k+ 1) onep>xyeMo MoCniA0BHICTh NOAINLHOCTEN:

el hes nlniy, oo B, n b, na.

3a o3HaueHHaM HCJ (a, b) maemo, uio 7, |m . Beaxaioun m

JONaTHUM, AICTAEMO PIBHICTb 7, = m.

Bnpasu

1. Hexaii N — MHOXHHA HaTypalibHUX uuce. JJoBeCTH, L0 npu
JineHHi kBagpara n’ (ne N) ua3 ocraua He MOXe IOPiBHIOBATH 2.

2. JlosecTy, 10 cyMa KybiB TPbOX NMOCHIZOBHUX HATypanbHUX
YyHcen NiNUThCs Ha 9.

3. JoBecTH, 110 7]a2 +5? =7|a, 7|b, ne a,be N .

4. 3naiitu HCJT (9n+4, 2n+ 1), neN.

5. Ingykuieto 3a n€ N noBecty, 1o uncna sugy 772 + 82"+
aingarecs Ha 57.

B3aemHO npocmi yucna

O3navenna. Hucna a i b nasueaomecs 63aemuo
npocmumu, sskwo ix HC/J oopisnioe + 1.

Teopema 4. [{nss mozo wo6 yucna a i b 6yau e3aemno npocmu-
MU, HEODXIOHO | 0OCMAMHBO ICHYBAHHA MAKUX YIIUX YUCEN X, Y,
ons axkux ax + by = 1.

Hosenenns. Heobxionicms. Hexait a i b — B3aeMHo npocrti
yucna. Toni inean (a,b)=(1)=Z, i ToMy ax+by=1 w1s Aeskux

LiJTUX Yucen X, y.
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Jocmamuicme. Hexail BAKOHYEThCS PiBHICTh ax+hy=1 1as ne-
skux x, y€ Z. o m=HCJ] (a, b), Toni a=ma’, b=mb’, a’,b’'e Z
i ToMy m(a’x +b’y) =1, 10670 m — finbHUK 1. Lie MOXIMBO NuLLe y
BHNAIKY, Ak m= t 1, T06TO, KoK a i b — B3aEMHO NPOCTi YKUCAA.

TeopeMy noBeneHo.

Mpuknan. [epexoHarucs, wo uucna a=445 i b=192 - B3a-
€MHO NpOCTi, Ta 3HAUTH TakKi yucnax iy, wod 445x+192y=1.
3actocyemo anroput™ EBkniga:

M a=b-2+n, n=61

@)b=n-34+nr, n=9

B)r=n-6+n, n=17,

@D r=rn-l+rn, rn=2;

G)n=r-3+r, =1

Onepkanu HCII (a, b)=1. JIns 3HaxXOmKeHHs uuced x i y
NPOBOAUMO TaKy MOCHi1OBHICTb 0O4HCIEHD:

1.3 (5) mictaemo 1=r; =, ~3r,.

2.3 (4)maemo ry =1, — 1. Omxe, 1 =4r; —3r,.

3.3 (3) onepxyemo 1y =1 —6ry. Tomy 1=4n —27r,.
4.3 (2) picraemo r, =b—3r,. Omxe, 1 =85 —27b.
5.3 (1) maemo 1, =a—2b. Toni 1=85a-197b.

3 ocraHHbO! piBHOCTI BUILAMBAE, 1o x =85, y =-197.

OcHoeHi enacmusocmi
83aeMHO nNpocmux vucesn

1. SIKito yKcio a B3aEMHO mpocTe 3 yucaamu b i ¢, To
a B3aEMHO npocte 3 100yTkoM bc.
Hosenennsa. 3a ymosow HCJ (g, b)=1. IcHytoTh Taki
X, Y€ Z,wo ax + by =1. 3Bigcu aicTaHeMo piBHIiCTb

acx +bcy =c.
Slkwo m=HCJH (a, bc), To a=a'm, bc=dm, ne a’,deZ i,
omke, m(a’x +dy)=c, 10610 m|c. I3 sigHowen» mla i mlc
BunauBac BigHoweHHs m |1, ockineku HCJI (a, ¢)=1. Tonim=1.
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Yucno a B3aeMHO npocte 3 4o0yTKOM be, LIO i AOBOAMTD L Bla-
CTHBICTb.

IL. Slkwio yncno a B3aeMHo npocre 3 yuciaoM b i a|be, 10 alc.

HoBenenns. Hexal wini uucna x, y taki, wo ax+by=1.
Toni acx + bey = c. Ockinbku B 0cTaHHii piBHOCTI 06MaBa J0AAH-
KM J1iBOT YaCTHHHU AINATLCA HA @, TO i NpaBa YaCTHHA AiNUTLCA Ha
a, o it 10BOAUTb BAACTUBICTS 1I.

I1I. Sxuto yncna a i b B3aeMHO NpocCTi Ta € AibHUKAMHU YKCTa
n, TO YUCNIO 1 AINUThCS Ha 100yTOK ab.

Hosenenus. Hexaii x, y — Taki uini uncna, wo ax+by =1.
3a ymoBoio aln, b|n, Tobto n=ak, n=>l, ne k, | — uini uucna.
Tonmi

n = nax + nby = blax + akby = ab (Ix + ky),
T106TO ab|n — Bnactusicts Il

Sk mpuKaan n0BEAEMO TEOPEMY MPO BIACTHBICTb KOPEHIB 7-ro
CTEMEHs 3 OIUHULI.

Teopema 5. Kopinw

w; =cosz—n£+isin2—nk—, k=0,n-1.
n n

n-20 cmenens 3 00uHuYi 6y0e nepgicHum mooi i nuwe modi, KoIu
n i k — 83aeMH0 npocmi wucna.

HJosenenns. Hexait d=HCJ (n, k). Po3rnsHemo J8a MOXIH-
Bi BUMTQAKM.

1. Heobxionicme. Hexaiti d=HCJ(nk)>1. Tomi k=dI,
2ndl

n

[
+isin =

n=dm, npuyomy m<n. Maemo w, =cos

2nl .. 2@ m .
=cos—+isin— i ToMy w, =1. Tobto w, — KopiHb m-ro
m m

crenens 3 oauHuui. CTeneHi LUbOro KOpeHs Takox OYAyTh Kope-
HAMH m-ro creneHs 3 oAMHMUi. OCTaTOYHO, KOPiHb W, He €
nepBicHUM, 60 m<n.

Omxe, ans toro o6 w, OyB NepBiCHUM KOpeHeM, HEOOXiAHO,
mo6 HCJI (n, k)= 1.

2. [locmamnicme. Hexail d= 1. 3naiineMo taki uucna x, y, ans
Akux nx +ky =1. Toni
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y
w=w{=(cosz7z+isini) =cos nky+isin2nky=
n n n n
2n(l—nx 2n{l — nx
=cos—(———l+isin—(—2=w,.
n n

Ane w, — nepaicHuii kopiHb. ToMy cTeneni w,/ = w,/;", [=0,1,...,n—1
MicTATb Y c00i BCi KOpEHi zh. Lle i o3Hauae, 10 W, — KOpiHb rep-
BiCHHUiA.

TeopeMy noBeaeHO.

Bnpasa

JoBecTH, WO HaiMEHLUE CMijilbHE KpAaTHE MOMapHO B3aEMHO
NPOCTHX YHCEN ), dy, ..., G, AOPIBHIOE iX NOOYTKY.

fIpocmi yucna

O3nauenna. Hamypanene uucno p Ha3ueaemucs
npocmum, AKwo 1020 OinbHukamu € yucia t 1, + p i nuwe 6onu.

HaBeaeMo OCHOBHI BJIAaCTUBOCTI TPOCTHX YMCEI.

1. JIBa pi3HMX NPOCTHX YUC/Ia B3AEMHO MPOCTI.

BnacTuBicTh BUNMBAE i3 O3HAUEHHS MPOCTOro YHCIA.

Il. fAxmo p — nmpocte, a a ~ WiNe 4MCIO, TO BOHM B3AEMHO
npocti, abo pla.

HNoseneuus. Hexait m=HCJ (p, a). Toai uncno m= x 1, abo
m= * p, OCKiIbKM p Ma€ JinMTUCA Ha m. Y MepLIoMy BUNaaKy p i
a B3a€EMHO TIPOCTi, Y APYroMy — pl|a, 1O i JOBOAUTHL BNacTH-
Bictb 1.

III. Akwo p — npocte yucno i plab, ne a i b — uini 4ucna,
tozi abo p|a,abo p|b.

BractuBicTs BUNIKMBAE 3 BaacTMBOCTI 11

Bnpaea

JloBecTi OCHOBHY TeopeMy apUMETHKU:

Byab-sike HaTypalbHe YMcno n>1 MOXKHA MOJATH y BUTASAA
100YTKY MPOCTHX MHOXHHKIB: 1 = p; ---p,.. Take NoJaHHA € €AUHE
3 TOYHICTIO IO MOPAIKY PO3MilLEEHHs! TPOCTUX MHOXHHUKIB.
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Knacu nuwkie

O3nauenna. Hexati m — yine uucno 6invue oOunuyi.
Hea yucna a i b nazusaromuvcs NOPIGHAHHUMY 30 MOOYIEM M, AKULO
ix piznuys a — b oinumvca na m. Le cniggionowennsn mixe yucna-
Mu 3anucyemuca y uenaoi

a=b(mod m).

[Hwnmu cnosamu, a = b(mod m) & a—be (m), ne (m) — ronos-

HMIi ifiean, NOpPOIKEHHUIi YUCIIOM m. J{Na CHPOLUEHHS 3anuILeMo
a=b(m).
BinHoleHHs NOpiBHAHHOCTI Ma€ BNACTUBOCTI EKBiBANEHTHOCTI.

1. PecpnekcusHicts: a=a(m);

2. Cumerpuuticts: a=b(m) = b=a(m);

3. Tpausutusnicts: a=b(m) i b=c(m) = a=c(m).

Teopema 6. Axwo a=a’(m) i b=b'(m), modi a+b=a’+b’'(m),
ab=a’b’(m).

HoBenexHs. [NopiBusHHA aEa’(m) O3Hauae: And AEAKOro
uinoro uncna g Maemo a =a’ +mg . Oxke, nopisHsaHHA b =b"(m)
o3Hauae, Wo b=>b"+mf ana geskoro uinoro uucna f. Ane Tomi
atb=d'+b"+m(g+f) i ab=(a"+mg)(t'+mf)=db"+
+m(gb'+ fa’ + mgf). Tomy a+b-a'~b'e(m) i ab-a'b’e (m),
10670 a+b=a’+b'(m), ab=a’b’(m), wo it oBOAKTL TEOPEMY.

Ockinbky MOPIBHAHHS YMCEI 32 MOLYJIEM /M — BiJIHOLUEHHS eK-
BiBaJIEHTHOCTI, TO Kijble Z UiNMX 4ucen po36UBAETLCA Ha KJacH,
y KOXHOMY 3 IKUX MICTATBCS BCi MIOMApHO MOPiBHAHHI 4yKcna. Pi3-
Hi KJIaCH HE MaloTh CMHILHUX elleMeHTiB. BoHH Ha3uBaloTbeca xna-
camu IUUKIG 32 MOZYJIEM m.

Skuio A — oaMH 3 UMX K1aciB NULIKIB i a € A, ToAl A cknana-

€TbCS 3 YCIX THX 4YHMCeN, sKi MopiBHAHHI 3a MoayneM m. Yucno a
MOBHICTIO BU3HAYAE LiEH Kac i Ha3WBAETLCA HOro NPEACTABHUKOM.
Knac 4 6ynemo 3anucysary Tak:

A=a.
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VYci uMcna JaHoro Kacy a XapaKTepU3YIOThCS TaKOHO BIACTH-
BICTIO: OCTayi Bij mneHHﬂ lX Ha m 36iraotecsa. Tomy, sKkuO

a=mh+r, 0Sr<m, 10 a=r.30kpema, kiac 0 3 npeacTas-
HukoM 0 36iractbes 3 igeanom (m). OTxe, yci Kjlacu JULUKIB BH-

yepnytoTbcst MHOXHMHAMU 0, 1, 2,...,m—1.

Onepayii do0aeaHHs1 i MHOXXEHHS
Haol knacamu nuuwkie

O3nauenna. [Jooasannusm kiacie a i b naszusacmo-
cs knac 3 npedocmagrukom a+b. Onepayilo dodasanus nosHa-
YaemMo 3HaKom nanroc.

a+b=a+b.

IlonaBaHHs KnaciB He 3aleXHTh Bif BMOOpY NpeACTaBHUKIB
K7aciB.

TliticHo, wexaii a’ € a, b’ € b, T06T0 a=d’'(m) i b=b"(m).

/

Maemo pisrocti a=a’, b=b’, a+b=a+b, a +b = b.
Ane a+b=d +b’, ockinoku a+b=a’+b'(m). Tomy a+b=a'+l7,
110 i1 IOBOIMTE TBEPAKEHHS.

O3nauenna. Muoowcennsm knacie a i b nazusacmocs Knac 3
npedcmagrukom ab. Onepayito muodcenns NO3HAYAEMO 3UAKOM
MHONCEHHA!

a-b=ab.

HoOyTok LUMX KnaciB He 3anexuts BiJ BUboOpy Horo npeacras-
HUKIB.

JloBeneHHs Li€l BIaCTUBOCTI Take came, fK i JUit TEOPEMH MPO
JIOAABaHHS KJIACiB.

Teopema 7. Muoxcuna K, =(5, 1,2, ...m- l) yeix xnacie

AUWIKIB 30 MOOYIeM M 3 66e0eHUMU Onepayiamu 000aBaHHA | MHO-
JICEHHSA € KOMYMAMUBHUM Kilbyem 3 oOunuyero. Axujo yucao m —
npocme, modi xinvye K,, — none.

JloBeieHHs MoJsArae y nepeBipui BUKOHaHHS BCiX 3aKOHIB,
IO XapaKTepHU3ylOTb KOMYTaTHBHi Kinbus. [Ipn usomy posb
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HYJIbOBOFO €JIEMEHTA Ha MHOXMHI K, Bidirpae knac 0, ockinbku

a+0=a+0=a A 6yab-skoro a €K,,. Ponb opuHuLi BuKO-
Hye knac 1, ockinbkk a-l=a-1=ga. Jani, ;(5+2) = E(b_+;) =
= a_marbTac =ab+ac=a-b+a-c - pO3MnoAinbHUii 3aKoH
(111} ans kinbus.

Hexaii Tenep m — npocre uncno. JloctaTHLO NepeBipuTH 3aKOH
MHOxeHHs (114):

Va#OElx{a-x=x-a= 1}.
Akuwo a # 0, To YUCNO a HE AINUTHLCA HA TIPOCTE YUCIIO M i, OTKE,
a i m — B3aeMHO npocTi ynucna. ToMy icHYIOTb Taki Wini yucna x, y,
mwo ax+my=1. Toni ax=1-my i a-x=a-x=1-mx=1.Or-

XKe, AN Knacy a0 icHye knac ;, obepHeHuii oMy BiHOCHO
onepauii MHOXEHHS, L0 i JOBOAHTH TEOPEMY.

Tak nepesipsarOTLCA BCi OCHOBHI 3aKOHM (aKCiOMH) 4/ KOMY-
TAaTUBHUX Kineub i monis.

Hasenemo npuknaa nons knacis nuuikis K 3 TabauusiMu 10-
JaBaHHA | MHOYKEHHS.

NI~ ©i] +
NH —i| o]l ©I
SI| NI =] =
— it S NI NI
N =) ©

Ol ol @i oI
N =1 ©I| =1
el S T X1 i ST

Bnpasa

JloBecTH, 1O CKiHYEHHE KOMYTaTHBHe Kinbue 0e3 AiNbHuKIB
HYJIA € 10JIeM.

§ 1.5. Kinbue MHorouneriB oaHiet 3MiHHOT
HinexnHus MHO20YNeHI8

Hexaii P — noBinbHe none i x — 3MiHHAa, gKa He Haje-
*uTb nomo P. Kinbue P[x] ycix MHorousneHiB 3 koediuieHtamu i3
nonsa P € KinbLeM LiiCHOCTI.
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Teopema 1 (npo nodinvricms). Axwo fx), g(x) — muozounenu
3 xinoya P[x]i g(x)#0, mo f(x) moocna nodamu y uenaoi

F(x)=g(x)h(x)+r(x), €))

Oe h(x) i r(x) — MHO20YIEHYU 3 MO20 CAMO20 KitbYs | CMeniHb MHO-
eounena r(x) menwui 8i0 cmenens g(x). Take nooanHs €dume,
mobmo h(x) i r(x) suznauaomeca oonosznauno. Muozounen h(x)
HA3UBAEMbCA HacmKoIo0, a H(x) — ocmadeio 6i0 Oinenns f(x) na g(x).

HdoBeneHHs. Binokpemumo B f(x) i g(x) TxHi cTapiui uneHu i
3afnuiIeMo 1X Y BUMAsAi

xX)=a x"+ax"_l+...+a_x+a ,ay #0;
0 1 n-1 ns “0
x)=bx™ +bx" " +. .+ b ax+b ., by #0.

g 0 m~1 m» Y0

JloBenieHHs npoBeneMo iHAYKLI€I 32 CTENeHeM # MHOTOWieHa
f(x). l1pn upoMy MOKHa BBaXATH, WO m > 1.

Slxmo 0<n<m, T0o Maemo pisHicTs f(x)=g(x)-0+ f(x)
i Tomy h(x)=0, r(x)=f(x), wo i BuMaralocL YMOBOI
TEOpEMH.

Hexaii Tenep n=m i npunycTuMo, L0 TeopeMa Mae Micue A

MHOTI'OYJIEHIB, CTENEH] AKMX MEHLLI, HDK 1.
n

. agx”  ag e
PosrnsHeMo MHorouneH f(x) crenens n. Toai —07 = X" _

box (1)
MHOrouneH. PosrnsHemMo pi3HHu|'0

fl(x)=f(X)—Z—EX”_"'8(x)=

- ay - -
=ayx" +ax"” +...-b—°x” '"(box”' +bx™! +...)=
0

=(al —"bl—obl)xn-l +(a2 _Z_Obz}xﬂ—z + ...
0 0

Creninp MHorounena fi(x) He nepesuwnye n—1. Yci foro koe-
¢iuieHTH ofepxyroTbes 3 koediuieHTiB f(x) i g(x) 3a nonomo-
roo omnepauiii 1oaaBaHHs, BiAHIMaHHA, MHOXeHHS i AineHus. To-
My f(x) € P[x].
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3acrocyemo 10 f(x) npunyuteHHs iHayKLii

/() = gk (x) +r(x),

ae h(x), r(x) € P[x] i creniub r(x)MeHwmnii, Hix m. Toai
fx)= g(X)[Z—OX"_'" +hy (X)} +r(x) = g(x)h(x) +r(x),
o

h(x) =20 5" 4 by (x).
by

[ nepiue TBepAKEHHS TEOPEMH OBEAEHO.
Hosenemo eaunicTs. [IpunycTumo, wo KpiM cniBBiAHOLIEHHS
(1) icHye iHLWA piBHICTB:

F(x)=g(x)H(x) + R(x)
3 THMH CAMHMHM BIaCTUBOCTAMHU. MaTumemo
g(x)h(x) +r(x) = g(x)H(x)+ R(x) =
= g()[H(x) = h(x)]=r(x) - R(x).

[MpunyctuMo Takox, wo H(x)—Ah(x)#0. Toxai creniHb MHOro-
unena g(x)[ H(x)—h(x)] 6yae 6inbimm 3a m—1. Creniub pisHuui
r(x)— R(x) meniuvid 3a m. [lpuitunmn no cynepeunocri. Tomy
H(x)~h(x)=0 i H(x)=h(x), R(x) =r(x).

Teopemy noBeneHo.

JloBeneHa BUlle TeopeMa Ja€ OOTPYHTYBAHHS BiAOMOro anro-
PUTMY JiNIEHHA MHOTOYJIEHA Ha MHOTOUJIeH (MPaBUJIO “KyTOYKa”).

1. 3niBa 3anucyemo MHorouneH f(x), cnpasa —g(x). Jdiaumo
cTapuimii uieH ayx” MHorouneHa f(x) Ha crapuumii unen byx™
MHoOroueHa g(x) i 3anucyemMo ojepxaHy 4acTKy Hixkue g(x):

Ax) |8x)
&xn—m

bo

ay - . y
2. OGuMncnEMO b—ox” " g(x) i3anucyemo Horo wikue f(x).

0
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3. O6UMCIIOEMO Pi3HHLIKO ﬁ(x)=f(x)——‘b1°—x"_’"g(x) i 3a-
0
NUCYEMO 1T Le HUXKYe.

4. ITosTOproemo onepauito 1 cTocoBHO f(x) i T. A.

IMpu pineHHi MHOrouseHa Ha JBOYJEH BUAY X —a OCOOJUBO
3py4HHM € aNropuT™, BiaOMHiI sk cxema [opmnepa. TlosicHUMO
toro.

Axkwo f(x)=apx" +ax™ + ... +a,, Toni f(x)=(x—a)h(x)+r,
Jie oCTaua r — CTaja BeNM4MHA. 3HalaemMo yacTKy

h(x)=box™ +bx" 2 + ...+, .
Marumemo
apx" +ax"™ + . +a, =(x—a)byx"" +Bx" 2+ . +b, ) +r=

_ n n—1 n-2

=hyx" + (b —bya)x" +(by —ba)x"" "+ ... +(r—b,.,a).
3Bincu

bo =a0, b‘ =al +boa, b2 =a2 +b|a,...,
b=a,+b,_a,.., b,_,=a, ,+b, 5a, r=a,+b, ja.
[Mpouec o6uncneHs 3afacTbes cxemoto I'opHepa.

Ao I a) I az ’ | -1 | a,

b0=aol bi=a,+bea l by=aytba I | by =a, 1+ b,2a ' r=a,+ b, ,a

I3 dopmynu f(x) = (x — a)h(x) + r gineHHs MHOrOYIEHA HA X —a
nicraemMo meopemy Be3sy:
Ocmaua 8i0 dinenns 008iNbHO20 MHo2ouAeHa [(X) Ha X—a Oo-

piGHIOé‘ SHAQYEHHIO YbO20 MHO2OWIEHA PpU X = Q.

Hpukaag. [oginuru x* —8x> +24x% —50x+90 Hax —2 3a
HaBEACHOIO BULIE CXEMOIO.
e 50 | 90
Bo=1|b=—-8+2=6| b,=24-62=12 | by=-50+12:2=—26 [r=90-26.2= 38

Tyt yactka A(x) = x> —6x? +12x-26, ocraya r=38.
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Osnauenna. Hexaii f(x)— muozounen 3 xoegpiyicnmamu 3 no-
as P, mobmo f(x) € Plx]. Enemenm a€ P naszusaemuvcs 1iozo
kopenem, akuo f(a)=0.

Ockinbkd npu mineHHi f(x) Ha x-—a JgictaeMo f(x)=
=(x—a)h(x)+r, ne r — crana senu4uHa, Todi r = f(a) =0, axuwo
a — kopiHb f(x). Omxe, skwo a — kopiHb f(x), ToOAi
f(x)=(x = a)h(x).

Osnauenna. Enemenm a nona P nasusaemuvcs xopenem kpam-
Hocmi m (m — yine dooammue YUCI0), AKULO

f(x)=(x-a)"h(x), h(a)#0.

Jlema. Hexait P — Oisicne none, f(x)€ P[x] i a - Oiticnuit
KOpinb kpamuocmi m muozounena f(x). Todi a — kopine noxionoi
f'(x) 3 kxpamuicmio m—1.

Hoseaenus. Maemo f(x)=(x-a)"h(x), h(a) #0;
' x)=m(x—a)"" h(x)+(x-a)" K'(x) =
=(x—a)"" [mh(x)+ (x - a)k'(x)].

Skwo H(x)=mh(x)+(x—a)h'(x), Tomi f'(x)=(x—a)" " H(x) i
H(a)=mh(a) #0.

Bnpaeu
1. Jlosecty, o ocTtaya Bia Ainenus x" —1 Ha x" —1 popis-

Hioe x" —1, ne r — ocraya Bi ZiJIeHHs m Ha n.

3n+l 3p+2

2. loBecTH, 1110 "3 ainutbcs Ha x2 +x+1.

Im _ x3n+] 3p+2 2

3. loBeCcTH, WO X + X JIMUThCd Ha x° —x+1
TOAI i NMLIE TOAI, KOJIK BCi TP YHCa m, 1, p OIHAKOBO! MAPHOCTI.

Hau6inbwuil cninbHUG dinbHUK
MHO20Y/IeHie

HacTynHi o3HayeHHs i JOBeAEHHA BIAacTUBOCTEH Nno-
JiNbHOCTI MHOrO4JIEHIB € HOBTOPEHHAM BJIaCTHBOCTEH NOJAiNBHOC-
Ti ynces. [Ipy UbOMY CIiZX JIMILE 3aMiHUTH C1OBA “Uine YUCAO0” HA
cnoBo “mHoro4sieH”. Tomy Hemae noTpebu KOXeH pa3 HaBOAUTH
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JeTalbHUi BUKNQ] BiMOBIAHMX BIAacCTUBOCTEH IS MHOTOY/EHIB.
Jlniue B OKpeMHX Micusix 3’sBAATbCA OCOONMBOCTI, HA SKUX CIIiA
3yMHUTHCh.

BBeaemMo noHATTA ideany B Kinbli P [x] MHOrouwrenis Haj no-
neM P.

Osnavenna. Iliomuooxcuna I xinoys P [x] nazueaemocs ioea-
JIOM, AKWO B0HA MAE MAKI 61acmMueocmi:

L. f(x),g(x)e I= f(x)+g(x)e l.

I fx)eli Fx)eP[x]= f(x)F(x)e I.

Ilpn uboMy ifean I Ha3MBAETHCA MOJOBHHUM, AKILO A8 HbOrO
icHye Taxuit MHorounen m(x) € I, wo I BUUEpNyETbCS MHOrO-
ynedamu Buay m(x)F(x), ne F(x) npobirae Bce kinbue P [x].
Bin nosHayaerscs uepes m(x).

Teopema 2. Byov-axuii idean xinoys P [x] € 2onosnum.

JloBeieHHs L€l TeOpeMH aHAIOriyHe JOBENCHHIO MOAIGHOT Teo-
peMHu Mpo Lini uucna.

Osnauenna. Muozounen d(x) nazusacmocsa Haubinbuwum chino-

Hum OinbHuxom muozounerie (HCI) f(x) i g(x), axwo euxony-
romwca enacmusocmi:

L d(x)| f(x) i d(x)| g(x).

IL 8(x)| f(x) i 8(x)| g(x) = 8(x)|d(x).
Byap-ski qsa HCJI (f(x), g(x)) acouiiioBaHi: BOHM MOXYTb BiApi3-
HATHCB JIMILE MHOKHUKOM A # 0, IO HATIEKHTh OCHOBHOMY MO0 P.

Teopema 3. [[ns 6yov-sixux 080x (abo 6020 wucna) MHoo4we-
Hig icrye ixuitl Haubinvuwuli cninorui oinbrux. Axwo d(x)=HCH (1, ),
mooi icnyrome maxi muozounenu F(x), G(x) € P [x], ona axux

F(X)F(x)+g(x)G(x) =d(x). (1)

(Jlus. § 1.4, noBeneHHs TeOpeMU 4 PO B3a€EMHO MPOCTi YKCIa).

Anzopumm Eexnida
Sk i nns uwucen, obuncnenus HCJ] aBox MHoro-
wieHiB f(x) i g(x) 3acrocoByerscs cxema (E) mocmizoBHMX

JineHb, SKa HOCHTH Ha3By ancopumm Esxnioa. Lljo cxeMy nouinb-
HO NOJATH Y BUIIIAI:
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Lo f(x)=g(x)h(x)+ A (x),

2. g(x)=r(x)hy (x) +An (x),

3. () =rn(x)h(x)+A;n(x),

k. no(x) =ro (0O (x)+ A r (x),
k+1. 1y (x) =1, ()P (x).

Tyt A,r;(x) —ocraua Bia nineHHs Ha j-My kpoui. Crani MHOXKHH-

(E)

ku A; #0,j =1,k — noBinbHi i MOXXYyTb OyTH BUOpaHMMH Ha KOX-
HOMY KpOLi 3 MipKyBaHb CIpPOLIEHHS MOJANbILIUX OOGUHUCIIEHD.
MHorouneH 7, (x), k1t BU3HaYEHO OCTAHHLOK HEHYJILOBOK OC-
Taveto, i € wykanunit HCI (f(x), g(x)).

HaBeneMo foBefieHHS LIbOrO TBEPKEHHS.

Cnouatky nokaxemo, WO 7,(x) — COinbHUM AiIbHUK f(X) i
g(x). MHorouneH 7 (x)— AinbHUK 7 (x). I3 k-1 piBHOCTI CcXemu
(E) BunnuBae, mo 7, ,(x) ginutbes Ha r,(x). Tlpoaosxyrouu
Aajli TaKHM XK€ YHHOM, AICTAHEMO: 7y (X), #;_(X), ..., /5 (X), K, (x)
ainsTecs Ha 7, (x). 3 2-i pisHocti cxemu (E) onepxyemo mogins-
HicTb g(x) Ha 7,(x), a3 1-1— nozineHicte f(x) Ha 7, (x).

Hexaii Tenep &(x) — neskuii cninbHuii ainbaux f(x) i g(x).
I3 piBHocTi 1 cxemu (E) BumnuBae, 1o O8(x) — OinbHUK r(x), a3
piBHocTi 2 — 8(x) € ninbHUK r,(x). BpemwrTi-pewt 3’scoByeMo
0CTaToYyHO, o O(X) — AiNBHUK 7, (X).

Hexait d(x)=HCH (f(x), g(x)). Toai Ha nincrasi Teopemu 3
iCHYI0Tb MHOTOUNIEHH F(x), G(X) Taki, U1 IKUX BUKOHYETHCH PiB-
HICTb

F(x) f(x)+G(x)g(x) =d(x).
Jns ix obuucneHHs BUKOpPUCTOBYeTbes abo cxema (E) anropurmy

EBkniga, abo meron HeBusHaudeHux koediuientiB. OcraHHill Me-
ToA € ebexTuBHUM, koau HCJL d(x) Hanepen Binomuii.

[TpointocTpyemo 3actocyBanHs anroputMy EBkniga ans 3ua-
xomxenuss HCJ[ muorounediz f(x)=x> +2x* —=3x* =3x—1 i
g(x)=3x4 +7x° +4x% —x-1.
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1. Dinumo f(x) Ha g(x):

X +2x* +0x* =3x% -3x-1 |3x4+7x3+4x2—x—1
Tl e 1o 1y L
3 3 3 9
—xt —i)c3 —2xr-Zx-1
3 3 3

IToknanemo hl(x)z—;x—%, r,(x)=x3 +4x% +5x+2.
2. linumo g(x) Ha r(x):
3xt 470 +4xt - x -1 |x3+4x2+5x+2
T3t 120 4152 46x | 3x=5
-5x ~11x% - 7x -1
© 5x% =20x% ~25x-10

9x% +18x+ 9

Ocraua Ry(x)= 9x? +18x+ 9=9(x2 +2x+1) .

[Toknagemo h,(x)=3x~5, ry(x)= x*+2x+1.
3. dinumo r(x) Ha r(x):

_x3+4x2+5x+2 x?+2x+1
X +2x% + x 'X+2
_2x2+4x+2
2x% +4x +2

0
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Hinenus 6e3 octaui. Omxe, HCJ] muorouneHis — r{x)=

=x%+2x+1.
Maemo
f @)= g (=25 ()
8(x) = (x)y (x) +9r,(x),
1 (x) = r (X)hs(x).
3Biacu :

91, (x) = g(x) — i (X (x) = g (x) + %[f(x) - g0 ()] y(x) =
= %hz (x)f(x)+ [1 - %hl (x)h, (x)] g(x).

[MincraBuBun A (x) = —:l;—x - -;-, hy(x)=3x-5, 3uaiigemo

e =f<x)[§x— 1)+g<x)(—§x2 +§x].
OcraTtouHo

3 1 , 2
F(x)==x-1, G(x)=~=x" +Zx.
(x) S (x) Rt

3acmocyeaHHss Memody
HesU3HavyeHUxX koeghiyieHmie

3pobumo criovyartky Take 3ayBaxkeHHs . Hexaii
fx)=ax" +ax"" + .. +a, x+a,, a, %0,
g(x)=box™ +bx™ " + .. +b,, by 0.

3’scoBY€ETBC, WO cepel yeix MHorowieHiB F(x), G(x), ang skux
BHKOHYETBCA PiBHICTb f - F + g -G =d iCHYIOTb TakKi, 110 cTenidb
F(x) menwumii Big m crenens g(x), a creniib G(x) MeHiuii Big »n
crenens f(x). [Ipunyctumo, o creniie MHorouieHa F(x) He
meHwnH 3a m. [Toainumo F(x) Ha g(x) 3 mesikoro octauero r(x):

F(x) = g(x)- h(x) +r(x).
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Touni
d(x) =[g(x)h(x) + r(x)] f(x) + G(x)g(x) =

= r(x) f(x) +[G(x) + h(x) £ (x)] g (%) = r(x) [ (x) + S(x)g (x),
ne S(x)=G(x)+h(x)f(x).

Ockislbku cTenidb d(x) He nepeBuutye min{m, n}, a cTeniHp
r(x) MeHiumnit 3a m, TO cremiHb AOOYTKY S(x)g(x)=d(x)—
—r(x)f(x) MeHwui 3a m +n. Tomy cremnidb S(x) MeHLWHii BiA A

OTmxe, MaeMO HeOOXiAHY piBHICTB r(x)f(x)+ S(x)g(x) =d(x),
Jie cTeniHb ¥(x) MeHLUMH, HiX m, a crenidb S(x) MeHwuH, Hix A.

Axwo d(x)=HCH (f(x), g(x)), Toni B piBHoCcTi (1) po3LuyKy-
emMo MHorountedn F(x) i G(x) cepen MHOrouNeHiB BUAY

F(x)=Apx" " + Ax" 2 + ..+ 4, ,,

G(x)=Byx"' +Bx"*+..+B

n—-1»

ne A4,B,,i=0,m-1;k=0,n—1 — HeBinomi koediuientH, Bia-
LIYKaHHS SKUX MPOiNOCTPYEMO Ha KOHKPETHOMY NpPUKAAA.

Npuxnan. Tlogaty y Buraai piBHocTi (1) MHorounenu
f()c)=x3 i g(x)=x2 —3x+2.

Po3s’s3zanus. HCJL (x°, x* —3x +2)=1. Omxe, mac 6yt

F(x)=A4gx+ 4, G(x)=Byx’ + Bix + By;
(Ao + 4)x° +(Box2 +le+Bz)(x2 —3x+2)=1.

MopieHtowouK koedillieHTH NPH OJHAKOBUX CTENEHAX NpaBoi Ta
JiBOI YacTHH L€l piBHOCTI, ZiCTaEMO cUCTEMY JiHiiHUX piBHAHb:
4
Ay+ By = 0,
Al -3B0+ B] = 0,
4 2BO —3Bl + BZ = 0,
2B, -3B, =0,
2B, =1.
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ITicns po3B’s3aHHs Wi€T CUCTEMH 3HAXOAUMO, LLO

7 15 7 3 1
=——, A4 ===, By=—, B =2, B, =—,
4 g MT g Ty ATy 273
F(x)=-:7—x+E, G(x)=zx2+—3-x+l.
8 8 8 4 2

B3aemHo npocmi MHO204NEeHU.
He3egiOHi MHO204YNeHU

Osnauenns. Muozounenu f(x) i g(x) naszusaromo-

ca e3aemno npocmumu, axujo ixnitt HCIJ dopienioe oounuyi.
Teopema 4. [ina mozo wo6 muozounenu f(x) i g(x) 6yru

83AEMHO npocmumu, HeoOXIOHO [ OOCMAamHbO ICHYGAHHA MAKUX
muozounenie F(x) i G(x), Onst AKUX BUKOHYEMbCA pigHiCMb

JF(x) +g(x)G(x)=1. 2

JloBeieHHs TeopeMH aHanoriuHe AOBEJEHHIO BIATNOBIAHOI TeO-
PEMMH U1 B3aEMHO MPOCTHUX YUCEI.

3a aHanori€l0 3 B3aEMHO NPOCTHMM HYHMCAAMH HABEAEMO
OCHOBHi BJIaCTHBOCTI B3a€EMHO MPOCTHX MHOTrouseHiB (6e3 jo-
BEACHHA).

[. ko MHOrouneH B3aEMHO NPOCTHH 3 MHOrouNEHaMU
f(x) i g(x), Toni BiH B3aeMHO mpocTuit i 3 X A06GyTKOM
f(x) g(x).

H. Axwo ™HorouneH f(x) B3aemMHo mnpoctHit 3 g(x) i
F(0)] g(0)h(x), Toai f(x)|h(x).

II1. Ao muorounenu f(x) i g(x) B3aemuo npocri i f(x)| h(x),
g(x)| h(x), Toai f(x)g(x)|h(x) .

V kinbui P(x) MHOrOYNEHIB aHANOTOM NPOCTOrO YHC/A € He-
3BiAHUH MHOT'O4JIEH.

Osnauenna. Muoezounen f(x) Hazusaecmuvcs He38iOHUM Hao

norem P, akwo 1020 nemodciuso nodamu y @uensidi 0obymky
MHO204NIEHIB, KoeiyicHmU AKUX Hanexcaru b momy camomy Romo
P, i cmeneni saixux 6ynu 6 menwii, Hioie cmenine f(x).
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OcHogHIi enacmusocmi
He38i0HUX MHO20YJ1eHie

[. Slkwo MHorounenu p(x) i g(x) — He3BiaHi (Hajn
JlaHuM nonem P), To BoHK abo B3aeMHO TipocTi, abo g(x) = Ap(x),
ae A — CTannit MHOXHHK, BIAMiHHUIHA BiJ Hys.
II. Axwo p(x) — He3BigHUI MHOroufeH i f(x) — AOBiNbHMIA
MHorouneH, Toi abo p(x) i f(x) B3aemHo npocTi, abo p(x)| f(x).
III. Axuwo p(x) — He3iaHMI MHorouneH i p(x)|f(x)g(x),
Tozi abo p(x)| f(x) , abo p(x)| g(x).
HesBigHicTs MHOrouneHa — BJIACTUBICTh BigHOCHA. Han onHum
roneM BiH He3BiAHMH, Haj iHWMM, Oinbll IIMPOKMM, BiH MoOXe

6yt 3BigHMM. Hanpuknaz, mMuorouneH x> +1 Haa nonem R Aiifc-
HUX 4YUCen — HEe3BiJHUH, ane HajJ mosneM KoMruiekcHux uucen C
BiH PO3K/IaAaETHCA HA MHOKHUKH (X +1)(x —1).

Teopema 5. Byov-sikuit muoeounen f(x) xinvys P[x] nooa-

embea y guensidi 006ymky ne3gionux nao nosem P MHOJICHUKIG
f(x)=pi(x)- py(x) -+ p,(x). (3)

Axkwo yeti MHozouneH nodano y Guenadi 00OyImKy He36iOHUX
MHOJICHUKIG 08OMa cnocobamu.

J(X)=p(x): py(x)-p,(¥) = q(x) (%) g, (%), (4)

moodi r =5 1 npu GiON0GIOHIL HyMepayii MHOJICHUKIE MAEMO, WO
g (x)=A;p;(x), i =l,_r, oe A, € P, A; #0, ona 6ydv-saxux i=],_r.

HoseneHnHs. Hexait n — creniib MHorounexa f(x). Sxkuwo
Jf(x) — He3BiAHMI MHOTOYJIEH, TOAI po3KnaaaHHs (3) MiCTUTb YChOTO
OIMH MHOXHMUK. SKkio x f(x) — 3BigHu#, TO HOro MoXxHa noxaTtu
y BUIIAAI A0OYyTKY MHOroujeHiB i3 Kinbus P(x) 3 MEHLIMMH CTe-
neHaMH. Axio cepel MHOXXHUKIB 3HOBY 3HalaeTbcs 3BiAHUMH, TO i
Horo nopamo y Burnsai 4o6yTKy MHOTOYJIEHIB MEHLUMX CTENEHIB i
T. . CKIHUEHHMM YUCIOM KPOKiB JiCTaHeMO po3knagaHHs (3).

Jpyry 4acTHHY TEOpeMH NOBEAEMO iHAYKUIE 3a CTEeMNeHeM n
MHorousieHa f(x). Skuo #n=1, ToAi TBEPILKEHHS TEOPEMH OYEBHJ-

He. [TpunycTumo, 10 BOHO Ma€ Miclie A7l MHOTOYJIEHiB, CTereHi
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AKHX MeHlni Bif n. €auHicTb posknazaHHa (3) noBenemMo Ans
J(x).

Hexali BukoHyeThes piBHicTh (4). 3 Hel Bunausae, wo g,(x) —
AinbHEK f(x), a ToMy (Ha migctasi Bnactusocti Il ans Hessia-
HUX MHOTOYJIEHIB) Ha g;(x) AiNMUTLCA OAMH i3 MHOXKHUKIB

ni(x), pr(x), .., P (x) -
Hanpuknan, g,(x) — ninbauk p(x). Lle MOXIMBO nuLie npy Bu-
KOHaHHI PiBHOCTI g;(x)=A;p,(x), Ae A;— HEHYNbOBHi eneMeHT
nons P. [lincraBumo ue nofaHHs ¢,(x) y MpaBy YacTHHY PiBHOCTI
(4). Iicns cnpouleHHs: MATHMEMO HOBY PiBHICTb
g(x)= pr(x) -+ pp (%) = Mgy (x)g3(x) -~ ¢, ().

Creninb MHOrouneHa g(x)MeHiuuii, Hix cteniub f(x). Bu-
KOPHCTOBYIOUHM NPUMYLIEHHA iHAYKLIl, AicTaHeMo: r —1=s~1, a
TOMY 7 =5 i

Mgy (x) = Ay py (%), g3(x) =A3p3(x), ooy g, (X) =X, p,(x).
3BizcK MaeMo HeoOXiaHi HaM piBHOCTI
g1 (x) = A py(x), g2(x)=A; P (x),

() =k p3(x), ..., 4, (x) =2, p, (x).
Teopemy noseaeHo.
Ha nigcrasi TeopeMd MOXHA 3amicaTd OJHO3HAYHE PO3Kia-
JIaHHS TaK:

Fx)=ay- py(x): py(x) -+ p, (x), )
ae p(x), py(x),...,p,(x) — HE3BiOHI MHOXHHMKH, Y KOXHOIO 3

AKMX CTaplumit koediuieHT gopiBHIOE oauHMLI. Byab-aki aBa pos-
K/1aJaHHA LbOTO MOAaHHS BiAPi3HAIOTBLCA JMLUE MOPSAKOM pO3-
MillleHHs MHOXXHMUKIB.

MHoxHMKH B po3kianaHHi (5) MOXyTb 3ycTpiuaTucs aekinbka
pasiB. SIkwo p;(x), p,(x), ..., p;(x) — Bci nonapHo pi3Hi MHOX-

HMKH LBOTO PO3KJIaJaHHs, TO HOro MOXKHA fIOaTH y BUIIA
f(x)=aq- p"(x)- py*(x) -+ pg* (x). (6)
Tyt pi(x)# p;(x), AKwo i# j, a Yucia m; — KPaTHOCTi BiA-
I0Bi THUX MHOXKHHUKIB.
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3BiACH HaNpOLLYETLCA BHCHOBOK:
Hexait ans MHorouneHiB f(x) i g(x) mae micue po3kinagaHss

Ha He3sigHi muoxuuku Tany (6). Toai HCJl uux MHorounenis
JOpPiBHIOE 100YTKY MHOXHHKIB, 10 OJHOYACHO MICTATbCA B 060X
po3knagaHuax. [Ipu uboMy KOXHHMH He3BiAHMHA CNiNbHUA MHOX-
HHMK Ma€ CTeMNiHb, KWl JOpiBHIOE HaliMeHLiit 3 Horo kpaTHoCcTeH
y po3knaganaax f(x) i g(x).

Bnpasu
1. loBecty, wo Muorouwnewn f(x)=x*-x’ —4x? +4x+1 i
g(x) =x? —x -1 B3aeMno npocti. Criouatky 3a AONOMOIOKO anro-

putmy EBknifa, a moTiM MeTosoM HeBH3HaueHUX koedilieHTiB
3HaiiT MHorouneHn F(x) i G(x) taki, 106 Mana micue piBHICTb (2).

2.3a nonomororo anroputMmy Ewnina snailth HCJ1 muoroune-
i x” -11i x"-1.

3. Hexait d(x)=HCH (f(x), g(x)) i dx)=f(x)F(x)+
+g(x)G(x). Yomy popisuioe HCJ] Muorounenis F(x) i G(x)?

4. JloBecTH, WO KOAM MHOrouwleH f(x) 3 winMmu xoediuieH-
TaMH 3BiZHUMA Haj MofeM pauioOHaNIbHUX YUCeN, TO HOro MoxXHa
1oaTH y BUIJIAAI A06YTKY MHOrOUIEHIB MEHLIMX CTEMEHIB 3 Ui-
numu koediuientamu (nema [Naycca).

5. JloeecT, 10 MHOrOUNeH x” + p, e p — MPOCTE YMCIO, 3Bil-
HMl HaJ [MOJiEM pauioHaNbHUX YMcen A OyAb-skoro n=1.

6. [epexoHaTucs, WO MHOrOWIeHH l+x+..+x" i 14+2x+

n-1

+3x%+ ... +nx™” B3aeMHO nmpocTi.

§ 1.6. MHorouneHu Hap nonamMu
KOMNMEKCHMX i AiNCHNX ynucen

Hexaii f(x)=apx" + ax""' + ... +a,_;x + a, — MHOrO-

YieH 3 KOMIUIEKCHHMH koediuieHTamMu ay, ay,...,a, (ag #0) i
KOMIIJIEKCHOO 3MiHHOIO X = y +iz (y, z — AifCHI 3MiHHi).
BuBenemo ans MuorouseHa f(x) opmyny Teknopa:

2 n
Flx+h)=f(x)+h- £(x) +f’2—‘ £+ o + % £ ().
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O6uucaroeMo noxiaHi MHorouneHa f(x):
FD)=napx"" +(n-Dax"? + .. +1-a, ,,
FIx)=n(n-1agx"? + (n-1)(n-2)ax"> + ... +1-2-a, _,,

f(”")(x)=n(n—1)---3-2-aox+(n—1)(n—2)---2-1-a,,
£ (x) =nla,.

Jns 6yab-KOro npupocty A MaemMo
n n n—k
fa+h) =Y aq(x+h' = q {Z C/_,cx"“*"“h’} =
k=0 k=0 /=0

n
- I n—k~l 1
= Z Co_iaqx" " H.

n

Y il noABiHii cymi 3rpynyemMo nocnifoBHO BCi A0AAHKH A0
k=0,k=1,k=2iT. 1. Jictasemo

n n-1
fx+n)=> Crlapx""'n' +Y Clax"h +
1=0 1=0

n-2
+Z Clax™ W + ... +a,x°n°
1=0

B onepxaniif piBHocTi npuBememo mnomiGHi uneHW BiJHOCHO
W k=0n:
_ 1.0 0 n 0 n—1
f(x+h)=h [Cn apx” +C, L ax" + .. +a,,]+
+ h[Cn]an”_' +Cax™ + .. +C|]an_]]+
+ K [C,,zaox""2 +Clax" 3+ .+ sza,,_z] + .. +Hh"'C)a.

[TopiBHiotouM BUpa3n B KBaApaTHUX LY)KKaX OCTa@HHbLOI PiBHOCTI
3 NOXiAHMMK MHOrouneHa f(x), ocTaTouHo AictaHeMo GopMyiy

Teiinopa.
Jns MHorouneHa f(x) 3 KOMIUIEKCHOIO 3MiHHOWO X =y +zi

dyukuis u =|f(x)| — nificna dpyHKuis BOX AICHUX IMIHHUX Y, Z.
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®yHkuis f(x) € HenepepBHa PyHKLiS KOMIIIEKCHOT 3MiHHOT X:
ana 6yap-akoro €>0 3Haigerscs AjiicHe uucno 8>0, wo 3
yMOBH | x, —x,| <8 Bunnusatume nepisnicts |f(x)~— f(x;)|<€.
[Tpore ans Oyab-AKUX KOMMJIEKCHHUX YMCEN X, | X, BHUKOHYETHCA
HEpiBHICTH

(HENEVICS ERVACHERICY )

Ane Toni ||f(x, = 1f (xz )|| <¢. lle # n0BOAMTL HenepepBHiCTL
byHkuUiT u =If(x)| Bia AiCHUX 3MIHHUX Y, z: u=u(y,z).
Ha niacrasi Biomoi Teopemu yHkuis u(y,z), sSKa € Henepeps-

Holo QyHKUi€w Bia Y, 2, y OyAb-aikiii oOmexeHiit o6aacTi Mae wio-
HalMEeHLUE OHY TOUKY Jg,Z, MiHIMATBHOCTI 3i 3HAUEHHAM

w=u(yp, Zo)-_-lf(xo)la Xo = Yo + Zol.

Jdema 1. Axwyo f(x) — muozounen cmenens n>1,k — 6yoo-

sKe dooamue OiticHe Yucao, mo Oas QOCMAMHbLO GEIUKUX 34 MOOY-
JleM 3HaueHb 3MIHHOI X Mae micye HepieHicmb

n-2 < laox"' . )]

kia,x”" +ax" + .. +a,

Nosenenus. Hexait a=max( |a|.as|, ... |a.]) -

Toai
X -1
ax" ! +ax"? + ... +a, Sa(lxln—l+|x|"_2+...+l)=a| =5
x| —
Skio
ka
|x|>—=+1, o))
0|
TOA}
ka 1
x|-1>—=|qy| > ka—F——=
l | |aol l 0| |x|—1
a3 ka2 T Ly 7.
0 |x| |x|—1 k'?
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Ha nigcrasi oTpumMaHoi Builie HepiBHOCTI

n-1 n-2 len —1
|a;x +ayx” "+ .. +a,|<a
[x[ -1
BHIJIMBAE I PIBHICTD
Ia,x"” +ax™ 2+ L ta,l< %Ia()”x]n,

AKIIO BUKOHYETBCSA HEpiBHICTh (2). OTXKe, BUKOHYETLCA | HepiB-
HicTb (1).

Jlemy noseneHo.

Hacniook. Axwo 6 nemi 1 k=2, moodi npu

2a

X| > —
| el

+1 3)

GUKOHYEMbCA

2Ia,x""l +ax"*+ . ta

<|ap| |x]". 4)

Jema 2. Axujo suxonyemocs nepignicms (3), mooi ona f(x)

BUKOHYEMBCS
1
760l Haolaf - ®

Hosenenusa. Ha niacrasi Hacninky nemu 1 i3 HepiBrocTi (3)
BHIUIMBAE HEPiBHICTH

2

la,x""] +ax" 4 +a,,|< % | a|| x| .

Togni

x)| =lagx" +(ax™ +a,x"* + ... +a, )| >
0 1 2 n

2

Z|a0x"l—‘a1x"_l +a, X"+ .. +a,|>

1 1
> ‘aox"‘ - —2-|ao||x|" = —2—|a0||x|" :
Jlemy noBeneHo.
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Teopema (ocnosna meopema euwioi anzeppu)’. bydv-sxe an-
2ebpuyne piBHAHHS

1

fx)=ax" +ax"" + ... +a, ;x+a, =0,

Koegiyicnmu axo20 — Oitichi abo KOMNNEKCHI YUCa, MAE NPUHAU-
MHI OOUH KODIHb X = Yo + Zoi , A€ ¥y, 29 € R.

Hosenenns. [punycrumo, wo a; # 0. Obupaemo gonarHe
Yucno R, HACTiNbKH BETHKHM, 1110

2 .
R0>A=|—a—:-|+l 15|a0|R6’>a,,, (6)

ne a=max(|a|, |ag|, ---|a ).

Toni Ha niacTasi 1eMu 2 B TOYKAX X KoJa |xl = R, MatiMemo
|£(0)]>|£(0)] =|a,|.

Tomy Ha kpy3i K(R,) ={x :|x| < RO} byHKLia u = |f(x)| HalyBae
MiHIMaNBHOro 3HaueHHs W Yy Jeskil Toyui X, = y, + z,i, fKa €
BHYTPILIHBOIO TOYKOIO UBOro kpyra (U < | f (0)| ).

Sxwo p =0, Toai TEOpeMy AOBEAEHO, OCKIABKH f(x5)=0.

Tpunyctumo, mo 1 >0 p=|f(x,)]-

B ocraHHbOMY BUMaaky 3’sCyeMo, WO icHye uducno h#0, sk
3aBroIHO MaJsie 3a MOJyJeM, Take, Lo | flx + h)] <| f (x0)| (TBeEp-

IDKeHHs BigoMe sk nema J1” Anambepa).
Hexait h — fgesike KOMIUIEKCHE YHCNO. 3aCTOCYEMO TEOpEMY
Tetinopa no dyHkuii £

2 n
Sty + )= F00) 4B () + o 7)o+ £ (0. (T)
2! n!

[Tpunyctumo, wo nepwuM koedilicHTOM, BIAMIHHUM BiJ HyJ, €
koediuient npu A", Tob6TO f (m)(xo) #0(m=1). [loginuBwy
npasy i niBy yacTuHH piBHOCTI (7) Ha f(x,), AicTaHEMO

‘CTpore noseneHHa Bnepiue nas [aycc (1799 p.). Lla Teopema paniue 10Bo-
aunack JI’Anambepom, ane 3 HeJOCTaTHHOIO NoBHoTol. HaBenewe noseneHus
Hanexuts Kowi (1821 p.).
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fOo+h) | KT 0) R (x)
S (x) m!f(xy) n'f (xo)
[lonamo koxxeH A0AaHOK MpPaBoOi YAaCTHHH UBOTO PO3KNANAHHA B
KOMIeKCHi# dopmi:

(m)
L (%) =R, (cos@,, +isin @,,),
m!f(xy)
S (%) o .
———== R, (cos @, +isin@,), h=p(cosQ+isin @),
nlf(xp) ( )
ae R,,..,R,,p —Moayni BIANOBIAHUX YHuceN, @ @,,, ..., P,,@ —iX
apryMeHTH.
Toni
Slxog+h) _

oy =t Rae"cos (mo+@) +isin (mo+ )]+ ®)

+..+Rp" [cos (no+@,)+isin (no+¢,)].

O6epemo apryMeHT @ TakuM, od m@ + @,, = T, T06T0 @ = i U ,

m
a Moynb O HACTINIbKM ManuM, wob R,p™ < 1. 13 pisHocTi (8) nep-

i JBa JOAAHKHM ATk yKcio 1 - R,p™ > 0. Toai Ha niacTasi Bia-
cTHBOCTe MOyt cyMH 3 piBHOCTi (8) AicTaHeMO HEpPIBHICTD

ot ~R "+ R, 0"+ .. +RP",
S (x)
abo
f(x0+h) < m n—-m
YA <I-p" (R, - RppP— .. —RP").
S(xp) +

3po3ymino, 110 cyma B IyXKKax [py AOCTaTHLO Manomy p Gyae
6113bKOI0 0 uMcia R,,, a Bcsl paBa 4acTHHA — OIM3BLKOIO A0 UMC-

na 1-R,p"™ i, omke, 6yze aomaroro. Tomy |f(xo +h)| <|f(x)]-
MoxHa BBaXKaTH, WO X, + 4 € K(Ry). [1puitiunn Ao cynepeyHocTi.
TuM camMuM Teopemy JOBEAEHO.
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Hacnidxu ocHogHOT meopemMu

~ _ n n-1
Hexait f(x)=agx” +ax"  + ... +a, — MHOTOUNEH 3

koedilieHTaMH  ay, qy, ...,a, 3 nona C KOMIUIEKCHHX 4Hcen,
ay #0,n21. 32 OCHOBHOIO TeopeMolo f(X) Mae KOpiHb O, 1O
Hanexuts nomo C. Toxi

F(x)=(x=oy)fi(x),
ae fi(x) — mHorounex crenens n—1 3 koediuientamu 3 nons C.

Ao crenide f;(x) GinbLunii 32 0, ToAi Ha Tiif xke NiacTasi icHye
KOPiHb O, i, 0TXKe, fi(x)=(x~-0,)f(x). Tomy

F(x)=(x =) (x = 0p) f5(x).

[pomoBxytouu U0 Npouesypy, Ha #-My KpOLi AicTaHeMO po3-
KJafaHHA

fx)=(x-o)(x-0y) -+ (x—-0,)b,
jae be C. HeBaxko nepekoHaTHcs, WO cTaplinii koedilieHT B
OCTaHHLOMY pO3KnaaauHi nopisHioe bx”. TlopiBHIOKOUM iioro 3i

CTAapIUKM Y/IEHOM dyx” Yy MOYaTKOBOMY PO3KJIaJaHHi, JicTaHeMO
b=a,. Tomy

F(x)=ap(x—0y)(x=aty)---(x — ). €))
3posymino, uo Bei uucna o, &y, ..., &, € kopeHamu f(x).3 apy-
roro OoKy, Hexali o — kopiHb f(x). [Toknagemo x =0 y npasii
i niBiii wacTuHax (9). Hdictanemo

O0=gp(a—oy)a—0n) -~ (L-a,).

3Biacy BUMIMBAE, WO A JEAKOro k MHOXHHUK O -0y =0=
= 0= 0, OCKilibkH gy # 0 .
Hacniook 1. Bydv-suii mnozounen  f(x)=agx" +ax™" +
+...+a,, ay#0 HAO nonem KOMPNEKCHUX YUCEN MOICHA NOOAMU
y 8uensoi 0obymky (9), 0e 0, Oy, ..., Ol,, — KOPEHI YbO20 MHO20UAE-
Ha. IHwux xopenia @in He Mae.
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Hacniook 2. He3gionumu mHo2ouneHamu HAO NOAeM KOMN-
JIEKCHUX YUCEeN € TUUe MHO20YAeHU cmenens .

Ha miacrasi Teopemu 5, § 1.5 posknananHs (5) Ha He3BigHi
MHOXHHWKH € €AMHHUM 3 TOUYHICTIO A0 MOPSAKY PO3TaLlyBaHHA MHOX-~
HHKIB.

Y uboMy po3knanaHHdi 06’€HaEMO BCi OJHAKOBI MHOXHHUKH.
Toni Horo MoXxHa 3anucaTy y BUTNALI

fx)=ap(x—oy)™ (x—0)™ -+ (x - )™, (10)

aAe oy, Oy, ..oy O — yCI MONAPHO PI3HI KOPEHI MHOTOYJICHA | m; —

KpaTHICTb KOPEHs O.; , IPUUOMY my +m, + ... +my =n.

Hacniook 3. Byov-axuii MHo2ounen cmenens n 21 3 Komnaexc-
Humu (30kpema, OTicHUMU) Koediyicnmamu mae piHO n KOpeis,
AKWO KOJICHUIL 3 KOPEHIE paxyBamu cminbKu pasie, CKilbKu U020
KpamHicme.

PosrnsHemMo Tenep MHOroujieH, crapluii koedilieHT skoro

nopiBHioe 1, ToOTO

f)=x"+ax""+ .. +a

-
3anuLeMo A HbOro po3kiiafanHs (9):

) =(—a)x-0y) - (x-at,),
NPUUOMY KOXHUIt KOpiHb B3ATHH CTinbku pa3iB, CKilbkH i#oro
KPaTHICTb.

Po3KkpuBLIM IyXKHW Ta 3BiBLUM MOAIOHI UeHU Micas MOpiBHSAH-
HA NpaBUX YacTHH B 000X poskiamax f(x), mpuxoauMo #o 3a-

KJIFOYHOTO HacHiJKy.
Hacniook 4 (gropmyau Biema). Mixc xoeiyienmamu i xope-
Hamu muozounena f(x) 3i cmapwium xoegiyicnmom 1 marome mic-

ye CnigeiOHOUIeHHA
a =—(0 +0y + ... +0,),
(12 =(X‘OL2 +(X]OL3 + ... +0L,(Xk + .. +(Xn_]0',n,

a, =(-D"oya, .- 0,
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Y opmyni ona koegiyiecnma a, nio snaxom cymu MiCmameca pini
00bymxu 3a cnonyuenHam no k xopenie — ycooeo C, ,’,‘ 000aHKIB.
3okpema, s MHOTOYJeHiB 3-ro cremeHs f (x)=x3 +a1x2 +
+a,x + a3 3 KOPEHAMH O, 05, O3 hopmynu Bieta maroTs BUIIAL
a =—(0 +0, +0Q3),
a; = 0,0, + 0,03 + 0,03,
a; =—0 -0y - Oly.

Mpukaaa 1. Kopeni Muorounena x" —1 €

€, =cos ﬂ+isin E‘E_k_,k:()’n_L
n n

Ha niacraBi dopmya Biera 3Haxoaumo:
n-1
Co+Gi+8o+ .+, =085 -Gy G =(-1)" .

Hpuxaan 2. 3uaiity HCO mHorounenis x™ —1 i x" —1 Me-
TOAOM PO3KJIaAaHHs 1X Ha HEe3BiJIHi MHOXHHUKH.

Poss’asauns. ITopamo x™ —1 y surmsai 2oOyTKy HesBin-
HUX MHOXHUKIB Haj nonem C:

XM —1=(x—wp)x—®,) - (x—0,_),

JilS
®; =COS ﬂ+isin ﬂ, k=0,m-1
m m
AHaoriyio
x" —l=(X"C0)(X—C]) (x_Cn—])s
i
{, =cos 2—nl+isinﬁ, [=0,n-1.
n n

Toai HCJI MHOrouneHiB 3 yMOBH JOPiBHIOE A0OYTKY CHiNBHUX
MHOXHHKIB Yy TIepLIOMY i ApyroMmy po3kiafaHHsX. 3ajauya 3BO-

JUTBCS 10 BiJWYKaHHSA CMiJbHUX KOPEHiB i .
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" 2nk . . 2mk 2nd . . 2m
Hexaii o, ={,;, T06T0 cOs ——+1isin — =cos — +isin—.
m m n n

ok . k.1l .
Topi —=—+ N, N — uiae uucno. Yucna — 1 — MICTATBCA Y
m n m n

HamiBinTepsani {0, 1), a Tomy N =0.

Hexait d= HCH (m, n). Togi m=dm,, n=dn;, npuaomy
my i ny — 4YKCIa B3aEMHO MPOCTi. MaeMo piBHICTL kny =Imy , a
TOMY M, |k, n0|1 i, omxe, k =myK, I =nyL. Ane Toai

2nK . . 2nK 2nL . . 2nL
®, =cos ——+isin——, {; =cos — +isin—
d d d d
kopeHi MHorounena x¢ —1. OBepHeHe TBEPMKEHHS TAKOK Mae
Miclie: KOXHHH KOpiHb MHOrounena x¢ —1 — cninbHuii Kopitb
mHorounenis x™ —1 1 x" —1.
Omxe, HCJI nopiBHioe x! =1, ne d=HCJ (m, n).

MHozo04neHu 3 dilicHuMu koegbiyienmamu

Hexai#i R — none AiicHUX yuces.
Jdema 3. Axwgo muozounen f(x)=ayx" +a|x"_] +..+a,€ R[x]
i ao=a+bi — Hi020 KOMAIEKCHUT KOPiHb, MOOI CNPAXCEHE HUCIO
0. = a —bi maxkooic 6yoe KOpeHeM YbO20 MHOZOYNEHA.
JloBenenHsa. Hexaii cnoyatky ot=a+bi — N0BiNbHE KOM-
riekcHe yucino. CKOpPUCTAEMOCh BIACTUBOCTAMH KOMIUIEKCHO
cnpshKeHUX Yncel | JiCTaHeMO TaKy NOCHiJOBHICTb PiBHOCTEM:

1

f()y=a,0" +aqo"™" + ... +a, 0+a,=

= g0 + a0 + . +a, 0+ a, = ag(0) +a (o) + ... +a, 0+,

Otxe, f(a)=f (&5. 3okpema, SKIWO o — KOpiHb f(x), ToAi
0=f(a)= f(a—). TakuM 4YHHOM, (L — KOpiHb TOFO CaMOTO MHOrO-

YreHa.
JleMy noseneHo.
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Hacniook 5. Koscnuti minozounen 3 Oilicnumu koegiyienmamu
MOJICHQ nodamu y GuelAdi d06YmKy MHO20UNEHI8 nepuiozo abo
Opyzozo cmenens. IIpu ybomy MHOJCHUKU OPYy2020 CMENeHs Ma-

10mb 8i0 '€EMHI OUCKPDUMIHAHMU.

JloBenenns. Hexalt f(x)=apx" +ax""

+..+a,€R[x] i
n21, o4,0,,..,0, — #Horo kopeni. Toai f(x)=ay(x—0y)x
X(x=04) - (x—a,). Baxarumemo, WO AiIACHUMHU KOpEHIMH,
AKILO BOHM B3arani TyT €, OyyTb Nepili 71 KOPEHiB O, Oy, ..., O,,.
KommnekcHi kopeHi O, , ..., 0, PO3OMBAIOTLCS Ha napu cnpsxe-
HUX uucen. PosmicTUMO Wi mapu nochioBHO: L., = a, + by,
Oyy =a —byi i T. 0. SKwo / — 4ucno Takux nap KOpeHiB, TOAi
n=m+ 2l. Maemo
fx)=ay(x—0) -+ (x—0, )(x—a; —bi)x

X(x, —ay + bji)-- (x—a; = bi)(x — a; + bi).
3naiinemo (x —ay —bi)(x—a, +bi) =x? —2ax +a} +b i nosua-
ypMo p; =—2a,, q =a? + b} . Toni
(x—a - bi)x—a +bi) =x* + pix+q,, D = p} —4¢, <0,

Ae D;— NVMCKpPHMiHaHT TpHuuleHa x* + pix+gq,. [popobupuu

TaKe MepeTBOPEHHS i JJIsl PeLUTH KOMIUIEKCHUX MHOXHHMKIB, OCTa-
TOYHO JlicTaHeMO HeoOxinHe HaM pO3KNajaHH:

S@)=ay(x—0y)--- (x—onm)(x2 +px+q) - (x2 +px+q), (11

npHYOMYy Dj=p3—4qj<0(j=1,_l), 2l+m=n.

SKio BpaxyBaTH NPUCYTHICTb OAHAKOBMX MHOXHHKIB, TOAI
AicTaHemo

f)=ag(x—0y)" - (x—a,)"" X

) ) (12)
n n,

X"+ px+g)” (7 +pxtg)”,

J€ X—0lj, .y X—Oby X2+ PX+q), oy X2+ px+q,, — TONAPHO

BiAMiHHI onMH Bix omHoro ailicHi MHOxHMKU. Yucna my, ..., m,,
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n, ..., n, Ha3UBAOTHCH KPATHOCTAMH LHX MHOXCHHUKIB, Cepell SKHX
my, .., M, = KpaTHOCTi AIHCHHUX KOpEHIB.

Hacnioox 6. Hao nonem R OiticHux wucen He3gIOHUMU MHOSO' e~
Hamu 6yOymo Juule MHOZOUIEHU 1-20 i 2-20 cmeneHs 3 6i0'€m-

HUMU OUCKDUMIHAHMAaMU.
Hacnioox 7. Koocnuii muozowien f(x) € R[x] nenapnozo cme-

nens Mae xou 6u 00uH OilicHul KOPIHb.
Hexaii 1 — cTeMliHb MHOrowiena f(x), m — 4ncno Horo JQikc-

Hux kopeHis. Tofi, Ak BIIOMO, n =m + 21 . SIKuio n — 4Kcno Henap-
He, TOAi i m — UMCIIO HeNapHe.

Bnpaeu

Po3KNaCTH Haj MoJeM AIACHUX YMCEN Ha HE3BiAHI MHOXHHUKH
Taki MHOTOUJIEHH:

1. x® +1.

2. x* —ax® +1, —2<a<2.

3.2+ x" 41

4. T,(x) = cos n(arccos x) — MHOTOUJeH YeOuLuoBa.

Bxasiska. [Toaath cosn@ y BUMIALL CTENIEHIB COS @.

BidokpemeHHs] KpamHux MHOXHUKI6
Hexait P — nosifbHe nose uucen (nianone noss O).
Byab-akuil MHOrousnied f(x) € P [x] MOXHa TIOJaTH Y Burnaai ao-
OyTKY
£ = app (P52 (x) - P (),
ge p;(x),py(x), -, px(x) — DONApHO BigMiHHI OAMH Bill ORHOrO
He3BiHI MHOXKHHWKHY 3i CTApLUKUM koediuieHToM 1, @ my, My, ..., My —

KPaTHOCTi LIWX MHOXKHUKIB.
Hexaii p(x) — oauH i3 MHOXHMKIB 3 KPaTHIiCTIO m BXOJUTb Yy

ue poskiananus. Toai

fx)=p" (x)g(x),
npuyOMy MHOrousieH g(x)B3aEMHO npoctuii 3 p(x). 3okpema,
ko p(x)=x—0, TOAI & — KOpiHb f(x) KpaTHOCTi m.
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Jema 5. Axwo p(x) — neszeionuii dinenux muozounena f(x)
kpamuocmi m, mooi p(x) Micmumbscs 8 pO3KIAOAHHI HA HE36IOH]
MHOXCHUKY noxionoi f'(x) 3 kpamuicmio m—1.

Hosenenus. I3 piBnocti f(x)= p”(x)g(x) Bunnuaae, wo

f/(x)= p" ™ (x)[mp'(x)g(x)+ p(x)g’(x)].
Hexaii
o(x)=mp’(x)g(x)+ p(x)g'(x),

npuuomy d(x) = HCJI ( p(x), ¢(x)). Ockinbkn p(x)— He3Binuuii
MHorouneH, To d(x) = p(x) abo d(x)=1.

Mpunyctumo, wo d(x) = p(x). Toai p(x)|e(x) i, oTxe,
p(x)lp'(x)g(x). Ockinbkn  p(x) i g(x) B3acMHO MpocTi, TO
p(x)| P'(x), wo HeMoxnuBo. OTxke, d(x)=1 i MHorounenu p(x) i
@(x) — B3aEMHO MpOCTI.

Jlemy noseneHo.

Hasenemo Tenep MeToA BiAluyKaHHsA KPATHHX MHOXHMKIB 1S
MHOrouneHiB 3 koedilientamu i3 nons R mificHux uucen. Hexaii
f(x) — Takuii MHOrouneH i

- m m 2
f)=ay(x =)™ - (x—0, )" (x" + px+g)" - -
floro po3knagaHHs Ha HE3BiJHI MHOXHHKH.
[Mo3nauumo uepes X, N00YTOK yCiX He3BIIHUX MHOXHHUKIB
LbOro PO3KNaJiaHHs, WO BXOJAThL 3 KPaTHICTIO 1; yepe3 X, — no-

OyTOK yCiX TMX HE3BiIHMX MHOXXHHKIB, fIKi BXOAATb 3 KPATHICTIO
2; yepes X3 — BIANOBIAHO 3 KpaTHicTio 3 i T. 4. MOXke TpanuTUCB,

Wwo B po3kiagaHHi f(x) BiICYTHI MHOXHMKH 5KOi-HeGyab Kpart-

HocTi. Hanpuknan, BiACyTHi He3BiOHI MHOXHHMKM KpaTHOCTI 1.
Topi noknanaemo X, =1.

BpewrTi-pewit gictacMo, HanpuKIas, po3KJIagaHHs Y BUMTISAL
233 14 5
F(x)=ayX| X5 X5 X, X5.

Ha miacrasi 1eMu 3Hax0aUMO
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D =HCI (f.f)=X,X; X} X3,
Dy=HCI (D,D')= X, X3X2,
D, =HCII (D, D) = X, X2,

D3 =HCI (D,,D;) = X.

3Biacu
D
E, :ﬂx_)zaoXleX3X4X5, E, =B-=X2X3X4X5,
1
By =2 - x,x,x,, E, =2 yox,, Eg =D = X,
D, D,
i
E
ay X, =£, X, =é_’ X =, X, =£4" Xs = Es.
E, Ey E, E;

Takuii npouec BiJOKpeMIIEHHS! KPATHUX MHOXHUKIB Ja€ 3MOTy
B 6araTbox BMNaaKaX MOJATH MHOrOUIEH Y BUrMIAI J06YTKY MHO-
ro4sieHiB OiNbLL MPOCTOro BUAY.

Npukaan. Togatu MHorounen f(x)=x —3x* +4x® —4x? +
+3x -1 y Burnsaai 106yTKy HE3BIAHUX MHOTOUNEHIB.

Posp’szanuda. 1) snaxomumo HCHY (f(x), f(x))=D 3a
nonomororo anroputmy EBktiga. 3vaxoaumo D = x2=2x+1 ;

2) suaxonumo HCI[ (D, D')=D, =x—1;

3) snaxoaumo HCJ (D, D)) =1=Dy;

4) obuucmoemo K, E,, E;:

D
E =i=x3—x2+x-l; E, =—lz-=x—1; Ey =Ll =x-1;
D D D,
5) obuucaroemo X, X,, X5

E
X, =ﬂ=x2+l; X2=—2=1; Xy=E3=x-1.
E2 E3

Bignmosinb: F(x)=(x*+1)(x—1)>.
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§ 1.7. Teopema Ponns

Teopema 1. IIpu oocmamnvo eenuxux abCcomomuux
3HAYEHHAX OIUCHOT 3MIHHOI X MHozownen [(x) 3 Oilichumu koegi-

yienmamu 30epicac 3HaK 6020 CIMAPULO20 YleHA.

HoBenenns. Hexaii f(x)=aox"+a,x”_l +...+a,, a #0. Ilo-

a,|}-

3 wury

HauuMo G(x)=a X" + ... +a, x+a, i a=max {|q], |a,

Toni
n_
|<9(x)|$a(‘x|"“+ +|x|+1)=a||);||_ll.
Otxe,
gl 2t sl lelal e
| x[-1 |*]-1
Slkuo Mae Miclie HepiBHICTb |a0||x‘—la0|—a>0, T06TO |x|>l+|—a|,
2]

TO YHMCEJILHMK | 3HAMEHHHK Y TIpaBiif YaCTHUHI OCTaHHBOI PiBHOCTI
nopatHi. Tomy

—-a

l f (x)l > \aox"

- |(p(x)| > ‘aox"

a . a
—. 3Bigcd BUMIMBAE, WO Nnpu x>1+-— 3HaK
|ao| %|

BM3HAYAETBCA 3HAKOM HOro cTapuioro 4jeHa aox" .

AKILO le >1+

Teopemy noseneHo.

a
|l
(meodicero) mooynig Ollicnux kopeHig muozounena f(x). Yci maxi

Hacnioox. Yucno A=1+ Modice b6ymu 8epXHbOI0 OYIHKOIO

KOpeHi Micmambca Ha 8I0PI3Ky [—A, A].

Ipuxaaa. Ins muHorouneHa f(x)= 3x* —6x> +x2 —2x+4
.1, |-2],4}=6. Tomi 4 =3 i sci

iioro ailicHi kopeHi Hanexarb Biapisky [—3, 3].

MaeMo a, =3, a=max {|-6
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Teopema 2. IIpu docmamHnbo Manux 3HAYEHHAX |x| MHO20UNEH

f(x) 3bepieae 3nax nudcuozo wiena.

TloBenenus. Hexait f(x)=ayx™ +ax™ + .. +a,x™", mne N.
Moknanemo x =—1—. Toai F(y)= y’”*"f(lj =ay)" +ay" +..+a,
Y y
Ias nocraTHbo Benukux N >0 i3a ymoBH | y| >N maemo

|a0y"l > 'aly"'] +..t+a,yta,

Tomy

i m+n

+ .. tax

m m+
‘apx |>‘a,x

npu|x|<L.
N

Teopemy noBeaeHo.

Teopema 3. Axujo f'(x,)=0 i akwo x, 3pocmaiouu, npoxo-
Oums uepes x,, moodi mnozounen f(x) spocmae npu f'(x,)>0 i
cnadae npu f'(xy) <0.

HoBenenHs. I3 popmynn Teitnopa ans mHorouneHa f(x)=

=ayx" +ax" " + .. +a,, Ae a, € R, j=0, n,

_ ko, . K. B
R = f@+E L@+ 0 ()
H H n.
ﬂp" X = xo MaeMo.:
2
£ +h) = f(xg) = hf’(xo)+f’2—,f'<xo)+ %)

[Ip1 a0oCTaTHLO Manux A 3HAaK NPaBOi YaCTHHH BU3HAYAETHCA
3HaKOM i1 HUKk4Oro uieHa hf'(xy). Tomy mpu f'(xy) >0 pisHuus
f(xp +h)— f(x,) Bin’emna npu h <0 i nogatHa npu h > 0. OTxe,
dyHkuis f(x) 3pocTae nobansy x,. AHanoriuno, npu f’(x,) <0
BOHa CIafiac.

TeopeMy n0BEAEHO.

Teopema 4. Axwo 3minna X, 3p0CMarYu, npoxooums 4epes
S
f(x)

Kxopinb mHozownena f(x) 3 Oilichumu koediyichmamu, mo

Npoxodume npu YboMy 8i0 6i0 EMHUX 00 OOOAMHUX SHAYUEHD.
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Josenenns. Hexalt x, — kopiHb MHorounena f(x) i m —
ioro kparnictb. Toai x, — xopiHb noxigHoi f'(x) i kparHicTb
fioro nopisHioe m —1. I3 popmynu Teiinopa MaTumemo, Wo

hm (m) hm+1 (m1)
F(x ‘*’h):’”?f (x)+——=f (xp)+ ...\

(m+1)!
S (g +h) =Z£;ﬁf(m)(x°)+
i Tomy
Feo ) _ -——f("”( X0t +1),f("’*”( Xo) + -
f(x0+h) e () + 'f('"“)(xo)-&.u

(M)

[pu pocTaTHLO Manux 3HayYeHHAX A Apid, AkHil MicTUTBCS Yy mpa-
Bilf YacTUHi piBHOCTi, Ma€ 3HaK, 110 BU3HAYAETLCA MEPIIWMHU M1O-

1
JaHKaMH — B YMCENbHUKY J0JAHKOM ——'f(”')(xo) , @ B 3HAMEHHH-
m:

f('")(xo). Ane o6uBa BOHH oaHOro 3Haka. Tomy apib,

K

Y m-1)!

AKHI € MHOXXHMKOM Tiicns A, pomatHuii (npu Manux h). 3Bixcu

BHINIUBAE M<O npu h<0 i 1’(x0_+h)>0 npu h>0,
f(xg+h) f(x+h

1110 i1 NOBOAUTL TEOPEMY.
Teopema 5 (Poana). Misxc 0soma nocnioo8HUMU KOPEHAMU MHO-
20UN1eHa MicmumbsbCs y KpatiHbOMy 6UNAOKy OOUH KOPIiHb NOXIOHOI.
Hosenenns. Hexait a i b — fBa nMocaiAoBHUX KOpeHi MHOTO-
yneHa f(x), npuuoMy a <b. Slkuio A — gocTaTHBO Maje JOAATHE

4KCNO, TO 3 NIONEPEAHBO] TEOPEMH BHILIUBAE, 1O

fla+h) >0, fo-h _

fla+h)y — f(b- h)
Mix a+h i b—h HeMmae KOpeHiB MHOrOWIEHa, i TOMy 4ucna
f(a+h) i f(b—h) omuoro 3uaka. Tomy f'(a+h) i f(b-h)
pi3HMX 3HaKiB i, OTXKe, noxiana f’'(x) mae KOpeHi B IPOMiXKY Bif
at+th pob-h.
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1yT BHMKOPHUCTAHO BJIaCTMBICTbL HEMEPECPBHUX (PYHKUIH, AKa
CTBEPKYE, 1O KOMM Ha KiHUMX BiJpi3ka Taka GYHKUiA Mae pisni
3HaKH, TO Ha NMPOMIXKKY MIX KiHLUAMH Biapizka BOHa 00epTacThCs
Ha HYJb.

Bnpaeu
1. 3a ponomoroto Teopemu Ponis mokasaTtd, w0 BCi KOpeHi
MHorouneHa Jlexxanapa

P,(x)= L :x: [(xz—l)]n

AilicHi, BiAMiHHI OAMH BiJl OfHOrO i po3MilueHi B iHTepBaii (-1, 1).
Bka3iBka. Po3rnsHyTH MHOrouneH f(x)=(x2 -1)" i #oro

noxiaHi f’(x),f"(x), ....f"(x), a noTiM MOCNiNOBHO 3acTOCYBaTH
10 HUX Teopemy Ponns.
2. [Noka3aru, Wo Bci kOpeHi MHorouneHa Jlareppa

n

L,(x)=(-1)e < d (x"e"‘)

HilficHi, BIAMiHHI OQMH BiJl OXHOIO i MiCTATLCA B iHTepBaii (0, o).
3. [Toka3zaTu, Wwo BCi kOpeHi MHOroyYieHa Epmita

H,(x)=(-1)"e d"(e )

[iicHi | BIAMIHHI OAWMH BiJ OAHOrO.

2m+1 +x2n+l 2p+l

4. Tloka3aTu, 110 MHOTOYNEH X +x +a Mae

nuuie ONUH AIHCHMIA KOpiHb.

§ 1.8. NMpaBuno 3HakiB [lexapra

Hexait ay,qy, ..., @, — NOCNiAOBHICTb AiCHUX YHCE.
Homep m (0 <m <n) Ha3sMBaETbCA MiCUEM 3MiHM 3HaKa Ui€i no-
cnigoBHocTi, Akwo npu a, #0 i a,_, #0 = a,_a, <0 i npu
=, 41 =0,4a,, #0 = a,_;a,<0. B obox

am_] = am_z = ...

BUNAAKAX NMApU a,_,d, i G,_i,d, YTBOPIOIOTb 3MiHy 3HaKa.
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Ipu nigpaxyBauHi uucna 3MiH 3HaKa B MOCIiIOBHOCTI HYJsIMH
MO>XHa HEXTYBaTH.

Po3risHeMo Jesiki BNacTHBOCTI YMCAOBHUX MOCHiNOBHOCTEH,
0B’ A3aHKX 3 UUCIIOM 3MiH 3HaKa.

I. Hexaii naHo nocnigoBHiCTb

Ay, Ay, Ays s A,y (M

AificHux uuceni py >0,p; >0, ..., p, >0. Toai nocnigOBHICTL

PoGg> PrG1» D225 e POy 2)
Mae Ti % Micli 3MiH 3HaKiB, 1O i nocaigoBHICTbL (1).
II. Hexaii y nocnigoBHocri (1) a; #0 i a, #0. Toxi uucno W
3MiH il 3Haka Oyae mapHuM, AKIO @, i a, MalOTb OAHAKOBi 3Ha-
KM, i HEMApHUM, AKIIO @, | @, MalOTb NPOTHUIEXHI 3HAKH.

Ves nocnigoBaicts (1) posdusaethes Ha W +1 mianocnigos-
HOCTEI: nepiua 3 HAX TOYMHAETECS 3 d | CKNAJAETbCs 3 yncen 3i
3HAaKOM T =Signa, i 3aKiHUyETbCA YUCIOM a,, _;, A€ my — neplie
Miclie 3MiHu 3HaKa; Jpyra MOCHiJOBHICTb NMOUYMHAETLCA 3 4MCIa
a,, 1CKIARAETLCA 3 HUCel 3i 3HAKOM Sign a,, 1 3aKiHUYETbCA UnC-
oM a,, _, A€ m, — Jpyre Micue 3MiHH 3Haka i T. 1. OcTaHHs ce-
pea HUX 3 HOMepoM W +1 cknanaeTbes 3 Yuces 3i 3HAKOM signa, .
Lleit 3Hak 36iraerbes 3 signay , axkwo W +1 — Henapue, To6to W —
napHe 4ucno. [ Bin 36iraeTbes 3 sign g, , akwo W +1 — uucno nap-
He, To6TO W — HemapHe 4uco.

111. MpunycTiMo, 1o B NocaiaoBHOCTI (1) €EAMHUMHU MicUAMH
3MiHM 3HaKa € 1 i # 3a ymoBU n>1. Toai uucno 3miH 3Haka B no-
CNiOBHOCTI

al _ao, az _al, a3 _a2, ceey an —an_l (3)

HernapHe.

Ockinbku @, a; yTBOPIOIOTb 3MiHy 3HaKa, To sign(a; —ay)=
=sign a, . Anasoriuto sign(a, —a,_; ) =signa, . Pa3oM 3 Tum, 3miu
3Haka B MOCMIZOBHOCTI @, s, ..., 4,,_ HeMae. ToMy sign a; =—signa,,
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i, omxke, sign(a; —ay )=-sign(a, —a,_;). Ha niacrasi ractusocri I1
4HCII0 3MiH 3Haka B OCAiAOBHOCTI (3) — HenapHe.
IV. Hexait nocnigoBHictb (1) Mae W 3MiH 3HakiB. Toai pi3Hu-
lieBa nociaoBHicTh (3) MaTuMe He MeHile W— 1 3MiH 3HakiB.
[Mpunyctumo, wo my, m,, ...,my — Micud 3MiHM 3Haka B No-
ciaiposHocTi (1), npuuoMmy my; <m, < ...< my, . PosrasHemo Taki
MOCIAOBHOCTI uKicen i3 nocnijoBHocTi (1):

A D gy Qs ey Ay Gy
Ay 115 Qs ooy Oy Ay
Ay) Py, 15 Qs ees Qs Gy, -

KoxHa 3 HMX Mae piBHO ABi 3MiHH 3HaKa Ha MoYaTtKy i B KiHLi.
Tomy 3a BnactusicTio 1l B koxHiill i3 nocnigoBHocTei

AI Y Oy TGy Q41 ~ pyy 5 s Q) =4y
A4y Ay, ~ Oy 15 Ay 41 ~ Qpmy 5 wos Qpyy =y
AW—] : amw_l —amw_,—]’ amw_,+l -amw_, LR amw —amw—l

€ y KpailHbOMY BUNAJKy OJHA 3MiHa 3Haka. ToMy B MOCJiIOBHOCTi
(3) € He meHe, Hixk W — 1 3MiH 3HaKiB.

V. Skuwo B HeHynboBiit nocaigosHocti (1) € W 3MiH 3HakiB,
TOJ1 B OCJiIOBHOCTI

ay, a) —ay, Ay — @),y ..., Ay — Ay g, —Qy ©))
€ He MeH1ue, Hx W +1 3MiH 3HakKiB.
Okpim nocmigosHoctedl A4, Ay, ..., Ay_, 13 nocninosHocti (4)
noOyayemo 1ue ABi NOCHiAOBHOCTI
Agtag, @) =y ey Ay = Ay 15
Ay Gy, =y g5 oy Gy = Gpys ~ Gy
OCKilbkH B IOCIIZOBHOCT Gy, Gy -vvs Gy 1> Ay, € JULLE O/IHA 3MiHA

3HaKa (Ha il Kini) i sign a,, =sign(a,, =, ), T0 8ign(a,, —d,, )=
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=-signa,. A TOMy B NOC/iOBHOCTi A, 3riaHo 3 BnactusicTio I, €
y KpaiiHbOMYy BMNaAKy OJHa 3MiHa 3HaKa. AHAJIOrIYHO B MOCJiJOB-
HocTi Ay € Xou 64 oJHa 3MiHa 3HAKa. 3BiACH BHILUIMBAE, O B NO-

cnigoBHocTi (4) € He MeHLIe, Hixk W +1 3MiH 3HaKiB.

VI. Axmo B nocnigoBHocti (1) € W 3MiH 3Haka, TO TMoO-
cnifoBHicTs (npu o > 0)

aao, aa] '_ao, aaz “al, vony oaq,

n —Q,

n-1»

-a, )
Mac He MeHiue, Hixk W +1 3MiH 3HaKiB.

Lis BnactuBicTs — Hacninok Bnactusocreii I i V. Cnouatky 6y-
IYEMO TOCIiOBHICTb YHCeN aj, ocal,oczaz, .., "a,, a noTim 3a-
CTOCYEMO A0 HEl BIACTUBICTb V i T. M.

Teopema (npasuno 3naxie [Jexapma). Hexait W — uucno 3min
3HaKa 6 nocnidogHocmi ay, Ay, A, ..., A, Koe@iyicHmie MHozOUNeHA
f(x)=ay+ax+ ..+a,x" i N— uucno oooammnux xopenis yb02o
muozounena. Tooi mae micye nepignicme W 2 N .

Hdosenenns. [lozHaunMo uepes ., 5, ..., Oy YCi NOJAATHI
KopeHi MHorouneHa f(x). [lonamo uek MHOrouneH y BUrasai fo-
OyTKy

f(x)=gx)oy = x)(0y —x) -+~ (o —x),

ne g(x)=by+bx+ .. +b,x" — MHOrounex 3 AificHumu Koediui-
€HTaMu cteneds m =n— N . Hexaii W, — uucio 3MiH 3Haka B no-

cninoBHocTi by, by, ..., b,, #oro koediuieHTis. MHorounex

S1(x) = g(x) (o —x)=0by +(04by —by)x +

+ o+ (0B, = by )x™ = by x™!

Mae MOCAiAOBHICTb KoedillieHTiB 3 YUCIOM 3MiH 3Haka W) 2 W, +1.
Hani mHorouned f,(x)= fi(x)}0, —Xx) TaKoX Mae UYMCIO 3MiH
3HaKa B MOCHifoBHOCTi Horo xoedinientis W, 2W, +12W, +2.

[Tponoexyroun 1o nmpouenypy, Ha N-My Kpoiuli ZictaHemo odiky-
BaHy HepiBHiCTb W 2 N .
TeopeMmy noseneHo.
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§ 1.9. BinokpemneHHs QINCHUX KOpeHiB

3anaua BigokpeMieHHs ificCHUX KOpEeHiB MHOroune-
Ha (popMynIOETbCA TaK.

[TotpibHo Mix mMexamu [ i L niicHUX KOpeHiB BCTaBUTH pAL
3pocrarouux uucen Iy, L, ..., 1, Tak, 100 y KOXKHOMY 3 POMiXKiB
mix yucnamu L1, 15, ..., 1,,, L icHyBano He 6inblue OAHOrO KOpeHs
JlaHoro MHorouneHa f(x).

IcHye nexinbka cnocobiB BiJOKpEMJIEHHS! KOPEHIB MHOMOUJIEHIB.
Cepen Hux HalbinbLL TeopeTHUHO 0OrpyHTOBaHHH — MeTon LLTypma.

Osnayennn. [locnioognicms MHozounenie 3 Oiticnumu koegiyi-
eHmamu

JoG i (30 f2(X)s woes fin (%) )

Hazugaemucs psoom LLmypma na 6iopisky [ a, b] s AKWO Yi MHOZO-
YjleHU Maroms Maxi GAAacmugoCmi:

I Ocmannii muozounen f,,(x) yvozo psdy e obepmaemocs
Ha 116 Ha 6i0pisky [ a, b).

II. 2Kooni 0sa cyciOHi MHO20UREHU YbO2O PAOCY HE MAIOMb Chilb-
HUX OItICHUX KOpEHi8.

oI Axwo A — Oiticnuti Kopine K020-HeOYOb NPOMINCHO20
muozounena fi(x) (moomo k#0 i k#m), mooi fi_((A) i fr,(A)
Maome NPOMUNENCHI 3HAKU.

V. Axwo x, 3pocmarouu, npoxooums uepe3 OIUCHUU KOPIiHb
mHozounena fy(x), mooi 0obymox fy(x)f(x) 3minioe 3nax 3 mi-

Hyca Ha NoC.
[MocnigoBHicTs (S) HazuBacTbes y3aeaibhenum paaom Lltypma,
AKWO iT MHOrO4NEHH MatoTh Jiuiue Bnactusocti 1111

[MTosunaueuHs. Hexait f,(x), f,(x), /2(X), ..., f,(x) — y3arans-
Henuit pan LUtypma Ha Biapisky [a,b] i fy(a)#0, fo(b)#0.
Hexait A — KopiHb MHOrOuneHa f,(x), akuit MicTuTbCs B [a, b].
Ipu 3pocranHi x i nepexodi 4yepe3 A 3Hak noOYTKYy fo(x)f(x)

MOXE 3MIHIOBATHCA 3 IJII0Ca Ha MiHyc, abo 3 MiHyca Ha nitoc, abo
3anuuatucs 6e3 3MiHd. Yucio BCiX KOpeHiB NepLioro THIy Mo-
3HauMMo uepe3 A, a unciio BCiX KOpeHiB apyroro —uepes A~ .
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SAxino ueit psaa Mae e # BnactuBicTs 1V (pan Lltypma), Toxi
BCi KOpeHi MHorouneHa f(x) — nuLie Apyroro TUMy i, OTXKe, YHC-
J10 TX JOpiBHIOE A~

Teopema 1 (LlImypma). Hexaii

JoG /1 (X, f(X); oo o (%)
— y3azanerenuti psd Lmypma na eidpisky [a,b] i fy(a)#0,
Jfo(b) #0. Hexail, kpim moeo, onsn 6ydb-saxo2o Oiticho2o uucna ¢
yucno amin 3uaxa e nocnioognocmi wucen fy(c), f,(c), 5(¢), ..., f,,(¢)
oopienioe W(c). Tooi suxonyemucs pignicme
W(a)-W(b)=A"-A*. (1)

SAKLIO AaHa NMOCNiZOBHICTL MHOTOUJIEHIB MA€ 1€ i BIACTUBICTb
IV, 10 pisHuus W(a)—-W(b) HeBig’eMHa i NOPIBHIOE HUCITY
Pi3HHX KOpeHiB MHOroweHa f(x) Ha Bixpisky [a, b], To6To A™.

HJoBeneHHs. MoxHa NpunycTHTH, WO NPH X =a i X =b xo-
JIeH 3 MHOTOUYJIEHIB psifly He 00epTacThes Ha HyJlb.

Hexait 3mMiHHa x 3pocTae, nounHatouu 3 x =a. Tozi, A0KH X He
[NPOXOAUTHME Uepes AificHI kOopeHi MHOrouneHis f; (x) pany, 3Mi-

Ha 3HaKiB y HbOMY HE BiI0yBa€ThCH.

Hexaii A — xopiHb 1€sKOro NMpOMDKHOrO MHOrouneHa f; (x)
(0<k<m). Ha nincraBi BnactuBocti Il maemo sign f,_,(A)=
=—sign f;,;(A). Ipu nocratHbo Manomy € >0 B iHTepBani (A—¢,
A+€)3Haku f_ (x) i fi, (x) 30epiratoTbes.

[To3Hauumo uepe3 M 3Haku 3HaueHb GyHkUii. Toxi npu npo-
XOJUKEHHI X yepe3 A Ha BiapisKy pany fi_;(xX), /i (%), /i (x) MOX-
nuBi Taki koMbinallil 3HaKiB:

Jear | S | Srem Soa | fe | Sem

A-€E n n - A—¢ n -n -n
A n 0 N A n 0 -n
A+e| N n -n A+e| M -n -
Jea | Je | fen Joa | e | Sin

A-ge| mn | n] - A-el m | n | -m
A n 0 - A il 0 -n
A+e| M n -n A+e| M -n -n

75



Tyt M — 3Hak MHorousnieHa f; (j =k —1,k, k +1). 3 unx tabanub

BUILIMBAE, IO NpH nepexoai uepes A pan fi_(x), fi (%), fre(x) He
HabyBae i He BTpauac >k0oAHOI 3MiHu 3Haka. Tomy i ans Bciel no-
caigoBHoCTi f,(x) (0 <k <m) MaeMo Te x caMe.

Tenep po3rnsHeMO BUMAAOK, KOJAH A — KOpiHb MHOroujieHa
Jo(x). lns pocratHbo manoro €>0 B iHTepBani (A—€, A+E€)
3Hak f;(x) 36epiraeTbcs. 3MiHa KinbKOCTI YepryBaHb 3HAKiB y paAi
LltypMa npu mepexodi x uyepe3 A MOXJIMBA JIMLLUE 3a paxyHOK
3MiHM 3HaKa fj(x). OKpeMO po3riisHEMO TaKi BUIALKM:

Bunagox 1. Jo6ytok f;(x)f(x) 3MiHIOE 3HaK 3 nitoca Ha Mi-
HYyC

fo fi

A—-¢ n n
A 0 n
At+E -n n

KinbkicTb 3MiH 3Haka B pafli f;,f; 36inbuinnacs Ha 1.

Bunagok 2. J{o6ytok f;(x)f,(x) 3MiHIOE 3HaK 3 MiHyca Ha

UTHOC
fo fi
A—€ | N
A 0 n
A+e n n

KinbkicTb 3MiH 3Haka B pani f,,f, 3MeHLIMNach Ha 1.
Bunapox 3. To6yTok f,(x)f;(x) He 3MiHIOE 3HaK

Jo A Jo fi

A-€ n n A—¢€ -n n
A 0 n A 0 N
A+E n n A+E -n n

KinbkicTb 3MiH 3Haka B paai fy,f; 30epiractscs.

Omxe, npu 3pOCTaHHi x Bifl @ 10 b 3MiHa KinbKOCTI YepryBaHb
3HaKiB BiAOyBaETHCA NHLLIE NPH NPOXOKEHHI Yepes KopeHi fi(x).
TIpH KOXKHOMY TaKOMY NMPOXOKEHHI B y3aranbHeHoMy paai LLtypma
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JONAcThCA OQHA 3MiHA 3HaKa Yy MeploMy BHMMAAKY, KOJH
So(x)fi(x) 3miHIOE 3HaK 3 MAKOCa Ha MiHYC, YCbOTO KiflbKICTb Ta-
KMX 3MiH aopiBHioe AY; y apyromy sunaaky, konu fo(x)f;(x)
3MiHIOE 3HaK 3 MiHyca Ha MOC — BTPAYa€eTLCs OfHA 3MiHa 3HaKa,
BCLOFO TAKWX BTpaT A~; y TpeTbOMY BUNaaKy, konu fo(x)fi(x) ne
3MiHIOE 3HaK — 3MiHa B 3HaKax pAly He BiAOyBa€TbCA.
Tomy Maemo piBHICTb

W) +A* =A™ =W(b),
a6o

W(a)-W(b)=A"—-A".

Jpyre TBEpLKEHHS TEOPEMH BUILIMBAE SK OUEBH/IHE.

TeopeMy n0BeACHO.

3BepHEMO YBary Ha OJWH KJIaC HECKIHUEHHUX MOCIiA0BHOCTEH
MHOrouNeHiB, 3 AKHX BUIINAIOTLCA y3aranbHedi psau Ltypma.

Hexaii HeckiHYeHHa NMOCiJOBHICTh MHOTOHIEH B

'-5Fn(x)’Fn—|(x)s"'9 FZ(x)’Fi(x)’ FO(x) (F)
taka, woFy(x)=LEF(x)=ax+p;, 0, >0 i F,(x) npu n22
BM3HAYAETHCHA 3BOPOTHUM CTIiBBiIHOLUEHHAM

F(x)=(tx+B,) F,ry (1) = ¥, Fra (%)- €))

HeBaxko nepekoHaTHCA, 110 NPH BMKOHAHHI yMOB Y, >0 s
BCiX 7> 2 CKiHYEHHHH BiiPi30K TaKol 3BOPOTHOI MOC/iIJOBHOCTI

F,(x), F,1(x), ..., F5(x), Fy (%), Fy(x) (Fn)
€ y3aranbHeHUM pagoM Litypwma.
IIpukaagu
1. Muorounenu Jlexanapa
P,(x)= 2,,1"! i"n (x* —1)", Py(x)=1, B(x)=x.
BoHK BH3HAYAIOTHCA CIiBBiAHOLLIEHHAM
nP,(x)=(2n-DxP,_(x) = (n—DF,_(x). 3)
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2. Muorounenu Jlareppa
" ‘
L,(x)= (—1)”ex_5dx_n(xne—x)’ Lyx)=1L Li(x)=x—1.
Bonu 3a10BONBHSIOTE CMiBBiAHOLIEHHS
L(x)=(¥* =2n+1) L, ()~ (1 =1L, ,(x).  (4)
3. MHorounenu EpMiTta

H,() = (-1 e” L

dx" (e—xz )’ Ho(x) =1, H(x)=2x.

BoHU BU3HAYalOTLCA CIMiBBiAHOLIEHHAM
H, (x)=2xH,_(x)-2(n-1)H,_,(x). (5)

[lepeBipumo Ui criBBiAHOLIEHHS AN MHOrouneHis Epmirta.
3acrocyemo npaBuno JieiibHiua ans OGYMCAEHHA NOXigHOI
(n—1)-ro nopsiaky:

s X" dx"”
dn—l n-2 y
__2xdx" 1(6 ¥ )~2(n—1) — (e )

Toni

n-2 )
2(n- 1)[(—1)"‘2 & ij (e"‘ )} = 2xH, 1 (x) = 2(n—H,_, (x).

CnieBianoiueHHs (5) 10BeIEHO.

Hacnaiook meopemu 1. Koowcnuut muozounen F,(x) 386opomnoi

nocnioosnocmi (F ) mae n pisnux OilicCHUX KOpeHi8, AKUO 8UKOH)-
romvest ymoeu o, >0, Y, >0 ona 6yde-axux n=1.

HoeenenHus. [Haykuieo 3a n MOXHA JOBECTH, LU0 CTAPLIMM
koediLieHTOM MHorouneHa F,(x) € 4ucno o, 0, ; --- 0,0y >0. JInsa

y3aransHeHoro paay LlitypMa ( F,) BuGepemMo 1OCTAaTHBO BeJHke
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nonathe 4ucnoN,, o6 Ha KiHUAX BiApi3ka [——N,,, N,,] 3HAKH BCIX

unedis paay (F,) Bu3Hayaiuch 1X CTapliMMu aojaHkamu. Toai
KIIBKICTh uYepryBaHb 3HAKIB UBLOTO PAAY Ha KiHUAX BiApi3ka
W(-N,)=n, W(N,)=0. 3acTocoByemo pisHicTb (1). [icraemo

A" =A% =n. 3sincy A” 2n. Ane uucio A~ [IOpiBHIOE UHCILY
pi3HMX KOpeHiB MHOrouneHa F,(x), siki MaloTh MeBHi BIaCTUBOCTI.
Tomy A™ =r i Bci kopeni F, (x) nificHi Ta pi3Hi.
Haronocumo Tenep Ha ofHiif 3aranbHiid cxemi nobyaoBH psagy
LITypMa an1a naHoro MHorouneHa f(x).
3actocyemo anropurm EBkniga ans o6uucienns HCJ muoro-
uneHa f(x) i Horo noxigHoi f'(x) B Takii dpopmi:
F®) = fhE) - £,
L) = () (x) = f(x),

....................................... (B)
Sn=2(¥) = frui (OB, (x) = [0 (%),
Jme1 (%) = [ 10 (%),

ne —f5(x), — f5(x), .., — f,,(x) — ocTaui, wo ofepxani npu ii-

JIEHHI.
Mpu usomy £, (x)#0 i f,,(x) =HCI(f(x),f"(x).
V HaBejeHill cXeMi MOCNIJOBHHX AiNEHb Ha KOXXKHOMY KpOLIi

ozlepKaHy OCTa4yy MOXHA MEPEMHOXHTH Ha Oyzb-ske Bil’€MHE
4uCN0. 3ayBKUMO, IO f,, (x) — ALIBHUK YCiX MHOrOU/IEHIB oaep-

JKAHOTO0 pAdy:
So(x) = £(x), i(x) = £(x), fo(x), ey (). (&)

[leit pan nuwe B fesKUX BUNAAKax Mae BCi BmacTusocTi [-IV
panie llItypma. Tak, Hanpukiaz, Le MOXJIMBO Y BUMaiKy, KOJH
f(x) i f/(x) B3aeMHO MpocTi, TOOTO KOAM OCTaHHIH MHOrOYIEH
£, (x) 1pOro paay — crana QyHKuUs.

Buxopsuu 3 pagy (G), nodyayeMo HOBY MOCHIJOBHICTE MHO-
rouJIeHiB

x X X X
=L pal @ p £ o S
Fu(®) Fn ) I Jm(x)
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[Ho-nepiue, Ans ui€l nMoCcNifOBHOCTI BMKOHYIOThCA Taki CMiB-
BiHOLIEHHS:

Fy(x) = Fi(x)hy (x) - Fy(x),
F(x) = F,(x)hy(x) - F5(x),

Foy(x) = F,_(x)h,_ (x) = F,(x).

Ho-apyre, mificHi kopeHi MHorouneHiB Fy(x) i fy(x)= f(x)
36iratoTecs i Oyab-skuit AificHui kopiHb Fy(x) — npocTuid.
I, no-Tpere, 3’ACOBYETHCA, 1O PAL
F;)(x)a Fi(x)s F2(x)’ ) Fm-l(x)a Fm(x) =1 (H)

e pagom LLiTypMa Ha Gyap-skoMy Biapisky [a, b].
Fox) _ [
Rx) f'(x)

3pOCTaHHi X | mepexofi uepe3 KOpiHb MHOrouneHa f(x) 3MiHioe

Bnactusocti 1111 oueBuaHi. BigHoweHns pu

3HaK 3 MiHyca Ha nmoc (quB. § 1.7, Teopema 4). Tomy nobyTok

Fp(x)

2
F () K (x)

F()F(x)=

npu 3pOCTaHHi x i mepexofi uepe3 kopiHb Fy(x) (TobTo Hepes
KOpiHb f(x)) 3MiHIOE 3HaK 3 MiHyca Ha TJItoC.

CoopmynroeMo i goBenemo Teopemy llltypma y Takiii dopwmi.
Teopema 2. Ha 6a3i mnozounena f(x) nobydyemo psao

So@)= £(x), (x) = £(x), f,(0)s wves frn (%) (&)
3a cxemoio (E) Esxnioa. Hexaii a, b — Ooeineui Oiiicni uucaa,
npuvomy f(a)#0 i f(b)#0, a<bd if(x) ne mac xpamuux xope-
Hi8 Ha BIOpi3Ky [a, b]. Todi wucno pisHux xopenie f(x), saxi
Micmambcs HA 8IOPI3KY [a, b], Oopisnioe W(a)—-W(b), ne W(a)
i W(b) — uucno uepzysans 3naxie psady (G) eionogiono npux =a i
x=b.

IlosenenHus. Ha ocHoBi paay (G) crBopumo psaa Lltypma
Fy(x), Fi(x), F5 (%), ooy Fpp(x) =1, (H)
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pi(~

@ o A0
B =s oy =5 Gy kb

3a Teopemoto | uucno AificHUX kopeHiB MHorounesa Fy(x), wo

MiCTATbLCS HA BiApi3Ky [a, b], JopiBHioe pisHuui Wy(a)—W,(b),
ae Wy(a) i Wy(b) — uncno yepryBaHb 3HakiB paay (H) sianosin-
Honmpux =aix=b.

Ockinbku f, (a)# 0, TO uMCNO UepryBaHb 3HaKiB y Nocnijos-
HOCTi

Fy(a), F(a), Fy(a), ..., F,(a) =1
JIOPiBHIOE YHCITY YepryBaHb 3HAKIB Y MOCIiAOBHOCTI yucesn
K(a)fu(a), F(a)f,(a), ... [n(a),
T00TO y NOCAIAOBHOCTI YHCEN
f(a), f(a), f(a), ... fru(a) .

Omxe, Maemo piBHicTb W, (a) =W (a). AHanoriuHo aictaHeMo
Wy (b)=W(b).

Ockinbku £, (x) = HCO(f(x),/'(x)), To KOpeHi MHOrouneHin

. f(x)
Fo(x)=
f(x) i Fy(x) o

m

Ha Biapisky [a, b] onwi # Ti cami. Koxuuii

KOpiHb Fy(x) — npocTui, BiH e Oyne i kopeHeM f(x), ane He
moxe 6yTH kpaTHUM, f,,(x) He 3MiHIOE 3HaK.

Yucao pisHuMX KOpeHiB MHorouwjaeHa f(x), AKi MICTATbCS Ha
BiApi3Ky [a, b] , NopiBHIOE Wy(a)—Wo(b) =W (a)-W (b).
Teopemy poseneHo.

Ilpukaan 4. BinokpemuTH RificHi kopeHi MHOrouneHa

f)=x*+2x* —x? -2x+1.

O6umcmoeMo noxiany f'(x)=4x> +6x> —2x—-2 i 3amicTs

uei npu nobynosi paay (F) BisbMemo f(x) = 2x® +3x% —x-1.

Hinumo f(x) Ha fi(x):
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2 —x?—2x+1 |28 +3x7 —x -1

T4,35 1 2_1 lx+l
x +=x x 2x > 1
lx3— x2—§-x+1

_ 2 2
lx3+3x2—_5_x_l
2 4 4 4

5, 5 5

——x"—-=x+
4 4 4
5, 5

[Mepia ocraua R;(x)= —Zx —Zx+%. O6upaemo fr(x)=

=x* +x-1. Jlinumo f£i(x) Ha fo(x):

2 +3x% —x=1 | x¥+x-1
2x° +2x%2 = 2x \2""’1

x* + x-1
x>+ x—1
0
Tlinenus 6e3 ocraui. Psin (F) cknagaerses 3 f(x), fi(x), f2(x).

Hasoaumo Tabauuio:

Kinbkicts
Sx) | fix) | fax) | uepryBamp
3HaKiB

—co + _ + 2
4o | + + + 0
-2 + - + 2
-1 + + - 1
0 + - _ 1
1 + + 0

MuorouneH f(x) mae aBa JificHi KOpeHi, ki MiCTATbCA Ha
Biapiskax [2,-1]i [0, 1].
Iipuxnan 5. [TokaxkeMo, 1o Ais MHorouneHis Epmita

e
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NOCHiAOBHICTL
H,(x), H,_|(x), .., Hy(x), H{(x) =2x, Hy(x) =1 H)
€ pan WtypMma.
Ob6uuncmoemo

il e )

Hi(x) = (~1)"2xe"

=2xH,(x)—~H,,(x).

Ha miacrasi 380poTHOro cnisBigHOwWeEHHs (5) AN MHOrOYseHiB
Epmirta Maemo

H,.(x)=2xH,(x)-2nH,_(x).
3Biacu gicraemo popmyy
H,(x)=2nH,_(x). 6)

Buxonsuu 3 piBHocrel (5) i (6), poOMMO BHMCHOBOK, LIO TO-

crigoBHicts (H) — pan LLtypma.
Bnpaeu
1. Cxnacty pag Lltypma i BiZlokpeMHTH KOpeHi MHOTOUIEHA
x> =5x° ~10x% +2.

2. Hexait
1 1

0,(x) = (=1)" (x2 +1)"+5 i: {(f +1)"5}, ne N.

n

Buxopucrosytoun dopmyny JleiibHina, 10BECTH, 1O MHOrOYJIE-
HH Q,(x) 3a00BOJNBHAIOTL 3BOPOTHE CIiBBiAHOLIEHHS:

QO (x) = 1’ Ql (X) =X,
0, () =@n =G, ()= (=1’ (" +1)Q, » (%) -
ITepexonarucs, wo Q, = n2Qn_1 i MOCNiAOBHICTB
(%), @ (¥)s @2 () ees Qy(x), Do (x)

€ pan lltypma.
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Po3din 2. TEOPIA BUSHAYHUKIB

§ 2.1. Bu3Ha4HukK 2-ro i 3-ro nopsaakis

[TOHATTSA BM3HA4YHMKIB 2-T0 i 3-r0 NOpAAKiB BAHUKAE
y 38’83Ky 3 06uMC/IeHHAM nuotl | 06°eMiB HalinpocTiwnx ¢iryp i
Tin y reometpii Ta fNpu po3B’A3aHHi CUCTEM JiHIAHUX PIBHAHD 3
nBoMa abo TppOMa HEBiJOMUMHU.

Hexait Ha nuowMHi y NPAMOKYTHil cucteMmi xoopauHar Oxy
3ajaHO jBa BekTopu d = (X,Y), b= (X", Y") 3 ix npoekuismu
X,Y i X', Y wua oci xoopauHar. [TorpibHo 3HaiiTv naouy
napanenorpama, noGyJOBaHOro Ha UMX BekTopax. Bigomo, wo
wykaHa niowa S AOpiBHIOE aBGCONOTHOMY 3HAYEHHIO BENHYMHH
XY'- X'Y, aKa Ha3uBAETLCA BU3HAYHUKOM 2-TO MOPAAKY i NO3Ha-

YaEeThCH
X 7Y
x v
OTrxe,
X Y
+S= ;o
XY

Puc. § Pnc. 6

AHaJoriyHo po3B’A3yeThcs 3afaya Npo obuucnenHs o6’emy
napaneneninena, ikuii BU3HA4a€TbCA TPHOMA BekTOpamu d, b, ¢
B NPOCTOPi.
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Hexaii y npsMoKyTHi#i cCMCTEMi KOOpPAMHAT Lii BEKTOPH 3a[aHO
CBOTMM MpPOEKLisMH Ha OCi KOOpAUHAT

i=(X,%,2),
b=(X,Y,Z%,
c=(X"Y"Z".

Toni urykanuit 06’eM ¥ nopiBHIOE abCONIOTHOMY 3HAYEHHIO 3Mi-
aHOro BEKTOpHOro A0BYTKY (d,b,&) = ([d,b]¢) umx BEKTOPIB
(BexTopHuit nobyTOK V =4, l;] CKaJIAPHO MHOXHTBLCS Ha BEKTOp
¢ ). Ockinbku BeKTOpHUI R06YyTOK

- =7 Y Z X Zj | X Y
v=[a,b]= vl /’_ 7 ” 2 ’ 7 ’
Yy Z X ZM (XY
TO
- Y Z X Z X Y
(5,b,5)= ’ /-X’_ ’ ' " ’ % 'Z’=
Yy Z X Z XY

=YZX"-ZYX"' - XZ'Y' + ZXY '+ XYZ" - YXZ"=
=XYZ'+YZX"+ZXY - ZYX"-XZ'Y" - YXZ".

Ouneprkana anredpuiHa cyMa Ha3UBAacTbCA BU3HAYHUKOM 3-ro mo-
PAAKY i MO3HAYAETHCA

X Y Z
X v zi.
X"y zr

06’em napanenenineaa, no0y10BaHOro Ha TpLOX BEKTOpax a, b,

¢ , obuncroeTses 3a popmynoro V= ’(Ez, b, E)| .

Otxe,
X v zZ
@,b,e6)=\X" Y Z'|=zxV.
Xy z

HJ'UI 00YHCIIEHHS LIbOro BU3HAYHUKA CKOpPHUCTAEMOCE TaKUM IIpa-
BHJIOM.
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JlonaHky 3i 3HAKOM MIIIOC OJEPXKYHOTLCHA 3a CXEMOK, TOOTO
CKJIaalThCs 00YTKU €NeMEHTIB BU3HA4YHHUKA: CIIOYaTKy THX, fKi
pO3MillleHi Ha rojIoBHii AiaroHani; noTiM 100YTKH €NeMEHTIB, L0
po3MillleHi y BepiluMHaX ABOX TPHKYTHHKIB, OJlHA 3i CTOpIH SKHX
napasnesnbHa rojIoBHIH aiaroHani.

HonaHku 3i 3HaKOM MiHYC OJepXKYIOTbCH 32 CXeMOI, To6TO
CK/IafaloThcs NOOYTKH €NeMEHTIB BHM3HAYHMKA: CNOYaTKy THX
eJIEMEHTIB, sAKi po3MilleHi Ha ApYrii AiaroHani; NoTiM eneMeHTis,
O po3MillleHi Y BepIIMHAX TPUKYTHHKIB, OAHA 3i CTOPIH AKMX
napanensHa Apyrii giaroxani.

s BCTAHOBNIEHHS 3aKOHOMipHOCTI OOYHMCNEHHS BU3HAYHUKIB
2-ro i 3-ro nopaakis, ska Mac OyTH OCHOBOIO AJis Nepexoay A0
BU3HAYHMKIB BULUHMX MOPANKiB, 3aNpoOBaJWMO MO3HAuYEHHs ioro
enemeHTiB. KoxxHOMY efleMeHTy BU3HauHMKa OyaeMo NpUcBOOBa-
TH B2 IHAEKCU: NepLInii BKkasyBaTHMe Ha HOMep pslka, a Apyruil —
Ha HOMED CTOBILS, B AKOMY BiH PO3MiLlICHHIA.

Toni Ansg BU3HAYHMKA 2-r0 NOPAAKY MATUMEMO

X X

=X X — XXy
Xy Xy

BusHauHuk 3-ro NOPAAKY 3aNULUCTLCA TaK:

Xy X A3
Xy Xp Xyp|=
X3 X3 Xi3

=X X X33 + X9 X53X3) + X3 X 51 X35 —
X3 X0 X3 = X1 X X33 — X1 X3 X35
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BusaBnserscs, W0 3aKOHOMIPHICTb po3MillleHHs 3HakiB “+7 i “-”
nepea NoOYTKaMM 3alI€XHTb BiJ BRAaCTUBOCTEl [EpPEeCTAHOBOK
JPYTHX iHAEKCIB MHOXHHKIB, AKILO Oepilli iHAEKCH MHOMXHUKIB
PO3MiLLYIOTLCS y MOPAAKY iX 3pOCTaHHA. 3anuiiemo Bci ui nepe-
CTaHOBKM JPYrHX iHAEKCIB ANA BU3HAYHMKA 3-r0 MOPSAKY Y BH-
rnsgi Tabauub

l, 2, 3 3, 2, 1
2, 3, 1+ 2, 1, 3;-
3, 1, 2 , 3, 2

VYCboro KilbKiCTb MepecTaHOBOK 3 TpboX Homepis 1, 2, 3
nopiBHIOe 6. ¥V nepecTaHoBUi a, b, ¢ UMX HOMepiB mapy HOMepiB
Ha3MBalOThb iHBEPCI€IO, SKILO TOM, IO CTOITH JiBOpYY, GinbLunil
TOro, W0 CTOiTh npaBopyy. Hanpuknan, y nepecranosui 3, 2, 1
Homepu 31 2,3 i 1,2 i | yrBoprotoTh inBepcii. Yncno inpepciii
MEpPecTaHOBKK a, b, ¢ mosHauumo 4epe3 [a, b, c]. Y Hauiomy
BUAAJKY

[1,2,3]=0, [3,2,1]1=3,
(2,3,1]1=2, [2,1,3]=1,
[3,1,21=2, [1,3,2]=1.

Otxe, nepecTaHOBKH TUIY “+”* MatoTh napHi unucna iuBepciii, a
TNY “~” — HenapHi.

BcraHoBaeHO0 3aKOHOMIDHICTIO AN BU3HAYHHMKIB 3-r0 nopsai-
KY MM Hajani if CKOpUCTAaEMOCK.

§ 2.2. NepecTaHOBKU

Po3risHeMo neskuii Habip i3 n npeametie A4, A,, ..., 4,.

Jlis BUBYEHHs iX B3aEMHOr0 PO3MIlLEHHS MOXKHA OOMEXHTHCH
po3rnsnoM auie Homepis 1, 2, ..., n. Tomy 6yaemo posrisaatu
BCi MOXJIMBI NepecTaHoBKH a, b, ¢, ..., w uux Homepis. Yucno
BCiX TaKHX NMepecTaHOBOK JIOPiBHIOE n!=1-2-3---n.

Osnauenna. Ilapa yucen i 1a k i3 nepecmanoeox a, b, c, ..., i,
s k, ..., w ymeopioe ineepciio, axuo nonepedue wucno 3 yiei
napu binvwe Hacmynnozo yucina k.
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Yucno Beix iHBepciit B mepecTaHoBli a4, b, ¢, ..., w NO3HAYUMO
yepes [a, b, ¢, ..., w]. [ns migpaxyHKy UbOro uyucna 3acToco-
BYETHCS MPOCTE NPaBUJIO.

Bepemo uucno a, sike po3MillieHe B MepecTaHOBLI Ha NepLuioMy
Miclli, i migpaxoByeMO, CKiJIbKM iHBepCili BOHO yTBOPIOE 3i BCiMa
HACTYMHUMM YMCNaMH MepecTaHoBkH. Hexali TakuM 4uHOM ozep-
xanu o idBepciid. [TotiM nepexoauMo 1o yucna b i 3Haxoaumo
yrcno B iHBepcii, AKi yTBOPHOE UE YMUCIO 3i BCiMa HACTYMHUMHU

YUCIaMU NEPECTaHOBKHY, i T. 1. Toai
[a,b,c,....,w]=0+B + ...
O3nauenna. Ilepecmanoska a, b, ¢, ..., w HaMypanrbHux yucen

1, 2, ..., n Hazugaecmbcs NAPHOW, AKWo Yucao [a, b, ¢, ..., w] ii
ingepci — napue, i HenapHoio, axkuo [a, b, ¢, ..., w] ~ Henapne.

IIpuxnaa. 3’scyBary, KOM nepecTtaHoBka n, n—1, n-2, ..., 2,
1 4ucen 1, 2, ..., n 6yae napHoto.
Po3B’s3anHs. Cnouatky nigpaxyemo t=[n, n—-1, ..., 2, 1].

Uncno n yTBOpHOE iHBEpCilO 3i BCiMa HACTYMHUMH 4YHCNaMy,
T06TO BCbOro n—1 iHBepcid. Mani, yucno n—1 yrBOpioe n—2
iHBepciii 3i BCiMa HACTYTHUMHU YUCIaMH i T. . YCboro aictaeMo

t=(n=T)+(n=2)+..+1="0=D

iHBepciil y AaHiil nepecTaHoOBHi.
[TapHicTb yKcna ¢ 3a1eXHUTD Bill OCTa4i NpHU JiNeHHI n Ha 4:
a) AKWo n =4k, Toni t = 2k (4k— 1) — napHe umcio;
6) akwo n=4k+ 1, Toni t=(4k+ 1) 2k — napHe uucno;
B) skwo n=4k+2, Toni t=(2k+ 1)(4k + 1) — HenapHe uucno;
r) axwo n=4k+ 3, Toai t=(4k+3)(2k+ 1) — HenapHe uucno.

O3nauennn. Axwo 8 nepecmanosyi a, b, c, ..., w HamyparbHux
yucen 1, 2, ..., n nominamu micysmu 068a axux-1ebyov yucaa, mooi
make nepemsopeHHs HA3UBAEMbCA MPAHCNOZUYIETO.

Teopema 1. IIpu o0wi mpancno3uyii 3MIiHIOEMbCA napHicmy

nepecmaHos8Ku.

Iosenenus. Hexaii B nepecranoBui a, b, ..., i, ... k, ..., w

NOMiHAIM MiCLAMH i Ta k i AiCTAM HOBY MEPECTaHOBKY a, b, ..., k,
ves by e, W
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[To4aTkoBY MepeCcTaHOBKY 3anulieMo y BUraani Ai..kB, ne A —
“niBuii KiHewp” — rpyna umce, ska po3millieHa J1iBopy BiA uucna i
B - “mpaBuii KiHeup” — rpyna uucesn, sKa po3MillieHa npasopy4
BiA uncna k.

Po3rasHemMo aBa BUnmaak.

Bunapgok 1. EnemenTapsa tpancnosuuis. [ToMiHaan Micusamu
J1Ba yMcna i Ta k, WO po3MilllyBaiuch nopy4d. Y pesyibTati 3
nepecTaHoBkH AikB onepxanu nepectaHoBKy AkiB. Ilpu usomy
YUCNIO iHBepCit MOXe 3MIHUTHCHA JIMLIE 32 PaxyHOK B3a€EMHOTO
po3MmiLieHHs i Ta k, To6To Ha uucio 1. OTxe,

[AkiB]=[ AikB] £1.

Bunapok 2. Mix i Ta k MicTuthcst m uncen (m=1). 3agana
nepecTaHoBKa Ma€ BUMNAN Aiiji,...i,,kB. [lepectaHoBKY, onepxaHy
3 Hel TPaHCMO3HWLiEr0 HOMEPIB i Ta k, MOXKHa AicTaTH 3a JOMO-
MOTOIO Cepil efleMeHTapHUX TPaHCHO3ULLiH:

Aiiyiy..i kB — Aijiiy...i kB — Aijiyi...i kB —...—
— Aiyiy...i,,ikB — Aijiy...i kiB — Aiji,.. ki, iB —
= ... > Akijiy..0,iB.
KoxHa 3 HUX 3MiHIOE MapHICTb NEpecTaHOBKH, a iX YUCJI0 CTAHOBH-
THMe 2m+ 1 — Henapue. Tomy, sikio nepectaHoBka Aii;i, ...1,, kB —
napHa, TO OCTaHHs nepecraHoska AKki#, ...i, iB — HenapHa, i HaB-
naku. OTxe,
[Akijiy...i,iB =] Adiijiy...i kB ]+2m+1.

Teopema 2. Ceped ycix nepecmanogox uucen 1,2, ..., n npu
n>1 yucno naprux i HenapHux nepPecMano8oK 30i2acmucsl.

JoBeneHnHs. Hexait p — uucio napHux, a g — 4uCno Hemap-

HUX TIEPECTAHOBOK. VY Bcix NnepecTaHOBKax KjlaCy rnapHux BHKO-

Haemo TpaHcnosuuito uucen 1 i 2. Ilpy ubomy Mu yTBOPUMO
HernapHy nepecTaHoBKY. 3BiJicH BUILTMBAE CMiBBiAHOLLEHHS p < ¢.

AHaJori4yHo A0BOAMThCS CHiBBIAHOLIEHHS ¢ < p. OTxe,

DY

p=qg=
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Bnpasu

1. Sxa 3 nepecTaHoBOK uHucen 1, 2, ..., n Mae HalbinbLUe YUCTIO
iHBepciit?

2. Hexaii ¢ — uncno inBepciit y nepecratoBui a,,a,,...,a, 4u-
cen 1,2, ..., n. Obuncnury s = [a,,a,_,...,a5,4a ].

3. IlepexoHarncs, 1O BiA NEpPECTaHOBKU a;,as,...,d, MOXHa
nepedTH N0 NepecTaHoBKH by, b,,...b, TUX Xke npeaMeTiB 3a

JIOTIOMOT'0t0 He 6iNbl ik #— | TpaHCMO3MULiH.
4. JloBectH, 1O Ans Oyab-sKOro WiIOro Y1ucna £, ske MiCTUTLCA
B Mexax Bifi 0 1o n (n—1)/2, icHye Taka nepecTaHoBka q,,d,, ...,d,

umcen 1,2, ..., n, o t=[ay,a,,...,a,}.

§ 2.3. BusHayHuky Ta ix BNacTUBOCTI

Hexaii K — noBinbHE KOMyTaTHBHE Kinblie (30KpeMa —
1noJje), eeMEHTH SKOro Mo3HauuMo vepes o ,f3,y, ... 3anuiiemo

KBaJpaTHY MaTpuLio (TabnuLio)

3 elleMEeHTaMH O, Kinbls K.

O3nauenna. Busnaynuxom (Oemepminanmom) mampuyi A Hao
xinoyem K nasusaemuocs anzebpunHa cyma 6cix MoXCaugux 0obym-
Kig uoy

(=1) &y 0 O3, -+

oe O, Oy, Oz, O, — 6IONOGIOHO enemenmu neputozo, Opy202o,

mpemuv020, n-20 paokie mampuyi 4; a, b, c, ..., w — nepecmanoska
yucen 1, 2, ..., n; t — wucno ineepciii yici nepecmanosKu.
ITiocymosysanns 30IUCHIOEMbCA 3a 6CIMA MOXCIUBUMU hepecma-
Hogxamu a, b, c, ..., w Opyeux indexcis.
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Monamo o cymy y BUTAAAI

A= Z (_1)[tl,b,c,...,w]alaazbajw_._a

(a,b,¢c,..,w)

nw *

Yucno 1i JOAAHKIB CTAaHOBUTH k.
BusHauHMK MaTpulli 4 NO3HAYAETLCA TaK:

Oy Gy vee

Oy Olyy ... O
detA_=.|A|= 21 22 2n

Ay Oy Ay

Axmo n=1, Toai det4 = oy .

JIlng n=2 i n=3 o3HaueHHs 30iracTbcs 3 paHillle BBEACHUMH
MOHATTAMM BH3HA4YHMKIB 2-T0 i 3-ro MOpsAKiB 3 eneMeHTaMH i3
nons R pificHux uucen.

JlaHe o3HAYEHHs y3aralbHIOE€ MOMEPEAHE B NBOX HampaMax.
IMo-nepue, unucno » (MOpANOK BU3HAYHMKA) — Oy/ib-sIKe HaTypallbHe
yuclo, NMoYMHauM 3 oAMHuli. [lo-npyre, enreMeHTaMH BM3HA4-
HUKA MOXYTb OYTH eneMeHTH Oy/b-KOro KOMYTaTHMBHOIO KiJbLA
a6o nons, HafnpuKiaj, 3 Kijbls MHOrOWIEHIB, 3 NOJA palioHalb-
HUX OYHKLIHA.

Po3rnsHeMo HaiinpocTilli BTaCTUBOCTI BU3HAYHUKIB.

I. SIKwo BCi eeMEHTH AeSKOro psaka BU3HAYHMKA AOPiBHIO-
OTb HYJIIO, TO ¥ CaM BU3HAUHHK JOPIBHIOE HYIIIO.

HoseneHHs. Bnactusicte | BUNnuBac 3 o3HaueHHS BU3HAY-
Huka. JlicHO, KOXHMM HOJAHOK anreSGpUyHOi CyMH MICTHTbL MO
OZIHOMY NpEACTABHUKY 3 KOXKHOTO PsiKa i KOXKHOIO CTOBMUS.

I1. Sixuto Bei eneMenTH meskoro ¢ikCOBaHOro psAlKa BU3HAY-
HHKa A MOMHOXHTH Ha €l1eMeHT A OCHOBHOrO Kinbus K, TO Aicra-
HEMO HOBHil BU3HAUHUK A, npudomy A;=AA.

JloBeaenHa. Hexail, Hanpuknan, y BA3HAYHUKY

a” alz “ve a]n
Oy O e O

A= 21 Y22 2n (1)
Oy Oy -oe Ay
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TakuM iKCOBAHNM pARKOM € nepuunif. Toxi

Acyy Aoy ... Aoy,
a2] a22 can azn

Al = = }\,A .
Oy a’nZ v Oy

I. Hexaii y Bu3HauHuky (1) enemMeHTH Aeskoro ¢ikcoBaHoOro
pfAiKa MOJAlOTLCA y BUMAAAI CyMH ABOX JOJAAHKIB (Hanpuknaj,
€NEMEHTH MepLIOro PAAKa Oy = Oy + O}, Oy =0y + 0lfy 5 «vvy

oy, = o, + 0y,). Toai BiH AOPiBHIOE CyMi JBOX BU3HAYHUKIB A=
=A+A", pe

’ ’ ’ » L4 ”

oy O .. Oy, O O - oy,

A,_ azl (x22 R azn A’_ az] a22 e a2n
= LA =

Oy Oy «r Oy Oy Oy .o O,

AxanoriuHe TBeppKeHHs 30epirae cuny, AKILO €NEMEHTH AEAKOTO
pAlKa MOAAOTLCS Y BULNALAI CYMH m AOJAHKIB: BM3HAUHMK A
nopiBHIOBaTHME CyMmi m BusHauHukiB A, A”, ..., A" .

Ak i BnactuBicTsk I, noBeneuns siaactusocreit 1 i I 6e3noce-

peAHbO BUILIUBAE 3 O3HAYEHHA BU3HAYHUKA.
IV. Axwmo enemeHTH nepiioro psaka sBu3HauHuka A = detd

Taki, wo o, = 0 npu a> 1, Toxi

a, 0 .. 0 Oy Olyz ... Oy,

a l a22 “re (x a32 a33 e a3
det A = 2 2n = (X, 1 "

Ay Ay o @y, ALypy Qyz -er Oy

HoBenenHs. 3a 03HAYEHHAM

!
detd= Y (=D 04,0504 -0, ,
(a,b,c,...,w)
ae t=|a, b, c, ..., w] y xoxxHoMy 3 aopankiB. Ockinbku o, = 0
npu a> 1, Toni
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det4 = Z (_1)’ OO p Qg o Uy
(Lb,c,...,w)

aet=[1,b,¢c, ..., wl=1[b,c, ..., w]ib,c,...,w— nepecrtaHoBka
yucen 2, 3, ..., n. OT)Ke

detA =a||( Z (_l)l OLZ,, ---Ctnw),
(bh,c,...,w)

net=[b, c, ..., w]. CyMa, sKa MiCTUTLCS B {y’)KKaX, — BU3HAYHHK

Qg Q3 ... Clpp
O3y  Olg O3,
a’n2 an3 ann

(n—1)-ro nopsaaxy.
V. BU3HaYHKUK HHXKHBOFO TPHKYTHOI'O BUAY

o; 0 0 .. 0
azl (x:zz 0 s 0
O3 O3 Os3 0
a’nl anZ a‘n3 e Oy

(o, =0 3a ymoBH, 10 i <k) NOPiBHIOE AOOYTKY Ol Cly; * -+ O, HOTO
LiaroHanbHUX €NEeMEHTIB.

L{s# BnacTuBicTh € HACTiAKOM BiacTUBOCTI [V.

V1. Slxuwo y susHauHuky (1) mopsaky » =2 € nBa OQHAKOBi
paaku (3 pi3HUMH HOMEpaMH), TOAI BiH JOPIBHIOE HYIIO.

Ilosenenusn. Hexait y Busnaunuky (1) € ABa 0HaKOBI PAAKH.
Jlns HAOYHOCTI BB&KATHMEMO OAHAKOBHMHU [Ba Meplli PAAKH:
04 =0y, Oyp =0y, ...y O, = Oy, . 3@ O3HAUEHHSM

{
A= Z (_1) Oy Qg p g v o= Oy 5
(a.b,c,...,w)

pet=[a, b, c,..., w].
3adikcyemo B 1iit cyMmi skuii-HeOyab N0JaHOK

h= ( l) alua2ba‘3c e Oy, =[aa b9 Cyenny W]
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V ui#i cymi npucyTHil J0AaHOK, AKHIT OQHO3HAYHO BiANOBiAacE / i
AKWIt MM TIO3HAYUMO uepes3 A;:

h] =(_])’l (I,IhCXZ‘,OL_@,‘. i a”w ’ t] = [b, a, C‘, ey W]

3a yMOBOWO O, = Oly,, Ol = Oy, @ TOMY O, 0l O, »+* Oy, =
=00, Oy - Oy, OCKiNIBKM B LHMX A00YTKAaX CNiBMHOXHHUKH,

MOYHHAIOYM 3 TPETHOroO, 30iratoThes. [lepectanoska b, q, c,..., w
OJEPXKYETbCA 3 NEPECTAHOBKH 4, b, ¢,..., w TPaHCNIO3ULIEIO YKCe

a i b, a TOMy BOHM MalOTb pi3Hi napHocTi i, omke, (=1)" =—(-1)'.
Aneroni by =—h i h+h; =0.

OTrxe, AnNd KOXKHOTO AOJAHKA A CyMH A € OIHO3HAa4HO BH-~
3HAYeHWH JOAaHOK A Takuid, wo ~+h, =0. 3Biacu i BUNAMBae

piBsicTb A=0.

Bnpasu
1. loBecTH, 10 BU3HAYHHK BEPXHLOTO TPUKYTHOTO BUAY

Qo Qg Gz e Oy,
0 0y dy ... 0Oy,
0 0 o5 ... O3,
0 0 0 o,

€JIeMEHTIB ToJIOBHOT Aiaro-

JOPiBHIOE JOOYTKY O Clyy -+,

Halli.
2. JlosecT, 1110 BU3HAYHUK TPUKYTHOTO BHIY

o ... 0 0 o,

0 ... 0 0y, Oy,

Oy Oppa Oy Oy

n(n-1)
nopisHioe (—1) 2 04,00, ... Oy, A€ Oy Olgygy -ovy Oy — ENIE-

MeHTH Apyroi (nobiuHoi) Aiaroxani.
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O3nauenna. Hexaii

a‘] a‘z oo a]n

o (04 e
A= 21 22 2n

a‘nl (X‘n2 a’nn

K8aopamua mampuys 3 eiemeHmamu O, i3 KOMYmMamugHoz0

kinoys K. Busnaunuxom mampuyi (abo oemepminanmom) nazuea-
emuvca aneebpuuna cyma 3 n! dooankie sudy

’r_ a,b,c,...,w
A= Z (_1)[ ]aalab2a03 ot Olyps
(a,b,¢,--,w)
de a, b, c,..., w ymeoproome pi3Hi MONCIUBI nepecmManHOBKU Hucen
1,2, ..., n. Hosnawumo yio cymy uepes det’ 4 abo |4|'.

Teopema 1. Obudsa o3uauenus Oemepminanma mampuyi A
exeiganenmmi:

detAd = det’4.

HNoeenenHs. [NopiBHsEMO ABiI CyMH, MOPOIXKEH! €E€MEHTAMHU
ofiHiel i Tiel x maTpuLi 4:

A= Z Q) Oy, Oy g o Ay, » A€ E=[a, b, C, ..., W];
(a,b,c,...,w)
A’ _ l)[a,b,c,...,w] _ b
- Z - Ol Olga Qs ==+ Oy, » A€ t=[a, b, C, ..., W].
(a,b,c,..,.w)

O6epemo B nepuiii 3 HUX AOBiNbLHMIA Aomanok A = (1) x

X 0L, 0lop Oz, *+* Oy, | IEPETBOPUMO HOrO 3a NEBHUM MPABUIIOM.
Po3rnsHeMo crnoyatky JOOYTOK O, Clyy Oz, -+ - O, i 3HAHAEMO
B HbOMY MHOXHHUK BUIY O, TOTIM — MHOXHHK BUAY Oy, i T. I
[MepectaBuMo B [0OyTKY MHOXHMKM i nopamo #oro y BUMi
Oy Olyry ++* Oy, TlepecTaoBka a’, b',..., w' nepLumx iHaeKciB Bu3Ha-
YAETHCA NEPECTAHOBKOK @, b,...,w IPYruX iHAEKCiB OJHO3HAYHO.
[MepecTanoBka MHOXHHMKIB MOXke OyTH 3lificHEHa 3a JOMOMOro
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JIEAKOr0 4YKC/a § TPAaHCMO3MLiii MHOXHUKIB. 32 JOMOMOrol0 LiOro
Yucna § TPaHCMO3MULUiH NnepecTaHOBKa a, b, ..., w NepeTBOPIOETLCA
B nociigosHicts 1, 2, ..., », a nepuwi iHgexcn 1, 2, ..., n - B

7

nepectaHosky a’,b’,...,w’ .

ToMy TNEpECTaHOBKY a,b,..,w MOXHA NEPETBOPUTH B
nepectaHosky a’,b’,..,w’ 3a nonomoroio 2s TPaHCMO3MLIH.
OTxe, NEpecTaHOBKU a,b,...,w i d’,b,..,w MaioTb ofHaKoBY

napuicts. Jictann pisuicte (=1) =(=1)" ana t=[a,b,...,w] i
t=[d,b,..,.w]
Orxe,

— 1
(=) 04 Oy == Oy, = (= 1) Oy Qg =+ Oy -

TMepeTBOpHBILYM BCi AOJAHKM CYMH 3a OMHUCAHMM [1PAaBUIIOM,
aicrtasemMo

A=detd=det’'4=A".

TeopeMy foBeaEHO.
Ilnst naHoi MaTpuii

Oy Oy Ay,
4= Ay O o

a‘nl anZ a‘nn

MaTpuus

Gy Ay
;| %2 G2 &2
A =

aln (in a’nn

Ha3HBAETLCA Mparcnonosanolo. BoHa ofiepxyeTbes 3 MaTpuui 4
3aMiHOIO BCiX €NIEMEHTIB O, Ha O; (PAAKIB HA CTOBMUI, i HaB-

naku).
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Teopema 2. Busnaunuku mpaHcnoHO8anux Mampuye pieHi:
det4 = detA” .

HoseaeHns. 3anumemo det 4 Ha mincraei 03HaYeHHS:

O Qg oo Oy,

a2l a22 Y azn
det4 = =

Ly Oy oo Ay

- NN,
- Z (=DlePo6m) Oy Qgpy =+ Oy -
(a,b,c,...,w)

Axio npaBopyu i AiBopyy i€l TOTOXKHOCTI 3aMicTh o, BCiO-

AM MOCTaBUTH O, TO AICTAHEMO PiBHICTH

al ] azl s an‘l
det AT = Oy oy o Qyp _
&y Oy Cn

— ab,c,...w
= 2 Yo 0, - 0ty
(a,b,c,...,w)

IIpaBa wactuHa wui€i piBHOCTI 36iraeThcs 3 det’ 4. Ha niacrasi
Teopemu 1 MaeMo det 4 =det’ 4. Tomy det 4’ = det 4.

Teopemy noseneHo.

I3 ymMOBH ui€l Teopemu BunIMBaEc TBEpIKEHHA: BCi BacTH-
BOCTi BU3HAYHKKa, sKi OBe/IeHi Ana Horo pakiB, 36epiraoTb cuiy
i Ang #oro crosnuia.

Bnpasu

1. JlosecTu, 110 BU3HAYHUK N-TO TOPAJKY, B IKOTO KOXKHHUIA €Jle-
MEHT Q;; — KOMILIEKCHE YHCII0, CIPSXEHE 3 Oy, € AiliCHe Yucno.

2. JloBecTH, WO BH3HAYHMK HENApHOrO MOPAAKY NOPiBHIOE
HYJO, SKILO BCi OrO eNeMEHTH 3a0BONBHAIOTL YMOBY O +
+ aki =0.
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§ 2.4. EnemeHTapHi nepeTBOpeHHs
BU3HAYHUKIB

[Tpu o6uMcneHHi BU3HaUHMKA (3 eIEeMEHTaMU 3 MoJs
NiACHHUX 4MCes) BUHUKAIOTL TEBHI TPYJAHOLL, SKWO MPH ULOMY
o0uMCNeHHI BUKOPUCTOBYBATH JIMILE O3HAYeHHs. Bu3zHauHuk #-ro
noOpAAKY MIiCTUTBb 1! JOAAHKIB, @ KOXKEH 3 UHUX A0AaHKiB — 100yTOK
floro »n enemeHTiB. SIxwo Bci Ui apu¢MeTHuHi Aii npoBecTH Ha
HaicyyacHiwiit EOM, To ana oGuncieHHs, HanpuKiaa, BU3HAYHH-
ka 100-ro mopsaky notpibHo O6yno 6 BUTpaTUTH Ayxe Oarato yacy.
Tomy Tpeba 3HaxoauTH iHWI MeToau, w0 6a3yloTbCs HA BAACTH-
BOCTSX BU3HAUHHUKIB.
O3nauenns. EnemenmapHumu nepemeopeHHAMY GUHAYHUKA A
(3 enemenmamu O, 3 nons P)

OC” alz con O(.M

O(.2] (122 ves azn
A=

oLy Ay oo O,

HA3UBAIOMBCSL MAKI NePemaEopeHH:

1. Mnooicenns acix enemenmis 0eaxkozo ikcosanozo paoxa eu-
suHaunuxa Ha 6yOv-axuil ckamp A # 0 (mobmo na enemenm A # 0
ocHosHo20 nonsi P).

2. Hooasanns 0o enemenmis 0esaxo20 pAoKa GiONOGIOHUX elle-
MeHmi6 IHUWO020 PAOKA, NOMHONCEHUX HA CKAAP A .

3. Ilepecmanogka micysimu 080x OyOb-AKUX PAOKIE.

Ananoriuni neperBopents 1, 2, 3 Ans CTOBALIB TaKOX HA3UBa-
HOTbCSA €JIEMEHTapHUMH.

Teopema 1. IIpu enemenmapHux nepemeopenisx (3 paoxamu
abo cmognyamu) GUIHAYHUKA A 00epAuCYEMbC HOBUU GUSHAY-
HUK A;:

1) npu enemenmapromy nepemaopenni muny 1 & = AA ;

2) npu enemenmapromy nepemeopenni muny 2 A=A ;

3) npu enemenmaprnomy nepemaopenni muny 3 Ay = —A.

JoseneuHns. [lepiue TBEpKEHHS TEOPEMU — Lie BNACTUBICTb
Il Bu3Haunuka (auB. § 2.3).
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Ilpn noBeneHHi Apyroro TBepIXkeHHs Hexail BU3HaYHUK A mae
MOPANOK 7 2 2 | BU3HAUHUK A; ONEPXKYETbCA 3 HLOTO J0JaBaH-

HSM 10 €JIeMEHTIB APYToro psijKa eJeMeHTIB MepLIOro, MOMHOXeE-
HUX Ha cKansp A

Oy Oz Xy

Oy A0 Oy +AQY, ... O, +AQ,

Ap = oo
&y 1 2%) QL

Ha niacrasi Bnactiusocti 111 BU3HaYHMKIB HOro MOXKHA MOAATH
y BUPASIZE CyMH

Oy %y en Oy, O Oy e Oy,
Oy Ogy .o Oy, | AOY; AOyy ... AQY,
ani (an o ann (xnl an}! vt a‘rm

Y Apyromy AOJaHKY MHOXHHK A BHHOCHTLCA 3a 3HAK BU3HAY-
HHUKA. Y NOAAHKY, KWW NiC/sA HbOTO 3&IMIIUTHLCA, MAaTUMEMO [Ba
OJ1HaKOBi PANKH, & TOMY BU3HAYHHK JNOPIBHIOE HYIO (BIACTUBICTD
VI). 3BiacK Maemo piBHICTE A = A .

[Ipn n0BenEeHHI TPETHOrO TBEPHXKEHHS TEOPEMH O0OMEXHMOCH
po3rasaoM BHU3HauHMKa 3-ro nopaaxy (MipkyBaHHS 36epiratoTb
CUAY i 14 3arajbHOrO BUIAAKY):

QG Q3

A=lay 0y 0y

Q) O3 Os
ITepekoHaemocs, 110 NPHU NePeCTAHOBLI ABOX PAIKIB 3MIHIOETHCS
NYLIE 3HAaK BU3HAYHMKA. 3aCTOCYEMO IO HBOTO eNeMEHTApHi mnepe-

TBOpeHHs Tuny 1 i 2:
a) Jlo apyroro 1oamo efaeMeHTH nepiuoro psaaka. Jlictanemo

o 2P %3
Aj=|0g +0y Oy + 04y Olpy + 0y
Qs Clzp Ol33
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6) Bix enemenTis nepiuoro paaka B A; BiJHIMEMO €NEMEHTH
ApYyroro psaka. 3Halaemo
— 0y —Oxn =03
Ay =[Oy +Qyy Ogp + 0y O3 + 03
O3y O3z 033

B) Jlo enemenTiB Apyroro paaka B A, RoaaMo €JEMEHTH ep-
woro paaxa. Matumemo
—0Oy —Opn —Wy3
Ay=| oy Qyp O3
O3 O3 O3

r) CninbHuit MHOXKHHK (—1) neplioro psajika BHHOCHMO 3a 3HaK
BU3HA4HHUKA. JlicTaHeMO

Oy Opy Oy
Ay=(Djoy o4 3
O3 O3y O3

Ockinbku A = A, =A; = Ay, TORI

Oy Oy Up
o Oy Oy3|=-A.
O3 Q3 O3

TeopeMy 10BEOEHO.
O3navenna. Budinumo y usnaunuxy

Oy Qg e Oy

a2] azz “es azn
A=

Oy Oy or Oy,

i-11 pAOOK i k-1 cmoeneyb ma GUKPECIUMO elleMEHMU Yb020 PAOKA
i cmosnya. Jlicmanemo susHaunux (n— 1)-20 nopaoky
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Oy Qg Oy gy Ay
AL = Qi Qicth-1 - Kicthen i-1n
ik
(LAY Civih-1 Qirtkst Xipin
(L -1 Qg Ay

Bin Ha3uBacmuCs MiHOPOM eneMenma Ok, , AKUtl micmumecsi 6 A

Ha nepemuni i-20 paoka i k-2o cmoenys.
Hobymox Ay, = (-1y"** A, Hazusaemocs anzebpuunum Oonos-

HeHHAM enemenma Oy .

Teopema 2. Axuo na desxiti ainii susnaunuxa A (i-my psaoky
a6o k-my cmosnyi) € edunuii enemenm Oy # 0, modi A =0 Ay .

IoBeneHHsa. Hexaii niuieto, ska dirypye B yMOBi TEOpeMH, €
i-i psinok Bu3Haunnka A: oy # 0, o =0, axwo j#k.

Axwo i=k=1, TOAI BU3HAYHUK MaE BUTTAL

a;, O 0 0

Oy Oy O3 Oy
A=

anl an2 anB a‘nn

Ha miacrasi BnactusocTi IV (aus. § 2.3) maemo

Qg O3 ... Oy

O3 O3z ... Oy
A=ay =

Qpy Oy Oy

=08y =0y - (D™ A = a4

Y 3aranbHOMY BHIMARKY
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oy Qg Oy g LI Ay
oy i1 Qe gy Qi
A=| 0 0 O 0 0
ar+l I a1+lk—] aH—lk oL/+Ik+l ai+|ﬂ
anl a’nk—l ank ank+l s ann

INposenemo cepito eneMeHTapHUX NepeTBOpeHb THMy 3.

IlepectaBnsemo i-it paaok MOCAIJOBHO 3 TUMHM PAAKaMH, 110
po3MillieHi BMILE HbOTO, AOTH, JIOKM HE [OCATHEMO MNEPLIOro
paaka. TloTiM B onepkaHOMY BH3HAYHHMKY MeEpecTaBiseMO Kk-ii
CTOBMEUb AOTH, JOKW BiH He 3aliMe Micue nepuioro CTOBMLUS.
Bpeuri-pewut 3uaiineMo

o 0 .. 0 0 .. 0
Oy A Qg g Ay
A e g e Oy Qg - Oy,
Civre Qiprr oor Olipppr Oigppqy oo Qyyy
a‘nlt anl (xnk—l ank+l a’nn

A= (_])(i—l)+(k—l) A = (_1)1‘+k A,, A = oy Aik )
3Biacu MaTuMemMo
A=oy - (=™ A =0y

Teopemy noBeaeHoO.

Memod enemeHmapHux nepemeopeHs

JoBeneHi Buile TeopeMH MOXKYTb OyTH miacTaBolO
JUist 0OUMCIIeHHs BU3HAUHUKIB. Po3rnsHeMo Ba BapiaHTH.
BapianT 1. Meroa 3umxenHs nopsaaky. Posrasaaemo Bu3Hau-
HUKH, ENEMEHTH AKX HAJIEXKaTh NoJio P.
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Y BU3HAUHUKY

oy Oz %y
A=foy o, Ay
anl O('n2 a’nn

BUIINUMO eneMeHT O, # 0, sknil Hanexuts i-My paaky. o ene-

MEHTIB p-ro CTOBNUS (p# k) BU3HAUHHUKA JOJAMO €NEeMEHTH k-ro

Q; .

CTOBNMLSA, MOMHOXEHOTO Ha ckansp A, = -—L .V pesynprari
ik

TaKoro eNeMEeHTApHOro MEPETBOPEHHS NiCTAHEMO BM3HA4YHUK A,

piBHuil A, B sskoMy Ha Micli (i, p) (Ha NepeTHHI i-ro psAaka i p-ro
croBnus) Oyae Hynb. [TogibHe nepeTBOpeHHs 3acCTOCYEMO A0 BCiX
CTOBNUIB 3 HoMepamu p# k. Toai AicTaHeMo BU3HAYHUK Ay, Y

AKOTO B I-MY PAAKY 3a/IMLINTLCS €AMHUH €eMEHT O, , BIAMiHHUH
Bin Hyns. [pu ubomy A=A,. Ane A, jpopisHioe noO6yTKy O; Ha

fioro anre6pruHe JONOBHEHHS.
OTmxe, 00YKCNEHHS BU3HAYHHMKA 3BENOCh 10 OOHUCNEHHS BU-
3Ha4yHuKa (n— 1)-ro nopsaaxy.

IIpukaaag 1. OGUHUCINTH BU3HAUHHUK

5 2 -12 15
1 -1 -4
A=
-1 3 3
6 2 -12 25

®ikcyeMo psaok 3 HOMEpOM i =2 i BEAyUHM €NEeMEHTOM O, = 1.

IposeaemMo Taki eneMeHTapHi NEpeTBOPEHHS:
a) 101aMo A0 CTOBMNUSA 2 CTOBNEUb 1,
6) noaamo 1o CTOBMUA 3 CTOBNEUb 1, IOMHOXEHHI1 Ha 4,
B) BiiHiMeMO Bif cToBnus 4 cToBrneupb 1, nOMHOXEHUH Ha 5.
Marumemo
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53 8 -10

1 0 O 0
-1 2 -1 10
6 8 12 -5

3apaya 3Besach 10 0OUNUCIEHHS BU3HAUYHUKA

3 8 -10 3 8 -10
Ao=1-4y = (=D)*""-|2 -1 10{=—-|2 -1 10}.
8 12 -5 8§ 12 -5

BuHeceMo CHiNbLHUI MHOXHHUK 3 3-ro CTOBNUA OJEPXKAHOTO
BU3HAYHHKA

3 4 =2
Ag=-5-12 -1 2
8 6 -1
i JicTaHeMO BU3HAYHUK
13 4 =2
A|= 2 "1 2 -
8 6 -1

BHAiNTMMO B HbOMY €EMEHT Ol33 =—1, LLIO MICTUTLCA B 3-My paj-

Ky i 3-My croBnui. EneMeHTapHUMH nepeTBOPEHHAMH THNY 2
3HaliieMo piBHUH HOMY BU3HAUHHMK

13 -8 -2 3 s
A= 18 11 2|=(=DE=1)?| 0 l=-
2 o (=D(-1) 8 ”l

Tomy

A=A0= _5'A|= _5'A2=5.

BapiauT 2. MetoJ 3BefieHHs! 10 TPHKYTHOro Burasay. CyTsb
UbOIO NEPETBOPEHHSA NONArac B TOMY, W00 3BECTH BH3HAYHUK 10
OJHOTO 3 TaKHX, L0
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ITpuxaan 2. OGUUCIMTH BU3HAYHUK

01 1 1
1 01 1
A=|1 1 0 1
111 ..0

n-TO MOPAAKY.
Honamo o nepuwioro psaka pewuty psaxis (cepis nepeTBo-
peHb Thny 2). Matumemo piBHuii oMy BU3HAYHHK

n-1 n-1 n-1 ... n-1
1 0 1 1
A=]| 1 1 0 1
1 1 1 0

BuHeceMo cninbHUIE MHOXHHK n—1 3 nepworo psaxa 3a 3HaK
BH3HauyHuKa. [lictaneMo A = (n—-1)A,, ne

111 1
101 .1
A={110 .. 1
11 0

[Tepwnii pAaoOK LHOro BMU3HAYHMKA BiJHIMAEMO Bif KOXHOIO 3
pewiTH pszakiB (cepis neperBopeHb THMy 2). OnepKHUMO piBHUI
oMy BM3HAUYHUK TPHKYTHOrO BHAY
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A=10 0 =1 .. 0|=(=1"".

Ocrarouno, A = (1) - (n-1).

§ 2.5. Po3knan BU3HaYHUKA 3a efileMeHTaMu
paAaka abo croBnua

Teopema 1. Busnaunux

(XH alz ene Ctln
A= Qg Oy ... Oy,
o,y Oy 0 O,

dopisHioe cymi 006ymkia enemenmia 0y0b-1K020 8UOINEHO20 PAOKA
na ix aneebpuyni OONOBHEHHA:

A=OC”A,-I+(X,-2A,~2+...+O(.,nAm. (1)
Ananoeiunutl po3xnao mac micye i 05l Cmosnyia:
A=Ct]kAlk +OL2kA2k+‘..+(lnkAnk. (2)

Josenenus. JIng HAOYHOCTI Ta IPOCTOTH BHKJIALY PO3rifHe-
MO BH3HAYHUK 3-rO NOpsAAKY:

Oy Oz O3
A=[0y Oy O3 .
O3 O3 O3

Buainumo B HbOMy TpeTiii psAOK i 10aMO BU3HAYHWK Y BUITIALI

05;+0+0 0+035+0 0+0+0;
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3a enactusicTio Il BU3Haunuka (aue. § 2.3) i Teopemoro 23 § 2.4
MaTUMEMO

Oy Oy O3] Oy Gy O3] {04 Oy Oy

O3 |F|Qy Oy O3 | Fi0y Opy O3 i=

oy 0 0 0 a3 O 0 0 oy
=03 Ay + gy Az + g3 433

Teopemy aoBeneHo.

Teopema 2. Hexaii A — gusnaunux n-20 nopaoky. Cyma 0obym-
Ki@ enemenmia Oeskoeo 1020 padKa Ha 8iOnosioni ancebpuyri 0o-
nosHenNs enemenmis 0Y0b-AK020 IHULO20 PAOKA OOPIGIIOE HYMIO!

O'.IIA_,-] + 0(,2Aj2 +..+ OL,-,,A'/-n = O, i ¢f . (3)
Ananoziuna enacmugicme mae micye i o1 cmoenyia.
(XlkA”+O(2kA2,+...+OtnkAnl=0,k¢l. (4)

Hosenenus. BigMmitumo, 110 anreOpUyHi AONOBHEHHS eneMeH-
TiB JeAKOro psiakKa BU3HAUYHHUKA

Ay Oy - Oy,

(121 (122 e (in
A=

oy Oy oo O,

HE 3anexarb BiJ eeMEHTIB Lboro psaaka. Buainumo, Hanpuknag,
Apyruit papok. Y dopmynax ana anre6puyHMX AOMOBHEHb A,

Ay, ...y Ay, HE QIrYpYIOTb EIEMEHTH Cly, Olsy, ..., Oly,, APYTOrO psf-

Ka. AKWO 3aMiCTh LIMX €NEMEHTIB MOCTABUTH €NEMEHTH TEePLIOro
pALKa, TOAI AiCTaHEMO HOBUH BH3HAUHUK

al 1 a]z e a]"
A = Oy Oz -ee Qi
&y Oy Ay
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TOTOXHO piBHHI Hymto (BnacTuBicts VI). AnreGpuuHi gonoBHeH-
Hf €lEMEHTIB APYroro psAaka UbOro BU3HAYHMKA 3A/MLLIATLCA Ta-
KMMH CaMUMM, K | y BUSHAUHHUKY A.
Ha niacrasi Teopemu 1 Maemo piBHicTb
Oy Ay + 0y Ayy + o + 0y, 4y, = 0,

T06TO CymMa nOOYTKiB e/leMEHTIB Nepwioro psaka Ha BiAnoBigHi
anreOpHyHi JONOBHEHHN €NEMEHTIB JpYroro psaka JOPiBHIOE
Hymo, o i Tpeba 6ysno noBecTH.

Bnpaea
KBaaparHa Matpuust A Ha3UBAETHCA KITITHHHO-TPUKYTHOLO, SKLLO
BOHA Ma€ BUIIAL

y B|O
(plc)
e
Bii B2 - Bin Yu Y2 Yim
B= B2 Bx Ban C= Yar Yo Yom ’
Bnl Bn2 Bnn le Ym2 Ymm
8 O 8y,
D= 8y Oy 82,
8ml 8m2 8mn
(D mae m psaKiB i n cTOBOLIB) i
0 ... 0
(U] — HYNbOBa MaTpuus.
0 ... 0

Hosecty, wo
det4 = detBdetC.

Bkasiska. JloBeaeHHs NpoBECTH iHAYKUIEIO 3a 1 i BAKOpHCTA-
TH Teopemy 1.
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Memod 3eopomHux cnigeiOHowWeHb

TyT po3rnsfaloTbest BUSHAUHUKM HaJl YUCIOBUMHU [M0-
ASMU 1 KibUAMH MHorowieHiB. [ ix oOuMcCieHHs 4acTo BUKO-
PHCTOBYIOTH METOJ 3BOPOTHUX CMiBBiJHOLIEHD.
O3nauenna. [locniooguicms yucen
Uy, Ugy Uy eeey Uy Uy oen

HA3UBAEMbCA 360POMHOI0, AKWO ONA Hel ICHYE maKe HamypaneHe

yucno k i maxuti Habip yucen a,,a,, ..., q; i3 OCHOGHO20 NOJSL, WO
Mage micye pignicmeo
Unpk = Qlpgpo) + Qg oo+ Aty )

ona 6yov-axux nomepie n=1, 2, ... (abo nowyunaiouu 3 desxozo n2N).
CniBgigHoLueHHs (5) Ha3UBAETLCA 3BOPOTHUM PiBHSHHSM, a Ha-

TypaJibHe YKCIO0 k 3BOPOTHOT NOCIiA0BHOCTI (5) — ii MopsiAKOM.
Haseziemo npukIaay 380pOTHHX MOCIiA0BHOCTEH nopsaakis 1,2 i 3.
T'eomeTpuuHna nporpecis. [locniaoBHICTL

w=a, u2 =aq,..., U, = un_,q,
BH3HA4a€ThCA PiIBHAHHAM
Upy) = Unq (6)
npuyomy k=1.
Apudmernuna nporpecis. [TocniaosHicTb
wy=a,uy=u+d,...,u,=u,_;+d,..

Taka, o #, =a+ (n—1)d. Jlerko nepekoHatucs, WO BOHA BH-
3HAYa€ThCA 3BOPOTHUM DiBHSIHHAM

Upy2 = 2Upyq Uy (7
Jns uei k=2. ApudmeruuHa nporpecis — 3BOPOTHA MOCHiAOB-

HiCTb 2-T0 MOPAAKY.
HocainoBHicTHL KBaApaTiB:

2 2

=1, u=2", u3=3",..,u,=n",...
Ins Hei MaeMo

u,,H=(n+1)2=n2+2n+1=u,,+2n+1,

Upig TUUp t 2n+3, Upyg = Upyy = Upyy — U, + 2.
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Tomy
Upy2 = 2un+l —u, + 2,

Upiz = 2Uppn — Uy + 2

Upiz = Upin = 2un+2 - 3urH-l tu,.

3BiJCH [iCTAEMO 3BOPOTHE PiBHAHHSA 3-r0 MOPAAKY
Upz = 3un+2 - 3un+l Tu,. ®)
3ynMHMMOCS A€TalbHilIE Ha 3BOPOTHHUX MOCIiAOBHOCTAX 2-TO

MOPALKY.
Hexaii mocnigoBHicTh

Uy Uy, Uz, ey Uy, Uy gsee )
BU3HAYA€ETLCA CNiBBiAHOUIEHHAM BUAY
u, =pu, | +qu, , (n23). 9
PiBHSHHSA
x> —px-g=0 (10)
Ha3MBAETLCS XaPaKTEPUCTHUYHUM Ans nocaigoBHocTi (U).
Cnin 3a3HaYMTH CIiNbHI BJIACTHBOCTI MOCHINOBHOCTEH Takoro

BUAY.
Slkuo ABI MOCnigOBHOCTI

Xy, X0, X35 0y Xy Xy s oo X)

Y15 Y25 Y35 s Vs Vprts o (Y)
3a[0BONbHSAIOTL CHiBBiAHOLIEHHS (9), To And OyAb-KHX YKcen a i
b TpeTs mocnioBHICTL

213295235 s Zps Zpgls e )
ae z, =ax, +by,, Takox 3a40BOAbHAE CRiBBiAHOLWEHHA (9).
Tenep cnpobyemo nigidpaty Take yucio o # 0, ans sAKOro reo-

MeTpHYHa nporpecis

Lo,o, ..., ...

3a70BoJIbHANA O Te came cniBBigHoweHHd (9), ToOTO
o =pot + g0 (n22).
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« . - 2
Bassmm 0 ysaru pisusitinsg (10), MaTumMeMo pisHiCTb o —pa.—q = 0.
Hexaii MHOrounieH x” — px —q Mae ABa pi3ni kopeni o i B, Toai
reoMeTpUYHa NMPOrpecis

LB, B2, ... B, ...

Mae TakoX 3aJ0BOJILHATH CHiBBiAHOLEHHS (9).
[Mo6ynyemMo HOBY OCHiOBHICTb

Yi>Y25 Y30 000 Yoo oes (1)

ge Y, =a+B, Y, =ac+bB,..., v, =aa™ +bB"", i a b -
HeosHaueHi koediuieHTH. BoHa 3a0BONbHSE Te came CHiBBiaHO-
wenHs (9). BinwykaeMo a i b TakuM UMHOM, OO BUKOHYBAITUCh
piBHOCTI
at+b=u, ao +bP =u,, (12)

he u;, u, — NepLui ABa ujenu nouarkosoi nocnigosHocti (U).

Ockinbku o # B, cuctema (12) 3 HeBinomMumH a, b Mae eanHUHR
po3Bs’s30k. Ane nocnigosHicTb (U) BU3HAYAETLCSA €AMHUM CTIOCO-
6OM uepe3 3aiaHHs MOYATKOBUX YIEHIB U, U, i PiBHAHHAM (9).
Tomy npu 3HalJeHNX 3Ha4eHHAX KoediuienTis nocaigosHocTi (U)
i (11) 36iratoTbes i, OTXKe, u, NOJAETHECA Yepe3 KOpEHi Xapakre-
pucTyHoro piBHaHHA (10) Tak:

u =ao" + BB

n

PosrnsHemo TENep BMNAAOK, KOJIN XapaKTEPHUCTHYHE piBHﬂHHﬂ

(10) mae nmiue oauH KopiHb o (kpaTHocti 2). Lie Moxe craruch

TOA}, KOJIM HOTO AMCKPUMiHAHT p2 +49g=0.Toni o= g

CkJageMo MociioBHICTh

1-0,a-1, 00-2,..,a™ - (n=1),...
MoXHa MepeKOHATHCh, L0 BOHA 3aJ0BOJIbHAE 3BOPOTHE CIiB-
sigHowenHs (9). Toi mociI0BHICTh

81,85, 85,0038y oo

ne 9, = ao + b (n-1)3 HeO3HauYeHNMHU KoedilieHTamu a, b
3a/10B0JIbHSE CriBBiAHOLWEHHS (9).
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3Haiiiemo a i b Taki, 1106 BUKOHYBATUCH PIBHAHHSA CUCTEMH
a+0-b=u, a0+ bo=u,.
Ilpn o # 0 ug cucrema Mae exuHuit po3s’s3ok. 3siacu ans une-
HiB mocnifosHocti (U) Bunausae gopmyna
u, =" '[a+b(n-1].

Bce, npo 1o mMoBuUnochk BHLLE, 3aNULIAETLCA B CUITi | AN no-

CNiAOBHOCTi MHOTOUJIEHIB
u(x), uy(x), u3(x), ..., u,(x), ...,

AKi BU3HAYAIOTHCS 3BOPOTHUMH PiBHAHHAMHU

un (x) :p(x) un—] (x) + CI(x) un—2 (x) (n > 2)9

ae u;(x), u, (x), p(x), g(x) —3anaHi MHOTO4JIEHM.

[Tpn obuncneHHi AesKUX THNIB BU3HAYHKKIB 3 ABJIAIOTLCS 3BO-
POTHi piBHAHHA. BuKopHCTaHHA iX i ckagae MeTo/ 3BOPOTHHX CIliB-
BiAHOWIEHb. [IpoimtocTpyeMo Lie Ha NpUKNanax.

IIpuxaag 1. O64HUCIUTH BU3HAYHUK 1-TO IOPSJKY:

1 10 ... 00
-1 1 1.. 00
A,=|0 -1 1 ... 00
0 00 ... -11

Ha #ioro rososHiif giaroHani MicTaTbes O; =1, HWX4Ye RiaroHani
o =—1, a Buile — o,;,; =1, Ha peuTi Micub — HyJi. Po3knaze-
Mo A, 3a eneMeHTamH 1-ro paaka. JlicraHeMo criBBiAHOLUEHH
An = An—l + An—2
JLN181 [TOCJi JOBHOCTI
ALAY A, LA,

npuyomy A;=1, A,=2. Lia nocnifoBHiCTb HA3UBAETLCA NOCAI-
ooenicmio yucen Dibonavui.
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XapakTepuCTHUHE PiBHAHHA x° —X — 1 = 0 Mae KopeHi

o= 1+J§,B= 1—J§_
2 2
Tomy cninbHuii unen A, nocniioBHOCTI MOXHA NMOJATH Y BUTIIALI
A,=aa™" +bp",
nie koedillieHTH a i b MatoTh 3a10BOJILHATH CUCTEMI:
at+b=A =1,
{aa+bB=A2 = 2.

Toni
a—£+—3 b:@
245 245

A_l 1+J§n+l—]_J§n+l
5L 2 2 '

Ipuxaan 2. O6UUCIUTH BU3HAYHUK N-TO NOPAIKY

a+f o-p o ... O

1 o+p o-p ... 0

A,=| 0 1 oa+p ... 0
0 0 0 ... a+pP

Maemo A, = 0.+ B, A, = o + B? + 0. PosknaBiun Bu3Hau-
HHK A, 32 eneMenTamu 1-ro psjaka, AicTaHeMO 3BOPOTHE PiBHSHHA
An =(a + B)An—l —o- BAn—Z

- . . . )
i BignoBigHe oMy XapakTepUCTHUHE piBHAHHA X~ — (O + B)x +
+0f = 0 3 kopeusimu o i .

Bunanok 1. Hexait a#B. Toxi A, = a0 + bp"" . Ina a
i b cknagaeMo cucTeMy

a+tb=A =0 +p,
ac+bp = A, =02 +p% + of.
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Otxe,
a2 5 BZ _ an+l _ BIH"

= , b= , A, =
a-p B-a o-f

Bunanoxk 2. Hexaii o = . Mogamo A, y surnsgi o' (a + bn)
i 3Haxoaumo a=b=oq. Toai

=0 (n+1).

Bnpasu
1. O641CIUTH BU3HAYHUK N-TO MOPAAKY

5300 ..00
2530 ..00
A,=10 253 ..0 0f.

000©O0..275

2. JloBecT, 1110 BU3HAYHHK H-T'0 MOPAIKY

cos @ 1 0 0
1 2 cosQ 1 0
A,=] 0 1 2cos@ ... 0 |=cosng.
0 0 0 <. 2cos@

Bkasiska. Posknact A, 3a eneMeHTaMM OCTaHHLOTO psiKa

Ta 3HANTH 3BOPOTHE CMiBBiAHOILIEHHS.
3. [Tokazary, 1o

2 n-1
I x x x|
2 n-1
1 x, x X
2 X2 2
An = = I I (xl —xk)
........................... ik
1 x, x2 xm

(Bu3HauHuk Bannepmonaa).
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4. Taaykui€eto 3a ukucaom #n 06UHCIUTH BU3HAYHUK

x+x x X .. X
X x+x x
A, =] x X X+ X, x
x X x x+x,

. . X x x
Bignmosigb: A, =x;xy - x,| —+—+ ... +—+1].
X X X,

5. JloBecTy, 11O

(xq +x )_l (x, + )_] o (X +)’n)_l
3 (2 + 3 )" (x, +)’2)_] o (X +)’n)~] B
(x, + ¥ )_' (x, + ¥ )‘] o (x, +yn)‘l

[T =-x0w -0
_ >k
H (% + )

i k=1

(Bu3HauHuk Kotui).

§ 2.6. Cucrema niHitHUX piBHAHL.
Teopema Kpamepa

PosrasHemo cucTeMy JliHIHUX piBHAHBb 3 Koedi-
L{iEHTaMHU i3 IOBiNbHOro Nnons P i HEBIIOMUMH X, X5, ..., X, .

O!.”xl +O(.|2x2 + ... +(X.1nx,, = BI’
azlxl +0L;22x2 + ... +O(.2nxn = Bz,

Q)

ceaee

O X1 + O Xy + e + U X, = B
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Marpuus

Oy Oy Ay

Oy Oy Ay
A= ,

aml am2 amn

CKaneHa 3 KoeillieHTiB C;; NpPH HEBIIOMHUX X, X5, ..., X,, , HA3H-

BA€TbCA OCHOBHON, a MATPULIA

Oy Oy .o Oy, | B
= O Oy o 0, 1B,
4=

aml amZ s amn Bm

Ha3uBaETLCA posuwuperoio matpuueto cuctemu (1).
Pos3e’sazxom cuctemu (1) HasuBaeTbes Gyab-aKa CkiHYEHHA No-

cnipoBHicTb /= (A, A,, ..., A,) enementis A= 1,n) nons P,

KA 3a10BONILHAE PiBHAHHA Li€l cucTeMH i sika obeprae iX y To-
TOXKHOCTI, TOOTO
O A +0a Ay + A, =0, i=1lm.

Cuctema (1), sxa Mae xo4 OM OAMH PO3B’A30K, HA3MBAETHCA
CyMicHOM0, B IPOTUBHOMY pa3i — HecymicHolo.

CyMicHa cucTeMa NiHiiHUX PiBHAHbL HA3MBAECTBLCS O3HAYEHOIO,
AKUIO BOHA Mae€ NMuIe OJMH PO3B’s30K. B iHIIOMY BHManKy BOHa
Ha3NBAETbCA HEOZHAYEHOIO.

Cucrema niHifiHuMX piBHAHb (1) Ha3UBaETbCs 0OHOPIOHOM,
AKILO MpaBi YaCTHHU ii MIiCTATE JinLie HyIi, TOGTO

BI =Bz = .. =Bm =O
Hexaii nopsa 3 cucremoto (1) Maemo iHLy cUCTeMy pPiBHSHDL 3
THUMH CAMHMH HEBIIOMUMM X[, Xy, ..., X,, |

VX +¥12%2 + o Y%, =9y,
Yz].xl +Y22X2 + ... +Y2nxn = 82,

@)

.......... CesessreriNa sttt as e nsenena

lexl +Y’2x2 +... +’men = 8,-
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O3nauenna. Cucmema (2) Ha3ueaemvcs HACKIOKOM cucme-
mu (1), axuo 6ydv-sxui pose’asox cucmemu (1) € oonouacno i
po3e’azkom cucmemu (2).

Hapani cMMBOJIiYHO Take BiJHOIIEHHsS CHCTEM 3alkCyBaTHMe-
mo y Burazi (1)=(2).

Osnauenna. Cucmemu (1) i (2) nHazusaromuocs pisHOCUTbHUMU,
AKWo 6yOb-AKUl pO36 'A30K OOHIET 3 HUX € OOHOYACHO PO38°A3KOM
Opyzoi, abo Axkuo 06UOi cucmemu HeCyMicHi.

CHMBONIIYHO TaKe BiJHOLIEHHA 3aMMCyBaTHMEMO Y BHIJIAAL
He @)

3po3yMino, WO NepeTBOpeHHs cucTeMH (1) LUIAXOM 3acCTOCY-
BaHHA Aiff MOYJIEHHOro AOAAaBaHHA i BiJHIMaHHS, a TAKOX MHO-
XKEHHA PiBHSHb HA CKansApu (ENEMEHTH OCHOBHOTO mons P) nae
3MOry OfepXKaTH HOBY CHCTeMY JliHiliHMX piBHsHb, sika Gyne Ha-
CIiIKOM 3aJaHoT, afle He 000B’A3KOBO PiBHOCHIIBHOIO id.

O3navenna. Enemenmaprumu nepemeopennsmu cucmemu niniu-
Hux pignanb (1) HA3UBAIOMBCA NEPEMBOPEHHA MAKUX MPbOX MUNIE:

1. Muoxcenns npagoi ma nigoi vacmun 6y0b-2K020 PIGHAHHA
cucmemu na enemenm A #0 nons P.

2. JlodasarHs 0o npaeoi ma nioi yacmun 6y0b-AK020 PIGHAHHS
cucmemu 6iOnogioHo npagoi ma nigoi yacmuu Opy2020 PiGHAHHS
yici cucmemu, NOMHONCEHUX HA efleMernm A€P.

3. INepecmanoexa micyamu 060x byOb-aKux Pi6HsHb CUCEMU.

O3nauenna. Hexaii 3a0ano mampuyio

Bll BIZ o Bln
B= B2l B22 o B2n
Bml Bm2 v an

3 enemenmamu B, 3 nona P. EnemMenmaprumu nepemeopeHHaAMY

ii HA3UBAIOMbCA NEPEMBOPEHHA MAKUX MPbOX MUNIE.

1. Muooicenna ecix enemenmie 0esxo2o paoka na enemerm A # 0
ocHoerozo nona P.

2. [lodaeanns 00 enemenmis deskozo paoKa mampuyi 6ionogio-
HUX eleMenmia iHul020 PAOKA, NOMHONCEHUX Ha enemenm A nons P.

3. lepecmanoeka 060x byOb-aKux paokKie.
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Hexaii 4 — ocHoBHa MaTpuus cuctemu niniliuux pisususb (1), a

O Oy e 04, | B
- Oy Oy .. 0, | B,
A=

a‘ml OLm2 amn Bm

— 1i po3wmpeHa marpuus.

Bynp-sike enementapue nepetBopenHs cucremu pisusHb (1) Bin-
TBOPIOETLCA Ha MAaTPULAX A | A y BUIISAI iX aHANOTIYHOrO ene-
MEHTapHOTO nepeTBopeHHs. [Ipame i obepueHe TBepaxeHHs: Gy ab-
SIKE eJIeMEHTapHE MePETBOPEHHS PO3LIMPEHOT MaTpHLli A 3HAXOAUTH
BIZOOP&XKEHHS y BUIMIALI aHAOTIYHMX /il 3 PIBHAHHAMM CHCTEMH,
3okpema, skwo (1) — cucrema OJHOPIAHMX piBHAHb, TOAI Taka
BiZINOBIAHICTB MEPETBOPEHD BipHA ANA Hel Ta OCHOBHOT maTpuui 4.

Teopema 1. Hexaii 3 cucmemu ninilinux pieHane (1) za
OQ0NOMO2010 NOCTIOOBHUX eEMEHMAPHUX nepemeopens odepoicanu
cucmemy (2). Tooi cucmemu (1) i (2) — pisnocunoni.

Hoseneuns. JlosenemMo TeopeMy Ans BUNAAKY, KOJH cHCTeMa
(2) onepxyeTbest i3 cucTemu (1) 3a JONOMOrOK OAHOIO eleMeH-
TapHOro nepeTBopeHHs. [1punycTumo, Lo TakuM elleMeHTapHUM
MEPETBOPEHHAM € nepeTsopeqHs Tuiy 2. Hexail, vanpuknan, 1o
iBOT Ta MpaBOi YaCTMH MEpPLIOrO PiBHAHHA JOAANW BiAMOBIAHO
niBy i npaBy 4acTMHM ApYroro, noMHoxeHi Ha A . Toai cucTema
(2) nabyne Burnsiny

((X'H +7\,0L2,)x] + (alz +}\.OL22))C2 + ..+ (O(.In +)\(12n)xn = B] +)\Bz,
Otzlx] + 0{.22)(2 + ..+ Otz,,x" = Bz,

O(.m]x] + amzxz + ..+ Ol.mnxn = B

-

3posyminio, wo (1)=>(2). Ane i3 cucremu (2) 3amaHa cucTeMa
ONEPXKYETHCS 32 AONOMOrOK NMOAIGHONO NMepeTBOpeHHs: NOTPiGHO
A0 MEpLIOro pPiBHSHHA i3 cucTeMH (2) AOZATH Apyre PiBHAHHS,
NnoMHOXeHe Ha —A . OTxe, (1) < (2).

Teopemy noBeseHo.

Skwo cuctema (1) nepeTBOpeHa UUIAXOM AEKiTbKOX eleMeH-
TapHUX MEPETBOPEHD, B PE3YIbTATi AKUX OJEpXKalh HOBY CUCTEMY

118



(2), TO MPaKTHYHO TaKy TpaHcdopmalio npocTilie 3AIACHUTH,
AKLIO BiAAPa3y 3alyuuTH ANs L€l METH PO3IIMPEHY MaTpuwio A .
[MpumycTiMo, 1O 3a A0NOMOro10 eKiNbLKOX MOCiIOBHUX €fleMeH-

TapHHUX MEPETBOPEHb BOHA TPAHC(HOPMOBAHA B HOBY MAaTPHLIIO

Yoo Yizo - Y |9
Gz Yar Y22 Yan | 02
Ym] Ym2 . Ymn 6m

[Mo3HauuMO 3B’A30K MiX LMMH MaTpPULAMH 3HAKOM eKBiBa-
nentHocTi, 10610 A ~ C . Toai cucrema (1) piBHOCHIIbHA CHCTEMI

X Y%y + o + Y%, = 0,
Yo X; + Y22 Xy + oo + Y20 %, = 8, @)

Ym* +Ym2x2 +.. +Ymnxn = 8m

3 posimpenoto Matpuuero C .

TrMuacoBO 0OMEKHMOCH BUBYEHHAM CHUCTEM JIiHIAHMX PiBHAHb,
y AKMX YHCJIO HEBIJOMHX 7 NOPIBHIOE YUCIly PiBHSAHB, TOOTO CHC-
TEM BUAY

OL”x] +0!,12x2 + ... +a1nxn = Bl’
a2]xl +a22X2 + ... +a2nx" = ﬁz, (3)
Clnlx] +0(,n2x2 + ... +0Lm,xn = Bn

3 koeiuieHtamun o, B, € P, i, k,j = 1, n. ITo3naunmo uepe3

Oy Oz e Oy

(X'ZI (x-zz v azn
A =detd=

Ay Oy oo Oy,

OCHOBHMH BU3HAYHUK CUCTEMH.
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Teopema 2 (Kpamepa). Axwo cucmema n ninitinux pignsane (3)
3 n HegidoMUMU MAE OCHOBHUU susHaunuk A =detA#0, mo eona

CYMICHA | eusHayena.
Hosenenus. [lepeTBopumo cucTeMy Tak: mpaBy i iBy 4acTH-
HU i-rO PiBHAHHSA NOMHOXMMO Ha 4, — anre6puuHe JOMOBHEHHS

efleMeHTa O;; BU3Ha4HMKA A . YCi oJiepXKaHi piBHAHHS
Oy A Xy + Ogdyxy + oo+ Oy Ay X, = B A4

ansi=1,n MiACyMyeMO:
n n n

X | D20y |+ %0 | D0y [+ x, [ D0, Ay | =D BiA,.
i=l i=l i=l

Ockisibku

n n n
>4, =A, Y o4, =0, ..., Za,.,,A,, =0,
i=] i=1 i=1

MATUMEMO

A-xp =P34 +ByAp + .. +B,4,,

IpaBa yacTHHa LBOTO PiBHAHHA AOPIBHIOE BUZHAYHUKY

B o .oy,

By oy ... 0y,
Al =

Bn (an o ann

AHAIOTi4HO i3 CUCTEMHU JICTAEMO PIBHAHHA

oy B ooz ..oy,
Oy By Oy . Oy,
A c Xy = A') =
2 < s
oy B, A3 ... O,

i T.0. OTKe, B pe3ynbTari MarMMeMO HOBY CHCTEMY JiHIHHHX
PiBHSHD
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A.x|=A]’A-x2=A2,..-,A'xn=An9 (4)

ae A;(i = 1,n) — BU3HAUHHMKH, 11O OAEPXKYIOTbCA 3 BU3HAYHHKA A
3aMiHOI0 €JIEMEHTIB i-ro CTOBHUS Ha BIJAMNOBIJHI €JlEMEHTH
B,(k = 1, n) npaBuX YacTHH 3aAaHOT cUCTEMHM PiBHAHB. [Tpn LbOMY

(3) = (4). Cucrema (4) Mae auile €AMHUI pO3B’ 430K

A A, A

A==t A, =—2,..., A, =2, 5

1 A 2 A n A ( )
Tenep noBeaemo cyMicHicTb cuctemu (3). 3’acoByeTbCA, WO

ofiepaHa nocaigosHicte (Aj,A,, ..., A,) €JIeMEHTIB OCHOBHOTO

nons Gyzae po3s’s3KoM L€l cucTeMHU.
JlilicHO, MiACTAaBUBLUM B NepuIe PiBHAHHS €NeMEHTH A, 3aMiCTb

HeBigoOMHUX Xy » OTPUMAEMO

(1“7\,1 +O(,|27\.2 + ... +(X]n}\.n =

A, A, A, 1L
=0y Oy = Oy, 2= Y o A |
11 A 12 A In A A kzzl ik Sk

Posknanemo A, 3a eneMeHTaMHu k-ro CTOBMLA:
Ay =By +Bydyy + . +B 4y

Tomy

1 n n
k=1 =1

=%iﬁj[ialk‘4jk}
k=1

J=1
Ane
n n
Dy =A, Yoy dy =0, npuj#l
k=1 k=1
3BigcH 3HAXOAMMO
OL“}», +a|2)\.2 + ... +OLM7»" = Bl .
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Tak camo MOXXHa nepekoHarHcs, WO Aj,A,, ...,A, 3a310BOJb-

HAIOTh PELUTY PiBHSIHb cHcTeMH (3).
Po3B’s3ku cuctemu (5) nocars HasBy gopmyn Kpamepa. Tlopsa
3 CHCTEMOIO (3) PO3rASHEMO CUCTEMY OJHOPIAHUX PiBHAHDL

a”xl +a|2X2 + ... +O(lnxn = 0,
alel +OL22x2 + ... +O(,2,,x,, = O,

3%

(anx, +Ot,,2x2 + .. +(1,mxn = O

3 TI€I0 5K OCHOBHOIO KBaJPATHOIO MaTpuLeo 4 = (oc,.k ) Bona mae

TpuBiabHUH (HynboBuii) po3e’szok (0, 0, ..., 0). Bunukae 3amu-
TaHHA: 32 SKMX YMOB BOHa Ma€ HeTpuBiaibHi po3s’sizku? [lpu
ubOMy ii po3B’s30K (A, A, , ..., A, ) HA3UBAETLCA HempusianbHum

(HEHyNLOBUM), fKILO B LiHf AOCHIAOBHOCTI €JleMEHTIB Moas icHye
X0u OM OIIMH eNIeMEHT, BiAMiHHHUI1 Big HYNs.

Teopema 3. [Ina mozo uyob cucmema (3°) ainiiinux oOnopionux
DIGHANb 3 N HEGIOOMUMU MAIA HEHYNLOBUI PO38 'A30K, HEOOXIONO i
docmamneo, Wob GUIHAYHUK Yiel cucmemu OOpIenIneas Hyo:

al l a]z “en aln
Oy O Qap

A =detd= =0
anl (x'n2 ann

HoBenenus. Heobxionicme. TlpunycTHMO, LI0 BHU3HAYHKK
cuctemy (3°) BiamiHHui Big Hynsa. Toai 3a Teopemoro Kpamepa
BOHA Mae€ JMlie OAUH PO3B’A30K — HyAbOBHiL. ToMy, AKLO CHUCTe-
Ma Ma€ HeHyJbOBi pO3B’A3KH, 060B’a3k0B0 A =0.

Hocmamnuicme. Hexait A =0. [loBefeHHs npo iCHyBaHHA He-
HYJILOBOTO PO3B’ 3Ky MPOBEAEMO iHAYKII€IO 32 YNUCIIOM A

Sxwo n=1, To cuctema mae Burnsg o, x; =0 i A=0,, =0.
HeHynboBi po3B’s3kH y LBbOMY BUMAAKY iCHYKOTb (OCKiJIbkKHM OC-
HOBHE noje P Ma€ eNneMeHTH, BiIMiHHI Bia Hyns).

[IpunycTUMO, WO TBEPIXKEHHS TEOPEMH Ma€ Miclie A/l CHCTEM
JiHIHHUX OAHOpiAHMX piBHAHL 3 n—1 HeBigoMMMM i n—1 piB-
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HsHHAMU. Posrnsnemo cucteMy (3°) 3 n HeBinomumy. Bunuwemo
ii MaTpuLo

Oy Qoo Qyy

az‘l (X422 RN azn
A=

Oy Oy Oy

Po3srasxeMo nBa BUNaaku.
Bunagok 1. Yci eneMeHTy nepiioro cToBnus Matpuui 4 Aopis-
HIOIOTb HYJIIO:

O =0y = ... =0,; =0.
Toai mocaiposHicts (1, 0, 0, ..., 0) — HeHyNbOBUI PO3B’A30K
CHCTEMH.

Bunagok 2. He 8ci eleMeHTH nepluoro cToBMLs AOPiBHIOOTh
Hymo. Hexaii, Hanpuknan, o, # 0. JekinbkomMa eneMeHTapHUMHU
NEepeTBOPEHHSIMU TUNY 2 HaJ psaaxkamMu MaTpHui 4 AiCTaEMO HOBY
MaTpULIO (Hanpuknaa, A0 eJeMeHTIB Apyroro psaka AoAaTH Bil-
O

TNOBI/JIHI €IeMEHTH MePLIOro, NOMHOXKEHOTO Ha -2 a.):
o
1
Oy Oy Q43 - Oy,
10 B By - Ba
0 BnZ Bn?: ve Bnn
Cucrema (3°) piBHOCHBHA CUCTEMI
r
(X“xl + alzxZ + (X|3x3 + ... + OLlnxn =O’
Bnxy + Payxs+ ... +PByx, =0, ,
W (39
BnZ X + Bn3x3 + ...+ Bnnxn =0

3 Bu3HaunukoM A’ =detB. lleit Bu3HauHMk A’ oaepxaHo 3 BH-

3HaYHMKA A 3a JOMOMOrOK0 AEKibKOX €l1€MEHTAPHUX MEePEeTBO-
peHb TURY 2 Haj psakamu i Tomy A" = A =0. Ockinbku
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BZ2 623 ﬁ2n

A= a P Bz o B i o, #0,
Brz Bus - B
10
B Ba - Ban
A e Bz Bz - Bsn o
Brz Bus - B

3aCTOC}’€MO A0 CUCTEMHU

Bszz +B23X3 + ... +anxn = 0,
Baaxz +PBssxs + ... +B3,x, = 0,

Bn2x2 + Bn3x3 +..+ Bnnxn =0

(39

npunyLIeHHs iHAYKUii. BoHa Mae HeHynbOBHI po3B’ 30K
(Ay,As, oAy

Ockinbku oy #0, TO MOXHa miawykatn A; € P TakuM, o6 Bu-
KOHYBanach PiBHICTb O A + OyAy +03A; + ... +0,A, =0.
Toni nocnigoBHicTb (A, A5, A3, ..., A, ) — HEHYLOBHI PO3B’A30K
cucremu (3°) i, omxe, cucremu (3°).

3ayBaxkeHHd. I3 goBeaeHoi Teopemu BunanBae edekTUBHMH
METOJ 3HAXOMXEHHS HEHYNbOBHX pO3B’A3KiB cHCTEM JIiHilHMX
OHOPIZHUX PiBHAHBL po3rasHyToro Buay (3°). BiH nonsrac B
TOMy, 140 CHCTeMa 3 HEBIJOMHUMH 3BOIJUTHCA 10 CHCTEMH
MEHILIOr0 YM1C/Ia HEBiJOMHX.

Hacniook. Cucmema ninitiHux 0OHOPIOHUX DIGHAHb

a”xl +0Ll2x2 +...+(X.|,,xn = 0,
Otzlx, +(122x2 + ... +(12nxn = O,
Otm]xl +am2X2 + ... +O(.m,,x,, =0
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MQE HeHYNbOBE PO38 'A3KU, AKWIO YUCTO N iT HegiooMuUxX nepeuufye
yucno m ii pigHAHb.

CucTeMy Takoro BUAY MOXHA PO3UIMPUTH A0 KBaApaTHOI J0-
JaBaHHAM HOBHX PiBHAHb 3 HEHY/NLOBUMH koedilieHTamMy i Tofi
TBEpDKEHHs Oy/ie OUEeBUAHNM HACIiAKOM TeopemH 3.

Bnpasa

Po3p’s3aTi cucTeMy piBHIHD
O0-x+x+x3+...+x, +x,=0,
+0-x4+x3+ ... +x,,+x,=0,

X +xy+x3+ .. +x,,,+0-x, =0.

Bka3siBka. Ckopucrarucs popmynamu Kpamepa.



Po3din 3. NIHIAHI NPOCTOPU

§ 3.1. ApudmeTnyHI niHilHI npocTopu

Henopoorcus muoscuna A enemenmis a, b, ¢, ..., x, y, z, ...
HA3UBAEMbCA NIHIUHUM NPOCIMOPOM HAO nonem P, axujo:

a) oano npasuno, 3a skum OOBINbHIU napi eremenmis a, b i3
MHONCUHU A OOHO3HAUHO cMasumMbCs Yy GION0GIOHICMb HOBUI! ene-
Menm i3 A, wo Ha3UBaEMbCs CYyMOI0 OBOX NepuiUX i NO3HAYAEMbCA
atb;

6) 0ano npasuno, 3a AKUM QOBINLHOMY eneMenmy a i3 MHONCU-
Hu A\ i ooginenomy enemenmy A 3 nonst P o0Ho3nauno cmasumocs
Y 6ionogionicme HoSuu enemenm i3 A, sakuii Hazusacmucs Oobym-
KOM a Ha A i nosnauaemocs Aa;

8) onepayii 000aBaHHSN | MHONCEHHA NIOKOPAIOMbCS, MAKUM 3a-
KOHaM:

1) Jooasanus xomymamusne: a+b=b+a.

2) Hodasanus acoyiamusne: a+(b+c)=(a+b)+c.

3) Hna 6yov-axux 06ox enemenmis a,b is muoxcunu A icuye
0OuH I nuuie 0OUH makuli enemenm x iz A\, wjo

a+x=b.

4) lna ooununnozo enemenma 1 i3 noas P mae micye pignicme
la=a,a€ A.
5) Mnoocennsn acoyiamuene: (I -A)a=u(A-a).
6) Mnoocenns niokopsemuocs 1-my po3nodineromy saxony:
Ala+b)y=Aa+Ab.

7) Muooicerns niokopaemecs 2-my po3nodinbHOMY 3aKOHY:
A+wa=Aa+ua.

EnemenTu niHiiHoro npocTtopy A Ha3uBalOTbCS Gekmopamu, a
eneMeHTH nons P — cxanapamu.

JliHi#iHu#t npocTtip A iHakLe Ha3UBAIOTb BEKIMOPHUM HPOCMO-
pom Haj nonem P.
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Jlinifiunii npoctip Hag noneM C KOMMJEKCHUX uYMCes Ha3HBa-
€THCA KOMWAEKCHUM NIHIUHUM npocmopoM, a Haj nojieM R niiic-
HUX YHCeN — OitiCHUM NIHIUHUM NPOCIMOPOM.

13 3akonis 1) i 2) BUNAKMBAE, WO CyMa CKIHUEHHOrO YMCIia Bek-
TOpiB i3 MPOCTOPY A HeE 3aneXUTh Hi Bifl MOPAIAKY PO3MilLEHHS
JOJaHKiB, Hi Big crmoco0y po3miuteHHs ayxok. Hanpuknap,
(a+b)+(c+d)=((a+b)+d)+c. Tomy moxkHa 3anucath a+b+c+d=
=a+b+d+c.

Cepen BekTOpiB mpocTopy €auHuii Bektop 0, akui Mae Bnac-
TUBiCTb a+0=0+a=a ans 6yab-ikoro sextopa a. Bin Ha3upa-
€TbCA HYJILbOBUM BEKTOPOM.

Jlnst 6yAb-KOro BEKTOpa a 3HAHAETLCS ONMH i JIMLIE OAUH BekK-
TOp X, Ans sAKoro a +x =0. Taxkuil BekTOp X Ha3UBaETbCs obepHe-
Hum AJsl a, | To3HaYaeThed —a.

13 OCHOBHHMX 3aKOHiB MOX(HA BUBECTH Taki mpaBuia:

—0=0, ~(-a)=a, —(a+b)=(-a)+(-b).
Onepaliis BifHiMaHHS, BU3HaueHa (GopMyJIo0
a-b=a+(-b),

HA3UBAETHCA GiOHIMaHHAM BeKTOpa b Bij BekTOpa a.
I3 3aKkoHiB 4) i 7) BUNAMBAIOTb TaKi TOTOXHOCTI:
1) 0a =0, ne 0 — HynbOBHiI enemMeHT nons P.

2) ma=a+a+..+a, ae m— HaTypaJlbHE YUCNO.
—

3) (-Ma=-(Aa).

4) A0=0.

Hanpuknan, ockinbkn Aa+(-A)a=(A-A)a=6, maemo (-Ma=
=—(Aa).

Bupas suny

AMay+Aha, + ... +A,a,,
ae ay,ay,...,8, € A i A, Ay, ..., A, € P, Ha3UBAETbCA JiHiHOIO

KoMObiHali€o BEKTOPIB a,ady, ..., 4, .
HaBezieMo KOHKpPETHI NpUKNaAH BEKTOPHUX NPOCTOPIB.
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1. MHoxuHa Beix Hanpsamnenux BIJPi3KiB TPUBMMipHOro eBk-
NiI0BOrO MpPOCTOpy 3 BinOMHUMMU npaBujiaMM JOA3BaHHSA i MHO-
XEHHA Ha nificHe Yucio (3 moss R). s MHOMXMHa € BEKTOPHUM
MPOCTOPOM i Mo3HauaeThes R,

2. MHoxxuHa P [x] ycix MHOrOUNeHiB 3MiHHOT x 3 Koediuien-
TaMu 3 nonist P BiAHOCHO 3BMYAHUX Onepaviii 101aBaHHS | MHO-
KEHHS Ha cKansp — niniinnit npoctip. Tyt pons BEKTOpIB Bifirpa-
10Tb MHOTOYJIEHH.

3. Hexaii P — nosinbHe none i n — (ikcoBaHe HaTypanibhe umcno.
Posrnsnemo 6yab-siki MoxnBI nocnigosHocTi @ = (o), 0, ...,0,),

CKNajieHi 3 n enemeHTiB, o, € P.
Axwo b=(B,,B,,....8,) - Taka x nocizoBHicTs €JIEMEHTIB
By € P, o 6ynemo BBaxaty ix piBHMMM i 3anucyBath a = b Togi |
JIMLIe ToAi, KOau o, = [3,, s Oyab-skux k=1,n.
BBeaemo st unx nocninosocreit Taki onepatiii:
Hoodasarna. fxwo a = (o, a1, s 0,) 1 b=(By,B,, ....B,), Toni
atb=(a;+f,0, +B,,...,0,+B,).
Muooswenns na ckanap. Sxwo a = (o ,05,...,0,,) i A€ P, Toxi
Aa=(hoy,Aat,, A0,
BiarocHo takux onepauiii yci nocnigostocri €JIEMEHTIB i3 nons
P 3 onHiero 10BXHHOIO 1 CKAAAAIOT MiHiHHMI npocrip. Biu HazuBa-

ETLCH apughmemusHuM GeKmopHumM npocmopom i nosHavaeTscs P,
Ans Bextopa a = (0,0, > 0,) i3 P" enementn o, Hasusa-

I0ThCs HOro koopounamamu. Hyab0Bum enemeHTOM Y HbOMY € 10~
cniposHicte 6 =(0,0,...,0) noas P".

Nlinidna 3anexnicms
eexmopie npocmopy P"
Obepemo y niniiinomy npocropi P cucremy Bekropis
al = (OL] 1> (112, feey (1]"),
az = ((12], 01.22, e azn),
Ay = (O, Oy ey Oy )-
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Bekrop c=(y,Y,,....Y,) — niHiliHa kom6inawis BEKTOpiB
a5, .-, 4y (b0 iHaKie ~ NiHIHHO NoaaeThCA vepes a,a,,...,a,,),
AKLLO

C=}\.]a|+l2a2+...+lmam (1)

ANs NESAKUX eNEeMEHTIB Ay, A,, ..., A, i3 nons P.
PiBuicTs (1) MoxHa noaatu y surnsagi cucremu piBHOCTel 115
KOOpAWHAT
YI = }\’I (1“ +}\,2(12l + ... +A-m (Xm,,
Yz =A«1 alz +}»2Cl22 + ... +Am amz,

Yo =X 0y, + A0, + o + A, O .
3po3ymino, mo Hy1b0BHit BekTOp O miHiliHO NOJAEThCA Yepes
Oyab-sKy CHCTEMyY BeKTOpiB
9=(0,O,...,0)=0-a1+0-a2+...+0-am. 2)
Osnauenna. Cucmema eexmopie a),ay, ...,Q, HA3UBAEMbCA
AHIUHO 3anedCHOI0, AKWO icHye maxa HEeHYnb08a NOCRiOog-
Hicmb ckansipie My, A,, ...,A,,, Ona axoi

May+hay + .. +A,a,=(0,0,..,0)= 0.

Ilpu upoMy nomoBMMOCH HazuBaTH MNOC/iJOBHICTh AsAayeshy,

HEHY/ILOBOIO, AKIIO CEPeN UHX CKalApiB iCHye X04 6U OauH, Bia-
MiHHUH Bl Hy.1, | 3anMCyBaTHMEMO

(AMsAasesd, )£ 6.

BukopucToByIouM cMBOIM MaTeMaTHuHOT N0rikH, 03HaYeHHS
BHKJIaZieMO y Takiit dopmi.
Cucrema BextopiB a;,a,, ...,a,, NiHiiHO 3a1exHa, FKLLIO

Ay ik QA Ay ) 20 & D Mg =00, (3)

J=1
Cdopmynioemo HaiinpocTiuni BIacTHBOCTI NiHIMHO 3anexHuX
BEKTOpIB.
5 5.356 129



I. Cucrema BexTOpiB, fKa MiCTUTh HY/NbOBUIl BEKTOp, MiHiliHO
3anexHa.

II. CucteMa BekTOpiB NiHiliHO 3anexHa, akwo Oyab-ika ii nia-
cucTeMa NiHiHHO 3aeXHa.

[1l. Cucrema BekTOpiB 4,5, ...,4,, M2 niHiliHo 3anexHa

TOAI i JMLIe TOAi, KOMM AKWit-HeOyAb 3 HUX NiHINHO MmojaeThes
uepes peLuTy BEKTOpIB.

IMepwi ABi BIACTHBOCTI BCTAHOBMNIOIOTHCA MOPIBHSHO JIErKO.
Hosenemo Bnactusicts IIlI.

Heobxionicme. Hexall BexTopH ay,a,, ...,a,, NiHilHO 3anexHi,
TOOTO AN HWX ICHYE HEHYNbOBAa MOCHINOBHICTb Aj,A,,...,A,
cKanapiB Taka, Wo Aa, +A,a, + ... + A, a,,= 0. [Ipunycrumo, wo

A, #0. Toxi MaTuMeMO

a]= =2 a2+...+ - am.
1 1

Hocmamuicme. Hexalh nesikuii BeKTOp, Hanpuknan a;, NiHiiHO
NOJAETbCS Y BUMIIAAIL NTiHIHHOT KOMGiHALIT peluTH BEKTOpIB:
ay=hay + ...+ Aa,.
3BijacH AicTaeMo
(-Da, +A,a, + ...+ A,a,= 0.
OcranHs piBHICTb O3Haua€ NiHiiiHY 3a1€XXHICTb BEKTOPIB G;, (), ..., d,,

Ilpuxaan. JlosectH, IO TPU KOMILIAHAPHI BEKTOPU 4, d,, G;

. 3 . .. .
TPMBHUMIPHOIO BEKTOPHOIO npocTopy R~ niHiliHO 3anexHi.

OnuineMo Ui BEeKTOpPH iX NMPOEKUisMH Ha OCi MPSAMOKYTHOT
CHCTEMH KOOpJAMHAT:

a =(0yy, %yp,043),
Gy =(0lyy, 0, 0a3),
ay = (03,03, 033).

Ha niacrasi kOMnaHapHOCTI LMX BEKTOPIB 3MiluaHuii Ko6yToK
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O Oz O3
O3; O3z O3
CknafieMo cucTemy JIiHiHHUX piBHAHD

(X] ,xl +O(.|2x2 +O(.13x3 = 0,
a21x1 +OL22x2 + 0(.23)C3 = 0,
(131x] +OL32x2 + a33X3 = O.

Bu3HauHuK ui€i cucteMn 06epTacTbes Ha HYJb i, OTXKE, BOHA Ma€
HEHYJIbOBHH PO3B’A30K Ay, Ay, A; (auB. § 2.6, Teopema 3). To-
My Ma€MO TOTOXHi PiBHOCTI

Oy A + 0y Ay +043,A5 =0,

aei=1,2,3.
VY BekTopHiit GopMi iX MOXKHa noAaTH y BUrns/i ofHiel piBHOCTI

)Llal +}\.252 +}»353 = 9 N

1O # BKa3ye Ha NiHiHY 3aNe)XHICTb BEKTOPIB 4|, d,, 43.

O3nauenna. Jlinitinoro obononxoro cucmemu gexmopis b, b, ...,blJ

HA3UBAEMbCA. MHOJICUHA 6CIX 6eKMOpI8 NinitiHO20 npocmopy P,
Kl MHIUHO nodalombcs wepes eexmopu by,by,....b,. Ix ainiiny

o0bononxy domogumocs noswauamu L (b;,b,, ....b, ).

Teopema 1 (20n06na meopema npo NiHIAHY 3anex3CHICMD).
Hexai ay,ay, ...,a,, i b,b,,...,b, — 06i cucmemu eexmopie npoc-
mopy P". xuo a,ay,...,a,, € L (by,by,...,b,) i m> p, mo eex-
mopu a,,a,, ...,Q,, NHIUHO 3aNedICHI.

Huxkue HaBomaTbes nBa HoBeAeHHs i€l Teopemu. [lepuie 3
HUX MOB’A3aHe 3 MOHATTAM BH3HAYHMKA, a ipyre — 6e3 3ayyeHHs
LbOrO MOHATTS.

HJoBenenHs 1. 3a yMOBOW BeKTOpH a_,(j=1,_m) niHilHO
nojaoThes yepes by (k = G) :
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al =(X.”b| +(121b2 +...+(X.p]bp,
a, =a12b] +(122b2 +...+(1p2bp,

am =(1]mb] +a2mb2 +...+(X.pmbp,

Ae Oy € P.
Cknanemo cucremy NiHiHHX OJHOPIAHUX PiBHAHb
Oy 1 X4 +OL12x2 +... + Uy X, = 0,
alel +0L22x2 +... +OL2mxm = O,
-------------------------------------- (4)
Otl,lxl +(1.p2x2 +...+apmxm = 0
Ockiflbku m>p, TO UA CUCTEMa MAa€ HEHYJIbOBHH PO3B’A30K
Ay Ags.sA,, (auB. § 2.6, Teopema 3 i ii Hacaigok). SIkuo B cuc-
TeMi (4) 3amicTb HEBIIOMHMX Xj,X;,...,X,, HIICTaBUTH CKalApH
Als Ay, s A,, , TOAI ONEPIKUMO CHCTEMY TOTOXKHOCTEH
O A +0phy +.+ 0y uA, =0,
O A +0gohy 4.+ 0 A, =0,

....................................... (5)
3 ypaxyBaHHAM cucTeMH (5) MaeMo
May+Ayay + o+ Aa,=A (0B +055, + ... +oe,,,b,,) +
A (O 2y + 0900y + ...+ 0B, )+
A (O by + 0005 + oo +0L,,0,)= (04 Ay +040A0 + . + 04 A L, ) By
0y | A +0gohy + .. 0 A, ) by .t
O A +00A, + o + 0, )b, =05 +0-5,+...+0:5, =0,

1O i LOBOAMTS JIiHIHY 3a/IeXKHICTh BEKTOPIB ay,4a;, ...,q),.

JloBeneHHs 2. BBaxkaTtHmeMo, LIO CEPESl BEKTOPIB ), 4y, ..., dy,

BiacyTHiii HynboBuit. KpiMm Toro, Teopemy nocraTtHbo JOBECTH ANs
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BUNAAKy, konu m=p+1. OTKke, a;,a;,...,a,, € L(b,b,,....0,)
| BEKTOH @}, ay, ...,dp, HEHYNbOBI. JloBeaEHHs JHIAHOT 3anex-
HOCTi BEKTODIB @),@y, .., A, NPOBEAEMO iHAYKLLIEIO 32 YHCIIOM p.
SAkwo p = 1, Tomi a,a,€ L (b)) i a =ab, a,=pb, a0,
B#0. Omke, o 'a, +(-B)a, =0, wo # o3Hayae niuiliny 3anex-
HicTb q; i a,.

IpunycTMo, WO TeopeMa Mae Miclie, Komu JiiHifiHa obonoHka
nopomkeHa g = p—1 Bekropamu. JloBeaeMo cnpaseniuBiCTb TeO-

pEMH Ha BHMANOK, KOMH JiHiiHA 00ONOHKA NOPOKEHA p BEKTO-
pamHu.
3a ymMOBOIO

al =G.”b] +a2|b2 +...+aplbp,

ap=(X,lpb1 +(X2pb2 +...+(X.ppbp,

ap_H = 0L|p+1b1 +0L2p+1b2 +...+0Lpp+1bp.

SIKIIO NpH HBOMY KOEDILIEHTH O ) =0lpy = .o SOy, =0 ppyy = 0,
TO MaTHMEMO BKIIOYEHHS d,...,dp,d,y € L(b,...b, ) 1 32
NPUIYLIEHHAM iHAYKLUIT BEKTOPH @,y ....d)p niHiliHO 3anexXHi, a
TOMY NiHiHHO 3a/IeXHi i BEKTOPH 4y, ...,4p, ). -

IMpunycTumo, Wwo Aeskuil 3 uux koediuieHTis npu BekTOpi b),
BiAMiHHMI Bin Hyns, Hanpukian, o, #0. Toai BUKIIOUKMO
BeKTOp b, 3 NepuIMX p piBHOCTEH, BiAHIMaO44 BiJ HUX OCTAHHIO

PiBHICTb, MOMHOXeHY Ha Aeski ckanapu. [licTaemo cucremy pis-
HOCTEH

a —May, =Bnb +otBy1bpts
a, —Aya,, =PBy2b; +"'+Bp—l 2bp1s
a, _)‘papﬂ =B]pb] +"'+Bp~]pbp-l'
Lle o3Hayae, W10 MAEMO BKJIIOUEHHS
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al _A.lap,H, 02 ‘A.zap_'_l, aeny ap "}\. a 1 € L(bl’bZ""’bp—l ).

Pép+

3a npunywieHHAM iHAYKUii BEKTOpH q ~Map,a =Xy, ...,
a, —A,a,,, niniliHo 3anexHi. [l HUX iCHye HeHynbOBa Moci-

JIOBHICTb CKanApiB Y;,Y,, «sYp TaKMX, IO

Yi(@ —May )+ Yz (@ —hya, )+ o+ ¥,(a, =) a,,,) =6.
3Biacu aicraemo
Y19 +Y20; + .. Y0, +Ya,, =0,

ae Y =—YA —Y2hy — .. =Y A,

OckinbKu MOCNiNOBHICTh Y1>Y25 -sY p»¥Y = HEHYJIBOBA, TO Bek-
TOPH @;,8y, ...,dp, A,y JiHIHHO 32NEXKHI.

Teopemy noBexneHo.

Teopema 2. Cucmema eexmopig a,a,, ...,a,, Niniiino20 npoc-
mopy P" ninisino 3anesxcna, axwo m > n.

HoBenennsa. Buninumo B npoctopi P” cucTeMy OAMHUUHHX
BEKTOpIiB:

e, =(1,0,0,...,0),
e, =(0,1,0,...,0), ©
e, =(0,0,0,...,1).

Bynb-skuit Bektrop x =(§;,&,,...,&,) nomaersca y Burnagi niuiii-

Hoi KomGiHauii BekTopiB ¢, (j =1,n):

x=Ee +&e +...+&,e,.

Tomy ay,a,,...,a,€ L(e,e,,...,e,). 3a Teopemoio | BekTOpH
ay,a,, ...,a, NiHIAHO 3aneXHi, OCKINbKH 32 YMOBOIO m > n.

Teopemy noseneHo.

Bnpasu

1. JloBecTH, 110 CHCTEMA BEKTOPIB e;(j= i,_n) i3 (6) — nixiiiHo
He3ajiexHa.
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2. JloBecTH, 1110 BEKTOPH

a =(1,1,=-1,1),

a =(1, =11, =1,
a;=(-LLL1),
a, =(LLL1)

4 . . .
nipoctopy R niHiHO 3an€xHi.

Jliniana He3anexHicms
eexkmopie npocmopy
Osnauenna. Bexmopu a,,a,, ...,a,, npocmopy P" nasu-
BAIOMBCA. NIHIIIHO HE3ANEHCHUMY, AKUO O OYO0b-AKOl HeHYIbOBOT
nocnioognocmi A,A,, ..., A,, CKANAPI6 6UKOHYEMbCA HePIGHICHb
Ma + A0, + ..+ Aa, 26.
Lle o3HaueHHs eKBiBAIEHTHE TAKOMY.
Bexmopu ay,a,, ...,a,, MHIlHO He3anedCHi, konu 3 pigHocmi
May +Aa, + ... + A a, =0 eunmusae, yo Ay =Xy = ... =X, =0.
HaBeneHe o3HaueHHs BBAXKATUMEMO FONIOBHUM.

Ipuxaan 1. Hexail BA3HaUHKK 1-TO NOPAAKY

all a|2 Ry aln
oL o e O

A= 21 22 2n £0.
Oy Oy - Ay

PO3r/IAHEMO CTOBIIL LIbOTO BU3HAYHHKA AK BEKTOPH
) =050 s Oy )y By = (002,02, 1005002y w05 Gy = (s Oz e Ol )

npoctopy P".
Tpunyctumo, Wo Aj,A,, ...,A, TaKi CKanapH, as SKKX

}»lal +A.202 + ... +A.nan =0=
a”}»] +0le)\,2 + ...+0L,,,}\.,, =0,
(X.z]}\.l +OL22}»2 + ...+OL2,,}\.” = 0,

.......................................

anl}\l +(X.,,27»2 + ...+a’m}\-n =O.
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OckinbkM BM3HAYHHK OCTAHHLOI CHUCTEMM BiAMiHHMII Big
Hyns, TO 3a Teopemowo Kpamepa Martumemo, wuio }», =

=Ay =..=X,=0. OmKe, CTOBNUI NiHiiiHO He3anexHi. AHano-

TIYHO JOBOAMTHCA, L0 i PAAKM LBOrO BU3HAYHHUKA TAKOX JIiHiil-
HO He3aJIexHi.

Ilpukaan 2. Hexail 3a1aH0 €Ky cHCTEMY BEKTOpIB 3 Npoc-
Topy P":

a,-—“—'(a,-l,...,(x aiq+|,...,am), i=],m.

iq
Y uiii cucTeMi BiIKHHEMO KOOPAMHATH, MOYHHAIOYHM 3 HOMEpa
g+1. Jlicranemo BKOpoueHi BEKTOpH 3 npoctopy P ¥:
.‘_11 = (Cl”,(sz, ~~-9aiq)’ i= 1’m °
[Nokaxemo, 1O KoM Ui BEKTOPH a,,d,, ...,a,, NiHIHHO HE3AIEXKHI,
TO i IEPBUHHI BEKTOPH 4;,Q, ...,d,, TAKOX JiHIHHO HE3aNEXHi.
Cknagemo piBHICTb Aya) +A,a, + ... +A,a,, =0 3 neskumu
koediuientamn A ; € P. Llto piBHiCTb MOXHA NOAATH y BUrAAA| 7

PiBHOCTE, nepeitluoBLIX 10 KOOPAHHATHOrO 3aMHUCY:

-

}\.]0(.“ +A-2a2l + ...+}\.m(lm1 =0,

?\,](Xln +}\.2a2n + ...+}\,mamn =O.

Buainumo 3 Hux nepiui g piBHocTeii. YV BekTopHiit hopMmi Bo-
HM 3aaI0Th OJIHY PiBHICTb: Aja, +Aya, + ... +A,,a, =6. Tomy

A=Ay =..=A, =0.

OxpeMo BiAMITUMO JesiKi CMijibHi BIACTUBOCTI JIiHIHO He3a-
JIeXHUX BEKTOPIB.

I. Slkwo cucrema BekTopis npoctopy P” niHiltHO He3anexHa,
TO OyAb-siKa ii miACUCTEMA TaKkOXK NiHIHO He3allexHa.

II. Cucrema BekTOpiB @y,4a,,...,a,,, m=2 NiHiiHO He3anexHa
TOAI i iMiUe TOAL, KOJIM KOXEH 3 ii BEKTOPIB JIiHIHO He NOAAETLCS
4epes peLITy BEKTOpPIB Li€l CHCTEMH.
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III. SIkuo  BekTOpPH  @y,Q,,...,q,  JiHIHHO He3anexHi i
a,ay,....a, € L(b,by,....,0,), TONi m<p.

IV. Slxwo ay,a,,...,a,, — NiHIHHO HE3aNeXHi BEKTOPH JiHiii-
Horo npocropy P", Toni m<n.

I1i BnactuBocTi — Ge3nocepeaHi HacNiAKW NOBEAEHUX BHILLE
BIIACTMBOCTEH JIiHIHHO 3aNeXHNX BEKTOpiB.

CmyneHeei Mampuyi

Hexaii A4 =(0t;;) — npAMOKYTHa MaTpHLsd po3Mip-

HocTi mXn i o € P. IIpogionum enemenmom paaKa L€l MaTpuui

Ha3WBaETHCA NepuUInii (paxylouu 3JliBa HanpaBo) HEHYNbOBH ene-

MEHT LIbOTO psJKa.

Matpuua A Ha3UBAETLCA CmyneHegolo, AKILO ii PAAKH MalOThb

Taki BaCTUBOCTI:

a) HYNIbOBi PAAKHM (AKLIO BOHU €) PO3MILLEH] HHXKYE BCiX HEHY-

JILOBHX PAIKiB;

6) aKWo 0y ,0y 5., 0Ly — MPOBIJHI EIEMEHTH HEHYIBOBHX
pAIKiB, Tomi & <k, < ...<k,.
[Npuknaau cTyneHeBUX MaTpUlib.

O Oz O3 Oy
0 0 ay Oy
0 0 0 oy
0 0 0 0

A=

ae oy, #0, 03 #0, 034 #0.

o Qyp Q43 ... Oy,
0 0y Oy ... Oy,
il U ’
0 0 0 o

me oy #0, 0y #0, ..., 0, 0.

Marpuus A Ha3HBAETbCA NCe8OOCMYNeHegol0, KO 3 Hel ne-
PECTaHOBKOIO PAZKIB MOXXHA IICTATH CTYTICHEBY MATPHLIO.
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Bnpaeu

1. JlosecTH, 110 HEHYNLOBI PSAKH CTyMEHEBOI Ta MCEBAOCTY-
NeHeBOi MaTpHULb JiHiiHO He3anexHi.

2. [lepekoHaThCs, 10 KONM KOXKHA 3 CUCTEM BEKTOPIB
A, ay, ... Ay 1 by, by, ..., b, NiHIHHO HesanexHa i L (a;,a,,...,a,)=

=L(b,by,...0,), Toxi m=p.

§ 3.2. basuc i paHa NiOMHOXUHU NiHiGHO20
npocmopy

Osnayenna. Jlgi cucmemu A=<ay,a,, ... ,a,,> i B=
=<b, by, ..., b, > eexmopig ninitinozo npocmopy P" nasusaromocs

JAIHIHO eKGIBANEHMHUMU, AKWO KOJCeH 8ekmop i3 A niHiino no-
daembca wepe3 gekmopu cucmemu B i, nasnaxu, koxceH 8ekmop i3
B ninitino nooaemuca yepes sexmopu cucmemu A.
JlinifiHy eKBiBaJIEHTHICTb cUcTeM 4 i B Mo3Ha4aeMo y BUrnAai
BigHoweHHa A ~ B.
Sk i paniwe, uepes L(ay,a,, ... ,a,) NO3HA4YaEMO JiHiliHy
0060/10HKY cHcTeMU 4 =<aqy,a,, ... ,a, >.CnpoweHo: L(4).
Jdema. Axwo a€ L(A) i AcC L(B),mooi ae L(B).
HJoBeneHHs. 3a yMOBOIO

a= )"./‘aj » 4 = iujkbk ) }"j’ K € P.
} k=1

.

Toni

m m
a=2A, i“/kbk =| 2 A m b+
=1 k =l

7 =l
m m
+ DA Mg Byt DA, |b, € L(B).
J= J=1

Teepoycenna 1. Jlgi cucmemu eexmopie A=<ay,a,, ...,a, >
i B=<b,b,, .. ,b[, > NiHiUHO exgiganenmui moodi i auwe mooi,
xonu 36izaiomuca ix ninivni obononuxu: L(A) = L(B).
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Hosenenus. Heobxionicme. Slkwo 4 ~ B, toni A L(B),a
TOMY 3 neM# BUIUTMBae BkMoueHHs L(A4) € L(B). Bipuum € Ta-
ko obepHeHe BrutoueHHs L(B) C L(4).

OGepHeHe TBepLkeHHA (Oocmamuicmb) O4EBUIHE.

BiaHoleHHs NiHifHOT eKBiBaNEHTHOCTI U1 CUCTEM BEKTOPIB

A=<a,a,, .. ,a,>, B=<b.,b,, .. ,bp> i C=<g¢,Cqy oo 105>

Ma€ BIaCTHBOCTI €KBiBAIEHTHOCTI.
1. PednekcusHicts: 4 ~ A4 .
2. CumerpuuHicte: 4 ~B= B~ A.
3. TpausutueHicts: 4 ~B & B~C=4 ~C.
Enemenmapnumu nepemeopenHsMu CUCTEMH BEKTOpiB A=
=(ay,a,,...,a,,) HA3UBAIOTLCA NEPETBOPEHHS TAKHX THIIiB:

1. MHOXeHHS IeKOT0 BEKTOPa a; CHCTEMH Ha ckansp A #0 .

2. JlonaBaHHs 0 BEKTOpa @; IESKOi CHCTEMH iHLIOTO BEKTOpa

Li€T 5% CHCTEMH, TOMHOXKEHOrO Ha 6y Ab-KUi cKasp A .

3. [NepecraHoBka JBOX OyAb-IKMX BEKTOPIB CHCTEMH.

Teeporcennn 2. Sxugo cucmema eexmopie B=<b,b,, ..., b, >
odeporcana iz cucmemu A=< a,,ay, ... ,a,, > 30 O0NOMO20I0 0eAKO20
NaHyloza enemeHmaprux nepemesopens, mo A i B ninitino exei-
B8aANIEHMHI.

JloBeneHHs. JlocTarHbO BCTAHOBUTH €KBIBaJIEHTHICTE A4 ~ B
JiMile B TOMY BHMAAKY, KOnu B oaepxxyeTbcsa 3 4 3a A0NOMOroro
OJIHOTO €NIEeMEHTAPHOrO NepeTBOpeHHs Oyab-sakoro Tumy. Hexait,
Hanpuknaj, B ogepxyetbcs 3 A 3a ROMOMOIOK NEPETBOPEHHS
THIY 2:

B=<a +Aay, ay,a3, ...,a,>.

Omxe, BekTOpW i3 B niHifiHO nopatoThest uepe3 cUCTeMy A.
OGepHeHe TBep/keHHs Takox 30Gepirae cuny: a; =(ag +Aa,)+
+(-A)a, +0-a; + ... — niniiina koMGiHauis BekTOpiB i3 BiT. 4.

Teopema 1 (npo basuc). Hexaii X — 006inbHa niOMHOI’CUHA

eexmoprozo npocmopy P", sxa micmumv nemynvosi eexmopu.
Icnye maka cxinvenna niomuoxcuna B=<b,b,, ... ,bp > i3 X,

AKaQ Mae maki enacmusocmi.
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1. Bexmopu cucmemu B ninitino neszanexcui.
II. Koorcnuii gexmop x € L niHitiIHO no0aemuCa yepe3 eKmopu

cucmemu B: x =8 by +&, b, + ... +§,b, i maxe nodanns eoune.

Cucmema B 3 maxumu 8racmueocmamu Ha3usacmucs 6a3ucom
MHOJNCUHU 2.

Yei 6azucu muoscunu X micmsime 0OHAKOBY KibKiCmb GeK-
mopis.

Josenenus. [TosHaunMo uepes ' MHOXKHUHY Pi3HHX NiHIHHO
He3aJIeKHUX CUCTEM BEeKTOpIB, 11O Hanexars X. Ham Biaomo, 1o
Oyab-fika 3 TaKUX CHUCTEM MICTHTh He Ginblle, HiX 7 BEKTOpIB
(auB. § 3.1). Y MuoxuHi ¥ 3HalizeTsea cucrema B=<b,b,, ... sbp >,

sKa MiCTUTb Halibisblle YhCo p BekTOpiB (MakCUMalibHa CHCTEMA
NiHiiHO He3anexHuX BekTopiB). [lepekoHaeMoch, 11O BOHAa Mae
BnacTuBicthb I1.

Hexaii xe Z. Cucremy B po3uipumo, JOAABLIM A0 HET BEKTOP

x. OnmepxaHa cucrteMa x,b,,bz,...,bp NiHifiHO 3anexxHa: nas Hel
iCHye HeHy/nbOBa MOCHIAOBHICTb CKANAPIB A,A,A,, ... ,A.,, Taka,
wo Ax+Ab + A, + ... +A,b, =0.Tlpu upomy A # 0, ockinbku
y TIPOTHJIEXKHOMY BHMManky pazoM 3 A =0 sunausano 6, wio
A=A, = ... =4, =0, a ue cynepe4uTb NPUMYLIEHHIO.

ToMmy maemo

A -
x=§lb1+€2b2+... +E-'[pr’ Ae§,=——)\!—, j-_—l,p.

3aTHLUMIOCH NOBECTH €JMHICTH OCTAHHBOIO MOJAHHA BEKTOpa
x. Mpunyctumo, wo x=mn b +ny b, + ... +n,b,. Ha niacrasi
piBHOCTI

§1b1+§2b2+ .es +§Pbl7 =n1b1+n2b2+ vee +n[?b[7

snaxomumo (§, —n)b +(E&, —M)by + ... +(E§,-1,)b,=6.
Orxe,
&-n=0,8&-n,=0,.., &,, -n,=0
i TOMy
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& =n. & =1, E.lp =M,-

Hexait B=<b,b;, ...,b,> i C=<¢,0C, ...,c, > — 1Ba Oylb-

AKi 6a3ucu MHOXHHY X. Bouu niHiiiHO ekBiBajeHTHI. I3 BiacTu-
BocTeil NiHiHO He3anexHWX BekTopiB (auB. § 3.1) BMMIMBac
piBHICTb p=¢q.

O3naueHHA. Panzom MHOJICUHU X 8eKMOPI8 HA3UBAEMbCA HUC-
N0 eexmopie #ozo bazucy. Axkujo MHOJICUHG X Micmumb auue
HYbOGUI BEKMOP, MO PAH2 i 66AACAEMBCI PIBHUM HYTIO.

Teopema 2. Axujo cucmemu gekmopie X i A ninitno exgia-
JleHmHi, mo ixui panau pieni.

JloBeneHus. Hexat B=<b,b,, ...,b, > — 6a3uC MHOXHHH

2i C=<¢,c,, ... ,¢; > — 6a3uc MHOXHMHH A . Ockinbku X ~ A,

3 ~B, A ~C, To Ha MiAcTaBi TPaH3UTUBHOCTI BIAHOLLEHHS MiHikH-
HOT exBiBanieHTHOCTi MaeMo B ~ C. 3Bifcy BUILUIMBAE, IO p=5.

TeopeMy noBeneHo.

3ayBaxeHnus. HaseaeHe Buie J0BENEHHS iCHyBaHHA Gasucy
MHOXKHHH 2 He € KOHCTPYKTHBHMM. AJie JUIf AEAKMX MHOXHMH
BEKTOpIB iCHYIOTb eeKTHBHI MeToau nobynosy 6a3ucis.

Hexaii, Hanpukia, MHOXHHA X 36iracTbcs 3 yCiM NpOCTOPOM
P".Y npoctopi P" onuHutHI BEKTOPH

e =(,0,0, ..,0),
e, =(0,1,0, ...,0),
e, =(0,0,0, ...,
cKknazaloTh ioro 6a3uc. Hagani HasuBaTMMeMo #Oro CTaHapTHUM

6asncom.
Bupinumo Oyap-aKy KBagpaTHy MaTpUUIO MOPAAKY A:

BH [312 Bln

B= BZI B22 BZn

esseasessnranseesstsrenn

Bnl Bn2 Bnn
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Axwo detB#0, 1o if panku §=0, B -, By 5 =B2,Bx -,
Ban)s s By =B1s Buas v» By) NiHiliHO Hesanexwi. Tomy Bonu
YTBODIOIOTh 6a3uc npocropy P”.

AHaOriYHO CTOBMLI L€l MaTpHLi TakoX yTBOpIOtOTH 6asuc P”.
Hexait 5=<b,b,,...,b, > — 6azuc npocropy P" i xe P". Koedi-

uientn §,&,, ... ,E, B nonanni

X =§]b] +§2b2 + ... +§nbn

Ha3MBAIOTLCS KOOPAMHATAMM BEeKTOpa X y LboMy Gasuci. IHakiue
ui koopauHatu 6ynemo 3anucysaru y Burnisai cronug. LLo6 sia-
MITHTH TXHIO 3aJIeXHICTD Bia 6a3uCy BUKOPHCTAEMO TaKMii 3aMuC:

&
== @
&
Psaku marpuui
O Oy Oy
A= %y Oy QA
Gt Oz e Oy

3 eleMeHTamMu 3 nonia P € BekTopamu JiHiiiHoro npocropy P”.
Paur cucreMu nux BexTopis

a; =(0y,0p, .., 0y), i=lm,
Ha3nBAETLCA panzom mampuyi A 3a paoxamu.

Ans obunciens, BBEAEMO iHLIE O3HAYEHHA paHry uiei camof
MaTpuii.

Hexait p — HatypanbHe 4uCIO, 1MO 3370BOJIBHAE HEPIBHOCTI
1< p<min(m,n). 3apikcyemo ski-HeGyab p pi3HUX psakiB wLiel
MaTpHLI i p Pi3HUX CTOBMLIB; CKIAAEMO BH3HAYHHUK TOPAAKY p 3
€/IEMEHTIB, L0 PO3MillleHi Ha MePeTHHI UNX PAAKIB i CTOBMLIB:
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Ojy iy -oe Oy,

i %y e O,
NpUYOMY pPO3TallyEMO EJNEMEHTH Tak, wob § <ip < ..<i, i
Ji<Jja< ..<j,. Taknit BU3HAYHUK HA3HBAETHCAH MiHOpOM p-TO
nopadky matpuui 4, abo — p-MiHOpPOM.
Hanpuknag, aas p = 2 TakuMu MiHopamu Gy Ry Th
Qyp Ooz| |y Qg
Oy G| [0y gl

3ayBauMO, 11O KONMK BCi MiHOPH AEAKOrO MOPSAKY p HOPiB-
HIOIOTb HYJIIO, TO # yci MiHOpH (p+1)-ro nopaaky TakoX AOpis-
HIOIOTh HYJIO. A TOMY BCi MiIHODH MOPSAZKY > p IOPiBHIOKOTb HYJIIO.

O3nauenna. Hexaii A — Henynb08a mampuys posmipocmi m Xn
i r —HamypanbHe YUCI0 3 MAKUMU 61ACMUBOCMAMU.

I Mampuys A mae r-minopu, 8i0MinHi 6i0 HYNA.

Il Yeci minopu, nopsdok AKUX nepesuuyye r (AKuj0 maki Hasg-
Hi), OOpIGHIOIOMb HYJIO.

Yucno r Hasugaemvca panzom mampuyi A 3a minopamu, a
6yOb-aKuti GIOMiHHUIL 6i0 HYNA MIHOp NOPSOKY I HA3UBAEMbCA
6azucHum MiHOpOM.

Teopema 3 (npo panz mampuyi). Panz mampuyi 3a minopamu
Oopienioe panzy yiei mampuyi 3a pAOKaMU.

JloBenenHns. [To3HaYMMO 4epe3 7 paHr matpuuli 4 3a MiHOpa-
Mu. BBaxkaTMeMO MaTpHLIO HeHyboBoo. Obepemo sxuit-HeOyab
il GasucHuii MiHop. Jia HAOYHOCTI BUKJIAZy MPUITYCTHMO, WO HOro
eNeMEHTH PO3MilueHi y liBOMY BEPXHBOMY KYTKY, TOOTO

Oy Oy e O
Opp Gy --v O

A= £0.
&y Oy &y

3anuiueMo MaTpuIo 3 GinblIolo KinbkicTio eneMeHTis. Oxkpemo
BHLTMMO PANOK @ 3 HOMEPOM i>r i CTOBMELb 3 AOBIILHUM HO-
MepOoM k:
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O Oy Oy Ok %

Qyp Oy &, Qg 0z,

4= & Oy &y O Oy

o %7 L7% Oy Ay
Ilokaxxemo, 10 paaku a,a,, ...,a, MaTpuui A ck1ajaloTb Ga-

3MC JJIs1 BCiX PAAKIB.
Cnouatky foBeneMo NiHilHY He3anexHiCTb BEKTOPIB a,a, ...,q,.
Posrnanemo Bkopoueri BekTopu

£1|_=(OL”,(X.12, e ,0(1,),
_c_l_g_=(0121,0L22, .. ,azr),
—a_,.=((xr],ar2, .. ,a".).

BoHu niniiiHo He3anexHi, ockinbkn A # 0. Ane Toai if BekTo-
pH a,a,, ...,a, TAKOX JNiHiliHO He3aNexHi.

Hosenemo, wo paaku ag;(i >r) NiHIAHO 3ajal0ThCS uepes

a,ay, ..., @,. PO3rNAHEMO BU3HAYHHUK (7 + 1 )-ro nopsxy 3 A0BiNb-
HUM iHJIeKCOM k B Mexax Bia 1 1o n:
O Oy vee Oy Oty
Og1 O ... O Oy
A=
QO o A, Oy
Qi Gy e O Oy

s Gynb-KUX 3HaYeHb iHAEKCY k B Mexax Bia r+1 10 »n Bu-
3HayHuk A€ He WO iHIe, AK MiHOp nopaaky r+ 1 matpuui 4 i
TOMY BiH JIOpiBHIO€ HymI0. s BCiX 3Ha4YeHb k B Mexax Bia 1 1o r
BiH TaKOX JOPIiBHIOE HYIIO, OCKiIbKM B HbOMY € /IBa OJHAKOBi
cropnui. Omxe, A’=0 s 6yab-sxux 3Ha4eHs iHnekcy k. Poskna-
meMo A’ 3a eeMeHTamMK OCTaHHBOTO CTOBNLA. JlicTaHEMO PiBHICTD

144




QU Aipsy +0gp Aypy + o 0L A+ 04, A=0,

Ae A, j=Lr, A —anreOpuyHi JONOBHEHHS ENEMEHTIB OCTaH-

HpOro croBnusi. Bonn He 3anexats Bia enemeHTiB k-ro CTOBMLA
matpuui 4. 3BificH 3HaX0AUMO

Al r+l

AZ 1 4 1
T 0y 4 | 2

Qjp = = Qi +) — rk

Al r+l Arr+l

Koediuientn A, =- L A, =—

€IEMEHTIB k-ro CTOBMLSA MaTpuLi 4. 3 ofep)aHuX piBHOCTEH

HE 3aJieXaThb Bifl

O:ik =)\.|Cl]k +)\.2(12k +... +7\.,(1,k N k =1,n

BHIIIMBAE, WO a; =A@ +A,d; + ...+ A, a,. Oke, nepui r paa-
KiB (Ll0 HAaKpHBAIOTb Ga3HCHKIl MiHOp) niHilHO He3anexHi i yci
paaxu mMaTpuui A JiHiHHO NOAalOTHCA Yepe3 HuX. BoHu cTaHOB-
naTh 6a3uc paakie MaTpuili 4.

Hacniook. Cmosnyi mampuyi

a‘l ] a]z sve aln
A - azl a22 “ew azn
Oy Ol Crn

cKknaoaoms cucmemy 8eKmopie

q =(0c”,(12|, e ,Otml),
C2 = (alz,azz, cee ,amz),
Cn =(a1n’a2n’ ’amn)

npocmopy P". Panz yiei cucmemu Hazusaemocs panzom mampuyi
A 3a cmosnyamu.

Sk i ana paHry 3a psakamu, JOBOAUTLCA, LIO panz Mampuyi 3a
cmosnyamu OOpisHIoE ii panzy 3a MiHopamu.

Tomy pane mampuyi 3a cmoenysamu dopienioe panzy Mampuyi
3a pAOKamu, i HaBNAaKu.
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Bnpacu

1. JloBectH, o y OyAb-sakii MHOXKHHI X BEKTOpiB nmpocTopy
P" 6ynb-sky niHiliHO He3anexHy CUCTEMY il BEKTOPIB MOXHA [10-
MOBHUTH 10 6a3uCy i€l MHOXUHH.

2. Ioka3zaTy, 1O KOJIK OBi CUCTEMH BEKTOPIiB MalOTb OAHAKOBI
paHry, a BEKTOpH OAHIET 3 LUX CHUCTEM JiHiiHO MOAaloThCR uepes
iHLUY, TOJi CHCTEMH NiHiiiHO eKBiBAJICHTHI.

3. KeagparHa Matpuus 4 =(0;;) Ha3MBAETHCA CHMETPHUYHOIO,

AKIO Oy =0, . [ONOBHMMHM 11 MiHOpaMM Ha3uBAKOTLCA Taki,

eNeMEHTH AKMX MICTATBCS HA [MEpPeTHHaX PAAKIB 3 HOMepaMu
fiyiys o s i CTOBMLIB 3 THMH caMUMU HoMepamH. JIoBeCTH, IO

paHr CUMETPHYHOT MaTpuLi NOPiBHIOE HAHBHUILOMY MOPAAKY Bil-
MiHHHX BiJ HYNsl FOJIOBHUX MiHOpIB.

4. JlosecTH, 1110 B MaTpHLli A paHry » Ha nepeTHHi OyAb-IKUX ¥
NiHIMHO He3aneXHHUX PAKIB i » NiHIHHO He3aNeXHMX CTOBMLUIB
MICTATBCS €1EMEHTH HEHYILOBOTO MiHOpa A.

Bkaziska. Buginutu B Marpuui 4 niamatpumo A4, sika
CKJIANAETLCA 3 7 NiHIHO He3anexHUX pAAKiB MaTpulli A. OcKilibKy
BCi CTOBILI MaTpulli 4 AiHilHO 3ajalOThes yepes BUAINEHI 7 Ji-
HifiHO He3aneXXHMX CTOBMUIB, TO BCi crToBmui miamarpuui 4’ ni-
HifiHO MoAatoThCA Yepe3 cToBmUi MiHopa A. ToMy cToBnui MiHOpa
A niHiiHO He3anexHi i, omke, A#0.

Memod suxnovYeHHA

Teepoacennn 3. Mampuyio

al 1 a]2 sus a]n

azl azz o azn
A=

Ay Q2 Onn

PpO3MIpHOCII M X N 30 00NOMO2010 OeAKOI NOCAIO0BHOCMI eneMeH-
mapHux nepemsopeHsb pAOKIE MOJXNCHA npugecmu 00 CMYNeneso2o
8UA0Y.

JloBejeHHs MPOBEAEMO iHAYKUIEIO 3a YUMCIOM m PAAKIB MaT-
pyui. ko m = 1, TOAI MaTpUus BKe MaTUME Takud BUIMAL.

146



[punycTuMo, 10 TBEPAXKEHHSA Mae Micue Ans MaTpuub 3 m— 1
psakamu. JloBeAeMO TBEpAXKEHHA IUIA MatpHui A 3 m psiKamu.
Posrnanemo ii nepiunit croneup. SIKLIO BCi eJIEMEHTH 11bOTO CTOBI-
s IOPiBHIOIOTH HYJIIO, TO MepeiaemMo A0 APYroro CTOBMUA i Tak
LOTH, IOKH HA AKOMYCb KPOLi 3HaleTbCsa HEHYJILOBHIT CTOBNELD.
Hexaii, nanpuknag, yxe B nepiloMy CTOBMLi € HEHYJILOBI €l1EMeH-
TH. BBakatnmeMmo, o oy, # 0. [HaKlie UbOro MOXHA JOCAITH
NepecTaHOBKOK PSAMIKiB. 3a J0NOMOrol0 AEKiNbKOX eneMeHTapHHUX
NEPETBOPEHD THIY 2 AICTAHEMO MATPHLIIO

Ay Oy Q43 ... Oy,
0 By By - By

0 BmZ Bm3 an

Jlns uporo cnoyaTky 4o ApPYroro pAjka j04aMo Mepiluid, ITOMHO-

. Oy . . . N
KEHUH Ha ckanap A =——=-. Jlani aHanoriu4o 3miHwemo 3-it ps-
Oy
Aok i T. A. OnepxyeMo NiHifiHy eKBiBaNeHTHICTb PSAAKIB MaTPHLIb
A i B, AKy 3anMcyeMO y BULIIS ]

A~B.
Martpuus
By Bas Ban
A= B2 Bss Bsn
BmZ Bm3 an

Mae m—1 paaxiB i 40 Hel MOXKHA 3aCTOCYBAaTH MPHIYLUEHHSA iHIyK-
uii. 3a 10MOMOror AeAKol MOCHiJOBHOCTI €/IEMEHTAPHUX Mnepe-

TBOpPEHb BOHA 3BOAMTLCA 10 cryrneHeBoi matpuuli C. Toni

Ay Oy Q43 ... Oy,
0
A~C= "
¢
0

i C — maTpuus cTyneHeBa.
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Hacniook. Henynoo8i piaoku ¢;,c,, ..., ¢, cnyneneoi mampuyi

C niniuno HezanexcHi. Bonwu odepoicani 3 paokie mampuyi A 3a
00NOMO2010 OeKIIbKOX eeMeHmapHux nepemeopens. Tomy paoku
mampuyi A ninitino exgisanenmui 3 psoxamu mampuyi C (meep-
Oxcennst 2). 3a meopemoro 2 ixui panzu 36icaromecsa. Omoice, pan
mampuyi A Oopignioe wucny p HeHynvosux paokie mampuyi C.

Ha 3aBepluenHs copMyH0EMO METO/, BUKIIIOUEHHS.

Jlna o6uMCNeHHs paHry CUCTEMH a,,4y, ... ,d,, BEKTOPIB CKia-

JIAEMO MaTpHLIO A, PAAKH K0T 30iraloThes 3 LHMH BEKTOpaMH

a; = (0}, Ojgy vy Op), TIPH i=1m.
3a 10MOMOroI0 eNeMEHTapHUX NEepeTBOpeHb 3BOAUMO il 10 CTyneHe-
Boi Matpuui C. SIKio ¢}, ¢y, ... , €, — HEHY/bOBI PAJKH OCTAHHLOI,

TO YHCJIO p — PaHT MaTpuuli 4.
Binbiie Toro, 36iratoTbes NiHiiiHi 000M0HKH

L(a,ay, ...,a,)=L(c}, ¢35 w5 Cp)
i cucrema C = <¢y, ¢;, ..., €, > — 6a3uc ui€i 060710HKN.

Ipasuao. [ing obuncneHs 6a3ncy paaxiB MaTpulli A noTpibHo:

1. MetozioM BHKNIOUYEHHS OOYHCIINTH 11 paHr.

2. Slkuio p — paHr uiel MaTpuui, To cepen ii p-MiHOpiB Bify-
Katy skuii-He6yas MiHop A # 0 (6asucHuit MiHop).

Toni paaku Matpuui 4, 110 MOKpUBaOTL MiHOp A, 6yayTs s
Hei 6a3uCHUMHU.

Memo0 HanpsiMNeHo20 8UKITIOYEeHHS

O3nauenHa. [onoeHumu eneMeHmapHumMu nepemeo-

pennamu psioxie (sexmopig) ay =04, Oz, oo, Op,), @ =(0lyy,
(122, aery azn), ceey Ay =(O!.m1,(1m2, eeey (an) Mampul{i
Ay Oy Oy
A= Opy Olp Olap
aml a’m2 e Oy

HA3UBAIOMbCS NePEMBOPEHH MAKUX 080X munig:
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1°. Mnoowcenns padka a; Ha ckanap A#0.

2°. [lodasannsn 0o psaoka a; # 0 inwozo paoka a;, nomHodice-
HO20 Ha cKansap A .

TNepecTaHOBKY ABOX HEHYNbLOBMX PAAKIB G, a; MOXHa 3Aiii-
CHHTH 33 AOTIOMOIOI0 FOJIOBHUX €NIEMEHTApHUX nepeTBopeHb. [1e-

pecTaHoBKa 3 HYJIbOBHM PAJKOM Y LbOMY BMMaKy HEMOX/IHBA.
O3nauenna. Indexcom (ind a, ) Henynoosozo paoka a, Hasu-

8aEMubCA HOMEP S Neputozo oo enemenma (koopournamu) o, # 0.
Axwo

9 =(0, .., 0, Qpgs Cpits =oe s akn)’

oe oy, #0, mooi inda, =s.

OnuiueMo oauH i3 cnocobis 3BefeHHs MaTpuli 4 K0 nceBno-
CTYMEHEBOro BUIJIALY, L0 HOCUTb Ha3By MemoOy HanpAMIEHO20
BUKNIOYEHHSL.

Hexaii ynucno paakiB m Matpuili 4 Ginblie OAMHHLIIL.

®ikcyemo B A nepiunii pajok (paxyrouy 3Bepxy), iHAEKC SKOro
MiHiManbHHMH. Hexail, Hanpukia, TakuM pAAKOM € q; .

indg,<inda, (j=1,m).

TpoBenemo meply cepito rojl0BHUX €EMEHTapHHX MepeTBO-
peHb. Hexaii ind g, 6ynp-sikoro psaka a, , 1O pO3TAlOBAHMIA HIK-
ye pagka a;, a, #6 (k>1), nopieuioe ind q;. lonamo a0 paaka
a, pAnOK a;, NOMHOXeHHH Ha ckanap A #0, Takuii, wo iHaeKc
neperBopeHoro psanka b, =a, +Aq 36inbwmsca: indb, > indg

(ronoBHe ejleMeHTapHe NEePeTBOPEHHs THIY 2°).
AHanoriuse nepeTBOPEHHs 3aCTOCYEMO A0 BCiX DAAKIB, HIO
pO3TallloBaHi HWXue, 3 iHAekcamu, piBHMMM indq,. IIpu uboMy

uopasy (npu HeoOXiZAHOCTI) oaepxaHi PAAKH MOXKHA MHOXKMTH Ha
HEHy/bOBi CKasipu (nepeTBOpeHHs Tuiy 1°). ¥V pesynbTari Takoi
cepii nepeTBOpeHb AICTAaHEMO MaTpULIO 4 ~ A.

Hexaif A4,— maTpuus, oaepxaHa 3 A4, LUIAXOM BHKpPECIEHHA
paaka a;. Jlo Hei 3acTocyeMo Ty camy MpouUeaypy: NeperyistHeMO
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BCi il paaku i Bubepemo meplumii 3 THX, IHEEKC AKOrO MiHiMasb-
Ui i T. 4. OOep)uMo esKy MaTpHULio ;12. Honuiuemo no uei
BUJIYY€HUt NEpIIUA psAaoK . MaTHUMEMO HOBY MaTpHLIO
A~ 4.

I1ponosxumo pani ueit npouec i Ha AKOMYCb p-My Kpoui aic-
TaHEMO MaTpHLo 4, mcesaocTyneHeBoro Burasay. [losnaunmo i
yepes C = 4,. Marnmemo ekBiBaneHTHiCTb 4 ~C.

VYci enemeHTapHi nepeTBopeHHs npu obuucnexHi marpuui C
CrpsiMOBaHi 3BepXy BHM3. [IpoimocTpyemMo npouec BUKIIOUEHHS
Ha MaTpHLi

-1 2 2 -1

A= 2 -1 1 2
2 4 -1 1

3 2 1 2

Ilepwa cepis nepemsopenv. 3aCTOCYEMO NEPETBOPEHHA THIY
2° no paakie 3 Homepamu 2, 3, 4, 5. Matumemo

11 -1 1 11 -1 1
0 3 -3 0| [0 1 -1 0
A-[0 3 3 0|~|0 -1 1 0|=4
0 2 1 -1 [0 2 1 -
0 -1 4 -1) {0 -1 4 -

Lpyza cepis nepemsopens. 3acTOCYEMO NEPETBOPEHHS TURY 2°
10 psaKiB 3 HOMepamu 3, 4, 5 i 3Haiinemo

11 -1 1
01 -1 0
A ~[0 0 0 0]=4
00 3 -1
00 3 -1

Tpems cepia nepemeopens. IlepeTBopeHHs Tuny 2° 3BOAHTH
MaTpuLio 4, 10 NCEeBAOCTYNEHEBOFO BUINALY
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11 -1 1
01 -1 0

4 ~|0 0 0|=4=C
0 0 -1
00 0 0

Teopema 4. Ilpugedemo mampuyio

a] l a] 2 DO a]”

Oy Oy Oap
A=

aml am2 amn

3a 00ONOMO2010 MemoOy HANPAMAEHO20 urmoyerHs 00 mampuyi C

ncesoocynereso2o eunady. Akuo ¢;1,¢;, ... ,C;, —HEHYNLOBI PAO-
ku mampuyi C 3 Homepamu jy, o, w., J, (121 < Jjp <...<j, <m),
mooi pOKU a;1,A;,, ... ,d;, Mampuyi A 3 mumu camumu Home-
pamu cmanoename b6azuc ii paokie.

JloBeaeHHS npoBedeMO iHAYKUI€IO 3a YWCIOM m PAAKIB
Marpuli.

SAxwo m=1, Toai Teopema ouesuaHa. [Ipunycrumo, uo m>1 i
TeopeMa Ma€ Micue AJist Bcix MaTpHllb 3 4ucnom paakis m — 1. [lo-

3HA4YUMO uepe3 A miaMaTpuLlo 3 A, oaepikaHy 3 Hel BUKPECIIo-

BaHHAM OCTAHHBOIO Ps/IKa:
Y
A= (—] . )
am

IMpouec obuucnenus matpuiti C CBIAUUTS, 1O OCTaHHIH iT ps-
IOK c,, MONaEThes y BUrNAdi ¢, =a,, — f , Ae f — nixiitHa kom6i-

Hallis pAOKiB a@,dy, ... ,4,.; Matpuui A . Skuwo uepes C mno-
3Ha4YUTH MaTpHLIO, ogepxkaHy 3 C BUKpeECIIOBaHHAM ii OCTaHHBO-

ro pazaka, To6To
c=[£], @
cm

151



To C — nCeBAOCTyNEHEBa MaTPULA, OfiepxaHa 3 4 B Npoueci ne-
PETBOpEHHS MaTpulli 4.

3a npunylueHHaM iHAYKUiT Teopema Mae Micue ans 4. Tomy,

AKILO €y, Cja, - Cj, — HEHYILOBI Pifikn MaTpuli C 3 HOMepamu

Jodzs wsdp (1S)1<jp<...<j,Sm), TO paaku s> jps s G

YTBOPIOIOTh 6a3uc psaakiB MaTpuLl A .
Sxwo a,, =0, TO TEOpEMY AOBEAEHO.
Hexaii a,, # 0. Toni
¢ ¢
A~ —|=|———|. 3
Po3srnsHemo aBi MOXJIMBOCTI:
a)c, =0.
VY naHomy Bumagky a,, =f - niHiiHa komOGiHauis paaxis

4,0y, ..es Gy 1, OTXKE, Gy, NIHIAHO NOJAECTLCA UEPES 41,5, -, G-

Panxu a;y,a;,, ..., a;, € 6a3ucoM psakiB MaTpuLi 4.
6) c, #20.
MokaxeMo, 1110 y LibOMY BHUMIALKY CHCTEMA PAZKIB

;1,825 305,08y “)

NiHiHHO He3anexHa i ToMy € 6a3ucoM paaKiB MaTpulli A.
Cucrema (4) niHiliHO eKBiBaNEHTHA CUCTEMI

N )
paaxiB Matpulli 4. OcTaHHs NiHIHHO eKBiBaleHTHA CUCTEMI

Cj1:€j25 w 5CjpsCm ©)

HeHy1boBUX pankiB Marpuui C (TBepaxeHHs 2). Tomy cucremu
(4) i (6) niniiiHo exBiBaNeHTHI i 3a TeopeMoI0 2 TXHi paHrd 36ira-
1oTbca. Omxe, paHr cuctemu (4) nopieHioe p + 1. Bekropu 11 ni-
HiHO He3aNnexHi.

Teopemy noBeneHo.

VY po3rnsHyTOMy BHiLle NpHIJIali 3a JOTIOMOrol METoAy Ha-
OPAMIIEHOTO BHIUTIOYEHHS MaTpuLio OyJ0 3Be/IeHO 0 NCeBAOCTY-
neHeBoi MaTtpuui C 3 HeHyaboBHMM pankamu ¢ =(1,1,-1,1),
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¢, =00,1,-1,0), ¢, =(0,0,3,-1). Tomy psaku a, =(1,1,-1,1),
a, =(-1,2,-2,-1), a4 =(2,4,-1,1) noyarkoBoi maTpulli 4 ckna-
JaioTb 6asuc il paakis.

MeToA HanpAMIEHOTO BUKJIOHMEHHS MOXKHa 3aCTOCYBaTH Al
po3s’A3aHHA Takoi oOuuchioBanibHOI 3agaui. Hexait cucrtema
<a,a,, ... ,a,> BEKTOpiB NiHifiHO He3anexHa. HeobxiaHo Buai-

JIUTH 3 iHWOT cucTeMu <by,b,, ... ,b, > BEKTOpiB TaKy MakCHMMaJlb-
HY JiHIHHO He3alexHy MiACHCTEMY <b_,-|, bjz, e bjp >, o6 cuc-
TEMA <@, g, «uvs Apys b,| s b(,.2 R b_,.p > Oyna niHiHO He3anexHa.
Hoxnanne i po3s’A3aHHs NPONOHYETLCA MPOBECTH CAMOCTIHHO.
Bnpaeu
1. O64HcANTH paHT MaTpHLi
31 1 4
A 4 10 1
1 7 17 3
2 2 43

3aJIeXHO Bijl 3HaYeHb napaMeTpa A .

2. Jlosectu, wo konu A=(o, )- KBagpatHa MaTpuus i ii
detA#0, TO 32 JONOMOrOI0 €7EMEHTAPHNX MEPETBOPEHD PALKIB
il MOJKHa 3BECTH 10 OAMHUYHOI MaTpPHL

1 0 0

01 0
E=

00 1

3. 3HaiiTi 6a31uC CUCTEMH BEKTOPIB
a =(1,2,1,-1),
a, =(2,-1,2,0),
a; =(-1,3,-1,-1),
a; =(3,-1,3,-1),
as =(2,2,2,-2).
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4. Hexalt 4 — MaTpHus PO3MIPHOCTI m X n, PAAKH AKOI a;,a,,
..s@,, JiHIIHO He3anexHi, B — maTtpuus po3MipHocTi IXn i
b.by, ... b —ii paaxu. MetogoM BHKIIOUEHHS 3BEAEMO MaTpH-
wo A Ao cTynexesoi MaTpuui 4; . 3acToCyBaBuIM 10 PO3LIMPEHOT

! .
MaTpHuul (—é— METOA HANPAMIICHOIO BHKNKYCHHSA, OICTAHEMO

4
MaTpULIO BHAY (—CI—) , Ae C — ncepaocryneHeBa matpuus. IToka-

34TH, IO KOJH le’ch! — HEHYJIbOBI PAAKH MaTpHULil C, To

Cip

cucTeMa PAAKIB 4;,Gy, ... .Gy, b;1,b;y, ...,b,, — Gasuc psankis

p

PO3UIMPEHOT MaTpHULLi (%) .

§ 3.3. Nliniani npocmopu ckiHyeHHoT
po3MipHOoCmMi

Hexaii N i M — noBinbHi niHiiiHi npocTopu Hapg
ORHUM nosieM P. JIinitinum nepemgopenHam

F:NoM

npocmopy N y npocmip M nHa3zusacmuvcsa 3aKOH, 3a AKUM KONCHOMY
gexkmopy x€ N 00HO3Ha4HO cmasumubcs y 8i0N0gioHicmy 6ekmop

y=F(x)e M, npuuomy 3a0068016HAIOMbCA MaKi yMOBU:

1) F(x+x)=F(x)+ F(x),

2) Fla-x)=a-F(x),
de x,x’e N, aeP.

L]i ymosu exeieanenmui oOwiti maxii

3) F(ox+Bx")=aF(x)+BF(x") ons 6ydv-axux x,xX’€ N i
o,fe P.

[Npoctopu N i M Ha3UBaOTECA i30MOp@HUMU, AKLIO ICHYE TaKe
B3a€EMHO OJHO3HauyHe BifoOpaxeHHA npoctopy N Ha npocTip M,
SIKe MOpA 3 UUM € JIiHIAHUM NepeTBOPEHHAM.

3ayBaxMMO, WO IJIA AOBINBHOrO NiHiliHOro npoctopy N o3Ha-
yeHHs JiHiHHOT 3aNexHOCTi i NiHIHHOT He3aNeXHOCTI BEKTOpiB
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nosHictio 36iraeTbcs y TOMy BUTNSi, Ak BOHU Gynu BBeaeHi Ang
apu(mMeTUUHOro BeKTOpHOro npoctopy P”.

MoskHa Nierko nepeBipUTH Take TBEPAXKESHHA: JiHIHHO 3aexHa
cHCTeMa BEKTODIB a;,dy, ...,a,, npoctopy N npu niHiiHOMy nepe-
TBOpeHHi F:N — M nepexoautb B JNiHIHHO 3aNeXHY CHUCTEMY
BektopiB F(q)), F(a,),..., F(a,) npoctopy M.

Sxwo F - isomop¢He BinobpaxeHHus N Ha M, To i niuiiiHO He-
3ajleXXHa CHCTEMa BEKTOpiB ApocTopy N MepexoAuTh Y JNiHiiiHO
He3aJlexXHy cuctemy BektopiB i3 M. Ilpu ubomy oGepuene Bimo-
6paxenHs F~' : M — N 6yse NiHifiHNM NepeTBOpeHHsM.

I3omopdism npocropiB N i M o3Hayae TOTOXKHICTb iX BIACTH-
BOCTei, AKi He 3aJIeXaThb BiJl KOHKPETHOT NPHPO/M iX EJIEMEHTIB.

O3nauenna. Jliniunuit npocmip N nao nonem P naszusacmuca
CKIHYEeHHOBUMIDpHUM, AKWO 6iH Mae basuc B=<b,b,,...,b,>,
cknadenui i3 ckinueHHozo wucaa eexmopie. Hucno n eexkmopis
6azucy nasusacmucs po3mipricmio npocmopy N i nosnavaemucs
dimN. Skwo N ckiaanaeTbes 3 OQHOTO HYJNbOBOTO BEKTOpA, TO
noknagaemo dimN =0.

IcHytOTb NiHifHI MPOCTOPH, AKi HE MAKOTh CKIHYEHHHUX Oa3uciB.
IMpuknanom Takoro npocropy € P[x] — npocTip ycix MHOrousieHiB

i3 koediuientamu 3 nons P.
Teopema. Axwjo N — ninitinuii npocmip Hao nonem P posmipnocmi
n, mo it i30Mop@Huli apugpmemuunomy eexmopromy npocmopy P".
Hosenennsa. Y npocropi P” Bubupaemo 6asuc, 110 ckiaia-
€TbCA 3 OAMHUYHMX BEKTOpiB (CTaHIapTHHUiT 6a3uc):

e,=(1,0,0,...,0),
e, =(0,1,0,..., 0),
e; =(0,0,1,..., 0),

Hexaii b,,b,,...,b, — 6asuc npoctopy N. Byayemo BigoGpa-
KeHHs F : P" — N 3a TakuM npaBuiioM.

O6upaemo noBinbHuUi BekTop X = (§,&,,...,E,) =& ¢ + &0, +
+...+&,e, i3 P". O6pazom LbOro BekTopa B N BBaXKaEMO
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y= F(X) = &lb] + §2b2 +..+ énbn .

1) JoBeaeMo niHifHicTb BinobpaxkeHHs F.
Axwo x = (€&, ....E,) i X' =(§],&;,....E,), o, Be P, Toni

y=Fx)=§b +5b, + ... +&,b,,
Y =F(x)=8b +8by + ... +E,b,,
ox +Bx’ = (0§, +BE}, g, +BE, ..., a8, +BEL) .
OTxe,

F(oue+Bx) = (&) +BEB +(ak, +BE3)b, +...+(0&, +BE,)b, =
=& by +8&yb, + ... +8,b,) +BED +E3by + ... +ED,) =
=0y +By = oF(x)+BF(x").

2) F — Bino6paxeHHs Ha BeCb NpocTip NV .

O6upaemo aoBinbHuit Bektop y =&,b +&,b, + ... +E,b, i3 N.
Tonai ans Bektopa x =(§,&,, ...,&,) i3 P" maeMo y = F(x).

3) Bino6paxkeHHs F B3a€EMHO OJJHO3HAuHe.

Mpunyctumo, wo F(x)=F(x)=y nns gesaxux x=(§,&,,....E,)
i x'=(&,&5,....&,) 13 P". Lle o3nauae, wo &b +&b, +...+&,b,=
=&b +E&5b, + ... +E,b,. Ane by, b,, ...,b, — BexTOpH Gazucy. Tomy
§=8,8=8,..§=5ix=x.

Bnpaeu

1. Hexalt R,,;, — MHOXHHa BCix MHorouneHis f(f) =0, +

+0ut +...+ 0,t" crenens <n 3 aiicHUMHU koediuieHTamu. foBecTH,

L0 BiJHOCHO 3BMYAlHMX oOmNepauilf AONABAHHA | MHOXEHHSA Ha
CKaIsip¥ MHOXHHA R,,, — NiHilHUiA npocTip po3mipHocTi n+ 1.

2. Te came 10OBECTH ANS MHOXMHM R,., Ycix dyHKui#l BUOY
f® =0+ +..+0,e", ne ne N.

3. Hexaii N — MHOXKHHA BCiX HeCKiHY€HHHMX MOCNiAOBHOCTEH
(), tys - s Upstpyy, --.) DIFCHUX UKCEN, 3aJ@HUX 3BOPOTHHM piB-

HAHHAM
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Upyy = Olg Uy + 0 Upyy + 0 U,y (0, 0,0 #0).

MMoka3satk, mwo N — niHiiHMI npocTip BiAHOCHO onepauid
J0laBaHHA i MHOXEHHA LUMX MOCIiA0BHOCTEH Ha ckanapu. Ska
fioro po3MipHicTe?

§ 3.4. Nliniani nidnpocmopu

O3nauenna. Henopooicna niomuodxcuna L ninitinozo
npocmopy N (nad nonem P) nazueacmucsa 1020 NIHIUHUM NioO-
npocmopom, KORU 80HA MA€E MAKi 61ACMUBOCMI.

I Axwo x,ye L, mo x+ye L.
II. Axwo xe L i A€ P, mo Axe L.

LJi 06i enacmusocmi exgisanenmui oOHil.

I Sxwyo x,ye L i A,u€ P, mo Ax+uye L.

Byap-aka nixifina komGiHauis BexTopiB i3 L HanexwuTs L. [1ia-
TIPOCTip MIiCTUTb HYJbOBUIt BekTOp 6.

Skwo A — niHifiHUI npocTip ckiHYeHHOT po3MipHOCTI | L —
fioro nixiiuuii nignpoctip, To i L — niniliHKit npocTip ckiHueHHOT
po3mipHocTi i dim L <dim A. Ilpu ubomy dim L =dim A Tomi i
nuuie ToAi, konu L=A.

Npukaan 1. Jlinilina obononka L = L(ay,a,,...,a, ) Oyab-
AKOr0 CKiHYeHHOro Habopy BeKTOpiB 4,a,,...,a,, 3 MNPOCTOpPY
A € nidiiiHuii nignpocTip ckiHueHHOT po3mipHocTi. basuc b =
=<a,,aq;,...,a; > CUCTEMH BEKTOpIiB 4,,4,, ...,d,, MOXHa B1Opa-
1 8K 6a3uc L. Tomy dim L nopiBHIOE paHry 3aJaHol cHCTEMH
BEKTOPIB, NiHi/iHOIO 06010HKOK AKOT € npocTip L.

O3nauenna. Hexail L, i L, — niomuoocunu ninitino2o npocmo-
py A. Cymoro Ly + L, nasusaemocs muodicuna ecix mux 6ekmopis
we A, Aki nodalomecs y unadi cymu w=a, +a,, oe aq €L,
a, € L,, abo

L+L={weA:w=ag +a,,aq€L,a,€ L,}.

O3HaveHHs NEBHUM YUHOM PO3TOBCIOJUKYEThCA Ha OyIb-AKui
ckiHyeHHui# Ha6ip niamMHOXHMH Ly, Ly, ..., L; .
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HNpuxaag 2. Ha niowmni R? 3 npsMOKyTHOIO CHCTEMOIO KO-
opaunat O&n BisbMeMo ABa Binpisku L, i L,, napaneneHi oci On.
Hexaii L, — Bigpi3ok 3 kiHuamu (o, v;), (o0,8,) i v, <8,; L, -
Bigpizok 3 kiHuaMH (B,Y,), (B,8,) i ¥, <8,. Ix mMoxHa pos-
rNAAATH K MHOXKHHU ABOBUMIPHUX BEKTOPiB

Li={a=(n):Y,Sn<8)}, L={b=(B,n):y,<n<3§,}.

Cyma L;+L, cknanaerhes 3 ycix Bektopis w = (0. + 3,1, +15,),
ne m; npoGirae siapisox [v,,8,], a M, — Bizpizok [Y,,8,]. 3posy-
mio, wo L + L, <L, pe L={c=(a+BM):y, + Y, SN<d, +8,).

TNokaxeMmo, o Mae Micue i obepHeHe BiuntoueHHs L C L + L,.

Bubepemo 6yap-sike uncio m Ha Biapisky [y, +7Y,,6, +6,].
Horo moxua nonar y Burnsai n=(1-AXy, +7,)+v(8, +8,), e
A — nesixe uncno 3 Bigpiska [0,1]. O6uncmoemo M, = (1-A)y, +
A8, My =(1-A)y, +Ad,. Tomi v, <M <8, i v,<1n,<3,,
¢ =(o,my)€ L i ¢, =(B.m,)€ L,. 3incu Matumemo

=(a+B,m)=ce L.

Bynb-skuit Bektop ¢ =(a+,m) 3 MHOXHHH L nogaerscs y
BUINAAL CYMH c=¢) +Cy, ¢ € Lj, ¢, € L,. JloBeAeHO BKIIIOYEH-
ua L C L+ L, i, omxe, piBHict L=L + L,.

Ilpukaan 3. Hexaii y niniiiHomy mpoctopi A 3anaHo asa
nignpocropu L, = L(ay,a,, ...,a,), L, =L(b,b,,...,b;), 10 AB-
NA10Th COOOIO NiHiiHI 0O0NOHKH CHCTEMH BEKTOPIB @;,as, ..., d,,
i1 b,by,....0,. Toni L=L +L,=L(ay,a,,..,a,,b,b,...b) -
NiHiARKUA nignpocTip, NopomkeHuit 06’ €qHAHHAM LIMX CUCTEM.

Teopema 1. Axwo L, i Ly, — nainitini nionpocmopu npocmopy
A, mo nepemun LyNLy i cyma L+ L, — doeo ninitni nionpo-
cmopu. Axwo Ly i L, ckinvyennosumipmi, mooi
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dim(Z;, + L) =dim L, +dim L, —dim(L; N L,).
JloBejeHHs Mepuoi 4acTHHH TEOPEMH [OCHTb OYEBHJHE.
Hosenemo ii st cymu L)+ L, . Hexait wy,w,eLi+Lyi A, pe P.
I3 03HauEHHS MaTHMEMO

ae x,x, €Ly, y,y,€Lly Tomi w=Aw +uw, =(Ax; +ux,)+
+(Ay +uy,). Ane x=Ax;+ux,€L), y=Ay, +uwy, € L;. Tomy
w=x+ye L +L,.

Hexait dim Ly =m, dim L, =1, dim (L, N L,)=p. Ob6epemo 6azuc
C,Cy5.5Cp  TiEpeTMHY LyN L. JlonosHumo Horo o Gasucy
C15C25 ++sCp s Apiys -ees Gy TANPOCTOPY L). AHAOTIYHO NONOBHUMO
foro po 6asucy ¢,¢;,...,Cp 5 b,y -, b MiaMpPOCTOPY L) 3’s1COBY-
€TbCS, WO CHUCTEMA BEKTOPiB YCiX TPbOX THMIB ¢,Cy, s Cps
Apits s ps bpiys sl —Gasuc cymn Ly + L.

1) loBenemo JiHiliHY He3aNexHICTb UMX BekTopiB. Hexaii
Yi5Y25 <+sY ps Cpits s Oy By By — TaKi cransipu, ans sxux mae

Micue piBHICTb
V1€ et Y pCp 0@y +ot Oy @y +
+Bp+|bp+] +'+Blbl =9
Toni
chl +...+chp +O(.p+]ap+1 +...+O(.mam =
==Bpubps +..+Bib).
JliBa yacTHHa L€l piBHOCTI — BeKTOp i3 L, npaBa — BeKTop i3 L,,
atomy =B84 —...=Bb €L1 N Ly, T06T0 —B 110,01 = =Byl =
4 ’ . . . . ’ 4
=i +...+YpC, . 3BiACH AICTAEMO PIiBHICTB V¢ +...+Y,C, +
Bpibpir + - +PBb, =0, 3 mel sunumsae, wo Y| =..=Y,=
=Bpn = =P, =0. Ocrarouno, , = ... =y, =0 = ... =@, =0.
2) Slxwo we Ly +Ly, Toni w=x+y, x€ L, y€ L,. [logamo
x y 6a3uci ninnpocropy L; :
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x=Y|C]+...+chp+(x +]+...+0Lmam.

p+19p
Takox y =Yic; + ... +Y,¢, +B,nbps + .. + By Toni
w=(Y, +Y)e + e+ (Y, +Y))e, +
0,41 Apgy F o + 0y BBy + By
BekTopH ¢,¢;, ..sCps Apiys vy Qs bpﬂ, ...,by cTaHOBAATHL 6a3uC
npoctopy L, + L, . Tomy
dim(L,+L)=p+(m-p)+(-p)=m+l-p=
=dim L, +dim L, —~dim(L; N L,).
Osnavennn. Cyma L =L + L, +...+ Ly —ninitinux nionpocmo-
pie L, eexmopnozo npocmopy A HQ3uBAEMbCA NPAMOIO, AKUO
Lin(L+..+Li+ L +..+L)={0} ona ecix j= Lk.
3okpema, cyma aBox mnianpocropiB Ly +[, — npaMa, SAKLIO

L L =1{8).

TMo3uaueHHs NpAMOI CyMH mianpocTopis L, ..., L, :
L =L| @Lz @"'®Lk .

Teopema 2. Cyma L= L+ L, +...+ L, ninitinux nionpocmopis
L, L, ..., L € npamoio mooi i nuwe mooi, konu 0yOb-axuii 6ekmop
x€ L moorcna nooamu 'y guenaodi

x=x] +X2 +...+xk, x,GL,

€OuHum cnocobom, mobmo axuo xX=y+y, +..+y;, ¥,€ L,
moodi x; =y, ona écix j =1,k.
JdoBenenns. Hexail L=L,®L,®..®L,, xe L i
X=x+X+ ..+, =y +yy+ ..+ Y, ne xj,yjeL_,-.
Maemo piBHicTb (X; —y) + (% = ¥,) + ... +(x, — y;) =0, a TOMy
V=0 =0 = y) 4+ (X =)
Ane yy—x;€ L i (xg=yy)+ .. +(xp =y )€ Ly +...+ ;.
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3a ymoBoto nepetud L N(Ly +...+ L) ={68}. Omxe, y,—x =
= 9 = yl = xl .
TaxuM >ke YUHOM JOBOAATBLCS PIBHOCTI y j =Xj Al BCiX j = 1,k.

Bucyxemo obepHene npunywienns: Hexait 6yab-skuii BEKTOp X
i3 cymn

L=L+Ly+.+1,
NOAAETLCA Y BUTIAAI
X =X +x2 +...+xk, xj € L_]
€IMHUM cnocoGoM.

Obepemo x€ [y N(Ly +...+ L;). Toni x=x, +... +x,, x; €L,
J 2 2. 3BiacH Ha niacTaBi €AMHOCTI NOJAHHSA HYILOBOrO BEKTOpA
OTPHMAEMO

-x=6, x,=6,..,x, ={6}
i, otke, Ly (L, +...+ L, )=0.
AmnanorivyHo ans 6yap-1KOro j MaTUMEMO
Lin(Li+.+ L+ L +..+L)={6}.

Teopemy noBeaeHo.

Teopema 3. fxwyo L=Li®L,®..®L,, de L, L,,... L, —
Jiniini nionpocmopu npocmopy A, mooi 06’ednanns 6asucis ycix
0odanxig L; cmanosume 6asuc nionpocmopy L i

dimL=dimL +dimL, +...+ dimL,.

HAoBenenns sunnusace 3 reopemu 1. Ipu IlbOMY JOCTaTHbO
BUKOpHCTAaTH METOJ MaTeMaTH4HOoi inaykuii 3a yucioMm k no-
JIaHKiB.

Bnpaeu

1. Tlepeniuntu Bei THNM NiHiAHMX NigNpPOCTOPIB AifiCHOrO Bek-
TOPHOrO NpocTopy R°.

2.V npoctopi R® 3anano nianpoctip L = L(a,b), ne a=(1,1,1),
b =(2,-1,1). 3uaiitu Bci Taki ninnpocTopu M, wo R =L® M .
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3. Hexaii L i M — niHiii#i niaAnpocTopy BEKTOPHOrO MPOCTOPY
A .Y sxoMy BUMaJKy TEOPETHKO-MHOXHUHHE 00’ €AHaHHa LU M
Oyae nignpoctopom?

4. Hexail L i M — niniitHi niZnpocTopu BEKTOPHOrO MPOCTOpPY
N. Hosectu, uio cyma L+ M Oyne npsaMoro Cymolo, sKiio 6yab-
AKHUI OZIMH BeKTOp z € L + M 0JHO3HAYHO NOJAETHCA Y BUIIIAAI CY-
Muz=x+y nexelL,ye M.

BidHocHul 6asuc

Hexaii L — niHiliHMii nianpoctip BEKTOPHOrO
npoctopy P” Hax nonem P. Jins Gyab-KUX 1ABOX BEKTOpiB a, b 3

P" BBegeMo BigHoweHus a=b, skwo a-be L. VY upomy
Bunagky Oyaemo nucatd a=b(mod L) i BBaxatH, wo a i b

KOHEpYeHmHi 3a mooynem L.
Lle BiaHOlIEHHS MiX BEKTOpaMH € €KBIBAIEHTHICTIO, OCKibKH
Mag€ BAacCTUBOCTI:
[.a=a(modl).
II. a=b(modL) = b=a(mod L).
HI. a=b(modL)& b=c(modL) = a=c(mod L).
O3nauennna. Cucmema 6exmopié ay,a,,...,d; HA3UBAEMbCA

JMIHIUHO 3a1eJCHOI0 BIOHOCHO nionpocmopy L (niniuno 3a1€dCcHo0
mod L), xonu icHye maxa HeHy1b08a NOCTIO0BHICMb Ay, Ay, ... Ay

cxanspie, o

May +ha, + ...+ Aa, =6(mod L) .

Cucmema gexmopis a,,as,...,q, HA3UBAEMbCA NINIUHO He3a-
nexcnorw eionocno L (ninitino nesanexcnoro mod L), axkwo mae
Micye UCHOBOK

May+ha, + . +Aa, =0(mod L) =
—_—>}\«] =}\.2 = . =>\.k =0.

Teepoowcenna 1. Cucmema eexmopie A=<ay,ay,...,a; > Ji-

HITIHO He3anedcHa GIOHOCHO NiHIUHO20 nionpocmopy L, axuwo ons
6y0b-axozo basucy b=<b,,b,, ...,b,> nionpocmopy L 06 €onanus
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buAd=<b,b,,...b,a,ay,...,a,>

— NIHIUHO HE3ANEXCHA CUCEMA BEKMOPIB.

Axwpo b — 6y0v-saxuii 3 6asucie nionpocmopy L i BUA — ai-
HILIHO He3anedCHa cucmema gexmopia, mo cucmema A NiHilUHO He-
3anescna mod L.

Osnauenna. Hexaii L i M — ninitini nionpocmopu. Cucmema
8eKMOpI6 a;,a,, ..., a4 nionpocmopy M Hazusacmocs to2o 6azucom
gionocno L (bazucom mod L), axwo

1) a,a,,...,a; ninitino nesanexcni mod L ;

2) ona 6yov-axozo eexmopa x€ M icuyioms maxi cxanrspu
AsAg, oAy, WO x =gy +Aya, + ...+ Aa (mod L) .

I3 ninifiHOT He3aneXHOCTI BEKTOPIB q;,4,, ...,a; BIOHOCHO L Bu-
NMBaE, WO KoedillieHTH Aj,A,,...,A; B OCTAHHBOMY MOpIBHSAHHI
BM3HAYal0TbCA OJHO3HAYHO )15 Oy Ab-9KOro BekTopa X € M.

Teepoacenna 2. Hexaii B=<by,b,,....,b;> — baszuc niniiinozo
nionpocmopy L. [ina mozo wob cucmema A=<ay,a,,...,a;,>
6exmopie ninitino2o nionpocmopy M 6yra 6aszucom mod L,
HeobxioHo i oocmamubo, ujob 06’conanns B UA=<b,b,,...,b,
ay,ay, ...,a> 6yno 6asucom cymu L+ M .

Teepmxenss 1 i 2 noBOAATHCA Ha MiICTaBi 03HAYEHD.

3BepHEMO yBary Ha OAMH e(EeKTHBHMI cmoci6 oGuuMcneHHS
6asucy mod L. Hexait b=<p,,b,, ...,b;> — 6azuc nianpocropy L,
A=<ay,a,,...,qa, > - 6a3uc nignpocropy M.

ITignpoctip L +M — niniliHa 060n0HKa CHCTEMM BEKTOpIB X =
=bud=<b,b,,...,b,q,a,,..,a, > J{ni1 BUIyuUeHHs NOTpiGHOTO
6asucy 3 Z yTBOPMMO PO3LUMPEHY MaTPHULIO

JAe B — marpuus po3MipHOCTi [Xn, paaku gKoi 36iraroThes 3
BekTOpamu Gasucy b; 4 — MaTpULA PO3MipHOCTI m X n, PANKK AKOI
30iratoTbes 3 BekTopamu Gasucy A.

3acTocyemo 10 MaTpulli B METOA HANpPAMIIEHOTO BUKITIOYEHHS.
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Ockinbky psaaku Matpuui B niHiHO HesanexHi, To 3a pe3ynb-
TaTamMy o0uHCiIeHb AicTaHeMo 6a3uc cymu L+ M 3 BekTOpiB

by,bs, ... b,,a N R

J2° Ji?
re I'=<a;.a;,..,a; > — NiAMHOXNHA i3 A. Bona € 1ykaHuM
BiHOCHHM 6a3ncoM.

Bnpasu

1. Hexait B=<b,,b,, ...,b,> — 6a3uc niniitnoro nianpoctopy L,
A=<a,a,,..,a,> — Oasuc niniiiHoro mnianpoctopy M, ['=
=<a,,a,,...,a;> — 6asuc mod L. Bupasumo p=m—k sekropis
iy Apyns -1 Gy HepeE3 6asuc bUT cymn L +M:

At =By +PBraby + . +Byby + 04 a) + 0, + .+ 0y,

iz =By +Boaby + oo + Byl + Q@) + 0y + o+ Ay,

a, =Bplbl +Bp2b2 + ... +Bplbl +ap|a[ +(x,p2(12 + ... +0kaak .

HoBectu, 1110 BEKTOpH

¢; =Buby +Biby + .. +Buby, i=Lp
cTaHoBAATHL 6asuc nepetuny LNM.
2. 3uaiitu 6a3MC CyMH i nepeTHHY JiHiiHUX nianpocTopis
L=L(bl,b2,b3), M=L(a|, a2, a3),
ae
=(1,1,0,0), »,=(0,1,1,0), b=(0,0,1, 1),
a[=(1,0,1,0), a=(0,2,1,1), ;3=(1,2,1,2).



Po30in 4. CUCTEMM NIHIMHUX PIBHAHb
(SArANNbHA TEOPIA)

§ 4.1. MeToa BUKNIOYEHHA HEBIAOMMUX
(meTon Maycca). YMoBM cyMicHOCTi

Hexaii 3agaHo n0BiNbHY cHCTEMY NiHIHHUX PiBHAHDL
3 HEBIIOMUMH X, X5, ..., X,, i KoediuieHTamu o, (i=lm, j=1,n)
i3 nosas P:
(X”xl +a|2X2 + ... +Otlnx,, =B|,
azlxl +(122x2 + ... +(12"xn =Bz,

M

am]xl +am2X2 +...+0 X =Bm.

mn—n

OcHOBHa MaTpuu Ui€i cucTeMu

O Oy, Oy
Oy Oy 0y,
A= -------
a’ml am2 amn
i posumpeHa

Ay Oy a, | B
= | %2 Oy oy, | By

A=
aml am2 amn Bm

SIKio B CHCTEMI € PIBHAHHSA BHIY
O'x] +0'X2 + ... +0'xn =O,

TO #Oro MoXKHa BiakUHYTH. OnepxaHa cucreMa Oyfie piBHOCHIbHA
3ajaHiii.
SK10 B CHCTEMi € PiBHAHHSA BULY

0-x+0-x,+...40-x, =8, B#0,
TO CHCTEMA HE Ma€ pO3B’A3KiB.
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OOGrpyHTYEMO METOA BUKIIIOUEHHA HeBinmomux (Meroa laycca)
JUid po3B’a3aHHsA cuctemy (1).

3a J0NOMOrol0 eNeMEHTApHUX MEpPEeTBOPEHb Hal psaxamu
pO3LUKMPEHOT MaTPHLi A 3Benemo il 0 CTyNeHeBOoro BUrnaay

Y Yi2 - Yip, o+ Yip, -+ Yin
61 P2 V&) 81

0 0 e szl vew Y2p3 e an
c=lc|®%l<| 0 o 0 %
63 Y3[73 coo Yip 63

0 0 0 0 0

BeaxaeMo, 10 fnepili » PpAAKIB oaepxkaHOi MaTpHLi
€},Cy5 --.»C, — HEHYIIBOBI, @ pewTa — HynboBi. TYT ¥y1,¥ap, V3p,s -5
(1< py < p3 <...) — NPOBi/HI eNeMeHTH, OfiepXKaHi MiCns AEKiILKOX
eNneMeHTapHUX MnepeTBopeHb paakiB Mmartpuui 4. [lo3naunmo
onepxany Matpuuio C, a ii po3LluUpeHy — C. Sk 6yn0 f0BEAEHO B
§ 2.6, cucteMa piBHsHD (1) piBHOCHJIbHA CHCTEMI

Y”xl +Y]2x2 + ...+Y]p2xpz + ... +’Y]mxp3 + ... +Y|nxn =6],

Hop, Xp, + o H V2 Xpy F o Xy =8, @

’Y3p3xp3 + ... +Y3nxn =83

Cucrema (2) MicTuTh 7 piBHAHb (pewiTy piBHaHb BUAYy 0=0
BIKHHYTO).

Jlns po3mwnpeHol MaTpuLi C ujei cHCTeMH € 1B MOXIHBOCTI,
1[0 BUKJIIOUAIOTh OZIHA OAHY. Po3risHeMo iX okpemo.

MosxkausicTs 1. Ocranuiit 1f HeHynbOBHH pAAOK (3 HOMEPOM F)
mae BUIAI

¢, =(0,0,.Yp o oesVpn 19,)5
me Y,, #0irs<n.

Tomy marpuui C i C CTYNEHEBOro BUrisly MalOTh OJJHAKOBE
YMCIIO 7 HEHYJILOBUX PAAKIB i, OTXKE, paHry ix 36iratoTbes:
r=panry C = panry C.
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Ane paHr 4 = paunry C i paHr A= paury C. Tomy

r=paury 4 = paHryZ.
Pazom 3 Tum, cuctema (2) cymicHa. Hesigomi X5 Xpy s e Xpy s AKi
MICTATBbCA MpPH MPOBIAHMX KoedillieHTax Y, 15Y2p, >+ Yy, = HA-

3UBATUMEMO iX OCHOBHUMU, — MOXHA NMOJATH Yepe3 pelTy He-
BigoMux. OcTaHHi HEBiJOMi HA3UBAIOTLCA BLILHUMYU 1 HHCIIO X
n-—r.

Jns Toro wo6 noaatH ocHOBHI HeBiAOMi Yepe3 BijibHi, MOTPiG-
HO PO3MOYMHATH 3 OCTAHHBLOrO PiBHAHHA CUCTEMHU (2):

Yrp, “Xp, T ¥rp,+1 Xp a1t e ¥ Yy o Xy =8r

i mojatn x, uepes HEBIAOMI X, ., ..., X, , AKi yBiiAyTb y cykyn-

HICTb BiNbHUX HeBimomux. Hani ciix nepedTH 10 piBHSAHHS, AKE
3HaXOJMThCA BULLE LLIOWHO PO3TNAHYTOrO, i T. A.

JicraeMo 3aranpHuil po3s’s30k cuctemu (2) i, pasoM 3 THM,
3aranbHMi po3B’s30k cuctemu (1).

3okpema, AKILO paHr ¥ =1, TOOTO 30iracThcs 3 KiILKICTIO HEBI-
IIOMHUX, TOZI cucTema (2) MatuMe BTN

Yo X+ X HYiaX, =0,
YXp + oo VX HY2u%, =8,

Y n-1n-1%p-1 +Yn—lnxn = 8n—l ’

L Ynnxn = no’

ne Yy 20,k =1n.
Toni cucrema Mae eauHHi po3B’A30K
- 6,, _ 8"_] _ Yn-1n x

n-1-
Ynn Yn-1n-1 Yn-1n-1

ne e

MoxauBicTb 2. OcTaHHiit HEHYNLOBHI psanok MaTtpuli C Mae
BRIIAL

¢, =(0,0,..,018,), 5, #0.
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Toai paur C=r-1, paur C =r, a TOMy paHr A=r—1, paHr
A =r. Cucrema (2) y ubOMy BHRAJKy HE MaTHME pO3B’3KiB,
OCKiJIbKH MICTUTb PIBHAHHS

0-x+0-x+..+0-x,=93,, §,#0

tany 0=1. Ha nigcrasi uboro 3ajaHa cucTeMa He MaTHMe po3-
B’AI3KiB.

Teopema 1 (Kponexepa—Kaneani). [lna mozo wob cucmema
JiHIUHUX pigHAHb Oyna cymicHolo, HeobxioHo i docmamubo, wob
3bizanuca panau it OCHOBHOT Ma po3WUPEHOT Mampuyb.

JoBeneHHs BUIUINBAE 3 HABEIEHHX BHLUE MiPKYBaHb.

Teopema 2 (npo eusnayenicmo cucmemu JiHikHUX PIGHAHD).
s mozo wob cymicna cucmema NiHIUHUX PIGHAHb Mana auule
00uH pO38 30K, HeObXIOHo i docmamHbo, wWob pane it mampuyi
36ieaecs 3 HucIom ii HegiooMux.

Bkasiska HI0f0 3aCTOCYBaHHA METOLY BUKIIIOYEHHS HeBiJo-
mux. Tlpu 3acTocyBaHHi eleMeHTapHUX MEPETBOPEHb 3 PAAKaAMH
Matpuui 4ns 3BeAeHHs ii 1o ctyneHeBoro (abo HaBiTh K0 ncesBAo-
CTYNEHEBOro) BUIIIAAY iHOAI JOLINBHO Ha AKOMYCb Kpoui nepe-
CTaBUTH CTOBALI (32 BUHATKOM ocTanHboro). I1pu Taki nepecra-
HOBLI CJIiJ MOMiHATH MicusiMH i BianmoBiaHi Heeigomi. [1pointocT-
PYEMO L.

Ipuxkaaan. Jocaiautu cucremy
-+ (1+A)x, +Q2-A)x; +Ax, =3,
A.xl - X2 +(2 - )\')x3 +}¥X4 = 2,
}\.xl + }\x2 +(2 - }\.)x:; +A.x4 = 2,
kxl + }\.xz +(2 - A.)x:; _X4 = 2

Ta 3HaiTH 1T pO3B’I3KH 3aIeXHO BiJ napamerpa A .
3anuiiemMo po3LHpEHY MaTPULIIO CHCTEMH

-1 14X 2-1 A |3
S| A -1 2h a2
A A 2-A A2
A A 2-A -1]2
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3actocyemo 0 MaTpHlli A cepito eneMeHTapHHX NepeTBOPEHb:
BiZIHIMEMO BiJ OCTaHHLOTO pAlKa 3-i panoK, NOTiM BiJ 3-ro Bia-
HiMeMo 2-i, i, HapewTi, 10 2-ro paaka goaamo 1-d, momHoxe-
Huit Ha A . [lictanemo

-1 1+A 2-A A 3
7| 0 A HA-1 “A2+A+2 AZ+A [ 243A
0 A+l 0 0 0
0 0 0 -A-1 0

INepectaBumo 2-i i 3-if crosnui. JJictaHeMo cTyneHeBy Mat-
pywo

-1 2-A 1+A A 3
| 0 A2 HA+2 AZHA-1 AZ4A | 243A ‘

0 0 1+A 0 0

0 0 0 -A-1 0

Omxe, skwo -A2 +A+2=A+1D2-A)#0=>A#-1i A#2,T0
MmarpHus C - cryneHeBa. Y BiAnoBiAHi#i cucTeMi piBHAHb CAif
NOMIHATH MiCUAMU X, i X3. PiBHOCHIIbHY cHCTeMy piBHsHb Y
LbOMY BHNAJIKy MOXKHA TIO1aTH Y BUrNIAA|

—-x; + 2-Nx; +H1+A)x, +Ax, =3,
A+D2-Mx; +AZ+A-Dx, +AA+Dx, =2+43A,
+A+1Dx, =0,
-A+Dx, =0.
17 po3s’ssok
X =——_-—1——, X5 =0, x, =A, X4 =
A+l A+1D)2-2)

npu A#-1 i A#2.
[Ipn A = -1 Ge3nocepeaHbO i3 CUCTEMH AICTAaHEMO

-1 3 0 -1 3

E_00—10-1
oo o ofof
00 0 0[O0
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PiBHOCHJIBHA CHCTEMA MATUME BUIIAL,
—~X; + 3X3 —X4 = 3,
—X,

1
|
—

3aranbHuii po3B’a30K: X; ==3+3x3 — X4, Xy =1, X3,X4, A€ X3,X4 —
BiJIbHi HEBIOMi.
Ilpu A =2 gpicranemo

103 23 (-1 03 2]3
—~ 1005 6/8/ 000 0]l
“='003 olo/Joo 100

000 -3/0) L0000 1]0

PiBHocunbHa cHcTeMa Mae piBHAHHSA BUay 0= 1.
VY ubOMY BHMAJIKy CUCTEMA HE Ma€ PO3B’A3KiB.

Bnpasa

JlocaiguTu cucteMy JiHIHHUX PiBHAHDL | 3HAWTH il pO3B’A3KM
3a/IeXKHO Bij napameTpa A :

A+ o+ o+ ox, =1,
p + }\.x2 + X3 + X4 =)\«,
xl + x2 + )\.x3 + X4 = }\42,

xl + X2 + X3 + >\.X4 = )\«3.

BidokpemneHHsa 6a3ucHux po3e’a3kKie

Hexaii cuctema niHiiHMX piBHAHD (1) 3 pO3ILIMPEHOIO

MaTpHLE
Oy Oy - 04y, | By
— |0 Oy .. Oy, | B,
A=
aml (sz v c‘mn Bm

cyMicHa, To6TO paHr 4 = paHr‘yZ = r. Toai matpuusa 4 mae 6a3uc-
HUit MiHOp A TIOpAZAKY 7, SKWit ofHOYacHO Oyae i 6a3ucHUM Mi-
HOpOM MarpuLi 4 .
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ll.ﬂﬂ NMPOCTOTH BUKJIaAy BBAXXATHUMEMO, IO

A O Oy,
Oy Oy o7}

A= "1#0
a’rl a‘rZ e a’rr

Ha niacTaBi TeopeMu npo paHr MaTpuLi pALKH MaTpuui A, saxi
3aMoBHIOTL GascHUii MiHOp, oaHoyacHo OynyTh il 6a3UCHHUMHK
psAkamu. 3a HalUUM MPUITYLUEHHAM nepili 7 ii paakiB a,a,, ....q,
OyayTb 6a3UCHHMM.

3a JONOMOFOK0 elleMEHTapHUX MepeTBOpeHb PSAAKIB MarpH-
10 A MOXHa NOAATH Y BUITIAAI

Oy Oy e Oy oo Oy | By
Oy Oy - Oy oo Oy, By
By
— O, O,y ... O .. O, |B,

0 o ... 0 ... 0}O0

o o0 .. 0 ... 0]0

Bowna ofepxyetbcs 3 4 3aMmiHOIO BCiX PAAKIB 3 HOMepamu i > r
HYNLOBUMH PSIIKAMH.
HaBenemo Ty cepilo eneMeHTapHUX nepeTBopeHb (yci BOHH

THNY 2), fiKa nepeTBoptoe matpuuio 4 B B.
Psnok a; 3 HoMepoM i > r MaTpuli A JniHiliHO mojaaeTbes ue-

pe3 palKH a;,d,,...,Q, :
a, =Ma +Aa +...+Aa,.
Jlo psanka a; 10AaMo PAAOK a;, NOMHOXEHHI Ha —A,, NOTIM 10

HLOTO J101aMO PALOK a,, MOMHOXEHHH Ha —A,, i T. 4. Y pe-

3ynbTaTi i-i pANOK 3aMOBHUThCA HyNsAMH. [IpomoBxytouu Aami
i NepeTBOpEHHs, aHANOrYHO AICTAHEMO BPELUTi-pelUT MaTpH-

uio B.
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3anana cucrema (1) piBHOCHIBHA HOBII CHUCTEMI PiBHSAHD
(l”xl+...+ (X],.x,.+0tlr+1xr+l + ... +(X|"x,, =B],

(X.21x1+...+ (erx,+a2r+1xr+] +... +(12nxn —_-Bz,

.................................................................. 3
Xy +..cb X +0,, X, +...+0,x, =0,
PiBHAHHS Ui€T cCHCTEMU HA3MBAIOTLCS HA3UCHUMU.
TepetBopumo 11 10 BULASLY
Oy Xy + .+ 0y, X, = Bl O Xy T = WX,
OpiXp + e +0, X, =By =0, Xy = —Og,X,,
......................................................... e (4)
Opxy + . 0, = Br 1 Xl e T Oy Xy

SAKWo r <n, TO HEBIAOMI X,,|,X,,5,...,X, MU HA3BEMO GilbHU-
MU | 10]1aMO HEBIZIOMi X;,X,,...,X, uepe3 Li BilbHI HeBigOMI, 3a-
crocyBasiuy 6yaL-skuif 3 MeToniB, 30kpema, meToa Kpamepa.

Sxkwo r=n, To cuctema (3) Habyae Burasay

Oy Xy +0aXy  +ot+ Ox, = B,
Oy Xy + 00Xy +oot Oy,x, = By,

QX + 00Xy +oo+ Ax, = B,.

Ockinbky 11 Bu3HauHuk A #0, cucTeMa Mae JvIEe €AvHAUI
po3B’a30k. Lleit po3s’sa30k Oyne eauHuM i aAns 3agaHoi cucremu (1).
Bnpagu

1. 3naiiTy HeobXxiaHi i nocTaTHI yMOBM JUid TOro, Wob 1 nps-
MHUX MJIOLHHH

ax+by+c =0, i=ln

NPOXOANIH Yepe3 OAHY TOUKY.
2. 3HaiiTu yMOBH HeoOXiaHi i1 JocTaTHI Auist Toro, wob YoTHpH

TOUKM NNOWMHK (X;,y; ), i =1,4, O He HanexaTb OAHIH NpaMmii,
Hanexanu 6 oqHoMy Kouy.
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3. JIoBECTH, L0 KOJIK CHCTeMa JTiHIHHUX PiBHAHB Mac 182 pisHi
po3B’s3KH @ i b, To ix NiniiiHa komGiHauis BuRy Aa+(l -A)b Oy-
Je TakoXX po3B’S3KOM Li€l cuctemu npu OyAb-sIKMX 3HAYEHHAX
napamerpa A .

4. BcTaHOBUTH HEOOXiZHY i AOCTaTHIO YMOBY AJis TOro, W06
niniliHa kom6iHaLis A,a; +A,a, + ... + A a; PO3B’AKIB a),ay, ..., Oy
HEOLHOPIAHOT CHCTEMH NiHIHHMX PiBHAHB, Gyna po3s’a3koM wiel
CHCTEMHU.

5. BcTaHoBMTH HEOOXiHY i IOCTATHIO yMOBY A/ TOrO, 1100
cyma a+b npox po3s’s3kiB a i b cuctemu pisHsHb (1) Oyna 6
po3B’si3KoM wiei x cuctemu. Te came ans Aa, A #1.

6. 3a siKoi yMOBU 71 TOUOK (X;,¥;,Z;), | =1,n HanexaTb ORHiil
NJOLLMHI Ta MICTATbCS HA OAHIM NPAMII?

§ 4.2. Cucmemu nitiliHux 0OHOPIOHUX Pi@HAHb

Cucrema niHiiHUX piBHAHD
1% + a]2X2 +...+ O(.lnxn = 0,
0,

I

Oy X) + OpaXy oot Oppx, = 0

3 koediuientamu o, (i=1,m, k=1,n) i3 nons P Ha3UBACTHCS
CUCMEMOIO NHITIHUX OOHOPIOHUX PIGHAHb 3 HEBIIOMUMH X, X5, .3 X,

Cuctema (1) 3aBX¥an CyMmicHa, OCKiNbKH HYJbOBa MOCHILOB-
HicTb (0, 0, ..., 0) ckanapis — ii po3B’s30K.

Teopema 1. Mnoowcuna L ycix po3g’askie cucmemu NIHIUHUX
0OHOPIOHUX DiGHAHb € NiNitiHUG niOnpocmip NPoCcmMopy P". Pos3-
Mipricmb tioco dimL=n—r, e n — HuCn0 HeBIOOMUX i ¥ — panz
mampuyi A=(a,), i=1L,m, k=1,n yiei cucmemu.

JNosenenHs. Hexait x,ye LiA,ueP. SAxwo x=(§,,&,, ....&,)
i y=(M,N250M, ), TO Zaikgk =0 i Zaimk =0 ana Oynmb-
k=1 k=1
AKUX i=1,_m.
173



Koopaunaramu niniitHoi kombinauii w=Ax+uy 6yayTs cka-
napu o, =AE, +un,, k=1,n. Toni

Zaikwk :Zaik()‘ék +Un) =2 'Zaik{:'k +u 'Zaiknk =0,
k=1 k=l

k=l k=l
we L.

MHoxuHa L — niHiiiHu# nignpocTip.
Hexait » — paur marpuui

O Qe Oy

®zp Oy .o Oy,
A=

a‘ml (x‘m2 s a‘mn

cucremu (1). 3rinno 3 3aranbHOIO TEOPIEIO 38 YMOBHU # = n CHCTe-
Ma Mae Jinlie OOUH PO3B’A30K — HYJIbOBUH (TpuBiasibHMit). V 1po-
My Bunaaky dimZL =0.

PosrnsHemo Bunanok » < n.

3a 101IoMOrol0 cepil eneMeHTapHUX MEePEeTBOPEHb 3BEEMO Mar-
pH1LI0 A 10 CTYNIEHEBOro BUMIISAY

Yio Yiz - Yo oo Yin
0 Yn - Y2 - Y
C=
0 0 ... v, . Y
o o0 .. 0 ... 0

Tyt 3apaan HaouHOCTI BUKJIALy BBaXaTHMEMO, LLO MPOBIAHUMH
CNIEMEHTAMU HEHYNBOBHX PALKIB Cj,Ca,.0sCp € Y15Y225 w5 V-

Toai cucrema piBHAHB, piBHOCHJIBHA 3aiaHiii (1), MaTUMe BHU-
rasg

Yk + VXt .o X+ HYx, =0,
Yszz + ... +’Y2,.xr + ... "{"anx’7 = O,
)
Yo Xy X =0
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BibHUMM HEBIIOMMMH OYIYTb X, 1, X425 - X, - OTKE,

X =B Xpa + - FBinXns

X2 =B2r+|xr+| + ... +B2nxn’

3aranbHuii po3B’A30K NOJAETHCS Y BEKTOPHOMY 3anucy
X = (B)r+]xr+l + +Blnxn’ ""Brr+1xr+l +.t Bmxmxrﬂ’ "”xn) .

BHAinMMO 71— YaCTMHHMX PO3B’S3KiB, HAJal0un BiIbHUM He-
BiOMMM MOC/iIOBHO CKANSpHi 3HAYCHHS, HaBEaeHi B psAlKax KBajl-
paTHOT MaTpHULL NopsaaKy d=n-—r:

Xr41 Xr42 Xn

6I 1 612 Sld

82I 522 8Zzl

8cll 8:]2 de

3a yMOBH, o
8 8y - dy
621 622 T 82d
det D= #0.

8uy Buz - B

3aJie)HO Bifl iX 3HaYeHb OOUMCIIOIOTLCH Xp, X, .ves Xy -
YacTo TaKOK MaTpULel0 00MPaETLCA OAMHMTHA MATPULIA

Xrtl Xr+2 Xn
1 0 0
0 1 0
0 0 1
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[1pn Takomy 3anauni matpuui YacTHHHMMH pO3B’A3Kamu GyayTb
BEKTOpH

bl =(ﬁlr+1’ BZr+l= ""Brr+]’ 1,0,0,..,0),
b2 =(Blr+2’ BZr+2"",Brr+2’ 0’ 1’ 0’ seey 0),

bn—r = (B]m BZn’ g Brn’ 0,0, 0,.., ]) .
Lis cucrema BektopiB by,b,,...,b,_, — niHiliHO He3anexHa. Tomy
Oyab-axuii BeKTOp X MOXKHA NOAATH Y BUMASMI
X=X by + x50y + ... +x,b,_,. 3)
Omxe, 6yap-aknit po3B’s30K CHCTEMHU piBHAHBL (2) i cMCTEMH
piBHsHb (1) niHiliHO BUpakaeTbCa uepes BekTOpH by, b,,...,b,
Bonu ctanoBnaTs 6asuc nignpocropy L3 dimL=n-r.

re

basuc nianpocropy L HazuBaeThCs hynoamenmanvHowo cuc-
MeMOoI0 po36 'A3Ki8 CUCTEMU NiHIHHUX piBHAHB (1).

3 n0BeAeHOi BMILE TEOpEMM BUILIMBAE NPaBHIO OGUMCAEHHS
(yHaaMeHTaNbHOT CUCTEMH PO3B’A3KiB CHCTEMH PiBHSHb:

1. MeTo10M BHKITIOUEHHA HEBiZOMMX 3HAXOAMMO DaHr r i 3a-
rajlbHU PO3B’A30K CUCTEMH PiBHsHb (1).

2. AAKWo Xx,,1,X,,5,...,X, — BilbHi HeBiAOMI, TOAI cknagaeMo

Tabauuo,
X X3 X, Xptl Xp42 e Xn
bl Bl r+l BZrH e BrH—I i 0 0
by Bl r+2 ﬁz,n Brr+2 0 1 0
bn—r Bln BZn Brn 0 0 e l

3anOBHIOKOYH MOCAILO0BHO T psaaku. Y 1-my psaaky b, Hanaemo
BUIBHAM 3MiHHUM 3HaueHHs X,,; =1, x,,, =0,..., x, =0 i, 3anex-

HO Bill HUX, OGUMCIIOEMO Xi,X,,...,X,. [IOTiM y 2-My panky b,
HAlAEMO BIILHUM 3MiHHUM 3HaYeHHs X,,; =0, x,., =1,..., x, =0 i,
3a/IEKHO Bil HUX, OOYUCIIOEMO 3HAYEHHS X, X,, ..., X, i T. 4. Onep-
KaHi panku by, b,,..,b,, i € QyHaaMeHTanibHa cucTema pos3-
B’fA3KiB.
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3. 3amicTh OAMHHYHOT MaTPHL B OCTAHHIX 1—7 CTOBMUAX MOX-
Ha BuUOpaTH Oyab-AiKy KBaApaTHy MaTpHLIO, BUSHAYHHUK SIKOT Bif-
MiHHHUi1 Bi HYNS.

Hpuknan. 3vaiTh GyHaaMeHTaNbHY CUCTEMY pO3B’A3KiB O~
HOpiHOT CHCTEMH

x+ 2x- x+ 2x+ x5 =0,
X - X+ 4dx+  x;—- 2x5 =0,
2+ 3x;— Sx3+ x4+ 3x; =0,
3+ 4x;— 9x + S5x5 =

3a 10NOMOrot0 eIEMEHTapHUX NEepPeTBOPEHb MATPHLIIO
12 -1 2 1
4= -1 -1 4 1 2
2 3 -5 1 3
3 4 -90 5
3BEJIEMO 10 BUMTIAAY
I 2 -1
o 1 3 3 -l
0 -1 -3 3 1
0 -2 6 -6 2

3]
—_—

B=

Tyt y matpuui 4 no 2-ro psaka aoganv 1-i, morim o 3-ro
Aojanu 1-#, nomHoxeHuit Ha ~2, i, HapeluTi, A0 4-T0 psaaKa A0-
Janu 1-i, noMHoXeHui Ha -3,

3acTOCyeEMO MepeTBOPEHHS: JO 3-TO psaKa A0AaMo 2-if, a Ao
4-ro foaamo 2-i, noMHoXeHn# Ha 2. JlictaHemo

12 -12 1
o1 33 -
100 00 ol
00 00 O

Omxe, cucTeMa, piBHOCHIIBHA 3aJaHiil, MATHME BUIIISA

X +2xy  -x3 +2x4 +x5 =0,
Xy +3X3 +3X4 —X; = 0.

177



3Bigcu
x; =Txy +4x4 =3x5, Xy =-3x3=3x4 +Xs.
3aranbHUit pO3B’A30K MATHME BUTJIAL
X =( Txy +4x, —3x5, =3x3 = 3%, + X5, X3,%4,%s)-

CkJiagaeMo Tadbmuo

X X, X3 X, X
b 7 | 311 o | o
b, | 4 | 3| 0 1 0
b, | 31 1 0 0 1

Psaaxu uiei Tabnunui

b=(7,-3,1,0,0),

by=(4,-3,0, 1, 0),

by=(3, 1,0,0, 1)
€ IyKkaHow (ByHIaMEHTATLHOK CHCTEMOIO po3s’s3kis. Hepaxkko
MepeKoHaTHCs, WO BEKTOpH by, by, by — niHifiHO He3anexHi, i
Oyab-siKuii BEKTOP i3 R’, nonaumii y Burnaai niniiinoi komGina-

uii uMx BekTOpiB b, by, by, Takox OGyae po3B’A3KOM 3ajaHoOl

CHCTEMH.
Teopema 2. Pignanna

Bix, +Byxy + ... +8,x,=0 4)
€ nacniokom cucmemu niniunux piguane (1) moodi i nuwe mooi,
xonu gexmop b = (B,,B5, ....B, ) MiHiino nooacmocs uepes 6exkmo-
pU Q,0y, ..., @y, —pAoKku mampuyi cucmemu (1).

Nosenenus. Heobxionicme. SIKIIO BEKTOP b NOJAETLCS Y BH-
rasai iHifiHOT kKOMGiHauii =A@ +A,a, + ... + A4, TO4i piB-
HiIHHA (3) odepKyeTbes i3 cuctemu (1) 32 JONOMOroi0 eneMeHTap-
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HUX nepeTBopeHs. [1pu uboMy fo pisHaHHA Bugy 0-x +0-x, +... +
+0-x, =0 nonaemo niBy i NIpaBy YaCTMHH MEPLIOTO PIBHAHHA CHC-
TeMHU, TOMHOXEHi Ha A, MOTIM JOAAEMO NiBy | IpaBy 4acTHHU JpY-
roro piBHsiHHS, NOMHOXEHI Ha A, i T. 4. B pesynsTati onepxxyemo
piBHaHHA (4). ToMy BoHO — Hacniaok cuctemu (1).

Hocmamnicme. Hexait piBusanHs (4) — Hacnigok cuctemu (1).
Po3rnsHemo cucTeMy NiHiHHUX PiBHSHB, OJepXKaHUX 00’€qHaH-
HsAM piBHAHBb cucteM (1) i (4):

X +0pxy +...t+ oy,x, =0,
OgyXy  +0gpX, +...4+ 0Oy,x, =0,

Qvneranns e, ®))

Oy Gy o,

- A _ Ogr Op O,y
’ o{'ml amz ocmn

Bl Bz Bn

TTo3nauumo yepes ¢, ¢y, ..., ¢, CTOBMNLI MaTpuLi 4, a ¢, Cy, ..., C
CcTOBNUi po3wupeHoi mMatpuui A. Hexaii » — panr marpuni A.
BBaxaTumeMmo, WO T, Cy, ..., C, — Ga3uc, CkNajgeHuil i3 CTOBMLUIB.
Bynp-sikuit  cToBneus c; niHifiHO nonaeTbes udepe3 wHi GasucHi
croBnui. Toai i AOBUILHUIT cTOBNELD ¢, Matpuui A niHiiiHo no-
AAETHCS Yepe3 CTOBIL ¢, Cy, ..., C,.

HloBeneMo NiHilHy He3anexHiCTb BEKTOPIB ¢y, ¢y, ..., C,.

Hexait A, A,,..,A,— Taka nocnifoBHicTs ckanspie, AN
AKOT BHUKOHYETbCA PIiBHICTb A, +Ayc, +...+A,c, =6. Toai
Mey+Ay0 + ..+ A0, +0-¢c,py + ... +0-c, =0 i, oTxKe, MOCZOB-
HiCTB Aj, Ay, .., A,,0,...,0 — po3B’s30K cucTemu piBHaHb (1). 3a
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NpuMyiLeHHAM piBHAHHA (4) — Hachigok cuctemu (1). Tomy no-
cniposHicTs A, A,, .. AL, 0,..,0 — pO3B’A30K CHCTEMH DiBHSHD

(5), TobTO
MG +A0 + .. +A,C, 40T, + ... +0-C, =0

i, omke, AG +AC +... +A,C, =0. 3sigcu onepxyemo A, =
=Ay =..=A, =0. OcrauHe i O3Hayae, WO BEKTOPU-CTOBMLI
€5 Cyy -y C,— NiHIFIHO HE3ANENKHI.

PaHr maTpuili A JOPIBHIOE PaHTy r PO3LIMPEHOT MATpHLL A.

I3 TeopemMu PO paHr MaTPHLL BUILIMBAE, IO PaHTH MaTpuub 4
i A 3a pAAKAaMM TakoX AOPIBHIOWTb r. TOMY OCTaHHii PALOK Yy
MarTpuiii NiHiHO NOAAETLCS Yepe3 PAAKH a), dy, ..., 4,

TeopeMy a0BEACHO.

Bnpaeu

1. 3naiiTn 6a3uc i po3MipuicTs nidiiinoro nianpocropy L npo-
cropy P", saxuo

a) L 3a/1aHO PIBHAHHAM X; + X, + ... + X, =0;

6) L — MHOXHHA BCiX BEKTOPIB, Y AKMX KOOPAWHATH 3 NapHUMH
HOMepaMH 30iraloThes;

B) L — MHOXMHa BCiX BEKTOPIB, y AKX PiBHi BCi KOOPJAHHATH 3
HeNmapHUMHU | MAPHUMHU HOMEPaMH.

2. BCTaHOBMTH PO3MIpHICTb MiAMNPOCTOPY PO3B’A3KiB CHCTEMH
3a1EXHO Bijl 3HaYeHb napamerpa A

(8—A)x + 2x, + 3x; + Ax, =0,
x+ (9-A)x,+ 4x; + Ax; =0,
X + 2x,+ (10-A)x; + Ax, =0,
X + 2x, + 3%+ Axy =0.

3.V npocropi MHOro4seHiB cTeneHs <5 3HaiTh 6azuc miHiii-
HOrO mianpocTopy MHorouneHis f(f), ana axux f(0)=£(1)=£(2)=
=£f(3)=0.
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§ 4.3. CnpsaxeHi nidinKi nignpocTopu
Hexaii y mpoctopi P” 3afaHo ABi CHCTEMHU BEKTOPiB
a] =(OL||,O(|2, aeny (X.]n),

ay =(0ty), 099, ..y 0gy ), "

b =(3|1’ Bizs s Bm)’
b2 = (BZ! » {3225 (] BZn )’
(B)
b = (B/ls Brz> s Brn )
Slkio BOHM NiHiIMiHO eKBiBaneHTHi, TO TXHi AiHiiiHI 000NOHKH

30iraloThcs
L(al,az, ceey am ) = L(b],bz, “eey b[) = L .

CucreMa piBHAHb
a“xl +a|2X2 +...+(X.|nxn =0,
a2]x1 +OL22x2 +...+a2nx,, =0, (1)

(Xmlxl + amzxz +... +0Lmnxn = 0

piBHOCHJIBHA CHCTEMi
B“xl +B]2x2 +...+B|nxn =0,
Baix; +Bapxy +... 4+ Bayx, =0, ,
1)
Bux +Biax; +...4+Byx, =0,
AKLLo cucTeMH BekTopiB (A) i (B) niHiliHO ekBiBaJIEHTHI.
* . e - . .
[Mo3nauumo uvepe3 L niHiiHMHA MpOCTip poO3B’A3KIB CHCTEMHU
(1) i, omxe, piBHocuibHOT cucTemu (17). Bin He 3anexuTb Bif BU-

6opy cucteM BekTOpiB, LIO MOPOMLKYIOThb mianpoctip L. Takumu
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cUCTEMaMy BEKTOPiB, 30KkpeMa, MoXkHa BUOpaTH Oynb-akuii 6a3uc
nianpocropy L .

Tomy nouinbHO BBECTH Take O3HAYEHHS.

O3nauenns. CnpsajceHum nionpocmopom L" ona ninitmozo
npocmopy L = L(a,, Ay, ey Ay, ) HA3UBAEMbCS MHOJICUNA BCIX PO3-
8 'a3xie cucmemu (1) ainitinux 0OHOpIOHUX pigHAHb. Paokamu ma-
mpuyi A =(0;,) yiei cucmemu byoymo Gekmopu ay, Gy, ..., a,, .

[3 o3HauYeHHs BUMIUBAE
dimL =n-r,

Iie ¥ — paHr cucteMu BekTopiB (4 ).
Teopema 1 (npo osoicmicme). [na ainitinozo nionpocmopy L
sexmopno2o npocmopy P" euxonyemocs pienicme

(r)=cL.

Josenenus. [Mopamo mignpocrip L y Burnsai nidiiivoi o6o-
JIOHKW A€AKOT CHCTEMH BEKTOPIB

a; =0, O, ooy Oy ), =1,

. * . ' . .
Toni L — MHOXMHHAa BCiX pO3B’A3KiB CUCTEMH PiBHAHB (1).

Hexalt ¢, c,, e Cp= ¢dbyHaaMeHTanbHa cucTema il po3B’s3kis,
p=n-ric =(yﬂ,yj2, ...,y_,.,,),j =1,p.

« *

[poctip M =(L ) 36ira€Tbcsi 3 MHOXHMHOW PO3B’A3KIB CHC-

TEMH piBHSAHb

Yun +Yiys +et Yy, =0,
Yoy tY¥n2)2 +eetY2,Y, =0,

Yplyl +Yp2y2 +"'+anyn =0.

(2)

Ockinbkyt ¢; — po3B’s30K CHCTEMH (1), TO Ma€ BUKOHYBATHCb piB-

HiCTh
Oy +0oY o o+ 0GY = 0 3)
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Ui Oyb-SIKUX i = 1,m; j= i,_;—a
I3 piBHocTi (3) BUnIMBaAE, WO

*
A1, Gy ey Ay S M=(L*) )

Tomy L=L(a,ay,...,a,)C M.
JoBenemo obepHeHe BKIOYEHH M C L.
O6epemo noinbuuii Bektop b=(P, B,, ..., B, )€ M. Jlns Hpo-

ro BUKOHYETLCA PIBHICTb
YiBi+Y,28; +... Y uBn =0 4)

ans Beix j =1, p. Ockinbku Gyab-sikuil BeKTOp ¢ =(Y1,Y20eYn)

i3 niznpocropy L' — niuiiina komGiHauis BEKTOpiB €155y Cpys

TOC — p03B’ﬂ30K piBHﬂHHﬂ
lel +BzX2 +...+ann =0. (5)

OTtxe, 6yab-akuii po3’s30k cuctemu (1) € 04HOYACHO i po3B’A3-
KOM piBHAHHA (5). 3a TeopemMol0 Npo piBHAHHA — Hacnigok (Teo-
pema 2, § 4.2) Bexrop b niHiiiHO MoaaeTscs uepes q;, a,, ..., d

>¥m>
tobTo be L.
Bkntouenns M C L nosenexo. [Topsa 3 uMM nOBEAEHO PiBHICTD

(L*)* =1L,

3ayBaxxeHHA. JloBeneHHs Moxe OyTH cripolleHe, KoM Bpaxy-

Baty, wo dim L = dim(L* )* .

Cnocobu 3adaHHs niHiGHUX
nidnpocmopie

I3 edpexTBHHX crocobiB 3anaHHs NiHiiHKUX mianpoc-
TOpiB 0COOAMBO Bi3HAYUMO IBa:
I. Minnpoctip L=L(a,a,,...,a,) — AiHiliia 06onoHKa cuc-

TEMH BEKTOPIB 4y, s, ..., Ay, -
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M. IlianpocTip L — MHOXKHA pO3B’A3KiB 33aHOT CUCTEMM Ji-
HiHHUX OJHOPiAHUX PiBHAHb.

[lpn po3p’s3anHi JedkMx 3ajay NOTPiOHO BMIiTH NepexoauTH
BiJl OIHOTO 3 LIMX CHOCOOIB 3a/jaHHA MiANPOCTOPY AO iHLIOrO.

Skwo ninifHMA nianpocTip L 334aH0 CHCTEMOIO NiHiHHUX pis-
HsHb, TOAi Mepexif 40 MepLIOro cnocody nmonsrace B po3B’sA3aHHi
i€l cucTeMu piBHAHb.

I3 Teopemy ABOicTOCTI BMMAMBAE Takuil cnocib nepexony
BiA nepiioro cnocoby 3anaHHs JiHifHOrO RmignpocTopy A0 ApY-
roro.

Hexaii L=L(a,a,,..,a,), Ae

a; =(0 1,050 0y )

a2 = (OL2| ,(122,...,0.2,, ),

a

m = (aml,amz,...,amn ).

CKﬂaﬂeMO CUCTEMY piBHﬂHb
X + A%, +..+ ay,X, = O,
OLz]xl + OL22x2 +..+ aznxn = 0,

Otm,x, +0Lm2x2 +..+Q, X =O

mn—n

Ta 004McnUMO (yHAaMeHTabHY CHCTeMY 1i po3B’A3KiB ¢, Cy, ..., C o
Skmo ¢, =(y.jl,yﬂ,...,y‘m),j=1,p, TO cucTeMa NiHiAHMX PpiB-

HAHb

Yuh tYiVa et Yy, =0,
Yol +Y¥22Y2 et ¥2,¥, =0,

Yo +Vp2Ya + oY pr ¥y =0

BH3Hauae nianpoctip L, i MHOXKMHA BCiX pO3B’43KiB i€l cucTeMn
36iraeTbesn 3 L .
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MeToanuHi BkasiBku. Hexait L=L, + L,, ne L, L, — niniiini
nianpoctopu. JIns 3HaxomkenHs Gasucy nianpocrtopy L cain no-
natu L, i L, y surnaai niniiinux obononok L = L(ay,a,, ..., a,, )
i L =L(b,by, ., b,). Toni L=L{a,az, . Gybysbyseensy )

Hexait L =L, N L,. Ins 3HaxomkenHsa 6asucy nianpocropy L
cnig nopati Ly i L, niHiiHuMH piBHSHHAMU. ko I, nopaetbes
cucTeMoto S, NiHIiHUX OMHOPIAHHX PIBHAHB, @ L, — CUCTEMOIO S,
piBHAHb, TO mepeTMH L; ML, nojaeTscs cucremoro S US, —

00’ €AHaHHAM YCiX PiBHAHb CHCTEM S| i S;.
Hpukaan 1. Hexait L =L(a),ay,a3) i Ly =L(b, by, b)), ne

q = (1, 2’ 1)9 b] = (23 39 —1)5
a2 = (]’ ]’ _]), b2 = (]1 29 2)5
a;=(,3,3), b=(1-3)

3Haiitu 6asuc nignpocropy L N L,.
CknageMo CHCTeMy PiBHSAHDL

xl +2X2+ x3 =0,
X+ x,=x;=0,
Xq +3x2 +3X3 =0,

wo BusHauac L. [i marpuus
1 2 1 1 2 1 1 2 1
A=11 1 -1|~]0 -1 =24{~|0 1 2].
1 3 3 0 1 2 0 00
PiBHOCHIILHOIO CHCTEMOKO Byze

n+ 2%+  x3=0,
X+ 2x3=0.

3aranbHuit po3s’s3ok ii X =(3x;,~2x3,X3).
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(dyHjamMeHTaNbHA CHCTEMA DPO3B’A3KiB MICTHTH JIMillE OIMH
BekTop ¢, =(3,-2, 1)i [y =L(cy).
ITinnpocTip L; 36iraeTbcs 3 MHOXMHOMO PO3B’A3KiB PiBHAHHS
3y =2y, + 3 =0. S
Cucrema piBHSAHB
2x; +3x, — x3 =0,
X +2xy +2x3 =0,
X +x,=3%3=0

* I
BU3Havae L,. li maTpuus

2 3 -1 1 1 -3 1 1 -3 11 -3
B={1 2 2i{~12 3 ~1i{~j0 1 S|~/0 t 5
1 1 -3 t 2 2 01 5 00 O

PiBHOCHIIBHOIO cUcTeMOO Oye
X +x, =3x, =0,
Xy + SX3 =0.
aranbHuit ii po3s’s3ok X =(8x3,-5x;,x; ). Oynaamentansha
cucTemMa po3B’A3KiB MiCTUTD JIMILE OJMH BEKTOp ¢, = (8, -5, 1) i
L2 = L(Cz ) .
Mpocrip L, BU3HAYaEThCH PIBHAHHAM
8y =5y, +y3 =0. (82)
[Tepetun L; N L, BU3HAYAETLCA CHCTEMOIO PiBHSAHb
{3)’1 =2y, +y3 =0,
8y1 =5y +y3 =0.

— ) 5 1
3aranbHu# 11 po3B’a30Kk Y = yl,—3—y,,—3-y] .

Bexrop ¢=(3, 5, 1) — 6azuc nepetnny L, N L,.
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Teopema 2. Axwo L — ninitinuii nionpocmip 8exmopno2o npo-
cmopy P 3 Oiiichum ocHognuum noiem P (P — nionone nons R Oiiic-
Hux yucen), mooi

P'=L®L.

Hosenenus. INogamo nignpoctip y BUrsiAi AiHiitHOT o6onoH-
KM AeAKOi CHCTEMH BEKTOPIB 4;,dy,...d,: L=L(a,a,,..,a,).
Hexait M = L+ L'. Ham Bigomo, 1o xomu dim L =r, Toai dim L =
=n-r.

*
[okaxemo, wo LN L ={6}.
~ * .

Hexait x=(§,&,,....§,)€ LN L. Cucrema BekTopiB ay,d,, ...,

a,,, X NiHiiiHO exBiBaleHTHA cucTeMi a,,a,, ..., a,,, OCKinbkH X€ L.
. P . . . *

Axwo g =(ail,ai2,...,(x,"), i=1,n, Toai nianpoctip L — MHO-

’KHa BCiX PO3B’A3KiB CUCTEMU PIiBHAHB

amlxl + Otm2x2 + ...+ A xn =0,
élx] + gzxZ + ...+ ,,x,, =0.

- * -~
Ockineku x€ L, To koopaunaru ioro &,&,,...,&, 3anoBonbHs-

I0Th L0 CHCTEMY i, 30KpeMa, 3aJ0BOJIbHAIOTH OCTAHHE PiBHAHHA.
Lle o3nHauae, uio

E+E+.+E82=0.

HOas pifichnx umcen &;,&,,..,§, ud piBHICTb NpaBu/bHA K-
we npu & =&, =..=E, =0. Omke, x=0. Tomy LNL ={6}
i M=L®L. Ockinekn dimM =dimL+dimL =n, TO
L+L =P

JoBeneHa TeopeMa He PO3MOBCIOKYETbCS HAa MPOCTOPH HaX
JOBiNbHUM nosieM P. BoHa BTpauae cuily BXe /Uit KOMILIEKCHOTO

BexTopHoro npoctopy C". TTpointocTpyeMo e Ha mpukaazi mpoc-
topy C".
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Npuxkaax 2. Hexait a=(1,i,0)e C’ i L=L(a). 3uaiinemo

* .
6asuc cnpsxenoro npoctopy L . JIns wpOro ckiaaaeMo Biamo-
BiIHY CHCTeMY piBHsHb. BOHa MiCTUTb JHLLIe OIHE PIBHAHHS

l-x; +i-xy +0-x3=0.
3aranbHui po3B’a30k cucteMd X =(-—ix2,x2,x3).
3a BiAOMOIO CXEMOI 3HaX0AUMO (YHAAMEHTabHY CHCTEMY
po3B’s3KiB. BoHa ckylafaeTbes 3 ABOX BEKTOPIB ¢ =a = (l, IR O) i
¢, =(0,0,1). Mpu ubomy L =L(a,c,), ae LnL i a#6;
CP#LOL.

Bnpaeu

1. 3naiiTh 6a3uc i po3MipHICTL CYMH Ta NepeTHHY NiAnpocTo-
pie L =L(aj,ay,a3) i Ly =L(by,b,), ne

a1=( ]’ 2’ —la —2), b|=(2, 5, _6, —5),
a2=(35 ]’ 15 ])» b2=(_1,2,_‘7,"3).
a3=(_],0, ]’_l),

2. Hexait L, L, — niniiivi niAnpocTopy BEKTOPHOrO NPOCTOpPY
P" nan nosinsHum nonem P. JlosecTy:

a) (Li+L) =L nly;

6) (LNL) =L +1,.

3. Hexaii P={6,T} — roJie 3 ABOX eneMeHTiB. HaBectu npu-

KNaau MianpocTopis i3 P>, Ans AKuX iXHiil NepeTHH i3 CApsXeHUM
NiANpocTOpOM BiAMiHHMIA Bijl TpMBiaILHOTrO MiANpPOCTOPY.

§ 4.4. Nininni 6ararosnan

O3nauennn. Hexaii L — Ooginbrutl ninitinuti nionpo-
cmip eexkmopHo2o npocmopy P" i aeP". Mnoxcuna M=a+L=
={we P w=a+x,x€ L} HA3UBAEMbCA NiHIUHUM 6A2amosuUOOM.
Hozo ooeporcano napanenvrum 3cyeom nionpocmopy L.
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Tpuxnanamu mixiliuux Gararosuis y npocTopi R® € npami ni-
Hil. BoHH oaepXyloTbCA napanenbHUMM 3CyBaMH OJHOBHMIPHHX
NiHIAHKX NiANPOCTOPIB — APAMMX JIiHIH, IO NPOXOAATH Yepes
MI0YaTOK KOOPAHHAT.

Hasenemo aeski 3aranbHi BIacTHBOCTI JiHifiHKUX OaraToBuaiB.

1. Jlinitinuit Garatoua M =a+ L 3 G6asucHuM nianpoctopoM L
Gyae AiHifiHUM mignpocTopoM Toii i nuwe ToAi, konu M =L
(TobTo, kKON a € L).

Josenenus. Heobxionicmy. TpunycTumo, wo M — niHiduui
nianpocrip. Toni 6€ M i Tomy O=a+x,, ae x, € L. 3sincu
a=-xp€ L itomy M=a+L=1L.

Jlocmamuicme oueBUAHA.

II. Basucuuii nianpoctip L niniliHoro GaraToBHAy €IMHHIA:
axio a+L=ada’'+L',ne Li L' ~ninnpoctopu, Toai L=L".

Jlosenenns. Axwo M=a+L=d+L, toni (a-d)+L=L
i,omke, a—a’e€ L. Topi (a—a’)+L=L i L=1L".

Osnauenna. Poamipnicmio niniunozo 6azamosudy M 3 6asuc-
Hum nionpocmopom L nasusaemocs wucno, wo oopiguioe dimL .
Bono nosnavaecmeca dimM .

Teopema 1. Mnoocuna ecix po3e’sasxie cymicnoi cucmemu -
HIIHUX PiGHAHY € NIHITHUT bazamoguo.

Josenenns. Hexaii

o+ Opxa+ .o+ oyx, = By,
O X+ OppXy+ ...+ Oyx, = B,
.............. (l)
Qi Xy + OlpaXg + oo+ Ox, = B,

€ cymicHa cucTeMa niHifHuX piBHAHb i [ =(A},A,, ..., A, ) — Axnii-

neGyab il yacTMHHMA po3B’s3ok. TTopaa 3 cucremoro (1) posrns-
HEMO CHCTEMY

0,

0,

alel +a22X2 + ... +(12,,x,, = (1,)

teemcsasesseesvesasssat st eat et rarnans

(X.mlxl +0Lm2x2 + ... +0Lm,,x,, =0

189



OIHOPIAHMX piBHSAHbL. [i Gy/eMO Ha3MBaTH acouiiioBaHOK MO Bix-
HOLLUEHHIO 10 3aaaHoT cuctemu (1).
ITo3Hauumo uepe3 L mianpocTip ycix po3B’a3KiB cHCTEMM

(1) i wHexat M=I[+L. Sdxmwo we M, Ttomi w=[+x,

ae x=(§l,§2,..., E_,n)GL l W=(W|,W2,...,W”)=()\,l+al,
n n n

}\,2 +E_,2, onay ?\.n-i-é,,) OT)Ke, ZOL,ka =ZOLM (}\'k +§k ) = Z(X,k)»k +
k=1 k=1 k=1

n n
+> &, =B;, ockinbku > o4&, =0. Onepxana pisnicTb npa-
k=1 k=l
BWJIbHA 715 BCiX i=f,—r;.
Takum unHoM, yci Bektopu w i3 GaratoBupay M =L+ 6y-
IyTb po3B’A3kaMy cuctemu (1).
JoseneMo obepHeHe TBepmxeHHs: OYAb-KHi pO3B 30K CHC-
TemHu (1) HanexuTh 6araTosuay M.
Hexaii y=(n],n2,...,n") — po3B’a3ox cuctemu (1), ToOTO

n
Za,knk=ﬁi ana Beix  i=1l,m. Bektop x=y-~[=
k=1

=&, &, &)= =1 —AL &y =1 —A,, L =M, — A, [ TOAI

n

Zaikgk =20‘1k (m ‘7\/()= zaiknk _zaik)"k =B, -B,=0.
k=l k=1 k=1 k=l

Bekrop x Hanexwurs L i, omke, y=I+x€e M .

MHoxuHa Beix po3B’saskiB cuctemH (1) 36iraetbes 3 6GaratoBu-
JoM M =1+ L, 6a3ucHuii mianpocTip L AKOro BU3HA4a€ETLCA CHC-
temoro (17), acouiiioBadoro 3 (1).

Teopema 2. Byov-axuui niniinuil 6bacamoeuo M 36icacmucs 3
MHOJICUHOIO GCIX PO38 A3KI6 OesAKOl CyMICHOI cucmemu AiHitiHuX
pienane. Axwo r =dim M , mo maky cucmemy JHIUHUX piBHAHb

MODICHA 8UbpamMu MaxKum YUHOM, W06 BOHA MALA N —r DIBHAHD.
Hosenenns. Hexait M =I1+L, ge I=(A,Ay,.00,) 1L~
6asucHuii nignpocrip 6araroBuay. Akwo r=dimM =dimL, To
BHOepemo skuii-webyap 6asuc ay, a,, ..., a, nianpocropy L. Toai
L= L(a,,az,...,a,). I3 nonepenHboro naparpaga HaMm BiJOMO, 11O
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NiHifiHkE nignpocTip L MOXXHA BU3HAUMTH K MHOXHHY PO3B’s3-
KiB CHCTEMH NiHIMHUX OAHOPIAHMX PiBHAHb

Bux + Buoxy + ...+ Bix, =0,
Bz].xl + B22x2 + ...+ anxn =0,

Buxi + Bpaxa + ot Bpux, =0,

MPUYOMY MOXKHA BBKATH, LLLO YUCJIO PiBHAHb p=n—r (p=n—r —

PO3MipHICTb CAPSKEHOrO MiANPOCTOPY L)

n ——
O6uucnumo B, =2Bik?»k Ans BCiX i=1,p i yTBOPUMO CHCTe-
k=1

My JiHIHHUX PIBHAHb

Buxi + Baxa + ..+ Byx, =B
Baxy + Bypxy + ot Brux, =By,

ﬂplxl + BP2X2 + ...+ Bpnxn=Bp.

Boua cymicha: i1 4acTHHHHUM pO3B’A3KkOM Oyde BeKTOp
l= ()\.],}\'2,...,)\.") .

3a Teopemoro 1 MHOXHHA PO3B’A3KIB L€l cUcTeMM 30iraeThes 3
OararosuaioM M =/+ L.

JloBeneni TeopeM# Aal0Thb 3MOTY CHOPMYNIOBATH IHLIE O3HA-
YeHH# NiHifiHOro 6araToBHaY, eKBiBAJICHTHE TOYAaTKOBOMY.

Osnauennn. Jlinitinum 6azamoguooM HA3UBAEMbCA MHO-
Jcuna ecix eexmopie eexmopHnozo npocmopy P, aki € pos-
8’a3Kamu CyMICHOI cucmemu NIHIUHUX DIGHAHb 3 Koe@iyieH-
mamu i3 nons P.

Teopema 3. Byov-saxuil ninitinuii 6azamosud M eekmopHo2o
npocmopy P" nad nonem P 3 posmipnicmio dim M <n nane-

HCUMb MHONCUHT PO3B I3KiG 0eAK020 NIHIUHO20 PIBHAHNS
lel +B2x2 +"'+ann “_“B’ (2)
y axozo b=(P,,B,....B,) %0 .
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Axuo dimM =n—-1, Toni M 306iracTbCs 3 MHOXHHOI BCIX
po3B’A3KiB piBHAHHS BUAY (2).
Lls Teopema — Hacnigok Teopemu 2.

Bnpasu

1. Jlosectu, wo koau M — ninifiHuii 6aratoBun npoctopy P,
TO AnA OyAb-AKNX X, yE M i A,W€ P, ans akux A+u =1, Bektop
w=Ax+uyeM.

2. Hexaii M — niamMHoxu1Ha npocTopy P" 3 TakKMMM BNacTUBO-
CTAMU: siKWO X, yeEM i AMUEP, ana akux A+u=1, Toxi
Ax +uy € M . loBect, 110 M — niniliHnit Garatosua.



Po3din 5. MATPULI TA KBAOPATUYHI ®OPMMU

§ 5.1. Ninilni nepeTBopeHHn marpuui

Hexait 3anaH0 MaTpuLio

o Oy .o Oy,

(le (1.22 e (in
A=

Uy Oy oo O

PO3MipHOCTI mXn 3 eleMeHTaMH i3 nons P.
JliHiiHUM NIepeTBOPEHHAM 3MIHHMX X;,X,,...,X,, HYepe3 HOBi

3MiHHI ), ¥5,..., ¥, , BU3HaueHUM Matpuuero 4 (YMOBHHIl 3anuc
4
X5 X0 5005 Xy = Vi, Y250, ¥y, ), HA3UBAETHCH NIEPETBOPEHHSA

X =00 QY+ + 0, Y,
Xy =0 ) Y0y, +..+ 0, Y,

M
Xm = Otmlyl + amzyz +...+ (xmnyn.
AHaNIOri4HO BU3HAYMMO Apyre JiHiliHe NepeTBOpeHHs
Y =Buz +Bpz, +.+B,2,,
Y2 =Bz +Byzy +.. 48,2, @

Yn =Bnlzl +Bn222 +...+Banp

3a JONOMOTrOK MaTpHlii

BI 1 BIZ Bl p
B2 1 622 BZ P
B il OO
Bnl Bn2 Bnp
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PO3MIPHOCTI nX p 3 eNeMEeHTaMH i3 Toro camoro noss P (ymos-

o B
HUH 3ATUC ), Y3 5eees Yy = 21520500002y ).

YV pesynbTati nocniOBHOrO BUKOHAHHS ABOX MeEpETBOPEHb —
cnoyarky nepetBopeHHs (1), a notim nepeTBopeHHs (2) — 3MiHHI
X),Xq,...,X,, OyAYTb MOJaHi uepe3 3MiHHI 21529552 - Lle Tpete

NepeTBOPEHHS Halajli Ha3MBATHUMEMO dobymxom NiHiHMX nepe-

TBOpeHb (1) i (2).

Josenemo, 110 A06yTOK ABOX NiHiHMX NMEPETBOPEHb 3MiIHHWX

TaKOX € JIiHiiiHUM NepPEeTBOPEHHSM.
BcTaHoBHMO 3B’S30K 3MiHHMX X; i Z),295me )

X =0V H0p Yy e+ 0, Y, =

=04, (Bn-’l +B122, +---+61p2p)+°‘12 (lezl +B852, +“‘+Blpzp)+

+t 0y, (B2 +Bn2z, +ot Bz, ) =
=(OL”BH +a!262] +...+OC|an] )Zl +..+

+(oc”B[/, +0Bs, +...+oc,,,B,,p)z,,.

[NosuaunMo koedilieHTH Npy z;,z,,...,Z, 4depe3

P

Yie =0 Bre + 0By +o+ 04y, B, k=1, p.

Tori x; =Yyy2) + Y1223 +-.+Y)pZp | T. A ANA Xp,X;,... [loByTOK

nepeTBopeHs (1) i (2) mojaerbes y BULNARI
X =Ygtz et Yp2,,
Xy =02 Y02yt YpZ,,
xm =Ym]Z] +Ym222 +...+Ympzp.

Lle — niniiine nepeTBOpeHHA 3 MaTpULELD

Yo Y2 - Yip

Y1 Y2 Ya2p
C=

Ymt Ym2 - Ymp
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PO3MipHOCTI mX p i3 eleMeHTaMu

Yie = By +ioBop +.+ 04,8 (i =lm; k= LP)-

BoHu 064KCAI0I0TECA 32 TAKUM MPaBUIIOM.
[TozHauumo uepe3 ag; paaok Matpuui 4 3 HOMepoM i, TOOTO

k .
a; = (0, %y,..., 00, ) , @ UEpe3 b®) — crosneus marpuui B 3 HoMe-

poM k, To6TO
Bux
p6) _| Bax
Bnk
Ixwiit 1o6yTOK BU3HAUMMO 32 (HOPMYIOIO
Bu
k Bai
a; -5t = (01,0 ey O )| 2 | = 0 Br + 0iaBog + ot 0B
Bnk

O3nauennsn. [Jo6ymxom A-B mampuyi A posmipnocmi mXn
Ha mampuyo B posmipnocmi nX p wuasusaemvca mampuys C
PO3MIpHOCMI MX D , enleMeHmu Y, AKOI obyucaioomsca 3a Gop-

MYIOI0

Yie =4 ) = 0By +aaBog + o+ 0B s
mobmo Y, OopisHioe cymi 0obymxis enemenmie i-20 paoka ni6o2o
muoxcHuxa A Ha 8i0nogioni enemenmu k-co cmognysi npagozo
MmHoxcHuxa B .

HaBegeHi Buille 0OUMCeHHs nokas3anu, wo noOyTokK ABOX Ji-
HilHKX NepeTBOpEeHb € JIiHIHHUM MMEPETBOPEHHAM, | MaTpuUuUs Horo
JOpiBHIOE 10OYTKY MaTpHLb JaHUX MEPEeTBOPEHb, MPUUOMY NOpS-
JOK PO3MillleHHsi NMepeTBOpeHb i MOpAAOK MaTpuilb ONEPXKAHOTO
106yTKy 36iratoThCs.

Osnauenna. Cymoro mampuyo A=(ot;) i B=(B; )odnaxosoi

poamiprocmi mxn nasusacmoca mampuys C = (Y, ) maxoi camoi
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posmiprnocmi i 3 enemenmamu Yy = oy + By Cyma nosnauaemecs
A+ B. Omoxce,

A+B =0 +By).
Jlo6yTkom maTpuuti 4 = (o, ) Ha ckansp A Ha3MBA€TLCS MATPHLA
(A0 ). MosHauenns: A-A= (A-o; ).

Teopema 1. Onepayii 3 Mampuysmu Maroms maxi OCHO8HI 61a-
cmugocmi (Po3nodinumo ix na cpynu):

1. Bracmueocmi 000asanHa

I1). Acoyiamuenicme: A+(B+C)=(A+B)+C.

I,. Icnysanns eounoi mampuyi O, ons sxoi A+O0=0+A4A=A
(O — nynvosa mampuys).

Is. [Tna 6yov-sxoi mampuyi A icnye eduna mampuya X, ona axoi
A+ X =0.

I, A+B=B+4.

1I. Bracmueocmi MHOMCEHHA

11;. Acoyiamusnicmv: A-(B-C)=(A4-B)-C .

IL E-A=A-E'=A4 (E i E' - niea i npasa odunuuni
mampuyi nopaoxie m i n ons mampuyi A poamipHocmi mXn ).

II;; A-(B+C)=A4-B+4-C.

I, (A+B)-C=4-C+B-C.

111, Bracmueocmi MHOMCEHHA HA CKANAD

. a-(A+By=a-A+o-B.

an. (a+B)-A=o-A+B- 4.

Irn. (o-B)-A=o-(B- A4).

I, 1-4A=4.

I o.-(A-B)=(o-A)-B=A-(a- B).

Tym o,B€ P il — odunuunuii enemenm noas P.

BinnosigHi onepauii nonyctumi. Tak, Hanpukiag, BiacTHBic-
Tio Il; (acouiaruBHicTe MHOXEHHA) nependavyaeTbes: MaTpuus A
Mae po3MipHICTb m X n, MaTpULA B — PO3MIpHICTb nX p, MaTpuus
C — po3MipHICTb pXgq.

[To3HaunMo uepe3 M, MHOXHMHY BCiX KBaJpaTHHX MaTpHiib
nopsaaky » (To0TO po3MipHOCTI nXn) 3 eneMeHTamu 3 nons P.
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Jlns HMX omepallii JoAaBaHHsi, MHOXKEHHS | MHOXEHHS Ha CKanap
ponyctuMi Ge3 obMexenb. Lls MHOXXHMHA Ha3sMBAaETbCA ancebpoio

mampuyb.
Tpu n>1 B anredbpi M, MaTpUlb HE BUKOHYETLCS 3aKOH KO-

MYTaTHBHOCTI MHOXeHHSA. Hanpuknan, sikuo B anredpi M, B3ATH

1 1), 2 -1 . 3 -1). 20
A= i B= ,T001 A-B= i1 B-A= .
0 2 1 0 2 0 1 1

Mpukaan 1. Hexait 4= (o, )€ M,,. Matpuus

Ay Ay Ay
~ Al 2 A22 An2
A=

AI n A2n . Ann

Ha3UBAETLCS NPUEOHAHOI INA A, AKWIO T eNeMeHTH € anrebpuu-
HUMMU JOTOBHEHHSAMH €/IEMEHTIB BU3HAYHUKA

a] l a]z sae a]n
Oy Olyy ... Oy,
A=detd=
anl an2 ann
O6uncnumo 1o6yTok
Y Y Yin
~ | Y Y2 Yan
A- A=

3a NMpaBHJIOM MHOXE€HHA MaTpHLlb Ma€EMO

Yiy =0y Ay + 0 dpp + . + 04,4, = A,

le =0L1|A2] +(X.|2A22 + ... +OL],,A2,, =0,...
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Jins 1OBiNbHOTO ¥,
A, Akwo i=k;
Yie = ;
0, axwo i#k.

Otxe,
A O 0
. 10 A 0
A-A= =A-E,
0 0 ... A
ne E — onuHuyHa MaTtpuus po3MipHOCTI nXn:
1 0 0
o161 ..0
E=
00 1

IIpukaax 2. 3HaiiTn 100yTOK MaTpHLb

0 o). 0B
A= i B= .
00 00
0 a) (0 B 00
A-B= . = )

0 0)10 0 0 0
3 HaBeJEeHOro NpWKIaxy HanpouIyeTbCs BHUCHOBOK: JOOYTOK
HEHYJIBOBHX MaTpHLb MOXke OYTH HYJIbOBOIO MaTpPHLEIO.

Bnpasu

1. JoBectn chopMynbOBaHy BHilLE TeopeMy Npo onepauii 3
MaTpUUiMH, 3BEPHYBIIH OCOOJIMBY yBary Ha JIOBEJIEHHS BIacTH-
socTi 11 .

2. Hexaii matpuus B oaepxkyeTses 3 Matpuui 4 =(0l; ) po3-
MipHOCTI m X7 3a NMpaBUIOM: NepIUNi pAAOK MaTpuli 4 3anucy-
€MO MepLLIMM CTOBMLUEM MaTpHui B, Apyru# paaok matpuui 4 3a-
NHUCYEMO APYrMM cToBNLEM matpuli B i T. 4. OaepxkaHa MaTpHLA
Ha3HBAETbCS MPAHCNOHOBAHOIO AT A | O3HAYAETLCA A", Ouesnn-

HO, LU0 (AT )Y = A . JloecTH piBHiCTb (A-C)T =CT. 4",
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3. Mosectu, wo konu r =r(A) — paHr matpuui 4, r, =r(B) —
paur matpuui B, r, =r(C) - padr marpuui Ci 4=B-C, Toai
r<min(n,n).
4. 3HaliTh 3aranbHuii BUrIAA KkBaapaTHoi Marpuui X (abo

po3B’sA3aTH MaTpuuHe piBHAHHA AX—XA4=0), ska nepectaBHa 3
MaTpHLEIo

N

1
o o o
o o =
o - O

MHOXeHHs1 au3HavHUKie

Teopema 2. Sxwo A i B — xeadpamni mampuyi o0-
HO20 NOPAOKY, MoOi O0OYMOK IX GUIHAYHUKIE OOPIGHIOE BUIHAYHU-
Ky 006ymxy A- B yux mampuyb, moémo det (A-B)=det A-det B.

HJoBenenus. Hexaii

Oy Oy -0 Oy, B B - B
Oy Qp -ev Oy Bai Bz - B2
A = Py B = s

anl an2 amx Bnl BnZ Bnn
Y Y2 Yin
Y21 Y2 Yan

C=A4-B= ,

Ynl Yn2 Ynn

me Yy = 0B + ooy +...+ B,y - [Tonamo enementt nepiuoro
croBnug mMarpuui Cy BUrasai v, = ;B + sy + ..+ ,,B,, -
Toni

oy By + 0B+t 0B Y2 - Vi

0 By + 0B+t 0By Y22 o Yo
det C = =

OBy + 0B+ 0B Y2 o Yom
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G Y2 oo Y2

= Oy Yoo - Y2
= ZB” I "
i=1

i Yn2 - Yon

Y KOXHOMY BH3Ha4YHHMKY Mif 3HAKOM CyMH eJleMEHTH ApYyroro

n
CTOBNUA NOJAMO Y BUTAALI CYMH Y, = a, @ = Za- B, Ta pos-
i2 i i j2 p
=1

KNaAeMO OZIep>KaHHi BUSHAYHMK HA CYMY 7 BU3HAYHUKIB i T. A.
VYpeluri-pewit aicraHeMo

Q; Oy .. Oy,
n a2i (12, Ry azw
det C= Z BilBjZ'"Bwn * .
P N LR
(0 o [0

ni
ne i,j,..,w He3anexHo HaOyBalOThb 3Hauy€Hb BiA OAMHULI A0 n
(ycvoro n" popaukis). Ane y uiii cyMi npucyTHi aoaaHku, Ski

JOPIBHIOKOTb HYJIIO: SAKLIO JIBA AKHUX-HEOYAb iHAEKCH B MOCAiNO0B-
HOCTI i, j,...,w PiBHi, TO BiANOBiqHUI BU3HAYHHK Mijl 3HAKOM CYyMH

Ma€ OJHAKOBi CTOBMUi, a TOMY BiH 00epTacTLCA Ha Hyfb. 3BiNb-
HUBIUKCH BiJl TAKMX JOJAHKIB, AiCTaHEMO

ay; (1” Oy
Oy; (12,- e Oy,
det C = Z ﬁilB_/’Z"'Bwn . >
()W)
o (0 o

ni nj nw

Jie miJCyMyBaHHS NMpPOBOAMTHECA 3a BCiMa MOXJIMBUMH nepecTta-
HoBKaMu (i, j,...,w) HoMepiB 1, 2, ..., n. [ina neskoi ¢ikcosaHoi
nepectaHoBk# (i, J,...,w) pO3rNSHEMO BU3HAUYHHMK

Oy Oy, Ay

Qg Oy, Aoy
A=

am a’ry‘ . anw

200




BiH onepxyeThes i3 det 4 mepecTaHOBKOIO CTOBMNLLIB:

ORI O RN SN O) B L

’

Slkwo Ans 30iCHEHHS ULOrO MepeTBOpeHHs MOTPiGHO byxe s
TpaHcnosuiit, To A =(-1)"det 4. Yucno iuepciii ¢ =[i, j,...,w]

Mac OJJHaKOBY MapHICTh 3 YMCIOM s, a Tomy (—1)* =(=1)'. Toxi

detC= > (-1)'B,B;2..B., -det 4=

()W)

=detd-| > (~1)ByB,5--B,n |=det4-detB,

(s ersW)

o # notpi6éHo 6yNo NOBECTH.
Llieto TeopeMoro KOPUCTYIOTbCA NMPH 00UUCHAEHHI BU3HAYHHKIB
JESKUX cnelianbHIX THIIB.

Ilpuxknaa 3. OGUHUCTUTH BU3HAYHUK THIY

a aq a, ... a,

an_] ao al P an_2
A=

al az a3 e ao

Taki BUBHAYHUKH HOCATb Ha3BY YUKIIYHUX.
IMomHoxHMO #oro Ha BU3HaYHKUK Bangepmonaa.

n
b=, =T1(e-¢,),
......................... Yy
n-1 n-2 n-1
€ € .. &,

2nk . . 2mk _— n
ne €; =C0oS—— +1Sin—— — KOpeHi piBHAHHA X" —1=0, k =1,n.
n n

IMo3Haunmo xX)=a,+ax+..+a,_x"". Kopucryouncs
0 1 n-1

NpaBUJIOM MHOXEHHS BiNOBiAHUX MaTPHLb, AiCTAHEMO
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f &) f&) .. f(e,)
g f(&) &f(€) ... £,f(&,) n

&7 f(g) &) ... € f(E,)

Ane D#0.Tomy A= f(g) f(&)f(En)-

Hpukaaa 4. O6GUUCIUTH BUSHAYHUK LIMKJHYHOTO THMY

122 3% ... A

22 32 4 .1
JIlns HBOrO f(x)=1+22-x+...+n2-x”_'.

+1
m_x

Akwo g(x)=

=x4+Xx +ot+x" = , TO g'(x)=1+2x+3x2+...+nx"_].

x—1
Hexaii A(x) = g'(x)x = x +2x% +...+nx" . Topi

f@=[gx®) x| = fx)=
x" Iinzx3 —(3n2 +2n- l)x2 +(3n2 +4n)x—(n+1)2]—x2 +1
' (x-1)* '

7151 KOpeHiB €, k =1,n—1, BiaMiHHKX Big 1, MaeMo
p k

(e =) =2n(e -1) _ n(n+2)-re,
e (e —1)" (1-&)

st €, =1 3HAXOAUMO BiZIOMY CyMy

2 _ n(n+1)(2n+1)

f(e,)=1+22+3 +.+n :

Takum YHHOM,
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n-1

nl n(n+DH(2n+1) k=l

T (f-e]

OCKUIbKH

n-1
TO (1 — € ) = . AHAJIOMYHO 3HAXOAUMO, IO
k=1

n-|

n

= %n"”l [(n +2)" —n"].

n-|
{n(n+2)—n2€k} =n?"2 -H{n+2 —8,‘}:
k=1

k=1

OcrartouHo,
A - (_1)n—l . (n + 1)(2” + 1) . nn—2 [(n + 2)” _nni|.
12
Bnpagu

1. [TinHeceHHAM A0 KBaapaTa OOUHUCIUTH BU3HAUHUK

a b ¢ d
A= -b a -d c -
- d a -b
-d -¢ b a
2. BHKOpHCTOBYIOUH LUMKIIUHICTD, JOBECTH, LIO
xy 0 0
0 x y 0
A={0 0 x .. Of=x"+(=1)""-y".

y 00 x

H{n(n +2) —nzsk}
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3. O6uucnuTH

1 2 3 n

n 1 -1
A=ln-1 n n-2

2 3 4 .. 1

4. MeToioM MaTeMaTH4HOI iHAYKUIT 32 HaTypalbHUM YUCIIOM
n 10BECTH PiBHICTb

= nntD@ntl)

P +22+3% +..+n° -

§ 5.2. O60poTHI niHikHi nepeTBOpeHHA
JlinitiHe nepeTBOpEeHHs

X = Oy Oy, et O,y
Xy = Oy +Og)y, +...t  %y,¥,,

3 KBaZpaTHOW Mmartpuuew A= (0, ) NOpAIKY 7 MOXHA 3anucaT

iHIMM cnoco6oM, BUKOPHCTOBYIOUH MPABHIO MaTPUUHOrO MHO-
xeHHs. JIns uporo 3MiHHI X),X, . ,X, i Y|,V2, ), NOAAMO

CTOBIILUAMH
Xt N
X
x={2| r=|
Xn Yn

Toni cuctema piBHocTe# (1) Habyae Burnsay
X=4-Y. (1)
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Osnauennn. Jlinitine nepemeopenns (17) nazueaecmucs o6opom-
HUM, AKWYO 3Haidemvcs make JiHiliHe nepemeopenHs

Y=V.-X 2)
3 kgadpammuoro mampuyeo V, wo nodae aminni Y, ¥y, ... ,¥, 4e-
pe3 aMIHHI X;,Xy, ... ,X,. BoHO Hasusaemuvca obeprenum no 6io-

nowennio 0o (1°).
Teopema 1. Axwo susnaunux A =det A mampuyi A ninitinozo
nepemeopenns (1) iominnuii 8i0 Hyns, mooi 6ono obopomHne.
Josenenusa. Ilogamo 3MiHHI y;,¥,, ...,J, Ue€pe3 3MiHHI

X;,Xq, ... X, 3a gonomoroto popmyn Kpamepa. Jlicranemo

X (1|2 “os 0(1,,
1 X2 0(22 e azn 1
(Ot IR =y Vit + o b x40 =

Xy Oy Oy

4
=l + 224 L+
A A
AHaJNoriyHo nozamo y, 4epes X,X,, ...,X, i T. A. ObepHEeHUM

nepeTBopeHHsM Oyze cucteMa piBHOCTeH

Vi =-‘-4——x1 +-Lx2+ +f£—kx k =1an5 (2’)

3 MaTtpuuero V =—i—;1 ,ne A=detd i A — npuenHaHa mMarpuus

ana A.

Osnauenna. Keadpamna mampuyn A=(0;) Hasusaemvcs
0bopomuoio, AKwo Ona nei 3natidemeca maxa mampuys B =(B,),
onAa Akoi

A-B=B-A=E
— oounuyna mampuya. Mampuys B nasusaemuocs obeprenoro ona A.
Teopema 2. Keaopamna mampuys A obopomna modi i auuie

mooi, xonu ii eusHayHux @iOMinHull 8i0 Hyna. [na obopomHoi
mampuyi obeprHena mampuys €OuHa.
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HoBenenHus. Heobxionicme. Hexail MaTpuus 4 — o6opoTHa.
Hnsa Hei icHye Taka marpuus B, wo A-B=B-A=E. 3a teope-
MO MpO MHOXEHHS BU3HauyHUKIB det(A4:-B)=det4-detB=1,

3Biacu BunnuBae, o A=det4#0.

Hocmammuicme. Hexaii A=detA4#0. [osHauumo V = % A,

- . -~ 1
ne A - npuenHana matpuud. Toai A-V=zi—(A-A)=Z-A-E=E.

Omxe, V-A4=FE, 106T0 V'~ 06€epHEeHa MaTpuL4.
Hosenemo enunicts. Hexait B — Takox obepHeHa matpuus ans A4:

B-4=A4-B=F.

Toni (B-A)-V=E-V=V, (B-A):V=B-(4-V)=B-E=B.
3Bigcu B=V .

Marpuus, obepHeHa 10 A, NO3HAYAETLCS A7 . Omxe, V=4".

Memodu o64ucnenHs obepHeroi Mampuyi

Meroa L Skio A — 06opoTHa MaTpuis NOPSAKY 1, TO

A7 A,

1
A

ge A=det4#0; A — npueHaHa MaTPULAL.

3acTocyBaHHs 1liei GOpMyNH BUMArae oGuuCneHHs n° +1 BH-
3HaYHUKIB nopsakiB n—1 i »n. ko, Hanpuknan, »n>4, 3actocy-
BaHHs LIbOrO METOY BUMarae Benukux obuyncnedb. Hasnaku, npu
2<n<4 uicro GopMyJIOK MOXKHA KOPHCTYBAaTHCh.

Bnpaeu

1. Po3B’a3aTtu MaTpuuHe piBHsHHA AXB =C, ne

1 1 1 00
1 1|, B=|t 1 0|, C
01 1 01

N
il
[
Il
|
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2. O6uncnuTH

L

JUIS BCiX LJIMX MOKAa3HUKIB 71 .
Mertoa II (Buxmouyenns Hesizomux). [Ins o60poTHOT MaTpHLi
A=(0,;) cKnagemMo cucTeMy JIiHiHHUX PiBHAHB
a”xl +a12x2 +...+ G.lnxn =y1,
azlxl +0L22x2 +..+ OLZ,,X,, =)

................................................

Ay Qg Qi | N1
— | Ogp G Qa2p | V2
A=
Oy Oy O Vn
Baaxarouu 3MiHHiI )|, Vs, ... , ), NAPAMETPAMH, 3aCTOCYEMO METOJ
BHKJTIOUEHHS HEBIIOMHX X;,X,, ... ,X,. Ha mincrasi ymoBu det 4 # 0

3MIHHI X|,X;, ... ,X, TIOJAIOTBCA HEPE3 J, Vs, ..., V,. HicTaHemo

piBHICTB
X=BY
Asst CTOBOLIB X i ¥ 3 HEBIIOMHMH X[, X5, .., X, | YV, V2,5 vo s Vp -
Tomi B=A4"".
Ipukaax 1. 3HaiiTu obepHeHy MaTPULIIO AJs
01 11
A= 1011
11 01
1 110

207



CknazeMo CHCTEMY piBHIHD

0-x% +x, +X3 +x,4 =y,
X H-x, +x3 +x,4 =Y,
X +x, +0-x3 +x,4 =y,
X +x, +x; +0-x4 =y,
3 PO3UIMPEHOI0 MaTpHLEIO
01 1 1|xn
= 1 01 1}y '
1 1 0 1}y
1 1.1 0fy,

3pobumo Taki NocNiAOBHI eNeMeHTapHi NEpEeTBOPEHHS.
1. [ToMiHsEMO MiCLIIMH MepLINii | OCTaHHIM paaku:

I 1 1 0}y
— 1 011
= N

1 10 1]y,

01 1 1}y

2. BigniMeMo 3 Ipyroro i TpeTbOro nepinit psaok:
1 1 1 0y,

A2 =
0 0 -1 1|y-y,
0 1 11}y
3. foaaMo 10 4eTBEPTOro Apyrui psaok:
1 1 1 0y

= |0 -1 0 1|y=-y
S A PR

0 0 I 2| »+y-y
4. TonaMo 10 YETBEPTOro TPeTiif paaok:

1 1 1 0]y,

- _ 0 —1 0 1 yz—y4
100 <1 1|y,
0 0 0 3|y+ty,+y;-2y,
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PiBHOCHIbHA CHCTEMA MaTHUMe BUI'NIAL

x] +x2 +X3 = y4 s
—X) X3 =Y2—Ya»
=Xy tX4  =Y3— Vs

3xg =n+yy+y3-2y,.

Po3p’43aBwn Lo NOpiBHAHO NPOCTY CUCTEMY, 3HAIAEMO

X = “2‘)’1 +l)’2 +‘l‘)’3 +'1'J’4’
3 3 3 3
Xy = l)’l _g}’Z '*‘l)’s +ly4,
3 3 3 3
X3 = lyl +l)’2 —Z}’s +l)’4a
3 3 3 3
Xy = ‘1‘)’1 +l)’2 +l}’3 “E)’:@-
3 3 3 3
Tomy
-2 1 1 1
oLt
3 1 1 -2 1
1 1 1 =2
Bnpasa

3HaHTH 06epHEHY MATPHLIO U MATPUL #-TO MOPAIKY:

100 ... 0
110 ... 0
A={1 1 1 ... 0O

Meron III (T"'aycca — JKopaana). Hexaii 4 =(a,,) — kBagpartHa
obopoTHa MaTpuus n-ro nopaaky i B =(B;) — npaMokyTHa mat-
puLs po3MipHocTi nXxp. HaBegemo Merox oGuucneHHs H0OyTKy

A7 B. Jins uporo cxnagemo CHCTEMY piBHAHb 3 HEBiIOMHMH
X3Xp; w5 X, 1 TIADAMETPAMHU Yy, Y3, w5 V)
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O Xy + 00Xy + e 0, X, =By +Bayy + o 4By,

O Xy + 0y Xy + oo +0,X, =By 3y +Brayat o #B2,7,

Oy Xy +an2x2+ +a’nnxn =Bnlyl +Bn2y2+ +Bnpyp'

Skuto

X} B4
x=|" r="?]
X, Yp

ToAi cucteMy (1°) MOXKHA nojath y Burnadi pisHocti A- X =B-Y.
Ockinbku Matpuus A — 060poTHa, TO

X=4"B7Y.

Jins 3uaxomkenns A~ - B 3aCTOCYEMO METOJ BUKITIOUEHHS He-
Bizomux. Binbu 3pyuHa npouenypa obuncneHb HaBeeHa HUKYE.
3anuiueMo po3uinpeHy Matpuito cuctemu (1°) y surnsai

Oy Oy oo Oy By By - By,
- Qpp Oz o OBy By oo By
Oy Oy oo O B Baz - ﬁ,,p

Bynb-sike nepeTBOpeHHs CHCTEMM €KBiBaJleHTHE HeoOXiAHHM
NepeTBOPEHHAM PAAKIB MaTpuili A , i HaBnaku. OCKinbky 3a yMo-
BOlO MaTpuus A — 000OpOTHA, TO 3a AOMOMOIOIO Cepii eneMeHTap-
HUX MepeTBOPEHb BOHA 3BOAMUTLCA OO OAMHMYHOT Matpuui E. 3a-
cTocyeMo 10 A JeKiflbka eleMEHTapHMX MepeTBOPEHb TaKMX,
wob nigMarpuus A neperBopwsiacs B Matpuuio E. B pesynbrati

Z 3BOAUTLCA OO BUsAAy

I 0 ... 0|Yn Y2 - Yip
01 ... 0fY1r Y2 --- Y2p

..........................................
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Togi cuctema (1°) piBHOCHAbHA cucTEMI

= Yah+t¥py2 + ot Yip¥p
Y= Yah¥¥nV2 + ot YopVps
X = YmN tV¥m2d2 + o YVppdps
T06TO
X=C-Y.
OuneprkaHo piBHICTb 4" B=C , A€
Yu Y2 Yip
Ce Y21 Y2 Y2p
Yo Yu2 Yop

)

3okpema, sakuo B=E, 10 C =47 Omxe, O 3HaAXOMKEHHst
obepHeHol MaTpuli ana A noTpiGHO BUKOPHUCTATH Take MpPaBMIio.

Po3wpeHy MaTpHLo

Ay Oy Qy,

Oy Oxp Oy
A=(4E)=

anl a‘nZ a‘nn

1 0 ... 0
01 0
00 1

3a JOMNOMOTOH €JIEMEHTAPHUX NEPETBOPEHDL pﬂ)lKiB 3BEAEMO 10

BUrNAay
10 0 v
0 1 0 |Ya
C=(E|C)=] i
0 0 ... 1 |vu
Topi C=A4".

Yizo -+ Yin
Yoz -+ Yan
YnZ . Ynn
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IIpuxaag 2. O6uncauty obepHeHy MaTpULIIO 1/

A=

Po3wupena matpuus

A=

—_— O

1

_— s O

0

—

1
1
0
1

1

1
0
1

1
0
1
1

1
1
1

11

1
0
I

S = =

0
0
1

S O -

0
1
0

0(0 0 O

[Tpopo61Mo Taki enemeHTapHi MepeTBOPEHHs 3 PALAKAMH.
1. TlIoMiHAEMO MiCLSIMH NMepLUNii | YeTBEPTHIt pAaKH:

0({0 0 O

I
1
1

010
0 01
1 00

-_ 0 O O

1
0
ol
0

2. BigniMeMo 3 Apyroro i TpeTbOro pAAKiB nepuinii:

A2=

4

4,

1
0
0
0

1
0
0
0

1
0
0
0

1
-1
0
1

1
-1
0
0

1
-1
0
0

1
0
-1
1
3. Jlomamo 10 4€TBEPTOTO APYTH
1
0
-1
1

1
0
-1
0

2

0

0(0 0 O
1j0 1 0
1f0 0 1
1

i
00
1{0
10
i

1
1
3

N
-1
-1




- 1
5. IToMHOXWMO OCTaHHIH PAAOK Ha 3 :
1 1 1010 0 O 1
0 -1t 0 110 1 0 -1
4=0 0 -1 1{0 0 1 -l
o0 o1/t 112
3 33 3
6. BinniMeMo Bia Apyroro i TpeTbOro psiKiB YETBEPTHIA:
1 1 10| 0 O O 1
0 -1 00 oz 1l
_ 3 3 3 3
%=lg o -1 o|-L L 2 _L
3 3 3 3
o0 01|+ 1 12
3 3 3 3
7. oaMo 10 NepLioro ApYrHii i TpeTiil paaku:
1o oof-2 L 1 1
3 3 3 3
0o -1 00—+ 211
A - L2
0 0 -1 0|-—= — = -
3 3 3 3
o 0 01| + L L2
3 3 3 3
8. [ToMHOXXHMMO ApYTHii i TpeTili psaku Ha —1:
1ooo|-2 L 1 1
3 3 3 3
SRR SR
4= 112 1
0010 = = — =
3 3 3 3
000 1] + 1L L _2
3 3 3 3
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OcrarouHo aicraHemo 06epHeHy MaTpuLIO
-2 1 1 1
P 1 1 -2 1 1
311 =2 1
1 1 1 =2

Bnpasu

1. losecty, wo konu A=B-C, ne C — KBaapaTHa i HeBHpO-
AkeHa matpuusa (detC #0), Toni pairu matpuup 4 i B 36ira-
IOTbCA:

r(A)=r(B).

2. O6uuncnuTH obepHeHy MaTPULIIO 115
1
1
1 -1 1 -1|
1

§ 5.3. KsagpaTtuuni hopmu

Osnauenna. Hexaii A=(o,) — kéadpamua mampu-
Y NOpAOKY n 3 enemenmamu Oy i3 noaa P. @yuxyis F 6i0 2n
SMIHHUX X,Xy, oo 3Xps Y15 V2s oo s Vs AKQ BUBHAYAEMBCA (POPMY-
2010

n
F=F(X,%5 o s Xps Y1 Vas oo n V) = D, O Xi Vg s
ik=1

Hasusacmoca bininiunowo gopmoio, 3adanoio mampuyeio A.
Osnauenna. Keaopamna mampuys A=(0,) Haszueacmvcs

cumempuunoio, saxuwo A = A, mobmo eona 36izacmocs 3 mpanc-
nonosarnoro. Lle o3nauae, wo ona 6cix ii enemeHmie GUKOHyEMbCA
pisHicmb Oy = Oly,.
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CumeTpHuHiii MatpuLi A Bianosigae keadpamuuna gpopma, T06T0
GbyHKUiA f Bift BMIHHUX X, X5, ... ,X,,, LLtO BU3HAYAETLCA PopMyno0

f=f(x,x, wux,)=

Oy X; Xy, -
1

M=

i

BpaxoBytouH, wo o =0 A1 koediuieHTiB uiei Pynkuii,
NOMi4aEMO, L0 JAOJAHKH Ol X;X, Ta OlyX,X; Ans uiei ¢popmu 36i-
ralThes.

Tomy popMy f MOXHa nojaTH y BUrAAi

n
= 2 =
f_zaiixi +2'Zaikxix/c =
i=1 i<k
_ 2 2 2
=0 X 0 Xy+ e 0L X, + 200X X5 + 20 3%03+ .. (1)
Hasnaku, koxHii ogHopiaHil GyHKUT Bil 3MIHHUX X[, Xy, ... , X,
CTeneHs 2 MOXXHA MOCTaBUTH y BiANOBIAHICTE CUMETPUYHY MaT-

PHLIO, KA | BU3HAUUTS 1i IK KBaAPATHUHY QOpMY.
Hanpuknag, AKiuo 3a1aHo ofHopiaHy pyHKuUi0

f =xl2 +x§ —2x32 +6xx; +12x%3 = 20x, %3,

TO Yy BiANOBIAHICTb Lili GOPMi CTABUTLCA CHMETPHYHA MATPHLIs

1 3 6
A4=[3 1 -10
6 -10 -2

ITonamo ¢opmy (1) iHwMM cnoco6oM, BHKOPUCTOBYIOUH Tpa-
BHJIO MAaTPUYHOrO MHOXEHHS. JI1f UbOro 3amviiemMo 3MiHHi
XjsXps o sX, Y BUTJISAI CTOBMLUS
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Toni

O Gy e Oy, ) (g
. o o e QL
7 21 22 2n X9
X' -A4-X =(x,%, X, ) |77 =
a‘nl (x’n2 a’rm Xp
N

"(xl,X2, s ,x,,)' . ) yi =Zalk .xlt *
. k=1

Yn
3Biacu
T n * n n
X' A-X =3 x5y, =Zx’(zaikka=
i=1 i=1 k=1
n
= Z Otikx,-xk =f(xl,X2, e ,xn)
ik=1
i ToMy
%, x)=f(X)=X"-4-X. )

Osnauenna. Ionaporo keadpamuunoi popmu

n
f= Z Ol X; Xy,

ik=1

Hasusaemuca bininitina gopma

A N n
f=f(x1,x2,---,x,,,y1,y2, ""yn)= Z X Qi - Yy

ik=1
BMIHHUX X1, X5, v 3 X s Y15 Va5 oo s Vp+
CkopoueHo nmogamo ii y BUrasi
f=fx,n=x".4.7, 3)

Ae X, Y — CTOBNUI 3MIHHUX X;,Xy, .., X, 1 YjsVas w s Vp-
Teopema 1. [lonapa f xeaopamuunoi popmu [ € cumempuyna
bininiina popma
X, n=f.x).
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HoBeneHHH.
n n n n
f(X,Y)= Z X Qi Vi =z X0y Vi =Z Vi Qi X; =
ik=1 ik=1 ik=1
=Y. 4-X = (¥, X).
V  keanpatuuHili  dopMi f=X'-4-X nopmamo 3MiHHi

X;,Xy, ... ,X, YEPE3 HOBi 3MiHHI )|, ), ..., ), 3a AONOMOrow 060-
POTHOFrO JiHIHHOrO NepeTBOPEHHA

= Yy tYiey, t oo ¥
X = Y tY¥ys t .o Y2V

n = Ynlyl+Yn2y2 + .. +Ynnyn'

Marpuusa C =(y,,) #oro oboporHa (det C#0). Lile MoxHa nogatu
LJIAXOM KOMIMAKTHOrO 3alucy

X=CY, Y=(3,y2 -, ¥n) -
Toxni dopma f y HOBUX 3MIHHHUX Vi, Vs, ... ,V, HaOyne Burnany

f=@-n-4-C-")=Y"(c"-4-C)-1,
T0OTO
f=Y"-B.v,
ze B=C".4.C.
Ipu upoMy mMatpuus B Takox cHMeTpUYHa:
B =" -4.¢) =c" - 4.(c"Y =c"-4-C=B.

O3nauenna. Mampuya B nasusaemocs KOH2pYyeHmMHOIO Mampu-
yi A (B=A), axwo icnye maxa obopomua mampuys C, ona axoi
B=CT.4.C (esaoicamumemo, wo A, B, C — xeadpamni mampuyi
ooniei i miei camoi po3miprocmi).
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BiaHOLUIEHHS KOHIPYEHTHOCTI MaTpuULb — BiHOLIEHHS €KBiBa-
JIEHTHOCTI:

pedekcuBHicTb A=A,

CUMETpHUHiCTh B=A=> A =5,

TpaH3uTUBHICTb B=4, D=B=D=A4.

[IponoHyeMO caMOCTiifHO JOBECTH Lii BAACTUBOCTI.

Hamu noBeneHa taka Teopema.

Teopema 2. IIpu 060pomHOMy NiHIUHOMY nepemBOpeni 3MiH-
HUX Mampuys K8aopamuiHoi ropmu nepemeopioEmsvCs @ KOHSpy-
EeHMHY Mampuyio.

O3nauenna. Keaopamuuna popma

f=ByE +Boyi+ . 4B, Y2

HA3UBAEMBCS KAHOHIYHOIO, AKWO I Mampuysl 0iaeoHanbHa.
Teopema 3 (Tazpanxca). Keadpamuuna gpopma

f=fX)= Z Oy X; Xy

ik=1

3 koegiyienmamu 3 6yOb-ax020 noaa P 3a donomozoio obopomno-
20 NIHITIHO20 NepemeopeHHs 3MIHHUX MOdce bymu 38edena 00 Ka-
HOMIUHO20 8U2NADY.

JloBe/leHHA MNpPOBENAEMO iHAYKUIED 33 YHCIAOM n 3MiHHHMX.
SAxkwo n=1, Toxi f=oanx,2 — KaHoHiuHa ¢opma. [1punycrumo,
wo 7> 1 i TeopeMa Mae Micue Ans GopM 3 YMCIOM 3MIHHNX <n.

Posrnsanemo ¢opmy f 3 uncnom 3miHHuX n. Tlogamo ii y Bu-
s i

f = a”xlz +(1.22x§+ s +(Xm,x3 + 2Zaikx,~xk -
i<k

OkpeMo po3risHEMO J1Bi MOXUIMBOCTI.

1. Cepen KoediUieHTIB O, 0y, ... ,0L,, ICHYE XO4 Ou OAHH,
BiZAMiHHMH Bil HyS.

2. Yci BOHU JAOPiBHIOKOTb HYIIO:

(X.” =(122 = .. =(1,m =0.

V nepuiomMy BMAaAKy MOXHA BBaxary, Wwo o, # 0. Buainumo

y opmMi f yci nonaHku, Aki MiCTATh X;
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f = (X.l |x|2 + 2a|2xIX2 + 2(X|3x|x3 + ...+ 2(1|nx|x,, +g 5

Ae g — GopMa 3i 3MIHHUMH X,,X3, ... ,X

2%n "

[TepeTBOpHMO CyMY nepLUUX 1 AORAHKIB

(X”xlz +2(X|2x]x2 +...+2a],,X|x" =

o (0
=a|](x12+2—12—x|x2 +.+2 In xlxnj=
Oy Oy

—=x; —...——2%x,

_ %2
=0y x!""——xz +...+
o

2 2 2
alnx) _G2 2 Ly 2
n
1 Oy

Ay oy

Qs+ QL
%23
Oy

n

2
Yoda — .. = ¥ Oyp
2X3 ...—CX.” xl+——'—X2+...+ X +g|’
O Oy

ae g — dopMa Bia 3MIHHUX X,,X3, ... ,X, . OTxe, Gopmy [ mox-
Ha nojaT y BULIs

2

o o Lz
f=a”(x] +a—12x2+ +a]” xn) + f(X5,%3, o sX,)
) "

ae f(xy,x3, ... ,X, ) — GOpMa, AKa HE MICTUTD X; .
BBenemMo HoOBi 3MiHHI

%2 Ain
xl+_X2+ e + xn=y1, X2=y2, ...,xn=yn.
11 11

Toni
R
=0yl +f (s y3s s Vn)-
[MogaMo cTapi 3MiHHi Yepe3 HOBi

1n

o=y =2,
1= N Yo =
oy Oy

Yns

Xo = Yoy e s Xy = Vo

Matpuus 1poro JiHiHHOrO NepeTBOpPeHHS
219



ay 0y
C=[0 1 0
0 0 1

obopoTHa, ockineku detC, =1.

Jlo dopmu f = 7(y2, V350 »¥,) 38CTOCYEMO TMPHNYLUEHHA
iHAYKLUIT.
IcHye 06opoTHe niHiiiHe nepeTBOpeHHs
Y2 =Bnzat .. +Bonzs,
V= 63222+ vee +B3n2n B

Take, wo ¢opma f y 3MIHHUX Z,,Z3, ... ,Z, MAa€E KAHOHIYHUIi BH-
rnag

- 2 2 2
f=B227 +B5z3 +..+B,2, .

Akuo noknactTv, WO Yy, =2z, TO MaTPULEI MNEpPexoly Bif
VisV2s e sVp BO Zy325, o sZ, €

1 0 0
0

Cz - BZZ BZn
0 BnZ Bnn

idetC, #0.

VY 3MiHHHX 2,25, ... ,2, GOopMa f Mae KaHOHI4YHUH BUrAAN
_ 2 2 2 2
f=0gzi +Bzy +Byzz+ .. +8,2; .

Marpuuero nepexoay Bill MOYATKOBHX 3MIHHUX X,X,, ...,X,

10 3MiHHUX 2,25, ..,Z, € Matpuuda C=C,-C, i detC=
=detC, -detC, #0.
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IepeiineMo 1m0 po3rnsdy Apyroro BHNAAKY, KONH Oy =

=0y = ... =0, =0 i popma
f = 2(112x1x2 +2(X.|3xIX3 +...

Cepen 17 koediuieHTiB € HeHynboBi. Hanpuknan, Hexaii
oy, #0. Beenemo HOBI 3MiHHI X; =y, +y,, X =y —¥,,
X3 = V350000 Xy T Yy

Marpuus uporo niHiiiHOro nepeTBopeHHs

1 10 .. 0

I -1 0 ... 0
C=[0 0 1 ..0

oboporHa (det C; =-2). Y HOBUX 3MiHHUX (hopMa Ma€ BUTIAL

f=200,p7 =205 + (2043 +2003) 113 + ..

IcHye niHifiHe nepeTBOpEHHA 3MIHHHUX )y, V,, ...V, 4Yepes
3MiHHI Z|,Z,, ...,Z, 3 oOopoTHoto Matpuueto C,, AK€ 3BOAHTH
tdopMy f [0 KaHOHIYHOTO BUTJIALY.

OcTaToyHe JiHiiiHe NepeTBOPEHHS 3MIHHUX X, X5, oo, X, Y

3MiHHi 2,25, ... ,Z, Aa€ oboporHy matpuuio C =C, - C,.
Hpukaan. 3sectv kBagpaTHUHY GopMy
f =x,2 +x§ —2x2 +6x,%5 +12x,%3 — 20,3

JI0 KaHOHIYHOTO BHUIJIAAY.
Marpuus uiei kBaaparuuHoi GopMH Mae BUrIAL

1 3 6
A=|3 1 ~10
6 -10 -2

Binoxpemumo B uiii opmi kBaapar niHiliHoro Bupasy, akuit
MICTHTb YCi YIeHH 3i 3MiHHOIO X; .
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f=x,2 +6xx5 +12xx3 +x22 —2x32 -20x,%3 =
=(x; +3x, +6x3)° —8x22 ~38x] - 56x,x;.
IMo3Hauumo x; +3x, +6x3 =y, x5 =¥5, X3 = y3. Togi
X =y =3y, -6y;,
X2 =V2s
X3=)s3-

ManM us UbOro nepeTBOpPEHHA

1 -3 -6
c={o 1 o]
0 0 1

KBagparuuna gopMa y HOBUX 3MIHHUX MaTHMe BUIIIAA:

=y -8y2 —56y,y; -38y3.

Buninumo kBaapar niHiliHOro BUpasy, 110 MiCTHTb YCi YJIeHH
3i 3MIHHOIO 5!

2
7
S =0 =801 +Tyy3) =385 =y —S(yz +5y3) +60y3 .
3HOBY-TakH BBEAEMO HOBi 3MiHHi
7
N=a8, h=5 ‘Ezss Y3=2z3.

Martpuus 1boro nepeTBOpeHHs

1 0 0

7
C,=|0 1 -=
2 2
0 0 1

V HoBUX 3MiHHHX KBaZpaTHuHa (opMa MaTHMe KaHOHiYHMH
BULIST

f=212 -82% +6023.
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Marprus nepeTBOpeHHsA, WO MOJAE X,,X,,X; UEPE3 z,Z5,Z3,
JIOpiBHIOE

9
1 3 2

1 -3 -6 1 0 O 2
C=C-C,=|0 1 0|0 1 —%:0 1 —%
00 Ulpo 1) ]o 0o 1

[licns oueBMAHUX OOUHCNEHD

B=C"-4.C=
;3 2
1 0 ol(1 3 6 2 1 0 0
=3 1 ol|3 1—10-01——%=0—8 0
o 71 6 -0 2)j5 o "1 {0 0 e
2 2

Lle i € MaTpuus kaHOHI4HOI popmu f.

§ 5.4. lopaTHO BM3HaveHi KBagpaTu4Hi chopmmn

V ubomy naparpadyi BHBUAIOTbCA MaTpuli Ta KBaj-
patuuHi dopmu Haj nosneM R AificHUX yucen.
Slkio y ailicHiit kBagpatnuHiii Gopmi

n
f(X) = f(x19x27-'-’xn) = Z Ol X; Xy,
i k=1

3aMiCTb 3MIHHHUX X|,X;,...,X,, NOKJIaAeMO Oyab-AKi YHCIOBI 3HAYEH-
na &,&,,...,&, €R, Toai 6ysemo 3anucysaru x = (§;,&,,...,§,)ER"
i f(x)=f(§,&,,....E,) — 3HaueHHs kpaapaTuuHoi popmu f 3i
IMIHREME (X],X;,..,%,)] = X .

Hexaii Hax 3MiHHUMU X;,X;,...,X, 3AifiCHeHO 06OpOTHE NiHiM-
He NIepPeTBOPEHHS
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n

=D YV i = (M

k=1

B pe3ynbTaTi Akoro ¢popma HabyBae BUTIALY

g =g, Y25 ¥n) = f(ZYlkyk’ ZszYk,---,ZYnk)’kJ-

k=1 k=1 k=1

Ha niacrasi o6oporHocti matpuui C =(y,) A% AOBiNBHMX
sHaueHb &;,&,,...,E, 3MIHHUX X|,X;,..,X, ICHYE €AuHWI Halip

Ny>N25e-sN,, 3HAYEHB 3MIHHHX V), Y;,..., ¥, TaKUH, O

Zv.mk, =1

[Ipn uboMy Mae Micue piBHICTb
S(&18psBn) = 8 (M Mo M) - ©)
Osnauenns. [lisicna keadpamuuna gopma
S (xp5%p5005%,) = f(X)

HA3UBAEMbCA O0OAMHO GUHAYEHOI0, AKWO 80HA Habysae dooam-
HUX 3HaueHb Npu 6yOb-AKUX 3HAYEHHAX 3MIHHUX, GIOMIHHUX 6i0
HYNS1 OOHOYACHO.

(&1’&29""Em)¢9 :f(gl’&.as“'a&.un) >0

Teopema 1. [Ina mozo wob6 Oilicha KeéadpamuyHa popma
f(X) 6yna dodammo eusnavenor, neobxiono i docmammnvo, w06

i karnoniuna gopma g(¥) =By +B, y3 +...+B,y> npu aminnux
Vis Vasens ¥ Mana xoeiyienmu By >0, 8, >0, ..., , >0.

HosenenHus. Jocmamuicme. Tpunycrumo, wo ¢opmy f(X)
niHiliHUM nepeTBopeHHsM (1) 3BeieHO A0 BUMNIANY

gX) =By +Byy} +..t By
Hexait &,,£,,...,6, — Aeska MOC/iAOBHICTb 3HaueHb 3MiHHHX
X1, %3505 Xy 5 @ M3 Mg,eens M, — BIAMOBiAHA MOCHINOBHICTL 3HAYEHD
HOBMX 3MiHHHUX Y|, Y3,..-s Vs » TOAI MATUMEMO PiBHICTb (2):
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f(E.»la&za---,E..n) = Bm? + ang +. BMe

Mpunyctumo, wo B, >0, B, >0, .., B,>0. Sxmo

(&:EpnEn) % B, TORE (M), My,0M,) % 0§ By +... 48,10 >0, 2
TOMY f(él,iz,...,é,,) >0.

®dopma f(X) — nonatHo BU3HAUEHa.

Heobxionicme. Ipunyctumo, wo ¢gopma f(X) — noaatHo BU-
3HaueHa. [loknangemo n, =1,Mm, =0,..,mn, =0. Toxni BixnoBiaHu-
MM 3HauYeHHAMH [OYaTKOBMX 3MiHHMX € uucna § =y,
& =Ya1s - &, =Y (i3 dopmynu (1)). Bonu e Bci nopiBHIOIOTH
HYIO, OCKinbku croBnUi Marpuui C =(y, ) — HeHy1b0Bi. Tomy

f(&1’§2""’§n)>0' Arne
F(&1,82,-8,) =B - 14+B,-0+...+B,-0.

3piacu B, >0,apasom3tumi B, >0,...,5, >0.
Hacniook. Keaopamuuna opma f 6i0 n 3aminnux x,,x,,...,X,

€ 000amHO BU3HAYEHOI MOOi [ Auuie modi, KOAU 8OHA 3a OONOMO-
2010 06OPOMHOZ0 NIHIUHO20 NEePEeMBOPeHHS CMAPUX 3MINHUX MO-
Jce Gymu 38edena 00 cymu keadpamie

f=z +z22 +.t+ 22

HOBUX 3MIHHUX Z{,Z5,.., 2, .
Hoseneunsa. Heobxionicme. Hexait dopma f(X) nomatuo

BU3HAQYE€HA. 3a JOMOMOrot0 JNiHifHOro nepeTBOPEHHs 3MiHHHX
3BEAEMO il O KAHOHIYHOTO BUIIAAY

g =Byt +Boy5 +...+ B,y

3a Teopemoro 1 koedinientn f,,B,,....8, nonarHi. 3aificHumo
L€ OfiHe NiHifHE NepeTBOPEHH:
1 1

1
N=ET=21, V) =—===25 s Yy = z,.
\JBI 62 " VBn "

8 5.356 225




VYV HOBUX 3MIHHHUX
f=zt+25 +..+22.

Hocmammnicme oueBUAHA.
Teopema 2 (kpumepin Cunvgecmpa). /lna mozo wob keadpa-
n
muyHa popma [ = Z O XX, Byna 0ooammuo eusHaueHor, Heob-
ik=1
XiOHOo i 0ocmammvo, wob 20106HI MIHOPU

Oy Oy
A]=OL||,A2= s seey
Oy O
Ay Oyp Ay
Oy O o)y
A),,= , A, =detd
Opr Op2 ®pp

it mampuyi A =0l ) 6ynu uucramu dodamuumu.

n
HosenenHs. Heobxionicms. Hexalt f(x)= Z Oy X, X, ~ AO-
i k=1
JIaTHO BU3HAYEHa KBagpaTHyHa ¢opmMa. 3BeaeMo 1i 10 KaHOHI4HO-
ro BUrsoy

(V) =Byt +Bay3 +.+B,y2

3a NONOMOTOK JiHiitHOro nepersopeHHs X =C-Y 3 o6opoTHO0O
matpuueto C. Ilpu upomy 3, >0, B, >0,...,8,>0.
Martpuus

B, 0 .. 0

0 .. 0
a0 B

0 0 .. B,

KOHIpyeHTHa Matpuili 4: B=C" - 4-C. Tomy det B=B,-B, - B, =
=det(C" - 4-C)=detC" -det 4-detC =(detC)” -det A.
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Ockineku B, >0, B, >0, ..., B, >0 i (de’tC)2 >0,
detd=A,>0.
Po3rnsuemo dopmy

p
fp =f(x1,...,xp,0,...,0)= z Clip X Xy

i k=1
3 MaTpULEKO
Oy Oy2 %ip
Oy Oy %z p
Ap = 4eessesean s senastenansenae
Opr %p2 A pp

Bona Takox noaatHO BU3HayeHa i ToMy
a] 1 a]z . a]

)4
OLZI azz o 0(2p

Ap I T > 0
Opt Xp2 ®pp

ans OyAb-sKuX p <n.

TO

Hocmammnicms. Hexall ronosHi MiHopu Marpuui 4 nopaTi:
A >0,4,>0,..,A,>0. JonatHy Bu3HaueHicTb (opMH [OBO-

AMMO IHAYKLI€IO 32 YHCIIOM 71 3MIHHHX X|,X;,...,X,, -
- : 2
Axwon=1,tomi f=0yx i A; =0, >0.
®opma f — 10AaTHO BU3HAYEHA.

Ipuryctumo, 1o TBEpLKEHHS TEOPEMH Mae Micue st Gopm 3

n—1 3MiHHHMH.
SIkio no3HayuTH

n—1
So = f(x,%3500,%,4,0) = Z Ol X, X; 5
ik=1
TOxI

n-1
2
f = f;1-l +,,x, + 2xn . zainxi

i=1
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3a npunyleHHsM iHAYKUiT ¢opma f,_; AOAATHO BHM3HAYeHa.
ToMy B ieskuX 3MiHHUX J{,V,..., ¥V, BOHA MOJAETbCA Y BUINALI

CyMH KBaapaTiB f,_; =y +y3 +..+y2, itoni
n-1 5 2 n=-1

f = zyi +a’nnxn +ZZBinyixn
i=1 i=l

3 JeAKMMH HOBMMU KoediuieHTamu fB,,. Ins oaHO3Ha4HOCTI mo-

Knagemo, wo x, =y, . Toxi

n-1 n-1
f=zyi2 +annyr21 +2ZBinyiyn :

i=1 i=1

[MepeTBOpHMO Ll BUpa3, BUKOPUCTOBYIOUN PiBHOCTI

2 2 a2 .2
Vi + 2B yiyn = (J’i +Bin V) —Binn-

Hicranemo

n-1

£=>(3 +Binya )2 +By; .

i=1

n-1
2
ne B =0, _Zﬁin'
i=1

Beenemo HoBi 3miHHi y; +B,,y, =z, i=Ln=1y,=z,.

TMonamo y, 4epes z I’z
Y1 =2 = BinZn> Y2 = 22 = BoaZps ovos Yot = Zumy ~BucinZns Yn = 2n-
V 3MiHHUX z,,2Z,,...,Z, POpMa f Habyne BUrALY
8(21,295002,) = 212 + 222 +..+ zﬁ_l +Bz,2,

3 JiaroHaJbHOK MaTpHLEIO

I 0 0

0 1 0
B=

00 .. 0P
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Sxio C — MaTpuus MepeTBOPEHH, 1O MOJAE X;,X,,...,X, 4e-
pes z,,2y,.,2,, Toli B=C' -4-C i Tomy B=detB=detC’ x
xdet 4-detC = (detC)’ -det 4. Ane (detC)? >0 i detd=A, >0

(3a ymoBoto). 3iacu $>0.

®opma f — noaaTHO BU3HAUEHA.

IIpukaan. 3’scysaTy, 3a AKMX 3HaueHb napamerpa A ¢opma
f=xt+2x3 + 2x3 - 2hxx; + 4x)x;3 — 6x,Xx3 AOAATHO BU3HAYEHA.
Matpuus ¢popmu

1 A 2
A=|-A 2 -3}.
2 =3 2
TonosHi MiHOpH
1 -A
A=l A= =2-A2,

R

1 -A 2
Ay=|-A 2 =3|=-2A7+12A-13.

2 -3 2

Jns noaaTHOT BU3HAYEHOCTi NOBUHHI MaTH Miclie HEPIBHOCTI

Ay=2-A2>0, Ay=-2A2+12A-13>0.

3 nepuwoi HepiBHOCTI 3HaXOAMMO, 11O ke(—xff; JZ—), as

apyroi — ke(3— \/g; 3+\/§J. 3’ACyeMO, UM MepeTHHAIOThCA
iHTepBaNIM (—-«/— J_ [ \/7 3+\/7 j JJia uboro nopiBHse-
MO uMcna v2 i 3- \/; Maemo 2 >3- \/‘@ﬁ+\/7>3@
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2
4:»[\/5+\/§J >3? 4:»%+2~/§>9=>2«/§>%=»4«/§> 9

< 80>81. Ane 80<81. Tomy \/5<3—\/§. InTepsann He mne-

peTuHatoTbes. OTXe, He ICHYE TaKUX 3HayeHb A, Ans Skux ¢op-
Ma f JoAaTHO BU3HAUEHA.

Bnpaeu
1. 3HaiiTH BCi 3HAUEHHA A, JUif AKUX KBaZpaTH4Ha popMa

f =2x12 +X§ +3x§ +2)\XIX2 +2xlX3

J0NaTHO BU3HAueHa.
2. 3sectu opmy [ =x} +x§ +...+x5 + Zx,xk JI0 KaHOHiy-

i<k
HOTO BULJIAAY.
3. Juckpuminanmom KBaapaTHuHoi GOpMH f Ha3MBAETLCA BU-
3Haunuk D, =det 4 ii Matpuui 4. JIoBECTH, 11O KOK A0 JOAATHO

Bu3Havenoi ¢opmn f = f(x,%;,...,X,) TNPHEIHATH KBajpaT He-
HYNBOBOT JIiHIHHOT GOPMHU Y, x| + ¥,X5 +...+ ¥, X, , TOAI AUCKPUMiI-
HaHT GOpMH 301BIUMTHLCA.

4. Hexait f = f(x,x;,...,X,) — JAONATHO BU3HAu€Ha KBajpa-
tHuHa popma i f = f(0,x,,...,x, ) . Toni 4S8 AMCKPUMIHAHTIB LUX

dopm BHKOHYETBCA HeEpiBHICTS D/ S o) D7




Po3din 6. NMHIVHI NEPETBOPEHHSA
BEKTOPHUX NPOCTOPIB

§ 6.1. Baaucu BeKTOpHUX NpOCTOPIB

basucom BekTopHOro npoctopy P" Han nonem P €
Oyab-ak1id HaGip i3 n Horo NiHiHHO He3aneXHUX BEKTOPIB.

Hexail b=<b,, b, ..., b, > — akuii-ueGyap 6asuc npocropy P”.
Skmo x € P" i x=&b +&,b, +..+E,b,, TOAi KoOpAHHATH

€., &, ..., &, 3anucyBaTMMeMO y BUrNIsAi CTOBMLSA
&
&
xE = .
&

T
a6o xg = (&, &,, ... &) -
OGepemo inumii 6asuc I' =< ¢, ¢;, ...,¢, > TOro x npocropy.

Bci BexTopu uporo Hooro 6aszucy AiHiliHO 324a10ThCs Uepes Bek-
TOPH CTaporo Tak:

&} =81|b| +521b2 + ... +8nlbn’

Cp, =8]nb1+62”b2+ eee +8 b .

Mampuyeio nepexody 6io 6aszucy B do 6a3ucy I" Hazugaecmobca
Mmampuys uody

811 8'2 oes 61}1
D: 82] 822 e 82” ,
8y 6,5 ... 3,

cmosnyi AKOI CKNa0eHi 3 KOOpOUHam 6eKmopig ¢y, ¢;, ..., ¢, 8 6a-
3suci b.
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Teopema. Mampuys nepexody D 6i0 6asucy oo 6asucy He-
supoodicena, mobmo det D # 0.

JloBeJeHHs MpPOBEAEMO METOAOM BiA cynpoTusHoro. [Ipu-
nyctumo, wo det D=0. [Ipy ubOMY NpUMYLIEHHI CKAaAeMO

CHCTEMY JIIHIHHMX ONHOPIAHUX PiBHAHD

Snxl +812x2 + ... +8,nxn = 0,
62]x] +822X2 + ... +62nxn = 0,

5,,1x1 +5n2x2 + .. +5,mx,, =0.

Ockinbku det D=0, To cHcTeMa Ma€ HEHyNbOBMH pPO3B’A30K
ApsAyy ey A, SIKILO 3aMICTB HEBIZOMMX MiACTABUTH LEH PO3B’A30K,
ZiCTaHEMO CUCTeMY piBHOCTE

8”)\.‘ +812}\.2 + ... +6]n}\.n =0,
62]A'| +822}\.2 + ... +62n}\,n =O,

S8, A +8,2A, + ... +8,,A, =0.
V BexTOpHiii GopMi LA CHCTeMA 3aMHCYEThCA Y BUTAAA
Aoy + A6 + o+ A, =6,

L0 O3HAYa€E NiHiAHY 3anexHicTb BekTOpiB. JlicTanu cynepeyHicTs.
Tomy det D#0.

Tenep 3HaiinemMo CMiBBiAHOLIEHHA M KOOpAMHatamu Oyab-
akoro BekTopa x € P" B pi3Hux 6asucax b il

Hexait xg =(&;, &, s &, )T ixr=(n, N, .0M, )T, ToOTO
MaTHMeMO PiBHOCTI:

a) x =Eb + &by + ... +8,b,;

6) x =ng + Ny + . TM,C,.

Bupasumo BekTopu c; vepe3 Gasuc b i niacraBumo B piBHICTH ).
Hictanemo
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x=n (Zﬁ,lb,.) +M, [ZS,zbi) + ot nn(

i=l i=l

= (Zslk'ﬂk]b] +[252knk]b2 * o +[25nk"lk]bn-
k=1 k=1 k=1

[TopiBHIOKOUYY 1O PIBHICTb 3 PiBHICTIO @), OCTATOYHO 3HAXOAHU-
MO CMiBBiHOLIEHHS

6inbiJ =

i

£ =8 m +9,m, + ... +8,M,,
&y =8,My + 0N, + ... +8,M,5

.......................................

&n =6nlnl +6n2n2 + .. +8nnnn’

a60 y hopMi MaTpH4HOrO piBHAHHSA
xg =D-xp.

OTmxe, cmosneyb koopOuHam eexmopa X y cmapomy basuci dopis-
HI0E 006YymKy mampuyi nepexody HA CMOBNeYyb KOOPOUHam y Ho-
somy b6asuci.

Hpuxaaa. [lepexoHatncs, U0 BEKTOpHU

b=2,2-1), b,=2,-1,2), =(-1,2,2)

CTaHOBIATH 6a3uc MPOCTOpY R? Ta 3uaiitu KOOpAMHATH BEKTOpA
x=(1, 1, 1) y upomy Gasmuci.
Po3B’sizaHHs. Ha niacrasi 03HayeHHs BCTAHOBJIOEMO, LLUO

b=<b,, b,, by > — 6a3uc npocropy R*. TlouaTkoBuM 6a3ncom
BBaxatumeMo E =<e¢,e;,e; >, ne ¢=(1, 0, 0), ¢,=(0, 1, 0),
e;=(0, 0, 1) — OAMHMYHi KOODAMHATHI BEKTOPH (BEKTOPH
b, by, by 3anaHi y upomy 6asuci).

Maemo xg =(1, 1, 1)7'. Marpuus nepexoay Bia 6asucy E o
6azucy b mae Burnsan

2 2 -
D= 2 -1 2
-1 2 2
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Axwo xz = (m » s N3 )T , TOi
1 2 2 -1\n
1l=| 2 -1 2{n,| (1

Cucrema piBHAHB
27]‘ +2n2 - n; = ],
{2n - M2 =1,
Ny +2n, +2n; =1

1
Ma€ pO3B’A30K M, =M, =13 = 3"
KoopanHatu m;,M,, N3 MOXHa 3HAHTH iHIWIMM cnocobom.

TikicHo, nogamo (1) y BUras i MAaTpPUHHOTO piBHAHHA

xg =D-xg5.
3 ubOro piBHSIHHA MAEMO
Xg = D™ X .
Bpaxosyrouu, Lo
2 2 -1
Dl'=—- 2 -1 2},
-1 2 2
3HAXOAMMO
1
T i 3
xx=| M, =D 1= % )
! 1 1
3

Memod o64ucneHHs Mampuyi nepexody

Hexaii B=<b), b,, ..., b, > — 6asuc npocropy P".

[Mo6ynyeMo mMaTpuito B, CTOBNLAMH AKOT OyAyTb BEKTOPH L(bOTO
Gasucy: 1-it croBmeub CKIAZA€TbCs 3 KoopauHat 1-ro sekropa
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b =(Bi1, Bays s Bwy), 2 — 3 koopamHar 2-ro BekTopa

by = (Bi2s Bas s Br2) 1T A
Hexaii I' =<¢, ¢, ..., ¢, > — iHwuit (Houii) H6asuc. [lnsa Hooro

;
.
\
.
%
i
f
i
!
T

nobyayemo marpuio C, CTOBMUAMH AKOi OyayTb BEKTOPH LbOTO
Gazucy: 1-H croBmeub CKJIANEHO 3 KOOpAMHAT 1-ro BekTopa
a =(Yi>Y215 > ¥Ym ), 2-# — i3 KoopmuHar 2-r0 BekTOpa
€3 = (Y125 Y225 s Ym2) i T A

3anuiiemo Marpuuto nepexony Bix 6aszucy b 1o 6asucy I' :

811 812 8ln
D= 821 522 82n
8nl 6nZ . 8nn

3a il 03HaYEHHIM

Ci =8“b‘ +82,b2+ .o +8 b .

ni“n
3Biacw i-if croBneub Matpuuli C NOJAeTbCA y BUIIIAAL NiHifiHOT
koMmGiHauii croBnuis marpuui B 3 koediuientamu 8y;, 84, ..., O,y

IO 3aMOBHIOKWTH i-it croBmeub Matpuui D. Toai maioTh Mmicue
piBHOCTI

Bn! BnZ Bnn 8nl 8n2 srm

Yo Yizo ooor Y
| Y Y2 e Yom
Ynl Yn2 o Ynn

t06TO B+ D = C. 3BiAiCH 3HAXOAUMO

D=B"'.C.
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§ 6.2. NlininKHi nepeTBOpeHHR | MaTpuui

Jinilinum nepemeopeHHsM BEKMOPHO20 NpPOCMOPY
P" nao nonem Py sexmopnuii npocmip P™ nasueacmuca maxe
00HO3HAYHE 8I00OPANCEHHA

A: P">P",
SAKe Mae enacmueocmi:.
1 A(x +xy)=A(x) +A(xy) 018 6yOb-skux x, x, € P"
(aoumusnicmy).
2. A(Ax) =\ A(x) ons ecix x € P", A € P (00nopionicme).

Lli #Bi BNacTMBOCTI 3a CYKYMHICTIO €KBiBaJIEeHTHi OAHil Bnac-
THUBOCTI:

3. A(Mx + A%, =MA(x) +AyA(Xy) (inisinicme), x,, x, € P"
iA, A €EP
3okpeMa, niHitine 8i006padcenHs
A: P"—>P"

HQ3UBAEMbCA NiHIHUM Onepamopom npocmopy P" .
I3 o3HaueHHs diHifiHOTO nepeTBOpeHHsA f BUILTMBAE, L0 KOJH

Xis Xg5 s Xy € P" 1 A, Ay, ooy Ay € P, TORI
A (Mx + A%y +oH A yXy, ) =
=MAx) + Ay A (X)) +...+ A, A ()
HaBenena Huxue Teopema zae 3aranbHuii cnoci® nobynosu

JHIHHUX TIEpETBOPEHD.
Teopema 1. Hexaii 6=<b,b,,...,b, > — 6asuc sexmopuozo

npocmopy P" i fi,f3, nfy — 6yOb-kui nabip, wo micmume y

cobi n eexmopie npocmopy P". Icnye €oune ninitine nepemeo-
pennsa A npocmopy P" y npocmip P, dns axozo

Ab)=f, i=ln. (1)

Jlosenenns. Busnaunmo Bigo6paxenus A: P"— P" 3a npa-

punom: akwo x=&b, + &b, +...+E&,b, — Bekrop i3 P", Toxi
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jfioro ofpasom y npoctopi P™  TOKNaneMO  BEKTOp
y=A@=E fi++5/, +..+ &, fu-

Cnioyarky JOBEAEMO NiHiiHICTb M0OyA0BaHOrO BifOOpaXKeHHS.
Hexait

xl =Zn:§ibia Xy =Zn:nib,-, )»1, )\.2 (= Pn,

i=1 =1

3a o3HaueHHAM A (x;) = Zéf,, A(xy) = Z'ﬂf

i=1
Ockinbku

Mxy +Ax, =X [Z éibi] +A, (Z nfb,) Z &t 7\2‘1,
i=l

i=1 i=]

TOAI

cﬂ )‘13‘1 +A,x;) Z (ME; +A,m;) fi
i=1

=\ [Z& f)“'}»z (Zn fj MA(x) + Ry oA (xy).
i=1
OT)KC, Cﬂ(xlxl + }\,zxZ ) =)\,] (ﬂ(xl ) + }\'2 (ﬂ(Xz) .
Binobpaxents o4 mae HeoOXiHy BIACTHBICTb: BOHO BinoOpa-
’Kae€ BEKTOp b, y BekTOp f; And 6yb-aKHuX i=iLn.
JloBenemo eauuicth nepetBopeHs . Hexait B — niniiine ne-

peTsopenns npoctopy P" B P™, fke nepeTBOpIOE BEKTOp b; Yy

BekTOp f,, i =1,7. SiKmo x = Z&b ,TouizB(x)=:8[Z§,-bi}=
in1

=& B()= Z&,,-f,— . Maemo piBHicTs B (x) =A(x) ans Gyas-
i1 inl

akux x € P".lle o3nauae, wo neperBopeHHs B i A 36iratoThes.

[To3HaunMo 4epe3 L MHOXKHMHY BCiX NiHIHHMX BifoGpaxeHb
BekTOpHOro npocropy P" y npocrip P™, a uepe3 M — MHOXHHY
BCiX MaTpHLb PO3MIPHOCTI m X n 3 eJleMeHTaMH 3 nons P.
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Y npoctopi P* obepemo siknit-Hebyab 6asuc b=<by, by, ..., b, >
i B ipoctopi P obepemo basuc '=<c, ¢y, ..., ¢,y >

Teopema 2 (npo 3a0anna NiHIGHUX nepemMBopeHs Mampuyamu).
Icnye g3aemHO 00HO3HAuHE GIDOBGPAXCEHHA (AKe 3anedcume 8id
6azucie biT):

. Lo>M

MHOXMCUHYU L ninitinux nepemeopens na Muoocury M mampuys ma-
ke, wo konuAe L, A= @ (A), xe P" i y=A(x), mooi

yr = A4- xB ’ (2)
Oe Xy — cmosneyb koopounam eéekmopa x 6 basuci B, a yr -

cmosneys koopounam eéexmopa y B 6azuci I,
Hosenenns. [Tobynosa BinoOpaxenus @ :L— M. Jlns 6yap-

AKOTO TEPETBOPEHHS AE L MOCTABUMO Y BilMOBIAHICTb MATPULIIO
A=(01; ) po3MIPHOCTI m X1 3a TAKUM NPaBUIOM (TIPABUIIO ():
Hexaii
A(By) = 0416 + 0y, + oo+ Uy Cpy s
A(By) = 0ypcp +0pCy ot Uy Cpy »
A(B,) = 0,0; +0gsCy + onF Uiy -

Iepwinit croBneups MaTpuui 4 3anoBHIOETCS KoedillieHTaMH
015 Olg5 -ony Oy » TOOTO KOOpAMHATAMU BekTOpa A(dy) y Gasuci
['; npyruii cToBnmeus — koedilieHTaMH Oy, Olyy, ...y Oy , TOOTO
KoopauHaramu Bextopa A (b, ) B 6azuci I'i . a. Toai

Oy Qg Ay
o o
21 22 20
o(A)=4 =
Oy Oy e Oy

[NobynoBane BinoOpakeHHs @ ABs€ cOOOKO BigoOpaXKeHHs Ha
BCIO MHOXMHY M martpuub. Hexalh 4 — matpuus posmipHocri
m X n 3 eneMeHTamu 3 nos P. PosrnsHeMo cucremy BekTopiB i3

npocropy P™:
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ﬂ =(1]kC, +a2kC2 +..+ OLkam, kzl,n,

A€ Olygr Ologs oes Oy — SJIEMEHTH k-T'O CTOBNLIA MaTpulli A.
3a TeopeMmoto 1 icHye, NpUYOMY €IWHUM CrOCOOOM, fiHiliHe
neperBopeHHs A: P"— P™ Take, 110 BUKOHYIOTLCS YMOBH

A(b) = fi, k=1n. 3)

3a npaBuIOM () MaTpuLIElo nepeTBopeHHs of Oyne naHa MaTpu-
us A, To6to O(A) =A.

BinoOpaxeHHs @ — B3a€MHO OHO3HAYHE.

Hexail A, Be L i ¢(A)=@(B)=A.

m
Toni d(b,c)=2a,~kci = B(b,) 1 mns HoBiLHOrO BexTOpa

i=1

n
x =Y &b Maemo
i=l

U{(x)=c74(i§zbi) =Z&-u Ab) = i&z B(b;)=B(x).
i=]

i=l i=l

Lle o3Hauae, uio A =B.
Hexaii x € P", y=A(x) e P" i

£ ™

_ &, AL
xE = . s yr = . 3

€, N

10610 Xx =& B + &0, + ... +E,B,, Y="C M0y F+ e F NG -
Toni

y=dA(x)= d(Z&bJ =S EAB)=
i=l i=1
= Z Z & oucy = Z(z a‘ki&.u)ck'
i=1 k=1 k=1\_i=1

n ——
3sigcn M =y o€, k=1,m, 10610 yr = A-Xg5.

i=1
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518po nixiiino20 nepemeopeHHA

Aopom ninitinozo nepemeopenna A: P"— P" nasu-
8aEmbCA MHOJCUHA 6cix mux eexmopie x € P", ona saxux
A(x)=0. Sapo no3HavyaeTbes

Kerod ={x € P":A(x)=0}.

Teopema 3. Aopo ninilinozo nepemeopenns — niniunuii nionpoc-
mip gekmoprozo npocmopy P". Poazmipnicme tio2o dopienioe n —r,
de r — panz mampuyi yb020 NePemeopPeHHs .

HoseneHns. Hexait x;,x, € Kercof; A, A, € P. Toai Maemo

A(Mx +AyXy ) =M A (x) + Ay A(x,) =0,
106TO A X; +A,x, € KeroA. Muoxuna KeroAf —niniiinuii nignpoctip.

Hexaii BigHocHo 6asucis B i [ npocropis P" i P™ marpuus
A=(o, ) BianoBinae nepersopeHHio A. Toai ana Gyab-ikoro
x€ Kercf BMKOHYETHCA PiBHICTB

A-xs =6, e x5 = (&, & o &)

SAnpo Kerof BU3HauaeThCA NiAMPOCTOPOM YCiX po3B’A3KiB CHC-
TEMH OJJHOPiTHUX PiBHAHD

oy o + o +a,g, =0,
0§ + 09y + . + 0,8, =0,

O &y + 0,08, + ... +a,,,E, =0.

OcranHili mianpocTip MaTUMe PO3MIPHICTL 1 —F, 1€ ¥ — paHT MaT-
puui 4 = (o ). Taky x po3mipHicTs MaTtuMe nianpoctip Ker oA.

OO6pa3 nixiliHo 0 NnepemeopeHHs

Obpasom niniunozo nepemeopenns A: P"— P™
HA3UBAEMbCA MHONMCUHA 6Cix mux eexmopie y € P™, ona saxux

icuytoms sexmopu x € P" maxi, yo y=cA(x). O6pas nozxaua-
€Tbes

ImA={ye P":y=Ax), x€ P"}.
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Teopema 4. Obpaz niniino20 nepemeopenus — MHIUHUR NIO-
npocmip npocmopy P™ . Poamipricme tiozo dopienioe panzy mampuuyi
Yb020 NepemeopeHHs.

Hosenenua. Hexait y,,y, € ImcAf; A, A, € P. IcHyroTh Taki

BEKTOPH X, X, € P", w0 y, =A(x,) i y, =A(x,). Toni
A(Mx +222) =My + A5, My +h,; € Imef,

ae Im A — niniituuii nianpocrip.
Hexaii Binnocho 6asucis B i I' npocropis P" i P™ marpuus
oA=(a, ) Bianosinae nepetsopennto oA, TO6TO i KoediLicHTH

3aJ10BOJILHAIOTE CIiBBiAHOLUEHHS
_fi :C)q(bl ) = O(.l |C’ + (1216‘2 +..+ Otmlcm .

m>

f;' =(‘]4(bn) = OL]nC'l +(x,2n02 +...+(ancm .
Minnpoctip ImoA 36iractecs 3 niniiiHOO  060JIOHKOIO

L(fi,f2s s [, )- Pa30M 3 TuM paHr CHCTeMH BEKTODIB f,, f, ..., f,
NOpiBHIOE paHry r Matpuui A. ToMmy posmipHicTs Im oA 10piBHIOE 7.

§ 6.3. IlininHi onepaTopu

Jinitine nepemeopenns A: P"— P"  gexmopnozo

npocmopy P" na cebe nazueacmucs iiozo ninitinum onepamopom.
Teopemy npo nodannsn ninitinux onepamopie cHopMynOEMO Tak:
Hexai b=<b,b,,...,b,> — 6asuc npocmopy P". Icnye a3aemno
00HO3HauHe 8idobpadcenns (Axe 3anexcums 8i0 eubopy 6asucy B)
¢Og: L, M,
muoxcunu L, ycix ninitinux onepamopie npocmopy P" na mmo-
acuny M, ycix xeadpamuux mampuyv nopsoky n Hao nonem P
maxe, yo konuAe€ L, i y=Ax), x e P", modi
Y5 = A X5 » (1)
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oe A=y (A); xg — cmosneyb koopounam eexmopa x y basuci b,
Vg — Cmoseneyb KOOPOUHAm 6eKmopa y 6 momy camomy 6asuci.

Hapani zanucyBatimemMo MaTpuLio A, ska Bianosijae onepa-
Topy A npu BinoGpaxkkeHHi @y, CTIPOLLEHO y BUIIALI

A= (‘)45 .
OTxe, KO
O Oy - Oy & ul
| Q2 Oy - Oy &, N2
A= ¢ T Y = N
anl an2 Ay an nn

toi cniBBigHoweHHs (1) Habyae BUrNARY

uh Oy Oy - Oy &
M| | %2 Qa2 wor Oy &
nn an] anZ T ann én

Mpu usoMy npasuio NoGyn0BH MaTpHLi 4 (MPaBUIO Q) CRPOLLY-
€TbCSAl, OCKiNTbKM BUKOPUCTOBYEThCA NMLLe 0uH 6asuc b. Skiwo

A(B) = 0pby + 0yyby + oo+ Oyby, k=1,n, (2)

ToAi k-t croBmeub Marpuilli A 3aNOBHIOETHCH KOOPAMHATAMM
Oy » Olgy s s O BEKTOpPA A(Dy) ANA BCIX k, k = 1,n

Cepen ycix JiHifiHMX OMepaTopiB 0COBIMBO BUAITMMO ABA:

1. OnepaTop & — TOTOXKHE NepeTBOpeHHs npocTopy. Bin nepe-
TBOpIOE By Ib-AKHI BEKTOP X Y TO¥ %e BeKTOp X : 6(x)=x.

V 6yab-skoMy 6a3uci uboMy onepaTopy BinoBiaac OAMHMYHA
Matpuus E.

2. Oneparop O nepetBoptoe Oyab-AKui BEKTOP X NPOCTOPY B
HynboBUit BekTOp 0: O(x)=0.

Y 6yap-akomy Gaszuci LbOMY OTeEpaTopy BiANOBia€ HynbOBA
marpuus O.
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Ipuknaan 1. 3anano aesxuit 6asuc b=<bp,, b,, ..., b,> i Ha-
Oip BekTOpiB f|, f3, ..., f, BexTopHOro npocropy P". Ilpunyc-
THMO, WO KOOPAMHATH BCiX BEKTOpPiB b, i f, moaaHo B 6Gasuci
E=<e¢, e, ..., €,>, Ie

e =(,0,0,..,0),
e, =(0,1,0,..,0),

— cranjapTHui 6asuc. Hexaii o — niniiiHuit onepaTop Takwui, 1o
Ab)=f,, k=1n.

3Haiiti Matpuuo onepartopa oA B Gasuci E.
P0o3B’g3aHHA. 3anuLleMo MaTpHLIO

B Bz - B

B= Bai B - Bas

Bnl BnZ v Bnn
B AKOI MepluMii CTOBMELb MICTUTHL KOOPAMHATH BekTopa b=
=(By15 Byys ---» By ) (B Gasuci E), apyruii — koopaAUHATH BEKTO-

pab,=(B3, By, .-, B2) i T A
AHAIIOriYHO CKJIAEMO MATPHLIO

O P2 .- @

P2 O D2y
F=| i, ,

(pnl (pn2 (pnn

nepuiui CTOBMELb AKOT 3aMOBHEHO KOOpPAMHATAMH BEKTOpa fi =
=(@11> 0315 --+» ©,,1), APYrHH — KOOpAMHATAMH BEKTOpa f;=
=(P12, 922> -, Pp) iT A
Skwo A=Ay, TO 3a TEOPEMOIO NMPO MOAAHHS JiHiliHOro omne-
paTtopa MaTUMEMO CHCTeMY PiBHOCTEH
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(fe=4-b)k,
(f2)e =4-(b)g,

(fn)E =A'(bn)5~

Tyr (b)g> (&y)gs ---» (by)g — croBnui Matpuui B; (f)g, (f2)es
ooy (fp)g — croBNUi MaTpHLi F.

V MmatpuuHiii HopMi HaeJeHi BHLLE PIBHOCTI MOXHA M0AaTH
y BUMJISAL

F=A4-B.

3gincu A=F-B.

Hpuxnan 2. Hexait b =(2, 1,-1), b,=(2,-1,2), 5=(3,0, 1) i
£=01,2,-1), £,=(1,0,0), £=(0,1,1). OOGUYHCIIHTH MATPHULIIO
niniliHoro oneparopa o, akuii nepetBopioe b; B f; (i = l,—3) B TO-
My 6a3Hci, B SKOMY 3a/1aHO KOOPIHHATH BEKTOPIB.

Po3B’s3aHHa. Crnoyarky nepekoHaeMocs, L0 BEKTOpU b,

b, , by — niniiiHo He3anexHi. [ToTim 3anMwemo MaTpuLi

2 23 110
B={ 1 -1 0,F=| 2 0 1}.
-1 21 -1 0 1

Axkwo A=A, Toni A=F'- B!, O6uucnioemo

1 -4 -3
Bl'=| 1 =5 -3}
-1 6 4
Toni
2 -9 -6
A=A=F-B'=| 1 =2 -2|.
-2 10 7

Hpuxaan 3. Hexait =<4, by, ...,5,>i'=<q, ¢, .., >~

Gasucu BekTopHOro mpocropy P”". Tlpumyctumo, wo BigoMa
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Marpuusa 4 niHiliHoro oneparopa f BigHocHo 6azucy B: A=A
OG6uucnutn martpuito 4 Toro camoro orneparopa off BiIHOCHO
6asucy I', To6T0 3HaliTH A" =A-.

Posp’a3zanusa. Hexait y=o(x) i x;3=(.,&, ..., E,),
Y5 =MpNgs s M,) xpr = (&, &5, ---,éi,)r, ye=0
m, ..., M,) . Ha niacraBi Teopemu npo nomaHus miHiliHux
OneparopiB MaEMO CMiBBiAHOLIEHHS

Yg =4 x5, yr =A"xr-

TlosHaunmo uepes D marpuuto nepexoay Bia 6asucy b 10 6asu-

cy I'. anexHicTb MK KOOpAHHATAMM OJHOrO i TOrO Camoro Bek-

Topa B pisHux Oasucax (amB. §5.4) nomaeThcs piBHICTIO

x5 =D-x- ana Bekropa x i piBHiCTIO yg = Dy Ans BeKTOpA ).
Otxe,

D yr=AD-xr = yr =
=D AD-xp = 4" -xp =D 4D x..

Sxuio B ocTanHiii pisHoCTi noknactu xp =(1, 0, ..., 0)', To
Aictanemo

Lle o3uavae, wo nepwi cropnui Matpuus A i D' - AD 36ira-
I0TbCH. AHAJIOTIYHO BCTAHOBAKOETLCS 30ir IHIWMX CTOBMLIB MaT-
puus 4" i D' - AD. Orxe,

A'=D7'. 4D.

Matpuus 4" onepxyeTbes 3 MaTpHLi A MHOXeEHHSM i cripa-
Ba Ha HEBUpPOLKeHy Matpuwio D i 3nisa — Ha obepueny D™.
Take nepeTBopeHHA Matpuui A Ha3UBAETLCA NEPEMBOPEHHAM
nogibrocmi.

245



Bnpasu
1. Mokasaty, o B npocTopi R oneparop
Ax)=[a, x]
— niniiiuuii Ana 3amaHoro BekTOpa a=(0., P, Y) Ta 3HaiiTH Horo
maTpuwo B 6azuci e; =(1, 0, 0), e,=(0, 1, 0), e3=(0, 0, 1) (6asnc E).
2. JloBecTy NiHiiiHicTbL oneparopa

AHAx)=(x,a)a
y MpocTopi R npu 3agaHoMy BekTopi a = (0., 3, Y) Ta 3HaiiTy foro
marpuo B 6asuci E.
3. Hexaii y npoctopi R* 3a11aHO CHCTEMH BEKTODIB
bl =(1’ la 1: 1)9 b2=(1’ 1’_1,—])9
b3=(13—1, 19_1)5 b4=(19_1a—1.~ ]),
£1=(0,1,-1,0), £=(0,-1,1,0),
£=(0,2,-2,0), £2=(0,0,0,1).
3HaiiT¥ MaTpuui niHiiiHOro oneparopa o, 1O NepeBoAsTL by B
Sfe(k=1,4):
a) B ToMy camomy 6asuci, wo i 3a5aHO KOOPAMHATH BEKTOPIB
bii fis
6) B 6asuci ¢, =(1,0,0,0), c;=(1,1,0,0), c3=(1,1,1,0),
ca=(, 11,1

S18po i ob6pa3 niniGHo20 onepamopa
SAnpo Ker A niniiiHoro oneparopa of 3a 03Ha4eHHAM
KerA={x € P": Ax) =0}.

Posmipricme adpa nazusacmocs Oegpexmom onepamopa A.
O6pa3 uporo onepartopa

ImA={ye P":y=A(x),x€ P"}.
Posmipricms 06paza Ha3UBAEMbCA panzom onepamopa A.
Jns obuncnenns KeroAf i ImoA notpiGHo nogaru oneparop 3a
JOTMOMOrol0 MaTpuli y AesikoMy Oasuci, Hampuknajn, y 6asuci
E<e, e, ..., €,> ONMHUYHAX BEKTOPiB (CTaHAApTHOMY Gasuci).
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Sxkmo A=Ak, TOAi 3anaua 3BOAMTBHCA 1O OOUYMCIEHHS aapa
Kerof i o6pasa Im oA uiei marpuui:

KerA={xe P": 4 x;=0},
ImoA = {yE P”IyE=A *Xg,X € Pn},
A€ Xg , Vg — CTOBNUI, CKNaA€eHi 3 KOOPAHHAT BEKTOPIB X i ) .

Hpukaan 4. Jliniiiuuit oneparop «f nepetBoptoe BekTopH b; =
=(1,-1, 1), b= (1, 2,-1), b3=(2, 2,-1) y BignosigHi BEKTOPH
ﬁ =(09 1’ ])’ fé=(09 2’ O)a ﬁ = (Oa_la l)

3HaiTu aapo i 06pa3 Lporo onepatopa B 6asuci E.

Po3s’s3anHsa. Ha miacrasi mertony poss’ssands 3apaui 1
Lboro naparpaga BUNUILEMO MAaTPHLIO B 3i cToBnusmu by, b,, b;
i MaTpuuio F 3i croBnusMu f1, /5, f3 :

1 1 2 0 0
1 -1
1

1

B={-1 2 21|, F=

(= S I -]

Toni matpuus A4 ninifiHoro onepatopa o4 B 6a3uci E o6uuc-

moeTbes 3 piBHocTi A-B=F ,106T0 A=F-B'.
3nificHuMo HeobxiaHi o6uHcHeHHs:

0 1 2
Bl=l-1 3 4|
1 -2 -3
00 0OY(0 1 2 0 0 0
A=F-B'=|1 2 -1|-|-1 3 4|=|=3 9 13
1 0 1 1 =2 -3 1 -1 -1
O6uucaumo KerA.

Ao x=(§;,8,, &) € Kered, toni xp =(&,&;, &) i
A-xg =0. [Ina nesinomux §,&,, &; micranemo cuctemy

{—3‘51 +98, +138; =0;
&1 "éz ‘53 =0.
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Ii MaTpuus

-3 9 13
1 -1 -1

3a A0NOMOroK €J1EeMEHTApPHUX NEPETBOPEHDL 3 PsiIKaMH 3BOAUThH-

Cﬂ[lOBHFJ‘!}uIy
1 -1 -1
0 3 5/

EkBiBaieHTHa cHcTeMa NiHiiHKUX PiBHAHb

{él £ =& =0
3¢, +5¢, =0.

[i 3aranbHuii po3p’s3ok X = (—%ﬁ;, _§§3’ &3)

OyHAaMeHTallbHA CHCTEMA PO3B’A3KiB CKIIajaeTbCs JULIE 3
onHoro po3s’sas3ky: a=(2, 5, =3). Omxe, KeroA=L(a) i pedexr
oneparopa < JOpiBHIOE OAUHHLI.

O6uucnumo ImdA, akuit 36iracTbes 3 NiHiiHOWO 000J0HKOIO
L(a,,a,,ay) crosnuie a, =(0, =3, 1), a, =(0, 9, -1)', a3 =
=(0, 13, =1)" matpuui 4 .

3anuiemMo MaTpULIO

0 -3 1
Al ={0 9 -1
0 13 -1

3a I0MOMOTOK eJieMeHTapHUX NEPETBOPEHb CTOCOBHO i pAAKiB
3BOAMMO 11 A0 BUIIARY

[ R N
[

0
1
0
Bektopu b,=(0, 1, 0) i b35=(0, 0, 1) craHoBnaTs Gasuc mia-

npocTopy ImA.
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Bnpaeu

1. 3HaiiTn sapo Ta obpa3 niniliHoro oneparopa A(x)=[a, x]
npocTopy R.

2. HaBectu npuknan nidiliHoro onepatopa «f npocropy R,
Juia skoro KerA#0 i KercACImA.

§ 6.4. Anrebpa nininHux oneparopis

O3unauennsa. Hexaii A, Be L, Cymow ninitinux
onepamopie A+B nasusaemvcs onepamop § maxuii, wo F(x)=
=Ax)+B(x) ona 6yov-axux x€ P". Cyma F=A+B ninitinux
onepamopie A i B — ninitinuii onepamop.

Hexait x,, x, € P", A|, A, € P. Togi

FMxy + Ry ) =AM X, +Ayxy )+ B( A Xy + Ay x )=
=MAx) Ay A )+ A B(x) T2, B(xy)=
=[AAC) A B(x)]+[Ay A xy ) +A; B(x)]=
=M ACx) +B (x)]+ Ay [A( )+ B(x,)]=
=MF()TA, F(xy).

OCHOBHI B/IaCTUBOCTi CyMH OMEPaTOPIiB:

L. A+(B+C)=(A+B)+C,

L.3OVA{A+O=0+A=A},

L.VAIX {A+X=X+A=0},

L A+ B=B+A.

Tyt O — uynsoBuit oneparop, X=—A4 — NpoTUNEXHU onepa-
Top ans A

Onepauito BifHiMaHHS BBEIEMO TaK:

A-B=A+(-B).

Osnauenna. Onepamop P Hasusaemvcs 0o6ymkom niHilHux
onepamopis A i B, axwo ons 6y0b-sikoco x€ P" mae micye pis-
nicmo P (x) =A(B(x)). [Tosnauenns dobymxy: P=A-B.

Lla omepauis nobyTky nonsrae B MOCJiAOBHIH Aii crnovyaTtky

onepatopoM B Ha BEKTOP X, a MOTIM oneparopom o Ha BEKTOp y =
=B(x): z=A (), Toni z=P(x).
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Llobymox ninivinux onepamopie — ainitinuii onepamaop.

Hexait x,,x,€ P" i Aj,Ay€P. Topi (ABYAx; +A3x,)=
=AB(Ax; +Ayxy ) =AM B(x))+ Ay B(x5)) = AB(x))+
+ Ay AB(x3)) =hy (AB)(x) + Ay (AB)(x3 ).

OcHoBHi Bj1acTHBOCTI J0OYTKY OnepaTopis:

Ily. A(B-C) =(AB)-C.

Il AE=EA=A.

Tyt & — onuHNUHUI onepaTop (TOTOXHE NMEPETBOPEHH).

PosnogninbHi 3akoHu:

3. A(B+C)=AB+AC.

11y. (A+B)- C=AC+B-C.

3 ypaxyBaHHSM HaBeJeHUX BHLUe BIACTHBOCTEH, MHOXHWHA L,
NiHiAHMX onepartopiB npoctopy P” € KinbueM.

Osnauenns. JJobymxom niniinoco onepamopa A na ckanap A
Hasusacmovcs maxuti onepamop H, oan axoco H(x)=A-A(x),
x€ P". Hosnauenns H=AA.

Onepamop AA — ninivnuii.

OcHoBHi BnacTHBOCTI 10OYTKY oneparopa Ha cKkajsp:

. 1- A=A, 0- A=0, ne 1, 0 — opuHnLA i HYNB i3 P.

11,. (Ap)A=A(uA).

;. A+ pyA=AA+pcA.

[y A(A+B)=AA+AB.

I1l5. A(A-B) = (AA)-B=A-(AB).

AnrebpyUyHa cucTema 3 HaBeJEHUMH BHLLE BIACTUBOCTAMM Ha-
3UBAETLCA AiHIUHOW anzebporo HaA nonem P.

MHoxuHa L, ycix NiHiliHUX onepaTopiB BEKTOPHOIO MPOCTOPY
P" — 0nMH 3 KOHKPETHUX MPHKJIALIB JiHiHOT anreGpu.

Buwe Hamu posrnspanacs anrebpa M, MaTtpulb po3MipHOCTI
nxn. Lle e oiMH 3 KOHKPETHUX NPUKIaAiB JiHiiiHOT anrebpu Hax
nojem P.

Bnpaea. JloBecTd HaBeJeHi BHLIE BIACTHUBOCTI NiHIHHUX omne-
paropis.

Teopema 1 (npo izomopehizm). Hexaii b=<b, b,, ..., b,> —
6asuc eexmopnozo npocmopy P" i
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(pl; : Ln ’_)Mz

— 83aEMHO OOHO3HAQYHe GiOoOpadicenHa aneebpu L, niuitinux

onepamopie npocmopy P" ua ancebpy M, mampuys, nobyoosane
6 meopemi npo nNOOaHHA AiHitiHUX onepamopis. Bono mae maxi
gracmugocmi:

L @5 (A + B)s = @5 (A) + @5 (B).

11. @5 (A-B) = @5 (A) - P (B).

1L @5 (AcA) = A5 (A).

HoBeaneHHs. PaHille MM yMOBHIHUCSH LIOJ0 MO3HAYEHHS

@05 (A =As.

Toni cdopMynsoBaHi B TeopeMi BIACTMBOCTI MOXHA 3anucaTi
TaK:

I. (04+£)5=cﬂg+.65.

1. (A-B)s=Ag - Bs .

L. AAs=A-As.

CroBnenb 3 HOMepoM k& Marpuui cfll;:(oc,k) MicTuTh Koedi-

LI€HTH Oy, Oloys -..y Oy, LILO BU3HAYAIOTHCS PiBHICTIO
(‘)q(bk)z alkbl +0L2kb2 +...+0Lnkbn, k =1,n .

CroBneub 3 HOMEPOM & MaTpHLi :85=(B,-k) MICTUTD KoedilieH-

™ Bigs Bogs -+ > Bk » IO BU3HAUAOTBLCSA PIBHICTIO

.ﬁ(bk)z Blkb|+B2kb2 +"'+Bnkbn’ k=l,n.
O6uucneHus Matpuui (A+B)s.

(A+B) b, )=A(b )+ B(b )=
= Z(x'ikbi +ZBikbi =Z(aik + By )b; -
i=l i=l i=1

Lle o3Hauae, 1o k-it croBneup Matpuui (A + B)s cknagaerbea 3
cyM Oy + Bk, g +Boss e Oy + By - Ockinbku e Mae Micuie
AJ1s BCiX HOMePIB £, TO

(A+B)g=cAg+ By .
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O6uucnenus marpuui (AB)s:
(A-BY by ) =AB(by ) =A(Pricby +Bypby +...+Byb, )=
=B oAb )+ By Aby )+ ...+ By Ab,) =

=By [Za,lb J+32k (Za,zb ]+ B (Za b, ]

5 :

,k]b +[Z°‘2/ ,k]b +.. +[Za,,,ﬁ,ka =

/=1 /=1

Il M3

=Yueb +Y2uby +o Vi s
ae
YVie =0 B + By +.+ 0B
— eneMeHTH k-ro ctoBnus Marpuui C=Ay - Bs. OcTaHHE 03Hauae,
10
((7113)5 =c)95 . .ﬁ]; .

Tpers BRacTUBICTh OYEBHAHA.

O6opommHi nixiiini onepamopu

Osnavenna. Jliniinuii onepamop A npocmopy P" na-
3UBAEMBCA OBOPOMHUM, KORU OSL HbO2O ICHYE MaKuli JiHitHUl one-
pamop X, wo AX =XA=E — momooicne(00unuune) nepemsopenns.

Teopema 2. [{na ninitinozo onepamopa A exgicanenmni maxi
YMOBU:

1. Hepexm onepamopa A dopisnioe nymo.

IL. Panz onepamopa A oopisnioe n.

II1. Mampuys onepamopa Ay 6yoe-saxomy 6azuci obopomna.

IV. Onepamop A obopomnuii.

HdoseneHus. 1) [=11

Hexaii nedexr onepatopa 4 aopisHioe Hymo, To6TO KerA=6.
[Nokaxxemo, o Oyab-sfika NiHIAHO He3aJleKHa cHCTeMa BEKTOPiB
by, by, ..., b, oneparopom o NePeTBOPIOETHLCS B CHCTEMY JliHiiHO

He3anexHux BekTopiB. Hexalt ¢ =A(b)), ¢, =Aby), ..., cp =

=A(b,). Mpunyctumo, wo Ac +A,¢; +...+A ¢, =6 abo
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MAB )+ Ay A by)+ oot A, A(D,)=0.
Tomy A(M by +Ayby +...+A,b,)=6. Toai

Ha nigcraBi niniliHoi HesanexHocTi BektopiB by, b, ..., bp
mae 6yt Ay =A; =..=A, =0, wo i noBoauTH niniliny Hesa-
NeXHICTb BEKTOPIB ¢y, Cp, ..., €. SkWo b=<P, by, ..., b,> ~

6asuc npoctopy P”, Toai CyKymHicTh C=<¢, ¢y, ..., C,> BEKTO-
piB ¢ =A(by), ¢; =A(by), ..., ¢, =A(b,) Takox Gyae 6azncom
npoctopy. Paur oneparopa of A0piBHIOE A.

ARIEER

Hexaii paur omepatopa f nopiBHioe n. Bekrtopu Gasucy
b=<p, by, ..., b,> npocTopy nepeTBOPIOIOTLCA Y BEKTOPH

¢ =Aby), ¢y =Aby), ..., ¢, =Ab,). [TokaxkemMo, WO cucTeMa

BEKTOpIiB ¢, ¢y, ..., ¢, — 6a3uc npocropy. 3a yMOBO 1X NiHiliHa
obonouka L(¢, ¢,, ..., ¢, ) 306iraeTecs 3 npoctopom P", a Tomy
paHr cucremu I” OpiBHIOE 7 i, OTXKe, BEKTOPH ¢, Cy, ..., C, i-

Hi{HO He3aIexHi.

PazoMm 3 TuM Matpuus 4 =4y nidifiHoro oneparopa 4 € mar-
puieto nepexony Big 6azucy b no 6asucy I'. Tomy BoHa HeBHpO-
JKeHa, a 0Tke, 000OpOTHa.

HI=>1V

Hexaii B — 6asuc npoctopy P" i 4A=dAs — 060pOTHA MaTPHLA.
IcHye Taka Matpuus X, nis kol AX=XA =F. [lopsan 3 uum, icHye
niHifinuii oneparop X, ans sxoro X=Xg. Toai (AX)s=AsX5=
=A4-X=E. 3Biaku BUMIuBac, 1o X =§. AHaNOriyHo JOBOAUTHCS
XA=§. Orxe, onepatop oA 060pOTHHIA.

4HIV=>1

Mpunycrumo, 1o onepatop 4 06opoTHuii. Ias HbOro 3Haii-
JeTtbes Takuit oneparop X, s sikoro AX =§6.

Axwo xe€ KeroA, Tomi x=§x)=AAx)=X(0)=0, T106TO
KerA=6.
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Sxwo onepatop oA o6opoTHuit i oneparop X Taknii, uo AX =
=XA=§, Toni BiH HazuBacThea obeprenum A A. Bin eaunuii i
MO3HAYAETHCA

X=A".

Bnpaesu

1. Josecty, o NiHiAHiI onepatopu f i B obopoThi Toai i
nuuie Toli, koau 060poTHi onepatopu AB i BA.

2. loecty, wo konu A, B — niniiini oneparopu i 4 oboport-
Huit, Tolli paHr AB = paHr BA = panr B.

§ 6.5. XapakTepuMCcTUYHUN MHOTOUNEH

Os3Hauenna. Mampuys B nazusacmucs nodibnow 0o
kgaopamuoi mampuyi A =(0;) n-20 nopaoky Hao nonem P,

AKWO ICHYe maka Hegupooxcena mampuya D, ons axoi
B=D"'4D.

[NozHauumo BigHOWEHHs nopibHocTi MaTpuui B no marpuui A
uyepes B = A. BoHo BogHOYAC € BiJHOLUEHHSM €KBiBalIEHTHOCTI,
TOOTO Ma€ BNacTUBOCTI:

. A=4.

. B=A=> A=B.

. B=4iC=B=>C=4.

Bizomo, 110 Matpuls NiHiliHOro oneparopa NMpy nepexofi Bif
0J1HOTO 6asucy J10 iHIIOro NePETBOPIOETHLCSA MOAIGHO.

O3nauennna. Hexaii A =(0,;) — xeadpamua mampuys n-20

nopsoky Hao nonem P, t — 3MiHHG 6enuvuUHA, AKA HE HANEIICUMDb
nonto P. Tooi mampuys tE — A Hazusacmuca xapakxmepucmuy-

HOIO mampuyero 0na A, a MHozo4nex

t—OL” -01.12 e —O(]n
_a2] t—azz "azn

X @)=dettE —A)=|.ccoiriiiiiiiiiiiiiiiniiaiis (H
= Oy ) =,

HA3UBAEMbCA XAPAKMEPUCMUYHUM MHO2OUNIEHOM Mampm;i A
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SIKuo Ha miacTaBi O3HAYEHHS 3aMucaTH ueil BU3HAUHUK Y BH-
riaai n! 10AaHKIB, TO MOXXEMO TIEpEKOHATHCS, LIO OJUH 3 UUX AO0-
AaHkiB 36iracTbcs 3 1006yTKOM (f — 04 )t —Olyy )--+(t —t,,,) . Peru-

Ta I0AaHKIB — 00OYTKM 7 MHOXHUKIB i cepell UMX MHOXHHKIB He
Ginpule 7 —2 MHOXHHUKIB BULY ¢ — 0, . ToOMy micns 3BeneHHS

BCi€l CyMH 3a CTeneHsAMU 3MiHHOI { licTaHeMo
n n-1 n-2
XA =1" =By =Pt —...=B,,
ne B =0y + 0y, +..+0,, —CyMa AiarOHaIbHUX eJIEMEHTIB Ma-
Tpuui 4. g cyma HasuBaeTbes ciioM Marpuui A4 i no3HayaeThes:
’rA =(1” +(122 +...+OL,,,,.

Pewra xoediuientis 3, nos’s3ana 3 koediuieHTamu MaTpuui
A 6inbll CKIAIHUMM 3ATEKHOCTAMU. 3ayBaXKUMO, 11O

-~y ... =0y,
—0Oy Oy ... =0y,

B =X 0) =i, =(=-D"]4}|. (1°)
0, Oy Opn

Teopema 1. Xapaxmepucmuuni MHO204NeHU NOOIbHUX Mmam-
puys 3bizarombcs.

JloBeneHHs. Hexait B=D""AD, ne D - 000pOTHa MaTpULiA.
Toni
Xy(0)=|tE~B|=|tE-D"'4D|=|:D"' D~ D" 4D|=
=| D' (tE - OD|=| D7|-|iE - 4]-|D|=|D7|-|D| | tE~ 4] =
=|D7'D| |- 4] =| E|-|tE- 4] = % 4.

O3nauenna. Xapakmepucmuunum MHO20UIEHOM NIHITIHOZ0 One-
pamopa A npocmopy P" nazusacmvcs xapaxmepucmuuHuil MHO-
2ounen mampuyi A=Ay yvozo onepamopa y desxomy baszuci b

npocmopy.
Ockinbky MaTpuLi oneparopa y pisHux 6aszucax noaibxi, To ix
XapaKTepPUCTUUHHIT MHOrOYJIeH — iHBapiaHT.
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IloninomianbHoo MaTpUUEIO HA3WBAETHCA MATPHLA, €JIEMEH-
TaMH SKOi € MHOro4JIeHH Bil aeskoi 3miHHoi £. Hanpuknag, xapak-
TepucTH4Ha MaTpuls (1) — nosiHoMianbHa.

Matpuus

2+1 -2
260-1 1242

TaKo MojliHoMianbHa i Tl MOXKHa MOAATH Yy BUMAAI

o G o)l )

Bynb-ska noniHomianbHa MaTpuus B(t), eneMeHTaMH fiKoi €
MHOTOYJIEHH CTeNeHs < m , MOXke OYTH noJaHa y BUrsAi CyMH

B(t)=Byt™ + Bt™ ' + ...+ B, |t +B,,
ne koediuieutd By, By, ..., B,_i, B,, ~ CKalapHi MaTpuui.
Teopema 2 (Faminemona — Keni). Axwo X (t) — xapaxmepuc-
MUNHUR MHO20YNeH Keaopamuol mampuyi A, mo
X(4)=0,

de 0 — Hynvosa mampuys.
Hosenenus. [lng xapaktepuctuuHol matpuui X =tE — 4 ifi
npueaHanol MaTpulli X BHUKOHYETHCH CIiBBiAHOLLECHHA

X X=X-X=|X|-E=X()E. )

Marpuus X — noniHomiansHa. Ii enementn — anreGpuuni xo-
MOBHEHHs eneMeHTiB X i, OT)XKe, MHOTOWYIEHH Bil ! CTENeHs
<n-1.Tomy

X =By +Bt"? +..+B, ot +B, .
3Biacu

X-X= (tE-A)(BOt"“ +Blt’"2 +..+B, 5t+B,, ) =
= Byt" +(B, — ABy )" +(By — AB )" +..+
+(B,.; —AB, ., )t - 4B, ,.
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XapaKTepUCTH4YHIH MHOTOUIEH 3AMIMCYEMO Y BUMIA
X(@)y=1"-Bt" " —Byt" 2 ~..—B,

i Tomy
X(NE=Et"-BEt"" ~..—B,,t E-B,E.
Ha niacragi (2) MaTuMeMo cucTemy piBHOCTE}H
By=E,
B, - ABy=-PB,E,
B, - 4B =-B,E,

........................... ("-K)
Bn—l - ABn-Z =—Bn-]E’
_ABn—] =_BnE'

NoMHOXKBUIM Nepuy piHicTh Ha A", apyry — na 4™, ..,
NEepPelOCTaHHIO — Ha A, (KOXKeH pas3 371iBa), AiCTAaHEMO CHCTEMY

A"By, = A",

A"'B - 4"By = -B,A",

1428, — 4" B, = B, A"2,

(-4B, =-B,E.

[lincymyemo niBi Ta npaBi yacTHHH UKX piBHOCTEH. OnepX)UMO
A" -BA" -B, 4"~ ~B, A —-B,E =0,

T06T0 X(A)=0.

Bnpasu

1. O6uMCcaUTH XapaKTepUCTHYHHIT MHOrOUJIEH JliHifiHOrO Ore-
patopa A(x)=[a, x] npoctopy R>.

2. 3HaliTH XapaKTepUCTHYHHI MHOTOY/IEH MaTpPHILi

uy XYy e 40y
XN XV2 o XY,
Xl Xp)2 .- XpVn

Binnmosias: X()=1"—(xp +x,, +...+x,,y,,):”".
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3. JloBecTH, WO A KBaApaTHUX MaTpuib 4 i B oaHoro # Toro
camoro MopsaKy XapakTepuCTHUHi MHOrouneHu matpuub AB i BA
36iratoTbes.

XapakmepucmuyHi yucna

Hexait P — uucnoBe none (mianone nons C komfl-
nexcHux uucen). Kopewi xapakmepucmuunozo MHO20YJena
X(t)=|tE - A} mampuyi A= (OL,-k ) 3 enemenmamu Oy i3 nons P
HA3UBAIOMbCS XAPAKMEPUCUNHUMU YUCAamu. XapaKkTepucTUiHe
YMCII0 A MaTpKLi MOJXKeE i He Hanexard OCHOBHOMY Moo P.

Jlns xapakTepucTHUHOro uucna A mMatpuui A =(0y, ) cknage-
MO CUCTEMY JIiHIHHUX OAHOPIAHKUX PiBHAHD

()\.—(Z“)xl _(x,]2X2 T e a]nxn =0,
—Otzlxl +(7u—0!.22)x2 e ™ Otznx” =0,

3)
Oy X Xy =t (A =0t )x, =0.

Ockinbku BU3HAUHUK Ui€i cuctemn X(A)=|AE - A|=0, To BOHa
Mae HeHynb0Bi poss’sskn x = (&, &, ..., §,) 3 koopaunaramy 3

nonst C KOMINEKCHUX uncen. SIKIo X' — CTOBNelb KOOPAMHAT
1IbOTO BEKTOPA, TO Ma€ BUKOHYBATHCh PiBHICTb

AE-A4)-x" =9, C))
a6o
A-x" = (%)

Teopema 3. Bci xapakmepucmuyni Yucia OitcHOI cumempud-
HOI Mampuyi — 4ucna OiUcHi.

Jlosenenns. Hexait 4=(o, ) — cuMeTpuyHa Marpuus, T06-
10 A=A", i A — ii xapakrepuctnune uucno. Cxknanemo ans wiet
matpuui cucreMy (3) i 3Halinemo sAkuii-HeOyAb HynbOBHH
po3s’szok x=(§, &, ..., §,) wi€i cuctemu. [lns HbOTO NOBHUHHA
matu Micue piBHicTb (5), To6TO
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&y + 08+t aE, =28 (=1, n).
TToMHOXMBIUM NpaBy i AiBy YacTHHW OCTaHHBLOI PIBHOCTI Ha
cnipsbkeHe ukcno &, Ta miacymyBaBLuu onepxaHi piBHOCTI 3a Bci-
Ma iHAeKcaMH i, ficTaHeMo

Zn: 0, & & = }"(igig ] .
i=1

i k=1
Orxe,

A=,
p

Ae w= Z 0 & &n p= ZE_,Y; ~ YHCJIO JI0JATHE.
i k=1

Kpim Toro,

n

,/cﬁk{; = Z o, € E =Z tkgk

n
w=
i,k=1

n n
Ockinbku oy =0, T0 W= Z o, & = Z & & =w
i k=1 i, k=1

Yucno w — giiicue, a ToMy i A — miicue.

Teopema 4. Axwo Ay, Ay, ..., A, — yci xapaxmepucmuuni wuc-
na mampuyi A, g(x) — muozounen, mooi g(A), gAy),..., g(A,) —
yci xapakmepucmuuni yucna mampuyi g(A). Ilpu yvomy, saxwo
gx)=ayx" +ax" " +..+a,, 10 g(d)=ay A" +a A" +..+
+a,E .

Hosenenns. Hexalh X(¢)=|tE- 4| — xapakTepucTHUYHHI
MHorouned Matpuui 4 i X(t) =(t =)t —Ay)---(t=4,).

Po3knanemo Takox MHOrouneH g(x) Ha jiHiliHi MHOXXHUKH

g(x)=ap(x~p Nx —Hy) - (x —Hy).

B o6uasi yacTMHM OCTaHHLO! PIBHOCTI 3amicTb 3MiHHOI X mocTa-
BUMO MaTpHuto A4:

g(4) = ayE(A ~ Wy EXA~ Py E)-- (A~ E) .
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Toni
|g()|=ag| A~ WE|| 4-p,E |4 ~p, E| =
=ag(-1)"[WE = A|- (1) [WE = 4] (=1)" | E - 4| =
= (=" @ X)X () (W) = (D™ G T[T - M) =

i=1 k=l
T T -1 =n{aonak —u,-)} _
i=l k=] k=1 i=
=g(A)-gry)--g(A,).
B oTpumMasiit piBHOCTI
lg(D)|=g)-g(Ay) - g(A,)

3aMiCTh MHOrOu4JieHa g(x) HocTaBUMO £ —g(x), Ae ¢ — napamerp.
Hictanemo

[tE - g(A)|=(t-gA))(t—gA)--(t - g ).
Tyt [tE - g(A4)|=Xg(4)(t) — XAPaKTEPUCTHYHUH MHOTOUJIEH MaT-

puui g(4).

Teopemy nosezneHo.

Mokaxxemo, o A0OYTOK ycix XapaKTepPUCTHUHHUX YMCEN MaT-
puli A IOpiBHIOE BU3HAYHHUKY L€l MaTpHLi.

Hexait X(r) — xapaxktepuctuuHuii MHorowien (1). Sxuwo

Ay, Ag, .., A, Horo kopesi, Toni X(0)=(-1)"A,---A, i Ha nig-
craBi (1) MaTuMeMO A, A, A, =| 4].

Mpuxnan 1. 3vailTv xapakTepUCTUYHI YMCNa MaTpulli n-ro
nopsAKy

0 -1 0 0
1 0 -1 0
0 1 0 0
o0 0 -0
(B Hilt 0y =1, Oy =1, iHa pewrTi Micub — HYJI).
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XapakTepuCTMYHUM MHOTOUJIEHOM AN wi€i MaTpuli Gye
t 1 0 ... 0
-t ¢+ 1 .. 0
X,H=|10 -1 ¢ ... 0f.

0 0 0 ... ¢

Heckinuenda nocnigosuicts X,(t), X,(t), ..., X,(t)... nia-

KOPAETBCA 3BOPOTHOMY cmiBBiaHOWweHHIO X, (1) =tX,_ (1) +

+X,_5(t) . 3riaHO 3 3araibHOK METOAHKOI OGYMCIEHHSA UNeHiB
3BOPOTHOI NMOCNIAOBHOCTI (AMB. § 2.5) XapakTepUCTHYHE PiBHAH-
HA AN X, (¢) MaTMMe BUMS x> =t-x+1. KopeHni uporo pis-
HAHHA

Otxke, X,(f)=Ax"" + Bx}™'. Koediuientu 4 i B 3anosonbs-
I0Tb CUCTEMY PiBHSHb
A+B=X,()=t,
{Axl +Bxy =X, () =12 +1.
3Biacu MaTUMEMO
A=t2 +1-1x, ’ B=t2 +1-ty
X X X3 =X

BpaxoByroun, wo x; +x, =t i x;x, =—1, nicis oyeBUAHMX
NepeTBOPeHb 3HAXOAUMO

n+l n+l
X TX%
Xp(t) = =———.
X = x2

Kopeusamn MHorounesa X,(¢) € Ti 3HaUEHHA 3MIHHOL ¢, s

. - X,

akux x —x3*' =0 i x; —x, #0. Tomy cniBBigHoWweHHs —-
X2

Mae NOpiBHIOBAaTH KOpeHAM (n+1)-ro crenews 3 oxvHMUi, ane

BiAMiHHI BiJ OAUHUL:

261



nk, k=1n.
n+l

2k . .
€, =cos——+isin
n+
Kopeni MHorounesa X, (f) oGUHCHIOIOTBCS 3 PIBHOCTI

t+\/t2+4=8 f=i
t-? +4 © ’

4 n+
1-./1+—=
2
MoxHa Bubpatu ¢ = —2icos . Toni
n+l
Tk . Tk
2 ~2icoS——+2sin——
A L n+l n+l _
1=\ +4 —2icos£——2sin—nk—
n+l1 n+l
( 2 nka
=| cos——+isin—| =
n+l n+l
=cos +isin2—nk—=8k (k=1,2,..,n).
n+l n+l

Npukaax 2. XapakTepUCTUUHMM MHOFOYIEHOM MaTpHLUi
n-ro NopsaKy

1 -1 0 0
11 - 0
A4,=10 1 1 0
0 0 0 1

€ ¢0,(O)=X,(-1), ne X,(t) — XapaKTepuCTHYHUH MHOrOUJIEH
Marpuui 3 MonepeHbOro NPUKIIALy.
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Memod []. K. ®addeceaa

Hexali 4 =(0;,) — kBagpaTHa MaTpuUs NOPAAKY 7 3
koediuientamu i3 yucnosoro monst i X =tE - A4 — ii xapakre-
PUCTHYHA MaTpHULIA.

Buknazemo Meto 06uHCIeHHS XapaKTepUCTUUHOTO MHOTOUJIEHA

X(t)=|tE~A|=t"-Byt" —Bt" % -..-B,
i npuennanol MaTpuui
X =By -Bt"? +..+B, st +B,,,
sanponoHosanuii [l. K. ®agneesum [21].

Skwo Ay, A,, ..., A, — XapakTepucTHuHi uMcna matpuui A,
Tofi By =A +A, +..+A, i, pasom 3 Tum, B, =trd=0, +
0y +.oeet Oy

XapakTepucTHuHuMHK unciamu crenens A (k=1, 2, ..) 6y-
ayTh creneni AX, AX L. }»ﬁ i

S, =M+ M e AE = rak

Cymn S, k-x creneHiB kopeHiB A, A,, ..., A, MOB’s3aHi 3
k 1> A

n
koedilieHTaMH MHorouneHa Y%(f) TA4KUMM CMIBBiAHOWIEHHAMU

(popmynu HutotoHa):
k‘Bk =S/c _BlSk—l "'Bsz__z _"'—Bk—]SI’ k = 1, 2, 3,...,n .
Hna wmarpuui 4 0GUHCHIOIOTLCS  TOCTIAOBHOCTI  MaTpUilb
A], A2, caey Ai‘l’ BO =E, B’, Bz, ceey Bn i qyucen Yl’ ’Yz, seey Yn
3a IPaBUIIOM:

(4, = 4, Y, =trd;, B, = 4 —Y,E;
A2 = ABI’ YZ =—;‘trA2, Bz = A2 —"YzE;
e (@)
An‘l =AB 20 Yn-1 = _ trAn~l’ Bn—l =4 -1 —Yn—lE;
1
An = ABn-l’ Yo = ;trAm Bn = An -YnE‘
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Jlosenemo, wo X(1)=t" —y,t" " —yt" 2 —..=¥,, B, = A4, -
-y,E=0. Maemo y; =P,. Jani 3actocyemo inaykuito, npumyc-
TMBUM, WO Y, =B, Y2 =Ba, ..vs Ve =Bi_ — PiBHIiCTb KoediLlieH-

n-2

TiB X(f) npu crenensx ", "2, .,

I3 cxemu (@) maTumMemMo
A, =ABy_y = A4y —Yia E) = A4 — Y4

IMpopoexuBLiK fani jnst A,_, , AICTaHEMO
P~
A =48 =y A (7
j=1

3BiacH BUILIMBAE PiBHICTD
= }
trd, =trd* =y ra .
J=l

OTtxe,
k=1
ke =S = DY, 8- ®)

J=t

3a npunywmenHam inaykuii Y, =f,, j=1k—1.Toni

k-1
k¥, =8, - Z B,-Sk—_/ .

J=l
Ha nincrasi gopMyau HetoToHa MatiMeMo piBHICTb kY, =k, i,
omxe, Y, =P, . Inykuito 3aBepieno. Koediuientu By, B, ..., B,
MHorouneHa X(¢f) 36iratoTbes 3 YUCAAMH Yy, Ya, - Y. JAKUIO B
piBHocTi (7) noknactu k=n-1 i BUKOpHUCTATH OJepXkaHi piB-

HOCTI Y; = 3; ans 6yab-akux j = 1—,—;1_ , JicTaHeMO

B,=A,—Y,E=A" - A" —B,4"* -..-B,E.

INpasa yacTuHa Ui€i PIBHOCTI NOPIBHIOE HY/LOBiH MaTpUili HA
nigcrasi Teopemu 2 (teopema aminsrona — Keni). Koediuientu
B,, B, B,,.., B, i3 cucremu pisHocreit (I'-K) 36iratotbes 3
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MatpuLAMH B, oaepkaHMMH B npoueci oOUMCIEHD 32 CXEMOKO
(®) danneepa.

Ipuknan 3. O6uncnuTn koedilieHTH XapakTEPUCTHUHOrO
MHOroujleHa MaTpuLi
I 1 1 1
A= I 1 -1 -1
I -1 1 -1
I -1 -1 1
Ob6uucneHHs.
-3 1 1 1
Ly =td=4, B=d-yE=| = = 7
I -1 -3 -1
I -1 -1 =3
0 -4 -4 -4
2. 4y=A4-B = 04 , Yy =—trd, =0,
-4 4 0 4
-4 4 4 0
0 -1 -1 -1
B, =4 -1 0 1 1
-1 1 0 1
-1 1 1 0
-3 1 1 1
-3 -1 -
3.4,=4-B,=4 , Y3 =—trd; =-16,
-1 -3 -1
I -1 -1 3
4 4 4 4
4 4 -4 -4
By =4y —Y,E= A 4 4 4 =4.4.
4 -4 -4 4
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4. KoHTpONnbHHI KPOK

16 0 0 O

016 0 O
A4=A'B3= 0 0 16 0 =16'E,

0 0 0 16

Y4 =16, By =4, -v4,E=0.
OcTarouHo

X()=1" =42 + 012 +161 —16 = (1* - 4)(t - 2)°.

§ 6.6. BnacHi 3HauYeHH# fiHiAHOro oneparopa

Hexaii o/ — ninifinuii oneparop BEKTOPHOr0 NPOCTO-
py P" Hap nonem P.

Osnavuennsn. Enemenm A\ nons P nasusacmecs pecynsprum
3HAYeHHAM Ninitnozo onepamopa A, axugo onepamop A —A obo-
pomHuil.

Enemenm A nona P HasueaemvCs nacHuM 3HAYeHHAM onepa-
mopa A, axuo onepamop A — A neobopomuuii.

Teopema. Bracni 3nauenns Rinitinozo onepamopa A — xopeni
XapaKmepucmuyHO20 MHOZ04AeHA Ybo20 onepamopa. byov-axuil
KOPIHb XQPAKMEPUCMUYHO20 MHO20UNIEHA NiHIHO20 onepamopa A
3 nons P, 6yoe 11020 GRACHUM 3HAYEHHAM.

Hosenenns. Hexali of — niniiiumii oneparop npocropy P,
B — neskuii 6a3uc Uporo npoctopy, 4 = oAs — Marpuus orneparo-
pa 4. Skuwo A — BlacHe 3HavyeHHs onepaTopa, TOAI MaTpHuA
AE - A= (A6 ~As HeobopoTHa. Tomy Bushaunuk |AE-4|=0.

XapakTepUCTHUHHM MHOrouneHom oneparopa of € X(t) = ]tE - A| .

Le o3Hauae, 110 BJacHe 3HAYEHHA A — KOpiHb MHOTOuneHa X(f).

JloBeieHHs 00EPHEHOT0 TBEPIPKEHHS AOCHUTDb NPOCTE.
O3nauenns. Hexaii ) — enache 3navenns ninidHo20 onepamo-
pa A. Tooi nionpocmip V, =Ker(AME —A) mae dodamuy pozmip-
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nicmb. Byov-sikuii nenynvosuil eéexmop i3 V; Hasusaemwvca enac-

HUM GEKMOPOM, BIONOBIOHUM GIACHOMY 3HauenHio A (A — eracHum
B8EKMOPOM).

IHakie kaxyuu, BekTop x #0—A — BnacHuil BEKTOp, AKLLO
BMKOHYETLCS PiBHICTb

(A6 —A)x)=6. (1)
Horo mMoxHa nonary B exsisaneuTHii opmi
A(x) = Ax. 2

I3 BUKJIQNEHOrO BHUILE BUMNMBAE Takui crnoci® oGuucaeHHs
BJIACHMX 3HAYEHb i BNACHUX BEKTOPIB JliHiliHOrO oneparopa A.

Hexaii y craupaptHomy 6asuci npoctopy P ¢, =(1, 0, ..., 0),
e, =(0,1,.,0),..,¢,=(0,0, .., 1) (ak i B OyaAb-IKOMY iHLLIOMY
6a3uci) oneparopy 4 Biznosiaae marpuus

Oy O e Oy,
A — (le azz e azn
anl anZ v ann

O6uMCIoeMO XapaKTepUCTHYHUIT MHOTOUNIEH

t—OLH —alz can -—O(.]n
—-OL2] t - OL22 coe -—OL
x(0)= "
— Oy Gl L=Qp,

Ta 3HaXOAMMO HOro KOpeHi, 110 Hanexars nomto P.
Hexait A — kopinb X(f) i A€ P. Yci A — BaacHi BexTopH

x=(&,&,, ..., §,) #0 3a10BONLHAIOTL PIBHAHHS

(AE - Dx" =9, 3)
ne x' — cToBMelb KOOPAMHAT BEKTOPA X.
HMianpocrip V) =Ker(AE — A) 36iracTbcs 3 MHOXHMHOIO BCiX
pO3B’A3KiB CHUCTEMH NiHIHUX PiBHAHb
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(}»—OL“ )xl —(x.]2X2 — . —(l],,x,, =O,

=0y X + (A= Clyy } X5 — oo — 0Ly, x, =0,
214 ( 22) 2 2n‘n (VA)

Yci HeHy1bOBi PO3B’A3KH LIi€T CHCTEMH — BIIaCHi BEKTOPH.

Hacniook 1. Axwo S — ninitinuti onepamop KOMIIEKCHOZ0 6eK-
moprozo npocmopy (ocHogre none — none C KOMNAEKCHUX Yucen),
mooi 6ci KopeHi 020 XapaxmepucmuyHo20 MHO20YNIeHA — 81ACHI
3HaYeHHs onepamopa.

byow-akuii onepamop yvo20 npocmopy mae énacui exmopu.

Hacniooxk 2. Axwjo A — ninitinuii onepamop 9diticnozo sexmop-
Ho20 npocmopy (ocHoghe none — noie R diticnux vucen), mooi tio-
20 BnACHUMU 3HAYeHHAMYU OYOymb yci Ollicki KopeHi xapaxmepuc-
MUYHO20 MHO20YNIEHA.

He Besikuit nisilinnii oneparop npoctopy R” Mae BnacHi 3Ha-
yeHHs. Hexall, Hanpuknan, y npoctopi R° depe3s oA, No3HauUNMO
oneparop ofepraHHs HaBKOJNO TMOYAaTKY KOOPAMHAT HA KYyT
o#zkn(k=0, £1, £2,..).

VY 6asuci ¢, =(1,0), e, =(0, 1) Hiomy Binnosizae MaTpuus

cos O —sin o
sino.  cos O

XapakTepUCTUYHUMHM YUCNIAMH L€l MaTpuui OyayTs Komi-
nekcHi uncna A, =cos & +isin &, A, =cos &.—i sin o, ockilb-
KU O # k7. Oneparop A, He Mae BTacCHHX 3Ha4YeHb, a TOMY i Bfac-
HHUX BEKTOPiB.

BiacyTHicTb BnacHUX BekTOpiB onepatopa 4, obepTaHHs Ha
KyT o # 0, T, 27, ... FEOMETPUYHO OYEBHIHA.

Hpnkaaa. 3ualiTi BnacHi BEKTOpH MaTpuLii

-7 12 -6
A={-3 5§ -=3}.
3 -6 2
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Po3p’a3anus. O64YHCANMO XapaKTEPUCTUUHUIT MHOTOUJIEH

t+7 -12 6
X0={ 3 (=5 3 |=(t+1)(1-2).
-3 6 -2

Bnachi 3HaueHHst A =A, =1, A; =2.
Hna A; =—1 cknagaemMo cHcTeMy piBHAHD
6x; —12x, +6x; =0,
3x; —6x,y +3x;3 =0,
-3x; +6x, —3x3 =0.
Bona ekBiBaneHTHa ONHOMY PiBHAHHIO X; — 2X, + Xx; = 0. 3arajb-
HHit PO3B’A30K X =(2x, — X3, X;, X3 ). DyHIamMeHTaIbHA CHCTe-
Ma po3B’A3KiB cknamaeThes 3 a; =(2, 1, 0) i a, =(-1, 0, 1). Vi
HEHyJbOBI NiHilHI KOMOiHaLiT
x=0a +Pa,
— BJIaCHi BEKTOPH 3 BaCHUM 3HaYeHHAM —1.
Jns A =2 CKIanaemMo CHCTEMY PiBHAHb
9%, —12xy +6x3 =0,
3x; —3x, +3x; =0,
=3x, +6x, =0.
3aranpHui po3s’a3ok X =(-2x;, —Xx3,X3).
QyHIaMeHTalbHa CUCTEMa PO3B’A3KiB MICTUTb JUilE OAWH
Bektop b=(2, 1, —1). Yci HeHynboBi BekTOpH BHAY X =Y-b —
BJIaCHi BEKTOPH 3 BIJACHUM 3HAUEHHsM 2.
Bnpasu

1. 3uaiiT BiacHi 3HaU€HHs i BJacHi BEKTOPHM MaTpHLi MOPSAKY A:
111 .1

------------------
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2. 3HaiiTy BNacHi 3HaY€HHS | BNacHi BEKTOPU MATPHLLi MOPSAKY n:

a b b ... b
3 b a b ... b
b b b a

3. JloBecTH, WO BCi BiAMiHHI Bifl Hynsa BekTOpu mpoctopy P’
TOAI i nvie ToAi OyayTh BAaCHMMM BeKTOpamu oneparopa oA, ko-
au A — ckanspHuit onepatop, To6To A= 0 6.

4. losectH, Wwo konu onepatop oA o6opoTHuii, To A i A Ma-
10Tb OAHi M Ti caMi BnacHi BeKTOpW. 3HalTH 3aNeXHICTL MiX 1X
BJIACHUMH 3HAUEHHSMH.

§ 6.7. InBapiaHTHi nignpocTopm

Osnavenna. Jlinitinuii nionpocmip L eexmopnozo
npocmopy P" nazusaemvcs ineapianmuum 8iOHOCHO NiHiTiHO20
onepamopa A, akuo ona 6yob-akozo éekmopa x € L eexmop
y=Ax)e L.

TpusianbHUMU iHBApiaHTHUMH TIiANMPOCTOPaMH JOBINLHOTO JiHili-
Horo onepatopa o € Bech npoctip P i HyJ1b0BHiA nianpocTip {6}.

SAxuio onepatop of Mae BracHe 3HaueHHs A, Toli A — BnacHuit
BEKTOp X MOPOJXYE OJHOBUMIDHMI iHBapiaHTHHI mianpocTip
L =L(x).

HiticHo, ockinbku A(x)=Ax, To Ana GyAb-sKOro BekTOpa
z={x i3 L maemo

Az)=ALx) = LAX)=x=A-({x) =L z.

Vci HeHynboOBi BeKTOpH i3 L Takox OyayTh BaCHMMH Bek-
Topamu. | HaBmaku, sxuwio L — oaHOBMMIipHMIA mianpoctip,
iHBapianTHHit Ans oneparopa of, TO BCi HeHy/bOBi BEKTOPH i3 L
OynyTh BIaCHMMM BEKTOpPaMM LbOrO OMNEpaTopa 3 €AWHHM BJac-
HHUM 3HaUEHHSAM.

IcHytoTb NiHiliHi onepatopu ailicHoro npocropy R, wWo He
MatoTh iHBapiaHTHUX MiANPocTOpiB po3MipHocTi 1. Takum onepa-
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TOpOM, Hamnpuknan, € oneparop oA, MOBOPOTY Ha KyT
a#kn (k=0, 1, £2,..).

Jema. Bracni gexmopu x,,Xy, ..., X,, NiHiliHO20 onepamopa A
3 NONAPHO GIOMIHHUMU GNACHUMU 3HAUEHHAMU Ay, Ay, .oy Ay —

NHIUHO He3aneXCHI.

JloBenenHa. 3aCTOCYEMO iHAYKLiIO 32 YUCIOM M BEKTOPIB.
Akwo m = 1, Toai nema BUkoHyeThes. [Ipunycrumo, o neMa Mae
micue ans m—1 Bnacuux BekTopiB. Jloseaemo i ans
X3 X0y vy Xy«

Hexaii BUKOHYETbCA PIBHICTb (&) O4X; + 00Xy + ... + 0, X, =0.
Ockinbkn  A(x,)=A,x, ana Oyab-aknx k, TO MaTUMEMO

m
(6) d{z ockxk]= QA Xy + OpAoXy + ... + 0L, AX,, =0 . 3 Apyroro

k=1
60Ky, MOMHOXHBIUM piBHiCTH (@) Ha ckamsp A,,, JicTaHemo
(B) A, X + oA, Xy + .. + 0, A X, =0.

Binnssliu 3 piBHocTi (6) piBHICTb (B), 3HailneMo
o (A = Ay )X + 0 (A =Ry )Xo + . +
0y (A ey = Ay ) Xy = 6.
3a npunyuieHHsM iHOYKLUIT BEKTOPU X, X5, ..., X,,_; JliHi}HO He3a-
nexHi. Tomy
a; (A ~A,) =0,
oy (Ay ~Ap)=0, s Oy (Mg =2, ) =0.

Ane A, —XA,#0 npu k<m. 3BiicM BUNNMBaE, WO O =
=0y =..=0,,=0. Toai 3 piBHOCTI (a) 3HAXOAMMO, LUO
o, =0. A ue il IOBOAUTE JIEeMY.

Teopema 1. Hexaii Ay, A,, ..., A, (m=2)— nonapno pisnui
61aCHi 3HauenHs NinitHozo onepamopa A. Ilionpocmopu V), =
= Ker(Mé — A) € insapianmnumu gionocrno A i ix cyma V =V, +
+, T - +V5, €npamoio cyMowo V =V, @V .0, .

Joseaenus. Hexaii A — Oyap-ike BracHe 3HauE€HHA
oneparopa i x € V; =Ker (A —A). Toai Ax) = Ax. Axwo y =
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= A(x), To AY) = AA(x)) = A(Ax) = AA(x) = Ay. Lie o3nauaTume,

wo y € ¥, i ¥, inBapianTHuii nignpocrip ans oA
Hexait x€ ¥} h(VA2 + ... +V>~,.,)' Topi xe V3 i x=x+..+x,,
x; € W, . Slxwo x#6, TO OCTaHHA PIBHICTb CynepeyuTh JeMi.
Tomyx=0 i W r\(V;~2 + .tV )={9}. AHanori4Ho
Ve OV + e+, + W, + o + W ) ={8), o k> 1.
Ocrarouno V' =V; @V, @.. @V, .

Teopemy noseneHo.

Hacniook. Hexaii ninisinuti onepamop A mae enacui gexkmopu i
Ay Ay, oy A, — yci nonapuo pisui tioeo enacui 3uauenns. Todi
HQUMEHWUM [HBAPIGHMHUM RIONPOCMOPOM, AKUU Micmumb yCi
enacui eexmopu onepamopa A, € V) @V, @ .. @V, . Lei

nionpocmip Ha3eemo NiHilHOI0 060J0HKOI0 8CIX 8NACHUX BeKMOPIE
(BB-o6onoukor) i noznayumo V(A).

Jlinilinuii onepartop o/ Ha iHBapiaHTHOMY nianpocTtopi M c P’
iHAYKY€ JiiHiliHe nepeTBOpeHHs, SKe Ha3NBAETHCA 0bmedceHHIM A
Ha M. BoHo no3HavaeTbes Ak A | M-

Teopema 2. Hexau X (t)— XapaxmepucmuyHuli. MHO204leH
niniunozo onepamopa A 1 M — insapianmuuii nionpocmip. Tooi
xapakmepucmuyHull  MHo2OYAeH X, (t) onepamopa <‘/I|M -

OinbHux mHozounena X (t).

JloBenenHa. BeaxkatumeMo, o m=dimM i O<m<n.
Ob6epemo sikuit-Hebyap 6azuc C = (bl, by, ..., bm) nignpocropy M i
J0ONnoBHUMO #oro jgo 6asucy b= (b], o Doy By s b,,) npocTopy
P". Tlo6ynyemo matpuuo 4 oneparopa oA y ubomy 6asuci.

Bpaxyeaswu, wo oA(y),..,A(b,) € M, marumemo

piBHOCTI

A (b)) =0y by + 0y by + .. + b, +0-by + .. +0-5,,

A (b )= Oypby +0ypby + oo+ Upbyy + 08,1 + ... +0-5,,
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C£(bn!+l ) = 0yt D + 01 by + oo + Oy by +

0 itmet Oy e T 00 'bn’

A (b,)=04,b + 04,0y + ... + by, +
b

m

+a T+, b,

m+in’

Marpuus A MaTUMe KITITHHHO-TPHKYTHHI BUIIISI

4 | B
(o 1)
Ae Matpuus 4, — po3MipHOCTI mXm , Matpuus 4, — po3mip-
HocTi (n—m)x(n—m) i marpuus B — posmipHocTi mx (n—m).
IMpn upoMy 4, — MaTpuus onepartopa cﬂ| vy Oa3uci
C=(by,by, ... by ).
XapaKkTepUCTHYHHIT MHOrouaeH omneparopa of |M ZIOpiBHIOE

Xy(¢)=|tE,, - 4, a xapakTepucTiuHuii MHOrouNeH onepatopa of:

X = _ tE, -4 | -B
(t) = |tE - 4| =det 5 |tE_m—A2 =

=ItEm _All'ltEn—m —AZI =96,(t)'762(t),

ne X, (f) — xapaKTepuCTUUHUI MHOTOUNEH MaTpuLl 4, .

Hacniook. Hexau | — kpamuicms xapakmepucmuunozo wucaa
A ninitinoeo onepamopa A i A € P. Tooi deghexm onepamopa M ~ A

He nepesuwye kpamuocmi I .

JloBeneHHs. Ockibkn A — BlacHe 3HaueHHs OMEparopa, To
nedekr m onepatopa A —cAf (po3MmipHicTe miampocTopy
V), =Ker(Aé — A)) nonathuii. Marpuuero 4, inaykosaHoro ore-

aropa A € JliaroHanbHa MaTpuus
W

A 0
A
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nopsaky m. Horo xapakrtepuctiunuii Muorounen — X, (f)=(t-1)".
Ockinbku X () — AiABHUK XapaKTEPUCTUYHOrO MHOTOWIEHA Omne-
patopacA,T0 m</.

Osnauennn. Jlinitmuti onepamop A Hnazusacmvca 36i0HUM,
akyo 6 npocmopi P icuye Hempusianenuil  nionpocmip
M (0 < dim M < n), ineapianmuuii ona A.

Jinitnui onepamop A Hazueaemvca yinkom 36i0HUM, AKUO
08 HbO2O icHylomb maki ineapianmui nionpocmopu M i L, wo
PP=M®L i0<dmM<n.

Jlns uinkoM 3BiaHoro oneparopa o nobyayemo Gasuc B P
obepemo skuit-eOyab 6asuc I' B M i axuii-nebynp 6asuc | B L.
Toxi ix 06’eananns b = I U JI — 6asuc npoctopy P".

YV 6asuci b maTpuus oneparopa Mae KJIiTHHHO-AiaroHalbHH
BUIIAA:

y A410
04
Tlpn uboMy 4 i A, — BiznoBiaxo Marpuui onepatopi oA|,, i A|, .

Martpuus 3BiHOrO JiHifiHOro omneparopa NepeTBOPIOETHCH
MOAIGHO 10 KITHHHO-TPUKYTHOTO BUMJIAAY.

Matpuiis uinkom 3BiZHOrO OMepaTopa NepeTBOPIOETLES MOAIG-
HO 10 KJIITHHHO-AiarOHaIILHOTO BUITIALY.

Teopema 3. 'V Oiticnomy 6eKkmopHomy npocmopi R’ ons 6yoe-
AKO20 NiHilHO20 onepamopa A icHye ineapiawmuuil nionpocmip
posmiprocmi I abo 2.

TloBenenus. Hexaii A =(o, )— maTpuus oneparopa A y ne-

AkoMy 6a3uci, A — xapakTepuCTHUHe YMCNIO onepaTopa (MaTpuLii).
Axio A — yucno AilficHe, TO BOHO € BNAaCHUM 3HAUEHHSM
martpulli i, OTXe, BiANOBIAHMA BIACHHA BEKTOp BH3HAYMTDL
iHBapianTHH#l nianpocTip po3MipHocTi 1.
Hexaii A =0.+Bi — xomnnekcHe uncno (B #0). Posrasnemo

PiBHSAHHSA

(AE - 4)-x" =9, (N
ne x=(&.,&,, ... &, ) — BexTOp KoMmnekcHoro mpoctopy C”. ITo-
J1aMo HOro y BULIISAi CUCTEMH PiBHSAHb
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(A-ay )§1 —0y&y -0y, =0,
=0 +(A—0y)E; = —0p,E, =0,

—(ané] —'anzéz = e +(>\.—a"”)§" =0.

@)

BoHa Mae HeHynbOBMIT PO3B’ 30K
0 . 20 . 0 .
E = +8i, &=+ 850, ., & =M, +C,0.
ITiacTaBuBLUM el PO3B’A30K Y CUCTEMY piBHSHb (2), AicTaneMo

0 0 0 0
ap &y +oky + L+ oy,E, = AL,
0 0 0 0
0y &) + 058 + . +ay,E, =AE;,

3)

0 0 0
anl&l +an2g2 + ... +ann§n =>"én'

Buainuswu okpeMo fiiicHi Ta ysiBHI yacTuHH, 3 cuctemu (3)
MAaTHMEMO

oMy N, + .+ 0y, =am; - B,
Oy My + OppMy + ..o + 0, M, =0y —BE,,

QN + UMy + o 0N, =0n, —BCn'

a8 +oy8 + o+ a8, =B +ag,
Oy + 008, + . + 0,8, =By +al,,

o8+, + . +0,,8, =Bn, +al,.

Jna BexropiB y =(N;, Ny, .., M, ) 1 2=(;, 5, s §,) i3 mpoc-
Topy R” OCTaHHi JBi CHCTEMH 03HAYAIOTh!

Ay =oy! -Bz", 10610 A(Y) = Oty — Bz ;
A-z" =By’ +az", 10610 A(2) =By + 0t2.
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JlinifiHa obosoHKa L=L(y,z) iHBapiaHTHa BiZHOCHO onepa-

Topa A

IlepexoHaeMoch, 110 BekTOpU y i z JiHIHHO He3anexHi.
3po3yMmino, 10 oAKH 3 HUX 000B’A3K0BO BiAMIHHMI BiJ HY/ILOBO-
o BeKTOpa.

[Mpunyctumo, wo z# 0 i y =08z, ae 8 — aiiicne uucno. Tozi

A(y)=o(8-z)-Bz,
A(y)=8-A(z) =5(Bdz + 0z) =P8’z + Soxz.

3Bincn odz — Pz =Pz + adz i Tomy B(I +82)z=6.

Ockinbkn 820 i z#6, 1o P=0. OcranHe cynepeuuThb
npunyweHHio, wo B#0.

OTxe, BEKTOPH y i z —NiHiliHO He3anexHi i dim L = 2.

Bnpaeu

1. 3uaiity Bci iHBapianTHi nianpoctopyu oneparopa A(x)=|a, x|
y mpocTopi R’ .

2. Hexaii niniiini onepatropu of i B nepecrasni. [Joectn, wo
Ker B i Im B iuBapianTHi BigHOCHO of .

3. 3HaiiTn Bci iHBapiaHTHI nianpocTopu oneparopa audepeH-
LilOBaHHA B MPOCTOPi M MHOrO4Y/IEHIB CTeneHs <n 3 AICHUMH
koedilicHTaMu.

4. loBecTty, 110 KonM NiHiiHKMH onepaTop o 060poTHMIA, Toai
Ai A~ malos oaui it Ti cami iHBapiaHTHI mignpocTOpH.

JliniGri onepamopu npocmoi cmpyxkmypu

Teopema 4. Taxi eracmusocmi ninitinozo onepamopa
A sexmoprozo npocmopy P" exeieanenmni:
1. ¥ npocmopi P" icnye 6asuc, cknadenuii i3 61acHux 6exmopie
onepamopa A.
II. Yci xopeni xapakmepucmuunozo muozounena X(t) onepa-

mopa A nanexcamo nono P i
P"=VA] @V}‘z @ @V;‘r,
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oe V), =Ker(Ay—oA); A, Ay, .., A, — yci nonapno pisni
xoperi X(t).
HI. Vei xopeni xapakmepucmuunozo muozounena X(t) nane-

acamv nomo P i kpamuicms 6y0b-akoco kopenst A dopienioe de-
gexmy onepamopa A — A.
Hosenenns. Hexaii ®=(f,f,,....f,) — 6asuc npoctopy 7,

AKUA MICTHTL BAAcHi BekTopH oneparopa oA. Toxi y ubomy 6asuci
floro marpuus 4 = Ay Mae giaroHanbHUil BUrnsa

A 0

i X@=(t=2)(t=2Xy) - (r=X,). Yci xopeni A, Hanexars
nomo P. Hexait cepen HUX A, A,, .., A, — yci pisHi kopeHi.
Toni BB-obonoxka oneparopa M(A) = W, @n, @@ (ynos-

HaueHHAX Teopem#u 1) MicTutb 6azuc @ i, oke, 36iracthes 3 P

Pn= V(cﬂ)z VAI @ V}‘Z @"'@ V}\r .

Lum poseaeno, wo I = 1.
Hosenemo, wo II = L. Ha miacrasi Bnactusocti II o6upa-
emo Gasuc mpocropy P’ TakuM umnom. Hexail B, — 6asuc

nianpocropy ¥, =Ker(A, & -A) (k =rr_) Toni 06’eananns
b=b,Ub,U.. UB, — 6a3uc npocropy P, akuii cknanaetscs 3

BJIACHHX BEKTOpiB oneparopa A .
HoBeneMo exBiBaneuTHicTb Baactusocrteii 11 i 111, Hexaii Bu-
KOHyeThcs BnactusicTe Il fkmo m, — npedexr omeparopa

Ay6—A i I, — kpatHicTb KOopeHs A, MHorouneHa X(t)
(k=l,_r), T0 my <I,. Ockinbku 3 BnactuBocti II BunauBae
PIBHICTL m; +my + ... +m, =n 1 3aBXKAM BUKOHYETLCA PIBHICTb
L+l + ...+l =n,To nicraeMo m, =1, ans 6yab-skux k=1, r.
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IIum poseneno, wo 11 = I1I. Obepuene TBepmxenns Il = I -
OYeBHHE.

Teopemy noseneHo.

Jliniiinuii oneparop o npoctopy P’ Ha3UBa€ETLCS onepamopom
npocmoi cmpykmypu, KOI# B NMpocTopi icHye 6a3uc, wo cknana-
€TbCS 3 HOrO BNAaCHHUX BEKTOPIB.

KBanpatHa MaTpuus 4 3 eneMeHTaMH 3 nojs P Ha3uBacThCA
Mampuyelo npocmoi cmpykmypu, AKIWO BOHA noAibua 1o
JiaroHanbHOT MaTpULL.

ko A — niHilfiHWiA onepaTop NPoOCcTOi CTPYKTYPH, TOAI HOro
matpuus A = oA y nosinsHoMy Gasuci b npocropy P’ Mae npocty
CTPYKTYpY.

CopMyn0eMO JOCTaTHI YMOBM TIPOCTOTH CTPYKTYpH JiHii-
Horo orneparopa (MaTpHLi).

Slkwo niniituuit oneparop A npocropy P’ Mae n pi3nux Bnac-
HUX 3Ha4Y€Hb A, A,, ..., A, , TOAI CTPYKTypa ioro npocra.

O6epeMo aeskuil BAacHuil BEKTOp /, 3 BJIACHUM 3HAUEHHAM
A, INs KOXHOro Homepa k =1, n. 3a J0BEAEHOIO BHLIE JEMOIO
BEKTOPH f1, /2, s [, JIiHIHHO He3anexHi W, OTXKE, CTAHOBIATH
6asuc npocropy P

Npuxaax 1. KsagparHa pificha matpuus 4, =(0, )
MOPAAKY 1 Ha3HBAETHCH AKODOIEBOIO (Mpudiazonanvhoio), AKWO i
enemenTH 0y =0 32 ymosu |i—k|>1.

Po3B’s3aHHda. Beenemo nosHayeHHs
o =0; (=1Ln); B =0, ; ¥, ==y, (=Ln=-1).

TOIIi L0 MaTpULIO MOXKHa 3anucaT Tak:

o B ... 0 0
e () 0 0
Ay =] e
0 0 ... o, B
0 0 ... —Y,u4 O,

{i xapakTepucTHUHMIT MHOTOUIIEH
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Po3knaBLiy ueil BU3HAYHMK 3a eNeMeHTaMH OCTAHHBLOTO PsKa,
AiCTaHEMO 3BOPOTHE CHiBBiAHOLIECHHA AN MHOrouneHiB X, (¢)

Xn@) == 0,) X, (1) =By ¥y X () -
Po3rnsiseMo nocaifoBHicTh
Xn (O Xy (), s Xy (6, 21 (6, X (1) (Xn)
Je noknagemo Xy(2)=1.

3a ymoBu f,v, >0 (k =m) LA MOCNIAOBHICTh Ma€ Taki
BIaCTHMBOCTI:

[. Xy(¢#)=1 — BenuuuHa crana.

[I. lBa MHorouneHd, WO MicTaTbCs mopyy, X, ;(#) i
X, (t) 1Lk <n) He obepTaloOThCA HA HYNb MPU OJAHOMY i TOMY
X 3HaueHHi 3MiHHOT £.

[ll. Slkwo A - xopiHb MHorounena X, (¢), 0<k <n, Toni
X (@) 1 X,_,(¢) MaOTb NPOTHNEKH] 3HAKK NIPH £ = A .

TMocnigoBHicts (X,) — y3aransHeuuii psn lltypma. Pauiuie
Oyno nosezpexo (auB. § 1.9): mMHorounen X,(f) Mae n nonapHo
pi3HUX AiliCHUX KOpEHiB.

Tpuniaronansha Marpuus 4, 3a ymoBu [y, >0
(1 £k <n-1) mae npocTy CTPYKTYpY.

Ipuxaax 2. Jlinifinuit oneparop y 6asuci ¢ =(1, 0, 0, 0),
e=(0,1,00), e=(0,0, 1, 0) i e, =(0, 0, 0, 1) 3anauno
MaTtpuIero

-3 3 2 2
-4 4 2 2
A= .
-4 3 -1 2
-4 3 -2 3
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[TokaszaTh, WO CTPYKTypa L€l MaTpHLi MpocTa, i 3BeCTH ii
NoAiGHNUM MEPETBOPEHHSM JIO AiarOHAILHOTO BUTISAY.

Po3p’sa3aHus. OOUYHMCHIOEMO XapaKTEPUCTUUHHIA MHOro-
yjieH MaTpulli 4:

t+3 -3 2 -2
4 -4 2 2 3
x()= =t(t-1) .
© 4 -3 t+1 -2 (e=1)
4 -3 2 -3

Kopeni mHorounena: A; =0, Ay =h; =A, =1.

Jlns BnacHoro 3HayexHst A, =0 sapo matpuui A\ E — 4 =-4
cknanaerhes 3 ycix sextopis x=(§;,&;,&;, &), ANA AKux
(-A)x" =0.

[TepenuiuemMo L0 PiBHICTb Y BUMNIAAI CHCTEMH PiBHAHD!

38, -3, +28; -2, =0,
48, - 48, +28; -2, =0,
48, -3, + & -2, =0,
48, - 38, +28, —38, =0.
Panr cucremu jopisHioe 3. OyHIaMEHTalbHa CHCTEMA PO3B’ A3~
KiB Ma€ Miue oauH po3s’asok f; =(1,1,1,1).
Jlns BnacHoro 3HaueHHs A = | Marpuust AE — 4 mae Burnsa

4 -3 2 =2
4 3 2 =2

E-A= :
4 3 2 2
4 -3 2 2

i panr popiBuioe 1. Sapo 17 cknagaeTbcs 3  BEKTOpiB
x=(§1,523§3,§4),1mﬂﬂxux

(E-A)x" =0.

V koopauHatHiii GopMi Le piBHAHHA €KBIBAIEHTHE OJHOMY
PiBHAHHIO

48, - 38, +28; -28, =0.
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1
3aranbHuil po3B’s30K X =(%E_,2 ——;-5_,3 +5§4, £, &, 5'54). Dyu-
AaMEHTalbHA CMCTEMA PO3B’A3KIB CKIAAAETHCS 3 BEKTOPIB
£2=0,4,0,0), f;=(-1,0,2,0)i £, =(1,0,0,2).
HoBum Gasucom mnpocropy obupaemo f =(fis /2 fo0 1 )-
Marpuueio nepexony Bia craporo 6asucy 1o 6asucy f6yne

13 -1 1 8§ -6 4 —4
1 4 0 0 o -2 2 -1 1
D= , D7 =— .
1 0 2 0 24 3 -1 2
1 0 0 2 -4 3 -2 3
Toni
0 000
- 0100
D7 AD= .
0010
0 0 01
Bnpasu

1. JloBectu, wo oneparop A(x)=(x,a)a npocropy R’, ne
a=(1, 2, 3), mae npocTy CTPYKTYpY.
2. [Mokasary, 110 MAaTPULS 1-rO NOPAAKY
11 ... .. .1
11 ... .. .1

npocToi CTpykTypu. IloaibHuM mnepeTBOpeHHAM 3BecTu ii 10
RiaroHaJIbHOro BUIJISAY.

3. Jlosecty, wo konu oneparop of npocropy P’ Mae n pizHux
BJIaCHUX 3Ha4eHb, TO oneparop B , nepecraBHuii 3 A, Mae npocry
cTpyktypy. ITpn ubomy Bei BnacHi BekTopu onepatopa of 6yayTs
TaK0XX BTaCHUMM BEKTOpamu onepatopa B .

4. INokasatu, wo konu o — oneparop NpocToi CTPYKTYPH, TO
Ans Gynp-skoro MHorouneHa f(f) onepatop fA) Takox npocToi

CTPYKTYpH.
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§ 6.8. HopmansHa dopma Xopaana

[To3nauumo uepes [, (A) KBaapaTHy MaTPULIIO BUAY

A 0 0 0
1 A 0 0
01 A 0
000 ... A

NOpSAKY @ , i€ Ha FOJIOBHIH AiaroHani MiCTATBCS €J1eMEHTH A3
OCHOBHOTrO Tossi P, HWKYe uiel aiaronani — OAMHMUI, pewTa

eneMeHTiB — Hyni. Taka MaTpuus Ha3HUBAETHLCHA KLIMUHOIO
Kopoana.
Mampuys sudy
Ia,(}"l) 0
qu(x2)
0 IakO»k)

8 AKiTl 300624 20106HOT diazonani micmamecs knimuiu Kopoana

I, (A)), j=\.k, a pewma enemenmis Mampuyi — Hyni, Ha3uea-
s

€mbCs Mampuyero, AKa Mae HopmansHy opmy Kopoaua.
Hanpuknan, maTpuis

mae HopMmanbHy (opmy XopnaHa.
BusBNSETHCA, WO OYAb-1Ka MaTPULA HaJ NOJIEM KOMIUIEKCHUX
yuces noAibHa Ao MaTpuui B HopManbHiil gopmi Xopaana.

282




Hinbnomenmui onepamopu i Mampuuyi

Jinitnuii onepamop A eexmopnozo npocmopy P"
HAZUBAETBCS. HUTLNOMEHMHUM, AKUO Oesikuil 11020 cmenine A* = 0
(ke N, kz1).

Keaopamua Mamkpuwl A nasueaemovCsa HiILNOMEHMHOI0, AKUO
Oesaxuti it cmenine A" =0 (ke N, k=1).

JliiHHuit oneparop o/ (Matpuus A) 6yae HIILMOTEHTHUM, SKLLO
fioro xapaxkTepuCTHYHHI MHOrouneH A (f) He Ma€ HEHYJILOBHX

KopeHiB, To6T0 X(#)=t". Toai 3a Teopemoro ["aminbToHa — Keni
maemo 4" =0 .
Xoppanosa knitnHa [,(0) € HinbnoreHTHOO MaTpuueto. To-

My MaTpHLS KOpAaHOBOTO BUAY
1, (0) 0

1,,(0)

0 L, (0)

(3 HyIAAMU Ha rOJIOBHI fliaroHani) — HiJLNOTEHTHA.

BusBnseTscs, o 6yob-saka HiIbNOMEHmMHa Mampuys nooibHa
0o mampuyi maxozo gudy. 1llo6 obrpyHTyBaTH Ue, PO3risSHEMO
Oy0BY HiNBNOTEHTHUX OMNEPATOPIB.

JAna HinbnoTeHTHoro onepatopa o/ 3HaiineTbcs Take Hary-
panbHe ynucno m 2 1, ans skoro A" = 0, ane A # O ans Beix ui-
JINX YUCen g, 1O 3a00BONbLHAIOTL YMOBY 0 < g < m. Take uucno m
Ha3UBAETHCS NOPAOKOM HITbNOMeHmMHOCmI OTiepaTopa.

Po3smictumo sei creneni A7, 0 < g < m onepatopa y Takomy
nopsiaKy

E=A A A, s A" A" =0
(ne A° — ToTOKHE NepeTBOpeHHS §).

To3Haunmo uepes K, sapo oneparopa A’ K, = Ker A. TIpu
usomy Ko = {0}, K, = P". Jlani po3rasHeMo Aekinbka OKpeMHX
¢axrTiB.

1. Tlianpocropu K, yTBOPIOIOTE 3pOCTarOvy MOCIiAOBHICTL 3a
BKJIIOYEHHAM:

0=KcKic..cK,cK,nc..cK, cK,=P"
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IMokaxemo, wo K, C K, . Skuwo x € K, , 10610 A? (x) = 8, TO
A (x) = AA x ) = 6. Le o3Hauae, wo x € K, = Ker A7

2. Jloenemo iHBapianTHiCTe K, BifHOCHO onepatopa A ans
Bcix 0 < ¢ < m. Skwo x € K, , 10610 A% = 0 i y = Ax), TO
A" (y) = 6. Lle o3nauae, wo y € K, . Oneparop 4 Binobpa-
xae K, B K, . Ockinbkn K,y c K, , To K, iHBapiaHTHUH
BIJHOCHO A.

3. OGepemo B npocropi P' = K, akuii-nebyap 6asuc B, =
=<eg,, €,, ..., &,> BiAHOCHO nianpocropy K, (6a3uc mod K,,_;).
[Tokaxxemo, wo Bektopu f; =AHey), f, =Aley), ..., f, =A(es) Hane-

xatb K, i ninilino Hezanexwui BinHocHo K.,. Ix Hanexwicts
nianpocropy K, noseneHo B nyHkti 2. IlokaxkeMo iX JiHiiiHy
He3anexHicTe mod K,,_». Hexait

o f+o, ot o, f,=heK, ,,

TOo6TO
oy Ale) + o, Aer) + ...+ o, Ae) € Ky ».

Toai

Aoy + e+ ... +ae)EK, 5.

Lle osuauae, wo A" '(oye +0,e,+ ... +0,e)=0. Omke,
oe +0,e+ ... Hoe HaNeKUTh Kj,_. ANle BEKTOPH ¢, €5, ...,&,
cTaHoBnATL 6a3uc mpocropy K, BiaHOCHO mianpoctopy K, ;.
Tomy oy =0, =... =0, =0.

4. Habip BextopiB f; =A(e), i =1,s, nonosHumo (3a HeobXia-

HicTiO) Ao 6asucy nignpocropy K,-; BinHocHo K, ;. Hexaii ueii
6a3uc mod K, , CKNafa€eThCs 3 CHCTEMH

b, = <A(ey), Ales), ..., HMey), gy .00 €,> .
AHajioriyHO TOBOAUTHCH, 110 BEKTOPH
Aer), Aer), ..., Ae), Aew), -.., Aey)
Hanexars nignpocropy Ky, » i ninifiHo He3anexHi mod K. ;.
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Ha6ip sektopis oA(e)), ..., A 2(ey), Alesr), ..., Ale,) moxe By-
TH JIONOBHEHHM (3a HeoOXiaHicTio) fo 6asucy mod K, 3 . Hexaii
UMM BiTHOCHHUM 6a3ucoM Gyze CyKyMHiCTb BEKTOPIB

= <A 1), ..., AN es), A1), orrr A, €ty oorr €y >.

Onucanuii npouec NpoaoBXKYETHCA | 3aKiHUYETHCS 106YA0BOKO
Gasucy ocranHbOro, BiiMiHHOro Bia {0}, nianpocropy K; .

OG6’ennannsa Bcix noOyaoBaHMX BiHOCHUX Gasucis By, By, By, ...
ckiagae 6a3uc ycboro npocTropy

,

€1,€5, .oy €5
b =1 ‘74(61 )’ (ﬂ(eZ)’ Uq(e ) Cotls oo
A (@), o AP (e) Ay A e,) pays s €

ITeperpynyemo 6a3ncHi BekTOpH Ha Taki migcUCTEMH

Ci=<er, AHey), ... A (er)>, A(er) = 6;
Cy=<ey, Aey), ..., A" (€2) >, A’(e)) = 0;
C3= <es, A(es), ..., A (e3) >, A(e3) = 6;

Toxi onepatopy A B ubomy 6asuci C=C, UC, U ... Biano-
BiJlae MaTpuus
1,(0) 0

1,(0)
1,(0)
0

A€ B3JIOBX IONIOBHOI AiaroHasli MiCTATbCSA HiNLIIOTEHTHI KNiTHHU
Xopaana.

[To6ynosanuii 6asuc C=C; UC, UC; U ... Ha3uBaeTbCA Ka-

HOHIYHUM 6a3ucom ANA HiNLIIOTEHTHOTO OleparTopa.
Binblu feTanbHo MpoimocTpyeMo BUKIIAZEHE BULLE HA KOHKpET-
HoMy npuknazi. Hexaii niuilinuii onepatop 3anano matpuueto
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0 1 10
-1 2 01
A= .
-1 0 -2 1
0 -t -1 0

Ii xapakTepucTHUHHKIT MHOTOUNEH

t -1 - 0
1 -2 0 -1 4
10 +2 -1

0 1 1 t

X(t)=|tE - 4| =

3a teopemoto [aminbrona — Keni X(4) = A* =0. Y piiicHomy Bek-
TOPHOMY NpoCTOpi R' i 8 nesxoMy Gasuici (Hanpukiaj, y CTaHaapT-
HoMy 6asuci e, e,, €;,€;, CKIAAEHOMY 3 OJAMHHYHMX BEKTOPIB)
AiHifiHKI onepatop of 3 MaTpuueio 4 HinbnoTeHTHHH. Heobxinno
IUTS HBOTO NMoBYAyBaTH kaHOHIYHUI 6asuc XKopaana.

O6uncNeHHs NaloTh

[TopsfoK HinbnoTeHTHOCTI JopiBHIoe 3. Toai AicTaHemo:

1. K, = Ker 4 = L(by, by), ae by = (-2, -1, 1, 0)', b, =
=(1,0,0, l)T— 6a3nCHi BEKTOPH.

2. Ky=Ker 4> =L(cy, c2 c3), ne ¢, = (1, 1,0, 0)', ca = (-1, 0,
1, 0)7‘, ¢3=(1,0,0, l)T— 6a3ucHi BEKTOpH.

3.K;=R'.

basucom l'lpOC’I‘Opy R'BinnocHo K, 06npaeM0 OJIMH BeKTOp =
=(1, 0, 0, 0)". ITpu ubomy 4 - = (0, -1, -1, 0) e Kyid fCTa-
HOBUTH Oasuc mianpocTopy K, Bl,U,HOCHO K;. Hani, f
=(=2,-2,2, 2) e K. Bbasuc mianpoctopy K cxna,uaeTbcx 3 IBOX
BEKTOPIB: BeKTOpaA - f 1 BekTopa b; = (1 0, 0, 1)". Kanouiumuii
6asuc C ck1aaacThes 3 BEKTOPIB £, 4 - f, A £ b,.
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VY upomy 6asuci marpuuero oneparopa o € Matpuus
0 0 0}0
|
1 000

Po3wenneHxn onepamopa

Hexaii A — nisiitnuit onepatop 3 xapakTepucTHUHUM
MHorouneHom X(r). Po3knaaemo Ueif MHOrouseH Ha nonapHo

B3AEMHO NPOCTi MHOXHHKH
(=@ (6)- (1), (1)

HaJl OCHOBHMM nonieM P niHiiiHoro npocropy P’. Tozi BUSABASETb-
ca, wo mnpoctip P’ posknamacThcs B npamy cymy P'=
=L ® L, ® ... D L ninikiuux nianpocropis L; ( j =1,k ), aki ma-
10Tb ABi BIAaCTHBOCTI:

1) xoxeH L; iHBapiaHTHU BiaHOCHO onepatopa o,

2) oneparop o ingykye Ha L; Takuii niiiinuit oneparop (rno-
3HauaeMOo #oro Takox Yepes o), wo @;(A)=0.

JUnst NpocTOTH BUKIaAy po3risHeMO BUNAA0K, Konu X(f) pos-

KIafa€ThCsl JMIIE HAa JBa B3aEMHO MPOCTI MHOXKHHKH, TOOTO
(1) = @,(1) - @,(t) . 3aranbHuil BUNaAOK 3BOAUTBLCS [0 LIbOTO.

[Tosnaunmo L; = Ker @, (A), Ly = Ker @, (A) | nokaxemo, 110

a) L, i L, inBapiaHTHi BigHOCHO A,

6) Pn = L] ® Lz.

HoBenenHs. Hexaii x € L;, 10610 @(A)(x) = O. SAxwo y =
= oAx), Toai Q(ANY) = QLANA(x)) = AQ(A)(x) = A®) = 6. Or-
xe,y € L, iiHBapiaHTHicTb L; noeaeHo (j =1, 2).

Ockinbku MHOXHHKHM @(f) i @2(f) B3aEMHO npoCTi, TO MOXHA
BifitLyKaTH Taki MHorounenu f(f) i f(f), wo A()@(F) + A(H@a() =
=1. Togi & = A(AQUA) + f(A)Qx(A) i ana 6yap-axoro x € P’

MatuMeMo
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x = fllADPAA(x) + fi{ A1 (A)(X) = x) + X3,

ae x1 = fA)QAANx); x2 = fi(A)Q1(ANX).
Ilpn upomy

P1(A)x1) = QUAWAAPAANX) = foAPUAPAA(x)=
= AAXAN) =6,
T06TO X7 € Ker ¢, (A).

Tyt Bukopuctano teopemy ["aminbrona — Keni, 3riaHo 3 skoto
X(A) = 0. Tak camo x; € Ker@y(cA) = L,. Omxe, x = x| + x3,
x; € L;. lle o3Hauae, uio P = L, + L,. 3anuiiaeTbcs BCTAHOBHTH:
LN Ly ={B}. Axwo x € Ly N Ly, 10 @i(A)(x) = 0 i @a(cA)(x) = 0.
Toai x = fi(A)Pi(ANx) + fo(A)PaA(A)(x) = 6.

3po3ymino, wo A Ha L; inaykye Takuii oneparop, o ¢; (A) = 0.

Teopema 1. Axwo xapaxmepucmuynuii mHozounen X(1)
Rinitino2o onepamopa A posxradacmucs nao ochoeHum nonem P
npocmopy P' y  euenndi  dobymxy  X()=(t-A)" x

X(t=A)"? . (=)™, de Ay, ..., Ay — 020 nonapuo pizni
koperi, mooi y 8ionogionomy bazuci mampuys onepamopa A mae
Hopmanviy gopmy XKopdana.

JoBeneHus. Crouarky po3risHeMO  BHIAAOK, KOJH
2()=(-A)". SAxmo A=0, Toni X(t)=t" i oneparop A
HIJILNOTEHTHUH 3riOHO 3 JOBENEHOK BHILE TeopeMmoro. SAkuo
X@)=(@-2)", A#0, 10 oneparop B = A — A HINbNOTEHTHHUIA.
VY BinnoeigHomy 6asuci C MaTuMemo

1,(0) 0

B B 1,(0)
¢ 1.(0)

Toni
1, 0
I,

= E=
A £+}»6<E-)B+)» Loy
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Matpuus onepatopa o Mae noTpi6Hy dopmy B ToMy x 6asuci.
Hexait Tenep uucno k nomapho pisHux kopeHiB MHOrousena

X(t)6inbwe omunuui. MHorounenu (1) =(r =AD", @)=
=(t-2)", ..., @ (1)) =(t—A,)* nonapHo B3aemHo npocti. To-
MYy MPOCTip pO3naaaeThes B ApsaiMy cymy P' =L @ L, ® ... ® L, B
AKiA JofaHKu L, MatoTh BractuBocTi 1) i 2).

Obepemo B niniliHoMy mianpocropi L; Taknii 6asuc C;, nas
AKOro

Ia()\'_[) 0
Iy (A,
c, -
0
O6’ennanna C Beix o6panux 6asucie C), Cs, ..., C; BiANOBigHUX

nianpocropis Ly, L, ..., L, cTaHOBUTL 6a3Hc ycboro npocropy P” i
BiHOCHO #ioro

0 B,

Marpuus B mae HopmaibHy dopmy XKopaaHa.

Teopema 2. Hexaii enemenmu xeadpammnoi mampuyi A nane-
acame nomo P. Axwyo eci it xapakmepucmuuni wucna Hanexcams
momy camomy nomo, mo A nodibna mampuyi 8 nopmaneniti hopmi
/Kopoana, npuuomy nepemeopenns nodibrocmi 3diticnioemves
mampuyero F 3 enemenmamu 3 nons P. 3oxpema, mampuys 3 ene-
MEHmaMU 3 NONA KOMNJIEKCHUX uucen nodibna mampuyi é Hop-
MmaneHi popmi XKopdana.

Hosenenus. Sxwmo n — nopsaok marpuui 4 , Toai B npocTtopi
P" obepemo sxuit-nebynb Gasuc b. Y ubomy Gasuci matpuus 4
BM3Haya€ JeAKWA NiHiAHKMA onepatop oA. 3a Teopemoio 1 icHye
HoBmii 6asuc C, B sikoMmy oneparopy of Bianosinae marpuus B, sika
Mae dopmy XKopnraua. Skuwo F — matpuus nepexony six B a0 C,
Topi F'-4-F=B8.
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O3HauennA. Basuc 8eKmopHozo npocmopy, 8 AKOMy mampuys
Rinituno20 onepamopa A mae dxcopdanosy opmy, Ha3UEAEMbCS
xkanoniunum bazucom Kopoarna yvozo onepamopa.

Bnpasu
1. [To6ynysatu kaHOHiIYHMIA 6a3uc i 3HalTH XKopaaHOBY Hopmy
TAKUX MaTpHULb:

3 0 -1 1 00
a) A=|-2 1 1|. Bianosiab: B=1 1 0].
3 -1 -1 0 1 1
3 4 315 -1 0 050
-11 0 5| _, _ 1 -1 010
0) A= 00 3 3l BianoBiab: B= 0 1 -130 .
00 2 2 0 0 010

2. 3HaiiTi >kopaaHoBy (opmy omeparopa A%, akwo Bizoma
*)opaaHosa ¢opma niniiiHoro oneparopa A.

Bkasiska. XXopaaHoBy ¢opmy omneparopa A% moxHa gicTath
i3 sopaaHoBoi Gopmu oneparopa of Tak: y KOXHiil KNiTHHI, Aka
Mae BigHoweHHS A0 A # 0, NOMiHATH A Ha }»2; KOXHY KJITHHY
nopaaky k > 1, ska mae BifiHowweHHs 10 A =0, 3aMiHMTH ABOMA
KNiTHHAMM NOPSAAKY /, Ko k = 2/, i 1BOMA KJIiTHHaMKU NMOPS/IKiB
BiagnoBigHo /i/+ 1, akwo k= 2/ +1.




Po3din7. EBKNIAQOBI NMPOCTOPYU

§ 7.1. OcHOBHi 03HauYeHHs

Osnauenna. Hexaii V — ninitinuii npocmip nad no-
nem R Oitcnux wucen. [Ipunycmumo, wo KodCHOMY 6Gexmopy
x € V nocmaeneno y @ionosionicme Oiticne uucio ”x" 3 maxKumu
81ACMUBOCMAMU:

L |x|20 i |x|=0 & x=6.

2. ”}\.x"=|)»||[x” ons 6y0b-sk020 A € R.

3. ”x + y" < ||x” + ”y”, x,y € V (nepisnicmob mpuxymuuxa).
Hucno 3 maxumu 61aCMUBOCMAMU HAZUBAEMBCA HOPMOIO BEKMOPA.

Hidicunit ninifinmit npoctip ¥, ans sextopis sikoro 3a Gyib-
AKMM NpaBuiomM ab0 3aKOHOM BH3HAueHa HOPMA, HA3UBAETHCA
HOpMoBanum. 3a3HAYMMO, LUO AHANOriYHO BBOAMTHCS [MOHATTA
HOPMH i 17151 KOMIUIEKCHUX MiHIHHKUX NpocTopiB

Haseznemo aBa npocTi npukiaau HOpMOBaHHX NPOCTOPIB.

1. B apudmetuunomy niticiomy niniiinomy npoctopi R’ s
sektopa x =(§,,&,, ..., £, ) noknanemo

[xl=1&1+ 18]+ + ]|

Jlerko nepekonatucs, IO Uel 3aKOH BM3HAYa€ HOPMy BEKTOpa
x € R, i R" crac HOpMOBaHHM NPOCTOPOM.

2. VY niniiiHomMy npocTopi C[a 5] AiACHUX HenepepBHUX (yHK-
il ), 3ananux Ha Biapisky [a, b], noknanemo

|71=max | 0,

I B upboMy npocropi dyHkuioHan " f " Mag€ BCi BNaCTUBOCTI HOPMH.

Osnauennn. Hexaii y Oiticnomy ninitinomy npocmopi V korcniti
napi 6exmopie x, y OOHO3HAYHO NOCMAGNEHO Y GiONoGiOHicmb
OiticHe yucno C=(x, y) . Taxa sexmop-ghynxyis eusnauae cxansp-

Hutl 06Yymox 6ekmopis x i y, AKWO BOHA MAE MAKI BAACMUBOCTI:
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1. (Kx+uy,z)=k(x,z)+u(y,z);x,y,ze V,A,ueR.

2. (x,y)=(1.x).

3.x#0 = (x,x)>0 (6,8)=0.

I3 BnactuBocteii 1 i 2 BunauBae, wo (6,y)=(y,0)=0 ana
Oyab-sikoro y€ V.

Jlinifinuii npoctip V, B AKOMY BU3HA4Y€HO CKansApHHUiH 100yTOK
BEKTOPIB, HA3UBAETLCA E6KII006UM NPOCMOPOM.

[pukianu eBKAiAOBUX NPOCTOPIB.

1. B apubmetmunomy npoctopi R’ ana  BeKTopis
x=(&,&,, ... &,) i y=(",Mz, s M,) NOKNAZEMO

(x,y)=&m +&my + .. +EM,,.

Bu3HauyeHa 3a TAKMM NpaBuioM BekTop-yHKuia (x, ¥) € ckansp-
HUM 100YTKOM. A 3 BBEJEHUM TaKMUM UHHOM CKanspHuM N00YT-
koM nipocTip R’ cTa€ eBKIIiJOBHM.

2. PosrasHeMo kBaapaTtHuHy Gopmy

Sf(x,x)= z": ;&8 s

i,k=1
BH3HAYEHY CHMETPHYHOIO MaTpulero A =(0L,.k) nopaaky n. Tyt

x=(§,&,, ... &,) — HOBiNbHUMH BEKTOP apUPMETHUHOIO NPOCTO-

py R".

[Tpunyctumo, 1wo keaapaTHiHa ¢opma f(x) A0AAaTHO BU3HA-

yeHa (YMOBH J0/IaTHOT BU3HAYEHOCTi HaBOAAThLCA B § 5.4, Teopema
CunbBectpa).
CxyageMo nonspy

n
fxy)= Z &M,
i k=1
ae y=(M;,My, s M, ) — TAKOXK 3MiHHHI BEKTOP i3 R,

Bekrop-yHkuis f(x,y) Ma€ BCi BIACTUBOCTI CKaNspHOro 110-

6yTky. OTxe, Ha niHiiHOMY mpocTOpi R’ cTpyKkTypa eBKIiR0BOro
npocTopy Moxe OyTH BBeleHa GaraTbma cnocobamn — 3anexHo
Biz BMGOpY MaTpuui A = (0 ).
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3. V niniliHomy mpocropi V=C[a’,,] HerepepBHUX (ByHKUiT

ana f(t),g(t) € V noxnagemo

b
(f:8)= [f(Dew®at.

Bnactusocri 1, 2, 3, xapaktepui ans CKajigapHoOro noGyTKy, Ans
¢yHkuioHana ( /,&) € NpOCTUMH HachifKaMu BiZOMUX BIACTHBO-

CTeH 03HA4YEHOro iHTerpana BiJ HenepepBHUX yHKLi.
Teopema 1 (nepisnicmo Kowti — Bynaxoscokozo). B @BKIO0BOMY
npocmopi V ons ckanapro2o 0o6ymxy (x, y) Gexmopis x, y BUKOILY-

€MbCsl HepigHIiCMb .
[EX9ENEXIRN EROR

npuomy pignicme docazacmsca mooi i tuue mooi, Konu 6exmopu
X ma y NiHidHo 3anexcHi.
HoBenenus. fAkwo x=6 aGoy =0, TBepIKEHHs TeopeMH

oueBuaHe. [Ipunyctumo, wo x#0 i y#6. [pu upomy (x, x) > 0
i (v, ) > 0. PosrnsiHemo dyHkuito

FQ)=(x+Xy, x+1y).
I3 BnacTuBocTe# ckangpHoro no6yTky BUNNBaE
F\) =(x,x)+2A(x,y) + A2 (»,y)20
Anst Oynp-sikux A. Tomy AuCKpuMiHauT Tpuunena F(A) He Ginbuie

HYJ: D=(x,y)2 =(x,x)(»,¥)<0 i omxe,

()] < Jxx) - () -

F(\) obepTaeThcst Ha HyNb MpH JeSKOMY HiiCHOMY 3HayeHHi
Ao Toni i nuwe Toai, konu x + A,y =0, ToGTO KOIM X 1 y nixiitno

saniexcHi. Take uncno Ay ans F(A) icHye i equue Toai il anwe

TONi, KOMH Dz(x,y)z—(x,x)(y,y)=0, TO6TO KONH ](x,y)|=

=) (7))
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Teopema 2. Eexnidosuti npocmip V € HOpMOBAHUL, AKUO 01
6y0b-AK020 1020 GeKMOpa X QYHKYiIO "x“ 8u3Hayumu 3a npa-

el =)

HloBenenus. [Nepekonaemoch, wo yHkuis | x| mae Bei Bnac-

GUTIOM

THBOCTI HOpMH. BukoHanus Bnactusocti 1 s |[x| sunamsae 3

BJIACTHBOCTI 3 ckaJisipHOro 106yTKY.
JloBeneMo BacTUBICTL 2. MaeMo

el = T 2) =\ () = A () =
= - () = A lle)

JloBeieMo BiacTMBICTb 3. Maemo cucTeMy piBHOCTE#H

|x+ ¥ =(x+y.x+ ) =(xx) +2(xy) +(»¥) =
=[x +2(xy) +|y[-

Ha nigcrasi wepisnocti Kouwi — ByHskoBcbkoro |(x, y)lS"x”" ¥

AicTaeMO
Jx+ v <lxl + 20y +1ol =

2
=(Ixl+ 1l = I+ 1<+ 121

Haseaena Hopma B NpocTopi ¥ Ha3MBAETLCA €6K1i0060I0 HOP-
MO0 BeKTOpa X (Q0BXHCUHOIO BEKTOPA X).
3ayBaxxeHHA. Y HEPiBHOCTI TPUKYTHHKA ||x+y"$||x"+“y“

JUIS eBKJIZIOBOT HOPMM DIBHICTb JOCATa€Tbes TOAI # ulie TOA,
KOJIH BEKTOPH X i y NiHiliHO 3anexHi. Lle BUnausae 3 BiANoBiaHOro
3ayBaKeHHs 1010 HepiBHOCTI Kowi — ByHsiKOBCbKOrO B Teopemi 1.

Jlnst HEHyLOBMX BEKTOPIB x i y Ha MifacTasi HepiBHoCTI Kowi —
ByHAKOBCLKOrO MaTUMEMO

e 22) oy

117

294




Tomy icHye Takuii kyT @, 0 < @< T, Ans AKoro

(x.y)

COs P ="t

=110

Horo HasuBaloTh KyTOM Mik LM BeKTOpamu. Bekropu x, y Ha-
SHBAIOTECA  OpMO2OHANBHUMU, AKILO X CKajdapHUit noGyTok
(x,y) =0, T06TO KyT @ Mixx HUMH Ma€ AOPiBHIOBATH TU/2 33 yMOBH
x#201 y#£06.

O3nauennn. Cucmema 6exmopié X|,X,, ..., X, e6K1A06020
npocmopy HasusaemuvCs OpMO2OHANLHOIO, AKUWO KOJNCHA hapa
pisnux it eexkmopie opmoconanvna: (x;,x,) =0, axuo i # k .

Teopema 3. Opmozonanvha cucmema nenyrbo6ux GeKmopie
JIHIUHO He3anedxcHa.

Hosenenus. Hexai x,x,,...,x, — OpTOroHanbHa cucTema
HeHyNbOBHX BekTopiB. [1punycTumo, 1o mae Micue pisHicTs
Axp+Aoxy + .o+ A X, =0
3i ckansapuumu koediuientamu A, A,, ..., A, . Cknagemo ckansp-
HUH [0OYTOK NnpaBoi Ta JiBOi YaCTHH OCTaHHBOI PIBHOCTI HaX,.
HictaneMo
0=(Ax; +Ayx + . +A,x,,, % ) =

-_—}\,' (xl,x‘)+}\42 (xz,x])+ aee +A.m (xm,x| ).

Ockinexnt (x,%)=0, (x3,) =0, ..., (X,,,% ) =0, 70 A (x,%)=0. 32
yMoBoIO (x;,x,)#0. Tomy A, =0. AHanoriuso micTaemo A, =0,
Ay=0, ..,A, =0. Le # A0BOANTH NiHiilHY HE3aNEXKHICTL Bek-
TOPIB X, X5, 0y X, -

Osnauenna. Hexaii M — nenoposcna niomuodcuna esrii-
006020 npocmopy V. Bekmop y Ha3uBAEmMbCa OPMOSOHATbHUM OO
niomuodcunu M, axwo 6in opmozonanshuil 00 KoJICHO20 Gekmopa

xiz M
[lozHayumo ue BiaHoWEHHA y 10 M Tak: y L M . OpToroHans-

HMM JIONOBHEHHSM M™ MiAMHOXHMHM M Ha3MBAETHCA MHOXKHHA
BCiX THX BEKTOPiB y € V , ki opToronansHi M:
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Mt={yeV:yLM}=
~{ye v:vx[(nx)=0, xe M]}.

Teopema 4. [[na 6yOb-skoi HenopodicHbol niomuoxcunu M eexni-

006020 PPOCMOPY OPMOZOHATbHE OONOGHEHHA U020 M L — ninitinui
nionpocmip. Axwo ons 060x niomuodcun M, L maemo M C L, mo

"Mt

JloBeneMo neplue TBep/rkeHHs. Ko y,z € MY i Ape R,
Toxi Ans JOBinbHOTO BekTopa x€ M maemo (Ay+pz,x)=
=A(y,x)+1(2,x)=0. Lle o3navae, mo Ay +pze M.

JloBeneHHs APYTroro TBEPIKEHHS — OYEBU/IHE.

Bnpaeu

1. JloBecTy NpaBuiIo napaienorpama:
e+ o+l =2(JF +15TF)-

2. loBecTu, WO KOIM CUCTEMA BEKTOPIB X{,X3, ..., X, OPTOro-
HaJIbHA, TOAI

|+ %2 + e 4% =] I +1xlf + -+l

(y3aranbHeHa Teopema [ligaropa).

3. BukopucTaBiuu y3arankHeHy Teopemy [lidaropa, nosectu
JiHiliHYy He3aNneXHICTb OPTOTOHAILHOI CUCTEMH HEHY/IBOBUX BEK-
TOPIB.

4. IMoka3zar, WO B jiHiiHOMY pOCTOpi R.. yCiX MHOTOUNEHIB 3
piticHuMu koediltieHTamMH (SK i B POCTOPi Ry+j MHOrOWIEHIB cTene-
Hi < n, e n — (ikcOBaHe HaTypalbHe YHCNO) CKanApHHi 100YTOK

MHOrOuNeHiB f(£) =0ty + Oyt + ... +a,t” i gt) =By +Bif+ ... +

+B,t” MoXHa BU3HAYUTH 32 IPABHIIOM

(f.8)=0oBy +oup; + ... +0,B,, .
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§ 7.2. OproroHanbHe NpoeKTyBaHHA

IMoyuHarouu 3 UbOro naparpaga, po3riasHeMoO CKiH-
YeHHOBUMIpHi €BKNiA0BI npocTopu. OcKinbkH KOXHHI AificHui
NiHiAHKI npocTip po3MipHOCTI n i30MOpgHHUiT aprdMeTHYHOMY
npoctopy R, T0 i 06MeXMMOCH BUBUEHHAM €BKI1iI0BOrO pOCTO-

py R".

Hexaii x,,x,,...,X, (m<n) — pan BekTopiB €BKII0BOMO NPOC-

Topy. BuzHaunuk

(xpx) (xx2) oo (X%p)
(x2,%) (x2,%3) oo (x2,%,)

(%> X)) (Xmox2) oor (XpoXm)

r(xI,X2, voey x,,,)=

HA3MBAETHCS usHayHUKOM I pama 1N UbOTO pAZa BEKTOPIB.
Teopema 1. Bekmopu x,Xs,...,X,, NiHilIHO 3a1edCH] mOOI T
nuwe modi, konu eusnawnux Ipama T (x),x,, ..., %, ) Oopienioe
HYIO.
HoBenenHs. Heobxionwicme. Hexali BekTopH X;,X;,...,X,
NidiiiHO 3anexHi. JIns HUX iCHYE HEHYJIbOBA NOCHIAOBHICTL YUCEN
AsAg,s s Ay, TaKA, WO Ax; +AgXy + .. + A, X, =0. Toni

(%, Ax +AgXy + o+ A X, ) =

=2 (x,x) + Ay (x,%) + o + Xy (5%, ) =0, i=1,m.
Lle o3Hayvae, 10 CHCTEMA JliHIHHUX OJHOPIAHKX PiBHAHb

(x,2 )& +(3x1,%5) & + oo + (x5, ) € =0,
(xz,xl)él +(x2,x2)§2 + o +(x9,%, )€, =0,

(x,,,,x;)&_,l +(xm,x2)§2 + .. +(x,,,,x,,,)E_,,,l =0.

M

Ma€ HEHYNbOBHH pO3B’S30K A,A,,..,A,. TOMy BH3HA4YHHK
I'(x, %y, ..., X,, ) W€l CHCTEMH JOPIBHIOE HYJIO.
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Jocmamuicme. Hexait F(x,,xz,...,xm)= 0. Toai cucrema

piBHgHb (1) Mae HeHynboBi po3B’sizkH. OOepemo AesAkuit HeHy-
NbOBHI PO3B’A30K Aj,As, ..., A, 1 PO3MIISHEMO BEKTOP

X =}\.1xl +}\2X2 + ... +A.mxm .
Ockifibki MaKOTb MiclLe piBHOCTI

(x‘-,xl )}\'l +(x,-,x2)}\.2 + ... +(xi,xm)}\,m =0,

10 (X;,x)=0,i=1,m.
[TOMHOXHWMO i-Ty PiBHICTb HAa A;, a MOTIM NMPOCYMYEMO MO i.
HictaneMo

A (x,x) + Ay (x0,%) + oo + Ay (X, %) = (x,%) = 0.

3igcu x =0, 10610 A\X; + AyX; + ... +A,X,, =6. OTKe, BeKTOpH
X)5 Xy .oy X, — JHIAHO 3a51€XKHI.

Hacniook. Bexmopu xi,X5,...,X,, NiHilHo He3anedxcui moodi i
nuwe mooi, konu eusnaunux Ipama T(x, %y, ... X, ) #0.

Teopema 2 (npo opmozonansre npoekmyeéanna). Hexau M —
ninitnuil nionpocmip eexnioosozo npocmopy R'. Joginbhuii eex-
mop x € R" nodacmuca y 6uenidi cymu

A~ L
xX=X+Xx,

. L .
Oe dodanok X Hanexcume M, a dodanox X — opmoeonanvruti M.
Take nodanns sexkmopa edune. [JoOaHOK X HA3UBAEMbCA OPMO20-

HAILHOI Npoekyicio X Ha nionpocmip M, a dodanox X - opmozo-
HQNbHOI CKAA00B0I0.

JosenenHs. Hexait m=dim M i x,x,,..,x, — 0asuc
nianpocropy M. 3HaxoauMo X Yy BUIIALi niHiiiHOT koMGiHauii
x=&x + ... +§,,x, . Ockinbku ¥=x-% opToroHanbHuii M, Toxi

(x;,x— %)=0 ans 6ynp-akux i =1,m. Jlicraemo cucremy piBHsHb

(%5 %)=& (%, 1) =& (%, X5) =+ =& (% ) = 0, i =Lom,
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abo y BUIrmS4i cUCTEMU

(x, )& +(x, %) &+ ... +(x1,%,)E, =(x,%),
(%0, )& +(x2,%5) &0 + oo +(x2, %, )&, =(%25%), @

(%> X ) &1+ (X X2 )80+ oo H (%o X )€y = (X %)
Busnaunuk uiei cucremu I'(x,x,, ..., X, ) #0, oxe cucrema

2) mae nuie oaMH po3B’a3ok &, E,, ..., . Lleit po3s’sa30k i BU-
p 1262 m p

3Hayae I0laHOK X .
Hacaniook. [Jnsa 6yoe-axo20 nionpocmopy M esxnidosozo npoc-
mopy R euxonyemvcs pignicme

R'=M®M*". 3)

Npukaax 1. Y npocropi k' cKansapHui 106yTOK BEKTOPIB x =
=(&,8,,83,84) i y=(n;, M3, M3, N4 ) 330aHO NPaBUIOM (x,y) =
=&¢m +&m, +&m; +&m,. Hexait M - niniiina obononka
BekTopiB 4y = (1, 1, 1, 1), a, =(1, 2, 2,-1), a3 =(1, 0, 0, 3).
3HaiiTH OPTOroHaNBHY NMPOEKUt0 X | OPTOTOHANLHY CKAI0BY 3

BekTopa x = (4, —1, -3, 4) Ha nignpoctip M.
Po3B’s3auns. Paur cucreMu BekTOpiB aqy,a,,a; AopiB-

HIOE 2; BEKTOPH a;, @, RiHilHO He3anexHi i cTaHoBnsTS Gazuc M.
3Haxoaumo npoekuilo X y Burmgi x=&a +&,a,. s
HeBigomux &;,E, Matumemo cucremy
{ (@, @) +(a1,a,)E; =(a,x),
(a2,4 )& +(ay,a,)&; =(ap,x).
O6uncmoemo  koediuientn (a,a))=4, (a,3)=(a,q)=4,

(ay,a,) =10, (a),x)=4, (a,,x)=-8. Cucrema

48, +4E, =4,
48, +10&, = -8
mae po3s’ssku & =3,&, =-2. Toai X =3a,-2a,=(1,-1,-1,5),

L - .
x=x-x=(3,0, -2, —1). IlepeBipkoto nepekoHaEMochb, WO Ofep-
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o 4 " .
)KaHHH BEKTOp X TNepNeHAMKYNAPHUH IO KOXKHOro i3 3aiaHux
BEKTOPIB a;,a,,05 .

JloBeaemo (GopMyau As 3HAXOMKEHHS PO3B’S3KY CHCTEMM
piBHsiHB (2) y 3aralbHOMY BHUIVIAAI.

JIns 3py4HOCTi MO3HAYUMO CTOBILI PO3LIMPEHOT MaTpUUi i€l
CHCTEMH TaK:

(xl’xl) (xlaxz)

X, = (x2’:xl) X, = (xz,:xz) -
(xpmsx;) (%> x2)
(x1>%n) (1, %)

X, = (xz,?cm) X= (xzs_x) .
(X Xm ) (x5 %)

Toai crocoBHO 10 cuctemu (2) dopmynu Kpamepa nojamo y Bu-
raani

g, =T}_det(X,X2,X3, s X )

m

52 =T‘Ldet(X],X,X3, ...,Xm),

m

X),

m-1>

E_,m =r—1'det (X],Xz, ,X

m
pe T,y =T (X, %, 00s X ) -

[NepecTaHOBKOK CTOBMLB BU3HAYHHKIB MEPETBOPUMO Lii Hop-
MYJIH:

1
E—‘l =r—det(X,X2,X3, ...,Xm),

m

2 =_.r1_ det (X’XI’X3’ ...,Xm)a

m

300




§3 =“l::l“det(X,X|,X2,X4, ...,Xm),

(1)~
m =r—det(X,X1,X2, ...,Xm_]).

m

Hexait 7= " )lc ” . Toni

=[5, 4] (5] == 200 ()= 0= n)-
—(x,%)& — (x5, %) & — .. = (X, X)E,, =
(x,%)T,, =(x1,x) det (X, X, X5, .., X, ) +

1 |+(x,x) det (X, X),X;5,..,X,)~

rm “‘(X3,x) det (X,X],Xz,X4,...,X'n)+...+

+(=1)"" (x,,,x) det (X, X}, X5, o Xy

% m—1

SIKIO BU3HAUYHUK

Am+l=(x2,x) (x2,%) (x2,%) ... (x2.%,,)

(%) (XpsX)) (X>X2) oo (XpXp)

PO3KJIACTH 3a €JeMEHTaMU MMepLIOro psAaKa, AiCTaHEMO CyMy, LLO
MIiCTHTBCS B GirypHux Ayxkkax nonepeansoi piBHocTi. Otxke,
zicranu gopmyny

2 _[1 1 _Am+l

(s 1) e o

m
INeperBopumo Bu3HauHuk A, . [lepmii ioro psaok nepecras-
NIEMO NOC/IZOBHO 3 KOXHHM i3 pAAKiB JOTH, JOKU BiH He 3aiime

Micue octaHHboro psaxa. flepiuuii croBneUb NEpecTaBIsAEMO M0-
CIOBHO 3 KOXXHHMM CTOBMLEM JOTH, AOKHM BiH He 3aiiMe Micle
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ocTaHHbOro croBnus. [licns Takoro nepeTBOpeHHs BU3HAYHMK He
3MiHUTBCS, Xoua i Habyne BUTIALY

(xi.x)  (x,x3) oo (3¥.%m) (%,%)
(x2,%)  (x2,%) ... (x2,%,) (x3,%)
Ay Teeeeii =
(xpsx1) (Xmsx2) oo (XpsX) (X5 %)

(xx) (ox) .. (6x,) (xx)

=T(x), Xy, cons Xpys X).

L .
OcraTtouHo ang A= x| aicranu

T(x), X35 cous Xy X)
w2l L L) DX e X, X)) 5
(x, x] T(xp, %, s X ) ©)

Teopema 3. Axkwo 6eKmopu X|,Xy, ...,X,, JIHIUHO He3anexdCHi,
mooi
T (x,%p, 00X, )>0.

HoBeaeHHs 3AIHCHUMO 3a JOMOMOrOK IHAYKLUIT 32 uMcioM m
Bekropis. Skiwo m =1, roai I'(x;)=(x,x)>0. [punycrumo, wo

TBep/DKEHHS TeOpeMH Mae Micue Ans m—1 JiHiiHO He3anexHux
BEKTOPIB.

Slkwo L =L(x,...%, ) — mniHiiina oGonoHKa BeKTOpiB

X)sXys s X1, TO X, € L. Topi mogamo x,, y BHIIALI CyMH
L

A A . . L
Xy =X,, +Xm, A€ X,, — OPTOrOHasbHa Npoekuis Ha L i xm — op-
. L .
ToroHaneHa ckiagoa A0 L. Ockineku xm #6, TOOI
1
o =[fonl 0.
3acrocysasuiu ¢popmyiy (5), MaTHMEMO

R =($m,J%mJ=r(""xz""’x'"“’xm)>o. (6)
T{(x), %55 e Xy )

3a npunywennsm iuaykuii  [(x,%y, .., %, )>0. Tomy
L (%), ooy Xppys X ) > 0.
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FeomempuyHa iHmepnpemauis
eu3Ha4yHuKa pama
AKWo x(,X9, ...y X,, — NHIUHO HE3ANEIHCHI BeKMODU,

mo m-eumipnum napanenenineoom I, npocmopy R, nobydosanum
HA Yux 6eKMOpax, HA3UBAEMbCS MHONMCUHA 6Cix moyok x € R’

maxux, Ons AKUX Mae micye Jiniuna kombinayis

xX=Mx; +Axy + oo + A4, 0SA; <1, j=lm
O6’em V,, napanenenineaa [, BusHauaeTbcs iHAYKUIEO 32 m.
Jina 6yab-axoro k (1< k<m) nosuaunmo uepes L = L(x;,x,
w»Xp) — JIHifHY OGONOHKY BEKTOPIB  Xy,Xp, ..., X : [, =
=T (x,%;,...% ). Ha nigcrasi dopmynu (6) matumemo

1

1 .
1 X, — OpTOroHajlbHa CKlaaoBa X,

r
k X,

Fpa
BiaHOCHO mimnpoctopy Ly (k > 1). Toai V; = /(x,x,) =\/I“_l -

=h}, ne h, =

1
JoBxwuHa BekTopa x; V, =V, -h,, ne h, =|x,| — Bucorta mapaie-

norpama Il,, noGymoBanoro Ha Xx;,x,. Hicraemo V, =.T5,;

1
Vi=V;-hy, ne by =| x;

Otxe, V3 =,/F3.
IMponosxyroun Halli MipKyBaHHsS, HapewlTi 3Halifemo V,, =

— BHACOTa napa.neneninena 3 OCHOBOIO nz.

1
=Vm—l 'hm’ne hm =Xm

[pey. Tomy ¥, = T,,.

Ipukaag 2. Hexaii y npoctopi R ckanspuuii 106yTOK BEKTOPiB
x=(&,&, . &,) 1 y=(N, Mz, .., N, ) BUBHAYEHO NIPABHIIOM

(xay) = iéknk 4
k=1

Jns cucTemMy NiHiiHO He3aneXXHUX BEKTOPIB

— BUCOTa Napaseneninena I, 3 0CHOBOK

X = (& Eops o e )y k=11
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CKIaAeMO MaTpHLIO

E.;I 1 &]2 N &]n
X = &21 é’;22 §2n
&nl §n2 e E-mn

. T T 2 T
Tomi |X7-x|=|x"|-1x1=1XxI*. Pasom 3 mm [X7.X|=
=I'(x,,%,, ..., X, ) — BA3HAYHUK ['pama BEKTOPIB X;,X,, ..., X,, .
O6’em napaneseninena, yTBOPEHOro LMMH BEKTOpaMH, J0piB-

Hioe V,, =T (x,x,, ..., X, ) — MOZLyJIIO BU3HA4YHHKA MATPHL.

Otxe,
&ll ng v &ln
Vn = mod §21 &'22 T é2n )
(t:n] &n?. o &nn

Onepxana GopMmyna — y3aralbHeHHs BifloMux Gopmyn L
obuMCcneHHs Mol napanenorpamMa Ta 00’eMy napanenenineia
BiZANMOBIZHO B pocTOpax RiR.

Bnpaeu

1. TlianpocTip M 3aJaHo CHCTEMOIO JiHifiHUX PiBHAHD
28+ &, + & +38, =0,
3 +28;, +285+ &, =0,
€ +28, +28;-9¢, =0.
3HalTH OPTOrOHANBHY MPOEKLi0 Ta OPTOrOHANbHY CKIaJ0BY
sektopa X = (7,—4,~1, 2) BinHocHo M.
2. Hexaii M — nigiitauii nianpoctip B R" . Biocmannio i0 moy-
KU, 3a0aHOi 6eKMopom X, 00 M Ha3UBAETbLCA MiHIMYM JIOBXXHH Be-
KTOpiB ||x-u|| , ne u mpobGirae M. JloBecT, L0 BiACTaHb d

JIOPIBHIOE [OBXHHi OPTOrOHANLHOI CKJIAL0BOI )Jé BEeKTOpa X
BiHOCHO M.

3. Hexait L=a+M — ninifiunit 6araroBua 3 6a3ucHUM mift-
npoctopoM M. BiacTaHHio Bill TOUKH, 3a]1aHOi BEKTOPOM X, 10 L
HA3UBAETHCA MiHIMYM JIOBXWH BekTopiB |x —u|, Ae u npoGirae L.
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HosecTn, 10 BiacTaHb d JOPIBHIOE NOBXKHUHI OPTOrOHAJILHOT CKNa-
A0BOi BEKTOpa y = X —a BIAHOCHO MiAnpocTopy M.

4. 3uaiiTy BiACTaHb TOYKH, 3afaHOT BEKTOpoM x = (4, 2,-5, 1)
A0 NiHilHOro 6araToBUAY, IO BU3HAYAETHCS CUCTEMOIO PiBHSHb
2x] "‘2X2 + X3 + ZX4 = 9,
2xl "4X2 + 2x3 +3X4 = 12
S. Hexali B eBknigoBoMy npocropi 3ajaHo jiHiIAHMIA mig-
npoctip M i BekTop x. Kymom mixc eexmopom x i nidnpocmopom
M nazuBaetbes HaMeHLINI 3 KyTiB, AKKIT YTBOPIOE X 3 BEKTOpaMH
i3 M. JloecTy, 1o KyT Mix x i M 10piBHIOE KYTY x i #ioro oproro-
HaJlbHIl npoekuii ¥ Ha M.
HosecTu, o cepen BexTOpiB mianpocropy M Toil camuii KyT
3 BEKTOPOM X YTBOPIOIOTb BEKTOPH BHAY A - X, A >0 , i iLLe BOHH.

6. 3naiit1 KyT Mix BekTopoM x = (-3, 15, 1, —5) i mianpocTo-
pOM M= L(a],a2,a3) 5 He al =(2, 3, _'4, "6), 02 =(], 8, _2, "‘16),
a; =(1,-5, -2, 10).

7. Hexaii L i M — niniiini nianpoctopwu. JosecTu:

L

a) (M J‘) =M (TeopemMa nBoicTocTi);

6) (L+M)" = A M*,;

B) (LAM) =I' + M*.

8. Jlosectn HepiBHicTs I'(X),%y, ..., X, ) ST(x)(x,) -+ T(x,,)
(nepisnicmb Adamapa).

Bka3siska. JIoBecTH Ans JiHiHO He3anexHHUX BEKTOpiB, BU-
KopHcToByouu opmyay (6).

§ 7.3. OproroHanisauis cuctemu BekTopiB.
OpTtoHopmMoBaHui 6asuc

O3nauenna. Ynopaokosani cucmemu 6exmopie
A=(a,ay,..,a,); B=(b,b,,... 5,),
CKIa0eHi 3 0OHAKOBO20 YUCNA M GEKMOPIE, HA3UBAEMO eKaisa-
newmuumu (nosnavaemo A =B), axujo ona xoocnozo p=i,_r;
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niocucmemu (a],az,...,ap> i <b|,b2,...,bp> JNHITHO exgisanenm-

Hi, mobmo ix ninitini 06on0oHKU 36i2arOMuCs.
L(a,,az, s ap) = L(b] ISP b,,) .

O3nauenna. Opmozonanizayielo ynopaoxoeanoi NiHiuHo-He3a-
JiedncHoT cucmemu. A = <a] sy ey am> BEKMOpI6 HAUBAEMBbCA 3aMIHA
ii Ha nosy ynopsokosany cucmemy b =<b1,b2, s b ) 8exmopig

m
3 MAKumMu 81acMugoCMAMY.

1) A=b;

2) cucmema b — opmozonanvha.

Teopema 1 (npo opmozonanizayiso). byoe-sKy ynopaoxkosamy
cucmemy A = (a, 3 Qs e a,,,)moofcya opmozonanizyeamu. Byov-axi
chocobu opmo2oHani3ayii NiHitHO HE3ANeHCHOL cucmemu gexmopis
36008mb ii 00 €OUHOI HOBOI CUCMeMU HEHYIbOBUX BEKMOpIG 3
mouHicmio 00 CKANAPHUX MHONCHUKIS.

TloBenenns. Byayemo sosy cucremy B=(b,b,, ..., b,) Bex-

TOpiB 3 MOTPIGHMMH BJACTMBOCTAMH TIOCNIZOBHO, NOYHHAIOYH 3
BekTopa b, .

TMoknagemo b, = a, . [IpunycTumo, wo p > 1 i Bxe nodyaoBaHo
OPTOrOHANBHY CHUCTEMY <b1,b2, ves bp_]> BEKTOPIB, €KBiBaJICHTHY
nigcucTeMi (al, ay, ap_]> i3 A= (a,,az, s am). [pu usOMY
pisHi ix niHiiiHi 060MOHKH:

L(al,az, - ap_l)'= L(bl, by s by ) =M.

TMo6yayemo BekTop b, . [l 1bOro PO3KIANEMO BEKTOp 4, Ha

a L A - . .
CymMy ap = Clp +ap, ne ap — Horo opTorosajbHa MpoeKiiia Ha Mi

L 1 L
ap — OpTOroHallbHa CKJafoBa (ap L M). Moknanemo b, =ap =

=-a,+a,. Tyt -a, € M i, omke, —a, NiHIAHO 3a/1a€TbCS BEK-

TOpaMH bl’b29 weey b —&p =B]b1 +B2b2 + ... +Bp_‘bp_| . TOMy

p-1>
b, nomaeTECA y BUFAAI CYMHU
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bp =Blbl +sz2 + ... +Bp—!bp—l +ap

3a mobynosoio cucrema BekTopiB by, by, .., b, |, b opToro-

p-1>"p

HalbHA. 3aNMILAETLCA MEPEBIPUTH PIiBHICTH L(b],b,_,..., bp)=

= L(a,,az, e ap). Jins ubOro ROCTaTHLO NMEPEBIPUTH BKIIOUEHHS

bpeL(al,az,...,ap_,,ap) i a eL(b,,b,,... p],bp). [epiue

BKJIIOYEHHA: OCKiNbku b, =a,~-a, i -a,e€ M =L(a,a,,..,

a,. ) ,Toni b, € L(al, - ap_,,ap) . Jlpyre BKIIOHEHHS: OCKi/IbKH

A 1 A . .
a,=a,+ap=a,+b, i a,e M= L(b,,bz,... bp_) Toai

a,€ L(by,.byysby).

[IpogoBxyioun pami TakuM >k€ 4MHOM, Ha m-My Kpoui
AicTaHEeMO MOTPiOHY CUCTEMY BEKTOPIB.
[TpunycTumo Tenep, 1o chucTeMa BEKTOpiB A = (a,,az, a,,,)

nidiiHo HesanexHa. [TokaxeMmo, Lo BCi BEKTOPH 0iepXkaHoi opTo-
FOHANbHOI CHCTEMH B=<b],b2, vy bm) BiAMiHHI Bill HyJBOBOrO
BEKTOpA.

IMpunyctmo, w0 BekTOp b, =8 (3posymino, wop>1).

. L1 A A
Ockinekn b, = ap=-a, +a,=0,10 a =a, € M. Bexrop a,

P
NiHIAHO 3aNeXHTH Bl a;, ay, ..., a,.;. Hicranu cynepeuHicTs.
Omxe,b #0, b, #6,...,b, #6.
HloBeneHHs eanHocTti. Hexait C=(cl,cz,...,c,,> ~ TpeTs

CHUCTEMA BEKTOPIB, fika Ma€ Ti cami BIACTUBOCTI, IO i cuctema b:
1) A=C;
2) C — opToroHajibHa cucTema.
Hns Gynp-sixoro p, 1 < p <m, maeMo piBHOCTI

L(a,,...,ap_],ap)=L(b],...,bp_l,b,,)=L(c],...,cp_l,cp).
Toni  b,=x+A-c,, e x€M=L(b,b,..b,,)=
-L(cl,cz,. ,,_1) . Tomy b, nonaerbcsa y Burnazi niuiiisol
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kom6Ginauii b, =Ab + ... +A, b, +Ac,. Bexropu b, i c,

OpTOrOHATbHi /10 BCiX BEKTOPIB &y, by, ..., b, - 3BiacK Aicraemo
0 = (b{)’bl) = (}\-]bl + ... +)\vp_|bp_1 +}\:Cp, bl ) = A" (bl’ b] ) .

Ockinbku (by,b)#0, ToA; =0. AHaJIOMYHO BCTAHOBIIOKOTb-

cs pisHOCTi Ay =0,...,A,; =0. OCTaTO4HO MAaTHMEMO PiBHICTb

b, =A-c,, A #0. Bona npasunpHa ais Oyap-akux p=1,m.
BuksiaieHuii Npy JOBEEHHI TEOPeMH METOJ OpToroHamisauii
YTOpAAKOBAHOI CHCTEMH BEKTOpiB A = (a,,az, vees a,,,) Ha3MBAETDb-

Csl NpoYecomM OpMOOHARI3AYi. HMoro mosua onucati y BUIIAAL
npasuia (anropuT™a):
A) Obupaemo by = aqy ;
B) Slkuio BekTOopu by, b, ..., bp_1 nobyaoeaHo, TOAi BEKTOP
b, (p>1) mMaTiMeMo y BUFIAA
b[) =Blb] +B2b2 + ... +Bp—|b[)—l +ap .

Koeoiuientu B;,8,, ..., B, 06uHCI0IOTHCA 32 YMOB

(b5 )=0, (B,,b,)=0, ., (B,0,1) =0
TIpaBKaO MOXHA Ji€ B HOMY MOMIHSATH!
A) O6upaemo b =Pa, (B # 0);
B) flxwo Bextopu by, by, ..., b, | MOOYNOBaHO, TOAI BEKTOD
b, (p>1) 3HaXonMMO y BUIJIAA

by, =Biby +Boby + ... +Bpibpt +B,a, (B, =0).

Koediuientn B;,B,, ..., B,-; 06uncIo0TLCS 32 YMOB
(8s81)=0, (Bpsb2) =0, e, (Bpsbpt ) =0

INpuknax. Y nidilfinomy npocropi R* ckanapuuii 106yToK
sextopiB x =(&;,&,,85,84), »=(N1;M2,M3,M) BUIHAUAETHCH
3aKOHOM
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(x,J’) =gEm +Emy +E&m; + &4,

OproroHanisyBaru cucTeMy BEKTOpiB

aq=(1,1,1,1),a,=(3,3,-1,-1), a; =(-2, 0,6, 8).

Po3B’a3aHHs.

1. IMoknagemo b, = a; = (1,1, 1, 1).

2. Binwykaemo b, =& +a, 3a ymosu (by,5)=0. Jins He-
o3HaueHoro koediuienta 3 matumemo pisusnua B(b, b))+
+(ay,b)=0. Ockineku (b.by)=4, (ay,B)=4, T0 B=~1.
Omxe, by =(-1)b +a, =(2, 2, -2, -2).

3. Binutykaemo by =b +B,b, +a; 3a ymos (by,5)=0,
(b3,b,)=0. [licranemo piBHaAHNS 1151 KOEDILIEHTIB B, iB,:

Bi (b, o) +(as,5) =0, B, (b, b,) +(a3,5,) =0.

Ockinbku (B,b)=4, (a,4)=12, (85,5,) =16, (a5,8,)=-32,
10 B, =-3, B, =2. 3uaxoaumo

by =-3b +2b, +a; =(-1, 1, -1, 1).
Omxe, BeKTOpaMH HOBOT CHCTEMH ByayTh
b=(1,1,1,1), b,=(2,2,-2,-2), by =(-1, 1, -1, 1).

3ayBaxxeHHsa. B xoai moBemeHHs Teopemn 1 BCTaHOBNEHO,
IO KOMM B Mpoueci OpToroHanisauii cucreMu BekTOpiB ay,

ay, ..., G, HA IEAKOMY p-MY KPOLi OJIEP)KYETHCS HYJILOBHI BEKTOP
(bp =9), TO L€ 03HAYae, WO BEKTOP a, JiHIHHO BHpaxaeTheA
4epe3 monepenHi BEKTOPH 4@y, dy,...,d,_;, d CHCTEMa BEKTODIB
a,,a,, ..., @, NiHIHHO 3aNeXxHa.

Osnauenna. basuc E = (el, €, e,,) €6KNI006020 NPOCmMOopy

R" nasusaemocs opmonopmosanum, axuo ein opmozonansnuii i
Hopmu_ 6cix tio2o eexmopis Oopisnioloms 1:(e,, e, )=0, axujo

izk,ie||=1 o018 6yo6-aux i=1,n, abo
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( ) 1, axwyo i=k;
e,e )=
. 0, axwo i #k.

I3 6yap-sixoro 6aszucy A =(a,,a2, s a,,) npocTopy R’ MoxHa

noGy/yBaTh OpTOHOpPMOBaHHii 6a3uC TakuM YMHOM. 3a ponomo-
rol0 mpolecy opToroHanisauii 3 6asucy A oTpumaEeMo OpToro-
nanbHuit 6asuc B = (b, by, .- b,). I3 ocraumboro Gasucy nic-

TaHeMO OpTOHOpMOBaHui 6asnc E =<e,,e2, s e,,} , SKUIO MOKna-

AaTH

e =—l- b,i=1n.

ol -

Teopema 2. Hexaii E= (e] 5 €05 wens e,,) — opmonopmosanuii 6a-
suc eaxnioosozo npocmopy R’ . Axuo &,8&,, ..., &, — xoopounamu
gexmopa X, @ M;sNy, ..., N, — KOOPOUHAMU 6eKmMOpa y 6 YoOMy
6asuci, mo ix ckanapuuii dobymok (x,y) obuucmoemecs 3a
¢popmynorw

(x,y)=&m +EMy + . +EM,- (M

JoseneHHs. OCKinbKH
X =E_,1e| +&2€2 + ... +&nen iy =n]el +n262 + ... +‘Y‘|nen,
n
10 (ny)= 2 EMelener)- Ane(e;, e )=0, skwo i#k, i
ik=1
(e, e, )=1,axwoi =k . Tomy

(x,y) =Z =Em, +Emy + . +EM,-

Slkuo B opToHOpMoBaHoMY Gasuci E BextopH x i y nojaru y
BUIAL] CTOBILIB iX KOOpPAUHAT

& ™

& N2
Xg=| . PYET ’

& M
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TOAI CKanAPHHUIi JOGYTOK 3aNMCyIOTh TaK:
(x,y)=x""y. )

Y eBkninoBoMy npocTopi R’ 3py4HO NpoBoANMTH onepadii 3 Bek-
TOpPaMH BIJHOCHO SKOro-HeGyab BUAIIEHOr0 OPTOHOPMOBAHOIO
Gasucy, koTpuii Bifirpasas 61 poib cTaHxapTHOro Gasucy.

Teopema 3 (npo izomopepizm). Hexaii V, i Vo~ esxnioosi
npocmopu, cmpykmypa akux eusnavena na 6asi apugpmemuunozo
AiHiH020 npocmopy R' ckarsprumu dobymxamu (x, y), i (xy),

6eKMopis X, y 8i0nosiono. Icnye obopomnue niniiine nepemeopents
A npocmopy R, sxe 3bepizac cxanspnuii 00bymok midc 6ex-
mopamu:

(%,5),= (A, A)), -

MloBenenus. Obepemo B niniitHoMy npocTopi R’ skuii-HeGyab
OpTOHOpPMOBaHMii 6asuc E=(el,e2,...,e,,) BiJHOCHO CKalsipHO-
ro nobyTky (x, y)l, T06TO B €BKJIiAOBOMY mpoctopi V. ko
x=Ee +&e +.. +Ee, | y=me +1,e, + ... +1,¢,, TO (x,y)l =
=Em+Emy + .. +E,.

Anaroriuho obepemo 6asuc @ =(f£.£,....f,), oprouop-
MOBaHHH BiIHOCHO CkanapHoro 3obytky (x,y),, To6To y npoc-
Topi V.

Ha ocHoBi Teopii ninilinux oneparopis icuye niuiiine nepe-

TBOpeHHs of apudmeTHuHOro BekTOpHOro npoctopy R” Take, ans
SKOTO

C)q(ek)=fk, k=1,—n

Bono eaune i o6opote. [Tpu usomy

5= A@=3ES .
k=1

A
k=l
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Ckanspumit  106yTok  (x1,%), = (@A), A(y), =2 &M -
k=1

Ticranu pisuicts (x,y), = (Ax), A)), -

TeopeMy 0BEACHO.

3ayBaxeHHs. Paniwe B 3aranbHiii Teopii NiHiAHAX PiBHAHB
6y10 BBEJEHO MOHATTA CIPSKEHOro MiANPOCTOPY AMs 3alaHOro
NiHIfHOTO MiAMPOCTOPY BEKTOPHOTO MpocTopy P’ Han A0BiNbHUM
nonem P. Slkwo mianpoctip M Gyae niHifiHOWO 000NOHKOW
L(ay,ay, ..., @) CHCTEMH BEKTODIB

al =((1”,(x|2, veey (x|,,),
ay = (0L, Ogas e 0ap)s

ay = (aml’ Ay vees a‘mn)’
- . . hd . .
TO cnpskeHWil mianpocTip M — MHOXHHA BCIX po3B’A3KiB CHC-
TEMM OJHOPIAAHUX PiBHAHB

oy &+ gy + o +oy,8, =0,
Oy &y + 08y + o + 09,8, =0,

Hexaii 0ocHOBHMM TioneM Gyze none aificuux yucen R. Toai B

. . - . B *
eBknizoBoMy mpoctopi R’ crnpsmkenui miampoctip M And
M =L(ay,a;,...a,) 30GIracTbcs 3 MHOXHMHOK BCIX BEKTODIB

x € R, opTOroHaNbHNX BEKTOPAM CHCTEMH Ay, «.o Apy -

(a1,x)=0,
(ay,x)=0,
(apx) =0

.
Inakiue kaxyuu, M 36iracrscs 3 OPTOroHanbHHM JOTIOBHEH-
Ham Mt
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Bnpacsu

1. 3actocyBaBluu npouec OpTOroHatisalii, 3HaWTH OpTOro-
HanbHuii Gasuc mianpocropy L(ay,ay,a3,4,), ae a; =(2, 3, -4,
-6), a, =(1, 8,-2,-16), a, =(12, 5,14, 5), a, =(3, 11,4, -7).

2. JlonoBHUTH cucTeMy BexTopiB a; =(1/2, —1/2, 1/2, —1/2),
a, = (-1/2, 1/2, 1/2, ~1/2) no oproHopMoBaHoro 6asucy.

3. 3HaiiTv cucremy niHiiHUX piBHAHb, sKa BU3HAYaTUMe Jii-
HiliHW# nignpocTip M, HatarHyTHit Ha BekTopu a, =(1, 0, 0,-1),
a=02,1,1,0,a=(1,1,1,1), a,=(1,2,3,4), a; =(0, 1, 2, 3).

4. 3uaiiTn 6a3ucu cymu Ta nepepisy AiHiliHUX nignpocTopis
M, =L(a,ay,a5) i My=L(b,b,,b), ne a =(1, 2, 1, -2),
a,=(2,3,1,0), a3 =(1,2,2,-3); b =(1, 1,1, 1), b, =(1,0, 1, -1),
b =(1,3,0,-4).

5. [TigmuoxuHy K, eBKigoBoro npocropy R’, ckiageHy 3 ycix
TOYOK X = (f;], €. &y), ans AKMXO0<E <1, 0= 1,7, HasuBaTH-
MeMo n-gumipnum Kybom. Toukn a=(g,€,,...,€,), ae € =0,1,
Ha3BeMO HOro gepuwuxHamu, TPUYOMY NPOTHIIEKH]I BEPUIMHU BH-
3HauMMO AK a=(g,€,,...&,) | a=(%,%,...§,), ae § =1,
ako € =0,iE =0, akwo g, =1.

JIns NpOTUIEXHUX BEPUINH @ | @ MHOXHHY BCiX TOUOK BUAY

x=Aa+pa, A20,u20, A +u=1
Ha3BEMO diazoHannio 3 Kinysmu a i a .

A) 3HaiiTu uucno niarovanedf n-BumipHoro kyba K, opro-
FOHAIBHMX JI0 JAHOI iaroHani;

B) 3uaiiTu noexuHy AiaroHani ky6a Ta i rpaHULIIO MpU# —> oo ;

B) JloBecTy, 1o opToroHaibHi mpoekuii BeplwuH kyba K, Ha
6yab-sKy AiaroHanb AinsTh i HA 1 PIBHUX YacTHH.

6. Hexaii R,.; — eBknigoBuil npocTtip ycix MHOro4ieHiB Bin

3MiHHOI f cTeneHs < », Ae ckansipHHii 106yTok MHorouneHis f{f) i
g(#) BU3HAYa€ETbCA 3aKOHOM

1
(f.8)= [fWgwt.
A1
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JloBecTH, 1110 MHOTrOUIeHH Jlexanapa

P()=1 P(t)——]-—itz—l)" k=1n
OV R ey drt o

CTAaHOBNATH OPTOrOHaNbHMIA Gasuc wporo npocropy. Ilokasary,

1110 KoJM o 6asucy 1, ¢, 2, 1"

npocTopy Ry+| 3aCTOCYBATH MPO-
Lec opToroHanisauii, To AicraHemo MHorounexu fo(¢),£,(f), ...,
£,(®) , AKi 36iraTUMyTLCS 3 MOCHIZOBHICTIO MHOrOUNEHIB Jlexauapa

3 TOYHICTIO A0 CTaNUX MHOXHHKIB.

OpmozoHansHi Mampuyi

O3nauenna. OpmozoHAnbHOIO HA3UBAEMbCL MAM-
puysa nepexody 6i0 00HO20 OPMOHOPMOBAH020 6Aa3UCY eBKNI00B020
npocmopy 00 iHUWLO20 OPMOHOPMOBAHO20 Basucy.

Hexaii E = <e1, €95 e en> — OpPTOHOPMOBaHUi 6a3uc npocropy
R'i ®=(f}.fs,..f,) — iHwmii (HoBuit) oproHOpMOBaHHIi GasuC.

[lonaemo BekTopH i3 Gasucy @ y BURMIALL JNiHIAHMX koMOiHauii
BekTopiB H6asucy E:

f}t = xlke] +kaez + ... +xnken, k = l,n .
Toni matpuLeto nepexony Oyne
Xu X2 - Xin
X< Xa1 X2 -+ X2n
Xni Xn2 o Xnn

3uaiiieMo (yHAAMEHTANbHI CTiBBiHOIIEHHS MK eleMEHTaMHu
X Ui€ei marpuui. Ckanspuuii 106yTOK (f,.,fk), obuucneHuil B

Gasuci E, nopiBrIoE cyMi XXk + X2iXak + -t XniXomie - ANE ANA
BEKTOPiB i3 6a3ucy ® BUKOHYIOTHCA PiBHOCTI

(1)

3Bifcu AicTaemo cucTeMy piBHOCTEMH
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0, sxwo i #k;

XiiXue ¥ XoiXoe + oo F XpiXome = ) 3
I, akino 7 = k.

Cyma no0yTkiB BilNMOBiAHMX eNEMEHTIB Pi3HUX CTOBMILIB MaT-
pHUi JOpiBHIOE HYNIO, a CyMa KBAJIpaTiB e/leMEHTIB OHOIO CTOBII-
L 1OPiBHIOE OAMHHULL.

CniBBiniHoweHHs (3) KOPOTKO MOXHa TNOAaTH y BHIAAL
MaTpU4HOi piBHOCTI

Xit X2t - Xm Xt X2 - X
x'. x= Xi2 X2 Xn2 | | X1 X22 Xon | _
xln in er an XnQ xnn (4)
1 0 . 0
0 1 0
= =F.
0 0 1

Teepooicenna 1. Busnaunuxk 00ginoHol opmozonanviioi mampu-
yi Oopisnioe 1, abo —I.
HoBenenHs. Hexait X — oproroHansHa matpuus. I3 piBHoCTI

X" .X=E sunausae, wo det (X" -X)=detX' -detX =detE=1.
Ockinbku det X’ =detX , To (det X)? =1. Tomy det X ==1.
Teeposcennn 2. Opmozonanvna mampuyst X obopomua i
x'=x". Q)
HoeenenHs. Ockinbku det X =+1, To X Mae oGepHeHy marpu-
wo X' I3 piBHOCTI (4) 3HAXOAHMO X" -X)-X'l =Xx"! 3iu-
woro 6oky X' -(X- X )=X", atomy X" =Xx"".

Bnpasu

1. Tlokasary, Wo konu AificHa KBaipaTHa Marpuus X miako-

PAETHCA CHiBBiAHOLIEHH!O (4) X 7. X = E , 7o BoHa OpTOroHalbHA.
2. JlosecTy, 1110 koM X — OpPTOTOHANbHA MATPHULIA TIOPSIKY A, TO
. T . 7
Ans Oyne-skux sekropis x=(§,&,,...8,) i y=Mmyny...M,) s
3a/laHuX B OPTOHOPMOBaHOMY Ga3uci, BAKOHYEThCS PiBHICTD
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(xy)=(Xx, Xy)

(3akoH 36epexeHHs cKalipHOro 4o6yTKY).

3. Hexaii na pesaxiit Muoxuni G 3anaHo onepauiio — QyHK-
uis ABOX 3MiHHMX, IO MOJAETbCA Y BUrAsAi a-b=c, i Taka,
IO CTaBUTb Y BIAMOBIAHICTH KOXHii BnopsakoBaHiit napi
(a, b) nesxuit eneMeHr c:

a-b=c,

NPHYOMY TaK, L0 BUKOHYIOTbCA TaKi BAMOFH:
1. Bracmusicme acoyiamuenocmi

(a-b)-d=a-(b-d).

1. IcHy€e Takuii eNneMeHT e, 110 Ans OyAb-SKOro eNeMeHTa a
a-e=e-a=a

(e — oOunuyHull, a00 HelimpatbHUll enemenm).
M1 JIns koxHoro a € G icHye eneMeHT x € G Takui, 10

a-x=x-a=e.

EneMeHT x Ha3uBAECTLCA obepHeHum ISt a i TO3HAYAETHLCA al.

MuoxuHa G y UbOMY BUNIAAKY Ha3UBAETLCA epyroio.

KpiM Toro, Moxxe BUKOHYBaTHCA BUMora IV. Bracmusicmb komy-
mamusnocmi: a-b=5b-a. Togi rpyna G Ha3UBAETLCA KOMYMamus-
Hoto, 400 abenesoro (Ha YeCTh HOpBe3bkoro Maremaruka H. AGens).

[MokasaTH, IO MHOXKMHA BCIX OPTOrOHANbHMX MaTpyllb Mo-
pAOKY » CTAQHOBUTH IPYyMy BiJHOCHO onepauii MHOXeHHs. BoHa
Ha3MBAETHCS OPMOLOHAILHOIO 2pyhoio | N03HA4a€Thes O,

Hexaii F — MHOXMHA BCiX MaTpHLib BUAY

co —sin
. ( S TINP) h<q<am.

sing cos¢Q

[Mokasaty, wo F — KOMYTaTHBHA TPYyNa, sika HaNEXHTb rpyni
0, (To6T0 € ii nigrpynoto). [TopiBHATH 11 3 MYNBTHMIIKATHBHOK
rpynoto K BCiX KOMNIEKCHUX YKMCEN 2, JUIA AKMX |z| =1.
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§ 7.4. Ilinindi nepeTBOpEHHA
eBKiA0BUX NpocTopiB

Hapani ckopucTaeMocs 3aralibHONPUHHATHM y Ma-
TeMaruli MO3HAYeHHAM ANA eBKJIiNOBMX mpocTopiB. Hexaii ni-
Hilthuit nignpocrip L po3knagaerbes y npsaMy cymy

L=L,®L,®.@DL,
NONapHo OpPTOroHANbHUX MianpocTopis L, L,, ..., L, .Toxi
L=LI ..LL2 1. J_Lm.

3okpema, eBKJIiAOBUI npocTip R’ pO3KNanacTbess y npsamy cymy
niHiiiHoro mianpoctopy M i i0ro OpTOrOHANLHOrO AOMOBHEHHS:

R'=M1M*.
HiiicHa MaTpuus
Oy Oy Ay
4 Qg O oM
aml a’m2 O"mn

pO3MipHOCTI m X n BU3HAuac JiHifiHe NepeTBOpeHH
A:R'—>R"

eBKJIiZoBOro npoctopy R’ B eBkiainosuii npoctip R”. Jlna #Horo
To4HOro onucy obepemo B R’ i, BimnosinHo, B R” ski-HeGyab
OpTOHOpMOBaHi Gasucu i 3adikcyemo ix. Toai NiHiliHe nepeTBo-
PEHHS 331aMO 3aKOHOM

y=A-x,

A€ X — CTOBMeUb KOOpAMHAT BekTopa x € R’ , a y — crosneup
KOOpAMHAT MepeTBOpeHOro Bexropa y =A-x € R (y BianosigHo
obpaHux 6azucax).

Haranaemo o3HadyeHHs siapa ta obpasy JiHiHHOro neperBo-

PEHHS.
Slapo KerA={xeR" 4-x=0}.
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O6pasImA={yeR"™ y=4-x,xe R'}.
Jema. [Tna 6y0v-sxux eexmopie x € R', y € R" guxonyemocs

pisicmb
(4-x,y) =(x,A”'y) .
JloBeneHHA.
(Ax,y)=(4-x) -y=x"-4" y=
(4 y)=(x.47).

Teopema. [na 6ydo-skoi diticnoi mampuyi A=(0 ) posmip-

HOCMI M XN GUKOHYIOMbCA PIBHOCMI

b
Kerd=(1md" ), (A)
R"=Kerd L ImA4". (B)

3oxpema, axujo mampuys A cumempuyna, mo

R'=Kerd 1L Im4, (Bo)
R"=1Imd LKerd", (B)
Kerd = Ker(A"' -A), )
Im4” =1m (A”' -A) : (n)

JoseneHHs piBHOCTI (A).
Hexaii xe Kerd i ze€ ImA’ . Toxni z=A4"-y, ne ye R".

Maemo (x,z)= (x, ATy) =(dx,y)= (8,y)=0. Ockinbku x — J0-
BinbHuii BekTop i3 Kerd, Toai z€ (KerA)L. lle o3Hauae, U110
Im4" < (Ker A)l. 3BijcH AICTAEMO BKIIOYEHHS

Kerd C (ImAT )l .
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Hns  foBeneHHs  oOepHEHOro  BKJIOYEHHS  00MPaeMo
ze (lmAT )l. Lle o3Hadae, 10 BEKTOpP z OPTOTOHANLHUN OyIb-
sikoMy BekTopy x i3 ImA’ . Slxwo x=A4" -y, ye R", o

(z,x)= (z,ATy) =(4z,y)=0

ans Gyab-akoro y € R”. Lle MOXIMBO e Y TOMY BHMAAKY, KO-
m Az =0, To6T0 KONM z € KerA4 . [lictanu oGepHeHe BKAIOYEHHS

Nt
(md")" cKera,
a 3BiacH i NOTpiGHY piBHiCTDL
Nt
Kerd = (ImA ) .
13 piBHocTi (A) BunuBac pisHicts (B):
R'=Kerd L Im4" .
I3 pisHocTi (B) 3amiHoto 4 Ha A OTPUMAEMO piBHicTh (B):
R"=1Im4 L Kerd" .
A Tenep noseaemo piBHicTb (7). OAHOCTOPOHHE BKIFOUEHHS
Ker 4 ¢ Ker (AT -A) oyeBUIHE.
Hexaii Ttenep xe Ker(AT -A), 10610 4" - AX=0. Toni

(x,A’['-Ax):O, a tTomy (Ax,Ax)=0. e MOXIMBO nuile Npu
A-x=6, 106T0 x€ Kerd. JloBeaeHO OOGEpHEHE BKIIIOUEHHS
Ker(AT -A) cKerd.

Tenep noseaemo piBHicTb ().

Ha mincrasi piBHocteii (A) i (I") onepyeTbes Taka Mociuigos-
HICTb piBHOCTeH:

Im 4" =(Ker4)* =[(KerAT .A)]l -
=Im|(4" -A)T =1m (4" - 4).
Teopemy noBeneHo.
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§ 7.5. CnpsxeHi onepatopu

O3nauenna. Hexau A — ainitinuii onepamop egxni-
dosozo npocmopy R'. Jlinitnuii onepamop A * nasusacmocs
cnpsascenum 3 Hum, sxkuo (AX), y) = (x, A ') ons 6yOb-aKux
x,y€e R

Teopema 1. [ins 6yov-sxozo ninitinozo onepamopa oA icuye
(i npu yoomy €Ounul) NiHilHUT ONEPamop, CNPAJNCEHUU 3 HUM.

Axuwo A"~ onepamop, cnpacenuii 3 A, mooi y 6yov-akomy
opmonopmosaromy 6asuci ix mampuyi 00epiCyIomeCa 00Ha 8i0
OOHOI MPAHCNOHYBAHHAM.

Jlosenenus. JloBeaeMo Cro4arky Apyre TBEPIUKEHHS TeEO-
pemMu.
Hexait E=(e,e,,..,e,) — OPTOHOPMOBaHHIi Gazuc eBKIiL0-
1,2 n

poro mpoctopy i A=(0)=cfg — MaTpuus oneparopa A,

B=(By )= At — marpnus oneparopa o B Gasuci E. Tozi

Za:k ZB:ke ( ‘—‘T';)

MaeMo Taki piBHOCTI:
n n
(o (e), e;) =| 2ouene; |= 2 % (ermes) =00us
i=l i=1

B, (ex-e)=By-

1

(et (2,) _[ ﬁsi,e,) _

n
i=l =

Ockinbku (cfl(ek),ej) = (ek,cﬂ*(ej)), TO AicTaHeMO By =ty .

Lle o3nauae, wo B=A4".
IcHyBaHHS COpAKEHOTO OMEpaTopa BWUIMBAE 3 TaKWX Mip-
kysaub. Hexaii B oproHopmoBatomy 6asuci E=(e, ey, ..., ¢,)

MaEMoO
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Jins TpancrionoBaHoi Matpuili A’ icHye Takwii Rimiiinuit
onepatop B, o Bg = A’ . JIns HHOrO BHKOHYIOTBCS piBHOCTI

.ﬂ(ek)_—' OLk]el +akze2 + ... +Ockne" (k = l,n) .

Hexaii x, y — 0BinbHI BeKTOpH npocTopy, z =Ax), w= B() i

& Uil & ,

0

xE=E';2 a)’E=n;2’ZE=C;2’WE= ;2
gn nn Cn u)ﬂ

. n
Tomi zg=A-xg, wg= A" ‘Yg, T00TO (= Zoc,kﬁ_,k "
k=1

n
w; = Z%m .
k=1
O6uucmoemMo
(A, y)= (z,y) = ZCm,- = Z[Zaikgk P = Z o &em; -
i=1 i=1 \ k=1 ik=1

(%, B(»)) =(x,w) = ggim, = igi (k"l ock,-m] -

i=l

n n
= z &My = z &,
ik=I ik=1
[TopiBHIOIOUM Ui ABi piBHOCTI, MOXeMO 3pOOUTH BHCHOBOK, LLO
(A (x), y) = (x, B ()) ans 6yap-aKuX BeKTOpPiB X, y. Tomy B = A .
€auHicTb cnpskeHoro onepatopa oA ana o  BUIIMBaE 3
NEepLIOTO MYHKTY L{bOT0 AOBEACHHS.
TeopeMy noBeneHo.
Hacnidok. Onepayia cnpscenns NiHitHUX onepamopie mae
makxi enacmugocmi:
LAY =A
IL(A+BY =A"+B".
L (A-B)' =B A",
IV.(A-A)' =LA
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Lli BMAacTMBOCTI BMILIMBAIOTb i3 BiAMOBIAHMX BIACTMBOCTEH
ornepauii TPaHCMOHYBaHHS MAaTPHLb.

Teopema 2. Sxwo ninitinuii nionpocmip M ineapianmuuti
8iOHOCHO ninitino20 onepamopa A, mo opmozonansie OONOBHEHHA
M*' insapianmue gidnocro cnpsicenozo onepamopa A 5

JloBeneuus. Hexail x — nosinbHuit Bektop i3 M i y — BekTop
i3 M+ . Ockinbku oA (x) € M, 10 (A (x), y) =0. I3 piBHoCTI (A (x), y) =
= (x, A "(y)) BunnuBae, wo (x, A" (»)) =0.

Lle o3navae, wo A (y)e M*.

Osnauenns. Jiniiinuii onepamop A npocmopy R' nazusaemeo-
C5l CAMOCRDAJNCEHUM (CUMEMPULHUM), AKWO Bl 36i2aEmbCa 3i C80-
im cnpsocenum onepamopom A ", mobmo ons 6ydb-aKux X, y 6u-
xonyemvea pienicmo (A (x), y) = (x, AY)).

HaseseMo Taki BIacCTHBOCTI CaMOCMpPAXKEHHX ONepaTopis:

1. B oproHopMoBaHOMY 6a3uci camOCnpsikeHOMY OnepaTopy
BifnoBizac cuMeTpuuHa matpuus. Mae micue # obepHeHe TBep-
JDKEHHA.

2. Yci XapakTepuCTHYHI YMClla CaMOCMPsXEHOro oreparopa
nilicHi #, oTxe, € HOro BIaCHUMM 3HaYEHHAMMU.

CaMocnpsskeHOMYy omnepaTopy of B OPTOHOPMOBaHOMY Gasuci
BianoBizae cumerpuuHa Matpuus A. Ajie BCi XapakTepUCTH4HI
yncna MaTpuli A nificHi (aus. § 6.4, Teopema 3).

3. SIKWO X, y — BIACHi BEKTOPH CaMOCTIPsLKEHOTO onepatopa of
3 Pi3HUMU BJACHUMH 3HAUEHHAMH A , U, TOX 1y — OpTOrOHANBHI.

Ockinbkn A(x) =Ax, A(y)=uy, 1o 3 pisrocti (A (x), y) =

= (xoA(y)) micraemo (Ax,y)=(x,my) = (A-p)(x,y)=0. Is
A—u#0 Bunusae (x,y)=0.

4. Slkuwio NiHiiHWIA NignpocTip M iHBapiaHTHWH BiAHOCHO ca-
MOCTIpSKEHOro oneparopa oA, ToAi i OpTOroHanbHE AOMOBHEHHA
M* inBapianTHe BiaHOCHO A.

L{s BnacTHBICTL BUIIMBAE 3 TEOPEMH 2.

Teopema 3. Axuwo A — camocnpsscenuil MiHitHUT Onepamop
npocmopy R, mooi

12"=V;\l L sz .L....LV;",
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0e Ay, Ay, ..., A, — yci 6iOMIHHI 00He 8i0 0OHO20 nACHI 3HAYENHA
onepamopa A i nionpocmopu VM =Ker(A\, 6 — A, k= E,

OPMO2OHANbHI.

HoBeneHHsa. MiHiMalbHUM iHBapiaHTHMUM NiANPOCTOPOM,
AKUI MICTHTB yCi BnacHi Bektopu oneparopa oA, € V =V (A) =
=V, @ .01, (ams. § 6.7, Teopema 4 i nacninok). JloaaHku

L€l npAMOT CyMM OPTOrOHanbHi, OCKiNIbKM CKNAfAIOTLCH BOHH 3
B/IACHUX BEKTOPIB 3 BiAMiHHUMM OJMH Bil OJHOro BIACHUMH 3Ha-
yeHHAMHU. Toxi

R'=v1vt,
Jle OPTOrOHaNIbHE A0NOBHeHHs V' Takosx iHBapiaHTHe BiiHOCHO .
TMokaxemo, wo ¥+ = {6} ~ TpUBiaJbHUH nianpocTip. [punyc-
Mo, wo V' #{0},/=dimV*>0.

XapakrepucTHuHuii MHorouneH Y, (¢) oneparopa afl yr— 00-

MexeHHs o ma V' — wmae creminb [>0. Bin — JiNbHUK
XapaKTepUCTUYHOTO MHOroujeHa oneparopa of (auB. § 6.7, Teo-
pema 2). Tomy Oyab-skuit KOpiHb A MHOTOuNEHA X, () 3GiraeThes

3 OOHUM i3 uncen A, A,, ..., A, . 3Haiinemo skuii-HeGyab Brac-

nuii BekTop w e V' oneparopa cfll yi 3 BIACHUM 3HAYEHHSM A.

BiH, pa3om 3 THM, € BlacHUM BeKTOpOM onepatopa oA .
TaxkuM unHOM, we V. Ane w#0. Lle cynepeuutsb po3knany
R=v1vt.
L_ < ph_
OT)KC, 14 —{9} IR"-V)"I 4 V}\z L. ‘LV}», .
CtpykTypa caMOCMpshKEHOTrO oneparopa npocTa.
Teopema 4. J[na oiticnoi cumempuynoi mampuyi A icnye maka

opmozonanera mampuys X, wo
A 0
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— JiazonanvHa Mampuys, Ha 20N106Hil Oia2oHani AKOL MICMAMbCA
gnacui 3navennss mampuyi A.

NoBenenna. Hexali B  opToHopMoBaHoMy  Gasuci
E= (e,,ez, s e,,) Aeskuil camocnpsbkeHuit oneparop o4 noaacTe-
cs cuMeTpHYHOO MatpuLeto 4. O6epemMo HOBMI OpTOHOPMOBAHHH
6asuc @ =(f,,fs,...f,), CKIaleHuil i3 BlaCHUX BEKTOpiB

onepatopa oA (matpuui A4) TakuM uMHOM. Y MiANpPOCTOpI
Ma =Ker(A; 6 —A) obepemo oproHopmoBanuid Gasuc. Mlani Te
came npopobumo y mimnpoctopi V) i T. A. O6’ennaHHs ix ycix
CTaHOBMTHME OpTOHOpMOBaHHuii Gasuc R .
Slkmo X — marpuus nepexony Bia E g0 @, To Matpuus
Xax=x" 4x
MatuMe JiaroHanbHUHA BUMIIAL.

IIpaBuI0 3HAXODKEHHS OPTOrOHAIBHOT marpuui. Ins Toro
1106 3HAWTH OPTOTOHATILHY MaTPHULIO X, AKa MEPETBOPEHHAM KOH-

rpyeHTHOCTI X "4X npusonauth cumetpuuHy Matpuio A=(0l;)

JI0 JIlarOHaJILHOTO BUAY, NOTPiOHO:
]. CKNacTH XapaKkTepuCTHYHHUIl MHOTOWIEH MaTpuUi 4 Ta 3HaH-
v BCi Horo kopewi. Hexait Aq,A,,..,A,— yci nomapHo pisHi

KOpEHi.
I1. Ins kopeHs A, CKJIafieMO CHCTEMY JiHiHHMX PiBHAHb
(A —oup)& - A S A 5, =0,
—apg + (M-op)b— e - QoGn =0,
........................................................................ (%)
=0y — Oy = o+ (M= p,)E, =0

Ta 3HaiiiemMo (yHaaMeHTanbHy cucTeMy il po3s’s3kiB. Hexalt Bo-
Ha cKIajaeThes i3 d, poss’askiB. Uucno d; mopisuioe aedekty
MaTpMLi Hi€l CHCTEMH PiBHAHB.

Jlo oziepaHOoi CHCTEMH pO3B’A3KiB 3aCTOCYEMO CrOHATKY
npoliec opToroHanisaii, a notiM — HopMyBaHHs. JlicTaHemo Bek-
TOPY  f1,f25 s[4, » AKI CTAHOBUTHMYTb oproHopMmoBanHii 6a3nc

nignpocropy V3 . Toai nepwmii croBneus MaTpuui X Oyae 3anos-
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HeHHil BeKTOpoM f| , Apyruii — Bektopom f, i T. 1. O1xe, OyayTsb

3aMOBHEHI d| CTOBMLIB MaTpuLi X.

1Il. AHanoriyHo CKIajacTbCsd cHCTEMA (V;\Z) NiHIHHUX piB-
HAHDb JUIA KOPEHS A, i MOBTOPIOETHCA nmpoueaypa Il. 3noBy-raku
AiCTaHeMO d, OPTOHOPMOBAHMX BEKTOPIB  fy .y, ..s fy vy, » WO
CTaHOBIATHL Gasuc nianpocropy V) . KoopanHaru uux sekTopin

3aMOBHIOOTL d, CTOBMLiIB MaTpHLi X.
Lito npoueaypy NpoAOBXYEMO AOTH, AOKH He Oyle OCTaToHHO
no6bynosaHa Matpuus X.
Ilpuxnan 1. 3xaliTy OpTOroHabHY MaTpPHULIO, KA KOHIpY-
€HTHO NEPETBOPIOE MATPULIIO
0

A=

o = O O
S o o -

0
0 1
0 0
1 0
y AiaroHajbHy.

Po3B’sa3aHHa. Cnovyarky oOUYMCTIOEMO XapaKTepUCTHUHUI
MHOTQUJIEH

t 0 0 -1

0O ¢+ -1 0 » 2
X = =" -1} .
Ok PN N

-1 0 0

I3X(#)=0=> A =LA, =-1.
IMoTim ckianaeMo cucTeMy (VA, ) piBHAHb. BoHa maTume BH-
rnag
& -8 =0,
{gz -&=0.
Bekropu a;=(1,0,0, 1)i a, =(0, 1, 1, 0) yrBoprotots ¢yHaa-

MEHTaNlbHY CHCTeMY po3B’a3kiB. Bouu oproroHanbii. [licas ix
HOpPMYBaHH$ 3HaiieMo
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(J‘ f)fZ(ffJ

Cucrema (V;L2 ) s A, =—1 3BOAMTBECA 110 BUIIIALY
{&1 +E4=0,
&, +8& =0.
Hdns f3 i f, matmemo:

1 1 1

g L _(__L e
o)

OcTaTo4HO
10 0 -1 10 0 O
110 1 -1 0 r 01t 0 O
X=—7 , X' AX = )
210 1 1t O 00 -1 O
10 0 1 0 0 0 -l

Hpukaaa 2. 3BecTy KBaApaTH4HY GopMy
f= 6x12 +5x2 + Tx3 —4x,x, +4x,%;

JIO AlaroHaJbHOrO BHAY 3a JOMOMOTOI0 OPTOrOHANbLHOro nepe-
TBOPEHHS 3MIHHUX X[, Xy, X3.
Po3B’s3anHs. Matpuus popmu

6 -2 2
A=|1-2 5 0].
2

CnoanKy obunciumo xapaKTepucmquuFl MHOTI'OYJICH
t-6 2 -2
x={ 2 =5 0 |=(t-6)(t-9)(1-3) =
-2 0 -7
= A =6,A =9, A3 =3,

CK/afieMo cucTeMy piBHAHb And A, = 6 . Matumemo

326




2x2 - 2.X'3 = 0,
2x| + X2 = O,
=2x, —x3, =0.

3aranbHuMm 1 po3s’sa3kom Oyae X = (———;—x3,x3,x3) .

(DyHAaMeHTanbHa CUCTEMA PO3B’A3KIiB CKIANAETBCH JMILE 3
' oaHoro po3s’asky a; =(-1, 2, 2), abo nicins HopMyBaHHs

(3

Ins A, =9 i3 cucTeMH piBHAHD

3x| + 2X2 - ZX3 = 0,
2x; +4x, =0,
—2x| + 2x$ = 0

3Haiinemo a, =(2, -1, 2). A6o nicns HOpMYBaHHS

2 1 2
fz'(? ) 5)-

AHanoriudo ans A; =3 3HaxonuMo

2 2 1
fs-(?? ‘3‘]'

UJyKaHa OpTOroHalbHa MaTpuus

| -1 2 2
X=§— 2 -1 2
2 2 -~

i BianoBinHe NiHiliHe nepeTBOPeHHs 3MiHHMX

1 2 2
X = ‘5}’1 +§J’2 +§)’3,

X —z —l +_2.
2 3J’1 3)’2 3y3,
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2 2 1
X3 =3)’| +§y2 ‘5)6-

V HOBHX 3MiHHHX )}y, V5, V3 dopma Habyne BUrasay

[ =630 +9y3 +3)3.

Bnpaeu

1. 3a JONOMOrol0 OpPTOrOHANLHOrO MEPETBOPEHHA 3BECTH 10
KAHOHIYHOTO BUIIIALY KBaApPaTU4Hi (GOPMH:

a)f=xi+x3+x; +x§ +2x%) —2x1%4 = 2XX3 + 2X3%4 5

6) f =8x;x;3 +2xx4 +2x5x3 +8x,x4;

B) f =D xx, (1Si, k<n).

izk

2. 3naiith oneparop, cnpaxeHuit 3 onepatopom A(x) = [x, a]
eBKJIi10BOrO pocTopy R’ .

3. Hexaii B=<b,,b2, wes b,,) —~ OpTOroHanbHuH (aje He opTo-

HopMoBaHHii) 6asuc npoctopy R’ . BCTaHOBMTH 3B’A30K MiX
MaTpuLsAMH onepaTopa of i cnpskenoro oneparopa of ~ y UbOMY
6aswuci.

4.V npoctopi R> MHOrouneHis f(f) = Ol + 0yt +0,> BBENEHO
ckanspHuit 1o6yToK

1
(f.8)= [fg®ar.
1

3HaiiTH MaTPHLIO CNPSXKEHOTO OMepaTropa Mo BiAHOLIEHHIO 10
oneparopa audepeHuitoBaHHA B Oasuci 1, ¢, 2.

§ 7.6. OpToroHanbHi oneparopu

Jliniitnu#i onepatop X Ha3UBAETLCA OPMOSOHANLHUM,
SIKILO BiH 30epirac ckansphuii o6yTok BekTopiB: (x, ) = (M(x),
X(y)) ans 6yap-akux x,y € R'.
HaBeaemo aeski 3arafibHi BIaCTHBOCTI OPTOTOHANIbHUX Ofepa-
TOpIB.
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I. Ina Toro mo6 nixifinuii onepatop X 6yB opToroHanbhum,
HeoOXiaHO i J0CTaTHRO, WG BiH Gyab-sikuil OpTOHOpPMOBaHMii
6asuc mepeBoAMB Y OPTOHOpPMOBaHMil Gasuc. 3BiAcH BHMIHBAE,
wo y Oyab-sikoMy OpTOHOpMOBaHOMY 0asuci iiomy BiamnoBigae
OpTOroHanbHa MaTpuus X.

Ockinbky cnpsskeHoMy onepartopy X* Bianosinae mpancno-
nogana matpuus X', To 3 pisuocti X' - X = E Bunnusae pie-
Hicts X X = 6. Oproronanshuii onepatop X oGoporruii i X ' = X,

Il. Vci yucna, BigminHi Big + 1, He MOXyTb 6yTH BRacHMMH
3HAYEHHAMH OPTOrOHANBLHOTO OfepaTopa.

Hexaii oproronanshuii onepatop X mae BnacHuii BekTop X 3
BiATIOBINHHUM BNAacHWM 3HaueHHaM A . Toai (x,x) = (X(x), X (x)) =

=(}\.x,)\.x) =2A%(x, x) . Ockinbku (x,x)>0,T0 A =1 = A=+].
IlI. Axwo nianpoctip M iHBapiaHTHHI BiAHOCHO OpPTOrO-
HaJILHOTO oneparopa X, Tofi i OpPTOroHanbHe AOMOBHeHHs M
iHBapiaHTHe BiAHOCHO X.
Hexait m=dim M i E=<e,,e2,...,em>— 6azuc nianpocro-
py M. 3a nonomoroto neperBopentss X 6asuc E nepetBoproeThbes
B Gasuc, cknanenuit i3 BekTopiB f; =X(¢), f»=X(e)). ...,

fn=X(e,). Sxkmo xeM i x=i§kfk, o X'x) =
k=1

=" (igkka = igkxul(fk) = i&kek € M.
k=1 k=1 k=1

. . . . o e 1
Lle o3Hauae, wo nianpoctip M iHBapiauTHuit BigHocHO X =X .

Ane Tozi opToroHansHe aonoBHeHHs M* iHBapiaHTHe BiZHOCHO
L
cnpskeHoro oneparopa (X)) =X.

OpmoezoHanbHi onepamopu
npocmopy po3miprHocmi 1

EBknigosuii npoctip R' mae nuwe oauH GasucHuit
BekTop e. OpToroHanbhuii oneparop X nepersopioe ioro y Bek-
Top BUly X () = Ae. Yucno A — BnacHe 3HaueHHs onepatopa X.
Tomy A = %1. Slkwo A = 1, To a8 Gyap-skoro Bektopa x =Ee
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matuMemo X(x) = x, To6T0 X — TOTOXHE nepeTBopeHHs. Skuio
A =—1, T0 X(x) = —x ans Oy1b-1KOro BEKTOpa X € R'.

Bucnosox. OpToroHaibHuii onepatop 0JHOBMMIPHOrO €BKITi-
JI0BOro npocTopy € abo TOTOXHMM TepeTBOpEHHAM, abo a3ep-
KabHUM BiZIoOpaXKeHHAM BiIHOCHO MOYATKy KOOPJUHAT.

OpmoezoHariibHi onepamopu
npocmopy po3mipHocmi 2

Hexaii B eBKIiZOBOMY NpOCTOPi R ofpano opro-
HOpMOBaHuit 6asuc e, e, . OpToronansHomy onepatopy X y upo-
My Ga3uci BianoBiaae OpToroHanbHa MaTpULA

X = [a BJ .
Yy &
CnouyaTKy po3risiHEMO BUMANOK, KOJH lX | =08 ~PBy=1. Obuuc-

A1Mo obepHeHy MaTpHLIO 32 JONOMOTOKO BiZIoMOT GpopMyH
=% P
-1 T a B
Ane X '=X". Tomy o0 = 8, y=-f, 10610 X = ,

npuiomy o’ + B? =1. IMoknanemo o.=cos @, =—sin @. Toni
cos@ —sin
X =( os@ q’).
sin@ cosQ
Lle — Matpuus noBopoty Ha kyT . Skuwo @#km, k=0, *1,..,
ToAi onepaTop X MOBOPOTY Ha KYT () HE MAaTMME HETPHBiaNbHHX
iHBapiaHTHUX MiANPOCTOPIB B €BKIIiIOBOMY NPOCTOPI R.
Slkwo @=km, TO R=L®L,, ne L, i L, nianpoctopn Bia-
10BiZHO 3 Ga3UCHUMH BEKTOPaMH e, | e, , iHBapiaHTHi BiAHOCHO X.
Hexaii Tenep |X |=(x6—By=—1. XapakTepHCTHURHIA MHO-

ro4yneH

=1* —(o+8)-1.

()= t:a I_B

-9
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JluckpuminanT iioro A=(o+8)* +4. XapakTepucTHUHI umc-
na Aj,A, pificui i € BracHMMM 3HaueHHamu onepartopa. Bowu
MOXyTb GyTH piBHMMM nuwe * 1. Ockinbku A, <A, =1, To ogHe
3 HUX popiBHioe 1, a iHwe - 1. Hexaii A =1,A,=-1. im
BIAMOBIAAIOTH BacHi BekTopu fi i fo: X(f))= £, X(f,)=—1>.
Boun oproronanehi: ( f;, f,) = 0. Skwo L, — niuilina o6onouka
Bekropa f, L, — BexTtopaf,, TO R2=LI ®L,, i onepatop X
iHAyKye Ha L; TOTOXHE NEpeTBOpPeHHs, a Ha L,— AsepKanbHe
BifoGpaxenns. [lianpoctopu L, i L, — opToroHanbHi.

Bucnosok. OproroHanbuuit onepatop X npoctopy R aie Ha
HbOMY a00 sk obepTaHHd Ha KyT @ # kT, aGo nmpocTip poskna-
JIacThCA B NPAMY CYyMYy R= L, ® L, opHOBUMIipHHUX iHBapiaHTHHX
nianpoctopie L, L,, OPTOroHanbHMX Mix coBO0I0 i Ha fKMX

iHLYKYE TOTOXHE MNeEpPeTBOPeHHs abo >k A3epkanbHe Binobpa-
EHHA BiJHOCHO MOYATKy KOOpAHHAT.

Teopema (npo cmpykmypy opmozonansnux onepamopis).
Hna 6yov-axozo opmozonanenozo onepamopa X npocmip R’
DO3KNA0AEMbCA 8 NPAMY CYMY

R=L 1L 1. 11

nONapHo OpMOZOHANLHUX IHeéapianmHux nionpocmopie L j» PO3-

MipHocmi axux He binvwe nine 2. Ha 0odanxax 3 posmipunicmio 1
onepamop indykye abo momodicne nepemeopenns, abo Osep-
kanvhe 8i0obpadcenna. Ha dooankax 3 posmipuicmio 2 @in in-
0ykye obepmanus.

HoBeneHHs nposesemo iHAYKUi€lO 338 po3MipHICTIO 72 npoc-
Topy. SAkuo n<2, To cnpaBeANUBICTL TEOPEMH BUILIMBAE 3 HABE-
JEHNX BHLIE MipKYBaHb.

[Ipunyctumo, wo 7 >2 i TBep/KeHHA TeopeMu 36epirae cuny
AN npocTopiB 3 po3MipHicTio < n. Sk i Oyab-Akuit AiHiHMI
oneparop AiHCHOrO BEKTOPHOrO MpOCTOPY, MepeTBOPeHHs X Ma-
TuMe B R iHBapiaHTHMii nianpoctip L, posmipHocti 1 aGo 2
(auB. § 6.7, Teopema 3).
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PoskiagemMo mpocTip y npaMmy cymy R'=1L @Lll. Oproro-
HanbHe AoMoBHeHHs L; inBapianTHe BigHocHo X i #ioro posmip-
HiCTh MEHLIA 3a 7. 3a NPUIYLUIEHHSM iHAyKUil Lll PO3K/IARAETHCA
y npaMy CyMy

L=LlL;L.. 1L,
yci ponaHku sikoi L, j =2,r 3a10BOJNbHAIOTH BUMOTH TEOPEMH.
3Biacy AicTaEMO NOTPiOHKIH HaM po3Kian

R=L LL,1l..1L.

Hacnidok. JIna kodicHoi opmozonanshoi mampuyi X icHye ma-
xa opmozonanerna mampuys T, Ons axol

| 0
rixr=| :
0 Ym
oe y, =*l, abo
cos @, =—sinQ,
Ve =\ .
sing, cosqQ,
Bnpaeu

1. Basucu E i ® eBxJ1iioBOTO NpocTopy R® Ha3uBaIOTLCA 0OHA-
K080 OpieHmosanuMy, SKILO BU3HAUHUK MaTpuui nepexody Bia E
10 @ noaarHuii.

JloBectn Teopemy Eiinepa: AKio OpTOroHanbhui oneparop
X # & TPUBMMIpHOrO TMPOCTOPY R* He 3MiHIOE opieHTauii (TobTo
#ioro MaTpuua X mac detX =1), To X € 06epTaHHAM HABKOJIO Jie-
AKOT OCi.

Bka3zieka. IlepexoHarucs, WO XapakTepUCTHYHUI MHOTOUIEH
onepatopa X Mae KOpiHb, piBHui 1, nianpoctip L BracHux Bek-
TOpIB, BiANOBIAHMX BJIACHOMY 3HAYEHHIO 1, € BiCCIO obepraHh i

Xy = obmexenHs Ha [~ — o6epTaHHs B MIOUIMHI .

s

2. JloBecTy, WO NinifiHe neperBopenns oAx) =[x, a] npocrtopy

Ruee OpPTOTOHAIbLHUM.
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3. JloBecTH, IO KOAM ABA BEKTOPH X, y MPOCTOPY R’ maiots
OIHAKOBY JOBXHHY (l|x||=]|y|]), TO iCHY€ Takuili OpTOroHallbHHIA

oneparop X , ang skoro X(x) = y.

4. JloBecTH, WO KONMM JBi Mapu BEKTOPIB X;,X, 1 };,y, TakKi,
o "x, ||=||y,|], [|x2||="y2|| i KyT MiX X;,X, JOpPIBHIOE KyTYy Mix
Y1»Y2, TO iCHye Takuil opTOroHanbHui oneparop X, Ajis sSKOro

X(x) =y, X(x)=y,.

S. JloBectH, wo konu niHiliHKMit onepartop X eBkiifoBOrO
npoctopy 30epirae AOBXHMHY BCix BekTopiB, T0 X — oproro-
HajlbHUH oneparop.

6. JlosecTn, W0 KOAM MiHifiHuil onepatop X 36Gepirae opro-
FOHAJILHICTh OyNb-AKMX ABOX BEKTOPIB, TO BiH BiIPi3HAETBbCA Bif
JeAKOro OpPTOrOHa/IbLHOTO ONEepaTopa JHIIE YHUCIOBUM MHOX-
HUKOM.

7. JosecTH, MO MOZAYJi BCiX XapaKTEPUCTHUYHUX YHCEN
OPTOrOHAJILHOT MAaTPHLi AOPiBHIOIOTH OAUHHUILI.

BxkasiBka. Lle TBepIKEHHS OAEPXKYETHCA 3 HACNigka CTPyK-
TYPHOI TEOPEMH PO OPTOrOHANbHI OnepaTtopu. Ase Horo MoXkHa
JIOBECTH 32 AOMOMOIOI0 MpPOCTIlUMX MipkyBaHb. JlilicHo, Hexai X —
OpTOroHaNbHa MaTpPULA NOPAAKY 1 i A — il XapakTepUCTHYHE YHC-
no. Yueno A — BlacHe 3HaY€HHs HAWOT MATPHL Y KOMIIEKCHOMY
niniltHomy npocropi C”. Hexail x — BianoBiauuii BracHuit BexTop
i x=u+iv, ge u,ve R'. Sxwo A=0a+iB, Toni Ha miacrasi
piBHOCTI X - X = Ax MaTUMeMoO

Xu=ou—PBv, Xv=Bu+ov.
Ockinbku

lul’ = (u, u) = (Xu, Xu) = ol + B2Vl - 20B(u, v),

M2 = v, v) =(Xv, Xv) = o’ vl + B2 lul’ + 208(u, v),
TO
lal® + M = @2 +B2) (WP + ).
3sincu i BunmBae, mo o +B2 =1, |Al=1.

333



§ 7.7. MeTpuy4Huni npocTip

Mempuynum npocmopom HA3UBAEMbCA MHONCUHA V
eNleMenmis JesKoi nPUpoOU, O KOXCHOL napu X, y 3 AKUX nocmasie-
HO Y 8i0nogioHicmb OiticHe Yucio (Xx,y) 3 MaKumi 61ACMUSOCIAMU.

1) p(x,»)20 i p(x,y)=0 & x=y;

2) p(x,y)=p(y,x) (cumempuunicmy),

3) p(x,y) S p(x,2) +p(z,y) (nepienicme mpuxymnuxa).
Yucno P(x,y) HA3UBAEMbCA GIOCMAHHIO MIJIC ENeMERMAaMU X, ).

EfleMeHTH METPHYHOTO NPOCTOPY 4YACTO HABUBAIOTLCA MOUKAMU.
KoxHuii eBkigosuii mpoctip ¥ 6yae METPUUHMM NPOCTOPOM,
AKLLO NOKJIACTH P(X,y) = ||x - y||

BnacTuBocTi 1) —3) BU3HAUYEHOT TAKMM YMHOM dyHKUiT P(x, )

BUIUIMBAIOTh i3 BIACTMBOCTEH HOPMM BekTopiB. Hanpuknag,
HEPIBHICTb TPUKYTHHKA!

p(x, 1) =|x =y =|(x - 2)+ 2= )| lx 2+
+]z = ¥ = p(x.2) + p(z, ).

Hapenemo nesiki KOHKPETHi MPHKIaAM METPHUHUX POCTOPIB.
1. R — MHOXMHa BCiX AilicHMX uncen. Biacranb Mk x, y€ R —

ue p(xa}’)=|x"}’| .
2. R — eBknigoBuii MPocTip 3i CkaNspHUM J0BYTKOM BEKTODIB
x=(§,855 &) 1 ¥= (MsMg5 My )» 11O OBYHUCTIOWOTHCA 32

dopmynoto (x,y) =&m, +&m, + ... +&,n,. Hopma Bektopa
Il = &7 + &5 + ... +E7

a BiIcTaHb MDX TOUKAMM, NOAAHUMH BEKTOPaMH X i , €

0(e, ) = (& =M )} + (&2 1) + o+ (B =M,)

3. MNpocrip Cy, 5 HemepepBHUX dynkuii Ha siapisky [a, b].

b
Ckanspuuit  nobyroxk  (f,g)= I f(Og(t)dt, wnopma dyHkuil

b
I1£1= ’ jfz ()dt i BincTaub MiX QyHKLIAMH

334




b

o(f.) = | [(f)-g®) ar .

a

Llo6 noB’s3aTv BBEAEHI BHILE MOHATTA 3 3aralbHONPHIHATOO
TEPMiHOJIOTI€!0, HAraaEMO NEsKi MOHATTS TOMOOTIUHOTO XapaKTepy.

Biokpumoto xynero S(a,€) MeTpU4HOro mpoctopy V 3 ueHT-
poM a i paniycoM €>0 Ha3MBAETHCS MHOXMHA BCiX TOUOK X € V.
Taknx, Wo pP(x,a)<e. Biakputy kymo S(a,€) uazusaioTh
€-0K0/I0M TOYKH a.

Hexal M — nesika HEMOPOXHA MHOXMHA TOYOK METPUUHOTO
npocropy V. Touka a € V Ha3uBa€eTbCA 2panuynoIo 1 MHOXKHHH
M, sxmo Gyab-akuit i €-okin MicTHT Xou 6uM OmHY TOUKYy M,
BiIMiHHY BiA a.

MHOX¥HHa BCiX FPaHUYHUX TOYOK HA3UBAETLCA NOXIOHOIO MHO-
Jcunolo i nosHavaeThes M.

O6’enHanHs M UM’ Ha3sMBAETLCSA 3aMKHEHHAM MHOXHHU M i
nosHavaeThes M .

MHuoxuHa M Ha3NBAETLCA 3aMKkHeHOW, IKIO M = M. OTtxe,
MHOXMHA 3aMKHEHa, SKIIO BOHA MICTHTBb yci CBOT rpaHuuHi
TOUKH.

Touka a MHOXHHY M Ha3UBAETLCA BHYMPIWHBOIO, AKLIO ICHYE
Take 4ucno €>0, wo S(a,€£) C M . MHOXHHA BCiX BHYTpiLIHIX
TOYOK MHOXHMHHU M HasuBaeTbes 11 eHympiwHboio obnacmio i no-
3HavaeTbc M°.

MHoxuHa M HazuBaeTbes gidxpumoro, akwo M = M° | o610,
KOJY BCi il TOYKY — BHYTPILLHi.

lMosHul mempuyHul npocmip

HeckiHyeHHa NOCHiZOBHICTb X|,X,, ..., X, ... TOUYOK

[Rad 3]
METPUYHOTO MPOCTOPY ¥ HA3UBAETLCA 36IXHCHOIO 00 MOYKYU X, AKLLO
KOXHHHE i €-0kinl S(x,€) MICTUTL yCi TOYKH X,, MOCIIZOBHOCTI, M0~

YHHAIOUH 3 JeSKOro Homepa m = N, (N 3anexurs Bif €).
[TocnifoBHiCTs X;,Xs, ..., X,,, ... TOYOK HPOCTOPY V¥ Ha3uBa-
€TbCA @yHOamenmanvHolo, AKIWO 1as Gyab-akoro €>0 3Haii-
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AeThcs Take uMcno N, , Wwo npu m,k 2 N, BHUKOHYETbCS HepiB-

HICTh
P(X> X ) <E.

MeTpuunmit npocTip ¥ Ha3HBAETLCA nOSHUM, SKILO Oyab-ika
dyHaaMeHTalIbHA MOCIiAOBHICTE I0r0 TOYOK 30iracThes.

Teeposwcenna. Ilpocmip R' 3 esxnidoeow mempukowo
p(x,y) = ||x - y|| € noGHU.

JloBeneuHs. PosrisiHeMo JOBiNbHY (yHIaMEHTanbHy mo-
CHIOBHICTB X, Xy, vy Xpp, . TOYOK UBOTO TpOCTOPY. SKilO

Xm = (gml 9§m2a ---agmn) ) TO}li

"xm _xk“:\/(gml _gkl )2 +(&m2 "akZ )2 +o +(&mn —&Im)z .

Jina 6yab-skoro uucna €>0 icHye Take yucno Ny, wo

|x — x| <€ ans Beix m, k2 N,. Tomy |€.i — Ei| <€ mnn Beix
m k=N, (i=1n).

Heckinuenna nocnigosHicts &), Ey;y ooy Epis . — Pynnamen-
TanbHA 415 KOXHOro HoMepa 1<i<n. Ane MHOXHHA R AiACHUX
uKceN — NOBHUi METPUYHHHA NpOCTip 3 MeTpukor P(x,y) =|x—|.
Omxe, nocnifoBHicts &;;, Eyjy ..o Gpi» - 30IMAETHCA 10 AEAKOTO

uncna &,. Anle TOAi # NOCIILOBHICTb Xi,Xy, .. X, ... 30ira€THCA

no Touku x=(&,&,,....&,).
3ayBaxuMo, 10 MeTpuyHHit npocTip C, 5) 3 BIACTAHHIO

b

[(for-gw)ar

a

p(f:g) =

Mix Qynkuiamu f7), g(7) He € moBHuM. Lle# pakT BCTAHOBNOETHCA
B Kypci MaTeMaTH4HOrO aHasi3y.

Bnpasu

1. Tinepnnowunoro €BKJiOBOTO MPOCTOPY R ua3suBaerbcs
muoxuHa I1 ={x € R":(a,x) =}, a# 6. Bona ainntb yBech npocTip

na nisnpoctopn P ={x€ R':(a,x)<P} iL={xeR" (a,x) 2P} .
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Hosectu, wo P, ¥, Il — 3amkHeHi MHOXuHH. [Ipu UbOMY
BHYTpilUHiMKH oObnacTsiMu MHOXKMH P i Y € P°={xeR"

(a,x)<B} i Z°={x € R":(a,x)>PB}.

2. Hexail cuctema niHiliHMX piBHAHb

o€y +a8y + o +oy,E, =6,
0 &) + 0, + ..+ 0,8, =B,

a‘mlgl +am2E-12 + .. +amn§n =Bm
3 pifichuMu koediuieHTaMn cymicHa. Toai MHOxuHA L ycix ii
posB’askiB x =(§,&,, ... &,) € R’ (10670 niHiiinuii 6ararosun L) —

MHOXXHHA 3aMKHEHa.

Josectu ue. 3okpeMa, OOBeCTH, L0 OyAb-KWi JNiHiAHWI
MiANpPOCTip — MHOXHHA 3aMKHEHA.

Te came ans cymicHOT cCTEMU NiHIHHUX HEpiBHOCTEI:

o +apg, + ..+ 0,8, <P,
0 &) + 0y + . + 0,8, <B,,

O &) + 0,0 8s + . + 0,8, <6,
3. Jlosect, wo mHOXMHa Cp, ;) BCIX AIHCHUX HemepepBHUX

¢byHkuil Ha Biapisky [a, b] 3 Biacrausxio
,8)= t)— gt
p(/.g) = max [F()-g®)

Mick GyHKUiaME f(f) i g(f) yTBOpIOE MOBHUI METPHUUHHIA IPOCTip.

§ 7.8. YHiTapHu# npocTip

Ockinbkd 3MicT uboro naparpagy 6esnocepeaHbo

BUIUIMBAE 3 Teopii €BKNIJOBUX [POCTOpPiB, OOMEXUMOCHL PO3riif-
JIOM JIdlile OKpEMUX NPHKIALIB.

Hexaii V — BextopHuii npoctip Hag nonem C KOMIUIEKCHHX

uucen. [lpunyctmo, 1o Ha V' BU3HaueHa KOMMIEKCHO3HAYHA
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sekTop-dyukuis §=(x,y),x,y€ V;{ € C, sika Mac Taki B1acTu-
BOCTi:

) (Ax+w,z)=A-(x,2)+R-(,2); x,y,2€ V; A, ueC;

2) (x.y)=(,x);

3) x#0 = (x,x)>01i(6,0)=0.
Toai npocTip V HasuBaeTbes yHimaprum, a QyHKUIs 1BOX apry-
MEHTIB (X, ), Ka BU3HAYAETLCA HA eleMeHTax npocTopy V, Hasu-
BAETLCS CKAIAPHUM 006YmKOM.

B ynitapHOMy npocTopi ¥ Hopma BeKTOpa X BU3HAYAETHCA Tak
camo, fiK i B €BKJ1i/J0BOMY NPOCTOPi:

lxll = (x.x) .

OCHOBHI BJ1aCTMBOCTi HOPMHU.
Lx#6 = [xI>0ilel=0

I
IIl. ‘(x,y)lsllxll ‘|7l (nepiHicTs Kowi — Byusixoscbkoro);
IV. Jx+ | < Il + |y (nepisuicTs TpukyTHUK).

CKiHYeHHOBUMipHHI1 yHITapHUii NpOCTip € apuMETHHHUM
KOMMJIEKCHMM BekTopHMM nipoctopoM C” 31 ckanspHum 106y TKOM

gextopis x = (&, &,, .., &, ) 1 ¥=(N1sNgs s My ), 0BUHCTCHIM 32

NpaBHIoM
(6, y)=&m; +&M, + ... +E, M,

Y HbOMY HOPMa BEKTODIB 3HaXOAUTLCA 32 (OpmyIIoLo

=Vl + & + - +[Ef

a HepisHicTh Kowi — ByHsAKoBCbKOro HabyBa€e BUMNALY

& + & + . + BT < (6 el + -+l )

([ +maf’ + . o)

Hapani ocHOBHY yBary NpHAiJIsTUMEMO yHiTapHOMY MPOCTOPY
C". Tlp1 ubOMY O3HAUEHHs OPTOTOHATLHOTO i OPTOHOPMOBAHOTO
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fa3zuciB yHiTapHOro MpoCTOpY Taki cami, K i ANA €BKJiZ0BOro

npocTopy.
Ins Matpuui
O QA Ay
= Oy Oap Uy
cxr1| cx‘rl2 ann

3 efieMeHTaMHu i3 nojs C KOMIJIEKCHUX 4YKCe CHPAXKEHOK Hasu-
BA€TLCA MaTpULsd

Oy Qg - Oy
* az az o —
A = I 2 n2 =A/
O(‘ln (X'ZH ann

Marpuus nepexony Bifi OPTOHOPMOBAHOrO 0a3ncy A0 iHLIOrO
OpPTOHOPMOBaHOro 6a3ucy Ha3UBAETLCA YHimapnolo. YHiTapHa
matpuus U xapakTepu3yeTbCs BAaCTUBOCTAMH

U -U=U-U =E.

Jlinifinuii oneparop B yHirapHoro npocropy C' Ha3MBaETLCS
cnpadiceHum 3 JIHIHHMM ONepaTopoM of, SKUIO BHKOHYETHCA
piBHICTb

(Ax), y) = (x, BO))

Ans 6ynb-akux x,y € C". Bin nosHayaeTbes Ak oA .

[TponoHyeTbcst caMOCTiiiHO J0OBECTH Taki BIACTHBOCTI jiHiM-
HUX OflepaTopis:

1. JIna Gyap-skoro JiHiliHoro omneparopa of icHye €QuHHuii
ninifinuit oneparop A", cnpskeHHit 3 HUM.

Skuwo B opToHOpMOBaHOMY Oa3uci niHiiHOMY omneparopy BiA-
noBijae MaTpus 4, TORI cOpsXEeHOMY oneparopy y Tomy X Oa-
3uci BianoBiaae cnpseHa MaTpuus o ",

2. Jina 6ynp-sxoro niHifiHoro oneparopa «f yHiTapHOro npoc-
TOpy iCHYE OpTOHOpMOBaHHUii 6a3uc, B SKOMY MaTpHLs LOTO Ofle-
paropa Mae TpUKyTHY ¢opMy (Teopema lllypa).
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3. JliHilinuit onepatop ¢/ Ha3UBA€ETLCA YHITApHUM, SKWIO BiH
36epirae ckanspHuii 106yTOK BEKTOPIB:

(x,y)= (Ux), UY)) -

B oproHopmoBaHOMY 0asuci TakoMy Omeparopy Bianosigae
YHiTapHa MaTpULs.

4. Jliniiinnii oneparop of Ha3UBAETBCA HOPMANbHUM, AKLLO BiH
nepecTaBHHUii 3i CBOIM CIPAXKEHUM ONEPATOPOM, TOOTO

A- A=A A

BcTaHOBHTH MOCIiAOBHO:

a) KLU0 X — BJAacHHMil BEKTOp HOpManbHOro oneparopa of 3
BJaCHUM 3HA4YeHHAM A, TOAi TOM camuii BekTop Oyae BJIACHMM
BEKTOPOM onepaTopa of * 3 BIaCHUM 3HaYeHHAM A

6) BNacHi BEKTOpH HOPMAILHOIO OrepaTopa 3 pi3HMMH BJjiac-
HHUMH 3HAYEHHIMH OPTOTOHANIbHI;

B) /15 HOPMAJILHOIO OMEPaTopa iCHye OPTOHOPMOBaHUH Ga3uc
MpoCTOpy, CKJaAeHWH i3 BIaCHUX BEKTOPiB LbLOTO onepaTopa
(cTpykTypa iforo npocra).




Po3din 8. CUCTEMM NMIHIMHMNX PIBHAHb
| ICEBAOOBEPHEHI MATPULI

§ 8.1. NceBOOPO3B’A3KM CUCTEM
NiHiAHKX PIBHAHDL

Po3srnsgHemo cucteMy JiHiHHMX piBHAHB 3 AificHUMHU
koediuieHTaMu

oy oty + vk, =G,
0 & + 0ok + . +0y,8, =0,

Ot,,,|§1 +a‘m2§2 + .. +a‘mn§n = Cm
. ..
i3 3ananum Bektopom z =({;, 5, ..., §,,) 1 3MiHHUMM BekTOpaMH

x=(&,&,, - EM)T. Slkwo H =(o; ) — Marpuus wi€i cucTemu
(posmipHocTi mXn), To 3anuuemo i1 (CUCTeMY) B MaTpUuHii
dopmi

Hx=z. H

Jna marpuui H Bukopucraemo Bigomi (auB. § 7.4) posxnanu
eBKJIiI0BHX NpocTopiB R" i R™ B OPTOrOHaIbHY MPAMY CyMY

R'=KertH LImH", R"=ImH L KerH",
a TaKoX piBHOCTI
Ker H=Ker(H" -H), ImH" =im(H" - H).
Teopema 1 (@pedzonvma). Jna mozo wob cucmema niHiliHux

piensne (1) 6yna cymicnoro, neobxiono i docmamuwo, wob eexmop
npagoi vacmunu cucmemu 6y8 opmo2oHaIbHUM 6YOb-KOMY pO38 ‘A3-

Ky y= (nl s Moo vees N )T cucmemu NiHIUHUX OOHOPIOHUX DIGHAHD
H'y=0. )

IloBenenus. Heobxionicmo. Hexaii cucrema (1) cyMicHa i x; —

AKHii-HeOyab 11 po3B’sA30K, a y — NOBINbHUN PO3B’SI30K CHCTEMU
(2). Toni
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(zy)= (on,y) = (xo, H'I'y) = (xO,G) =0.
Hocmamuicmes. Maemo posknan
R"=ImH L KerH' .
Hexaii (z,y)=0 mna Gyap-sxoro po3s’ssky y cucremu (2),

T06TO Ans OGyab-sakoro Bekropa y € KerH T Toni mMaemo BkiO-
yenHs z € ImH. Lle o3Hauae, 10 iCHy€ BekTOp X, € R', Ans sKo-
ro z = Hx; . Omxe, cucrema (1) cymicHa.

Osnauennn. Axwyo x€ R', mo ona 3a0anozo eexmopa z
pisnuys  y=z-Hx Hasusaemvca gioxunom cucmemu (1).
3okpema, SKILO X — PO3B’SI30K CHCTEMH, TO AT HBOFO BiAXWJ HY-
JIbOBUIA.

SIKIO U CUCTEMA HECYMiCHA, TO JOUINBHO BiAWIYKAaTH TaKi
BEKTOPH X , IS AKMX BiIXHN y' =z—Hx Mae MiHiManbhy

hd ~
HOPMY "z—Hx “ V upoMy i1 nonsrac MeToA HaWMEHLIMX
KBaapaTiB; 0GUMCIIIOIOTECS BEKTOPH, LUO MiHIMi3ylOTh HOpMY

F(x)=lz- Hx.

- * -
Taki BeKTOPUM X Ha3UBAIOTbCA NCEE00PO38 A3KAMU JAHOI CUCTE-
MH JTiHIHHUX piBHSAHb.
Teopema 2. Muooicuna 6cix ncesdopo3e 'a3Kie cucmemu NiHil-
HUX DIGHAHb
Hx=z
HENopo*CcHa i 36icaembea 3 6a2amosuOOM yCix po3e A3Kie cucmemu
Hx=2, 3)
Oe % — opmozonanvha npoexyin eexkmopa z na Im H.

JloBeneHHs. 3HOBY CKOPHCTAEMOCH PO3K/IAAOM Ha OpTOro-
HaJIbHi CKNaJoBi

R"=ImH L KerH" .
. A, L A . .
Toni z=2%+4z, Ae Z~— OpTOroHalbHa npoexuis z Ha ImH i

L . -
z € KerH" . Jina 6ynp-akoro x € R’ BUKOHYETHLCA PiBHICTb
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L

lz
ockinbkn z— Hx € ImH . ®opma F(x) pocsrae cBoro MiHiMymy
2

> 2
- el 4|

F(x)=||z—Hx||2 = (2— Hx)+é

L

P

nMLe ANs TUX BEKTOPIB X, AN Akux [|Z — Hxl|=0, To6T1o mns
AKUX BUKOHYETbCA piBHiCTb Hx =Z. Ockinbku Z € ImH, To TaKi
BEKTOPH HEOAMIHHO iCHYIOTb.

§ 8.2. NcesnooGepHeHi maTpuui

Mypa - MeHpoy3a

Hexait L — ninilinuii ninnpocTip eBknigoBoro npoc-
Topy R". KBajspatHa matpuust A Ha3sHMBA€TLCA MPOEKYiUHOO Ha
nianpocTip L, akuwo ana 6yab-skoro Bektopa z € R” BekTOp Az €

OpTOrOHAILHOIO MPOEKIi€r0 BEKTOpa z Ha L.

Teepootcennn 1. [{na moeo wob oiticna keadpamua mampuys A
nopAoKy n 6yna npoexyiiHow O 0eAK020 NIHIUHO20 nidnpoc-
mopy, docmamubo, ujob 80Ha Mana maxi 08i enACMUBOCMI:

[. Cumempuunicme: A" =4

11. Ioemnomenmuicmy: A° = A.

JloBenenns. Hexait A7 =4 i 4% = A. CxopucraemMoch Bifio-
MOIO BJIACTUBICTIO CUMETPHYHOT MATpPHLLi:

R'=Imd L Kerd

(teopema § 7.4). ToMy KOXHHI BekTop z € R’ NOAAETbess Y BH-

g cymu z=2+é , ze ImA4, é € Kerd; Z — oproroHanbHa
npoekuis z HalmA . 3Biacu Az = A2 i Z=Aw nna neskoro Bek-
Topa w. ToMy
Az = A(Aw)= A*w=Aw=%.
Teopema 1. Axujo A — cumempuxna mampuys nOpAOKy n, mo
icHye epanuys
lim (A+8E) " A=4.

8§50
Mampuysa A- npoexyitina na nionpocmip L = Im A.
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JloBeneHHs. Jlns cumeTpHyHOi MaTpuli 4 icHye Taka opTo-
rosanpHa Matpuus X, mns Aaxoi A4 =.XZZXT, ne J - nmiaro-
vanpHa Marpuus: J=diag(A, Ay, o AL) A Ag,anA, —
BnacHi 3naueHHs (auB. § 7.5). [To3HauuMo uepe3 O, AoAaTHE YHC-
10, MeHIme abcoNOTHUX 3HaueHb [A,| ana Beix Ay #0 (Henynbo-
BUX BJAacHUX 3HaueHb). Todi ang Oyab-Akux uucen O, Ana fKMX
0 <18l < 8, marpuus

A+8E =X - diag(A, +8, Ay +8, .., A, +8)- X

o6opotHa. Ockinbkn R'=ImA L Kerd, To noBiibHuil BekTOp

. A L - 1
z € R nopaerbcs y Burnani z=z+z, ne Z€ Im4, z €Kerd.
Jlis AesKOro BEKTOpa w MaTHMEMO piBHiCTb Z = Aw . Toni

(4+8E)" Az = (4+8E)" A2 = (A+3E) A'w=
= X (A +8E) X XT X w= X[ (A +3E)" A2 |X"w.

OcKinbku

- A A3 A2
+8E ! 2=d. ! ) 2 3 sy z ’
(A+3E) A ‘ag[x,ns P +0 x,,nsj

TO
lim (J+8E)" A*=1.
50

ToMmy icHye rpaHuLs

lim (A+3E)" Az=XAX w=Aw=%.

80

VY pesynbTaTi MATHMEMO

. -1 A

lim (A4+8E) Az=12,

50
€ 7 — OpTOroHANbHA NPOEKLis BEKTOPA z Ha JiHifinuii nianpocTip
ImA. SIkuio 3aMicTb BEKTOpa z B OCTaHHiii piBHOCTI MOCNiA0BHO

. T T

nincrasnsTh Bektopu Gasucy ¢ =(1,0,..,0) , €, =(0,1,..,0) , ..,

a

T . . n
e, =(0,0,..,1) , To npaBopy4 AICTAHEMO BEKTOPH &1, &; -rss €y -
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a

TNobynyemo marpuiio A =(é;,é,, ..., ¢, ), cToBNUi AKOi 36iratoTh-
¢ 3 uuMHU Bektopamiu. Toxi

lim (A+8E) A=A i Az=3,

80

Jie Z — OpTOroHaNbHa NPOEKLs z Ha NiANpocTip ImA.
Matpuus 4, ska € rpaHULEI0 CUMETPUYHUX MATpHilb, cama

. . . ~2 ~
TaKoX CUMeTpHyHa. Bnactusictb ineMnoteHtHocTi A” = A4 oue-
BHJHA.
Bucnosok. Slkiwo A ~ cumeTpuuHa HEBUPOKEHA MATPHLSA, TO

A= éin?)(A +8E) ' A=E - onunuuna Marpuus.
—
Jlema. Jina 6yov-sxoi diticnoi mampuyi H pozmipnocmi m X n i
documwb manozo yucaa 8 # 0 mampuys
H'H+8E
obopomna.
JloBeleHHA NleMU HaBEACHO B TeopeMi 1 ans CHMETPUYHOI
matpuui A= H' H.
Teopema 2. [ins mampuyi H posmipnocmi mxn icuye
" -1 .
lim(H’H+82E) H =H". 6
§—0
Posmipnicme mampuyi H* Oopisnioe nxm . Qs 6y0b-1x020
eexmopa z € R" gexmop
v=H"ze ImH" 2)
i 3a00601bH5AE pigHicMb
Hv=2%, 3)
Oe Z — opmozonanvha npoexyia z nalm H .
Hosenenns. CnoyaTky A0BeJeMO iCHyBaHHS rpaHuLli

” S
lim(H'H +8E) H'z
80
Ans JoBiNbHOTO BekTopa z € R”.
Bukopucraemo Bizomuit poskaan
R'=ImH L KerH".
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. A L o4 L T .
Topi z=z+z,z€ ImH, z € KerH'. Ockinbku a1 Aeqkoro
BexTopa w Maemo Hw =2, To

it (2 e k)= o752 BT o

g -1 e . -1 .
(H"H +8E) H'z=(H'H+8E) H'Hv. (4
JIns CUMETPUYHO! MaTpuui A=H"H n3a Teopemoto | icHye
rpasvus

. -1 " ~
lim(H7H+82E) H'H=4,
30

ApU4YOMYy A4 - npoekuifiHa Mmatpuus Ha nignpoctip Imd =
= lm(HTH) . Ha niacrasi piBHoCTi lm(HTH) =ImH’ Bona 6y-
Qi€ NIPOeKLi/iHOIO MaTPHLIEIO HA ImH’ . Tomy
" -1 . o
lim(H"H+8°E) H'Hw=Aw=1,
50

Jie W — OpTOroHaIbHa MpPOEKLis BEKTOpa w nalmH' . I3 pisHocri
(4) nicraemo
. r 2o\ s
hm(H H+8 E) H'z=w. (5)
80
I3 OCTaHHBOI PIBHOCTI BMMIIMBAE, 1O BEKTOP V=W HE 3aIeXHTh

Bin BUGOPY W B piBHAHHI Hw=2Z.
Slxio B piBHOCTI (5) BEKTOPY 2z MOC/IZIOBHO HalaBaTH 3Ha4eHb

6asucuux BekropiB ¢ =(1,0, .., O)T, e, =(0,1,..., O)T -

=(0,0, ..., 1 ’ , TO JiCTAHEMO CHCTEMY BEKTODIB
em

v, = lim (H"H+82.E)'l H'e, (k=1,m), (6)

axa Hanexuts ImH' . Matpuus H* = (v, vy, ..., V,,) 3i cTOBNUS-
MH V}, V3, ..., V,, MA€E PO3MIpHIiCTb nXm i

- T 2.\ gt gt P T

lim (" H +8 E) H'=H', v=w=H'zeImH'.

—0
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I3 pozknany
R'=1mH" L KertH

. ~ 4o P
JICTAEMO W=WwW+Ww, W € ImH’ , w € KerH . Tomy
z=Hw=Hw

i Ansl BEKTOpa v =W BUN/IMBAE BAMOra TEOPEMH — PiBHICTb (3).
Teopemy noseneHo.

Osnauenns. Axwyo H =(oy, ) — mampuys posmipnocmi mxn
3 Oitchumu  Koegiyiewmamu, mo  mampuys H' =
=t];i_qlo(H "H +82E)~] H' PO3MIDHOCII  MX M NA3UBAEMbCA  NCEG-
0oobeprenoro ons mampuyi H.

Hpuknan 1. 3uaiitn H* nna matpuui

11
H= .
00
Po3B’s3auus. [Jna marpui H* maemo

H"’HH‘QE:(1+62 ! J

1 1+82
P+ -1 1482/

B g 1
(H’H+52E) ) N
2+8*1 0

Tomy

. ) . 1 0 .,
H+=Iim(H’H+8‘E)"‘H’=l Ly,
850 21 0) 2

MNpuknax 2. 3waiitu J° 1nns KBaJpaTHOI AiaroHanbHOT
marpuui J = diag (A, Ay, ... A, ) .
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Po3B’s3anHHg. Maemo

Ot =lim(g*+8E)' O =

§—0

A A A
= lim dia; (. R —" 7.1 S S )
S g(x,2+52 W2+5 x3+52] CREEY)
ac

A }»;', axkiwo A, #0,
k —1
0, sakwo A, =0.

Hpukaax 3. OGUUCINTY NCEBLOOGEPHEHY MaTPULIIO A" ans
CUMETPUYHOT MaTpHLli 4 NOpAIKY 7.

Po3p’s3anus. Jns Mmarpuli A 3HaiinemMo Taky opToro-
HaJIbHY MaTpHLIO X, AKa MepeTBOPEHHAM noai6HocTi 3BoAUTL ii
10 aiaroHanphoro Buay. Toai il MOXHa nojaty y BULIALI RO-

6yTKY A=x1ax", ae,[]—dlag(k,,kz,...,}»,,), AsAgy ey, — 10

BiacHi 3HaueHHs. Tomy

* = lim (42 +82E) A =lim X(J? +&E) AxXT =
3-0 30

= X[ lim (7% +8%E)” ﬂ]x"' =x1°x".

80

Byab-ika CMMETpHUHAa MaTpuus A4 nepecTasHa 3 A A4 =
=A"A. Lia piBHiCTb JIETKO BCTAHOBJIIOETCH, AKILO CKOpHCTa’l‘HCﬂ
HaBeJCHUMH BMLLE MOJAHHAMM MaTpuub A i A"y sursai
JiaroHaJbHUX MaTpHllb.

3ayBaxuMo, IO HE KOXHa Manmm H nepectaBHa 3i CBOEO
NceBA000EPHEHOI0 MATPULIECHO H.

v i1 a=(U " wam me =Lt
npyukKnaat A = Malu =—
puiciaat 1 A% 0 0 2l 0

HH* #H'H.

Tcesaoobepeny H' ans matpuui H MOXHa BiAiLIyKaTH fK
rpaHHULIO
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lim H' (HH" +8*E)™",
30

ne E — oqHuyHa MaTpULA BiANOBIAHOrO NOpAAKY.
11106 y usomy nepekoHarHcs, po3risHeMO PiBHICTh
H'(HH" +8E)=(H'H+8*E)H’ .
3BiAcCH 3HAXOANMO
(H'H+8Ey'H" =H"(HH" +8*E)™".
Tomy
H* =lim H' (HH" +8*E)".
§-0
Teepocennn 2. Axujo H* — ncesdoobepnena mampuys ona H,
mo H'H - npoexyiina Mampuys Ha JNinidgHuil nionpocmip
Im(H"),aHH" - npoexyiuna mampuys na Im H.
HoBeneHus. I3 o3HaueHns
HY =lim (HH" +8*E)'H"
80
JicTaHeMo
H'H=lim (H' H+8E)y'H'H .
§—0

3a TeopemMoio | us rpaHuus A CUMETPUYHOT Matpulli 4= H "H
€ MpOEKLifHO MaTpuLEo A wa ninifiuuit nianpocrip ImA4 =
= Im(HTH). Ane BiioMo, LIO Im(HTH) =ImH" . Auanoriuue
TBEp/DKeHHA 36epirae cuny i ana HH .

Teeposwcenna 3. Axwyo H - xeadpamna nesupodscena
mampuys, moH* = H™'

Hosenenns. JInsa HeBupomKeHoi MaTpuli H nopsaaky n Mae-
Mo Im H = Im H" = R”. Tomy oprorosansha npoekuis 2 = H* Hz
BekTOopa z Ha R’ 36iraetbcs i3 z. Pipuicts H'Hz=z nns
JOBiNLHOIO BEKTOpa z O3Hayvae, wo H*H = E , ne E — oqMHMYHA
matpuus, To6to H* = H™' (aus. Teopemy 1).

Teepoxcennn 4. KerH=Ker( H'H ).

HoBenenns. Bxuouenns KerH < Ker( H* H ) oueBuane. s
BCTaHOBJICHHs 06epHeHoro BKIoueHHs obepemo x € Ker( H H );
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H*Hx=0. Ha niacrasi pisrocti R'=ImH' L KerH maemo

. L . R
posknag x=%+x, ne x€ ImH’, xeKerH. Ane H'H - npo-

eKklifiHa MaTpuLs Ha ImH! . Tomy x=H"Hx =0 i, oTxe,

L
x=x € Ker H.

Ocrarouno Ker( H"H ) c KerH .
Teepovcenna 5. s mampuyi H maiome micye pignocmi:

LH =(H'HYH'.

L(H"Y =(H") .

ULH"=H"(HH")".

Josenenus piBHocTi I. CkopucTaemoch piBHicTiO (4):

HYz= lim (H'H+8Ey'H" Hw,

e z — NOBiNbHUI BekTOp i3 R™; w — BexTOp i3 R, 1110 3310BOJIbHAE
piBHicTe Z=Hw; Z— OpTOroHanbHa MpoeKuis z Ha MiHiAHWHA
nignpoctip Im H.

CumetpuuHy Marpuuo A =H "H wmoxna nomatv y BUIAA
N00yTKY A=XIx", ne 7 = diag (A, Ay, ..,A,) i X — Baano
ninibpaHa opToroHaibHa MaTpuus.

JlictaHeMo piBHICTb

Hz= X[Iim (T +8*E)™ zz} X"w. €
3—0
OcKinbku
(H"H)" =lim [(H"H)2 +52E] H'H,

80

MAaTHMEMO PiBHICTb
(H'HY H z =lim [(H"'H)2 + 52E] "H'HH"z .
30

3HOBY BUKOPUCTAEMO PO3KIIaJl Yy IPAMY OPTOrOHATbHY CYMY:
R"=ImH LKerH .
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., L . L , ,
Toni z=z+z, pe zelmH, z e KerH/; le=H/z,
Z=Hw. Tomy

(H'HY*H'z ={ [(H”'H)2 +52E]" (H”'H)z}w=

lim
§-0
-1

= X{éi_xg[,[]z + 62E] ﬂz}XTw .

-
Ha nigcrasi piBHOCTI (,ZI2 +62E) ,ZZ2 =

lim
50

-1
=i 2
—gl_n)%(ﬂ+6 E) I Bunnmsae

(H"H)* H"‘z=X[éin3(ﬂ+525)"ﬂ}x"w. (8)
—>
[opisusaBlu pisHocti (7) i (8), 3Haiinemo
Hz=(H ' HY*Hz. 9)

Ockinbky OCTaHHS PIiBHICTL cnpaBeaiyBa Ans Gyab-sKoro BeK-
TOpA Z, TO

HY=(H"HYH".

Ha nosenennsax pisHocreit 11 i HI ve 3ynunsemocs.
Teeposcenns 6. Buxonyromocs pignocmi

IV.HH*H=H.

V.H"HH* = H",

HMosenenns. Ockineku HH® - npoekuiiina matpuus Ha
ninifinuA nianpocrip ImH, To a0 BekTOpa z = HX BUKOHYETbHCS

pieuicte HH'z=z. Tomy HH"Hx=Hx ans Gyab-skoro Bek-
Topa x € R". lle o3Havae, mo HHYH = H.

Hns noseeHHs PiBHOCTI V CKOPHUCTAEMOCS CNiBBiJHOLIEHHAM
H*=(H"H)'H". Ocxinku H=HH'H, to H" =(H"H)* x
x(HH*H) =(H"HY*H"(HH"). Ane HH'- CHMETPUYHA
Matpuus. Tomy

H =(H'HYH'HH* =[(H"H)" H" \HH* = H*HH",
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Teopema Ienpoysa (6e3 OogedenHs). Hexati H — Oiticna
mampuys pozmiprocmi mXn . s mozo wob mampuys F pos-
MipHocmi nXm 36i2anaca 3 nceso00bepHeHoo H*, neobxiono i
docmamuwo, ujob 60HA Mana Maxi @1acmueocmi:

a) HF i FH —mampuyi cumempuuni;

0) HFH = H;

B) FHF = F.

Teeposcenna 7. [ns 6yov-axoi mampuyi H euxonyromeca
pienocmi:

VLH'HH' =H'.

VIL H'HH* = H'.

JloBenenus. I3 piBdocti H = HH* H Bunnusae, o

H' =(HH*H) =(H*HY H' =H"HH';
H' =(HH*H) =H"(HH")' = H'HH".
Bnpasu
1. TMoka3aTu, WO AT CUMETPUUYHOI MATpULi A BUKOHYIOTHCS

Taki piBHOCTI:
a) AA" = AT4;6)(4")" =(4") (k21);
B) (A5) A =(U4T A =44 (k21);
) 444" =4 (k22);m)(47) 4 =4 (k>2).
2. JloBecTH, 110 KON X — OPTOroHabHa MaTpil, TO
(HX)' =X*"H" i (XH)" = H*X™.
3. JloBecTH
(H'H)" = HY(H'Y (HHT)" = (H' Y H".
4. loBecTH

KerH* =KerH' ,ImH* =ImH".

5. HosectH
(H)" = H.
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§ 8.3. 3acTtocyBaHHA nceBAOOGEpHEHOT MaTPUL

ANA PO3B’A3aHHA MaTPUYHUX PIBHAHb

3HOBY PO3r/ISHEMO CHCTEMY JIiHifiHUX PiBHAHb
Hx=z. H

Tyt H — marpuus posmipuocti mxn, x=(§,,§,, ..., ) —cros-

neusb Hesigomux, z =(§;, &5, ..., §,).
[lopan i3 cucremoro (1), cknagemo HOBY cucTeMy miHilHMX
PiBHAHD
H' Hx=H'"z, )

Ky OyJeMO Ha3MBaTH HOPMAbHOKO CUCTEMOIO TS AAHOI CHCTe-
mu (1). BusBnsieTses, 10 HOPMaibHA CMCTEMa PiBHSHB 3aBXAM
cymicHa. [Jlns cuctemu (2) 3anuuieMo OAHOPIAHY cHUCTEMY

(H'HY y =8, 10610

H Hy=60, (29
iif BiAMoBiAHY Ha mixcTaBi yMoBu Teopemu dpearonsma. 3a wicio
TEOPEMOIO cucTeMa (2) CyMicHa, Ko Oyab-sikuii pO3B’A30K Ofi-

HOPIiZIHOT cHcTemH (2°) opToroHanbHuit BekTopy H' z . [lepekoHa-
€MOCb Yy uboMy. Hexall y — noBinbHUI po3B’sa30k cucTemu (2°).
Toni

(Hy,Hy)=(y,H Hy)=(»,6) =0

iTomy Hy=0.3sincu (y,H' z)=(Hy,z)=(8,z)=0. OTxe, cuc-
Tema (2) — cyMicHa.

Teeposcennn 1. Mnoscuna ecix ncesdoposs’sskie cucmemu
Ninitunux pignans (1) € piuennam 8ionogionoi nopmanvioi cucme-
Mmu (2).

HoBenenus. BigomMo, 0 MHOXHHA NCEBAOPO3B’A3KIB CHC-
TemH (1) 36ira€TbCs 3 MHOXKHMHOI PO3B’A3KIB CyMiCHOT cUCTEMH

Hx=1z,
Ae Z — OpTOroHalbHa MpOEKLis BEKTOpa z Ha mianpoctip ImA.
Hexait x - nceBaopo3s’s3ok cuctemu (1), to6ro Hx =3 .
Ockinekn HH' — npoekuiiina MaTpuLs Ha NiHidiHui nignpocrip
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ImH (§ 8.2, TBepmxeHus 2), To 2=HH*z. I3 piBuocti Hx =
=%=HH"z nicraemo H Hx =H'HH'z. Ane H'HH* =H'
(§ 8.2, TBepmxenHs 7, Bnacrusicte VII). Tomy H'H =H"z:
NCEeBAOPO3B’ A30K X 3a0BOJILHIE HOpMaJlbHe PiBHAHHS (2).

[ceBnoobepHeHi MaTpHili BHUKOPHUCTOBYIOThCA MApPH 3HAXO4-
KEHHI PO3B’A3KiB MATPHUUYHUX PiBHAHb BUAY

AXB=C, 4)

ne A, B, C — Matpuui BianoBiAHMX po3MipHOCTe; X — LiyKaHa
MaTpuus.

Teeposcennn 2. Jlinitine mampuune pienannsa (4) mae pose 's-
30K MoOi U nuuie mooi, KONU BUKOHYEMbCA PiGHICMb

AA*CB*B=C. %)
HoBeneuus. Heobxionicme. Hexat X, — pesxuit po3B’a30k
MaTpUYHOrO PiBHAHHS (4):
AXyB=C.
Toni

AA"CB*B = AA" (AX,B)B* B = (AA" 4)X(BB* B)= AX,B=C.

JMocmamuicme. Hexait mae wicue piBhicts  (5). Toai
X, =A"CB" — po3B’a30K piBHsAHHS (4).

Bnpaegu

1. lkMM YMHOM TBEpAXKEHHS! 2 MOB’A3aHE 3 TBEP/KEHHAM:
MaTpUUHE DiBHAHHA (4) Mae pO3B’A30K TOAi i JMwe TOMi, KOIM
paHr Martpuui JOpiBHIOE paHry posliuvpeHoi MaTpuui 4 (Teopema
Kpouekepa — Kanenni)?

2. Bianosicty Ha nutanus 1 ans piHaHEs XB=C .

3. JloBecTH, 110 3arajbHUM PO3B’A3KOM OJHOPIAHONO MaTpHu-
Horo piBusHHa AYB=0 6yne Y=M -A"AMBB", ne M -
NOBiNIbHA MaTpHLA, PO3MIPHICTb AKOi 36iracThes 3 PO3MipHICTIO
marpuui Y.

4. JloBeCTH CyMicHICTb HOpManbHoro pisHsuus H' Hx=H'z
3a JOMOMOTOIO TBEPIKEHHS 2.
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§ 8.4. MeTtoa o6uucnenus
ncesnoobepHeHoOi MaTpuLi

Hasenemo oauH i3 MeroaiB ofumcnenHs nceBao-
obepHeHoi MaTpulli, noGynoBaHuil Ha OCHOBI Teopemu ['amisb-
ToHa—Keni.

Hexaii 4 — cumeTpuuHa MaTpuug i

X(O)=pE-A|=1"~Bu"" - . -B,t-B, —
i XxapakTepucTH4HUH MHorouneH. [Togamo iforo y Burasi
() =ou" (t@(t) - 1),

ae o.#0, m20, @(¢) — 0qHO3HAYHO BU3HAUEHHI MHOTOYJIEH.
Ha ocHoBi Teopemu aminbroHa—Keni

X(A)=0 = o4 (Ap(4A)-E)=0.
Sxkuto matpuus 4 — 06opoTHa, To m=0 i OCTAHHE CMiBBigHO-
weHHs Habyne BUrnany
o(Ap(A4) - E)=0. (M
Omxe, A* =47 =¢(4).
Hanani ckopucTaemoch BIACTHBOCTAMM CHMETPHUHHX MAaTpHLib
(§ 8.2, Bpaga 1):
a) A4t =A"4;
k
6) (4*) =(4) =1y
k
B) (4*) 4* = (a74) =4 421
k k-1
r) Ak4t = 4K, (A*) A =(A+) (k=2).
Konu m 21, BUkoHyeThCs piBHICTD
A" = A"o(4) @)
i TOMy (A+)m+lAm =(A+)m+l AMH([)(A). MaCMO (A+)m+lAm+l -
=(4"4)™" = 4* 4 - npoexuiiina Matpuus. Ane (A1) A" =
=AT(AY' A" = A AT A= 4",
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JlicTaeMo piBHICTb
A" = A4 Q(A) 3)
Ockinbku A4 @A) = A4 [@(A) - 0)E]+ @0)44" i §(A)-W0)E
MICTHTb JOaHKH JHLIE 3 JOAATHUMHU CTENEHAMU Matpuui 4, To 3
pisHocti A4 = A% (k=1) sunnusae
A4 [@(4) = 9(0)E] = o(4) - 9(0)E .
Tomy 3 piBHOCTI (3) 3HaX0AMMO
A" = p(4) - G0)E +@(0) 44" . C)
3Biacu
AT = Ap(A) - 9(0) A+ p(0) 424" .
Ockinbku A2AT = A, 10 AA* = Ap(A4). TlincraBuMO OCTaHHii
upas AA"* B pisnicts (4). lictanemo gopmyny
A" =o(4) + 90)[ 4p(4) - E]. )

Bucnoeok. Y BCiX BUNAAKAX JJisi CAMETPHUYHOI MATPULL NCEB/I0-
obepHeHa 004MCIIOETLCA 38 GOPMYIIOH

A" = o(A) + 9(0)[ 4p(4) - E].

Skwo x A — 06opoTHa, To 4™ = @(4) .
Hexaii Tenep H — 10BifbHA MaTpHLsi poamipHocti mxn . O6-

YHCAMMO /IS CHUMeTpuuHoi marpuui A=H T"H xapakrepucTiu-
it Muorowner X(¢) i nosamo ioro y BUrIsai

() =o-t"(te(t)-1).
Tonai
At =(H'H) =@(H H)+oO)[H" Ho(H' H)~ E].
I3 cniBBinHoweHHs A4 = 4" A = AQ(A) opepuMo piBHICTb
H'Ho(HHy=(H"HY H'H =[(H"H)" H' 1H .
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CkopucraeMoch Tenep BioMO10 Ham piBHicTIO
(H"H)*H" = H* (§ 8.2, TBepakenns 5), Toni
(H'H)" = o(H" H)+ @O H"H - E]
i, OTXKe,
H*=(H"HYH" =oH"H)H" + o(O)[H*HH" - H"].

Cxopucrasuice H*HH' = H' (§ 8.2, TBepxenns 7), aicra-

HEMO KOPOTKY ¢opmyy
H* =o(4H)H" = o(H" H)H" . 6)

Skwo r — panr matpuui H, TOAI paHr CMMETPHUYHOI MaTpHLi
A=H"H Takox nopisHioe r. Lle, Hanpuknaz, BUMIWBac 3 pis-
nocti ImH” = Im(H" H), ockinbku pauru matpuup Hi A=H'H
30iraioTbCs 3 PO3MIPHICTIO LbOro AiHiliHOro mpocropy. MoxHa
rnoc/aTHes Takox Ha pisHicTh Ker H = Ker (H H).

KinbKicTb Hy/IbOBHX KOPEHIB XapaKTEpHCTHUHOrO MHOIOMJIEHA
X(@O)=t"-By" "~ .. ~b, matpuui A=H"H popisHioe n—r.
Tomy ocTanHiM HeHy1b0BUM KoediuieHTOM iioro Gyne —B, :

X@)=t"-Bt"" .. =B,
Omxe,
X0 =B1"" (1) =1),
ae

r=1
o) = i[tr_] - ZB/JHH ] .
p P

r

Ipuxaaa. O6unciuTH nceeaoobepHeHy s MaTpuui

2 -1 0
H=|-1 11
0 1 2
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Po3B’a3aHHA. 3acrocyemo dopmyny (6):

5 -3 -1
A=H"H={-3 3 3|=
-1 3 5
t-5 3 1
= XH=| 3 t-3 3 =t(t - 4)(t - 9) = =36:(tp(t) - 1),
1 -3 -5
1
ne ¢o(t)=——1(-13). Toai
o(1) 36( )
| 18 3 1
A=——(A4-13E)=—1}3 10 =31,
@A) 36( ) 36
1 -1 8
13 -4 5

H+=(p(A)HT=§lg -4 4 4.
5 413



Po3din 9. ONYKII MHOXWHU

§ 9.1. 3aranbHi BnacTuBocTi

Ta cnocobmu no6yA0BH ONYKNUX MHOXUH

Hexaii xp,x; — aBi pi3Hi Touku esknizoBoro npoc-
Topy R". MHOXMHa BCiX TOUoK x = (1 - A)x, + Ax; , ne napameTp A
HabyBa€ BCiX 3HaueHb i3 R, HA3UBAETbCA MPAMOIO AiNicIO, 11O
NPOXOANTH Yepe3 X, i X;.

Hexaii x,x; — 6ynb-aiki ABi Touku eBKkaiaoBOrO Npoctopy R .
Biopisxom [ xy,x ] 3 KIHUAMH X, | X; HAa3MBAETLCA MHOXKHHA BCiX
TouoK x = (1 - A)xy + Ax , Ae napameTp A npobirae Bei aiicHi unc-
na Biapiska [0 ,1].

Osnauenna. Henopooicns niomnoscuna V esxnioosoeo npoc-
mopy R' nazusaemovcs onyxnoio, sxugo 3 x4,x, € V. eunausae, wo

[X0.% ] V.

Hpuxaan 1. Hexai L — niuiiinnii 6aratosua npoctopy R” ,
TOOTO MHOXMHA BCIX PO3B’A3KiB CyMiCHOI CHCTEMHM MiHiHHHX
piBHSHB

(@, %)=,
(aZ’x) =B25
(am9x) =Bm'

Skwo xp,x — ABa po3B’A3KH L€l cucTeMu, To x =(1—A)x, +
04X
+Ax; npn OyAb-AKMX 3HAYEHHAX nNapameTpa A Takox Oyne
1
po3B’s3koM Ui€i cuctemu. KO X, i x; BiAMiHHi onuu Bi oaHO-
To, TO MpAMa JIiHis, 10 3’€AHYE Ui TOuKH, HanexuTs 6aratosuay L .
3BuyaiiHo, 6ararosua L ~ OMnyKNla MHOXHHa.

HNpukaan 2. Hexait [T={xe R" (a,x)= B} - rinepnnouwna

(a#0). ITiBnpocTopu
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P={xe R'(ax)<B}, Q={xeR"(a,x)2B},
P’ ={xe R':(a,x)<B}, Q° ={x e R":(a,x)>B},

sIKi BU3HAYAIOTLCA MMEPNIIOLIMHOLO, — OMYKIli MHOXHHH.
[TepeBipuMo TBEPIKEHHS [Jis MiBMPOCTOPY P. Slkuio x,% €P,

10 (a,%)<P, (a,x)<P. Hexail x=(1=-A)xg +Ax;, 0SA<IT.

Touai
(a,x)=(a,(1-M)xo +Ax) =

=(1 —}\’)(a’xO)-'-A'(a’xl)s(l -}\‘)B+}\'B=ﬁ7
1o # o3nauae x € P . Biapizok [ xy,x% ]C P.

Tpukaan 3. Biaxputa kyna S=S(a,€)={xeR" |x—af <€}

3 LIEHTPOM a i pazliycoM € > 0 — omyK/ia MHOXHHA.
Hexaii xo,% € S , T06T0 |[xo —a] <€ i |x —af <€ . o

x=(1=A)xy +Ax;, 0SAST, 0 x—a =|(1-A)xo +Ax —a] =
= =R — @)+ ACx = @) < 0 = Ao — @) + [ - a)|=
=(1—)»)~||x0—a||+).||x| —a||<(]—7\.)8+}»8=e, [Ix—a"<8.

Omxe, x€ S i[xp,x]CS.

Bnpasu
1. Hexaii K, — Muoxusa seix touok x =(;,&;, ..., &,) npoc-
Topy R' Takux, wo |§,|<1,k=1n LA MHOKHHA Ha3MBAETLCA

n-BUMipHUM KyGoM. [Tokasaty, wo K, — onyk1a MHOXKHHA.
2. TlokasaTty, 1o MHOXHUHa Beix Touok (§,7M) eBknifoBoi no-
2 2

wMHn R?, oBMexeHa enincom —2—+%2—=1 (oe > 0, B > 0), To6TO
o

MHOXuHa Beix Todok (€,M), KOOpAMHATH AKHUX 33[0BONLHAIOTH
2 p2
HepiBHICTb 5 +—-<1, € OMYKJIOI0.
2 Q2
o B
3. INoka3aTH, WO MHOXMUHa Beix Toyok (§,M) nuioLmnHl R, wo
3aJ10BOJIHSAIOTH HEPiBHICTDb af? +BE+y<n (o> 0), T06TO MHO-
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’*MHA BCiX TOHUOK, 0OMexeHux napabosoio 3 piBHAHHAM n=of’+
+B&+ v, € onykoto.

4. TMokaszatu, wWo MHOxuHA BCix Touok x=(&,n,{) Tpusu-
MipHOTO €BKIiA0BOro MpOCTOPY R, aKi 3a00BOSILHSAIOTH HepiB-
wicts 02 +Pn? <L (o> 0, B> 0), € onykoro.

5. Hexaii V- wmHoxuua Bcix Touok x=(§,E,,...&,)
2 2 2
npocTtopy R, w0 3a80BONBHAIOTH YMOBY §_12+ §_22+ L2n<.

2
o] oy o,

JloBecT OnyKIiCTb Li€l MHOXKHHH.

6. Tloxasary, wo konu oA — AiHiiHKI onepartop npoctopy R,
TO 06pa3 A(V) onyknoi MHOKMHH ¥ —OMyK/la MHOXHHA.

7. Hexaii ¥ — niaMHOXHMHA eBKIiA0BOrO npocTopy R, ska mae

. . 1 1
Taki BAaCTUBOCTI: AKIO Xy,X; € V', TO x=5x0 +5x| e V. Jo-
BECTH, L0 KONU V'—3aMKHEHa MHOXKWHA, TO BOHA — ONyKJa.

Hasectu npuknan, sxuii cBixuuB OH, 110 TaKUH BUCHOBOK, B3a-
raji Kaxy4u, HeBipHHii.

Onepauyil Had onyKnuMu MHOXUHamMu

1. Cyma onykanx maoxuH. Hexait 7} i V, — onykni
MHOXHHH. IX cyma V =V¥| +V, — olyk/1a MHOXHHA.
HiiicHo, oGepemo v,w € ¥V +V,. Toni v=x, +x,, 1€ x; € V],
X, € Vo i w=y+y,, ne y, € V|,y, € V,. YTBOpUMO niHiAAHY
xoMbinauito u=(1-A)v+Aw ,0<A<1. Toni
u=(1-A)x +x) + Ay +y2) = ((A1=A)x + Ay ) +
+((1=M)xy +Ay,).

3a ymoBowo (1-A)x; +Ay, € V) i (1-A)xy +Ay, € V;. Tomy
ue Vi +V, i, otke, V| +V,— MHOXHHA ONyKJ1a.

IL. IIpsima cyma onykanx MHoxMH. Cyma V =V, +V, onyk-
NMX MHOXHH V| i V, Ha3HUBa€TLCA npsamoro, AKIO i3 MOJAAHHA TOYKH
veE+V, y Bumsai v=x+x, =y ty,, ne x,n € W,
Xy,Y2 € Vo BHUILIMBAE X; = Yy, X3 =V, .
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I11. MuoxeHHs Ha ckaJap. Skwo V —onykia MHOXHHA | A —
nificHe uMcno, To 3a o3HavenHsm AV ={y€ R": y=Ax,xe V} -
OIYKJ1a MHOXKHHA.

IV. Meperun ciM’i onykaux mHoxuH. Hexait naHo ciM’io
V,,®€ Q onykiux MHOXMH. ix mepernn V = szz V, — abo

noposHs, abo onykiia MHOXHHA.

Mpunyctumo, wo V£ i xp,x € V. Toai x5,x € V,, ana
Oynb-axkoro we€ Q. Ha nincrasi onyknocti ¥V, Biapizok
[xg, ] € V,. ATomy [x5,x] C V. Omxe, MHOXHHA V —onykna.

gee .

3okpema, nepepi3 ckiHueHHOT ciM’i nisnpoctopis P, ={x€ R":

(a.x)<PBi}, & =1,m, TOBTO MHOXHHA BCIX pO3B’A3KIB cHCTEMH
NiHiiHKX HepiBHOCTER

(ay,x)<Bi, k=1,m
— MHOXHHA OMYKJIa (IKLIO CUCTEMA CYMiCHa).

Taka mHoxuHa P=PA NP N..NP, HauBaeTbCa bacamo-
ZPaHHOI0 MHOXXHHOIO.

BaraTorpaHHi MHOXHHH MOXYTb OyTH OOMexeHHWMH i HeoO-
MmexeHumu. Hanpuknaa, y npoctopi R’ MHOXMHA po3B’A3KiB
CHCTEMU HepiBHOCTEH

x +y +z £1,
-X <0,
-y <0,

-z <0

obmexxeHa OaratorpanHa MHOXkuHa. Lle — tetpaeap OABC (puc. 6),
obmexenuit nnomuHamu: 1) x+y+z=1, 2) x=0, 3) y=0,
Z 4) z=0, ne4(1,0,0), B(0,1,0), C (O,
0, 1). O6mexxeHy OararorpaHHy MHOXH-
HY HasMBaTUMeMO onykium baca-
MOZPAHHUKOM.
V. TeopeTHKO-MHOXKHHHE 3aMH-
KaHHf. 3amukauus V  onyknoi MHo-
XKHUHH V' —MHOXXHHA ONyKJa.




3aMukaHHA ¥ OJepXKYETHCA 3 MHOXMHU V NPUEAHAHHAM YCiX
i rpaHuuHMX Touok. SAKINO Xo,X, € V i Xy,x € V (abo xou 6u
O/IHA 3 TOYOK Xp,X; HE HaNeXHTb V), TO iCHYIOTb HECKiHUEHHI
nocnigosHocti Touok {a,} i {b,} i3 ¥, wo 36iratotecs Biano-

BiHO 10 X, i X;:

am‘—)xo anm—)OO,

b, = x npum— oo,

Akwo x=(1-A)xy+Ax;, 0<A<1, Tomi posrasHemo no-
CNOOBHICTE TOHOK ¢, =(1-A)a, +Ab, € V, ¢, = x=
=(1-A)xy +Ax; npu m —>eo. Touka x — rpaHuysa Anst no-
cainosHocri {c,,} i, omxe, x € V. Muoxuna ¥ —onykna.

VL Skuio V' — onykna MHOXHHA i 11 BHYTpiiHg obnacts V'°
HenopoxHsA, To V° ~onykjia MHOXXKHHa.

Skwo x,,x; € V°, TOAi iCHYIOTE BiAKPHTI Kyni
S, =S8(xp,€) = {x € R |x-x|<¢e},

S, =S8(x,€) = {x € R':|x—x]|<e}

JOCTaTHbO MAJIOro pafiyca € Taki, wo S, C V', S, C V. Hexaii
x=(1-A)xy +Ax;, 0<SA<l i S=8(x,€) — €-0Kin TOYKH x.
O6epemo 110BinbHYy Touky w € S . Jlna Hei |w— x| <e.

Touka wy =x; +(w—x) Hanexutb S|, OCKilbKH “wo ——x0|| =
= ||w—x|| <€; Touka w; =Xx; +(w-—x) HanexuTb S,, OCKiJbKH
oy = x| =|w-x]|<e. Opn wsomy (1-A)wg+Aw =(1-A)x,+
+Ag +(w-x)=x+(w—x)=w.

Ha nigcraBi onyknocTi MHOXMHM V' MaeEMO BKJIHOYEHHS
we V.

Omxe, N0BiJIbHA TOUKA i3 W € S HanexuTsb V', Tobto SC V.
Takum unnoM, x € V° = [xy,x] € V°. V° — onykna MHo-
KUHa.
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§ 9.2. Koxyc

Osnauenna. Henopooicus niomuoxcuna K esxnioo-
8020 NPOCMOPY HA3UBAEMbCA KOHYCOM, AKWO ONA Hel 8UKOHY-
IOMbCS YMOBU.
l.x,ye K=>x+ye K.

2. xe K,A20 > Aaxe K.

L]i ymoeu exgiganenmui oOniti ymogi
3.x,ye K A20,u20 = Ax+puye K.

3BifcH BUMIMBAE, 110 KOHYC K — OnyKji1a MHOXHHA. {i nasusa-
€MO ONYKIUM KOHYCOM.

SIKWO X;,X,, ..., X,, Hanexatb koHycy K i A;20,2,20,..,
A, 20, T0 Axp+Ayx, + ... +A,x, € K: Oynb-sika HeeiO'emua
ninitiHa kombinayia BEKTOPIB i3 LbOro KOHYCa HAJIEXHUTh LIbOMY XK
koHycy. Konyc MicTutb HyaboBHii BekTop 6.

IpuK/IaH ONYKJIHX KOHYCIB

1. Muoxuua R ={x=(§,&,,...&,) € R":§ 20, §;20, ..,
€, 20} HasMBAcTLCA HeGi0 EMHUM OpMAHMOM TIPOCTOPY R lUe -
ONYKIIHH KOHYC.

2. Byab-skuit niHiliHMi nianpoctip npocTopy R’ € konyc.

3. Hexait T={x:(a,x)=0} - nedxa rinepniowuua, Wo
MpoOXOAMTh  uepes  HyaboBy Touky 6. [IliBnpocropu
P={x:(ax)s0}, Q={x:(ax)2 0}, BusHaueHi uielo rinep-
TMUIOLLMHOIO, € OMYKJH KOHYCH.

4. Po3rnsHeMo cHCTeMY JiHIiHNX OHOPIAHUX HEPIBHOCTEH

o &y + 0oy + o+ 0,6, <0,
0, &; + 06, + . + 0,8, <0,

O&y + 0prln + oo + 0,6, <0,
a6o y BekTopHOMY 3amucy (@,x)<0, (a,%)<0, ..., (a,,x)<0,
ae ak = ((X“,akz, veey akn) s X = (é], gz, ceny E_m), k =l, m.
MHuoxuHa K Beix 1i po3s’s3KiB 36iracTecs 3 nepeTHHOM
BRNPN..NF,
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MiBNpPOCTOPIB
P ={x:(a,x)<0}, k=1,m.

Ll# MHOXMHA € ONMYKJIHH KOHYC.

V npocropi R' BHAINAMO CKIiHYEHHY CHCTEMY BEKTODiB
a,ay, .., a, i uepes L'(a,a,..,a,) MO3HAYNMO MHOXUHY
BCiX TMX BEKTODiB, AKi MOXKHa TMOJATH y BHUIMJIAAI HEBIA'EMHHX
AiHiliHUX kombiHaLil LKMX BEKTOPIB:

L' (a,ay, ...,a,) =
={x=na +May + ... +Nya, 1 M, 20,1, 20, .., M, 20}.

Slkuwo uepes A=(a|ay|..|]a,) nosuauntu Marpuo, crosn-
Ui fKoi CKAafieHi 3 KOOpAMHAT 3aJaHuX BEKTOpIB a;, a
y=MMNas e nm)"' >0 — HeBii’€éMHHIl BEKTOp-CTOBIELbL PO3-
mipHocti m (1, 20,1, 20, ...,Mm,, 20), TO IO MHOXHHY MOXHA
3anucaT Tak:

L (a),ay,...a,) ={xe R":x=Ay,y20}.
TokaxeMo, 110 L MHOXHHA € koHyc. Hexalt x,% € L' (4, ..., a,,)
i A, u=0.Tomi x=Ay i x; =Ay,, & y =M}, N> M) 20,
Y1 =Y2s oo ym)T >0 - jeski HEBiA’€MHI BEKTOP-CTOBIILI.
Hesin’emna niniiina komGinauis w=Ax+x; AOpIBHIOE
Ay + W), ae Ay + Wy, TaKkOX HEBiJl’€EMHHUI BEKTOP-CTOBMIELb.
ToMy w=Ax + Jx; HalIEXKUTb MHOXHHI Lt (91,05, ...,a,,).

Kouyc L' (a;,ay, ..., a,,) HA3UBAETbCA 6AAMOZDAHHUM KOHY-
COM, NOPOOACEHUM BEKMOPAMU Gy, Ay, .y Oy -

3ayBakuMo, w0 Oyap-skuii JiHiHMA mianpoctip M mpoc-
Topy R" — Gararorpannuii konyc. [Toxamo ue# nianpocTip y Bur-

naAi ninidiHOi oGonoHku JAesakoro Habopy BekTopiB: M =
=L(a,a,, ..., a,,) . Toxi

+
M=L (al,a2,...,am, = Ay, T Ay, e —'am) .
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Hexait S — nosinbHa niaMuoxuHa i3 npocropy R'. Tloszuauu-
Mo uepe3 L'(S) MHOXHHY BCiX BeKTOpiB x € R, aki MOXHa no-
JaTH Yy BUMAAAI HeBil’€éMHMX MiHifiHMX komGiHaniif pisHUX
CKiHYE€HHUX MiAMHOXHH i3 §:

+ _ +
L= U g L (a,a,,..,a,).

ay,ay, ...,a,,,)G

List MHOXMHa — ONYKAHHA KOHYC.

Osnauenns. Konyce K nasusacmoca 3a2ocmpenum, akujo 6in He
micmumo NinidHUx NIONpocmopie, GIOMIHHUX 6i0 HY1bOBO20 NiO-
npocmopy {6}.

3aroctpeHuil koHyc K xapakTepu3yeTbCs BIACTHBICTIO! SKLIO
a,—a€ K ,Tonia=86.

[MpuknaaoM 3aroctTpeHoro koHyca y mnpoctopi R' € Hesin’em-
HUM opTaHT RY .

Teopema 1. Byov-axuii konyc K npoctopy R’ po3knagaerbes y
IpsIMY CyMy

K=M®®V, )]

O0e M — niniunuil nionpocmip (ninitina vacmuna xouyca), V — 3a-
20cmperuii KOHyc (3a20Cmpena Yacmuna).

ITionpocmip M eusnauaecmuvca xonycom K oonosnauno. Axwo
K — bazamoepannuil konyc, mooi ioz20 3azocmpena vacmuna V —
maxooc 6azamozpantull KOHyC.

Hosenennsa. [lo3zHauumo uepes M miHiiHuH nignpocrip,
Akl MicTUTBCA y koHyci K i Mae Hailbinbly po3MipHicTb. Skuio
M’ —Takox niniinui nignpocrtip, wo Mictuteea B K, 0 M + M’ —
nianpoctip, wo Mictuthes B K i M + M’ 2 M . Ane posMipHicTs
M —waiiGinbiia. Tomy M + M’ =M i,omke, M'C M .

Takum unHOM, M — 00’eqHanHs BCiX AiHIAHMX nignNpocTopis,
110 MicTATbCA B KOHYCi K. BOHO BU3HAa4Ya€eTbCA OQHO3HAYHO.

Slkmo M1 - oproroHanbhe nonosHeHHs M, o R'=M ® M* .

Hexait ¥V =K NM* (3amicte M* MoxHa B3atH Gymb-akuii in-
wHi nidifiHdiA migopoctip L, A SKOro Mana Micue piBHiCTb
R'=M®L).
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MHoHHa V' —nepeTHH OBOX KOHYCIB i, 0TXKe, € KoHyc. BiH 3a-
rocTpeHui, OCKilbkM He MICTUTb HeTPHUBIAIbLHUX JiHIHHUX
nianpocropis. Cyma M +V —npamai Ko M@V .

Axmo we K, To w=x+y, ae xe€ M, ,ye M*. Ane

y=w+(-)xe K i tomy ye M* nK=V. 3sigcu gicraemo
KcMerv.

Otxe, K=M®V .

[Mpunyctumo Ttenep, wo K — OaratorpaHHuii konyc: K =

= L'(a,ay, ., a,). Toxi ak=xk+yk,k=L_m, ne x, €M,
Yy € V. SAxuwo ve V , toni

V=Z}‘kak =Z}"k(xk +yk)=z)"kxk +Z7\k}’k >

k=1 k=1 k=1 k=1

m m

me Bei A, 20. Mpu wsomy x=D Ax, €M, y=> My, €V .
k=1 k=1

Maemo piBHocTi v=0+v=x+y. Ane cyma M®V - npsama.

Tomy O=x, v=y=z7»kyk . Lle o3nauvae, wo V=L+(y1,y2, s Vr) -
k=1

Jema. Axwo xy,%,, ..., X,, — HEHYTLOBI GEKMOPU 3A20CMPEHO20

m
konyca K, mo 3 pisnocmi Ax, =0, 0e A =20,A,20,..,
Xk | 2
k=1

A, 20, 6unnusae A=Ay =..=A, =0.
HoBenenns. fAkwo m=1, To sema oueBuaHa. Hexah m>1.
A A
Akmwo A, >0, T0 X =- —2x2+...+—'"xm =-w, w # 0,
M A
we K i -=we K. Lle HEMOXIMBO I 3arOCTPEHOT0 KOHyca.
Omxe, A; =0. TakuM xe YHHOM A, = ... =A,, =0.
Teopema 2. Hexaii K — bacamoepannuii 3a20cmperuil KOHyC,
NOPOOICEHUTT HEHYILOBUMU BEKMOPAMU  X{,X3y .coy Xy, MOOMO

K = L'(x,%,...,x,). Todi y Hvomy 3maiidymvca eexmopu

VisY2s s Vp 3 MAKUMU BNACTMUBOCTAMU:

367



) K=L" (7,25 ¥p)5
6) v gL (O, vees Vit Viea1s w2 V) ONAL 6CIX k=r1;.

ITiomnooxcuna eexmopie 3 enacmugocmsamu a) i 6) eouna 3
MOuHICMIO 00 NOPAOKY PO3MIWEHHA YuX 6eKmopie i 0oo0amHux
CKANAPHUX MHOJICHUKIEG.

Habip eexmopis i3 xonyca K 3 enacmusocmamu a) i 6) nasuea-
embca kicmakom kowyca. Ilienpami (npomeni), wo euxooamo i3
HYNb080I moyuku © i axi Micmame @ekmopu Kicmaka, Ha3uBaMuC
1020 pebpamu.

JoBeneHHs. SKIIO XOAEH 3 BEKTOPIB X, Xy, ..., X,, HE MOXKeE
OyTH mnoaaHUM Yy BUIMIAAI HeBia’eMHOl niHifiHOT KoMOiHauii
pelluTH, TOAi BEKTOpaMHM ), 3 YMOBM Teopemu GyAyTb BeKTOpH
X|5 X5 ey Xpy , IPUUOMY p =m . [IpunycTumMo, mo skuii-Hebyap 3
HUX, Hanpuknaz Xx;, — HeBia’eMHa jiHiiHa komOiHauis peluTy,
10670 X, €L (%5, ..., X,,). Toni L' (x,, ..., X,,) = K . Skiio xonen 3
BEKTOPIiB X, ..., X,, HE MOJAETbCA Yy BUrMIAAI HEBIA EMHOI MiHifHOT
kombiHauii, To BekTOpamMu y, o0o6upaemo x,,..,X, i TOQi
p=m-—1. [IponoBxyouu U0 MNPOLUEAYPY, AiCTaHEMO MOTPiGHY
HaM CHCTeMy BEKTOPIB Yj,),...,¥,, fKa Halexarnme 3ajaHii
CHCTEMi X,X5, ..., X,, BEKTOPIB.

A tenep noseneMo eaAnHicTh. Hexait inmmii Habip BekTOpiB
Wy, Wy, ...s W, 13 L7 (x;, ..., X,,) Ma€ BnacTuBoCTi 2) i 6). Toxi

q - P
= 0w, 0,200 =19);w, =3 B,y,B,20(=19).
J= t=1

Tomy
p(u4 P q
g =Z Z%B_n t =2Y;)’, s Vi =Zajﬁjt 20.
=1\ _j=1 1=l J=l

Tyt ¥, >0, ockineku y; € L™ (¥3, .. ,) -

Axwmo v, <1, 0, = 1 YZY Vot +%y,,, 10 HEMOMUTHBO
—M -

3 TOro X npusogy. Skuo Yy, >1, To aicraHeMo PpiBHICTb
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(N =Dy +Y20n + .. +Y,Y, =0, 10 HEMOXIHBO Ha MiACTaBi

TEeMM.
3anuwaeTbes MOXIMBICTL Yy = 1. Toai Y.y, + ... +Y,y,=6.

I3 nemMu BURUBaE y, =Y, = ... =y, =0.
2 3 P

OTxe, oiep>xaHo PiBHOCTI
q q
N :Za‘/‘Bﬂ » Y =Za_/Bﬂ =0 mpus>1.
J= 4=

I3 ocTaHHix piBHOCTelH BUMIMBAE, 10
aB2=0,0p,;=0,.,08,=0,
NPUYOMy Cepefl O; € BiAMiHHi Bix Hyns. Hexait o, # 0. Topi
Bz = ... =By, =0. Lle o3nauae, wo w;, =Py, B >0. 3sincu
» =dw, 8§, > 0. Takum xe 4MHOM y, =8,w, i T. .
BpeiuTi-pewit gicraeMo HepiBHICTE p < g . 3 THX caMUX MipKy-

BaHb BCTAHOBJIOEMO 06€pHEHY HepiBHICTb g < p .
TeopeMy noBeneHo.

Bnpaea
Hexaii K —onyknuit koHyc. JloBecTu:
a) mHoxuHa K-K={w=x-y,x€ K,ye K} - minimans-

HUI niHifHK#A nianpocTip, Wwo MicTUTh KoHyC K ;
6) mHoxuHa K N(-K)-— MakcuManbHUi NiHiHUi nignpoc-
Tip, L0 MiCTUTbCA B KOHYCI K.

§ 9.3. Onykna o6onoHka

O3navenna. Touka x e@xkai008020 NPOCMOPY HA3U-
8a€MbCA ONYKNO 3ANEHCHOIO 6IO MOYOK Xy,Xy, ..., X, , AKUWO BOHA

Modce 6ymu nodana y unsidi cymu
X=X +A0Xy + .+ AL,
oe Ay 20,A, 20,.., A, 20, A, +A, + ...+ A, =1.
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MoBa iTHMe 0po Te, 1O X — ONYKAA NiHitIHA KOMBIHAYIs TOUOK
X)5 X5 eey Xy«

Touka X Ha3MBAETLCS ONYKIIO 3AIEHCHOIO 810 MHONCUHU S TOUOK
NpOCTOpY, AKIO iCHYE Takuil Habip TOHOK Xi,X;,...,X,, € S, WO x

ONyKJIO 3ANIEXKHUTh Bill Xi, X, .ey X+

Jdema. Axuo mouxa x Onykio 3anexCumv 6i0 MHONCUHU S, a
KOJICHA MouKa I3 S OnyKao 3anexcums 6io muodcunu T, mo x onyx-
110 3anedxcums 6io T.

m m
Nosenenns. Hexait x=) Ax, A 20, DA =1 i
past o

p P
Xi3 X, s Xy € S. 32 YMOBOIO X, =Zpt,q-yj s e Wy 20, Z“k/‘ =1
j= J=l
) ) m p 14
1 yl,yz, ...,yp € T. TOI“ X= Z}\rk Z“klyl = ZY,}’, ’ I‘e
k=1 J= =l

/

m . p i

¥, =Y Ay . Tipn womy v, 20 i Yy, =)
k=1 J=

J=1

M=

Ay

bad
o

m

m P
=2 M| 2ty =2 M =1

=1 = k=1

Teopema 1. Axwo V — onykna MHONCUHA | MOYKA X € R’ onyx-
710 3anedcums 8i0 V, modi x naexdcumy yiti MHOXCUHI V.

m m

Nosenenns. Hexalt x=) Ax,A; 20, Dhe=1 i

k=1 k=1
X3 Xy e Xy € V.

Skwo m=1 i m=2, TOAI TBepIKEHHs TEOPEMH BipHE.
[TpunycTuMo, IO Ma€ Micle Teopema, KOJiM TouYka X OMykKno 3a-
AexuTh Bix m—1 Touok i3 V. JloBeneMo TeopeMy Ui TOYKH X,
KA OIYKJO 3AIEKHMTD Bill TOUOK X, Xy, .0y Xy 13 V.

Axkwo A, =0, T0 x =AX; + ... +Ap X, 132 NPUNYLIEHHAM

inaykuiix € V. fkwo A, =1, 70 x=x,€ V.
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3anMLIAETbCA PO3MNIAHYTH BUMAROK, konu 0<A,, <1. [To3na-
uuMO A=A, + .. +A,_. Toni A+X, =1, 0<A<!. Marumemo
piBHiCTb

X=MX + o+ Ay Xy HAX, =

=)\,(—}il-xl + .. +)\";\'—' xm_])"'}"mxm'

Tou M + +M Bi
ka y==tx+.. A -1 OMYKIO SATIOKATS B X, sy Xy

i 3a npunmywieHHAM iHaykuii Hanexuts V. Toai x=Ay+
+A,,%,, € V Ha niactasi onyknocti V.

Osnauenna. Hexaii S —~ 0oginena mnodxcuna mouwox npocmopy
R’. Iepemun xnacy Q 8cix onyknux MHONICUH, wo micmams S, Ha-
3UBAEMBCA TI020 ONYKA0I0 OBONOHKOIO.

[o3zHaueHHs onyknoi oGonoxskn — conv(S) = VF\QV. IHake

€

Kaxyyd, conv(S) — HalMeHLIa onykna MHOXHHA TOYOK Npoc-
TOPY, {0 MiCTUTb MHOXHHY S.

Teopema 2. Hexaii S — MHOMCUHQ MOYOK, W0 HaANEHCAMb
npocmopy R'. Hozo onykna obononxa 36izacmvcs 3 MHOICUHOIO
8CIX mux mo4ox npocmopy, Axi onyxio sanrexcams 8io S.

Hosenenns. [TozHaunMo yepe3 ¥ MHOXHMHY BCiX THX TOYOK
x € R, ski onyko 3anexats Bia S. Ockinbku conv(S)— MHOKHHA
OMyKNa, TO 3a Teopemoto 1 MaeMo BkItoUueHHs V' C conv(S).

Tenep nosesemo obepHeHe BriOYeHHs conv(S)CV . Mns
UbOTO NEPEKOHAEMOCH, III0 V — OMyK/1a MHOXHHA.

Hexaii x, y € V. Lle o3Hauae, 110 icHye Takuii Habip Touok
X{5 X9, o0y X, € S, NS AKKX

x=§n:7»kxk,}\.k 20, i)\.k =1,

k=1 k=1

WeXes Me 20, Do pye =1,
i P

M=

y=
k

tt
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Axmwo w=(1-A)x+Ay, 0SA<1, T0 w=(l—k)(z}»kxk]+

k=1

1

1

+)\(Zukx,cJ=Z[(l—}»))»k+Auk]xk. Mpu usomy (1-A)A, +
k=1 k

+AW, 20 i i[(l—k)kk+kuk]=(l—k)(i}»,‘)+}»(§:ukj=
k=1

k=1 k=1
=(1-A)+A=1. Le o3Hauae, wow € V, atomy [x, y]CV . Mno-
xuHa Vonyknai ¥V =conv(S).
HaseaeMo nesiki BNaCTHBOCTI OMYKIHX 0OOIOHOK.
I. conv(conv(S))=conv(S).
I1. Skwo x € conv(S), Toai conv(x,S)=conv(S).

Lli 81aCTUBOCTI BHIIIMBAIOTH i3 AEMH.
[Il. Slkwo S — BiAKkpUTa MHOXKHMHA, ToAi conv(S) TaKox

BiIKpUTa MHOXHHa.

Noseneunsa. Ockineku conv(S)DS, TO0 conv(S)2
2(conv(S))°2 S Ha niacTaBi Toro, Wo S ~ BiAKPUTA MHOXKHHA.
Ane (conv(S))°— onykJia MHOX1Ha. ToMy 3 03Ha4YeHHA conv Ma-
THMeMo BKIIO4eHHs (conv(S))°2conv(S). Omke, conv(S)=

=(conv(S))°. OcrtaHHe #i AOBOAUTL, WO conv(S)— BiakpuTa

MHOXKMHA.
INoniGHe BMCNOBNIOBAHHSA AN 3aMKHEHMX MHOXHH HE BipHE:
iCHYIOTh 3aMKHEHi MHOXUMHH, OMYyKJli OGONOHKY AKNX HE3AMKHEH.

Ipuxnaan 1. Hexait L — npama nidis Ha mo- i
LIMHI Ri p — TOYKa Ha Tifl XKe MJIOLIMHI, SKa He q I
HanexuTb npamiit L (puc. 7). Toai onykna o6o- \l
JIOHKA 3aMKHEHOT MHOXKHHU L U {p} cknama€rb- |

|
i
|

cs 3 yCiX TOUOK, L0 HanexaTb YCiM Biapi3kaMm [p,

q), ne Touka g mpoGirae npamy L. Lla MHOXH- [

Ha V= U[p,q] He 3amKkHeHa. 3aMHUKaHHA V Puc.7
geL )

OJEPXKYETHCSA MPUEAHAHHAM TOUOK Npamoi L’ , napanensHoi 1o L
i AKa MPOXOAUTD UEPe3 TOUKY p .
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3ayBaxnMO, LLIO MOOYA0BA OMYKIIOi O00NOHKH IaHOT MHOXKHHU S —
3a1aya JOCcUTb ckiaaHa. Halluacrilue BUpiLiytoTs 11 B ABa eTanu.

1. O6upatoTh Onykiy MHOXHHY V, WO MICTUTD S, i Ka MOxe
6yTH monycTUMOIO Y posti conv(s).

2. INepeBipstoTsb, 4u Oyae OOBiNbHA TOuka x € V' onykio 3a-
JIexHOI0 Big S .

Ipukaan 2. Hexalh S,— MHOXHMHa BCiX TOYOK BHAY
a=(€,&,...€,), & ==xl mnpocropy R'. TINokaxemo, w0
conv(S,)=K, - n-suMmipHuit ky6 (MHOXMHa BCiX TOYOK
x=(§;,&,, ..., &,) Takux, wo |§k|s Lk=1n).

Po3B’a3anH4. [Tounemo 3 Bunaaky » = 2. Toxi S, cknana-
€Tbcs 3 4 TOUOK:

a=(1,1), ay=(1,-1), ay =(-1, 1), a, =(=1, =1).

K, — xBajpar 3 BepluMHaMH a,,a, ,a; ,d, — MHOXMWHA OMyKa
i wictute Ui Touku. Jlns BcTaHoBNeHHs piBHocTi K, =

=conv(a,, a,,a;,a,) MNOTpiOHO noO- B )
a: - !1,

KasaTh, 1o Oynb-sika TOYKa
. e 0
x"=(8),8) e K, - onykna niuiiina x

koMOiHauis ToYoK a;,a,,a;,4,. 7 3
1

VY npAMOKYTHiil cUCTeMi KoopAMHAT
OEE, (puc. 8) nmepetnemo kBampar g, a
2,

Puc. 8

K, npsmolo, 1O NpoXoAauTb 4epes
Touky x” mapanensho oci OE,. Ma-
amemo by = (&), 1), b, = (&), =1). Jna neakoro A€ [0,1]
maeMo b =(1-A)a +Aa; i by=(1-A)a, + ra,. Kpim Toro,
nogamo x’ y Buraagi x° =(1- Wb, +ub, . Ipu ubomy pe [0,1],

1-& 1-&9
A=T', u=—2—2. Toxi x°=(1-wW[1-Ma +Ag] +

+U(1-A)ay +Aag] = (1-w) (1-Na + (1 -Wha; +p(l - Va, +iAa,
i-wW(1-AM)+A-wWA+ wl-A)+pr=1.
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Jlani BUKOPMCTAEMO IHAYKLiIO 32 PO3MIpHICTIO mpocTopy.
[TpunycTiMo, 110 Mae Miclie piBHiCTb conv(S,_1)=K, ;.

Ky6 K, — omykjia MHOXHHA, L0 MiCTHTb YCi TOUKH BUIY

a=(§,&, . €,), § =%, k=12,..,2".

[ToTpi6HO NoKa3aTH, mo Oyab-aka TOUKa
x=(&},8, ... En) € K, ONyKIO 3aNeXKHTb Bl Gy, dy 5 s Gy -

3anumemo 6yab-aky Touky x=(§,,&,,....&,) y Burnami
x=(58,), ae x=(C.b,mEpm). Toai 2"=(".E), 2e
50 €K,,, a=(a;.€,), ae a, € S,_,. Ilepetemo K, rinep-
nnowmuoio &, = EY . [Tepepizom 6yae MHOXHUHA BCiX TOYOK BHAY
x=(x8), e x€ K,y

3a npunyuieHHAM iHAYKLIT 50 =(§?, ‘2’, v (,),_l) OMyKJIO 3a-
TeXUTh Big S, ¢

X" =ha Ry oy Ay 20, A Ay + =1,

Tomy (o D =A@, D+Ay(@y, Dty (O =D=A(a,—D+

+hq(ay, =D+ . (50,1) i (50,—1) OMyK/O 3anexarb BiAS,.

0
Ane x°=(1-0)% D+AES, 1), ze x:l“;’" € [0,1]. Ha

0

niacTasi 1EMH X~ OMYKIIO 3aIEKHUTD BiA S, .

Bnpaeu

3uaiiti conv(S) MHOXHHU S:
1
1. S ={Xg, X, X0, ceer Xps e} C R, N %5 =(1,0), X, =(0, —),
hn

n=12,..

2. S — MHOXMHa Beix Touok koma £2 +1° =y (y >0) nnowu-
un R

3. S — MHOXHMHA BCiX TOYOK Napaboiay 3 piBHAHHAM n =2pt
(p >0) nnowmuu R.
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4.5 - MHOXMHA BciXx Towok napabomoina {=of’ +
+Bn? (>0, B> 0) mpoctopy K.

5. 5={x=(,&,...,E,) e R"E +E2 + .. +E2 =1} - chepa 3
paaiycom 1y npoctopi R” .

6.V, W — onykni MHOXMHM npoctopy R'. 3uaiitu
conv(V UW).

Onyxni 6aecamozpaHHuKu

Hexali x,x,,...,X, — CKiHUEHHA MiAMHOXHHA TOYOK
npocropy R'. Onykna o6ononka M = conv(x,x,, ..., X,,) Hazupa-
€TbCA ONyKAUM 6A2aMO2panHUKOM, HATATHYTHM Ha Ui TOUKH.

Teopema 3. Icuye €0UHA MHONCUHA MOYOK Y|, V7, -.ny Y, ONyK-
1020 bazamozpannuka conv(xy,Xs, ..., X,,) 3 MaAKUMu G1ACMUGOC-
mamu:

a) conv(y;, ¥y, ., ¥ ) = CONV(X|, Xy, o0y X, ) 5

6) yi Econv(yy, .., Viois Vis1 - Vp) Ona6cix k=1,p.
Takumu Toukamu yy,y;, ..., ¥, OYyAYTb AesKi TOYKH MHOXHHH

X{, X5, ..y X,,, . BOHY HA3UBAIOTLCA Gepusunamu GaraTorpaHHMKA.
JloBeneHHs. SIKILO X0AHA 3 TOYOK X;,X5, ..., X,, HE ABISE CO-
6ot0 omykny niHiiiHy KOMOiHalil0 PEIITH TOYOK, TOAI TOYKAMM
Yi>¥25 Y, 3 BIACTUBOCTAMM @) i 6) obupaemo 3ajaHi TOukH
XX, ey Xp, - [IPUMYCTUMO, 11O A€AKA 3 TOUOK X;,Xs, ..., X, OMYK-
N0 3aneXMTh Bil pelITH TOYOK, HAMpHiJlajg Touyka X;, TOOTO
X, € conv(x,, ..., x,,) . 3a Bractueictio Il onyknux o6osoHok ma-
TUMEMO PpiBHiCTb M =conv(x,,...,X, ). SKilo *OAHa 3 TOUYOK
X3,X3, ...y X,, HE € ONYKIIOW JNiHIHHOWO KOMOiHAL€O peLTH, TO
LIYKaHUMH TOUKAMH ¥y, ), ..., Y, 3 BIIACTUBOCTAMM a) i §) obupa-
€MO TOYKH X,,X3,...,X, 1 TOAI p=m-—1. [Ipoporxyoun nani ui

MipKyBaHHS, MM, HapewTi, 3HaiigeMo Jaeskuil Habip TOYOK
N =X, Yy = Xays oV = X 3 NOTPiOHUMH BIACTUBOCTAMH.
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A Tenep noseneMo €anHicTh. Hexait Touku w,w,...w, € M

MaloThk BiactiBocTi a) i 6). Toai

q q
n=y 0w, 0,20, 3, =,
i=1 e

3

=ZB./ly" B/f 20, ZB,{ =1.

Tomy

q P p (4
=Y, [zs,,,y,}z $ap, b
J=1 1=l J=1

~ OnyKJa JiHifiHa KOMOiHaLlis TOUOK Yy, Va5 s V)

14 1 q
N =ZY:yr iZYt =1,ze ¥, =2ajﬁﬂ :
t=1 (=1 J=1

Mpunycrumo, wo y, <1. Toni y, = Yyt +L Yp -

1-v, -Yi
TakoX OMyk/a JiHiliHa KoMGiHauis, To6To y; € conv(yy, ....¥)p),

wo Hemoxmmeo. Tomyy, =1,v, =Y;=.. =Y, =0. Onepxauo

q q
piBHOCTI Za',BJ-, =1,>apB,=0 nmpu 22. 3sigcu
i=1 j=

M‘“

B, <max B, <1. Tomy maxf, =1, To6T0 By =1 nns

J
nesaxoro k, 1<k<q i B, =0 ansa Bcix t#1. Omke, y, =w; ANk
Jeskoro Homepa k, 1<k <gq.

AHQIOTYHO JOBOAMTBCS Y, =w, AN JesKoro Homepa I,

1</<q iT. A TakuM YNHOM, MHOXHHA Y|,, ..., Y, BHUABHIIACH

NiZAMHOXHHOIO HabOpY TOYOK Wi, Wy, ..., W,
SIKio B HaBeJEHHUX BHLIE MipKyBaHH}IX NOMIHATH pPONAMH

HaGip TOYOK J1,), Yy HA Wiy Wy, ooy Wy, MICTAHEMO: Wi, Wh, s Wy —
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MiIMHOXHHA HAOOPY TOUOK Yy,Y, .., ), - OTxe, obuasa HabopH

TOYOK 30iraroTbes.
TeopeMy noBEAEHO.
O3nauenna. Onyxnuti 6azamozpannux M = conv(xg, X, ..., X,,)

HA3UBAEMBCAL P-CUMNAEKCOM, AKWO GEKMOPU X; — Xg; X3 = X(5 --os
X, =X JMHIUHO HE3ANeNCHI.

Y upOMY O3HAY€HHi poJib TOUKH X, MOXE BUKOHyBaTH Oyab-sika
iHIIa TOYKA 3 Xg,Xj, .., X,, HaNpukian Xx;. Joseaemo JiHiHHY

He3aJIeXKHICTh BEKTOPIB Xy — X{, X ~ X, ..., X,, — X; . HexaH
a](xO —x|)+(}.2(x2 _x1)+ vor +(Xp(xl, "xl)=6.

Toai 3 wiei piBHOCTI MaTUMEMO
(o +ay+ ... 0, )X —x) +

+(X.2(x2 —x0)+ .es +0Lp(xp ‘_xo) =9 .

3BigcH oy +0,y + ... +0,=0, a,=0, 0;=0,..,0,=0=
(X] = 0 .

Teopema 4. Beaxuii p-cumnnexc M =conv(xy, xi, ...,X,) — onyx-
Auil 6a2aMoZPAHHUK 3 BEPULUHAMU Xo, Xy, -3 X, . ByOb-sika 020

MOYKA EOUHUM YUHOM NOOAEMBCA Y UNIA0T ONYKIOT NIHIUHOT KOM-
6inayii 11020 eepuiun.
JoseaeHus. JloBeneMo, w0 B CHUMIEKCI M TOYKH X,

X{, -y X, OYAYTb BEpIUMHAMHM, TOOTO X; & CONV(Xg, X, -y Xy

P
<y X,) . IIpunycTumo

xe =2 A, 2 A =14, 20,

J#k J*k
3Bigcu nicTaeMo pIBHICTDb Z Aj(x;—x;,)=0. Ane BeKTOpH
Jzk
X = X eoos Xpoy = Xp» Xjeyt = Xg» oes Xp =X JHIAHO He3aJIeXHI.
[MpuiiLuny A0 CynepeuHocCTi.
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14 p
Hexaii xe M i x=z}\.kxk =Z|.kak, A’k ZO, “k 20,
k=0 k=0
P p P
YA =dm=1. Tomi D (—m)x=6. Ockinbkn
k=0 k=0 k=0

P p
Z(?»k - )X, =6, TO picTaemMo piBHICTD Z(kk — W X, — %) =6.
k=0 k=0 .
Alte BEKTOPH X; — Xg, Xy = Xg, -1 X, — Xo NiHIAHO He3anexHi. Ma-

€MO PIiBHOCTI A, =W, k =1,p,aToMy Ao =Ho-
Teopema 5. Vcaxuii n-cumniexc e6xnioosozo npocmopy R' mae

BHYMPIWHI MOYKU.
Jlosenenus. Hexaii M — n-cummnekc 3 BeplIMHAMM X,

Xj s X,. BU3HAUNMO BiftOOpaXkeHHs f R’ = R" 3a Takum npa-
BUJIOM:

n

w=AA, 0w A,) — (l —Zkk jxo +Ax 4 AL,

k=
[lo3HaunMo 4epe3 L MHOXHHY BCiX TOUOK w=(A, A, .., )
TakMx, wWo A 20, A, 20,..,A,20, A +A,+ .. +A, <1
Toni BigobpaxeHHs f 6yne romeoMopdizMom L Ha M: BOHO B3aeM-
HO OJHO3HAYHE i B3a€MHO HelepepBHE B 000X HalpsAMKax.

1 1 1

n+l n+1”7 n+l

INokaxxeMo, 1O TO4KA w0=( ]— BHYT-

pillHg B MHOXHHI L.
Hexaii K — MHOXHHa BCiX TOYok w=(A;,A,, ..., A,), KOOPAH-

. . 1
HATM  AKMX  3aJ0BOJIBHSIOTH  HepiBHOCTI  [A; — <€,
n+l
1 i .
Ay — <€ . |A,———|<E, B¢ €=————. Le - Bix-
n+1 n+l n(n+1)

KpUTHii Ky0, KW MICTHTb TOUKY W, , TO6TO K — OKifl Li€T TOUKH.
Koopaunatd A, A,,..,A, Todok we K  popathi i

n
M +)»2+...+kn<-—l+n£=l. Lle osnauae, wo ky6 K nos-
n+
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HICTIO MiCTHTbCs y MHOXHHI L. O6pas fK) MiCTUTBLCS Y MHOXHHI
M i € oxonoM ToukM X, = f(wy). OTxe, x, € M°.
TeopeMy nOBEIEHO.

Mpukaax 3. JloBecTH, WO BepUIMHAMU n-BUMipHOTO Kyba
K, , NOpO[KEHOro BCiMa Toukamu BuLy a; =(€;,€;, ..., €,), AC
g; =%1,i=1,n, 6yayTs yci ui 2" Touok.

Po3B’s3aHHsA. Jlng NoBeJeHHS BUKOPUCTAEMO iHAYKUIIO 3a
poamipuicTio n npoctopy. [Ina n = 1, 2 TBepIKEHHA reoMeTpu-

HO OUEBHJIHE.
[punycTimo, WO BOHO Mae Micue A kyba K,

posmipHocti n—1. lng K, 10BOAMMO METOAOM BiA CYNpPOTHB-
Horo. Tlpunyctumo, wo Oyas-ika 3 TOUOK 4,4y, ..., d, BUAY

(€,€5, -+ €,), € =%l onykno 3anexuts Bif pewrtH. Hexai,

2’! 2"
wanpuknan, a, =1, ... 10)=Y Aa,,A; 20, D> A =1. Skuo
k=2 k=2
a, nomatv y surnsagi (a,,€,), Ae @, — BepwmuHa kybak, |, To
2’!
MaTHMEMO PiBHICTb @ = ) A, g, .
k=2

[TpaBopyu y piBHOCTi BepuIMHa g, 3yCTpivuacThes nuiue 1 pas
(BBaXAaTHMEMO, 10 @, B CyMi 3aiimac nepuie Micue), a peiuTta
BEpLIMH @, BXOAMTb y CYMY ABiui (BB2)XaTHMEMO, IO BOHH
posmiuteni nopy4). Toai a; =Ayg +Aa, + ... + Ay gy, NE
A=A, <1, apewra koediuieHTiIB A, = A3 +Ay, Az =As +A¢ i

zn—l

T. A. [Ipn ubomy Z A, =1. 3Biacu 3naxoaumo
k=1

glzzﬁ_gk, ._A@_.ZO,Z Ak =1.
k22l_A| ]_Al kZZl_A]

Omxe, BepiinHa g, Ky6a K, | OMyK1o 3anexuTh Bifl peluTH

BepiuH. [puiflnun 10 cynepeuHocTi.
Teopemy noBeaeHo.
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Bnpasu

1. JloBectn, o onyxiiuit 6araTorpaHHUK — KOMNAKTHA MHO-
*uHa (ToOTO MHOXHHA OOMexeHa i 3aMKHEHa).

2. loBecty, 1o obpa3 onyiioro 6ararorpaHHuKa Npy AiHiiHOMY
nepertsopenHi A npoctopy R’ € onyknuii 6aratorpaHHuk, i Wwo, Konu
niHiliHe neperBopeHHs f 060pOTHe, BepluMHKM GaraTorpaHHHKa npu
LbOMY NEPETBOPEHHI NEPEXOaATh Y BEpIIMHN 06pazy.

§ 9.4. BHYTpiwHi Ta rpaHUY4Hi TOUKM
ONyKNoOi MHOXWHKU

Jlema. Hexaii a — enympiwuna mouxka onyknoi MHo-

acunu V, mouxa b nanexcumo samuxanwio V yiei muoxcunu.
To0i koxcna mouka 6iopiska [a, b), 3a suxnoYeHHAM, MOXHCIUBO,
mouxu b, € enympiwns ona muoxcunu V.

JoBeneHHs. JIna nocraTHbo Manoro uucna €>0 Biakputa
Ky S(a,€) MicTHTbes y MHOXMHI V. O6epeMo Oyab-sKy TOUKY

¢, =(1-A)a+Aib 3a ymoBu 0<A<1. [lokaxkemo, 10 BOHA €

BHYTpILLHBOW A V.
PosrnsiHemo kyno W =58 (cA, (l—)»)s) i nosexmemo, to W V.

O6epemo O6yab-siky Touky we W . JIng Hei ||w—c}‘ || <(1-A)k.
Jna 6ynb-skoi TOukM VEV  Maemo ||w—[(l -Aa +)»v]" =
=|(w-cr)+Ab- v)" S|w-c)+A|p-v|. Bimuykaemo Touky v
i3 MHOXXHHM V HacTiibku 61M3bKY 10 TOYKH b, 1106 BUKOHYBaNach
HepiBHICTb
w=cal|+ Mo~ v < 1= M.
Lle moxuBO, ockinbky pisHuus (1-A)e—|w—c,| nonarua. Or-
’Ke, MOXKHa migibparyu Taky Touky veE V , ans akoi
w-[a-Ma+rv]|<a-2e.

3BiJcH RiCTaHEMO HEpPiBHICTb

<Et.

N— (w—-Av)—a
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Otxe, TOUKa x=1—1—x(w—}»v)e S(a, €); w=(-A)x+AveV .

Ane Touky w o6paHo B W nosinbHo. Tomy W = S(c;, (1- 1))
micTuTbes B V. Touka ¢) — BHYTPIIUHA TOUKA MHOXHHH V.

Haranaemo 03HaueHHs PaHMYHOI TOYKM MHOXHMHU V npocTto-
py R".

Touka g€ R" HasuBacTbCa 2panuuHo0 ANs V, AKWO Oyab-sKHii
il €-okist S(g,€) MICTUTb TOUKH i3 V, a TAKOXK TOYKH 3 JOMOBHEH-
Ha R"\V .

Teeposicennn 1. Hexaii V — onyxna 6ioKpuma MHOJNCUHA NPO-
cmopy R". Koocna mouka g€ V\V € epanuuna ons 3aMukaHus
V muoxcunu V.

JloBeJeHHs NpOBEAEMO METOAOM BiA cynportusHoro. ITpu-
nycTMMo, 1o icHye €-okin S(g,€) (€>0), wo MicTUTbCA B V.
Ockineku  S(g,e)NV #Q, To ofepeMo AesAKy  TOUKY

ae S(g,e)NV . Toai b=g+(g—a)e S(g,€). Otxe, g=%a+%b,

ne acV=V%ibeV.I3 nemMu BunMBaE, 1O TOUKA g HANEXKHTH

muoxuni ¥V =70, Le CynepeuuTh yMOBI TBEPIKEHHS.
Teepoorcenna 2. Byov-axa epanuuna moyka onyKaol MHOMCUHU
V € gpanuunoro i OnA it 3aMuKana V.
JloBeneHHs. Hexail g — rpaHu4Ha Touka MHOXMHH V. T1pu-

nmycTumo, 1o icHye €-okin S(g,€) (€>0), Akuil He MICTUTL TO-

4ok nomnoBHenHs R”\V , To6To MicTusca 6y ¥ . Lle o3nauae, wo
MHOXMHA ¥ N S(g,€) Bcroav winbHa B S(g,€). Tomy icHye n+1
TaKUX TOYOK Xg, X;, ..., X, € ¥ N §(g,€), wWo ix onykna 00osoHKa
conv(Xg, X, --» X,) Oyae n-cumnnexcom. BiH MICTHTLCA y MHO-
xuHi V i mae BHyTpiwHi Touku. OTxe, BHYTpiluHA 00nacThb yo
MHOXXHHH V HEMOPOXHS.

Sk i npu noBefeHHi TBEPMKEHHA 1 iCHYIOTb Taki TOYKH

aeV’NS(g,e) i be S(g.e)cV , mo g=—;-a+-;-b. Ha niacrasi

nemu BctasosnoeMo g € V0. Lle cynepeunTs yMOBI TBEPIKEHHS.
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Omxe, Oyab-akuii €-okin S(g,€) TOUKU g MICTUTb TOUYKH MHO-

XHMHH R"\V . BoHa — rpaHMuHa A0 MHOXHHH V .

Teeponcenna 3. HAxwo euympiwna obnacme V° onyrnoi
Mmuoxcuny V nenoposicus, mo V = vo.

HoBenenHs. I3 BkIOYeHHs o CV BumnuBac 70 cV.
Hexaii ae V° i be V. 3a nemoto Bci Touku BiApiska [a, b], 3a BU-

HATKOM, MOXUIMBO, TOUKH b, € BHYTpIlUHi Ans MHOXHUHH V. Tomy B
Oynb-1KOMY OKONi TOUKH b pO3MilLyBaTUMYTHC TOUKM BHYT-

pituboi obnacti ¥°. Omxke, be V7°. [oseneno obepheHe BKIO-
yenns V cV°, a pasom 3 tum i pisnicte ¥ =V°.
Teepoxcennn 4. Ha xoocromy npomeHni, wjo 6uxooums 3 gHym-

PDIUHbOl MOYKU ONYKNOI MHOJNCUHU (AKWO maki iCHylomy), € He
binbuie OOHIET 2PAHUNHOT MOYKU Yi€] MHONCUHU.

HoBeneHHs. Hexait V — onykna MHOXUHA, V2@ i aev®.
[Npunyctumo, o npomiHb /, sKMil BUXOANTH i3 @, Ma€ ABi pi3Hi
rpaH1uHi TO4YKH b, c MHOKMHU V. Hexail npu uboMmy c€[a, b]. 3a

JIEMOIO TOUKA ¢ — BHYTpILIHA Ans V. JlicTanu cynepeuHicTs.
Teeposcennn 5. Axwo onyxna muoscuna V ne micmume 8Hym-
DIWHIX MOYOK, mo 8OHA MiCMUMbCA 8 OesKill 2inepniowuni

n={xe R :(a, x)=B}, a#0.

HosenenHs. OOepemo aesky TOYKY X, €F i po3rnsHemo
ONyKJy MHOXHHY W =—x; +V . BoHa MicTHTb HybOBY TOUKY O i
il nivifina obononka M = L(W) € niHifiHUM NiAnpocTopom npoc-
Topy R".

Hexaii posMipHicte mnianmpoctopy M nopisHioe p iy,
Y25 s Vp — AeAKHMEA HOTO 6azuc. loeaemo, o p <n. Jlna ubo-
ro npunycTumo, wo p=n. Toxi onykna o6ononka conv(9, y,
Vs ess ¥p) € N-CUMIUIEKCOM 3 BepUMHamu O, y;, ¥,, ..., ¥,, WO
MiCTATbCSt Y MHOXUHI W. ToMy Toukmn Xy, Xy + ¥, =%, (k =T,—;)
NOPOKYIOTh M-CUMILIEKC CONV(Xy, X, Xg, -y X,), LIO MICTHTLCA
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B OMYKJiil MHOXHMHI V. Anie OCKiNlbKM 7-CUMIIEKCH MICTATb BHYT-
piluHi TOuKH, TO i MHOXHMHA ¥ MaTHMe BHYTpiluHi Touku. Lie cy-
fepeynTh NPUNYLLEHHIO npo V.

I3 HepiBHOCTI p <7 3rifiHO 3 TEOPiEIO NpO JiHiKHI GaraToBUAN

BUnAKBae, wWo 6aratoBup L =x;+M ckiagaeTbes 3 yCix po3-
B’A3KiB BiANOBiAHOT cUcTEMH 3 n— p NiHiliHMX piBHAHB (§ 4.4).

CTOCOBHO HAlLIOTO BUMAAKY L€ O3HAYaAE, 1O OMyKjia MHOXHHA
V HaJlexWUTb MEepeTHHY 1 — p rineprnowmud (n—p21).

§ 9.5. BipainbHiCTL ONYKAUX MHOXWH

Osnauenna. Hexait V — onyxna 3aMKHeHa MHOJICUHQ
mouok npocmopy R" i ge R". Touxa ve V Hazusacmvcs npoex-
Yi€l0 g HA MHOJICUHY, AKUO

g-vji=inf|lg—x|.
l-vl=infll ]

[HaKile KaXyuH, NpoeKLis v TOUKH g — Lie TOYKa HalMEHILOro
BiIXMNIEHHS TOYOK X € V' BiJ TOUKH g.

Teopema 1 (npo onmumizayiro). Onykna 3aMKHEHA MHOJICUHA

W npocmopy R" micmumb €0uny mouxy 3 MiHIMANIBHOIO HOPMOTO.
Joseneuns. Hexat 8= inf|x|. O6epemo Taky nocnizos-
xeW

HicTh {x,,} Touok i3 W, wo lim || x,[=8.
m—eo
CKOpHCTAEMOCH 328KOHOM Mapasienorpama:

Dx+y P+l x-y P =2(1=F +12F).

| R 1
[MoknaBWwu x =—x; i y =—X, , MAaTUMEMO
2 2

|

. 1 1
Ockinbku Exk +j2—xm ewW, To

1 2
E(Xk _xm)

1 1
- X +—xm

2 2

I
—X, +—x
kg

i
=~ (1l %) -
2
=8 i

2

-

<H{lwf +1%F)-8. Mo km—>ee npasa
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4acTHHA HepiBHOCTI NpaMye 1o Hyns. Omxe, |x, —x,|— 0 npu
k, m — oo . TTocninosnictb {x,,} dynaamentansha. 3a Teopemoro

Koui BoHa 36iracTbcs A0 AEAKOT TOUKH w. 32 YMOBOK MHOXHHA
W — 3amknena, a ToMy we W . Maemo |w|<|w-x,|+|x.|.
Mepeiioimn 10 rpanui, Aicranemo |w(| <38, a 3sincu w|=6
OTXe, TOYKa W Ma€ MiHiMaJIbHY HODMY.

Tenep NOBEAEMO EAMHICTb iCHYBAHHS TOYKM 3 MiHIMAIbHOIO
nopmoto. Hexait w, w'e W i |w||= =§ . 3a 3akoHOM napa-

Jeaorpama MaEmMo

2
<0.

L] =Ll 1) -] w2

Tomy | w—w'[|=0,i, omxe, w=w.

Teopema 2. Sxwo V — onykna 3amMKHeRa MHOJCUHA | g € R,

mo y MHOXCUHI V 3Hali0embCa NPOEKYis V. MOYKU g, Npu4omy yi
npoexyin eOuna.
JloseaenHs. PosrsHemo onykiy MHOXuHY W =-g+V . BoHa

3aMKHeHa. 3a TeopeMol0 1 3HalideThCs €IMHHIA eNneMeHT w =
=-g+ve W 3wmiHiManbHOI HOpMOIO. Touka v — npoekiis g Ha V.

Teopema 3. Hexait V — onyxna 3aMKHEHa MHOMCUHA MOYOK
npocmopy R". Jns mozo wob mouxa veV byna npoexyieio
mouku g€ R", Heobxiono i docmammbo, ujob 6uKOHYBANACH Hepis-

Hicmb
(g-v,x-v)<0 M

oA 6cix movok x€V .
IosenenHs. Heobxionicme. Hexail v — npoekuis TOMKH g Ha
mHOXuHy V. Slwo x€V, 10 z(A)=(1-A)v+Ax€ V past Oyab-skux

Ae[0,1]. Posrasuemo dyukuio FA)=[zQA)-g ||2 = A\ +
+2BA+C. 1i koebiuientn A= “ x=v “2 , B=(v-g,x-v),

C=“v—g||2. Ockinbku “ z()\)—g“2 2“ v-—g“2 ,T0 AN? +2BAL20 i
npu A>0 matumemo AA+2B20. Lla HepiBHICTb npaBuib-
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Ha JJ4  OOCTaTHBO Manmux 3Haueds A >0. TomyB2>0,
(v-g,x-v)20 i,omke, (g-v, x-v)<0.

Hocmammuicme. Hexali HepiBHicTb (1) BUKOHYETbCS 1ns Oy ab-
akux x€V. Toni "x—g”2 =”(x-—v)+(v—g)“2 ="x—v”2 +
+2(x -, v—-g)+||v—g||2 2|| v—g||2. Touka v - npoekuist g Ha V.

Osnauenna. I'inepnrowuna I1 y npocmopi R gidoxpemmoe
HenopodxcHi muodxcunu A I B moyok, saxuyo A micmumecst ¢ 00OHOMY
I3 3AMKHEHUX NIGNPOCMOpI6, W0 BUIHAYAIOMbCA 2INEPRIOUUHOIO
I1, a B — 6 inwomy nienpocmopi.

Tinepnnowuna I1 cmpozo @idokpemmoe A i B, axuo A mic-
MumvCs 8 0OHOMY 3 GIOKpUMuUx niGnNpocmopie, susiavenux 2inep-
nrowunoio Il a B — @ inwomy.

Osnauenna. Hexaii A — Oesxa muoxcuna mouox i3 R" . Iinep-
naowuna T1 ={xe R" (a, x)= B}, a+ 9, nasugacmvcs onopno
ona A, AKWO BUKOHYIOMbCA YMOBU:

a) mHOMCUHA A micmumbca 8 00HOMY i3 3aMKHEHUX Rienpoc-
mopis, wo susHauaomsca 2ineprnouguroio I,

6) einepnnowguna I1 mae xou 6u 00Hy cninbny mouxy 3 MHONCU-
How A.

Teopema 4 (meopema 8idoinenocmi). Hexau V — onyxna i sam-
KHeHa mMHodCuna. Axkujo mouka g€ R" ne nanescums V, mo icuye
maxa onopua 2inepniowyuna 11 ={xe R" :(a, x)= B} ona 'V, wyo
(a, x) <P ona 6ydv-axux xeV i(a, g)>P.

HNoBenenns. Hexall v — npoekuis To4kH g HA MHOXHUHY V.
Tomi (g-v,x-v)<0 ana scixxe V. Bekrop a=g-v#0. l-

neprnomuHa Il = {xe R":(a, x-v)= 0} € onopHa ans V.

Tosuauumo PB=(a,v). Toni H={xe R':(a, x) =B} i (a, x)<B
ansa Beix xeV, (a, g)>(a, v)=p.

Hacniook. [Ina onyxnoi ma samxnenoi muoxcuny V i mouxu
gEV icuye zinepnnowuna TI' ={xe R" :(a, x)= Y} , WO npoxo-
Oumb uepe3 g, i maka, wo (a, x) <Y 0na 6ydv-akux x€V .
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Takoto rinepnnownnowo € I1'={x:(a, x-g) =0}, ne a=g-v.
Axkwo xeV, matumemo (a, x—g)=(a, x—v+(y—-g))=(a, x—-v)+
+a, v-g)=(a, x—v)—(a, a)<0. To3Hauumo Y=(a, g). Toxi
'={x:(a,x)=y} i geIl’, (4, x) <y Ana Gynb-akux xe V.

Teopema 5 (npo onopuy zinepniaowuny). Yepes zpanuuny
mouxky V€V onyrknoi muoxcunu V npoxooume onopua 2inepnio-
wuna yiei MHoxcunu. icnye eekmop a#9© i ckanap Y maki, wjo
einepnnowyuna T1 ={xe R’ :(a, x) =Y} mae eracmugocmi (a, v) =Y
i(a,x)<y, xeV.

JlosenenHs. ['paHnuHa TOYKa v OMyKJIOi MHOXHHK V € of-

HOYACHO | IPAaHMYHOIO TOYKOK s 3aMuKkaHHs V' (auB. § 9.3,
Teopema 1). Hexaii {v,,} — nocnigoBHicTh TOYOK, WO He Hae-

KUTb Vi 36iracThcs 40 TOYKM v. 3a MONEPEAHBOI TEOPEMOIO Ta
il HacniAKOM I KOXHOT TOYKK V,, TIOCHiJOBHOCTI iCHY€E rimep-
TUIOHIMHA

1, ={x€ R" :(@p, ) =Y}

3 BIACTHBOCTAMU: Y, = (A, V) 1 (@y, X) <Y, ANA OyAb-AKHUX
xel.
MoskHa BBaXaTH, WO BCi BEKTOPH @, HOPMOBaHi: || a, ||=1.

BoHH MofaloThes Toukamu cepu oauHuuHoro paniyca. Coepa —
KoMnakTHa MHoXuHa. ToMy i3 nocninosHocti {a,,} MoxHa Buzi-

UTH 36iKHY TiANOC/iROBHICTb. BBaxkaTMMeMo, WO cama mocii-
noBuicTs {a,,} 36iraetbes: a, —a npu m—eo i [a]=1.

SIKIO B PiBHAHHAX MiNEPIUIOWKH

(@ X)=Yp,

nepeiieMo 10 rpaHulli, TO AiCTaHEMO PiBHAHHA rineprowmHy I1:
(@, x)=Y,
ae
y= lim y,, = lim (a,, V) =(a, v).
Mmoo Moo

[Ipu upomy (a, x) <y s BCiX xX€ V.
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Teopema 6. Axwo V — onyxna siokpuma mnoxcuna i g€V,

mo iCHYe 2inepniowjuna
H={x€ R" :(a, x)=y},

Wo npoxoOume uepez mouky g, i maxa, wo (a, x)<y Ona 6cix
xevV. .

Hosenenus. Slkwo g&V, Toni TBepmKeHHS TEOpeMH BH-
InMBae 3 Haciiaky teopemu 4. Skuwo ge ¥V \V , Toai Ha niacrasi
TeopeMu S5 icHye rimepmnownHa I ={xe R" :(a, x) =y}, fKa
NPOXOAUTHL uYepe3 TOYKY g, | Taka, wo (a, x) <y s Oydb-SKuX
xeV .Ane V- BiakpuTa MHOXUHA. ToMy (a, x) <y ans Gyib-
AKX xeV .

Teopema 7 (npo sidokpemnroouy 2inepniowuny). Hexaii U i
V — onykni muoocunu, ewympiwns obracme U 0 HENOPOJICHSL
iv’nr=0. Ienye einepnnowguna, sixa nodinaec Ui V.

HoBeneHHs. AnrebGpuuna pizHuis w=U"-v=0U° +(=)V -
BiJIKDMTA OMYyK/Ja MHOXWHA, SIKa HE MICTUTh HYJbLOBY TOHYKY O.
Topni icuye rinepmnowuna IT ={x (a, x)= O} , WO MPOXOOHTb
yepe3 TOuKy 0, i Taka, wo (a, x) <0 115 Beix Toyok x€ U’ —V .

3Biacu 3Haxomaumo, wo Ans 6yab-skux ue U° i veV BHMKOHY-

€TbCs HEPiBHICTD (a, u) <(a, v). ToMy sup(a, u) <inf(a, v).
wel)® veV

O6epemo umciio B Taknum, 106 BUKOHYBAHCH HEPIBHOCTI

sup (@, ) <P <inf(a, v).
uel/’ velv

[inepnnowuna 1 ={xe R":(a, x)= B} BiJIiNg€e MHOXHHU
U° i V. Ockinsku U° o U, To0

(a, x)<B ana Beix xe U,
(a, x)=B anascix xe V.

Iineprinowuna IT Binainsge muokunu Ui V.

387



TeopeMu BiZAiINIbHOCTI OMYyKJIUX MHOXHH 3aCTOCOBYIOTbCA NpPH
JOBe/IeHHi BAXKNMBUX TBEPDKEHD Y NiHiiiHii anrebpi, MaTemMaTHy-
HOMY NpOrpaMyBaHHi, TEopiil ONYKIHX MHOXHH TOLLO.

Teopema Papkawa npo HepiaHocmi-HacniOku
Osnauenns. Hexail 3adano cucmemy ninitinux oono-
pioHux HepigHOoCMeU
o & + oy +o oG, <0,
Oy &y + 08 +o+ 0,6, <0,

.......................................

¢))
O &y + OpaGa e+ 0,y SO
Hepignicmo
Bl&l +B2§2 +“'+Bn§n < 0 (2)

nazusaemvesa Hacniokom cucmemu (1), axuyo 6yov-sxuii po3s 30K
yiei cucmemu 3a0080/1bHAE HePIBHICMb (2).
Lle o3naueHHs aamo y Ginbui ctucaii dopumi. IlozHauumo ve-

pes A =(ay, ) marpuio cuctemn (1). Hexall x = (&1 Eas weos §,,)T,
b=(By, Bss s Bs )T . Toni cuctemy (1) MOXXHA MOAATH SK

Ax <0,
a HepiBHICTb —
(b, x)= b'x<0.
OcTaHHe € HachiaxoM cuctemu (1), kLo
Ax<0= (b, x)<0, b#0.
Teopema Paprawa. [ns inozo ujob
Ax<0= (b, x)<0, b#06.
Heobxiono i docmamubo, uob cucmema NiHIUHUX PIBHAHb
Ay=b (3)
Mana Hegid 'emuuli po3g’azok y (mobmo icHyeas 6u sexmop
yeR™ i y26).
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Hoeenenus. Heobxionicms. Hexalh i3 Ax<0 Bunnusac
(b, x) £0. MHox#HHa

K={xe R':x=4"y, yZG}

— b6araTorpaHHuit KOHYC, NOPOMKEHUH paaKaMu MaTpuui 4.

Slxwio Bektop be R” MmicTutbes B koHyci K, TOAI TBEpAKEHHS
TEOPEMH BipHe.

[Mpunyctumo, wo b€ K . Konyc K onykuit i 3aMxHenuii. 3a-
CTOCYEMO 110 TOuKkH b i koHyca K Teopemy BiaainsHocTi (Teope-
my 4). Toni icuye rinepnnowuna IT={x:(a, x)=PB} Taka, wo
(a,b)>B i (a, x)<P ans scix Touok x€ X .

Inakie  kaxyuu, icHye Takuit BekTOop a#0, wo
(b, a)>B=(a, x) anascix xe K .

Ockinbku KoHyC K MICTHTB HYbOBHit BEKTOP, TO

(b,a)>0. “)

Sxwo 3amicTh BekTopa x i3 K noxnacti Ax, ne A >0, T0 Ma-
TUMEMO HepiBHIiCTb (b, a) > (a, Ax) i, oTxe,

%(b, a)>(a, x).

Ilpu A — oo gicTaemo
(a, x)<0 ans scix xe K. ®))
3 nmpyroro Goky, maemo (a,x)=a’ -x=a' A"y =(4a)’ cy=
=(Aa, y)<0, ne y20.3Bigcu
Aa<0. 6)

I3 ocranHbOi HepiBHOCTI 3a yMoBoto Mae Gytn (b, a)<0, wo

cynepeunTb HepiBHOCTI (4). IHLIA MOXKIHMBICTH BUKIIHOUEHA.
Hocmamnicms. Hexall icHye Takuit BektOop »y=0, wo

b=A"y. Slxmo xe R" i Ax<0,710 (b, x)=b" -x=(4"y) -x=
=y7'-Ax=(y, Ax)<H6.
Otxe, Ax<0= (b, x)<0.
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Kpaunxi moyku

O3nauennn. Touka v onyxnoi muodxcunu V nasusa-
€mbCa KpatHbolo (KyMoBoio), AKUWO B0HA He € BHYMPIUHbOI0 MOY-
K010 8iOpI3KA 3 KIHYAMU I3 MHOXMCUHU V.

Lle o3HaueHHs MOXHA MOAATH Y TAaKOMy BHMIIAfi: TOYKa v
MHOXMHM V — kpaiins, akwo i3 v=(1-A)x+Ay, 0<A<],
x, yEV ,BUnauBac x=y=v.

Ipukaan. [okasarn, o KpaiiHiMM ToYkamu onykioro 6a-
raTorpaHHuKa 6yayTb HOro BepLIMHH i IO iHWKMX KpalHIX TO4HOK
BiH HE Mae€.

Po3B’s3anusa. Hexaii BepiunHamy onyiiioro 6ararorpaHHnka
M 6YAyTb TOUKH X{, Xy, o0r X, - TOM M =conv(x;, Xy, ..oy X, ) i

xk é conv(x., cony xk_l, xk+], very xm), k = 1, m.
CrioyaTKy MOKaXeMo, L0 KOXHa BEpIIMHA, Hanpuknan, X —
KpaiiHa Toyka Gararorpanuuka M. [IpumycTumo, 1o X, =(1-A)x+

m m
+Ay, 0<k<1,x,yeM.Touix=Zlkxk, A, 20, Zkk=l;
k=1 k=l

m m
=2 WX, W20, Dopy =1 ToMy x =Y+ Ya¥p+..+
k=1 k=1

Y > A€ Ve = (1= A)Ay + A, D ¥, =1.
k=1

Y2 Xy +...+—Y'"—xm -
—Yi 1=y
onykna NiHiiHa KOMOIHALA TOYOK Xp, X3, s X,y - [ BEPLUMH

I[Tpunyctumo, wo v, <1. Tomi x; = 1

GararorpaHHuKa M L€ HEMOXJ/IMBO. 3BigcH BUILIMBAE, WO Y, =1,
Yy =..=Y, =0. 13 pisHocti (1-A)A; +Ap, =0 JictaHeMo
A =M =0, k=2,m.Tomy A, =p; =11, 0mKe, x=y=x.
m
Hexait v — kpa#iua Touka Garatorpaniuka M i v= Zkkxk ,
k=1

m
A 20, Y A, =1. Tlpunycrumo, wo 0 <A, <1. Toai
P
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A.:}\.z ++)\¢m >0, Aﬂ +}\«=l, V=)\-|xl +}\x,
ne x=%x2+...+mexmeM.

Lle HemMOXnMBO Ana KkpaiiHpoi TOUKM V, OCKINLKK X, # x . Tomy
abo A; =0, aboA, =1. Takuii camuii BUCHOBOK € RipHHUM a5
Oyae-skoro koediuientad, . Le o3Hayae, wo Touka v 36iraerhes

3 OJHIEIO 3 BEPLINH X, Xy, ...y X, , -

Teopema 8. Onyxna xomnaxmua (mobmo obmedicena i 3amrHe-

Ha) muoocuna V npocmopy R" mae xpaiini mouxu. Bona 36iza-
€MbCA 3 ONYKNOK 0BONOHKOIO 6CIX CBOIX KPAUHIX MOYOK.
JloBeleHHS NPOBENEMO METOAOM MaTeMaTHYHOT iHOyKUii 3a

PO3MipHICTIO # €BKNiJOBOTO NpocTopy R”.

Sxwo n=1, Toai MHOXHMHaA V — Biapi3ok [a, b] i Teopema oue-
BHJHA.

[TpumycTumo, 10 TeopeMa Mae Micue s ONMyKIMX KOMMAKT-
HHUX MHOXMWH NpOCTOpPY R™'. Hexail MHOXMHA V C R". Slxuo
MHOXHHA V' He MIiCTUTb BHYTDIlHIX TOYOK, TO BOHa Oyne mij-
MHOXHHOIO A€AKOI rinepioLuHu

H={xe R" : (a, x)=B}, a#0.

Aune Oynp-sika rinepniowHa Gyne eBK/IiA0BUM NPOCTOPOM pO3-
MipHOCTi 7 —1. ToMy TBEP/DKEHHS TeOpeMH MaTHME CHJLy 3a NpU-
NYLWEHHAM IHAYKLI.

Hexail Mmuoxwuna V' Mae BHyTpiluHi Touku. O6epeMo 10BinbHY
TOUYKY X € V . OKpeMo po3risHeMO 1Ba BUMANKH.

Bunanok 1. O6paHa Touka x;, — rpaHM4Ha TOUKA MHOXHHH V.
Icnye ans V onopHa rinepnnoiuuHa

H={xe R" :(a, x)=[3},
LIO NPOXOAHTH Yepe3 x, (Teopema 5). Ilpu upomy (a, xo)=P i
(a, x)<B nns Gyab-sikux xe V.
Muoxuna ¥, =V NI1 — onykna, KOMIAKTHA | HAIEXUTb €BK-
ninosomy npoctopy IT po3mipHocTi n—1. 3a npunyweHHsM i-

391



AyKUii MHOXMUHA ¥, Mae KpaiHi TO4KH i 36ira€Tbcs 3 OMyKAOH

m
060JIOHKOIO BCiX 11 KpaiHix Touok. 30Kpema, X, = AXy s
0 Xk

k=1

m
A 20, Z}»,‘ =11 X, Xy, ..., X, — KpaiHi TOUKH €T MHOXKHHH.
k=l
TMokaxkemo, 110 Gyab-sika KpaifHs To4YKa v MHOXHHY Vj OaHO-

YacHO € i KpaiiHbLOIO TOUKOIO MHOXHHH V.
Hexaii v=(1-A)x+Ay,ne0<A<l,x,y€V . Maemo
B=(a,v)=(a,(1-Mx+Ay)=
=(1-A)a,x) +Ma,y)S(1-A)B+ AB =8,

ockinbku (a,x) <P i (a,y)<P. Tomy Mae Mmicue piBHICTb
(1=A)a,x)+Ma,y)=B.

Lle MOXK/MBO JHiLE Y BUNaAKy, konu (a,x) = B, (a,y)=8, To6TO
komu x,y€V NII=V,. Ane v — xpaiits TOYKa MHOXHHH Vo, TO-
My x=y=v.OmXKe, TOUKa X, OMYKJIO 3AJIEXKHUTH BiA kpaiiHix TO-
YOK Xj, X3 -y X,, MHOXKHHH V.

Bunaaok 2. O6pasa Touka X, — BHYTPillHs TouKa Ans V. Ye-
pe3 110 TOYKy NPOBEAEMO MpsMy JiiHito. BoHa nepeTHe rpaluilio
MHOXHHHU V' y BOX TOUKax y; i y,. [1pn ubomy X, =(l-o)y +
+oy,, 0<o<l. Ane Touku y;, y, ONYyK/IO 3ale€xaTh BiJ Kpaii-
HiX TOUOK MHOXHHK V. ToMy i X, OMyKJIO 3anexuTh Bill KpaiHix

TOYOK MHOXHHHU V.

Bnpaeu

1. IokasaTH, L0 MHOXHHA BCiX KpaitHiX TOHOK Ky
S‘(e,r):{xe R :||x||sr}
36iracTbes 3i cheporo
C={xeR":|x|=r}.

392



2. 3HaiiTH MHOXUHY BCiX KpaHiX TOHOK ONyKJIOT MHOXHHH

n &2
V=1x=(&,82,.08,) D =<1
k=1 Oy

§ 9.6. 3amkHeHi KOHYCH

Onykyiomy koHycy K noctaBUMO Y BIiAMOBIAHICTb

mHOXHHY K* ={xe R" : (w,x) <0 nans Bcix we K}.

Lla MHoxuHa K* € konyc. Sxkwo x, y€ K™, A=0, u=0, 10
(W, Ax + W) =A(w,x)+(w,y) <0 ans 6yab-ikoro we K. Lle
o3Hauae, wo Ax+pye K, To6ro K* — konyc.

Osnauenna. Konye K™ nasusaemocs cnpsorcenum ons konyca K.

Cnpskennii konyc K* — 3aMKHEHa MHOXMHA, OCKifIbKH BiH
36iracThes 3 mepeTMHOM Ycix miBnpocropis P, ={x:(w,x) <0},
ne w npobirae koHyc K.

INokaxeMo, O Y BUNAAKY, koA koHyc K € niHiiHUM nianpoc-
TOpOM, CrpskeHHit konyc K~ NOpiBHIOE OPTOTOHALHOMY AOMO-
BHeHHIO K.

Hexaii ye K*. Tozi (x,y)<0 anaBcix x€ K. Ane —x€ K i
ToMy (—x,y)=—(x,y)<0. 3Biacu aicranemo (x,y)=0 i, oTxe, y
HaNlekUTh OPTOrOHANLHOMY JOMOBHEHHIO K© niHilioro miampoc-
Topy K. Omxe, K™ c K*. I3 osnauenus MHokunn K BHnMBae
srmoueHHs K- ¢ K. Takum unnom, K™ = K*.

Teopema 1. [[nsa 6y0v-axozo konyca K euxoHyemocs exniouen-
wa K" 2 K. Konyc K 3amknenuii moodi i nuwe mooi, xonu
K™ = K (sionowenns dsoicmocmi).

HoBeneHHs. CnpaBelIUBiCTh BKJIIOUYEHHS K™ 2 K Bumiu-

BA€ 3 O3HAYEHHs cnpsbkeHoro komyca. Sxmwo K™ =K, to K —

. *k *\* ~
3aMKHEHa MHOXMHA, OCKiNbkH K = (K ) ~ KOHYC 3aMKHECHHH.
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[Tpunycrumo, wo K — 3amkHeHH#t koHyc. [ToTpibHO BCTaHOBHU-
v Brmouenns K C K, To6To nosectv, wo g€ K~ > ge K.
3a 3aKOHOM JIOTiKH L€ 3BOAUTHCA OO JAOBEIECHHS BHCHOBKY
gEK=>geK™.

3a Teopemoto BiaainbHocTi (§ 9.5, TeopeMa S) ans TOUKK g TA
OMyKnOi, 3aMKHEHOi MHOXuHM K icHye rinepniowuHa
N={x:(a x)=B} Taka, wo (a,g)>P i (a,y)<P ana scix
yeK.lna yeK i A>0 maemo Aye K, a tomy (a,Ay)<B.
B
A
(a,)<0. Ockinbkn ue BipHO 105 BCix y€ K, TO a€ K*, a3 Toro,
mo Oe K, zuaxoammo 0<PB. Tomy (a,g)>P=0 i, omxe,
gEK™.

Teopema 2. [Ins mozo wob 3amxnenuii konyc K 6ys sazocmpe-

3Biacn  (a,y)< 36inblyeMo A HeoOMexeHo i aicTaemo

HuM, HeobxioHo | docmammubo, Wob CRPANCEHUU HOMY KOHYC K
Mag 8HYMPIUHI MOYKU.
HoBenenus. Heobxionicmo. Ilpunyctumo, wo koHyc K 3a-

rocTpenuii, ane K* He Mae BHyTpiluHix Touok. Tomi K™ MicTHTb-
cs y Jgesxiii rinepmnoumni IT={x:(a, x)=0}. Ockinbku
(a,x)=(-a,x)=0 nana Bcix x€ K", 10 a,—ac K™ =K. Jina
3arOCTPEHOTO KOHYCA Take BKJIKOUEHHS HEMOXIIHBE.
locmamuicme. Tlpunyctumo, wo K* Mae BHyTpilLHi TOUKH i,
pasom 3 TuM, icHye a#0 i a,—ae K. Sxuwo xe K, Toni

(a,x)<0 i (—a,x)<0. Otxe, (a,x)=0 and BCiX x€ K™, To610
K* MicTuTbCcs B rinepruiowuHi 3 piBHAHHAM (a,x)=0. 3HOBY

BUHHUKAE CYMEPEUHICTb.
Teopema 3. Axwjo xonyc K 3amknenuil i 3a2ocmperui, mo ona
Hb020 icnye eexmop a#© maxull, wo (a,x)<0 01 O6yOb-aKux

xeK, x#6.
JloBeneHHs. O6epeMo sKy-HeOyab BHYTDILLHIO TOUKY a i3

CTPSHKEHOr0 KoHyca K" . Ipu pocratHbo ManoMmy €>0 Biakpura
kyns S(a,€) Mictutbes B K'. Skmo x€ K i x#6, 7o
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y=a+—i-xe S(a,¢) . Otxe, (»,x)<0, T06TO

2] x|
(a,x)+§||x||$0 i(a,x)s—§||x||<0.

Hacniook. [na 3amxnenoco 3azocmpenozo xomyca K icmye
a#0, wo (a,x)>0 onsecix xe K,x#0 .

O3nauenna. Ipomins | C K, wo suxooums i3 Hyne060i mouxu
0, naszusacmoca xpaunim ons xonyca K, axwo mae micye gxno-
yenns: iz wel i w=(1-A)x+Ay, de 0<A<I1, x,ye K, sunnu-
6ae, wo x,y€ l. Inaxwe xasxcyyu, npomine | C K — kpatiniti, sx-
o 6yov-axuil 8iOpi3ox 3 kinysmu i3 K, [ axuil mae Hympiuinio
mouky, wo Hanexcums I, yinkom nanexcums l.

Teopema 4. Hexani K — 3amkHeHuil 3a2ocmpenutl KOHyC, wjo
Mmicmumb Henynoo8i mouxu. Todi 8in mamume Kpauni npomeni.
Obepemo Ha KOJNCHOMY KpauHbOMy NpomeHi 0Oun sKui-nebyob
11020 HanpAMHUL 8eKMop i epe3 S NO3HAYUMO MHONICUHY 6CIX Ma-
kux eexmopis. Kownyc, nopoodocenuit yicro MmHodNCUHOW, €

K=L'(S).
Josenennsa. lna konyca K obepemo Takuii BekTOop a#0,
wo (a,x)>0 ang scix xe K ,x#0.

PosrnsHeMo rinepnioimmny
m={xeR":(ax)= 1}.

KoxHuit npominb / koHyca K (To6T0 mpoMiHb, 110 BUXOAUTH i3 O i
Micturbes B K) neperunae I1 nuue B oaniit Toyui. JiiicHo, AKio

weliw#60,710 (a,w)>0.Toxi x=

W HANCXHUTh npome-
a,w)

Hio /. Pasom 3 TM (a,x) =1, To6T0 x€ IT. OTRRE, XE [ N]TT.
Axuwo yelNnIl, o y=ow i

1
(a,w)’

(a,y)=(a,ow)=0(a,w)=1, a=

TOOTO
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= ! w=Xx.
(a,w)

Mmuoxuna V = K NII onykna i 3amkHeHa. Hamu BcTaHoBnieHo
B3aEMHO OJHO3HAYHY BiAMOBIAHICTb MiX BCiMa MpOMEHAMH [ KO-
uyca K i Toukamu MHOXuHM V] x=INII. Tlpun usomy

x= w,aKkwo wel i w#0.

(a,w)

Ha Tili e niacTaBi BCTaHOBNIOETLCA B3AaEMHO OAHO3HAUYHA
BiJMOBIAHICTb MiX KpaiHIMH TOUKaMH MHOXHHHM V i kpaiiHimu
NpoMeHsAMH KOoHyca K.

Hexaii x — kpaiiHs Touka MHOXHHH V' i [ — npoMinb koHyca K,
kWil BignoBinae wuiii Touui, ToO6TO Takuii, wo x=I/NI1. [Noka-
XKemo, Lo / — KpaiiHiii npoMiHb koHyca K. Obepemo cnouatky Ha /
Touky x i mpunyctumo, wo x=(1-Au+Av, ae 0<A<I;
u,ve K . Skwo u =0, To 3po3ymino, wo u,ve !. Te x came, ak-
wo v=0.

iz=
a,u) (a,v)
nepeTHHy BiANOBIAHNUX NPOMEHIB 3 HAMPAMHUMH BEKTOPaMHU u i v
3 rineprowmHoto I1. Maemo piBHoCTi

Hexait u#0 i v#06. Toai y= V — TOYKH

V=

1 1
x=(1-2A)a, u)(a—,u—)u +Aa,v) @)

=(1-AXa,u)y +Ma,v)z,

ne y,zeV.
[1pu usomy

(1-A)a,u) + Ma,v)=(a,(1-Nu+Av)=(a,x)=1,
(1-A)a,u)>0,A(a,v)>0.

Ockillbki x — KpailHs To4uka MHOXHMHH V, To y=z=x. Orxe,

1 1
u=-——v,aToMy u,vel.

(a,u) (a,v)
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Hexait Tenep wel, w#x i w=(1-Au+iv, 0<Ac<I,

w=(-A) Lu +A !
(a,w) (a,w) (a,w)

uveK=>x= v,
ae

ue kK, v = 1 veK.

(a,w) (a,w)

3Biack pobumo BUCHOBOK, o u’,v' €, aTomy u,vel.
y

o

u =

[Mpunyctumo, wo / — kpaiHiit npominb konyca Ki xe INII.
Axkwo x=(1-Nu+Av, u,veV, 0<A<l, 10 u,vel; uvell.
ToMy x =u =v, T06TO x — KpaitHi TOUKa MHOXUHU V.

Jlns 3aBeplieHHs [OBEJEHHS TEOPEMH NOCTaTHbO MOKA3aTH,
o mHoxuHa ¥V = K NI1 komnakTHa, a MOTiM 3icnaTUCS Ha TEO-
peMy npo KpaiHi TOYKH.

Hexaii Q — nepeTtnH koHyca K 3i cheporo onuHuUHOrO pajiyca
3 LeHTPOM Y HynboBiil Touui 8: O ={xe K :|x||=1} . Muoxuna

Q xomnakTHa B npocTopi R”.
ITobyayemo BigobpaxkeHus f: O~ V' 3a 3aKOHOM

l
f(x)—(

a,x
Lle — B3aEMHO OAHO3HAuHe BiAOOpakeHHS Ha BCIO MHOXHHY V.
Bono Henepepshe. MHOXHHa V, ska € HenepepBHUM 00pasoM
KOMIMAKTHOT MHOXMHH — KOMINakTHa [14].
Sk MHOXMHY S, 1110 TOpoAXye koHyc K i BianoBigae ymoBam
TEOpPEMH, MOJKHA 00paTH MHOXMHY BCiX KpaHHiX TOYOK MHOXHHH
V=KnII.

Teopema 5. Pebpa 3azocmpenozo bazamozpannozo koHyca K €
020 KpaiHimu npomeHamy. Inuwux xpainix npomenis xonyc K ne
Mage.

Lls Teopema € HaAcTiAKOM MonepenHbOi TEOpEMH i BIACTHBOC-
Tell onyknux OGaraTorpaHHMKiB, SKIIO BpaxyBaTH, Lo Oararo-
rpaHHUi KOHYC — 3aMKHEHa MHOMHA. OHaK, JOBEAEMO L0 TEO-
peMy, BUXOAAUM 3 iHIIMX MipKYBaHb.

Hexa#l yy,y,...,¥, — KICTAK GaraTorpaHHoro koHyca K Taku#,

x ana xe Q.

1o
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K=L+(yl,y2""’yp)s (a)

Ve € L (Piseoos Victs Vit Vp )» k=1ip (6)

(muB. § 9.2). INosnaunmo uepes /, pebpo KOHyca 3 HaNpAMHUM
BEKTOPOM y; . JIOBEAEMO, L0 KOXKHE 3 HUX — KpailHill npoMiHb.
Hanpuknaz, 3aificiumo ue ans pebpal. Obepemo Ha I, sAxuit-
HeOylb BEKTOp, 30Kpema, BekTtop y,. Hexail y, =(1-A)x+Ay,
O<i<l,x,ye K. SKwo x=04y +0,y, +..+0,y,, o 20,

y =B +Byy +. B,y B 20, Tomi Y=Y HYyatet
+Y Vs A8 Vi = (1= +ABy» k=1,p.Skmo v, <1, Toai Aic-

TaHEMO Y| = le

Yp
y2+...+1———y,,, 010 HEMOXUIMBO. SIKWIO K
=Y

v, >1, 10 (Y, —1)y Y2y +..+Ypp, =0, 1O HEMOXIUBO ANA
3arocTpeHnx konyciB. Omke, Yy =1 1 Yy, +..+Y,)), =0. Ane
TOAl Y =Y3 =...=Y, =0 Ha MiZCTaBi JleMH PO 3aroCTPEHi KOHY-
cu (muB. § 9.2). I3 pisrocti v, =(1-A)y +AB, =0 i ymosu
0<A<]1 BunnmBae, wo o, =P, =...=a, =P, =0. Tomy x=043,
y =B,y ix,yel . Orxe, I, kpaiiniii npoMiHb kOHyca.
JloBenemo obepreHe TBepIKeHHs. Ui 1bOro NOoKaxemo, Lo
Gyap-skuii KpailHill POMiHb / KOHyca 36iraeThCs 3 OIHUM i3 pe-

Gep KoHyca.
Hexai xel, x#0 i x=A»+Ayy+..+A,y,, A 20.

TIpuIyCTHMO, IO B OCTaHHiH piBHOCTI A; # 0. Toni maTumMemMo
1 1
x= -2—(2}»\y] ) +—2—(27»2y2 ..+ 27»,,y,,).

Touka x — omykia JjiHiiiHa koMGiHalia Touok i3 KoHyca K.
Ockinbku [ — KpaiiHiit TpoMiHb LUBOTO KOHYCa, TO 2My €l aTo-

my y, € /. lle o3Hauae, 110 I=1.
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Teopema 6. 3amxHenuii konyc K mooice 6ymu nooanuit y 6u-
2ns0i npamor cymu

K=M®V

Rinitino2o nionpocmopy M i samknenozo 3aeocmpenozo kowyca V.
Hooanox M eusnauaemuvcs konycom K oonosnauno i exuouae 6ci
JiHITHI nionpocmopu, Akl micmamoeca 6 K.

Teopema Ge3nocepenHbO BUIINBAE 3 TEOPEMH 1, A0BEAEHOT B
§ 9.2. TogaHok V moxe OyTH ofep)KaHMM Y BHIJIAAI NEPETHHY
V=KNL, ne L — Oyab-axuii nidiiiHuil nignpocTip, A1s SKOro
R" =M ® L. 30kpeMa, MOKHa NIOKJIACTH L =Mt . Tomy V - 3amk-
HeHa MHOXHHa.



Po30in 10. CACTEMM NIHIMHUX
DIOPAHTOBUX PIBHAHb*

§ 10.1. YMOBM CyMICHOCTi.
Anroputm Epmita

Cucmemoio niniunux diogpanmosux pignsnb Ha3uBa-
€TbCA CUCTEMA NiHIMHUX PiBHAHB 3 L{iNOYMCNOBUMH KoedilieHTa-
MM i BilbHMMM uneHaMH. SIK PO3B’S30K L€l CUCTEMH PO3yMilOTb
UiNI0YHUCTIOBUH.

Teopema 1. Jliniiine Oiopanmoee pigHsHHs
oyx +0x, +..+0,x, =B, e
Oe Koeiyicnmu 04,04, ...,04,, OOHOYACHO He 06EPMAlOMbCsL HA HY b,
Mae po3e’sz0k modi i auwe mooi, konu HCL (0, 0ty,...,0, ) [B.

Nosenenus. Heobxionicms. Hexait 8=HCI(0y,0,....0t,) .
Ln,

Toni 8|ax;,8]0x,y,...,8| 0, x, Ang Oyab-akux x; € Z, j=1

n
ne Z — kigbue Beix uinux yucen. OTxe, 8|Zocjxj. ko
Jj=1

*

* * 5 . “ *
Xp 5 X 5000 X — pO3B’A30K  DIBHAHHA, TO Za_i"_/ =B,
=1

n
SlZajx; i, omxe, 8|f.
J=t
Jlocmamuicme. Tlpunyctumo, wo 8B . [Noknagemo
n —_—
J= er:x=Zajx',-; xjeZ, j=Ln
J=1
Lls MHOXHHa Ma€ TaKi BIaCTUBOCTI:
l.x,ye J=>xtyeJ.
2.xeJ, zeZ=>x-ze J.

Bynb-ska nigMHOXKHA 3 KifblUsg Z 3 UMMH ABOMA BJIaCTUBOC-
TAMJ Ha3MBaeTbcsi idearom. Y HAIIOMY BHNAAKY MHOXHMHA J €

* Lleit posnin Hanucanuit 1. B. [Tpotacosum — npod. Kuiscbkoro
HauioHabHOTO YHiBepcutety iMeni Tapaca llleBueHka.
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inea, NOpo/KeHUH YucnaMu 0y, Q% , ..., 0, , i TO3HAYAETLCS Hepes
J=(0y,0,,...,0,).

Koxxuuii inean kinbug Z € ronoBHUM, OCKiJIbKU BiH MOpOJKe-
Hui ofuuM uinum umcriom. Tomy J=(oy,0,..,0,)=() i

d=HCJ (o, 0,,...,0, ) (§ 1.4, Teopema 3).

IcnytoTs Taki uini uicna y;, y,,..., ¥, , 1o
n
ZO‘_/Y_/ =5.
J=1
3a ymosoto 8|B i, omxe, B=8-m, ne me Z . Slkwo x; =my,,

n
Xy =Myy, . Xp=my,, Togi D 0;x;=B, wo # noBOAMTH
J=1
PO3B’A3HICTb piBHAHHSA (1).

Teopemy noseaeHo.

Tenep 3ynuHMMOCh Ha 3HAXOPKEHHi PO3B’A3KiB cucTeM AiodhaH-
TOBUX PiBHAHb. SIKILO Taka CUCTEMA CYMICHA, TO ISl 3HAXOMKEHHS 1T
PO3B’A3KiB IOCTATHLO 3AIMLIWTH B Liil cucTeMi nuive GasucHi pis-
HSIHHA. Y HOBIl cHCTEMi YMCnO PiBHAHL JOPIBHIOBATUME PaHIy Mar-
puui ui€i cucremu (auB. § 4.1). Tomy BBaXAaTUMEMO, IO PaHI MaT-
pHLLi HaBEZIEHOT HIXKUE CUCTEMH JIOPIBHIOE YUCIY Ti PiBHSHb.

Teopema 2 (Llmeiiniya). Cucmema ninitnux oioghanmogux
DIBHAHD

Oy X + OyaXy +o+ 0, X, =P,
Oy X) + Uy Xy + .. + 0y, X, =P,

Otmlxl + amzxz +..+ (lmnxn = B

mo
Oe panz mampuyi A=(0,, ) yiei cucmemu dopienioe wuciy m pis-
HAHb, p038°a3Ha moodi U nuwe moodi, konu HCJ] minopie mampuyi
A m-20 nopsaoky 36icacmocs 3 HCJ] minopie m-20 nopsaoky poswiu-
penoi mampuyi yiei cucmemu (A|b).

INepw Hi>x 1OBOAMTH TeopeMy, HaBeleMO AeKilbka HeoOXia-
HUX TBEpMXKeHb. 30KkpeMa, OyleMo Ha3MBaTH eleMEHTAPHUMH Tie-
PETBOPEHHSMH CTOBIMLIB (PAAKIB) LiIOYMCIOBOT MaTPHL Taki:

1. MHOX€eHHS BCiX eJIeMEHTIB CTOBMIIIB Ha —1.
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I1. loaaBakHs 10 CTOBNUA (pAAKa) iHUIOro, MOMHOXEHOTO Ha
Lijie 9ucno.

111. TepectanoBka cToBAUIB (pAdKiB).

Jema 1. Koocre enemenmapHe nepemeopents T Yino4ucioeoi
mampuyi A= (a,k ) DPO3MIpHOCMI M X N PIBHOCUNIbHE MHONCEHHIO
yiei mampuyi 3 npagozo 60xky na mampuyio T = (ij ) PpO3MIpHOC-
mi nXn, AKa 00epicyemuvCa 3 OOUHUYHOI mampuyi hopaoKy n
MUM CaMUM eleMEHMAaPHUM NEePEMBOPEHHAM T.

IloBenenHsa. J{oBeaeMo JieMy Ul €1€MEHTAPHUX MepeTBO-
penb I1. Hexaii enemeHTapHe nepeTBOpEHHS T NOAArac y NOAABaHHI
10 k-ro CTOBMNLA MaTPHMLi i-r0 CTOBILSA, TOMHOXKEHOrO Ha Uifie YKC/I0

¥. 3aCTOCYEMO eNeMeHTapHe MEPETBOPEHHA T BiANOBIAHO 10 MaTpuLi
A Ta oqMHUYHOT MaTpHLi NOpsAAKY #. icTaHeMO MaTpULi

O Olyy  woe Oy oo Ol + YO o O
a2la22 e azl see azk +’Ya2’ “se azn

O Oyn ove Oy o Ol + YO o O
10...0...0...0
01...0..0...0

po| i

3 inworo 60Ky,

AT

.........................................
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Orxe, AT=B i neMy noBeeHo.

Haseaemo Ttenep anroputm Epwmita, skuii nae 3mory nepe-
TBOPUTH JIOBiIbHY LiO4MCAOBY MaTpuiio A = (0, ) posmipHocTi
mXn i paHry m 3a JOTNOMOTrOI A€AKOI MOCNiZOBHOCTI enemeH-
TapHUX NEPETBOPEHb 10 MATPHLI BHAY

G, O 0 0 0

Oy, 0O, O 0
Ho=| oo ,

Q, C,p O, (oA 0

ae O; >0, i=1l,m.
Matpuus H HasuBaeThCst epmimosoro popmoro MaTpulli A.

Ockinbku paHr MaTpulli 4 1OpiBHIOE UKCIY PAAKiB, TO cepen
eNeMEHTIB O;,0y5,...,0,, ICHYIOTb BiAgMiHHI Bia Hyns. Tlepecrta-

HOBKOIO CTOBIILB JIOCATAEMO TOTO, OO eneMeHT O, GyB BiAMiH-

HHUM Bifl HyJIsl | HAlIMEHILIMM 32 MOJYJIEM Y NEPLIOMY PsAKY. Mox-
Ha BBaXaTH, WO 04 >0 (npu HEOOXiAHOCTI MHOXHMMO nepiuuii
croBneub Ha —1). Jlani KoXXHUH eneMeHT O, NOAAEMO y BUIIAA
Oy =0y +1,,0e by, nneZ, 0<r <a,, . Bignimemo Big k-ro
(k22) croBnus enemMeHTH MepLIOro CTOBMLS, MOMHOXEHI Ha YHC-
N0 Ay . Y pesynbTaTi BCiX TakMX Onepauiil eNeMeHTH MepLIoro
psaaka 6ynyTb WiAMMH YUCIaMH BiJl HYJs 0O QY .

IloBTOpPHBIIN IO NIPOLEAYPY CKIHYEHHE YMCIO pasiB, MaTH-
MEMO MaTpHLIo
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&, 0 0 .. 0
(—i2l b22 b23 b2n

e 0, >0.

OCKiNibKH €NeMEHTapHi NEepeTBOPEHHA HE 3MIHIOTb paHr
MATPHLLi, TO CEPEll ENEMEHTIB byy, by, ..., by, OYAYTH Taki, wo BiA-
MiHHi Bia Hyns.

3aCTOCOBYEMO aHANOTTUHI OGUHCAEHHS 10 MATPHLL

b22 b23 bZn
b32 b33 b3n
bm2 bm3 bmn

V pesynbTati noGyaosaHo marpuuio H noTpibHOro BUrIAAY.

Mpukaan 1. 3uaiitn matpuuio H ans Marpuui

4 1 2 3
A= .
0 -1 -1 5
Po3B’A3aHH4.

A_4123 1 4 2 3 1 000
“lo -1 -1 5) \-1 0 -1 5) -1 41 8
1 000 1 000
~ - =H
11 4 8/ \-1100

KBazpaTHa LiTOYHCNOBa MaTpuLsl V' Ha3WBAETLCS YHIMOOy-
AApHOI0, AKWO ii BU3HAuHMK det V = Z1.

Jema 2. Hexaii A=(0y, ) — yinouucnosa mampuys posmip-
nocmi mXn i panzy m. [lna nei icHye maxa YHIMOOYNAPHQ Mam-
puya V = (v, ) nopadky n, wo mampuys A-V mamume suenso
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de O; >0, i=lm.

HoBenenHsa. 3a A0NOMOrow AesKoT NOCNiAOBHOCTI eneMeH-
TapHUX MEPETBOPEHb T(,Ta,..., T, (aNroput™ Epmita) marpuus A
HabyBae epmitoBoi ¢opmu H Ha niacrasi nemu 1. KoxkHe enemen-
TapHE MEePETBOPEHHA T; MOXHA 3aMiHUTH MHOXEHHSM 3 MpPaBoro
6oky Ha Marpuuto T, sika OJEpXKYETbCS 3 OAWHUYHOT MaTpHUUi
nopsanky E TakuM caMUM eNeMEeHTapHUM MEePeTBOPEHHAM T, Hax

BiANOBIAHUMH CTOBIILIAMH.
Tomy H =ATLT,.T,. Noknagemo V =T,T,..T,. Ockinbku

det7, =+1, 1o detV ==I.

Jlemy noeeneHo.
Josenenus teopemu Llreiinina. Cucremy niHifiHMX
NiohaHTOBUX PiBHSHb 3aMMLIEMO Y MATPHUHOMY BUFASI

A-X=b, X= (5,505, ) @

Je b — cToBneub Yucen, CKNaAeHuU i3 npaBUX YacTHH CHCTEMM.
TMTokaxemo, 10 UA cHCTeMa PiBHSAHbL PO3B’A3HA TOAI # Aulue
TOAi, KON po3B’A3HA CUCTEMa NiHiiHKUX Ri0O(AHTOBUX PIBHIHDL

H-Y=b, Y=(3, 20 ) > 3)

ne H — epmitoBa ¢opma Matpuni 4.
Ha nincraBi nemu 2 icHye Taka yHimoayjsipHa marpuus V,
mo H=A-V. Hexait X* — posp’ssok cuctemu (2). Toni

A(VV")X* =b i TomyH(V‘]X*)=b. Ockinbku ¥ — matpuus

LinouMCIOBa i yHIMOAYNApHA, TO MaTpuus V™' Takok uinoumc-

nosa. Omxe, Bextop Y* =V7"'X* - uinouncnoeuii po3s’s30k
cucremu (3).
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Hexaii Y* — poss’asok cuctemu (3). Tomi A(VY*)=b i

X* =VY" — po3s’a30k cucTeMH (2).

Ha miacraBi efleMeHTapHUX TNEPETBOPEHb JIETKO MOXHA J10-
BecTH, WO Li nepeTBopeHHs He 3MiHioloTh HCJL Miopi Oyae-
skoro nopaaky. ToMy TeopeMy A0CTaTHbO JOBECTH A CHCTEMH
HY =b . OTxe, Clig AOBECTH PO3B’A3HICTb TakOi CHCTEMH Aio-
(aHTOBHX PiBHSAHb:

oyn =By,
Oy + 0 )s =B,,

C))

amlyl +am2y2 +"°+ammym =Bm'

Ckopucraemoch popmynamu Kpamepa

A —
Yi=— (i=l,m)’

e A — BUBHAYHUK CHCTEMHU, @ A; — BU3HAYHHKH, B AKHUX i-i CTOB-

. T
new samineno cronuem (By,Bs,...8,) -
OTxe, cucTeMa NiHiliHMX AIOQAHTOBHX piBHAHL PO3B’A3HA

. . A L — ..
TOAI i1 nuile ToAi, KON —A'— (i=1,m) — uini yucna, T06TO KOAM

AA,A|A,,....AlA,.

Heo6xiaHo 3ayBaxuTH, o A — HCJI MiHOpiB m-ro nopsaaxy
matpuli H, a A A}, A,,...,A,, — MIHOpH m-TO TIOPAAKY pO3LIHpe-
Hoi Matpuuti (H | b), NpuuoMy peiuTa MiHOPIiB m-r0 NOPAAKY ui€i
MaTpHLi JOPiBHIOE HYIIO.

Teopemy A0BEACHO.

3azaneHull po3e’sa30Kk cucmeMu
niniiiHux diogpaHmoseux pieHsIHb

Po3rasHeMO CHCTeMy JiHifiHMX JiodanToBuX PpiB-
usHb (2), 3Haiinemo epmitoy dopmy H marpuui A i neperinemo

110 cucTeMH (4). 3 NepLIOro PiBHAHHSA CUCTEMH 3HaHAEMO yr = _B.L,

11
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3 apyroro —y; i T. 4. Slkwo cepen y; (j=1,m) 3naiiaeTscs xou
6u onHe He wine yucno, To cuctema (3), a 3 Hero i (2), HE Mae He-
o0xigHux po3s’sa3kiB. Skilo Bei wi uMcna wini, To NOCAiAOBHICTD

* * * . . .« .
(V15 Y2sees Yims Ymsls-os YV ) A€ Ypyitseees ¥y — AOBIJIBHI Uil umcna,
Oyne 3aranbHUM po3B’s3koM cuctemu (3). Bpaxosyrouu, wo cris-
BiAHOWEHHA X =V -Y Bu3Hauac 3arafibHUil PO3B’A30K MOYATKO-

. . . 7
BOi CHCTEMH DiBHSIHB, 3arallbHuil PO3B’A30K X = (X1, %y, X, )
MOJKHA M0JaTH y Bnrnﬂm

X —szkyk + z Vie Vi 1=1
k=m+1

A€ V; — €NeMEHTH MaTpui V; ¥,..1,..., ¥, — AOBUIbHI Uisli unca.

ITpuknan 2. 3xaiiTi 3araibHuii po3s’sA30K cHcTeMu aiodaH-
TOBHX PiBHSHb

- 4x2 + 3X3 = 3,
S5x) = Txy +6x3 =4.

Po3B’a3aHHsa. I3 neMu 2 BUIUIMBAE, WO [OCIIAOBHICTb
€/IEMEHTAPHUX MEPETBOPEHb CTOBNLIB, fKa 3BOAUTH MaTpULto A
710 epMiTOBOI H, OHOYACHO 3BOAUTL OAWHHYHY MaTpuLio E (TyT —
nopsaky 3) B marpuuio V. Tomy obuucniosatn marpuui H i V
JOUIIBHO OfHOYACHO, 3aCTOCOBYIOUM CEpit0 eeMEHTapHHUX Me-
PETBOpPEHB CTOBMLIB PO3LLNPEHOT MaTpuLi

4 -4 3

5 -7 6

(g} 0

0 1 0

0 0 1

Marumemo
3 -4 4 3 -1 1 1 -1 3
6 -7 5 6 -1 -1 -1 -1 6
(£)~ 0 0 1j~|0 0 1|~ 0 0|~

E 0 1 0 0 1 0 0 1 0
1 0 0 I 1 -1 -1 1 1
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1 0 O 1 0 O 1 00
-1 =2 9 -1 2 1 -1 1 0
~ 1 1 3|-|1 1 1j~-|1 1 3|
0 1 0 0 1 4 0 4 9
-1 0 4 -1 0 4 -1 4 8
OTrxe,
I 1 3
4 -4 3 1 00
A= , H= , V=0 4 9}
5 -7 6 -1 1 0
-1 4 8

Posrnsuemo cucremy HY =b :
{YI +0-y, +0-y3 =3,
N+ +0-y,=4
YKCIIO.

=y =3, y5=7, y3— HROBiNbHe Uine

3aranbHuil po3B’430K CUCTEMMU:

*

X el 1 1 333 1043y,
x |=V{ys|={0 4 9|| 7 (=|28+9y
X3 W -1 4 8 3 25+8y3

§ 10.2. Cuctemu niHinHNX
oaHopiaHMx fioaHTOBUX PiBHAHL

Po3risiHEMO CHCTEMY JIiHIHUX oaHOPIAHKUX AiodaH-
TOBUX PiBHAHb

r
A-X=0, X=(x,%,.:%,) ,
ne A=(o ) — uino4McIOBa MATPULA PO3MIPHOCTI m XN i paHry

m; © — HyJ1IbOBHii BEKTOP.
Taka cucTeMa po3B’A3Ha, OCKi/IbkH ii 3a0BONBHAE wiJo4uc-
noewuit Bexrop 0=(0,0,...,0) . Skwo m =n, ToAi Ha nigcrasi Teo-

pemu Kpamepa usi cucrema He MaTHMe HETPHMBia/lbHi PO3B’A3KH.
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ko m<n, TO, 9K BUIIMBAE i3 AonepeaHboro naparpada, cHc-
TeMa MaTUMe HETPHBiaJIbHI PO3B’A3KH.
Teopema 3izenn. Axwo m<n i |o,|<C, C=const, mooi

oonopiona cucmema ninilinux  Oioghanmosux  pigHAHE MaeE
HempugianbHi YiNOUUCAOB] PO36 'A3KU X{, Xy, ..., X, MAKi, Wo

m

x, £2(nC)"™ , i=ln.
JoseneHHs. Busnauumo niniiive neperBopenns A:R' —R"

AificHoro BekTopHoro npoctopy R” 'y BektopHuii npoctip R™ (R —
none JiCHUX YKcen) 3a J0MOMOro0 MaTpulli A AaHOT cucTemH:

A Oy Oy
Ay Oy Ay

y = | ccacccracssscsnsacrasasnrens x’
(xm] CX‘m2 O('mn

T oo, T om
ze x=(§,&,,...&,) €R"; y=(n;,Mp,...M,y) € R™.
[To3nauumo Z”7 i Z™ — MHOXHHH BCiX TOYOK 3 LiJIOYUCHO-

BUMH KOOpAMHATaMy BiANOBiAHO y npoctopax R” i R™ . Hani no-
3HAYMMO [N AOAATHHMX LLiNUX YMCEN § 1  MHOXKUHHU

N(s)={xe zm:0g|<s, i=1,_n},
M(t)={ye AR AES k=1,_m}.
3ayBaxxumo, sxuo x€ N(s), To y=Axe M(nCs). Hucno

eJeMeHTiB MHOXUHH N(s) aopisnioe (2s +1)", a yucino enemen-

TiB MHOXHHU M (nCs) nopinioe (2nCs +1)™.

3’scyemo, 3a IKHX YMOB BUKOHYBaTUMETLCS HEPIBHICTb
(2s+1)" >(2nCs +H".

3po3ymino, wo
2nCs + D)™ = (2s + %) nCY" <(2s + )" (nC)".
h
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Ockinbkn (2s +1)" =Q2s + )" (2s + 1), To ans notpibHOT He-

PIBHOCTI MU TTIOBHHHI MaTH
Qs+ 1) 2 (nC)".

OcTaHHS HEepiBHICTb BUKOHYETLCA, KOJH

m

5= (}"IC)H"TI

Omxe, npu  Takomy  Bubopi s  3HaiigyTbes  Taki

xxe N@(nC)"_mD, mo x#x i Ax= Ax". Toni Bektop x —x’ —

WYKaHUHA UiNOYHCAOBHI PO3B’A30K CHCTEMH PiBHAHb.
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